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• Network growth and rewiring models capture social inclusivity

• Inclusivity is defined using graph distance rather than labels

• Inclusivity is shown to enhance robustness and efficiency of growing or
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• The proposed growth model preserves mean degree and limiting degree
distribution
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Abstract

Many modern institutions seek to be inclusive, but the quantitative benefits
of this goal are not always communicated effectively to stakeholders. To facil-
itate this important dialogue, we propose a simple model with which to grow,
in the presence of a given level of inclusivity, networks which represent the
structure of organisations. The model proceeds via an unweighted random
walk in which inclusivity r is the maximum allowable separation between a
new contact and the set of established contacts, which thus represents the
maximum tolerable amount of novelty or “otherness”. The model can capture
realistic small world and scale-free properties. In addition, the model fixes
the limiting degree distribution, and particular parameter choices and initial
conditions also fix clustering coefficient, and so allows the role of inclusivity
to be isolated from these confounding factors. By considering this model, and
also by randomly rewiring real networks in either an inclusive or an exclusive
way, we show that, in comparison to exclusivity, inclusivity promotes unity
(by decreasing modularity), efficiency and robustness. Increasing the ratio
of the number of links to the number of nodes also enhances these qualities,
as well as reducing their dependence upon inclusivity.
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1. Introduction

Modern communities and organisations expend effort and resources in the
pursuit of inclusivity [1, 2, 3]. Some stakeholders see a moral imperactive for
inclusivity [4, 5], while others appreciate indirect benefits, such as increased
productivity, creativity, growth opportunities or access to talent [6, 7, 3, 8].
However, still others see this pursuit as wasteful, unfair or even harmful
[4, 2, 9, 5] and so policies designed to promote harmony can instead lead
to discontent and division (For brief, journalistic discussions on particular
issues pertaining to inclusivity in business see Ref. [10, 11, 12]). If society
and organisations continue to seek inclusivity then, to avoid unnecessary
discord, effort should be made to communicate clearly and convincingly its
quantitative benefits.

In order to promote a better understanding of the role of inclusivity in
organisations and society, we propose a simple graph model which grows net-
works using a notion of inclusivity which depends only on network structure
rather than postulates of non-topological node properties. This not only
leads to networks with believable properties, but also allows the role of in-
clusivity to be isolated and assessed. Our model grows societies represented
by realistic small world and scale-free networks in the presence of a given
level of inclusivity. We proceed via an unweighted random walk in which
inclusivity r is the maximum allowable separation between a new contact
and the set of established contacts, which thus represents the maximum tol-
erable amount of novelty or “otherness”. The model fixes the limiting degree
distribution, and particular parameter choices and initial conditions also fix
clustering coefficient, and so allows the role of inclusivity to be isolated from
these confounding factors. We find that, for odd values of the inclusivity r
and for a large range of reasonable values of the number m of links per in-
coming node, inclusivity enhances unity (by decreasing modularity), network
efficiency and network robustness.

We should point out that this model is geared towards investigating in-
clusivity rather than the related issue of diversity. A diverse structure is one
in which a wide range of groups are represented, but such a structure is only
inclusive when differences do not impede connection and engagement [11, 12].
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We assume that structures are diverse and/or grow in a way which provides
diversity, and consider the extent to which individuals are willing to engage
with others from whom they are different. Rather than assigning node labels
whereby to assess differences between nodes, we assume that social distance
provides a measure of “otherness”. This choice is partly motivated by a sus-
picion that, although religious, biological, cultural and economic differences
are inevitable, it does not seem inevitable that such differences should im-
pede connection, and much of the perceived significance of these differences
could ultimately have arisen from social distance.

The minimally inclusive form of the proposed model limits to two the
distance spanned by new edges, and so leads to a triadic closure or transitiv-
ity [13] mechanism. Triadic closure can be employed in either static network
models, in which the set of nodes remains constant as the model evolves, or
in network growth models. Our investigation of the development of organ-
isations and societies motivates a network growth model. In particular, for
simplicity and to align with influential established network growth models,
we propose one in which: (1) in each step the set of nodes is augmented by
precisely one node, (2) any new edge(s) added in a time step involve the most
recently added node, and (3) the set of edges does not decrease in any time
step.

We have not encountered the inclusivity model in the literature, but have
noticed related network growth models. Under the link selection [14, 15]
model, each incoming node connects to each node involved in a randomly
chosen link. The link selection model always generates networks with two
links per node in the large network limit, but the Holme-Kim [16] gener-
alises the link selection model. In the most relevant case of the Holme-Kim
model, each neighbour after the first is chosen by following an edge attached
to the most recently chosen neighbour, unless this would lead to a duplicate
link. This restriction to neighbours of the most recently made contact dis-
tinguishes the Holme-Kim model from the minimally inclusive version of the
proposed model. Random walker models [17, 18, 19, 20] involve adding links
to the terminal points of random walks the initial points of which can be-
gin either at the most recently added neighbour or a randomly chosen node.
The inclusivity model differs from these random walker models because, un-
der the inclusivity model, simultaneously: (1) new neighbours can be made
via any established neighbour, not just that most recently added, and (2)
when at least one neighbour has been established, connections can only be
made through established neighbours. Random walker models involving fi-
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nite random walks the starting point of which is chosen uniformly at random
(or according to any probability distribution other than one proportional
to node degree) also differ from the proposed model because they do not
guarantee linear preferential attachment and so do not condition on the lim-
iting degree distribution, which can vary with the length of the random walk
[18, 19].

In Section 2 we define some important network measures and properties.
We use Section 3 to propose a network model and rewiring algorithm. In
Section 4 we specify parameters and identify the real-world networks we will
analyse. Numerical results are presented and discussed in Section 5, and in
Section 6 we conclude.

2. Network properties

In this section we introduce salient network measures and properties. We
consider an unweighted, undirected network ofN nodes, labelled {1, 2, . . . , N},
without duplicate edges or self-loops, and with adjacency matrix (aij).

The mean internode distance 〈ρ〉 between distinct nodes can be written

〈ρ〉 =
1

N(N − 1)

N∑
i=1

N∑
j=1
j 6=i

ρi,j,

where ρi,j is the number of edges in the shortest path between nodes i and j.
The (global) clustering coefficient [21] C is the fraction of connected ordered
triples of distinct nodes which induce a triangle:

C =

N∑
i=1

N∑
j=i+1

N∑
k=j+1

aijajkaki

N∑
i=1

N∑
j=i+1

N∑
k=j+1

aijajk

.

The small world property [22, 23] is defined in terms of the clustering
coefficient C and the mean internode distance 〈ρ〉. Specifically, a network
is called small world when: (1) the scaling with size N of mean internode
distance 〈ρ〉 is, as under the random graph model [24], no greater than log-
arithmic, and (2) the scaling of clustering coefficient C exceeds the scaling,
C ∼ 1/N , expected under the random graph model [15].
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The scale-free property drastically impacts dynamical processes on net-
works [25, 26]. The scale-free property is defined in terms of degree d, which
is the number of neighbours a node possesses. For the undirected networks
without self-loops or duplicate edges which we consider, the mean degree is
twice the ratio m of the total number of edges to the total number of nodes.
For the network growth models which we examine, this ratio m equals the
number of new links which each incoming node distributes. The scale-free
property is satisfied when, in the limit of large network size N , degree dis-
tribution P (d) follows a power law P (d) ∝ d−γ in the limit of high degree
d. [27] We investigate this property using the Kolmogorov-Smirnov distance
DKS between the empirical distribution of degrees and a particular distri-
bution which follows a power law P (d) ∝ d−γ in the limit of high degree d
(Section 3).

It is important to capture the scale-free and small world properties be-
cause they are observed in many real-world social networks [15]. Properties
which can be desirable in social networks are efficiency, unity and robustness.
Network efficiency E is the average rate at which information passes between
distinct nodes in the network, assuming that the information travels at a rate
of one link per time step [28]. Network efficiency can be expressed

E =
1

N(N − 1)

N∑
i=1

N∑
j=1
j 6=i

ρi,j
−1.

Unity can be thought of as the absence of sectarianism, which we will
assume is reflected in community structure. Community structure is said to
exist when the nodes of a network can be partitioned into classes such that
they are significantly more likely to connect to nodes which share their class
than with those from a different class. The community structure evident
from a partition c can be measured via its modularity [29, 30, 21]

Qc ,
1

D

N∑
i=1

N∑
j=1

(
aij −

didj
D

)
δc(i)c(j),

where di denotes the degree of node i, D =
N∑
i=1

di is the sum of all degrees, and

δc(i)c(j) is unity when nodes i and j have been partitioned into the same class,
but is zero otherwise. A higher modularity Qc suggests that the partition c
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better reflects community structure. The modularity Q of a network refers to
the maximum over all possible partitions c of the modularity Qc with respect
to a particular partition c or, at least, the maximum modularity over all
partitions which are considered. We use a fast greedy mono-scale modularity
maximisation method [31] to identify a partition c whereby to estimate the
modularity Q of a network. We assume that more unified societies separate
into communities less cleanly and so exhibit lower values of the modularity
Q.

Network robustness is assessed based on the change of size of the largest
connected component, which is the largest connected subgraph of a network
[15, 32]. Specifically, the robustness of a network is the fraction of nodes
it can lose before collapsing into fragments [15], and depends upon whether
nodes are deleted at random or in a targeted manner. Robustness to fail-
ures fF is the average fraction of nodes which can randomly be removed
from a network before the network’s largest connected component reaches
less than 5% of its initial size. Robustness to attacks fA is the analogous
fraction in which, instead of nodes randomly being removed, in each removal
step the highest degree node of the network is determined and removed. Of
course, other attack strategies are possible: nodes can be chosen on the basis
of measures other than degree, such as betweenness centrality, eigenvector
centrality, closeness centrality [33], the number of nodes at the end of walks
of length two [34], coreness [35] or the number of smallest cycles in which a
node participates [36]. In another variant, the ranking can be fixed according
to the centrality scores of nodes in the original graph, in a simultaneous at-
tack, instead of, as in the sequential attacks which we consider, recalculating
centrality after each node removal [33, 37].

A network is called bipartite when its collection of nodes can be parti-
tioned into two sets U and V such that each edge is between a node in U and
a node in V . The bipartite property is of interest because, at least up to an
approximation, it is possessed by important social networks, such as teacher-
student relationships and heterosexual romantic relationships between men
and women. A complete bipartite graph on s and t nodes is a network which
can be partitioned into a set U containing s nodes and a set V containing t
nodes such that each edge is between a node in U and a node in V , and each
node in U is connected to each node in V .

We also consider the mean squared degree, 〈d2〉 = 1
N

N∑
i=1

di
2, for the prag-

matic reason that ranking real-world networks by this statistic makes plots
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of network properties easier to interpret (Section 5).

3. Modelling inclusivity and exclusivity

In this section we propose a network growth model and rewiring algo-
rithm to investigate the impact of inclusivity and exclusivity. In addition,
we demonstrate a few properties of the proposed network growth model.

Consider an undirected network, without self-loops, which grows by the
sequential addition of nodes from an initial network of m0 nodes. As each
new node enters, it links to m ≤ m0 established nodes. Under preferential
attachment, the probability that an established node receives a link of an
incoming node is proportional to the degree of the established node. That
is, for i = 1, 2, . . . ,m, the probability p[i](j) that node j receives link number
i of the incoming node is

p[i](j) =
dj
D
. (1)

As a network grows under preferential attachment the distribution of its
degree d approaches [38, 39, 40], for d ≥ m,

P (d) =
2m(m+ 1)

d(d+ 1)(d+ 2)
. (2)

As degree d grows large, the right hand side is ∼ 2m(m + 1)d−3. Hence,
preferential attachment generates a scale-free network with scale exponent
γ = 3.

More realistically, the number m of links which each incoming node dis-
tributes as it enters might vary as the network evolves. Approximating it
as a constant allows us to condition on mean degree and limiting degree
distribution.

3.1. The Barabási-Albert model

The most popular model for growth under preferential attachment is the
Barabási-Albert (BA) preferential attachment model [41]. Under BA, each of
the m neighbours of an incoming node is chosen sequentially, with probability
proportional to degree. However, if this would result in a duplicate link (that
is, if the node tentatively chosen to receive link i of the incoming node is
the same as the node already chosen to receive any of the links numbered
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1, 2, . . . , i− 1) then selection of node i is repeated until the resulting choice
for neighbour i would not result in a repeated link.

The BA model can be thought of as inclusive because each target of a
link of an incoming node can be arbitrarily far from the collection of existing
contacts. In other words, under the BA model, large separations in a social
network pose no obstacle to the formation of new relationships. In the next
section we define a model with an upper limit to the distance between distinct
targets of links of an incoming node.

3.2. Definition of the inclusivity model

The inclusivity model has a positive integer-valued inclusivity parameter
r which corresponds to the maximum allowable separation between a new
contact and the set of established contacts. Thus the inclusivity r represents
the maximum amount of novelty or “otherness” which either incoming or
established nodes can tolerate in new contacts.

To generate a network of N nodes with mean degree 2m, the inclusivity
model with inclusivity parameter r < ∞, which we will also refer to as
the I-r model, starts with a simple, connected network comprising m0 ≥
2m + 1 nodes, labelled t = 1, 2, . . . ,m0, and mm0 links. For each time
t = m0 + 1,m0 + 2, . . . , N :

1 Add node t to the network and link it to a single established node with
probability proportional to degree (according to Eq. (1)).

2 For link number i = 2, 3, . . . ,m:

a Perform a random walk of length r+ 1 which starts at node t but
does not return to node t at any other point (The first step of
this random walk traverses one of the i established links of the
incoming node, chosen uniformly at random). Let j be the node
at which the random walk ends.

b If there is already a link between t and node j then return to Step
2a. Otherwise, link node t and node j.

Figure 1 sketches the process whereby an incoming node forms new connec-
tions under the inclusivity model.

We define the inclusivity model with inclusivity parameter r =∞, which
we will also refer to as the I-r model, to coincide with the BA model. This
definition is motivated by the fact that, on an undirected connected graph
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Random 

walk of 

length r + 1

Established node          Incoming node                    Established edge          New edge          Step in random walk/

…

Attach the first edge of the incoming 

node to an established node chosen 

with probability proportional to 

degree.

Attach each subsequent edge of the 

incoming node to the endpoint of a 

random walk of length + 1 which 

begins at the incoming node.

Stop adding new edges when the 

incoming node has neighbours.

Figure 1: Under the inclusivity model, each node forms m connections as it enters (For
full details, please see Section 3.2).

which does not happen to be bipartite, the end point of a sufficiently long
random walk must be distributed according to the preferential attachment
probability distribution Eq. (1)[42].

3.3. Properties of the inclusivity model

In this section we show that the inclusivity model satisfies preferential
attachment and, in special cases of the model, bound the scaling with network
size of the clustering coefficient.

3.3.1. Preferential attachment

Neglecting issues associated with duplicate edges and self-loops, for arbi-
trary positive integer r the I-r model satisfies preferential attachment. For
i > 1, the probability that node ji is chosen to receive link i of an incoming
node is

p[i] (ji) =
i−1∑
k=1

1

i− 1

N∑
j=1

qr (ji| j) p[k] (j) , (3)

where p[1](j) denotes the probability that node j is chosen to receive the first
link and qr (ji| j) is the probability that a random walk of length r which
begins at node j will end at node ji. Since each random walk of length r ≥ 1
comprises a random walk of length 1 followed by another of length r− 1, by
inductively assuming that p[k] (j) =

dj
D

, the inner sum on the right hand side
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of Eq. (3) can be written

N∑
j=1

qr (ji| j) p[k] (j) =
N∑
j=1

N∑
l=1

qr−1 (ji| l) q1 ( l| j) dj
D
,

=
N∑
j=1

N∑
l=1

qr−1 (ji| l)
ajl
dj

dj
D
,

=
N∑
l=1

qr−1 (ji| l)
dl
D
.

Iterating this step we reach

N∑
j=1

qr (ji| j) p[k] (j) =
N∑
h=1

q1 (ji|h)
dh
D

=
N∑
h=1

ahji
dh

dh
D

=
dji
D
,

which, with Eq. (3), gives the preferential attachment rule Eq. (1).
Preferential attachment is important because it implies that the large

network size degree distribution under the I-r model follows Eq. (2). In
this way, the inclusivity model can be used to vary network properties while
fixing, and thus factoring out, the role of limiting degree distribution. We
emphasise that the scale-free property depends, not on our consideration of
inclusivity, but upon the preferential attachment property of the inclusivity
model. That is, the same scale-free limiting degree distribution is achieved
with the minimally inclusive I-1 model, the maximally inclusive I-∞ (or,
equivalently, BA) model, and for any intermediate value of the inclusivity r.

3.3.2. Clustering coefficient

We derive theoretical results for the scaling of the clustering coefficient
in two special situations. The first case involves inclusivity parameter r = 1,
and the second involves even values of the inclusivity parameter r.

Unsurprisingly, for m > 1 the I-1 model leads to networks with higher
clustering coefficient C than does the BA model with the same number m
of links per incoming node. Barabási and Pósfai [15] estimated that, un-
der BA, for m > 1 the clustering coefficient scales with network size N as
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1
N

(logN)2. In contrast, under I-1 the global clustering coefficient should

scale as (logN)−1 or more. To see this, note that Barabási and Pósfai [15]
estimate the degree of node i of a network growing under preferential attach-
ment to be di = m

√
N/i. It follows that the number of pairs of adjacent

edges can be estimated to scale as
N∑
i=1

1
2
di (di − 1) ∼ N logN . Also, under I-1,

the number of triangles increases by at least m− 1 each time a node enters.
Hence we can estimate that when m > 1 the global clustering coefficient C,
which is three times the ratio of the number of triangles to the number of
pairs of adjacent edges [15], scales as at least N/ (N logN) = (logN)−1.

In the preceding paragraph it was shown that, for m > 1, the scaling
with network size of the clustering coefficient under the inclusivity model is
larger when r = 1 than when r =∞. It might be reasonable to suppose that
clustering coefficient will decrease monotonically with increasing inclusivity
r, but we can show that this is not necessarily the case. When inclusivity
r is odd we would expect some triangles and so a non-zero value of the
clustering coefficient C, but when r is even certain initial conditions forbid
the formation of triangles. Indeed, the inclusivity model can describe the
growth of bipartite networks, and a graph is bipartite if and only if it has no
odd cycles [43], and in particular no triangles.

To see that when the inclusity r is even the inclusivity model can pre-
serve the bipartite property, and hence can generate networks with vanishing
clustering coefficient, consider a node entering a bipartite network under the
inclusivity model with even inclusivity r. Assume that, before the node en-
ters, the nodes of the graph can be divided into disjoint sets U and V such
that each edge in the graph joins a node in U and one in V . Without loss of
generality, assume that the recipient of the first link of an incoming node i
lies in U . We will show that after node i enters the new graph will be able to
be divided into disjoint sets U and V ∪ {i} such that each edge in the graph
joins a node in U and one in V ∪ {i}. This will show that, after an iteration
of the model, the graph is still bipartite. Let integer k be 2 or greater and
assume inductively that, for i = 1, . . . , k − 1, the target of neighbour i of
the incoming node lies in U . The endpoint of a random walk of length r+ 1
which begins at the incoming node will be distributed as the endpoint of
a random walk of length r which begins at an immediate neighbour of the
incoming node, and all of these neighbours belong to the set U . Since the
graph is bipartite the endpoint of this random walk of even length must end
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at an element of the set U .
When the initial graph is bipartite, the clustering coefficient remains fixed

as the even-valued inclusivity r varies. In this way, the inclusivity model can
fix and thus factor out the role of clustering coefficient while allowing other
properties to vary.

3.4. Inclusive and exclusive rewiring

Exclusive (inclusive) rewiring is intended to emulate the I-r (I-∞) model
while randomising connections and maintaining the degree distribution to the
extent which is convenient without incurring self- or duplicate links. A simple
network with at least one edge undergoes exclusive rewiring with inclusivity
r by first severing all links between nodes so that each node has a number of
stubs equal to its degree in the original network. Subsequently:

1 Choose a stub uniformly at random and let i be the node to which the
stub belongs.

2 a Let a walk which begins at node i and does not return to node i be
called a relevant walk. If there is a node with a stub which is not a
neighbour of node i and lies at the end of a relevant walk of length
r + 1 then choose such a node j with probability proportional to
the number of relevant walks of length r+ 1 which end in node j.

b Otherwise, if there are stubs attached to nodes which are a dis-
tance greater than or equal to 2 from node i then choose such a
stub uniformly at random. Let j be the node to which this stub
belongs.

c Otherwise, do not choose a node j.

3 If nodes i and j were chosen then add an edge between these nodes and
remove a stub from each.

4 a If there exists a pair of stubs which belong to distinct, non-neighbouring
nodes then return to Step 1.

b Otherwise, remove all remaining stubs, which cannot be combined
into edges without incurring self- or duplicate links, and end the
rewiring process.
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Figure 2 illustrates two stubs combining to form an edge under exclusive
rewiring with inclusivity parameter r. A simple network with at least one
edge undergoes inclusive rewiring in the same manner, except that Step 2a
is omitted. Instead, Step 2b proceeds directly, as though the condition of
Step 2a could not be satisfied. Inclusive rewiring only differs from employing
the stub configuration model [44] in that inclusive rewiring avoids self- and
duplicate links and may not exactly preserve the degree sequence.

Choose a stub

belonging to 

any non-

neighbouring 

distinct node.

Stub

Chosen stub

Established edge

New edge

Step in walk

/

Choose a stub

belonging to a 

node at the end 

of such a walk.

Combine the two chosen stubs into a link.

Choose a stub, 

and consider 

the node to 

which this stub 

belongs.

Walk of 

length r + 1

Is there a walk of length + 1 which 

begins at this node, does not return to 

this node, and ends at a non-

neighbouring node with a stub?

Yes. No.

Figure 2: Exclusive rewiring with inclusivity r+ 1 favours the connection of nodes which
are at opposite ends of a random walk of length r + 1 (For full details, please see Section
3.4).

4. Methods

The effect of inclusivity r on growing networks is assessed by growing
networks with m = 1, 2, . . . , 8 new links per incoming node starting from,
except where noted otherwise, the complete graph on 2m+ 1 vertices. This
graph is the smallest simple graph which allows the mean degree of the grow-
ing network to remain constant. Statistics are calculated on each growing
network when it has N = 32, 64, 128, . . . , 8 192 nodes.

The real-world importance of forming relationships inclusively is explored
by inclusive and exclusive rewiring (Section 3.4) of twelve social networks.
In Table 1 are listed the number N of nodes, and ratio m of links to nodes,
and the mean squared degree 〈d2〉 of each of these social networks.
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Table 1: Basic properties of twelve real-world social networks, ordered by mean squared
degree

〈
d2
〉
. Each network with name beginning “HS” and full name beginning “COMM”

comprises the largest connected component of a school friendship network, inferred as
detailed at http://moreno.ss.uci.edu/data.html#adhealth. These six datasets were
chosen uniformly at random, without replacement, from among those for which the largest
connected component of the first school of the dataset contained at least 500 nodes. Di-
rections, weights and multiplicity of links were ignored. Each network with full name
beginning “soc-” is the largest connected component of a network obtained from the Net-
work Data Repository [45], at http://networkrepository.com/soc.php.

Name Full name N m 〈d2〉
HS 1 COMM 84 722 2.95 46.6
HS 2 COMM 81 1 290 2.94 46.6
HS 3 COMM 25 790 3.25 54.9
HS 4 COMM 79 1 190 3.49 62.3
HS 5 COMM 26 551 3.75 71.9
HS 6 COMM 50 630 4.03 86.1
Vote soc-wiki-Vote 889 3.28 119
Food soc-fb-pages-food 620 3.37 134
Show soc-fb-pages-tvshow 3 892 4.43 236
Advo. soc-advogato 5 908 7.06 603
Hams. soc-hamsterster 2 000 8.05 704
Poli. soc-fb-pages-politician 5 054 7.79 1290

5. Results and discussion

Figure 3(a) shows that the I-1 and I-3 network growth models leads to de-
gree distributions which fit the limiting distribution (2) about as well as those
provided by the Barabási-Albert (BA) (or, equivalently, the I-∞) model. The
same is true for other values of inclusivity r, meaning that the inclusivity
model retains the scaling properties for which the BA (or I-∞) model is cel-
ebrated. Figure 3(b) shows that, under the inclusivity model with r = 1 or
r = 3, mean distance 〈ρ〉 scales with network size N at most as 〈ρ〉 ∼ logN .
Once again, the same is true for other values of inclusivity r, meaning that
the inclusivity model exhibits the internode separation properties necessary
to obtain the small world property.

Figure 4 presents trends in the clustering coefficient C under the inclusiv-
ity model. Figure 4(a) supports the idea that under I-1, but not under either
I-3 with m = 6 new links per incoming nodes or I-∞, C−1 is approximately
affine in logN . Figure 4(b) supports the result (Section 3.3.2) that under the
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(a) (b)

Figure 3: Variation with network size N of (a) the Kolmogorov-Smirnov distance DKS

between the empirical degree distribution and the limiting distribution Eq. (2) and (b)
the mean internode distance 〈ρ〉, for networks grown under the I-r model. The inclusivity
model with inclusivity r = 1 or r = 3 leads to degree distributions which fit the limiting
distribution Eq. (2) as closely as those provided by the inclusive Barabási-Albert model
(or, equivalently, the inclusivity model with inclusivity r =∞), and in each of these cases
the mean internode distance 〈ρ〉 scales with network size N at most as 〈ρ〉 ∼ logN . The
markers show the mean over 10 trials; the standard deviation over these trials was smaller
than the extent of the markers.

(a) (b)

Figure 4: Variation of the inverse C−1 of the global clustering coefficient C with (a)

network size N , and (b) N (log(N))
−2

, for networks grown under the I-r model. When
r = 1, but not when r = ∞, C−1 is approximately affine in logN . When inclusivity r is
even or r =∞, for the initial conditions of this figure it appears that C−1 ∼ N (log(N))

−2
.

The logarithm is base e. The markers show the mean over 10 trials.

inclusivity model with inclusivity r =∞, C−1 scales as C−1 ∼ N (log(N))−2.
This figure also suggests that, for other values of the inclusivity and with the
initial condition of a complete graph, the scaling of the clustering coefficient
C is ∼ N−1 (log(N))2 or greater. The clustering coefficient under the ran-
dom graph model scales [15] as C ∼ 1/N so, for large network size, would be
expected to be lower than that achieved under the inclusivity model grown
from a complete graph. Hence, with a complete graph as the initial condition,
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the inclusivity model is small world.

(a) (b)

Figure 5: Variation with number m of links per incoming node of the global clustering
coefficient C for I-r networks of size N = 8 192 (a) grown from a complete bipartite graph
on 2m and 2m nodes, and (b) grown from a complete graph on 2m + 1 nodes. For even
values of inclusivity r the global clustering coefficient C is, in case (a), zero, and, in case
(b), of the same order of magnitude as under the Barabási-Albert model (or, equivalently,
the inclusivity model with inclusivity r =∞). The markers show the mean over 10 trials;
the standard deviation over these trials was smaller than the extent of the markers.

Figure 5 shows that not all initial conditions and values of inclusivity r
allow the inclusivity model to provide small world networks. As Figure 5(a)
illustrates, when r is even and the initial graph is bipartite the clustering
coefficient C remains fixed at zero, meaning that the resulting graph cannot
be called small world. Comparison of Figures 4 and 5(b) reveals that distinct
differences between the odd r case and the even r case occur even for non-
bipartite graphs. Specifically, for even inclusivity r the clustering coefficient
C is less than or equal to that observed under the BA model, while for odd
inclusivity r it is greater. Subsequent numerical results concentrate on the
odd r case, which Figures 3(b) and 4 suggest leads to graphs with the small
world property.

Figure 6(a) reveals that, when the number m of links per incoming node
is greater than one but not too large, greater inclusivity r leads to a net-
work of higher efficiency E. Similarly, Figure 6(b) shows that, for moderate
m > 1, modularity Q decreases as inclusivity r increases. However, as the
mean number m of links per node increases, for m > 1, differences in effi-
ciency E and modularity Q due to differences in inclusivity r lessen. Also,
except when the number m of links per incoming node is small, networks
with any level of inclusivity r greater than the most exclusive case achieve
efficiencies and modularities similar to those achieved under maximal inclu-
sivity. In all, Figure 6 suggests that organisations seeking a more efficient
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(a) (b)

Figure 6: Variation with number m of links per incoming node of (a) network efficiency E,
and (b) modularity Q, for networks grown under the I-r model. As inclusivity r increases,
the network efficiency E and modularity Q increase and decrease respectively. The markers
show the mean over 10 trials; the standard deviation over these trials was smaller than
the extent of the markers.

and unified structure should discourage exclusive formation of relationships,
and encourage the formation of more relationships in general.

(a) (b)

Figure 7: Variation with network size N of (a) robustness to failure fF and (b) robustness
to attack fA, for networks grown under the I-r model. Robustnesses fF and fA increase
with inclusivity r. Markers and error bars show the mean and sample standard deviation
over 10 trials.

Figure 7 suggest that, for moderate m > 1, more inclusive networks are
more robust. An increase with inclusivity r of the robustness fF to random
failure is evident, but the increase with inclusivity r of the robustness fA to
targeted attacks is even more noticeable. However, differences in robustness
due to differences in inclusivity r lessen as the number m of links per incoming
node increases, at least for m > 1. Also, for a fixed number m of links per
incoming node, levels of robustness vary little as inclusivity increases beyond
the minimum inclusivity, r = 1. The results suggest that leaders wishing
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to avoid fragile societies or organisations should foster connections between
diverse entities, as well as the formation of more connections in general. The
error bars of Fig. 7(a) show that the standard deviation in the robustness to
failure fR varies substantially with r and m. This variability in robustness
is explicated by comparison with Fig. 6(b), which shows the modularity
Q. The variance in the robustness to failure fF increases with modularity
Q, showing that more modular networks fragment less predictably under
random deletion of nodes.

Figures 6 and 7 reveal that, except when the number m of links per in-
coming node is small, levels of inclusivity larger than one behave similarly to
the maximally inclusive case. This suggests that the presence of even a small
amount of inclusivity can have a considerable influence on network proper-
ties. The extreme case with inclusivity r = 1 exhibits the most substantial
difference from the maximally inclusive r = ∞ case, but might not realis-
tically represent the formation of social networks. On the other hand, this
maximally exclusive case might be the most intuitive form of the inclusivity
model, because it arises from the widely studied mechanism of triadic closure
[13]; the idea that the contact of an established contact can become a new
contact.

Figure 8 suggests that the exclusive and inclusive rewiring algorithms are
fulfilling the tasks for which they were designed. Figure 8(c) reveals that,
even before rewiring, social divisions exist at the school. Figures 8(a) and
8(b) suggests that exclusive rewiring with lower inclusivity r leads to more
social modules, which are more starkly separated, while Fig. 8(d) shows that
inclusive rewiring integrates all nodes into a cohesive whole.

Figures 9(a-d) presents pertinent network properties - efficiency E, mod-
ularity Q, robustness to failure fF and robustness to attack fA - of the
connected components of twelve real world networks (Table 1). The fig-
ure juxtaposes these properties with those of the connected components of
the networks after exclusive or inclusive rewiring (Section 4). In all cases,
the mean efficiency E, robustness to failure fF and robustness to attack fA
are higher under inclusive random restructuring than exclusive random re-
structuring, while modularity Q is lower. Similarly, the mean efficiency E,
robustness to failure fF and robustness to attack fA (the mean modularity Q)
are higher (lower) under exclusive random restructuring with inclusivity pa-
rameter r = 2 than with inclusivity parameter r = 1, with a single exception
provided by the mean efficiency E of the exclusively restructured network
“Poli”. This supports the idea that inclusivity provides benefits in terms of
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(a) Exclusive (r = 1) (b) Exclusive (r = 2)

(c) Original (d) Inclusive

Figure 8: Force-directed layout [46] of the high school friendship network HS 1 (Table
1) (a) after exclusive rewiring with inclusivity r = 1, (b) after exclusive rewiring with
inclusivity r = 2, (c) in its original form, and (d) after inclusive rewiring. Exclusive
rewiring makes this high school’s already modular social network even more schismatic,
while inclusive rewiring blurs social distinctions.

efficiency, unity and robustness. However, it is not universally the case that
inclusive (exclusive rewiring with inclusivity r = 1) rewiring increases (de-
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(a) (b)

(c) (d)

(e) (f)

Figure 9: (a) Efficiency E, (b) modularity Q, (c) robustness to failure fF , (d) robustness
to attack fA, (e) global clustering coefficient C and (f) mean squared degree

〈
d2
〉

of
the connected components of twelve social networks and the connected components of
versions of these networks randomly rewired in an inclusive way or in an exclusive way
with inclusivity parameter either r = 1 or r = 2. Inclusive rewiring leads to higher
efficiency and robustness and lower modularity than does exclusive rewiring. Markers and
error bars show the mean and sample standard deviation over 10 trials.

creases) efficiency and robustness, and decreases (increases) modularity with
respect to the values in the original social network. In two cases, “Food”
and “Show”, the mean efficiency E after exclusive rewiring with inclusivity
r = 1 is higher than in the original network. In five other cases, “HS 3” –
“HS 6” and “Vote”, mean robustness to attack after inclusive restructuring
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is lower than for the original network. The unexpected direction of these
changes may reflect the fact that these social networks actually arose via a
complicated and unknown process, and inclusive (exclusive) restructuring is
unlikely to achieve exactly the same topology as would growing the original
networks in a more inclusive (exclusive) manner. When the ambiguities of
the real-world network growth process are factored out by restructuring at
random, exclusivity - as represented by the exclusive rewiring algorithm -
leads to consistently lower mean efficiency and robustness, and consistently
higher mean modularity, than inclusivity. In sum, Figure 9(a-d) suggests that
shifts towards greater exclusivity will likely lead to worse outcomes in terms
of efficiency, unity and robustness than shifts towards greater inclusivity.

Analogously, as Figure 9(e) shows, in all cases the clustering coefficient
C is lower under inclusive restructuring than exclusive restructuring with
inclusivity r = 1, and is lowest under exclusive restructuring with inclusivity
r = 2. Assigning links between the end points of random walks of length
two discourages the formation of triangles. However, not in every case does
exclusive rewiring with inclusivity r = 1 increase the clustering coefficient:
the mean clustering coefficient of “Show” and “Advo.” is lower after ex-
clusive rewiring with inclusivity r = 1. The sample standard deviation of
the clustering coefficient C is always small (less than 0.03) in absolute value
but, in the case of exclusive rewiring with inclusivity r = 2, error bars are
prominent because of the logarithmic scale of the ordinate.

Figure 9(f) shows that the mean squared degree 〈d2〉 is similar before
and after rewiring, a consequence of the fact that the rewiring algorithms
preserve degree sequence as much as is convenient without incurring self- or
duplicate links (Section 3.4). Networks are arranged by the mean squared
degree 〈d2〉 because this choice lends order to Fig. 9. This ordering makes
adjacent the two cases in which exclusive rewiring with inclusivity r = 1
increases network efficiency, the two cases in which mean clustering coefficient
is lower after exclusive rewiring with inclusivity r = 1, as well as the five cases
in which inclusive restructuring reduces the mean robustness to targeted
attack, and also positions at a boundary the case for which the efficiency E
is higher under exclusive rewiring with inclusivity parameter r = 1 than with
inclusivity parameter r = 2. Figures 9(a) and 9(c) suggest that the differences
in the efficiencies E and robustnesses to random failure fF of inclusively and
exclusively rewired networks tend to decrease as mean squared degree 〈d2〉
increases. In contrast, as Fig. 9(b) and 9(d) show, in terms of modularity Q
and robustness to targeted attack fA, the difference between inclusively and
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exclusively rewired networks varies little - or, at least, less systematically -
with mean squared degree 〈d2〉.

6. Conclusion

We proposed a simple model geared towards gauging the role of inclusiv-
ity in a growing or restructured organisation. Under our model, the max-
imum separation between new and established contacts is bounded above
by an integer-valued inclusivity parameter r, which represents the maximum
amount of novelty or “otherness” which people can accept. In addition we
consider the effect of randomly rewiring real-world social networks in either
an exclusive or inclusive way. Our results show that choosing inclusivity over
exclusivity tends to increase network efficiency, encourage unity (by reduc-
ing modularity) and increase a network’s robustness to either random failure
or targeted attack. However, at least for structures grown via our network
growth model, these properties improve, and differences as a function of in-
clusivity become less pronounced, as the ratio of links to nodes increases.
The analysis of network growth models also suggested that the presence of
even a small amount of inclusivity is influential: except for the smallest ra-
tios of links to nodes, networks with inclusivity higher than the minimum
possible level displayed efficiency and robustness similar to those exhibited
by the most inclusive networks.

The inclusivity model is based on a simple unweighted random walk mech-
anism which, neglecting subtleties associated with self-loops and duplicate
edges, leads to degree distributions identical, in the large network size limit,
to those of the extensively studied Barabási-Albert (BA) network model. Not
only does this invariance allow the limiting degree distribution to be factored
out of studies, it could also allow the concept of inclusivity to be incorporated
into the multitude of existing numerical studies which employ BA networks.
Even values of the inclusivity parameter r could be used to model the growth
of bipartite networks and can generate networks without any triangles and
zero clustering coefficient, so that clustering coefficient could also be fixed
while investigating the impact of other network characteristics. Simulations
suggest that, when inclusivity r is odd, networks produced under the pro-
posed model possess the small world property.

The inclusivity model consistently leads to networks with scale exponent
γ = 3, but the scale exponents of real-world networks are not restricted in
this way. Bianconi and Barabási [47] showed that modifying the BA network

22



growth model by randomly assigning to each incoming node a fitness which
weights its likelihood of receiving incoming links makes accessible a range of
scale exponents. The inclusivity model could be modified in an analogous
way; by assigning to each incoming node a random fitness which weights its
probability of being the recipient of the first link of each subsequent incoming
node and the destination of each step of a random walk. This adaptation
could allow the inclusivity model to offer a spectrum of scale exponents.
A more direct way simultaneously to choose inclusivity and scale exponent
would be applying the inclusive rewiring model to a scale-free network with
the desired scale exponent, an approach which would exploit the fact that
exclusive rewiring approximately preserves degree sequences.

The links of many social networks are weighted [48, 49], and these weights
have been shown to be crucial for reliably assessing network robustness [32,
49]. The importance of link weights motivates the extension of the inclusiv-
ity and rewiring model to weighted networks. It might be feasible to extend
the exclusive rewiring model in a way which approximately preserves node
strength by only combining stubs into links when links from which the stubs
emerged had similar weights. The inclusivity model with inclusivity param-
eter r could be extended to weighted networks with non-negative weights
via three small modifications: (1) the first recipient of a link of an incom-
ing node would be chosen with probability proportional to node strength,
which is the sum of the weights of the links in which a node participates,
(2) subsequent recipients would be chosen as the endpoint of random walks
of length r + 1 which begin at the incoming node, do not return to it, and
each step of which is chosen with probability proportional to link weight, and
(3) new edges would be assigned weights w drawn randomly from a fixed,
non-negative probability distribution which decays more rapidly than w−3.
The attractions of this formulation include: (1) the expected mean node
strength of the network would be fixed, and (2) the model would satisfy a
version of preferential attachment in which mean degree is replaced by node
strength and so should produce a node strength-based analogue of a scale-free
network [50].

Since their first conception the small world and BA models have found
continuous employment among researchers probing the impact of small world
and scale-free properties on the spread of diseases, the propagation of infor-
mation and a host of other dynamical processes. This paper presents a single
step in using network science to quantify the impact which inclusivity can
have on organisations and on society. There is still much to be done to
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understand the network benefits - and, possibly, detriments - of inclusivity.
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