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Optimal geometries for wave absorbers

oscillating about a fixed axis
Adi Kurniawan and Torgeir Moan

Abstract

This study deals with the optimization of wave absorbers oscillating about a fixed submerged horizontal axis.

A multi-objective optimization algorithm is employed to search for the optimal geometries where two cost criteria

are used as the objective functions to be minimized. The two cost criteria are the ratios, integrated over a specified

frequency range, of the submerged surface area to the maximum absorbed power, and of the maximum reaction

force to the maximum absorbed power. Geometric configurations with uniform simple cross-sectional shapes, viz.

line, circle, and elliptical sections, are considered. For each configuration, the body dimensions and submergence, as

well as the submergence of the rotation axis are the variables to be optimized. It is found that most of the optimal

geometries have their rotation axes close to the sea bottom and their bodies close to the free surface. The optimal size

of the geometries varies depending on the selected wave frequency range, but the optimal cross-sectional dimensions

are generally less than one third of the water depth when optimized over a uniform distribution of wave frequencies

from 0.4 to 1.3 rad/s. Among the cross sections considered, the elliptical one performs best.

Index Terms

wave energy, geometry, optimization, pitch, nearshore.

I. INTRODUCTION

A remarkable result from linear wave theory is that the maximum absorbed power of a wave absorber depends only

on its wave-making properties in the absence of incident waves [1]. This is true both in two- and three-dimensions.

An efficient two-dimensional section is one that, when forced to oscillate in its energy-absorbing mode in the

absence of incident waves, generates much smaller waves downstream—that is in the incident wave direction—than

those upstream. This explains the high efficiency achieved by the Edinburgh Duck [2], an absorber oscillating

about a horizontal axis, whose circular rear profile ensures that almost no waves were radiated downstream. For an

absorber operating in heave, a triangular section with vertical rear edge is intuitively thought as an efficient section.

Analogous to the two-dimensional case, a good wave absorber in three dimension is one that is able to concentrate
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wave energy in the direction opposite to the incident wave direction as it is forced to oscillate in its energy-absorbing

mode in the absence of incident waves. This implies that for wave absorbers operating in one energy-absorbing

mode, an absorber that is asymmetric in the incident wave direction is likely to have better absorption than one

that is symmetric. The exact shape, however, is at present unknown.

The goal of the whole wave energy undertaking is to identify a design that is economical. It would not be

economical to have a wave absorber that has superior absorption but costly. Thus in addition to maximizing

absorption, one has to minimize cost. From geometric design consideration alone, which is the scope of this

study, the relevant cost parameters to be minimized are the submerged surface area and the submerged volume,

as they are related to the amount of material required to construct the absorber, as well as the maximum surface

curvature, as it is related to viscous losses and perhaps also ease of construction. Also of importance is to minimize

the wave forces acting on the wave absorber as well as the reaction forces for wave absorbers reacting against

a fixed reference, as these are again related to material and construction costs. These objectives are, in general,

conflicting objectives. One objective is generally improved at the expense of another. By assigning appropriate

weighting coefficients to the objectives one may arrive at a single optimal absorber design, but in the absence of

such coefficients there will not be a single, but multiple, optimal absorber designs. The problem of finding optimal

solutions satisfying a set of generally conflicting objectives is called a multi-objective optimization problem. The

search for optimal wave absorber geometries can then be posed as a multi-objective optimization problem.

The search for optimal wave absorber geometries has been hindered in the past because of computational

considerations. Thus early studies had to be restricted in some ways, such as by considering two-dimensional

problems and introducing simplifications to make the problem amicable to analytical treatment. Also, these studies

dealt with one objective, as opposed to multiple objectives. Mynett et al. [3] studied the Edinburgh Duck section

formed by a circular stern and a straight tangent inclined at an angle with the horizontal. The effects of varying the

inclination angle and submergence were studied. A similar study was made by Kan [4], who in addition considered

sections operating in heave. The sections were formed by different combinations of a circular arc and a straight line.

Although these studies were not optimization studies per se, they revealed that as long as the pitching and heaving

sections had circular and vertical rear profiles, respectively, the shape of the front had little effect on the maximum

absorption. However, the shape might have greater effects on the force and motion amplitudes, suggesting that

maximizing absorption should not be the sole objective. Adopting a linear shallow water approximation to simplify

the hydrodynamic problem, Haren and Mei [5] were able to perform an extensive optimization study on a two-

dimensional train of rafts. Keeping the number of rafts fixed, the optimal lengths of the rafts and the power take-off

(PTO) damping coefficients at the hinges were found which either maximize the efficiency for a given total length

of the rafts, or maximize the profit. The method of steepest gradient was employed.

With the progress of computing capabilities, more parameters could be included in the optimization problem.

Thomas and Gallagher [6] optimized the radius, submergence, and specific gravity of the Bristol cylinder, in addition

to the PTO parameters, with the objective of maximizing the absorbed power. In recent years it has become feasible

to even consider three-dimensional problems, although work on the optimization of three-dimensional absorbers is
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relatively scarce. Babarit et al. [7] carried out a geometric optimization of the SEAREV, a self-reacting floating

device. They considered two objectives, namely to maximize the absorbed power at a given site and to minimize

the total mass. To our knowledge, theirs was the first and only application to date of multi-objective optimization

to the design of wave energy absorbers. Recently McCabe et al. [8] sought to optimize the shape of a floating wave

absorber operating in surge and pitch. The objective was, however, expressed as a single non-dimensional function

with maximum absorbed power in the numerator and a product involving the submerged volume and velocity in

the denominator. They found that the shapes with the highest objective functions are asymmetric in the incident

wave direction.

The purpose of this study is to extend these recent works on the optimization of three-dimensional wave absorbers

by considering wave absorbers which oscillate about a fixed submerged horizontal axis in finite water depth. The

Oyster [9] is an example of this category. This type of wave absorbers operates near-shore, with water depth of

around 10 to 20 m. For typically occurring wave periods, these correspond to intermediate water depth. Arguments

for developing wave energy converters near-shore have been presented [10], [11], such as less variability of the

wave power resource compared to that offshore, both in terms of the peak-to-average power ratio and the incident

wave direction. Such wave absorbers, however, need to react against expectedly large wave forces. The question

is which geometric configurations of such wave absorbers would optimally minimize the cost of absorbed power?

We seek to answer this question in the multi-objective sense by employing a multi-objective optimization algorithm

with the objective of minimizing two cost criteria. These are expressed as simple ratios integrated over a selected

wave frequency range. The two ratios are the ratios of the submerged surface area to the absorbed power and of

the reaction force to the absorbed power. They are suggested as the most relevant cost criteria for this type of wave

absorbers (c.f. [12]). The absorbed power and the reaction force are evaluated based on the assumptions of linear

potential theory. The geometries are modeled using the relational geometric approach, which allows parametric

variation of the geometries to be performed with ease.

The outline of this article is as follows. The next section begins by reviewing the equations for maximum power

absorbed by a general single body oscillating in one energy-absorbing mode, derived on the basis of linear wave

theory and linear body dynamics. The power absorption of a wave absorber oscillating about a fixed horizontal axis

is considered next, when the dynamic properties of the absorber are tuned such that maximum power absorption is

attained only at a specific frequency. The section also presents equations for the reaction forces. Section III explains

the optimization methodology used to find the optimum absorber geometries. The multi-objective optimization

problem is formulated, the parametrically variable geometric modeling is described, and the optimization procedures

are detailed. The geometric configurations considered are described in Section IV. Finally, the optimization results

for each of the geometric configurations are presented and discussed in Section V. The performance of ballasting

as a means to tune the absorber to a selected wave frequency is also illustrated by an example, and brief remarks

on the computation time are given under the same section.
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II. THEORY

A. Maximum absorbed power of a single body oscillating in one mode

Consider a single body oscillating in one energy-absorbing mode in response to incident regular plane wave

of angular frequency ω and propagation direction β. The exciting force on the body can be written as Fe(t) =

<{Xee
iωt} and the velocity of the body as u(t) = <{Ueiωt}. It is understood that Xe and U are complex quantities.

The velocity and exciting force are related through the equation of motion of the body:

(Zi + Zu)U = Xe, (1)

where Zi = R+iω(M +m−Sω−2) is the intrinsic impedance and Zu = Ru+iXu is the load impedance. Here R

is the radiation damping coefficient, M is the body inertia, m is the added inertia, and S is the hydrostatic restoring

coefficient.

The mean absorbed power is given by

P =
1

2
<{Zu}|U |2. (2)

After substituting (1) into (2) and performing algebraic manipulation it can be shown that [13]

P =
|Xe|2
8R

(
1− |Zu − Z

∗
i |2

|Zu + Zi|2
)
, (3)

where the star denotes complex conjugate. By looking at the form of (3), it is clear that maximum power absorption

will be achieved if Zu = Z∗
i , yielding

Pmax =
|Xe|2
8R

(4)

Uopt =
Xe

2R
. (5)

The wave energy transport J—defined as the transported mean power per unit width of the wave front—of

regular plane wave with wavelength λ = 2π/k and wave height H is given as (see, e.g., (4.136) in [14])

J = ρgvgH
2/8, (6)

where ρ is the density of water, g is the acceleration due to gravity, and vg is the group velocity, given as

vg =
ω

2k

[
1 +

2kh

sinh(2kh)

]
, (7)

where h is the water depth.

It follows that the maximum absorption width, which is defined as the ratio between P and J , is

damax(β) =
Pmax

J
=
|Xe(β)|2
RρgvgH2

=
|fe(β)|2
4Rρgvg

, (8)

where fe = Xe/A is the exciting force coefficient and A = H/2 is the wave amplitude. Further insight may be

obtained by considering that the radiation damping R is related to the exciting force Xe via (see, e.g., (5.150)

in [14])

R =
1

8λJ

∫ 2π

0

|Xe(θ)|2dθ. (9)
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This relation arises from the use of the Haskind relation, (45) in [15], together with the energy-conservation relation

of the radiation damping (see, e.g., (5.140) in [14]). Substituting (9) into (4) and recalling the definition (8) yields

damax(β) = λ
|Xe(β)|2∫ 2π

0
|Xe(θ)|2dθ

. (10)

Integrating over 2π results in the following identity:
∫ 2π

0

damax(β)dβ = λ, (11)

which tells us that the expected maximum power absorbed by any single body oscillating in one mode when the

incident wave direction is uniformly distributed over 2π, is the same regardless of the shape of the body.

Further, owing to the Haskind relation, the exciting force Xe(θ) due to incident wave propagating in the direction

θ is related to the wave energy radiated by the body in the direction θ + π, that is opposite to the incident wave

direction. If f(θ) denotes the far-field angular variation of the wave field due to the forced oscillation of the body

(see (23) in [15]), it follows that

damax(β) = λ
|f(β + π)|2∫ 2π

0
|f(θ)|2dθ

. (12)

Equation (12) tells us that a good wave absorber is a body which, when forced to oscillate in its energy-absorbing

mode in otherwise calm water, radiates wave mainly in the direction opposite to the incident wave direction.

When the displacement of the body is constrained to αA by an increased linear load resistance, the velocity

amplitude of the body satisfies

|U | ≤ ωαA. (13)

Defining r as the ratio of the constrained to the optimum velocity amplitudes of the body, or

r = 2ωαR/|fe|, (14)

it can be shown by the method of Lagrange multipliers that the maximum absorbed power becomes [16]

P cmax = Pmax[1− (1− r)2H(1− r)], (15)

where H(x) is the Heaviside step function, so that in the case of constrained body displacement, the maximum

absorption width expressions (8), (10), and (12) are to be multiplied by a factor of [1 − (1 − r)2H(1 − r)]. The

load resistance in this case becomes

Rcu = R

[
1 +

2(1− r)
r

H(1− r)
]
. (16)

B. Power absorption of a body oscillating about a fixed axis

The foregoing equations apply for a general body oscillating in one energy-absorbing mode. In the following we

shall limit our attention to a body oscillating about a fixed submerged horizontal axis of rotation in finite water

depth. The coordinate system is defined such that z = 0 is the mean water surface, the rotational axis of the body

is parallel to the y-axis, and β = 0 when the incident wave propagates along the positive x-axis. We shall assume

that β = 0 and be concerned only with bodies symmetrical about y = 0.
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In practice, it may not be feasible to attain the maximum absorbed power (4) by cancellation of the total reactance,

i.e., the imaginary part of the total impedance, at all frequencies. A suboptimal alternative is to tune the dynamic

properties of the absorber from time to time such that the reactance cancels at any targeted frequency. For an

absorber oscillating about a fixed horizontal axis, this reactive tuning may be done by adding or subtracting ballast

mass along the radial direction with the effect of modifying the absorber’s inertia and restoring coefficient. Such a

strategy was considered, e.g., in [17].

The equation of motion for the absorber can be written as (c.f. (1))

[
R(ω) +Ru + iω

(
M +m(ω)− Sω−2

)]
U(ω) = Xe(ω), (17)

where we have distinguished frequency-dependent parameters (written as functions of ω) from tunable parameters.

The mean absorbed power is given as (c.f. (2))

P (ω) =
1
2Ru|Xe(ω)|2

(R(ω) +Ru)
2

+ ω2 (M +m(ω)− Sω−2)
2 . (18)

The frequency-dependent parameters m(ω), R(ω), and Xe(ω) are governed by the body geometry. Reactance

cancellation at a particular frequency ωp is achieved if the body inertia M and hydrostatic restoring coefficient S

can be adjusted such that

M − Sω−2
p = −m(ωp), (19)

yielding

P (ω) =
1
2R(ωp)|Xe(ω)|2

(R(ω) +R(ωp))2 + |={Z}|2 , (20)

where

|={Z}| = ω
(
m(ω)−m(ωp)− Sω−2 + Sω−2

p

)
, (21)

or

|={Z}| = ω
[
M +m(ω)− ω2

pω
−2 (M +m(ωp))

]
. (22)

Note that in the above we have also made the substitution Ru = R(ωp). It is easy to see that at ω = ωp, the

absorbed power will be maximized and is equal to |Xe(ωp)|2/8R(ωp).

Now we assume that the body inertia M and hydrostatic restoring coefficient S can be adjusted by adding or

subtracting ballast mass along the radial direction. Let the hydrostatic buoyancy force be FB , the structural mass

of the body be MG, the ballast mass be MW , and the centers of rotation, buoyancy, structural mass, and ballast

mass be O, B, G, and W , respectively. The linearized hydrostatic restoring coefficient S for a submerged body

can then be decomposed as

S = FB(zB − zO)− gMG(zG − zO)− gMW (zW − zO). (23)

For a surface-piercing body, an additional term ρg
∫
Aw

x2dA is added, where Aw is the water plane area. The body

inertia M can be decomposed as

M = MGr
2
G +MW r

2
W , (24)
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where rG and rW are the radii of gyration of the structural mass and the ballast mass, respectively. From (23)

and (24) it is clear that adding ballast mass has the effect of decreasing (increasing) the restoring moment if the

center of ballast mass is higher (lower) than the center of rotation. At the same time, adding ballast mass always

increases the inertia of the body.

Substituting (23) and (24) into (19), we obtain, for a submerged body,

MW r
2
W + ω−2

p gMW (zW − zO) = −m(ωp)−MGr
2
G + ω−2

p [FB(zB − zO)− gMG(zG − zO)], (25)

where the right-hand side is assumed to be constant. For a surface-piercing body, the term ρg
∫
Aw

x2dA enters

accordingly. The task is thus to find the set of (MW , zW ) which would satisfy the above equation for a selected

ωp.

C. Reaction force

Neglecting centrifugal force, for bodies symmetrical about a vertical plane passing through the rotation axis, the

horizontal and vertical reaction forces are given as

FR1(t) = <
{

[Xe1 − (iωm15 +R15)U ]eiωt
}

(26)

FR3(t) = <{Xe3eiωt}+ FB − FG, (27)

where Xe1 and Xe3 are the horizontal and vertical components of the complex excitation forces, respectively, m15

and R15 are the added inertia and radiation damping in the horizontal direction due to the oscillation of the body

about the rotation axis, FB is the buoyancy force, and FG = g(MG + MW ) is the gravity force. For small body

oscillations, we may assume FB to be constant.

For bodies asymmetrical about a vertical plane passing through the rotation axis, the horizontal reaction force is

given as in (26) while the vertical reaction force is now

FR3(t) = <
{

[Xe3 − (iωm35 +R35)U ]eiωt
}

+ FB − FG, (28)

where m35 and R35 are the added inertia and radiation damping in the vertical direction due to the oscillation of

the body. If, in addition, the body is surface-piercing, then an extra term <
{

−i
ω ρgUeiωt

∫
Aw

xdA
}

is included in

FR3(t).

Considering that the resultant reaction force vector FR(t) traces an elliptical path, we may approximate the

maximum reaction force as

FRmax ≈
√

1

2
(|X2

R1 +X2
R3|+ |XR1|2 + |XR3|2) + |FB − FG|, (29)

where

XR1 ≡ Xe1 − (iωm15 +R15)U (30)
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and

XR3 ≡





Xe3, for symmetrical bodies

Xe3 − (iωm35 +R35)U, for submerged asymmetrical bodies

Xe3 −
(

iωm35 +R35 + i
ωρg

∫
Aw

xdA
)
U, for surface-piercing asymmetrical bodies.

(31)

If condition (5) is satisfied such that maximum power absorption is achieved, then U = Uopt. Further, if the

displacement of the body is constrained such that condition (13) applies, then U = Xe[1− (1− r)H(1− r)]/2R.

III. METHODOLOGY

For a good introduction to multi-objective optimization in the context of ocean engineering, the reader is referred

to Birk [18], who applied the method to optimize the design of semisubmersibles.

The present multi-objective optimization problem consists in finding body geometries which minimize two

objective functions:

f obj
1 =

∫ ωmax

ωmin

As/Pmax(ω) dω (32)

f obj
2 =

∫ ωmax

ωmin

FRmax(ω)/Pmax(ω) dω, (33)

where As is the submerged surface area. Constraints shall be set to the displacement of the body, in which case

the expression for the constrained maximum absorbed power and the constrained maximum reaction force applies.

The expression for FRmax in (33) is taken without the contribution of buoyancy and gravity forces FB and FG,

assuming that these forces always increase the total reaction force. In other words, only the dynamic component of

the reaction force is considered in the optimization. A range of wave frequencies ω = 0.4 to 1.3 rad/s (equivalent

to wave periods T ≈ 5 to 16 s typically occurring at sea) is chosen to be the range of frequencies of interest.

To define the geometry, a number of geometric parameters are introduced, such as depth of submergence of

the rotational axis, total width, and other parameters depending on the complexity of the geometry. The geometric

modeling is done using the relational geometry approach, which captures and retains dependency relationships

between objects [19]. It is then possible to create parametrically variable geometric models suited for optimization.

Computations of the excitation forces, added inertia, and radiation damping necessary for the evaluation of the

maximum absorbed power and reaction force are carried out using WAMIT, which is based on a three-dimensional

panel method [20]. Any supporting structures are assumed to be transparent to the waves.

The optimization procedure is summarised in the flowchart shown in Fig. 1. The geometry is first prepared using

MultiSurf, a relational geometric modeling software [21]. Care should be taken to ensure that desired dependency

relationships are maintained between the objects (points, lines, surfaces, etc.). This geometry preparation is done

only at the start of the optimization process. Two files of importance are output by MultiSurf, viz. a geometry file,

which stores the object dependency relationships, and a geometric data file, which is a standard WAMIT input file.

By virtue of relational geometry, a geometry can be varied only by modifying a few lines in the geometric data

file [22]. Another WAMIT input file which needs to be modified for each new geometry is the potential control
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Compute hydrodynamic 
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of each individual
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objective function values

of each individual
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non-dominated 
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input files

Stop

No

Set population size and 

initialize random geometric 

variables

Relevant 

output files

New 

population

Generate 

new individuals 

by variation

Fig. 1. Optimization flowchart.

file, which contains a line specifying the depth of submergence of the rotation axis. The rest of the WAMIT input

files do not change throughout the optimization process.

The main optimization procedure is programmed in MATLAB [23]. The first step is to set the population size. A

population is a set of individuals, which in this case are the parametrically varied geometries. For the first generation,

the geometric parameters of each geometry are generated randomly from a uniform distribution. These parameters

are incorporated into the WAMIT input files by modifying the lines accordingly. MATLAB then performs repeated

calls to WAMIT to compute the required excitation forces, added inertia, and radiation damping of each individual

geometry. These data are contained in standard output files, which are to be read for the evaluation of the maximum

absorbed power and the maximum reaction force. The submerged surface area is on the other hand evaluated from
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the geometry.

The objectives having been evaluated, an optimization algorithm similar to that used in [24] is then employed to

generate successive sets of new population through selection and variation.

Selection consists of two tasks. The first task is to retain a set of non-dominated individuals, that is a set of

individuals in which for each individual there is no other individual in the set which improves an objective without

worsening at least one other objective. The second task is to discard crowded individuals obtained from the first

task using a clustering algorithm, whenever the number of individuals that survive the first task exceeds the initial

population size. The basic idea is to group individuals with objective function values close to each other into

one cluster, keep one individual having the least distance to the centroid of the cluster, and discard the remaining

individuals in the cluster.

New individuals are then generated by variation of the individuals that survive the selection process, to make

up a new population twice the size of the initial population. This is done via a variation operator q/Gb, where

q is a random value drawn from a normal distribution, G is the generation number, and b is a pre-selected

parameter. Having the generation number G in the denominator has the effect of dynamically narrowing the search

space as the generation number increases. The new population, which contains both the surviving individuals

and the new individuals, is then subjected to the same process of objective evaluation, selection, and variation to

generate a subsequent population (the algorithm is designed such that the objectives of the surviving individuals

are not re-evaluated). The process is repeated until a specified maximum number of generations is met, when it

is terminated after the selection operation. The final non-dominated set of individuals approximate the set of the

optimal geometries.

IV. GEOMETRIC CONFIGURATIONS

Instead of allowing the body geometry to take any possible shape as in [8], we consider a more fundamental study

of geometries formed by uniform cross sections. The cross sections are some basic shapes definable by analytical

functions (see Fig. 2). This permits analytic evaluation of the submerged surface area of the body. In all cases, we

set the water depth h = 15 m. The body oscillates about an axis of rotation which can be located anywhere from

z = 0 to z = −h. The maximum angular displacement is given as αA/qmax, where qmax is the largest distance

from the rotation axis to the submerged body. Unless otherwise indicated, the wave frequency range considered

is ω = 0.4 to 1.3 rad/s, where the hydrodynamic parameters are computed at every ∆ω = 0.02 rad/s, the wave

amplitude A is 1 m, and the displacement of the body is constrained to twice the wave amplitude, i.e., α = 2.

The first configuration we consider is a surface-piercing thin vertical flap. It has, for the flap without eccentricity

of the rotation axis, three geometric variables, viz. width d, height l, and depth of the rotation axis p. For the flap

with eccentricity of the rotation axis, an extra variable e is involved. The minimum and maximum values that the

geometric variables can take are listed in Table I. For the flap without eccentricity of the rotation axis, the maximum

flap height is h, whereas for the flap with eccentricity, it is h− 3.

A question that naturally arises after we consider the vertical flap is whether allowing the flap to be inclined
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Fig. 2. Geometric configurations. Clockwise from top left: Thin vertical flap without eccentricity of the rotation axis, thin vertical flap with

eccentricity of the rotation axis, inclined flap, curved flap, submerged elliptical cylinder, surface-piercing circular cylinder, submerged circular

cylinder. Positive eccentricities are defined as shown.

may improve its performance. To answer this question, we consider a surface-piercing inclined flap. It has five

geometric variables, the minimum and maximum limits of which are listed in Table II. We also consider a thin

curved vertical flap, which is formed by vertical lines swept along an arc. This geometric configuration has five

geometric variables as listed in Table III.

The next configurations we consider are circular cylinders, submerged and surface-piercing. The submerged

circular cylinder has four geometric variables, viz. cylinder radius a, depth of cylinder axis c, depth of rotation

axis p, and width d. For the surface-piercing cylinder, we introduce the variable θ, where c is related to θ. The

minimum and maximum limits of the variables are listed in Tables IV and V.

Lastly we consider a submerged cylinder whose cross section is composed of four different elliptical quadrants.

It has seven variables, viz. the four radii of the ellipses a1, a2, a3, a4, depth of cylinder axis c, depth of rotation

axis p, and width d (see Table VI).

V. RESULTS AND DISCUSSIONS

A. Vertical flaps

A typical result from a single optimization run of the thin vertical flap configuration without eccentricity of

the rotation axis is shown in Fig. 3. For this case the initial population size is 60 and the maximum number of

generations is 7. The top figure plots in the objective function space the initial and subsequent non-dominated

populations at all generations. We see that the solutions converge quickly towards the final non-dominated front.

It is found from the solutions at the final generation that the optimal geometries all have their rotation axes below
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TABLE I

VARIABLES FOR THE VERTICAL FLAPS

Geometric variable min [m] max [m]

Width (d) 2 40

Height (l) 0 h or h− 3

Depth of rotation axis (p) 0 h

Eccentricity of rotation axis (e) -10 10

TABLE II

VARIABLES FOR THE INCLINED FLAP

Geometric variable min [m] max [m]

Width (d) 2 40

Depth of rotation axis (p) 0 h

l 0 h− 3

e -10 10

e1 −l l

TABLE III

VARIABLES FOR THE CURVED FLAP

Geometric variable min [m] max [m]

Width (d) 2 40

Height (l) 0 h− 3

Depth of rotation axis (p) 0 h

e -10 10

b 0 d/2

TABLE IV

VARIABLES FOR THE SUBMERGED CIRCULAR CYLINDER

Geometric variable min [m] max [m]

Width (d) 2 40

Radius (a) 1 7

Depth of cylinder axis (c) a h− a

Depth of rotation axis (p) 0 h
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TABLE V

VARIABLES FOR THE SURFACE-PIERCING CIRCULAR CYLINDER

Geometric variable min max

Width (d) 2 m 40 m

Radius (a) 1 m 8 m

θ -45◦ 45◦

Depth of cylinder axis (c) a sin θ

Depth of rotation axis (p) 0 h

TABLE VI

VARIABLES FOR THE SUBMERGED ELLIPTICAL CYLINDER

Geometric variable min [m] max [m]

Width (d) 2 40

a1 1 13

a2 1 13

a3 1 14 − a1

a4 1 14 − a2

Depth of cylinder axis (c) a2 h− a4

Depth of rotation axis (p) 0 h

the flap and tend to be close to the sea bottom. This follows from physical argument since then the displacement

of the flap would approximate the water particle displacement (see Fig. 4, top). Also, a noticeable trend among

the optimal solutions is that lengthening the flap height is accompanied by an increase in the ratio of the reaction

force to the absorbed power and a decrease in the ratio of the submerged area to the absorbed power. It appears

that while lengthening the flap height increases the absorbed power, the accompanied increase in the reaction force

outweighs the former. Lengthening the flap height beyond a certain limit, however, increases the absorbed power

at a rate lower than the initial increase such that the ratio of area to absorbed power increases again, leading to the

discard of these solutions in favor of those with shorter flap heights.

Any solution that lies along the final non-dominated front is an optimal solution. Without further information

about the relative importance of the objectives, a solution along the front is no better than any other solution along

the same front. However, for the sake of comparison we may take the average solution as a representative optimal

solution. Taking the average dimensions of all the optimal solutions, we obtain d̄ = 17 m, p̄ = 14 m, and l̄ = 2.5 m,

rounding off to the nearest 0.5 m. This solution is marked in the inset in Fig. 3, confirming that it lies along the

optimal front. The corresponding maximum absorbed power and reaction force as functions of frequency are plotted

in Fig. 3, bottom.
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Fig. 3. Top: Objective function values of initial population (crosses) and non-dominated population from each generation (circles connected

with lines, where solid line is used to identify the population from the final generation, which is taken to be optimal, and dashed lines are used

to identify populations from the previous generations) for the thin vertical flaps with α = 2 and optimized for ω = 0.4 to 1.3 rad/s. Solution

with dimensions averaged from the optimal solutions (d̄ = 17 m, p̄ = 14 m, l̄ = 2.5 m) is marked with a bigger circle in the inset. Bottom:

The corresponding maximum absorbed power and reaction force (for A = 1 m) of the average optimal solution.

From another optimization run allowing eccentricity of the rotation axis but still with α = 2, we find that

eccentricity of the rotation axis does not improve the solutions. Indeed, solutions with minimum eccentricities are

preferred than those with larger eccentricities, as seen from Fig. 5, top left. The reason appears that an eccentricity

of the rotation axis contributes to an increase in the reaction force. Taking the average dimensions of all the optimal

solutions, we obtain d̄ = 19 m, p̄ = 14 m, l̄ = 2.5 m, ē = 0, which are close to the average optimal flap dimensions

obtained without considering eccentricity of the rotation axis.

When the maximum displacement constraint is increased to α = 4, the optimal solutions show better performance

(the final non-dominated front lies closer to the origin), as seen from Fig. 6, left. Both fronts are obtained for the

case of flaps without eccentricity of the rotation axis. The average dimensions of all the optimal solutions are

d̄ = 11.5 m, p̄ = 13.5 m, l̄ = 2 m. These are noticeably smaller than those of α = 2. The optimal flap widths have
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Fig. 5. Top: Optimal sections of the vertical flaps allowing eccentricity (left), of the inclined flaps (middle), and of the curved flaps (right).

Bottom: Optimal sections of the submerged circular cylinders (left) and the surface-piercing circular cylinders (right). The rotation axes are

shown as crosses. For clarity, the optimal widths are not shown. The geometries are optimized for ω = 0.4 to 1.3 rad/s with α = 2. For each

configuration, all sections shown in this figure are optimal. The designer is to choose one among them.
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Fig. 6. Final non-dominated fronts of the thin vertical flap for different displacement constraints (α = 2 and 4) and optimized for different

wave frequency ranges.

an average of about 11.5 m, compared to 17 m for the case with α = 2. The smaller optimal dimensions may be

explained by the fact that allowing larger displacements leads to an increase in the absorbed power for the same

geometry. It increases the reaction force as well, but at a rate similar to the rate of power increase. Hence the first

objective is improved without worsening the second objective.

To study the effects of the selected wave frequency range, we divide the original frequency range of 0.4 to

1.3 rad/s into three smaller ranges, namely 0.4 to 0.5 rad/s, 0.5 to 0.7 rad/s, and 0.7 to 1.3 rad/s. These correspond,

in reverse order, approximately to wave periods of 5 to 9 s, 9 to 12.5 s, and 12.5 to 16 s, or wavelengths of 36 to

95 m, 95 to 143 m, and 143 to 183 m. Separate optimization runs are performed for each of these ranges, each for

α = 2 and 4. These are run with the same initial population size of 60 but the maximum number of generations

is reduced to 6, since the solutions are found to converge faster when the frequency range is shorter. The final

non-dominated fronts for these cases are plotted in Fig. 6, one for α = 2 and the other for α = 4. The average

dimensions of the optimal solutions for each case are listed in Table VII together with those optimized for ω = 0.4

to 1.3 rad/s obtained previously. The general trend is that all of them have their rotation axis close to the sea

bottom and that larger flaps are preferred for longer incident waves and smaller flaps for shorter incident waves.

Smaller flaps are also preferred when a larger displacement constraint is allowed. Part of the explanation behind

the preferred smaller flaps for shorter incident waves may be obtained by looking at the profiles of the horizontal

water particle displacement and the intensity, i.e., the time-average power per unit vertical area propagating in the
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TABLE VII

AVERAGE OPTIMAL DIMENSIONS FOR THE VERTICAL FLAP

ω [rad/s] 0.4 to 1.3 0.4 to 0.5 0.5 to 0.7 0.7 to 1.3

α 2 4 2 4 2 4 2 4

d̄ [m] 17 11.5 34.5 33 36 22 15 10

p̄ [m] 14 13.5 15 14.5 14.5 14.5 13.5 12

l̄ [m] 2.5 2 6 7 6 3.5 2 1
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Fig. 7. Final non-dominated fronts of the curved and inclined flaps compared to that of the vertical flap when optimized for ω = 0.4 to

1.3 rad/s with α = 2.

positive x-direction, of 1-m-amplitude waves propagating in 15-m water depth (Fig. 4). It is apparent that for short

incident waves the wave energy is concentrated near the free surface, such that the cost incurred in lengthening the

flap height may not be sufficiently compensated by the corresponding gain in the absorbed power.

B. Inclined and curved flaps

For both the inclined and the curved flaps, the optimizations are run with initial population size of 60 and

maximum number of generations of 10. It is found that neither the inclined nor the curved flap performs better than

the vertical flap, as seen from Fig. 7. Indeed, taking the average dimensions of all the optimal inclined flaps, we

obtain d̄ = 16.5 m, p̄ = 14 m, l̄ = 2.5 m, ē = −0.5 m, ē1 = 0, which are close to the average optimal dimensions

of the vertical flaps. For the curved flaps, the average optimal dimensions are d̄ = 16.5 m, p̄ = 13.5 m, l̄ = 2.5 m,

ē = 0, b̄ = 1.0 m, which are also close to the average optimal dimensions of the vertical flaps. The optimal sections

of the inclined flaps are shown in Fig. 5, top middle. The optimal sections of the curved flaps are shown in Fig. 5,

top right.
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Fig. 8. Comparison of the final non-dominated fronts of the submerged elliptical cylinder, the surface-piercing circular cylinder, the submerged

circular cylinder, and the thin vertical flap, when optimized for ω = 0.4 to 1.3 rad/s with α = 2.

C. Circular cylinders

For the circular cylinders, we present first the result from an optimization of the submerged cylinder, run with a

population size of 60 and maximum number of generations of 8. It is found that the submerged circular cylinder

performs better than the thin flap in terms of minimizing the ratio of the reaction force to the absorbed power,

but worse in terms of minimizing the ratio of the area to the absorbed power, as seen from Fig. 8. The optimal

sections of the submerged circular cylinders are shown in Fig. 5, bottom left. The optimal configurations have the

cylinders close to the free surface and the rotation axes close to the sea bottom. As in the case of the thin flap,

there appears to be an optimal upper limit of the cylinder radius beyond which the cost in increasing the cylinder

size is no longer compensated by the accompanying increase in the absorbed power. The average dimensions of all

the optimal solutions are d̄ = 12.5 m, ā = 1 m, p̄ = 14.5 m, c̄ = 1.5 m.

The optimization of the surface-piercing cylinder is run with a population size of 60 and maximum number

of generations of 16. The final non-dominated front is shown in Fig. 8. The surface-piercing circular cylinders

perform better than the thin flaps for both objectives, but worse than the submerged circular cylinders in terms of

minimizing the ratio of the reaction force to the absorbed power. The corresponding optimal sections are shown

in Fig. 5, bottom right. It is found that θ is maximised to the upper limit and that the surface-piercing circular

cylinders have larger optimal radii compared to those of the submerged ones. Taking the average dimensions of all

the optimal solutions, we obtain d̄ = 9.5 m, ā = 3.5 m, p̄ = 15 m, and θ̄ = 45◦.

D. Submerged elliptical cylinders

For the submerged elliptical cylinders, the optimization is run with a population size of 60 and maximum number

of generations of 30. The final non-dominated front when optimized for ω = 0.4 to 1.3 rad/s is shown in Fig. 8

in comparison with those of the other geometric configurations. The submerged elliptical cylinders have the best

overall performance among the geometric configurations considered.
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Fig. 9. Top: Final non-dominated front of the submerged elliptical cylinder, optimized for ω = 0.4 to 1.3 rad/s with α = 2. Bottom left:

Optimal sections corresponding to the front to the left of the cross in the top figure. Bottom right: Optimal sections corresponding to the front

to the right of the cross.

The average dimensions of the optimal configurations are d̄ = 10 m, ā1 = 5 m, ā2 = 1.5 m, ā3 = 3.5 m,

ā4 = 1.5 m, p̄ = 6 m, and c̄ = 7 m. It is found that some of the optimal configurations have their rotation axes

close to the sea bottom, while the others have their rotation axes close to the free surface. The former occupy

the left, while the latter occupy the right, part of the final non-dominated front. For clarity, we may divide the

final non-dominated front into two parts at the point marked by the cross in the top figure of Fig. 9. The optimal

sections corresponding to the left part of the front are shown in the bottom left figure. They occupy a region from

the free surface to approximately one third of the water depth, similar to the optimal submerged circular cylinders

(cf. Fig. 5, bottom left). It is further observed that the optimal geometries occupy more volume downstream of

the waves. The optimal sections corresponding to the right part of the front are positioned close to the sea bottom

and are elongated horizontally, as seen in the bottom right figure. Since they correspond to the right part of the

front, they are characterized by relatively low values of reaction force to absorbed power ratio. The inclusion of

these solutions among the optimums may be explained by the fact that for this water depth a relatively significant

proportion of wave energy is still available close to the sea bottom (see Fig. 4). The elongated shape appears to be

preferred to minimize the reaction force at the rotation axis.

To see whether the selected wave frequency range has any effects on the shape of the optimal geometries, we

perform separate optimization runs for three smaller wave frequency ranges as done for the thin vertical flap. The

final non-dominated fronts and the optimal geometries are shown in Fig. 10 for ω = 0.4 to 0.5 rad/s, in Fig. 11
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TABLE VIII

AVERAGE OPTIMAL DIMENSIONS FOR THE SUBMERGED ELLIPTICAL CYLINDER, FOR α = 2

ω [rad/s] 0.4 to 1.3 0.4 to 0.5 0.5 to 0.7 0.7 to 1.3

d̄ [m] 10 37.5 22.5 7

ā1 [m] 5 3.5 4 4.5

ā2 [m] 1.5 4.5 2.5 1.5

ā3 [m] 3.5 2.5 3 3

ā4 [m] 1.5 3 2 1.5

p̄ [m] 6 11.5 8.5 8

c̄ [m] 7 7 7 5
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Fig. 10. As in Fig. 9, for ω = 0.4 to 0.5 rad/s.

for ω = 0.5 to 0.7 rad/s, and in Fig. 12 for ω = 0.7 to 1.3 rad/s. Each of the final non-dominated fronts, shown in

the upper figures, may be divided into two parts. The optimal configurations corresponding to the left part of the

front are, in general, characterized by rotation axes close to the sea bottom, and bodies close to the free surface

and occupying more volume downstream, while the optimal configurations corresponding to the right part of the

front are characterized by rotation axes close to the free surface, bodies close to the sea bottom, and horizontally

elongated sections. The average optimal dimensions for each wave frequency range are listed in Table VIII. As in

the case of the thin flap, larger sizes—notably the width d and the radii a2 and a4—are preferred for longer, and

smaller sizes for shorter, incident waves.
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Fig. 11. As in Fig. 9, for ω = 0.5 to 0.7 rad/s.
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Fig. 12. As in Fig. 9, for ω = 0.7 to 1.3 rad/s.
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E. Remarks on computation time

The time taken to complete a single optimization run varies from case to case depending on the complexity

of the geometric configuration considered, the number of variables, the population size, the maximum number of

generations, the displacement constraint, and the selected wave frequency range. A significant proportion of the

time is taken for the computation of the hydrodynamic parameters. The last two of the above factors determine the

preferred size of the body, as we have seen, and thus they affect the computation time, as the larger the body the

longer it is to compute the hydrodynamic parameters.

All optimizations are run using a 2.50 GHz, 2.96 GB RAM CPU. With this computing resource, for the thin

vertical flap, which is the simplest configuration considered, the time taken to complete a single optimization run

(with a population size of 60 and max. no. of generations of 7) is approximately 1.5 hour. For the inclined flap

and the curved flap (each with a population size of 60 and max. no. of generations of 10) it is approximately

2 hours each, for the submerged circular cylinder (population size of 60 and max. no. of generations of 8) it is

approximately 4 hours, for the surface-piercing circular cylinder (population size of 60 and max. no. of generations

of 16) it is about 20 hours, while for the submerged elliptical cylinder (with population size of 60 and max. no. of

generations of 30) it is about 1.5 days.

F. Realistic tuning

Before concluding, we shall first investigate the feasibility and performance of the strategy outlined in Section II-B

by considering the submerged elliptical cylinder as an example. The objective is to find combinations of (MW , zW )

which satisfy (25).

The selected geometry is shown in Fig. 13, top left. This is one of the optimum geometries optimized for ω = 0.5

to 0.7 rad/s. The width of the body is 24 m. Its added inertia and radiation damping are shown in Fig. 13, top

middle.

We assume that the ballast is sea water (ρ = 1025 kg/m3) and −c−a4 ≤ zW ≤ −c+a2 while xW = xO. Further,

the hull of the body is made of 20-mm thick steel (ρ = 7850 kg/m3) and the center of structural mass is assumed

to be at zG = −c − 1. For simplicity, it is also assumed that zB = −c, rW = |zW − zO|, and rG = |zG − zO|.
These parameters place a restriction on the range of frequencies which are tunable. For this particular case, the

tunable frequencies are identified to be in the range of ωp / 0.5 rad/s and ωp ' 1.2 rad/s. It is not possible to

tune the absorber to any frequency between these two ranges due to the lack of restoring moment. We choose

ωp = 0.5 rad/s and 1.2 rad/s. The possible combinations of (MW , zW ) for each of these ωp are shown in Fig. 13,

top right. From each of these combinations, a combination of (MW , zW ) is selected. For ωp = 0.5 rad/s, we select

MW = 52.8 tons and zW = −0.16 m. For ωp = 1.2 rad/s, we select MW = 165 tons and zW = −0.16 m. That

we add in more ballast to tune the absorber to higher frequency is explained by the behavior of the added inertia,

which becomes negative at ω ≈ 1.2 rad/s.

The corresponding absorbed power, maximum reaction force, as well as amplitude and phase of the body

displacement when the absorber is subjected to 1-m amplitude incident wave, for the selected combinations of
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Fig. 13. Top: Selected optimum geometry for ω = 0.5 to 0.7 rad/s (left), its corresponding added inertia and radiation damping (middle),

and possible combinations of (MW , zW ) when tuned to ωp = 0.5 rad/s (dashed) and 1.2 rad/s (dotted). Bottom: The corresponding absorbed

power (left), maximum reaction force (middle), as well as the amplitude and phase of the angular displacement (right) when subjected to 1-m

amplitude incident wave: maximum, when optimally tuned at all frequencies (solid); tuned to ωp = 0.5 rad/s with MW = 52.8 tons and

zW = −0.16 m (dashed); tuned to ωp = 1.2 rad/s with MW = 165 tons and zW = −0.16 m (dotted).

(MW , zW ), are shown in Fig. 13, bottom. These are plotted together with those obtained when optimal tuning is

satisfied at all frequencies. Looking at the absorbed power, the two combinations of (MW , zW ) achieve optimum

values at the corresponding tuned frequencies ωp = 0.5 rad/s and 1.2 rad/s. Even if perfect tuning is not possible

for 0.5 / ωp / 1.2 rad/s, near optimal power absorption is still attained at these frequencies due to the behavior of

the added inertia at ω ≈ 0.8 rad/s. This results in a relatively broad-banded absorbed power curves. In this example

the load resistances are Ru = 9.2× 107 N·m·s and 2.4× 108 N·m·s for ωp = 0.5 rad/s and 1.2 rad/s, respectively.

The maximum reaction force for the case of optimum tuning at all frequencies is plotted without any contribution

from the ballast mass. The addition of ballast, as it turns out, reduces the reaction force, particularly for the second

combination of (MW , zW ), which has a larger MW .

VI. CONCLUSION

This study deals with geometric optimization of wave absorbers with the objective of minimizing two cost criteria,

expressed as simple ratios integrated over a specified wave frequency range. The type of absorbers considered is that

which oscillates about a submerged horizontal axis. The two ratios are the submerged surface area to the maximum

absorbed power and the maximum reaction force to the maximum absorbed power. While these simple ratios may

not correspond accurately to the actual cost of energy, their simplicity facilitates useful interpretation of the results
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and are deemed sufficient to use in an optimization study such as presented in this article.

The optimization is carried out using a multi-objective optimization algorithm which incorporates a linear radiation

and diffraction three-dimensional panel method to compute the hydrodynamic parameters, and a relational geometric

modeling approach to parametrically vary the geometries. The variables to be optimized are the dimensions of the

body as well as the depths of submergence of the rotation axis and of the body. Several geometric configurations

with simple cross-sectional shapes have been considered, and it is shown that, among these, the elliptical one has

the best performance in minimizing the two cost criteria.

The effect of different constraints of body displacement and of different wave frequency ranges have been

investigated. It is found that higher displacement constraints result in smaller optimal dimensions, and that there is

a relation between predominant wave frequencies and optimal size. Smaller optimal dimensions are preferred for

short incident waves and vice versa.

A common feature of the optimal configurations is that when the geometries are optimized over a uniform

distribution of wave frequencies from 0.4 to 1.3 rad/s, the body generally spans from the free surface to no more

than approximately one third of the water depth, while the rotation axis tends to be located close to the sea bottom.

An exception is found for some of the optimal submerged elliptical cylinders, which have their rotation axes close

to the free surface and their bodies close to the sea bottom. These occupy the right part of the final non-dominated

front, and hence is characterized by a relatively low reaction force to absorbed power ratio.

Having identified the set of optimal solutions, we may select an optimal design if further information on the

relative importance of the objectives are available. Thus, if it is more important to minimize the first objective than

the second, a solution which lies along the left part of the optimal front may be selected. On the other hand, if it

is more important to minimize the second objective than the first, a solution which lies along the right part of the

front will be a better option.

A strategy of tuning the absorber to a particular wave frequency by ballasting has been considered and illustrated

by an example. Although it is possible to tune the absorber by this means for a limited range of wave frequencies,

better performance may be obtained by extra spring to provide sufficient restoring moment for the range of

frequencies where perfect tuning are not possible by ballasting alone. It may not even be necessary to satisfy (25)

exactly. Instead, as an alternative, optimum combinations of (Ru,MW , zW ) may be obtained numerically to meet

certain objectives (for example, to maximize the area under the power curve while keeping the body displacement

within a specified constraint).

The introduction of asymmetry by allowing eccentricity of the rotation axis is found not to improve the objectives.

Furthermore, inclined flaps are not better than vertical flaps; neither are curved flaps better than flat flaps. However,

for the elliptical cylinder, the preferred optimums generally occupy more volume downstream. Further geometric

variations, such as geometries having nonuniform cross sections or those having more than one water plane area

(for surface-piercing absorbers), deserve further study. Another potential research direction is to apply the outlined

method to arrays of the same type of absorbers.

To be more realistic, to optimize a site-specific absorber, information on the wave climate (described by the
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wave spectrum and the scatter diagram) at the given site is needed and is to be incorporated into the objective

functions. The optimization method, however, remains the same. It is also possible to include more than two

objective functions.
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