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Response to Reviewers’ Comments

The authors would like to thank the reviewers for their comments. The review-
ers’ comments are reproduced here in black. Our response is given in blue.

Reviewer #1

The authors have replied on the comments and revised the paper according to
expectations.

We thank the reviewer once again for his/her valuable comments.

Reviewer #2

The paper describes a comprehensive experimental and numerical study of the
hydrodynamic behavior of a wave energy device consisting of two concentric
floating bodies. The numerical study is conducted in frequency as well as in
time domain. The presented numerical results are in good agreement with the
measured values for displacements, absorbed power, and mean drift force. The
occurrence of Mathieu-type instability has been observed, which has a negative
influence on the performance of the WEC.

The paper is well written and includes extensive description of the details of
the experimental and numerical investigations. The dramatic reduction of the
power capture due to the Mathieu-type instability is focused. The Mathieu-type
instability arises due to harmonic variation of the pitch/roll restoring stiffness.

Considering the following comments will lead to a significant increase in the
scientific value of the paper:

1. The reason for the harmonic variation of the pitch/roll stiffness is not
sufficiently explained and discussed.

We have added the following text just before section 3.4: This variation
of the pitch/roll restoring stiffness is the result of the varying metacentric
height of the device with time as the two bodies heave in waves. Instability
takes place when the period of the metacentric height variation is close to
half the pitch/roll natural period.

2. The calculated harmonic variation of the pitch/roll stiffness using the time
domain simulation method should be included in the paper.

We have added more details in section 4.1. In equations (13)–(16), expres-
sions for the restoring force vector used in the time-domain model are now
given. Expressions for the instantaneous centres of gravity and buoyancy
are given in equations (11) and (17). These equations show explicitly that
the pitch restoring stiffness varies with the heave displacements of the
bodies.

3. The interaction between the two floating bodies can lead to negative added
mass values, it will be helpful to know whether the applied method is able
to predict such hydrodynamic behavior and if there is any dependency
between the added mass and the dramatic reduction of the power capture.

As stated in the text, the added mass coefficients are computed using
WAMIT, so they are inputs, rather than outputs, of the model. We have
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checked that the off-diagonal elements of the added mass matrix associ-
ated with heave motions are all positive. This is reasonable since both
bodies are surface piercing. In any case, we do not see that there is any
apparent relationship between the added mass and the reduction of the
power capture.

4. In the description of weakly non-linear method more details should be
added regarding the calculation of the wave loads under consideration of
the relative motion and the hydrodynamic interaction between the two
floating bodies.

As stated in the text, the wave loads are assumed to be linear, so they are
just the time-domain equivalent of those in the frequency-domain model,
which has been described in detail in section 2.1.
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ABSTRACT
This paper summarizes a series of studies in the early design phase of a wave energy
device. The device consists of an outer body in the form of a buoy with a vertical
tube, inside which an inner body can slide relative to the former. To understand
the behaviour of the device, a linear mathematical model is first developed in the
frequency domain. Parametric studies show that a device with an enlarged tube cross
section at the bottom has a better power performance relative to its size compared to
a device with a uniform tube. Measurements of the device displacements, absorbed
power, and mean surge force obtained through scaled model tests in a wave tank
are generally in good agreement with predictions from the frequency-domain model,
but some discrepancies are also observed. A notable discrepancy is the occurrence of
a Mathieu-type instability, where amplified pitch/roll motions with a period twice
the wave period are triggered by heave motions. Once this happens, the relative
motion between the two bodies and hence the absorbed power are found to be
greatly reduced. A weakly nonlinear time-domain model is then developed and is
able to predict, to some extent, this behaviour. It is demonstrated that numerical
and experimental analyses going hand in hand are indispensable in the early design
phase of a wave energy device.
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1. Introduction

Making use of the relative motion between two bodies is a popular means to capture
energy from ocean waves. This is because providing a force reaction through a fixed
mounting on the seabed is, due to economical reasons, restricted to relatively shallow
waters. If, instead of reacting against the seabed, the floating body reacts against
another body, the system becomes self-reacting.

Falnes (1999) discussed in detail the theory behind this class of wave energy devices
by considering, specifically, a device composed of two heaving bodies, where energy
is absorbed through the relative motion between the bodies. He noted that when
the power take-off (PTO) impedance is large, the system has one resonance period
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Figure 1. Schematics of (a) OPT PowerBuoy, (b) Wavebob, (c) IPS buoy, and (d) floating OWC.

governed by the property of the combined body, and when the PTO impedance is
small, the system has two resonance periods governed by the property of each body.

A self-reacting two-body device of this kind can take various configurations. Some
examples are shown in Figure 1: the IPS buoy (Claeson et al. 1982), Wavebob (Mu-
liawan et al. 2013; Tarrant and Meskell 2016), and the OPT PowerBuoy (Mekhiche
and Edwards 2014), which is similar to a device studied earlier by Eidsmoen (1996).
A floating oscillating-water-column (OWC) device (Whittaker and McPeake 1985;
Gomes et al. 2016), in which the water column takes the role of the second body, may
be put under the same category.

This paper considers another configuration (Figure 2), consisting of a floating conical
body with a central vertical tube (body 1), inside which another floating body (body
2) can slide relative to the first. The translational relative motion between the bodies is
converted into rotational motion to drive a generator. The device has been conceived
with the following rationale. The water mass inside the tube is less disturbed by
wave interaction than the water outside. The inner body (body 2) makes use of this
inertia to achieve a longer natural period than that of the outer body (body 1), which
has a relatively short natural period due to the shallow draught of its conical part.
The dimensions of the bodies are to be selected such that the prevailing wave period
falls somewhere between these two natural periods. In addition, the conical shape of
the outer body is chosen to maximize wave radiation, which is necessary for wave
absorption.

It is important to understand the behaviour of the device including its power absorp-
tion characteristics in order to validate the concept, optimise its design, and estimate
its economic potential. To this end, a series of numerical and physical studies has been
carried out, and will be presented in the following. The studies are carried out using
frequency-domain models of increasing complexity (Section 2), a physical model in a
wave tank (Section 3), and a time-domain model (Section 4). It will be shown that all
these tools are essential in the early design phase of a wave energy device.

2. Frequency-domain modelling

2.1. Equations of motion

To describe the problem, a right-handed Cartesian coordinate system is chosen with
z = 0 being the mean free surface and z ≤ 0 the fluid domain. The device has a vertical

2



x

y

z

Figure 2. Preliminary design of the device.

plane of symmetry, y = 0, and the incident wave propagates along the x-axis (see
Figure 2). Then, the device will move only in the y = 0 plane as a response to incident
wave excitation, and the motion of the device is described by four independent modes.
The two bodies can move relative to one another in heave, but no relative motion is
permitted in surge (along the x-axis) or pitch (about the y-axis).

It is assumed that the excitation and response of the system are time-harmonic with
angular frequency ω and of small amplitudes. This allows the time dependence to be
factored out and the problem to be formulated in the frequency domain.

The masses of body 1 and body 2 are denoted as M1 and M2, and their water
plane areas as S1 and S2, respectively. The device is assumed to be freely floating, i.e.,
M = M1 + M2 = ρV , where ρ is the water density and V is the displaced volume of
the device. Also, Mi = ρVi, i = 1, 2, i.e., there are no forces between the bodies when
they are at their mean equilibrium positions. The centre of gravity is at (0, 0, zG).
Consistent with linear theory, the heave motions are then uncoupled from surge and
pitch. Further, it is assumed that energy is absorbed from the relative heave motion
through a linear damper with a coefficient Bu.

If the heave motion of each body is treated as two independent modes, as in Falnes
(1999), the equations to determine the heave velocities of each body, U1 and U2, can
be written as{

iω

[
M1 +A11 A12

A21 M2 +A22

]
+

[
B11 +Bu B12 −Bu

B21 −Bu B22 +Bu

]
+
ρg

iω

[
S1 0
0 S2

]}[
U1

U2

]
=

[
Fe1

Fe2

]
,

(1)
where Fe1 and Fe2 are the heave excitation forces on body 1 and body 2 due to
the incident waves, while A11, A22, A12 = A21 and B11, B22, B12 = B21 are the
added masses and radiation dampings due to the body motions in water. Also, g is the
acceleration due to gravity. Under the assumption of linear theory, the wave excitation
forces are linearly proportional to the incident wave amplitude A.

Alternatively, if the heave motion of the combined body is treated as one indepen-
dent mode and the heave motion of body 2 relative to that of body 1 as the other

3



mode, then{
iω

[
M +A00 M2 +A02

M2 +A20 M2 +A22

]
+

[
B00 B02

B20 B22 +Bu

]
+
ρg

iω

[
S S2

S2 S2

]}[
U1

Ur

]
=

[
Fe0

Fe2

]
,

(2)
where S = S1 + S2 is the combined water plane area and Ur = U2 − U1 is the heave
velocity of body 2 relative to that of body 1. Here, the index 0 is used to refer to
the heave motion of the combined body. Again, A02 = A20 and B02 = B20 due to
symmetry of the added mass and radiation damping matrices. Equation (2) may be
rigorously derived using the generalized modes theory described by Newman (1994).
It can be shown that the two alternative formulations, (1) and (2), are equivalent.
Formulation (2) is used in this paper.

Meanwhile, the equations for surge and pitch are{
iω

[
M +Ass MzG +Asp

MzG +Aps I +App

]
+

[
Bss Bsp

Bps Bpp

]
+
ρg

iω

[
0 0
0
∫
S x

2dS + V (zB − zG)

]}[
Us

Up

]
=

[
Fes

Fep

]
,

(3)
where the indices s and p refer to surge and pitch, respectively, zB is the z-coordinate
of the centre of buoyancy of the device, and I is the moment of inertia of the device
about the y-axis. It is so far assumed that there are no external restoring forces on
the device apart from that due to buoyancy and gravity.

The time-average power absorbed through the linear damper Bu, once Ur is solved,
is obtained as

P =
1

2
Bu|Ur|2. (4)

The absorbed power can be expressed in terms of capture width da, i.e. the width of the
incident wave front transporting the same amount of power as that absorbed by the
device. The capture width can further be nondimensionalised by a suitable dimension
of the device, such as its water plane diameter, to give a quantity commonly referred
to as the ‘capture width ratio’.

In solving equations (2)–(3), the excitation forces, added masses, and radiation
dampings have been evaluated using a state-of-the-art diffraction/radiation soft-
ware (WAMIT 2016), employing the generalised modes approach (Newman 1994).
Results obtained from formulation (2) have been checked to exactly agree with those
obtained from (1).

2.2. Displacement limits

Because the linear model as described by (1)–(4) does not include any losses, it may
predict high values of absorbed power arising from large but possibly unrealistic rela-
tive velocities between the two bodies, when the incident wave amplitudes are large.
In reality, the displacements of the bodies must be limited either deliberately or due to
departure from linearity (see, e.g., Iversen 1982). To deal with this issue, an empirical
damping term can be added to the equations of motion, but this requires prior knowl-
edge of the damping coefficient, which varies depending on the geometry. A method
to circumvent this problem is to apply realistic displacement limits on the device.

When the relative velocity between the two bodies is not allowed to exceed a suitably
chosen value Ub, the upper bound to the absorbed power is given exactly as (Evans
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1981; Falnes 1999)

PMAX =


1

2
(|Fr|Ub −RiU

2
b) for r < 1

|Fr|2

8Ri
for r ≥ 1,

(5)

where Fr is the force required to ensure zero relative motion between the two bodies, r
is the ratio between Ub and the magnitude of the optimum velocity Ur,OPT = −Fr/2Ri,
and Ri is the intrinsic damping of the equivalent single-mode system as derived
by Falnes (1999). This expression for PMAX provides a more realistic bound to the
absorbed power predicted by linear models without losses.

Even more realistic bounds may be obtained by limiting the displacements of the
individual bodies. Analytical expressions like that in (5) seem not possible in this
case, but the bounds can be obtained numerically by identifying PTO damping values
that would have produced displacements exceeding the specified limits. An example is
shown in Figure 3(a). In this example, the displacement of body 2 relative to that of
body 1 and the displacement of body 1 relative to the incident wave are not allowed
to exceed some specified limits. Figure 3(b) shows the corresponding upper bounds to
the capture width of the device. The capture width of the device is reduced at certain
periods where the displacement limits are in force. The upper bound just derived is
useful when comparing the performance of different device configurations, as it gives
the anticipated power levels attainable with realistic displacement amplitudes, which
may be specific for each configuration.

2.3. Power output and response in irregular seas

Under the assumption of linearity, the principle of superposition applies, meaning that
the response of the device to a sum of excitation components of different amplitudes
and frequencies is equal to the sum of the response to individual excitation component.
Hence, knowing the absorbed power as a function of frequency according to (4), the
mean power absorbed by the device in an irregular sea state can be expressed as an
integral of the power function P (ω)/|A|2:

P (Hs, Tp) = 2

∫ ∞
0

P (ω)

|A|2
S(ω)dω (6)

for a given wave spectrum S(ω) of the sea state, defined by the significant wave height
and peak period (Hs, Tp). The variance of any response, which can be a displacement,
velocity, or force, can be obtained similarly.

Equation (6) is valid for a short duration over which the sea state can be considered
constant (usually taken to be 3 hours). It can be combined wih a scatter diagram or
joint probability table of wave heights and periods to give the expected mean power
output P of the device at a particular site over the entire wave climate. The mean
wave power resource J may be calculated in the same manner, and the mean capture
width for the entire wave climate is obtained as da = P/J .
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(a)

(b)

Figure 3. (a) An example of how the PTO damping satisfying the displacement limits is obtained. Thick solid
line is the optimum PTO damping in case of no displacement limits. Regions where the specified displacement

limits are exceeded are shown as shaded areas: regions where displacement of body 1 relative to the incident

wave exceeds the specified limit (grey), regions where relative displacement between body 2 and body 1 exceeds
the specified limit (light blue), regions where both displacement limits are exceeded (dark blue). The line traced

by the dots gives the optimum PTO damping that maximises the absorbed power given the displacement limits.

(b) Upper bounds to the capture width of the device, corresponding to Figure 3: upper bound when there are
no limits on the displacements of the bodies (dotted line), upper bound when the relative displacement between

body 1 and body 2 is limited (grey thin line), upper bound achievable using non-complex PTO impedance and
without displacement limits (red thick line), upper bound achievable using non-complex PTO impedance while

satisfying the displacement limits (purple thick line). The last upper bound is bounded by the former three.

2.4. Parametric study of device geometry

Typical response of the device is plotted in Figure 4, from which it is seen that the
device has the general behaviour of a self-reacting two-body device as noted by Falnes
(1999). When the applied PTO damping is large, the two bodies tend to move together
and the response has a single peak at Ts, corresponding to the resonance period of the
two bodies combined as a single body. When the PTO damping is small, the two bodies
are less bound to move together and the response has two peaks: T1, corresponding
to the resonance period of the outer body when the inner body is fixed, and T2,
corresponding to the resonance period of the inner body with the outer body fixed.

In the preliminary design, the tube is of a uniform cross section. With a uniform
tube cross section, lengthening the tube is found to increase the resonance periods
of the inner body and the combined body, T2 and Ts. Enlarging the tube primarily
increases Ts, the resonance period of the combined body, since the added mass of the
combined body increases with tube diameter. Increasing the draught of the conical
part of the outer body increases its resonance period T1 and narrows the response
bandwidth due to decreased radiation. In general, Ts and T2 are quite wide apart,
whereas it would be beneficial to have them sufficiently close to each other.

As a possible improvement to the original design, a device with a conical tube is
considered, i.e. a tube with a gradually enlarged diameter towards the bottom end, as
opposed to a tube with a uniform cross section. By gradually enlarging the lower part
of the tube, finer tuning of the device response is found to be possible. Compared to the
design with a uniform tube, having a conical tube increases T1 and Ts and decreases
T2. As a result, an improved power performance relative to device size is achieved. This
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T1

Ts

T2

Figure 4. Typical response (represented by capture width ratio) curves of the device. Thin lines are responses
obtained with different PTO damping values. Thick line is the upper bound taking into account some speci-

fied displacement limits. The quantity λ/2a is the incident wavelength normalised by the device water plane

diameter. The dotted line, which is a straight line with a slope of 1/2π, is the theoretical limit applicable to
point absorbers, to which category the present device belongs.

Figure 5. Relative size of devices with uniform tube and with conical tube (drawn to scale), designed to the

same wave climate. The figure shows half of the panel model of each device. The small gap between the inner
and outer bodies is neglected. Taking into account of the gap introduces sharp peaks in the hydrodynamic
coefficients, associated with pumping-mode resonance of the water in the gap. This would be largely damped

in reality.
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Table 1. Mean power output and capture width ratio of devices in Figure 5, dimen-

sioned to the same scaled wave climate with a resource of 0.94 kW/m. Constant PTO

damping is assumed for all sea states.

Device with uniform tube Device with conical tube

Mean absorbed power [kW] 1.11 0.99
Mean capture width ratio 0.29 0.32

is demonstrated in Figure 5, which shows the relative sizes of the device with uniform
tube cross section and the device with conical tube, dimensioned to the same wave
climate. As seen from Table 1, the device with a conical tube has a higher capture
width ratio despite its smaller size, and a mean power comparable to the larger device
with a uniform tube.

2.5. Modelling of losses

So far, any losses which may arise from viscous effects and mechanical friction have
been neglected. In comparing the performance of the various device configurations,
suitable limits to the displacements of the bodies have instead been applied in order
to arrive at more realistic values of the captured power.

In the following, losses will be included, which are assumed to be primarily con-
tributed by drag, which is a quadratic function of the relative fluid velocities. For sim-
plicity, the loss damping matrix is assumed to be diagonal, i.e. the damping force on
each mode of motion is due to the motion in its own mode. Thus, the time-dependent
nonlinear drag force in mode i is expressed as

Fdi(t) = bq,ii|vi(t)− ui(t)|(vi(t)− ui(t)), (7)

where bq,ii is a constant coefficient determined from measurements, vi(t) is the undis-
turbed fluid velocity, and ui(t) is the body velocity.

The corresponding linearised damping force has the form Fdi = Bd,ii(vi−Ui). Here,
Bd,ii is a linearised coefficient whose value is given by equivalent linearisation as

Bd,ii =
8

3π
bq,ii|Ui − vi|, (8)

where Ui and vi are complex amplitudes of the velocities (see, e.g., Himeno 1981). The
following coefficients are used in the model:

Bd,00 = bd,00|U0 − vz(0, 0, zG)|, (9a)

Bd,rr = bd,rr|Ur|, (9b)

Bd,ss = bd,ss|Us − vx(0, 0, zG)|, (9c)

Bd,pp = bd,pp|Up|. (9d)

For simplicity, the horizontal and vertical fluid velocities vx and vz are calculated at
the device mean centre of gravity (0, 0, zG).

Note that since the linearised coefficient Bd,ii is a function of the amplitude of the
body velocity Ui, which is not known beforehand, an iterative procedure is required to
solve the equations of motion. In irregular waves, a stochastic linearisation is employed
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to linearise the drag force (see, e.g., Borgman 1967; Malhotra and Penzien 1970).
Again, as the body velocities are unknown, an iteration is needed.

With the inclusion of a linearised drag term in the frequency-domain model, the
calculated response amplitudes are no longer linearly proportional to the incident
wave amplitude. Instead, as the wave amplitude gets larger, the ratio of the response
amplitude to the wave amplitude gets smaller, as to be expected in reality.

3. Wave tank testing

3.1. Test setup

To validate the concept and the numerical model, physical model tests were conducted
in Aalborg University’s wave tank at a scale of 1:25. The tank is 13 m wide and
equipped with piston-type wavemakers. The distance from the wavemakers is 8.4 m
to the wave absorber layers at the opposite end, and approximately 12.2 m to the
opposite wall.

A drawing of the scaled model is shown in Figure 6. An eddy current brake simu-
lated the PTO by inducing a damping force as a conductive surface moved past a set
of magnets. The scaled model has detachable fins near the bottom of the outer body.
These were added as a means to mitigate anticipated large pitch/roll motions com-
monly encountered in devices of the same type (see, e.g., Tarrant and Meskell 2016;
Gomes et al. 2017). Fins like those used here have been found effective in mitigating
pitch/roll motions of a floating oscillating water column device (Gomes et al. 2017),
but they were found to have little effect in the current device. Nevertheless, it was
decided to keep them in place for most of the tests.

Three horizontal mooring lines were used for station keeping. Each line consisted of
a rope with a high axial stiffness and a soft spring with a stiffness of approximately 50
N/m, which was connected to a force transducer. The lines were pretensioned to 10-15
N. The mooring attachment points were above the water and close to the water plane,
thus minimising the influence of the moorings on the rotational modes of motion. The
arrangement of the mooring lines and wave probes is shown in Figure 7. The model
was positioned 4.4 m from the wavemakers and at the centre of a 2×6.5 m2 rectangular
pit. For all cases, the water depth was 2.7 m at the pit and 1.2 m elsewhere, except in
one irregular wave case, where the water depth was lowered to 1.04 m.

Apart from the wave probes and the mooring force transducers, the other instrumen-
tations were three PTO force transducers mounted inside the inner body, a sensor to
measure the relative displacement between the inner and outer bodies, and an optical
tracking system to measure the displacements of the outer body.

In accordance with the recommended guidelines (e.g., Holmes 2009; Day et al. 2014),
it was not necessary at this stage to model the actual PTO and mooring configuration
in small scale. However, a more advanced PTO simulator and the actual mooring
configuration will need to be incorporated in the later test stages.

3.2. Power take-off damping characterisation

The PTO damping force is defined here as the sum of the damping force due to the eddy
current brake and that due to friction in the internal guide system. The PTO damping
force is obtained by subtracting the weight of the internal guide system and the inertial
force due to its acceleration, from the force measured by the PTO force transducers.
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Figure 6. Drawing of the 1:25 physical model, which is based on the optimised design.
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Figure 7. Sketch of the physical model of the device, horizontal mooring lines, and wave probes arrangement,
as viewed from the top. The unit for the distances is m.
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Figure 8. Measured PTO damping force as a function of relative velocity, for configurations with no magnets

and with two magnets, obtained from decay tests. A linear fit is included in each plot.

Table 2. Measured natural periods (in seconds). For some of the modes, long-period

resonance (approximately 10 seconds or longer) can be identified, which corresponds to
the natural periods of the moored system.

No fins, 0 magnets With fins, 2 magnets

Modes Time domain Frequency domain Time domain Frequency domain

surge 3.24, 10.26 3.15, 10.4 3.34, 13.44 3.38, 12.4
sway 3.43, 10.86 3.44, 10.8 3.52, 15.0 3.49, 14.4
heave 1.25 1.23, 1.57, 3.44, 9.89 1.6 1.27, 1.59
roll 3.47, 10.88 3.37, 10.7 3.57 3.38, 12.4
pitch 3.24, 10.14 3.15, 9.82 3.34, 13.33 3.49, 13.1
yaw 2.11 2.08, 3.37, 11.1 3.51 3.49, 4.42

Figure 8 shows the measured PTO damping force as a function of relative velocity
between the bodies, based on measurements obtained from decay tests. The force-
velocity relationship is approximated in the frequency-domain model using a linearly
fitted damping. The eddy current brake worked well in providing approximately linear
power take-off damping characteristics, and the choice of its design parameters resulted
in damping coefficients well covering the range of interest.

In addition to the PTO damping, other sources of damping on the inner body
were friction from the external guides fitted between the inner and outer bodies, and
hydrodynamic damping.

3.3. Decay tests

Two cases were considered for the decay tests. In the first case, the model was without
fins and no magnets were installed on the eddy current brake. The second case was
with fins fitted and two magnets installed. The natural period corresponding to each
rigid body mode of the outer body is measured from the decay time histories by
averaging the time difference between successive peaks (time domain), and also by
Fourier analysis (frequency domain). The results are shown in Table 2, with good
agreement between the two methods.

The addition of fins lengthened the natural periods, with yaw being the most affected
and heave the least affected. The first of the two shortest heave natural periods, i.e.
approximately 1.25 s, corresponds to the outer body heaving relative to the inner
body. The second period, approximately 1.6 s, corresponds to the outer and inner
bodies moving together with no relative motion between the two. A separate test was
conducted prior to the test campaign, with the outer body fixed in position and only
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Table 3. Linear and quadratic damping coefficients identified from decay tests. When they can

be estimated reliably, the two values correspond to short and long natural period oscillations

identified in Table 2.

No fins, 0 magnets With fins, 2 magnets

Modes Linear, Bl Quadratic, Bq Linear, Bl Quadratic, Bq

surge 0.7, 2.29 [kg/s] 277.4, 576.5 [kg/m] 5.97, 32.2 [kg/s] 237.6, 226.8 [kg/m]
heave – – 48.2 [kg/s] –
pitch 1.65, 1.35 [kg m2/s] 63.4, 193.8 [kg m2] 1.5, – [kg m2/s] 82, – [kg m2]

Table 4. Description of the reg-

ular wave test cases.

Case Fins PTO magnets

a no 0
b yes 0
c yes 1 (stronger)
d yes 1 (standard)
e yes 2 (standard)

the inner body allowed to heave. The heave natural period of the inner body was
measured to be 1.85 s.

The hydrodynamic damping in each mode of motion is assumed to be composed of
linear and quadratic damping components. Both components were estimated from the
decay time histories following standard methods (see, e.g. Faltinsen 1990). The result
is presented in Table 3.

3.4. Regular wave tests

The regular wave test cases are specified in Table 4. For each wave period, two runs
were conducted: one with the model in the tank, to get the displacements and force
measurements; the other without the model in the tank, to get the undisturbed incident
wave elevation at the device location. The latter was derived from the actual wave
elevations recorded at the wave probes upwave of the model (see Figure 7).

The fundamental amplitude of the wave, together with the fundamental amplitudes
of the device displacements, was used to obtain the response amplitude operators
(RAOs) of the device. The measured heave RAOs of the bodies are plotted in Figure 9
together with the numerical predictions obtained from the frequency-domain model
with linearised drag damping. For the frequency-domain model, PTO damping coef-
ficients of 7.5 kg/s are used for cases a and b, and 75, 30, and 55 kg/s for cases c, d,
and e (cf. Table 4). The linearised quadratic damping coefficients bd,ii = (8/3π)bq,ii
used in the model are 150 kg/m for surge, 75 kg/m for heave of the combined body,
60 kg m2 for pitch, and 25 kg/m for relative heave of the inner body (cf. Table 3). It
is assumed that these coefficients do not change with oscillation period.

As seen from Figure 9, the predictions generally agree quite well with the measure-
ments, but some discrepancies are also noted. First, the displacements of the inner
body are underpredicted at its resonance period, around 1.85 s, for cases a and b. This
is because a linearly fitted PTO damping coefficient has been used in the frequency-
domain model, which overestimates the damping force for large amplitude motions
(see Figure 8). Note that the model includes linearised drag. Second, at a wave period
of approximately 2 s, the inner body stops to move relative to the outer body, as the
force acting on the inner body is less than the force required to overcome the static
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Figure 9. Response amplitude operators of heave displacements of outer and inner bodies, and of relative

displacement between the two. Circles represent mean values, and error bars represent standard deviations.

Lines are numerical predictions from frequency-domain model with linearised drag.
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friction. Third, at approximately 3.2 s, quite significant heave motions were observed,
which is not predicted by the numerical model. This is presumably due to wall ef-
fects or resonant tank mode. The shortest distance of the model to the side wall is, in
particular, close to 5 m, i.e. half the wavelength at 3.2 s.

Figure 10 shows the power function, i.e. the mean absorbed power per unit incident
wave amplitude squared, for cases a to e. The predictions are in a reasonably good
agreement with the measurements, except at around 3.2 s.

The measured mean drift force in surge is plotted in Figure 11 for cases a to e,
together with the numerical predictions, showing good agreement between the two,
except at around 3 s, where sharp peaks are observed in the measured drift force,
both in positive and negative directions. Resonant tank mode seems to be responsible
for these peaks.

In Figures 9–11, early parts of the time histories were used to obtain the RAOs,
mean absorbed power, and mean drift force. This gives a relatively good agreement
with the numerical predictions. A closer look at the displacement time histories, how-
ever, reveals that for certain wave periods, large pitch/roll motions take place after
some time, accompanied with reductions of the relative displacement between the two
bodies. An example is shown in Figure 12. In this case, the wave period is 1.65 s,
which is approximately half the natural period in surge/pitch. The surge and pitch
displacements are seen to increase significantly after 50 s (for 0.02 m incident wave
amplitude), and oscillate at 3.3 s, i.e. twice the wave period. At the same time, the
relative displacement between the two bodies is greatly reduced. It requires several
oscillations for these motions to set in, and they come into effect quicker with larger
incident wave amplitudes. This behaviour is explained as a Mathieu-type instability,
which arises from a harmonic variation of the pitch/roll restoring stiffness (Haslum and
Faltinsen 1999) and, as mentioned earlier, is not uncommon in devices of the same
type. This variation of the pitch/roll restoring stiffness is the result of the varying
metacentric height of the device with time as the two bodies heave in waves. Instabil-
ity takes place when the period of the metacentric height variation is close to half the
pitch/roll natural period.

3.5. Irregular wave tests

Irregular wave tests were also performed with a JONSWAP spectrum for some selected
sea states. Most of the test runs lasted for approximately 10 minutes, which correspond
to 50 minutes at full scale. As in the regular wave tests, two runs were conducted for
each sea state, one with the model in the tank to obtain measurements of the device
response, and the other without the model to obtain measurements of the incident
waves.

Figure 13 shows the ratio of the measured mean power to that predicted by the
frequency-domain model for the selected sea states. The PTO setting corresponds to
case d in the regular wave case (see Table 4). The measured mean power values were
found to be less than the numerical predictions. A major source of disagreement is
likely the pitch/roll instability just discussed, which has the effect of reducing the
relative motion between the two bodies, and hence the power capture.
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Case a

Case b

Case c

Case d

Case e

Figure 10. Mean absorbed power per unit incident wave amplitude squared, for cases a to e.
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Figure 11. Quadratic transfer function of the mean drift force in surge, for cases a to e.

Figure 12. Time histories of wave elevation, surge, pitch, and relative displacements for case d, at T = 1.65
s and two different incident wave amplitudes.
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Figure 13. Ratio of measured mean power to that predicted by frequency-domain model, for some selected

sea states.

4. Time-domain modelling

4.1. Formulation

A time-domain model is developed in order to address the gap between measurements
and the frequency-domain model predictions. The time-domain model is weakly non-
linear in the sense that the wave loads are linear but the restoring and damping forces
are not. The equations of motion take into account variations of the heave restoring
forces and the pitch restoring moment due to the instantaneous position of the bodies.
In addition, friction between the inner and outer bodies is modelled as a function of
the pitch displacement of the device.

As in the frequency-domain model, four degrees of freedom are considered. The
equations of motion in these four degrees of freedom can be expressed in the form

Mu̇(t) = F(t), (10)

where u(t) is the instantaneous velocity of the device in the four degrees of freedom.
The matrix M is the sum of the mass matrix and the added mass matrix at infinite

frequency. Instead of using the mean centre of gravity in the expression for Msp = Mps

as in the frequency-domain model, the instantaneous position of the centre of gravity
is used:

zG(t) = zG0 + ξ1(t) +
M2

M
ξr(t), (11)

where zG0 is the centre of gravity of the device at mean position, ξ1(t) is the heave
displacement of the outer body, and ξr(t) is the relative displacement between the
inner and outer bodies. The moment of inertia also varies with time, but the effect is
of a higher order, and so this variation is neglected.

The force vector F(t) is the sum of the excitation force Fe(t), the convolution part
of the radiation force Fconv(t), the restoring force Fb(t), the PTO force Fu(t), and any
drag and friction forces Fdrag(t) and Ffriction(t):

F(t) = Fe(t) + Fconv(t) + Fb(t) + Fu(t) + Fdrag(t) + Ffriction(t). (12)

The hydrodynamic forces Fe(t)−A(∞)u̇(t)+Fconv(t) are just the time-domain equiv-
alent of the hydrodynamic forces Fe(ω)− (iωA(ω) + B(ω))U(ω) in the frequency do-
main. It is possible to use second-order excitation and radiation forces, but these are
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not considered here.
The restoring forces are contributed by hydrostatic pressure, gravity, and moorings.

The elements of the restoring force vector Fb are

Fbs = −Csξs(t) (13)

Fb0 = −ρg(V0 − V (t)) (14)

Fbp = −ρg [ISw + V (t) (zB(t)− zG(t))] ξp(t) (15)

Fb2 = −ρg(V20 − V2(t)). (16)

The mooring force in surge is assumed to be a linear function of the surge displacement
ξs(t). The second area moment ISw of the device water plane is taken at mean position
as in the frequency-domain model, but the instantaneous submerged volumes of the
bodies, V1(t) and V2(t), and the instantaneous position of the centre of buoyancy zB(t)
are taken into account. The latter is given as

zB(t) = zB0 +
1

2

(
ξ1(t) +

M2

M
ξr(t)

)
, (17)

which is, strictly speaking, only valid for ξ1(t) ≤ d1 and ξ2(t) ≤ d2, where d1 is
the draught of the cylindrical part of the outer body, and d2 is the draught of the
cylindrical part of the inner body. From equations (15), (11), and (17), it can be seen
that the pitch restoring stiffness is a function of the heave displacements ξ1(t) and
ξ2(t), both harmonically varying with time.

The PTO force is modelled as a combination of linear and Coulomb damping forces:

−Fu,2(t) = Bu,linur(t) +Bu,Coulomb sgn(ur(t)). (18)

As in the frequency-domain model, drag is modelled using a simplified lumped model.
For simplicity, the device’s mean centre of gravity (0, 0, zG0) is chosen to be the point
where the ambient fluid velocities are calculated.

Friction on the inner body due to contact with the outer body is modelled by a
function of the pitch and relative displacements:

−Ffriction,2(t) = M2g |sin(ξp(t))|
[
µC + (µs| tanh(sur(t))| − µC) exp

(
−u

2
r (t)

u2
S

)]
sgn(ur(t))+µvur(t),

(19)
where µC is the Coulomb friction coefficient, µs is the static friction coefficient, µv is
the viscous friction coefficient, s is the steepness of the Coulomb friction curve, and
uS is the characteristic Stribeck velocity. The friction model captures the fact that as
the pitch displacement gets larger, so does the normal force on the inner body.

4.2. Simulation results

The static friction coefficient was measured from sliding experiments to be tan 22◦ =
0.40. The PTO damping coefficients Bu,lin and Bu,Coulomb for the different PTO set-
tings were determined from decay tests and regular wave measurements. The Coulomb
damping coefficient ranges from 0.85 to 1.99 N, with a mean value of 1.43 N. The mean
values of the linear damping coefficient are 0.89, 18.60, 45.19, and 52.44 kg/s for no
magnets, 1 magnet, 2 magnet, and 1 magnet (stronger), respectively.
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Table 5. PTO damping and friction coefficients used in the time-domain simulations.

See equation (19).

Case Bu,lin Bu,Coulomb µs µC µv s uS bq

[kg/s] [N] [s/m] [m/s] [kg/m]

a, b 1 1.43 3 0.4 2 100 0.1 3π(20, 75, 12, 5)/8
d 19 2.4 0.8 0.4 0 100 0.1 3π(20, 75, 12, 5)/8
e 45 1.43 0.8 0.4 0 100 0.1 3π(20, 75, 12, 5)/8
c 52 1.43 3 0.4 0 100 0.1 3π(20, 75, 12, 5)/8

measured simulated

Figure 14. Measured and numerically simulated surge, pitch, and relative displacements for case d, T = 1.65
s and A = 0.02 m. The wavemakers were run for 120 s.

The time-domain simulations are performed with a constant time step of 0.02 s
using a fourth-order Runge-Kutta scheme. The convolution integrals are computed
using a trapezoidal integration once at every time step. Simulations are run with an
Intel Core i7-5600U processor, 8 GB RAM. A 600-second long simulation typically
takes 6.7 s to complete.

The time-domain model is first validated against the frequency-domain model. All
nonlinear terms are set to zero, and the results compared with those of the frequency-
domain model. A very good agreement is obtained. The nonlinear terms are then
included, and the simulation results compared to the measurements. Table 5 lists the
PTO damping and friction coefficients used in the simulations.

The time-domain model is able to predict the occurrence of Mathieu instability in
pitch. An example is shown in Figure 14. For this case the surge and pitch response
took longer to build up in the numerical simulation than in the model tests. Earlier
build up can be obtained by tuning the coefficients of the friction model (19), but this
is not further pursued. Another example is shown in Figure 15. In this case the surge
and pitch response build up quicker, almost at the same time as in the model tests.
However, since the wavemakers were run for 60 s only, the measured response did not
reach the amplitudes obtained in the simulations.

Figure 16 plots the predictions from the time-domain model of the relative displace-
ment between the two bodies and the power function, alongside the predictions from
the frequency-domain model and the measurements. Due to the inclusion of the fric-
tion term, the time-domain model gives a better prediction of the response for T ≥ 2
s, relative to the frequency-domain model. The time-domain model predictions are
presented for both before and after instabilities take place. The impact of Mathieu
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measured simulated

Figure 15. Measured and numerically simulated surge, pitch, and relative displacements for case c, T = 1.6

s and A = 0.02 m. The wavemakers were run for 60 s.

Figure 16. Comparison of relative displacement RAOs and power functions obtained from measurements

(circles), frequency-domain model (blue line), and time-domain model (red lines), for cases d and e. Early

part of the data was used for the measurements. For the time-domain results, RAOs and power functions are
obtained before (solid line) and after (dashed line) instabilities take place.
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instability on the power capture is quite dramatic around the wave period where it
occurs, reducing the power capture to almost zero at this period. The bandwidth of
this reduction is, however, rather narrow. Nevertheless, since these critical periods
correspond to the periods where the response would otherwise have peaked, its effects
on the device power output in irregular seas could be significant, as seen earlier in
Figure 13.

5. Conclusion

This paper summarizes a series of theoretical and experimental studies carried out
towards the development of a self-reacting wave energy device, comprising an outer
body with a vertical tube, and an inner body free to heave relative to the former. It is
shown that the synergy between frequency-domain modelling, wave tank testing, and
time-domain modelling is crucial in the early design phase of a wave energy device.

A linear frequency-domain model has been used as a first step to give an under-
standing of the dynamic behaviour of the device and its power capture. Such model
has the least complexity, but allows parametric studies to be done quickly, from which
a general understanding can be obtained of how a variation in the device geometry af-
fects the response of the device, which can then be utilised to improve the preliminary
design. An important finding gained through this exercise is that gradually enlarging
the diameter of the tube, as opposed to having a uniform diameter, results in a higher
power capture relative to device size.

Physical model tests in a controlled environment are important for validating the
concept and the numerical predictions, as well as for revealing any nonlinear behaviour
not currently predicted. In the present case, measurements from scaled model tests in a
wave tank validated the frequency-domain model predictions in general and confirmed
the expected response and power capture to some extent. However, the tests also
revealed the occurrence of Mathieu-type instabilities at certain wave periods, which the
frequency-domain model was unable to predict. At these wave periods, large pitch/roll
response were observed oscillating with a period twice the wave period. This was
accompanied by significant reductions of the relative motion between the two bodies,
and hence the absorbed power.

A time-domain model, which is able to incorporate nonlinearities, is necessary to
predict any nonlinear behaviour not predicted by a frequency-domain model. The
time-domain model developed in this study is simplified in that it does not include any
nonlinear wave excitation nor radiation forces, but it successfully predicts the growth
of the surge/pitch response and the associated period doubling at the critical wave
periods. It also predicts that the development of the surge/pitch response comes earlier
with larger wave amplitudes, in agreement with observations. The pitch-dependent
friction model for the inner body effectively reduces the relative motion between the
bodies, once large pitch oscillations come into effect. In addition to detecting the
occurence of Mathieu-type instabilities, such time-domain model will be useful for
investigating the efficacy of strategies to mitigate them.
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Nomenclature

a water plane radius
A incident wave amplitude
Aij added mass in mode i due to motion in mode j
A added mass matrix
bd,ii 8/3π times quadratic drag damping coefficient in mode i, bq,ii
bq,ii quadratic drag damping coefficient in mode i
Bd,ii linearised drag damping coefficient in mode i
Bij radiation damping in mode i due to motion in mode j
B radiation damping matrix
Bl linear hydrodynamic damping coefficient
Bq quadratic hydrodynamic damping coefficient
Bu power take-off damping coefficient
Bu,lin linear part of power take-off damping coefficient
Bu,Coulomb Coulomb part of power take-off damping coefficient
d1 draught of cylindrical part of outer body
d2 draught of cylindrical part of inner body
da capture width

da mean capture width for entire wave climate
Fdi drag force in mode i
Fei excitation force in mode i
Fr force to ensure zero relative motion between two bodies
F s mean surge force
F force vector
Fb restoring force vector
Fconv convolution part of radiation force vector
Fdrag drag force vector
Fe excitation force vector
Ffriction friction force vector
Fu power take-off force vector
g acceleration due to gravity
Hs significant wave height
i imaginary unit
I moment of inertia of the device about y-axis
J mean wave power resource
M total mass of body 1 and body 2
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Mi mass of body i
M sum of mass matrix and added mass matrix at infinite frequency
P mean absorbed power
P mean power output for entire wave climate
PMAX maximum mean absorbed power
r ratio between Ub and magnitude of optimum relative velocity Ur,OPT

Ri intrinsic damping of equivalent single-mode system
s steepness of Coulomb friction curve
S total water plane area of body 1 and body 2
Si water plane area of body i
S(ω) wave spectrum
T period
Ti heave resonance period of body i with the other body fixed
Tp peak period
Ts heave resonance period of combined body
uS characteristic Stribeck velocity
Ub relative velocity limit
Ui or ui body velocity in mode i
Ur heave velocity of body 2 relative to that of body 1
Ur,OPT optimum relative velocity
U or u velocity vector
u̇ acceleration vector
vi undisturbed fluid velocity in mode i
V total displaced volume of body 1 and body 2
Vi displaced volume of body i
zB z-coordinate of centre of buoyancy
zB0 z-coordinate of centre of buoyancy at mean position
zG z-coordinate of centre of gravity
zG0 z-coordinate of centre of gravity at mean position
η incident wave elevation
λ incident wavelength
µC Coulomb friction coefficient
µs static friction coefficient
µv viscous friction coefficient
ξi displacement in mode i
ρ water density
ω angular wave frequency
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