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Abstract 

On the face of it, Pareto’s law and Piketty’s (r – g) law are inconsistent, with Pareto arguing 

that real per capita economic growth is the solution to the problem of income inequality and 

Piketty arguing for redistribution to be funded from a wealth tax. This study, however, 

establishes that when the same definition of inequality is adopted by the two scholars, 

Piketty’s and Pareto’s laws are the same economic law. It also establishes that Piketty’s 

assertion that Pareto treats income distribution as “rock stable” overlooks the critical aspects 

of Pareto’s law that emphasise change. 

JEL Classifications: B16, B31, D30, D31 
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1. Introduction 

Investigation of the distribution of income and wealth based on statistical analysis has its 

origins in the late 19th century. Most notable in that regard is the work of Vilfredo Pareto, 

who drew on statistical analysis initially presented in “La Courbe de la Repartition de la 

Richesse” (Pareto, 1896) to derive two “theorems” on income inequality, which he first 

presented in the Cours d’Economie Politique (Pareto, 1896/97 [1971, p. 1097]). The first 

theorem is a direct conclusion from his statistical observations which state that the 

distribution of income is not due to chance.  The income distribution curve that Pareto 

estimated, from which this first theorem is derived as a direct consequence, is now referred to 

as the ‘Pareto distribution’.  The second theorem is based on deductive analysis derived from 

the Pareto distribution which states that the level of inequality between different classes of 

income recipients will only decrease when real per capita income increases.   

Most recently, in his original and important book Capital in the Twenty First Century 

(Piketty, 2014) (henceforth referred to as Capital) Piketty proposed his third fundamental law 

of capitalism (henceforth referred to as ‘Piketty’s (r – g) law’) which states that inequality 

worsens as a consequence of the rate of return on capital (r) (the rate at which wealth 

accumulates) growing faster than the rate of growth of the economy (g).  His empirical 

analysis suggests that for a long period of time there has been no sign of the gap between r 

and g closing, in fact, at times it has considerably widened. This deviation between r and g is 

presented as the “underlying force of inequality”. As a result, Piketty’s policy prescription for 

reducing inequality is to encourage a global tax on wealth and capital income, instead of 

encouraging growth as predicated on Pareto’s law.  

The relationship between Pareto’s coefficient for income distribution and Piketty’s (r – g) 

law has been investigated in recent literature, mostly notably by Charles Jones (2014), Piketty 
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and Zucman (2015) and Thomas Blanchet, Juliette Fornier and Thomas Piketty (2017), but 

these studies have not considered the definitional differences in the works of Pareto and 

Piketty or the relationship between the second theorem of Pareto’s law and Piketty’s (r – g) 

law. This paper considers those issues and demonstrates that Pareto’s and Piketty’s opposing 

solutions to the problem of inequality are due to fundamental differences in their respective 

definitions of inequality.  Pareto, a man of the right, defines reduction in inequality as an 

increase in the absolute income level of the working class.  In contrast, Piketty, a man of the 

left, treats the reduction in inequality as an increase in the relative share of income that 

accrues to lower income recipients, although he also subjects to the constraints associated 

with Rawls’s ‘difference principle’.2  

Our first contribution is that we establish that Pareto’s and Piketty’s economic analysis of 

income inequality is entirely consistent. So much so that it appears Piketty’s law is Pareto’s 

law.  Our second contribution is a critical assessment of Piketty’s criticism of Pareto’s work 

on inequality presented in Capital and Top Incomes in France in the Twentieth Century: 

Inequality and redistribution, 1901-1998 (Piketty 2001 [2018]) (henceforth referred to as Top 

Incomes in France).  Particular attention is given to Piketty’s assertion, similar to that of 

Pigou (see McLure 2013), that Pareto treated income distribution as “rock stable” without 

fully considering the second theorem of Pareto’s law; and the failure to recognise that the 

limits to the generalisation of Pareto’s law may also serve to limit the generalisation of 

Piketty’s (r – g) law.    

To realise these contributions the paper is structured in 6 sections. Section 2 presents an 

account of Pareto distribution and the Pareto’s law as outlined in the Cours. Section 3 

compares the two indexes of inequality that Pareto and Piketty used; and analyses the origin 

                                                            
2 Piketty discussion of Rawls (see Piketty 2014, p.480) is situation within a broad social context where the poor 
may benefit from publicly provided services and, in view of that, his proposals for redistributive taxation can be 
regarded, in part, as the means to fund such benefits.   
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of the contrast in their presentations on inequality. Section 4 considers the relationship 

between Piketty’s (r - g) law and the coefficient estimate from the Pareto distribution. 

Piketty’s criticism of Pareto in Capital and Top Incomes in France is critically assessed in 

Section 5 and, in the process; the similarities between Pareto’s and Piketty’s respective laws 

are illustrated. The study concludes, in Section 6, that Piketty’s (r – g) law is a restatement of 

the second theorem of Pareto’s law and finds that Piketty’s criticism of Pareto is largely the 

result of his partial understanding of Pareto’s law.  

 

2. Pareto’s law as presented in the Cours d’Economie Politique  

Using income tax data collected for England, Italian cities, German states, Paris and Peru in 

periods up to the 1890s, Pareto established empirically that the distribution of income follows 

a general log-linear form which can be approximated using the following equation:  

 log log log  (1) 

In its non-log form, Pareto’s the income curve is convex to the income axis and is typically 

given by the equation .  For his subsequent analysis of inequality and the derivation of 

Pareto’s law, however, Pareto employed the following, more generalised, non-log equation: 

  (2) 

In equations (1) and (2), x indicates a certain amount of income, and N shows the number of 

persons with incomes equal to or higher than x. Parameter α is called the “Pareto coefficient”( 

or Pareto’s α) which indicates the slope of the income distribution curve for both equations 

and whereas the additive component a in equation 2 is a parameter that scales the relationship 

between income, x and the Pareto coefficient α. Pareto manually estimated his parameter 



5 
 

Figure 1: Equation (1) 

values by interpolating the logarithms of N using Cauchy’s method. We can graphically 

illustrate the income distribution curve as in Figure 1.  

 

The slope of the income distribution curve takes the value of α in Figure 1 and the area under 

the curve is total income. When the curve rotates outward, the value of Pareto coefficient α 

decreases, keeping population constant, total income and income per capita increases which 

leads to a reduction in inequality.  

However, Pareto did not treat the value of α as a direct indicator of inequality per se.  Instead, 

he developed an index of inequality which incorporates α  (presented as equation (3) in 

Section 3).  As a result, α is important in Pareto’s analysis of income distribution to the extent 

that it contributes to the determined value for the index of inequality; and to the extent to 

which the direction of a change in the value of α (i.e. an increase or a decrease) is directly 

correlated with the direction of a change in the value of the index of inequality.   

According to his empirical analysis, Pareto found that the value of α varies in the range 

between 1.29 and 1.89 with the exception of small sample outliers like Austria, Wurtemberg 

and Uri, in which cases α was above 2.3 This suggested that the expected value of α is 

                                                            
3 These results were published in a paper after Cours entitled Supplement to the study of the income curve 

(Pareto 1897 [2008]) 
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typically around 1.5 or tends to vary around a value of 1.5. From this result, the first theorem 

of Pareto’s law emerged: it is impossible for the inequality of income distribution to be due to 

chance. Instead, there must be an underlying cause for this phenomenon. This cause is 

unlikely to be dependent on the different economic conditions of the countries, instead, it is 

more likely to be dependent largely on the heterogeneous characteristics and qualities of 

individuals (Pareto, 1896 [2009, p.138]). However, this general regularity does not mean that 

the distribution of income is “rock stable” or that the Pareto coefficient α is fixed at the value 

of 1.5.  

Rather, not only Pareto acknowledged the variations in α, he also investigated the impact of 

variations in α on inequality when deriving the second theorem of his law of income 

distribution, from which he concluded that: “the problem of improving the conditions of the 

poor classes is above all a problem of producing wealth” (Pareto, 1896/97 [1971, p. 1097]).    

 

3.  Pareto and Piketty: Two contrasting ideas of inequality 

Pareto’s conception of inequality is defined by his inequality index , which is the ratio 

between the number of individuals with an income that is equal or superior to x, as 

represented by	 , and the number of individuals with an income that is equal or superior to 

the minimum income h, as represented by ; and it is estimated by ratios of the Pareto 

distribution (equation 2), with the numerator reference to an income value x and the 

denominator referenced to the minimum income h, such that x > h.  

( )

( )

x
x

h

A
N h ax a

U
AN x a

h a





       


         (3) 
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An increase (a decrease) in Pareto’s index  indicates a decrease (an increase) in the degree 

of inequality.  

This index of inequality is used by Pareto to present two cases that illustrate the second 

theorem of his law of income distribution. In case (1), a, x and the Pareto’s coefficient α all 

remain unchanged, whereas minimum income h changes. Inequality decreases (i.e.  will 

increase) because everyone receives an absolute increase in income with the same proportion, 

including the poor.  As a consequence, the proportion of people in the society who receive an 

income within the range from h to x, diminishes.  Conversely, of course, the proportion of 

people in the society who receive income x or above x, will increase.  In case (2), x, h and a 

remain unchanged whereas the Pareto coefficient α changes, which decreases the degree of 

inequality (i.e.  will increase) because everyone experiences an absolute increase in 

income.  This ensures that the proportion of people receiving low incomes within the range h 

and x decreases.  

Pareto clarified the relationship between the change in income and a change in his index of 

inequality by noting that the value of the total real income for all individuals R, ranging from 

minimum income h to maximum income k, is the area under the Pareto distribution curve, 

which may be approximated as the product of the per capita real income and the number of 

people receiving an income of at least h (equation 4).  From that equation he isolated the real 

per capita income term (equation 5) and derived the corresponding total differential (equation 

6), from which he demonstrated that an increase in h and/or a reduction in α (which equation 

(3) defines as inequality reducing) also leads to an increase in the real per capita income. 

1 1( )

k

hh

Ax h a
R N

x a 

 



  

           (4) 



8 
 

1

h a
z








                (5)4 

 2

1

1 1 1

h a
dz dh da dh


  


  

  
                      (6) 

Pareto’s definition of a reduction in inequality is, however, not without controversy because 

it directly equates a reduction in inequality to a reduction in the absolute level of poverty 

without regards to the corresponding greater increase in the income received by the wealthy.  

In view of this, Tarascio (1973) has correctly suggested that Pareto’s law reflects an 

empirically-driven theoretical formulation of the “trickle-down” approach to economics, one 

in which the distribution of benefits from the growth process ensures that the working poor 

are better off in absolute sense.   

Piketty’s account of income inequality, however, underlines different fundamental 

propositions: firstly, that the share of income accruing to wealth-owners has increased 

dramatically in recent decades and, secondly, that the race between the rate of return on 

capital (r) and the national income growth rate (g), is the key driver of inequality.  As long as 

Piketty’s (r – g) law holds, the income and wealth of the ones who own or inherit capital will 

grow faster than the typical income from work of the working class which leads to a further 

concentration of wealth. As a consequence, ‘relative’ inequality will only diminish when the 

gap between r and g, given by Piketty’s index of inequality, diminishes. His proposal for the 

introduction of a global and coordinated tax on wealth (or on capital income, as Piketty used 

wealth and capital interchangeably in Capital) is, therefore, motivated by a desire to bridge 

the gap between r and g on a post-tax basis. By doing so, Piketty is also Rawlsian in the sense 

                                                            

4   when 0
1

z x a



 


 and h is replaced by x to permit the estimation of average incomes above that of the 

minimum income, which is the form of equation (5).  Piketty refers to  
1


 

as the ‘inverted Pareto coefficient’ 

or as Pareto’s ‘coefficient b’.  
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that redistribution is about raising absolute income of the poorest person, and “financing 

public services and replacement incomes that are more or less equal for everyone” (Piketty 

2014, p.479). This shows that Pareto and Piketty are in accord on case (1) of the second 

theorem of Pareto’s law in which the Rawlsian principle was explicitly illustrated.   

When inequality is viewed on a purely relativist basis, a reduction in inequality is associated 

with an increase in the Pareto coefficient α and a decrease in the Piketty’s index (r – g). But 

Pareto does not adopt a relativist definition of inequality and Piketty’s inequality index is 

relative.  As a consequence, the objective meaning of Pareto’s reference to “lessening 

inequality” has much the same meaning as Piketty’s reference to “increasing inequality”, and 

vice versa. The difference between the conclusions of these two scholars is almost completely 

attributable to their different definitions of inequality. However, to date scholars who write 

on both Piketty and Pareto in relation to inequality have failed to observe the relationship 

between the second theorem of Pareto’s law and Piketty’s analysis of inequality.   

But notwithstanding the fundamental definitional difference between Pareto and Piketty, as 

well as Piketty’s strong criticism of Pareto, Piketty has drawn on Pareto’s work on inequality 

to a remarkable extent, especially in Top Incomes in France. Most importantly, in Capital 

Piketty mentioned the clear relationship between the Pareto coefficient α and his (r – g) law.  

While he did not provide a demonstration of that relationship in the book, Piketty and 

Zucman (2015) have since investigated the tendency for the (r – g) law to be a function of the 

Pareto coefficient α through dynamic stochastic random growth processes, drawing on 

Champernowne (1953). Recently, Blanchet Fournier and Piketty (2017) have also developed 

a method to non-paramatrically recover the entire distributed based on tabulated income and 

wealth data, which produces a smooth generalised Pareto curve with continuous varying 

values for the Pareto coefficient α as income shares alter. But for all that ‘Paretian’ research, 
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Piketty has been unable to appreciate the most fundamental aspect of the consistency between 

his work and that of Pareto on inequality.   

 

4. Piketty’s (r - g) law and the Pareto Coefficient 

In a recent working paper Blanchet, Fournier and Piketty wrote that:   

“[…] starting from a given level of labour income inequality, random shocks to rates 

of return and/or savings rates (possibly coming from shocks to bequest taste or other 

saving parameters), as well as demographic random shocks (number of children, age 

at death, etc), can easily generate large levels of wealth inequality. In such models, 

the asymptotic inverted Pareto coefficient will typically be a steeply rising function of 

the variance of the various shocks, as well as the gap between the average rate of 

return r and the economy’s growth rate g”. 

(Blanchet, Fournier and Piketty, 2017, p. 34)   

The literature on multiplicative random shocks models generating Pareto upper tails was 

originally developed by Gibrat (1931) and Champernowne (1953); and was subsequently 

further developed by Kesten (1973) and Gabaix (1999). These studies demonstrate that 

whenever the transition equation for wealth can be rewritten so that it takes the multiplicative 

form: 

 ,  (7) 

where  is an identically and independently distributed, continuous, non-negative random 

variable with mean 1, and  is an additive shock (possibly random), then the 

steady state distribution of wealth has a Pareto upper tail with Pareto coefficient α, which 

must solve the equation: 
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 1 (8) 

For a given binomial shock structure, we have	 . 1, which gives the solution for the 

Pareto coefficient α as: 

 α /

/
 (9) 

As long as ω > 1	with some positive possibility, there exists a unique α > 1 so that conditional 

equation (8) is satisfied. Using this mechanism, Piketty & Zucman (2015) established a 

discrete-time model lasting H periods which showed that if r and g denote instantaneous 

rates, then the multiplicative factor ω can be rewritten as:  

 . .                                            (10) 

in which s is the long run savings rate net of depreciation; 1  is the generational 

rate of return; and 1  is the generational growth rate5. In an intergenerational 

model of wealth with zero economic growth, with  indicating the wealth of the current 

generation and  indicating the wealth of the previous generation, equation (7) will be 

simplified to	 1 , which captures the rate of return on the wealth of the previous 

generation and the saving rate of the present generation, while  corresponds to the labour 

income, net of consumption, of the current generation.   

For the purposes of this paper, the important points are that: (i) the independently identically 

distributed term ω is an index of Piketty’s (r – g) law when the long run savings rate is 

                                                            
5 Piketty & Zucman (2015, p. 1356) give the following example: if (r – g) rises from 2% to 3%, then with s = 

20% and H = 30 years, .  rises from ω = 0.36 to ω = 0.49. For a given binomial shock structure p = 

10%, this implies that the resulting inverted Pareto coefficient α log / log  shifts from α = 1.8 to α 

= 1.45.  



12 
 

constant; and (ii) equations (9) and (10) indicate that the Pareto coefficient α is a decreasing 

function of Piketty’s (r – g) law. An increase in ω, which indicates an increase in (r – g) in 

equation (10) must be associated with a reduction in the Pareto coefficient α in equation (9). 

Such an increase in (r – g) increases the degree of relative inequality, given Piketty’s relative 

definition; but the corresponding reduction in the Pareto coefficient α reduces the degree of 

absolute inequality of the poor, given Pareto’s absolute definition.  When the same definition 

of inequality is applied to the functional relationship between the Pareto coefficient α and 

Piketty’s (r – g) law, however, Piketty’s third law of capitalism is the same as the second 

theorem of Pareto’s law.  An increase in the level of relative inequality (Piketty’s definition) 

is simply another way of saying a decrease in the level of absolute inequality (Pareto’s 

definition). 

Using hypothetical probability and (r – g) values, we graphically calibrate the functional 

relationship between Pareto coefficient α and Piketty’s (r – g) law (equation (6)) in Figure 2 

below.  

 

Figure 2: The functional relationship between Pareto coefficient α and Piketty’s (r – g) law  
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Figure 2 shows that due to cumulative dynamic effects, a small change in the premium rate of 

return (r – g) results in a large change in Pareto coefficient α. For example, an incremental 

increase of (r – g) from 2% to 3% causes α to decrease from 3.3 to 2.1. But this figure is only 

used to describe the Pareto coefficient α as a decreasing function of Piketty’s (r – g) index 

and is not intended as a reckoner to for translating Piketty’s index into Pareto’s coefficient.6  

 

5. Piketty’s misdirected criticism of Pareto and his law 

In Capital, Piketty criticized Pareto for having a “powerful illusion of stable inequality” and 

concluded that “when we say that a distribution of wealth is a Pareto distribution; we have 

not said anything at all” (Piketty, 2014, pp. 366–68). Despite his brief description of this 

issue in Capital, Piketty obviously made it clear that his concern is not with the Pareto 

distribution itself, but the empirical invariability of the Pareto coefficient α as an enduring 

single value that applies across the full range of taxable income.  Indeed, prior to writing 

Capital, Piketty attempted to empirically measure the variations in the inverted Pareto 

coefficient b across a range of ‘discrete’ income ranges within a year across a range of years 

in Top Incomes in France.  Instead of using Pareto’s equation (2) and (3), Piketty uses the 

cumulative distribution function F(x) with parameter h and α in which for x > h, Piketty 

replaces the left hand side of Pareto equation (3) with “1 - F(x)”, such that:  

                                                         1                                                        (11) 

        where x > h and α > 1. 

While he makes no use of Pareto’s equation (6), Piketty is nonetheless intrigued by Pareto’s 

equation (5), which is reduced to the ratio  when parameter a approaches zero.  He defines 

                                                            
6 This calibration is based on equation (5). The curve will shift away from origin or toward origin when value of 

 changes. The shape of the curve, however, will remain unchanged as the values of p, ω and α change. 
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this ratio as the ‘constant b’ or the ‘parameter b’ and characterised it as the “remarkable 

property of the Pareto law” (Piketty 2001 [2018, p. 609]) because for any income level x, the 

average income for taxpayers with incomes above x is equal to b.  This simple relation 

facilitated Piketty’s analysis of income distribution by computing inverted Pareto coefficients 

 for discrete income bands between tax thresholds, because of his concern that the Pareto 

coefficient will not be constant across the entire range of individual incomes, using the 

generalised equation (12): 

 	
∗

                                                         (12) 

where ∗ represents the average income of taxpayers with income above .  

Table 1 presents Piketty’s figures for each income tax threshold xi (column I) used by the 

French tax administration for the year 1920, the taxpayer population within the range of each 

tax threshold  (column II) and the inverted Pareto coefficient  for each of the tax 

thresholds (column III).7 In addition, the authors have added the Pareto coefficient	αi for each 

tax threshold (column IV); Pareto’s index of inequality 
i ix x hU N N   calculated with values 

for Nx and Nh taken from Piketty (2001 [2018, p. 528]) and a given minimum income h, 

which is taken to be 10,000 francs (column V); and the estimation of Pareto’s index of 

inequality using equation (3) on the presumption that a single value for the coefficient α 

(1.66) applies across the entire income range (column VI).  

  

                                                            
7 As there are more than 80 tables and Piketty (2001) presented very similar information for every year between 
1915 and 1998, the results for the year 1920 is reasonably representative for illustration purpose. 
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YEAR 1920 

Column I 

 

Column II 

 

Column III 

 

Column IV 

 

Column V 

Ux 

Actual 

Column VI 

Ux 

Estimated8
 

6 000 6.504 3.73 1.37 N/A N/A 

10 000 4.303 2.96 1.51 1 1 

20 000 1.611 2.76 1.57 0.37 0.32 

30 000 0.888 2.67 1.60 0.21 0.16 

50 000 0.412 2.56 1.64 0.10 0.07 

100 000 0.149 2.31 1.76 0.03 0.02 

200 000 0.047 2.17 1.85 0.01 0.01 

300 000 0.022 2.18 1.85 0.01 0.00 

500 000 0.008 2.30 1.77 0.00 0.00 

1 000 000 0.002 2.68 1.60 0.00 0.00 

Source: Derived from Table B1 in Top income in France in the twentieth century: Inequality and 

Redistribution, 1901-1998 (Piketty 2001 [2018, p.611]) 

Table 1: Piketty’s estimate of the inverted Pareto coefficient b, the authors’ calculation 

for the Pareto coefficient α and the Actual and Estimated Paretian Index of Inequality 

The significance of Table 1 is that it reveals Piketty’s concerns with the Pareto distribution 

and provides the basis for appreciating Pareto’s view that a single value for α can be safely 

employed as an approximation across all incomes above minimum income h when applied to 

his index of inequality.  

                                                            
8 Estimated from equation 3 for the income values for all income ranges xi above h shown in column I, with 
minimum income h taken to be 10000, a coefficient α of 1.66 (estimated using the log linear regression in the 
form of equation 2) and assuming that parameter value of a is zero. 
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In regards to Piketty’s view, columns III and IV clearly show that the values of Pareto’s 

distribution coefficients are not strictly constant across all income tax ranges, although it also 

reveals that these values are by no means random as α falls within a range between 1.37 and 

1.85.  In view of this, Piketty’s results do suggest that there are grounds for questioning the 

general proposition that α has the same value across all income tax ranges, for one country let 

alone all countries, comes into question.  

 “Pareto’s hypothesis is valid only locally, and to obtain the best possible estimates of 

the different fractiles of the distribution, it is necessary to use the coefficients obtained 

based on income thresholds that are as close as possible to the fractile one is trying to 

estimate.” 

(Piketty 2001 [2018, p. 621])9 

His concern of Pareto’s law only “applies to the upper tail of these distributions and that the 

relation is only approximate and locally valid”, by which he meant the relationship between 

the inverted Pareto coefficient b and the distribution of income, was also expressed in Capital 

(Piketty 2014, p.367).  However, as Piketty had previously acknowledged in Top Incomes in 

France, Pareto himself was aware that his coefficient α could vary between income ranges 

and across income types: “Pareto already noted in 1896 with the tax statistics from his time ... 

[that] ‘Pareto’s law’ does not mean that coefficient b is strictly constant for all levels of (top) 

income levels in a given year” (2001 [2018, p. 609]).  In the Cours (1896-97 [1971, pp.977-

978]), Pareto illustrates the extent to which his income curve was an approximation by 

calculating the differences between the ‘observed’ value of 
ixN  within each income range 

and the estimated value for 
ixN  within each income range for Prussia, England, Oldenburg 

and for Basil; and he investigates the distribution of three classes of income – income from 

                                                            
9 Also in Capital, Piketty repeated his conclusion of Pareto’s law as only “applies to the upper tail of these 
distributions and that the relation is only approximate and locally valid” (Piketty 2014, p.367). 
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mobile capital, income from beneficial ownership (property income) and wage income – 

across income tax ranges for Vaud. 10   

Nevertheless, Pareto did accept that across the entire distribution of income above the 

minimum income h, a single value of α is an approximation. The reason for that conclusion is 

evident from a comparison of values in each row in columns V and VI of Table 1.  When 

arbitrary values for xi are set as 20,000, 50,000 or 100,000 francs respectively, the estimated 

index of inequality (given by / ) is 0.32 for U20,000 (compared to the actual Nx/Nh ratio 

of 0.37), 0.07 for U50,000 (compared to an actual value of 0.1) and 0.02 for U100,000 (compared 

to an actual value of 0.03)11. Comparing the estimated to the actual value of	 , we can see 

that by using the estimated index of inequality, the effect of variations in α diminishes.   

Furthermore, values shown in the cells in column VI (or column V) do not indicate anything 

about inequality per se, at least not when α is constant across the income ranges.  The 

estimated 
ixU  values in each of those cells simply represent, as Piketty makes explicit by 

redefining Pareto’s equation (3) in equation (11). The definition of inequality is, under 

Pareto’s approach, given with respect to a single (real) value of xi. That is, the value of a 

single cell in column VI of Table 1.  As a result, to the extent that the value xi is selected 

arbitrarily, the value of the 
ixU  index too is determined arbitrary.  But what is not arbitrary, 

and is of the first order of importance for deductions related to the second theorem of Pareto’s 

law of income distribution, is the changes in that index of inequality.  The second theorem of 

Pareto’s law indicates that the index increases (inequality diminishes) in response to an 

increase in h (case 1) and a reduction in α, when α is viewed as a line of best fit across the 

                                                            
10 In an earlier work, Pareto had noted that “we must pay heed to the fact that the distribution law is not the 

same for the different categories of income..” (Pareto, 1895 [2009, pp.132-143). 

11 A single value of α = 1.6 is applied across all the income ranges. This value is calculated by running a 
regression log log log   
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entire income range above h (case 2).  This second theorem is illustrated graphically in Figure 

3 below using the double log form of the Pareto distribution (equation 1).   

 

 

The change in the number of individuals with the particular income of xi, shown for 

simplicity as ΔNx in Figure 3, under Pareto’s second theorem may be decomposed into its two 

components, with ΔNx’ indicating the increase in the number of individuals receiving income 

value x due to the increase in the minimum income h and ΔNx’’ indicating the increase in the 

number of taxpayers receiving x due to the reduction in the coefficient α.   

In a numeric illustration of the above relationships, given by Pareto’s equation (2), which 

defines the Pareto distribution, equation (3), which defines inequality in absolute terms, and 

equation (6), which relates changes in in equality to changes in average real per capita 

income, Pareto considered the impact of a reduction in α from 1.5 to 1.6 (Pareto, 1896/97 

[1971, p. 1001]).  Also, when discussing his second theorem, Pareto cites α changing over 

time in Prussia with values of 1.72 and 1.68 (Pareto, 1896/97 [1971, p. 999].  The point, of 

course, is that Pareto’s first law confirms the existence of inequality through the identification 

Figure 3: Illustration of the Second Theorem of 
Pareto’s Law: The Combined Effects of Cases 1 & 2 

log  
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of the Pareto distribution.  There is also some tendency of the value of the coefficient α being 

in a range around 1.5, but that range is wide enough to accommodate the variations in the 

index of inequality and the variations in real per capital income indicated by equation (6).  

Consequently, while Figure 3 is literally an illustration of the second theorem of Pareto’s law, 

it also illustrates the change in distribution contemplated by Piketty’s (r – g) law! Pareto’s 

case (1), under which the income curve shifts to the right but remains parallel to the original 

curve when drafted in log form, is a comparative static illustration of Piketty’s (r – g) gap 

when that gap is constant and the rate of growth is positive. As noted in section 3, Piketty 

would agree with Pareto agree on the normative merits of this case because it accords with 

Rawls’s association of welfare in a society with the welfare of the poorest people. However, 

Piketty would disagree with Pareto  on the normative merits of Pareto’s case (2), under which 

the distribution curve rotates outwards as α decreases, which is a comparative static 

illustration of the reduction in ‘relative inequality’ resulting from an increase in Piketty’s (r – 

g) gap when the growth rate is positive. Each of Pareto’s two cases are illustrative of 

Piketty’s law and, when combined as they have been in Figure 3, it is evident that Piketty’s (r 

– g) law is a restatement of the second theorem of Pareto law.  Furthermore, the 

transformation of the (r – g) gap into Pareto’s α, as discussed in section 4, also suggests that 

the problems associated with applying the same value of α as an approximation for the 

distribution of income curve12 also serve to warn that Piketty’s (r – g) law suffers from the 

same problem because that law similarly applies to distribution across the entire income 

range.  

Why did Piketty not recognise the consistency between his (r – g) law and the second 

theorem of Pareto’s law? The answer appears to relate to two factors.  First, when 

considering the first theorem of Pareto’s law, which Piketty cites (Pareto 1896-97 [1971, p. 
                                                            
12 These problems are, of course, real challenges for the study of income distribution (especially in the low 
income ranges), but they were also generally recognised by Pareto. 
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1097], cited in Piketty 2001 [2018, pp. 502-503)), he appears to interpret that the coefficients 

α and b are constant across the range of taxable incomes, at any one time and across time, 

rather than the more fundamental points that (i) the distribution of income is not a normal 

distribution; and (ii) although α varies within a range, it can be used as a single value for the 

purpose of measuring the index of inequality as a whole (see equation 3).  Second, Piketty 

failed to consider the second theorem of Pareto’s law in which Pareto defined a reduction in 

inequality as an absolute reduction in poverty of the working classes. That is, he only 

regarded Pareto’s equation (3) as the basis for a cumulative distribution function without 

considering Pareto’s deductive analyses of case (1) and case (2) derived from that equation.  

This misunderstanding on Piketty’s part led to his harshest, yet largely misdirected, criticism 

of Pareto for suggesting that there was a “tendency towards a lesser degree of inequality” 

(Piketty 2001 [2018, p. 503]):   

“Pareto [...] tried to argue that a decline in α coefficients could be interpreted as a 

decline in inequality (see Pareto 1896-97, 2, pp323-325), which shows a good dose of 

bad faith:  the relationship between the α coefficient and inequality assumed by 

Pareto is logically possible from a strictly theoretical point of view, but it is much 

more plausible to assume that, in practice, the relationship goes the other way.” 

(Piketty 2001 [2018, p. 1144]) 

 

6. Conclusion  

Piketty’s analysis of inequality is original and important, in much the same sense that the 

work of Arrow’s and Debreu’s was original and significant.  But just as the work of Arrow 

and Debreu may be regarded as giving greater analytical depth to fundamental aspects of 

Walras’s treatment of equilibrium, so too should the work of Piketty be regarded as giving 
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greater analytical depth to fundamental aspects of Pareto’s treatment of income inequality 

because there is no inconsistency between the two scholars in an empirical-analytical sense.  

In that sense, but not in the political or policy sense, Piketty is a Paretian.  And that 

conclusion continues with his current work aimed at generalising the Pareto distribution to 

accommodate continuous variations in the Paretian power coefficient across different income 

shares.  

However, in Capital and, to a less extent, in Top Incomes in France, Piketty’s appreciation of 

the relationship between his and Pareto’s analysis is partial, as dramatically evidenced by his 

dismissive statement on Pareto’s grand illusion of rock stable distribution.  Even though his 

brief and informal acknowledgements are enough for readers to know that he acknowledges 

there exists a relationship between the Pareto coefficient α and his (r – g) law (which, as 

shown in this paper, is simply that the (r – g) law is a decreasing function of the Pareto 

coefficient α), it seems that Piketty did not consider, and only partially appreciated, the 

analytical relationship between Pareto’s coefficient α, his absolute definition of inequality, 

which was derived from his index of inequality, and the second theorem of Pareto’s law.  Had 

he done so, he would have been in a position to indicate that his (r – g) law is a restatement of 

Pareto’s second theorem of the law of distribution (and perhaps discuss the enhancement of, 

and any qualifications to, Pareto’s law that result from his (r – g) law. 

In regard to the variability of α, Pareto and Piketty are actually in much the same empirical 

and analytical boat, with the second theorem of Pareto’s law providing for the variations in 

the coefficient α over time that illustrate Piketty’s (r – g) law!  If Pareto’s second theorem 

ceases to hold because of variability of α across the income ranges in a period and across 

periods, it follows that Piketty’s hypothesis of a positive (r – g) gap is also at risk of failing.  

The simple policy lesson of this paper is that regard must be had to Pareto and Piketty in the 
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sense that the implications of government initiatives pertaining to distribution should be 

considered with regard to both the relative and absolute measures of inequality. The critical 

range for such considerations is the low income range in which Piketty (indirectly) estimated 

values for the coefficient α that are lower than for the estimates he derived for the higher 

income ranges.  As a result, both absolute and relative inequality can be reduced if the value 

of α is increased in the lower income ranges without altering the values of α in the other (i.e. 

higher) income ranges.   
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