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Abstract 

This paper examines the relationship between the Pareto distribution and Piketty’s third 

fundamental law of capitalism. It has been widely known that top income and wealth takes 

the form of Pareto distribution, yet there is very limited literature investigating the role of 

Piketty’s third fundamental law of capitalism, in which r (the rate of return on capital) > g 

(the growth rate of national income), in determining the shape parameter α of the Pareto 

distribution. The central takeaway of this paper includes: (i) a critical assessment of Piketty’s 

criticism of Pareto’s work on distributional inequality, presented in Capital in the Twenty 

First century (2014) in which he indicated that Pareto had an illusion of “stable” inequality; 

and (ii) a simple agent model to formally demonstrate the relationship between Pareto’s  

and Piketty’s third fundamental law of capitalism. The first one concerns intellectual history 

and the second one has contemporary relevance.   
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1. Introduction 

“It seems to me that it is very useful to have a solid background about past economists’ work 

on income distribution instead of believing that serious research started in 1980 or 1990, 

which today’s economists frequently tend to assume…” 

(Piketty, 2000) 

For centuries, the magnitude and distribution of income and wealth has always been an 

important research problem for economists that has been studied extensively with both 

theoretical and empirical frameworks. In recent time, there has been a revitalizing moment in 

the study of inequality of distribution, which was initiated by Thomas Piketty and his notably 

best-selling book Capital in The Twenty First century (2014) (henceforth, “Piketty’s 

Capital”) which has catapulted Piketty from a much respected economic scholar into an 

iconic popular and scientific figure in the field of income distribution. To tell a story of the 

general evolution in the common patterns of the distribution of income and wealth, Piketty 

collected a unique collection of data on capital and wealth for twenty countries, from the 18th 

century onwards. Perhaps, the most substantial laws that Piketty developed from these data 

are his three “fundamental laws of capitalism”, which describe the movement in inequality of 

distribution. Most important of these is his third law, which specifies that the rate of return on 

capital, r, is greater than the national income growth rate, g. He describes this law as the key 

underlying force of inequality. It is now often referred to the “r > g phenomenon” or the “r – 

g law”.  

Of course, serious empirical and deductive research in this line did not start with Piketty. The 

development of empirically derived laws of inequality started with Pareto more than 100 

years ago. Most notably in his Cours d’Economie Politique (Pareto 1896, 1897) (henceforth, 

the Cours) and a host of related articles, which established that across a large cross-section of 
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countries and time periods, income and wealth distributions are generally governed by a 

power law. In short, Pareto used induction to identify a non-Gaussian curve of income 

distribution that, on average, varies little across space and time (the so-called “Pareto 

distribution”); and made deductions based on the shape of that curve pertaining to the 

relationship between changes in the inequality of income and changes in per capita income. 

In Pareto’s own deductive assessment, the “law of inequality” or “Pareto’s law” for short, 

reflects two theorems, the first concerns the case when Pareto’s power coefficient α is 

constant; the second concerns the case when Pareto’s power coefficient α is variable.  

Significantly, Piketty undertook his work in the knowledge of Pareto’s approach to inequality 

of income distribution, and, in the process, presented an intriguing mix of scholarship that 

both utilises key aspects of Pareto’s work on income distribution and criticizes Pareto for 

certain aspects of that work. Explicitly, in Capital, Piketty criticized Pareto for having an 

“illusion of stable inequality” (2014, p.366) and he regarded the Pareto’s law and the Pareto 

distribution to be only locally valid (p.367). According to Piketty, Pareto imagined that the 

distribution of wealth is “rock stable as if it were somehow a law of nature” (2014, p.368) 

and that this universal law must be strictly abided by all societies at all times.                   

Two main contributions are made in this paper. The first concerns intellectual history and the 

second has contemporary relevance. Firstly, it is established that the account of Pareto’s work 

in distribution in Piketty’s Capital is partial, as it ignores the second theorem of Pareto’s law 

in which α varies. Secondly, it offers a new perspective on the relationship between the 

Pareto distribution and the coefficient α in that distribution, and Piketty third fundamental 

law of capitalism. In that regard, Charles Jones (2014) and Robert Kirkby (2016) have 

already provided some insights in that direction, when they demonstrate that Pareto 

inequality emerges in income and wealth distribution through the assumption of exponential 



5 
 

growth that occurs over an exponentially distributed amount of time. In Jones’ model, the 

Pareto coefficient α is measured as a ratio of the “growth rate” (which includes Piketty’s r – g 

and the tax rate) to the “exponential distribution parameter” (which equals the birth rate). In 

this paper, however, a different approach to the relationship between Pareto’s α and Piketty’s 

third fundamental law using a simple random growth model with r – g stochastic shocks to 

build on Piketty’s almost casual observation on the relationship between Pareto’s α and the 

difference between r and g (r – g is, henceforth, referred to as the “return of capital 

premium”). 

These two goals are achieved in the following manner, I divide the paper into three sections. 

Section one sets the context of the study by revising the Pareto distribution, Pareto’s law and 

Piketty’s partial understanding of Pareto’s law. Piketty’s earlier book, Les Hauts Revenus En 

France Au  Si ̀cle (2001) (henceforth, Les Hauts Revenus En France), is also introduced 

to provide empirical evidence that confirms Pareto’s second theorem. Piketty’s fundamental 

laws of development and distribution are overviewed in section two. Finally, in section three, 

Piketty and Pareto a reconciled through the development of a random growth model based on 

Champernowne’s equation and Kesten process can help shedding light on the relationship 

between Pareto’s coefficient α and Piketty’s third fundamental law of capitalism. I show how 

the inequality measure of the Pareto distribution is determined by an inequalization effect 

within the upper tail due to the variation in the rate of return on wealth r and the rate of 

growth g. A summary of these two goals will be presented in the concluding section.         

2. The Historical Context: Pareto and Piketty on Pareto 
 

2.1 Pareto distribution and Pareto’s law 
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“Just as the number of centenarians implies nothing about general morality and life 

expectancy, the number of millionaires is not by itself an indication of great income 

inequality.” 

(Pareto, 1897 (2003)) 

The Pareto distribution has long been a source of fascination to economists, and the 

Pareto’s law has been featured extensively in empirical and theoretical studies. The 

original literature on the Pareto distribution and the Pareto’s law, written by Pareto in the 

1890s, stemmed largely from Pareto’s interest in the structure of income distribution 

across societies. By observing the collected income tax data for England, Italian cities, 

German states, Paris and Peru (Pareto, 1896-97, p.976 - 984), Pareto discovered that the 

distribution of income follows “a natural law which reveals a tendency for incomes to be 

grouped in a certain manner” (Pareto, 1897). Let	  be a random income cut-off level, and 

 be the number of individuals at a particular time and place whose income is greater 

than	 , the logarithm of N was a decreasing linear function of the logarithm of x with the 

formulation:  

log  = log  – αlog   

(Equation 1) 

where A and α are parameters of scale and shape. His distribution curve is, therefore, 

given as: 

 

(Equation 2) 
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One of the key elements of Pareto’s analysis rests on the parameter α which is now called 

the Pareto coefficient or Pareto’s α. This is sometimes regarded as an indicator of 

inequality because Pareto’s analysis shows that the smaller the Pareto coefficient α,  the 

more highly concentrated the distribution of income and wealth. Pareto himself, however, 

did not use α alone as an indicator of inequality, instead creating a different index that is 

discussed later (in relation to equations 7 and 8). The value of parameter A and 

coefficient α is obtained by interpolating the logarithm of N using Cauchy’s method. The 

details of this technique were elaborated carefully by Pareto in “The Curve of the 

distribution of wealth” (Pareto, 1896 (2009)). When equation (1) is plotted with the 

logarithm of the number of individuals 

with income higher than x on the vertical 

axis and the logarithm of the income cut-

off level x on the horizontal axis, we get 

the negatively sloped straight line with 

slope – α, as displayed in figure (1). When 

equation (2) is plotted, figure (2) is 

derived, which shows a decay in the tail of the distribution. Compared to the exponential 

distribution, the Pareto distribution has a much fatter upper tail: 

 
Figure 1: Equation (1) Figure 2: Equation (2) 
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One might object that the shape of the income distribution curve should be empirically 

inapplicable for all definitions of income and wealth over the broad mass of the 

population. Pareto was aware of this. As he used a much larger scale of the sample than in 

figure (1), the logarithm of N tends to deviate from the straight line and becomes more 

concave towards the bottom (figure 3) (Pareto, 1897 (2003)). This detail was then 

considered in his second approximation of the analysis that focused on a more general 

form of the distribution curve. Among all the cities examined, “the logarithmic function 

of the Grand Duchy of Oldenburg has the most marked concavity” (Pareto, 1897 (2003)) 

and this is considered the extreme case produced by some particular cause. He then 

provided an interpolation for the second approximation expressed as: 

log log log  

(Equation 3) 

which gives the general formulation for Pareto’s distribution curve: 

10  

(Equation 4) 

 

Figure 3: Equation (3) 
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For countries with very small value of a and β, we simply go back to equation (2). For 

incomes from work, or from landed property or from the yield of capital etc., a may have 

large values, either positive or negative (Pareto, 1897 (2008)). In this case, equation (4) 

reverts to: 

 

(Equation 5) 

The total number of individuals who possesses an income higher than x is: 

 

(Equation 6) 

Having collected new data, Pareto further clarified equation (5) and (6) in his Supplement 

to the study of the income curve (Pareto 1897 (2008)) (henceforth, Supplement) by 

estimating the shape of the distribution for the case of a ≠ 0 in Wurtemberg and Saxony-

Weimar-Eisenach. From this further investigation Pareto added a new conclusion to his 

work on inequality: the inequality of wages (“incomes from professions” in Pareto’s 

words) is much less than that of the incomes from the yield of capital for the reason being 

“it is more difficult to acquire wealth than to preserve it” (Pareto, 1897 (2008)). In that 

regard, in the Cours, the estimated value of α is in the range between 1.29 and 1.89, but in 

his Supplement α was above 2 for the case of Austria, Wurtemberg and Uri. The net effect 

of both studies was, according to Pareto, is that it is impossible for the inequality of 

income distribution to be due to chance. Instead, there must be an underlying cause for 

this phenomenon and this cause is unlikely to be dependent on the different economic 

conditions of the countries under his considerations and more likely to be dependent 

largely on man’s mental and physiological qualities and his nature (Pareto, 1896 (2003)). 
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That is, Pareto concluded that his curve (the Pareto distribution) is a general regularity. 

He did not, however, concluded that α = 1.5 is a general regularity.  

Pareto’s law reflects two “theorems”, in Pareto’s terminology (but more correctly, 

deductions about the consequence of the Pareto distribution for inequality, as Pareto 

(unconventionally) defined it. But coming to the theorems of Pareto’s law, it is 

necessarily important to familiarize with Pareto’s unconventional definition of inequality 

as defined by his inequality index. Let  be the number of individuals with incomes 

higher than x, and  be the number of individuals with minimum income h, with x being 

greater than h, then, if we write:  

 

(Equation 7) 

according to Pareto’s definition, the inequality of incomes diminishes when	  increases. 

This amounts to saying that inequality diminishes when the number of the higher income 

(earning x or above) earners rises. As such, it is an “absolute” measure, in which real per 

capita growth is a reduction in inequality. It is not a relative measure of inequality like the 

Gini index. If we substitute for  and  the values, which result from the well-known 

Paretian distribution equation, the inequality index  depends solely on the two income 

levels and the Pareto coefficient α: 

 

 (Equation 8) 

It follows that the relative income ratio h/x should lie between 0 and 1 as h < x and for the 

total income of the distribution to be finite, α must be greater than 1. On the other hand, 

 varies in opposite direction with α if the ratio h/x remains constant. This is Pareto’s 

inequality index, however, it does not give any information on the size of the share of 
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total income that goes to each income group (e.g wages and returns). Many analyses in 

the field of distribution of income, including Piketty’s Capital, have expressed the 

statistic of interest in the share of total income held by a certain quintile/decile of the 

distribution and compare this income share between groups. Therefore, let q be the 

quintile of interest, m is the minimum income level and q > m, I manipulate Pareto 

equation (2) to calculate the income share accrued to a certain quintile, which gives: 

100
	 

(Equation 6) 

For example, if the Pareto coefficient α = 1.5, q = 1 (i.e the top 1%), the income share 

held by the top 1% of the distribution is 21.5%. If α increases to 2, this portion decreases 

to 10%. The power  is known as the inverted Pareto coefficient (Tarascio, 1973). 

While the degree of inequality and the value of coefficient α moves in opposite direction, 

the inverted Pareto coefficient β ( ) is positively correlated with inequality as most 

economists consider inequality because an increase in the inverted Pareto coefficient β 

signals an increase in the relative share of income accruing to the top end of the 

distribution.   

In Cours, Pareto stated “It is by induction that we know shape of the income curve; it is 

deduction that permits us to draw two very important theorems. The first of these teaches 

us that the distribution of income is not the result of chance. The second lets us know that 

for the level of the minimum income to increase, or for the inequality of income to 

decrease, wealth must increase; and the improvement in the conditions of the poor classes 

is above all a problem of the production of wealth.” (Pareto, 1897 (1971, p.1097)). These 

two cases associated with the second theorem of Pareto’s law have been illustrated 
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graphically by McLure (2012), and are reproduced below as figure 4 and 5 respectively. 

In the first theorem, the implication of income inequality is, therefore, associated with 

two cases: (1) the Pareto coefficient α is constant, and on that basis, Pareto’s notion of 

inequality decreases as per capita income increases. In the case of the second theorem, the 

Pareto coefficient α varies as the income distribution curve becomes steeper/flatter. 

Pareto’s second case indicates that his notion of inequality decreases as the absolute value 

of α increases. This is the reverse of the inverted Pareto coefficient, which Piketty (2001) 

uses. First, let us first consider case (1) and case (2) separately.  

 

 

Under theorem 1, an increase of minimum income shifts h in equation (8) to h* (figure 4) 

while keeping x and α constant, the inequality index  increases which indicates a 

reduction in income inequality. The Pareto distribution curve shifts outward without 

changing the slope.  This circumstance means that wealth grows faster than population 

which results in the rise of overall per capita income and an increase in the average 

income of the poorest class of the population. This concern was explicitly expressed by 

Pareto in Manual of political economy (1906, (2014)). In his words, “the population itself 

Figure 4  Figure 5  
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influences the very conditions that give it its livelihood; consequently, the density of 

population is the effect of certain economic conditions and is the cause of the others” 

(Pareto, 1906 (2014)). Since the variables other than wealth differ less within countries 

than between countries, density is more closely associated with wealth in given countries 

than from country to country. For countries with very high density of population, to 

increase per capita income and achieve a more equitable distribution, it is utmost 

important to Pareto that wealth increases faster than population.       

Many statisticians and economists, including those that attribute a considerable 

importance to Pareto, confined their attention to the Pareto distribution and the first 

theorem of Pareto’s law. They ignore the second theorem. But the situation described by 

Pareto’s second law is very relevant as it describes much of what happened in the 

twentieth century. It is just that Pareto characterises it as a reduction in inequality, 

because the poor are better off in absolute terms, whereas those, like Piketty, who 

consider inequality using the inverted Pareto coefficient reach the inverted conclusion – 

inequality is characterised as increasing. Pareto’s second theorem says that a reduction in 

absolute value of α rotates the distribution curve outwards (figure 5), with x and h remain 

unchanged, the number of individuals with income x and above increases. As the curve 

becomes flatter, the Pareto coefficient α falls, which indicates an increase in inequality.1  

Tarasio (1973) and McLure (2012) have argued that the two theorems of Pareto’s law 

reflects an empirically-based formulation of the “trickle-down” view of economics, in 

which the distribution of benefits from the growth process is conditional upon the 

                                                            
1 Reed (2004) summarized the details of the upper tail of the Pareto distribution and the reduction in the 

Pareto coefficient α in case 2 in a complete manner by offering two explanations: (a) the workforce is 

growing slower on average (there are more older workers); and (b) the growth of individual incomes is 

faster on average, and exhibits more variability, than in cases where the opposite of (a) and (b) hold. 
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minimum income level rising or, at the very least, not falling. In other words, when the 

effects of both of Pareto’s theorem take place at the same time (there is an increase in 

minimum income and a decline in the inequality of relative income), the growth process 

brings a more equitable distribution to the poor, which eventually increases demand and 

production. Again, this is contradicting to the understanding of inequality to that adopted 

by Piketty, who implicitly characterises the result of Pareto’s second theorem as a 

description of inequality rather than a basis for reducing inequality.  

2.2 Piketty’s criticism of Pareto’s law in Capital in the Twenty First century (2014) 

In Capital, Piketty wrote, 

“Pareto’s case is interesting because it illustrates the powerful illusion of eternal 

stability, to which the uncritical use of mathematics in the social sciences sometimes 

leads. [..] Even today, some people imagine, as Pareto did, that the distribution of wealth 

is rock stable, as if it were somehow a law of nature.” 

(Piketty, 2014, p.367-368) 

If Pareto’s work is about the shape of the income distribution within a country, Piketty 

may characterise his work as, unlike Pareto, focuses on offering an essential guide to the 

changing shape of different societies by producing a summary of the fall and rise of 

inequality over the course of the past century. Instead of relying on survey data like most 

of the economists in the field of distribution, Piketty turned to an entirely different source 

of information: income tax records. However, this is not a new idea. Early analyses, 

including Pareto’s, relied on tax data because they had almost no other source of 

information for the distribution of income and wealth. Piketty, nonetheless, found ways to 

merge tax data with other sources (i.e estate tax collection, record-keeping) to produce 

information that crucially complements survey evidence and allows him to look into the 

distribution of income and wealth data reaching back to the late eighteenth century 
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(Krugman, 2014). On that basis, Piketty’s criticism of Pareto’s data which, according to 

him, provide no basis whatsoever for any conclusion about the long-term behaviour of 

inequality as they were scanty and covered a decade at most (Piketty, 2014, p.367). But it 

is the contention of this study that Piketty’s work is much closer to Pareto’s than he 

believes. That is, he is not contesting the Pareto distribution, per se, he is contesting the 

“rock stable” view of the Pareto coefficient. But that, as evident from the previous section 

is not Pareto’s position, even though Piketty is not the only economist to attribute that 

point to Pareto.  

But what is it, exactly, that Piketty meant by a “rock stable” distribution? Is it the 

invariance of the Pareto coefficient α through time that implies an “eternal stability” in 

the distribution of income and wealth; or the invariance of α across income ranges in any 

one period that implies the equal share of income and wealth appropriated by every 

quintile of the distribution; or is it both? These possibilities target different aspects of 

Pareto’s work, with the former being more relevant to Pareto’s law while the latter being 

more concerned with the Pareto distribution. Piketty in Capital appears to deny the 

“eternal stability” of Pareto’s law using his findings of an increasingly concentrated 

distribution of income and wealth as time progresses, which leads to a large historical 

variations of Pareto coefficient α. However, in his earlier Les Hauts Revenus En France, 

Piketty seems to reject the Pareto distribution across ranges of income. Perhaps it is the 

combination of both points that lead Piketty to conclude that “when we say that a 

distribution of wealth is a Pareto distribution, we have not said anything at all” (Piketty, 

2014, p.368).    

In regard to Piketty’s criticism of Pareto’s law in his Capital, Pareto did, as Piketty 

indicates, propose a law of distribution as if it were a natural law, which reveals to us the 

tendency of incomes to group themselves in a certain manner, at least for the societies, 
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and the periods considered (Pareto, 1897 (2009)). This was mentioned above as the first 

case of the second theorem of Pareto’s law. Others, like Mark Buchanan (2002), assert 

this as “Vilfredo Pareto…discovered a pattern in the distribution of wealth that was just 

as universal as the laws of chemistry or thermodynamics”. But the defining feature of this 

“natural law” is the finding that income is distributed unequally in a whole range of 

societies and that this distribution, given in various forms by equation (1), (2), (3) and (4), 

represents satisfactory approximation to that inequality in different circumstances. There 

is nothing in Piketty’s Capital to suggest that he disagrees with that aspect of the natural 

law. Rather, Piketty associates the law with the constancy of α across the entire range of 

the distribution through time (which leads to a “rock stable” distribution). Piketty has 

unintentionally only confined his attention to the first case of the second theorem of 

Pareto’s law. He ignored or failed to acknowledge the second case of that theorem. When 

total wealth increases, marginal wealth does not share equally among all individuals in 

the economy and all the ranks and income groups in the income hierarchy are not affected 

in the same proportion that leaves the distribution of wealth unchanged. Figure (5) clearly 

expressed this view. As the people at the top appropriate more and more wealth while the 

poor’s and the working class’s economic conditions barely change, inequality increases 

and we have a worsened economic condition of the working class. This relationship 

between the variations of  and the degree of inequality of distribution is often 

overlooked and misinterpreted by many economists, including Piketty.  

Indeed, the remarkable feature is that the second case of the second theorem of Pareto’s 

law, as discussed in section 3 and 4, shows the relationship that Piketty posited as his 

third fundamental law of capitalism because a reduction in Pareto’s α is directly 

correlated with an increase in the gap between r and g. In other words, Piketty’s third law 

is a restatement of Pareto’s law. The difference is marked because Pareto’s “objective” 
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definition of a reduction in inequality is in an absolute terms, but when the same 

relationship is represented in relative terms, it reflects an increase in inequality in 

Piketty’s sense. Pareto also further characterized coefficient	α in part II of his paper on 

“The curve of the distribution of wealth” (1896, (2009)) in which his law was used to 

predict the effects of progressive versus proportional income taxes. For simplicity reason, 

I solely focus on his formulations in his tax policy proposal here. Assume there is a 

proportional tax rate p, the total proceeds of the tax between income h and H can be 

obtained by integrating equation (2): 

1
1  

(Equation 11)   

Pareto then solved this equation to get the values for the proceeds of the proportional tax 

and progressive tax under three different assumptions: when	 1, when 1, and 

when  is so large that the component  of equation (11) can be disregarded. This 

distribution of taxes theorem is certainly not a significant discovery by Pareto, but it 

demonstrates his consideration of a variable α in his analysis, which Piketty did not seem 

to acknowledge.   

Overall, the Pareto distribution is definitely not “rock stable” and the Pareto’s law doesn’t 

display an “eternal stability” that all societies have to abide at all times, like how Piketty 

has put it in Capital. I perceive the way in which Piketty only used a fraction of Pareto’s 

work and criticized it as a whole careless and informative.   

The importance of the first and the second theorem of Pareto’s law, which rest on: (i) the 

distribution of incomes is determined, not by the economic structure of society and by its 

institution, but by the distribution of certain natural qualities inherent in men, and (ii) any 

changes in the Pareto coefficient α would lead to an increase or decrease in the degree of 
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inequality, was neglected and the criticism is, in many ways, contradictory to Pareto’s 

thinking expressed in his theory of income distribution.  

In regard to Piketty’s criticism of the invariance of the Pareto’s coefficient α across the 

income ranges at a certain point in time, we need to look at Piketty’s application of 

Pareto’s approach in Les Hauts Revenus En France. The “rock stable” distribution in this 

case stems from Piketty’s concern of how the level of inequality stays the same as we 

move up through the distribution (as α is constant along the distribution curve). The 

analysis is also extended to Piketty’s most recent work on the generalised Pareto curve 

(Piketty, 2017). The point here is that Pareto’s α is really only constant over the income 

range for medium incomes and above (Pareto, 1897 (2009)).  

2.3 Piketty’s application of Pareto’s approach 

Since the publication of Cours, Pareto has been subjected to much criticism because only 

the upper range of the income and wealth distribution, instead of the entire length, follows 

the straight-line curve (in logarithmic form). In Pareto’s defence, Tarascio (1973) 

mentioned that “Pareto had used, for the most part, tax data which excluded lower 

incomes”. Despite being rejected on this theoretical ground, many economists and 

statisticians have made use of income statistics to see up to what extent the curve applies 

and Piketty is not an exception. Over the years, a few different approaches have been 

proposed and applied to estimate the Pareto coefficient α. Atkinson (2016) has narrowed 

it down to three most common and largely followed approaches which includes: 

 The range of income: from income x and above  

 The proportion of income units with incomes of x or higher, denoted by the 

survivor function S(x)  

 The total income received by these income units, divided by the total population 

(this approach was pioneered by D.G Champernowne in 1953) 
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The first two were originally used by Pareto (1897) and the third approach appeared in 

Piketty’s work in 2001 in Les Hauts Revenus En France. An English translation of this 

book has just been commissioned and will be made available by the end of 2017. That 

work includes substantial historical data on income and wealth in France from 1915 – 

1998 and Piketty used the third of the above approach to measuring α to investigate the 

long run evolution of income and wealth inequality in France in the 20th century.  

Under the third approach, let  be the income level,  be the proportion of population 

with income above  in total population. Suppose we pick a random value of ,  and 

,  such that	 0.5% . The Pareto coefficient α is then estimated using 

the following formula2: 

log /
log /

 

(Equation 12) 

and the inverted Pareto coefficient follows: 

1
 

(Equation 13) 

Suppose ∗ is the average income of population with income between  and ,	if the 

information on ∗ is available, the inverted Pareto can be approximated using the 

formula: 

1

∗

 

(Equation 14) 

Although, as already noted, Pareto’s index of inequality and the second theorem of 

Pareto’s law suggests that inequality decreases with the concentration of wealth because 

                                                            
2 As Pareto and Piketty both use α and β to mean different things, Pareto’s α and β will be referred to as  and 

 respectively. 
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the shape of the Pareto distribution suggest that this is also correlated with an absolute 

improvement in the income of the poor. The concentration of wealth increases when the 

Pareto coefficient α decreases and inverted Pareto coefficient β	increases. Two important 

definitions should be noted in this section: (i) Piketty always pays more attention to the 

inverted Pareto coefficient β instead of the original Pareto coefficient  and used β as an 

indicator of the thickness of the upper tail of the distribution (or similarly an indicator 

inequality at the top), and (ii) Piketty favours looking at the percentile rank rather than 

using the income cut-off level x, because he thinks that it avoids differences due to 

scaling, and also makes them more easily comparable over time and between countries 

(Piketty, 2017).   

By using the basic tables produced by the tax administration, Piketty computed the Pareto 

inverted coefficients associated to the top of the French income distribution for each 

single year of the 1915-1998 period. The Appendix of the book (which Piketty divided 

into two parts Appendix A and Appendix B) includes a sequence of tables containing 

Piketty’s data on total and average income for the entire population and his the results 

computed for the share of top fractile in total income. The methodology used (that is, 

using tax returns to compute the level of top incomes, and using national accounts to 

compute the average income) is standard in historical works on income inequality 

(Piketty, 2001). In Table B.1 of Appendix B, Piketty showed his calculation for the 

inverted Pareto coefficient β corresponding to every income cut-off level for every year 

from 1915 to 1998. However, since the observation of income inequality that Pareto made 

in The Cours (1896) is based on the coefficient , it would be more intuitive if another 

column is added to every table to include the values of  (which can be easily derived 

from Piketty’s results of β  to accommodate and clarify observations by Pareto (1896) 
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and Piketty (2001). As there are more than 80 tables, I will only use one table (year 1915) 

in this section.   

 

This table shows that  slowly increases and stabilises while  slowly decreases and 

stabilises as the cut-off level of taxable income rises, which illustrates a reduction in 

inequality within each income range. If we revisit figure (1) in section (2), we can see that 

the Pareto coefficient α is used to measure the slope of the income distribution for a 

particular year and this coefficient indicates the linearity of the curve as a whole. By 

splitting income into ranges bounded between every two chosen levels of income (i.e. 

between 50,000 and 60,000) and providing the β values for each income range, the Pareto 

distribution, in some ways, lost its meaning. Figure 7 displays the contrast between the 

curve with coefficients computed from Piketty’s 1915 table (excluding the last income 

range) and the original Pareto distribution curve: 
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Figure 7: The left hand side figure shows the variance of coefficient α across income 

ranges while the right hand side figure shows the original Pareto distribution curve with a 

constant coefficient  as an approximation for the entire distribution 

At this stage, a number of questions arise: What happens if the income ranges change? If 

one  applies for income between 15000 and 20000 and a different  applies for 

income between 20000 and 25000, what is the relative  at 20000? Should it be 1.61 or 

1.63? The answer appears to be that a  across both ranges of income is needed, not 

separately calculated  for the two ranges. On the other hand, how narrow an income 

range is appropriate? Could the transition in the Pareto coefficient α between the ranges 

be tracked? Piketty’s approach of measurement, therefore, is not completely convincing 

as it appears. When one looks at the results in the 1915 table, what it suggests is an 

ambiguity over inequality. Because these values can’t simply be compared by examining 

whether it increases or decreases. For example, with the information for year 1915 in the 

table above, when α increases from 1.38 to 1.57, we can’t say that the income range of 

5,000 – 10,000 has a more unequal distribution compared to the next income range of 

10,000 – 15,000.  

In order to capture the inequality between groups in a certain year and the inequality of a 

certain group across years, after obtaining the inverted Pareto coefficients associated to 
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the top distribution, Piketty estimated the average income of the top 10%, 5%, 1%, 0.5%, 

0.1% and 0.01% of the distribution (which was denoted “P90-100”, “P95-100”, “P99-

100”, “P99.5-100”, “P99.9-100” and “P99.99-100” respectively) for each year of the 

1915-1998 period, which then allowed him to calculate the share of total income going to 

each income group (Piketty, 2001).  

Instead of comparing the distribution curve and the Pareto coefficient α across time, 

Piketty’s method aimed to compare the evolution of income share appropriated by each 

income fractile in total income over time (i.e P99-100 in 1915 vs P99-100 in 1990). This 

Pareto interpolation technique is then further improved and extended by Piketty (2017). 

In this most recent paper, he developed a “flexible notion of generalised Pareto curve in 

order to characterise and estimate income and wealth distribution” (Piketty, 2017). The 

methodology employed further clarified his criticism of a “rock stable” Pareto 

distribution with a constant Pareto coefficient α (or similarly a constant Pareto inverted 

coefficient β) across the income ranges. Not only looking at the income percentile rank 

and using the inverted Pareto coefficient like what he did in Les Hauts Revenus En 

France, but this interpolation technique also includes all the data of quantiles and 

averages at the higher end of the bracket. Moreover, contrary to other methods (constant 

Pareto coefficient, log-linear interpolation and mean-split histogram), this new approach 

leads a continuous density, which results in a smooth quantile and a smooth Pareto curve. 

If the shape of the income and wealth distribution curve found by Pareto is in straight-line 

form, the generalised Pareto curve found by Piketty is in U shape. Figure 8 below 

displays the different empirical regularity found by Piketty: 
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Figure 8: Generalised Pareto curves for France and United States in 1980 and 2010 

Source: Piketty (2017) 

Significantly different from the Pareto distribution curve, Piketty’s generalised Pareto 

curve plots the inverted Pareto coefficient β on the vertical axis and the income percentile 

rank on the horizontal axis (0 < p ≤ 1), and the U-shape curve indicates that there is 

higher inequality at the bottom and at the top of the distribution (as mentioned earlier, β 

equals to  and is positively correlated with the level of inequality). The unequal 

distribution at the two ends of the distribution increases significantly over the 30-year 

period examined by Piketty, especially in the United States. Intuitively, Piketty’s analysis 

leads us to conclude that the Pareto coefficient α follows an inverted U-shape pattern, 

with α taking different value at each level of income group (figure 9).  

 

Figure 9: The inverted U-shape 

pattern of Pareto coefficient α 

approximated from Piketty’s original 

inverted Pareto coefficient b(p) curve 

year 1980 for United States. 
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This could be part of his critique of Pareto for the illusion of “rock stable” inequality of 

distribution in Capital. That is, he believes that inequality between groups (i.e group 

given by an income range) is important – the level of inequality shouldn’t be the same as 

we move up through the distribution. But the relationship given by Pareto’s law has  

constant over some arbitrarily value of x which Piketty’s third law does not depend on. 

But neither second case of Pareto’s law, nor Piketty’s “r – g” law depend on the constant 

 across the value range; only that an average  across all value ranges is 

meaningful.     

3. Piketty’s laws and the “premium rate of return r over g” 

In Piketty’s Capital in the Twenty First century (2014), Piketty offered a framework is 

offered that is heavily rooted in the Pareto-tail literature to explain the evolution of wealth 

inequality over the course of the 20th century (Nardi, Fella and Yang, 2015). Within a few 

months of publication, it had sold more than 400,000 copies which is very rare for a work by 

an academic economist. Robert Solow (2014) regarded Piketty’s book as “a very serious 

book” which provides a very thorough picture of long run income inequality. The central 

arguments in the book rest on his fundamental laws of capitalism. To begin, we should note 

that Piketty’s fundamental laws are not just about the causes of how things are now, but also 

about how things will be in the future if the trend continues without any intervention. 

The first fundamental law is a pure accounting identity that expresses the relationship 

between the capital/income ratio β (in Piketty’s model, “capital” excludes “human capital” 

and “land value”), the share of capital income in national income α and the rate of return on 

capital r: 

.  

(Equation 7) 
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Equation (7) implies that as the capital-to-income ratio increases, regardless of the return on 

capital, the share of income accrued to capitalists increases if r is unchanged. From this 

moment onwards, for convenience purpose, I will name the Piketty’s capital income share 

 and the Pareto coefficient	  so that the two α are not confused. As mentioned earlier in 

Pareto’s first theorem, the distribution of income is impossible to be due to chance, it is also 

not rooted in either specific economic condition of the countries, or failure of the economic 

institutions, instead, it is mostly caused by human’s nature. This very nature of man in 

Pareto’s analysis could be explained by the capacity of the capitalists in aggregate, but not 

individually to absorb an increasing amount of capital income over the years without a 

substantial fall in the rate of return. We can see how this first law relates to the long run 

dynamics of income distribution by examining the second and third law that Piketty 

proposed. Compared to the first law, the second law is more than a definition.   

Relating to his second law of capitalism is the argument that a society’s capital-income ratio 

will grow (or shrink) to a level equal to its net savings and accumulation rate divided by its 

growth rate. This law gives us a picture of the historical evolution of capital-income ratio in 

which  equals to: 

 

(Equation 8) 

This equation is similar and compatible to the Harrod-Domar equation (1939) with some 

rearrangement. The original equation implies that by increasing saving, investment increases 

and that leads to economic growth while in Piketty’s form, it appears to represent a steady 

state capital-income ratio that the economy will tend with saving rate s and growth rate g.  

The bottom line of this law can be summarized as: 
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(a) countries with high growth require high savings to sustain its capital-income ratio,  

(b) countries with low growth will result in wealth accumulation from the past, the 

capital-income ratio will increase indefinitely.   

Putting the first and the second law of capitalism together, we have: 

	  

(Equation 9) 

In the long run, the capital income share accrued to capitalists is dependent on the long run 

average rate of return multiplied by the saving-growth ratio. For countries that maintain low 

growth for decades, the capitalists will eventually appropriate a substantial amount of capital 

income share. The first two laws only lay a foundation for his crucial analysis of why 

inequality has returned after its reduction during the post war period and how the world 

economy may return to the state of “patrimonial capitalism”. The most controversial and 

central of his analysis is found in his third law of capitalism: 

 

(Equation 10) 

Solow (2014) regarded Piketty’s third law as a “new and powerful contribution to an old 

topic” according to which wealth concentration increases with the difference between the 

average rate of return on wealth r and the growth rate of aggregate output g. The intuition 

given here is that if the returns on capital are not consumed at all by the capitalists but 

instead, is reinvested into capital stock, capital income will increase infinitely if r does not 

decrease (or not decrease faster than g). This main finding of Piketty is opposing to the 

conventional idea that the shares of national income received by labour and capital are 
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roughly constant in the long run which leads to inequality converging (first proposed by 

Nicholas Kaldor). This opposition is based on Piketty’s observation of his measurement that 

inequality with respect to capital is always greater than inequality with respect to labour and 

the distribution of capital ownership is always more concentrated than the distribution of 

income from labour (Piketty, 2014, p.244). Piketty, however, is not the first economist with 

this recognition. Pareto (1897) measured the value of the Pareto coefficient α across different 

types of income and came to the same conclusion that between capital returns and wages, the 

distribution of capital income is much more concentrated compared to the distribution of 

wages and salaries. In the short run, it is true that there is a highly unequal distribution of 

income; however, this inequality of income would diminish in the long run due to the 

elasticity of substitution between capital and labour greater than 1, leaving capital income 

more concentrated and inequality in capital income worsened over time.  

Figure 10 displays Piketty’s estimates of r and g in a very long run, suggesting that we are 

living in an era in which he called the return of “patrimonial capitalism”.   

 

Figure 10: The historical difference between r – g  
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Source: Piketty (2014) 

With his empirical evidence, Piketty concluded for his law that the gap between r – g will 

always continue to diverge unless there is fiscal intervention. This phenomenon, to Piketty, is 

the “central contradiction of capitalism” (Piketty, 2014, p. 571).  

Different from Pareto, Piketty’s distribution model is a dynamic model and it keeps changing 

with reference to time. Capitalists own capital stocks that generate return r and as the gap 

between r – g increases over time, we see a continually increasing wealth inequality due to 

the dynastic accumulation of capital. The threshold of this divergence depends on savings 

behaviour – when there is nowhere for capitalists to invest the savings and the rate of return 

on capital fall, an equilibrium distribution emerges (Piketty, 2014, p.366). However, if the 

standard economic theories hold, we should be able to see the gap between r – g decreases 

over time because the economy converges towards equilibrium point where the rate of return 

equals to the rate of output growth g. Despite using the r > g phenomenon as his main 

argument for the increase in wealth inequality over time across different countries, and 

regarding it as the third fundamental law of capitalism, Piketty did not clarify what is the 

economic mechanism behind this phenomenon.  

One cannot either theoretically or empirically explain the growing gap between wealth and 

income as the result of steady accumulation of capital goods through savings out of ordinary 

income. Recently, Stiglitz (2015, 2016) have strongly emphasized the role of the price of real 

estate and its appreciation in value in explaining the increase in wealth inequality. If the value 

of real estate increases is due only to the rising price of the property it sits upon and not to 

physical improvements, this does not lead to a more productive economy; no workers have 

been hired, no wages paid, no investments made. In economic terms this gain is simply a 
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“land rent” (Stiglitz, 2015). The capitalized value of rents gives rise to wealth, and so if rents 

increase, so will wealth.  

On the other hand, the one owns or inherits capital (or similarly the “capitalists”) and 

consumes or reinvests none of it will see his wealth diverging from the average wealth of the 

population if his capital grows at the “premium rate of return on capital” r – g. The greater 

the premium rate of return on capital, the faster capitalists accumulate and expand their 

fortune. This year’s Financial Review rich list continues to publish the total wealth of 

Australia’s richest people and based on my simple calculation, the average premium rate of 

return on capital for the top 10 richest Australia is 34%! The richest Australian Anthony Pratt 

grows his wealth from 10.3 billion to 12.6 billion from 2016 – 2017 – that is a 22% return on 

wealth, compared to a 1.7% national income growth in Australia last year, he diverges his 

wealth very far away from the average.  

Is it harmful economically and socially to have a positive premium rate of return on capital? 

In a review paper, Mankiw (2015) commented that in Piketty’s model, the fact that r has been 

greater than g is not a problem, but r < g could be. A positive gap of r – g generates a more 

concentrated distribution of wealth but a negative gap of r – g will cause the economy to 

accumulate an excessive amount of capital, which generates a dynamically inefficient 

situation and all generations can only be made better off by reducing the economy’s saving 

rate. Therefore, “we should be reassured that we live in a world in which r > g because it 

means we have not left any dynamic Pareto improvements unexploited” (Mankiw, 2015). In 

other words, r – g has an inequality dimension, but it also has a growth dimension which is 

the issue that Pareto was trying to reconcile in his two theorems of Pareto’s law. 

4. Reconciling Pareto and Piketty in Distributional Inequality: Pareto’s α and the 

premium rate of return r – g  
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In Piketty’s Capital, he draws a relationship between his third fundamental law of capitalism 

and the coefficient of the Pareto distribution. Specifically, Piketty (2014, p.364) concluded 

that the inverted Pareto coefficient β is a steeply increasing function of the difference 

between r and g, which gives rise to a more concentrated distribution of wealth. However, 

this almost casual reference is partially explored, it is simply linked with a course note that he 

mentioned at the footnote of Capital in which he demonstrates how inheritance models, with 

multiplicative wealth shocks, naturally generate a Pareto distribution of wealth at steady state, 

and even more so if the r – g gap increases. Theoretical models of this type are not new, the 

idea of multiplicative shocks in the wealth accumulation process generating a Pareto 

distribution in the framework of standard models of economic growth was well captured by 

Nirei (2007). He found that the Pareto coefficient is determined by the balance between the 

savings from the labour income and the variance of asset returns.   

Since Piketty’s Capital, however, there has been very limited amount of literature that has 

attempted to connect his r – g analysis with the Pareto distribution and the Pareto coefficient. 

Jones (2015) models an individual’s wealth as a function of r – g, which grow exponentially 

with age, and age will be exponentially distributed in the population, leading to the Pareto 

distribution. Kirby (2016) then used the analysis of Jones as a platform from which a critical 

assessment of Piketty’s positive relationship between the difference between r – g and 

inequality was established. 

This section, however, considered that relationship along the lines envisaged by M. Nirei 

(2007) and implied by Piketty (2014). To that end, I aim to formalize the idea of having the 

premium rate of return on capital r – g as the determinant of the Pareto coefficient α in the 

framework of standard economic growth model. The resulting stochastic model is simple and 

straightforward using the foundations laid out by Champernowne (1953), and Simon (1955), 
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and Kesten (1973), which were adopted by Nirei (2007). The distinction between this model 

and Jones’s and Kirby’s application of Jones’ model is that wealth is a function of a random 

growth process and the Pareto distribution is generated due to binomial shocks.  

Champernowne (1953), the pioneer in this field, regarded the development of income 

distribution over time as “being a stochastic process, so that the income of any individual in 

one year may depend on what it was in the previous year and on a chance process”. In his 

model, the number of incomes is constant through time although their recipients are transitory 

because “to every dying income-receiver there corresponds a heir to his income in the 

following year” (Champernowne, 1953). Despite many refinements and alternative models 

proposed since Pareto introduced his income distribution function, none seems to have 

surpassed the work of Champernowne in terms of explanatory power. Suppose there is a 

random growth process written as ~	  where γ is an independently identically 

distributed random variable. As incomes do not go on increasing indefinitely without settling 

down to an equilibrium distribution, Champernowne proposed the following equation:   

1 

(Equation 15) 

This equation says that if there is a steady state distribution of income, it is a Pareto 

distribution with Pareto coefficient α, where α is the positive solution of the equation. α is 

related to the distribution of the normalized growth rate . Equation (15) is now regarded as 

fundamental to the modelling of random growth processes and eventually was refereed to the 

“Champernowne’s equation” by Xavier Gabaix (2009).  

The model: 
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To consider the relationship between α and wages, and earning of labour, profit, and earning 

of capital, consider a closed economy with a continuum of finitely-living individuals 

∈ 0,1  all of whom are endowed with profit ,  and wages , . Profit is a sum of return on 

capital and the capital gains (appreciation value). National income per capita, therefore, 

follows: 

	  

(Equation 16) 

In each period, individuals want to earn an amount of return on capital that is above the 

growth rate. Let  be the rate of return on wealth and  be the growth rate of national 

income, desired capital return is the premium rate of return . In addition, suppose 

that not all profit is consumed, a fraction of it is re-invested into acquiring more or upgrading 

capital which yields  in the next period. Wealth in the next period ,  will 

then be dependent on how much one is able to save from his total income in this period plus 

the premium return on capital in the next period which gives: 

, , , 	 ,  

(Equation 17) 

The budget constraint associated with the above relation is: 

, , , ,  

(Equation 18) 

where ,  is the amount of consumption in this period. For convenience and simplicity, it is 

assumed that all individuals in this economy have the same marginal propensity to save out 

of total income, such that , , earns the same wage from occupation , 	  and 

gets awarded the same rate of return , .  
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For the model to hold, our saving rate should always be positive ( 0). From equation (17), 

the average wealth per capita in the next period can be written as:  

	  

(Equation 20) 

What we are more concerned about is wealth inequality because Piketty’s thesis has shown 

that wealth inequality is worse and increases faster over time compared to income inequality. 

Therefore, we divide equation (20) by  to obtain the wealth-income ratio: 

1
	  

(Equation 21) 

Equation (21) tells us that the wealth-income ratio in the next period is positively correlated 

with the premium rate of return on capital and negatively correlated with the national income 

growth rate. In addition, the wealth share in the next period depends solely on the capital-

income share. The amount of investment in capital in each period determines the amount of 

wealth one appropriates in the next period. 

Denote  as the capital-income share in the next period (this aligns with Piketty’s notation 

in his first and second law of capitalism). Equation (21) can be re-written as: 

1
	  

(Equation 22) 

Convergence exists if and only if the r – g gap is confined to a finite limit. In other words, a 

very heavy Pareto tail can be obtained if equation (22) explodes, that is, if the premium rate 

of return to capital increases to infinity and has no sign of converging. While the distribution 

of income of the low and middle parts are significantly vulnerable to labour income shocks as 
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their main income comes from wages from occupations, those at the top of the distribution 

(the “capitalists”) whose main income comes from capital are subjected, almost fully, to the 

rate of return shocks (Bowley, 1977). These shocks drive their investment behaviour and 

determine their wealth share. Because the Pareto coefficient α is widely used to characterize 

the higher, rather than lower, level of income distribution, the model only focuses on shocks 

to the premium rate of return and ignores shocks to labour income3.    

Let ,  denotes the capital share’s coefficient (the r – g gap) and define  as the 

“normalized” wealth share. The main reasoning of this section will be based on the 

component ,  and . This way, the average wealth size per capita remains constant. As we 

want to talk about the steady state distribution of wealth, we need to normalize to make sure 

such a distribution exists. 

Suppose that each individual in the economy i has a normalised wealth size 4, that 

increases by a premium rate of return  from time t to time t+1: 

, , , ,  

(Equation 22) 

We shall assume that the  are identically and independently distributed, continuous, non-

negative random variables. Equation (22) reflects a Kesten process, which is a stochastic 

process with a multiplicative shock5 and an additive shock6 (a constant in this case). This 

model is similar to Gibrat’s law of proportional effects (Gibrat, 1931) and is compatible with 

Champernowne’s (1953) logarithmic random walk model. At steady state, 

                                                            
3 Nirei (2009) offered a more complex and complete model on how idiosyncratic investment shocks in a 
variation of the Solow or Ramsey growth model generate the Pareto distribution at the tail of income and wealth 
distribution.   
4 The stationary of the Pareto exponent implies that the income and wealth distribution is characterized as a 
stationary distribution when normalized by the average income each year.  
5 Proportionate to the normalized wealth size 
6 Per-unit shock 
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, 1 

must hold by the definition of (15) and hence the Kesten process is stationary. The steady 

state distribution follows Pareto in the upper tail, such that: 

, ∝  

where the Pareto coefficient α is determined by the Champernowne steady state condition: 

, 1  

(Equation 23) 

Household’s income ,  also follows the same tail distribution, because wealth is 

proportional to capital income and labour income is constant across households and much 

smaller than the capital income in the tail part. The Pareto distribution only has a finite mean 

only if 1 and a finite variance only if 2. Since , 1 from equation (22), it 

immediately follows that 1 and that the stationary distribution of  has a finite mean in 

this model.  

Gibrat (1931) also observed that if equation (22) held throughout the distribution, then we 

would have: 

ln , ln , ln ,  

And the distribution would be lognormal, without a steady state as the variance would grow 

to infinity. Therefore, to make sure that the steady state distribution exists, some frictions are 

needed to prevent wealth from becoming too small. In this case we add the constant as in 

equation (22). This bounded minimum, which was fully developed in Gabaix (1999) and 
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Kesten (1973), ensuress the model to produce a Pareto distribution instead of a lognormal 

distribution.   

Benhabib, Bisin, and Zhu (2015), they studied the wealth distribution in the context of 

Bewley economies7 extended to allow for idiosyncratic capital income risk. They found that 

(i) enough idiosyncratic capital income risk induces a Pareto distribution in the right tail, and 

that (ii) it is capital income risk, rather than labour earnings, that affects the right tail of the 

wealth distribution and drives the wealth concentration. In this model, we come to the similar 

conclusion. With binomial shocks on the premium rate of return, ,  takes a value of either 

a specific value with probability p or 0 with probability (1- p).8 We can then derive α as: 

ln 1

ln
 

The general mechanism in this equation implies that as the model generates a bigger r – g gap 

(a bigger value of ), the higher the level of wealth concentration measured by the Pareto 

coefficient α (as α is negatively correlated with ). In other words, the Pareto coefficient  is 

decreasing in r and increasing in g. The panel below characterizes further the Pareto 

coefficient  and the relationship between  and ,  when	 ,  takes on three different 

hypothetical values with 1000-sample simulation of , . 

                                                            
7 Named after Bewley models (1977), the class of incomplete markets general equilibrium models in which 
agents face idiosyncratic income shocks and achieve partial insurance via, for example, a risk-free bond or 
capital. Benhabib, Bisin, and Zhu (2015) model can be considered a variation and extension of Bewley model.  
8 Equation (23), therefore, can be computed as E( , 0 1 1 
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Figure 11: Simulated distribution of Pareto coefficient and premium rate of return (r – g) 

There is a reverse relationship between the premium rate of return given by r – g and the 

Pareto coefficient α: as r – g increases, α decreases which implies an increase in inequality. 

Among the three different values of , , the slope of the curve is the steepest with ,  

taking the largest value. In this case, a slight change in the premium rate of return r – g results 

in a large change in Pareto coefficient α. For example, a slight increase of r – g from 2% to 

3% results in α decreases from 3.3 to 2.1 (by more than one).  

In order to get a more realistic view of the picture, I use the data from Australia for the period 

1960 – 2011 (Piketty, 2014). The premium rate of return in Australia fluctuates significantly 

over the years, especially during the stagnation period. To my way of thinking, to get the 

most typical  ,  value for such a long period, ω will take the fifty-year average value and α 

will take the fifty-year average value of 1.5. Therefore, we have	 , 4.5. Figure 11 

demonstrates the relationship between the premium rate of return ω and the Pareto coefficient 

α.  
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Figure 12: Five-year average premium rate of return r – g and Pareto coefficient α 

These graphs are used to describe the relationship between Piketty’s third fundamental law of 

capitalism and the Pareto coefficient α as a whole and shouldn’t be used to dictate the details. 

The challenges of this prediction include our estimation of the probability p, the close yet 

distinct definition between wealth and capital which might lead to an underestimation of long 

run inequality if we solely rely on capital income.  

5. Conclusion 

This paper has offered a critical assessment on Piketty's judgement of Pareto in Capital in the 

Twenty First century and established a relationship between the Pareto coefficient of 

inequality in the Pareto distribution and Piketty's third fundamental law of capitalism. Two 

conclusions were reached: (i) Piketty ignored to consider the second theorem of Pareto's law 

and (ii) an increase in the premium rate of return on wealth, as measured by the difference 

between r – g, lowers the Pareto coefficient α, which indicates an increase in wealth 

inequality as conventionally defined (although not as Pareto defined it).  
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On the other hand, the examination of Piketty’s application of Pareto’s approach (2001) and 

extension model of the Pareto distribution (2017) showed that the “rock solid” distribution 

criticism made by Piketty against Pareto in Capital also aimed to describe the invariance of 

the Pareto coefficient α across the income ranges, instead of over time. However, by splitting 

income into ranges and providing the inverted Pareto coefficient β for each range, Piketty 

failed to take into account the meaning of the Pareto’s law and the linearity shape of the 

Pareto distribution, though he has recently attempted to rectify that problem in Piketty 

(2017).          

In contrast to Jones (2015) and Kirkby (2016), who use exponential growth model to generate 

the Pareto distribution, this paper formalizes Piketty's casual reference of the positively 

correlation between the inverted Pareto coefficient and the difference between r and g 

through a model based on random growth process by using the foundations set out by 

Champernowne (1953) and Kesten (1973). The simulated results shown in figure (12) 

demonstrated the mechanism of the determinants of the Pareto coefficient remarkably well. 

Apart from these results in which the Champernowne equation’s expected value takes on 

three different values, to make the model more realistic, I also simulate the results using 

Australia’s premium rate of return r – g for the period 1960 – 2011. Similarly, the model 

suggested that wealth inequality continue to diverge as the gap between r and g keeps 

increasing over time. Convergence happens if and only the premium rate of return on wealth 

confines to a finite limit.  

The end result is that the similarity between Pareto’s analysis and Piketty’s analysis of 

income inequality is a lot closer than Piketty suggests. They have opposing definition of 

inequality with Pareto’s suggestion of a solution to inequality reference to the absolute value 

of income accruing to the poor; and Piketty’s intention to use the “relative” inverted Pareto 

coefficient to indicate inequality. But setting those definitional difference aside, the obvious 
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implication is that Pareto would have regarded the 20th century as one in which a remarkable 

reduction in income inequality was realised with Piketty, in contrast, concerned about 

inequality increasing – the relationship between Piketty’s third law and the Pareto distribution 

means their positions showed much common ground. Indeed, Piketty’s distinction between 

capital and wage income and the introduction of the r – g law is fundamentally an extension 

of Pareto’s position in analytical terms.  
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