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Abstract

Using the replacement function associated with aggregative games, we analyze

the expectational dynamics of the aggregate strategy of the game. We can interpret

the Nash equilibrium of the game as the rational expectations equilibrium (REE) of

the system, and we examine the expectational stability of the REE. We characterize

local stability in terms of fundamentals and the REE itself. We illustrate the results

through well-known aggregative games (Cournot games, Bertrand competition with

differentiated goods, rent seeking games, and the public goods provision game) and

analyze their global expectational dynamics.
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1 Introduction

In the aggregative games literature, studies extensively analyzed two main issues: (i) the

existence and uniqueness of the Nash equilibrium (NE) and (ii) its stability for given

dynamics. The dynamics may be defined in different ways, and the stability of the NE is

interpreted as the robustness of the strategic profile. This work focuses on the second issue

by defining the dynamics for a static aggregative game and analyzing the stability of the

NE under such dynamics.

The most common dynamics defined in abstract aggregative games to analyze the

stability of the NE are based on the best-reply function (Jensen (2016)). Jensen (2010)

analyzes quasi-aggregative games with best-reply potentials and states the conditions for

convergence to the NE. Possajennikov (2003) defines the aggregate-taking equilibrium of

the game, where individual strategies do not affect the aggregate contribution, and proves

its stability for games with a finite number of players. In a later work, Possajennikov (2015)

considers players’ beliefs about the marginal individual contribution to the aggregate strat-

egy to define the dynamics of the game. He proves that only in games with an infinite

number of players, consistent conjectures with respect to the NE are evolutionary stable.

Similar to his previous work, a game with a finite number of players has an evolutionary

stable aggregate-taking conjecture. Dindos and Mezzetti (2006) propose a random process

for strategy adjustment in which an individual is randomly chosen from an infinite popula-

tion to define the strategic transition of the game. They show that the dynamics is globally

convergent when the actions are either strategic substitutes or strategic complements for

all players.

For specific aggregative games and the stability of the NE, probably the most common

game in the literature is the Cournot oligopolistic competition. Investigations into its

stability started in the 1960s, when Hahn (1962) derived sufficient conditions for global

stability in the equilibrium for dynamics defined by the temporary delays in the competitors’

production. He proves that, independently of the number of players, the NE is always

stable. However, Al-Nowaihi and Levine (1985) show that Hahn’s conclusion is not valid for

any number of firms when the adjustment follows a continuous-time best-reply dynamics.

Since Al-Nowaihi and Levine (1985)’s result relies on the assumption that firms are strategic

substitutes, Okuguchi and Yamazaki (2008) removes this assumption to analyze the global
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stability of a unique interior Nash-equilibrium. They also analyze a rent-seeking game.

Similar to Dastidar (2000), they consider an adjustment process that depends on the partial

derivative of profits with respect to the firm’s output. The direction of adjustment follows

exactly the marginal response of profits to output scaled by a parameter representing the

speed of adjustment. Chiarella and Szidarovszky (2002b) and Chiarella and Szidarovszky

(2004) follow an alternative definition for the dynamics of individual strategies in which

the transition is given by players’ reaction functions. They prove the convergence to the

NE and discuss the potential existence of limit cycles. Chiarella and Szidarovszky (2002a)

provides an analogous analysis using the dynamics of the gradient of the individual objective

functions in a rent-seeking game with non-linear costs, also proving the existence of limit

cycles using the Hopf bifurcation theorem.

Following this research agenda, we propose new dynamics for aggregative games. It

is simpler than the other dynamics already proposed in the literature because it has one

dimension as the aggregate contribution is its unique state variable. We define the pro-

cess from the principle of eductive learning and analyze stability based on the concept of

expectational stability.

Guesnerie (1992) introduced the eductive dynamic (or eductive learning) as the foun-

dation for rational expectations hypothesis-based rationalizability. It was also used in in-

tertemporal macroeconomic models (Evans and Honkapohja (2003), Evans and Guesnerie

(2005), Ellison and Pearlman (2011)), in general equilibrium models (Balasko (1994)) and

in non-cooperative games (Evans and Guesnerie (1993), Gaballo (2013)). Essentially, educ-

tive learning tests the stability of a rational expectations equilibrium in individuals’ mental

revision processes with respect to their own and other individuals’ optimal decisions. If the

rational expectation equilibrium is expectationally stable (ES), it is strongly rational. If

the stability falls, the equilibrium is not robust to those revisions and is therefore excluded

from rationalizable equilibria.

Specifically, in this work, we define an eductive learning process using beliefs about the

aggregate contribution of the game as the state variable. Individuals formulate beliefs about

the aggregate contribution and use their replacement function to implement a strategy

that corresponds to the best composition of their expected aggregate state. Their actions

reproduce the actual aggregate contribution of the game, which can be equal to the original

belief (in this case the belief is the NE of the game) or closer to or farther from the NE than
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the initial belief. If the actual aggregate contribution is closer, then the NE is ES; when it

is further away, then the NE is expectationally unstable (EU). There are two advantages

to using the replacement function instead of the best response function. First, in practice,

the value of the aggregate contribution is usually publicly available and thus taken as the

reference variable (focal point) by players when they make decisions. Because players are

aware that their individual contribution may affect the total contribution, they use their

replacement functions rather than their best response function, where they would have

to formulate beliefs about others’ contributions. Second, stability under these dynamics

would reinforce the NE as strongly rational (similar to earlier works), showing that small

deviations of expectations of the aggregate would decrease or even vanish in actual decisions.

If the NE is EU under this dynamics, small fluctuations in expectations would be amplified

in the actual aggregate and we would observe unexpected results (as in many real world

situations). The persistence of these fluctuations may indicate a change in paradigms. As

prior studies discuss, one may wish to consider an aggregate-taking framework in some

cases. It is worth noting that in all of the examples analyzed in our study, the NE of the

aggregative game is ES for a limited number of players. Depending on the example and

the payoff function used, this is not true when the number of players increases.

Because there are diverse results for this expectational stability, we focus on analyzing

specific aggregative games here, all of which use standard functional forms given in the

literature. We then discuss the global dynamics of the expectations in each example. We

consider four games: the Cournot oligopolistic competition model in which both the price-

elasticity of demand and the unit cost of firms are constant; the contest game, with either

linear or non-linear technologies for lotteries; the public goods provision game with interior

solutions; and the Bertrand oligopolistic competition model with differentiated prices. In

all games, we find that for a bounded number of participants, the NE is ES. Small deviations

in beliefs regarding the total contribution from the NE are attenuated by players’ actual

decisions following their replacement functions. For the Bertrand game and contest game

with production functions of lotteries that are sufficiently concave, stability exists, even

when the number of participants is large. As we discussed above, in the case of an unstable

NE, small deviations in expectations are amplified in the actual aggregates and this may

explain large deviations in prices, quantities, contributions, and so on.

This article is divided into four sections. In Section 2, we define the replacement func-
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tion in an aggregative game with eductive learning defined by the aggregate replacement

function. We also present the general theorem for the local expectational stability (insta-

bility) of the NE in a general homogeneous aggregative game. In Section 3, we analyze the

expectational stability of the NE in four aggregative games: Cournot oligopoly competi-

tion, contest games, public goods contribution games, and Bertrand oligopoly competition

with differentiated products. In Section 4, we provide some conclusions. The proofs of

propositions are given in the Appendix.

2 Expectational Dynamics in Aggregative Games

In this section, we define the expectational dynamics for the aggregate strategy of a general

aggregative game and its associated concept of stability. Consider an aggregative game

played by a finite number of individuals N ≥ 2. Formally, the game is represented by

Γ = (Si, ui)
N
i=1, where for each player i ∈ {1, 2, · · · , N}, Si ⊂ R is the set of strategies and

ui : Si×S → R is the payoff function depending on the individual strategy xi ∈ Si and the

aggregate strategy X =
∑N

j=1 xj ∈ S.

In aggregative games, Okuguchi (1993), Cornes and Hartley (2007a), and Cornes and

Hartley (2007b) use the best response function defined by aggregate decisions to analyze

equilibrium properties. The next two definitions follow their approach.

Definition 1. The compensation function for player i ∈ {1, · · · , N}, φi : S × Si → Si is

φi(X, y) = arg max
z∈Si

ui(z,X − y + z).

Strictly speaking, the compensation function provides the optimal contribution to the

aggregate decision X that compensates for a loss of y units. This compensation may be

higher or lower than the lost amount y. When both are equal, the following definition

applies.

Definition 2. The replacement function of player i ∈ {1, · · · , N} is the function ri : S →
Si associated with each aggregate decision X ∈ S as the fixed point of the function φi(X, ·),

namely:

ri(X) = {x ∈ Si;φi(X, x) = x}. (1)
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In general, equation (1) may define a set-valued function; however, we will assume that

the set on the right-hand side of equation (1) is a singleton. Thus, ri(X) is individual

i’s optimal contribution in the composition of the aggregate contribution X. Note the

difference with the best-reply function, which depends on others’ contributions. In ri(X),

we have the actual optimal contribution of player i in the composition of a perceived X.

The sum
∑N

j=1 rj(X) is not necessarily equal to X and the NE occurs when the equality∑N
j=1 rj(X) = X holds. Specifically, a NE is a profile of contributions (x∗i )

N
i=1 ∈ ΠN

i=1Si

such that
∑N

j=1 rj(X
∗) =

∑N
j=1 x

∗
j = X∗. Note that given the aggregate strategy X∗, the

NE strategies are completely defined by the replacement functions as x∗j = rj(X
∗). Thus,

we also denote X∗ as the NE of the game.

We can obtain an insightful interpretation of the replacement function (1) if we include

the concepts of expectational dynamics into the model. In general, to play a NE of a

non-cooperative game, each player’s expectations about others’ strategies must coincide

with the strategy profile of the NE. Rather, in aggregative games, players only need to

form expectations about the aggregate strategy of the game because replacement functions

define their individual optimal strategies. In practice, such expectations’ formation, which

can be interpreted as a focal point of the game, may be derived from market surveys publicly

available, policy market targets or aggregate indices of expectations.

Thus, if X(E) ∈ S is the expected aggregate contribution, then the actual contribution

of player i is x
(A)
i = ri(X

(E)). As a consequence, the actual contribution of the game is

X(A) =
∑N

j=1 rj(X
(E)); therefore, we have the following definition:

Definition 3. The perceived-to-actual (P-T-A) map ρ : S → S associated with the ag-

gregative game Γ is defined by:

ρ(X) =
N∑
j=1

rj(X)

The P-T-A map (also called the aggregate replacement function in Cornes and Hartley

(2007a)) transforms the perceived value of the aggregate contribution to its actual value.

The map allows us to define the dynamics of the eductive process:

X(τ+1) = ρ(Xτ ); τ = 0, 1, . . . (2)
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It is easy to see that X∗ is a fixed point of ρ if and only if X∗ is a NE of Γ. The

stability of X∗ under the dynamics defined in (2) determines whether the NE is robust

to small deviations of the expectations about it. The formal definition of expectational

stability is:

Definition 4. An NE X∗ of the aggregative game Γ is (locally) ES if the dynamics (2)

is (locally) stable in X∗. Analogously, X∗ is (locally) EU if the dynamics (2) is (locally)

unstable in X∗.

Guesnerie (1992) used the expectational stability of eductive learning as the foundation

for rationalizability based on the rational expectations hypothesis. Evans (1985) previously

used the notion of ES in dynamic models and Evans and Guesnerie (1993) later applied

the concept of ES to static models. In general equilibrium models, Balasko (1994) used

expectational stability in a two-period setting to show the broad use of ES. In most of

those works, ES serves either as a criterion for selecting from a multiplicity of equilibria or

to test the robustness of the equilibrium. In aggregative games, we apply the concept of

ES to test the robustness of the NE with respect to small deviations of beliefs about the

aggregate contribution. These beliefs will function as a focal point for the game. Thus, if

the NE is ES, the actual contributions will reduce the small deviations in beliefs about the

aggregate contribution from the equilibrium, and eventually the NE will be reached. On

the contrary, if the NE is EU, individuals’ actual aggregate decisions will amplify a small

deviation from equilibrium.

The local expectational stability of the NE in aggregative games depends on the abso-

lute value of the derivative of the P-T-A map ρ evaluated at the equilibrium. We consider

the case in which players have the same payoff function since analyzing an aggregative game

with heterogeneous players may lead to diverse conclusions. Analyzing the homogeneous

case sheds light on the determinants of stability in each specific game. In particular, we

show that the local expectational stability of the NE depends on the second derivatives

of the payoff functions evaluated at equilibrium and on the number of players. Later, we

present some examples that illustrate our results and provide the global dynamics of the

expectations.

Consider ΓH as the (homogeneous) aggregative game defined by N ≥ 2 identical players

with payoff functions u : R2
+ → R. Given the aggregate strategy of all players, X ∈ R+,
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u(x,X) is the payoff of a player who chooses the strategy x ∈ R+. Furthermore, in this

homogeneous setting, uij denotes the second-order derivative of the utility function with

respect its arguments i and j. Our main general result relies on the following assumptions:

Assumption 1. The function u is a continuous function in its domain, a C2 function in

the interior of its domain, and:

(i) There exists an NE X∗ > 0;

(ii) u11(x
∗, X∗) + u12(x

∗, X∗) 6= 0, where x∗ = X∗/N .

The first part of the assumption states that in equilibrium the aggregate contribution

is positive. The second part is a regularity condition of the equilibrium.

To prove existence of equilibrium in the Cournot model, Frank-Jr. and Quandt (1963)

and McManus (1964)’s works preceded Selten (1970)’s seminal work on aggregative games.

Researchers proposed different techniques for proofs of the Cournot model in the two

subsequent decades (Szidarovsky and Yakowitz (1977), Roberts and Sonnenschein (1976),

Novshek (1985)). Dubey et al. (2006) applied the same technique as Novshek (1985) with-

out assuming that firms’ strategy sets are convex and generalized his proof for a larger

class of aggregative games. Jensen (2010) introduced the concept of quasi-aggregative

games and derived sufficient conditions for the existence of a pure-strategy NE. Corchón

(1994) showed the existence of a unique equilibrium in aggregative games. In the follow-

ing decade, Cornes and Hartley (2005b) used a geometrical approach to derive sufficient

conditions for the existence of equilibrium in aggregative games.

Before presenting our general result, we define parameter ∆. For i, j ∈ {1, 2}, let

u∗ij = uij
(
X∗

N
, X∗

)
and consider ∆ as:

∆ =
u∗12 + u∗22
u∗21 + u∗11

(3)

Based on Assumption 1, we can state sufficient conditions of ∆ to obtain the expecta-

tional stability and expectational instability.

Theorem 1. Suppose that Assumption 1 holds for the homogeneous aggregative game ΓH .

The NE X∗ is locally ES if |∆| < N−1. Reciprocally, if |∆| > N−1, the NE X∗ is locally

EU.
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Notice that the NE X∗ in an aggregative game depends on the number of participants

N , as does the parameter ∆. In the examples we analyze in the next section, we will

show that a sufficient condition for obtaining expectational stability is that the number

of participants is not too large. The interpretation of ES is that the signal the players

receive about the aggregate contribution (the expected aggregate contribution) is robust

to small perturbations. In this case, the expectations of the aggregate contribution work

as a good coordination device to reach the NE. On the contrary, if the NE is locally EU,

a small perturbation in the signal triggers a dispersion from the NE and we may observe

under- or over-provision of total contributions to the aggregate strategy, as discussed in the

Introduction.

It is worth noting that NE stability in the dynamics of expectations precludes the

existence of a continuum of equilibria around it. This is because with multiple equilibria,

the P-T-A map ρ(X) coincides with a segment of the diagonal of the first quadrant (namely,

ρ(X) = X for all X in a neighborhood of X∗), implying that ρ′(X∗) = 1, which does not

correspond to the stability condition.

3 Examples of Expectational Dynamics in Aggrega-

tive Games

In Theorem 1, we stated conditions for the local stability of the aggregative game NE in the

dynamics of expectations. In this section, we provide some explicit examples of aggregative

games and analyze stability globally. We consider payoff functions with standard specific

parameterized functional forms; thus, the global dynamics will depend on the parameters

of the models.

3.1 Cournot games

Dynamic oligopolies are extensively studied in the literature (Okuguchi (1976) and Okuguchi

and Szidarovszky (1999)). Chiarella and Szidarovszky (2002b) detected the presence of

cycles in oligopolies when firms experience lags in executing their strategies. In this sub-
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section, we analyze the stability of eductive learning depending on the number of firms and

the price elasticity of demand.

Consider N ≥ 2 firms competing à la Cournot in a market with an isoelastic demand

function p = AX−a, where p is the unit price of the good, X is the total market demand,

A > 0 is a parameter, and a > 0 is the inverse of the market demand elasticity p
X
dX
dp

= − 1
a
.

Firm i has constant marginal costs of production ci and zero fixed costs. In order to

guarantee that the second-order condition in the profit maximization problem of firms is

satisfied, we assume that a ≥ 1.

The payoff function of firm i is ui(x,X) = AX−ax− cix. To find the replacement func-

tion, we must solve the first-order condition ui1(r,X) + ui2(r,X) = 0, which is equivalent

to AX−a− ci− aAX−a−1r = 0; therefore, ri(X) = a−1X [1− ciA−1Xa] if it is non-negative

and zero otherwise. Considering the case in which firms are homogeneous and therefore

ci = c for all i, the P-T-A map is:

ρ(X) =
N

a
X
(

1− c

A
Xa
)

(4)

Equation (4) defines a unimodal map of the interval
[
0, (c−1A)1/a

]
that allows us to

state the following result for the expectation dynamics.

Proposition 1. In a Cournot model with N ≥ 2 firms with the same constant unit cost

c > 0 and competing in a market with inverse demand p = AX−a:

(i) There exists a unique strictly positive NE X∗ =
(
A
c

(
1− a

N

))1/a
if and only if a < N ;

(ii) The NE X∗ is monotonically ES (i.e., the sequence defined by (2) is strictly increasing

or decreasing from a given τ and converges to X∗) if and only if N ≤ a+ 1;

(iii) The NE X∗ is oscillating ES (i.e., the sequence defined by (2) oscillates around and

converges to X∗) if and only if a+ 1 < N ≤ a+ 2;

(iv) The NE X∗ is not ES and the dynamics (2) is chaotic on the interval I =
[
0, (c−1A)1/a

]
if and only if a+ 2 < N ≤ v(a)1;

1We define the function v(x) = (1 +x)1+x−1

for all x > 0. It is interesting and not difficult to prove that
v(x) is a strictly increasing function and v(x) > e + x for all x > 0, where e is the Euler number.
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(v) The NE X∗ is not ES and the dynamics (2) is chaotic in a Cantor subset of the

interval I =
[
0, (c−1A)1/a

]
if and only if v(a) < N ;

At this point, it is important to highlight some results from Proposition 1. Part (i)

imposes a lower bound (N−1) on the market demand elasticity to allow for an oligopoly.

Alternatively, this implies a lower bound on the number of firms. On the other hand, we

require an upper bound on the number of firms to obtain ES. This is stated in parts (ii)

and (iii). Figures 1 to 4 illustrate parts (ii) to (iv) of Proposition 1, assuming that A = c,

thus the dynamics takes place on the interval [0, 1].

In Figure 1, a small deviation from the rational expectations equilibrium will trigger a

sequence of aggregate production that converges to the NE monotonically. This will reflect

a counterpart in prices, which will steadily converge to the equilibrium prices of the system.

Figure 2 also shows convergence, but now following an oscillating path.

Part (iv) is quite interesting as it establishes an upper bound (a+ 2) for the number of

firms as a necessary condition for ES. This upper bound is inversely related to the elasticity

of demand, meaning that more inelastic markets require a smaller number of firms for an

ES equilibrium. If the number of firms exceeds this threshold, any deviation in expectations

from the NE will take the actual total production far from the equilibrium. In this case,
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we can expect deviations from the actual total supply, and consequently from the unit

price of the good. This sort of non-convergence to the NE was found by Al-Nowaihi and

Levine (1985) and Chiarella and Szidarovszky (2004). The former showed the presence of

instability when N > 5. In our example, the sequence of expectations revisions remains

and exists in almost all points on the interval I, as shown in Figure 3.

In this example, there is a close connection between expectational stability and concen-

tration of firms in the market. Due to the homogeneity of firms, the Herfindahl-Hirschman
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index (HHI), which measures the level of concentration in an industry, is equal to 1/N .

Thus, a low number of firms, and hence a high degree of concentration, may be due to the

stability of the equilibrium in expectations of total production (or the expected equilibrium

price). On the contrary, with a low HHI, there is a loss of coordination in expectations re-

garding total production due to the equilibrium instability of the dynamics of expectations.

We can run a reverse exercise. As a rule of thumb, an HHI below 0.15 indicates an industry

with a low concentration index. In our example, this corresponds to N ≥ b0.15−1c+ 1 = 7

firms. In our analysis, expectational instability occurs when 7 > |ε|−1 + 2, so the minimum

price elasticity (in modulus) for a competitive industry is (7− 2)−1 = 0.2. Therefore, this

part of the proposition relates to the number of firms, elasticity, and industry concentration.

Finally, the most intriguing case is part (v), which states that if the number of firms

is large enough (greater than v(a)), then the NE is not ES. In addition, the dynamics of

expectations occurs in a topologically invisible set (a Cantor set) given by C =
∞⋂
i=1

ρ−i(I)

as illustrated in Figure 4.

Summing up, in a model with the stated functional specifications, the expectational

stability of the NE is conditional on an upper bound on the number of firms. This means

that the industry will remain in an oligopolistic equilibrium if firms take the aggregate

production (or the market price for the good) as the focal point in their individual decisions
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and the number of firms is below a parameter that depends on the price elasticity of the

market demand. The following picture shows the expectational dynamics behavior for each

value of the price elasticity of demand.

3.2 Contest games

In this model, there are N ≥ 2 contestants in a “winner takes all” contest with prize R.

The probability of receiving the prize depends on the individual and aggregate efforts that

each contestant applies. Namely, if contestant i applies an effort zi, measured in monetary

units, then the probability of winning the prize is:

pi =
fi(zi)
N∑
j=1

fj(zj)

where the function fi is a strictly increasing and concave function called the production

function for lotteries for player i (see Szidarovsky and Okugushi (1997)). The problem of

the risk neutral contestant i is

max
zi≥0

piR− zi = max
zi≥0

fi(zi)
N∑
j=1

fj(zj)

R− zi (5)

As in Cornes and Hartley (2005a), fi(zi) can be replaced by xi. Thus, problem (5)

becomes

max
xi∈f−1

i (R+)

xi
X
R− f−1i (xi)
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where X =
∑N

j=1 xj =
∑N

j=1 fj(zj). We consider two cases: linear and non-linear produc-

tion functions for lotteries fi(zi).

3.2.1 The linear technology case

Let us suppose that fi(z) = aiz for all i, as exemplified in Tullock (1980). In that case, the

payoff for individual i is ui(x,X) = x
X
R − a−1i x. As discussed in Okuguchi and Yamazaki

(2008), this case is similar to the Cournot oligopoly model with unit price elasticity in

Subsection 3.1. The replacement function is given by ri(X) = X(1 − (aiR)−1X) and for

the homogeneous case (ai = a for all i), the P-T-A map is ρ(X) = NX(1 − (aR)−1X) if

X ≤ aR.

Proposition 2. In the contest game model with N ≥ 2 participants, prize R, and linear

technologies for the production function of lotteries f(z) = az:

(i) There exists a unique strictly positive NE X∗ = (1−N−1)aR;

(ii) X∗ is monotonically ES if and only if N = 2;

(iii) X∗ is oscillating ES if and only if N = 3;

(iv) X∗ is EU and the dynamics (2) is chaotic in [0, aR] if and only if N = 4;

(v) X∗ is EU and the dynamics (2) is chaotic in a Cantor subset of [0, aR] if and only if

N ≥ 5.

As in the Cournot oligopoly, the greater the number of players, the lower the stability of

the equilibrium for the expectational dynamics. We reinterpret the conclusions of Subsec-

tion 3.1 and say that, as the number of players increase, the contestants see the probability

of winning (x/X) as proportional to their own effort (x), assuming that the counterpart

1/X is constant (parallel with the case of price-taking firms). This is true when the unit

cost of effort (or production for the oligopoly model) is constant. In the next case, we will

introduce increasing unit costs to analyze its effect on the stability of the equilibrium.
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3.2.2 The non-linear technology case

We now consider the technology for lotteries given by fi(z) = aiz
αi , where αi ∈ (0, 1)

represents the elasticity of the production function of lotteries with respect to effort. Small

values of αi imply that increases from the zero effort are highly productive in terms of the

probability of winning. Reciprocally, large values of αi (keeping it below one) imply that

increases from zero effort are not highly productive in terms of winning.

In this case, the payoff function of individual i is ui(x,X) = x
X
R − bixσi , where σi =

1
αi
> 1 and bi = a−σi . This resembles the case of the Cournot oligopolistic competition

model with unit price elasticity of demand and increasing unit costs. To see this, note that

in the model in Subsection 3.1, the cost function c(x) = xσ corresponds to a production

function for the physical good f(z) = z1/σ = zα.

As in our previous examples, we restrict the analysis to the homogeneous case by setting

ai = a and αi = α for all i, and for simplicity, we fix a = 1. The following lemma states

the existence of players’ replacement functions and describes its properties and those of its

associated P-T-A map.

Lemma 1. For a contest model with prize R > 0 and technologies for lotteries f(z) = zα:

(i) The replacement function r(X) exists and is a continuous and differentiable function

for all X > 0;

(ii) The replacement function is a unimodal map with the following properties: r(X) < X

for all X > 0, lim
X→0

r(X) = lim
X→+∞

r(X) = 0; lim
X→0

r′(X) = 1, and the maximum r is

attained at Xm = 2
(
αR
4

)α
;

(iii) The corresponding P-T-A map ρ is a unimodal map with the following properties:

ρ(X) < NX; lim
X→0

ρ(X) = lim
X→+∞

ρ(X) = 0; lim
X→0

ρ′(X) = N .

Figure 5 shows the replacement function for the contest game with the specified pa-

rameter values.

The P-T-A map inherits the same properties as the replacement function, amplified by

the number of participants.
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In all of our previous examples, the stability of the NE in the expectations dynamics

is lost when the number of participants increases. However, in this example, the dynamics

may be ES independently of the number of players, as stated in the next proposition.

Proposition 3. In a contest game with non-linear technology for lotteries given by f(z) =

zα, α ∈ (0, 1), and N ≥ 2 contestants, we have the following:

(i) The unique strictly positive NE is X∗ =
(
RαNα−1−2(N − 1)

)α
;

(ii) If α ∈ (0, 1/2] , then X∗ is ES;

(iii) If α ∈ (1/2, 1), then X∗ is ES if N < 4α−1
2α−1 and X∗ is EU if N > 4α−1

2α−1 .

According to Proposition 3, if the contestants have high productivity from lotteries

from zero effort (α small), then they know that their efforts and opponents’ efforts are

significant in determining the individual probability of winning. Hence, the aggregate effort

is a good focal point, independently of the number of participants. On the contrary, if the

contestants have low productivity from lotteries from zero effort (α large), the aggregate

effort is a good focal point for optimal individual decisions only when there is a small

number of players. With a large number of participants, the equilibrium is unstable and

there can be deviations from the equilibrium (aggregate over- or under-effort). This is the

case when we see unexpected results in some presidential elections or referendums.

Proposition 3 is consistent with Hansen (2016)’s argument that presidential elections

in the USA have changed significantly since 1993. He highlights three important facts:
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(i) Competition for the position has intensified, with very small margins of victory and a

decrease in the number of “swing” states. (ii) The number of voters who consider them-

selves “strong” partisans, whether Republican or Democratic, has risen. (iii) Regulatory

changes, such as same-day registration and early voting, have spread the ballot out. Each

of these facts is evidence of an increase in parameter α: marginal changes in a candidate’s

effort become less effective in changing their probability of winning. From the first fact, the

return on effort in states that are no longer key in the presidential election has decreased

dramatically. From (ii), there is a higher number of voters who are not likely to change

their preferences. Finally, since the opportunity to vote is spread over more days and

modalities, so must be the effort to mobilize voters. A drastic reduction in α undermines

the stability properties of the game, explaining the unpredictability of the most recent

presidential elections in the USA.

3.3 Public goods provision games

Cournot and contest games are examples of aggregative games where players are competi-

tors rather than collaborators. The payoff functions are decreasing in the aggregate strategy

and may be increasing or decreasing in the individual strategy. A quite different example

is the model of contribution for the provision of a public good. In this case, contributions

to the constitution of a public good involve a cost, whereas consuming the public good

increases the player’s payoff. Hence, payoffs are decreasing in the individual strategy but

increasing in the aggregate strategy.

Consider a public goods provision game with N ≥ 2 contributors. The utility function

of contributor i is given by the constant elasticity of substitution (CES) utility function

Ui(z,G) = (βiz
αi + (1− βi)Xαi)1/αi , where z ≥ 0 is the expenditure on private goods

consumption, X ≥ 0 is the total amount of the public good (for simplicity, it is equal to

players’ total monetary contribution) and αi, βi ∈ (0, 1) are parameters. If individual i

has wealth mi > 0 and spends x ≥ 0 units of money to provide public good X, then the

payoff function is ui(x,X) = (βi(mi − x)αi + (1− βi)Xαi)1/αi . The replacement function

of individual i is:

ri(X) =

{
mi −KiX; if X ≤ K−1i mi

0; otherwise
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where Ki =
(

βi
1−βi

)1/(1−αi)
. Therefore, the greater player i’s perception of the aggregate

contribution, the lower the contribution for the public good. As in the previous examples,

the next proposition characterizes the results for the case in with homogeneous players.

Proposition 4. In the public goods contribution game played by N ≥ 2 individuals with

identical payoff functions u(x,X) = (β(m− x)α + (1− β)Xα)1/α, α, β ∈ (0, 1) and initial

wealth m > 0:

(i) There exists a unique strictly positive NE X∗ = mN
1+KN

where K =
(

β
1−β

)1/(1−α)
;

(ii) The NE X∗ is ES if and only if N < K−1.

It is interesting to notice that the greater the number of participants, the higher the

total contribution to the public good provision. However, the equilibrium becomes unstable

as the number of individuals increases and exceeds a certain threshold level. As the slope

of the P-T-A is negative, the actual contribution after an optimistic expectation above

the Nash total contribution equilibrium is smaller than the equilibrium total contribution.

Conversely, the actual contribution for the public good rises after a pessimistic expecta-

tion. This under- and over-contribution to a public good (contribution for charity) was

documented and analyzed by Bag and Roy (2008) and Bag and Roy (2011) using games

with incomplete information played in two-stages.

Another interesting behavior occurs when N = K−1 = ((1− β)/β)1/(1−α). In this case,

the slope of the P-T-A function is −1 and a continuum of cycles on an order of 2 arises

in the dynamics of expectations represented by equation (2) in a neighborhood of the NE.

Therefore, any deviation from the NE will oscillate around it following a cycle of order 2.

3.4 Bertrand competition games

In all previous examples, the payoff functions were monotonic on X. In this last model

presented by Jensen (2016), we explore an example in which an individual’s payoffs may

be decreasing or increasing functions of the aggregate strategy of the game depending on

the level of the individual strategy.
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Consider N ≥ 2 firms competing à la Bertrand with differentiated products. Let pi be

the unit price of good produced by firm i. The demand for this good is:

Di(pi, p−i) =
pαii

pi
N∑
j=1

p
αj
j

where αi < 1 is a preference parameter. A good produced by firm j complements a good

produced by firm i if αj > 0. These goods are substitutes when αj < 0.

Using the same notation as in the previous examples, let xi = pαii and assume that

firm i has a constant unit cost ci. Then, the payoff function is ui(x,X) = x
X
− ci x

σi

X
, where

σi = 1− α−1i . As stated before, depending on the value of x, the payoff function can be a

decreasing or increasing function of X.

The inverse replacement function is

Xi(r) = r−1i (r) =
r − cirσi

1− ciσrσi−1
.

The following result applies to the case in which firms are homogeneous (ci = c and

αi = α for all i) and offer substitute goods (α < 0 and consequently σ > 1).

Proposition 5. In the Bertrand competition model with N ≥ 2 technologically identical

firms competing with differentiated products and with payoff functions u(x,X) = x
X
− cxσ

X
,

where c > 0 and σ > 1:

(i) There exists a unique positive NE X∗ = N
(

N−1
c(σN−1)

)1/(σ−1)
.

(ii) The NE X∗ is ES for all N ≥ 2.

As in the case of the contest game with a high curvature in the technology for lotteries,

the Bertrand model has an ES NE for all N ≥ 2. Product substitutability in this com-

petition is enough to guarantee the stability of expectations of the equilibrium, and the

aggregate price is a good focal point. The robustness of the equilibrium in this oligopolistic

competition model is analogous to that of the monopolistic competition, where firms offer

differentiated products. In terms of the payoff function, the negative effect of an increase
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in the aggregate price (index) X on revenues (x/X), which results from a decrease in com-

petitors’ prices since xj = pαj with α < 0, is compensated by its positive effect of reducing

costs (cxσ/X). The success of eductive learning in models with product differentiation is

not surprising, since it was already analyzed in another framework by Guesnerie (1992).

4 Conclusions

In this work, we introduce the eductive learning process (expectational dynamics) into

aggregative games in order to analyze the convergence of a process to the NE, which is the

rational expectation equilibrium of the model. Introducing this process is relevant in these

type of games because the aggregate strategy is the natural candidate as an endogenous

focal point of the game. The convergence of the process to the NE is interpreted as the

robustness of the equilibrium to (small) deviations of expectations of the aggregate strategy

from the equilibrium, and consequently, the sustainability of the system in equilibrium. On

the other hand, the instability of the equilibrium with respect to the expectational dynamics

explains under or over-contributions to the aggregate strategy and may be interpreted as

a suggestion to choose a different paradigm to model the problem.

We illustrate the proposed analytical method through four classical models of aggrega-

tive games: Cournot oligopolistic competition, the contest game, the public goods provision

game, and Bertrand oligopolistic competition with differentiated products. Most models

exhibited a standard property: as the number of participants increases, the (Nash) equi-

librium of the game becomes unstable. We analyze the cases in which this property is not

satisfied and we conclude that either the high curvature of the costs included in the payoff

function in the contest game or its non-monotonicity with respect to the aggregate strategy

in the Bertrand competition game are responsible for the stability of the equilibrium, even

when the number of agents increases.

More than a general result, this work is intended to introduce the eductive learning

process to aggregative games and to use the criterion of stability to classify the robustness

of the equilibrium and of the model itself.
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5 Appendix

Proof of Theorem 1

The P-T-A map satisfies the first order condition for interior solution:

u1

(
ρ(X)

N
,X

)
+ u2

(
ρ(X)

N
,X

)
= 0.

Taking the derivative with respect to X and replacing X by X∗:

u11(x
∗, X∗)

ρ′(X∗)

N
+ u12(x

∗, X∗) + u21(x
∗, X∗)

ρ′(X∗)

N
+ u22(x

∗, X∗) = 0.

From assumption 1:

ρ′(X∗) = N

(
u∗12 + u∗22
u∗11 + u∗21

)
= N∆

therefore, there is stability if |ρ′(X∗)| < 1, which means |∆| < N−1. Conversely, instability

occurs if |ρ′(X∗)| > 1, which means |∆| > N−1.

Proof of Proposition 1

(i) Solving equation ρ(X) = X we find X∗ =
(
A
c

(
1− a

N

))1/a
, which is strictly positive

if and only if a < N .

(ii) After straightforward calculation, the derivative of the P-T-A map in the Nash equi-

librium X∗ is ρ′(X∗) = a + 1 − N . The necessary and sufficient condition for local

monotonic ES of the equilibrium is 0 ≤ ρ′(X∗) < 1; substitution of ρ′(X∗) implies

a < N ≤ a+ 1.

(iii) The necessary and sufficient condition for local oscillating ES is −1 ≤ ρ′(X∗) < 0.

We then have a+ 1 < N ≤ a+ 2.

(iv) The local instability of X∗ arises when |ρ′(X∗)| = N − a − 1 > 1, therefore when

N > a + 2. If the maximum of ρ(X) is not greater than (A/c)1/a (the maximum

value of X such that ρ(X) ≥ 0), then the dynamics will be chaotic on the interval

I =
[
0, ((A/c)1/a

]
; otherwise, the dynamics will take place in a Cantor subset of I
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(see de Melo and van Strien (1993)). The maximum value of ρ(X) is ρ(X)max =

N(A/c)1/a(a+ 1)−1−1/a.

Therefore, the dynamics is chaotic on I if and only if N > a + 2 and ρ(X)max ≤
(A/c)1/a, which is equivalent to N ≤ (a + 1)1+1/a ≡ v(a). The function v(x) =

(x+ 1)1+1/x is defined for all x > 0, strictly increasing and v(x) > x+ 2 for all x > 0.

Thus, the dynamics is chaotic on I if and only if a+ 2 < N ≤ v(a).

(v) The dynamics is chaotic in a Cantor subset of I if and only if N > a + 2 and

ρ(X)max > (A/c)1/a, which is equivalent to N > (a + 1)1+1/a = v(a) > a + 2,

therefore, when N > v(a).

Proof of Proposition 2

The proof is straightforward from setting a = 1 in the proof of Proposition 1.

Proof of Lemma 1

(i) The first order condition for the individual problem is RX−1− σrσ−1−RrX−2 = 0.

Equivalently, we can write F (r,X) ≡ RX − Rr − σrσ−1X2 = 0. It is not difficult to

check that the second-order condition is also satisfied. Our first task is to show the

existence and uniqueness of r = r(X) such that F (r(X), X) = 0. For each X > 0, we

know that F (0, X) > 0 and F (+∞, X) < 0; therefore, there exists r(X) > 0 such that

F (r(X), X) = 0. For each X > 0, the derivative F1(r,X) = −R−σ(σ−1)rσ−2X2 < 0;

therefore F (·, X) is strictly decreasing in r. Hence, there exists a unique r(X) such

that F (r(X), X) = 0. The differentiability of r(X) results from the implicit function

theorem applied to the equation F (r,X) ≡ RX −Rr − σrσ−1X2 = 0.

(ii) Using the implicit function theorem we have:

dr

dX
= − R− 2σrσ−1X

−R− σ(σ − 1)rσ−2X2
(6)

The sign of r′(X) is equal to the sign of R−2σrσ−1X. Using the first-order condition,

this last expression has the same sign as r− (X/2). From (6), in the region r > X/2
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we have r′(X) > 0, while in r < X/2 it must be that r′(X) < 0. We conclude that

the replacement function is an unimodal map. Its maximum is the intersection of the

first-order condition equation and r = X/2, which is Xm = 2
(
αR
4

)α
.

From F (r,X) = 0, r(X) < X, so lim
X→0

r(X) = 0. Also, from the same equation we

have:

σrσ−1 =
R

X

(
1− r

X

)
Since the term in parenthesis is in (0, 1), lim

X→∞
r(X) = 0. Finally, using (6), we have

that lim
X→0

r′(X) = 1.

(iii) Since ρ(X) = Nr(X), applying all the results of part (ii) we have the enunciated

properties for ρ(X).

Proof of Proposition 3

Substituting r(X) = ρ(X)
N

in the first-order condition given in the proof of Lemma 1 the

function ρ = ρ(X) is implicitly defined by:

RX −R ρ

N
− σ

( ρ
N

)σ−1
X2 = RNσ−1X −RNσ−2ρ− σρσ−1X2 = 0

(i) Substituting ρ = X in the last equation, we obtain X∗ as in the proposition.

(ii) Let us apply Theorem 1. The value of ∆ in this case is:

∆ =
2−N

(σ − 1)N − (σ − 2)
≤ 0

To have ES, |∆| < 1, which means (σ − 2)N > σ − 4. Because α ∈ (0, 1/2] , we have

that σ = α−1 ≥ 2; therefore σ − 4 < σ − 2 ≤ (σ − 2)N and the equilibrium is ES.

(iii) Once again, the condition for ES is (σ−2)N > σ−4 and σ < 2 (because α ∈ (1/2, 1)).

Therefore N < σ−4
σ−2 = 4α−1

2α−1 . Conversely, X∗ is EU if N > 4α−1
2α−1 .
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Proof of Proposition 4

Given the replacement function, the P-T-A map is:

ρ(X) =

{
mN −KNX if X ≤ mK−1

0 otherwise

where K =
(

β
1−β

)1/(1−α)
.

(i) Solving ρ(X) = X we find X∗ = mN
1+KN

.

(ii) We could use the Theorem 1, but in this case, where the P-T-A map is linear, it is

easier to use |ρ′(X∗)| < 1 or KN < 1 which implies N < K−1 as the condition for

ES.

Proof of Proposition 5

Let us prove that the P-T-A map ρ(X) is strictly increasing, with ρ′(0+) = N and with

an horizontal asymptote in ρ = N
(

1
cσ

)(σ−1)−1

The first-order condition that defines r(X) is (1− cσrσ−1)X−1 − (r − crσ)X−2 = 0, so

we can express explicitly the inverse replacement function as:

X = X(r) =
r(1− crσ−1)
1− cσrσ−1

(7)

This function has the following properties: X(0) = 0, X ′(0) = 1, X(r) is strictly increas-

ing in
[
0,
(

1
cσ

)(σ−1)−1
)

and in
((

1
cσ

)(σ−1)−1

,+∞
]
. It is non-negative only in the union of

intervals
[
0,
(

1
cσ

)(σ−1)−1
]
∪
[(

1
c

)(σ−1)−1

,+∞
]
. Figure 6 shows the shape of the equation.

For each X0 > 0 there are two possible values for the replacement function (both sat-

isfying the second-order condition of the problem, which can be easily checked). However,

using (7) we can calculate:

u(r1, X0) = 1− cσrσ−11 > 1− cσrσ−12 = u(r2, X0)
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Therefore, the inverse replacement function is defined on the interval
[
0,
(

1
cσ

)(σ−1)−1
]
.

Hence, the P-T-A function inherits the shape of the replacement function, since ρ(X) =

Nr(X); so ρ′(0) = N is a strictly increasing function and has an horizontal asymptote in

ρ = N
(

1
cσ

)(σ−1)−1

. We conclude that there exists only one X∗ satisfying ρ(X∗) = X∗ which

is also ES (this proves part (ii)).

X∗ can be easily calculated by substituting r = X∗/N in equation (7), which proves

part (i).
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