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Abstract

Einstein’s General Theory of Relativity predicts the existence of gravitational waves,

which are the ripples of spacetime. Recently, ground-based kilometer scale Fabry-

Perot Michelson interferometers detected the gravitational waves radiated from a pair

of black holes as they coalesced and merged. This event represented a gravitational

explosion of 3 solar mass of gravitational wave energy. This was the most powerful

transient astronomical event ever observed. However the gravitational wave detectors

required to detect this event are the most sensitive instruments ever created, able to

detect a mechanical energy of ∼ 10−32 J.

The operation of gravitational wave detectors is based on the optomechanical cou-

pling that converts tiny differential mechanical motion of the test masses to measur-

able optical signals. These detectors are based on the concept of a simple Michelson

interferometer. However, to turn this concept into a practical design requires the cre-

ation of the most beautiful and intricate optomechanical devices. Understanding the

optomechanical physics of gravitational wave detectors, and using this understanding

to design methods for improving sensitivity, is the main motivation of the research

work presented in this thesis.

After the background introduction in Chapter 1 and 2, Chapter 3 discusses the

energy exchange between circulating optical fields and the test masses by analysing

a simple optomechanical model of gravitational wave detector,. This chapter reveals

the fact that the gravitational wave energy can be directly absorbed by gravitational

wave detectors using a process of detuning. This draws the connection between

interferometric detectors with bar detectors, and gives a better understanding of laser

interferometer detectors as transducers of gravitational wave energy.

In Chapter 4, a new classical noise source in gravitational wave detectors is in-

troduced. It arises from the optomechanical coupling between thermal excitations of

mirror acoustic modes and the intra-cavity optical fields. The results show that the

new noise source will not significantly affect the sensitivity of the detectors within the
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current target frequency range of advanced detectors, but could set limits on future

low frequency detectors that aim to exceed the quantum noise limit.

Chapter 5 to 8 in this thesis are devoted to the study of quantum noise in grav-

itational wave detectors. This noise comes from optomechanical interactions at the

quantum level. These chapters focus on two quantum limits that constrain the sensi-

tivity of the detectors: (1) the Standard Quantum Limit due to the trade-off between

the shot noise and radiation pressure noise; (2) the Mizuno Limit due to the trade-off

between the detector’s detection bandwidth and its peak shot-noise-limited sensitiv-

ity. Both of these limits can be surpassed.

To beat the Standard Quantum Limit over the detection band, it has been pro-

posed to inject squeezed vacuum into the interferometer through a very narrowband

filter cavity. Such narrowband cavities which ideally ought to be tunable, are difficult

to realise. Chapter 5 shows that optomechanics can create an extremely narrow filter

cavity bandwidth comparable to the mechanical bandwidth, which can be realised by

an optomechanical cavity pumped by red-detuned laser light.

Optomechanical devices are very sensitive to the thermal noise. For solving this

issue, optomechanics allows us to increase the resonance frequency and the Q-factor

of the mechanical resonator thereby diluting the thermal noise. This is called optical

dilution. Chapter 5 also presents a novel optical dilution method which suppresses

both quantum noise and potential optomechanical instabilities associated with the

optical spring.

Optomechanics can also create negative dispersion. Negative dispersion allows

the creation of a white light cavity, which can be used in the interferometer design

to circumvent the Mizuno Limit. In Chapter 6, an interferometer configuration with

an optomechanical filter cavity operating in the dynamcially unstable blue-detuned

region is studied. It is shown that, using feedback control to stabilise the system ,

this configuration can in-principle broaden detector bandwidth without sacrificing its

peak sensivity, thereby surpassing the Mizuno limit.

The optomechanical approach to white light cavity is very different from previously

discussed methods, which proposed the use of stable atomic gaseous media as to

create white light cavities. Quantum noise analysis had not been done before for such
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systems. Chapter 7 shows that the sensitivity of an interferometer configuration with

a double-gain atomic filter is strongly constrained by stability requirements and an

additional quantum noise. This noise is associated with the parametric amplification

process arising in atomic media. Due to these constraints, some designs are not able

to surpass the Mizuno limit.

Optomechanical systems are concrete examples of general linear optical measure-

ment devices. Chapter 8 discusses the quantum sensitivity limit of these general mea-

surement devices. Using the Heisenberg uncertainty principle, this chapter presents a

new derivation of the upper bound of the displacement sensitivity of these linear opti-

cal measurement devices. The result reveals that fact that the fundamental quantum

limit of a linear optical measurement device is determined by the quantum fluctuation

of optical power.
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Preface

This preface summarises provides a chapter by chapter summary and details of publi-

cations.. The research were completed in collaboration with many researchers where

their contributions are also listed in this preface.

Chapter 3 was published in Classical and Quantum Gravity:

Yiqiu Ma, David G Blair, Chunnong Zhao, William Kells, Extraction of energy from

gravitational waves by laser interferometer detectors, Class. Quantum. Grav. 31,

145002, (2014)

This work was motivated by the analogy between the microwave readout system in

bar detectors and laser interferometers. Blair proposed to study the interferometer

energy absorption issue by considering the interferometer as a parametric transducer

similar to what was done in the studies of bar detectors. By developing a quantum

analysis on the Manley-Rowe relation, I attempted to solve it by analysing the energy

interaction between the optical field and the center of mass (CoM) motion of the test

masses. I found that interferometer with unbalanced sideband field will extract grav-

itational wave energy through optomechanical modification of the test mass CoM

motion dynamics. The energy absorption cross section can be dramatically higher

than the balanced interferometer, which absorbs gravitational wave energy through

Doppler friction first discussed by P. Saulson. W. Kells provided a more accurate

classical derivation of Doppler friction. C. Zhao read the paper and gave many im-

portant suggestions.

Chapter 4 discusses the effect of an amplified noise in gravitational wave detectors

due to the modification of mechanical dynamics from optomechanical interaction.

This work was published as:
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Li Ju, Chunnong Zhao, Yiqiu Ma, David Blair, Stefan L Danilishin and Slawek Gras,

Three mode interaction noise in interferometric gravitational wave detectors, Class.

Quantum Grav. 31 145002, (2014).

Blair noticed that the three mode parametric process can convert the thermal fluctu-

ation of mirror acoustic modes to random fluctuation of intra-cavity power in the arm

cavities, and hence he proposed to study this three mode interaction noise. Ju and

Zhao estimate the effect of this noise to the sensitivity of gravitational wave detectors,

which is actually very close to the result shown in exact calculation. Together with

Danilishin, I developed a theory for this noise and derived the exact formula of the

noise spectrum. Notably, I found that this high order noise effect actually be ampli-

fied by the optomechanical modification of acoustic mode dynamics. The spectrum

formula I developed in the simulation performed by Ju. I wrote the theory part of

this paper and was responsible for communicating with referees.

Chapter 5-8 in this thesis are related to the quantum noise in gravitational wave

detectors. We discuss the topics related to two quantum sensitivity limits (as men-

tioned in the Abstract), the Standard Quantum Limit and the Mizuno limit. The

basic concepts of these two limits are introduced in Chapter 1 and 2.

Chapter 5 is based on two published papers:

1: Yiqiu Ma, Stefan L. Danilishin, Chunnong Zhao, Haixing Miao, William Z. Korth,

Yanbei Chen, Robert Ward, David G. Blair, Narrowing the filter cavity bandwidth via

optomechanical interaction, Phys. Rev. Lett. 113, 151102 (2014).

2: Jiayi Qin, Chunnong Zhao, Yiqiu Ma, Xu Chen, Li Ju, and David G. Blair,

Classical demonstration of frequency-dependent noise ellipse rotation using optome-

chanically induced transparency Phys. Rev. A 89, 041802, (2014).
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In the first paper, I showed theoretically how optomechanics can help us rotate the

squeezed light in a compact and tunable way. This theoretical design could be used

to improve the broadband sensitivity of future gravitational wave detectors by sur-

passing the Standard Quantum Limit. This idea was initially proposed by Zhao and

Korth. I theoretically explored the feasibility of this idea under the supervision of

Miao and Zhao. I found that the squeezed light is greatly affected by thermal noise

when filtered by this optomechanical device. To solve this problem, optomechanics

motivated me to study the optical dilution idea and its related problems such as

potential dynamical instability and additional radiation pressure noise. Then I theo-

retically proposed a novel optical dilution scheme based on the principle of dissipative

optomechanical dynamics, which can in principle avoid these problems. I wrote the

initial draft of the first paper which was then revised by Miao and Ward.

In the second paper, I participated the design of the experiment and wrote the theo-

retical part of the paper. This experiment was done by Qin under the supervision of

Zhao. The paper was revised by Ju and Blair.

Chapter 6 shows that the optomechanical effect can also be used to surpass the

Mizuno limit by creating a white light cavity. This work was published as:

Haixing Miao, Yiqiu Ma, Chunnong Zhao and Yanbei Chen, Enhancing the Band-

width of Gravitational-Wave Detectors with Unstable Optomechanical Filters Phys.

Rev. Lett. 115, 211104 (2015).

In this paper, we found that an optomechanical device that works in a dynamically

unstable region has a negative dispersion behaviour, which can be used for surpassing

the Mizuno limit. However, the unstable dynamics of the system must be controlled.

Under the supervision of Miao, I performed the theoretical analysis to the stability

of this system using Nyquist diagram, which is important in the design of feedback

stabilisation control loop. This research topic is initiated by Miao and the sensitivity

curves are computed by Miao and confirmed by me. Zhao and Chen gave many in-
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sightful suggestions to this project.

Chapter 7 shows that the designed configurations in previous literatures for creating

the white light cavity effect by using double-pumped atomic gain media are strongly

constrained by the stability criteria and quantum noise brought by atomic gain me-

dia. This work was published as:

Yiqiu Ma, Haixing Miao, Chunnong Zhao and Yanbei Chen, Quantum noise of white

light cavity using double-pumped gain medium, Phys. Rev. A 92, 023807, (2015)

Under the supervision of Miao and Chen, I developed an input-output formalism

for atomic media which includes the exact form of the additional noise contribution

brought by atomic gain media. This input-output formalism is very useful in com-

puting the sensitivity of the interferometer configuration containing atomic media. I

analysed the stability by using Nyquist diagram and figured out the stable region by

numerically surveying the system parameters. Furthermore, I computed the sensi-

tivity using the input-output formalism and concluded that the previously proposed

design cannot surpass the Mizuno limit.

Furthermore, during the studying of the atomic media, Miao and I found that in

the linear region, the double-pumped atomic gain media can be mapped to an op-

tomechanical system. Chapter 7 also presented an experiment on showing the optome-

chanically generated anomalous dispersion phenomenon. This work was published as:

Jiayi Qin, Chunnong Zhao, Yiqiu Ma, Xu Chen, Li Ju, and David G. Blair, Lin-

ear anomalous dispersion with a gain doublet via optomechanical interactions, Optics

Letters 40, 10, pp. 2337-2340 ,(2015)

In this work, I participated the experiment design and helped Qin conduct the theo-

retical analysis of the experiment. The experiment was done by Qin under supervision

of Zhao. I revised the theoretical part of the paper. Ju and Blair revised the paper
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further and gave many important advices on experimental details.

Chapter 8 extended the work in Chapter 7 which identified the bound for the ul-

timate quantum noise limited sensitivity for a large class of optical parametric mea-

surement devices. This draft is still in preparation. This is an ongoing project in

collaboration with Yanbei Chen and Haixing Miao. I contributed in the second part

of this chapter about the calculation of the sensitivity bound. The proof of Mizuno

limit and the use of Heisenberg uncertainty principle for limiting the variance of op-

tical amplitude quadrature is provided by Chen.
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Chapter 1

Introduction to Gravitational

Wave Detectors

1.1 Preface

In this Chapter, we present a brief introduction to the gravitational waves and its

detection and we give a general overview of the research background. More details

can be found in several review papers [1, 2, 3, 4].

The outline of this Chapter is the following: In Section 1.1, we describe the

background of the gravitational wave research and then in Section 1.2, we introduce

the basic principle of a current, second generation ground-based laser-interferometer

gravitational wave detector. Section 1.3 provides an overview of the noise sources

currently affecting the sensitivity of a ground-based interferometer. Section 1.4 is a

discussion about the interferometer from the aspect of energy circulation.

1.2 The detection of gravitational waves

Gravitational waves are “the ripple of space-time” predicted by Einstein’s theory

of General Relativity [6], which describes the gravity as space-time curvature. This

curvature implies that the space-time can be viewed effectively as an elastic medium,

with ultra-high stiffness ∼ c4/(8πG) ∼ 1043, where c and G are the speed of light and

Newton’s gravitational constant respectively [7]. The space-time’s ultra-high stiffness

implies the difficulty of generating a gravitational excitation and explains why the

gravitational waves usually have an ultra-small amplitude unless they are generated

from the extremal astrophysical/cosmological processes.

1



2 Chapter 1. Introduction to Gravitational Wave Detectors

1.2.1 Gravitational wave sources

Here we list the main astrophysical/cosmological sources of gravitational waves [3, 4,

5, 7]:

• Inspiral/Coalesing binary neutron star/black hole systems. —Binary

systems radiate gravitational waves by three continuously connected stages: First,

the two objects of a binary system orbit each other and radiate gravitational waves.

The radiated waves cause back-action to the source system, and make it lose energy

and angular momentum, hence the two objects gradually spiral inwards. During this

process, the gravitational wave signal strength and frequency increase, resulting in a

chirp signal. Secondly, the distance between the two objects is so close that the tidal

interaction between them becomes very important and the system starts to coalesce.

At this stage, the motion of the source objects is no longer Keplerian and finally they

will merge together, forming a more compact object (typically a new black hole). The

gravitational wave emitted from this dynamical process can be predicted by Numerical

Simulation involving the joint evolution of the space-time and matter. Finally, this

new-born compact object starts to radiate gravitational waves and ring-down itself.

Detection of the gravitational waves at this ring-down stage allows us to probe the

characters of this new-born compact object.

• Spinning compact objects—A new born spinning compact object with large

degree of asymmetry (i.e, large quadrupole moments) can radiate gravitational waves

and lose the energy of angular motion. For example, after the coalescing of the

binary system, a fast-spining black-hole can be formed with big quadrupole moments.

Another examples are the non-symmetric pulsars and neutron stars.

• Stochastic gravitational wave background—multiple effects of different

single-sources and the cosmological gravitational waves can create a stochastic back-

ground of gravitational waves. The cosmological gravitational wave, which is expected

to be the remnants of the inflationary stage of the universe, is of particular inter-

ests [9, 10]. This cosmological gravitational wave background carries the information

of the physical processes near the big bang. Recent observation of the polarization

of Cosmic Microwave Background opens the possibility to detect those gravitational

waves [11].
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•Gravitational wave bursts generated by supernovae explosion—Short-

duration gravitational wave burst can be generated through the non-symmetry col-

lapse of massive stars [12, 13].

The above brief summary of the gravitational wave sources clearly demonstrates

the importance of detecting gravitational waves in astronomy research. By combining

the observations of astrophysical events using different methods, namely, through

gravitational waves, neutrinos and electromagnetic waves, it is possible to obtain

a more complete understanding of the properties of the astrophysical events. It is

of particular importance for the astrophysical processes where the nonlinearity of

gravitational field plays an crucial role. This is known as multi-messenger astronomy

which strongly motivates the detection of gravitational waves [14].

The detection of gravitational waves is also motivated by the experimental test

of the fundamental theory of our space-time: Einstein’s theory of General Relativity.

Despite of its mathematical and logical elegance, a direct test of General Relativity

is difficult because of the smallness of the relativistic gravitational effect. Lots of

work has been done in this field in the early 20th century [15], such as the observation

of the deflection of light by the sun led by Arthur Eddington [16] and the excellent

match between the theory and the observation of perihelion precession of Mercury [15].

However, it was not until 1959, that a program of precision tests of General Relativity

was started. The first precision test carried out was the Pound-Rebka experiment

on measuring the gravitational red-shift of photons [17]. Modern technology also

allows us to observe the Shapiro delay [18, 19] and test the equivalency principle.

Recent space research even allows us to test the General Relativity effect due to

the rotation of the Earth (Gravity Probe B program) [20, 21]. Observation of the

gravitational lensing [22] and binary pulsar system [23] tested the General Relativity

through astronomical methods. Currently, none of these experiments shows any signal

deviated from the predictions of the General Relativity. Still, a successful direct

detection of gravitational waves will be a key support for Einstein’s General Relativity.
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1.2.2 Gravitational wave detectors

Though understanding of the gravitational wave physics is important, the experi-

mental detection of the gravitational waves is very difficult. It is due to the huge

space-time stiffness and the large distance between those strong gravitational sources

and our Earth. For example, the strain amplitude of an audio-band gravitational

wave generated by a typical binary black hole merger which is 100Mpc far from us, is

around 10−21. This strain will shorten/lengthen the distance of two test masses with

a initial distance = 4km by ∼ 10−18m, which is 1000 times smaller than the diameter

of a nucleus! Therefore, extremely sensitive detectors must be built to detect the ef-

fect of gravitational waves. Since the 1960s, several experimental methods have been

proposed for detecting this tiny effect:

• Resonant bar detector—The first detector was built by Joesph Weber in the

1960s [24]. It was designed to sense the excitation of the fundamental longitudinal

vibrational mode of a cylinder bar by the driving of gravitational waves. In such a

detector, the acoustic signal created by the gravitational wave would be transduced

and amplified by converting it to an electromagnetic signal. This was the conceptual

foundation of the bar (resonant mass/acoustic) detectors. Although numerous im-

provements of the bar detectors have been made since Weber’s work, for instance the

improvement of the amplitude sensitivity by several hundred times, these bar detec-

tors were gradually replaced by the laser interferometer detectors which had achieved

significantly higher sensitivity and larger bandwidth [7, 25]. However, as we will dis-

cuss later, the insights built up during the construction of bar detector turns out to

be very illuminating for the understanding and proposing of other kinds of detectors.

• Terrestrial laser interfermeter detectors [26]— Early in 1960s, not only

the above mentioned resonant bar detectors were proposed, detecting gravitational

wave by harnessing the direct interaction between the gravitational wave and the

electromagnetic field was also suggested [27]. Later on, the idea of using Michelson

interferometer was proposed [28, 29] and gradually conducted. The original configura-

tion is prevented from having arbitrary length, by the curvature of the Earth surface,

cost and vacuum requirements. This difficulty was overcome by the arm cavity de-

sign, which allows the light field to undergo multiple reflections within each arm [31].
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The gravitational wave induced test masses motion would modulate the carrier light

and the cavity design amplifies the signal. This design of Michelson interferometer

configuration with kilometer scale arm cavities is called Laser Interferometer Gravi-

tational Wave Observatory (LIGO) [30, 31]. The LIGO-type design was upgraded to

have dual recycling mirrors, increased laser power and more advanced seismic isola-

tion, mirrors, coatings, and suspension technologies [1]. These upgrades have led to a

second generation of laser interferometer detectors [1]: the Advanced LIGO, currently

located in each of the two USA sites (Livingston and Hanford). The designed sen-

sitivity is 10 times better and the observation volume is 1000 times larger than the

initial LIGO. Similar interferometric gravitational wave detectors are also being built

in Europe (Virgo, Advanced Virgo) [32], Japan (KAGRA) [33] and India. It is worthy

to mention that the third generation ground-based detectors are under design such

as Einstein telescope and 3rd generation LIGO. These detectors are used to detect

gravitational waves around 10− 104Hz.

• Space laser interferometry [26] —The interferometer strategies can also

be used to detect the low frequency gravitational waves. The Laser interferometer

Space Antenna (LISA) is a proposed NASA/ESA project, which will be used to detect

the gravitational waves with frequencies within 10−4Hz − 10Hz. Three spacecrafts,

each carrying a pair of test masses and laser source, will be placed at the vertices

of an equilaternal triangle of size L ∼ 5 × 106km. The laser injected from one of

the spacecrafts will suffer strong diffraction loss. Therefore the return beam will be

generated by locking the laser on the other spacecraft to the weak incoming beam

(transponding). Gravitational wave (strain amplitude is h ∼ 10−20) with wavelength

roughly equal to L will induce a phase shift around ∆φ ∼ k0hL ∼ 1.5 × 10−4, this

corresponds to a frequency drift ∆ω ∼ Ω∆φ ∼ 10−6Hz. Current ground-based test

experiment has demonstrated that the frequency drift of a properly designed laser

source at 10−3Hz can be as small as 10−7Hz [7].

• Pulsar timing [34]—For extremely low frequency gravitational waves with

frequencies ∼ 10−9 − 10−8Hz (wavelength λgw ∼ 3 × 1016 − 3 × 1017 meters), the

pulsar timing technique which uses pairs of “test masses” consisting of the Earth and

a milisecond pulsar, is proposed for detecting the gravitational wave by measuring the



6 Chapter 1. Introduction to Gravitational Wave Detectors

arrival time of the pulse using radio telescopes (arrays). The typical distance between

the pulsar and the Earth are around d ∼ 200pc, which is roughly 20λgw− 200λgw. In

this short-wavelength case (λ � d), when a pulse travels through this distance, the

gravitational wave effect will cancel out except the last ∼ λgw length. Therefore the

gravitational wave induced arrival time latency can be estimated as ∆tgw ∼ hλgw/c =

hTgw where h and Tgw are the strain amplitude and the gravitational waves period.

Current timing accuracy is about ∆taccuracy ∼ 100ns, which leads to h ∼ 10−16−10−15.

Although the gravitational waves have not been detected yet, recent analysis of the

Pulsar Timing Array data sets have already placed some upper limits on h. Various

methods for the source localization were also proposed for pulsar timing gravitational

wave detection [35, 36].

Besides, various other methods are also proposed (even used) to detect the grav-

itational waves, such as using atomic interferometer [37], and observation of CMB

polarizations [38]. In this thesis, we will mainly focus on the ground-based LIGO

type interferometer detector, discussing its related physics and possible upgrading

strategies.

1.3 Basic principle of laser interferometer GW de-

tectors

The basic Michelson interferometer is shown in Fig.1.1(a). The static configuration

will have zero output since the light wave will be exactly canceled out at the photo-

detector, named as “dark port”, and all the light field, after a round-trip propagation

inside the interferometer, will go back to the laser source, named as “bright port”.

A passing continuous gravitational wave with “+” polarization will “squeeze” the

interferometer plane, induce a differential motion of the two end mirrors and create

the length difference of the two arms. In this case, the interference at the dark port

will not be perfect and the leaked light field will encode the information of test mass

motion 1. Let us suppose the gravitational wave has strength h and the distance

1notice that a “common motion” of the two mirrors will equally increase/decrease both East-

West and North-South light path, thereby no light will leak out from dark port as a response of the
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arm cavityLaser

Figure 1.1 – (a) Basic Michelson interferometer. A gravitational wave with “+”

polarization passes the interferometer, displaces the test masses and creates a tiny

difference between the light pathes of the two arms. (b) Interferometer with the arm

cavities. For further details see the Section 1.3.

from the end mirror to the beam splitter is L. The total light path difference will be

δL = 2h(t)L, equivalently, the phase shift for the light field will be ∆φ(t) = 2k0h(t)L

where k0 = ω0/c is the wave-vector of the laser field. For a typical gravitational strain

amplitude h ∼ 10−21, and typical infra-red laser wave vector k0 ∼ 3 × 106m−1 and

a 4 km length arm, we have the phase shift ∆φ ∼ 10−11 which is too small to be

measurable. One natural way for solving this problem is to increase the length of the

delay line, but this method holds other problems such as the light scattering and the

requirement for large area mirrors [39]. This problem was finally solved by adding

input test mirrors on the interferometer arms to form resonating optical cavities

as shown in Fig.1.1(a) [30]. For illustration purpose, we give an order of magnitude

estimation here. Let us suppose the light field travels N round trips inside the cavities,

then the total phase shift for the light field can be estimated as ∆φ ∼ 2Nk0hL. On

the other hand, the “phase-resolution” limit of an interferometer is determined by the

number-phase uncertainty relation ∆φ ∼ 1/∆Np where ∆Np =
√
Np is the variance of

the intra-cavity photon number Np for a coherent carrier light. For an interferometer

with input test mass transmissivity ∼ 10−2 (N ∼ 102), this requires the Np ∼ 1018

mirrors’ common motion
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and the input power ∼ 200Watt which is achievable. In real design, this could be

even smaller.

Although the arm cavity design successfully increases the signal strength through

amplifying the light phase induced by the test masses motion, this design decreases

the signal bandwidth. As we know, optical cavity has a series of finite-bandwidth res-

onance point at ωn = ncπ/L. Once the frequency of the pumping field is on resonance

with these resonance points, the intra-cavity field will build up to its maximum. The

bandwidth γ of these resonant peaks depends on 1) the transmissivity of the mirrors

and cavity losses, which represents the interaction strength of the intra-cavity field

and external electromagnetic baths (for our ideal case, we assume the cavity loss and

the end mirror transmissivity to be zero), and 2) the length of the cavity L. The

inverse of γ is the time scale τγ for a photon to escape out of the cavity. Intuitively,

the longer the cavity length L is, the more time the photon will spend inside the

cavity; the smaller the front mirror transmissivity T is, the photon will bounce more

round-trips inside the cavity. Therefore, the bandwidth should be proportional to T

and inversely proportional to L. By dimensional analysis, γ ∼ cT/L (rigorous result:

γ = cT/(4L)).

The test masses motion under the driving of gravitational wave will modulate

the carrier light and create sideband fields with frequency ω0 ± Ω where Ω is the

frequency of the gravitational wave. The sideband field with frequency Ω � γ can

not be enhanced by the circulation inside the arm cavities due to the finite bandwidth.

Therefore, the detection bandwidth for the detector is roughly around ∼ γ. For those

sidebands with Ω � γ, the multi-reflection of the cavity mirrors will significantly

enhance them by a factor of ∼ 1/T ∝ 1/γ. Therefore, it is clear that the detectability

of our interferometer based on the arm-cavity design has a trade off: the enhancement

of the signal is associated with the decreasing of detection bandwidth and vice versa.

This is the so-called Mizuno hypothesis[41, 40]. As we shall discuss later, this

hypothesis can be proved for many configurations including the second-generation

detectors.

For initial LIGO, in order to further increase the intra-cavity power further (since

the minimum phase detection limit of the detector is ∝ 1/
√
Np), a power-recycling
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Figure 1.2 – (a) Dual-recycling laser interferometer (b) Effective single-cavity model

mirror is placed at the bright port of the interferometer. This design was further

improved in the advanced detector by using dual recycling configuration as shown

in Fig.1.2. An additional mirror (named as signal recycling mirror) is placed at

the dark port of the interferometer, which increases the tunability of the detector[42].

Moreover, this additional signal-recycling mirror also modifies the dynamical behavior

of the interferometer [43].

The differential mode of a dual-recycling interferometer can be effectively treated

as a single Fabry-Perot cavity with a tunable compound front mirror consists of

an input test mirror, a signal recycling mirror and a movable end mirror [44]. The

transmissivity and the position of the signal recycling mirror can be tuned to change

the optical response of the whole compound mirror. For example, 1) the resonance

frequency of this effective mirror can be detuned from the carrier light frequency,

which leads to the optical spring effect [44, 45], or 2) the position of the SRM can

be tuned in such a way that perfect destructive interference can happen between the

intra-cavity sideband field directly reflected from the input test mass mirror and the

sideband field first circulate inside the compound mirror and then transmit out from

the input test mass mirror (See Fig.1.3). In this case, the compound mirror is almost

transparent from the sideband field’s viewpoint. Therefore, the detection bandwidth

is increased. This design is the called “Resonant Sideband Extraction”, which is being

used in the Advance LIGO detector. Detailed analysis of these configuration will be

elaborated in the next chapter.



10 Chapter 1. Introduction to Gravitational Wave Detectors

Figure 1.3 – Resonant Sideband Extraction mode: the signal-recycling cavity is

effectively transparent to the sideband fields. This design is being used in the advanced

LIGO detector to broaden the detection bandwidth

Figure 1.4 – A weak force measurement process flow chart: Signal force drives the

motion of the probe x, which couples to the detector quantity F . The detector

transduce the signal force to its output quantity Z, which will be measured.

The detectability of these large-scale interferometers are limited by various noise

sources, or equivalently, by the interaction between these detectors and the mechanical

and electromagnetic environments. These noise issue will be discussed in Section 1.5.

In this section, we have given a brief summary of basic physical principle of a

interferometric gravitational wave detector. At first glance, the interferometric gravi-

tational wave detector looks very different from the resonant mass detector. However,

as we shall see, the physics of these two designs are closely connected [46].

These interferometric detector designs and the develop of the resonant mass detec-

tor have several conceptual connections, although they appear to be quite different.

In this section, we first summarize the main character of a weak-force measurement

device, and then we highlight out the similarities between the resonance mass detector

and the interferometric detector.

The model of a typical measurement process is schematically shown in Fig.1.4. A

measurement process consists of the following steps:

1) the weak force acts on the probe and create a signal.

2) the driven probe interacts with the detector (sensor), transduces the signal into

a measurable dynamical quantity of the detector and at the same time, be back-acted

by the detector.
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Figure 1.5 – Comparison between a resonant mass detector with active readout

system and a optical cavity with movable end mirror. The left panel shows the

basic scheme of a modern resonant mass detector in which the signal will be readout

through an active filter. The right panel is the optical cavity whose mirrors are

driven by external force, which can be mapped to the differential mode of a laser

interferometer. The displacement signal is also readout in an active way.

3) The readout of the signal. Both the resonance mass detector and the interfer-

ometric detector fall into this category.

The initial Weber’s design of resonant mass detector used passive PZT crystal

transducers. Later on, the modern resonant mass detector design uses parametric

transducer, as first discussed by Braginsky and Panov [47]. This type of transducer

requires external power source (a pumped oscillator), transfers the gravitational wave

signal with 103 − 104Hz acoustic frequency to much higher frequency, generally mi-

crowave frequency. This idea of active transducer is the key conceptual connection

between the resonant mass detector design and the interferometer design.

A simplified model of a typical resonant mass detector with a parametric trans-

ducer is shown in the left panel of Fig.1.5 [48], in which the gravitational wave drives

the probe, which is the resonant mass with elastic eigenfrequency ωm and damping

factor γm. The tiny gravitational wave induced displacement of the test mass is trans-

duced into electromagnetic signal by a LCR circuit with capacity depending on the

test mass motion. The apparent similarity can be figured out from a Fabry-Perot

cavity since the optical cavity, as an oscillator, can be mapped to the LCR circuit in

the optical frequency region.
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1.4 Noise sources of interferometric gravitational

wave detectors

Advanced Gravitational wave detectors are supposed to measure an extremely tiny

displacement signal ∼ 10−20meters. Therefore, the interaction between the detec-

tor and the noise sources need to be carefully considered. In this section, we list

the possible noise sources and estimate their contribution to the Advanced LIGO

sensitivity. In general, the noises can be classified into two broad classes [1]: phase

noise and displacement noise. The phase noise is the fluctuations of the phase of

the light field, which is used to measure the gravitational wave signal. The typical

phase noises sources are photon arrival time fluctuation due to the quantum

vacuum fluctuations of electromagnetic field; the residual gas’s scattering

of the light field and scattering of light field by the imperfections of the

test mass mirrors. The displacement noise is the random fluctuation of the po-

sitions of the test masses due to their dynamical interaction with the environment.

Typical displacement noise includes: quantum radiation pressure noise mirror

thermal noise; seismic noise; Gravity gradient noise and other noise sources

such as cosmic rays.

1.4.1 Phase noise

• Quantum shot noise— Classical electrodynamics tell us that the electromag-

netic field can be treated as an infinite collection of oscillators. The ground state

of this oscillators ensemble contributes to the zero-point random fluctuation of elec-

tromagnetic fields. These fluctuations can cause a phase fluctuation of the light

field traveling out of the dark port, which corresponds to a photon arrival time fluc-

tuation. This noise is the so-called quantum shot noise. In quantum mechanics,

time fluctuation is associated with energy fluctuation through: ∆E∆t ≥ ~. For a

monochromatic light field with frequency ω0, we have the number-phase uncertainty

relation ∆Np∆φ ≥ 1 since ∆E ∼ ∆Np~ω0 and ∆φ ∼ ω0∆t. For a coherent laser

whose the number of photons follows a Poisson distribution, we have ∆Np ∼
√
Np,

which leads to ∆φ ∼ 1/
√
Np. Therefore the stronger the laser power is, the smaller
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the shot-noise is. Using ∆φ ∼ kp∆x, the corresponding displacement noise spectrum

can be estimated as Ssh
x ∼ ~c2/(I0ω0) where I0 is the intra-cavity laser power, which

is a frequency-independent white noise spectrum [49]. Recalling that the signal field

is decreasing with the increase of detection frequency due to the limited bandwidth

of the arm cavity. Therefore the sensitivity curve (or equivalently, the noise spectrum

normalized by the signal amplitude) due to the quantum shot noise will rise up with

the increasing frequency.

•Residue gas scattering— Although the arm of AdvLIGO is a highly pumped

vacuum, there will still be some residue gas inside the arm. The fluctuations of the

gas density will scatter the light field and create noise in the optical phase. This noise

can be estimated in the following way: The refraction index of the tube filled with

residue gas with molecule’s number density ρ is roughly n = 1 + αρ, where α is the

polarizability for a single molecule. The total number of molecules encountered by the

light beam will be N = ρAL, where A ∼ πw2 is the effective area of light spot. Let us

suppose the molecules obeys the Poisson statistics, then the variance of the molecule

number fluctuations will be ∼
√
N . Therefore, the variance of phase fluctuation is

around ∆φ ∼ kp
√
Nα/A ∼ kpα

√
ρL/A. This phase fluctuations can be converted

into the strain fluctuation by using h(f) ∼ ∆φ/(kpL)
√
τ ∼ α

√
ρ/Lwv. Here τ = w/v

is the time scale for a molecule to spend inside the beam, whose inverse represents

the frequency range. For example, for H2 gas, the strain noise will be ∼ 10−25/
√

Hz

if the residual gas pressure is ∼ 10−9 torr [39].

• Back scattering by the imperfections of mirror—Imperfections in the

mirror shape (sometimes called “figure error”) with the size larger than 1mm can

scatter the incident light into a small angle. This scattering can create phase noise

(See. Fig.1.6).

1.4.2 Displacement noise

•Quantum radiation pressure noise— As we have already discussed, the variance

of fluctuation of photon numbers for a coherent light is
√
Np. This photon number

fluctuation will induces a random fluctuation of the momentum kick, thereby a ran-

dom radiation pressure force over a duration τ with variance ∆Frp ∼
√
Np~kp/τ .
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The mechanical response function of the test masses is −1/(mΩ2). Therefore, the

displacement noise spectrum caused by this fluctuating radiation pressure noise is:

Srp
xx ∼ ∆F 2

rpτ/(m
2Ω4) = I0~ω0/m

2c2Ω4 [49]. Unlike the quantum shot noise, this radi-

ation pressure noise is small when the detection frequency is large or the laser power

is small. The sensitivity curve due to this noise will be risen up with the decrease of

the detection frequency.

The different power dependence of the quantum shot noise and the quantum

radiation pressure noise imply a very important concept: the standard quantum

limit of a detector [50, 49]. The total displacement noise spectrum is given by:

Stot
xx = Ssh

xx + Srp
xx =

~c2

I0ω0

+
I0ω0

c2

~
m2Ω2

≥ 2~
mΩ2

. (1.1)

which has a minimum value called standard quantum limit. The existence of this

sensitivity limit is due to the Heisenberg uncertainty principle: if you want to measure

phase more accurately (practically means to increase the power), then you introduce

stronger disturbance to the probe (stronger radiation pressure force noise). This

disturbance will back-act on the measurement of the phase and cause measurement

errors. This trade-off creates the standard quantum limit. Though being introduced

from the example of the laser-interferometer gravitational wave detector, standard

quantum limit is a general concept of the physics of quantum measurement. This

important concept was discovered and developed by V. B. Braginsky et.al.

•Seismic noise— the laboratory will suffer seismic vibrations at relatively low

frequency region. The current vibration spectral density for the ground motion of

LIGO sites are around ∼ 10−8m/
√

Hz at 1Hz and this value decreases as 1/f 2 due to

the response function of free mass ∝ −1/(mf 2). In order to reach a strain sensitivity

∼ 10−21/
√

Hz, it is necessary to suppress the isolation within the detection band by

108 at 10Hz and 106 at 100Hz. Sophisticated vibration isolation systems have been

designed and deployed, which can suppress the seismic noise well within the detection

band. Another way of suppress the seismic noise is to build an underground detector

such as KAGRA built in Japan [33].

• Gravity gradient noise— This noise is due to the fluctuations of the local

gravitational field caused by moving massive bodies, e.g. cars, people, trains, animals

and the change of local environment densities. The strain noise can be estimated
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using

δhgg(f) ∼ Gρl
L

xGND(f)

f 2
. (1.2)

•Thermal noise— Thermal noise in the interferometric gravitational wave de-

tector can be generally classified as mirror thermal noise and suspension thermal

noise. Suspension thermal noise is due to the the fact that the mirror should be sus-

pended in the LIGO type detector and thereby the mirrors are coupled to the thermal

bath through the suspension system. The mirror thermal noise is due to the mirror’s

optical and mechanical properties. For example, The large amount of acoustic modes

of the mirror substrate will do thermal-driven Brownian motion, since the tempera-

ture of the mirror is non-zero. This Brownian motion will generate mirror Brownian

thermal noise.

Besides, the mirror also has coating surfaces for increasing its reflectivity. These

coating surfaces, though having very ideal optical properties, are very poor from the

aspect of the internal friction. This mechanical dissipation will be associated with

mirror coating thermal noise. Moreover, the thermal-elastic effect of the mirror can

also introduce noise: let us suppose the heating temperature of the cavity laser power

to the mirrors has a fluctuation δT , then this temperature fluctuation will induce a

displacement fluctuation δx ∼ αT where α is the thermal expansion coefficient. This

noise is known as thermal elastic noise. Not only the displacement fluctuation will

be induced by δT , but it will also induce the fluctuation of the refractive index δn.

Therefore the effective light propagation length and thereby the phase will have a

fluctuation ∆φ ∼ δnk0L. This noise is called thermalrefractive noise.

In summary, we give a noise source budget in terms of gravitational wave strain

sensitivity limit for advanced LIGO detector in Fig.1.6.

1.5 Conclusions

In this chapter, we have introduced the motivation and the basic concepts of gravi-

tational wave detection. We gave a brief summary of the gravitational wave sources

and a brief summary of the gravitational wave detectors and how they work. In par-

ticular, we gave an qualitative description of how the laser interferometers work and
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Figure 1.6 – Noise budget of advanced LIGO gravitational wave detector. The

horizontal axis is the frequency and the vertical axis is the strain sensitivity of the

AdvLIGO detector limited by various noise sources. See the text for the details of

these noise sources.
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estimate the effect of some of the possible noise sources.
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Chapter 2

Quantum noise of optomechanical

systems

2.1 Preface

As we have discussed briefly in Chapter 1, the quantum noise will be one of the

dominant noise sources for the gravitational wave detectors. This chapter reviews the

quantum noise theory of gravitational wave detectors. This chapter first discusses

two fundamental concepts, namely

i) the quantization of light and different state of light which is the basis of the

quantum optical dynamics;

ii) the dynamics of a basic optomechanics model—a pumped optical cavity with

movable end mirror, which is the basic structure of a typical laser interferometer

gravitational wave detector.

The discussion of these two concepts leads to the optomechanical linear-control

theory, which is the systematical way of analyzing the quantum sensitivity curve of

more complicate laser inferferometer configuration. Several examples are given for

illustration purpose. Based on these sensitivity curves, we will discuss

i) the origin of the Standard Quantum Limit (SQL) for GW sensitivity.

ii) Mizuno theorem which limits the integrated signal-to-noise ratio.

iii) the origin of the energetic quantum limit.

These three topics will lead to the proposed way of surpassing the SQL and the

Mizuno theorem, which will be the basis of Chapter 3,4 and 5. Finally, the mathe-

matical tools and physics concepts presented in this chapter will be useful for under-

standing other chapters.

23
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2.2 Quantization of light field

2.2.1 Second quantization of electromagnetic field

Classical Electrodynamics teaches us that the source-free electromagnetic fields can

be decomposed as a collection of infinite harmonic oscillators [1]. On the other hand,

quantum mechanics teaches us that the ground state of a harmonic oscillator with

eigenfrequency ω is ~ω/2. These leads to the conclusion that the ground state of

a quantized electromagnetic field is not static but fluctuating. Mathematically, the

above physical statement can be formulated in the following way [1]:

The electromagnetic potential (say, vector potential) can be expanded in the form

of

A(t, x) =
∑
k

Ak(t)eikx, (2.1)

where Ak is the expansion parameter and A(t, x) is real (implies that Ak = A∗−k).

Substituting it into the wave equation for the vector potential: ∇2A − Ä/c2 = 0

gives:

Äk(t) + ω2
kAk(t) = 0, (2.2)

where ωk = ck. Apparently, this is an equation for the harmonic oscillation of quantity

Ak. The total electromagnetic energy can be written as:

E =
1

8π

∫
(E2 +H2)dV =

V

8π

∑
k

1

c2
Ȧk · Ȧ∗k + (k ×Ak) · (k ×A∗k), (2.3)

Using the fact that (k ×Ak) · (k ×A∗k) = k2Ak ·A∗k gives:

E =
V

8πc2

∑
k

Ȧk · Ȧ−k + ω2
kAk ·A−k, (2.4)

this form of Hamiltonian reminds us of the Hamiltonian of an ensemble of harmonic

oscillators. These analogues motivate us to write the “generalized coordinate” Ak

and “generalized momentum” Ȧk in terms of:

Ak =

√
2πc2

ωk
[âk + â∗−k]

Ȧk = −ick

√
2πc2

ωk
(âk − â∗−k). (2.5)
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In terms of these âks, the vector potential can be written as:

A(t, x) =
∑
k

√
2πc2

ωk
[âke

ikx + â∗ke
−ikx], (2.6)

and the energy can be written as:

E =
1

2

∑
k

Ek =
1

2

∑
k

ωk[aka
∗
k + a∗kak]. (2.7)

In classical Electrodynamics, the vector potential and its associated “coefficients”

ak are functions. However, in quantum mechanics, they become operators. The

canonical quantization condition for the vector potential and its time derivatives will

lead to [âk, â
†
k′ ] = ~δk,k′ . Redefining these operators by normalizing the ~ gives:

E =
∑
k

~ωk
(
â†kâk +

1

2

)
. (2.8)

This is just the energy of an ensemble of harmonic oscillators with different frequency

ωk. The â
(†)
k is the annihilation (creation) operator of an electromagnetic excitation

with momentum k and energy ωk. Notice that the operators â
(†)
k is non-Hermitian

thereby not a measurable quantity. The
∑

k ωk/2 term in the energy E represents the

ground state energy of the electromagnetic field, which is the source of the quantum

noise of our gravitational wave detector.

Experimentally, the physical quantity measured for a light field is its electric and

magnetic field. For a polarized field propagating in z−direction with electric and

magnetic field align to x and y direction respectively, the representations of these

fields in terms of creation and annihilation operators are:

Êx(x, t) = i
∑
k

√
2π~ωk[âk(t)eikz − â†k(t)e

−ikz]

Ĥy(x, t) = −i
∑
k

√
2π~c2

ωk
k[âke

ikx − â†ke
−ikx].

(2.9)

Straightforward calculation shows that these operators obey the following com-

mutation relation:

[Êx(z, t), Êx(z
′, t)] = 0,∀z, z′

[Ĥy(z, t), Ĥy(z
′, t)] = 0,∀z, z′

[Êx(z, t), Ĥy(z
′, t)] = −i~c2∂δ(z − z′)

∂z

[Êx(z, t), Êx(z, t
′)] = i~

∂δ(t− t′)
∂t

.

(2.10)
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These relations indicate us that the quantum measurement of these quantities is not

a trivial issue: 1) Simultaneously measuring the electric and magnetic fields at two

space-likely separated points are impossible; 2) Measurement of an electric field at

one spacetime point (x, t) will introduce disturbance to the measurement result of the

electric field at a time-likely separated spacetime point.

However, in most experiments, the measurement devices has a resolution limit.

As shown later, these resolution limit makes the above mentioned quantities be si-

multaneously measurable under the corresponding approximation.

2.2.2 Cavity field quantization and Quadrature operators

• Amplitude and phase quadratures—The optical modes supported by the arm

-cavity of the interferometer are described by the Hermite-Gauss mode [2]. The intra-

cavity electric field is described by:

E(x, y, z, t) = ix
∑
j

√
2π~ωjuj(x, y, z)[âje

−i(ωjt−kjx) − â†jei(ωj−kjx)t], (2.11)

where the u(x, y, z) is the slowly changing (compare to light wavelength) spatial profile

of the intra-cavity field. Suppose the external pumping field excites a single spatial

mode with j = 0 and â0 = −iA0/
√

2, then:

E(x, y, z, t) = x
√

2π~ω0u0(x, y, z)Ā0 cos (ω0t− k0z) ≡ E0 cos(ω0t− k0z). (2.12)

For the high-precision experiment using laser interferometers, the main carrier

light is perturbed by the signal and noise sources [3], which can be represented as:

E(z, t) = (E0 + δA) cos (ω0t− k0z + δφ). (2.13)

The δA ∼ ε and δφ ∼ ε here represent the amplitude and phase perturbation of the

carrier light field. To the first order of perturbation:

E(z, t) ≈ E0 cos (ω0t− k0z) + δA cos (ω0t− k0z)− δφ sin (ω0t− k0z) +O(ε2). (2.14)

On the other hand, these small perturbation, represented in terms of second-quantization

operators, can be written as

E(z, t) = E0 cos(ω0t− k0z) + iu0(x, y, z)

∫ ∞
0

dω

2π

√
2π~ω[âωe

−i(ωt−kz) − â†ωei(ωt−kz)].

(2.15)



2.2. Quantization of light field 27

Suppose ω = ω0 +Ω, k → k0 +k and assuming Ω� ω0 (narrow band approximation),

in this case:

E(z, t) = E0 cos(ω0t− k0z) + δÊ(z, t) (2.16)

δÊ(z, t) = u0(x, y, z)

∫ ∞
−∞

dΩ

2π

√
2π~ω[iâΩe

−iΩt+ikz − iâ†Ωe
iΩt−ikz] cos(ω0t− k0z)

+ u0(x, y, z)

∫ ∞
−∞

dΩ

2π

√
2π~ω[âΩe

−iΩt+ikz + â†Ωe
iΩt−ikz] sin(ω0t− k0z). (2.17)

Comparing Eq.(2.16b) and Eq.(2.14), this gives the second quantization representa-

tion of the phase and amplitude perturbation as:

δÂ =

∫ ∞
−∞

dΩ

2π

√
2π~ω[iâΩe

−iΩt+ikz − iâ†Ωe
iΩt−ikz] (2.18)

δφ̂ =

∫ ∞
−∞

dΩ

2π

√
2π~ω[âΩe

−iΩt+ikz + â†Ωe
iΩt−ikz]. (2.19)

The gravitational wave community uses the symbol conventions 1) absorbing the i

and eikz into âΩ; 2) setting the Ω to be positive. Therefore:

δÂ =
√

2~ω0

∫ ∞
0

dΩ[â1e
−iΩt+ikz + â†1e

iΩt−ikz], (2.20)

δφ̂ =
√

2~ω0

∫ ∞
0

dΩ[â2e
−iΩt+ikz + â†2e

iΩt−ikz], (2.21)

where â1 = (âΩ + â†−Ω)/
√

2 and â2 = (âΩ − â†−Ω)/
√

2i.

These creation and annihilation operator combinations â1 and â2 are named “am-

plitude” and “phase” quadrature operators respectively. Notice that exciting

an “amplitude (phase)” quanta requires the creation and annihilation of a pair of

sideband photons with frequency ω0 ± Ω, respectively.

These quadrature operators obey the non-commutative relation:

[â1(Ω), â†2(Ω′)] = 2πiδ(Ω− Ω′). (2.22)

• Probing the phase of the weak light: Homodyne detection—In in-

terferometer experiment, the above mentioned phase quadrature usually carries the

displacement information of the test masses. This phase-readout can be achieved by

the so-called homodyne scheme which mix the output signal b̂(t) with a local oscillator

(in our case, is a strong laser field) L(t):

Emeasured(t) = L(t) + b̂(t)

with L(t) = L1 cosω0t+ L2 sinω0t and b̂(t) = b̂1(t) cos(ω0t) + b̂2(t) sin(ω0t).
(2.23)
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Then the photocurrent can be written as:

i(t) ∝ 〈|L(t) + b̂(t)|2〉 = 〈L1b̂1(t) + L2b̂2(t)〉+ DC terms and high oscillating terms

(2.24)

Defining the homodyne angle as tan ξ = L1/L2 gives:

î(t) ∝
√
L2

1 + L2
2〈b̂ξ(t)〉 =

√
L2

1 + L2
2〈[b̂1(t) sin ξ + b̂2(t) cos ξ]〉. (2.25)

Therefore as long as ξ 6= π/2, the photocurrent will contain the phase signal.

2.3 Quantum state of light

The formalism established above allows a quantitatively study of the quantum state

of the optical field. This section mainly focuses on three different optical field state

which are very important in the design of an interferometric gravitational detector:

vacuum state, coherent state and squeezed state.

• Vacuum state—Electromagnetic field can be treated as an infinite set of har-

monic oscillators. Suppose all these oscillators are on their ground states âk|0〉k = 0,

then it can be said that the electromagnetic field is on its ground state:

|0〉 =
∏
⊗k

|0〉k. (2.26)

The spectral densities for the amplitude and phase fluctuations are Sâ1â1(Ω) = Sâ2â2(Ω) =

1 with zero cross-correlation. In a gravitational wave detector, this vacuum optical

state will enter into the dark port of the interferometer and contribute a quantum

noise to the sensitivity of the detector.

• Coherent state—The above vacuum state can be viewed as an eigenstate of

annihilation operator with zero eigenvalue. However, it is interesting that the anni-

hilation operator also has eigenstate with non-zero eigenvalue, namely, âΩ|α〉αΩ|α〉.

These states are called coherent state with a general multiple-mode expression:

|α〉 = D̂(α)|0〉 = exp

[∫
dω

2π
(αωâ

†
ω − α∗ωâω)

]
|0〉. (2.27)

Annihilating a photon from the coherent state does not affect the state since in

quantum mechanics, C|ψ〉(∀C), |ψ〉 are the same state. Therefore, the particle number
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of this state is not conservative. For example, for a single-mode coherent state, it is

straightforward to prove that the variance of the particle number is ∆N ∼
√
N where

N = α∗α is the expectation value of â†â on the |α〉. Correspondingly, the variance

of phase is around 1/
√
N . The main carrier field in the laser interferometer can

be approximated as a coherent state. The particle number distribution of the main

carrier field is a Poisson distribution:

P (N) = 〈N |α〉〈α|N〉 =
(α∗α)Ne−α

∗α

N !
. (2.28)

There is another way to treat the coherent state. The single-mode coherent state

(where αω ∝ αδ(ω − ω0)) can be understood as a boosted vacuum state by the

“diplacement operator” D̂(α). Redefining δâ = â − α gives the result δâ|α〉 = 0.

Therefore, the coherent state, as viewed from δâ, is a “vacuum state”. Note however

that we should notice that only the photon state with frequency ω0 is at this “vacuum

state”, all the other states, are exactly in the real vacuum state. To some extent, the

single-mode coherent state can be viewed as a constanct, “classical” monochromatic

pumping field α superimposed by a fluctuating broadband vacuum fluctuation δa.

This viewpoint is not entirely correct, but can capture the main character of the

coherence state. For example, the particle number fluctuation is ∼ α(δâ+δâ†) ∼
√
N

where N ∼ α2 while the phase fluctuation normalized by the classical amplitude (∝ α)

is roughly ∼ (δâ− δâ†)/α ∼ 1/
√
N . Later on, it is shown that the difference between

the scaling of particle number fluctuation and phase fluctuation on N will lead to the

Standard Quantum Limit.

Lastly, the fluctuation of the quadrature operators for a coherent state is the

same as the vacuum state. Therefore in the phase-space (A, φ) of the light field, the

fluctuation can be schematically shown as in Fig.2.1

•Squeezed state— The other important quantum optical state is the squeezed

state. The phase and amplitude fluctuations of the squeezed light have different error

variance as shown in Fig.2.1. The squeezed state is of particular interests in the high-

precision measurement experiment. The reason is that if one of the light quadratures

contains the signal (say the phase quadrature), then a phase-squeezed light allows us

to perform measurement with lower quantum noise.
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Figure 2.1 – A schematic plot of the electric field E(t) and the amplitude and phase

quadrature fluctuation. The left panel shows the time evolution of the electric field

and the right panel shows the error ellipse of the quadrature (A, φ). Notice that all

these states are Gaussian states.
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Figure 2.2 – Rotation of squeeze light error ellipse with the variation of angle χ

A general multimode squeezed coherent state is described by:

|ζ〉 = Ŝ(ξ)|α〉 = exp

[∫ ∞
0

dΩ

2π
(ζΩâ

†
Ωâ
†
−Ω − ζ

∗
ΩâΩâ−Ω)

]
|α〉 (2.29)

while particularly, when α = 0, the state is called “squeezed vacuum state” |ζ〉0.

Notice that the “squeezed vacuum” state is not a vacuum state since the occupation

number is not zero. The above multi-mode squeezed state can reduce to single-mode

squeezed state in the case that the sideband frequency Ω is zero.

Using the above definition, it is straightforward to show that the two quadratures

â1,2(Ω) will be transformed under the squeezing operator Ŝ(ξ) to be:

Ŝ†(ζ)â1Ŝ(ζ) = (cosh ζ + sinh ζ cos 2ξ)â1 − sinh ζ sin 2ξâ2 (2.30)

Ŝ†(ζ)â2Ŝ(ζ) = (cosh ζ − sinh ζ cos 2ξ)â2 − sinh ζ sin 2ξâ1 (2.31)

where the ξ is the phase angle of the complex coefficient ζΩ. From these relations,

it is clear that (1) if ξ = 0, then â1 → â1e
|ζ| and â2 → â2e

−|ζ|; (2) ifξ = π/2, then

â1 → â1e
−|ζ| and â2 → â2e

|ζ|; (3) if ξ = π/4, then: â1 → cosh |ζ|â1 − sinh |ζ|â2 and

â2 → cosh |ζ|â2− sinh |ζ|â1. These situations are schematically shown in Fig.2.2. The

physical reason for these “squeezing” effect is the establishing of correlation between

the phase and amplitude quadrature of light field during the squeezing generation

process. Interestingly, as we shall discuss later on, the laser interferometer itself is a

squeezed light generator in the sense that the pondermotive interaction between the
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light field and the test masses establishes the correlation between phase and amplitude

quadrature. Intuitively, the radiation pressure force associated with the amplitude

quadrature of light drives the test mass motion, the information of which will be

carried by the phase quadrature of light through modulation. Therefore, the vacuum

electromagnetic field injected into the dark port will be converted to a squeezed

vacuum state when it travels out of the dark port [3]. This squeezing is literally called

“pondermotive squeezing” and has been experimentally demonstrated [5, 6].

2.4 Fabry-Perot cavity

2.4.1 Optical dynamics of a Fabry-Perot cavity

• Propagating field description— The different quantum state of light, when

they are injected into the detector, will circulate inside the Fabry-Perot arm cavity.

Understanding of the light propagating inside a Fabry-Perot cavity is one of the key

ingredients for understanding the optomechanical dynamics of the whole interferom-

eter. This section discusses the light propagation inside a Fabry-Perot cavity and an

effective one-mode description.

The interaction between the optical field and cavity consists of the following in-

gredients:

1) The free-propagating of the optical field in the vacuum.

E(t) = E(t− x

c
). (2.32)

2) The transmission (reflection) of the optical field through (on) the front/end

mirror (See Fig.2.3):

E2(t) = −
√
RE1(t) +

√
TE4(t)

E3(t) =
√
TE1(t) +

√
RE4(t).

(2.33)

Here the Ei are defined at the same space-time point because the mirror can be

approximated as a geometrically thin object located at (x, t). The R and T represents

the power reflectivity and transmissivity of the mirror. For a lossless mirror, we have

R+ T = 1. The two quadratures of field Ei(t) also satisfy the above relations. Then
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Figure 2.3 – Light propagation inside a Fabry-Perot cavity. (a) the transmission

and reflection of the light field by a mirror; (b) the propagation of light by distance

x in the free-space; (c) light propagation inside a lossless Fabri-Perot cavity; (d) the

single-mode resonant structure of a Fabri-Perot cavity.

it is clear that for a cavity configuration (for simplicity, the end mirror reflectivity is

assumed to be zero):

E2(t) = −
√
RE1(t) +

√
TE4(t), E3(t) =

√
TE1(t) +

√
RE4(t),

E4(t) = E6(t− L/c) E5(t) = E3(t− L/c), E5(t) = E6(t).
(2.34)

In the case of the optomechanics, the frequency scale of the various perturba-

tion to the light field is normally smaller than ω0, thereby allowing the following

decomposition:

Ei(t) = Ẽi(t)e
−iω0t + Ẽ∗i (t)e

iω0t, (2.35)

where ω0 is the center frequency of the light field which is detuned from cavity reso-

nance by ∆ = ω0−ωc and Ẽi(t) is the slowly varying amplitude compare to the time

scale 1/ω0 (schematically shown in Fig.2.4).

Here ωc = nπc/λ is the resonant frequency of the cavity field. Then the Eq.(2.34)

can be represented as (in the frequency domain):

Ẽ2(Ω) =
e2i(ω0+Ω)L/c −

√
R

1−
√
Re2i(ω0+Ω)L/c

Ẽ1(Ω), Ẽ3(Ω) =

√
T

1−
√
Re2i(ω0+Ω)L/c

Ẽ1(Ω), (2.36)

where Ẽ2 and Ẽ3 are the reflected field and intra-cavity field respectively. Under the

approximation that ΩL/c,∆L/c� 1 and R ≈ 1, to the first order approximation:

Ẽ3(Ω) =

√
c

2L

√
2γ

γ − i(∆ + Ω)
Ẽ1(Ω), Ẽ2(Ω) =

i(∆ + Ω) + γ

−i(∆ + Ω) + γ
Ẽ1(Ω), (2.37)
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Figure 2.4 – Slowly varying amplitude.

where γ = cT/L.

Notice that the approximations used above are: 1) narrowband approximation in

the sense that Ω� ω0; 2) a further approximation: single-mode approximation, which

means that we only consider those slowly varying field components with frequency

Ω + ∆ smaller than one free-spectral range ωfsr = πc/λ (see Fig.2.3). If the frequency

of the external injecting field E1(Ω) matches the cavity resonance frequency (i.e.

∆ + Ω = 0), the intra-cavity field strength will be amplified by a factor of 1/T . The

cavity bandwidth γ, as explained intuitively in Chapter 1, has been derived here. As

can be seen from the above discussion, the interaction between the cavity field and

external field behaves like a harmonic oscillator interacting with the driving force.

This analogy motivates us to treat the optical dynamics of the cavity in the effective

Hamiltonian way.

• Hamiltonian description of a Fabri-Perot cavity The analogy between the

optical dynamics of a Fabri-Perot cavity and a driven harmonic oscillator implies the

following Hamiltonian:

Ĥo = ~ωcâ†(t)â(t) + i~
√

2γ[âin(t)â†(t)− â†in(t)â(t)], (2.38)

in which the first term is the free-Hamiltonian of the cavity field (the harmonic os-

cillator) and second term is the interaction between the cavity field and the external

electromagnetic field (the driving source). The â/â† here is the annihilation/creation

operator of the cavity field with resonance frequency ωc, and the âin/â†in is the anni-

hilation/creation operator of the external field. Notice they have similar but different

commutation relation: [â(t), â†(t)] = 1 and [âin(t), âin(t′)] = δ(t− t′). The dimensions

of these two sets of operators are also different: â(†) is dimensionless and â†â rep-

resents the intra-cavity photon numbers. However, â
(†)
in has dimension [time]1/2 and
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â†inâin represents the external photon numbers per unit time. For a pumped cavity with

pumping field at frequency ω0, the annihilation operator is âin(t) = [āin +δâin(t)]e−iω0t

where āin is the amplitude of the steady pumping field and δâin is the perturbative

field around it (e.g, the vacuum fluctuations). The factor of
√

2γ describes the inter-

action strength between them. The intra-cavity field dynamics is determined by the

Heisenberg equation of motion i~ ˙̂a = [â, Ĥ]:

˙̂a = −iωcâ− γâ+
√

2γ[ā + δâin(t)]e−iω0t (2.39)

where the damping term describe the dissipation of the cavity field due to the finite

transmissivity of the front mirror. (the derivation of the damping term −γâ will

be explained in the appendix.) Working in the rotating frame with frequency ω0

transforms â as â→ â−iω0t and the above equation will be rewritten accordingly as:

˙̂a = i∆â− γâ+
√

2γ(āin + δâin) (2.40)

Perturbatively solving Eq.(2.40) leads to the zeroth-order and the first order equa-

tions1:

ā =

√
2γ

γ − i∆
āin, â(Ω) =

√
2γ

γ − i(∆ + Ω)
âin(Ω) (2.41)

It is easy to figure out that Eq.(2.41) is just another version of Eq.(2.37).

2.4.2 Generalized Hamiltonian for Cavity fields

• Free-propagating fields The Hamiltonian Eq.(2.38) based on the single-mode

assumption, which implies that a more generalized Hamiltonian could be written out

so that Eq.(2.36) can be derived as Heisenberg equation of motion. Moreover, the

Hamiltonian Eq.(2.38) can also be derived through the single-mode approximation.

Let us start from free-field electromagnetic Hamiltonian:

Ĥ = ~c
∫ ∞
−∞
|k|â†kâkdk = ~c

∫ ∞
0

kâ†kâkdk + ~c
∫ ∞

0

kâ†−kâ−kdk. (2.42)

1Here and after, we will use â and âin to represent δâ and δhatain respectively as long as no

confusion will be introduced.
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in which the first(second) term after the second equality represents the right(left)-

propagating fields. Suppose the right(left) propagating fields has the central wavevec-

tor kp(−kp), the above Hamiltonian can be rewritten as:

Ĥ = ~c
∫ ∞
−kp

(kp + k′)â†kp+k′ âkp+k′dk
′ + ~c

∫ ∞
−kp

(kp − k′)â†−kp+k′ â−kp+k′dk
′. (2.43)

By doing the narrow band approximation (k′ � kp), we can extend kp to infinity

thereby reduce the above Hamiltonian to be:

Ĥ = ~c
∫ ∞
−∞

(kp + k′)â†kp+k′ âkp+k′dk
′ + ~c

∫ ∞
−∞

(kp − k′)â†−kp+k′ â−kp+k′dk
′. (2.44)

Defining the Fourier transformation of âk (obviously also under narrow band ap-

proximation) as:

â(x) =

∫ ∞
−∞

dk′

2π
â−kp+k′e

−ik′x, (left-propagating mode)

b̂(x) =

∫ ∞
−∞

dk′

2π
âkp+k′e

−ik′x, (right-propagating mode).

(2.45)

Notice that [â(b)(x), â†(b†)(x′)] = δ(x− x′) but [â(x), b̂†(x)] = 0.

Using these transformation to re-write Eq.(2.44):

Ĥ = c~kp
∫ ∞
−∞

dx[â†(x)â(x) + b̂†(x)b̂(x)]− i~c
∫ ∞
−∞

dx

[
â†(x)

∂â(x)

∂x
− b̂†(x)

∂b̂(x)

∂x

]
(2.46)

In this case, the equation of motion for â(x) will be:

1

c

∂â(x)

∂t
= −ikpâ(x)− ∂â(x)

∂x
(2.47)

If we assume â(x)→ˆ̃a(x)e−ikpx, we have:

1

c

∂ˆ̃a(x)

∂t
+
∂ˆ̃a(x)

∂x
= 0 (2.48)

which is exactly the wave propagation (rightward) equation. From Eq.(2.48)and

(2.47), we can see that the electromagnetic field defined in Eq.(2.45) is the spa-

tially slowly varying amplitude and the â(x) in Eq.(2.48) is the field without

splitting the spatially and temporary main-oscillating part (e−ikpx and eiωpt, respec-

tively). The solution of the above equation naturally describes the propagation of

rightward-propagating fields. This generalized Hamiltonian will be very useful in our

discussion of quantum noise in white light cavity system (See Chapter 6).
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Figure 2.5 – Phenomenological model for describing the interaction between a mirror

and the light field. The mirror is effectively modeled as a degree of freedom with de-

tuning ∆ and couples to the leftward and rightward propagating waves with strength

g

It is important to comment a bit on the physical meaning of â(b̂)(x) (which will

be useful for the future Chapter 5). The meaning of â(x) should be understood as the

annihilation of a spatially slowly varying amplitude . Therefore the minimum

spatial resolution is determined by the frequency Ω we are interested in. For example,

for Ω ∼ 2π×102rad/s gravitational wave detection, the spatial resolution is: 2πc/Ω =

30km.

Interestingly, this spatial resolution value justifies the validity of the single-cavity

approximation we used in analyzing the gravitational wave detector. The typical

length scale of a interferometer (the length of a round-trip light path) is around

2L ∼ 8km, which is smaller than the above minimum spatial resolution. However,

if the frequency we are interested in is higher, say larger a free-spectral range πc/L,

then the minimum length scale is smaller than 2L. In this case, the single-mode

approximation for the cavity mode is no longer correct and we can not assume that

ΩL/c � 1. In Fig.2.14, we can see the multi-mode effect to the sensitivity of a

gravitational wave detector.

• Field interacts with one mirror— In this case, the mirror can be treated

as an extra degree of freedom couple to the leftward and rightward propagating fields

Then the Hamiltonian can be written as (See Fig.2.5):

Ĥ = −i~c
∫ ∞
−∞

dx

[
â†(x)

∂â(x)

∂x
− b̂†(x)

∂b̂(x)

∂x

]
+ ig[â(0)Â† + b̂(0)Â†] +H.c+ ~∆Â†Â.

(2.49)
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The corresponding equations of motion can be written as:

â,t + câ,x = −cgÂ, b̂,t − cb̂,x = −cgÂ

− i(Ω + ∆)Â = gâ0 + gb̂0

(2.50)

Integrating the equations of motion for the electromagnetic fields around the interac-

tion point leads to:

âout = âin − gÂ, b̂out = b̂in − gÂ. (2.51)

Notice that in deriving the above relation, we have used the fact that the b̂out is the

field on the left of the interaction point since b̂ is a leftward propagating field. The

junction condition of the optical field here is taken to be: â(b̂)(0) = â(b̂)out + â(b̂)in/2.

With this junction condition, the equation of motion for Â can be written as:

[−i(Ω + ∆) + g2]Â = g(âin + b̂in) (2.52)

where the g2 can be interpretated as the loss rate of the mirror internal mode Â, the

physical reason is clear since the loss of the internal mode must happens through the

interaction with the environmental EM bath. Using the above equation under the

large-detuned approximation ∆ � Ω, the Â can be adiabatically eliminated, which

gives an input-output relation as

âout =
i∆

g2 − i∆
âin −

g2

g2 − i∆
b̂in, (2.53)

in which the coefficient before âin can be viewed as the “transmissivity” t and the

coefficient before b̂in can be viewed as the “reflectivity” r. It is clear that if the

coupling is very strong: g � ∆, then we have r ≈ 1 while t ≈ 0, corresponding to

the total reflective case.

Similarly, adiabatic elimination of Â can also gives the effective interaction Hamil-

tonian:

Ĥeff
int = t(b̂inb̂

†
out + âinâ

†
out) + r(âinb̂

†
out + b̂inâ

†
out) + h.c (2.54)

If the in- and out- fields are defined as new independent fields, the free Hamiltonian

can now be written as:

Ĥfree =− i~c
∫ 0

−∞
dxâ†in(x)

∂âin(x)

∂x
− i~c

∫ ∞
0

dxâ†out(x)
∂âout(x)

∂x

+ i~c
∫ ∞

0

dxb̂†in(x)
∂b̂in(x)

∂x
+ i~c

∫ 0

−∞
dxb̂†out(x)

∂d̂out(x)

∂x

(2.55)
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This Hamiltonian Ĥ = Ĥfree +Ĥint Eqs.(2.55)(2.54) is the most general form of a one-

dimensional mirror-light interaction Hamiltonian. This Hamiltonian can be easily

extend for describing an optical cavity. For example, for an perfectly reflective cavity

with length L, we have:

Ĥfree = −i~c
∫ 0

−∞
dxâ†in(x)

∂âin(x)

∂x
− i~c

∫ L

0

dxâ†out(x)
∂âout(x)

∂x

+ i~c
∫ L

0

dxb̂†in(x)
∂b̂in(x)

∂x
+ i~c

∫ 0

−∞
dxb̂†out(x)

∂d̂out(x)

∂x

Ĥint = t1[b̂in(0)b̂†out(0) + âin(0)â†out(0)] + r1[âin(0)b̂†out(0) + b̂in(0)â†out(0)] + b̂†in(L)âout(L) + h.c

(2.56)

Solving out the Heisenberg equation can lead to the input-output relation given in

Eq.(2.34).

Single mode approximation will reduce the above complicated general Hamiltonian

to the single mode Hamiltonian Eq.(2.38). The two Hamiltonian describing the free-

evolution of the field inside the cavity can be reduced as:

Hcav = −i~c
∫ L

0

dxâ†out(x)
∂âout(x)

∂x
+ i~c

∫ L

0

dxb̂†in(x)
∂b̂in(x)

∂x

≈ ~∆

∫ L

0

dx[â†out(x)âout(x) + b̂†in(x)b̂in(x)] ≈ ~∆â†â

(2.57)

where ∆ = c∆k and â = âout(b̂in)/
√

2L. The interaction Hamiltonian can be reduced

as:

Hint =

√
T1

L
[b̂†outâ+ âinâ

†]− [âin(0)b̂†out(0) + b̂in(0)â†out(0)] (2.58)

The first term describes the interaction between the cavity mode and the external

mode while the second term describes the field directly reflected by the front mirror.

Notice that the interaction Hamiltonian describes the reflection of the end mirror is

encoded in the Ĥcav since its corresponding Heisenberg equation of motion âout)(L) =

b̂in(L) ensures the validity of the condition âout(x) = b̂in(x) in deriving the Ĥcav.
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2.4.3 Rotation of optical field in the phase-space

For a lossless cavity with perfect reflective end mirror, the input-output relation for

the cavity field can be written as:

âout(Ω) =
γ + i(∆ + Ω)

γ − i(∆ + Ω)
âin(Ω) = eiα+ âin(Ω)

â†out(−Ω) =
γ − i(∆− Ω)

γ + i(∆− Ω)
âin(Ω) = e−iα− â†in(−Ω)

(2.59)

These two sideband fields has different phase-delay when they are reflected from the

cavity, which creates a rotation (and an unimportant phase-shift) in the phase space

of light: âout1(Ω)

âout2(Ω)

 = ei
α+−α−

2

 cos 1
2
(α+ + α−) − sin 1

2
(α+ + α−)

sin 1
2
(α+ + α−) cos 1

2
(α+ + α−)

 âin1(Ω)

âin2(Ω)

 .

(2.60)

The rotation angle can be figured out from the above formula as:

θ(Ω) =
α+(Ω) + α−(Ω)

2
= arctan

[
2∆γ

γ2 −∆2 + Ω2

]
(2.61)

If there is no detuning, then these two sideband field will have the same phase-delay

which keep the initial quadrature combination. In this case, the θ = 0 and there is

only a phase-delay.

Notice that this rotation is frequency-dependent, which will be very useful for

creating frequency-dependent squeezing to beat the quantum noise of a gravitational

wave detector [3]. Imaging that if we injected a phase-squeezed vacuum into a(or a se-

ries) Fabri-Perot cavity(cavities), then the outgoing field of these Fabri-Perot cavities

will be rotated frequency-independently, create a squeezed state with a frequency-

dependent squeezing angle (See Fig.2.6).

2.5 Basic model of an optomechanical system

After the discussion about the quantum state of light and Fabry-Perot cavity, this

section discusses the basic model of an optomechanical system. The simplest example

of an optomechancial system is the interaction between a propagating light field with

a movable mirror.
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Figure 2.6 – Rotation of light field in its phase space by a Fabri-Perot cavity. The

black (solid), red(dotted), magenta(dotdashed) and blue(dashed) curves corresponds

to the detuning δ at γ, 0.6γ, 0.4γ, 0.2γ. The rotation angle can be as high as π/2

when δ = γ. The lower panel schematically shows the frequency-dependent squeezing

angle.

2.5.1 Optomechanical dynamics and noise spectrum

The optical field can be represented as:

Ê(t) = u(x, y, z)

√
4π~ω0

Ac
[

√
I0

~ω0

+ â1(t)] cos(ω0t) + â2(t) sinω0t, (2.62)

where â1,2 obeys the commutation relation: [â1(t), â2(t′)] = iδ(t − t′). The reflected

field is (defining τ = L/c):

Ê(t− 2τ − 2x
c

)

u(x, y, z)
√

4π~ω0

Ac

= [

√
I0

~ω0

+â1(t−2τ−2x

c
)] cosω0(t−2x

c
)+â2(t−2τ−2x

c
) sinω0(t−2x

c
),

(2.63)

in which 2ω0x/c is a small quantity. Therefore, to the first order:

Ê(t− 2τ − 2x

c
) ≈ u(x, y, z)

√
4π~ω0

Ac

[(√
I0

~ω0

+ b̂1(t)

)
cosω0t+ b̂2(t) sinω0t

]
.

(2.64)
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Figure 2.7 – Simplest optomechanical system a laser beam interacts with a movable

mirror.

where the amplitude/phase fluctuations of the reflected field is related to that of the

incoming field as:

b̂1(t) = â1(t− 2τ)

b̂2(t) = â2(t− 2τ) +

√
I0

~ω0

2ω0x(t− τ)

c
.

(2.65)

The x here represents the motion of the mirror, which is determined by the mirror

response function and the driving force. It is important to note that the light also

exerts a force on the mirror: the radiation pressure force, which is given by:

Frp(t) = 2
A

4π
〈|Êin|2〉 = 2

I0

c

[
1 +

√
~ω0

I0

â1(t− τ)

]
, (2.66)

in which the first term is a trivial DC effect and can be safely ignored. With this

radiation pressure force, the equation of motion for the mirror (suppose it is a free

test mass) is:

mẍ = 2

√
~ω0I0

c2
â1(t− τ) +G(t) (2.67)

where G(t) represents other external forces. These equations (Eq.(2.65)(2.66) (2.67))

determines the optomechanical dynamics of the system shown in Fig. 2.7

Suppose the above system is used to detect a small displacement signal of the

mirror due to the driving of G(t). Then the above radiation pressure force is the

back-action force of the detector (optical field) to the probe (mirror). If â1(t − τ) is

due to the quantum vacuum fluctuation, then this back-action will impose a fluctuat-

ing force on the mirror, which is the radiation pressure force. For the quadrature b̂2

which contains the displacement information of the mirror, not only the above men-

tioned radiation pressure noise will enter the final result, but also the “shot noise”

contributed by the â2(t− 2τ − 2x/c).
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In the frequency domain, the above result can be written as: b̂1(Ω)

b̂2(Ω)

 = e2iΩτ

 1 0

−K 1

 â1(Ω)

â2(Ω)

+ eiΩτ

 0
√

2K

 G(Ω)√
~mΩ2

(2.68)

where K = 4I0ω0/mΩ2c2

The error of the G(Ω) signal by measuring the b̂2 quadrature can be written as:

∆b2(Ω) = −Ke2iΩτ â1(Ω) + e2iΩτ â2(Ω) (2.69)

The first term is the radiation pressure noise while the second term is the shot noise,

normalized by the signal value, we have the noise spectral for G(Ω) is:

SGG(Ω) =
~mΩ2

2

[
K +

1

K

]
≥ hmΩ2

√
2

(2.70)

When the shot noise is equal to the radiation pressure noise, the total quantum

noise takes its lowest value and this lowest value is called Standard Quantum

Limit(SQL).

After introducing the dynamics and the quantum sensitivity of the above sim-

plest optomechanical system, now there are several points related to surpassing the

standard quantum limit and the pondermotive squeezing:

2.5.2 Surpassing the standard quantum limit

• If we do not only measure the phase quadrature b̂2 of the outgoing field, but some

smartly combined quadrature of light field as:

b̂ξ = b̂1 cos ξ + b̂2 sin ξ

= e2iΩτ â1(Ω) cos ξ + (−Ke2iΩτ â1(Ω) + e2iΩτ â2(Ω) + eiΩτ
√

2K G(Ω)√
~mΩ2

) sin ξ.

(2.71)

Suppose the ξ satisfies the frequency-dependent relation:

tan ξv(Ω) =
1

K(Ω)
, (2.72)

the â1 term will be completely removed:

b̂ξv = (e2iΩτ â2(Ω) + eiΩτ
√

2K G(Ω)√
~mΩ2

) sin ξv(Ω). (2.73)
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In this case, the noise spectrum for G(Ω) is:

SGG(Ω) =
~mΩ2

2K
. (2.74)

This method— removing the radiation pressure noise by carefully designing a homo-

dyne detector with specific frequency-dependent homodyne angle, is called ‘‘variational

readout”, which was first discussed by Sergey. P. Vyatchanin [3, 7]. The key tech-

nology in realizing the variational readout method is to obtain a frequency-dependent

homodyne angle. This can be achieved using the Fabri-Perot cavity since it can rotate

the light field in a frequency-dependent way [3].

• What about if the ingoing field â is in the squeezed state? Then the noise

spectrum in Eq.(2.61) becomes:

SGG(Ω) =
~mΩ2e−2r

2

[
K +

1

K

]
(2.75)

when the input squeezing angle ξ(Ω) satisfy:

tan ξ(Ω) =
1

K
. (2.76)

This means that the squeeze injection can indeed surpass the SQL. There are two

issues here that need to be noticed: (1) the squeezed light needs to be rotated in a

frequency-dependent way—this can be realized again by passing the squeezed light

through a series of Fabri-Perot cavities. (2) Interestingly, the requirement for the

squeezing angle is exactly the same as the requirement for the homodyne angle—this

is not surprising. The reason for this equivalency is that both of these two methods

need to align a specific optical quadrature, either squeeze it (squeezing injection),

either remove it (variational readout).

2.5.3 Pondermotive squeezing

In the above discussion, it is assumed that the ingoing optical fluctuation â1/â2 takes

the vacuum expectation. After the optomechanical interaction, the outgoing field

b̂1/b̂2 is no-longer vacuum, but a squeezed state. This fact can be checked by calcu-

lating the variance: Sb1b1 Sb1b2

Sb1b2 Sb2b2

 =

 1 −K

−K K2 + 1

 = ST

 2+K2+
√
K4+4K2

2
0

0 2+K2−
√
K4+4K2

2

S

(2.77)
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2the second equality is the diagonalization transformation) which indicates that the

squeezing parameters are:

e±2r =
2 +K2 ±

√
K4 + 4K2

2
, (2.78)

and it is easy to verify that the determination of this diagonalized matrix is equal

to one. Therefore, the outgoing field b̂ is a squeezed vacuum state with a frequency-

dependent squeezing angle determined by the matrix S(ST ). This squeezing process

is the pondermotive squeezing we have briefly discussed previously. It is now

clear from Eq.(2.59) that the reason for this pondermotive squeezing is the mix-up of

the phase and amplitude quadrature due to the mechanical motion induced by the

radiation pressure force.

2.6 Mapping between an interferometer to a single-

cavity system

After the introduction of the above basic optomechanical system, we now switch to the

cavity-optomechanical system which is the basic ingredient of a laser interferometer

detector. Before detailed discussion of the dynamics of cavity-optomechanical system,

in this section, we first give a brief summary of the mapping relation between the

interferometer and the cavity optomechanical system.

The elegant mapping between a second generation interferometric gravitational

wave detector and a single cavity optomechanical system is established by Buonanno

and Chen in 2004 [8].

• The simplest Micheslon interferometer—The simplest Michelson inter-

ferometer is shown in Fig.2.8(A). The mapping between Fig.2.8(A) and Fig2.8(a) is

described as following: 1) As discussed in Chapter 1, the detection port is locked

on a dark fringe in the unperturbed situation when the two arms are exactly iden-

tical. Any field entering into the bright(dark) port will return to the bright(dark)

port because of the destructive interference between the light propagated through

two different arms. This fact actually “separates” the strong carrier laser from the

2(



46 Chapter 2. Quantum noise of optomechanical systems

Figure 2.8 – Laser interferometers and their effective cavity mapping. (A-a) the

delay-line configuration where the dynamics can be mapped to the interaction between

a mirror and a propagating light; (B-b) the initial LIGO design can be mapped

to a tuned Fabry-Perot cavity with movable end mirror; (C-c) the dual-recycling

interferometer, can be mapped to a three-mirror cavity. The SRM and ITM can be

treated as an effective mirror with a tunable frequency response, which enriches the

optomechanical dynamics of this configuration.
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weak “differential signal” emerging in the dark port. Therefore in its effective de-

scription Fig.2.8(a), the light field interacts with the mirror contains both the carrier

light and the weak signal/noise field. However, in the detection port, the carrier light

is “separated” and there is only the signal/noise field. 2) Suppose the field in each

arm has power I0, then due to the 50 : 50 beam splitter, then the laser source power

should be 2I0. But the incoming carrier power in the effective model Fig.2.8 should

still be I0. 3) Notice that the detectable motion of the interferometer mirrors are

differential motion xd(t) = xN(t)− xE(t) where xN(t) and xE(t) are motion of north-

south arm mirror and east-west arm mirror, respectively. This means in the effective

model Fig.2.8, the mass for the end mirror should be the reduced mass: m/2 if we

set the driving force to be the radiation pressure force of a single arm, that is, the

FGW = mLḧ(t)/2 and Frp depends only on the vacuum fluctuation entering from the

dark port which reflects/transmits to one arm (notice that the vacuum fluctuation

enter from the bright port only affects the common motion). 4) Notice that only half

(in terms of power) of the vacuum fluctuation enters one arm, therefore the dark port

field amplitude should be â1/
√

2.

In summary, when we “fold” the two arms are folded into one arm, this will 1)

half the laser power; 2) half the mirror mass; 3) half the vacuum fluctuation power.

Therefore, the equation of the differential motion can be written as:

1

2
m¨̂xd(t) =

1

2
mLḧ(t) + 2

I0

c

√
~ω0

I0

â1(t− τ)√
2

. (2.79)

The input-output relation would be:

b̂1(t) = 2
1√
2

â1(t− 2τ)√
2

(2.80)

b̂2(t) = 2
1√
2

â2(t− 2τ)√
2

− 1√
2

2ω0

c

√
I0

~ω0

(x̂E(t)− x̂N(t)) (2.81)

The first and second square root in â1, â2 terms are due to the fact that the field

entering into dark port needs to pass the beam splitter twice before leaving the inter-

ferometer. The 2−factor in these terms is due to the fact that the field detected at the

dark port consists of both the field propagating in the east-west arm and north-south

arm. The same logic can lead to the differential mode motion term in b̂2(t).

• The Power-recycling interferometer— In this case, the intra-cavity power

gets enhanced due to the power-recycling mirror. The Power-recycling interferometer
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shown in Fig.2.8(B) can actually be mapped into two effective cavities: common

mode cavity and differential mode cavity. The common mode cavity consists of the

power recycling mirror and the arm cavities. The field enters in /reflected from

the common mode cavity all through the bright port and the common mode cavity

does not sense the differential motion of the end mirrors. The differential mode

consists of the dark port and the arm cavity, which is only sensitive to the differential

motion. In Fig.2.8(b), we only shows the differential mode cavity which is relevant to

gravitational wave detection. In this case, both of the two effective cavities are tuned

on resonance. Apparently, the enhanced intra-cavity power leads to the enhancement

of the signal, which is in principle beneficial for gravitational wave detection, at least

in the high-frequency region.

• The dual recycling interferometer— For dual recycling interferometer de-

sign, there is another mirror on the dark port to feedback the signal into the system,

as shown in Fig.2.8(c). It is clear that there are two effective cavities in this system:

the common mode cavity which is on resonance with the laser frequency as before for

enhancing the intra-cavity power and the differential mode cavity which consists of

a signal recycling mirror and arm cavities. However, the signal recycling cavity does

not have to be tuned on resonance with respect to the arm cavity—and this detuning

is actually the source of rich dynamical behavior of this dual recycling configuration.

The discussion of the dynamics of this configuration will be postponed to next sec-

tion, here, we focus on how to effectively describe this three-mirror differential cavity

using a two-mirror effective cavity.

This two-mirror effective cavity was first discussed by Buonanno and Chen [8]. The

effective front mirror for this effective cavity is actually the signal-recycling cavity.

The reflectivity and transmissivity of both sides of this effective mirror is given by [8]:

r′eff =

√
R + re2iφ

1 +
√
Rre2iφ

, reff = − r +
√
Re2iφ

1 +
√
Rre2iφ

, (2.82)

teff = teff =
t
√
Teiφ

1 +
√
Rre2iφ

, (2.83)

where φ = ω0L/c is the phase delay by lights with carrier frequency ω0 upon
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Figure 2.9 – Two-mirror effective cavity for the differential mode of dual-recycling

interferometer

one trip across the signal recycling cavity, r,
√
R are the amplitude reflectivity of the

signal recycling mirror and the input test mirror. It is clear that if r = ±
√
R, the

signal recycling cavity behaves like a normal mirror (the reflectivity and transmissivity

magnitude are the same on both sides of the mirror). The tunability of the r
(′)
eff and

teff allows the interferometer to work in differential mode and it is also possible for

the carrier light (which is tuned to the arm cavity) to be detuned with respect to the

compound cavity consists of the arm cavity and the signal recycling mirror.

In this case, the resonant point of the whole interferometer configuration is no

longer the same as the resonant point of the arm cavity. The new resonant point Ωres

is determined by:

r′effe
2iΩresτ = 1, (2.84)

in which it is assumed that the distance between the signal recycling mirror and the

input test mirror is negligible compared to the arm length. Expanding the exponential

to the first order gives the resonance point as:

Ωres = ∆ + iγeff , (2.85)

where:

∆ =
2rγ sin 2φ

1 + r2 + 2r cos 2φ
, γeff =

(1− r2)γ

1 + r2 + 2r cos 2φ
, (2.86)

with γ = cT/(4L). Now the differential mode of the interferometer can be mapped

to a detuned cavity with the above detuning ∆ and effective bandwidth γeff .

For example, as just mentioned, if φ = π/2, then reff = −r′eff , teff = t′eff . The signal

recycling mirror behaves just like an mirror with tunable reflectivity and transmissiv-
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ity. The detuning is zero and the bandwidth is:

γRSE =
1 + r

1− r
γ =

cteff(φ = π/2)

4L
. (2.87)

This configuration is called “Resonant Sideband Extraction” mode. In the ex-

tremal case that r →
√
R, the γRSE →∞, which implies that:

r′eff ≈ −r, (2.88)

in this case, 1) the input test mass mirror is almost transparent to the sideband field;

2) the signal recycling cavity and the end mirror form a compound mirror which

is anti-resonant. The system bandwidth will be almost infinity. Notice that the

Resonant Sideband Extraction mode always broadens the bandwidth since r > 0, but

at the sacrifice of the signal strength. This fact can be understood as the destructive

interference between the light field directly reflected from input test mass and the

field transfers out of the the signal recycling mirror as we have shown in Fig.1.3 since

the one round-trip phase is 2φ = π.

Another example is the situation when φ = 0. In this case:

γSR =
1 + r

1− r
γ. (2.89)

This is so-called Signal Recycling Mode, in which the bandwidth γSR is always

narrowed but the signal get enhanced.

There are also signal-recycling cavity parameter regions when ∆ 6= 0. In these

case, there will be an optical spring effect, which is discussed in the next section.

In summary, a general dual-recycling interferometer can be mapped to a detuned

effective Fabri-Perot cavity, with tunable front mirror. Different choices of the pa-

rameters of this effective cavity can lead to different interferometer behaviors. In the

next section, we will focus on the physics of such a detuned cavity.

2.7 Cavity optomechanics

The last section showed that understanding the dynamics of the cavity optomechanics

is the key to understand the dynamical behavior and sensitivity of the interferometer.

There are many excellent reviews containing the discussion of cavity optomechanics
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dynamics [9, 10, 11]. This section discusses the dynamics of cavity optomechanics in

detail using two different approaches.

2.7.1 Transfer matrix method

• Sensitivity calculation of an optomechanical device—Firstly, regarding the

cavity optomechanical dynamics by establishing a systematic analyzing method—

transfer matrix method, this method was firstly discussed by Corbitt et.al [12].

The input-output relation for light transmiting/reflecting through a mirror can be

written (in the two-photon formalism) as: ĉ1

ĉ2

 =
√
T

 1 0

0 1

 â1

â2

+
√
R

 1 0

0 1

 d̂1

d̂2

 (2.90)

(in the following, the ĉ is used to represent the column (ĉ1, ĉ2)T ). Similarly, b̂ =
√
T d̂−

√
Râ.

The light field propagate through the vacuum with distance L (cavity length) can

be represented as:  ê1

ê2

 = eiΩτ

 cos ∆τ sin ∆τ

− sin ∆τ cos ∆τ

 ĉ1

ĉ2

 (2.91)

(or ê = eiΩτMrotĉ) where ∆ is the detuning of the pumping carrier light with respect

to the cavity resonance.

The matrix representation of optomechanical interaction is given by Eq.(2.59).

For completeness, we re-write it using the symbol convention in Fig.2.10: f̂1

f̂2

 =

 1 0

−K 1

 ê1

ê2

+

 0
√

2K

 Rxx(Ω)

~
G(Ω), (2.92)

where K = 4ω0I0Rxx(Ω)/c2 for the mechanical oscillator with a general response

function Rxx(Ω) (R−1
xx (Ω)x̂(Ω) = F (Ω)). This relation now can be simply written as

f(Ω) = Mopt(Ω)e(Ω) +DG(Ω).

The optical dynamics of the cavity can be understood as a linear feedback control

problem: the open-loop of this control system is one round-trip propagation of light

field inside the cavity (including the optomechanical interaction) and the feedback
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Figure 2.10 – The flowchart demonstration of the optical dynamics of a cavity-

optomechanical system. The red lines represent the open-loop process while the blue

line represents the feedback of the optical field due to the reflection of the front mirror.

kernel is the reflection of light on the front mirror. Then the open-loop transfer

matrix can be written as:

Go(Ω) = e2iΩτMrot(Ω)Mopt(Ω)Mrot(Ω) = Te2iΩτMopt(Ω), (2.93)

while the closed-loop transfer matrix is:

Gc(Ω) =
Go(Ω)

1−
√
RGo(Ω)

= Te2iΩτMopt(Ω).[1−
√
RTe2iΩτMopt(Ω)]−1,

b(Ω) = Mrefl(Ω)a(Ω) + Dc(Ω)G(Ω),

(2.94)

where Dc = eiΩτMrotD(Ω)[1 −
√
RTe2iΩτMopt(Ω)]−1 and Mrefl(Ω) = 1 + G(Ω)c. It

is clear that the Gc(Ω)a(Ω) is the noise part where Dc(Ω)G(Ω) is the signal part.

Finally, the (force)-sensitivity (normalized noise spectrum) can be written as:

SGG(Ω) =
vξ[Mrefl(Ω)M†refl(Ω) + M†refl(Ω)Mrefl(Ω)]v†ξ

vξ[Dc(Ω)D†c(Ω) + D†c(Ω)Dc(Ω)]v†ξ
, (2.95)

where vξ = (cos ξ, sin ξ) is the homodyne detection matrix with ξ be the homodyne

angle. If G(t) = 1
2
mḧ(t) which is the gravitational tidal force, then it is easy to obtain

the strain sensitivity for gravitational wave.

This transfer-matrix method will be used in the calculation of the quantum noise

limited sensitivity of the interferometers in this thesis.

• Single-mode approximation —Under the single-mode approximation, the

simple analytical result of the input-output relation can be written down [8]:

ˆb(Ω) =
1

C
[M(Ω)a(Ω) +Dc(Ω)h(Ω)]. (2.96)
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where

C = Ω2[(Ω + iγ)2 −∆2] + ∆ι

M(Ω) =

 −Ω2(Ω2 + γ2 −∆2)−∆ιc 2γ∆Ω2

−2γ∆Ω2 + 2γιc −Ω2(Ω2 + γ2 −∆2)−∆ιc

 (2.97)

D(Ω) =

 ∆Ω

(−γ + iΩ)Ω

 2
√
γιc

hSQL

. (2.98)

with ι = 4ω0I0/mLc. The gravitational wave strain sensitivity can then be written

as:

Shh(Ω) =
vξMMTvTξ
vξDDTvTξ

. (2.99)

Later on, we will show that these results under single-mode approximation can be

recovered using the Hamiltonian approach.

• non detuned case— If the carrier light has no detuning with respect to the

cavity resonance, then the input-output relation has a very simple expression:

M(Ω) =

 e2iφ 0

−K e2iφ

 , D(Ω) = eiφ(Ω)

 0
√

2K

 (2.100)

where:

φ = arctan(Ω/γ), K(Ω) =
2γιc

Ω2(Ω2 + γ2)
. (2.101)

The strain sensitivity is given by:

Shh(Ω) =
4~

mΩ2L4

[
1

K(Ω)
+K(Ω)

]
. (2.102)

• Sampling sensitivity curves— Using the parameters for advanced LIGO, we

plot some sample sensitivities here. Figs.2.11 2.12 and 2.13 correspond to the previ-

ously mentioned signal recycling mode, resonant-sideband extraction mode and the

detuned case. From these figures, it is clear that the signal recycling mode increases

the sensitivity peak but decreases the detection bandwidth, while the resonant side-

band extraction mode broaden the detection bandwidth but decrease the sensitivity

peak. This trade-off phenomenon is discussed later.

From Fig.2.13, it is interesting that some parameter choice of the signal recycling

mirror can lead to two sensitivity dips, which surpass the free-mass standard quantum
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Figure 2.11 – Strain sensitivity plot:
√
Shh(Ω)/SSQL(γ) versus Ω/γ for the dual-

recycling interferometer working in the signal recycling mode. Here the Advanced

LIGO parameters are assumed and the intra-cavity power is set to be the SQL power.

We also assume that only the phase quadrature is measured. The reflectivity of the

signal recycling mirror takes the value of r = 0.15, 0.35, 0.75, 0.95 and the phase is

zero. The magenta and read curve are the
√
Shh(Ω)/SSQL(γ) for the conventional

interferometer configuration and the free-mass Standard quantum limit of the strain

sensitivity respectively.
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Figure 2.12 – Strain sensitivity curve for the dual recycling interferometer working

in the resonant sideband extraction mode. The reflectivity of the signal recycling

mirror takes the value of r = 0.7, 0.8, 0.9 and its detuning phase is π/2.



2.7. Cavity optomechanics 55

0.1 0.2 0.5 1.0 2.0 5.0 10.0
0.1

1

100

1000

10

Figure 2.13 – Strain sensitivity curve for the dual recycling interferometer working

in the detuned case. The reflectivity of the signal recycling mirror takes the value of

r = 0.95 and its detuning phase is π/2− 0.19, π/2− 0.39, π/2− 0.59.

limit while the squeezing input and variational readout scheme are not applied here.

This interesting phenomenon is due to the modification of test mass dynamics in the

detuned interferometer, which will be fully discussed in the next section.

Last but not least, the above transfer matrix method also can be used to calcu-

late the sensitivity beyond one free spectral range. For a typical interferometer, the

Ωfsr/γ ∼ 4π/T ∼ 200. The frequency range of the previously given sample sensi-

tivity curves are within Ωfsr where the single-mode approximation is valid. Fig.2.14

also gives a sample example of the sensitivity curve beyond Ωfsr: Some proposals are

discussed for using those narrow band dips around nΩfsr, n ∈ N for detecting the

high-frequency gravitational waves.

2.7.2 Hamiltonian method and optical spring effect

• Hamiltonian and equations of motion—Within ωfsr, the single-mode approxi-

mation is valid, therefore a Hamiltonian approach can be used to describe this general

detuned cavity optomechanical system:

Ĥ = ~ωcâ†â+ i~
√

2γ(ââ†in − h.c) +
p̂2

2m
+

1

2
mω2

mx̂
2 − ~G0â

†âx̂. (2.103)
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Figure 2.14 – Sensitivity curve for the conventional interferometer with frequency

range beyond one ωfsr.

in which the first term is the free Hamiltonian for the cavity field and the second

term describes the interaction between the external field and the intra-cavity field.

The third and fourth terms are the free-Hamiltonian for the harmonic oscillator while

the last term is the radiation pressure force term. G0 = ω0/L is the optomechanical

coupling strength.

The corresponding equations of motion can be written as:

˙̂x(t) = p̂(t)/m, (2.104a)

˙̂p(t) = −γmp̂(t)−mω2
mx̂(t) + Fth(t)− ~G0â

†(t)â, (2.104b)

˙̂a(t) = −(γ − i∆)â(t)iG0â(t)x̂(t) +
√

2γâin(t), (2.104c)

in which the F̂th is the thermal force and γm is the mechanical damping rate asso-

ciated with F̂th, γ is the optical damping rate (cavity bandwidth) associated with

electromagnetic bath âin(t). The detuning is given by ∆ = ω0 − ωc For simplicity,

we ignore the thermal fluctuation temporarily. The mutual interaction between the

cavity field and the mechanical oscillator shows in the last term of Eq.(2.105)(b),

which represents the radiation pressure force, and the second term on the right hand

side of Eq.(2.105)(c), which represents the motion-induced modulation.

The above equations are in general nonlinear. To linearize the system, we simply

replace the operator with the sum of a zero-th order steady operator with a perturbed
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part. This linearization gives the following equation of motion:

m¨̂x(t) + γm ˙̂x(t) +mω2
mx̂(t) = −~G0ā[â†(t) + â(t)], (2.105a)

˙̂a(t) + (γ − i∆)â(t) = iG0āx̂(t) +
√

2γâin(t), (2.105b)

where ā is the zeroth-order solution given by:

ā =

√
2γ

γ − i∆
āin. (2.106)

The phase in this complex amplitude can be in principle moved out by re-setting the

phase of āin. Here and after, it is assumed that ā is real.

The corresponding linearized equation of motion in the Fourier domain can be

written as:

χxx(Ω)x̂(Ω) = −~G0ā[â†(Ω) + â(Ω)], (2.107a)

χopt(Ω)â(Ω) = iG0āx̂(Ω) +
√

2γâin(Ω). (2.107b)

χ∗opt(−Ω)[â(−Ω)]† = −iG0āx̂(Ω) +
√

2γ[âin(−Ω)]†, (2.107c)

with χxx(Ω) = −m(Ω2 + iΩγm − ω2
m) and χopt(Ω) = γ − i(∆ + Ω). Notice that the

modulation of the oscillator motion will create two sidebands with frequency ω0 + Ω

and ω0 − Ω, described by Eq.(2.107)(b) and (c), respectively. The right hand side of

Eq.(2.107)(a) represents the radiation pressure force contributed by the beating be-

tween the main carrier beam and the weak perturbed fields given in Eq.(2.107)(b)(c).

Interesting physics emerges by considering the fact that these weak perturbed fields

depend on the mirror oscillation x(Ω): this means the optomechanical interaction will

modify the dynamical character of the mirror oscillator—the so called “optical spring

effect”.

• Optical spring effect— Substituting Eq. Eq.(2.107)(b)(c) into Eq.(2.107)(a),

we have the modified mirror oscillation equation:

χ̃xx(Ω)x̂(Ω) = F̂rad(Ω) (2.108)

in which F̂rad(Ω) and χ̃xx(Ω) are the radiation pressure noise force and the modified

mechanical susceptibility:

F̂rad(Ω) = 2~G0ā
√
γ

(γ − iΩ)âin1(Ω)−∆âin2(Ω)

(Ω + ∆ + iγ)(Ω−∆ + iγ)
(2.109a)

χ̃xx(Ω) = χxx(Ω)− 2~G2
0ā

2∆

(Ω + ∆ + iγ)(Ω−∆ + iγ)
. (2.109b)
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For convenience, we define the real part of the second term of Eq.(2.109)(b) (which

is the optomechanical modification of mechanical susceptibility) as χom(Ω). Suppose

the Ω is small compared to other frequency scales, then by expanding over Ω to the

first order, we have:

χ̃xx(Ω) ≈ −m
(

Ω2 + i

[
γm −

4~G2
0ā

2γ∆

m(γ2 + ∆2)2

]
Ω−

[
ω2
m +

2~G2
0ā

2∆

m(γ2 + ∆2)

])
. (2.110)

As shown in the above formula, the resonance frequency and the damping rate of the

mirror are modified. The optomechanical part of ωm and γm are named as “optical

rigidity” and “optical damping”.

In the following, we give several comments about this effect:

(1) A simple and quasi-static way to explain the optical spring effect is the follow-

ing. Suppose the mechanical motion x is quasi-static, then the intra-cavity amplitude

and the intra-cavity power can be written as:

ā =

√
2γ

γ − i∆− iG0āx(t)
âin, Ic =

2γ

γ2 + (∆ +G0āx)2
Iin. (2.111)

Since the radiation pressure force exerted on the mirror is roughly Frp ∝ Ic/c, there-

fore the radiation pressure force is depended on the mirror position. Expanding the

above formula in terms of x gives:

Frp ∝ Ic ≈
2Iinγ

γ2 + ∆2
− 4G0āIinγ∆

(γ2 + ∆2)2
x+O(x2). (2.112)

It is clear that the radiation pressure force is proportional to x if ∆ 6= 0. The damping

exists because the mechanical motion is only quasi-static. In reality, the response of

the intra-cavity power to the test mass motion has a delay, which induced the friction

component of the optical spring.

(2) The optical damping has a microscopic explanation. The linear parametric

optomechanical dynamics can be understood as the interaction between the photons

and phonons as shown in Fig.2.15. In this figure, the Stokes process emits a phonon

and transfer the energy from the optical degree of freedom to the mechanical degree

of freedom while the anti-Stokes process absorbs a phonon and thereby causing the

mechanical degree of freedom to lose energy. If the carrier light is blue-detuned such

that the Stokes sideband is higher than the anti-Stokes sideband, there will be a net

energy flow from the optical degree of freedom to the mechanical degree of freedom,



2.7. Cavity optomechanics 59

Figure 2.15 – Photon-phonon interaction: (a) The anti-Stokes process, which causes

a cooling effect by drawing a phonon out of the mechanical degrees of freedom (mir-

rors), creating an upper sideband photon with higher energy ~(ω0 + Ω); (b) The

anti-Stokes process, creates a heating effect by emitting a phonon to the mechanical

degrees of freedom, creating a lower sideband photon with lower energy ~(ω0 − Ω).

(c) Red-detuned case where the rate of Stokes process is higher than that of the

anti-Stokes process.
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thus creating an anti-damping effect. Alternatively there is a net energy flow from

the optical degrees of freedom to the mechanical degree of freedom if the carrier light

is red-detuned, thus creating a damping effect.

• Effect on the quantum noise limited sensitivity curve— As shown in [13,

14], the effect of optical spring on the quantum sensitivity curve is to modify the

original free-mass standard quantum limit to the oscillator’s standard quantum limit.

Take the simplest example shown in Section 2.5 as an example, if the equations

of motions for the mechanical degree of freedom becomes:

χxx(Ω)x̂(Ω) = 2

√
~ω0I0

c2
â1(Ω)e2Ωτ +G(Ω). (2.113)

This leads to (for detecting the gravitational wave strains):

Shh(Ω) =
8~

m2Ω4L2

√
|χxx(Ω)|2. (2.114)

Apparently, this Standard Quantum Limit for a harmonic oscillator does have a

dip at the mechanical resonance and this corresponds to the lower frequency dip of

the sensitivity curves in Fig.2.13 while the higher frequency dip is due to the optical

resonance of the interferometer given in Eq.(2.76).

Therefore, the optical spring effect makes it possible to surpass the free mass SQL

in the way that it modify the free mass SQL to be the oscillator SQL. However, the

detection bandwidth decreases.

• Pondermotive cooling— When the pumping light is red-detuned, the anti-

Stokes sideband is dominate over the Stokes sideband. Therefore the mechanical

energy will be transfered into the optical degrees of freedom and the mechanical

bandwidth gets increased. This is called the pondermotive cooling (or optical cooling).

The pondermotive cooling can be understood using the feedback flow chart: Fig.2.16.

The mechanical oscillator in this case is damped through two channels: the op-

tical channel and the thermal channel. These two damping processes γopt and γm

are associated with two random force: the thermal random force and the radiation

pressure force noise according to the fluctuation-dissipation theorem:

SFF =
∑
j

4mγeff
j ~ωm coth

(
~ωm

2kBTj

)
=
∑
j

8mγj~ωm
(
n̄j +

1

2

)
, (2.115)
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Figure 2.16 – Block diagrams for the pondermotive cooling/heating effect. In the

cooling regime. The mechanical oscillator couples both to the low temperature optical

bath with effective coupling coefficient γopt and the high temperature thermal bath

with coupling coefficient γm. However, in the heating regime, the energy is tranfered

from the optical bath (including the pumping) to the mechanical oscillator which

induces instability. The feedback control kernel is a force acting on the mechanical

oscillator, based on the measurement result.
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where we have neglect the modification of these bath to the mechanical resonant

frequency ωm, and nj is the mean occupation number contributed by the jth channel,

defined as:

n̄j =

(
e

~ωm
kBTj − 1

)−1

. (2.116)

The effective occupation number of the mechanical oscillator and effective tempera-

ture are given by:

n̄eff =

∑
j γjn̄j∑
j γj

, Teff ≈
∑

j γjT̄j∑
j γj

. (2.117)

Notice that the Teff is obtained approximately by assuming that ~ωm < kBTj. For the

system with γopt � γm, we have n(T )eff = n(T )opt which means that the mean occu-

pation number and the effective temperature is dominate by the radiation pressure

noise. Interestingly, this pondermotive cooling allows us to prepare the mechanical

oscillator onto its quantum ground state when n̄eff < 1 [15, 16].

• Dynamical Instability— On the other hand, from Eq.(2.110), it is clear that

the optical rigidity and optical damping are always opposite to each other, namely,

the positive optical rigidity is accompanied with a negative optical damping, vice

versa. This means there is a potential instability in this system, especially when the

test mass is a free mass so that there is no mechanical spring to cancel the negative

damping/rigidity.

The instability due to the negative damping coefficient has been demonstrated

by the table-scale experiment, which reappears with the name of “optical heating”,

“parametric instability” or “phonon lasing” [17, 19]. The increasing amplitude of

the mechanical motion can boost the system into an interesting non-linear coupling

region, which has been discussed by Marquardt et.al [20].

For a interferometric gravitational wave detector, this kind of instability has two

different effects: 1) It will bring us an instability for the center-of-mass motion of the

test mass, which can be suppressed by adding a feedback control loop [14]; 2) The

internal acoustic modes of the test mass will also suffer from the instability when the

intra-cavity power is high enough, which will be a challenge for future high-power

interferometer [18]. The next subsection discusses these two effects in more details.
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2.7.3 Parametric instability

• Center of mass motion instability— For a red-detuned cavity, the mirror’s cen-

ter of mass motion will suffer instability. However, this instability can be suppressed

by feedback control and most importantly, this feedback control will not affect the

sensitivity of the optomechanical devices (or inteferometric gravitational wave de-

tectors). This was first pointed out by Buonanno and Chen. Here is a sketch of

mathematical proof given by Buonanno and Chen [14].

The Hamiltonian for the optomechanical system with feedback can be schemati-

cally written as:

Ĥ = Ĥm +Ho − x̂G− x̂F̂ − x̂Ĉ (2.118)

whereHm/O is the test mass/optical free Hamiltonian, G/F are the external force/radiation

pressure force, while Ĉ is the feedback force. The measurement-based feedback force

is given by:

Ĉ(t) =

∫ t

−∞
dt′K(t− t′)Ẑ(t′) (2.119)

where Ẑ(0)(t) is the measurement result. This Hamiltonian is a time-non-local Hamil-

tonian. The equation of motion for x is then given by:

χxx(Ω)x̂(Ω) = F (Ω) +G(Ω) +K(Ω)Z(Ω) (2.120)

where we have substituted the Fourier transformation of the definition of C(t) (Eq.(2.119)).

The output Ẑ(t) and the radiation pressure force (or equivalently the amplitude

quadrature of the optical field) F̂ evolute as (in the Fourier domain):

F̂ (Ω) = F̂ (0)(Ω) + χFF (Ω)x̂(Ω)

Ẑ(Ω) = Ẑ(0)(Ω) + χZF (Ω)x̂(Ω)

Ĉ(Ω) = Kc(Ω)Z(Ω),

(2.121)

which leads to:

Z(Ω) =f(Ω)

(
Z(0)(Ω) +

χZF (Ω)χ−1
xx (Ω)[G(Ω) + F̂ (0)(Ω)]

1− χ−1
xx (Ω)χZF (Ω)

)
with

f(Ω) =
1− χ−1

xx (Ω)χFF (Ω)

1− χ−1
xx (Ω)(χFF (Ω) + χZF (Ω)Kc(Ω))

.

(2.122)

Notice that the feedback kernel only exists as a over-all normalization factor which

does not affect the signal to noise ratio! This is due to the fact that both the signal
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Figure 2.17 – Parametric instability of acoustic mode A schematic figure of three-

mode interactions in an optical cavity, showing an acoustic mode scattering stored

energy from the cavity fundamental mode into a higher order mode, at the same time,

back-acting on the test mass by radiation pressure force contributed by the beating

between the fundamental and higher order mode.

and the noise are fed back onto the test masses, therefore the signal and noise are

affected in the same way by the control loop.

• Acoustic mode instability— The LIGO test mass mirrors have many acous-

tic(elastic) modes, these modes are excited through its coupling to the thermal baths.

When the pumping carrier light (fundamental spatial mode) with frequency ω0 inter-

acts with these thermally excited acoustic modes (say, with frequency ωm), it will be

scattered into two sidebands with frequencies ω ± ωm. If the lower Stokes sideband

field matches with a high-order cavity mode both in frequency and in spatial profile,

then the beating between this lower sideband and the fundamental mode will exert a

radiation pressure force back onto the acoustic mode and further excite it, thus the
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acoustic mode becomes unstable. The instability gain is given by:

R =
2ΛI0ω1

mωmL2γ0γ1γm
, (2.123)

which can be derived through multi-mode Hamiltonian given in [21].

This phenomenon was first predicted by Braginsky et.al [18]. This instability will

be a challenge for the interferometer with high optical power. Recently, In LIGO and

Gingin 80 meter cavity, this effect has been observed [23, 22]. Schemes for suppressing

this instability were also proposed [24], such as using thermal modulation of the test

masses to reduce this effect [22]

2.7.4 Modifying the dynamics of the test masses

Although the optical spring effect brings us some instability issues as listed above, it

also allows us to modifying the test masses dynamics for better response to the grav-

itational wave and pondermotive force, which may useful in improving the sensitivity

of the detector.

One example is the so-called double-spring interferometer where double detuned

injection is used to achieve a stable optomechanical dynamics of the test masses [25].

Properly design the parameters of the double-spring system can also allows us to

cancel both the optical rigidity and the optical (anti-)damping. In this case, the

pondermotive effect will leave only a negative inertia, which effectively increases the

response of the probe to the gravitational waves [26].

Multiple optical springs also allows us to broaden the detection bandwidth. As

we know, a single optical spring can only surpass the free mass SQL within a limited

bandwidth around the optical spring frequency. However, if multiple optical springs

are used, then the interferometer will have multiple mechanical resonances with the

sensitivity dips below the free-mass SQL. The broadband sensitivity will be the locus

of all these sensitivity dips. The flexibly shaping of the quantum noise spectrum

of this kind of multi-carriers (springs) gravitational wave detectors has been studied

recently [27].
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2.8 General discussion of quantum measurement

The previous sections of this Chapter calculated the dynamics of optomechanical

system and the sensitivity of these optomechanical devices. As we can see from

these discussions, these sensitivities are always limited by the quantum noise and

smart methods can be applied to surpass the quantum noise limited sensitivity. In

this section, regardless of the details of the detector dynamics, we give a general

discussion of quantum measurement process. The materials in this section based on

the literatures [14, 28, 29].

As already briefly mentioned in the Introduction, a general measurement process

consists of a probe which is directly interact with the external force and a readout

device. The interaction between the readout device and the probe will convey the

information of the probe to the detector and get measured, while at the same time,

impose a back-action force to the probe. This back-action can cause the dynamical

modification of the probe and an additional back-action noise. For example, the opti-

cal spring and the radiation pressure noise are the back-action dynamical modification

and the back-action noise, respectively.

For a general displacement measurement process, the output quantity of the de-

tector can be written as:

Ẑ(t) = x̂0(t) + N̂(t) +

∫ t

−∞
dt′χxx(t− t′)[F (t′) +G(t′)] (2.124)

where the x̂0(t) describes the free-evolution of the probe displacement, χxx is the

response function of the probe to the external force environment and N̂(t) is the

sensing noise (e.g: shot noise in an optomechanical system).

Since Ẑ(t) is the measurement result, therefore it should satisfy the following

commutation relation:

[Ẑ(t), Ẑ(t̃)] = 0 (2.125)

which leads to:

[x̂0(t), x̂0(t̃)] +

[
N̂(t),

∫ t̃

−∞
χxx(t̃− t′′)F̂ (t′′)dt′′

]
+

[∫ t

−∞
χxx(t̃− t′)F̂ (t′)dt′, N̂(t̃)

]

+ [N̂0(t), N̂0(t̃)] +

[∫ t

−∞
χxx(t̃− t′)F̂ (t′)dt′,

∫ t̃

−∞
χxx(t̃− t′′)F̂ (t′′)dt′′

]
= 0

(2.126)
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where [x(t), x(t′)] = −i~χxx(t− t′) and the commutation relations of N̂ , F̂ are deter-

mined as following:

Assuming that the devices has some tunable parameters ηs such as the intra-cavity

power in the optomechanical system, then N̂ and F̂ has some scaling relation with

the parameter η. It is of importance to notice that the scalings of N̂ and F̂ are always

inverse to each other for satisfying the above commutation relation since there will

be no term canceling [x̂0(t), x̂0(t̃)] if both N̂ , F̂ ∝ η (or η−1). In the optomechanical

system, a good example of η is the intra-cavity power since the shot noise and radiation

pressure force are proportional and inversely proportional to the intra-cavity power.

Bearing in mind that the above commutation relation should be satisfied to all the

orders of η, it is easy to see that the last two terms in Eq.(2.126) should be zero since

they are ∝ η±2 while the second and third terms should cancel [x0(t), x0(t̃)].

It is easy to check that for canceling [x̂0(t), x̂0(t̃)], we have to have 1) χxx(t) is an

odd function which is normally satisfied, 2) the commutation relation:

[N̂(t), F̂ (t̃)] = i~δ(t− t̃). (2.127)

Using the Heisenberg-Uncertainty relation by the Robertson-Schrodinger relation:

σ2
Aσ

2
B ≥

∣∣∣∣12〈[Â, B̂]+〉 − 〈Â〉〈B̂〉
∣∣∣∣2 +

∣∣∣∣ 1

2i
〈[Â, B̂]〉

∣∣∣∣2 , (2.128)

where [...]+ is the anti-commutator, then Eq.(2.127) leads to:

SNN(Ω)SFF (Ω)− |SNF (Ω)|2 ≥ ~2. (2.129)

On the other hand, the noise spectrum of x̂ is given by:

Sxx(Ω) = SNN(Ω) + 2Re[SNF (Ω)Rxx(Ω)] + |Rxx(Ω)|2SFF (Ω) (2.130)

Therefore, if SNF = 0, then the commutation relation between N̂ , F̂ does impose

a constraint on the Sxx:

Sxx(Ω) = SNN(Ω) + |Rxx(Ω)|2SFF (Ω) ≥ 2~|Rxx(Ω)|, (2.131)

for strain sensitivity of the gravitational wave detection, the above result leads to

Eq.(2.114). However, if SNF 6= 0, this sensitivity limit does not apply. This gives
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Figure 2.18 – Sensitivity of a conventional interferometer with squeezed input. With-

out filter cavity, squeezed input can not increase the sensitivity in a broadband way

the hint that the way to surpass the SQL is to establish the correlation between N̂

and F̂—this is why the squeezed light and the signal-recycling mirror can be used

to surpass the SQL. Alternatively, if the goal is only to surpass the free-mass SQL,

another solution is to change the dynamics of the test mass through the back-action.

In summary, for surpassing the free-mass SQL, we have the following methods: 1)

Squeezing injection with input filter cavity, 2) variational readout of the output field

passing through the output filter cavity, 3) adding signal-recycling mirror to build up

correlation and create pondermotive modification to the test mass dynamics.

2.9 Speed meter configurations

Current interferometers are all displacement sensors, that is, the readout signal is the

displacement of the test masses under the driven of gravitational waves. However,

modification to the original interferometer configuration allows us to measure the

speed of the test mass motion.

The original motivation of measuring the test mass speed is due to the Standard

quantum limit in the displacement measurement. Measuring the speed will not be lim-

ited by the standard quantum limit. The reason is obvious: the momentum (thereby

the speed) of the test mass is a conserved dynamical quantity with zero commutator

of momentum at different times. The measurement of the speed is called a quantum
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non-demolition measurement.

The pioneering work by Braginsky and Khalili (for microwave system) [30, 31]

and then by Purdue and Chen (for laser interferometer) [32, 33] proposed the realistic

design of the speed meter. The key idea is to add an additional cavity to the main

detector which allows the signal light sloshing between the additional cavity and the

main detector. For example, in Fig.2.19(a), the signal light at t0 transfers out of the

dark port will be reflected into the additional cavity, stored in the additional cavity

for a time τ and then reflected back to the dark port, combine with the signal at the

later time t0 + τ in a destructive way, leaves a sensitivity to x(t0 + τ)− x(t) ∝ vτ .

This idea was later on generalized to another kind of speed meter configuration–

Sagnac interferometer [34, 35, 36], whose configuration topology is different from tradi-

tional Michelson interferometer since it encircles a closed area. The physical principle

of this Sagnac interferometer speedmeter is fairy simple. The laser beam is separated

by the Beam Splitter into two channels. Each channel obtains two displacement sig-

nals xEW on the east-west arm and xNS on the north-south arm at different times.

When they propagate back to the beam splitter and combined at the dark port, they

destructively interfere and lead to the final phase shift:

φ(t) ∝ xEW(t) + xNS(t+ τ)− xNS(t)− xEW(t+ τ) ∝ (vNS − vEW )τ. (2.132)

(Notice that the gravitational wave drives in the way that vNS and vEW has different

direction).

A Hamiltonian approach to analyze the speed meter system can be as follows3.

The speed meter consists of two resonant cavities and one of them is coupled with

the test mass motion. Therefore the Hamiltonian can be written as:

Ĥ = ~ω0(â†â+ b̂†b̂) + ~ωs(âb̂† + â†b̂) + ~G0â
†âx+ i~

√
2γ(â†âin − h.c)

+
p̂2

2m
.

(2.133)

Then the equations of motion can be derived as:

˙̂a+ γâ = iωsb̂− iḠ0x̂(t) +
√

2γâin,

˙̂
b = −iωsâ,

(2.134)

3there is also a very similar model in the next Chapter and for the analyzing using slowly varying

amplitude method, see [33]
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where Ḡ0 = G0ā. Then the intra-cavity mode solved as:

â(Ω) =
Ḡ0Ωx(Ω) + i

√
2γΩâin(Ω)

Ω2 − ω2
s + iΩγ

. (2.135)

Therefore the detector output is given by:

âout(Ω) =

[
−1 +

2iγΩ

Ω2 − ω2
s + iΩγ

]
âin(Ω) +

√
2γḠ0Ωx(Ω)

Ω2 − ω2
s + iΩγ

. (2.136)

The Ωx̂(Ω) is just the Fourier transformation of the velocity. The equation of motion

for x is given by:

mẍ =
1

2
mLḧ(t)− Ḡ0(â+ â†). (2.137)

Substituting the G0 and ā in terms of interferometer parameters Ic, L, m..., finally

gives (suppose we measure the phase quadrature):

Shh(Ω) =

[
1

Ksm

+Ksm

]
h2

SQL

2
(2.138)

where Ksm = 16ω0γIc/mcL[(Ω2 − ω2
s)

2 + γ2Ω2].

Note that though the original motivation of design speed meter is to get rid of the

limitation set by quantum mechanics, the speed meter is still also affected by quantum

noise as shown in Fig.2.19(d). This is due to the fact that the conserved momentum

is no longer the mechanical momentum when the mechanical object is coupled to the

electromagnetic field. The conserved momentum is actually the canonical momentum.

2.10 Conclusions

This chapter introduced the basic concepts of optomechanical system and the associ-

ated quantum noise of an interferometric gravitational wave detector. Basic formal-

ism for the quantum noise calculation was established from both the input-output

approach and the Hamiltonian approach. The transfer matrix method, as a sys-

tematic way of studying the transfer of optical field in the optomechanical system

was discussed. The interesting dynamical behavior of optomechanical systems such

as parametric instability and optical spring effect were also discussed. Most impor-

tantly, the concept of standard quantum limit and the method to surpass this limit,

which motivates the design of different interferometer configuration were also dis-

cussed. This chapter is a conceptual basis and theoretical tools for the other chapters

of this thesis.
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Figure 2.19 – Speed meter configurations. (a)Purdue-Chen configuration; (b) Sagnac

speed meter configurations; (c) effective cavity model; (d) sensitivity curve with

squeezing factor: e−2q = 0.1 using advanced LIGO parameters: Blue (magenta) curve

is the sensitivity curve without (with) squeezed input
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Chapter 3

Extraction of energy from

gravitational waves by laser

interferometer detectors

3.1 Preface

This Chapter discusses the energy interaction between gravitational waves and the

laser interferometer gravitational wave detectors. We show that the widely held view

that the laser interferometer gravitational wave detector absorbs no energy from grav-

itational waves is only valid under the approximation of a frequency-independent

optomechanical coupling strength and a pump laser without detuning with respect

to the resonance of the interferometer. For a strongly detuned interferometer, the

optical-damping dynamics dissipates gravitational wave energy through the interac-

tion between the test masses and the optical field. For a non-detuned interferometer,

the frequency-dependence of the optomechanical coupling strength causes a tiny en-

ergy dissipation, which is proved to be equivalent to the Doppler friction raised by

Braginsky et al. This Chapter is based on the collaborative work with David. G. Blair,

Chunnong Zhao, and William Kells. The relevant publication is: Class. Quantum

Grav. 32 015003.

3.2 Introduction

Astronomically large fluxes of gravitational waves are expected to be detected by

advanced laser interferometer gravitational wave detectors such as Advanced LIGO

and Advanced Virgo now being commissioned [1, 2]. For example, a binary black

77
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hole coalescence at 1Gpc distance, which has peak luminosity ∼ 1023L�, has a flux

at the Earth of ∼ 10Wm−2s−1, which vastly exceeds the flux of all electromagnetic

astronomical sources except the Sun. Clearly a large amount of energy is available in

the signals. However the extremely weak interaction of gravitational wave detectors

with gravitational waves makes detection very difficult and is the main reason that

gravitational wave detection has not yet been accomplished.

This chapter addresses the question of how much energy can be extracted from

gravitational waves. Traditionally only resonant mass gravitational wave detectors

have been understood from an energy interaction viewpoint. Following Weber [3], the

sensitivity of resonant mass detectors was estimated by considering the work done by

an incident gravitational wave. However for laser interferometer gravitational wave

detectors estimation has normally been based on considering the test masses as free

masses that experience the gravitational wave spatial strain h of a passing wave.

If the masses are truly free, no energy is extracted from the wave. The free-mass

approximation naturally leads to an approach that neglects the energy interaction.

However, as emphasised by Saulson: “an important kind of understanding is lost in

the neglect of such an essential physical concept as energy” [8].

The above discussion recalls the debate about the existence of gravitational waves

that occurred from 1916 to 1957 [4]. The proof of the reality of gravitational waves

was eventually clarified by the rubbing sticks gedanken experiment presented by Feyn-

man at the 1957 Chapel Hill Conference [5]. Feynman showed that gravitational waves

are able to deposit frictional energy and therefore cannot be a mathematical artifact.

This leads to the viewpoint that a practical detector must be a transducer for grav-

itational waves, converting wave energy into electromagnetic energy, and amplifying

it to enable it to be resolved against the inevitable background of instrument noise.

In this Chapter we discuss the fundamental question of energy absorption in rela-

tion to laser interferometer gravitational wave detectors by studying the energy flow.

Our discussion is designed to illuminate fundamental principles in the context of new

and more general interferometer designs, and to present results consistent with the

concept of energy absorption cross section. Because laser interferometers operate in

the quantum regime it is necessary to use a full quantum optomechanical analysis.
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We will begin our analysis with a quantum analysis of the Doppler friction ef-

fect which arises from the frequency change of photons on reflection from a moving

mirror. This was first discussed by Einstein in a thought experiment [6] and then

rediscovered by Braginsky etl.al [7] and Saulson [8]. Saulson showed that this effect

indeed provides a viscous coupling to gravitational waves. While it is like the friction

between Feynman’s sticks, the effect is small because it is a second order relativistic

effect (∼ (v/c)2, in which v is the speed of test mass motion and c is the speed of

light. In this Chapter, we derive this friction from a quantum mechanical viewpoint

and give a classical derivation. For a typical predicted wave and a LIGO-like inter-

ferometer, Saulson showed that the power absorbed is ∼ 10−40W . If the primary

gravitational wave signal was provided by this mechanism, the detector would need

to have power gain that scales as the square of the ratio of optical frequency to grav-

itational wave frequency. However, we show here that the Doppler friction is not the

primary signal source but a small and generally negligible additional term that can

also be interpreted as a result of unbalanced Stokes and anti-Stokes sidebands. Our

analysis of a toy model reveals that the power gain of the detector follows the usual

form for parametric transducers, scaling linearly with the frequency ratio.

Through analysis of interferometers we will show that the free mass approximation

is indeed an excellent approximation for detectors constructed to date, which all use

a balanced pair of sidebands, but that it is not valid for more general detector config-

urations such as detuned [13] or double optical spring [18] interferometers in which

the sidebands are unbalanced. In this case there can be strong optical damping which

give rise to much stronger absorption of gravitational wave energy. Finally having

demonstrated how energy absorption is related to sideband unbalance, and with view

to stimulating new thinking about detectors, we mention the tilt interferometer as

an example of a detector which has a single sideband and hence maximal sideband

imbalance. [9]

The purpose of this Chapter is to to address the single issue of energy absorption

in the context of modern interferometer concepts, and to point out that gravitational

wave energy absorption can be engineered into detector designs. We begin by con-

sidering a toy model to show that Doppler friction appears naturally as long as the
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frequency dependence of the optomechanical coupling strength is included. In Section

3, we extend the discussion to general interferometer configurations, giving a rigorous

derivation of energy dissipation through optical damping, which allows us to derive an

energy absorption cross section which is analogous to that of resonant bar detectors.

3.3 Energy dissipated by Doppler friction

3.3.1 Derivation of Doppler friction by Lorentz transforma-

tion

Doppler friction can be derived in several ways. For completeness, in this subsection,

we give an exact derivation of Doppler friction using Lorentz transformations of the

electromagnetic wave field.

We consider the same toy model shown in Fig.2.7. For perfectly conducting surface

with boundary position X = x cos Ωt, the expression for the reflective electric field

Eref can be written as:

Eref (X = x cos Ωgwt, t) = −E0e
ik0X+iω0te−2ik0x cos Ωgwt. (3.1)

It could be more rigorous to take boundary conditions of Maxwell equations in the

boundary’s rest frame. In the case of inertial mirror motion x = vt, imposing this

rest frame boundary conditions, we have:

Eref = −1− β
1 + β

E0e
i(k0x+ω0t)

1−β
1+β , (3.2)

with β = v/c. This is exactly what would be expected physically: The reflected wave

is Doppler shifted in frequency by ∼ (1 − 2β), and the reflected waves’s Poynting

vector is reduced by ∼ (1−4β). In this case, the reflected light has lost power, which

means the light field does work on the mirror at rate 2c|E0|2β. Second, the receding

mirror in the laboratory frame leaves a growing path of ”stored” beam energy in its

wake, effectively absorbing power 2|E0|2βc. The factor (1− β)/(1 + β) in the above

equation accounts for these losses.

In case of periodic motion at frequency Ω which is of interest to gravitational wave

detector, these power flows, to the order of β, will average to zero. Thereby expansion
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to order β2 is needed. For slow periodic motion, during the first half-cycle motion,

the reflected beam energy passing a fixed reference plane is:

U1 = P0

(
1− β
1 + β

)(
x

cβ
+
x

c

)
, (3.3)

during the second half cycle motion when the velocity of the mirror changes direction,

it is given by:

U2 = P0

(
1 + β

1− β

)(
x

cβ
− x

c

)
. (3.4)

Then the correct power flow per cycle (the period is equal to 2x/cβ) is then:

Pcycle =
U1 + U2

2x/(cβ)
. (3.5)

Substitute Eq.(3.3)and (3.4) into Eq. (3.5), keeping terms to the order β2 , and taking

the average over one cycle, we have:

Pcycle = P0(1 + 4〈β2〉cycle) = P0(1 + 2
Ω2

gw

c2
x2), (3.6)

where x = hL. For better illustrating this effect, in the following, we will try to

describe this phenomenon from the view point of phonon-photon interactions.

3.3.2 The phonon-photon interaction interpretation

• Optomechanical interaction model—In laser interferometer gravitational wave

detectors the basic physical process is the interaction between the light beam and the

center of mass (CoM) degrees of freedom of the mirrors. The CoM motion of the

mirrors, driven by gravitational waves, modulates the light beam and creates anti-

Stokes (upper) and Stokes (lower) sidebands with frequency ωc ± Ω. Here, ωc is the

frequency of the carrier beam and Ω is the frequency of gravitational waves. This

modulation process can also be treated in the quantum picture as generation of Stokes

and anti-Stokes photons by scattering between the carrier photon and mechanical

phonon, which can be described by the Feynman diagrams shown in Chapter 2,

Fig.2.15.

From these Feynman diagrams, it is clear that if the rate of the anti-Stokes process

is higher than that of the Stokes process, more phonons will be absorbed through the

anti-Stokes process than emitted through the Stokes process. In this case, there is a

net flow of mechanical energy into the light field, and vice versa.
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A widely-held view of this modulation process is that the Stokes and anti-Stokes

sidebands are ‘balanced’. This means that the creation of an anti-Stokes sideband

photon must be accompanied by the creation of a Stokes sideband photon. In other

words, the Stokes and anti-Stokes photon generation rates are equal, implying that

there is no net energy transfer between the mirror and the optical field when a free

propagating laser field is modulated by mirror motion.

In this Section, by carefully analyzing a toy model, we will show that this viewpoint

is only approximately correct. What has been neglected here is the Doppler friction

discussed by Braginsky and Saulson in [7] [8]. We will derive the dynamics of the

model, then give an intuitive interpretation of the result.

• System Dynamics— First, we review the derivation of the optomechanical

coupling Hamiltonian using a toy model consisting of a light beam reflected by a

mirror. The light beam, which is accompanied by quantum fluctuations, is given by:

Ein = 2

√
2π~ω0

Sc
E0 cos (ω0t) + e−iω0t

∫ ∞
0

dΩ

2π
(

√
2π~ω+

Sc
â+e

−iΩt +

√
2π~ω−
Sc

â−e
iΩt)

+eiω0t

∫ ∞
0

dΩ

2π
(

√
2π~ω+

Sc
â†+e

iΩt +

√
2π~ω−
Sc

â†−e
−iΩt).

(3.7)

Here, ω0 is the pumping frequency of the steady part of the incoming light beam,

E0 is the amplitude of steady field, S is its transverse cross-section and â± (â†±) are

the annihilation (creation) operators of the optical field at the sideband frequencies

ω± = ω0 ± Ω. The first term here is the steady part of the optical field while the

second part is the fluctuating part which has a continuous frequency distribution.

This optical field exerts a radiation pressure force F = 2|Ein|2S/4π and does

work on the mirror. Therefore the interaction Hamiltonian is: H = −F · x. After

substituting (1) and keeping the first order terms, we have:

Hint = −~E0

c

∫ ∞
0

dω

2π

√
ω0ω(âωe

−i(ω−ω0)t + â†ωe
i(ω−ω0)t) · x. (3.8)

We will neglect the non-interesting steady part ∝ |E0|2x̂ since it can be balanced by

exerting an external constant force. We also rewrite âω0±Ω to be âω. This form of

Hamiltonian can also be found in [15] [16].

It is important to notice that the coupling strength at frequency ω is now pro-

portional to
√
ω0ω, a factor that comes from the beating between the steady and
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fluctuating optical amplitude. Usually, we treat ω ∼ ω0, thereby approximating the

optomechanical coupling strength as a frequency independent constant. However

clearly the coupling strength is not frequency independent.

The Heisenberg equations describing the evolution of the mirror-field system are

given by:

dâω
dt

= i
E0

c

√
ωω0x̂(t)ei(ω−ω0)t, (3.9a)

dp

dt
=

~E0

c

∫ ∞
0

dω

2π

√
ωω0[â†ω(t)ei(ω−ω0)t + âω(t)e−i(ω−ω0)t], (3.9b)

dx

dt
=

p

m
. (3.9c)

First we consider the steady optical field and the fluctuating component due to

modulation by the mirror motion, neglecting the quantum fluctuation field. then the

generation of sideband field with frequency ω0 + Ω is due to the mirror oscillation

at frequency Ω. We also assume an initial condition that at t = 0, there is no light

except the pumping field at ω0. Solving the above Heisenberg equations, we have:

âω(t) = i
E0

c

√
ωω0

∫ t

t0

x(t′)e−i(ω−ω0)t′dt′, (3.10a)

Frad = m
d2x

dt2
=
dp

dt
= −2~E2

0ω0

c2

∫ t

t0

dt′
∫ ∞

0

dω

2π
[ωx(t′) sin (ω − ω0)(t′ − t)]. (3.10b)

Equation (4b) can be derived by substituting (4a) into (3b). Substituting ω =

ω0 + Ω into (4b), we can separate out a force term dependent on Ω:

FΩ
rad = −2~E2

0ω0

c2

∫ t

t0

dt′
∫ ∞
−∞

dΩ

2π
Ωx(t′) sin Ω(t′ − t). (3.11)

Integrating by parts, and picking up the velocity dependent term which is related to

the energy absorption, we have:

Fv = −2~E2
0ω0

c2
ẋ(t). (3.12)

in which ẋ(t) is the velocity of the test mass motion. Following the logic of the above

argument, we can easily see that if we impose the approximation ω ∼ ω0, we will not

have the Ω-dependent radiation pressure term as in Eq.(3.11), and hence no velocity

dependent force.
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Suppose the free test mass is driven by a monochromatic gravitational wave with

frequency Ωgw and strain h, then we have ẋ(t) = ΩgwhL cos(Ωgwt) in the steady state.

Then Eq.(3.12) can be written as

Fv(t) = −2PΩgw

c2
hL cos(Ωgwt) (3.13)

in which L is the distance from the equilibrium position of the mirror to a reference

point. The power is given by P = ~ω0|E0|2 and the motion is at frequency Ωgw.

Therefore Eq.(3.12) is exactly the Doppler friction force given in [8]. For the real

interferometer with optical resonant cavities, we only need to multiply the above

formula by the folding factor Nfold as in [8].

The above discussion shows that the Doppler friction factor given by Braginsky

and Saulson emerges naturally in a Hamiltonian formalism as long as we avoid the

approximation of frequency independent optomechanical coupling strength. Thus

Doppler dissipation is a general phenomenon in interferometers. We now want to give

a more intuitive explanation of this dissipation within the quantum phonon-photon

scattering picture.

• Sideband photon generation rate —A more transparent way to investigate

our toy model is to calculate the sideband photon generation rate explicitly. When

the external GW force with frequency Ωgw drives the motion of the test mass (or the

end mirror in our toy model) the optical fields in the sideband ω0±Ωgw appear. The

sideband photon generation rates Rω0±Ωgw(t) are given by:

Rω0±Ωgw(t) = 〈i(t)|â†ω0±Ωgw
(t)âω0±Ωgw(t)|i(t)〉. (3.14)

Here |i(t)〉 represents the sideband photon states. For the sidebands with initial

vacuum states, we have:

|i(t)〉 =
1

i~

∫ t

0

Ĥint(t
′)dt′|0〉. (3.15)

Here, the Hint is given in (2). Substituting into (7), after some simple algebra,

integrating out all the δ−funtions and take the average over one cycle 2π/Ωgw we

have:

Rω =
E2

0

c2
ω0ωx

2 =
P

~c2
ωx2, (3.16)
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where x is the amplitude of harmonic motion. Substituting the two sideband fre-

quencies, we obtain the difference of ω0 ± Ωgw sideband photon generation rates are:

Rω0+Ωgw −Rω0−Ωgw = 2
PΩgw

~c2
x2. (3.17)

This is also the mechanical dissipation rate according to particle number conservation.

Clearly, the ω0 ± Ωgw sideband-photon generation rates are only balanced under the

approximation ω = ω0. Thus Doppler friction effect can be explained as the result

of unbalance between the Stokes and anti-Stokes process rates due to the frequency

dependence of the optomechanical coupling constant (∝ √ωω0).

Multipling Eq. (3.17) by unit phonon energy ~Ωgw, we can express the mechanical

power dissipated averaged over one cycle from the test mass as:

Pmdiss = ~Ωgw[Rω0+Ωgw −Rω0−Ωgw ] = 2~
PΩ2

gw

~c2
x2 = 2

Ω2
gw

c2
x2. (3.18)

Expressing the sideband photon generation rate Rω0±Ωgw as the generated sideband

power over the energy of a single sideband photon: Wω0±Ωgw/(ω0 ± Ωgw), we can

express Eq.(3.18) as:
Wω0+Ωgw

ω0 + Ωgw

−
Wω0−Ωgw

ω0 − Ωgw

=
Pmdiss
Ωgw

, (3.19)

This is the classical form for the Manley-Rowe equation that was originally derived [11]

to describe a lossless parametric amplifer using electrical circuit theory. In Appendix

B, for completeness, we give the formal derivation of the Manley-Rowe equations

using a Hamiltonian formalism.

To compare our power dissipation result with the classical derivation, we recall

that the frictional power dissipated is given by Fvv. Then using x(t) = hL sin(Ωgwt),

we can substitute in Eq.(3.12) and averaged over one cycle to obtain:

〈Pv〉 = −
2PΩ2

gw

c2
h2L2. (3.20)

This result exactly matches with (12). This can be seen as a result of energy

conservation: the energy flow out of the test mass should flow into the optical field.

That is: 〈Pv + Pmdiss〉 = 0.

The above calculation carries over to conventional interferometers. The detec-

tors commonly considered to have balanced sidebands are [8], in reality, not precisely
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balanced. As already emphasised, the imbalance arises because of the frequency-

dependence of the optomechanical coupling constant, and is the cause of Doppler

friction.

In interferometers, sideband fields carry the gravitational wave information. The

sidebands leak into the dark port of the interferometer and are measured by photo-

detectors. Each sideband contains the usual displacement dependent term, plus a

velocity dependent Doppler friction component. The total power of these sideband

optical fields Ptotal = P+ + P− is given by:

Ptotal =
2P

c2
ω2

0x(t)2 +
2P

c2
Ω2

gwx(t)2, (3.21)

where P is the total circulating power. Both of the sideband terms and Doppler

friction term are needed to describe the output of the interferometer. From this

analysis it is clear that the sideband power is not amplified Doppler friction power as

previous analysis suggested [8].

3.4 Energy absorption in general interferometer

configurations

So far we have discussed Doppler friction in a simple but fundamental light-mirror

interaction model. The energy absorption through Doppler friction is extremely small

even when arm cavities like those used in LIGO type detectors are used to enhance the

intracavity power. However, in more general interferometer configurations the energy

absorption can be much larger. Many new interferometer configurations have been

proposed, mainly to allow the free-mass standard quantum limit to be beaten through

modifying the dynamics of test masses by opto-mechanical interaction. [4, 13, 10].

In the following discussion we will show that these configurations actually increase

the energy absorption from the gravitational wave signal through the creation of

unbalanced sidebands. This is achieved by detuning the laser frequency with respect

to the resonance of interferometer. We note that although this detuning induced

sideband unbalance is different from the unbalance that occurs in Doppler friction in

terms of tunability, it can be understood on equal footing as arising from a variation
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of density of electromagnetic field modes with respect to frequency.

To formulate the problem, we start from the basic structure of a general tunable

interferometer configuration consisting of an optical cavity with a movable end mirror.

For example, the differential mode of a signal recycling laser interferometer operating

on the dark port showncan be mapped to a detuned cavity. This mapping relation

was exactly proved by Buonanno and Chen [13] through treating the signal recycling

cavity as an effective mirror. Variation of the tuning of the signal recycling mirror

accommodates a range of interferometer configurations that includes as a special case

the one considered in [8].

We will calculate the sideband photon generation rate and its associated mechani-

cal damping factor which may be positive or negative. Detuning of the laser frequency

from the cavity resonance leads to unbalanced sidebands. The feedback loop diagram

shown in Fig.3.1 explains how the detuning creates positive or negative damping. A

monochromatic gravitational wave at frequency Ω acting on the interferometer causes

the test mass to oscillate. The modulation generates Stokes and anti-Stokes sidebands

inside the system. Both sidebands beat with the main beam and induce an AC ra-

diation pressure force. However, the Stokes sideband radiation pressure is in phase

with the velocity of mechanical motion, while the anti-Stokes radiation pressure has

π phase shift relative to the velocity of mechanical motion. Thus the Stokes side-

band represents positive feedback and can cause heating effect in which the optical

energy will be pumped into the test mass motion and create a tiny increase of gravi-

tational wave strength, while the anti-Stokes causes cooling (or damping). When an

interferometer is unbalanced, its Stokes sideband becomes higher than its anti-Stokes

sideband. This causes the net feedback driving of mechanical modes to be non-zero.

By changing the detuning, we change the relative strength of cooling and heating

radiation pressure forces.

To analyze the system quantitatively, we start by writing the Hamiltonian of the

system in the reference frame of the beam splitter in terms of the optomechanical

coupling constant G0 = ω0/L and the cavity bandwidth γ. The bandwidth γ is

given by cT/4L, where T is the transmission of the input mirror, L is the cavity

length and c is the speed of light. In the Hamiltonian, â and âin are the annihilation
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Figure 3.1 – Flow chart showing radiation feedback effects: a gravitational wave

modulates the cavity field by driving the motion of the test mass, creating Stokes

and anti-Stokes sidebands. The beating of these sidebands with the main laser beam

creates a radiation pressure force which acts back on the test mass. The radiation

pressure force differs by a phase of π for the anti-Stokes and Stokes sidebands so that

one contributes to the cooling and the other to the heating of the test mass motion

operators for the cavity field and the pumping field, while p̂ and x̂ are the momentum

and displacement operators for the test mass. The frequencies Ω, ωc and ω0 are the

oscillation frequency of test mass motion which is the gravitational wave frequency, the

cavity resonant frequency, and frequency of the pumping light respectively. Here, let

us first put the tiny Doppler friction effect aside, and focus on the optical damping.

In this case it is valid to impose the approximation that optomechanical coupling

strength is a frequency-independent quantity.

The Hamiltonian can be written as [12]:

H = ~ωcâ†â+ p2/2m+ ~G0xâ
†â+ i~

√
2γ(âinâ

†e−iω0t − h.c.)− FGW · x. (3.22)

Here, −FGW · x is the work done by a gravitational wave tidal force on the test mass

and FGW = (1/2)ḧL. From the above Hamiltonian, we obtain the linearized equations

of motion:

mẍ(t) = −~Ḡ0[â†(t) + â(t)] + FGW (t), (3.23a)

˙̂a(t) + (γ − i∆)â(t) = −iḠ0x(t) +
√

2γâin(t). (3.23b)

Here, Ḡ0 = G0ā while ā is the steady amplitude of the cavity mode and ∆ is the
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detuning factor defined as ∆ = ω0−ωc. This detuning can be experimentally realized

by tuning the reflectivity and phase of the signal-recycling mirror.

Taking a Fourier transform of the above equations, we obtain the following rela-

tions:

mΩ2x(Ω) = ~Ḡ0(â(Ω) + â†(Ω))− FGW (Ω), (3.24a)

â(ω) =
Ḡ0x(ω)

ω + ∆ + iγ
+
i
√

2γain(ω)

ω + ∆ + iγ
. (3.24b)

The feedback processes shown in Fig.3.1 are described by the above equations. The

first term on the right hand side of Eq.(3.24)(b) describes the effect of the external

force driven mechanical motion on the optical field which in turn is fed back to the

mechanical motion through the radiation pressure force given by the first term on the

right hand side of Eq.(3.24)(a).

Now we can derive the sideband photon generation rate using perturbation meth-

ods. We divide the Hamiltonian into two parts: a) the unperturbed part consisting of

the optical cavity and the mechanical oscillator, and b) the interaction term ~G0xâ
†â

representing the perturbed part. We use the Fermi Golden Rule, which states that

the transition rate is proportional to the square of expectation value of perturbed

Hamiltonian. Then we follow a method given by Marquardt et.al [14]. We define

the (anti-)Stokes process rate as R(a)S. Since the mechanical (anti-)damping rate ΓaS

measures the relative mechanical energy (gain) loss per unit time (dEm/Emdt) where

dEm/dt = ~ΩRaS, it follows that:

ΓS = −~ΩRS

Em
.

The energy change per unit time is just the unit phonon energy times the rate of the

Stokes process. The same applies for anti-Stokes process. Then we have:

ΓS =
~ΩRS

Em
=

~Ω

~Ωn̄m

(~Ḡ0)2

~2
|〈f |x|i〉|2〈ââ†〉ω=Ω = Ḡ2

0

~
2mΩ

2γ

(Ω−∆)2 + γ2
. (3.25)

In deriving this formula, we should substitute (17b) into 〈aa†〉 and the free evolution

solution of (17a) into |〈f |x|i〉|2.

For the anti-Stokes process:

ΓaS =
~ΩRaS

Em
=

~Ω

~Ωn̄m

(~Ḡ0)2

~2
|〈f |x|i〉|2〈ââ†〉ω=−Ω = Ḡ2

0

~
2mΩ

2γ

(Ω + ∆)2 + γ2
. (3.26)
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According to the particle conservation law, we have:

Γm = ΓaS − ΓS. (3.27)

This tells us that the mechanical damping rate Γm is given by the difference between

Eq.(3.25) and Eq.(3.26), which can be simplified to:

Γm = −Ḡ2
0

~
m

2∆γ

[(Ω−∆)2 + γ2][(Ω + ∆)2 + γ2]
. (3.28)

This result is equivalent to the optical damping factor given as the imaginary part of

optical rigidity in [13, 12]. For a typical interferometer cavity used in gravitational

wave detection, we plot the form of Γm as a function of cavity detuning ∆ in Fig.

3.2. When ∆ > 0, the optical damping factor is positive and the radiation pressure

force fed back to mechanical motion has the form of F = m|Γm|Ωx(Ω). This force is

in-phase with the velocity of mechanical motion, and induces the heating effect shown

in Fig.3.1. However when the ∆ < 0 , the radiation pressure force has the form of

F = −m|Γm|Ωx(Ω). It differs by a π phase shift, thereby driving the mechanical

motion in anti-phase which induces cooling. When there is no detuning (i.e. ∆ = 0),

then the transition rates become equal such that the total optomechanical damping

rate is zero:

ΓS = ΓaS = Ḡ2
0

~
2mΩ

2γ

Ω2 + γ2
. (3.29)

In this case the anti-Stokes sideband and Stokes-sideband rates are exactly canceled

with each other and Γm = 0 (under the frequency-independent coupling strength

approximation). This corresponds to the case illustrated in Fig.3.1, in which the

cooling and heating terms cancel each other. Under these circumstances the test

masses can be treated as free masses except for the negligible Doppler friction. These

results are not only correct for the near-resonance case, but also correct for more

general cavity field structures such as the case discussed further below in which a

single sideband is resolved and resonant with a high order mode. An analogous single

sideband device that manifests the above behavior has recently been experimentally

demonstrated by Chen.et.al [21].

Note that the optical damping factor Γm is always associated with the optical

spring effect, and for a system with optical-damping, the associated optical spring
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Figure 3.2 – The relationship between the optical damping rate Γm and the detuning

∆. When ∆ < 0, the optical damping is positive and corresponds to optomechanical

cooling while ∆ > 0, the optical damping is negative and corresponds to optome-

chanical heating. Here, we take the typical interferometer cavity parameters: cavity

bandwidth is 100Hz, mirror mass is 40kg, intracavity photon number is 1020 and arm

length ∼ 4km

constant is always negative and hence can lead to instability. These relations were

discussed by Buonanno et.al [13]. However, this instability problem can be solved

using the double-optical spring configuration proposed by Rehbein et.al [18] or by

an electronic feedback loop as proposed by Buonanno et.al [13]. Once stabilised,

an optical spring interferometer operates like a resonant mass gravitational wave

detector. The mechanical stiffness of this detector is contributed by the optical field.

For the optical spring interferometer, we can calculate the energy in the gravita-

tional wave detector following results already derived long ago by Misner Thorne and

Wheeler [22] for resonant bar detectors. The steady state vibration energy of the

test masses is given by:

Ekin =
mL2h2Ω6

gw

16[(Ω2
gw − ω2

opt)
2 + Ω2

gwΓ2
eff]
. (3.30)

Here, the interferometer is treated as a mechanical quadrupole resonator with a res-

onant frequency ωopt due to optical rigidity and L, h and Ωgw are the length of the

arm cavity, strain and frequency of the gravitational wave. The effective test mass

damping rate Γeff is the resonator bandwidth. For the double optical spring inter-

ferometer the damping is contributed by the superposition of two optical springs (
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Figure 3.3 – The average absorbed power in a double-spring interferometer as a func-

tion of optical spring frequency due to monochromatic gravitational waves of frequency

100Hz, 200Hz and 300Hz and h ∼ 10−23. We assume a LIGO type interferometer.

The graphs show the absorbed power as a function of optical spring frequency for

three different optical damping values. The red-dotted, blue-solid and black-dashed

lines represent total optical damping Γeff of 0.4, 40 and 400 s−1 respectively.

Γeff = Γm1 + Γm2 ) [18]. For a feedback stabilised optical spring interferometer the

damping is contributed by the sum of optical anti-damping factor and damping rate

contribute by the electronic feedback loop (Γeff = Γm + Γfeedback) [13].

The steady state kinetic energy (assuming a continuous gravitational wave source)

is dissipated internally at a rate Ekin · Γeff, which is the energy absorption rate of the

detector, or the average absorbed power from the gravitational waves by the detec-

tor [22]. The average absorbed power, derived from Eq.(3.30) is shown in Fig.3.3 for a

sinusoidal gravitational wave of amplitude 10−23 in a typical advanced interferometer.

From this, we can see that when the gravitational wave frequency is resonant with

the mechanical resonant frequency of the mass-spring system, the absorbed power is

much higher. It can be 1015 times higher than the Doppler friction power. Since the

energy absorption cross section σ = Ekin · Γeff/F with F is the gravitational wave

energy flux, the σ is also relatively high (∼ 10−22m2) when the mechanical resonant

frequency of the interferometer is resonant with the gravitational wave frequency.

We should point out that the Doppler friction power also gets amplified when the

detector is resonantly driven by gravitational waves, compared with the power levels
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given in the last section. The reason is that the Doppler friction power, as shown in

Eq.(3.12), depends on the oscillation amplitude. Estimates show that the Doppler

friction power is still ∼ 1012 − 1015 time smaller, and hence is still negligible.

Since detuning induced sideband imbalance leads to strong energy absorption from

gravitational waves, it is interesting to consider other detector designs that can be

dominated by a single sideband. One is the tilt interferometer [9]. Unlike normal

interferometers that are designed to detect linear strains, this configuration is an

optical cavity designed to detect tilt motions of the end mirror, which has angular

amplitude equal to the strain amplitude. In this case, the test mass angular rotation

can scatter the laser field into a TEM01 spatial mode with frequency ω0 − Ωgw. Due

to the asymmetric mode structure of long optical cavities, the upper sideband is

suppressed. We present this as an example of a detector that satisfies the requirement

of strongly unbalanced sidebands in which the unbalance is achieved without detuning.

In practice the tilt interferometer fails to be a significant detector for the LIGO band

because its characteristic length is set by mirror size instead of optical cavity length.

3.5 Conclusions

Stimulated by previous work [7] [8], we have been able to obtain a unified under-

standing of gravitational wave energy absorption by laser interferometers, combining

the intrinsic, but tiny, Doppler friction term with an optical damping term which

can be tuned by varying the relative amplitude of the signal sidebands. The Doppler

friction itself is explained by the Stokes and anti-Stokes sideband photon generation

rates having a small unbalance caused by the frequency-dependent optomechanical

coupling strength.

Our results show that to an excellent approximation, conventional laser inter-

ferometer gravitational wave detectors with balanced sidebands can be treated as

lossless parametric transducers in which the energy absorption from gravitational

waves is zero. However in a more general case where detuning or some other tech-

nique can cause the sidebands to be unbalanced, variation of the relative strength

of the Stokes and anti-Stokes sidebands leads to strong optical damping and greatly
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enhanced absorption of gravitational wave energy. While our results were derived for

monochromatic gravitational waves, they are true in general because every wave can

be treated as a superposition of monochromatic waves.

The ability to tune the real and imaginary optical spring stiffness through the

relative sideband amplitudes is analogous to the variation in in-phase and anti-phase

signal feedback used in electronic operational amplifiers, where variation of the feed-

back is used to change the gain and the input impedance of the amplifier. The

design of gravitational wave detectors can be considered from the same viewpoint.

The upper sideband acts as an optomechanical servo to null out the spring due to

the lower sideband, canceling the optical spring stiffness. This directly changes the

mechanical input impedance of the interferometer. Because of the extremely high

gravitational wave impedance of free space ∼ c3/G, laser interferometers are always

poorly impedance matched to gravitational waves. However by increasing the optical

stiffness we increase the detector input impedance, thereby reducing the impedance

mismatch with free space and increasing the fraction of absorbed energy.

Whether the results presented here implies any advantage for using gravitational

wave detectors with more energy absorption still remains an open question since the

benefit of such designs can only be determined by considering the signal to noise

ratio. This question is beyond the scope of this Chapter. However, we point out that

two designs considered to date, the double optical spring and the detuned resonant

sideband extraction interferometer which are equivalent to resonant bar detector de-

sign with optical stiffness, achieve enhanced signal to noise ratio that peaks at the

frequency where the energy absorption is maximized.

A logical extension of our results is that a detector with an enhanced lower side-

band would emit gravitational wave power, acting like a point scattering source with

negative cross-section for incoming gravitational waves so that the total gravitational

wave power would be slightly enhanced.
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3.6 Appendix: Derivation of Manley-Rowe rela-

tion

Here we give a formal proof of the Mainley-Rowe equations in the multi-mode coupling

system such as laser interferometer. We assume that the system consists of nonlinear

coupled oscillators (modes): the carrier light, the test masses which are actually

pendulums, down-converted sideband light and up-converted sideband light. The

Stokes and anti-Stokes interactions are described by three-mode interaction terms.

The Hamiltonian of this system can be written as:

H =
1

2

4∑
i=1

p2

mi

+
1

2

4∑
i=1

kiq
2
i + λq1q2q3 + λq1q2q4. (3.31)

Here, λ describes the strength of the parametric interaction. The qi is the generalized

coordinate for the ith oscillator. Then the equations of motion will be:

q̈1 + ω2
1q1 = −λq2q3 − λq2q4,

q̈2 + ω2
2q2 = −λq2q3 − λq2q4,

q̈3 + ω2
3q3 = −λq1q2,

q̈4 + ω2
4q4 = −λq1q2,

(3.32)

in which ωi here stands for mass-normalized frequency of each oscillator respectively.

For our system, ω1 = ωc which is the frequency of the main laser; the ω2 = Ω is the

frequency of mechanical oscillation; the ω3,4 = ωc ±Ω represent the frequency of two

sideband light. By using the slowly-variational amplitude approximation, we have

the following results for the evolution of the oscillator amplitudes Ai,

Ȧ1 = −λA2A3

4mωc
sinϕ− λA2A4

4mωc
sinθ,

Ȧ2 = λA1A3

4mΩ
sinϕ− λA1A4

4mΩ
sinθ,

Ȧ3 = λA1A2

4m(ωc−Ω)
sinϕ,

Ȧ4 = λA1A2

4m(ωc+Ω)
sinθ.

(3.33)

The ϕ and θ terms here are the phase angles of the complex amplitudes. These

amplitude evolution equations will lead to:

1
2
d
dt

(ωcA
2
1 + (ωc − Ω)A2

3 + (ωc + Ω)A2
4) = 0,

1
2
d
dt

(ωcA
2
2 − (ωc − Ω)A2

3 + (ωc + Ω)A2
4) = 0.

(3.34)
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Note that above equations relate the time variation of energy in different channels.

This is the Manley-Rowe equations. Substituting the oscillator energy E = ω2
iA

2
i /2

into the above equation, we can obtain the following results:

Wp

ωc
+
W+

ω+

+
W−
ω−

= 0, (3.35a)

Ws

Ω
− W−
ω−

+
W+

ω+

= 0. (3.35b)

The above equations are the Manley-Rowe equations used in the literature. Here,W−

and W+ represent the power (change rate of E±) in the lower sideband and upper

sideband respectively due to the parametric interaction. This point was also men-

tioned in Manley-Rowe paper[6], in which they use the terminology ”power flow”.

Following the same definition, Ws here describe the energy flow into (or out from) the

mechanical oscillator in the parametric interaction process, Wp is the energy change

of the carrier light. When W−
ω−

and W+

ω−
have equal value, the Ws is zero.This means

that there is no net energy exchange between the light field and the test masses in

the system.
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Chapter 4

Noise in laser interferometer

gravitational wave detectors due to

parametric interaction

4.1 Preface

As discussed in Section 2.7.3 of Chapter 2, triply resonant three mode interactions in

long optical cavities have been shown to lead to enhanced scattering of carrier light

by the ultrasonic acoustic modes of the test mass mirrors. At high optical power, this

can lead to parametric instability (parametric gain R > 1) for a few acoustic modes

with strong spectral and spatial overlap. Numerous ∼ 103 acoustic modes of the

test masses are predicted to have R > 10−2. Experimental studies have shown that

such modes also strongly scatter the carrier light, enabling very sensitive readout of

the acoustic modes. In this Chapter, we are going to explore a possible noise source

related to this parametric instability.

This 3-mode scattering from the thermal fluctuation of large population of ultra-

sonic modes would causes random changes in occupation number of the carrier light

and cavity transverse optical modes. Because the thermal fluctuation time scale (set

by the acoustic mode relaxation times) is typically a few seconds, the noise spectrum

from thermally induced photon number fluctuations is strongly peaked at low fre-

quency. The noise level depends on the acoustic mode structure and acoustic losses

of the test masses, the transverse optical mode spectrum of the optical cavities and

on the test mass temperature. A theoretical mode investigating the possible effect

of this noise will be discussed here which shows that in advanced detectors under

construction three mode interaction noise is below the standard quantum limit, but

99
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could set limits on future low frequency detectors that aim to exceed the free mass

standard quantum limit. This Chapter is a joint research work collaborated with Li

Ju, Chunnong Zhao, David Blair, Stefan Danilishin and Slawek Gras. The relevant

publication is Class. Quantum Grav. 31 145002.

4.2 Introduction and background

Three mode interactions in laser interferometer gravitational wave detectors were first

considered by Braginsky et al in 2001 [1, 2]. It was recognized that the scattering de-

scribed by the diagrams in Fig.2.15 was likely to occur in long optical cavities in which

the free spectral range was comparable to the internal acoustic mode frequencies of

the test masses. Since Braginsky’s prediction, there have been many further detailed

studies that confirmed the model [3, 4, 5, 6] and a succession of experimental studies

have verified the theory in detail [7, 8, 9, 10]. A complete review of the parametric

instability in gravitational wave laser detectors is given by [11].

The parametric gain for three mode interactions (derived by [1], detail form is

given in Eq. (4.17)) describes the fraction of ring down power of a test mass internal

mode that is returned to the test mass by radiation pressure feedback. Positive gain,

characterised by the parametric gain R, causes heating of a test mass mode and if

R > 1 the feedback leads to instability. Negative gain (R < 0) corresponds to negative

feedback, and causes the cooling of acoustic modes.

The feedback occurs as follows. An acoustic mode (frequency ωm) of the mirror

scatters the carrier light (frequency ω0). This process would create two sidebands of

frequency ω0 + ωm and ω0 − ωm. However when the optical linewidths are narrow

compared with ωm, the intrinsically asymmetric transverse mode structure of an op-

tical cavity means that only one sideband is likely to be supported. The sideband

light beats with the carrier light to create a fluctuating radiation pressure force on

the mirror. If the lower sideband is supported, the scattering depletes the carrier,

and the beat frequency is in phase with the acoustic mode, giving rise to positive

feedback. If the upper sideband frequency is coincident with a transverse mode, the

beat frequency is out of phase with the acoustic mode and energy is extracted from
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this mode.

In this chapter, we are interested in the effect of both types of feedback processes.

Our concern is not about parametric instability, which we assume can be always

controlled by various techniques [12, 13, 14, 15, 16]. The interaction during the build-

up of parametric instability enhances the scattering in the positive feedback domain

and suppresses the scattering in the negative feedback domain. For example, for

R = 0.1, the corrections for feedback will be about 10 percent, but if R → 1, the

feedback can cause large amplification.

In an advanced gravitational wave detector such as Advanced LIGO, Advanced

Virgo [17, 18], the dense spectrum of acoustic modes scatters photons out of the main

laser beam through Stokes and anti-Stokes processes associated with each acoustic

mode. Both Stokes and anti-Stokes processes contribute to fluctuations of the pho-

ton number in the interferometer cavities. Using results from detailed modelling of

parametric interactions in typical advanced interferometer cavities [6], it can be seen

that out of 5500 acoustic modes in the frequency range 5kHz to 150kHz, there are

∼ 10 acoustic modes with R > 1 and 70 acoustic modes with R > 10−1. These modes

are all independent and will simultaneously contribute random light scattering of the

carrier [19] as the thermally excited acoustic mode amplitude fluctuates.

Since in the thermal equilibrium state, all acoustic modes are thermally excited

and in equilibrium with the reservoir, and hence have mean energy kBT . The coupling

of each mode to the thermal reservoir is determined by its acoustic quality factor

Qi. This also defines the rate of fluctuation of the mode amplitude. This chapter

investigates whether the combined effect of this scattering leads to non-negligible

photon number fluctuations.

4.3 Theoretical modelling

4.3.1 Simple estimation

It is possible to make a simple estimate of the magnitude of three mode interaction

noise based on previous modeling of parametric instability [15]. We start from the

fact that a parametric gain of unity requires the optical power loss from the cavity
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to equal to the power dissipation of an acoustic mode. If the mode energy is kBT ,

then the energy loss is 2πkBT/Q per cycle, where T is the test mass temperature and

Q is the acoustic mode quality factor. In general the energy loss from the optical

system for a mode with the parametric gain R is 2πRkBT/Q per cycle. The energy

lost from the cavity pump mode per cycle is larger than this by a factor of pumping

mode frequency over acoustic mode frequency ω0/ωm since the acoustic power is

derived from the frequency difference of the two optical modes (We assume that the

transverse optical mode is rapidly lost from the optical system and hence does not

contribute to the radiation pressure).

For the ith acoustic mode of gain Ri, the total power loss (energy loss per second)

from the cavity would be

∆Pi-total =
2πRikBT

Qi

ω0

ωmi

ωmi
2π

=
ω0kBTRi

Qi

. (4.1)

Making the approximation that the total power loss is uniform within the acoustic

mode linewidth 2γmi = ωmi/Qi, then the spectral density of the power loss is,

∆Pi(ωmi) =
ω0kBTRi

ωmi
, (4.2)

The sum of all the interaction induced power loss is then:

∆P = ω0kBT

√√√√∑
i

(
Ri

ωmi

)2

. (4.3)

This power loss can be equated to the power fluctuation or equivalently to the photon

number fluctuation in 1 second, which we use for comparison with quantum power

fluctuations ∆Pq. With parameters T ∼ 300K, kB ∼ 10−23 and ωmi ∼ 106, and with

the fact that there are many acoustic modes with non-negligible parametric gain, the

magnitude of photon fluctuation ∆Pq/~ω0 can be seen to be ∼ 108. However the

typical acoustic mode relaxation time is several seconds. In addition, modes with

high values of |R| change the mode temperatures by the parametric amplification

process. A spectral noise estimate is necessary to determine whether this noise has

any impact on Advanced GW detectors.
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4.3.2 Peturbative analysis of the equation of motions

•Hamiltonian and the equations of motions—Now we theoretically analyze the

three-mode interaction noise due to the thermal motion of one mechanical vibration

mode. Consider a surface-vibration-modulated high-order mode resonant inside the

cavity (in the form of the Stokes /anti-Stokes sidebands of pumping in fundamental

mode), then a multi-mode Hamiltonian can be given by:

Ĥ = ~ω0â
†â+ ~ω1b̂

†b̂+ ~G0x̂(â†b̂+ h.c) + ~Gc(â
†â+ b̂†b̂)X̂ +Hm +Hext. (4.4)

The â, b̂, x̂, X̂ denote the pumping mode with resonant frequency ω0, high-order mode

with resonant frequency ω1, mechanical displacement of the internal mechanical mode

and center of mass motion of the test masses, respectively. The optomechanical three-

mode interaction strength G0 is given by
√

Λω0ω1/L2 where Λ is the mode overlap

factor and L is the cavity length. The three mode interaction noise induced by a

three-mode parametric coupling between the thermal-fluctuating x̂ and â, b̂ fields is

given in the third term of Eq.(4.4). Only X̂ couples to gravitational waves. Radiation

pressure forces given by the fourth term come from the coupling between the optical

fields and the center of mass motion X̂ with strength Gc = ω0/L. Terms Ĥm and

Ĥext describe the free mechanical degrees of freedom and the coupling between our

system and the external thermal/optical bath, respectively.

From the Hamiltonian, we can derive the equations of motion in the rotating frame

with the frequency ω0:

M
¨̂
X = −~Gc(â

†â+ b̂†b̂), (4.5a)

m(¨̂x+ γm ˙̂x+ ω2
mx̂) = −~Gi(b̂â

† + h.c) + ξth, (4.5b)

˙̂a+ γ0â = −iGcâX̂ − iG0x̂b̂+
√

2γâin, (4.5c)

˙̂
b+ (−i∆1 + γ1)b̂ = −iG0x̂â− iGcb̂X̂ +

√
2γ1b̂in, (4.5d)

in which M is the mass of the whole mirror and m is the effective mass of the

acoustic mode; γm, ωm and ξthare the mechanical bandwidth, resonant frequency and

the stochastic thermal force which drives the internal modes. The γ0 and γ1 are the

bandwidth of pumping mode and the high-order mode. The detuning of the pumping

beam with respect to the resonance of the high- order mode is given by ∆1 = ω0−ω1.
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The terms âin and b̂in are the vacuum fluctuations of the EM field injected into the

fundamental mode and high-order mode channels respectively.

• Perturbative analysis—Since the â field is pumped by a strong laser, we can

perturbatively solve the above problem. Firstly, taking the equilibrium position of

the mechanical mode as the zero reference point the steady amplitude of â and b̂ fields

are given by:

b̄ = −iG0āx̄m = 0, (4.6a)

ā =
√

2/γ0āin =
√

2I0/γ0~ω0, (4.6b)

with I0 be the power of the pumping beam. Then the optical fields can be expanded

as: â = ā+ â(1) + â(2) + ... and b̂ = b̄+ b̂(1) + b̂(2) + .... From Eq. (4.6), the zeroth-order

of b̂ does not exist. The radiation pressure force acting on the center of mass degree

of freedom can be perturbatively expanded to second order as:

M
¨̂
X = −~Gc[|ā|2 + ā(â(1)† + â(1)) + â(1)†â(1) + ā(â(2)† + â(2)) + b̂(1)†b̂(1)+h.c]. (4.7)

The last two terms on the right hand side of Eq. (4.7) contribute to the three-mode-

interaction noise. The first one is the stochastic loss of the pumping field â due to

the thermal motion of the internal mechanical mode x. This comes from the second

term on the right hand side of Eq. (4.5c).

Since the x̂ and b̂ are both contributed by thermal fluctuations that can be consid-

ered as a perturbation to the mean field value, this term is a 2nd-order perturbative

quantity. The last term in Eq. (4.7) is the fluctuation of the high-order optical mode

b̂ due to the three mode interaction. It comes from the first term on the right hand

side of Eq. (4.5d). Because of the strong pumping, ā is of zeroth order. Hence this

term is a 1st-order perturbative quantity. Note that, when b̂(1) contributes to the

radiation pressure noise ( acting on the center of mass of the mirror ) the radiation

pressure force is again a 2nd-order perturbative quantity because there is no zeroth

order b̂−field as we can see from Eq. (4.7).

• Parametric amplification—Although the 3-mode interaction noise is a 2nd

order effect, it is amplified due to the parametric gain. Therefore, the value of this

2nd order noise need to be carefully studied.
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The parametric amplification process happens at the 1st order level, as discussed

below. The set of the 1st order linearized equations of motion are as follows:

˙̂a(1) + γ0â
(1) = −iGcāX̂ +

√
2γ0â

(1)
in , (4.8a)

˙̂
b(1) + (−i∆1 + γ1)b̂(1) = −iG0x̂ā+

√
2γ1b̂

(1)
in , (4.8b)

M
¨̂
X(1) = −~Gcā(â(1)† + â(1)), (4.8c)

m(¨̂x(1) + γm ˙̂x(1) + ω2
mx̂

(1)) = −~Giā(b̂(1) + h.c) + ξth(1). (4.8d)

The b̂(1) field contains the displacement signal of the internal mode as shown in

Eq. (4.8b), which will be fed back to the three mode interaction term in Eq. (4.8d).

This feedback process will modify the dynamics of the internal mode, create a shift

of mechanical resonant frequency (usually negligible compared to ωm) and an optical

damping term −mγopt ˙̂x(1) which can be positive or negative, corresponding to para-

metric heating or cooling. The parametric gain is defined as R = −γopt/γm [20] (for

detail form, see Eq. (4.17)).

From the linearized Eq.(4.8b), we can derive the fluctuation field b̂(1) and â(2)

(proportional to b̂(1)x̂), which is the source of the three-mode interaction noise. From

these two terms, we obtain the spectrum of the three-mode interaction noise. In the

following section, we will discuss both terms.

4.3.3 Noise contributed by the thermally induced fluctua-

tions of high order mode

The thermally induced fluctuations of the high order transverse mode b̂(1) field is

determined by Eq.(4.8b). We choose a rotating frame at ωm to describe b̄(1) field and

neglect the non-interesting quantum fluctuation part b̂
(1)
in which is not relevant to this

calculation and is negligible. Then Eq.(4.8b)can be rewritten as:

˙̂
b(1) = −(γ1 − i∆)b̂(1) − iG0x̂āe

iωmt. (4.9)

In this case we define ∆ = ∆1 − ωm, and solve it in the time domain:

b̂(t) = −iG0ā

∫ t

−∞
e−(i∆+γ1)(t−t′)eiωmt

′
x̂(t′)dt′. (4.10)
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We can use the adiabatic approximation to move eiωmtx(t) out of the integral since it

is a slowly varying term. Also note that the frequency band of eiωmtx(t) is of order

γm � γ1. This means that if t′ is deviated from t a little bit, then the contribution

is already very small due to its rapid decay. Therefore the main contribution comes

from t′ ≈ t, that is:

b̂(t) ≈ −iG0āx̂(t)eiωmt
∫ t

−∞
e−(i∆+γ1)(t−t′)dt′. =

iG0āx̂(t)eiωmt

i∆ + γ1

(4.11)

Then we substitute this time domain solution into the last term of Eq.(4.7) to obtain:

Fb(t) ∝ (b̂(t)†b̂(t) + h.c) = −2~G2
0Gc

[
ā2

∆2 + γ2
1

]
x̂(t)2. (4.12)

The correlation function of this force noise CovFF (t, t′) is:

CovFF (t, t′) =
1

2
〈Fb(t)Fb(t′) + Fb(t

′)Fb(t)〉 = 4~2G4
0G

2
c

[
ā4

(∆2 + γ2
1)2

]
〈x̂(t)2x̂(t′)2〉.

(4.13)

The two-point correlation function for x̂2 has been given in the Appendix of this

chapter. What we need to notice here is that the mechanical response function is

changed due to the optomechanical feedback discussed in the last section. Now, the

optomechanically modified mechanical response function (neglecting the negligible

shift of mechanical resonant frequency) is: χeff(ω) = m(ω2
m − ω2 + i(1 − R)γmω).

Then the two-point correlation function of x in the time domain becomes:

Sxx(τ) =
2kBT

mω2
m(1−R)

e−(1−R)γmτ/2 cosωmτ . (4.14)

Since the x process is well approximated as a Gaussian process, therefore by Wick’s

theorem, we have:

〈x̂(t)2x̂(t+ τ)2〉 =
4k2

BT
2

m2ω4
m(1−R)2

(1 + e−(1−R)γmτ/2). (4.15)

Taking a cosine transformation to the frequency domain [21] and substituting it into

Eq. (4.13), the spectrum of the force noise Fb is given by:

S3MIb
FF =

(
16G2

c

(∆2 + γ2
1)2

)(
k2
BT

2

ω2
m(1−R)

)(
γ2

1γ
3
mR

2

Ω2 + (1−R)2γ2
m

)
. (4.16)

Now we make use of the fact that [1, 20]:

R =
~G2

c ā
2

mωmγ1γm
=

2ΛP0ω1

mωmL2γ0γ1γm
, (4.17)
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in which the second equality is obtained by substituting the definition of G0 with

the relationship between external pumping laser power P0 and intracavity photon

number |ā0|2. In the case ∆� γ1 and substituting Q = ωm/γm, the the three mode

interaction noise spectral density becomes:

S3MIb
FF =

16ω2
0

γ2
1L

2

(
k2
BT

2

Q2(1−R)

)(
γmR

2

Ω2 + (1−R)2γ2
m

)
. (4.18)

where Gc has been replaced by ω0/L.

4.3.4 Noise contributed by the thermally induced fluctua-

tions of the pumping field

We now repeat a similar analysis for the noise induced through fluctuations in the

pumping field. The situation is different because the high order mode force arises from

the beating of two first order terms, while the pumping field fluctuation are caused

by a beat between the zeroth order pumping field and the second order fluctuating

field. However, we will see that this leads to a similar result.

The 2nd-order perturbative equation of motion for the pumping â field is:

˙̂a(2) + γ0â
(2) = −iGc(āX̂

(2) + â(1)X̂(1))− iG0x̂b̂
(1). (4.19)

The three-mode interaction contributes to the last term on the right hand side of

the above equation. Its corresponding part in â(2) is defined to be â
(2)
th . The b̂(1)(t)

field is given by Eq.(4.11) in the rotating frame with frequency ωm. By turning back

to the non-rotating frame (by adding a eiωmtfactor), substituting into −iG0x̂b̂
(1) in

Eq.(4.19), and using the fact that γm � γ1, we obtain:

â
(2)
th (t) = − G2

0ā

i∆ + γ1

∫ t

−∞
dt′e−γ0(t−t′)x2(t′) ∼ − G2

0ā

i∆ + γ1

x2(t)

γ0

. (4.20)

The three mode interaction induced thermal radiation pressure force related to

this â(2) field is given by:

Fa(t) = ~Gcā(â
(2)†
th + â

(2)
th ). (4.21)

Inserting Eq.(4.20), and using the correlation function of x(t)2 shown in Eq.(4.15),

we can obtain the three mode interaction noise due to â(2) as:

S3MIa
FF =

(
16G2

c

(∆2 + γ2
1)2

)(
k2
BT

2

ω2
m(1−R)

)(
γ3
mγ

4
1R

2

γ2
0 [Ω2 + (1−R)2γ2

m]

)
. (4.22)
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In the case of ∆� γ1, substituting Q = ωm/γm, we obtain:

S3MIa
FF =

(
16G2

c

γ2
0

)(
k2
BT

2

Q2(1−R)

)(
γmR

2

Ω2 + (1−R)2γ2
m

)
. (4.23)

We see that in spite of the slightly different physics, Eq. 4.23 is identical to Eq. 4.16

except that γ1 is replaced by γ0.

4.3.5 Coherent cancelation

In the above sections, we have derived the spectrum of three mode noise that comes

from the b̂(1) and â(2) terms that represent the fluctuations of the higher order mode

field and the pumping field due to three-mode interaction. In reality, these two noises

are not independent of each other but strongly correlated. This point can be easily

seen from the fact that in the three-mode parametric interaction process shown in

Fig. 2.15, the annihilation (creation) of a pumping field â photon will be accompanied

with the creation (annihilation) of a high-order mode photon b̂. Therefore, an increase

of the radiation pressure force contributed by high-order mode will be accompanied

with a decrease of the radiation pressure force contributed by the pumping mode.

Therefore, the true radiation pressure force noise spectrum should be:

S3MI
FF =〈[Fa(t)− Fb(t)][Fa(t′)− Fb(t′)]〉

=〈Fa(t)Fa(t′)〉+ 〈Fb(t)Fb(t′)〉 − 〈Fa(t)Fb(t′)〉 − 〈Fb(t)Fa(t′)]〉.
(4.24)

The first two terms in Eq. (4.24) were calculated in the above two subsections. The

calculation of the last two terms is straightforward, following the same method, we

obtain:

〈Fa(t)Fb(t′)〉 = 〈Fb(t)Fa(t′) =

(
16G2

c

γ0γ1

)(
k2
BT

2

Q2(1−R)

)(
γmR

2

Ω2 + (1−R)2γ2
m

)
. (4.25)

The final result for the total noise is then:

S3MI
FF =

(
16G2

ck
2
BT

2

Q2(1−R)

)(
γmR

2

Ω2 + (1−R)2γ2
m

)(
γ0 − γ1

γ0γ1

)2

. (4.26)

Eq. 4.26 shows that if all higher order modes had the same linewidth as the pumping

mode, this noise would fall to zero. It is useful to compare this result with the

radiation pressure noise due to the quantum vacuum fluctuations of electromagnetic
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field in the low frequency region where Ω ∼ (1−R)γm. It is realistic to assume that

γ1 is several times larger than γ0 since higher order modes usually have higher losses

due to their larger spot size. This leads to an upper limit for S3MI
FF , given by:

S3MI
FF

Srad
FF

∼
(

ck2
BT

2ω0

L~Q2Pcγ1γm

)(
R2

(1−R)3

)
. (4.27)

Here Pc is the intra-cavity pumping power. In the following section, we will use

Eq.(4.26) to calculate the noise from a large number of acoustic modes.

Before closing the theoretical modeling of the three-mode noise spectrum, several

points need to be clarified:

• Linearity of the model—For completeness, we discuss the validity of the

perturbation method used here. It is clear from Eq.(4.26), when R→ 1, the spectrum

goes to infinity, which indicates that the perturbation method is no longer valid. This

is due to the fact that the optomechanical interaction heats or cools the mechanical

degrees of freedom. Solving this problem fully requires simulation of the non-linear

dynamics of the optomechanical system [10]. However, if the root mean square

motion is small compared with the cavity’s linear dynamical range, i.e:√
x2 < λ/F, (4.28)

(
√
x2 is the root mean squre of mirror displacement due to the thermally excited

acoustic mode and F is the cavity finesse), then the system will be within the linear

dynamical region and the perturbation method will be valid. For an advLIGO type

detector, we have λ/F ∼ 10−9m. Since
√
x2 ∼ 3 × 10−11m2, even for 1 − R ∼ 10−8

the system is well within the linear dynamical region. Thus we conclude that the

perturbation method is valid in our discussion.

• The unstable modes—Last but not least, we want to emphasize that our anal-

ysis is only valid for R < 1 (the system is under the parametric instability threshold)

since it is obvious that Eq. (4.26) will become negative when R > 1. In real design,

the unstable mode will be controlled and suppressed for stable running of the inter-

feromter. For the case when R > 1 and there is no control system to suppress the

instability, recent experiment [10] and simulation [10, 22] show that the mechanical

internal mode of the mirror will have a saturated motion phase after the initial stage

of exponential rising, the analysis of the three-mode noise in this interesting region
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will be analyzed in the future using different methods since nonlinear effect need to

be accounted [10, 22].

4.4 Simulation results and discussion

To estimate the parametric gain for test mass acoustic modes it is necessary to model

all the acoustic modes in the frequency range from 5kHz to 150kHz for typical test

mass dimensions. We used finite element modeling based on typical Advanced LIGO

type test masses to model the acoustic mode structure of many thousands of acoustic

modes combined with detailed modeling of the transverse optical mode structure of

interferometer cavities [5].

We modeled fused silica test masses similar to those used in Advanced LIGO

and Advanced Virgo. The detailed parameters for the fused silica test mass and

optical cavity configuration can be found in reference [5]. The key parameters are

Pcav =830kW , acoustic Q factors (0.5 ∼ 1) × 107, coating loss limited. Based on

this data we were able to predict the parametric gain of each test mass mode in an

interferometer and determine the dependence of parametric gain on test mass mirror

radius of curvature. For comparison, we also included analysis of test masses similar

to those proposed for use in KAGRA [23] (although as a cryogenic interferometer,

the noise in KAGRA would be reduced). Sapphire test masses have roughly 5 times

lower acoustic mode density in the frequency range of interest, so that the number

of relevant acoustic modes is ∼ 1000 in an interferometer with sapphire test masses,

compared with ∼ 5500 for an interferometer with fused silica test masses.

The radius of curvature (RoC) in a long interferometer varies with absorbed power,

can be tuned by thermal compensation. Changes in RoC change the optical cavity

mode structure and strongly tune the parametric gain of individual modes. However,

we find that the statistical distribution of the number of modes with different gain is

similar over quite a large range of radii of curvature. An example is the analysis of

the gain distribution of modes in sapphire test masses shown in Fig. 4.1. This figure

means that a good estimation of three mode interaction noise can be obtained by

summing over acoustic modes using a nominal value for radius of curvature. However
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Figure 4.1 – Histogram of the number of modes of one mirror with different para-

metric gain at different radius of curvature for typical advanced detector configuration

(sapphire test mass). Although the parametric gain depends strongly on mirror ra-

dius of curvature for particular acoustic modes, the overall statistical distribution of

parametric gain is similar over large range of the Radius of Curvature (RoC).

the large difference in mode density means that the total noise is likely to be higher

for fused silica.

Because the total noise depends on R2/(1− R)3, it is clear that the noise will be

dominated by any mode that has R→ 1. However, if R < 1, the noise can be roughly

estimated from the cumulative value of R summed over all modes. Fig. 4.2 gives

model results showing the cumulative sum of R for positive gain modes of a fused

silica test mass at RoC of 2191m. This model included one mode with R ∼ 50 and

several modes with R > 1. Such modes would normally be controlled using damping

or feedback and hence would not contribute to the cumulative gain in an operating

interferometer. The modes with gain between 1 and 10−2 contribute to total gain

∼ 20, while modes with gain 10−2 ∼ 10−3 contribute R ∼ 3. Modes with R < 10−3

make a negligible contribution to the noise.

It is interesting to examine the effect of different R values on the radiation pressure

force fluctuation for a single mechanical mode (Eq. (4.26)). Consider a mode of

frequency 50kHz with a Q-factor of 1× 107. The radiation force fluctuation spectral
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Figure 4.2 – Cumulative R for positive gain of a fused silica test mass at RoC of

2191m. It can be seen that modes with 1 < R < 0.1 contribute ∼ 60 percent to the

total R while R < 1× 10−3 has negligible contribution.

density S3MI
FF is as shown in Fig. 4.3. It can be seen that the fluctuations are at very

low frequency due to the long relaxation time of the high mechanical Q-factor. The

noise level increases strongly as R approaches to unity. Normally R would be expected

to be controlled below unity to prevent parametric instability. However, if thermal

drifts in the interferometer cause a particular mode to drift towards instability, then

we would expect R to increase asymptotically to 1. Fig.4.3 shows the large increase

of noise that would occur as 1−R falls to 10−7. This would not affect interferometer

operation but is an interesting phenomenon in its own right.

It is shown in Fig. 4.3 that the noise for one mode only approaches level of the

quantum radiation pressure noise for 1−R < 10−2. In the rare situation of parametric

gain drifting towards 1, the three-mode interaction noise only exceeds the quantum

radiation pressure noise spectrum much below the advanced LIGO frequency band

(see Fig. 4.3).

Fig. 4.4 shows the contribution to three mode interaction noise from the combined

effects of all acoustic modes used in our model. The curves show the relative noise

contribution from a) all modes with 0.9 > R > 0.1, b) all modes with 0.1 > R > 0.01,
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Figure 4.3 – The radiation pressure noise spectrum due to three-mode interactions

for the advanced detector configuration considered in [14] (a) Dependence of the noise

force spectral density on parametric gain for a single mechanical mode. The dashed

line is the radiation pressure noise for advanced detectors. (b) Force spectral density

at 0.1Hz as a function of 1−R. Both models assume a mechanical mode frequency of

50kHz and Q-factor of 107. Values of 1− R as small as 10−7 are considered because

it is likely that drift in operating conditions of an interferometer could cause the gain

to pass continuously from the stable regime R < 1 to the unstable regime R > 1.
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Figure 4.4 – Total contribution of modes with different R value to the noise. Note

here the highest R value is < 0.9, which correspond to the lowest curve in Fig. 4.3.

The result has assumed that four test masses contribute to the total noise.

and c) all modes with 0.01 > R > 0.001. It is clear that three mode interaction noise

is likely to be dominated by the highest gain modes. The very large population of

lower gain modes has a small contribution to the total noise.

For a fused silica test mass in advanced detector configuration, there could be

about 10 modes with R > 1. We assume that all the unstable modes are controlled

to R < 1. It is likely that a few modes could have parametric gain be very close to

unity. However it can be seen that even with R → 1, the noise level due to three

mode interactions is still low compared with radiation pressure noise in the frequency

band of interest for advanced detectors.

Changing the test mass acoustic loss has a direct effect on the parametric gain

distribution (Fig. 4.1) as well as the spectral distribution. If the Q-factor of ultrasonic

acoustic modes were reduced as a whole, say by using an acoustic damper scheme

(opposed to selective damping a few high parametric gain modes), then the total

level of 3 mode interaction noise will drop. Similarly, increasing the power level

increases the parametric gain, and hence increases the three mode interaction noise.
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4.5 Conclusion

This chapter shows that three mode interactions give rise to a new source of intensity

fluctuations in gravitational wave detectors. The noise is due to the effect of light

scattering off test mass acoustic modes. Analysis of typical test masses for advanced

gravitational wave detectors showed that the acoustic modes contribution to the noise

spectrum peaks at frequencies well below the lower frequency limit of ground based

gravitational wave detectors. The amplitude of three-mode interaction noise is sub-

stantially smaller than the quantum noise within the advanced detector frequency

range. Thus the three-mode interaction noise will not limit the current generations

of detectors but it should be considered when designing advanced quantum measure-

ment schemes that can surpass the free mass standard quantum limit. It should also

be considered when designing future detectors with larger test masses and sensitivity

in the 1-5Hz range.

4.6 Appendix: Two-points correlation for x2

In the main text of this chapter, we frequently use the two-points correlation function

for x2. In this appendix, we give an derivation of it.

As we know, the x(t) is given by:

x(t) =

∫ t

−∞
dt′G(t− t′)ξth(t′), (4.29)

in which the ξth(t) is the thermal fluctuation force and

G(t− t′) =
1

mωm
sinωm(t− t′)e−γm(t−t′)/2, (4.30)

is the Green’s function for a damped mechanical oscillator.

Substitute it into 〈x2(t)x2(t+ τ)〉, we have:

〈x2(t)x2(t+ τ)〉 =
D2

m4ω4
m

∫ t

−∞

∫ t+τ

−∞
dt′dt′′dt′ldt

′′
l e
− γm

2
(t−t′)− γm

2
(t−t′′)

e−
γm
2

(t+τ−t′l)−
γm
2

(t+τ−t′′l ) [sinωm(t− t′) sinωm(t− t′′)

sinωm(t+ τ − t′l) sinωm(t+ τ − t′′l )] 〈ξ(t′)ξ(t′′)ξ(t′l)ξ(t′′l )〉

(4.31)

in which D = 4mγmkBT .
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Assuming that thermal force is a Gaussian process, therefore it is straightforward

to see that:

〈ξ(t′)ξ(t′′)ξ(t′l)ξ(t′′l )〉 = δ(t′−t′′)δ(t′l−t′′l )+δ(t′−t′l)δ(t′′−t′′l )+δ(t′−t′′l )δ(t′′−t′l). (4.32)

Substituting Eq.(4.32) into Eq.(4.31) and after a complicated but straightforward

calculation, we have:

〈x2(t)x2(t+ τ)〉 =
D2

m4ω4
m

[
4ω4

m

(γ3
m + 4γmω2

m)2
+

4ω4
m

(γ3
m + 4γmω2

m)2
e−γmτ cos2 ωmτ

]
+2

D2

m4ω4
m

[
2ω2

m

(γ2
m + 4ω2

m)2
e−γmτ sin2 ωmτ +

4ω3
m

γm(γ2
m + 4ω2

m)2
e−γmτ sin 2ωmτ

]
.

(4.33)

Since our Q-factor is high, therefore we can reexpress the above formula as expan-

sion of Q:

〈x2(t)x2(t+ τ)〉 =
D2

m4ω4
m

[
4ω2

mQ
2

(γ2
m + 4ω2

m)2
+

4ω2
mQ

2

(γ2
m + 4ω2

m)2
e−γmτ cos2 ωmτ

]
+2

D2

m4ω4
m

[
2ω2

m

(γ2
m + 4ω2

m)2
e−γmτ sin2 ωmτ +

4ω2
mQ

(γ2
m + 4ω2

m)2
e−γmτ sin 2ωmτ

]
.

(4.34)

Apparently, the Q2−terms are dominate, thereby we have:

〈x2(t)x2(t+ τ)〉 =
D2

m4ω4
m

4ω2
mQ

2

(γ2
m + 4ω2

m)2

[
1 + 2e−γmτ cos2 ωmτ .

]
(4.35)

The further approximation that ωm � γm will lead to:

〈x2(t)x2(t+ τ)〉 =
D2

m4ω4
m

4ω2
mQ

2

16ω4
m

[
1 + 2e−γmτ cos2 ωmτ .

]
(4.36)

Representing D using D = 4mγmkBT , the above formula can take the form of:

〈x2(t)x2(t+ τ)〉 =
4k2

BT
2

m2ω4
m

[
1 + 2e−γmτ cos2 ωmτ

]
. (4.37)

The high frequency 2ωm part can be neglected, therefore the mechanical displace-

ment four-point correlation function can be expressed as::

〈x2(t)x2(t+ τ)〉 =
4k2

BT
2

m2ω4
m

[
1 + e−γmτ

]
. (4.38)

Here we should notice that this result tells us that the stochastic process x(t) is

a Gaussian process under the approximation we made above. The reason is in this

case x(t) obeys the Wick theorem:

〈x(t)x(t′)x(t′′)x(0)〉 = 〈x(t)x(t′)〉〈x(t′′)x(0)〉+ 〈x(t)x(t′′)〉〈x(t′)x(0)〉

+ 〈x(t)x(0)〉〈x(t′)x(t′′)〉.
(4.39)
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Since the two point function of mechanical displacement for a high-Q oscillator in a

thermal bath in the time domain can be written as:

〈x(t)x(t+ τ)〉 =
2kBT

mω2
m

e−
γm
2
τ cosωmτ . (4.40)

Then (A.11) can be written as:

〈x2(t)x2(t′)〉 = 〈x2(t)〉〈x2(t+ τ)〉+ 2〈x(t)x(t+ τ)〉2

=
4k2

BT
2

m2ω4
m

(1 + e−γmτ2 cos2 ωmτ) =
4k2

BT
2

m2ω4
m

[
1 + e−γmτ (1 + cos(2ωmτ))

]
.

(4.41)

Neglect the high frequency 2ωm term, we recover the result (A.10).
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Chapter 5

Narrowing the cavity bandwidth

via Optomechanical Interaction

5.1 Preface

In Chapter 2, the basic quantum optomechanical system was discussed. This chapter

studies about using optomechanical interaction to narrow the bandwidth of filter

cavities for achieving frequency-dependent squeezing in advanced gravitational-wave

detectors, inspired by the idea of optomechanically induced transparency (OMIT).

This idea can in-principle allow us to achieve a cavity bandwidth on the order of

one hundred Hz using small-scale cavities. Additionally, in contrast to a passive

Fabry-Pérot cavity, the resulting cavity bandwidth can be dynamically tuned, which

is useful for adaptively optimizing the detector sensitivity when switching amongst

different operational modes. We will also discuss the experimental requirement for the

realization of this proposal. This Chapter is a joint research effort by Haixing Miao,

Jiayi Qin, Chunnong Zhao, Stefan Danilishin, Robert Ward, Zach Korth, Yanbei

Chen and David Blair. The relevant publication is Phys. Rev. Lett. 113, 151102

(2014) and Phys. Rev. A 89, 041802(R) (2014).

5.2 Introduction and background

In Chapter 2, we have discussed that the advanced interferometric gravitational wave

(GW) detectors are expected to be limited by quantum noise over almost the entire

detection band. Further enhancement of the detector sensitivity requires manipula-

tion of the optical field and the readout scheme at the quantum level. One approach

proposed by Kimble et al. [2] is injecting frequency-dependent squeezed light into the

123
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main interferometer. A series of optical cavities is used to filter the squeezed light

and to create proper rotation of the squeezing angle at different frequencies. In or-

der to achieve a broadband reduction of quantum noise, the frequency scale of these

filter cavities needs to match that of quantum noise of the main interferometer. For

the advanced LIGO, the quantum noise is dominated by quantum radiation pressure

noise at low frequencies and shot noise at high frequencies—the transition happens

around 100Hz, which determines the required filter cavity bandwidth.

The original proposal in Ref. [2] is using filter cavities of kilometer length. Re-

cently, Evans et.al [3] proposed a more compact (10 meters) filter cavity with 105

finesse to achieve the required bandwidth. With such a high finesse, a small optical

losses can degrade the squeezing and become the key limiting factor in the filter cavity

performance. Isogai et.al have experimentally demonstrated that the optical losses

from current mirror technology are sufficiently small to build such a filter cavity that

will be useful for the advanced LIGO [4]. However if we want to further increase the

compactness of the filter cavity, then the requirement for optical loss becomes more

stringent. In this case, one solution is to go beyond the paradigm of passive cavities.

One proposed approach is to actively narrow the cavity bandwidth by using electro-

magnetically induced transparency (EIT) effect in a pumped atomic system [5]. In

principle, the cavity can be made to be on the centimeter-scale while still having a

bandwidth comparable to a much longer high-finesse cavity. Additionally, with an ac-

tive element, the cavity optical properties can be dynamically tuned by changing the

power of the control pumping field. This has the advantage of allowing optimization

of the filter cavity for different operational modes of the detector, where the quantum

noise has different frequency dependencies, e.g., tuned vs. detuned resonant sideband

extraction (RSE) in the case of the advanced LIGO.

The active atomic system is generally lossy, which will degrade the squeezing level.

Here we propose to narrow the filter cavity bandwidth using the optomechanical ana-

logue of EIT, optomechanically induced transparency (OMIT), which has recently

been experimentally demonstrated by Weis et al. [6] and Teufel et al. [7]. In com-

parison with these OMIT experiments, we consider a different parameter regime and

use an overcoupled cavity to attain the desired performance. The scheme integrated
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with the main interferometer is illustrated in Fig. 5.1. The filter cavity consists of

a mirror-endowed mechanical oscillator with eigenfrequency ωm that is much larger

than the cavity bandwidth γ. A control pump laser drives the filter cavity at fre-

quency ωp, detuned from the cavity resonant frequency ω0 (also the laser frequency

of the main interferometer) by ωm − δ with δ comparable to the gravitational-wave

signal frequency Ω. As we will show, the optomechanical interaction modifies the

cavity response and gives rise to the following input-output relation for the sideband

at ω0 + Ω:

âout(Ω) ≈ Ω− δ − iγopt

Ω− δ + iγopt

âin(Ω) + n̂th(Ω) , (5.1)

where γopt is defined as:

γopt =
4Pcω0

mωmc2Tf
, (5.2)

with Pc being the intra-cavity power of the control field, m the mass of the mechanical

oscillator and Tf the transmissivity of the front mirror (the end mirror is totally

reflective). The first term in Eq.5.1 gives the input-output relation of a standard

optical cavity with the original cavity bandwidth γ replaced by γopt, which can be

significantly smaller than γ as well as dynamically tuned by changing the control

beam power.

The second term n̂th arises from the thermal fluctuation of the mechanical oscil-

lator. It is uncorrelated with the input optical field âin and therefore decohering the

squeezed light. In order for its effect to be small, we require:

8kBT

Qm

< ~γopt , (5.3)

with Qm the mechanical quality factor and T the environmental temperature. Given

the fact that the desired effective cavity bandwidth is γopt/2π ≈ 100 Hz, we have

T

Qm

< 6.0× 10−10 K . (5.4)

This is challenging to achieve even with low-loss materials at cryogenic temperature.

A possible solution is to use optical dilution, first proposed by Corbitt et al. [8, 9,

10, 11]. It allows for a significant boost of the mechanical quality factor by using the

optical field, to provide most of the restoring force. Later we illustrate its applicability

for our purpose.
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circulator
squeezed 

light control
laser

Laser

Figure 5.1 – (Color online) Schematic showing the configuration for achieving

frequency-dependent squeezing.

5.3 Optomechanical induced transparency

This section gives a brief introduction to the optomechanical induced transparency

effect. The optomechanical induced transparency effect comes from the mutual inter-

ference between different cavity field components. The signal light (with frequency

ωs) and the control light (with frequency ωp) will beat inside the cavity to create an

A-C radiation pressure force on the mechanical oscillator at driving frequency ωc−ωp.

The motion of the oscillator under this pondermotive driving will modulate the con-

trol light and create upper and lower sidebands with frequency ωc − ωp + ωp = ωc

and ωp − (ωc − ωp) = 2ωp − ωc. The lower sideband is far off-resonance and thereby

can be safely ignored. However, the upper sideband just have the same frequency as

the signal field, which is well within the cavity bandwidth. This upper sideband will

destructively interfere with the signal field and decreases the intra-cavity signal field.

Therefore equivalently, more signal field are reflected—This is why the reflection of

the cavity has a peak in Fig.5.2.

Moreover, the width of the reflection peak is determined by the total damping rate
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Figure 5.2 – Optomechanical induced transparency: an example. We choose the

cavity loss ηc = Tf/(Tf + Tloss) to be 0.25 and the mechanical detuning δ = 0. This

means that the frequency of the radiation pressure force is on-resonance with the

oscillator.

of the mechanical oscillator. This can be intuitively understood in the following way:

When we scan the signal light frequency, it has a tiny detuning so that the frequency

of radiation pressure force is detuned by Ω from the mechanical resonance. Clearly,

the mechanical motion will be smaller than the on-resonance case when Ω = 0 and the

less upper sideband of the control field will be generated. Consequently, the less signal

field will be destructively canceled and the less will be the reflectivity. This picture

tells us that the width of the central reflection peak is determined by the amplitude

of the mechanical motion, thereby equal to the total mechanical bandwidth. When

the optomechanical damping rate γopt is much larger than the γm. The width of the

central reflection peak is just equal to γopt.

Since the signal field with frequency around the cavity resonance almost do not

dissipate compare to the situation when there is no optomechanical interaction. This

effect is called optomechancial induced transparency (OMIT). As we shall see more

clearly, OMIT effect smartly combine the property of the mechanical oscillator γopt

with the property of the optical response: reflectivity together and create an effective

cavity whose optical linewidth is the mechanical bandwidth γopt.
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5.4 Optomechanical dynamics.

5.4.1 Dynamics of the system and the input-output relation

Here we provide the details behind Eq. (5.1) by analyzing the dynamics of the op-

tomechanical filter cavity, starting from the standard linearized Hamiltonian [12, 13]:

Ĥ =~ω0â
†â+

p̂2

2m
+

1

2
mω2

mx̂
2 + ~ Ḡ0x̂(â† + â)

+ i~
√

2γ(â†âine
−iωpt − â â†ineiωpt) . (5.5)

In the Hamiltonian, â is the annihilation operator of the cavity mode and âin is the

annihilation operator for the input optical field (the squeezed light in our case); x̂ (p̂) is

the oscillator position (momentum); Ḡ0 = [2Pcω0/(~cL)]1/2 with L being the cavity

length. In the rotating frame at frequency ωp of the control laser, the Heisenberg

equation of motion reads:

m(¨̂x+ γm ˙̂x+ ω2
mx̂) = −~ Ḡ0(â+ â†) + F̂th, (5.6)

˙̂a+ (γ + i∆)â = −i Ḡ0x̂+
√

2γ âin, (5.7)

where ∆ ≡ ω0 − ωp is the detuning frequency and we have included the mechanical

damping and associated Langevin force F̂th. Solving these equations of motion in the

frequency domain yields

x̂(ω) = χm(ω)
{
~Ḡ0[â(ω) + â†(−ω)] + F̂th(ω)

}
, (5.8)

â(ω) = χc(ω)[−iḠ0 x̂(ω) +
√

2γ âin(ω)] . (5.9)

We have defined the susceptibilities χm ≡ −[m(ω2 − ω2
m + iγmω)]−1 and χc ≡ [γ −

i(ω −∆)]−1.

We consider the parameter regime leading to Eq. (5.1). This requires ∆ = ωm− δ

with ωm � δ, and the so-called resolved-sideband regime ωm � γ. Correspondingly,

the lower sideband of the cavity mode â(−ω) in Eq. (5.8) is negligibly small and can be

ignored (we will analyze the effect of this approximation later). We therefore obtain

[cf. Eqs. (5.8) and (5.9)]:

â(ω) ≈
√

2γ âin(ω)− iḠ0χm(ω)F̂th(ω)

χ−1
c (ω) + i ~ Ḡ2

0 χm(ω)
. (5.10)
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Figure 5.3 – Optomechanical cavity interacts with the optical field with strength√
2γopt and the thermal bath with strength

√
2γm

Since we are interested in the signal sidebands around ω0, we rewrite the above

expression in terms of Ω by using the equality ω = ∆ + Ω [cf. the inset of Fig. 5.1].

Given Ω ≈ δ � ωm, we have χm ≈ −[2mωm(Ω− δ+ iγm)]−1 and χc ≈ γ−1 . Together

with âout = −âin +
√

2γ â, we obtain

âout(Ω) ≈ Ω− δ + iγm − iγopt

Ω− δ + iγm + iγopt

âin(Ω) + n̂th(Ω) (5.11)

with the additional noise term n̂th defined as

n̂th(Ω) =
i
√

2γ γoptF̂th(Ω)

~Ḡ0(Ω− δ + iγm + iγopt)
. (5.12)

For a high quality factor oscillator γm � γopt, we can ignore γm and recover the

input-output relation shown in Eq. (5.1).

• Effective Hamiltonian—To intuitively understanding this new input-output

relation, let us rewrite it in the following way: Since F̂th satisfies 〈F̂th(Ω)Fth(Ω′)〉 =

4mγmkBT and kBT = ~ωm〈b̂†b̂〉 where b̂
(†)
th is the annihilation(creation) operator of

the thermal bath excitation quanta, then we can establish the relationship between

the b̂th and F̂th roughly as: Fth(Ω) ∼
√

4mγm~ωmb̂th(Ω). Then in terms of b̂, the

above input-output relation (in the limit of γm � γopt) can be written as:

âout(Ω) ≈
[
1− 2γopt

γopt − i(Ω− δ)

]
âin(Ω) +

√
2γopt

√
2γm

γopt − i(Ω− δ)
b̂th(Ω). (5.13)

The first term is easy to be understood, which is just the reflection of the optical

injection by this optomechanical cavity. The second term here represents the “trans-

mission” of the thermal-excited mechanical mode b̂th. Interestingly, in this problem,

the susceptibility function of the optomechanical cavity is the same as the suscepti-

bility of the mechanical degrees of freedom. The reason is the mechanical response
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toward the thermal bath is given by the equation of motion of the creation and anni-

hilation operator of the mechanical oscillator :

˙̂
b = (−iδ + γopt)b̂+

√
2γmb̂th (5.14)

where δ, as we can see from Fig.5.1, is the detuning of the center of the driving

frequency with respect to the mechanical resonance ωm. The Fourier transformation

of the above formula will lead to:

b̂(Ω) =

√
2γm

γopt − i(Ω− δ)
b̂in(Ω) (5.15)

and we also have:

â(Ω) =

√
2γopt

γopt − i(Ω− δ)
âin(Ω) (5.16)

Then the input-output relation, in a more compact way, can be written as:

âout(Ω) = −âin(Ω) +
√

2γopt[â(Ω) + b̂(Ω)]. (5.17)

This effective description is given in Fig.5.3. Then the effective Hamiltonian of this

optomechanical cavity can be written simply as:

Heff

~
=
i

2

∫ ∞
−∞

dx

[
∂a†x
∂x

âx − â†x
∂ax
∂x

]
+ δ(â†â+ b̂†b̂)

+ i
√

2γoptâ0(â† + b̂†) + i
√

2γmb̂thb̂
† + h.c

(5.18)

where we have already folded the outgoing field from [−∞, 0] to [0,∞]. This effective

Hamiltonian shows the duality between the â and b̂, which is the key property of our

optomechanical cavity.

5.5 Noises associated with the optomechanical fil-

ter cavity

• Thermal Noise—To maintain coherence of the squeezed light, the fluctuations

due to the thermal noise term n̂th need to be much smaller than those due to the input

field; equivalently, the quantum radiation pressure noise on the mechanical oscillator

from the squeezed light needs to dominate over thermal noise of the oscillator. Given
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Figure 5.4 – Schematics of the coupled cavity setup for the filter cavity.

the fact that 〈F̂ †th(Ω)F̂th(Ω′)〉 = 4mγmkBTδ(Ω − Ω′), the requirement on the noise

spectrum for n̂th reads

Sth(Ω) =

(
8kBT

~γoptQm

)
γ2

opt

(Ω− δ)2 + γ2
opt

< 1 . (5.19)

The thermal noise effect is maximal around Ω ∼ δ, from which we obtain the condition

shown in Eq. (5.3).

• Noise associated with optical loss and finite cavity bandwidth— Apart

from the above-mentioned thermal noise, there are other decoherence effects: (i) the

additional radiation pressure noise introduced by the optical loss, and also (ii) the

effect of the lower sideband due to the finite cavity bandwidth, ignored in the resolved-

sideband limit. Their effects are similar to the above thermal force noise; therefore

we can quantify their magnitude using the noise spectrum referred to the output. For

the optical loss,

Sε(Ω) =

(
c ε

γL

)
γ2

opt

(Ω− δ)2 + γ2
opt

, (5.20)

where ε is the magnitude of the optical loss (e.g., ε = 10−5 for 10ppm loss). Similarly,

for the contribution from the lower sideband, we have

S−ωm(Ω) =

(
γ

ωm

)2 γ2
opt

(Ω− δ)2 + γ2
opt

. (5.21)

These two need to be taken into account when estimating the performance of this

optomechanical filter cavity.
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5.6 Optical dilution

5.6.1 General concept of optical dilution

We have shown in Eq. (5.4) that the most significant issue is the thermal noise, which

puts a stringent requirement on the mechanical system and the environmental tem-

perature. As we mentioned earlier, One possible way to mitigate this is using optical

dilution explored by Corbitt et al. [8], in which the optical restoring force is due to

the linear dependence of radiation pressure force on the oscillator position.

The general idea of the optical dilution is to use the opto-mechanical interaction

to boost up the rigidity of the mechanical mode so that the quality factor of the

mechanical mode after the optical dilution is given by:

Q =

√
ω2
m + ω2

opt

γm
(5.22)

where ω2
opt = Kopt/m and Kopt is the pondermotive rigidity.

The mean thermal occupation number for the mechanical oscillator now becomes

(if ωopt � mωm):

n̄th ∼
kBT

~ωmQ
= n̄0th

ωm
ωopt

(5.23)

where Q0 = ωmγm and n̄0th = kBT/(~ωmQ0) are the Q-factor and the mean thermal

occupation number of the mechanical mode before the optomechanical interaction.

From the above formula, it is clear that after the optical dilution, ideally the mean

thermal occupation number decreased by a factor of ωopt/ωm.

The above dilution factor is “ideally” because there exists some issues in the

optical dilution.

• Possible instabilities—Some optical dilution schemes (such as the one pro-

posed by Corbitt et.al) actually make use of the linear “optical spring” effect we

discussed above. As we have discussed before, optical spring usually accompanies

with the optical anti-damping γopt < 0. If |γopt| > γm, the mechanical oscillator will

suffer instability. One way to solve this problem is by using double (multiple) optical

spring. This scheme has been proposed in [14].

• Radiation pressure noises— The schemes based on linear optical spring also

has a limitation from quantum back action noise associated with a linear position
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response. Korth et al. [14], have showed how measurement-based feedback can cancel

the quantum back action. Such a cancelation is, however, limited by quantum effi-

ciency of the photodiode for measurement. The instability and the radiation pressure

noises can be in-principle avoided if we trap the mechanical oscillator is a quadratic

way. In the next section, we will propose an new optical dilution scheme based on

dissipative coupling, of which the spring comes from the linear optomechancis, but

the mechanical oscillator can be equivalently treated as being set in a quadratic way

(for this equivalency, see. [18]).

5.6.2 A noise-free optical dilution scheme with internal feed-

back

In this section, we propose an new optical dilution scheme with very small radiation

pressure noise(in-principle the radiation pressure noise can be zero) based on the con-

figuration shown in Fig.5.4, with a mirror-endowed oscillator placed in the middle of a

Fabry-Pérot cavity, first implemented by Thompson et al. [15, 16]. Interestingly, this

scheme allows for an internal cancellation of the quantum back action associated with

a linear optical spring, and thus it avoids the limitation of the scheme in Ref. [14]. A

detailed analysis is given below. An intuitive picture behind this back-action evasion

effect can be described as follows (also see Fig.5.6). The optical field on the left-hand

side of the middle oscillator consists of two parts: (i) the immediate reflection from

the oscillator and (ii) the transmitted field from the right-hand side, both containing

the position information of the oscillator. The coupled cavity has a doublet resonance.

It turns out that, when the trapping field is resonantly tuned to one of the doublet

and the end mirror is perfectly reflective, the position information from these two

parts destructively interfere, resulting in a cancelation of the back action.

Strong trapping beam can induce an optical spring frequency ωopt � ωm0 with:

ω2
opt =

2Ptrapω
′
0

mc2
√
TsTf

, (5.24)

where Ptrap and ω′0 are the input power and optical frequency of the trapping beam,

the Ts and Tf are the transmissivity of the mirror-endowed oscillator and the front

mirror, respectively. The modified quality factor can be greatly boosted since the
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mechanical dissipation rate γm is unchanged.

This optical dilution scheme also has its own limitations. Firstly, in reality there is

no perfectly reflective mirror and always some optical loss, and so the above-mentioned

cancelation cannot be perfect. The residual radiation pressure noise, referred to the

output, is given by:

Sopt
ε (Ω) =

4ω′0Ptrapε

mγoptωmc2TsTf

γ2
opt

(Ω− δ)2 + γ2
opt

. (5.25)

Secondly, the optical spring effect is frequency dependent: Kopt(ω) ≈ mω2
opt−imγω−

moptω
2. This tells us that the optical spring can modify not only the resonance

frequency, but also the mechanical damping and the effective inertia (mass), which

could induce instability. Lastly, finite absorption of the laser power in the oscillator

will increase its temperature and may increase the thermal noise. The size of this

effect, however, depends on the mechanical structure and the detailed loss mechanism.

•Hamiltonian and equation of motion— The Hamiltonian of the system can

be written as:

H = ~ω0(â†â+ b̂†b̂) +
p̂2

2m
+

1

2
mω2

mx̂
2 + ~ωs(â†b̂+ âb̂†)

+~G0x̂(â†â− b̂†b̂) +Hopt
ext +Hm

ext.

(5.26)

Here, â, b̂ are annihilation operators for cavity modes in left and right sub-cavity (with

resonant frequency ωc) respectively. x̂, p̂ are the position and momentum operators

of the vibrating mirror. ωs is the coupling constant for â and b̂ and G0 is defined to

be ω0/L. Hopt
ext = i~

√
2γf (â

†âin − h.c) + i~
√

2γε(b̂
†b̂in − h.c) and Hm

ext correspond to

the coupling of the system to the environment.

The Heisenberg equations of motion in the rotating frame of the trapping beam

Laser

Figure 5.5 – Basic configuration of the proposed scheme: a vibrating mirror trapped

in a Fabry-Pérot cavity. â and b̂ are the light field operators in the left and right

subcavities, respectively.
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at frequency ω′0 can be derived as:

˙̂a = i∆tâ− γf â− iωsb̂− iG0x̂â+
√

2γf âin, (5.27a)

˙̂
b = i∆tb̂− γεb̂− iωsâ+ iG0x̂b̂+

√
2γεb̂in, (5.27b)

˙̂p = −mω2
mx̂− γmp̂− ~G0(â†â− b̂†b̂) + Fth, (5.27c)

˙̂x = p̂/m. (5.27d)

Here, γf = cTf/4L and γε = cε/4L, Tf and ε are the transmissivity of the front mirror

and the loss of the system through the end mirror, ∆t = ω′0 − ω0 is the detuning of

the pumping laser field with respect to the half-cavity resonance. Suppose we pump

the cavity by injecting a laser field through the front mirror (single-side pumping),

then b̄in = 0. These equations can be solved perturbatively. The zeroth order terms

give us the classical amplitude of the intra-cavity mode in both sub-cavities and the

first order terms carry information about the mirror vibration along with quantum

noise due to the non-zero transmissivity of the cavity end mirror.

From the above Heisenberg equations of motion, we have the steady state fields

in the two sub-cavities:

ā =
(i∆t − γε)

√
2γf āin

∆2
t − ω2

s − γfγε + i∆t(γf + γε)
, (5.28a)

b̄ =
i
√

2γfωsāin

∆2
t − ω2

s − γfγε + i∆t(γf + γε)
. (5.28b)

As we can see from above equations, when we set the detuning of the trapping beam

to be ∆t = ωs and set γε/γf � 1, the intracavity field amplitude is strong: ā =

b̄ =
√

2/γf āin with āin =
√
Ptrap/~ω′0. The fluctuating field consists of mechanical

modulation and quantum fluctuations as:

â(ω) =
−Gbωsx̂+ iωs

√
2γεb̂in + [i(ω + ∆t)− γε][−iGax̂+

√
2γf âin]

(ω + ∆t)2 − ω2
s − γεγf + i(ω + ∆t)(γf + γε)

, (5.29a)

b̂(ω) =
Gaωsx̂+ i

√
2γfωsâin + [i(ω + ∆t)− γf ][iGbx̂+

√
2γεb̂in]

(ω + ∆t)2 − ω2
s − γεγf + i(ω + ∆t)(γf + γε)

, (5.29b)

with Ga ≡ G0ā and Gb ≡ G0b̄ (notice that in case of ∆t = ωs, we have Ga = Gb).

The radiation pressure force acting on the trapped mirror is given by

F̂rad(ω) = ~[G∗aâ(ω) +Gaâ
†(−ω)−G∗b b̂(ω)−Gbb̂

†(−ω)], (5.30)
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which can be split into two parts:

F̂rad(ω) = −Kopt(ω)x̂(ω) + F̂BA(ω). (5.31)

The first and second term represent the pondermotive modification of the mechanical

dynamics and the back-action quantum radiation pressure noise respectively. The

Kopt(ω) here is the optomechanical rigidity which can be expanded in terms of ω if

the typical frequency of mechanical motion is smaller than the other frequency scale

in the trapping system:

Kopt(ω) ≈ Kopt(0) +
∂Kopt

∂ω
ω +

1

2

∂2Kopt

∂ω2
ω2 ≡ mω2

opt − imγω −moptω
2. (5.32)

The first term in (5.32) gives the trapping frequency and the second and third terms

give the velocity and acceleration response of the trapped mirror which are optical

(anti-)damping γ and optomechanical inertia mopt, respectively.

Substituting (5.28) and (5.29) into (5.30) and taking the expansion with respect

to detection frequency ω, we can get analytical expressions of the optical rigidity

and radiation pressure noise. However, they are too cumbersome to show. In the

following, we show approximate results in the interesting parameter region of ∆t ∼ ωs

and γε � γf in which the back-action noise can be coherently canceled.

• Dynamics and back-action— The optical spring frequency is given by:

ω2
opt =

~G2
a

mωs
+O(η). (5.33)

Substitute āin, Ga, ωs and γf in, and we have Eq.(5.24). The O(η) here describes all

the high order terms with η ∼ (∆t − ωs)/ωs, γε/γf . Notice that this optical spring

can be treated effectively as a quadratic trap of the vibrating mirror on the anti-node

of our trapping beam as shown in [18]

The optical (anti)-damping factor γ is given by (to 1st order of ω):

γ =
16~G2

a

mγfωs

(
∆t − ωs
ωs

)
− 8~G2

aγf
mω3

s

(
γε
γf

)
+O(η2) (5.34)

It is clear from this formula that in the ideal case when ∆t = ωs and γε = 0, the

optical damping is completely cancelled. Therefore by carefully choosing the system

parameters, we can achieve a small positive damping when the end mirror is not

perfectly reflective.
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Figure 5.6 – Back-action evasion: destructive interference between the field directly

reflected from the oscillating mirror and the field transmitted out of the cavity.

The main contribution to the optomechanical inertia is at zeroth order of ε:

mopt = −~G2
a

ω3
s

+O(η), (5.35)

which is extremely small as we have shown in the main text.

Finally, the back-action radiation pressure force noise spectrum is given by:

Srad
FF =

2~2G2
aγf

ω2
s

(
γε
γf

)
+O(η2). (5.36)

Substitute āin, Ga, ωs and γf in, and we have Eq.(5.25). Notice that the back-action

force spectrum is zero when the end mirror is perfectly reflective (γε = 0).

The physical explanation of this back-action evasion phenomenon is shown in

Fig.5.6. The part of the outgoing fields which contains the displacement signal can

be written as (suppose the end mirror is perfectly reflective):

âmout = −2iGax̂+ 2i
Gaω

2
s

∆2
t

x̂. (5.37)

The first term on the right hand-side is the field directly reflected from the trapped

mirror while the second term is the field transmitted out of the cavity. We can see

that they cancel when ∆t = ωs. Therefore in this case the output field does not

contain the x-information.

Given the parameters listed in Tab.I of the main text, we use (5.33)-(5.36) to

calculate the modification of the mechanical dynamics by the trapping beam, and list

the effective parameters in Tab.II of the main text. We can see that velocity response

is a mechanical damping factor γ which will not cause instability and is too small to

affect the OMIT effective cavity bandwidth γopt. The negative inertia mopt is also too

small to be comparable to the mass of the mechanical oscillator.
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Finally, it is interesting to notice that our proposed scheme, although based on the

linear optical spring effect, can be effectively mapped to the quadratic spring effect.

This effective mapping has been discussed in [18].

5.7 An example

We illustrate the requirements for experimentally realizing the optomechanical filter

cavity using optical dilution shown in Fig. 5.4 with some example parameters in Ta-

ble 5.1. These values are chosen after considering the above mentioned effects, which

can cause decoherence to the squeezed light, such that

Smax
tot = Sth(δ) + Sε(δ) + S−ωm(δ) + Sopt

ε (δ) < 1 . (5.38)

In addition, once we fix the oscillator mass m and transmissivity Ts, we can mini-

mize Smax
tot by looking into the scaling of different parameters, which determines the

trapping beam power Ptrap, the front mirror transmissivity Tf , and the environmental

temperature T . We end up with the following scaling of Smax
tot in terms of optical loss

and cavity length:

Smax
tot ≈ 3× 103ε4/5/L2/5 . (5.39)

The resulting degradation to the squeezing factor due to optical loss is shown in

Fig. 5.7 for a cavity length of 50cm. In comparison to a passive filter cavity for

which the performance degrades as ε/L [4], the optomechanical filter cavity using the

optical-dilution scheme has a milder dependence on L, which yields the possibility of

being small scale.

The mechanical dynamics are modified by the opto-mechanical interaction, and

the new effective parameters of the oscillator are summarised in Table 5.2. The optical

spring shifts the mechanical resonant frequency from its bare value of 100Hz to 20kHz,

which results in a two hundred fold increase in the quality factor. Comparing Table 5.1

and Table 5.2, we can see that the negative optical damping and inertia do not pose

an important problem.

We would like to point out that this scheme might not function as expected due

to heating from finite absorption of the laser power. The intra-cavity power of the
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Table 5.1 – Example parameter values

Parameter Description Value

L filter cavity length 50cm

Tf front mirror transmissivity 250ppm

Ts transmissivity of oscillator 3000ppm1

Ptrap trapping beam input power 1.6mW

λ′0 trapping beam wavelength 532nm

m oscillator mass 500ng

ωm0/(2π) bare mechanical frequency 200Hz

Qm0 bare mechanical quality factor 1082

T environmental temperature 1K

Pc control beam intra-cavity power 0.1mW

λ0 control beam wavelength 1064nm

γopt/(2π) effective cavity bandwidth 100Hz

Table 5.2 – Effective oscillator parameters

ωopt/(2π) optical spring frequency [Eq.(5.24)] 20kHz

Qm final mechanical quality factor 2× 1010

γ/(2π) optical (anti-)damping rate [Eq.(A.9)] −8mHz

mopt negative optical inertia [Eq.(A.10)] −8.5pg

trapping beam, given the listed parameter values, is around 10W. For 10 ppm absorp-

tion, this amounts to 0.1mW of heat deposited into the nano-mechanical oscillator.

We make an order-of-magnitude estimate in the following paragraph and find this

can create a nonuniform temperature distribution with a maximum around 10K near

the beam spot. Further detailed study is required to estimate how this nonuniform

temperature distribution on the oscillator affects the total thermal noise. Specifically

in this case, the dissipation mainly comes from the clamping point where the tem-
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perature is still low. If this nonuniform temperature distribution indeed introduces

significant thermal noise, then alternative materials with higher thermal conductivity

at low temperature would need to be manufactured.

• Effective temperature of the mirror-endowed oscillator—Here we esti-

mate the temperature of the mirror-endowed oscillator due to the additional heating

caused by optical absorption. We assume the oscillator to be a silicon cantilever mir-

ror with thickness h, Young’s modulus Y and density ρ. Under the assumption that

l > b, h, the fundamental frequency of the cantilever is given by [19]

ωm0 = 1.8752

√
Y I

ρSl4
, (5.40)

where the S = bh and l are the cross-sectional area and length of the cantilever. Then

I = bh3/12 is the moment of inertia of the beam cross-section. Using the parameters

given in Tab. 5.3, the resonant frequency has the value about 180Hz.

We also assume that the suspended mirror inside the cavity has thermal conductiv-

ity κ(T ) = κ0T
n. The cantilever is illuminated by the trapping field with intra-cavity

power P c
trap. As a simple 1-D heat transport problem, Fourier’s law says that the heat

power passing through the cross-section S = bh of the mirror material at distance z

from its center equals to Pcond = −SκT ′(z). Integrating the heat transport equation

from the illuminated spot center with temperature T0 to the boundary with tempera-

ture T , we have the relation between the T0 and the absorbed power for a rectangular
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Figure 5.7 – Resultant squeezing level from injecting 10 dB of input squeezing into

an optomechanical filter cavity using the optical-dilution scheme in Fig. 5.4, with

parameters in Table 5.1, for several values of the optical loss ε.
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Table 5.3 – Sampling parameters for the trapped oscillator

ρ mass density 2329 kg/m3

Y Young’s modulus 130GPa

l cantilever beam length 1.5mm

h cantilever thickness 0.37µm

b cantilever width 0.3mm

shape mirror Pabs as:

Pabs =
2Sκ0

l(n+ 1)
(T n+1

0 − T n+1). (5.41)

Typically we have n ∼ 2 at cryogenic temperature3. Using the sample parameters

10ppm, Pc ∼ 15W and the conductivity of the material [20] κ0 = 10W/(m.Kn), we

have T0 = 6K from Eq.(5.41).

How this absorption-induced 6K temperature around the hot spot and its nonuni-

form distribution across the beam cantilever influences the thermal noise is not en-

tirely clear and needs further study. The loss of the cantilever motion can be classified

as surface loss and body loss. The body loss is mainly through the clamping point

where the temperature is around the cryogenic environment temperature. The sur-

face loss, on the other hand, influences the cantilever motion through the coupling of

the material surface motion with the local thermal bath, which has a raised tempera-

ture from the trapping beam heating. Whether the thermal noise due to surface loss

degrades the squeezed light or not depends on detailed design of the experiment and

needs a more sophisticated study. Moreover, the trapping beam does not illuminate

the cantilever beam uniformly thereby a heat flux will be built up across the cantilever

beam with temperature gradient about ∇T ∼ 3×103K/m. The non-equilibrium ther-

mal noise associated with this heat flux is also unclear and needs to be addressed in

future research.
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5.8 Experimental demonstration

5.8.1 General description

In UWA optics basement laboratory, the above discussed optomechanical filtering

effect was demonstrated by using a noise-added signal light to mimic the squeezed light

in a room temperature system. In this experiment, a control light is injected into the

same port for generating OMIT effect (See Fig.5.8). The frequency dependent noise

ellipse rotation was demonstrated in a tunable OMIT cavity of which the linewidth

can be tuned from 3Hz to several hundred Hz. The beating of the signal field and

the control field at the transmission port of the coupled system was detected in order

to measure the noise ellipse rotation of the single-mode signal field by the lock-in

technique [21]. The result proves that the OMIT cavity has the same amplitude and

phase response as a simple filter cavity, which can rotate the noise ellipse of a classical

signal light with squeezed added noise in close agreement with the theoretical phase

response. This shows the potential of FD squeezed vacuum generation in a small

scale compact system with future implementations of low temperature environment

and proper optical dilution.

The core elements of our OMIT apparatus consists of an 85 mm high-finesse

optical cavity with a high stress silicon nitride membrane, which has a quality factor

of ∼ 1.5 × 106 at the mechanical resonance. By changing the frequency separation

between signal field and control field, the angle rotation of noise ellipses of the signal

light was observed, which is shown in Fig. 5.14.

Following the same derivation as in Section IV.A, the effective transmissivity of

the OMIT system can be written as:

t(Ω) = 2
√
ηc(1− ηc)

Ω− ωm + iγm
Ω− ωm + iγm + iγopt

, (5.42)

where the cavity coupling parameter is ηc = γ1/(γ1 + γ2).

The phase φ(Ω) of the system transmissivity can be written as:

φ(Ω) = − arctan (
γopt

Ω− ωm
), (5.43)

which is equivalent to the transmissivity phase response of a simple Fabry-Pérot

cavity with the resonant point at Ω = ωm. The linewidth γopt is much smaller than
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Figure 5.8 – Configuration schematics of the experiment. The signal light with

squeezed added noise having frequency ω respect to cavity resonance ωc is injected

into an optical cavity with a high Q−factor membrane in the middle which acts as

an oscillator at the resonant frequency ωm. The position of the membrane is chosen

to introduce a linear optomechanical coupling.
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Figure 5.9 – (Color online)Experimental setup. The 85 mm long cavity sits in a vac-

uum chamber with a central silicon nitride membrane oscillator(1mm×1mm×50nm,

effective mass 40 ng). The green line represents the locking light for stabilizing the

laser frequency to the cavity resonance using Pound-Drever-Hall (PDH) method [22].

The blue line represents the control light, with polarization orthogonal to the locking

light. The broadband electro-optic modulator (BEOM) generates an upper-sideband

from the control light, which is our signal light (red line). The ∆ ∼ 400 kHz for the

control light was created using a pair of 80 MHz AOMs in the locking path.

the original cavity bandwidth γ, and is tunable, principally through Ḡ0 which depends

on the control light input power [6].

When we inject the signal light into the system at different frequencies, we will



144
Chapter 5. Narrowing the cavity bandwidth via Optomechanical

Interaction

observe a rotation of the noise ellipse at the cavity output. For the single mode signal

field with classical squeezed added noise, the rotation angle θ(Ω) is determined by

the phase response φ(Ω) of the cavity transmissivity t(Ω), which is given by:

θ(Ω) = − arctan
γopt(Ω− ωm)

(Ω− ωm)2 + γmγopt

, (5.44)

which is shown as theoretical curves in Fig. 5.13 (b)(c).

5.8.2 Experiment

In our experimental setup shown in Fig. 5.9, the weak signal light is generated by pass-

ing the carrier control light through a broadband electro-optic modulator (BEOM).
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Figure 5.10 – Detected OMIT transmissivity. (a)Normalized transmissivity ampli-

tude |tn(Ω)| vs. frequency offset ∆f (Hz), where ∆f ≡ Ω/2π−402.5kHz. The control

light powers were 0.5, 1.3, 2.7 and 4.0 mW respectively. (b) Transmissivity amplitude

vs. frequency difference Ω/2π (kHz) in a span of 200kHz. The coupled cavity full

linewidth was 170 kHz in this measurement. (c) Normalized transmissivity amplitude

peak value |tn(Ω− ωm = 0)| vs. the control light input power. (d) OMIT cavity full

linewidth vs. the control light input power. The full linewidth data correspond to the

Lorentzian transmissivity of the OMIT cavity. In this measurement, the mechanical

resonance frequency was ωm = 2π × 402.7 kHz.
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The BEOM modulates the control light and generates an upper-sideband, which is

our signal field. The lower sideband (ωp−Ω) generated by the BEOM is far detuned

from the cavity resonance, so it is totally reflected and can only be neglected at the

transmission port. This method guarantees a common optical path for the signal

light and the control light so as to avoid the fluctuating phase difference from an

unlocked optical path. The voltage V = A cos Ωt from function generator FG1, act-

ing on the BEOM with modulation index β = 15 mrad/V, determines the amplitude

|âsin| = βA|âcin| and the frequency ωs = ωp + Ω of the signal light. By adding random

noise δA to the voltage amplitude A, we increase the amplitude uncertainty of the

signal light to simulate the “phase squeezed light”.

• Optical cavity—Our optical cavity was mounted on an invar spacer machined

by electrical discharge machining with accuracy of 0.1 µm and fixed in a vibration

isolated vacuum tank. The M1 and M2 were clamped at the ends of the spacer. In

order to optimize the optical coupling, we built an over-coupled cavity. The trans-

missivity T1 of M1 was chosen to be much larger than that of M2 (T1 = 245.1± 2.8

ppm, T2 = 16.93± 0.20 ppm). This experiment was conducted at room temperature

using a 1064nm Nd:YAG laser.

• Mechanical membrane—The mechanical oscillator in this study was a high

Q−factor stoichiometric silicon nitride membrane window. In order to adjust the

position and alignment of the membrane in the vacuum, it was attached to a piezo-

electric actuator which was glued to a motorized optical mounts attached to the invar

cavity spacer. To reduce the bonding loss, the membrane frame was bonded onto the

actuator with Yacca gum, a natural resin with low intrinsic loss [24]. After gluing, we

measured the quality factor of the membrane with a He-Ne laser to characterize the

extra mechanical loss γgas introduced by the background gas. When the background

gas pressure Pgas is smaller than 3×10−5 mbar, the gas damping was negligibly small

and the membrane quality factor was ∼ 1.5× 106 at its mechanical resonance ∼ 400

kHz.

As a more concrete description of the measurement of the mechanical Q-factor in

our experiment, the details are given as follows: When the background gas pressure

Pgas > 10−2 mbar, the size of the membrane is ignorable compared with the mean free
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path of the background gas. This satisfies the requirements for the non-interacting

gas molecule model [26]. The background gas leads to a mean damping force dp/dt =

−γgasp/2. The background gas damping rate is γgas = 16Pgas/(πρmdv̄gas), where

d = 50 nm is the membrane thickness and v̄gas =
√

3RT/Mgas is the gas mean speed

[25]. The quality factor is given by Q = 2πωm/(γm + γgas).

We used He-Ne laser to measure the ringdown time τ of the mechanical oscillation

amplitude in different gas pressures. The quality factor is given by Q = πfτ . As

shown in Fig.5.11, when the background gas pressure Pgas reaches ∼ 10−5 mbar, the

γgas is negligible small and the quality factor of the membrane is ∼ 1.5 × 106 at its

resonant frequency of ∼ 400 kHz.
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Figure 5.11 – Measured membrane quality factor vs background gas pressure.

• Effect of membrane to the cavity field: cavity finesse and Optome-

chanical coupling G0— In the coupled cavity system, optical absorption by the

membrane changes the coupled cavity F(z) in different positions along the cavity

axis [16, 23]. The coupled cavity linewidth γ = πfFSR/F , where fFSR = c/2L is the

free spectral range of the cavity. According to previous theoretical work [23], the cou-

pled cavity finesse F(z) is a periodic function of the membrane position z with period

equal to half wavelength of the optical mode. In Fig. 5.12, we show the experimental

results of the coupled cavity finesse F(z) as a function of z. And the optical loss of

the system also depends on the alignment of the membrane in the transverse plane

orthogonal to the cavity axis.

The linear optomechanical coupling constant G0 is the change of cavity resonance
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Figure 5.12 – Coupled cavity finesse F(z) vs. membrane position z. Optical wave

length is λ = 1064 nm. The empty cavity finesse is F0 = 22400. The membrane index

of refraction n = 2 + 2.5× 10−5i.

frequency per unit displacement of the membrane. In our setup, we have:[16]

G0 = ∂zωc(z) = ∂z[
c

L
arccos(|rm| cos

4πz

λ
)], (5.45)

where rm is the electronic field reflectivity of the membrane. Therefore, the coupling

constant G0 depends on the center-of-mass position along the cavity axis. Note that

Eq.(5.45) told us that the optomechanical coupling strength in our system can be

tuned.

5.8.3 Optomechanically induced transparency

In our system, the linewidth of the OMIT cavity can be changed in two ways: (a)

The input power of the control light can be adjusted by a half-wave plate before a

polarized beam splitter (PBS3 in Fig. 5.9). (b) The coupled cavity linewidth γ and

the optomechanical coupling strength G0 can be tuned by changing the position and

alignment of the membrane in the cavity [16, 23]. We achieved a widely tunable

linewidth of the OMIT cavity changing from 3 Hz to several hundred Hz.

In order to achieve an extremely narrow linewidth, we tuned the position and

alignment of membrane and reduced the control light input power until the charac-

teristic frequency γopt was close to the mechanical linewidth γm. In Fig. 5.10, we show

the experimental results for the lowest linewidth data 3∼15 Hz. Here, we define an
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normalized transmissivity amplitude as tn(Ω) ≡ t(Ω)/t0, where t0 is the transmissiv-

ity amplitude of the signal light in the absence of the control field. The measurement

data points in Fig. 5.10 (c) and (d) are well matched with the theoretical model

shown as the black solid lines.

5.8.4 Frequency dependent noise ellipse rotation

The above results show that OMIT effect can be used to create cavities with tunable

linewidth down to a few Hz. We now demonstrate that such cavities have the appro-

priate phase response, and that they rotate the angle of the noise ellipse of the signal

light as required for one simple filter cavity.

In order to characterize the noise ellipse rotation of the signal light in phasor

diagram, we tuned the OMIT cavity linewidth to several hundred Hz and demonstrate

the noise ellipse rotation in phasor diagram. The phase response and the rotation

angles of the noise ellipses are detected by lock-in technique (See Fig. 5.9). We take

results of the coupled caivity with linewidth of ∼ 600 Hz as an example.
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Figure 5.13 – OMIT cavity transmissivity amplitude |t(Ω)| (a), phase φ(Ω) (b) and

rotation angle θ(Ω) (c) of the noise ellipse as a function of ∆f (kHz). The frequency

offset is defined as ∆f ≡ Ω/2π − 390kHz. In this measurement, the mechanical

resonance frequency was ωm = 2π × 394.6 kHz.
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Figure 5.14 – Contour plots of the normalized noise ellipse in phasor diagram at

different frequency offsets ∆f corresponding to (c) in Fig. 5.13. In each phasor

diagram, the horizontal axis is the amplitude quadrature and the vertical axis is the

phase quadrature. The frequency offset of the OMIT cavity resonance is 4.6 kHz. As

the frequency offset increases, the rotation pattern is changed from 0◦ (off resonance)

to 90◦ anticlockwise. Near the resonance, it flips by −180◦. Above resonance, the

rotation pattern is changed from −90◦ to 0◦ anticlockwise.

In Fig. 5.13 (a) and (b), we show the experimental results of the amplitude |t(Ω)|

and the phase φ(Ω) of the OMIT cavity transmission. The phase drop in the vicinity

of the OMIT cavity (|Ω − ωm| <
√
γmγopt) resonance was measured and shown in

Fig.5.15. This experimental measurements of the phase drop near the OMIT cavity

resonance clearly demonstrates that the phase response of the OMIT cavity behaves

just like an ordinary optical cavity, but with much narrower linewidth. .

In Fig. 5.13 (c) and Fig. 5.14, we show the measured rotation angles θ(Ω) and

the corresponding normalized noise ellipses in phasor diagram. As shown in Fig. 5.13

(c), the measured results for angle rotation of the noise ellipses well match both the

theoretical model and the previous measurement of the phase φ(Ω).
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In summary we have shown an extremely narrow cavity linewidth created by

optomechanical interaction in an optical cavity with a silicon nitride membrane in

the middle. Classical light with a noise ellipse simulating quantum squeezed light

was injected into the cavity. It demonstrates the frequency dependent noise ellipse

rotation. The rotation angle follows the theoretical prediction in the detection band of

advanced gravitational wave detectors. To use the current setup to develop a system

for realizing frequency dependent squeezed vacuum in GW detectors in the future, it

will be necessary to cool the resonator to the mK temperature range and dilute the

mechanical losses by optical springs as discussed in the previous sections and [14].
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Figure 5.15 – The phase φ(Ω) of the OMIT cavity transmission. The minimum

sweep step was 0.25 Hz and the intensity of the signal on the resonance was very

small.

5.9 Conclusion

In this chapter, we have considered the use of optomechanical interaction to narrow

the bandwidth of a filter cavity for frequency-dependent squeezing in future advanced

gravitational-wave detectors. However, due to susceptibility to thermal decoherence,

its feasibility is conditional on advancements in low-loss mechanics and optics. As a

trial for solving the thermal noise issue, we discussed an interesting optical dilution

scheme with very low quantum radiation pressure noise. As an experimental demon-

stration of the theoretical discussion of this chapter, we have shown an extremely

narrow cavity linewidth created by optomechanical interaction in an optical cavity

with a silicon nitride membrane in the middle. Classical light with a noise ellipse
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simulating quantum squeezed light was injected into the cavity. It demonstrates the

frequency dependent noise ellipse rotation.
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Chapter 6

Broadening the detector’s

bandwidth using acasual

optomechanical cavity

6.1 Preface

The Chapter 5 discussed the implement of the optomechanical cavity on filtering the

squeezed light in gravitational wave detectors. In that case, the optomechanical inter-

action cools down the mechanical degree of freedom, broaden its bandwidth to be γopt.

Quite different from the optomechanical cavity we have discussed in Chapter 5 where

the mechanical degree of freedom is cooled down by the optomechanical interaction,

this chapter is going to discuss the case when the optomechanical interaction heats

up the mechanical degree of freedom. The system working in this region can in prin-

ciple be used to broaden the detection bandwidth of an interferometric gravitational

wave detector with a feedback control loop. Basically, we propose to embed an active

unstable filter, a cavity-assisted optomechanical device operating in the instability

regime, inside the signal-recycling cavity to cancel such a linear phase. Therefore the

sideband field which carries the test mass displacement signal can resonant over a

broad frequency range. To make this scheme function, a feedback control is needed

for stabilizing the entire system, and cryogenic temperature is necessary to minimize

thermal fluctuation of the mechanical oscillator in the optomechanical device. This

scheme follows the white-light-cavity idea first proposed by Wicht et al. [1] but with

a different realization.

In this Chapter, Section 6.2 gives an introduction of the research background then

Section 6.3 discusses the optomechanical dynamics of the system. Section 6.4 analyzes
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the feed-back control of the optomechanical instability.

6.2 Introduction and background

As discussed in Chapter 2, the advanced interferometric gravitational wave detector

with the dual-recycling structure with PRM and SRM can be mapped to a single

cavity with tunable “front mirror” (which is actually the signal-recycling cavity). In

the presence of SRM, the sideband fields which carry the gravitational wave signals are

coherently reflected back to the interferometer. The detection bandwidth is no longer

proportional to the transmissivity of the ITM, but rather is determined by the effective

transmissivity of the signal-recycling cavity TSRC, as a compound mirror, formed

by ITM and SRM. This compound mirror increase the tunability of the detector.

However, such tunability can not surpass a trade-off between the signal gain and the

bandwidth is illustrated in Fig 6.3. The white light cavity scheme based on anomalous

dispersive systems was proposed to surpass this trade-off. This trade-off leads to a

limitation of the integrated sensitivity which is firstly discussed by Mizuno [2]:∫ ∞
0

1

Ssh
hh(Ω)

dΩ =
4πω0IcLarm

~c
, (6.1)

where Ssh
hh is the shot-noise limited sensitivity of the detector. In Chapter 8, a proof

of the Mizuno hypothesis will be given.

The physical picture of the Mizuno hypothesis is the following: The decreasing

of the detector sensitivity at high frequency region is due to the decreasing of the

signal amplitude. the sideband field which carry the GW signal will obtain a phase

φ(Ω) = 2ΩLarm/c after a round-trip propagation, where Larm is the (arm-)cavity

length. Suppose the Ω takes the value of πc/2L, then the phase factor will be e−iφ =

−1. The field with this negative phase factor will destructively interfere with the

incoming field transmitted through the front mirror into the cavity —this is why the

signal field amplitude decreases with the increasing of the frequency.

For broadening the detection bandwidth without sacrificing the peak sensitivity,

various literatures proposed to add a filter cavity inside the signal recycling mirror so

that the round-trip phase of the sideband light φ(Ω) = 2iΩLarm/c + φf (Ω) is always
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Figure 6.1 – Mizuno hypothesis: Trade-off between the peak sensitivity and the

detection bandwidth. With the increase of the reflectivity of the signal recycling

mirror (SRM), the bandwidth becomes smaller and the noise spectrum peak becomes

lower.

Figure 6.2 – Round trip phase of the intra-cavity sideband fields. On the left panel,

the round-trip phase obtained by the sideband field is varying with the changing of

the sideband frequency.
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equal to 2nπ, that is, ideally the sideband field with any Ω can resonant inside the

cavity.

In this case, the φf (Ω) have to satisfy the following equation:

dφf (Ω)

dΩ
= −2Larm

c
. (6.2)

which means the filter has to be a negative-dispersive medium.

In Chapter 7, we will discuss the previously proposed scheme of using negative

dispersive atomic medium to surpass the Mizuno limit. In this Chapter, we propose

an approach to achieve such a broadband enhancement by placing an optomechanical

device operating in the instability regime inside the signal-recycling cavity, as illus-

trated schematically in Fig. 6.3, and the entire setup is stabilized via feedback control.

Inside the loop, the unstable filter acts as a phase compensator which negates the lin-

ear propagation phase of the sideband signal, and there is no violation of causality,

SRM

ITM

ETM

Laser

PRM

(a)

armdcavity

control

unstable
filter

arm
cavity

control

GW
signal

(c)

Laser

dSignaldGain

Broadbandd
Narrowband
Addingdfilter

(b)

dFrequencyd(log-scale)

iSRM

Figure 6.3 – (a) the typical dual-recycled Michelson configuration for an advanced

gravitational-wave detector, with an unstable optomechanical filter (blue) embedded

inside the signal-recycling cavity to compensate the phase delay of the arm cavity. An

internal SRM (iSRM) is introduced to tune the detection bandwidth; (b) Trade-off

between resonant gain and bandwidth (black and red curves), and the effect of adding

unstable filter in the ideal scenario (blue); (c) a simple flow chart for the entire setup.
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as the entire scheme is stable and always lags behind incoming GW signals. This

idea is inspired by recent experimental observations of the optomechanical analogue

of the electromagnetically induced transparency by S. Weis et al. [3], Teufel et al. [4]

and Safavi-Naeini et al. [5], and also a more recent theoretical proposal by Ma et al.

to use such a phenomenon for realizing a short optical filter cavity but with a narrow

bandwidth [6]. In these experiments, a red-detuned control laser with frequency lower

than the cavity resonant frequency ω0 is used to demonstrate the optomechanically

induced transparency. In contrast, the control laser in our proposed scheme is blue

detuned with a frequency equal to ω0 + ωm with ωm being the mechanical resonant

frequency. Safavi-Naeini et al. [5] also experimentally investigated such a case and was

focusing on the regime where the mechanical oscillator remains stable. In our case,

however, the mechanical oscillator is highly unstable without the feedback. Notice

that the feedback only uses the signal after the SRM, as indicated by the flow chart in

Fig. 6.3(b), which contains the GW signal together with noise, and therefore it does

not influence the signal-to-noise ratio (ignoring noise in the sensor and actuator), as

also proven in Refs. [7, 8]. We start with the dynamics of the optomechanical filter, as

shown schematically in Fig. 6.4(a), derive its input-output relation for the sideband

signal, and later combine it with the main interferometer. Such an optomechanical

device has been studied extensively in the literature (see recent reviews: Refs. [9, 10]).

6.3 Optomechanical dynamics

Qualitatively, this optomechanical dynamics can be described as follows: the lower

sideband of the red-detuned pumping field inside the cavity will be generated by

the motion of the test mass. This motion is under the driving of radiation pressure

force, which is contributed by the beating of the pumping fields and the probe field.

Different from optomechanical induced transparency effect: 1) this lower sideband

will constructively interfere with the probe field, therefore the response of the system

toward the probe fields behaves in an “optomechanical induced absorption” way. 2)

The mechanical oscillator will not be stable. 3) More interestingly, the probe fields

will feel an apparent anti-casual phase shift when it propagates through the cavity
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(a) (b)

Figure 6.4 – (a) schematics for the optomechanical filter; (b) frequency of interests:

cavity resonance ω0 (red) and control laser frequency ω0 +ωm (blue) and the common

sideband of these two (black). GW signals are at frequency Ω.

(round-trip). The details are presented in the following discussion.

Specifically, the total Hamiltonian of the system is given by Ĥtot = Ĥ0 + Ĥint +

Ĥγf + Ĥγm . Here the free Hamiltonian Ĥ0 is

Ĥ0 = ~ω0â
†â+

p̂2

2m
+

1

2
mω2

mx̂
2 ; (6.3)

where the first term is the free Hamiltonian of the cavity field while the second

term is the free Hamiltonian of the mechanical oscillator. The linearized interaction

Hamiltonian Ĥint is

Ĥint = −~g0

[
â ei(ω0+ωm)t + â†e−i(ω0+ωm)t

]
x̂ (6.4)

with g0 ≡ ω0ā/Lf , in which ā = (2PcLf/(~ω0c))
1/2 is the mean amplitude of the cavity

mode; Ĥγf describes how the cavity mode â interacting with ingoing field âin and

outgoing field âout, and Ĥγm describes the coupling between the mechanical oscillator

with the environmental heat bath. Notice that in this interaction Hamiltonian, we

have already wrote the operators in the rotation frame of ω0 + ωm, which is the

frequency of the pumping field.

The parameter regime to obtain the desire performance is ωm � γf � Ω. In

this regime, the upper sideband of the mechanical oscillator is far outside of the

filter cavity linewidth—the so-called resolved-sideband regime, as shown schematically

in Fig. 6.4(b). This allows us to gain a qualitative picture of the optomechanical

processes in terms of phonon-photon interaction as follows. By moving into the

interaction picture with respect to Ĥ0 and using the rotating-wave approximation
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(RWA), which leads to

ĤRWA
int = −~g(â b̂+ â† b̂†) , (6.5)

where we have introduced annihilation operator b̂ for the mechanical oscillator through

x̂(t) ≡ xq(b̂ e
−iωmt + b̂†eiωmt) and g ≡ g0xq with xq being the zero-point motion. From

this Hamiltonian, it is clear that the optomechanical interaction converts a pumping

field photon to be a pair of lower sideband photon and a phonon, vice versa.

Solving the Heisenberg equations of motion in the frequency domain leads to the

following input-output relation for the sideband at frequency ω0 + Ω:

âout(Ω) ≈
Ω + i(γm + γopt)

Ω + i(γm − γopt)
âin(Ω)−

√
2γopt

Ω + i(γm − γopt)

√
2γmb̂

†
th(−Ω) , (6.6)

where in deriving the above relation, we have used the fact γf � Ω and γopt � γm,

and we have defined γopt as follows:

γopt ≡ g2/γf ≈ PcFω0/(mωmc
2) . (6.7)

This input-output relation can be qualitatively understood in the same way as the

input-output relation for the optomechanical cavity for filtering the squeezed light.

The âin and
√

2γmb̂
†
th can be treated as optical and mechanical “input” field, interact

with the optomechanical cavity with coupling strength
√

2γopt. The transfer function

of the system is given by 1/(Ω + iγm − iγopt).

The first term in the input-output relation, in the limit of γopt � γm, shows the

ideal frequency-dependent phase: φ ≈ −2 arctan (Ω/γopt) ≈ −2Ω/γopt:

âout(Ω) =
Ω + iγopt

Ω− iγopt

âin(Ω) ≈ − exp

(
−2iΩ

γopt

)
âin(Ω). (6.8)

• This relation exhibits phase lead rather a phase lag in the case of a passive optical

cavity, which can be used for compensate the round-trip phase φarm = 2ΩLarm/c of the

sideband field in the interferometer. The requirement for the γopt is approximately:

γopt = c/Larm. (6.9)

• This formula is only valid under (i) the rotating-wave approximation by ignoring

the upper sideband ω0 + 2ωm + Ω of the control laser, and (ii) the assumption that

frequency-dependent response of the cavity is small around Ω with γf � Ω. In order
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Figure 6.5 – The frequency-dependent reflection phase φf of the optomechanical

filter given different parameters in comparison with the ideal case from using the

rotating-wave approximation and assuming the large bandwidth limit.

to get close to the ideal performance, we require ωm � γf � γopt. The physical reason

is clear: the smaller the γf/ωm is, the less effect the upper-sideband will have on the

input-output relation (or in other words, the better the resolved sideband approxima-

tion is); the smaller the γopt/γf is, the original optical cavity resonance structure has

less effect on the above input-output relation of the effective optomechanical cavity.

In Fig. 6.5, we compare the ideal case with the actual frequency-dependence of the

phase without the above-mentioned approximations.

• For γopt reaching c/Larm, the resulting control power scales as:

Pc = 50W

(
4km

Larm

)(
m

1mg

)(
ωm/2π

10MHz

)(
105

F

)
. (6.10)

For the system with m = 1mg, Larm = 4km, ωm/2π = 10MHz and F = 105, the

intra-cavity power is around 50W . This is achievable in the real experiment.

The second term in Eq. (6.6) arises from the environmental thermal noise of the

mechanical oscillator and b̂th is the associated annihilation operator of the heat bath,

with a white noise spectrum Sbth(Ω) ≈ kBTenvir/(~ωm) in the high temperature limit.

It has the same effect as the optical loss, and introduces decoherence to the input

field âin. As shown in Fig. 6.6, its influence is most prominent at low frequencies. As

a rule of thumb, in order for the thermal noise to be insignificant compare to the
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quantum shot noise level, we require:

8kBTenvir

Qm

< ~γSRM, (6.11)

where γSRM = cTSRM/(4Larm) and TSRM being the power transmissivity of the SRM.

Note that this is quite different from the condition we asked for the OMIT filter cavity

8kBTenvir/Qm < ~γopt. This difference is due to the fact that the filter cavity here is

put inside the signal recycling cavity so that the life time of the sideband photon is

affected by the interaction between the main interferometer field and the filter cavity

field, we will discuss these details in the next section. The condition here is more

stringent since γSRM < γopt if γopt = c/Larm. As an order of magnitude estimation,

the required environmental temperature scales as:

Tenvir ≤ 6mK

(
Qm

107

)(
γSRM/2π

100Hz

)
. (6.12)

Note that the γSRM is the original bandwidth of the interferometer, as ITM and

iSRM are impedance matched and the bandwidth is solely determined by the SRM

transmissivity. Therefore the lower the bandwidth we start off, the higher requirement

will be imposed on the temperature. As discussed in Chapter 2 and Chapter 5, one

way to mitigate the thermal noise is to optically dilute the mechanical oscillator,

which allows for the enhancement of Qm by a factor of hundred or even more.

Notice that this thermal noise term appears as an creation operator in the above

input-output relation. This reflects the fact that our system is a parametric ampli-

fier. Even when the environmental thermal temperature is zero, this term will still

contribute an additional quantum noise effect to the sensitivity of the system.

However, there is one additional issue arising from the instability of the mechanical

motion due to the optomechanical interaction. This is readily seen from the resulting

susceptibility of the mechanical sideband b̂(Ω) at ωm + Ω:

χm(Ω) = −(iΩ + γm − γopt)
−1 . (6.13)

Since the intrinsic mechanical damping γm is orders of magnitude smaller than γopt in

the parameter regime of interest, the above susceptibility implies that the mechanical

motion is unstable with a timescale of γ−1
opt. A feedback control is therefore needed

to stabilize it with a control bandwidth up to γopt. However, as we have experienced
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for the thermal noise condition Eq.(6.11), this native treatment regardless of the

effect of the mutual interaction between the interferometer optical mode and the

filter cavity mode is not correct. Also notice that we cannot simply apply feedback

control by measuring the output of the filter cavity, as this will also destroy the

quantum coherence of the input field which contains the GW signal. Instead, we

have to use the measurement output after the signal-recycling mirror so that the

coherence is maintained, as shown schematically in Fig. 6.3(a). We shall comment

on these points with more details after considering the filter cavity together with the

main interferometer.

6.4 Surpassing the Mizuno limit—intuitive argu-

ment

The dynamics including both the optomechanical filter and the main interferometer

is rather involved. This does not pose any issue for evaluating the sensitivity of the

full scheme, but indeed for gaining an intuitive understanding. To gain some insights,

we therefore continue using the above-mentioned rotating-wave approximation and

Figure 6.6 – Effect of the thermal fluctuation of the mechanical oscillator on the

low-frequency sensitivity. The mechanical quality factor is assumed to be fixed at

5× 107 for different temperature
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focus on the high frequency where the dynamics of the test masses in the main

interferometer can be ignored. Later, we will outline the procedure for obtaining the

rigorous results which are used for computing the sensitivities.

We will only consider the differential mode of the interferometer so that the two

arms can be folded into a single cavity, following the treatment as applied in Ref. [7].

Our system works in the resolved sideband extraction mode (see Chapter 2) so that

the sideband field sees a transparent signal recycling cavity. At high frequency where

the shot noise dominates, the input-output relation of the arm cavity (in terms of

sideband at ω0 + Ω) is given by [cf. Eq. (16) in Ref. [12] by ignoring the radiation

pressure noise term]:

Âout(Ω) = e2iφarmÂin(Ω) + i eiφarm
√
Kh(Ω)/hSQL(Ω) , (6.14)

where K ≡ 8ω0Pc/[ML2
armΩ2] with Pc being the intra-cavity optical power and

hSQL(Ω) ≡
√

8~/(MΩ2L2
arm) is the Standard Quantum Limit [11] for strain sensi-

tivity when the signal-recycling cavity is tuned.

By combining the above input-output relation with that of the optomechanical

filter in the rotating-wave approximation and the large-bandwidth limit, shown in

Eq. (6.6), the input-output relation of the entire scheme reads (at the dark port):

d̂out ≈ d̂in + 2ieiφf
√
K√

TSRM

h(Ω)

hSQL

−
4
√
γoptγm√
TSRM

b̂†th(−Ω)

Ω− iγopt

, (6.15)

where we have used the fact that 1 − rSRM ≈ TSRM/2. It is important to note that

in deriving the above formula, the perfect phase-cancelation condition φarm + φf = 0

was assumed. This input-output relation implies that the GW signal is enhanced by

a factor of 2/
√
TSRM without decreasing the detection bandwidth, but with additional

thermal noise from the mechanical oscillator, which is the main result of this Chapter.

Since φf is negative, this gives us the impression that the outgoing field comes out

before the signal arrives, which is, however, only true when the feedback is engaged.

From Eq.(6.15), we can proof the surpassing of Mizuno theorem.∫ ωfsr

0

1

Shh(Ω)
dΩ =

4πω0IcLarm

~cTSRM

(6.16)



166
Chapter 6. Broadening the detector’s bandwidth using acasual

optomechanical cavity

The above intuitive argument assumes the perfect cancelation of the propagation

phase by the optomechanical filter, which is not correct over the full frequency band,

as we can see from Fig.6.8.

As mentioned earlier, we need to use feedback to stabilize the mechanical oscillator

by using the final measurement readout. From the third term in Eq. (6.15), we learn

that the upper optical sideband ω0 + Ω at the output is proportional to the lower

mechanical sideband ωm − Ω. This means that if we use homodyne detection to

detect the output phase quadrature ŷ2 ≡ [d̂out(Ω)− d̂†out(−Ω)]/(i
√

2) which contains

the GW signal, only one of the two mechanical quadratures: x̂1 ≡ [b̂(Ω)+ b̂†(−Ω)]/
√

2

(a)

(c)

(b)

SRM

control

A
O
M

ITM

ETM

Laser

GW
signal

: :

1 2
3 4

Figure 6.7 – (a) A more elaborated scheme. Compared with Fig. 6.3(a), heterodyne

detection is used in order to measure both the amplitude and phase quadratures (at a

price of a higher shot noise than homodyne detection [13]), and a small signal-recycled

interferometer is served as the optomechanical filter to have a clean separation of the

filtered signal and the control laser. The signal-recycling cavity is folded to avoid us-

ing a three-way circulator (a Faraday isolator) which is usually quite lossy; (b) A flow

chart for showing the propagation of signal; (c) Sidebands involved in the rigorous

calculation. Sideband pair 1&4, pair 2&3 are mixed due to the optomechanical inter-

action in the filter, while 1&2 are mixed because of the optomechanical interaction

with the test masses in the main interferometer. Even lower/higher sidebands are

ignored, which contribute little to the dynamics.
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will be measured, while leaving the conjugated quadrature x̂2 ≡ [b̂(Ω)−b̂†(−Ω)]/(i
√

2)

unmeasured. Since both mechanical quadratures are unstable [cf. Eq. (6.13)], only

feeding back the measurement output of the phase quadrature will not be able to

stabilize the mechanical motion. Therefore, we have to measure both the amplitude

ŷ1 and phase quadrature ŷ2 of the output by using either an additional beamsplitter

or using heterodyne detection—the later is preferable because we can use the control

laser at frequency ω0 +ωm serving as the local oscillator, namely L(t) = cos(ω0 +ωm)t,

to demodulate the output: ŷ1 cosω0t+ ŷ2 sinω0t. Such a consideration leads to a more

elaborated setup shown schematically in Fig. 6.7(a). Moreover, when the detection

frequency Ω is comparable to πc/Larm, the φarm +φf = 0 condition is not correct (see

Fig.6.8), which means we have to take into account of this phase-delay in choosing

the feedback control scheme. In the next section, we will first give a simple model

to study the possible feedback control scheme, then extend the discussion to a more

accurate case.

6.5 Stability analysis

6.5.1 Single-mode effective model

We now consider the dynamics of the main interferometer and its coupling with the

optomechancial filter described by the total Hamiltonian: Ĥtot = Ĥifo + Ĥf + Hif

Figure 6.8 – Imperfect Phase cancelation at higher frequency. The nonzero φsum =

φarm + φfilter is due to the effect of sideband with frequency 2ωm ± Ω. The imperfect

phase cancelation is due to the higher-order terms of Ω in the eiφarm(Ω).
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where the Ĥifo is the free Hamiltonian for the main interferometer given by:

Ĥifo = ~ω0Â
†Â+

P̂ 2

2M
+ ~G0(Â+ Â†)X̂ + X̂FGW +Hγifo. (6.17)

Since in this Chapter, only the shot-noise limited sensitivity is considered, therefore

we can treat the interferometer in the infinite mass limit, therefore the interferometer

Hamiltonian can be simply written as Ĥifo = ~ω0Â
†Â+Ĥγifo where the Ĥγifo describes

the interaction between the main cavity field and the external electromagnetic bathes.

The interaction between the filter cavity and the interferometer is given by:

Ĥif = ~ωs(Â†â+ Ââ†), (6.18)

where ωs =
√
cγf/Larm is the “sloshing frequency” between the main interferometer

and the filter cavity. The corresponding equations of motion is given by:

˙̂
b = igâ† − γmb̂+

√
2γmb̂th, (6.19)

˙̂a = −iωsÂ+ igb̂† − γf â, (6.20)

˙̂
A = −iωsâ− γSRMÂ+

√
2γSRMÂin. (6.21)

Under the approxmation γm � γopt, the field â(t) can be solved out from the equation

of motion of b̂(t) as: â†(t) =
˙̂
b(t)/ig. In the large ωs limit where ωs is much larger

than γf and the typical variation frequency of â, the equation of motion of â will lead

to:

â†(t) =
˙̂
b(t)/ig = iωsÂ

†/g2. (6.22)

Adiabatically eliminating â, we have the equations of motion for the main cavity field

Â as: (
1− ω2

s

g2

)
˙̂
A+ γSRMÂ =

√
2γSRMÂin. (6.23)

This formula demonstrates that for maximumly broadening the bandwidth of the

main cavity (or maximumly canceling the propagation phase), the ωs can be chosen

as equal to g. The Eq.(6.23) is derived under several approximations, therefore it de-

scribes an over-optimistic situation where the propagation can be completely canceled

out and the bandwidth is infinity. In reality, as shown in Fig.6.5. There will only be

a finite frequency region where the phase cancelation can be well realized Fig.6.9, in
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Figure 6.9 – The resonance structure of the main interferometer cavity when the

interaction with the filter cavity is switched off (blue) and on (red) using the exact for-

mula in the single-mode model. The parameter chosen here is g = ωs = 10γSRM. The

resonance structure is extended from ∼ [−0.1γSRM, 0.1γSRM] to ∼ [−5γSRM, 5γSRM],

which is very significant.

plotting which we used the exact formula of the dynamics of this single-mode model:

Â(Ω) =

√
2γSRM

γSRM − iΩ + iΩω2
s/(g

2 + iΩγf + Ω2)
Âin(Ω). (6.24)

The instability for the mechanical oscillator actually comes from the optomechan-

ical interaction contributed by the igâ†(t) term. If we applied a feedback to cancel

this optomechanical interaction term, there will be no instability. This feedback force

can be added in the following way:

F̂fb(t) = C[
˙̂
Aout(t) + γSRMÂout(t)]e

iωmt + h.c. (6.25)

This kind of proportional-differential controller with C = −1/
√

2γSRM, when added

on the mechanical oscillator, will modify the equation of motion to be:

˙̂
b = −γmb̂+

√
2γmb̂th(t)− 1√

2γSRM

(
˙̂
Ain − γSRMÂin). (6.26)

This demonstrated that applying the above feedback control scheme can indeed sta-

blize the system. However, this scheme is worked out under the single-mode assump-

tion. The single mode assumption require us to have Ω� πc/Larm and Ω� πc/Lf .

However, the detection frequency of the detector can be comparable to the πc/Larm,
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: :

Figure 6.10 – Feedback control kernel. Panel (a) marks the position where we

truncate the control loop. Panel (b) is shows the inner loop related to the feedback

control and how we truncate it.

which is the free spectral range of the main interferometer. Therefore in this case,

the single mode approximation is no longer valid.

In the next section, we will provide an more exact analysis on the stability issue.

6.5.2 More exact analysis on the stability issue

Since the free spectral range of the main interferometer is much larger than the small

filter cavity (FSRifo/FSRf = Lf/Larm, typically ∼ 10−5 − 10−6), therefore it is still

safe to treat the filter cavity using single-mode approximation.

The optomechanical dynamics of the full scheme can be described by the flow

chart shown in Fig.6.7(b). The stability of this system can be analyzed using Nyquist

theorem (See the appendix of this chapter), which basically means that the stability

issue can be addressed through analyzing analytical behavior of the open-loop transfer

function of the system. In order to obtain the open-loop transfer function, we truncate

the closed loop as shown in the Fig.6.10(a) (In this simplified version, we only consider

the shot-noise-limited sensitivity). For writing down the expression of the open loop

gain between 1 and 2 in Fig.6.10(a), we have to first calculate the transfer function of

the closed loop related to the feedback control process inside the open loop between

1 and 2, named as “inner loop”.

• Inner loop transfer function— First, we truncate the inner loop as shown

in Fig.6.10. Suppose a field s was injected into 5 in Fig.6.10(b), After a round-trip
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propagation to 6, the gain T56(Ω) is given by:

T56(Ω) = −
itSRM

√
2γfg

g2 + iγfΩ + Ω2
K(Ω), (6.27)

where K(Ω) is the feedback control kernel. Then the transfer function between 3 and

2 can be derived as:

â3(Ω) = C(Ω)

[
−g2 + iΩγf − Ω2

g2 + iΩγf + Ω2
â2(Ω)− T56(Ω)

rSRM

tSRM

d̂in(Ω)

]
, (6.28)

where C(Ω) is given by:

C(Ω) =
1

1 + itsr
√

2γfgK(Ω)/(g2 + Ω2 + iΩγf )
, (6.29)

in which the â2,3 represents the field at 2,3 in Fig.6.10.

• Open/Closed loop transfer function between 1 and 2— The open loop

transfer function between 1 and 2 can be easily seen as:

T12(Ω) = rSRMC(Ω)
−g2 + iΩγf − Ω2

g2 + iΩγf + Ω2
e2iΩτ . (6.30)

For determine the analytical behavior of this open loop transfer function, we have to

specify the concrete form of the filter function K(Ω). It is implied in the single mode

situation that the kernel is a differential kernel, therefore we assume K(Ω) to be:

K(Ω) =
1
√
γc

(β1γc − iβ2Ω). (6.31)

In this case, the denominator T12(Ω) is equal to zero has the form of:

g2 + iΩγf + Ω2 + itsrg
√

2γf/γc(β1γc − iβ2Ω) = 0. (6.32)

The number of solutions of this equation with positive imaginary part will be the

P-number in Nyquist analysis.

For determine the value of these coefficients, we have to consider (1): γopt/γf as

small as possible, (2) the γf can not be too large since the optomechanical dynamics of

the filter cavity should obey resolved sideband approximation, (3) the broadening of

the bandwidth is as large as possible, which means g = ωs =
√
cγf/Larm. Suppose we

chose g = αγsr, this leads to Tf = 4α2T 2
SRMLf/Larm. If we set TSRM = 0.2, Lf = 5mm

and Larm = 4km, the Tf is given by α2 × 2 × 10−7. If the finesse of the filter cavity
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Figure 6.11 – The Nyquist plot of T12(Ω) when the feedback control is not added in.

The black, red and blue curves corresponds to the situation when the signal recycling

mirror power transmissivity is TSRM = 0.8, 0.5, 0.2 respectively. It is clear from this

figure that all of them are unstable since their winding number around (−1, 0) is zero.

is around 105, then we have the value of α is around 10. The γopt/γf ∼ 0.2, which is

acceptable. Choosing g = αγSRM and normalizing the open loop function by γSRM,

we obtain:

T12(x) =
rSRMe

2ixTSRM/4(−g̃2 − x2 + ixαg̃TSRM/4)

g̃2 + x2 + ixαg̃TSRM/4 + itSRM

√
2γ̃f/γ̃cg̃[β1γ̃c − iβ2x]

, (6.33)

where all the quantities with tilde are the quantities normalized by γSRM. In plotting

the Nyquist plot of the T12(x), we assume that g̃ = 10 (equivalently, α = 10) and

γ̃c = 1. The result is given in Figs.6.12, 6.11 and 6.13.

The stability of the system is based on the Nyquist analysis of the external transfer

function T12(Ω). Nyquist theorem requires that the number of poles P of Text(Ω)

enclosed by the Nyquist contour, the number of roots of the closed loop transfer

function Z and the winding number of the Text(Ω) around the −1 should satisfy:

Z = N + P. (6.34)
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Figure 6.12 – The Nyquist plot of T12(Ω) when the feedback control is chosen to

be the one proposed in the single-mode example where we have β1 = β2 = i/
√

2.

The black, red and blue curves corresponds to the situation when the signal recycling

mirror power transmissivity is TSRM = 0.8, 0.5, 0.2 respectively. It is clear from this

figure that all of them are unstable since their winding number around (−1, 0) is zero.
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Figure 6.13 – The Nyquist plot of T12(Ω) when the feedback control is slightly

enhanced by setting β1 = β2 = i. The black, red and blue curves corresponds to the

situation when the signal recycling mirror power transmissivity is TSRM = 0.8, 0.5, 0.2

respectively. It is clear from this figure that all of them are stable since their winding

number around (−1, 0) is 1.
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This means that if the system is stable (Z = 0), the N and P must satisfy

N = −P. (6.35)

It is straightforward to show that the one (and only one) of the two zeros of the

denominator of T12(Ω) is located on both the upper and lower half-planes. This

means in above criteria, P = 1 inside the Nyquist contour. In order for the system to

be stable, The N = −1, which means the Nyquist plot of T12(Ω) should wind around

−1 counter-clock-wisely once and only once.

As shown in these Nyquist diagrames, the system is still unstable if we use the

feedback control as in the single-mode case, namely β1 = β = i/
√

2 (Fig.6.13).

Strengthen the feedback strength by
√

2 (namely, β1 = β2 = i) will change this

situation, in Fig.6.13, the Nyquist diagrame encircles −1 counter-clock-wisely only

once. This subtle difference between our more exact analysis and the single-mode

analysis implies that we need to be careful in choosing the model when we study the

stability of these systems.

6.6 Conclusions

This Chapter discussed another possible application of optomechanical filter cavity

for surpass the Mizuno hypothesis in laser interferometer gravitational wave detectors.

For the filter having an advanced phase, the system works in a unstable region where

the optomechanical filter cavity is pumped in a blue-detuned way. To properly control

the unstable dynamics of the system, we designed a differential feedback control

scheme by using Nyquist analysis. The requirement for the feasibiliy of this scheme

is quite strict, since it is very sensitive to the thermal noise.

6.7 Appendix: Nyquist criteria [14]

The behavior of control systems is usually described by gain functions. For a control

system with feedback process, the open-loop gain function Go(Ω) is used to describe

the information transfer ignoring the feedback process, while the closed loop gain

function Gc(Ω) includes the effect of the feedback process. The relationship between
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Go(Ω) and Gc(Ω) can be written as:

Gc(Ω) =
Go(Ω)

1 +H(Ω)Go(Ω)
. (6.36)

The H(Ω) is the gain function for the feedback process itself, it is clear from Fig.7.7

that in our system, it is just the reflection of the SRM: −rs.

The stability of the system depends critically on the poles of the close-loop transfer

function, that is, it depends on the poles of Go(Ω) and also the zeros of 1− rsGo(Ω).

However, computing the poles and zeros of these gain functions is generally a diffi-

cult task when these functions are non-rational. The Nyquist stability criterion is a

graphical technique for determining the stability of a control system, which is based

on the following Lemma: Cauchy argument principle.

The Cauchy argument principle starts from the Nyquist mapping, which maps the

complex argument Ω-plane to the complex F (Ω)-plane. If we have a clockwise contour

in Ω-plane encircling a zero of F (Ω), correspondingly, the contour also encircles the

origin clock-wisely in the F (Ω)−plane. However, if we have a clockwise contour in

Ω-plane encircling a pole, then the corresponding contour will encircles the infinity

clock-wisely in the F (Ω)−plane thereby encircling the origin in an anti-clockwise way.

In general, if we have a contour in the F (Ω)-plane encircling the origin N times clock-

wisely, that means in the Ω−plane, the number of zeros (Z) and the number of poles

(P ) satisfy:

Z = N + P. (6.37)

This equality is the Cauchy argument principle.

The transformation for quantity A(t) between the frequency domain and the time

domain is defined as: A(t) =
∫∞
−∞A(Ω)e−iΩt. Therefore if A(Ω) has poles in the

upper-half plane, we will have instabilities for casual system (t > 0). Now we choose

the contour encircling the upper-half Ω−plane as “Nyqusit contour”. If the system

is stable, then the Z of 1 − rsGo(Ω) (the denominator of close-loop gain function)

inside the Nyquist contour should be zero. As a result, the Cauchy argument principle

becomes N = −P , which is the Nyquist criteria.
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Chapter 7

Quantum noise of white cavity

based on double-pumped gain

medium

7.1 Preface

In the Chapter 1, we have discussed that the sensitivity of a dual recycling interferom-

eter has a trade-off between the peak sensitivity and the detection bandwidth. This

trade-off is called Mizuno hypothesis. Several proposals are discussed for surpassing

this Mizuno hypothesis by modifying the dispersion behavior of the interferometer.

In this chapter, we will discuss one of these proposals which based on the double-

pumped gain medium. Our discussion will focus on the stability and additional noise

of these schemes. It will be revealed that such schemes actually can not surpass the

Mizuno hypothesis. This chapter based on the collaborative theoretical works done

with Haixing Miao, Chunnong Zhao and Yanbei Chen, and the collaborative experi-

mental works done with Jiayi Qin, Chunnong Zhao, Li Ju and David. G. Blair. The

relevant arxiv papers can be found in http://arxiv.org/abs/1501.01349 (submit-

ted to Phys. Rev. A) and http://arxiv.org/abs/1502.06083 (submitted to Optics

Letter).

7.2 Background and introduction

Second-generation large-scale interferometric gravitational wave (GW) detectors, such

as advanced LIGO [1], advanced VIRGO [2] and KAGRA [3], are designed to operate

at better sensitivity than the first generation detectors. This improvement in sensi-
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tivity comes from increase in the optical power and introduction of a signal recycling

mirror (SRM) to the initial configuration [4]. The SRM on the dark port forms a

signal recycling cavity (SRC) with the input test mass mirror (ITM). The position

of SRM determines the propagation phase of the signal light inside the SRC, and

control of the SRM parameters allows for adjustments to the frequency response of

the interferometer [5, 6]. Two typical operational modes are the signal recycling mode

and resonant sideband extraction mode (RSE). The signal recycling mode enhances

the sideband carrier of the GW signal inside the cavity, while the RSE mode increases

the detection bandwidth which is the effective bandwidth of the combined SRC and

arm cavity [7].

However, broadening the detection bandwidth in the RSE mode comes at the loss

of the peak sensitivity; while enhancing the peak sensitivity in SRC results in a nar-

rower detection bandwidth. This trade-off is represented by the integrated sensitivity:

ρ =

∫ ωFSR

0

1

Shh(Ω)
dΩ =

4πLarmPcω0

~c
, (7.1)

which only depends on the intra-cavity power Pc and cavity length Larm, and is

independent of the property of SRC. The ω0, ωFSR, c here are the laser frequency, free-

spectral range, and the speed of light, respectively. Here, we only consider the shot

noise limited strain sensitivity Shh(Ω) since radiation pressure noise can in principle

be evaded using frequency dependent readout or sufficiently heavy test masses. Such

a trade-off between bandwidth and peak sensitivity is due to the accumulated phase

of the sideband field propagating inside the arm cavity. There are several proposals

in the literature that try to achieve the resonant amplification of the signal without

decreasing the bandwidth, using the idea of white light cavity. Among those, Wicht et

al. were the first to suggest placing an atomic gain medium with anomalous dispersion

inside the SRC to cancel the propagation phase [8, 9]. This idea was then followed by

Pati and Yum et al. with different types of active mediums [10, 11].

The anomalous dispersion phenomenon and the interesting “superluminal” physics

of the propagation of light pulse in these active mediums have been theoretically

discussed [12] and experimentally demonstrated [13, 14]. In these experiments, the

anomalous dispersion is usually realized by using a double-pumped gain medium in
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SRM

ITM

ETM

Laser

PRM

(a)

arm cavity

iSRM

Figure 7.1 – (a) the typical dual recycled interferometer configuration for an ad-

vanced gravitational wave detector, with an atomic gain medium (blue block) embed-

ded inside the SRC to compensate the phase delay of the arm cavity. An internal SRM

(iSRM) with the same transmissivity as ITM is introduced to make impedance match-

ing so that effectively we can view the compound mirror (consists of ITM and iSRM)

as transparent to the sideband field [17]; (b) the energy levels of the gain medium

atoms. Two far-detuned strong control laser with frequency ωa and ωb couple the

energy levels |3〉 and |1〉. The signal field interacts with |2〉 and |3〉.

which the anomalous dispersion lies in between the two gain peaks. As discussed by

Kuzmich et.al [15], the gain medium is subject to quantum noise that accompanies

the amplification process. In addition, the gain medium could cause lasing when place

inside a resonant cavity. To investigate how the quantum noise and associated gain

influence the detector sensitivity and dynamics, we develop an input-output formalism

for the optical field propagating through the gain medium. Using this formalism, we

make a detailed analysis of the quantum shot noise limited sensitivity for a typical

gravitational wave detector configuration implementing the white light cavity idea,

as shown in Fig.7.1. Specifically, we consider: (i) the requirement for canceling the

propagation phase shift; (ii) the optical stability of the interferometer system with the

gain medium; (iii) the noise associated with the amplification process. Taking these

factors into account, we find that the integrated shot noise limited sensitivity is still

limited by Eq.(7.1) when the gain medium itself is stable (not lasing) and stationary.
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7.3 Basic theory of opto-atomic dynamics

It is well known that in the energy representation, the free-Hamiltonian for atoms

can be written as:

Ĥa =
∑
i

~ωiσ̂ii (7.2)

where σ̂ii(t) = |i(t)〉〈i(t)| is the population operator of the atomic energy level a. It

is easy to see that Ĥa|i(t)〉 = ~ωi|i(t)〉 where |i(t)〉 = |i〉e−iωit. The free-Hamiltonian

for the electromagentic field, as discussed in Chapter 2, is given by:

Hf =

∫
dk~c|k|â†kâk. (7.3)

The interaction between the light field and the atoms are described by the following

Hamiltonian:

Ĥint = −eÊ · x̂, (7.4)

where E is the electric field of the light and ex is the dipole moment of the atom. In

the energy representation, this Hamiltonian can be written as

Ĥint = −eE ·
∑
i,j

|i〉〈j|〈i|x|j〉 ≡ −~
2
E ·

∑
i,j

|µij|i〉〈j| = −
~
2

∑
i,j

µij ·Eσ̂ij (7.5)

The 〈i|x|j〉 only has non-diagonal components since the dipole transition must happen

between different energy levels. This is the Hamiltonian we are going to use in the

following discussion.

The electric field can be written as:

E =
∑
k

√
2π~c|k|
V

εâk(t)eik·x + h.c, (7.6)

where ε is the polarization vector of the electric field. Substituting the above electric

field equation into the interaction Hamiltonian gives:

Ĥint = −~
2

∑
k

∑
i,j

(µij · ε)
√

2π~c|k|
V

âk(t)eik·xσ̂ij + h.c

≡ −~
2

∑
k

∑
i,j

(µij · ε)âk(t)eik·xσ̂ij + h.c,

(7.7)

where we have redefine the µij to absorb the
√

2π~c|k|/V . Assuming that the dipole

moments of atoms are all aligned to one direction (say z−direction), then we have

µij · ε = µzij.
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7.3.1 A simple example: two-level-system (TLS)

For demonstrating the opto-atomic dynamics, this section considers a simple example

so that the atom is a two-level system and we have totally N TLS atoms. The

equations of motion are then given by:

˙̂σm21 = −iωaσ̂m21 +
i

2

∑
k

(µm21 · ε)â
†
k(t)e−ikxm(σ̂m22 − σ̂m11), (7.8a)

˙̂ak = −iωkâk +
i

2

∑
m

(µm21 · ε)e−ik·xmσ̂m12. (7.8b)

The equation of motion for âk can be solved:

âk(t) = âk(0)e−iωkt +
i

2

∑
m′

(µ21 · ε)
∫ t

−∞
e−ik·xm′+iωk′ (t

′−t)σ̂m
′

12 (t′)dt′. (7.9)

The first term corresponding to the free evolution of the electromagnetic fields. The

second term is the contribution from the interaction between the electromagnetic

field and the atoms. Specifically, the term where m′ = m corresponds to the radiative

reaction. Substituting the âk back into the equation of motion of σ̂m21 leads to:

˙̂σm21 =− iωaσ̂m21 +
i

2

∑
k

(µm21 · ε)â
†
k(0)eiωkt−ik·xm(σ̂m22 − σ̂m11)

+
1

4

∑
k,m′

(µm21 · ε)
∫ t

−∞
(µm

′

21 · ε)eik·(xm′−xm)−iωk′ (t
′−t)σ̂m

′

21 (t′)(σ̂m22(t)− σ̂m11(t))dt′.

(7.10)

When m = m′, the last term reduces to:

− 1

4

∑
k

|µm21 · ε|2
∫ t

−∞
e−iωk′ (t

′−t)σ̂m21(t′)σ̂m11(t)dt′

= −1

4

∑
k

|µm21 · ε|2
∫ t

−∞
e−iωk′ (t

′−t)σ̂m21(t)δ(t− t′)dt′,
(7.11)

where the σ̂22 term is ignored since its right operator product with σ̂21 is apparently

zero. By using Wigner-Weisskopf approximation [19], we have

˙̂σm21 =− iωaσ̂m21 − γσ̂m21 +
i

2

∑
k

(µm21 · ε)â
†
k(0)eiωkt−ik·xm(σ̂m22 − σ̂m11)

+
1

4

∑
k,m′ 6=m

(µm21 · ε)
∫ t

−∞
(µm

′

21 · ε)eik·(xm′−xm)−iωk′ (t
′−t)σ̂m

′

21 (t′)(σ̂m22(t)− σ̂m11(t))dt′
,

(7.12)
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where the last term corresponds to the “polarization” of the mth atom induced by

the electromagnetic field from the transition of all the other atoms, we call this effect

“collectively induced polarization” [20].

In general, the atomic dynamics consists of three parts: 1) original EM field

driving, 2) radiation reaction, 3) collectively induced polarization.

7.3.2 Maxwell-Bloch equation

Based on the single-atom optoatomic dynamics equations discussed in the previous

subsection, this subsection formulates the effect of the opto-atomic interaction to the

propagation of optical fields. We first define the collective atomic operators as

Ôx(t) =
1

Nd

∑
m∈mx

Ôm(t), (7.13)

in a small cell with length d, which is much larger than the mean distance between

atoms, but still smaller than the optical wavelength. The summation is over the

coordinate [x−d/2, x+d/2]. These collective operators satisfy the following equation

of motion:

˙̂σx21 = −(iωa + γ)σ̂x21 +
1

4Nd

∑
k

|µ12 · ε|2
∫ t

−∞
dt′e−iωk(t′−t)

[∑
m′ 6=m

eik·xm′ σ̂m
′

21 (t′)

]
[∑

m

e−ik·xm [σ̂m22(t)− σ̂m11(t)]

]
+ Langevin terms.

(7.14)

Note that the summation over m is within the small cell while the summation over

m′ is over all atoms except the mth one. For express the summation over σ̂m
′

21 in terms

of the collective atomic operators, we need to average over x′m within the small cell,

that is, integrate over the above formula as:

1

Sd

∫
cell

eikxm′ =
1

d

∫ x+d/2

x−d/2
eikxxm′

1

S

∫
S

dydzeikyym′+ikzzm′ (7.15)

Using the fact that k ·d� 1, and |kx| ≈ k the above integral can be simplified to be:

eikxx. In another words, we can integrate out the y, z direction by noticing that the

diffraction function:

F (ky, kz) =
1

S

∫
S

dydzeikyy+ikzz ≈ 1 (7.16)
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where S is the transversal cross-section of the small cell, then all the k · x(x′) in the

above formula reduce to a scalar product: kxx(x′). Then the dynamics of collective

σ̂21 can be written as:

˙̂σx21 = −(iωa + γ)σ̂x21+
1

4
Nd|µ21 · ε|2

∑
k,x′

∫ t

−∞
eikx·(x

′−x)−iωk(t′−t)

σ̂x
′

21(t′)[σ̂x22(t)− σ̂x11(t)]dt′ + Langevin terms.

(7.17)

Further treatment of the above equation is to separate the fast oscillation part of

the σ̂x21 by noticing that:

Ôx(t) = OL(x, t)e−ikax−iωat +OR(x, t)eikax−iωat (7.18)

where the OL/R(x, t) is the left/right propagating slowly-varying amplitude operator.

Substitute this definition into the above equation of motion for collective operators,

we can have1:

˙̂σL21 = −γσ̂L21+
1

4
|µ21 · ε|2Nd

∑
x′,k

∫ t

−∞
ei(k−k0)[(x−x′)+c(t′−t)]

σ̂L21(t′)[σ̂x22(t)− σ̂x11(t)]dt′ + Langevin terms.

(7.19)

The summation over k can be worked out in the continuous limit:∑
k

ei(k−k0)[(x−x′)+c(t′−t)] → L

∫ ∞
0

dkei(k−k0)[(x−x′)+c(t′−t)] = L

∫ ∞
−k0

dδkeiδk[(x−x′)+c(t′−t)].

(7.20)

The narrowband approximation we have discussed in Chapter 2 tells us that the lower

limit of the above integration can be extended to −∞ as an approximation. Then

the integral in the dynamics of σ̂L21 can be written as a δ−function.

˙̂σL21 = −γσ̂L21+
1

4
|µ21 · ε|2

NdLd
c

[σ̂x22(t)− σ̂x11(t)]
∑
x′

∫ t

−∞
δ

[
(t′ − t) +

x′ − x
c

]
σ̂L21(t′)dt′ + Langevin terms.

(7.21)

If t > t− (x′ − x)/c, we have:

˙̂σL21 = −γσ̂L21+|µ21 · ε|2
NdLd

4c
[σ̂x22(t)− σ̂x11(t)]

∑
x′>x

σ̂L21(x′, t− x′ − x
c

)dt′

+ Langevin terms.

(7.22)

1The equation for the right propagating operators can be obtained through the same way.
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It is easy to see that this formula can be viewed as collective Rabi-oscillation of σ̂L21

with the matter-induced EM field:

ÂL(x, t) =
NdLd

4c
|µ21 · ε|2

∑
x′<x

σ̂L21(x′, t− x− x′

c
). (7.23)

This field operator apparently satisfies the wave equation:

(
1

c

∂

∂t
+

∂

∂x

)
ÂL(x, t) = source term. (7.24)

This is the Maxwell-Bloch equation of the matter-induced electromagnetic fields prop-

agate inside the atomic gas.

As a summary, the above derivation tells us that if the typical wavelength of

the slowly-varying amplitude is much larger than the size of the source, then the

interaction between the slowly-varying amplitude and the source can be treated as a

point interaction, all the atoms of the source collectively interacts with the field.

Notice that this process is somewhat similar to the so-called superradiance effect

first discussed by Robert Dicke [21]. However, the difference between Dicke superra-

diance and the collective interaction here is that:

1) In Dickes’s model, the typical size of the medium is actually smaller than even

one optical wavelength. Therefore it is the collective interaction between the medium

and the fast-oscillating optical field, instead of its slowly varying amplitude.

2) Dicke’s superadiance only happens for the atoms prepared in the special Dicke

states.

The above discussion about how the optical field interact with the atoms follows

the traditional way given by D. Polder [20]. In the next subsection, we are going to

discuss this problem in a more simpler way starting by coarse-graining directly on

the Hamiltonian. The analyze of the quantum noise of the double-gain medium will

be based on this coarse-grained Hamiltonian.
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Figure 7.2 – Coarse graining of atomic system

7.3.3 Hamiltonian coarse-graining

For a continuous EM field mode (uni-directional) and atoms as an 1-dimensional

model, we have the following Hamiltonian:

Ĥ = ~c
∫ ∞

0

dkkâ†kâk +
∑
j

∑
a

~ωaσjaa −
1

2
~µ21

∫
dk

N∑
j=1

√
2π~ck
L

σ̂j21âk(t)e
ikxj + h.c

+ interaction of other energy levels with EM field.

(7.25)

Since the probe field only interacts with the σ̂21, therefore in the above Hamiltonian,

we temporarily hide the EM interaction of other energy levels. Since the interested

frequency scale is around k0, therefore the
√

2π~ck/L can be approximated to be√
2π~ck0/L. Then the above interaction Hamiltonian can be written as

Ĥint = −1

2
~µ21

√
2π~ck0

L

N∑
j=1

σ̂j21

∫ ∞
−k0

dk′âk0+k′(t)e
ik′xjeik0xj , (7.26)

in which the integration can be treated as Fourier transformation of âk0+k′ in the

narrow band approximation:

Ĥint = −1

2
~µ21

√
2π~ck0

L

N∑
j=1

σ̂j21â(xj)e
ik0xj , (7.27)

with a(xj) is the slowly varying amplitude of the EM field in the x− domain.

Suppose the coarse-graining cell has the length d ([x− d/2, x + d/2]) which is much

smaller than λ but contains enough atoms, then we can average the above formula

over these cells:

Ĥint = −1

2
~µ21

√
2π~ck0

L

∑
x

σ̂21(x)â(x). (7.28)

Notice that σ̂21(x) also has a spatially slowly varying part which is e−ik0x, which

can cancel eik0x associated with â(x). In the above equation both the σ̂21 and â are

actually their spatial slowly varying parts.
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Since the â we are interested in has spatial frequency ∼ Ω, where Ω is about the

gravitational wave frequency. Therefore, the spatial resolution scale is ∼ 2πc/Ω which

is much much longer than the scale of atomic cloud (See Fig.2). In this case, the â(x)

is almost a constant across the atomic cloud. This allows us to further approximate

the above coarse-graining Hamiltonian to be

Ĥint = −1

2
~µ12

√
2π~ck0

L

[∑
x

σ̂21(x)

]
â(x) +h.c, with

∑
x

σ̂21(x) =
N∑
j

σ̂j21. (7.29)

We can define σ̂21 =
∑

x σ̂21(x) =
∑N

j σ̂
j
21 as collective atomic transition operator.

Notice that this definition is different from the definition of collective spin operators in

the previous sections. The benefit of this definition is that the newly-defined operator

still satisfies the same commutation relation as the single-atom operator. Using this

collective atom operator, we have coarse-grained Hamiltonian:

Ĥint = −1

2
~µ12

√
2π~ck0

L
σ̂12â(x) + h.c (7.30)

The following discussion will use this coarse-grained Hamiltonian to derive the input-

output relation of the gain medium. But firstly, let us give a brief description of our

main result.

7.4 A brief summary of the main results

Before presenting the detailed analysis, we briefly summarize our main results in this

section. The susceptibility of the double-pumped gain medium χ(Ω) that we derive

is given by (the same as in Refs. [14, 12] but with slightly different notations):

χ(Ω) =
2iγopt

i(∆0 + Ω)− γ12 + γopt

+
2iγopt

i(−∆0 + Ω)− γ12 + γopt

, (7.31)

where ∆0 is one half of the frequency difference between two control fields, and Ω is

the sideband frequency of the probe field with the carrier frequency ωp. The damping

rate γ12 is the effective atomic transition rate from state |2〉 to |1〉, while γopt, which

depends on pumping power of the control fields, is the transition rate between |1〉 to

|2〉 mediated by a virtual excitation of |3〉. In terms of χ, the ingoing and outgoing

field âin, âout are related by (temporarily ignoring additional noise term that will be
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mentioned later):

âout(Ω) = [1 + iχ(Ω)/2]âin(Ω). (7.32)

In deriving the effective phase advance, here we use weak-coupling approximation

which allows us to express the input-output relation Eq.(7.32) for an unidirectional

sideband field passing through the gain medium as:

âout(Ω) ≈ eiχr(Ω)/2e−χi(Ω)/2âin(Ω). (7.33)

Here χr(Ω) and −χi(Ω) are the real and imaginary part of the susceptibility χ(Ω) of

the medium, which describe, respectively, the phase accumulation and the amplitude

change of the sideband field after passing through the medium as shown in Fig.7.3.

The weak-coupling approximation here is:

∆2
0 + (γ12 − γopt)

2 � γ2
opt. (7.34)

In order to compensate the round-trip propagation phase inside the arm cavity

thereby broadening the bandwidth of the optical cavity, the susceptibility should

satisfy dχ(0)/dΩ ≈ −2Larm/c (negative dispersion), which leads to:

γopt[(γ12 − γopt)
2 −∆2

0]

[(γ12 − γopt)2 + ∆2
0]2

= −Larm

c
. (7.35)

The above phase-cancelation condition will reduce to γopt = ∆2
0Larm/c when |γ12 −

γopt| � ∆2
0. In our calculation, we have used the exact formula Eq.(7.35).

If we fixed the value of γ12 and γopt, then the phase cancelation condition becomes

a second order algebraic equation for ∆2
0. Suppose this equation has two roots x1, x2,

then we have:

x1x2 = (γ12 − γopt)
2[(γ12 − γopt)

2 + γoptc/(2Larm)],

x1 + x2 = γoptc/(2Larm)− 2(γ12 − γopt)
2.

(7.36)

Notice that in the above equations, x1x2 is always positive, thereby x1 + x2 can only

be positive:

(γ12 − γopt)
2 < γoptc/(4Larm). (7.37)

On the other hand, Eq.(7.35) must have real roots, which gives:

(γ12 − γopt)
2 < γoptc/(8Larm), (7.38)
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Figure 7.3 – Phase angle and amplitude gain of the sideband field propagating

through the atomic gain medium as functions of the normalized (by ∆0) sideband

frequency. The top figure shows the negative dispersion of the atomic gain medium.

The white light cavity bandwidth is the linear region between −∆0 and ∆0. The

bottom figure shows that the gain is negligibly small, except when Ω ∼ ∆0. In

these frequency regions, the gain is high and need to be considered in the design for

preventing the possible instability (See Section III for detailed analysis).
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which is a more stringent condition than Eq.(7.37).

In summary, considering weak coupling approximation and the requirement of the

phase-cancelation condition, our parameters must satisfy Eq.(7.38). It is important

to notice that there are always two ∆2
0 corresponding to a fixed set of (γ12, γopt). In

plotting the Fig.7.5 and Fig.7.9, we should take into account both roots.

Under the condition in Eq.(7.34) and Eq.(7.38), we explore the relevant parameter

regime for studying the dynamical behavior of the gain medium. Firstly, as we analyze

in detail in Section.III and IV(A), the system has two different types of instability

(lasing) 1) if γ12 < γopt, there will be a population inversion between level |1〉 and |2〉,

the gain medium starts lasing by itself, which we name as “atomic instability”; 2)

if the photon loss rate for each round trip inside the cavity is less than the photon

increasing rate through the amplification by the gain medium, the cavity-medium

system starts lasing, which we name as “optical instability”. In Fig.7.4, we plot

the phase diagram for the stability of the system. This figure gives a constraint

on the possible parameter region for γ12 and γopt of the atomic gain medium (with

fixed SRM reflectivity rs), if lasing were to be avoided. Notice that we choose the

re-scaled parameter (η = γopt/γ12, ξ = 8(γ12 − γopt)
2L/cγ12) instead of (γ12, γopt) and

survey them within 0 < η, ξ < 1. These new parameters help us exclude the atomic

instability region (η > 1) and the region where the phase-cancelation condition is

unsatisfied (ξ > 1).

Secondly, as implied by the above input-output relation, the gain medium is a

parametric amplifier. Therefore, as first discussed by Caves [18], there must be an

additional noise term on the right hand side of Eq.(7.33) for keeping the commutation

relation for âout to be [âout(t), â
†
out(t

′)] = δ(t− t′). This additional noise is due to the

quantum fluctuation that causes spontaneous transition between |1〉 and |2〉. and

degrades the signal to noise ratio. From the Hamiltonian, we can derive the noise

terms from Heisenberg equations of motion. Their effect on the integrated shot noise

limited sensitivity improvement factor (defined in Eq.(7.84)) is given in Fig.7.5 (with

tunable parameters of atomic system and fixed SRM reflectivity).

From these two figures, it is clear that 1) the stability condition and the phase

cancelation condition put a strong constraint on the possible parameter region; 2)
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Figure 7.4 – Stability region of the full interferometer scheme with double-pumped

gain medium (optical stability only). The SRM power reflectivity r2
s = 0.5, 0.8, 0.9

are chosen from the top panel to the bottom, while we survey the parameter region

for γopt, γ12. The horizontal and vertical axis are η = γopt/γ12 and ξ = 8(γ12 −

γopt)
2L/cγ12. We survey η, ξ between 0 and 1 so that atomic instability is excluded

and the phase cancellation condition can be satisfied. For each rs, the left panel

and right panel correspond to two roots of ∆2
0 in Eq.(7.35), respectively. The purple

region is the only stable region. In the blue region (“optical instability region”),

the atomic medium is stable by itself but the dynamics of the full interferometer

system is unstable (see Section IV for details). The red region corresponds to the

situation when the system becomes non-stationary, i.e. breaking down of condition

in Eq.(7.34). With the increasing of the SRM reflectivity, the stable region shrinks

due to the enhancement of the optical instability effect
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Figure 7.5 – Integrated shot noise limited sensitivity improvement factor (defined in

Eq.(7.84)) of the full interferometer scheme with double-pumped gain medium, taking

into account of the effect of additional noise. The specification for the parameters is

identical to the one for producing Fig.7.4. The left panel and right panel correspond

to the two roots of Eq.(7.35). The dashed line is the boundary of the stable region

shown in Fig.7.4. It is clear from this figure that there is no parameter region where

the integrated shot noise limited sensitivity improvement factor is larger than 1, when

the double-pumped gain medium itself is stable and stationary.
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There is no parameter region where the shot-noise limited sensitivity is improved.

This indicates that placing a stable double-pumped gain medium with anomalous

dispersion inside the SRC can not broaden the detection bandwidth while increasing

the shot-noise limited sensitivity. Therefore, one shall explore other types of gain

mediums or different parameter regimes for realizing the white light cavity.

7.5 Input-output relation of double gain atomic

medium

After summarizing the main results, we now start a detailed discussion by first devel-

oping an input-output formalism for light propagating through the double-pumped

gain medium in the Heisenberg picture. As we have briefly mentioned in the Introduc-

tion, our gain medium consists of three-level atoms schematically shown in Fig.7.1,

with two red (blue)-detuned (with respect to frequency difference between |3〉 and

|1〉) control lasers. The polarizations of the control and probe fields are orthogonal

to each other and only sensitive to the atomic transitions between |1〉 ↔ |3〉 and

|2〉 ↔ |3〉, respectively. In modeling the gain medium, we treat the atoms as non-

interacting distinguishable particles. Nevertheless, all the atoms have the same energy

level structures. In this section, we first derive the atomic dynamics for a single three-

level atom, then extend the result to many-atoms case under the approximation that

the length of the gain medium is much smaller than the spatial scale of the optical

sideband field 2πc/Ω where Ω is the gravitational wave frequency.

7.5.1 Slowly-varying amplitude Hamiltonian of the electro-

magnetic field

In the main text, the Hamiltonian of the electromagnetic field is given in Eq.(7.47).

Unlike the usual free field Hamiltonian written in the k−space, this Hamiltonian is

written in the x−space and the âx is the slowly varying amplitude of the optical field.

In the k−space, the free-field Hamiltonian for an unidirectional propagating field
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can be written as:

Ĥf = ~c
∫ ∞

0

dkkâ†−kâ−k = ~c
∫ ∞
−k0

dk′(k0 + k′)â†−k0−k′ â−k0−k′ , (7.39)

where we have shifted the integral to the deviation of the wave vector to the center

wave-vector k0 in the second equality. Since we are interested in the k′ � k0, we can

approximate the above formula to be:

Ĥf ≈ ~c
∫ ∞
−∞

dk′(k0 + k′)â†−k0−k′ â−k0−k′ . (7.40)

This approximation is called narrow band approximation.

Then we can define the optical field operator in the x−space by Fourier transfor-

mation:

ˆ̃ax ≡
∫ ∞
−∞

â−k0−k′e
−ik′xdk′ (7.41)

Substituting the above definition into the Eq.(7.40), we obtain:

Ĥf = ~ck0

∫ ∞
−∞

dxˆ̃a†xˆ̃ax +
i~c
2

∫ ∞
−∞

dx

[
∂ˆ̃a†x
∂x

ˆ̃ax − ˆ̃a†x
∂ˆ̃ax
∂x

]
(7.42)

Further more, if we work in the rotating frame of ck0: âx = ˆ̃axe
−ick0t then the above

Hamiltonian will be:

Ĥf =
i~c
2

∫ ∞
−∞

dx

[
∂ˆ̃a†x
∂x

ˆ̃ax − ˆ̃a†x
∂ˆ̃ax
∂x

]
(7.43)

Notice that the âx satisfies the commutation relation: [âx, â
†
x′ ] = δ(x−x′). The âx here

is the spatially and temporary slowly varying amplitude of the electromagnetic field.

This fact can be seen from the definition of the electric field under the narrow-band

approximation:

ˆ̃E(+)(x, t) = Ê(+)(x, t)eiω0t+ik0x

≈
√

2π~ck0

∫ ∞
−∞

dk′â−k0−k′e
−ik′x−ick′t =

√
2π~ck0âx

(7.44)

7.5.2 Single-atom dynamics

The above physical modeling leads to the following system Hamiltonian for a single

atom

Ĥ = Ĥatom + Ĥf + Ĥint + Ĥγ. (7.45)
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The Ĥatom is the free Hamiltonian for a three level atoms in the form of:

Ĥatom =
∑

a=1,2,3

~ωaσ̂aa, (7.46)

where ωa is the Bohr frequency of energy level a and σ̂aa is the atomic population

operator. The Ĥf is the free Hamiltonian for the sideband probe fields propagating

in the main GW detector, given by [24, 23]:

Ĥf =
i~c
2

∫ ∞
−∞

[
∂â†x
∂x

âx − â†x
∂âx
∂x

]
dx. (7.47)

Notice that the âx is the slowly varying amplitude operator (both spatially and tem-

porary) with respect to e−iωpx/c−iωpt, defined as: Êp(t, x) = âx(t)e
−iωpx/c−iωpt + h.c.

The probe field propagates unidirectionally (right to left), encounters and interacts

with the atom at position x0. This interaction is given by a Jaynes-Cumming type of

Hamiltonian under the rotating wave approximation [19]:

Ĥint = −~
2
µ23â

†
x0
eiωptσ̂23 −

~
2
µ13E

∗
c σ̂13 + h.c, (7.48)

where the first term describes the atomic transition between |2〉 and |3〉 under the

driving of probe fields with transition operator σ̂23 and the second term describes

the atomic transition between |1〉 and |3〉 under the pumping of control fields with

the transition operator σ̂13. The Ec = Eae
iωat + Ebe

iωbt describes the two classical

amplitude of control fields with frequency ωa,b and the µmn(m,n = 1, 2, 3) are the

dipole moments of the atom. The atom transition operators satisfy the algebra:

σ̂mnσ̂kl = σ̂mlδnk ; (σ̂mn)† = σ̂nm. (7.49)

The coupling between an atom with other bath sources at position x0 is introduced

phenomenologically by:

Ĥγ =i~
√

2γ12n̂
†
12e

iω21tσ̂12 −
~
2
µ13â

†
ce
iω0tσ̂13 + h.c (7.50)

where n̂12 is the noise operator which couples to the atomic transition operator be-

tween |1〉 and |2〉. The âc is the quantum fluctuation associated with the control

field. In our 1-D model, the quantum fluctuation associated with the probe field has

been included in the âx0 field of Eq.(7.48). The noise bathes model can be attributed



7.5. Input-output relation of double gain atomic medium 197

to mutual collision of atoms or the stimulation of the external electromagnetic vac-

uum bath. Here to study the minimal additional noise, we consider an effectively

zero-temperature external bath.

With the Hamiltonian, we can now analyze the dynamics of the gain medium.

The Heisenberg equation of motion for the probe field derived from Eq.(7.47) can be

written as:

∂âx
∂t
− c∂âx

∂x
=
i

2
µ23σ̂23e

−iωptδ(x− x0), (7.51)

which reflects the fact that the probe field propagates from right to left (unidirec-

tional).

The Heisenberg equations of motion for the atomic transition operators of a single

atom in this gain medium are given by:

˙̂σ13 + (iω31 + γ13)σ̂13 = i
√

2γ13(σ̂11 − σ̂33)âcine
−iω0t

+
i

2
µ13(σ̂11 − σ̂33)Ec +

i

2
µ23σ̂12âx0e

−iωpt (7.52a)

˙̂σ23 + (iω32 + γ23)σ̂23 =
i

2
µ13σ̂21(Ec + âce

−iω0t)

+ i
√

2γ23(σ̂22 − σ̂33)âine
−iωpt (7.52b)

˙̂σ12 + (iω21 + γ12)σ̂12 = −
√

2γ12(σ̂11 − σ̂22)n̂12ine
−iω21t

i

2
µ23σ̂13â

†
x0
eiωpt − i

2
µ13σ̂32(Ec + âce

−iω0t) (7.52c)

Notice that the n̂12in, âin and âcin are the incoming noise fields, whose relations

with the n̂12, â, âc of Eq.(7.50) are given in the way of Eq.(7.56)(7.57). The γ13 =

µ2
13/8, γ

s
23 = µ2

23/8 can be derived from Eq.(7.48). Besides, the condition that the

majority of atoms are initially prepared at |1〉 is set as an assumption. In a real ex-

periment, this population preparation can be achieved through various methods such

as introducing an additional optical pumping field [14].

It is clear that the above equations of motion are generally nonlinear. However the

system dynamics can be simplified by exploring the linear regime where the scheme

is proposed to operate. The simplification can be done using perturbative method

by noticing that 1) the control fields have large detuning with respect to ω31 and

therefore the population of atoms on |3〉 is still small compared to that on |1〉; 2) the

transition between |1〉 − |3〉 is much stronger than the transition between |1〉 − |2〉
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and |2〉 − |3〉 since it is induced by strong control beams; 3) The probe field is very

weak compared to the control field since it is around the quantum level.

There are three dimensionless expansion parameters in this system of equations of

motion: ε ∼ µmnEc/∆0, α ∼ µmnâ/∆0 and α � ε � 1 (notice that the denominator

could also be other frequency scales such as ω31 − ωa,b, we choose the smallest one

here for briefness). Writing the σ̂13, σ̂23, σ̂12 in the rotating frame of ω0 = (ωa+ωb)/2,

ωp and ω0 − ωp respectively, the leading order (∼ ε) of σ̂13 dynamics can be derived

as:

˙̄σ13 − i(ω0 − ω31 + iγ13)σ̄13 =
i

2
µ13σ̄11(Eae

−i∆0t + Ebe
i∆0t), (7.53)

in which we can approximate the collective population operator on |1〉 as σ̄11 ≈ 1 and

σ̄mn is the mean value of σimn averaged over all the atoms. The solution of Eq.(7.53)

is given by:

σ̄13 ≈
1

2

µ13Eae
−i∆0t

ω31 − ωa
+

1

2

µ13Ebe
i∆0t

ω31 − ωb
. (7.54)

Here, we have neglected the γ13 which is assumed to be much smaller than the de-

tuning: γ13/(ωa,b−ω31)� ε. In the same rotation frame, the leading order of the σ̂23

(∼ ε2α) and σ̂12 (∼ εα) dynamics can be written as:

˙̂σ23 − i(ωp − ω32 + iγ23)σ̂23 =
i

2
µ13σ̂21Ẽc, (7.55a)

˙̂σ12 + γ12σ̂12 =
i

2
µ23â

†
x0
σ̄13 −

i

2
µ13σ̂32Ẽc

−
√

2γ12n̂12in, (7.55b)

where Ẽc = Eae
−i∆0t +Ebe

i∆0t is the pumping field strength in the rotating frame of

ω0 and we have used the fact that ω0 = ωp + ω21 (See Fig.7.1). We also make use of

the fact that σ̄j11 = 1. In deriving Eq.(7.55), we also assume that system parameters

satisfy: γ23/(ωp − ω32)� ε2α.

For the probe field, we can integrate Eq.(7.51) around x0 and obtain:

−âx0+ + âx0− =
i

2
µ23σ̂23, (7.56)

in which the âx0+ and âx0− are the incoming and outgoing sidebands fields (respec-

tively) defined in the vicinity of the interaction point x0 (in the following, we will use

âin and âout to represent them, respectively). The probe field at x0 is connected with
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these vicinity fields through the junction condition:

âx0 =
1

2
(âin + âout). (7.57)

The dynamics of σ̂32 can be obtained by solving Eq.(7.55)(a), we have:

σ̂32 =
µ13

2

Ẽ∗c
ω32 − ωp

σ̂12, (7.58)

In deriving the above equation, we assume that γ23 � ω32 − ωp and make use of the

fact that σ12 is a slowly varying amplitude thereby ˙̂σ32 ≈ 0 in Eq.(7.55). Substituting

the solution Eq.(7.58) and Eq.(7.57) into Eq.(7.55)(b) and Eq.(7.56), we can adia-

batically eliminate the σ̂23 so that the Eq.(7.55)(b) and Eq.(7.56) form a closed

equation set:

â†out = â†in − i(
√

2γsoptae
i∆0t +

√
2γsoptbe

−i∆0t)σ̂12 (7.59a)

˙̂σ12 + γ12σ̂12 = i
(√

2γsoptbe
−i∆0t +

√
2γsoptae

i∆0t
)
â†in

+ (γsopt + γ2∆0)σ̂12 − iωoptσ̂12 −
√

2γ12n̂12in. (7.59b)

This equation set describes the coupling between the composite system (consisting of

the atom and the pumping fields) to the probe field.

The second term on the right-hand-side of Eq.(7.59) is the sum of an anti-damping

term γsoptσ̂12:

γsopt = γsopta + γsoptb =
µ2

23µ
2
13

32

[
|Ea|2

∆2
a

+
|Eb|2

∆2
a

]
, (7.60)

and a high-oscillating term γ2∆0σ̂12:

γs2∆0
=
µ2

23µ
2
13

32

[
EaE

∗
b e

2i∆0t

∆2
a

+
EbE

∗
ae
−2i∆0t

∆2
a

]
. (7.61)

These formulae are derived under the approximation ∆0 � ∆p,a,b (thereby ∆p ≈ ∆a ≈

∆b). These are good approximations to the situation in the proposed experiments

[12, 14, 10].

In the symmetric pumping case when Ea = Eb = E0:

γsopt ≈ µ2
23µ

2
13E

2
0/(16∆2

a). (7.62)

When γopt is larger than γ12, we have the population inversion between energy level

|1〉 and |2〉, i.e., the atomic instability, mentioned earlier.
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Solving the Eq.(7.59)(a)(b) in the frequency domain, we can obtain the input-

output relation for the probe field:

âout(Ω) =M(Ω)âin(Ω) +N+(Ω)n̂†12in(∆0 − Ω)

+N−(Ω)n̂†12in(−∆0 − Ω),
(7.63)

with M(Ω) and N (Ω) given by:

M(Ω) = 1−
γsopt

i(Ω + ∆0)− γ12 + γsopt

−
γsopt

i(Ω−∆0)− γ12 + γsopt

(7.64a)

N±(Ω) =

√
2γ12γsopt

±i∆0 − iΩ + γ12 − γsopt

. (7.64b)

Notice that 1) N ∗±(−Ω) = N∓(Ω). 2) Here and after, for simplicity, we will only

consider the symmetric pumping case where Ea = Eb because the non-symmetric

pumping will only induce an additional rotation int he quadrature plane, which does

not affect our main results. 3) In obtaining the required susceptibility Eq.(7.31) and

the corresponding input-output relation, we neglect the above oscillating terms at

2∆0 which is contributed by the driving from the beating of two control fields. This

approximation leads to the condition in Eq.(7.35); 2) The tiny Stark frequency shift

ωopt = µ2
13|Ec(t)|2/(4∆p) � ∆0 on the right hand side of Eq.(7.59) has been neglect

here.

The above input-output relation describes a phase-insensitive parametric ampli-

fication process. Therefore, there is an additional noise given by the n̂†12in terms in

Eq.(7.63). This noise comes from the stochastic dynamics of σ̂12 driven by the last

term on the right hand side of Eq.(7.59). The usual method for introducing the

additional noise for parametric amplifier is using the argument given by Caves [18],

which base on the principle that âout field should satisfy Bosonic commutation rela-

tion. However, Caves’s method can not be directly applied to our system since the

additional noise has two different frequency channels. Solving the dynamics from the

full Hamiltonian of the system can allows us to pin down the source of the additional

noise and give the correct formula for the noise contribution.

7.5.3 Extension to many-atoms case

In the above subsection, we discussed the input-output relation for the probe field

interacting with a single atom. In this subsection, we extend the above results to the
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many-atoms case.

For many-atom case, we have to use the coarse-grained Hamiltonian to do analysis.

As we have discussed before, since the size of the gain medium (centimeter scale) is

much smaller than the spatial scale of the slowly varying amplitude of the probe field

(kilometer scale), therefore the slowly changing amplitude of the probe field interacts

with all the atoms together. In this case, the equation of motion for the probe field

should be written as:

∂âx
∂t
− c∂ax

∂t
=
i

2
µ23

N∑
i=0

σ̂i23e
−iωptδ(x− xi) =

i

2
µ23Nσ̂23e

−iωptδ(x− x0) (7.65)

where we have used the fact that the size of the atomic medium is much smaller

than the typical length scale of the slowly-varying amplitude so that we can treat

the interaction as a point-interaction happens on x0. This equation is actually the

Maxwell-Bloch equation we have derived before. Integrate this equation around x0,

we obtain:

−âx0+ + âx0− =
i

2
Nµ23σ̂23. (7.66)

Beside the probe field, the atoms are also interacting with the bath field which is

associated with noise, the modeling of the noise field is a bit subtle. Notice that in

real experiment, the noise field, can interact with the atoms in both collective way

and local way. For example, in some experiment, the γ12 above is mainly contributed

by an optical pumping laser propagate in the same direction of the probe field rather

than the interaction between the atoms and the vacuum fluctuation. In this case, the

transition between two energy levels |1〉 − |2〉 is actually a collective phenomenon as

we shall see later. In this case, the fluctuation noise field associated with the optical

pumping laser also interacts with the system collectively. On the other hand, in

some cases, the γ12 is contributed by the local noise bath associated with each atom.

Fig.7.6 is the simplest case when the atoms are perfectly aligned dipole, but interact

non-locally with the environment bath.

In this many-body case, similar calculation using the many-atoms Hamiltonian

will show that the anti-damping rate will be enhanced by a factor of N where N is

the number of the atoms. Therefore the M coefficients in the above input-output
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Figure 7.6 – For polarized atoms, the EM vacuum fluctuation whose polarization

is orthogonal to µ can not stimulate the atom, but still, the EM vacuum fluctuation

can excites the atom from other directions. Therefore local noise operator is more

realistic

relation can be written as:

M(Ω) = 1− γopt

i(Ω + ∆0)− γ12 + γopt

− γopt

i(Ω−∆0)− γ12 + γopt

(7.67a)

where γopt = Nγsopt.

The concrete formulation of noise field in the input-output relation for many-

atoms depends on the specific modeling of the interaction between the noise field and

the atoms.

• Noise interacts with atoms locally—In this case, each atom is associated

with its own noise bath. The noise term will be represented by:

Noise term =
∑
±

N∑
j=1

N±(Ω)n̂j†12in(±∆0 − Ω), (7.68)

where

N±(Ω) =

√
2γ12γsopt

±i∆0 − iΩ + γ12 − γopt

. (7.69)

Using the fact that the noise operators n̂j for different atoms are independent of each

other, it is straightforward to check that this extension of the input-output relation

satisfies the commutation relation [âout(Ω), â†out(Ω
′)] = δ(Ω− Ω′).

• Noise interacts with atoms collectively— In some cases, the noise is intro-

duced through processes where the electromagnetic field amplitude interacts with all

the atoms collectively as what the slowly-varying amplitude of the probe field does.
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For example, the γ12 is induced by applying an additional pumping laser such as the

experiment done in [10]. In this situation, the noise term will be represented by:

Noise term =
∑
±

N c
±(Ω)n̂†12in(ω21 ±∆0 − Ω), (7.70)

with

N c
±(Ω) =

√
2γ12γopt

±i∆0 − iΩ + γ12 − γopt

. (7.71)

Notice that the γ12 here (also accordingly in M(Ω)) should be understood as γ12 =

Nγs12. The γs12 is the transition rate from |2〉 to |1〉 for one single atom which is

proportional to the intensity of the additional pumping laser the experiment in [10].

The input-output relation based on this noise model also satisfies the Bosonic

commutation relation of âout(Ω).

As we shall see later, the subtleties of the noise model do not affect the sensitivity

of the gravitational wave detector.

7.5.4 Some physical discussion

After deriving the system dynamics and input-output relation, we are going to give

some intuitive discussion of the system dynamics and the additional noise.

Firstly, the “anti-damping” dynamics of σ̂12 can be understood in the following

way: a small amount of atoms initially populated on |1〉 can be pumped to |3〉 by

the detuned control fields, then jump to |2〉 due to their interactions with the probe

field. During this indirect transition between |1〉 and |2〉 mediated by |3〉, the popu-

lation of atoms on |2〉 will increase indefinitely if the decay rate from |2〉 to |1〉 is not

sufficiently large–a “population inversion process”. Physically, this process could

cause lasing (“atomic instability” in Section II ) and our approximation will fail as

the population on |2〉 becomes larger than the population on |1〉. One may argue that

this instability will not happen in real experiments with the atom population being

prepared using additional pumping fields. However, the thermal collision relaxation

rate can be tuned to be small if we decrease the gas temperature, increase the pump-

ing beam waist and fill in the “buffer” gas [22, 12]. In this case a small transition

rate contributed by the optical pumping beam could be sufficient for the population
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preparation. Therefore, in principle the lasing can still happen as long the control

fields are strong enough and γopt > γ12.

Secondly, for the additional noise, the stochastic dynamics driven by the n̂12in

can be attributable to 1) the collision of atoms due to the Van-der-Waals mutual

interaction or the thermal collsion [12], 2) the transition between |2〉 − |1〉 induced

by environmental black-body radiation, 3) the contribution of the quantum noise

associated with the additional optical pumping process as in [10]. In Eq.(7.63) the

âout field contains terms related to the additional noise n̂ in the way that the stochastic

fluctuations of the population on |1〉 and |2〉 will cause fluctuations of the transition

between |2〉 and |3〉, since σ̂23 is slaved by σ̂12.

In this section, we have derived the input-output relation for the sideband probe

field propagating through the double gain medium from the full Hamiltonian. We

also discussed the opto-atom dynamics and origin of the additional noise. In the

next section, we will apply these results to the interferometer configuration shown in

Fig.7.1 and analyze its strain sensitivity.

7.6 Interferometer with gain medium

The propagation of sideband fields inside the interferometer shown in Fig.7.1 can be

schematically described by the flow chart shown in Fig.7.7. Here, we only study the

differential mode of this interferometer which carries the gravitational wave signal and

can be mapped into a signal cavity containing a gain medium [25]. In this scheme, an

internal signal recycling mirror is used to effectively remove the frequency response

of the arm cavities so that the sideband fields see an input-output relation for the

amplitude and phase quadrature of sideband field in the following form (we ignore

the optomechanical back-action term by assuming the infinitely heavy test masses):

e(Ω) = M0(Ω)d(Ω) +D(Ω)h(Ω), (7.72)

or more explicitly, we can expand the vectors d, e,D and matrix M0 ê1(Ω)

ê2(Ω)

 = e2iΩτ

 1 0

0 1

 d̂1(Ω)

d̂2(Ω)

+ eiΩτ

 0
√

2K

h(Ω) (7.73)
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Figure 7.7 – A flow chart showing the propagation of fields in the full system. The

optical stability of the system is determined by the part inside the blue dashed box,

whose gain function is given by Eq.(??) and (7.82). The test mass (end mirror) m

is driven by gravitational waves while the double gain medium is affected by the

additional noise n̂.

with K = Pcω0L
2/(~c2).

(A) In case of local noise model, the input-output relation for phase and amplitude

quadrature of light field propagates through the gain medium is (Ref. Eq.(7.67a)–

(7.71)):

d(Ω) = M(Ω)c(Ω) +N+(Ω) +N−(Ω). (7.74)

where N± represent the additional noise terms, the forms of which depends on the

specific noise modeling as we will show later.

The combined effect of the gain medium and the main interferometer is described

by Mtot(Ω) = M(Ω)M0(Ω) with the noise terms N±(Ω)M0(Ω). Then the final input-

output relation for the sideband field is given by:

j(Ω) = Mk(Ω).k(Ω) + tse
iΩτMc(Ω).D(Ω)h(Ω)

+ tse
2iΩτMc(Ω).(N+(Ω) +N−(Ω)),

(7.75)

in which Mk(Ω) = −rsI + t2sMc(Ω)Mtot(Ω) and Mc(Ω) = [I − rsMtot(Ω)]−1 with

rs, ts the amplitude reflectivity and transmissivity of the signal recycling mirror. The

k(Ω) and j(Ω) are the input and output field of the entire configuration as shown in

Fig.7.1. The first term in Eq.(7.75) is the quantum noise contributed by the vacuum

injection outside of the SRM, the second term is the contribution of additional noise

introduced by the gain medium and the last term is the signal term. The SRM feeds

the optical field back into the gain medium and the main interferometer, which is
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described by dashed blue box in the flow chart Fig.7.7. This feedback process will

bring in another potential lasing (the “optical instability” mentioned in Section II)

even if γ12 > γopt, discussed in the following subsection A.

For the additional noise terms N±(Ω) in the above relations, suppose the addi-

tional noise interacts with atoms locally, they are given by

N+(Ω) +N−(Ω) =
N∑
j=1

[N±(Ω).nj±(Ω)]. (7.76)

The nj± are the vectors (n̂j±1 ,−n̂j±2 ), with n̂
j+(−)
1(2) is the amplitude (phase) quadrature

of the noise field n̂j12in with respect to the central frequency ±∆0. The noise matrix

N± can be derived using the sideband-quadrature transfer matrix Mqs defined as:

Mqs =
1√
2

 1 1

−i i

 , (7.77)

which leads to:

N±(Ω) = Mqs.

 N±(Ω) 0

0 N∓(Ω)

 .M−1
qs (7.78)

in obtaining the above formula, we have made use of the relation: N ∗+(−Ω) = N−(Ω).

If the noise interacts with the atoms collectively, the noise term is given by:

N+(Ω) +N−(Ω) =
∑
±

Mqs.

 N c
∓(Ω) 0

0 N c
±(Ω)

 .M−1
qs n

±(Ω) (7.79)

where formally we have:

N±(Ω) =
√
N

√
2γ12γopt

±i∆0 − iΩ + γ12 − Γopt

(7.80)

where we have used the fact that Γopt = Nγopt while as before, the γ12 here should

be understood as N times of the |2〉 → |1〉 transition rate for a single atom. When we

calculate the sensitivity, the
√
N in the above equation will give us the same N factor

in the following Eq.(7.81) while the rest part of the above equation has the same

form as N±j. Therefore if the the noise is modeled as interacting with the atoms

collectively, the strain sensitivity formula will have the same form except that the γ12

are different. However, since we will scan over all possible values of γ12 and Γopt in

the sensitivity calculation, this difference of γ12 will not affect our final result.
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Finally, the shot-noise limited strain sensitivity of the interferometer derived from

Eq.(7.81), which is given by:

Sahh(Ω) =
vh.Mk(Ω).M†

k(Ω)vTh
|tsvh.Mc(Ω).D(Ω)|2

+N
∑
±

vhMc(Ω).Nj±(Ω).N†j±(Ω)M†
c(Ω)vTh

|vh.Mc(Ω).D(Ω)|2
,

(7.81)

in which the vh = (sin ξ, cos ξ) is the homodyne readout vector with ξ is the homodyne

angle. In our calculation, we will choose ξ = 0 which means we only measure the

phase quadrature j2(Ω) of the output field.

We will discuss the numerical result of this shot-noise limited strain sensitivity in

the following subsection B.

7.6.1 Stability criteria

Besides the atomic instability due to “population-inversion process” when γ12 < γopt,

it is important to notice that the dynamics of the interferometer with the gain medium

may still be unstable (start lasing) even if γ12 > γopt.

This instability is related to the feedback process discussed below Eq.(7.75) due

to the reflection of the SRM. Intuitively, when the reflectivity of SRM rs becomes

high (or equivalently, ts decreases), the photon loss rate through the transmission for

each round trip can be less than the photon increasing rate through amplification by

the gain medium, corresponding to the “optical instability”. The criterion of this

instability is determined by the analytical behavior of the close-loop transfer matrix

Mc. In our configuration, this close-loop transfer matrix is diagonal so that it can be

simplified as a close-loop transfer function Gc(Ω) (Mc = Gc(Ω)I):

Gc(Ω) =
1

1− rsGo(Ω)
(7.82)

with Go(Ω) = e2iΩτM(Ω). The stability of the full system is determined by the poles

of the denominator, which can be obtained by solving the equation 1− rsGo(Ω) = 0.

However, the time-elapsed factor e2iΩτ in the gain function makes it difficult to

find the root of the above mentioned equation. The Nyquist criteria provides us

another way to understand the stability through the analytical behavior of Go(Ω) [27]

instead of Gc(Ω):
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In our system with

Go(Ω) = χ(Ω)e2iΩτ , (7.83)

we have the the poles of rsGo(Ω) which are Ω1,2 = ±∆0 − i(γ12 − γopt). Both of

them fall outside of Nyquist contour because γ12−γopt > 0 for the requirement of the

stability of the atomic gain medium itself. Then we can conclude that P = 0 inside

the Nyquist contour. In this case, the Nyquist criteria requires N = 0 to keep the

stability for the full system, that is, in the Nyquist diagram, the contour of 1−rsGo(Ω)

should not encircle the origin at all. In other words, the contour of rsGo(Ω) should

not encircle the point (1, 0) in the (Re[rsGo(Ω)], Im[rsGo(Ω)]) plane.

Specifically in our system, the Nyquist criteria can be stated in a way that the

Nyquist contour of rsGo(Ω) should not encircle the point (1, 0) in the (Re[rsGo], Im[rsGo])

plane at all. This criteria is equivalent to the lasing condition that the round-trip gain

is smaller than one when the phase is the integer number of 2π. For illustration pur-

pose, several examples of the Nyquist contour of rsGo(Ω) are shown in Fig.7.8 given

typical parameters of γ12 and ∆0. This plot demonstrates that increasing the SRM

reflectivity can lead to system instability. We further search the parameter region

0 < η, ξ < 1 and give the plot on Fig.7.4, from which we can see that the stability

criteria imposes a very strong constrain on the possible parameter region. Only the

interferometer system with parameters in the stable region is useful.

7.6.2 Integrated shot noise limited sensitivity improvement

factor

For quantitatively describing the improvement of the integrated shot noise limited

sensitivity, we define a quantity: the integrated shot noise limited sensitivity im-

provement factor (iSNS improvement factor) ρr in the following way:

ρr =

∫ ωFSR

0

1

Sahh(Ω)
dΩ/

∫ ωFSR

0

1

Shh(Ω)
dΩ, (7.84)

where Sahh is the shot noise limited gravitational wave strain sensitivity of the laser

interferometer with double-pumped gain medium given by Eq.(7.81), while the de-

nominator is that of the conventional interferometers given in Eq.(7.1). In case of

ρr > 1, the system with double gain media will improves the signal to noise ratio by



7.6. Interferometer with gain medium 209

0.7 0.8 0.9 1.0 1.1 1.2

- 0.10

0.00

0.10

Figure 7.8 – Nyquist contours of the rsGo(Ω) for the full system with fixed parame-

ters of the gain medium η = 0.1, ξ = 0.4 while varying the SRM amplitude reflectivity

rs. The dashed (magenta), solid (red), dotdashed (black), dotted (blue) curves are

the Nyquist contours when r2
s = 0.9, 0.8, 0.7 (unstable cases), and 0.5 (stable cases) ,

respectively. The upper-part zooms-in the full contour (lower-part) near (1,0) (the

red spot). It is clear here that when the SRM reflectivity increases, the instability

develops and the stable region in Fig.7.4 shrinks.
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breaking the trade-off between the detection bandwidth and peak sensitivity. How-

ever, we need to be cautious about the stability of the system at the same time.

We can calculate the strain sensitivity and hence the iSNS improvement factor. By

fixing the SRM power reflectivity to be r2
s = 0.8, we calculate the iSNS improvement

factor by searching the parameter region for (η, ξ) within the range [0, 1] constrained

by the phase cancelation condition. For illustration purpose, we first calculate the ρr

by ignoring the effect of additional noise introduced by the atom system and give the

plot in Fig.7.9. This figure clearly shows that there could be some parameter regions

where the system is stable and ρ > 1.

However, taking into account of the additional noise, the results dramatically

changed as we can see from Fig.7.5. It turns out that there is no region where ρ > 1

and the ρ− contours are significantly distorted due to the additional noise. According

to our numerical test, this conclusion does not change with the variation of the SRM

reflectivity.

Until now, we applied the input-output formalism developed from the Hamilto-

nian of light-atom interaction to study the quantum noise of white light cavity using

double gain medium. We find that not only does the additional noise associated with

the parametric amplification process affects the system, but the requirement for the

system stability also introduces an additional issue to take into account for its imple-

mentation. We conclude that the net sensitivity can not be enhanced by using the

anomalous dispersive behavior of the stable double gain medium when the system is

stable. The next section shows that the above analysis can also be used to analyze

the optomechanical double-pumped gain system.

7.7 Optomechanical double-pumped gain system

Recently, in UWA lab, the negative dispersive phenomenon was already observed in

a membrane-in-the middle optomechanical system. Using an 85-mm optical cavity

coupled with a silicon nitride membrane, the optically tunable negative dispersion

was demonstrated, which has a phase derivative dφ/dΩ from −0.14 deg. Hz−1 to
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Figure 7.9 – Integrated shot noise limited sensitivity improvement factor (defined

in Eq.(7.84)) of the full interferometer scheme with double gain medium, without the

effect of additional noise. The specification for the parameters is identical to the one

for producing Fig.7.4 and Fig.7.5. The left panel and right panel correspond to the

larger and smaller roots of Eq.(7.35), respectively. The dashed line is the boundary of

the stable region shown in Fig.7.4. In this figure, when the detuning takes the larger

solution, there are some regions where ρ > 1 and the system is stable at the same

time. However, as we can see from Fig.7.5, these regions will disappear when we take

into account of the effect of the additional noise.
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Figure 7.10 – Basic scheme of double-pumped gain optomechanical system
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Figure 7.11 – Experimental measurement of the transmissivity in the optomechanical

double-pumped gain scheme

−4.2 × 10−3 deg.Hz −1. In this experiment, the quality factor of the membrane is

1.5 × 106 at its fundamental mechanical resonance ∼ 378.5kHz, measured at the

vacuum level of 10−5mbar. Two blue detuned control fields â± are injected into the

coupled cavity with frequencies ωc ±∆0 where ωc is the resonance frequency.

The field â− passes through a broadband electric-optic modulator to generate the

weak signal light âsin. Using a lock-in amplifier, the transmission of the cavity is

measured by detecting the beat signals between the signal field and the control fields

at the transmission port. The result is shown in the Fig. 7.11

Theoretically, the dynamics of the atomic system can be mapped to the optome-

chanical system. This mapping is given in the following general formalism: The

Hamiltonian of the free-propagating sideband field is the same as that in the atomic

gain medium case. However, the atomic/mechanical system is modeled as three os-
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cillators in a general sense. Specifically, for atomic system, the three energy levels

are modeled as three oscillators (Note that the traditional way defines the normalized

transition operators in the linear approximation to be the harmonic oscillator quadra-

ture operators [28], here the b̂l describes the annihilation of the atomic state at energy

level l to the vacuum instead of the lower atomic state.) while for optomechanical

system, these three oscillators corresponds to the mechanical resonator, intra-cavity

pumping mode and signal models. This three-oscillators Hamiltonian can be written

as:

Ĥ =
∑
l

~ωlb̂†l b̂l, (7.85)

and the interaction is given by:

Ĥint = −~g1Ec(y, t)x̂1(t)x̂3(t) + ~g2Êp(y, t)x̂2(t)x̂3(t), (7.86)

where Ec and Ep are two external fields: pumping field and the probe field. The

xl(t) =
√

~/mlωl[b̂l(t)e
−iωlt + b̂†l (t)e

iωlt] is the oscillators’ displacement operator. The

g measures the coupling strength between the harmonic oscillators and the external

fields.

Working in the rotating frame b̂3 → b̂3e
−iω0t (ω0 = (ωa +ωb)/2) and b̂1 → b̂1e

−iω1t,

we obtain:

b̄3 ≈
2g1Ec cos(∆3t)

∆3

x̂1 (7.87)

where ∆c = ω3 − ωc � γ3. After adiatabtic eliminating of b̂3 as what we have done

in the atomic medium example and neglecting the non-rotating wave terms, we have

the effective interaction Hamiltonian between oscillator x2 and x3 as:

Ĥ int
23 ≈ −~gb̂

†
2â
†
p cos(∆0t)e

−i(ω0−ω2−ωp)t + h.c (7.88)

in which g = 2g1g2Ecx̄1/∆3. Clearly, this is a typical Hamiltonian for a parametric

amplification process and the corresponding equations of motion can be written as:

˙̂
b2 = −γ2b̂2 + igâ†(y) cos ∆0t+

√
2γ2n̂

∂âx
∂t
− c∂âx

∂x
= igb̂†2 cos(∆0t)δ(x− y)

(7.89)

This equation directly maps to the Eq.(7.59). Therefore it is clear that for optome-

chanical system, the input-output relation for the probe light has the almost the same
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form as that of the light field interacting with a single-atom. In this case, the γopt is

the rate of optical heating which will be balanced by the damping rate γm, describing

the mechanical damping through interaction with the thermal bath. Then the addi-

tional noise is just the thermal noise. In the extreme case when the environmental

temperature is zero, the additional noise is contributed by the quantum zero-point

fluctuation of the thermal bath degrees of freedom.

In conclusion, the mapping between the optomechanical system and the optoatomic

system shows that the Mizuno theorem also can not be surpassed if we use double-

pumped gain optomechanical filter cavity to cancel the propagation phase of the

sideband field.

7.8 Conclusions

In this chapter, we applied the input-output formalism developed from the Hamilto-

nian of light-atom interaction to study the quantum noise of white light cavity using

double gain medium. We found that not only does the additional noise associated

with the parametric amplification process affects the system, but the requirement for

the system stability also introduces an additional issue to take into account for its

implementation. We concluded that the net sensitivity can not be enhanced by using

the anomalous dispersive behavior of the stable double gain medium when the system

is stable. We also discussed the similar double gain system using optomechanical in-

teraction and experimentally demonstrated the negative dispersive phenomenon. For

using such double gain system to improve the sensitivity, one might need to consider

other interferometer configurations, for example, broadening the narrowband sensi-

tivity within the optical resonance of a detuned double-recycling interferometer [29].
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Chapter 8

Sensitivity bound for devices with

parametric amplifier

In Chapter 6 and Chapter 7, we have discussed the two proposed methods for sur-

passing the Mizuno sensitivity limit. The key for surpassing the Mizuono sensitivity

limit is to cancel the round-trip propagation phase of the sideband field through the

main interferometer, which requires a negative dispersive filter. The optical dynamics

of the dispersive filter shows that it is a parametric amplifier. In this Chapter, we

are going to give a more general discussion of the sensitivity limitation for a large

class of optical parametric measurement devices. These devices satisfy the following

descriptions:

1) A low frequency signal is coupled through the length of a high-finesse cavity,

with signal band much lower than the free spectral range of the cavity— which means

these systems contains optomechanical interaction and can be described using single-

mode approximation.

2) The cavity is coherently pumped and the entire optical system is driven by the

vacuum fluctuations from open ports—which means the sensitivity we are interested

in is the quantum noise limited sensitivity.

3) The system contain parametric amplifiers, which includes those “white light

cavity” interferometer designs.

The outline of this chapter is as follows. In Section 8.2, the background is intro-

duced. Specifically, we briefly summarize the Mizuno sensitivity limit and the basic

theory of a parametric amplifier. In Section 8.3, we give a proof of the Mizuno theo-

rem. In Section 8.4, the sensitivity bound for the devices with a parametric amplifier

is discussed. In the end, we give a summary of this Chapter

This is an ongoing project collaborated with Yanbei Chen and Haixing Miao.
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8.1 Research Background

8.1.1 A brief summary of Mizuno sensitivity limit

As signal-recycling [1] and resonant side-band extraction [2] techniques were developed

in the gravitational-wave community, J. Mizuno noticed that given optical power

circulating in the arm cavity of a gravitational-wave detector, the modification of

the optical resonant structure of the interferometer only provides a trade-off between

the peak sensitivity of the detector and its detection bandwidth [2] — these two

important characteristics of the detector cannot be simultaneously improved. In fact,

if the minimum noise spectral density is Smin
x , and the bandwidth is Γ, then we should

have
Γ

Smin
x

∝ Pc. (8.1)

where Pc is the optical power inside the cavity.

More precisely, let us first assume that energy Ec is stored in the cavity of length

L. Let us also presume that the cavity has a high finesse, and that the carrier

frequency is close to one of the resonant frequencies of the cavity. In this case, it

will be reasonable to assume (and certainly straightforward to verify) that only signal

from the nearly resonant mode of the cavity is relevant for detection sensitivity at

low frequencies (compare to the free-spectral range). In this Chapter, we shall first

prove that, if the interferometer is driven by usual vacuum, and that the steady state

of the cavity mode is a coherent state, then the sensitivity of the interferometer will

be constrained in the following way:∫ ωFSR

0

1

Sx(Ω)
dΩ ≤ 4

τ 2

(
Ec

~ω0

)(
2π

λ

)2

=
2

τ

(
Pc

~ω0

)(
2π

λ

)2

. (8.2)

Here Ec is energy stored in the cavity, λ is the optical wavelength, and

τ =
L

c
(8.3)

is the time it takes light to travel across the cavity. This includes signal-recycling

interferometers (for reaching the above limit, the infinite mass limit for the detector

is taken, or in other words, the radiation pressure noise is removed) [1, 2, 4, 3, 5, 6],

signal recycling with double sidebands [7], the so-called speed meters [8, 9, 10, 11]. For
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surpassing this Mizuno limit, the negative dispersive medium need to be introduced,

which is usually a parametric amplifier.

8.1.2 Parametric amplifier

It was discussed in Chapter 7 that the effective Hamiltonian describe the gain medium

under the external pumping can be written as:

Ĥ int
23 = −~gb̂†â†P cos(∆0t) + h.c. (8.4)

A general parametric amplifier (or a parametric down-converter, or a second har-

monic generator (See Fig.8.1)) consists of the signal â and idler modes b̂ at different

frequencies, coupled through nonlinear process χ(2) with the pumping field. Take op-

tomechanical system as an example, this nonlinearity is introduced through the op-

tomechanical interaction. For example: Ĥint = ~G0â
†âx̂, where the x̂ is a combination

of b̂ and b̂†. The linearized form of the optomechanical interaction ∝ ā(â+ â†)(b̂+ b̂†)

contains the χ(2) interaction between the signal field â, the idler field b̂ and pumping

field ā.

Besides the white light cavity, parametric amplification process has lots of other

application in quantum optics physics and the precision measurement, for example

the generation of squeezed light is through the parametric amplification process. In

particular, the generation of squeezed light is associated with a specific kind of para-

metric amplification process called “degenerate parametric amplification” in which

the idler mode has the same frequency as the signal mode. This amplification process

can happen for a pumped OPO (optical parametric oscillator) crystal. The Hamil-

tonian for the OPO can be written as: Ĥint = i(g/2)â†â† + h.c, which leads to the

equations of motion1 as:

˙̂a = −γaâ+
√

2γaâin + gâ†,

˙̂a† = −γaâ† +
√

2γaâ
†
in + gâ,

âout = −âin +
√

2γaâ.

(8.5)

1Here we study an oversimplified model with lossless OPO crystal and a cavity with bandwidth

γa
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Figure 8.1 – Parametric amplifier: Illustration of a second harmonic generation

process.

The input-output relation can be written as:

âout(Ω) =

[
−1 +

2γa(γa − iΩ)

(γa − iΩ)2 − g2

]
âin(Ω) +

2gγa
(γa − iΩ)2 − g2

â†in(Ω). (8.6)

The corresponding quadratures input-output relation can be written as:

âout2(Ω) =
γa + iΩ− g
γa − iΩ + g

âin2(Ω)⇒ V22 =
(γa − g)2 + Ω2

(γa + g)2 + Ω2
,

âout1(Ω) =
γa + iΩ + g

γa − iΩ− g
âin1(Ω)⇒ V11 =

(γa + g)2 + Ω2

(γa − g)2 + Ω2
.

(8.7)

Therefore it is clear that the phase quadrature and amplitude quadrature for the

output light is not equal to each other (and note that V22V11 = 1) thereby create

squeezing2.

Those parametric amplification process which creates squeezing effect is called

“Phase sensitivity parametric process” such as the above example, while those para-

metric amplification process which do not create squeezing effect is called phase-

insensitive parametric process, the general feature of their input-output relation is

described as follows [12].

For phase sensitive parametric amplifier, the input(â)-output â relation normally

have the form of

b̂ = µâ+ νâ† + ηn̂† + ξn̂, (8.8)

2the intracavity squeezing has a limit called 3dB limit, means the squeezing of phase quadrature

has a limitation. However, with the cavity structure and explore the outgoing field, this limit does

not exist. In principle, one can reach any squeezing degree.
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in quadrature picture:

b̂1 =
1

2
(µ+ µ∗ + ν + ν∗) â1 +

i

2
(µ− µ∗ + ν − ν∗) â2

+
1

2
(η + η∗ + ξ + ξ∗)n̂1 +

i

2
(η∗ − η + ξ − ξ∗)n̂2

b̂2 =
1

2i
(µ− µ∗ + ν − ν∗)â1 +

1

2
(µ+ µ∗ − ν − ν∗)â2

+
1

2i
(η − η∗ + ξ − ξ∗)n̂1 −

1

2
(η + η∗ − ξ − ξ∗)n̂2.

(8.9)

In general, there will be squeezing since (<[µ] + <[ν])2 6= (<[µ]−<[ν])2.

If ν = 0, ξ = 0 or µ = 0, η = 0, in this case, there will be no squeezing and the

input-output will be:

b̂ = µâ+ η̂n̂†, or b̂ = νâ† + ξn̂, (8.10)

respectively. The first relation corresponds to the “Phase-preserving parametric am-

plifiers” while the second relation corresponds to the “Phase-conjugate parametric

amplifiers”. In the quadrature picture, the above relation can be written as:

b̂1 = µâ1 + iη∗n̂2, b̂2 = µâ2 + iη∗n̂1, (8.11)

which shows that there is no correlation between b̂1 and b̂2.

After introducing these two background concept of this Chapter, the next section

will give a prove of Mizuno theorem when there is no parametric amplifier, which is

a base for the extended proof to the case with parametric amplifier.

8.2 Proof of the Mizuno theorem

8.2.1 The Hamiltonian and the dynamics

For proving the Mizuno theorem, we consider a single optomechanical cavity using

the following Hamiltonian:

Ĥcav = ~∆â†â+
√

2γ

∫ +∞

−∞

dω

2π

[
ĉ†ωâ+ ĉωâ

†]
+ ~G0

(
Aâ† + A∗â

)
x̂ . (8.12)

The first term of Eq.(8.12) is the free Hamiltonian of the caivity field. Here we have

removed an ω0 oscillation (pumping laser frequency) via conversion to the interaction
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picture, which means the cavity resonant frequency is in fact ω0 + ∆. The second

term describes the interaction between the cavity field and the external continuum

field with strength
√

2γ in which the γ is the decay rate of the cavity. The third term

describes the pondermotive interaction between the optical field and the mechanical

displacement, with coupling strength G0 = ω0/L while the A =
√
Ec/~ω0 is the

square root of the mean excitation number of the cavity mode and â is the deviation

from A. We can choose our phase reference so that A is real valued.

The Heisenberg equations of motion can be written as:

˙̂a+ (γ + i∆)â = −iG0Ax̂+
√

2γĉin . (8.13)

ĉout = −ĉin +
√

2γâ . (8.14)

The signal to noise ratio is defined as

ρ =

∫
dΩ
|hn(Ω)|2

Shh(Ω)
(8.15)

For proving the Mizuno theorem, we assume the signal is a delta-function x(t) =

Lh(t) ∝ δ(t) so that its Fourier transform is a constant, which leads to:

ρ =

∫
dΩ

1

Sxx(Ω)
, (8.16)

and this is exactly the formula that Mizuno theorem constraints.

Solving the Heisenberg equations of motion Eq.(8.13) can give us the input-output

relation as(for t > 0, after the impulse injection):

ĉout(t) = −ĉin(t) + 2γ

∫ t

0

dt′e−(γ+i∆)(t−t′)ĉin(t′)

+
√

2γe−γt−i∆tâ(0−)− i
√

2γe−γt−i∆tAG0 , (8.17)

where we define a(0−) ≡
∫ 0

−∞ dt
′e(γ+i∆)t′ ĉin(t′) which encodes the contribution of the

vacuum injection during t ∈ [−∞, 0] to the intra-cavity field at t = 0. It is clear that

â(0−) is independent from the rest of the noise in ĉout(t), because they arrive at t = 0

or after. The first two terms on the right hand side are the contribution of vacuum

injection to ĉout(t) after the impulse. Finally, the term −iAG0 is actually the signal.

Also if t < 0, we have:

ĉout(t) = −ĉin(t) + 2γ

∫ t

−∞
dt′e−(γ+i∆)(t−t′)ĉin(t′). (8.18)
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8.2.2 Filtering of the outgoing field

• Optimal sensitivity—Suppose we measure the outgoing light using filter f(t) and

the measurement result is given by:

X̂ = ŷ+ ŷ† =

∫ +∞

0

[
f(t)ĉout(t) + f ∗(t)ĉ†out(t)

]
dt+

∫ 0

−∞

[
f(t)ĉout(t) + f ∗(t)ĉ†out(t)

]
dt,

(8.19)

The first term corresponds to the measurement after the impulse signal injection

while the second term corresponds to the measurement before the signal injection.

Note that the integration range is extend to infinity since the formulation of Mizuno

theorem requires to integrate over the full bandwidth. Let us focus on the first term.

We can proof that the vacuum noise injected after t = 0 (first two terms on the right

hand side of Eq.(8.17)) can be completely removed.

If we want to remove the vacuum noise injected after t = 0, the first condition the

filter function f(t) should satisfy is:

ŷ =

∫ ∞
0

f(t)

[
−ĉin(t) + 2γ

∫ t

0

dt′e−(γ+i∆)(t−t′)ĉin(t′)

]
dt = 0, (8.20)

which can be transformed to:

ŷ = −
∫ ∞

0

f(t)ĉin(t)dt+ 2γ

∫ ∞
t

f(t′)dt′
∫ ∞

0

dte(γ+i∆)(t−t′)ĉin(t)

⇒ −f(t) + 2γ

∫ ∞
t

e(γ+i∆)(t−t′)f(t′)dt′ = 0.

(8.21)

If this condition is satisfied, then what we have is:

X̂ =
√

2γ

∫ ∞
0

{√
2<[f(t)e−(γ+i∆)t]â1 −

√
2=[f(t)e−(γ+i∆)t](â2 −

√
2AG0)

}
, (8.22)

where â1, â2 are the amplitude and phase quadrature of the intra-cavity field at time

t = 0.

For removing the â1 noise, the filter function f(t) should satisfy another relation

that is:

<[f(t)e−(γ+i∆)t] = 0, (8.23)

and finally, the optimized measured quantity is:

X̂opt = F (t)[â2 −
√

2AG0], (8.24)

where F (t) = −
√

2γ
∫∞

0

√
2=[f(t)e−(γ+i∆)t].
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Since the â2 is the intra-cavity field, its variance Va2a2 is equal to one if the

measurement result within [−∞, 0] does not decrease the variance of â2 below the

vacuum limit (This fact will be proved later). Then we can conclude that the signal

to noise ratio is;

SNRmax = 2A2G2
0 =

2Ec
~ω0

(
2π

λ

)2
1

τ 2
. (8.25)

This is the Mizuno limit.

• Realization of the optimal filtering—As shown in the last subsection,

for achieving the Mizuno limit, the filter function should satisfy two condiitions

Eq.(8.21)(8.23). These two conditions are actually compatible.

The first condition, by redefining t′ − t→ t′, has the form of:

−f(t) + 2γ

∫ ∞
−∞

dt′f(t′ + t)K(t′) = 0, (8.26)

in which K(t) = e−(γ+i∆)tΘ(t). Reexpress the above formula as the Fourier transfor-

mation of its counterpart in frequency domain will leads to:

F
[
−f(Ω) + 2γ

∫ ∞
−∞

f(Ω)K(−Ω)dΩ

]
= 0, (8.27)

in which the Fourier transformation of K(Ω) is:

K(−Ω) =
1

γ + i(Ω + ∆)
when t > 0. (8.28)

Therefore, we have the final result as:

F
[
γ − i(Ω + ∆)

γ + i(Ω + ∆)
f(Ω)

]
= 0 when t > 0. (8.29)

The solution of the above equation is:

f(Ω) =
C

γ − i(Ω + ∆)
(8.30)

with C as a integral constant (complex). The form of this filter function solution in

the time domain would be:

f(t) = Ce−(γ−i∆)t (8.31)

Subsitute it back to the other Maximum SNR condition, we have the equation for C:

Re[C

∫ ∞
0

e−2γtdt] = Re[C

∫ ∞
0

e−2γtdt] = 0⇒ 1

2γ
Re[C] = 0 (8.32)

As long as C is a pure imaginary number, the second condition will be satisfied.
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8.2.3 Relevance of measurement before the impulse injection

This subsection discusses the effect of the measurement before the impulse injection

to the variance of the â2(0). The measurement result when t < 0 can be rewritten

as:

X̂ =

∫ 0

−∞
dt|f(t)|

[
ĉout(t)e

iθt + ĉout(t)e
−θt
]
, (8.33)

while the general Hermitian operators Q̂θ for the measurement result of â(0) can be

written as:

Q̂θ =
√

2γ|f(0)|[â(0)eiθ0 + â†(0)e−iθ0 ]. (8.34)

In these formulae, the θt is the phase of the filter function f(t) and |f(t)| is the

absolute value of the filter function. Note that â and ĉout are two different degrees of

freedom, therefore we have [â†(0), ĉout(t)] = 0 when t < 0 (it is also straightforward

to proof it mathematically). Then similarly, we also have:

[Q̂θ, X̂] = 0. (8.35)

Moreover, using the fact that the cavity mode and the output fields are at their

respective vacuum states |0〉a and |0〉ĉout before the impulse, the causality condition

also leads to:

〈Q̂θX̂〉 = 〈Q̂θ〉〈X̂〉 = 0 (8.36)

because 〈â(0)ĉ†out〉 = 〈[â(0), ĉ†out]〉 + 〈ĉ†outâ(0)〉=0. These two results Eq.(8.35)(8.36)

tells us that even though Q̂θ and X̂(t) are simultaneously measurable, measuring

X̂(t) will not provide any information about Q̂θ since they have no correlation at all.

In another words, the conditional variance of â2 under the measurement of X̂ is the

same as the unconditional one.

As a summary, in this section, we have proved Mizuno theorem by studying the

optimization of signal to noise ratio of the system given in Eq.(8.12). The key of

this prove can be summarized as the following two points: 1) Mizuno theorem can be

formulated with a model describing an optomechanical system triggered by a delta-

function signal. 2) the measurement of the outgoing field before the signal injection

does not provide information about the intra cavity field at time t = 0, thereby

can not decrease the variance of the intra-cavity field quadrature below the quantum

vacuum level.
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8.3 Sensitivity bound for the devices with a para-

metric amplifier

Discussion on the sensitivity limit for the devices with a parametric amplifier follows

the same logic as the proof of Mizuno theorem above. We first gives a brief discussion

about the dynamics and input-output relation using a simple example with delta-

function signal injected at t = 0 and then generalize the result. Once the input-output

relation is obtained, we will discuss the filtering of the measurement result and the

optimization of the sensitivity. The relevance of the measurement result before the

signal injected will also be discussed. Finally, we will give a physical discussion of the

meaning of our results.

8.3.1 An example system and input-output relation

Let us consider a single optomechanical system whose intra-cavity field interacts with

a parametric amplifier with an internal degree of freedom b̂, whose Hamiltonian is

written as:

Ĥ = ~∆â†â+
√

2γ

∫ +∞

−∞

dω

2π

[
ĉ†ωâ+ ĉωâ

†]+ ~G0

(
Aâ† + Aâ

)
x̂+ â+ V̂ [â, b̂, n̂] (8.37)

where

V̂ [â, b̂, n̂] = f b̂†â† + f ∗b̂â+ i
√

2γb(b̂
†n̂− b̂n̂†) + ~ωbb̂†b̂. (8.38)

In this interaction Hamiltonian V̂ [â, b̂, n̂], the third terms describes the coupling be-

tween the amplifier’s internal degree of freedom and the external continuum and the

last term is the free Hamiltonian of the b̂-field. For simplicity, we assume the para-

metric coupling strength is a constant.

The equations of motion can be written as:

˙̂a = −(γ + i∆)â− iG0Āx̂+
√

2γĉin − if b̂†

˙̂
b = −if â† +

√
2γbn̂in − γbb̂

ĉout = −ĉin +
√

2γâ

n̂out = n̂in +
√

2γbb̂.

(8.39)
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Figure 8.2 – Basic scheme of the system: a cavity interacting with a parametric

amplifier.

Solving these equations using Laplace transformation, we can separate the field

before and after t = 0:

sb̂(s)− b̂(0) + γbb̂(s) =
√

2γbn̂in(s)− if â†(s)

sâ(s)− â(0) + (γ + i∆)â(s) =
√

2γĉin(s)− if b̂†(s).
(8.40)

Then with signal x0δ(t) injected in, the cavity field can be written as:[
s+ γ + i∆− f 2

s+ γb

]
â(s) =

√
2γĉin(s)+[â(0)−iG0Āx0]− if

s+ γb
b̂†(0)−if

√
2γb

s+ γb
n̂†(s).

(8.41)

It is clear from the above equation that the parametric interaction between the cavity

field and b̂ affect the bandwidth and resonant frequency of the cavity field. Besides,

the the enhancing of the amplifier’s mode b̂ due to the parametric interaction as

what we have seen in the last two chapters also shows here. Note that substituting

the equation of motion for â into the parametric interaction term −if â†(s) in the

equation of b̂, in the adiabatic region where Ω is smaller than γb, we obtain:

[−if â†(s)]b ≈
f 2

γ
(8.42)

where [...]b means the term associated with the b̂−field. This anti-damping factor is

the same as our γopt in the last section.

From the Eq.8.41, one can derive the input-output relation of ĉ−field:

ĉout(t) =− ĉin(t) + 2γ

∫ t

0

χ11(t− t′)ĉin(t′)dt′ +

∫ t

0

χ12(t− t′)n̂†in(t′)dt′

+ g(t)[â(0)− iGĀx] + h(t)b̂†(0)

(8.43)
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where χ11(Ω), χ12(Ω), g(t) and h(t) is the inverse transformation of the corresponding

coefficients in Eq.8.41. The â(0) and b̂†(0) is the intra-cavity field and the internal

amplifier mode at time t = 0. The form of this input-output relation tells us that

this system works as a parametric phase-insensitive amplifier. Similar relation can

also be obtained for the n̂−mode.

In general, for a device with phase-insensitive amplifiers, the input-output relation

can be written as (for t > 0):

ĉout2(t) = α11 ◦ ĉin2 + α12 ◦ n̂in1 + g1(â2(0)− iGAx) + h1(t)b̂1(0),

n̂out1(t) = α21 ◦ ĉin2 + α22 ◦ n̂in1 + g2(â2(0)− iGAx) + h2(t)b̂1(0),
(8.44)

where the “◦” operation actually means an integral:

A ◦B =

∫ t

0

A(t− t′)B(t′)dt′. (8.45)

This expression of input-output relation in the quadrature picture is also quite general

since for parametric phase-insensitive amplifier, we can always align the input-output

relation in this form.

For t < 0, the input-output relation can be written as

ĉout2(t) = α11 � ĉin2 + α12 � n̂in1,

n̂out1(t) = α21 � ĉin2 + α22 � n̂in1.
(8.46)

Here where the “�” operation means a similar integral with a different integration

range:

A �B =

∫ t

−∞
A(t− t′)B(t′)dt′. (8.47)

8.3.2 Filtering of the outgoing field

From the above input-output relation, it is clear that the displacement signal not

only be carried by the phase quadrature of the cavity output channel ĉ2out, but also

be carried by the amplitude quadrature of the amplifier output channel n̂1out in the

devices with the parametric amplifier. This is due to the interaction between the

cavity mode and the amplifier mode. For reaching the maximum sensitivity of this

device, we have to extract the full information of the displacement signal, that is we

have to measure both of the quadratures.
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Suppose we have two filter functions f1(t) and f2(t), the measurement result can

be written as

X̂out = X̂cout + X̂nout

X̂cout = 〈f1|α11 ◦ ĉ2in + α12 ◦ n̂1in〉+ 〈f1|g1(t)[â2(0)−
√

2GAx]〉+ 〈f1|h1(t)b̂1(0)〉,

X̂nout = 〈f2|α21 ◦ ĉ2in + α22 ◦ n̂1in〉+ 〈f2|g2(t)[â2(0)−
√

2GAx]〉+ 〈f2|h2(t)b̂1(0)〉,

(8.48)

in which the 〈A|B〉 is defined as

〈A|B〉 =

∫ ∞
−∞

A(t)B(t)dt. (8.49)

Following the procedure for proving the Mizuno theorem, we also separate the integral

into two parts: the integral over [−∞, 0] and the integral over [0,+∞]. Where the

latter one carries the displacement signal. Let us focus first on the measurement date

collected over [0,+∞].

Similar to the case of Sec. III B, we can remove the vacuum injection after t = 0

by choosing the filter functions as:

α11|f1〉+ α21|f2〉 = 0,

α21|f1〉+ α22|f2〉 = 0.
(8.50)

Note that these two filter function condition equations can be viewed as matrix equa-

tion if the time is discretized3. Applying the filter satisfying the Eq.(8.50) to the

measurement output X̂out, we have:

X̂out → [〈f1(t)|g1(t)〉+〈f2(t)|g2(t)〉][â2(0)−
√

2GAx]+[〈f1(t)|h1(t)〉+〈f2(t)|h2(t)〉]b̂1(0)

(8.51)

The noise variance refereed to the signal can be written as

G2A2〈XX〉n = Va2a2 + α2Vb1b1 + 2αVa2b1 = Vb1b1

[
α +

Va2b1
Vb1b1

]2

+ Va2a2 −
V 2
a2b1

Vb1b1
,

(8.52)

3For the time discretized into N portions, |f1,2(t)〉 is now a column vector with elements f1,2(ti)

and α11 is now a N×N matrix with elements α11(ti, tj). In the continuous case, the matrix equation

becomes a integral equation.
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where the coefficient α is defined to be:

α ≡ 〈f1(t)|h1(t)〉+ 〈f2(t)|h2(t)〉
〈f1(t)|g1(t)〉+ 〈f2(t)|g2(t)〉

. (8.53)

If α can take the value:

α = −Va2b1/Vb1b1 , (8.54)

then the noise variance can take the minimum value and the signal to noise ratio

takes the maximum value:

Min[〈XX〉n] =
1

2G2A2

[
Va2a2 −

V 2
a2b1

Vb1b1

]
,

[
S

N

]
max

=
2G2A2

Va2a2 − V 2
a2b1

/Vb1b1
. (8.55)

However, the two conditions Eqs.(8.50)(8.54) are not always compatible with each

other since Eqs.(8.50) already gives a complete solution of filter function f1(t) and

f2(t). Therefore, the maximum sensitivity can be only a bound which may not be

achievable. Therefore, we have the following inequality:

S

N
<

2G2A2

Va2a2 − V 2
a2b1

/Vb1b1
. (8.56)

• (a) It is important to notice that the variance Va2a2 , Va2b1 and Vb1b1 are all variance

conditioned on the measurement result when t < 0. Therefore it is important to study

the effect of the measurement before t = 0 to the â and b̂ fields at t = 0.

• (b) The interaction between the cavity field â and b̂ entangles these two fields.

Therefore the â(b̂) itself is in a mixed state. However, the denominator of Eq.(8.56)

can be viewed as the variance of â2 conditioned on the measurement of b̂1. This

conditional variance of the â2 field must be smaller than its unconditional variance.

In another words, Since the b̂1 quadrature contains the information of â2, therefore

we will obtain information on â2 if b̂1 was measured. This leads to the decrease of

the uncertainty of â2. However, as we shall see later, the uncertainty of â2 can not

be decreased without any limit. This limit can give a looser bound of signal to noise

ratio than Eq.(8.56).

• (c) It is clear that if there is no parametric interaction between â and b̂, there

will be no correlation between â2, b̂1: Va2b1 = 0. At the same time, the â is in a pure

state with variance Va2a2 = 1. In this case, the signal to noise ratio goes back to the

Mizuno limit 2G2A2.
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Figure 8.3 – Noise error ellipse of the â1 and â2 quadratures. The red curve cor-

responds to the unconditional noise ellipse, while the blue curve corresponds to the

noise ellipse of (â1, â2) conditioned on the measurement of b̂1. The unconditional

variance of â1 and â2 are conditional on the measurement result when t < 0. The

V (â1|b̂1) is equal to unconditional variance of â1 because of there is no correlation be-

tween â1 and b̂1 for the phase-insensitive parametric amplifier. The “squeeze” of the

conditional variance of â2 can not be too large because of the limitation of Heisenberg

uncertainty principle. This argument can also be used for the variance conditioned

on the measurement result before the signal impulse injection.

8.3.3 A looser sensitivity bound

In the last subsection, we have mentioned that the conditional variance of â2 can

not be decreased without limit. This is actually due to the Heisenberg uncertainty

principle4:

V (â2|b̂1)V (â1|b̂1) > 1⇒ V (â2|b̂1) >
1

V (â1|b̂1)
, (8.57)

where the variance V (Â|B̂) = VAA−V 2
AB/VBB is the conditional variance of â2 under

the measurement of b̂1 (See Fig.8.3). Therefore, we can write Eq.(8.56) as:

S

N
<

2G2A2

V (â2|b̂1)
< 2G2A2V (â1|b̂1) = 2G2A2Va1a1 , (8.58)

in which the last equality is due to the fact that â1 and b̂1 are uncorrelated and Va1a1

is the unconditional variance of the â1 quadrature.

4Note that the validity of this inequality depends on the measured quadrature. For example,

if we measured b̂1 for predict â2 and measured b̂2 for predict â1, then V (â2|b̂1)V (â1|b̂2) could be

smaller than 1 [13], which is a essential feature of the EPR paradox [14]
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The Vâ1â1 > 1 for mixed state, therefore the Mizuno limit could be surpassed for

the devices with parametric amplifier and the maximum sensitivity is depended on

the details of the devices.

8.3.4 Relevance of measurement before t = 0

Now let us study the point (a) listed at the end of Subsection(B), namely, how the

measurement result before t = 0 affects the â and b̂ field at time t = 0. For simplicity,

we ignore the entanglement between the â and b̂ at t = 0, only focus on the entan-

glement between the outgoing field when t < 0 and the intra-cavity field at t = 0.

Intuitively, if we measured the ĉ2out and n̂1out before t = 0, there should be no corre-

lation between the measurement result and the â1 quadrature at t = 0, since what is

discussed here is the phase-insensitive parametric amplifier. However, there will be

effect on the â2 quadrature. For example, â2 quadrature can be squeezed by condi-

tioning on the measurement result. However, its squeezing will have a limited bound

due to Heisenberg uncertainty principle as we have discussed in the last section.

The relevant quantities are the quadratures of the intra-cavity field Q̂0 = (â+ â†)

or Q̂π/2 = −i(â−â†) and P̂0 = b̂+ b̂†, P̂π/2 = −i(b̂− b̂†) and the quantities we measured

before t = 0 is:

X̂out = X̂cout + X̂nout, (8.59)

where X̂cout and X̂nout are the cavity output channel and the amplifier output channel.

They can be represented as:

X̂cout = 〈f1|α11 � ĉin2〉+ 〈f1|α12 � n̂in1〉,

X̂nout = 〈f2|α21 � ĉin2〉+ 〈f1|α22 � n̂in1〉.
(8.60)

Using the fact that:∫ 0

−∞

∫ t

−∞
f1(t)α(t− t′)m̂in(t′) =

∫ 0

−∞
dt′
∫ 0

t′
dtα(t− t′)f1(t)m̂in(t′)

≡
∫ 0

−∞
dt′λ(t′)m̂in(t′).

(8.61)

in which the α(t), f(t) and min(t) are arbitrary functions and operators. The under-

lined part is defined to be a function λ(t′). Then the measurement operator can be
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written as:

X̂cout = λ11 � ĉ2in + λ12 � n̂1in

X̂nout = λ21 � ĉ2in + λ22 � n̂1in.
(8.62)

The â(0) field can be written as:

â2(0) = (β21|ĉ2in) + (β22(t)|n̂1in), â1(0) = (β11|ĉ1in) + (β12|n̂2in)

b̂1(0) = (ε11|ĉ2in) + (ε12(t)|n̂1in), b̂2(0) = (ε21|ĉ1in) + (ε22|n̂2in),
(8.63)

where

(A|B) =

∫ 0

−∞
A(t)B(t)dt. (8.64)

The conditional variance for any Ô field at t = 0 can be written as:

〈Ô2〉c = 〈Ô2〉 −
〈ÔX̂out〉2sym

〈X2
out〉

, (8.65)

where the first term is unconditional variance of Ô. Therefore the effect of the mea-

surement before t = 0 on the operator at t = 0 is encoded in the correlation function

〈ÔX̂out〉sym =
1

2
〈ÔX̂out + X̂outÔ〉 (8.66)

Then turn to the looser sensitivity bound discussed in Section IV.C, which is

given by (S/N) < 2G2A2Va1a1 where the Va1a1 is the variance of â1 conditioned on the

measurement data before t = 0, but unconditioned on b̂1 at t = 0. It is straightforward

to calculate this correlation function, as an example, for Ô = Q̂0, P̂π/2, we obtain:

〈Q̂0X̂out〉sym = 0, and 〈P̂π/2X̂out〉sym = 0. (8.67)

However for Ô = Q̂π/2, P̂0, we have:

〈Q̂π/2X̂out〉sym = (λ11|β21) + (λ21|β22) and 〈P̂π/2X̂out〉sym = (λ11|ε21) + (λ21|ε22).

(8.68)

They are in general not equal to zero.

Therefore, generally speaking, the value of the conditional variance in Eq.(8.56)

will be affected by the measurement before t = 0. However, following the argument

in Section 8.4.3, the looser sensitivity bound is unchanged since Va1a1 is unaffected by

the measurement. In another words, even if the measurement result before t = 0 can
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somehow squeeze the variance of the â2 field at t = 0 to be V (â2|ĉout2, b̂out1t < 0) <

Vâ2 , this variance can not be decreased without any limit because of the Heisenberg

uncertainty principle (See. Fig.8.3):

V (â2|ĉout2, b̂out1, t < 0)V (â1|ĉout2, b̂out1, t < 0) > 1⇒

V (â2|ĉout2, b̂out1t < 0) >
1

V (â1|ĉout2, b̂out1, t < 0)
=

1

Vâ1â1
.

(8.69)

8.4 Conclusion and summary

In this chapter, firstly, we proved the Mizuno theorem in the case of an ordinary

optomechanical system with out the amplifier. Secondly, we extended the method

developed in proving the Mizuno theorem and gives two sensitivity bounds for the

devices with parametric amplifier. The first bound Eq.(8.56) is a more tight bound

the value of which depends on the measurement of the data before the injection of

the signal impulse, while the second bound Eq.(8.58) is a looser bound, but the result

does not depend on the measurement of the data before the signal injection. This

research gives an estimation of the upper-limit of the shot-noise limited sensitivity of

such kind of devices.
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Chapter 9

Conclusions and Future works

A number of closely related subjects in were studied in this thesis. These subjects

explored the optomechanical physics in the design of laser interferometer gravitational

wave detectors, which could be the basis of future improvement work for gravitational

wave detectors.

We explored the effect of optomechanical modification of mechanical dynamics on

the energy interaction between gravitational waves and the interferometers in Chapter

3. We found that the optical damping due to the unbalanced sideband field causes the

laser interferometer to absorb energy from gravitational waves. A further question

about the relationship between the energy absorption and the sensitivity was inspired

: does extraction more energy from gravitational waves allow substantial increases in

detector sensitivity? Future work on answering this question may not only help us

understand the working mechanism of interferometer thereby improving its design,

but also motivate the study a more general relation between energy absorptions and

sensitivities for general measurement devices.

Moreover the effect of optomechanical modification of mechanical dynamics on

thermal noise was discussed using the example of three mode interaction noises in

Chapter 4. Although our results show that this noise has negligible effect on current

detectors in the frequency band of interest, it may have a large effect in the noise bud-

get of other low-frequency gravitational wave detectors. Moreover, the physics of this

noise itself is interesting since the noise is amplified due to optomechanically modi-

fied mechanical dynamics. This indicates that noises generated from optomechanical

interaction process may not be negligible in certain conditions.

The application of optomechanical devices for improving the detector quantum

sensitivity was discussed in Chapter 5 and 6. We found that the compactness and

tunability of optomechanical devices in principle allow us to build a filter for rotating
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the squeezed light before entering the dark port of the interferometer. We also in-

vented an optomechanical approach for realising a white light cavity design for laser

interferometer gravitational wave detectors, which can surpass the Mizuno theorem.

We concluded that the main challenge for realising these designs is the serious effect

of thermal noise.

To dilute the effect of thermal noise, we discovered a novel optical dilution scheme

based on dissipative optomechanics in Chapter 5. This scheme in principle does

not have additional quantum noise and optomechanical instabilities caused by the

coupling between the mechanical motion and the dilution laser beam. However, the

effect of trapping beam power absorption on the thermal noise has not been entirely

understood. Especially, the temperature gradient developed across the oscillator can

induce a non-equilibrium thermal noise, which also exists in cryogenic large-scale

gravitational wave detectors such as KAGRA. Future work on understanding the

physics of this non-equilibrium noise and calculating its spectrum is important not

only for the optical dilution experiment, but also for evaluating the sensitivity of

cryogenic gravitational wave detectors.

Additionally, the optical dilution scheme that was proposed in Chapter 5 can

also be used to experimentally observe the quantum jump of mechanical membrane

among different energy levels. S. Danilishin and I developed a program to simulate

this experiment aiming for searching of optimal experimental parameters. Currently

this simulation is constrained by its long running time, but in the future, a more

optimised code can be developed for studying the quantum jump phenomenon.

The similarity between linear optoatomic systems and optomechanical systems

allows us to develop a systematic formalism to study the previous proposals of white

light cavity design based on the stable double-pumped atomic gain media in Chapter

7. We found that the sensitivity of these proposals are still limited by the Mizuno

limit due to the stability requirement and effect of additional quantum noise brought

by atomic media. In the future, it will be interesting to investigate if we can use

atomic system to design a unstable white light cavity interferometer with feedback

control similar to the one shown in Chapter 6.

More importantly, the study of these topics on the use of optomechanical/opto-
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atomic devices for surpassing quantum limits inspires a number of questions: what

is the ultimate quantum noise limited sensitivity of a gravitational wave detector, or

more generally any linear measurement devices? If this ultimate limit exists, what

parameters will it depend on? What are the requirements to reach this ultimate

sensitivity? In Chapter 8 we reported that the ultimate quantum limit of general

optomechanical devices with parametric amplifier depends on the amplitude quadra-

ture fluctuation of cavity fields. However this discovery is not general enough and

the time-domain formalism is insufficient to provide us an efficient way of computing.

In the future, more work need to be done in analysing the ultimate quantum lim-

ited sensitivity. Answering these questions will not only help us to understand more

deeply about the working mechanism of gravitational wave detectors, thus improve

their future designs.
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