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Abstract. We study the consistency property in reservoir computers
with noise. Consistency quantifies the functional dependence of a driven
dynamical system on its input via replica tests. We characterise the high-
dimensional profile of consistency in typical reservoirs subject to intrinsic
and measurement noise. An integral of the consistency is introduced
to measure capacity and act as an effective size of the reservoir. We
observe a scaling law in the dependency of the consistency capacity on
the noise amplitude and reservoir size, and demonstrate how this measure
of capacity explains performance.
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1 Introduction

The interplay of signal and noise is a well-known concept in engineering, but
is much less understood in nonlinear dynamical systems. Every physical system
is naturally subject to some form of noise which may be relevant depending
on the context. Recently, there has been growing interest in using physical ver-
sions of machine learning techniques, due to their potential for increased speed
and efficiency. Thus the role of noise in the non-digital physical substrates is
an important subject of investigation [18]. In particular, reservoir computing
(RC) is a technique that employs a wide range of physical systems for compu-
tation [20] and therefore motivates the study of noise effects. In this paper we
will apply the concept of consistency, a measure of functional dependence in
drive-response systems, to RC. The basic idea of consistency is to drive a non-
linear dynamical system repeatedly with the same signal, and then compare the
responses by means of cross-correlation [21]. Hence, the problem of modelling
a sophisticated functional relationship is elegantly bypassed [17, 19]. The rele-
vance of consistency for RC has recently been highlighted [2, 13]. We will employ
here a high-dimensional extension of the consistency measure to characterise the
robustness and the signal processing capacity in reservoirs [12].
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Throughout this work we will consider echo state networks (ESNs), a reser-
voir computing form of recurrent neural networks (RNN) [6, 11]. An ESN is a
dynamical system represented as a network. It is typically characterized by un-
trained and randomly generated weights in both the input and the reservoir.
For a network of N nodes with a single input and output, we denote the weight
matrices by V ∈ RN , and W ∈ RN×N , respectively. The state vector x(t) ∈ RN

of the network is updated according to

x(t+ 1) = tanh(W · x(t) + V · u(t) + β) , (1)

where u(t) is a scalar input sequence with t ∈ Z being discrete time, β ∈ RN

is a vector of biases, and tanh(·) is a commonly used activation function that
is applied elementwise. Only the weights R ∈ RN of the linear readout y(t) =∑

iRixi(t) are trained. Typically ridge regression is used to reproduce a target

signal z(t), leading to R = argminR′
∑

t (
∑

iR
′
ixi(t)− z(t))

2
+ λ‖R′‖22 with λ

the ridge parameter.
We apply the consistency measure to quantify the response of ESNs with var-

ious network structures. These structures are encoded in the connectivity matrix
W which is usually set to be sparse and random in the typical ESN practise.
Here, we will consider a ring (or lattice) structure, sparse random networks, and
fully connected networks as reservoirs. In Section 2 we describe how to calculate
a consistency profile of the high-dimensional reservoir trajectory. In Section 3
we add intrinsic and measurement noise to the ESNs and investigate the cor-
responding consistency profiles. In Section 4 we use the consistency profiles to
obtain a measure of the network’s computational capacity and effective size.
We will investigate how this measure depends on the reservoir size and noise
amplitude, and relate this to the performance of the reservoir.

2 Consistency profiles

Consistency is a measure of functional dependence in the response of a system
to a drive signal [21]. It is determined by driving a system repeatedly with a
signal, or driving multiple replicas with an identical driving signal, each starting
from different initial conditions. The agreement of the replicas is then measured
with a pairwise cross-correlation, the consistency correlation [14]. Assuming er-
godicity and long enough time series, and denoting the two scalar recordings of
the replicas as x(t) and x′(t), the consistency correlation reads γ2 = 〈x(t)x′(t)〉t,
where the bar denotes normalisation to zero mean and unit variance, and 〈·〉t is
a time average. A key result of consistency theory is that γ poses a fundamental
limit on the correlation between the output of the system and any function of
the input [9]. The implication of this result in the context of RC is that the
performance measured in terms of cross-correlation between readout and target
is limited by the consistency level [12]. However, while the readout of a reser-
voir computer may be scalar, the performance with respect to a general task is
determined by its multivariate response time series. The functional dependence
of which is characterised by a high-dimensional generalisation of the consistency
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correlation, which we call the consistency profile or the consistency spectrum.
It is obtained by a method similar to principal component analysis (PCA) to
determine an orthogonal set of characteristic directions with corresponding con-
sistency correlations γ2k , where k = 1...N and N is the dimension of the reservoir.
We will briefly recall the theoretical framework of the consistency profile; for a
more detailed discussion see Ref. [12].

The initial point of analysis is the stationary N -dimensional response trajec-
tory of the reservoir, {xi(t)}i=1...N . We calculate the covariance matrix [Cxx]ij =
〈xi(t)xj(t)〉t after normalizing to zero mean. Since Cxx is positive semi-definite,
the eigendecomposition is given by Cxx = QΣ2Q>. The columns of the orthog-
onal matrix Q are the directions of the principal components, and the diagonal
entries of Σ2 are their magnitudes, which are the variances in these directions.
The transformation T◦ = QΣ−1Q> yields coordinates in which the reservoir
response is isotropic, see Fig. 1. To ensure numerical stability of this transfor-
mation in the presence of rank deficiencies, we add a small regularization term
10−9 × 1 to Cxx , with 1 denoting the N ×N identity matrix.
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Fig. 1. An illustration of the PCA description of the consistent components (red) and
full response (black). The directions of maximum and minimum consistency are shown
in blue. Panel (a) shows the analysis in the original coordinates and panel (b) shows
it in the normalized coordinates after the transform T◦.

The concept of consistency is similar to the signal-to-noise ratio in signal
processing, except that consistency is tailored to the response of nonlinear dy-
namical systems. The core idea is to decompose a signal from a driven dynamical
system into a consistent component and an inconsistent component which are
linearly independent, x(t) = s(t) + n(t). The term s(t) represents a function of
the input signal, and n(t) is noise that does not depend on the input. Given all
quantities have zero mean, the consistency correlation is the ratio of variances
γ2 = 〈s2(t)〉t/〈x2(t)〉t. Extending this result to the high-dimensional reservoir
trajectory in the normalized coordinates x◦(t) = T◦x(t), the covariance matrix
of the consistent component is – under ergodicity and in the limit of long time
series – equal to the cross-covariance matrix of two replica [12],

[Cc]ij = 〈s◦,i(t)s◦,j(t)〉 = 〈x◦,i(t)x′◦,j(t)〉 . (2)
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The consistent (signal) components s◦(t) form an ellipsoid within the isotropic
full response x◦(t). By performing the decomposition Cc = QcG

2Q>c we obtain
the principal components as the orthogonal set of consistency directions. The
consistency profile is given by the diagonal elements γ2k of the matrix G2, where
the index k enumerates the consistency components.

3 Noise in ESN

We will use the consistency profiles to measure how different network structures
deal with noise. This will be done for three different network structures (Fig. 2),
subject to either intrinsic i.i.d. noise according to Eq. (3), or observational i.i.d.
noise as in Eq. (4) (with x(t) from Eq. (1)). Each component of the noise is
denoted as νi(t) ∼ N (0, 1), and Ω > 0 is the noise strength (‘amplitude’). The
driving signal u(t) is set to be scalar Gaussian white noise. Other choices of
stationary input signals are possible, like for example in Sec. 4.2, and will result
in different consistency profiles. The noisy trajectories for each case are

x̃int(t+ 1) = tanh(W · x̃int(t) + V · u(t) + β +Ων(t)) , (3)

x̃obs(t) = x(t) +Ων(t) . (4)

Fig. 2. Network types studied here. (a) ring topology, (b) sparse random connectivity
and (c) fully connected.

The network types that we use as reservoirs are the unidirectional ring
(Fig. 2(a)), sparsely connected random networks (Fig. 2(b)), and fully connected
networks (Fig. 2(c)). For the sparse random networks, each potential directed
link between pairs of nodes is drawn randomly with a probability of connection
given by p = 10/N , which ensures that the average degree is 10 regardless of
network size. Aside from the adjacency structure, all networks are generated
with random internal weights drawn from a Gaussian distribution then scaled to
achieve a spectral radius of one. The input connections are chosen uniformly from
the interval [−1, 1]. All of these structures, including the simpler ring topology,
are capable of performing nontrivial tasks [1, 4, 16].

Consistency profiles for these networks are shown in Fig. 3 for a selected
network size of N = 200. There are no qualitative differences for other reservoir
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sizes over several orders of magnitude (N < 2000). For both forms of noise there
is a wide range of consistency levels in the corresponding principal components.
Some components are extremely sensitive to noise, while others maintain almost
complete consistency for the displayed noise levels. These consistent components
(directions in state space) explain how a reservoir computer can be robust to
noise. We also note that there is a significant difference between the profiles of the
ring topology and the more highly connected networks, with the ring topology
being more robust to noise. We speculate that the remarkable agreement between
the profiles of the sparsely connected and the fully connected networks might be
related to the average shortest path length.

Fig. 3. The consistency profiles of ESNs with different structures when subject to
observational and intrinsic noise. Panels (a-b) show the profiles of a ring network, (c-
d) show a sparsely connected network and (e-f) show a fully connected network. The
profiles for different noise levels are shown, with Ω = 0.01 shown in red, Ω = 0.05 in
green and Ω = 0.1 in blue. All networks have N = 200.

4 Capacity

One way to assess the quality of an information processing system is to deter-
mine its capacity to compute a range of nonlinear functions. The more capacity
a system has, the broader the range of functions it has access to in order to
synthesise some target function, and thus the more accurate it may be. There is
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no unified measure of the capacity of an information processing system, though
several have been proposed [3, 5, 7]. Here we will derive a capacity measure from
the consistency profile, which is particularly useful in the presence of noise or
chaos in the reservoir.

Given the typically linear readout, a naive measure of capacity of a fully
consistent reservoir is given by the number of linearly independent functions in
its response trajectory. This number is the rank of the covariance matrix of the
multivariate time series and is limited by the number of nodes N . However, this
simple capacity measure does not take into account the quality of the set of
functions, nor does it apply in the presence of noise.

In the context of consistency, we will not investigate the suitability of the
reservoir functions for a particular task, but instead measure how each function
is attenuated by noise, and how this affects the performance in general. In the
following, all quantities will be normalised to zero mean, and — unless stated
otherwise — also to unit variance, to allow for compatibility with standard
measures of correlation and covariance. A bias neuron will consequently not be
introduced in addition to the reservoir activations. Moreover, all time series are
considered to be stationary and sufficiently long to approximate limit values, and
to leave aside discussion on statistical aspects including training, validation, and
testing methodology. Let z(t) be an arbitrary scalar target signal with 〈z〉 = 0
and 〈z2〉 = 1, and u(t) the corresponding scalar input signal, with 〈u〉 = 0
and 〈u2〉 = 1, and 〈·〉 being a time average. We further assume that the target
depends on the input via a functional dependence z(t) = F [u](t), meaning that
the present value of z(t) can be completely determined by using the values of
u(t′) for t′ ≤ t, eventually up to some maximum lag t− tm < t′. Let the reservoir
response to the input u(t), including any form of noise, be {x̃i(t)}i=1...N with
〈x̃i〉 = 0. Applying the normalisation T◦ = QΣ−1Q> from the PCA of x̃(t)
yields the isotropic response x◦(t) = T◦x̃(t). In these coordinates we calculate
the cross-covariance matrix Cc to determine the consistent components. From the
eigendecomposition Cc = QcG

2Q>c , we use the orthogonal transformation ξ(t) =
Q>c x◦(t) to align the main axes of the consistent ellipsoid with our coordinate
system. Let the consistent components be γksk(t) with 〈sk〉 = 0 and 〈s2k〉 = 1,
where the consistency correlations γ2k are the diagonal elements of G2 because of
the previous normalisation procedure. Using the least-mean-squares expression
for the readout vector R in the ξ-coordinates, we find that Rk = γk〈skz〉, because
any correlation from the target can only stem from the consistent components.
Denoting the correlations in Rk as ak = 〈skz〉, we can write the output of the
reservoir as

y(t) =
∑
k

γkakξk(t) . (5)

The output has zero mean by construction, and the variance can be determined
as 〈y2〉 =

∑
k γ

2
ka

2
k , using 〈ξkξl〉 = δkl . From this, we can calculate the mean-

square error (MSE) (which here is equal to the normalised MSE), and the cross-
correlation Cyz with the target, as MSE = 1 −

∑
k γ

2
ka

2
k and C2

yz =
∑

k γ
2
ka

2
k ,

respectively. The recurring expression here is the sum of consistency correlations
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Fig. 4. Capacity for networks of different sizes noise amplitudes (b). Panels (a-b) are
for observational noise and (c-d) are for intrinsic noise. For panels (a) and (c) the noise
amplitude is fixed at Ω = 0.5 and for panel (b) and (d) the network size is N = 500.
The results are averaged across 10 different realisations of the network structures.
Dependencies in (c) and (d) are truncated to display only the reliable range with
respect to systematic errors from finite-size estimates.

γ2k and squared target correlations a2k . Considering these in general to be inde-
pendent, because the former is a measure of the reservoir response only whereas
the latter depends on the task, we define the consistency capacity as

Θ =

N∑
k=1

γ2k = Tr(Cc) . (6)

The latter identity comes from the fact that the orthogonal transformation Qc

does not change the trace. By construction, the capacity is 0 ≤ Θ ≤ N . As the
size of a network with full rank gives the number of functions it produces, this
measure of capacity can be thought of as the effective network size for reservoirs
with noise, or chaos acting as noise.

4.1 Capacity and noise

We calculate numerically the capacity of ESNs with the different structures de-
scribed above for a range of N and Ω, and for both intrinsic and observational
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noise. Figures 4(a)-(c) show the dependence of the capacity Θ on the reservoir
size N for the three network types and fixed noise strength. The capacity in-
creases monotonically with reservoir size, and a power law is indicated for all
networks. The power-law exponent of the ring network appears to be slightly
larger than that of the other two types, which behave remarkably similarly. All
exponents are less than one, in agreement with the upper bound Θ ≤ N , while
the majority are close to Θ ∝

√
N . In Figures 4(b)-(d), we show for a fixed size

N the dependence of Θ on the noise strength Ω. While for vanishing noise the
capacity is Θ = N , it decays monotonically with increasing noise. A power-law
scaling is indicated for moderate noise levels, most pronounced for the sparse
random and the fully connected reservoirs. For observational noise, we show how
this can be traced back to scaling behavior in the principal components of a noise
free reservoir.

In the case of uniformly additive measurement noise, the consistency spec-
trum and capacity can be determined analytically. Let the fully consistent time
series of a reservoir be xi(t), with 〈xi〉 = 0 for each i, and the noisy observations
x̃i(t) according to Eq. (4). If the eigenvalues (or singular values) of the covariance
matrix Cxx of the noise-free time series are known, here denoted as σ2

k , the noise
intensity is added to the variance of each of these signal components separately.
Thus the covariance matrix of the noisy time series reads Cx̃x̃ = Cxx + Ω21.
The consistency correlations follow then as the noise-free variance divided by
the total variance for each of the original principal components independently

γ2k =
σ2
k

σ2
k +Ω2

. (7)

It is worth mentioning that the noise amplitude can be related to the ridge
parameter λ if regularisation is applied. For time series of length L, the identity
λ = Ω2L holds. Thus if the coefficients ai for λ = 0 are known, the ridge trace
can be determined using the readout in Eq. (5) and the consistencies in Eq. (7).
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Fig. 5. Scaling of noise-free principal components of a sparse random network reservoir
with N = 300 nodes, and interaction with additive measurement noise of strength Ω.
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Figure 5 shows the principal components σ2
k for a noise-free reservoir of the

sparse random type. A large part of the spectrum appears to scale with the
power law σ2

k ∝ k−2. To our knowledge, this behavior has not previously been
documented. We do not aim at a theory of this scaling here, but consider it as a
phenomenological premise for the scope of our investigation. This implies a level
of caution in the analysis given the uncertainty about the validity and range of
the observed scaling behavior. In particular, the different reservoir types indicate
deviations from the scaling behavior, which thus may be a specific property of
a certain class of reservoirs. We also note that the detailed scaling depends on
the type of input signal. Assuming the indicated power law holds strictly, we
can apply Eq. (7). We set σk = bk−1, with b > 0 depending on N , and calculate
an infinite sum to account for the quickly decaying tail of the spectrum. We
obtain Θ = (bπ/2Ω) coth(bπ/Ω) − 1/2. This expression contains two regimes.
For Ω � b, Θ ∝ b/Ω, and for Ω � b, Θ ∝ b2/Ω2. The former reveals the power
law indicated in Fig. 4(b). An intuitive explanation of how it emerges from the
noise-free scaling σk ∝ k−1 is given as follows. By increasing the noise level
Ω the signal components σk are successively covered by noise, as illustrated in
Fig. 5. As long as the σ-spectrum is only partially covered, the spacing between
the components determines the rate by which a noise increment translates into
a change of capacity, such that the σk scaling determines the Θ(Ω) scaling. The
latter power law is not shown in the figures. It emerges when noise exceeds the
largest signal component, σ1 , so that the above mechanism of successive compo-
nent coverage ceases. Hence, in Eq. (7) all γ2k ≈ σ2

k/Ω
2, from which follows that

Θ ∝ Ω−2. Note that the analytical model does not account for the case of vanish-
ing noise Ω → 0, where the predicted capacity diverges instead of saturating to
the reservoir size, Θ→ N . This is due to the infinite sum approximation which
requires γk → 0 for large k and therefore is not valid as the reservoir becomes
fully consistent. The model can be refined by truncating the sum, however, this
does not lead to further insight.

Another observation from the noise-free principal components is a scaling
with the reservoir size by σ2

k ∝ N (not shown). This is explained by the in-
creased overall signal power due to the input weights vector V ∈ RN , under the
assumption that all nodes in the reservoir are highly correlated. In contrast, if
the input power was kept constant, e.g. by setting the number of non-zero input
weights to N0 independently of N , the principal components would remain ap-
proximately the same throughout the scaling regime. Introducing the N -scaling
in the analytical model by setting b2 ∝ N , we obtain Θ ∝

√
N in the moderate

noise regime. This agrees with the observations in Fig. 4(a).

In summary, the scaling law Θ ∝
√
N/Ω was derived using the observation

σ2
k ∝ N/k2 from sparse random networks and measurement noise. It holds for

this network type very well, especially for large reservoirs, but also for the fully
connected network. The behavior of the ring reservoir deviates slightly, although
the findings still agree well. Remarkably, the same behavior is indicated for
intrinsic noise, even though this noise type is qualitatively different from the
observational noise, for which the exact relationship Eq. (7) holds. We conclude
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that the generating mechanisms are robust and explain a generic behavior of the
consistency capacity of reservoirs with noise.

4.2 Capacity and performance

The size of a reservoir computer is known to be an important factor of its per-
formance, with common practise being to create a reservoir as large as com-
putationally feasible [10]. As the consistency capacity Θ gives a measure of the
effective size of a reservoir subject to noise, it is expected to have some predictive
power of the performance.

To confirm the relationship between performance and capacity, we apply our
reservoirs to a chaotic time series prediction task on which reservoir computers
are known to perform well [8, 15]. We will predict the Lorenz system and measure
the relationship between capacity and the (normalised) MSE. The input is chosen
to be the X-variable such that u(t) = X(t∆) and the target is the X-variable
τ time steps in the future, z(t) = X((t + τ)∆), where ∆ = 0.1 and τ = 11,
corresponding to approximately one Lyapunov time. We will perform this task
for reservoirs with sizes N ∈ [20, 300] and with both observational and intrinsic
noise with amplitudes Ω ∈ [0, 0.2].

Fig. 6. Performance on the Lorenz prediction task given by NMSE for reservoirs of
various sizes with various levels of noise added, leading to a range of capacities. The
red data points correspond to the reservoirs without added noise. Panel (a) shows the
results for a ring network, panel (b) shows the results for a sparsely connected net-
work. The results for the fully connected network are similar to the sparsely connected
network and not shown.

The results for ESNs with the ring topology and sparse random connectiv-
ity are shown in Figs. 6(a) and 6(b), respectively. Firstly, we notice that the
performance is monotonic with the capacity, with some variation due to the
different random realisations. Within that variation, all outcomes collapse to a
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single curve. This implies that the consistency capacity is a valid predictor of
performance. Second, there is a sharp drop in the NMSE as Θ increases from 0
to 50, after which the performance improves gradually. The implication is that a
small fraction of the degrees of freedom are responsible for a significant portion
of the reservoir’s computation. Finally, the performance of the reservoirs with
capacity reduced by noise is similar to the performance of a reservoir without
noise but with similar Θ (assuming full rank, Θ = N for Ω = 0, though large
ring networks may have a rank-deficient response). This means that the effect
of noise in a reservoir is equivalent to removing some of the degrees of freedom
and reducing the reservoir size.

5 Conclusion

We have demonstrated how consistency profiles describe reservoir computers
with different forms of noise. By doing so we have shown how reservoirs with
noise may still perform useful computation, and that the simple degree-one ring
network is more robust to noise than networks with higher degrees.

Beyond understanding robustness to noise, the consistency profiles can be
used for a measure of the capacity of the reservoir. This capacity measure applies
to reservoirs with and without noise, and can be thought of as the effective size
of the reservoir. We find that the capacity measure scales as Θ ∝

√
N/Ω and,

regardless of the level or type of noise, serves as a performance predictor.
In this work we have only considered a small subset of network structures and

Gaussian white noise. The consistency profile may provide interesting insights
into the effect of scale-free topologies, local structures, different ESN hyper-
parameters and different forms of noise. We have also focused on the restricted
training algorithm of reservoir computing. The consistency profile may give more
insights into the functions produced by RNN with trained internal weights.
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