
 

 

 

Hydrodynamic characteristics of a streamwise 
oscillating circular cylinder 

 

 

by 

 

Xiaoying Ju 

B.Eng., M.Eng. 

 

 

 

 

This thesis is presented for the degree of  

Doctor of Philosophy 

of 

The University of Western Australia 

 

School of Engineering 

2020  



 

  



 

THESIS DECLARATION 

I, Xiaoying Ju, certify that: 

 

This thesis has been substantially accomplished during enrolment in this degree. 

This thesis does not contain material which has been submitted for the award of any other 

degree or diploma in my name, in any university or other tertiary institution. 

In the future, no part of this thesis will be used in a submission in my name, for any other 

degree or diploma in any university or other tertiary institution without the prior approval of 

The University of Western Australia and where applicable, any partner institution responsible 

for the joint-award of this degree. 

This thesis does not contain any material previously published or written by another person, 

except where due reference has been made in the text and, where relevant, in the Authorship 

Declaration that follows.  

This thesis does not violate or infringe any copyright, trademark, patent, or other rights 

whatsoever of any person. 

This thesis contains published work and/or work prepared for publication, some of which 

has been co-authored.  

 

 

Signature:  

Date:  

  

xiaoy
打字机
09/06/2020



 

 



i 

ABSTRACT 

 

Flow around a circular cylinder has been a classical problem in fluid mechanics for over a 

century owing to its relevance to various industrial applications. The flow characteristics and 

flow-induced forces on the cylinder are significantly altered when the cylinder oscillates. Two-

dimensional (2-D) and three-dimensional (3-D) numerical simulations have been conducted in 

the present study to investigate the hydrodynamic characteristics of a forced streamwise 

oscillating circular cylinder. 

When the cylinder is subjected to forced oscillation, synchronisation occurs when the 

adjusted vortex shedding frequency locks onto a rational ratio of the driving frequency, creating 

a class of flow regimes, i.e. the �/� modes (� and � being integers), where � pairs of 

vortices shed in �  cycles of cylinder oscillation. Extended from the existing work on an 

isolated oscillating cylinder, the present study focuses on a near-wall cylinder undergoing 

forced streamwise oscillation in steady approaching flow. 2-D direct numerical simulations 

(DNS) are conducted at a relatively low Reynolds number (Re) of 175 over a large parameter 

space of oscillation amplitude (�), oscillation frequency (��) and gap distance between the 

cylinder and wall (�). The synchronisation modes over the parameter space are mapped out, 

where the flow characteristics are strongly influenced by �. Two new flow phenomena, (i) 

period doubling and (ii) transition to quasi-periodic (QP) within the primary 

synchronisation region, are observed, and the corresponding physical mechanisms are 

explained. The effect of the velocity gradient in the plane-wall boundary layer on the two new 

phenomena is quantified through additional numerical tests involving linear shear flows past 

an isolated cylinder. The period-doubling phenomenon occurs only when the velocity gradient 

exceeds a critical value. In addition to the 2-D DNS, selected 3-D simulations suggest that the 

synchronisation modes identified through 2-D simulations are not significantly affected by the 

three-dimensionality of the flow over the parameter space covered in the present study.  

Transition to QP through a cascade of period doublings is further investigated within the 

synchronised region (known as the Arnold tongue). Five orders of period doublings from mode 

1/2 to mode 16/32 are revealed by progressively increasing the frequency resolution in the 

simulation. The ratio of frequency intervals of two successive period-doubling modes 

asymptotes towards the first Feigenbaum constant, reaching a value of 4.52 at mode of 16/32. 
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Additional 3-D simulations demonstrate the existence of period doubling with a spanwise-

periodic flow structure.  

The far-wake characteristics of an isolated cylinder undergoing streamwise oscillation are 

investigated through 2-D DNS at ��  = 175. For synchronised cases with the mode 1/q, 

secondary vortices are not observed in the wake up to 200D downstream of the cylinder. In 

contrast, vortex merging is observed for selected synchronised cases with p > 1, where the 

dominating frequency changes from p/q to 1/q in the far wake. For the QP cases, the secondary 

vortices are formed from the merging of two, three or more primary vortices with increasing 

�/� . The frequencies in the frequency spectra change from sharp-peaked to broadband 

patterns, and the number of lower frequency components increases significantly. 

Pure oscillatory flow around a circular cylinder is investigated by using 2-D and 3-D large-

eddy simulations with �� up to 105 and �� = 4 and 10. A comparison of the present 2-D 

and 3-D results suggests that, although quantitative differences exist between the 2-D and 3-D 

results, the 2-D results can reveal the general features of the boundary layer transition from 

laminar to turbulence. The phenomenon of drag crisis, which has been previously reported for 

a circular cylinder in the unidirectional flow condition, is captured here for the oscillatory flow 

condition. It is also found that the boundary layer transition occurs at Re = 105 but not at Re = 

104 and below, which is evidenced by the observation of the laminar separation bubbles in the 

phase-averaged flow field. In addition, the Kelvin–Helmholtz vortices are observed on the 

cylinder surface. The number of the Kelvin–Helmholtz vortices formed in each oscillation 

period is quantified by the number of the high-frequency fluctuations in the pressure signal.  
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Chapter 1  

 

Introduction 

 

1.1. Background and motivations 

For over a century, flow around circular cylinders has formed the basis of a large body of 

fundamental research on interaction between flow and bluff bodies, owing to the relevance to 

a number of industrial applications, such as oil rig risers, chimneys, pipelines and cables. For 

the canonical case of steady incoming flow past a stationary and smooth circular cylinder, it 

has been well known that the flow is governed by the Reynolds number (�� = ���/�) only, 

where �� is defined based on the free-stream velocity ��, the cylinder diameter � and the 

kinematic viscosity of the fluid �. Comprehensive reviews on flow past a circular cylinder can 

be found in e.g. Bearman (1984), Williamson (1996a, 1996b), Sumer and Fredsøe (1997), 

Posdziech and Grundmann (2001) and Williamson and Govardhan (2004), etc. It has been 

shown (e.g. Williamson, 1996a, Jiang et al. 2016) that with increasing Re the flow structure in 

the cylinder wake undergoes a transition sequence of laminar steady, laminar vortex street, 

two-dimensional (2-D) to three-dimensional (3-D) transition, wake transition to turbulence, 

shear-layer transition to turbulence, asymmetric reattachment (critical regime), symmetric 

reattachment (supercritical regime), and boundary-layer transition to turbulence. 

Flow characteristics in the wake of a stationary circular cylinder have been investigated 

extensively. In the present study, the main focus is the hydrodynamic characteristics of a 

streamwise oscillating circular cylinder. 

1.1.1. Oscillating cylinder in steady approaching flow 

The wake characteristics and flow-induced forces on the cylinder may be significantly 

altered when the cylinder is subjected to oscillation, depending on the amplitude (A) and 
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frequency (��) of the cylinder oscillation. The non-dimensional parameters ��/��� and �/� 

are commonly used as characteristic parameters in the literature, where ���  is the vortex-

shedding frequency (or Strouhal frequency) of a stationary cylinder. 

Steady approaching flow around a cylinder undergoing sinusoidal oscillations transverse 

to the free-stream has been well studied (e.g., Williamson & Roshko 1988; Williamson & 

Govardhan 2004; Sarpkaya 2004). Different flow regimes, such as the 2S regime (two single 

vortices of opposite signs are formed per oscillation cycle), 2P regime (two pairs of vortices 

are formed per cycle), and P+S regime (one pair and one single vortex are formed per cycle) 

are identified in the (��/���, �/�) parameter space (Williamson & Roshko 1988). At certain 

combinations of ��/��� and �/� of harmonically perturbed oscillations, vortices shed from 

the cylinder synchronise with the cylinder oscillations. Different synchronisation modes, which 

are referred to as the �/� modes (� and � are integers), may occur. The flow in a �/� 

mode is characterised by �  pairs of vortices shed over �  periods of cylinder oscillation 

(Olinger & Sreenivasan 1988, Woo 1999).  

Similar to a transverse oscillating cylinder, synchronisation occurs for a streamwise 

oscillating cylinder when the vortex-shedding frequency (��) locks onto a rational ratio of ��, 

creating a class of flow regimes (e.g., Ongoren & Rockwell 1988a & 1988b; Xu et al. 2006; 

Al-Mdallal et al. 2007; Leontini et al. 2011 & 2013 and Tang et al. 2017). Tang et al. (2017) 

reported that all the fraction ratios in the Farey sequence in number theory (Farey 1816) were 

identified as possible mode ratios.  

From the literature review, the near-wake (within approximately 50D) flow characteristics 

of an oscillating cylinder have been investigated comprehensively. However, it is expected that 

significant impacts may exist when a wall is employed near the oscillating cylinder and also in 

the far wake of the cylinder, which motivates the present study. 

1.1.1.1. Near-wall oscillating cylinder in steady approaching flow 

A cylinder that undergoes steamwise cyclic oscillations in steady streams near a plane wall 

can be found in many practical applications, such as vessel-induced motions of steel catenary 

risers (SCR) near touch-down points on the seabed in offshore engineering (Bridge et al. 2004, 

Randolph et al. 2011).  
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Steady approaching flow past a near-wall stationary cylinder has been investigated 

extensively (e.g. Bearman & Zdravkovich 1978; Lei et al. 1999, 2000; Wang & Tan 2008). 

The flow around a stationary near-wall cylinder in steady streams is mainly governed by �/�, 

�/� and ��, where � is the gap distance between the cylinder and the wall, and � is the 

boundary-layer thickness above the wall. Regular vortex shedding from the cylinder is 

suppressed when �/� is smaller than a critical value of approximately 0.3 for Re in the sub-

critical regime ranging from 1.2×103 to 2.5×104 (e.g. Bearman and Zdravkovich, 1978; Grass 

et al., 1984; Lei et al., 1999; Price et al., 2002; Wang and Tan, 2008). The mechanism for 

vortex-shedding suppression was attributed to the interaction of the boundary layer formed on 

the plane wall and the shear layer developed on the gap-side surface of the cylinder (Lei et al. 

1999, 2000).  

Flow past a circular cylinder above a wall that moves at the same velocity as the 

approaching steady flow has also been well studied (e.g. Stewart et al. 2010, Rao et al. 2011, 

Jiang et al. 2017). It was found that the wake transition to 3-D could occur at a Re that is smaller 

than its counterpart for an isolated cylinder.  

However, the understanding of the wake of a streamwise oscillating cylinder in steady 

approaching flow close to a plane wall is rather limited. Therefore, the first aim of this study 

is to investigate the flow characteristics around a near-wall oscillating cylinder in steady 

approaching flow. The parameter space covered in the present study is similar to that covered 

by Tang et al. (2017) for an isolated cylinder. It is anticipated that the asymmetry of flow 

around the cylinder and the shear layers developed on the plane boundary will have a profound 

influence on the synchronisation modes reported by e.g. Tang et al. (2017). 

1.1.1.2. Secondary wake of an isolated oscillating cylinder in steady 

approaching flow 

It is well known that the primary vortex street in the near wake of the cylinder would 

transition into a two-layered vortex street in the intermediate wake, followed by a transition to 

a secondary vortex street in the far wake (e.g. Kumar and Mittal 2012; Thompson et al. 2014; 

Jiang and Cheng 2019). The secondary vortices have a larger spatial scale and a lower 

frequency than the primary vortices (Taneda 1959). 
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The transition to the secondary vortex street is very sensitive to the disturbance in the free 

stream and boundary conditions (e.g. Desruelle 1983, Williamson and Prasad 1993). It was 

found that the formation of the secondary vortex street is strongly related to the disturbance 

level in the physical experiments. The secondary wake frequency shows strong discrepancy 

among the reported experiments. The difference in the experimental setup is suspected as the 

main reason for the discrepancy. In numerical simulations, the disturbance level can be reduced 

significantly compared with physical experiments in wind tunnels or water flumes. Therefore, 

the formation of the secondary vortex street may be significantly delayed (e.g. Kumar and 

Mittal 2012; Thompson et al. 2014). 

On the other hand, the secondary vortex street can also be triggered by prescribing a forced 

oscillation to the cylinder. For example, while the secondary vortex street was not observed in 

the wake of a stationary cylinder at �� = 150, it was triggered by Kumar and Mittal (2012) by 

applying a streamwise oscillation with �/�  = 0.0001 and ��/��� = 0.66. This finding 

demonstrates that the streamwise oscillation is a measure for triggering or controlling the 

secondary wake. In light of this finding, the second aim of this study is to investigate 

systematically the effect of oscillation parameters �/�  and ��/���  on the far-wake 

characteristics of a circular cylinder.  

1.1.2. Isolated cylinder oscillating in still fluid 

Comprehensive research on a circular cylinder in sinusoidal oscillatory flow or waves 

(which is equivalent to the case of an oscillating cylinder in still fluid) has been carried out 

during the past few decades, owing to the direct relevance to the interactions between waves 

and offshore structures. The two governing parameters for the flow are the Keulegan–Carpenter 

number (��) and the Reynolds number (��), which are defined as �� =
���

�
, �� =

���

�
, 

where ��  is the maximum oscillation velocity, and T is the period of the oscillation. 

Sometimes the Stokes number (� =
��

��
) is also used in discussion. For a sinusoidal oscillation, 

the orbital distance of the oscillation can be calculated as � = ���/2� and this leads to 

�� = 2��/�. The latter equation is the relationship between �� and the variable �/� used 

in previous sections.  

Rich phenomena have been observed for the oscillatory flow around a stationary circular 

cylinder. These include acoustic streaming (Lighthill 1989, Riley 1975, Schlichting 1932), 
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Honji instability (Honji 1981), dipole tubes, quasi-coherent structures, and transition to 

turbulence (Sarpkaya 1993 & 2002). It is believed that “every possible combination of KC and 

� is of great importance in both practical and fundamental study and touches certain unique 

aspects of time-dependent flows” (Sarpkaya 2006). 

For relatively small KC and �, eight regimes of flow have been identified experimentally 

by Tatsuno and Bearman (1990). The Honji instability was studied by An et al. (2011) and 

further investigations on the laminar regimes were reported by Xiong et al. (2018). 

For relatively large KC (6 – 150) and �� (104 – 7×105), Sarpkaya (1976) presented the 

results of an extensive experimental investigation on smooth and sand-roughened circular 

cylinders placed in oscillatory flow. He concluded that, the drag coefficient undergoes a ‘drag 

crisis’ (a sudden and sharp decrease in the drag) and then rises to a nearly constant value within 

the range of Re and KC tested, while the inertia coefficient also undergoes an ‘inertia crisis’ at 

Re values corresponding to the ‘drag crisis’ and then decreases asymptotically. The ‘drag crisis’ 

has been firstly discovered and extensively investigated for a circular cylinder in steady current, 

e.g. Roshko (1961), Achenbach & Heinecke (1981), Selvam (1997), Tamura et al. (1990), 

Singh & Mittal (2005). Below the critical Re for the drag crisis, the transition to turbulence 

occurs in the separated shear layer (Bloor 1964; Prasad and Williamson 1997). Approaching 

the critical Re, the transition to turbulence in the separating shear layer occurs very close to the 

point of flow separation (Bloor 1964). As a result, the shear layer eddies induce mixing of the 

flow in the boundary layer. This energises the boundary layer and leads to its reattachment. 

The delay in flow separation is associated with narrowing of the wake, increasing in the 

Reynolds shear stress near the shoulder of the cylinder and a significant reduction in the drag 

coefficient (e.g. Williamson 1996a).  

The existing literature demonstrates that the boundary-layer transition and the drag crisis 

occur for a circular cylinder in both steady current and oscillatory flow. However, for the case 

of oscillatory flow, there has been little information on how the boundary layer transition 

happens on the cylinder surface. Therefore, the third aim of this study is to examine the 

transition to turbulence on a circular cylinder in oscillatory flow by conducting 2-D and 3-D 

numerical simulations. The present study focuses on a circular cylinder in oscillatory flow with 

Re in the range of 102 to 105 and KC = 4 and 10.   



 

6 

1.2. Thesis outline 

This thesis comprises six chapters. The remainder of the thesis is organised in the 

following manner. 

Chapter 2 examines the existence of synchronisation modes for a near-wall oscillating 

cylinder in the streamwise direction. 

Chapter 3 investigates the transition to chaos through period doublings of a forced 

oscillating cylinder in steady approaching flow. 

Chapter 4 investigates the far-wake flow structures of a streamwise oscillating cylinder. 

Chapter 5 investigates the boundary-layer transition on the surface of a cylinder in 

oscillatory flow at low KC numbers and relatively high Re. 

Chapter 6 summarises the main outcomes of this study, along with some recommendations 

for future studies. 
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Chapter 2  

 

Modes of synchronisation around a near-wall oscillating 

cylinder in streamwise directions† 

 

Abstract: Two-dimensional direct numerical simulations of a cylinder undergoing forced 

streamwise oscillations in steady approaching flow are conducted over ranges of oscillation 

amplitude, oscillation frequency, and gap distance between the cylinder and the wall at a 

Reynolds number of 175. The flow characteristics are found to be strongly affected by the gap 

distance, compared to those observed around an isolated cylinder [Tang et al., J. Fluid Mech., 

vol. 832, 2017, pp. 146–169]. The synchronisation modes are mapped out in the parameter 

ranges. The existence of the plane wall leads to an increased chance of occurrence of high-

order modes with the denominator being an odd number. Two new flow phenomena, namely 

the period doubling and transition to quasi-periodic states through cascade of period doubling 

within the primary synchronisation region, are observed. The interaction of the plane-wall 

boundary layer with vortices shed from the cylinder and the asymmetry of the flow through the 

gap and around the top side of the cylinder are identified as the primary physical mechanisms 

responsible for the observed behaviours. The influence of velocity gradient in the plane-wall 

boundary layer on the two new phenomena is quantified through a numerical test involving 

linear shear flow around an isolated cylinder. The period-doubling phenomenon occurs only 

when the velocity gradient is larger than a critical value. The results obtained through three-

dimensional simulations suggest that the synchronisation modes identified through two-

dimensional simulations are not significantly affected by the three-dimensionality of the flow 

over the parameter ranges covered in the present study. 

                                                 

† This chapter is presented as a paper which has been published as “Ju, X., An, H., Cheng, L., and Tong. F., 

2020. Modes of synchronisation around a near-wall oscillating cylinder in streamwise directions. Journal of 

Fluid Mechanics 893, A8”. 
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2.1. Introduction 

A circular cylinder that undergoes forced in-line cyclic oscillations in steady approaching 

flow parallel to a stationary plane wall can be found in many practical applications, such as 

vessel-induced motions of steel catenary risers near touch-down points on the seabed in 

offshore engineering (Bridge et al. 2004, Randolph et al. 2011). The flow is mainly governed 

by the free-stream velocity (��), the cylinder diameter (D), oscillation amplitude (A) and 

oscillating frequency (��), the gap distance between the cylinder and the wall (G) and the 

boundary-layer thickness (�) on the plane wall. These parameters can be normalised based on 

characteristic length (D) and velocity (��) scales as the Reynolds number (�� =  ���/�), the 

gap ratio (�/� ), and the boundary-layer thickness  ratio (�/� ). In addition, the cylinder 

oscillation parameters ��/��� and �/� are commonly used as characteristic quantities in the 

literature, where ��� is the vortex-shedding frequency (or Strouhal frequency) of the otherwise 

stationary cylinder. The flow characteristics and flow-induced forces on the cylinder are 

significantly affected by those normalised parameters. 

Steady approaching flow around a cylinder near a stationary plane wall has been 

extensively investigated (e.g. Bearman & Zdravkovich 1978; Lei et al. 1999, 2000f). Regular 

vortex shedding from the cylinder is suppressed when �/� is smaller than a critical value 

(Bearman & Zdravkovich 1978), which is dependent on �/�, �/� and ��. The mechanism 

for vortex-shedding suppression was ascribed to the interaction of the boundary layer formed 

on the plane wall and the shear layer developed on the gap-side surface of the cylinder (Lei et 

al. 1999, 2000b). Wang and Tan (2008) experimentally investigated the wake flow of a near-

wall circular cylinder at �� = 12000, �/� = 0.4 and �/� = 0.1−1 by using particle image 

velocimetry. They observed a distinct asymmetric flow pattern about the cylinder centreline 

for �/�  = 0.3−0.6. A critical �/�  value was reported to be 0.3, beyond which vortex 

shedding takes place and the normalised vortex-shedding frequency (Strouhal number St = 

����/��) remains roughly a constant at 0.19 for �/� ranging from 0.3 to 1.  

Rao et al. (2013) numerically investigated the flow past a circular cylinder above a moving 

wall at the same velocity as the approaching steady flow for 25 ≤ �� ≤ 200 over a wide range 

of �/�. The critical �� for the onset of three-dimensional (3-D) flow was determined as a 

function of �/�. Jiang et al. (2017a) investigated a cylinder near a moving wall in a parameter 

space of 0.1 ≤ �/� ≤ 19.5 and �� ≤ 300 by using direct numerical simulations (DNS). The 



 

13 

flow transition to 3-D occurs at an Re value that is smaller than its counterpart for an isolated 

cylinder (Stewart et al. 2010, Rao et al. 2011). However, flow transition to 3-D for a cylinder 

near a stationary wall in steady approaching flow has rarely been studied.  

Flow around a cylinder undergoing sinusoidal oscillations in the transverse direction of 

the free stream has been well studied (e.g., Williamson & Govardhan 2004; Sarpkaya 2004). 

Different flow regimes, such as the 2S regime (two single vortices of opposite signs are formed 

per oscillation cycle), 2P regime (two pairs of vortices are formed per cycle), and P+S regime 

(one pair and one single vortex are formed per cycle) are identified in (��/���, �/�) space 

(Williamson & Roshko 1988). Different synchronisation modes, which are referred to as �/� 

modes (� and � are integers), were discovered. A �/� mode flow is characterised by � 

pairs of vortex shedding over � periods of cylinder oscillation (Olinger & Sreenivasan 1988, 

Woo 1999). The dominant synchronisation mode for a cylinder undergoing sinusoidal 

oscillations in the transverse direction of the steady approaching flow is 1/1. 

Similar to a transverse-oscillating cylinder, synchronisation for a streamwise-oscillating 

cylinder occurs when the adjusted frequency of vortex shedding (��) locks onto a rational ratio 

of ��, creating a class of flow regimes (e.g., Ongoren & Rockwell 1988a & 1988b; Xu et al. 

2006; Al-Mdallal et al. 2007; Leontini et al. 2011 & 2013 and Tang et al. 2017). Most of the 

existing studies in the literature have focused on the conditions where the forcing frequency is 

at or close to 2���. The forced cylinder oscillation of a frequency in this range leads to the 

synchronisation of the vortex shedding to the forced oscillation (Griffin & Ramberg 1976). 

Tang et al. (2017) suggested that the fraction ratios in the Farey sequence in number theory 

(Farey 1816) are all possible �/� mode ratios, and that synchronised modes with small values 

of p and q are more robust than those with large values of p and q. The primary synchronisation 

mode for a streamwise-oscillating cylinder is 1/2 (Tang et al. 2017). The �/� modes with q > 

2 are referred to as high-order synchronisation modes, following Pikovsky et al. (2001). For 

instance, the synchronisation region occupied by mode 1/4 in the (��/���, �/�) parameter 

space is much wider than that covered by mode 3/10. Interestingly, the synchronised flow also 

prefers an even-number denominator (�) to an odd value. For example, the region occupied by 

mode 1/4 is much wider than that covered by mode 1/3. This phenomenon was ascribed to the 

spatio-temporal symmetry of the wake of an inline-oscillating cylinder in free stream. Spatio-

temporal symmetry of a flow is defined as ��(�, �, �) = −��(�, −�, � + ��/2), where �� 

is the vorticity and �� is the period of vortex shedding. Breaking of spatio-temporal symmetry 
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can be induced by either an asymmetric flow geometry about y = 0 or flow instabilities for 

flows with a symmetric flow geometry about y = 0. Leontini et al. (2011, 2013) and Tang et al. 

(2017) provided detailed reviews of previous work on this topic and these aspects will not be 

repeated here. Instead, the flow features in different synchronisation modes are summarised in 

TABLE 2.1. 

A streamwise-oscillating cylinder close to a plane wall in steady approaching flow has not 

been investigated previously. The presence of a plane wall near the cylinder is expected to 

affect the flow synchronisation modes through the following mechanisms: (i) breaking of – 

symmetry due to the introduction of the plane wall; and (ii) interaction of wall shear layers 

with vortices shed from the cylinder. Some works on vortex-induced vibration (VIV) of a near-

wall circular cylinder in the transverse direction of the flow exist in the literature (e.g. Tham et 

al. 2015 and Li et al. 2016 & 2017). Although the findings from those studies are relevant, they 

differ from the present work in two aspects: (1) direction of cylinder oscillation and (2) forced 

vs induced oscillations. 

The primary aim of the present study is to investigate the influence of the wall on the 

synchronisation modes. A constant of Re = 175 is chosen in order to make quantitative 

comparisons with existing results on an isolated cylinder in the literature (Leontini et al. 2011; 

Leontini et al. 2013 and Tang et al. 2017). The numerical model employed in this study is 

briefly introduced and validated in section 2. The results and discussions are presented in 

sections 3 and 4. The 3-D effect on synchronisation modes is investigated in section 5 and 

conclusions are drawn in section 6.
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Reference �� (�/�, ��/���)  Synchronisation modes 

Ongoren and Rockwell 

(1988b) 
584 – 1300 (0.13, 0.5 – 4.0) Similar to mode 0/1, mode 1/1 and mode 1/2 

Xu et al. (2006) 100 – 600 (0.5, 0 – 3.1) Similar to mode 0/1, mode 1/1 and mode 1/2 

Al-Mdallal et al. (2007) 200 (0.1&0.3, 0.5 – 3.0) Mode 1/2, mode 1/3 and mode 0/1 

Leontini et al. (2011) 175 (0.24 – 0.65, 1) Mode (� − 1)/� 

Leontini et al. (2013) 175 (0 – 0.9, 0.8 – 2.0) Mode (� − 1)/� 

Tang et al. (2017) 175 (0 – 0.5, 1.0 – 4.0) Mode �/�, including all the above 

TABLE 2.1. Summary of the flow regimes observed around a streamwise oscillating cylinder. 
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2.2. Numerical model 

2.2.1. Numerical method 

In this paper, numerical simulations are conducted by discretising the Navier-Stokes 

equations using the spectral/hp element method embedded in the open-source code Nektar++ 

(Cantwell et al. 2015). The dimensionless form of the incompressible Navier-Stokes equations 

in the Cartesian coordinate system are expressed as follows: 

��

��
+ � ∙ ∇� = −∇� + �∇�� + �                   (2.1) 

∇ ∙ � = �                              (2.2) 

where � = (�, �, �) is the velocity vector, � is the time and � is the kinematic pressure.  

The Nektar++ code employs a high-order quadrilateral expansion method within each 

element through Gauss–Lobatto–Legendre quadrature points (��). A second-order implicit-

explicit time integration scheme is chosen from the embedded incompressible solver, alongside 

a velocity-correction splitting scheme and continuous Galerkin projection method. Herein, the 

harmonic cylinder oscillation is implemented through a moving frame fixed on the cylinder by 

introducing a forcing term, a, which is the additional acceleration as the result of the non-

inertial translation of the reference frame as detailed by Newman and Karniadakis (1997). By 

fixing the coordinate system on the cylinder in the simulation, geometric deformation in the 

mesh is avoided (Blackburn & Henderson 1999).  

A definition sketch of the two-dimensional (2-D) problem investigated in the present study 

is shown in FIGURE 2.1. The cylinder is forced to oscillate sinusoidally in the �-direction, with 

its displacement �(�) and velocity �̇(�) being described as follows: 

�(�) = ����(2����),  �̇(�) = 2���� cos(2����) = ��,      (2.3a, b) 

where up represents the velocity of the reference frame. 
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FIGURE 2.1. The entire domain with a macro mesh for �/� = 1.0. The insets are a definition 

sketch of a cylinder above a plane wall and a close-up view of the element grid near the cylinder. 

2.2.2. Boundary and initial conditions 

A rectangular computational domain is employed in the 2-D numerical simulations as 

shown in FIGURE 2.1. Along the left boundary, the Dirichlet boundary conditions of � =

� ����� and � = 0 are applied, where ������ is defined as 

������ = �� + �� = �� + 2���� cos(2����).               (2.4) 

Along the right boundary, the Neumann boundary condition (zero normal gradient) is 

employed for the velocity (i.e. 
��

��
= 0 ,  

��

��
= 0). The cylinder surface is specified as a no-

slip boundary with zero velocity (i.e. � = 0 , � = 0). A ‘symmetry-wall’ condition (i.e. 

��

��
= 0 , � = 0) is applied at the top boundary.  

The presence of a stationary (fixed) plane wall affects the flow around the cylinder through 

two mechanisms: (i) the boundary layer that is generated above the wall and (ii) the velocity 

redistribution due to the wall-cylinder geometry setting, which is referred to as the blockage 

effect. To differentiate the effects of these two mechanisms, additional simulations are 

conducted under ‘moving-wall’ and ‘symmetry-wall” conditions. Apart from � = 0  , the 

following boundary conditions are applied on the plane wall,  

������ = �� = 2���� cos(2����),                    (2.5) 

������� = � ����� = �� + 2���� cos(2����),               (2.6) 

�����

��
= 0,                              (2.7) 
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where ������, ������� and ���� are the velocities of the ‘fixed wall’, 'moving wall’ and 

‘symmetry wall’, respectively. A reference value of zero is assigned to the pressure at the outlet 

(right), and a high-order pressure boundary condition of pressure gradient is imposed on the 

cylinder surface and the far-field boundaries (Karniadakis et al. 1991). 

Initial conditions of � = 0, � = 0, and � = 0 are implemented in all simulations, unless 

otherwise specified. To eliminate the effect from these initial conditions, more than 600 non-

dimensional time units are simulated and the final 400 (approximately 70 – 300 oscillation 

cycles) are used to identify synchronisation modes and to estimate the forces on the cylinder. 

Each 2-D case requires 48 central processing units over 24 hours, and over 2000 cases in total 

are simulated. 

2.2.3. Mesh dependence check and model validation 

A dependence check of computational mesh and domain size is conducted at �/� = 0.5 

and �� = 175 for an oscillating cylinder under both ‘fixed-wall’ and ‘moving-wall’ conditions 

and the results are detailed in Appendix A. A rectangular computational domain of 128� ×

(28� + �) is selected based on the outcomes of the domain size check. A typical mesh with 

�/� = 1.0 is illustrated in FIGURE 2.1.  

The numerical model is validated by comparing the vortex-shedding frequency and force 

coefficients from a stationary near-wall cylinder. The vortex-shedding frequency of the near-

wall cylinder is defined as ���∗, to differentiate it from that of an isolated cylinder (���). The 

drag and lift coefficients are defined as follows: 

��  =  ��/(0.5����
�) ,                       (2.8) 

��  =  ��/(0.5����
�) ,                       (2.9) 

where ��  and ��  are the total forces on the cylinder in the streamwise and transverse 

directions, respectively, and ρ is the density of the fluid. The results of ���∗ and the mean drag 

coefficient (��,����) compare favourably with the results reported by Jiang et al. (2017a) under 

the ‘moving-wall’ conditions (see TABLE 2.2). Under the ‘fixed-wall’ conditions, the results 

reported by Lei et al. (2000b) for �� = 200 and �/� = 1.0 are used to validate the present 

model (see table 2). The ���∗ value from our work is 3% lower than the value from Lei et al. 

(2000b), possibly because of the different domain widths used in those studies: 12D in Lei et 



 

19 

al. (2000b) and 28D in our work. Generally, our results show good agreements with the 

available results in the literature.  

References �� Wall condition ���∗ ��,���� 

Jiang et al. (2017a) 175 Moving wall 0.205 1.507 

Present 175 Moving wall 0.205 1.491 

Lei et al. (2000b) 200 Fixed wall 0.197 - 

Present 200 Fixed wall 0.191 1.152 

TABLE 2.2. Comparison of the vortex-shedding frequency (���∗) and mean drag coefficient 

(��,����) for a stationary cylinder in steady approaching flow with different �� and wall 

conditions (�/� = 1.0). 

2.3. Stationary near-wall cylinder 

Steady approaching flow around a near-wall stationary cylinder is simulated as a reference 

for further analysis. FIGURE 2.2 shows the flow field at �� = 175 over different �/� values 

(0.5, 0.6, 1 and 2) under both ‘fixed-wall’ and ‘moving-wall’ conditions. Under ‘fixed-wall’ 

conditions (FIGURE 2.2(a) - (d)), the flow field dramatically changes as �/� increases, with 

three different flow regimes identified, as follows: 

(i) Regime 1 (�/� ≤ 0.57): vortex shedding is completely suppressed. The flow is 

characterised by stable shear layers that form on the top and bottom sides of the cylinder, 

as shown in FIGURE 2.2(a). 

(ii) Regime 2 (0.57 < �/� < 2): vortex shedding from the cylinder is strongly influenced 

by the plane wall. In this regime, as shown in FIGURE 2.2(b) and (c), the shear layers on 

both sides of the cylinder roll up to form large-scale vortices and are regularly shed 

from the cylinder. The vortex street behind the cylinder mostly consists of vortices of 

negative sense. Vortices of positive sense are primarily cancelled out by the shear layer 

formed above the plane wall in the gap region.  

(iii) Regime 3 (�/� ≥ 2): the flow asymptotes to that around an isolated cylinder with 

increasing �/�. As shown in FIGURE 2.2(d), the wall shear layer rolls up to interact 

with the wake of the cylinder at �/� = 5. Consequently, the wake of the cylinder tilts 
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away from the plane wall. Compared to FIGURE 2.2(c), vortices of positive sense are 

less affected by the shear layer on the plane wall.  

Correspondingly, the influence of the ‘moving-wall’ conditions on the flow is quantified 

in FIGURE 2.2(e) - (h). In contrast to FIGURE 2.2(a) - (d), the positive shear layer developed on 

the bottom side of the cylinder surface is hardly affected by the boundary layer on the ‘moving 

wall’ and interacts with the negative shear layer to form a well-defined Kármán vortex street 

at all gap ratios. Thus, the three flow regimes identified under the ‘fixed-wall’ conditions are 

not applicable to the ‘moving-wall’ conditions. Rao et al. (2013) demonstrated that vortex 

shedding occurs at �/� = 0.005 and �� = 200 under the ‘moving-wall’ conditions. 

The characteristics of the boundary layer at the location of the cylinder are examined by 

plotting �/�� against �/� (obtained from a separate simulation without the presence of the 

cylinder) in FIGURE 3. The boundary-layer thickness at the location of the cylinder is calculated 

based on the vertical distance across the boundary layer from the wall to the point where the 

flow velocity has essentially reached the maximum. With 28� from the inlet, �/� ≈ 2. The 

���∗/��� ratios under both ‘fixed-wall’ and ‘moving-wall’ conditions for �/� up to 10 are 

also examined in FIGURE 2.3. Under the ‘fixed-wall’ conditions, ���∗/��� closely follows the 

trend of �/��, suggesting that the variation in the intrinsic frequency ���∗ is mainly due to 

the difference in the local velocity near the cylinder. Under the ‘moving-wall’ conditions, 

���∗/��� increases with �/� much faster than that under the ‘fixed-wall’ conditions and then 

decreases asymptotically to the value for an isolated cylinder for �/� > 2. The above results 

agree with those reported by Jiang et al. (2017a) where a similar variation trend of ���∗/��� 

was attributed to the changes of local flow rate, induced by the blockage effect of the ‘moving 

wall’. 
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Fixed wall Moving wall 

  

  

  

  

FIGURE 2.2. Wake structure of a circular cylinder in steady approaching flow under ‘fixed-wall’ (left, a-d) and ‘moving-wall’ (right, e-h) conditions. 

The vorticity contours are given at levels between -1 (blue colours) and 1 (red colours), with a cut-off level between (-0.2, 0.2). This colour code 

for vorticity contours is used throughout the paper unless otherwise specified.
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FIGURE 2.3. Boundary-layer profiles at � = 0 (28� from the inlet) without a cylinder (solid 

line) and ���∗/���  of a circular cylinder in steady approaching flow under ‘fixed-wall’ 

conditions (circle), alongside that under ‘moving-wall’ conditions from Jiang et al. (2017a) 

(dashed line) and present study (diamond) over different gap-to-diameter ratios. 

 

FIGURE 2.4. Comparison of the average velocity profiles along � = 0 with a cylinder placed 

at (�, �) = (0, 0) under different conditions. 
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The velocity profiles with the presence of the cylinder at (�, �) = (0, 0) with different �/� 

and wall conditions are plotted in FIGURE 2.4, together with that of an isolated cylinder for 

comparison. Relative to the isolated cylinder, for example at �/� = 1.0, the ‘fixed wall’ 

causes a reduction of flow through the gap, whereas the ‘moving wall’ enhances not only the 

flow through the gap but also the velocity near the top side of the cylinder. As �/�  is 

increased, the flow velocity tends to increase on both sides of the cylinder. The higher local 

velocities near the cylinder are attributed to the slightly higher ���∗ values than those obtained 

under the ‘fixed-wall’ conditions at �/� = 1.0, as shown in FIGURE 2.3. 

2.4. Oscillating near-wall cylinders  

Simulations are conducted in the ranges of ��/��� ∈ [1, 4], with an increment of ��/��� 

≤ 0.02, and �/� ∈ [0.01, 0.4], with an increment of �/�  ≤ 0.1. We are aware of the 

possibility that 3-D instabilities may develop at �� = 175 for a near-wall cylinder. It has been 

demonstrated that 3-D instabilities develop at Re of approximately 150 - 160 for a stationary 

cylinder next to a moving wall (Jiang et al. 2017a and Rao et al. 2013 & 2015). To quantify 

the 3-D effect, additional 3-D simulations are conducted, and the results are reported in section 

2.5. 

2.4.1. Effect of the plane wall 

The procedure for classifying synchronisation modes and the naming of the 

synchronisation modes follow those employed by Tang et al. (2017), where the power spectra 

of the lift coefficient, a Lissajous phase diagram (cylinder displacement vs. lift coefficient) and 

the flow field were utilised and the modes were referred to as the �/� modes (such as in 

FIGURE 2.5). For clarity, only synchronisation modes with � ≤ 10 are differentiated in the 

present study, and high-order modes (� > 10) are generically defined as other modes (OMs). 

On the other hand, non-synchronisation modes or quasi-periodic (QP) modes are not discussed 

extensively, but for completeness, are included as ‘•’ in the regime maps (FIGURE 2.5). 
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2.4.1.2. Synchronisation modes 

The influence of the plane wall on the synchronisation mode is investigated initially by 

conducting simulations over two different �/� (0.5 and 1) and a range of ��/���∗ values at 

�/� = 0.1 under the ‘fixed-wall’ conditions. The cylinder is placed 28� from the inlet, which 

is identical to the stationary cylinder condition reported earlier on. The identified 

synchronisation modes with �/�  = 0.1 are mapped out in FIGURE 2.5 (c) and (e). The 

synchronisation modes at �/� = ∞, reproduced from Tang et al. (2017), are included in 

FIGURE 2.5 (a) for the purpose of comparison. 

To better illustrate the influence of the plane-wall boundary layer on the flow, additional 

simulations are carried out under the “moving-wall” conditions, where the plane wall is forced 

to move at the same velocity as the steady approaching flow. The synchronisation modes are 

shown in FIGURE 2.5 (b) and (d).  

The corresponding profiles of mean horizontal velocity (�����/��), sampled at x = 0 with 

the cylinder placed at (�, �) = (0, 0), are shown in FIGURE 2.4.   

The ���∗  values used for normalisation in FIGURE 2.5 are the frequencies of vortex 

shedding around a stationary cylinder at corresponding gap ratios and Re, which are ���∗ = 

0.192 at �/� = ∞ , 0.205 at �/� = 1.0 and 0.198 at �/� = 0.5 under the ‘moving-wall’ 

conditions and ���∗ = 0.184 at �/� = 1.0 under the ‘fixed-wall’ conditions. Since vortex 

shedding is completely suppressed at �/� = 0.5 under the ‘fixed-wall’ conditions, ���∗ = 

0.155, obtained from �/� = 0.6, is used to normalise �� at �/� = 0.5.  

Similar to the wake of an isolated oscillating cylinder, a variety of synchronisation modes 

are revealed as the wall is introduced. There are two major differences in the synchronisation 

modes. Firstly, the synchronisation modes with an odd number as the denominator (�) of the 

near-wall cylinder increase significantly, as quantified from the percentage of occurrence, 

which is determined by the range of synchronisation (��/���∗) over ��/���∗ ∈ [1, 4]. This 

observation is quite different from that of an isolated cylinder where the modes with even 

� values are the preferred modes. For example, the percentage of occurrence of the 1/2 mode 

decreases monotonically with the reduction of �/� from ∞ to 1.0 under the ‘fixed-wall’ 

conditions, and from 1.0 to 0.5 under the ‘moving-wall’ conditions, whereas the percentage of 

occurrence of the 1/3 and 2/5 modes increases noticeably with the reduction of �/� from ∞ 
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to 1 under the ‘fixed-wall’ conditions. The flow asymmetry around the cylinder, induced by 

the presence of the walls (stationary and moving), is identified as the physical mechanism for 

the phenomenon observed above. Consistently, modes with an odd-number denominator (�) 

are featured by inclined wakes relative to the flow direction. This reasoning agrees with the 

interpretation by Tang et al. (2017) that the synchronisation modes for an isolated cylinder 

prefer an even number to an odd number as the denominator (�), because modes with an even-

number denominator exhibits spatio-temporal symmetry similar to a Kármán vortex street. 

Secondly, synchronisation modes with reducible ratios of p/q (i.e., �  and �  have a 

common factor above 1, such as 2/4 modes) are observed at �/� = 1.0 under the ‘fixed-wall’ 

condition. Those modes with reducible ratios of p/q have not been reported in the isolated-

cylinder case (e.g. Leontini et al. 2011 & 2013, Tang et al. 2017). The 2/4 mode is primarily 

observed within the parameter space occupied by the primary synchronisation mode of 1/2. 

Further investigations on the reducible mode ratios are detailed in section 2.4.1.5.  

The synchronisation modes observed with �/� = 0.5 under the ‘fixed-wall’ condition 

are quite different from other cases, possibly because the suppression of vortex shedding from 

its stationary cylinder counterpart quenches the occurrence of the modes other than modes 0/1, 

1/1 and 1/2. 
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FIGURE 2.5. Locations of the synchronisation modes at �/�  = 0.1 for (a) �/� = ∞ (Tang et al. 2017); (b) �/� = 1.0, ‘moving-wall’ 

conditions; (c) �/� = 1.0, ‘fixed-wall’ conditions; (d) �/� = 0.5, ‘moving-wall’ conditions; and (e) �/� = 0.5, ‘fixed-wall’ conditions. ���∗ 

is the intrinsic vortex-shedding frequency under each condition. The synchronisation modes for � ≤ 10 are listed in the legend with increasing 

value of the mode ratio, while OM are represented by +. All cases deemed QP are shown as ‘•’ in the map. The number above modes 1/2, 2/5, and 

1/3 is the calculated occurrence percentage from the range of synchronisation (��/���∗) over ��/���∗ ∈ [1, 4].  
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 Isolated cylinder Moving wall (�/� = 1.0) Fixed wall (�/� = 1.0) 

(a) 
2/3 

   

(b) 
1/2 

   

(c) 
2/5 

   

(d) 
3/8 

   

(e) 
1/3 

   

(f) 
1/4 

   

FIGURE 2.6. Instantaneous vorticity flow field of selected synchronisation modes for an isolated cylinder (left column) and a near-wall cylinder 

under ‘moving-wall’ (middle column) and ‘fixed-wall’ conditions (right column) at �/�  = 1.0. Lissajous phase diagrams of the cylinder 

displacement vs. lift coefficient are shown next to each flow field. From top to bottom: (a) mode 2/3, (b) mode 1/2, (c) mode 2/5, (d) mode 3/8, (e) 

mode 1/3, and (f) mode 1/4. 
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2.4.1.3. Flow characteristics 

The instantaneous flow fields of selected synchronised cases are compared in FIGURE 2.6 

through vorticity contours for �/� = 2/3, 1/2, 2/5, 3/8 and 1/3 under three different conditions, 

i.e. �/� = ∞, �/� = 1.0 under ‘moving-wall’ conditions, and �/� = 1.0 under ‘fixed-

wall’ conditions. 

The wake structures for the near-wall cylinder under the ‘moving-wall’ conditions are 

similar to those for an isolated cylinder, especially for modes 1/2, 2/5, 3/8, and 1/4. A subtle 

difference between them is that the wakes for �/� = 1.0 under the ‘moving-wall’ conditions 

incline slightly upwards from the wall in the near wake and become approximately parallel to 

the wall in the far wake, whereas the wakes for the isolated cylinder remain parallel to the free 

stream and are distributed almost evenly on either side of � = 0. The wake inclinations under 

the ‘moving-wall’ conditions are attributable to the positive vertical velocity gradient induced 

by the strong gap flow, as shown in Figure 4. The average velocity directly under the gap is 

actually larger than the approaching velocity, so that the local flow tends to decelerate 

(��/�� < 0) as it leaves the gap in the downstream direction, producing an upward velocity 

component (��/�� > 0) in the near-wall region. The positive vertical velocity gradient will 

then convect the vortices in the wake upwards.  

The widths of the wake for modes with � > 1 appear to be larger than for the modes with 

� = 1 under both isolated and ‘moving-wall’ conditions. This observation can be explained by 

considering the interactions of vortices that are generated within � pair(s) of vortex shedding 

in � cycles of cylinder oscillation (those within the solid- and dashed-line boxes in FIGURE 

2.6). Only two vortices of opposite signs exist in each box for modes with � = 1, whereas 

multiple pairs of vortices are present and convected downstream as a group for the cases with 

� >1. According to classical vortex dynamics (Saffman 1992), two vortices of opposite signs 

translate as a unit and two vortices with the same sign rotate around each other. The rotation 

of vortices with the same sign in the groups of multiple vortex pairs is the direct cause of the 

wider width of the wake for modes with � > 1. 

On the other hand, the most noticeable difference between the wakes obtained under the 

‘moving-wall’ and ‘fixed-wall’ conditions is that the wakes of the cylinder under the ‘fixed-

wall’ conditions mainly consist of negatively signed vortices that are shed from the top surface 

of the cylinder, for the same reason as discussed with regard to the results shown in FIGURE 
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2.2. In addition, the vortices (with the same sign) in the wakes of modes with � > 1 tend to 

rotate around each other and merge as they are convected downstream, whereas the vortex 

streets (of opposite signs) in the wakes of modes with � = 1 are almost parallel with the wall 

without obvious relative rotation or merging of vortices. 

 

FIGURE 2.7. Comparison of the instantaneous vorticity flow fields under ‘moving-wall’ and 

‘symmetry-wall’ conditions at (�� /���, �/�, �/�) = (2, 0.1, 1), mode 1/2. 

Although the influence of the wall boundary layer on the flow is largely removed by 

replacing the stationary wall with a ‘moving wall’, weak vortices can still be observed on the 

wall near the cylinder due to the mismatch between the flow velocity in the gap and that of the 

‘moving wall’. To fully remove the weak vortices on the plane wall, additional simulations are 

conducted by replacing the ‘moving-wall’ conditions with ‘symmetry-wall’ conditions (
��

��
=

0, � = 0). The instantaneous vorticity flow fields at (�� /���, �/�, �/�) = (2, 0.1, 1) under 

the ‘moving-wall’ and ‘symmetry-wall’ conditions are compared in Figure 2.7. Overall, the 

wake structures behind the cylinder are very similar under those two boundary conditions, 

suggesting the negligible effect of the weak vortices on the flow fields behind the cylinder.  

2.4.1.4. Force characteristics  

The influence of the plane wall on the drag and lift coefficients (�� and ��) is investigated 

for the cases with �/� = 0.1, as an example. FIGURE 2.8 shows the variations of ��,���� 

with ��/���∗ at �/� = 0.1 for the isolated cylinder and near-wall cylinder (�/� = 1.0) under 

the ‘fixed-wall’ and ‘moving-wall’ conditions. Two main features are observed: (i) the 

��,����  values under the ‘moving-wall’ conditions and the ‘fixed-wall’ conditions are 

consistently larger and smaller, respectively, than those of an isolated cylinder over the range 

of ��/���∗ investigated here; and (ii) the ��,���� values for synchronised flows are generally 

larger than those of the desynchronised flows in the vicinity of the synchronised flows.  

Symmetry wall 

Moving wall 
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The feature (i) is primarily due to the change of the velocities of the approaching flow local 

to the cylinder, induced by the presence of two different types of the boundary conditions as 

shown in FIGURE 2.4. Because ��,���� is normalised by the free-stream velocity ��, any 

change in the velocities of the approaching flow local to the cylinder will be directly reflected 

by the change in ��,����  value. Although only minor differences in the average velocity 

profiles exist on the top side of the cylinder, a significant increase of flow velocity on the 

bottom side under the ‘moving-wall’ conditions leads to an increase of local approaching flow 

velocity near the cylinder and thus an increase of ��,����. Since the gap velocity shows a 

significant reduction under the ‘fixed-wall’ conditions, it leads to a reduction of ��,���� 

through the mechanism explained above. If the mean streamwise velocity over � = -1.5� – 

1.5� at � = 0 is quantified as a representative value for the approaching flow velocity local 

to the cylinder, �����/�� = 0.805, 0.647 and 0.759 are obtained under the ‘moving-wall’, 

‘fixed-wall’ and isolated-cylinder conditions, respectively. This result provides a quantitative 

support to the explanation offered above.  

The observed feature (ii) is interpreted by using mode 1/2 as an example, where the most 

pronounced increase in ��,���� is observed. This notable increase in ��,���� in the region 

of synchronisation is due to the coalescence of small vortices and, thus, a more organised wake 

flow, which causes an enhanced shear layer and a stronger entrainment wake (Wu et al. 1998; 

Tang et al. 2017). Slight increases in ��,���� can also be observed for other synchronisation 

modes, but they are not as strong as the increase in ��,���� for mode 1/2. 

 

FIGURE 2.8. Mean drag coefficient (��,����) with respect to ��/���∗ at a fixed �/� = 0.1 for 

an isolated cylinder (middle line) and near-wall cylinder with �/� = 1.0 under ‘moving-wall’ 

conditions (top line), and ‘fixed-wall’ conditions (bottom line). The same symbols as in FIGURE 

2.5 are also employed here to highlight the influence of synchronisation. 
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FIGURE 2.9 shows the variations of ��,���� and ��,���  with ��/���∗  under both 

‘moving-wall’ and ‘fixed-wall’ conditions at (�/�, �/�) = (0.1, 1.0). The large increase of 

��,���  in the synchronised modes is induced by the strengthened vortices in the wake at 

resonance. Each synchronisation mode contains an initial stage (in which ��,��� continuously 

rises), a peak, and a desynchronisation stage (where ��,���  significantly decreases). The 

width of the synchronisation range (��/���∗) is correlated with the magnitude of ��,��� under 

both ‘fixed-wall’ and ‘moving-wall’ conditions. The minimum value of ���,����� in mode 1/2 

corresponds to the maximum value of ��,���. This behaviour occurs because the strength of 

vortices that are shed from both sides of the cylinder significantly increases and becomes more 

uniform at synchronisations. Another interesting phenomenon is the dramatic changes in 

��,����  and ��,���  in FIGURE 2.9 (a) and (b) for mode 1/3 under the ‘moving-wall’ 

conditions, as detailed in the close-up views in FIGURE 2.10. According to the flow field shown 

in FIGURE 2.10, the wakes are tilting away from the plane wall for 2.824 < ��/���∗ ≤ 2.827 

but are more parallel to the plane wall for 2.828 < ��/���∗ ≤ 2.834. Similar features also exist 

for an isolated cylinder for mode 1/3 and other modes, with q being an odd number (Tang et 

al. 2017).  
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FIGURE 2.9. Variations in the mean and root-mean-square of ��  against ��/���∗  at (�/�, 

�/�) = (0.1, 1.0) under different wall conditions: (a) ��,����, ‘moving-wall’ conditions; (b) 

��,���, ‘moving-wall’ conditions; (c) ��,����, ‘fixed-wall’ conditions; and (d) ��,���, ‘fixed-

�� = 0 

��= 0 

��= 0 

��= 0 
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wall’ conditions. The dashed lines are from the stationary cylinder. The same symbols as in 

FIGURE 2.5 are employed. 

(a) 

 

(b) 

 
FIGURE 2.10. Instantaneous flow field for an oscillating cylinder near a ‘moving wall’ at 

(�� /���∗, �/�, �/�) = (2.827, 0.1, 1.0) and (�� /���∗, �/�, �/�) = (2.828, 0.1, 1.0), mode 

1/3. 

2.4.1.5. Reducible mode ratios  

The influence of the plane wall on the synchronisation mode with reducible ratios is 

investigated by conducting simulations over a range of �/� and ��/���∗ values at a fixed 

�/� = 0.2 under the ‘fixed-wall’ conditions. The identified synchronisation modes with �/� 

= 0.2 are mapped out in FIGURE 2.11. The corresponding profiles of mean horizontal velocity 

(�����/��), sampled at � = 0 with the cylinder placed at (�, �) = (0, 0), are shown in FIGURE 

2.4. The ���∗ values used for normalisation in FIGURE 2.11 are 0.192, 0.205, 0.197, 0.189, 

0.184 and 0.155 at �/� = ∞, 2.0, 1.5, 1.2, 1.0 and 0.5, respectively, under the ‘fixed-wall’ 

conditions.  

The synchronisation modes found at �/� = 2.0 are similar to those found in its isolated-

cylinder counterpart, suggesting that the influence of the plane wall is weak at �/� = 2.0. As 

�/� reduces, the synchronisation modes with an odd number as the denominator (�) increases 

in the occurrence percentage, which is consistent with the results obtained with �/� = 0.1. 

Most importantly, synchronisation modes with reducible ratios of p/q, such as 2/4, 4/8, and 4/6 

modes, are observed at 0.5 < �/� < 2. The modes with reducible ratios of p/q have not been 

reported for an isolated cylinder with similar parameter ranges (e.g. Leontini et al. 2011 & 

2013, Tang et al. 2017). Similar to �/� = 0.1, the 2/4 mode is primarily observed within the 

parameter space occupied by the primary synchronisation mode of 1/2. Interestingly, a 

transition from the primary synchronisation mode of 1/2 to QP is observed between ��/���∗ = 

1.292 and 1.459 at �/� = 1.0. The transition follows a sequence of 1/2 - 2/4 - QP - 3/5 - QP 
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- 4/8 - 2/4 - 1/2 modes. Only synchronisation modes of 0/1, 1/1 and 1/2 are observed with 

�/� = 0.5 because of the suppression of vortex shedding from its stationary counterpart.  

To further investigate the nature of the synchronisation modes with reducible �/� ratios 

and the transition from synchronisation modes to QP, the spectrum of ��, transient trace of 

��(�)   with cylinder displacement �(�) , and the Lissajous phase diagram of �(�)  and 

��(�) for the transition sequence of 1/2 - 2/4 - QP - 3/5 - QP - 4/8 - 2/4 - 1/2 modes at �/� = 

1.0 are examined in FIGURE 2.12 with ��/���∗ ranging from 1.292 to 1.469 and �/� = 0.2. 

The primary synchronisation mode of 1/2 is observed at (�/�, ��/���∗) = (0.2, 1.292), as shown 

in FIGURE 2.12 (a), where the dominant frequency of lift is 1/2 and all other frequencies are 

integer multiples of frequency 1/2 in the spectrum. The transient trace of ��(�) completes one 

cycle of oscillation in exactly two cycles of cylinder oscillation, leading to a closed loop of the 

Lissajous phase diagram. As ��/���∗ is increased to 1.302, as shown in FIGURE 2.12 (b), the 

synchronisation mode of 2/4 occurs, where ��(�) completes two cycles of oscillation in 

exactly four cycles of cylinder oscillation. Although the dominant frequency of ��(�) is still 

1/2, a lower-frequency component of 1/4 appears, and all other frequencies are integer 

multiples of frequency 1/4. The Lissajous phase diagram is characterised by two non-

overlapping closed loops. The above features of flow response suggest that mode 2/4 is a period 

doubling of mode 1/2. As ��/���∗ is further increased to 1.323, the flow response (through 

��(�)) becomes quasi-periodic (FIGURE 2.12 (c)), which is characterised by desynchronisation 

of ��(�) with �(�) and non-repeatable loops of the Lissajous phase diagram. Although the 

dominant frequency in the spectrum of ��(�) is still 1/2, it is modulated by multiple irregular 

frequency components. A synchronisation mode of 3/5 occurs surprisingly as ��/���∗  is 

increased to 1.365, where ��(�) completes three cycles of oscillation in exactly five cycles of 

cylinder oscillation (FIGURE 2.12 (d)). The flow response becomes quasi-periodic again as 

��/���∗ is increased to 1.386 (FIGURE 2.12 (e)). A synchronisation mode of 4/8 appears at 

(�/�, ��/���∗ ) = (0.2, 1.417), where ��(�) completes four cycles of oscillation in exactly 

eight cycles of cylinder oscillation (FIGURE 2.12 (f)). The mode of 4/8 is judged to be a period 

doubling of mode 2/4, based on the characteristics of the flow response. The synchronisation 

mode changes to 2/4 and finally 1/2 again as ��/���∗ is further increased from 1.417 to 1.469 

(FIGURE 2.12 (g) and (h)).  

Poincare maps of �� are used to show that the transition between synchronised and QP 

states. For a complete cycle of cylinder oscillation, the corresponding value of ��  was 
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recorded. Thus ��(�) is plotted against ��(� − 1) in Figure 2.13 and �� was recorded over 

240 cycles of cylinder oscillation. For a synchronised case, the map shows a fixed number (= 

q) of points. For example, at (�/�, ��/���∗) = (0.2, 1.292) (mode 1/2), two points are shown in 

the map, while at (�/�, ��/���∗) = (0.2, 1.302) (mode 2/4), four points are recorded. On the 

other hand, in the QP cases, e.g. (�/�, ��/���∗) = (0.2, 1.323) and (�/�, ��/���∗) = (0.2, 1.386) 

as shown in Figure 2.13, the points appear randomly distributed over a region and the number 

of points increases with the recorded time duration, which indicates QP behaviour. Together 

with the spectrum of �� and the Lissajous phase diagram, it is clear that the flow is undergoing 

a transition from synchronised to QP states.  

The response of instantaneous flow fields to the cylinder oscillation is consistent with the 

response observed through characteristics of ��(�) . As an example, FIGURE 2.14 shows 

snapshots of vorticity contours of a mode 2/4 case at (�/�, ��/���∗) = (0.2, 1.459) over four 

cycles of cylinder oscillation. The instantaneous flow fields at � = nT and � = nT+2T would 

have matched exactly if the synchronisation mode in this case were a 1/2 synchronisation. 

While the shear layers developed on the surface of the cylinder at � = nT and � = nT+2T are 

similar, the interaction patterns (2.5 < x/D < 7) of the vortices shed from the cylinder with the 

shear layer formed on the wall show an obvious difference at the corresponding instants. It 

takes two extra cycles of cylinder oscillation for the flow fields to match at � = nT and � = 

nT+4T. Overall, two pairs of vortices are shed from the cylinder in four cycles of cylinder 

oscillation, leading to a 2/4 synchronisation in this case. The interaction of the negative shear 

layer developed on the wall with the positive shear layer developed on the surface of cylinder 

is evident in FIGURE 2.14. 
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FIGURE 2.11. Locations of the synchronisation modes at �/� = 0.2 with varying ��/���∗ and �/� under ‘fixed-wall’ conditions (results at 

�/� = ∞ are from Tang et al. (2017) for purpose of comparison). Refer to FIGURE 2.5 for more captions.
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(a) 

   

(b) 

   

(c) 

   

(d) 

   

(e) 

   

(f) 

   

(g) 

   

(h) 

   
FIGURE 2.12. The spectrum of �� , transient trace of ��(�)  (red line) with cylinder 

displacement �(�) (black line), and Lissajous phase diagram of �(�) and ��(�) for a near-

wall cylinder with �/� = 1.0 under the ‘fixed-wall’ conditions: (a) mode 1/2, (�/�, ��/���∗) 

= (0.2, 1.292); (b) mode 2/4, (�/�, ��/���∗) = (0.2, 1.302); (c) QP, (�/�, ��/���∗) = (0.2, 1.323); 



 

38 

(d) mode 3/5, (�/�, ��/���∗) = (0.2, 1.365); (e) QP, (�/�, ��/���∗) = (0.2, 1.386); (f) mode 4/8, 

(�/�, ��/���∗ ) = (0.2, 1.417); (g) mode 2/4, (�/�, ��/���∗ ) = (0.2, 1.438); (h) mode 1/2, 

(�/�, ��/���∗) = (0.2, 1.469). 

    

    

Figure 2.13. Poincare maps for �� for a near-wall cylinder with �/� = 1.0 under the ‘fixed-

wall’ conditions: mode 1/2, (�/�, ��/���∗) = (0.2, 1.292); mode 2/4, (�/�, ��/���∗) = (0.2, 

1.302); QP, (�/�, ��/���∗ ) = (0.2, 1.323); mode 3/5, (�/�, ��/���∗ ) = (0.2, 1.365); QP, 

(�/�, ��/���∗) = (0.2, 1.386); mode 4/8, (�/�, ��/���∗) = (0.2, 1.417); mode 2/4, (�/�, ��/���∗) 

= (0.2, 1.438); mode 1/2, (�/�, ��/���∗) = (0.2, 1.469). 

    

    

 

   

FIGURE 2.14. Instantaneous flow field of a mode 2/4 at (�/�, ��/���∗) = (0.2, 1.459) under 

‘fixed-wall’ conditions over four cycles of cylinder oscillation. 

The introduction of a wall significantly alters the flow response around the cylinder. 

Possible influences of the wall on the flow response include (i) the asymmetry of the flow 

around the top and bottom sides of the cylinder (the mode competition) and (ii) the interaction 
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of the shear layer generated above the surface of the wall with the vortices shed from the 

cylinder. The blockage effect induced by the presence of the wall leads to the formation of 

asymmetric shear layers on the cylinder, which subsequently affects the vortex-shedding 

process from the cylinder. While the interaction of the shear layers formed on the wall with 

vortices shed from the cylinder is observed in FIGURE 2.14, the blockage effect of the wall is 

quantified in FIGURE 2.15 (a) by examining the variation of mean u velocity component with y 

sampled at x = 0 for the same case as shown in FIGURE 2.14. The mean u velocity component 

in the gap is noticeably smaller than that on the top side of the cylinder, leading to an 

asymmetrical approaching flow to the cylinder. We would like to emphasise that the shear layer 

formed on the wall would also contribute to the flow blockage effect quantified in FIGURE 2.15 

(a). The flow asymmetry and the shear layer formed on the wall, nevertheless, are identified as 

the main causes for the transition to QP through cascade of period doublings. 

(a)  (b)  

FIGURE 2.15. The �-velocity profiles along the vertical line passing through the cylinder centre 

(�/� = 0) at (�/�, ��/���∗) = (0.2, 1.459) under (a) ‘fixed-wall’ condition and (b) ‘symmetry-

wall’ condition. 

To separate the influence of the shear layers generated above the surface of the plane wall 

and the influence of flow blockage effect (to first-order approximation), additional simulations 

are carried out at A/D = 0.2 and 0.3, �/� = 1.0 by imposing a ‘symmetry-wall’ boundary 

condition on the plane wall and maintaining other conditions unchanged. The influence of the 

shear layers generated above the surface of the plane wall can be largely removed with the 

‘symmetry-wall’ condition on the plane wall. The synchronisation modes mapped out with the 

‘symmetry-wall’ condition at A/D = 0.2 and 0.3, shown in FIGURE 2.16, are clearly different 

from those obtained under the no-slip boundary condition shown in FIGURE 2.11. The major 
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differences include: (i) the transition to QP through period doubling of mode 1/2 disappears; 

(ii) the period doublings of synchronisation modes still exist both inside (mode 1/2) and outside 

the parameter space otherwise occupied by the primary synchronisation mode of 1/2; (iii) the 

odds of period doubling of the primary synchronisation mode (1/2) is increased substantially; 

(iv) the area covered by the primary synchronisation mode of 1/2 increases substantially and 

shifts towards to the direction of high ��/���∗; and (v) the synchronisation modes other than 

1/2, 2/4, 2/3 and 4/6 largely disappear over the range of ��/���∗ covered in this study. The 

regime map shown in FIGURE 2.16 shares certain similarities to that of an isolated cylinder 

(Tang et al. 2017), with a major exception that period doublings of the mode (1/2) were not 

observed in Tang et al. (2017). The instantaneous flow fields illustrated in FIGURE 2.17 for the 

case at (�/�, ��/���∗) = (0.2, 1.459) with the ‘symmetry-wall’ condition on the plane wall show 

that no shear layers are formed on the plane wall. However, the asymmetry of the shear layers 

formed on the cylinder still exists, as shown by the variation of mean u velocity component 

with y sampled at x = 0 in FIGURE 2.15 (b), albeit the degree of asymmetry is less severe than 

that observed under the no-slip boundary condition. The average velocity through the gap is 

slightly larger than that over the top side of the cylinder. The observations suggest that (i) the 

shear layer formed above the plane wall is responsible for the transition to QP at this A/D and 

(ii) the asymmetry of the mean approaching flow around the cylinder is responsible for the 

period-doubling behaviours both inside and outside the parameter space otherwise occupied by 

the primary synchronisation mode of 1/2, based on the comparison of the regime maps with 

that reported by Tang et al. (2017). To further investigate the influence of the shear layers 

formed on the wall, simulations are also conducted at A/D = 0.2 and 0.3 under the ‘moving-

wall’ conditions. The flow regime map obtained under the ‘moving-wall’ conditions (not 

shown here) is very similar to that shown in FIGURE 2.16. Although shear layers do form in the 

vicinity of the cylinder under the ‘moving-wall’ conditions, the strength and extent of the shear 

layers are substantially smaller than those observed under the ‘fixed-wall’ conditions.  
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FIGURE 2.16. The bifurcation diagram plotted with varying normalised excitation amplitude 

(�/�) and normalised excitation frequency (��/���∗) at �/� = 1.0 under ‘symmetry-wall’ 

conditions. 

    

    

 

   

FIGURE 2.17. Instantaneous flow field of a mode 2/4 at (�/�, ��/���∗) = (0.2, 1.459) under 

‘symmetry-wall’ condition over four cycles of cylinder oscillation.  

 

FIGURE 2.18. The bifurcation diagram plotted with varying shear parameter (�) and normalised 

excitation frequency (��/���∗) at �/� = 0.2 for an isolated cylinder in uniform linear shear 

flow and a near-wall cylinder at different �/� under ‘fixed-wall’ conditions: (a) linear shear 

flow, � = 0.2; (b) �/� = 1.0, equivalent � = 0.13 (data extracted from FIGURE 2.11); (c) 

linear shear flow, � = 0.1; (d) linear shear flow, � = 0.05; (e) �/� = 2.0, equivalent � = 

0.02 (data extracted from FIGURE 2.11). 
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The results presented so far (see FIGURE 2.11 and FIGURE 2.16) show that the flow 

asymmetry and the interaction of the plane-wall boundary layer with vortices shed from the 

cylinder are two potential culprits for transition to QP through a cascade of period doublings 

under the ‘fixed-wall’ conditions. We are, however, still unclear how the level of the flow 

asymmetry affects the flow synchronisation modes. To quantify the influence of the level of 

the flow asymmetry, further simulations are carried out for steady linear shear approaching 

flow around an isolated cylinder undergoing streamwise oscillations. The shear flow in the 

simulations is generated by imposing � (�) = �� + ��, � = 0 on the inlet boundary, where 

�� is the approaching velocity at y = 0 (with x-axis passing through the centre of the cylinder) 

and �  is the transverse velocity gradient. Along the outlet boundary, ��/�� = �  and 

��/�� = 0 are enforced. A no-slip boundary condition (i.e. � = 0, � = 0) is specified on the 

cylinder surface. Boundary conditions of ��/�� = � and � = 0 are applied on the top and 

bottom boundaries, which are located 4D either side of the centre of the cylinder, following 

that used by Lei et al. (2000a). The relatively small width of the computational domain is used 

in order to generate large shear levels in the flow and avoid reverse flow in the computational 

domain. The shear parameter is defined as � = ��/��  and Re is defined using �� . The 

numerical test is conducted over (fd/fst*, k) = (1.2 – 2.0, 0.05 – 0.2) at Re = 175 and �/� = 0.2. 

FIGURE 2.18 shows the bifurcation diagram plotted with varying � and ��/���∗ at �/� = 

0.2 for an isolated cylinder in a uniform linear shear flow and a near-wall cylinder under the 

‘fixed-wall’ condition. An equivalent � value for the near-wall cylinder is determined by 

� =
�

��
∫ ��/��

���

�
��,                      (2.10) 

with the velocity gradient is obtained from the velocity profile given in FIGURE 2.3, where the 

cylinder is removed and � = 0 is on the plane wall. The equivalent � values are 0.13 and 

0.02 for �/� =1.0 and 2.0, respectively. A transition from 1/2 to 8/16 and then to QP is 

observed for � = 0.20 and fd/fst* in the range of 1.35 – 1.37 (as shown in FIGURE 2.18 (a)). The 

results shown in FIGURE 2.18 suggest that the period doubling and transition to QP are indeed 

k-dependent. No period doubling occurs in the case with small k = 0.05 in the uniform linear 

shear flow. The period doubling occurs in both uniform linear shear flow cases with k > 0.05. 

Although period doubling from 1/2 to 2/4 occurs in reasonably wide bands of fd/fst* for the 

cases with k = 0.10 and 0.20, no transition to QP is observed within the Arnold tongue. The 

above observations appear to support our inference that the interaction of vortex shedding from 

the cylinder with the plane-wall boundary layer is primarily responsible for the transition to 
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QP through cascade of period doublings inside the Arnold tongue. The transition to QP in the 

range of 1.35 < fd/fst* < 1.37 mentioned above is outside of the Arnold tongue, which is different 

from that observed under the ‘fixed-wall’ conditions. No further attempts are made to increase 

the k value due to the numerical difficulty associated with possible negative velocity near the 

lower lateral boundary of the computational domain.  

The occurrence of flow instabilities inside the otherwise synchronisation region has also 

been observed previously. For example, Ren et al. (2019) found regime D and F flows (spatio-

temporal reflection symmetry breaking) within a region occupied by regime A flow (with 

spatio-temporal symmetry) at small gap ratios in oscillatory flow around four cylinders in a 

diamond arrangement. They attribute this strange behaviour to mode competition of the flows 

through the gaps between the cylinders and around the cylinder cluster. Similar mode 

completion mechanisms also exist in the cases studied in the present study. This interpretation 

is somewhat similar to the flow asymmetry discussed in the present study. Li et al. (2016) 

numerically investigated the VIV of a circular cylinder at �� = 200. It was found that the VIV 

is periodic (1/2 regime) for an isolated cylinder with reduced velocity of 6.5 and 7, but it 

becomes quasi-periodic when a plane wall is introduced with �/� = 1.0. It is speculated that 

the transition to QP of VIV in the case reported by Li et al. (2016) is also strongly related to 

the shear layer developed on the plane wall. No further investigation is carried out to 

substantiate this speculation because it is outside the scope of the present study.  

2.4.1.6. Modes with q > 10 and hysteresis 

Tang et al. (2017) demonstrated that more synchronised modes with different �/� ratios 

could be identified if the control parameters are further refined. This feature also applies to the 

near-wall cylinders that are investigated in this study. TABLE 2.3 provides a summary of 11 

‘OMs’ with 10 < � < 20 at �/� = 1.0 under the ‘moving-wall’ conditions. For example, a 

mode of 7/18 is observed at �� /���∗ = 2.497, which suggests that seven pairs of vortices are 

shed in 18��. FIGURE 2.19 shows four instantaneous flow structures of mode 7/18 over 18��. 

The four inclined dashed lines illustrate a method to separate the groups of vortices. With these 

inclined dashed lines, we are able to separate the groups of seven pairs of vortices shed in 18 

oscillation cycles (mode 7/18). The vortex-shedding process repeats in every 18 cycles of 

cylinder oscillation. Therefore, by following the four inclined dashed lines, the vortex-shedding 
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process in three successive 18 cylinder oscillation cycles can be observed. This process is 

essentially the same as the modes with � lower than 10. 

�� 

/���∗ 
1.347 2.319 2.366 2.385 2.497 2.525 3.058 3.442 3.498 3.507 3.573 

Mode 9/13 6/14 5/11 7/17 7/18 5/13 5/16 5/18 3/11 3/11 4/15 

TABLE 2.3. ‘OMs’ with 10 < � < 20 at �/� = 1.0 under ‘moving-wall’ conditions. 

 
FIGURE 2.19. Instantaneous vorticity contours of mode 7/18 for an oscillating cylinder near a 

‘moving wall’ at (��/���∗, �/�, �/�) = (2.497, 0.1, 1). Four inclined dashed lines are used 

to separate the groups of seven pairs of vortices in 18��. 

Hysteresis is checked for three cases near a critical point (��/���∗, �/�, �/�) = (1.594, 

0.1, 1.0) under the ‘fixed-wall’ conditions, and the results are detailed in Table 4. The initial 

conditions from a fully developed mode 1/2 flow field at (��/���∗, �/�, �/�) = (1.594, 0.1, 

1) are used to test the hysteresis in these cases. Hysteresis is only found for �� /���∗ = 1.584, 

suggesting a very minor hysteresis effect in the wake of the cylinder under forced in-line 

oscillations based on the limited number of simulations. Further investigations with more 

simulations are beyond the scope of the present study.  

�� /���∗ 1.584 1.573 1.563 

Zero initial condition QP 4/7 QP 

Fully developed field 1/2 4/7 QP 

TABLE 2.4. Synchronisation mode under different initial conditions. 
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2.4.2. Effect of oscillation amplitude 

The effect of �/� on the flow synchronisation mode is illustrated under the ‘fixed-wall’ 

conditions with �/�  = 1.0, primarily through the map of synchronisation modes in the 

(��/���∗, �/�) plane and the frequency content of the lift. 

2.4.2.1. Synchronisation modes 

 

FIGURE 2.20. Effect of the oscillation amplitude on the synchronisation modes for a near-wall 

cylinder at �/� = 1.0 under ‘fixed-wall’ conditions. The shaded areas and dashed lines show 

the locations of selected modes. Refer to FIGURE 2.5 for more captions. 

The influence of oscillation amplitude on the synchronisation modes in the (��/���∗, �/�) 

plane is illustrated in FIGURE 2.20 for the ‘fixed-wall’ conditions with �/� = 1.0. A fine 

increment of 0.01 of ��/���∗ is used for �/� = 0.2 and 0.3 (except for mode 0/1 at �/� = 

0.3, where an increment of 0.05 is adopted). Five ��/���∗ ratios are selected (i.e., ��/���∗ = 

1.250, 1.563, 1.876, 2.188, and 2.501), and simulations are conducted with a fine �/� 

increment of 0.01 within �/� ∈ [0.01, 0.4]. To confirm the boundaries of modes 1/3 and 0/1, 

the flow with ��/���∗ = 2.897 is simulated with �/� ∈ [0.1, 0.3], and two more cases with 

��/���∗ = 3.438 and 3.959 are simulated with �/� ∈ [0.2, 0.3]. The shaded areas and dashed 

lines show the bands of synchronisations, which are referred to Arnold tongues according to 

Olinger & Sreenivasan (1988). 

Generally, three trends are observed on the synchronisation modes as �/� increases. 

Firstly, the �� value that is required for the occurrence of a certain mode is reduced when 

�/� increases, which is consistent with the results of an isolated cylinder as reported by Tang 

et al. (2017) and Leontini et al. (2013). Secondly, the number of synchronisation cases for 
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certain dominant modes, such as modes 2/3, 3/5, 1/2, 3/7, and 1/3, significantly decreases as 

�/� increases from 0.1 to 0.2. Thirdly, the variety of synchronisation modes decreases with 

increasing �/�. For example, modes 6/7, 5/6, 4/5, 3/4, and 1/4 are observed at �/� = 0.1 

but not at �/� = 0.2. In addition, modes 2/3, 3/5, 3/7, 3/8, and 1/3 are not found at �/� = 

0.3. Tang et al. (2017) pointed out that fine increments are required to systematically capture 

synchronisation modes composed of relatively large natural numbers of �  and �.  For 

relatively small ��/���∗, the reduction of synchronisation modes with increasing �/� is again 

because the modes with very narrow bands of synchronisation require extremely fine 

increments of ��/���∗. Moreover, at �/� = 0.3 with relatively large ��/���∗, a large area is 

covered by mode 0/1, which indicates that the flow is dominated by the cylinder oscillation in 

this regime. The domination of cylinder oscillation is the reason why some of the 

synchronisation modes, such as modes 1/3 and 1/4, disappeared at this range of �/� and 

��/���∗. 

Two substantial differences are observed by comparing the present regime map with that 

for an isolated cylinder reported by Tang et al. (2017). Firstly, two large bands of modes 2/5 

and 1/3 are observed for the near-wall cylinder, while the modes 2/5 and 1/3 bands are 

extremely narrow for an isolated cylinder. As discussed in the previous section, the flow 

asymmetry is responsible for the significant increase in synchronisation modes with an odd 

number as the denominator. Secondly, modes with reducible mode ratios (such as modes 2/4, 

4/6 and 4/8) are more pronounced at large �/� values. Most of the modes with a reducible 

ratio (modes 2/4 and 4/8) are found within the range of the primary synchronisation regime, 

while a few are found outside this range. For example, a couple of mode 4/6 cases are found 

near mode 2/3. Furthermore, mode 2/6 is found near mode 1/3 at (��/���∗, �/�) = (2.501, 0.14 

– 0.16). The period doublings are more pronounced at larger �/�  values because the vortex 

shedding due to the cylinder oscillation is enhanced. Another obvious difference is the 

transition to QP within the boundary of mode 1/2, which was not observed for an isolated 

cylinder (e.g. Leontini et al. 2011 & 2013, Tang et al. 2017).  

2.4.2.2. Frequency content of the lift 

The frequency of lift fluctuations is referred to as the fundamental frequency of vortex 

shedding in the literature (Williamson 1995). The fundamental frequency of lift is analysed 

here through fast Fourier transforms (FFT). The energy spectra of different frequency 
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components are shown in FIGURE 2.21 with greyscale contours. The spectra from each value 

of ��/���∗ are stacked next to each other to show the frequency response of the lift for the 

near-wall cylinder as a function of ��/���∗. The amplitude of each frequency component in the 

spectrum is normalised by the number of sampling points in each case. The cut-off ranges of 

the contours are selected to ensure that the frequency components with high energy are shown 

in the figure. The synchronisation modes are also labelled as a reference. In this work, the 

change in the vortex-shedding frequency against ��/���∗ is illustrated at �/� = 1.0 and three 

different �/� ratios under the ‘fixed-wall’ conditions.  

The strongest frequency component occurs at the fundamental vortex-shedding frequency, 

which is shown in darker colour in FIGURE 2.21, accompanied by the sum and difference 

frequencies of the primary vortex-shedding frequency and driving frequency. A detailed 

discussion regarding the frequency variation for �/� = ∞ against �/� was provided by 

Leontini et al. (2011), and the change in the vortex-shedding frequency as a function of �� at 

�/� = 0.1 was provided by Tang et al. (2017). At �/� = 0.1 (FIGURE 2.21 (a)), a gradual 

transition (reduction) process is observed for the dominating frequency (��/��) with increasing 

��/���∗ . During this gradual transition stage, the flow mode �/� changes from 1/1 to 1/4 

(reduction). A plateau in the ��/�� versus��/���∗ plot indicates synchronisation to a mode 

ratio. For example, the flow locks onto mode 1/2 for a large range of ��/���∗ (i.e. ��/���∗ ∈

[1.59, 2.06]), onto mode 1/3 for ��/���∗ ∈ [2.64, 3.01], and onto mode 1/4 for ��/���∗ ∈

[3.77, 3.84]. Apart from the primary vortex-shedding frequency (��), other strong frequencies 

(light-grey lines) can be observed in FIGURE 2.21. The first frequency is symmetrical about 

��/�� with respect to the line ��/�� = 0.5, which is quantified as �� − ��. The second is ��, 

a well-defined line of ��/�� = 1. Similar to an isolated cylinder, all the frequency contents 

can be expressed as linear combinations of ��  and ��  as |±��� ± ���|. The frequency 

contents in the range ��/�� ∈ [1, 2], [2, 3] and so on are the scaled (down) images of ��/�� ∈

[0, 1] with weaker energy. The relationships of ��/�� versus ��/���∗ are rather similar for 

�/� = 0.1 and �/� = 0.2, except that the gradual transition occurs earlier for �/� = 0.2. 

However, the variation in the frequency content of the lift becomes less obvious for �/� = 

0.3, and ��/�� shows step changes when the regime transitions happen. This phenomenon 

occurs because the variation in synchronisation modes and the number of QP cases between 

these regimes significantly decrease due to the high level of disturbances. For mode 0/1, 

��/�� ≈ 1 suggests that two pairs of vortices are shed at the same time during one period of 
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cylinder oscillation. Moreover, the lowest frequency content observed at �/�  = 0.2 and 

��/���∗ > 2.65 (FIGURE 2.21 (b)) represents the secondary vortex-shedding frequency (���) of 

the QP mode. Further analyses for mode 0/1 and the secondary vortex shedding are detailed in 

section 2.4.2.3. 

 

 

  

 

FIGURE 2.21. Contours of the frequency content of the lift signal as a function of ��/���∗ when 

�/� = 1.0 under ‘fixed-wall’ conditions with greyscale contours: (a) �/� = 0.1, (b) �/� = 

0.2, and (c) �/� = 0.3. The maximum and minimum values of the greyscale shading are 0.2 

and 0.002, respectively. Refer to FIGURE 2.20 for the legend of synchronisation modes. 
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2.4.2.3. Mode 0/1 

For relatively large �/� and ��/���∗, a large area in the parameter space is covered by 

mode 0/1. For an isolated cylinder with mode 0/1, a pair of symmetric vortices forms in each 

cylinder oscillation period (resulting in zero lift), and the vortex shedding from a steady 

approaching flow is deemed to be fully suppressed (Tang et al. 2017). The time sequence for 

the binary vortex street of an isolated cylinder can be found in Figure 2 of Xu et al. (2006). 

Although the symmetry in the wake is broken when a plane wall is introduced, the 0/1 mode 

still exists. A detailed analysis regarding the 0/1 mode for �/� = 1.0 is conducted here to 

understand the wall effect on this particular flow mode under the ‘fixed-wall’ conditions. Three 

main features of the 0/1 mode are discussed here:  

(i) The boundary line for mode 0/1 in FIGURE 2.20 is plotted in FIGURE 2.22, together with the 

data from Tang et al. (2017) and Leontini et al. (2013) for an isolated cylinder. The boundary 

line from Tang et al. (2017) was estimated from the five labelled data points. The comparison 

in this figure indicates that the ‘fixed wall’ with �/� = 1.0 does not significantly change the 

onset condition of mode 0/1.  

(ii) The lift is not zero for mode 0/1 in the case of a ‘fixed wall’ at �/� = 1.0 due to the flow 

asymmetry with respect to � = 0. The lift fluctuates periodically with the cylinder oscillations. 

A typical 0/1 wake structure for �/� = 1.0 is shown in FIGURE 2.23(c), where vortices are 

shed simultaneously from the bottom and top sides of the cylinder and two nearly parallel shear 

layers form in the wake, similar to the results reported in Tang et al. (2017). The corresponding 

temporal variation of lift is shown in FIGURE 2.24(cii). The Lissajous phase diagram of �(�) 

and ��(�) shows a double-lobed structure. The Lissajous phase diagram for mode 0/1 could 

also be a single loop, which is similar to that for mode 1/1. For this reason, the Lissajous phase 

diagram alone is not sufficient to identify the synchronisation mode of the flow. Both flow 

patterns and the Lissajous phase diagram are used to identify flow synchronisation modes in 

this work. 

(iii) A large area below the 0/1 mode region in FIGURE 2.20 is covered with the QP mode. A 

secondary wake is observed in the wake for cases with this QP mode. One typical example of 

the QP mode is shown in FIGURE 2.23(b) and FIGURE 2.24(b), ((��/���∗, �/�) = (3.8, 0.2)). 

In the near wake (�/� < 4), the vortices that are shed from the cylinder surface are very similar 

to those observed in the 0/1 mode (Figure 2.23(c)), but further downstream (�/� > 5), the 



 

50 

small vortices that are shed from the cylinder merge into larger vortices and form a new 

secondary vortex street. The vortex-shedding frequency in the secondary wake is 0.1544, which 

is 22% of ��. The formation of this secondary vortex street is attributed to the instability of the 

shear layers in the wake. Similar observations were reported in the wake of a stationary cylinder 

(Thompson et al. 2014). When �/�  is further reduced to 0.1, the wake flow regains 

synchronisation to mode 1/4, ((��/���∗, �/�) = (3.8, 0.1), as shown in FIGURE 2.23(a) and 

FIGURE 2.24(a)). In the 1/4 mode, the vortex shedding occurs alternatively in the wake near the 

cylinder, which is fundamentally different from the other two QP modes.  

 
FIGURE 2.22. Boundary line for mode 0/1 extracted from FIGURE 2.20 alongside the boundary 

line for an isolated cylinder from Tang et al. (2017) and a boundary point from Leontini et al. 

(2013). 

 
FIGURE 2.23. Instantaneous vorticity flow field for an example case of mode 1/4, a QP case 

with secondary vortex shedding (SVS) after binary vortices (BV), and a case of mode 0/1 with 

BV and parallel shear layers (PSL). From top to bottom: near-wall cylinder under ‘fixed-wall’ 
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conditions with �/� = 1.0 and (a) (��/���∗, �/�) = (3.8, 0.1), mode 1/4; (b) (��/���∗, �/�) 

= (3.8, 0.2), QP; and (c) (��/���∗, �/�) = (3.8, 0.3), mode 0/1. 

   

   

   
 
FIGURE 2.24. Spectrum of �� , the transient trace of ��(�)  (red line) with cylinder 

displacement �(�) (black line), and the Lissajous phase diagram of �(�) and ��(�) for a 

near-wall cylinder under ‘fixed-wall’ conditions with �/� = 1.0 and (a) (��/���∗, �/�) = 

(3.8, 0.1), mode 1/4; (b) (��/���∗, �/�) = (3.8, 0.2), QP; and (c) (��/���∗, �/�) = (3.8, 0.3), 

mode 0/1. 

2.5. Three-dimensional effects 

The potential influence of three-dimensionality of the flow on the results obtained in the 

present study is examined by conducting 3-D simulations with purposely selected parameters. 

The majority of the 3-D simulations are conducted at �/� = 0.5 (the smallest gap investigated 

in this study), which is chosen because the 3-D effect is likely to peak at a gap ratio near 0.5, 

based on the findings on a stationary cylinder next to a moving wall (Jiang et al. 2017a and 

Rao et al. 2013 & 2015). 

To manage the high demands on computing resources, a relatively coarse mesh and short 

downstream domain length of 30� (1/6 of the total elements of the 2-D simulations) are used. 

Firstly, the 2-D mesh is checked at (��/��� , �/�, �/�) = (4, 0.1, 0.5) under ‘fixed-wall’ 
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conditions. As shown in TABLE 2.6 of Appendix A, good agreement between the results 

obtained using these two meshes are achieved with identical ���/�� and exactly the same 

synchronisation mode. The ��,���� value varies by less than 1%, whereas ��,��� and ��,��� 

vary by less than 1.1% and 2%, respectively. Therefore, this coarse mesh is selected for the 3-

D simulations here. A spanwise length of 12� with 120 Fourier planes is chosen, based on the 

finding reported by Jiang et al. (2016). A random perturbation of an amplitude 0.01 is added 

to both velocity and pressure in the initial conditions. The variation of flow three-

dimensionality is further examined with the spanwise kinetic energy ��, which is defined as 

�� =
�

�
∫ �

�

��
�

�

�
��,                        (2.11) 

where � is the volume of the entire domain. The � isosurfaces are used to illustrate the 3-D 

flow structures (JCR et al. 1988), where the � function object calculates and stores the second 

invariant of the velocity gradient tensor, i.e. 

� =
�

�
����(��)�

�
− ��(�� ∙ ��)�.                  (2.12) 

Flow transition to 3-D for an isolated stationary cylinder in a steady approaching flow 

occurs at Recr ≈ 194 (Williamson 1996, Jiang et al. 2016). Since the present simulations are 

conducted at Re = 175, the flow is 2-D without the presence of the plane wall and cylinder 

oscillations. When the plane wall alone is introduced, the flow is not expected to transit to 3-D 

because the flow velocity reduction in the boundary layer will lead to a reduction of local flow 

Re, especially at G/D = 1.0 where the interesting physical phenomena are observed. To confirm 

this conjecture, 3-D simulations of a steady approaching flow (��/���∗ =0) around a near-wall 

cylinder with G/D = 0.5 and 1.2 are conducted at Re = 175. The results shown in Appendix C 

suggest that the flow remains 2-D in both cases, as evidenced by temporal variations of �� 

that converge to 1.13× 10�� and 2.32× 10���, respectively. 

To quantify the influence of cylinder oscillations on flow transitions to 3-D, additional 

simulations over a wide range of ��/���∗ are conducted at �� = 175, �/� = 0.1 and �/� 

= 0.5 under both ‘fixed-wall’ and ‘moving-wall’ conditions. The selection of a relatively small 

�/� = 0.1 for the demonstration here is not expected to alter the conclusion drawn in this 

section because the major physical phenomena observed at �/� > 0.1 are also observed at 

�/� = 0.1 (FIGURE 2.20). The choice of �/� = 0.5 is because transition to 3-D is expected 
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for �� = 175 and �/� = 0.5 in steady approaching flow around a cylinder above a moving 

wall. The Lissajous phase diagram of �(�) and ��(�), (black for 2-D simulations and red for 

3-D simulations), isosurfaces of � (� = ±0.8), the comparison of synchronisation modes, 

and the time histories of �� for selected 3-D simulations under ‘moving-wall’ conditions are 

shown in FIGURE 2.25.  

The three-dimensionality is first examined at �/� =  0.5 under the ‘moving-wall’ 

conditions. For a non-oscillating cylinder, as shown in FIGURE 2.25 (a), ��  increases 

exponentially with time in the early stage and then stabilises at an equilibrium value. As an 

example, the time history of � at a sampling point of (�/�, �/�, �/�) = (2, 1.5, 6) is plotted 

together with �� in FIGURE 2.25 (a), where the increasing trend of � agrees well with that 

of ��. The fluctuation of � is cancelled when it is integrated to calculate ��. For the cases 

that decay to 2-D, � decays rapidly to zero, as shown in FIGURE 2.25 (d). The isosurfaces 

show an ordered mode A structure (spanwise characteristic length � = 4� of the 3-D flow 

structure) without dislocations, which is consistent with Jiang et al. (2017b). On the other hand, 

for oscillating cylinders, although the wake structures do show some 3-D features at relatively 

low driving frequencies (i.e. ��/���∗  < 1.68), the synchronised modes identified from 3-D 

simulations are identical to those observed in 2-D simulations. Interestingly, the 3-D wake 

structure with � = 1.7� in mode 1/1 is observed after the wake structure is fully developed, 

as shown in FIGURE 2.25 (b) and (c). The wake structure for QP cases can be relatively regular 

with � = 4� at some instants, as shown in FIGURE 2.25 (e), or irregular, as shown in FIGURE 

2.25 (f). For relatively large driving frequencies (i.e. ��/���∗ > 1.68, as shown in Appendix 

C), the wake structure decays to 2-D. The results suggest that cylinder oscillation tends to 

suppress 3-D instabilities at this particular pair of �/� = 0.5 and �/� = 0.1.  

Under the ‘fixed-wall’ conditions, �� decays rapidly to zero, following an initial growth 

stage in some of the cases with ��/���∗ ≠ 0. The wake structure is exclusively 2-D and the 

synchronisation modes identified from 2-D and 3-D simulations are identical, including the 

case with G/D = 1.2 (shown in Appendix C). This observation suggests that the influence of 

the plane wall and cylinder oscillations is not significant enough to cause the flow transition to 

3-D over those particular parameter ranges.  
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FIGURE 2.25. The Lissajous phase diagram of �(�) and ��(�), (black for 2-D simulations and 

red for 3-D simulations), iso-surfaces of �, spanwise length (�), synchronisation modes, and 
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the time histories of the spanwise kinetic energy �� for 3-D simulations at �/� = 0.5 under 

‘moving-wall’ conditions. 

A satisfactory agreement between 2-D and 3-D simulation results on the force coefficients 

is also observed for 2-D and 3-D results on the force coefficients with varying ��/���∗ under 

both ‘moving-wall’ and ‘fixed-wall’ conditions (shown in Appendix C).  

The above results, especially those obtained under the ‘moving-wall’ conditions, suggest 

that three-dimensionality of the flow does not significantly affect the identification of flow 

synchronisation modes for the time period shown here. The conclusions drawn from 2-D 

simulations are expected to hold for 3-D flows under the parameter ranges of the present study. 

2.6. Conclusions 

Two-dimensional numerical simulations are conducted for a near-wall cylinder that 

undergoes streamwise oscillations with varying oscillation amplitude (�/�) and frequency 

(��/���∗) in a steady approaching flow at �� = 175. Different gap-to-diameter ratios (�/�) 

are considered to investigate the influence of the wall boundary layer on wake formation 

around the oscillating cylinder and the hydrodynamic characteristics. The wall effect is also 

investigated under ‘fixed-wall’, ‘moving-wall’, and ‘symmetry-wall’ conditions to 

differentiate the influences of the plane-wall boundary layer and flow asymmetry induced by 

the geometrical setting. The major conclusions can be summarised as follows.  

(1) A variety of synchronisation modes for a wall-bounded cylinder (also referred to as 

�/� modes, following Tang et al. (2017)) are identified. The synchronised flow is 

relatively robust to changes in the controlling parameters for small � and � values. 

Although the phenomenon of synchronisation is similar to that of an isolated cylinder, 

interactions between the cylinder and the boundary layer along the plane wall notably 

affect the wake formation. As the cylinder is moved closer to the wall, the percentage 

of occurrence of synchronisation modes with an odd number as the denominator (such 

as 1/3) significantly increases, in contrast to that of an isolated cylinder, where the 

synchronised flow prefers an even number as the denominator in the mode ratio (such 

as 1/4). This behaviour is ascribed to the asymmetric wake formation of the near-wall 

cylinder. The interaction between vortices shed from the cylinder with the shear layer 
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formed above the plane wall and the flow acceleration through the gap lead to a wake 

inclined to the free-stream direction and asymmetric vortex shedding from the cylinder.  

(2) The period-doubling phenomenon is observed for a near-wall cylinder undergoing 

streamwise oscillations over certain ranges of parameters investigated in the present 

study. The breaking of spatio-temporal symmetry, induced by the wall, is identified to 

be responsible for the phenomenon. Period doubling occurs only when the asymmetry 

of the flow reaches above a critical level, which can be measured by the velocity 

gradient in the wall boundary layer. 

(3) Transitions to quasi-periodic states through a cascade of period doublings inside the 

primary synchronisation region are discovered in the present study. Through 

specifically designed numerical tests (different wall boundary conditions and the linear 

shear flow), the interaction of asymmetric vortex shedding from the cylinder (due to a 

geometry asymmetry) and the boundary layer developed on the wall is found to be the 

primary cause for this phenomenon. 

(4) The ‘fixed wall’ also tends to stabilise the wake formation, as evidenced by the decrease 

in the variety of synchronisation modes with large � and � values (such as those with 

� > 10) as the cylinder is moved close to the wall. The flow mechanism associated with 

this phenomenon is the same as that responsible for the suppression of vortex shedding 

from a wall-bounded cylinder in steady approaching flow. At small gap ratios, for 

example in the case of (�/�, �/�) = (0.5, 0.1), only the three strongest modes (0/1, 

1/2 and 1/1) are present.  

(5) The mean values of the drag coefficient and r.m.s. values of the lift coefficient are 

generally larger in the region of synchronisation than those outside the range of 

synchronisations. The increases in the force coefficients are more pronounced in 

relatively wide synchronisation regions with small values of q than those in narrow 

synchronisation regions with large � values. This behaviour is caused by the enhanced 

vortices in the wake at resonance and occurs under both ‘moving-wall’ and ‘fixed-wall’ 

conditions. However, the ‘moving-wall’ does appear to increase the drag coefficient 

compared to a wall-free cylinder, whereas the ‘fixed-wall’ effectively lowers the drag 

coefficient, largely due to different ambient flow velocities under different wall 

conditions. 
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(6) The frequency contents in the spectrum of lift coefficients are linear combinations of 

driving and vortex-shedding frequencies in all the synchronised regions. At low forced 

amplitudes, the transition of the vortex-shedding frequency between modes is a gradual 

process. The plateaus indicate different synchronised regimes, i.e. �/� modes, which 

are interleaved with numbers of quasi-periodic cases. However, large forced amplitudes 

of cylinder oscillation lead to apparent jumps in the vortex-shedding frequency, 

corresponding to the jumps in the ratios of �/� modes. This is because the variety of 

synchronisation modes and the number of quasi-periodic modes are significantly 

reduced when large amplitudes of perturbation (i.e., large forced amplitudes) are 

introduced. 

(7) Although three-dimensionality of the flow develops in some of the cases under the 

‘moving-wall’ conditions, the synchronisation modes identified through 2-D and 3-D 

simulations remain identical for the cases where 3-D simulations are conducted. This 

observation suggests that the conclusions drawn from 2-D simulations hold for 3-D 

flows, at least in the parameter ranges covered in the present study.   
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Appendix A 

A rectangular computational domain is employed in the 2-D numerical simulations. The 

domain length in the �-direction is 128�, with 28� upstream and 100� downstream of the 

cylinder. The domain width in the �-direction is 28�  and �  on the top and wall sides, 

respectively. The mesh dependence is checked here under both ‘fixed-wall’ and ‘moving-wall’ 

conditions with a constant �� = 175 and (��/���, �/�, �/�) = (4, 0.1, 0.5). Four meshes 

are generated by changing the polynomial order (��). As shown in TABLE 2.5, �� varies from 

5 to 8, with the total number of cells ranging from 211232 to 646898, and the size of the first 

layer grid next to the cylinder surface varies from 0.0060� to 0.0034�. The time step was held 

constant at 0.002 with varying ��. The Courant-Friedrichs-Lewy (CFL) number is far below 

1. Further checks are conducted on mesh 2 by varying the time step (as shown in meshes 2-a 

and 2-b, ����/� =0.001 – 0.003), alongside the domain size (as shown in meshes 2-c and 2-

d). 

Comparisons of the simulation results based on these meshes under ‘fixed-wall’ and 

‘moving-wall’ conditions are given in TABLE 2.5 (a) and (b), respectively. Excellent agreement 

between the results from these meshes can be observed. More importantly, an identical flow 

synchronisation mode is captured by these different meshes. The ��,���  and ��,���  values 

vary by less than 0.16% and 1.27%, respectively. In TABLE 2.5 (c), mesh 2-d is chosen at mode 

3/7, where the flow displays a secondary shedding frequency at 1/7. The values of ��,����, 

��,���, ��,����, and ��,��� vary by less than 1% between the cases of 100� and 200�. The 

synchronisation modes and frequency component of the lift are exactly identical. Therefore, 

the length of the outlet boundary has minimal influence on the results and 100� is sufficient 

to visualise the key structures.
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(a) (��/���∗, �/�, �/�) = (4, 0.1, 0.5) under ‘fixed-wall’ conditions 

Mesh Domain size �� 
����

�
 �� ∆/� ��,���� ��,��� ��,��� Mode 

1 128 �×(28 �+ �) 5 0.002 211232 0.0060 0.7228 6.0354 0.0552 0/1 

2 128 �×(28 �+ �) 6 0.002 330050 0.0048 0.7234 6.0356 0.0552 0/1 

3 128 �×(28 �+ �) 7 0.002 475272 0.0040 0.7236 6.0354 0.0551 0/1 

4 128 �×(28 �+ �) 8 0.002 646898 0.0034 0.7232 6.0356 0.0552 0/1 

2-a 128 �×(28 �+ �) 6 0.001 330050 0.0048 0.7234 6.0341 0.0551 0/1 

2-b 128 �×(28 �+ �) 6 0.003 330050 0.0048 0.7235 6.0377 0.0551 0/1 

2-c 128 �×(20 �+ �) 6 0.002 330050 0.0048 0.7427 6.0289 0.0545 0/1 

2-d 128 �×(36 �+ �) 6 0.002 348800 0.0048 0.7130 6.0291 0.0554 0/1 

(b) (��/���∗, �/�, �/�) = (4, 0.1, 0.5) under ‘moving-wall’ conditions  

Mesh Domain size �� 
����

�
 �� ∆/� ��,���� ��,��� ��,��� Mode 

1 128 �×(28 �+ �) 5 0.002 211232 0.0060 1.6040 5.9491 0.6116 1/4 

2 128 �×(28 �+ �) 6 0.002 330050 0.0048 1.5985 5.9518 0.6103 1/4 

3 128 �×(28 �+ �) 7 0.002 475272 0.0040 1.6063 5.9490 0.6117 1/4 

4 128 �×(28 �+ �) 8 0.002 646898 0.0034 1.6335 5.9511 0.6101 1/4 

2-a 128 �×(28 �+ �) 6 0.001 330050 0.0048 1.6401 5.9439 0.6103 1/4 

2-b 128 �×(28 �+ �) 6 0.003 330050 0.0048 1.6146 5.9508 0.6148 1/4 

2-c 128 �×(20 �+ �) 6 0.002 330050 0.0048 1.6147 5.9461 0.6054 1/4 

2-d 128 �×(36 �+ �) 6 0.002 348800 0.0048 1.6103 5.9421 0.6102 1/4 



 

60 

(c) (��/���∗, �/�, �/�) = (2.22, 0.1, 1) under ‘fixed-wall’ conditions  

Mesh Domain size �� 
����

�
 �� ∆/� ��,���� ��,��� ��,��� Mode 

1 128 �×(28 �+ �) 5 0.002 204192 0.0060 1.1751 1.5757 0.3493 3/7 

2 128 �×(28 �+ �) 6 0.002 319050 0.0048 1.1750 1.5758 0.3492 3/7 

3 128 �×(28 �+ �) 7 0.002 459432 0.0040 1.1747 1.5758 0.3490 3/7 

4 128 �×(28 �+ �) 8 0.002 625338 0.0034 1.1741 1.5759 0.3485 3/7 

2-a 128 �×(28 �+ �) 6 0.001 319050 0.0048 1.1822 1.5750 0.3488 3/7 

2-b 128 �×(28 �+ �) 6 0.003 319050 0.0048 1.1749 1.5759 0.3504 3/7 

2-c 128 �×(36 �+ �) 6 0.002 337800 0.0048 1.1610 1.5751 0.3329 3/7 

2-d 228 �×(28 �+ �) 6 0.002 450300 0.0048 1.1743 1.5742 0.3491 3/7 

TABLE 2.5. Mesh dependence study for three different parameter groups, (a) (��/���∗, �/�, �/�) = (4, 0.1, 1), ‘fixed-wall’ conditions, (b) (4, 

0.1, 0.5), ‘moving-wall’ conditions and (c) (2.22, 0.1, 1), ‘fixed-wall’ conditions. 
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These results suggest that a reasonable mesh convergence has been achieved. Mesh 2 is 

selected conservatively for the rest of the 2-D simulations in this work. 

A relatively coarse mesh and short downstream length of 30� (one-sixth of the total 

elements of the 2-D simulations) is used in the 3-D simulations. Firstly, the 2-D coarse mesh 

is checked at (��/���, �/�, �/�) = (4, 0.1, 0.5) under ‘fixed-wall’ conditions. As shown in 

TABLE 2.6, good agreement between these two meshes is achieved with identical ���/�� and 

exactly the same synchronisation mode. The ��,���� value varies by less than 1%, whereas 

��,��� and ��,��� vary by less than 1.1% and 2%, respectively. Therefore, this coarse mesh is 

selected for the 3-D simulations here. A spanwise length of 12� with 120 Fourier layers is 

chosen, based on Jiang et al. (2016).  

Cases ��,���� ��,��� ��,��� ���/�� Mode 

2-D 0.7234 6.0356 0.0552 0.767 0/1 

2-D (coarse mesh) 0.7162 5.9691 0.0542 0.767 0/1 

3-D 0.7227 5.9805 0.0541 0.773 0/1 

TABLE 2.6. Comparison of the 2-D and 3-D results for (��/���, �/�, �/�) = (4, 0.1, 0.5) 

under ‘fixed-wall’ conditions on the force coefficient, vortex-shedding frequency, and 

synchronisation mode. 

Appendix B 

A range of distinctive modes of flow synchronisations are observed in this work. Following 

Tang et al. (2017), the flow modes are called �/� modes. For completeness, Lissajous phase 

diagrams of ��vs. �� are shown in FIGURE 2.26 for each mode at �/� = 1.0 and �/� = 

0.1 under ‘fixed-wall’ conditions. The synchronisation modes for � > 10 are also listed, i.e., 

modes 8/11, 8/13, 8/14, and 6/16. An example of a QP case is also included. As shown in 

FIGURE 2.26, the Lissajous phase diagrams are characterised by time-independent enclosed and 

regular loops for synchronised cases, whereas the loops do not repeat themselves by cycles and 

may eventually fill the entire phase space for a non-synchronised case.  
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Mode1/1 (1.042) 

 

Mode 6/7 (1.136) 

 

Mode 5/6 (1.157) 

 

Mode 4/5 (1.198) 
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      QP (4.064) 

 

 

FIGURE 2.26. Lissajous phase diagrams of ��vs. �� for each mode for �/� = 1.0 and �/� 

= 0.1 under ‘fixed-wall’ conditions. ��/���∗ is listed in brackets next to each mode. 
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Appendix C 

Three-dimensional simulations of steady approaching flow (��/���∗ =0) around a near-

wall cylinder with G/D = 0.5 and 1.2 under ‘fixed-wall’ conditions are conducted at Re = 175. 

It is confirmed that the wake structure of both cases decays to 2-D. Moreover, for an oscillating 

cylinder with relative large driving frequencies (i.e. ��/���∗  > 1.68) under ‘moving-wall’ 

conditions at �� = 175, �/� = 0.1 and �/� = 0.5, the wake structure also decays to 2-D. 

The time histories of �� for some example cases are shown in FIGURE 2.27. 

(a) ��/���∗ = 0, ‘fixed-wall’ conditions (b) �/� = 0.5, ‘moving-wall’ conditions 

.  
 

FIGURE 2.27. The time histories of the spanwise kinetic energy �� for 3-D simulations that 

decay to 2-D: (a) ��/���∗  = 0, ‘fixed-wall’ conditions; (b) �/� =  0.5, ‘moving-wall’ 

conditions. 

As shown in FIGURE 2.27, �� decays rapidly to zero for these cases, following an initial 

growth stage in some of the cases. The wake structure is exclusively 2-D and the 

synchronisation modes identified from 2-D and 3-D simulations are identical.  

TABLE 2.7 compares the 2-D and 3-D results on the force coefficients at �/� = 0.5 with 

varying ��/���∗  under both ‘moving-wall’ and ‘fixed-wall’ conditions. A satisfactory 

agreement between 2-D and 3-D simulation results on the force coefficients is observed under 

both ‘moving-wall’ and ‘fixed-wall’ conditions.  
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(i) ‘moving-wall’ conditions 

��/���∗ 
2-D 

��,���� 

3-D 

��,���� 
errors 

2-D 

��,��� 

3-D 

��,��� 
errors 

2-D 

��,��� 

3-D 

��,��� 
errors ��/�� 

1.90 1.7174 1.7062 -0.65% 1.3704 1.3578 -0.92% 0.9043 0.8956 -0.96% 1/2 

3.87 1.6160 1.6192 0.20% 5.9472 5.8858 -1.03% 0.6086 0.5987 -1.63% 1/4 

(ii) ‘fixed-wall’ conditions 

��/���∗ 
2-D 

��,���� 

3-D 

��,���� 
errors 

2-D 

��,��� 

3-D 

��,��� 
errors 

2-D 

��,��� 

3-D 

��,��� 
errors ��/�� 

1.24 0.7424 0.7370 -0.73% 0.3878 0.3831 -1.20% 0.1154 0.1157 0.31% 1/1 

1.90 0.7448 0.7558 1.48% 0.8853 0.8723 -1.48% 0.1417 0.1403 -1.04% 1/2 

4.95 0.7234 0.7227 -0.10% 6.0356 5.9805 -0.91% 0.0552 0.0541 -2.05% 1/4 

TABLE 2.7. Comparison of the 2-D and 3-D results on the force coefficients with varying ��/���∗ at �/� = 0.5 under (i) ‘moving-wall’ conditions 

and (ii) ‘fixed-wall’ conditions. 
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Chapter 3  

 

Transition to chaos through period doublings of a forced 

oscillating cylinder in steady current† 

 

Abstract: Transition to chaos through a cascade of period doublings of the primary 1/2 

synchronisation mode is discovered in steady approaching flow around a forced inline 

oscillating cylinder near a plane boundary at a Reynolds number (Re) of 175. The transition 

occurs well within the otherwise synchronised region (known as the Arnold tongue) in the 

frequency and amplitude space of the oscillating cylinder, creating two parameter strips of 

desynchronised flows within the Arnold tongue. Five orders of period doublings from mode 

1/2 to mode 16/32 are revealed by progressively increasing the frequency resolution in the 

simulation. The ratio of frequency intervals of two successive period-doubling modes 

asymptotes towards the first Feigenbaum constant, reaching a value of 4.52 at mode of 16/32. 

Additional three-dimensional simulations demonstrate the existence of period doubling with a 

regular spanwise flow structure similar to regular mode B of steady flow around an isolated 

cylinder. Although transition to chaos through cascades of period-doublings is primarily 

reported for the primary 1/2 synchronisation mode, it is also observed for other synchronisation 

modes (p/q) [Tang et al., J. Fluid Mech., 2017, 832, 146–169.], where p and q are integers with 

a non-reducible p/q, such as 2/3. The physical mechanisms responsible for the present period-

doubling bifurcations and transition to chaos through cascades of period doublings are ascribed 

to the interaction of asymmetric vortex shedding from the cylinder (due to a geometric 

                                                 

† This chapter is presented as a paper which has been published as “Cheng, L., Ju, X. (corresponding 

author), Tong, F., An, H., 2020. Transition to chaos through period doublings of a forced oscillating cylinder 

in steady current. Journal of Fluid Mechanics 887, A5”. 
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asymmetry) and the boundary layer developed on the plane boundary, through specifically 

designed numerical tests. 

3.1. Introduction 

Period doubling is a phenomenon where a slight change in a control parameter of the 

system leads to the switching of the system to a new state with a period twice as that of the 

original system. A period-doubling cascade is a sequence of doublings of the primary period, 

as the control parameter is adjusted (https://en.wikipedia.org/wiki/Period-

doubling_bifurcation). The transition to chaos through a period-doubling cascade is well 

known in various dynamic systems. However, the phenomenon has rarely been reported in 

bluff body wake flows. In this paper, we report numerical tests (both two- and three-

dimensional) of steady flow around a cylinder near a plane boundary undergoing periodic 

sinusoidal oscillations in the direction of the steady flow in which transition to chaos through 

a cascade of period doublings is observed.  

Steady flow around a smooth cylinder undergoing sinusoidal oscillations in the direction 

of steady flow (referred to as inline oscillations) has been the subject of many investigations 

due to its significance in fundamental fluid mechanics and practical applications (Xu et al. 

2006; Al-Mdallal et al. 2007; Leontini et al. 2011, 2013 and Tang et al. 2017). The flow 

response is dependent on �/� , ��/���  and �� = ���/� , where �  is the amplitude of 

cylinder oscillation, � is the cylinder diameter, �� is the frequency of cylinder oscillation, 

���  is the frequency of vortex shedding in the absence of cylinder oscillation, ��  is the 

Reynolds number, �� is the velocity of approaching flow, and � the kinematic viscosity of 

the fluid.  

Conventionally, the lift on the cylinder is often chosen as a representative quantity to 

investigate the flow response around oscillating cylinders in steady flow. The primary 

synchronisation mode for an inline oscillating cylinder is the 1/� (� = 2) mode when �� is 

close to the superharmonics (����) or subharmonics (���/�) of the lift (Griffin & Ramberg 

1976). Modes of synchronisation other than the 1/2 mode have also been reported previously. 

Leontini et al. (2011, 2013) reported a synchronisation mode of (� − 1)/� (mode ratio) with 

q being an integer as large as 8 (i.e., the P8 mode). Tang et al. (2017) generalised the 

synchronisation mode as the �/�  mode, where �/�  represents all available ratios in the 

Farey sequence. Physically a �/� mode corresponds to a situation where the lift experiences 
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�  oscillation cycles within �  cycles of cylinder oscillations. The occurrence of the �/� 

mode is dependent on �/�  and ��/��� . The solid Arnold tongue for the primary 

synchronisation mode (1/2 mode) is centred around ��/���  = 2 at small �/� values and 

inclines to the left with increasing �/� in the (�/�, ��/���) space (Tang et al. 2017). The 

observed flow response by Tang et al. (2017) is consistent with the behaviour of a self-

sustained oscillator under periodic external forcing in classical synchronisation theory 

(Pikovsky et al. 2001), where the vortex shedding process from the cylinder due to steady flow 

is equivalent to the self-sustained oscillator with a natural frequency ���  and the cylinder 

oscillation plays the role of an external forcing. The frequency difference ∆ = �� − ��� and 

� = �/� are often referred to as the frequency detuning and rotation number respectively in 

classical synchronisation theories (Pikovsky et al. 2001). The rotation number � = �/� is a 

rational number in synchronisation modes.  

Transition to chaos is a phenomenon commonly observed in the dynamic response of a 

self-sustained oscillator under periodic external forcing. Pikovsky et al. (2001) outlined two 

major transition scenarios. The transition scenario I occurs through period doublings of a 

synchronised mode for large amplitudes of the external force. Although the response of the 

oscillator can appear as synchronised, the phase diagram is characterised by a chaotic 

modulation. The transition scenario II occurs via intermittency where the response remains 

nearly synchronised over long epochs but time intervals between synchronised epochs become 

chaotic. Pikovsky et al. (2001) pointed out that scenario I often occurs within the 

synchronisation region where the synchronised and desynchronised modes are well separated, 

whereas scenario II occurs near the border of the synchronised region as the frequency detuning 

∆ is increased.  

Although transition to chaos through scenario II has been observed, transition through 

period doublings (scenario I) is rarely reported in steady flow around a cylinder undergoing 

inline and transverse oscillations. For example, transition through period doublings was not 

observed in Tang et al. (2017) where the Arnold tongue was mapped out with fine resolutions 

of �/� and ��/��� in the parameter space. In contrast, Papaioannou et al. (2006) discovered 

desynchronisation holes in the Arnold tongue through numerical simulation of steady flow past 

two tandem cylinders undergoing inline oscillations with a phase difference at �� = 160. 

Specifically quasi-periodic responses were found at two adjacent points of (�/�, ��/���) that 

are surrounded by synchronised modes inside the Arnold tongue at �/� = 0.35 when the 
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cylinders undergo in-phase oscillations. The holes reported by Papaioannou et al. (2006) refer 

to the strange behaviours observed at those two discrete (�/�, ��/���) points in the parameter 

space. Another interesting phenomenon observed by Papaioannou et al. (2006) is that period 

doubling of a synchronisation mode was detected over a similar range of ��/��� to those two 

points when �/� was increased to a large value of 0.7. Papaioannou et al. (2006) attributed 

the strange behaviours observed in their study to the interaction of instabilities generated from 

two cylinders, with the support of evidence of similar behaviours in other dynamic systems 

(McGehee & Peckham 1996 and Peckham & Kevrekidis 2002). The period-doubling behaviour 

reported by Papaioannou et al. (2006) appears to be consistent with the period-doubling 

behaviour (scenario I transition to chaos) described by Pikovsky et al. (2001).  

Motivated by the work by Papaioannou et al. (2006) and the general understanding of the 

response of a self-sustained oscillator under periodic external forcing as described by Pikovsky 

et al. (2001), the present study aims at exploring the strange behaviours further through direct 

numerical simulation of steady flow around an inline oscillating cylinder. Instead of using two 

cylinders, a parallel plane boundary to the direction of incoming steady flow is placed near the 

cylinder. The parameter space covered in the present study is similar to that covered by Tang 

et al. (2017) for an isolated cylinder. It is anticipated that the asymmetry of flow around the 

cylinder and the shear layers developed on the plane boundary will have a profound influence 

on the synchronisation modes reported by Tang et al. (2017) and others. It should be noted that 

the two-dimensional period doublings illustrated in the present study are fundamentally 

different from the period doubling in the mode C wake flow reported in the literature (e.g. by 

Zhang et al. (1995), Blackburn & Sheard (2010)), where period doubling occurs in the 

spanwise direction of the cylinder in the mode C flow. The remainder of the paper is organised 

as follows. The governing equation and numerical method are presented in section 2. The 

results and discussions are presented in section 3, and conclusions are drawn in section 4. 

3.2. Methodology 

3.2.1. Numerical method 

The study is carried out numerically based on a two-dimensional (2-D) numerical model 

at Re = 175. The governing equations for the flow are the non-dimensional continuity and 

incompressible Navier–Stokes (N–S) equations,   
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0  U ,                                    (3.1) 

21
p

t Re


      



U
U U U a                           (3.2) 

where U = (�, �) is the velocity vector in the Cartesian coordinate, � is the time and � is the 

kinematic pressure. Direct numerical simulations are carried out by using an open-source 

spectral/hp element code, Nektar++ (Cantwell et al. 2015). The code employs high-order 

quadrilateral expansions within each element through the Gauss–Lobatto–Legendre quadrature 

points (�� ). A second-order implicit–explicit time-integration scheme is chosen from the 

embedded incompressible N–S solver, along with the velocity correction splitting scheme and 

a continuous Galerkin projection. Herein, the harmonic cylinder oscillation is implemented 

through a moving frame fixed on the cylinder by introducing a forcing term, a, which is the 

additional acceleration as the result of the non-inertial translation of the reference frame as 

detailed by Newman & Karniadakis (1997). The use of this technique avoids numerical 

difficulties with mesh deformations and has been implemented successfully in various studies 

(Newman & Karniadakis 1997; Blackburn & Henderson 1999; Leontini et al. 2006).  

The displacement of the circular cylinder in the free stream is formulated in the x–direction 

as,  

�(�) = ����(2����),                               (3.3) 

�̇(�) = 2���� ���(2����) = ����                     (3.4) 

where �  is the amplitude of the cylinder oscillation, ��  is the non-dimensional driving 

frequency of the oscillation and �  is the non-dimensional time (both have been non-

dimensionalised by the time scale �/��). It is noted the problem of the steady flow around an 

oscillatory cylinder is kinematically equivalent to that of non-zero mean oscillatory flow 

around a fixed cylinder, provided that a transformation in the control variables is carried out 

(Konstantinidis & Bouris 2016). In the present study, we simulated both problems at certain 

equivalent parameters and the results are identical.  

3.2.2. Boundary and initial conditions 

A rectangular computational domain is employed in the 2-D numerical simulations. Along 

the left boundary, the Dirichlet boundary conditions of � = ������ and � = 0 are applied, 

where ������ is defined as 
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������ = �� + ���� = �� + 2���� cos(2����).              (3.5) 

Along the right boundary, the Neumann boundary condition (zero normal gradient) is 

employed for the velocity (i.e. 
��

��
= 0, 

��

��
= 0). The cylinder surface is specified as a no-slip 

boundary with zero velocity (i.e. � = 0, � = 0). A symmetrical boundary (i.e. 
��

��
= 0, � =

0) is applied at the top boundary.  

The presence of a fixed plane wall affects the flow around the cylinder through two 

mechanisms: (i) the boundary layer that is generated above the wall and (ii) the velocity 

redistribution due to the wall-cylinder geometry setting, which is referred to as the blockage 

effect. To differentiate the effects of these two mechanisms, additional simulations are 

conducted under symmetry boundary conditions (SBC). Apart from � = 0, the following 

boundary conditions are applied on the plane wall,  

������ = ���� = 2���� cos(2����),                  (3.6) 

�����

��
= 0,                             (3.7) 

where ������  and ����  are the velocities of the ‘fixed-wall’ conditions and SBC, 

respectively.  

A reference value of zero is assigned to the pressure at the outlet (right) and a high-order 

pressure boundary condition of pressure gradient is imposed on the cylinder surface and the 

far-field boundaries (Karniadakis et al. 1991). 

Initial conditions of � = 0, � = 0, � = 0 are applied in all simulations, unless it is 

specifically mentioned. To eliminate the effect from these initial conditions, more than 600 

non-dimensional time units are simulated and the final 400 non-dimensional time units 

(approximately 70 – 300 oscillation cycles) are used to identify the synchronisation mode and 

to estimate the forces on the cylinder. 

3.2.3. Mesh-dependence check and model validation 

For a near-wall cylinder, a dependence check of the computational mesh and domain size 

is conducted for an oscillating cylinder under ‘fixed-wall’ conditions and the results are 

detailed in the Appendix A. A rectangular computational domain of 128 � × (28 � + �) is 
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selected based on the outcomes of the domain size check. The drag and lift coefficients are 

defined as follows: 

��  =  ��/(
�

�
����

�) ,                       (3.8) 

��  =  ��/(
�

�
����

�) ,                       (3.9) 

where ��  and ��  are the total forces on the cylinder in the streamwise and transverse 

directions, respectively. 

The numerical model is validated by comparing the vortex-shedding frequency and force 

coefficients from a stationary near-wall cylinder, as shown in TABLE 3.1. The vortex-shedding 

frequency of a near-wall cylinder is defined as ���∗, to distinguish it from that of an isolated 

cylinder (���). Under the ‘fixed-wall’ conditions, the results reported by Lei et al. (2000) for 

�� = 200 and �/� = 1.0 are used to validate the present model. The ���∗ value from our 

work is 3% lower than the value from Lei et al. (2000), possibly because of the different domain 

widths used in those studies. A domain width of 12� was used in Lei et al. (2000) and 28� 

in our work. Further validation has been done by comparing the results of ���∗ and the mean 

drag coefficient (��,����) with the results reported by Jiang et al. (2017) under ‘moving-wall’ 

conditions (i.e. ����������� = ������). Good agreement has been achieved with identical ���∗ 

and ��,���� with a difference of 1.1%. 

References �� Wall condition ���∗ ��,���� 

Lei et al. (2000) 200 Fixed wall 0.197 - 

Present 200 Fixed wall 0.191 1.152 

Jiang et al. (2017) 175 Moving wall 0.205 1.507 

Present 175 Moving wall 0.205 1.491 

TABLE 3.1. Comparison of the vortex-shedding frequency (���∗) and mean drag coefficient 

(��,����) for a stationary cylinder in steady flow with different �� and wall conditions 

(�/� = 1.0). 
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3.4. Result discussions 

3.4.1. Transition to chaos through period doublings inside Arnold tongue 

The simulation is carried out at �� = 175, which is identical to that employed by Tang et 

al. (2017). The gap ratio �/�  is fixed at 1, as illustrated in FIGURE 3.1. A ‘fixed-wall’ 

boundary condition is applied on the plane boundary below the cylinder. The boundary layer 

thickness at the location of cylinder (with the cylinder removed) is defined approximately as 

the vertical distance from the wall to the point where �  reaches the maximum. With an 

upstream domain length of 28�, �/� ≈ 2 is observed at �/� = 0, which matches the Blasius 

solution well. The synchronisation modes, known as �/�  modes (Tang et al. 2017), are 

mapped out in the (�/�, ��/���∗) space as shown in FIGURE 3.1. The resolution of ��/���∗ is 

0.01 and a total of 340 cases are included in this map. Desynchronisation modes such as quasi-

periodic (QP) modes are not included for clarity. We refer the QP mode as chaos (C) 

categorically hereafter. 

 

�0 

 

FIGURE 3.1. The bifurcation diagram plotted as normalised excitation amplitude (�/�) versus 

normalised excitation frequency (��/���∗ ) for a near-wall cylinder with �/�  = 1.0 under 

‘fixed wall’ conditions. Modes from 2/5 to 8/12 are listed in the legend with the increase value 

of mode ratio. All cases deemed chaotic have been removed for clarity. The solid line indicates 

the synchronisation region of 1/2, while dashed line indicates the transition and non-

synchronised states inside the Arnold tongue. A definition sketch of the present problem is 

illustrated in the inset on the top right corner of the figure.  
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Apart from the known mode (Tang et al. 2017) with a non-reducible �/� ratio, new 

modes with reducible �/�  ratios are observed in the parameter space. These include, for 

examples, 2/4, 4/8, 8/14, 4/6 and 8/12 modes which have rarely been reported elsewhere. More 

interestingly, transition to chaos from synchronisation modes is observed inside the Arnold 

tongue, creating two transition strips (bordered by dash lines) inside the Arnold tongue.  

To further investigate the nature of the synchronisation modes with reducible �/� ratios 

and transition from synchronisation modes to chaos through period doublings, simulations are 

carried out between ��/���∗  = 1.3910 and 1.4744 at �/�  = 0.2 with refined frequency 

resolutions. More high-order modes with reducible �/� ratios are found. The spectrum of ��, 

transient trace of ��(�)  with cylinder displacement �(�), and the Lissajous phase diagram 

of �(�) and ��(�) for the transition sequence of C - 16/32 - 8/16 - 4/8 - 2/4 - 1/2 are shown 

in FIGURE 3.2. Primary synchronisation mode of 1/2 is observed at (�/�, ��/���∗) = (0.2, 

1.5108), as shown in FIGURE 3.2(a), where the dominant frequency of lift (��/��) is 1/2 and all 

other frequencies are integer multiples of 1/2 in the spectrum. The transient trace of ��(�) 

completes one cycle of oscillation in 2� (� = 1/��), leading to a closed loop of the Lissajous 

phase diagram. As ��/���∗ is decreased to 1.4379 (FIGURE 3.2(b)), the synchronisation mode 

of 2/4 occurs, where ��(�) completes one repeating pattern (two cycles of oscillation) in 

exactly four cycles of cylinder oscillation. Although the dominant frequency of ��(�) is still 

1/2, a lower frequency component of 1/4 appears and all other frequencies are integer multiples 

of frequency 1/4. The Lissajous phase diagram is characterised by two non-overlapping closed 

loops. The above features of flow response suggest that mode 2/4 is a period doubling of mode 

1/2. As ��/���∗ is further decreased to 1.4171, the synchronisation mode of 4/8 is discovered, 

where ��(�) completes one repeating pattern (four cycles of oscillation) in 8T. The mode of 

4/8 is judged to be a period doubling of mode 2/4, based on the characteristics of the flow 

response, as shown in FIGURE 3.3. A synchronisation mode of 8/16 occurs at (�/�, ��/���∗) = 

(0.2, 1.3993), as shown in FIGURE 3.2(d). Mode 16/32 is identified with a ��/���∗ resolution 

of 10-4 at (�/�, ��/���∗) = (0.2, 1.3960), as shown in FIGURE 3.2(e). Then, the flow response 

(through ��(�)) becomes chaotic at (�/�, ��/���∗ ) = (0.2, 1.3858), as shown in FIGURE 

3.2(f), which is characterised by desynchronisation of ��(�) with �(�) and non-repeatable 

loops of the Lissajous phase diagram. Although the dominant frequency in the spectrum of 

��(�) is still 1/2, it is modulated by multiple chaotic frequency components.   
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 ��/���∗ Spectrum of �� 
Transient trace of ��(�) (red 
line) and �(�) (black line) 

Lissajous phase 
diagram 

(a) 1.5108 

(b) 1.4379 

(c) 1.4171 

(d) 1.3993 

(e) 1.3960 

(f) 1.3858 

FIGURE 3.2. The spectrum of ��, transient trace of ��(�) (red line) with cylinder displacement 

�(�) (black line), and Lissajous phase diagram of �(�) and ��(�) for a near-wall cylinder 

with �/� = 1: (a) mode 1/2, (�/�, ��/���∗) = (0.2, 1.5108); (b) mode 2/4, (�/�, ��/���∗) = 

(0.2, 1.4379); (c) mode 4/8, (�/�, ��/���∗) = (0.2, 1.4171); (d) mode 8/16, (�/�, ��/���∗) = 

(0.2, 1.3993); (e) mode 16/32, (�/�, ��/���∗) = (0.2, 1.3960); (f) chaotic, (�/�, ��/���∗) = 

(0.2, 1.3858). 
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FIGURE 3.3. Instantaneous flow field of a mode 4/8 at (�/�, ��/���∗) = (0.2, 1.4171) under 

‘fixed wall’ condition over eight cycles of cylinder oscillation, visualised using vorticity 

contours at levels between -1 (blue colours) and 1 (red colours).  

The response of instantaneous flow fields to the cylinder oscillation is consistent with the 

response observed through characteristics of ��(�) . As an example, FIGURE 3.3 shows 

snapshots of vorticity contours of a mode 4/8 case at (�/�, ��/���∗) = (0.2, 1.4171) over 8�. 

The instantaneous flow fields at � = �� and � = �� + 2� would have matched exactly if 

the synchronisation mode were 1/2, while the instantaneous flow fields at � = �� and � =

�� + 4� would have matched exactly if the synchronisation mode were a 2/4 synchronisation. 

The flow fields in every 4� are similar, but the interaction patterns (2.5 < �/� < 8) of the 

vortices shed from the cylinder with the shear layer formed on the plane boundary show 

obvious difference at the corresponding instants. It takes another 4� (� = �� + 8�) for the 

flow field to match that at � = ��. Overall, four pairs and four singles vortices are shed from 

the cylinder in 8�, leading to a 4/8 synchronisation in this case. The above features of flow 

response suggest that mode 4/8 is a period doubling of mode 2/4. The interaction of the negative 

shear layer developed on the plane boundary with the positive shear layer developed on the 

surface of cylinder is evident in FIGURE 3.3. Similar features to those observed in this 4/8 mode 

are observed for other synchronisation modes and will not be detailed here.  
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Mode8/16

0.0052 
Mode1/2

0.1045 
Mode2/4

0.0385 
Mode4/8

0.025 Mode16/32

0.00115 

1.4655 1.427 1.402 
1.3968 

1.39565 1.57 

 

FIGURE 3.4. Stroboscopic sampling of lift coefficient at � =  �� over a range of normalised 

excitation frequency with refined cases at �/�  = 0.2. The number labelled above is the 

bandwidth of ��/���∗ for each mode. 

Furthermore, the transition sequence through period doublings is illustrated in FIGURE 3.4 

by a stroboscopic sampling of lift coefficient at � = �� over a long period of time (i.e. over 

200 non-dimensional times). It can be seen from FIGURE 3.4 that only � dots are shown when 

the synchronisation mode is a �/� mode. The cascade pattern of period doublings, starting 

from mode 1/2 at approximately ��/���∗  = 1.570 and ending with mode 16/32 at 

approximately ��/���∗  = 1.395, is clearly observed in FIGURE 3.4 by the observation of a 

doubled number of the black dots. Since the bandwidth of ��/���∗ for each mode, denoted by 

�� (n = 1 and 5 for modes 1/2 and 16/32, respectively), decreases with increasing order of 

period doubling, it requires finer resolutions of ��/���∗ to identify modes with � > 1. For 

example, the mode 16/32 is identified with a ��/���∗ resolution of 10-4. Feigenbaum (1976) 
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showed that �� = ����/��  approaches to the Feigenbaum constant of approximately 

4.6692016 as n approaches to infinity. In the present study, we get �� = 4.52 at n = 5, which 

is close to the Feigenbaum constant. No further efforts have been attempted to refine the 

��/���∗  resolution for a higher n value at �/�  = 1.0 and �/� =0.2 or to quantify the 

occurrence of transition to chaos at other �/�  and �/�  values. We believe that the 

transition to chaos through cascade of period doublings would happen between any two 

neighbouring mode 1/2 and chaotic points within the Arnold tongue in the parameter space and 

the maximum level of cascades (n) that can be revealed by further refining the resolution of 

��/���∗ or �/�. 

3.4.2. Effect of gap ratios and the boundary layer 

Further simulations are carried out over a range of gap ratios from �/� = 0.5 to 2.0 to 

quantify the effect of gap ratios on the transition to chaos. The synchronisation modes are 

mapped out in the (�/�, ��/���∗) space as shown in FIGURE 3.5. 

 

FIGURE 3.5. The bifurcation diagram plotted as various gap ratios (�/�) versus normalised 

excitation frequency (��/���∗) for a near-wall cylinder under ‘fixed wall’ conditions. 

Synchronisation modes with reducible �/� ratios, such as modes 2/4, 4/8 and 4/6, are 

observed in the present study with �/� = 0.7 – 1.5. Period doubling is not observed when 

�/� is either too large (≥ 2.0) where the influence of the plane boundary is weak, or too small 

(≤ 0.5) where vortex shedding of the corresponding steady flow around the cylinder is 

suppressed. Transition to chaos through a cascade of period doublings is observed at �/� = 
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0.7 – 1.0 over the range of ��/���∗ values well inside the Arnold tongue, creating transition 

strips within an otherwise synchronised zone without the plane boundary.  

The physical origins for the period doubling and the transition to chaos through period-

doubling cascade are explored. Given that the period doubling and the transition to chaos are 

only observed over 0.7 ≤ �/� ≤ 1.5, the presence of the plane boundary near the cylinder is 

identified as the main culprit for the observed phenomenon. Possible influence factors of the 

plane boundary on the flow response include (i) the mode competition between flows through 

the gap and around the top of the cylinder and (ii) the interaction of the shear layer generated 

above the plane boundary with the shear layer formed on the gap side of the cylinder surface. 

The mode competition affects the flow rate through the gap (flow blockage) and thus leads to 

the formation of asymmetric shear layers on the cylinder, which subsequently affects the 

vortex-shedding process from the cylinder. The plane-boundary shear layer weakens the shear 

layer formed on the gap side of cylinder surface substantially when �/� is reduced below a 

critical value. It is noted that the transition to chaos through cascade of period doublings within 

the Arnold tongue occurs for 0.7 ≤ �/� ≤ 1.0, while period doubling is observed 0.7 ≤ �/� 

≤ 1.5. The difference between the cases with �/� ≤ 1.0 and those �/� > 1.0 is that the flow 

with �/� > 1.0 is unlikely to be affected by the boundary layer formed above the plane 

boundary. This observation appears to suggest that asymmetric vortex shedding from the 

cylinder is the dominant flow mechanism responsible for period doubling, while both wall 

shear layers and the asymmetric vortex shedding are responsible for the transition to chaos 

through period-doubling cascades.  

To separate the influences of the wall shear layers and flow blockage effect (to the first-

order approximation), additional simulations are carried out at �/� = 1.0 with �/� = 0.2 

and 0.3 by imposing a SBC on the plane wall and maintaining other conditions unchanged. The 

influence of the wall shear layer is removed with SBC on the plane wall. The flow regimes 

mapped out with SBC at �/� = 0.2 and 0.3, shown in FIGURE 3.6, differ from that shown in 

FIGURE 3.5, in the following aspects: (i) the transition to chaos through cascade of period 

doublings disappears inside the Arnold tongue and (ii) the period doubling of synchronisation 

modes still exists both inside (mode 1/2) and outside the Arnold tongue (mode 2/3). The above 

observations are largely consistent with the conjectures we made above. Since the existence of 

the wall boundary layer forms the major difference between the cases with a no-slip wall and 

those with a symmetry wall, the shear layer formed above the plane boundary is considered as 
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another physical mechanism that contributes to the transition to chaos through cascade of 

period doublings. The asymmetric vortex shedding for a case with a 2/4 mode is illustrated by 

vorticity contours in FIGURE 3.7. Four and two vortices (two pairs + two singles) are shed from 

the top and bottom sides of cylinder respectively in this case. The flow blockage effect by the 

wall enhanced the asymmetric vortex shedding from the cylinder under SBC on the wall. The 

flow asymmetry can be demonstrated by examining the mean lift coefficient on the cylinder. 

The mean lift coefficient is 0.115 for the case shown in FIGURE 3.7 ((�/�, ��/���∗) = (0.2, 

1.39)), the corresponding lift for an isolated cylinder is only 0.023. It should be noted that no 

transition to chaos is observed at this ��  under SBC only. No further investigation with 

different �� values has been undertaken in the present study. Period doubling still exists after 

removing the wall boundary layer by applying SBC. Once again, this result suggests that the 

asymmetric vortex shedding is a key mechanism for period doubling.  

 

FIGURE 3.6. The bifurcation diagram plotted with varying normalised excitation amplitude 

(�/�) and normalised excitation frequency (��/���∗) at �/� = 1.0 under symmetry boundary 

condition. 

    

    

 

 

FIGURE 3.7. Instantaneous flow field of a mode 2/4 at (�/�, ��/���∗ ) = (0.2, 1.39) under 

symmetry boundary condition over four cycles of cylinder oscillation, visualised using 

vorticity contours at levels between -1 (blue colours) and 1 (red colours). 
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3.4.3. Three-dimensional effect on the transition to chaos through period-

doublings 

A quasi-3-D approach, where a spectral/hp element method is employed to discretise the 

problem in the (�, �)–plane and a Fourier discretisation is implemented in the �–direction to 

resolve the full three-dimensional (3-D) features of the flow, is used to solve the 3-D N–S 

equations (Xiong et al. 2018). A spanwise length of �� = 12� with spanwise resolution �� 

= 120 is employed. A random perturbation of 0.01 is added to both velocity and pressure in the 

initial conditions. To manage the high demands on computing resources, a downstream domain 

length of 30� is used in the 3-D simulations, where efforts have been made to check that the 

simulations accurately resolve the near-wake flows. The mesh dependence check is detailed in 

the Appendix A. 

The variation of three-dimensionality of the flow is examined through the spanwise kinetic 

energy ��, which is defined as 

�� =
�

�
∫ �

�

��
�

�

�
��,                        (3.10) 

where � is the volume of the entire domain and w is the instantaneous velocity in the z–

direction. The � iso-surfaces are used to illustrate the 3-D flow structures (Jeong & Hussain 

1995), where the � function object calculates and stores the second invariant of the velocity 

gradient tensor, i.e. 

� =
�

�
����(��)�

�
− ��(�� ∙ ��)�.                  (3.11) 
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 �/� 
Q-Criterion 

(|�| = 0.2) 
�� 

(a) 0.5 

  

(b) 1.0 

  

(c) 1.2 

  

FIGURE 3.8. The iso-surfaces of � (|�| = 0.2) and the time histories of the spanwise kinetic 

energy �� for an isolated cylinder above a fixed wall (as indicated by a grey plane) at �/� 

= 0.5 (a), 1.0 (b) and 1.2 (c). 

The 3-D simulations are conducted on a stationary cylinder firstly at three different �/� 

(i.e., 0.5, 1.0, and 1.2) to quantify the influence of wall on the simulations at Re = 175. FIGURE 

3.8 shows the iso-surfaces of � and the time histories of ��  from 3-D simulations for a 

stationary cylinder under ‘fixed-wall’ conditions. Due to the perturbation introduced in the 

initial flow field, the 3-D structure observed at the beginning of the calculation rapidly decays 

at �/� = 0.5 and 1.2, as evidenced by temporal variations of �� that converges to 1.13×

10�� and 2.32× 10���, respectively. At �/� = 1.0, ��  starts to increase after � = 200, 

until � = 2700 , and the three-dimensionality appears to be stabilised after then at 

approximately �� = 7 × 10�� . At �/�  = 1.0, regular 3-D flow structures appear with a 

spanwise length of 1.50D, while at other two gap ratios, the iso-surfaces of � are vertical 

� = 858.09 

� = 885.18 

� = 3360 
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uniform tubes without noticeable 3-D flow features. FIGURE 3.8 demonstrates that without 

cylinder oscillation, the flow shows minor 3-D features at �/� = 1.0. As compared to flow 

transition to 3-D of an isolated stationary cylinder in steady flow at ���� ≈ 194 (Williamson 

1996, Jiang et al. 2016), this early transition in FIGURE 3.8(b) is attributed to the increase of 

local flow velocity around the cylinder, induced by the blockage effect. At both higher and 

lower gap ratios, the 3-D flows almost entirely disappear. Therefore, the map of flow regimes 

as given in FIGURE 3.5 are not expected to be affected substantially by 3-D flows in 3-D 

simulations.   

Further 3-D simulations are conducted at (�/�, �/�) = (1.0, 0.2) at selected frequencies 

(i.e., ��/���∗ = 1.5108, 1.4379, 1.4171 and 1.3858), where the corresponding 2-D results are 

shown in FIGURE 3.2. Those cases were chosen where the 3-D flows are strongest (see FIGURE 

3.8) to quantify the 3-D influence on the behaviours of transition to chaos through period 

doublings observed in 2-D simulations. FIGURE 3.9 shows the results from 3-D simulations and 

their comparison with 2-D results. For the synchronised cases, the time history of �� 

demonstrates that the 3-D case is fully developed after a certain period of simulation time, 

during which the influence of initial perturbations decays. The � surface shows 3-D flow 

features at modes 4/8, 2/4 and 1/2, where the flow develops regular rib-like structures in the 

spanwise direction and the spanwise lengths are 1.33� for mode 4/8, 1.20� for mode 2/4, and 

1.09� for mode 1/2.  

By comparing the Lissajous phase diagram, the synchronisation modes identified from 3-

D simulations are exactly the same as those identified in 2-D simulations, with slight 

misalignment in the tracing lines due to the 3-D effect and phase difference. Even in the case 

identified as chaos at ��/���∗ = 1.3858, where the 3-D flows are strongest, as indicated by the 

largest value of ��  among the four cases, the Lissajous diagram obtained from the 3-D 

simulation is not significantly different from that of the 2-D simulation. 
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 ��/���∗ 
�-Criterion 
(|�| = 0.2) 

�� 
�(�) vs. ��(�) 

(Black: 2-D; 
Red: 3-D) 

Mode 

2-D 3-D 

(a) 1.5108 

   

1/2 1/2 

(b) 1.4379 

   

2/4 2/4 

� = 1417.4 

� = 683.5 
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(c) 1.4171 

   

4/8 4/8 

(d) 1.3858 

   

Chaos Chaos 

FIGURE 3.9. The iso-surfaces of � (|�| = 0.2) and the time histories of the spanwise kinetic energy �� for selected cases as shown FIGURE 3.2 

from 3-D simulations. The Lissajous phase diagram of �(�) and ��(�)gives the comparison of synchronisation modes between 2-D and 3-D 

simulations.

� = 549.05 

� = 1196.6 
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FIGURE 3.10. Value of stabilised �� in the process of the transition to chaos through period-

doublings.  

The three-dimensionality of the flow (��) is quantified over the range of ��/���∗ over 

which transition to chaos through period doublings occurs in FIGURE 3.10. Although �� 

values in the cases shown in FIGURE 3.10 are considerately larger than the corresponding �� 

of a stationary cylinder, they do not show a clear correlation to the transition to chaos through 

period doublings. This observation is not surprising because the transition to chaos through 

period doublings in the present problem is mainly through 2-D flow features. To examine the 

similarity between 2-D flow features and the cross-sectional features of the 3-D flows, the 

temporal variation of 2-D enstrophy (��) in 2-D flows and a cross-section of the 3-D flows is 

quantified as 

�� =
�

�
∫ ��

�
�

��,                         (3.12) 

where �� = �
��

��
−

��

��
�

�

��
 and � represents the area of the 2-D cross-section. It was found 

that the temporal variations of ��  in 2-D flows and 3-D flows are generally similar. The 

comparison of �� values obtained from 2-D and 3-D simulations for a period-doubling mode 

of 4/8 at (�/�, ��/���∗) = (0.2, 1.4171) under ‘fixed-wall’ condition is illustrated in FIGURE 

3.11, where the �� value for 3-D simulation is averaged over 13 cross-sections within 1.33� 

(the correlation length). Although the peaks of �� obtained from 3-D simulation is slightly 

smaller than that from the 2-D simulation, the overall trends of �� variations are very similar 

in the 2-D and 3-D flows. The great similarity between the 2-D flow and 3-D cross-sectional 

flows can also be observed qualitatively from instantaneous flow fields shown in the insets in 

FIGURE 3.11. This observation also suggests that the period doublings observed in the present 
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study are mainly due to 2-D flow mechanisms. The weak 3-D flow features do not change the 

nature of the transition process to chaos through period doublings at �� = 175 for a near-wall 

cylinder. The flow synchronisation modes identified from 2-D and 3-D simulations are 

identical for the limited number of 3-D simulations conducted in the present study. No further 

efforts were made to cover a wide range of parameters in 3-D simulations, primarily due to the 

time and computational resource constraints.  

2D                                 3D 

 

  
  

FIGURE 3.11. Comparison of �� between the 2-D and 3-D simulation of a mode 4/8 at (�/�, 

��/���∗) = (0.2, 1.4171) under ‘fixed wall’ condition over eight cycles of cylinder oscillation. 

The ��  value for 3-D simulation is averaged over 13 cross-sections within 1.33 �  (the 

correlation length). The insets compare instantaneous �� flow fields for 2-D simulation and 

3-D simulation at �/� = 6 (the mid-plane).  

3.5. Conclusion 

In this paper, we have presented numerical evidence revealing the existence of new 

bifurcations that leads to chaotic states and modes other than the primary synchronisation mode 

inside the primary synchronisation region through cascade of period doublings for flow past a 

near-wall oscillating cylinder. The ratio of frequency intervals of two successive period-

doubling modes asymptotes towards the first Feigenbaum constant. Moreover, it is 

demonstrated that the phenomenon of transition to chaos through period doublings also 

happens in three-dimensional simulations. Through specifically designed numerical tests, the 
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physical mechanism responsible for the transition to chaos through cascade of period doublings 

is confirmed to be the interaction of asymmetric vortex shedding from the cylinder and the 

boundary layer developed on the plane boundary. The results also show that asymmetric vortex 

shedding is not a sufficient condition for the transition to chaos through cascade of period 

doublings. The transition does not occur above a symmetry wall and a fixed wall with a cylinder 

being placed either too close to or too far away from the wall. 

 

Appendix A 

A rectangular computational domain is employed in the 2-D numerical simulations. The 

domain length in the �–direction is 128�, with 28� upstream and 100� downstream of the 

cylinder. The domain width in the �–direction is 28�  and �  on the top and wall sides, 

respectively. The mesh dependence is checked here under ‘fixed-wall’ conditions with a 

constant �� = 175 and (��/���∗, �/�, �/�) = (4, 0.1, 0.5). Four meshes are generated by 

changing the polynomial order (��). As shown in TABLE 2.5, �� varies from 5 to 8 with the 

total number of cells ranging from 211232 to 646898, and the size of the first layer grid next 

to the cylinder surface varies from 0.0060� to 0.0034�. The time step was held constant at 

0.002 with varying ��. The CFL number is far below 1. Further checks are conducted on mesh 

2 by varying the time step (as shown in mesh 2-a and 2-b (����/� =0.001 – 0.003)), alongside 

the domain size (as shown in mesh 2-c and 2-d).
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Mesh Domain size �� 
����

�
 �� ∆/� ��,���� ��,��� ��,��� Mode 

1 128 �×(28 �+ �) 5 0.002 211232 0.0060 0.7228 6.0354 0.0552 0/1 

2 128 �×(28 �+ �) 6 0.002 330050 0.0048 0.7234 6.0356 0.0552 0/1 

3 128 �×(28 �+ �) 7 0.002 475272 0.0040 0.7236 6.0354 0.0551 0/1 

4 128 �×(28 �+ �) 8 0.002 646898 0.0034 0.7232 6.0356 0.0552 0/1 

2-a 128 �×(28 �+ �) 6 0.001 330050 0.0048 0.7234 6.0341 0.0551 0/1 

2-b 128 �×(28 �+ �) 6 0.003 330050 0.0048 0.7235 6.0377 0.0551 0/1 

2-c 128 �×(20 �+ �) 6 0.002 330050 0.0048 0.7427 6.0289 0.0545 0/1 

2-d 128 �×(36 �+ �) 6 0.002 348800 0.0048 0.7130 6.0291 0.0554 0/1 

TABLE 3.2. Mesh dependence study at (��/���∗, �/�, �/�) = (4, 0.1, 0.5) under ‘fixed-wall’ conditions. 
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Comparisons of the simulation results based on these meshes under ‘fixed-wall’ conditions 

are given in TABLE 2.5. Excellent agreement between the results from these meshes can be 

observed. More importantly, an identical flow synchronisation mode is captured by these 

different meshes; ��,��� and ��,��� vary by less than 0.16% and 1.27%, respectively. These 

results suggest that a reasonable mesh convergence has been achieved. Mesh 2 is selected 

conservatively for the rest of the 2-D simulations in this work. 

It has been demonstrated that 3-D instabilities develop at �� around 150 – 160 for a 

stationary cylinder next to a moving wall (Jiang et al. 2017 and Rao et al. 2013 & 2015). The 

3-D simulations were initially conducted at �/� = 0.5, where the 3-D effect likely peaks at a 

gap ratio near 0.5, based on the findings on a stationary cylinder next to a moving wall (Jiang 

et al. 2017 and Rao et al. 2013 & 2015). To manage the high demands on computing resources, 

a relatively coarse mesh and short downstream domain length of 30� (1/6 of the total elements 

of the 2-D simulations) are used in the 3-D simulations. Firstly, the 2-D coarse mesh is checked 

at (��/���∗, �/�, �/�) = (4, 0.1, 0.5) under ‘fixed-wall’ conditions. As shown in TABLE 3.3, 

good agreements between the results obtained using these two meshes are achieved with 

identical ���/�� and exactly the same synchronisation mode; ��,���� varies by less than 

1%, whereas ��,��� and ��,��� vary by less than 1.1% and 2%, respectively. Therefore, this 

coarse mesh is selected for the 3-D simulations here.  

Cases ��,���� ��,��� ��,��� ���/�� Mode 

2-D 0.7234 6.0356 0.0552 0.767 0/1 

2-D (coarse mesh) 0.7162 5.9691 0.0542 0.767 0/1 

3-D 0.7227 5.9805 0.0541 0.773 0/1 

TABLE 3.3. Comparison of the 2-D and 3-D results for (��/���∗, �/�, �/�) = (4, 0.1, 0.5) 

under ‘fixed-wall’ conditions on the force coefficient, vortex-shedding frequency, and 

synchronisation mode. 
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Chapter 4  

 

Transition to the secondary vortex street in the wake of a 

streamwise oscillating cylinder 

 

Abstract: The far-wake characteristics of a circular cylinder undergoing streamwise oscillation 

are investigated through two-dimensional direct numerical simulations at a fixed Reynolds 

number of 175. The far wake is examined for various synchronisation modes �/� (i.e. � 

pairs of vortices shed in �  cylinder oscillation periods) at a fixed �/�  (where � is the 

amplitude of the cylinder oscillation and � is the cylinder diameter) of 0.2. For synchronised 

cases with the mode of 1/�, secondary vortices are not observed in the wake up to 200D 

downstream of the cylinder. In contrast, vortex merging is observed for selected synchronised 

cases with � > 1, where the dominating frequency changes from p/q to 1/q in the far wake. To 

investigate the influence of �/� on the far-wake characteristics for the synchronised and 

quasi-periodic (QP) cases, further numerical simulations are conducted at fixed oscillation 

frequencies ��/��� = 2.0 and 2.2 (where �� is the driving frequency and ��� is the vortex 

shedding frequency of a stationary cylinder) with varying oscillation amplitudes �/� from 

0.0001 to 0.2048. For the synchronised cases at ��/���  = 2.0 (within the primary 

synchronisation regime), no secondary vortex street is observed. For the QP cases at ��/��� = 

2.2, the secondary vortices are formed from the merging of two primary vortices for �/� = 

0.0016 – 0.0256, and through the merging of three or more primary vortices for �/� = 0.0512 

– 0.1024. With increasing �/�, the frequencies in the frequency spectra change from sharp-

peaked to broadband patterns, and the number of lower frequency components increases 

significantly. In addition, the lower frequency components can be predicted by an equation, i.e. 

����� = 2 ∗ ����� − ���, where � is an integer larger than 0.  
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4.1. Introduction 

For over a century, flow around circular cylinders has formed the basis of a large body of 

fundamental research on interaction between flow and bluff bodies, owing to the relevance to 

a number of industrial applications, such as oil rig risers, chimneys, pipelines and cables. In 

addition, flow characteristics in the wake of a circular cylinder have been investigated 

extensively due to their great significance on fundamental fluid mechanics. A comprehensive 

review on the wake dynamics of a circular cylinder can be found in Williamson (1996). 

It has been well known that the Reynolds number (�� = ���/�, where �� is the free-

stream velocity, �  is the cylinder diameter and �  is the kinematic viscosity) is the sole 

governing parameter for the flow around a smooth circular cylinder. How the boundary-layer 

and near-wake characteristics change with the Reynolds number have been well summarised 

by Williamson (1996) and Sumer and Fredsøe (1997). Some other research works have focused 

on the far wake of a circular cylinder in steady current (Cimbala et al. 1988, Williamson and 

Prasad 1993, Kumar and Mittal 2012, Jiang and Cheng 2019). Here, the term ‘far wake’ refers 

to the region where the primary vortices shed from the cylinder are either decayed or merged 

together, followed by the likelihood of the emergence of new vortices (i.e. the secondary 

vortices) with larger spatial scale and lower frequency than the primary vortices. Compared 

with the near wake, the far wake is relatively less studied in the literature. Nevertheless, an 

investigation of the far wake is still important due to the following reasons. Firstly, a 

combination of the near- and far-wake characteristics provides a full picture of the wake of a 

bluff body. Secondly, an understanding of the far wake characteristics of an isolated cylinder 

helps to understand the hydrodynamic characteristics of additional cylinders placed in the wake 

of an upstream cylinder, a common scenario observed in engineering practice. 

The formation of the secondary vortex street is due to two different mechanisms. If the 

primary vortices shed from the cylinder are fully decayed and form two parallel shear layers, 

the formation of the secondary vortex street is due to hydrodynamic instability of the mean 

flow according to Cimbala et al. (1988), Williamson and Prasad (1993) and Kumar and Mittal 

(2012). In contrast, if the primary vortices shed from the cylinder transition directly to the 

secondary vortex street (without decaying to the parallel shear layers with no vortices), the 

secondary vortices are formed from merging of the primary vortices. This vortex merging 

process was demonstrated by Thompson et al. (2014) through two-dimensional simulations 

about the wake of an elliptic cylinder with �� = 200 and aspect ratios of 0.5 and below, as 
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well as by Jiang and Cheng (2019) for a circular cylinder at ��  = 300 and 600 (two-

dimensional simulations). 

The transition to the secondary vortex street is very sensitive to the disturbance in the free 

stream and boundary conditions. Desruelle (1983) observed the secondary vortex street for �� 

as low as 80. Similar observations were reported by some other researchers as summarised by 

Williamson and Prasad (1993). They concluded that the formation of the secondary vortex 

street is strongly related to the disturbance level in the physical experiments. It was also found 

that the secondary wake frequency shows strong discrepancy among the reported experiments. 

It is suspected that the difference in the experimental setup is the main reason for the 

discrepancy. In numerical simulations, the disturbance level can be reduced significantly 

compared with physical experiments in wind tunnels or water flumes. Therefore, the formation 

of the secondary vortex street may be significantly delayed. For example, Thompason et al. 

(2014) did not observe the secondary vortex street in the far wake of a circular cylinder for �� 

up to 200. 

The secondary vortex street can also be triggered by prescribing a forced oscillation to the 

cylinder in the form of �(�) = ����(2����) , where �  is the amplitude of the cylinder 

oscillation, �� is the driving frequency and � is the non-dimensional time. Alternatively, the 

forced oscillation can be applied to the incoming flow as �(�) = 1 + ����(2����) . For 

example, while the secondary vortex street was not observed in the wake of a stationary 

cylinder at �� = 150, it was triggered by Kumar and Mittal (2012) by applying a streamwise 

oscillation with �/� = 0.0001 and ��/��� = 0.66 (��� being the vortex shedding frequency of 

a stationary cylinder). 

In light of the work of Kumar and Mittal (2012), the present study aims at investigating 

systematically the effects of oscillation parameters �/�  and ��/���  on the far wake 

characteristics of a circular cylinder. 

It is also worth noting that Tang et al. (2017) presented a systematic study on how �/� 

and ��/��� affect the near-wake characteristics of a circular cylinder at Re = 175. Tang et al. 

(2017) showed that the near-wake vortex shedding synchronised to the streamwise oscillation 

for some of the investigated parameter space of �/� and ��/���, while quasi-periodic vortex 

shedding was observed in some other regions. Tang et al. (2017) focused on the near-wake 
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characteristics, but a significant impact may also exist in the far wake. This speculation forms 

one of the motivations of the present study. 

This chapter investigates the far-wake flow response of a circular cylinder undergoing 

streamwise oscillations with various forcing frequencies and amplitudes. The simulations were 

carried out at a constant Reynolds number of ��  = 175 through two-dimensional direct 

numerical simulations. The remainder of this chapter is organised as follows. The governing 

equations and numerical method are presented in section 4.2. The results and discussions are 

presented in sections 4.3 and 4.4. Major conclusions are drawn in section 4.5. 

4.2. Methodology 

The study is carried out based on a two-dimensional (2-D) numerical model. The 

dimensionless form of the 2-D incompressible Navier–Stokes (NS) equations in the Cartesian 

coordinate system is solved for the flow and the equations are given as follows: 

0  U ,                             (4.1) 

21
p

t Re


      



U
U U U a                     (4.2) 

where U = (�, �) is the velocity vector in the Cartesian coordinate system, � is the time and 

� is the kinematic pressure. Direct numerical simulations are performed by using an open-

source spectral/hp element code, Nektar++ (Cantwell et al. 2015). The code employs high-

order quadrilateral expansions within each element through the Gauss–Lobatto–Legendre 

quadrature points (Np). A second-order implicit-explicit time-integration scheme is chosen 

from the embedded incompressible NS solver, along with the velocity correction splitting 

scheme and a continuous Galerkin projection. Herein the harmonic cylinder oscillation is 

implemented through a moving frame fixed on the cylinder by introducing a forcing term a, 

which is the additional acceleration as a result of the non-inertial translation of the reference 

frame as detailed by Newman & Karniadakis (1997). This technique avoids the difficulty with 

mesh deformation and has been implemented successfully in various studies (Newman & 

Karniadakis 1997; Blackburn & Henderson 1999; Leontini et al. 2006).  

The cylinder is forced to oscillate sinusoidally in the �-direction, with its position �(�) 

being described as X(τ) = Asin(2πfd τ). In order to avoid updating the computational mesh, the 
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coordinate system is fixed to the cylinder and the forced oscillation is achieved by adding an 

oscillating component to the flow.  

A rectangular computational domain with 28D upstream, 200D downstream and 50D on 

each of the top and bottom sides of the cylinder is discretised with 5346 quadrilateral spectral 

elements, as shown in Figure 4.1. A uniform streamwise size of the macro-elements (~3D) in 

the downstream at �/� > 20 is used in order to capture detailed wake flow structures. On the 

inlet boundary, the Dirichlet boundary condition of ux = �� + ucyl and uy = 0 are applied, where 

ucyl is the forcing cylinder velocity and it is calculated as 2πfd Acos(2πfd τ). The top and bottom 

boundaries are symmetry conditions (i.e. 
���

��
= 0, �� = 0). On the cylinder surface, the no-

slip condition is imposed. The Neumann boundary condition (zero normal velocity gradient) is 

applied on the outlet boundary. The pressure is fixed to be zero at the outlet, while high-order 

boundary conditions for the pressure gradient are implemented on the cylinder surface and the 

far field boundaries (Karniadakis, Israeli & Orszag 1991). For the internal flow, the initial 

values of flow velocity and pressure are set to zero. The time step (∆� = 0.001) is chosen based 

on the criterion of Courant–Friedrichs–Lewy (CFL) number being lower than 0.5.  

 
Figure 4.1. Macro-elements of the whole computational domain. 

�� �� Δ/D ��,���� ��,��� �� 

6 133 700 0.00344 1.3207 0.3643 0.1840 

7 192 528 0.00286 1.3205 0.3643 0.1840 

8 262 052 0.00245 1.3204 0.3643 0.1840 

9 342 272 0.00215 1.3204 0.3639 0.1840 

Table 4.1. Mesh dependence study for a stationary cylinder at �� = 150. The influence of the 

number of cells (��) and the size of the first layer of mesh (�/�) on the force coefficients (�� 

and ��) and the Strouhal number (��) is listed.  
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A careful dependence check on the mesh resolution and model validation have been carried 

out on a stationary cylinder at �� = 150 to ensure the accuracy of the simulations. The reason 

for choosing �� = 150 is that most of the previous numerical studies on the far wake were 

based on this Reynolds number (e.g. Cimbala et al. (1988), Williamson & Prasad (1993), 

Thompson et al. (2014)). Since the focus of this study is the far wake, the velocity deficit 

(defined as 1 − ��/��) along the centreline of the wake was examined in Figure 4.2, together 

with data from Cimbala et al. (1988), Williamson & Prasad (1993) and Thompson et al. (2014). 

Two features can be found in Figure 4.2. Firstly, no obvious change is found for �� ≥ 7, which 

suggests numerical convergence of the present results. Secondly, the present numerical results 

are slightly higher than the experimental results from Williamson & Prasad (1993) and Cimbala 

(1988) at �/� > 30, but they agree well with the numerical result of Thompson et al. (2014).  

Further validation of the mesh is conducted by examining the force coefficients and vortex 

shedding frequency. Table 4.1 lists the drag and lift coefficients (�� and ��) and Strouhal 

number (��) calculated with different Np. The definition of ��, �� and �� are as follows: 

�� =
��

�

�
���

��
                            (4.3) 

�� =
��

�

�
���

��
                            (4.4) 

�� =
����

��
                             (4.5) 

where ��  and ��  are the total forces on the cylinder in the streamwise and transverse 

directions, respectively, and ���  is the frequency of the fluctuating lift force ( �� ). The 

convergence of the hydrodynamic forces on the cylinder demonstrates the quality of the mesh 

close to the cylinder. In addition, Table 4.2 compares the �� value and the force coefficients 

calculated in the present study with Np = 7 with those reported in the literature. A satisfactory 

agreement has been achieved.  

Similar to the above mesh convergence check at Re = 150, mesh convergence is also 

checked at Re = 175 and the results (omitted for simplicity) are satisfactory. Based on the 

present mesh convergence study, Np = 7 is used for the remainder of the study. 
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Figure 4.2. Comparison of the wake deficit (1 − ��/��) for a stationary circular cylinder at �� 

= 150 with previous experimental and numerical results. 

References �� ��,���� ��,��� 

Liu, Zhang & Sung (1998) 0.1820 1.3340 - 

Kumar & Mittal (2012) 0.1820 1.3130 - 

Jiang et al. (2016) 0.1852 1.3327 0.3604 

Present 0.1840 1.3200 0.3640 

Table 4.2. Comparison of the present Strouhal number and force coefficients with previous 

studies for a stationary circular cylinder at �� = 150. 

4.3. Stationary cylinder 

The wake structures of a stationary cylinder in steady approaching flow is examined at �� 

= 175 as a reference for the condition of cylinder with forced streamwise oscillation. The 

instantaneous vorticity field is shown in Figure 4.3, which shows that no secondary wake is 

developed for this case. This is in consistence with Thompson et al. (2014), where no secondary 

wake was observed up to 200� downstream of the cylinder at �� ≤ 200. Cimbala et al. (1988) 

pointed out that velocity fluctuation due to a vortex street is more readily detected by the cross-

flow velocity component. Therefore, the variation of the amplitude of the peak frequency in 

��  signal is plotted here against the streamwise location, as shown in Figure 4.4. The 

frequency spectra start to show some frequency components lower than �� at �/� ≈ 150. 

However, they are one order of magnitude lower than the energy of the vortex shedding 
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frequency. This confirms that no secondary wake is formed for a circular cylinder with �� = 

175. 

 

Figure 4.3. Instantaneous vorticity field for a stationary cylinder in steady flow. The vorticity 

contours are shown from -0.4 to 0.4. 

�/�=2 �/�=100 �/�=150 �/�=175 

   

Figure 4.4. Frequency spectra at different streamwise locations for a stationary cylinder at �� 

= 175 ( �� = 0.1913).  

4.4. Cylinder with forced streamwise oscillation  

In this section, the effect of forced streamwise oscillation on the wake of an isolated 

cylinder is investigated. It is well known that over certain combinations of driving frequency 

(��/���) and amplitude (�/�) of harmonic oscillation, the vortex shedding may synchronise 

with the cylinder oscillation, where the flow is characterised by ordered and periodic wake 

formation (Tang et al. 2017). A detailed synchronisation map is given by Tang et al. (2017) 

and is reproduced in Figure 4.5 over the range of ��/��� = 0.8 – 4 and �/� = 0 – 0.5. In the 

map, the synchronised cases are defined as �/� modes, i.e. � pairs of vortices shed in � 

cylinder oscillation periods. In between the synchronised regions, quasi-periodic (QP) flow 

conditions were observed. Modes of synchronisation composed of � ≤ 10 have been listed in 

the legend, while all other modes (OM) with � > 10 are represented by ‘+’. All the QP cases 

are not shown for clarity. Based on the existing map from Tang et al. (2017), three groups of 

cases are chosen for the present study with downstream domain extended to 200� for the 

investigation of the far wake evolution process. The three groups are highlighted in Figure 4.5 

with the three rectangular bars, and the details of the three groups are given below. 
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In the first group, a series of synchronised modes are examined at �/� = 0.2. Through 

this group of cases, the far wake of synchronised modes with different �/� values will be 

examined.  

In the second group, numerical simulations are conducted at a fixed ��/��� = 2.0, with 

�/� increasing from 0.0001 to 0.2048 by a multiplying factor of 2 each time. This group of 

cases will be mainly in the 1/2 mode, which is the major synchronisation mode in the map 

(Figure 4.5). Through this group of cases, the effect of �/� on the far-wake evolution will be 

examined for this major synchronisation mode. 

In the third group, numerical simulations are conducted at a fixed ��/��� = 2.2, with �/� 

increasing from 0.0001 to 0.2048 by a multiplying factor of 2 each time. This group of cases 

will be mainly in the QP mode according to Tang et al. (2017). The characteristics of the far 

wake of the QP cases will be studied through this group of cases.   

 

Figure 4.5. Locations of the synchronisation modes in the wake of a streamwise oscillating 

cylinder in the (��/���, �/�) plane at �� = 175 (Tang et al. 2017) with the three highlighted 

areas indicating the parameter space investigated in this chapter. Modes of synchronisation 

composed of natural numbers equal to or smaller than 10 have been listed in the legend with 

increasing value of mode ratio, while all other modes (OM) are represented by +. All the quasi-

periodic (QP) cases are not shown for clarity.  

1 
2 3 
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4.4.1. Synchronised cases with A/D = 0.2 

For the set of the synchronised cases with A/D = 0.2, the instantaneous vorticity fields at 

selected ��/��� values are shown in Figure 4.6. Different synchronisation modes are checked 

along the line of �/� = 0.2 in Figure 4.5, including modes with � = 1, i.e. modes 1/2, 1/3, 

1/4, and modes with � > 1, i.e. modes 3/4, 2/5, 3/8. The corresponding ��/��� values are 

��/��� = 1.14 for mode 3/4, ��/��� = 2 for mode 1/2, ��/��� = 2.23 for mode 2/5, ��/��� = 

2.31 for mode 3/8, ��/���= 2.53 for mode 1/3 and ��/��� = 3.4 for mode 1/4. The far-wake 

structures are shown in Figure 4.6 using the contours of �� in the range of -0.4 to 0.4. A few 

features can be found here. Firstly, for the modes with p = 1 (Figure 4.6 (b), (e) and (f)), the 

vortices are mostly decayed within 200D downstream of the cylinder and with two shear layers 

left in the wake. For cases with p > 1, the vortices sustain much further in the wake. Even at 

the outlet, the vortices can still be clearly identified in Figure 4.6 (a), (c) and (d). Secondly, 

when � is an even number, the synchronised flow generally maintains an adjusted spatio-

temporal symmetry as ��(�, �, �) = −�� ��, −�, � +
��

�
� , where ��  is the period of 

synchronisation. The observation is in consistence with Tang et al. (2017). On the other hand, 

when �  is an odd number, the wake flow generally leans towards one side of the wake 

centreline, as shown in Figure 4.6 (c) and (e), i.e. mode 2/5 and mode 1/3, respectively. It is 

worth noting that the asymmetry sustains in the whole computation domain.   
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(a) 
 
 
 
(b) 
 
 
 
(c) 
 
 
 
(d) 
 
 
 
(e) 
 
 
 
(f) 
 
 
 

 

 

 

 

 

 
Figure 4.6. Instantaneous vorticity fields for the cases at �/� = 0.2 and: (a) ��/��� = 1.14, 

mode 3/4; (b) ��/��� = 2, mode 1/2; (c) ��/��� = 2.23, mode 2/5, (d) ��/��� = 2.31, mode 

3/8, (e) ��/���= 2.53, mode 1/3; (f) ��/��� = 3.4, mode 1/4. The vorticity contours are shown 

from -0.4 to 0.4. 

The wake evolution process for these synchronised cases are analysed here through the 

frequency of �� along the centreline of the wake. The two groups (� = 1 and � > 1) show 

different behaviours. For the first group (� = 1), the dominating frequency is found at �/�� =

1/�  and it remains as the dominating frequency in the whole domain. For example, the 

frequency spectra for the mode 1/3 are plotted in Figure 4.7 (a), where �/�� = 1/3 remains 

as the dominating frequency at all the locations. The energy level of this frequency decays 

gradually as �/� increases, as shown in Figure 4.7 (b). It is also noted that there is no lower 

frequency component in the whole domain for this group. In contrast, some broadband low 

frequency components (��/�� = 0.069 – 0.130) are observed in the far wake of a stationary 

cylinder as shown in Figure 4.4 (at �/�  = 175). This finding demonstrates that the 

synchronised condition of 1/� will suppress the irregular frequencies in the far wake and will 

delay/suppress the development of the secondary wake.  

For the second group (� > 1), two frequencies exist in the wake, which are �/�� = �/� 

and �/�� = 1/� . All the other frequency components are higher harmonics of these two 
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frequencies. In the near-wake region, �/�� = �/� is the dominating frequency, while in the 

far wake, �/�� = 1/�  becomes the dominating frequency. The frequency spectra for the 

mode 2/5 (��/��� = 2.23) are given in Figure 4.8 (a) and the variation of the amplitude of �� 

with the streamwise location is plotted in Figure 4.8 (b). It is seen from these figures that the 

dominating frequency switches from 2/5 to 1/5 gradually as �/� increases. The broadband 

frequency appears in the far wake of a stationary cylinder (Figure 4.4, �/� = 175) is also 

suppressed in the far wake herein.  

(a) �/� = 30 �/� = 60 �/� = 150 

   

(b)  

Figure 4.7. (a) Frequency spectra of �� and (b) the variation of the amplitude of �� with the 

streamwise location for the mode 1/3, at ��/���= 2.53.  
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(a) �/� = 30 �/� = 60 �/� = 150 

   

(b)  

Figure 4.8. (a) Frequency spectra of �� and (b) the variation of the amplitude of �� with the 

streamwise location for the mode 2/5, at ��/��� = 2.23. 

The change of dominating frequency from �/�� = �/�  to 1/�  for synchronisation 

modes with p > 1 is further examined through wake structures. This is demonstrated using the 

case with the mode 2/5 (��/��� = 2.23). A sequence of the instantaneous vorticity fields for the 

mode 2/5 is illustrated in Figure 4.9, for which two pairs of vortices are shed in five cylinder 

oscillation periods (5�). The process of two pairs of vortices shed in 5� is traced by the 

rectangles in Figure 4.9. At approximately �/� = 100, one large-scale negative vortex (vortex 

D in Figure 4.9) advects downstream and above the wake centreline (� = 0), while two positive 

vortices (vortices A and B) advect together below the centreline, whereas another small 

negative vortex (vortex C) decays gradually. As the two positive vortices advect further 

downstream, they rotate anticlockwise as a cluster and eventually merge together, as shown in 

the dash rectangle. Finally, one pair of vortices remains in the far wake. However, it is worth 

noting that not all of the synchronised cases with � > 1 involve a merging process. For 

example, in the modes 3/4 and 3/8 (Figure 4.6 (a) and (d)), no vortex merging process is 

observed in the wake, yet the dominating frequency still switches from p/q to 1/q with the 

increase of x/D. This is attributed to the gradual decay of some of the vortices. Taking �/� = 

3/8 (Figure 4.6 (d)) as an example, all the three pairs of vortices generated over 8T can be 

detected in the near wake. The dominating frequency is determined by the small-scale vortices. 

As the vortices advect downstream, some of the vortices gradually decay and only one pair of 



 

110 

vortices remain within each group in the far wake over 8�. Consequently, the frequency signal 

drops from �/�� = 3/8 to 1/8 in the far wake. It is suspected that the remaining vortex pair 

will continue to decay and eventually two parallel shear layers will be formed similar to the 

synchronised cases with � = 1.  

 
Figure 4.9. A sequence of the instantaneous vorticity fields at ��/��� = 2.23 and �/� = 0.2 

for the mode 2/5. The vorticity contours are shown from -1 to 1. 

The mean vorticity field of an oscillating cylinder shows some distinct features. For the 

mean flow field of a stationary cylinder, only two shear layers exist and the velocity shear 

gradually reduces with increasing �/� as shown in Figure 4.10. The time-averaged vorticity 

fields for the cases at �/� = 0.2 with varying ��/��� are shown in Figure 4.11. A number of 

local maxima and minima can be found in the time-averaged vorticity field. This demonstrates 

that a series of ‘stationary vortices’ exist in the wake of a cylinder with forced streamwise 

oscillation. The reason for the formation of the stationary vortices is the same as the steady 

streaming formed around a cylinder in the oscillatory flow (An et al. 2011). When there is only 

oscillatory flow around a cylinder, the steady streaming is formed around the cylinder as shown 

in An et al. (2011). In the present work, the co-existence of the steady current and the 

oscillatory component leads to the stationary vortices (or steady streaming) in the wake. A 

close-up view of the stationary vortices of the 1/2 mode (��/��� = 2) is given in Figure 4.12 

(a). The locations A and B are at the centres of the stationary vortices, while the locations C 

and D are located between the vortices. The time histories of ��  over 2T at these four 

locations are extracted and shown in Figure 4.12 (b) and (c). It found that at locations A and C, 
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the value of �� is mainly positive, but the duration of positive �� for location A is much 

longer than that for location C. Consequently, the mean value of �� is much larger at location 

A than that at location B. In addition, Figure 4.13 tracks the streamwise location of one positive 

vortex over two oscillation cycles. It is confirmed that an individual vortex advects at a time-

varying speed within two oscillation cycles. For �/� ∈ [0, 0.5] and [1, 1.5], the vortex moves 

faster because the cylinder oscillates in the opposite direction to the incoming flow, causing an 

increase in the relative velocity for vortex propagation. On the other hand, for �/� ∈ [0.5, 1] 

and [1.5, 2], since the incoming flow is in the same direction as the cylinder oscillation, the 

relative velocity for vortex propagation is decreased. Therefore, it can be concluded that the 

local maxima and minima in the time-averaged vorticity field are due to the different relative 

velocities for vortex propagation caused by the cylinder oscillation. 

 
Figure 4.10. Time-averaged flow field of a stationary cylinder. The vorticity contours are 

shown from -0.15 to 0.15. 

 
(a) 
 
 
 
(b) 
 
 
 
(c) 
 
 
 
(d) 
 
 
 
(e) 
 
 
 
(f) 
 
 
 

 

 

 

 

 

 
Figure 4.11. Time-averaged vorticity fields for the cases at �/� = 0.2 and: (a) ��/��� = 1.14, 

mode 3/4; (b) ��/��� = 2, mode 1/2; (c) ��/��� = 2.23, mode 2/5, (d) ��/��� = 2.31, mode 
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3/8, (e) ��/���= 2.53, mode 1/3; (f) ��/��� = 3.4, mode 1/4. The vorticity contours are shown 

from -0.15 to 0.15. 

(a)  

(b) (c)  

Figure 4.12. (a) Time-averaged vorticity field, and (b-c) time histories of the instantanous 

vorticity magnitudes over two oscillation cycles for four probes at ��/��� = 2 and �/� = 0.2. 

The probes are shwon as ‘x’ in (a), which are at the positions of (b) a positive local maximum 

(marked as A) and the point between the two local maxima (marked as C); (c) a negative local 

minimum (marked as B) and the point between two local minima (marked as D). 

B  D 

A  C 
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Figure 4.13. Time history of the streamwise location for one positive vortex over two 

oscillation cycles at ��/��� = 2 and �/� = 0.2. 

Figure 4.14 shows the time-averaged velocity profiles at x/D = 100. The profile for a 

stationary cylinder is also given for comparison. Besides the property related to symmetry, 

Figure 4.14 also shows some other features. Firstly, the maximum velocity deficits for the cases 

with p = 1 (modes 1/2, 1/3 and 1/4) are larger than that of an isolated cylinder; while the other 

cases show relatively small velocity deficits. Secondly, two symmetric deficit regions are 

observed for the case with mode 3/4 in Figure 4.14. This corresponds to the wake structures 

shown in Figure 4.6 (a), in which the vortices are gradually rearranged into two series of vortex-

pairs on the two sides of the wake centreline. 

 
Figure 4.14. Time-averaged velocity profiles at x/D = 100 for an oscillating cylinder with 

different synchronisation modes as shown in Figure 4.6, together with the case of a stationary 

cylinder. 
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4.4.2. Synchronised cases with ��/��� = 2.0 

In this section, the effect of A/D on the wake evolution of synchronised modes is examined 

with a fixed frequency ratio ��/��� = 2.0. As shown in Figure 4.5, ��/��� = 2.0 corresponds 

to the synchronisation mode 1/2. The value of �/� is varied from 0.0001 to 0.2048 with 12 

cases and a multiplying factor of 2 between succeeding cases. The instantaneous vorticity fields 

at selected �/� are shown in Figure 4.15, and the instantaneous vorticity field for a stationary 

cylinder is also included (Figure 4.15 (a)) for the purpose of comparison. All of the cases are 

in the synchronisation mode of �/� = 1/2 in this group. It is found that within the primary 

synchronisation regime, no secondary vortex street is observed in the wake within 200D 

downstream. For �/� < 0.0256, the vortices in the wake are arranged in a similar pattern to 

that of a stationary cylinder. As the vortices advect in the wake, they are gradually re-arranged 

into a two-layered pattern. For �/� ≥ 0.0256, the location where the positive and negative 

vortices separate into two rows of vortices with the same sign moves close to the cylinder as 

�/� increases, as shown in Figure 4.15 (d) – (g). In addition, the vertical distance between the 

adjacent positive and negative vortex centres is significantly increased in the two-layered 

region. If �/� is further increased to about 0.25, cylinder oscillation will be dominant and 

the near wake will transition to the 0/1 regime (see Figure 4.5). 

 
(a) 
 
 
(b) 
 
 

(c) 
 
 
(d) 
 
 

(e) 
 
 

(f) 
 
 

(g) 
 

 

 

 

 

 

 

 
Figure 4.15. Instantaneous vorticity fields for ��/��� = 2.0 and: (a) �/� = 0, (b) �/� = 

0.0008, (c) �/� = 0.0128, (d) �/� = 0.0256, (e) �/� = 0.0512, (f) �/� =0.1024 and (g) 

�/� = 0.2048. The vorticity contours are shown from -0.2 to 0.2. 
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The decay of the Kármán vortex street in this group of cases is examined. The variation of 

the amplitude of the peak frequency in �� signal is plotted against �/� for various �/� in 

Figure 4.16 (a). It is seen that the amplitude of �� decays approximately exponentially with 

�/�. Therefore, the curves in Figure 4.16 are fitted with an exponential equation of � = � ×

����/�. The decay rate (�) versus �/� is plotted in Figure 4.16 (b). It can be seen that for 

�/� < 0.1024, � increases rapidly as �/� increases. The � value reaches a plateau for 

�/� ≥  0.1024. It is also noticed that the forced oscillation suppresses the broadband 

frequency observed in the far wake of a stationary cylinder (Figure 4.4, �/� = 175). This is 

demonstrated by the spectra of �� at �/� = 175 for �/� = 0.0001 – 0.0008, as shown in 

Figure 4.17, where only one frequency exists near the outlet boundary. When the vortex 

shedding synchronises with the cylinder oscillation, an inline oscillation with an extremely 

small amplitude can stabilise the parallel shear layers from developing lower frequency 

fluctuations. The same feature exists for cases with higher A/D values.  

(a)  

(b)  

Figure 4.16. (a) Variation of the amplitude of peak frequency in ��  with the streamwise 

location. (b) Variation of the decay rate (�) after exponential curve fitting (� = � × ����/�) 

of the amplitude of peak frequency in (a) for different oscillation amplitudes. 
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(a) (b) (c) (d) 

   

Figure 4.17. Frequency spectra of �� at x/D = 175 for �/� = 0.0001 (a), 0.0002 (b), 0.0004 

(c) and 0.0008 (d) and ��/��� = 2.0. 

4.4.3. Quasiperiodic cases with ��/��� = 2.2 

QP modes are often observed between synchronised modes in the map given in Figure 4.5. 

This section aims at understanding the wake evolution of the QP modes. A group of cases with 

��/���  = 2.2 are simulated. QP mode is expected at this cylinder oscillating frequency 

according to Figure 4.5. Similarly, the value of �/� is varied from 0.0001 to 0.2048 with 12 

cases and a multiplying factor of 2 between succeeding cases. A series of wake structures are 

shown in Figure 4.18. Within the 12 simulated cases, �/� = 0.0001 – 0.1024 belong to the 

QP regime, while �/� = 0.2048 belongs to a synchronisation mode of 11/26. In this section, 

the analysis is focused on the cases with the QP mode. It can be seen that the wakes for cases 

with �/� = 0.0001 – 0.0008 (Figure 4.18 (a) – (c)) are very similar to that of the stationary 

cylinder. However, the vortex shedding and the cylinder oscillation are not synchronised. This 

can be demonstrated by the Lissajous and Poincare diagrams shown in Figure 4.19. ��(�) is 

plotted against ��(� − 1) in the Poincare diagrams, where one value of �� was recorded in 

one cycle of cylinder oscillation. The Lissajous diagram does not show a repeating pattern and 

the number of dots in the Poincare diagram are not finite, which suggests that the flow is not 

synchronised. For �/� = 0.0008 – 0.1024 (Figure 4.18 (d) – (j)), irregular vortex structures 

are observed and this is a direct evidence of the QP mode.   
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(a) �/� = 0.0001 

 
(b) �/� = 0.0004 

 
(c) �/� = 0.0008 

 
(d) �/� = 0.0016 

 
(e) �/� = 0.0032 

 
(f) �/� = 0.0064 

 
(g) �/� = 0.0128 

 
(h) �/� = 0.0256 

 
(i) �/� = 0.0512 

 
(j) �/� = 0.1024 

 

Figure 4.18. Instantaneous vorticity fields for ��/��� = 2.2 and: (a) �/� = 0.0001, (b) �/� 

= 0.0004, (c) �/� = 0.0008, (d) �/� = 0.0016, (e) �/� = 0.0032, (f) �/� = 0.0064, (g) 

�/� = 0.0128, (h) �/� = 0.0256, (i) �/� = 0.0512 and (j) �/� = 0.1024. The vorticity 

contours are shown from -0.2 to 0.2. 
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(ai)  (aii)  

(bi)  (bii)  

Figure 4.19 (i) Lissajous phase diagrams and (ii) Poincare maps for �� at ��/��� = 2.2 and 

(a) �/� = 0.0004, (b) �/� = 0.0512. 

The vortex evolution in the far wake is examined for this group of cases. A common feature 

observed here is that a series of frequencies lower than ���  is observed in the QP cases. 

Although the vorticity contours do not show any obvious secondary vortices for �/� ≤

0.0008 (Figure 4.18 (a) – (c)), the lower frequency components exist. As �/� increases, for 

example at �/� ≥ 0.0016, secondary vortices start to emerge in the far wake as shown in 

Figure 4.18 (e–j). In the range of A/D = 0.0016 – 0.0256, the secondary vortices are formed 

from the merging of two primary vortices. For �/� = 0.0512 – 0.1024, the secondary vortices 

are formed from the merging of three or more primary vortices. The frequency components in 

the wake and the time evolution of the vortices for these two groups of cases will be 

investigated separately in the two sub-sections to follow.  
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4.4.3.1. Secondary vortex street with two vortices merging in the far wake 

Figure 4.20 shows the evolution of vortices for a typical case with �/� = 0.0128 from � 

= 2710 to 2730, where the secondary vortices are formed from the merging of two primary 

vortices. It is seen that the first transition happens at approximately �/� = 50, where the 

positive and negative vortices start to separate into two rows of vortices with the same sign. 

The solid rectangles in Figure 4.20 highlight the merging process of two positive and two 

negative vortices, which then leads to the formation of the secondary vortices. Similarly, the 

dashed rectangles highlight another two merging of the vortices. Due to the reduction of the 

number of vortices through vortex merging, the frequency of the velocity signal may also 

decrease. 

 

 

 

 
Figure 4.20. A sequence of the instantaneous vorticity fields for �/�  = 0.0128. The 

rectangular boxes highlight the merging of the vortices with same signs (negative: blue, 

positive: black). 

Figure 4.21 shows the frequency spectra of �� at different streamwise locations at �/� 

= 0.0128. Seven obvious frequency components exist in the spectrum, which are ��/�� = 

0.2280, 0.1922, 0.1566, 0.1216, 0.0860, 0.0503 and 0.0153. For the convenience of discussion, 

the seven components are named as ���  – ��� , respectively. An analysis about the 7 

components is given here. Firstly, ��� is the difference between �� and ���. According to the 

input information, �� − ��� = 1.2��� = 0.2292, which has a minor difference from ���  (= 

0.2280) and this is attributed to the resolution of FFT. ��� = 0.1922 is the dominating vortex 



 

120 

shedding frequency as shown in Figure 4.21. Comparing with the stationary cylinder shedding 

frequency, it can be found that the vortex shedding frequency is slightly modified by the 

cylinder oscillation. The seven frequency components follow the following relationship: 

����� = 2 × ����� − ���,                       (4.6) 

where � is an integer and � ≥ 1. A similar relationship was also reported in the wake of a 

stationary cylinder (Jiang and Cheng, 2019). 

The seven frequency components are a common feature for the cases with �/� ≤ 0.0128. 

The values of the frequencies obtained from the FFT analysis and those predicted by equation 

(4.6) (where ��� is taken from the FFT analysis) are listed in Table 4.3 and Table 4.4. The 

relative differences are within 1%. It is also found that ��� and ���, which are the near wake 

dominating frequencies, show a very minor sensitivity to A/D. The other five components are 

also slightly affected by A/D. ��� is not detected for �/� ≤ 0.0032.  

�/�=2 �/�=20 �/�=30 �/�=60 

�/�=90 �/�=120 �/�=150 �/�=195 

Figure 4.21. Frequency spectra of �� at different streamwise locations at �/� = 0.0128. 
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A/D 0.0016 0.0032 0.0064 0.0128 

St1 0.2286 0.2286 0.2280 0.2280 

St2 0.1916 0.1916 0.1916 0.1922 

St3 0.1547 0.1547 0.1554 0.1566 

St4 0.1178 0.1184 0.1191 0.1216 

St5 0.0815 0.0815 0.0821 0.0860 

St6 0.0445 0.0445 0.0459 0.0503 

St7 - - 0.0096 0.0153 

Table 4.3. List of frequencies in the wake at different oscillation amplitudes (based on the FFT 

analysis).  

A/D 0.0016 0.0032 0.0064 0.0128 

St3=2* St2-St1 0.1547 0.1547 0.1552 0.1565 

St4=2* St3-St2 0.1177 0.1177 0.1189 0.1207 

St5=2* St4-St3 0.0808 0.0808 0.0825 0.0850 

St6=2* St5-St4 0.0438 0.0438 0.0461 0.0492 

St7=2* St6-St5 - - 0.0097 0.0135 

Table 4.4. Prediction of the frequencies at different oscillation amplitudes (based on equation 

(4.6)). 

The amplitudes of the seven frequencies in the wake are further examined in Figure 4.22. 

The energy level of ��� shows an exponential decay in a similar way to the synchronised 

cases. Each of the other lower frequencies experiences a growth and then a decay process and 

the dominating frequency shifts to lower values with increasing x/D. For example, for A/D = 

0.0016, the energy level of ���  exceeds ���  at �/� = 70  and ���  remains as the 

dominating frequency until x/D = 154, where ��� becomes the new dominating frequency.  
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Figure 4.22. Variation of the amplitude of ��  with the streamwise location at different 

frequencies for different oscillation amplitudes: (a) �/� = 0.0016, (b) �/� = 0.0032, (c) 

�/� = 0.0064, and (d) �/� = 0.0128.  
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4.4.3.2. Secondary vortex street with three or more vortices merging in the 

far wake 

For the cases with �/� = 0.0256 – 0.1024, the secondary vortices are formed through 

the merging of at least three vortices and the merging process happens intermittently. Because 

the merging of three or more vortices is more complex than the merging of two vortices, there 

appear more peaks in the frequency spectra. A summary of the number of frequency peaks at 

the location of �/� = 100 is given in Figure 4.23. It can be seen that the number of peaks 

increases continuously with the increase of �/� from 0.0256 to 0.1024. Figure 4.24 shows 

the frequency spectra of �/� = 0.1024 at different locations in the wake. Comparing to �/� 

= 0.0128 (Figure 4.21), a large number of peaks are shown in the frequency spectra at this 

�/� . At �/� = 2, the dominating broadband region is at approximately �� = 0.2. With 

increase in the streamwise distance downstream of the cylinder, there appears a decay in the 

amplitude corresponding to this broadband region, while the amplitudes of the lower 

frequencies become more dominant. 

 

Figure 4.23. Number of peaks in the frequency spectra of ��  that lower than the primary 

vortex shedding frequency at �/� = 100 with different �/�.  
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�/�=2 �/�=20 �/�=30 �/�=60 

�/�=90 �/�=120 �/�=150 �/�=195 

Figure 4.24. Frequency spectra of �� at different streamwise locations at �/� = 0.1024. 

The evolution of the vortices in the far wake for the case with �/� = 0.1024 is detailed 

in Figure 4.25. At � = 2845, the wake only consists of the primary vortex street and the two-

layered vortices. After a new pair of vortices is shed from the cylinder, the two-layered vortices 

move downstream as well. The secondary vortex street emerges with the merging of two same-

sign vortices as shown in the solid boxes at � = 2845 and �/� = 20. At � = 2865, the second 

merging process of the same-sign vortices starts at �/� = 35, as shown in the dashed boxes. 

The two vortices with the positive sign merge first, followed by the merging of the two vortices 

with the negative sign. The above two merging processes is an example of the merging of a 

total of three primary vortices. 

The third merging happens at � = 2890 and �/� = 35 – 40. The two negative-signed 

vortices merge first, followed by the merging of the two positive-signed vortices, as shown in 

the dotted boxes. The fourth merging process only consists of the merging of two negative-

signed vortices, as shown in the dash-dotted box at � = 2920 and �/� = 20. Then it merges 

with another negative vortex at � = 2950 and �/� = 80, as shown in the dash-dotted box. A 

pair of positive vortices also merges in this merging process. Finally, they decay and advect 

downstream as shown in the flow field at � = 3000. After this, a similar process is repeated. 

The time scale of the merging process is approximately 300 time units, which corresponds to 

a very low frequency.   
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Figure 4.25. A sequence of the instantaneous vorticity fields at �/� = 0.1024. The boxes 

show the merging of the vortices with same signs (negative: blue, positive: black). 

4.5. Conclusions 

The far wake of a circular cylinder undergoing streamwise oscillation is investigated by 

two-dimensional direct numerical simulations with selected oscillation frequencies (��/���) 

and oscillation amplitudes (�/�) with a fixed Reynolds number of 175. The main conclusions 

are given below.  

For synchronised cases with the mode of ��/��� = 1/� , secondary vortices are not 

observed in the wake up to 200D downstream of the cylinder. The streamwise oscillation tends 

to suppress the broadband low frequency components, which would otherwise appear in the 

far wake of a stationary cylinder with �� = 175.  
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For synchronised cases with ��/��� = �/� and � > 1, vortex merging is observed for 

selected cases. In the near wake, �/��� = �/� is the dominating frequency, while �/��� =

1/� becomes the dominating frequency in the far wake. Other than �/� and 1/� and their 

harmonics, no other frequency components are observed in the wake. 

For the QP cases, the transitions to the two-layered and secondary vortex streets are 

observed in the far wake even at very small values of �/�. The development of the secondary 

vortices for the QP cases is examined at ��/��� = 2.2 and 0.0016 ≤ �/� ≤ 0.1024. In the 

range of �/� = 0.0016 – 0.0256, the secondary vortices are formed from the merging of two 

primary vortices. For �/� = 0.0512 – 0.1024, the secondary vortices are formed from the 

merging of three or more primary vortices. Different frequency components in the wake for a 

fixed ��/���  and various �/� are analysed. With increasing �/�, the frequencies in the 

frequency spectra change from sharp-peaked to broadband patterns, and the number of lower 

frequency components increases significantly. In addition, the lower frequency components 

can be predicted by an equation, i.e. ����� = 2 ∗ ����� − ���, where � is an integer larger 

than 0. 
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Chapter 5  

 

Boundary layer transition on the surface of a cylinder in 

oscillatory flow† 

 

Abstract: In this chapter, two-dimensional (2-D) and three-dimensional (3-D) large-eddy 

simulations (LES) are conducted to investigate oscillatory flow around a circular cylinder with 

�� up to 105 and �� = 4 and 10. A comparison of the present 2-D and 3-D results suggests 

that, although quantitative differences exist between the 2-D and 3-D results, the 2-D results 

can reveal the general features of the boundary layer transition from laminar to turbulence. The 

phenomenon of drag crisis, which has been previously reported for a circular cylinder in the 

unidirectional flow condition, is captured here for the oscillatory flow condition. It is also found 

that the boundary layer transition occurs for KC = 4 and 10 and Re = 105 (but not for Re = 104 

and below), which is evidenced by the observation of the laminar separation bubbles in the 

phase-averaged flow field (similar to that exist for the unidirectional flow condition). In 

addition, the KH vortices are observed on the cylinder surface. The number of the KH vortices 

formed in each oscillation period is quantified by the number of the high-frequency fluctuations 

in the pressure signal. The maximum number of peaks per oscillation period is 12 at KC = 4, 

while this number increases to approximately 100 at KC = 10, which suggests a strong KC 

dependence. This is because the oscillation orbital distance of the flow is proportional to KC, 

such that a larger KC number allows more KH vortices to be formed in an oscillation period. 

                                                 

† Part of this chapter is presented as a conference paper which has been published as “Ju, X., An, H., Cheng, 

L., & Tong, F. 2018. Boundary layer transition on the surface of a cylinder in oscillatory flow. 21st 

Australasian Fluid Mechanics Conference.” 
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5.1. Introduction 

In offshore engineering, cylindrical structures are widely used, such as pipelines, risers and 

pile foundations, etc. Comprehensive investigations on a circular cylinder in sinusoidal 

oscillatory flows or waves have been carried out over the past few decades. The two governing 

parameters for the flow are the Keulegan–Carpenter number (��) and the Reynolds number 

(��), which are defined as 

�� =
���

�
,                             (5.1) 

�� =
���

�
,                             (5.2) 

where �� is the maximum oscillation velocity, T is the period of the oscillation, � is the 

kinematic viscosity and D is the diameter of the cylinder. Sometimes Stokes number (� =
��

��
) 

is also used in discussion, but it should be noted that there are only two independent variables 

among the three parameters (��, ��, and �). 

Rich phenomena have been observed for the oscillatory flow around a stationary circular 

cylinder. These include acoustic streaming (Lighthill 1989, Riley 1975, Schlichting 1932), 

Honji instability (Honji 1981), dipole tubes, quasi-coherent structures, and transition to 

turbulence (Sarpkaya 1993 & 2002). It is believed that “every possible combination of KC and 

� is of great importance in both practical and fundamental study and touches certain unique 

aspects of time-dependent flows” (Sarpkaya 2006). 

For relatively small KC and �, flow remains in the laminar state and eight flow regimes 

have been identified experimentally by Tatsuno and Bearman (1990). The Honji instability was 

studied by An et al. (2011) and the spacing between Hongji vortices had been investigated. 

Further investigations about the laminar regimes were reported by Xiong et al. (2018). 

For relatively large KC (6 – 150) and �� (104 – 7×105), Sarpkaya (1976) presented the 

results of an extensive experimental investigation on smooth and sand-roughened circular 

cylinders placed in oscillatory flow. He concluded that, the drag coefficient undergoes a ‘drag 

crisis’ (sudden and sharp decrease in the drag) and then rises to a nearly constant value within 

the range of Re and KC tested, while the inertia coefficient also undergoes an ‘inertia crisis’ at 

Re values corresponding to the ‘drag crisis’ and then decreases asymptotically. For a circular 

cylinder in steady current, ‘drag crisis’ has been investigated extensively, e.g. Roshko (1961), 
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Achenbach & Heinecke (1981), Selvam (1997), Tamura et al. (1990), Singh & Mittal (2005). 

Below the critical Re for the drag crisis, the transition to turbulence occurs in the separated 

shear layer, and the frequency ratio between the shear layer vortices, i.e. the Kelvin–Helmholtz 

(KH) vortices and the primary vortices follows the Re0.67 power law (Prasad & Williamson 

1997). Approaching the critical Re, the transition to turbulence in the separating shear layer 

occurs very close to the point of flow separation. As a result, the shear layer eddies cause 

mixing of the flow in the boundary layer. This energises the boundary layer and leads to its 

reattachment. The delay in flow separation is associated with narrowing of the wake, increasing 

in the Reynolds shear stress near the shoulder of the cylinder and a significant reduction in the 

drag coefficient. Zdravkovich (1997) described the process of the ‘drag crisis’ in terms of the 

point of transition to turbulence in the separated laminar shear layer moving to the cylinder 

surface.  

The existing literature demonstrates that a substantial amount of work has been conducted 

regarding the forces on a cylinder in oscillation due to its application in offshore engineering. 

However, there is an obvious knowledge gap on how turbulence develops around the cylinder. 

It is suspected that the turbulence would develop in the shear layers separated from the cylinder, 

which would then gradually propagate towards the cylinder surface with the increase in ��. 

However, little evidence is available on how the boundary layer transition happens on the 

cylinder surface. This motivates the present work. This chapter focuses on a smooth cylinder 

in the oscillatory flow with Re up to 105 and KC = 4 and 10. The flow structures on the cylinder 

surface are discussed in detail to shed light on the boundary layer transition process. This 

chapter is organised in the following manner. The numerical model is briefly introduced and 

validated in section 5.2. The results and discussion for KC = 4 and 10 are presented in sections 

5.3 and 5.4, respectively. The conclusions are drawn in section 5.5. 

5.2. Numerical method 

5.2.1. Governing equations and the numerical model 

Large Eddy Simulation (LES) is used in this study. The numerical simulations of oscillatory 

flow around a circular cylinder are performed by solving the filtered incompressible Navier–

Stokes (NS) equations using the open-source code OpenFOAM. The NS equations and the 

continuity equation are expressed as 
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where the velocity component �� is decomposed into a filtered velocity (���) and a subgrid-

scale velocity (��
�), ��� = �� − ��

� , the same operation applies for pressure, and ��  is the 

subgrid-scale turbulent viscosity. A homogeneous dynamic Smagorinsky model is adopted. 

The finite volume method is used and the pressure-velocity coupling is achieved following the 

Pressure Implicit with Splitting of Operators (PISO) method. The convection terms are 

discretised using the Gauss cubic scheme, while the Laplacian and pressure terms in the 

momentum equations are discretised using the Gauss linear scheme. The Euler implicit scheme 

is adopted for the temporal discretisation (Tong et al. 2017).  

A rectangular computational domain of 40D×20D is employed in this study. A single 

cylinder is placed in the middle of the domain. A close-up view of the 2-D mesh near the 

cylinder is shown in Figure 5.1(a). 

The initial values for the velocity and pressure are set to zero in the whole domain. The 

boundary conditions are specified as follows. At the left boundary, the velocity and pressure 

are set to  ��(�) = �� sin �
��

�
��, ��(�) = 0 and 

��

��
= ��

��

�
cos �

��

�
��. The velocity and 

acceleration profiles in one oscillation cycle is shown in Figure 5.1(c), where ��(�) =

�� cos �
��

�
��. At the right boundary, the velocity gradients are set to zero, while the pressure 

is specified as a reference value of zero. The symmetry boundary condition is adopted on the 

two boundaries parallel to the flow direction. A no-slip boundary condition is applied on the 

cylinder surface.  
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(a) 

 

(b) 

 

(c) 

 

Figure 5.1. (a) The 2-D mesh near the cylinder. (b) The definition of α, which is the angle 

measured from the upstream stagnation point. (c) Flow velocity (solid line) and acceleration 

(dashed line) profiles in one oscillation cycle, where ��(�) = �� sin �
��

�
�� , ��(�) =

�� cos �
��

�
��.  

5.2.2. Mesh dependence check 

The adequacy of the mesh resolution is checked by varying the number of cells around the 

cylinder perimeter. Detailed parameters are listed in Table 5.1. To ensure sufficient resolution 

in the radial direction from the cylinder surface, a fixed ∆/D (the size of the first layer of mesh 

from the cylinder) of 1.13×10-4 is used, which corresponds to a non-dimensional wall distance 

(��) of less than 1. From mesh 1 to mesh 3, Nc (the number of cells around the cylinder 

perimeter) is increased from 200 to 800 to check the resolution in the circumferential direction 

for capturing the transition process on the cylinder surface. A comparison of the simulation 

results based on the three meshes is given in Table 5.1. The total inline force on the cylinder is 

decomposed into two parts, i.e. the drag and inertia components, based on the Morison equation, 

�� =
�

�
����|�(�)|�(�) + �

���

�
��

��(�)

��
                 (5.5) 
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where �� is the inline force on the cylinder, �(�) is the free-stream velocity, CM is the inertia 

coefficient and CD is the drag coefficient. The force coefficients are calculated using simulation 

data of more than 100�. For both KC = 4 and 10, CM shows a change of less than 2.5% between 

mesh 2 and mesh 3, but CD reduces by 8% at KC = 4. Since the flow at KC = 4 is dominated 

by the inertia force, mesh 2 is adopted for the rest of the 2-D simulations reported in this chapter. 

Mesh Nv Nc ∆/D 
KC = 4 KC = 10 

CD CM CD CM 

1 80740 200 1.13×10-4 0.493 1.896 0.748 1.682 

2 121924 400 1.13×10-4 0.433 1.906 0.917 1.627 

3 196724 800 1.13×10-4 0.394 1.905 0.904 1.586 

Table 5.1. Mesh dependence study for a circular cylinder in oscillatory flow at (Re, KC) = (105, 

10) and (105, 4), considering the influence of the total cell number (��) and the number of cells 

around the cylinder perimeter (��) on CD and CM. 

To examine the mesh convergence under the 3-D condition, simulations with KC = 4 and 

Re = 105 are carried out. The mesh 2 is used for the mesh in the x-y plane and the mesh 

dependence check is focused on the mesh resolution in the spanwise direction. Specifically, 16, 

32 and 64 layers of mesh have been used on a fixed spanwise domain length of 0.5πD, as shown 

in Table 5.2. Statistics is performed for over 25�. As shown in Table 5.2, the relative difference 

in the �� values calculated with mesh 5 and mesh 6 is approximately 1%. In contrast, �� 

shows an obvious variation with the increase in the spanwise cell number (�����). Figure 5.2 

compares the overall inline forces (��(�) = ��(�)/0.5���
� �, with � being the cylinder length) 

obtained from the three meshes and it is found that the difference is insignificant. However, 

with the discrepancy of �� in mind, mesh 6 is selected for the 3-D simulations. 

Mesh ����� �� �� 

4 16 0.466 1.934 

5 32 0.356 1.956 

6 64 0.267 1.970 

Table 5.2. Influence of the mesh resolution in the spanwise direction on �� and �� for a 

circular cylinder in oscillatory flow at (��, ��) = (105, 4). 
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Figure 5.2. Inline force coefficient over one oscillation cycle calculated with the three meshes 

listed in Table 5.2 for (��, ��) = (105, 4). 

5.3. Results for KC = 4 

In this section, 2-D and 3-D numerical simulations have been conducted for Re from 102 to 

105 and KC = 4 to capture the transition to turbulence over a circular cylinder in oscillatory 

flow. 

5.3.1. Force coefficients 

The present inertia and drag coefficients are shown in Figure 5.3, together with the results 

given by Sarpkaya (1976 & 1986) and Bearman et al. (1985) at �� = 4 for comparison. As 

shown in Figure 5.3, both of the present 2-D and 3-D numerical results follow the trends of the 

experimental data, but the 3-D results show a closer agreement with the experimental results. 

It is seen that CD decreases monotonically with the increase in Re within the investigated range. 

In particular, for Re in the range of 104 to 105, a drag crisis is observed, where CD drops sharply 

from approximately 1.1 to 0.4. On the other hand, CM decreases with increasing Re from 103 to 

104, followed by a slight recovery as Re increases from 104 to 105. The continuous change of 

the force coefficients with Re suggests that the Reynolds number has a strong effect on the flow 

characteristics around the cylinder at �� = 4.  
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Figure 5.3. Comparison of CD and CM from the present 2-D and 3-D numerical simulations for 

KC = 4 with the experimental data from Sarpkaya (1976 & 1986) and Bearman et al. (1985). 

5.3.2. The 2-D flow features 

Figure 5.4 shows the vortex shedding process for an oscillating cylinder in one oscillation 

period for KC = 4. For the convenient of discussion, here � is defined as the phase angle of 

oscillation. In the first half of a flow period (� ϵ [0, �]), the flow travels from left to right, 

while in the range of � ϵ [�, 2�] the flow reverses. For Re = 102 (Figure 5.4 (a)), a pair of 

symmetric vortices are formed on the cylinder surface. The flow retains a temporal symmetry 

in the two halves of each cycle. Clearly the flow is fully laminar in this case. Figure 5.4 (b) 

shows the flow around the cylinder at Re = 103. In this case, the instantaneous flow field breaks 

the symmetry with respect to the x-axis and also loses the temporal symmetry in the two halves 

of each flow period. It is believed that the flow around the cylinder is in the turbulent state as 

demonstrated by the small-scale vortices observed around the cylinder. The turbulent 

behaviour is more obvious for the case of �� = 104 (Figure 5.4 (c)). For example, at � = 

3π/4, a negative shear layer is separated from the top side of the cylinder surface, upon which 

three small negative vortices are formed. It should be noted that the KC value for this case is 4, 

which is a very low value. According to Williamson (1985), there is only one pair of vortices 

formed in the wake of the cylinder in each half flow period and there should be no large-scale 

vortex shedding. Therefore, it is believed that the small vortices observed here are due to the 

Kelvin–Helmholtz (KH) instability of the separated shear layers. This is the same mechanism 

for the transition to turbulence in the separated shear layers of a cylinder in steady current 

(Bloor 1964). The three small vortices shown at � = 3π/4 (Figure 5.4 (c)) are the KH vortices. 
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This observation suggests that the process of transition to turbulence in the oscillatory flow 

around a cylinder happens in a similar way to that in steady current. However, the flow reversal 

in the oscillatory flow pushes the small-scale vortices towards the cylinder in the next half flow 

cycle and leads to further interaction with the cylinder as shown in Figure 5.4 (c) (� = 4π/4 

and 5π/4). Since all of the KH vortices are formed in the separated shear layer for �� = 10� 

and 10�  (Figure 5.4 (b) and (c)), the oscillatory flow in this range is classified as the 

subcritical regime, following the concept used in the steady current condition. 

A critical change is observed for the case with Re = 105 (Figure 5.4 (d)). Within this case, 

the shear layers roll up to form a number of small vortices (KH vortices) and they propagate 

on the surface of the cylinder before they detach from the cylinder. This is a clear indication of 

transition from laminar to turbulent in the boundary layer on the cylinder surface. For a circular 

cylinder in the steady current, laminar separation bubble is the key feature when the cylinder 

boundary layer transitions to turbulence (Roshko 1961). The laminar separation bubble is 

formed due to that the KH vortices are formed on the cylinder surface directly and the bubble 

is only visible in the time-averaged flow field. In the oscillatory flow condition, the laminar 

separation bubble is cancelled out in the time-averaged flow field over cycles due to the reverse 

flow. Therefore, phase-averaged flow fields are used to examine the laminar separation bubble. 

In the phase-averaged flow, the flow fields with half period difference remain symmetry, such 

that only the first half of the flow period is shown in Figure 5.5. A few features can be observed 

in the phase-averaged flow field. Firstly, the phase-averaged flow remains attached on the 

cylinder surface for � = 0 and π/4. Secondly, a pair of vortices are formed at � = 2π/4 

and the size of the vortices increases with the increase of � from 2π/4 to 3π/4. Thirdly, the 

size of the vortices decreases with the increase of Re. For Re = 105, the pair of phase-averaged 

vortices are much smaller than that at Re = 103 and 104. This leads to the separation points 

shifting towards the downstream side of the cylinder surface. Once again, this trend is similar 

to what happens to the mean flow around a cylinder in steady current with increasing Re.  

To identify the laminar separation bubble, close-up views of streamlines on the cylinder 

surface are given in Figure 5.6 for Re = 104 and 105. As expected, no laminar separation bubble 

exists at Re = 104. This is demonstrated by the streamline plots given in Figure 5.6 (a), in which 

streamlines remain attached to the cylinder surface before the vortex pair is formed. In contrast, 

a small vortex is observed by the streamlines in the phase-averaged flow at angular positions 

of 123.90o and 118.71o at � = 2π/4 and 3π/4, respectively. These vortices are the laminar 
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separation bubbles. The small recirculation zone corresponds to small vortices formed on the 

cylinder surface in the instantaneous flow field, which will be detailed in the next sub-section. 

The observation of laminar separation bubble indicates the flow transition from the subcritical 

state to the supercritical state. This transition leads to a delay of the flow separation from the 

cylinder surface, for example, from 108.84o to 127.09o at � = 2π/4 when Re increases from 

104 to 105, causing a substantial reduction in �� (as shown in Figure 5.3). 
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Re � = 0 � = �/4 � = 2�/4 � = 3�/4 � = 4�/4 � = 5�/4 � = 6�/4 � = 7�/4 � = 8�/4 

(a) 

102 

(b) 

103 

(c) 

104 

(d) 

105 

Figure 5.4. Instantaneous flow field around the cylinder for one oscillation period for KC = 4, visualised using vorticity contours at levels between 

-20 (blue colours) and 20 (yellow colours), at different Re: (a) Re = 102; (b) Re = 103; (c) Re = 104; (d) Re = 105.  
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�� � =  0 � =  �/4 � =   2�/4 � =   3�/4 

(a) 
103 

    

(b) 
104 

    

(c) 
105 

    
Figure 5.5. Phase-averaged flow field (averaged over 100�) for KC = 4, visualised using streamlines, at (a) Re = 103, (b) Re = 104 and (c) Re = 

105. 
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�� � =   2�/4 � =   3�/4 

(a) 

104 

  

(b) 

105 

  

Figure 5.6. Close-up views of the phase-averaged flow field with streamlines for KC = 4 and 

(a) Re = 104 and (b) Re = 105, and phase angle φ = 2π/4 and 3π/4. The laminar separation 

bubbles (LSB) are labelled. 

5.3.3. The 3-D flow features 

According to Williamson (1985) and Sarpkaya (2006), for Re = 103, 104 and 105 the actual 

flows are 3-D. To check the effect of flow three-dimensionality on the boundary layer transition, 

3-D simulations are carried out at �� = 103, 104 and 105 and �� = 4. The 3-D flow features 

are examined using the iso-surfaces of ��, where �� is the second negative eigenvalue of the 

tensor Ψ2 + Ω2, and Ψ and Ω are the symmetric and antisymmetric parts of the velocity gradient 

tensor, respectively (Jeong and Hussain, 1995). As shown in Figure 5.7, instantaneous iso-

surfaces of �� for Re from 103 to 105 are plotted in half of an oscillation cycle, in which the 

flow travels from left to right. For Re = 103 (Figure 5.7 (a)), some thin vortex tubes can be 

observed along the spanwise direction, together with some rib-shaped vortex structures. The 

LSB LSB 
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spanwise vortex tubes are formed due to the KH instability. For the case with Re = 104 and 105 

(Figure 5.7 (b) and (c)), the vortex structures become much smaller and more chaotic.  

To achieve a better comparison between the 2-D and 3-D results, span- and phase-averaged 

flow fields of the 3-D results are presented in Figure 5.8 at �� = 103, 104 and 105, � = 2π/4 

and 3π/4. The phase-averaged flow structures at � = 0 and π/4 are not presented here 

since no vortices are observed around the cylinder. Although the results shown in Figure 5.8 

are not exactly the same as the 2-D phase-averaged results shown in Figure 5.5, the general 

trend between the two group of results agrees well, especially for the laminar separation 

bubbles, which do not exist at �� = 104, but are captured at �� = 105 (Figure 5.9). This 

comparison demonstrates that the 2-D results capture qualitatively the physical process of the 

flow transition to turbulence around a circular cylinder in oscillatory flow. 
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(a) Re = 103, � =  0 � =  �/4 � =  2�/4 � = 3�/4 � =  4�/4 

     
(b) Re = 104, � =  0 � =  �/4 � =  2�/4 � = 3�/4 � =  4�/4 

     
(c) Re = 105, � =  0 � =  �/4 � =  2�/4 � = 3�/4 � =  4�/4 

     
Figure 5.7. Iso-surfaces of �� (= 5) in half oscillation cycle at KC = 4 with different Re: (a) Re = 103; (b) Re = 104; (c) Re = 105. 
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�� � =  2/8 � =  3/8 

(a) 103 

  

(b) 104 

  

(c) 105 

  

Figure 5.8. Span- and phase-averaged flow fields for KC = 4, visualised using streamlines, at 

(a) Re = 103, (b) Re = 104 and (c) Re = 105. 
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�� Top Bottom 

(a) 

104 

  

(b) 

105 

  

Figure 5.9. Close-up view of the phase-averaged flow fields for KC = 4, (a) Re = 104 and (b) 

Re = 105, and phase angle φ = 3π/4. The laminar separation bubbles (LSB) are labelled. 

5.3.4. KH vortex frequency  

The KH vortices are a key indication of the flow transition to turbulence around a cylinder 

in oscillatory flow. To demonstrate this, some detailed results on the formation and propagation 

of the KH vortices are given in Figure 5.10 (Re = 105 and KC = 4) for half of a flow period 

with a constant time interval of 0.025T. A few features can be found in these figures. Firstly, 

at the beginning of this flow cycle (t/T = 516), a few small vortices are observed on the cylinder 

surface. They are formed in the previous flow cycle and are carried over to this time instant. 

Secondly, there are multiple separation points on the cylinder surface as indicated by the 

observation that the KH vortices are formed and shed at different locations. Thirdly, some KH 

vortices are merged together before they shed from the cylinder surface. By counting the 

number of small vortices, there are six KH vortices formed during this half of flow period. 

LSB LSB 
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Lastly, the local flow reverse happens at t/T = 516.375 due to the inertia effect. As a result, the 

small vortices are pushed back towards the cylinder surface. 

For a cylinder in steady current, previous studies suggested that the frequency of the KH 

vortices (defined as ���) is related to the Re value (Bloor 1964, Wei & Smith 1986, Prasad & 

Williamson 1997). An empirical formula has been presented in the form of 
���

���
 = 0.0235 × 

Re0.67 (Prasad & Williamson 1997), where ���  is the vortex shedding frequency in steady 

current. For the steady current condition, this ��� can be detected using a probe in the shear 

layer. However, for the case of oscillatory flow, the KH vortices may develop at different 

locations on the cylinder surface simultaneously. The flow reversal makes the flow even more 

complicated. A Fourier transform of the velocity or pressure signal is not able to detect a signal 

corresponding to the KH frequency. This is demonstrated below with the signal of the pressure 

coefficient, defined as  

��′ =
��

�

�
���

�
,                          (5.12) 

where � is fluid density, �′ is the pressure after subtracting the low-frequency sinusoidal 

pressure oscillation. Corresponding to Figure 5.10, the time history of ��′ at � = 114° (2-

D, KC = 4, Re = 105) is presented in Figure 5.11 (a), in which the fluctuations of ��′ are 

attributed to the KH vortices. Each KH vortex passing through the location registers a 

fluctuation on ��′. A similar analysis to the 3-D results is given in Figure 5.11 (b) and it shows 

similar features to the 2-D results. Due to the continuous change of the oscillation velocity and 

the chaotic nature of the flow around the cylinder, the small-scale fluctuation does not show an 

obvious peak in the frequency spectrum.  

 



 

147 

 

t/T = 516.025 t/T = 516.05 t/T = 516.075 t/T = 516.1 

t/T = 516.125 t/T = 516.15 t/T = 516.175 t/T = 516.2 

t/T = 516.225 t/T = 516.25 t/T = 516.275 t/T = 516.3 

t/T = 516.325 t/T = 516.35 t/T = 516.375 t/T = 516.4 

A B      A C       B        A D  C        B 

D   C D    C F  E  D     C F  E 
D     C 

F    E    D F    E    D 

 
Figure 5.10. Close-up view of the instantaneous flow fields for �/� = 516.025 – 516.4 at (Re, KC) = (105, 4).
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Figure 5.11. Comparison of the time histories of ��′ for the 2-D and 3-D simulations at KC = 

4, Re = 105, and � = 114°. 

The frequency spectrum of ��′ with KC = 4, Re = 105 over 100T (� = 114°, 2-D results) 

is given in Figure 5.12. It is clear that no other dominating frequency components can be found 

in the spectra except for f = 1/T and 2/T. The signal at a few other locations were also checked 

(details not shown), but no obvious frequency peaks corresponding to the KH vortices are 

observed. The above observation confirms that the process for the generation of the KH 

vortices is random. The conventional frequency analysis based on the FFT is not able to 

quantify the KH frequency. 

 

Figure 5.12. Spectrum of ��′ calculated in 100T for the 2-D simulation at KC = 4, Re = 105, 

and � = 114°. 

In this section, a new method is proposed to quantify the number of vortices for cases with 

turbulent boundary layer condition. As demonstrated in Figure 5.11, the high-frequency 
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fluctuations of ��′ are mostly induced by the KH vortices. Therefore, ��′ is monitored along 

the cylinder surface with an interval of 3°, and the number of the high-frequency peaks are 

counted. It is worth noting that large-scale vortex shedding and flow reversal could also lead 

to pressure fluctuations on the cylinder surface, but the number of peaks due to these reasons 

is significantly smaller than that induced by the KH vortices. Therefore, the high-frequency 

peaks in the time histories of ��′ are counted. The number of the high-frequency peaks in the 

��′ time histories for the 2-D results at Re = 105 are plotted in Figure 5.13 (a), where � is 

defined as the number of peaks per period for a statistical range of 100T. In the first and the 

second half of each flow period, the KH vortices are formed at different locations. Therefore, 

the n values are counted separately over � = [0, �] and � = [�, 2�]. For the first half time 

period (� = [0, �]), a maximum n value of 9 is found at 120° and 240°. This corresponds to 

the locations of the laminar separation bubbles observed in Figure 5.6. This correspondence 

also suggests that the laminar separation bubbles are induced by the KH vortices on the cylinder 

surface. In the second half of the flow period (� = [�, 2�]), the maximum n value is also 9, 

but the locations shift to 60° and 300° due to flow reversal. Overall, the distributions of n on 

the top and bottom of the cylinder are symmetric. In addition, the distributions over � = [0, �] 

and � = [�, 2�] are symmetric. 

Similar to the 2-D analysis, the n values from the 3-D simulation of Re = 105 are given in 

Figure 5.13 (b). It is found that the distribution of n along the cylinder surface is similar to that 

obtained from the 2-D simulation, but there are some quantitative differences. Firstly, the 

maximum n value in half period is 11, which is higher than that observed in the 2-D simulation. 

Secondly, the maximum n values are observed at 135 °  and 225 ° . This comparison 

demonstrates that the 2-D simulation does not match the 3-D result exactly. However, the 2-D 

results reveal the key physical process related to boundary layer transition for a cylinder in 

oscillatory flow, and also saves the computational resources significantly. Considering that the 

2-D model is still a valuable tool for investigating the boundary layer transition from laminar 

to turbulence, in the next section the cases for KC = 10 are performed using 2-D simulations. 
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Figure 5.13. Number of high-frequency peaks per oscillation cycle in the pressure signal for 

KC = 4 and Re = 105: (a) 2-D, (b) 3-D. α is the angle on the cylinder surface measured from 

the upstream stagnation point and φ is the phase angle of the oscillation. 

5.4. Results for KC = 10 

In this section, 2-D numerical simulations are conducted at Re from 103 to 105 (Re = 10�, 

5× 10�, 10�, 2.5× 10�, 5× 10� 7.5× 10� and 10�) for KC = 10. The flow regime for 7 < 

KC < 15 (under a fixed � of 730) was categorised as the “single pair regime” according to 

Williamson (1985), which means that one pair of vortices are shed from the cylinder in each 

flow cycle. 

5.4.1. Force coefficient 

The force coefficients of the seven cases are shown in Figure 5.14 with a comparison to the 

force coefficients given by Sarpkaya (1976 & 1986) and Justesen (1989). As shown in Figure 

5.14 (a), CD shows an increasing trend from 1.75 to 1.9 in the range of Re = 103 to 104, followed 
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by a dramatic reduction to 0.8 (Re = 104 to 105), which corresponds to the ‘drag crisis’. This 

implies that the boundary layer transition to turbulence happens between Re = 104 and 105 at 

KC = 10.  

The present results of CM are given in Figure 5.14 (b) with a comparison to existing data in 

the literature. CM from the present 2-D simulations decreases with increasing Re from 103 to 

104 and then recovers in the range of Re = 104 to 105. Comparing with the CD, there is a stronger 

discrepancy between CM from the present study and those in the literature. This is partially 

attributed to the 2-D assumption. Keeping the focus of the boundary layer transition in mind, 

the forces coefficients are not investigated further.  

 

Figure 5.14. Comparison of CD and CM from the present numerical simulations with 

experimental data from Sarpkaya (1976 & 1986) and Justesen (1989) at KC = 10. “Extended” 

curves in this figure are based on the following data: Sarpkaya (1986) and Justesen (1989). 

5.4.2. Flow features 

Figure 5.15 shows the flow patterns at three Reynolds numbers (Re = 103, 104 and 105) at 

KC = 10. From Figure 5.15 (a) (Re = 103), it is noticed that the shear layer on the cylinder 

surface is quite smooth, which indicates that the shear layer remains in the laminar state. At Re 

= 104, as shown in Figure 5.15 (b), small vortices appear at the far end of each shear layer. This 

is a clear indication of the KH instability in the shear layer. At Re = 105, the KH vortices are 

observed on the cylinder surface and this indicates a transition from laminar to turbulence of 

the boundary layer. Analysis of the phase-averaged flow also shows laminar separation bubble 

on the cylinder surface (details omitted for simplicity), which confirms that the case with KC 

= 10 and Re = 105 is in the supercritical regime.  
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For the case of KC = 10 and Re = 105, the formation process of the KH vortices on the 

cylinder surface is examined in Figure 5.16 for the range of t/T = 298.56 – 298.86. In this time 

duration, the flow is in the negative x-direction. Close-up views for the lower side of the 

cylinder surface are given in Figure 5.16. Firstly, the flow separation is observed at � = 250°, 

followed by the development of the first KH vortex and it is labelled as vortex A. At t/T = 

298.6, vortices B and C are formed and the formation location shifts downstream along the 

cylinder surface to � = 262°. At t/T = 298.62, vortices A and B merge together while vortices 

C and D are formed. With the further development of the boundary layer flow, five KH vortices 

(A – E) are merged together and propagate away from the cylinder surface. Within the time 

period of t/T = 298.56 – 298.86, a total of 20 vortices are observed. Clearly, the number of the 

KH vortices shed from the cylinder in each flow period is significantly larger at KC = 10. This 

is because the oscillation orbital distance of the flow is proportional to KC. A larger KC number 

allows more time for the shear layers on the cylinder surface to develop and consequently more 

KH vortices are formed.  
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Re � = 0 � = �/4 � = 2�/4 � = 3�/4 � = 4�/4 � = 5�/4 � = 6�/4 � = 7�/4 � = 8�/4 

(a) 

103 

(b) 

104 

(c) 

105 

Figure 5.15. Instantaneous oscillatory flow fields around a cylinder in one oscillation period for �� = 10, visualised using vorticity contours at 

levels between -20 (blue colours) and 20 (green colours) at different ��: (a) �� = 103; (b) �� = 104; (c) �� = 105. 
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Figure 5.16. Close-up view of the instantaneous flow fields for �/� = 298.56 – 298.86 at (Re, KC) = (105, 10). Time instant (t/T) and the range 

of perturbation in the pressure signal (α) have been labelled in each figure. 
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5.4.3. KH vortex frequency 

Similar to the analysis for the cases with KC = 4, for KC = 10 the number of the KH 

vortices formed in each flow period is quantified by the number of the high-frequency peaks 

in the ��′ time history. For the case with KC = 10 and Re = 105, the n values along the cylinder 

surface are examined over 100T and are plotted in Figure 5.17. It is found that the maximum n 

value for the first half of the flow period is approximately 60 at  � = 120° and 240°. Such 

a maximum value is more than 7 times larger than that for KC = 4 and Re = 105. On the other 

hand, the maximum n values for the second half of the flow period are 57 at � = 75° and 65 

at � = 300°. Such a difference in the n values implies that the flow field on the two sides of 

the cylinder (y > 0 and y < 0) are statistically asymmetric. This finding agrees with the existing 

understanding on the flow symmetry at KC = 10. For example, Williamson (1985) reported 

that the two vortices were all shed from the same side of the cylinder. 

 

Figure 5.17. Number of high-frequency peaks in the pressure signal per oscillation cycle for 

KC = 10 and Re = 105 using the 2-D simulation. The value α is the angle on the cylinder surface 

measured from the upstream stagnation point, and φ is the phase angle of the oscillation 

sampled over 100T. 
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5.5. Conclusions 

In this chapter, two- and three-dimensional large-eddy simulations are conducted for a 

circular cylinder in oscillatory flow for Re up to 105 and KC = 4 and 10. The force coefficients 

obtained in the present numerical simulations are in a fair agreement with the experiment data 

reported in the literature. In particular, the phenomenon of drag crisis, which has been reported 

previously for a circular cylinder in the unidirectional flow condition, is captured here for the 

oscillatory flow condition. The 2-D results reveal the key physical process of boundary layer 

transition on the cylinder surface with reasonable agreement to the 3-D results. Therefore, the 

main analysis in this work is based on 2-D simulations, owing to the computational efficiency. 

It is found that the phase-averaged flow reveals the laminar separation bubbles on the 

cylinder surface for KC = 4 and 10 and Re = 105 (but not for Re = 104 and below), which 

demonstrates that these two cases are in the supercritical regime and the transition to turbulence 

happens in the boundary layer of the cylinder. It is observed that the KH vortices are formed 

on the cylinder surface, which is similar to the supercritical flow for a circular cylinder in the 

steady current condition. However, the KH vortices under the oscillatory flow condition do not 

induce a dominating frequency in the frequency spectra. Therefore, the number of the high-

frequency fluctuations of ��’ is used to quantify the number of the KH vortices formed in 

each oscillation period. The maximum number of peaks per oscillation period is 12 at KC = 4, 

while this number increases to approximately 100 at KC = 10, which suggests a strong KC 

dependence. A larger KC number allows more time for the shear layers on the cylinder surface 

to develop and consequently more KH vortices are formed in an oscillation period. 
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Chapter 6  

 

Conclusions 

 

6.1. Summary of conclusions 

Two-dimensional (2-D) and three-dimensional (3-D) numerical simulations have been 

conducted in the present study to investigate the hydrodynamic characteristics of a streamwise 

oscillating circular cylinder. Major conclusions are summarised below. 

6.1.1. A near-wall oscillating cylinder at relatively low Re 

Direct numerical simulations (DNS) are conducted for a near-wall cylinder that undergoes 

streamwise oscillations with various combinations of oscillation amplitude ( �/� ) and 

frequency (��/���∗) in a steady approaching flow at �� = 175. Different gap-to-diameter ratios 

(�/�) are considered to investigate the influence of the wall boundary layer on the wake 

formation around the oscillating cylinder and the hydrodynamic characteristics. The wall effect 

is also investigated under ‘fixed-wall’, ‘moving-wall’, and ‘symmetry-wall’ conditions to 

differentiate the influences of the plane-wall boundary layer and flow asymmetry induced by 

the geometrical setting.  

Firstly, a variety of synchronisation modes for a wall-bounded cylinder (also referred to as 

the �/�  modes, following Tang et al. (2017)) are identified. The synchronised flow is 

relatively robust to changes in the controlling parameters for small � and � values. Although 

the phenomenon of synchronisation is similar to that of an isolated cylinder, interactions 

between the cylinder and the boundary layer along the plane wall notably affect the wake 

formation. As the cylinder is moved closer to the wall, the percentage of occurrence of 

synchronisation modes with an odd number as the denominator (such as 1/3) significantly 

increases, in contrast to that of an isolated cylinder, where the synchronised flow prefers an 

even number as the denominator in the mode ratio (such as 1/4). This behaviour is ascribed to 
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the asymmetric wake formation of the near-wall cylinder. The interaction between vortices 

shed from the cylinder with the shear layer formed above the plane wall and the flow 

acceleration through the gap lead to a wake inclined to the free-stream direction and 

asymmetric vortex shedding from the cylinder.  

Secondly, the ‘fixed wall’ tends to stabilise the wake formation, as evidenced by the 

decrease in the variety of synchronisation modes with large � and � values (such as those 

with � > 10) as the cylinder is moved close to the wall. The flow mechanism associated with 

this phenomenon is the same as that responsible for the suppression of vortex shedding from a 

wall-bounded cylinder in steady approaching flow. At small gap ratios, for example in the case 

of (�/�, �/�) = (0.5, 0.1), only the three strongest modes (0/1, 1/2 and 1/1) are present.  

Thirdly, the mean values of the drag coefficient and root-mean-square values of the lift 

coefficient are generally larger in the region of synchronisation than those outside the range of 

synchronisations. The increases in the force coefficients are more pronounced in relatively 

wide synchronisation regions with small values of q than those in narrow synchronisation 

regions with large � values. This behaviour is caused by the enhanced vortices in the wake at 

resonance and occurs under both ‘moving-wall’ and ‘fixed-wall’ conditions. However, the 

‘moving-wall’ does appear to increase the drag coefficient compared to a wall-free cylinder, 

whereas the ‘fixed-wall’ effectively lowers the drag coefficient, largely due to different 

ambient flow velocities under different wall conditions. 

Fourthly, the frequency contents in the spectrum of lift coefficient are linear combinations 

of driving and vortex-shedding frequencies in all the synchronised regions. At low forced 

amplitudes, the transition of the vortex-shedding frequency between modes is a gradual process. 

The plateaus indicate different synchronised regimes, i.e. �/� modes, which are interleaved 

with numbers of quasi-periodic (QP) cases. However, large forced amplitudes of cylinder 

oscillation lead to apparent jumps in the vortex-shedding frequency, corresponding to the 

jumps in the ratios of �/� modes. This is because the variety of synchronisation modes and 

the number of QP modes are significantly reduced when large amplitudes of perturbation (i.e., 

large forced amplitudes) are introduced. 

Most importantly, it has been found that there exist new bifurcations that lead to QP (or 

chaotic) states and modes other than the primary synchronisation mode inside the primary 

synchronisation region through cascades of period doublings for flow past a near-wall 
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oscillating cylinder. The ratio of frequency intervals of two successive period-doubling modes 

asymptotes towards the first Feigenbaum constant. Through specifically designed numerical 

tests (different wall boundary conditions and the linear shear flow, etc.), the physical 

mechanism responsible for the transition to chaos through cascades of period doublings is 

confirmed to be the interaction of asymmetric vortex shedding from the cylinder and the 

boundary layer developed on the plane boundary. Period doubling occurs only when the 

asymmetry of the flow reaches above a critical level, which can be measured by the velocity 

gradient in the wall boundary layer. The results also show that asymmetric vortex shedding is 

not a sufficient condition for the transition to chaos through cascades of period doublings. The 

transition does not occur above a symmetry wall or a fixed wall with a cylinder being placed 

either too close to or too far away from the wall. 

6.1.2. Far wake of an isolated oscillating cylinder at relatively low Re 

The far wake of a circular cylinder undergoing streamwise oscillation is investigated by 2-

D DNS with selected ��/��� and �/� at �� = 175. The main conclusions are given below.  

For synchronised cases with the mode of ��/��� = 1/� , secondary vortices are not 

observed in the wake up to 200D downstream of the cylinder. The streamwise oscillation tends 

to suppress the broadband low frequency components, which would otherwise appear in the 

far wake of a stationary cylinder with �� = 175.  

For synchronised cases with ��/��� = �/� and � > 1, vortex merging is observed for 

selected cases. In the near wake, �/��� = �/� is the dominating frequency, while �/��� =

1/� becomes the dominating frequency in the far wake. Other than �/� and 1/� and their 

harmonics, no other frequency components are observed in the wake. 

For the QP cases examined at ��/���  = 2.2, the transitions to the two-layered and 

secondary vortex streets are observed in the far wake even at very small values of �/�. In the 

range of �/� = 0.0016 – 0.0256, the secondary vortices are formed from the merging of two 

primary vortices. For �/� = 0.0512 – 0.1024, the secondary vortices are formed from the 

merging of three or more primary vortices. With increasing �/� , the frequencies in the 

frequency spectra change from sharp-peaked to broadband patterns, and the number of lower 

frequency components increases significantly. In addition, the lower frequency components 
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can be predicted by an equation, i.e. ����� = 2 ∗ ����� − ���, where � is an integer larger 

than 0. 

6.1.3. An isolated cylinder in oscillatory flow at relatively high Re 

2-D and 3-D numerical simulations are conducted on a cylinder in oscillatory flow for Re 

up to 105 and KC = 4 and 10 by using Large Eddy Simulation (LES). The force coefficients 

obtained in the present numerical simulations are in a fair agreement with the experiment data 

reported in the literature. In particular, the phenomenon of drag crisis, which has been reported 

previously for a circular cylinder in the unidirectional flow condition, is captured here for the 

oscillatory flow condition. 

The phase-averaged flow reveals the laminar separation bubbles on the cylinder surface 

for KC = 4 and 10 and Re = 105 (but not for Re = 104 and below), which demonstrates that 

these two cases are in the supercritical regime and the transition to turbulence happens in the 

boundary layer of the cylinder. It is observed that the KH vortices are formed on the cylinder 

surface, which is similar to the supercritical flow for a circular cylinder in the steady current 

condition. However, the KH vortices under the oscillatory flow condition do not induce a 

dominating frequency in the frequency spectra. Therefore, the number of the high-frequency 

fluctuations of ��’  is used to quantify the number of the KH vortices formed in each 

oscillation period. The maximum number of peaks per oscillation period is 12 at KC = 4, while 

this number increases to approximately 100 at KC = 10, which suggests a strong KC 

dependence. A larger KC number allows more time for the shear layers on the cylinder surface 

to develop and consequently more KH vortices are formed in an oscillation period. 

6.2. Recommendations for future studies 

Due to a rapid increase of computing power in recent years, it has become possible to carry 

out computationally-expensive 3-D simulations. A better understanding of the physical 

mechanisms of the flow can be achieved by analysing the 3-D flow through numerical flow 

visualisation of the wake transition and mode interactions, and through statistics of the flow 

properties. 

Extended 3D DNS may be conducted for the investigation of the synchronisation modes 

for a near-wall cylinder. Although the transition to chaos through cascades of period doublings 

has been reported in detail in Chapters 2 and 3, it is demonstrated that this phenomenon could 
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also happen in 3-D. More investigations on this phenomenon in the 3-D flow regime are needed. 

Moreover, the influence of different boundary layer thicknesses may also be studied 

systematically. 

For the case of an isolated oscillating circular cylinder in steady current, the study may be 

extended for a wider range of Re. 

It is also worth noting that the boundary layer transition to turbulence for a stationary 

cylinder in oscillatory flow in the present study is mainly focused on 2-D simulations with two 

KC numbers. Although the 2-D simulations can reveal the general features of transition to 

turbulence for oscillatory flow around a cylinder, this investigation could be complemented by 

more 3-D simulations with a wider range of KC. 
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