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Abstract In this paper, we first study biplanes D with parameters (v, k, 2),
where the block size k ∈ {13, 16}. These are the smallest parameter values for
which a classification is not available. We show that if k = 13, then either D
is the Aschbacher biplane or its dual, or Aut(D) is a subgroup of the cyclic
group of order 3. In the case where k = 16, we prove that |Aut(D)| divides
27 · 32 · 5 · 7 · 11 · 13. We also provide an example of a biplane with parameters
(16, 6, 2) with a flag-transitive and point-primitive subgroup of automorphisms
preserving a homogeneous cartesian decomposition. This motivated us to study
biplanes with point-primitive automorphism groups preserving a cartesian de-
composition. We prove that such an automorphism group is either of affine
type (as in the example), or twisted wreath type.
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Table 1 Biplanes with small block size.

Line v k # Examples Reference

1 7 4 1 [24]
2 11 5 1 [24]
3 16 6 3 [5,8,21]
4 37 9 4 [4]
5 56 11 5 [14,23,26,35]
6 79 13 > 2 [3,26,30]
7 121 16 Unknown

1 Introduction

A symmetric design D = (P,B) with parameters (v, k, λ) is an incidence struc-
ture consisting of a set P of v points and a set B of v blocks, each of which is
a k-subset of P, such that every pair of points lies in exactly λ blocks. These
conditions imply that every point is incident with exactly k blocks, and every
pair of blocks intersects in exactly λ points. If λ = 1, then D is called a pro-
jective plane, and if λ = 2, then D is called a biplane. The aim of the paper is
to study the possible symmetries of biplanes. Whereas there are several infi-
nite families of projective planes, we currently know of only sixteen nontrivial
biplanes, and they all have block size k 6 13, as summarised in Table 1. The
column headed “# Examples” contains the number of biplanes up to isomor-
phism for the given parameters. In the column headed “Reference” we provide
some references which give details of the constructions or classification, and
in Section 3 we discuss briefly some of their properties. In line 7, we list the
smallest set of feasible parameters for which a biplane is currently not known
to exist.

Following the exhaustive computer search described in [26], we know that
the list in Table 1 is complete for block sizes k 6 11. By the Bruck–Ryser–
Chowla theorem, there exists no biplane with k = 12. The authors of [26]
comment that, unless new ideas emerge to make possible an exhaustive search
for biplanes with k = 13, their classification “is probably not to be seen in
the foreseeable future,” and they note that such searches are more likely to
complete if some nontrivial symmetry is assumed. Part of our aim in this paper
is to restrict the symmetries of possible biplanes with block sizes 13 or 16. The
only known examples are the Aschbacher biplane with k = 13 constructed in
[3] and its dual. Moreover, it is known from work of Marangunić [30, Theorem
2] (building on previous work referenced there) that the full automorphism
group of any other biplane with parameters (79, 13, 2) must be a 3-group. We
restrict this further and also give restrictions for the groups of biplanes with
parameters (121, 16, 2).

Theorem 1 Let D be a biplane with parameters (v, k, 2), where k ∈ {13, 16}.
Then
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(a) if k = 13, then either Aut(D) 6 C3, or D is the Aschbacher biplane or
its dual with |Aut(D)| = 110;

(b) if k = 16, then |Aut(D)| divides 27 · 32 · 5 · 7 · 11 · 13.

For our other more general analysis, we were motivated by Kantor’s fun-
damental result [25, Theorem B] which restricted the types of point-primitive
automorphism groups of projective planes (and which had such strong in-
fluence on future work in that area [9,16,17,25]). We hoped that something
similar would be available for biplanes. We observed that some of the known
biplanes admit a point-primitive automorphism group, and it is possible for
such groups to preserve a cartesian decomposition of the point set (as defined
in Section 2). We examined the possible types of primitive permutation groups
(as given in Table 2): for six of the eight types there are some primitive groups
of that type which preserve a cartesian decomposition (the exceptions being
types HS and SD). We showed that groups of only two of these types may act
as point-primitive groups on biplanes.

Theorem 2 Let D be a biplane admitting a point-primitive automorphism
group G. If G preserves a cartesian decomposition of the point-set, then G is
either of affine or twisted wreath type.

Only one of the known biplanes admits a point-primitive group which pre-
serves a cartesian decomposition. It is one of the biplanes with parameters
(16, 6, 2), and the group is of affine type (see Subsection 1). Each primitive
group of twisted wreath type does indeed preserve a cartesian decomposition,
but unfortunately we have not been able to eliminate these groups as auto-
morphism groups of biplanes, even though there are no known examples.

Problem 1 Show that no biplane admits a point-primitive automorphism
group of twisted wreath type.

This paper is organised as follows. In Section 3, we provide detailed in-
formation about the symmetry properties of the known biplanes. In particu-
lar, in Example 1, we give an example of biplane with parameters (16, 6, 2)
admitting a point-primitive automorphism group preserving a homogeneous
cartesian decomposition. In Section 4 we summarise existing results and de-
velop new ones concerning fixed points of automorphisms of biplanes. These
are used for studying automorphisms of biplanes with parameters (79, 13, 2)
in Section 5, and those with parameters (121, 16, 2) in Section 6, in particular
proving Theorem 1. We study transitive biplanes with point-primitive auto-
morphism groups in product action in Section 7, and in particular, we show
in Theorem 5 that no transitive biplane has a primitive automorphism group
of type PA (as defined in Table 2). As mentioned above, the example in Sub-
section 1 motivated us to investigate biplanes with an automorphism group
preserving a homogenous cartesian decomposition of the point set P = Γ d

with |Γ | > 5. Such groups can be embedded into the primitive wreath product
Sym(Γ ) o Sd in product action [33, Theorem 5.13], and using Praeger’s result
[32] on the overgroups of finite primitive permutation groups, we analyse the
possible cases to prove Theorem 2.
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Table 2 Types of primitive groups G on a set Ω. Here T is a nonabelian simple group and
α ∈ Ω.

Name O’Nan-Scott type Description

HA Affine The unique minimal normal subgroup is elementary
abelian and acts regularly on Ω

HS Holomorph simple Two minimal normal subgroups: each nonabelian simple
and regular

HC Holomorph compound Two minimal normal subgroups: each isomorphic to Tk,
k > 2 and regular

AS Almost simple The unique minimal normal subgroup is nonabelian simple
TW Twisted wreath The unique minimal normal subgroup is regular and iso-

morphic to Tk with k > 6
SD Simple diagonal The unique minimal normal subgroup N is isomorphic to

Tk, with k > 2 and Nα is a full diagonal subgroup of N .
The group G acts primitively on the set of k simple direct
factors of N

CD Compound diagonal The unique minimal normal subgroup N is isomorphic to
Tk and, for some ` | k with k > 2` > 4, Nα ∼= T ` is a direct

product of ‘strips’, each a diagonal subgroup of Tk/`. The
support sets of the strips form a system of imprimitivity
for the G-action on the set of k simple direct factors of N

PA Product action The unique minimal normal subgroup N is isomorphic to
Tk,with k > 2 and Nα ∼= Rk for some proper nontrivial
subgroup R of T .

2 Definitions and notation

All groups and incidence structures in this paper are finite. We here adopt
the standard notation as in [11] for finite groups of Lie type, for example, we
use SLn(q) and PSLn(q) to denote special linear groups and projective special
linear groups, respectively. We write Cn for the cyclic group of order n. Sym-
metric and alternating groups on Ω are denoted by Sn and An, respectively.

Let Ω = {1, . . . , n}, and let G be a group acting on Ω with α ∈ Ω. We
denote the G-orbit containing α by αG and denote the point-stabiliser of α
by Gα. A group G is transitive on Ω if it has only one orbit, and it acts
semiregularly on Ω if Gα = 1, for all α ∈ Ω. If G is both transitive and
semiregular, then it is called regular. If the identity element of G is the only
element of G which fixes every point, then the action of G on Ω is called
faithful and G may be viewed as a subgroup of Sn; in this case, G is called
a permutation group on Ω. A Frobenius group is a transitive permutation
group which is not regular and the identity element is the only element of
G fixing more than one point. If ∆ is a nonempty subset of Ω, we denote
by fix∆(x) the set of all points in ∆ fixed by x. We also write G∆ for the
setwise-stabiliser of ∆. The group G∆ denotes the induced permutation group
of G on ∆. A transitive group G on Ω is said to be imprimitive if there is
a nontrivial G-invariant partition of Ω, and otherwise is said to be primitive.
Table 2 describes the various types of primitive permutation groups occurring
in the O’Nan-Scott Theorem [29] giving also the notation from [32].

Let D = (P,B) be a symmetric design with parameters (v, k, λ). For α ∈ P
and B ∈ B, we denote by [α] the set of blocks containing α, and by [B] the set
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of points incident with B. A flag of D is an incident point-block pair. From the
definition of D in the introduction, it is clear that (B,P) is also a symmetric
design with parameters (v, k, λ) (where we identify each α ∈ P with the subset
[α] of B); the design (B,P) is called the dual design of D. Recall that a biplane
is a symmetric design with λ = 2. According to our definition (where blocks
are defined as k-subsets of points) there are no biplanes with k = 2 since each
pair of distinct points would be equal to the unique block containing the two
points. Also, if k = 3, then v = 4 and D is the complete design with block-set
the set of all 3-subsets of points. Therefore, we will assume that k > 4 and in
this case v > 7 (which follows from Lemma 1).

An automorphism of D = (P,B) is a permutation of the point-set P which
leaves invariant the block-set B. A subgroup G of the full automorphism group
acts naturally on the sets of points, blocks and flags, and the notion of transitiv-
ity and primitivity of these actions is defined using the same terminology as for
permutation groups. We remark here that the conditions of point-transitivity
and block-transitivity are equivalent for symmetric designs [7] and in partic-
ular for biplanes, and therefore, in this paper, we refer to a design with these
properties simply as a transitive design. For an automorphism x of D, we de-
note the sets of fixed points and fixed blocks of x by fixP(x) and fixB(x),
respectively. Also for a subset X ⊂ P, we often write fixX(x) = fixP(x) ∩X
and similarly for subsets of B. Note that a symmetric design and its dual
design have isomorphic automorphism groups.

A cartesian decomposition of the set P is a finite set E = Γ1, . . . , Γd of
partitions of P such that |Γi| > 2 for each i and |γ1 ∩ · · · ∩ γd| = 1 for each
choice of γ1 ∈ Γ1, . . . , γd ∈ Γd. A cartesian decomposition is said to be trivial
if it contains only one partition, (in this case it must be the partition into
singletons), and it is called homogeneous if all the Γi have the same cardinality.

We use the computer software system GAP [15] for computational argu-
ments. For further notation and definitions on designs and permutation groups
see [11,13,20,28,33].

3 Symmetries of the known biplanes

Here we give a brief summary of the known examples of biplanes. These all
have block size k 6 13. The parameters for these biplanes are given in Table
1 along with references where more details can be found about them.

Line 1: The unique biplane with parameters (7, 4, 2) is the complement of
the Fano plane (the unique projective plane with parameters (7, 3, 1)). Its
automorphism group is PGL3(2) ∼= PSL2(7) and is flag-transitive and point-
primitive.

Line 2: The unique biplane with parameters (11, 5, 2) is the Hadamard design,
see [24]. Its automorphism group is PSL2(11), and it is 2-transitive and hence
primitive on points, and also flag-transitive.

Line 3: In the case of biplanes with parameters (16, 6, 2), Hussain [21] proved
that there are exactly three examples. This classification was obtained inde-
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pendently by Burau [8] who determined all three automorphism groups (see
[5, p. 263]). O’Reilly Regueiro [31, p. 139] described these three biplanes and
their symmetry properties. All three are transitive. One of them has a point-
primitive and flag-transitive full automorphism group 24:S6, and we have con-
structed a point-primitive and flag-transitive subgroup which preserves a ho-
mogeneous cartesian decomposition of the points set, see Subsection 1. The
other two of these biplanes have point-imprimitive (full) automorphism groups.
One of them arises from a difference set in C2×C8. Its full automorphism group
is flag-transitive with a point-stabiliser of order 48 of the form 2·S4 (the full
group of symmetries of the cube). The third biplane arises from a difference
set in Q8 × C2. Its full automorphism group has order 16 · 24, and is not
flag-transitive.

Line 4: We know from [34] that there are exactly four biplanes with pa-
rameters (37, 9, 2), see also [4]. Only one of these biplanes is transitive. It is
constructed from the difference set of nine quadratic residues modulo 37, and
is flag-transitive. Two of the remaining three biplanes are duals of each other
and were found by Hussain [22]. Their full automorphism group is PΓL2(8)
and is intransitive. The last of these biplanes has an automorphism group of
order 54, which fixes a unique point.

Line 5: We know from [26] that there are exactly five biplanes with parameters
(56, 11, 2). Discussions of them may be found in [5,12,14,19,23,27,35]. Only
one of these biplanes is transitive. It was found by Hall et al. [19] in the study
of rank 3 permutation groups, and has full automorphism group PSL3(4):C2

2

(a subgroup of index 3 of Aut(PSL3(4))). This group is point-primitive but
not flag-transitive with a point-stabiliser A6·C2

2.

Line 6: In the case of biplanes with parameters (79, 13, 2), there are two
known examples, namely the Aschbacher biplane and its dual [3]. The full
automorphism group of the Aschbacher biplane and its dual is

〈x, y, z | x11 = y5 = z2 = 1, xy = x4, xz = x−1, yz = zy〉

of order 110 and is intransitive, see [3, Theorem 6.9]. Further, it is known
from work of Marangunić [30, Theorem 2] (building on previous work refer-
enced there) that the full automorphism group of any other biplane with these
parameters must be a 3-group. In fact the group must have order 1 or 3 by
Theorem 1.

Line 7: There are no known biplanes with parameters (121, 16, 2). However,
if such a biplane exists, then its full automorphism group has order dividing
27 · 32 · 5 · 7 · 11 · 13, by Theorem 1, and is not transitive by Corollary 1.

4 Fixed points of biplane automorphisms

In this section, we collect information about the fixed points of automorphisms
of biplanes. First we summarise some results about their parameters.
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Lemma 1 Let D = (P,B) be a biplane with parameters (v, k, 2) and k > 4.
Then

k(k − 1) = 2(v − 1). (1)

If v = cd, for positive integers c, d with d > 2, then
√

2 c
d
2 < k <

√
2 c

d
2 + 1, (2)

and so k = d
√

2c
d
2 e and if d is odd, then c 6= 2a with a odd. In particular, if

d = 2, then k = d
√

2ce with c > 4.

Proof The equation (1) can be found in [28, Proposition 1.1]. Suppose now
that v = cd with d > 2. Then (1) implies that (k − 1)2 < k(k − 1) = 2cd − 2,

and so k <
√

2cd − 2 + 1 <
√

2c
d
2 + 1. Also, by (1), 2v = k2−k+ 2 < k2 (since

k > 4), so k >
√

2c, and (2) is proved. If d is odd and c = 2a with a odd, then
s := 2a(d+1)/2 is a positive integer and the inequality (2) is s < k < s + 1,
which has no integer solution k. Thus these conditions do not hold, and so√

2c
d
2 is an irrational number, and k = d

√
2c

d
2 e. In particular, if d = 2, then

k = d
√

2ce; in this case, if c = 2 or 3, then 2(v− 1) = 2(cd − 1) = 6 or 16, and
k = 3 or 5, respectively, and this contradicts either the assumption k > 4 or
the condition (1). Thus c > 4.

Lemma 2 [28, Theorem 3.1 and Corollary 3.2] An automorphism x of a sym-
metric design fixes an equal number of points and blocks, and moreover, x has
the same cycle structure in its actions on points and on blocks.

In the light of Lemma 2, for an automorphism x of a symmetric design
D = (P,B), we refer to the cycle structure of the x-action on P, or on B, as
the cycle structure of x.

A pair D′ = (P ′,B′) is called a subdesign of a 2-design D = (P,B) if
P ′ ⊆ P, each B′ ∈ B′ is of the form B′ = B ∩ P ′ for some B ∈ B, and D′ is a
2-design. Note that for D′ to be a subdesign, there must be a constant k′ > 2
such that, for each B ∩ P ′ ∈ B′, the size |B ∩ P ′| = k′. The subdesign D′ is
called proper if P ′ 6= P.

Lemma 3 [24, Lemma 9.5] and [28, Proposition 1.1] Let D be a symmetric
design with parameters (v, k, λ). Suppose that D′ is a proper subdesign of D,
and that D′ is a symmetric design with parameters (v′, k′, λ). Then either
(k′− 1)2 = k− λ, or k′(k′− 1) 6 k− λ. (The possibility that k′ = λ+ 1 is not
excluded.)

Lemma 4 [3, Lemma 2.7] Let D be a symmetric design with parameters
(v, k, λ), and let p be a prime dividing |Aut(D)|. Then either p divides v,
or p 6 k.

Recall that, for a design D = (P,B) and α ∈ P, B ∈ B, we denote by
[α], [B] the set of blocks containing α, or the set of points contained in B,
respectively.
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Lemma 5 Let D = (P,B) be a biplane with parameters (v, k, 2) and k > 4,
and let x ∈ Aut(D) such that α ∈ fixP(x), so there is a block B ∈ fixB(x)
by Lemma 2. Then, setting sα = |fix[α](x)| and sB = |fix[B](x)|, the following
hold:

(a) if α ∈ B, then rα = rB, where rα is the number of 〈x〉-orbits of length two
in [α], and rB is the number of 〈x〉-orbits of length two in [B];

(b) |fixB(x)| = sB(sB − 1)/2 + rB + 1;
(c) if α ∈ B, then |fixP(x)| = sα(sα − 1)/2 + rα + 1;
(d) if sB > 0 and rB = 0, then D′ = (fixP(x),fixB(x)) is a subdesign of
D, and sB is independent of the choice of B ∈ fixB(x); moreover, either
(sB − 1)2 = k − 2, or sB(sB − 1) 6 k − 2.

Proof Parts (a)-(b) are proved in [3, Lemma 4.1]. For part (c), assume that
α ∈ B, and consider the following map f from points of fixP(x) \ {α} to
unordered pairs of blocks from [α]:

f : β → {B′ ∈ B | {α, β} ⊆ B′}.

The map f is injective since D is a biplane. Also each f(β) is either an un-
ordered pair of blocks from fix[α](x) (and each unordered pair of such blocks
intersects in {α, β} with β ∈ fixP(x)), or a pair of blocks from [α] which forms
an 〈x〉-orbit of length two (and each such orbit also intersects in {α, β} with
β ∈ fixP(x)). Thus we have |fixP(x)| − 1 = sα(sα − 1)/2 + rα, proving part
(c).

Finally, for part (d), assume that sB > 0 and rB = 0. Then by [3, Lemma
4.1(iv)], the incidence structure D′ is a subdesign of D. This means first that sB
is independent of the choice of B ∈ fixB(x), and secondly that distinct blocks
from fixB(x) intersect in λ = 2 points of fixP(x). The remaining assertions
follow from Lemma 3.

Lemma 6 Let D = (P,B) be a biplane with parameters (v, k, 2) and k > 4,
and let x ∈ Aut(D) such that |fixB(x)| > 0, and x has no 2-cycles in its cycle
structure. Then the sets [B] \ fix[B](x) are pairwise disjoint, for B ∈ fixB(x),
s = |fix[B](x)| is independent of B ∈ fixB(x), and v > |fixB(x)| · (k − s + 1).

Proof If |fixB(x)| = 1, then there is nothing to prove. So assume that |fixB(x)| >
2. Let A,B ∈ fixB(x) with A 6= B, so A∩B is an x-invariant subset of size 2.
Since x has no 2-cycles in its cycle structure, it follows that A∩B ⊆ fixP(x).
Thus [B] \ fix[B](x) is disjoint from [A] \ fix[A](x), and each of these subsets
is contained in P \ fixP(x). Further, since A ∩ B ⊆ fixP(x), it follows that
sB = |fix[B](x)| > 2, and by our assumption on x, the number rB of 〈x〉-
orbits of length two in [B] is zero. Thus, by Lemma 5(d), sB is independent
of B ∈ fixB(x), say s = sB . Then

v > |fixP(x)|+
∑

B∈fixB(x)

|[B] \ fix[B](x)| = |fixP(x)|+ |fixB(x)|(k − s),

and since |fixP(x)| = |fixB(x)| by Lemma 2, the required inequality follows.
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We also consider involutory automorphisms, that is, those of order 2.

Lemma 7 Let D = (P,B) be a biplane with parameters (v, k, 2) and k > 4,
and let x ∈ Aut(D) of order 2 such that |fixP(x)| > 0. Let α ∈ fixP(x),
B ∈ fixB(x), and let sα = |fix[α](x)| and sB = |fix[B](x)|. Then

(a) either sα is independent of α ∈ fixP(x), or sα ∈ {0, 2} for all α ∈ fixP(x);
in both cases |fixP(x)| = (k + 1 + (sα − 1)2)/2;

(b) either sB is independent of B ∈ fixB(x), or sB ∈ {0, 2} for all B ∈ fixB(x);
(c) either (sα − 2)2 = k − 2, or (sα − 1)2 6 k − 5.

Proof Part (b) and the last assertion of part (a) are proved in [3, Lemma 4.2];
the rest of part (a) follows on equating the expressions for |fixP(x)| in part
(a) for different points in fixP(x). Finally part (c) is [2, Theorem 3.3].

We put together information from the last few lemmas in the following
corollary, and use the notation sα, sB from there. Specifically, part (a) of Corol-
lary 1 below follows from parts (a) and (c) of Lemma 7, while part (b) follows
from parts (b) and (d) of Lemma 5.

Corollary 1 Let D = (P,B) be a biplane with parameters (v, k, 2) and k > 4,
let x ∈ Aut(D), and let f := |fixP(x)| = |fixB(x)|. Then

(a) if x is an involution and α ∈ fixP(x), then either f 6 k− 2, or k− 2 is a
square and f = k +

√
k − 2 = k + sα − 2;

(b) if o(x) is odd and B ∈ fixB(x), then f = sB(sB − 1)/2 + 1; further, either
f 6 k/2, or k − 2 is a square and f = (k +

√
k − 2)/2 = (k + sB − 1)/2.

Moreover, if 1 6= G 6 Aut(D), then |fixP(G)| 6 k +
√
k − 2 6 (

√
2 + 4)k/4,

and if k > 6, then |fixP(G)| 6 4k/3.

Lemma 8 [10, Lemma 2.3] Let G be a group acting transitively on a set Ω, let
α ∈ Ω, and let x ∈ G such that f := |fixΩ(x)| > 0. Then |Ω|/f = u/u1, where
u is the number of G-conjugates of x, and u1 is the number of G-conjugates of
x lying in the stabiliser Gα. In particular, |Ω|/f 6 |G : CG(x)|, where CG(x)
is the centraliser of x in G.

By Corollary 1 and Lemma 8, we can obtain an upper bound for k in terms
of the number of conjugates of automorphisms fixing some points.

Corollary 2 Let D = (P,B) be a biplane with parameters (v, k, 2) and k > 4,
and suppose that G 6 Aut(D) is transitive on P. If some non-identity element
x ∈ G fixes a point, then k < (

√
2 + 4)u/2 + 1 < 3u+ 1, where u is the number

of conjugates of x in G.

4.1 Biplanes and difference sets

Let v, k, λ be integers such that 0 < λ < k < v. A (v, k, λ)-difference set
in a group X of order v is a subset D ⊂ X of size k such that the list of
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‘differences’ x−1y, for distinct x, y ∈ D, contains each non-identity element of
X exactly λ times. The development of D is the pair (X,B) where B = {Dx |
x ∈ X}. By [28, Theorem 4.1], the development of D is a symmetric design
with parameters (v, k, λ) and the group X acts by right multiplication as a
point-regular subgroup of automorphisms. Thus a (v, k, 2)-difference set gives
rise, via its development, to a transitive biplane with parameters (v, k, λ).

Proposition 1 Let D = (P,B) be a biplane with parameters (p2, k, 2) where
k > 4 and p is a prime. Then p > 11 and if x ∈ Aut(D) has order p, then
fixP(x) = ∅. Moreover, if G 6 Aut(D) is transitive on P, then the Sylow p-
subgroups of G are regular and abelian of order p2, and D is the development
of a difference set with parameters (p2, k, 2).

Proof Note that p > 11 by Table 1. By (1), k divides 2(v − 1) = 2(p2 − 1),
and hence k is coprime to p. Suppose that x ∈ Aut(D) has order p and
α ∈ fixP(x). Then by Lemma 2, x fixes a block, say B. Let sB = |fix[B](x)|
and f = |fixB(x)|. Then p divides k − sB and p divides f , and since k is
coprime to p it follows that sB > 0. Since p is odd, it follows from Lemma 5(b)
that

2f = sB(sB − 1) + 2. (3)

If sB = k, then (3) implies that f = (k2 − k + 2)/2 = v, which is impossible.
Hence sB < k. Thus k − sB > p and f > p (since p divides both of these
quantities), and hence by Lemma 6, p2 = v > f(k− sB + 1) > p(p+ 1), which
is a contradiction. Hence fixP(x) = ∅.

Now suppose that G 6 Aut(D) is transitive on P, and let P be a Sylow
p-subgroup of G, so |P | = pa > p2. It follows from the previous paragraph
that |P | = p2 and that P is regular of P. Thus P is abelian of order p2, and
as discussed above, by [28, Theorem 4.2], D is the development of a difference
set in P with parameters (p2, k, 2).

By using the following result (Lemma 9) of Lander, we apply Proposition 1
to show that no transitive biplanes with parameters (121, 16, 2) exist.

Lemma 9 [28, Theorem 4.4] Suppose that there exists a (v, k, λ)-difference set
D in a group G. If for some divisor p > 1 of v and some prime q, there exists
an integer j such that qj ≡ −1 (mod p), then q does not divide the square-free
part of k − λ.

Corollary 3 There exist no transitive biplanes with parameters (121, 16, 2).

Proof If D were such a biplane, then by Proposition 1, D would be the develop-
ment of a difference set with parameters (121, 16, 2). Since 25 ≡ −1 (mod 11),
we may apply Lemma 9 with (p, q, j, k − λ) = (11, 2, 5, 14) and conclude that
2 does not divide the square-free part of 14 = 2 · 7, which is a contradiction.
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5 Biplanes with parameters (79, 13, 2)

As mentioned in Section 3, the only known biplanes with parameters (79, 13, 2)
are the Aschbacher biplane and its dual. Moreover if D is any other biplane
with parameters (79, 13, 2), then it follows from [30, Theorem 2] that the full
automorphism group of D is a 3-group. We seek to restrict Aut(D) further,
to having order either 1 or 3.

Theorem 3 If D is a biplane with parameters (79, 13, 2), then either D or its
dual is the Aschbacher biplane with |Aut(D)| = 110, or Aut(D) 6 C3.

Proof Let G = Aut(D) and suppose that neither D nor its dual is the As-
chbacher biplane, so that, by [30, Theorem 2], G is a 3-group. Suppose that
1 6= x ∈ G. Since o(x) is a 3-power, it follows that f = |fixP(x)| ≡ 1 (mod 3),
so f > 0 and hence also f = |fixB(x)| > 0 by Lemma 2. Let α ∈ fixP(x),
B ∈ fixB(x), and s := sB = |fix[B](x)|. Then s ≡ k ≡ 1 (mod 3), so also s > 0.
By Lemma 5(d) (noting that rB = 0 since o(x) is odd and that k − 2 = 11
is not a square), it follows that s(s − 1) 6 11; and then by Lemma 5(b),
f = s(s − 1)/2 + 1, so f 6 6. Since f ≡ s ≡ 1 (mod 3), it follows that
f = s = 1. Therefore, every nontrivial element x of G fixes exactly one point
α and exactly one block B, and α ∈ B.

Now the group G is a nontrivial 3-group and as v = 79, it follows that G
fixes some point, say α ∈ P. Thus G = Gα and α is the unique fixed point of
each nontrivial element of G. Since |P \ {α}| = 78 ≡ 6 (mod 9) it follows that
G has an orbit ∆ of length 3 in P. Let β ∈ ∆. Then Gβ fixes {α}∪∆ pointwise,
and hence by the previous paragraph Gβ = 1. Thus |G| = 3|Gβ | = 3.

6 Biplanes with parameters (121, 16, 2)

Let D = (P,B) be a biplane with parameters (121, 16, 2) and let G = Aut(D).
We use the notation and results from Section 4. In this section, we prove
Theorem 1 for k = 16.

6.1 2-elements in G

Here we bound the 2-part of |Aut(D)|.

Proposition 2 A Sylow 2-subgroup of Aut(D) has order at most 27.

First we restrict in Lemmas 10, 11 and 12 the possible cycle types of 2-
elements.

Lemma 10 Let x ∈ Aut(D) with o(x) = 2, let f := |fixP(x)|, and let sα =
|fix[α](x)| for each α ∈ fixP(x). Then

(a) f > 0 and either (f, sα) = (13, 4) for each α ∈ fixP(x), or f = 9 and
sα ∈ {0, 2} for each α ∈ fixP(x);
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(b) f = |fixB(x)| and setting sB = |fix[B](x)| for B ∈ fixB(x), either f = 13
and sB = 4 for each B ∈ fixB(x), or f = 9 and sB ∈ {0, 2} for each
B ∈ fixB(x).

Proof Since v = 121 is odd, f > 0. Let α ∈ fixP(x). Then by Lemma 7(a),
f = (k + 1 + (sα − 1)2)/2, and either sα is independent of α ∈ fixP(x), or
each sα ∈ {0, 2}. Since k− 2 = 14 is not a square, it follows from Lemma 7(c)
that (sα − 1)2 6 k− 5 = 11, and since f is an integer, this implies that either
(f, sα) = (13, 4), or sα ∈ {0, 2} and f = 9. This proves part (a).

By Lemma 2, f = |fixB(x)|. Let B ∈ fixB(x). Then by Lemma 5(b),
f = sB(sB − 1)/2 + rB + 1, where rB is the number of 2-cycles of x in [B].
Note that rB 6 k/2 = 8, so sB is even since k is even. If sB = 0, then
f = rB + 1 6 9, so by part (a), f = 9 and rB = 8.

We claim that, if sB > 0 and α ∈ fix[B](x), then sα > sB. Under these
conditions, for each β ∈ fix[B](x) \ {α}, the second block containing {α, β} is
also fixed by x. These blocks together with B give sB blocks in fix[α](x). Thus
sα > sB , proving the claim.

Suppose first that f = 13, so by part (a), sα = 4 for all α ∈ fixP(x). Also
sB(sB − 1)/2 = f − 1 − rB = 12 − rB > 4 so sB > 4. However, by the claim
we have 4 = sα > sB , and hence sB = 4 for all B ∈ fixB(x), as in part (b).
Suppose now that f = 9, so by part (a), sα ∈ {0, 2} for each α ∈ fixP(x). If
sB > 0 and α ∈ fix[B](x), then by the claim, sB 6 sα 6 2. Hence sB = sα = 2
(as sB is even). Thus sB ∈ {0, 2} for each B ∈ fixB(x), and (b) is proved.

Lemma 11 Let x ∈ Aut(D) with o(x) = 2a > 4 and f := |fixP(x)| > 1.

(a) Then o(x) = 4, and f = |fixB(x)|.
(b) Let B ∈ fixB(x). Then |fixP(x2)| = 13 and |fix[B](x

2)| = 4.
(c) Let sB = |fix[B](x)| and rB be the number of 2-cycles of x in B. Then one

of the following holds.
(i) x has cycle type 13 25 427, and either (sB , rB) = (0, 2) for all B ∈

fixB(x), or (sB , rB) = (2, 1) for two of the fixed blocks of x and (0, 2)
for the third.

(ii) x has cycle type 17 23 427, and (sB , rB) = (4, 0) for all B ∈ fixB(x).

Proof By Lemma 2, f = |fixB(x)| > 1. ChooseB ∈ fixB(x). Then by Lemma 5(b),
f = 1+sB(sB−1)/2+rB , and since f > 1, the pair (sB , rB) 6= (0, 0) or (1, 0).

Let y = x2a−1

, the involution in 〈x〉, and let fy = |fixP(y)|.
Suppose first that sB > 0. Then since k = 16, sB is even so sB > 2. Let

α ∈ fix[B](x). Then, for each of the other sB − 1 points α′ ∈ fix[B](x) \ {α},
the second block B′ containing {α, α′} is also fixed by x, and these blocks are
distinct for distinct α′ (since D is a biplane). These blocks, together with B,
give sB blocks on α which are fixed by x, and hence are also fixed by y. Also,
by Lemma 5(a), there are rα = rB cycles of x of length 2 on the set [α] of
blocks containing α. Each of the 2rB blocks in these 2-cycles of x is fixed by
y, and hence sy := |fix[α](y)| > sB + 2rB > 2.

Suppose that sB > 4. Then sy > 4, and it follows from Lemma 10 applied
to y that (fy, sy) = (13, 4). Thus sB = 4, rB = 0, and f = 1 +

(
4
2

)
= 7. This
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means that each x-cycle in B \ fix[B](x) has size a multiple of 4, and since
|B \ fix[B](x)| = 12 6≡ 0 (mod 8), it follows that x must have at least one
4-cycle in B, say (β1, . . . , β4). If Bi is the second block containing {α, βi},
for 1 6 i 6 4, then the blocks B1, . . . , B4 are pairwise distinct (since distinct
blocks intersect in exactly two points), each lies in [α], and they are permuted
cyclically by 〈x〉. If o(x) > 8, then y would also fix each of the Bi, implying
that sy > 4, which is a contradiction by Lemma 10. Hence o(x) = 4 and
x has (fy − f)/2 = (13 − 7)/2 = 3 cycles of length 2, and hence has cycle
type 17 23 427. Thus all assertions are proved, except for showing that sB is
independent of the choice of B. We defer this.

Assume next that sB = 2. Then in its action on the 14 points of B \
fix[B](x), x must have at least one 2-cycle, so rB > 1. Then sy > sB+2rB > 4,
and again by Lemma 10, we obtain (fy, sy) = (13, 4), so (sB , rB) = (2, 1).
Hence f = 1 +

(
2
2

)
+ 1 = 3, and since there are 12 points of B lying in x-

cycles of length at least 4, x must have at least one 4-cycle in B. If o(x) > 8,
then the hypotheses of the lemma hold also for x2, and x2 has two 2-cycles
in the x-cycle of length 4 in B and also |fix[B](x

2)| = 4. Since y is also the
involution in 〈x2〉, the argument just given implies that sy > 4 + 2 × 2 = 8,
which is a contradiction by Lemma 10. Thus o(x) = 4 in this case also and
x has (fy − f)/2 = (13 − 3)/2 = 5 cycles of length 2, and hence has cycle
type 13 25 427. Again all assertions are proved in this case, except for dealing
with the values of sB for other fixed blocks B. We defer this until we have
considered the case sB = 0.

Now suppose that sB = 0. Then rB > 0 since here f = 1 + rB > 1. The
number 2rB of points of B lying in 2-cycles of x must be a multiple of 4, so
rB is even, and hence rB > 2. This means that y ∈ 〈x2〉 fixes at least 2rB > 4
points of B, and hence by Lemma 10, (fy, sy) = (13, 4). It follows that rB = 2,
and hence that f = 1 + rB = 3, and x has at least one 4-cycle in B \fix[B](y).
Now y cannot act trivially on the points of this 4-cycle (since sy = 4), and
hence y 6∈ 〈x4〉. Thus o(x) = 4, y = x2, and x has (fy − f)/2 = (13− 3)/2 = 5
cycles of length 2 in B, and hence has cycle type 13 25 427.

Finally we consider blocks B′ ∈ fixB(x) \ {B}. If sB′ ∈ {0, 2}, then our
arguments above show that x has f = 3 fixed points. Thus in case (c)(ii),
where f = 7, we must have (sB′ , rB′) = (4, 0) for all B′. Assume now that x
has f = 3 fixed points so we are in case (c)(i), and x has three fixed blocks,
say B,B′, B′′. If x has no fixed points in any of these blocks there is nothing
to prove, so suppose without loss of generality that (sB , rB) = (2, 1), and let
fix[B](x) = {α, β}. Then the second block containing {α, β} is also fixed by x;
suppose that it is B′, so (sB′ , rB′) = (2, 1). The third fixed block B′′ intersects
B in a pair of points that must be left invariant by x and is disjoint from {α, β}
(since D is a biplane). Thus B′′ ∩B is a 2-cycle of x, and similarly B′′ ∩B′ is
a 2-cycle of x. Since B and B′′ are the only blocks containing B′′ ∩ B, these
2-cycles of x in B′′ are distinct, and it follows that rB′′ = 2 and therefore
(from the argument above) that sB′′ = 0. This completes the proof.
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Table 3 Cycle types of 2-elements for Lemma 12

a o(x) Cycle type of x r4 r8 Description of x2

2 4 11 24 428 4 0 x2 as in Lemma 10 with (fx2 , sx2 ) = (9, 0)
3 8 11 42 814 0 2 x2 as in line for a = 2

Lemma 12 Let x ∈ Aut(D) with o(x) = 2a > 4 and suppose that f :=
|fixP(x)| 6 1. Then a ∈ {2, 3}, f = 1, say fixB(x) = {B}, and all x-cycles
in B have lengths at least 4. Moreover Table 3 gives the possible values for
a, the cycle type of x, the numbers r4, r8 of x-cycles in B of lengths 4 and 8,
respectively, and information about the element x2 (where, if o(x) = 4, then
fx2 , sx2 are the parameters f, sα in Lemma 10 applied to x2).

Proof Since v = 121 is odd, we must have f > 0 and hence f = 1 since we
are assuming f 6 1. By Lemma 2, x also fixes exactly one block, say B. By
Lemma 5(b), f = 1 + sB(sB − 1)/2 + rB , where sB = |fix[B](x)| and rB is the
number of 2-cycles of x in B. Hence rB = 0 and sB 6 1. Since |B| = 16, sB is
even and so sB = 0. Thus all x-cycles in B have lengths greater than 2.

Suppose first that the number r4 of 4-cycles inB is at least 1. Since |B| = 16
it follows that r4 is even, so r4 > 2. Then x2 has no fixed points in B and has
2r4 > 4 cycles in B of length 2, and so by Lemma 5(b) applied to x2, x2 fixes
1 + 2r4 > 5 blocks. By Lemma 2 again, x2 also fixes 1 + 2r4 points. Suppose
in addition that a > 3 so that o(x2) > 4. Applying Lemma 11 to x2 gives
a contradiction, as (c)(i) cannot hold since x2 fixes more than 3 points, and
(c)(ii) cannot hold since x2 has no fixed points in B. Thus we conclude that
a = 2 in this case. This means that r4 = 4, and hence x2 fixes B setwise and has
eight 2-cycles in B. By Lemma 10, x2 has the parameters (fx2 , sx2) = (9, 0).
Hence x has (fx2 − f)/2 = (9− 1)/2 = 4 cycles of length 2, and hence the line
for a = 2 of Table 3 holds.

Thus we may assume that r4 = 0. Suppose next that r8 > 0. Then o(x) > 8
and x has r8 = 2 cycles of length 8 in B. This means that x2 has four 4-cycles
in B. If x2 fixes more than 1 point, then Lemma 11 applies and leads to a
contradiction since such elements have no fixed blocks on which they act with
four 4-cycles. Thus x2 has exactly 1 fixed point and satisfies the hypotheses
of this Lemma 12. It follows from the previous paragraph that o(x2) = 4 and
the properties of the ‘a = 2’ line of Table 3 hold for x2. We deduce from this
that o(x) = 8 and x has cycle type 11 42 814, so the properties of the line for
a = 3 of Table 3 hold for x.

Finally assume that r4 = r8 = 0. Then since x fixes B setwise it must
act on B as a 16-cycle. In particular o(x) > 16, and x2 has two 8-cycles in
B. If x2 has more than one fixed point, then Lemma 11 applies to x2 and
we have a contradiction since o(x2) > 8. Thus x2 has just one fixed point
and satisfies the hypotheses of Lemma 12. It now follows from the previous
paragraph that o(x2) = 8 and the properties of the ‘a = 3’ line of Table 3 hold
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for x2. We deduce from this that o(x) = 16 and x has cycle type 11 81 167. Let
y = x8. Then from Table 3 it follows that the involution y has the parameters
(fy, sy) = (9, 0) from Lemma 10 and y fixes nine points and nine blocks, and
the fixed points of y are precisely the nine points lying in x-cycles of length 1
or 8. Also as argued in the second paragraph of this proof, y has eight 2-cycles
in B, and by Lemma 10, y has eight 2-cycles in each of its fixed blocks. For
each of the 2-cycles (αi, βi) of y in B, y fixes the second block Bi containing
{αi, βi}. The nine blocks B,B1, . . . , B8 are pairwise distinct (since D is a
biplane), and hence are precisely the fixed blocks of y. Since x centralises y
and fixes B, it follows that x leaves invariant ∪8

i=1Bi. Now for each Bi, and
each j 6= i, Bi∩Bj has size 2, and these 2-subsets are distinct 2-cycles of y for
distinct j. It follows that each of the seven y-cycles of length 2 in Bi \ {αi, βi}
occurs as Bi ∩Bj for a unique j 6= i. Thus the number of pairs (Bi, γ), where
i = 1, . . . , 8 and γ ∈ Bi \ {αi, βi} can be counted in two ways and this gives
| ∪8

i=1 Bi| · 2 = 8 · 14, so | ∪8
i=1 Bi| = 56. This is a contradiction, since ∪8

i=1Bi
is an x-invariant set of size 56 and is contained in a union of x-cycles, each of
length 16.

Proof of Proposition 2

Let P be a Sylow 2-subgroup of Aut(D) and suppose that P 6= 1. Since v = 121
is odd, P leaves some block invariant, say B. Any nontrivial element of P fixing
B pointwise would have at least 16 fixed points, and it follows from Lemmas 10
and 11 that there are no such elements. Hence P acts faithfully on B, that
is, P ∼= P [B] 6 Sym([B]). By Lemmas 10, 11 and 12, each nontrivial element
of P fixes at most four points of [B]. Suppose that the shortest nontrivial
P -orbit in [B] (that is, of size greater than 1) has length 2a and let α be a
point of this orbit. Then Pα fixes at least 2 points of [B]. If Pα = 1, then
|P | = 2a 6 [B] = 16, so suppose that Pα 6= 1. Suppose that the shortest
nontrivial Pα-orbit in [B] has length 2b and let β be a point of this orbit. Note
that b 6 a and if b = a, then the Pα-orbit containing β must be equal to the
P -orbit containing β, and hence P must have two orbits (at least) in [B] of
length 2a so 2a 6 8 in this case. Hence we always have 2a+b 6 27. Also Pα,β
fixes at least 4 points of [B]. If Pα,β = 1, then |P | = 2a+b 6 27, so suppose
that Pα,β 6= 1. Then Pα,β fixes exactly 4 points of [B]. This implies that Pα
fixes exactly 2 points of [B] and hence must have an orbit of length 2 in [B], so
2b = 2. Further, Pα,β must act semiregularly on the 12 remaining points of [B]
as a group of order 2 or 4 (by Lemmas 10 and 11). Thus |P | 6 2a+1 · 4 6 27.

6.2 Odd order p-subgroups of automorphisms

In this subsection, we study the p-subgroups of Aut(D) for odd primes p.

Lemma 13 Let D be a biplane with parameters (121, 16, 2). Then a Sylow
3-subgroup of Aut(D) is elementary abelian of order at most 32.
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Table 4 Cycle type of p-elements x with p ∈ {5, 7, 11, 13} in Lemma 14.

p s f Cycle type on P Cycle type on a fixed block B

5 1 1 11524 1153

7 2 2 12717 1272

11 0 0 1111 x fixes no blocks
13 3 4 14139 13131

Proof Suppose that x ∈ Aut(D) with o(x) = 3a > 3 fixing f points. We claim
that f ∈ {1, 7}. Since 3 does not divide v = 121, x fixes at least one point,
and so by Lemma 2, x has to fix a block, say B. Let s := sB = |fix[B](x)|.
Since also 3 does not divide k = 16, it follows that s > 0. Note that k − 2 =
16−2 = 14 is not a square, so Lemma 5(d) implies that s2− s 6 14, and since
s ≡ 16 ≡ 1 (mod 3), we must have s ∈ {1, 4}, and since f = s(s− 1)/2 + 1 by
Lemma 5(b), we conclude that f is 1 or 7, proving the claim.

Now let P be a Sylow 3-subgroup of Aut(D) and assume that P 6= 1.
Since gcd(v, 3) = 1, P fixes setwise at least one block of D, say P fixes B. We
have just shown that all nontrivial 3-elements fix at most 7 points, and hence
P acts faithfully on [B]. Moreover, we showed that each nontrivial 3-element
fixes either 1 or 4 points of B. Since gcd(|B|, 3) = 1 this implies that P fixes
either 1 or 4 points of [B]. In either case P must have at least one orbit ∆ in
[B] of length 3 (since neither 16 − 1 nor 16 − 4 is divisible by 9). Let α ∈ ∆.
Then |P : Pα| = 3 and Pα fixes at least 4 points of B. If Pα = 1, then |P | = 3,
so suppose that Pα 6= 1. Since no nontrivial element of Pα fixes more than 4
points of B, it follows that |fix[B](Pα)| = 4 and hence Pα has at least one orbit
in B of length 3. For β in this orbit, Pα,β fixes more than 4 points of B and
hence must be trivial. Thus in this case, |P | = 9, and P has at least two orbits
of length 3 in [B], say ∆ and ∆′. We have shown moreover that the stabiliser
of a point of ∆′ is still transitive on ∆, and hence that P acts faithfully on
∆′ ∪∆. It follows that P ∼= C2

3.

Lemma 14 Let D = (P,B) be a biplane with parameters (121, 16, 2). Then a
Sylow p-subgroup of Aut(D) with p ∈ {5, 7, 11, 13} is cyclic of order at most
p. Moreover, the cycle type of a p-element x ∈ Aut(D) on P and on a fixed
block (if such exists) is given in Table 4.

Proof Suppose that x ∈ Aut(D) with o(x) = pa > p fixing f points with
p ∈ {5, 7, 11, 13}. We use the same argument as in Lemma 13.

Assume first that p 6= 11. Then since p is coprime to 121, x fixes at least one
point, and so by Lemma 2, x fixes also a block, say B. Since p does not divide
k = 16 and k − 2 = 16 − 2 = 14 is not a square, it follows from Lemma 5(d)
that s2 − s 6 14, where s := sB = |fix[B](x)|. Since s ≡ 16 (mod p), we must
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have

s ∈ {1, 6, 11, 16}, if p = 5;
s ∈ {2, 9}, if p = 7;
s ∈ {3}, if p = 13.

By Corollary 1, f = s(s − 1)/2 + 1 and f 6 k/2 = 8, and we obtain s and f
as in the second and third columns of Table 4, and hence every p-element has
exactly s fixed points in B where s is listed in the second column Table 4.

Now let P be a Sylow p-subgroup of Aut(D) where p ∈ {5, 7, 13}. Then P
acts faithfully on B. Since p2 does not divide k − s, it follows that P has an
orbit ∆ of length p in [B]. Let α ∈ ∆. If Pα 6= 1, then Aut(D) would have
a p-element fixing more than s points in B, which is a contradiction. Thus
Pα = 1, and hence |P | = |P : Pα| = |∆| = p. Therefore, P is cyclic of order p
and the cycle types of the non-identity elements of P on P and on B are as
in the fourth and fifth columns of Table 4, respectively.

Assume now that p = 11. By Proposition 1, each element of order p has no
fixed points, and hence x has f = 0 fixed points. Let P be a Sylow 11-subgroup
of Aut(D). Then P acts semiregularly on P. If |P | = 112, then D is transitive
which contradicts Corollary 3. Thus, |P | = 11, and every 11-element has cycle
type 1111, as in Table 4.

Proof of Theorem 1

Part (a) follows from Theorem 3. To prove part (b), let D = (P,B) be a biplane
with parameters (121, 16, 2). Then by Lemma 4, the only primes that could
possibly divide |Aut(D)| are 2, 3, 5, 7, 11 and 13. The divisibility conditions
now follow from Proposition 2 and Lemmas 13 and 14.

7 Biplanes and product action

As mentioned in the introduction, for each of the primitive types in Table 2
except HS and SD, there is some primitive group of that type which preserves a
homogeneous cartesian decomposition. In this section, we study biplanes D =
(P,B) which admit a point-primitive group G of automorphisms preserving
such a decomposition P = Γ d for some d > 2. Then G is permutationally
isomorphic to a subgroup of a wreath product W = H oSd in its product action
on Γ d, for some primitive subgroup H 6 Sym(Γ ) such that G∩(H×(H oSd−1))
maps onto H under the first coordinate projection ([33, Theorems 5.13 and
5.18]). Moreover, if G has type HC,CD or PA, then G contains Soc(H)d,
where Soc(H) is the socle of H ([33, Theorems 7.7 and 11.13]). Thus in these
cases G ∩Hd contains Soc(H)× 1d−1, which in particular is not semiregular
on P.

We make the following hypotheses which establish our notation, and we
note that the group L defined there is not semiregular for groups G of type
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HC,CD or PA (that is, some non-identity element of L fixes a point of P).
Our first result Lemma 15 can be viewed as a reduction result when applied
to groups of these types.

Hypothesis 4 Let D = (P,B) be a biplane with parameters (v, k, 2) and k >
4, and let G 6 Aut(D) be point-primitive preserving a cartesian decomposition
P = Γ d, with d > 2 and |Γ | = c > 5, so that G 6 W , where W = H o Sd with
H 6 Sym(Γ ) primitive. Let σ : H × (H o Sd−1)→ H denote the projection to
the first coordinate, and assume that σ maps G ∩ (H × (H o Sd−1)) onto H.
Let L = G ∩ (H × 1d−1), so L ∼= σ(L) EH.

Lemma 15 Suppose that Hypothesis 4 holds. Then either L is semiregular
(on P and on Γ ), or d = 2 and k = d

√
2 ce with c > 11 and c 6= 28.

Proof Since elements of L move only the first entries of points of P = Γ d, L
is semiregular on P if and only if σ(L) is semiregular on Γ . Suppose that this
is not the case. Then for some 1 6= x ∈ L, σ(x) fixes a point α ∈ Γ . Now x
fixes at least cd−1 points in P, namely those with α as their first entry. So
|fixP(x)| > cd−1. By Corollary 1, |fixP(x)| 6 k+

√
k − 2 < 2k− 2. Therefore,

k >
cd−1 + 2

2
. (4)

On the other hand, by Lemma 1, k(k − 1) = 2(v − 1), that is to say,

k(k − 1) = 2cd − 2, (5)

and so (4) implies that

8cd > 8(cd − 1) = 4k(k − 1) > (cd−1 + 2)(cd−1 + 2) > c2d−2.

Since c > 5, this implies that either (i) d = 2, or (ii) d = 3 and c = 5, 6, 7. In
case (ii), there is no integer k satisfying (5). Thus d = 2, and Lemma 1 implies
that k = d

√
2 ce. It is easy to check that, for c 6 10 and c = 28, no integer k

satisfies (5), and the proof is complete.

By Lemma 15, if Hypothesis 4 holds and L is not semiregular, then d = 2
so P := Γ 2 and v = c2. We introduce more notation for the case d = 2. For
i = 1, 2, let πi be the projection map Γ 2 → Γ such that π1 : (α, β) → α and
π2 : (α, β)→ β, and set

P1 = {{p1, p2} | p1, p2 ∈ Γ 2, p1 6= p2, and π1(p1) = π1(p2)}; (6)

P2 = {{p1, p2} | p1, p2 ∈ Γ 2, p1 6= p2, and π2(p1) = π2(p2)}. (7)

Note that P1 ∩ P2 = ∅. Our next result looks at the case d = 2 (whether or
not L is semiregular).

Lemma 16 Suppose that Hypothesis 4 holds with d = 2, and let B ∈ B. Then

(a) exactly 2(c− 1) of the unordered pairs of points of B lie in P1 ∪ P2;
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(b) there is a 3-element subset S of B, such that all pairs from S lie in P1 or
all pairs from S lie in P2;

(c) for all pairwise distinct points α, β, γ ∈ Γ , σ(L)α,β,γ = 1.

Proof (a) The group G leaves P1∪P2 invariant. Since G is transitive on B, the
number of m of pairs from B that lie in P1∪P2 is independent of B. Moreover
m > 0 since each pair of points lies in two blocks. We count the size of the
following set in two ways:

X := {(p,B′) | p ∈ P1 ∪ P2, B
′ ∈ B, and p ⊂ B′}.

It follows from (6) that |P1 ∪ P2| = c2(c− 1). Also each p ∈ P1 ∪ P2 occurs in
exactly two pairs in X since D is a biplane, so |X| = 2c2(c− 1). On the other
hand, each block B occurs in exactly m pairs in X, and so 2c2(c− 1) = |X| =
m|B| = mv, and since v = c2, we have m = 2(c− 1).

(b) Define a bipartite graph G(B) with vertex set Γ × {1, 2}, and with
edges all the pairs of the form {(α, 1), (β, 2)} for which the point (α, β) ∈ B.
So G(B) has exactly k edges. Each pair from P1 has the form {(α, β1), (α, β2)}
with β1 6= β2, and determines two edges of G(B), namely {(α, 1), (βi, 2)} for
i = 1, 2. Thus (α, 1) has valency at least 2 in G(B). Similarly a 3-subset S ⊂ B
such that all pairs from S lie in P1 has the form S = {(α, β1), (α, β2), (α, β3)}
with the βi pairwise distinct, and determines three edges of G(B), namely
{(α, 1), (βi, 2)}, for 1 6 i 6 3. Conversely each vertex (α, 1) of valency at least
3 in G(B) gives rise to at least one such 3-subset S. Similarly a 3-subset S ⊂ B
such that all pairs from S lie in P2 determines a vertex (β, 2) of valency at
least 3 in G(B), and each such vertex determines at least one such 3-subset S.
Suppose that part (b) is false. Then each vertex of G(B) has valency at most 2.
For i, j ∈ {1, 2}, let kij be the number of vertices of Γ ×{i} of valency j. Then
for each i, k = ki1 + 2ki2 > 2ki2, and from our discussion above, ki2 = |Pi|.
Thus

2k > 2k12 + 2k22 = 2|P1|+ 2|P2| = 2c2(c− 1).

However, by Lemma 1, k <
√

2 c+1 with c > 4, and hence
√

2 c+1 > c2(c−1),
which is a contradiction. This proves part (b).

(c) Consider L as in Hypothesis 4. If L = 1 there is nothing to prove, so
assume that L 6= 1. Let (x, 1) ∈ L with x 6= 1. Then the fixed points (α, β)
of (x, 1) in P are precisely those for which α is a fixed point for x in Γ . Thus
(x, 1) fixes |fixΓ (x)|c points of P By Corollary 1, the number of fixed points
of (x, 1) is at most k +

√
k − 2 < 2k − 2, and (2) implies that 2k − 2 < 2

√
2 c.

Hence |fixΓ (x)| < 2
√

2 < 3, so |fixΓ (x)| 6 2, and part (c) follows.

In particular L ∼= σL 6= 1. Now σ(L) is a normal subgroup of the primitive
group H, and hence σ(L) is transitive on Γ .

7.1 Automorphism groups of type PA, HC, or CD

In this subsection, we prove that the group G in Hypothesis 4 is not of type
PA, HC or CD, where these types are as in Table 2.
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Table 5 Primitive groups H with non-abelian socle T and a suborbit of length 3

H |Hα| Degree T Tα Subdegrees of T Conditions

PSL2(q) S4
q(q2−1)

48 PSL2(q) S4 - q ≡ ±1 (mod 16)
PSL3(3) S4 234 PSL3(3) S4 1, 3, 42, 6, 128, 245

PSL3(3):2 S4×C2 234 PSL3(3) S4 1, 3, 42, 6, 128, 245

PSL2(13) D12 91 PSL2(13) D12 1, 32, 64, 125

PSL2(11) D12 55 PSL2(11) D12 1, 32, 64, 122

PGL2(7) D12 28 PSL2(7) S3 1, 33, 63

S5 D12 10 A5 S3 1,3,6
A5 S3 10 A5 S3 1,3,6

Theorem 5 Let D = (P,B) be a biplane admitting a point-primitive auto-
morphism group G. Then G cannot be of type PA, HC, or CD.

If a biplane D admits a group of one of these types, then in particular
Hypothesis 4 holds, and in Lemma 17 (which follows from the O’Nan–Scott
Theorem – see [33, Chapter 7.6]), we see that the cartesian decomposition can
be chosen to give important extra information about the group L.

Lemma 17 Suppose that D = (P,B) is a biplane admitting a point-primitive
automorphism group G of type PA,HC, or CD. Then G preserves a cartesian
decomposition such that Hypothesis 4 holds, and in addition, Soc(H) is neither
regular, nor a Frobenius group on Γ , Soc(G) = Soc(H)d, and L > Soc(H)×
1d−1.

By Lemma 17, Soc(H) is neither regular nor Frobenius, and hence, in
particular, L is not semiregular on Γ . Thus, by Lemma 15, d = 2, and so by
Lemma 16, the stabiliser in Soc(H) of any three points is trivial. This group
theoretic information will be crucial to our analysis. We will make use of the
following information about primitive groups for which a stabiliser has a very
small orbit.

Lemma 18 [36, Theorem] Let H be a primitive permutation group on Γ with
Soc(H) non-abelian, and such that Hα has an orbit of length 3, where α ∈ Γ .
Then (H,Hα) are as in Table 5.

Proposition 3 Let H be a finite primitive permutation group on Γ , with socle
T , such that Tα,β,γ = 1 for all pairwise distinct α, β, γ ∈ Γ , and such that T
is neither regular nor a Frobenius group. Let α ∈ Γ . Then

(a) Tα has no orbit of length 2.
(b) If Tα has an orbit of length 3, then Tα = S3, and (H,Hα, |Γ |) is either

(A5,S3, 10) or (S5,D12, 10).
(c) If Tα has an orbit of length 4, then Tα = A4, and the triple (H,Hα, |Γ |)

is either (A5,A4, 5) or (S5,S4, 5).
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Proof Since T is not regular on Γ , T is nonabelian, and moreover it follows
from [6, Corollary 2.2] that fixΓ (Tα) = {α}. Let ∆ be a Tα-orbit in Γ \ {α} of
least cardinality. Then |∆| > 2, and we suppose that |∆| is 2, 3 or 4. Since the
identity is the only element of T fixing any three points of Γ , it follows that
Tα acts faithfully on ∆, that is, T∆α

∼= Tα. If T∆α were regular, then this would
imply that |Tα| = |∆|, and then by the minimality of |∆|, all Tα-orbits in
Γ \{α} must have length |∆|. This means that Tα acts regularly and faithfully
on each of them, whence T is a Frobenius group, which is a contradiction.
Thus T∆α is not regular, and in particular, |∆| > 2, proving part (a).

If |∆| = 4 and T∆α
∼= D8 or S4, then some nontrivial element of Tα fixes

two points of ∆, and hence fixes three points of Γ , which is a contradiction.
The only possiblities remaining for (|∆|, Tα) are (3,S3) and (4,A4).

Suppose first that (|∆|, Tα) = (3,S3). Then all Tα-orbits in Γ \ {α} have
lengths 3 or 6. If there is a second orbit ∆′ of length 3, then for β ∈ ∆,
Tαβ 6= 1 and fixes at least three points (α and one in each of ∆ and ∆′), a
contradiction. Thus ∆ is the unique Tα-orbit of length 3, which means that
it is also an Hα-orbit. By Lemma 18, (H,T, |Γ |) appears in Table 5, with
Tα = S3 and a unique subdegree 3, and hence is one of the triples in part (b).

Suppose finally that (|∆|, Tα) = (4,A4). Then all Tα-orbits in Γ \{α} have
lengths 4, 6 or 12. The same argument as in the previous paragraph shows that
∆ is the unique Tα-orbit of length 4, and is also an Hα-orbit. If Tα had an
orbit ∆′ of length 6, then the action of Tα on ∆′ is equivalent to its action by
right multiplication on the cosets of 〈(1, 2)(3, 4)〉, and so an involution in Tα
would fix two points of ∆′ and hence three points of Γ , a contradiction.Thus
each Tα-orbit in Γ \ ({α}∪∆) has length 12, and in particular each involution
in Tα fixes only the point α. Hence |Γ | is odd, and K := O2(Tα) ∼= C2

2 is a
Sylow 2-subgroup of T . Moreover, NT (K) fixes the unique fixed point α of K,
so NT (K) = Tα. This implies that K = CT (K) is self-centralising. Since the
socle T of H is not regular it follows that T = Sk for some non-abelian simple
group S and integer k > 1. Since also 4 divides |S| while |T | is not divisible
by 8 it follows that k = 1, so T is a non-abelian simple group. All simple
groups T with a self-centralising Sylow 2-subgroup of order 4 are known (see
[18, Theorem 15.2.1]), namely T = PSL2(q) with q ≡ 3, 5 (mod 8) and q > 3.
Let x ∈ Tα be an involution. Then x has f = 1 fixed point, and the stabiliser
Tα contains exactly u1 = 3 conjugates of x while T contains u = |T : CT (x)|
conjugates of x. Applying Lemma 8, we find

|T |
12

= |Γ | = |Γ |
f

=
|T : CT (x)|

3

whence |CT (x)| = 4. However, for T = PSL2(q), we have CT (x) = Dq±1, and
hence q = 5 and (H,Hα, |Γ |) is (A5,A4, 5) or (S5,S4, 5), proving (c).

We now prove Theorem 5.
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Proof of Theorem 5

Suppose that D = (P,B) is a biplane admitting a point-primitive automor-
phism group G of type PA, HC, or CD. Then by Lemma 17, we may assume
that Hypothesis 4 holds with T = Soc(H) neither regular nor Frobenius, and
with Soc(G) = T d and L > T × 1d−1. Since T is not regular on Γ it follows
that L is not semiregular on P. Then by Lemma 15, d = 2 and c > 11.

Let B be a block of D, say B = {(αi, βi) | i = 1, . . . , k}. If α1 = · · · = αk,
then each of the

(
k
2

)
= k(k − 1)/2 = c2 − 1 unordered pairs from B lies in

the set P1 of (6), while by Lemma 16, the number of such pairs is at most
2(c−1). Hence c2−1 6 2(c−1), which is a contradiction. The same argument
shows that the βi are not all equal. On the other hand, by Lemma 16, the
block B contains at least three points with the same first coordinate or at
least three points with the same second coordinate. For i = 1, 2, let ri be the
maximum size of a subset Si of B for which the ith coordinates of all the
points in Si are equal. We have just shown that 1 6 ri 6 k − 1 for each i.
Without loss of generality we may assume that r1 > r2, and hence r1 > 3.
Note that |S1 ∩ S2| 6 1, so we may further assume that α1 = . . . = αr1 = α
and βr1+δ = . . . = βr1+r2+δ = β, where δ ∈ {0, 1}. Finally, if r2 = 1, then
we may assume (since r1 6 k − 1) that δ = 0 and S2 = {(αr1+1, β)} with
αr1+1 6= α. Thus in all cases, αr1+1 6= α.

Write Soc(G) = T1 × T2 with Ti ∼= T = Soc(H) so that T1 6 L. Then
(T1)α fixes pointwise the r1 > 3 points of S1 ⊆ B. Since D is a biplane, this
implies that (T1)α fixes B, and hence that B contains S′2 := {(αxr1+1, β) | x ∈
(T1)α}. Note that S′2 ⊆ S2 so r2 > |S′2| = |α(T1)α

r1+1 |. As we noted above, T1

is neither regular nor a Frobenius group, and by Lemma 16 all three-point
stabilisers in T1 are trivial. Hence the primitive permutation group H satisfies
the hypotheses of Proposition 3. Then since c = |Γ | > 11, it follows from
Proposition 3 that every orbit of (T1)α in Γ \ {α} has size at least 5. Thus

r1 > r2 > |α(T1)α
r1+1 | > 5, and if (α, β) ∈ B, then even r2 − 1 > |α(T1)α

r1+1 | > 5, so
r1 > r2 > 6.

Since r2 > 3, we may argue as above with 1× (T2)β in place of (T1)α× 1,
and conclude that also (T2)β fixes B. Consider R := (T1)α × (T2)β . We have
shown that R 6 (T1 × T2)B . We may partition B as follows:

S1 := {(α, βi) ∈ B | 1 6 i 6 r1};
S′′2 := {(αi, β) ∈ B | αi ∈ Γ} \ {(α, β)} ⊆ S2; (8)

S3 := B \ (S1 ∪ S′′2 ).

Then B is the disjoint union S1 ∪ S′′2 ∪ S3. Since R = (T1)α × (T2)β fixes each
of S1, S

′′
2 , S3 setwise, each of these sets is a union of R-orbits, each of of these

R-orbits has size at least 5. Suppose that Oi = (αi, βi)
R, for i = 1, . . . , t, are

the R-orbits contained S3 (where t > 0). Note that each αi 6= α and each
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βi 6= β. Set r1i = |α(T1)α
i | and r2i = |β(T2)β

i |. Then,

|S1| = r1,

|S′′2 | =

{
r2 − 1, if (α, β) ∈ B;

r2, otherwise.

|S3| =
t∑
i=1

r1ir2i,

and each of r1, |S′′2 |, r1i and r2i (for i = 1, . . . , t) is at least 5.
We now determine the number of ordered pairs (p, q) ∈ B × B such that

p 6= q, {p, q} is contained in S1 or S′′2 or the same R-orbit in S3, and p, q have
either the same first coordinate, or the same second coordinate. The number
of these pairs with p, q ∈ S1 is r1(r1−1); the number of them with p, q ∈ S′′2 is
r2(r2−1) or (r2−1)(r2−2) according as (α, β) /∈ B or (α, β) ∈ B, respectively.
Finally, for each i = 1, . . . , t, the number of such pairs with p, q ∈ Oi is
r1ir2i(r2i − 1) + r1ir2i(r1i − 1) = r1ir2i(r1i + r2i − 2). Note that if t = 0, then
there are no pairs of the last type. Hence, the total number m of such ordered
pairs satisfies

m =

{
r1(r1 − 1) + r2(r2 − 1) + rt if (α, β) /∈ B,

r1(r1 − 1) + (r2 − 1)(r2 − 2) + rt if (α, β) ∈ B,

where

rt =

{∑t
i=1 r1ir2i(r1i + r2i − 2) if S3 6= ∅,

0 if S3 = ∅.

The fact that r1i and r2i are at least 5, for all i, implies that rt >
8
∑t
i=1 r1ir2i > 4|S3| (and the inequality rt > 4|S3| holds also if S3 = ∅).

Moreover, if (α, β) /∈ B, then r1(r1− 1) + r2(r2− 1) > 4(|S1|+ |S′′2 |) as r1 > 5
and r2 > 5. On the other hand, if (α, β) ∈ B, then r2−1 = |S′′2 | > 5 and again
r1(r1− 1) + (r2− 1)(r2− 2) > 4(r1 + r2− 1) = 4(|S1|+ |S′′2 |). Therefore, in all
cases m > 4(|S1|+ |S′′2 |+ |S3|) = 4k. However, by Lemma 16, the total number
of ordered pairs of points of B with the same first coordinate or the same sec-
ond coordinate is 4(c− 1). Therefore, m 6 4(c− 1), and so 4k 6 m 6 4(c− 1).
Thus k < c, contradicting Lemma 1.

7.2 Automorphism groups preserving a cartesian decomposition

In this section, we complete the proof of Theorem 2. Let D be a biplane ad-
mitting a point-primitive group G which preserves a cartesian decomposition.
Then the type of G is not HS or SD (as these groups do not preserve cartesian
decompositions), and is not PA, HC, or CD, by Theorem 5. The remaining
types are HA, AS, and TW. First we show that type HA is possible by giving
an example of a biplane with parameters (16, 6, 2) admitting an automorphism
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group preserving a homogeneous cartesian decomposition. Then we prove in
Proposition 4 that type AS is not possible. This will complete the proof of
Theorem 2.

Example 1 For i = 1, . . . , 5, let αi ∈ S16, acting on P = {1, . . . , 16}, defined
as in (9), and let G = 〈αi | i = 1, . . . , 5〉.

α1 :=(2, 4, 3)(5, 13, 9)(6, 16, 11)(7, 14, 12)(8, 15, 10);

α2 :=(2, 6, 5)(3, 11, 9)(4, 16, 13)(7, 12, 14)(8, 15, 10);

α3 :=(2, 6)(3, 11)(4, 16)(7, 15)(8, 12)(10, 14); (9)

α4 :=(3, 5)(4, 6)(11, 13)(12, 14);

α5 :=(1, 2)(3, 4)(5, 6)(7, 8)(9, 10)(11, 12)(13, 14)(15, 16).

Then G ∼= S4 o S2, and is a primitive permutation group of rank 3 of affine
type HA, on 16 points, and is a maximal subgroup of index 10 of a larger
primitive group X := C4

2:S6. The point-stabiliser G1 of G is isomorphic to
(S3 × S3):C2. Let B = {1, 2, 3, 5, 9, 16}. Then the set B = BG of G-translates
of B forms the block set for a biplane D = (P,B) with parameters (16, 16, 2).
The full automorphism group of D is the group X. The biplane D is G-flag-
transitive with block-stabiliser isomorphic to S3. We moreover observe that
the set E = {Γ1, Γ2} defined in (10) is a homogeneous cartesian decomposition
of the point set P and the group G preserves this cartesian decomposition.
(Each point i is identified with the unique ordered pair (γ1, γ2) ∈ Γ1 × Γ2

where γj is the part of Γj containing i.)

Γ1 := {{1, 8, 10, 15}, {2, 7, 9, 16}, {3, 6, 12, 13}, {4, 5, 11, 14}};
Γ2 := {{1, 7, 12, 14}, {2, 8, 11, 13}, {3, 5, 10, 16}, {4, 6, 9, 15}}. (10)

The full automorphism group X does not preserve this cartesian decomposi-
tion.

For the proof of Proposition 4, we need to know the possible solutions of
the Diophantine equation (11):

Lemma 19 The Diophantine equation

8x2 − y2 = 7 (11)

has infinitely many solutions (xn, yn)n>0 and (x′n, y
′
n)n>0 in positive integers,

where {
xn = un + vn

yn = un + 8vn
and

{
x′n = un − vn
y′n = −un + 8vn,

(12)

and (un, vn)n>0 is defined in (13) below:
un =

1

2

[(
3 +
√

8
)n

+
(
3−
√

8
)n]

vn =
1

2
√

8

[(
3 +
√

8
)n − (3−√8

)n]
.

(13)
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Moreover, the pairs (xn, yn)n>0 and (x′n, y
′
n)n>0 are the only solutions to (11).

Proof This follows from [1, Theorem 4.1.4] and the following argument on
page 60 of that book.

Proposition 4 Suppose that Hypothesis 4 holds. Then G cannot be of type
AS.

Proof Suppose that Soc(G) = T with T a non-abelian simple group. Since G
preserves the cartesian decomposition P = Γ d, it follows from [33, Theorem
8.21] that d = 2 and (T, v) is one of the following:

(i) T = A6 and v = 36;
(ii) T = M12 and v = 144;
(iii) T = PSp4(q) with q > 4 even, and v = q4(q2 − 1)2/4.

If T = A6 or M12, then c is 6 or 12, respectively, and by Lemma 1, k = d
√

2 ce is
9 or 17, respectively. However, (1) then implies that v is 37 or 136, respectively,
which is a contradiction. Thus T = PSp4(q) with q = 2a > 4 and v = c2,
where c = q2(q2 − 1)/2. By (1), k(k − 1) = 2(c2 − 1). Solving the quadratic
equation k2 − k − 2c2 + 2 = 0, we find that k = (1 +

√
8c2 − 7)/2. Therefore,

8c2 − 7 = e2, for some positive integer e. We now apply Lemma 19, and
conclude that c = un ± vn, for some n > 0, where un and vn are defined as in
(13). Since q > 4, it follows that c > 120, and so by inspecting the values of
un and vn for small values of n, we conclude that n > 3.

Let a = 3 and b =
√

8. Then

un =
1

2

n∑
i=0

(
n

i

)
an−ibi(1 + (−1)i) =

∑
06i6n, i even

(
n

i

)
an−ibi

and

vn =
1

2b

n∑
i=0

(
n

i

)
an−ibi(1− (−1)i) =

∑
16i6n, i odd

(
n

i

)
an−ibi−1

and we note that each term in each of these sums is a positive integer. We
evaluate un, vn modulo 3 and find, noting that a = 3, that

un ≡ 0 (mod 3) if n is odd, and un ≡ bn = 23n/2 (mod 3) if n is even, while
vn ≡ bn−1 = 23(n−1)/2 (mod 3) if n is odd, and vn ≡ 0 (mod 3) if n is even.

Now c = un + εvn where ε = ±1. Thus c ≡ ε23(n−1)/2 (mod 3) if n is odd,
and c ≡ 23n/2 (mod 3) if n is even. This implies that, for all n and ε, c ≡ ±1
(mod 3). However 3 divides q2 − 1 for all even q, and hence 3 divides c. This
contradiction completes the proof.
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Proof of Theorem 2

By [33, Theorems 8.4 and 9.19], if G is a primitive group preserving a homo-
geneous decomposition, then G is of one of the types HA, AS, HC, CD, TW
or PA. In particular, G is neither of type HS, nor SD. Moreover, Theorem 5
and Proposition 4 imply that G can only have type HA or TW.

Acknowledgements The work in the paper forms part of Australian Research Council
Discovery Project Grant DP200100080. All authors thank the referees for a careful reading
of the paper. The first and second authors are also grateful to Cheryl E. Praeger and Alice
Devillers for supporting their visit to The University of Western Australia during July-
September 2019.

References

1. Andreescu, T., Andrica, D.: Quadratic Diophantine equations, Developments in Math-
ematics, vol. 40. Springer, New York (2015). DOI 10.1007/978-0-387-54109-9. URL
https://doi.org/10.1007/978-0-387-54109-9. With a foreword by Preda Mihăilescu
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14. Essert, M., Marangunić, L.: Biplanes (56, 11, 2) with a fixed-point-free involutory auto-

morphism. Glas. Mat. Ser. III 40(60)(1), 1–11 (2005). DOI 10.3336/gm.40.1.01. URL
https://doi.org/10.3336/gm.40.1.01 2, 6

https://doi.org/10.1007/978-0-387-54109-9
https://doi.org/10.1016/0097-3165(71)90054-9
https://doi.org/10.1016/0097-3165(71)90054-9
https://doi.org/10.1155/S0161171279000247
https://doi.org/10.1155/S0161171279000247
http://dx.doi.org/10.1515/jgth.2003.029
https://doi.org/10.1007/BF02992783
http://dx.doi.org/10.1112/S0024611503014060
http://dx.doi.org/10.1007/978-1-4612-0731-3
http://dx.doi.org/10.1007/978-1-4612-0731-3
https://doi.org/10.3336/gm.40.1.01


Symmetries of biplanes 27

15. The GAP Group: GAP – Groups, Algorithms, and Programming, Version 4.7.9 (2015).
URL http://www.gap-system.org 5

16. Gill, N.: Transitive projective planes. Adv. Geom. 7(4), 475–528 (2007). DOI 10.1515/
ADVGEOM.2007.030. URL https://doi.org/10.1515/ADVGEOM.2007.030 3

17. Gill, N.: Transitive projective planes and insoluble groups. Trans. Amer. Math. Soc.
368(5), 3017–3057 (2016). DOI 10.1090/tran/6366. URL https://doi.org/10.1090/

tran/6366 3
18. Gorenstein, D.: Finite groups, second edn. Chelsea Publishing Co., New York (1980)

21
19. Hall Jr., M., Lane, R., Wales, D.: Designs derived from permutation groups. J. Combi-

natorial Theory 8, 12–22 (1970) 6
20. Hughes, D., Piper, F.: Design Theory. Up (Methuen). Cambridge University Press

(1988). URL http://books.google.com/books?id=pAw5AAAAIAAJ 5
21. Husain, Q.M.: On the totality of the solutions for the symmetrical incomplete block

designs: λ = 2, k = 5 or 6. Sankhyā 7, 204–208 (1945) 2, 5
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