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Abstract

If people do not believe that mathematics is simple, it is only because they do not realize how
complicated life is.

—- John von Neumann (1903-1957)

Interpolation is widely used in image analysis, trajectory planning and statistical
inference attracting a lot of attention in theoretical studies and applications. This
thesis is concerned with some variational curves used in interpolation problems.
The curves investigated in this thesis include Riemannian cubics, Riemannian cubics in
tension, elastica, relative geodesics and generalised cubic de Casteljau curves.

This thesis contributes in two ways: applications of variational curves, and methods
to study variational curves. From the perspective of applications, Riemannian cubics
as critical curves of the total squared accelerations are well understood yet hard to
compute. On the other hand, replacing line segments by geodesics, the classical de
Casteljau algorithm has been generalised to the Riemannian setting since 1980’s. The
properties of the generalised de Casteljau curves are still mysterious even though
the de Casteljau curves are easy to generate. Chapter 2 finds a relationship between
Riemannian cubics and curves constructed by the generalised cubic de Casteljau
algorithm by analysing differences between the two classes of curves.

Chapter 3 focuses on the application of relative geodesics in image registration.
Given a connected finite-dimensional Lie group G with a closed subgroup H, im-
ages in the homogeneous space G/H are represented by smooth curves. Given two
curves f1, f2 in G/H, relative geodesics are defined to be critical curves of the total en-
ergy of curves in G that can transform one curve to the other. Chapter 3 formulates
the Euler-Lagrange equation that relative geodesics follow and discusses some cases
including where f1 and f2 are geodesics, f1 and f2 are curves on S2 with G = SO(3)
and H = SO(2), and finally where f1 and f2 are constant speed curves.

From the perspective of theory, left Lie reduction is a technique to study variational
curves in Lie groups introduced by Noakes [2003]; Noakes and Popiel [2006]; Popiel
and Noakes [2007b]. Chapter 4 generalises this technique to investigate variational
curves in homogeneous space G/H with the help of results about Riemannian sub-
mersions. Much attention is paid to Riemannian cubics, Riemannian cubics in tension
and elastica in the case where G/H is a Riemannian symmetric space.

Note that the manifold SPD(n) of all n × n symmetric positive-definite matrices is
neither a Lie group with respect to the standard matrix multiplication nor a symmet-
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ric space of the form G/H with bi-invariant G. Chapter 5 generalises the technique of
left Lie reduction to investigate Riemannian cubics and elastica in SPD(n). Analytical
and geometric structures of these variational curves are presented in this chapter.

Until now, all Lie groups discussed above are bi-invariant. Chapter 7 discusses Rie-
mannian cubics in a class of only left-invariant Lie groups, namely quadratic matrix
Lie groups. Using the left Lie reduction, Chapter 7 presents some analytical results
on null and non-null Lie quadratics associated with Riemannian cubics in quadratic
matrix Lie groups, particularly in generalised orthogonal group SO(p, q) and sym-
plectic group Sp(2m).
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Chapter 1

Introduction

If I have been able to see further, it was only because I stood on the shoulders of giants.

—- Isaac Newton (1642-1727)

A variational curve is a curve that minimizes some functional subject to given inter-
polation constraints. Using variational principles to model curves finds wide appli-
cations in engineering, computer science and statistics. This thesis is concerned with
variational curves that are either

• minimizing total energy, or total squared norm of covariant acceleration, or
their linear combinations such as relative geodesics, Riemannian cubics, Rie-
mannian cubics in tension, elastica, or

• curves constructed by the de Casteljau algorithm based on geodesics.

This chapter presents some basic material including some definitions and results
that will be used throughout this thesis. Sect. 1.1 reveals the motivation behind
each chapter for considering such variational curves. In Sect. 1.2, we review the
background of Riemannian geometry, Lie groups and symmetric spaces, which are
commonly used as configuration spaces in this thesis. Also, introduction about these
variational curves that we mentioned above is included in Subsect. 1.2.4. Then
Subsect. 1.2.5 reviews the literature on geometrical algorithms, especially the de
Casteljau algorithm. Finally, Sect. 1.3 presents the outline of this thesis.

1.1 Motivation

Interpolation in non-Euclidean spaces arises in many applications. Let us take the
trajectory planning of a rigid body as an example. Choosing a point on the rigid
body, let p(t) be the position of the point at time t, the configuration of the rigid
body at time t relative to p(t) is given by a point x(t) in the special orthogonal group
SO(3), which is the set of all 3× 3 orthogonal matrices. Thus, the movement of the

1
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rigid body can be described by a curve γ(t) = (p(t), x(t)) in E3 × SO(3)1. Suppose
specifying two configurations γ(t1) and γ(t2) at time t1 and t2 respectively, it is
desirable to find a trajectory as “natural” as possible fitting these two configurations.
Furthermore, if velocities associated with these two configurations γ̇(t1) and γ̇(t2)
are specified, how to find a “natural” trajectory arises much interest in engineering.

Motivated by this application, originally Noakes et al. [1989] studied the problem
of interpolating two points and their associated velocities in general Riemannian
manifolds, which resulted in curves that are now called Riemannian cubics. Due to
the nonlinearity of the differential equation of Riemannian cubics2, it is more desir-
able to find efficient numerical methods to construct Riemannian cubics in practice.
The generalised de Casteljau construction is a good candidate, which is basically
replacing line segments by geodesic arcs in the classical de Casteljau construction.
However, curves resulted from the generalised de Casteljau construction are not well
understood, yet are simple to construct. Keeping this motivation in mind, Chapter 2
investigates the difference between Riemannian cubics and generalised cubic de Castel-
jau curves that generated by the generalised cubic de Casteljau algorithm. Further,
this chapter adjusts the generalised cubic de Casteljau algorithm to generate curves
that better approximate Riemannian cubics.

Apart from the calculation side, it is also valuable to determine the behaviour of
Riemannian cubic by studying its associated differential equation from the theoret-
ical side. Left Lie reduction is a technique developed by Noakes [2006] in the study
of Riemannian cubics in bi-invariant Lie groups, especially in SO(3). Thanks to
the symmetry of bi-invariant Lie groups, it is possible to reduce the order of dif-
ferential equation of Riemannian cubic by left Lie reduction, which provides great
convenience in analysing such variational curves.

Riemannian symmetric space is another class of highly symmetric spaces and it is
well known that the isotropy group of a Riemannian symmetric space is a Lie group
(Helgason [1979], P. 205). Thus, it is natural to develop the technique of left Lie reduc-
tion in Riemannian symmetric spaces, which are basic motivations behind Chapter 3
and 4.

Chapter 3 discusses a version of image registration problem, the difference between
two curves in a Riemannian symmetric space is described by the total energy of their
associated transformation curves in the isotropy group of the Riemannian symmetric
space. By exploiting left Lie reduction, the differential equation for the transforma-
tion curve called relative geodesic is presented in Chapter 3 including some analysis
and applications of relative geodesics.

As well as discussing Riemannian cubics in symmetric spaces with the help of left
Lie reduction, Chapter 4 establishes the method of left Lie reduction for general
variational curves in homogeneous spaces. As examples, variational curves such as

1It is also common to choose the special Euclidean group SE(3) = E3 n SO(3) as the underlying
space.

2Refer to Eq. (1.18).
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Riemannian cubics in tension and elastica are also discussed in Chapter 4.

The manifold SPD(n) of all n× n symmetric positive-definite matrices is widely used
in image analysis (Jayasumana et al. [2013]; Chossat and Faugeras [2009]). Although
SPD(n) is a Riemannian symmetric space, it does not satisfy the assumptions3 in
Chapter 4. Therefore, it is necessary to extend the left Lie reduction to the case of
SPD(n), which drives the study of Chapter 5.

Apart from the method of left Lie reduction, Chapter 6 adopts the approach of Pon-
tryagin maximum principle (PMP) in the optimal control theory to explore Rieman-
nian cubics in symmetric spaces. Much attention is focused on the study of Rieman-
nian cubics in a particular symmetric space, the Grassmann manifold Gr2(R4), in
Chapter 6.

So far, all Lie groups discussed above are assumed to be bi-invariant, which play
a significant role in studying variational curves using both left Lie reduction and
PMP. Note that not all Lie groups admit bi-invariant metrics, which are left invariant
and right invariant at the same time. However, all Lie groups are endowed with left
invariant metrics (Boothby [1986], P. 239). This motivates us to study Riemannian
cubics in a class of left-invariant-only Lie groups, namely quadratic matrix Lie groups,
in Chapter 7.

1.2 Background

This section is dedicated to introducing some background material on Riemannian
manifolds including Lie groups and symmetric spaces, variational curves and the de
Casteljau algorithm. Readers may refer to Do Carmo [1992]; Kobayashi and Nomizu
[1963a]; Helgason [1979]; Hall [2015]; Chen and Li [2004] on Riemannian manifolds,
van Brunt [2003] on variational curves and Farin and Farin [2002] on the de Casteljau
algorithm for more details.

1.2.1 Riemannian geometry

When mentioning Riemannian geometry, it is hard to disregard Bernhard Riemann’s
habilitation address “Über die Hypothesen, welche der Geometrie zugrunde liegen”4

in 1854,5 which marked a milestone in the study of a non-Euclidean geometry that
is now called Riemannian geometry. Following that, many great mathematicians
contributed to clear formulations of concepts that are widely used nowadays and
fulfilled theories in Riemannian geometry. Excellent references on Riemannian ge-
ometry may include but are not limited to Spivak [1970]; Helgason [1979]; Kobayashi
and Nomizu [1963a,b]; Milnor [2016]; Do Carmo [1992].

We assume readers have a basic knowledge of differentiable manifolds to the level

3The group GL(n) acting on SPD(n) is not a bi-invariant Lie group.
4In English, On the hypotheses which underlie geometry.
5English translation of the habilitation address can be found in Vol. II, 4A 1-20 of Spivak [1970].
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of Chapter 0 in Do Carmo [1992]. This subsection may follow some definitions or
notations given in Do Carmo [1992]; Chavel [2006]; Chen and Li [2004], but not
exactly the same. The progress of ideas in this subsection is organised as follows:

Given a differentiable manifold, one has a natural differentiation of smooth func-
tions on the manifold, but not a natural differentiation of vector fields on the man-
ifold. Therefore, all possibilities of such differentiation, connection, are introduced
at first. Historically, there are three main ways to define connection on a manifold,
namely the differential form based definition of connection given by Cartan [1926],
the coordinate-free definition of connection given by Koszul [1950] and the horizontal
space based definition of connection in the fibre bundle theory given by Ehresmann
[1948]. This subsection adopts the second definition, which is widely used nowadays.

To calculate the distance between two points on the manifold, or calculate the angles
between two tangent vectors in the same tangent space, it is necessary to introduce
metrics on the manifold. Once a Riemannian metric is defined on the manifold, there
is a natural way to pick a connection (a differential procedure of vector fields) re-
ferred as Levi-Civita connection now. With the help of a connection, we can deter-
mine “straight lines”, which are paths on the manifold with zero acceleration (the
derivative of velocities). Such paths are termed as geodesics in Riemannian geometry.
Further, using geodesics, the exponential map is able to map the tangent space of any
point on the manifold to the manifold itself diffeomorphically.

In human experience, the curvature of a curve (surface) attempts to measure the
deviation of a curve (surface) situated in a space from being a straight line (plane). In
writing this thesis, the author found a figure on page 2 in Morgan [1998], illustrating
the intuition of curvature very well, as shown in Fig. 1.1. By defining the curvature
on a differentiable manifold, or more specifically, Riemannian curvature associated
with a Levi-Civita connection, it provides a profound geometric tool to study the
behaviour of curves in a manifold and the manifold itself.

Figure 1.1: The curvature κ of a racetrack is defined as the rate of the change of the
direction vector T. κ is zero when the path is straight, and κ is big when the path is

sharp. This figure is adapted from Fig. 1.1 in Morgan [1998].
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Unless otherwise indicated, throughout this section, let M be a n dimensional dif-
ferentiable of class C∞ manifold, Tp M the tangent space at p ∈ M, TM the tangent
bundle, X (M) the set of all C∞ vector fields on M, C∞(M) the ring of all real-valued
C∞ functions on M. Unless otherwise stated, Einstein summation convention, sum
over same indices, is used throughout this thesis.

Definition 1.2.1 (Do Carmo [1992], P. 50). An affine connection ∇ on M is a mapping
∇ : X (M)×X (M)→ X (M), denoted by (X, Y) 7→ ∇XY, satisfying

(1) ∇ f X+gYZ = f∇XZ + g∇YZ;

(2) ∇X(αY + βZ) = α∇XY + β∇XZ;

(3) ∇X( f Y) = X( f )Y + f∇XY,

where X, Y, Z ∈ X (M), f , g ∈ C∞(M) and α, β ∈ R.

The definition above is given by Kozul from the perspective of differential operator,
which is actually motivated by differentiation in Rn. Let Jp : Rn → TpRn be the
identification of Rn with its tangent space (simply Rn itself) at p ∈ Rn, {e1, . . . , en}
the natural basis of Rn. Then the natural basis of TpRn is given by ∂i|p = Jpei. For
Y = ξ i∂i ∈ X (Rn), the standard connection is ∇XY = (Xξ i)∂i, which can be checked
satisfying all requirements of a connection.

Definition 1.2.2 (Do Carmo [1992], P. 38). A Riemannian metric on M is a correspon-
dence assigning each point p ∈ M an inner product6 〈·, ·〉p on Tp M, which is differentiable
with respect to p. A Riemannian manifold is a differentiable manifold with a given Rie-
mannian metric.

Now take M as a Riemannian manifold with a Riemannian metric7 〈·, ·〉. It has been
proved (Do Carmo [1992], P. 55) there exists a unique affine connection ∇ on M such
that:

• ∇ is symmetric: ∇XY−∇YX = [X, Y];

• ∇ is compatible with 〈·, ·〉: X〈Y, Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉,

where X, Y, Z ∈ X (M). Such affine connection ∇ is called Levi-Civita connection.
In detail, the Levi-Civita connection ∇ is uniquely determined by the Riemannian
metric 〈·, ·〉 in the following way,

2〈∇XY, Z〉 =X〈Y, Z〉+ Y〈X, Z〉 − Z〈X, Y〉
− 〈[X, Z], Y〉 − 〈[Y, Z], X〉 − 〈[X, Y], Z〉.

(1.1)

Definition 1.2.3 (Do Carmo [1992], P. 52). Let γ : I → M be a C∞ path in M, a vector
field V along γ is parallel if∇ẋ(t)V = 0 for all t ∈ I. Let t0, t1 ∈ I and X0 ∈ Tγ(t0)M, X the

6An inner product is a symmetric, bilinear and positive-definite quadratic form.
7We drop the subscript p in 〈·, ·〉p if there is no confusion.
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parallel vector field along γ satisfying X(γ(t0)) = X0, then Pγ(t0)→γ(t1)(X0) := X(γ(t1))
is called parallel translation along γ from Tγ(t0)M to Tγ(t1)M.

By the theory of ordinary differential equations, the parallel vector field X exists and
is unique. As shown in Chen and Li [2004], P. 142-144, Pγ(t0)→γ(t1) is an isometry and

(∇ẋ(t)X)(t0) = lim
t→t0

Pγ(t)→γ(t0)(X(γ(t)))− X(γ(t0))

t− t0
. (1.2)

Choosing a local coordinate system {(U, x)} on M, for i, j, k ∈ {1, . . . , n}, the func-
tions Γk

ij : U → R, defined by ∇Xi Xj = Γk
ijXk, are said to be the Christoffel symbols of

the connection ∇, where Xi are local basis on U. Under the coordinate system, (1.1)
implies

Γk
ij =

1
2

gkl(
∂gjl

∂xi
+

∂gli

∂xj
−

∂gij

∂xl
), (1.3)

where gij = 〈Xi, Xj〉.
Let γ : I → U ⊂ M be a C∞ curve, V a C∞ vector field along γ. Suppose γ(t) =
(x1(t), . . . , xn(t)), V(t) = vk(t)Xi(t) are local expressions for γ and V, respectively,
then the covariant derivative ∇γ̇(t)V has the following local expression

(∇γ̇(t)V)(t) =
(

dvk(t)
dt

+ Γk
ij(t)v

j(t)
dxi(t)

dt

)
Xk(t). (1.4)

In particular, if V is the velocity vector field γ̇, then γ is called a geodesic when
∇tγ̇(t) = 0, which is in local coordinate system,

ẍk(t) + Γk
ij(t)ẋi(t)ẋj(t) = 0. (1.5)

Given a point p ∈ M, there exists a neighborhood N ⊂ M of p and ε > 0 such
that γ : (−2, 2)×U → M, U = {(q, w) ∈ TM|q ∈ N , w ∈ Tq M, |w| < ε}, given by
t 7→ γ(t, q, w) for ε ∈ (−2, 2) and (q, w) ∈ U is a unique geodesic that passes through
q ∈ M with velocity w ∈ Tq M at t = 0 (Do Carmo [1992], P. 64). Then the map
exp : U → M defined by exp(q, v) := expq(v) := γ(1, q, v) for (q, v) ∈ TM is called
the exponential map on U.

Definition 1.2.4 (Chen and Li [2004], P. 220). The Riemannian curvature R of a Rie-
mannian manifold M with a Riemannian metric 〈·, ·〉 and Levi-Civita connection ∇ is a
mapping R : X (M)×X (M)×X (M)→ X (M) defined by

R(X, Y)Z := ∇X∇YZ−∇Y∇XZ−∇[X,Y]Z, (1.6)

where X, Y, Z ∈ X (M).

Note that some authors may define the Riemannian curvature R(X, Y)Z with op-
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posite sign, we prefer the definition (1.6) throughout this thesis. The Riemannian
curvature R has the following properties (Do Carmo [1992], P. 90-91):

(1) R(X, Y)Z = −R(Y, X)Z;

(2) R(X, Y)Z + R(Y, Z)X + R(Z, X)Y = 0;

(3) 〈R(X, Y)Z, W〉 = 〈R(Z, W)X, Y〉;
(4) 〈R(X, Y)Z, W〉 = −〈R(X, Y)W, Z〉.

1.2.2 Lie groups

In this subsection, we take the Riemannian manifold M to be a Lie group G. This
subsection treats the fundamentals of Lie groups and Lie algebras including defi-
nitions, basic properties and frequently used results. More details are provided in
Do Carmo [1992]; Duistermaat and Kolk [2012]; Varadarajan [2013]; Milnor [1976];
Hall [2015]; Boothby [1986].

Definition 1.2.5 (Duistermaat and Kolk [2012], P. 1). A Lie group G is a group that is
a differentiable manifold such that the mapping G× G → G given by (x, y) 7→ xy−1 for all
x, y ∈ G, is differentiable.

One of the most common examples of Lie groups is the real general linear group
GL(n) := {A ∈Mn×n|det A 6= 0}, where Mn×n is the set of all n× n matrices, det A
is the determinant of the matrix A. GL(n) is a group with respect to the matrix
multiplication and the differential structure on GL(n) is inherited from Rn2

.

Definition 1.2.6 (Varadarajan [2013], P. 46). A Lie algebra is a vector space g equipped
with a bilinear map [·, ·] : g× g→ g, called Lie bracket, satisfying the following properties:
(1) (skew-symmetry) [v1, v2] + [v2, v1] = 0;
(2) (Jacobi identity) [v1, [v2, v3]] + [v2, [v3, v1]] + [v3, [v1, v2]] = 0,
where v1, v2, v3 ∈ g.

The left and right multiplications by g ∈ G are maps Lg, Rg : G → G defined by
Lg(h) := gh, Rg(h) := hg for all h ∈ G, respectively. Let (dLg)h : ThG → TghG be the
derivative of Lg at h and (dRg)h : ThG → TghG the derivative of Rg at h.

Let e be the identity of a Lie group G, L(G) the set of all left invariant vector fields
on G, namely

L(G) = {X ∈ X (G)|(dLg)h(X(h)) = X(gh)}.

Then, the tangent space TeG with a Lie bracket defined as [v1, v2]e := [V1, V2](e) is a
Lie algebra, where vi ∈ TeG, Vi ∈ L(G), Vi(g) = (dLg)e(vi), i = 1, 2. For simplicity,
we omit the subscript e in [·, ·]e and write TeG as g, which is called the Lie algebra of
the Lie group G.
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Definition 1.2.7. A metric 〈·, ·〉 on G is called left-invariant if for all g, h ∈ G, v1, v2 ∈
ThG,

〈v1, v2〉h = 〈(dLg)h(v1), (dLg)h(v2)〉gh, (1.7)

right-invariant if 〈v1, v2〉h = 〈(dRg)h(v1), (dRg)h(v2)〉gh, and bi-invariant if it is both
left and right invariant.

Every Lie group admits left-invariant metrics (Boothby [1986], P. 239). If G is com-
pact, then there exists a bi-invariant Riemannian metric on G (Boothby [1986], P. 240).
A Lie group is called bi-invariant if it admits a bi-invariant Riemannian metric. For a
bi-invariant Lie group G, we have

〈[v1, v2], v3〉+ 〈v2, [v1, v3]〉 = 0 (1.8)

for all v1, v2, v3 ∈ g.

For any g ∈ G, Ig := Rg−1 Lg : G → G defines an inner automorphism of G, which
is a diffeomorphism and Ig(e) = e. Then, Adg := (dIg)e : g → g is a Lie algebra
homomorphism (Boothby [1986], P. 238). The representation g 7→ Adg is called adjoint
representation of G and its derivative at e given by adv1(v2) = [v1, v2] for all v1, v2 ∈ g,
is called adjoint representation of g. Thus, the bi-invariance (1.8) can be rewritten as

〈v1, v2〉 = 〈Adg(v1), Adg(v2)〉, or 〈adv1(v2), v3〉+ 〈v2, adv1(v3)〉 = 0, (1.9)

where g ∈ G, v1, v2, v3 ∈ g.

The following results are frequently used throughout this thesis.

Theorem 1.2.1 (Milnor [1976], P. 323). Let G be a Lie group with a bi-invariant Rie-
mannian metric 〈·, ·〉, ∇ the associated Levi-Civita connection, R the associated Riemannian
curvature. Then for any X, Y, Z ∈ X (G),8

(1) ∇XY =
1
2
[X, Y];

(2) R(X, Y)Z = −1
4
[[X, Y], Z].

Given a C∞ curve x : I → G, let X be a C∞ vector field along x, the left Lie reduction
X̃ : I → g of X is defined as

X̃(t) := (dLx(t)−1)x(t)X(t) (1.10)

for all t ∈ I. Then, Theorem 1.2.1 implies9

8Milnor used the opposite sign of Riemannian curvature that we adopted in this thesis. We changed
the sign of his result to make it consistent with this thesis.

9Refer to Crouch and Leite [1995] for proof.
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Theorem 1.2.2. Let G be a bi-invariant Lie group, x : I → G a C∞ curve and V the left Lie
reduction of the velocity vector field ẋ, then left Lie reductions of ∇t ẋ(t), ∇2

t ẋ(t), ∇3
t ẋ(t)

and R(∇t ẋ(t), ẋ(t))ẋ(t) are given by

(1) (dLx(t)−1)x(t)∇t ẋ(t) = V̇(t),

(2) (dLx(t)−1)x(t)∇2
t ẋ(t) = V̈(t) +

1
2
[V(t), V̇(t)],

(3) (dLx(t)−1)x(t)∇3
t ẋ(t) =

...
V(t) + [V(t), V̈(t)] +

1
4
[V(t), [V(t), V̇(t)]],

(4) (dLx(t)−1)x(t)R(∇t ẋ(t), ẋ(t))ẋ(t) = −1
4
[V(t), [V(t), V̇(t)]],

for all t ∈ I.

1.2.3 Riemannian symmetric spaces

This subsection reviews the following concepts: affine locally symmetric space, affine
symmetric space, Riemannian locally symmetric space, Riemannian symmetric space,
symmetric Lie algebra. Our main references are Kobayashi and Nomizu [1963a,b];
Helgason [1979]; Chen and Li [2004].

Let M be an n-dimensional manifold with an affine connection. Given a point p ∈ M
and its neighborhood U, the symmetry sp : expp(X) 7→ expp(−X) for X ∈ Tp M
is a diffeomorphism from U to itself. If {(xi)16i6n} is a normal coordinate system
centered at p, then sp maps (x1, . . . , xn) to (−x1, . . . ,−xn). M is called an affine
locally symmetric space if sp : U → U is an affine transformation10 for every p ∈ M.
Further, M is called an affine symmetric space if sp can be extended to a global affine
transformation of M (Kobayashi and Nomizu [1963a], P. 223).

A manifold M with an affine connection ∇ is affine locally symmetric if and only
if its torsion T and ∇R vanish, where R is the curvature tensor associated with ∇
(Kobayashi and Nomizu [1963a], P. 222). It is well-known that a Levi-Civita connec-
tion on a Riemannian manifold is torsion-free. ∇R = 0 actually gives the definition of
Riemannian locally symmetric space, namely, its Riemannian curvature tensor is parallel
with respect to its Levi-Civita connection. Alternatively, a Riemannian locally symmet-
ric space can be defined as a Riemannian manifold, which is affine locally symmetric
with respect to its Levi-Civita connection.

Since the symmetry sp of a Riemannian locally symmetric space is isometric and
the group of all isometries is a Lie group (Kobayashi and Nomizu [1963a], P.243,
Kobayashi and Nomizu [1963b], P. 229), this suggests the following definition.

Definition 1.2.8 (Kobayashi and Nomizu [1963a], P. 223). A symmetric space is a triple
(G, H, σ) consisting of a connected Lie group G, a closed subgroup H of G and an involutive

10An affine transformation of x ∈ Rn is defined as x 7→ Ax + b, where A ∈ GL(n, R), b ∈ Rn.
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automorphism σ of G such that

(Gσ)0 ⊂ H ⊂ Gσ,

where Gσ ⊂ G is an isotropy group with respect to σ, (Gσ)0 is the identity component of G.

The group G of isometries of a Riemannian symmetric space M is a Lie transforma-
tion group on M. For a point p ∈ M, let H be the isotropy subgroup of G at p, then
M = G/H (Kobayashi and Nomizu [1963a], P. 244). Thus, a Riemannian symmetric
space can be defined by either the symmetry sp on M or the triple (G, H, σ).

Considering the infinitesimal version of a symmetric space, we have the following
definition of symmetric Lie algebra.

Definition 1.2.9 (Kobayashi and Nomizu [1963a], P. 225). A symmetric Lie algebra is
a triple (g, h, σ) consisting of a Lie algebra g, a subalgebra h of g and an involutive automor-
phism11 σ of g such that

h = {v ∈ g|σ(v) = v}.

Note that the involution σ as a linear transformation of g has eigenvalues 1 and
−1, h is the eigenspace associated with the eigenvalue 1. Let m be the eigenspace
corresponding to −1, then g has the following canonical decomposition,

g = h+m.

It has been proved that (Kobayashi and Nomizu [1963a], P. 226)

[h, h] ⊆ h, [h,m] ⊆ m, [m,m] ⊆ h

and AdH(m) ⊆ m (Kobayashi and Nomizu [1963a], P. 227).

Let (G, H, σ) be a symmetric space and g = h+m the canonical decomposition, if G
is semi-simple or AdH is compact, then there exists a G-invariant Riemannian metric,
given by the restriction of the Killing form of g to m, on G/H (Kobayashi and Nomizu
[1963a], P. 232, Chen and Li [2004], P.132).

1.2.4 Variational curves

As a branch of optimization, the calculus of variations is concerned with finding
extrema for functionals, which are generally defined by definite integrals. The set of
functions are required to have some prescribed boundary conditions and smoothness
to some degree. Such variational problems arise many applications in engineering,
physics, economics and especially in mechanics. This subsection is mainly based on

11With a little abuse of notation, the automorphism σ is different from that in symmetric space, but
they can be distinguished by context.
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references Do Carmo [1992]; van Brunt [2003]; Noakes et al. [1989]; Noakes [2006];
Popiel [2007a].

Given a manifold M with a connection∇, this subsection treats the variational problem,
finding extrema of the functional

J(x) =
∫ b

a
F(t, x(t), ẋ(t), . . . ,∇(n)

t x(t))dt (1.11)

for a given F and an unknown function x defined on [a, b], over a admissible set C.
Unless otherwise indicated, x stands for a curve on M in this thesis, which is the
so-called variational curve.

Since the 17th century, many mathematicians have studied different variational prob-
lems such as determining the shape of a catenary, a curve of fastest descent, the
Kepler problem of planetary motion. Originally, Euler and Lagrange independently
provided a sufficiently general framework to solve variational problems where the
underlying space is an Euclidean space. They found critical points of the functional

J(x) =
∫ b

a
F(t, x(t), ẋ(t))dt (1.12)

satisfy a differential equation, known as the Euler-Lagrange equation,

d
dt

F(t, x(t), ẋ(t))
∂ẋ

=
∂F(t, x(t), ẋ(t))

∂x
. (1.13)

In what follows, we illustrate variational problems of curves with some examples, for
examples, geodesics, Riemannian cubics, Riemannian cubics in tension and elastica.

Let M be a Riemannian manifold with a Riemannian metric 〈·, ·〉, ∇ the Levi-Civita
connection, R the Riemannian curvature and ‖ · ‖ the induced norm.

(1) Geodesics For xa, xb ∈ M, let C1 be the space of all C2 curves x : [a, b] → M
with x(a) = xa and x(b) = xb. Geodesics are said to be critical points of the energy
functional

E(x) :=
1
2

∫ b

a
‖ẋ(t)‖2dt (1.14)

for all x ∈ C1. Then the Euler-Lagrange equation (1.13) turns out to be

ẍ(t) + Γx(t)(ẋ(t), ẋ(t)) = 0, (1.15)

where Γ·(·, ·) is the Christoffel symbol.

(2) Riemannian cubics/Riemannian cubics in tension Given xa, xb ∈ M and va ∈ Txa M, vb ∈
Txb M, let C2 be the space of all C∞ curves x : [a, b]→ M with boundary conditions

x(a) = xa, ẋ(a) = va, x(b) = xb, ẋ(b) = vb. (1.16)
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Consider the functional of linear combinations of acceleration and energy

Ψ1(x) :=
1
2

∫ b

a
‖∇t ẋ(t)‖2 + τ‖ẋ(t)‖2dt, (1.17)

where τ > 0 is a constant. Riemannian cubics are defined as critical points of Ψ1 over
C2 where τ = 0. Riemannian cubics in tension are defined as critical points of Ψ1 over
C2 where τ > 0.

Theorem 1.2.3 (Noakes et al. [1989]). The Euler-Lagrange equation of the functional (1.17)
is

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t)− τ∇t ẋ(t) = 0. (1.18)

Proof. Consider a C∞ variation s 7→ xs of x with s ∈ (−h, h) for some small h > 0.
Replace x by xs in (1.17) gives

Ψ1(xs) =
1
2

∫ b

a
‖∇t ẋs(t)‖2 + τ‖ẋs(t)‖2dt. (1.19)

Then, integrating by parts yields

d
ds
|s=0Ψ1(xs) =

∫ b

a
〈∇t ẋ(t),∇s∇t ẋs(t)〉|s=0 + τ〈ẋ(t),∇s ẋs(t)〉|s=0dt

=
∫ b

a
〈∇t ẋ(t),∇t∇s ẋs(t) + R(x′s(t), ẋ(t))ẋ(t)〉|s=0 + τ〈ẋ(t),∇tx′s(t)〉|s=0dt

=
∫ b

a
〈∇3

t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t)− τ∇t ẋ(t), x′s(t)|s=0〉dt,

where x′s(t) denotes the derivative of xs(t) with respect to s. In last two steps above,
we use the property∇s ẋs(t) = ∇tx′s(t) (Do Carmo [1992], P. 68). Thus, the variational
principle d

ds |s=0Ψ1(xs) = 0 gives (1.18).

When specifying M as a bi-invariant Lie group G, taking advantage of Theorem 1.2.2,
(1.18) can be reduced as

...
V(t) + [V(t), V̈(t)]− τV̇(t) = 0, (1.20)

where V(t) = (dLx(t)−1)x(t) ẋ(t) is the left Lie reduction of ẋ(t) (Noakes [2006]).

(3) Elastica Given xa, xb ∈ M and unit vectors va ∈ Txa M, vb ∈ Txb M, let C3 be the
space of all C∞ curves x : [a, b]→ M such that ‖ẋ(t)‖ = 1 and

x(a) = xa, ẋ(a) = va, x(b) = xb, ẋ(b) = vb.
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Elastica are defined as critical points of the functional

Ψ2(x) =
1
2

∫ b

a
‖∇t ẋ(t)‖2dt, (1.21)

over C3.

Theorem 1.2.4 (Langer et al. [1984]). Elastica are characterized by the following Euler-
Lagrange equation

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t) +∇t

((
3
2

κ(t)2 − λ

)
ẋ(t)

)
= 0, (1.22)

where λ is a constant.

The proof is similar to that of Theorem 1.2.3 except the constraint ‖ẋ(t)‖ = 1 is
needed to be enforced by a Lagrange multiplier.

1.2.5 The de Casteljau algorithm

The de Casteljau algorithm is one of the most fundamental methods in curves and
surfaces design, yet is rather simple and elegant. The fascinating aspect of the al-
gorithm is that it combines the algebra and geometry of curves very well: intuitive
geometric constructions result in profound theories. This algorithm was originally
contributed by de Casteljau, which was recorded in De Casteljau [1959, 1963]. Un-
fortunately, both of the technical reports are not easy to access. We mainly follow
Chapter 4 of Farin and Farin [2002], Sect. 1.4 of Popiel [2007a] on the de Casteljau
algorithm in this subsection.

de Casteljau algorithm on Euclidean spaces:
Given: x0, x1, . . . , xm ∈ En and t ∈ [0, 1],
Construct:

xr
i (t) = (1− t)xr−1

i (t) + txr−1
i+1 (t), (1.23)

where r = 1, . . . , m, i = 0, . . . , m − r, x0
i (t) = xi. Then γm(mt) := xm

0 (t) defines a
curve called Bézier curve. The polygon formed by x0, . . . , xm is called Bézier polygon
or control polygon of the curve γm, points x0, . . . , xm are called Bézier points or control
points (Farin and Farin [2002], P. 45).

Generally, there are two ways to conduct the de Casteljau algorithm: one is to vary
the parameter t ∈ [0, 1], which gives a smooth curve; the other is to construct (1.23)
recursively, namely, choosing a fixed t returns a set of points, then perform the con-
struction (1.23) with respect to {x0, x1

0, . . . , xm
0 } and {xm

0 , xm−1
1 , . . . , x1

m−1, xm} respec-
tively. Repeat this process again and again will give a bunch of discrete points,
composing a curve.

Fig. 1.2 illustrates the simplest case: the de Casteljau construction for a parabola. Let
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x0 x2

x1

x0
2

x0
1

x1
1

Figure 1.2: The de Casteljau algorithm for constructing a parabola.

x0, x1, x2 be three points on the plane E2 and t ∈ [0, 1], then (1.23) reads as

x1
0(t) = (1− t)x0 + tx1, (1.24)

x1
1(t) = (1− t)x1 + tx2, (1.25)

x2
0(t) = (1− t)x1

0(t) + tx1
1(t). (1.26)

Substituting (1.24) and (1.25) into (1.26) gives the expression

x2
0(t) = (1− t)2x0 + 2t(1− t)x1 + t2x2, (1.27)

which is a parabola as t varies from 0 to 1. This parabola is inside the triangle formed
by x0, x1, x2.

Figure 1.3: The de Casteljau algorithm for constructing a cubic.

Further, Fig. 1.3 shows the cubic case. Given x0, x1, x2, x3 ∈ E3, we put points
generated by the de Casteljau algorithm in a triangular array, which illustrates the
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procedure clearly as follows,
x0

x1 x1
0

x2 x1
1 x2

0
x3 x1

2 x2
1 x3

0

The polygon formed by x0, x1, x2, x3 is called tetrahedron. These two examples show
the intuitive geometric construction and algebra in the de Casteljau algorithm. Now,
we turn to the generalised de Casteljau algorithm on Riemannian manifolds.

Generalised de Casteljau algorithm on Riemannian manifolds:
Given: x0, x1, . . . , xm ∈ M and t ∈ [0, 1],
Construct:

βk(t, xi, . . . , xi+k) = β1(t, βk−1(t, xi, . . . , xi+k−1), βk−1(t, xi+1, . . . , xi+k)), (1.28)

where k = 1, . . . , n and i = 0, . . . , n− k, β0(t, xi, xi+1) is the geodesic arc joining xi at
t = 0 and xi+1 at t = 1.

Figure 1.4: The generalised cubic de Casteljau construction on the hyperbolic hyper-
boloid H2(−1).

Fig. 1.4 shows the generalised cubic de Casteljau construction on the hyperbolic
hyperboloid H2(−1) = {(x, y, z) ∈ E3| − x2 + y2 + z2 = −1, x > 0} endowed with
the indefinite nondegenerate symmetric bilinear form

〈x, y〉 = xT Jy, (1.29)

where J = diag{−1, 1, 1}. Since H2(−1) is a manifold with negative constant cur-
vature, geodesics between any two points on H2(−1) are uniquely determined. In
details, geodesics from x at time t = 0 to y at time t = 1 are given by

γx,y(t) =
sinh((1− t)d(x, y))

sinh d(x, y)
x +

sinh(td(x, y))
sinh d(x, y)

y, (1.30)
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where d(x, y) = arccosh(−〈x, y〉).

1.3 Thesis outline

As permitted by “Doctor of Philosophy Rules: 41(1)” in The University of Western
Australia’s “Course Rules”, this thesis is organised in the form of series of published
and submitted papers. The papers in Chapter 2, 3, 4, 5, 6 and 7 are jointly authored,
where the candidate’s contribution has been clarified at the beginning of the thesis
according to “Doctor of Philosophy Rules: 41(2)” in “Course Rules”.

The purpose of this section is to explain the structure of the thesis and outline the
main results. The thesis considers variational curves from two main aspects. The
first aspect (Chapters 2 and 3) deals with applications of variational curves, while
the second aspect (Chapters 4 to 7) deals with methods to study variational curves.

Chapter 2 The classical de Casteljau algorithm of cubic polynomials in Euclidean
spaces has been generalized to Riemannian settings. The generalizations of cubic
polynomials in Euclidean spaces to Riemannian manifolds are Riemannian cubics.
This chapter presents detailed analyses of the resulting curve of the generalised cubic
de Casteljau construction and the Riemannian cubic. Let γ3 be the curve constructed
by the generalised cubic de Casteljau algorithm, x the Riemannian cubic, then, up to
fifth-order error, the difference between γ3 and x is characterized by the curvature
term R(∇tγ̇3(t), γ̇3(t))γ̇3(t) with the coefficient t2

3

(
1− t

3

)2 (Theorem 2.3.2). Taking
advantage of the result, adjusted cubic de Casteljau construction can approximate
Riemannian cubic better.

Chapter 3 This chapter considers a version of image registration problem where a
curve f1 : [0, 1] → G/H is transformed to another curve f2 : [0, 1] → G/H under the
action of a curve g : [0, 1]→ G in the admissible set C = {g ∈ C∞([0, 1], G)|g(t) f1(t) =
f2(t), ∀t ∈ [0, 1]}, where G is a bi-invariant Lie group and H is a closed subgroup
of G. Relative geodesics are defined as critical points of the energy functional

E(g) =
1
2

∫ 1

0
‖ġ(t)‖2

g(t)dt. (1.31)

We introduce a new metric based on the infimum of E(g) and further derive the
Euler-Lagrange equation of relative geodesics. Although the equation involves the
liftings of f1 and f2, it has been been proved the Euler-Lagrange equation has invari-
ance with respect to representatives of these liftings. Then, this chapter investigates
three scenarios as applications: (1) f1 and f2 are both geodesics; (2) f1 and f2 are
curves on S2 = SO(3)/SO(2); (3) f1 and f2 are constant speed curves.

Chapter 4 This chapter extends the method of left Lie reduction studying curves in bi-
invariant Lie groups to homogeneous spaces. The homogeneous space is assumed to
be the type of G/H, where G is a bi-invariant Lie group, H is its closed subgroup and
π : G → G/H is a Riemannian submersion. Following the formula established by
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O’Neill et al. [1966, 1967] in Riemannian submersion, we transform Euler-Lagrange
equations of variational curves, specifically Riemannian cubics, Riemannian cubics in
tension, elastica in Chapter 4, to those in G. Then, the technique of left Lie reduction
is applied in the bi-invariant Lie group G. Finally, comparison is given for curves
in a Riemannian manifold, which is a Lie group as well as a Riemannian symmetric
space.

Chapter 5 The manifold SPD(n) of all n× n symmetric positive-definite matrices is an
exception of the homogeneous space that we settled in Chapter 4. In this chapter, we
conduct the reduction X̃(t) = x(t)−1X(t) of a vector field X defined on a curve x in
SPD(n), which is what we call extended left Lie reduction. This is because SPD(n) is not
a Lie group with respect to the standard matrix multiplication but is a subset of the
general linear group GL(n). When X is the velocity vector field ẋ, V(t) = x(t)−1 ẋ(t)
satisfies

Adx(t)(V(t)) = V(t)T. (1.32)

By the introduced reduction, the differential equations of Riemannian cubics and
elastica in SPD(n) have similar forms to those of Riemannian cubics and elastica
in bi-invariant Lie groups except the extra constraint (1.32) is needed. Then, some
analyses are presented for Riemannian cubics and elastica separately based on ob-
tained equations. For example, Riemannian cubics in the submanifold Λ(n) of all
real positive-definite n× n diagonal matrices and null Riemannian cubics in SPD(n)
are completely determined. As for non-null Riemannian cubics in SPD(n), we de-
compose them as curves in SO(n) and Λ(n) and discover connections between them,
illustrated in the case where n = 2.

Generally, this chapter also considers elastica in locally symmetric Riemannian man-
ifolds, which include SPD(n), using the Frenet-Serret frame. By comparison, the
extended left Lie reduction shows a comparatively simple form of the equations for
elastica in SPD(n).

Chapter 6 This chapter formulates the differential equation for Riemannian cubics in
symmetric spaces by the Pontryagin maximum principle from the view of optimal
control. Then we consider the case where the symmetric space is the Grassmann
manifold Gr2(R4) = SO(4)/SO(2)× SO(2). By decomposing the Lie algebra so(4),
the differential equation for Riemannian cubics is represented as two decoupled ODE
systems. Based on the obtained systems, we present asymptotics of Lie quadratics
associated with Riemannian cubics in Gr2(R4), which results in asymptotics of Rie-
mannian cubics themselves.

Chapter 7 Lie groups with left invariant metrics receive less attention in the study of
Riemannian cubics. This chapter discusses Riemannian cubics in a class of left invari-
ant Lie groups, namely, quadratic matrix Lie groups. Examples of quadratic matrix
Lie groups include the special orthogonal group SO(n), the generalized orthogonal
group SO(p, q) and the symplectic group Sp(2m). By examining Riemannian cubics
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in SO(2, 1) and SO(3, 1), we find that null Riemannian cubics in SO(p, q) can be com-
pletely determined by Riemannian cubics in SO(p) and SO(q). Also some analyses
are presented for non-null Riemannian cubics in SO(p, q) and Sp(2m).

The structure of the present thesis is displayed in Fig. 1.5.
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Chapter 2

The cubic de Casteljau construction
and Riemannian cubics1

Beauty is the first test: there is no permanent place in the world for ugly mathematics.

—- Godfrey Harold Hardy (1877-1947)

Abstract: The classical de Casteljau construction of cubic polynomials in Euclidean
space Em has been generalised to Riemannian settings since the 1980’s. The generali-
sations replace line segments by geodesic arcs, yielding elegant methods for Hermite
interpolation in Riemannian manifolds M, such as spheres and rotation groups. Un-
like the classical algorithm however, it is not so easy to analyse the resulting curves.
Even when M is the unit m-sphere Sm in Em+1, the mathematical properties of gen-
eralised cubic de Casteljau curves are not well understood.

There is another class of curves called Riemannian cubics which can also be used for
Hermite interpolation in Riemannian manifolds. Unlike generalised cubic de Castel-
jau curves, Riemannian cubics are defined as critical curves for a variational problem,
and their mathematical properties are much better understood. Riemannian cubics
are also more difficult to construct, whereas generalised cubic de Casteljau curves
have a simple geometrical construction.

It is well-known that, when M is curved, generalised cubic de Casteljau curves and
Riemannian cubics are different. On the other hand their general appearance is
somewhat similar. In the classical situation where M = Em, both cubic de Casteljau
curves and Riemannian cubics reduce to curves that are cubic polynomial in each
coordinate.

The present chapter analyses the differences between generalised cubic de Casteljau
curves and Riemannian cubics. We also modify the generalised cubic de Casteljau
algorithm to yield curves that are much closer to Riemannian cubics. In this way

1This chapter was published as Zhang and Noakes [2019a]. Minor changes have been made to make
notations consistent with the rest of the thesis.

21
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the elegant geometry of the de Casteljau algorithm is adjusted to better approxi-
mate a class of curves that are better understood from a mathematical point of view.
Examples are given of the modified cubic de Casteljau algorithm for curves in the
2-dimensional unit sphere S2 ⊂ E3, and in the special orthogonal group SO(3) with
bi-invariant Riemannian metric.

2.1 Introduction

Given an m-dimensional connected Riemannian manifold M, we denote the Rieman-
nian metric, the Levi-Civita connection and the Riemannian curvature by 〈·, ·〉,∇ and
R respectively. Given xa, xb ∈ M and va ∈ Txa M, vb ∈ Txb M, define C(xa, va, xb, vb) to
be the space of all smooth curves x : [a, b]→ M satisfying

x(a) = xa, ẋ(a) = va, x(b) = xb, ẋ(b) = vb, (2.1)

where ẋ is the derivative of x with respect to t ∈ [a, b] (later [a, b] = [0, 3]).

Closed form expressions for geodesics, namely solutions of ∇t ẋ(t) = 0, are well-
known for many important Riemannian manifolds M, including spheres and Lie
groups. The generalised de Casteljau algorithms Noakes [1997, 1994, 1999]; Boehm
and Müller [1999]; Crouch et al. [1999]; Phillips [1997]; Altafini [2001]; Shoemake
[1985] substitute geodesic arcs for line segments in the classical algorithms, as fol-
lows.

2.1.1 The generalised nth order de Casteljau algorithm

Given x0, x1 in a geodesically convex open subset C of M, let γx0,x1 : [0, 1] → C
denote the minimal geodesic from x0 to x1. Then, given x0, x1, . . . , xn ∈ C where
n > 2, define γx0,x1,...,xi : [0, 1]→ C inductively by

γx0,x1,...,xi(s) := γγx0,x1,...,xi−1 (s),γx1,x2,...,xi (s)
(s) (2.2)

where s ∈ [0, 1] and 2 6 i 6 n.

Example 2.1.1. When C = M = Em the minimal geodesics are line segments. It turns out
that each of the m coordinates of γx0,x1,...,xn : [0, 1]→ Em is polynomial of degree 6 n.

The generalised de Casteljau curve γx0,x1,...,xn : [0, 1] → C is a C∞ curve from x0 to
xn in the Riemannian manifold M. There is also a recursive form of the generalised
de Casteljau algorithm, which also gives rise to γx0,x1,...,xn when M = Em. However,
unless M is locally Euclidean, the generalised algorithm and its recursive form yield
different curves Noakes [1997, 1994].

The generalised de Casteljau algorithm was examined for Riemannian symmetric
spaces such as Lie groups and spheres by Crouch et al. [1999], and by Altafini [2001],
who focused on the group of rigid body motions. Other studies of the generalised
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de Casteljau algorithm are made in Šír and Jüttler [2015]; Krakowski et al. [2017];
Bogfjellmo et al. [2018], and related work for generalised Bézier curves can be found
in Bézier [2014]; Park and Ravani [1995]; Popiel and Noakes [2007a].

The present chapter studies the case n = 3, where γx0,x1,x2,x3 : [0, 1] → C is a gener-
alised cubic de Casteljau curve. Fig. 2.1 illustrates the construction of the generalised2

de Casteljau cubic γx0,x1,x2,x3 when M is the 2-dimensional Euclidean unit sphere S2.
In Fig. 2.1, s = 1/2 and γx0,x1,x2,x3(s) = x9.

Figure 2.1: The generalised cubic de Casteljau construction on the sphere S2.

Such curves are of interest for Hermite interpolation. Starting with data (x0, v0),
(x3, v3) ∈ TC, we construct geodesics γ0,1, γ2,3 : [0, 1] → C satisfying γ0,1(0) =
x0, γ′0,1(0) = v0, γ2,3(1) = x3, γ′2,3(1) = v3, where ′ denotes differentiation with
respect to s ∈ [0, 1]. Taking x1 := γ0,1(1) and x2 := γ2,3(0), the generalised de
Casteljau algorithm uses x0, x1, x2, x3 to construct γx0,x1,x2,x3 : [0, 1] → C. Defining
γ3 := γx0,v0,x3,v3 : [0, 3]→ C by γ3(3s) := γx0,x1,x2,x3(s) where 0 6 s 6 1, we find

γ̇3(0) = v0, γ̇3(3) = v3.

Here ˙ denotes differentiation with respect to t ∈ [0, 3]. So indeed γ3 is a Hermite
interpolant for the given data, namely γ3 ∈ C(x0, v0, x3, v3).

2.1.2 Riemannian cubics

The purpose of the present chapter is to analyse the difference between γ3 and an
interpolating Riemannian cubic. A Riemannian cubic Noakes et al. [1989]; Crouch and
Leite [1995] is defined to be a curve that is critical for the functional Ψ : C(x0, v0, x3, v3)

2The recursive form proceeds differently, using a fixed value of s (usually 1/2).
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→ [0,+∞) given by

Ψ(x) =
1
2

∫ 3

0
〈∇t ẋ(t),∇t ẋ(t)〉dt. (2.3)

The Euler-Lagrange equation for Riemannian cubics Noakes et al. [1989] is

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t) = 0. (2.4)

In chart coordinates Eq. (2.4) is a nonlinear system of 4m ordinary differential equa-
tions in 4m unknown scalar-valued functions. Except when M is locally Euclidean,
closed form solutions are hard to find: numerical solutions are used in practice. Ele-
mentary examples of Riemannian cubics are geodesics composed with cubic polyno-
mials. For m > 1, these and other familiar examples comprise only a small subfamily
of the 4m-parameter space of solutions of (2.4).

Our main result is the following theorem, for which the following hypothesis on the
data (x0, v0, x3, v3) is needed. Let a C∞ curve w : R → M be given. Then, for some
h > 0,

x0 = w(0), v0 = hẇ(0), x3 = w(3h), v3 = hẇ(3h).

Theorem 2.3.2. Let x ∈ C(x0, v0, x3, v3) be a Riemannian cubic. Then, for t ∈ [0, 3],

x(t) = γ3(t)−
t2

3

(
1− t

3

)2

R(∇tγ̇3(t), γ̇3(t))γ̇3(t) +O(h5).

The chapter is organised as follows. In Sect. 2.2, γ3(t) is estimated for t ∈ [0, 3], in
terms of (x0, v0), (x3, v3) and Christoffel symbols. In Sect. 2.3, x(t) is estimated using
the Euler-Lagrange equation (2.4). Then, Theorem 2.3.2 is proved by combining with
results in Sect. 2.2. Apart from illustrating Theorem 2.3.2 by numerical examples in
Sect. 2.4, we also modify the generalised cubic de Casteljau construction based on
Theorem 2.3.2 to yield curves that are closer to Riemannian cubics.

2.2 Estimating the generalised cubic de Casteljau curve γ3

Given the data (x0, v0, x3, v3), points x1, x2 ∈ C are constructed as before. Then, as
illustrated in Fig. 2.1, the generalised de Casteljau construction proceeds by comput-
ing

x4 := γx0,x1(s), x5 := γx1,x2(s), x6 := γx2,x3(s),

x7 := γx4,x5(s), x8 := γx5,x6(s),

γ3(3s) := x9 := γx7,x8(s).

The purpose of this section is to approximate x1, x2, x4, x5, x6, x7, x8, x9 in turn. In
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doing so we also need to estimate the geodesic velocities

v4 := γ′x0,x1
(s), v5 := γ′x1,x2

(s), v6 := γ′x2,x3
(s),

v7 := γ′x4,x5
(s), v8 := γ′x5,x6

(s), v9 := γ′x7,x8
(s),

where γ′xi ,xj
(s) is the derivative of γxi ,xj(s)with respect to s while fixing xi, xj.

We start with some useful lemmas, concerning C∞ curves y : [0, L] → N, where N is
a geodesically convex system of normal coordinates for C, centred on x9.

Lemma 2.2.1. Let y(0) = y0 and y(L) = y1. Then for any s ∈ [0, 1],

y(sL) =(1− s)y0 + sy1 −
s(1− s)

2
L2y′′(sL)− s(1− s)(1− 2s)

6
L3y′′′(sL)

− s(1− s)(1− 3s + 3s2)

24
L4y(4)(sL) +O(L5‖y(5)‖),

(2.5)

y′(sL) =
y1 − y0

L
− 1− 2s

2
Ly′′(sL)− 1− 3s + 3s2

6
L2y′′′(sL)

− (1− 2s)(1− 2s + 2s2)

24
L3y(4)(sL) +O(L4‖y(5)‖),

(2.6)

where the asymptotic constants are bounded in terms of derivatives of y.

Proof. By Taylor’s theorem,

y0 =y(sL)− sLy′(sL) +
s2L2

2
y′′(sL)− s3L3

6
y′′′(sL) +

s4L4

24
y(4)(sL) +O(L5‖y(5)‖), (2.7)

y1 =y(sL) + (1− s)Ly′(sL) +
(1− s)2L2

2
y′′(sL) +

(1− s)3L3

6
y′′′(sL)

+
(1− s)4L4

24
y(4)(sL) +O(L5‖y(5)‖).

(2.8)

Eliminating y′(sL) in (2.7) and (2.8) gives (2.5), and eliminating y(sL) gives (2.6).

Lemma 2.2.2. Let y′(0) = w0 and y′(L) = w1. Then for any s ∈ [0, 1],

y′(sL) =(1− s)w0 + sw1 −
s(1− s)

2
L2y′′′(sL)− s(1− s)(1− 2s)

6
L3y(4)(sL)

+O(L4‖y(5)‖),
(2.9)

y′′(sL) =
w1 − w0

L
− 1− 2s

2
Ly′′′(sL)− 1− 3s + 3s2

6
L2y(4)(sL) +O(L3‖y(5)‖). (2.10)

Proof. Replace y in Lemma 2.2.1 by y′.

Suppose now that y is a geodesic in N, namely that

∇sy′ = y′′ + Γy(y′, y′) = 0,

where Γy : Rm ×Rm → Rm denotes the bilinear Christoffel transformation at y(t) ∈
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N. Differentiating twice, we obtain

y′′′ =− dΓy(y′)(y′, y′) + 2Γy(y′, Γy(y′, y′)), (2.11)

y(4) =− d2Γy(y′, y′)(y′, y′) + dΓy(Γy(y′, y′))(y′, y′) + 4dΓy(y′)(y′, Γy(y′, y′))
+ 2Γy(y′, dΓy(y′)(y′, y′))− 4Γy(Γy(Γy(y′, y′), y′), y′)− 2Γy(Γy(y′, y′), Γy(y′, y′)).

(2.12)

Substituting (2.11) and (2.12) into (2.5) and (2.6) gives

Corollary 2.2.1. Let y : [0, L] → N be a geodesic with y(0) = y0, y′(0) = w0 and
y(L) = y1, y′(L) = w1. Then

y =(1− s)y0 + sy1 +
s(1− s)

2
L2Γy(y′, y′) +

s(1− s)(1− 2s)
6

L3(dΓy(y′)(y′, y′)

− 2Γy(y′, Γy(y′, y′))) +
s(1− s)(1− 3s + 3s2)

24
L4(d2Γy(y′, y′)(y′, y′)

− dΓy(Γy(y′, y′))(y′, y′)− 4dΓy(y′)(y′, Γy(y′, y′))− 2Γy(y′, dΓy(y′)(y′, y′))

+ 4Γy(Γy(Γy(y′, y′), y′), y′) + 2Γy(Γy(y′, y′), Γy(y′, y′))
)
+O(L5‖y(5)‖),

(2.13)

y′ =
y1 − y0

L
+

1− 2s
2

LΓy(y′, y′) +O(L2‖y′′′‖). (2.14)

Now we consider the geodesic arcs generated by the de Casteljau construction. Since
normal coordinates are centred at x9,

x9 = (1− s)x7 + sx8. (2.15)

Our calculations are simplified by the following observations.

• xi = x9 +O(h), where h is chosen after subsect. 2.1.2, so that, for any geodesic
arc in the de Casteljau construction, y(4)|xi = y(4)|x9 +O(h5) = O(h5). So the
term (2.12) can be ignored when evaluating xi up to O(h5).

• vi = O(h), then we have

Γxi(vi, Γxi(vi, vi)) = dΓx9(v9)(vi, Γxi(vi, vi)) +O(h5)

= dΓx9(v9)(vi, Γx9(vi, vi)) +O(h5) = O(h5).

Therefore, we only have to consider Γxi(vi, vi) and dΓxi(vi)(vi, vi) in the follow-
ing calculations.
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2.2.1 Primary estimates

Lemma 2.2.3. For γx4,x5 , γx5,x6 : [0, 1] → C and s ∈ [0, 1], x7 := γx4,x5(s) and x8 :=
γx5,x6(s) have the following estimates

x7 =(1− s)x4 + sx5 −
s2(1− s)

2
dΓx9(v9)(v7, v7)

+
s2(1− s)

12
d2Γx9(3sv9 − 2(1− 2s)v7, v9)(v7, v7) +O(h5),

x8 =(1− s)x5 + sx6 +
s(1− s)2

2
dΓx9(v9)(v8, v8)

+
s(1− s)2

12
d2Γx9(3(1− s)v9 + 2(1− 2s)v8, v9)(v8, v8) +O(h5).

Proof. By Taylor’s theorem,

Γx7(v7, v7) = −sdΓx9(v9)(v7, v7) +
s2

2
d2Γx9(v9, v9)(v7, v7) +O(h5),

Γx8(v8, v8) = (1− s)dΓx9(v9)(v8, v8) +
(1− s)2

2
d2Γx9(v9, v9)(v8, v8) +O(h5),

dΓx7(v7)(v7, v7) = −sd2Γx9(v7, v9)(v7, v7) +O(h5),

dΓx8(v8)(v8, v8) = (1− s)d2Γx9(v8, v9)(v8, v8) +O(h5).

Combining with (2.13), this completes the proof.

Lemma 2.2.4. For γx1,x2 : [0, 1] → C and s ∈ [0, 1], x5 := γx1,x2(s) has the following
estimate

x5 =(1− s)x1 + sx2 +
s(1− s)

2
dΓx9((1− s)v7 − sv9)(v5, v5)

+
s(1− s)

12
d2Γx9(3(1− s)v7 − 3sv9 + 2(1− 2s)v5, (1− s)v7 − sv9)(v5, v5) +O(h5).

Proof. From the Taylor expansion of Γx5(v5, v5) at x9,

Γx5(v5, v5) =Γx7(v5, v5) + (1− s)dΓx7(v7)(v5, v5) +
(1− s)2

2
d2Γx7(v7, v7)(v5, v5) +O(h5)

=− sdΓx9(v9)(v5, v5) +
s2

2
d2Γx9(v9, v9)(v5, v5) + (1− s)dΓx9(v7)(v5, v5)

− s(1− s)d2Γx9(v7, v9)(v5, v5) +
(1− s)2

2
d2Γx9(v7, v7)(v5, v5) +O(h5)

=dΓx9((1− s)v7 − sv9)(v5, v5)

+
1
2

d2Γx9((1− s)v7 − sv9, (1− s)v7 − sv9)(v5, v5) +O(h5).

Similarly,

dΓx5(v5)(v5, v5) =dΓx7(v5)(v5, v5) + (1− s)d2Γx7(v5, v7)(v5, v5) +O(h5)

=− sd2Γx9(v5, v9)(v5, v5) + (1− s)d2Γx9(v5, v7)(v5, v5) +O(h5)

=d2Γx9(v5, (1− s)v7 − sv9)(v5, v5) +O(h5).
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Then the lemma follows from (2.13).

Lemma 2.2.5. For γx0,x1 , γx2,x3 : [0, 1] → C and s ∈ [0, 1], x4 := γx0,x1(s) and x6 :=
γx2,x3(s) have the following estimates

x4 =(1− s)x0 + sx1 −
s2(1− s)

2
dΓx9(v7 + v9)(v4, v4)

+
s2(1− s)

12
d2Γx9(3s(v7 + v9)− 2(1− 2s)v4, v7 + v9)(v4, v4) +O(h5).

x6 =(1− s)x2 + sx3 +
s(1− s)2

2
dΓx9(v8 + v9)(v6, v6)

+
s(1− s)2

12
d2Γx9(3(1− s)(v8 + v9) + 2(1− 2s)v6, v8 + v9)(v6, v6) +O(h5).

Proof. The proof is similar to before. Note that

Γx4(v4, v4) =Γx7(v4, v4)− sdΓx7(v7)(v4, v4) +
s2

2
d2Γx7(v7, v7)(v4, v4) +O(h5)

=− sdΓx9(v9)(v4, v4) +
s2

2
d2Γx9(v9, v9)(v4, v4)− sdΓx9(v7)(v4, v4)

+ s2d2Γx9(v7, v9)(v4, v4) +
s2

2
d2Γx9(v7, v7)(v4, v4) +O(h5)

=− sdΓx9(v7 + v9)(v4, v4) +
s2

2
d2Γx9(v7 + v9, v7 + v9)(v4, v4) +O(h5),

Γx6(v6, v6) =(1− s)dΓx9(v8 + v9)(v6, v6) +
(1− s)2

2
d2Γx9(v8 + v9, v8 + v9)(v6, v6)

+O(h5)

and

dΓx4(v4)(v4, v4) =dΓx7(v4)(v4, v4)− sd2Γx7(v4, v7)(v4, v4) +O(h5)

=− sd2Γx9(v4, v7 + v9)(v4, v4) +O(h5),

dΓx6(v6)(v6, v6) =(1− s)d2Γx9(v6, v8 + v9)(v6, v6) +O(h5).

Lemma 2.2.6. For γx0,x1 , γx2,x3 : [0, 1] → C and s ∈ [0, 1], x1 = γx0,x1(1) and x2 =
γx2,x3(0) have the following estimates

x1 =x0 + v0 +
s
2

dΓx9(v4 + v7 + v9)(v0, v0)

− s
12

d2Γx9(3s(v4 + v7 + v9)− 2v0, v4 + v7 + v9)(v0, v0) +O(h5),

x2 =x3 − v3 −
1− s

2
dΓx9(v6 + v8 + v9)(v3, v3)

− 1− s
12

d2Γx9(3(1− s)(v6 + v8 + v9)− 2v3, v6 + v8 + v9)(v3, v3) +O(h5).
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Proof. Considering the Taylor expression for x1 about x0,

x1 =x0 + v0 +
1
2

γ′′x0,x1
(0) +

1
6

γ′′′x0,x1
(0) +

1
24

γ
(4)
x0,x1(0) +O(h

5)

=x0 + v0 −
1
2

Γx0(v0, v0)−
1
6

dΓx0(v0)(v0, v0) +O(h5).

Now, we rewrite Γx0(v0, v0) and dΓx0(v0)(v0, v0) in terms of Christoffel transforma-
tions at x9 as follows.

Γx0(v0, v0) =Γx4(v0, v0)− sdΓx4(v4)(v0, v0) +
s2

2
d2Γx4(v4, v4)(v0, v0) +O(h5)

=Γx7(v0, v0)− sdΓx7(v7)(v0, v0) +
s2

2
d2Γx7(v7, v7)(v0, v0)

− sdΓx7(v4)(v0, v0) + s2d2Γx7(v4, v7)(v0, v0)

+
s2

2
d2Γx7(v4, v4)(v0, v0) +O(h5)

=Γx7(v0, v0)− sdΓx7(v4 + v7)(v0, v0)

+
s2

2
d2Γx7(v4 + v7, v4 + v7)(v0, v0) +O(h5)

=− sdΓx9(v9)(v0, v0) +
s2

2
d2Γx9(v9, v9)(v0, v0)− sdΓx9(v4 + v7)(v0, v0)

+ s2d2Γx9(v4 + v7, v9)(v0, v0) +
s2

2
d2Γx9(v4 + v7, v4 + v7)(v0, v0) +O(h5)

=− sdΓx9(v4 + v7 + v9)(v0, v0)

+
s
2

d2Γx9(v4 + v7 + v9, v4 + v7 + v9)(v0, v0) +O(h5).

dΓx0(v0)(v0, v0) =dΓx4(v0)(v0, v0)− sd2Γx4(v0, v4)(v0, v0) +O(h5)

=dΓx7(v0)(v0, v0)− sd2Γx7(v0, v4 + v7)(v0, v0) +O(h5)

=− sd2Γx9(v0, v4 + v7 + v9)(v0, v0) +O(h5).

This gives the estimate for x1. The estimate for x2 is obtained similarly.

2.2.2 Secondary estimates

The present estimates for x1, x2 and x4, . . . , x8 involve unknown velocities v4, . . . , v9,
whereas we need estimates just in terms of (x0, v0), (x3, v3) and Christoffel transfor-
mations. To simplify notation in what follows, define

vm :=
v0 + v3

2
, am :=

v3 − v0

3
.

Lemma 2.2.7. The geodesic velocities vi associated with xi, i = 4, . . . , 8, have the following
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estimates

v4 =vm −
3
2

am +O(h3), v6 = vm +
3
2

am +O(h3), (2.16)

v5 =vm +O(h3), (2.17)

v7 =vm −
3
2
(1− s)am +O(h3), v8 = vm +

3
2

sam +O(h3), (2.18)

v9 =vm −
3
2
(1− 2s)am +O(h3). (2.19)

Proof. By Taylor’s theorem,

v4 =v0 + sγ′′x0,x1
(0) +O(h3) = v0 − sΓx0(v0, v0) +O(h3)

=v0 − sΓx9(v0, v0) +O(h3) = v0 +O(h3) = vm −
3
2

am +O(h3).

Likewise, v6 = v3 +O(h3) = vm + 3
2 am +O(h3). By (2.6), (2.9) and (2.10),

x3 − x0

3
=

1− 2s
2

(v3 − v0) + (1− s)v0 + sv3 +O(h3) = vm +O(h3). (2.20)

By (2.14), (2.20) and Lemma 2.2.6,

v5 =x2 − x1 +
1− 2s

2
Γx5(v5, v5) +O(h3)

=x3 − x0 − (v0 + v3) +O(h3) = vm +O(h3).

By (2.14), (2.20), Lemma 2.2.4, 2.2.5 and 2.2.6,

v7 =x5 − x4 +
1− 2s

2
Γx7(v7, v7) +O(h3)

=(1− 2s)x1 + sx2 − (1− s)x0 +O(h3)

=s(x3 − x0) + (1− 2s)v0 − sv3 +O(h3) = vm −
3
2
(1− s)am +O(h3),

v8 =x6 − x5 +
1− 2s

2
Γx8(v8, v8) +O(h3)

=(1− 2s)x2 + sx3 − (1− s)x1 +O(h3)

=(1− s)(x3 − x0)− (1− 2s)v3 − (1− s)v0 +O(h3) = vm +
3
2

sam +O(h3)

By (2.14), (2.20), Lemma 2.2.3, 2.2.4, 2.2.5 and 2.2.6,

v9 = x8 − x7 = (1− 2s)x5 + sx6 − (1− s)x4 +O(h3)

= (1− 4s + 3s2)x1 + (2s− 3s2)x2 + s2x3 − (1− s)2x0 +O(h3)

= 2s(1− s)(x3 − x0) + (1− s)(1− 3s)v0 − s(2− 3s)v3 +O(h3)

= vm −
3
2
(1− 2s)am +O(h3).
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By Lemma 2.2.7, vi = vm +O(h2) for i = 4, . . . , 9. Then, all second derivatives of
Christoffel symbols at x9 in Lemma 2.2.3, 2.2.4, 2.2.5, 2.2.6 are O(h5). Before finally
presenting the estimate for x9, we make the following important observation.

Lemma 2.2.8.

dΓx9(vm)(vm, am) = −
1
2

dΓx9(am)(vm, vm) +O(h5).

Proof. Because coordinates are normal about x9, dΓx9(v3)(v3, v3) = 0. Rewriting v3
as vm + 3

2 am, we have

dΓx9(vm)(vm, am) +
1
2

dΓx9(am)(vm, vm)

= −3
4

dΓx9(vm)(am, am)−
3
2

dΓx9(am)(vm, am) = O(h5),

which completes the proof.

Theorem 2.2.1. For γx7,x8 : [0, 1] → C and s ∈ [0, 1], γ3(3s) := x9 := γx7,x8(s) has the
following estimate

γ3(3s) =(1− s)2(1 + 2s)x0 + s2(3− 2s)x3 + 3s(1− s)2v0 − 3s2(1− s)v3

+ 3s2(1− s)2R(∇sγ̇3(3s), γ̇3(3s))γ̇3(3s) +O(h5).
(2.21)

Proof. By (2.18),

dΓx9(v9)(v7, v7) = dΓx9(vm −
3
2
(1− 2s)am)(vm −

3
2
(1− s)am, vm −

3
2
(1− s)am) +O(h5)

= −3(1− s)dΓx9(vm)(vm, am)−
3
2
(1− 2s)dΓx9(am)(vm, vm) +O(h5),

dΓx9(v9)(v8, v8) = dΓx9(vm −
3
2
(1− 2s)am)(vm +

3
2

sam, vm +
3
2

sam) +O(h5)

= 3sdΓx9(vm)(vm, am)−
3
2
(1− 2s)dΓx9(am)(vm, vm) +O(h5).

Lemma 2.2.3 takes the form,

x7 =(1− s)x4 + sx5 +
3
2

s2(1− s)2dΓx9(vm)(vm, am)

+
3
4

s2(1− s)(1− 2s)dΓx9(am)(vm, vm) +O(h5),
(2.22)

x8 =(1− s)x5 + sx6 +
3
2

s2(1− s)2dΓx9(vm)(vm, am)

− 3
4

s(1− s)2(1− 2s)dΓx9(am)(vm, vm) +O(h5).
(2.23)
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By (2.17), (2.18) and (2.19), we have

dΓx9((1− s)v7 − sv9)(v5, v5) =dΓx9((1− 2s)vm −
3
2
(1− 3s + 3s2)am)(vm, vm) +O(h5)

=− 3
2
(1− 3s + 3s2)dΓx9(am)(vm, vm) +O(h5).

(2.24)

Substituting (2.24) into Lemma 2.2.4 gives

x5 = (1− s)x1 + sx2 −
3
4

s(1− s)(1− 3s + 3s2)dΓx9(am)(vm, vm) +O(h5). (2.25)

By (2.16), (2.18) and (2.19),

dΓx9(v7 + v9)(v4, v4) =dΓx9(2vm −
3
2
(2− 3s)am)(vm −

3
2

am, vm −
3
2

am) +O(h5),

=− 6dΓx9(vm)(vm, am)−
3
2
(2− 3s)dΓx9(am)(vm, vm) +O(h5),

dΓx9(v8 + v9)(v6, v6) =dΓx9(2vm −
3
2
(1− 3s)am)(vm +

3
2

am, vm +
3
2

am) +O(h5),

=6dΓx9(vm)(vm, am)−
3
2
(1− 3s)dΓx9(am)(vm, vm) +O(h5).

Then Lemma 2.2.5 becomes

x4 =(1− s)x0 + sx1 + 3s2(1− s)dΓx9(vm)(vm, am)

+
3
4

s2(1− s)(2− 3s)dΓx9(am)(vm, vm) +O(h5),
(2.26)

x6 =(1− s)x2 + sx3 + 3s(1− s)2dΓx9(vm)(vm, am)

− 3
4

s(1− s)2(1− 3s)dΓx9(am)(vm, vm) +O(h5).
(2.27)

Since v0 = vm − 3
2 am and v3 = vm + 3

2 am, by (2.16) and (2.18), we have

dΓx9(v4 + v7 + v9)(v0, v0) = dΓx9(3vm −
9
2
(1− s)am)(vm −

3
2

am, vm −
3
2

am) +O(h5)

= −9dΓx9(vm)(vm, am)−
9
2
(1− s)dΓx9(am)(vm, vm) +O(h5),

dΓx9(v6 + v8 + v9)(v3, v3) = dΓx9(3vm +
9
2

sam)(vm +
3
2

am, vm +
3
2

am) +O(h5)

= 9dΓx9(vm)(vm, am) +
9
2

sdΓx9(am)(vm, vm) +O(h5),

By Lemma 2.2.6,

x1 =x0 + v0 −
9
2

sdΓx9(vm)(vm, am)−
9
4

s(1− s)dΓx9(am)(vm, vm) +O(h5), (2.28)

x2 =x3 − v3 −
9
2
(1− s)dΓx9(vm)(vm, am)−

9
4

s(1− s)dΓx9(am)(vm, vm) +O(h5). (2.29)

Substituting in (2.15) for x4, x5, x6, x7, x8 using (2.26), (2.25), (2.27), (2.22), (2.23), and
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writing x1, x2 in terms of v0, v3 using (2.28) and (2.29),

γ3(3s) = x9 =(1− s)2(1 + 2s)x0 + s2(3− 2s)x3 + 3s(1− s)2v0 − 3s2(1− s)v3

− 45
2

s2(1− s)2dΓx9(vm)(vm, am)−
27
4

s2(1− s)2dΓx9(am)(vm, vm) +O(h5).

For any smooth curve z,

R(∇ż ż, ż)ż =∇∇ż ż∇ż ż−∇ż∇∇ż ż ż−∇[∇ż ż,ż] ż

=dΓz(z̈)(ż, ż)− dΓz(ż)(ż, z̈) + dΓz(Γz(ż, ż))(ż, ż)
− dΓz(ż)(ż, Γz(ż, ż)) + Γz(z̈, Γz(ż, ż))− Γz(ż, Γz(ż, z̈))
+ Γz(Γz(ż, ż), Γz(ż, ż))− Γz(ż, Γz(Γz(ż, ż), ż)).

(2.30)

By (2.6) and (2.10),

γ̇3(3s) =
x3 − x0

3
+O(h2) = vm +O(h2), ∇sγ̇3(3s) =

v3 − v0

3
+O(h3) = am +O(h3).

Then by (2.30),

R(∇sγ̇3(3s), γ̇3(3s))γ̇3(3s) = dΓx9(am)(vm, vm)− dΓx9(vm)(vm, am) +O(h5).

Therefore, using Lemma 2.2.8, we finally get the estimate (2.21).

The proof of Theorem 2.2.1 also improves the estimate for v9 in (2.19).

Corollary 2.2.2.

v9 =2s(1− s)(x3 − x0) + (1− s)(1− 3s)v0 − s(2− 3s)v3

− 2s(1− s)(1− 2s)R(∇sγ̇3(3s), γ̇3(3s))γ̇3(3s) +O(h5).

Proof. Since normal coordinates are centered at x9, v9 = x8 − x7. Then (2.22) to (2.29)
complete the proof.

Recall that v9 = γ′x7,x8
(s) (not γ̇3(3s) which agrees to O(h2)).

2.3 Estimating the Riemannian cubic

Now we estimate the point x(3s) on the Riemannian cubic x, corresponding to γ3(3s).

As before, let y : [0, L]→ N be C∞. Combining Lemmas 2.2.1 and 2.2.2, we obtain
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Lemma 2.3.1. Let y(0) = y0, y(L) = y1, y′(0) = w0 and y′(L) = w1. Then, for s ∈ [0, 1],

y(sL) =(1− s)2(1 + 2s)y0 + s2(3− 2s)y1 + s(1− s)2Lw0 − s2(1− s)Lw1

+
s2(1− s)2

24
L4y(4)(sL) +O(L5‖y(5)‖),

(2.31)

y′(sL) =
6s(1− s)(y1 − y0)

L
+ (1− s)(1− 3s)w0 − s(2− 3s)w1

+
s(1− s)(1− 2s)

12
L3y(4)(sL) +O(L4‖y(5)‖).

(2.32)

Proof. Equation (2.31) comes from eliminating y′, y′′ and y′′′ from (2.5), (2.6), (2.9) and
(2.10) (add s(1− s)(1− 2s)L times (2.9) to (2.5), then subtract the sum of s(1− s)(1−
2s)L times (2.6) and 2s2(1− s)2L2 times (2.10)). Similarly, adding 6s(1− s) times (2.6)
and 1− 6s(1− s) times (2.9), then subtracting 3s(1− s)(1− 2s)L times (2.10) gives
(2.32).

Lemma 2.3.2. Let x : [0, 3]→ N be a Riemannian cubic. The fourth derivative x(4) is given
by

−x(4) =4Γx(ẋ,
...
x ) + 3Γx(ẍ, ẍ) + dΓx(Γx(ẋ, ẋ))(ẋ, ẋ) + 2Γx(ẋ, dΓx(ẋ)(ẋ, ẋ))

+ 2Γx(ẍ, Γx(ẋ, ẋ)) + 4Γx(ẋ, Γx(ẋ, ẍ)) + Γx(Γx(ẋ, ẋ), Γx(ẋ, ẋ))

+ 2dΓx(ẍ)(ẋ, ẋ) + 4dΓx(ẋ)(ẋ, ẍ) + d2Γx(ẋ, ẋ)(ẋ, ẋ).

(2.33)

Proof. Since ∇t ẋ = ẍ + Γx(ẋ, ẋ), by straightforward calculations, we have

∇2
t ẋ =

...
x + 3Γx(ẋ, ẍ) + dΓx(ẋ)(ẋ, ẋ) + Γx(ẋ, Γx(ẋ, ẋ))

and

∇3
t ẋ =x(4) + 4Γx(ẋ,

...
x ) + 3Γx(ẍ, ẍ) + 5dΓx(ẋ)(ẋ, ẍ) + d2Γx(ẋ, ẋ)(ẋ, ẋ)

+ dΓx(ẍ)(ẋ, ẋ) + dΓx(ẋ)(ẋ, Γx(ẋ, ẋ)) + 2Γx(ẋ, dΓx(ẋ)(ẋ, ẋ))

+ 5Γx(ẋ, Γx(ẋ, ẍ)) + Γx(ẍ, Γx(ẋ, ẋ)) + Γx(ẋ, Γx(Γx(ẋ, ẋ), ẋ)).

(2.34)

Thus, (2.33) follows from (2.4), (2.34) and (2.30).

Theorem 2.3.1. Let x : [0, 3]→ N be a Riemannian cubic satisfying

x(0) = x0, ẋ(0) = v0, x(3) = x3, ẋ(3) = v3.

Then, for s ∈ [0, 1],

x(3s) = (1− s)2(1 + 2s)x0 + s2(3− 2s)x3 + 3s(1− s)2v0 − 3s2(1− s)v3 +O(h5), (2.35)

ẋ(3s) = 2s(1− s)(x3 − x0) + (1− s)(1− 3s)v0 − s(2− 3s)v3 +O(h5). (2.36)

Proof. From (2.21) and (2.31), x(3s) = x9 +O(h4). Then (2.33) implies

x(4)(3s) = −2dΓx9(ẍ(3s))(ẋ(3s), ẋ(3s))− 4dΓx9(ẋ(3s))(ẋ(3s), ẍ(3s)) +O(h5). (2.37)
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By (2.6) and (2.10),

ẋ(3s) =
x3 − x0

3
+O(h2) = vm +O(h2), ẍ(3s) =

v3 − v0

3
+O(h3) = am +O(h3).

(2.38)

Substituting (2.38) into (2.37),

x(4)(3s) = −2dΓx9(am)(vm, vm)− 4dΓx9(vm)(vm, am) +O(h5) = O(h5), (2.39)

by Lemma 2.2.8. Lemma 2.3.1 completes the proof.

Combining Theorem 2.2.1, Corollary 2.2.2 and Theorem 2.3.1 gives our main result:

Theorem 2.3.2. Let x : [0, 3]→ M be an interpolating Riemannian cubic, namely

x(0) = x0, ẋ(0) = v0, x(3) = x3, ẋ(3) = v3.

Then x and the generalised de Casteljau cubic γ3 ∈ C(x0, v0, x3, v3) satisfy, for t ∈ [0, 3],

x(t) = γ3(t)−
t2

3

(
1− t

3

)2

R(∇tγ̇3(t), γ̇3(t))γ̇3(t) +O(h5), (2.40)

ẋ(t) = v9 +
2t
3

(
1− t

3

)(
1− 2t

3

)
R(∇tγ̇3(t), γ̇3(t))γ̇3(t) +O(h5). (2.41)

Theorem 2.3.2 expresses the difference between the generalised cubic de Casteljau
curve γ3 and the Riemannian cubic x in terms of a curvature term calculated at γ3(t).
Alternatively, define the adjusted generalised cubic de Casteljau curve γ̃3 : [0, 3]→ N by

γ̃3(t) := γ3(t)−
t2

3

(
1− t

3

)2

R(∇tγ̇3(t), γ̇3(t))γ̇3(t),

where the right hand side is found geometrically, by a more complicated construction
than for γ3(t). By Theorem 2.3.2, x(t) = γ̃3(t) +O(h5), namely γ̃3 is a better estimate
than γ3 of the interpolating Riemannian cubic x. This can be used to determine x
numerically, as follows.

When x, ẋ,∇t ẋ and ∇2
t ẋ are given at t = 0, there are no special difficulties in solving

the nonlinear differential equation (2.4). However the situation is very different for an
interpolating Riemannian cubic, where x, ẋ are given at both endpoints of an interval.
Then determination of x becomes a boundary value problem for (2.4), which has to be
solved by an iterative numerical scheme such as a shooting method. The algorithm
proceeds by solving a sequence of initial value problems for (2.4) with improving
approximations to the initial parameters ∇t ẋ|t=0,∇2

t ẋ|t=0 that are not given. A good
initial guess for the ∇t ẋ|t=0,∇2

t ẋ|t=0 is needed: in local coordinates what is missing
is ẍ(0),

...
x (0).

On the other hand, the de Casteljau algorithm, and our adjusted de Casteljau al-
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gorithm, are designed to satisfy the boundary conditions. Because γ̃3 is an O(h5)-
accurate estimate of x, reasonable estimates for ẍ(0) and

...
x (0) may be taken to be3

¨̃γ3(0) = γ̈3(0)−
2
3

R(∇tγ̇3(t), γ̇3(t))γ̇3(t)|t=0,

...
γ̃3(0) =

...
γ3(0) +

4
3

R(∇tγ̇3(t), γ̇3(t))γ̇3(t)|t=0 − 2
d
dt
|t=0R(∇tγ̇3(t), γ̇3(t))γ̇3(t).

Theorem 2.3.2 will now be illustrated by numerical experiments.

2.4 Numerical simulations

In this section Theorem 2.3.2 is illustrated when M is the unit sphere S2 in Euclidean
3-space E3, and when M is the rotation group SO(3), with a bi-invariant Riemannian
metric. Experiments are conducted using Mathematica 11.3 on a late-2012 Mac with
processor 2.7 GHz Intel Core i5.

The estimates (2.40) and (2.41) may be written as

x(t) = expγ3(t)

(
− t2

3

(
1− t

3

)2

R(∇tγ̇3(t), γ̇3(t))γ̇3(t)

)
+O(h5), (2.42)

ẋ(t) = Pγ3(t)→x(t)
(

v9 +
2t
3

(
1− t

3

)(
1− 2t

3

)
R(∇tγ̇3(t), γ̇3(t))γ̇3(t)

)
+O(h5),

(2.43)

where exp : TM → M is the exponential map and Pγ3(t)→x(t) : Tγ3(t)M → Tx(t)M is
parallel translation along the minimal geodesic from γ3(t) to x(t). Equations (2.42)
and (2.43) can be restated as

log ‖Logγ3(t)(x(t)) +
t2

3

(
1− t

3

)2
R(∇tγ̇3(t), γ̇3(t))γ̇3(t)‖ ∝ 5 log h, (2.44)

log ‖ẋ(t)−Pγ3(t)→x(t)
(

v9 +
2t
3

(
1− t

3

)(
1− 2t

3

)
R(∇tγ̇3(t), γ̇3(t))γ̇3(t)

)
‖ ∝ 5 log h,

(2.45)

where log is the standard logarithm on R, and Log : M × M → TM is the inverse
(where defined) of the exponential map. Then Theorem 2.3.2 can be checked using
linear regressions for the relations (2.44) and (2.45).

2.4.1 M = S2

Here M is taken to be the unit sphere S2 with the Riemannian metric induced by
the Euclidean metric 〈·, ·〉 on E3. For X (S2) the space of C∞ vector fields on S2,
for nonantipodal x, y ∈ S2, for v ∈ TxS2, and X1, X2, X3 ∈ X (S2), the following

3The accuracies of these estimates are not easy to give, and may be considered in future work.
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descriptions can be easily derived or found from Crouch and Leite [1995]; Fiori [2017,
2016].

• Levi-Civita connection:

∇X1 X2|x = X1(X2)|x + 〈X1, X2〉xx,

where X1(X2) means ∂X1(X2);

• Riemannian curvature:

R(X1, X2)X3|x = 〈X2, X3〉xX1|x − 〈X1, X3〉xX2|x;

Here we remark that in the special case where M is a surface in R3,

R(X1, X2)X3 = K det(X1, X2)JX3,

where K is Gaussian curvature and J refers to the rotation by 90 degrees.

• Parallel translation operator:

Px→y(v) =
[

I3 −
(I3 − xxT)yyT

1 + xTy
− xyT

]
v;

• Exponential map:

expx(v) = x cos(‖v‖) + v
‖v‖ sin(‖v‖);

• Logarithm map:

Logx(y) = (I3 − xxT)y
d(x, y)

sin d(x, y)
,

where d(x, y) = arccos(xTy) is the Riemannian distance between x and y;

• Geodesic starting at x with initial velocity v:

γx,v(t) = expx(tv);

• Geodesic connecting x(t = 0) and y(t = 1):

γx,y(t) =
sin((1− t)d(x, y))

sin d(x, y)
x +

sin(td(x, y))
sin d(x, y)

y;

• The differential equation for Riemannian cubics (see equation (51) in Crouch
and Leite [1995]):

x(4)(t) + 4〈ẋ(t), ...
x (t)〉x(t) + 3‖ẍ(t)‖2x(t)

+ 4〈ẋ(t), ẍ(t)〉ẋ(t) + 2‖ẋ(t)‖2 ẍ(t) + 2‖ẋ(t)‖4x(t) = 0.
(2.46)
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Take initial conditions as x(0) = (1, 0, 0) =: x0, ẋ(0) = h(0, 0, 1) =: v0, ẍ(0) =
h2(−1, 0, 0),

...
x (0) = h3(0, 1,−1.6). For a chosen h, by solving the system (2.46) with

Mathematica’s NDSolve function, we get a curve x : [0, 3] → S2, which is almost
exactly a genuine Riemannian cubic. Then we may read off x3 := x(3) and v3 := ẋ(3),
using (x0, v0, x3, v3) for the generalised cubic de Casteljau construction on S2 to obtain
γ3. Then γ̃3 may also be constructed.

Taking h = 0.9 we obtain Fig. 2.2. Here x3 = (−0.269709, 0.616567,−0.739664) and
v3 = (−0.096595,−1.71417,−1.39367). The blue curve is the genuine Riemannian
cubic x, the purple dotted curve is γ3 and the red curve is the adjusted de Casteljau
curve γ̃3. The generalised de Casteljau curve γ3 is already a reasonable approxima-
tion to x, and γ̃3 is even better, as might be expected from Theorem 2.3.2.

Figure 2.2: The Riemannian cubic x (blue), the generalised cubic de Casteljau curve
γ3 (dotted purple), and the adjusted de Casteljau curve γ̃3 (red). Midpoints are

shown in black.

Next we vary h and test the relationships (2.44) and (2.45) using Mathematica’s Lin-
earModelFit.

The results in Table 2.1 of linear regressions appear to support the O(h5) accuracy
asserted by the estimates (2.44) and (2.45) for our adjusted generalised de Casteljau
construction.

2.4.2 M = SO(3)

M is taken as

SO(3) := {X ∈ GL(3)|XXT = I3, det X = 1},
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Table 2.1: Test for (2.44) and (2.45)

h s Linear regression for (2.44) Linear regression for (2.45)

0.3 −2.42706 + 5.02786x −1.87926 + 5.1888x

[0.5, 1] 0.4 −2.31254 + 4.9538x −2.66356 + 4.68089x

0.6 −2.97994 + 4.91264x −1.28195 + 4.80924x

[0.3, 1] −2.35039 + 5.4584x −1.86128 + 5.32458x

[0.4, 1] 0.3 −2.38007 + 5.30849x −1.85968 + 5.31561x

[0.6, 1] −2.4781 + 4.6412x −1.91162 + 4.93757x

whose tangent space at X ∈ SO(3) is TXSO(3) = {Xω|ω ∈ so(3)}, where so(3) is the
Lie algebra of SO(3), namely, the vector space of all 3× 3 skew-symmetric matrices

so(3) := {ω̂ ∈M3×3|ω̂ + ω̂T = 0},

where ·̂ : E3 → so(3) is the operator defined as (ω1, ω2, ω3) 7→


0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

.

Then E3 with Lie bracket given by the cross-product is Lie-isomorphic to so(3) by
ω̂σ = ω × σ for any σ ∈ E3. The Euclidean metric on E3 corresponds to an ad-
invariant inner product on so(3), namely,

〈ω̂, σ̂〉so(3) := 〈ω, σ〉E3 = −1
2

tr(ω̂σ̂),

where tr(·) is the matrix trace, and ω, σ ∈ E3. We refer to Crouch and Leite [1995];
Altafini [2001]; Fiori [2017, 2016]; Shoemake [1985] for the following descriptions:

• Levi-Civita connection:
∇X1 X2 =

1
2
[X1, X2],

where X1, X2 are left-invariant vector fields on SO(3), [·, ·] is the Lie bracket on
so(3).

• Riemannian curvature:

R(X1, X2)X3 = −1
4
[[X1, X2], X3],

where X1, X2, X3 are vector fields on SO(3).

• Exponential map:
expX(v) = XExp(XTv),
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where (X, v) ∈ TSO(3) and (Rodriguez’ formula)

Exp(ω̂) = I3 +
sin ‖ω‖
‖ω‖ ω̂ +

1− cos ‖ω‖
‖ω‖2 ω̂2

for any ω ∈ E3.

• Logarithm map:
LogX(Y) = XLog(XTY),

where X, Y ∈ SO(3) and the principal matrix logarithm Log : SO(3) → so(3)
is given by

Log(Z) =
ϕ

2 sin ϕ
(Z− ZT)

for tr(Z) 6= −1, where ϕ satisfies cos ϕ = tr(Z)−1
2 , |ϕ| < π.

• Geodesic starting at x with initial velocity v:

γx,v(t) = expx(tv).

• The differential equation for Riemannian cubics x (see equation (4.2) in Noakes
et al. [1989] or equation (37) in Crouch and Leite [1995]):

...
V(t) = V̈(t)×V(t),

ẋ(t) = x(t)V̂(t),
(2.47)

where V is a C∞ curve in E3.

In practice, neither the matrix exponential nor the Rodriguez’ formula is efficient
for calculating geodesics in SO(3) and their derivatives. Instead we use the fact
that the unit 3-sphere S3 in E4 is a locally isometric double cover of SO(3), so that
geodesics in SO(3) are projections of great circles in S3. Appendix A and Gallier
[2011]; Novelia and O’Reilly [2015] give more detail about the double cover, in terms
of unit quaternions.

Take x0 := I3, V(0) = h(0, 0, 1), V̇(0) = h2(−0.8,−0.9, 0.4), and V̈(0) = h3(1, 0,−0.5).
Then, for any h > 0, Mathematica’s NDSolve gives a numerical solution x : [0, 3] →
SO(3) to the system (2.47) satisfying x(0) = x0, ẋ(0) = v0 := V̂(0). Defining x3 :=
x(3) and v3 := ẋ(3), the initial data (x0, v0), (x3, v3) in TSO(3) lifts to ±(qx0, qv0),
±(qx3, qv3) in TS3. The generalised de Casteljau construction is carried out in S3

then projected to the generalised de Casteljau construction on SO(3).

Fig. 2.3 illustrates this for h = 0.9, where

qx3 = (−0.631167, 0.569826,−0.513772,−0.113862),

qv3 = (−0.530824, 0.166239, 1.11421,−1.25314).
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Figure 2.3: Initial and terminal configurations are given by the orange and black
frames. Trajectories are shown for x (blue), γ3 (purple) and γ̃3 (red dotted).

Trajectories in SO(3) are shown as curves of orthogonal frames: blue for the Rieman-
nian cubic x, purple for the generalised cubic de Casteljau curve γ3 and red for our
adjusted de Casteljau construction γ̃3.

Table 2.2: Test for (2.44) and (2.45)

h s Linear regression for (2.44) Linear regression for (2.45)

0.4 −2.4888 + 6.21543x −3.57818 + 4.65309x

[0.2, 0.6] 0.6 −3.58374 + 6.01489x −2.06818 + 4.79644x

0.7 −3.73791 + 5.21872x −1.6566 + 5.00066x

[0.2, 0.6] −3.38316 + 5.49834x −1.56567 + 5.13737x

[0.3, 0.6] 0.8 −3.3829 + 5.49764x −1.38665 + 5.39152x

[0.4, 0.6] −3.40743 + 5.45819x −1.25521 + 5.59724x

Varying h, as for S2, regressions are made to test the linear relations (2.44) and (2.45)
using Mathematica’s LinearModelFit. Again, the results in Table 2.2 confirm those
estimates, to at least the accuracy given in Theorem 2.3.2.

2.5 Conclusion

As it is well-known, the classical de Casteljau construction of cubic polynomial curves
in Euclidean space can be generalised to give curves in Riemannian manifolds, by us-
ing geodesics instead of line segments. The generalised de Casteljau curves are easy
to construct yet difficult to analyse. On the other hand, there has been quite a lot
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of analysis of interpolating Riemannian cubics which are solutions to a variational
problem, and difficult to construct. In order to take advantage of these complemen-
tary strengths, the present chapter studies the relationship between generalised de
Casteljau cubics and Riemannian cubics.

Indeed there is a very close relationship, as shown in Theorem 2.3.2, and we are able
to propose an even better geometrical approximation to Riemannian cubics, namely
our adjusted generalised de Casteljau curves γ̃3 of Sect. 2.3. Our theoretical results are
supported by experiments for curves in Euclidean S2 and bi-invariant SO(3).

In next chapter, we will discuss the variational curve, relative geodesic, used in image
registration.



Chapter 3

Relative geodesics in bi-invariant
Lie groups1

Everyone knows what a curve is, until he has studied enough mathematics to become confused
through the countless number of possible exceptions.

—- Christian Felix Klein (1849-1925)

Abstract: Motivated by registration problems, this chapter deals with a curve match-
ing problem in homogeneous spaces. Let G be a connected finite-dimensional bi-
invariant Lie group and H a closed subgroup. A smooth curve g in G is said to be
admissible if it can transform two smooth curves f1 and f2 in G/H from one to the
other. An ( f1, f2)-relative geodesic Holm et al. [2013] is defined as a critical point of
the total energy E(g) as g varies in the set of all ( f1, f2)-admissible curves. We obtain
the Euler-Lagrange equation, a first-order differential equation, satisfied by a relative
geodesic. Further, the Euler-Lagrange equation is simplified for the case where G/H
is globally symmetric. As a concrete example, relative geodesics are found for special
cases where G is SO(3) and H is SO(2). As an application of discrepancy for curves
in S2, we construct and study a new measure of non-congruency for constant speed
curves in Euclidean 3-space. Numerical examples are given to illustrate results.

3.1 Introduction

Computer vision is a significant area for theoretical studies and applications of math-
ematical methods Schalkoff [1989]; Trucco and Verri [1998]; Chen [2015]. An inter-
esting problem is that of image registration, where the task is to optimally transform
one image into another subject to given conditions. The problem occurs very widely,
for instance in comparing medical images to help diagnose diseases, in analysing

1This chapter was published as Zhang and Noakes [2017]. Minor changes have been made to make
notations consistent with the rest of the thesis.
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images from meteorologic satellites, and in recognition of military targets Lu [1991];
Javidi [2002].

In past decades, a number of techniques for computer vision were developed using
powerful tools from Lie groups and Riemannian geometry Hartley and Zisserman
[2003]; Mundy et al. [1992]; Faugeras [1993]. The present chapter studies a version
of the registration problem, where a resource curve f1 : [0, 1] → G/H is moved to a
target curve f2 : [0, 1] → G/H by an ( f1, f2)-admissible curve g : [0, 1] → G, namely
g(t) f1(t) = f2(t) for all t ∈ [0, 1], that minimises the energy integral

E(g) :=
1
2

∫ 1

0
‖ġ(t)‖2

g(t)dt.

A critical point of E is a relative geodesic, and the infimum of the E(g) is called the
discrepancy D( f1, f2). This is described precisely in the abstract and in Holm et al.
[2013]. In order for the discrepancy to be defined, it is necessary to observe

Lemma 3.1.1. The set of ( f1, f2)-admissible curves is non-empty.

Proof. By a result of Mostert [1953] Corollary 2, the quotient map G → G/H is a
locally trivial principal fibre bundle. By the covering homotopy property for fibra-
tions, the C∞ curves f1, f2 in G/H both lift to C∞ curves f̃1, f̃2 : [0, 1] → G. Then
f̃2 f̃−1

1 : [0, 1]→ G is ( f1, f2)-admissible.

For any a ∈ G and any C∞ curve f : [0, 1]→ G/H, a congruent curve a f : [0, 1]→ G/H
is defined by (a f )(t) := a f (t) for all t ∈ [0, 1]. Then (a, f ) 7→ a f is a left action of
G on the space C := C∞([0, 1], G/H) of C∞ curves. Assuming from now on that the
Riemannian metric 〈·, ·〉 is left-invariant, we have that D(a1 f1, a2 f2) = D( f1, f2) for all
a1, a2 ∈ G and all f1, f2 ∈ C∞([0, 1], G/H). Evidently D( f1, f2) > 0, and D( f1, f2) = 0
if and only if f1 and f2 are congruent. Denoting by C̄ the set C/G of congruence
classes of C, define d : C̄ × C̄ → [0, ∞) by d([ f1], [ f2]) :=

√
D( f1, f2). Suppose from

now on that the Riemannian metric 〈·, ·〉 on G is bi-invariant. To simplify notation,
suppose also that G is a matrix Lie group.

Theorem 3.1.1. d is a metric on C̄.

Proof. From the definition of D, we have d([ f1], [ f2]) = 0 if and only if [ f1] = [ f2].
Now, for f1, f2 ∈ C and ( f1, f2)-admissible g : [0, 1] → G, the curve g−1 : [0, 1] →
G is ( f2, f1)-admissible and, using bi-invariance E(g−1) = E(g). It follows that
d([ f1], [ f2]) = d([ f2], [ f1]) for all [ f1], [ f2] ∈ C̄. Let g1 : [0, 1] → G be ( f1, f2)-
admissible, and g2 : [0, 1] → G ( f2, f3)-admissible, where f1, f2, f3 ∈ C. Then
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g2g1 : [0, 1]→ G is ( f1, f3)-admissible, where (g2g1)(t) := g2(t)g1(t). Also

2E(g2g1) =
∫ 1

0
‖ġ2(t)g1(t) + g2(t)ġ1(t)‖2

g2(t)g1(t)
dt

6
∫ 1

0
‖ġ2(t)g1(t)‖2

g2(t)g1(t)
+ ‖g2(t)ġ1(t)‖2

g2(t)g1(t)

+ 2‖ġ2(t)g1(t)‖g2(t)g1(t)‖g2(t)ġ1(t)‖g2(t)g1(t) dt

=
∫ 1

0
‖ġ2(t)‖2

g2(t)
+ ‖ġ1(t)‖2

g1(t)
+ 2‖ġ2(t)‖g2(t)‖ġ1(t)‖g1(t) dt

62E(g2) + 2E(g1) + 4
√

E(g2)E(g1),

using bi-invariance and Hölder’s inequality. Therefore d([ f1], [ f3])
2 = D( f1, f3) 6

inf
g1,g2

(
√

E(g2) +
√

E(g1))
2 = (

√
D( f2, f3) +

√
D( f1, f2))

2 = (d([ f2], [ f3]) + d([ f1], [ f2]))
2,

which proves the triangle inequality for d.

The condition that g be ( f1, f2)-admissible can be conveniently rewritten by express-
ing g in terms of a C∞ curve w : [0, 1] → H, as follows. As in the proof of Lemma
3.1.1, for any f1, f2 ∈ C there exist C∞ curves f̃1, f̃2 : [0, 1]→ G with the property that

f1(t) = f̃1(t)H, f2(t) = f̃2(t)H (3.1)

for any t ∈ [0, 1]. So, for any ( f1, f2)-admissible curve g : [0, 1]→ G we have

f̃−1
2 (t)g(t) f̃1(t)H = H, (3.2)

namely w := f̃−1
2 g f̃1 maps into H. Conversely we see that, given any C∞ curve

w : [0, 1]→ H, g := f̃2w f̃−1
1 is ( f1, f2)-admissible.

In some respects the present setting generalises that of a previous paper Holm et al.
[2013], yet is limited in other ways. In Holm et al. [2013] H = SO(2) ⊂ G = SE(2)
and G/H is identified with the Euclidean plane E2. The present chapter permits a
very wide class of Lie groups G and arbitrary closed subgroups, but our Riemannian
metric on G is required to be bi-invariant which does not hold in Holm et al. [2013].
The simplest case for the present paper is SO(2) ⊂ SO(3), where SO(3)/SO(2) is
identified with the unit sphere S2 in Euclidean 3-space E3.

The rest of the present chapter is organised as follows. In Sect. 3.2 we review some
basic facts about Lie groups. In Sect. 3.3 we derive the Euler-Lagrange equation for
relative geodesics, together with some invariance properties. In Sect. 3.4 we discuss
the relative geodesic and discrepancy between two geodesics on symmetric spaces
of bi-invariant groups. In Sect. 3.5 we specialize to the case of bi-invariant SO(3)
acting on the unit sphere S2. Then some explicit solutions are found. In Sect. 3.6
we apply the discrepancy for curves in S2 to construct and study a new measure
of non-congruency for constant speed curves in E3. In Sect. 3.7 we describe some
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numerical experiments.

3.2 Preliminaries

In this section, we review background materials including some definitions that will
be used throughout the chapter. For more details we refer to Hall [2015]; Baker
[2012]; Kobayashi and Nomizu [1963a].

A Lie group G is a C∞ manifold with a group structure, and such that the group
product G× G → G and the inverse map g → g−1 are C∞. We focus on matrix Lie
groups that admit bi-invariant Riemannian metrics, namely left or right multiplication
by elements of G do not affect the Riemmanian inner products. Not all Lie groups are
matrix groups2, and not all matrix groups admit bi-invariant Riemannian metrics3:
in the present paper bi-invariance is the more essential condition, saying that

〈X, Y〉g = 〈Adg(X), Adg(Y)〉g, (3.3)

where g ∈ G, X, Y are tangent to G at g, and the adjoint representation Ad of G is given
by Adg(X) := gXg−1.

The tangent space of G at the identity e is the Lie algebra g. Besides being a real
vector space, g is equipped with an R-bilinear antisymmetric product [·, ·] satisfying
the Jacobi identity. The Lie bracket [·, ·] also appears in the following alternative char-
acterisation of bi-invariance of the Riemannian metric〈·, ·〉. Instead of (3.3) we may
require

〈adZ̄(X̄), Ȳ〉e + 〈X̄, adZ̄(Ȳ)〉e = 0, (3.4)

where X̄, Ȳ, Z̄ ∈ g and adZ̄(X̄) := [Z̄, X̄].

3.2.1 Orthogonal and special orthogonal groups

The orthogonal group O(n) is the set of all n× n real matrices A such that AT A = In

where superscript T denotes matrix transpose, and In is the n × n identity matrix.
Orthogonal matrices have determinant ±1, and the special orthogonal group is the
subgroup SO(n) := {A ∈ O(n) : det(A) = 1} of O(n). Alternatively SO(n) is the
path-component of the identity in O(n). For this reason, O(n) and SO(n) share the
same Lie algebra, namely the n(n− 1)/2 dimensional space of skew-symmetric real
n× n matrices.

An inner product on so(n) is given by

〈X, Y〉so(n) := − 1
n− 1

tr(XY), (3.5)

2The metaplectic group Mp(2, R) is an exception.
3The Euclidean group SE(2) is an exception.
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with X, Y ∈ so(n). For two tangent vectors X and Y at an arbitrary group element
A ∈ SO(n), the corresponding bi-invariant Riemannian inner product 〈X, Y〉A is
〈A−1X, A−1Y〉so(n). In particular so(3) is 3-dimensional. Another 3-dimensional Lie
algebra is Euclidean 3-space E3, with Lie bracket given by the cross-product ×. The
cross-product serves as Lie bracket on E3 coming from the fact that it satisfies skew
symmetric, bi-linear and Jacobi identity. There is a linear isometry v ∈ E3 7→ v̂ ∈
so(3) of Lie algebras, given by v̂w := v× w for v, w ∈ E3.

3.2.2 Closed subgroups and splittings of g

Given a closed subgroup H of G, g has the vector-space decomposition

g = h⊕m, (3.6)

where h is the Lie algebra of H and m is its orthogonal complement in g with respect
to the restriction of the bi-invariant inner product. Let Ph : g → h be the associated
orthogonal projection.

In particular, with H = SO(2) ⊂ G = SO(3) we have

H =




cos θ − sin θ 0

sin θ cos θ 0

0 0 1

 : θ ∈ [0, 2π)

 ⊂ SO(3). (3.7)

Note that m is the image of the Euclidean plane E2×{0} under the Lie isomorphism
E3 → so(3) of the previous subsection.

3.3 Relative geodesics in bi-invariant Lie groups

The condition for g to be a relative geodesic is that it should satisfy the Euler-
Lagrange equation for the functional E, subject to the condition that g is ( f1, f2)-
admissible. Alternatively, as in the Introduction, the admissibility condition can be
written in the form g = f̃2w f̃−1

1 where w : [0, 1] → H, and f̃1, f̃2 are liftings through
G 7→ G/H of f1, f2. It then suffices to find the Euler-Lagrange equation of the func-
tional Ê on C∞([0, 1], H), defined by Ê(w) := E(g). The advantage of proceeding
in this way is that the admissibility condition is then built in. Discussions of Euler-
Lagrange equations can be found in Marsden and Ratiu [2013]; Holm [2008].

3.3.1 Derivation of the Euler-Lagrange equation for Ê

We have

Ê(w) := E(g) =
1
2

∫ 1

0
||g(t)−1 ġ(t)||2g dt
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where g(t) := f̃2(t)w(t) f̃1(t)−1, and left-invariance of the Riemannian metric is used
to shift calculations from G to g. Then g(t)−1 ġ(t) is

f̃1(t)w(t)−1 f̃2(t)−1( ḟ2(t)w(t) f̃1(t)−1 + f̃2(t)ẇ(t) f̃1(t)−1 − f2(t)w(t) f̃1(t)−1 ˙̃f1(t) f̃1(t)−1)

= Ad f̃1(t)(Adw(t)−1(u2(t)) + Ω(t)− u1(t))

where ui := f̃−1
i

˙̃fi for i = 1, 2, and Ω := w−1ẇ. Because the Riemannian metric is
bi-invariant, the Ad f̃1(t) are isometries, and therefore

Ê(w) =
1
2

∫ 1

0
||Y(t)||2g dt (3.8)

where Y(t) := Adw(t)−1(u2(t)) + Ω(t)− u1(t).

Consider a C∞ variation s 7→ ws of w, with s ∈ (−h, h) for some small h > 0, and
w0 = w. Replacing w by ws in the definition of Y gives Ys(t) = Adws(t)−1(u2(t)) +
Ωs(t)− u1(t) where Ωs(t) := ws(t)−1ẇs(t) and differentiation is with respect to t ∈
[0, 1]. Then

dÊ(ws)

ds
|s=0 =

∫ 1

0
〈Y(t), ∂

∂s
Ys(t)|s=0〉g dt =

∫ 1

0
〈Y(t), ∂

∂s
(Adws(t)−1(u2(t)) + Ωs(t))|s=0〉g dt.

We find that

∂

∂s
|s=0 Adws(t)−1(u2(t)) = [Adw(t)−1(u2(t)), Λ(t)],

∂

∂s
Ωs(t)|s=0 = Λ̇(t) + [Ω(t), Λ(t)],

where Λ(t) := ws(t)−1 ∂ws(t)
∂s
|s=0. Therefore

dÊ(ws)

ds
|s=0 =

∫ 1

0
〈Y(t), [Adw(t)−1(u2(t)) + Ω(t), Λ(t)] + Λ̇(t)〉g dt

=
∫ 1

0
〈[Y(t), u1(t)], Λ(t)〉g dt +

∫ 1

0
〈Y(t), Λ̇(t)〉g dt

= −
∫ 1

0
〈Ẏ(t)− [Y(t), u1(t)], Λ(t)〉g dt + (〈Y(1), Λ(1)〉g − 〈Y(0), Λ(0)〉g)

where we use (3.4), the definition of Y, then integration by parts. This proves

Theorem 3.3.1. The condition for the C∞ curve w : [0, 1] → H to be a critical point of Ê is
that{

Ph(Ẏ(t) + [u1(t), Y(t)]) = 0 for all t ∈ [0, 1], with boundary conditions
Ph(Y(t)) = 0 for t = 0, 1.

(3.9)
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3.3.2 Invariance of the Euler-Lagrange equation

The original problem of optimising E makes no mention of u1 and u2, only f1, f2 ∈ C
and ( f1, f2)-admissible curves. Recall that u1 and u2 are defined in terms of liftings
f̃1 and f̃2 of f1 and f2.

However, for any C∞ curves k1, k2 : [0, 1]→ H we could also write

f1(t) = f̂1(t)H and f2(t) = f̂2(t)H

where f̂i(t) := f̃i(t)ki(t) for i = 1, 2. Using the f̂i instead of f̃i gives ûi(t) =
Adki(t)−1(ui(t)) + pi(t) where pi(t) := ki(t)−1k̇i(t) for i = 1, 2. Then, after a straight-
forward calculation, the following result may be verified.

Proposition 3.3.1. If w : [0, 1] → H is a solution of (3.9) then, for any C∞ curves k1, k2 :
[0, 1] → H, ŵ := k−1

2 wk1 is a solution of the corresponding system with the ui replaced by
ûi.

From Proposition 3.3.1 it follows that the f̃i can be chosen canonically namely the
ui(t) ∈ m for all t ∈ [0, 1]. Suppose from now on that this has been done.

Now let G/H be globally symmetric, namely the stabilizer H of a typical point is an
open subgroup of the fixed point set of an involution on M = G/H, from which
follows

[h,m] ⊆ m and [m,m] ⊆ h.

Then Adw(t)−1(u2(t)) ∈ m for all t ∈ [0, 1] and Ph(Ẏ) = Ω̇, and (3.9) simplifies to
Ω̇(t) + [u1(t), Adw(t)−1(u2(t))] = 0 with

ẇ(t) = w(t)Ω(t) for all t ∈ [0, 1], and

Ω(0) = Ω(1) = 0.

(3.10)

From (3.10), we have

Theorem 3.3.2. If f1 or f2 degenerates to a single point, then there exists a relative geodesic
between f1 and f2, given by f̃2(t)w f̃−1

1 (t) with any w ∈ H for all t ∈ [0, 1], and the
discrepancy is

D( f1, f2) =

{
E( f1), if f2 degenerates to a point,
E( f2), if f1 degenerates to a point,

(3.11)

where E( fi) := 1
2

∫ 1
0 ‖ ḟi(t)‖2

fi(t)
dt is the energy of fi for i = 1, 2.

Since

‖Y(t)‖2 = ‖Adw(t)−1(u2(t))− u1(t)‖2 + ‖Ω(t)‖2,
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the formula (3.11) comes from the following lemma.

Lemma 3.3.1. Let f be a curve in G/H and f̃ be a lifting of f in G, then

E( f̃ ) > E( f ),

with equality if and only if f̃ is a canonical lifting, where

E( f̃ ) :=
1
2

∫ 1

0
‖ ˙̃f (t)‖2

f̃ (t) dt and E( f ) :=
1
2

∫ 1

0
‖ ḟ (t)‖2

f (t) dt .

In fact, ‖ ˙̃f (t)‖ f̃ (t) = ‖ f̃−1(t) ˙̃f (t)‖g and f̃−1(t) ˙̃f (t) can be decomposed into two parts
in h and m. For the norm of the part in m, it is exactly the same as ‖ ḟ (t)‖ f (t), which
is defined by the induced metric from that on G, thus, we have this lemma.

Example 3.3.1. Suppose that the resource curve f1 degenerates to a single point, say f1 =
p0 = π(e), where π : G → G/H denotes the natural mapping and e is the identity of G.
Let the target curve f2 be a geodesic. Then, by Theorem 3.3.2, the relative geodesic is given
by g(t) = f̃2(t)w for t ∈ [0, 1], where w is constant in H and f̃2 is the canonical lifting of
f2. Namely, f̃2 is a horizontal lifting of f2, which means f̃2 is a geodesic as well. Thus, in
this case, a relative geodesic is a geodesic in the standard sense. This goes some way towards
justifying our terminology.

Further, we find bounds of the discrepancy D( f1, f2) for any curves f1 and f2 as
follows.

Theorem 3.3.3. For any two arbitrary smooth curves f1 and f2 in G/H, the discrepancy
D( f1, f2) between them satisfies(√

E( f1)−
√

E( f2)

)2

6 D( f1, f2) 6
(√

E( f1) +
√

E( f2)

)2

. (3.12)

Proof. According to Theorem 3.1.1, we have the following triangle inequality

|d([ f1], [ f3])− d([ f2], [ f3])| 6 d([ f1], [ f2]) 6 d([ f1], [ f3]) + d([ f2], [ f3]),

where f3 is an arbitrary point on G/H, then the relation (3.12) can be obtained from
(3.11) and D( f1, f2) = d2([ f1], [ f2]).

Next we consider relative geodesics between geodesics for global symmetric spaces
of bi-invariant Lie groups, namely, f1 and f2 are both geodesics in a symmetric space
G/H.

3.4 Relative geodesics between geodesics in G

In this section, let M = G/H be a global symmetric space of a bi-invariant Lie group
G. Solutions of the Euler-Lagrange equation (3.10) are investigated for geodesics
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f1, f2 : [0, 1]→ G/H.

Since G acts on G/H transitively, it is possible to align geodesics f1 and f2 such that
they share the same initial point p. Further, suppose H fixes p and acts on unit-
length vectors on Tp(G/H) transitively4. Then it is possible to align f1 and f2 such
that their initial velocities have the same direction. By Corollary 2 of Mostert [1953],
we can always find corresponding geodesic lifting f̃i(t) in G such that ui(t) ∈ m for
all t ∈ [0, 1] and i = 1, 2, where ui is the left Lie reduction of ˙̃fi(t). Thus, without loss
of generality assume that f̃1(0) = f̃2(0) and ˙̃f1(0) = λ ˙̃f2(0) with constant λ > 0.

With the above assumptions, for two reparameterised geodesics 5 f1, f2 by smooth
functions ξ1, ξ2, f̃1(t) and f̃2(t) are given by

f̃1(t) = exp(ξ1(t)X1) · p and f̃2(t) = exp(ξ2(t)X2) · p,

where
ξ1(t)X1 = (λξ2(t) + (1− λ)ξ2(0))X2 (3.13)

with constant λ > 0. Here exp is the exponential mapping from TG to G. We claim
that g̃, given by g̃(t) := f̃2(t) f̃−1

1 (t), is a critical point of the energy E. This holds
because the function w can be taken as the identity, and the Euler-Lagrange equation
(3.10) holds, because u1(t) = ξ̇1(t)X1 and u2(t) = ξ̇2(t)X2 commute. This proves

Theorem 3.4.1. For two reparameterised geodesics f1 and f2 in a global symmetric space
G/H of bi-invariant Lie group G, suppose H fixes a point p and acts transitively on unit-
length vectors on Tp(G/H), then g̃ is a relative geodesic between f1, f2. The discrepancy
is

D( f1, f2) =
1
2

∫ 1

0
‖u1(t)− u2(t)‖2dt, (3.14)

where ui := f̃−1
i

˙̃fi is the left Lie reduction of ˙̃fi for i = 1, 2.

Proof. We only need to prove the formula (3.14). Using w = 1 in (3.8) we find that

D( f1, f2) 6 E(g) =
1
2

∫ 1

0
‖u2(t)− u1(t)‖2 dt.

Combining this with (3.12), and using (3.13), D( f1, f2) is bounded below by

(√
E( f1)−

√
E( f2)

)2

=

√1
2

∫ 1

0
‖u1(t)‖2dt−

√
1
2

∫ 1

0
‖u2(t)‖2dt

2

=
1
2

∫ 1

0
‖u1(t)− u2(t)‖2dt,

which completes the proof.
4This action is induced by that of G on G/H.
5We consider reparameterisations for greater generality.
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In particular, let ξ1(t) = ξ2(t) = t for t ∈ [0, 1]. Then the reparameterised geodesics
are geodesics, and

Corollary 3.4.1. With the hypothesis of Theorem 3.4.1 for two geodesics f1, f2, then the
discrepancy between them is

D( f1, f2) =
1
2
(L( f1)− L( f2))

2, (3.15)

where L( fi) :=
∫ 1

0 ‖ ḟi(t)‖dt is the length of fi, for i = 1, 2.

Example 3.4.1. Let fi be a geodesic in S2, given by

fi(t) =
sin((1− t)θi)

sin θi
fi(0) +

sin(tθi)

sin θi
fi(1), (3.16)

where θi = arccos( fi(0)T · fi(1)) is the length of fi for i = 1, 2. Then, f1 and f2 can
be aligned as geodesics on the yz-plane with the same initial point and same initial velocity
direction, namely

fi(t) = Ai f̄i(t), (3.17)

where Ai is constant matrix, f̄i(t) = (0, cos(tθi), sin(tθi))
T, i = 1, 2. Using the aligned

geodesic f̄i, the canonical lifting f̃i is given by

f̃i(t) =


1 0 0

0 sin(tθi) cos(tθi)

0 − cos(tθi) sin(tθi)


for all t ∈ [0, 1] and i = 1, 2. So the relative geodesic between two geodesics f1 and f2 on S2

is given by

g(t) := A2 f̃2(t) f̃−1
1 (t)A−1

1

and the discrepancy D is

D( f1, f2) =
1
2
(θ1 − θ2)

2,

namely half the square of the difference between the lengths of f1 and f2.

Next we consider more general solutions of (3.10) for the case of SO(2) ⊂ SO(3).
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3.5 Relative geodesics in bi-invariant G = SO(3) with H =

SO(2)

In this section we illustrate the Euler-Lagrange equation (3.10) in the case of H =
SO(2) ⊂ G = SO(3) with a bi-invariant Riemannian metric on SO(3). Even in this
very simple instance, it seems too much to hope for a general solution, but closed
form solutions are found for some f1 and f2.

As in Subsect. 3.2.1 of Sect. 3.2, h = so(2) ⊂ g = so(3) ∼= E3 where so(2) is identified
with {0} ×E1. Writing

w(t) =


cos θ(t) − sin θ(t) 0

sin θ(t) cos θ(t) 0

0 0 1

 (3.18)

where θ : [0, 1]→ R, the matrix Ω(t) ∈ h corresponds to (0, 0, θ̇(t)) ∈ E3. Conditions
(3.10) become{

θ̈(t) = − u1(t)×̄u2(t) cos θ(t) + 〈u1(t), u2(t)〉E sin θ(t) for all t ∈ [0, 1],

θ̇(0) = θ̇(1) = 0
(3.19)

where u1×̄u2 := 〈u1 × u2, (0, 0, 1)〉E, and 〈·, ·〉E is the Euclidean inner product. As
before, the ui are left Lie reductions of derivatives of canonical liftings of fi.

Suppose that f1 and f2 are conjugate namely that u1(t)×̄u2(t) = c and 〈u1(t), u2(t)〉E =
d where c, d are constant. If θ̇(t) 6≡ 0, then (3.19) is the equation of a simple pendu-
lum, and integrates to give

1
2

θ̇(t)2 = b− c sin θ(t)− d cos θ(t)

where b is also constant. Thus, the solution of (3.19) can be found in terms of Jacobi
elliptic functions Greenhill [1892], namely

θ(t) = 2am (a1t + a2, a3) + a4, (3.20)

where ai, i = 1, ..., 4 are constants, and am(x, p) is the inverse of x(θ) =
∫ θ

0
1√

1−p sin2 φ
dφ.

The corresponding energy E is

E(g) =
1
2

∫ 1

0

(
‖Ad(w(t)−1)u2(t)− u1(t)‖2 + θ̇(t)2

)
dt

= E( f1) + E( f2)−
∫ 1

0
(c sin θ(t) + d cos θ(t))dt,

(3.21)
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where θ(t) is given in the form of (3.20). In addition, if θ̇(t) ≡ 0, then

θ(t) =

{
arctan

( c
d

)
, d 6= 0,

kπ ± π
2 (k ∈ Z), d = 0.

(3.22)

Moreover, the associated energy E is

E(g) = E( f1) + E( f2)∓
√

c2 + d2.

In both cases, namely θ̇(t) 6≡ 0 and θ̇(t) ≡ 0, we have solutions of equation (3.19),
and the discrepancy between two conjugate curves f1 and f2 is given by

D( f1, f2) = E( f1) + E( f2)−
√

c2 + d2, (3.23)

because the term c sin θ(t) + d cos θ(t) in (3.21) is no more than
√

c2 + d2.

Further, if f1 and f2 are non-degenerate conjugate curves and one of them is a
geodesic, so is the other. Conjugate curves are discussed in more detail in the Ap-
pendix B.

Another interesting case is where f1 and f2 are conjugate-like, namely, u1(t)×̄u2(t) =
c1 sin(c2t + c3) and 〈u1(t), u2(t)〉E = c1 cos(c2t + c3) with c1, c2, c3 are all constant and
c2 6= 0. Replacing θ(t)− c2t− c3 by θ̃(t) gives{ ¨̃θ(t) = c1 sin θ̃(t),

˙̃θ(0) = ˙̃θ(1) = −c2,
(3.24)

which is the conjugate case. Then the solution θ(t) for (3.19) is

θ(t) = 2am (c4t + c5, c6) + c2t + c3, (3.25)

where the ci are constant. Thus, the relative geodesic between two conjugate-like
curves f1 and f2 is f̃2(t)w(t) f̃−1

1 (t), where w(t) is given by (3.18), and the discrepancy
is

D( f1, f2) = E( f1) + E( f2) + c2
4(2− c6)−

∫ 1

0
2c1 cos θ(t)dt (3.26)

where θ(t) satisfies (3.25).

It seems difficult to find solutions for general f1, f2. However, we can use some
numerical techniques, for instance, finite difference methods, to find approximate
solutions of (3.19).

Summarising,

Proposition 3.5.1. For two curves f1 and f2 on the unit sphere S2, if f̃1 and f̃2 are their
corresponding canonical lifting curves in SO(3), we have

(1) If f1 and f2 are conjugate, then the relative geodesic is given by g(t) = f̃2(t)w(t) f̃−1
1 (t),
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where w(t) is given by (3.18) and θ(t) satisfies (3.22). Further, the discrepancy between f1

and f2 is given by (3.23);
(2) If f1 and f2 are conjugate-like, then the relative geodesic is given by g(t) = f̃2(t)w(t) f̃−1

1 (t),
where w(t) is given by (3.18) and θ(t) satisfies (3.25), and the discrepancy is given by (3.26).

3.6 Non-congruency of constant speed curves in E3

There are several measures of non-congruency for regular curves x1, x2 : [0, 1] →
E3. One approach is to extend the approach Holm et al. [2013], by calculating the
discrepancy relative to SE(3) with its standard action on E3. The difficulty in doing
this is that SE(3) does not admit a bi-invariant Riemannian metric and, consequently,
the discrepancy is typically asymmetric in x1 and x2.

Another measure of non-congruency, for curves with never-vanishing curvature, is

dk(x1, x2) :=

√∫ 1

0
(k2(s)− k1(s))2 + (τ2(s)− τ1(s))2 ds,

where ki : [0, 1] → R is the curvature and τi : [0, 1] → R is the torsion of xi for
i = 1, 2. It will be interesting to explore relationships between dk and a new measure
dS of non-congruency defined as follows.

Let x1, x2 : [0, 1]→ E3 be regular smooth curves. Define, for i = 1, 2 and s ∈ [0, 1],

fi(s) :=
ẋi(s)
‖ẋi(s)‖

.

Then fi : [0, 1] → S2 for i = 1, 2, and we define dS(x1, x2) :=
√

D( f1, f2). Evidently
dk(x1, x2) is symmetric in x1 and x2, and the same holds for dS because SO(3) is
bi-invariant (Theorem 3.1.1). We also have

Proposition 3.6.1. x1 and x2 are congruent with respect to the action of SE(3) on E3 if and
only if either of the following two conditions holds:

• dk(x1, x2) = 0, or

• dS(x1, x2) = 0.

Proof. The first condition implies k1 = k2 and τ1 = τ2 and congruency follows from
a classical result. The second condition implies that f1 is congruent to f2 by an
orthogonal transformation A of S2. It then follows that x1 is congruent to x2 by a
Euclidean transformation.

However dk and dS are not the same, and we shall see some interesting relationships
between them. Suppose from now on that the curvatures ki are never-zero. Then
Frenet-Serret frames {Ti(s), Ni(s), Bi(s)} of the xi are well-defined and (Do Carmo
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[2016]) 
Ṫi(s)

Ṅi(s)

Ḃi(s)

 =


0 ki(s) 0

−ki(s) 0 τi(s)

0 −τi(s) 0

 ·


Ti(s)

Ni(s)

Bi(s)

 . (3.27)

Choosing a canonical lifting hi of fi as

hi(s) = [Ti(s) Bi(s) Ni(s)],

then the Frenet-Serret formulas (3.27) show the Lie reduction of ḣi is

hi(s)−1ḣi(s) = ki(s)J2 + τi(s)J3, (3.28)

where J2 = [0 0 − 1; 0 0 0; 1 0 0], J3 = [0 0 0; 0 0 1; 0 − 1 0] comprise a basis of m.
Further, the curve g : [0, 1]→ SO(3) given by

g(s) = h2(s)h1(s)−1 (3.29)

is admissible for f1, f2. By straightforward calculations, we have

g(s)−1 ġ(s) = h1(s)(h2(s)−1ḣ2(s)− h1(s)−1ḣ1(s))h1(s)−1

= (k2(s)− k1(s))Adh1(s)−1(J2) + (τ2(s)− τ1(s))Adh1(s)−1(J3)
(3.30)

and the associated energy follows

dS(x1, x2)
2 6 E(g) =

1
2

∫ 1

0
‖ġ(s)‖2

g(s)ds =
1
2

∫ 1

0
‖g(s)−1 ġ(s)‖2

gds

=
∫ 1

0

(
(k2(s)− k1(s))2 + (τ2(s)− τ1(s))2)ds = dk(x1, x2)

2.
(3.31)

The energy above provides a new upper bound for the discrepancy in terms of the
difference between the curvature and torsion of x1 and x2, namely

Theorem 3.6.1. dS(x1, x2) 6 dk(x1, x2).

By contrast, applying inequality (3.12) to this example, we get√1
2

∫ 1

0
k1(s)2ds−

√
1
2

∫ 1

0
k2(s)2ds

2

6 D( f1, f2)

6

√1
2

∫ 1

0
k1(s)2ds +

√
1
2

∫ 1

0
k2(s)2ds

2

.

(3.32)

The upper bound (3.31) can be less than (3.32) if the difference between the curvature



§3.6 Non-congruency of constant speed curves in E3 57

and torsion of x1 and x2 are small.

It is interesting to ask when 6 in Theorem 3.6.1 can be replaced by equality. We
cannot quite answer this, but necessary and sufficient conditions for g to be a relative
geodesic can be given, using some of previous results.

Theorem 3.6.2. Given two smooth regular curves x1, x2 : [0, 1] → E3 with the same con-
stant speed. Then g is a relative geodesic from f1 to f2 if and only if (k1, τ1) and (k2, τ2) are
parallel, namely

k1(s)τ2(s) = k2(s)τ1(s) (3.33)

for all s ∈ [0, 1].

Proof. g in (3.29) is a relative geodesic if and only if the Euler-Lagrange equation
(3.10) is satisfied. Here w(s) is the identity for all s. The left hand side of the Euler-
Lagrange equation is therefore

[u1(s), u2(s)] = [h1(s)−1ḣ1(s), h2(s)−1ḣ2(s)]

= (k1(s)τ2(s)− k2(s)τ1(s))J1
(3.34)

for all s ∈ [0, 1], where J1 = [0 1 0;−1 0 0; 0 0 0]. So the Euler-Lagrange equation
holds if and only if the (ki, τi) are parallel.

For planar curves, condition (3.33) holds automatically. Then we have

Corollary 3.6.1. Let x1, x2 : [0, 1] → E2 be smooth regular curves with the same constant
speed, and principal normals νi : [0, 1]→ S1 for i = 1, 2 respectively. Then a relative geodesic
g from f1 to f2 is given uniquely by

g(s) = ẋ2(s)ẋ1(s)T + ν2(s)ν1(s)T

and the discrepancy is

D(x1, x2) =
∫ 1

0
(k2(s)− k1(s))2ds.

Then dS(x1, x2) = dk(x1, x2).

Example 3.6.1. Choosing two unit speed curves in E3 as

x1(t) = (cos t, sin t, 0) , x2(t) =
(

cos t√
1 + a2

,
sin t√
1 + a2

,
at√

1 + a2
)

)
,

for t ∈ [0, 1], where a is constant. The associated velocity curves are given by

f1(t) = (− sin t, cos t, 0) , f2(t) =
(
− sin t√

1 + a2
,

cos t√
1 + a2

,
a√

1 + a2
)

)
,
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where t ∈ [0, 1]. The curvature and torsion are given by

k1(t) = 1, τ1(t) = 0, k2(t) =
1√

1 + a2
, τ2(t) =

a√
1 + a2

.

Thus, when −2
√

1 + 1√
3
< a < 2

√
1 + 1√

3
, the upper bound (3.31) is less than the upper

bound (3.32). More significantly, by Theorem 3.6.2, g is not a relative geodesic and therefore
dS(x1, x2) < dk(x1, x2).

3.7 Numerical examples

In this section, we use Mathematica to explore relative geodesics and corresponding
discrepancy between curves on the 2-dimensional sphere. Related implementation
code can be found at google drive. Throughout this section i = 1 or 2 and t ∈ [0, 1].

Example 3.7.1. The resource curve f1 is chosen as a great circle

f1(t) = (cos(2πt), sin(2πt), 0)

and the target curve f2 is selected as a spherical spiral

f2(t) =
1

f0(t)
(cos(20t− 10), sin(20t− 10),−a(20t− 10))

with f0(t) =
√

1 + a2(20t− 10)2 and a = 0.5.

Generally, any arbitrary lifting f̃i of fi can be chose, however, it’s hard to guarantee f̃i is
canonical. In order to make f̃−1

i
˙̃fi belong to m, we can suppose f̃iki is a canonical lifting with

ki in H, nevertheless, this will require extra effort to solve a differential equation with respect
to ki.

For the purpose of simplicity, choosing

f̃i(t) =


fi,1(t) fi,3(t)√

1− fi,3(t)2
− fi,2(t)√

1− fi,3(t)2
fi,1(t)

fi,2(t) fi,3(t)√
1− fi,3(t)2

fi,1(t)√
1− fi,3(t)2

fi,2(t)

−
√

1− fi,3(t)2 0 fi,3(t)

 , (3.35)

where fi,1(t), fi,2(t), fi,3(t) are components of fi(t). Here, it is easy to check f̃i is not canoni-
cal. By straightforward calculation, we have

ui(t) =

 ( ḟi,1(t) fi,2(t)− fi,1(t) ḟi,2(t)) fi,3(t)
1− fi,3(t)2 ,− ḟi,3(t)√

1− fi,3(t)2
,− ḟi,1(t) fi,2(t)− fi,1(t) ḟi,2(t)√

1− fi,3(t)2

 .

Thus, the general Eq. (3.9) rather than reduced Eq. (3.10) will be used to find relative geodesics and
the associated discrepancy.
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With the selected lifting (3.35), Eq. (3.9) can be reduced to{
θ̈(t) + α̇1(t) = α2(t) sin(θ(t))− α3(t) cos(θ(t)) ∀t ∈ [0, 1],
θ̇(t) + α1(t) = 0 for t = 0, 1,

(3.36)

where α1(t) = u1,1(t)− u2,1(t), α2(t) = u1,2(t)u2,2(t) + u1,3(t)u2,3(t), α3(t) = u1,2(t)u2,3(t)−
u1,3(t)u2,2(t) and ui,j(t) are components of ui(t) for j = 1, 2, 3. The difference between canonical
lifting and non-canonical lifting for Eq. (3.9) is that we have extra terms in the left side of (3.36).
Mathematica’s NDSolve gives numerical solution for (3.36), shown in the right top side of Fig. 3.1,
on a 2.7GHz Intel Core i5 Mac with 8GB RAM. The solution curve θ of Eq. (3.36) is symmetric, as
follows from the symmetry of f1 and f2.

0.2 0.4 0.6 0.8 1.0
t
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-2

θ
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y

Figure 3.1: In the left-top-side, the blue line is the great circle f1 and the red one is
the spherical spiral. The solution curve θ for Eq. (3.36) is shown in the right-top-side,
which is symmetric. In the left-bottom-side, the line on the sphere denotes the last
column of g(t), namely g(t) · (0, 0, 1)T. And the integrand in (3.8) for this considered

example is pictured in the right-bottom-side, which is highly symmetric as well.

Further, the relative geodesic between f1 and f2 can be achieved by g(t) = f̃2(t)w(t) f̃1(t)−1. To
display the curve g(t) in SO(3), we actually project the last column of g(t) as a curve on the sphere
S2 (see the left bottom side of Fig. 3.1).

To find the discrepancy D( f1, f2), we need to calculate (3.8). In this example, the discrepancy is

D( f1, f2) =
1
2

∫ 1

0
(u1,2(t)2 + u1,3(t)2 + u2,2(t)2 + u2,3(t)2+

(θ̇(t) + α1(t))2 − 2α2(t) cos(θ(t)) + 2α3(t) sin(θ(t)))dt.

The integrand above is plotted in the right bottom side of Fig. 3.1, which is symmetric as well. Finally,
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Mathematica’s NIntegrate gives D( f1, f2) = 63.267.

Example 3.7.2. Let f1 be a figure-eight and f2 a spherical helix on the unit sphere S2:

f1(t) =
1

f0(t)
(
8 sin(4πt), 16− sin2(4πt)− sin2(2πt), 8 sin(2πt)

)
with f0(t) = 16 + sin2(4πt) + sin2(2πt) and

f2(t) =

(
1
4
(3 cos(3t)− cos(9t)),

1
4
(3 sin(3t)− sin(9t)),

√
3

2
cos(3t)

)
,

as shown in Fig. 3.2.

Following the same procedure as on Example 3.7.1, we obtain the solution θ of Eq. (3.36) for
this example (see the right-side of Fig. 3.2). The corresponding discrepancy is 20.425.

0.2 0.4 0.6 0.8 1.0
t

0.6

0.7

0.8

0.9

1.0

θ

Figure 3.2: In the left side, the figure-eight-shape curve f1 is denoted by the magenta
curve and the spherical helix f2 is given by the brown one on the sphere. The right

side figure presents the solution curve θ of Eq. (3.36) for this example.

To describe the relative geodesic g(t) in SO(3), we take advantage of the rigid body motion
of an object, say, l = ηs1 + (1− η)s2 with s1 = (0.1, 0, 0), s2 = (0, 0,−0.1) and η ∈ [0, 1].
Thus, the location of the object l at the time t is determined by L(t) = g(t)l, which means
there is a one-to-one correspondence between g(t) and the location of l. The simulation result
is given in Fig. 3.3.

3.8 Conclusion

Let G be a connected finite-dimensional bi-invariant Lie group and H a closed sub-
group. Suppose a resource curve f1 in G/H can be transformed to a target curve
f2 in G/H under the action of a curve g in G. Our aim is to minimise the de-
formation energy, defined as the total squared norm of the velocity of g. Then
d([ f1], [ f2]) :=

√
D( f1, f2) between f1 and f2 is proved to define a metric on the

space C∞([0, 1], M)/G. The general Euler-Lagrange equation is obtained in the form
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Figure 3.3: The red line segment stands for the initial location of object l and the blue
one shows its finial position, this figure presents the movement of object l from t = 0

to t = 1.

of Eq. (3.9). Since we prove Eq. (3.9) is independent of the choices of lifting curves
f̃1, f̃2 of f1, f2, choosing special liftings, Eq. (3.9) can be reduced to Eq. (3.10) under
the assumption that G/H is a global symmetric space. Relative geodesics and dis-
crepancies are calculated for reparameterised geodesics. As a concrete example, the
situation of G = SO(3) and H = SO(2), relative geodesics between curves on the
sphere S2 are considered analytically. An application is made to congruency with
respect to the group SE(3) (which is not bi-invariant) and comparisons are made
with a classical measure of noncongruency. Finally, some numerical examples are
presented to illustrate our results.

In what follows, we will develop methods to study variational curves in different
configurations such as homogeneous spaces, Riemannian manifolds of symmetric
positive-definite matrices, Grassmann manifolds, quadratic matrix Lie groups. These
methods include generalising the left Lie reduction and applying Pontryagin maxi-
mum principle.
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Chapter 4

Left Lie reduction for curves in
homogeneous spaces1

What is it indeed that gives us the feeling of elegance in a solution, in a demonstration? It is
the harmony of the diverse parts, their symmetry, their happy balance; in a word it is all that
introduces order, all that gives unity, that permits us to see clearly and to comprehend at once
both the ensemble and the details.

—- Jules Henri Poincaré (1854-1912)

Abstract: Let H be a closed subgroup of a connected finite-dimensional Lie group
G, where the canonical projection π : G → G/H is a Riemannian submersion with
respect to a bi-invariant Riemannian metric on G. Given a C∞ curve x : [a, b]→ G/H,
let x̃ : [a, b] → G be the horizontal lifting of x with x̃(a) = e, where e denotes
the identity of G. When (G, H) is a Riemannian symmetric pair, we prove that the
left Lie reduction V(t) := x̃(t)−1 ˙̃x(t) of ˙̃x(t) for t ∈ [a, b] can be identified with the
parallel pullback P(t) of the velocity vector ẋ(t) from x(t) to x(a) along x. Then
left Lie reductions are used to investigate Riemannian cubics, Riemannian cubics
in tension and elastica in homogeneous spaces G/H. Simplifications of reduced
equations are found when (G, H) is a Riemannian symmetric pair. These equations
are compared with equations known for curves in Lie groups, focusing on the special
case of Riemannian cubics in the 3-dimensional unit sphere S3.

4.1 Introduction

Variational curves in Riemannian manifolds M, including Riemannian cubics Noakes
et al. [1989]; Gabriel and Kajiya [1985], Riemannian cubics in tension Silva Leite et al.
[1995], and elastica Jurdjevic et al. [1997], have applications in engineering, computer
graphics, and quantum computing. Riemannian cubics in SO(3) are used in trajec-
tory planning for rigid body motion Noakes and Popiel [2007]; Noakes et al. [1989];

1This chapter was published as Zhang and Noakes [2018]. Sect. 4.6 was additional result.
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Crouch and Leite [1995]; Riemannian cubics in tension are applied for interpolat-
ing figures Casciola and Romani [2003]; Gregory and Sarfraz [1990]; elastic curves
serve as interpolating curves in computer vision Mumford [1994]; subRiemannian
geodesics and subRiemannian cubics are used to assist in the design of quantum
circuits Swaddle et al. [2017]. Most research on such curves has been carried out for
the special case where M is a Lie group G, using the notion of Lie reduction for curves
in groups. The present paper extends Lie reduction to the case where M is a Rie-
mannian homogeneous space, with special attention to when M is also a symmetric
space.

Riemannian cubics in symmetric spaces are already studied in Crouch and Leite
[1995] using the so-called parallel pullback. From a computational point of view there
are some advantages in using left Lie reduction. The two approaches are compared,
and related by Theorem 4.1.1 below.

Let M be a finite-dimensional connected Riemannian manifold with a Riemannian
metric 〈·, ·〉. The associated Levi-Civita connection is denoted by∇, and its curvature
tensor field R is defined according to the convention

R(X, Y)Z = (∇X∇Y −∇Y∇X −∇[X,Y])Z

where X, Y, Z are vector fields on M, [·, ·] is the Lie bracket of vector fields.

4.1.1 Riemannian homogeneous spaces

Let g denote the Lie algebra of a connected finite-dimensional Lie group G. Given
a bi-invariant Riemannian metric 〈·, ·〉 on G, let H be a closed Lie subgroup with
Lie algebra h, and let m be the orthogonal complement of h in g. For g ∈ G the
vertical subspace of TGg is the kernel of dπg : TGg → TMπ(g). The horizontal subspace
of TGg is the orthogonal complement of the vertical subspace with respect to the
Riemannian metric on G. Orthogonal projections of tangent spaces of G to their
horizontal and vertical subspaces are denoted by H and V . Using left-invariance of
〈·, ·〉, a Riemannian metric on M is defined by requiring dπg to be a linear isometry
from the horizontal subspace of TGg onto TMπ(g). In particular dπe restricts to a
linear isometry from m onto the tangent space TMπ(e), and G acts by isometries on
the left of G/H = M. Then π : G → M := G/H is a Riemannian submersion in the
sense of O’Neill et al. [1966, 1967], and M is called a Riemannian homogeneous space.

The vector space of smooth vector fields on manifold N is denoted by X (N). Let
X̃, Ỹ ∈ X (G) be the horizontal liftings of X, Y ∈ X (M), ∇̃XY is the horizontal lifting
of ∇XY. The relationship between the Levi-Civita covariant derivative ∇̃ on G and
its counterpart ∇ on M is given by the following lemma (P. 186 in Do Carmo [1992]
or Theorem 1 in O’Neill et al. [1967]).

Lemma 4.1.1. ∇̃X̃Ỹ = ∇̃XY + 1
2V ([X̃, Ỹ]).

Proof. Let Ṽ ∈ X (M) be a vertical field and Z ∈ X (G/H) a horizontal field, by
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observing,

〈X̃, Ṽ〉 = 〈Ỹ, Ṽ〉 = 0, dπ([X̃, Ṽ]) = [dπ(Ỹ), dπ(Ṽ)]) = 0, Ṽ〈X̃, Ỹ〉 = 0,

X̃〈Ỹ, Z̃〉 = X〈Y, Z〉 ◦ π, dπ([X̃, Ỹ]) = [X, Y] ◦ π, 〈[X̃, Ỹ], Z̃〉 = 〈[X, Y], Z〉 ◦ π,

and using the formula for the Riemannian connection as a function of the Riemannian
metric, we conclude that

2〈∇̃X̃Ỹ, Ṽ〉 = X̃〈Ỹ, Ṽ〉+ Ỹ〈Ṽ, X̃〉 − Ṽ〈X̃, Ỹ〉+ 〈[X̃, Ỹ], Ṽ〉+ 〈[Ṽ, X̃], Ỹ〉 − 〈[Ỹ, Ṽ], X̃〉
= 〈[X̃, Ỹ], Ṽ〉,

2〈∇̃X̃Ỹ, Z̃〉 = (X〈Y, Z〉+ Y〈Z, X〉 − Z〈X, Y〉+ 〈[X, Y], Z〉+ 〈[Z, X], Y〉 − 〈[Y, Z], X〉) ◦ π

= 〈∇XY, Z〉 ◦ π,

which proves the lemma.

4.1.2 Riemannian symmetric spaces

The pair (G, H) is called symmetric if there exists an involutive analytic automorphism
σ of G such that (Hσ)0 ⊆ H ⊆ Hσ, where Hσ is the set of fixed points of σ and (Hσ)0 is
the identity component of Hσ. In addition, (G, H) is said to be a Riemannian symmetric
pair if AdG(H) is compact. Then M := G/H is called a Riemannian symmetric space
and we have

[h, h] ⊆ h, [h,m] ⊆ m, [m,m] ⊆ h. (4.1)

In Crouch and Leite [1995], Crouch and Silva Leite use parallel translation to study
Riemannian cubics when M is a Riemannian symmetric space. A Riemannian cubic
x : [a, b] → M starting at x0 := π(e) may be characterised by a parallel pullback
P = Pẋ : [a, b] → TMx0 of ẋ. In general, the parallel pullback of any vector field X
along x is defined to be the the curve PX : [a, b] → TMx0 whose value at t ∈ [a, b] is
the parallel translation PX(t) of X(t) along x from x(t) to x0. Evidently P∇3

t ẋ =
...
P,

and combining with Theorem 10.3 in Nomizu [1954], the Euler-Lagrange equation
for Riemannian cubics

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t) = 0 (4.2)

is equivalent to Eq. (46) in Crouch and Leite [1995]:

...
P(t) + [P(t), [Ṗ(t), P(t)]] = 0. (4.3)

In practice it can be extremely difficult to use this equation to construct x from P.
This is because ẋ(t) and P(t) are related by parallel translation. The operation of
parallel translation is almost always complicated, and dependent on the underlying
curve x for which we are trying to solve. Usually parallel translation is defined by
means of a linear differential equation with variable coefficients that are dependent
on x Chern et al. [1999]. A separate solution is required to compute P(t) for each
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value of t, making determination of ẋ(t) for every t extremely time-consuming. An
alternative characterisation of x is by what we call a left Lie reduction V, generalising
the previously studied notion of left Lie reduction for curves in Lie groups. The
horizontal lifting x̃ : [a, b]→ G of x to G is defined to be the unique C∞ curve satisfying
π ◦ x̃ = x and x̃(a) = e, with ˙̃x(t) everywhere horizontal on G. Then V : [a, b]→ m is
defined by

V(t) := dL(x̃(t))−1
e ˙̃x(t), (4.4)

where L(g) : G → G denotes left multiplication by g ∈ G. Note that x is readily
recoverable from V, as π ◦ x̃, where x̃ is the solution of the linear ODE

˙̃x(t) = dL(x̃(t))eV(t).

Both parallel translation, and the derivative of left multiplication by an element of G,
are isometries. It therefore follows that ‖P(t)‖ = ‖V(t)‖ for all t ∈ [a, b].

By contrast, the Lie reduction for curves in Lie groups G is defined as follows Noakes
et al. [1989]; Noakes [2003, 2004, 2006]; Noakes and Popiel [2005, 2006]; Popiel and
Noakes [2007b]; Popiel [2007b]. Let Lg : G → G be the left translation by g ∈ G. For
any C∞ curve x̃ : [a, b]→ G, the Lie reduction U : [a, b]→ g of the velocity vector field
˙̃x is defined by

U(t) := (dLx̃(t)−1)x̃(t) ˙̃x(t), (4.5)

where (dLg1)g2 : Tg2 G → Tg1g2 G is the derivative of Lg1 at g2 ∈ G.

So our left Lie reduction V for curves x in G/H is actually the standard left Lie
reduction U of the horizontal lift x̃, where now U is considered as a curve in m. If H
is taken to be trivial, then G/H = G, π is the identity map, and V = U.

Theorem 4.1.1. Let G/H be a Riemannian symmetric space. Then dπe ◦V = P.

Proof. Let s 7→ Yt(s) be a parallel vector field along the curve x in M, that is

∇sYt(s) = 0

satisfying Yt(t) = ẋ(t) and Yt(a) = P(t). Then the curvature formula gives

0 = ∇s∇tYt(s) = ∇t∇sYt(s) +∇[∂s,∂t]Yt(s) + R(∂s, ∂t)Yt(s).

By Lemma 4.1.1, the horizontal lifting of ∇tYt(s) is H ∇̃tỸt(s), then

dπ(∇̃s(H ∇̃tỸt(s))) = dπ(∇̃s∇̃tYt(s)) = ∇s∇tYt(s) = 0.

This means

dL(x̃(s))eH

(
dW(s, t)

ds
+

1
2
[V(s), W(s, t)]

)
= x̃(s)

dW(s, t)
ds

= 0,

where W(s, t) = dL(x̃(s))−1
e H (∇̃tỸt(s)), and (4.1) is used to show that the Lie
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bracket is vertical. Thus,

W(s, t) = W(a, t) = W(t, t).

So

Ṗ(t) = ∇tYt(a) = dπe(∇̃tỸt(a)) = dπe(dL(x̃(t))−1
e ∇̃tỸt(t)) = dπe(V̇(t)).

Combining with P(a) = ẋ(a) = dπe( ˙̃x(a)) = dπe(V(a)), the proof is completed by
uniqueness of solutions of smooth ODEs.

Next we discuss some variational curves in Riemannian homogeneous spaces G/H,
with special attention to symmetric spaces. This is organised as follows. In Sect. 4.2,
we consider Riemannian cubics in the space G/H. Following the discussion in Sect.
4.2, we study Riemannian cubics in tension in Sect. 4.3, and elastic curves in Sect.
4.4. Finally, we comment on the differences between equations for such curves in the
Lie group G and in the symmetric space G/H.

4.2 Riemannian cubics in homogeneous spaces

For fixed ya, yb ∈ M, va ∈ Tya M and vb ∈ Tyb M, let Cva,vb
ya,yb be the space of all curves

y : [a, b] → M satisfying y(a) = ya, y(b) = yb, ẏ(a) = va and ẏ(b) = vb. Define a
functional Ψ1 on Cva,vb

ya,yb by

Ψ1(y) :=
1
2

∫ b

a
‖∇tẏ(t)‖2dt, (4.6)

where ‖ · ‖ is the norm induced from the metric 〈·, ·〉.

The critical points of the functional (4.6), namely Riemannian cubics, are widely stud-
ied Noakes et al. [1989]; Gabriel and Kajiya [1985]; Crouch and Leite [1995]; Noakes
[2003]; Camarinha et al. [1995]; Camarinha [1996] and references therein. Initially,
the Euler-Lagrange equations for cubics on Riemannian manifolds were established
by Gabriel and Kajiya [1985] and Noakes et al. [1989] in the following theorem.

Theorem 4.2.1. y ∈ Cva,vb
ya,yb is a critical point of Ψ1 if and only if y satisfies the Euler-Lagrange

equation
∇3

t ẏ(t) + R(∇tẏ(t), ẏ(t))ẏ(t) = 0 (4.7)

for all t ∈ [a, b].

In this section M is first taken to be a homogeneous space G/H, specialising later to
a Riemannian symmetric space.
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4.2.1 M is a homogeneous space

In order to write the Euler-Lagrange equation (4.7) for cubics in G/H in terms of
lifted curves in G, we relate covariant derivatives of vector fields in M = G/H and
the Riemannian curvature of M with their counterparts in G. The approach is based
on O’Neill’s work on Riemannian submersions O’Neill et al. [1966, 1967].

Following O’Neill, a tensor field2 A of type (1,2) on G is defined by

AX̃Ỹ = H ∇̃H X̃(V Ỹ) + V ∇̃H X̃(H Ỹ), (4.8)

where X̃, Ỹ ∈ X (G). If X̃ and Ỹ are horizontal then by Lemma 4.1.1 or Lemma 2 in
O’Neill et al. [1966]:

AX̃Ỹ =
1
2
V [X̃, Ỹ]. (4.9)

When X̃ is basic, namely the horizontal lifting of a vector field X on G/H, we have

H ∇̃Ṽ X̃ = AX̃Ṽ, (4.10)

for any vertical vector field Ṽ (Part of Lemma 3 in O’Neill et al. [1966]).

From now on, we fix the following notations: Given a C∞ curve x : [a, b] → M, let
x̃ : [a, b] → G be its horizontal lifting with x̃(a) = e, ∇̃t ẋ, ∇̃2

t ẋ, ∇̃3
t ẋ denote the

horizontal liftings of ∇t ẋ, ∇2
t ẋ, ∇3

t ẋ, respectively. Then

Theorem 4.2.2. (1) H (∇̃t ˙̃x) = ∇̃t ẋ, V (∇̃t ˙̃x) = 0;
(2) H (∇̃2

t
˙̃x) = ∇̃2

t ẋ, V (∇̃2
t

˙̃x) = A ˙̃x∇̃t ẋ;
(3) H (∇̃3

t
˙̃x) = ∇̃3

t ẋ + A ˙̃x A ˙̃x∇̃t ẋ, V (∇̃3
t

˙̃x) = V ∇̃t(A ˙̃x∇̃t ẋ) + A ˙̃x∇̃2
t ẋ.

Proof. The first-order covariant derivative3 (1) comes from Theorem 1 in O’Neill et al.
[1967] because of the property (4.9) and T = 0 for the Riemannian submersion π. (2)
and (3) follow from the definition of the tensor A.

Now we turn to relations between the Riemannian curvature R̃ of G with R of M.
Let ˜R(X1, X2)X3 be the horizontal lifting of the curvature R(X1, X2)X3, where Xi ∈
X (M) for i = 1, 2, 3.

Theorem 4.2.3. If X̃1, X̃2, X̃3 are basic vector fields on G, then

H (R̃(X̃1, X̃2)X̃3) = ˜R(X1, X2)X3 + AX̃1
AX̃2

X̃3 − AX̃2
AX̃1

X̃3 − 2AX̃3
AX̃1

X̃2. (4.11)

Proof. By the definition of the curvature R, we compute each horizontal part of

R̃(X̃1, X̃2)X̃3 = ∇̃X̃1
∇̃X̃2

X̃3 − ∇̃X̃2
∇̃X̃1

X̃3 − ∇̃[X̃1,X̃2]
X̃3.

2Reversing H and V in A, defines another tensor T that vanishes for our particular Riemannian
submersion π : G → M.

3We can get the conclusion from Lemma 4.1.1 directly.
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Recall the definition of tensor A and its properties, we have

∇̃X̃2
X̃3 = H ∇̃X̃2

X̃3 + AX̃2
X̃3,

then
H (∇̃X̃1

∇̃X̃2
X̃3) = H ∇̃X̃1

(H ∇̃X̃2
X̃3) + AX̃1

AX̃2
X̃3 (4.12)

and the horizontal part of the second term in R̃ can be obtained by reversing X̃1 and
X̃2 in (4.12).

Based on the property (4.9), V [X̃1, X̃2] = 2AX̃1
X̃2, which yields

H (∇V [X̃1,X̃2]
X̃3) = H (2∇̃AX̃1

X̃2
X̃3) = 2AX̃3

AX̃1
X̃2. (4.13)

Combining equations above, we finally get the relation (4.11).

Set X̃1 = ∇̃t ˙̃x and X̃2 = X̃3 = ˙̃x, we have the following corollary.

Corollary 4.2.1. In the setting of Theorem 4.2.2, the relation between the curvature R̃(∇̃t ˙̃x, ˙̃x) ˙̃x
of G and the curvature R(∇t ẋ, ẋ)ẋ of M is given by

H (R̃(∇̃t ˙̃x, ˙̃x) ˙̃x) = ˜R(∇t ẋ, ẋ)ẋ + 3A ˙̃x A ˙̃x∇̃t ˙̃x. (4.14)

Then, Theorem 4.2.1, Theorem 4.2.2 and Corollary 4.2.1 give rise to the following
theorem.

Theorem 4.2.4. If x is a Riemannian cubic in M, then its horizontal lifting x̃ satisfies the
following equation

H (∇̃3
t ˙̃x + R̃(∇̃t ˙̃x, ˙̃x) ˙̃x)− 4A ˙̃x A ˙̃x∇̃t ˙̃x = 0. (4.15)

4.2.2 (G, H) is a Riemannian symmetric pair

Theorem 4.2.5. In the situation of Theorem 4.2.4, Eq. (4.15) is equivalent to

H
(
−3∇̃3

t ˙̃x(t) + R̃(∇̃t ˙̃x(t), ˙̃x(t)) ˙̃x(t) + 4∇̃t(H ∇̃2
t ˙̃x(t))

)
= 0, (4.16)

where ∇̃ is the Levi-Civita connection and R̃ is the Riemannian curvature on G.
(1) If H is trivial, using Lie reduction (4.5), we have

...
U(t) +

[
U(t), Ü(t)

]
= 0. (4.17)

(2) If H is nontrivial and M is a Riemannian symmetric space, using reduction (4.4), we
obtain ...

V(t) +
[
V(t),

[
V̇(t), V(t)

]]
= 0. (4.18)
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Proof. Equation (4.16) comes from the definition of the tensor A directly. Since Eq.
(4.17) appears in Noakes [2003, 2004, 2006] for Riemannian cubics in Lie groups, we
only have to prove the second case. Using Lemma 4.2 in Crouch and Leite [1995] or
Lemma 2.1 in Popiel and Noakes [2007b], we get

(dLx̃(t)−1)x̃(t)∇̃2
t ˙̃x(t) = V̈(t) +

1
2
[
V(t), V̇(t)

]
,

(dLx̃(t)−1)x̃(t)∇̃3
t ˙̃x(t) =

...
V(t) +

[
V(t), V̈(t)

]
+

1
4
[
V(t),

[
V(t), V̇(t)

]]
,

(dLx̃(t)−1)x̃(t)R̃(∇̃t ˙̃x(t), ˙̃x(t)) ˙̃x(t) = −1
4
[
V(t),

[
V(t), V̇(t)

]]
.

Then, the condition (4.1) implies

H
(
(dLx̃(t)−1)x̃(t)∇̃2

t ˙̃x(t)
)
= V̈(t),

H
(
(dLx̃(t)−1)x̃(t)∇̃3

t ˙̃x(t)
)
=

...
V(t) +

1
4
[
V(t),

[
V(t), V̇(t)

]]
,

H
(
(dLx̃(t)−1)x̃(t)R̃(∇̃t ˙̃x(t), ˙̃x(t)) ˙̃x(t)

)
= −1

4
[
V(t),

[
V(t), V̇(t)

]]
,

which results in Eq. (4.18).

The method used in the horizontal subspace of Lie group G can be viewed as a
natural generalization of Lie reduction for curves in the whole group G. On the
other hand, it is worth pointing out that our Eq. (4.18) is exactly the same as Eq.
(46) in Crouch and Leite [1995] (also see Eq. (4.3) in the introduction). The former is
obtained by Lie reduction in horizontal subspace and the latter is achieved by parallel
translation. As we proved in Theorem 4.1.1, our Lie reduction V can be identified
with the parallel pullback defined in Crouch and Leite [1995], however, our method
has greater generality in the sense that G/H can be a Riemannian homogeneous
space and our definition leads easily to recovering the Riemannian cubic x from V.

4.3 Riemannian cubics in tension in G/H

Let Cva,vb
ya,yb be the space defined at the beginning of Sect. 4.2. We define a functional

Ψ2 over Cva,vb
ya,yb for τ > 0 by

Ψ2(y) :=
1
2

∫ b

a
‖∇tẏ(t)‖2 + τ‖ẏ(t)‖2dt. (4.19)

The critical points of the functional (4.19) are called Riemannian cubics in tension.
In Silva Leite et al. [1995], Riemannian cubics in tension are called elastic curves.
We won’t adopt this terminology, in order to avoid possible confusion with elastica
studied in Camarinha [1996]; Leite et al. [2000]; Brunnett and Crouch [1994]; Brunnett
and Wendt [1998] and in the following section. Originally, Silva Leite et al. [1995]
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proved the following theorem.

Theorem 4.3.1. y ∈ Cva,vb
ya,yb is a critical point of Ψ2 if and only if

∇3
t ẏ(t) + R(∇tẏ(t), ẏ(t))ẏ(t)− τ∇tẏ(t) = 0 (4.20)

for all t ∈ [a, b].

Now we focus on Riemannian cubics in tension in the Riemannian homogeneous
space G/H. If x is a Riemannian cubic in tension, then V (∇̃t ˙̃x) = 0 by Theorem
4.2.2, where x̃ is the horizontal lifting of x, ∇̃ and ∇ are Levi-Civita connections on
G and G/H, respectively.

Therefore, we have

Theorem 4.3.2. If x is a Riemannian cubic in tension in the homogeneous space G/H, then
its horizontal lifting x̃ satisfies

H (∇̃3
t ˙̃x + R̃(∇̃t ˙̃x, ˙̃x) ˙̃x)− 4A ˙̃x A ˙̃x∇̃t ˙̃x− τ∇̃t ˙̃x = 0. (4.21)

(1) If H is trivial, (4.21) can be simplified as

...
U(t) + [U(t), Ü(t)]− τU̇(t) = 0, (4.22)

where U is defined in (4.5).
(2) If H is nontrivial and M is a Riemannian symmetric space, (4.21) can be simplified

as

...
V(t) + [V(t), [V̇(t), V(t)]]− τV̇(t) = 0, (4.23)

where V is defined in (4.4).

The equation (4.22) was discussed in Noakes and Popiel [2005, 2006] and references
therein. Further, focusing on Eq. (4.23), we have

Proposition 4.3.1. Since G is a bi-invariant Lie group, then

(1)
d2

dt2 ‖V(t)‖2 − 3‖V̇(t)‖2 = τ‖V(t)‖2 + C1;

(2) ‖V̈(t)‖2 + ‖[V(t), V̇(t)]‖2 = τ‖V̇(t)‖2 + C2;

(3)
d2

dt2 ‖V̇(t)‖2 + 2‖[V(t), V̇(t)]‖2 = 2τ‖V̇(t)‖2 + 2‖V̈(t)‖2,

for some constant C1, C2 ∈ R.

Proof. The left hand side of (1) evaluates to 2〈V(t),
...
V(t)〉. Substitute for

...
V(t) by Eq.

(4.23) and apply the bi-invariant condition. For (2), differentiate the left side, giving

2〈V̈(t),
...
V(t)〉+ 2〈[V(t), V̈(t)], [V(t), V̇(t)]〉,
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which is 2τ〈V̈(t), V̇(t)〉 by bi-invariance. For (3), differentiate ‖V̇(t)‖2 twice and use
bi-invariance.

Example 4.3.1. Consider Riemannian cubics or Riemannian cubics in tension on the unit 2-
dimensional sphere S2 with G = SO(3) and H = SO(2). The Lie algebra so(3) of SO(3) is
Lie isomorphic to the Euclidean 3-space E3 with the Lie bracket given by the cross product ×.
Then, under such isomorphism, the horizontal subspace of so(3) is isomorphic to E2 × {0},
and

[V(t), [V̇(t), V(t)]] = V(t)× (V̇(t)×V(t)) = V̇(t)〈V(t), V(t)〉 −V(t)〈V̇(t), V(t)〉.

To display Riemannian cubics on S2, initial conditions rather than boundary conditions are
given for simplicity. Taking x(0) = (0, 0, 1), ẋ(0) = (−1, 4, 0), ẍ(0) = (0.5,−0.3,−17),
...
x (0) = (19,−69, 5.1), then, by Theorem 4.2.2, we have V(0) = ẋ(0), V̇(0) = (0.5,−0.3, 0),
V̈(0) = (2,−1, 0). Mathematica’s NDsolve presents the solution curve x of (4.18) or (4.23)
on a 2.7GHz Intel Core i5 Mac with 8GB RAM (See Fig. 4.1).

Figure 4.1: The red curve is a Riemannian cubic on S2, the blue one is a Riemannian
cubic in tension with τ = 1 and the green one is a Riemannian cubic in tension with

τ = 2.

In Fig. 4.1, asymptotics of Riemannian cubics and Riemannian cubics in tension on S2 appear
to be great circles. Taking Riemannian cubic as an example, suppose V(t) = r(t)eiθ(t). By (2)
in Proposition 4.3.1, we know r(t)2θ̇(t), r(t)θ̈(t) + 2ṙ(t)θ̇(t), r̈(t)− r(t)θ̇(t)2 are bounded.
When r(t)→ ∞4, then θ̇(t)→ 0, r̈(t)→ 0, which means asymptotics of Riemannian cubics

4If we choose suitable initial conditions, it’s possible to make C1 in Proposition 4.3.1 non-negative,
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are great circles on the sphere.

4.4 Elastica in homogeneous space G/H

In the space Cva,vb
ya,yb defined in previous sections, if va, vb are both unit vectors, the

critical points of the functional (4.6) over curves y ∈ Cva,vb
ya,yb subject to

‖ẏ(t)‖2 = 1 (4.24)

is said to be an elastica or elastic curve.

Theorem 4.4.1. If a C∞ curve y : [a, b]→ M is an elastic curve, then

∇3
t ẏ(t) + R(∇tẏ(t), ẏ(t))ẏ(t) +∇t

((
3
2
‖∇tẏ(t)‖2 + c

)
ẏ(t)

)
= 0 (4.25)

for some constant c ∈ R and all t ∈ [a, b].

Theorem 4.4.1 is proved in Popiel and Noakes [2007b]; Silva Leite et al. [1995]; Leite
et al. [2000]; Brunnett and Crouch [1994]; Brunnett and Wendt [1998]. Because of
(4.24), ‖∇tẏ(t)‖ in (4.25) is the geodesic curvature of y.

For the homogeneous space G/H, (1) in Theorem 4.2.2 gives

‖∇̃t ˙̃x(t)‖ = ‖∇t ẋ(t)‖ = ‖V̇(t)‖,

where the second equality holds because the metric on G is left invariant.

Combining with results from the previous section, we have the following theorem

Theorem 4.4.2. If a C∞ curve x : [a, b] → G/H is an elastic curve, then its horizontal
lifting x̃ satisfies

H (∇̃3
t ˙̃x + R̃(∇̃t ˙̃x, ˙̃x) ˙̃x)− 4A ˙̃x A ˙̃x∇̃t ˙̃x +

d
dt

((
3
2
‖∇t ẋ‖2 + c

)
˙̃x
)
= 0 (4.26)

for some constant c ∈ R.
(1) If H is trivial, (4.26) can be reduced to

Ü(t) + [U(t), U̇(t)] +
(

3
2
‖U̇(t)‖2 + c

)
U(t) = c̃, (4.27)

where c̃ ∈ g is constant.
(2) If H is nontrivial and (G, H) is a Riemannian symmetric pair, (4.26) reduces to

...
V(t) + [V(t), [V̇(t), V(t)]] +

d
dt

((
3
2
‖V̇(t)‖2 + c

)
V(t)

)
= 0. (4.28)

which definitely makes r(t) approach infinity as t runs to infinity.
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Equation (4.27) for elastica in Lie groups was investigated by Popiel and Noakes
[2007b].

Example 4.4.1. In quantum computation, the control of quantum states leads to an in-
terpolation problem in complex projective space CPn Kibble [1979]. In this example, we
consider elastica in the simplest complex projective space CP1 ∼= S2 with G = U(2) and
H = U(1)×U(1).

Here, U(2) is connected and compact with the bi-invariant metric

〈X, Y〉I := tr(X∗Y)

for tangent vectors X, Y on U(2) at the identity I, where X∗ is the conjugate transpose of X.
Choose a basis of the Lie algebra u(2) of U(2) as

X1 =

 0 i

i 0

 , X2 =

 0 −1

1 0

 , X3 =

 i 0

0 i

 ,

where X1, X2 form a basis of m and X3 generates the Lie algebra h of H.

Suppose x is an elastic curve in CP1, the left Lie reduction of the horizontal lifting x̃ of x is
denoted by V. Then, under the constraint ‖V(t)‖2 = 1, a straightforward calculation gives
rise to

[V(t), [V̇(t), V(t)]] = 2V̇(t).

Further, integration turns Eq. (4.28) into{
V̈(t) + (‖V̇(t)‖+ 〈V(t), C̃〉)V(t) = C̃,

‖V(t)‖ = 1,
(4.29)

where C̃ ∈ m is constant. Since V is a curve on the unit circle S1, we suppose V(t) = eiθ(t),
then (4.29) turns out to be the equation for a simple pendulum

θ̈(t) + θ0 sin(θ(t)) = 0, (4.30)

where θ0 is constant. Consequently, the elastic curve on CP1 is given by

x(t) = π(x̃(t)) = e
∫ t

0 V(s)ds ·

 U(1) 0

0 U(1)

 , (4.31)

where t ∈ [a, b], U(1) is the unitary group. Elastica on S2 was studied also by Jurdjevic
Jurdjevic et al. [1997] using different methods.
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4.5 Comparison between curves in Lie groups and Rieman-
nian symmetric spaces

Based on Theorem 4.2.5, 4.3.2, 4.4.2, the main difference between Riemannian cubic-
s/Riemannian cubics in tension/elastic curves in Lie groups and Riemannian sym-
metric spaces is that one has the Lie bracket [U(t), Ü(t)] while the other has the
double Lie bracket [V(t), [V̇(t), V(t)]]. So what happens for curves in a Riemannian
manifold, which is a Lie group as well as a symmetric space? Riemannian cubics in
the unit 3-dimensional sphere S3 will be taken as an example.

It is well known that S3 is isomorphic to the group Q of all unit quaternions, and
to the special unitary group SU(2), and S3 is a Riemannian symmetric space S3 =
SO(4)/SO(3) = U(2)/U(1) as well. Even though S3 acts on itself isometrically, it’s
impossible to regard S3 as the symmetric space S3/id. This is because (G, H) is not a
symmetric pair. Thus, the reduction (4.5) and (4.4) are actually conducted in different
spaces g and m when the Riemannian symmetric space M = G/H is also a Lie group.

For the 3-dimensional unit sphere S3, we choose the identity connected component
SO(4) of the group of all isometries, which is double covered by SU(2)× SU(2). The
relationships between them are displayed in the following diagram,

SU(2)
φ1 //

� _

��

SO(3)� _

��
SU(2)× SU(2)

φ2 //

��

SO(4)

��
SU(2)

φ // S3

where φ1 : SU(2) → SO(3), φ2 : SU(2) × SU(2) → SO(4) are both double covers
(details can be found in Jurdjevic et al. [1997]) and φ : SU(2)→ S3 is given by

φ

 z w

−w̄ z̄

 := z + wj, (4.32)

where z, w ∈ C, |z|2 + |w|2 = 1. Thus, the Lie algebra su(2) of SU(2) is isomorphic
to the Lie algebra so(3) of SO(3) and the Lie algebra so(4) of SO(4) is isomorphic
to the Lie algebra su(2) ⊕ su(2) of SU(2) × SU(2). Since so(3) is isomorphic to
the Euclidean 3-space E3 equipped with the Lie bracket ×, so(4) and E3 ⊕ E3 are
isomorphic.

Numerical examples show that equation (4.17) and (4.18) give exactly the same Rie-
mannian cubic on the sphere S3 if same boundary conditions are given.
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4.6 Afterthoughts

Let x̃ : [a, b] → G be the horizontal lifting of a Riemannian cubic x : [a, b] → G/H, if
we define

W(t) := −2Adx̃(t)(V(t)), (4.33)

then straightforward calculations give

Ẇ(t) = −2Adx̃(t)(V̇(t)),

Ẅ(t) = −2Adx̃(t)(V̈(t) + [V(t), V̇(t)]),
...
W(t) = −2Adx̃(t)(

...
V(t) + 2[V(t), V̈(t)] + [V(t), [V(t), V̇(t)]]).

Equation (4.18) implies

...
W(t) + [W(t), Ẅ(t)] = −2Adx̃(t)(

...
V(t) + [V(t), [V̇(t), V(t)]]) = 0. (4.34)

Similarly, if x is a Riemannian cubic in tension in G/H, Eq. (4.23) can be transformed
as

...
W(t) + [W(t), Ẅ(t)]− τẆ(t) = 0. (4.35)

If x is an elastic curve in G/H, then ‖Ẇ(t)‖ = 2‖V̇(t)‖ because of the bi-invariance
of G, Eq. (4.28) can be transformed as

...
W(t) + [W(t), Ẅ(t)] +

d
dt

(
3
8
‖Ẇ(t)‖2 + c

)
W(t) = 0. (4.36)

In what follows, we try to explain why introduce the transformation (4.33) and an-
swer the question raised in Sect. 4.5.

Let G be a connected bi-invariant Lie group, we define an automorphism σ on G×G
as

σ(g1, g2) := (g2, g1), ∀(g1, g2) ∈ G× G. (4.37)

Then the isotropy group of G× G under σ is H = {(g, g)|g ∈ G}, which is isomor-
phic to G. Thus, H is bi-invariant and (G× G, H, σ) is a Riemannian symmetric pair.
By Theorem 3.2 in Chen and Li [2004], P. 132, there exists a (G × G)-invariant Rie-
mannian metric 〈·, ·〉 on G × G/H such that G × G/H is a Riemannian symmetric
space.

Define a map ϕ : G× G/H → G by

ϕ((g1, g2)H) := g1g−1
2 , ∀(g1, g2) ∈ G× G. (4.38)

It is easy to verify that ϕ is well-defined, namely independent the choices of g1
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and g2, and ϕ is one-to-one. Therefore, the connected bi-invariant Lie group G is a
Riemannian symmetric space with respect to the Riemannian metric dϕ−1〈·, ·〉.5

Let g be the Lie algebra of G, then the Lie algebra of G×G is g× g with the following
Lie bracket

[(X1, Y1), (X2, Y2)] = ([X1, X2], [Y1, Y2]), (4.39)

where (X1, Y1), (X2, Y2) ∈ g× g. The automorphism (4.37) induces an automorphism
on g× g as follows

σ(X, Y) = (Y, X), ∀(X, Y) ∈ g× g. (4.40)

The Lie algebra h of H is

h = {(X, X)|X ∈ g}. (4.41)

Let

m = {(X, Y) ∈ g× g|σ(X, Y) = −(X, Y)} = {(X,−X)|X ∈ g}, (4.42)

then, we have canonical decomposition

g× g = h⊕m. (4.43)

In the language of fiber bundle theory, h is the vertical subspace of g× g and m is the
horizontal subspace, which is isomorphic to TeG = g. Let π : G × G → G × G/H be
the canonical projection, then we have

d(ϕ ◦ π)(e,e)|m(X,−X) =
d
dt
|t=0ϕ ◦ π(exp(tX), exp(−tX))

=
d
dt
|t=0ϕ((exp(tX), exp(−tX))H)

=
d
dt
|t=0 exp(tX)(exp(−tX))−1 = 2X.

Thus, the correspondence between m and g is given by (X,−X) 7→ 2X.

Now let x be a Riemannian cubic in the symmetric space G× G/H. Considering the
horizontal lifting x̃ of x, then there exist x1 and x2 in G such that

x̃(t)g = x1(t)gx−1
2 (t) (4.44)

for any g ∈ G. The left Lie reduction V of x̃ is given by

V(t)g = x̃−1(t) ˙̃x(t)g = W1(t)g− gW2(t), (4.45)

5A stronger assertion that every connected compact Lie group is a Riemannian symmetric space can
be found in Chen and Li [2004], P. 137.
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where W1(t) = x−1
1 (t)ẋ1(t) and W2(t) = x−1

2 (t)ẋ2(t) are left Lie reductions of ẋ1(t)
and ẋ2(t), respectively. Since x̃ is horizontal, (4.42) implies W1(t) = −W2(t). Equa-
tion (4.18) gives

...
W i(t) + [Wi(t), [Ẇi(t), Wi(t)]] = 0, i = 1, 2. (4.46)

The map (4.38) indicates x(t) = x1(t)x−1
2 (t) and the left Lie reduction of ẋ(t) is given

by

U(t) = x−1(t)ẋ(t) = Adx2(t)(W1(t)−W2(t)) = −2Adx2(t)(W2(t)). (4.47)

Then, (4.46) means U satisfies

...
U(t) + [U(t), Ü(t)] = −2Adx2(t)(

...
W2(t) + [W2(t), [Ẇ2(t), W2(t)]]) = 0. (4.48)

Therefore, for a Lie group G as a Riemannian symmetric space as well, even though
differential equations for Riemannian cubics in G may present different forms (refer
to (4.18) and (4.17)), they can be unified by the transformation (4.33).

4.7 Conclusion

Variational curves including Riemannian cubics, Riemannian cubics in tension and
elastica are widely used in engineering and computer science. In this chapter, we
consider these curves in Riemannian homogeneous space of type G/H, where G is
a connected finite-dimensional Lie group, H is a closed subgroup and G → G/H is
a Riemannian submersion. Instead of investigating equations for curves in G/H, we
discuss equations for their horizontal lifting curves in G. It is proved that parallel
pullback of ẋ along x is equivalent to the left Lie reduction x̃−1 ˙̃x of ˙̃x, where x̃ is the
horizontal lifting of x. Even though we obtain the same equation as Crouch and Leite
[1995] for cubics in Riemannian symmetric spaces, our method is more amenable to
recovery of Riemannian cubics, and is a natural generalization of a method that is
standard for Lie groups.

The applications are not limited to curves discussed in this manuscript, for instance,
high-order cubics Popiel [2007a,b], Jupp-Kent cubics Pauley [2011] can be discussed
by the method proposed in this chapter. Discussions of asymptotics, Jacobi fields,
and Lie quadratics of curves in homogeneous space, are left for future work.

In next chapter, we will generalise the technique of left Lie reduction to study Rie-
mannian cubics and elastica in the manifold SPD(n) of symmetric positive-definite
matrices. Even though SPD(n) is a homogeneous space of the type GL(n)/SO(n),
GL(n) is not a bi-invariant Lie group as we discussed in this chapter.



Chapter 5

Riemannian cubics and elastica in
the manifold SPD(n) of all n× n
symmetric positive-definite
matrices1

Inspiration is needed in geometry, just as much as in poetry.

—- Alexander Sergeyevich Pushkin (1799-1837)

Abstract: Left Lie reduction is a technique used in the study of curves in bi-invariant
Lie groups Noakes [2003]; Noakes and Popiel [2006]; Popiel and Noakes [2007b].
Although the manifold SPD(n) of all n× n symmetric positive-definite matrices is not
a Lie group with respect to the standard matrix multiplication, it is a symmetric space
with a left action of GL(n) and an isotropy group SO(n) leaving the identity matrix
fixed. The main purpose of this chapter is to extend the method of left Lie reduction
to SPD(n) and use it to study two second order variational curves: Riemannian cubics
and elastica. Riemannian cubics in SPD(n) are reduced to so-called Lie quadratics in
the Lie algebra gl(n) and geometric analyses are presented. Besides, by using the
Frenet-Serret frames and the extended left Lie reduction separately, we investigate
elastica in the manifold SPD(n). The latter presents a comparatively simple form of
the equations for elastica in SPD(n).

5.1 Introduction

Given a C∞ finite-dimensional connected Riemannian manifold M with Riemannian
metric 〈·, ·〉, we denote the Levi-Civita connection and Riemannian curvature by ∇
and R respectively. Given xa, xb ∈ M and va ∈ Txa M, vb ∈ Txb M, let Cxa,xb

va,vb be the

1This chapter was published as Zhang and Noakes [2019c]. Minor changes have been made to make
notations consistent with the rest of the thesis.

79
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space of C∞ curves x : [a, b] → M satisfying x(a) = xa, x(b) = xb, ẋ(a) = va,
ẋ(b) = vb. Define a functional Ψ : Cxa,xb

va,vb → [0, ∞) by

Ψ(x) =
1
2

∫ b

a
〈∇t ẋ(t),∇t ẋ(t)〉dt. (5.1)

The critical points of the functional Ψ are called Riemannian cubics. In addition, if va

and vb are both unit vectors, elastica are defined as critical points of Ψ over the space
Cxa,xb

va,vb subject to the constraint

〈ẋ(t), ẋ(t)〉 = 1 (5.2)

for all t ∈ [a, b]. The condition (5.2) implies that ∇t ẋ is the signed geodesic curvature
of x.

Originally, authors include Noakes et al. [1989]; Gabriel and Kajiya [1985] derived
the differential equation for Riemannian cubics as

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t) = 0 (5.3)

for all t ∈ [a, b]. Subsequently, Crouch and Leite [1995] considered the interpolation
problem on Riemannian manifolds, Lie groups and symmetric spaces using Rieman-
nian cubic splines.

Mathematically, Riemannian cubics in Eq. (5.3) are reduced to the Lie quadratics2

in bi-invariant Lie groups using the left Lie reduction Noakes [2006]; Noakes and
Popiel [2006]. Null Lie quadratics and non-null Lie quadratics in E3 are studied in
Noakes [2003, 2004, 2008]. In Balseiro et al. [2017], Riemannian cubics are studied
from the point of view of the Pontryagin maximum principle in optimal control
theory. Cubics are widely used in applications3 for image analysis and medical
analysis Hinkle et al. [2014]; Singh et al. [2015], template matching Gay-Balmaz et al.
[2012a,b], quantum mechanics Brody et al. [2012]; Abrunheiro et al. [2018], obstacle
avoidance and collision avoidance problems Bloch et al. [2017]; Assif et al. [2018];
Bloch et al. [2019], motion planning Noakes and Popiel [2007]; Zefran and Kumar
[1996], computer vision Batista et al. [2017], optimal transport Benamou et al. [2018],
time minimum problems Stuchi et al. [2018].

A C∞ curve x is said to be an elastic curve or elastica if it satisfies (5.2) and the differ-
ential equation Jurdjevic [1995]; Langer et al. [1984]

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t) +∇t(φ(t)ẋ(t)) = 0, 4 (5.4)

where φ : [a, b] → R can be written explicitly in terms of x. Elastic curves in 2 and

2A curve V is called a Lie quadratic in the Lie algebra g of a bi-invariant Lie group G if it satisfies
V̈ = [V̇, V] + C for some constant C ∈ g. V is said to be null when C = 0.

3We thank an anonymous reviewer for pointing out many state-of-the-art references about Rieman-
nian cubics.

4φ(t) = 3
2‖∇t ẋ(t)‖2 − λ, where λ is a constant. Also refer to (5.45) for more details.
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3-dimensional simply connected spaces of constant curvature were investigated by
Langer et al. [1984]; Langer and Singer [1984] and Jurdjevic Jurdjevic [1995]. Bryant
and Griffiths [1986]; Griffiths [2013] studied elastic curves using the theory of exterior
differential systems. More recently, elastica have been considered in bi-invariant
Lie groups, focusing on the group SO(3), by Noakes and Popiel [2006] with the
approach of the left Lie reduction. Levien [2008] provided a detailed historical review
of elastica.

When the configuration space is a bi-invariant Lie group, the left Lie reduction is
a crucial technique for studying Riemannian cubics and elastica in it. Although the
manifold SPD(n) of all n× n symmetric positive-definite matrices is not a bi-invariant
Lie group with respect to the standard matrix multiplication, it is a symmetric space
with a left action of GL(n) and an isotropy group SO(n) leaving the identity matrix
fixed. The main contribution of this chapter is to extend the method of left Lie
reduction to SPD(n) and take advantage of it to analyse Riemannian cubics and
elastica in SPD(n).

From now on, we take M to be the manifold SPD(n). The tangent space of SPD(n)
at any X is the vector space Sym(n) of all n× n symmetric matrices. Because SPD(n)
is an open subset of Sym(n), the tangent bundle T SPD(n) is trivial. Let ? be the left
action of the general linear group GL(n) on SPD(n), defined by

A ? X := AXAT (5.5)

for A ∈ GL(n) and X ∈ SPD(n). A Riemannian metric on SPD(n) is defined by5

〈X1, X2〉Σ := 〈Σ−1/2 ? X1, Σ−1/2 ? X2〉I , (5.6)

where X1, X2 ∈ Sym(n), Σ ∈ SPD(n) and 〈·, ·〉I is the standard Euclidean metric for
matrices, namely

〈Y1, Y2〉I := tr(YT
1 Y2)

for Y1, Y2 ∈Mn×n. The metric (5.6) is ?-invariant in the sense that

〈A ? X1, A ? X2〉A?Σ = 〈X1, X2〉Σ. (5.7)

This Riemannian metric was initially introduced by Skovgaard [1984] to study geo-
metrical properties of multivariate normal distributions.

It has been proved in Sect. 3.1 in Pennec [2006] that up to scale there is a one-
parameter family of ?-invariant Riemannian metrics on SPD(n) that share the same
connection. Then surely they have the same Riemannian cubics and elastica.

The main results of the present chapter are:

• an extended definition of left Lie reduction is given, for which the differential

5Since Σ is symmetric positive-definite, Σ can be rewritten as PΛPT, where Λ is the diagonal ma-
trix composed by positive eigenvalues of Σ and P is the orthogonal matrix composed by associated
eigenvectors of Σ. Then, Σ−1/2 is simplify in the form of PΛ−1/2PT.
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equations for Riemannian cubics and elastica in SPD(n) have the similar form
to the left Lie reduction of the equations for Riemannian cubics and elastica in
a bi-invariant Lie group (Theorem 5.3.2, Theorem 5.7.1).

• Riemannian cubics in the submanifold Λ(n) of all real positive-definite n× n
diagonal matrices are completely determined6 (Proposition 5.3.2). For a Rie-
mannian cubic x in SPD(n), we find the determinant of x and a lower bound
for the trace of x (Corollary 5.3.2). Null Riemannian cubics in SPD(n) are given
in closed form (Theorem 5.4.1).

• a Riemannian cubic x in SPD(n) is decomposed as a curve r in SO(n) and a
curve λ in Λ(n), relationships between them are found (Theorem 5.5.1), and
non-null cubics in SPD(2) are considered by decomposition(Theorem 5.5.2).

• we use the Frenet-Serret frame to investigate elastic curves in locally symmetric
Riemannian manifolds, namely, the Riemannian curvature R is parallel with
respect to ∇, which includes the manifold SPD(n). By comparison, the method
of extended left Lie reduction presents a comparatively simple form of the
equations for elastica in SPD(n) (Section 5.6, Theorem 5.7.2).

It is possible to consider SPD(n) as a Riemannian symmetric space. There has been
previous work Zhang and Noakes [2018] on curves in Riemannian symmetric spaces
of the type G/H, where G is a bi-invariant Lie group and H is its subgroup. However,
in our present context, there is no bi-invariant metric on GL(n). Thus, we study
Riemannian cubics and elastica in SPD(n) directly instead of with the method of
horizontal lifting used in Zhang and Noakes [2018].

The rest of the chapter is organized as follows. In Sect. 5.2 we review the differential
geometry of the manifold SPD(n), and in Sect. 5.3 we reformulate the differential
equation (5.3) when M = SPD(n). An extended left Lie reduction of the differential
equation defines an extended Lie quadratic in the Lie algebra gl(n). Then we find
Riemannian cubics in the submanifold Λ(n), and obtain the determinant of x, a
lower bound on the trace of x for a Riemannian cubic x in SPD(n). In Sect. 5.4,
we present the closed forms of all null Riemannian cubics in SPD(n). In Sect. 5.5,
we decompose a curve x in SPD(n) as a curve r in SO(n) and a curve λ in Λ(n),
relationships between them are obtained, and non-null Riemannian cubics in SPD(2)
are studied by such decomposition. In Sect. 5.6, the Frenet-Serret frame is used to
derive the differential equation for elastica in locally symmetric Riemannian spaces.
We show that the method of extended left Lie reduction gives a comparatively simple
form of equations for elastica in SPD(n) in Sect. 5.7.

Finally we wish to point out the connection that exists between our work and studies
by Darryl Holm and co-authors on Lie group reduction for variational problems,
Gay-Balmaz et al. [2012a,b]; Burnett et al. [2013]; Holm et al. [2013]; Gay-Balmaz
et al. [2013, 2011], including second order problems such as those on the present

6Note however that Λ(n) is flat.
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chapter. It is a great pleasure to contribute in this way to a celebration of Darryl’s
important and far-reaching work.

5.2 The differential geometry of SPD(n)

Symmetric positive-definite matrices, such as covariance matrices of data, are widely
applied in engineering, computer science and statistics. For instance, the manifold
SPD(n) is used to describe multi-scale representations for data Rahman et al. [2005],
to encode image information including pedestrian detection, for object categoriza-
tion, for texture analysis Jayasumana et al. [2013], to model the function of the hy-
percolumns of the cortical visual area by structure tensors Chossat and Faugeras
[2009], and to recognise different patterns Fiori [2009]. In this section, we review the
geometry of the manifold SPD(n) with respect to the Riemannian metric (5.6). More
details about SPD(n) can be found in Skovgaard [1984]; Pennec [2006]; Pennec and
Ayache [1998]; Pennec et al. [2006] and references therein.

Proposition 5.2.1. Let X, Y, Z be vector fields on SPD(n). Then, for Σ ∈ SPD(n),

∇XY|Σ = X(Y)− 1
2
(XΣ−1Y + YΣ−1X). (5.8)

Proof. Because the left side of (5.8) is linear in X over the ring of smooth functions,
linear in Y over R, and ∇X( f Y) = X( f )Y + f∇XY for any function f , we only have
to prove (5.8) for basis vector fields X and Y. Namely, X |Σ and Y |Σ are constant
linearly independent unit-length vectors of the tangent space Sym(n) at every point
Σ ∈ SPD(n). Using the formula for the Riemannian connection as a function of the
Riemannian metric, we have

2〈∇XY, Z〉Σ =X〈Y, Z〉Σ + Y〈Z, X〉Σ − Z〈X, Y〉Σ
=X tr(Σ−1YΣ−1Z) + Y tr(Σ−1ZΣ−1X)− Z tr(Σ−1XΣ−1Y)

=− tr(Σ−1XΣ−1YΣ−1Z + Σ−1YΣ−1XΣ−1Z)− tr(Σ−1YΣ−1ZΣ−1X

+ Σ−1ZΣ−1YΣ−1X) + tr(Σ−1ZΣ−1XΣ−1Y + Σ−1XΣ−1ZΣ−1Y)

=〈−(XΣ−1Y + YΣ−1X), Z〉Σ.

Thus, ∇XY|Σ = − 1
2 (XΣ−1Y + YΣ−1X) for basis vector fields X, Y, which implies

(5.8).

Proposition 5.2.2. The Riemannian curvature tensor R can be denoted by

R(X, Y)Z|Σ =
1
4
(YΣ−1XΣ−1Z + ZΣ−1XΣ−1Y− XΣ−1YΣ−1Z− ZΣ−1YΣ−1X)

for any vector fields X, Y, Z and Σ ∈ SPD(n).

Proof. Because Riemannian curvature R is tensorial, proving the proposition for basis
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vector fields is sufficient. By Proposition 5.2.1, we have

∇X∇YZ =− 1
2
∇X(YΣ−1Z + ZΣ−1Y)

=
1
4
(XΣ−1Y + YΣ−1X)Σ−1Z +

1
4

YΣ−1(XΣ−1Z + ZΣ−1X)

+
1
4
(XΣ−1Z + ZΣ−1X)Σ−1Y +

1
4

ZΣ−1(XΣ−1Y + YΣ−1X).

(5.9)

Then, ∇Y∇XZ can be obtained by reversing X and Y in (5.9). Finally, we can get the
Riemannian curvature by subtracting ∇Y∇XZ from ∇X∇YZ.

Let ∆ ⊂ Sym(n) be the subspace spanned by two orthogonal basis vector fields X and
Y, following Proposition 5.2.2, the sectional curvature of ∆ at the point Σ ∈ SPD(n)
is given by

K(∆, Σ) = −〈R(X, Y)X, Y〉 = 1
2

tr((X̂Ŷ)2 − X̂2Ŷ2),

where X̂ = Σ−1/2 ? X, Ŷ = Σ−1/2 ? Y. By Cauchy-Schwarz inequality,

| tr((X̂Ŷ)2) |=| 〈X̂Ŷ, ŶX̂〉 |6‖ X̂Ŷ ‖ · ‖ ŶX̂ ‖= tr(X̂2Ŷ2),

| tr(X̂2Ŷ2) |=| 〈X̂2, Ŷ2〉 |6‖ X̂ ‖2 · ‖ Ŷ ‖2= 1,

which implies tr(X̂2Ŷ2) 6 1 and tr((X̂Ŷ)2) > −1. Therefore,

K(∆, Σ) =
1
2

tr((X̂Ŷ)2 − X̂2Ŷ2) ∈ [−1, 0].

Thus, the manifold SPD(n) with the ?-invariant metric (5.6) is a Hadamard manifold,
namely, an hyperbolic space without cut-locus. Geodesics in SPD(n) can be extended
infinitely. In Pauley and Noakes [2012], it has been proved that Riemannian cubics
cannot be extended indefinitely for some initial conditions in Riemannian manifolds
with strictly negative sectional curvature.

For Riemannian cubics (in the case of SPD(n) as well in others with negative sectional
curvatures) there is the danger of explosion to infinity as pointed out in Pauley and
Noakes [2012]. In the elastica setting, the possibility is open, and not easy to settle.
This is something we would like to study in future. Here we focus on necessary
conditions for extrema.

5.3 Extended left Lie reduction for Riemannian cubics in SPD(n)

Based on Proposition 5.2.1, 5.2.2, straightforward calculations result in7

7Interested readers may refer to the Appendix C for the proof involving long calculations.
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Theorem 5.3.1. Let x : [a, b]→ SPD(n) be a C∞ curve, then, for all t ∈ [a, b],

(1) ∇t ẋ(t) =ẍ(t)− ẋ(t)x(t)−1 ẋ(t);

(2) ∇2
t ẋ(t) =

...
x (t)− 3

2

(
ẍ(t)x(t)−1 ẋ(t) + ẋ(t)x(t)−1 ẍ(t)

)
+ 2ẋ(t)x(t)−1 ẋ(t)x(t)−1 ẋ(t);

(3) ∇3
t ẋ(t) =x(4)(t)− 2

(...
x (t)x(t)−1 ẋ(t) + ẋ(t)x(t)−1...

x (t)
)
− 3ẍ(t)x(t)−1 ẍ(t)

+
17
4

(
ẍ(t)x(t)−1 ẋ(t)x(t)−1 ẋ(t) + ẋ(t)x(t)−1 ẋ(t)x(t)−1 ẍ(t)

)
+

7
2

ẋ(t)x(t)−1 ẍ(t)x(t)−1 ẋ(t)− 6ẋ(t)x(t)−1 ẋ(t)x(t)−1 ẋ(t)x(t)−1 ẋ(t);

(4) R(∇t ẋ(t), ẋ(t))ẋ(t) =
1
4
(2ẋ(t)x(t)−1 ẍ(t)x(t)−1 ẋ(t)− ẍ(t)x(t)−1 ẋ(t)x(t)−1 ẋ(t)

− ẋ(t)x(t)−1 ẋ(t)x(t)−1 ẍ(t)).

GL(n) acts by isometries on SPD(n). It follows that if x is a Riemannian cubic in
SPD(n), then so is A ? x for any A ∈ GL(n). Given a C∞ vector field X defined
along a C∞ curve x : [a, b] → SPD(n), we define8 the (extended) left Lie reduction
X̃ : [a, b]→ gl(n) of X by

X̃(t) := x(t)−1X(t). (5.10)

In particular, taking X to be the velocity vector field ẋ, we write V := ˜̇x : [a, b] →
gl(n).

Since ẋ = xV is a curve in the tangent space Sym(n), then xV = VTx, namely, V is a
C∞ curve in the Lie algebra gl(n) satisfying

Adx(t)(V(t)) = V(t)T (5.11)

for all t ∈ [a, b], where Ad is the adjoint representation of SPD(n) defined by Adg(Z) =
gZg−1 for any g ∈ SPD(n) and Z ∈ gl(n). Alternatively, the dual V∗ of V, which
is defined by V∗(t) = −Adx(t)(V(t)), is −VT by definitions introduced in Noakes
[2006].

The extended left Lie reduction (5.10) is formally similar to left Lie reduction for
curves in GL(n), even though SPD(n) is not a Lie group with the standard matrix
multiplication. Indeed SPD(n) is a subset of GL(n), and the extended left Lie reduc-
tion is the same as the ordinary left Lie reduction when x is regarded as a curve in
GL(n). Theorem 5.3.1 then simplifies as follows.

Corollary 5.3.1. Let x : [a, b] → SPD(n) be a C∞ curve with extended left Lie reduc-
tion V : [a, b] → gl(n). Then the extended left Lie reductions of ∇t ẋ, ∇2

t ẋ, ∇3
t ẋ, and

8It seems natural to define the reduction of X as x−1/2 ? X, but this turns out to be less useful.
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R(∇t ẋ(t), ẋ(t))ẋ(t) are given by

x(t)−1∇t ẋ(t) = V̇(t);

x(t)−1∇2
t ẋ(t) = V̈(t) +

1
2
[V(t), V̇(t)];

x(t)−1∇3
t ẋ(t) =

...
V(t) + [V(t), V̈(t)] +

1
4
[V(t), [V(t), V̇(t)]];

x(t)−1(R(∇t ẋ(t), ẋ(t))ẋ(t)) = −1
4
[V(t), [V(t), V̇(t)]],

where the Lie brackets [·, ·] are taken in the space gl(n) of real n× n matrices.

By the first formula in Corollary 5.3.1, x : [a, b] → SPD(n) is a geodesic if and only
if V is constant. So the geodesic starting at the identity I with initial direction V is
given by x(t)(I,V) = etV . Consequently, we have

Proposition 5.3.1. A general geodesic starting at Σ ∈ SPD(n) with direction X ∈ Sym(n)
is given by

x(t)(Σ,X) = Σ1/2 ? x(t)(I,Σ−1/2?X) = Σ1/2 exp(tΣ−1/2XΣ−1/2)Σ1/2

= Σ exp(tΣ−1X) = exp(tXΣ−1)Σ.
(5.12)

Combining equation (5.3) and Corollary 5.3.1, we have

Theorem 5.3.2. x : [a, b] → SPD(n) is a Riemannian cubic if and only if its extended left
Lie reduction V satisfies (5.11) and

V̈(t) = [V̇(t), V(t)] + C (5.13)

for some constant C ∈ gl(n) and all t ∈ [a, b].

Corollary 5.3.1 and Theorem 5.3.2 take exactly the same form when SPD(n) is re-
placed by a Lie group G with a bi-invariant Riemannian metric Noakes [2006];
Noakes and Popiel [2006]; Crouch and Leite [1995]; Noakes [2003, 2004]. This is
remarkable, because GL(n) cannot be equipped with a bi-invariant Riemannian met-
ric9. Some other results for Riemannian cubics in bi-invariant Lie groups have ana-
logues for SPD(n), but care is needed, because V is usually not in the tangent space
Sym(n) of SPD(n), and the Riemannian metric on Sym(n) does not correspond to an
inner product on gl(n). Indeed, for vector fields X1, X2 along x : [a, b]→ SPD(n), we
have

〈X1(t), X2(t)〉x(t) = tr(X̃1(t)X̃2(t)). (5.14)

9It’s sufficient to prove that GL(2) is not bi-invariant, namely, there is no Ad invariant metric on
GL(2). Let {E11, E12, E21, E22} be basis of GL(2), where Eij is the matrix with 1 in the (i, j) position and
0 elsewhere. Considering A = diag{1, 2} ∈ GL(2), then AE12 A−1 = 1

2 E12. However if a metric were
Ad invariant, it would preserve the length of E12, giving a contradiction.
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Let Λ(n) be the space of real positive-definite n× n diagonal matrices, with Rieman-
nian metric induced from SPD(n). Then

Proposition 5.3.2. x : [a, b]→ Λ(n) is a Riemannian cubic if and only if

x(t) = exp
(
Λ1t3 + Λ2t2 + Λ3t + Λ4

)
, (5.15)

where Λi’s are constants in the tangent space TΛ(n).

Proof. By (5.13), V̈(t) = C, which implies V is a quadratic functional matrix, then,
recovering x from V by (5.10).

It is worth pointing out that Λ(n) is actually flat since the matrix exponential map
exp : TΛ(n)→ Λ(n) means Λ(n) is diffeomorphic to the flat space Rn. Thus, cubics
in Λ(n) can be obtained by the exponential mapping of cubic polynomials in Rn as
well.

We call a curve V in gl(n) corresponding to a Riemannian cubic x in SPD(n) an
extended Lie quadratic. Then V satisfies equation (5.13) for some constant C. If also
C = 0, V is said to be a null extended Lie quadratic and x is called a null Riemannian
cubic. Observe that

Proposition 5.3.3. If V is an extended Lie quadratic with constant C, then
(1) for any A ∈ GL(n), AVA−1 is also an extended Lie quadratic with constant ACA−1;
(2) tr(V(t)) is a quadratic polynomial in t with leading term tr(C)/2;
(3) for any t0 ∈ R, V(t− t0) is an extended Lie quadratic with constant C.

Proof. (2) can be proved by taking trace of Eq. (5.13).

Proposition 5.3.4. Given an extended Lie quadratic V associated with a Riemannian cubic
x in SPD(n), there exist constants b1, b2 ∈ R such that

d2

dt2 tr(V(t)2) =
d2

dt2 ‖ẋ(t)‖
2 = 6 tr(CV(t)) + 2b1, (5.16)

tr(V̇(t)2) = ‖∇t ẋ(t)‖2 = 2 tr(CV(t)) + b1, (5.17)

tr(V̈(t)2) = b2. (5.18)

Proof. By (5.13) and the cyclic property of the trace,

tr(V̈(t)V̇(t)) = tr(CV̇(t)), tr(V̈(t)V(t)) = tr(CV(t)). (5.19)

Integrating the first equation in (5.19), we get (5.17).

Differentiating tr(V(t)2) = ‖ẋ(t)‖2 twice, we get

d2

dt2 tr(V(t)2) = 2 tr(V̈(t)V(t)) + 2 tr(V̇(t)2).

Then, by the second equation in (5.19) and (5.17), (5.16) holds.
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By (5.13),
...
V = [V̈, V], then taking the trace of the product with V̈, we have tr(V̈

...
V) =

0, which implies (5.18).

Corollary 5.3.2. Let x : [a, b]→ SPD(n) be a Riemannian cubic. Then there exist constants
ai ∈ R, where 1 6 i 6 4, such that

(1) det(x(t)) = ea1t3+a2t2+a3t+a4 ;

(2) tr(x(t)) > ne
a1t3+a2t2+a3t+a4

n with equality only when x is a positive scalar multiple of
the identity matrix.

Proof. By (2) in Proposition 5.3.3, there exist constants a1, a2 and a3 such that

tr(V(t)) = 3a1t2 + 2a2t + a3.

Then, by Jacobi’s formula for the derivative of the determinant,

d
dt

det(x(t)) = det(x(t))tr(V(t)) =⇒ log det(x(t)) = a1t3 + a2t2 + a3t + a4

for some constant a4. To prove (2), because x(t) is symmetric, tr(x(t)) is the sum of
the eigenvalues of x(t), whereas det(x(t)) is the product of the eigenvalues. Because
these eigenvalues are positive,

(det(x(t))1/n 6
tr(x(t))

n
,

as usual for arithmetic and geometric means.

The constants a1, · · · , a4 in Corollary 5.3.2 are determined by the values of x, ẋ, ∇t ẋ,
∇2

t ẋ at any t0 ∈ [a, b]: writing ã2(t− t0)2 + ã3(t− t0) + ã4 := a1t3 + a2t2 + a3t + a4 −
a1(t− t0)3, 

a1 = 1
6 tr(x(t0)−1∇2

t ẋ(t0)),

ã2 = 1
2 tr(x(t0)−1∇t ẋ(t0)),

ã3 = tr(x(t0)−1 ẋ(t0)),

ã4 = ln(det(x(t0))).

(5.20)

If V is a null extended Lie quadratic associated with a null Riemannian cubic x in
SPD(n), then a1 = 0.

Corollary 5.3.3. Let V be a null extended Lie quadratic associated with a null cubic x in
SPD(n). Then, tr(V̇(t)2) is constant, and

tr(V(t)2) = ‖ẋ(t)‖2 = b1t2 + c1t + c2 (5.21)

for some constants c1, c2 ∈ R.
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5.4 Null Riemannian cubics in SPD(n)

By Theorem 5.3.2, a null cubic x : [a, b] → SPD(n) corresponds to an extended null
Lie quadratic V : [a, b]→ gl(n), which satisfies

V̈(t) + [V(t), V̇(t)] = 0 (5.22)

with x(t)V(t) = ẋ(t).

Differentiating the constraint (5.11) twice, we get

Adx(t)(V̇(t)) = V̇(t)T (5.23)

and

Adx(t)(V̈(t) + [V(t), V̇(t)]) = V̈(t)T. (5.24)

Combining (5.22) and (5.24), an extended null Lie quadratic V is affine, namely,

V(t) = 2A1t + A2 (5.25)

for some constants A1, A2 ∈ gl(n). We then have [V(t), V̇(t)] = 0, which implies
[A1, A2] = 0. Recovering x from V, we have

x(t) = exp(A1t2 + A2t + A3), (5.26)

where Ai ∈ gl(n) is constant, [Ai, Aj] = 0 and i, j = 1, 2, 3, which actually proved

Theorem 5.4.1. x : [a, b] → SPD(n) is a null Riemannian cubic if and only if x is in the
form of the expression (5.26).

Since A1, A2 and A3 commute with each other in (5.26), there exist an orthogonal
matrix Q such that

Ai = QΛ̄iQT, (5.27)

for some constants Λ̄i ∈ TΛ(n) and i = 1, 2, 3. Then the expression (5.26) can be
rewritten as

x(t) = Q exp(Λ̄1t2 + Λ̄2t + Λ̄3)QT. (5.28)

Comparing (5.15) and (5.28), null cubics in SPD(n) can be regarded as null cubics in
Λ(n) up to rotation scale.

It is well known that a Riemannian cubic x in an n-dimensional Riemannian man-
ifold M is a 4n-parameters curve. An m-parameters curve means a curve can be de-
termined by m parameters. When M is a Lie group G, a null Riemannian cubic x̃ is
a 3n-parameters curve and the associated Lie quadratic Ṽ is a 2n-parameters curve.
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Nevertheless, when M = SPD(n)(n > 1), dim(M) = n(n + 1)/2, a null Riemannian
cubic x is a n(n + 5)/2-parameters and the associated extended Lie quadratic V is a
n(n + 3)/2-parameter curve, which can be obtained by (5.28),

parameters of V = 2n +
n(n− 1)

2
=

n(n + 3)
2

,

parameters of x = 3n +
n(n− 1)

2
=

n(n + 5)
2

.

The reason for the difference of null cubics in G and SPD(n) is that Ṽ for the former
is a curve in a subspace (Lie algebra) g of gl(n) whose parameters can be determined
by dim(g) = dim(G), while V for the latter is a curve in gl(n) subject to the condition
(5.11) whose parameters can not be determined by the dimension of such a subspace.

5.5 Non-null Riemannian cubics in SPD(n)

In general, the study of non-null Riemannian cubics in SPD(n) is quite challenging.
Let x : [a, b] → SPD(n) be a non-null Riemannian cubic, restrict domain so that all
eigenvalues of x are always distinct. Then x up to a scalar and rearrangement can be
uniquely decomposed as

x(t) = r(t)λ(t)r(t)T, (5.29)

where r is a C∞ curve in SO(n), λ is a C∞ curve in Λ(n). The reason that we consider
the decomposition (5.29) is the constraint (5.11) holds automatically only if r and λ

are C∞ curves in SO(n) and Λ(n), respectively.

From now on, we may drop the time variable t to short notations if there is no
confusion.

5.5.1 Decomposition

Let λ := diag{eλ1 , eλ2 , · · · , eλn} with λi : [a, b] → R, i = 1, · · · , n, then the extended
left Lie reduction W of λ̇ is W = diag{λ̇1, λ̇2, · · · , λ̇n}, the left Lie reduction U of ṙ is
a C∞ curve in the Lie algebra so(n). The relationship between V and W, U is given
by

U + AdrT(V) = W + Adλ−1(U). (5.30)

Theorem 5.5.1. With the same notations as before, we have the following relationships

AdrT

(
V̈ + [V, V̇]

)
=Adλ−1

(
Ü + [U, U̇]

)
+ P, (5.31)

AdrT

( ...
V + [V, V̈]

)
=Adλ−1

(...
U + [U, Ü]

)
+ Ṗ + [U, P] + [Adλ−1

(
Ü + [U, U̇]

)
, K].

(5.32)

where P = J̇ + [Adλ−1(L), J], J = K̇ + [Adλ−1(L), K], K = W −U, L = W + U.
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Proof. Differentiating (5.30) implies

AdrT

(
V̇
)
+ [AdrT(V), U] = K̇ + Adλ−1

(
U̇
)
+ [Adλ−1(U), W]. (5.33)

Substituting (5.30) into (5.33) results in

AdrT

(
V̇
)
= K̇ + Adλ−1

(
U̇
)
+ [U + Adλ−1(U), K]. (5.34)

Again, differentiating (5.34) and then replacing AdrT

(
V̇
)

gives

AdrT

(
V̈
)
=K̈ + Adλ−1

(
Ü
)
+ [2U + Adλ−1(U), K̇]

+ [U̇ + 2 Adλ−1(U̇) + [Adλ−1(U), W], K]

+ [U, [U + Adλ−1(U), K]].

(5.35)

Thus, combining (5.30), (5.34) and (5.35), we obtain

AdrT

(
V̈ + [V, V̇]

)
=Adλ−1

(
Ü + [U, U̇]

)
+ K̈ + [K, K̇] + 2[U + Adλ−1(U), K̇]

+ [U̇ + Adλ−1(U̇) + [Adλ−1(U), W], K]

+ [W + Adλ−1(U), [U + Adλ−1(U), K]].

Since W, Ẇ are both diagonal,

[W, Ẇ] = 0, Adλ−1(W) = W, Adλ−1(Ẇ) = Ẇ.

Therefore

AdrT

(
V̈ + [V, V̇]

)
=Adλ−1

(
Ü + [U, U̇]

)
+ K̈ + 2[Adλ−1(L), K̇]

+ [Adλ−1(L̇) + [Adλ−1(L), W], K]

+ [Adλ−1(L), [Adλ−1(L), K]]

=Adλ−1

(
Ü + [U, U̇]

)
+ K̈ + [Adλ−1(L), K̇]

+ [Adλ−1(L̇) + [Adλ−1(L), W], K]

+ [Adλ−1(L), K̇ + [Adλ−1(L), K]]

=Adλ−1

(
Ü + [U, U̇]

)
+ J̇ + [Adλ−1(L), J],

which gives (5.31), and (5.32) will follow by differentiating (5.31).

5.5.2 Non-null Riemannian cubics in SPD(2)

In this subsection, we specialise to the case n = 2. Suppose r : [a, b] → SO(2) and
λ : [a, b]→ Λ(2) are in the following forms,

r =

cos( 1
2 θ) − sin( 1

2 θ)

sin( 1
2 θ) cos( 1

2 θ)

 , λ =

eλ1 0

0 eλ2

 .
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Choosing the basis of gl(2) as

E1 =
1
2

1 0

0 −1

 , E2 =
1
2

0 1

1 0

 , E3 =
1
2

0 −1

1 0

 , E4 =
1
2

1 0

0 1

 , (5.36)

then U = θ̇E3, W = u̇E4 + ν̇E1 and by the relation (5.30), V = ∑4
i=1 viEi, where

v1 = ν̇ cos θ − θ̇ sin θ sinh ν,

v2 = ν̇ sin θ + θ̇ cos θ sinh ν,

v3 = θ̇(cosh ν− 1),

v4 = u̇

(5.37)

and u = λ1 + λ2, ν = λ1 − λ2. Note that ν is not identically zero otherwise the
decomposition above is not well-defined.

By Corollary 5.3.2, u(t) = a1t3 + a2t2 + a3t + a4, where ai’s are given in (5.20). Sup-
pose C = ∑4

i=1 diEi with constants di ∈ R in Eq. (5.13) for non-null Riemannian
cubics in SPD(2). Then d4 = 6a1 ∈ R\{0} and (5.13) turns out to be

v̈1 + v2v̇3 − v3v̇2 = d1,

v̈2 + v3v̇1 − v1v̇3 = d2,

v̈3 + v2v̇1 − v1v̇2 = d3.

(5.38)

Substituting (5.37) into (5.38), we have
...
ν − ν̇θ̇2 − 3θ̇θ̈ sinh ν− 2ν̇θ̇2 cosh ν = d1 cos θ + d2 sin θ,
...
θ sinh ν + ν̈θ̇ + 2ν̇θ̈ + (ν̇θ̈ + 2ν̈θ̇ − θ̇3 sinh ν) cosh ν = −d1 sin θ + d2 cos θ,
...
θ cosh ν−

...
θ − ν̇2θ̇ + (ν̇θ̈ + 2ν̈θ̇ − θ̇3 sinh ν) sinh ν = d3.

(5.39)

In fact, one equation in (5.39) is redundant, namely, any two of them give the same
solutions. Any one of the constants d1, d2, d3 can be determined by the other two
since the relation (5.18) in Proposition 5.3.4 holds.

Let

f (ν, θ) =ν2θ2
2 + 3θ2θ3 sinh ν1 + 2ν2θ2

2 cosh ν1 + d1 cos θ1 + d2 sin θ1,

g1(ν, θ) =− 1
sinh ν1

(ν3θ2 + 2ν2θ3 + (ν2θ3 + 2ν3θ3 − θ3
2 sinh ν1) cosh ν1 + d1 sin θ1

− d2 cos θ1),

g2(ν, θ) =
1

cosh ν1 − 1
(
ν2

2 θ2 − (ν2θ3 + 2ν3θ3 − θ3
2 sinh ν1) sinh ν1 + d3

)
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and

F1 = {(ν, θ) | ν̇1 = ν2, ν̇2 = ν3, ν̇3 = f (ν, θ), θ̇1 = θ2, θ̇2 = θ3, θ̇3 = g1(ν, θ)},
F2 = {(ν, θ) | ν̇1 = ν2, ν̇2 = ν3, θ̇1 = θ2, θ̇2 = θ3, θ̇3 = g1(ν, θ), θ̇3 = g2(ν, θ)},

where ν = (ν1, ν2, ν3) ∈ R \ {0} ×R2, θ = (θ1, θ2, θ3) ∈ R3. Then

Proposition 5.5.1. The manifold F1 is exactly the same as F2 with the same initial values.

Proof. The condition θ̇3 = g1(ν, θ) = g2(ν, θ) results in a hypersurface

F3(ν, θ) =
(
ν2θ3 − ν3θ2 + θ3

2 sinh ν1 + d1 sin θ1 − d2 cos θ1
)

tanh
ν1

2
+ ν2

2θ2 + d3 = 0.

Then, straightforward calculations find the gradient ∇F3 of the hypersurface F3 is
perpendicular to F1, namely

∇F3 · (ν2, ν3, f (ν, θ), θ2, θ3, g1(ν, θ)) = 0.

Thus, F3 lies in the manifold F1 with same initial values and F1 = F2 by the Picard-
Lindelöf theorem.

There are some interesting relations between non-null Riemannian cubics in SPD(2)
and in the Lie group SO(2, 1) = {A ∈ GL(3, R)|AT JA = J} with a bi-invariant
Lorentz metric10. Let Ṽ = (ṽ1, ṽ2, ṽ3) be a Lie quadratic associated with a non-null
Riemannian cubic x̃ in SO(2, 1). Since the Lie algebra so(1, 2) = {X ∈ M3×3|XT J +
JX = 0} of SO(2, 1) is isomorphic to 3-space R3 with the Lie bracket [a, b] = J(a× b).
If we identify the basis E1, E2, E3 in (5.36) with the standard basis, then the quadratic
equation for Ṽ is exactly the same as (5.38). Roughly speaking, a Riemannian cubic
in SPD(2) is a Cartesian product of a special Riemannian cubic in SO(2, 1) and a
cubic polynomial in R+, where the constraint (5.11) is satisfied.

In summary,

Theorem 5.5.2. A C∞ non-null Riemannian cubic x : [a, b]→ SPD(2) is in the form ofx1 x3

x3 x2

 ,

where
(1) if x3 ≡ 0, the non-null Riemannian cubic x is given by Proposition 5.3.2.

10Here J is the 3× 3 diagonal matrix with 1 in the first two diagonal entries and -1 in the last diagonal
entry.
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(2) if x3 6≡ 0,

x1 = e
1
2 u
(

cosh
ν

2
+ cos θ sinh

ν

2

)
,

x2 = e
1
2 u
(

cosh
ν

2
− cos θ sinh

ν

2

)
,

x3 = e
1
2 u sin θ sinh(

ν

2
),

where u is given by Corollary 5.3.2, and θ and ν satisfy the equation (5.39).

Example 5.5.1. Let x : [0, 2]→ SPD(2) be a non-null Riemannian cubic with

x(0) =

2 0

0 1

 , ẋ(0) =

0 1

1 0

 , ẍ(0) =

 1 −1

−1 0

 ,
...
x (0) =

−5 3

3 − 7
2

 ,

By Theorem 5.5.2,

x1 − x2 = 2 cos θ sinh
v
2

e
1
2 u,

tr(x) = x1 + x2 = 2 cosh
v
2

e
1
2 u,

x3 = sin θ sinh
v
2

e
1
2 u.

(5.40)

0.5 1.0 1.5 2.0

-4

-2

2

4

6

Figure 5.1: On the left, the red curve represents u, blue one denotes ν and green one
shows θ. On the right we plot coordinates (x1, x2, x3) of the non-null Riemannian

cubic x.

Differentiating (5.40) twice, initial conditions θ(i)(0), v(i)(0)(i = 1, 2, 3) for (5.39) can be
determined by solving linear equations, thus, we can obtain the curve v and θ by (5.39). In
the left side of Fig. 5.1, u, v, θ are shown with red, blue, green curves, respectively. Finally,
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the non-null Riemannian cubic x in SPD(2) is achieved by Theorem 5.5.2, represented in the
right side of Fig. 5.1. In this example, the non-null Riemannian cubic x can not be extended
infinitely since x1 and x2 approach to infinity at some time t by simulations.

In what follows, we turn to consider elastica in the manifold SPD(n) using the ex-
tended left Lie reduction (5.10). First, we investigate elastica in a more general con-
figuration space, namely, locally symmetric Riemannian manifold, using the Frenet-
Serret frame.

5.6 Elastica in locally symmetric Riemannian manifolds

In this section, elastica in a 3-dimensional11 locally symmetric Riemannian manifold,
i.e.,∇R = 0, are considered using the Frenet-Serret frame. More details about Frenet-
Serret frame and formulas can be found in Chern et al. [1999]; Do Carmo [2016].

Let M be a 3-dimensional locally symmetric Riemannian manifold with Riemannian
metric 〈·, ·〉, Levi-Civita connection ∇ and Riemannian curvature R. Given a C∞

curve x : [a, b]→ M, assume that ∇t ẋ 6= 0, let T be the unit vector tangent to x, N the
normal unit vector and B the binormal unit vector. Then, the Frenet-Serret formulas
follow

∇t


T

N

B

 =


0 κ 0

−κ 0 τ

0 −τ 0




T

N

B

 (5.41)

where κ : [a, b] → R is the curvature, and τ : [a, b] → R is the torsion of the curve x.
Then (T, N, B) is called the Frenet-Serret frame associated with x.

Since M is locally symmetric, by (5.41), we find12

Ẋ = AX, (5.42)

11The method used here can also be generalised to higher dimensional cases.
12We can start with any Xi, say 〈R(T, N)T, N〉, and then differentiate it. Continually, differentiating

new terms in the results, we can find a loop, namely, the ODE system only contain six differential
equations.
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where

X :=



X1

X2

X3

X4

X5

X6


=



〈R(T, N)N, B〉
√

2
2 〈R(T, B)T, B〉
√

2
2 〈R(N, B)N, B〉
√

2
2 〈R(T, N)T, N〉

〈R(T, N)T, B〉

〈R(T, B)N, B〉


, A =

 0 −AT
1

A1 0



with

A1 =

 κ
√

2τ 0 −
√

2τ

−τ −
√

2κ
√

2κ 0


It is not easy to find closed form solutions for Eq. (5.42). Nevertheless, we can still
get some very interesting results from (5.42).

Proposition 5.6.1. Given a C∞ curve x in a locally symmetric Riemannian manifold M, let
(T, N, B) be the Frenet-Serret frame associated with x, and K(span{X, Y},
x(t)) the sectional curvature of the subspace spanned by X, Y on M at the point x(t). Then,

K(span{T, N}, x(t)) + K(span{T, B}, x(t)) + K(span{N, B}, x(t)) (5.43)

is constant.

Proof. By the definition of sectional curvature, the expression (5.43) is −
√

2(X2 +
X3 + X4) and by second to fourth equations in (5.42),

Ẋ2 + Ẋ3 + Ẋ4 = 0,

which proves the proposition.

Suppose that x is an elastic curve in M. Then, substituting the formula (5.41) into Eq.
(5.4), we have

(φ̇− 3κκ̇)T + (κ̈ − κ3 − κτ2 + φκ)N + (2κ̇τ + κτ̇)B + R(κN, T)T = 0. (5.44)

Taking the inner product of (5.44) with T gives

φ =
3
2

κ2 − λ, (5.45)

where λ is a constant. Similarly, taking the inner product of (5.44) with N and B
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respectively, we get

κ̈ +
1
2

κ3 − κτ2 − λκ = κ〈R(T, N)T, N〉, (5.46)

2κ̇τ + κτ̇ = κ〈R(T, N)T, B〉. (5.47)

Theorem 5.6.1. Let κ, τ be the curvature and torsion of an elastica curve x in a locally sym-
metric Riemannian manifold M, respectively. Then, κ and τ satisfy the following equation

κκ̈ − κ̇2 +
1
4

κ4 − 2κ2τ2 = c0, (5.48)

where c0 is a constant.

Proof. Observing Eq. (5.42), we find

Ẋ4 =
√

2τX5. (5.49)

Combining (5.49) with (5.46) and (5.47) gives (5.48).

Unlike the relation (5.48), it was proved for any n-manifold (n > 3) of constant sec-
tional curvature each solution curve is confined to its three dimensional submanifold
and the solution curve satisfies a remarkable property that κ2τ is constant Langer
et al. [1984]; Griffiths [2013].

Let u := κ2, then we have the following relation.

Corollary 5.6.1.

u̇(u̇2 + u3 + c1u2 + 4c0u) > 0, (5.50)

for some constant c0, c1.

Proof. By (5.48),

d
dt

(
u̇
u

)
+

1
2

u− 2c0

u
= 4τ2 > 0. (5.51)

If u̇ < 0 on some interval, multiplying (5.51) by 2 u̇
u and integrating it give

u̇2 + u3 + c1u2 + 4c0u 6 0. (5.52)

Similarily, we have u̇2 + u3 + c1u2 + 4c0u > 0 if u̇ > 0 on some interval.

Except for Eq. (5.48), the other equation that κ and τ satisfy is very complicated
and we put related details in Appendix D. The advantage of the technique of the
extended left Lie reduction will be illustrated in the following section.
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5.7 Extended left Lie reduction for elastica in SPD(n)

In this section, we study elastica in SPD(n) using extended left Lie reduction, and
then focus on elastica in the manifold SPD(2).

5.7.1 Elastica in SPD(n)

The following theorem characterizes elastica on SPD(n).

Theorem 5.7.1. A C∞ curve x : [a, b] → SPD(n) is an elastic curve if and only if the C∞

curve V = x−1 ẋ satisfies Eq. (5.11) and

V̈ + [V, V̇] +
(
tr(V̇2) + tr(CV)

)
V = C, (5.53)

tr(V2) = 1, (5.54)

for some constant C ∈ gl(n).

Proof. Suppose x is an elastic curve on SPD(n), then x satisfies Eq. (5.2) and (5.4).
Since the metric (5.6) on SPD(n) is ?-invariant,

‖ẋ‖2 = ‖x−1/2 ? ẋ‖2 = tr(V2) = 1. (5.55)

Differentiating (5.55) twice,

tr(VV̇) = 0, tr(V̇2) + tr(VV̈) = 0. (5.56)

Left multiplying Eq. (5.4) by x−1, by Corollary 5.3.1, we find

...
V + [V, V̈] +

d
dt

(φV) = 0. (5.57)

Integrating (5.57) gives

V̈ + [V, V̇] + φV = C (5.58)

for some constant C ∈ gl(n). Taking product of (5.58) with V and using (5.56), we
have

φ = tr(V̇2) + tr(CV). (5.59)

Substituting (5.59) into (5.58) results in Eq. (5.53).

Conversely, if V satisfies Eq. (5.11), (5.53) and (5.54), let φ = tr(V̇2) + tr(CV), we can
easily find x satisfying Eq. (5.2) and (5.4), and (5.11) implies ẋ is symmetric.

Taking advantage of the relation (5.23) and (5.24), (5.53) is equivalent to

V̈ +
(
tr(V̇2) + tr(CV)

)
V = Adx−1(CT). (5.60)



§5.7 Extended left Lie reduction for elastica in SPD(n) 99

Corollary 5.7.1. With the same notations as before,

tr(V̇2) = 2 tr(CV) + b0, (5.61)

tr(V̈2) =
1
4
(3 tr(V̇2)− b0)(tr(V̇2) + b0) + tr(C2), (5.62)

tr([V, V̇]2) = − d2

dt2 tr(V̇2)− 1
2
(3 tr(V̇2)− b0)(tr(V̇2)− b0) + 2 tr(C2), (5.63)

where b0 is a constant.

Proof. Taking the trace of the product of (5.53) with V̇ and integrating it give (5.61).
Taking the trace of the square of (5.60) and using (5.56) will result in (5.62).

By taking the trace of the square of (5.24), we have

tr([V, V̇]2) + 2 tr(V̈[V, V̇]) = 0. (5.64)

Taking the trace of the product of (5.53) with V̈ and taking advantage of (5.56) and
(5.61) give

tr(V̈2) + tr(V̈[V, V̇]) =
1
2

d2

dt2 tr(V̇2) +
1
2

tr(V̇2)(3 tr(V̇2)− b0). (5.65)

Finally, we obtain (5.63) by combining (5.62), (5.64) and (5.65).

The method of formulating equations for elastica in SPD(n) using extended left Lie
reduction is quite different from what we discussed in previous section. We will
illustrate the equivalence of these two methods in the following section.

5.7.2 Elastica in SPD(2)

Let x : [a, b] → SPD(2) be an elastic curve, (T, N, B) the Frenet-Serret frame associ-
ated with x, κ, τ the curvature and torsion of x, and V : [a, b] → gl(2) the extended
left Lie reduction of ẋ. Now, we build the connection between κ, τ and V.

Suppose κ is nonzero, by the Frenet-Serret formula (5.41) and Corollary 5.3.1,

κ2 =‖∇t ẋ‖2 = ‖x−1/2 ?∇t ẋ‖2 = tr(V̇2),

τ2 =‖κT +∇tN‖2 = ‖κẋ− κ̇

κ2∇t ẋ +
1
κ
∇2

t ẋ‖2

=tr

((
κV − κ̇

κ2 V̇ +
1
κ

V̈ +
1

2κ
[V, V̇]

)2
)

.

(5.66)

Further, combining (5.66) and Corollary 5.7.1, we find the relation between κ and τ is
the same as given in Theorem 5.6.1 by setting c0 = 1

4 b2
0 − tr(C2), which implies these

two methods are coincident.
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Now, choosing the basis of gl(2) as (5.36) and supposing that V = ∑4
i=1 viEi, Ṽ =

V − v4E4, C = ∑4
i=1 diEi, C̃ = C− d4E4, then, Eq. (5.53) can be split as two equations

¨̃V + [Ṽ, ˙̃V] +

(
3y1 +

3
2

d4v4 + b0

)
Ṽ = C̃, (5.67)

v̈4 +

(
3y1 +

3
2

d4v4 + b0

)
v4 = d4, (5.68)

where y1 = tr(C̃Ṽ).

Note that v4 ≡ 0 corresponds to the special case where x is an elastica on the sub-
manifold Mh = {Σ ∈ SPD(2)|det(Σ) = h}(h is a constant.), which has constant
curvature. Consequently, the resulting Euler-Lagrange equation can be integrated by
quadrature Bryant and Griffiths [1986]; Griffiths [2013].

Taking the Lie bracket of (5.67) with Ṽ gives

[Ṽ, ¨̃V] + [Ṽ, [Ṽ, ˙̃V]] = [Ṽ, C̃]. (5.69)

By the constraint (5.54), straightforward calculations return

[Ṽ, [Ṽ, ˙̃V]] = 2 ˙̃V + v4v̇4Ṽ − v2
4

˙̃V. (5.70)

Substituting (5.70) into (5.69) and taking product with C̃, we have

tr(C̃[Ṽ, ¨̃V]) = −2ẏ1 − v4v̇4y1 + v2
4ẏ1. (5.71)

Differentiating (5.67) and then taking product with C̃, we get

...
y 1 − 2ẏ1 − v4v̇4y1 + v2

4ẏ1 +
d
dt

(
(3y1 +

3
2

d4v4 + b0)y1

)
= 0, (5.72)

which is equivalent to

d
dt

(
ÿ1 + (3y1 +

3
2

d4v4 + v2
4 + b0 − 2)y1

)
− 3v4v̇4y1 = 0. (5.73)

Combining (5.68) and (5.73), we finally obtain

ÿ1 + (3y1 +
3
2

d4v4 + v2
4 + b0 − 2)y1 +

1
2
(v̇2

4 + d4v3
4 + b0v2

4 − 2d4v4) = b1, (5.74)

where b1 is constant.

Normally, the elastica x can be recovered by ẋ = xV and Adx(V) = VT. However,
this method is very complicated because of the special constraint Adx(V) = VT and
the calculation of V. Alternatively, we recover the elastica x using the relationship
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between κ, τ and y1, v4. By Corollary 5.7.1 and (5.66),

κ2 = u = 2y1 + d4v4 + b0, (5.75)

τ2 =
1
4

d2

dt2 ln(u) +
1
8

u− c0

2u
. (5.76)

Summarise this subsection as follows.

Theorem 5.7.2. Let x : [a, b] → SPD(2) be an elastica, V : [a, b] → gl(2) the extended left
Lie reduction of ẋ, then x satisfies the following two ODE systems{

ÿ1 + (3y1 +
3
2 d4v4 + v2

4 + b0 − 2)y1 +
1
2 (v̇

2
4 + d4v3

4 + b0v2
4 − 2d4v4) = b1,

v̈4 +
(
3y1 +

3
2 d4v4 + b0

)
v4 = d4,

(5.77)

and 
ẋ = T,
Ṫ + Γx(ẋ, T) = κN,
Ṅ + Γx(ẋ, N) = −κT + τB,
Ḃ + Γx(ẋ, B) = −τN,

(5.78)

where κ, τ are given in (5.75) and (5.76), the Christoffel matrix-function is Γx(X, Y) =
− 1

2 (Xx−1Y + Yx−1X).

Compared with Sect. 5.6, although the Frenet-Serret formula (5.78) is used in finding
the elastic curve, we decouple the complicated system (5.42), (5.46) and (5.47) as a
comparatively simple subsystem (5.77). Admittedly, it is very difficult to get closed
form of elastica in a Riemannian manifold with non-constant curvature (the shape of
elastica highly depends on the curvature of its situated manifold), method used in
the case study of SPD(n) provides possibilities in finding elastic curves.

Example 5.7.1. Let y1, v4 : [0, 3]→ R be solutions of the system (5.77) with

v4(0) =

√
3 + 1
2

, v̇4(0) = 0, y1(0) =
3(
√

3− 1)
4

,

ẏ1(0) =

√
3− 1
4

, ÿ1(0) =

√
3 + 25

8
and

d4 = 1, b0 = 2(1−
√

3).

Then, we get the curvature κ and torsion τ of x, as shown in the left side of Fig. 5.2. Let
x : [0, 3]→ SPD(2) be the elastica associated with the initial Frenet-Serret frame

T(0) =

1 0

0
√

3
2

 , N(0) =

0 1

1 0

 , B(0) =

−√3 0

0 1
2
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and x(0) = diag{2, 1}. Thus, the elastic curve x can be recovered by the Frenet-Serret
formula (5.78) (See the right side of Fig. 5.2).

0.5 1.0 1.5 2.0 2.5 3.0

1.0

1.5

2.0

2.5

3.0

3.5

Figure 5.2: On the left, the blue curve represents κ2 and the red one shows τ2. On
the right we plot coordinates (x1, x2, x3) of the elastic curve x = [x1x3; x3x2].

5.8 Conclusion

Motivated by theoretical studies and applications of symmetric positive-definite ma-
trices, we consider Riemannian cubics and elastica in the manifold SPD(n) with a
?-invariant metric. By introducing an extended left Lie reduction, Riemannian cu-
bics and elastica in SPD(n) are related to Lie quadratics in gl(n), which satisfy similar
equations for Lie quadratics in the Lie algebra of a bi-invariant Lie group. Rieman-
nian cubics in the space Λ(n) are computed in closed form. We obtain the determi-
nant, the lower bound of the trace of a Riemannian cubic x in SPD(n). Null Rieman-
nian cubics in SPD(n) are determined, and non-null Riemannian cubics in SPD(2)
are studied in some detail. Elastica is firstly considered in a more general context,
namely, in a locally symmetric Riemannian manifold M using the well-known Frenet-
Serret frame. Results show this method leads to very complicated system but we still
can get some interesting results (Proposition 5.6.1 and Theorem 5.6.1). Alternatively,
we adopt the technique of extended left Lie reduction to explore elastic curves in
SPD(n), which is compatible with previous discussions. And our method leads to
a decoupled subsystem (5.77), which is simpler than the very complicated system
(5.42), (5.46) and (5.47).

In next chapter, we will discuss Riemannian cubics in symmetric spaces with the
method of Pontryagin maximum principle, where much attention is paid to analyse
asymptotics of Riemannian cubics in the Grassmann manifold Gr2(R4).



Chapter 6

Optimal interpolants on
Grassmann manifolds1

Do not worry about your difficulties in mathematics, I assure you that mine are greater.

—- Albert Einstein (1879-1955)

Abstract: The Grassmann manifold Grm(Rn) of all m-dimensional subspaces of the
n-dimensional space Rn (m < n) is widely used in image analysis, statistics and
optimization. Motivated by interpolation in the manifold Gr2(R4), we first formu-
late the differential equation for desired interpolation curves called Riemannian cubics
in symmetric spaces by the Pontryagin maximum principle (PMP) and then narrow
down to it in Gr2(R4). Although computation on this low-dimensional manifold may
not occur heavy burden for modern machines, theoretical analysis for Riemannian
cubics is very limited in references due to its highly nonlinearity. This paper focuses
on presenting analytical and geometrical structures for so-called Lie quadratics asso-
ciated with Riemannian cubics. By analysing asymptotics of Lie quadratics, we find
asymptotics of Riemannian cubics in Gr2(R4). Finally, we illustrate our results by
numerical simulations.

6.1 Introduction

Many applications in computer science involve estimating low-dimensional sub-
spaces of large-dimensional time-varying observations. Linear projections are widely
used for this purpose because of their simplicity and efficiency. For instance, the
well-known methods include principal component analysis (PCA) Jolliffe [2011] and
independent component analysis (ICA) Hyvärinen and Oja [2000], where principal
components are obtained by maximizing the variance of projected components and
independent components are obtained by minimizing the mutual information be-
tween them.

1This chapter was published as Zhang and Noakes [2019b]. Minor changes have been made to make
notations consistent with the rest of the thesis.
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Given a set of time-varying data taking values in Rn, m-dimensional (m < n) prin-
cipal components of observations are only known at specific time; we are interested
in inferring m-dimensional principal subspaces of the data at other time using the
known information. Since the known information is in the space of Grassmann man-
ifold Grm(Rn), the common strategy is to consider interpolation on this manifold.
This motivation is commonly found in parametric model order reduction Son and
Stykel [2015]; Son [2013]; Zimmermann [2019] and unsupervised domain adaption
Caseiro et al. [2015]; Oulghelou and Allery [2017].

If only two subspaces are known, it is natural to infer the data between them by
connecting them with a minimal geodesic (curve of shortest length). In detail, the
task is to find a curve x : [a, b]→ Grm(Rn) minimising the total energy

J1(x) :=
1
2

∫ b

a
〈ẋ(t), ẋ(t)〉dt (6.1)

with x(a) = x0 and x(b) = x1, where 〈·, ·〉 is the metric defined on Grm(Rn), ẋ(t)
is the derivative of x(t) with respect to t and x0, x1 are given points on Grm(Rn).
However, if three or more subspaces are known, the piece-wise geodesic between
them may result in abrupt change at junctions, which is undesirable in practice.
Thus, looking for extrema of some more suitable functional than the energy one is
really what we want to do.

The existing literature on geodesic interpolation in Riemannian manifolds is quite
rich. For instances, Camion and Younes apply geodesics in the group of diffeomor-
phisms to interpolate landmark matching in Camion and Younes [2001]. To analyse
planar shapes, authors in Klassen et al. [2004] propose the interpolation and extrap-
olations of shape changes using geodesics on shape spaces. In Fletcher and Joshi
[2007], a new geometric framework is presented for computations of diffusion tensor
data including geodesic interpolation of diffusion tensor images. Some more recent
references include Batista et al. [2017]; Chen and Li [2016]; Chizat et al. [2018].

In the present paper, we focus our attention on C2 interpolation curves. Generally,
let ∇ be the Levi–Civita connection associated with a Riemannian metric 〈·, ·〉 on a
Riemannian manifold M and R the Riemannian curvature tensor, Tg M the tangent
space at g ∈ M. We consider the problem finding critical values of the functional

J2(x) :=
1
2

∫ b

a
〈∇t ẋ(t),∇t ẋ(t)〉dt (6.2)

over the class C of all C1 curves x on M satisfying x|[ti−1,ti ] is smooth, x(ti) = xi
(1 6 i 6 N − 1) for a set of distinct points xi and fixed times ti, where a = t0 <
t1 < · · · < tN−1 < tN = b, and x(a) = x0, ẋ(a) = v0, x(b) = xN , ẋ(b) = vN , where
v0 ∈ Tx0 M and vN ∈ TxN M are fixed tangent vectors. A necessary condition for x
to be an extremal of J2 is that x is of class C2 and satisfies the differential equation
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Noakes et al. [1989]; Crouch and Leite [1991, 1995]

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t) = 0 (6.3)

for t ∈ [ti−1, ti], 1 6 i 6 N. The critical points of the functional J2 are called Rieman-
nian cubics, which satisfy Eq. (6.3).

The main contribution of this chapter is to investigate Riemannian cubics in symmet-
ric spaces including Grassmann manifolds from the perspective of Pontryagin maxi-
mum principle (PMP) and present asymptotics of Riemannian cubics in Gr2(R4).

The rest of the chapter is organized as follows: In Sect. 6.2, some basic background
such as Lie groups (algebras) and symmetric spaces including Grassmann manifolds
is provided. Readers who are familiar with this background may skip this section. In
Sect. 6.3, we discuss the differential equation for Riemannian cubics in Riemannian
symmetric spaces using PMP and present some relevant properties. In Sect. 6.4,
when narrowed down to Gr2(R4), the differential equation for Riemannian cubics
can be decomposed nicely due to special properties of the Lie algebra so(4). Never-
theless, there is less hope we can find closed form solutions for Riemannian cubics
because of their highly nonlinearity. Fortunately, we are able to present some analytic
results on Riemannian cubics in Gr2(R4). To analyse asymptotics of Riemannian cu-
bics in Sect. 6.5, some properties including boundedness and extendibility are given
in Sect. 6.4. In Sect. 6.6, our results are illustrated by numerical simulations. Finally,
we review the paper and possibilities for future work.

6.2 Preliminaries

For the theory of Riemannian manifolds, Lie groups and symmetric spaces, readers
may consult the references Flaherty and do Carmo [2013]; Helgason [1979]; Hall
[2015].

6.2.1 Lie group and Riemannian symmetric space

We assume a basic familiarity with Riemannian manifolds to the level of Chapter
0 of Flaherty and do Carmo [2013]. First, recall that a Lie group G is a smooth
manifold equipped with a compatible smooth group structure, namely the group
multiplication and inverse map are both smooth. For any g ∈ G, let Lg : G → G,
Rg : G → G be the left multiplication and right multiplication by g, respectively, TgG
the tangent space of G at g, a metric 〈·, ·〉 on G is said to be left invariant if

〈v1, v2〉g1 = 〈(dLg2)g1(v1), (dLg2)g1(v2)〉g2g1 (6.4)

for all g1, g2 ∈ G and v1, v2 ∈ Tg1 G, where (dLg2)g1 : Tg1 G → Tg2g1 G is the derivative
of Lg2 at g1. Similarly, the metric is right invariant if

〈v1, v2〉g1 = 〈(dRg2)g1(v1), (dRg2)g1(v2)〉g2g1 .
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It is bi-invariant if it is both left and right invariant.

Let e be the identity of G, a Lie algebra g of G is the tangent space TeG equipped with
a map [·, ·] : g× g → g, called Lie bracket, satisfying bi-linearity, skew-symmetry and
the Jacobi identity

[v1, [v2, v3]] + [v2, [v3, v1]] + [v3, [v1, v2]] = 0 (6.5)

for all v1, v2, v3 ∈ g. Further, if G is a matrix Lie group, namely, G is a subgroup of
the general linear group GL(n), then the Lie bracket is simply the commutator of
matrices, that is, [v1, v2] = v1v2 − v2v1. If a metric 〈·, ·〉 on G is bi-invariant, then

〈v1, [v2, v3]〉e = 〈v2, [v3, v1]〉e, (6.6)

where v1, v2, v3 ∈ g.

For any g ∈ G, Ig := Rg−1 ◦ Lg : G → G defines an inner automorphism of G, and
Adg := (dIg)e : g → g is an automorphism of g. The derivative ad of the adjoint
representation Ad : g 7→ Adg is given by adv1(v2) = [v1, v2] for all v1, v2 ∈ g. A
metric 〈·, ·〉 on G is called ad-invariant if it is bi-invariant satisfying (6.6).

Let G be a connected Lie group with Lie algebra g, Aut(G) an automorphism of G.
A symmetric space for G is a homogeneous space G/H where the stabilizer H of a
typical point is an open subgroup of the fixed point set of an involution σ in Aut(G).
Let h be the Lie algebra of H, then g has a direct sum decomposition g = h⊕m with
the following relation

[h, h] ⊆ h, [h,m] ⊆ m, [m,m] ⊆ h. (6.7)

Given any C∞ curve γ : [a, b]→ G, let X be a C∞ vector field defined along γ, we can
define the left Lie reduction X̃ : [a, b]→ g of X by

X̃(t) := (dLγ(t)−1)γ(t)X(t). (6.8)

Given a bi-invariant Lie group G and a closed subgroup H, suppose the canonical
projection π : G → G/H is a Riemannian submersion Maria et al. [2004]. Let x :
[a, b]→ G/H be a C∞ curve, x̃ : [a, b]→ G its horizontal lifting with x̃(a) = e, ∇ and
∇̃ Riemannian connections on G/H and G, respectively. Then we have the following
results from Theorem 2.2 and proof of Theorem 2.6 in Zhang and Noakes [2018].

Lemma 6.2.1. The left Lie reductions of ∇̃t ˙̃x(t) and ∇̃2
t

˙̃x(t) are

(dLx̃(t)−1)x̃(t)∇̃t ˙̃x(t) = V̇(t), (dLx̃(t)−1)x̃(t)∇̃2
t ˙̃x(t) = V̈(t), (6.9)

where V(t) = (dLx̃(t)−1)x̃(t) ˙̃x(t) is the left Lie reduction of ˙̃x(t).
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6.2.2 Grassmann manifold

Given 1 6 m < n, for our purpose, Grm(Rn) is defined2 as the space of left cosets of
SO(n) by SO(m)⊕ SO(n−m) as follows,

Grm(R
n) :=

{
[P] = P

 U1 0

0 U2

 ∣∣P ∈ SO(n), U1 ∈ SO(m), U2 ∈ SO(n−m)
}

.

(6.10)

The geometric structures of Grassmann manifolds are studied by Edelman et al.
[1998], Helmke and Moore [2012], Helmke et al. [2007], Absil et al. [2004], and many
other authors. For every point [P] ∈ Grm(Rn), the tangent space at [P] may be
represented as

T[P]Grm(R
n) =


P

 0 −BT

B 0

 ∣∣B ∈M(n−m)×m

 . (6.11)

The Riemannian metric on Grm(Rn) is defined as

〈∆1, ∆2〉[P] :=
1
2

tr(∆T
1∆2) (6.12)

for ∆1, ∆2 ∈ T[P]Grm(Rn), where M(n−m)×m is the set of all (n − m) × m matrices,
superscript T denotes the transpose of matrix, tr is the trace operator of matrix. The
Riemannian metric on SO(n) is given by

〈PX1, PX2〉P := 〈X1, X2〉I , (6.13)

where 〈X1, X2〉I = − 1
n−1 tr(X1X2) for any X1, X2 in the Lie algebra so(n) of SO(n).

Let π : SO(n) → Grm(Rn) be the canonical projection, the vertical subspace VP at P is
of the form

VP =

P

 A 0

0 C

 ∣∣A ∈ so(m), C ∈ so(n−m)

 (6.14)

and the horizontal subspace HP at P is given by

HP =

P

 0 −BT

B 0

 ∣∣B ∈M(n−m)×m

 , (6.15)

which is linearly isometric to T[P]Grm(Rn). Thus, π is a Riemannian submersion
from SO(n) to Grm(Rn) O’Neill et al. [1966].

2Note that some references Absil et al. [2009]; Edelman et al. [1998]; Absil et al. [2004] may call (6.10)
oriented Grassmann manifold and treat Grm(Rn) = O(n)/O(m)×O(n−m) as Grassmann manifold.
We will use the definition (6.10) throughout this paper.
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6.3 Optimality in Riemannian symmetric spaces

In this section, we mainly consider critical points of the functional J2 in (6.2), namely,
finding the differential equation for Riemannian cubics in G/H from the perspective
of PMP. Readers may refer to Pontryagin [2018]; Kirk [2012] for details about PMP.

Let H be a closed subgroup of a connected finite-dimensional Lie group G, h the Lie
algebra of H and m the orthogonal complement of h in the Lie algebra g of G. The
canonical projection π : G → G/H is a Riemannian submersion with the bi-invariant
metric on G, and G/H is a Riemannian symmetric space.

Theorem 6.3.1. Let x : [a, b] → G/H be a Riemannian cubic, then its horizontal lifting
x̃ : [a, b]→ G satisfies the following equation

...
V(t) + [V(t), [V̇(t), V(t)]] = 0, (6.16)

where V(t) = (dLx̃(t)−1)x̃(t) ˙̃x(t) is the left Lie reduction of ˙̃x(t) for all t ∈ [a, b].

For any interval I ⊆ R, a curve V : I → m satisfying (6.16) is called a (homogeneous)
Lie quadratic of a Riemannian cubic in G/H. Note that Lie quadratics in Lie groups
are somewhat different, even when the homogeneous space is a Lie group. Generally,
a curve W : I → g is called a Lie quadratic of a Riemannian cubic in G if W satisfies
Noakes [2006]

Ẅ(t) + [W(t), Ẇ(t)] = C (6.17)

for some constant C ∈ g and all t ∈ I. Now, we prove Theorem 6.3.1.

Proof. By Lemma 6.2.1, the left Lie reduction of ∇̃t ˙̃x(t) is simply V̇(t). By the bi-
invariant metric on G, we can formulate the problem of finding Riemannian cubics
as an optimal control problem

min 1
2

∫ b
a 〈V̇(t), V̇(t)〉dt,

s.t. ˙̃x(t) = x̃(t)V(t),

V̇(t) = u(t), ∀t ∈ [a, b].

Define the Hamiltonian function as

H :=
λ0(t)

2
〈u(t), u(t)〉+ λ1(t)(x̃(t)V(t)) + λ2(t)(u(t)), (6.18)

where λ0(t) ∈ {0,−1}, λ1 : [a, b] → T∗x̃ G, λ2 : [a, b] → g∗, T∗x̃ G and g∗ are the
dual spaces of Tx̃G and g, respectively. Then, the PMP implies the following costate
equations

λ̇1(t)(y) = −dHx̃(t)(y) = −λ1(t)(yV(t)), (6.19)

λ̇2(t)(Z) = −dHV(t)(Z) = −λ1(t)(x̃(t)Z), (6.20)
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where y ∈ Tx̃G, Z ∈ g, dHx̃(t)(y) denotes the derivative of H at y along the direction
x̃(t) and dHV(t)(Z) has the similar meaning.

Since λ1 : [a, b] → T∗x̃ G corresponds to a Λ∗1 : [a, b] → g∗ by left multiplication, we
can define

Λ∗1(t)(V(t)) := λ1(t)(x̃(t)V(t)). (6.21)

By straightforward calculations, we have

Λ̇∗1(t)(z) = λ̇1(t)(x̃(t)z) + λ1(t)( ˙̃x(t)z)

= −λ1(t)(x̃(t)zV(t)) + λ1(t)(x̃(t)V(t)z)

= λ1(t)(x̃(t)[V(t), z]) = Λ∗1(t)([V(t), z])

for any z ∈ g. Since Λ∗1 can be associated with Λ1 : [a, b]→ g by Λ∗1(t)(z) = 〈Λ1(t), z〉.
Then the bi-invariance of the metric on G indicates

Λ̇1(t) = [Λ1(t), V(t)]. (6.22)

Similarly, there is a Λ2 : [a, b]→ g or Λ∗2 : [a, b]→ g∗ associated with λ2 by

〈Λ2(t), Z〉 = Λ∗2(t)(Z) = λ2(t)(Z). (6.23)

Then, we have the following relation

Λ̇2(t) = −Λ1(t). (6.24)

For normal case3 i.e., λ0(t) = −1, the Hamiltonian (6.18) can be rewritten as

H = −1
2
〈u(t), u(t)〉+ 〈Λ1(t), V(t)〉+ 〈Λ2(t), u(t)〉. (6.25)

The Hamiltonian H achieves maximum when the optimal control u∗(t) satisfies
dHu(t)(u∗(t)) = 0, namely, 〈Λ2(t), u∗(t)〉 = 〈u(t), u∗(t)〉. Therefore, the optimal
control occurs when

(Λ2(t))m = u(t) = V̇(t), (6.26)

where (Λ2(t))m is the projection of Λ2(t) from g to its horizontal subspace m.

Let (Λ2(t))h be the projection of Λ2(t) from g to its vertical subspace h. From (6.22)
and (6.24), we have ...

V(t) = [(Λ̇2(t))h, V(t)], (6.27)

where (Λ̇2(t))h = [V̇(t), V(t)] + Ch and Ch ∈ h is a constant.

Since x̃(b) ∈ π−1(x(b)), Tx̃(b)(π
−1(x(b))) = x̃(b)h, the transversality condition on λ1

gives rise to
0 = λ1(b)(x̃(b)h) = Λ∗1(b)(h) = 〈Λ1(b), h〉, (6.28)

3For abnormal case, namely, λ0(t) ≡ 0, there is no way to get the optimal control u from the PMP.
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which means Λ1(b) ∈ m. By (6.24), (Λ̇2(b))h = 0.

For any h ∈ H, let Ih be the inner automorphism of G defined after (6.6). Then
we have the commutative relation LIh x̃(b) ◦ Ih = Ih ◦ Lx̃(b), where L is the left mul-
tiplication on G. Equivalently, (dLIh x̃(b))e ◦ (dIh)e = (dIh)x̃(b) ◦ (dLx̃(b))e. Thus, we
have

ẋ(b) = dπx̃(b)( ˙̃x(b)) = dπIh x̃(b)((dIh)x̃(b)(x̃(b)V(b)))

= dπIh x̃(b)(Ih x̃(b)(dIh)e(V(b))),

which means V(b) is constrained to AdH(V(b)). Namely, λ2(b) vanishes on adh(V(b)).
Then, we find

0 = λ2(b)([h, V(b)]) = Λ∗2(b)([h, V(b)])

= 〈Λ2(b), [h, V(b)]〉 = 〈[V(b), Λ2(b)], h〉,

which implies 0 = [V(b), Λ2(b)]h = [V(b), (Λ2(b))m] = [V(b), V̇(b)]. Therefore,
Ch = 0 and Eq. (6.16) holds by (6.27).

The differential equation (6.16) for Riemannian cubics in Riemannian symmetric
spaces is also proved in Zhang and Noakes [2018] by the method of left Lie reduction,
which is based on some results on Riemannian submersions. The proof presented
here is more suitable for readers familiar with optimal control theory. Next, we
present some observations about Theorem 6.3.1.

Proposition 6.3.1. If A1, A2, A3 ∈ m commute with each other, then

V(t) =
1
2

A1(t− a)2 + A2(t− a) + A3, (6.29)

is a homogeneous Lie quadratic. These are the only cases where [V̇, V] is identically 0.
Further, the Riemannian cubic x : [a, b]→ G/H is the canonical projection π(x̃) of

x̃(t) = x̃(a) exp
(

1
6

A1(t− a)3 +
1
2

A2(t− a)2 + A3(t− a)
)

. (6.30)

Proof. It is easy to check that (6.29) is a homogeneous Lie quadratic. Conversely, by
(6.16),

...
V(t) = 0 when [V̇(t), V(t)] = 0, which means V is a quadratic polynomial.

Unfortunately, the homogeneous Lie quadratics in Proposition 6.3.1 are only a small
subset of the space of all Lie quadratics. Note that a homogeneous Lie quadratic V
in an m-dimensional space m is a 3m-parameter curve. If A1, A2, A3 commute with
each other in (6.29), then V is determined by (3m− 2p) parameters, where p is the
number of parameters of common eigenvectors of Ai.

Following definitions in Noakes [2006], V? : I → g is said to be the dual of V if
V?(t) = −Adx̃(t)(V(t)) for all t ∈ I. Then, V in Theorem 6.3.1 is dual to a rescaled



§6.3 Optimality in Riemannian symmetric spaces 111

Lie quadratic in g. This is because

...
V

?
(t) + 2[V?(t), V̈?(t)] = −Adx̃(t)

( ...
V(t) + [V(t), [V̇(t), V(t)]]

)
= 0, (6.31)

which implies V̈?(t) + 2[V?(t), V̇?(t)] = C? for some constant C? ∈ g.

Proposition 6.3.2. Let V : [a, b]→ m be a homogeneous Lie quadratic, then

d2

dt2 ‖V(t)‖2 − 3‖V̇(t)‖2 = c1; (6.32)

d2

dt2 ‖V̇(t)‖2 + 2‖[V̇(t), V(t)]‖2 = 2‖V̈(t)‖2; (6.33)

‖V̈(t)‖2 + ‖[V̇(t), V(t)]‖2 = c2
2, (6.34)

where c1 ∈ R, c2 > 0 are constants.

Proof. Taking inner product of (6.16) with V(t), we have

0 = 〈
...
V(t), V(t)〉 = 1

2
d2

dt2 ‖V(t)‖2 − 3
2

d
dt
‖V̇(t)‖2,

which implies (6.32). Similarly, taking inner product of (6.16) with V̇(t) gives

0 = 〈
...
V(t), V̇(t)〉+ ‖[V̇(t), V(t)]‖2 =

1
2

d2

dt2 ‖V̇(t)‖2 − ‖V̈(t)‖2 + ‖[V̇(t), V(t)]‖2,

which implies (6.33). Finally, taking inner product of (6.16) with V̈(t) results in

0 =〈
...
V(t), V̈(t)〉+ 〈[V̇(t), V(t)], [V̈(t), V(t)]〉

=
1
2

d
dt
‖V̈(t)‖2 +

1
2

d
dt
‖[V̇(t), V(t)]‖2,

which implies (6.34).

Combining (6.33) and (6.34), d2

dt2 ‖V̇(t)‖2 + 4‖[V̇(t), V(t)]‖2 = 2c2
2. Since V is given in

closed form [see (6.29)] when c2 = 0 or [V̇(t), V(t)] = 0, we suppose that c2 > 0 and
[V̇(t), V(t)] 6≡ 0 from now on.

In what follows, we will narrow down our attention to analyse geometric properties
of Lie quadratics4 V associated with Riemannian cubics in the Grassmann manifold
Gr2(R4) = SO(4)/SO(2) × SO(2). Since V is a curve in m ⊂ so(4), we consider
decomposing Eq. (6.16) by decomposing the Lie algebra so(4), which provides great
advantages for discussions followed.

4With a little abuse of terminologies, we use Lie quadratic instead of homogeneous Lie quadratics
for simplicity in the following discussions.
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6.4 Optimality in Gr2(R4)

The following direct sum decomposition of the Lie algebra so(4) plays a crucial role
in analysing geometrical behaviours of Lie quadratics, which decomposes the Lie
quadratic V as two decoupled Lie quadratics V1 and V2. For more details about so(3)
and so(4), see references Hall [2015]; Jurdjevic et al. [1997].

Now we construct a linear isomorphism

so(4) ∼= so(3)⊕ so(3) (6.35)

preserving Lie brackets, where we take the direct sum of Lie brackets on the right
side.

Let H be the set of all quaternions, Hu the set of all unit quaternions, which are in
bijection with points of the 3-sphere S3, for every pair (Q1, Q2) of unit quaternions,
we define the map η : Hu ×Hu → SO(4) by η(Q1, Q2) = ρQ1,Q2 , where ρQ1,Q2 is
the map ρQ1,Q2 : H → H given by ρQ1,Q2(Q) = Q1QQ̄2 for any Q ∈ H, Q̄2 is
the conjugate of Q2. Since η is a surjective homomorphism whose kernel is Z2 =
{(1, 1), (−1,−1)}, SO(4) is isomorphic to Hu ×Hu/Z2 as well as S3× S3/Z2. Thus,
the Lie algebra so(4) is equivalent to so(3)⊕ so(3) since S3 is the universal cover of
SO(3) Jurdjevic et al. [1997].

Now, we present the explicit identification between so(4) and so(3)⊕ so(3). Assume
that indices α, β, γ, . . . take values in {1, 2, 3, 4} and indices i, j, k, . . . take values in
{1, 2, 3}. Let eα be the zero column vector except 1 in the α-th position, then Lαβ :=
eαeT

β − eβeT
α are generators of the Lie algebra so(4). Straightforward calculations show

that
[Lαβ, Lγθ ] = δαθ Lβγ + δβγLαθ − δαγLβθ − δβθ Lαγ, (6.36)

where δαβ =

 0 if α 6= β

1 if α = β
is the Kronecker symbol.

The so(3) subalgebra is spanned by three generators Lij, which are the usual 3 ×
3 generators of so(3) placed in the upper left 3 × 3 block of 4 × 4 matrices. For
simplicity, we rename these generators as

Ji = −
1
2

ε ijkLjk, Ki = Li4, (6.37)

where ε ijk is the Levi-Civita symbol, defined as

ε ijk =


0 if i = j, or j = k, or k = i,

1 if (i, j, k) ∈ {(1, 2, 3), (2, 3, 1), (3, 1, 2)},

−1 if (i, j, k) ∈ {(3, 2, 1), (2, 1, 3), (1, 3, 2)}.
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Then, we find

[Ji, Jj] = ε ijk Jk, [Ki, Kj] = ε ijk Jk, [Ji, Kj] = ε ijkKk. (6.38)

By the following transformation of basis

Mi =
1
2
(Ji + Ki), Ni =

1
2
(Ji − Ki), (6.39)

we are able to disentangle the commutation relation (6.38) as

[Mi, Mj] = ε ijk Mk, [Ni, Nj] = ε ijkNk. (6.40)

Thus, we get the identification so(4) ∼= so(3) ⊕ so(3), where so(4) is generated by
{Lαβ} and two so(3) are generated by {Mi} and {Ni}, respectively. Since the Lie
algebra so(3) is isomorphic to the Euclidean 3-space E3 with Lie algebra given by
the cross product ×, so(4) is also the direct sum of two E3.

Let x : [a, b] → Gr2(R4) be a Riemannian cubic, x̃ : [a, b] → SO(4) its horizontal
lifting, V : [a, b] → m the left Lie reduction of ˙̃x. From now on, i = 1, 2 if there is no
confusion and write V(t), Vi(t), . . . as V, Vi, . . . to shorten notations. Then, we have

Theorem 6.4.1. The differential equation (6.16) for a Lie quadratic V can be decomposed as

...
Vi + V̇i〈Vi, Vi〉 −Vi〈Vi, V̇i〉 = 0, (6.41)

where V = (V1, V2), Vi : [a, b]→ E2 × {0}.

Proof. By the isomorphism (6.35), (6.16) can be decomposed as

...
Vi + [Vi, [V̇i, Vi]] = 0.

Since so(3) is Lie isomorphic to E3, then [Vi, [V̇i, Vi]] = Vi × (V̇i × Vi) = V̇i〈Vi, Vi〉 −
Vi〈Vi, V̇i〉, which implies (6.41).

Corollary 6.4.1. Equation (6.41) is equivalent to

...
r i − 3ṙi θ̇

2
i − 3ri θ̇i θ̈i = 0, (6.42)

ri
...
θ i + 3ṙi θ̈i + 3r̈i θ̇i − ri θ̇

3
i + r3

i θ̇i = 0, (6.43)

where ri : [a, b]→ (0,+∞) and θi : [a, b]→ [0, 2π).

Proof. Write Vi as rieiθi using polar coordinates (ri, θi), where i =
√
−1. Then, by

straightforward calculations, V̇i = (ṙi + iri θ̇i)eiθi , 〈Vi, Vi〉 = r2
i , 〈Vi, V̇i〉 = ri ṙi and

...
Vi = (

...
r i − 3ṙi θ̇

2
i − 3ri θ̇i θ̈i + i(ri

...
θ i + 3ṙi θ̈i + 3r̈i θ̇i − ri θ̇

3
i ))e

iθi .

Thus, we get (6.42) and (6.43) by substituting expressions above into (6.41).
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Multiplying (6.42) by ri and integrating, we obtain

2ri r̈i − ṙ2
i − 3r2

i θ̇2
i = c1i, (6.44)

where c1i is a constant.

To present asymptotics of Riemannian cubic in the Grassmann manifold Gr2(R4), we
consider asymptotics of Lie quadratic associated with Riemannian cubic. The first
natural question is whether Lie quadratic is extendable. To prove the extendibility
of Lie quadratic, we discuss the boundedness of Lie quadratic, which are the main
content in the rest of this section.

Proposition 6.4.1. Let Vi : [a, b]→ E2 × {0} be a Lie quadratic, then

d2

dt2 ‖Vi‖2 − 3‖V̇i‖2 = c1i; (6.45)

d2

dt2 ‖V̇i‖2 + 2‖V̇i ×Vi‖2 = 2‖V̈i‖2; (6.46)

‖V̈i‖2 + ‖V̇i ×Vi‖2 = c2
2i, (6.47)

where c1i ∈ R, c2i > 0 are constants.

Proof. The proof is similar to that for Proposition 6.3.2, namely, taking (standard
Euclidean) inner products of (6.41) with Vi, V̇i, V̈i and integrating them, respectively.

Further, the constants in Propositions 6.3.2 and 6.4.1 are related by c11 + c12 = c1 and
c2

21 + c2
22 = c2

2. As noted following Proposition 6.3.2, we only have to consider cases
where c2i > 0 and V̇i ×Vi 6≡ 0.

Proposition 6.4.2. Let I be an open interval containing t0 and Vi : I → E2 × {0} a Lie
quadratic, then, for any t ∈ I,

‖Vi‖2 > max{1
2

c1it2 + c3it + c4i, 0}; (6.48)

‖Vi‖ 6 c5it2 + c6i; (6.49)

‖V̇i‖2 6 c2
2it

2 + c7it + c8i; (6.50)

‖V̈i‖ 6 c2i, (6.51)

where c3i = 2〈Vi(t0), V̇i(t0)〉 − c1it0, c4i = ‖Vi(t0)‖2 − 2t0〈Vi(t0), V̇i(t0)〉+ 1
2 c1it2

0, c7i =
2〈V̇i(t0), V̈i(t0)〉 − 2c2

2it0, c8i = ‖V̇i(t0)‖2 − 2t0〈V̇i(t0), V̈i(t0)〉+ c2
2it

2
0, c5i > 0, c6i > 0 are

some constants depending only on V(t0), V̇(t0), V̈i(t0).

Proof. The constraint (6.51) follows from (6.47). By (6.45),

d2

dt2 ‖Vi‖2 > c1i, (6.52)
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which indicates (6.48) by integrating twice. By (6.46),

d2

dt2 ‖V̇i‖2 6 2c2
2i, (6.53)

which implies (6.50) by integrating twice. Combining (6.45) and (6.53), we find

d4

dt4 ‖Vi‖2 6 6c2
2i. (6.54)

Then, ‖Vi‖2 is bounded above by a polynomial in t of degree 4, which results in the
relation (6.49).

In what follows, we prove that Riemannian cubics in Gr2(R4) and their associated
Lie quadratics in m defined on an interval I can be extended to the whole of R. Refer
to Noakes [2004] for extendibility of Riemannian cubics in SO(3) and associated Lie
quadratics in E3.

Lemma 6.4.1. For any ε > 0, there exists δε > 0 such that, for any t0 ∈ R, x0 ∈ Gr2(R4)
and v0, v1, v2 ∈ Tx0 Gr2(R4) satisfying ‖v0‖, ‖v1‖, ‖v2‖ 6 ε, there exists a unique Rieman-
nian cubic x : (t0 − δε, t0 + δε)→ Gr2(R4) satisfying

x(t0) = x0, ẋ(t0) = v0, ∇t ẋ(t0) = v1, ∇2
t ẋ(t0) = v2. (6.55)

Proof. Since the Grassmann manifold is compact, the Picard–Lindelöf theorem Cod-
dington and Levinson [1955] on local existence and uniqueness of solutions of ODEs
implies this lemma.

Theorem 6.4.2. For any t0 ∈ R, x0 ∈ Gr2(R4) and v0, v1, v2 ∈ Tx0 Gr2(R4), there is a
unique Riemannian cubic x : R→ Gr2(R4) satisfying initial conditions (6.55).

Proof. By the Picard–Lindelöf theorem, for some δ > 0, there is a unique Riemannian
cubic x : (t0 − δ, t0 + δ) → Gr2(R4) satisfying (6.55). If x cannot be extended to a
Riemannian cubic on (t0 − δ,+∞), let S be the set of real numbers S such that x can
be defined on (t0 − δ, S]. Set S̄ = supS and5

ε =max
{
(c51+c52)S̄2+(c61+c62),

√
c2

21S̄2 + c71S̄ + c81 +
√

c2
22S̄2 + c72S̄ + c82,

c21 + c22

}
.

Choose S ∈ S with S > S̄ − δε
2 and δε in Lemma 6.4.1. By Proposition 6.4.2 and

5The constant ε is chosen as the maximum value of the upper bound of ‖V‖, ‖V̇‖, ‖V̈‖ at S̄. We can
assume S̄ is large enough that ‖Vi‖, ‖V̇i‖, ‖V̈i‖ get maximum value at S̄, otherwise, adjust ε by enlarging
c2i and c5i.
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Lemma 6.2.1, for all t ∈ (t0 − δ, S),

‖ẋ‖ = ‖V‖ 6 ‖V1‖+ ‖V2‖ 6 (c51 + c52)t2 + (c61 + c62) 6 ε,

‖∇t ẋ‖ = ‖V̇‖ 6 ‖V̇1‖+ ‖V̇2‖ 6
√

c2
21t2 + c71t + c81 +

√
c2

22t2 + c72t + c82 6 ε,

‖∇2
t ẋ‖ = ‖V̈‖ 6 ‖V̈1‖+ ‖V̈2‖ 6 c21 + c22 6 ε.

Applying Lemma 6.4.1 with t̄0 = S − δε
2 , then x can be defined on (t0 − δ, t̄0 + δε),

where t̄0 + δε ∈ S and t̄0 + δε = S + δε
2 > S̄, contradicting with S̄ = supS . The left

extendibility of x is similar. Thus, the extendibility of x is proved and uniqueness of
x follows from the Picard–Lindelöf Theorem.

Since V is the Lie quadratic corresponding to Riemannian cubic x : R → Gr2(R4),
the following corollary holds.

Corollary 6.4.2. For any t0 ∈ R and w0, w1, w2 ∈ m, there is a unique Lie quadratic
V : R→ m satisfying (6.16) with V(t0) = w0, V̇(t0) = w1, V̈(t0) = w2.

Without loss of generality, we restrict our attention to Riemannian cubics in Gr2(R4)
and the associated Lie quadratics in m defined on the whole of R in following dis-
cussions.

6.5 Asymptotics

In this section, we discuss long term dynamics of the Lie quadratic Vi = rieiθi : R→
E2 × {0} and the associated Riemannian cubic x : R→ Gr2(R4).

A function f is said to be O(tn) if | f (t)| 6 c|tn| for some c > 0 and large |t|. By
(6.49), we have ri(t) = O(t2). If c1i > 0, (6.48) indicates

r2
i >

1
2

c1it2 + c3it + c4i > 0 (6.56)

for large absolute value of t. Since ‖V̇i ×Vi‖2 = r4
i θ̇2

i 6 c2
2i by (6.47), then

|θ̇i| 6
c2i

1
2 c1it2 + c3it + c4i

, (6.57)

which implies θ̇i(t) = O(t−2).

Next, we present more accurate estimation for the functions ri and θ̇i. From (6.49),
for large |t|, there exists a constant c̄5i > 0 such that

ri 6 c̄5it2. (6.58)

Theorem 6.5.1. The estimation for ri is given as follows

ri(t) =
1
2

b1it2 + b2it + b3i +O(t−4), (6.59)
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where b1i > 0, b2i, b3i > 0 are constants.

Proof. When c1i > 0, from (6.44),

r̈i

ri
−

ṙ2
i

2r2
i
− c1i

2r2
i
=

3
2

θ̇2
i 6

3c2
2i

2r4
i

. (6.60)

Integrating (6.60) with respect to ri on (t0, t) for some t0 ∈ R and ri(t0) > 0, then

ṙ2
i

2ri
+

c1i

2ri
+

c2
2i

2r3
i
6 k1i, (6.61)

where k1i =
ṙ2

i (t0)
2ri(t0)

+ c1i
2ri(t0)

+
c2

2i
2r3

i (t0)
> 0.

It is worth pointing out that

2k1iri − c1i > 2k1iri − c1i −
c2

2i
r2

i
> ṙ2

i > 0, (6.62)

then, (6.61) indicates

|ṙi|√
2k1iri − c1i

6

√
1−

c2
2i

r2
i (2k1iri − c1i)

6 1−
c2

2i
2r2

i (2k1iri − c1i)
6 1−

c2
2i

4k1ir3
i

.

By (6.58),
|ṙi|√
2k1iri

6
|ṙi|√

2k1iri − c1i
6 1−

c2
2i

4k1i c̄3
5it

6
, (6.63)

thus, we have √
2k1iri 6 k1it +

c2
2i

20c̄3
5it

5
+ c̃5i (6.64)

by integrating (6.63) on (t0, t), where c̃5i is a constant. Taking b1i = k1i > 0, b2i = c̃5i

and b3i =
c̃2

5i
2k1i

> 0 will give the estimate for ri.

When c1i 6 0, by (6.60),

r̈i

ri
−

ṙ2
i

2r2
i
6

r̈i

ri
−

ṙ2
i

2r2
i
− c1i

2r2
i
6

3c2
2i

2r4
i

. (6.65)

Integrating (6.65) with respect to ri on (t0, t) for some t0 ∈ R and ri(t0) > 0,

ṙ2
i

2ri
−

ṙ2
i (t0)

2ri(t0)
6

c2
2i

2r3
i (t0)

−
c2

2i

2r3
i

, (6.66)

which yields

ṙ2
i 6 2k2iri −

c2
2i

r2
i

, (6.67)
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where k2i =
ṙ2

i (t0)
2ri(t0)

+
c2

2i
2r3

i (t0)
> 0. By (6.67) and (6.58),

|ṙi|√
2k2iri

6

√
1−

c2
2i

2k2ir3
i
6 1−

c2
2i

4k2i c̃3
5it

6
. (6.68)

Then, by integrating, we get

√
2k2iri 6 k2it +

c2
2i

20c̄3
5it

5
+ c̃6i, (6.69)

where c̃6i is a constant. Finally, we prove this theorem by taking b1i = k2i > 0, b2i = c̃6i

and b3i =
c̃2

6i
2k2i

> 0.

Corollary 6.5.1. With the same notations as before, we have

ṙi(t) = b4it + b5i +O(t−5), (6.70)

θ̇i(t) = O(t−4), (6.71)

r̈i(t) = O(1), θ̈i(t) = O(t−2), (6.72)

where b4i > 0, b5i are constants;

Proof. According to (6.62) and (6.67), we have |ṙi| 6
√

2k1iri or |ṙi| 6
√

2k2iri, which
results in (6.70) by (6.59). Since ‖V̇i × Vi‖2 = r4

i θ̇2
i 6 c2

2i by (6.47), we get θ̇i(t) =
O(r−2

i (t)) = O(t−4). By (6.47),

(r̈i − ri θ̇
2
i )

2 + (2ṙi θ̇i + ri θ̈i)
2 + r4

i θ̇2
i = c2

2i. (6.73)

Then |r̈i| 6 c2i + ri θ̇
2
i 6 c2i +

c2
2i

r3
i

, which is bounded by a constant by (6.61) and (6.66).
Further, we have

|θ̈i| 6
c2i + 2|ṙi||θ̇i|

ri
6

c2i

ri
+

2c2i|ṙi|
r3

i
6

b6i

ri
,

where b6i > 0 is a constant. Thus, θ̈i(t) = O(r−1
i (t)) = O(t−2).

By now, asymptotics of Lie quadratics Vi are quite clear, which are quadratic curves
on a plane. Next, we consider the asymptotics of Ui =

Vi
‖Vi‖ .

Lemma 6.5.1. For Vi 6= 0, ‖U̇i‖ = ‖Vi×V̇i‖
‖Vi‖2 6 c2i

‖Vi‖2 .

Proof. Let f = ‖Vi‖, then Ui =
Vi
f , f ḟ = 〈Ṽi, V̇i〉, and

‖U̇i‖2 =

∥∥∥∥ V̇i f −Vi ḟ
f 2

∥∥∥∥2

=

∥∥∥∥ V̇i f 2 −Vi〈Ṽi, V̇i〉
f 3

∥∥∥∥2

=
‖V̇i‖2 f 2 − 〈Ṽi, V̇i〉2

f 4 =
‖Vi × V̇i‖2

‖Vi‖4 ,
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namely, ‖U̇i‖ = ‖Vi×V̇i‖
‖Vi‖2 6 c2i

‖Vi‖2 by (6.47).

Theorem 6.5.2. αi
± := lim

t→±∞
Vi
‖Vi‖ exists.

Proof. By (6.59), there exists a constant di > 0 such that ri > dit2 for large absolute
value of t. Then, for any large t1, t2 and t1 < t2, by Lemma 6.5.1,

‖Ui(t2)−Ui(t1)‖ 6
∫ t2

t1

‖U̇i‖dt 6
∫ t2

t1

c2i

r2
i

dt

6
∫ t2

t1

c2i

d2
i t4

dt =
c2i

3d2
i

(
1
t3
1
− 1

t3
2

)
.

Thus, both limt1→−∞ Ui and limt2→+∞ Ui exist.

As in Noakes [2003], αi
± are said to be axes of Vi. In the rest of this section, we

will present the asymptotics of Riemannian cubic x associated with Lie quadratic
V = (V1, V2).

Theorem 6.5.3. Asymptotically, a Riemannian cubic x on Gr2(R4) is the projection π(x̃)
of the curve x̃ on SO(4), where

x̃(t) = exp(r̄1(t)(cos θ̄1M1 + sin θ̄1M2)) · exp(r̄2(t)(cos θ̄2N1 + sin θ̄2N2)), (6.74)

exp is the exponential of matrices, r̄i(t) are cubic functions, θ̄i are constants, Mi and Ni are
basis of so(4) given in (6.39).

Proof. Taking advantage of (6.59) and (6.71), asymptotically

V = r1(cos θ1M1 + sin θ1M2) + r2(cos θ2N1 + sin θ2N2), (6.75)

where ri are quadratic functions, θi are constants, Mi and Ni are given in (6.39). Since
V commutes with the integration of itself, the solution of the equation ˙̃x = x̃V is
simply x̃(t) = exp(

∫ t
0 V(s)ds), which gives (6.74).

The expression (6.74) can be simplified further; however, we will not display the
complicated result occupying large space. To the authors’ best knowledge, the anal-
yses of asymptotics of Riemannian cubics or their associated Lie quadratics are very
limited in current references. In Noakes [2003, 2004], the second author presented
asymptotics of Lie quadratics in the Euclidean 3-space. Therefore, the long-term dy-
namics of Riemannian cubics in Gr2(R4) provide a good example for understanding
the highly nonlinear Eq. (6.3).

6.6 Numerical simulations

In this section, we verify our results on asymptotics of Lie quadratics and Riemannian
cubics by numerical experiments.
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Example 6.6.1. Taking ri(0) = 1, ṙi(0) = 0, θi(0) = 0, θ̇i(0) = 1, θ̈i(0) = −2, the
dynamics of ri, θi and their derivatives can be obtained by solving (6.44) and (6.43) with
Mathematica’s NDSolve function. Results are presented in the top row of Fig. 6.1 with
c1i = 1, while the bottom row of Fig. 6.1 shows the behaviours of them with c1i = −3.
From the top-left-side of Fig. 6.1, we find ri is strictly convex on whole of R and behaves
like a quadratic function asymptotically, ṙi increases linearly, and r̈i approaches a positive
constant 1.17272 as t → +∞, which coincide with Corollary 6.5.1. By (6.44) and (6.73),

c2i =
1
2

√
c2

1i + 2c1i + 21 ≈ 2.44949 for c1i = 1. Besides, from the top-right-side of Fig. 6.1,

we find θi approaches a constant −0.37864, and θ̇i decreases to 0 faster than θ̈i as t→ +∞.
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Figure 6.1: On the top row, we choose c1i = 1. On the bottom row, we choose
c1i = −3. On the left column, the red curve represents ri, the blue and green curves
denote ṙi and r̈i, respectively. On the right column, θi is represented by the red curve,

θ̇i and θ̈i are denoted by the blue and green curves, respectively.

On the bottom-left-side of Fig. 6.1, c1i = −3 < 0, ri is no longer strictly convex, but still
convex for large t. Even though the short-term dynamics of ri, θi and their derivatives are
more complicated, they display similar long-term dynamics as c1i > 0. r̈i → 2.10206 and
θi → −1.93073 as t→ +∞. Further, it seems that θ̇i and θ̈i approach 0 faster when c1i < 0
than c1i > 0 as t→ +∞.

In this example, we find V̇i × Vi = (0, 0,−r2
i θ̇i) → (0, 0, c∞) as t → +∞, where c∞ =
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0.97503 when c1i = 1 and c∞ = 1.23945 when c1i = −3. By Proposition 6.4.1, for large t,

ri ≈
1
2

√
(c2

2i − 2c2
∞)t4 + 2d1it3 + 2(3d2i + c1i)t2 + 4d3it + 4d4i,

ṙi ≈
√
(c2

2i − 2c2
∞)t2 + d1it + d2i,

r̈i ≈
√

c2
2i − c2

∞,

where dji are constants for j = 1, . . . , 4. However, there seems less information to infer the
asymptotic value of θi.

Example 6.6.2. Based on (6.59) and Corollary 6.5.1, we can choose that r1(t) ≈ t2 + 3t− 1,
r2(t) ≈ −t2 − 2t + 3, θ1(t) ≈ π

3 , θ2(t) ≈ π
4 for large t. Then, the horizontal lifting x̃ of

the Riemannian cubic x can be found by solving the equation ˙̃x = x̃V with Mathematica’s
NDSolve function.

Let x̃1 := (x̃11, x̃21, x̃31, x̃41) be the first column of x̃, the left side of Fig. 6.2 shows the
stereographic projection x̃1 7→ 1

1−x̃41
(x̃11, x̃21, x̃31) and the right side of Fig. 6.2 shows the

similar stereographic projection x̃1 7→ 1
1−x̃21

(x̃11, x̃31, x̃41).

Figure 6.2: Stereographic projections of the first column of asymptotic Riemannian
cubic in Gr2(R4).

In fact, numerical experiments displayed here confirm the theoretical result (6.74). By straight-
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forward calculations, we have

x̃11 = cos r̃1 cos r̃2 + sin r̃1 sin r̃2 cos(θ1 + θ2),

x̃21 = sin r̃1 sin r̃2 sin(θ1 + θ2),

x̃31 = − sin r̃1 cos r̃2 sin θ1 − cos r̃1 sin r̃2 sin θ2,

x̃41 = − sin r̃1 cos r̃2 cos θ1 + cos r̃1 sin r̃2 cos θ2,

where r̃i =
1
2

∫
ri. Then, explicitly expressions for the projected curves shown in Fig. 6.2

can be given. Finally, we can get asymptotics of the Riemannian cubic x by the canonical
projection π(x̃).

6.7 Conclusion

Interpolation on Riemannian manifolds receives extensive attention in both theoreti-
cal studies and applications, for example, trajectory planning, image registration and
optimal control. Geodesic interpolation may not be desirable when more observa-
tions exist. This chapter focuses on interpolation on Riemannian symmetric spaces
by minimising total acceleration, specialising to the Grassmann manifold Gr2(R4).

We firstly establish the differential equation for interpolation curves, namely, Rie-
mannian cubics, on symmetric spaces from the view of Pontryagin principle. Then,
the obtained equation is simplified where the symmetric space is Gr2(R4) by decom-
posing the Lie algebra so(4). From the theoretical side, it is valuable to understand
asymptotics of Riemannian cubics. To achieve this, some analytic results are pre-
sented including boundedness and extendibility of associated Lie quadratics. Finally,
we conduct some numerical experiments to verify our results.

This chapter provides insight into the long term dynamics of a class of interpolation
curves called Riemannian cubics on Gr2(R4). Future work may include analysing
Riemannian cubics in higher dimensional Grassmann manifolds and developing nu-
merical methods to calculate them. For example, consider model order reduction of
circuit equations Son and Stykel [2015] by cubic interpolation on Grassmann mani-
folds.

Different from bi-invariant Lie groups used in Chapters 3, 4 and 6, we will discuss
Riemannian cubics in a significant class of only left-invariant Lie groups, namely
quadratic matrix Lie groups in Chapter 7.



Chapter 7

Riemannian cubics in quadratic
matrix Lie groups1

The art of doing mathematics consists in finding that special case which contains all the germs
of generality.

—- David Hilbert (1862-1943)

Abstract: Quadratic matrix Lie groups are subgroups of the general linear group that
satisfy a quadratic matrix identity. The main purpose of this paper is to consider Rie-
mannian cubics in quadratic matrix Lie groups with left-invariant metrics. Results
for Riemannian cubics in quadratic matrix Lie groups extend those in SO(n) since
the group SO(n) with bi-invariant metric is a very special case. By examining Rie-
mannian cubics in SO(2, 1) and SO(3, 1), we find that the so-called null Lie quadratics
in so(p, q) (p > 0, q > 0), and even more generally for any quadratic matrix Lie
group, can be given in closed forms in terms of Lie quadratics in so(p) and so(q).
Further, we present some quantitative analyses of non-null Lie quadratics in so(p, q).

7.1 Introduction

Most work on Riemannian cubics is for cases where the configuration M is a Lie
group with a bi-invariant Riemannian metric Noakes et al. [1989]; Noakes [2003,
2004, 2006]; Crouch and Leite [1995]. Even with this simplifying hypothesis, Rie-
mannian cubics have rich and interesting properties. By contrast, there has been
relatively little study of Riemannian cubics in Riemannian manifolds where the Rie-
mannian metric is only left-invariant. Due to the extreme complexity of the Euler-
Lagrange equations for general left-invariant Riemannian metrics (Krakowski [2002],
P.121), there has little progress beyond derivation of the equations. Yet, in many
applications such as classical mechanics and image analysis, it is the left-invariant

1This chapter was published as Zhang and Noakes [2020]. Minor changes have been made to make
notations consistent with the rest of the thesis.

123
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Riemannian metrics that occur most frequently. Therefore the present paper makes
an effort to study Riemannian cubics for a particular significant class of left-invariant
Riemannian manifolds, namely quadratic matrix Lie groups.

A quadratic matrix Lie group is defined as follows Bloch et al. [2008],

G := {X ∈ GL(n)|XT JX = J}, (7.1)

where J2 = εIn and JT = εJ for ε = ±1, the ·T denotes the transpose of · , In is the
n× n identity matrix. We only consider real quadratic matrix Lie groups throughout
this chapter. Some examples of quadratic matrix Lie groups are listed below.

• If J = In and ε = 1, then G = O(n), whose connected component of the identity
is SO(n).

• If n = 2m is even and

J =

 0 Im

−Im 0

 ,

then G is the real symplectic group Sp(2m), consisting by all 2m× 2m symplec-
tic matrices. Note that Sp(2m) is not compact but connected.

• If n = p + q and

J =

Ip 0

0 −Iq

 ,

then the definition above gives the generalized orthogonal group O(p, q). Note
that O(p, q) is not compact and not connected, thus we restrict to its connected
identity component SO+(p, q) when discussing curves on this space.

Following definition (7.1), we find the tangent space TXG is given by

TXG = {A ∈Mn×n|XT JA + AT JX = 0},

where Mn×n is the set of all n× n matrices. Thus, the Lie algebra g of the Lie group
G is given by

g = {A ∈Mn×n|JA + AT J = 0}. (7.2)

For any X ∈ G, a left-invariant Riemannian metric on TXG is defined by

〈A1, A2〉X := 〈X−1 A1, X−1 A2〉In = tr
(
(X−1 A1)

T(X−1 A2)
)

, (7.3)
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where A1, A2 ∈ TXG. Throughout this chapter, the Lie bracket [·, ·] is defined as the
standard commutator of matrices, namely, [?, ∗] = ? ∗ − ∗ ? for any ?, ∗ ∈ g. Unlike
Lie groups with bi-invariant metric, the characterization of the left-invariance of the
metric (7.3) is

〈A, [B, C]〉 = 〈[BT, A], C〉 = 〈[A, CT], B〉, (7.4)

where A, B, C ∈ g.

The purpose of this chapter is to investigate Riemannian cubics in quadratic matrix
Lie groups (7.1) with the left-invariant metric (7.3). Let M be a finite-dimensional
connected Riemannian manifold with the Riemannian metric 〈·, ·〉, Levi-Civita con-
nection∇, Riemannian curvature R. Given any xa, xb ∈ M and va ∈ Txa M, vb ∈ Txb M,
let C be the space of all curves x : [a, b]→ M satisfying

x(a) = xa, ẋ(a) = va, x(b) = xb, ẋ(b) = vb,

where · is the derivative with respect to the time variable t. Riemannian cubics are
defined as critical points of the functional

Ψ(x) =
1
2

∫ b

a
〈∇t ẋ(t),∇t ẋ(t)〉dt (7.5)

over C.

It has been proved that a Riemannian cubic x : [a, b] → M satisfies the following
Euler-Lagrange equation Noakes et al. [1989]; Crouch and Leite [1995]; Gabriel and
Kajiya [1985]

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t) = 0 (7.6)

for all t ∈ [a, b]. When M is a bi-invariant Lie group, Eq. (7.6) can be reduced as in
Noakes et al. [1989]; Crouch and Leite [1995]; Noakes [2006] to

...
V(t) + [V(t), V̈(t)] = 0, (7.7)

where V(t) := x(t)−1 ẋ(t) is the left Lie reduction of ẋ(t). Eq. (7.7) has been exten-
sively studied for Riemannian cubics in SO(3) because of their applications in rigid
body motion. Interested readers may refer to Noakes [2003, 2004]; Jurdjevic et al.
[1997] for more details.

In this chapter, we specialise M to be a quadratic matrix Lie group G and discuss
Riemannian cubics in G. The main contributions of this chapter are listed as follows:

• We present the Euler-Lagrange equations for Riemannian cubics in quadratic
matrix Lie groups G with the left-invariant Riemannian metric (7.3), which
generalises (7.7) in some sense (Theorem 7.2.1).

• When G is the generalized orthogonal group, we discover that null Lie quadrat-
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ics in so(2, 1) can be given in closed form (Theorem 7.3.1) and null Lie quadrat-
ics in so(3, 1) are related to those in so(3) (Theorem 7.3.2). More generally, for
any p, q > 0, null Lie quadratics in so(p, q) have certain relationships with Lie
quadratics in the Lie algebra so(p)⊕ so(q) (Theorem 7.3.3).

• We give the differential equations for non-null Lie quadratics in so(p, q) by
decomposing its Lie algebra (Eq. (7.50) and (7.51)). Further, some quantitative
analyses for non-null Lie quadratics in so(p, q) are shown (Proposition 7.4.1).

• We conclude that null Lie quadratics in the Lie algebras of quadratic matrix Lie
groups can be given in closed form in terms of Lie quadratics in so(n) (Theorem
7.5.1).

The structure of this chapter is: In Sect. 7.2, Euler-Lagrange equations for Rieman-
nian cubics in quadratic matrix Lie groups with left-invariant metrics are presented.
In Sect. 7.3, we investigate null Riemannian cubics in SO(2, 1), SO(3, 1), SO(p, q) and
null Lie quadratics in so(2, 1), so(3, 1), so(p, q). In Sect. 7.4, we explore non-null Lie
quadratics in so(p, q) and give some quantitative analyses. In Sect. 7.5, we generalize
the method used in previous sections to the situation of general quadratic matrix Lie
groups. Finally, we conclude the chapter with some remarks.

The structure of this paper is: In Sect. 7.2, Euler-Lagrange equations for Rieman-
nian cubics in quadratic matrix Lie groups with left-invariant metrics are presented.
In Sect. 7.3, we investigate null Lie quadratics in so(2, 1), so(3, 1), so(p, q). In section
Sect. 7.4, we explore non-null Lie quadratics in so(p, q) and give some quantitative
analyses. In Sect. 7.5, we generalize the method used in previous sections to the sit-
uation of general quadratic matrix Lie groups. Finally, we conclude the paper with
some remarks.

7.2 Euler-Lagrange equations for Riemannian cubics in quadratic
matrix Lie groups

In this section, we explore Riemannian cubics in a quadratic matrix Lie group G,
starting with finding geodesics in G. More details about geodesic flow in quadratic
matrix Lie groups can be found in Bloch et al. [2008].

There are many ways to find geodesics on a manifold. From the perspective of the
variational principle, the geodesic connecting xa, xb ∈ G is the curve x, parameterized
by t ∈ [a, b], which minimizes the functional

E(x) =
1
2

∫ b

a
〈ẋ(t), ẋ(t)〉x(t)dt. (7.8)

Let V(t) be the left Lie reduction of ẋ(t) for all t ∈ [a, b], by the metric (7.3), the
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functional (7.8) is equivalent to

Ê(V) =
1
2

∫ b

a
〈V(t), V(t)〉In dt =

1
2

∫ b

a
tr
(

V(t)TV(t)
)

dt. (7.9)

Considering a C∞ variation s 7→ xs of x with s ∈ (−δ, δ) for some small δ > 0 and
the boundary constraints xs(a) = xa and xs(b) = xb for any s, we use the prime ′ to
denote the derivative with respect to the s-parameter. Let v(t) = xs(t)−1x′s(t)|s=0 and
V(t) = xs(t)−1 ẋs(t)|s=0, then we have

V ′s (t)|s=0 = v̇(t) + [V(t), v(t)]. (7.10)

Thus, we find

dÊ(Vs)

ds
∣∣
s=0 =

∫ b

a
〈V(t), V ′s (t)

∣∣
s=0〉dt

=
∫ b

a
〈V(t), v̇(t) + [V(t), v(t)]〉dt

= −
∫ b

a
〈V̇(t) + [V(t), V(t)T], v(t)〉dt,

where the last step uses integration by parts and the left invariance (7.4). This proves
the reduced equation for geodesics on quadratic matrix Lie groups is

V̇(t) + [V(t), V(t)T] = 0. (7.11)

Since [V(t), V(t)T] is symmetric, we have

V̇(t)− V̇(t)T = 0, (7.12)

which means V(t)T = V(t)− C, where C ∈ g is a constant. Then, substituting the
expression of V(t)T into (7.11) gives

V̇(t) + [C, V(t)] = 0, (7.13)

which implies d
dt (AdetC(V(t))) = AdetC(V̇(t)+ [C, V(t)]) = 0. This means AdetC(V(t))

is a constant, namely, V(t) = Ade−tC(C0), where C0 ∈ g is a constant. Therefore, a
geodesic starting at In along the direction V0 is given in the form of

γIn,V0(t) = etVT
0 et(V0−VT

0 ). (7.14)

Specially, when G = SO(n), VT
0 = −V0, then (7.14) is simplified as γIn,V0(t) = etV0 .

Now, we consider Riemannian cubics in quadratic matrix Lie groups. Let ∇ be
the Riemannian connection on G with respect to the metric (7.3), then the left Lie
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reduction of ∇t ẋ(t) is

x(t)−1∇t ẋ(t) = V̇(t) + [V(t), V(t)T] =: W(t). (7.15)

By the left-invariance of the metric (7.3), the functional (7.5) is equivalent to

Ψ̂(V) =
1
2

∫ b

a
〈W(t), W(t)〉dt. (7.16)

Considering the same variation xs of x as before with suitable boundary conditions
and replacing W by Ws gives Ws(t) = V̇s(t) + [Vs(t), Vs(t)T]. Then, we have

dΨ̂(Vs)

ds
∣∣
s=0 =

∫ b

a
〈W(t), W ′s(t)

∣∣
s=0〉dt

=
∫ b

a
〈W(t), V̇ ′s (t)

∣∣
s=0〉+ 〈[W(t) + W(t)T, V(t)], V ′s (t)

∣∣
s=0〉dt

=−
∫ b

a
〈Ẇ(t) + [V(t), W(t) + W(t)T], V ′s (t)

∣∣
s=0〉dt

=−
∫ b

a
〈Ẇ(t) + [V(t), W(t) + W(t)T], v̇(t) + [V(t), v(t)]〉dt

=
∫ b

a
〈 d

dt

(
Ẇ(t) + [V(t), W(t) + W(t)T]

)
+ [Ẇ(t) + [V(t), W(t) + W(t)T], V(t)T], v(t)〉dt.

Thus, we prove that

Theorem 7.2.1. Let G be a quadratic matrix Lie group (7.1) with the left invariant met-
ric (7.3), then a Riemannian cubic x : [a, b] → G should satisfy the following differential
equations, 

Ż(t) + [Z(t), V(t)T] = 0,

Z(t) = Ẇ(t) + [V(t), W(t) + W(t)T],

W(t) = V̇(t) + [V(t), V(t)T],

V(t) = x(t)−1 ẋ(t).

for all t ∈ [a, b].

When G = SO(n), V(t)T = −V(t), W(t) = V̇(t), the first equation in Theorem 7.2.1
can be reduced as Eq. (7.7) since the left-invariant metric (7.3) on SO(n) is bi-invariant
as well. In this sense, Theorem 7.2.1 can be viewed as a kind of generalization of the
equations for Riemannian cubics in SO(n).

We call a curve V : [a, b] → g corresponding to a Riemannian cubic x : [a, b] → G a
Lie quadratic. Further, if V satisfies

Ẇ(t) + [V(t), W(t) + W(t)T] = 0, (7.17)
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where W(t) is given in Theorem 7.2.1 and t ∈ [a, b], then V is said to be a null Lie
quadratic and the associated curve x is called a null Riemannian cubic. Otherwise, V
and x are non-null. From now on, the dependence of these on time t will not be made
explicit for simplicity of notation.

In the following sections, we find rich results for null Lie quadratics in g = so(2, 1),
so(3, 1), so(p, q)(p, q > 0). Moreover, we present some quantitative analyses for non-
null Lie quadratics.

7.3 Null Riemannian cubics in SO(p, q)

Given any p, q ∈N, by definition (7.1), the generalized orthogonal group SO(p, q) is

a quadratic matrix Lie group with J =

Ip 0

0 −Iq

 and ε = 1. By (7.2), the Lie algebra

so(p, q) of SO(p, q) is given by

so(p, q) =


 A B

BT C

 ∣∣A ∈ so(p), C ∈ so(q), B ∈Mp×q

 , (7.18)

where Mp×q is the set of all p× q matrices.

In this section, we begin exploring null Lie quadratics in the lower dimensional Lie
algebra so(2, 1), so(3, 1). Then we generalize the method to any Lie algebra so(p, q).

7.3.1 p = 2, q = 1

The Lie algebra so(2, 1) of SO(2, 1) can be written more explicitly as

so(2, 1) =




0 −v3 v2

v3 0 −v1

v2 −v1 0

 ∣∣(v1, v2, v3) ∈ R3

 (7.19)

according to (7.18). Let E3 be the Lie algebra with Lie brackets defined as [v, w] =
J(v× w), where v× w is the vector product for v, w ∈ E3. Then, the map

B : E3 → so(2, 1)

B(v)w = [v, w]
(7.20)

is a Lie algebra isomorphism. Thus, any Lie quadratics in so(2, 1) can be identified
with Lie quadratics in E3. With some abuse of notation, we use the same V for Lie
quadratics in E3.
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Let V be a null Lie quadratic in so(2, 1) satisfying (7.17), then

W = V̇ + V × (JV) (7.21)

and (7.17) is equivalent to

V̈ + 2V̇ × (JV) + V × (JV̇) + (JV̇)× (JV) + 2(JV)〈JV, V〉 − 2V〈V, V〉 = 0. (7.22)

Defining the projections Pm((v1, v2, v3)T) = (v1, v2, 0)T and Ph((v1, v2, v3)T) = (0, 0, v3)T

for any (v1, v2, v3) ∈ E3, we have the following properties.

Lemma 7.3.1. For any v, w ∈ E3, we get

(1) v = Pm(v) + Ph(v), Jv = Pm(v)− Ph(v);

(2) Pm(Jv) = Pm(v), Ph(Jv) = −Ph(v);

(3) Pm(v× w) = Pm(v)× Ph(w) + Ph(v)× Pm(w), Ph(v× w) = Pm(v)× Pm(w).

Proof. By definitions above, we have (1) and (2) directly. Denoting v and w by com-
ponents (v1, v2, v3)T and (w1, w2, w3)T respectively, we find

Pm(v)× Pm(w) = (0, 0, v1w2 − v2w1)
T = Ph(v× w),

Pm(v)× Ph(w) + Ph(v)× Pm(w) = (v2w3 − v3w2, v3w1 − v1w3, 0)T = Pm(v× w),

which proves (3).

Taking advantage of Lemma 7.3.1, (7.22) can be decomposed as

Pm(V̈) + 2Ph(V̇)× Pm(V) + 4Ph(V)× Pm(V̇)− 4Pm(V)〈Ph(V), Ph(V)〉 = 0, (7.23)

Ph(V̈) + 2Pm(V̇)× Pm(V)− 4Ph(V)〈Pm(V), Pm(V)〉 = 0. (7.24)

Then, d
dt (7.24) + 2Pm(V)× (7.23) = 0 yields

Ph(
...
V) = 0, (7.25)

which means the third component v3 of Ph(V) is a quadratic function.

Let P̂m(v) = (v1, v2)T, Ĵ =

0 −1

1 0

, then (7.23) can be simplified as

P̂m(V̈) + 4v3 Ĵ P̂m(V̇) + 2v̇3 Ĵ P̂m(V)− 4v2
3P̂m(V) = 0. (7.26)

Multiplying (7.26) by e2
∫ t

a v3(s)ds Ĵ = I2 cos(2
∫ t

a v3(s)ds) + Ĵ sin(2
∫ t

a v3(s)ds), we find

d2

dt2

(
e2
∫ t

a v3(s)ds Ĵ P̂m(V)
)
= 0, (7.27)
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which indicates

P̂m(V) = e−2
∫ t

a v3(s)ds Ĵ(At + B), (7.28)

where A, B ∈ R2 are constants. This proves

Theorem 7.3.1. A null Lie quadratic V : [a, b]→ so(2, 1) is given in the form of

V(t) =


0 −v3(t) v̂2(t)

v3(t) 0 −v̂1(t)

v̂2(t) −v̂1(t) 0

 , (7.29)

where v̂1(t) = v1(t) cos(2
∫ t

a v3(s)ds)+ v2(t) sin(2
∫ t

a v3(s)ds), v̂2(t) = −v1(t) sin(2
∫ t

a v3(s)ds)+
v2(t) cos(2

∫ t
a v3(s)ds), v1, v2 are linear functions, v3 is a quadratic function and t ∈ [a, b].

Note that null Lie quadratics in the Lie algebra so(2, 1) of SO(2, 1) with left-invariant
Riemannian metric are different from those in so(2, 1) of SO(2, 1) with bi-invariant
Riemannian metric (See Theorems 6,7,8,9 in Noakes [2006]).

7.3.2 p = 3, q = 1

In this subsection, we consider the 6-dimensional quadratic matrix Lie group SO(3, 1).
By (7.18), the Lie algebra so(3, 1) of SO(3, 1) is given by

so(3, 1) =


 A B

BT 0

 ∣∣A ∈ so(3), B ∈ R3

 .

Suppose i, j, k, . . . take values in {1, 2, 3}. Let e• be the standard basis of R4, namely,
the zero column vector except 1 in the •-th position. Define

Lij = eieT
j − ejeT

i , Li4 = eieT
4 + e4eT

i ,

Ei = −
1
2

ε ijkLjk, Fi = Li4,

where ε ijk is the Levi-Civita symbol. Then, straightforward calculations give the
relations

[Ei, Ej] = ε ijkEk, [Fi, Fj] = −ε ijkEk, [Ei, Fj] = ε ijkFk. (7.30)

Suppose V = v1iEi + v2jFj, then we find

[V, VT] = −(v1iv1j + v2iv2j)ε ijkEk + 2v1iv2jε ijkEk,

W = (v̇1k − (v1iv1j + v2iv2j)ε ijk)Ek + (v̇2k + 2v1iv2jε ijk)Fk.
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Then, (7.17) can be represented as(
d
dt

(v̇1k − (v1iv1j + v2iv2j)ε ijk)− 2v2i(v̇2j + 2v1pv2qεpqj)ε ijk

)
Ek+(

d
dt

(v̇2k + 2v1iv2jε ijk) + 2v1i(v̇2j + 2v1pv2qεpqj)ε ijk

)
Fk = 0,

which are equivalent to

v̈11 + 2(v23v̇22 − v22v̇23)− 4v11(v2
22 + v2

23) + 4v21(v12v22 + v13v23) = 0,

v̈12 + 2(v21v̇23 − v23v̇21)− 4v12(v2
21 + v2

23) + 4v22(v11v21 + v13v23) = 0,

v̈13 + 2(v22v̇21 − v21v̇22)− 4v13(v2
21 + v2

22) + 4v23(v11v21 + v12v22) = 0,

v̈21 + 2(v23v̇12 − v22v̇13) + 4(v12v̇23 − v13v̇22)− 4v21(v2
12 + v2

13) + 4v11(v12v22 + v13v23) = 0,

v̈22 + 2(v21v̇13 − v23v̇11) + 4(v13v̇21 − v11v̇23)− 4v22(v2
11 + v2

13) + 4v12(v11v21 + v13v23) = 0,

v̈23 + 2(v22v̇11 − v21v̇12) + 4(v11v̇22 − v12v̇21)− 4v23(v2
11 + v2

12) + 4v13(v11v21 + v12v22) = 0.
(7.31)

If we write V1 = (v11, v12, v13) and V2 = (v21, v22, v23), then (7.31) can be rewritten as

V̈1 − 2V2 × (V̇2 + 2V1 ×V2) = 0, (7.32)
d
dt

(V̇2 + 2V1 ×V2) + 2V1 × (V̇2 + 2V1 ×V2) = 0. (7.33)

Observe that d
dt (7.32) + 2V2 × (7.33) + 2V1 × (7.32) = 0 returns

...
V1 + 2V1 × V̈1 = 0. (7.34)

This is a rescaled equation for Lie quadratics in E3, which is also a rescaled equation
for Lie quadratics in so(3) according to the following isomorphism.

Let E3 be the Lie algebra with Lie brackets defined as [v, w] = v×w for any v, w ∈ E3,
then the map

B : E3 → so(3)

B(v)w = [v, w]
(7.35)

is a Lie algebra isomorphism. Under the isomorphism (7.35), V1 can be identified as
a curve in so(3) (we still use the same notation for simplicity). Let x1 be an integral
curve such that x−1

1 ẋ1 = 2V1, then multiplying (7.33) by Adx1 gives

d2

dt2 (Adx1(V2)) = 0, (7.36)

which means Adx1(V2) is an affine function. We summarize this subsection as follows
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then (7.33) implies

d2

dt2 (Adx1(V2)) =
d
dt
(
Adx1(V̇2 + 2V1 ×V2)

)
=Adx1

(
d
dt

(V̇2 + 2V1 ×V2) + 2V1 × (V̇2 + 2V1 ×V2)

)
= 0,

(7.37)

which means Adx1(V2) is an affine function. We summarize this subsection as follows

Theorem 7.3.2. Null Lie quadratics in so(3, 1) can be denoted asV1 V2

VT
2 0

 , (7.38)

where V1 is a rescaled Lie quadratic in so(3) and V2 satisfies (7.37).

If V1 is a null rescaled Lie quadratic in so(3), namely, V1 satisfies

V̈1 + 2V1 × V̇1 = 0,

by Corollary 3 in Noakes [2003], there exist constants c and α±(V1) such that

V1(t) =
√

t2 + c α±(V1) +O(t−2), t→ ±∞

after shifting and scaling the domain of V1. By Theorem 7 in Noakes [2003], there
are geodesics y± : R → SO(3) such that given ε > 0, for some kε and all t >
kε, ‖x1(±t) − y±(R)‖ < ε. More specific constructions for x1 can be referred to
Theorem 5 in Noakes [2006]. Then, V2 can be determined by x1 based on (7.37).
Figure 7.1 shows asymptotics of V1 and V2 with the conditions V1(0) = (1, 0,−1),
V̇1(0) = (−2, 1, 2), and V2(0) = (−1, 1, 0), V̇2(0) = (0,−1, 1).

Figure 7.1: Red curve represents asymptotic of V1 and blue curve represents asymp-
totic of V2.
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From Subsections 7.3.1 and 7.3.2, we find the key point to seek out null Lie quadratics
is to decompose the Lie algebra so(2, 1) and so(3, 1) in a very nice way, which will
be illustrated in detail in the following subsection.

7.3.3 p > 0, q > 0

Let m and h be the space

m =


 0 B

BT 0

 ∣∣B ∈Mp×q

 , h =


A 0

0 C

 ∣∣A ∈ so(p), C ∈ so(q)

 = so(p)⊕ so(q),

Straightforward calculations show that m and h satisfy the following relations,

[m,m] ⊆ h, [m, h] ⊆ m, [h, h] ⊆ h. (7.39)

Then, for any vector X ∈ so(p, q), X can be written as Xm + Xh, where Xm ∈ m and
Xh ∈ h. Moreover, Xm and Xh are perpendicular with respect to the left invariant
metric (7.3).

Lemma 7.3.2. For any X, Y ∈ so(p, q), we have

(1) X = Xm + Xh, XT = Xm − Xh;

(2) (XT)m = Xm, (XT)h = −Xh;

(3) [X, Y]m = [Xm, Yh] + [Xh, Ym], [X, Y]h = [Xm, Ym] + [Xh, Yh].

Proof. (1) and (2) follow from the definitions of Xm and Xh. By (1), we find that

[X, Y] = [Xm + Xh, Ym + Yh] = [Xm, Yh] + [Xh, Ym] + [Xm, Ym] + [Xh, Yh],

which indicates (3) because of (7.39).

Corollary 7.3.1. With the same notations as before, we have

(1) (X + XT)m = 2Xm, (X + XT)h = 0;

(2) [X, XT]m = 2[Xh, Xm], [X, XT]h = 0.

Now, we consider null Lie quadratics in so(p, q). Let V : [a, b] → so(p, q) be a null
Lie quadratic, Vm the projection of V from so(p, q) to m and Vh the projection of V
from so(p, q) to h. Then, Lemma 7.3.2 and Corollary 7.3.1 give

Wm = (V̇ + [V, VT])m = V̇m + 2[Vh, Vm], (7.40)

Wh = (V̇ + [V, VT])h = V̇h (7.41)
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and

(Ẇ + [V, W + WT])m = Ẇm + 2[Vh, Wm], (7.42)

(Ẇ + [V, W + WT])h = V̈h + 2[Vm, Wm]. (7.43)

Let x1 : [a, b] → SO(p)× SO(q) be a curve satisfying x−1
1 ẋ1 = 2Vh, then, multiplying

(7.42) by Adx1 returns

d2

dt2 Adx1(Vm) =
d
dt

Adx1(V̇m + 2[Vh, Vm]) =
d
dt

Adx1(Wm)

= Adx1(Ẇm + 2[Vh, Wm]) = 0,

which indicates

Adx1(Vm) = A1t + A2, (7.44)

where A1, A2 ∈ m are constants. Furthermore, by (7.43), we find

Adx1(V̈h) + 2[A2, A1] = 0. (7.45)

Differentiating (7.45) gives

...
Vh + 2[Vh, V̈h] = 0. (7.46)

This is a rescaled equation for Lie quadratics in so(p)⊕ so(q)!

Theorem 7.3.3. For any p, q ∈ N, null Lie quadratics in so(p, q) can be given in closed
form if general Lie quadratics in so(p) and so(q) are given.

Based on discussions in Subsection 7.3.1, 7.3.2 and Theorem 7.3.3, we know exactly
what null Lie quadratics in so(2, 2) are, and null Lie quadratics in so(3, 2) and so(3, 3)
are related to Lie quadratics in E3. Since the Lie algebra so(4) is isomorphic to
E3 ⊕E3 Zhang and Noakes [2019b], null Lie quadratics in so(4, q) (q = 1, . . . , 4) can
also be constructed from Lie quadratics in E3.

7.4 Non-null Riemannian cubics in SO(p, q)

Let V : [a, b] → so(p, q) be a non-null Lie quadratic in this section, Vm, Vh, Wm, Wh

defined the same as Subsection 7.3.3. By Lemma 7.3.2, we have

[Ẇ + [V, W + WT], VT]m = [Vh, Ẇm + 2[Vh, Wm]] + [V̈h + 2[Vm, Wm], Vm],

[Ẇ + [V, W + WT], VT]h = [Vh, V̈h + 2[Vm, Wm]] + [Ẇm + 2[Vh, Wm], Vm].
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Then, the first equation in Theorem 7.2.1 can be decomposed as

d
dt

(Ẇm + 2[Vh, Wm]) + [Vh, Ẇm + 2[Vh, Wm]] + [V̈h + 2[Vm, Wm], Vm] = 0, (7.47)

d
dt

(V̈h + 2[Vm, Wm]) + [Vh, V̈h + 2[Vm, Wm]] + [Ẇm + 2[Vh, Wm], Vm] = 0. (7.48)

Note that (7.48) can be integrated once, namely,

V̈h + [Vh, V̇h] + [Vm, Wm] = C1, (7.49)

where C1 ∈ so(p)⊕ so(q) is a constant.

Using the same technique in studying null Lie quadratics in so(p, q), let x1 be a
curve in SO(p)× SO(q) satisfying x−1

1 ẋ1 = 2Vh. Define Um = Adx1(Vm) and Uh =
Adx1(Vh), then (7.47) and (7.49) are equivalent to

...
Um + [Üm, Uh] + [Um, Üh − 2Ĉ1] = 0, (7.50)

Üh + [U̇h, Uh] + [Um, U̇m] = Ĉ1, (7.51)

where Ĉ1 = Adx1(C1) ∈ so(p)⊕ so(q). Note that Ĉ1 is usually no longer a constant,
however, it is constant when p and q are both no more than 2. Besides, note that
˙̂C1 = 2[Uh, Ĉ1], then differentiating (7.51) gives

...
Uh + [Um, Üm] + [Üh + 2Ĉ1, Uh] = 0. (7.52)

Unlike null Lie quadratics in so(p, q), it seems hard to find closed forms for non-null
Lie quadratics in so(p, q). Nevertheless, we can still present some qualitative analyses
for non-null Lie quadratics in so(p, q).

Proposition 7.4.1. Let ‖ · ‖ be the norm induced by the metric (7.3). Then,

d2

dt2 ‖V‖
2 = 3‖V̇‖2 + c2, (7.53)

d
dt

(‖Üm‖2 − ‖Üh‖2) + 〈
...
Uh + 2[Üh, Uh], 2Ĉ1〉 = 0, (7.54)

further, if Ĉ1 is a constant,

‖Üm‖2 + 4‖Ĉ1‖2 = ‖Üh − 2Ĉ1‖2 + c3, (7.55)

where c2, c3 are constants.

Proof. Taking the inner product of (7.50) with Um yields

1
2

d3

dt3 ‖Um‖2 − 3
2

d
dt
‖U̇m‖2 + 〈Uh, [Üm, Um]〉 = 0. (7.56)
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Similarly, taking the inner product of (7.52) with Uh returns

1
2

d3

dt3 ‖Uh‖2 − 3
2

d
dt
‖U̇h‖2 + 〈Uh, [Um, Üm]〉 = 0. (7.57)

Since Um and Uh are perpendicular with respect to the metric (7.3), then integration
of the sum of (7.56) and (7.57) implies (7.53).

Taking the inner product of (7.52) with Üm and Üh, respectively, we have

1
2

d
dt
‖Üm‖2 + 〈[Um, Üm], Üh − 2Ĉ1〉 = 0, (7.58)

1
2

d
dt
‖Üh‖2 + 〈[Um, Üm], Üh〉+ 〈[Uh, Üh], 2Ĉ1〉 = 0. (7.59)

Then, substracting (7.58) by (7.59) and substituting [Um, Üm] by (7.52) give (7.54). If
Ĉ1 is a constant, then integrating (7.54) will give us (7.55).

Example 7.4.1. We consider non-null Lie quadratics V : [0, 4] → so(2, 1). By Eq. (7.50)
and (7.51), identifying Um as a curve on the complex plane C and Uh as a function on the
real line R, namely, Um = reiθ , Uh = v and Ĉ1 = c1, then, we have

...
r − 3ṙθ̇2 − 3rθ̇θ̈ + v(2ṙθ̇ + rθ̈) = 0, (7.60)

3r̈θ̇ + 3ṙθ̈ + r
...
θ − rθ̇3 + v(rθ̇2 − r̈)− r(v̈− 2c1) = 0, (7.61)

v̈− r2θ̇ = c1. (7.62)

Multiplying (7.60) by 2r and integrating it, we find

2rr̈− ṙ2 − 3r2θ̇2 + 2vv̈− v̇2 = c2, (7.63)

which coincides with (7.53).

To display non-null Lie quadratics in so(2, 1), we consider the system above with initial
values r(0) = 1, ṙ(0) = 0, θ(0) = 0, θ̇(0) = 0, θ̈(0) = π

6 , v(0) = 1, v̇(0) = −1
and constants c1 = 2, c2 = −2. The non-null Lie quadratic given by the system above is
presented in Fig. 7.2 by Mathematica’s NDSolve function.

7.5 Riemannian cubics in quadratic matrix Lie groups

Recall the method we used for discussing Lie quadratics in so(p, q). The key point is
to decompose the Lie algebra so(p, q) as m+ h, where m and h satisfy the relation-
ship (7.39). In fact, for any other quadratic matrix Lie group G, this method is still
applicable since the Lie algebra g of G is a subalgebra of gl(n).

Let m be the set of all n× n symmetric matrices, h the set of all n× n skew-symmetric
matrices. Direct verification shows that m and h satisfy (7.39). Thus, for any Lie



138 Riemannian cubics in quadratic matrix Lie groups

Figure 7.2: A non-null Lie quadratic in so(2, 1) (v1 = r cos θ, v2 = r sin θ and v3 = v).

quadratic V in g, we have the following decomposition

V = Vm + Vh, (7.64)

where Vm ∈ m and Vh ∈ h. Vm and Vh are perpendicular with respect to the metric
(7.3). Following what we have done in Subsect. 7.3.3 and Sect. 7.4, we get

Theorem 7.5.1. Null Lie quadratics in g can be given in closed form if Lie quadratics in h

are known2. Non-null Lie quadratics in g satisfy Eq. (7.50) and (7.51).

In the following discussions, we take G = Sp(2m) as examples to illustrate Theorem
7.5.1. By (7.2), the Lie algebra sp(2m) of Sp(2m) has the form of

sp(2m) =


A B

C −AT

 ∣∣A, B, C ∈Mm×m

 . (7.65)

Even though sp(2m) can be naturally decomposed as m̂+ ĥ, where

m̂ =


0 B

C 0

 ∣∣B, C ∈Mm×m

 , ĥ =


A 0

0 −AT

 ∣∣A ∈Mm×m

 ,

this decomposition is less useful for Theorem 7.2.1.

2Note that we might restrict h to be a subalgebra of so(n), which depends on the specific structure
of g ⊆ gl(n)
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7.5.1 G = Sp(2)

It is easy to verify that Sp(2) = SL(2), the group of 2× 2 matrices with determinant
1. The Lie algebra sp(2) is

sp(2) =

1
2

 v1 v2 − v3

v2 + v3 −v1

 ∣∣(v1, v2, v3) ∈ R3


according to (7.65). Then we can construct the same Lie algebra isomorphism be-
tween E3 and sp(2) as (7.20). Without any further effort, we obtain

Theorem 7.5.2. A null Lie quadratic V : [a, b]→ sp(2) is given in the form of

V(t) =
1
2

 v̂1 v̂2 − v3

v̂2 + v3 −v̂1

 , (7.66)

where v̂1(t) = v1(t) cos(2
∫ t

a v3(s)ds)+ v2(t) sin(2
∫ t

a v3(s)ds), v̂2(t) = −v1(t) sin(2
∫ t

a v3(s)ds)+
v2(t) cos(2

∫ t
a v3(s)ds), v1, v2 are linear functions, v3 is a quadratic function.

The advantage of the decomposition (7.64) may not be very obvious in this section
since sp(2) is isomorphic to so(2, 1) and we put little effort in finding Lie quadratics.
However, we will see how the decomposition (7.64) works in the case G = Sp(4).

7.5.2 G = Sp(4)

Let V : [a, b] → sp(4) be a Lie quadratic, which is in the form of (7.65), and let
(aij), (bij), (cij) be components of A, B, C, respectively. Then, the decomposition (7.64)
gives

Vh =
1
2

 A− AT B− CT

−(B− CT)T A− AT

 , Vm =
1
2

 A + AT B + CT

(B + CT)T A + AT

 .

Since Vh is in the Lie algebra so(4) and so(4) is isomorphic to E3 ⊕ E3 Zhang and
Noakes [2019b], we can represent Vh as two curves Vh1 and Vh2 in E3. Let Lij be
generators of so(4), then we have

Vh = Vh1 + Vh2, (7.67)

where Vh1 = ∑3
i=1 ai Mi, Vh1 = ∑3

i=1 biNi, and
a1 = 1

2 (b12 − b21 + c12 − c21),

a2 = 1
2 (b11 + b22 − c11 − c22),

a3 = 0,


b1 = − 1

2 (b12 + b21 − c12 − c21),

b2 = 1
2 (b11 − b22 − c11 + c22),

b3 = −a12 + a21.



140 Riemannian cubics in quadratic matrix Lie groups

If V is a null Lie quadratic in sp(4), then the decomposition (7.67) turns Eq. (7.46) to
be

...
Vh1 + 2[Vh1, V̈h1] = 0 and

...
Vh2 + 2[Vh2, V̈h2] = 0. (7.68)

Because of a3 = 0 in the first equation above, we have

a1 = d11t2 + d12t + d13, a2 = d21t2 + d22t + d23, (7.69)

where dij are constants and d11(d22t + d23) = d21(d12t + d13). Then, we get

Proposition 7.5.1. Let V : [a, b]→ sp(4) be a null Lie quadratic, which is given in the form
of (7.65), then tr(B − C) and tr(J(B + C)) are both quadratic functions given by (7.69),

where J =

 0 1

−1 0

.

7.6 Conclusion

Riemannian cubics in bi-invariant Lie groups, for instance, the special orthogonal
group SO(n), are widely studied, but Lie groups with left-invariant metrics are
seldom investigated in this way. In this paper, we consider Riemannian cubics in
quadratic matrix Lie groups with left-invariant metrics and Lie quadratics in their
associated Lie groups. Results for Riemannian cubics in a quadratic matrix Lie group
G can be reduced to those in SO(n) since SO(n) with bi-invariant metric is a special
case of quadratic matrix Lie groups with left-invariant metrics. By checking Rie-
mannian cubics in the lower dimensional quadratic matrix Lie group SO(2, 1) and
SO(3, 1), we find the way to study Riemannian cubics in general quadratic matrix Lie
groups is to decompose the Lie algebra of a quadratic matrix Lie group. Surprisingly,
null Lie quadratics in any so(p, q) (p > 0, q > 0) can be given in closed form in terms
of Lie quadratics in so(p) and so(q). These conclusions are true in any quadratic
matrix Lie group since the algebra can be split into symmetric and skew symmet-
ric parts. There is less hope to find closed forms solutions for non-null Riemannian
cubics or non-null Lie quadratics. We only present some quantitative analyses for
non-null ones. Exploring non-null Riemannian cubics in quadratic matrix Lie groups
would be future work.



Chapter 8

Conclusion

All human knowledge thus begins with intuitions, proceeds thence to concepts, and ends with
ideas.

—- Immanuel Kant (1724-1804)

8.1 Review

This thesis is concerned with variation problems on curves, namely applying varia-
tional curves in computer aided design and image registration, and exploring new
methods to study variational curves. The variational curves in this thesis include:

• Riemannian cubics: critical curves of the total squared norm of acceleration, i.e.
1
2

∫ b
a ‖∇t ẋ(t)‖2dt, whose Euler-Lagrange equation is given by

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t) = 0. (8.1)

These kinds of variational curves are discussed in Chapters 2, 4, 5, 6 and 7.

• Riemannian cubics in tension: critical curves of the linear combination of the total
squared norm of acceleration and energy, i.e. 1

2

∫ b
a (‖∇t ẋ(t)‖2 + τ‖ẋ(t)‖2)dt,

whose Euler-Lagrange equation is given by

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t)− τ∇t ẋ(t) = 0. (8.2)

These kinds of variational curves is discussed in Chapter 4.

• Elastica: critical curves of the bend energy, namely the total squared norm of
acceleration subject to unit speed, i.e. 1

2

∫ b
a ‖∇t ẋ(t)‖2dt + λ(‖ẋ(t)‖2 − 1). The

associated Euler-Lagrange equation is given by

∇3
t ẋ(t) + R(∇t ẋ(t), ẋ(t))ẋ(t) +∇t

((
3
2
‖∇t ẋ(t)‖2 + c

)
ẋ(t)

)
= 0. (8.3)

141
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These kinds of variational curves are discussed in Chapters 4 and 5.

• Relative geodesics: critical curves of the energy of ( f1, f2)-admissible curves g,
i.e. 1

2

∫ b
a ‖ġ(t)‖

2dt, where g(t) f1(t) = f2(t). The associated Euler-Lagrange
equation is given by (Theorem 3.9){

Ph(Ẏ(t) + [u1(t), Y(t)]) = 0 for all t ∈ [0, 1],

Ph(Y(t)) = 0 for t = 0, 1.
(8.4)

These kinds of variational curves are discussed in Chapter 3.

• Generalised cubic de Casteljau curves: Strictly speaking, these are not variational
curves. Nevertheless, they are constructed from variational curves, geodesics,
by the de Casteljau algorithm. Geodesics are critical curves of the energy, i.e.
1
2

∫ b
a ‖ẋ(t)‖

2dt, whose Euler-Lagrange equation is given by

∇t ẋ(t) = 0. (8.5)

Generalised cubic de Casteljau curves are discussed in Chapter 2.

The main body of this thesis

• discusses relative geodesics and generalised cubic de Casteljau curves used in
computer aided design and image registration, respectively;

• develops new methods to analyse Riemannian cubics, Riemannian cubics in
tension and elastica in different configurations such as homogeneous space
G/H, SPD, Grassmann manifold and quadratic matrix Lie group.

Chapter 2 mainly analyses the differences between generalised cubic de Casteljau
curves γ3(t) and Riemannian cubics x(t), as given by (Theorem 2.3.2),

x(t) = γ3(t)−
t2

3

(
1− t

3

)2

R(∇tγ̇3(t), γ̇3(t))γ̇3(t) +O(h5). (8.6)

To prove this result, Chapter 2 presents estimations for generalised cubic de Casteljau
curves and Riemannian cubics using the Taylor expansion, respectively. That is,

• estimating the generalised cubic de Casteljau curve γ3 in two steps:

– firstly estimating all middle points generated in the de Casteljau algo-
rithm, as shown in Lemma 2.2.3, 2.2.4, 2.2.5 and 2.2.6;

– secondly estimating all geodesic velocities associated with these points, as
shown in Lemma 2.2.7.

• estimating the Riemannian cubic x using Eq. (8.1) and the Taylor expansion, as
shown in Lemma 2.3.2, Theorem 2.3.1.
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Based on the relationship (8.6), the generalised cubic de Casteljau curve can be ad-
justed to get a better estimate of the Riemannian cubic x.

Chapter 3 mainly discusses relative geodesics used in image registration. This chap-
ter

• derives the Euler-Lagrange equation that relative geodesics follow, as shown
in Theorem 3.3.1. By proving the invariance of the Euler-Lagrange equation
(Proposition 3.3.1), the differential equation is simplified for the case where
G/H is a symmetric space, as shown in Eq. (3.10).

• investigates relative geodesics in three concrete scenarios:

– where f1 and f2 are geodesics in the symmetric space G/H and closed
forms of relative geodesics and associated discrepancy are given in Theo-
rem 3.4.1 and Corollary 3.4.1.

– where f1 and f2 are curves on the sphere S2 with G = SO(3) and H =
SO(2) and special cases including conjugate and conjugate-like are pre-
sented in Proposition 3.5.1.

– where f1 and f2 are constant speed curves and discussions on non-congruency
for regular curves are presented in Proposition 3.6.1, Theorem 3.6.1 and
Theorem 3.6.2.

From Chapters 4 to 7, attention is paid to variational curves with the left Lie reduc-
tion and its generalization, or the Pontryagin maximum principle in optimal control
theory. Chapter 4 generalises the left Lie reduction for curves in bi-invariant Lie
group G to the homogeneous space G/H. When G/H is a symmetric space, the
left Lie reduction of the velocity vector of horizontal lifting of a curve in G/H can
be identified with the parallel pullback of the velocity vector of the curve (Theorem
4.1.1). By relating covariant derivatives of vector fields and Riemannian curvature
in homogeneous space G/H with their counterparts in G (Theorem 4.2.2, 4.2.3 and
Corollary 4.2.1), we denote Eq. (8.1), (8.2), (8.3) by their horizontal lifting counter-
parts. When G/H is a symmetric space, left Lie reduction is performed:

• if x̃ is the horizontal lifting of a Riemannian cubic x in G/H, then V(t) =
x̃−1(t) ˙̃x(t) satisfies (Theorem 4.2.5)

...
V(t) +

[
V(t),

[
V̇(t), V(t)

]]
= 0. (8.7)

• if x̃ is the horizontal lifting of a Riemannian cubic in tension x in G/H, then
V(t) = x̃−1(t) ˙̃x(t) satisfies (Theorem 4.3.2)

...
V(t) +

[
V(t),

[
V̇(t), V(t)

]]
− τV̇(t) = 0. (8.8)

• if x̃ is the horizontal lifting of an elastica x in G/H, then V(t) = x̃−1(t) ˙̃x(t)
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satisfies (Theorem 4.4.2)

...
V(t) +

[
V(t),

[
V̇(t), V(t)

]]
+

d
dt

((
3
2
‖V̇(t)‖2 + c

)
V(t)

)
= 0. (8.9)

By conducting the transformation W(t) = −2Adx̃(t)(V(t)), Eq. (8.7), (8.8), (8.9) can
be transformed

...
W(t) +

[
W(t), Ẅ(t)

]
= 0,

...
W(t) +

[
W(t), Ẅ(t)

]
− τẆ(t) = 0,

...
W(t) +

[
W(t), Ẅ(t)

]
+

d
dt

((
3
8
‖Ẇ(t)‖2 + c

)
W(t)

)
= 0,

(8.10)

respectively, which are similar forms for these curves in bi-invariant Lie groups. Note
that the curve W is no longer sitting in the horizontal subspace m of the Lie algebra
g of G.

Chapter 5 extends the method of left Lie reduction to SPD(n) and uses it to study
Riemannian cubics and elastica. Although the manifold SPD(n) = GL(n)/SO(n) is
a symmetric space, GL(n) is not bi-invariant as required in Chapter 4. Chapter 5:

• provides an extended definition of left Lie reduction. With the help of the
extended left Lie reduction, the differential equations for

– Riemannian cubics have the the following form (Theorem 5.3.2)

V̈(t) = [V̇(t), V(t)] + C. (8.11)

– elastica have the following form (Theorem 5.7.1)

V̈(t) + [V(t), V̇(t)] +
(
tr(V̇2(t)) + tr(CV(t))

)
V(t) = C,

tr(V2(t)) = 1.
(8.12)

• uses Eq. (8.11) and (8.12) to give Riemannian cubics in the submanifold Λ(n)
and null Riemannian cubics in SPD(n) in closed forms (Proposition 5.3.2 and
Theorem 5.4.1). Non-null Riemannian cubics in SPD(n) are investigated by
decomposition (Theorem 5.5.1 and 5.5.2).

• shows, compared with using the Frenet-Serret frame to study elastica, that the
extended left Lie reduction gives a comparatively simple form of equations for
elastica in SPD(n) (Sect. 5.6, Theorem 5.7.2).

Different from generalising left Lie reduction in homogeneous space G/H or SPD(n),
Chapter 6 recovers Eq. (8.7) for Riemannian cubics in symmetric spaces by the Pon-
tryagin maximum principle in optimal control theory. Then focusing on the Grass-
mann manifold Gr2(R4), by the identification so(4) ∼= E3 ⊕ E3, Eq. (8.7) can be
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decomposed as (Theorem 6.4.1)

...
Vi + V̇i〈Vi, Vi〉 −Vi〈Vi, V̇i〉 = 0. (8.13)

To find asymptotics of Riemannian cubics in Gr2(R4), this chapter proves the bound-
edness and extendibility of Lie quadratics (Proposition 6.4.2, Theorem 6.4.2 and
Corollary 6.4.2), and then presents asymptotics of Lie quadratics. Asymptotically,
Riemannian cubics on Gr2(R4) are projections of the curves of the form (Theorem
6.5.3)

x̃(t) = exp(r̄1(t)(cos θ̄1M1 + sin θ̄1M2)) · exp(r̄2(t)(cos θ̄2N1 + sin θ̄2N2)). (8.14)

Finally, theoretic analyses are verified by numerical simulations.

The Lie group G considered in Chapter 3, 4, 6 are all bi-invariant, which greatly
simplifies the differential equations for variational curves. Chapter 7 discusses Rie-
mannian cubics in a class of Lie group endowed with left invariant metrics, namely
quadratic matrix Lie groups. This chapter:

• presents the Euler-Lagrange equation for Riemannian cubics in quadratic ma-
trix Lie groups as (Theorem 7.2.1)

Ż(t) + [Z(t), V(t)T] = 0,

Z(t) = Ẇ(t) + [V(t), W(t) + W(t)T],

W(t) = V̇(t) + [V(t), V(t)T],

V(t) = x(t)−1 ẋ(t).

• completely determines null Riemannian cubics in SO(2, 1) (Theorem 7.3.1 and
??) and shows null Riemannian cubics in SO(3, 1) are related to Riemannian
cubics in SO(3) (Theorem 7.3.2). Generally, null Riemannian cubics in SO(p, q)
are related to Riemannian cubics in SO(p) and SO(q) (Theorem 7.3.3). Analyses
for non-null Riemannian cubics in SO(p, q) are presented in Proposition 7.4.1.

• shows null Riemannian cubics in quadratic matrix Lie groups can be deter-
mined by Riemannian cubics in SO(n). Examples are given for Sp(2) and
Sp(4) (Theorem 7.5.1, 7.5.2 and Proposition 7.5.1).

8.2 Future Work

This thesis shows that future research could be undertaken in a number of areas:

• Chapter 2, which discusses the difference between generalised cubic de Castel-
jau curves and Riemannian cubics, suggests that similar geometric algorithms
could be used to approximate elastica. As the (generalised) de Casteljau algo-
rithm cannot guarantee the generation of unit-speed geodesics, this remains a
challenge to be overcome.
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• Chapter 3 investigates relative geodesics in bi-invariant Lie groups but not left
invariant Lie groups. By calculations of variations, it is not hard to derive the
Euler-Lagrange equation of relative geodesics in left invariant Lie groups as
follows{

Ph(Ẏ(t) + [Y(t), uT
1 (t) + Ad f̃ T

1 (t) f̃1(t)(Y
T(t))]) = 0, ∀t ∈ [0, 1],

Ph(Y(t)) = 0, t = 0, 1,
(8.15)

where Y(t) = Ad f̃ T
1 (t) f̃1(t)(Adw−1(t)(u2(t)) + Ω(t)− u1(t)), Ω(t) = w−1(t)ẇ(t),

ui(t) = f̃−1
i (t) ˙̃fi(t), f̃i are horizontal liftings of fi, i = 1, 2. While relative

geodesics in GL(n) where f1 and f2 are curves on SPD(n) are interesting, Eq.
(8.15) still presents a number of challenges.

• Chapter 4 considers left Lie reduction for some variational curves in Rieman-
nian symmetric spaces. One possibility of extending this research is to apply
this technique to curves in non-symmetric, but still homogeneous, spaces of
the form G/H, such as the Stefiel manifold St(n, p) = SO(n)/SO(n− p). An-
other possibility is to explore other variational curves in G/H, for instance,
Jupp-Kent cubics Pauley [2011], high-order geodesics Popiel [2007a,b].

• Chapter 7 analyses Riemannian cubics in quadratic matrix Lie groups, suggest-
ing elastica could be analysed in a similar way.



Appendix

Appendices

A SO(3) and S3

The relation between the group SO(3) of rotations and the sphere S3 is that a point
v = (v0, v1, v2, v3) on the unit sphere corresponds to the rotation about the axis
(v1, v2, v3) and the angle φ = 2 arccos v0. Passing from v to −v yields the same
axis (but with different orientation) and the negative angle.

From another point of view and in sufficient detail for our computations, let
R = (Rij)16i,j63 be an element of SO(3), q = (qα)06α63 be a point on S3. Then the
map ϕ1 : S3 → SO(3) is given by ϕ1(q) = R = (2q2

0− 1)I3 + 2Q1 + 2q0Q2, where I3 is
the 3× 3 identity matrix,

Q1 =


q2

1 q1q2 q1q3

q1q2 q2
2 q2q3

q1q3 q2q3 q2
3

 , Q2 =


0 −q3 q2

q3 0 −q1

−q2 q1 0

 .

It is easy to see that ϕ1 is a two-to-one map since ϕ1(q) = ϕ1(−q).

Conversely, for tr(R) 6= −1, ϕ2(R) = q, where1 ϕ2 : SO(3)→ S3 is given by

q0 =

√
1 + tr(R)

2
6= 0, q1 =

(
R− RT

4q0

)
32

, q2 =

(
R− RT

4q0

)
13

, q3 =

(
R− RT

4q0

)
21

.

Given X ∈ TRSO(3), define qv = (qvα)06α63 := dϕ2(X) ∈ TS3
q . From the formula for

ϕ1, we have R− RT = 4q0Q2 and, differentiating,

qv0 =
tr(X)

8q0
, qv1 =

(X− XT)32 − 4qv0q1

4q0
,

qv2 =
(X− XT)13 − 4qv0q2

4q0
, qv3 =

(X− XT)21 − 4qv0q3

4q0
.

1Attention must be paid whether choosing q0 or −q0 in practice.

147



148 Appendices

B Conjugate curves

A function f is said to be anti-linear, if f can be written as c1
t+c2

with constants c1, c2;
and f is called anti-quadratic, if f can be denoted as a1

t2+a2t+a3
with constants a1, a2, a3.

Proposition B.1. Let f1 and f2 be two nondegenerate conjugate curves in S2, and let f̃1 and
f̃2 be associated canonical liftings in SO(3) using the Levi-Civita connection ∇̃. Their Lie
reductions u1 and u2 are curves in m. Then we have

(1) if ∇̃t
˙̃f1 = 0, then ∇̃t

˙̃f2 = 0, namely, if f̃1 is a geodesic, so is f̃2;

(2) if ∇̃2
t

˙̃f1 = 0, then u2 is anti-linear;

(3) if ∇̃3
t

˙̃f1 = 0 and u1 is a straight line, then u2 is anti-linear or anti-quadratic.

Proof. Suppose v = (0, 〈u1(t), u2(t)〉E, u1(t)×̄u2(t)), which is constant since f1 and f2

are conjugate, then

u2(t) =
(

0,
〈v, u1(t)〉E
‖u1(t)‖2 ,− v×̄u1(t)

‖u1(t)‖2

)
. (16)

By the Lemma 2 of Noakes et al. [1989], we have

dL( f̃−1
1 (t)) f̃1(t)∇̃t

˙̃f1 = u̇1(t),

dL( f̃−1
1 (t)) f̃1(t)∇̃

2
t

˙̃f1 = ü1(t) +
1
2
[u1(t), u̇1(t)],

dL( f̃−1
1 (t)) f̃1(t)∇̃

3
t

˙̃f1 =
...
u1(t) + [u1(t), ü1(t)] +

1
4
[u1(t), [u1(t), u̇1(t)]],

where L(g) : SO(3)→ SO(3) is the left translation defined by L(g)h := gh and dL is
the derivative. Thus,

(1) If ∇̃t
˙̃f1 = 0, then u1(t) is constant, so is u2(t), which indicates ∇̃t

˙̃f2 = 0.

(2) If ∇̃2
t

˙̃f1 = 0, then

ü1(t) = 0 and [u1(t), u̇1(t)] = 0

since ü1(t) ∈ m and [u1(t), u̇1(t)] ∈ k for all t ∈ [0, 1]. Hence, u1(t) is in the form of
(t + λ)u10 with constants λ ∈ R, u10 ∈ m.

Let

u20 =

(
0,
〈v, u10〉E
‖u10‖2 ,− v×̄u10

‖u10‖2

)
,

then u2(t) can be written as 1
t+λ u20, which means u2 is anti-linear.
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(3) If ∇̃3
t

˙̃f1 = 0, then{
[u1(t), ü1(t)] = u1(t)× ü1(t) = 0
...
u1(t) + 1

4 [u1(t), [u1(t), u̇1(t)]] =
...
u1(t) + 1

4 (〈u1(t), u̇1(t)〉Eu1(t)− ‖u1(t)‖2u̇1(t)) = 0
(17)

because the left sides of above two equations belong to two perpendicular spaces.
The first equality above means u1(t) and ü1(t) are parallel and the second one de-
notes u1(t) and

...
u1(t) are perpendicular.

If ü1(t) = 0, then
...
u1(t) = 0 gives

〈u1(t), u̇1(t)〉Eu1(t) = ‖u1(t)‖2u̇1(t). (18)

Suppose u1(t) = (at + b, ct + d, 0) with constants a, b, c, d, then equation (18) means
u1(t) can be denoted as

u1(t) = (t + λ)u10

with constants λ ∈ R, u10 ∈ m and the following proof is the same as (2). Therefore,
u2 is anti-linear.

If ü1(t) 6= 0, suppose u1(t) = (u11(t), u12(t), 0),
...
u1(t) = l1(t) · (−u12(t), u11(t), 0) and

u1(t)× u̇1(t) = (0, 0, l2), where l1 is a function and l2 is constant. Then, the second
equation in (17) gives rise to

u12(t)
(

l2
4
− l1(t)

)
= 0, − u11(t)

(
l2
4
− l1(t)

)
= 0.

Since u1 is nondegenerate, l1(t) = l2
4 . Further, if u11(t) = 0 or u12(t) = 0, then u1(t)

can be denoted as

u1(t) = (t2 + λt + µ)u10

with constants λ, µ ∈ R, u10 ∈ m. In other cases, u1 is not a straight line. Finally, we
find u2 is anti-quadratic from the relation (16).

In fact, from Lagrange’s Identity, (u1 × u2)2 + (〈u1, u2〉E)2 = ‖u1‖2‖u2‖2, we know
‖u1‖‖u2‖ is constant if f1 and f2 are conjugate. Thus, if one of them is linear
(quadratic), the other should be anti-linear (anti-quadratic).

C Proof of Theorem 5.3.1

To shorten notation, we drop the time variable t. By Proposition 5.2.1, the first for-
mula follows directly.



150 Appendices

Using Proposition 5.2.1 again, we have

∇2
t ẋ =∇t(ẍ− ẋx−1 ẋ)

=
d
dt

(ẍ− ẋx−1 ẋ)− 1
2
[(ẍ− ẋx−1 ẋ)x−1 ẋ + ẋx−1(ẍ− ẋx−1 ẋ)]

=
...
x − 3

2
(ẍx−1 ẋ + ẋx−1 ẍ) + 2ẋx−1 ẋx−1 ẋ

and

∇3
t ẋ =∇t(

...
x − 3

2
(ẍx−1 ẋ + ẋx−1 ẍ) + 2ẋx−1 ẋx−1 ẋ)

=
d
dt

(
...
x − 3

2
(ẍx−1 ẋ + ẋx−1 ẍ) + 2ẋx−1 ẋx−1 ẋ)

− 1
2
[(

...
x − 3

2
(ẍx−1 ẋ + ẋx−1 ẍ) + 2ẋx−1 ẋx−1 ẋ)x−1 ẋ

+ ẋx−1(
...
x − 3

2
(ẍx−1 ẋ + ẋx−1 ẍ) + 2ẋx−1 ẋx−1 ẋ)]

=x(4) − 2(
...
x x−1 ẋ + ẋx−1...

x )− 3ẍx−1 ẍ +
17
4
(ẍx−1 ẋx−1 ẋ + ẋx−1 ẋx−1 ẍ)

+
7
2

ẋx−1 ẍx−1 ẋ− 6ẋx−1 ẋx−1 ẋx−1 ẋ.

According to Proposition 5.2.2, we find

R(∇t ẋ, ẋ)ẋ

=
1
4
(2ẋx−1(∇t ẋ)x−1 ẋ− (∇t ẋ)x−1 ẋx−1 ẋ− ẋx−1 ẋx−1 ẋ(∇t ẋ))

=
1
4
(2ẋx−1(ẍ− ẋx−1 ẋ)x−1 ẋ− (ẍ− ẋx−1 ẋ)x−1 ẋx−1 ẋ

− ẋx−1 ẋx−1 ẋ(ẍ− ẋx−1 ẋ))

=
1
4
(2ẋx−1 ẍx−1 ẋ− ẍx−1 ẋx−1 ẋ + ẋx−1 ẋx−1 ẍ).

D The differential equations for elastica

The nonzero curvature κ and nonzero torsion τ of an elastic curve x in a locally
symmetric Riemannian manifold M satisfy the following differential equations2

Ẋ3 +
2
3

(
τ̇
τ

) (
1− κ̇

κ

)
X3 = −

√
2κ

3τ α̇ +
√

2
3 κβ− 2

3 κκ̇ − κ2τ̇
3τ

Ẍ3 − κ̇
κ Ẋ3 + (4κ2 − 2τ2)X3 =

√
2κτα +

√
2κβ̇−

√
2κκ̈ −

√
2

2 κ4 +
√

2κ2τ2

+κ2(
√

2λ + 2k0)

(19)

2For the record, and to show how complicated this equation is. We don’t attempt to manipulate the
system.
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where

α =
(2 +

√
2)κ̈τ

κ2 −
√

2κ̇2τ

κ3 +

√
2κ̇τ̇

κ2 +

√
2τ̈

2κ
− 2

τ3

κ
− (2λ +

√
2k0)

τ

κ
+ κτ,

β =

√
2κ̇τ2

κ2 +
(2 +

√
2)ττ̇

2κ
−

...
κ

2κ2 +
κ̈κ̇

2κ3 −
1
2

κ̇,

and k0 is a constant.

Proof. By Proposition 5.6.1, X2 = k0−X3−X4 for a constant k0. From equation (5.42),
we have

X1 =
1
κ

Ẋ5 +

√
2τ

κ
(X3 + 2X4 − k0), (20)

X6 =
τ

κ
X5 −

√
2

2κ
(Ẋ3 + Ẋ4), (21)

Ẋ1 − τX6 = −κX5, (22)

Ẋ6 + τX1 =
√

2κ(2X3 + X4 − k0). (23)

Using equation (5.46) and (5.47),

√
2X4 =

κ̈

κ
+

1
2

κ2 − τ2 − λ,
√

2X5 = 2
κ̇

κ
τ + τ̇. (24)

Substituting (24) into (20) and (21) gives

X1 =

√
2τ

κ
X3 + α, X6 = −

√
2

2κ
Ẋ3 + β. (25)

Finally, substituting (25) into (22) and (23) will return (19).
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