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Abstract

The momentous first observation of gravitational waves (GW) from a binary neutron

star merger heralded the beginning of a new era of multi-messenger astronomy, but

much of the interesting physics of neutron star mergers is contained at high frequencies

at which current GW detectors have insufficient sensitivity. This thesis concerns the

design of novel technology for GW detectors that will allow new discoveries from

high frequency gravitational signals of neutron star collisions. The most important

component of this technology is a low loss micro-mirror with nanoscale suspension

known as a cat-flap resonator. It is shown that it is possible to use an optically

trapped cat-flap resonator to create a white light signal recycling interferometer that

allows resonant amplification over a broad band of frequencies.

Chapter 1 presents a background to gravitational wave detection. Gravitational

waves are introduced via Einstein’s theory of General Relativity, and this leads into

a discussion of the possible GW sources. This is followed by an overview of GW

detectors and thermal, optical and seismic noise sources that limit their sensitivity.

The importance of neutron star GW detection lies in the ability to test relativistic

physics and properties of highly compact matter using gravitational and electromag-

netic waves. Chapter 2 follows with an introduction of quantum optomechanics in

the context of GW detection. The sensitivity of optomechanical systems, including

interferometric GW detectors, is fundamentally limited by quantum noise. Methods

for enhancing the quantum limited sensitivity include optical squeezing, measurement

of commuting quantum variables, and negative dispersion.

Chapter 3 introduces the idea of a cat-flap resonator that can be optically

diluted such that its mechanical frequency is raised from approximately 1 Hz to

100 kHz. The quality factor increases by the corresponding ratio of optical stiffness

to mechanical stiffness, and extremely high quality factors allow the resonator to

be used in optomechanical filters for GW detectors. However, coupling to internal

modes of the mirror limits the quality factor at high frequencies due to a mechanism

called acceleration loss. Reducing this loss requires decreasing the size of the mirror

to increase the internal mode frequency. Extremely soft suspension is needed to keep

the mechanical stiffness low enough. Analysis is presented for possible materials,

suspension types and fabrication methods.

The theory for optomechanical negative dispersion cavities was based on the

membrane-in-the-middle configuration. To make the theory consistent with micro-

resonators that might not be optically transmitting, this thesis makes use of a coupled

cavity configuration that we called the Double End Mirror Sloshing (DEMS) cavity.



Like the membrane-in-the-middle cavity, the DEMS cavity is capable of stable optical

trapping and passive radiation pressure reduction, in the context of non-transmissive

mechanical resonators.

Chapter 4 introduces cat-flap resonators made from high reflectivity crystalline

aluminium gallium arsenide (AlGaAs) dielectric coatings. This is motivated by the

fact that acceleration loss forces the use of a smaller resonator to reduce coupling to

internal modes. Constructing the resonator solely from crystalline coating material

is also shown to sufficiently reduce thermoelastic loss by operating within 1 K of

the zero point of thermal expansion of the material. Finite element analysis of the

quality factor of cat-flap resonators in stable optical traps is shown to produce results

consistent with first-principles calculations of acceleration loss, but refined to account

for 3-dimensional modes.

Chapter 5 is concerned with the design of a complete system consisting of negative

dispersion filter, trapping cavity and cat-flap resonator that can enable a white light

signal recycling interferometer. Gravitational wave signal sidebands acquire a phase

delay in the long interferometer arms, which degrades the signal sensitivity. In

principle, an optomechanical negative dispersion filter can apply a compensating

negative phase, creating a white light signal recycling interferometer where a broad

band of frequencies are resonant at once. However, such a filter must have extremely

low thermal noise coupling and operate in the resolved sideband regime. A parameter

space graph is derived that shows strict requirements on the cat-flap resonator size

and optical spring frequency. The design of the filter cavity uses an optically diluted

30 micron cat-flap resonator made from crystalline AlGaAs coating. It is shown

that such a resonator could achieve a Q-factor of 1010 at a temperature of 4 K using

an optical spring frequency of 100 kHz. It is shown that if the thermal noise of

the dielectric coating material was improved by a factor of 5 and the round trip

optical loss of the filter was below 10 ppm, then the white light signal recycling

interferometer combined with frequency dependent squeezing would increase the rate

of neutron star signal detection by a factor of 500.

Chapter 6 discusses prototype cat-flap resonators fabricated at UWA and considers

their associated loss mechanisms. Some finite element analysis and mechanical design

was performed in order to investigate possible sources of loss. Early prototypes of

cat-flap resonators were found to have significantly reduced quality factor compared

to that of membranes and cantilevers. The analysis shows that attachment loss and

thermoelastic loss can be ruled out for the prototype cat-flap resonators that have

hinge thicknesses of the order of hundreds of nanometers. It is suggested that the

observed losses are due to bulk and surface gallium contamination which is consistent

with literature regarding focused ion beam machining with gallium ions.
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Chapter 7 presents an analysis of detuned white light signal recycling using a

cat-flap resonator. This chapter was motivated by the author’s visit to the University

of Birmingham to study filter cavity optomechanics. It has been shown that detuned

white light signal recycling can be used to enhance neutron star merger signals in

the range 1–4 kHz using lower optical spring frequencies than for the tuned case,

at the expense of sensitivity to signals in the band 100-1000 Hz. Signal recycling

parameters are analysed in terms of integrated sensitivity in the neutron star signal

band. It is shown that it is possible to create an interferometer with sensitivity

better than 10−24
√

Hz in the range 1–4 kHz using a cat-flap resonator with a factor

of 50 higher mass and factor of 4 lower optical spring frequency than the design

shown in chapter 5.

Chapter 8 concludes the thesis, summarising that the negative dispersion filter

is capable of significantly enhancing the sensitivity to neutron star gravitational

wave signals but requires advances in microresonator technology in order to be

realised. Improvements are required in the material quality factor of crystalline

coatings and fabricated nanoscale suspensions. Optical dilution of a cat-flap resonator

to high frequency and high quality factor at cryogenic temperature must also be

demonstrated in experiment. If these ambitious requirements can be met, the white

light signal recycling interferometer will profoundly advance our understanding of

fundamental physics and the most extreme conditions of relativity.

iii



AUTHORSHIP DECLARATION: CO-AUTHORED

PUBLICATIONS

Publication title:

Towards thermal noise free optomechanics

Co-authors:

Yiqiu Ma, Valery Mitrofanov, David G. Blair, Li Ju, Chunnong Zhao, Shiuh Chao,

Huang-Wei Pan, Hamed Sadeghian

Reference:

Journal of Physics D: Applied Physics, 49, 455109 (2016)

Details of the work:

Design of a large mirror with nanoscale suspension. The goal was to maximise the

optical dilution factor of a microresonator, motivated by previous research of Y.

Ma and ideas of D.G. Blair.

Location in thesis:

Chapter 3

Author contributions:

V. Mitrofanov contributed on a loss mechanism known as acceleration loss which

forms the crucial argument of this paper. M.A. Page drafted the large majority

of the manuscript and edited the section on fabrication procedures. S. Chao and

H.W. Pan gave the details on wet etching of silicon, and H. Sadeghian gave the

details for Reactive Ion Etching. Y. Ma provided background and feedback for the

quantum optomechanics section and calculations. With respect to the order in the

publication version, figure 1 was produced by Y. Ma, figure 2 was produced by

M.A. Page and H. Sadeghian, figures 3-8 were calculated and produced by M.A.

Page, figures 9 and 10 were produced by S.Chao and H.W. Pan and figure 11 was

produced by H. Sadeghian. Revision and proofreading was provided by D.G. Blair,

C. Zhao and L. Ju.

Michael Page: 70% of theoretical analysis, 75% of manuscript preparation

Yiqiu Ma: 10% of theoretical analysis, 5% of manuscript preparation

Valery Mitrofanov: 10% of theoretical analysis, 5% of manuscript preparation

Shiuh Chao, Huang-Wei Pan, Hamed Sadeghian: 10% of theoretical analysis, 10%

of manuscript preparation

David G. Blair, Li Ju, Chunnong Zhao: 5% of manuscript preparation

iv



Confirmation of chapter 3 co-authorship

Michael Page 13 March 2019 Yiqiu Ma 19 March 2019

Valery Mitrofanov 20 March 2019 David Blair 20 March 2019

Li Ju 20 March 2019 Chunnong Zhao 19 March 2019

Shiuh Chao 19 March 2019 Huang-Wei Pan 20 March 2019

Hamed Sadeghian 19 March 2019

v



Publication title:

Ultra-low dissipation resonators for improving the sensitivity of gravitational wave

detectors

Co-authors:

Xu Chen, James La Fontaine, David G. Blair, Chunnong Zhao, Li Ju, Shiuh Chao,

Huang-Wei Pan

Reference:

Physics Letters A, 382, 3174-3180 (2017)

Details of the work:

Investigation of mechanical dissipation of cat-flap resonators. This work begins to

incorporate finite element modelling into the design.

Location in thesis:

Chapter 4

Student contribution to work:

M.A. Page drafted the introduction, and performed acceleration loss and thermal

calculations for low temperature cat-flap resonators. J. La Fontaine created finite

element analysis results for the optically diluted Q-factor, center-of-percussion and

stress distribution, with oversight by M.A. Page and L. Ju. X. Chen, S. Chao

and H.W. Pan drafted the section on resonator fabrication. Proofreading was

performed by M.A. Page, D.G. Blair, C. Zhao and L. Ju.

Michael Page: 50% of theoretical analysis, 50% of manuscript preparation

James La Fontaine: 40% of theoretical analysis, 30% of manuscript preparation

Xu Chen, Shiuh Chao, Huang-Wei Pan: 10% of theoretical analysis, 10% of

manuscript preparation

David G. Blair, Li Ju, Chunnong Zhao: 10% of manuscript preparation

vi



Confirmation of chapter 4 co-authorship

Michael Page 13 March 2019 Xu Chen 20 March 2019

James La Fontaine 19 March 2019 David Blair 20 March 2019

Li Ju 20 March 2019 Chunnong Zhao 19 March 2019

Shiuh Chao 19 March 2019 Huang-Wei Pan 20 March 2019

vii



Publication title:

Enhanced detection of high frequency gravitational waves using optically diluted

optomechanical filters

Co-authors:

Jiayi Qin, James La Fontaine, Chunnong Zhao, Li Ju, David G. Blair

Reference:

Physical Review D, 97, 124060 (2018)

Details of the work:

Design of an optical filter, optical trapping cavity and mechanical resonator which

is capable of producing an optically diluted negative dispersion filter. Quantum

noise limited sensitivity enhancement is shown relative to Advanced LIGO quantum

noise at 800 kW intracavity power.

Location in thesis:

Chapter 5

Student contribution to work:

J. Qin and C. Zhao gave initial estimates of the sensitivity enhancement possible

with optically diluted negative dispersion filters. J. Qin provided a computational

code for an optomechanical negative dispersion filter integrated with a GW in-

terferometer, which was modified by M.A. Page to work in the context of the

specific microresonator design. J. La Fontaine and L. Ju provided background

for the finite element analysis method used in the paper, which was refined by

M.A. Page. M.A. Page integrated the optical and mechanical calculations together,

optimised the design of the cat-flap resonator using finite element analysis and

other methods and optimised the design of associated filter cavities. J. Qin drafted

the section about the Hamiltonian analysis of the negative dispersion filter. M.A.

Page drafted the rest of the manuscript and produced all figures and calculations.

Proofreading was performed by C. Zhao, L. Ju and D.G. Blair.

Michael Page: 85% of theoretical analysis, 90% of manuscript preparation

Jiayi Qin: 10% of theoretical analysis, 5% of manuscript preparation

James La Fontaine: 5% of theoretical analysis

David G. Blair, Li Ju, Chunnong Zhao: 5% of manuscript preparation

viii



Confirmation of chapter 5 co-authorship

Michael Page 13 March 2019 Jiayi Qin 19 March 2019

James La Fontaine 19 March 2019 David Blair 20 March 2019

Li Ju 20 March 2019 Chunnong Zhao 19 March 2019

ix



Publication title:

Characterisation of experimental losses in cat-flap resonators

Co-authors:

Xu Chen, Benjamin Neil, Chunnong Zhao, Li Ju, David G. Blair

Reference:

Unpublished

Details of the work:

Investigation of experimental loss mechanisms in prototype cat-flap resonators.

Location in thesis:

Chapter 6

Student contribution to work:

B. Neil fabricated crystalline AlGaAs resonators using Focused Ion Beam machining.

He measured the frequency and quality factor of the provided AlGaAs membranes,

as well as fabricated cantilevers and cat-flap pendulums. X. Chen measured

the frequency and quality factor of a silicon/SiN cat-flap pendulum. M.A. Page

performed finite element analysis detailed in the chapter and created a mechanical

design of a clamp to hold the samples. M.A. Page also calculated the losses in

the fabricated cat-flaps, compared with experimental results and discussed the

implications of these losses. The material in this chapter is currently unpublished,

but may be used as a component of a later paper.

Michael Page: 90% of theoretical analysis contained in the chapter

Benjamin Neil, Xu Chen: 5% of theoretical analysis, provision of experimental

data

David G. Blair, Li Ju, Chunnong Zhao: 5% of theoretical analysis

x



Confirmation of chapter 6 contribution

Michael Page 13 March 2019 Xu Chen 19 March 2019

Benjamin Neil 19 March 2019 David Blair 20 March 2019

Li Ju 20 March 2019 Chunnong Zhao 19 March 2019

xi



Publication title:

Optical and thermal noise in unstable filter cavities for detuned white light signal

recycling

Co-authors:

Haixing Miao, Joe Bentley, Denis Martynov

Reference:

Unpublished

Details of the work:

Further investigation into the quantum optics of unstable negative dispersion

filters. The focus of this chapter is on interferometers that optimise the detection

of high frequency NS mergers at the expense of low frequency signals.

Location in thesis:

Chapter 7

Student contribution to work:

J. Bentley provided background into analytical calculation of sideband propagation

in unstable filter cavities. This was completed by M.A. Page and collected into a

‘four-sideband’ model. H. Miao provided background and software for modelling

white light signal recycling in detuned interferometers. This was used by M.A.

Page to produce graphs of sensitivity and integrated sensitivity for interferometers

focused on detecting tidal effects of NS mergers. Some feedback into the noise

budgeting was given by D.V. Martynov. The material in this chapter is currently

unpublished, but may be used as part of a later paper.

Michael Page: 85% of theoretical analysis contained in the chapter

Joe Bentley, Haixing Miao: 10% of theoretical analysis

Denis Martynov: 5% of theoretical analysis

xii



Confirmation of chapter 7 contribution

Michael Page 13 March 2019 Joe Bentley 19 March 2019

Haixing Miao 20 March 2019 Denis Martynov 20 March 2019

Authorship declaration

I, Michael A. Page certify that the above statements regarding author contribution

to each of the works listed above are correct:

Michael Anthony Page, 21 March 2019

I, David G. Blair certify that the student statements regarding their contribution

to each of the works listed above are correct:

David G. Blair, coordinating supervisor, 21 March 2019

xiii



xiv



Acknowledgments

Special thanks to my supervisors Chunnong Zhao, Li Ju and David Blair for their

guidance in the fields of optics and mechanics, for being a source of ideas early in

my studies and for their review and proofreading of my work. Every PhD student

has a lot of ideas, but it’s important to stay on message. Their perspective has been

valuable for the timely production of results, papers and this thesis. Special thanks

also to Ian McArthur, the Head of School for the large majority of my undergraduate

and postgraduate study.

Special thanks to Dr Haixing Miao of the University of Birmingham for his guidance,

mentorship, expertise and advocacy. To any PhD students reading this, I would like

to stress the importance of going to international conferences and talking to the

experts in your field. I met Haixing and members of the University of Birmingham

Astrophysics and Space Research Group at the LVC Sonoma Meeting in March 2018,

and the resulting interchange and study trip was a great boost to my knowledge and

initiative. He somehow manages to be easygoing while still expecting a lot out of

you.

Special thanks to our hardworking administrator Ruby Chan. Her bright attitude

always helped when it came to reimbursements, travel, paperwork, and other things

PhD students would rather not have to concentrate on. Thanks also for organising

the great events put on by the group during my time here.

Special thanks to of course to my family for supporting me throughout this thesis,

and for convincing to spend my weekends to the fullest during my visit to the UK.

Thanks to Joe Bentley and Denis Martynov of the University of Birmingham for

their help, discussion and arguments about gravitational wave optomechanics. Along

with Haixing, they really helped me iron out the wrinkles in my thinking and gave

me a lot of insight into the challenges and innovations of my own field of research.

Thanks to the co-authors in my papers: Yiqiu Ma (CalTech), Valery Mitrofanov

(Lomonosov Moscow State University), Shiuh Chao (National Tsing-Hua University),

xv



Huang-Wei Pan (National Tsing-Hua University), Hamed Sadeghian (Delft Univer-

sity), James La Fontaine (UWA), Xu Chen (UWA), Jiayi Qin (Australian National

University), and my supervisors. Thanks also to the international researchers who

have given feedback on my work in internal review, conferences and telecons: Stefan

Danilishin, Mikhail Korobko, Markus Aspelmeyer, Garrett Cole, Jonathan Cripe,

Nancy Aggarwal, Paul Altin, Bram Slagmolen, David McClelland and others.

Thanks to Yiqiu Ma, Jiayi Qin, Carl Blair and Xu (Sundae) Chen for their mentorship

and advice early on in my time with the gravitational waves group, and for getting

me started out with lab work, Gingin tours and mathematical background.

Thanks to UWA and OzGrav staff: the UWA workshop technicians John Moore,

Steve Key, Ken Field and Gary Light for their training, advice on mechanical design

and fabrication of experimental bits and pieces; Graduate Research staff Thritty

Bhanja, Paul Abbott, Gerhardt Meurer, and current Head of School Jingbo Wang

for helping out with the paperwork, candidature issues and reviews, and Mikhail

Kostylev for providing the final check of my thesis; OzGrav staff Matthew Bailes,

Yeshe Fenner, Erin O’Grady and Lisa Horsley for running a tight ship and putting

together telecons, merchandise, games and events.

Thanks to the people who organised overseas trips I attended: Pierre Francois

Cohadon, organiser of the Les Houches Summer School of Optomechanics 2015 in the

picturesque French Alps; Jie Pan of UWA, organiser of UWA/ZJU Summer forum

of Acoustics and Biomedical Engineering 2016; Joanne Cox from the University of

Birmingham for helping me out with my accommodation and registration issues for

my trip there.

Thanks to Xuhao Du of UWA helped out the UWA/ZJU Summer forum travelling

party navigate Hangzhou, China and showed us around some of the local sights near

West Lake. Also the river snails in chilli sauce was an interesting culinary experience.

Thanks also to Yoshinori Fujii of NAOJ who showed me around the KAGRA site in

the Kamioka mine. It was great to see one of these giant machines in action, and to

take a long bike ride to the end station in the middle of a mountain.

Thanks to Magdalena Kersting, Michael Bornholdt and Rahul Choudhary for their

blunt and detailed feedback on my Three Minute Thesis presentation. One can only

do so much on their own, especially when it comes to a public speaking competition

about presenting complex academic work to a general audience.

Thanks to my fellow postgrads and postdocs from OzGrav, and the University of

xvi



Birmingham, that I haven’t mentioned thus far but kept things lively in the field of

gravitational wave detection: Parris Trahanas, Benjamin Neil, Vladimir Bossilkov,

Josh McCann, Zhang Jue, Liu Jian, Andrew Sunderland, Teresa Slaven-Blair, Ben

Burridge, Qi Chu, Jyoti Kaur, Alex Foppoli, David McManus, Georgia Mansell, Min

Jet Yap, Vaishali Adya, Debatri Chattopadhyay, Anna Green, Sam Cooper, Conor

Mow-Lowry, Aaron Jones, Conner Gettings and others.

Finally, special thanks to our postdoc Joris Van Heijningen for organising many

get-togethers, proofreading my thesis, reviewing my job applications, suggesting

to climb Mt Fuji and visit KAGRA and just generally being a great mentor and

enthusiastic presence. Even if as a suspension guy he is on the opposite side of

the gravitational wave detector spectrum, he is always willing to give feedback on

whatever it is I ask him about. He is a real role model who gave me a lot of ideas

and inspiration for my future.

This thesis was reviewed in whole by Chunnong Zhao and Mikhail Kostylev, and in

parts by Joris Van Heijningen, Xu Chen, Haixing Miao, Li Ju and David G. Blair.

This research was supported by an Australian Government Research Training Pro-

gram (RTP) Scholarship

xvii



xviii



Contents

Contents xix

List of Figures xxiii

List of Tables xxix

1 Introduction to gravitational wave detection 1

1.1 Einstein’s theory of General Relativity . . . . . . . . . . . . . . . . . 1

1.2 Sources of gravitational waves . . . . . . . . . . . . . . . . . . . . . . 4

1.2.1 Radiation from masses in motion . . . . . . . . . . . . . . . . 4

1.2.2 Stochastic background . . . . . . . . . . . . . . . . . . . . . . 6

1.2.3 Supernovae . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2.4 Pulsars . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.5 Compact binary coalescence . . . . . . . . . . . . . . . . . . . 7

1.3 Direct detection of gravitational waves . . . . . . . . . . . . . . . . . 9

1.3.1 Resonant bar detectors . . . . . . . . . . . . . . . . . . . . . . 9

1.3.2 Interferometric detectors . . . . . . . . . . . . . . . . . . . . . 9

1.4 Noise in interferometric GW detectors . . . . . . . . . . . . . . . . . 10

1.4.1 Harmonic oscillators, damping and the Fluctuation-Dissipation

Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.4.2 Seismic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.4.3 Newtonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.4.4 Residual gas . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.4.5 Thermal noise . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.4.6 Thermoelastic . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.4.7 Thermo-optic . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.4.8 Quantum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.5 Successful detections of gravitational waves . . . . . . . . . . . . . . . 22

1.5.1 Implications of high frequency detection . . . . . . . . . . . . 23

1.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

xix



CONTENTS

2 Quantum optics in gravitational wave detectors 29

2.1 Quantisations of the electromagnetic field . . . . . . . . . . . . . . . . 30

2.2 Gaussian beams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.3 Two photon quantum optics . . . . . . . . . . . . . . . . . . . . . . . 37

2.3.1 Amplitude and phase modulation . . . . . . . . . . . . . . . . 37

2.3.2 Two photon operators . . . . . . . . . . . . . . . . . . . . . . 39

2.4 Quantum states of light . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.4.1 Vacuum state . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.4.2 Coherent state . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.4.3 Squeezed state . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.5 Optomechanics of optical cavities and GW detectors using two photon

optics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

2.5.1 Reflection from a moving mirror in free space . . . . . . . . . 46

2.5.2 Simple Michelson interferometer . . . . . . . . . . . . . . . . . 49

2.5.3 Tuned Fabry-Perot cavity . . . . . . . . . . . . . . . . . . . . 53

2.5.4 Michelson interferometer with arm cavities and power recycling

mirror . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.5.5 Detuned Fabry-Perot cavity . . . . . . . . . . . . . . . . . . . 59

2.5.6 Michelson interferometer with signal recycling . . . . . . . . . 62

2.6 Readout and signal measurement . . . . . . . . . . . . . . . . . . . . 68

2.6.1 Homodyne detection . . . . . . . . . . . . . . . . . . . . . . . 68

2.6.2 Heterodyne detection . . . . . . . . . . . . . . . . . . . . . . . 69

2.6.3 DC readout . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

2.7 Hamiltonian formulation . . . . . . . . . . . . . . . . . . . . . . . . . 70

2.7.1 Comments and generalisations . . . . . . . . . . . . . . . . . . 75

2.8 Optical rigidity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

2.9 Manipulating quantum states of light . . . . . . . . . . . . . . . . . . 78

2.9.1 Squeezed injection . . . . . . . . . . . . . . . . . . . . . . . . 78

2.9.2 Frequency dependent squeezing . . . . . . . . . . . . . . . . . 78

2.9.3 Variational readout . . . . . . . . . . . . . . . . . . . . . . . . 81

2.9.4 Measuring a commuting quantity . . . . . . . . . . . . . . . . 82

2.9.5 Negative dispersion filter . . . . . . . . . . . . . . . . . . . . . 82

2.10 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3 Low stiffness microresonator for stable optical trapping 85

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.2 Quantum dynamics of the DEMS cavity . . . . . . . . . . . . . . . . 89

3.2.1 Optical spring dynamics of a coupled cavity . . . . . . . . . . 90

xx



CONTENTS

3.2.2 Quantum radiation pressure cancellation . . . . . . . . . . . . 92

3.3 Effects of mechanical losses . . . . . . . . . . . . . . . . . . . . . . . . 94

3.3.1 Acceleration loss . . . . . . . . . . . . . . . . . . . . . . . . . 94

3.3.2 Suspension loss . . . . . . . . . . . . . . . . . . . . . . . . . . 98

3.3.3 Thermoelastic and other losses . . . . . . . . . . . . . . . . . . 100

3.4 Fabrication of a resonator with nanoscale silicon nitride suspension . 104

3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4 Mechanical dissipation of cat-flap resonators 111

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

4.2 Predictions of dissipation in cat-flap resonators . . . . . . . . . . . . . 114

4.3 Simulation of mechanical dissipation in cat-flap resonators . . . . . . 118

4.4 Fabrication of cat-flap resonator prototypes . . . . . . . . . . . . . . 123

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

5 White light signal recycling with a low noise optomechanical filter127

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.2 Negative dispersion filter . . . . . . . . . . . . . . . . . . . . . . . . . 130

5.3 Cat-flap resonator design requirements . . . . . . . . . . . . . . . . . 134

5.3.1 Optical dilution and acceleration loss . . . . . . . . . . . . . . 134

5.3.2 Gas damping, thermoelastic loss and absorption heating . . . 135

5.3.3 Finite Element Analysis . . . . . . . . . . . . . . . . . . . . . 137

5.3.4 Strain sensitivity prediction . . . . . . . . . . . . . . . . . . . 139

5.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

6 Experimental realisation of cat-flap resonators 145

6.1 Loss mechanisms in microresonator experiments . . . . . . . . . . . . 145

6.1.1 Recoil loss . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

6.1.2 Anchor loss . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

6.1.3 Thermoelastic loss . . . . . . . . . . . . . . . . . . . . . . . . 151

6.1.4 Surface loss . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

6.1.5 Gas damping . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

6.2 Aluminium Gallium Arsenide cat-flap resonator . . . . . . . . . . . . 153

6.2.1 Finite Element Analysis . . . . . . . . . . . . . . . . . . . . . 154

6.2.2 Characterisation of frequency and quality factor . . . . . . . . 160

6.2.3 Impact of losses in AlGaAs cat-flaps . . . . . . . . . . . . . . 162

6.3 Silicon cat-flap resonator . . . . . . . . . . . . . . . . . . . . . . . . . 167

6.3.1 Characterisation of frequency and quality factor . . . . . . . . 168

xxi



CONTENTS

6.4 Discussion and future work . . . . . . . . . . . . . . . . . . . . . . . . 168

7 High frequency enhancement of future detectors 171

7.1 Four photon model of the negative dispersion filter . . . . . . . . . . 172

7.2 Displacement noise budget and noise coupling of cat-flap resonator

unstable filters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

7.2.1 Radiation pressure noise . . . . . . . . . . . . . . . . . . . . . 179

7.2.2 Brownian noise . . . . . . . . . . . . . . . . . . . . . . . . . . 180

7.2.3 Suspension noise . . . . . . . . . . . . . . . . . . . . . . . . . 181

7.2.4 Coating thermoelastic and thermorefractive (thermo-optic noise)181

7.2.5 High frequency enhancement using the displacement noise

spectrum and detuned signal recycling . . . . . . . . . . . . . 183

7.3 WLSR in future high frequency detectors . . . . . . . . . . . . . . . . 185

7.3.1 4 km interferometers . . . . . . . . . . . . . . . . . . . . . . . 186

7.3.2 Changing interferometer length . . . . . . . . . . . . . . . . . 188

7.4 Discussion and future work . . . . . . . . . . . . . . . . . . . . . . . . 190

8 Conclusion and future work 195

A Quantum optics derivations 199

A.1 Quantum states of light . . . . . . . . . . . . . . . . . . . . . . . . . 199

A.1.1 Coherent state . . . . . . . . . . . . . . . . . . . . . . . . . . 199

A.1.2 Squeezed state . . . . . . . . . . . . . . . . . . . . . . . . . . 199

A.2 Two photon optics of optical cavities and GW detectors . . . . . . . . 200

A.2.1 Free space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

A.2.2 Tuned Fabry-Perot cavity . . . . . . . . . . . . . . . . . . . . 204

A.3 Readout and signal measurement . . . . . . . . . . . . . . . . . . . . 208

A.3.1 Homodyne detection . . . . . . . . . . . . . . . . . . . . . . . 208

A.4 Hamiltonian Formalism . . . . . . . . . . . . . . . . . . . . . . . . . . 209

A.4.1 Equivalence of Hamiltonian and two-photon approaches for a

tuned cavity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

Bibliography 213

xxii



List of Figures

1.1 Effect of gravitational waves on freely falling test masses and a Michel-

son interferometer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Orbital decay of the Hulse-Taylor pulsar . . . . . . . . . . . . . . . . 8

1.3 Illustrations of harmonic oscillators . . . . . . . . . . . . . . . . . . . 11

1.4 Comparison of the magnitude and phase response of harmonic oscilla-

tors with structural and viscous damping . . . . . . . . . . . . . . . . 13

1.5 Displacement thermal noise of harmonic oscillators using the Fluctua-

tion Dissipation theorem . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.6 Depiction of gravity gradients that cause Newtonian noise . . . . . . 16

1.7 Spectrogram of the first gravitational wave detected by LIGO . . . . 22

2.1 Fundamental mode of a Gaussian beam . . . . . . . . . . . . . . . . . 35

2.2 Transverse mode profiles of the Hermite Gaussian solutions of the

Helmholtz equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.3 Phase modulation by a moving mirror . . . . . . . . . . . . . . . . . 38

2.4 Quantum states of light illustrated on axes representing amplitude

and phase quadrature . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.5 Electromagnetic field that propagates through free space, reflects from

a movable mirror and returns to its starting point . . . . . . . . . . . 46

2.6 Basic Michelson interferometer showing the combination of fields. . . 49

2.7 Strain sensitivities of various simple Michelson interferometers and

their associated Standard Quantum Limits, calculated using Finesse 2.2 52

2.8 Electromagnetic field in a tuned Fabry-Perot cavity . . . . . . . . . . 53

2.9 Michelson interferometer with power recycling mirror and arm cavities,

showing the combination of fields. . . . . . . . . . . . . . . . . . . . . 56

2.10 Comparison of a simple Michelson, and Michelson with tuned arm

cavities and a power recycling mirror . . . . . . . . . . . . . . . . . . 57

2.11 Comparison Michelson interferometers with varying arm length. All

configurations use a 125 W 1064 nm laser, 40 kg test masses, TPRM =

0.03 and TITM = 0.033. . . . . . . . . . . . . . . . . . . . . . . . . . . 57

xxiii



LIST OF FIGURES

2.12 Comparison Michelson interferometers with varying test masses. All

configurations use a 125 W 1064 nm laser, 4 km arms, TPRM = 0.03

and TITM = 0.033. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.13 Comparison Michelson interferometers with varying laser powers. All

configurations use 40 kg test masses, 4 km arms, TPRM = 0.03 and

TITM = 0.033. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.14 Electromagnetic field that propagates through a detuned Fabry-Perot

cavity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.15 Michelson interferometer with power recycling mirror, arm cavities

and signal recycling cavity, showing the combination of fields. . . . . 62

2.16 Three mirror optical cavity . . . . . . . . . . . . . . . . . . . . . . . . 63

2.17 Comparison of tuned Fabry Perot Michelson and signal recycling

interferometers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

2.18 Comparison of signal recycling interferometers with various SRC

detunings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

2.19 Comparison of signal recycling interferometers with various SRM

transmissivities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

2.20 Readout techniques used in gravitational wave detectors for measuring

arbitrary light quadratures . . . . . . . . . . . . . . . . . . . . . . . . 68

2.21 Illustration of the single-sided optical spring effect in a detuned optical

cavity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.1 Double End-Mirror Sloshing (DEMS) cavity . . . . . . . . . . . . . . 87

3.2 Cat-flap resonator illustration . . . . . . . . . . . . . . . . . . . . . . 89

3.3 Practical implementation of the DEMS cavity . . . . . . . . . . . . . 90

3.4 Circulating power versus optical spring frequency . . . . . . . . . . . 93

3.5 Acceleration loss limited quality factor Qf of the mechanical resonator

vs angular frequency at UHV pressure of 10−11 Torr . . . . . . . . . . 97

3.6 Comparison of violin string modes of various cat-flap resonator sus-

pensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

3.7 Thermoelastic loss in cat-flap resonator mirrors for various materials . 101

3.8 Thermoelastic loss curves for various thicknesses of crystalline silicon

resonators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

3.9 Major steps of the fabrication process for the resonator (a) HR coating

and SiNx applied to a silicon wafer (b) Etching of bulk silicon to form

the resonator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

3.10 Close-up views and time evolution for etching on (a) (110)oriented

wafer and (b) (100) wafer. . . . . . . . . . . . . . . . . . . . . . . . . 105

xxiv



LIST OF FIGURES

3.11 Fabrication process for silicon nitride nanowire suspension . . . . . . 107

4.1 Quality factor vs optical spring frequency for an optically trapped

cat-flap resonator, in the limit of ultra-high vacuum, acceleration and

thermoelastic losses only . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.2 Thermoelastic loss angle versus temperature for different cat-flap

resonator materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

4.3 Illustration of the model used in the simulation. The top face of the

hinges is fixed, and a boundary load is applied to represent the optical

spring force. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

4.4 Q-Factor of the pendulum mode vs laser spot position . . . . . . . . . 120

4.5 Mode shapes and stress distributions on the hinge with forcing at two

positions on substrate . . . . . . . . . . . . . . . . . . . . . . . . . . 121

4.6 Q-factor of the pendulum mode with varying kopt for different hinge

dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

4.7 The fabrication process for the cat-flap resonator . . . . . . . . . . . 123

4.8 The fabrication process of the cat-flap with silicon nitride film as the

hinge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

4.9 A photograph of a cat-flap resonator fabricated via the method shown

in figure 4.8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

5.1 Optical setup of white light signal recycling (WLSR) interferometer . 130

5.2 Approximation of the parameter space for constructing a white light

cavity with a negative dispersion filter, DEMS cavity, AlGaAs/GaAs

cat-flap resonator and Advanced LIGO design power and test mass

parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

5.3 Examples of optical dilution enhanced Q-factor Qm versus optical

spring frequency, calculated using finite element analysis . . . . . . . 138

5.4 WLSR strain sensitivity curves . . . . . . . . . . . . . . . . . . . . . 141

6.1 Double mass spring system used to model recoil losses in mechanical

resonator systems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

6.2 Anchor loss model illustrations . . . . . . . . . . . . . . . . . . . . . 148

6.3 Silicon mask used for cat-flap characterisation experiments . . . . . . 153

6.4 2D model of cat-flap resonator used to simulate anchor loss in finite

element analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

6.5 Element meshing of the cat-flap resonator in the hinge . . . . . . . . 155

6.6 Quality factor of the fundamental mode versus length of the hinge,

for various cat-flap mirror sizes . . . . . . . . . . . . . . . . . . . . . 156

xxv



LIST OF FIGURES

6.7 First free body modes of the silicon mask which holds prototype

cat-flap resonators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

6.8 First modes of the silicon mask clamped at a 1 mm × 1 mm point in

the corner. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

6.9 Modes of the silicon mask closest to the 1160 µm membrane resonance

of 32 kHz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

6.10 Modes of the silicon mask clamped at three points . . . . . . . . . . . 157

6.11 Plot of eigenfrequencies of silicon mask . . . . . . . . . . . . . . . . . 158

6.12 Three point clamping device for the sample chip. The clamp is

designed to fit in a 1 inch mirror mount . . . . . . . . . . . . . . . . . 158

6.13 First 6 vibrational modes of the front of the clamp . . . . . . . . . . 159

6.14 Vibrational modes of the front of the clamp shown in figure 6.12, and

the mode separations of each of these eigenfrequencies. . . . . . . . . 159

6.15 Patterned silicon mask featuring AlGaAs cat-flap resonators. Reso-

nances are excited by a piezoelectric at the base of the clamp. . . . . 160

6.16 Photographs of the cat-flap resonator with frequency 3.4 kHz and

Q-factor 635 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

6.17 Comparison of measured fundamental modes of cat-flap resonators

with the fundamental bending mode of a clamped-free cantilever with

an end mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

6.18 Survey of loss mechanisms in cat-flap resonators . . . . . . . . . . . . 163

6.19 Survey of loss mechanisms including experimentally inferred surface loss164

6.20 Survey of loss mechanisms which may contribute to the measured loss

of the AlGaAs cantilevers . . . . . . . . . . . . . . . . . . . . . . . . 165

6.21 Survey of AlGaAs cantilever loss mechanisms including surface loss

inferred from the cat-flap resonators . . . . . . . . . . . . . . . . . . . 166

6.22 Silicon cat-flap and teflon clamp . . . . . . . . . . . . . . . . . . . . . 167

7.1 Four sideband picture of the negative dispersion filter . . . . . . . . . 173

7.2 Illustration of the effect of detuned signal recycling on the GW signal

sidebands . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

7.3 Cat-flap noise budget in an optical spring . . . . . . . . . . . . . . . . 184

7.4 Modified WLSR output optical train . . . . . . . . . . . . . . . . . . 186

7.5 Integrated sensitivity from 1 to 4.5 kHz for 4 km cat-flap WLSR

interferometers with various signal recycling parameters. . . . . . . . 187

7.6 Sensitivity comparison of WLSR schemes for various signal recycling

detuning and transmissivies . . . . . . . . . . . . . . . . . . . . . . . 188

xxvi



LIST OF FIGURES

7.7 Integrated sensitivity versus length. The signal recycling parameters

are changed between each case to maximise the peak sensitivity and 4

kHz sensitivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

7.8 Comparison of peak sensitivity in the NS band, and 4 kHz sensitivity

for various arm lengths of WLSR interferometers . . . . . . . . . . . 190

7.9 Strain sensitivity of noise from the filter cavity imparted onto the

signal sidebands via detuned WLSR . . . . . . . . . . . . . . . . . . . 191

7.10 Strain sensitivity of detuned WLSR for various cat-flap resonator masses192

xxvii



LIST OF FIGURES

xxviii



List of Tables

1.1 Summary of some important parameters of a selection of gravitational

wave events taken from the LIGO Scientific Collaboration catalogue . 23

3.1 Sample parameters for a trapped resonator. . . . . . . . . . . . . . . 93

3.2 Some derived parameters for the trapped resonator using the values

from Table 3.1. The final quality factor is the Q-factor enhanced by

optical dilution but limited by acceleration losses described in Section

3.3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

3.3 Loss mechanisms for the suspended resonator . . . . . . . . . . . . . 103

6.1 Measured resonant frequency and Q-factor for AlGaAs coating res-

onators of various types and dimensions . . . . . . . . . . . . . . . . 161

6.2 Comparison of losses versus measurements of the silicon cat-flap . . . 168

7.1 Transfer functions for the sidebands shown in figure 7.1, with respect

to the negative dispersion filter tuned to frequency ω0 + ωm . . . . . . 176

7.2 List of parameters for a GaAs cylinder with AlGaAs mirrors on both

flat faces, for the purpose of calculating the noise spectrum around

the optical spring resonance . . . . . . . . . . . . . . . . . . . . . . . 185

xxix



LIST OF TABLES

xxx



Chapter 1

Introduction to gravitational wave

detection

Preface

This section provides a background of gravitational wave detection and the motiva-

tions of this thesis. We start with a background of general relativity and sources of

gravitational waves. There is an emphasis on solar mass black hole and neutron star

binary coalescence as sources of gravitational waves, which are the main focus of this

thesis. We then give a small review of gravitational wave detections by Advanced

LIGO and Advanced Virgo up to the date of writing.

1.1 Einstein’s theory of General Relativity

Einstein’s theories of Special and General Relativity presented remarkable implica-

tions about the nature of space, time, energy and gravitation [1, 2]. In particular, the

theory of General Relativity deviated from the concept of flat space, and suggested

that spacetime could be distorted by massive objects.

The departure from the idea of non-Euclidean space was originally motivated

by Carl Friedrich Gauss, who with his student Georg Friedrich Bernhard Riemann

investigated the mathematics of curved spaces [3, 4]. Their work provided some of

the underlying mathematics of general relativity, particularly in the investigation of

invariants of curved spaces in higher dimensions.

The theory of General Relativity is summed up in the quote by John Wheeler,

“matter tells spacetime how to curve, spacetime tells matter how to move” [5].

1



CHAPTER 1. INTRODUCTION TO GRAVITATIONAL WAVE
DETECTION

Mathematically, this statement is expressed with Einstein’s Field Equations [2]:

Gµν = Rµν −
1

2
Rgµν + Λgµν =

8πG

c4
Tµν (1.1)

where Gµν denotes the Einstein curvature tensor that contains information on the

deformation of spacetime, G the gravitational constant, c the speed of light, Tµν

the relativistic stress energy tensor, Rµν the Ricci curvature tensor, R the Ricci

scalar curvature, and gµν the metric of the underlying spacetime. This equation

shows that the coupling constant between mass/energy and spacetime distortion is

8πG/c4 ∼ 10−43 N−1, when the stress energy tensor is in units of energy per volume.

As such, the effects of general relativity require enormous mass concentrations to be

detectable.

In the case of strong fields, the metric gµν can be quite complicated, and the

Einstein Field Equations become highly non-linear. Small effects of general relativity

can be approximated by treating them as perturbations of the Minkowski metric.

The metric encodes the relation between space and time coordinates in the spacetime

interval:

ds2 = gµνdx
µdxν (1.2)

where µ, ν refer to the three space coordinates and one time coordinate. The

Minkowski metric describes this relation for spacetime that has no deformation:

ηµν =


−c2 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 (1.3)

such that:

ds2 = −c2dt2 + dx2 + dy2 + dz2. (1.4)

Small effects of general relativity can then be realised as small perturbations:

gµν = ηµν + ε hµν . (1.5)

Gravitational waves from distant objects can be derived from this perturbation

expansion of the metric [6]. Gauge freedom exists in the choice of hµν . One of the

choices that leads to a well known formulation of gravitational wave propagation is

the transverse traceless gauge, where coordinates are described by the trajectories of

2



1.1. EINSTEIN’S THEORY OF GENERAL RELATIVITY

free-falling test masses. Then, Einstein’s Field Equations reduce to [7]:

8πG

c4
Tµν = −1

2
ε

(
− 1

c2

∂2

∂t2
+

∂2

∂xi∂xi

)
hTTµν (1.6)

where hTTµν is the deformation in the transverse traceless gauge.

At a long enough distance from any gravitational sources, the stress-energy tensor

reduces to zero, leaving the propagation of gravitational waves through vacuum:

0 =

(
− 1

c2

∂2

∂t2
+

∂2

∂xi∂xi

)
hTTµν (1.7)

where the wave propagates at the speed of light c.

A gravitational wave propagating along the z-axis can be described using a

transverse, traceless matrix:

hTTµν =


0 0 0 0

0 h11 h12 0

0 h12 −h11 0

0 0 0 0

 . (1.8)

This matrix can be decomposed into two basis vectors:

hTT+ =


0 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 0

 , hTT× =


0 0 0 0

0 0 1 0

0 1 0 0

0 0 0 0

 (1.9)

which are separate polarisations of gravitational waves that are rotated by 45 degrees.

A demonstration of the effects of the different polarisations is shown in figure 1.1.

Both polarisations cause one axis to stretch, and a perpendicular axis to shrink

by equal amounts. As time passes, test masses on the two principal axes of the

gravitational wave oscillate inward and outward, while test masses on the axes at 45

degrees to the principal axes remain stationary.

The effect of this distortion can also be seen on a simplified model of a Michelson

interferometer shown in figure 1.1. This device consists of a laser being sent down

perpendicular arms via a beam splitter. These beams reflect off mirrors then travel

back and recombine at the beam splitter. Assuming waves from both beams arrive in

phase, one port will have complete constructive interference, and the other port will

have complete destructive interference. Relative deviation in arm length will result in

imperfect cancellation at the dark port. For example, in the configuration shown, a

3
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DETECTION

Figure 1.1: Left: Effect of gravitational waves on a ring on freely falling test masses.
They cause spacetime to stretch in one direction and shrink in the perpendicular
direction. The two polarisations are offset by 45 degrees. This is a representation
of the transverse traceless gauge, where we quantify gravitational waves as pertur-
bations to the metric tensor. Right: Effect of gravitational waves on a Michelson
interferometer. The distance between the laser and the beam splitter is much less
than the arm length. Provided that the wavelength of the gravitational wave is much
larger than the arm length, the interaction can be linearised. The result is that a
tidal force on the arms causes one arm to stretch and one arm to shrink by ∆L,
which corresponds to h+ from the left panel. h× causes spacetime deformation that
would not be detected by the interferometer in this orientation.

h+ gravitational wave will cause the maximum distortion of the relative arm lengths.

If the gravitational wavelength is much longer than the arm length, it will produce

an effect that can be treated as a differential tidal force on the perpendicular arms. A

h× gravitational wave will have no effect, since the axes of the interferometer are on

the stationary axis of the h× polarisation. Thus, having a network of gravitational

wave detectors is important for sky localisation of the source.

1.2 Sources of gravitational waves

The coupling of stress-energy to spacetime distortion is extremely small, with a

coupling constant of the order of 10−43. Thus, in order to observe gravitational waves

in terrestrial detectors, we must observe immense mass concentrations moving at a

significant percentage of the speed of light. This section gives an overview of the

astrophysical sources of gravitational waves.

1.2.1 Radiation from masses in motion

An analogy of gravitational wave generation to electromagnetic wave generation

is commonly given in relativity texts or gravitational wave detector introductions
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[7, 8]. A field with a wavelength much larger than the source can be expressed as a

multipole expansion - a superposition of the fields from a monopole source, dipole

source, quadrupole source, and so on [9]. In electrodynamics, conservation of charge

dictates that the time variation of the monopole moment is zero. Thus, there is no

electromagnetic monopole radiation.

The electric dipole is the integral of charge distribution ρq(r) over volume of the

source: ∫
dV ρq(r)r (1.10)

Time variation of the dipole moment can be produced, for example, by motion of

the source’s monopoles. However, in the generation of gravitational waves, general

motion of a monopole is insufficient. Examining the gravitational analogue to the

electric dipole moment:

dg =

∫
dV ρ(r)r (1.11)

shows that the ’dipole’ is in fact a quantity that obeys conservation of momentum

[8]. Since all time derivatives of this quantity are zero, mass dipole motion does

not generate gravitational waves. However, quadrupole mass motion does generate

gravitational waves. Thus, sources of gravitational waves can be modelled by using a

multipole expansion of the stress energy tensor and assuming the quadrupole moment

dominates. For gravitational radiation, the amplitude becomes [6]:

hTTµν =
2

R

G

c4
Q̈µν (1.12)

where R is the distance to the observer and Qµν is the quadrupole moment of the

mass distribution.

For gravitational waves emitted by two point masses of mass M and orbital

separation 2r0, the amplitude can be written as [8]:

hxx = −hyy =
32π2G

Rc4
Mr2

0f
2
orb cos(4πforbt) (1.13)

hxy = hyx = −32π2G

Rc4
Mr2

0f
2
orb sin(4πforbt) (1.14)

where forb =
√
GM/(16π2r3

0) is the orbital frequency. Using this definition, as well

as the Schwarzschild radius rs = 2GM/c2, it is possible to express the amplitude as

a ratio of radii:

|hµν | ∼
rs1rs2
r0R

(1.15)

For a binary black hole system with two masses M = 10 Msun, orbital separation

r0 = 50 km, and observation distance of R = 50 Mpc, the corresponding strain
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amplitude is of the order 10−22. For more optimistic estimates of binary mergers that

may be closer to Earth, the strain amplitude could be up to 10−21. However, this is

still an extremely small figure. A common scale analogy used in the gravitational

wave community is that this amount of strain in a 4km interferometer produces a

length change of 4 × 10−18 m, almost one thousandth the width of a proton ∼ 2 ×
10−15 m. Such a figure emphasises the importance of constructing the most sensitive

measurement devices in human history.

The approximation of gravitational wave strain was shown for a compact binary

coalescence, however, any non-spherically symmetric motion will generate gravita-

tional waves. The question, of course, is whether they produce enough strain in an

experimentally viable frequency range.

1.2.2 Stochastic background

Stochastic gravitational waves are an analogue to the Cosmic Microwave Background

Radiation (CMBR). Like how CMBR is a faint radio remnant of the events of the Big

Bang, it is suggested that stochastic gravitational waves can offer insights into the

formation of the universe, as well as physical phenomena that occur under extreme

temperature, pressure and particle number [10, 11, 12]. In particular, quantum

gravitational effects during the initial expansion of the universe may have been

significant [13, 14]. Another source of stochastic gravitational waves is simply the

population of all of the highly relativistic gravitational wave sources in the universe

superimposed onto each other [15].

In principle, stochastic background gravitational waves can be detected by cross

correlating the signals from separate gravitational wave detectors [14]. The cross

correlation, qualitatively, is a means of expressing the similarity of two signals. It is

defined as:

f ∗ g(τ) =

∫ ∞
−∞

dtf ∗(t) g(t+ τ) (1.16)

where τ is some delay time and the superscript asterisk denotes the complex conjugate.

1.2.3 Supernovae

A supernova occurs when a heavy star has exhausted the energy available from nuclear

fusion. Once the composition of the core reaches a high amount of 55
26Fe, nuclear

fusion no longer results in a net release of energy, and the inner layers of the star

undergo gravitational collapse. If remnant core mass surpasses the Chandrasekhar

Limit (approx 1.4 Msun), it becomes dense enough to surpass electron degeneracy

[16, 17]. The resulting core collapse will result in the formation of a remnant of

6



1.2. SOURCES OF GRAVITATIONAL WAVES

ultradense neutron matter, known as a neutron star. This also produces an enormous

emission of light and neutrinos, and results in an expulsion of fusion products into

interstellar space. The exact details of supernova core collapse are unknown [18], but

gravitational waves can be generated from quadrupolar core collapse [19] and their

signatures should constrain the possible mechanisms [20, 21].

Supernovae nucleosynthesis is thought to be responsible for the formation of

many elements above the atomic number of iron [22, 23, 24]. Different isotopes can

be formed from slow neutron capture characterised by the s-process versus rapid

neutron capture in the r-process. However, the recent discovery of a multi-messenger

gravitational wave event gives evidence that heavy isotopes from the r-process are

primarily the product of binary neutron star mergers rather than core-collapse

supernovae [25, 26, 27, 28].

1.2.4 Pulsars

Pulsars are astronomical radio sources discovered by Jocelyn Bell and Anthony

Hewish in 1968 [29], so named because they have very regular pulse timings. These

radio sources were later found to be neutron stars with a magnetic field at some

slight eccentricity to the axis of rotation [30, 31, 32]. The rapidly rotating magnetic

field causes electromagnetic radiation to be emitted in a narrow cone. The pulsars

visible from Earth lie in the ‘beam’ of the emissions.

Should the pulsar have some quadrupolar mass motion, such as small surface

fluctuations, it would also be a candidate for the emission of gravitational waves.

However, the strain amplitudes estimated are extremely low even for an intragalactic

pulsar, with h ∼ 3× 10−31 (f/1 kHz)2(10 kPc/R) [8, 33].

1.2.5 Compact binary coalescence

On the 14th of September, 2015, the Advanced LIGO observatories in Hanford,

Washington and Livingston, Louisiana successfully detected gravitational waves from

the merger of two black holes 30 times the mass of the sun [34]. Since then, the

LIGO-Virgo scientific collaboration has undergone two full observing runs, and the

gravitational waves from a total of eleven compact binary coalescence events have

been observed [35, 36, 37]. Advanced LIGO and Advanced Virgo are due to go into

their third observing run in 2019 [38].

The merger of black holes and/or neutron stars have been the main focus of

gravitational wave detection, due to their immensely relativistic properties. Two

objects several times the mass of the sun, compressed into diameters of tens of

kilometers or less, spiral into each other at up to half the speed of light. As the
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Figure 1.2: Measurement of the orbital decay of the Hulse and Taylor pulsar [39],
shown by dots, and the decay predicted by General Relativity, shown by the solid
line. The measurement strongly agrees with the prediction that the energy lost is
radiated as gravitational waves. Figure reproduced from Weisberg, Nice and Taylor
[41].

two objects spiral into each other, their orbital frequency and emission amplitude

increase, generating a ’chirp’ signal. The collision then leaves a remnant, typically a

black hole, vibrating in a quasinormal mode. According to GR, black hole solutions

to Einstein’s Field equations can be externally characterised with only the mass, spin

and electric charge [7], and the quasinormal mode frequency and Q-factor should

follow this postulate.

Before the direct direction of gravitational waves by LIGO, the existence of

gravitational waves was implied by the orbital decay of binary pulsar PSR1913+16

observed by Joseph Taylor and Russel Hulse [39, 40]. The period of rotation of the

binary pulsar was studied over thirty years, and it was found that the orbital decay

deviated from the GR prediction by a ratio of only 0.002 [41]. For the discovery of

the pulsar, Hulse and Taylor were awarded the Nobel Prize in Physics in 1993. Their

measurement, and its strong agreement with the GR prediction, is shown in figure

1.2.
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1.3 Direct detection of gravitational waves

1.3.1 Resonant bar detectors

The first gravitational wave detectors were large resonant bars made of low dissipation

materials such as niobium [42, 43]. These bars had a high quality factor (also referred

to as ‘Q-factor’ or ‘Q’), which is defined as 2π times the energy of oscillation divided

by the energy lost per period. In the time domain the Q-factor is related to the

‘ringdown’ time, which is the time for the energy of oscillation to decay to 1/e of its

original value. The resonant bar is suspended at its centre of mass, and its motion is

equivalent to two test masses separated by a spring with the same length of the bar.

In the proper reference frame gauge, the gravitational wave acts as a tidal force on

the bar, inducing resonance.

The low dissipation of the bar materials ensures that the signal of a passing

gravitational wave is transformed into a mechanical signal with a long ringdown

time. Thermal noise is a significant issue for on-resonance measurements with high

Q-factor materials, so the bars were cooled to cryogenic temperatures. Measurement

was performed by a piezoelectric transducer whose spring constant and mass were

chosen to nearly match the resonant frequency of the bar. This produces a beat

signal between the transducer and incoming gravitational waves. Beat signals and

modulation/demodulation are a good general practice in experimentation, as they

are used to remove low frequency 1/fn noise from measurements.

Weber [42, 44] claimed to have detected a large number of gravitational wave

events. However, his results caused much argument among the scientific community

for ill-defined hypotheses and questionable data suggesting an unrealistic rate of

supernova GW emission, and other resonant bar detectors around the world did not

detect any instances of gravitational waves [45, 46]. Still, resonant bar detectors

were extremely sensitive devices approaching the quantum limits of measurement,

and were instrumental in the efforts to detect gravitational waves [47].

1.3.2 Interferometric detectors

Interferometric detectors for the detection of gravitational waves were proposed by

Rainer Weiss [48] in 1972 and successfully detected gravitational waves in 2015 [34].

In his initial design document, Weiss showed two key advantages that interferometric

detectors have over bar detectors. First, since the medium is a laser travelling in

free space, an interferometer can be made much larger than a resonant bar, resulting

in a larger gravitational wave displacement. Second, interferometers have lower

thermal noise in the bandwidth of detection compared to resonant bars [48]. Detailed
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mathematical background of interferometric gravitational wave detectors will be

given in Chapter 2.

Future GW detectors will continue to use interferometry. Under the LIGO Voyager

proposal, existing detectors will be upgraded with cryogenics to minimise thermal

noise [49, 50]. The Cosmic Explorer project is a proposed 20–40 km interferometer,

large enough that excavation is required to account for the curvature of the Earth

[51]. In Europe, rather than using a single long detector, the Einstein Telescope is

to use an array of six detectors with arms at 60 degrees instead of a right angle [52].

Three detectors form a triangle, and there are two sets of three detectors. One set

specialises on high frequency GWs, using high laser power to minimise quantum shot

noise. The other set focuses on low frequency GWs, using cryogenics to minimise

thermal noise. The Laser Interferometer Space Antenna (LISA) idea is a European

Space Agency mission to send three spacecraft into heliocentric orbit to define two

interferometers with 2.5 million km long arms [53]. This would eliminate seismic

noise and allow low operating temperatures in the cold environment of space. LISA

would allow sensitivity to gravitational waves below 1 Hz that are extremely difficult

to detect with ground detectors.

1.4 Noise in interferometric GW detectors

Noise reduction is essential in measuring the small distortions in spacetime induced

by gravitational waves. Noise sources can cause random displacement of the interfer-

ometer test masses, which affects the relative travel time of the lasers in each arm.

They can also introduce noise into the laser itself.

Noise reduction is not always straightforward. In many cases, removing one

source of noise, for example, damping unwanted resonance, may introduce some

other form of noise, such as thermal noise.

1.4.1 Harmonic oscillators, damping and the Fluctuation-

Dissipation Theorem

Throughout this section, and the rest of this thesis, there will be recurring concepts

that arise from the properties of simple harmonic oscillators. The loss of energy via

damping is particularly important in the theory of noise. Fluctuation of thermal

degrees of freedom is linked to dissipation of energy via irreversible processes [54, 55].

This postulate is known as the fluctuation dissipation theorem. Saulson [56] gives an

analysis of thermal fluctuations in mechanics through various constructions of the

harmonic oscillator.
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Figure 1.3: Illustrations of harmonic oscillators. Left: Mass, spring, damper
system which moves in the vertical direction. Right: Pendulum, for which it is
assumed that the displacements are small. Then, small angle approximations can be
used for the angular displacement of the pendulum from vertical. In both of these
cases, the damping can be either viscous γ or structural φ.

The simple harmonic oscillator is composed of a mass, which dictates the inertia,

and a spring, which provides a restoring force proportional to displacement. An

illustration of this system is given in figure 1.3. Energy is dissipated from the system

by two types of damping. The first, viscous damping, is a velocity dependent force γẋ,

where γ is the viscous damping coefficient. The second, structural damping, appears

as an imaginary term in a complex spring constant K → k(1 + iφ), where φ is called

the loss angle or loss factor. Viscous and structural damping are abstractions of

microscopic processes. Viscous damping is usually used when analysing collisions

against a fluid or a source of external friction. Structural damping typically occurs

due to internal friction, hysterisis and other forms of internal material loss. For

material deformations below the elastic limit, it has been shown that the internal

loss is independent of the strain velocity [57].

The equation of motion for these harmonic oscillators is:

mẍ+ iγẋ+Kx = Fb (1.17)

where m represents the mass, K the complex spring constant and Fb the force on the

supporting structure. In terms of viscous and structural damping, this becomes:

mẍ+ kx+ iγẋ = kxb (1.18a)

mẍ+ kx+ iφx = (k + iφ)xb (1.18b)

Solving in the Fourier domain produces the transfer function of support motion to
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oscillator motion x/xb:

x

xb
=

k

k −mω2 + iγω
viscous (1.19a)

x

xb
=

k + iφ

k −mω2 + iφ
structural (1.19b)

The frequency ω2
m = k/m is called the resonant frequency. When ω = ωm, the

response of the system greatly increases. At resonance, the amplitude of the response

is controlled by 1/(γω) for viscous damping and 1/φ for structural damping. The

quality factor is defined as:

Q = 2π × energy stored per oscillation

energy lost per oscillation
(1.20a)

=
ωm

FWHM
(1.20b)

where FWHM stands for Full Width Half Maximum, which is the frequency span of

the part of the resonance peak where the power is half of the maximum power, or

equivalently where the amplitude is 1/
√

2 of the maximum amplitude. The power

transfer function can be found by multiplying the amplitude transfer functions by

their complex conjugate. For viscous and structural damping, the Q-factors are:

Q =
ωm
γ

viscous (1.21a)

Q =
1

φ
structural. (1.21b)

The magnitude and phase response for various Q-factors is shown in figure 1.4. For

high Q-factors, the viscous and structural damping models have similar behaviour.

However, for low Q-factors, the models exhibit different behaviour at high frequency.

Viscous damping is commonly used for external sources of large damping, for exam-

ple, air damping. Structural damping is usually used for extremely small sources

of damping such as internal friction or thermoelastic loss, so the high frequency

behaviour at low Q-factor does not manifest. The naming of φ as the loss angle is

because of the phase lag of the response at low frequencies. For small φ at ω � ωm,

the phase of the transfer function approaches φ due to the small angle approximation.

Assuming high Q-factors, such that the contribution from damping is small

compared to stiffness and inertia, the magnitude of the transfer functions approach
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Figure 1.4: Comparison of the magnitude and phase response of harmonic oscillators
with structural and viscous damping. For small damping, viscous and structural
models behave similarly. However, structural damping is seen to behave strangely
for φ → 1, for example, by not crossing through −π/2 phase on resonance. Thus,
structural damping is only used for small damping applications.

the following limits at low and high frequency:∣∣∣∣ xxb
∣∣∣∣2 ∼ 1 (ω � ωm) (1.22a)∣∣∣∣ xxb
∣∣∣∣2 ∼ ω4

m

ω4
(ω � ωm). (1.22b)

At low frequency, the response approaches that of a rigid body. The oscillator

moves with the same magnitude as the force, and in phase. At frequencies far above
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resonance, the amplitude of the response decreases with ω2.

The Fluctuation Dissipation Theorem links damping to thermal noise. Callen and

Greene used the properties of fluctuating thermodynamical parameters to show that

thermal noise is proportional to the admittance function [55], which is a generalisation

of the concept of conductance. The admittance is the inverse of the impedance,

which is a generalisation of the concept of resistance. The real part of the admittance

(or impedance) controls energy leaving the system. The power spectrum of the noise

is [55]:

Sx(f) =
kbT

π2f 2
Re (Y (f)) (1.23)

where the admittance Y = 1/Z. For Brownian force noise, which has a flat spectral

density, the power spectral density of displacement thermal noise for harmonic

oscillators is given as [55, 56]:

Sx,v =
4kbTγ

(m (ω2
m − ω2))2 + ω2γ2

viscous (1.24a)

Sx,s =
4kbTmω

2
mφ

ω
[
(m (ω2

m − ω2))2 + φ2 (mω2
m)2] structural. (1.24b)

These noise spectra are shown in figure 1.5. For the same Q-factor, structural and

viscous damping follow similar behaviour near resonance. At low frequencies, the

viscous damping noise remains constant, while the structural damping noise increases

as ω → 0. For frequencies far above resonance, structural noise falls off faster than

viscous noise. This property is useful for vibration isolation with high Q-factor

suspension, as will be seen in the next section.

1.4.2 Seismic

Seismic noise is a result of vibrations transmitted by the ground or air currents

to the detector. The source can be natural or anthropogenic. The ground motion

displacement spectra of LIGO Hanford (LHO), LIGO Livingston (LLO), and KAGRA

are approximately [58, 59]:

Sx,seismic = 10−9

(
5 Hz

f

)2
m√
Hz
, f > 5 Hz LHO,LLO (1.25)

Sx,seismic = 10−9

(
1 Hz

f

)2
m√
Hz
, f > 1 Hz KAGRA. (1.26)

The KAGRA site is located inside the Kamioka Mine in central Japan, making it

less susceptible to air currents. The Virgo site has a similar high frequency noise

floor to the LIGO sites, but has significantly more noise in the 1–10 Hz range due to
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Figure 1.5: Displacement thermal noise of harmonic oscillators using the Fluctuation
Dissipation Theorem.

being situated in a more populated area [60]. The seismic noise of all sites is large in

the range 0.1 to 0.5 Hz due to the vibrations generated by ocean waves.

Gravitational wave detectors use elaborate suspension schemes to damp the

seismic noise in the measurement band. As seen in figure 1.4, the amplitude of the

transfer function x/xg of a pendulum has a 1/f 2 roll-off at high frequency. This

makes low frequency pendulums useful for vibration isolation, as seismic noise above

the resonance will be attenuated. Furthermore, using high Q-factor pendulums

that approach the fundamental limits of internal friction means that the damping is

structural rather than viscous. As shown in figure 1.5, the attenuation of noise has a

stronger dependence on f if the response of the pendulum is controlled by structural

damping. Interferometric gravitational wave detectors use several stages of these

pendulums at frequency approximately 1 Hz [61]. For compound pendulums, every

stage multiplies an extra 1/f 2 attenuation of seismic noise above 1 Hz.

However, a pendulum is only effective at isolating horizontal motion. Due to

the curvature of the Earth, the axes of the ITM and ETM suspensions will not be

parallel - they will be pointed to the center of the Earth. This creates a fundamental

horizontal to vertical coupling. For vertical isolation, mass-spring-damper stages

must be used instead. For example, in Virgo, attenuation of vertical seismic noise is

achieved with magnetic anti-springs [62] and geometric anti-springs [63].
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Figure 1.6: Depiction of gravity gradients that cause Newtonian noise. The
fluctuating displacement xNN causes local oscillations in the gravitational field near
the test mass.

1.4.3 Newtonian

Newtonian noise is the disturbance in the local gravitation field caused by atmospheric

motion, human activity, ocean waves and subsurface effects. The distortions of the

gravitational field directly introduce noise onto the test masses, and thus bypass the

complicated suspension systems designed to reduce seismic and thermal noise. A

depiction of this noise is shown in figure 1.6. Newtonian noise, like seismic noise,

is of particular concern at low frequency, and is a predominant source of noise in

Advanced LIGO in the range 10–20 Hz [64]. In future detectors, given the projected

improvements in other low frequency noise sources, it is expected that Newtonian

noise will dominate down to 1 Hz.

Newtonian noise has been of particular concern to the Virgo group, since it is

difficult to find areas in Europe that are flat and sparsely populated. Currently,

Newtonian noise in interferometric GW detectors is reduced by placing seismometer

arrays near the test masses and subtracting Newtonian noise from the signal [64].

The Japanese detector KAGRA reduces the contribution of Newtonian noise with

its location inside the Kamioka mine, and efforts for future detectors in Europe have

involved detailed Newtonian noise assessments for various sites, with a particular

focus on building underground [65]. This is due to a reduction of Newtonian noise

arising from atmospheric and surface seismic disturbances.
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1.4.4 Residual gas

In order to operate high Q-factor resonators, it is necessary to pump down to high

vacuum in order to reduce gas damping on the mechanical resonator. However, the

limits of the pump, as well as outgassing of the mechanical components inside the

vacuum pipes will result in some residual gas staying inside the pipe. This gas causes

random impacts on the travelling photons, and can be thought of as a perturbation

to the refractive index of vacuum.

Currently, residual gas noise in Advanced LIGO detectors is well below the noise

floor [66]. However, it will be a concern in longer detectors due to the larger number

of collisions in the longer arms.

1.4.5 Thermal noise

Thermal noise arises from the Brownian motion of atoms. It occurs in the suspension,

test mass substrate and test mass high reflectivity coating. By the equipartition

theorem, every degree of freedom will be associated with 1
2
kbT fluctuations. These

random motions will cause dissipation in our experimental system. The idea that

random fluctuations have an associated dissipation is summarised by the Fluctuation-

Dissipation Theorem that has been described in section 1.4.1.

Thermal motions in the suspension, test mass substrate and coating will contribute

to random displacement of the surface of the mirrors. This displacement noise is

averaged over the area of the beam. The Brownian noise spectrum for a GW

interferometer test mass can be obtained by summing the contributions to the beam

displacement from all mechanical modes. However, this technique assumes that

all modes are orthogonal, and breaks down if sources of dissipation are distributed

inhomogeneously. For this reason, a direct approach was proposed by Levin [67].

The Gaussian beam is represented by a fluctuating pressure applied to the face of

the test mass. Using the fluctuation dissipation theorem as expressed by Eq. 1.23,

the resulting thermal noise spectral density is:

Sx(f) =
2kbT

π2f 2

Wdiss

F 2
0

(1.27)

where F0 is the magnitude of the applied force and Wdiss is the power dissipation:

Wdiss = 2πfUmaxφ(f). (1.28)

This expression for Wdiss states that the power dissipation depends on the maximum

energy of deformation Umax and the structural loss φ(f). Calculation of Umax involves
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a standard procedure of solving the elastic energy differential equation using the

impulse response method [68, 69]. For a half infinite, highly reflective cylinder which

applies displacement noise to a Gaussian beam, the Brownian noise is [67]:

SBR(f) =
2kbT√
π3f

1− σ2

Y wm
φ(f) (1.29)

where σ is the Poisson ratio, Y is Young’s Modulus and wm is the radius where

the beam power falls to 1/e2. In a GW interferometer, the test mass is of a finite

size, and covered by a highly reflective but mechanically lossy coating. However,

Eq. 1.29 illustrates an important general principle - in order to reduce the effects of

thermal noise on the beam, we have a few options:

• Reduce temperature - A straightforward solution. However, care must be taken

to make sure that material properties do not have detrimental effects at low

temperature.

• Increase beam size - Reduce thermal noise by averaging out over a larger area.

This is important for Brownian noise and even more important for other thermal

noises. However, increasing the beam size is limited by optical diffraction loss,

i.e. by the size of the test mass.

• Optimise material properties - choose materials with a low loss angle, to reduce

dissipation, and high Young’s Modulus, to increase the frequency of internal

modes. Low loss materials of interest to GW interferometer test masses include

silicon, fused silica (quartz), sapphire and niobium metal.

An overview of Brownian noise in finite sized substrates will be given in chapter

7.

Current gravitational wave interferometers use fused silica substrates with an

extremely low loss angle of ∼ 10−7 at room temperature [70]. In addition to this,

the beam size is approximately 5 cm. At the design noise floor of GW detectors,

substrate Brownian noise is below the dominant noise sources [71].

However, high reflectivity dielectric coatings are used on the surface of the test

mass. These coatings are constructed of alternating layers of SiO2 and Ti2O5. It is an

unfortunate consequence that the materials required to produce high reflectivity also

have a much higher loss angle than the substrate, at approximately 10−4 [72, 73, 74].

Coating Brownian noise was the limiting noise source in the frequency range 100–

500 Hz at the start of the first observing run of Advanced LIGO [66].
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1.4.6 Thermoelastic

Thermoelastic noise is the coupling of thermal fluctuations to displacement fluctu-

ations by the coefficient of thermal expansion. Thermoelastic noise can work to

reduce a resonator’s quality factor - distortion of a resonator couples to temperature

gradients via the coefficient of thermal expansion, causing heat flow. This heat

flow takes away energy from modes that we desire to have high Q-factor [75, 76].

Conversely, thermal fluctuations in some structure can produce displacement noise.

Thermoelastic noise is related to the thermo-mechanical properties of a material.

One example of thermoelastic noise is the spectrum of thermoelastic displacement

noise given by temperature fluctuations in a semi-infinite mirror, averaged over a

Gaussian beam: [77]:

Sx,STE(f) =
4kbT

2α2(1 + σ)2κ
√
π

5
(Cmρ)2w3

m

· 1

f 2
. (1.30)

α is the coefficient of thermal expansion, κ is the thermal conductivity and Cm is

the heat capacity in units of J/(kg·K) (alternately, Cmρ is heat capacity in units

J/(m3·K)). However, thermoelastic noise is also present in the suspensions, and we

may also be concerned about the converse effect of temperature noise induced by

fluctuating displacements. Clever choice of materials can have a significant impact

on the level of thermoelastic noise. For materials used in GW detectors, such as

silicon, silica, sapphire, etc., the coefficient of thermal expansion will decrease with

temperature. The thermal conductivity will increase at low temperature up to some

peak value and then rapidly drop at temperatures of order 4 K. The heat capacity

will drop, and at temperatures of less than 10 K will roughly scale with T 3. For

examples of the aforementioned phenomena in materials used in gravitational wave

detector components, see chapter 8 of Harry, et al. [78].

Future detectors will incorporate cryogenic test masses with the aim to reduce

thermal motion. However, fused silica, which has been used for room temperature

test masses due to its extremely low material loss, also has very poor heat capacity at

low temperature, and is interesting in that it gains material loss at low temperature

[79]. Silicon is promising for cryogenic detectors, since its coefficient of thermal

expansion is zero at 123 K, and is negative between 16 and 123 K [80]. Operating at

the zero crossing of thermal expansion allows for reduction of thermoelastic noise.

However, switching to silicon test masses requires use of 1550-2000 nm lasers, since

silicon has undesirable absorption of 1064 nm light [81].
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1.4.7 Thermo-optic

Optical coatings are composed of alternating layers of high and low refractive index

materials. The construction is such that each layer is λ/4, which causes constructive

interference of reflected beams. Advanced coatings can achieve power reflectivity

better than 0.99999. However, they are mechanically lossy, and currently their

Brownian noise is the limiting noise source in the 100–500 Hz band of Advanced

LIGO and Virgo [66].

The noise sources that have been modelled thus far are all uncorrelated. To obtain

the total noise, one simply adds the power spectral densities in quadrature. In optical

coatings, temperature fluctuations cause thermal expansion via the thermoelastic

effect. An increase in temperature increases the path length travelled by the light

compared to the ideal λ/4, causing perturbations of the output phase. However, the

same increase in temperature reduces the refractive index of the material, causing

a shortening of the path length. Thus, these noises add coherently and should be

considered together [82, 83].

1.4.8 Quantum

Quantum noise arises from the fundamental property of quantum uncertainty. Mod-

elling the quantum electromagnetic field as a collection of infinite harmonic oscillators

allows a beam of light to be broken down into a collection of photons plus vacuum

fluctuations. Using this approach, vacuum fluctuations enter the laser beam through

all open ports and cause beating with the carrier photons. Quantum uncertainty of

photon phase results in shot noise, while quantum uncertainty optical power results

in radiation pressure noise.

A heuristic model of classical measurement noise can be constructed by looking

at the measurement of a stream of photons in a time interval. It is assumed that

photons in a coherent state, such as a laser beam, follow a Poisson distribution of

number and arrival time. For example, we make a set of measurements lasting τ

seconds at the dark port of an interferometer. The probability of finding N photons

in this interval is given by:

P (N) =
µNNe

−µN

N !
(1.31)

where µN is the expectation number of the photon state. In the Poisson distribu-

tion, the variance is equal to µN . The rate of arrival is Nt = N/τ , and the fractional

uncertainty in the photon number is:
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σN
µ

=

√
Ntτ

Ntτ
=

1√
Ntτ

. (1.32)

The physical meaning of this is that increasing the laser power reduces the

uncertainty of the phase. Shot noise is currently the limiting noise mechanism of

GW interferometers at high frequencies, including the frequency range of neutron

star coalescence [66]. However, increasing the laser power to combat shot noise has

problems of its own, namely that it increases radiation pressure noise.

Fluctuations in laser power produce a back action force on the test masses of

the interferometer. The fractional uncertainty can be represented by the Poissonian

number variance µN times the energy of photon quanta:

σF
µF

= ~ωcµN =
~k√µN

τ
=

~k
√
Ntτ

τ
= ~k

√
Nt

τ
, (1.33)

where k = ωc/c is the wavenumber. Increasing laser power results in a higher

radiation pressure noise. Thus, when considering operating power, there is a tradeoff

between radiation pressure noise and shot noise.

It is also instructive to approximate the noises in terms of their displacement

spectrum. Taking σN/(µnk) as the position uncertainty due to shot noise gives:

Sxsh ∼
(
σN
µnk

)2

τ =

(
1√
Ntτk

)2

τ =
1

Ntk2
=

~c2

I0ωc
(1.34)

where I0 = Nt~ωc is the laser beam intensity. This is independent of the GW

signal frequency and depends inversely on power and carrier frequency.

The position uncertainty due to radiation pressure back action is the fractional

uncertainty in the radiation pressure force times the response of the test mass:

SxRP ∼
(

1

−mΩ2

σF
µF

)2

τ =

(
~k

1

−mΩ2

√
Nt

τ

)2

τ =
I0ωc
c2

~
m2Ω4

. (1.35)

The spectrum of the radiation pressure noise increases with power, decreases

with test mass size, and sharply decreases with the GW signal frequency.

A more thorough treatment of quantum noise in optical cavities and GW interfer-

ometers will be given in chapter 2. The above approximations may make the tradeoff

between radiation pressure noise and shot noise may seem like a circumstantial

consequence of high power, but in fact it is a fundamental quantum property of light.

This is due to the fact that radiation pressure and phase uncertainty are correlated.
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1.5 Successful detections of gravitational waves

Figure 1.7: Spectrograms of the first detection of gravitational waves, as measured
by the LIGO Scientific Collaboration [34] at Hanford (left) and Livingston (right).
The characteristic GW ringup can be easily seen, where the amplitude and frequency
of the signal increase as a “chirp”, until the merger occurs. The signal spent
approximately 200ms in the Advanced LIGO sensitive band of 30-500 Hz.

The first directly observed gravitational wave event arrived at LIGO Livingston

on 14 September 2015, 9:50:45.22 UTC, and appeared at LIGO Hanford 7 ms later

[34]. The binary system had a combined mass of approximately 60 solar masses and

was located approximately 1 billion light years from Earth. The collision resulted

in ∼ 3 Msun of energy radiated as gravitational waves. The signal could be seen in

the most sensitive band of Advanced LIGO, spending about 200 ms is the sensitive

band of 30–500 Hz. The signal reached a peak strain of 1×10−21 at a frequency of

150 Hz, followed by a 4 ms ringdown at 250 Hz. The spectrogram of the signal is

shown in figure 1.7. The signal is surprisingly clear above the noise floor, and is still

the largest observed GW strain amplitude to date. For this discovery, Rainer Weiss,

Barry Barish and Kip Thorne were awarded the 2017 Nobel Prize in Physics.

The second directly observed event occurred on the 3 months later. In contrast to

the obviously apparent GW150914, the second event, GW151226, had to be extracted

from data using matched filtering techniques. Even though it spent much longer in

the Advanced LIGO sensitive band, it was also considerably less massive and had a

factor of 3 less strain [35].

During the second observing run, LIGO was joined by Advanced Virgo with

a detector based in northern Italy, and the first triple coincident detection was

observed [87]. Detection time differences between the American and European

detectors allowed for improved sky localisation of the 90% credible area, from 1160

deg2 to 100 deg2 before full parameter estimation. The relative differences in strain

amplitude and phase also allowed for exploration of the polarisation of gravitational

waves and decoupling of source plane orientation and source distance.

The first detection of a binary neutron star inspiral occurred on the 17th August
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Event name GW150914 GW151226 GW170729 GW170814 GW170817

Mass 1 (Msun) 35.6+4.8
−3.0 13.7+8.8

−3.2 50.6+16.6
−10.2 30.7+5.7

−3.0 1.46+0.12
−0.10

Mass 2 (Msun) 30.6+3.0
−4.4 7.7+2.2

−2.6 34.3+9.1
−10.1 25.3+2.9

−4.1 1.27+0.09
−0.09

Remnant mass (Msun) 63.1+3.3
−3.0 20.5+6.4

−1.5 80.3+14.6
−10.2 53.4+3.2

−2.4 ≤ 2.8

GW energy (Msunc2) 3.1+0.4
−0.4 1.0+0.1

−0.2 4.8+1.7
−1.7 2.7+0.4

−0.3 ≤ 0.04

Remnant spin 0.69+0.05
−0.04 0.74+0.07

−0.05 0.81+0.07
−0.13 0.72+0.07

−0.05 ≤ 0.89

Duration (s) ∼0.20 ∼ 1 < 0.1 0.26–0.28 ∼ 60

Ringdown (Hz) ∼250 750 – 312–345 ∼700

Peak strain 1×10−21 3.4×10−22 – 6×10−22 –

Freq. peak strain (Hz) 150 420 ∼ 150 155–203 ∼300

Distance (Gly) 1.40+0.49
−0.55 1.44+0.59

−0.62 8.97+4.40
−4.31 1.1–2.2 0.131+0.033

−0.033

Localisation (deg2) 180 1033 1033 87 16

Table 1.1: Summary of some important parameters of a selection of gravitational
wave events taken from the LIGO Scientific Collaboration catalogue [37, 84, 85]. The
names give the date of detection in YYMMDD format. Masses are given in the source
frame. “GW energy” refers to the mass equivalent energy radiated as gravitational
waves during the binary coalescence. “Remnant spin” refers to the spin of the
resultant object. The remnant spin is an important quantity in the determination of
a black hole quasinormal mode using predictions of General Relativity. “Duration”
refers to the amount of time the merger signal spent in the Advanced LIGO high
sensitivity band of 30–500 Hz. “Freq. peak strain” refers to the frequency of the
signal that gave the highest strain. “Localisation” refers to the area of sky localisation
of the event. Ringdown of the GW170817 event is inferred by Van Putten and Della
Valle [86].

2018 [25]. This was tagged to a gamma ray burst observed 1.7 seconds after the

GW signal by the Fermi gamma ray space telescope [88, 89] and the INTernational

Gamma-Ray Astrophysics Laboratory (INTEGRAL). Observatories all over the

world followed up by observations of counterpart signals across the electromagnetic

spectrum [90, 91, 92, 93, 94].

A collection of results from GW observations is shown in table 1.1. The discovery

event GW150914 had the highest peak strain in the detector. GW170729 was the

furthest detected binary merger and had the highest remnant mass. The first triple

coincidence GW170814 shows the improvements in localisation that occur with a

network of detectors. The binary neutron star event, GW170817, had the highest

SNR of all events, and was the closest compact binary coalescence observed.

1.5.1 Implications of high frequency detection

The observation of gravitational waves from a binary neutron star merger, followed

by electromagnetic counterparts across the spectrum, has exciting implications for
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fundamental physics. Gravitational waves offer the means to constrain the mass

and spin of a binary merger and its remnant. The measurement of electromagnetic

counterparts allows for spectroscopy of neutron star composition, as well as of

ejecta thrown out of the merger. The extreme conditions of neutron stars allow us

to investigate physics in conditions unavailable in earth-bound laboratories, giving

means to test phenomena such as the properties of ultradense matter, nucleosynthesis,

properties of subnuclear matter, black hole formation and possible breakdowns of

quantum mechanics or general relativity at small sizes or high energies. As mentioned

in section 1.2.3, measurements of the GW170817 event have suggested that r-process

nucleosynthesis of heavy isotopes is due to binary neutron star mergers rather than

core-collapse supernovae [25, 26, 27, 28],

Theoretical models of neutron star collisions predict that they emit a dense

spectrum of gravitational waves in the range 1-4 kHz [95, 96]. While gravitational

waves in this frequency have yet to be observed, the implications for fundamental

physics make this band important for future detectors, and is part of the motivation

for this thesis. In particular, 1-4 kHz sensitivity is used as a benchmark for the

sensitivity enhancement schemes presented in Chapters 5 and 7.

Tests of general relativity

Gravitational wave detection allows tests of general relativity to be performed where

the source has an extremely strong gravitational field. For our purposes, ‘strong

gravitational field’ means a high compactness of GM/(rc2), which is ∼ 1 for a black

hole and ∼ 10−9 at the surface of the Earth. While some observations of general

relativity have performed by measurement of photon path curvature or the perihelion

of mercury, detection of gravitational waves will allow us to perform more ambitious

tests of GR, such as the nature of black holes, and fundamental tenets such as

Lorentz Invariance or the Equivalence Principle.

It is important to test if black holes agree with or violate general relativity.

One example can be found with the vibrational quasinormal modes (QNM) of a

remnant black hole from a binary merger [97, 98, 99]. Immediately after black hole

coalescence, the remnant BH has highly asymmetric gravitational field fluctuations,

thus emitting energy via gravitational waves. According to general relativity, black

hole QNMs should be completely characterised by the black hole’s mass and angular

momentum [7], which makes tests of GR possible with black hole QNMs [100]. A

numerical calculation has been carried out by Leaver [101, 102], where the frequency

24



1.5. SUCCESSFUL DETECTIONS OF GRAVITATIONAL WAVES

and quality factor are given by:

ωQNM =
ff (a)

M

[
1− 0.63(1− a)0.3

]
, (1.36a)

QQNM =
2fQ(a)

(1− a)0.45
. (1.36b)

a is dimensionless angular momentum with magnitude 0 ≤ a ≤ 1, ff(a) and fQ(a)

are spin-dependent correction factors of order unity tabulated by Echeverria [102].

QNMs for black hole mergers fall in the range 0.1–10 kHz. Some ringdown frequencies

are shown in table 1.1. Measurement and detailed characterisation of the ringdown

has currently been performed for the discovery event GW150914 [103].

Another fascinating prediction of general relativity is that gravitational waves

should travel at the upper limit speed of the universe, which is equal to the speed

of electromagnetic waves in vacuum. Both GWs and EM waves should be affected

the same by the curvature of spacetime, and with space being largely empty, there

should be little to no refractive effects to impede the EM wave compared to the GW.

Neutron star detections allow the fractional difference of speed in gravitational and

electromagnetic waves to be measured [104]:

ωGW − ωEM

ωEM

∼ ωEM
∆t

D
. (1.37)

The detections of GW170817 and GRB170817A give time delay ∆t = 1.74 ± 0.05 s

and distance D = 26 Mpc = 8×1023 m [25, 104]. This results in a fractional difference

in the speed of electromagnetic and gravitational waves of −3× 10−15 � ∆ω/ωEM �
+7× 10−16. This gives strong evidence towards the predictions of general relativity

as well as evidence against alternate spacetime theories where the speed of light and

gravitation are significantly different [105, 106, 107, 108, 109].

Einstein’s Equivalence principle, refined by Robert Dicke, was summarised in

a series of lectures given at the Les Houches School of Physics [110]. He stated

the following two postulates, and theorised that they were a consequence of curved

spacetime rather than just relativity:

• Local Lorentz invariance - the result of all non-gravitational experiments is the

same regardless of the velocity of the lab frame

• Local position invariance - the result of all non-gravitational experiments is

the same regardless of their position in the universe.

Here, ‘local’ means that the observer must not make any observation outside their

own reference frame, and that there are no tidal effects on the laboratory, such as a
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gravitational field from a nearby planet. One example of this experimental invariance

is the value of dimensionless fundamental constants. Another is the gravitational

redshift - since gravitation should be indistinguishable from acceleration, a distant

observer should see a EM waves Doppler shifted if they have come from a source with

strong gravity, such as a neutron star. Measurements of the gravitational redshift from

GW170817 have been shown to be consistent with general relativity [104, 111]. Tests

of the Shapiro delay [112] also supported consistency of the Equivalence Principle

[25].

Neutron star equation of state

The composition and properties of neutron stars are somewhat mysterious. The high

density, of the order 1014 kg/m3, poses some interesting implications for quantum

mechanics, which suggests some limit on compactness. There are currently many

candidates for describing what exactly occurs inside of a neutron star, and these

various theories have different behaviours for pressure, temperature and volume.

The neutron star equation of state itself can also provide information on quantum

chromodynamics [113, 114].

The pressure, volume, temperature dependence of neutron star matter is known as

the neutron star equation of state. EM emissions are capable of determining the mass,

spin and redshift of neutron stars [115, 116]. However, it is difficult to determine

the radius from EM measurements alone. Strong constraints on the mass and radius

are required to determine the neutron star equation of state, which can be provided

through measurement of gravitational waves [117]. Terrestrial experiments can test

the neutron star equation of state for pressures up to the nuclear saturation density

[118, 119], but for higher pressures, neutron star GWs are necessary [119, 120].

At compact binary coalescence frequencies of above 600 Hz, when a neutron

star merger is almost completed, the tidal forces are extremely high. This causes

the neutron stars to deform, and their deviation from spherical symmetry emits

gravitational waves. In particular, the spectral structure is strong between 1-4 kHz

[95, 96, 121]. Thus, it is important to increase GW interferometer sensitivity in this

range. NS–BH mergers are also capable of strongly constraining the radius at the

frequency where tidal deformations begin [122].

The measurements of GW170817 constrain the radii of the observed neutron

stars to R1 = 10.8+2.0
−1.7 km and R2 = 10.7+2.1

−1.5 km, using the gravitational wave signal

alone [120]. Further constraint with the electromagnetic followup places the radii at

R1 = 11.9+1.4
−1.4 km and R2 = 11.9+1.4

−1.4 km. The pressure at twice the nuclear saturation

density is measured to be 3.5+2.7
−1.7 × 1034 dyn/cm2. Future measurements of neutron

stars will allow for superior statistical constraint.
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1.6 Summary

The work conducted in this thesis is motivated primarily by high frequency gravita-

tional wave detection. This is important for detecting neutron star binary coalescences.

Characterising neutron star binaries has implications for general relativity, alternate

theories of spacetime and subnuclear quantum mechanics, to name a few examples.

High frequency sensitivity in gravitational wave interferometers is limited by

quantum shot noise, followed by optical coating Brownian noise. The work conducted

in this thesis is concerned primarily with reducing quantum shot noise across a broad

band of frequencies. The following chapter gives an overview of the theory behind

quantum noise in gravitational wave detectors.
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Chapter 2

Quantum optics in gravitational

wave detectors

Preface

This section provides the background to the mathematics of cavity optomechanics,

which is of course immediately relevant to GW detectors. I begin with the quantisation

of light, and overview the three important quantum states of light - the vacuum

state, coherent state and squeezed state. From there, we can then approach cavity

optomechanics from two ways - using the Hamiltonian and solving the Heisenberg-

Langevin Equations of Motion [123, 124, 125]; or using what is known as the

two-photon formalism, which creates a linear system of equations from the amplitude

and phase properties of propagating light [126, 127, 128].

Expressions for optomechanical cavity input/output are given in the two-photon

formalism. These can be drawn to the appropriate analogues in interferometry - the

standard Michelson interferometer, power recycled Fabry-Perot interferometer and

signal recycling interferometer, respectively.

The optical spring effect is also relevant to the work conducted in this thesis. In

this chapter I will summarise the one-sided optical spring effect and its well-known

consequences of instability. Theoretical treatment of stable optical springs will be

left to Chapter 3.

To understand sensitivity enhancement in GW interferometers it is also necessary

to understand readout schemes, such as heterodyne and homodyne readout, as well

as some quantum nondemolition schemes such as squeezed input, variational readout

and commuting measurement techniques such as the speed meter. Some details are

given with regards to optical loss in these schemes. Practical realisation of readout

schemes is relevant to the crux of the thesis. In particular, it is important to outline
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the effects of optical loss on frequency dependent squeezed vacuum input.

For understanding of GW detector optics, I point to review articles by Danilishin

and Khalili [129], which covers general GW detector optics, Chen [130] which

covers quantum measurement, and Bond, Brown, Freise and Strain [131] which

provides many examples of relevant GW instrumentation calculations using the

optics software Finesse [132, 133]. A general review of cavity optomechanics was

written by Aspelmeyer, Kippenberg and Marquardt [134].

Derivations of expressions in this chapter are given in Appendix A.

2.1 Quantisations of the electromagnetic field

Current generation gravitational wave detectors use large Michelson interferometers

with hundreds of kilowatts of laser power circulating in the arms. Understanding

the subtleties of quantum effects in the electromagnetic field is thus important for

obtaining the best signal to noise ratio from gravitational wave measurements. The

approach to quantising the electromagnetic field starts from the classical properties

of the electric field [9, 125].

Maxwell’s Equations in free space are the starting point for characterising the

electromagnetic field. They give the divergence and curl relations between the electric

field E and the magnetic field B, the electric displacement D and the magnetising

field H:

∇ ·D = ρf (2.1a)

∇ ·B = 0 (2.1b)

∇× E = −∂B

∂t
(2.1c)

∇×H = −∂D

∂t
+ Jf (2.1d)

where ρf is free electric charge density, Jf is the free current density, and D, H have

the following relations:

D = ε0E + P (2.2a)

B = µ0H + M. (2.2b)

The quantities ε0 and µ0 are called the permittivity and permeability of free space,

and represent the propagation of the electric and magnetic field through vacuum.

The field P represents the internal polarisation of a material due to bound charges,

and likewise, M represents the internal magnetisation due to bound currents. For
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propagation of the electromagnetic field through vacuum, the charge and current are

both zero, and Maxwell’s equations reduce to:

∇ · E = 0 (2.3a)

∇ ·B = 0 (2.3b)

∇× E = −∂B

∂t
(2.3c)

∇×B = −∂E

∂t
(2.3d)

Using the vector calculus identity ∇× (∇×E) = ∇(∇ ·E−∇2E), we can take the

curl of the curl expressions, then substitute the divergence equals zero expressions to

obtain the wave equation for the electric and magnetic fields:

∇2E− µ0ε0
∂2E

∂t2
= 0 (2.4a)

∇2B− µ0ε0
∂2B

∂t2
= 0 (2.4b)

where the coefficient µ0ε0 is related to the speed of the wave, such that c = 1/
√
µ0ε0.

The finite speed of light emerging from Maxwell’s equations, that were formulated

ostensibly to collect laws observed from electric and magnetic experiments, was one

of Einstein’s motivations for producing his theories of Relativity.

The wave equation permits solutions which are an infinite superposition of plane

waves. Due to the properties of curl and divergence, the electric and magnetic field

solutions can be expressed as a scalar and vector potential:

E = −∇Φ (2.5a)

B = ∇×A. (2.5b)

The electric scalar potential is arbitrary up to some quantity with zero gradient, i.e

an additive constant Φ→ Φ + C. The vector potential is arbitrary to some quantity

with zero curl, i.e. the gradient of a scalar A→ A +∇C. The potentials satisfy also

satisfy the wave equation:

∇2A− 1

c2

∂2A

∂t2
= 0 (2.6)

This invites the comparison to the simple harmonic oscillator phenomenon. The goal

then becomes to find suitable generalised position and momentum operators, and

transform them into quantum creation and annihilation operators. The following

process is adapted from O’Scully and Zubairy [125], where the generalised position

and momentum of an electromagnetic mode in an optical cavity is calculated. The

31



CHAPTER 2. QUANTUM OPTICS IN GRAVITATIONAL WAVE
DETECTORS

result is then adapted to free space, and the analogy to the harmonic oscillator is

carried out.

The electromagnetic field in a cavity can be expanded over a sum of orthogonal

modes:

E(z, t) =
n∑
i=1

Aiqi(t) sin(kiz) (2.7)

where the electric field is polarised in, say, the x-direction and propagates in the

z-direction. qi is the generalised position (i.e. amplitude) of the mode with number i,

ki is the wavenumber iπ/L and Ai is a normalisation constant with units of electric

field per meter [N/(C·m)]:

Ai =

√
2ω2

imi

V ε0
. (2.8)

ωi is the mode frequency, V is the volume of the cavity and mi is a modal mass that

gives Ai the correct units. Maxwell’s equations give the corresponding magnetic field

as:

H(z, t) =
n∑
i=1

Aiε0
ki

∂qi(t)

∂t
cos(kiz). (2.9)

The resulting electromagnetic energy contained inside the cavity is:

H =
1

2

∫
V

dr3(ε0 |E|2 + µ0 |H|2)

=
1

2

n∑
i=1

(
miω

2
i q

2
i +

p2
i

mi

)
(2.10)

where pi = miq̇i is the generalised momentum. The electromagnetic energy in Eq.

2.10 is thus seen to be analogous to the harmonic oscillator. There is same properties

with the Heisenberg uncertainty of generalised position and momentum, and all of

the implications that follow. Similarly, we can transform the position and momentum

operators into creation and annihilation operators:

âi exp (−iωit) =
1√

2mi~ωi
(miωiq̂i + ip̂i) (2.11a)

â†i exp (iωit) =
1√

2mi~ωk
(miωiq̂i − ip̂i) (2.11b)

which have the following relation with the energy eigenstate of n quanta |n〉, repre-
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sented in bra-ket notation [135]:

â|n〉 =
√
n|n− 1〉 (2.12a)

â†|n〉 =
√
n+ 1|n+ 1〉 (2.12b)

~ω
(
â†â+

1

2

)
|n〉 = ~ω

(
n̂+

1

2

)
|n〉 = En|n〉. (2.12c)

i.e. the â operator annihilates one quantum of energy, the â† creates one quantum of

energy, and ~ω â†â gives the energy of |n〉 as the eigenvalue.

The creation and annihilation operators have the following commutation relations

in the time domain:

[
âk , â

†
k′

]
= δ(k − k′) (2.13a)[

âk , âk′
]

=
[
â†k , â

†
k′

]
= 0 (2.13b)

with a factor 2π if used in the Fourier domain. The electric field can be expressed in

terms of these operators as:

E(z, t) =
n∑
i=1

Ei
(
âie
−iωit + â†ie

iωit
)

sin(kiz) (2.14)

where Ei is the mode amplitude:

Ei =

√
~ωi
V ε0

. (2.15)

In free-space, the field can be expanded in terms of plane waves across an infinite

number of modes k:

E(r, t) = 2

(
L

2π

)3 ∫
d3k ek Ek αk e

−i(ωkt−k·r) + c.c (2.16)

where ek is a unit vector that defines the polarisation and αk is the classical di-

mensionless amplitude. Maxwell’s equations require that the fields are transverse,

with k · ek = 0. The prefactors outside of the integral account for the change of

integration variable from volume to wavenumber in angular units. Integration over

these infinite modes eventually results in replacing the classical amplitudes αk, α
∗
k

with quantum operators âk, â
†
k [125], such that:

E(r, t) =
∑
k

ek Ek âk e
−i(ωkt−k·r) + H.c. (2.17)
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2.2 Gaussian beams

The properties of lasers and optical cavities are described using Gaussian beams.

These are solutions of the Helmholtz equation, which arise from applying the separa-

tion of variables (time and position vector) to the electromagnetic wave equation:

∇2E(r) + k2E(r) = 0 (2.18)

where k = ω/c is the wavenumber that characterises the spatial mode of the solution.

This equation is still fairly general. The Gaussian beam solution arises from applying

the paraxial approximation, where we assume that the system is an electromagnetic

wave propagating along an optical axis, and the rays make a small angle such that

we can use the small approximations of sine and cosine. Equivalently, we can say

that the beam is separated into a plane wave of wavenumber k contained in slowly

varying envelope: E(r) = u(r)eikz.

Substituting the paraxial form and solving gives the following form for the

amplitude [136]:

E(r, z) = E0 p̂
w(0)

w(z)
exp

(
−r2

w(z)2

)
exp

(
−i
[
kz + k

r2

2R(z)
− Φ(z)

])
. (2.19)

Along the z-axis propagation, the beam rapidly oscillates at a monochromatic

frequency, and is enclosed by a slowly varying envelope characterised by beam width

w(z) and radius of curvature R(z). Each wavefront has a Gaussian amplitude in the

x−y plane, with the maximum at the optical axis. The beam width is usually defined

as the radius at which the beam amplitude has dropped to 1/e of its maximum

value. The envelope has a minimum radius w(0) at the beam waist. The distance z

is zeroed at the beam waist and oriented along the direction of propagation, while

r is the distance from the optical axis in the xy plane. The direction of electric

field polarisation is the vector p. The Guoy Phase Φ(z) is an additional phase

which is important in characterising higher order modes that have more complicated

transverse intensity profiles.

The beam can be expressed in terms of a derived value known as the Rayleigh

range zR, which is defined as the distance from the waist, along the propagation axis,

that the beam radius increases by
√

2. In fact, the divergence of the Gaussian beam

is dependent only on the beam waist size and wavelength:

zR =
πw2

0

λ
. (2.20)

This leads to zR-dependent expressions for the beam size, beam intensity I(r, z),
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wavefront radius of curvature and Guoy phase:

w(z) = w0

√
1 +

z2

z2
R

(2.21a)

I(r, z) = I0

(
w0

w(z)

)2

exp

(
−2

r2

w(z)2

)
(2.21b)

R(z) = z

(
1 +

z2
R

z2

)
(2.21c)

Φ(z) = arctan(
z

zR
). (2.21d)

At distances z � zR, the beam radius increases linearly with propagation distance.

The Gaussian beam solution fails when the paraxial approximation is no longer valid,

i.e. for large beam divergence angles. A representation of a Gaussian beam is shown

in figure 2.1.

Figure 2.1: Representation of the fundamental mode of a Gaussian beam. The
y-axis represents any direction transverse to propagation. The x-axis is given in
terms of the Rayleigh range. The beam’s intensity in the transverse direction has a
cylindrically symmetric Gaussian profile centered on the axis of propagation. The
solid lines dictate the radius of the beam where the amplitude drops to 1/e of its
value. The dotted lines represent the radius of curvature at various points on the
beam. The radius of curvature is infinite at the beam waist z = 0.

The Gaussian beam that has been discussed thus far is the fundamental transverse

mode of a propagating laser. There also exists higher order modes in different

orthogonal bases, which have complicated shapes.

Separating the Helmholtz equation into Cartesian coordinates results in a series of

solutions in the Hermite-Gaussian basis, with mode numbers (n,m) along the x and
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y axes respectively. The mode number describes the number of nodes along the axis,

and the TEM00 (Transverse Electro Magnetic) mode is the fundamental Gaussian

beam with properties described following Eq. 2.19. The complete normalised

transverse form is given by [137]:

un(x, z) =

(
2

π

)1/4(
1

2nn!w0

· q0

q(z)

)1/2(
q0 · q(z)∗

q∗0 · q(z)

)n/2
× Hn

(√
2x

w(z)

)
exp

(
−i kx

2

2q(z)

)
(2.22)

such that:

unm(r) = un(x, z) · um(y, z). (2.23)

The Hn(x) are the Hermite polynomials of order n, such that:

H0 = 1

H1 = 2x

H2 = 4x2 − 2

Hn+1 = 2xHn −
dHn

dx
. (2.24)

Note that the
√

2x/w(z) in Eq. 2.22 is the argument of the Hermite polynomial and

not a multiplicative factor. The complex mode parameter q(z) satisfies:

q(z) = z + izR, (2.25)

or equivalently
1

q(z)
=

1

R(z)
− i λ

πw(z)2
. (2.26)

The transverse mode shape properties of a selection of Hermite-Gaussian solutions

are shown in figure 2.2. Hermite-Gaussian modes are also commonly referred to as

TEMnm (Transverse ElectroMagnetic) modes.

Solving the Helmholtz equation in cylindrical coordinates gives the Laguerre-

Gauss basis of beam modes, with the transverse mode solution given as [137]:

upm(r, θ, z) =

√
2p!

δ(m− 0) + 1π(m+ p)!

exp (i[2p+m+ 1][Φ(z)− Φ0])

w(z)

(√
2r

w(z)

)m

× Lmp
(

2r2

w(z)2

)
exp

(
−ik r2

2q(z)
+ im θ

)
(2.27)

where p is the radial index, m is the azimuthal index and Lmp are the Laguerre
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Figure 2.2: A selection of transverse mode profiles for Hermite-Gaussian (TEMnm)
solutions of the Helmholtz equation shown in Eq. 2.22. The width of each frame is
3.5w0. The TEM00 mode is the most commonly used in optical experiments, and is
what is typically referred to when talking about the properties of Gaussian beams
outlined in section 2.2.

polynomials:

Lm0 = 1

Lm1 = 1 +m− r

Lmp+1 =
(2p+ 1 +m− r)Lmp − (p+m)Lmp−1

p+ 1
. (2.28)

Laguerre-Gaussian modes are typically designated as LGpm. While it is more

convenient to use LG for cylindrically symmetric modes, HG modes can still be

expressed as a sum of LG modes, or vice versa.

2.3 Two photon quantum optics

2.3.1 Amplitude and phase modulation

In order to proceed with analysis of gravitational wave detectors, it is helpful to

have some understanding of amplitude and phase modulation and their effects on

the spectrum of sinusoidal signals. Phase modulation in particular is important

to gravitational wave detection - the signal that exits from the dark port of an

interferometer depends on the path length difference between the two arms, which is

equivalent to modulating the phase of the dark port signal.

Consider an electric field where the amplitude is modulated at frequency Ω, with

some modulation depth dm and phase φm:

E(t) = E0(1 + dm cos(Ωt+ φm)) cosωt. (2.29)
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Figure 2.3: Phase modulation of a laser beam by a moving mirror. If the mirror
is movable, some photons will arrive earlier, while some photons will arrive later.
The reflected beam will have some components that are bunched together, and other
components that are spread out, depending on when they were reflected from the
mirror. This is equivalent to the beam having high and low frequency components
superimposed onto the carrier. The displacement of the mirror is exaggerated, the
actual motion is much less than the wavelength of the carrier laser.

Using 2 cos a cos b = cos(a+ b)− cos(a− b), this can also be expressed as:

E(t) = E0 cosωt+
E0dm

2
[cos((ω + Ω)t− φm) + cos((ω − Ω)t− φm)] (2.30)

i.e. the signal now has the main carrier ω superimposed with two sidebands of

frequency ω ± Ω and relative amplitude dm/2.

Next, consider phase modulation at some frequency Ω:

E(t) = E0 cosωt+ dm cos(Ωt+ φm)

=
E0√

2
exp

(
i[ωt+ dm cos(Ωt+ φm)]

)
+
E∗0√

2
exp

(
− i[ωt+ dm cos(Ωt+ φm)]

)
. (2.31)

The exponential cosine term can be decomposed using the Jacobi-Anger identity:

ez cos θ = Σ+∞
−∞i

nJn(z)ei n θ (2.32)

where Jn(z) is the nth Bessel function of the first kind. The phase modulated signal

becomes:

E(t) =
E0√

2
eiωt

(
Σ+∞
−∞i

nJn(dm)ei n (Ωt+φm)
)

+ H.c. (2.33)
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Taylor expanding the Bessel function with respect to dm gives:

J0(dm) ∼ 1− d2
m

4
+
d4
m

64
− · · · (2.34a)

J1(dm) ∼ dm
2
− d3

m

16
+ · · · (2.34b)

J2(dm) ∼ d2
m

8
− d4

m

96
+ · · · (2.34c)

Jn(dm) ∼ dnm
2nΓ[1 + n]

+ · · · (2.34d)

J−n(dm) = (−1)nJn(dm). (2.34e)

For gravitational wave signals, the induced phase change and modulation depth dm

are extremely small. Thus, we can truncate the summation index to n = −1, 0, 1

and remove any powers d2
m. Terms |n| > 1 have contributions of order dnm/(2

nn!):

Σ+∞
−∞i

nJn(dm)ei n (Ωt+φm) ∼ i
dm
2
e−i(Ωt+φm) + 1 + i

dm
2
ei(Ωt+φm). (2.35)

The signal becomes:

E(t) =
E0√

2

(
eiωt + i

dm
2

[
ei(ω−Ω)t−iφm + ei(ω+Ω)t+iφm

])
+ H.c. (2.36)

The carrier is superimposed with two sidebands of frequency ω ± Ω and relative

amplitude dm/2. In reality there are infinite sidebands of frequency ω ± nΩ and

relative amplitude dnm/(2
nn!), which can be seen from Jacobi-Anger identity. Since

these higher-order sidebands are extremely small in the context of GW detection,

the two-sideband relation is treated as the relevant first order approximation.

Summarising these results, phase modulation is shown pictorially in figure 2.3.

Qualitatively, the mirror moves at the modulation frequency. Some parts of the

wavefront will arrive at the mirror earlier, while others will arrive later. This creates

high and low frequency components in the reflected beam.

2.3.2 Two photon operators

The symmetrical sidebands created by the phase modulation of a moving mirror

are a reminder to think in terms of two-photon processes rather than single photon

processes. The two photon formalism of Caves and Schumaker was created to deal

with nonlinear quantum optical processes such as squeezing [126, 127]. A matrix

formalism for use in GW interferometers was given by Corbitt et al. [128].

GW signals modulate the spacetime metric of an optical cavity. In the large
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GW wavelength limit, the effect of a GW can be considered as a tidal force on the

end mirror, creating a phase modulation of the carrier laser. We can express GW

sidebands as annihilation operators dependent on Ω:

â+(Ω) ≡ â (ω0 + Ω)

â−(−Ω) ≡ â (ω0 − Ω)
. (2.37)

The upper sideband of frequency Ω is represented with â+(Ω) and the lower sideband

by â−(−Ω). These can then be transformed into amplitude and phase quadratures,

labelled â1 and â2 respectively:

â1(Ω) ≡ â+ + â†−√
2

â2(Ω) ≡ â+ − â†−
i
√

2

(2.38)

where â†−(Ω) = â−(−Ω). To understand this naming, it may be instructive to look

at ways of writing the electric field. We can either express as a cosine with some

amplitude, frequency and phase, or as a sum of complex conjugate exponentials

through the use of trigonometric identities:

E(t− x/c) = E0 cos (ω0(t− x/c)− φ0) =
Ae−iω0(t−x/c) + A∗eiω0(t−x/c)

√
2

(2.39)

where the real amplitudes E0 is related to the complex amplitudes A,A∗ by E0 =
1√
2

(A+ A∗). The exponential representation denotes a wave with positive and

negative frequency, reminiscent of the two sideband operators â+(Ω) and â−(−Ω).

Using Euler’s exponential rule, we can also express a wave in terms of cosine/sine

quadrature:

E(t− x/c) = Ec cos (ω0(t− x/c)) + Es sin (ω0(t− x/c)) (2.40)

where the imaginary component from Euler’s rule is absorbed into Es. Comparing

with Eq. 2.39 shows that:

Ec =
A+ A∗√

2
(2.41a)

Es =
A− A∗

i
√

2
(2.41b)

Ec + i Es = E0e
iφ0 . (2.41c)

The cosine and sine quadratures have the same relation to the amplitudes of the
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positive and negative frequency components as the amplitude and phase quadratures

have to the positive and negative sidebands in Eq. 2.38. Thus we call â1(Ω) the

amplitude quadrature and â2(Ω) the phase quadrature.

The two photon formalism is useful for calculating the input-output relations of

optomechanical devices, i.e. to express the output quadratures b̂1,2 in terms of the

input quadratures â1,2. These can be used to find the noise spectral density SÔi,Ôj (Ω)

of some optical configuration using the relation [138]:

1

2

〈
in
∣∣∣Ôi(Ω)Ô†j (Ω′)

∣∣∣ in〉
sym

=
π

2
SÔi,Ôj(Ω)δ (Ω− Ω′) ; i, j = 1, 2. (2.42)

The bra-ket terms |in〉 represent some input quantum state, and Ôi,j represent two

operators which we wish to calculate the cross-spectral density. We will be concerned

with the vacuum noise that beats with a carrier, so the calculation of the output

noise involves the vacuum state bra-kets and the output photon operators:

1

2

〈
0
∣∣∣b̂i(Ω)b̂†j (Ω′)

∣∣∣ 0〉
sym

=
π

2
Sb̂i,b̂j(Ω)δ (Ω− Ω′) ; i, j = 1, 2. (2.43)

The commutation relations for the two-photon operators are given by Caves and

Schumaker [126]:

[
â1(Ω) , â1(Ω′)

]
=
[
â1(Ω) , â2(Ω′)

]
=
[
â2(Ω) , â2(Ω′)

]
= 0 (2.44a)[

â1(Ω) , â†1(Ω′)
]

=
[
â2(Ω) , â†2(Ω′)

]
=

Ω

ω0

2πδ(Ω− Ω′) (2.44b)[
â1(Ω) , â†2(Ω′)

]
=
[
â†1(Ω) , â2(Ω′)

]
= i2πδ(Ω− Ω′). (2.44c)

In gravitational wave detection, Ω/ω0 � 10−10, so the commutators in Eq. 2.44b are

effectively zero. These relations are used to calculate the noise spectral density and

noise to signal ratio in GW detectors.

2.4 Quantum states of light

2.4.1 Vacuum state

The vacuum state of light is the ground state of the quantum electromagnetic field.

According to quantum mechanics, the quantum states of light can be composed into

infinite harmonic oscillators across all frequencies. The vacuum state represents the

zero point fluctuations of all of these contributions.

The vacuum state can be described as the ground state of the number state (a.k.a

Fock state) |n〉, which has the following properties with the creation and annihilation

41



CHAPTER 2. QUANTUM OPTICS IN GRAVITATIONAL WAVE
DETECTORS

operators:

â|0〉 = 0 (2.45a)

〈0|â† = 0 (2.45b)

~ω
(
ââ† +

1

2

)
|0〉 =

~ω
2
. (2.45c)

The linearly polarised electric field operator is drawn from Eq. 2.17:

Ê = E0âe
i(k.x−ωt) +H.c. (2.46)

which has expectation value 〈0|Ê|0〉 = 0, while the expectation value of the intensity

Ê2 is:

〈0|Ê2|0〉 = |E0|2. (2.47)

In our quantum optics calculations, the vacuum state gives these energy fluctuations

across all frequencies, with the commutation relation Eq. 2.13a picking out the noise

at the appropriate frequency.

2.4.2 Coherent state

The coherent state is the quantum state of light that most resembles electromagnetic

waves as we know them. It is a state of minimum quantum uncertainty, and out

of all of the possible quantum wavefunctions for electromagnetic transmission, the

coherent state is the one which changes shape the least as it propagates. The state

vector |ψ(t)〉 can be derived by solving the Schröedinger equation for radiation from

a current [125]:

|ψ(t)〉 = Πke
αkâ
†
k−α

∗âk |0〉 (2.48)

where the subscript k denotes a summation over infinite modes of wavenumber k and

amplitude αk. This can also be looked at as a sum over many single mode coherent

states denoted by |α〉. The coherent state itself can be formulated as a vacuum state

that has been transformed by the displacement operator D(α):

|α〉 = D(α)|0〉 = eαâ
†−α∗â|0〉 (2.49)

Using the exponential operator relation:

e−ÂB̂eÂ = B̂ −
[
Â , B̂

]
+

1

2!

[
Â ,
[
Â , B̂

]]
(2.50)
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and the commutation relation in Eq. 2.13a, the action of the unitary displacement

operator on the sideband and quadrature operators can be shown as:

D†(α) â D(α) = â+ α (2.51a)

D†(α) â†D(α) = â† + α∗ (2.51b)

D†(α) â1D(α) = â1 + α1 (2.51c)

D†(α) â2D(α) = â2 + α2, (2.51d)

where α1 =
1√
2

(α + α∗) is real and α2 =
1

i
√

2
(α− α∗) is imaginary. The displace-

ment operator shifts the sideband operators by a complex amplitude, which can be

separated into an amplitude and phase in the two-photon picture. This relation is

conceptually important when analysing quantum noise. The coherent state, such

as a bright, monochromatic laser, is a displaced vacuum state which implies that

the Heisenberg uncertainty is the same in the coherent state as in the vacuum state.

The expectation value of the photon number in a coherent state is:

〈N̂〉 = 〈α| â†â |α〉 = |α|2. (2.52)

The probability of finding n photons in a particular coherent state is given by:

P (n) = |〈n|α〉|2

=
〈N〉 exp (−〈N〉)

N !
(2.53)

which is a Poisson distribution around the mean value 〈N〉. The Poissonian property

of coherent states was shown in chapter 1 to cause correlated shot noise and radiation

pressure noise.

2.4.3 Squeezed state

The quantum uncertainty of light limits the precision of gravitational wave mea-

surements in the form of shot noise and radiation pressure noise. We have seen,

through some representations of the vacuum coherent state, how the amplitude and

phase of the electromagnetic field in vacuum have equal uncertainty. However, the

Heisenberg uncertainty relation only dictates the minimum product of the uncer-

tainty of noncommuting operators. If we have the experimental means, we are free to

make one quantity less uncertain, at the expense of making another quantity more

uncertain. For example, a gravitational wave detector, which allows us to measure

extremely small phase differences, would benefit from reduction of the quantum
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uncertainty of phase in the case that one wants to improve high frequency sensitivity.

However, doing so comes with an associated increase in radiation pressure noise at

low frequency.

A squeezed state is a quantum state that has had its uncertainty shifted from one

quadrature to another. In the ball-and-stick model, the circular ball of uncertainty is

squeezed to an ellipse. In the time domain, an example of a squeezed state is a delta

function at time t = 0, which has a sharply defined position but is a superposition

of many momentum states. At a half-period, it evolves to a plane wave, which has

a well defined momentum but uncertain position [125]. The observer then chooses

to measure at the appropriate time, depending on whether they want minimum

uncertainty of position or momentum.

Generation of squeezed states requires the use of nonlinear potentials. To illustrate,

say we take an electric potential and add a linear function of x, Φ = Φ0 + cx. The

solution to the Laplace equation ∇2Φ = 0 is still satisfied, but the electric field is

shifted to a value −(∇Φ0 +c). However, this has not changed the form of propagating

electromagnetic waves. Likewise, coherent states are just vacuum states shifted by

some amplitude. One method of generating squeezed states is to pump light through

an Optical Parametric Oscillator (OPO), which contains a crystal has a nonlinear

dependence on refractive index. The ‘pump’ light can then be down-converted into

two output beams, the ‘signal’ and ‘idler’, which are related by ωpump = ωsignal +ωidler.

These beams are correlated and have squeezed uncertainty. This “two photon”

process motivated development of the two-photon formalism for analysis of quantum

optics.

Generally, squeezed states are described by the multimode squeeze operator:

Ŝ(ξ) =

∫ ∞
0

dΩ′

2π
exp

[
ξ∗(Ω′)âΩ+Ω′ âΩ−Ω′ − ξ(Ω′)â†Ω+Ω′ â

†
Ω−Ω′

]
. (2.54)

The squeezing variable ξ(Ω) = r(Ω)eiζ(Ω) is composed of the squeeze factor r(Ω) and

squeeze angle ζ(Ω). Just as the displacement operator acts on the vacuum state to

create a coherent state, the squeeze operator acts on vacuum and coherent states to

create a squeezed state.

We can illustrate some properties using the two mode squeeze operator for upper

and lower sidebands:

Ŝ(ξ) = exp
[
ξ∗â+â− − ξâ†+â

†
−

]
. (2.55)

Like the displacement operator, the squeeze operator is unitary, i.e.S†(ξ) = S−1(ξ) =

S(−ξ). The squeeze operator gives the following transformations of sideband and
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two photon operators:

Ŝ† â+ Ŝ = â+ cosh r − â†−eiζ sinh r (2.56a)

Ŝ† â†− Ŝ = â†− cosh r − â+e
−iζ sinh r. (2.56b)

Ŝ†â1Ŝ = â1(cosh r + sinh r cos 2ζ)− â2 sinh r sin 2ζ (2.56c)

Ŝ†â2Ŝ = â2(cosh r − sinh r cos 2ζ)− â1 sinh r sin 2ζ. (2.56d)

Derivations of these expressions are given in Appendix A.1.2. It is plain to see here

that the squeeze operator creates correlations between the amplitude and phase

quadratures. The degree of squeezing and corresponding antisqueezing is given by

the squeeze factor r. A squeezing angle of ζ = 0 reduces the uncertainty in the phase

quadrature by a factor of cosh r − sinh r = e−r, but increases the uncertainty in the

amplitude quadrature by cosh r + sinh r = er. Likewise, setting ζ = π/2 squeezes

the amplitude quadrature but antisqueezes the phase quadrature.

The quantum states of light are summarised pictorially in figure 2.4 using the

‘ball-on-a-stick’ model. The axes represent the two-photon quadratures which we call

amplitude and phase. The uncertainty of the amplitude and phase is represented by

the probabilistic ball. The vacuum state has a mean amplitude of zero, such that

the ball is centered at the origin, while the coherent state has a mean amplitude α.

Two squeezed states are shown, one with less uncertainty in the phase quadrature,

and another with less uncertainty in the amplitude quadrature. The two ellipses will

always have the same area no matter the degree of squeezing, assuming a lossless

system. Introducing losses means addition of uncorrelated vacuum, increasing the

uncertainty of the squeezed quadrature, or both quadratures.

Figure 2.4: (a): Vacuum state of light with equal uncertainty in the amplitude
and phase quadratures. (b): Displaced, a.k.a. coherent state. It has the same
uncertainty as the vacuum state, but is displaced from the origin at a fixed distance
equal to amplitude α. (c): Phase squeezed vacuum state in red, and amplitude
squeezed vacuum state in blue. Squeezed coherent states are possible but are not
discussed in the context of this thesis.
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2.5 Optomechanics of optical cavities and GW de-

tectors using two photon optics

This section is dedicated to demonstrating the quantum noise properties of optical

cavities and gravitational wave interferometers. The input output relations for free

space, tuned Fabry-Perot cavity and detuned Fabry Perot cavity are shown. They

are analogous to a simple Michelson interferometer, power recycled Fabry Perot

Michelson interferometer, and dual recycling Michelson interferometer, respectively.

The noise to signal ratio with respect to gravitational waves (also known as the GW

sensitivity) is calculated from the input-output relations. The formulae presented

roughly follows the thesis of Haixing Miao and the paper on quantum nondemolition

GW detectors by Kimble et al. [139, 140, 141].

2.5.1 Reflection from a moving mirror in free space

Figure 2.5: Electromagnetic field that propagates through free space, reflects from
a movable mirror and returns to its starting point. The size of the mirror motion is
considered to be much smaller than the travel length.

The simplest optomechanical scenario is an electric field that propagates through

free space by a distance L, which is tuned such that L = λnπ, i.e. an integer number

of wavelengths. The beam reflects from a moving mirror which is microscopically

displaced from the tuned condition by ˆx(t). The end mirror is totally reflecting, such

that no fields enter, leave or are lost through that port. The setup is shown in figure

2.5. The incoming light beam is a laser, the electric field of which can be written in

terms of a strong carrier amplitude with superimposed vacuum fluctuations in the
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amplitude and phase quadrature:

Êin(t) =

[√
2I0

~ω0

+ â1(t)

]
cos(ω0t) + â2(t) sin(ω0t). (2.57)

The carrier is represented by the term with intensity I0. The full electric field

expression has a beam shape factor

√
4π~ω0

Ac
which depends on the beam area A,

but this factors out of calculations regarding the input-output relations and signal to

noise ratio. To obtain the relation between the output quadratures b̂1,2 and the input

quadratures â1,2, we equate the following two relations for the output field. First,

the output field is related to the input field by the travel time across the distance

2[L+ x̂(t)]:

Êout(t) = Êin(t− 2τ − 2x̂/c) (2.58)

where τ = L/c is the delay time across the tuned length.

Second, the output field is just analogous to the input field, using output quadra-

tures at time t:

Êout(t) =

[√
2I0

~ω0

+ b̂1(t)

]
cos(ω0t) + b̂2(t)sin(ω0t). (2.59)

Expanding Êin(t− 2τ − 2x̂/c) using trigonometric identities and Taylor expansions

allows us to find an expression for the output quadratures b̂ in terms of the input

quadratures â. The full derivation is shown in Appendix A.2.1. The result is:

b̂1(t) = â1(t− 2τ) (2.60a)

b̂2(t) = â2(t− 2τ) +
2ω0x̂(t− τ)

c

√
2I0

~ω0

. (2.60b)

The motion of the mirror is related to the output phase by the intracavity power. The

test mass is thought of as a free mass acted on by the tidal force of a gravitational

wave signal, plus the radiation pressure force of the laser beam. Writing out the

equation of motion for the mirror gives:

m¨̂x(t) = F̂RP(t) +
1

2
mLḧ(t) (2.61)

where F̂RP is the radiation pressure force and h(Ω) is the gravitational wave strain.

This relies on the assumption that the GW wavelength is much larger than the arm

length of the cavity such that the gravitational wave can be thought of as a tidal

force acting on the mirror. For more thorough computation, such as that used in the
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optical modelling software Finesse [132], we must instead use the transverse traceless

gauge where the mirrors do not move, but the gravitational wave modulates the

length between them [131]. The radiation pressure force term is given by computing

the electric field impinging on the mirror at time t− τ , which is derived in Appendix

A.2.1 and results in:

F̂RP(t) = 2
A

4π

∣∣∣Êin(t− τ)
∣∣∣2 = 2

I0

c

[
1 +

√
2~ω0

I0

â1(t− τ)

]
. (2.62)

The radiation pressure noise is carried by the â1 term. Taking the result of Eq. 2.62

into the equation of motion 2.61 and transforming into the Fourier domain with

respect to the GW signal frequency Ω gives:

− x̂(Ω) =
1

mΩ2

√
8~ω0I0

c2
â1(Ω)eiΩτ +

1

2
Lh(Ω). (2.63)

Taking the Fourier transform of Eq. 2.60a and substituting 2.63 gives the trans-

fer function of the output amplitude and phase b̂i(Ω) as a function of the input

quadratures âi(Ω) plus gravitational wave perturbation h(Ω):[
b1(Ω)

b2(Ω)

]
= e2iΩτ

[
1 0

−κ(Ω) 1

][
a1(Ω)

a2(Ω)

]
+ eiΩτ

√
2κ(Ω)

[
0

1

]
h(Ω)

hSQL(Ω)
, (2.64)

where we have collected two terms which will be of significance to GW optomechanics:

κ(Ω) =
8I0ω0

mc2Ω2
hSQL(Ω) =

√
8~

mΩ2L2
, (2.65)

where κ(Ω) represents the optomechanical interaction and hSQL is the standard

quantum limit (SQL) of measurement for a free mass. The significance can be seen

by calculating the spectral density of the shot noise and radiation pressure noise in

terms of κ(Ω) and hSQL(Ω). We assume that the operator b̂2(Ω) can be split into a

mean value 〈b̂2(Ω)〉 and noise ∆b̂2(Ω):

〈b̂2(Ω)〉 = T h(Ω) (2.66a)

∆b̂2(Ω) = e2iΩτ (−κ(Ω)â1(Ω) + â2(Ω)) = n̂1 + n̂2. (2.66b)

where T = eiΩτ
√

2κ(Ω)/hSQL(Ω) is the transfer function of the signal to the output

phase quadrature, and n̂1, n̂2 refer to the noise components of ∆b̂2 generated by â1

and â2 respectively. We will also assume that the readout perfectly measures the

phase quadrature, so for now we omit ∆b1(Ω). Using Eq. 2.42, and the commutation

relations of the input operators, we can calculate the radiation pressure and shot
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noise contributions to the output phase ∆b̂2(Ω). The full calculation is given in

Appendix A.2.1, and gives the following noise spectra:

Sn1,n1(Ω) = SRP(Ω) = κ2 (2.67a)

Sn2,n2(Ω) = Ssh(Ω) = 1 (2.67b)

Sn1,n2(Ω) = Scross(Ω) = 0, (2.67c)

Dividing by the signal transfer function T and adding the noises gives the GW noise

to signal ratio:

Sh(Ω) =

(
1

κ(Ω)
+ κ(Ω)

)
hSQL(Ω)2

2
≥ hSQL(Ω)2. (2.68)

From these calculations, we see that the sensitivity must always be above hSQL(Ω).

The phase change induced by the optomechanical coupling κ also affects the grav-

itational wave signal h(Ω). In the sensitivity Sh(Ω), the 1/κ(Ω) term represents

the shot noise contribution, while the κ(Ω) term represents radiation pressure noise.

This again shows the correlation inherent in quantum noise. Changing the value of

κ will change the location of Sh versus frequency, but Sh will not surpass the SQL

just by changing the laser power, end mirror mass or propagation length. We will

see an illustration of this sensitivity in the following section.

2.5.2 Simple Michelson interferometer

Figure 2.6: Basic Michelson interferometer showing the combination of fields.

A standard Michelson interferometer consists of of two perpendicular arms

shown in figure 2.6. In the ideal case, the fields recombine at the beam splitter to

produce perfect constructive interference at the injection port and perfect destructive
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interference at the dark port. This case is analogous to the free space propagation

along some tuned length, up to some constant.

Fields are referred to with respect to the cardinal compass directions and figure

2.6. North and East represent arm cavities, South the dark port and West the laser.

The field which is emitted from the laser is analogous to Eq. 2.57:

Êin
W(t) =

[√
2I0

~ω0

+ Âin
1

]
cos(ω0t) + Âin

2 sin(ω0t). (2.69)

Since there is no injection in the dark port, the field entering the dark port is the

sum of quantum vacuum fluctuations only:

Êin
S (t) = âin

1 cos(ω0t) + âin
2 sin(ω0t). (2.70)

We assume that the splitter perfectly splits 50/50, so the field amplitudes going into

the arms are:

Êin
N (t) =

Êin
W + Êin

S√
2

, Êin
E (t) =

Êin
W − Êin

S√
2

. (2.71)

As with the free space case, the fields returning to the beam splitter are:

Êout
N,E(t) = Êin

N,E(t− 2τ − 2x̂N,E/c) (2.72)

The gravitational wave signal is measured at the dark port, which again is composed

only of quantum vacuum fluctuations:

Êout
S =

Êout
N − Êout

E√
2

= b̂out
1 cos(ω0t) + b̂out

2 sin(ω0t). (2.73)

The derivation of the input output relations of b̂ in terms of â is similar to the free

space case outlined in section 2.5.1 and Appendix A.2.1, where the electric field

coming out at time t is equated to the input field at time t− 2τ − 2x̂/c. However,

since we are looking for the sum of the two fields, the remaining x term will rely on

the differential arm motion. Otherwise, the end result is analogous to the free space

case of Eq. 2.60a:

b̂1(t) = â1(t− 2τ) (2.74a)

b̂2(t) = â2(t− 2τ)−
√

2I0

~ω0

ω0

c
x̂d(t− τ), (2.74b)

where xd is the differential arm motion xd = xN−xE. Note the factor of 2 missing from
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the x̂ term compared to Eq. 2.60a - a motion of x̂d in the Michelson interferometer

corresponds to 2x̂ in the free space case. However, the gravitational wave signal

induces an equal and opposite motion in the two arms, so the overall signal to noise

ratio remains the same.

To obtain the gravitational wave sensitivity, we again solve the equation of motion

expressed in Eq. 2.61. The radiation pressure force fluctuation differs from that

shown in the derivation following Eq. A.10, since the electric field fluctuations enter

from both the bright and dark port. From the beam splitter relation in Eq. 2.71,

the electric field fluctuations impinging on the north ETM will be proportional to

Â + â, while the fields impinging on the east ETM will be proportional to Â − â.

The expansion for Ê2 will be of similar form to Eq. A.13, except the terms to first

order in the quantum vacuum operators will be proportional to Â± â. After deleting

rapid oscillation terms, we are left with the average radiation pressure force on each

ETM:

F̂N = 2
I0

c

[
1 +

√
~ω0

I0

Â1(t− τ) + â1(t− τ)√
2

]
(2.75a)

F̂E = 2
I0

c

[
1 +

√
~ω0

I0

Â1(t− τ)− â1(t− τ)√
2

]
. (2.75b)

If the ETMs have equal mass, the common mode force will only be influenced by

vacuum fluctuations of the bright port Â:

F̂N + F̂E = 4
I0

c

[
1 +

1√
2

√
~ω0

I0

Â1(t− τ)

]
(2.76)

while the vacuum noise â entering from the dark port will only induce differential

force:

F̂N − F̂E = 2
√

2

√
~ω0I0

c2
â1(t− τ). (2.77)

The form of the differential force is identical to the fluctuating component of the

radiation pressure force for the free space propagation shown in Eq. 2.61. The

tidal force (1/2)mLḧ(Ω) produces a differential motion of the arms. The resulting

Fourier equation is the same as Eq. 2.63 except with x̂(Ω) replaced by x̂d(Ω). The

gravitational wave strain sensitivity spectrum is the same as Eq. 2.64, except with

the optical spring and hSQL terms reduced to:

κ =
4I0ω0

mc2Ω2
hSQL =

√
4~

mΩ2L2
. (2.78)

The interferometer has an advantage over the free space measurement in that certain
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common mode noises such as frequency noise of the laser are greatly reduced [142].

We can also see that the radiation pressure noise level (the κh2
SQL term) is a factor

of 2
√

2 reduced from the free space case, due to the splitting of the power between

two arms.

Figure 2.7: Strain sensitivities of various simple Michelson interferometers and
their associated Standard Quantum Limits, calculated using Finesse 2.2 [132, 133].
The ‘Tabletop’ configuration refers to a setup with 1 m arms, 100 g end masses and
a 1 W 1064 nm laser. The other two refer to large scale interferometers with 40 kg
end masses, 125 W 1064 nm lasers and length given in the legend.

GW strain sensitivities for various interferometers are shown in figure 2.7, ac-

cording to equations 2.78 and 2.68. The curves in this figure are calculated using a

more rigorous model developed in Finesse 2.2 [131, 132, 133], where the GW signal

is input as a modulation of the arm length as per the transverse traceless gauge

representation. Spectral peaks in the long length configurations are features that

arise from the free spectral range frequency (c/2L).

At frequencies below the free spectral range, the sensitivity curve follows the form

shown in Eq. 2.68 - the radiation pressure contribution is proportional to κh2
SQL and

the amplitude strain sensitivity decreases with Ω2. The shot noise contribution is

proportional to h2
SQL/κ and is constant with Ω. The quantum-noise limited sensitivity

curve touches the SQL at one point. Increasing the laser power increases the radiation

pressure noise and decreases the shot noise, which has the effect of increasing this

corner frequency. Changing the mass of the moving mirror and the length of the arms

decreases the noise to signal ratio. While the long interferometers with high power

and large test masses can be seen to be sensitive to GW strains of h > 10−21, this is
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still insufficient to have a reasonable detection rate of compact binary coalescence

GWs, which have h ∼ 10−23.

2.5.3 Tuned Fabry-Perot cavity

Figure 2.8: Electromagnetic fields that propagate through a tuned Fabry-Perot
cavity. The size of the mirror motion is considered to be much smaller than the
cavity length. L represents the length of the cavity in its tuned condition. The
reflectivity of the end mirror

√
Re is considered to be unity in the calculations for

this section.

From the frequency domain free space input-output relations in Eq. 2.64, we

can now analyse the input-output for a tuned Fabry-Perot cavity, shown in figure

2.8. Kimble et al. demonstrated this process for two-photon optics and parameter

regimes relevant to gravitational wave detection [141]. The calculation begins with

the free space operators â and b̂, which begin and end to the right of the input

mirror. The mirror’s reflectivity causes feedback. The feedback relation between

the internal operators â, b̂ and external operators α̂, β̂ can then be used to obtain

the input-output relation for the external operators, which are shown to the left of

the input mirror. Due to the fact that we are containing a resonant wave inside the

cavity, we must make some further assumptions:

• We assume that the resonance condition is not significantly affected by the

motion of the mirror. Included in this assumption is κ(Ω)� 1: the free-space

output phase b2(Ω) = −κ(Ω)e2iΩτ â1(Ω) + e2iΩτ â2(Ω) does not significantly

couple to the amplitude term â1.

• The input transmissivity T = 1−R is much less than 1, but still much greater

than the end mirror transmissivity Te = 1−Re, which in this section is assumed

to be zero. By γ = cT/4L, γ < FSR/2, i.e. the optical resonances are separated
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by a large amount. For the arm cavities of a GW interferometer, γ/(2π) ∼ 100

Hz while the free spectral range is 37.5 kHz.

• The round trip phase delay of the GW sidebands is small, i.e. Ωτ � 1.

The electric fields in figure 2.8 are related at the input mirror by the continuity

condition:

Êin =
√
RÊout +

√
T Êin (2.79a)

ξ̂out =
√
TÊout −

√
RÊin (2.79b)

where Êin, Êout refer to the electric fields inside the cavity, Êin, Êout refer to the

electric fields outside the cavity and the minus sign on the left hand side of the

mirror is a sign convention due to the phase change incurred by reflection of a beam

at a high refractive index interface. The corresponding quadrature operators follow

the same rule:

~a =
√
R~b+

√
T~α (2.80a)

~β =
√
T~b−

√
R~α (2.80b)

where the arrows denote a column vector of the amplitude and phase quadratures.

These equations can be solved for the cavity output ~β in terms of the input ~α by

using the simultaneous equations 2.80a and 2.80b, and substituting the free space

relations between ~b and ~a, shown in Eq. 2.64. Applying the relevant approximations

leads to the input-output relation, which is derived in Appendix A.2.2:

~β = e2iφ

[
1 0

−K(Ω) 1

]
~α + eiφ

[
0√

2K(Ω)

]
h(Ω)

hSQL

(2.81)

with the following collected terms:

φ = arctan(Ω/γ) (2.82a)

K(Ω) =
ıcγ

Ω2(Ω2 + γ2)
(2.82b)

ıc =
8Icω0

mcL
(2.82c)

hSQL =

√
8~

mΩ2L2
. (2.82d)

The form of the input-output relation for a tuned cavity is similar to the free space

case of Eq. 2.64, except with the sideband phase delay Ωτ replaced by the bandwidth
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dependent phase φ, and the optomechanical coupling κ also replaced by a bandwidth

dependent K. Contained in K is the cavity parameter ιc which depends on the

intracavity intensity Ic = 4T/I0. We have applied the assumptions T � 1 and

Ωτ � 1 to obtain these expressions. While we are not concerned with low finesse

cavities in this thesis, it is important to note that the GW sideband phase propagation

assumption can break down for long interferometers or high frequencies. For a 4km

interferometer, τ = 2.67× 10−5 s. Higher order terms will show up for GW signals

of the order of Ω & 104 Hz. Alternatively, 1000 Hz signals will deviate from the

approximation for travel times of τ & 10−4 s, equivalent to L & 15 km. Thus, for

the design of high frequency detectors or long detectors, it is important to use more

rigorous calculations with mathematical software.

The shot noise, radiation pressure noise, quantum cross correlation noise and

GW noise to signal ratio all have similar forms to the free space case:

Ssh = 1 (2.83a)

SRP = K(Ω)2 (2.83b)

Scross = 0 (2.83c)

Sh(Ω) =

[
1

K(Ω)
+K(Ω)

]
h2

SQL

2
≥ h2

SQL. (2.83d)

While this GW sensitivity looks similar to Eq. 2.68, the γ dependence of K(Ω)

introduces bandwidth effects. In the limit of large Ω, the shot noise limited sensitivity

degrades with h2
SQL/K ∝ Ω2. Graphical illustration will be shown for the section

2.5.4 concerning GW interferometers with Fabry-Perot arm cavities.

2.5.4 Michelson interferometer with arm cavities and power

recycling mirror

To increase the detected signal strength and reduce shot noise, high optical power is

required. Current generation gravitational wave interferometers have an input power

of the order 100 W. This is then built up inside the interferometer using two highly

reflective mirrors - the arm cavities have input test masses (ITM), and light that

constructively interferes at the beam splitter is returned to the interferometer by

the power recycling mirror (PRM). This setup is analogous to a tuned Fabry-Perot

cavity, and allows the power inside the arms to be built up to hundreds of kilowatts.

The power recycling mirror technically forms a three mirror cavity with the ITM

and ETM, however, since it is located at the bright port of the beam splitter, we
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Figure 2.9: Michelson interferometer with power recycling mirror and arm cavities,
showing the combination of fields.

can just consider it to increase the power on the beam splitter by:

IBS =
4

TPRM

I0. (2.84)

The arm cavities are tuned on resonance, further enhancing the power in each arm

cavities by a factor Ic = 2IBS/TITM. Due to the increased storage time in the arm

cavities, the gravitational wave strain sensitivity is increased as well. From the

calculations in sections 2.5.3 and 2.5.2, we can see that the input output relation

will be determined by the tuned cavity response of each arm cavity, summed at the

beam splitter. Therefore, we can assume that the output to be detected is of the

same form as Eq. 2.73, except that the amplitudes Eout
N,E are the outputs of tuned

Fabry-Perot cavities. Also, unlike for the tuned Fabry-Perot derivation, both the

ITM and ETM assumed to move, since the seismic noise reduction requirements

dictate that all mirrors must be suspended by high Q-factor multi-stage isolation.

Each x̂N,E is the differential motion of the ITM and ETM. By the properties of two

body motion x̂N,E is equivalent to the motion of one mirror with a reduced mass

µ = m1m2/(m1 +m2) that equals m/2 in our case.

Taking all of this into consideration, the gravitational wave sensitivity has almost

exactly the same form as that of the tuned Fabry Perot, shown in equations 2.81 and

2.82a, except for the circulating power contained in the K term, which is replaced

with the circulating power in each arm cavities.

The GW sensitivity of Michelson interferometers with Fabry-Perot cavities is

shown in figures 2.10–2.13. Figure 2.10 compares the GW noise to signal spectra

of free space versus tuned cavity optomechanics. Both the free space and Fabry-

Perot cases use a 1064 nm laser with 125 W power. However, the Fabry-Perot
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Figure 2.10: Comparison of a simple Michelson, and Michelson with tuned arm
cavities and a power recycling mirror. Both interferometers use a 125 W 1064 nm
laser, 4 km arms and 40 kg test masses. The Fabry-Perot interferometer uses a PRM
with transmissivity TPRM = 0.03 and ITM with transmissivity TITM = 0.033

Figure 2.11: Comparison Michelson interferometers with varying arm length. All
configurations use a 125 W 1064 nm laser, 40 kg test masses, TPRM = 0.03 and
TITM = 0.033.

interferometer has a PRM with TPRM = 0.03 and ITM with TITM = 0.033, which

results in approximately 1 MW in each arm cavity. This circulation allows for resonant

enhancement of the signal, resulting in an increase in signal sensitivity inside the

cavity bandwidth. However, due to the resonant enhancement of circulating power,

the radiation pressure noise is higher at low frequencies. Also, the Ω dependence of

K causes the shot noise contribution to rise with Ω2 for Ω > γ - the cavity bandwidth
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Figure 2.12: Comparison Michelson interferometers with varying test masses. All
configurations use a 125 W 1064 nm laser, 4 km arms, TPRM = 0.03 and TITM = 0.033.

Figure 2.13: Comparison Michelson interferometers with varying laser powers. All
configurations use 40 kg test masses, 4 km arms, TPRM = 0.03 and TITM = 0.033.

γ for the Fabry-Perot interferometer in figure 2.10 is approximately 2π × 100 s−1.

The strain sensitivity using the Fabry-Perot interferometer described above is seen

to reach 10−23 for frequencies around this bandwidth, specifically 50–1000 Hz.

Figures 2.11, 2.12 and 2.13 show the effect of changing arm length, end mass and

input power. Increasing the length of the cavity enhances the differential displacement

of the arms for a passing gravitational wave, allowing for a higher signal to noise

ratio. However, it also decreases the cavity bandwidth, and the resulting increase

in shot noise offsets the gain in sensitivity at high frequencies. For the same mass
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and power, the curves for the different lengths will eventually touch the same shot

noise limit. Increasing the mass lowers the level of the SQL and radiation pressure

noise. However, the high frequency shot noise limit is the same, since the shot

noise intrinsically depends on photon statistics and not the response of the mirror.

Increasing the power reduces high frequency shot noise but increases low frequency

radiation pressure noise. By varying the power, the locus of the resulting curves traces

hSQL. Even with one tenth of the arm cavity circulating power that corresponds to

the Fabry-Perot interferometer in figure 2.10, it is still possible to reach 10−23 strain

sensitivity at 30-300 Hz.

In reality, there are more subtle effects associated with changing power and length.

To list some examples, a high power optical cavity can cause 3 mode interactions

known as parametric instability [143, 144], where two optical modes in a cavity are

separated by some frequency equal to an internal mechanical mode of the end mirror.

The resulting energy transfer causes instability. Absorption of laser power by the end

mirror can cause distortion of the surface of the mirror and wavefront of the carrier

beam. Increasing the length of the cavity comes with an associated increase in the

beam size of the laser. A larger beam size has beneficial effects for thermal noise and

mode matching precision but may cause problems with diffraction and scattering.

2.5.5 Detuned Fabry-Perot cavity

Figure 2.14: Electromagnetic field that propagates through a detuned Fabry-Perot
cavity. The size of the mirror motion is considered to be much smaller than the
cavity length. L represents the length of the cavity in its nominal condition with
detuning phase θ = ∆τ .

Detuned optical cavities are important in optical filtering and the signal recycling

optics of GW detectors. A model of a detuned Fabry-Perot cavity is shown in figure

2.14. A small detuning θ = ∆τ is applied, where θ is the detuning phase and ∆ is

the frequency shift of the cavity from the carrier frequency ω0. In the two photon
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quadrature picture, propagation of the sideband quadratures over a detuned length

results in a sideband dependent phase delay and a detuning dependent quadrature

rotation [145]: [
d̂1(Ω)

d̂2(Ω)

]
= eiΩτ

[
cos(∆τ) − sin(∆τ)

sin(∆τ) cos(∆τ)

][
ĉ1(Ω)

ĉ2(Ω)

]
(2.85)

The Fabry Perot cavity input mirror continuity conditions Eq. 2.80a and 2.80b

are modified to account for the detuning-induced rotation, represented by the rotation

matrix Rθ:

~a =
√
RR2θ

~b+
√
TRθ~α (2.86a)

~β =
√
TRθ

~b−
√
R~α (2.86b)

Rθ =

[
cos(θ) − sin(θ)

sin(θ) cos(θ)

]
=

[
cos(∆τ) − sin(∆τ)

sin(∆τ) cos(∆τ)

]
(2.86c)

As shown in figure 2.14, the two-photon quadratures ~a,~b begin and end at the tuned

length for the purposes of the input-output calculation. This allows us to plug in the

free space relation for ~a and ~b. For the feedback condition in Eq. 2.86a, ~b traverses

the detuned distance twice, and such acquires a detuning phase 2θ. We assume that

the detuned phase is very small, such that θ � 1 and ∆� FSR.

The end result for the input-output calculation of a detuned Fabry-Perot cavity

is given by Buonnanno and Chen [146]:

~β(Ω) =
1

C

[
M~α(Ω) + ~Dh(Ω)

]
(2.87a)

C = Ω2
[
(Ω + iγ)2 −∆2

]
+

∆ıc
2

(2.87b)

M =

 −Ω2 [Ω2 + γ2 −∆2]− ∆ıc
2

2γ∆Ω2

−2γ∆Ω2 + γıc −Ω2 [Ω2 + γ2 −∆2]− ∆ıc
2

 (2.87c)

~D =

[
∆Ω

Ω(−γ + iΩ)

] √
2γıc

hSQL(Ω)
(2.87d)

with the collected terms ıc, hSQL being the same as for the tuned cavity case shown

in Eq. 2.82a.

Because detuning affects the amount of power circulating in the cavity, the GW

signal is now encoded in the output amplitude and phase quadratures. Readout

of arbitrary quadratures requires some form of mixing with a reference oscillator.

We can use homodyne detection to read out some quadrature combination ~vhd =
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(cosφhd, sinφhd), such that we observe:

β̂hd(Ω) = β̂1(Ω) cosφhd + β̂2(Ω) sinφhd. (2.88)

For example, for a tuned cavity, we would choose φhd = π/2 such that we make a

phase quadrature measurement.

Assuming that the measured quadrature can be broken down into a mean value

〈~βhd〉 and noise ∆~βhd, we can express the noise term as the optomechanical interaction

of the input vacuum noise:

∆~βhd =
1

C
(M~α)T~vThd. (2.89)

Substitution into Eq. 2.42 gives:

1

2

〈
0
∣∣∣∆β̂hd(Ω)∆β̂†hd (Ω′)

∣∣∣ 0〉
sym

=
π

2
Sβhd(Ω)δ (Ω− Ω′) (2.90)

We know from computing equations A.16, A.17 and A.18 that:〈
0
∣∣∣âi(Ω)â†j (Ω′)

∣∣∣ 0〉
sym

= πδ (Ω− Ω′) ; i = j (2.91)

= 0; i 6= j (2.92)

for the vacuum noise operators â1, â2. Substituting 2.89 into Eq. 2.90 gives:〈
0
∣∣∣∆b̂ζ(Ω)∆b̂†ζ (Ω′)

∣∣∣ 0〉
sym

= π
1

C2
~vhdM(Ω)MT (Ω′)~vThdδ(Ω− Ω′) (2.93)

The gravitational wave sensitivity spectrum is the corresponding noise spectrum

divided by the projection of the signal onto the measured quadrature [146]:

Sh(Ω) =
~vhdMMTvThd

~vhd
~D ~DT~vThd

. (2.94)

Detuned cavities are useful to consider in the context of optical filters. In

gravitational wave detection, filter cavities are used to apply a differential phase to

two sidebands - since the carrier is off resonance, the two sidebands will be detuned

different amounts, and thus will acquire different phases. With sufficient detuning

and an ideal filter cavity, incoming light will be mostly reflected with a transfer

function that is just a phase rotation with unity gain. The same principle can be used

to apply a frequency dependent phase to gravitational wave sidebands. Discussion of

these effects forms part of the work of this thesis and will be encountered throughout.

Another important effect in detuned optomechanical cavities is the optical spring
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effect. Due to the tuning condition, motion of the end mirror will change the

circulating power inside the cavity as it moves towards or away from resonance. This

change of power inside the cavity causes a position dependent force which adds with

the mechanical spring stiffness of the moving mirror. However, an optical spring

is capable of producing an anti-restoring force that causes instability. The optical

spring effect forms another important cornerstone of this thesis. It will be further

elaborated in section 2.8.

Three-mirror cavities have a coupled resonance dictated by transmission between

the two subcavities. The detuning of one cavity can significantly affect the response

of the other. This effect is notable in the operation of signal recycling interferometers,

which will be seen in the next section.

2.5.6 Michelson interferometer with signal recycling

Figure 2.15: Michelson interferometer with power recycling mirror, arm cavities
and signal recycling cavity, showing the combination of fields.

A signal recycling mirror (SRM) placed at the dark port of the beam splitter in

a power recycling Michelson interferometer allows for enhancement of gravitational

wave signal sensitivity without having to increase the power to problematic levels.

This setup is analogous to a detuned Fabry-Perot cavity, specifically, a three-mirror

detuned cavity, which can be seen by inspection from the setup shown in figure 2.15.

We can assume that the fields exiting the dark port are analogous to those which

are returning from the end mirror of a tuned Fabry-Perot cavity. They then travel

across the signal recycling cavity (SRC), acquire a detuning phase, and the resulting

input output is of a similar for to that given by equations 2.87b and 2.94. However,

the exact relation, in this case, is somewhat more complicated than just a detuned

Fabry-Perot cavity, due to the three mirror configuration. The dynamics can be
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quite different depending on the properties of the combined coupled cavity.

Figure 2.16: Left : Three mirror cavity setup with electric field operators. In
the context of gravitational wave detection, the mirrors from left to right are the
SRM, ITM, ETM, with associated power reflectivities Rs, R,Re. The signal recycling
cavity can have some detuning θ, while the arm cavity contains the optomechanical
component with displacement x̂. The detuning of the left cavity can strongly affect
the response of the right cavity. Right : The left cavity can be treated as an effective
mirror with complex reflectivity reff from the left side, r′eff from the right side, and
teff = t′eff .

It is first instructive to outline the effects of coupled cavities. For the input-output

relation of vacuum fluctuations at the dark port, a signal recycled interferometer has

an analogous frequency response to a three mirror cavity consisting of the SRM-ITM-

ETM, with the possibility of detuning in the SRM-ITM subcavity. The three-mirror

setup is shown in figure 2.16. This configuration can be modelled as an effective

two mirror cavity, with the SRM-ITM subcavity acting as a mirror with complex

reflectivity reff for light incident from the SRM side and reflectivity r′eff for light

incident from the ITM side. To find these effective reflectivites, we can set up the

electric fields incident on and transmitted through each mirror in the three mirror

setup, similar to equations 2.80a and 2.80b. Solving the system of equations and

assuming ETM reflectivity Re = 1, gives, in terms of SRM properties
√
Rs,
√
Ts,

ITM properties
√
RI ,
√
TI and SR cavity detuning θ [146]:

reff = −
√
Rs +

√
RIe

2iθ

1 +
√
RsRIe2iθ

(2.95a)

r′eff =

√
RI +

√
Rse

2iθ

1 +
√
RsRIe2iθ

(2.95b)

t′eff = teff = −
√
TsTIe

iθ

1 +
√
RsRIe2iθ

(2.95c)

Detuning of the signal recycling cavity changes the resonant condition of the ITM-

ETM cavity. Assuming that the length of the arm cavity is much larger than that of

the signal recycling cavity τ � τSR, the resonance condition of the arm cavity in the

63



CHAPTER 2. QUANTUM OPTICS IN GRAVITATIONAL WAVE
DETECTORS

three-mirror setup is determined by [147]:

r′effe
2iωresτ = 1 (2.96)

i.e. after one round trip, the field does not pick up any i terms, and forms a stationary

wave. The frequency ωres can be expressed as a sum of effective detuning ∆eff and

effective bandwidth γeff :

Ωres = ∆eff + iγeff . (2.97)

By expanding e2iΩresτ ∼ 1 + 2i (∆eff + iγeff) τ , we can explain Ωres as follows. The

effective detuning ∆eff balances out the imaginary term of r′eff - essentially, the

resonance frequency of the arm cavity compensates the SR detuning. The real part

of r′eff controls the amount of light entering and leaving, which is balanced by −2γeffτ .

The properties of the SRM-ITM cavity create an effective bandwidth in the arm

cavity. Substituting Eq. 2.95b into Eq. 2.96, expanding the exponential, deleting

second order small terms and equating real and imaginary parts gives the expression

for the effective detuning and bandwidth in terms of the SR cavity parameters

[146, 147]:

∆eff =
2
√
RsγI sin(2θ)

1 +Rs + 2
√
Rs cos(2θ)

(2.98a)

γeff =
(1−Rs)γI

1 +Rs + 2
√
Rs cos(2θ)

(2.98b)

where γI = cTI/(4L) is the bandwidth of the arm cavity.

Detailed analysis of signal recycled interferometers is quite complicated - the

detuning, as well as the relative reflectivities of the SRM and ITM can greatly affect

the response. In addition, for high frequency GWs, the propagation phase ΩτSR

cannot be ignored. In-depth treatments can be found in the works on detuned signal

recycling interferometers by Mizuno [147] as well as Buonnano and Chen [145, 146].

There are two special cases to consider. First is signal recycling mode, where the

SR cavity is not detuned. Then, we end up with:

∆eff = 0

γeff =
1−
√
Rs

1 +
√
Rs

. (2.99)

Due to the relative detuning of signal sidebands incoming from the right, they are

reflected at the SR cavity, and recirculate throughout the interferometer. This

causes an increase of sensitivity at some optimal detection frequency, but reduces the

bandwidth relative to the two mirror case by an amount dependent on the reflectivity
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Rs. In other words, the sidebands get recirculated throughout the arm cavity, and

are thus more exposed to the effects of an incoming gravitational wave, but their

detuning also causes destructive interference which degrades sensitivity.

The other special case is resonant sideband extraction (RSE), where the signal

recycling cavity is detuned to θ = π/2, anti-resonant to the carrier. This results in:

∆eff = 0

γeff =
1 +
√
Rs

1−
√
Rs

. (2.100)

In this case the transmission of the sidebands through the signal recycling cavity

is increased relative to the carrier. This causes an increase in the bandwidth of

detection, but also a degradation in peak sensitivity. Note that while the signal

recycling cavity itself is detuned, the input-output of the SRM-ITM-ETM system

can be treated as a two mirror cavity with ∆eff , γeff as shown above.

Figure 2.17: Comparison of tuned Fabry Perot Michelson and signal recycling
interferometers. All configurations use 125 W 1064 nm laser, 40 kg test masses, 4
km arms, TPRM = 0.03 and TITM = 0.033. The signal recycling interferometers use
TSRM = 0.3. ‘SR mode’ denotes a signal recycling cavity with zero detuning. The
signal is enhanced in a small band compared to the PRM/ITM case, but is worse at
low and high frequencies. ‘RSE mode’ denotes the Resonant Sideband Extraction
mode with a signal recycling cavity that is detuned anti-resonant to the carrier. It
has a large bandwidth but lower peak sensitivity.

Figure 2.17 shows the effect of signal recycling on the sensitivity of a gravitational

wave detector, versus a tuned Fabry-Perot Michelson interferometer. The SRM

can produce either narrowband or broadband enhancement for configurations with

∆eff = 0. Operating in signal recycling mode with θ = 0 is not particularly useful for
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GW detection. However, RSE mode has considerably better sensitivity at low and

high frequencies in exchange for sacrificing sensitivity at Ω ∼ γ.

Other SR detunings are shown in figure 2.18. It can also be seen that detuned

SR actually surpasses the free mass SQL. This is because of the energy concentration

by two different resonances - the lower frequency resonance is due to the optical

spring effect from the detuning, which modifies the resonant frequency of the ETM

suspension. More details on this are given in section 2.8. The higher resonance is

due to the optical coupling inside the signal recycling cavity, which enhances certain

sidebands within a sharp range. The surpassing of the free mass SQL is due to the

response of the test mass being altered from a free mass to a harmonic oscillator via

the optical spring restoring force.

Figure 2.18: Comparison of signal recycling interferometers with various SRC
detunings. All configurations use 125 W 1064 nm laser, 40 kg test masses, 4 km
arms, TPRM = 0.03, TITM = 0.033 and TSRM = 0.3. Some detuning configurations
are capable of surpassing the SQL in a small band. This is due to two effects - the
lower frequency dip is due to modifications of the mechanical susceptibility from
optical stiffness, which turns the test masses from free masses to harmonic oscillators.
The high frequency dip is due to optical resonance via sloshing between the signal
recycling and arm cavities.

The effect of changing the SRM transmissivity is shown in figure 2.19. When the

transmissivity is high, the response approaches that of a Fabry-Perot Michelson with-

out a signal recycling mirror. Reducing the transmissivity increases the bandwidth

but reduces the peak sensitivity. When the transmissivity becomes sufficiently low,

the response starts to gain narrowband sensitivity features. In a three mirror cavity,
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Figure 2.19: Comparison of signal recycling interferometers with various SRM
transmissivities. All configurations use 125 W 1064 nm laser, 40 kg test masses,
4 km arms, TPRM = 0.03, TITM = 0.033 and RSE mode. For high transmissivity,
the response tends towards a Fabry-Perot Michelson without the SRM. For low
transmissivity, the response becomes that of a coupled cavity, with an optical peak
determined by the sloshing frequency if TSRM < TITM.

if the transmission of the input mirror is comparable to the middle mirror, an optical

resonance will occur due to the exchange of photons between the two subcavities.

The rate of this photon exchange is called the sloshing frequency, which is:

ωs =
c
√
TITM

2
√
LsrcLarm

(2.101)

Current generation gravitational wave detectors operate with the Resonant Sideband

Extraction configuration. For the main parameters of the Hanford and Livingston

detectors at their first observing run (40 kg test mass, 4 km arm length, 100 kW arm

cavity circulating power, 1 µm wavelength laser, TSRM = 0.2), the peak quantum

noise limited strain sensitivity was approximately 8 × 10−24
√

Hz at 100 Hz, and

increased to the order of 2× 10−23
√

Hz at the binary neutron star inspiral range of

1-4 kHz [66].

Some theoretical configurations use a signal extraction mirror (SEM) after the

dark port of the beam splitter, but before the SRM. This allows for the ITM/SEM to

effectively be transparent to GW sidebands, and lets the GW detection bandwidth

be tuned by changing the signal recycling transmissivity.
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2.6 Readout and signal measurement

The gravitational wave signal is encoded in the output phase of the dark port

fluctuations. However, it is difficult to directly measure the phase of light with a

photodetecting instrument. A solution is to beat the signal with a reference beam,

and then the beat amplitude and frequency are related to the signal. Amplitude is

easy to measure with a photodetector, and frequency can be measured within the

bandwidth of the photodetector.

Mixing techniques also tie in with a general experimental principle that it is better

to measure a modulated/demodulated quantity in order to remove noise sources,

especially 1/fn noise. In other experimental contexts, the technique known as ‘lock-in

amplification’ is essentially homodyne detection combined with a low-pass filter.

From the orthogonality properties of sinusoids, signals/noise at different frequencies

to the reference beam are cancelled out over sufficient integration times, leaving only

the signal and noise at the reference frequency.

2.6.1 Homodyne detection

Figure 2.20: Readout techniques used in gravitational wave detectors for measuring
arbitrary light quadratures. Left : Homodyne detection - the output signal is mixed
with a reference beam of the same frequency. The phase shifter allows for rotation
to arbitrary quadratures. Right : DC readout - the arms are offset in length, which
results in a readout amplitude and phase that are dependent on the length asymmetry.
This removes the issue of mode/phase/frequency matching the reference oscillator.

Homodyne detection is used in two-photon optics to measure the signal at a

particular quadrature determined by the homodyne angle φhd. To see how this

is accomplished, we start from the signal + noise representation of the output
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two-photon quadratures:

β̂ = 〈β̂〉+ ∆β̂ =
(
〈β̂1〉+ ∆β̂1

)
cos(ω0t) +

(
〈β̂2〉+ ∆β̂2

)
sin(ω0t) (2.102)

where the angle brackets denote the mean amplitude and delta denotes the noise

fluctuations. For the reference beam R, we have a steady classical amplitude R0 plus

laser noise ∆R:

R = R0 + ∆R = (R1 + ∆R) cos(ω0t) + (R2 + ∆R) sin(ω0t)

= (R0 cosφhd + ∆R1) cos(ω0t) + (R sinφhd + ∆R2) sin(ω0t) (2.103)

The homodyne detection scheme shown in figure 2.20 has the reference beam taken

as a pick-off from the detector carrier laser. This is done to reduce frequency stability

issues. These two beams are combined at a beamsplitter to produce an additive and

differential beam, and these two beams are detected at photodetectors to produce

photocurrents J+, J−. These two currents are mixed, and give a homodyne current

that has a first order dependence on the dark port signal and noise terms 〈β̂〉,∆β̂:

JHD = J+ − J− ∝ R0 cos(φHD)
(
〈β̂1〉+ ∆β̂1

)
+R0 sin(φHD)

(
〈β̂2〉+ ∆β̂2

)
. (2.104)

The derivation of this expression is shown in Appendix A.3.1. Clever choice of the

homodyne angle allows us to select the appropriate quadrature to measure. For

tuned cavities, the GW information is contained in the phase quadrature, thus we

eliminate the amplitude quadrature by using φHD = π/2.

In reality, homodyne detection in gravitational wave detectors is limited by length

stability of the pick-off beam, as well as phase stability of the shifter. Homodyne

phase noise becomes even more of a problem if we wish to implement squeezing, the

effectiveness which depends heavily on optical loss and mode matching.

2.6.2 Heterodyne detection

Heterodyne detection involves modulating radio-frequency sidebands onto the carrier

by using an electro-optic modulator before the PRM. These sidebands then beat

with the GW signal before being demodulated to give the measurement. While this

method does not require a separate optical path, it has been shown to produce several

other sources of technical and quantum noise compared to homodyne detection in

GW detectors [148, 149].
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2.6.3 DC readout

DC readout is a special case of homodyne detection that was proposed and imple-

mented as a means of improving the shot noise compared to heterodyne readout

[148, 149] while avoiding the pick-off stability issues of homodyne detection [150]. It

works by creating an asymmetry in the arm length and optical loss. This results in

a readout photocurrent that is dependent on the length asymmetry, and a readout

quadrature that is dependent on the length and optical loss asymmetry. Effectively,

the reference and signal beams are always mode matched, and any issues we have

with length or phase stability will affect both beams the same way.

2.7 Hamiltonian formulation

An alternative means of calculating the transfer function of a cavity is to use the

Hamiltonian of the system and solve Heisenberg’s equation of motion. An overview of

the Hamiltonian calculation for an optical cavity is given by Chen [130] and adapted

here. In general, the Hamiltonian for an optomechanical cavity is made up of:

Ĥ = Ĥopt + Ĥmech + ĤF + Ĥint + Ĥopt,ext + Ĥth. (2.105)

The first two terms represent the energies of the optical and mechanical modes in

simple harmonic oscillator theory:

Ĥopt = ~(ω0 + ∆)â†â (2.106a)

Ĥmech =
p̂2

2m
+mω2

mx̂ (2.106b)

where x̂ and p̂ are the position and momentum operators of the mechanical mode,

and ωm is the frequency of the mechanical mode. The third term represents the

application of some external force ĤF = −Fx̂. The optomechanical interaction term

is given by Law [151]:

Ĥint = −~g0x̂â
†â (2.107)

where g0 = (ω0 + ∆)/L is the optomechanial coupling strength. The Hopt,ext term

represents optical coupling to the external field, a derivation of which is given by

Chen [130]. The coupling in an optical cavity of bandwidth γ is:

Ĥopt,ext = i~
√

2γ

∫ +∞

0

dω

2π

[
â†âext(ω)− ââ†ext(ω)

]
+

∫ +∞

0

dω

2π
~ωâ†extâext(ω) (2.108)
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where the external field âext(ω) is integrated over spatial modes k = ω/c with c = 1.

The first integral in this expression represents the exchange of cavity photons with

external photons, while the second term is the energy of the external mode.

The Ĥth term represents mechanical coupling to the thermal bath. The coupling

of quantum degrees of freedom to an external bath is governed by the Heisenberg-

Langevin equation, which is a generalisation of the process used to derive Eq. 2.108.

A derivation of the Heisenberg-Langevin equation for a harmonic oscillator is given

by Gardiner and Collett [124]. They start with arbitrary system operators σ̂ coupling

to an infinite superposition of external bath modes B̂, which obeys the bosonic

commutation relations shown in Eq. 2.13a. The following Hamiltonians for the

bath/system are given:

Ĥbath = ~
∫ +∞

−∞
dω ωB̂†(ω)B̂(ω) (2.109a)

Ĥint = i~
∫ +∞

−∞
dω κbth(ω)

[
B̂†σ̂ − σ̂†B̂

]
(2.109b)

where κbth represents the rate of coupling of the system to the bath. Ĥbath represents

the energy contribution of each bath mode and Ĥint a linear interaction between the

bath and the system. If the coupling term is frequency independent, for example

κbth =
√
γ/π, the resulting equation of motion is:

ȧ =
−i
~

[
â, Ĥsys

]
−
([
â, σ̂†

] (
γσ̂ + 2γb̂in(t)

)
−
(
γσ̂† + 2γb̂†in(t)

)
[â, σ̂]

)
, (2.110)

which is the quantum Langevin equation in terms of the system operator, bath

operator and annihilation operator â. The time domain bath operator b̂in is the

Fourier transform of the bath operator B̂, with respect to initial time t0:

b̂in(t) =
1√
2π

∫ +∞

−∞
dω e−i(t−t0)B̂0(ω) (2.111)

where B̂0(ω) is the Fourier domain bath operator evaluated at the initial time. In the

case of a single mode simple harmonic oscillator σ̂ = â, and the Langevin equation

of motion for external coupling becomes:

ȧ = −iω0â− γâ−
√

2γb̂in. (2.112)

The i term denotes propagation of the internal operator â, while the real γ terms

describe coupling of the system and bath to/from the external environment at a

rate characterised by γ. We can introduce an outwardly propagating bath field b̂out,
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where the difference from b̂in is simply expressed as the leakage from the cavity:

b̂out − b̂in = −
√

2γâ. (2.113)

For an optomechanical system, we are interested in the behaviour of the optical and

mechanical degrees of freedom. The Langevin equation produces a set of simultaneous

equations in the internal optical operators â, â†, external optical operators âext, â
†
ext,

mechanical operators x̂, p̂ and bath operators b̂in, b̂†in. To simplify the calculations, it

is assumed that the cavity mode can be simplified as a classical amplitude plus a

fluctuation: â→ ā+ â. This is consistent with the representation of coherent states

shown in section 2.4.2, which has the same Heisenberg uncertainty as the vacuum

state. The operators â and âext(ω) then represent vacuum fluctuations around the

coherent state amplitudes ā, āin(ω).

Shifting to the interaction picture allows us to work in terms of fluctuations rather

than the steady state. In this representation, we are concerned with fluctuations

Ω around the carrier frequency ω0 � Ω, for example, a low frequency sideband

modulation ±Ω induced by a gravitational wave. Integrals of
∫ +∞

0
dω are recast as∫ +∞

−∞ dΩ, where ‘infinity’ with respect to Ω represents a range much larger than Ω

but much less than ω0. We can justify this with the fact that the bandwidth of

photodetectors is much larger than the GW signal Ω but much less than the carrier

frequency ω0. For the optomechanical coupling constant, the optical operators in

Ĥint are rewritten as a steady state plus fluctuations:

Ĥint = −~g0x̂
(
āei(ω0+∆)t + â†

) (
āe−i(ω0+∆)t + â

)
, (2.114)

where it is assumed that ā is real. Expanding the brackets gives a DC term propor-

tional to ā2, terms to first order in the operators, and â†â. We omit the steady state

and second order term from the interaction, leaving:

Ĥint ∼ −~gx̂
(
â†e−i(ω0+∆)t + âei(ω0+∆)t

)
. (2.115)

The adjusted coupling constant g = āg0 rescales the energy of the optomechanical

interaction based on the power of the coherent state ā = (2IcL/(~ω0c))
1/2.

Rewriting the full optomechanical Hamiltonian of Eq. 2.105 gives:

Ĥ =~(∆)â†â+
p̂2

2m
+mω2

mx̂− Fx̂− ~gx̂(â† + â)

+i~
√

2γ

∫ +∞

−∞

dΩ

2π

[
â†âext(Ω)− ââ†ext(Ω)

]
+

∫ +∞

−∞

dΩ

2π
~Ωâ†ext(Ω)âext(Ω). (2.116)
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We can exploit the Fourier transform of the external mode integral by setting

the wavenumber k = Ω/c with c = 1. This then allows transformation from the

wavenumber domain to the spatial domain, where the coordinate z = 0 is set to the

position of the input port:

âext(z) =

∫ +∞

−∞

dΩ

2π
âext(Ω)e−iΩz. (2.117)

The external field obeys the usual commutation relations for multimode photon

creation and annihilation operators in the angular frequency domain shown in Eq.

2.13a. Chen shows that the external field operator in spatial coordinates can be

split into an incoming field âin and an outgoing field âout, and gives the following

contribution to the internal field rate of change [130]:

ȧ =
√

2γâin + other terms (2.118)

We then apply the quantum Langevin equation of motion 2.110 to the Hamiltonian

in Eq. 2.116. The derivations of the external coupling shown in Chen [130] and

Gardiner and Collett [124] incorporate the rate of change of external fields âin, b̂in

into the rate of change of the annihilation operator, so we only need to show ˙̂x, ˙̂p, ˙̂a, ˙̂a†.

The equations of motion of the mirror are:

˙̂x =
p̂

m
(2.119a)

˙̂p = −mω2
mx̂− ~g

(
â† + â

)
− γmp̂+

√
2γmb̂th. (2.119b)

The â†+ â term in the momentum equation denotes the radiation pressure interaction.

For the internal operators:

˙̂a = −γâ− i∆â+ igx̂+
√

2γâin (2.120a)

˙̂a† = −γâ† + i∆â† − igx̂+
√

2γâ†in (2.120b)

where we have introduced the term for the incoming field âin which follows a relation

analogous to Eq. 2.113. The steady state solution for the intracavity field in the

absence of optomechanical interaction is:

ā =
2γ

γ + i∆
āin. (2.121)

Note that this term was assumed to be real in the derivation of the linearised

Hamiltonian and coupling constant g = āg0. This can be achieved by adjusting the

phase of âin. These equations can now be solved by transformation into the Fourier
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domain. Grouping equations 2.119a and 2.119b gives:

−mΩ¨̂x = −mω2
mx̂+ imΩγmẋ− ~g

(
â† + â

)
+
√

2γmb̂th (2.122)

which results in the Fourier domain mechanical displacement:

x̂(Ω) =
−~g

[
â†(Ω) + â(Ω)

]
+
√

2γb̂th(Ω)

m (ω2
m − iΩγm − Ω2)

(2.123)

= χmech(Ω)
(
~g
[
â†(Ω) + â(Ω)

]
+
√

2γb̂th(Ω)
)
.

Likewise, for the annihilation operator, we have:

− iΩâ = −γâ− i∆â+ igx̂+
√

2γâin, (2.124)

which gives:

â(Ω) =
igx̂(Ω) +

√
2γâin(Ω)

γ − i∆− iΩ
= χ−1

opt(Ω)
(
igx̂(Ω) +

√
2γâin(Ω)

)
. (2.125)

The response for the creation operator is derived from:

iΩâ† = −γâ+ i∆â− igx̂+
√

2γâ†in, (2.126)

i.e.

â†(−Ω) =
−igx̂(Ω) +

√
2γâ†in(−Ω)

γ + i∆− iΩ
= χ−1

opt(−Ω)∗
(
−igx̂(Ω) +

√
2γâ†in(−Ω)

)
(2.127)

where the positive and negative frequencies are shorthand for the absolute sideband

frequencies ω0 ± Ω.

Using this method offers a different way of attaining the input output relations

for an optical cavity. The two photon formalism gives a more intuitive picture

for the physical processes occurring inside simple cavities and interferometers, but

the Hamiltonian approach is simpler for calculating the response of detuned and

coupled cavities. Demonstrating consistency between the Hamiltonian and two-

photon formalisms can be shown by solving the tuned cavity Heisenberg equations

of motion and transferring the sideband operators to the two photon picture. The

details are shown in Appendix A.4. The output phase quadrature can be written in
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the following way:

β2 = e2iφ [α̂2 −Kα̂1] +

∣∣∣∣∣2K(Ω)

SFSQL

∣∣∣∣∣
1/2

F̂th, (2.128)

where SFSQL = 2~m(Ω2 − ω2
m) is the force-normalised standard quantum limit for

a harmonic oscillator with no damping. This equation gives the phase quadrature

response to thermal force on an optomechanical mirror in a tuned Fabry-Perot cavity.

2.7.1 Comments and generalisations

The Hamiltonian derivation of the tuned cavity input output relation Eq. 2.128

can be generalised to other examples. Notably, we have seen that part of the K
term depends on the mechanical response of the moving mirror, and can be replaced

depending on the situation. Also, we know from section 2.5.1 that the free space

input output relation is of the same form as for the tuned cavity, but with K replaced

by κ =
8ω0I0

mΩ2c2
. Taking these two considerations into account, we can write the input

output for free space reflection from a damped harmonic oscillator:

b̂2 = e2iΩτ [â2 − κâ1] + eiΩτ

∣∣∣∣∣ 2κ

SFSQL

∣∣∣∣∣ F̂ (2.129)

where F̂ is any force that causes phase modulation at the end mirror, and SFSQL =

2~χ−1
mech(Ω) = 2~m (ω2

m − iγmΩ− Ω2). Recasting in terms of some mechanical sus-

ceptibility gives: ∣∣∣∣∣ 2κ

SFSQL

∣∣∣∣∣ F̂ =

√
8I0ω0

~c2
χmech(Ω)F̂ . (2.130)

2.8 Optical rigidity

In a detuned optical cavity, the radiation pressure in the cavity depends on the

position of the resonator. The principle is illustrated in figure 2.21. Motion of the

end mirror changes the intracavity power, which increases or decreases the radiation

pressure force as shown. Note that in the blue detuned case, the change in radiation

pressure with mirror motion creates a force that actually is anti-restoring and thus

unstable. In both cases, the coupling is strongest when the rate of change of power

with respect to cavity length is the largest. The strong change in radiation pressure

versus mirror position is known as the optical spring effect. It can be represented as
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Figure 2.21: Illustration of the single-sided optical spring effect in a detuned optical
cavity. The red optical cavity has a carrier with frequency too low (wavelength too
large), while the blue optical cavity is the opposite. In the two cases, positive x̂
is taken to point in the direction which increases intracavity power. For the red
detuned case, the optical spring effect is a restoring force, while in the blue detuned
case, the optical spring is an anti-restoring force.

a complex valued spring constant with the following expansion:

Kopt(ω) = K0 − iK1ω −K2ω
2 +O(ω3) (2.131)

where K0 denotes the optical analogue to a mechanical spring constant, K1 the

optical damping and K2 the optical inertia.

The expressions can be seen by substituting the optical Eq. 2.125 into the

mechanical Eq. 2.123 and expanding out x̂ = FRP/χRP:

x̂ =

[
χ−1

mech −
2g2~∆

(γ − iΩ)2 + ∆2

] [
2
√
γg~

(γ − iΩ)2 + ∆2

]
[(γ − iΩ)âin,1(Ω) + ∆âin,2(Ω)] .

(2.132)

The first square bracket term is the mechanical susceptibility, modified by radiation
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pressure:

χ−1
RP(Ω) = χ−1

mech(Ω)− 2g2~∆

(γ − iΩ)2 + ∆2
. (2.133)

The radiation pressure effects in a detuned optomechanical Fabry-Perot cavity are

thus capable of modifying the properties of the mechanical element. We can expand

χRP in Ω and equate terms with the simple harmonic oscillator response:

χRP = −
[
mω2

m +
2~g2∆

γ2 + ∆2

]
+ iΩ

[
mγm −

4~g2∆γ

(γ2 + ∆2)2

]
+ Ω2

[
m+

2g2h∆(∆2 − 3γ2)

(γ2 + ∆2)3

]
+O(

1

γ2 + ∆2
)4. (2.134)

Taking each piece and expanding ~g2 into cavity parameters gives:

ω2
RP = ω2

m + ω2
opt = ω2

m +
4Icω0∆

mLc (γ2 + ∆2)
(2.135a)

γRP = γm + γopt = γm −
8Icω0∆γ

mLc (γ2 + ∆2)2 (2.135b)

mRP = m+mopt = m+
4Icω0∆(∆2 − 3γ2)

Lc (γ2 + ∆2)3 (2.135c)

The terms ωopt, γopt,mopt are referred to as the optical spring frequency, optical

damping and optical inertia, respectively. Obtaining an optical spring frequency ωopt

is equivalent to increasing the spring stiffness by a factor K = mω2
opt. The optical

damping arises due to the storage time of the cavity causing a phase lag in the

radiation pressure effect. The out of phase force is equivalent to a viscous damping.

These two effects are important in optomechanical experiments at high power, low

mass, or at detunings comparable to the bandwidth. Increasing the detuning such

that ∆� γ will decrease the intracavity power Ic.

Optical inertia is typically small in low power tabletop experiments. For example,

substituting a cavity of bandwidth and detuning 2π × 104 s−1, length 10 cm, power

50 mW and using an Nd:YAG laser with λ = 1064 nm gives an optical inertia of -2.4

µg.

One important thing to notice in equations 2.135a and 2.135b, is that the optical

spring effect and optical damping effect are opposite in sign with respect to detuning.

This means that one of these effects will be negative depending on the cavity

configuration, which will cause instability once they are large enough to cancel out

the mechanical stiffness/damping. Later in this thesis it will be seen that a stable

optical spring effect can be created using a coupled optomechanical cavity, such that

the laser is incident on both sides of the resonator.
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2.9 Manipulating quantum states of light

All of the sensitivity curves discussed for the interferometer models in sections 2.5.1

to 2.5.6 have assumed that we are measuring a time varying displacement using the

coherent state of light and vacuum. However, using squeezed states of light, or by

cleverly altering the measurement process, some interesting effects can be produced.

2.9.1 Squeezed injection

Quantum shot noise is the limiting noise source above 1 kHz in current generation

gravitational wave detectors. Lowering the floor of shot noise will greatly improve

the detection of neutron star mergers and black hole ringdowns, with all of the

associated benefits and implications described in chapter 1. One way to reduce shot

noise is to use squeezed injection. As we have seen in section 2.4.3, we can reduce

the quantum noise in one quadrature at the expense of increasing it in the other

quadrature. Since low frequency detection is limited by seismic and Newtonian noise,

increased quantum radiation pressure noise is considered to be an acceptable tradeoff

for current generation detectors.

2.9.2 Frequency dependent squeezing

Eventually, seismic and Newtonian noise reduction will be improved to the extent

that low frequency detection will be limited by quantum radiation pressure noise. In

that case, it will no longer be convenient to ignore the effects of radiation pressure

anti-squeezing.

Frequency dependent squeezing in GW interferometers was analysed by Kimble,

et al.[141], who showed that it is possible to achieve quantum noise enhancement over

the whole detection band of the interferometer. Rather than squeezing one quadrature

across the entire band, we would like to squeeze the amplitude quadrature at low

frequencies, the phase quadrature at high frequencies, and some rotated combination

at intermediate frequencies.

The GW noise to signal ratio for frequency dependent squeezed input interferom-

eters was derived by Kimble, et al. [141] by considering the input state of Eq. 2.42

to be the vacuum state modified by the squeeze operator:

|in〉 = Ŝ(ξ)|0〉, (2.136)

where Ŝ(ξ) is composed of the squeeze factor r and squeeze angle ζ according to
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section 2.4.3. By calculating the cross spectral density:

hSQL√
2K(Ω)

〈0|Ŝ†∆b̂2∆b̂†2Ŝ|0〉, (2.137)

with ∆b̂2 = exp2iφ(â2 − Kâ1), and using the squeeze operator transformations of

the two photon quadratures in Eq. 2.56a, they show that the gravitational wave

sensitivity of an interferometer with squeezed vacuum input into the dark port is:

Ssqz =
h2

SQL(Ω)

2

(
1

K(Ω)
+K(Ω)

)
[cosh(2r)− cos(2[ζ + Φ(K)]) sinh(2r)] , (2.138)

with Φ(K) = arccot(K). In general, the degree of squeezing/antisqueezing depends on

the squeezed angle versus the ponderomotive factor K. However, the term in square

brackets can be minimised by making the squeezing angle frequency dependent, such

that it cancels Φ(K) at all frequencies. This makes the frequency dependent squeezed

sensitivity equal to:

SFDS =
h2

SQL(Ω)

2

(
1

K(Ω)
+K(Ω)

)
e−2r, (2.139)

i.e. a broadband enhancement by factor e−2r. In practice, there will be difficulties that

arise from controlling the squeezing angle, as well as from optical loss introducing

uncorrelated vacuum that degrades the squeezing. Still, audio band frequency

dependent squeezing has been shown in tabletop experiments [152].

Kimble, et al., also proposed a filter cavity realisation for frequency dependent

squeezing for GW interferometers [141]. The frequency dependence of the squeeze

angle could be generated by feeding the squeezed vacuum into a detuned filter cavity,

generating a frequency dependent rotation of quadrature. For the setup of Advanced

LIGO, the filter cavities require fractional detunings of ∼ -1.1 and 0.9, and relative

bandwidth within a factor of 2 versus the main interferometer, i.e. of the order

2π × 100 Hz. The required optical filter cavity thus has strict requirements on the

length, input transmission, and ratio of round-trip optical loss to input transmission

(also known as fractional loss) in order to achieve this bandwidth [141]. A current

experiment to produce viable FDS for GW detectors uses an optical filter cavity of

length 300 m and finesse 4480 [153].

Optical loss is introduced by various sources. The optical components can

introduce scattering, absorption, wavefront distortion via thermal lensing, mode

mismatch and introduction of uncorrelated vacuum. Kimble, et al. assume that the

loss can be expressed as an effective loss in the arm cavity plus output train losses.

The two photon input output calculation is carried out, assuming that in the arm
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cavity the optical loss introduces a distortion of the amplitude and phase of the

signal. Expansions are performed to first order smallness. For a fractional photon

loss of ε in the arm cavities, they give the modified phase quadrature output as [141]:

b̂2 = ∆b̂2 +
√

2K∗h(Ω)

hSQL

eiφ
∗

(2.140a)

φ∗ = arctan
Ω/γ

1 + ε/2
= φ− ε/2

Ω/γ + γ/Ω
(2.140b)

K∗ = K
(

1− 1

2
E
)

(2.140c)

E =
2γ2

γ2 + Ω2
ε, (2.140d)

where φ∗ represents the effect of optical loss on the phase, K∗ the effect of optical

loss on the signal amplitude and E is the fractional photon loss in the arm cavities.

In the derivation process, the quantities with asterisks are truncated to first order in

ε.

The output noise operators acquire a loss of the input amplitude â and an

introduction of uncorrelated vacuum n̂, which is modelled as a transmission
√
E

through the ETM. This results in dark port input-output relations:

∆b̂1 =

(
1− 1

2
E
)
â1 +

√
E n̂1 (2.141)

∆b̂2 = e2iφ

[(
1− 1

2
E
)
â2 −K∗ (â1 + ε/2n̂1)

]
+
√
E n̂2 (2.142)

Since n̂ is just coherent vacuum, it will introduce added uncertainty and thus added

noise if we are performing FDS. Propagating these lossy quadratures gives the

GW noise to signal ratio for an optically lossy frequency dependent squeezed input

interferometer, which is shown in first order to be:

SFDS∗ =
h2

SQL(Ω)

2

(
1

K(Ω)
+K(Ω)

)(
1− E

2

)
[cosh(2r)− cos(2[ζ + Φ(K)]) sinh(2r)]

+
h2

SQL(Ω)

2

[
E + EOT

K
+
εK
2

]
, (2.143)

where EOT is the fractional photon loss contribution of the output train. So long

as the fractional losses are kept below the optimised squeeze factor e−2r ∼ 0.1, the

squeezing is not significantly degraded by losses in the interferometer and output

train. However, losses in the input optical train, as well as fractional variation of the

squeeze angle, have much more of an effect on squeezing losses. By expanding in
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terms of the squeeze angle error, the fractional effect on the sensitivity is shown to

be:

δSFDS ∼
e4r

2
∆ζ2. (2.144)

An error of 0.07 in the squeeze angle results in a fractional noise contribution of 0.25

for input squeeze factor of e−2r = 0.1. This places fairly severe restrictions on the

frequency and bandwidth stability of the filter cavities, as well as their respective

optical losses.

2.9.3 Variational readout

Variational readout is the technique of reading out a homodyne angle that varies in

frequency, proposed by Vyatchanin, Matsko and Zubova in the context of evading

the radiation pressure back action in GW detectors [154, 155]. The input-output

relations for moving mirrors and tuned cavities, shown in equations 2.64 and 2.81

demonstrate that even with tuned lengths, there is still some coupling of the input

quadrature to the output phase. These radiation pressure detuning effects result in

a slight leakage of the signal from the phase quadrature into the output amplitude

quadrature, especially at lower frequencies where the radiation pressure is higher.

Variational readout uses the appropriate homodyne angle at each frequency, such

that we can cancel out the radiation pressure effects at low frequencies. Perfect

selection of the homodyne angle leads to evasion of the radiation pressure quadrature,

such that the sensitivity becomes:

SVR =
h2

SQL(Ω)

2

1

K(Ω)
. (2.145)

The frequency dependence of the homodyne phase is the same as that of the squeeze

angle for frequency dependent squeezing. This is to be expected - both schemes are

used to cancel radiation pressure back action, which has a frequency dependence that

relies on the input-output property b̂2 = (â2 −Kâ1)e2iφ of a tuned optomechanical

cavity. Due to this common foundation, similar filter cavities as described in section

2.9.2 are needed to produce the required frequency dependent homodyne angle.

Kimble, et al. showed the effects of optical loss and homodyne angle fluctuation

on the gravitational wave sensitivity. To first order, the effect of optical loss is simply

[141]:

SVR∗ =
h2

SQL(Ω)

2

[
1

K(Ω)
+K(Ω)

( ε
2

+ EOT

)]
. (2.146)

They also showed the much harsher requirement on the homodyne phase, requiring

a fractional stability of 1% to stay below a 25% noise increase, which gives strict
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restrictions on the filter cavities’ detuning fluctuations and coating properties.

2.9.4 Measuring a commuting quantity

The L-shaped Michelson interferometers shown throughout this introduction all

measure a time varying displacement. However, quantum mechanics dictates that

displacement does not commute with itself in time, and thus successive measurements

of displacement have an associated Heisenberg uncertainty.

For a free mass, momentum does commute with itself at different times. Test

masses in a GW interferometer are suspended with an extremely low stiffness, and

thus can be approximated as free masses for relevant GW signals. The idea of the

speed meter follows, where the output of the instrument is dependent on the speed

of a moving mirror rather than position. Braginsky and Khalili proposed using

a coupled cavity, where sloshing between the two cavities can be made such that

destructive interference removes sensitivity to the mirror’s absolute position, leaving

only sensitivity to its position at different times x(t+ τ)− x(τ) [156, 157].

The gravitational wave sensitivity for a coupled cavity speed meter is given as

[139]:

SSM =
h2

SQL

2

[
1

KSM

+KSM

]
. (2.147)

The speed meter ponderomotive coupling KSM is:

KSM =
16ω0γIc

mcL [(Ω2 − ω2
s)

2 + γ2Ω2]
(2.148)

where ωs is the sloshing frequency of a coupled cavity ωs = c
√
Ts/(2L). This

configuration results in an overall reduction of back action noise compared to the

displacement measurement case. However, quantum noise is still present due to the

coupling to an external observable, and in the shot noise limit Ω� γ the outcome is

similar to the Michelson interferometer.

2.9.5 Negative dispersion filter

Gravitational wave sidebands are detuned from the carrier laser by a frequency of

±Ω. The slight detuning causes a phase shift φ = Ωτ that accrues over propagation

along the arms. This ‘positive dispersion’ phase shift causes the sidebands to be less

resonant in the arm cavities, and gets worse for higher frequencies.

The idea of negative dispersion involves circulating the interferometer output

light through a filter in the signal recycling apparatus. This filter applies a frequency

dependent negative phase that compensates the phase delay acquired by the sidebands.
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Negative dispersion has been used with atomic media to create what is known as

a white light cavity [158, 159, 160], where a broad band of frequencies are resonant

thanks to the phase compensation. If a gravitational wave interferometer could be

turned into a white light cavity, we could likewise achieve a broad band of high

frequency sensitivity enhancement.

While it is possible, in principle, to create the required phase delay using an

optomechanical cavity, the mechanical resonator has extremely strict requirements

on its size, thermal noise, frequency, and optical loss, which is the motivation of the

work entailed in this thesis.

2.10 Summary

This thesis is focused on calculations of the feasibility of creating a white light signal

recycling (WLSR) interferometer using an optomechanical negative dispersion filter.

Detailed background has been given to quantum states of light, laser beams and the

derivation of optical cavity properties in the two photon and Hamiltonian formalism.

These are relevant to the series of papers that form this thesis. In addition, detailed

background is given to frequency dependent squeezing and its dependence on optical

loss. FDS is currently the most easily realised technique for broadband sensitivity

enhancement in future detectors, so the WLSR scheme must be compatible with

FDS.
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Chapter 3

Low stiffness microresonator for

stable optical trapping

Preface

This chapter is based on the publication by Michael A. Page, Yiqiu Ma, David G.

Blair, Chunnong Zhao, Li Ju, Valery Mitrofanov, Shiuh Chao, Huang-Wei Pan and

Hamed Sadeghian, Towards thermal noise free optomechanics, published in Journal

of Physics D: Applied Physics 49 455109 (2016). Author contributions are given in

the chapter outline.

Abstract

Thermal noise generally greatly exceeds quantum noise in optomechanical devices

unless the mechanical frequency is very high or the thermodynamic temperature is

very low. This paper addresses the design concept for a novel optomechanical device

capable of ultrahigh quality factors in the audio frequency band with negligible

thermal noise. The proposed system consists of a minimally supported millimeter

scale pendulum mounted in a Double End-Mirror Sloshing (DEMS) cavity that is

topologically equivalent to a Membrane-in-the-Middle (MIM) cavity. The radiation

pressure inside the high-finesse cavity allows for high optical stiffness, cancellation

of terms which lead to unwanted negative damping and suppression of quantum

radiation pressure noise. We solve for the optical spring dynamics of the system

using the Hamiltonian, find the noise spectral density and show that stable optical

trapping is possible. We also assess various loss mechanisms, one of the most

important being the acceleration loss due to the optical spring. We show that

practical devices, starting from a centre-of-mass pendulum frequency of 0.1 Hz, could
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achieve a maximum quality factor of 1014 with optical spring stiffened frequency

1-10 kHz. Small resonators of mass 1 µg or less could achieve a Q-factor of 1011 at

a frequency of 100 kHz. Applications for such devices include white light cavities

for improvement of gravitational wave detectors, or sensors able to operate near the

quantum limit.

3.1 Introduction

Optomechanics, the interaction of photons with phonons, is a phenomenon that

allows for sensitive measurements close to fundamental limits [134].One example of

extremely precise measurement using optomechanics is the detection of gravitational

waves in large interferometers [161, 162]. Optomechanics can also be used to impose

and control quantum states on high frequency resonators at cryogenic temperatures

[163, 164, 165]. Achievement of quantum measurement and control in low frequency

regimes and higher temperatures, however, has been limited by quantum and thermal

noise [138]. This paper argues that it is possible to overcome these sources of noise

using a device with a resonance which lies in the audio band, and without having

to apply extreme cryogenic cooling. This is achieved through enhancement of the

quality factor using optical spring stiffness to store energy of vibration in a lossless

field.

The use of optical forces as restoring forces of mechanical resonators has been

investigated in various configurations from 1g mirror pendulums stiffened with a

linear optical spring [166], picogram mirror resonators suspended from fibres [167],

to optically levitated sub-micron particles [168, 169] and mirrors [170]. However,

systems using linear optical spring effects will ultimately be limited by quantum

radiation pressure noise induced heating. The sub-micron levitated particle could be

an ideal quantum measurement system itself, but is not suitable for amplification of

a Gaussian beam signal. The trapped picogram mirror is limited by modes other

than the centre-of-mass (CM) pendulum mode. The acceleration loss due to the

coupling between the optical spring and the mirror internal modes will be a limiting

factor for all systems. These limiting factors are addressed in this paper.

Aspelmeyer et al. [134] pointed out that the minimum requirement for quantum

optomechanics at room temperature is that the product of Q-factor × frequency

exceeds 6× 1012 Hz. The principle of optical dilution involves using the radiation

pressure from a laser to apply an optical spring stiffness to a mechanical resonator.

Since the optical field has thermal occupation number kbT/~ω much less than unity,

the stiffness and mechanical frequency of the resonator are increased without adding

any extra sources of mechanical loss. The increase in quality factor due to the optical
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spring is given by the ratio of the optical spring stiffness to the original mechanical

stiffness.

One of the most exciting applications of the technology proposed here is to create

mechanical resonators of sufficiently low noise that they can be used to realise white

light cavities for resonant enhancement of gravitational wave detectors. The white

light cavity allows resonant amplification of a broad band of frequencies through the

use of optomechanically induced negative dispersion. This has been shown by Miao

et al. [171] to allow a substantial improvement in sensitivity of gravitational wave

detectors between 100 Hz and 1 kHz. However, this form of resonant amplification

of the signal is only useful if the thermal noise of the mechanical resonator can be

effectively eliminated.

The above considerations define the basic requirements for practical thermal noise

free optomechanical devices. The device size should be considerably larger than the

laser wavelength to allow light processing without large wavefront distortion. The

resonator should be mechanically suspended to eliminate the need to control multiple

degrees of freedom, but the suspension should have extremely low mass to minimise

the thermal noise contribution from the thermal reservoir. The internal acoustic

modes of the device should be high compared to the optical spring frequency to prevent

internal acoustic loss contributions. The device should be able to withstand the optical

power required to achieve a high optical spring frequency. Once thermal noise is

eliminated, quantum radiation pressure noise becomes an issue. The design presented

here also has the advantage of minimising quantum noise while simultaneously

cancelling terms that lead to optical spring induced instabilities. This paper addresses

the optimisation of a resonator capable of meeting all of the above requirements.

Figure 3.1: (a) Double End-Mirror Sloshing (DEMS) cavity. The cavity is separated
into two subcavities by the mechanical resonator of natural frequency ωm and sloshing
mirror of transmissivity Ts. Light enters through the input mirror with transmissivity
Tf . The mechanical resonator, referred to as the end mirror, has transmissivity
Te << Tf (b) The MIM configuration in which a low mass, high Qm transmissive
membrane creates a coupled cavity. (c) Coupled cavity which can be used to model
the quantum dynamics of both (a) and (b).
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We present and analyse the design of a novel device incorporated in a Double

End-Mirror Sloshing (DEMS) cavity shown in Figure 3.1. This device consists of a

pendulum where the suspended mass made of some material with low acoustic loss

such as silicon. The suspension can be carbon nanotubes, silicon nitride nanowires or

membranes. Section 3.2 describes the quantum optomechanics for one of these devices

mounted in a coupled cavity. In the same way that a membrane-in-the-middle (MIM)

cavity couples two optical modes to a single mechanical resonator (the membrane),

the DEMS cavity replaces the membrane with a high reflectivity mirror. The original

concept of our resonator is the “cat-flap” resonator shown in Figure 3.2(a), and

has since been extended to a resonator suspended by nanowires, shown in Figure

3.2(b) and (c). The cavity coupling is adjustable using a separate sloshing mirror of

finite transmission, which also comprises the end mirrors of the pair of Fabry-Perot

cavities created in this way. Diagonal mirrors are used for input-output coupling.

For practical construction the DEMS cavity can be configured in a bowtie structure

shown in Figure 3.3.

Our DEMS cavity and the MIM can be modelled with a configuration that is

topologically equivalent to both. The arrangement of the DEMS cavity is shown to

result in extra input noise channels compared to the MIM cavity, but the optical

spring mechanics remain the same. The DEMS cavity allows us to experiment upon

a macroscopic block with nanoscale suspension, a novel area of research, unlike the

MIM cavity which requires an extremely thin, semi-transparent mechanical resonator.

Sections 3.3.1 and 3.3.2 present an analysis of two important loss mechanisms of

the resonator. The strong optical spring and high frequency motion of the pendulum

cause acceleration losses that increase as the optical spring frequency approaches

internal modes of the suspended mass. This loss occurs because the radiation pressure

force acting on the pendulum mass causes compression of the resonator material,

due to its own inertia and elastic compressibility. Tensile stresses in the suspension

result in violin string modes that will also contribute to the mechanical loss. Both of

these will place an upper limit upon the achievable maximum quality factor. We

show the acceleration loss effect on the optically diluted Q-factor of resonators with

masses ranging from 1 µg to 2 mg.

Section 3.3.3 outlines thermoelastic losses for resonators constructed with various

materials. Thermoelastic damping occurs for flexural members. One face will bend

concave, causing compression on the surface, while the opposite face will bend convex,

causing stretching of the atomic lattice. The localised change in volume causes heat

flow, which has the consequence of mechanical loss [75, 76, 172]. We show the

thermoelastic loss limit of resonators constructed from crystalline and amorphous

forms of silicon, silicon dioxide and silicon nitride, and give strategies to reduce this
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limit.

Section 3.4 gives schemes for the construction of silicon nitride membrane and

nanowire suspensions. Techniques used in the construction include chemical vapour

deposition of silicon nitride, lithography, and wet and dry etching.

Figure 3.2: A concept of the resonator to be used in this experiment. Grey pieces
are silicon, blue are suspension materials and green are high reflectivity coatings
(a) Original “cat-flap” concept of a pendulum swinging from a thin silicon nitride
membrane. In this paper, we use a square face for simplicity of description and
presentation of estimates, characterised by side length d. The aspect ratio is the
ratio of the thickness t to the square face size d. (b) Alternate suspension with
bonded carbon nanotubes. (c) Micrograph of resonators suspended by silicon nitride
nanowires, fabricated at Van Leeuwenhoek Laboratory in Delft [173]. Note that the
resonator size is approximately 10 µm, which would cause diffractive losses if used in
an optical cavity.

3.2 Quantum dynamics of the DEMS cavity

Ma, et al. [174] showed that a coupled membrane-in-the-middle (MIM) cavity is

capable of producing a thermal and quantum noise-free optical trap, while maintaining

stability through reducing unwanted optical spring anti-damping. The analysis for

this paper refers to the DEMS cavity, shown in Figure 3.1 (a), and its equivalent,

the MIM cavity, shown in Figure 3.1 (b). The equivalent optomechanical cavity used

for analysis is shown in Figure 3.1 (c).
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Figure 3.3: Practical implementation of the DEMS cavity. (i): Flat input mirror,
transmissivity Tf . (ii): Flat mirror, transmissivity Tm. (iii): Curved mirror,
transmissivity Tn. (iv): Mechanical resonator, transmissivity Te. (v): Sloshing
mirror, transmissivity Ts. Achieving the desired quantum dynamics requires that
Tf >> Ts >> Te. Keeping Tm and Tn as low as possible is also desirable for obtaining
high finesse.

3.2.1 Optical spring dynamics of a coupled cavity

The Hamiltonian of the cavity shown in Figure 3.1 (c) can be written in terms of the

cavity mode operators, mechanical operators and input noise terms:

Ĥ = ~ωc(â†â+ b̂†b̂) + ~ωs(â†b̂+ âb̂†) +
p̂2

2m
+

1

2
mω2

mx̂
2

+ ~G0x̂(â†â+ b̂†b̂) +Hopt
ext +Hm

ext (3.1)

Here, â and b̂ are the annihilation operators for the cavity modes in the left and

right sub-cavity. The first two terms in the Hamiltonian describe photons circulating

in these subcavities with resonant frequency ωc. The third term, a cross term of â

and b̂, describes photons transferring from one subcavity to the other at the sloshing

frequency ωs = c
√
Ts/L. x̂, p̂ are the position and momentum operators of the

vibrating mirror, respectively. Optomechanical coupling is represented by the term

featuring the product of x̂ with the cavity modes â and b̂. The coupling coefficient

G0 = ω0/L links the optical and mechanical operators, with ω0 being the laser

frequency. The second last term is light input:

Ĥopt
ext = i~

√
2γf (â

†(âin,1 + âin,2)− h.c.)

+ ~
√

2γe(b̂
†(b̂in,1 + b̂in,2)− h.c.) (3.2)
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and Hm
ext corresponds to the coupling of the mechanical resonator to the environment.

Here, γf = cTf/2Lc and γe = cTe/2Lc are the transmissive losses through the front

(input) and end mirrors, with Tf and Te being the respective transmissivities. The

end mirror in Figure 3.1 (c) is equivalent to the optomechanical mirror in the DEMS

cavity.

The Hopt
ext term differs between a DEMS and MIM cavity. The input noise terms

âin and b̂in are split into two independent input channels in the DEMS cavity due

to the input laser entering the front mirror at an angle. Ideally, the mirrors ii and

iii shown in Figure 3.3 should have Tm, Tn << Tf , with the cavity only pumped

through one mirror, so the b̂in terms can be set to zero for simplicity.

Solving the dynamics of the above system gives a frequency dependent optical

spring stiffness Kopt(ω) [174]. This can be expanded in a series of ω:

Kopt(ω) ' −Kopt(0)− ∂Kopt(ω)

∂ω
ω − 1

2

∂2Kopt(ω)

∂ω2
ω2 (3.3)

where the first term on the right hand side is used to derive the optical trapping

frequency ωopt, which is the mechanical resonance modified by the optical spring

stiffness:

ω2
opt =

~G2
0ā

2
t

mωsγf
+ o(ε) (3.4)

āt is related to the trapping beam power Ptrap through āt =
√
Ptrap/~ω0. The o(ε)

here describes all higher order terms with ε ∼ (∆t − ωs)/ωs, γe/γf , with ∆t being

the cavity detuning.

This optical spring effectively increases the stiffness without introducing losses.

The resonator Q is proportional to the ratio of total energy stored to energy lost

per cycle. With extra stiffness provided by the optical spring, the system’s stored

energy consists of two parts, the energy stored in the optical field (proportional to the

optical spring constant) and the mechanical energy (proportional to the mechanical

spring constant). The energy lost per cycle is proportional to the mechanical energy

only. The quality factor increases as:

Qopt = Qm
Kopt

Km

= Qm

(
ωopt

ωm

)2

(3.5)

where Qm, Km and ωm are the mechanical Q-factor, mechanical stiffness and zero-

gravity resonant frequency of the pendulum, respectively, with no applied laser. Qopt

is the Q-factor obtained after applying the optical spring and Kopt = mω2
opt is the

optical spring constant. This equation gives the impression that we can raise the

91



CHAPTER 3. LOW STIFFNESS MICRORESONATOR FOR
STABLE OPTICAL TRAPPING

optical stiffness as high as allowed by power constraints. In practice, the nonuniform

radiation pressure force that creates the optical spring will excite other mechanical

modes, such as the mirror internal modes and suspension mechanical modes, etc.

These mechanical modes are associated with unavoidable losses that contribute to

the optical spring loss through radiation pressure force and hence the limit of the

final quality factor to Qf . The effect of the mechanical modes on the diluted Q-factor

are analysed in Sections 3.3.1 and 3.3.2.

The optical spring is not purely a linear spring. The Taylor expansion of the

spring constant Kopt(ω) in the frequency domain contains imaginary part and higher

order terms. The imaginary part of the spring constant contributes to the optical

damping that can be used to cool Brownian motion, but it can also cause instability

if the imaginary part of the spring constant is negative and not sufficiently balanced

by the mechanical damping.

The optical (anti)-damping rate Γ is:

Γ =
16~G2

0ā
2
t

mγ2
fωs

× ∆t − ωs
ωs

− 8~G2
0ā

2
t

mω2
s

× γe
γf

+ o(ε2) (3.6)

When ∆t = ωs and γe = 0, the optical damping is mostly cancelled. We can still

choose system parameters to preserve stability should the end mirror not be perfectly

reflective.

The effect of the second order term of Taylor expansion of Kopt(ω) to ω is

similar to mechanical inertia, or so called optomechanical inertia [175]. The main

contribution is at the zeroth order of ε:

mopt =
~G2

0ā
2
t

γfω3
s

+ o(ε) (3.7)

mopt acts as a negative inertia, and thus the effect must be kept small in order to

prevent instability.

Some parameters for the DEMS cavity are shown in Table 3.1, including those

relative for calculating optomechanical inertia. For a microgram pendulum with a

trapping power of 1.6 W, corresponding to an optical spring frequency ωopt = 2π×100

kHz, the negative inertia is seen to be approximately 1% of the resonator’s mass and

thus will not cause instability.

3.2.2 Quantum radiation pressure cancellation

Quantum radiation pressure noise (QRPN) is another issue associated with optical

dilution. It will drive the resonator randomly, which is equivalent to increased

environmental temperature. The quantum radiation pressure noise spectrum is given
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Parameter Symbol Value
resonator mass m 2 µg

cavity half length L 500 mm
input mirror transmissivity Tf 104 ppm

sloshing mirror transmissivity Ts 100 ppm
end mirror transmissivity Te 1 ppm

intracavity power Ptrap 1.6 W
mechanical Q factor Qm 106

mechanical resonant frequency ωm 2π × 0.1 Hz
environmental temperature Tenv 300 K

Table 3.1: Sample parameters for a trapped resonator.

Parameter Symbol Value
cavity bandwidth γf 2π × 0.5 MHz
sloshing frequency ωs 2π × 1 MHz

optical spring frequency ωopt 2π × 100 kHz
final Q factor Qf 1011

optomechanical inertia mopt 1.3× 10−2 µg

Table 3.2: Some derived parameters for the trapped resonator using the values
from Table 3.1. The final quality factor is the Q-factor enhanced by optical dilution
but limited by acceleration losses described in Section 3.3.1

Figure 3.4: Using Equation 3.4 and Table 3.1 the circulating power required to
reach the given optical spring frequencies is plotted against the mass of the resonator.
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by [174]:

Srad
FF =

2~G2
0ā

2
t

ω2
s

γe
γf

+
8~2G2

0

γfω4
s

(∆2
t − ω2

s)
2 + o(ε2) (3.8)

Where the subscript FF denotes a double-sided force noise spectrum. To cancel the

quantum noise, we require the end mirror transmissivity to be as low as possible

compared to the input mirror transmissivity. Typically the transmissivity of the

input mirror can be 104 ppm, while it is possible to achieve 10 ppm transmissivity

for the end mirror using conventional Nd:YAG coatings, and even less than 10 ppm

with state-of-the-art coatings [176]. This will reduce the ratio γe/γf and allow for

cancellation of the first term. The second term can be cancelled by choosing an

appropriate detuning.

This effect can also be seen in âmout, the part of the outgoing field which contains

the displacement information, under the assumption that the end mirror is perfectly

reflective:

âmout = −2iG0āinx̂+ 2i
G0āinω

2
s

∆2
t

x̂ (3.9)

The first term on the right hand side is the field reflected directly from the trapped

mirror while the second is the field transmitted out of the cavity. Thus, the output

field is not disturbed by the displacement of the resonator when the cavity detuning

is equal to the sloshing frequency.

3.3 Effects of mechanical losses

3.3.1 Acceleration loss

Thus far we have shown how an optical spring can be used to dilute thermal noise.

However, the coupling of the optical spring to mirror internal modes, and other

mechanical modes associated with suspension mediated by nonuniform radiation

pressure force will introduce losses to the system. These losses will place a limit

upon the maximum achievable Q-factor. We will use a simple 1-dimensional analysis

to show how the final Q-factor is related to internal mode frequencies. Summing the

loss factors of material loss and attachment loss, we obtain the total loss Q−1
tot:

Q−1
tot =

∆Wmass + ∆Wsus + ∆Wbond

2π(Wmech +Wopt)
(3.10)

where Wmech is the elastic energy stored in the mass and suspension, Wopt is the

energy stored in the optical spring, ∆Wmass,∆Wsus are the energies lost by the mass

and suspension per cycle and ∆Wbond is the energy lost per cycle by the connection of

the suspension to the support. For order of magnitude estimation we neglect optical

94



3.3. EFFECTS OF MECHANICAL LOSSES

spring loss and torsional motion, and ignore the energy stored in the gravitational

field which is negligible in the case of optical spring damping. Assuming operation

in the regime Wmech << Wopt, the stored mechanical energy becomes negligible and

Q−1
tot becomes:

Q−1
tot =

∆Wmass + ∆Wsus + ∆Wbond

2πWopt

(3.11)

When radiation pressure accelerates the resonator, deformation propagates through-

out the mass. The associated acceleration loss Q−1
acc leads to a reduction in the final

Q-factor. A part of the energy associated with the optical spring transfers to the

mechanical resonator through the optical spring restoring force Fopt = Koptz and is

stored in the mechanical resonator. We now estimate Q−1
acc as follows. The energy

stored in the optical spring is:

Wopt =
1

2
Koptz

2
0 =

1

2
Mω2

optz
2
0 (3.12)

where M = ρAt is the mass, with density ρ, A = d2 is the surface area of the square

mirror with side length d, t is the thickness of the mirror and z0 is the oscillation

amplitude.

By considering only the mirror’s longitudinal internal modes, we can estimate

the change of the resonator’s elastic energy δWe when the centre of mass moves to

the maximal deflection z0. Assuming for a thick resonator in which the energy is

proportional to uniform 1D compressive stress Koptz0/A, the change in mechanical

energy becomes:

δWe =
BAt

2Y
(
Koptz0

A
)2 (3.13)

where (Koptz0
A

)2/2Y is the elastic energy density of a uniformly compressed beam,

Y is Young’s Modulus of the silicon mirror, and B is a constant of proportionality.

The energy lost per period of oscillation is δWe multiplied by the loss angle φ of the

mass’s material:

∆Wmass = φ
Bt

2Y A
(Koptz0)2 (3.14)

Using 3.14 and 3.12, the loss factor of the resonator can be written as:

Q−1
acc =

φBρt2ω2
opt

Y
(3.15)

The lowest longitudinal mode of a plate of thickness t depends on the thickness,

density and Young’s Modulus as follows:

ωint =
π

t

√
Y

ρ
(3.16)
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Introducing this into Equation 3.15, the loss factor becomes:

Q−1
acc ∼ φB(

ωopt

ωint

)2 (3.17)

We can simplify the term φB as the intrinsic loss of the resonator’s internal modes

Qmirror. The upper limit of this term can be taken as the acoustic loss of the high

reflectivity coating, which is ∼ 10−4 for conventional SiO2/Ta2O5 coatings and

∼ 10−6 for crystalline coatings [177]. Thus, we have the relation:

Q−1
acc ∼ Q−1

mirror(
ωopt

ωint

)2 (3.18)

Equation 3.18 sets a limit to the achievable Q-factor determined by the compress-

ibility and losses of the mirror, which we describe as the acceleration loss. This limit

results in some optimal ωopt. The internal frequencies of the resonator will depend

on the size, controlled by d and the aspect ratio t/d. We have modelled the internal

frequencies of resonators with dimension d from 0.05 mm to 1 mm, and t/d of 1, 1/2

and 1/4. The zero-gravity resonance frequency of a pendulum, ωm, is found through

the following equation [178]:

ωm ' 1.732

√
Y I

mL3
c

(3.19)

which is an approximate equation for the fundamental frequency of a cantilever

with an end mass m, length Lc, second moment of area I, provided that it has

uniform linear mass density. The quality factor of the cantilever mode increases as

per Equation 3.5. As the optical spring frequency increases, the effects of acceleration

loss increase, and the acceleration loss-limited Q-factor is:

1

Qacc,lim

=
1

Qopt

+
1

Qacc

(3.20)

The Qacc,lim for a SiN nanowire suspended resonator can theoretically reach higher

than 1014 for a 50 micron cubed mirror with low-loss crystalline mirror coatings.

However, gas damping from the residual air pressure limits the maximum possible

Q-factor even at experimentally feasible Ultra High Vacuum (UHV), so an extra

term must be added to obtain the final quality factor Qf :

1

Qf

=
1

Qopt

+
1

Qacc

+
1

Qair

(3.21)
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Figure 3.5: Acceleration loss limited quality factor Qf of the mechanical resonator
vs angular frequency at UHV pressure of 10−11 Torr. The dashed black line shows
Qair of a 50 micron thick resonator at the same pressure. Quality factor of the
resonator increases with the optical spring effect and decreases with acceleration loss
according to Equation 3.18. The graphs above are for silicon mirrors suspended by
SiN nanowires, with square mirror side length d and aspect ratio t/d as shown in
Figure 3.2. The starting Q-factor Qm is 106 for SiN at room temperature [179], and
the acceleration losses are inversely proportional to internal mode Qmirror = 106.

The gas damping induced Q-factor limit Qair of a vibrating cantilever is [180]:

Qair =
ωoptη

4Pair

√
πRgasTenv

2Mair

(3.22)

Where Pair is the pressure surrounding the resonator, η is the mass per unit area of

the face with the normal vector in the direction of oscillation, Rgas is the universal

gas constant and Mair is the molar mass of air. For a nanowire suspended cat-flap

resonator, the inertia of the bulky mirror means that η = ρ× t can be used. For a

pressure of 10−11 Torr, which has been used in atom trapping experiments [181], the

Qair for a 50 micron cubed mirror is approximately 5× 1014 at 10 kHz and 5× 1015

at 100 kHz. This is satisfactory compared to the Qacc,lim of 1× 1014 and 3× 1011 for

a 50 micron cube resonator at 10 kHz and 100 kHz respectively. Thicker resonators

will have a lower acceleration loss Q-factor limit and higher gas damping Q-factor

limit. At 100 kHz, the Qair limit at a more easily achievable pressure of 10−8 Torr is
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5× 1012 for a 50 micron cubed mirror and 1× 1013 for a 100 micron cubed mirror.

An estimation of the acceleration loss limited quality factor obtainable from

optical trapping and ultra high vacuum is shown in Figure 3.5. With silicon nitride

nanowire suspension the limit of the quality factor due to acceleration loss and UHV

pressure is of the order Qf = 1014 for resonators with size d of 100 microns for

frequencies 1-10 kHz. A resonator with d < 0.1 mm is required in order to achieve

a maximum Q-factor of approximately 3× 1011 at 100 kHz. While decreasing the

size increases the maximum Qacc,lim, smaller resonators have increased thermoelastic

and gas damping loss due to smaller thickness, more suspension loss due to lower

suspension mode frequencies, and require a smaller beam spot to minimise diffraction

loss.

3.3.2 Suspension loss

The suspension is another source of mechanical loss. It transfers mechanical energy

from the pendulum centre-of-mass motion to other modes. To simulate suspension

losses, we calculate the length of a cantilever beam, with a mass on the free end, that

has a fundamental frequency of 0.1 Hz, which is chosen to ensure a large dilution

factor ωopt/ωm. This fundamental mode is modified by the optical spring effect, and

its frequency is shifted close to the optical spring frequency. The suspension internal

modes are then found from tensed string mechanics with the well known equation

ωn = (nπ/Lz)
√
T/µ, where T is the tension, which can be found from the mass of

the resonator, Lz is the length of suspension and µ is the linear mass density. These

modes are also referred to as “violin-string” modes.

Four different suspension types are analysed throughout this section. The first

type of suspension is single walled carbon nanotubes (SWNTs). They have an

extremely high breaking stress, exceeding 20 GPa [183], but their small diameter of 1-

2 nm makes them extremely weak. The second type is carbon nanoropes constructed

from several SWNTs, whose properties have been studied by Yu, et al. [182]. Due

to intermolecular forces, the entire rope can be considered as a filled cylinder for the

purposes of calculating moment of inertia and linear mass density. However, most of

the load is applied to the perimeter nanotubes, making the strength per unit area

less than for a single nanotube. The minimum breaking strength of nanoropes is 11

GPa [182]. The number of nanotubes in total and on the perimeter can be calculated

using a prescription given by Yu, et al. [182]. The next two types of suspension are

silicon nitride nanowires of differing dimensions. The nanowires should be fabricated

by Low Pressure Chemical Vapour Deposition (LPCVD) in order to obtain the

highest possible breaking stress of 5-8 GPa [184, 185].

98



3.3. EFFECTS OF MECHANICAL LOSSES

Figure 3.6: n = 1 violin string frequencies of various suspension types. The blue
dots indicate the mass which induces 20% of the breaking stress of the material. The
highest frequencies belong to the single walled nanotube of diameter 1.6 nm and
thickness 0.34 nm. The 20 nm carbon nanorope is composed of approximately 90
SWNTs [182]. The silicon nitride nanowires are labelled according to their cross-
sectional dimensions. The high breaking stress of SiN LPCVD fabrication is used.
As seen in Figure 3.5, non-CM mode frequencies must be kept above 1 MHz, and
preferably above 10 MHz, in order to achieve suitable optical dilution at frequencies
of the order of 100 kHz. Single wall carbon nanotubes are preferable for keeping
the internal mode frequencies as high as possible, but if the coupling of violin string
modes to the CM motion is low, it will be more beneficial to choose highly stressed
SiN nanowires for their higher material Q-factor.

The n = 1 violin string mode frequencies for nanowire and nanotube suspension

are shown in Figure 3.6. SWNTs give the highest violin string frequency at a given

mass, but due to their extremely small size (typical SWNT diameter is 1.6 nm) are

very weak compared to other suspension types. Nanoropes have much lower violin

string frequencies due to their inefficiency in transferring loads.

The suspension types shown here can be designed for fundamental violin string

frequencies of greater than 1 MHz. The losses into the suspension can be reduced

by centre of percussion tuning of the optical spring as demonstrated by Braginsky

et al. in 1998 [186]. They demonstrated that a reduction factor of 100 could be

achieved. We note also that because the suspension has very high tension, the

acoustic modes have Q-factors higher than the material Q-factor [187, 188]. The

physics of suspension losses for the cat-flap resonator is very similar to that of losses
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and noise due to the fibre suspensions used for test masses in gravitational wave

detectors.

3.3.3 Thermoelastic and other losses

Flexure of the resonator causes thermoelastic loss. This loss potentially limits the

Qmirror of the resonator and thus the final Q-factor that can be achieved from optical

dilution. It is necessary to check that the thermoelastic damping for a particular

design does not exceed the intrinsic loss of the resonator. In our case, we do not

wish Qmirror to drop below 106, the Q-factor for crystalline mirror coatings.

To estimate the thermoelastic effects, we can use Zener’s equation from his work

on flexural heat flow [75, 76, 172]:

φTE =
Y α2Tenv

Cp
× ωoptτ

1 + ω2
optτ

2
(3.23)

where α is the coefficient of thermal expansion, Tenv is the environmental temperature,

Cp is the specific heat at constant pressure (units J/(m3 K)) and τ is the thermal

relaxation time constant given by:

τ =
t2Cp
π2k

(3.24)

with k being the thermal conductivity.

We consider an assortment of materials for construction of the resonator, with their

thermoelastic loss contributions shown in Figure 3.7. Throughout this paper we have

used crystalline silicon due to its high intrinsic bulk quality factor. However, it has a

relatively high thermal conductivity, which reduces the characteristic thermoelastic

timescale. Other materials have improved thermoelastic loss at room temperature in

our frequencies of interest 10 kHz to 1 MHz. Fused silica and amorphous silicon have

a lower intrinsic quality factor than crystalline materials, but also have much lower

thermal conductivity than crystalline silicon and end with much less thermoelastic

loss than silicon at the higher frequencies.

Crystalline silicon, while relatively poor at room temperature, has an advantage

in that its coefficient of thermal expansion disappears at approximately 121 K

[80, 189, 190]. However, the change in the coefficient is significant within one Kelvin

of the zero point, so the temperature must be controlled to within a one Kelvin

range. The effect of precise temperature control is shown in Figures 3.7 and 3.8.

The highest thermal coefficient within the 1 Kelvin range is approximately 3 times

higher than that for the 0.1 K range. The effect of thickness is seen in Figure 3.8.

Decreasing the thickness of the resonator shifts the peak of the thermoelastic loss
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curve towards higher frequencies.

Figure 3.7: Thermoelastic loss curves for a 0.1 mm cube mirror constructed of
various materials. Loss is plotted against optical spring frequency. Crystalline silicon
has the best room temperature thermoelastic loss properties at up to 6 kHz for
this particular resonator, and α-SiO2 is the best for frequencies above 6 kHz. The
thermodynamic values around the zero point of coefficient of thermal expansion for
crystalline Si are derived from Okada et al. [80], Desai [191] and Glassbrenner et al.
[192].

From the calculations, it is seen that, for thicknesses lower than 0.5 mm, the

thermoelastic loss of the crystalline silicon resonator at room temperature exceeds

10−6 for optical spring frequencies of 100 kHz to 1 MHz, which is undesirable.

Amorphous SiO2 has much less thermal loss and satisfies our requirements given

resonator thickness approximately 0.1 mm, however, its lesser material Q-factor

compared to room temperature crystalline silicon may be of concern. Crystalline

silicon cooled to the zero point of thermal expansion is the best material to use

at the required optical spring frequencies. Temperature control to within 1 Kelvin

of the zero point is sufficient for reducing thermoelastic losses to several orders of

magnitude below that of the reflective coating acoustic loss.

The recoil loss due to the coupling to the support structure could be estimated

using a simple 2 stage spring-mass system. The Q-factor of a coupled pendulum has

the following relation with the original Q-factor of the pendulum Qp and supporting
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Figure 3.8: Thermoelastic loss curves for various thicknesses of crystalline silicon
resonators. Loss is plotted against optical spring frequency. The thermodynamic
values for crystalline Si around the zero point of coefficient of thermal expansion are
derived from Okada et al. [80], Desai [191] and Glassbrenner et al. [192]

structure Qsup [56]:

Q−1
p,recoil = Q−1

p +Q−1
supµ

ωsupω
3
p

(ω2
sup − ω2

p)
2

(3.25)

With µ = mp/msup. Quantities with subscript p correspond to the properties of

the optical spring enhanced resonator. The loss added to the pendulum Q-factor

becomes negligible if the mass ratio is very low and the frequency difference ω2
sup−ω2

p

is very high. One strategy of reducing vibration losses is to rigidly attach the

support structure to a vibrationally isolated breadboard with mass 10–100 kg. For a

microgram resonator with frequency 2π × 100 kHz and 10 kg breadboard suspended

by a pendulum of frequency 2π × 10 Hz, the coefficient of Q−1
sup is approximately

10−14. Thus, the recoil loss can be made insignificant with the correct choice of mass

ratio and frequency difference.

Other mechanisms of loss are summarised in Table 3.3. Electromagnetic coupling

can be reduced by appropriate shielding, conductor placement and charge neutralisa-

tion techniques. Recoil loss can be minimised by centre of percussion tuning, but

given that the mass ratio between the resonator and support can be made such that

recoil loss is sufficiently reduced, optical beam alignment can then be used to reduce

torsion and tilt of the pendulum. Diffraction loss increases when the resonator size is
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Loss Mechanism Description Mitigation
Recoil loss Recoil imparted onto the

pendulum by coupling to
the support structure

Optical spring beams
must align close to centre
of percussion. Decrease
mass ratio of pendulum
versus support.

Torsion and tilt Unwanted modes of pen-
dulum motion

Reduce the coupling of
these modes by careful
alignment of the beam.

Gas pressure loss Damping of motion by gas
molecules

UHV ion pumping to suf-
ficiently low pressure, de-
pending on resonator di-
mension and desired opti-
cal spring frequency.

Suspension loss Suspension internal
modes that couple to
centre mass (CM) motion

Minimise membrane
thickness and length
to keep unwanted res-
onances far above 200
kHz, maximise mass
ratio between mirror and
membrane. Use centre
of percussion tuning to
minimise the coupling
factor.

Thermoelastic damping Nonuniform temperature
distribution from vibra-
tion flexure causes heat
flow and internal friction
[75, 76, 172]

Reduce α(T ) of crys-
talline silicon through
cooling or use amorphous
SiO2 for the suspended
mass

Diffraction loss Diffractive loss from the
edges of the mirror

Keep mirror radius 3
times larger than 1/e2

beam power radius on the
mirror, use tapered edges
on mirror [168]

Acceleration loss Acceleration causes me-
chanical loss through res-
onator deformation

Small resonator dimen-
sions to maintain CM mo-
tion and minimise defor-
mation, minimise coating
loss

Charge and magnetic cou-
pling

Charge buildup on the res-
onator

Keep conductors at large
distance. Possible UV
charge neutralisation tech-
niques.

Table 3.3: Loss mechanisms for the suspended resonator
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comparable to the beam size. Careful design the DEMS cavity will make the beam

size on the resonator small enough to ensure the cavity finesse no reduction due to

the diffraction loss. The beam size on the mirror should be such that the 1/e2 beam

power diameter is less than one third of the size of the mirror, which gives less than

1ppm diffractive power loss.

3.4 Fabrication of a resonator with nanoscale sil-

icon nitride suspension

Figure 3.9: Major steps of the fabrication process for the resonator (a) HR coating
and SiNx applied to a silicon wafer (b) Etching of bulk silicon to form the resonator.

We have described above the mechanics of a resonator with extremely low

suspension to the thermal reservoir. The suspension membrane thickness is the

primary source of the mechanical stiffness of the resonator and thus must be minimised.

The fabrication of this suspension must be done such that the weight can be supported

and the geometry of the configuration does not undergo unnecessary stresses, such

as twisting or cracking.

The cat-flap resonator requires a small but macroscopic mass to be suspended with

a nanoscale suspension element in the form of a very thin membrane or nanowires.

There are several potential methods of suspension such as a graphene or silicon nitride

membrane, carbon nanotubes or SiN strips. Here we demonstrate a possible approach

based on construction of a silicon mirror suspended by an SiN membrane. Figure 3.9
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Figure 3.10: Close-up views and time evolution for etching on (a) (110)oriented
wafer and (b) (100) wafer.

shows the general process for constructing a membrane suspended resonator.

Wet or dry etching can be used to remove silicon and create the membrane

suspension. One method of dry etching is reactive ion etching (RIE), where a

reactive plasma mixture, such as SF6 and O2, is used to selectively remove silicon -

the rate of silicon to SiNx is 10:1 [193]. The rate of reaction means that the end-point

of the etching must be monitored, otherwise defects on the SiN membrane will be

produced. This process results in imperfections on the silicon faces adjacent to the

membrane such as under-cutting, but this can be mitigated with a C4F8 passivation

layer [194, 195, 196].
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Wet etching in KOH allows for better selectivity of material removal, since the

rate of etching of SiN is negligible [193], however, the rate of silicon removal depends

upon the crystallographic properties [197, 198]. The {111} family has a much smaller

etching rate than other faces, and so should be used for the side-walls of the “trench”.

The most easily obtainable commercial wafers are oriented (110) or (100) on the

large face, and thus we design fabrication processes for these two. The orientations

of the faces are shown in Figure 3.10.

For the (110) process, the {311} faces are removed more slowly than the others,

apart from {111} [197]. Thus, the process is dependent upon the {311} faces. As

shown in Figure 3.10 (a), the silicon is removed starting from the centre and working

to the sides of the trench, until the KOH reaches the {111} face defined by the mask.

This forms a well defined rectangular spacing. Figure 3.10 (b) shows the reaction

profile for the (100) wafer. In this orientation, the {111} faces are diagonal and

converging, which means that if the thickness of the wafer is too high, the {111}
diagonals will meet and the reaction will not proceed any further. The width of the

spacing can be found if the nominal spacing width and wafer thickness are known.

The (100) process gives a trapezoidal rather than rectangular spacing.

For KOH etching, the width of the strip needs to be cut wider than the design

value to account for unavoidable etching of the edges. The cutting must yield an

extremely smooth and straight edge so that the extra removal will be uniform. Jagged

edges, having multiple crystallographic faces, will become rougher if KOH is applied.

If this happens, the method of cleavage must be applied for cutting.

The materials used for the resonator must be able to withstand photolithography.

HR coatings must be protected throughout the whole process and the protective

material must be removed without residue or damage. It could also be possible to

deposit the HR coating after the etch but this puts limitations on the membrane

flexure design.

Silicon nitride nanowires can be used to suspend smaller resonators. The entire

process is shown in Figure 3.11. SiN is deposited onto a (100) silicon wafer using

LPCVD, then patterned into nanowires. The patterning is performed using a mask

with RIE, and the HR coating is patterned with the lift-off process. The entire front

side is then covered with a protective photoresist, and the HR coating process is

repeated for the opposite mirror face. Once both sides have undergone HR coating,

the photoresist mask is then prepared for the etching of the silicon to create the

pendulum structure. Due to the etching process, undercuts will be present as in the

(100) wafer method for the silicon nitride membrane. However, these are relatively

small changes in geometry, and will not have a significant effect on the quality factor

of the mirror, as demonstrated by gravitational wave test masses with bonded ears
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Figure 3.11: The fabrication process for silicon nitride nanowire suspension. Note
that the diagrams show the resonator in the horizontal orientation rather than
vertical. (a): SiN deposition (b): Nanowire patterning (c): Depositing of lift-off
layer and HR coating (d): Photoresist lift-off (e): Top layer protection (f): Backside
HR patterning (g): Backside lithography - defining mask for silicon etching (h):
silicon etching to form the pendulum structure. Note that this figure does not show
undercutting as a result of the etching process.

[199].

Since the device must be transported, we must ensure that it does not break in

transit. It is possible to leave the photoresist layers on the front and back sides of

the resonator after the silicon etching step, and transport the device horizontally as

shown in Figure 3.11. To prepare the resonator for experiments, it can be tilted into

the correct orientation and then immersed in nitric acid to remove the protective

photoresist layer.

SiNx tensile strength is dependent upon the fabrication process. Plasma enhanced

chemical vapour deposition (PECVD) fabrication gives a strength of 390 MPa for

silicon-rich composition and 420 MPa for nitrogen-rich composition [184, 200]. Low

pressure CVD (LPCVD) fabrication reportedly allows strengths as high as 5–8 GPa

[184, 185]. The estimated tensile stress for a 1 mm wide, 10 nm thick membrane

supporting a 2 mg mass is 2 MPa, two orders of magnitude below the tensile strength

for PECVD silicon nitride. For two 50 × 50 nm2 LPCVD nanowires, the largest

mass that can be supported, given a safety factor of 5, is 0.5 mg, approximately the

mass of a 1 × 1 × 0.25 mm resonator.

3.5 Discussion

Equation 3.5 shows that, disregarding the losses discussed in Section 3.3, the optical

spring trap increases the quality factor proportional to the square of the optical spring

frequency. This proportionality operates under the assumption that the mechanical
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damping is structural rather than viscous. Under the viscous damping regime, the

quality factor from an optical spring scales linearly with ωopt [201]. Ni, et al. [167]

have used optical trapping to increase the Q-factor of a pendulum resonator 50-fold,

which was greater than their optical trap frequency ratio ωopt/ωm ∼ 23, but less than

the square of this frequency ratio. However, this experiment also featured significant

suspension losses, so the proportion of viscous to structural damping was unclear.

Further experimentation with cat-flap type resonators may be necessary to determine

the extent of viscous versus structural damping.

The description of acceleration loss in Section 3.3.1 incorporates a simple one-

dimensional analysis. Within the resonator only longitudinal modes were considered.

However, in practice, an optical spring may interact with 2 or 3-dimensional modes

such as bending and twisting modes. 3-dimensional analysis of deformations in a

resonator would allow for a more accurate estimate for the effects of acceleration loss

upon the optical spring Qf .

Section 3.3.1 describes the limitation of optical dilution by acceleration loss.

We estimated attainable quality factors for various size resonators. Apart from

optimisation, another solution to this problem lies in the construction of the dielectric

quarter wave stack. Many of these stacks are designed to reflect a high percentage of

light from the first few layers, with the additional layers improving the reflectivity by

a small amount. This causes a large radiation pressure on the surface of the mirror.

Instead, we propose using a stack which reflects equal amplitudes of light at each

layer. The reflectivity of the first surface should be low, with subsequent surfaces

increasing in reflectivity. This will then result in a more uniformly distributed

radiation pressure with less acceleration losses.

A consequence of this construction is the reduction of thermal noise. Deformation

and thermal noise are intrinsically linked. A mechanical fluctuation produces thermal

noise, and vice versa. Creating a dielectric stack which reduces the compressive

deformation of the laser can also reduce the thermal noise. It should be noted that

these effects have been estimated in one dimension, so three dimensional effects will

limit the reduction of the compressive loss and thermal noise.

Another effect that is not considered in detail is gravitational dilution. In a

manner similar to optical dilution, the coupling of motion to a lossless field increases

the quality factor higher than the material Q-factor [187, 188]. For a pendulum, the

motion is coupled to the gravitational field, with high Q-factors possible for thinner

suspensions. The presence of gravitational dilution will increase the mechanical

Q-factor Qm used throughout this paper for the centre-of-mass pendulum motion

with no applied laser.

In Section 3.3.2 we discuss the effect of suspension violin string modes, using
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parameters estimated from carbon nanotubes. However, these parameters are prone

to uncertainty given the variations in their construction. The Young’s Modulus for

single-walled carbon nanotubes is approximately 1.3 TPa, with measurements from

the vibrational characteristics producing a derived Young’s modulus of 1.3+0.6
−0.4 TPa

[202]. Compressive loading experiments derive a Young’s modulus of 2.8-3.6 TPa

[203]. The thickness used in the derivations in Section 3.3.2 is usually taken as 0.34nm,

the interlayer spacing of graphene, however, some computational methods derive

the thickness as being 0.06-0.07 nm, using the well defined stiffness and simulated

Young’s modulus [204]. For the purposes of this analysis we used values derived

from vibrational amplitude experiments. Since these are subject to uncertainties of

up to 50%, combined with assumptions regarding tube properties, such as isotropic

elasticity, our calculations remain as an order of magnitude estimate.

Matsumoto, et al. recently achieved a factor of 1000 optical dilution using a 7 mg

mirror suspended by a fused silica stalk [205]. The resonator was shifted from a low

initial frequency of 4.4 Hz to an optical spring frequency of 280 Hz, a factor of 64

increase. The predicted quality factor increase due purely to (ωopt/ωm)2 is a factor

of 4000. The factor of 4 difference between the predicted and measured Q-factor

is attributed by the authors to be mixing with the pitching mode of a single-wire

pendulum. Still, this result is a promising step that motivates further research into

achieving the design goals stated in this chapter.

3.6 Conclusion

We have presented an analysis for an optical dilution scheme that is predicted to

enable extremely high quality factor millimetre to sub-millimetre scale resonators in

the frequency range 103 to 105 Hz. Two new concepts have been introduced: the

Double End-Mirror Sloshing (DEMS) cavity and a miniature pendulum called a

cat-flap resonator. In addition, we have mentioned a mirror coating scheme that can

suppress acceleration loss and reduce thermal noise. This will be the subject of a

future paper.

The DEMS cavity has been shown to allow cancellation of quantum noise by

correct choice of sloshing frequency and detuning. Stable optical trapping and

dilution of thermal noise was shown to be possible for the DEMS cavity. The

quantum radiation pressure noise can be reduced by a factor of γe/γf .

Creation of successful thermal noise free optomechanics will require careful

optimisation of resonator/suspension design and experimental parameters. We

analysed the approximate magnitude of acceleration losses which are a limiting factor

for all trapped mechanical resonators. The acceleration loss limits the optical spring
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stiffened Q-factor to a maximum attainable Qf of 1014 at frequencies of 1-10 kHz,

for resonators of dimension d = 0.1 mm or lower, under UHV conditions of 10−11

Torr. Resonators with dimension d < 0.1 mm are also able to achieve a maximum

Q-factor of 1011 at ωopt = 100 kHz and pressure of 10−8 Torr. Achievement of such

performance requires use of low acoustic loss mirror materials such as crystalline

GaAs mirror coatings [177]. Thermoelastic noise could be a problem for crystalline

silicon resonators unless they are cooled to 120 K where thermoelastic noise falls

to zero. There is currently insufficient information about loss of nanowires and

membranes to be able to make precise predictions of the final quality factor.

Fabrication of silicon nitride suspension has been shown possible for the dimensions

described in this paper. We discussed the advantages of carbon nanotube suspension,

however, many technical problems need to be solved to be able to use them. Another

interesting suspension material would be graphene membranes. Efforts are underway

to develop SiN-suspended resonators described in this paper by authors SC and HS.

If ultra-high Q-factor mechanical resonators can be successfully implemented

using the methods discussed here, then it should be relatively straightforward to

create white light cavities that will enable substantial enhancement in the sensitivity

of gravitational wave detectors.

Acknowledgements

We wish to thank the Optics Working Group of LIGO Scientific Collaboration

for advice, and Dr Giles Hammond for useful discussions. University of Western

Australia research was supported by the Australian Research Council (Grants No.

DP120104676 and No. DP120100898). Authors Pan and Chao were supported by

the Ministry of Science and Technologies of Taiwan, Republic of China (MOST 103-

2221-E-007-064-MY3). Author Mitrofanov was supported by the Russian Foundation

for Basic Research (14-02-00399). Author Sadeghian was supported by the Enabling

Technology Program (ETP) Optomechatronics and Early Research Program (ERP)

3D Nanomanufacturing at TNO.

110



Chapter 4

Mechanical dissipation of cat-flap

resonators

Preface

This chapter is based on the publication Ultra-low dissipation resonators for improving

the sensitivity of gravitational wave detectors by Michael A. Page, James La Fontaine,

Xu Chen, Shiuh Chao, Huang-Wei Pan, Chunnong Zhao, Li Ju and David G Blair.

The work was published in the Vladimir Braginsky memorial edition of Physics

Letters A, 382, 3174-3180 (2017). Author contributions are given in the chapter

overview.

Abstract

Broadband enhancement of the sensitivity of gravitational wave detectors can be

achieved by the use of negative dispersion filters to create white light signal recycling

cavities. This filter should have mechanical frequency of 400 kHz or higher and

T/Qm ∼ 6× 10−10 K, in order to achieve appreciable sensitivity enhancement in the

range of 1-2 kHz. This paper investigates the possibility of using optical dilution

of GaAs/AlGaAs-coated Si and GaAs ‘cat-flap’ micro resonators to achieve such

performance. We analyse the loss contributions to such resonators, particularly

thermoelastic loss, suspension loss and acceleration loss. Sufficient reduction of

thermoelastic loss is possible when operating near the zero thermal expansion

point with temperature control of ∼ 1 K for both materials. Acceleration loss

and suspension losses can be minimised in the frequency range 104− 105 Hz, allowing

Q-factors in the range 1011 − 1012, but these are reduced at the target 400kHz

frequency. Results are subject to assumptions regarding material losses. Fabrication
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techniques for creating GaAs and SiNx suspended silicon cat-flap resonators are

presented.

4.1 Introduction

The first detection of gravitational waves (GW) in 2015 [34, 35] was a historic

moment in precision measurement and noise reduction. The 4 km long detectors use

extremely high laser powers to detect strains of less than 10−20 in the perpendicular

arms. The waves were calculated to have been emitted from binary black hole sources

more than 1 billion light years away from earth. Bringing the sensitivity of the

interferometers down to the level to be able to measure these waves has required

considerable reduction of seismic noise, thermal noise in both suspension and test

mass internal modes, as well as shot noise.

Many advanced technologies are used in the Advanced LIGO detector to reduce

the thermal noise of the suspension and test masses. Multi-stage spring-mass system

reduce the coupling to seismic noise. Fused silica test masses have very low thermal

expansion and low thermal noise. The work of Braginsky was instrumental in reducing

the noise of the suspension, with the implementation of high quality factor high stress

fused silica suspending wires [206, 207]. Braginsky also showed that by increasing the

Q-factor of the mechanical modes of the suspension, it would be possible to reduce

the thermal noise contribution [207, 208] via the fluctuation-dissipation theorem.

With the advancements in the suspension and test mass, the limiting noise source is

now thermal and Brownian noise of the optical coating. The thermal noise of the

coating is related to the thermal fluctuation of the expansion coefficient [209] and

refractive index [210].

The event rate of gravitational waves scales with the detection volume, which

is proportional to the cube of the detection radius. Thus, small improvements

in sensitivity can lead to large increases in the detection rate, allowing detailed

statistical characterisation of binary black hole mergers that generate gravitational

waves.

Currently, GW detectors use dual recycling to either tune to a particular frequency

of interest, or set broadband enhancement. However, there is a trade-off between

resonant enhancement and bandwidth enhancement. This paper addresses a means

for improving the bandwidth of detectors by using white light cavities.

The use of a white light cavity with broadband resonance [158, 171, 211] was

proposed to improve the GW detector sensitivity. This cavity requires a negative

dispersion filter in the signal recycling cavity that can cancel the propagation phase

delay of the signal induced in the interferometer by an incoming gravitational wave.
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However, in order to keep the thermal noise below the quantum noise, the filter

requires a mechanical resonator with a quality factor dictated by [171]:

8kbT ·Q−1
m ≤ ~γsr, (4.1)

where kb is the Boltzmann constant, T is the environmental temperature of the filter

cavity, Qm is the mechanical quality factor and γsr is the unmodified bandwidth of

the signal recycling cavity. This results in a T ·Q−1
m requirement of approximately

6× 10−10 to bring the thermal noise of the filter below quantum noise sources. Some

broadband enhancement can be achieved with T · Q−1
m ∼ 6 × 10−9. This paper

specially addresses issues associated with achieving such low acoustic losses in a

micro-resonator.

To achieve a very high mechanical quality factor, a ‘cat-flap’ resonator with

extreme optical dilution was proposed [212] to reduce coupling to thermal and

mechanical dissipation. The cat-flap is a mirror hangs by an extremely thin membrane

or nanowires. By using a radiation pressure trap, it has been shown that it is possible

to increase the resonant frequency of the mechanical resonator such that more than

99% of the restoring force is provided by light [166, 167]. In principle, the increase in

the quality factor scales with Q0(ωopt/ω0)2, where Q0 is the intrinsic quality factor

of the suspension material, ω0 is the fundamental resonance of the centre-of-mass

pendulum mode and ωopt is the frequency of the optomechanical resonator when the

optical trap is applied.

However, the increase in Q is limited by various mechanical and thermal dissipation

mechanisms in the resonator. The mechanical loss in the substrate is present in

the form of acceleration loss, where the acceleration of the resonator through the

optical field causes deformation that couples to internal vibrational modes of the

substrate. A 1-D analysis of optical trap coupling to internal modes shows that

the loss contribution to the mechanical resonance, assuming that the optical trap

frequency has not surpassed the internal resonance frequency, scales as [212]:

Q−1
accel = Q−1

int(
ωopt

ωint

)2, (4.2)

where Qint is the quality factor of the substrate and ωint is the first internal mode of

vibration of the substrate. In reference [212], it is shown that the limit of acceleration

loss, taking into account the ultra high vacuum gas damping, the Q-factor of a 50

micron resonator can be brought from 106 at 1 Hz to 109 at 1 MHz. However, other

losses could limit this performance.

Noise from the thermoelastic losses is a limiting factor at room temperature.

Thermoelastic noise is due to the internal modes vibration in the substrate causing
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localised volume changes, which then produce temperature gradients and heat flow.

In order to improve the thermoelastic noise characteristics, it is necessary to either

adjust the dimensions to reduce the losses induced by heat flow, or construct the

resonator from a material which has a zero thermal expansion coefficient at certain

temperature, and operate at that temperature. For example, silicon has zero thermal

expansion at 121 K [80] and 8 K [190], and gallium arsenide has zero thermal

expansion at 50 K and 12 K [213, 214]. Crystalline coatings using GaAs and AlGaAs

are thought to have similar thermal properties to pure GaAs and hence to have a

similar zero point of thermal expansion [213], an assumption that we use in the finite

element modelling of a GaAs resonator.

The suspension will also introduce losses into the resonator via thermal noise,

recoil and unwanted suspension modes of vibration. Braginsky has shown that

percussive tuning can be used to reduce the attachment loss at the joint of the

substrate and suspension [186]. This method can also be used to improve the Q-

factor of a cat-flap resonator suspended by a thin membrane. The effect of unwanted

modes must also be removed by careful design of the resonator.

In this paper we present recent design efforts in reducing mechanical and thermal

dissipation of optically diluted cat-flap resonators for the purpose of constructing a

negative dispersion filter. We derive the requirements for sufficiently low thermoelastic

loss for the resonator, and present simulations of the total losses of a prototype

resonator design that includes contributions from substrate and suspension modes.

This resonator is to be wholly constructed from GaAs/AlGaAs high-reflectivity

coating, but for simplicity it is assumed that the bulk mechanical and thermal

properties of the resonator are similar to those of pure GaAs. Finally, we report on

recent efforts to fabricate practical resonators.

4.2 Predictions of dissipation in cat-flap resonators

The creation of a negative dispersion filter requires a mechanical resonator to be

optically trapped at a high frequency while maintaining a sufficient Q-factor to allow

broadband enhancement of the gravitational wave detector sensitivity. Equation 4.1

dictates that T ·Q−1
m = 6× 10−10 K is desirable if we wish to achieve the maximum

possible enhancement from the filter. Additionally, there are frequency requirements

that must be fulfilled. To compensate for the phase delay in the detector, we require

an optomechanical damping of approximately 12 kHz. The optical cavity should

then have a linewidth larger than 200 kHz, in order to maintain an effective opto-

mechanical cavity response that is close to that of a simple cavity. Finally, imposing

the resolved sideband condition indicates that we must be able to trap the resonator
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at 400 kHz or higher.

Regarding substrate losses, there are two significant factors at optical trap

frequencies between 100 kHz and 1 MHz. The first is acceleration loss, given roughly

as shown in equation 4.2. The coupling to the acceleration loss increases the closer

the mechanical resonance frequency gets to the frequency of the first internal mode.

The acceleration loss can be reduced by using a smaller resonator or by using a

material with a high ratio of Young’s modulus to density. However, it cannot be

made arbitrarily small. Laser spot limitations limit the smallest resonator size to

approximately 20 microns. For silicon and GaAs resonators with a 1:1 aspect ratio,

this produces fundamental internal modes of approximately 120 MHz and 60 MHz

respectively.

Thermoelastic loss in cat-flap resonators is approximated by Zener/Lifshitz

theory [75, 76, 172], which describes the thermoelastic loss for a resonant beam in

terms of thickness, Young’s Modulus, thermal expansion, thermal conductivity and

heat capacity. In the context of optically trapped cat-flap resonators, the internal

modes which cause the thermoelastic and acceleration loss are off-resonance, and the

thermoelastic loss can be characterised as [212]:

φTE =
Y α2T

Cp

ωoptτ

1 + ω2
optτ

2
× (

ωopt

ωint

)2, (4.3)

where Y is Young’s modulus, α is the coefficient of thermal expansion, Cp is the

specific heat at constant pressure in units of J m−3 K−1 and τ ≡ (t2Cp)/(π
2κ), where

κ is the thermal conductivity and t is the thickness.

Thermoelastic loss is a limiting factor for the high frequency Q-factor at room

temperature. However, the zero thermal expansion at particular temperatures of

silicon, gallium arsenide and AlGaAs alloys [213] mean that with sufficient tempera-

ture control it is possible to reduce the thermoelastic noise close to zero. Figure 4.1

shows the effect of thermoelastic and acceleration losses on the substrate losses of

an optically trapped resonator at frequencies lower than the first internal mode of

resonance, according to the equation:

Q−1
f =

1

Q0

(
ω0

ωopt

)2

+
1

Qaccel

+ φTE + φgas. (4.4)

Here Qf is mechanical quality factor enhanced by the optical trap and limited

by substrate losses, Q0 is unmodified quality factor of the pendulum, ω0 is the

fundamental pendulum frequency and φgas is the air damping loss.

The predictions made here depend on our assumptions regarding the zero point

of thermal expansion for GaAs/AlGaAs alloys. For silicon resonators, we also assume
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Figure 4.1: Quality factor vs optical spring frequency for an optically trapped
cat-flap resonator, in the limit of ultra-high vacuum, acceleration and thermoelastic
losses only. All curves are for 20 micron cubic resonators. (a) Room temperature
gallium arsenide resonator; (b) Room temperature crystalline silicon resonator; (c)
Gallium arsenide resonator cooled to 57 K; (d) Crystalline silicon resonator cooled
to 121 K; (e) Gas damping limit for a 20 micron resonator at 10−10 Torr.

that they are coated with high reflectivity crystalline GaAs/AlGaAs coatings which

can be designed to have reduced thermo-optic noise [83]. Even so, the Q-factor of

the substrate plus coating is much less than the Q-factor of pure crystalline silicon,

which can be approximated using the fraction of the total volume occupied by each

component material, and the loss angle of each component material.

The reduction of thermoelastic losses is dictated by the precision of temperature

control. The thermoelastic noise versus temperature for a pure GaAs resonator and

GaAs/AlGaAs coated silicon resonator are shown in Fig. 4.2. For both materials, a

20 micron resonator cooled to within 1 K of the zero thermal expansion coefficient

point can keep the thermoelastic contribution to the loss angle below 10−11.

Heating of the resonator due to absorption of the laser power is estimated using

a simple heat conduction model and a finite element simulation involving conduction

and radiation. The power required to achieve a 500 kHz optical spring for a 20

micron cat-flap is approximately 0.05 W. We round up to 0.1 W and then use the

absorption coefficient of the materials to estimate the input heat. The absorption of

crystalline GaAs coatings is approximately 0.7ppm [176]. We can use the well known

heat conduction equation:

Pabs =
κAcon(T2 − T1)

L
, (4.5)
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Figure 4.2: Thermoelastic loss angle vs temperature for GaAs resonator (upper
panel) and GaAs/AlGaAs-coated crystalline silicon resonator (lower panel), Curves
are calculated using temperature dependent properties of GaAs/AlGaAs [213, 215,
216] and silicon [80, 191, 192]. Blue curves are 20 micron cube substrates while green
curves are 50 micron cube substrates. We wish to maintain thermoelastic loss below
10−11 for GaAs and 10−12 for Si. This can be achieved with temperature control to
within 1 Kelvin in both cases.

where Pabs is the power absorbed by the substrate, Acon is the area of contact

between the suspension and substrate, L is the length of the suspension, T1 is the

temperature of the anchoring chip which acts as a constant temperature heat sink

and T2 is the temperature of the substrate. Using two small, thin hinges as the

suspension, which are approximately 5 micron long, 1 micron wide and 100 nm thick,

the equilibrium temperature change of a gallium arsenide substrate with anchoring

heat sink maintained at 50 K is approximately 0.003 K. This can also been confirmed

with heat transfer finite element analysis.
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4.3 Simulation of mechanical dissipation in cat-

flap resonators

The conceptual design of the cat-flap is as shown in Fig. 4.3. The resonator was

optically trapped with an optical spring (represented by the laser beam in Fig. 4.3).

Because of the massive supporting structure compared with the resonator, recoil

loss is assumed to be negligible. The top of the hinges was set to be fixed in the

simulation

Figure 4.3: Illustration of the model used in the simulation. The top face of the
hinges is fixed, and a boundary load is applied to represent the optical spring force.

Suspension loss can be described as energy loss from the system due to the

dissipative nature of the hinge material. Energy stored in the elastic potential of the

hinge material is dissipated due to internal friction occurring microscopically in the

material. Internal friction can be characterized by its frequency dependent loss angle

φsus(ω), where ω is the angular frequency. However, other energy potentials in this

system, i.e. the gravitational potential and optical spring potential, are lossless. If we

increase the amount of energy stored in the gravitational and optical potential with

respect to the elastic potential, the effective loss of the system is reduced. This is

known as pendulum dilution and can be quantified by the pendulum dilution factor

D given as [56, 217]:

D =
kg + kopt(ω)

ke

. (4.6)

Here D is the dilution factor, kg is the gravitational spring constant and ke is the

elastic stiffness or spring constant, kopt(ω) is the optical spring constant. kg = mg/l

and ke =
√
EImg/(2l2) where m is the mass of the substrate, g is the acceleration of

gravity, l is the length of the hinge, I is the second area moment of the cross section

of the suspension and E is the elastic modulus of the hinge. Qualitatively, pendulum
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dilution can be observed by plotting the localized bending stress field on the surface

of the hinges. For a highly tensioned hinge (high D), bending stresses should occur

in a small region about the fixed end.

An approximated loss function for the pendulum mode can be shown to be [56]:

Φpend(ω) =
φsus(ω)

D
, (4.7)

where Φpend(ω) is the loss function of the pendulum mode. At ω0, the mechanical

Q-factor is given as (Φpend(ω0))
−1. A reduction in the mechanical Q-factor of the

pendulum mode can occur from coupling of the optical spring to other resonant

modes such as the torsional and rocking modes, as well as the internal modes of the

resonator. The cat-flap design has very short hinges so that the torsion and rocking

modes would be much higher than the pendulum mode.

For a compound pendulum the position of the laser spot (optical spring force)

along the vertical direction (z-axis) is crucial in ensuring the resonator undergoes

pendulum motion. A special position on a compound pendulum is the centre of

percussion. If the applied optical spring force is acting at the center of percussion,

the pendulum behaves as a point mass with all the mass concentrated at the center

of percussion. Therefore, transverse bending in the suspension will occur only at the

top of the hinges. By assuming the mass of the hinges be negligible with respect to

the substrate, the location of the center of percussion can be estimated as:

CP =
I

pm
, (4.8)

where I is the moment of inertia through the centre of mass of the substrate parallel

to the y-axis in Fig 4.3, p is the distance from the approximated centre of mass to

the fixed end of the hinges and m is the mass of the substrate.

Due to the short hinges in the cat-flap model, applying the optical force at the

centre of mass causes significantly larger elastic deformation than when the force

is applied at the centre of percussion. Therefore, a greater proportion of energy

is coupled into the hinges and dissipated. The amount of energy dissipated is

proportional to the loss factor of the hinges and the energy stored in the hinge’s

elastic deformation. The energy stored in the elastic deformation energy can be

given as [186]:

Ustored =
EJ

2

∫ h

0

dz[y′′(z)]2, (4.9)

where E is the elastic modulus, J is the geometric moment of inertia of the cross

section, h is the height and y is the transverse displacement of one hinge. The energy
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Figure 4.4: Q-Factor of the pendulum mode vs laser spot position. Laser spot
position moved from the bottom (z=0) of the front face at z=1 µm to z=10 µm
(centre of mass). Hinge dimensions fixed at height × width × thickness = 5 µm
× 1 µm × 100 nm. (a) kopt = 100 N/m (ωopt/(2π) = 250kHz). (b) kopt = 1 N/m
(ωopt/(2π) = 25kHz).

dissipated in the hinges is then given as:

Udiss ∝ φsus(ω)Ustored. (4.10)

With φsus(ω) constant and kopt fixed, the ratio of the Q-factor with forcing at

two positions, will be equivalent to the ratio of the energy stored in the suspension

with forcing at the two positions.

Simulations of the cat-flap with a 20 µm cube substrate were performed on

COMSOL Multiphysics [218, 219]. For this simulation, the properties of the mirror

and hinge were specified to be those of GaAs. We assume that the thermal and

mechanical properties of pure GaAs and GaAs/AlGaAs coatings are similar enough

to obtain an order of magnitude estimate [213]. The loss factor of the hinge and

substrate was set to 10−6. A boundary load force was applied to the 2 µm diameter

area as shown in Fig. 4.3, to represent the optical spring force of the laser. The

force was given as -koptu, where u is the displacement of the resonator parallel to

the applied force. Gravity was also added to the system. To analyse the effect of

centre of percussion tuning, the Q-factor was calculated with the laser spot applied

at various positions along the substrate. The pendulum dilution effect was analysed

by calculating the Q-factor and eigenfrequencies with varying kopt and hinge sizes.

Figure 4.4 shows the effect of center of percussion tuning on the mechanical

Q-factor using two different boundary loads. The Q-factor was found to peak at

approximately 4.7 µm displacement from the bottom of the mirror, which agrees

with the center of percussion estimation using Eq.(4.8). Comparing Fig. 4.4 a) and
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Figure 4.5: Mode shapes and stress distributions on the hinge with forcing at two
positions on substrate. The optical spring constant kopt fixed at 100N/m and the
hinge dimensions fixed at × width × thickness = 5 µm × 1 µm × 100 nm. 1) Forcing
at the centre of percussion. 2) Forcing at the centre of mass. (a) Pendulum mode
shape, where red indicates large displacement and blue indicates small displacement.
(b) Longitudinal stress components. (c) Transverse stress components. In the stress
color scale, red indicates large tensile stress and blue indicates large compressive
stress.

b), when the system is forced with kopt = 100 N/m and kopt = 1 N/m, the Q-factor

is higher with larger optical spring force, as expected from Eq. (4.6).

The ratio of the Q-factor for centre of percussion actuation versus centre of

mass actuation is 28 and 9 for kopt = 100 N/m and kopt = 1 N/m, respectively,

instead of factor of 2 for long hinges [186]. Using Eq. (4.9), this ratio is estimated

to be approximately 36 and 2, for the respective kopt values. The large Q-factor

ratio between centre of percussion excitation and centre of mass excitation can be

explained by the fact that for a large optical spring force applied at the center of

mass, the dominant potential is the optical spring potential and the mass will exhibit

almost purely translational motion with a large hinge deformation as can be seen in
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Fig. 4.5 b). While with the centre of percussion excitation, the mass will exhibit

pendulum motion and less hinge deformation as can be seen in Fig. 4.5 b). The stress

distributions in the hinge with centre of mass and centre of percussion excitations

clearly show the significant difference (Fig. 4.5 c) and d)).

Figure 4.6: Q-factor of the pendulum mode with varying kopt for different hinge
sizes. Hinge width fixed at 1 µm. (a) hinge height × thickness = 5 µm × 30 nm.
(b) hinge height × thickness = 5 µm × 100 nm. (c) hinge height × thickness = 1
µm × 100 nm.

For a smaller optical spring force, the optical spring force over gravitational force

is less prominent and the mass will exhibit pendulum motion. Therefore, more energy

will be stored in the gravitational potential resulting in a smaller drop in Q.

Optical dilution occurs when the Q-factor of the “pendulum mode” steadily

increases with the optical trap frequency. However, as the frequency of the optical

trap increases and approaches other resonant mode frequencies of the cat-flap,

coupling to other resonant modes can affect the Q-factor. Figure 4.6 shows the

Q-factor as a function of optical spring frequency (optical force). Above certain

frequency, the loss due to the coupling to other modes of the resonant become

prominent and the Q factors will start to decrease. According to Eq.(4.4), this occurs

when
1

Q0

(
ω0

ωopt

)2

≤
∑ 1

Qaccel(ωopt)
. (4.11)

Here
∑

(1/Qaccel(ωopt)) represents the total loss due to coupling to other resonator

modes at certain ωopt. The 250 kHz Q-factor seen for figure 4.6b) can be seen to

correspond to the peak Q-factor from figure 4.4 with the same hinge dimensions and

optical spring frequency. While the curves display acceleration loss characteristics

analogous to those described in figures 3.5 and 4.1, the acceleration loss limited
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Q-factors are found to be much lower from finite element modelling. This is due to

the fact that the model established in chapter 3 uses the lowest longitudinal mode of

the mirror, which is a 1-dimensional approximation. The internal mode frequencies

here are found from a more comprehensive 3-dimensional account.

The elastic stiffness ke will be increased with increased thickness or decreased

height of the hinge. It is clear from Fig.4.6 that the Q factor lowers as we stiffen the

hinge. Although decreasing ke has the effect of increasing the Q-factor, it also lowers

the Q peak frequency. The size of the hinge, and thus ke, needs to be optimized so

that there is sufficient resonant enhancement in the range of frequencies where high

sensitivity is needed. Further improvements is possible with the hinge made from

material with considerably lower loss such as crystalline silicon. However, at very

high optical spring frequencies, the Q-factors for various hinges will converge on the

acceleration loss limited Q-factor.

4.4 Fabrication of cat-flap resonator prototypes

(a) (b)

(c) (d)

Substrate Coating

Figure 4.7: The fabrication process for the cat-flap resonator. (a) Growing the
coating on a substrate. (b) Etching the substrate to form the island. (c) Milling the
coating to create the hinges. (d) Thinning the hinges down to 100 nm.

As discussed above, it is important to create the cat-flap resonators with very

thin hinges to minimize the flexure loss.

One type cat-flat resonator will be made from crystalline coating which has very

low optical and mechanical loss [177]. The hinges will be formed by thinning the

coating with a focused ion beam (FIB). The proposed crystalline coating cat-flap
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resonator is illustrated in Fig. 4.7. The crystalline coat was grown on a GaAs

substrate. After etching the substrate to form an island, a FIB will mill away the

coating between the island and the substrate to form two thin hinges. The hinges

will be then be further thinned to around 100 nm by FIB milling.

Figure 4.8: The fabrication process of the cat-flap with silicon nitride film as
the hinge. (a) Deposition of photoresist layers on both side of the sample. (b)
Photolithography to open slot on PR. (c) Removal of nitride film. (d) Removal of
substrate via wet etching.

Figure 4.9: A photograph of a cat-flap resonator fabricated via the method shown
in figure 4.8.

Another method to produce the cat-flap is to use silicon nitride film as the hinge,

which also have relatively high Q factor [220]. A succinct fabrication process is shown

in figure 4.8. Silicon nitride film, SiNx, was deposited on both side of a double-side
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polished silicon cantilever that was 100 µm in thickness, and the photo-resist (PR)

layer was deposited subsequently on the nitride film. Photolithography method was

used to open a slot on the PR, as shown in Fig. 4.8(b). Reactive ion etching, a dry

etching process, was then used to etch off the nitride film in the slot as shown in

figure 4.8(c). Finally, wet etching with potassium hydroxide (KOH) was used to etch

off the silicon in the slot to form the hinge of silicon nitride film.

A photograph of a silicon/SiNx cat-flap resonator is shown in figure 4.9. Thickness

of the original SiNx film was 180 nm, and the final thickness was estimated, according

to the etching rate of SiNx by KOH, to be approximately 100 nm. The width of the

hinge was 30 um. Composition of the SiNx was x=0.87, and can be changed via the

reaction gas flow rate ratio in the deposition process of the nitride film. The hinge

would be easily broken when pulled directly from the liquid after etching. Special

techniques such as diluting the KOH by water followed by slow evaporation, or using

the critical point drying method can be employed to prevent hinge breakage. High

reflectivity multi-layer mirror coatings can then be deposited on both sides of the

mirror substrate by using physical deposition method such as ion beam sputtering.

4.5 Conclusion

We have shown that discussed loss mechanisms in optically diluted mechanical

resonators. We considered losses that are intrinsic to the optical dilution of a

mechanical resonator, as well as losses due to the suspension of a cat-flap resonator

by weak mechanical flexure. We presented estimates of losses arising from the intrinsic

deformation due to the acceleration of a mirror by an optical field, thermoelastic

losses associated with the deformation and suspension losses due to the intrinsic

mechanical losses of the flexure. For the design considered here highest Q-factors

were shown to occur between 104 and 105 Hz, with losses increasing above this

frequency as the resonator frequency approaches the frequency of mechanical modes.

Finite element modelling showed that the suspension losses depend strongly on the

laser spot position. Thermoelastic losses can be made negligible by operating close

to the zero point of the thermal expansion coefficient of silicon or GaAs dominated

systems. For the 20 micron cubed resonators considered here, our designs do not

achieve the target losses at 400kHz, but are sufficient to allow some sensitivity

enhancement of gravitational wave detectors in the 1-2kHz frequency range.

We also presented preliminary results on fabrication of cat flap resonators which

indicate that this geometry is practical. In future work we will attempt to exper-

imentally verify the theory presented here, consider optimisation of the geometry

and evaluate the material losses to determine whether this approach can lead to a)
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practical ultralow loss resonators for quantum optomechanics experiments and b)

resonators suitable for creating practical negative dispersion cavities for optimisation

of gravitational wave detectors.

Acknowledgments

We would like to thank Garrett Cole for the useful discussions and suggestions. This

work is supported by Australian Research Council (Grants No. DP120104676 and No.

DP120100898). Authors Pan and Chao were supported by the Ministry of Science

and Technologies of Taiwan, Republic of China (MOST 103-2221-E-007-064-MY3)

126



Chapter 5

White light signal recycling with a

low noise optomechanical filter
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Abstract

Detections of gravitational waves (GW) in the frequency band 35 Hz to 500 Hz

have led to the birth of GW astronomy. Expected signals above 500 Hz, such

as the quasinormal modes of lower mass black holes and neutron star mergers

signatures are currently not detectable due to increasing quantum shot noise at

high frequencies. Squeezed vacuum injection has been shown to allow broadband

sensitivity improvement, but this technique does not change the slope of the noise at

high frequency. It has been shown that white light signal recycling using negative

dispersion optomechanical filter cavities with strong optical dilution for thermal noise

suppression can in principle allow broadband high frequency sensitivity improvement.

Here we present detailed modelling of AlGaAs/GaAs optomechanical filters to identify

the available parameter space in which such filters can achieve the low thermal noise

required to allow useful sensitivity improvement at high frequency. Material losses,

the resolved sideband condition and internal acoustic modes dictate the need for

resonators substantially smaller than previously suggested. We identify suitable
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resonator dimensions and show that a 30 µm scale cat-flap resonator combined with

optical squeezing allows 8 fold improvement of strain sensitivity at 2 kHz compared

with Advanced LIGO. This corresponds to a detection volume increase of a factor of

500 for sources in this frequency range.

5.1 Introduction

The detection of gravitational waves (GW) by Advanced LIGO and VIRGO [25, 34,

35, 36, 87] confirmed the existence and detectability of GW and opened the field of

GW astronomy. The discoveries showed the inspiral of black holes and one neutron

star binary, and in one case, the quasi-normal mode of the final black hole with mass

62 M� was identified [34, 221]. The electromagnetic outburst from the neutron star

binary merger allowed the speed of GW to be measured [25].

Predicted waveforms for neutron star coalescence show strong structure in the

frequency range 1-4 kHz [95, 96]. Observations in this band would reveal both the

equation of state of the neutron stars, and the dynamics of collapse to a black hole.

The ringdown characteristics of a black hole quasi-normal mode are related to the

mass and spin of the post-merger black hole [102]. Improved frequency sensitivity in

the kilohertz range allows for better detection of lower mass black hole quasi-normal

modes. Thus, in both cases, improved high frequency sensitivity is important.

The sensitivity of LIGO-type laser interferometers degrades at high frequency

due to quantum shot noise and the bandwidth of the optical cavities. The signal

recycling mirror (SRM) used for resonant enhancement of the of the signal can

strongly modify the response of the detector, allowing it to be tuned to narrow or

broadband enhancement [145, 146].

Two methods have been proposed for improving the sensitivity in the 1-4 kHz

range. The first is to use high optical power with optical squeezing [141]. Currently,

phase noise squeezing has been demonstrated in GEO [222] and Advanced LIGO

[162]. Frequency dependent squeezing of quantum noise has been demonstrated in a

tabletop setting [152], which will allow improvement at both high and low frequencies.

Vahlbruch, et al. demonstrated detection of a 15 dB squeezed vacuum state using

a photodetector with 0.995 quantum efficiency [223]. The primary limitation on

sensitivity improvement from squeezing is optical losses in the interferometer and

injection optics, which degrade the level of squeezing.

The second proposed approach for enhancing high frequency sensitivity is through

white light signal recycling (WLSR). This entails placing a negative dispersion

filter within the signal recycling cavity so that the GW signal sideband frequency

dependent phase delay is cancelled, thereby allowing a broad range of frequencies to
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be simultaneously resonant. The basic concept was proposed in by Wicht, et al. and

demonstrated using atomic media in 1999 and 2007 [159, 160, 224]. However, Ma et

al. showed that atomic media introduced unacceptable noise into GW interferometers

[225]. Miao et. al showed that unstable optomechanical filters can also be used

to create negative dispersion, and proposed that the intrinsic instabilities can be

controlled by linear feedback [171]. Qin, et al. demonstrated the principle of linear

negative dispersion using a blue detuned optomechanical filter [226].

The experimental challenge of creating a low noise WLSR interferometer is the

stringent requirement on thermal noise which scales as T · Q−1
m , where T is the

environmental temperature and Qm is the mechanical quality factor (Q-factor).

Quality factors & 1010 are required, which is several orders of magnitude higher

than most low loss materials. However, Q-factor enhancement is possible using

optical dilution, in which radiation pressure forces are used to replace the mechanical

restoring force of the resonator, diluting the effect of mechanical dissipation. This

can in principle allow the Q-factor to be enhanced sufficiently to meet the thermal

noise requirements, assuming a cryogenic operating temperature [174, 212].

Optical dilution has been demonstrated using a gram-scale resonator [166], and

with optically trapped microresonators [167, 217]. However, optical dilution is limited

by acceleration loss at high frequencies [227]. A particular implementation known as

the cat-flap resonator was discussed in reference [212]. It was shown that Q-factors

as high as 1014 could in principle be achievable using mm-scale resonators suspended

by atom-scale membranes such as graphene sheets or nanowires.

White light signal recycling is compatible with optical squeezing, as long as the

optical losses introduced by the filter cavity are kept below that of the dominant

loss source of the injection and interferometer. Thus both methods can be combined

to achieve optimal performance. In this paper, we consider currently realizable

technologies for implementing WLSR based on low loss AlGaAs/GaAs resonators.

Exploration of the parameter space reveals a small regime in which the optical

dilution of the level required can be achieved in practical optical devices. In section

5.2, we review the theoretical background of the WLSR, from which we identify the

frequency and Q-factor requirements for creating a suitable negative dispersion filter.

In section 5.3 we analyze the optical dilution scheme for cat-flap resonators, and use

finite element analysis to refine the cat-flap resonator dimensions. All of the results

are combined in section 5.4 in which we estimate how the sensitivity of an Advanced

LIGO type GW detector could be modified by replacing the signal recycling cavity

with a WLSR cavity.

129



CHAPTER 5. WHITE LIGHT SIGNAL RECYCLING WITH A LOW
NOISE OPTOMECHANICAL FILTER

5.2 Negative dispersion filter

Figure 5.1: Proposed setup for a white light signal recycling (WLSR) interferometer.
The optically trapped cat-flap resonator acts as the mechanical component for both
the bowtie Double End Mirror Sloshing (DEMS) cavity and the triangular negative
dispersion filter cavity. Feedback forces are applied by intensity modulation of the
pump light using an acousto-optic modulator (AOM) driven by a PID control loop
that provides intensity modulation of the blue detuned pump light that drives the
filter cavity. PRM, SRM and SEM denote power recycling mirror, signal recycling
mirror and signal extraction mirror. Ts denotes the DEMS cavity sloshing mirror
with transmissivity ∼ 300 ppm. Squeezed vacuum is injected via the output Faraday
isolator. Inset: A “cat-flap” mechanical resonator. The entire structure is a high
reflectivity AlGaAs/GaAs coating, suspended by thin ribbons created by cutting or
etching of the coating.

We consider a dual recycling interferometer in which the signal recycling mirror

is replaced by a signal extraction mirror and a negative dispersion filter cavity, which

includes an optically diluted mechanical resonator achieved using a double end mirror

sloshing cavity shown in figure 5.1. Technical details will be discussed later in section

5.3.
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First, we shall review the concept of the negative dispersion optomechanical

filter. Gravitational waves of frequency Ω interact with an interferometer to generate

sidebands to the carrier light. These sidebands have a positive phase delay, which can

be cancelled by passage through a filter cavity that applies a frequency dependent

negative phase, known as negative dispersion. Miao, et al. showed that negative

dispersion can be generated by optomechanical interactions in the presence of a

strong blue-detuned pumping field at frequency ωc + ωm, where ωc is the filter

cavity resonant frequency and ωm is the mechanical resonant frequency [171]. The

Hamiltonian which describes the system is given by Ĥ = ~(ωc + g0x̂)â†â+ Ĥm + Ĥγ .

Here, Ĥm = p̂2/2m + mω2
mx̂

2/2 is Hamiltonian of the mechanical oscillator. Ĥγ

describes the interaction between the intra-cavity field â and external optical fields.

g0 is the linear optomechanical coupling strength. In the rotating frame at frequency

ωc, we have:

x̂(ωm − Ω) = χm{−~g0ā[â(Ω) + â†(2ωm − Ω)] + ξth}, (5.1a)

â(Ω) = χc[−ig0āx̂+
√

2γf âin(Ω)], (5.1b)

where χm = −m[(ωm − Ω)2 − ω2
m + iγm(ωm − Ω)]−1 is the mechanical susceptibility,

χc = [−iΩ + γf ]
−1 is the optical susceptibility, and ξth represents the thermal

fluctuations. γf is the unmodified filter cavity bandwidth and γm is the initial

mechanical damping.

In order to keep the upper sideband â†(2ωm−Ω) out of resonance, we require the

resolved sideband condition to be met such that ωm � γf � Ω. This requirement

on ωm will be discussed further in section 5.3. Here we note that to maintain

effective negative dispersion we need ωm/(2π) > 100 kHz. Under the resolved

sideband condition, the mechanical and optical susceptibility can be approximated

as χm = [2mωm(Ω + iγm)]−1 and χc ∼ γ−1
f respectively. Additionally, the mechanical

susceptibility approximation requires the condition that the detuning of the pump

field is close to ωm. According to the input-output relation âout = −âin +
√

2γf â,

the input-output response of the negative dispersion filter is given by:

âout(Ω) =
Ω + iγopt

Ω− iγopt

âin(Ω) + n̂th(Ω), (5.2)

where γopt = ~g2
0 ā

2/2mωmγf is the optomechanical damping bandwidth [171].

The first term gives the negative optical response, with a filter phase φf ∼
−2iΩ/γopt. The negative dispersion is approximately linear when Ω� γopt. Here,

the optomechanical damping γopt can be tuned by changing the pumping field power.

The filter phase φf must be matched to the arm cavity delay, which makes the
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optimal γopt/(2π) approximately 12 kHz.

The second term n̂th represents the thermal fluctuation of the mechanical oscillator.

The requirement for the thermal noise to be lower than the quantum noise in the

interferometer is [171]:

8kBT ·Q−1
m . ~γsr,eff , (5.3)

where kB is the Boltzmann constant and γsr,eff is given by the normal expression for

the bandwidth of a signal recycled interferometer [129]:

γsr,eff =
cTsr

4Larm

, (5.4)

where Tsr is the signal recycling mirror transmissivity and Larm is the interferometer

arm length.

The general configuration of a WLSR interferometer is dictated by the need for

coupling the optomechanical filter to the interferometer while simultaneously imple-

menting an optical dilution scheme to allow equation 5.3 to be satisfied. The optical

dilution can be realized using a Double End Mirror Sloshing (DEMS) cavity [212]

that is further discussed in section 5.3. The DEMS cavity reduces quantum radiation

pressure noise and produces a stable optical trap [174] in which the mechanical

resonance ωm is shifted to the optical spring frequency ωopt. The configuration in

figure 5.1 combines the negative dispersion filter with optical dilution. The WLSR

filter now plays the role of the signal recycling mirror in a conventional gravita-

tional wave detector. Note that squeezed vacuum can be injected at the output

Faraday rotator in the same manner that has been demonstrated in conventional

interferometers [162, 222]. Squeezed vacuum of 15 dB has been measured with

0.995 quantum efficiency photodetectors [223], and combined with improvements in

the interferometer optical loss, it is assumed that a resultant frequency dependent

squeezing magnitude of 10 dB is possible.

It is instructive to consider the parameter space for the design of a WLSR system.

We calculate the mirror mass against optical spring frequency for possible WLSR

setups, the results of which are shown in figure 5.2. The mirror geometry is kept as

a square prism with thickness one quarter of the side length, so that the mirror size

defines the mass. Diffraction loss must be kept to 1 ppm, which requires using a beam

radius one-fifth of the mirror’s side length. This requirement sets the lower limit of

mass, since the beam size must be larger than the assumed 1064 nm wavelength.

The minimum optical spring frequency is set by the resolved sideband condition of

the negative dispersion filter, which is shown as a horizontal line at 120 kHz in figure

5.2. The sloped lines in figure 5.2 show the acceptable levels of optical intensity and

acceleration loss, both of which are further discussed in section 5.3. The acceleration
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Figure 5.2: Approximation of the parameter space for constructing a white light
cavity with a negative dispersion filter, DEMS cavity, AlGaAs/GaAs cat-flap res-
onator and Advanced LIGO design power and test mass parameters. (a): The lower
limit of the mirror size is determined by diffraction loss of 1ppm. If the mirror is too
small, the required beam size approaches the wavelength. (b): The lower bound on
ωopt ∼ ωm is set by the resolved sideband condition ωm � γf . (c): Optical spring
frequency versus mass in a DEMS cavity, at the power which reaches the lower bound
AlGaAs/GaAs coating damage of 4 MW/cm2 [228]. (d): Optical spring frequency
at which the Q-factor cannot exceed 1010 due to acceleration loss, which is calculated
with respect to the first flexural mode of a bending plate that is free at all edges.
This is discussed in detail in section 5.3.

loss limit is dictated by equation 5.3. Assuming operation at an environmental

temperature of 4 K, the required Q-factor is Qm & 1010. The parameter curve for the

corresponding acceleration loss was calculated using the plate bending mode of the

mirror. The maximum optical intensity is set by the lower bound of AlGaAs damage

threshold [228]. However, it is important to note that this value represents the

highest intensity applied to AlGaAs mirrors without observing optical damage, and

thus the actual intensity limit is higher, but currently unknown. The shaded region

in figure 5.2 meets the requirement that a practical configuration needs to be able

to provide an 8-fold strain sensitivity improvement at 2 kHz, without introducing

unacceptable noise at 100 Hz. Thus we see that resonators of mass 10-100 ng are

required for practical WLSR. Somewhat better performance could be achieved if the

damage threshold of AlGaAs is found to be higher.
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5.3 Cat-flap resonator design requirements

The cat-flap resonator is mounted in a double end mirror sloshing (DEMS) cavity,

where it acts as the end mirror of two cavities coupled by a partially transmitting

sloshing mirror, shown in the inset of figure 5.1. The DEMS cavity mimics a

membrane-in-the-middle cavity, but allows the use of mechanical resonators of

arbitrary thickness [212]. Our estimates of the resonator losses relate to details of

device fabrication which we summarize below.

Prototype cat-flap resonators are made using focused ion-beam fabrication of

AlGaAs/GaAs coatings. The coatings are bonded to a silicon wafer on which windows

of varying sizes have been patterned. Focused ion beam machining allows fabrication

of single monolithic resonators, to be discussed in future papers. Each resonator

consists of a rectangular mirror suspended by thin ribbons of coating material. We

used a combination of analytic approximations and finite element analysis to model

the losses. First, we shall review the key loss terms, and then describe the finite

element analysis used to model the stress and strain distributions of the cat-flap as a

function of frequency. This result is used as a measure of the thermal noise coupling

of the optomechanical unstable filter, which enables prediction of the strain sensitivity

curve of an Advanced LIGO detector in which WLSR replaces conventional signal

recycling.

5.3.1 Optical dilution and acceleration loss

Two main factors contribute to the losses in optically diluted resonators. The first

factor describes the loss reduction due to optical dilution, and the second factor

describes the losses associated with acceleration through an optical spring. Optical

dilution suppresses mechanical dissipative losses relative to non-dissipative optical

losses, according to the ratio of the contribution of the optical and mechanical spring

constants. In [212] it was shown that:

Q−1
opt ∼

(
ω0

ωopt

)2

Q−1
0 . (5.5)

Here Qopt is the optically diluted Q-factor and Q0 is the mechanical Q-factor in

the absence of radiation pressure. The zero gravity resonance frequency ω0 is

determined by the mechanical spring stiffness and hence the noise coupling to the

thermal reservoir. Although the device is normally suspended like a pendulum,

the gravitational spring constant does not introduce dissipation, and is negligible

compared to the optical spring constant.

In general, in order to suppress the mechanical dissipation, it is clearly advanta-
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geous to use the softest possible suspension. In [212] it was shown that suspensions

with atomic dimensions could achieve ω0/(2π) = 1 Hz. However, we will see in

section 5.3.3 that such soft suspensions are not necessary for the negative dispersion

filter, because the ωopt requirement places the device in the regime where acceleration

loss dominates.

Acceleration loss arises due to deformation of the mirror when accelerated by

optical forces. In reference [212] a 1 dimensional approximation was used to estimate

acceleration loss of a resonator with a single mechanical mode ωint. It was shown

that the optically diluted Q-factor was bounded by an acceleration loss limited Qacc:

Q−1
acc ∼

(
ωopt

ωint

)2

Q−1
int , (5.6)

where Qint is the Q-factor of the mirror mechanical mode. This means that the

resonator should have internal mode frequencies that are much larger than the

desired optically diluted resonant frequency. This in turn leads to a requirement for

resonators that are small, with mirror thickness comparable to the other dimensions.

In section 5.3.3 we use finite element analysis to make a detailed estimate of this

term, which also takes into account contributions from multiple acoustic modes of

the mirror and suspension.

5.3.2 Gas damping, thermoelastic loss and absorption heat-

ing

Residual gas pressure limits the obtainable Q-factor to a value given by [180]:

Qgas =
ωoptη

4Pair

√
πRgasT

2Mair

(5.7)

where η is the mass per unit area of the mirror, normal to the direction of vibration,

Pair is the residual pressure, Rgas is the universal gas constant and Mair is the molar

mass of air. It will be shown in section 5.3.3 that a resonator thickness of 10 µm

is required. Equation 5.3 dictates that we must achieve a Q-factor of the order of

1010. Using the cat-flap resonator parameters, equation 5.7 dictates that a pressure

of 10−8 Torr is sufficient to keep the gas damping limited Q-factor above 1011.

Thermoelastic loss is a critical factor for the design of the resonator and determi-

nation of the operating temperature. Thermoelastic effects scale with the thermal

expansion coefficient and can be suppressed in materials such as GaAs in which the

thermal expansion coefficient has zero crossings at 55 K [213] and 13 K [215, 216].

In addition, the thermal expansion coefficient of AlGaAs/GaAs coatings is less than
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10−8 at temperatures below 13 K [216]. Thermoelastic loss is approximated by the

following [75, 76, 172]:

φTE =
Y α2T

Cp

ωoptτ

1 + ω2
optτ

2
(5.8)

where Y is Young’s Modulus, α is the coefficient of thermal expansion, Cp is the

specific heat at constant pressure and τ ≡ (t2flexCp)/(π
2κ), where κ is the thermal

conductivity and tflex is the thickness of a flexural member. It is possible to reduce

the thermoelastic loss in both the suspension and mirror to a negligible amount by

cooling to the temperature where there is zero thermal expansion. For AlGaAs/GaAs

coatings, α < 10−8 for temperatures less than 13 K [215, 216]. At 4 K, κ ∼ 150

W/(m.K) and Cp ∼ 2 kJ/(m3.K), giving a thermoelastic loss angle contribution of

φTE < 10−12 in the mirror and φTE < 10−16 in the suspension.

The thermal heating of the cat-flap resonator is determined by the total power in

the cavity. The circulating power in the DEMS cavity required to achieve a certain

optical spring frequency ωopt is given by [174, 212]:

Ptrap =
ωdωsω

2
optmγd

g2
0Tf

, (5.9)

where ωs = c
√
Ts/2L is the sloshing frequency, Ts is the sloshing mirror transmissivity,

Tf is the input mirror transmissivity and ωd and γd are the optical frequency and

bandwidth of the DEMS cavity. To reduce the circulating power, we wish to minimize

the mirror mass and Ts. As shown in figure 5.2, the lower limit of the resonator

size is set by diffraction loss requirements. The lower limit of Ts is set by the fact

that the DEMS cavity radiation pressure noise cancellation leaves residual radiation

pressure noise that is inversely proportional to Ts [174]. Setting the requirement that

the residual noise force be below the thermal noise force of the cat-flap, we find that

Ts = 300 ppm.

The equilibrium temperature of the mirror can be estimated by treating conduc-

tion through the suspension as the limiting process of heat transfer. We use a 1-D

conduction model to calculate the temperature drop across the ribbons, which has

also been shown in the context of cryogenic optically diluted resonators by Ma [229].

The power conducting through the ribbons is given by:

Pcond = −σκ(T )
dT

dz
(5.10)

where σ is the cross sectional area of the ribbons, κ(T ) is the temperature dependent

thermal conductivity and z is the coordinate in the direction of conduction. At

cryogenic temperature, κ(T) can be approximated by κ0×Tn. For AlGaAs/GaAs

mirrors below 10 K, κ0 = 4.81 W/(m.Kn) and n = 2.3 [216]. Equating Pcond with
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Pabs, the power absorbed by the mirror, and integrating equation 5.10 gives:

Pabs = κ0 ×
2σ

(n+ 1)lsus

(T n+1
m − T n+1), (5.11)

where Tm is the equilibrium temperature of the mirror in the limit of conduction

heat transfer and lsus is the length of the suspension ribbons. It is assumed that the

supporting structure can be maintained at an environmental temperature of T = 4

K. Using absorption of AlGaAs approximately 0.7 ppm [176], and ribbon dimensions

that will be discussed in section 5.3.3, it would take 5 W of circulating power to cause

a temperature drop of 1 K across the ribbons. This exceeds the 2 W circulating power

required for a 170 kHz optical spring with a 40 ng resonator. In this case, the beam

intensity is up to 2.5 MW/cm2, where the laser beam radius is limited by the side

length of the resonator in order to reduce diffraction loss to 1 ppm. AlGaAs/GaAs

crystalline coatings have been shown to withstand 4 MW/cm2 intensity at 1064 nm

without damage [228], with a possibility of being able to withstand more than 20

MW/cm2 [230].

5.3.3 Finite Element Analysis

Finite element analysis in COMSOL 5.3 [218, 219] is used to estimate the optically

diluted Q-factor with the presence of suspension losses combined with other losses

discussed above. A geometry independent AlGaAs/GaAs loss angle of 10−6 is

assumed. The ribbons have an initial tensile stress due to the hanging mirror. Due to

the dramatic change in thickness between the hinge and support, carrying out a size

optimisation by modelling a full support structure is difficult. Thus, only the mirror

and hinges are modelled, and a fixed constraint is applied at the top of the ribbons.

The optical spring is applied at the centre of percussion to minimize suspension

loss [186, 231], but due to the model it is possible that centre-of-percussion losses

detailed in [231] will be underestimated with this method if a full support structure

is not modelled. Deformation is assumed to be linear and elastic, calculated with

the average Young’s Modulus, density and Poisson ratio of AlGaAs/GaAs coatings.

This spring is set as a restoring force −kopt·v, where v is the displacement in the

direction normal to vibration. The structure is meshed much finer in the ribbons

than in the mirror since the elements must not be excessively thin. During the

solution process, the spring constant kopt is swept through values of 10−8 to 10−1

N/m. An eigenvalue transform point must be set, otherwise the solution becomes

imprecise at high kopt. However, this cuts off all eigenfrequencies below the selected

value. Thus, the solution is obtained in frequency bins that approximately span an

order of magnitude in the frequency domain. This leads to small interpolation errors
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Figure 5.3: Three examples of optical dilution enhanced Q-factor Qm versus optical
spring frequency, calculated using finite element analysis discussed in section 5.3.3.
(a): The resonator mirror is a 30 µm square prism with 10 µm thickness. The
suspension is comprised of two ribbons, each 15 µm length, 6 µm width, 25 nm
thickness. The features at 2.5 kHz and 4.5 kHz are torsion and rocking modes. The
feature at 500 kHz is the first transverse suspension mode. (b): Resonator size
increased to 50 µm square prism with 10 µm thickness, same suspension dimensions
as (a). The value of ω0 is lower than that of (a), thus increasing the dilution factor,
but the increased acceleration loss degrades Qm at ωopt/(2π) = 170 kHz. The torsion
and rocking modes are located at 1.1 kHz and 2 kHz. The first transverse mode is
near 500 kHz. Comparison with theoretical predictions indicate that these transverse
modes are bending modes of a fixed/fixed beam, rather than tensile string modes.
Thus, they do not change significantly with the mass of the mirror when the width
of the suspension is comparable to the size of the mirror. (c): Mirror is the same
size as in (a), but the suspension is lengthened to 30 µm. This lowers ω0 but also
causes a problematic transverse suspension mode near ωopt/(2π) = 170 kHz. Longer
suspension also does not improve the modelled Qm in the acceleration loss limited
regime. Note that small features at 10 kHz, 20 kHz and 350 kHz in all three curves
are interpolation errors where modelling frequency bands are joined.

where these sections have been joined. The solver produces a list of eigenmodes with

an associated eigenfrequency and Q-factor. This differs from the method previously

used to produce figure 4.6, where the eigenfrequency is inferred from the applied

spring constant. Discussion has led us to believe the indirect method may induce

a systematic error. The result of this modelling is shown in figure 5.3. The mode

associated with ω0 is the fundamental bending mode of a fixed/free cantilever with

an end mass. This mode increases in resonant frequency and Q-factor as the optical

spring constant is increased.

Acceleration loss from coupling to the mirror’s internal modes becomes significant
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at optical spring frequencies approaching 100 kHz. This acceleration loss is reduced

by having a small mirror. The resonator in figure 5.3(a) has the highest Q-factor at

ωopt/(2π) = 170 kHz compared to the other modelled cases. As discussed above, the

lower limit of the mirror size is set by diffraction loss and beam size considerations.

The thickness must also be suitably high to allow the mirror to be highly reflective.

Damping in the ribbons reduces the Qm across the entire frequency range, which

sets the requirement of having low ribbon thickness. The yield stress condition is

not problematic for these microribbons as the resonators in figure 5.3 have a ribbon

tensile stress of ∼ 2 kPa. It can also be seen in figure 5.3(a) that suspension modes do

not interfere with the operation of the optical spring at 170 kHz. The Q-factor in the

100–1000 kHz frequency range is somewhat lower than predicted in figure 3.5. This is

because the calculations in chapter 3 were performed by taking the first longitudinal

mode as the internal mode which causes acceleration loss, which is a 1-dimensional

approximation. In the calculations for figures 5.2 and 5.3, 3-dimensional modes are

used.

5.3.4 Strain sensitivity prediction

The results obtained above can now be used to estimate the performance of an

Advanced LIGO type interferometer with a WLSR cavity that uses the resonator

described in figure 5.3(a) above. The Q-factor at 170 kHz is extracted from the

finite element results using interpolation, and the result is entered as a parameter in

the input output relation of the filter cavity shown in equation 5.2. The calculation

considers quantum noise of the interferometer and filter using the two photon

formalism established by Caves and Schumaker [126, 127], which was adapted to the

context of gravitational wave detectors by Corbitt, et al. using a transfer matrix

method [128]. We also consider thermal noise from the cat-flap resonator, quantified

by T ·Q−1
m . Similar calculations carried out regarding quantum and thermal noise

of WLSR unstable filters have been discussed in references [171, 232]. We assume

that the round trip optical loss of the filter cavity is less than 10 ppm arising from

diffraction, absorption and scattering. This requires extremely low absorption, which

is possible using crystalline AlGaAs mirrors [176], and 1 ppm or less of diffraction

loss on the cat-flap resonator is controlled by the beam size. Mode mismatch is

neglected in this analysis.

White light signal recycling has been calculated and compared to various strain

sensitivity curves for Advanced LIGO, the results of which are shown in figure 5.4.

For the rest of this subsection, letters in parenthesis refer to figure 5.4 only. Curves

(a)-(f) are shown to give context before introducing the white light signal recycling.
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The measured sensitivity of the Hanford site during its O1 run is shown by (a) [233].

The Advanced LIGO quantum noise sensitivity, tuned for broadband detection, is

shown by (b), which touches the standard quantum limit (c) at approximately 50

Hz. A 10 dB reduction of the quantum noise across the entire frequency band is

shown by curve (d), which represents frequency dependent squeezing. Gras and

Evans measured the room temperature Brownian noise spectrum of Advanced LIGO

silica/tantala coatings, and used this measurement to calculate the Brownian noise of

the Advanced LIGO test masses shown by (e) [234]. The current coating Brownian

noise of Advanced LIGO is above the quantum noise of (b) for frequencies up to

200 Hz. Chalermsongsak, et al. designed a specialized AlGaAs/GaAs crystalline

coating to minimize the coating Brownian and thermo-optic noise, and calculated

the respective thermal noises of Advanced LIGO fused silica test masses with the

optimized coatings [83]. The Brownian noise of these improved test masses is shown

by curve (f), which represents more than a factor of 2 improvement versus (e). The

thermo-optic noise of the improved test masses has a value of 3 × 10−25 Hz−1/2 at

100 Hz and remains less than this value between 100 Hz and 10 kHz [83].

Curves (g)-(i) incorporate white light signal recycling. The optically diluted

cat-flap resonator that follows the design specifications outlined in section 5.3.3

produces WLSR characterized by (g). As discussed in section 5.2 and shown in

figure 5.1, WLSR can be combined with frequency dependent squeezing. Applying

10 dB reduction of quantum noise to (g) gives the enhancement shown by (h). It

is seen that this WLSR configuration produces an 8-fold enhancement at 2 kHz

detection frequency relative to the Advanced LIGO quantum noise. By comparison

with (e) and (f), significant improvement in the Advanced LIGO coating Brownian

noise is required to reach this sensitivity. Curve (i) shows the improvement possible

if the T · Q−1
m could be improved by a factor of 5 compared to our WLSR design,

while also operating at 500 kHz optical spring frequency, and implementing further

improvements to the test mass coating thermal noise. Lowering the thermal noise and

operating further in the resolved sideband regime reduces noise floor and increases

the bandwidth of WLSR.

5.4 Discussion

The restrictions on the design described throughout this paper lead us to select

dimensions of the cat-flap listed for curve (a) of figure 5.3. The resulting negative

dispersion filter, when added to the gravitational wave interferometer and combined

with frequency dependent squeezing, produces a sensitivity enhancement shown in

Figure 5.4(h). AlGaAs technology allows for resonators that give a 8 fold improvement
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Figure 5.4: Strain sensitivity curves. All calculations use 40 kg test masses and
4 km arms. All curves except (a) use 800 kW circulating power. (a) Hanford O1
with a circulating power of 100 kW [233]. (b) Advanced LIGO High Power quantum
noise with broadband tuning. (c) Advanced LIGO standard quantum limit. (d)
Advanced LIGO high power quantum noise with 10 dB resultant frequency dependent
squeezing. (e) Room temperature Brownian noise of Advanced LIGO fused silica test
masses with silica/tantala coatings [234]. (f) Room temperature Brownian noise of
Advanced LIGO test masses with crystalline AlGaAs/GaAs coatings [83]. (g) WLSR
enhancement with 170 kHz optical spring, γf/(2π) = 2 kHz and T ·Q−1

m = 2× 10−10

K, using the resonator described in this paper. (h) WLSR from curve (g) combined
with 10 dB resultant frequency dependent squeezing. (i) Idealized WLSR with 10
dB frequency dependent squeezing, using a resonator operating at 500 kHz optical
spring frequency, T ·Q−1

m = 4× 10−11 K and sub-ppm filter cavity optical loss.

in the sensitivity at 2 kHz detection frequency vs the Advanced LIGO quantum

noise, given that the filter is maintained at or close to 4 K, so that T · Q−1
m = 2×

10−10 K. Due to the thermal expansion properties discussed in 5.3.2, it is possible to

operate the filter cavity at temperatures up to 13 K while keeping the thermoelastic

loss at acceptable level, however, this will degrade T ·Q−1
m to 6× 10−10 K if Qm is

not increased.

The performance depends critically on the mechanical and optical properties of

AlGaAs/GaAs coatings. In order to fully realize the enhancement shown in figure

5.4(h), we require an improvement in the test mass coating Brownian noise by a

factor of more than two, which is theoretically possible using AlGaAs/GaAs coatings

[83]. Combination of WLSR with frequency dependent squeezing requires a filter

cavity with minimal optical loss, which requires very low mode matching losses and
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optical coating losses. The size of the cat-flap and optical spring frequency are likely

to be limited by the optical damage threshold of AlGaAs/GaAs coatings, for which

we have used the lower limit of 4 MW/cm2 discussed in section 5.3.2. Finally, we

have assumed that a Q-factor ∼ 106 can eventually be achieved for an AlGaAs/GaAs

cat-flap.The highest reported Q-factor of AlGaAs/GaAs at 4 K is 2 × 105. However,

losses often depend on external factors such as clamping losses. It is also possible to

reduce the loss of coatings by unconventional layer construction [83, 235]. Research

into improved coatings is ongoing [176, 236], and it is likely that better materials

will enable even higher performing cat-flap resonators and test masses. Figure 5.4(h)

shows the effect of improving T ·Q−1
m by a factor of 5, as well as increasing the optical

spring frequency to 500 kHz. This leads to small but significant improvements in

sensitivity and bandwidth, limited by quantum noise. The operating requirement for

the WLSR filter does not utilize the highest possible value of T ·Q−1
m .

The Qm at the required ωopt for the particular mirror size is acceleration loss

limited when ω0/(2π) = 250 Hz. Thus, extremely long suspensions that give a low

ω0 are not required to achieve the optimum Q-factor at 170 kHz. However, it is

interesting to note that extremely high Qm at, for example, 10 kHz, can be achieved

by using softer suspensions with ω0/(2π) ∼ 1 Hz, but this presents little advantage

for the WLSR cavity. The fact that extremely delicate suspension ribbons are not

required means that the resonators discussed here can be expected to be reasonably

robust, having suspension frequency greater than 200 Hz. They should be relatively

easily used in conjunction with a low vibration closed cycle refrigerator and integrated

into a compact package. Note however, that damping from the thickness effects in

the ribbon means we must still use extremely thin suspensions.

An unstable optomechanical filter combined with frequency dependent squeezed

vacuum can achieve broadband sensitivity enhancement of gravitational wave de-

tectors. The unstable filter can be implemented using a crystalline AlGaAs/GaAs

‘cat-flap’ resonator which is optically trapped within a DEMS cavity with T ·Q−1
m =

2× 10−10 K and can enhance detector sensitivity to 2 kHz signals by a factor of 8.

This will significantly improve the detection radius of less massive binary mergers

and enable better exploration of the properties of neutron stars and black holes. In

the future we will consider applications of WLSR in detuned interferometers and

present results on the performance of the cat-flap resonators. Future work will also

consider the design and testing of the feedback loop required for stabilization of the

blue detuned filter cavity.

Acknowledgements.−We thank Haixing Miao, Garrett Cole, Markus Aspelmeyer,

Shiuh Chao, Stefan Danilishin and Hamed Sadeghian for useful comments and

collaborations. We would like to thank the LIGO Scientific Collaboration and its

142



5.4. DISCUSSION

Optics Working Group for collaboration and reviewing this manuscript. This research

was supported by the Australian Research Council (Grants No. DP17010442 and

No. CE170100004).

143



CHAPTER 5. WHITE LIGHT SIGNAL RECYCLING WITH A LOW
NOISE OPTOMECHANICAL FILTER

144



Chapter 6

Experimental realisation of

cat-flap resonators

Preface

This chapter is based on recent work regarding the experimental realisation of cat-flap

resonators undertaken at the University of Western Australia. PhD student Benjamin

Neil has fabricated microscopic cat-flap resonators based on crystalline AlGaAs

coatings produced by Garrett Cole of Crystalline Mirror Solutions. Postdoctoral

researcher Xu Chen in collaboration with National Tsing Hua University of Taiwan

has produced a silicon cat-flap resonator suspended by a silicon nitride membrane.

They have measured the frequency and Q-factor of a set of modes for these resonators.

My role in these experiments was loss characterisation, mechanical design and analysis

of the results.

6.1 Loss mechanisms in microresonator experiments

Optomechanical enhancement of gravitational wave detectors requires a mechanical

component with extremely low noise coupling to the signal beam. Throughout the

course of this thesis, the properties of microresonators composed of low loss materials

have been studied. We have determined the design requirements for a microscale

cat-flap pendulum under the influence of quantum, thermal and high optical power

noise sources. The next step is to characterise the cat-flap resonators to see if they

have the desired frequency and dissipation response in high power optical springs.

This section describes the loss mechanisms that are relevant in the experimentation

of prototype cat-flap resonators.
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6.1.1 Recoil loss

Recoil loss is an important mechanism to consider for resonators connected to a lossy

support structure. When a pendulum is attached to a support structure, the motion

of the pendulum will induce a recoil in the support. This causes energy transfer

and loss from one mode to the other. The amount of energy loss depends on the

resonant frequency difference and mass ratio [56]. Reducing the recoil loss was a

consideration in the design of gravitational wave test masses. It was shown that

certain pendulum designs in the parameter regime relevant to LIGO would have a

limiting recoil loss of the order of 108, which is not insignificant in the context of

high Q-factor optomechanics [188, 237].

Figure 6.1: Double mass spring system used to model recoil losses in mechanical
resonator systems.

Recoil loss can be modelled using a two mode mass/spring/damper harmonic

oscillator shown in figure 6.1. The force is applied to the second mass, and the

first mass represents the recoil motion of the support structure. The thermal noise

properties of these multi-stage pendulums was analysed by Saulson [56]. The coupled

equations of motion are:

m1ẍ1 = −k1x1 − γ1ẋ1 − k2(x1 − x2)− γ2(ẋ1 − ẋ2) (6.1a)

m2ẍ2 = k2(x2 − x1)− γ2(ẋ2 − ẋ1) + F (6.1b)

where m, k, γ denote the mass, spring constant and viscous damping as usual. These

equations can be solved in the frequency domain using matrix methods. Replacing m

with mass ratio µ = m2/m1, spring constant with resonant frequency ωi =
√
ki/mi
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and viscous damping with βi = γi/mi gives the real part of admittance [56]:

R(ω) =
m2 [ω6β2 + ω4(β2

1β2 + µβ1β
2
2 − 2β2ω

2
1) + ω2(β2ω

4
1 + µβ1ω

4
2)]

ω6 + ω4(β−1 2ω2
1 − 2µ(β1β2 − ω2

1)− µ2β2
2) + ω2(ω4

1 + 2µω2
1ω

2
2 + µ2ω4

2)
(6.2)

which is proportional to the power spectrum of the noise at the second mass according

to the fluctuation dissipation theorem. In the limit of ω � ω1, ω2, the m2β2 term

dominates, i.e. the response is dictated solely by the damping. However, for

intermediate frequencies and high-Q i.e. β2 � β1, 1, the dominant term reduces

to µ2γ1ω
4
2ω

4. This shows that the second pendulum acts as a low pass filter to

the properties of the first. At lower frequencies, we must be concerned with the

fluctuations introduced by the support. This is of even more concern if the support

structure has a low Q-factor. In the limit of high mass ratio, and when the support

structure has much higher damping than the resonator, the recoil loss can be

eventually shown to be [56]:

φrecoil, 2 = φ2 + φ 1 · µ
ω1 · ω3

2

(ω2
1 − ω2

2)
2 (6.3)

Thus, the most important concerns are the damping of the support, the mass ratio

and the frequency separation.

Cagnoli, et al. give a formula for the recoil loss limit of a high-Q pendulum

suspended from a steel A-frame [238]:

φrecoil =
mgφs
kL

(6.4)

where m, k, L are the mass, spring constant and length of the pendulum and φs is the

loss angle with respect to a force applied to the support and its displacement. For a

fused silica 3 kg test mass hanging by a 300 mm silica fiber from a steel A-frame,

they measured a value of k = 5 × 107 N/m and φ = 0.0043, which gives a recoil

limited Q-factor of 1.2× 108. The measured Q-factor of the pendulum was 2.3× 107,

which indicated that recoil loss was not the limiting factor.

6.1.2 Anchor loss

Anchor loss is a very general term describing many loss contributions from the

attachment point. For example, there is the recoil mechanism mentioned above, as

well as stick-slip friction losses. While recoil loss can technically be termed as anchor

loss, the term “recoil loss” will be reserved for the mechanism described in section

6.1.1 that scales with the mass ratio and frequency separation of the resonator and

support. This section will describe the mechanism where the vibration of a cantilever

147



CHAPTER 6. EXPERIMENTAL REALISATION OF CAT-FLAP
RESONATORS

Figure 6.2: Anchor loss models used in derivations throughout this section. Left :
Model used by Cross and Lifshitz [239]. The nomenclature is from thermal noise
MEMS design. For the initial anchor loss calculations by Jinbo and Itao [240], both
components are infinite in the z-direction and only one side is supported. For Cross
and Lifshitz’s model, both ends are supported, and are of the same finite width in the
z-direction. Right : Model used by Photiadis, Judge, et al. [241, 242]. The support
can be a thin plate or have large thickness, but is infinite in other dimensions.

creates a force and torque at the support point. This force then excites waves in the

support, with the mode structure based on some frequency dependent admittance.

It will be seen that the limiting Q-factor for large masses scales with the cantilever

geometry, whereas recoil loss scales with the mass ratio and becomes very small for

large support structures.

A first approximation of radiative anchor loss was given by Jinbo and Itao [240].

The model used was a semi-infinite 2d elastic structure consisting of a cantilever and

support, shown in figure 6.2. The model is assumed to be infinite in the z-direction,

and the support structure also is half-infinite in the x-y plane. The anchor loss limit

is then found to be:

φanchor ≈ 0.46

(
h

l

)3
E

Esupport

+O

(
h

l

)5

(6.5)

where E is Young’s Modulus. Further calculations would be carried out to bring

this model closer to the conditions used in microresonator experiments. Cross and

Lifshitz consider a resonator and support structure of finite thickness shown in figure

6.2. The thickness of both components is much less than the elastic wavelength,

unlike the model which produces equation 6.5. They consider x-y bending solutions

to the wave equation in the “bridge” of the mechanical system:

ψm(x, y, t) = χm(y)ei(kx−ωt) (6.6)

with ω = ωm + v2k2;ωm = πv/b, where v is the wave speed. Waves propagating from

the support reach the boundary of the attachment. Some waves are reflected and
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some are transmitted into the bridge. Expanding over orthonormal modes in both

components gives:

ψsup = χ
(v)
α eik

(v)
α x +

∑
β rαβχ

(v)
β eik

(v)
β x

ψm =
∑

m tαmχ
(v)
m eik

(v)
minx,

(6.7)

where km, χm are the wavenumber and orthonormal mode amplitude of the trans-

mitted wave into the bridge. Reflection and transmission coefficients are found by

integrating over orthonormal modes. It is assumed that the boundaries of the support

are stress free and have have zero displacement.

Their calculations eventually yield anchor loss angles for compression and in-plane

bending vibration:

φanchor ∼
h

l
(compression) (6.8a)

φanchor ∼
(
h

l

)3

(bending) (6.8b)

Hao, et al. [243] similarly model anchor loss in resonators where the support

structure and cantilever have the same width. They consider the mode shape in a

beam producing vibrations at the attachment point according to the mode amplitude

and flexural rigidity. Since the wavelength should be much larger than the thickness

they also treat the propagation as a 2D elastic wave. The support is a semi infinite

structure with finite width. From the displacement at the support they then obtain

the excitation shear stress and dissipated energy. The following loss angle for a

clamped-free resonator is given:

φanchor =
(βnχn)2 (1 + ν)Ψ

0.24(1− ν)

(
h

l

)3

(6.9)

where βn, χn are mode propagation and shape factors, which are 0.597 and -0.734

respectively for a clamped/free cantilever n=1 mode. Ψ is a function of the ratio of

longitudinal to transverse wave speed and is ∼ 0.336 for Poisson ratio 0.3.

For a long clamped/clamped beam, the loss angle is approximately:

φanchor =
(3− ν)(1 + ν) (βnχn)2

5.86

(
h

l

)3

(6.10)

with β1 = 1.5056, χ1 = −0.983. Using this principle, Photiadis and Judge [241] and

Judge, et al. [242] further refine the calculation of anchor loss by considering the

effects of the width of a cantilever attached to a semi-infinite support, the calculation

of which is outlined in the following. The Q-factor of the cantilever mode is evaluated

by considering the total energy versus the energy dissipated to the support. The
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thickness of beam is much less than the shear wavelength in the beam, allowing

Euler-Bernoulli theory to be applied. At the attachment point, motion is produced by

the force of the cantilever’s vibration mode. The reaction force applied is dependent

on:

Freact,z = Dψzzz(0), (6.11)

where D is the flexural rigidity Eh3w/12, ψ(z) is the modal displacement along the

beam and ψzzz = ∂3ψ/∂z3 is the shear force at the attachment point. Similarly, the

reaction torque is:

τreact,x = −Dψzz(0), (6.12)

where ψzz is the bending moment at the attachment point. The displacement at the

attachment point is assumed to be zero such that the mode shape of the cantilever is

not perturbed. The motion of the support at the attachment point is characterised

by an admittance response based on the force and torque:[
ψsup(0)

θsup(0)

]
=

[
A11 A12

A21 A22

][
Freact,z

τreact,x

]
. (6.13)

The excitation and response are characterised by a sum of orthonormal modes. Each

mode radiates some power characterised by the real part of the admittance:

Πn =
1

2

[
Re(A11)|Freact,n|2 + Re(A22)|τreact,n|2

]
+

1

2

[
Re(A12)

(
Freact,nτ

∗
react,n + F ∗react,nτreact,n

)]
, (6.14)

and the loss angle is obtained by the ratio of dissipated energy to total energy:

φanchor,n =
Πn

ωUn
, (6.15)

where Un is the total elastic energy. Thus, one needs the mode shapes ψn and the

admittance matrix in order to get the loss angle for the anchor loss. While the

mode shapes of a cantilever are well known, the admittance matrix depends on the

geometry of the cantilever and support.

When the thickness of the support is less than the elastic wavelength, the

properties of the support can be approximated with thin plate theory. The loss angle

is given as [241, 242]:

φanchor = 4
w

l

h2

h2
b

[
ρE (1− ν2

b )

ρbEb

]1/2

p (ν, kb/k) , (6.16)
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with

p (ν, kb/k) = α11β
2
n − 2α12ν

kb
k

+ α22

(
kb
k

)2

. (6.17)

The subscript b denotes properties relating to the support. αij(ν) is a dimensionless

first order function of Poisson’s ratio and k is the area flexural wavelength. βn = 0.6

for the n=1 mode of a clamped-free cantilever. The α11 term corresponds to

monopole radiation excited by the shear force from the cantilever modes. Likewise

α22 corresponds to dipole radiation excited by the cantilever torsion. If the cantilever

is very thin compared to the support, i.e. k � kb, the dipole and cross-coupling

radiation terms are made negligible, leaving only the monopole term. Making the

additional simplifications that the cantilever and support are fabricated from the

same material, and taking Poisson ratio ν = 0.3, a simple expression for the thin

plate support loss angle is given as [241, 242]:

φanchor = 0.95
w

l

(
h

hb

)2

. (6.18)

Using the same procedure, except with a semi-infinite bulky support, the anchor loss

is given as [241, 242]:

φ anchor ≈ 0.31
w

l

(
h

l

)4

(6.19)

For the intermediate regime, where the support is bulky compared to the cantilever

but still not significantly larger than the elastic wavelength, the loss angle given is

[241, 242]:

φ anchor ≈
w

l

[
A1

(
h

hb

)2

+ A2

(
h

hb

)5/2

+ A3

(
h

hb

)3
]

(6.20)

where Ai are functions of Poisson’s ratio. For ν = 0.3, A1 = 0.95, A2 = −0.65, A3 =

0.24.

These equations give the geometric considerations of clamping and attachment

loss. However, there may be other considerations, such as the clamping friction on

the attachment point, or center of percussion losses described in section 4.3.

6.1.3 Thermoelastic loss

Thermoelastic loss has been previously discussed as a limiting mechanism in the

optomechanical scheme for attaining white light signal recycling. Its influence must

be reduced by operating at the zero point of thermal expansion of a particular

material and/or at very low cryogenic temperatures. However, we must still consider

its effect in room temperature characterisation experiments. The expression shown
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in chapters 3 and 4 apply to a thin cantilever beam in bending with most of the

energy concentrated into one mode. Lifshitz and Roukes give an exact expression for

thin Euler-Bernoulli beam bending [172]:

φTED =
Eα2T

Cp

(
6

ζ2
− 6

ζ3
· sinh(ζ) + sin(ζ)

cosh(ζ) + cos(ζ)

)
, (6.21)

with

ζ = h

√
ωCp
2κ

. (6.22)

This differs by only a few percent from Zener’s theory, for thin beams with ζ < 10.

6.1.4 Surface loss

Surface loss is caused by defects on the surface that dissipate energy, whether by

contaminants, damage, oxidation or other reactions. Surface defects produce high

stress concentrations that dissipate energy. The energy lost versus energy stored will

depend on the surface to volume ratio and some characteristic depth that depends

on the substrate material and type of defect. For monocrystalline cantilevers with

sub-micron thickness, Yasumura et al. [244] give an expression for surface loss that

can be fitted from experimental measurements:

φsurface =
2δ(3w + t)

wt

ES

E
φS (6.23)

where δ is the characteristic thickness of the surface layer. ES and φS are the

characteristic Young’s modulus and loss angle of a particular defect type. For wide,

thin cantilevers with t� w, a reduced expression is given as [244]:

φsurface =
6δ

t

ES

E
φS. (6.24)

6.1.5 Gas damping

Residual gas inside a vacuum tank will damp a resonator’s motion. It is important

to begin a vacuum experiment characterising the resonator’s quality factor vs tank

pressure, and confirm that the Q-factor of the resonator is not limited by the pressures

attainable in the experiment. Gas damping of a flexural resonator is given by [180]:

φgas =

(
2πfnη

4Pg

√
RgasT

2Mair

)
(6.25)
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where fn is the frequency of vibration, η is the mass density normal to vibration,

Pg is the gas pressure, Rgas = 8.314 J/(mol·K) is the universal gas constant and

Mair = 0.02898 kg/mol is the molar mass of air. For tabletop microresonator

experiments, we typically need about 10−3 mbar to avoid gas damping, which is

easily achievable with a small turbomolecular pump.

6.2 Aluminium Gallium Arsenide cat-flap resonator

Figure 6.3: Silicon mask used for cat-flap characterisation experiments. Crystalline
AlGaAs coating is patterned onto the back of the windows. The Q-factor of each
window’s membrane mode was measured, and then individual window membranes
are cut into cantilevers and cat-flaps [245]. The photograph shows the chip, which
was fabricated by wet etching courtesy of National Tsing Hua University, Taiwan
[246].

The work detailed in Chapter 5 showed that the thermal noise requirements of

producing a working white light signal recycling (WLSR) interferometer are extreme.

To meet these requirements, it is necessary to produce an extremely small resonator

that minimises internal mode coupling to high power optical springs. Due to the size

requirements of the order 30-50 µm, we proposed to construct the optomechanical

component solely out of crystalline Al0.92Ga0.08As/GaAs dielectric coating, referred

to as AlGaAs coating in short. These coatings have extremely high reflectivity

to 1064 nm light, with total transmissivity + losses of the order of 6 ppm for a

6 µm thick coating [176, 177, 216], and 1064 nm absorption of less than 1 ppm

[176]. In general, III-V semiconductors have a zero point of thermal expansion at

cryogenic temperature, which for AlGaAs is at 55 K [213] and 12 K [216]. However,

dielectric coatings have high mechanical loss compared to silica, silicon, sapphire

etc. AlGaAs coatings minimise the mechanical loss contribution by using bilayers

with a similar atomic structure and low lattice mismatch at the interface. The
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quality factor is approximately 2− 4× 104 at room temperature and 5× 105 at liquid

helium temperatures [177]. For cat-flap resonators, this is an acceptable tradeoff, as

it allows us to construct small resonators where we can minimise the thermoelastic

contribution of the whole structure by cooling to the zero point of thermal expansion.

For the cat-flap experiment, AlGaAs coatings were deposited onto a silicon mask

with an array of windows, shown in figure 6.3. Each window acts as its own membrane

resonator. Eventually, the AlGaAs coating was cut into various types of resonators -

membrane, cantilever and cat-flap. UWA Postdoctoral researcher Xu Chen designed

the chips that house an array of membranes, which were fabricated at National

Tsing Hua University, Taiwan, and Crystalline Mirror Solutions, USA. PhD student

Benjamin Neil cut the membranes using Focused Ion Beam machining at the UWA

Microscopy facilities, set up the optical bench and measured the frequency and

Q-factor properties of the resonators. I analysed the anchor loss properties of the

experimental setup, drafted a designs for a clamp and surveyed the loss properties of

the resonators that were constructed throughout the experiment.

6.2.1 Finite Element Analysis

Some preliminary modelling of the AlGaAs cat-flap and experimental setup was

performed using the finite element analysis software COMSOL Multiphysics 5.3 [218].

This was done to test for internal modes and possible clamping or recoil loss that

would be unforseen from simple calculations.

The solid model used to simulate anchor loss is shown in figures 6.4 and 6.5.

The model is simplified to two dimensions. The mirror is 6 µm thick, and its side

length is varied from 20 µm for the design in chapter 5, to 300 µm. A large support

structure is simulated by using the spherical part with fixed boundary conditions

on the outer perimeter. This is meant to simulate the AlGaAs coating membrane

patterned onto the back of the silicon mask.

The Perfectly Matched Layer (PML) is highlighted in figure 6.4. Any waves

which radiate from the cat-flap resonator into the support reach the PML and are

attenuated, which is used to simulated radiative anchor loss [219]. The mesh is also

shown in figure 6.4. There is a preliminary layer before the PML that is used to

transition from a free triangular mesh into a mapped radial mesh. This is because

PML elements require normal incidence to provide complete attenuation. The mesh

for the cat-flap resonator is shown in figure 6.5, showing the fine detail needed

in the hinge. The analysis uses the Solid Mechanics interface with the averaged

mechanical properties of crystalline AlGaAs coating [83], including loss angle of

4× 10−5, equivalent to Q-factor of 25,000.
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Figure 6.4: 2D model of a cat-flap resonator. The blue highlighted section is a
Perfectly Matched Layer used to simulate anchor loss. The layer before the PML is
used to transition the mesh from free to mapped.

Figure 6.5: Element meshing of the cat-flap resonator in the hinge

The results are shown in figure 6.6. It is seen that radiative anchor loss increases

for cat-flap resonators with smaller mirrors and shorter hinges. This is consistent

with the formulation in section 6.1.2 that shows anchor loss decreasing versus the

length of a beam resonator. For larger mirrors and longer hinges, the Q-factor of
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Figure 6.6: Quality factor of the fundamental mode versus length of the hinge, for
various cat-flap mirror sizes. For small mirrors, there is seen to be some coupling
into the supporting structure for short hinge lengths. However, this is not enough to
account for the low quality factors that are seen in section 6.2.2.

the fundamental mode approaches that of the material Q. This simulation does not

model effects that scale with the width of the hinge, which is shown to affect anchor

loss in section 6.1.2, nor does it effectively account for the modes of a 3-dimensional

suspension. However, it does provide a quick estimate of radiative losses that depend

on the length and thickness, and show that they are not overwhelming for cat-flap

resonators of the size to be constructed for the experiment.

Figure 6.7: Free body modes of the silicon mask. Solid model courtesy of Xu Chen
[247].

Recoil loss may occur from coupling to the modes of the support structure. The
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Figure 6.8: First modes of the silicon mask clamped at a 1 mm × 1 mm point in
the corner.

Figure 6.9: Modes of the silicon mask closest to the 1160 µm membrane resonance
of 32 kHz. The intent was to design nodal clamping for the chip resonances around
the membrane mode of the largest window, which would supposedly be the easiest
to measure for cantilever and cat-flap experiments.

Figure 6.10: Modes of the silicon mask clamped at three points

free body modes of the silicon chip are shown in figure 6.7. The silicon chip can be

clamped at a single point in the corner, and the resulting mode structure is shown

in figure 6.8.

For the vibrational mode of the membrane in the 1160 µm window, the resonant
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Figure 6.11: Eigenfrequencies of the silicon mask, some of which have been shown
in figures 6.7, 6.8 and 6.10. The lower graph plots the frequency separation of the
modes.

Figure 6.12: Three point clamping device for the sample chip. The clamp is
designed to fit in a 1 inch mirror mount
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Figure 6.13: First 6 vibrational modes of the front of the clamp shown in figure
6.12.

Figure 6.14: Vibrational modes of the front of the clamp shown in figure 6.12, and
the mode separations of each of these eigenfrequencies.

frequency is approximately 32 kHz. Free body modes of the chip closest to this

frequency are the 30.4 kHz mode shown in figure 6.7, as well as the two modes shown

in figure 6.9. Three point clamping may be used at three nodal points of the 32.1

kHz mode. With respect to x-y axes from the center of the chip, these are located

at (-6, -6), (-6, 6) and (6, -6), where the coordinates are in mm. Figure 6.10 show

the resulting mode shapes when this type of clamping is used. The combined results
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from this modelling are shown in figure 6.11. This shows that the mode spectrum

is quite dense with respect to possible membrane frequencies. Measurement of the

membrane Q-factors is necessary to see if the recoil losses are significant. In section

6.2.2 it will be seen that the small membranes have quite high quality factors even

in the presence of the chip mode structure shown in figure 6.8.

A three point aluminium clamping device was designed using SolidEdge ST8

[248] and is shown in figure 6.12. The back of the clamp fits into a 1 inch mirror

mount. The quarter-circle cut in the front of the clamp is intended to make inserting

and fitting the chip easier, and the rectangular cuts are used to align the chip to the

axis of the clamp. The vibrational mode structure of the front of the clamp is shown

in figure 6.14, and the chip mounted in the clamp is shown in figure 6.15.

Figure 6.15: Patterned silicon mask featuring AlGaAs cat-flap resonators. Reso-
nances are excited by a piezoelectric at the base of the clamp.

6.2.2 Characterisation of frequency and quality factor

Measurements of the frequency and quality factor of AlGaAs membranes, cantilevers

and prototype cat-flaps was performed by Benjamin Neil, who also refined the

fabrication process to minimise surface roughness and contaminant deposition [245].

The results are shown in table 6.1, and the properties of membrane and cantilever

resonators will be referred to in discussions about the loss of the prototype cat-flap

resonators.

The quality factors of the membranes range from 10,000–30000 across resonant

frequencies 40–400 kHz, which is consistent with the measured material Q-factor

of crystalline AlGaAs coatings at room temperature [177]. Considering the mode

160



6.2. ALUMINIUM GALLIUM ARSENIDE CAT-FLAP RESONATOR

Mode Type Frequency (Hz) Q-factor Notes
Membrane 444,222 8,500 310 µm × 310 µm
Membrane 270,119 11,200 400 µm × 400 µm
Membrane 666,979 29,500 250 µm × 250 µm
Membrane 118,766 12,600 640 µm × 640 µm
Membrane 41,016 11,082 1160 µm × 1160 µm

Bridge 449,872 10,101 195 µm long, 180 µm wide
Cantilever 111,106 3,950 200 µm long, 180 µm wide
Cantilever 124,332 3,744 190 µm long, 185 µm wide
Cat-flap 108,390 1,622 Hinge thickness 3.74 µm
Cat-flap 56,752 2,280 Hinge thickness 1.74 µm
Cat-flap 20,213 1,833 Hinge thickness 1 µm
Cat-flap 15,558 1,515 Hinge thickness 0.75 µm
Cat-flap 9,840 2,596 Hinge thickness 0.5 µm
Cat-flap 3,357 635 Hinge thickness 0.2 µm

Table 6.1: Measurements of resonant frequency and Q-factor for AlGaAs coating
resonators of various types and dimensions [245]. The membranes and cantilevers
all have a thickness of 5.8 µm. For the cat-flaps, the mirrors all have dimensions
approximately (190 × 190 × .5.8) µm, with hinges 5 µm long, 180 µm wide and
thickness listed.

density of both the clamping structure and the silicon mask shown in section 6.2.1,

it seems that recoil losses do not have a debilitating effect on the resonances of the

membrane modes. This is further supported in how there is no apparent trend in

Q-factor versus mass ratio of the membrane to the supports, and that the highest

Q-factor of 29,500 is obtained for the 667 kHz membrane mode.

Figure 6.16: Left: Cat-flap resonator with frequency 3.4 kHz and Q-factor 635
mentioned in table 6.1. Right: Hinge of the cat-flap resonator with frequency 3.4
kHz and Q-factor 635. The hinge shows gallium bubbles that rise to the surface
during the FIB process. Images courtesy Benjamin Neil [245].

When cut into cantilevers, the Q-factor decreases by a factor of approximately

3. The cantilevers are approximately as wide as they are long, so there may be
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significant radiative anchor losses. The clamped/clamped resonator is seen to have a

higher quality factor than the clamped/free cantilever.

The cat-flaps created from FIB machining are seen to have a significantly lower

quality factor than the membrane modes. Figure 6.16 shows the hinge of the cat-flap

resonator has bubbles which are deposited on the surface of the hinge during the

FIB process. These bubbles are created by the displacement of gallium ions from

the crystal lattice during the machining process. The inhomogeneities in the crystal

lattice can create both internal dissipation and surface loss.

6.2.3 Impact of losses in AlGaAs cat-flaps

Figure 6.17: Comparison of measured fundamental modes of cat-flap resonators
[245] with the fundamental bending mode of a clamped-free cantilever with an end
mass. In the case of the cat-flap resonators, they are considered to have a length
from the attachment point to the center of mass of the mirror.

The loss mechanisms described in section 6.1 largely refer to beam bending.

Young and Budynas give formulae for bending of cantilevers with end masses [178].

Comparison of the cat-flap modes with these bending formulae is given in figure 6.17.

For the purposes of these calculations, the cat-flap length is considered as the length

from the attachment point to the center of the mirror. Using these specifications,

the measured frequencies of the cantilevers are within a factor of 2 compared to the

predicted bending modes. There is a systematic underestimation of the bending

frequency using the mathematical model, which may be due to the fact that in the

model, the end mass is considered as a point mass. Still, the fundamental mode of
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the fabricated cat-flap resonators are seen to approximately follow the properties of

beam/cantilever motion rather than pendulum motion.

Figure 6.18: Survey of loss mechanisms in cat-flap resonators. The unconnected
dots show the experimental results [245]. Models used are the various anchor loss
models shown in section 6.1.2, the monolayer thermoelastic loss, two different models
of recoil loss used by Saulson and Cagnoli indicated in section 6.1.1 and two different
models of surface loss indicated in section 6.1.4. This model indicates that for the
particular experimental setup, the thin plate support approximation is the highest
contributor to anchor loss. However, most of the modelled loss sources are below the
material loss threshold of crystalline AlGaAs coatings.

A survey of loss mechanisms for the measured cat-flap loss angles is shown in

figure 6.18. The seven cat-flaps have suspension thickness ranging from 200 nm

to 3.7µm, with approximately the same mirror size of 200µm length and width,

5.8µm thickness. A comparison is made between various anchor loss models shown

in section 6.1.2. The thermoelastic loss is modelled assuming a monolayer that has

the average properties of AlGaAs coating. Recoil loss is shown for the Saulson model

[56], which is based on the frequency difference of the modes of the support and

resonator. The support is considered to be the front face of the clamp, with modes
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Figure 6.19: Survey of loss mechanisms including experimentally inferred surface
loss. The total modelled loss is the sum of all modelled losses in this graph, including
the material loss indicated by the dotted line.

shown in figure 6.14. Two of the seven cat-flaps have frequencies above that of the

first clamp mode, seen in figure 6.13. Given the mode structure shown in figure 6.14,

the mode separation is input as 100 Hz. For the rest, the difference is given between

the measured frequency of the cat-flap and the first mode of the clamp at 25 kHz.

The loss angle of the clamp is input as 0.001. The Cagnoli model [238] which is

based on the phase difference of the support and resonator displacement gives loss

contributions of approximately 10−15. The material loss of AlGaAs coatings was

measured by Cole, et al. [176, 177, 236].

The modelling shows that the thin-plate support anchor loss model shown in

section 6.1.2 produces the largest loss contribution for the cat-flap resonator/mounting

chip combination, but in the cat-flap/silicon chip system in this experiment the thin

plate and large support formulations produce similar results. At large thicknesses the

cat-flap resonator is similar to a cantilever, and the geometry-dependent radiative

losses become relevant. These become suppressed when the hinge is thinned to

sub micron thickness. Monolayer thermoelastic noise is shown to be not a concern
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for thin hinges at room temperature. However, multilayer effects may need to be

investigated [249].

Figure 6.20: Survey of loss mechanisms which may not contribute to the measured
loss of the AlGaAs cantilevers [245]. Models used are the various anchor loss models
shown in section 6.1.2, the monolayer thermoelastic loss, two different models of
recoil loss used by Saulson and Cagnoli indicated in section 6.1.1 and two different
models of surface loss indicated in section 6.1.4. Surface loss is extrapolated from
the experimental results of the cat-flap resonators.

Recoil losses are seen to possibly have an effect for high frequency cat-flaps (i.e.

thick hinges). However, the measurements for the high frequency membranes [245]

shown in table 6.1 may indicate that recoil losses are not as severe as the model

predicts.

For thin hinged cat-flap resonators, the clamping, recoil and thermoelastic losses

are all far below the material loss threshold. Despite this, the loss for the cat-

flap resonator itself actually increases with lower hinge thickness, with a factor of

10 increase in loss for 200 nm hinges compared to the supplied membranes. The

membranes patterned onto the silicon chip showed loss angles in accordance with the
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Figure 6.21: Survey of AlGaAs cantilever loss mechanisms including surface loss
inferred from the cat-flap resonators. The total modelled loss is the sum of all
modelled losses in this graph, including the material loss indicated by the dotted
line.

known material loss of AlGaAs coatings. It is implied that the extra loss is dominated

by surface loss caused by gallium doping from the focused ion beam machining process.

This is supported by literature in focused ion beam machining of semiconductors,

which show that machining with Ga+ ions introduces inhomogeneities into the target

material [250, 251, 252, 253, 254]. In particular, Ga+ focused ion beam machining

of gallium compound semiconductors shows Ga droplets forming on the surface of

the material [253, 254].

A simulation of AlGaAs machining with Ga-based FIB was performed by Koning

[255], which indicated that with the ion energies used to fabricate the samples a

penetration depth of 25 nm is expected. Using the formulations by Yasumura [244],

the loss angle contribution of the surface loss is found using this penetration depth

and assuming that the cat-flap with the thinnest hinge has loss dominated by surface

loss. This then allows extrapolation to cat-flap hinges of other dimensions.

The sum of important loss contributions is shown in figure 6.19. The total

modelled loss includes the thin plate anchor loss, frequency difference-based recoil
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loss, monolayer thermoelastic loss and surface loss extrapolated from experimental

results. The modelled loss is within a factor of 2 of the measured loss, but slightly

underestimates the loss for cat-flaps with large thickness. It is possible that there

are unaccounted recoil losses or multilayer thermoelastic effects.

In an attempt to further investigate the model versus the experiment, the loss

survey was repeated for the cantilever measurements. The comparison of loss sources

is shown in figure 6.20. Due to the high frequency of the cantilevers, the mode

separation for the purposes of recoil loss is assumed to be 100 Hz. The anchor loss

values once again show that the thin plate approximation is relevant in this regime

and is the largest loss contribution for cantilevers. Recoil and thermoelastic loss are

below the material loss but still significant. The total loss is is shown in figure 6.21.

The percentage deviations of the measured results from the model are 0.24, −0.058

and −0.071. These results reinforce the idea that surface loss effects are the major

contributor to the thinned cat-flap losses.

6.3 Silicon cat-flap resonator

Figure 6.22: Silicon cat-flap and teflon clamp. Photograph courtesy Xu Chen [247]

Another candidate material for cat-flap WLSR optomechanics is crystalline silicon.

It has extremely low internal dissipation, is generally compatible with cryogenics

and has a zero point of thermal expansion at 123 K. Due to its higher speed of
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sound, it is also less susceptible to acceleration loss than AlGaAs coating resonators.

However, it also has relatively high absorption at the 1064 nm laser wavelength

used in current GW interferometers, and its mechanical performance is limited by

1064 nm compatible coatings. It is possible to use amorphous silicon coating with 2

micron lasers, but such technology is less established than common Nd:YAG lasers.

The silicon cat-flap resonator was fabricated by an etching process shown in

chapters 3 and 4 and is shown in figure 6.22. The mirror is suspended by a silicon

nitride membrane, which was chosen for its tensile strength and high quality factor.

The cat-flap resonator hangs from a long support structure, which is then attached

to a teflon clamp. The frequency and Q-factor measurements were measured by Xu

Chen using an optical lever [247].

6.3.1 Characterisation of frequency and quality factor

There are relatively few measurements for the silicon cat-flap resonator compared

to the AlGaAs cat-flap resonator. From finite element modelling,the fundamental

mode of the cat flap resonator is approximately 30 Hz, while the fundamental mode

of the long supporting section is approximately 550 Hz. A comparison of losses for

these modes is shown in table 6.2. The anchor loss and thermoelastic loss both do

not account for the measured quality factor. In contrast to the ion beam machined

hinges AlGaAs cat-flaps, wet etching should not have an effect on the silicon nitride

hinge. Recoil losses of the teflon clamp should also not be significant for the low

frequency cat-flap mode.

Mode Frequency Measured Q−1 Anchor loss Thermoelastic Total
Cat-flap n=0 27 Hz 0.004 4.0×10−6 7.1×10−12 4.0×10−6

Support n=0 752 8.3×10−4 2.4×10−6 1.1×10−5 2.5×10−6

Table 6.2: Comparison of losses versus measurements of the silicon cat-flap by
Chen [247].

One mechanisms that has not been discussed is that for both the SiN cat-flap

and AlGaAs cat-flap, the hinge is on the edge of the mirror rather than in the centre.

This imbalance causes tilting when the mirror is mounted vertically. The resulting

stresses may be responsible for surface loss in the resonators.

6.4 Discussion and future work

The construction of cat-flap resonators using FIB machining constituted an attempt

to test the properties of pure coating pendulums using facilities available at the
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University of Western Australia. However, it was seen that the loss angle of the

coating became successively degraded as the membrane samples were machined into

cantilevers, and further when machined into cat-flap resonators. Surface loss effects

are seen to be significant for the small cat-flaps. They may be compounded by the

fact that it is difficult to fabricate a resonator where the hinge is connected to the

center of the mirror. Instead, the mirror has a slight tilt when mounted vertically,

which can induce extra stress and energy concentrations at surface defects. The

conjecture of high surface loss is consistent with literature regarding FIB machining

with Ga+ ions. Possible solutions for this problem include gas assisted FIB machining

[253], or gold ion beam machining [254]. It is also necessary to investigate other

means of fabrication, for example, reactive ion etching.

In addition to the surface loss, some investigation into multilayer thermoelastic loss

is necessary. A theoretical framework is given by Vengallatore, et al. [249]. It should

also be possible to investigate the thermoelastic properties of multilayer coatings with

multiphysics finite element analysis software, producing a comprehensive analysis for

mirror dimensions, coating layer dimensions, and full frequency dependence.

Investigation into alternate forms of AlGaAs cat-flaps is necessary. Carbon

nanotube or graphene suspension, discussed in chapter 3, is another method. While

the quality factor of graphene may be low in bulk, it is still unclear how much the

suspension loss can be decreased by using a single layer of graphene or a tensile carbon

nanotube. However, fabrication of a robust array of carbon nanotube or graphene

monolayer suspended cat-flaps for testing is difficult. In late 2018, Matsumoto et

al. demonstrated a factor of 1000 optically diluted quality factor of a 7 mg mirror

suspended by a silica fiber, the mechanical frequency of which was raised from 4.4

Hz to 280 Hz [205]. The fiber had a diameter of 1 µm and length of 1 cm, and was

drawn with a heat and pull method described by Birks and Li [256]. While the

frequency regime in that experiment differs from what we are trying to achieve with

AlGaAs cat-flap resonators, it shows that high quality factors are indeed possible

using resonators with a large mass ratio between the mirror and suspension.
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Chapter 7

High frequency enhancement of

future detectors

Preface

This chapter covers miscellaneous calculations regarding the high frequency sensitivity

enhancement of future detectors, motivated by the author’s visit to the University of

Birmingham. The first section covers four photon calculations of the noise coupling

of an optomechanical negative dispersion filter to white light signal recycling. This

was carried out at the University of Birmingham under the supervision of Dr Haixing

Miao and discussions with PhD student Joe Bentley. The goal is to produce a first

order estimate of the optical and thermal loss coupling of the negative dispersion

filter ‘four photons’ to a simple Michelson, and eventually to a full interferometer

layout shown in [257].

The second section reviews an alternate model of thermal noise coupling in

a white light scheme with detuned signal recycling, outlined by Miao, Yang and

Martynov et al. [257]. This allows for significant compromise of low frequency

sensitivity in exchange for high frequency broadband enhancement at much lower

optical spring frequencies than given in chapter 5. Rather than work with the Q-

factor, we instead work with the displacement noise spectrum and couple this directly

into the optomechanical calculation program. I have performed these calculations

for silicon and AlGaAs cat-flap resonators for a significantly reduced optical spring

frequency. The calculations were performed from first principles and discussed with

Haixing Miao and Denis Martynov. However, I have kept the key difference in

that the cat-flap resonator’s size requirements should still obey acceleration loss

considerations. In the future, it would be desirable to see the results for photonic

crystal and whispering gallery resonators.
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The third section details miscellaneous calculations regarding the effectiveness of

white light signal recycling using cat-flap resonators in future detectors with long

arm lengths and/or cryogenic cooling. Considerations are given to arm length and

signal recycling configurations. The computational process was given by Haixing

Miao and is largely similar to that used by Miao, Yang and Martynov [257], with

the differences being the use of the cat-flap resonator in a coupled cavity, and some

different study outcomes. Signal recycling parameters and cat-flap resonator mass

and filter cavity optical loss is investigated, and parameters are chosen in the context

of providing the best integrated sensitivity to neutron star GW signals at 1–4 kHz.

7.1 Four photon model of the negative dispersion

filter

Chapter 5 shows the calculation of a white light signal recycling scheme using a

detuned negative dispersion filter. The frequency scheme is shown in figure 7.1, and

the sidebands shown will be referred to throughout this section in bold numbers.

The gravitational wave sidebands are detuned and acquire a phase delay that causes

destructive interference. This can in principle be cancelled by a filter cavity that

applies a negative phase, however, we require unstable optomechanics that can

introduce unwanted thermal noise. The resulting sensitivity curve for a white light

signal recycling interferometer was calculated using a computational transfer matrix

method that propagates all four sidebands throughout the interferometer. The goal

of this section is to carry out calculations of the four sideband propagation as well

as optical and thermal noise propagation to gain a qualitative understanding of the

noise coupling of the negative dispersion filter.

We begin from the two-photon input-output relations of a detuned Fabry-Perot

cavity:

~β =
1

C
[M~a+ ~Dh(Ω)] (7.1)

C = Ω2
[
(Ω + iγ)2 −∆2

]
+

∆ιc
2

(7.2)

M =

[
Ω2 (Ω2 + γ2 −∆2)− ∆ιc

2
2γ∆Ω2

−2γ∆Ω2 + γιc −Ω2 (Ω2 + γ2 −∆2)− ∆le
2

]
(7.3)

~D =

[
Ω∆

Ω(−γ + iΩ)

] √
2γιc
hSQL

(7.4)

This expression was derived in the two photon picture with the assumption that
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the detuning frequency Ω is with respect to the carrier ω0. However, when we move

into the filter cavity, we are instead detuned by ωm ± Ω. To get a two-photon input

output relation for the filter cavity, we must work in the sideband picture and then

construct an appropriate input output matrix for the sidebands. The detuned cavity

relations in the sideband picture can be constructed from the transformation:[
β+(Ω)

β†−(Ω)

]
=

1√
2

[
1 1

−i i

][
β1(Ω)

β2(Ω)

]
(7.5)

and likewise for the input α̂ operators. For now, we ignore the noise part ~β =
M

C
~α,

and transform into the sideband picture.

Figure 7.1: Four sideband picture of the negative dispersion filter. The gravitational
wave signal sidebands around the interferometer carrier are denoted by 1 and 2.
These then enter a detuned cavity with pumping ω0 + ωm. Radiation pressure
interaction produce noise sidebands at frequency ω0 + 2ωm, denoted 3 and 4.

Expanding and collecting like terms gives:

β+ =
1

C

[(
−ιc∆

2
− γ2Ω2 + ∆2Ω2 − Ω4 + i

ιcγ

2
− 2iγ∆Ω2

)
α+ +

iιcγ

2
α†−

]
(7.6)

Dividing through with Ω2/Ω2 and noting that C/Ω2 = Ω2 + 2iγΩ− γ2−∆2 + ∆ιc
2Ω2

allows factorisation of a -1 term in the α̂+ coefficient. The end result is [140]:
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β+(Ω) =

{
−1 +

2iγ
(
−iγ + ∆− Ω− leγ

4Ω2

)
(γ − iΩ)2 + ∆2 − ∆ιc

2

}
α+(Ω) +

tγιc
2Ω2

(γ − iΩ)2 + ∆2 − ∆ιc
2

α†−(Ω)

(7.7)

This transfer function is equivalent to:

β+(Ω) = T+(Ω)α+(Ω) + T−(Ω)α†−(Ω), (7.8)

or in terms of the electric field envelope:

Eout(Ω) = T+(Ω)Ein(Ω) + T−(Ω)E∗in(−Ω). (7.9)

The change to negative frequency notation in the electric field picture is a

shorthand for denoting the absolute frequency ω0 − Ω by the gravitational wave

signal −Ω. For the sideband operator, α†−(Ω) = α−(−Ω). For the lower detuned

sideband, the transfer function is similarly found to be:

β†− =
1

C

[(
−ιc∆

2
− γ2Ω2 + ∆2Ω2 − Ω4 − iιcγ

2
+ 2iγ∆Ω2

)
α†− − i

ιcγ

2
α+

]
(7.10)

Since the optomechanical transfer matrix M is a unitary operator M(−Ω) =

M(Ω)∗, it can be seen that:

β†−(Ω) = T ∗+(−Ω)α†−(Ω) + T ∗−(−Ω)α+(Ω) (7.11)

When we switch to the negative dispersion filter reference, we have to work with

the frequency regime shown in figure 7.1. Thus, we aim to find out the transfer

functions T+(ω), T−(ω) for the four sidebands detuned by ω = ± (ωm ± Ω) from

the filter pump frequency ω0 + ωm. We can then use equations 7.8 and 7.11 with

argument ω = ωm ± Ω to recast the transfer matrix into one that transforms into

the two photon picture with respect to the interferometer carrier.

To begin with, note that:

ιc
Ω2

= 4~g2 1

mΩ2
= −4~g2

χfree

(7.12)

which can be replaced with χmech(Ω) = −1/m(ω2
m − iγmΩ − Ω2) for a general

optomechanical system with a harmonic oscillator end mass, or χmech(ω) for the

negative dispersion filter. The original derivation of the detuned cavity transfer

function assumed an effective free mass such as a LIGO-type suspended mirror, while

now we are using a device where the damping and mechanical resonance cannot be
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ignored.

Substituting χ(−Ω− ωm) into T−(−ω − ωm), multiplying through by
1/(γωm)

1/(γωm)
and assuming γm is extremely small in a high-Q mechanical resonator eventually

gives, for the lower transfer function of the sideband 1 shown in figure 7.1 [140]:

T−(−Ω− ωm) =

4iγ opt γ
1

γωm
(γ2 − 2iγ (−Ω− ωm)− Ω2 − 2Ωωm) (−Ω2 − 2Ωωm) + 4γ opt ωm

(7.13)

In the resolved sideband regime Ω� (γ, ω)� ωm, the surviving terms in this

transfer function are 4γoptωm − 4iΩωm. The transfer function becomes:

T− (−ω − ωm) =
iγγ opt

γ opt ωm − iΩωm
= − γ

ωm

γopt
Ω + iγopt

. (7.14)

Qualitatively, the sideband 1 enters the negative dispersion filter and acquires a

noise contribution of the order γ/ωm from the sideband 2. In the resolved sideband

limit, we can suppress this cross coupling by a factor of ∼ 10−2 for an optomechanical

filter with a high finesse and mechanical resonance. The T− expressions for the other

sidebands will be seen to have the same magnitude but differing phase.

Obtaining the expression for T+(−Ω − ωm)is somewhat more convoluted. Ex-

panding and keeping the highest order terms gives:

T+ (−Ω− ωm) =
−4γ2γoptωm + 4γΩω2

m + i (−2γ2Ωωm − 4Ω2ω2
m − 4γγoptω

2
m)

4γΩω2
m + i (4γγoptω2

m)
(7.15)

The iγopt term is approximately two orders of magnitude larger than the other i

terms in the expression, and the imaginary parts in the numerator and denominator

are much larger than the real part. The ω2
m term is the larger real term in the

numerator. Multiplying through by
1/(4γω2

m)

1/(4γω2
m)

gives:
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T+ (−Ω− ωm) =
Ω− iγopt

Ω + iγopt

− γoptγ/ωm
Ω + iγopt

=
sin(φ)− i · cos(φ)

sin(φ) + i · cos(φ)
− γoptγ/ωm

Ω + iγopt

; tan(φ) =
Ω

γopt

= −e2iφ − γ

ωm

γopt

Ω + iγopt

. (7.16)

From equation 7.11, the transfer function for the sideband 1 is the complex

conjugate of this expression, hence we see that the input lower sideband operator α̂†−

acquires a negative phase from the filter plus a γ/ωm resolved sideband dependent

noise term. We will see that the sideband at frequency Ω−ωm also acquires a negative

phase. In the regime that γopt > Ω, the noise term is largely imaginary, indicating

an imperfect phase cancellation. It may be possible to adjust γopt to achieve the

desired phase cancellation if operating in a non-ideal regime. For example, we can

adjust γopt =
4I0ω0

mcLωmγ
by varying the filter cavity pumping power.

The full set of transfer functions for the four sideband frequencies are shown

in table 7.1. The noise sidebands 3 and 4 are reflected with an imperfect phase

contribution. We will eventually see that they have a noise contribution to the

gravitational wave sidebands that is first order in the resolved sideband parameter

γ/ωm.

ω T+(ω) T−(ω)

−Ω− ωm −e2iΩ/γopt − γ

ωm

γopt

Ω + iγopt

− γ

ωm

γopt

Ω + iγopt

Ω− ωm −e−2iΩ/γopt +
γ

ωm

γopt

Ω− iγopt

γ

ωm

γopt

Ω− iγopt

ωm − Ω −1− γ

ωm

γopt

Ω + iγopt

− γ

ωm

γopt

Ω + iγopt

ωm + Ω −1 +
γ

ωm

γopt

Ω− iγopt

γ

ωm

γopt

Ω− iγopt

Table 7.1: Transfer functions for the sidebands shown in figure 7.1, with respect to
the negative dispersion filter tuned to frequency ω0 + ωm

To be able to find the total noise of the system at the photodetector, we must

transform back into the two photon basis, obtaining a transfer matrix with the

following basis vector:

176



7.1. FOUR PHOTON MODEL OF THE NEGATIVE DISPERSION
FILTER


β1(s)

β2(s)

β1(n)

α2(n)

 = Mopt


α1(s)

α2(s)

α1(n)

α2(n)

 . (7.17)

In this representation, “s” and “n” are shorthand notation. “s” refers to the

signal quadratures around frequency ω0 while “n” refers to the noise quadratures

introduced by the filter cavity around ω0 + 2ωm. However, the transfer functions

shown in table 7.1 are for β+(ω) centered on the filter cavity pump frequency. Taking

note of equations 7.8 and 7.11, this is represented by the following basis and transfer

matrix: 
β†− (ωm + Ω)

β†− (ωm − Ω)

β+ (ωm − Ω)

β+ (ωm + Ω)

 = Topt,filter


α†− (ωm + Ω)

α†− (ωm − Ω)

α+ (ωm − Ω)

α+ (ωm + Ω)

 . (7.18)

with

Topt,filter =


T ∗+(ωm + Ω) 0 0 T ∗−(ωm + Ω)

0 T ∗+(ωm − Ω) T ∗−(ωm − Ω) 0

0 T+(ωm − Ω) T−(ωm − Ω) 0

T+(ωm + Ω) 0 0 T−(ωm + Ω)

 (7.19)

To transform into the two photon picture around the interferometer carrier frequency,

we must first manipulate the four sideband transfer matrix to work in the following

basis: 
β†− (ω0 − Ω)

β+ (ω0 + Ω)

β†− (ω0 + 2ωm − Ω)

β+ (ω0 + 2ωm + Ω)

 = M opt


α†− (ω0 − Ω)

α+ (ω0 + Ω)

α†− (ω0 + 2ωm − Ω)

α+ (ω0 + 2ωm + Ω)

 , (7.20)

where in this case the argument of the operators refers to the absolute frequency.

Here we have two signal sidebands around ω0, and two signal sidebands around

ω0 + 2ωm. We can then produce the required result by using:
α1 (ω0 − Ω)

α2 (ω0 + Ω)

α1 (ω0 + 2ωm − Ω)

α2 (ω0 + 2ωm + Ω)

 =
1√
2


1 1 0 0

i −i 0 0

0 0 1 1

0 0 i −i




α†− (ω0 − Ω)

α+ (ω0 + Ω)

α†− (ω0 + 2ωm − Ω)

α+ (ω0 + 2ωm + Ω)

 . (7.21)
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From equations 7.18, 7.8 and 7.11, the required transfer matrix is:
β† (ωm + Ω)

β+ (Ω− ωm)

β†− (Ω− ωm)

β+ (ωm + Ω)

 = Topt,ifo


α† (ωm + Ω)

α+ (Ω− ωm)

α†− (Ω− ωm)

α+ (ωm + Ω)

 . (7.22)

with

Topt,ifo =


T ∗+ (−Ω− ωm) 0 0 T ∗− (−Ω− ωm)

0 T ∗∗+ (Ω− ωm) T ∗∗− (Ω− ωm) 0

0 T ∗− (Ω− ωm) T ∗+ (Ω− ωm) 0

T− (ωm + Ω) 0 0 T+ (ωm + Ω)


(7.23)

Using the transfer matrices in table 7.1 eventually gives:
β1(s)

β2(s)

β1(n)

β2(n)

 =


−e−2iΩ/γopt i γ

ωm

γopt
Ω−iγopt 0 −i γ

ωm

γopt
Ω−iγopt

−i γ
ωm

γopt
Ω−iγopt −e−2iΩ/γopt −i γ

ωm

γopt
Ω−iγopt 0

0 −i γ
ωm

γopt
Ω−iγopt −1 i γ

ωm

γopt
Ω−iγopt

−i γ
ωm

γopt
Ω−iγopt 0 −i γ

ωm

γopt
Ω−iγopt −1



α1(s)

α2(s)

α1(n)

α2(n)


(7.24)

This again shows the imperfect noise cancellation effects. Note that the zero terms

in the matrix are really of second order smallness in the resolved sideband parameter.

The transfer matrix shows that the signal sideband components ~a(s) acquire the

negative dispersion term e−2iΩ/γopt , while the noise sidebands at ω0 + 2ωm exit with

no phase change in the diagonal terms. First order cross-coupling occurs between

the conjugate quadrature of both the signal and noise sidebands - i.e. the signal

amplitude quadrature has first order coupling to both the signal and noise phase

quadratures.

7.2 Displacement noise budget and noise coupling

of cat-flap resonator unstable filters

Chapter 5 shows the sensitivity of a white light signal recycling interferometer using

a transfer matrix program featuring full propagation of the four sidebands described

above. The calculation begins with the free space coupling of intracavity photons
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and thermal noise to the end mirror in an optical cavity:

~areflect =

 1 0
8I0ω0

c2
χmech(ω) 1

~aincident (7.25)

~vth =

√
8I0ω0

~c2
χmech(ω)

[
0

1

]
F̂th. (7.26)

Casting these interactions in terms of the mechanical response was shown in section

2.7. Optical loss can be modelled as uncorrelated vacuum entering through the end

mirror with a small transmissivity
√
ε. The optical cavity properties then get built

up with feedback.

In the negative dispersion filter, we are looking at the four sidebands ω =

±(ωm + Ω). The Q-factor of the resonator enters through the χmech dependent

thermal force response, which in the case of the filter is the harmonic oscillator

response. Since the bandwidth of the mechanical resonance is much smaller than the

signals of interest, γm � ω,Ω, the off resonant motion of the mechanical oscillator

will be the main mechanical noise source that imparts noise onto the light.The

approach described in chapter 5 is to use high Q-factor optomechanics to damp the

off-resonant thermal motion. An alternative approach outlined by Miao, et al. [171]

is to work with the displacement noise spectrum of the oscillator directly, such that:

~vth =

√
8I0ω0

~c2

[
0

1

]
Sth(ω). (7.27)

The difference in these assumptions is the nature of the mechanical damping and

noise. The approach shown by Miao et al. in 2015 [171] and Page et al. [258]

assumes viscous damping of the optomechanical component γm = ωm/Qm, whereas

the approach by Miao et al. in 2018 [257] uses a sum of noise curves characterised

by the structural damping φ = 1/Qm.

An overview of noise sources in optomechanical experiments was given in chapter

1, and a detailed summary in the context of gravitational wave detection can be read

in Harry, et al. [78]. The following sections describe the noise sources that are used

in the calculation of the noise spectrum of the cat-flap resonator.

7.2.1 Radiation pressure noise

High power optical springs produce quantum radiation pressure noise that is depen-

dent on the optical loss of the system. In a single-sided optical spring, feedback can

be used to damp this noise [201], but some force noise will still remain, which is
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given as [257]:

Srad
FF (Ω) =

2~mω2
opt

(∆opt/γos)

[
ε

Topt

+ (1− η) +
Ω2

γ2
os

(∆opt/γopt)
2

(1 + (∆opt/γos)2)2

]
, (7.28)

where ∆opt is the optical spring cavity detuning, γos is the optical spring cavity

bandwidth, ε is the round trip optical loss of the optical spring cavity and η is the

photodiode quantum efficiency.

The cat-flap resonator is designed for mounting in a coupled cavity. The sloshing

of light between the two cavities allows destructive interference to cancel the radiation

pressure noise. The remaining back action force noise depends on the vacuum entering

as optical losses [174]:

Srad
FF =

~Ptrap(ω0 + ∆opt)

8c2Ts

ε

Topt

+O(ε2), (7.29)

where ωs = c
√
Ts/2LOS is the sloshing frequency of the optical spring cavity controlled

by the sloshing transmissivity Ts. The coupled cavity maintains an advantage in

that it doesn’t require active feedback to reduce the radiation pressure noise. It also

allows for ∆opt = ωs to control the optical spring dynamics.

7.2.2 Brownian noise

Brownian noise arises from the sum of orthonormal internal modes of a resonator

coupling to the material loss angle. It is separable into coating and substrate contri-

butions, though in the context of optomechanics and gravitational wave detection it

arises almost entirely from the coating contribution. The brief description in chapter

1 gave the Brownian noise imparted onto a Gaussian beam reflected from a half

infinite substrate. Raab and Gillepsie showed the calculation of Brownian noise in

the initial LIGO test masses using a sum of normal modes [259]. Later, Levin showed

a direct method for calculating the Brownian noise of any mechanical component

under the influence of an oscillating pressure [67]. This method calculates the ratio

of energy dissipated to maximum energy of deformation. The deformation imparted

by a Gaussian beam onto a finite cylindrical test mass of radius a and thickness h

was found by Bondu et al. [68], and later corrected by Liu and Thorne [69]:

SSBR =
4kbT

π2f
φ(f) (U0(a, h) + ∆U(a, h)) , (7.30)

where U0(a, h) and ∆U(a, h) are complicated functions of radius and thickness that

are given in the cited text. So long as the test mass does not become too thin, the
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correction is only about 10% compared to the infinite half-space evaluation shown in

Eq. 1.29. From Liu and Thorne, using a radius approximately equal to the thickness

is sufficient to fulfil this condition [69].

The coating also contributes Brownian noise, and typically for gravitational wave

test masses this will be much larger than the substrate Brownian noise, since the

coating has a much larger loss angle than the substrate material. For large cat-flap

resonators, however, we may use GaAs substrates due to the poor thermal properties

of silicon at cryogenic temperatures, so the substrate Brownian and coating Brownian

contributions may be similar. A detailed calculation of coating Brownian noise is

given by Harry, et al. [72] and Gurkovsky and Vyatchanin [260] for a finite sized

dielectric coating layer:

SCBr,j(f) =
2kbTφ

′
jdj

π2w2
mf

[
(1− ν ′j)(1− 2ν ′j)

Yj(1− ν ′j)
+
Y ′j (1− ν)2(1− 2ν)2

Y 2(1− ν ′ 2j )

]
, (7.31)

where ν is the Poisson ratio, the prime refers to properties of coating layers with

index j and unprimed refers to the substrate. Coating Brownian noise has a stronger

beam size dependence than substrate Brownian noise. Also, increasing the number

of coating layers increases the optical reflectivity, but contributes more to the coating

Brownian noise.

7.2.3 Suspension noise

Motion of the suspension produces a displacement noise floor that is given by [78]:

Ssus(Ω) =
4kbTω

2
pφp

m

1

Ω5
, (7.32)

where ωp and φp are the resonant frequency and loss factor of the pendulum mode.

The above assumes that the frequencies of concern are well above the pendulum

mode, and that we can ignore violin modes if they are of high Q-factor such that

their spectral lines are sufficiently thin. A full spectrum for pendulum thermal noise,

including the fundamental and violin modes, is given by Gonzalez and Saulson [261].

We assume that the violin modes of the cat-flap resonator are of sufficiently low

bandwidth that they can be effectively ignored.

7.2.4 Coating thermoelastic and thermorefractive (thermo-

optic noise)

Thermoelastic noise has been calculated for cat-flap resonators in chapters 3 to 5. In

those models, the calculation referred to the thermoelastic loss factor contribution
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from mechanical stress. In this calculation, we instead look at the displacement

noise induced by coupling of the coefficient of thermal expansion to temperature

fluctuations. The expansion of the coating layers produces a length change in the

optical path.

Temperature fluctuations in a dielectric coating also produce changes in the

refractive index. Depending on the material, the changes in refractive index can

produce a change in the optical path length that opposes the change induced by

thermoelastic fluctuation. This coherent cancellation of thermo-optic has been

modelled by Evans et al. [82], however, for this calculation we will ignore any

possible cancellation and simply sum thermoelastic and thermorefractive noise.

The coating thermoelastic noise is given by [78, 262, 263]:

SCTE(Ω) =
4
√

2(1 + ν)2

√
π

α2
effd

2kbT
2

w2
m

√
κρCf

αeff = αΛ

Λ = Λ = −ρ
′C ′

ρC
+
α′

2α

[
1 + ν ′

(1− ν ′) (1 + ν)
+
Y ′(1− 2ν)

Y (1− ν ′)

]
,

(7.33)

where, as for the coating Brownian noise, the primes mark the parameters of the

coating and the heat capacity C is in units J/(m3 ·K). The coating thermorefractive

noise is given by Braginsky [210]:

SCTR =
2kbT

2βeffλ
2

√
π3w2

m

√
κρCf. (7.34)

The effective thermorefractive coefficient βeff is:

βeff =
1

2π

πn2
L (βL + βH) + βL (φc − sinφc) (n2

H − n2
L)

(n2
H − n2

L) (n2
H − n2

L) (n2
L + 1 + (n2

L − 1) cosφc)
(7.35)

where φc = 4πdcn/λ which refers to the phase change induced by the uppermost cap

layer. The subscripts H,L refer to the high and low refractive index components,

which are GaAs and Al0.92Ga0.08As respectively.

The coating thermoelastic noise can be reduced by cooling to the zero point

of thermal expansion of crystalline AlGaAs coating, which is approximately 15

K [176]. This is one advantage of constructing the resonator out of one material

or metamaterial. A silicon resonator with AlGaAs coating has the advantage of

extremely low substrate Brownian noise and easier bonding options for suspensions.

However, to minimise thermoelastic noise, the resonator has to be operated at the

zero point of thermal expansion of silicon 123 K [190]. Since silicon has an extremely

low heat capacity at liquid helium temperatures, the substrate thermoelastic noise
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becomes quite high, and cancels out the benefits of operating at low temperatures.

7.2.5 High frequency enhancement using the displacement

noise spectrum and detuned signal recycling

Detuned white light signal recycling was proposed by Miao, Yang and Martynov as

a means of compromising the thermal noise and mechanical resonance requirements

[257]. Detuning the signal recycling cavity allows for high frequency sidebands to

be enhanced,illustrated in figure 7.2. By choosing a low SRM transmissivity, we

can also create an optical sloshing to further focus on the high frequency sidebands.

However, this comes with an associated degradation on low frequency sensitivity. If

one is willing to focus only on high frequencies, it is possible to relax the optical

spring frequency requirement by up to a factor of 10 [257].

Figure 7.2: Illustration of the effect of detuned signal recycling on the GW signal
sidebands. The detuned SR cavity can resonantly enhance upper or lower sidebands,
which increases the bandwidth. However, there is a resulting drop in peak sensitivity
due to the effective detuning of the arm cavity.

The noise sources described in section 7.2, aside from the radiation pressure noise,

are in terms of the displacement power spectrum of the mirror surface averaged over

a Gaussian beam. Displacement of the mirror surface in the optical spring cavity

results in a radiation pressure force noise when multiplied by the optical spring

constant Kopt. These forces then couple to the response of the resonator around

the modified resonant frequency, producing a displacement noise power spectrum

centered on ωopt. The noise is shown in figure 7.3. Throughout this thesis, we have

been concerned with the acceleration loss effect that has been theorised to degrade
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Figure 7.3: Examples of cat-flap noise budget in an optical spring. The size is such
that it is consistent with acceleration loss requirements at the optical spring frequency.
The mirror is constructed of 6 µm crystalline AlGaAs coating on two opposite sides
of a GaAs substrate. The operating temperature is approximately 15 K, specifically
the zero point of thermal expansion of AlGaAs coatings [216]. Moving to a higher
optical spring frequency will result in slightly higher noises around resonance.

the Q-factor of high power optical springs. We will continue to assume that this is

a concern, and operate based on a T/Qm ∼ 10−9 requirement for detuned WLSR

[257].

The cat-flap resonator in this case is made much larger than the one described

in chapter 5. The lower optical spring frequency means much less internal mode

coupling. Having a larger size also relaxes the noises that are dependent on beam size.

It is also made of crystalline AlGaAs mirrors deposited onto a GaAs substrate. It is

assumed that the GaAs substrate has a low loss angle. GaAs resonators of Q-factor

106 have been observed for room temperature [264]. The Q-factor of AlGaAs coatings

improves by a factor of 10 with cryogenic cooling [177], so it is assumed that the

GaAs substrate follows the same trend. The loss angle for the coating uses the same

assumption as in chapter 5, that an improvement of 5 times the state-of-the-art is

possible.

The calculations shown in figure 7.3 are for a cylinder with 115 µm radius and

90 µm thickness, where the thickness includes crystalline coatings of 5.8 µm on both

faces. The calculations were performed with a cylinder to obtain a quick estimate

with available formulae, and a detailed analysis of Brownian noise will involve finite

element modelling combined with Levin’s method [67]. The resonator is kept at

the zero point of thermal expansion of AlGaAs coatings, approximately 15 K [216],

in order to minimise coating thermoelastic noise. The noise curve is dominated by

Brownian noises and radiation pressure noise from the optical spring trap. By Eq.

7.29, the residual radiation pressure noise is somewhat adjustable by changing the

input and sloshing transmissivity. However, the required trapping power increases

with the sloshing transmissivity. Brownian noise is reduced by not letting the mirror
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become too thin, in order to increase the frequency of the drumhead mode. A list of

trapping cavity parameters is given in table 7.2.

Symbol Name Value
a Radius 115 µm
h Thickness 90 µm
m Mass 20 µg

ωopt/(2π) Optical spring frequency 25 kHz
Ptrap Trapping power 83 W
Itrap Intensity 2.7 MW/cm2

Ts Sloshing transmissivity 750 ppm
εos Round trip loss 5 ppm
T Temperature 12 K
λ Trapping wavelength 1064 nm

Table 7.2: List of parameters for a GaAs cylinder with AlGaAs mirrors on both
flat faces, used for estimating cat-flap resonator noises with known formulae. A
rectangular prism shaped mirror may be easier to fabricate, if so, detailed calculations
of the thermal noises can be performed using energy/deformation methods in finite
element software.

The filter cavity is mounted in a setup shown in figure 7.4 and used by Miao,

Yang and Martynov [257]. This differs from the setup shown in Chapter 5 by the

continuity conditions at the signal recycling mirror. The closed port at the SRM

changes the overall quantum noise to a small extent. Additional optical losses in the

interferometer are considered compared to the calculations shown in Chapter 5. The

signal extraction mirror (SEM) is impedance matched to the ITM to allow greater

transmission of GW sidebands from the arm cavity to the signal recycling optics.

However, losses contained inside the SEM-ITM cavity are resonantly enhanced.

Due to the impedance matching effects, we consider the ETM-ITM cavity losses in

conjunction with the losses in the cavity containing the SRM (i.e. from the SEM to

filter cavity input). The arm cavity loss and signal recycling loss are combined into

one value, referred to as ETM to SRC loss. The loss inside the SEM-ITM cavity is

resonantly enhanced by a factor of TITM = 0.028 and is thus considered separately.

Output losses from the SRM to detection photodiode are also considered.

7.3 WLSR in future high frequency detectors

Current efforts in Australian GW detection are focused around optimising detection

of neutron star tidal effects in the 1-4 kHz range, in order to constrain the Equation

of State from binary coalescence spectra.

The following is a study of the bandwidth versus peak sensitivity of various future
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Figure 7.4: White light signal recycling featuring the optical output train used by
Miao, Yang and Martynov [171]. The fields coming from the interferometer and filter
combine at the tilted SRM. The closed port is required in order to not introduce
vacuum noise. Frequency dependent squeezed vacuum is introduced from the output
Faraday isolator. The signal extraction mirror is impedance matched to the ITM to
allow greater transmission of GW sidebands from the arm cavity, but also causes
resonant enhancement of optical loss inside the SEM/ITM cavity.

HF interferometers with cat-flap optomechanics and white light signal recycling.

The results are calculated with a computational method used by Miao, Yang and

Martynov [257]. This section is more focused on bandwidth effects versus signal

recycling parameters in WLSR interferometers. The curves calculated in this section

use 2 micron arm cavity optics, 200 kg test masses, 6 MW circulating power and 10

dB frequency dependent squeezed vacuum. Optical losses are kept low, as the intent

of this study is to focus on the peak and broadband sensitivities in the NS inspiral

range.

7.3.1 4 km interferometers

Integration of cat-flap optomechanics with white light signal recycling is possible

in 4 km intererometers. The WLSR enhancement schemes were investigated by

producing quantum noise curves for the WLSR interferometer and then finding

the integrated sensitivity from 1-4.5 kHz. Other sources of noise introduced by

the filter cavity configuration are included, namely, the filter cavity thermal noise,
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Figure 7.5: Integrated sensitivity from 1 to 4.5 kHz for 4 km cat-flap WLSR
interferometers with various signal recycling parameters.

filter cavity round trip optical loss (4 ppm) and signal extraction mirror losses (75

ppm). Arm cavity losses (ETM-ITM and SRC) are not included for the integrated

sensitivity calculations. Different signal recycling detunings and bandwidths are

considered. A plot of integrated sensitivity is shown in figure 7.5. It is seen that

the best result is obtained for a signal recycling detuning of 2500 Hz and signal

recycling transmissivity of 0.005. This regime provides significant optical resonance

from the three mirror sloshing effect, as well as enhancement of higher frequency GW

sidebands due to the SR detuning. However, the sensitivity of GW signals in the

100-1000 Hz range is quite poor compared to other modelled configurations. A similar

integrated sensitivity is obtained for the configuration with signal recycling detuning

2 kHz and transmissivity 0.025. These signal recycling regimes are compared in

figure 7.6, with the arm cavity loss (500 ppm) added to the total noise.

Two different effects of the signal recycling scheme work at once in this case.

First, the low transmissivity of the SRM compared to the ITM causes three-mirror

cavity sloshing effects, which creates an optical resonance within the NS inspiral

band. Second, detuned signal recycling causes one sideband to be resonant within

the signal recycling cavity. The optical spring effect from the detuned signal recycling

can also be seen on the quantum noise spectrum, but is largely unimportant for high

frequency detection.
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Figure 7.6: Comparison of WLSR schemes for various signal recycling detuning
and transmissivies. The WLSR curves take into account quantum noise, filter cavity
thermal noise, filter cavity round trip optical loss (4 ppm), ETM to SRM round
trip optical loss (500ppm), losses between the SEM and ITM (75ppm) and losses
between between the SRM and photodetector (1.5%). Noise from cryogenics, in
the manner demonstrated in [257], is not shown. Advanced LIGO and A+ design
sensitivities are overlaid in grey. The three coloured curves have approximately the
same integrated sensitivity across 1-4 kHz, but have different properties within the
interval. The magenta curve keeps 100-1000 Hz sensitivity, but the high frequency
noise increases at a lower threshold than for the two curves with higher detuning.
The peak sensitivities in the NS inspiral range for the three curves are 6.6× 10−25

Hz−1/2 for the magenta curve, 6.6×10−25 Hz−1/2 for the orange curve and 4.5×10−25

Hz−1/2 for the red curve. The red curve has a factor of 1.5 sensitivity improvement
versus the orange curve, which corresponds to a factor of 2.2 increase in rate of
detection.

7.3.2 Changing interferometer length

For a researcher who is solely interested in the neutron star equation of state science

case, one possible design is to use short interferometers with extremely high optical

power. This design philosophy sacrifices low and mid frequency peak sensitivity in

exchange for maximising returns in the NS band.

Longer interferometers are capable of transducing stronger gravitational wave

signals due to the increased strain in the long arms. At medium frequencies of

100-1000 Hz, the dominant noise source in the measurement is the coating Brownian

noise of the test masses. For longer interferometers, larger test masses are to be
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used to minimise clipping effects from diffraction. The larger test masses and longer

lengths have the addition advantage of increased beam size, which reduces the coating

thermal noise as per Eq. 7.31.

At high frequencies, disregarding bandwidth effects, the sensitivity contribution

of shot noise is improved with longer arm lengths. However, for long arms where the

gravitational wave phase delay Ωτ approaches 1, this assumption is no longer valid.

For an 8 km interferometer, Ωτ = 0.67, and the free spectral range is 18.75 kHz.

Figure 7.7: Integrated sensitivity versus length. The signal recycling parameters
are changed between each case to maximise the peak sensitivity and 4 kHz sensitivity.
The 4 km case is set to detuning 2.5 kHz and SRM transmissivity 0.019. Shorter
interferometers use less SR detuning since the arm cavity phase delay of GW signals
in short interferometers is smaller. Longer interferometers use increased SRM
transmissivity to allow better peak sensitivity, since the shot noise corner frequency
is more strongly dependent on arm length than SR parameters.

A comparison of the integrated sensitivity of WLSR interferometers versus length

is shown in figure 7.7. All curves use 2 µm lasers, 6.0 MW circulating power, 200

kg test masses and 10 dB frequency dependent squeezing, as well as the optical

losses used in figure 7.5. Similar considerations apply for 1064 nm at lower powers,

since the purpose of these calculations is to compare the effects of interferometer

bandwidth and noise coupling from the negative dispersion filter. Interferometers

below 4 km length have a steep dependence on length vs NS band sensitivity, but

the benefits diminish above 6 km length. Further elaboration is shown in figure

7.8. Longer interferometers have better peak sensitivity due to the larger signal, but

the 4 kHz sensitivity is worse for lengths of more than 6 km. The worse sensitivity

at the high end of the NS band is due to the GW sideband phase delay becoming
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Figure 7.8: Comparison of peak sensitivity in the NS band, and 4 kHz sensitivity
for various arm lengths of WLSR interferometers. Bandwidth effects cause the shot
noise corner frequency to drop below 4 kHz for longer interferometers.

increasingly large. The negative dispersion filter is only capable of cancelling the

phase delay for GW frequencies within the optomechanical bandwidth. The negative

dispersion transfer function is a first order approximation in Ω/γopt, and for longer

interferometers this approximation breaks down at smaller Ω.

7.4 Discussion and future work

Optimising the mass of the optomechanical component of the negative dispersion

filter requires balancing two competing effects contained in the calculation of the

total sensitivity curve. Decreasing the size of the resonator increases the displacement

noise of the resonator around the optical spring frequency. Most of the the surface

displacement noise sources in section 7.2 indirectly increase with smaller resonator size,

due to the dependence on beam size. However, it can be seen that the noise to signal

ratio shown in figure 7.9 improves with smaller mass. This is because the power within

the filter cavity is tuned to achieve the required optomechanical bandwidth, and the

required power depends inversely on the mass. The optomechanical susceptibility

for sidebands coming into the filter cavity is also different for cat-flap resonators of

differing mass.

There are some considerations that have not yet been factored in here, but will

be interesting for future work. The thermal noise of the cat-flap resonator in the

optical spring that has been calculated is composed mostly of fundamental sources -
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Brownian, quantum and thermoelastic. However, larger optomechanical resonators

may have problematic effects from optical power. The trapping power required to

produce a certain optical spring frequency in a coupled cavity is shown in chapter 3,

but will be restated here in the form given by Ni et al. [167]:

Ptrap =
mω2

optcλ

16π

√
Ts√

1− Ts
. (7.36)

Larger resonators require much more optical power to achieve the same optical spring

effect. The resonators used in figures 7.9 and 7.10 use masses ranging from 400 ng

to 20 µg, a factor of 50 change. While the absorption of crystalline AlGaAs mirrors

can be made to sub-ppm levels [176], this still represents a factor of 50 increase in

absorbed power. This has the possibility for photothermal effects in the coating

layers, as well as temperature gradients across the mirror and suspension. Cripe et

al. have successfully shown the optical spring effects of 50–500 ng crystalline AlGaAs

resonators with up to 220 mW circulating power [265, 266, 267, 268].

Figure 7.9: Strain sensitivity of noises from the filter cavity imparted onto the
signal sidebands. Thermal noise is shown for differing values of cat-flap resonator
mass. Two different values of filter cavity round trip optical loss are shown in the
graphs. The arm cavity loss of 500 ppm represents losses in the ITM/ETM and
SRC/SEM cavities, and is equal to the value used for figure 7.6. The signal extraction
loss represents losses contained inside the SEM/ITM cavity, where the base value
of 75 ppm is resonantly enhanced by a factor of TITM = TSEM = 0.028. The output
loss represents losses introduced from the signal recycling mirror to the detection
photodiode.

While smaller resonators require less optical power, they also have a problem

with mode matching, especially to a large interferometer. Currently, detailed analysis

of mode matching loss has been neglected. The degree of mode mismatch will be

more difficult to achieve for small sized resonators than for large resonators, and will

create an associated increase in optical loss of the system. To illustrate the scale of

the mode matching requirements, the size of the beam waist in the Advanced LIGO

output mode cleaner is approximately 500 µm and has a mode matching efficiency of
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Figure 7.10: Strain sensitivity for various cat-flap resonator masses, calculated
by summing the noises shown in figure 7.9. Quantum noise dominates over filter
thermal noise for most of the detection band. The curves on the left are for 4 ppm
filter cavity round trip loss, while the curves on the right are for 10 ppm round trip
loss.

approximately 95% in the Livingston detector [149]. The largest resonator detailed

in figures 7.9 and 7.10 has mass 20 µg. As an example, this mass could correspond

to a 170 µm radius, 45 µm thickness AlGaAs/GaAs resonator. The requirement

of 1 ppm diffraction loss results in a negative dispersion filter beam radius of 65

µm. Yap et al. have demonstrated 80% mode matching efficiency, 20% diffraction

loss and 180 ppm intracavity loss for a squeezed field to an optomechanical cavity

containing a 35 µm radius GaAs mirror [267, 268]. From these scale comparisons, it

is apparent that mode matching the negative dispersion filter will be challenging.

However, when using the interferometer configuration shown in figure 7.4, the signal

extraction mirror is impedance matched to the input test mass. Mode matching

losses in the signal recycling cavity thus behave similarly to the arm cavity losses

shown in figure 7.9, since frequency sidebands are maximally transmitted through

the SEM/ITM compound mirror. If broadband sensitivity at the h ∼ 10−24 level

is desired, then the level of acceptable arm/SRC losses would contribute up to 5

times more amplitude strain sensitivity than shown in figure 7.9, corresponding to a

25-fold increase in optical power loss (i.e. 500 ppm × 25 = 1.25%). More detailed

investigation is required into effective integration of WLSR optics into the main

interferometer.

Filter cavity optical loss contributes to imperfect radiation pressure noise cancel-

lation via Eq. 7.29, as well as direct coupling as shown in the right hand panel of

figure 7.9. It is possible to adjust some parameters of the filter cavity to reduce the

level of radiation pressure noise to near or close to the level of Brownian noises. For

smaller resonators, the radiation pressure noise around resonance is higher, due to the
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response of the smaller mass, however, the coupling into the strain sensitivity is lower.

The left hand panels of figures 7.9 and 7.10 use 4 ppm filter cavity round trip loss,

TOS = 0.005 and Ts = 0.00075. The right hand panels use 10 ppm round trip loss,

with input and sloshing transmissivities of TOS = 0.01 and Ts = 0.0045 in order to

compensate the residual radiation pressure noise to the level it was for 4 ppm optical

loss. Other sources of optical loss throughout the interferometer are detailed by Miao,

Yang and Martynov [257], but are reduced in the calculations throughout this chapter

to focus on the effects of the filter cavity. Here, arm cavity/SRC loss is kept at 500

ppm, signal extraction loss at 75 ppm and output loss at 1.5%. Mode matching losses,

mentioned in the previous paragraph, are one of the contributors to the arm/SRC

loss, along with absorption, scattering and thermal lensing. Power intensities are of

the order 1 MW/cm2, and reach 6 MW/cm2 for the largest resonator shown. This

is within reported bounds of 60 MW/cm2 damage threshold for crystalline AlGaAs

coatings [230]. Overall, it can be seen that there is some small leeway for round trip

optical loss of the filter cavity. 20–50 ppm may be acceptable given the levels of

noise shown in figures 7.9 and 7.10, though the filter cavity budget will be dominated

by radiation pressure noise. Since the absorption and scattering loss of crystalline

AlGaAs coated mirrors/resonators is of the order of one part per million [176], much

of the optical loss budget proposed here can be accommodated by other sources of

optical loss.

The curves calculated in this section use extremely high power to reduce shot

noise, as well as frequency dependent squeezing. If one is solely focused on the tidal

effects of NS inspirals, they can use only phase squeezing, which will significantly

reduce the complexity of the output optics. However, there is still some merit to

maintaining sensitivity in the 100-1000 Hz range, as it allows for early warning to

NS inspirals so that astronomers can align telescopes for the EM followup.

Interestingly, the sensitivity curves calculated throughout this section also have

good quantum noise limited sensitivity in the range 10-100 Hz compared to the

WLSR curves shown in chapter 5. The comparison is not direct, since the curves in

this chapter are calculated using a higher circulating power and larger test masses

than for chapter 5. Part of the improved low frequency sensitivity is also due to the

optical spring effect of the detuned SRC itself, rather than negative dispersion/white

light effects. Still, the low frequency quantum noise limited sensitivity of this scheme

presents an avenue for future investigation.
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Chapter 8

Conclusion and future work

This thesis explores sensitivity enhancement of gravitational wave detectors using

optomechanical filters with optical dilution of a microscale cat-flap resonator. It was

shown that it is possible to create sensitivity enhancement of an Advanced LIGO

type configuration, with enhanced sensitivity up to the higher end of the neutron

star inspiral range compared to the design sensitivity of Advanced LIGO in Resonant

Sideband Extraction mode. However, the optical and mechanical requirements are

ambitious, and require improvement on state-of-the-art technologies in order to be

realised.

The cat-flap resonator was designed with two main effects in mind. First, it was

to have a low frequency and low coupling to the external environment to minimise

intrinsic thermal noise, maximising the effect of optical dilution. This requirement

necessitated the pendulum design. Second, it was proposed that coupling to internal

modes would degrade the quality factor obtained from optical dilution. A derivation

of this mechanism was given in Chapter 3 and it was named acceleration loss. One

of the key results of this thesis is that this effect can be decreased by making the

resonator smaller. This is because acceleration loss has a dependence on the speed

of sound in a material, i.e. Young’s Modulus and density. Second, acceleration loss

depends explicitly on the internal mode frequency and thus inversely on the size. It

is important to construct an experiment with a cat-flap resonator which can measure

the presence or absence of this affect and confirm the results of the acceleration loss

derivation.

The small size requirements of the devices mean that they should be constructed

entirely from crystalline AlGaAs/GaAs coatings. A preliminary analysis of these

coating resonators was given in Chapter 4, showing that acceleration loss from 3-

dimensional modes and other dissipations would force us to use the small dimensions

and low operating temperatures that are eventually adopted in Chapter 5. Crystalline

coatings have extremely high reflectivity and low absorption of NIR light. However,

195



CHAPTER 8. CONCLUSION AND FUTURE WORK

future GW detectors require high optical power, and optomechanical filters such

as discussed in this paper require extremely high optical intensity. It was shown in

Chapter 5 that a small parameter regime of devices was in part limited by the lower

limit of damage threshold of AlGaAs coatings. The experimentally measured value

has since been found to be much higher than reported in Chapter 5. However, for

both large scale AlGaAs coated mirrors in future detectors, and cat-flap resonators

in optical spring optomechanics, there is a need to investigate the effect of optical

absorption induced thermal gradients. Estimates given in Chapter 4 and 5 indicate

that it is possible to maintain cryogenic temperatures in microscale AlGaAs cat-flaps,

however, there may still be effects from thermal gradients in the conduction pathway

out of the resonator.

The sensitivity enhancement scheme presented in Chapter 5 gave requirements

for a filter cavity, optical spring cavity and cat-flap resonator. These were shown

to be able to enhance the sensitivity of an Advanced LIGO type interferometer

with a low SRM transmissivity, with a bandwidth greater than the RSE mode of

current interferometers. However, there are several ambitious requirements on the

optics and mechanics of the system. First, it is assumed that the quality factor

of crystalline coatings can be improved from their current state by up to a factor

of 5. Second, it is assumed that it is possible to mode match an extremely small

resonator to the dark port optics of an interferometer. Third, it is assumed that

optical losses are extremely small in the filter cavity, so as not to degrade frequency

dependent squeezing, and also that it is possible to combine the negative dispersion

filter with frequency dependent squeezing using cascaded filter cavities. Future work

that follows on from this chapter would be investigating the effectiveness of mode

matching from long cavities with large beam size to short cavities with small beam

size.

Chapter 6 compared models of cat-flap resonator loss with experimental results

obtained at UWA. Quality factors of AlGaAs coating cat-flap resonators fabricated

by focused ion beam machining were shown to be well approximated by surface

loss effects. Negative effects of this fabrication method include ion implantation

and surface bubbles. Finding a fabrication method that can reduce surface defects

is important, since measurement of high quality cat-flap resonators is essential

for confirming the results of chapter 5. A recent result of Matsumoto et al. was

highlighted, where a factor of 1000 optically diluted quality factor was achieved

using a 7 mg resonator suspended by a 1 cm long, 1 µm diameter drawn silica fiber

[205]. This result demonstrates that resonators with a large mass ratio between the

mirror and support can indeed be optically diluted to high quality factor. Further

motivation to reach the goals outlined in this thesis is provided by the experiments of
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Cripe et al. [265, 266, 267, 268]. Their investigations were concerned with quantum

radiation pressure noise, which involved the optical dilution of crystalline AlGaAs

microresonators.

Chapter 7 discusses work conducted by the author at the University of Birmingham

regarding the negative dispersion filter and noise budgeting of microresonators.

A calculation was given similar to that of Miao, Yang and Martynov [257] for

the displacement noise introduced by the cat-flap resonator in a detuned WLSR

interferometer. This allows for more relaxed parameters on the cat-flap resonator’s

size and optical spring frequency by a factor of 4 greater width and factor 4 less

optical spring frequency. However, the size requirements on the cat-flap resonator

were still maintained to be consistent with the acceleration loss limitations. There is

additional analysis of the signal recycling parameters, cat-flap resonator mass and

filter cavity optical loss. It is shown that while the size requirements are relaxed for

detuned WLSR, smaller resonators still project less noise onto the signal sensitivity.

Filter cavity round trip loss of 10 ppm is shown to project noise of approximately

the same magnitude as the oscillator noise, so it is desirable to keep the filter optical

loss at or below this value. This redesigned cat-flap resonator is capable of producing

a specialised high frequency WLSR effect, but there is a considerable reduction of

sensitivity in the 100-1000 Hz band.

Overall, the work conducted in this thesis raises a clear direction for future

experimental research. The effects of high power optical springs are pivotal to all

aspects of this work, both in differentiating it from similar research into WLSR, and

also in presenting practical issues to overcome. Research is already underway at the

Gingin High Optical Power test facility to attempt to observe the negative dispersion

effect in an optomechanical system. The success of this experiment will provide a

significant foundation for work in high frequency gravitational wave astronomy.
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Appendix A

Quantum optics derivations

This appendix covers some derivations referred to in chapter 2.

A.1 Quantum states of light

A.1.1 Coherent state

Derivation of the coherent state transformation of the annihilation operator, shown

in section 2.4.2. This relies on the exponential operator relation shown in Eq. 2.50.

D†(α)âD(α)

=D−1(α)âD(α)

=e−αâ
†+α∗â â e−α

∗â+αâ†

=eα
∗âe−αâ

†
â eαâ

†
e−α

∗â

=eα
∗â(â− α[â†, â] +

α2

2!
[â†, [â†, â]] + · · · )e−α∗â

=eα
∗â(â+ α)e−α

∗â

=eα
∗â(â+ α + α∗[â, â]− 1

2!
[â, [â, â]] + · · · )e−α∗â

=â+ α (A.1)

The derivations for â† as well as the two-photon operators follow on from this process.

A.1.2 Squeezed state

Derivation of the action of the two mode squeezing operator on the sideband annihi-

lation operator.

Ŝ†â+Ŝ = expr(â
†
+â
†
−e

iζ−â+â−e−iζ) â+ expr(â+â−e
−iζ−â†+â

†
−e

iζ) (A.2)
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Using the exponential operator relation Eq. 2.50 and multimode creation/annihilation

operator relations 2.13a, we use the following commutator relations:

A = r
(
â†+â

†
−e

2iζ − â+â−e
−2iζ
)

(A.3a)

B = â+ (A.3b)[
A , B

]
=
[
r
(
â†+â

†
−e

iζ − â+â−e
−iζ
)
, â+

]
= reiζ

[
â†+ , â+

]
â†−

= −reiζ â†− (A.3c)

1

2!

[
A ,
[
A , B

]]
=

1

2!

[
r
(
â†+â

†
−e

iζ − â+â−e
−iζ
)
, −reiζ â†−

]
=

1

2!

[
− r2e−iζ â+â− , −reiζ â†−

]
=

1

2!
r2
[
â− , â

†
−
]
â+

=
1

2!
r2â+ (A.3d)

1

3!

[
A ,
[
A ,
[
A , B

]]]
= − 1

3!
r3eiζ â†−, (A.3e)

and likewise for higher order commmutators. Using these constructions:

Ŝ†â+Ŝ = â+ − reiζ â†− +
1

2!
r2â+ −

1

3!
r3eiζ â†− + · · ·

=

(
1 +

1

2!
r2 + · · ·

)
â+ −

(
r +

1

3!
+ · · ·

)
eiζ â†−

= â+ cosh r − â†−eiζ sinh r (A.4a)

The transformations of the sideband creation and two photon operators can also be

found with this process.

A.2 Two photon optics of optical cavities and GW

detectors

A.2.1 Free space

Time domain input output relation

This derivation begins from the condition shown in section 2.5.1, where the electric

field output is equated to the electric field input at a later time. Writing out equations
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2.57 and 2.58 in full:[√
2I0

~ω0

+ b̂1(t)

]
cos(ω0t) + b̂2(t)sin(ω0t)

=

[√
2I0

~ω0

+ â1(t− 2τ − 2x̂/c)

]
cos(ω0(t− 2τ − 2x̂/c))

+ â2(t− 2τ − 2x̂/c) sin(ω0(t− 2τ − 2x̂/c)) (A.5)

Since L is the tuned length, 2ω0τ = 2nπ, the argument of the cosine and sine terms

can be reduced to ω0(t − 2x̂/c). We also assume that âi(t − 2τ − 2x̂/c) can be

Taylor expanded in terms of x̂ as âi(t − 2τ) − 2x̂

c
â′i(t − 2τ). The second term is

very small compared to the first term and can be omitted. Using cos(A ± B) =

cos(A) cos(B)∓ sin(A) sin(B) and sin(A±B) = sin(A) cos(B)±cos(A) sin(B), along

with the aforementioned first order approximations, Eq. A.5 becomes:[√
2I0

~ω0

+ b̂1(t)

]
cos(ω0t) + b̂2(t) sin(ω0t)

=

[√
2I0

~ω0

+ â1(t− 2τ)

](
cos(ω0t) cos(

2ω0x̂

c
) + sin(ω0t) sin(

2ω0x̂

c
)

)
+ â2(t− 2τ)

(
sin(ω0t) cos(2

ω0x̂

c
) + cos(ω0t) sin(

2ω0x̂

c
)

)
. (A.6)

To simplify, we note that the displacement caused by gravitational waves is much

smaller than the wavelength of the carrier, i.e. ω0x̂/c� 1, such that cos(2ω0x̂/c) ∼ 1

and sin(2ω0x̂/c) ∼ 2ω0x̂/c. Using these approximations, and grouping the cos(ω0t)

and sin(ω0t) coefficients:[√
2I0

~ω0

+ b̂1(t)

]
cos(ω0t) + b̂2(t) sin(ω0t)

=

[√
2I0

~ω0

+ â1(t− 2τ) + â2(t− 2τ)
2ω0x̂

c

]
cos(ω0t)[

â1(t− 2τ)
2ω0x̂

c
+ â2(t− 2τ)

]
sin(ω0t). (A.7)
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Assuming that cross terms of x̂ and âi are negligibly small, we can now express the

output quadratures in terms of the input and displacement:

b̂1(t) = â1(t− 2τ) (A.8)

b̂2(t) = â2(t− 2τ) +
2ω0x̂(t− τ)

c

√
2I0

~ω0

. (A.9)

Radiation pressure back action noise

To find radiation pressure back action in terms of the quadrature operators, we start

from the expression for the radiation pressure force in terms of power contained in

the electric field operator:

F̂RP(t) = 2
A

4π

∣∣∣Êin(t− τ)
∣∣∣2. (A.10)

where A is the area of the beam. At time t− τ , the electric field impinging on the

mirror is:

Êin(t− τ) =

[√
2I0

~ω0

+ â1(t− τ)

]
cos(ω0(t− τ)) + â2(t− τ) cos(ω0(t− τ)) (A.11)

Squaring the electric field and deleting terms of second order smallness âi:

Êin(t)2 =
2I0

~ω0

cos2(ω0(t− τ)) + 2

√
2I0

~ω0

â1(t− τ) cos2(ω0(t− τ))

+ 2
2I0

~ω0

â2(t− τ) cos(ω0(t− τ)) sin(ω0(t− τ)) (A.12)

For ω0τ = nπ, cos2(ω0(t− τ)) = cos2 ω0t and likewise for sin2(ω0(t− τ)), so:

Êin(t)2 =
2I0

~ω0

cos2 ω0t+ 2

√
2I0

~ω0

â1(t− τ) cos2 ω0t

+ 2
2I0

~ω0

â2(t− τ) cosω0t sinω0t

=
2I0

~ω0

(
1

2
+

cos 2ω0t

2

)
+ 2

√
2I0

~ω0

â1(t− τ)

(
1

2
+

cos 2ω0t

2

)
+ 2

2I0

~ω0

â2(t− τ)
sin 2ω0t

2
(A.13)
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Since we practically only consider the average field and the first order vacuum

fluctuations, we can omit the carrier rapid oscillation terms, such that:

F̂RP(t) = 2
A

4π

∣∣∣Êin(t− τ)
∣∣∣2 = 2

I0

c

[
1 +

√
2~ω0

I0

â1(t− τ)

]
. (A.14)

The first term on the right hand side represents the DC power level, while the second

term is the fluctuating radiation pressure that we are interested in for the purposes

of the quantum optical equation of motion 2.61.

Gravitational wave sensitivity of a moving mirror

This derivation concerns the gravitational wave signal to noise ratio of a free-space

moving mirror. In section 2.5.1, we have assumed measurement of only the output

phase quadrature b̂2, and assume that is can be split into signal 〈b̂2〉 plus noise ∆b̂2

components. We further separate the noise component into a radiation pressure

contribution n̂1 = −e2iΩτκ(Ω)â1 and shot noise contribution n̂2 = e2iΩτ â2 [139, 141].

We then use them to calculate the noise components by Eq. 2.42. For the â1

amplitude noise component:

〈0|n̂1(Ω)n̂†1(Ω′)|0〉sym =
1

2
〈0|â1â

†
1 + â†1â1|0〉 · e2iΩτ−2iΩτκ(Ω)κ∗(Ω)

=
1

2
〈0|1

2
(â+ + â†−)(â†+ + â−)

+
1

2
(â†+ + â−)(â+ + â†−)|0〉κ2(Ω). (A.15)

Note that we must transform into sideband creation and annihilation operators in

order to annihilate the vacuum state â|0〉 = 0 or 〈0|â† = 0. Expanding the brackets,

eliminating the annihilation terms and exploiting properties of commutators results

in:

〈0|n̂1(Ω)n̂†1(Ω′)|0〉sym =
1

2
〈0|1

2

(
â+â

†
+

)
+

1

2

(
â−â

†
−

)
|0〉κ2(Ω)

=
1

2
〈0|1

2
[â+, â

†
+] +

1

2
â†+â+ +

1

2
[â−, â

†
−] +

1

2
â†−â−|0〉κ2(Ω)

=
1

2
〈0|2πδ(Ω− Ω′)|0〉κ2(Ω)

= πκ2(Ω)δ(Ω− Ω′). (A.16)
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Similarly, for the noise of the shot noise componentn̂2, as well as the cross correlation

of n̂1 and n̂2:

〈0|n̂2(Ω)n̂†2(Ω′)|0〉sym = πδ(Ω− Ω′) (A.17)

〈0|n̂1(Ω)n̂†2(Ω′)|0〉sym = 0. (A.18)

Therefore, referring back to Eq. 2.42, we obtain the output noise spectrum for a

movable mirror in free space:

Sn1,n1(Ω) = SRP(Ω) = κ2 (A.19a)

Sn2,n2(Ω) = Ssh(Ω) = 1 (A.19b)

Sn1,n2(Ω) = Scross(Ω) = 0, (A.19c)

which is a restatement of the observation from chapter 1 that the shot noise of a

mirror in free space has a flat spectrum, while the radiation pressure noise drops off

sharply with frequency.

Dividing by the signal transfer function T gives the gravitational wave noise to

signal ratio:

Sh(Ω) =
SRP + Ssh

|T 2|
=
(
1 + κ2

) h2
SQL

2κ

=

(
1

κ
+ κ

)
h2

SQL

2
≥ h2

SQL. (A.20)

A.2.2 Tuned Fabry-Perot cavity

Input output relations

The quadratures ~a and ~b are related by the free space propagation equations 2.64.

Substituting the result for b̂1(Ω) into Eq. 2.80a gives:

â1(Ω) =
√
Re2iΩτ â1 +

√
T α̂1(Ω)

⇒â1(Ω) =

√
T α̂1(Ω)

1−
√
Re2iΩτ

. (A.21)

By substitution of this expression for â1, Eq. 2.80b can then be reduced to:

β̂1(Ω) =

(
Te2iΩτ

1−
√
Re2iΩτ

−
√
R

)
α̂1(Ω). (A.22)

We can apply the assumptions T � 1 (high finesse) and Ωτ � 1 (small round

trip phase) to reduce this equation to a more manageable form. Using a Taylor
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expansion, we can substitute
√
R =

√
1− T = 1 − T

2
+ O(T 2) ∼ 1 − T

2
, and

e2iΩτ = 1 + 2iΩτ +O(Ωτ)2 ∼ 1 + 2iΩτ . For the purpose of GW detection, we will

not be concerned with low finesse cavities, it is important to note that the GW

sideband phase propagation assumption can break down for long interferometers or

high frequencies. For a 4km interferometer, τ = 2.67× 10−5 s. Higher order terms

will show up for GW signals of the order of Ω & 104 Hz. Alternatively, 1000 Hz

signals will deviate from the approximation for travel times of τ & 10−4 s, equivalent

to L & 15 km. Thus, for the design of high frequency detectors or long detectors, it

is important to use more rigorous calculations with mathematical software.

Using Taylor expansions in the appropriate small terms, Eq. A.22 becomes:

β̂1(Ω) =

 T (1 + 2iΩτ)

1− (1− T

2
)(1 + 2iΩτ)

− (1− T

2
)

 α̂1(Ω)

=

 T (1 + 2iΩτ)

−2iΩτ +
T

2
+
T

2
2iΩτ

−
(1− T

2
)(−2iΩτ +

T

2
+
T

2
2iΩτ)

−2iΩτ +
T

2
+
T

2
2iΩτ

 α̂1(Ω).

(A.23)

Since T,Ωτ � 1, we can assume their products are negligible. Eq. A.23 then

becomes:

β̂1(Ω) =

T + 2iΩτ − T

2
T

2
− 2iΩτ

 α̂1(Ω) =

 T

2
+ 2iΩτ

T

2
− 2iΩτ

 α̂1(Ω)

=

 T

2
+ 2iΩτ

T

2
− 2iΩτ

 α̂1(Ω) =

 T

4τ
+ iΩ

T

4τ
− iΩ

 α̂1(Ω)

=
γ + iΩ

γ − iΩ
α̂1(Ω) (A.24)

Defining tan(φ) = Ω/γ:

β̂1(Ω) =
1 + i tanφ

1− i tanφ
α̂1(Ω) = e2iφα̂1(Ω). (A.25)

The calculations can be repeated for the output phase quadrature, but are

somewhat cumbersome. The process can instead be written out using matrix algebra,

starting with the input output 2.64, continuity conditions 2.80a, 2.80b and the
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assumption of perfect phase measurement of the signal:

~b(Ω) = Mopt~a(Ω) + T h(Ω)

[
0

1

]

= Mopt

(√
R~b(Ω) +

√
T~α(Ω)

)
+ T h(Ω)

[
0

1

]
(
I− e2iΩτ

√
RMopt

)
~b(Ω) = e2iΩτ

√
TMopt~α(Ω) + T h(Ω)

[
0

1

]
β̂ =
√
T b̂−

√
Rα

=
√
T
(
I− e2iΩτ

√
RMopt

)−1
(
e2iΩτ
√
TMopt~α(Ω) + T h(Ω)

[
0

1

])
−
√
R I ~α (A.26)

The matrix inverse terms can be calculated using mathematical software, the first

order approximations for e2iΩτ and
√
R, as well as the knowledge κ� 1, which is

valid for 100 W of power from a 1064 nm Nd:YAG laser hitting a 40 kg test mass.

Collecting everything to first order in small terms results in:

β̂ =


1

T
2
− 2iΩτ

0

−κ(
T
2
− 2iΩτ

)2

1
T
2
− 2iΩτ


(
TMopt~α +

√
TT h(Ω)

[
0

1

])
−
√
R I ~α

β̂ = T


1

T
2
− 2iΩτ

0(
−κ(

T
2
− 2iΩτ

)2 −
−κ(

T
2
− 2iΩτ

)) 1
T
2
− 2iΩτ

 ~α

+

√
TT h(Ω)

T
2
− 2iΩτ

 1 0
−κ

T
2
− 2iΩτ

1

 · [ 0

1

]
−
√
R I ~α

β̂ =


T
2

+ 2iΩτ
T
2
− 2iΩτ

0

−κT(
T
2
− 2iΩτ

)2

T
2

+ 2iΩτ
T
2
− 2iΩτ

 ~α +

√
TT h(Ω)

T
2
− 2iΩτ

[
0

1

]
. (A.27)

The (T + 2iΩτ)/(T − 2iΩτ) terms become e2iφ as shown in section 2.5.3, where
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tanφ = Ω/γ. For the κ term:

−κT (T
2

+ 2iΩτ)

(T
2
− 2iΩτ)2(T

2
+ 2iΩτ)

α̂1

=− κTe2iφ 1
T 2

4
+ 4Ω2τ 2

α̂1

=− κe2iφ T

4τ 2 (γ2 + Ω2)
α̂1

=− e2iφ 8Icω0γ

τmc2Ω2(γ2 + Ω2)
α̂1

=− e2iφ ιcγ

Ω2(γ2 + Ω2)
α̂1

=− e2iφKα̂1. (A.28)

Note that in expanding out κ, we use the intracavity power Ic instead of the input

power I0 as shown in Eq. 2.65, since κ was derived based on the power incident on

the end mirror. For the signal term:

√
TT

T
2
− 2iΩτ

h(Ω)

=

√
2κTeiΩτ

T
2
− 2iΩτ

h(Ω)

=

(
2κT (1 + 2iΩτ)(

T
2
− 2iΩτ

)2

)1/2

h(Ω)

=

(
2κT

(
T
2

+ 2iΩτ
)(

T
2

+ 2iΩτ
) (

T
2
− 2iΩτ

)2

)1/2

h(Ω)

=

(
e2iφ 2κT

T 2

4
+ 4Ω2τ 2

)1/2

h(Ω)

= eiφ
√

2Kh(Ω) (A.29)

Therefore, the end result for the tuned cavity is:

~β = e2iφ

[
1 0

−K(Ω) 1

]
~α + eiφ

[
0√

2K(Ω)

]
h(Ω)

hSQL

(A.30)
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with collected terms:

K =
ιcγ

Ω2(Ω2 + γ2)
(A.31a)

ιc =
8Icω0

mcL
(A.31b)

A.3 Readout and signal measurement

A.3.1 Homodyne detection

The two outputs of the beam splitter shown in figure 2.20 are given by the intensity

combinations:

I+ ∝
1

2
〈β̂ +R〉2. (A.32a)

I− ∝
1

2
〈β̂ −R〉2. (A.32b)

If the reference oscillator has sufficiently high amplitude, then the beam splitter

mixing will result in terms proportional to 〈R〉2, followed by 〈R〉 times a small term.

We can then remove small terms of order 2 or higher.

Expanding the terms coming out of the beam splitter gives:

I± ∝ (R1 cos(ω0t) +R2 sin(ω0t))
2

± 2 (R1 cos(ω0t) +R2 sin(ω0t))
(
β̂1 cos(ω0t) + β̂2 sin(ω0t)

)
+
(
β̂1 cos(ω0t) + β̂2 sin(ω0t)

)2

. (A.33)

We assume that the β̂2 terms vanish due to being much smaller than the other terms.

We also note that, for relatively long time averages, i.e. if the bandwidth of the

photodetector is much less than the optical frequency, cross terms of cos(ω0t) sin(ω0t)

average to zero and cos(ω0t)
2 and sin(ω0t)

2 terms will average out to their power.
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Applying these approximations gives:

I± ∝ (R1 cos(ω0t) +R2 sin(ω0t))
2

± 2 (R1 cos(ω0t) +R2 sin(ω0t))
(
β̂1 cos(ω0t) + β̂2 sin(ω0t)

)
= R2

1 +R2
2 ± 2

[
R1β̂1 +R2β̂2

]
= R2

0

(
cos(φHD)2 + sin(φHD)2

)
+ 2R0∆R1 cos(φHD)

+ 2R0∆R2 sin(φHD) + ∆R2
1 cos(φHD)2 + ∆R2

2 sin(φHD)2

± 2
[
(R0 cos(φHD) + ∆R1)

(
〈β̂1〉+ ∆β̂1

)
+ (R0 sin(φHD) + ∆R2)

(
〈β̂2〉+ ∆β̂2

)]
.

(A.34)

Again, deleting the squares of small order terms ∆R, 〈β̂〉,∆β̂ gives the first order

approximation of the intensities from the beam splitter:

I± ∝ R2
0 + 2R0∆R1 cos(φHD) + 2R0∆R2 sin(φHD)

± 2
[
(R0 cos(φHD) + ∆R1)

(
〈β̂1〉+ ∆β̂1

)
+ (R0 sin(φHD) + ∆R2)

(
〈β̂2〉+ ∆β̂2

)]
= R2

0 ± 2
[
R0 cos(φHD)

(
〈β̂1〉+ ∆β̂1 ±∆R1

)
+R0 sin(φHD)

(
〈β̂2〉+ ∆β̂2 ±∆R2

)]
.

(A.35)

Subtracting the two photocurrents at a mixer gives the homodyne photocurrent in

Eq. 2.104.

A.4 Hamiltonian Formalism

A.4.1 Equivalence of Hamiltonian and two-photon approaches

for a tuned cavity

Demonstrating consistency between the Hamiltonian and two-photon formalisms can

be shown by solving the tuned cavity Heisenberg equations of motion and transferring

the sideband operators to the two-photon picture. We start from equations 2.113,

2.122, 2.124, and 2.126, setting detuning to zero and using a generic external force

Fext which can later be expressed as thermal noise plus gravitational wave tidal force.

The creation and annihilation operators â(Ω) and â†(−Ω) are now denoted â+ and

â†− respectively, referring to the operators for the upper and lower sidebands. The

external cavity operators are now âin(Ω)→ α̂+ for the incoming upper sideband field

and âout(Ω)→ β̂+ for the outgoing upper sideband field, to be consistent with the
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notation used in section 2.5.3. This results in the set of equations:

−mΩ2x̂ = −mω2
mx̂+ ~G

(
â†− + â+

)
+ F̂ext (A.36a)

â+ =
1

γ − iΩ

(√
2γα̂+ + iGx̂(Ω)

)
(A.36b)

â†− =
1

γ − iΩ

(√
2γα̂†− − iGx̂(Ω)

)
(A.36c)

β̂+ = α̂+ −
√

2γâ+ (A.36d)

β̂†− = α̂†− −
√

2γâ†− (A.36e)

The β+, β
†
− operators are transformed into the two-photon picture using the trans-

formations in Eq. 2.38. The system of equations results in groupings of α+, α
†
− that

can be recognised as the two photon operators shown in Eq. 2.38. For the output

amplitude quadrature, this results in:

β̂1 = α̂1

(
1− 2γ

γ − iΩ

)
= α̂1

(
Ω− iγ
Ω + iγ

)
. (A.37)

By noting that the term in brackets is just a complex phase factor of magnitude 1,

we can rewrite it in a form shown in the derivation Appendix A.2.2:

β̂1 = e2iφα̂1

e2iφ =
Ω− iγ
Ω + iγ

.
(A.38)

For the phase quadrature, the same procedure results in:

β̂2 = e2iφα̂2 −
2
√
γ

(γ − iΩ)
Gx̂(Ω). (A.39)

Substituting the mechanical equation of motion Eq. A.36a gives:

β̂2 = e2iφα̂2 −
1

M (ω2
m − Ω2)

(
4γ

(γ − iΩ)2~G
2α̂1 +

2
√
γG

(γ − iΩ)
F̂ext

)
(A.40)

The output phase quadrature has contributions from both the input amplitude

and phase, as well as from phase modulation of the end mirror by an external

force. This is reminiscent of the input-output relation derived from the two-photon

formalism. Using complex manipulation to rewrite 1/(γ − iΩ)2 as −e2iφ/
√

Ω2 + γ2,

and expanding ~G2 = 2Icω0/(cL) in terms of cavity parameters, we can express the

coefficient of α̂1 as:

K(Ω) =
8Icω0

MLc

γ

(Ω2 − ω2
m) (Ω2 + γ2)

. (A.41)
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This is almost the same as that shown in Eq. 2.82a, except for the term Ω2 − ω2
m.

This is due to the Hamiltonian mechanical equation of motion Eq. A.36a using the

harmonic oscillator while the two-photon derivation in section 2.5.3 used a free mass.

When the harmonic oscillator resonance becomes negligible as for a LIGO test mass,

Eq. A.41 becomes the same as for Eq. 2.82a.

The F̂ext coefficient can then be written in terms of the optomechanical inter-

action term and some standard quantum limit factor. Manipulating the complex

denominator as before, and grouping some terms into K gives the overall phase

quadrature relation:

β2 = e2iφ [α̂2 −Kα̂1] +

∣∣∣∣∣2K(Ω)

SFSQL

∣∣∣∣∣
1/2

F̂ext, (A.42)

where SFSQL = 2~m(Ω2 − ω2
m) is the force-normalised standard quantum limit for

a harmonic oscillator with no damping. This equation gives the phase quadrature

response for an optomechanical mirror in a tuned cavity for a thermal force on the

mirror. We can instead recast this in the context of gravitational waves, replacing

the external force Fext with a gravitational wave tidal force
1

2
mΩ2Lh(Ω). Doing so

gives:

β2 = e2iφ [α̂2 −Kα̂1] +

√
2K(Ω)

hSQL

h(Ω), (A.43)

which is the same as Eq. A.30.
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coefficient of single-crystal silicon from 7 K to 293 K. Physical Review B,

92:174113, 2015.

[191] P. Desai. Thermodynamic properties of iron and silicon. Journal of Physical

and Chemical Reference Data, 15:967, 1986.

228



BIBLIOGRAPHY

[192] C. J. Glassbrenner and G. A. Slack. Thermal conductivity of silicon and

germanium from 3 K to melting point. Physical Review, 134:A1058–1069, 1964.

[193] Kirt R. Williams. Etch rates for micromachining processing — part II. Journal

of Microelectromechanical Systems, 12:761–778, 2003.

[194] F. Laermer and A. Schilp. Method of anisotropically etching silicon, March 26

1996. US Patent 5,501,893.

[195] H. Liu, Y. Lin, and W. Hsu. Sidewall roughness control in advanced silicon

etch process. Microsystem Technologies, 10:29–34, 2003.

[196] J. Bhardwai, H. Ashraf, and A. McQuarrie, editors. Dry silicon etching for

MEMS, Symposium on microstructuring and microfabricated systems, Montreal,

Canada, May 1997. Annual meeting of the electrochemical society.

[197] K. Sato, M. Shikida, Y. Matsushima, and et. al. Characterization of orientation-

dependent etching properties of single-crystal silicon: Effects of KOH concen-

tration. Sensors and Actuators A, 61:87–93, 1998.

[198] H. Seidel, L. Csepregi, A. Heuberger, and H. Baumgartel. Anisotropic etching

of crystalline silicon in alkaline solutions. Journal of the Electrochemical Society,

137:3612–3626, 1990.

[199] J. R. Smith, G. Cagnoli, D. R. M. Crooks, M. M. Fejer, S. Gossler, H. Lück,

S. Rowan, J. Hough, and K. Danzmann. Mechanical quality factor measure-

ments of monolithically suspended fused silica test masses of the GEO600

gravitational wave detector. Classical and Quantum Gravity, 21:1091–1098,

2004.

[200] G. F. Cardinale and R.W. Tustison. Fracture strength and biaxial modulus

measurement of plasma silicon nitride films. Thin Solid Films, 207:126–130,

1992.

[201] W. Zach Korth, Haixing Miao, Thomas Corbitt, Garrett D. Cole, Yanbei Chen,

and Rana X. Adhikari. Suppression of quantum-radiation-pressure noise in an

optical spring. Physical Review A, 88:088305, 2013.

[202] A. Krishnan, E. Dujardin, T.W. Ebbesen, P.N. Yianilos, and M.M.J. Treacy.

Young’s modulus of single-walled nanotubes. Physical Review B, 58:14013,

1998.

229



BIBLIOGRAPHY

[203] R.S. Ruoff, D. Qian, and W.-K. Liu. Mechanical properties of carbon nanotubes:

theoretical predictions and experimental measurements. Comptes Rendus

Physique, 4:993–1008, 2003.

[204] Y. Huang, J. Wu, and K.C. Hwang. Thickness of graphene and single-wall

carbon nanotubes. Physical Review B, 74:245413, 2006.

[205] Noboyuki Matsumoto, Seth B. Cataño-Lopez, Masazuku Sugawara, Seiya

Suzuki, Naofumi Abe, Kentaro Komori, Yuta Michimura, Yoichi Aso, and

Keiichi Edamatsu. Demonstration of displacement sensing of a mg-scale

pendulum for mm- and mg-scale gravity measurements. Physical Review

Letters, 122:071101, 2019.

[206] S Rowan, S Twyford, R Hutchins, and J Hough. Investigations into the effects

of electrostatic charge on the Q factor of a prototype fused silica suspension for

use in gravitational wave detectors. Classical and Quantum Gravity, 14(6):1537–

1541, jun 1997.

[207] V. B. Braginsky, V. P. Mitrofanov, and K. V. Tokmakov. Energy dissipation

in the pendulum mode of the test mass suspension of a gravitational wave

antenna. Physics Letters A, 218:164–166, 1996.

[208] Vladimir B. Braginsky, Valery P. Mitrofanov, and Sergey P. Vyatchanin.

Isolation of test masses in the advanced laser interferometer gravitational wave

antenna. Review of Scientific Instruments, 65:3771, 1994.

[209] Vladimir B. Braginsky and Sergey P. Vyatchanin. Thermodynamical fluctua-

tions in optical mirror coatings. Physics Letters A, 312:244–255, 2003.

[210] V. B. Braginsky, M. L. Gorodetsky, and S. P. Vyatchanin. Thermo-refractive

noise in gravitational wave antennae. Physics Letters A, 271:303–307, 2000.

[211] A. Wicht, K. Danzmann, M. Fleischauer, M. Scully, G. Müller, and R.-H.

Rinkleff. White-light cavities, atomic phase coherence and gravitational wave

detectors. Optics Communications, 134:431, 1997.

[212] Michael A. Page, Yiqiu Ma, David G. Blair, Chunnong Zhao, Li Ju, Valery

Mitrofanov, Shuih Chao, Huang-Wei Pan, and Hamed Sadeghian. Towards

thermal noise free optomechanics. Journal of Physics D: Applied Physics,

49:455109, 2016.

[213] S. Adachi. Properties of Aluminium Gallium Arsenide. The Institution of

Engineering and Technology, London, 1993.

230



BIBLIOGRAPHY

[214] T. Soma, J. Satoh, and H. Matsuo. Thermal expansion coefficient of GaAs

and InP. Solid State Communications, 42:889–892, 1982.

[215] Ioffe Institute. Aluminum gallium arsenide (AlGaAs): Thermal properties.

http://www.ioffe.ru/SVA/NSM/Semicond/AlGaAs.

[216] G. D. Cole. private communications, 2017.

[217] Thomas Corbitt, Yanbei Chen, Edith Innerhofer, Helge Müller-Ebhardt, David

Ottaway, Henning Rehbein, Daniel Sigg, Stanley Whitcomb, Christopher Wipf,

and Nergis Mavalvala. An all-optical trap for a gram-scale mirror. Physical

Review Letters, 98:150802, 2007.

[218] COMSOL Inc. COMSOL Multiphysics, 2018.

[219] COMSOL Multiphysics User’s Guide.

[220] B. M. Zwickl, W. E. Shanks, A. M. Jayich, C. Yang, A. C. Bleszynski Jayich,

J. D. Thompson, and J. G. E. Harris. High quality mechanical and optical

properties of commercial silicon nitride membranes. Applied Physics Letters,

92(10):103125, 2008.

[221] B. P. Abbott et al. Tests of general relativity with GW150914. Physical Review

Letters, 116:221101, 2016.

[222] J. Abadie et al. A gravitational wave observatory operating beyond the quantum

shot-noise limit. Nature Physics, 7:962, 2011.

[223] H. Vahlbruch, M. Mehmet, K. Danzmann, and R. Schnabel. Detection of 15

dB squeezed states of light and their application for the absolute calibration of

photoelectric quantum efficiency. Physical Review Letters, 117:110801, 2016.

[224] L. J. Wang, A. Kuzmich, and A. Dogariu. Gain-assisted superluminal light

propagation. Nature, 406:277–279, 2000.

[225] Y. Ma, H. Miao, C. Zhao, and Y. Chen. Quantum noise of white light cavity

using double-pumped gain medium. Physical Review A, 92:023807, 2015.

[226] Jiayi Qin, Chunnong Zhao, Yiqiu Ma, Li Ju, and David G. Blair. Linear

negative dispersion with a gain doublet via optomechanical interactions. Optics

Letters, 40:2337–2340, 2015.

[227] David G. Blair, Li Ju, Chunnong Zhao, Lingqing Wen, Haixing Maio, Ronggen

Cai, Jiangrui Gao, Xuechun Lin, Dong Liu, Ling-An Wu, Zonghong Zhu, Giles

231

http://www.ioffe.ru/SVA/NSM/Semicond/AlGaAs


BIBLIOGRAPHY

Hammond, Ho Jung Paik, Viviana Fafone, Alessio Rocchi, Carl Blair, Yiqiu

Ma, Jiayi Qin, and Michael A. Page. The next detectors for gravitational wave

astronomy. Science China Physics, Mechanics and Astronomy, 58(12):120405,

2015.

[228] Maya Kinley-Hanlon. The effects of high intensity laser power

on AlGaAs coatings and the implications for thermal noise interfer-

ometers. http://www.phys.ufl.edu/ireu/IREU2017/pdf_reports/Maya_

Kinley_Hanlon_Final_IREU_Report_Hannover.pdf, 2017.

[229] Yiqiu Ma. Optomechanical physics in the design of gravitational wave detectors.

PhD thesis, School of Physics, 2015.

[230] Liu Jian. Report of experiments from visit to AEI Hannover, 2018. Private

communications.

[231] Michael A. Page, James La Fontaine, Xu Chen, Chunnong Zhao, Li Ju, David G.

Blair, Huang-Wei Pan, and Shiuh Chao. Ultra-low dissipation resonators for

improving the sensitivity of gravitational wave detectors. Physics Letters A,

2017.

[232] Jiayi Qin. Sensitivity enhancement of gravitational wave detectors via optome-

chanical interactions. PhD thesis, School of Physics, 2016.

[233] LIGO Scientific Collaboration. Data release for event GW150914. losc.ligo.

org/events/GW150914, 2015.

[234] Slawomir Gras and Matthew Evans. Direct measurement of coating thermal

noise in optical resonators. Physical Review D, 98:122001, 2018.

[235] N. M. Kondratiev, A. G. Gurkovsky, and M. L. Gorodetsky. Thermal noise

and coating optimization in multilayer dielectric mirrors. Physical Review D,

84:022001, 2011.

[236] Garrett D. Cole. Cavity optomechanics with low-noise crystalline mirrors. In

SPIE 8458, Optical Trapping and Optical Micromanipulation IX, volume 8458,

2012.

[237] J. Gao, L. Ju, and D.G. Blair. Design of suspensions systems for measurement

of high Q pendulums. Measurement Science and Technology, 6:269, 1995.

[238] G. Cagnoli, L. Gammaitoni, J. Hough, J. Kovalik, S. McIntosh, M. Punturo, and

S. Rowan. Very high Q measurements on a fused silica monolithic pendulum for

232

http://www.phys.ufl.edu/ireu/IREU2017/pdf_reports/Maya_Kinley_Hanlon_Final_IREU_Report_Hannover.pdf
http://www.phys.ufl.edu/ireu/IREU2017/pdf_reports/Maya_Kinley_Hanlon_Final_IREU_Report_Hannover.pdf
losc.ligo.org/events/GW150914
losc.ligo.org/events/GW150914


BIBLIOGRAPHY

use in enhanced gravity wave detectors. Physical Review Letters, 85:2442–2445,

2000.

[239] M.C. Cross and R. Lifshitz. Elastic wave transmission at an abrupt junction

in a thin plate with application to heat transport and vibrations in mesoscopic

systems. Physical Review B, 64:085324, 2001.

[240] Y. Jinbo and K. Itao. Energy loss of a cantilever vibrator. Journal of the

Horologial Institute of Japan, 47:1–15, 1968.

[241] Douglas M. Photiadis and John A. Judge. Attachment losses of high Q

oscillators. Applied Physics Letters, 85:482, 2004.

[242] John A. Judge, Douglas M. Photiadis, Joseph F. Vignola, Brian H. Houston,

and Jacek Jarzynski. Attachment loss of micromechanical and nanomechanical

resonators in the limits of thick and thin support structures. Journal of Applied

Physics, 101:013521, 2007.

[243] Zhili Hao, Ahmet Erbil, and Farrokh Ayazi. An analytical model for support loss

in micromachined beam resonators with in-plane flexural vibrations. Sensors

and Actuators A, 109:156–164, 2003.

[244] Kevin Y. Yasumura, Timothy D. Stowe, Eugene M. Chow, Timothy Pfafman,

Thomas W. Kenny, Barry C. Stipe, and Daniel Rugar. Quality factors in

micron- and submicron-thick cantilevers. Journal of Microelectromechanical

Systems, 9:117–125, 2000.

[245] Benjamin Neil. private communications, 2018.

[246] Shiuh Chao. Etching fabrication of silicon mask for crystalline AlGaAs coating.

Technical report, National Tsing Hua University, 2018.

[247] Xu Chen, 2018. Private communications.

[248] Siemens PLM Software. Solid edge ST8, 2018.

[249] Srikar Vengallatore. Analysis of thermoelastic damping in laminated com-

posite micromechanical beam resonators. Journal of Micromechanics and

Microengineering, 15:2398–2404, 2005.

[250] C Lehrer, L Frey, S Petersen, M Mizutani, Mikio Takai, and H Ryssel. Defects

and gallium - Contamination during focused ion beam micro machining. In

2000 International Conference on Ion Implantation Technology Proceedings.

233



BIBLIOGRAPHY

Ion Implantation Technology - 2000 (Cat. No.00EX432), pages 695–698, 02

2000.

[251] P Roediger, H D Wanzenboeck, S Waid, G Hochleitner, and E Bertag-

nolli. Focused-ion-beam-inflicted surface amorphization and gallium implan-

tation—new insights and removal by focused-electron-beam-induced etching.

Nanotechnology, 22(23):235302, apr 2011.

[252] B. Basnar, A. Lugstein, H. Wanzenboeck, H. Langfischer, E. Bertagnolli, and

E. Gornik. Focused ion beam induced surface amorphization and sputter

processes. Journal of Vacuum Science & Technology B: Microelectronics and

Nanometer Structures Processing, Measurement, and Phenomena, 21(3):927–

930, 2003.

[253] Y.-L. D. Ho, R. Gibson, C. Y. Hu, M. J. Cryan, J. G. Rarity, P. J. Heard,

J. A. Timpson, A. M. Fox, M. S. Skolnick, M. Hopkinson, and A. Tahraoui.

Focused ion beam etching for the fabrication of micropillar microcavities made

of III-V semiconductor materials. Journal of Vacuum Science & Technology

B: Microelectronics and Nanometer Structures Processing, Measurement, and

Phenomena, 25(4):1197–1202, 2007.

[254] Brent P. Gila. Applications of new focused ion beams in nanofabrication and

material studies. Microscopy and Analysis, 27:7–10, 2013.

[255] Nowar Konig and Benjamin Neil. Doping depth of gallium into GaAs, AlGaAs,

and SiN. Technical report, University of Western Australia, 2018.

[256] T.A. Birks and Y.W. Li. The shape of fiber tapers. Journal of Lightwave

Technology, 10:432–438, 1992.

[257] Haixing Miao, Huan Yang, and Denis Martynov. Towards the design of

gravitational-wave detectors for probing neutron-star physics. Physical Review

D, 98:044044, 2018.

[258] Michael A. Page, Jiayi Qin, James La Fontaine, Chunnong Zhao, Li Ju, and

David G. Blair. Enhanced detection of high frequency gravitational waves

using optically diluted optomechanical filters. Physical Review D, 97:124060,

2018.

[259] A. Gillespie and F. Raab. Thermally excited vibrations of the mirrors of laser

interferometer gravitational wave detectors. Physical Review D, 52:577–585,

1995.

234



BIBLIOGRAPHY

[260] Alexey Gurkovsky and Sergey P. Vyatchanin. The thermal noise in multilayer

coating. Physics Letters A, 374:3267, 2010.

[261] Gabriela I. Gonzalez and Peter R. Saulson. Brownian motion of a mass

suspended by an anelastic wire. The Journal of the Acoustical Society of

America, 96:207, 1994.

[262] Vladimir B. Braginsky and Sergey P. Vyatchanin. Thermodynamical fluctua-

tions in optical mirror coatings. Physics Letters A, 312:244–255, 2003.

[263] M.M. Fejer, S. Rowan, G. Cagnoli, D.R.M. Crooks, A. Gretarsson, G.M. Harry,

J. Hough, S.D. Penn, P.H. Sneddon, and S.P. Vyatchanin. Thermoelastic

dissipation in inhomogeneous media: loss measurements and displacement

noise in coated test masses for interferometric gravitational wave detectors.

Physical Review D, 70:082003, 2004.

[264] J. Liu, K. Usami, A. Naesby, T. Bagci, E.S. Polzik, P. Lodahl, and S. Stobbe.

High-Q optomechanical GaAs nanomembranes, 2011.

[265] Jonathan Cripe, Nancy Aggarwal, Robinjeet Singh, Robert Lanza, Adam

Libson, Min Jet Yap, Garrett D. Cole, David E. McClelland, Nergis Mavalvala,

and Thomas Corbitt. Radiation-pressure-mediated control of an optomechanical

cavity. Phys. Rev. A, 97:013827, Jan 2018.

[266] Robinjeet Singh, Garrett D. Cole, Jonathan Cripe, and Thomas Corbitt. Stable

optical trap from a single optical field using birefringence. Physical Review

Letters, 117:213604, 2016.

[267] Min Jet Yap, Jonathan Cripe, Georgia L. Mansell, Terry G. McRae, Robert L.

Ward, Bram J.J. Slagmolen, Daniel A. Shaddock, Paula Heu, David Follman,

Garrett D. Cole, David E. McClelland, and Thomas Corbitt. Broadband

reduction of quantum radiation pressure noise via squeezed light injection,

2018. arXiv:1812.09804 [quant-ph].

[268] Jonathan Cripe. Broadband measurement and reduction of quantum radiation

pressure noise in the audio band. PhD thesis, Louisiana State University, 2018.

235


	Contents
	List of Figures
	List of Tables
	Introduction to gravitational wave detection
	Einstein's theory of General Relativity
	Sources of gravitational waves
	Radiation from masses in motion
	Stochastic background
	Supernovae
	Pulsars
	Compact binary coalescence

	Direct detection of gravitational waves
	Resonant bar detectors
	Interferometric detectors

	Noise in interferometric GW detectors
	Harmonic oscillators, damping and the Fluctuation-Dissipation Theorem
	Seismic
	Newtonian
	Residual gas
	Thermal noise
	Thermoelastic
	Thermo-optic
	Quantum

	Successful detections of gravitational waves
	Implications of high frequency detection

	Summary

	Quantum optics in gravitational wave detectors
	Quantisations of the electromagnetic field
	Gaussian beams
	Two photon quantum optics
	Amplitude and phase modulation
	Two photon operators

	Quantum states of light
	Vacuum state
	Coherent state
	Squeezed state

	Optomechanics of optical cavities and GW detectors using two photon optics
	Reflection from a moving mirror in free space
	Simple Michelson interferometer
	Tuned Fabry-Perot cavity
	Michelson interferometer with arm cavities and power recycling mirror
	Detuned Fabry-Perot cavity
	Michelson interferometer with signal recycling

	Readout and signal measurement
	Homodyne detection
	Heterodyne detection
	DC readout

	Hamiltonian formulation
	Comments and generalisations

	Optical rigidity
	Manipulating quantum states of light
	Squeezed injection
	Frequency dependent squeezing
	Variational readout
	Measuring a commuting quantity
	Negative dispersion filter

	Summary

	Low stiffness microresonator for stable optical trapping 
	Introduction
	Quantum dynamics of the DEMS cavity
	Optical spring dynamics of a coupled cavity
	Quantum radiation pressure cancellation

	Effects of mechanical losses
	Acceleration loss
	Suspension loss
	Thermoelastic and other losses

	Fabrication of a resonator with nanoscale silicon nitride suspension
	Discussion
	Conclusion

	Mechanical dissipation of cat-flap resonators
	Introduction
	Predictions of dissipation in cat-flap resonators
	Simulation of mechanical dissipation in cat-flap resonators
	Fabrication of cat-flap resonator prototypes
	Conclusion

	White light signal recycling with a low noise optomechanical filter
	Introduction
	Negative dispersion filter
	Cat-flap resonator design requirements
	Optical dilution and acceleration loss
	Gas damping, thermoelastic loss and absorption heating
	Finite Element Analysis
	Strain sensitivity prediction

	Discussion

	Experimental realisation of cat-flap resonators
	Loss mechanisms in microresonator experiments
	Recoil loss
	Anchor loss
	Thermoelastic loss
	Surface loss
	Gas damping

	Aluminium Gallium Arsenide cat-flap resonator
	Finite Element Analysis
	Characterisation of frequency and quality factor
	Impact of losses in AlGaAs cat-flaps

	Silicon cat-flap resonator
	Characterisation of frequency and quality factor

	Discussion and future work

	High frequency enhancement of future detectors
	Four photon model of the negative dispersion filter
	Displacement noise budget and noise coupling of cat-flap resonator unstable filters
	Radiation pressure noise
	Brownian noise
	Suspension noise
	Coating thermoelastic and thermorefractive (thermo-optic noise)
	High frequency enhancement using the displacement noise spectrum and detuned signal recycling

	WLSR in future high frequency detectors
	4 km interferometers
	Changing interferometer length

	Discussion and future work

	Conclusion and future work
	Quantum optics derivations
	Quantum states of light
	Coherent state
	Squeezed state

	Two photon optics of optical cavities and GW detectors
	Free space
	Tuned Fabry-Perot cavity

	Readout and signal measurement
	Homodyne detection

	Hamiltonian Formalism
	Equivalence of Hamiltonian and two-photon approaches for a tuned cavity


	Bibliography



