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Abstract 

Stereology is a collection of methods that aim to measure geometrical quantities, such 

as volumes and surface areas of three-dimensional objects using lower dimensional sampled 

information, such as two-dimensional plane sections or projections through the object. 

Stereological methods play a crucial role in the investigation of important biological 

questions, such as the effect of disease processes and aging on the number and sizes of cells 

in the brain. However, existing theory does not provide much information on the accuracy 

of these methods. 

In this thesis, we propose parametric statistical models for stereological data, describe 

the fitting procedure and assess the goodness-of-fit of the models to the data using tests 

of 1 and Monte Carlo test of goodness-of-fit. To study the accuracy of the stereological 

estimator - the ratio estimator, we derive its variance from the proposed models and 

compare the results obtained to those obtained from existing techniques, such as the 

bootstrap method and the delta method. Finally, we propose a data-based estimation 

of variance due to systematic sampling. All the models and techniques proposed in this 

thesis have been tried on real data. 
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Statement of Originality 

The observations and ideas presented in this thesis are original as far as the author 

knows, except for Chapters 2,3, and 4 which are concerned with existing stereological 

methods, stereological data selected for analyses, and a review of the background of the 

problem dealt in this thesis respectively. 

The results obtained for fitting the Type I Bivariate Binomial model to data, the test 

of goodness-of-fit of the model to data and the estimation of the accuracy of volume frac

tion found in sections 10.3 and 12.2 respectively are published [10]; the description of the 

statistical models for bivariate count data in section 5.2, the tests of overdispersion in sec

tion 6.2, and the results of the estimation of accuracy of the ratio estimator from bivariate 

count data using various techniques found in section 12.1 have been made into a technical 

report [11], and have been revised in preparation for publication. The contributions of 

both authors to the papers [11, 10] are roughly equal. 
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CHAPTER 1 1 

Introduction 

Stereology [80, 81] is a collection of methods that aim to estimate geometrical properties, 

such as volume and surface area of three-dimensional (3D) objects from lower dimensional 

sampled information, such as two-dimensional plane sections or projections through the 

object. It is multidisciplinary, embracing many area of sciences including cell biology, 

anatomy, material science and geology [21, 4]. 

This thesis is concerned with employing modern applied statistical methods in stere

ology. The areas of interest include modelling stereological responses and experiments, 

assessing the validity of the models used, and estimating the variance of stereological esti

mators and sampling designs. The main data types of interest are bivariate and univariate 

count data, and the main stereological estimators investigated are the ratio estimator and 

N, the fractionator estimator of the total number of particles in a 3D body. As many of the 

approaches proposed in this thesis to deal with the above problems are first attempts in 

stereology, the key is simplicity. Details of each of the aspects of interest will be explained 

in the ensuing paragraphs. 

1.1 Overview of problem 

Stereological methods are mainly built upon results from integral geometry, geometric 

probability and stochastic geometry. Until now, a wide range of stereological methods has 

been developed to handle problems such as estimating the volume, surface area, length, 

number of particles etc. of 3D objects. One of the widely used estimators in stereology is 

the ratio estimator. 

Virtually all stereological estimators rely on identities of the form 

e-nTy (L1) 

where 9 is the parameter of interest and X, Y are geometrical measurements taken on the 

random plane section. 

Unfortunately the random sampling design based approach does not provide informa

tion about the variance or optimality of estimators. The joint distribution of (X, Y) in 

(1.1) is unknown and depends markedly on the geometry of the material [21], The cus

tomary approach [80], given observations (X\, Yi),... , [Xn, Yn) from a sample consisting 

of n plane sections, is to estimate 8 by 

' = 8- (L2) 
The variance Var(#) is usually estimated by large-sample approximations related to the 
delta method. Cruz-Orive [15] proposed an alternative method based on conditional pro-



2 Chapter 1. Introduction 

portional regression of Y on X , which includes (1.2) as a special case, but the applicability 

of the regression assumptions to stereological data has been contested [42]. 

The research work presented in this thesis is in the spirit of the work by Cruz-Orive [15] 

and Jensen and Sundberg [42]. 

1.2 Approach used in this thesis 

There are at least three sources of variability that contributes to the overall variance of 

a stereological study. In this thesis, we break up variance into contributions from response 

variability, the experimental design and spatial variation. 

• Response variability 

W e explore an alternative approach to Cruz-Orive [15], using statistical modelling 

and data analysis of bivariate da.ta (x;, y,-). The main goals are to estimate 0, estimate 

the variance of 9 and validate the modelling and analysis. 

• Experimental design 

Experiments in stereology are typically highly structured, in that they involve both 

the structure of a designed experiment and a multistage nested structure of a complex 

sampling design [17, 35]. 

Until now, the modelling of structured experiments has not been fully explored in 

stereology. In [35], standard theory of analysis of variance ( A N O V A ) for nested 

design was suggested to model data obtained from nested stereological experiments. 

However, the standard least squares A N O V A assumes that the error term is normally 

distributed and has homogeneous variances which are not appropriate for integer 

count data. 

To resolve the above problem, we propose modelling data obtained from structured 

stereological experiments as a whole, using generalised linear models. In the case 

where fitting a generalised linear model with random effects is necessary, we apply 

the approach developed by Aitkin [1], in which the random effects are estimated 1 

using non-parametric maximum likelihood, which does not require any distributional 

assumption on the random effects. 

• Spatial variability 

The spatial sampling design of a stereological experiment has a potential contribution 

to the sampling variability as well as from the counts themselves to the overall 

variance. In addition, sampling variability also has a potential contribution to the 

variance of estimators. However, sampling variance is not usually known analytically 

in particular if the sampling design is not independent, for example sampling designs 

that are built from systematic sampling. It is a long-standing research question in 
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stereology to estimate the variance of associated estimators that are derived from 

systematic sampling. In this thesis, we develop a data-based technique to estimate 

the variance of the estimator derived from systematic sampling, in particular the 

estimator N of N, the total number of cells, derived from the optical fractionator 

method. 

1.3 Thesis organisation 

The presentation of this thesis can be divided into four parts. Part I, consisting of 

chapters 2,3 and 4 is concerned with introductory materials. Part II comprises chapters 

5,6,7,8 and 9 which describe the methodologies proposed. Part III consists of chapters 

10,11,12 and 13, of which all four report on the application of methodologies proposed to 

real data. Part IV is about the analysis of real-valued volume estimates data. 

In chapter 2, we describe the practical operation of stereological tools, in particular 

those that are relevant in this thesis. The main focus is on the method by which data 

are extracted. Chapter 3 introduces the real stereological data that we have selected 

for analysis purposes. Chapter 4 reviews the work of Cruz-Orive [15] and Jensen and 

Sundberg [42]. 

In chapter 5, we present the statistical models that are proposed for modelling stere

ological bivariate and univariate integer count data. The techniques used in assessing 

the fit of the models to data are described in chapter 6. Chapter 7 describes the various 

techniques such as the bootstrap method, delta method and parametric asymptotics in 

estimating the variance of the ratio estimator. Chapter 8 deals with the modelling of a 

stereological experiment as a whole using generalised linear models. Then in chapter 9, 

we present the data-based method for estimating the variance of N, the total particles in 

a body. 

Chapter 10 and 11 report on the application of models, and the assessment of the 

goodness-of-fit of the models to data for bivariate and univariate count data respectively. 

Chapter 12 and 13 are devoted to reporting the application of the variance estimation 

methods described in chapters 7 and 8 respectively. Chapter 13 is concerned with the 

application of data-based estimating of sampling variance. Finally, in chapter 14, we 

divert from our main focus on integer count data to analyse real-valued volume estimates 

data. 
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Stereological methods 

Many stereological tools and methods have been developed to allow estimation of geomet

rical quantities such as the total number of particles in an object, the volume and the 

surface area of the object of interest. This chapter outlines some of these methods, with 

particular reference to those methods for which data was available to us. The emphasis is 

on describing the data collection operation and the sampling rules. 

2.1 Counting methods 

Counting methods are both simple and efficient techniques in stereology to estimate 

quantities like the volume and surface area of an object of interest from plane sections 

obtained from the object. In this section of the chapter, we describe the data collection 

operation of two counting methods, namely point counting and intercept counting . 

A test system is usually required for counting methods. It is a transparent overlay that 

bears a set of test points or test lines or test arcs such as cycloid arcs [6] as appropriate. 

Figure 2.1: T w o principal stereological techniques which yield count data: (a) point count

ing; (b) line intercept counting. 

2.1.1 Point counting The point counting technique involves randomly superim

posing a test system on each of the sections through the object, and collecting the re

quired counts. For example, counting the number of test points that fall on each section 

through the object of interest and multiplying the count by an appropriate constant gives 

an unbiased estimate of the sectional area of the object. 

Figure 2.1(a) depicts the point count operation, in which a regular grid of "test" points 

is superimposed on the plane section, and the experimenter counts the number P of these 

test points which lie over the region of interest present on the plane section. 

2.1.2 Intercept counting Likewise, the intercept counting technique requires su

perimposing a test system on each of the sections through the object, and collecting the 

required counts. For example, counting the number of intersection points between a plane 

curve and a grid of parallel lines allows one to estimate the length of the plane curve. 
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Figure 2.1(b) sketches the line intercept count: a regular pattern of test line segments 

is superimposed on the plane section, and the experimenter counts the total number / of 

crossing points between the test line segments and the curve or curves of interest. 

2.2 Disector principle 

The disector [76] is used for estimating the number of discrete objects in a well defined 

reference space. It is made up of two parallel planes (usually two consecutive sections 

through the material of interest), known as the "reference plane"(lower plane) and the 

"look-up plane" (upper plane) at a fixed distance apart. 

The basic disector principle is that a particle is counted if it intersects the sampling 

volume between the two planes, and it does not cross the upper plane. This ensures that 

each particle is counted exactly once. The disector principle can be further explained as 

follows. 

The sampling volume can be thought of as "slabs" that have been cut from the entire 

space. If we order the slabs in a sequence from top to bottom, then a particle is counted 

by a given slab if and only if this slab is the first one in the sequence that intersects the 

particle. Since each particle has a unique "first slab" that meets it, each particle will be 

counted exactly once. 

2.3 Physical Disector 

The Physical Disector is an implementation of the disector principle described in sec

tion 2.2 above. The sampling rule is to count particles which intersect (hit) the reference 

plane and N O T the look-up plane. This is to ensure that no particle is counted twice. 

However, under this sampling protocol, particles that are small enough to lie between the 

two planes will not be detected. Thus, it is necessary that one ensures all the particles 

intersect at least one of the planes for the physical disector to be applicable. 

W h e n implementing the physical disector in practice, the reference plane is usually 

equipped with an unbiased counting frame [31]. This special frame has a solid line known 

as the "forbidden line" around two sides of the frame and extending to infinity in two 

directions, and a dashed line known as the "acceptance line". The sampling rule of the 

counting frame is to include an particle if it does not touch the forbidden line, and is 

wholly or partially inside the frame, possibly crossing the acceptance line. 

Under the physical disector principle and with the use of the unbiased counting frame 

particles are sampled if they satisfy the physical disector counting rule, and that they are 

also sampled by the counting frame. W e illustrate the operation of the physical disector 

principle with the use of the unbiased counting frame in Figure 2.2. 
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Figure 2.2: A n illustration of the physical disector counting rule, (i) Reference section 

with an unbiased counting frame of area, A. (ii) Look-up section. In both (i) and (ii), the 

"blobs" represent particle profiles visible on the plane sections obtained from the material 

under study. The unshaded profiles in (i) and (ii) are the particles that have not been 

sampled by the counting rule, while the shaded profiles in (ii) represent the particles that 

have been sampled. The " + " in (ii) represent the missing particle profiles in (i). The 

counting rule is as follows: A particle is sampled by the counting frame in the reference 

plane if it is completely inside the frame or if any part of the particle is inside the frame 

as long as it is not hit by the forbidden line(solid lines). For each sampled particle in 

the reference plane, a corresponding particle profile is sought in the look-up section. If 

no corresponding particle profile is found anywhere in the look-up section, the particle is 

counted. In (i), four particles are sampled in the counting frame (shaded profiles) of the 

reference plane while in (ii) two corresponding particles are missing (marked " + " ) . Thus, 

the two particles are counted in this illustration. 

The total number, N of particles in a material of volume V(ref) is estimated by 

N = -.F(ref) 
X>(dis) 

where Q~ is the number of disector counts obtained on each section and u(dis) is the area 

of the counting frame, a(frame) multiply by the height of the disector, h. 

Further details on the disector technique and its application can be found in [33] and 

[39, p. 72-81]. 

2.4 Optical disector 

The optical disector [32, 33] is another implementation of the disector principle de

scribed in section 2.2. It is used for estimating the total number of discrete objects such 

as cells in material that is either translucent or transparent, and is a practical protocol 

for the use in microscopes. 

In practice, the optical disector method is usually implemented with the use of a 

confocal microscope as it allows one to be able to scan through the 3 D sampling volume. 
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The optical disector protocol involves firstly moving the focal plane of the microscope to 

the top of the sampling volume. At this stage, any particles that come into view on this 

plane is not counted. Then the focal plane is moved down through the sampling volume, 

and this time, any new particles that come into focus will be counted. 

The main virtue of the optical disector is that it eliminates bias due to under-counting 

of small particles since the method enables one to see the whole sampling volume. More 

information on the application of the optical disector technique can be found in [32, 39]. 

Note that counts that are collected by the optical disector protocol are called disector 

counts in this thesis. 

2.5 The fractionator 

The fractionator [32, 33] is an application of nested cluster sampling. It is a simple yet 

powerful sampling scheme that allows the estimation of the total volume or the number 

of cells in an organ of interest. The fractionator sampling scheme is described in the 

following. 

First, the material of interest, say an organ, is cut into a number (known or unknown) 

of pieces in an arbitrary manner. The cut pieces are then arranged in an arbitrary order, 

and a systematic sample is taken at a known and pre-determined sampling fraction, k\. 

The sampled pieces can then be optionally cut into smaller pieces, and we subsample from 

the smaller pieces again with sampling fraction, k2. The process of cutting the sampled 

pieces further and then sub-sampling with known sampling periods (£3,... , kn) from them 

is repeated until we have a sample that is suitable for analysis. Thus, the sampling scheme 

has sampling fraction l/(fci,... , kn) and is unbiased. 

The fractionator technique is not only simple but it is also independent of tissue 

deformation like shrinkage or swelling since it does not require any knowledge of section 

thickness or magnification. However, very little is known about the variance of fractionator 

sampling scheme. 

2.6 Optical fractionator 

The optical fractionator [82], [39, p.94-95] is the result of combining the optical disector 

and fractionator techniques. It is used for estimating the total number of discrete objects 

in a defined reference space such as cells in an organ. 

In practice, the fractionator sampling scheme is firstly applied to the organ of interest. 

That is, the organ of interest is chopped into pieces first, and then a systematic sample 

at a known and pre-determined sampling fraction is taken. The sampled pieces might 

go through several stages of further chopping and sub-sampling as desired until a sample 
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obtained is suitable for analysis. The "final" sample of the organ is embedded (usually in 

Epon) and exhaustively cut into sections of thickness t units. A uniform and systematic 

sample with a pre-determined section sampling fraction, ssf is then taken from the stack 

of sections. For each of the sampled section, optical disectors are used to count cells of 

interest at a regular grid of pre-determined (x,y) positions. The first counting frame in 

each section is randomly placed while the subsequent ones are positioned according to the 

pre-determined x and y steps using a stepping motor. Figure (2.3) illustrates the optical 

fractionator method at the stage where optical disectors are used to count the cells of 

interest in a sampled section. 

The unbiased estimator of the total number of cells in the organ of interest is 

N = £«4s-.3 P-1) 
where 2\ZQ~ IS the total number of particles counted by the optical disectors, h is the 

height of the optical disector and asf is the areal sampling fraction (area of counting frame 

divided by the area of the (x,y) movement). 

2.7 The rotator 

The rotator [41] is a method developed to estimate the mean volume of a cell or 

particle. It is an application of the systematic sampling that uses cylindrical coordinates. 

Details of the theory behind the rotator method can be found in [41]. Figure 2.4 illustrates 

the measuring of the mean volume of a cell from vertical sections in practice. 
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\ y step 

a(x,y step) 

a(frame) 

xstep 

Figure 2.3: Illustration of the optical fractionator at the stage where optical disectors are 

used to count the cells of interest in a sampled section. The sampled section of thickness t 

units is moved in a raster pattern with a random starting position. Subsequent positions 

are moved according to a predetermined x and y steps in the x and y directions respectively, 

using a stepping motor. At each position, optical disector of height h is used to count the 

number of cells. The counting frames each of area a(frame), are represented by the small 

black squares in the diagram. The areal sampling fraction, asf is the area of the counting 

frame relative to the area of resulting from the x and y steps, a(frame)/a(x,y step). The 

thickness sampling fraction is the height of the optical disector relative to the section 

thickness, h/t. Thus the overall sampling fraction is ssf x asf x h/t, where ssf is the known 

section sampling fraction. 



2.7. The rotator 11 

Figure 2.4: Illustration of the rotator method in measuring the mean volume of a particle 

from vertical sections. Figure shows the profile of a particle. First, the vertical axis, 

VA is drawn so that it passes the nucleolus of the particle. The length, h of the vertical 

projection of the profile is the distance between the highest and lowest points of the profile. 

A grid of i parallel lines at a distance d apart is then positioned perpendicular to VA on 

the particle. In the figure, d = h/S and thus i = 3. The intersection points between the 

profile boundary and the lines i = 1,2,3 are indicated by crosses. Then the distance from 

each intersection point of each line, L{ to VA is measured. Usually, there are two distances 

to be measured on a particular horizontal line; from the right and left hand side of VA 

indicted by "+" and "-" respectively. One of the distances L{+ is shown in the figure. 

The volume of the particle is estimated by 7 r d £ t L
2 given in [41]. 
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Example Data Sets 

We selected four example data sets, labelled as data set I - IV for analysis purposes in 

this thesis. Data set I consists of point counts and intercept counts, data sets II and III 

are disector count data obtained from two different studies, and the last data set IV is 

comprised of real-valued volume estimates data. This chapter is devoted to describing 

these four example data sets, and the preliminary analyses performed on them. 

3.1 Data set I — Point-count data 

Our first data set is a set of test point counts(described in section 2.1) extracted from 

a comparative study of neuroanatomy by Mayhew et al. [58], and were kindly provided 

by Professor Mayhew. The samples were taken from the brains of selected domesticated 

animals, namely three horses, one dog, one pig and four rabbits. W e identify the data sets 

as HI, H2, H3, Dg, Pg, Rl, R2, R3, R4 respectively. Parallel plane sections at constant 

spacing were taken end-to-end from each cerebral hemisphere, yielding approximately 20-

30 sections per hemisphere, two hemispheres per animal. 

A transparency was superimposed onto each section, bearing a grid of 45 test points 

and a lattice of cycloid arcs [6]. The quantities recorded are shown in Table 3.1. 

Quantity 

Pt 

Pc 

lo 

Ii 

Description 

Number of test points that fell on the whole slice 

Number of test points which fell on the cortex alone 

Number of intersection points between the arcs and the outer aspect of 

the cortex 

Number of intersection points between the arcs and the inner aspect of 

the cortex 

Table 3.1: Description of quantities recorded in data set I. 

Note that Pc < Pt < rn where m = 45 is the number of test points, whereas /0,1{ are 

unbounded. The parameters of interest in this experiment are the cerebral and cerebellar 

volumes and the cortical surface areas of the brain. 

W e examined the bivariate data (Pt,Pc) and (Pt,I0). Stereological identities of the 

form given by (1.1) for this experiment state that the volume fraction of cortex per unit 

volume of brain Vy, and the ratio of outer cortical surface area to brain volume Sv, satisfy 

Vv = E(Pc)/E(Pt) 

Sv = cE(I0)/E(Pt) 

where c is twice the cycloid length per test point in the test grid [4, 15, 21]. 
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Data were obtained from the left and right cerebral hemispheres of each animal in the 

study. As the sample sizes were small (n « 20), these were pooled into a single sub data 

set, which we call subset for each animal for some analyses. However, for some analyses 

we included a factor side indicating the hemisphere of origin of each observation, so that 

differences between hemispheres could be tested. 

3.1.1 Preliminary inspection For initial analysis, we have treated the observa

tions on different sections as independent, ignoring the fact that the serial sections form a 

systematic sampling design. The magnitude of variance contributions from serial section

ing is discussed in chapter 9. 

In Table 3.2, the marginal distributions of the four variables Pt, Pc, I0, U are classified 

as "overdispersed" or "underdispersed" according as the sample variance-to-mean ratio 

is greater than or less than 1. W e find that I0,Ii are overdispersed whereas Pt,Pc are 

generally underdispersed. 

Variable 

Pt 

Pc 

h 
Ii 

Dataset 

HI 

— 

+ 
+ 

H2 

+ 

+ 
+ 

H3 

— 

+ 
+ 

Dg 

— 

+ 
+ 

Pg 

+ 

+ 
+ 

Rl 

— 

+ 
+ 

R2 

— 

+ 
+ 

R3 

— 

+ 
+ 

R4 

— 

+ 
-f 

Table 3.2: Classification of individual variables as "overdispersed" (+) or "underdispersed" 

(—) according to the sample variance/mean ratio. 

No differences between data from the left and right hemispheres of any animal were 

detected in Q - Q plots and by Wilcoxon rank sum tests of each of the individual variables. 

W e show the Q - Q plots for H3 and Pg in Figure 3.1 and Figure 3.2 respectively. 

3.1.2 Tentative models for (Pt,I0) data First, we assess whether factor side 

contributes an effect by testing the null model 

I0 ~ Pois(8Pt + 0) 

against the alternative model 

/o~Pois(0Pt + /?side) 

on each of the 9 subsets under consideration. Both models above are linear regressions of 

I0 on Pt with Poisson responses (Pois), where 8 and /3side are constant terms and 8 is 

the coefficient of the slope of the fitted line. 
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W e fitted the null and alternative models above to each subset using the function 

glm() that is based on iteratively reweighted least squares [30] in S-Plus version 3.4. For 

Hi, H2, H 3 and Dg, both the null and alternative Poisson models were rejected under 

the x 2 goodness-of-fit test based on residual deviance [59, p. 118]. Hence the analysis 

using Poisson responses is deemed to be inapplicable to these data sets. For Pg, R1-R4, 

we show the results in the analysis of deviance table Table 3.3. In addition, we obtained 

corresponding p-values using the x 2 goodness-of-fit test based on residual deviance from 

the fitted null and alternative models as well as from the deviance difference between the 

fitted null and alternative models for Pg, R1-R4. 

Column 10 of Table 3.3 displays the p-values of the model difference between the null 

and alternative models. The values suggest that factor side does not contribute an effect 

at 5 % level of significance for Pg, R1-R4. 

Next, we repeated the above analysis of deviance for HI, H2, H3 and Dg, using the same 

null and alternative models mentioned above except that in this instance, we modelled 

the responses as negative binomially distributed. The results are shown in the analysis 

of deviance table Table 3.4. Corresponding p-values are also obtained for the fitted null 

and alternative models as well as the model difference by using the x 2 goodness-of-fit test 

based on residual deviance as above. The p-values of the model deviance are displayed 

in column 10 of Table 3.4, and they indicate that factor side contribute no effect at 5 % 

level of significance. Further, the p-values shown under columns 4 Table 3.4 indicate that 

the null model, I0 ~ NB(0Pt + /3) provides adequate fit for for HI, H2, H3 and D g at 5 % 

level of significance, where N B represent the negative binomial distribution. 

Note that the negative binomial model and overdispersion in data will be discussed in 

greater detail in chapters 5 and 6 respectively. 
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Analysis of Deviance for Poisson G L M 

Data 

set 

Pg 

Rl 

R2 

R3 

R4 

Io~Pt + P 
d.f. 

64 

34 

30 

38 

34 

resid 

dev 

73.9 

27.7 

39.3 

19.1 

20.5 

p-value 

0.19 

0.79 

0.12 

0.99 

0.97 

I0~Pt+8Bide 

d.f. 

63 

33 

29 

37 

33 

resid 

dev 

73.9 

27.7 

38.9 

18.8 

20.1 

p-value 

0.16 

0.73 

0.10 

0.99 

0.96 

Model difference 

dev diff 

d.f. 

1 

1 

1 

1 

1 

dev diff 

0.0 

0.1 

0.3 

0.4 

0.4 

p-value 

1.00 

1.00 

0.58 

0.53 

0.53 

Table 3.3: Analysis of deviance for the Poisson G L M of I0 on Pt with factor side for 

data set Pg, R1-R4. "d.f." represents degree of freedom, "resid dev" represents residual 

deviance, "dev diff d.f." represents deviance difference degree of freedom and "dev diff" 

represents deviance difference. Values in bold indicate significance at 5 % level using x 2 

approximation. The p-value columns at colums 4, 7 are obtained from the x 2 goodness-

of-fit test based on residual deviance of the fitted null and alternative models respectively. 

The last p-value column displays values obtained from the x 2 goodness-of-fit test based 

on the deviance difference of the difference between the fitted null and alternative models. 

Analysis of Deviance for Neg. Bin G L M 

Data 

set 

HI 

H2 

H3 

Dg 

Io ~ Pt +13 

d.f. 

70 

74 

64 

61 

resid 

dev 

72.0 

79.4 

69.8 

61.7 

p-value 

0.41 

0.31 

0.29 

0.45 

Io ~ Pt + /3side 

d.f. 

69 

73 

63 

60 

resid 

dev 

72.0 

79.2 

69.8 

61.8 

p-value 

0.38 

0.29 

0.26 

0.41 

Model difference 

dev diff 

d.f. 

1 

1 

1 

1 

dev diff 

0.0 

0.2 

0.0 

0.1 

p-value 

1.00 

0.65 

1.00 

0.75 

Table 3.4: Counterpart of Figure 3.3 for data sets Hi, H 2 and H3 using negative binomial 

GLM. 
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Figure 3.1: Q - Q plots obtained for data set H3. Each plot compares the distribution of the 

data obtained from the left and right hemispheres for a given variable. Plots (a), (b), (c) 

and (d) compare the left and right data for variable Pt, I0, Pc and Ii respectively. The x-

axis and y-axis represent data from the left(L-) and the right hemisphere(R-) respectively. 

Data points with identical values are separated slightly by jittering the x values , that is, 

by adding displacements according to the Uniform distribution, U[—0.05, 0.05] to x values. 
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Figure 3.2: Counterpart of Figure 3.1 for data set Pg. 
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3.2 Data Set II—Disector count data 

Data set II was kindly provided by Dr. L. Slomianka of the Department of Anatomy 

and Human Biology, University of Western Australia. Dr. Slomianka and co-workers are 

investigating the effect of the absence of the protein known as Apolipoprotein E (ApoE) 

on the cell number in the hippocampus. The absence or presence of some A p o E in the 

hippocampus is believed to be a risk factor in Alzheimer's disease. 

The cells of interest are those in three particular layers of the hippocampus, namely 

CAl, C A 3 and the Hilus. The hypothesis of the research is that there is a decrease in cell 

number of the cells in CAl, C A 3 and the Hilus of the hippocampus due to the absence of 

ApoE. This research is still on-going at the time of writing. 

Mice were used in the investigation and they were classified under two groups. The 

first group of mice were ApoE "knockout", that is, the mice were genetically engineered 

and bred to be A p o E deficient while mice that belonged to the second group were normal. 

The main objective of the experiment is to estimate and compare the cell number of the 

CAl, C A 3 and Hilar(H) cells in the hippocampus of the normal and ApoE deficient mice. 

3.2.1 A brief description of the experiment The experimental process for each 

experimental animal involved removing the brain and extracting the posterior part of the 

brain where the hippocampus was located. The extracted hippocampus was then embed

ded in a block of solid material using Epon to make it possible for slicing. A microtome 

was used to section the embedded hippocampus serially at approximately equal thickness 

and at a spacing of s = 20 microns. The sections were then subsampled systematically 

at every k-th(k = 12) section. Thus, the subsample obtained is equivalent to a stack of 

section planes at a spacing of ks. 

O n each sampled section, CAl, C A 3 and H cells were counted by the optical fraction

ator method described in section 2.6, where disector counts were performed on counting 

frames arranged in a systematic fashion. Details of the experiment and the biological 

structures of CAl, C A 3 and the Hilus of the hippocampus can be found in [82]. 

3.2.2 The data Data from 37 animals were available to us and we labelled them 

M l , M 2 , .... ,M37. Each data set is made up of the sampled sections' numbers (1,2,...) 

and their corresponding disector counts of CAl, C A 3 and H cells obtained from each 

counting frame placed on the sections. Thus, in each data set, we have three subsets of 

data, namely the disector counts of CAl, C A 3 and H cells. 

For each of M l , M 2 , .... ,M37 , the disector counts of CAl, C A 3 and H cells are pooled 

within sections respectively for analysis purposes since no information about the spatial 

location of each counting frame is available. 
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3.2.3 Preliminary inspection W e obtained histograms of CAl, C A 3 and H cells 

for all the data sets M l , M 2 , .... , M37. The histograms show that the distributions of the 

CAl, C A 3 and H cell counts of all the 37 data sets are mainly right skewed. In addition, 

the histograms obtained for the C A 3 data show that the data sets have many counts that 

take only the values 0 and 1. Figure 3.4, Figure 3.5 and Figure 3.6 display the histograms 

of CAl, C A 3 and H cells respectively, obtained for data sets M l - M 9 . 

Next, we obtained the scatter plots of the total disector count of CAl, C A 3 and H cells 

individually against the corresponding section number for data sets M l , M 2 , .... ,M37. 

All the plots obtained showed a peak and a decreasing trend indicating that the number 

of CAl, C A 3 and H cells decreases as the section number increases. That is, the sections 

sampled from the upper part of the hippocampus contain more cells than sections sampled 

from the lower part of the hippocampus. This phenomenon is probably attributable to the 

shape of the hippocampus. The layers of the hippocampus can be thought of as that of a 

banana peel. W e show a sketch of the hippocampus after sectioning in Figure 3.3 below. 

Figure 3.3: Schematic sketch of the hippocampus after sectioning. 

From Figure 3.3 it appears that if we have sampled at least two sections from the 

upper part of the hippocampus, the scatter plots would have shown two peaks instead of 

one in most of the plots obtained. This claim is supported by the detailed studies [83, 73] 

using oversampling and cumulative volumes in the different layers of the hippocampus. 

Thus, the shape of the organ of interest is an important consideration when determining 

the sampling scheme to prevent any loss of information. W e show the scatter plots of the 

number of CAl, C A 3 and H cells against the section numbers for M l , M 2 , M 3 , M 4 M 5 

and M 6 in Figure 3.7, Figure 3.8 and Figure 3.9 respectively. 
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Figure 3.4: Histograms of the disector counts of C A l cells in 6 different experimental mice. 
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Figure 3.6: Histograms of the disector counts of H cells in 6 different experimental mice. 
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Figure 3.7: Plots of the total disector count of C A l cells in each section against the 

corresponding section number of 6 different experimental mice namely (a)Ml, (b)M2 

(c)M3, (d)M4, (e)M5 and (f)M6 in data set II. 
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Figure 3.8: Plots of the total disector count of C A 3 cells in each section against the 

corresponding section numbers of 6 different experimental mice namely (a)Ml, (b)M2, 

(c)M3, (d)M4, (e)M5 and (f)M6 in data set II. 
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Figure 3.9: Plots of the total disector count of H cells in each section against the corre

sponding section number of 6 different experimental mice namely (a)Ml, (b)M2 (c)M3 

(d)M4, (e)M5 and (f)M6 in data set II. 
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3.3 Data set III — Disector count data 

These data sets were kindly provided by Dr. J.O. Larsen of the Stereological Research 

Laboratory at the University of Aarhus, Denmark. Dr. Larsen and co-workers were 

investigating whether long-term physical exercise counteracts age-related Purkinje cell loss 

in the cerebellum. The hypothesis of the investigation was that there was a link between 

physical exercise and the increase in the brain's ability to counteract degenerative changes. 

3.3.1 A brief description of the experiment Male Sprague-Dawley rats were 

used in the investigation. The rats were made to run on a treadmill for a 20-minute 

period, twice a day, 5 times a week from age 5 months to 23 months. Rats that were 

willing to run were classified as "exercised" (experimental group) while those unwilling to 

run on the treadmill were classified as "sedentary" (control group). The main objective 

of the experiment was to estimate and then compare the cell number of Purkinje cells in 

the cerebellum, the volume of the Purkinje cells and the volumes of the cerebellar layers 

between the rats in the "exercised" and "sedentary" groups. 

The sampling process of each rat involved removing the brain (including the cerebel

lum) from the rat and extracting the cerebellum from the brain. The cerebellum was then 

embedded in Epon and cut exhaustively into sections of approximately equal thickness. 

A systematic subsample of sections with sampling period 12 was collected, and for each 

sampled section the number of Purkinje cells was counted using the optical fractionator 

technique described in section 2.6. In addition, the volumes of the Purkinje cells counted 

on each section were estimated using the rotator method described in section 2.7. How

ever, in this section we are only interested in the disector counts of the Purkinje cells of 

each rat. Details of the experiment, tissue preparation and of rats can be found in Larsen 

et al [51]. 

3.3.2 The data The data from 27 rats were available to us of which 12 are "ex

ercised" and 15 are "sedentary". Each rat has an identification number which we use to 

identify the data sets in this thesis. The data sets are named Al, A2, ... ,A12 for the 

"exercised" rats and B13, B14, ... ,B27 for the "sedentary" rats. Each data set is made 

up of the sampled section numbers and the corresponding disector count of the number of 

Pukinje cells in that section. For analysis purposes, we pooled the disector counts of each 

rat within sections. 

3.3.3 Preliminary inspection We obtained scatter plots of the total disector 

count of the Purkinje cells in a section against the corresponding section number of each 

of the data sets Al, A2, ... ,A12. Out of the 27 plots obtained, 14 of them exhibited some 

kind of smooth relationship between total count and section number which could conceiv

ably be fitted in some ways. The 14 data sets are A6, A9, A10, A12, B14, B16,B18, B19, 
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B21, B22, B23, B24, B26 and B27. We show six of these plots,namely A10, A12, B16, 

B19, B22 and B27 in Figure 3.10. The modelling of these 14 data sets using a statistical 

model is discussed in chapter 13. 
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Figure 3.10: Plots of total disector count in each section against the section number for 

each animal namely (a)A10, (b)A12, (c)B16, (d)B19, (e)B22 and (f)B27 in data set III. 
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3.4 Data set IV - Volume estimates data 

Data set IV is made up of the volume estimates of the sampled Purkinje cells of the 

27 rats under study. The data sets are, again identified as Al, A2, ... ,A12 and B13, B14, 

... ,B27. 

3.4.1 Preliminary inspection We obtained histograms for all the 27 volume es

timates data sets. All the histograms obtained exhibited right skewed distributions. Fig

ure 3.11 shows the histograms of 6 of the data sets obtained from Al, A2, A3, B13, B14 

and B15. 

Next, we applied a natural logarithmic(log) transformation to the values of the volume 

estimates of each data set and obtained the corresponding histograms. The histograms 

obtained roughly resembled the normal distribution. Figure 3.12 shows the histograms 

of 6 of the log-transformed data sets Al, A2, A3, B13, B14 and B15. In addition, Q-Q 

plots were used as an informal way of checking whether the log-transformed data sets 

come from the normal distribution. The Q-Q plots obtained displayed various outcomes; 

for some plots, a roughly straight line could be easily seen (e.g. A2, A5 and B25) while 

for some plots, the tails departed from the straight line(e.g. A3, A 4 and B17). These 

outcomes suggest that the normal distribution is a good model for some, but not all of 

the log-transformed data sets. W e show the Q-Q plots obtained for the same 6 data sets 

in Figure 3.13. More formal tests of normality on these log-transformed volume estimates 

data will be dealt in chapter 14 of this thesis. 

For data sets that appear to be in a straight line on the Q-Q plots, the lognormal 

distribution seems to be an appropriate model. W e will discuss the lognormal distribution 

in section 14.1 of chapter 14. 
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Figure 3.11: Histograms of data sets (a) Al, (b) A2, (c) A3, (d)Bl3, (e)Bl4 and (f)Bl5 

of Data set IV. 
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Figure 3.13: Normal Q-Q plots for the (natural)log-transformed volume estimates with 

fitted line through each plot for data sets (a) Al, (b)A2, (c)A3, (d)B13, (e)Bl4 and (f)B15 

of Data set III. The line through each plot is obtained by applying function qqline() in 

S-Plus version 3.4. It is a line corresponding to the normal distribution fitted to the data 

using the unbiased estimates of p and o2. 



CHAPTER 4 

A Review of The Theory of Best Linear Unbiased 

Estimation in Stereology 

This chapter reviews the application of the theory of best linear unbiased estimation in 

stereology proposed by Cruz-Orive [15]. In addition, we review the alternative approach 

to Cruz-Orive [15] proposal developed by Jensen and Sundberg [42]. 

4.1 Cruz-Orive's proposal 

Cruz-Orive [15] proposed the theory of best linear unbiased estimation [67, p. 41] to be 

applied in stereology. He presented the idea of estimating stereological ratio, for example 

the ratio between surface area and the volume of the object under study, by the slope of a 

proportional regression model. This section gives a review of Cruz-Orive's proposal using 

the notation of [15]. 

4.1.1 Background The object under study is a 3D "specimen" ,f2. The specimen 

il is assumed to be the union of two volume-disjoint "phases" Oi and Q — fli, where 

Qi represents the reference phase. Further, it is assumed that a phase of interest Q2 is 

contained in fij. Then it follows that Qi is the union of H2 and ^1 — ^2-

The stereological ratio of interest is of the form 

JV = ^ (41) 

where V(f2i) is the volume of fii, and 7 is a quantitative property of Q,2. Examples of 7(of 

the quantity 7(^2)) are volume(V), surface area(5) and length(I<) of a curve in space. 

In practice, to estimate yv of (4.1), sections from small blocks (that contain i~l2) 

through the reference phase Hi are needed. One can conceptualize a section as the in

tersection of Qi with probe T, that is Qi D T. The probe T is usually obtained as a 

section through the reference phase Qi. Then on the probe T, a pair of observations 

(X,Y) = (A(i~li H T),a(£l2 fl T)) is obtained where a is determined by 7. For example, 

7 = V, 5 or L implies that a = area(A), (7r/4) X length of a plane curve(7r/4)B, or twice 

the number of intersection points (2iV) respectively. Note that in this account, the random 

variable X is always A(ili DT). However, in practice X might also be another quantity, 

such as test point count. Under suitable randomness of T, for example isotropic uniform 

random (IUR) [60], hitting fii, the result 

E(Y) 
7V ~ E(X)" 

from stereological sampling theory (1.1) holds. 
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4.1.2 Estimation under the linear regression model Consider the situation 

where there are n probes Tu--- ,Tn hitting fii- Then for the tth section, we have the 

observation X{ = A(fii D Ti) and Y,- = a(n2 n Ti). Let R represents the ratio of interest 

in (4.1) from this point onwards. That is, R = 7(ft2)/I
/(fti), a n d let Ri = Yi/Xi-

Two cases were distinguished in [15]: 

Case I : The size of Hi is much larger than the probe sizes so that P(T C Qi) « 1. In this 

case, «! n Ti = Ti, and E(Ri) = R. 

Case II: The size of fii is smaller than the probe sizes. That is, Qx n Ti is a subset of Ti. 

In this case, E(ifc) ̂  #. 

Cruz-Orive [15] noted that the data (XuYi) of either case I or II often concentrate 

about a straight line through the origin, and proposed a proportional regression model 

Yi = RXi + et (4.2) 

where i = 1,... , n, and (e,-, • • • , en) are conditionally independent random variables given 

Xi,...,Xn, such that E(e; | Xi) = 0 and Var(e; | X{) = aX\. In addition, X{ > 0 for all 

i, and a > 0 and b are constants. In [15], the constant b is estimated by the slope of the 

fitted least squares regression line of log A" versus logVar(e | X ) . 

Under model (4.2), X,- = 0 implies Yi = 0 with probability 1. Since X{ are nonnegative, 

Y^Xi = 0 implies Xi = 0 for all i. Hence Yi = 0 for all i, and both the numerator and 

denominator of estimator (4.5) below are zero. W e assume that the probability of such an 

event is negligible, and define the estimator (4.5) to take some arbitrary value in the case 

of both numerator and denominator having zero values. 

From the regression model (4.2), the conditional expectation and variance of Y given 

Xi = x are 

E(Y{ \Xi = x) = Rx (4.3) 

Var(Yi | Xi = x) = axb (AA) 

respectively, for i = l,...,n. In addition, the best linear unbiased estimator -RK|,]P of R 

with the constant b known is 
E y - 2 — f c p . 

,• -A • Tl-i 

"blue = y,x2-b ' (4-5) 

that is, -Rblue is the weighted average of the individual ratios Ri with weights proportional 

to X? , and the conditional variance of -RbJue given Xi,... , Xn is 

Var(.Rblue | *!,..., X n ) = 
E?=i*,

2-6' 

Two conditionally unbiased estimators given X\,... , Xn, namely 

-=^zZX?-b^-h\ne)2 
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and 

E£=i(*i ~ Rb\ueXi)' 
a — 

{EILi xf - (ELi x}i E?=1 ̂
2~6)} 

were proposed in [15]. 

In [15], the estimator a was preferred as under the normal theory of weighted least 

square regression [72], the conditional variance of a given X\,... ,Xn is smaller than the 

conditional variance of hi given Xi,... ,Xn when (e; | Xi) ~ N(0,aX
b). Then using a, 

the estimator of the conditional variance of -R b ] u e given Xi,... ,Xn is 

1 n 

est Var(i?blue | Xu ... , Xn) = — £ Z ; ^ - £ b l u e )
2 , 

i = l 

which is the weighted sample variance of the individual ratios with weights proportional 

to X2~\ where Zt- = Xf~
b/ EJ=i Xf~b and iZ,- = y-/Xt-. 

4.1.3 Final Comments In the final comments section of [15], it was noted that in 

the case where 6 = 1, the best linear unbiased estimator ^ b ] u e of R in equation (4.5) is 

blue EX,- T 

which is the customary ratio estimator given by (1.2). In this case, the variance of i?bjue 

is 

Var(4 l u e) = aE ^ - l | ^ ^ > 0 (4.6) 

An approximately unbiased estimator of Var(^bjue) is (if 6 = 1) the X-weighted sample 

variance of the individual ratios Yi/Xi [15, equation (16)] 

estVar(£blue) = 
n-1 

Y.UVLX _k2 
E?=i Xi 

blue (4.7) 

4.2 Jensen and Sundberg's approach 

The applicability of the model assumptions (4.3)-(4.4) to stereological data was con

tested by Jensen and Sundberg [42]. For example under these assumptions, X = 0 implies 

Y = 0, which may not be satisfied in all applications. 

Jensen and Sundberg [42] remarked that the proportional regression model (4.2) pro

posed by Cruz-Orive [15] holds in Case I in section 4.1.2 only as it has theoretical support 

for the model assumptions (4.3) and (4.4) when Xi is non-random. However, in Case II 

when Xi and Y{ are random, the model assumptions (4.3) and (4.4) cannot be given the 
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same theoretical support and the model (4.2) does not hold. Instead, Jensen and Sund

berg [42] developed a joint distribution of Xi and Yi. In the following sections, we will 

review the approach proposed by Jensen and Sundberg [42]. The notations used will be 

that of section 4.1. 

4.2.1 Spatial model for Hi Jensen and Sundberg [42] regarded fli as the restric

tion to fl of a realisation of a random set in 1Z3. Further, they assumed that for every point 

z in fl, there exists a neighbourhood U(z) C fl of non empty interior within which the 

distribution of fli is approximately stationary (invariant under translations) and isotropic 

(invariant under rotations). 

Then in U(z), 

v(z) = E[V(Hi nU{z))]/V[U(z)}, 

and 

s(z)--E[S(Q2nU(z))}/V[U(z)} 

where v(z) and s(z) are known as local volume and surface densities respectively. Note 

that the ratio of interest, R = S(fl2)/V(fli) is equal to E(s(z))/E(v(z)), where z is a 

uniformly distributed random point in fli. 

4.2.2 Induced model for stereological data The pairs of observations (X;,Y{), 

i = 1, • • • , n is obtained from a region U(zi). For a number of probes Ti of areas A(Tt-), 

(Xit Y{) = (A(Qi n Ti),a(Q2 n Ti)). 

To fix a point in a fixed T, Jensen and Sundberg [42] let z to be the centroid and 

T = T(z) C U(z). That is, T is within the neighbourhood U(z) where flx is homogeneous. 

Then the conditional expectation of X and Y given U(z) and realisation (v(z),s(z)) are 

E(X | z) = v(z)A(T) 

and 

E(y | z) = s(z)A(T). 

respectively. 

Suppose Zi is the centroid of Ti, then we have the additive formulation of x and y given 

by 

X{ = A(Ti)[v(zi) + 6i] 

and 

Yi = A(Ti)[s(zi) + e{] 
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where 1(5,- | Z{) = E(e,- | zt) = 0. It is noted in [42] that <5; and e; are typically positively 

correlated, and that the additive formulation for Xi and Yi above can also be written in 

a multiplicative version as follows 

Xi = A(Ti)v(zi)(l + S*) 

Yi = A(Ti)s(zi)(l + e*) 

where E(<5? | z{) = E(c? | ^) = 0. 

According to [42], the multiplicative formulation for both X{ and Yi is appropriate if 

(v(zi),s(zi)) and {&*,€*) are independent, while the additive formulation is recommended 

if (v(zi),s(zi)) and (8i, 6j) are independent. In addition, a comment about the final model 

for stereological data is made in [42] as follows 

The final model for the stereological data can be characterized as a structural 

relationship between the observables Xi and F;. 

The work presented by Jensen and Sundberg [42] has shown that one cannot assume 

the model proposed by Cruz-Orive [15] will be appropriate in many contexts. Jensen and 

Sundberg [42] conclude their treatise on the proposed model for stereological data with 

a heuristic discussion on the general shape of model variances. 



CHAPTER 5 

Parametric Statistical Models For Stereological Count Data 

In the previous chapters, we looked at introductory materials that are related to this thesis. 

From this chapter onwards, we will deal with the problems of modelling stereological 

count data, testing the goodness-of-fit of the models, estimating the variance of the ratio 

estimator, estimating the variance contributed by sampling design, and so on that are 

mentioned in the introduction. W e begin by addressing the modelling of stereological 

count data in the simplest context. 

This chapter introduces the response distributions for modelling stereological bivariate 

and univariate count data. In addition, it solves the estimation of parameters of the 

models considered in the simplest case of assuming that the observations are independent 

and identically distributed (i.i.d.). Dependence of data due to the sampling designs and 

the effect of the explanatory variables on the response variables in experimental designs 

will be addressed in subsequent chapters 8 and 9. 

In section 5.1, we introduce appropriate response distributions for univariate observa

tions (xi, x2,... , xn), and in section 5.2, a class of appropriate distributions for bivariate 

responses (xi, yi), (x2, y2),... , (xn, yn) are introduced. The goodness-of-fit of these models 

to real data is evaluated in chapters 10 and 11. 

5.1 Models for univariate count data 

In this section, we introduce two possible response distributions for univariate stereo

logical count data, namely the well-known Poisson distribution which can be found in nu

merous books, for example [43, p. 87] and the zero-inflated Poisson(ZlP) distribution [43, 

p. 204]. 

The choice of the Poisson distribution is motivated by assuming that cells/particles are 

placed randomly in space according to a Poisson process. Thus, univariate counts such as 

disector counts could be modelled by the Poisson distribution. As for the ZIP distribution, 

it is a modified distribution of the Poisson model. It is a plausible model in situation where 

a distribution has an excess of zeroes compared to the Poisson distribution with the same 

mean. A n example where the ZIP model could be appropriate is the distribution of the 

C A 3 cells in the hippocampus as it is believed that the cells are arranged in approximately 

a 3 D irregular lattice pattern with some vacant positions [82]. 

W e describe the ZIP distribution in the following section. The univariate observations 

2.1, • • • , xn are assumed to be i.i.d. for estimation purposes. 

5.1.1 Zero-Inflated Poisson distribution The ZIP distribution belongs to a class 

of distributions known as the "modified" distributions described in [43, p. 204]. It is a 
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mixture of the Poi(A) distribution with the degenerate distribution at 0, in proportions of 

1 - u t o w , where 0 < u> < 1. Thus, if the random variable X follows the ZIP distribution 

which we write as ZIP(A,o;), then the distribution of X is defined as 

P[X = 0] = u + (1 - OJ) exp(-A) 

P[X = k] = (l-oj)exp{-\)\k/kl iffc>l. 

The expectation of X is E(X) = (1 - OJ)X. Let p = (1 - u)X. Then we have P[X = 

0] > exp(-p) by Jensen's inequality, since the function f(x) = exp(-2;A) is convex and 

u//(0) + (1 - oj)f(l) > f(u.O + (1 - a/).l) = exp(-/z). 

That is, a ZIP(A,w) distribution with mean p has more zeroes than a Poi(/^) distribution. 

This means that the ZIP(A,a>) model is a plausible model for a distribution which has an 

excess of zeroes compared to the Poisson distribution with the same mean. 

Other names for the ZIP distribution include "Poisson with zeroes" and "pseudo-

contagious" distribution [43, p. 205]. In addition, it is noted in [43, p. 205] that it is 

possible to decrease the proportion of zeroes, that is, it is possible for the case OJ < 0, 

provided that 

-exp(-A) 
u > ——f-. 

1 — exp(—A) 
In this thesis, we refer to this distribution as the zero-deflated Poisson(ZDP) distribution. 

The parameter A of the ZIP(A,o;) distribution is estimated by using maximum likeli

hood (ML) method [43, p. 206]. The M L E A of A is the unique solution of 

x\0 = A[l-exp(-A)]-
1, 

where x\0 = x/(l - z) and z is the the observed proportion of zeroes. For to, the MLE OJ 

of OJ is estimated from 

OJ = (1 - exp(-A))-1^ - exp(A)) 

where A is the MLE of A. 

5.2 Models for bivariate count data 

In this section, conditional proportional regression models, conditional GLM's and the 

Type I Bivariate Binomial model are presented for bivariate count data. The n nonnegative 

integer bivariate observations (xi,yi),--- ,(xn,yn), are assumed to be obtained from n 

different images or sections of the material under study. The observations are assumed 

to be independent and have the same bivariate distribution for estimation purposes. The 

objective is to estimate 9 = E(Y)/E(X) given by equation (1.1). 
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5.2.1 Conditional proportional regressions A parametric counterpart of Cruz-

Orive's approach described in section 4.1 is to assume the conditional distribution of Y 

given X = x follows a specified parametric distribution governed by 8 and x, satisfying 

model specifications (4.3)-(4.4). Examples can be selected from a wide class of discrete 

distributions such as the Poisson, binomial and geometric distributions. W e shall partic

ularly consider Poisson conditional regression 

(Y \X = x)~Poi(x9), 8>0 (5.1) 

and binomial conditional regression 

(Y | X = x) ~ Bin(x, 9), 0 < 9 < 1. (5.2) 

We propose parametric regression models for count data not only as a counterpart of 

Cruz-Orive's approach [15], but also because in [15] it is shown that regression models 

are appropriate for the example data sets under consideration. The Poisson and binomial 

distributions are chosen as initial attempts to model the count data as they are simple 

discrete models. In addition, the Poisson distribution is motivated by assuming the counts 

are placed randomly according to a Poisson process as mentioned in section 5.1 above. 

The binomial distribution is motivated by treating the counts as arising from test point 

counts. That is, the binomial distribution is a plausible model for count data that are 

collected by the counting method described in section 2.1, where each test point can be 

treated as a Bernoulli trial. 

Both models (5.1) and (5.2) satisfy conditions (4.3)-(4.4) with 6 = 1 and a = 9, 

a = (9(1 — 9) respectively. The binomial model is applicable only when the data satisfy 

Y < X. In addition, both the Poisson and binomial models are only applicable when 

X = 0 implies Y = 0. 

Assume the marginal distribution of X is another discrete distribution whose param

eters do not depend on 9, so that X is ancillary for 9. Then the maximum likelihood 

estimator (MLE) of 9 from data (xi, yi),... , (xn, yn) can be obtained by conditioning on 

(a_i,... ,xn) and fitting the relevant regression model. For both the Poisson (5.1) and 

binomial (5.2) models, the M L E of 8 is the customary ratio-of-sums estimator, 9 = y/x. 

It is of interest to determine how generally the result 9 = y/x holds for models of this 

type. One argument is as follows. 

Let 7] be the parameter of interest; assume X is ancillary for n. Observe that, if we 

assume the conditional distribution takes the form 

P(Y = y | X = x) = exp[yA(77) + XB{TJ) + C(x, y)], (5.3) 

where A(.), B(.) and C(.) are some functions, then it follows immediately that (E^E^i) 
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are sufficient for 77, and that under regularity conditions, the MLE of rj is the solution of 

y/x=.-B'(fi)/A'(ri). (5.4) 

However, under the same conditions, 

E[Y|X = *] = -,fg (5.5) 

VM[y,X = ,] = -,^'ff
W (3-6) 

so any model of the form (5.3) also satisfies a conditional proportional regression (4.3)-

(4.4) with 6 = 1 and slope parameter 9 = -B'(rj)/A'(n), and the M L E of 9 is y/x. 

Examples of (5.3) include the Poisson regression model (5.1) and the binomial regres

sion model (5.2). For both the Poisson and binomial models, 77 = 9, the parameter of 

interest. Then A(9) = log#, B(9) = -9, C(x,y) = ylogx - logy! for the Poisson model, 

and A(9) = log U^\, B(9) = log(l -9) and C(x, y) = log ( ' ) for the binomial model. 

5.2.2 Conditional GLM's More generally we may assume the conditional distri

bution of Y given X = x follows a generalised linear model [59] with explanatory variable 

x, canonical parameter 9, and mean p. The explanatory variable X is again ancillary 

for 9, and the link function n = g(p) is the identity. Then E(Y \ X = x) is linear in x, 

rather than necessarily being proportional to x. Such models are more flexible than those 

mentioned in section 5.1.1 above, and may have nonzero likelihood for data sets containing 

observations (x, y) with x = 0 but y ̂ /- 0. 

Lawless [52] advocated the negative binomial(NB) distribution as a model for extra-

Poisson variation in count data. The NB(/J, a) distribution with mean p > 0 and dispersion 

parameter a > 0 given in [52] is 

for y = 0,1, • • •. Note that in equation (5.7), the Poisson distribution is formally included 

in the limit as a —» 0. 

The variance-mean relationship of the NBfjtz, a) distribution is quadratic, since E(Y) = 

U. and Var(Y) = p + ap2. If the distribution of Y given X = x is assumed to be 

(Y |X = x)~NB(0x,a), 

then the conditional regression is proportional, i.e. (4.3) holds, but the conditional variance 

is not a power of x, so (4.4) does not hold in this case. The M L E of 9 cannot be given 

explicitly and is usually computed by iteratively reweighted least squares [30]. 
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5.2.3 T y p e I Bivariate Binomial M o d e l Let (A, B, C, D) be multinomial with 

parameters m and (PA,PB,PC,PD) where PA,PB,PC,PD > 0 satisfy PA+PB+PC+PD = 1-

Then the joint distribution of (X, Y ) , where X = A + B and Y = A + C, is the Type I 

bivariate binomial (BVB) distribution [50, p. 57], 

ml 
a=min(x,2/) 

P(X = x,Y = y)= J2 -JT TT7 r-, __-p̂ p- ~p- -p-
f—' a!(x — a) (y — a)!(7n — x - y + a)! D ° ^ 

_a _.x—a„J/—i rn—i—y-f-a 

for 0 < x,y < m. 

(5.8) 

+ + + 

+ + 
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Figure 5.1: Sketch of biological material with Tissue II (darker region) intersecting Tissue 

I (lighter region) where "+" indicates a test point on the test grid and white region 

represents empty space. 

A motivation for applying the BVB model in stereology is sketched in Figure 5.1. 

Suppose we have some biological material containing two tissue compartments, Tissue I 

and Tissue II, and possibly other compartments or empty space. A grid of test points 

is superimposed on a plane section of the material as in section 2.1 of chapter 2, and we 

count X and Y, the numbers of test points hitting Tissue I and Tissue II respectively. 

If each test point is regarded as a bivariate Bernoulli trial and the trials are assumed 

independent, then (X, Y) has the B V B distribution with joint p.d.f given in (5.8), where 

• PA is the probability of hitting both Tissues I and II, 

• PB is the probability of hitting Tissue I and not Tissue II, 

• pc is the probability of hitting Tisse II and not Tissue I, and 

• PD is the probability of hitting neither Tissue nor II. 

Independence of the outcomes from different test points may be a reasonable working 

assumption, since the current stereological practice is to use very coarse grids of test 
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points [34]. Hence, the BVB distribution may be a good initial model for data from 

experiments which involve point counts of two different phases of interest, and use the 

same test point grid for the two counts. 

The marginal distributions of X and Y of the B V B model are binomial, X ~ B\n(m,px) 

and Y ~ rz\m(m,pY) where px = PA + PB and pY = PA + PC- The components A 

and C are conditionally independent given X, with binomial conditional distributions 

(A\X = x)~B\n{x,pA/px) and (C \ X = x) ~ Bin(m- x,pc/{l -px))- Thus [50, p. 62] 

(Y I X = x) ~ Bin(x, —) * Bin(m - x, t
 PC ) 

PX I-Px 

where "*" indicates convolution. The conditional expectation and variance are [50, p. 

62-63] 

E(Y | X = x) = 

Var(Y | X = x) = 

PA . , v PC 
x \- (m — x)-
Px l-px 

PX V Px) l-px V l-Px. 

(5.9) 

(5.10) 

That is, both E(Y | X = x) and Var(Y | X — x) are linear in x but not proportional to x, 

unless pc — 0. Cruz-Orive's model (4.3)-(4.4) holds here only when pc — 0, that is the 

case where tissue II is contained in tissue I as shown in Figure 5.3. 

Maximum likelihood estimation for the BVB model is discussed in [50, p. 79-82]. The 

MLE's of the probabilities PA,PB,PC,PD are not known in closed form in the general 

case, and would usually be computed using the expectation and maximization (E-M) 

algorithm [25]. However, under the BVB model, the M L E of the ratio 9 = E(Y)/E(X) 

given by (1.1) reduces to 9 = py/px = y/x since py = J2iyi/mn and px = Ei x i / m n 

[50, p. 80]. Observe that, even though Cruz-Orive's model does not hold in this case, and 

E(Y | X = x) is not proportional to x, 9 the M L E of 9, is still y/x. 
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Figure 5.2: Sketch of biological material with Tissue II (darker region) disjoint from Tissue 

I (lighter region) where "+" indicates a test point on the test grid and the white region 

represents empty spaces. 
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Figure 5.3: Sketch of biological material with Tissue II (darker region) contained in Tissue 

I (lighter region) where "+" indicates a test point on the test grid and white region 

represents empty spaces. 

Figure 5.2 and Figure 5.3 sketch two examples where the BVB model may apply with 

PA = 0 and pc = 0 respectively. These two examples are special cases of Figure 5.1 where 

Tissue I and II are disjoint as shown in Figure 5.2 and and Tissue II is contained inside 

Tissue I shown in Figure 5.3. Each case yields a conditional binomial regression model, 

for example in the situation where pc = 0, the probability that a test point lies in Tissue 

II but not in Tissue I, is equal to 0. This translates into pc = 0 for the B V B model and 

hence Y follows a conditional binomial regression, 

(Y |X = x)~Bin(x,—) (5.11) 

Px 
where PA = Pu and px = Pi are the probabilities that a test point hits Tissue II and 

Tissue I, respectively. Note that this is not the standard Yi ~ (m,p(9,Xi)), where m is 

constant. 



CHAPTER 6 

Testing Goodness-of-Fit for Stereological Count Data 

Once the models introduced in the previous chapter have been fitted to real data, it is 

essential to check that they provide appropriate descriptions of the observed data. There 

are a number of ways in which the adequacy of a fitted model can be checked. Goodness-

of-fit techniques based on both formal statistics and graphical analyses are available in 

the literature (for example, see [20]) for checking the appropriateness of models. 

For the univariate Poisson and negative binomial (5.7) distributions introduced in the 

previous chapter, we used the standard %2 goodness-of-fit test to evaluate their fit to 

data. However for the B V B (5,11) and the Poisson regression (5.1) models, we employed 

"non-standard" techniques, namely a Monte Carlo type test and tests of overdispersion 

respectively. This chapter is devoted to describing these two test of goodness-of-fit tech

niques. 

In section 6.1, we first describe the general Monte Carlo test that is applicable to any 

model. Then we describe the Monte Carlo test that we have used following the approach 

of Brooks et al. [8] for testing the goodness-of-fit of the B V B model in the i.i.d. case. Then 

in section 6.2, we describe the tests of overdispersion developed by Dean and Lawless [24] 

which we use to evaluate the fit of the Poisson regression model (5.1). 

6.1 Monte Carlo goodness-of-fit test 

6.1.1 General approach The general Monte Carlo test is available and useful in 

situations where the null distributions of any test statistics cannot be computed, but can 

be simulated from the null hypothesis, Eo. Such situations are common particularly in 

the area of spatial statistics. 

The general Monte Carlo significance test for a simple null hypothesis against a com

pletely unspecified alternative was introduced by Hope [38], and Besag and Diggle [7] 

applied the test to spatial problems. It is conducted by generating N i.i.d. simulated 

datasets x^1),... , x(N> from the null hypothesis, computing the values of a chosen, real-

valued, statistic T for both the data (t = T(x)) and the simulations (tj = T(x^)), and 

rejecting Eo at significance level k/(N+l) if the data value t is one of the k largest values 

in the set {t,ti,... , £/v}- Ties, that is when ti = tj, for some i ̂ - j or when t = ti can be 

eliminated by assigning random order to the tied values. The significance level is exact, by 

a symmetry argument [38], assuming E Q is simple. If the number of simulations, N —> oo, 

the loss of the power of the Monte Carlo test becomes negligible. 

The Monte Carlo test approach that is described above has sometimes been used to 

test the goodness-of-fit oi a, fitted model in cases where the null hypothesis is composite and 

the parameter f must be estimated. However the test is not generally valid in this context, 
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as T may not be distribution-free, i.e. the null distribution of T may depend on £. In the 

notation used above, under the null hypothesis t is a realisation from the distribution of 

T under the true £, while t1}... ,i/v are i.i.d. realisations from the distribution of T under 

f, an estimate of £ computed from t. The true significance level could be much higher, 

that is less significant than k/(N + 1). 

6.1.2 Brooks and co-workers' approach Brooks et al. [8] propose a Monte Carlo 

test of goodness-of-fit for an arbitrary parametric model fitted by m a x i m u m likelihood, 

and use the maximised value of log-likelihood as the test statistic. To check whether 

the test statistic is distribution-free, they perform a sensitivity analysis which involves 

repeating the approach for simulations from slightly different models from the one fitted 

by maximum likelihood (ML). 

Let L(£, x) denote the likelihood function, and fit the model under consideration using 

M L method yielding an estimate £. Then compute the maximised log-likelihood t = 

log L(£, x) from the data, generate N i.i.d. simulations x^1),... , x(N) from the model with 

parameter £, and compute their maximised log-likelihoods tj = max^ logL(£, x^>). The 

(composite) null model is rejected at significance level k/(N + l) 'lit is one of the k largest 

values in {t, t\,... , t^}. This test has exact size k/(N + 1) as it is a special case of the 

Monte Carlo test. 

6.1.3 Our approach We follow the approach of the Monte Carlo test proposed by 

Brooks and co-workers described in section 6.1.2 above to test the goodness-of-fit of the 

i.i.d. bivariate proportional regression model. Instead of performing sensitivity analysis 

to check whether the test statistic is distribution-free as in [8], we measure the actual 

significance level of the Monte Carlo test. To do this, we perform a separate simulation 

study as follows. 

1. Fix a value £o and generate a set of data x from it. 

2. Estimate the M L E £ of £0 and compute the value of the maximised log-likelihood, 

t = logL(£,x) from the simulated data. 

3. Generate N i.i.d. simulations x^\... , x^ using f as parameter, and for each sim

ulated data set compute tj = max^ log L(£, x ^ ) . 

4. Reject Eo if t is the k largest values in {t, ti,... , t]^}. 

Repeat steps 1- 4 a large number, M times keeping the value of f0 fixed each time, and 

record the number of rejections of E0. The value of the number of rejections out of M 

gives an estimate of the actual significance level of the test with the nominal significant 

level k/(N + 1). Note that the result does depend on the value of £0- The value assigned 

to £0 should be one that is close to the estimated f for the data. 
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6.2 Overdispersion in Poisson regression models 

In the previous chapter, we have seen that Poisson regression models have potential 

application to stereological count data. However, it is known that counts often display 

overdispersion relative to a Poisson model [36, 24]. This means that overdispersion could 

be a potential cause of departure from the Poisson regression model in stereological exper

iments. A plausible cause of the presence of overdispersion in stereological experiments 

could be attributed to the potential presence of underlying random effects, such as the vari

ation contributed by the difference between the experimental animals, and the variation 

caused by the spatial inhomogeneity of the internal structure of the animals. 

The tests of overdispersion developed by Dean and Lawless [24] aim to test for overdis

persion in arbitrary Poisson regression models, that is the application of the tests is not 

restricted to specific situation such as when the mean response is a constant. In fact, the 

approach of Dean and Lawless [24] is the generalisation of the approach of Collings and 

Margolin [13] to test for overdispersion in Poisson regression. 

W e adopted the tests statistics Ta (6.9), Tb (6.13), and Tc (6.16) to test for overdis

persion in Poisson regression model (5.1). Both Ta and Tb have good convergence rate 

and both converge (approximately) to the standard normal distribution. In addition, both 

statistics are easy to compute. However, the application of Ta and Tj, requires the assump

tion that the regression specification of p = E(Y | X) is correct. O n the other hand, test 

statistic Tc has the merit of not requiring any assumption on the regression specification 

to be made. Thus, Tc should be used if there is any doubt about the adequacy of the 

regression specification. 

In the following, we outline the approach of Dean and Lawless [24], 

6.2.1 General case Consider any Poisson nonlinear regression model, of the form 

Yi ~ Poisson(//i) (6.1) 

with response variables Yi, vector of explanatory variables x;, and regression equation px = 

EYi = p(z<i;P) where /? is a p-dimensional parameter vector. Collings and Margolin [13] 

and Dean and Lawless [24] develop tests for overdispersion from this model, by formulating 

the alternative as 

(Y{'\ x^ Vi) ~ Poisson(viPi), (6.2) 

where Vi (i = 1,... ,n) are i.i.d. random effects satisfying E(^) = 1 and Var(z/,) = r. 

Under the alternative [13] 

Var(Y' | Xi) = pi + rp2. 
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The case r = 0 is the null model (6.1) so that a test of E0 : r = 0 against Ei : r > 0 is a 

test for overdispersion. 

The following test statistics have been proposed in [24]: 

T = l/2Jr{(Yi-JAi)2-Y_} (6-3) 

T - ELiOT-A,)
2-^} ,64) 

(2E?=1A
2)1/2 

T2 = JT(Yi-pi)2/Y (6.5) 
i=i 

where pi = /i(x;; /?), are the fitted mean responses, (3 is the MLE of/?, and Y = EILi ^»7n-

Note that T2 is the generalisation of the test statistic T B of Collings and Margolin [13, 

section 4, equation (22)] for proportional regression. Adjusted versions of these statistics 

are considered below. 

If we avoid assumptions about the mixture distribution (of the random effects vi), 

only large-sample theory is available for the distributions of the test statistics. Dean and 

Lawless [24] distinguish two limiting regimes: 

A: n —> 00 with the pi a fixed sequence and 

B: n is fixed, pi -» oo(i = 1, • • • , n). 

Under limiting regime A, they show that the null distribution of T/^^p2)1!2 con

verges to the standard normal distribution. They introduce 7\ and show that it is asymp

totically equivalent to T and asymptotically normal. However in practice this approxima

tion works well only if n is large. An adjusted version Ta of Ti is discussed below. 

Under limiting regime B, Dean and Lawless [24] show that T and T2 are asymptotically 

equivalent, and the asymptotic distribution of T2 is that of a weighted sum V)? AtC7- of 

independent \\ random variables Vi. The weights At- are the eigenvalues of the asymptotic 

covariance matrix V for Poisson regression, V = p^.1W1^2(I-E)W1^2, where p+ = y ) n u-

W = diag(/ii,... ,pn) and 

H = W^2X(X'WX)-lX'W1'2 (6.6) 

is the leverage matrix for Poisson regression, derived from the matrix X = X(/3) with 

entries x,j = p~1(dpi/df3j). Note that the weights A,- depend on the unknown parameters. 

Under regime B, the asymptotic mean and variance of T2 are respectively ntr(V) and 



6.2. Overdispersion in Poisson regression models 51 

2n2tr(V'V), where V is the matrix defined above. These are 

n 

as.mean(J2) = w//+1 /_>(!• — h-u)pi (6.7) 
t=i 

n n 

as.var(T2) = 2n2p+
2y^^piPj(5ij - hjj)2, (6.8) 

i=l j=i 

where /i,-,-, /i8J- are entries of the leverage matrix E of (6.6) and Sij = 1 {i = j}. Formula 

(6.8) corrects an error which we have discovered in the expression for "as.var(r2)" given 

in [24, section 4.1]. Both the error and the correction have been confirmed by [23]. 

6.2.2 Adjusted statistics Dean and Lawless [24] introduce adjustments to T1;T2 

to improve the rates of convergence of these two statistics. The adjusted version of T\ is 

T _ TZ=A(Yi-ti)
2-Yi + hiiPi} 

(2ESUA?)1'2 ' ['} 

where hu is the maximum likelihood estimate of hu. The M L E of E can be computed 

by substituting into (6.6) the MLE's of X and W obtained from 8. As shown in [24], 

the convergence of Ta to the standard normal distribution is faster than that of Ti under 

regime A. 

The proposed adjustment to T2 is based on approximating the limiting distribution by 

that of a single scaled x2 variable, 

T2 ~ cx
2
d (6.10) 

Equating the first two moments, using (6.7)-(6.8), yields 

c = 
^ELiE^i^-^-M2 ,fim 

w+ ELiMi-M (6"U) 

d = {EILi^d-Ml2
 (6.12) 

EILiE-=iw(%-M
2 

If d is large then applying the Wilson-Hilferty transformation [44, p. 176] we have that 

Tb ~ iV(0,1) (approximately) where 

*-^{wi-+h-1} (6-13) 
where c,d are the MLE's obtained from (6.11)-(6.12) by substituting the MLE's of p{ 

and hij. According to [24] the approximation Tb ~ N(Q,1) performs nearly as well as 

(6.10) provided that the value of d is 10 or larger. However, if d is small, the use of the 

approximation (6.10) or the exact asymptotic distribution is recommended. 
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6.2.3 Case of proportional regression In the case of proportional Poisson re

gression (5.1) we have a one-dimensional parameter (3 = 8, one-dimensional explana

tory variables xt-, and the regression equation is pi = 9xi. It follows easily that W = 

diag(0xi,--- ,9xn) and X = 0_1(1,1,--- ,1). Hence hu = x;/x+ and hij = y/xJxJ/x+ 

where x + = E;
xi- W e obtain 

n "1/2 n 

r.= 2?£>? £ .2 ~X 
2 

(Yi-9xi)2-Yi + 8-^ 
. x+ i=l / i=l L 

where 8 is the MLE of 9. In limiting regime B, the asymptotic covariance matrix V does 

not depend on 9. The formulae (6.11)—(6.12) become 

_1 Ei=l Ej=l XiXj(<>ij ~ x + yjxixj) 
c = nx+ = ^ — j — (6.14J 

•£-/t'=l xi\*- ~ x-\- Xi) 

d = n E , - i ( i - < f , (6.15) 
Xii=l Ej=l xixj(Oij X+ ̂ JXiXj) 

Similar results are obtained for variations on proportional regression which involve 

explanatory variables. For example in a two-sample proportional regression with EY; = 

9jXi in group j (j = 1,2), equations (6.14)-(6.15) are modified by replacing the numerators 

and denominators each by a sum of two such expressions computed separately for each 

group. 

6.2.4 Test for overdispersion ignoring regression specification The above 

mentioned tests for overdispersion are likely to be sensitive to departures from the assumed 

functional form of the regression equation. In order to test for overdispersion without 

making assumptions on the form of E(Y | X = x), Dean and Lawless [24] suggest grouping 

the data so that observations Yn, • • • , Y{ni all have the same x value, and computing 

fc 
(Yij - Yt +) 

r ° = 2 J 2 ^ > ; ; • (6-i6) 
«'=! 3 = 1 

where Yi+ = £ £ 1 Y^/ni is the group mean and Y + + = £t*=1 nt-Yi+/2t*=1 n{ the grand 

mean. Note that Tc is the "within-group" component of a decomposition of T2 into sums 

of squares between groups and within groups [24, section 6]. 

Under limit regime B, the limiting null distribution of Tc [13] is the distribution of 

Etti ViXl,-i, where w{ = E(Y i +)/E(Y + +). This can again be approximated by a single 

scaled x2 distribution ax2, where 

0 = Ek̂ il and t= {ffi, «,(»•• ^ 
E?=i «••(».-1) E L i «>?(Bi -1) 
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and the Wilson-Hilferty transformation can again be used if 6 is sufficiently large. This 

leads to 

Tc = (4.56)
1/2{(Tc/a6)

1/3 + 2/(96) - 1} (6.17) 

and that Tc ~ N(0,1)(approximately). 

In the case of proportional regression we have w; = n,- x^/x+ where x ^ is the i-th 

largest distinct x value, and n,- = n ^ is the frequency of this value. 



CHAPTER 7 

Variance Estimation of The Ratio 

In section 5.2 of chapter 5, we have shown that the MLE 9 of 9 = E(Y)/E(X) (given 

by (1.1)) is the customary ratio estimator, 9 = y/x under the Poisson regression (5.1), 

binomial regression (5.2), and the B V B model (5.8). Recall also that the estimation of 

9 was carried out in the context of the bivariate observations (xi,yi),... , (xn,yn) being 

assumed as i.i.d. The next question to address is how good the ratio estimator, 9 is for 9. 

This question is of great interest in stereology since the ratio estimator is widely used in 

this field. 

The variance of 9 = y/x, Var(0) is usually estimated by large-sample approximations 

related to the delta method [12, p. 32], Cruz-Orive [15] proposed an alternative method 

based on conditional proportional regression of Y on X, which includes (1.2) as a special 

case, but the applicability of the regression assumptions to stereological data has been 

contested [42]. 

In this chapter, we propose alternative techniques that can be used to estimate Var(0) 

in the context where the bivariate observations (xi, yi),... , (xn, yn) are assumed to be i.i.d. 

W e employ both non-parametric and parametric methods to obtain estimates of Var(0). 

For non-parametric approach, we use the bootstrap and delta methods. As for parametric 

approach, we apply large-sample asymptotic normal approximation to the M L E based on 

likelihood theory, and derive an analytic expression for Var(#) from the B V B model (5.8) 

directly. 

The various estimators of Var(0) derived from the non-parametric and parametric 

methods are applied to example data sets in chapter 12. In addition, we apply formula 

(4.7) which is the variance estimator of 9 derived from Cruz-Orive's approach, to the 

example data sets in chapter 12. The estimates yielded by the various estimators of 

Var(#) are also compared. 

7.1 Non-Parametric Approaches 

7.1.1 Naive bootstrap The bootstrap method [26, 27] is essentially a re-sampling 

technique. It has the advantage of not requiring any model assumptions on the joint 

distribution of X and Y apart the bivariate observations being assumed to be i.i.d, making 

the technique suitable when the distribution of data is unknown. 

The naive bootstrap method [27, p. 47] which we propose to estimate Var(#) operates 

in the following manner. First, a large number N of re-sampled data sets is generated, 

each obtained by drawing a simple random sample of size n with replacement from the 

original dataset of n bivariate observations (x,-,yt). Then in each re-sampled dataset the 

sample value of 9 = y/x is computed, and Var(0) is estimated by the sample variance, 
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sjv(#) of these N values. 

It is noted in [27] that the limit oi s2N as N goes to infinity is the ideal bootstrap 

estimator of Var(0). That is 

lim S2N{9) = VM(9)-
N-i-oo 

In addition, it is mentioned in [27, p. 51] that the bootstrap estimate of standard error 

usually has little bias, and that in an asymptotic sense (n ->• oo), the bootstrap estimate 

of the standard deviation of 9, Soo(#) has the smallest standard deviation among the other 

unbiased estimates of the standard deviation of 8. 

The above description of the naive bootstrap method is a simple procedure. However, 

the method can be expensive and time consuming as it requires a lot of computation, 

especially when the function under study is complicated. 

7.1.2 Delta method The delta method [54, p. 85] is an alternative approach to the 

bootstrap method described above that preserves the merit of not requiring model assump

tion on the bivariate observations (xi, yi),... , (xn, yn) apart from the i.i.d assumption on 

the observations. In addition, the delta method is an approximation method that is known 

to work well in large samples. However, in order to derive an expression for Var(#) under 

this method, it is necessary to assume that the central limit theorem applies to the joint 

distribution of (X, Y ) . 

An estimate of Var(0) is obtained by approximating the function /(x,y) = y/x by its 

first order Taylor expansion about (EX, E Y ) . This yields the standard approximation for 

the variance of a ratio, 

V a r W ~ n (E(X)Y 
Var(X) | Var(Y) Cov(X,Y) 

(E(X))2 (E(Y))2 E(X)E(Y) 
(7.1) 

If the central limit theorem applies, then 9 is asymptotically normal with this variance [54, 

p. 85]. 

The above expression of Var(0) may be estimated by using the sample moments: 

1 y2 

Var(0) « -*-
nxl 

s2 s2 s 

-9 "1" -o ^ 
x y xy 

(7.2) 

which is an asymptotically unbiased estimator of Var(^), where s2, s2 and s denote the 

sample variance of x and of y and the sample covariance of x and y respectively. 
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7.2 Parametric approaches 

7.2.1 Fisher information In parametric models we may use the large-sample asymp

totic normal approximation to the M L E based on likelihood theory [14, p. 254], giving 

Var(0) « i, (7.3) 
1(9) V ' 

where / is the M L E of I, the expected Fisher information given by 

32\og L(8;x)\ 
I(8) = -E(-

882 

at the true value of 8. Then 1(8) may be approximated by 1(8). For example, deriving the 

observed Fisher information values for the Poisson (5.1) and binomial (5.2) proportional 

regression models respectively, and then substituting the values in (7.3) yields 

Var(0) « -1^ 

Var(0) 

nx' 

y(x - V) 
nx3. 

In these two cases the variance estimate equals a/Y2xii a sample estimate of the exact 

variance (4.6), where d is the M L E (determined by 8) oi the variance slope parameter a 

in (4.4). This differs from Cruz-Orive's [15] recommendation to estimate the variance of 
**r. 

8 by (4.7), the weighted sample variance of the individual ratios yi/xi. 

A weakness of the above parametric approach is that it requires strong assumptions 

on the joint distribution of X and Y. Further, the approach assumes large sample size 

which means that it is not suitable for small sample cases. However, the strength of the 

parametric method is that formal procedures (goodness-of-fit tests) are available to test 

the model assumption. Thus, if the model assumed for the data is true, and the sample 

size of the data of interest is large enough, then the parametric approach above provides 

a good way to estimate Var(#). 

7.2.2 Explicit formulae in parametric models Most of the estimators of Var(#) 

discussed so far requires a large-sample size justification which may not be appropriate 

in general, especially in small samples. Under a parametric model, one may derive ex

act or approximate analytic expressions for Var(#) in small samples. For example, in a 

proportional regression (4.2) the exact variance of 8 is given by (4.6). Good analytic ap

proximations for this reciprocal moment are known for the Poisson and binomial cases. If 

Z ~ Bin(m,p) then [43, p. 74] 

E(±{Z> 0}) « 1"J{m ,. (7.4) 

\ZX V mp-(l-p) 
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As noted in [43, p. 74], equation (7.4) above gives two significant figure accuracy for 

mp > 5. 

We derive an analytic expression for Var(#) from the B V B model as follows. If 

(Xi, Yi),... , (Xn, Yn) are i.i.d. samples from the bivariate binomial distribution with pa

rameters m and (PA,PB,PC,PD), then the joint distribution of (Ei^')Ei^) *s again 

bivariate binomial with parameters mn and (PA,PB,PC,PD)- Using the expressions (5.9)-

(5.10) obtained for the conditional mean and variance, we get 

Var(0) = aE 

+a' Var 

={X > 0} + /3E 

[«'+^){X>0} 

where 

a 

8 = 

PA 

PX 

PC 

1-

a 

P = 

EA 
Px, 

1 -px V 
PA _ PC 
Px 1 - Px 
PC 

1-PA-

Pc 
1 -Px 

1- Pc 
PX. 

PC 
1-Px. 

Since nmX is binomial Bin(nm,px)i we may apply (7.4) and a similar analytic approxi

mation of the second moment of l/X from [43] to derive an approximation to Var(8). 

In the special case pc = 0 discussed at the end of section 5.2.3, we have /? = /?' = 0 

and 

Var (9) = aE 
-lliXi 

{X>0} 

Substituting equation (7.4) to the above expression, we get 

Var(<?) ~E±(i-E±)
 1 ~ 2/nm. 

Px \ Pxjnmpx-{l-px). 
(7.5) 

Therefore, a variance estimate can be obtained by substituting the MLEs of the parameters 

into equation (7.5) above. The MLEs of pA and px are pA = y/m and px = xf 

respectively, where y = Ei Vi and x = £,- x{. Thus equation (7.5) can be written 
m 

as 

Var(0~) - * (i _ 1) rJL 
x \ xJ nx — 

(1 - 2/nm) 
(1 — x/m)' 

The apparent weakness of the above approach of deriving an expression of Var(£) from 

a model directly is that it makes strong assumption on the joint distribution of X and 

Y. Yet, a strength of the above approach is that the model assumption can be checked 
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as there are formal procedures available for testing the goodness-of-fit of the model. In 

addition, the method has the merit of not needing a large sample . Thus, if we believe 

the model assumed for data is true, then deriving an estimator of Var(0) from the model 

directly provides a reliable way to estimate Var(0). 



CHAPTER 8 

Modelling Stereological Experiments using G L M 

In the previous two chapters, we dealt with the modelling of responses obtained from 

stereological experiments in the simplest context, that is, the responses are assumed to be 

obtained from unstructured experiments. However, experiments in stereology are typically 

highly structured in that they involve both the structure of a designed experiment (with 

control and treatment groups etc.) and the multistage nested structure of a complex 

sampling design [17, 35]. For example, the principal levels of a stereological study to 

estimate the number of neurons in a rat's brain may include the rat from which the 

brain is removed, sections cut from the brain, and the measurements (responses) taken 

on the sampled section. Such an experiment can be considered as a three-stage nested 

design [61, p. 566] (assuming that the number of responses are equal across all sampled 

sections), where the sections are nested within the animals, and the measurements within 

the sections. 

To date, the modelling of structured experiments has not been fully explored in stere

ology. In [35], standard theory of analysis of variance ( A N O V A ) for nested design was 

suggested to model data obtained from nested stereological experiments. However, the 

standard least squares A N O V A requires the assumptions that the error term is normally 

distributed and has homogeneous variance which are not appropriate for integer count 

data. 

In this chapter, we deal with the modelling of data obtained from structured stereolog

ical experiments as a whole. W e propose to model the spatial variation in responses using 

a Generalised Linear Model(GLM), and then make use of the results to estimate vari

ances. In recent literature on survey sampling [77], G L M has been advocated to model 

dependence of response on other explanatory variables with a similar objective of esti

mating variances. Our aim in the chapter and that of the recent literature on survey 

sampling may sound similar, but note that we are proposing to model spatial variation in 

stereological sampling. 

In addition to applying standard G L M to the responses, we also employ G L M with 

random effects, that is, overdispersed G L M is applied to the stereological data where 

appropriate. To fit the G L M with random effects to data, we apply the approach developed 

by Aitkin [1], in which the random effects are estimated non-parametrically using the non-

parametric maximum likelihood ( N P M L ) method which does not require any distributional 

assumption on the random effects. 

In section 8.1, we first review the approach of Gundersen and Osterby [35]. Then in 

section 8.2, we describe the standard G L M (that is, G L M with fixed effects). Finally in 

section 8.3 we describe the fitting of G L M with random effects where the random effects 
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are initially assumed to be normally distributed and then with no model assumptions 

using the approach of Aitkin [1]. 

8.1 Review of Gundersen and 0sterby's approach 

The main objectives of the study carried out by Gundersen and Osterby [35] are 

to quantify the variance contributed by each level in an experiment, and to optimize 

sampling design in stereological experiments. The methods used in [35] are illustrated 

using a biological experiment which is a three-stage nested design. 

8.1.1 Estimating the sampling variances Gundersen and Osterby [35] applied 

classical theory of nested A N O V A to obtain estimates of the variance contributed by each 

level of the experiment. In the example used for illustration in [35], the levels of the 

experiments are the animals(a), blocks(6), fields(/) and measurements(ra). The model 

considered is a random effect model 

Yijki = p + Ai + Bij + djk + f-ijki (8-1) 

where 

• Y^ki is an unbiased estimator of some desired quantity 9 under a suitable sampling 

design 

• p is the main effect, for example, the population average of 9 

• Ai is the random effect associated with the z'th animal 

• Bij is the random effect associated with the jth block in the tth animal 

• Cijk is the random effect associated with the /cth field in the j'th block of the ith 

animal 

• eijki is the random error associated with the /th observation in the fcth field of the 

jth. block of the ith animal 

and i = 1,... , na, j = 1,... , nb, k = 1,... , nf, I = 1,... , nm. At this stage, it is assumed 

that the aim is to estimate the main effect, p. 

The underlying assumptions of model (8.1) are that the random effects A B C and 

error, e are independent, normally distributed with mean zero and homogeneous variances 

a\, a\, o2 and o2 respectively. The definitions of the sample means at each level of the 
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experiment can be written as follows. 

1 n m 

Yijk. = —2_^Yijki (8-2) 
(=i 

1 ' '•"» 

n ^ n / ^=1 /=i 

n/ n, nr 

W6n/nm j-=i fc=i /=i 

1 na
 n/ n/ n m 

F • = ;r̂ hr £££!>*' ^ 
nanbnfnm *—' r—'

 z—'*—' 
a ° / w i=i i=i fc=i i=i 

Note that the expression for Y.„. is the usual estimator of //, and the aim is to minimise 
its variance. 

Under model (8.1), we can re- write the expressions (8.2) - (8.5) as 

Yijk. = p + Ai + Bij + djk + £ijk. (8.6) 

Yij.. = p + Ai + Bij+Cij. + 6ij.. (8.7) 

and so forth for Yt-.., and Y,-... where C;J. = 1/^/ Efc4i Cijfc-

The variance contributed by each level of the experiment and thus the total variance 

are then estimated using standard theory of nested A N O V A [61, chapter 13, p. 557] as 

follows. 

First the total sum of squares, SSt is partitioned into 

SSt = SSa + SSb + SSf + SSm 

where 

• SSa is the sum of squares due to animals (that is, between animals) 

• SSb is the sum of squares due to blocks (that is, between blocks) 

• SSj is the sum of squares due to fields (that is, between fields) 

• SSm is the sum of squares due to measurements (that is, between measurements) 

Consider the lowest level, that is the "measurements" level, m. The expression for 

o tJfji IS 

i j k l 
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which is the sum of squared deviations of the individual observations Yijki from Yijk.-

Using expression (8.6), the expected value of the single term (J2i J2j Efc YliO^ijkl- Yijk.)2) 

is 

EiYjki - Yijk)
2 = E(eijki - e

2
jk.) 

nm — i 9 
= o . 

Let 

~ 2 Ei Ej Efc zZlsXiJkl — Yijk.) 
Osf = 1 

nanbnj{nm - IJ 

be the pooled sample variance at level m. Then E(Osf) = o2. That is, the mean square, 

Os2 is an unbiased estimator of o2. 

Similarly, at the "fields" level, / we have 

55/ = EEE(F^--F^)2-
i j k 

Then using equation (8.7), the expected value of the term (E; Ej EfcC^'jfc. ~ ^V)2) is 

written as 

E(Yiok.-Yij.)
2 = E(Cijk-Cij. + ei,k!-ezjk.)

2 

- nI ~ l -2 • nf~l~2 
— af H o 

nf
 J nfnm 

for each i, j, and k. 

Next, let 

n 2 __ Ei Ej z2k(Yijk. - Yij.) 
WS t — 

J nanb(nj - 1) 

be the pooled sample variance at level /. This yields 

E(0*}) = o) + £l, 

where aj is estimated by the sample variance at level /, sj (which is an unbiased estimator 

of a2). That is, we get 

S) = 0s)-9A 

Following the above method of estimating the variance contributed by levels m and / 

we obtained the expressions of the variance contributed by level a and 6. For level 6 

E(Os2) = a2 + ̂  + -^-
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and estimating o2 by its unbiased estimator s2, we get 

s*-0s
2 i °*L 

sb — usb , 
nj nmn/ 

where Os2 is the pooled sample variance at level 6. 

For level a, 

a2 
E(Os2a) = a

2
a + ^+^- + 

nb UbUj nbnjnm 

which can be written as 

A A. oA 
sl=04 + t\ + ̂ + "•> 

nb nbnj nbnjnm 

where Os2 is the pooled sample variance at level a, s2 is an unbiased estimator of a2, nb, 

nj and nm are the number of blocks, fields and measurements(per field) respectively. 

8.1.2 Optimizing the sampling design After estimating the variance parameters 

as shown above, the next question is to estimate the variance of 8, namely the grand mean, 

Y..... The variance of Y...., Var(Y„„) is given by 

Var(F ..) = £ + A. + -±- + —^—, 
na nanb nanbn/ nanbnfnm 

which can be estimated unbiasedly by substituting the unbiased estimators, s2, s2, s2, and 

Os2 of the variance parameters, namely, ol, al, aj, and a2 respectively into the right 

hand side of the above equation. 

The terms on the right hand side of the expression of Var(Y.„.) above are the con

tributions to variance of Y.... from each level of the experiment. When these variance 

contributions have been estimated from the stereological experiment in [35], it was found 

that the contribution from the "animal" level was the highest. Note that the values of 

these contributions depend both on the intrinsic variability (al,a2,aj,a2) and the sam

pling design (na, nb, nj, nm). 

Given the values of the variance parameters, a2,a2,aj, and a2, it is possible to min

imise the variance of Y.... subject to constraints on the total number of observations or the 

total cost. There is a standard theory available in the literature (see for example Sokal & 

Rohlf [74, chapter 10, p. 290]) that can be used to deal with such problems. Gundersen 

and Osterby [35] propose applying the method described in [74, chapter 10, p. 290]) in 

stereology. For the example used in [35], the choice of n/ is determined by computing 
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where Cb and Cf are the costs associated with level 6 and / respectively, s2 and s2 are 

the observed variance at level / and 6 respectively. 

The message of the study carried out in [35] is that more effort should be put into 

getting more animals and more blocks rather than to spend time in improving the precision 

of the measurements. 

8.2 Standard GLM 

The additive random effects, and homogeneous variance assumptions on the random 

effects of model (8.1) are particularly inappropriate if the responses of the experiment are 

integers. In this case, the sample variance s2 may be a bad estimator of the true variance 

a2. Instead, we propose modelling the experiment using G L M . 

The following description of the G L M is adopted from McCullagh & Nelder [59, p. 26]. 

G L M s are an extension of classical linear models. In a standard G L M , we have responses 

y = yi,...,yn obtained from random variables, Y = Yi,Y2,... ,Yn where the Yi's are 

independently distributed with means p. = pi,... ,pn. In addition, we have explanatory 

covariates X = x;,... , xn, and unknown parameters f3 = /3\,.. ./3n. 

There are three components in a G L M , namely the random component, systematic 

component and a link function which we describe in the following. 

• Random component 

The components of Y are independently distributed with E(Y) = p.. 

• Systematic component 

The systematic component reflects the experimental design. In this component, the 

explanatory covariates x is related to a linear predictor rj in the following relationship 
n 

3 = 1 

• Link function 

The covariates x is related to p through the relationship 77 = g(p) with the linear 

predictor 77 = (3 x. The function y(.) is known as the link function. 

As an example, in a nested experiment that involves animals and sections obtained 

from them, we may consider the following G L M 

y(E(/ii,)) = a + A + 7ij (8.8) 

where a is the intercept term, ft models the "animal" effect and 7 term models the nested 

"section-within-animal effect". Such a model is a G L M with fixed effects. In the case 

where overdispersion is present, we use the G L M with random effects which is always 

overdispersed. 
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8.3 G L M with r a n d o m effects 

The usual way to handle underlying random effects in GLM is to assume that they 

are normally distributed with mean zero and homogeneous variance. Modelling of overdis

persed G L M due to normal random effects has been explored, for example by Anderson 

and Hinde [2] who use an E-M algorithm for fitting finite mixture distribution that is based 

on Guassian quadrature method. However, Aitkin [1] identifies several disadvantages of 

assuming that the random effects are normally distributed. For example the efficiency of 

computing the E-M algorithm is greatly impeded, and there is a possibility of obtaining 

misleading inferences as the model assumption on the random effects are unverifiable. 

Instead, Aitkin [1] proposed modelling the random effects non-parametrically. 

In the ensuing two sections, we summarise Aitkin's approach and the E-M algorithms 

presented in modelling the overdispersed G L M based normal random effects and N P M L 

estimation of random effects. It should be noted that Aitkin's approach of modelling 

random effects is to fit them on the intercept term. 

8.3.1 Normal random effects We adopt the standard notation for GLM's de

scribed in section 8.1 above. In [1], the standard G L M was extended to an overdispersed 

one by modelling unobserved random effects Zi for the ith observation on the same scale 

as the linear predictor. This leads to 

m = (3Xi + oZi (8.9) 

where Var(Z;) = 1 and a is the scale of random effect. 

In the case of assuming Z,- ~ A^O, 1), the overdispersed G L M is a continuous mixture 

of GLM's. The likelihood function of this continuous mixture distribution is approxi

mated by a discrete sum of K (known and fixed) Gaussian quadrature mass points Zk with 

corresponding masses pk, following the approach of Anderson and Hinde [2]. That is, 

the distribution of Zt is approximated by a discrete distribution with mass points zk and 

corresponding masses pk- In this case, both Zk and pk are known and fixed. 

The E-M algorithm is of the following form. 

• Initial step : estimate (3 of (8.9) from ordinary GLM fit 

• E-step : set the weight 

Pkfik 
Wik ~ 

E J Pifn 

where /,-& = /(y,- | /?, a, zk) is the complete data likelihood for the kth mixture 

component. 
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• M-step: solve for (3 in 

^2^2v)ikSik(P) = 0 
t fc 

where s;fc is the (3 component of the score for observation i in mixture component 

k (see Aitkin [1, p.253] for given weights wik and then update these weights from 

current parameter estimates. 

8.3.2 NPML estimation of random effects Aitkin [1] proposed modelling the 

distribution of the random effects Z; non-parametrically as a discrete distribution with 

the mass points z\. and masses pk treated as unknown parameters to be estimated. The 

number K is also unknown but is treated as fixed. In addition, the scale parameter a in 

(8.9) is dropped and the linear predictor becomes 

rjik = P Xi + ak, 

where o^ is the newly defined mass-point parameter. This means that only the intercept 

term depends on K and that the random effects are fitted in the intercept term. 

The E-M algorithm summarised in section 8.3.1 can be used in this case with a slight 

modification. Each M-step has the additional calculation of the estimate of pk from the 

weights where pk — J2i wik/n- The initial estimates of ak are taken as standard normal 

values Zk. 

In [1], the standard error for the parameter estimate /3 in the final model is calculated 

by 

111 
vdevTdiff 

where dev. diff is the difference of the deviance between the value of the log likelihood of 

the saturated model and the fitted model (likelihood ratio test). 

The value of the deviance change is also used in model comparisons or hypothesis test

ing, as the residual deviance from the overdispersed G L M is not an appropriate goodness-

of-fit test statistic for the model [1], 
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Data-Based Estimation of Sampling Variance 

In a typical stereological experiment, the raw data are usually counts obtained from in

dividual sampling units in a random sampling design. There is a potential contribution 

of the sampling variability as well as from the counts themselves to the overall variance. 

In addition, sampling variability also has a potential contribution to the variance of es

timators. However, sampling variance is not usually known analytically, in particular if 

the sampling design is not independent, that is, simple random sampling. Examples of 

dependent sampling designs are those built from systematic sampling such as the fraction

ator and optical fractionator described in chapter 2. In fact, many sampling designs in 

stereology are built from systematic sampling. 

It is a long-standing research question in stereology to estimate the variance of associ

ated estimators that are derived from systematic sampling. The standard approach is to 

develop asymptotic variance approximations which hold in the limit as the spacing of the 

systematic sample goes to zero. These approximations have been developed mainly for 

two-dimensional and one-dimensional systematic sampling (see e.g. [46], [47], [56], [55], 

[57], [45],[16],[49]). A problem with this approach is that the coarse test grids and other 

systematic samples used in stereological practice could have statistical behaviour which is 

completely different from the fine-sample limit. 

In this chapter, we propose a data-based technique to estimate the variance of the 

estimator derived from systematic sampling, in particular the estimator N of N, the total 

number of particles derived from the optical fractionator method. In addition, the data-

based estimation also allows us to obtain estimates of the variance contributed by the 

sampling design as well as the counts. 

The main idea of the data-based estimation technique is to model the stereological 

counts using statistical models such as G L M and generalised additive models ( G A M ) . 

Then from the fitted model, we compute the mean response function and subsequently 

use it to compute the variance required. The method that we have developed is in a simple 

context where the object of interest is serially sectioned, and systematic quadrats are used 

in obtaining stereological counts. However, we believe that the method can be extended 

to more complex designs. 

9.1 General Case 

Suppose A is an absolute geometrical quantity of interest which is obtained from a 

uniform sampling design with sampling intensity, /. Sampling intensity may be defined 

as the probability of sampling an item in a population that can be either discrete or non 

discrete. If the population is discrete, then / is the constant sampling probability, while 
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in the non discrete case, / is the value in which equation (9.1) below is unbiased. More 

generally, / can be defined as the intensity measure of the sample that is considered as a 

random closed set. The typical stereological estimator of A is 

A=j £ Yi (9.1) 

j'Esample 

where Y; is the response obtained from component i of the sample. Under suitable condi

tions, the estimator A is an unbiased estimator of A. 

Under any sampling scheme, the variance of A in (9.1) can be broken down into 

Var(i) = Var[E(i | sample)] + E[Var(A | sample)]. (9.2) 

In fact, the decomposition of the variance of A above holds for any estimator. 

Equation (9.2) above is trivial in the context of classical survey sampling because A 

is deterministic. That is, the second term on the right hand side of (9.2) equals zero. 

However, we are taking a different approach from the classical survey sampling in that, 

in our context, we model the sample responses as random variables (in the spirit of the 

research by Cruz-Orive [15] and Jensen & Sundberg [42]). In survey sampling, such an 

approach is known as model-based sampling theory. Note however that this is not the 

same as model-based stereology which tends to be used to refer to either geometric shape 

models (e.g. assuming the cells are spheres) or probabilistic models of random geometrical 

structures (e.g assuming the cells are a Poisson process). 

In our approach, the variance of A is considered to have components due to "small-

scale" structures such as the actual physical location of individual cells, and "large-scale" 

structures such as the spatial trend in cell density in the 3D material under study. The 

technique we propose is to model the "large-scale" structure in a deterministic manner 

using the regression function in G L M or G A M , and to approximate the "small-scale" 

structure contribution to the variance of A by a statistical model. Thus, we can make use 

of equation (9.2) for variance estimation in the context of survey sampling. 

The first term on the right hand side of (9.2) is the variance contributed by the 

sampling design, while the second variance term has two possible interpretations. The 

first interpretation is that the variance is contributed by the internal structure of the 

sampling material which is assumed to be random. In this case, the response Y can be 

modelled by a stochastic model of random internal structure. The second interpretation 

is that the variance results from sub-sampling, for example random placements of a test 

system. In some cases, it is possible to obtain an analytic expression for the second term 

of (9.2). However, it is difficult to obtain an analytic expression for the first term as the 

samples are dependent and the sample size is random. 

There are many interesting examples regarding the sampling scheme. However, in this 

thesis, we consider the following two examples. 
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1. Systematic sectioning 

The 3 D object of interest is cut into slices of equal thickness by a stack of equally 

spaced parallel planes at a uniformly random start position. The common axis of 

orientation of the planes is arbitrary and may be fixed. A test system is applied to 

section i and the response (count) obtained from it is denoted by Y». The sampling 

intensity, / of (9.1) is the reciprocal of the spacing between the sections of the 

systematic samples collected. Under this sampling scheme, the variance contribution 

of the responses is the result of (second interpretation) since the extra randomness 

of Yi arises from the placements of the test system. 

2. Systematic sectioning with systematic quadrats. 

The 3 D object of interest is serially sectioned as described above. Then on each 

sampled section, a systematic(2D) random sample of quadrats (typically counting 

frames) is taken, and the response from quadrat j in section i denoted by Yij is 

recorded. Under this sampling scheme, the source of variability of responses Yij is 

due to the sub-sampling (second interpretation) of the quadrats on each sampled 

section. 

The estimator A of (9.1) becomes 

i 3 

which is of the same form as (9.1), where ssf is the section sampling fraction and asf 

is the areal sampling fraction. 

9.2 Case of interest 

The case of interest to us is with reference to the disector counts of data set III de

scribed in section 3.3. Recall that one of the main objectives of the stereological experiment 

in which data set III was extracted is to estimate the total number, N of Purkinje cells in 

the cerebellum of experimental rats. In addition, this example data set was obtained using 

a sampling scheme that involves using serial sections with systematic quadrats which is 

the case of the second example of sampling schemes described above. The estimator N of 

N is equivalent to equation (9.3) given by 

/issf asf^^^ 
i 3 

where h is the disector height and Q~- equivalent to Yij of (9.3) is the disector count from 

quadrat j in section i. 

The responses Y'j are assumed to be conditionally independent given the sample, and 

arisen from the Poisson distribution. The Poisson distribution is chosen for the disector 
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counts since it is (at least) a reasonable first approximation. Then we have (Yij | sample) ~ 

Pol(pij) where pij denotes the mean disector count of quadrat j in section i. Then using 

the variance expression in (9.2), we get 

Var(iV) = ivarfe^j+iEf^^J 

* 3 

The challenge is to determine Var (J2i E j Mi)> the variance of the sample expected total. 

The approach in stereology is to assume spatial homogeneity of the internal structure of 

the object under study so that the /i,-'s are all identical, and that Var(TV) = N/f. However, 

even with this approach, the variability in sample size still needs to be addressed. 

9.3 Data-based estimation of variance of N 

In this section, we describe the data-based estimation of sampling variance technique 

that we have developed in the special case of serial sectioning of the entire object of 

interest. 

Suppose the section thickness, t is constant throughout the entire sectioning and a 

systematic stack of sections is taken at spacing h = t/f. Further, let Z{ be the coordinate 

of position of section i on the axis perpendicular to the plane of the section. Then zi 

is the random starting position of the sampling such that Zi ~ Uniform[0, h']. The 

sampled sections can then be represented by zt- = zi + ih'. Under this setting, we have 

Y^ ~ Po\(g(zi + ih')) where g(zi + ih') is the expected value of the (Poisson)number of 

cells per frame in section i. That is, at this point we are assuming that pij = /x2-. Then if 

g were known, 

Var(iV) = Var [E(JV | *I ) ] + E Var(iV | Zl)\ 

= Var )EE«w +E ̂ EE»w /; 

However, the number of counting frames in section i is random as it is dependent on the 

area and geometry of the section as well as the random starting point of the first frame. 

If we simplify the problem by ignoring the source of variation contributed by the number 

and placements of the counting frames in each section, we get 

Area of section i G(zi) = ^2d(zi) 
Area of counting frame 

X g(zi). 
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Then 

1 
Var(AT) = x , Var ££(*,•)+ E £<?(*,•) (9.4) 

Further, if the function G were known, 

oo 

G*(z)=^G(z+ih') 
f=i 

could be computed for all z £ [0, h ] which implies that the mean and variance of G* can 

also be computed. Thus, we are able to obtain estimates of Var(iV), and the variance 

contributed by the sampling design and the disector counts. 

The function G that is required for the data-based estimation of variance of N de

scribed above should be one that is a continuous function that can be modelled by a 

statistical model such as G L M or G A M . This means that the variance and expectation of 

G can be estimated by 

h! / h! \2 

Vax (G(*)) =-jr J G*(s)2ds-l^^ G*(s)ds\ (9.5) 

and 

^(G(zi)) = LJ G*(s)ds (9.6) 

respectively. 

In practice, we estimate the integrals above by firstly discretizing the interval between 

two consecutive sections of the material under study into a large number of fine points. 

Then we use function G to predict the expected responses at each of the points, and take 

the sum of all the predicted responses. The sum of the responses gives an estimate of the 

integral. 

9.4 Concluding remarks on the data-based estimation method 

The assumption of pij = pi made in section 9.3 above is, in a way, "forced" onto us 

because we do not have the data about the spatial position of each frame j in section i. 

To use the modelling approach as described above, we need to know the (x,y,z) spatial 

location of each frame and model E(Yij) = G(x, y, z). 

The data-based method of estimating the variance of systematic sampling described in 

this chapter is only of a simple special case where the entire object of interest is sectioned 

serially. However, we believe that the method can also be applied to different response 

distributions and other sampling designs. In addition, the method also allows one to get 

estimates of Var(N) at different sample spacing by simply changing the values of h . W e 

illustrate the method with an example in chapter 13. 



CHAPTER 10 

Applications of Parametric Models to Data Set I 

In this chapter, the parametric models and the corresponding goodness-of-fit tests for 

bivariate count data described in chapters 5 and 6 respectively are applied to data set I 

introduced in section 3.1. Recall that data set I consists of data obtained from 9 different 

animals, and they are split into 9 sub data sets for analysis purposes. These 9 sub data sets 

are called subsets in this chapter. Each of the 9 subsets consists of counts collected from 

the point counting (quantities Pt and Pc) and intercept counting (quantities Ii and I0) 

operations illustrated in section 2.1. T w o pairs of variables, namely (Pt,I0) and (Pc,Pt) 

are examined in this chapter. 

In some of the applications to the subsets, in particular the testing of goodness-of-fit of 

the parametric models to data, the situation of multiple hypothesis testing arises. In the 

following sections, we first describe the context of multiple hypothesis testing in our case, 

and the approach adopted to assess the hypothesis tests. Then we report the analyses 

performed on the (Pt,I0) and (Pt,Pt) subsets and the results obtained from them. 

10.1 Multiple hypothesis testing 

Multiple hypothesis testing refers to the testing of more than one hypothesis at a time, 

and it is considered as a subfield of the broader field of multiple inference [68]. It is noted 

in [68] that one of the main problems with multiple testing is the sharp increase of the 

Type I error of the hypothesis tests with the number of hypotheses. Many techniques are 

available to deal with this problem, such as methods based on the first-order Bonferroni 

inequality and those based on ordered-p-values. Shaffer [68] gives an overall review on the 

available techniques while a comprehensive implementation of the methods can be found 

in [40]. However, the approaches described in [68, 40] are not suitable in our situation 

because they are mainly for dependent tests while we are interested in multiple hypothesis 

testing in the context of independent tests. The following simple approach is sufficient. 

Suppose there are K data sets to be tested. For each data set k, where k = 1,... , K, 

we conduct a test of E Q * against E\ ) of size a. Then assuming that E Q holds in all cases, 

and that the data sets are independent, the number of rejections of E Q out of the K tests 

can be modelled by a binomial model, Bin(K, 0.05). Finally, computing the probability 

P(Bin(K, 0.05) > k) gives the p-value of the K hypothesis tests, where k is the observed 

number of rejections. 

10.2 Application to (Pt,I0) data 

The (Pt,I0) subsets described in section 3.1 were analysed by Poisson proportional 

regression, the model assessed for goodness-of-fit, and alternative models were explored. 
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10.2.1 Poisson proportional regression The proportional Poisson regression model 

(5.1) was fitted to the 9 (Pt,I0) subsets. In addition, we used robust regression for the 

subsets and compared the results obtained to those of the Poisson regression model fitted 

by Maximum Likelihood (ML). 

Robust regression [64] is adopted because it is less sensitive to outliers, especially when 

there are multiple outliers. The main idea behind robust regression is to fit the model to 

the majority of the data and identify the points that lie far away from the robust fit as 

outliers. Many choices of robust estimators are available in the literature. A list of the 

available estimators can be found in [64]. Some examples are Li regression, M-estimators, 

least median of squares estimator and the least trimmed squares (LTS) estimator. W e 

adopted the more recent LTS estimator [64, p. 137], which is an improved version of the 

least median of squares regression that provides very robust regression fit and has good 

asymptotic efficiency. 

W e applied the LTS regression (through the origin) to the 9 (Pt, I0) subsets using the 

function ItsregO in S-Plus version 3.4. The values of the slopes of the regression line 

obtained and those obtained by the Poisson regression model fitted by M L are shown in 

columns 2 and 3 of Table 10.1. The values of the two sloprs roughly agree with each 

other for HI, H3, R1-R4 while there is a substantial difference between'these two values 

for subsets H2, D g and Pg. W e show the plots of the two fitted regression lines for H1,H2, 

H3 and D g in Figure 10.1. 

It should be noted that the differences in values of the slopes obtained by Poisson 

regression model fitted by M L , and LTS regression as shown in Table 10.1 are not nec

essarily (or not only) attributable to the presence of outliers. This is because both the 

M L estimation and LTS regression are based on different model assumptions. The M L E 

assumes that the responses are from the Poisson distribution, and the LTS regression 

assumes that the responses are normal with equal variance. That is, LTS regression is 

roughly equivalent to assuming normal responses except for the outliers. Our problem 

is that at present, there is no available software for "robustified" Poisson regression, and 

thus we are not able to compare the M L E with a robustified M L E . 

One way in which we can get closer comparison for M L E is to use LTS regression with 

weights Wi. The weights, Wi are proportional to 1/x since under the model Yi ~ Pois(0x;), 

we have E(Y) = Var(Y;) = 6>x,- which means that 8 can be estimated by weighted least 

squares with Wi = 1/x;. However, the function 'ItsregO in S-Plus version 3.4 does not 

allow a "weights" factor. 

Next, we obtained residuals from the Poisson regression model (5.1) for the subsets. 

The residuals were the standardised residuals (y — 9x)/\f9x. 

All the plots obtained exhibited similar patterns with several large residuals. The 
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Figure 10.1: Data and fitted regression lines obtained from the Poisson proportional re

gression (solid line) fitted by M L , and the LTS regression (broken line) fitted by applying 

function ItsregO in S-Plus version 3.4 for subsets (from top left) Hl,H3, H2 and Dg of 

data set I described in section 3.1. Data points with identical values are separated slightly 

by jittering the x values, that is, by adding displacements derived from the Uniform dis

tribution, [/[-0.05,0.05] to the x values. 
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Data set 

HI 

H2 

H3 

Dg 

Pg 
Rl 

R2 

R3 
R4 

0(MLE) 

1.60 

1.26 

1.16 

1.30 

1.02 

0.91 

1.13 

1.01 

1.10 

0(lts) 

1.46 

0.84 

1.00 

0.95 

0.77 

0.89 

1.17 

0.85 

1.22 

Table 10.1: Values of the slope of the fitted lines for the 9 (Pt, h) subsets of data set I 

obtained by the Poisson regression model fitted by maximum likelihood (#(MLE)), and by 

applying the least trimmed squares regression using function ItsregO in S-Plus version 

3.4 ( 0(lts)). 

residual plots for HI, H2, H3 and Dg are shown in Figures 10.2. In these cases the normal 

approximation to the Poisson distribution is poor, as the Poisson means are small. Thus 

the standard 2<r rule which is used as a diagnostic tool to assess the fit of the Poisson 

regression to the data is not useful. A n alternative way is to plot the 9 5 % point of the 

Poisson distribution. However, we did not apply this method in this thesis. Instead, we 

considered overdispersion tests described in the following section. 

10.2.2 Overdispersion tests Overdispersion in Poisson regression models for the 

(Ft, I0) type data were tested using the Dean-Lawless statistics Ta,Tb, Tc of section 6.2. 

The observed values of the test statistics Ta ,Tb and Tc obtained for the 9 subsets 

are shown in columns 2,3,4 of Table 10.2. Values that are marked with an asterisk indi

cate significance at the 5 % level, using the two-sided test based on the standard normal 

distribution. 

Similar results were obtained using Ta and Tb in that HI, H2, H 3 and D g are deemed 

to be overdispersed while Rl, R3 and R 4 are underdispersed with respect to the Poisson 

regression model. Similar results were yielded by Tc except that H 2 was not overdispersed 

in this case. 

In addition to the above analysis, we applied the three test statistics to the data sets 

in the context of the two-sample proportional regression model mentioned in section 6.2.3. 

Each data set is treated as consisting of two samples/groups; one group consists of data 

obtained from the left hemisphere and the other group consists of data obtained from 

the right hemisphere of the same animal. The observed values of the three test statistics 

obtained are shown in columns 5,6,7 of Table 10.2. The outcomes of the tests are similar 
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Figure 10.2: Plots of standardised residuals (calculated from (y-9x)/V¥x) vs Pt for data 

sets (from top left) HI, H2, H3 and Dg of data set I described in section 3.1, for Poisson 

proportional regression model with response variable I0. Data points with identical values 

are separated slightly by jittering the x values, that is, by adding displacements derived 

from the Uniform distribution, t/[-0.05,0.05] to the x values. 
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Data Set 

HI 

H2 

H3 

Dg 

Pg 

Rl 

R2 

R3 

R4 

1-Sample Prop. Reg. 

Ta 

*6.86 

*3.34 

*7.52 

*4.63 

1.67 

-0.15 

1.19 

-1.48 

-1.40 

Tb 

*5.22 

*2.92 

*5.62 

*3.26 

1.42 

-0.07 

1.19 

-1.67 

-1.57 

Tc 

*4.26 

1.55 

*4.66 

*2.87 

1.02 

-0.33 

1.05 

-2.00 

-1.82 

2-Sample Prop. Reg. 

Ta 

*6.91 

*3.19 

*7.52 

•4.11 

1.76 

-0.05 

1.22 

-1.44 

-1.29 

Th 

*5.28 

*2.84 

*5.50 

*3.56 

1.58 

0.18 

1.22 

-1.68 

-1.50 

Tc 

*4.42 

-0.18 

*4.40 

*2.98 

0.94 

-0.63 

1.26 

-2.23 

-2.18 

Table 10.2: The observed values of the test statistics Ta, Tb and Tc of section 6.2 obtained 

from one-sample proportional regression (1-sample prop, reg.) and two-sample propor

tional regression (2-sample prop, reg.) applied to (Pt,h) data of data set I. Two-sample 

proportional regression refers to the inclusion of factor side indicating the hemisphere of 

origin of each observation described in section 6.2.3). Asterisks indicate significance of the 

test at the 5% level with respect to the standard normal distribution. 

to those obtained for the one-sample proportional regression model. 

The quoted significance levels for Tc depend on the approximation of the asymptotic 

distribution of Tc by a scaled x2 distribution according to the Wilson-Hilferty transfor

mation described in section 6.2.4. To assess the correctness of this approximation, the null 

distribution of Tc was estimated by a parametric bootstrap. 

For each subset, the responses Y were simulated from the Poisson null hypothesis with 

the observed values of x; in the subset under study retained, and 8 = 8 where 8 = y/x is 

the M L E of 8. We simulated 500 samples of size n, where n is the data size in each case. 

Then we used a Q-Q plot to check whether the bootstrap distribution of Tc obtained from 

the simulation agrees with the distribution of ax2. The constants a = a/2p and 6 = 2p2/a 

were estimated by the method of moments where p and a are the mean and variance of 

Tc estimated from the sample mean and variance of the bootstrap distribution. 

We repeated the above procedure on all nine subsets. The Q-Q plots obtained by the 

nine subsets all indicated good agreement between the bootstrap distribution and that 

of axg, where a and 6 are the estimates of a and 6 respectively. W e show the Q-Q plots 

obtained for Hi and Pg in Figure 10.3. In addition, all the 6 values obtained were larger 

than 10, as required for the Wilson-Hilferty transformation. 

10.2.3 Negative binomial model One-sample and two-sample proportional re

gression of I0 on Pt with negative binomial responses were fitted to data sets Hi H2 
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Figure 10.3: Plots of the bootstrap simulated null distribution of Tc against the fitted 

ax2 distribution for data sets (from top left) Hi H2, H3 and Rl of data set I, where 

a — a/2p and 6 = 2p2/a are estimated by the method of moments, and p, a are the 

mean and variance of Tc estimated from the sample mean and variance of the bootstrap 

distribution. 
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H3 and Dg using the N B distribution family implemented in S-Plus by Venables and 

Ripley [79, p. 200]. The N B model (5.7) is described in section 5.1.2, 

The adequacy of the N B model to the data sets was assessed by the p-values obtained 

from the x 2 test of goodness-of-fit based on residual deviance [59, p. 118]. The p-values 

are shown in Table 10.3 and the values suggest that N B model is applicable to subsets HI, 

H2, H3 and Dg. 

The estimates of the slope of the regression line, A together with its standard error and 

corresponding estimates of a obtained for the subsets under consideration are shown in 

Table 10.4. The 8 (ratio estimators) estimates and the estimates of the standard deviation 

obtained by the bootstrap algorithm, delta method, asymptotic normal approximation and 

Cruz-Orive's formula (4.7) are also shown in Table 10.4, where it can be seen that the 

estimates of A and 8 and the estimated standard errors of these two estimators are in 

agreement with each other. The estimates of a shown in Table 10.4 further support the 

outcome of the hypothesis tests in the previous section which indicated overdispersion for 

subsets HI, H2, H3 and Dg. 

Data set 

HI 

H2 

H3 

Dg 

Data size 

72 

76 

68 

64 

1-Sample Prop. Reg. 

Deviance 

74.4 

84.3 

71.2 

64.7 

d.f. 

71 

75 

65 

62 

p- value 

0.37 

0.22 

0.28 

0.38 

2-Sample Prop. Reg. 

Deviance 

71.7 

79.3 

69.9 

61.9 

d.f. 

68 

72 

62 

59 

p-value 

0.37 

0.23 

0.26 

0.36 

Table 10.3: The residual deviance and degrees of freedom (d.f.) obtained by fitting the 

N B model, and the p-values obtained from the x2 test of goodness-of-fit based on residual 

deviance for the one-sample and two-sample proportional regression model where factor 

side is included to indicate the hemisphere of origin of each observation as described in 

section 6.2.3 for HI, H2, H3 and Dg of data set I. 

10.2.4 Binomial regression model One-sample and 2-sample proportional re

gression of I0 on Pt with binomial responses in the form (5.2) were fitted to subsets 

R1-R4 using the S-Plus function glm() with the Binomial family and identity link. The 

parameter n of the binomial distribution was not fixed, and was selected by maximum 

profile likelihood, that is, the value of n that gave the smallest deviance in the S-Plus 

glmO fit. 

From the x2 test °f goodness-of-fit based on residual deviance, we obtained the re

values for R1-R4, and the results are displayed in Table 10.5. The p-values obtained are 

all very small(marked with *** in Table 10.5) which suggest that the binomial regression 

(5.2) is not suitable for R1-R4. Further investigation is needed to find a suitable model 
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Data 

HI 

H2 

H3 

Dg 

A 

1.67 

1.28 

1.23 

1.33 

8 

1.60 

1.26 

1.16 

1.30 

SE(X) 

0.099 

0.068 

0.080 

0.104 

SDB(8) 

0.089 

0.065 

0.075 

0.103 

SDD(8) 

0.094 

0.064 

0.075 

0.102 

SDC(8) 

0.095 

0.069 

0.080 

0.105 

a 

0.133 

0.083 

0.159 

0.169 

Table 10.4: Values of the slope, A of the fitted line using the N B model, the standard error 

(SE(X)) obtained from the function glm() in S-Plus version 3.4, the ratio estimator^), 

the estimated standard deviation of 8 obtained by the bootstrap method(SDB{8)), delta 
_ >"-l r-~r. 

method(SDD(8)) and Cruz-Orive's formula(S,Dc(^)) and the estimates of the overdisper

sion parameter (a) for HI, H2, H3 and Dg of data set I. 

for these data sets. However, this is not covered in this thesis. 

Data 

Rl 

R2 

R3 

R4 

Deviance 

106.8 

107.1 

75.1 

82.0 

d.f 

38 

38 

38 

34 

p-value 

***1.9x 10 - 8 

***1.7x 10 - 8 

***3.0x 10 - 4 

***7.6x 10 - 6 

Table 10.5: The deviance and degrees of freedom (d.f.) obtained by fitting the Binomial 

model, and the p-values obtained from the x2 test °f goodness-of-fit based on residual de

viance for Rl, R2, R3 and R4 of data set I. Values marked with "***" indicate significance 

at the 5 % level and that the p-values are very small. 

10.3 Application to (Pc, Pt) data 

The 9 (Pc, Pt) subsets of dataset I were analysed using binomial proportional regression 

(5.11) with a known and fixed m. Goodness-of-fit was tested using the Monte Carlo test 

described in section 6.1. 

10.3.1 BVB model The context of the bivariate pair (Pc,Pt) data can be consid

ered in the situation shown in Figure 5.3 of chapter 5 when we treat the "whole slice" and 

"cortex" as Tissue I and II respectively. Figure 5.3 shows the special case of pc = 0 of the 

B V B model (5.11). Thus, if we can treat the test points on the test system with 45 test 

points as independent bivariate Bernoulli trials, then the B V B model (5.11) with pc = 0 

is a plausible model for the (Pc, Pt) data sets. In section 5.2.3 of chapter 5, we saw that 

the B V B model reduces to a binomial regression model in this case. The probability mass 

function (5.8) becomes 

nx=*,Y-v) = yl(,_ygm_,)!ofrT'is-) 
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where 0 < y < x < m. To fit this model to the data sets, we estimate the probabilities 

PA, PB and PD using M L method. The MLE's found are PA — y/m, pB = (x - y)/m and 

PD = 1 - x/m where y = Yli Vi and x = £ ) " xi-

10.3.2 Monte Carlo goodness-of-fit test To assess the adequacy of the fit of 

the B V B model to the data sets, we performed a size ot goodness-of-fit test of the B V B 

distribution against a completely unspecified alternative using a Monte Carlo test in each 

case. 

W e applied the Monte Carlo goodness-of-fit test proposed by Brooks et al. [8] described 

in section 6.1.2 to the 9 (Pc, Pt) subsets. For each subset, we generated 99 i.i.d. simulations 

of the subset under study of size n from the B V B model using the M L E of PA,PB and 

PD as parameters. The value of the maximised log-likelihood obtained from the original 

data set, and those obtained from the simulated data sets were then ranked in ascending 

order. The null hypothesis will be rejected at significance level 2&/100 if the original data 

value of the maximum log-likelihood is one of the k largest or k smallest values. W e set 

k = 2, giving a = 0.04. 

The results yielded from the 9 subsets are shown in Table 10.6. In addition, 2-sided 

p-values for each subset were calculated from the ranks obtained by the Monte Carlo 

simulation test by computing p = 2min(r, N - r)/(N + 1), where r is the rank ,N is the 

number of simulations and min represents "minimum". The p-values obtained for each 

data set are also shown in Table 10.6. The results suggest that the null hypotheses of all 

the data sets were accepted except for R4(marked with an asterisk). That is, the results 

suggest that the B V B model appears to provide a good fit to HI, H2, H3, Dg, Pg, Rl, R2 

and R3. 

Data 

HI 

H2 

H3 

Dg 

Pg 
Rl 

R2 

R3 

R4 

Rank 

78 

2 

94 

34 

26 

85 

94 

8 

96 

p-value 

0.42 

*0.04 

0.10 

0.68 

0.52 

0.28 

0.10 

0.16 

0.06 

Table 10.6: The ranks and 2-sided p-values calculated from the ranks, obtained from the 

Monte Carlo tests of goodness-of-fit for the 9 (Pt,Pc) data sets namely HI, H2, H3, D g 

Pg, Rl, R2, R3 and R4. of data set I 
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However, to assess properly whether the B V B model is applicable to the (Pt, Pc) data 

sets, we have to consider the tests in the context of multiple hypothesis testing. W e 

followed the approach described in section 10.1 above. 

Let N be the number of rejections of E Q out of the nine tests. Then assuming Eo holds 

in all cases, we have N ~ Bin(9,0.04). In our case, n0bs = 1 where n0bs is the observed 

value of N. Thus, the overall p-value of the 9 hypothesis tests is 

P(N > 1) = 1 - 0.969 

= 0.37 

which is not significant at the 5% level. Hence, there is no evidence against the BVB 

model for the (Pt, Pc) data sets at 5 % level of significance. 

Next, we check that the actual significance level of the Monte Carlo test is close to 

its nominal value. This checking is necessary since the test is not strictly distribution-free 

which means it does not have exact significance level 0.04. To do the checking, we perform 

a simulation study as follows. 

First, we generated M = 1000 data sets xi,... ,xi0oo of the same size as HI us

ing the MLE's of PA, P B and P D obtained from HI as parameters. Then for each Xi 

(i = 1,..., 1000), we applied the Monte Carlo test described in section 6.1.2. That is, we 

generated x1,...^99 i.i.d. simulations from the B V B model using the MLE's of PA, P B 

and P D obtained from Xi as parameters, and computed the values of the maximum log-

likelihood, t, ti,... , t9Q from Xi, and x
1,..., x" . The null hypothesis is rejected when the 

value of t is one of the second smallest or largest amongst the 99 values of the maximum 

log-likelihood. 

In our simulation study, the null hypothesis was rejected 21 times out of the 1000 Monte 

Carlo tests performed. That is, the estimated actual significance level of the Monte Carlo 

test for data set Hi is p = 21/1000 = 0.021, which is less than the nominal significance 

level of 0.04. This means that the Monte Carlo test that we have carried out for HI is 

conservative. 



CHAPTER 11 

Application of Parametric Models to Data set II 

This chapter reports on the various analyses performed on the disector counts of data 

set II introduced in section 3.2. The analyses include fitting the i.i.d Poisson model, ZIP 

model described in 5.1, and the G L M with random effects described in chapter 8 to data 

where appropriate, and assessing the fit of the models to data using tests of overdispersion 

(described in chapter 5) and diagnostic plots. 

Recall from section 3.2 that, in data set II, we have data of three different cell types, 

namely C A l , C A 3 and H for 37 rats, Ml,..., M37. For each cell type, the data consist of 

counts Yijk from frame k of section j in rat i, where i = 1,... ,37 representing rats Ml,..., 

M37, j = 1,... , ni is the number of sections in rat i, and k = 1,... , m,j is the number of 

fields in section j from rat i. 

11.1 Fitting the Poisson distribution to disector counts 

We fitted the i.i.d Poisson model 

Yijk ~ Poi(pi) 

to each of the CAl, CA3 and H data sets, where pi is the common expectation of all 

counts Yijk within rat i. W e estimated p; by the sample mean Yi.. = l/nt- £)• Ylk^ijk, 

where ni is the sample size of rat i. 

To assess the adequacy of the fit of the Poisson distribution to the data sets, the 

standard x2 goodness-of-fit test was performed by applying the function chisq.gof 0 in 

S-Plus version 3.4 which is based on Pearson X2 statistic. Note that in this chapter, we 

are using data-dependent cell boundaries [63] which is different from the standard x2 test 

where the cell boundaries are assumed to be fixed. 

For each data set, the cells required by the test were determined by dividing the data 

into its minimum, lower quartile, median, upper quartile and maximum values. For the 

C A l and H data sets, 4 cells(0, 1, 2 and a number greater than 2) were used in general, 

while for the C A 3 data, 3 cells(0,l,2) were used in general. The requirement of expected 

number of counts in each cell to be greater than 5 in order for the x2 approximation 

to the null distribution of the Pearson X2 statistic to be accurate was met in all cases 

except for the C A l and H data sets of M l . For these two cases it is possible to derive the 

exact p-value by various methods, such as direct Monte Carlo simulation from the null 

hypothesis, Eo. However, this method has not been pursued in this chapter for the the 

C A l and H data sets of M l . 

Table 11.1 displays the p-values obtained in each case. Most of the p-values obtained 

for the C A l and H data sets suggest that the i.i.d Poisson model provides adequate fit to 
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the data sets at 5 % level of significance. However, small p-values are obtained for most of 

the C A 3 data sets indicating that the Poisson model is not suitable in these cases. 

The x2 tests that have been carried out are in a multiple hypothesis testing context. 

Thus, in order to properly assess the appropriateness of the Poisson distribution to the 

C A l and H data sets of M l , ... , M37, we need to consider the p-values obtained in the 

multiple hypothesis testing context described in section 10.1. 

W e assume that the results for each data set are independent since they are obtained 

from different animals. Then for the case of the CAl cells, the probability of observing at 

least two rejection of H0 when E0 true in each case is P(Bin(37, 0.05) > 2) = 0.56 which 

is not significant where "Bin" represents the Binomial distribution. Similarly, for the H 

data sets, the probability of observing at least four rejections of Eo when Eo true in each 

case is P(Bin(37, -.05) > 4) = 0.11 which is not significant. Thus, we conclude that the 

Poisson model is applicable to the CAl and H disector counts. 

11.2 Zero-Inflated Poisson distribution for CA3 data sets 

The spatial arrangement of the CA3 cells in the hippocampus is believed to be arranged 

in approximately a 3D lattice pattern with some vacant positions [82]. Thus, the C A 3 

data sets should tend to have more zero counts as compared to C A l and H data sets. 

W e fitted the ZIP(A,u;) model described in section 5.1 to each of C A 3 data sets using 

the M L E A and Co, where A is the mean of the original Poisson distribution (before adding 

zeroes) and LO is the proportion of zeroes such that 0 < LO < 1. However, the values of LO 

obtained for all the C A 3 data sets were less than zero. Then we verified that the required 

condition of LO > -exp(-A)(l - exp(-A))-1 for LO < 0 was satisfied in each case. Thus, 

the ZIP model fitted by M L to each of the CA3 data sets is the Z D P model. 

To assess the appropriateness of the Z D P model to the data, the standard x2 goodness-

of-fit test was employed. However, it was found that the test was not applicable because the 

number of cells obtained for each CA3 data set were three and there were two parameters 

to be estimated for the Z D P model from the data. An alternative method is to apply a 

Monte Carlo simulation test. 

W e applied the Monte Carlo test described in section 6.1.2 to all the 37 C A 3 data sets. 

For each C A 3 data set, we generated N = 99 i.i.d. simulations from the ZDP(A,u>) model 

using the MLE's A and LO as parameters. The null hypothesis is rejected at significance 

level a = 2k/100 if the original data value of the maximum log-likelihood is one of the k 

largest or k smallest values. W e set k = 2, giving a = 0.04. 

The ranks obtained from the simulation test for each data set are shown in Table 11.2 

In addition, we calculated the 2-sided p-values from the ranks in each case by computing 
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Animal LD 

Ml 

M2 

M3 

M4 

M5 

M6 

M7 

M8 

M9 

MIO 

Mil 

M12 

M13 

M14 

M15 

M16 

M17 

M18 

M19 

p-values 

CAl CA3 H 

0.00 -

0.49 0.00 0.63 

0.89 0.00 0.88 

0.77 0.00 0.47 

0.56 0.00 0.44 

0.85 0.01 0.86 

0.06 0.00 0.04 

0.18 0.00 0.93 

0.95 0.00 0.78 

0.53 0.01 0.59 

0.70 0.00 0.05 

0.4 0.00 0.02 

0.17 0.00 0.32 

0.74 0.01 0.19 

0.71 0.00 0.53 

0.59 0.07 0.85 

0.04 0.00 0.65 

0.27 0.00 0.10 

0.02 0.11 0.13 

Animal LD 

M20 

M21 

M22 

M23 

M24 

M25 

M26 

M27 

M28 

M29 

M30 

M31 

M32 

M33 

M34 

M35 

M36 

M37 

p-values 

CAl CA3 H 

0.32 0.00 0.56 

0.74 0.00 0.05 

0.10 0.02 0.31 

0.25 0.00 0.79 

0.12 0.02 0.19 

0.68 0.00 0.80 

0.43 0.06 0.20 

0.90 0.01 0.34 

0.71 0.01 0.59 

0.45 0.00 0.03 

0.73 0.26 0.21 

0.22 0.00 0.43 

0.47 0.01 0.52 

0.77 0.00 0.50 

0.07 0.00 0.28 

0.37 0.00 0.64 

0.47 0.00 0.46 

0.32 0.01 0.06 

Table 11.1: P-values of the x2 tests obtained from fitting the i.i.d Poisson model to CAl, 

CA3 and H data sets of Data set II. Values in bold indicate significance at 5%. "-" under 

CA3 and H data sets of Ml represent that the p-values for these 2 data sets are not 

available as they did not satisfy the requirement that the expected number of counts in 

each cell has to be greater than 5 for the x2 test to be appropriate. 
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Animal 

LD. 

Ml 

M2 

M3 

M4 

M5 

M6 

M7 

M8 

M9 

MIO 

Mil 

M12 

M13 

M14 

M15 

M16 

M17 

M18 

M19 

Rank 

53 

35 

49 

48 

43 

48 

47 

49 

48 

47 

49 

54 

55 

51 

51 

63 

55 

55 

43 

2-sided 

p-values 

0.94 

0.70 

0.98 

0.96 

0.86 

0.96 

0.94 

0.98 

0.96 

0.94 

0.98 

0.92 

0.90 

0.98 

0.98 

0.74 

0.90 

0.90 

0.86 

Animal 

LD. 

M 2 0 

M21 

M22 

M23 

M24 

M25 

M26 

M27 

M28 

M29 

M30 

M31 

M32 

M33 

M34 

M35 

M36 

M37 

Rank 

40 

49 

51 

43 

59 

46 

42 

54 

42 

59 

54 

40 

55 

53 

41 

40 

46 

42 
• 

2-sided 

p-values 

0.80 

0.98 

0.98 

0.86 

0.82 

0.92 

0.84 

0.92 

0.84 

0.82 

0.92 

0.80 

0.90 

0.94 

0.82 

0.80 

0.92 

0.84 

Table 11.2: The ranks out of 100 and the two-sided p-values of the Monte Carlo goodness-

of-fit tests of the Z D P distribution obtained for the C A 3 data sets of animal M l , ... M 3 7 

of Data set II. 

p = 2min(r, N+l — r)/(N+ 1), where r is the rank and min represents the minimum. The 

two-sided p-values yielded for each data set from the simulation tests are shown in Table 

11.2. All the p-values obtained are large indicating that the null hypothesis is accepted 

in each case. That is, there is no evidence against the ZDP(\, LO) model for the C A 3 data 

sets at significance level 0.04. 

11.3 GLM for CAl data sets 

The stereological experiment described in section 3.2 for data set II can be consid

ered as a nested experiment, where the counts can be viewed as the third stage of the 

experiment. In this section, we applied the G L M described in chapter 8 to C A l data sets. 

W e fitted a G L M with Poisson responses and a nested component, section nested 

within animals to the CAl data sets grouped according to which animal they come from. 
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As the hardware configuration was not large enough to accommodate analysis of all the 

data together, we used the C A l data of five rats, namely M l , M 2 , M 3 , M 4 and M 5 . Data 

sets M l , M 2 , M 3 , M 4 and M 5 were grouped according to the rat they originate from, that 

is the data was grouped according to model 1 described in section 11.5. 

The residual deviance yielded by the fit of the G L M was 1118.97 on 1035 d.f, and the 

X2 p-value was 0.035 which is significant. This could be an indication of overdispersion 

caused by the presence of random effects which have not been considered in the G L M . 

11.4 GLM with random effects 

We implemented the E-M algorithm for fitting GLM with random effects estimated 

using the N P M L method described in section 8.2 in the statistical software package S-Plus. 

The implementation is for the case of G L M with Poisson responses and identity link. The 

S-Plus code can be found in Appendix A. 

A n overdispersed G L M with Poisson responses, identity link and a nested component 

of sections within animals was fitted to the same 5 C A l data sets in section 11.3 using the 

E - M algorithm. The number of mass points used was three. 

The residual deviance obtained by this fit was 1118.97, which is identical to the value 

of the residual deviance obtained by the G L M fit in the section above. This finding shows 

evidence that the data sets are not overdispersed due to unobserved random effects and 

thus the data sets do not require a random effect model. However, it should be noted that 

we have only fitted the random effects on the intercept term. 

An alternative method would be to analyse the data for each rat separately and inter

pret the fitted a's as a random effect nested in rats. This has been done with log link, i.e 

loglinear model but not with identity link. This is outside the scope of this thesis. 

11.5 Testing for overdispersion in CAl, CA3 and H data sets 

We applied test statistic Tc (6.17) in section 6.2.4 to CAl, CA3, and H data of data 

set III. Recall that Tc is the adjusted version of test statistic Tc (6.16) recommended for 

testing overdispersion when there is any doubt about the linear regression specification. 

For each of CAl, C A 3 and H data types, the testing for overdispersion using Tc is 

carried out under two models assuming that the observations are i.i.d.The models, which 

we call model 1 and model 2 are as follows. 

1. Yijk ~ Poisson (pi) 

The explanatory variable X of Tc represents the animal number. That is, test 

statistic Tc tests for overdispersion within animals. The null hypothesis is that the 

data in one animal are i.i.d. Poisson. 
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2. Y^k ~ Poisson(/itJ) 

The explanatory variable X of Tc represents the section number. Under this model, 

Tc tests for overdispersion within sections. That is, the null hypothesis is that the 

data in one section are i.i.d. Poisson. 

11.5.1 Results The observed values of Tc obtained for CAl, CA3 and H data sets 

under model 1 described in section 11.5 above are-3.51, -20.64 and 5.75, respectively while 

the values of Tc obtained for the data sets grouped under model 2 are -8.29, -19.78 and 

-2.27, respectively. 

The results for model 1 indicate that the test of overdispersion based on Tc would 

accept the null hypothesis that the disector counts within an animal are i.i.d. Poisson 

for cell types C A l and C A 3 , but the test would reject the null hypothesis in favour 

of the overdispersed alternative for the H data sets. However, large negative values of 

Tc are obtained for C A l and C A 3 cell type data which indicates that, if anything, a 

distribution that is underdispersed with respect to the Poisson distribution would be a 

more appropriate model. 

Underdispersion is of less concern to us than overdispersion because if a Poisson model 

is applied to underdispersed data, the variance predictions will be conservative. That is, 

we will have over-estimates of variance. 

For model 2 in section 11.5, the null hypothesis is that all frame counts within a partic

ular section are i.i.d Poisson with possible (spatial) variation in the expected counts from 

section to section. This null hypothesis is accepted in all three data types. However, the 

large negative values of Tc are yielded for all three cell types, indicating that a distribution 

that is underdispersed model might have been more appropriate. 

11.6 Diagnostic plots for CAl, CA3 and H data 

To further investigate whether CAl, CA3 and H data are overdispersed, we used 

diagnostic plots. A diagnostic plot for the null hypothesis of the test based on test statistic 

Tc described above is a scatter plot of the sample variances versus sample means of the 

groups. That is, the sample variance of all Yi such that x; = x are plotted against the 

sample mean of the same data, for each value of x. Under the null hypothesis, the scatter 

plot should cluster around the diagonal line, while overdispersion would be indicated by 

a clustering above the line. 

11.6.1 Scatter plots for model 1 We obtained diagnostic plots for CAl, CA3 

and H data sets according to model 1 described in section 11.5. The three plots are shown 

in Figure 11.1 and are identified as (a), (b) and (c) respectively. In each plot, there are 

37 points each representing a particular animal. In addition to the points, in each plot 
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the line of y = x is drawn. The main purpose of Figure 11.1 is that it gives diagnostic 

plots for assessing whether there may be overdispersion in the counts within each animal, 

that is, for assessing whether it is reasonable to assume homogeneity of variances (on the 

Poisson scale, where Var(JV) = E(X)) for counts within each animal. 

In Figure 11.1(a), the plot for C A l data, most of the points lie in a cluster close to the 

diagonal suggesting that most of the data sets are i.i.d Poisson. This is consistent with 

the finding in section 11.1 that the Poisson distribution provide good fit to the C A l data 

sets in the i.i.d. case. 

In Figure 11.1(b), all the points lie below the diagonal line suggesting that the C A 3 

data sets are underdispersed. 

In Figure 11.1(c), almost all the points lie in a cluster that is close(and above) to the 

diagonal. This result is similar to that of the C A l data mentioned above. 

11.6.2 Scatter plots for model 2 We obtained diagnostic plots for the CAl, CA3 

and H data sets under model 2 described in section 11.5. The plots for CAl, C A 3 and 

H data sets are shown in Figure 11.2(a), (b) and (c) respectively. Each point in the plot 

represents a section instead of an animal as in model 1. 

In all the three plots of Figure 11.2, it appears that most of the points are clustered 

at the lower left corner. It is difficult to comment whether the data sets, particularly for 

C A l and H, are overdispersed or underdispersed as the points in both of the plots are 

around the diagonal line with rather even spread above and below the line. For C A 3 data 

type, it seems like most of the points lie below the diagonal line, and there is a parabolic 

curved boundary shown distinctly in the plot. 

The sections that contributed to the curved boundary were identified and it was found 

that these sections mainly consisted of "0"s and "l"s. W e derived the expression for the 

curve as follows. 

Assume that there are k "Is" and (n - k) "Os" in the sections involved. Let x be the 

sample mean and n be the size of the data. Then 

k 
x = —. 

n 
Thus, the sample variance s2 becomes 

1 
s2 

n E 
i=l 

2 -2 

xf — nx 

= ^[k~™2] 

1 r . , 2 1 [nx — nx ] 
n - 1 
nx 

= Z—T^~x^ 
n — 1 
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The above equation shows that if the data consist only of O's and l's, the relationship 

between the sample mean and sample variance is quadratic. This is a reflection of the fact 

that the variance of a Bernoulli (p), where p is the probability of success is p(l — p). That 

is, the variance and expectation of a Bernoulli (p) random variable are deterministically 

related. 

For data x,- that are integers, but not necessary 0 or 1, it can be shown that the sample 

variance 

s2 
n- 1 

The proof is as follows. 

2>?- nx2 

Li=l 

•^ n x fi -\ 

- « — T ( 1 ~ X ) -
n — 1 

Since x,- are 0, we have Xi > 0 for all i. This means that xf > xt-, which in turn implies 

that J2 xl > X) xi f°r all values of i. Then it follows that 

52>-^-(l-x). 
re — 1 

The finding of quadratic relationship between the sample variance and sample mean of 

cell count from the plots obtained by grouping the data sets according to sections suggests 

that sectional information obtained by analyzing the sections of each animal individually 

does provide information which would not have been known if the data from the sections 

of a data set are pooled. For example, analyzing sections individually enable us to obtain 

information such as the inhomogeneity trend in cell density. 
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Figure 11.1: Scatter plots of sample means and sample variances of cell counts computed 

for each rat (a) C A l cells, (b) C A 3 cells, (c) H cells. Each dot represents a rat and the 

line in each plot is the line y = x 
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Figure 11.2: Scatter plots of sample mean and sample variance of frame counts in each 

section of each rat. (a) CAl cells, (b) CA3 cells, (c) H cells. 



CHAPTER 12 

Application of Variance Estimation Techniques 

In this chapter, we apply the variance estimators of 8 = y/x derived from the bootstrap 

method, delta method, and the parametric method described in chapter 7 to data. In 

addition, we apply Cruz-Orive's formula (4.7) to the data chosen for analysis. The main 

objective is to compare the variance estimates of 8 obtained by the various estimators. 

The (Pt, I0) and (Pc, Pt) data types of data set I introduced in section 3.1 are used in 

the analysis. Recall that data set I consists of data obtained from 9 different animals that 

are split into 9 sub data sets for analysis purposes. W e will call these sub data sets subsets 

in this chapter (as in chapter 10). For convenience in notation, we denote (Pt,I0) and 

(Pc,Pt) by (X, Y). Further, the analysis done in this chapter assumes that the bivariate 

observations of both data types are assumed to be i.i.d within an animal in each case. 

The variance estimation techniques described in chapter 7 can also be used to estimate 

the variance of other estimators, for example the sample mean. In this chapter, we also 

report on the application of the estimation of the variance of sample mean using the delta 

method and the parametric model approach. The data used are the C A 3 data of data set 

II introduced in section 3.2. W e let X be the random variable representing each of the 

univariate data sets, and again, the analysis performed in this chapter assumes that the 

observations are i.i.d within an experimental animal. 

12.1 Application of variance estimation techniques to (Pt,I0) data 

The non-parametric naive bootstrap method in chapter 7 was applied to the 9 subsets 

of (Pt,I0) data. For each subset, we generated 1000 re-sampled data sets, each obtained 

by drawing a random sample of size n with replacement from the original subset of size 

n. Then we computed the value of 9 = y/x of each re-sampled data set, and estimated 

Var(#) by the sample variance of the 1000 9 values. The estimated standard deviation 

obtained for the 9 subsets are shown in column 4 of Table 12.1. 

To obtain variance estimates of 9 using the delta method and Cruz-Orive's approach, 

we applied equations (7.2) and (4.7) respectively to the 9 subsets. The variance estimates 

yielded by these two methods are displayed in columns 5 and 7 of Table 12.1 respectively. 

For the parametric model approach, we employed the Poisson regression model (5.1). 

Then the expression for the observed Fisher Information under this model was derived, 

and estimates of Var(#) were obtained according to equation (7.3). The final expression 

of the estimator of Var(#) in this case is given in section 7.1.5. The estimates obtained 

are shown in column 6 of Table 12.1. In addition to displaying the variance estimates of 

0 obtained by the various techniques in Table 12.1 for comparison, we also compare the 

estimates obtained graphically in Figure (12.1). 
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Data 

Set 

HI 

H2 

H3 

Dg 

Pg 
Rl 

R2 

R3 

R4 

Data 

Size 

72 

76 

68 

64 

68 

40 

32 

40 

36 

9 

values 

1.60 

1.26 

1.16 

1.30 

1.02 

0.91 

1.13 

1.01 

1.11 

Estimated Standard Deviation 

Bootstrap 

Method 

0.089 

0.065 

0.075 

0.103 

0.064 

0.079 

0.096 

0.064 

0.067 

Delta 

Method 

0.094 

0.064 

0.075 

0.102 

0.065 

0.080 

0.096 

0.063 

0.069 

Fisher 

Info. 

0.063 

0.051 

0.049 

0.074 

0.057 

0.082 

0.084 

0.079 

0.088 

Cruz-Orive's 

Formula 

0.095 

0.069 

0.079 

0.105 

0.067 

0.083 

0.095 

0.075 

0.071 

Table 12.1: Estimates of standard deviation of 9 = y/x obtained by the bootstrap method, 

delta method, Fisher information using Poisson regression model, and Cruz-Orive's for

mula (4.7) for (Pt, I0) data of data set I. 

The estimates obtained by the bootstrap method, delta method and Cruz-Orive's 

formula (4.7) roughly agree with one another whereas there is disagreement with the 

estimates obtained under the Poisson regression model. This disagreement is clearly seen 

in Figure (12.1) where the estimates produced by the estimator based on Poisson regression 

model tend to be lower than the other methods, in particular for subsets Hi, H2, H3 and 

Dg. This outcome could be explained by the choice of Poisson regression model for the 

asymptotic approximation method. In chapter 10, we showed that subsets HI, H2, H3 

and Dg were deemed to be overdispersed relative to the Poisson regression model. That 

is, the choice of Poisson regression model is not appropriate for HI, H2, H3 and Dg. 

The coefficient of error of the estimators of Var(#) based on the estimates obtained was 

calculated to be about 5 - 8 % in each case, suggesting that 9 = y/x, the ratio estimator is 

a reasonable estimator to be used in the context of the example data sets under analysis. 

Note that the coefficient of error of the estimate of Var(0) depends on the size of the 

original data set. 

12.2 Application of techniques to (Pt, Pc) data 

The variance estimation methods mentioned in section 12.1 were applied to (Pt P) 

data sets in a similar manner for (Pt, I0) data described above. However, for the parametric 

approach, the binomial regression model (5.2) was used instead of the Poisson regression 

model (5.1). In addition, we applied equation (7.5), a sample approximation to the exact 

variance of 9 under the B V B model to the (Pt,Pc) data sets. The estimates obtained by 
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Estimates of standard deviation 

e 
X 

n X 
i X 

D • 

§ a 
X 

O bootstrap 
A delta 
• Cruz-Orive 
X asymp.approx. 

1 1 1 i i 

Pg R1 R2 R3 R4 

Data Sets 

Figure 12.1: Graphical presentation of Table 12.1 which contains the estimates of standard 

deviation of 9 for (Pt,I0) data of data set I obtained by the bootstrap method, delta 

method, Cruz-Orive's formula and the asymptotic approximation using Poisson regression. 

the various methods are shown in Table 12.2 and Figure (12.2). 

Columns 7 and 8 in Table 12.2 are identical, that is, the Fisher information asymptotic 

approximation and the B V B model produced the same estimates to three decimal places. 

Further, the bootstrap method, delta method and Cruz-Orive's formula yielded estimates 

that are roughly in agreement with one another for all the subsets, whereas there is a 

discrepancy in the estimates obtained by the B V B model, particularly for the rabbits' 

data (R2,R3,R4) which have relatively small sample sizes. Figure 12.2 shows that for 

subsets R2, R3, and R4, the bootstrap, delta and Cruz-Orive methods produced estimates 

that fluctuate whereas those yielded by the B V B model appear to be more stable. 

12.2.1 Simulation study A difficulty with the estimation of the variance of 9 in 

sections 12.1 and 12.2 is that we do not know the correct answer for the real data sets. 
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Data 

Set 

HI 

H2 

H3 

Dg 

Pg 
Rl 

R2 

R3 

R4 

Data 

Size 

72 

76 

68 

64 

68 

40 

32 

40 

36 

9 

values 

0.532 

0.485 

0.400 

0.602 

0.470 

0.640 

0.590 

0.592 

0.496 

Bootstrap 

Method 

0.019 

0.022 

0.024 

0.035 

0.028 

0.037 

0.032 

0.049 

0.036 

Estimated Standard Deviation 

Delta 

Method 

0.020 

0.022 

0.024 

0.035 

0.027 

0.038 

0.031 

0.047 

0.036 

Cruz-Orive's 

Formula 

0.022 

0.023 

0.024 

0.034 

0.028 

0.039 

0.032 

0.046 

0.035 

Fisher 

Info. 

0.025 

0.023 

0.022 

0.032 

0.028 

0.041 

0.039 

0.039 

0.042 

BVB 

Model 

0.025 

0.023 

0.022 

0.032 

0.028 

0.041 

0.039 

0.039 

0.042 

Table 12.2: Estimates of standard deviation of 9 = y/x obtained by the bootstrap method, 

delta method, Cruz-Orive's formula (4.7), Fisher information using Binomial regression 

model and from the estimator (7.5) derived from the B V B model for (Pt, Pc) data of data 

set I. 

The only way to evaluate and compare the performance of the different estimators of the 

variance of 9 is in terms of a probability model or a simulation experiment. W e chose the 

latter. 

A simulation study was carried out to investigate the variance of the estimates of 

Var(0) obtained by the four techniques assuming the B V B model is true. For each subset, 

we simulated 1000 random data sets of the same size from the B V B model with parameters 

equal to the MLE's obtained from this subset. The four methods of estimating Var(0) 

were then applied to the simulated data, and the corresponding sample variance-covariance 

and correlation matrices of these estimators were computed. All nine variance-covariance 

matrices obtained for the (Pt,Pc) subsets under study showed that the variance of the 

estimate of Var(0) obtained by the B V B model is much lower than those yielded by the 

bootstrap, delta and Cruz-Orive methods. These nine variance-covariance matrices can 

be found in Appendix C. As an example, the variances for subset HI were 3.6 X 10~7 for 

the estimator based on the B V B model, 7.4 x 10~6 for the bootstrap method, 4.4 x 10~6 

for the delta/Cochran method and 3.8 x 10~6 for Cruz-Orive method. In addition, it was 

found that the latter three estimates were highly correlated. The correlation matrices 

obtained for the nine (Pt,Pc) sub are shown in Appendix C. 

The results obtained from the four variance estimation methods and the simulation 

study indicate that if we believe the B V B model is true for our data, then estimator (7.5) 

provides the most reliable way to estimate Var(0) amongst the four methods considered 
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Estimates of standard error 
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Figure 12.2: Graphical presentation of Table 12.2 containing the estimates of standard 

deviation of 9 for (Pt,Pc) data of data set I using the bootstrap method, delta method, 

Cruz-Orive's formula and B V B model. 

in this context. In addition, note that for very large sample sizes, the MLE of Var(0) is 

the best because M L E has the property of being asymptotically efficient as re —> oo. 

12.3 Variance estimation of the sample m e a n 

As mentioned in section 3.2, we have data giving the number of cells counted in each 

frame placed on each of the sampled sections of all the individual animals in data set II. 

A n unbiased estimate of the number of cells counted per frame for one animal, can be 

obtained from the sample mean, X for that animal. 

In this section, we assess the accuracy of the estimator X by estimating its variance 

using various methods namely, the bootstrap method, formulas derived from the Z D P and 

Poisson models, and the sample variance. The data used are the C A 3 data of data set II. 
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For the bootstrap method, we generated N = 1000 bootstrap replications by re

sampling with replacement from the original data. Then for each replication, we computed 

the value of X, and obtained the estimate of Var(X) by the sample variance of the 1000 

values of X . These procedures were repeated for each of the C A 3 data sets of data set II. 

The estimates of the standard deviation obtained in each case are shown in column 4 of 

Table 12.3. 

For the Z D P and Poisson models, we derived an expression for the variance of X in 

each case from the models directly. The sample estimates of Var(X) are 

Var(3h = -(1 + A-x) 
re 

and 

Var(5) = -
re 

for the Z D P and Poisson models respectively, where re is the sample size. W e applied the 

above two expressions to each of the C A 3 data sets. The results obtained are shown in 

columns 2 and 3 of Table 12.3. 

The estimates of the standard deviation of X yielded by applying the various estima

tion methods to data are not only shown in Table 12.3, but also graphically in Figure (12.3). 

The estimates obtained from the bootstrap method, sample variance and from the formula 

derived from the Z D P model are roughly in agreement with each other while estimates 

produced by the estimator based on the Poisson model tend to of higher value as compared 

to the other methods. This outcome is clearly seen in Figure (12.3), and is most likely due 

to the inadequacy of the fit of the Poisson model to the C A 3 data as shown in chapter 10. 
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Animal 

Ml 

M2 

M3 

M4 

M5 

M6 

M7 

M8 

M9 

MIO 

Mil 

M12 

M13 

M14 

M15 

M16 

M17 

M18 

M19 

M20 

M21 

M22 

M23 

M24 

M25 

M26 

M27 

M28 

M29 

M30 

M31 

M32 

M33 

M34 

M35 

M36 

M37 

ZDP 

0.055 

0.050 

0.053 

0.048 

0.053 

0.045 

0.044 

0.046 

0.040 

0.049 

0.047 

0.050 

0.045 

0.052 

0.044 

0.056 

0.049 

0.042 

0.057 

0.050 

0.048 

0.057 

0.041 

0.057 

0.051 

0.060 

0.047 

0.050 

0.053 

0.054 

0.046 

0.052 

0.050 

0.053 

0.053 

0.050 

0.051 

Poisson 

0.065 

0.065 

0.063 

0.057 

0.062 

0.051 

0.054 

0.053 

0.050 

0.055 

0.060 

0.060 

0.054 

0.059 

0.056 

0.062 

0.057 

0.052 

0.062 

0.060 

0.057 

0.066 

0.053 

0.066 

0.060 

0.068 

0.055 

0.063 

0.066 

0.058 

0.046 

0.060 

0.058 

0.053 

0.053 

0.050 

0.051 

Bootstrap 

0.052 

0.050 

0.053 

0.049 

0.051 

0.043 

0.044 

0.045 

0.041 

0.048 

0.048 

0.048 

0.046 

0.052 

0.044 

0.054 

0.049 

0.041 

0.057 

0.053 

0.048 

0.056 

0.041 

0.054 

0.050 

0.060 

0.049 

0.056 

0.054 

0.052 

0.047 

0.050 

0.049 

0.053 

0.049 

0.050 

0.047 

s/yfn 

0.053 

0.050 

0.053 

0.047 

0.052 

0.044 

0.045 

0.045 

0.040 

0.049 

0.046 

0.049 

0.045 

0.051 

0.430 

0.054 

0.049 

0.041 

0.056 

0.050 

0.041 

0.057 

0.041 

0.055 

0.050 

0.060 

0.046 

0.057 

0.052 

0.053 

0.047 

0.051 

0.049 

0.052 

0.051 

0.050 

0.051 

Table 12.3: Estimates of the standard deviation of X obtained from Z D P model, Poisson 

model, bootstrap method and s/y/n where s is the sample standard deviation for the C A 3 

data of data set II. 
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Application of Data-Based Estimation of Variance 

This chapter is devoted to reporting the application of the data-based estimation of Var (N) 

developed in section 9.3 of chapter 9 to real data, where N is given by equation (2.1). 

That is, iV is the estimator of N, the number of particles in a body counted by the optical 

fractionator method described in section 2.1. The disector counts of dataset III introduced 

in section 3.3 are used in the application. Recall that in data set III, W e have data of 

27 sets of disector counts, each obtained by counting Purkinje cells in experimental rats 

using the optical fractionator method described in section 2.6. 

In the following sections, we first check whether the data-based estimation of variance 

method is applicable to the data sets under consideration as the technique requires a 

statistical model to be able to fit the data to model the mean response function. This 

requirement is mentioned in section 9.3. Then we apply the data-based method to the 

data sets(if they satisfy the requirement), and finally, we illustrate with an example on 

how, with only slight changes, the data-based method of estimating Var(iV) can be used to 

predict Var(iV) if the experiment had been performed using a different sampling spacing. 

13.1 Fitting generalised linear model to the data sets 

The preliminary analysis of data set III in section 3.3.3 showed that 14 out of the 27 sets 

of disector counts exhibited an approximately quadratic or similar relationship between 

Q~, the total cell count on section i and the corresponding section number i. Figure 3.10 

shows the plots of Q~ against corresponding section number i for 6 data sets, where all the 

relationship appear to be peaked in the middle. Such roughly quadratic relationships can 

be potentially fitted by a statistical model. However, the plots of Qj against corresponding 

section number i for the rest of the 13 data sets displayed relationships that could not be 

easily fitted by a statistical model. Thus, from this point onwards, we focus on the 14 

data sets, namely A6, A9, A10, A12, B14, B16, B18, B19, B21,B22, B23, B24, B26 and 

B27 for our analyses, and we will refer to them as "the selected 14 data sets" throughout 

this chapter. 

The issue about the choice of the regression function used would arise in any application 

of the data-based estimation technique, just as it does in any regression problem. As an 

initial attempt in our case, we fitted the Poisson G L M with the natural link, the log link 

as follows 

Qj ~ Pois(exp(ai2 + bi + c)), 

to each of the 14 selected data sets using function glm() which is based on iteratively 

reweighted least squares, in S-Plus version 3.4. That is, the fitted model is a log-quadratic 
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regression of Q~ on i with Poisson responses, where Q~ is the total count on section i, 

and a, b and c are constants. Note that the issue about choice of the regression function 

used would arise in any application of the data-based estimation technique, just as it does 

in any regression problem. 

The quadratic curves yielded by the fit of the G L M above to the 6 data sets in Fig

ure 3.10, namely A10, A12, B16, B19, B22 and B27 are fitted to the data as shown in 

Figure 13.1. 

Next, we assessed the adequacy of the fit of the G L M above to the 14 selected data 

sets by applying the x2 goodness-of-fit test based on residual deviance. In addition, 

corresponding p-values were obtained from the residual deviance and d.f. for each data 

set. 

The values of the residual deviance and corresponding d.f. yielded by the fit of the 

G L M to the data sets under study as well as the p-values are shown in Table 13.1. The p-

values displayed in column 4 of Table 13.1 indicate that the fitted G L M provides adequate 

fit to all the 14 selected data sets at 5 % level of significance. Thus, we have verified 
r"r. 

that the data-based method of estimating Var(iV) can be applied to the data sets under 

consideration. 

Data 

A6 

A9 

A10 

A12 

B14 

B16 

B18 

B19 

B21 

B22 

B23 

B24 

B26 

B27 

Resid dev 

15.74 

19.07 

6.61 

10.00 

17.69 

8.90 

13.85 

9.22 

11.41 

12.21 

13.13 

15.07 

16.39 

10.44 

d.f. 

13 

14 

13 

13 

16 

12 

14 

13 

13 

14 

12 

15 

15 

13 

p-value 

0.11 

0.06 

0.76 

0.44 

0.17 

0.45 

0.24 

0.51 

0.33 

0.35 

0.16 

0.24 

0.17 

0.40 

Table 13.1: Values of the residual deviance(Resid dev) and corresponding d.f. from fitting 

the the quadratic Poisson regression of Q~ on i to the 14 data sets of data set III, where 

Q~ is the total count on section i, and the p-values calculated for the data sets from the 

residual deviance and d.f. 
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13.2 Applying data-based estimation of Var(iV) to data sets 

The data-based method of estimating Var(iV) developed in chapter 9 is formulated 

into a simple expression given by equation (9.4) as follows 

Var(AT) = j-

where / and G(z,) are defined in section 9.3. The first term on the right hand side of 

the equation above gives the variation contributed by the systematic sampling, while the 

second term gives the variation contributed by the disector counts. 

Equation (9.4) was applied to the 14 selected data sets, namely A6, A9, A10, A12, 

B14, B16, B18, B19, B21, B22, B23, B24, B26 and B27. In each case, the function G oi 

equation (9.4) was the systematic term in the G L M fitted to the data set. To compute the 

variance and expectation of G, we estimated the integrals (9.5) and (9.6) respectively, by 

firstly discretizing the interval between two consecutive sampled sections into 500 points. 

Then function G (the fitted value from the G L M on the response scale) was used to predict 

the expected response at each point, that is, there were 500 predicted responses at each 

interval. Next, the 500 predicted responses at each interval were summed. The estimates 

of the expectation and variance of G were the sample mean and sample variance of all the 

summed values from each interval. 

For each data set, we obtained estimates of the standard deviation of N and the 

standard deviation of the variation contributed by the systematic sampling and the disector 

counts. These estimates are shown in Table 13.2. From the results obtained, the variance 

contribution of the systematic sampling component to the total variance of N is calculated 

to be about 2 % in each case, and the coefficient of error of N is calculated to be 6 — 8 % 

in each case. 

Thus, in the context of the data sets under consideration, the variance contributed by 

the systematic sampling is negligible. 

13.3 Variance prediction 

The data-based technique of sampling variance estimation described in section 9.3 also 

allows us to predict the variance of N, the variance contributed by the sampling design 

and by the counts if the experiment had been performed using a different sampling spacing 

between two consecutive sections with respect to the original spacing. For illustration, we 

show the variance prediction for data sets B23 and B27 at different sample spacing, from 

0.02 up to twice the original sample spacing in steps of 0.02. 

For each spacing value, we applied equation (9.4) to data sets B23 and B27 in the 

same manner described above. However, in this case, the number of predicted responses 

Var ( £<?(*,•) +E (£G(*) 
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Data 

A6 

A9 

A10 

A12 

B14 

B16 

B18 

B19 

B21 

B22 

B23 

B24 

B26 

B27 

sd(N) 

3.0 x IO4 

3.3 x IO4 

3.2 x IO4 

2.9 x IO4 

2.5 x IO4 

2.8 x IO4 

3.0 x IO4 

2.8 x IO4 

3.0 x IO4 

2.7 x IO4 

2.4 x IO4 

2.9 x IO4 

2.7 x IO4 

2.7 x IO4 

sd (sampling) 

7.0 X IO2 

7.1 X IO2 

7.7 x IO2 

5.7 x IO2 

1.8 x IO3 

4.8 x IO2 

3.0 x IO2 

4.1 x IO2 

3.9 x IO3 

1.4 x IO2 

2.8 x IO3 

5.9 x IO2 

3.0 x IO2 

2.5 x IO2 

sd(counts) 

3.0 x IO4 

3.4 x IO4 

3.2 x IO4 

2.9 x IO4 

2.4 x IO4 

2.7 x IO4 

3.0 x IO4 

2.8 x IO4 

3.0 x IO4 

2.7 x IO4 

2.4 x IO4 

2.9 x IO4 

2.7 x IO4 

2.7 x IO4 

Table 13.2: Estimates of the standard error of N(sd(N)), systematic sam-

pling(sd(sampling)) and the contribution to standard error due to the disector 

counts(sd(counts)), obtained by applying equation (9.4) to the 14 data sets of data set III. 

in each interval is (500 X m), where m is the spacing value. 

Next, plots of the variance estimates of TV, variance estimates of the systematic sam

pling and counts yielded by equation (9.4) against the sample spacing considered were 

obtained for B23 an B27. The plots are shown in Figure 13.2 and Figure 13.3 respectively. 

Plots (a) and (c) in Figure 13.2 and Figure 13.3 of data sets B23 and B27 respectively 

exhibit an increasing trend of the variance of N and the disector counts, suggesting that 

the variance of N and variance contributed by the disector counts increase as the sample 

spacing increases. 

Figure 13.2(d) and Figure 13.3(d) show, the oscillatory behaviour of the variance con

tribution due to systematic sampling in data sets B23 and B27 respectively. In both plots, 

a convex hull is drawn for the oscillation boundary. The coordinates of convex hull is 

obtained by applying function chullO in S-Plus version 3.4 to all the x and y coordinates 

of all points in the plots. 

It is important to note that the oscillatory behaviour of the systematic variance is 

strongly controlled by the exact length of the projection of the organ onto the axis. If the 

length of the organ is assigned a slightly incorrect value, the variance prediction will still 

oscillate between the upper and lower bounds, but the locations of the oscillations will be 
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changed. For exact locations of the oscillations, we need to have information on the exact 

position of the start of the sampling of sections and the number of sections that have been 

cut from the organ. Such information is not available to us. 

13.4 Concluding remarks on the data-based estimation of variance 

The data-based estimation of variance provides a possible way in which one can obtain 

an estimate of the variance of the estimator N and the variance of systematic sampling. 

However, the method requires the modelling of the relationship between the counts and 

the corresponding sections using statistical models like G L M and G A M . 

A n example where the data-based estimation method is not applicable, that is when 

no suitable model can be fitted to the data to model the mean response function, is shown 

in Figure 3.7, Figure 3.8 and Figure 3.9 in section 3.2. The figures show 6 plots of the total 

disector count in each section against the section serial number for each animal of data set 

II from the C A l , C A 3 and H data. The relationships between the disector counts and the 

sections exhibited by all the plots cannot be easily modelled by a simple statistical model 

due to the irregularities. Further, the investigation in [83, 73] mentioned in section 3.2 

corroborates the point that data obtained from the hippocampal region is too irregular 

for model fitting to be applicable. 

It is important to note that in cases such as the above mentioned one, where the organ 

is irregularly shaped and we cannot model the spatial sampling variance, the variance due 

to spatial sampling could be very high. That is, the variance due to sampling variability 

could be a much greater component of the overall Var (TV). Thus, we should not let the 

"well-behaved" examples in section 13.2 mislead us into believing that sampling variance 

is always negligible. 
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Section number 
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Section number 
(a) 

Section number 
(a) 
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Section number 
(a) 

Section number 
(a) 

Figure 13.1: Scatter plots of Qj, observed values of the total disector count on section i 

against corresponding section i with fitted curves yielded by the fit of the log quadratic 

Poisson G L M Q~ ~ Pois(exp(eri2 + bi + c) using function glm() in S-PIus version 3.4 to 

data sets (a)AlO, (b)A12, (c)B16, (d)B19, (e)B22, and (f)B27 of data set III. 
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Figure 13.2: Results of the variance prediction of TV at sample spacing 

0.02 0.04 0.06,0.08,0.10,... ,2 for dataset B23. The estimates of the standard deviation 

of N, and the standard deviation of the variation contributed by systematic sampling 

and counts are obtained by applying equation (9.4) to B23 at each sample spacing value. 

(a)Plot of estimates of the standard deviation associated with N against sample spacing. 

(b)Plot of estimates of the standard deviation due to systematic sampling against sample 

spacing. (c)Plot of estimates of the standard deviation due to disector counts against sam

ple spacing. (d)Plot of estimates of the standard deviation due to systematic sampling 

against sample spacing, where oscillation is bounded by the convex hull obtained from 

function chullO in S-Plus version 3.4 using the variance estimates. 
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Figure 13.3: Counterpart of Figure 13.2 for data set B27. 
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Analysis of Volume Estimates Data of Data Set IV 

This chapter takes a diversion from our main interest in stereological integer count data, 

such as point counts and disector counts. It is concerned with the positive real-valued 

volume estimates data described in section 3.4. 

In the preliminary analysis performed on the volume estimates data in section 3.4.1, 

it was found that the distributions of the data sets were right-skewed, and that some of 

the log-transformed data sets had distributions that resembled the normal distribution. 

In this chapter, we propose the lognormal distribution for the volume estimates data, 

and assess its goodness-of-fit using various tests for normality such as the x2 test, and 

the D'Agostino and Pearson's K2 tests [19]. In addition, we estimate the variance of the 

mean of the cell volume using several methods. 

14.1 The lognormal distribution 

Suppose we have two random variables Z and X such that Z = log X. If Z ~ N(p, a2), 

then the random variable X is said to have a lognormal distribution [44, p. 112] with 

probability density function (p.d.f) given by 

/(*) = 
0 

exp -jjr {log a:-//}'' if x > 0 

otherwise 

The expectation and variance of X are 

E{X) = exp(_u + a2/2) 

and 

Var(X) = exp(2/x + a2)[exp(cr2) - 1] 

respectively. 

14.1.1 Parameter estimation The MLE p oi p and a oi a correspond to the MLE 

of p and a oi the N(p,a2) distribution [44, p. 119]. Assume that the random variables 

Xi,... , Xn are i.i.d lognormal, and let Zi = logX^. Then, 

1 
a = Z = — > Zi 

n t—' 
i=i 

P 

and 

. t'=l 

1/2 
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14.2 Goodness-of-fit tests 

The goodness-of-fit of the lognormal distribution to the data sets can be assessed by 

testing for normality in the log-transformed data sets. 

Numerous tests of normality are available in the literature. Some examples are the Chi-

squared(x2) test [48, p.420], Kolmogorov-Smirnov(.K"S) test [48, p.452], b2 test(standard 

sample fourth moment test for kurtosis), y/b[ test(standard sample third moment test for 

skewness), Shapiro and Wilk's W test [70], Shapiro and Francia's W test [69], D'Agostino 

and Pearson's K2 test [19], Filliben's r test [29] and the recent Brown and Hettmansperger(M) 

test [9]. 

Extensive comparisons of the tests of normality (at least those developed before 1979) 

have been reported in the literature. The comparative studies are usually based on the 

power of the tests and their sensitivity towards different types of departures from nor

mality, for example skewness and asymmetry. Three of the major comparisons of tests of 

normality that have been carried out are those conducted by Shapiro and co-workers [71], 

Pearson and co-workers [62] and Saniga and Miles [66]. D'Agostino and Stephens [20, 

chap.9, p.403] gives a list of the comparisons of tests of normality in the order of im

portance as well as a good review on the results obtained from the comparative studies. 

Briefly, various tests of normality emerged as powerful omnibus tests, for example the W 

and K2 tests. In addition, the <\fb~i and b2 tests have been shown to be highly sensitive 

over a wide range of alternative distributions that depart from normality due to skewness 

and kurtosis respectively. However, the results of the comparative studies also indicate 

that each test has its own strengths and weaknesses against different types of departures 

from normality. D'Agostino and Stephens [20, chap.9, p.403] noted that it is difficult and 

near impossible to decide which test of normality is the best; the choice of the test usually 

involves personal judgement. 

W e consider several of the more commonly used tests of normality, namely the x2, 

KS, b2, y/bi', W, W, K2 and the latest BE tests. 

The hypothesis we are testing is that E0: The log-transformed data set is i.i.d normally 

distributed with unknown mean and variance against Ei'. The log-transformed data set is 

i.i.d but not normally distributed. The test is performed at 5 % level of significance. For 

the x2 a n d KS tests the mean and variance are estimated by the sample mean and the 

sample variance respectively. 

14.2.1 x2 and KS tests The Pearson x2 goodness-of-fit test is a generic test, that 

is, it can be applied to any distribution. The distribution under consideration is firstly 

discretized or grouped into k groups. Then for a sample size of n, the expected number of 

observations in each group is e,- = np{ for i = 1, • • • , k, where p{ is the proportion of the 
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population in the ith group under the null(normal) hypothesis. 

The x2 test statistic is 

(oi - et)
2 

*2 = £ ti 

where o; is the number of observations for the ith group. The X2 statistic above has 

approximately a x2 distribution with k — 1 degrees of freedom (d.f) if n is large and 

Pi > 0. The underlying distribution is normal and the parameters are known. If the 

parameters are unknown, the d.f is k — 1 — m where m is the number of parameters to be 

estimated. The usual criterion of the x2 test is that npi > 5 for all i. Large values of X2 

are indicative of non-normality. 

The K S test belongs to the family of tests based on the empirical distribution func

tion (EDF). Briefly, the test involves measuring the discrepancy between the cumulative 

distribution function of the normal distribution and the E D F of the sample. The K S test 

statistic is 

D= sup \Fn(x)- F(x;p,a)\, 
—ooO<oo 

where F(x;p,a) is the theoretical cumulative distribution function for the normal distri

bution with mean p and variance a2, and Fn(x) is the E D F of the data set of interest. 

Large values of D suggest non-normality. 

However, both the x2 a n d K S tests do not indicate the nature of departures from 

normality and have low power [71, 18]. As D'Agostino[18] puts it, 

The extensive power studies just mentioned have also demonstrated convinc

ingly that the old war horses, the chi-squared test and the Kolmogorov test(1933), 

have poor power properties and should not be used when testing for normality. 

14.2.2 s/bi and b2 tests Here, we give a brief description of the y/b[ and b2 tests. 

The reader is referred to [18] for a good description of these two tests. 

For any random variable X, the third and fourth standardised moments, which mea

sure skewness and kurtosis respectively, are given by 

/- E(X - E(X)f E(X-E(X)Y 

^ 1 = (Var(X))3/2 ^ P2~ (Var(X))2 " 

For the normal distribution, yfp\ = 0 and /32 = 3. 

The sample estimates of V ? T and (32, represented by y/h and b2 respectively are 

Vh = -J/1 and b* = ^2 
m2' '""i 
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respectively, where m * = (1/n) J2(Xi - ~X)k and X = (1/n) ]T)Xt, and n is the sample 

size. If the data were normally distributed, the values of \/bi and b2 should be close to 0 

and 3 respectively. 

In applying s/b{ and b2 tests in this thesis, we have adopted the S-Plus implementation 

of the tests written by P. Mandeville of the School of Medicine, University of San Luis 

Potos (Mexico), which is available in the archives of S-news on StatLib [75]. 

14.2.3 W test Details of the W test can be found in [70]. Briefly, the development of 

the W test is motivated by the possibility of applying analysis of variance type procedures 

to test the distributional assumption in normal probability plots. The test is based on 

generalised least squares regression of ordered sample values on normal scores. 

Suppose xi, • • • , xn is the sample. The test statistic is 

<12 

(14.1) W-
E n ' 

i=l WiXi 

£?=i(*;-*)
2 

where xx < • • • < xn are the order statistics and Wi are the optimal weights for the weighted 

least squares estimator of the population standard deviation given that the population is 

normally distributed. Shapiro and Wilk [70] give the values of w; for n = 3 to 50. Large 

values of Rvalues close to 1) indicate normality. 

Royston [65] extended the test statistic W to handle samples of size up to 2000. W e 

applied this extended version of the W test to the volume estimates data sets as the sizes 

of the data sets are all greater than 50. 

W e employed the S-Plus implementation of W test by J. Glosup of the Lawrence 

Livermore National Lab, California. The code is available in the archives of S-news on 

StatLib [75]. 

14.2.4 W test Shapiro and Francia [69] modified the W test by estimating the 

slope of the regression line by simple least squares instead of generalised least squares. 

They assumed that the order statistics xx,--- ,xn can be treated as independent when 

n is large. In this case, the weights Wi of (14.1) are replaced by coefficients that are 

simple functions of the expected normal order statistics, m' = (mi, m 2 , • • • , m n ) . The test 

statistic given in equation (14.1) becomes 

W' — 12^=1 UiXi) 

~ E?=l(z,-2)
2 (14-2) 

where x{, i = 1, • • • , n are the observations and b' = (bu b2, - - - , bn) = m'/(m'm)
ll2. The 

values of m can be found in [37] for sample sizes of up to n = 400. Shapiro and Francia 

gives values of weights b' and critical values for n = 35 to 99. 
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The S-Plus implementation of the W test by P. Mandeville of the School of Medicine, 

University of San Luis Potos, Mexico is available in the S-news archives on StatLib [75] 

14.2.5 K2 test D'Agostino and Pearson [19] combined the statistics y/b[ and b2 

and developed the omnibus K2 test. The test statistic is given by 

K2 = Z2(y/b~i) + Z2(b2) 

where Z2(y/b~[) and Z2(b2) are transformations of y/b[ and b2 respectively to approximate 

normality. 

The K2 test statistic has approximately a x2 distribution with two d.f. Detailed 

description of the K2 test can be found in [19]. 

14.2.6 BE tests The BH tests can be considered as one of the most recent tests 

for normality available in the literature. Brown and Hettmansperger [9] developed tests 

for several types of departures from normality, in particular, skewness and heavy tails. As 

they put it 

The tests can be considered as components of the Shapiro-Wilk type test that 

has been broken down into several sources of non-normality. 

The test statistics developed in [9] to test against skewness and heavy tails are based 

on sample estimates of the third and fourth order terms, d3 and d4 of the Edgeworth type 

expansion [9, equation (3)] of the inverse of the distribution function generating the data. 

A two-sided test using the statistic Zi = y/3n(d3/o) is sensitive to skewness while a one

sided test using the statistic Z2 = V4n(d4/o) is sensitive to heavy tails. The expressions 

for d{ (i=3,4) and a are equations (11) and (9) in [9] respectively. 

The statistics Zi and Z2 are corrected using first and second order corrections to com

pensate for their slow convergence to the limit distribution. The finite sampled corrected 

counterparts of Zi and Z2 are Z* and Z±
+ in [9, equation (17)]. 

The S-Plus implementation of the BE tests that we have used in this thesis was written 

by D. Cummins and V. Devanarayan of Eli Lilly & Company, Indiana (USA) supplied in 

the archives of S-news in StatLib [75]. 

14.3 Application of the lognormal distribution to data set IV 

We fitted the lognormal distribution described in section 14.1 to the volume estimates 

data sets A1-A12, B13-B27 described in section 3.4. 

To assess the adequacy of the fit of the lognormal distribution to each of the 27 data 

sets, the data values of each data set were first transformed logarithmically. Then for each 
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of the log-transformed data sets, we tested for normality since according to section 14.1 

if the lognormal model provides a good fit to the data then the log-transformed data set 

should be normally distributed. W e applied the x2, KS, s/h, b2, W, W, K2 and BE 

tests mentioned in section 14.2 to each of the log-transformed A1-A12, B13-B27. The 

p-values obtained from these tests are displayed in Table 14.1. The p-values obtained for 

the B H tests under the headings "skew", "kurt" and "tails" refer to the p-values for the 

two-sided test based on Z\, the one-sided test based on Z*2+ and a two-sided test based 

on the test statistic T* = Z\ + Z^+ respectively. 

14.3.1 Results The results yielded by the 8 tests of normality, namely the x2, KS, 

W, W, V5i, b2, K
2 and BE tests are not identical. The acceptance or rejection of E0 

is not consistent across all the tests for a given data set. For instance, the x , KS and 

W tests accept E0 for almost all the data sets (p-values shown in columns 2,3,4 of Table 

14.1) while the W, \/h, b2, K
2 and BE tests reject E0 for some of the data sets(p-values 

shown in columns 6,7,9-11 of Table 14.1). This is because the various tests have different 

power curves and are sensitive to different types of departures from normality. 

For simplicity, we decided that a log-transformed data set would be called lognormal 

if all the 8 tests performed on it accept E0. In order to know the significance level of such 

a criterion, we used the Bonferroni's inequality [28, chapter IV, pp.110] as follows 

\»=i / ;=i 

where A,- = {test i rejects E0}. If each test has significance level a, then equation (14.3) 

gives 

F(reject Eo in at least one test) < 8a;. 

That is, we call a data set lognormal if all the 8 tests at significance level 0.0063(0.05/8) 

accept Ho- Thus, the criterion by which we decide whether a data set is lognormal has 

significance level < 0.05 (and > 0.0063). 

With the above criterion, the data sets that are adjudged lognormal are A2, A5, A6, 

A7, A9, A10, All, B13, B14, B15, B22, B24, B25 and B27. For data sets that are not 

adjudged lognormal, namely Al, A3, A4, A8, A12, B16, B17, B18, B19, B20, B21, B23 

and B26, we can infer from the p-values of the y/b[, b2 and BE tests under columns 6,7,9-

11 in Table 14.1 for the type of departures from normality. That is, the table of results can 

also provide us with information on the nature of deviation from normality for data sets 

that are non-normal. For example, we can look across the row in Table 14.1 that contains 

results for Al, where the results suggest that the skewness and tails of the distribution 

of Al are non-normal. In addition, the data sets that produce Q - Q plots which do not 

conform to a straight line at the tails mentioned in section 3.4.1 are consistent with the 
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Data 

Al 

A2 

A3 

A4 

A5 

A6 

A7 

A8 

A9 

A10 

All 

A12 

B13 

B14 

B15 

B16 

B17 

B18 

B19 

B20 

B21 

B22 

B23 

B24 

B25 

B26 

B27 

X2 

0.14 

0.43 

0.71 

0.57 

0.99 

0.95 

0.34 

0.85 

0.61 

0.84 

0.93 

0.04 

0.80 

0.52 

0.23 

0.88 

0.33 

0.78 

0.54 

0.14 

0.76 

0.93 

0.17 

0.37 

0.84 

0.10 

0.71 

KS 

0.26 

0.97 

0.94 

0.96 

0.96 

0.95 

0.75 

0.41 

0.94 

0.87 

0.10 

0.32 

0.95 

0.43 

0.73 

0.85 

0.61 

0.52 

0.42 

0.48 

0.42 

0.67 

0.70 

0.85 

0.10 

0.10 

0.90 

W 

0.00 

0.96 

0.75 

0.80 

0.11 

0.77 

0.27 

0.70 

0.84 

0.86 

0.75 

0.43 

0.43 

0.25 

0.76 

0.13 

0.38 

0.02 

0.15 

0.62 

0.29 

0.25 

0.23 

0.32 

0.92 

0.97 

0.35 

W 
0.00 

0.41 

0.06 

0.04 

0.42 

0.52 

0.48 

0.01 

0.81 

0.22 

0.71 

0.02 

0.52 

0.42 

0.29 

0.51 

0.02 

0.02 

0.00 

0.06 

0.05 

0.64 

0.18 

0.79 

0.97 

0.06 

0.58 

Vh 
0.00 

0.50 

0.18 

0.04 

0.16 

0.81 

0.49 

0.02 

0.97 

0.09 

0.88 

0.14 

0.38 

0.41 

0.85 

0.69 

0.02 

0.013 

0.06 

0.60 

0.14 

0.67 

0.06 

0.41 

0.54 

0.87 

0.30 

b2 

0.36 

0.29 

0.04 

0.04 

0.63 

0.21 

0.73 

0.01 

0.64 

0.26 

0.53 

0.05 

0.87 

0.25 

0.72 

0.02 

0.04 

0.28 

0.00 

0.07 

0.07 

0.26 

0.91 

0.41 

0.97 

0.03 

0.47 

K2 

0.00 

0.47 

0.05 

0.02 

0.33 

0.44 

0.74 

0.00 

0.89 

0.13 

0.81 

0.05 

0.67 

0.37 

0.92 

0.07 

0.01 

0.02 

0.00 

0.17 

0.07 

0.49 

0.18 

0.51 

0.82 

0.08 

0.45 

BE tests 

skew 

0.00 

0.56 

0.21 

0.09 

0.14 

0.86 

0.41 

0.04 

0.96 

0.12 

0.87 

0.15 

0.33 

0.36 

0.81 

0.66 

0.04 

0.01 

0.25 

0.69 

0.21 

0.73 

0.04 

0.40 

0.49 

0.91 

0.26 

kurt 

0.40 

0.08 

0.01 

0.07 

0.50 

0.06 

0.50 

0.01 

0.27 

0.11 

0.25 

0.01 

0.50 

0.50 

0.44 

0.50 

0.03 

0.42 

0.00 

0.02 

0.02 

0.50 

0.50 

0.50 

0.46 

0.01 

0.50 

tails 

0.00 

0.23 

0.01 

0.05 

0.23 

0.22 

0.56 

0.00 

0.69 

0.09 

0.64 

0.01 

0.47 

0.51 

0.87 

0.77 

0.01 

0.02 

0.00 

0.07 

0.03 

0.84 

0.07 

0.56 

0.63 

0.03 

0.40 

Bonf. 

(a/r) 

r 

a 

r 

r 

a 

a 

a 

r 

a 

a 

a 

r 

a 

a 

a 

r 

r 

r 

r 

r 

r 

a 

r 

a 

a 

r 

a 

Table 14.1: Table shows the p-values of the x2, KS ,W, W, Vh, b2, K
2 and BE tests 

for goodness-of-fit to the normal distribution, obtained for each of the log-transformed 

data sets A1-A12, B13-B27. The terms "skew", "kurt" and "tails" under the BE tests 

represent the tests for skewness, kurtosis and normal tails respectively. The term "(a/r)" 

under "Bonf." represents accept/reject under the Bonferroni test described in section 

14.3.1. Values in bold indicate significance of the test at the 5 % level. 
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data sets indicated under column 11 of Table 14.1 as non-normal due to departure from 

normality at the tails. 

Note that elaborate and sophisticated analysis on the nature of the deviation from 

normality is beyond the scope of this thesis. 

14.4 Estimation of the mean cell volume 

Let X be the r.v. representing a particular volume estimates data set with observations 

xi,... ,xn, where n is the sample size. Each observation x; is an unbiased estimate of 

a cell volume estimated by the rotator method described in section 2.7. Thus X is an 

unbiased estimate of the mean cell volume of each animal. The question is how accurate 

the estimator X is for p, the true mean cell volume. To assess the accuracy of the estimator 

X, we consider Var(X). 

14.4.1 Variance estimation of X At present, the usual way in which most stereol-

ogists would estimate V?LX(X) is by using the formula Var(X) = Var(X)/n, where Var(X) 

is estimated by s2, the sample variance. That is, 

V^(X)norm = £. (14.4) 

If the X^s are i.i.d. then s2 is an unbiased estimator for Var(X), and the estimator 

(14.4) is unbiased for Var(X). However, if the X^s are from a known distribution, then 

the optimal estimator of Var(X) might not be (14.4). The point is that, if we know the 

form of the distribution of X, then the M L E of Var(X) is asymptotically optimal under 

regularity conditions [48, chapter 18, pp.35]. Thus, if we believe that the data sets A2, 

A5, A6, A7, A9, A10, All, B13, B14, B15, B22, B24, B25 and B27, come from the 

lognormal distribution as indicated by the results of the tests performed on them above, 

and if large sample optimality applies, then the M L E of Var(X) derived from the lognormal 

distribution is the optimal estimator. From the lognormal distribution we get, 

V^)iognorm = \ {e*p(2p + e
2) exp(ff*) - l} (14.5) 

where p and a2 are the MLE of the two parameters, p and a respectively of the lognormal 

distribution. 

Alternatively, to avoid the assumption of a model for the data sets, we can apply 

the bootstrap method described in chapter 7 to estimate Var(X). For this method we 

obtained 1000 bootstrap replications such that for each replicate, we compute the value 

of X. An estimate of Var(X) can then be obtained as the sample variance of the 1000 X 

values. 
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14.4.2 Application of the variance estimation techniques The various esti

mators of Var(X) namely, equation (14.5), equation (14.4) and the estimator derived from 

the bootstrap method discussed in the section above were applied to data sets A2, A5, 

A6, A7, A9, AlO, All, B13, B14, B15, B22, B24, B25 and B27. Recall that these data 

sets have been shown to come from the lognormal distribution in section 14.2. 

The estimates of the standard error of X (SE(X)) yielded by each estimator for the 

data sets are shown in Table 14.2 and Figure 14.1. The estimates yielded by the three 

estimators are roughly similar although for some data sets the estimates obtained by 

formula (14.4) and the bootstrap method tend to be higher in value as compared to those 

yielded by formula (14.5), that is from the lognormal model. The question is how one can 

verify that the estimator (14.5) is indeed optimal from the results obtained for the data 

sets which are believed to come from the lognormal distribution. 

Data 

A 2 

A5 

A6 

A 7 

A9 

AlO 

All 

B13 

B14 

B15 

B22 

B24 

B25 

B27 

X 

7237.9 

6324.1 

7407.1 

7772.1 

6866.9 

8749.8 

6361.5 

6865.3 

6874.3 

6806.7 

6178.7 

5680.1 

6465.6 

6073.2 

s/y/n bootstrap lognormal 

241.4 248.2 233.5 

184.0 186.7 177.3 

206.0 212.7 205.4 

286.8 293.9 304.4 

195.5 192.9 195.2 

270.2 267.7 251.2 

170.6 168.7 171.5 

251.2 260.4 241.4 

209.1 207.1 206.7 

214.1 211.4 212.6 

212.0 205.5 213.9 

198.2 202.6 196.1 

240.5 237.5 235.2 

219.9 218.5 214.7 

Table 14.2: Estimates of mean cell volume estimated by the sample mean, X and the 

estimates of the standard error of X obtained by formula (14.4) derived from the stan

dard normal theory, bootstrap method and formula (14.5) derived from the lognormal 

distribution, respectively for the original volume estimates data of data set IV. 
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Figure 14.1: Graphical presentation of Table 14.2 containing the estimates of the standard 

error of X for the volume estimates data of data set IV. 

14.4.3 Performance of variance estimators In this section, we investigate the 

relative merits of the variance estimators, (14.4) which is based on the sample variance and 

(14.5) which is based on the lognormal distribution. Explicit formulas for the expectation 

and variance (of the right hand term) of the two variance estimators are derived, and the 

estimates obtained are compared. In addition, we also derive expressions for the expected 

value and variance of the two estimators of (SE(X)), and compare the estimates obtained. 

Note that all formulas derived are for the lognormal distribution. 
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The expectation of estimator (14.4) is 

S2\ a2 

E 
n I n 

since s2 is always an unbiased estimator of a2. By using the results of Var(52) presented 

in [53, p. 13], the variance of (14.4) is 

.S2\ .1 f 1 ( n - 3 ) t.T fY„ 
Var — = -, < - m 4 ? — (Var(A)) ?2 / n2 1 n n(n — 1) 

where ra4 = E[(X - E(X)
4] is the fourth central moment. In our case, X is assumed to be 

from the lognormal distribution. Note that the above equation which gives the variance 

of S2/n, holds when X\, • • • , Xn are i.i.d. with any common distribution. 

To obtain formulas for the expectation and variance of (14.5), we use the independence 

of the sample mean and sample variance for normally distributed data, and the moment-

generating functions of normal and Chi-squared random variables. Let S\N = exp(2/2 + 

cr2)(exp(cr2) — 1), the expectation and variance are 

1 , \ 1 / 2a'\ {( 4<72\-<"-1)/2 / 2<rn-("-')/2 

and 

Var (±S
2
LNj = 

i-(«¥){(-¥)" '-(-?P""*(-r " 
respectively. 

For illustration purposes, data set A 2 was chosen in this study. W e fitted the lognormal 

distribution to data set A2, and substituted the values of the M L E of p and a2 in the 

formulas of E(52/n), Var(52/n), E(S2LN/n), Var(S£N/n) shown above. The results yielded 

and the corresponding values of bias and root mean square error (RMSE) are displayed 

in Table 14.3. The values of the standard deviation and R M S E of the variance estimator 

(14.5) are both smaller than those obtained by the variance estimator (14.4). 

Next, we derive expressions for the expected value and variance of the two estimators 

of (SE(X)), namely S/y/n and SLN/y/n~- Approximations of E (y/S
2/n), Var [y/S2/nj, 

E(Js2LN/n\, and Var (Js2LN/n) are obtained by using the delta method [54, p. 85] 

since the sample size of data set A2 (=174) is large. The expressions are as follows: 

<;l)*M^+b^]xVar(s2) 
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Estimator 

S2/n (14.4) 

S2LN/n (14.5) 

Expected value 

54133.8 

54416.2 

Std. Dev 

9659.6 

8095.8 

Bias 

0 

282.3 

RMSE 

9659.6 

8100.7 

Table 14.3: Theoretical expected value, standard deviation (Std. Dev), bias and R M S E 

for the two estimators of Var(X) in equations (14.4) and (14.5), assuming a lognormal 

distribution with parameter values equal to the estimates obtained from data set A2. 

Estimator 

S/y/H 

SLN/VK 

Expected value 

230.8 

232.0 

Std. Dev 

20.7 

17.3 

Bias 

-1.87 

-0.67 

RMSE 

20.8 

17.3 

Table 14.4: Counterpart of Table 14.3 for the two estimators of the standard error of X. 

The expectation and variance of the estimators are obtained by the delta method. 

Var 
y/n 

Var(5'2) 

n 4Var(X)_ 

E (SLN >TM HS2LN) + 
-I 

4(E(^)) 3/2 
x Var(S£N) 

V v n J n 4EC3WJ 

Table 14.4 shows the estimates of the expected value and variance yielded by both es

timators and the corresponding values of bias and RMSE. Similarly, the values of the stan

dard deviation, and R M S E obtained by the estimator based on lognormal distribution, SLN/y/n 

are smaller than those yielded by the estimator based on sample variance, S/y/n. In ad

dition, estimator S/y/n is more negatively biased than SLN/\/U. Thus, both Table 14.3 

and Table 14.4 have shown that S2LN is a substantial improvement on S
2, for lognormal 

data. That is, if we believe that a data set comes from the lognormal distribution as in 

the case of data set A2, then the estimator based on the lognormal distribution performed 

the best. 
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S-PLUS code for the E-M Algorithm For Overdispersion in 

GLM 

The following is an implementation of the E-M algorithm for the non-parametric maximum 

likelihood method proposed by Aitkin [1]. 

• Usage 

newnpml(fmla, data, nomasspts, maxit=50, 

smalldev=0.001, smallprob=0.000001, maxglmit=40) 

• Required arguments 

- fmla: a formula expression as for the regression models of the form 

response " predictors 

- data: a data frame which contains the variables occuring in the model formula 

- nomasspts: an integer value from 1-9 indicating the number of mass points 

required 

• Optional arguments 

- maxit: maximum number of iterations for the E - M algorithm; the default value 

is 50 

- smalldev: the value of the difference in deviance between two consecutive iter

ations at which the algorithm will be terminated; the default value is 0.001 

• Value a list with components 

- logL: value of the maximised log likelihood 

- beta: value of the fitted coefficients 

newnpml <- function(fmla, data, nomasspts, maxit=50, 

smalldev=0.001, smallprob=0.000001, maxglmit=40){ 

if(!is.data.frame(data)) 

stop("second argument must be a data frame") 

n <- nrow(data) 

k <- nomasspts 
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# manipulate model formula 

if(length(as.list(fmla)) < 3) 

stop("I don't understand this formula") 

# extract LHS and RHS of formula 

lhs <- fmla[[2]] 

rhs <- fmla[[3]] 

# extract name of response variable 

yname <- as.character(lhs) 

# determine whether RHS is "1" 

model.is.null <-

(length(as.list(rhs)) == 1) && (as.character(as.list(rhs) [[1]]) == "1") 

# create random effects model formula 

if(model.is.null) { 

fmla.rand <- as .f ormulaC'LHS " -1 + k") 

fmla.rand[[2]] <- lhs 

} else { 

fmla.rand <- as.formulaC'LHS " -1 + k + RHS") 

fmla.rand[[2]] <- lhs 

fmla.rand[[3]] [[3]] <- rhs 

} 

# INITIALISE 

# fit model without random effects 

fit.init <- glm(fmla, family=poisson, data=data, 

control=glm.control(maxit=maxglmit)) 

coeff.init <- fit.init$coeff 

# create space to store fitted parameters at each iteration 

coeff <- matrix(0, nrow=maxit, ncol=length(coeff.init)) 

coeff [0,] <- coeff.init 
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# assign the right names to these parameters 

dimnames(coeff) <- list(paste("iter",l:maxit), names(coeff.init)) 

if(names(coeff.init)[1] != "(Intercept)") 

waming(paste("Something strange in your model: The first coefficient 

is called \"", names(coeff.init) [1] , 

"V'rather than \"(Intercept)\"")) 

# create space to store estimated mass points at each iteration 

alphak <- matrix(0, nrow=maxit, ncol=k) 

alphak[0,] <- NA 

# create space to store deviance value - as output by glm() 

dev <- rep(0,maxit) 

dev[0] <- fit.init$deviance 

# compute loglikelihood of the saturated model 

y <- data[,yname] 

yok <- y[y > 0] 

satloglike <- sum(log(dpois(yok,yok))) 

if(debug) 

cat(paste("Saturated loglikelihood=".satloglike,"\n")) 

# set initial values of mass points and masses 

tmp <- chkmasspts(k) 

z <- tmp$z 

p <- tmp$p 

# Replicate data vectors # 

# Names starting with a Capital are replicated vectors 

Data <- data.frame(matrix(0,nrow=n*k, ncol=ncol(data))) 

dimnames(Data)[[2]] <- dimnames(data)[[2]] 

sizex <- rep(k,n) # to expand a function of i to (i,k) 

for(j in l:ncol(data)) {source("em_algo/newnpml.S") 

Data[,j] <- rep(data[,j], sizex) 

} 
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Data <- cbind(Data, 

k=factor(rep(l:k, n)), 

i=rep(l:n, sizex), 

p=rep(p, n), 

z=rep(z,n), 

W=numeric(n*k), 

Eta=numeric(n*k) 

) 

if(!model.is.null) { 

Eta <- predict(fit.init, newdata=Data, type="link") 

} else { 

# for some bizarre reason predict.gam does not like the null model. 

Eta <- rep(coeff.init["(Intercept)"], nrow(Data)) 

} 

Eta <- Eta + Data$z 

Data$Eta <- Eta 

Poismean <- exp(Eta) 

# E-M ALGORITHM LOOP # 

j <- 0 

diffdev <- 1 

while(diffdev >= smalldev && j < 50){ 

j <" j+l 

#if(debug) cat("iteration #", j, "\n") 

# E-step # 

# compute fitted probabilities of observations in each mixture component 

Fjk <- dpois(Data[,yname], Poismean) 

# mix to obtain fitted probabilities of observations 

Fp <- Fjk * Data$p 

fpsum <- tapply(Fp, list(Data$i), sum) 

# loglikelihood of fitted model 
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fitloglike <- sum(log(fpsum)) 

#if(debug) 

#cat(paste("Fitted loglikelihood=".fitloglike,"\n")) 

dev[j] <- 2*(satloglike-fitloglike) 

# compute weights 

Fs <- rep(fpsum, sizex) 

W <- Fp/Fs 

# deal with any small values to prevent crashing 

petit <- (fpsum < smallprob) 

if(any(petit)) { 

cat("************ Warning: underflow in denominator of weights\n") 

W[petit [Data$i]] <- 1/k 

} 

Data$W <- W 

# M-step # 

# invoke glm() 

myfit <- glm(fmla.rand,data=Data,family=poisson, 

control=glm.control(maxit=maxglmit), 

start=Eta, 

weights=W) 

if(debug) { 

cat(" glm() fit 

print(myfit$coeff) 

cat(" 

} 

# interpret output 

est.coeff <- myfit$coeff 

alphak[j,] <- est.coeff[l:k] 

Poismean <- predict(myfit, type="response", newdata=Data) 

p <- probs(Data$W,n,k) 

Data$p <- rep(p,n) 

\n") 

\n") 
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# check that any NA's in the fitted parameters alpha_k 

# correspond to small probabilities p_k 

query <- is.na(alphak[j,]) 

if(any(query) && !all(p[query] < smallprob)) 

stop("Some mass points are NA and have appreciable probability") 

# let the estimated intercept term be the weighted mean of the alpha_k 

pa <- p * alphak[j, ] 

a <- sum(pa, na.rm=T) 

coeff [j, ]<- c(a, est.coeff[-(l:k)]) 

# and adjust the alpha.k accordingly 

alphak[j,] <- alphak[j,] - a 

if(debug) { 

cat("estimated model coefficients:\n") 

print(round(coeff[j,],3)) 

cat("fitted mass parameters alpha_k (centred) :\n") 

cat(paste(round(alphak[j,], 3)), "\n") 

cat("fitted masses (probabilities) p_k:\n") 

cat(paste(round(p, 3)), "\n") 

cat("deviance from glm()=",round(dev[j],3),"\n") 

cat(" \n\n") 

} 

diffdev <- if (j > 1) { abs(dev[j] - dev[j-l]) } else { 1 } 

> 

# CONVERGED, or ran out of time # 

#calulate s.d of mixing distribution(discrete) 

mu <- sum(p*alphak[j ,] , na.rm=T) 

sigmasq <- sum(p*(alphak[j,]-mu)~2, na.rm=T) 

sigma <- sqrt(sigmasq) 
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cat("EM algorithm converged or stopped at iteration #", j, "\n\n") 

cat(" \n\n") 

cat("estimated model coefficients:\n") 

print(round(coeff [j,],3)) 

catC'fitted mass points alpha.k (centred):\n") 

cat(paste(round(alphak[j,], 3)), "\n") 

catC'fitted masses (probabilities) p_k:\n") 

cat(paste(round(p, 3)), "\n") 

cat("sigma=",round(sigma,3),"\n") 

cat("deviance from glm()=",round(dev[j],3),"\n") 

#cat("fitloglike=",round(fitloglike,3),"\n") 

return(logL= fitloglike, 

beta = coeff [j,] [2]) 

} 



APPENDIX B 133 

Data Set I — Point and Intercept Counts 

This chapter presents data set I described in section 3.1. Each of the 9 data sets are 

displayed in the form of a table where "species" denotes the animal, "Side" denotes the 

side of the hemisphere where data was collected, "Slab, Angle" denotes the slab number 

which the observation originated, and the angle(in degrees) at which the brain is cut, 

"Slice No." denotes the sampled section (after slicing the slab)number, and Pt, Pc, I0 and 

Ii are the variables of interest defined in section 3.1. 

B.l Data set H i 

Species 

Horse 

Side 

Left 

Slab, Angle. 

1,10 

2,70 

Slice No. 

1 

2 

3 

1 

2 

3 

Pt Pc Io U 

2 2 5 4 

1 1 2 3 

2 1 2 3 

1 0 5 3 

7 4 21 13 

7 3 18 6 

7 5 15 16 

8 5 14 5 

8 2 17 11 

7 4 7 4 

9 4 15 6 

8 4 13 8 

4 1 11 3 

3 3 9 11 

4 6 9 8 

3 0 8 3 

8 4 11 9 

8 5 14 13 

7 3 11 7 

7 5 10 13 

8 4 3 5 

9 4 7 8 

8 3 5 4 

9 4 4 6 

Table continues on next page. 
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Species Side 

Right 

Slab, Angle 

3,130 

1,10 

2,70 

Slice No. 

4 

1 

2 

3 

1 

2 

3 

1 

Pt Pc Io Ii 

5 2 4 8 

6 3 5 5 

6 2 6 0 

5 2 6 7 

5 3 15 15 

5 4 16 9 

6 4 15 8 

6 4 10 11 

7 3 7 4 

4 2 8 5 

5 1 9 7 

4 4 7 7 

1 1 1 1 

1 1 3 0 

1 1 6 2 

2 2 2 2 

3 3 10 6 

4 3 5 9 

5 4 9 6 

4 2 10 4 

8 4 15 11 

8 5 7 11 

8 6 6 7 

7 4 15 6 

7 2 6 9 

9 6 14 14 

7 3 11 8 

7 2 8 5 

5 2 13 7 

5 3 15 9 

6 3 8 7 

5 3 6 10 

Table continues on next page. 
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Species Side Slab, Angle. 

3,130 

Slice No. 

2 

3 

1 

2 

Pt Pc h Ii 

6 3 5 8 

7 3 7 7 

7 3 6 4 

6 3 13 7 

6 2 15 2 

6 2 7 1 

7 3 4 6 

6 3 4 7 

3 3 5 6 

3 1 5 5 

3 2 11 10 

3 2 3 3 

8 6 10 9 

9 6 7 6 

8 3 19 9 

7 5 15 9 

B.2 Data set H2 

Species 

Horse 

Side 

Left 

Slab, Angle. 

1,140 

Slice No. 

1 

2 

3 

Pt Pc Io h 

2 2 2 3 

2 1 3 3 

1 3 2 3 

2 2 1 2 

5 2 7 3 

6 2 6 5 

6 3 3 4 

5 3 1 5 

6 5 9 5 

6 3 5 4 

7 4 13 7 

7 3 11 4 

Table continues on next page. 
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Species Side 

Right 

Slab, Angle. 

2,200 

3,260 

1,70 

Slice No. 

4 

1 

2 

3 

1 

2 

3 

1 ] 

Pt Pc Io h 

2 2 4 2 

1 1 2 3 

2 1 3 2 

1 1 4 2 

10 3 8 8 

9 4 11 5 

10 3 10 11 

8 3 14 11 

12 4 14 6 

14 8 15 9 

12 5 10 9 

13 5 20 11 

7 3 9 6 

9 1 10 3 

9 2 5 4 

10 4 7 5 

4 4 9 7 

4 2 13 6 

4 2 10 7 

3 1 9 6 

8 5 11 7 

6 2 9 10 

7 2 11 6 

8 7 13 7 

6 3 3 2 

6 2 2 3 

6 3 8 5 

6 3 5 2 

4 3 3 2 

5 2 3 5 

6 4 6 4 

3 3 9 6 

Table continues on next page. 
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Species Side Slab, Angle. 

2,130 

3, 190 

Slice No. 

2 

3 

1 

2 

3 

4 

1 

2 

Pt Pc Io Ii 

6 2 7 4 

7 3 6 4 

6 2 5 2 

7 3 5 8 

5 2 5 6 

5 2 5 4 

6 3 9 3 

6 4 6 4 

3 1 6 5 

2 2 7 2 

3 0 8 6 

3 2 6 5 

9 4 11 10 

10 5 17 6 

10 6 11 7 

11 5 16 15 

5 2 4 4 

6 1 6 3 

3 1 7 5 

4 2 3 4 

9 3 9 3 

7 2 4 1 

7 4 5 2 

8 2 5 2 

11 6 23 10 

10 8 15 7 

10 5 10 12 

9 6 20 10 

8 6 11 10 

7 6 12 10 

7 5 14 8 

6 4 10 6 
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B.3 Data set H 3 

Species Side 

Left 

Slab, Angle. 

1,20 

2,60 

3,140 

Slice No. 

1 

2 

1 

2 

3 

4 

1 

2 

Pt Pc Io U 

9 2 7 8 

8 5 1 6 

7 5 6 6 

6 2 6 9 

7 4 18 11 

7 4 18 10 

8 4 13 13 

7 5 15 8 

5 4 4 9 

5 3 5 7 

3 3 10 8 

4 1 11 9 

7 3 5 12 

7 3 8 14 

8 4 17 6 

8 4 14 11 

7 3 7 3 

8 2 8 2 

8 2 6 6 

6 1 7 9 

8 1 3 2 

6 1 3 1 

7 2 0 2 

8 1 1 2 

9 6 3 5 

8 4 13 11 

8 4 7 9 

7 3 10 19 

8 5 14 11 

7 2 9 5 

7 2 13 8 

9 4 5 4 

Table continues on next page. 



B.3. Data set H3 

Species Side 

Right 

Slab, Angle. 

1,20 

2,80 

3,140 

Slice No. 

3 

1 

2 

1 

2 

3 

4 

1 

2 

Pt Pc I0 Ii 

5 3 12 11 

5 3 9 14 

6 5 11 9 

5 3 11 13 

8 3 3 5 

7 3 5 7 

8 2 11 4 

7 2 5 10 

9 4 10 6 

10 4 14 7 

8 3 10 9 

8 2 13 8 

4 2 7 6 

3 2 9 11 

4 2 9 7 

4 2 8 5 

8 6 9 16 

8 5 12 12 

7 3 10 7 

7 5 6 14 

7 1 6 4 

8 0 6 2 

7 1 5 1 

8 1 6 6 

6 1 0 3 

6 1 5 0 

7 2 6 5 

8 3 3 4 

5 2 5 6 

11 2 9 9 

7 3 13 11 

7 3 11 7 

8 1 10 11 

8 3 9 11 

9 3 5 10 

9 2 11 11 
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B.4 Data set Dg 

Species 

Dog 

Side 

Left 

Right 

Slab, Angle. 

1,100 

2, 160 

3, 220 

1,70 

Slice No. 

1 

2 

3 

1 

2 

1 

2 

1 

Pt Pc Io Ii 

2 1 6 4 

2 1 5 2 

3 2 4 2 

3 1 4 3 

5 5 1 3 

5 4 3 4 

4 2 4 4 

4 4 3 3 

3 3 3 3 

3 2 4 0 

2 1 4 4 

2 0 2 2 

5 2 9 2 

7 3 8 3 

7 3 6 2 

7 4 3 4 

7 2 6 4 

8 3 14 7 

6 3 7 6 

8 3 6 4 

4 1 2 1 

3 3 4 6 

4 2 2 1 

3 1 4 2 

5 5 5 3 

3 3 3 6 

3 2 9 3 

2 2 2 4 

3 2 3 1 

3 3 3 4 

2 0 7 2 

3 2 2 3 

Table continues next page. 



set Dg 

Species Side Slab, Angle. 

2, 130 

3, 190 

Slice No. 

2 

3 

1 

2 

3 

1 

2 

3 

Pt Pc I0 Ii 

3 1 4 1 

4 3 3 2 

3 2 1 3 

3 2 3 2 

2 2 3 0 

2 2 2 1 

2 2 2 0 

0 0 5 3 

4 3 6 2 

4 4 4 5 

3 3 5 5 

3 0 8 3 

5 3 2 4 

4 2 3 2 

5 2 1 3 

4 1 1 4 

3 1 7 2 

4 2 2 4 

3 1 5 2 

4 2 3 4 

6 5 12 7 

6 3 12 12 

5 3 13 7 

7 7 10 9 

4 2 11 6 

3 2 7 5 

5 3 7 5 

2 2 9 9 

1 1 6 1 

1 1 2 4 

2 2 2 4 

1 0 1 1 
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B.5 Data set Pg 

Species 

Pig 

Side 

Left 

Slab, Angle. 

1,30 

2,90 

3,150 

Slice No. 

1 

2 

1 

2 

3 

4 

1 

2 

Pt Pc Io Ii 

5 1 12 10 

6 3 6 6 

6 3 10 6 

5 4 11 6 

4 1 1 3 

2 1 0 1 

2 1 2 2 

3 1 2 1 

1 0 1 2 

2 0 3 0 

2 1 1 0 

1 0 4 2 

5 2 4 2 

4 0 2 2 

4 0 2 3 

5 1 2 4 

3 0 0 3 

5 3 4 2 

7 3 3 6 

4 1 3 1 

3 1 4 6 

5 4 8 4 

6 3 3 5 

4 2 2 3 

2 1 4 1 

2 2 3 3 

2 1 4 9 

2 1 4 4 

7 3 6 12 

7 3 8 8 

8 5 7 10 

7 4 7 9 

Table continues next page. 



set Pg 

Species Side 

Right 

Slab, Angle. 

1,70 

2, 130 

3, 190 

Slice No. 

3 

1 

2 

3 

1 

2 

3 

1 

2 

Pt Pc I0 Ii 

6 2 4 1 

5 0 10 2 

6 4 5 3 

5 3 4 4 

1 1 2 2 

2 2 3 2 

1 1 1 2 

1 0 2 3 

4 1 2 4 

4 1 5 4 

4 3 2 4 

4 3 3 3 

4 4 5 5 

4 4 4 4 

3 2 2 4 

4 3 6 2 

8 2 10 6 

7 4 7 6 

7 4 5 4 

6 2 7 7 

7 2 3 2 

7 2 5 4 

6 3 2 3 

7 3 5 2 

3 1 4 2 

5 1 2 4 

3 1 3 1 

4 1 7 3 

5 3 11 11 

6 5 5 8 

5 2 11 8 

4 2 6 10 

9 6 8 4 

10 5 8 9 

10 6 10 12 

9 4 12 6 
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B.6 Data set Rl 

Species 

Rabbit 

Side 

Left 

Right 

Slab, Angle. 

1,50 

2, 140 

1, 30 

Slice No. 

1 

2 

3 

1 

2 

1 

2 

3 

Pt Pc Io U 

3 3 1 1 

2 2 1 1 

2 2 4 1 

2 1 3 0 

4 2 4 5 

5 2 4 4 

5 1 2 4 

4 1 4 1 

2 1 1 1 

3 2 2 0 

1 0 2 0 

1 1 0 1 

6 3 4 1 

4 1 5 2 

5 3 5 3 

6 3 7 5 

4 3 5 2 

4 3 4 4 

5 3 5 3 

4 3 6 3 

4 3 4 2 

4 3 1 3 

3 2 2 3 

3 3 3 3 

3 3 3 1 

2 2 3 0 

2 2 4 1 

3 3 2 1 

1 1 0 0 

1 1 0 1 

1 1 0 2 

1 1 2 0 

Table continues next page. 
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Species Side Slab, Angle. 

2, 120 ~~l 

Slice No. 

1 

2 

Pt Pc I0 Ii 

6 4 2 4 

3 3 8 3 

4 2 6 2 

5 2 2 5 

4 3 5 4 

4 3 2 5 

5 2 2 3 

5 3 4 4 

B.7 Data set R2 

Species 

Rabbit 

Side 

Left 

Right 

Slab, Angle. 

1,70 

2, 160 

1, 110 

Slice No. 

1 

2 

1 

2 

1 

Pt Pc I0 Ii 

4 2 1 2 

4 4 2 2 

4 3 2 6 

3 2 3 4 

4 2 3 6 

5 2 8 3 

5 4 5 2 

5 3 5 5 

6 5 7 7 

9 5 6 4 

9 5 7 3 

8 3 10 3 

4 2 5 2 

3 0 6 4 

5 2 9 2 

4 1 9 2 

4 3 5 1 

6 3 4 3 

5 4 6 2 

5 4 5 2 

Table continues next page. 
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Species Side Slab, Angle. 

2, 200 

Slice No. 

2 

1 

2 

Pt Pc h Ii 

3 2 5 1 

2 1 5 1 

2 1 2 1 

3 2 5 2 

7 5 3 3 

5 2 5 0 

5 3 1 1 

6 4 6 2 

7 5 15 3 

5 2 6 4 

7 4 11 8 

7 5 10 6 

B.8 Data set R3 

Species 

Rabbit 

hline 

Side 

Left 

Slab, Angle. 

1,60 

2, 150 

Slice No. 

1 

2 

1 

2 

Pt Pc h h 

5 4 4 2 

6 5 4 3 

3 2 3 4 

5 2 5 3 

1 0 2 0 

1 1 2 0 

1 1 1 2 

1 0 1 1 

6 5 5 1 

4 3 8 2 

4 3 8 2 

3 2 3 3 

7 5 6 5 

7 5 9 3 

8 5 6 2 

6 0 6 6 

Table continues next page. 



B.9. Data set R4 

Species Side 

Right 

Slab, Angle. 

1,50 

2, 140 

Slice No. 

3 

1 

2 

3 

1 

2 

Pt Pc Io h 

4 2 3 2 

4 2 5 1 

3 1 4 1 

3 0 5 0 

1 0 3 1 

1 1 1 0 

1 1 3 1 

1 1 3 1 

5 3 4 1 

5 2 5 1 

4 1 3 3 

4 0 5 0 

3 3 2 1 

4 1 3 0 

4 4 3 0 

4 4 2 1 

6 2 2 4 

6 4 7 3 

6 2 6 4 

6 3 5 3 

5 5 5 6 

4 3 5 2 

4 3 4 2 

6 5 5 1 

B.9 Data set R 4 

Species 

Rabbit 

Side 

Left 

Slab, Angle. 

1,50 

Slice No. 

1 

Pt 

2 

2 

3 

2 

Pc 

2 

1 

3 

1 

Io 

3 

3 

2 

2 

Ii 

1 

0 

2 

1 

Table continues next page. 
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Species Side 

Right 

Slab, Angle. 

2, 140 

1,60 

2, 150 

Slice No. 

2 

3 

1 

2 

1 

2 

1 

2 

Pt Pc h Ii 

pi 3 4 4 

4 3 5 5 

4 3 4 5 

3 2 7 3 

2 1 2 0 

2 0 3 0 

2 1 2 1 

2 1 2 1 

5 3 4 2 

5 3 3 4 

5 2 6 4 

5 1 6 5 

3 1 5 4 

4 1 2 5 

5 2 6 3 

6 2 4 1 

4 3 1 0 

3 1 4 4 

4 2 2 3 

3 1 4 3 

2 1 3 1 

1 0 3 1 

3 1 3 1 

3 1 4 0 

6 4 10 5 

7 3 5 6 

7 4 8 1 

6 2 6 3 

6 3 2 3 

6 3 5 4 

6 5 9 4 

6 1 8 1 
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Variance-Covariance and Correlation Matrices 

In the following, we display the 9 variance-covariance and correlation matrices yielded in 

the simulation study in section 12.1.2 for the (Pt, Pc) data of data set I to investigate the 

variance of the estimates obtained by the four estimators of Var(#) where 9 — y/x. The 

four estimators are derived from the B V B model (7.5), bootstrap method , delta method, 

asymptotic approximation that uses Fisher Information and Cruz-Orive's formula (4.7). 

In the following matrices, "bvb", "bootstrap", "delta" and "cruz" represent the B V B 

model, bootstrap method, delta method and Cruz-Orive's formula respectively. 

Variance-Covariance 

bvb 

bootstrap 

delta 

cruz 

Matrix 

bvb 

3.6 

C l Data set H I 

bootstrap delta delta cruz 

3.6 x IO-7 3.3 x IO-7 3.5 x IO"7 3.6 x IO"7 

3.3 x IO"7 7.4 x IO"6 4.4 x IO"6 3.f 

3.5 X IO"7 4.4 x IO"6 4.4 x IO-6 3.* 4.4 x IO-6 3.8 X IO-6 

3.5 x IO-7 3.9 

x 10" 

x 10~6 

.9 x 10"6 

3.8 x 10-6 3.7 x 10-6 

Correlation Matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

1.0 

0.2 

0.3 

0.3 

bootstrap 

0.2 

1.0 

0.8 

0.7 

delta 

0.3 

0.8 

1.0 

0.9 

cruz 

0.3 

0.7 

1.0 

1.0 
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C.2 Data set H2 

Variance-Covariance matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

2.3 x IO-7 

2.2 x IO-7 

2.3 x IO"7 

2.3 x IO"7 

bootstrap 

2.2 x IO-7 

6.5 x IO"6 

3.8 x 10~6 

3.4 x IO"6 

delta 

2.3 x IO- 7 

3.8 x IO"6 

3.8 x IO"6 

3.4 x IO"6 

cruz 

2.3 x IO"7 

3.4 x IO"6 

3.4 x IO"6 

3.2 x IO- 6 

Correlation matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

1.0 

0.2 

0.2 

0.3 

bootstrap 

0.2 

1.0 

0.8 

0.7 

delta 

0.2 

0.8 

1.0 

0.9 

cruz 

0.3 

0.7 

0.9 

1.0 

C.3 Data set H3 

Variance-Covariance matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

2.6 x 10 - 7 

2.5 x 10 - 7 

2.2 x 10"7 

2.2 x 10"7 

bootstrap 

2.5 x 10"7 

6.5 x IO-6 

3.9 x 10"6 

3.5 x 10 - 6 

delta 

2.2 x 10~7 

3.9 x 10 - 6 

3.9 x IO-6 

3.5 X 10 - 6 

cruz 

2.2 x IO- 7 

3.5 x 10~6 

3.5 x IO-6 

3.4 x IO-6 

Correlation matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

1.0 

0.2 

0.2 

0.2 

bootstrap 

0.2 

1.0 

0.8 

0.7 

delta 

0.2 

0.8 

1.0 

0.9 

cruz 

0.2 

0.7 

0.9 

1.0 



CA. Data set Dg 151 

C.4 Data set Dg 

Variance-Covariance matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

1.2 x IO"6 

1.0 x 10"6 

1.1 x 10"6 

1.1 x 10-6 

bootstrap 

1.0 x 10-6 

1.4 x IO-5 

9.3 X IO"6 

7.5 X 10~6 

delta 

1.1 x IO"6 

9.3 x 10"6 

9.0 x 10"6 

7.2 x IO"6 

cruz 

1.1 x 10~6 

7.5 x 10~6 

7.2 x 10~6 

6.6 x 10"6 

Correlation matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

1.0 

0.2 

0.3 

0.4 

bootstrap 

0.2 

1.0 

0.8 

0.8 

delta 

0.3 

0.8 

1.0 

0.9 

cruz 

0.4 

0.8 

0.9 

1.0 

C.5 Data set Pg 

Variance-Covariance matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

5.3 X 10-7 

6.0 X 10-7 

5.9 x 10-7 

5.7 x 10-7 

bootstrap 

6.0 x 10"7 

1.0 X IO-5 

6.6 x 10-6 

5.6 x IO-6 

delta 

5.9 X IO-7 

6.6 x 10-6 

6.7 x 10~6 

5.5 x IO-6 

cruz 

5.7 X 10-7 

5.6 x 10-6 

5.5 x 10-6 

5.1 X 106 

Correlation matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

1.0 

0.2 

0.3 

0.3 

bootstrap 

0.2 

1.0 

0.8 

0.8 

delta 

0.3 

0.8 

1.0 

0.9 

cruz 

0.3 

0.8 

0.9 

1.0 
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C.6 Data set R l 

Variance-Covariance matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

3.8 X IO"6 

4.0 X 10"6 

3.8 X 10"6 

4.0 X IO"6 

bootstrap 

4.0 x 10~6 

3.4 x IO"5 

2.6 x IO"5 

2.1 x IO-5 

delta 

3.8 x 10"6 

2.6 x 10~5 

2.6 x IO"5 

2.1 x 10~5 

cruz 

4.0 x 10~6 

2.1 x 10~5 

2.1 x IO"5 

2.0 x IO"5 

Correlation matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

1.0 

0.3 

0.4 

0.5 

bootstrap 

0.3 

1.0 

0.9 

0.8 

delta 

0.4 

0.9 

1.0 

0.9 

cruz 

0.5 

0.8 

0.9 

1.0 

C.7 Data set R 2 

Variance-Covariance matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

2.3 x IO"6 

2.0 x 10"6 

2.4 x 10"6 

2.5 x IO-6 

bootstrap 

2.0 X IO-6 

3.0 x IO-5 

2.4 x IO-5 

2.1 x IO"5 

delta 

2.4 x 10 - 6 

2.4 x 10~5 

2.6 x 10~5 

2.2 x 10~5 

cruz 

2.5 x 10 - 6 

2.1 x IO-5 

2.2 x IO-5 

2.1 x IO-5 

Correlation matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

1.0 

0.2 

0.3 

0.3 

bootstrap 

0.2 

1.0 

0.9 

0.8 

delta 

0.3 

0.9 

1.0 

0.9 

cruz 

0.3 

0.8 

0.9 

1.0 



C.8. Data set R3 

C.8 Data set R 3 

Variance-Covariance matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

2.1 x IO-6 

1.9 x IO-6 

2.1 x IO-6 

2.1 x IO-6 

bootstrap 

1.9 x 10~6 

2.5 x IO"5 

1.9 x IO-5 

1.5 x IO-5 

delta 

2.1 x IO-6 

1.9 x IO-5 

2.0 x IO-5 

1.6 x IO"5 

cruz 

2.1 x IO"6 

1.5 x IO-5 

1.6 x IO"5 

1.5 x IO-5 

Correlation matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

1.0 

0.3 

0.3 

0.4 

bootstrap 

0.3 

1.0 

0.8 

0.8 

delta 

0.3 

0.8 

1.0 

0.9 

cruz 

0.38 

0.8 

0.9 

1.0 

153 

C.9 Data set R 4 

Variance-Covariance matrix 

bvb 

bvb 

bootstrap 

delta 

cruz 

bootstrap delta cruz 

2.7 x IO"6 3.1 x 10"6 3.1 x 10"6 3.0 x 10"6 

3.1 x 10-6 3.6 x 10~5 2.7 x IO-5 2.2 x IO-5 

3.1 x 10-6 2.7 x 10~5 2.7 xlO - 5 2.2 x IO"5 

3.0 x 10~6 2.2 xlO - 5 2.2 x IO"5 2.1 x IO"5 

Correlation matrix 

bvb 

bootstrap 

delta 

cruz 

bvb 

1.0 

0.3 

0.4 

0.4 

bootstrap 

0.3 

1.0 

0.9 

0.8 

delta 

0.4 

0.9 

1.0 

0.9 

cruz 

0.4 

0.8 

0.9 

1.0 
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