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ABSTRACT 

Particulate materials whose constituents are sufficiently detached (in the initial state, as in sand or 

as a result of loading) have rotational degrees of freedom often occur in engineering applications 

from construction to mining. Instability or failure of such materials manifests itself by formation of 

macro-fractures, shear and compaction bands. As the failure in structure can be quite dangerous, 

studying the failure mechanisms is paramount. One of the observations from strain localisations of 

particulate material is particle (or grain) rotations. Hence in order to prevent human and economic 

losses, understanding the effect of particle rotations on failure of particulate materials is significant. 

Particle rotation involves development of force moments and hence moment stresses (moment per 

unit area) on top of conventional stresses. The aims of this work are 1) to study, using numerical 

modelling, the effect of moment stress associated with the particle relative rotations on failure of 

particulate material and verify the newly proposed fracture growth mechanism 2) to numerically 

investigate the effect of rolling of non-spherical particles on instability of particulate material 3) to 

study the momentarily effect of negative stiffness on instability of particulate material 4) to study 

the temporal localisation of fracture produced from numerical simulation of compressive test. This 

work is carried out by using the Distinct Element Method (DEM) implemented commercial 

software Particle Flow Code2D, 3D (PFC2D, 3D). 

Based on DEM 2D and 3D simulations of rock compressive tests we show that micro tensile 

stresses in the inter-particle links bent due to particle relative rotations are the dominant stresses 

mode. Moreover when micro shear failure of the inter-particle bonds are completely suppressed 

macro- fractures can be observed in the virtual samples upon failure. 

Rolling of non-spherical particles in the presence of compression can produce the effect of apparent 

negative stiffness. We show both analytically and numerically that rolling of compound particles 

(grouping of two spherical particles) can also produce the same effect. Study of the apparent 
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negative stiffness effect from rolling of compound particles on failure of particulate material is 

carried out by gradually replacing single particles with compound particles and comparing the 

results from the simulation of rock compressive tests. It is found in both 2D and 3D simulations that 

adding compound particles can increase peak stress, Young’s modulus and crack damage stress of 

the virtual sample. However it decreases the Poisson’s ratio of the virtual sample moderately.  

Failure of particulate materials is usually characterised by the post peak softening stage in the stress 

and strain relationship (provided that the loading frame is sufficiently stiff to affect displacement-

controlled loading). The negative slope of the post-peak curve suggests the involvement of negative 

stiffness elements. We identify a new, momentarily emergence of negative stiffness during the 

formation of crack or bond breakage. In order to emphasis the short or momentary action of the 

negative stiffness, we term it Transitional negative stiffness. One of the possible effects of the 

transitional negative stiffness is the increase of Poisson’s ratio to the critical value that corresponds 

to elastic instability (1 in 2D and 0.5 in 3D).  

Analytical and numerical studies of the transitional negative stiffness effect are conducted. They 

both confirm the existence of the transitional negative stiffness effect. Verification of a newly 

proposed mechanism of the instability of particulate material is accomplished using the DEM 2D 

and 3D simulations. It is found that the incremental Poisson’s ratio does reach the critical value at 

peak stress level. This matches the proposed mechanism of instability of particulate material that 

instability is reached when the Poisson’s ratio reaching critical value. 

One of the features associated with the failure of particulate materials is the generation of acoustic 

emission reflecting damage accumulation. In our simulations the acoustic emission is associated 

with breakage of inter-particle links. We use a novel approach based on the Blue Shift Indicator to 

recover the dimensions of the fracture pattern using only single channel. The source of input data 

for the Blue Shift Indicator algorithm is the arrival time of the acoustic emissions to the recording 
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channel. This algorithm is employed in DEM simulation both 2D and 3D to study the temporal 

localisation of fractures produced in the simulations. The time of the appearance of the crack during 

the simulation is obtained and used as the input data. It is shown from the results that the Blue Shift 

Indicator algorithm is capable of estimating the dimensions of the fracture patterns that match the 

simulation results. 
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Chapter 1: Introduction
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One of the most commonly observed failure types of rock sample under compression (uniaxial, 

triaxial) is shear failure. It refers to inclined fracture that breaks the sample. This fracture is called 

‘shear’ fracture due to its orientation between the maximum principle stress directions. Another 

important feature associated with this kind of fracture is that it is capable of in-plane growth under 

compression. The contradiction lies between the experimental observations of kinking of shear 

crack in compression and the in-plane propagation of shear crack in compression. It is important to 

solve this puzzle as rock is a commonly used engineering material. Thus a better understanding of 

rock failure mechanism in compression can help with a safe design of structures which is extremely 

vital in many industries such as mining.  

This introductory chapter is structured as follows. Section 1.1 presents the problems in regards to 

rock failure in compression. Section 1.2 introduces the general conditions of localisation and 

experimental results of in-plane growth of shear fractures as well as kinking of shear fracture. 

Section 1.3 shows new proposed mechanism of crack growth and the effect of apparent negative 

stiffness effect on failure of rock in compression. Section 1.4 briefly describes the signature of 

frequency from temporal localisation. Lastly in Section 1.5 the aims of the current study are listed.    

1.1 Fracturing of rock in compression 

Three fracture modes are recognised in fracture mechanics. They are Mode I, II and III cracks 

(Figure 1).  

Mode I (opening mode) cracks are tensile cracks produced by tensile stress which acts 

perpendicular to the plane of the crack. Mode II and III are shear cracks. Mode II (sliding mode) 

cracks are produced by shear stress that acts parallel to the plane of the crack and normal to the 

crack front while Mode III (tearing mode) cracks are caused by shear stress acting parallel to both 

the plane of the crack and the crack front. For brittle and quasi-brittle materials without planes of 
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weakness, Mode I and Mode III cracks are capable of in-plane growth. However Mode II cracks 

kink (Figure 2). 

 
Figure 1 Three fracture modes 

 
Figure 2 Wing cracks developed under uniaxial compression (Bobet & Einstein, 1998) 

There are two other phenomena observed in experiments on rock samples under compressive stress. 

They are shear bands and compaction bands (Mode I anti-cracks). Shear bands are commonly 

observed in compressive rock tests and due to their appearance are usually treated as shear (Mode II) 

cracks (Puzrin & Germanovich, 2005; Puzrin, Germanovich, & Kim, 2004; Reches & Lockner, 
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1994). However the shear band is capable of in-plane propagation and unlike Mode II shear cracks 

it does not kink.  

Mode I anti-cracks are cracks that growth under compressive load applied perpendicular to the 

crack surface. The name for this kind of crack comes from the fact that the load applied has the sign 

reverse to the conventional Mode I cracks. Mode I anti-cracks are also capable of in-plane 

propagation. They are observed as compaction bands in rock masses and in laboratory compressive 

tests (Fortin, Stanchits, Dresen, & Gueguen, 2009; Fortin, Stanchits, Dresen, & Guéguen, 2006; 

Guillard, Golshan, Shen, Valdes, & Einav, 2015; Schultz, 2009; Tembe, Baud, & Wong, 2008; 

Townend et al., 2008). Also anti-wing cracks are observed to take place at locations of compressive 

stress concentration caused by pre-existing cracks (Wong et al., 2006; Wong, Guo, Liu, Liu, & Ma, 

2008). The challenge is to understand the mechanism of in-plane growth of shear bands, 

compaction bands as well as anti-wing cracks.  

Observations from thin sections (Eichhubl, Hooker, & Laubach, 2010; Fortin et al., 2006; Sternlof, 

Rudnicki, & Pollard, 2005) suggest that the cracks are oriented randomly within the compaction 

bands (Figure 3). Moreover even cracks orientated in the direction perpendicular to the compressive 

stress were observed (Sternlof et al., 2005).  

Clearly, those cracks were not formed due to compression. In addition to these observations, grain 

rotations were also directly observed in the shear bands of particulate materials (Desrues & 

Viggiani, 2004; Kishino & Thornton, 1999; Rechenmacher, Abedi, & Chupin, 2010).  
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Figure 3 Orientations of the cracks developed in a compaction band (Sternlof et al., 2005) 

 
Figure 4 Angle of rotation in degrees within a shear band (Rechenmacher et al., 2010) 

The fact that anti-wing cracks were only observed in particulate materials but not homogeneous 

materials like PMMA (Wong et al., 2008) also suggests that grains and possibly their rotations play 

an important role in the mechanism of the in-plane growth of shear bands, compaction bands as 

well as anti-wing cracks.  
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1.2 Mechanisms of shear failure 

One of the most well-known theories of localisation was proposed by Rudnicki and Rice. A brief 

explanation of this theory is given in Section 1.2.1 

1.2.1 Rudnicki and Rice localisation theory 

Consider a homogeneous body positioned in a Cartesian coordinates system (Figure 5). Under 

uniform stress field the body develops uniform deformation field. Allowing for large deformations 

and assuming the existence of the shear band one looks for the conditions that cause the occurrence 

of non-uniform field in which the deformation rates differ in positions across the band in the body, 

but remains uniform outside the band.     

   
Figure 5 Homogeneous body with a shear band in Cartesian coordinates system 

Assume that the non-uniform rate of deformation is uniaxial that it depends upon x2 only. Then the 

deformation rate field has the following kinematic restrictions 
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Where vi is the velocity, Δ denotes the difference of field at a point inside the band and the field 

outside the band. All the 𝑔 (𝑥 ) and 𝑔 (𝑥 ) are zero since 1 and 3 directions are parallel to the band.  

At the inception of non-uniformity of deformation field the stress equilibrium continues to be 

satisfied. So the equilibrium equations of stress and rate can be written as follows 

 
𝜕𝜎

𝜕𝑥
= 0 (2) 

 
𝜕(𝜎 ̇ )

𝜕𝑥
= 0 (3) 

Here in Eq. (2) and Eq. (3) summation over repeated indexes is presumed.  

Eq. (3) suggests that ∆𝜎 ̇ = 0 where Δ has the same meaning as defined above. Now since 𝜎 ̇  is 

not invariant under rigid rotation Rudnicki and Rice (1975) used the co-rotational stress rate which 

is defined as 

 𝜎 = 𝜎 ̇ − 𝜎 𝑊 − 𝜎 𝑊  (4) 

Where 𝑊  is the antisymmetric part of the velocity gradient tensor . Since  ∆𝑊  can be easily 

expressed by g’s (see Eq. (5)) 

 ∆W =
1

2

0 −𝑔 0
𝑔 0 𝑔
0 −𝑔 0

 (5) 
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Thus ∆𝜎  can be expressed as 
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1
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1

2
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 (6) 

Assume now that stress rate and deformation rate are related by 

 𝜎 = 𝐿 𝐷    (𝐿 = 𝐿 , 𝐿 = 𝐿 )  (7) 

Where  

 𝐷 =
1

2

𝜕𝑣

𝜕𝑥
+

𝜕𝑣

𝜕𝑥
 (8) 

If the tensors of moduli inside and outside of the band do not change during the deformation 

considered then 

 ∆𝜎 = 𝐿 𝑔 = 𝑅 𝑔  (9) 

Here 𝑅 𝑔  are the terms in the right sides of Eq.(6). 

Lastly the conditions for different deformation rate in and out of the band are achieved when the 

determinate of the set of homogeneous Eq. (9) equals to zero  

 det 𝐿 − 𝑅 = 0 (10) 

The physical meaning of the different rates of deformation in and outside of the band is localisation. 

Thus they successfully determined the conditions of localisation analytically. It is important that in 

this model the shear band is formed simultaneously across the sample. The next section shows that 

this is not what is observed. 
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1.2.2 Lockner’s experiments – in-plane growth of shear fracture in brittle rocks 

By using piezoelectric transducers connected to the feedback loop Lockner, Byerlee, Kuksenko, 

Ponomarev, and Sidorin (1991) were able to record the arrival times of series of acoustic events 

generated from quasi-static fault growth in Westerly granite and Berea sandstone.  

 

(a) (b) (c) 
Figure 6 Display of acoustic events. (a) formation of the failure zone; (b) and (c) growth and 

propagation of failure zone. Top plots show developing fault surface face one. Bottom plots show 
the strike of the eventual fault (Lockner et al., 1991) 

Based on the arrival times the three-dimensional locations of the acoustic events were recovered 

and the followings observations were made.  

(1) Acoustic events were uniformly distributed within the sample and no precursor can be detected 

that indicates the time and position of the future failure zone. (2) When the load was close to peak 
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the amount of acoustic events increased from one side of the sample surface. Then the failure zone 

propagated in its own plane as mixed shear modes II and III. During its propagation the acoustic 

events were concentrated at the head of the failure zone and reduced dramatically once the head 

passed. (3) The failure zone moved through the sample as distinct entity.  

An important conclusion drew from Lockner’s experiments was that in quasi-static compressive 

loading test of rock, shear failure zones start at side boundary of the sample and propagate in its 

own plane (Figure 6). However, they cannot be formed by shear crack/fracture propagation as it 

would contradict the out-of-plane growth of shear cracks (Mode II) observed by many authors, e.g. 

(Bobet & Einstein, 1998; Dyskin, Jewell, Joer, Sahouryeh, & Ustinov, 1994; Hoek & Bieniawski, 

1984; Horii & Nemat Nasser, 1986; Lajtai, 1971, 1974; Petit & Barquins, 1988). 

1.2.3 Kinking of Mode II shear crack 

For the past few decades, extensive research has been directed towards investigating crack 

propagation under compression for different materials (glass, Plaster of Paris and limestone to name 

a few). Although different crack patterns were observed in those studies they shared a common 

feature which is the development of wing cracks. This is also termed kinking. The importance of 

kinking of Mode II crack to the current study is that it shows Mode II shear crack does not grow in 

its own plane under compression. Instead wing cracks, at the ends of the initial inclined crack 

(Figure 2), start to develop towards the compression and eventually fail the sample.  

The difference between the results from Lockner et al. (1991) and other researchers’ (Bobet & 

Einstein, 1998; Dyskin et al., 1994; Hoek & Bieniawski, 1984; Horii & Nemat Nasser, 1986; Lajtai, 

1971, 1974; Petit & Barquins, 1988) experiments suggests that (1) the so called in-plane growth of 

shear fracture may not actually be shear facture since shear fracture kinks in compression and (2) in 

Lockner experiments particulate materials (rock) were tested however homogeneous material was 

used in some of the studies (Dyskin et al., 1994). This means that the effect of particle relative 
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rotation may play an important role in the mechanism of fracture process of particulate material 

such as rock. 

1.3  Moment stress and internal rotations 

The internal rotations of particles/grains of the particulate materials produce moment stress (Dyskin 

& Pasternak, 2008, 2010, 2013, 2015; Dyskin, Pasternak, & Esin, 2015) and in some cases even the 

apparent negative stiffness effect (Dyskin & Pasternak, 2011b, 2012, 2014a). Moment stress 

influences the fracturing of particulate materials while negative stiffness may mark the initiation of 

instability of the particulate materials. These will be briefly introduced below. 

1.3.1 New mechanisms of shear crack growth 

As mentioned and introduced in Section 1.1 grain rotations were directly observed in shear bands of 

particulate materials. In addition, randomly orientated fractures were found in thin section of 

compaction bands. These show that rotations of grains can contribute to the failure of particulate 

material under compression. Since binder exists between grains in particulate materials the relative 

rotations of grain creates moment stress. Dyskin and Pasternak (2015) determined the moment 

stress singularities by utilizing the so called small-Cosserat continuum for Mode I and Mode II 

cracks. It was shown that these stress singularities are of power form of 3/2. Comparing with the 

conventional stress singularities, which have the power of 1/2, moment stress has a stronger 

singularity. This shows that moment stress produced by the relative grain rotations is the dominant 

stress in fracturing of particulate materials under compression. 

1.3.2 The effect of negative stiffness in failure of particulate materials 

Failure of particulate materials such as rock is accompanied by strain localisation and is represented 

by the emergence of negative sloped post-peak softening stage in the stress and strain curve. 

However post-peak softening stage is only obtainable when the stiff loading frame is used to 
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conduct the experiment. The negative slope in the stress-strain curve as well as the fact that the 

presence of this stage requires high stiffness loading machine suggest that an element with negative 

stiffness effect might be developed in the material during the process of failure in compression. 

Dyskin and Pasternak (2012) proposed a natural mechanism of apparent negative stiffness which is 

based on the rolling of non-spherical particles. Based on this mechanism they subsequently 

proposed that when the concentration of this element of negative stiffness reaches a critical value 

the instability of the geomaterial will be triggered. Thus the instability of the geomaterial is linked 

with negative stiffness element. 

1.4 Frequency signature of arrival times of acoustic event  

During localisation of geomaterials acoustic events are generated due to formation and propagation 

of fractures. The acoustic events produced from different localisation modes produce different 

power spectra. Based on difference between power spectra Pasternak and Dyskin (2012) proposed 

an indicator called the Blue Shift Indicator which can be used to distinguish between localisation 

modes. One of the aims of this current project is to use this indicator and study the frequency 

signature of acoustic events generated in simulations conducted in distinct element method 

modelling. 

1.5  Aims of this study 

The aims of this project are 1) to study using numerical modelling the effect of moment stress on 

failure of particulate material and verify that newly proposed fracture growth mechanism 2) to 

numerically investigate the effect of rolling of non-spherical particles on instability of particulate 

material 3) to study the momentarily effect of negative stiffness on instability of particulate material 

4) to study the temporal localisation of fractures produced from numerical simulation of 
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compressive test. The project is carried out by using the Distinct Element Method (DEM) 

implemented commercial software Particle Flow Code2D, 3D (PFC2D, 3D). 
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2.1 Modelling of the behaviour of particulate materials using higher order continua such as 

Cosserat continuum and Discrete Element Method  

Failure of geomaterials is usually accompanied with the formation and propagation of cracks. The 

three most common crack modes in fracture mechanics are Mode I, Mode II and Mode III. 

Calculated from the classical continuum which neglects the rotational degree of freedom at the 

micro level, the stress singularities for those crack modes are the conventional square root 

singularities (Lawn, 1993). There is another type of crack mode namely the Mode I anti-crack 

which was introduced in Chapter 1. Mode I anti-crack manifests itself through the formation of 

compaction band. During confined compressive laboratory tests stationary compaction band, 

oscillatory compaction band, short-lived and localized compaction were observed (Guillard et al., 

2015; Valdes, Fernandes, & Einav, 2012). Guillard et al. (2015) used a simple lattice spring model 

to explain all these compaction. The mechanism of stationary compaction band was also explained 

from the perspective of cnoidal waves (Veveakis & Regenauer-Lieb, 2015). The localisation 

features of compaction band were successfully reproduced from the proposed theory. While the 

conventional stress singularities have been widely used, a lot of engineering materials have 

constituents which can rotate at least after extensive damage accumulation. These materials range 

from rock, concrete, masonry and ceramics at advanced stages of damage to heavy fractured parts 

of the Earth’s crust (Dyskin & Pasternak, 2015). Evidence of grain/particle rotations comes from 

observations of experiments, fields and discrete element method modelling. In experiments, particle 

rotations were observed in shear bands of sand (Rechenmacher et al., 2010). In the Earth’s crust the 

internal rotations of the movement of tectonic blocks were found. (Burkart & Self, 1985; Fort, Brun, 

& Chauvel, 2004; Kuzikov & Mukhamediev, 2010; McCaffrey et al., 2007; Mukhamediev, 

Zubovich, & Kuzikov, 2006; Vikulin, Ivanchin, & Tveritinova, 2011). The effect of particle 

rotations on the strain localisation patterning was obtained from both physical experiments (Daniel 

et al., 2000; Desrues & Viggiani, 2004; Kishino & Thornton, 1999; Rechenmacher et al., 2010) and 
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discrete element simulations (Alonso Marroquín, Vardoulakis, Herrmann, Weatherley, & Mora, 

2006; Bagi & Kuhnm, 2004; Herrmann, 1995). The grain rotations induced by opening of Mode I 

crack were studied by both physical modeling and discrete element modelling (Esin, Dyskin, 

Pasternak, & Xu, 2017), furthermore correspondence between experimental and calculated rotations 

was achieved. 

The studies mentioned above show that grain rotations do exist during the failure of particulate 

materials. Thus their effect on the behaviour of particulate materials needs to be investigated. The 

approaches taken are usually the continuum modelling and the discrete element modelling. 

Continuum modelling of materials with higher order degrees of freedom (conventional continuum 

modelling only considers the degrees of freedom in the three spatial directions) requires the use of 

Cosserat or micropolar mechanics (Cosserat & Cosserat, 1909). A lot of studies have been directed 

to model the behaviour of materials by using the Cosserat continuum. Layered material which has 

same layer thickness and equal mechanical properties was modelled by Cosserat continuum 

(Adhikary & Dyskin, 1997). The results showed that when possible layer slip and tensile opening 

during the loading was considered the continuum models based on conventional theory may not 

obtain the true response of the layered materials. The properties of the rotational wave in layered 

solids were studied in 2D environment by employing the anisotropic Cosserat continuum (Pasternak 

& Dyskin, 2018). The results suggested that rotational waves have very high velocity compared 

with the longitudinal wave propagating in the layered materials. Layered materials were also 

successfully modelled (Dai, Mühlhaus, Duncan Fama, & Meek, 1993; Dodwell, 2015; Lebée & Sab, 

2010; Mühlhaus, 1993; Zvolinskii & Shkhinek, 1984). 

Extensive research exists that focuses on modelling particulate materials using the Cosserat 

continuum. The occurrence of shear bands was treated as the bifurcation problem and considered in 

the Cosserat continuum (Mühlhaus & Vardoulakis, 1987). As a proof of Roscoe hypothesis which 

states that the thickness of shear band is about 10 times of the average grain size, it was found from 
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the modelling that qualitatively the thickness of the shear band is a small multiple of the mean grain 

size. Two characteristic lengths controlling the size effect near boundaries in shear deformation and 

thickness of the shear band were obtained analytically for particulate materials based on a Cosserat 

continuum extension of a hypo-plastic model (Huang & Xu, 2015). A frictional Cosserat model was 

developed by Mohan, Nott, and Rao (1999) and used to model the behaviour of fully developed 

flow of particulate materials in a vertical channel. It was found that unlike the classical continuum 

which failed at predicting the occurrence of the shear layers, the material lengths scale considered 

in the constitutive equation of Cosserat continuum made the predication of the shear layers possible. 

Moreover the velocities obtained from the model showed good agreement with the experimental 

data. The behaviours of particulate materials were also successfully modelled by Cosserat 

continuum (Chang & Lun, 1992; Mühlhaus, de Borst, & Aifantis, 1991; Mühlhaus & Oka, 1996; 

Pasternak & Mühlhaus, 2005; Pasternak, Mühlhaus, & Dyskin, 2004; Srinivasa, Kesava, & Nott, 

2002).  

Discrete element method (DEM) modelling which treats the material as an assembly of individual 

particles/grains is another common approach used to study the behaviour of particulate materials. 

Both particulate materials whose grains are not bonded together such as sand and materials whose 

constituents are bounded by binding material such as rock can be modelled in the DEM 

environment. Developed by Cundall and Strack (1979) the distinct element method is able to model 

the behaviour of the particulate materials by tracing movements of all particles constituting the 

assembly using Newton’s second law as well as a simple force displacement law. Furthermore, the 

mechanical behaviour of an assembly consisting of bounded particles can be modelled using 

various inter particle bond models. Details of some of the important concepts used in DEM 

modelling such as calculation cycle, contact model and bond model are introduced in Chapter 4. 

Here only the works and results conducted by other scholars in DEM environment to study the 

behaviour of the particulate material are discussed. 
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Rock was modelled as an assembly of dense packed circular discs (2D) and spherical balls (3D) by 

Potyondy and Cundall (2004). The particles that form the virtual rock sample are ‘glued’ together 

by allowing the formation of the so call particle bond at the point of contact. The usage of the 

particle bond requires only the setting of a few particle bond properties such as bond stiffness and 

bond strength.  

Commonly the investigations of the rock behaviors concentrate on the simulation of biaxial, triaxial 

and Brazilian tests. In those simulations the micro cracks are represented by the breakage of the 

particle bond. The particle bonds are assumed to be broken when either the tensile or shear strength 

of the bond is exceeded. The macro fracture generation is then assumed when the localisation of 

micro cracks took place. The results from the simulation of various compression tests show that the 

DEM modelling of rock is able to reproduce many of key features of the real rock sample. These 

features include elasticity, fracturing, acoustic emission, damage accumulation, material anisotropy, 

dilation, post peak softening and increasing of strength with confining pressure. Rotations of the 

particles were allowed in simulations of compression test however they were not studied explicitly.  

The dynamic effects on fracturing of rock were studied through DEM modelling by Hazzard, 

Young, and Maxwell (2000). It was found that during the near peak stress region, lots of bonds in 

the model were close to breaking. During this stage the stress redistribution (wave) caused by 

breakage of a bond can induce breakage of the nearby bonds. This led to the formation of clusters 

of crack that eventually split the sample in half, which was similar to those observed in experiments.  

One of the most commonly observed failure pattern in laboratory tests is the macro shear fracture. 

The shear failure obtained from DEM models was compared quantitatively with the famous 

Rudnicki and Rice localisation theory (Rudnicki & Rice, 1975) by Schoepfer and Childs (2013). 

The comparison showed that the angle between shear band and the axial loading from the DEM 

modelling was a few degrees greater than the angle predicted from the theory.  
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Failure of rocks was studied at the particle level through DEM modelling by Duan, Kwok, and 

Tham (2015). The virtual sample was calibrated to match the mechanical responses of Beishan 

granite. Then the failure process was investigated in detail at the micro scale level. It was concluded 

that tensile crack was the dominate failure mode when the sample was subjected to uniaxial loading 

conditions. When confining pressure increased the number of shear crack increased and changed 

the failure pattern. The study of the orientation of the cracks showed that tensile cracks were 

formed in the direction parallel to the loading direction and shear cracks were orientated between 

30-50 degrees to the maximum principle stress direction. Further analysis suggested that the size 

difference between particles could influence the number of cracks generated. Higher difference in 

particle sizes resulted in more cracks being produced in the simulation. The same relationship 

between the number of shear cracks and the confining pressure was obtained by Potyondy and 

Cundall (2004).  

Failure evolution of Lac du Bonnet in triaxial test was studied by using a DEM code developed by 

Wang and Tonon (2009). The results revealed that as micro cracks which were created by bond 

breakage started to appear, micro tensile crack was the dominant failure mode. After the peak stress 

was reached the number of shear cracks increased greatly. The total number of micro cracks 

stopped growing when the strength of the virtual sample reached the residual strength level.  

Direct shear tests were also modelled by DEM simulations (Cho, Martin, & Sego, 2008). From the 

results of the simulation it was observed that en-echelon type of extensile cracks was produced and 

these cracks formed the shear bands that were typically observed in the conventional triaxial test of 

brittle rock. It was also shown from the simulation that, at the macro scale, the shear bands in direct 

shear tests were formed from the production of micro tensile cracks.  
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2.2 Stress singularities from Cosserat continuum and modelling of fracturing process 

through Discrete Element Method 

Modelling of the behaviour of particulate materials using higher order continua such as Cosserat 

continuum and DEM has achieved great success according to the studies that are briefly introduced 

above.  One of the most important features that usually accompanies the failure of geomaterials is 

the process of fracturing. A lot of research was devoted to study the stress singularity at crack tip 

under Cosserat continuum. The study conducted by Atkinson and Leppington (1977) suggested that 

the energy release rate was close to the classical elastic case when the couple stress parameter tends 

to zero. Moreover the results also showed that the role of stress concentrator of the holes in the 

elastic body reduced when the couple stress was introduced. The plane-strain solution was 

presented for a finite crack in a transverse field under tension by Sternberg and Muki (1967). The 

stress singularity at the crack tip of a crack between the interface of the two materials whose grains 

underwent antiplane deformation was studied by Piccolroaz, Mishuris, and Radi (2012). It was 

found that the stress singularity was strongly affected by the parameters of the microstructure. 

Other studies of the stress concentration produced by cracks using the couple stress theory can be 

found from (Diegele, Elsasser, & Tsakmakis, 2004; Garajeu & Soós, 2003; Gourgiotis & 

Georgiadis, 2007, 2008; Gourgiotis, Georgiadis, & Sifnaiou, 2012; Kobelev, 2006; Li & Lee, 2009; 

Mishuris, Piccolroaz, & Radi, 2012; Nakamura & Lakes, 1988; Salganik & Ustinov, 2004; 

Shmoylova, Potapenko, & Rothenburg, 2007; Shouetsu, 1972, 2013; Sternberg, 1968). 

The Cosserat continuum used to model particulate materials in the abovementioned studies has 

characteristic lengths. This is due to the fact that the moduli relating moment stress and rotations 

have unit different than the unit of moduli that relate stress and displacement gradients (Dyskin & 

Pasternak, 2015). The stress singularity of crack tip in Cosserat continuum in those studies was 

considered through the asymptotics corresponding to the distance to the crack tip tending to zero 

that is much smaller than all characteristic lengths. This method is an extension of the linear elastic 



Chapter 2 Literature review 

21 
 

fracture mechanics to Cosserat continuum when the length of the Cosserat characteristic length was 

greater than the length of the process zone of the crack tip. This asymptotics is reasonable to use 

under the classical continuum since it does not possess internal length scale. But their results of the 

stress singularity of the crack tip were obtained by using the asymptotics to a distance that was 

beyond the resolution of the Cosserat continuum.  

It was suggested in (Dyskin & Pasternak, 2008, 2010; Pasternak & Dyskin, 2009) that in many 

particulate materials the Cosserat characteristic lengths are of the same order of magnitude as the 

characteristic size of the microstructure of the material. Thus the Cosserat characteristic lengths are 

smaller than the process zone. This type of Cosserat continuum was termed small scale Cosserat 

continuum. Dyskin and Pasternak (2008) used the small scale Cosserat continuum to study the 

mechanism of in-plane growth of shear crack.  It was assumed that the observed in-plane growth of 

Mode II crack was actually produced by the relative rotations of grains at the crack tip. The relative 

rotations created moment stresses. The moment stress singularity at the crack tip was calculated and 

it had the power of 3/2, which was stronger than the conventional square root stress singularity. It 

was however shown that this non-integrable moment stress singularity does not affect the energy 

release rate associated with in-plane crack propagation, so the energy release rate remains finite. 

The small scale Cosserat continuum was used to study the stress field at the crack tip for the Mode I 

crack in (Dyskin & Pasternak, 2013, 2015). It was concluded that the stress singularity had the 

same power (square root) as the conventional continuum. However the stress singularity due to 

moment stress had same higher power of 3/2 as the Mode II crack. The significance of these studies 

is that they have shown that the stress singularity created by moment stress is stronger than the 

conventional stress singularity. This makes the breakage of the binding material (bond) between the 

grains of particulate materials by moment stresses caused by relative grains rotations the dominate 

failure mechanism for Mode I and Mode II crack. Furthermore the disparity between the laboratory 
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observed in-plane growth of shear crack and the kinking of shear crack can be explained by the 

mechanism of fracture caused by moment stresses. 

Apart from analytical studies conducted by using Cosserat continuum, DEM modelling is one the 

conventional numerical methods used to investigate the cracking process of rock. As introduced 

previously that many successful attempts have been made to reproduce and study the behaviours of 

rock through DEM modelling. Thus study the fracturing processes in rocks through the DEM has 

attracted many scholars in the recent decade. Analysis of wing cracks initiation and propagation in 

clays under uniaxial compression test was carried out by using 2D DEM modelling by Vesga, 

Vallejo, and Lobo Guerrero (2008). The pre-existing flaw generated had angles ranged from 0o to 

750 with respect to the horizontal axis. Laboratory experiments of uniaxial compression test were 

also conducted on real clay samples with initial flaws of the same angles as with the DEM models. 

The comparison between the results of the experiment and DEM modelling showed very similar 

pattern in terms of the production of wing cracks. It was observed from both experiments and DEM 

modelling that for sample with initial flaws of 30o to 75o to the horizontal axis the points where the 

wing cracks formed were at the tips of the initial flaw. However if this angle was 0o to 15o the wing 

cracks were produced on the surface of the pre-existing flaws. The main achievement of this study 

was that it showed DEM modelling can be used as a valuable tool to study the cracking process of 

particulate materials.  

Few years later the cracking process of a 2D virtual sample that contains a single flaw was studied 

under uniaxial compression test simulated by using DEM by Zhang and Wong (2012). The virtual 

sample was built by using the concept of Bonded Particle Model (BPM) developed by Potyondy 

and Cundall (2004). Virtual samples containing a single flaw inclined between 00 to 750 to the 

horizontal direction were created. The distributions of the particles as well as particle radii between 

virtual samples were claimed to be different. The authors attributed this to the DEM model 

generation process. However this should not have occurred as the commercial software Particle 
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Flow Code used in that study has the feature to make sure that the same particle distribution and 

particle individual size are achieved for all the virtual samples as long as the same random number 

is used during the initial generation stage of the virtual sample.  

The results from simulation of uniaxial compression test on those virtual samples suggested that the 

inclination of the pre-existing flaw had strong effect on the crack initiation and propagation patterns. 

This is similar to the observation obtained by Vesga et al. (2008). The analyses of forces within 

particle bonds revealed that the tensile stress concentration zone moved from the middle to the tip 

regions of the flaw as the inclination angle increased. The first cracks were usually produced from 

the tensile stress concentration regions. After those first cracks had formed the tensile stress 

concentration zone shifted to the tip of the first cracks. The study of type of cracks suggested that 

the initiation of micro-cracking zone consisted mostly of micro tensile cracks, while the cracks 

subsequently generated were both micro tensile and micro shear cracks.  

There are also efforts directed to study the coalescence of cracks of the particulate material with 

two pre-existing flaws. Crack initiation, propagation and coalescence in rock-like material with two 

flaws were studied through 2D DEM modelling by Zhang and Wong (2013). The two parallel and 

co-planar flaws generated had length of 13mm with 1.3 mm aperture. They were positioned with an 

angle of 0o to 75o with respect to the horizontal direction. The distance between the inner tips of the 

flaws was chosen to be 13mm and 26mm. The so-called bridging angle – the angle between the line 

that links the inner tips of the flaw and the angle of the flaws – varied from -60o to 1200 (clockwise 

measurement of the angle is negative). The observations made from the results of the uniaxial 

compression test simulation suggested that DEM modelling was able to reproduce most of the 

phenomena obtained from physical experiment such as crack type, first crack initiation stress and 

pattern of coalescence. One of the interesting observations from this study was that the initiation 

and propagation of the cracks which did not locate neither at the tip of the pre-existing flaw or at 

the tip of the developed wing cracks. For the flaw geometry of 2a-30-60 (the angle of the flaw 
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length to the horizontal direction and the angle between the flaw and the line links two flaws) 

micro-tensile cracks located a few particles away from the inner flaw tips were observed. They 

propagated towards the inner tips of the flaw and eventually linked the inner tips. However the 

mechanism of this behaviour was not explained. 

A similar 2D study of the crack initiation, propagation and coalescence of two pre-existing flaws 

was conducted by Lee and Jeon (2011). However instead of using parallel flaws a new geometry of 

one horizontal flaw and an inclined flaw underneath was used. Physical experiments as well as 

DEM modellings were conducted. The comparison between the results showed that the crack 

coalescence pattern of the DEM modelling generally agreed to the experiments. The crack initiation 

and coalescence stresses had similar trends with the increase of the flaw inclination angle (with 

respect to horizontal direction) between the model and experiments.  

The works conducted by other scholars in the area of DEM modelling of both rock failure and 

fracturing process share a common feature which is the micro failure criterion allowing the 

production of both tensile and shear micro cracks. However by employing micro polar mechanics 

and the small-scale Cosserat continuum it has been demonstrated that the stress singularities due to 

moment stresses obtained for Mode I (tensile) and Mode II (shear) cracks have stronger effect than 

the conventional stress singularities (Dyskin & Pasternak, 2008, 2010, 2013, 2015; Pasternak & 

Dyskin, 2009; Pasternak, Dyskin, & Mühlhaus, 2006). The moment stress essentially produces 

tensile stress in the inter-particle bonds due to relative particle rotations. Since the stress 

singularities caused by moment stress have stronger power the tensile micro-cracks induced by 

particle relative rotations should act as a global failure mechanism of particulate materials. Thus in 

DEM modelling the shear micro fracture needs to be completely excluded from the bond failure. To 

the best of the author’s knowledge there has been no comprehensive study on rock behaviour and 

failure with only tensile failure allowed at micro level in the area of DEM modelling. 
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Rotations of particles not only have strong effect on stress field around crack tip of particulate 

material, depending on the shape of the particles, they can also influence the stability of particulate 

materials. 

2.3 Effect of particle shape on mechanical behaviours of geomaterial 

Instability of geomaterials is usually considered as a result of either instability in the post peak 

regime (Cook, 1965; Roegiers et al., 1993; Rudnicki & Rice, 1975; Salamon, 1970; Tarasov & 

Dyskin, 2005), accumulation and growth of crack (Germanovich & Dyskin, 2000; Germanovich, 

Salganik, Dyskin, & Lee, 1994; Zhao et al., 2015), fault sliding (Chen, Qin, Xue, Yang, & Zhang, 

2017; Fereidooni, 2018; Galybin & Odintsev, 1993), uneven distribution of gravitation loading (Lai 

et al., 2015) or the loss of kinematic constraints to the translational movements of the blocky mass 

(Goodman & Shi, 1985). The abovementioned theories share a common feature that is only the 

translational degrees of freedom are involved. However it has been discussed previously in this 

chapter that the grain rotations play an important role in failure process of particulate materials. 

Thus when study the instability problem of particulate materials the rotational degree of freedom 

needs to be considered. Traditionally in Cosserat modelling the grains are assumed to be spherical. 

However as shown in many studies (Chen, Nishiyama, & Ito, 2001; Haimson, 2003; Mazzullo & 

Ehrlich, 1983; Rahman, Lebedev, Zhang, Barifcani, & Iglauer, 2017; Voorn, Exner, Barnhoorn, 

Baud, & Reuschlé, 2015) the shape of rock grains is usually irregular hence the effect of grain 

shape of the mechanical behaviour was investigated by many researchers. It has been shown by 

numerical modelling of non-spherical particle that the effect of particle shape on mechanical 

response of geomaterials can manifest in many aspects. 

Hopper discharge which is a funnel shaped chamber used to discharge solid materials was modelled 

by DEM software in 3D situation by Cleary and Sawley (2002). The flow rate and flow patterns 

were studied by changing the shape of the particles. The parameters that governed the shape of the 



Chapter 2 Literature review 

26 
 

particle were the blockiness and aspect ratio. From the results of the simulation it was found that 

blockiness only had limited effect on the flow pattern but the flow rate was reduced about 28% 

when the blockiness was increased. Increasing the aspect ratio decreased the flow rate by 29% and 

substantial changed the flow pattern. 

The effect of particle shape on mechanical properties of quasi-sands was studied by DEM 

modelling of particle stacking test, biaxial test and direct shear test by Kong and Peng (2011). The 

results suggested that particle shape played a vital role in mechanical properties of particulate 

materials. In the particle stacking test simulation the porosity increased when the particle’s shape 

deviated from spherical. In the biaxial test the peak stress of the sample can be linearly related to 

the shape coefficient of the particle. In the shear test the shear strength of the virtual sample 

increased when the particle’s shape became less spherical. Similar studies of shear tests simulation 

of sand with non-spherical particle shape from DEM modelling were also conducted (Shi, Zhou, 

Liu, & Deng, 2010; Shi, Zhou, Liu, & Jia, 2008).  

A parametric study was carried out by Cho, Martin, and Sego (2007) aiming to eliminate the 

inconsistency existed between the DEM model of rock failure and that from laboratory experiments. 

It was concluded that adjusting the micro parameters only had limited effects on the rock failure in 

compression and tension. However changing the particle shape from circular disc to a random 

shape (grouping serval circular discs together to form a clump particle) can significantly improve 

the ability of the DEM model in predicting the behaviours of failure of rock.  

A similar method was used to study the 3D mechanical behaviour of rock (Rong, Liu, Hou, & Zhou, 

2013). The results suggested that in the DEM modelling of triaxial test the shape of the particle can 

influence the Young’s modulus, Poisson’s ratio, crack initiation stress, crack damage stress, peak 

stress.  
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Apparent elastic strain localisation caused by block rotations was considered by Pasternak, Dyskin, 

and Estrin (2006). Due to the absence of binder materials the blocks were able to rotate freely. The 

theory suggested that when non-spherical blocks were able to rotate there was a threshold value of 

the displacement which when exceeded non-uniform rotations and displacement gradients would 

occur in boundary zones. The loading curves exhibited non-linearity and showed apparent plasticity 

and work hardening when no plastic behaviour and energy dissipation were involved.  

The shape of the building blocks of the structure can also induce the so called topological 

interlocking as suggested by Dyskin, Estrin, Kanel Belov, and Pasternak (2003). It was shown from 

Dyskin et al. (2003) that elements of the same shape (tetrahedron, cube, octahedron, dodecahedron 

and icosahedron) can be positioned such that interlocking was created between them. This type of 

structure with interlocking can have remarkable mechanical and functional properties. The 

interlocked structure made of cubic blocks was put to point load tests (Estrin et al., 2004; Schaare et 

al., 2008). Despite of the different materials and loading apparatuses used, negative stiffness was 

obtained during the unloading the stage of the test. A visual examination of the cubic blocks 

suggested that considerable rotations were achieved during loading and unloading stage of the test 

implying that the intrinsic negative stiffness could be attributed to the rotations of element of the 

assembly.  

The works discussed in previous sections have demonstrated that the shape of the particle has 

strong effects on the mechanical behaviours of particulate materials. One of the interesting features 

associated with the particle shape was the abovementioned emergence of negative stiffness 

associated with rotation of non-spherical blocks. Literature about negative stiffness is discussed in 

the next section. 
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2.4 Negative stiffness and its effect on instability of geomaterials 

Negative stiffness was also observed in human bodies such as hair bundles in the ear and joints 

(Choi, Sim, & Mun, 2015; Latash & Zatsiorsky, 1993; Martin, Mehta, & Hudspeth, 2000). The 

mechanisms of negative stiffness of the post-buckled columns, shells and L-frames were studied by 

Bažant (1991). A decade later experimental and theoretical studies of the mechanical behaviour of 

pre-buckled bonding silicone rubber shells in a Reuss configuration were carried out (Lakes, 2001a, 

2001b). Multiwalled carbon nanotubes were also found to exhibit negative stiffness experimentally 

(Kuzumaki & Mitsuda, 2006; Yap, Lakes, & Carpick, 2007, 2008). In discrete structures which 

consist of elastic elements as links and lever models with springs (Carrella, Brennan, & Waters, 

2008; Chang Myung Lee, Bogatchenkov, Goverdovskiy, & Temnikov, 2003; Lee & Goverdovskiy, 

2009; Sarlis et al., 2013), arches (Pontecorvo, Barbarino, Murray, & Gandhi, 2013) negative 

stiffness were also observed. Negative stiffness based loading bearing structure was proposed by 

Churchill, Shahan, Smith, Keefe, and McKnight (2016). Devices of negative stiffness have been 

developed in fields of seismic protection of structures and car seats suspensions (Attary, Symans, & 

Nagarajaiah, 2017; Danh & Ahn, 2014; Palomares, Nieto, Morales, Chicharro, & Pintado, 2018; 

Shi & Zhu, 2017). On top of these cases, negative stiffness phenomenon can also occur in 

distributed composite materials that contain negative stiffness inclusions. This effect of negative 

stiffness inclusions in composite materials was studied (Lakes & Drugan, 2002; Wang & Lakes, 

2001). Stability of chain of oscillators contacting negative stiffness spring was studied (Dyskin & 

Pasternak, 2014b; Esin, Pasternak, & Dyskin, 2016a, 2016b; Pasternak & Dyskin, 2015; Pasternak, 

Dyskin, & Sevel, 2014). Apart from being observed and used in those abovementioned fields, 

negative stiffness can also be found in the failure of rocks.  

Failure of rock is usually accompanied by strain localisation. The stage of strain localisation 

manifests itself as the negative sloped post peak softening in the stress and strain curve. This post 

peak softening stage is only obtainable when the loading frame has high stiffness (Cook, 1965) and 



Chapter 2 Literature review 

29 
 

the rock is of Class I (Wawersik & Fairhurst, 1970). The negative slope in the stress and strain 

curve as well as the fact that the presence of the post peak softening stage requires high stiffness 

loading frame suggests that elements that possess negative stiffness must be involved during the 

failure process of the particulate material.  

Enlighted by the negative stiffness effect obtained from the unloading curve of structure consisted 

of cubic blocks and the accompanied high extent of rotations of those cubic blocks (Estrin et al., 

2004). A natural mechanism of instability of particulate material based on particle shape and 

rotations was proposed (Dyskin & Pasternak, 2011a, 2011b, 2012; Pasternak & Dyskin, 2013; 

Pasternak, Dyskin, & Esin, 2016). The essence of this mechanism is rolling of non-spherical 

particles. When loaded under shear stress and compression the rolling of non-spherical particle 

produces the so-called apparent negative stiffness effect. The negative stiffness effect comes from 

the moment equilibrium of non-spherical particle. It was analytically proven that the negative 

stiffness element when reaching a critical concentration can induce the global instability of 

geomaterials.  

It was shown both analytically and numerically (Dyskin, Pasternak, & Xu, 2017) that a short-lived 

negative stiffness effect also exists when micro defect (breakage of spring or bond) was produced. 

This short lived negative stiffness has the ability to induce instability of the geomaterial when the 

geomaterial itself is in an almost incompressible state. The short-lived negative stiffness may be 

used to explain the ‘little drops’ in stress and strain curves before peak stress observed in 

experiments (Cook, 1965; Ergenzinger, Seifried, & Eberhard, 2011; Filipussi, Guzmán, Xargay, 

Hucailuk, & Torres, 2015; Liu et al., 2018; Lockner et al., 1991; Mori et al., 2007; Valdes, Guillard, 

& Einav, 2017)  

Both analytical and numerical studies discussed previously have shown the significance of particle 

shape and the associated rotations of particle to the mechanical behaviour of particulate materials. 
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However there are still unanswered questions in this field of study. All the DEM studies introduced 

above have included both tensile and shear failure types in simulations of compression and tensile 

tests. However as presented in some studies (Dyskin & Pasternak, 2008, 2010, 2013, 2015; 

Pasternak & Dyskin, 2009; Pasternak, Dyskin, & Mühlhaus, 2006) that micro tensile failure can act 

as a global failure mechanism in particulate materials therefore DEM modelling of failure of 

particulate material consists of non-circular (2D) or non-spherical (3D) particles with only micro 

tensile failure allowed in bond breakage should be conducted and studied.  

Another question is associated with the newly proposed mechanism of instability of particulate 

materials based on the apparent negative stiffness effect produced by rolling of non-spherical 

particles. It was shown analytically that when the concentration of element that possesses negative 

stiffness effect reached a critical value, the instability of the particulate will be induced. Thus it is 

important to investigate this mechanism in the environment of DEM modelling such that more 

insights of the instability of particulate material can be obtained.    

2.5 Usage of acoustic emission in rock tests and the Blue Shift Indicator 

Apart from analytical, numerical and experimental studies, monitoring of acoustic emission (AE) 

during rock tests can also provide important data that help gaining more information about the 

failure and fracturing processes of rock. AE corresponds to the rapid release of elastic energy when 

cracks are formed in rock. Thus recording the AE pulses during rock tests can provide information 

on the locations of the crack as well as distinguishing different stages of failure process. One of the 

most famous achievements in studying rock failure processes is the experiments presented in 

(Lockner et al., 1991; Lockner, Byerlee, Kuksenko, Ponomarev, & Sidorin, 1992). In their study the 

AE generated from the confined compressive tests was recoded. The axial loading was applied such 

that a constant rate of AE was achieved. The 3D locations of the AE-generating micro-fractures 

were determined from the recorded AE, which enabled the investigation of the failure process of the 
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granite under compression. It was concluded from the mapping the location of the micro-cracks that 

the micro-cracks get localised into an inclined shear band. Furthermore it was found that the 

formation of this shear band did not happen instantaneously but propagated in a stepwise crack-like 

manner.  

There are other studies that utilized recorded AE to study the fracturing process of materials (Guo et 

al., 2012; Jiang, Wang, & Kamai, 2017; Kao, Carvalho, & Labuz, 2011; Mei, Sun, Zhang, Wang, & 

Cheng, 2013; Ning, Ren, & Chu, 2014; Timms et al., 2010; Yang et al., 2013). Timms et al. (2010) 

recorded AE during indentation test of quartz to help the study of the effects of anisotropic elastic 

on the geometry of brittle fracture. The AE locations obtained fitted well to the extent of the crack 

developed during the test. The AE was also used to study the fracture toughness of composite 

materials by Mei et al. (2013).  

AE study was also carried out in DEM modelling of rock tests. AE generated under 2D simulation 

of compression tests in DEM environment was performed by Hazzard and Young (2000). By using 

the kinetic energy generated from the formation of micro crack and clustering of individual micro 

cracks into larger seismic events, an algorithm was developed to obtain realistic distributions of the 

magnitude of the AE. A technique which can be used to simulate seismicity of brittle rock using 

DEM code in 3D environment was later developed by Hazzard and Young (2004). The information 

on seismicity acquired by this technique from 3D simulations was compared to actual seismicity 

recorded in the field. The comparison showed that the locations, magnitudes and mechanisms 

matched reasonably well. 

The AE energy was determined from monotonic tensile test on carbon fibre reinforced silicon 

carbide matrix composites. The work of the fracture was calculated to compare with the AE energy. 

It was found that the AE energy was more suitable in reflecting the fracture toughness in this kind 

of composite. Fracture toughness of thermal barrier coatings was studied with the usage of AE by 
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Yang et al. (2013). In a simple three points bending test the AE signals were monitored. With 

recorded AE signals and the combined digital image correlation methods the surface and interface 

toughness of thermal barrier coatings were accurately determined. Linear relationship was found 

between the energy released due to coating failure and that of AE signals.  

Micromechanisms of fracture were studied using AE by Kao et al. (2011). Three points bending test 

was conducted on Charcoal granite. Global tensile failure was obtained. However it was found from 

the orientations that all sources of the AE were shear dominate. This study suggested that the local 

mechanism did not necessarily reveal the nature of the global failure mode. Ning et al. (2014) 

employed the Geiger location algorithm to locate the AE source in the samples in compression test. 

Compared with the scan from electronic microscope the locations of AE obtained from Geiger 

algorithm were in good agreement with the position of the real cracks. The AE events from uniaxial 

compression test of rock were recorded by Guo et al. (2012). It was concluded that damage model 

with consideration of AE counts as the damaging variable can manifest rock damage process and 

the results of the experiment well.  

AE was also used to investigate failure of sample (spherical glass balls) under ring shear friction 

experiments (Jiang et al., 2017). From the recorded AE and the stress drops it was found that the 

number of AE increases dramatically when the major mechanical failures took place. Moreover it 

was noticed that the onset of AE was before the global failures of the sample suggesting that local 

failures within the particulate material occurred first than the ultimate failure.      

In those works, as long as the position of the source of the AE was required, more than four sensors 

were placed on the sample to obtain the 3D positions of crack. They are necessary as mapping a 

crack in 3D environment requires 3 coordinates (x,y,z) and the time of the occurrence of the crack. 

However as proposed by Pasternak and Dyskin (2012) the localisation patterns (1D, 2D, 3D) of 

geomaterials can be detected when only one sensor was used. It was suggested that due to the effect 
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of temporal localisation of arrival times of crack, the power spectra of different localisation patterns 

present distinct manner (one on top of another) or Blue Shift. Since the calculation of power spectra 

required only the arrival times of the generated AE signals the distinguishing between different 

localisation modes has become possible with the usage of only one AE recording sensor.  

In DEM simulation of rock compression test micro crack is generated when the stresses of inter 

particle bond exceeds the strength of the bond. When a bond breaks the information of the crack 

can be stored in the software. This information includes the step number of the breakage of the 

bond. This number when multiplied by the step time becomes the arrival times of the crack. (The 

size of the virtual sample is small thus the time difference between generation of the crack and the 

arrival to the AE sensor can be neglected.) Thus the method proposed by Pasternak and Dyskin 

(2012) can potentially be used in DEM modelling to study the frequency signatures of the arrival 

times of AE generated in simulations of rock test.   

2.6 Conclusions 

The literature review suggests that rotations of material constituents were either observed or 

obtained in field operations, laboratory experiments and numerical modellings of geomaterials. The 

evidence of grain rotations suggests the necessity to direct effort into the research of studying the 

effect of particle rotations on the mechanical behaviours of particulate materials, especially rocks. 

Cosserat or micropolar mechanics were employed into the continuum modelling of the behaviours 

of particulate materials due the consideration of rotational degree of freedom in the constitutive 

equations. The behaviour of particulate materials, layered materials was well modelled by this 

approach.  

Another frequently used approach in modelling particulate materials is discrete element method 

(DEM) modelling. It is favoured by many due to its ability to explicitly represent the mechanical 

behaviours of particulate materials through Newton’s second law, simple force displacement law 
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and contact/bond behaviours at the contact points of the particle. DEM modelling has been widely 

used to investigate the mechanical responses of particulate materials such as rocks. Many key 

features from the real rock tests (compression, tension and shear) experiments can be obtained in 

the DEM modelling. These findings showed that DEM modelling method is promising in studying 

the mechanical behaviours of rock.  

Another important field of study in rock is fracture mechanics since failure of rock is often 

accompanied with the onset and propagation of cracks. The conventional stress singularities for 

Mode I, II and III cracks were obtained from classical continuum which neglects the rotational 

degree of freedom of constituents. As it was found, by continuum modelling with Cosserat theory, 

that the effect of particle rotations is important to the behaviours of particulate material its effect to 

the stress field around crack tips for different crack modes needed to be studied. The moment stress 

singularities for Mode I and Mode II cracks were calculated and their forms suggested that the 

stress singularities from moment stress due to relative particle rotations have stronger effect then 

the classical stress singularities. This showed that micro tensile failure induced by relative particle 

rotations is the dominant micro failure mode of particulate materials. DEM modelling was also 

utilized to study the fracture mechanism of particulate materials. Results from those simulations 

suggest that micro tensile fracture is the main failure mode in fracturing.  Among all literature about 

DEM modelling that the author has read the micro failure modes include both tensile and shear. 

However as suggested from the stress singularities calculated in small-scale Cosserat continuum the 

tensile micro-failure can act as the global failure mechanism of particulate materials. Thus it is 

necessary to conduct a study of the effect of particle rotations and associated moment stresses on 

failure of particulate materials with the assumption that only micro tensile failure is allowed in bond 

breakage.    

In addition to the ability to rotate, the shape of the particles also plays an important role in the 

behaviour of the particulate materials. One of the most interesting features associated with the 
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shape of particles is the negative stiffness effect produced by rolling of non-spherical particles. This 

effect was observed experimentally and was obtained both analytically and numerically. The post 

peak behaviour of rock (under stiff loading frame) is characterised by the negative sloped post peak 

softening stage. This suggests that negative stiffness elements are involved in the failure process of 

rock. Mechanisms of instability of particulate materials based on negative stiffness were proposed 

in literature however there has been no DEM study conducted about these mechanisms.  

Acoustic emission (AE) was used in many studies to help the analysis of fracture process of 

materials. However obtaining the locations of the source of the AE requires at least four channels. 

An algorithm (Blue Shift Indicator) was proposed in literature which can detect the pattern of 

localisation of micro cracks from only one sensor. The only input required for this algorithm is the 

series of arrival times of AE. In DEM simulation the set of arrival times of crack can be obtained 

thus this algorithm can be used to study its potential usage in DEM environment.  
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In this chapter the four main theoretical concepts this work is based upon, Small-scale Cosserat 

continuum, Moment stress mechanism of crack growth, Apparent negative stiffness effect in rolling 

of non-spherical particle, Transitional negative stiffness are introduced in details.  

3.1 Small-scale Cosserat continuum 

Modelling of heterogeneous material using a continuum description is usually done through 

introducing a volume element whose size H is naturally much larger than the characteristic 

microstructural length, lmicro. This scale lmicro is the smallest scale possible for a material to be 

deemed continuous. After introducing volume elements, the physical fields of the modelled material 

are averaged over the volume elements to introduce the equivalent continuum.  

When fracture propagation is considered in such continuum, particularly with the implementation 

of the principles of linear elastic fracture mechanics, asymptotics of 𝑑 𝐿 → 0⁄  is typically 

considered where d is the size of fracture process zone and Lcr is the crack length. While d/Lcr is the 

commonly asymptotics, there exists another implicit asymptotics 𝑑 ≫ 𝐻 ≫  𝑙  which shows 

that the volume element size H must be far greater than the size the characteristic length lmicro.  

Since the linear elastic fracture mechanics is based on continuum mechanics, any fracture criterion 

formed from it is only possible at the scale not beyond the resolution the continuum i.e. lmicro. This 

poses no problem in classical continuum since it is scale independent. However when a higher order 

continuum such as Cosserat continuum is involved, the asymptotics associated with fracture 

propagation become different as the Cosserat continuum possesses internal length, lci. The analysis 

of fracture propagation will now be dependent on the Cosserat internal length, lci and the size of the 

fracture process zone d.  

If  𝑙 ≫  𝑑 , we arrive to the case which the traditional studies have been dealing with (Atkinson & 

Leppington, 1977; Gourgiotis & Georgiadis, 2008; Sternberg & Muki, 1967). These studies 
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considered the stress profile at the distance r from the crack tip, which is smaller than the Cosserat 

length. In other words, in these models the intermediate asymptotics 𝑑 ≪ 𝑟 ≪ 𝑙 was used. Thus 

the traditional method considers the scale that is beyond the resolution of Cosserat continuum. 

However, as shown in (Dyskin & Pasternak, 2008, 2010; Pasternak & Dyskin, 2009; Pasternak et 

al., 2004), in many particulate materials the Cosserat characteristic length is of the same order of 

magnitude of the grain size 𝑙 ≈  𝑙 . In this case the only meaningful (not beyond the 

resolution of the Cosserat continuum) asymptotics in the Cosserat continuum are the asymptotics 

that consider the distance → ∞ . Dyskin and Pasternak (2008) subsequently named such a 

continuum the small-scale Cosserat continuum. 

3.2  Moment stress mechanism of crack growth 

The Cosserat continuum considers the internal rotations of the material therefore instead of 

including the traditional stress σ, the moment stress μ is also included in the formulation. The 

constitutive and equilibrium equations in a co-ordinate system (x1, x2, x3) are then expressed as 

follows 

 𝜎 , = 0, 𝜇 , + 𝜀 𝜎 = 0, (11) 

 𝜎 = ( 𝜇 + 𝛼 )𝛾 + ( 𝜇 − 𝛼 )𝛾 + λ𝛾  (12) 

 𝜇 = ( 𝛾 + 𝜀 )𝜅 + ( 𝛾 − 𝜀) 𝛾 + β𝜅  (13) 

where summation over repeated index is presumed and 𝑖, 𝑗 = 1,2,3. Here 𝜎  and 𝜇  are stress and 

moment stress, 𝜀  is the alternating tensor, 𝛼 ,  β , 𝛾 , 𝜀 , λ  are the Cosserat elastic moduli and 

𝜅 = 𝜑 ,  and 𝛾 = 𝜇 , − 𝜀 𝜑  are the curvature-twist and strain tensors respectively where 𝜇  

and 𝜑  are independent displacement and rotation vectors.  

Obtaining the main asymptotic term for crack problems in the small-scale Cosserat continuum is 

reduced to the following procedure (see details in (Dyskin & Pasternak, 2013, 2015)): (1) Under 
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classical elastic continuum, solve the crack problem, (2) using the obtained field of displacement 

find the rotational field based on the coupled stress theory, (3) Using the constitutive equations of 

Cosserat continuum find the moment stress distribution.  

By using the abovementioned procedure they successfully computed the stress singularities 

associated with moment stresses for Mode I and Mode II cracks in the 2D plane strain condition. 

For Mode I crack: 

 𝜇 = 0, 𝜇 = −
𝐾 𝑙 𝛼

2𝜇

3 − 2𝜈

𝛾 ⁄ √2𝜋
 (14) 

For Mode II crack: 

 𝜇 =
𝐾 𝑙 𝛼

2𝜇

4(1 − 𝜈) + 3

𝛾 ⁄ √2𝜋
, 𝜇 = 0 (15) 

The significance of Eq. (14) and Eq. (15) is that they show that the moment stresses singularity has 

a power of 3/2. Compare with the conventional stresses singularity which has a power of 1/2 the 

moment stresses singularity is more powerful. It was shown by Dyskin et al. (2015) that the 

moment stress singularity does not contribute to the energy release rate and hence this strong 

singularity does not lead to divergent integrals.  

The importance of the more powerful moment stress singularity is in its effect on the mechanism of 

the in-plane propagation of Mode I and Mode II cracks. 

For Mode I crack since the classical stress intensity factor 𝐾  is positive the moment stress 𝜇  

takes a negative sign (Eq. (14)). Thus the flexural micro fractures created by breakage of cement 

material between grains are orientated in the same direction of the macroscopic crack. In other 

words the effect of moment stress is superimposed to the conventional Mode I crack singularity 
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(Figure 7(a)). However with the moment stress singularity having a higher power of 3/2, flexural 

cracks induced by moment stress singularity should be the dominant cracking mechanism.  

 
Figure 7 Direction of cracking from different stress intensity factor of moment stress (Dyskin & 

Pasternak, 2013) 

For Mode I anti crack since the classical stress intensity factor 𝐾  becomes negative thus the 

moment stress 𝜇  will take a positive value. This means that the bond side that is away from the 

crack tip will be broken. However these flexural cracks are still oriented parallel the macro crack 

(Figure 7(a)). 

For in-plane growth of Mode II crack the flexural cracks produced by bending are perpendicular to 

the macro crack. These flexural can form the so called en echelon cracks that usually accompany 

the in-plane growth of Mode II crack (Figure 7(b)). Moreover since classical stress intensity factor 

𝐾  of Mode II crack is positive the moment stress 𝜇  is positive as well. Then the bending is 

positive hence the micro cracks caused by moment stress will be shifted towards one side of the 

Mode II crack. This feature was observed by Reches and Lockner (1994). 

The analysis of the mechanism of in-plane propagation of Mode I cracks, Mode I anti cracks and 

Mode II cracks suggests that micro tensile cracking caused by the existence of tensile stress at the 
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cement/bond between grains due to moment stresses can act as a global mechanism of failure of 

particulate materials. 

3.3 Apparent negative stiffness effect in rolling of non-spherical particle   

Consider following Dyskin and Pasternak (2012) rotation of a partially detached non-spherical 

grain in a particulate material. The matrix is used here to represent other grains around the partially 

detached grain. 

 
Figure 8 Partially detached grain within matrix (Dyskin & Pasternak, 2012) 

In Figure 8 T and P are the forces created by the shear and uniaxial compressive stress, d is the 

length of the line between the two contact points (particle diameter), α is the initial angle between 

the this line and the vertical direction and u is the shear displacement due to rolling. The moment 

equilibrium about O reads 

 T 𝑑 − (𝑑sin𝛼 − 𝑢) = 𝑃(𝑑sin𝛼 − 𝑢) (16) 
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Normalisation of Eq. (16) with respect to 𝑑sin𝛼 gives 

 T
1

𝑠𝑖𝑛𝑎
− (1 −

𝑢

𝑑𝑠𝑖𝑛𝑎
) = 𝑃(1 −

𝑢

𝑑𝑠𝑖𝑛𝑎
) (17) 

By denoting ξ = , δ = , Eq. (17) can be transferred to the following form  

 T δ − (1 − ξ) = 𝑃(1 − ξ) (18) 

Examining Eq. (16) it can be seen that as the rolling progresses the term inside the square root on 

the left hand side of the equation increases. Moreover, on the right hand side, the term inside the 

bracket decreases. If P is fixed then the shear stress must be decreasing to keep the moments about 

O in equilibrium. The relationship between T and P was plotted by Dyskin and Pasternak (2012).  

 

Figure 9 Dependency between T/P and shear displacement with difference initial angle (Dyskin & 
Pasternak, 2012) 
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It can be found from Figure 9 that for different initial angles, as the rolling continues, the ratio 

between shear stress and uniaxial compression T/P decreases. This resembles the shape of the post-

peak softening observed in the rock compressive tests under stiff loading frames. 

Since the rolling of rock grain’s is usually small, ξ ≪ 1, developing T as a function ξ into Taylor 

series and keeping only the linear term Dyskin and Pasternak (2012) arrived to Eq.(19). 

 T = −
𝑃ξ𝛿

𝑠𝑖𝑛𝑎(𝛿 − 1) /
 (19) 

Set 𝜇 = −P
( ) /

 and γ = ξsina = u/d which is essentially shear strain, Eq. (19) becomes 

 T = 𝜇 γ (20) 

Thus Dyskin and Pasternak (2012) showed that rolling of non-spherical particle could produce a 

zone with apparent negative shear modulus that is 𝜇 < 0. 

It needs to be emphasised here that a system with apparent negative stiffness cannot stand alone 

since it is not stable. Either the embedding matrix or another external system is needed to provide 

the stable environment. Therefore the concentration of the zones of negative stiffness is critical to 

the global stability of the particulate materials such as rock.   

3.4 Transitional negative stiffness 

For a better introduction of the concept of Transitional negative stiffness consider a simple three 

spring model under specified displacement shown in Figure 10 which follows Dyskin et al. (2017). 

In Figure 10 (a) F1, F2 and F are the forces of the three springs, k0, k1 and k2 are the stiffnesses of 

the three springs, u0 and u are the displacements of the springs. In Figure 10 (b) F1’ and F’ are the 

forces of the remaining springs, Δu is the change of displacements after springs k2 breaks. 
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Figure 10 Simple three springs model (a) before spring k2 breaks (b) after spring k2 breaks (Dyskin 

et al., 2017) 

Before spring k2 breaks the system is controlled by Eq. (21) 

 F = 𝐹 + 𝐹 , 𝑢 = 𝐹
1

𝑘
+

1

𝑘 + 𝑘
, 𝑢 = 𝐹 𝑘 = 𝐹 𝑘  (21) 

After spring k2 breaks the system is governed by Eq. (22) 

 𝐹 = 𝐹 , 𝐹 = 0, 𝑢 =
𝐹

𝑘
+

𝐹

𝑘
 (22) 

As the system is displacement controlled hence u0 in both Eq. (21) and Eq. (22) should be equal. 

Then the displacement u’ of spring k1 after spring k2 fails can be expressed as 

 
u = 𝑢

𝑘

𝑘 + 𝑘
 

(23) 

From Eq. (21), Eq. (22) and Eq. (23) the change in displacement of spring k1 after spring k2 breaks 

can be expressed as 

 ∆u = 𝑢
𝑘 𝑘

(𝑘 + 𝑘 )(𝑘 + 𝑘 + 𝑘 )
 (24) 

It can be seen from Eq. (24) that the change of the displacement of spring k1 is positive when the 

force of F2 reduces to zero. The reduction of the force F2 can be modelled as applying a force –F2 

to spring k2. Assuming that this negative force is applied gradually from 0 to –F2 then during this 

process the work done of the negative force is negative. The negative work done by the negative 

force can be expressed through the following equations. 



Chapter 3 Main theoretical concepts 

45 
 

 A = −0.5𝐹 ∆𝑢 =
1

2
𝑢 𝑘  (25) 

 𝑘 = −
𝑘 𝑘

(𝑘 + 𝑘 + 𝑘 ) (𝑘 + 𝑘 )
 (26) 

Thus this simple three spring model shows that the process of the breakage of a spring can induce 

an element of negative stiffness which exists only momentarily. This negative stiffness only exists 

during the breakage of the spring, once the spring breaks the system becomes a normal system. 

Since this negative stiffness element only exists in very short time it is termed Transitional negative 

stiffness. 

3.5 Conclusions 

The fact that for many materials the Cosserat characteristic length is of the same order of magnitude 

of the grain size suggests that the only meaningful asymptotics in the Cosserat continuum are the 

asymptotics that consider the distance not less than Cosseart characteristic length. The small-scale 

Cosserat continuum was subsequently proposed and employed to calculate stress singularities for 

different crack modes. It was found that the moment stress singularities have strong power than the 

conventional square root power. This finding from small-scale Cosserat continuum will be used in 

Chapter 5 discussing the effect of particle rotations and moment stress on failure of particulate 

materials.  

When non-spherical particle starts to roll under compressive and shear forces, it was shown from 

moment equilibrium about the point of rolling that less shear force was required to keep further 

rolling of the particle. Thus apparent negative stiffness was obtained. This apparent negative 

stiffness effect resembles the same negative slope as the stress and strain curve in compressive rock 

test. The effect of this apparent negative stiffness to failure of particulate material is considered in 

Chapter 6.  
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It was demonstrated from the simple three spring model that failure of one of the springs led to 

positive displacement. Hence it showed that negative stiffness effect can be produced during the 

failure of spring, which happens only momentarily. This was termed the transitional negative 

stiffness effect. In Chapter 7 the effect of this transitional negative stiffness on stability of 

particulate materials is studied. 
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In this chapter the Distinct Element Method as well as the contact and inter particle bond models 

employed in this study are introduced in details. 

4.1 Distinct Element Method 

This project is carried out by using Distinct Element Method implemented Particle Flow Code 2D, 3D 

(PFC2D, 3D). The Distinct Element Method proposed by Cundall and Strack (1979) is a numerical 

modelling method capable of describing the mechanical behaviours of assemblies of particles of 

regular shape such as circular disc (2D) and spherical ball (3D) or irregular shapes (achieved by 

grouping of several regular particles). An explicit numerical scheme is employed in this method 

such that the interaction between particles is considered through particle contacts and the motion of 

every particle. The contact forces and the displacement of particles under disturbance from the 

boundary are found through a calculation cycle in which the movements as well as forces of every 

particle are updated. This necessitates the usage of the time interval or the so-called time step. The 

rule of choosing this time step is: the time step of the calculation cycle has to be so small that 

during this time step velocities and accelerations are assumed to be constant. Moreover within this 

time step the disturbances cannot travel from any particle further than its immediate neighbours. 

Hence at any time the resultant force exerted on any particle is computed only by its interactions 

with the particles that are in contact with it. This feature is rather important to Distinct Element 

Method since it permits the following of non-linear interaction of a massive amount of particles 

without the expense of memory. The calculation cycle is explained briefly in this section. 

Force - displacement law and Newton’s second law are alternately used within every calculation 

cycle to update the displacement and motion of the modelled objects in Distinct Element Method. 

Force - displacement law is used to calculate the contact forces induced from displacement. Then 

Newton’s second law is utilized to find the motion of the particle due to force exerting on it. In the 

simple example illustrated below the contact forces due to displacement of particles are shown 
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through the overlapping between contacting particles. The amount of this overlapping is small 

compared with size of the particle. As mentioned by Cundall and Strack (1979) the modelling of 

deformation of individual particles is not necessary to achieve a good approximation of the macro 

mechanical behaviours of the assembly since deformation of the assembly is due mainly to the 

movements of the particle as rigid bodies not the deformation of the particle itself. Hence this 

deformation of particle through overlapping is acceptable.  

The case shown Figure 11 is used to illustrate the procedure of determining forces, displacements 

and accelerations in the calculation cycle. 

In Figure 11 (a) two circular discs 1 and 2 are placed between two rigid walls. Three contacts are 

formed. Contact A is between left wall and disc 1, contact B is between disc 2 and right wall, 

contact C is between discs 1 and 2. Now let the rigid walls move toward each other at a constant 

velocity v such that the disturbance at the boundary is created. Initially at time 𝑡 = 𝑡  the conditions 

at the three contacts are that walls and discs are just touching and no overlapping exists between 

them hence there are no contact forces at any of the contacts. Figure 11 (b) shows the situation after 

time interval ∆𝑡 which is the one time step. After this time step each wall has moved inward of a 

distance 𝑣∆𝑡. Due to the assumption that a disturbance cannot travel over a single particle during 

one time-step, the discs are still maintaining their initial positions during the time interval ∆𝑡. 

Hence the only overlaps produced after ∆𝑡 are those between the discs and the walls at contacts A 

and C. The magnitude of overlapping at contacts is the same and can be expressed through 𝑑 =

𝑣∆𝑡 . Since initially there is no overlapping between discs and walls, 𝑑  equals to the relative 

displacement between discs and walls at the first time step. This relative displacement acquired is 

then used to update the motion of discs 1 and 2 using force - displacement law and Newton’s 

second law. 
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(a) 

 
(b) 

 
(c) 

Figure 11 Two discs compressed by two walls 

 

 

x 
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From force - displacement law the incremental normal force developed due to overlapping between 

discs and walls at contacts A and B is  

 
∆F = 𝑘 𝑣∆𝑡 (27) 

where 𝑘 is the normal stiffness. With the consideration of coordinate system (positive x direction 

pointing to the right direction) the forces on disc 1 and disc 2 become 

 𝐹 ( ) = 𝑘 𝑣∆𝑡, 𝐹 ( ) = −𝑘 𝑣∆𝑡. (28) 

Now if we employ Newton’s second law, the accelerations of disc 1 and disc 2 can be found as 

 𝑎 ( ) =
( ) ,    𝑎 ( ) =

( ) (29) 

Where 𝑎 ( ) and 𝑎 ( ) are acceleration of disc 1 and disc 2 in the x direction; 𝑚  and 𝑚  are the 

masses of disc 1 and disc 2. In accordance to the assumption that acceleration within a time step 

does not change, the acceleration calculated from Eq. (29) can be used to compute the velocities of 

discs 1 and 2 during the next time step 𝑡 . 

 𝑣 ( ) = 𝑎 ( )∆𝑡 =
( )

∆𝑡, 𝑣 ( ) = 𝑎 ( )∆𝑡 =
( )

∆𝑡 (30) 

These velocities are subsequently used to calculate the incremental relative displacements 

accumulated in 𝑡  either between the neighbouring discs or the disc and the wall. 

 
∆d( ) = 𝑣∆𝑡 − 𝑣 ( ) ∆𝑡 = 𝑣∆𝑡 −

𝐹 ( )

𝑚
∆𝑡  (31) 

 
∆d( ) = 𝑣∆𝑡 + 𝑣 ( ) ∆𝑡 = 𝑣∆𝑡 +

𝐹 ( )

𝑚
∆𝑡  (32) 

 
∆d( ) = 𝑣 ( ) ∆𝑡 − 𝑣 ( ) ∆𝑡 =

𝐹 ( )

𝑚
∆𝑡 −

𝐹 ( )

𝑚
∆𝑡  (33) 

Here positive value is taken for compression.  
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This cycle of calculation can be repeated over and over to keep updating the forces, displacements 

and motions of the modelled objects. In the general case where material is modelled as an assembly 

of discs the force - displacement law is applied at every contact of a disc for all discs and the sum of 

these force vectors is calculated as the resultant force acting on the corresponding disc. Then the 

acceleration for every disc is found through Newton’s second law. The analysis above is merely a 

brief explanation of how Distinct Element Method works in order to achieve modelling of 

particulate material under disturbances such as applied stresses. Details of the method can be found 

in Cundall and Strack (1979). 

4.2 Particle Flow Code and the models of contact and bond employed  

There are multiple Distinct Element Method implemented codes available. They are either open 

sources software such as YADE and Esys-Particle or commercial software like Particle Flow Code 

package. Since commercial software Particle Flow Code presents a better user interface and 

happens to be available of use. Hence this project is conducted by using this software.  

Particle Flow Code 2D, 3D (PFC2D, PFC3D) is commercial software developed by ITASCA 

Consulting Group. It has been widely used in many research projects since its first distribution in 

1995. In PFC2D and PFC3D, particulate material can be modelled as an assembly of particles of 

various shapes. The most basic shape for particle in PFC is circular disc in 2D and spherical ball in 

3D. More complex shape for particle can be achieved by grouping multiple circular discs (2D) or 

spherical balls (3D) together to form a so-called clump. A clump moves as a single particle in PFC 

simulations and is assumed to be rigid. This clump logic is used to study the effect of particle shape 

on failure of particulate material and will be introduced in Chapter 6.  

Particles in PFC are assumed to be rigid. They are connected through inter particle bonds to form 

the Bonded Particle Model (BPM) which is used to simulate particulate material. As mentioned 

previously simple force - displacement law and Newton’s second law are used in PFC to update the 



Chapter 4 Contact and bond models employed 

53 
 

motion and force of the particles. However as in BPM particles are bonded together, simple 

constitutive law of the bond behaviour and the breaking criterion of the bond need to be addressed 

as well. In PFC the disturbances at the boundary, usually the applied stresses, can be provided 

through multiple ways. One such way is to use the so-called wall logic. Walls are assumed to be 

rigid and can move in any desired direction with constant velocity to achieve both compression and 

tension. Since walls and particles in PFC are both rigid, the forces between the particle and the wall 

are calculated from the overlapping between them. The amount of overlapping should however be 

small as compared to the radius of the particle.  

Another way to simulate applied forces is to directly apply force on the particles. Both constant 

force and velocity can be assigned to any particle in PFC. This corresponds to the membrane 

method which is commonly used in confined compressive tests (discussed in Chapter 6). Fractures 

in PFC are simulated as broken bonds. The distribution of many micro fractures caused by bond 

breakage forms the macro fracture that is typically observed in laboratory. Simulation data such as 

stress and strain can be acquired through the use of FISH function in PFC. FISH is a language used 

in PFC to program user defined functions and it directly embedded in PFC data files. FISH function 

can also be employed to program the desired boundary conditions used in a simulation.  

Particle bonds as mentioned before bind the particles. It is the key feature of BPM and the 

properties of the bonds are very important to the mechanical response of the virtual sample. The 

bond models employed in this study is briefly introduced in the sections below. 

4.2.1 Linear parallel bond model 

The bond model representing interaction of particles used in this study is the PFC built-in linear 

parallel bond model (Itasca, 2016). As per the PFC manual a linear parallel bond provides the 

mechanical behaviour of the finite sized piece of cement like material deposited between two 

contacting pieces. Thus the linear parallel bond model can transmit both force and moment.  



Chapter 4 Contact and bond models employed 

54 
 

The linear parallel bond model as its name suggests is the combination of the linear contact model 

and parallel bond model. It consists of two sets of springs that act in parallel. They are one set of 

linear springs and one set of parallel bond springs. While the set of linear springs act on the contact 

point, the set of parallel bond springs can be envisioned to be uniformly distributed over the cross 

section lying on the contact plane and centred at the contact point (rectangular in 2D and circular in 

3D). Due to the nature of the model the behaviours of the linear contact model will firstly be 

introduced in this section followed by the behaviour of linear parallel bond model. 

In the linear contact model only the compressive force is transmitted. The linear contact model is 

activated if the gap between the two contacting pieces is zero or negative. The contact force at the 

contact point is computed from two components namely the linear component 𝐹⃑ which is produced 

by the normal and shear stiffnesses 𝑘  and 𝑘  and the dash pot component 𝐹 ⃑ which is produced 

due to the shear and normal damping ratios 𝛽  and 𝛽 . The linear component 𝐹⃑ comes from the 

linear elastic behaviour while the dashpot component 𝐹 ⃑ models viscous behaviour. The force - 

displacement law of the linear contact model is illustrated as follows 

Since only forces are transmitted the contact forces are expressed through 

 𝐹 = 𝐹⃑ + 𝐹 ⃑ = 𝐹⃑ + 𝐹⃑ + 𝐹 ⃑ + 𝐹 ⃑ (34) 

where compressive force is negative and n and s denote for normal and shear direction. The value 

of 𝐹⃗ is updated incrementally after a time step by the following equation 

 𝐹 = min (𝐹 + 𝑘 ∆𝛿 , 0) (35) 

Here 𝐹  is the linear normal force at the beginning of the time step and ∆𝛿  is the normal 

incremental change in relative displacement between two contacting pieces. Force  𝐹  can only 

assume either 0 or negative value, as the linear contact model cannot provide tensile resistance.  
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Force 𝐹⃗ is updated by a trial and compare method. A trial shear force is firstly calculated by 

 𝐹∗⃗ = 𝐹⃗ − 𝑘 ∆𝛿⃗ (36) 

where 𝐹⃗  is the linear shear force at the beginning of the time step and ∆𝛿⃗ is the relative shear 

displacement increment after this time step. Then the magnitude of this trial shear force 𝐹∗⃗  is 

compared with the shear force limit 𝐹  (Eq. (37)) to check whether slipping occurs.  

 𝐹 = −𝜇𝐹  (37) 

where 𝜇 is the friction coefficient. After both 𝐹∗ and 𝐹  are computed the shear force is updated by 

Eq. (38). 

 𝐹⃗ =
𝐹∗⃗, 𝐹∗⃗ ≤ 𝐹  

𝐹 ⃗, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (38) 

The value of dashpot force 𝐹 ⃗ is updated from Eq. (39). While 𝐹 ⃗ updates based on Eq. (40). 

 𝐹 = (2𝛽 𝑚 𝑘 )�̇�  (39) 

 𝐹 ⃗ = 2𝛽 𝑚 𝑘 �̇�⃗, 𝑠𝑙𝑖𝑝 𝑛𝑜𝑡 𝑜𝑐𝑐𝑢𝑟

0, 𝑠𝑙𝑖𝑝 𝑜𝑐𝑐𝑢𝑟
 (40) 

 𝑚 =
𝑚 𝑚

𝑚 + 𝑚
, 𝑏𝑎𝑙𝑙 − 𝑏𝑎𝑙𝑙

𝑚 , 𝑏𝑎𝑙𝑙 − 𝑤𝑎𝑙𝑙

 (41) 

where �̇� , �̇�  are the relative normal and shear translational velocity of the contacting pieces and 

�̇� > 0 means that the contacting objects are getting apart.  

A set of parallel bond springs is incorporated to the linear model to form a linear parallel bond 

model. This set of parallel bond springs acts in parallel with the set of linear springs. The 

behaviours of the linear parallel bond model are introduced below. 
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The force - displacement law for the linear parallel bond model updates both force and moment (Eq. 

(42)) however the moment only comes from the set the parallel bond springs as linear contact 

model does not transmit moment. 

 𝐹 = 𝐹⃑ + 𝐹 ⃑ + 𝐹 ⃑,𝑀⃑ = 𝑀 ⃑ (42) 

Here 𝐹 ⃑ is the parallel bond force and 𝑀 ⃑ is the parallel bond moment; 𝐹⃑, 𝐹 ⃑ are the linear and 

dashpot forces introduced previously. Similarly to linear force 𝐹⃑ parallel bond force 𝐹 ⃑ is resolved 

into normal and shear components. The parallel bond moment resolves into bending and twisting 

components. 

 𝐹 ⃑ = 𝐹 ⃑ + 𝐹⃑, 𝑀 ⃑ = 𝑀⃑ + 𝑀⃑ (43) 

The value of normal component of parallel bond force 𝐹 ⃗ is updated by 

 𝐹 = 𝐹 + 𝑘 𝐴∆𝛿  (44) 

where 𝐹  is the normal parallel bond force the beginning of the time step; 𝑘  is the parallel bond 

normal stiffness and A =
2𝑅𝑡, 2𝐷(𝑡 = 1)

𝜋𝑅 , 3𝐷
 is the contact cross sectional area where 𝑅 is from Eq. 

(45) 

 𝑅 =
min 𝑅(  ), 𝑅(  ) , 𝑏𝑎𝑙𝑙 − 𝑏𝑎𝑙𝑙 𝑐𝑜𝑛𝑡𝑎𝑐𝑡

𝑅( ), 𝑏𝑎𝑙𝑙 − 𝑤𝑎𝑙𝑙 𝑐𝑜𝑛𝑡𝑎𝑐𝑡
 (45) 

It is assumed here that the set of parallel bond springs is uniformly distributed over the contact 

plane. The units of parallel bond normal and shear stiffness are (stress/displacement). Hence the 

unit of the 𝑘 𝐴 is (force/displacement). 

Shear component of the parallel bond force 𝐹 ⃗ is updated at every step by 
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 𝐹 ⃗ = 𝐹 ⃗ − 𝑘 𝐴∆𝛿⃗ (46) 

where 𝐹 ⃗  is the shear parallel bond force the beginning of the time step; 𝑘  is the parallel bond 

shear stiffness. 

Bending moment component 𝑀 ⃗ is updated by 

 𝑀 ⃗ = 𝑀 ⃗ − 𝑘 ∆𝜃⃗ (47) 

where 𝑀 ⃗  is the bending moment at the beginning of the time step; 𝑘 = 𝑘 𝐼  is the bending 

stiffness; I is the moment of inertia of the parallel bond cross section resisting bending motion and 

is expresses as  

 I =

2

3
𝑡𝑅 , 2𝐷 (𝑡 = 1)

1

4
𝜋𝑅 , 3𝐷

 (48) 

Where ∆𝜃  is the relative bending rotation increment between two contacting objects.  

Value of twisting component 𝑀  is updated by 

 𝑀 = 𝑀 − 𝑘 ∆𝜃  (49) 

where 𝑀  is the twisting moment at the beginning of the time step, 𝑘 = 𝑘 𝐽  is the bending 

stiffness. J is the moment of inertia of the parallel bond cross-section twisting bending motion and 

is expressed as 

 J =
0,2𝐷
1

2
𝜋𝑅 , 3𝐷

 (50) 

where ∆𝜃  is the relative twisting rotation increment between two contacting objects. Twisting 

moment is 0 in 2D situation.  
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After the forces and moments are updated, the stresses in the bond are computed and checked 

against the bond tensile σ  and shear τ strengths:  

 σ =
𝐹 ⃗

𝐴
+ 𝛽

𝑀⃗ 𝑅

𝐼
 (51) 

 τ =
𝐹 ⃗

𝐴
+

0,2𝐷

𝛽
𝑀⃗ 𝑅

𝐽
, 3𝐷

 (52) 

Here 𝛽  is the moment contribution factor. It controls the effect of moment stresses induced from 

relative particle rotations on the failure of the bond. When this factor is set to 0 the moment stresses 

will be excluded from the consideration of the bond failure. The value of 1 for 𝛽  means that the 

moment stresses is fully included in the bond failure criteria. While bond tensile strength σ  can be 

set directly, the shear strength τ of the bond is set through the Mohr - Coulomb criteria. 

 τ = c −
𝐹 ⃗

𝐴
𝑡𝑎𝑛𝜑 (53) 

Here c is the cohesion, 𝜑 is the friction angle.  

4.2.2 Linear contact model with rolling resistance 

The contact model employed between the particle and the wall, or between the neighbouring 

particles when they are unbonded is the PFC built-in linear model with rolling resistance (Itasca, 

2016). The behaviour of linear rolling resistance contact model is similar to the linear model. The 

difference lies in the contribution of moment created by relative rotation between particles. While 

the linear model introduced in Section 4.2.1 does not incorporate moments, the rolling resistance 

linear contact model considers moments to be incremented linearly with the accumulated relative 

rotation of the two contacting entities around the point of contact. The activation criterion of the 

linear rolling resistance model is the same as the linear contact model. The force - displacement law 

for linear rolling resistance contact model is briefly introduced below.  
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The rolling resistance linear model updates the contact force and moment through the below two 

equations 

 𝐹 = 𝐹⃗ + 𝐹 ⃗,𝑀⃗ = 𝑀⃗ (54) 

where 𝐹⃗ is linear force, 𝐹 ⃗ is dashpot force and 𝑀  is the rolling resistance moment. The linear 

force and the dashpot force are updated in a same way as the linear model. The rolling resistance 

moment is updated by the following procedure. 

 𝑀 ⃗ = 𝑀 ⃗ − 𝑘 ∆𝜃⃗ (55) 

Here ∆𝜃  is the relative bend-rotation increment and 𝑘  is the rolling stiffness. Stiffness  𝑘  is 

related to shear stiffness of the contact by 

 𝑘 = 𝑘 𝑅  (56) 

Here 𝑅 is the contact effective radius defined as 

 
1

𝑅
=

1

𝑅( )
+

1

𝑅( )
 (57) 

where R(1) and R(2), in the case of particle and particle contact, are the radii of the particles. Eq. (57) 

reduces to =
( )

 for particle and wall contact. After updating the resistance rolling moment 

its magnitude is checked against the limiting resistance moment value 𝑀∗. 

 𝑀∗ = 𝜇 𝑅𝐹  (58) 

where 𝜇  is the rolling resistance coefficient and 𝐹  is the normal force of the contact. Rolling will 

occur if the magnitude of rolling resistance moment 𝑀⃗  exceeds that limiting value 𝑀∗  and 

consequently 𝑀⃗ = 𝑀∗ when rolling occurs. 
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4.3 Conclusions 

The most basic feature – calculation cycle in DEM simulation has been introduced in this chapter. 

Selecting a suitable step time for DEM simulation is important as it can significantly influence the 

results of the simulation. The method of selecting time step will be introduced in Chapter 5.  

In order to generate a bonded virtual sample inter particle bond needs to be formed between 

particles. Thus it is essential to select a suitable bond model to represent the binding material 

between particles. Moreover the bond model must transmit both force and moment to suit the 

purpose of this study. The bond model selected for this study is linear parallel bond model. This 

bond model is used in all the simulations carried out in this study. 

After bonds are broken a contact model needs to be used such that the interaction between particles 

can be simulated properly. Take into consideration of grain rotation the linear contact model with 

rolling resistance is selected to ensure that both translational and rotational movements are 

considered in the simulation. Same as linear parallel bond, linear bond with rolling resistance is 

incorporated in the simulations throughout this study. 
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Chapter 5: Effect of particle rotations and moment 

stress on failure of particulate materials 
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It is explained in Chapter 1 that under compression conventional Mode II crack kinks rather than 

grow in its own plane, however in Lockner’s experiment in-plane propagation of shear-like fracture 

was observed. This contradiction poses the question as to what the mechanism of in-plane 

propagation of shear-like fracture is. In Chapter 3 it was shown that based on the small-scale 

Cosserat continuum the moment stress produced by relative rotation of particles has stress 

singularity of the power of 3/2 for both Mode I and II cracks. This is a more powerful stress 

singularity then the classical ones which have the power of 1/2. The higher power of the moment 

stress singularity suggests that the micro-cracking caused by moment stress is the main fracture 

mechanism in particulate materials such as rock. In this chapter the effect of particle rotations and 

the associated moment stresses on failure of particulate materials are studied through the DEM 

implemented PFC2D, 3D code.    

5.1 PFC2D simulation of uniaxial compressive test of particulate material 

A series of PFC2D simulations of uniaxial compressive test of a particulate material are conducted. 

The aim of the simulations is to see whether the localisation of fractures will occur in virtual sample, 

under the assumption that only bond tensile failure is allowed. The procedure of the virtual sample 

generation as well as the parameters of the contact and bond models will be introduced followed by 

the uniaxial compressive test simulations and the results.  

5.1.1 Sample generation 

A 2D virtual sample consisting of circular discs was generated by the following procedure. 

I. Generation of initial un-bonded compact virtual sample 

The first thing to do in any PFC simulation is to set the domain of the simulation as well as the 

default contact model and its associated properties. Obviously the domain of the simulation is set to 

be larger than the size of the sample. As for the default contact model, since the first stage is just to 
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generate the un-bonded sample the default contact model was chosen to be the linear contact model. 

Amongst all the properties of the linear contact model only the contact normal stiffness and the 

normal critical damping ratio were given values. Parameters regarding to the shear components of 

the linear contact model were all set to zero. This allows the discs to move more easily during the 

generation of the initial compact sample. The normal stiffnesses of the linear contact model 

between disc and disc, disc and wall were set to a high value to ensure that only small overlaps exist 

during this stage. Then a vessel consisting of four frictionless walls was created. The walls were set 

to be frictionless such that the discs are easier to move at the boundaries to form the initial compact 

sample. Circular discs with diameters satisfying the uniform distribution with lower bound Dmin and 

upper bound Dmax were then generated within the vessel until the target porosity of the virtual 

sample was reached. A large amount of overlapping existed when the discs were generated firstly 

(Figure 12). The system of un-bonded discs with overlapping was stepped until the ratio of the 

average value of the magnitude of the unbalanced force (e.g. magnitude of the sum of contact forces, 

body forces and applied forces) over all bodies to the average value of the sum of the magnitudes of 

the contact forces, body forces and applied forces over all bodies becomes less than a certain value 

(eg.10-6). The initial un-bonded compact was achieved after this stepping.   

 

Figure 12 Large amount of overlapping at initial stage of sample generation 
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II. Elimination of floaters 

After stage (I) the initial un-bonded compact sample was checked for the existence of the floating 

discs – floaters. The generation process of the compact assembly of non-uniform sized discs may 

result in the production of floating discs – the discs with contact numbers smaller than 3 (Potyondy 

& Cundall, 2004). Since a dense and well-connected assembly of discs is desired any disc found 

with contact number smaller than 3 was converted to the non-floaters. This is accomplished by a 

procedure introduced below which was a modification of  the method proposed by Potyondy and 

Cundall (2004). 

The iteration process of eliminating floating particles starts with identifying the discs that have the 

contact number less than 3. These selected discs were then expanded by a factor of 30% to achieve 

the formation of new contacts with their neighbouring discs. However this procedure will result in 

an increase of normal contact force within those newly formed contacts. In order to eliminate this 

increase the radius of the floaters needs to be reduced to some extent to ensure that both new 

contacts are formed and the normal contact force of the newly formed contacts is below the target 

value (e.g. to make them similar to other contacts within the assembly). The derivation of the 

amount of radius shrinkage is as follows. 

The mean contact normal force on a disc after radius increase is 

 𝐹 =
1

𝑁
𝐹 ( ) (59) 

where 𝑁  is the number of contact, 𝐹 ( ) is the contact normal force of a given contact (c). If the 

radius shrinks that is changed by ∆𝑅 (∆𝑅 < 0) the change in the normal force is  

 ∆𝐹 =
1

2
𝑘 ∆𝑅 (60) 

where 𝑘  is the particle normal stiffness.  
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Thus the new mean normal force is 

 𝐹 =
1

𝑁
(𝐹 ( ) + ∆𝐹 ) (61) 

Now the condition that the new mean normal force is below the target normal force reads 

 𝐹 = 𝐹 =
1

𝑁
(𝐹 ( ) + ∆𝐹 ) = 𝐹 +

𝑘 ∆𝑅

2
 (62) 

Therefore 

 ∆R =
2(𝐹 − 𝐹 )

𝑘
 (63) 

As suggested by Potyondy and Cundall (2004) 𝐹 = 0.1𝐹  where 𝐹  is the mean contact 

normal force of the whole assembly. The virtual sample was stepped until the average ratio reaches 

a target value (e.g. 10-6). This iterative procedure repeats itself until no floaters can be detected in 

the compact assembly. 

III. Installation of particle bonds 

After steps (I) and (II) an initial compact sample with no floating particles was created and ready to 

install particle bonds. As mentioned above the particle bonds employed in this study are the PFC 

built-in linear parallel bond model. Installing linear parallel bond model between particles requires 

the setting of particle gap 𝑔  below which a linear parallel bond will not form. This gap 𝑔  was set 

to be 10-6 of the mean disc radius following (Potyondy & Cundall, 2004). The bond properties were 

also set. Details of the all the contact and bond properties will be introduced in the Section 5.1.2.  

IV. Relaxation of the sample 

After particle bond was installed the left and right walls were removed and the virtual was relaxed 

by stepping the sample to the average ratio of 10-6.  
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5.1.2 Parameters of contact and bond models 

Contact and bond properties of the discs are vital to the mechanical behaviour of the virtual sample. 

However since there is no definite mathematical relationship between those properties and the 

macro properties of the sample (e.g., Young’s modulus, Poisson’s ratio) trial and error method 

needs to be used in order to determine the contact and bond properties. A drawback from this 

method is that it is time consuming hence the properties from Potyondy and Cundall (2004) were 

employed as a starting point of the trial and error method. Table 1 - Table 3 show all the relevant 

parameters of the simulation after the calibration. 

Table 1 Parameters of the virtual sample 

Parameters of the sample 

H (m) W (m) Dmin (m) 𝐷  Porosity 𝜌 (kg/m3) 

0.0634 0.0317 0.00055 1.66 0.16 2630 

Table 2 Parameters of the linear rolling resistance contact model 

Parameters of the linear rolling resistance contact model 

E (Pa) 𝑘  𝛽  𝛽  𝜇( ) 𝜇 ( ) 𝜇( ) 𝜇 ( ) 

4.35 ∗ 10  1.3 0.7 0.01 0.5 0.5 0.1 0.1 

Table 3 Parameters of the parallel bond model 

Parameters of parallel bond model 

Ep (Pa) 𝑘  𝜎 (Pa) 𝜎 (Pa) τ (Pa) 𝜑 𝑔 (m) 

4.35 ∗ 10  1.3 8.5 ∗ 10  1.7 ∗ 10  10  0 𝑟 ∗ 10  

Here in Table 1 H, W, Dmin, Dr, 𝜌 are the sample height, sample width, minimum disc diameter, 

maximum to minimum disc diameter ratio and the density of the discs. In Table 2 E, kr, 𝛽 , 𝛽 , 

𝜇( ) , 𝜇 ( ) , 𝜇( ) and 𝜇 ( )  are the effective modulus, ratio between normal and shear 

stiffness, normal damping ratio, local damping ratio (particle damping ratio), friction coefficient 
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between contacting discs, rolling resistance coefficient between contacting discs (see Eq. 58), 

friction coefficient between the discs and the wall and rolling resistance coefficient between the 

discs and the wall. In Table 3 Ep, kr-p, 𝜎, 𝜎 , 𝜏, 𝜑 and 𝑔  are the parallel bond effective modulus, 

parallel bond normal and shear stiffness ratio, parallel bond mean tensile strength, parallel bond 

tensile strength standard deviation, parallel bond shear strength, parallel bond friction angle and 

parallel bond maximum forming gap. 

All parameters in Table 1 are the same as those used by Potyondy and Cundall (2004). In Table 2 

𝛽  and 𝜇( ) are the same as those used by Potyondy and Cundall (2004). Since linear contact 

model with rolling resistance is employed in this study the extra parameters of rolling resistance 

coefficient between contacting discs and the discs and the wall needs to be set. Furthermore, in 

Potyondy and Cundall (2004) frictionless walls were used however in real test frictionless is hard to 

achieve. For that reason we set 𝜇( )  to a small value of 0.1 to simulate small friction. The 

parameters for rolling resistance 𝜇 ( ) and 𝜇 ( ) were set to 0.5 and 0.1 to keep consistency 

between 𝜇( )  and 𝜇( ) . We also set the local damping which acts on particles to remove 

additional kinetic energy to a small value since as according to Itasca (2016) local damping helps 

the system to reach a steady state in smaller numbers of cycles. In Table 3 𝑔  is the same as it was 

used by Potyondy and Cundall (2004). Generating the parallel bond tensile strength of each bond 

using a Gaussian’s distribution with given mean and standard deviation follows Potyondy and 

Cundall (2004). However instead of using the same bond tensile and shear strength we set bond 

shear strength to a very high value to make the parallel bond unbreakable in shear. Furthermore 

since the friction angle of the bond only affects the shear strength of the bond (Eq.53), it was set to 

zero since no bond can be broken in shear in the simulation. 

As introduced in Section 4.2.2, the use of the linear contact model with rolling resistance as well as 

the linear parallel bond model requires specifying the normal and shear stiffness of the contact and 
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the bond. This can be achieved through E and Ep. While in contact, the deformability of the 

particles (disc 2D; spherical particle 3D) can be considered as a homogeneous isotropic material 

with shape of a rectangle (2D) or column (3D) with height L and radius r (width r in 2D) (Figure 

13).  

 

(a) (b) 

Figure 13 Contact between particle-particle and particle-wall 2D 

Hence the normal and shear stiffness of the contact and parallel bond can be calculated from the 

following equations. 

 𝑘 =
𝐴𝐸

𝐿
, 𝑘 =

𝑘

𝑘
 (64) 

 k =
𝐸

𝐿
, k =

k

𝑘
 (65) 

where E and Ep are the Young’s modulus of the contact. A and L are expressed from Eq. (66), Eq. 

(67) and Eq. (68). 

 L =
𝑅(  ) + 𝑅(  ), 𝑏𝑎𝑙𝑙 − 𝑏𝑎𝑙𝑙 𝑐𝑜𝑛𝑡𝑎𝑐𝑡

𝑅( ), 𝑏𝑎𝑙𝑙 − 𝑤𝑎𝑙𝑙 𝑐𝑜𝑛𝑡𝑎𝑐𝑡
 (66) 
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 A =
2𝑅𝑡, 2𝐷(𝑡 = 1)

𝜋𝑅 , 3𝐷
 (67) 

 

 
𝑅 =

min 𝑅(  ), 𝑅(  ) , 𝑏𝑎𝑙𝑙 − 𝑏𝑎𝑙𝑙 𝑐𝑜𝑛𝑡𝑎𝑐𝑡

𝑅( ), 𝑏𝑎𝑙𝑙 − 𝑤𝑎𝑙𝑙 𝑐𝑜𝑛𝑡𝑎𝑐𝑡
 (68) 

5.1.3 Friction between the contacting discs when bond is not broken 

An important aspect of friction coefficient that has been overlooked by many researchers 

(Schoepfer & Childs, 2013; Wang & Tonon, 2009; Zhang & Wong, 2012, 2013) is the value of the 

friction coefficient between the bonded particles. Due to the nature of DEM, overlaps between 

particles must exist after the initial compact virtual sample has been generated. So when the bond is 

installed at a contact it is actually installed between two overlapped particles. As explained in 

Section 4.2.2 when the particles are overlapped the relative shear movement between the particles 

creates a friction force that resists the movement. However when the particles are still bonded 

together and the inter-particle bond is deemed as intact there is no relative sliding of the particles. 

Friction force resists only the separate movement of two bodies. We model this by setting the 

friction coefficient between particles to zero when they are still bonded together. In this case the 

resistance of shear movement should come only from the bond itself through shear stiffness of the 

bond. 

In PFC a command can be set such that whenever a contact is formed the parameters of the contact 

can take default pre-set values. This method was used to set the friction coefficient between 

particles when the inter particle bond was broken. This means that when the breakage of the bond 

between particles happens and if the two individual particles come in contact again, the default 

value of friction coefficient (listed in Table 2) will be used such that frictional force is developed 

between the contacting particles.  
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5.1.4 Choice of the timestep 

As mentioned in Section 4.1, the time interval (timestep) over which the force and motion of the 

particles are updated is vital to DEM simulation. A too large time interval may result in instability 

of the model such that the particles would fly off to infinity. On the other hand simulations with too 

small timestep will be very time consuming. In PFC the critical timestep can be computed 

automatically and a fraction (e.g. by applying a safety factor) of this critical timestep is used as the 

timestep for the simulation. A brief introduction on how this critical timestep is computed is given 

below. 

Consider a 1D mass and spring system that contains a point mass m and a spring with stiffness k 

(Figure 14).  

 
Figure 14 System of one spring and one point mass 

The critical timestep of this system is found as 

 𝑡 =
𝑇

𝜋
, 𝑇 = 2𝜋 𝑚 𝑘⁄  (69) 

Where T is the period of the system. Now consider the system of infinite series of point masses and 

springs (Figure 15).  

 
Figure 15 System of infinite series point masses and springs 
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The smallest period of this system occurs when there is no motion at the centre of each spring, in 

other words the masses are moving in synchronized opposing motion. Hence for this system the 

critical timestep is 

 𝑡 = 2 𝑚 4𝑘⁄ = 𝑚 𝑘⁄  (70) 

These two systems characterize the translational motion and the smaller value of the critical 

timestep is from Eq. (70). The rotational motion can be characterized in a similar way hence the 

critical timestep for a general system of masses and springs can be expressed by 

 𝑡 =
𝑚 𝑘⁄

𝐼 𝑘⁄
 (71) 

Here I is the moment of inertia of the particle and 𝑘  and 𝑘  translational and rotational 

stiffness of the particles. In PFC the model consists of numerous discrete particles hence Eq. (71) is 

applied to each individual particle in each degree of freedom separately. The final critical timestep 

is selected to be the minimum of all critical timesteps computed for all degrees of freedom of all 

bodies. 

Although only a fraction (e.g. 0.8) of this critical timestep is used, O'Sullivan and Bray (2004) 

argued that the critical timestep should be reduced further. They stated that the critical timestep 

should be calculated directly from the maximum eigenvalue 𝜆  of the M-1K matrix where M and 

K are mass and stiffness matrices.  

 𝑡 =
2

𝜆
 (72) 

They considered different packing arrangements of uniform sized particles in both 2D and 3D case. 

Mass and stiffness matrices are found and used to calculate the maximum eigenvalue 𝜆  of the 

M-1K matrix then from Eq.(72) the critical timestep is computed. They arrived to the conclusion 
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that for 2D case the critical timestep should be 0.3 𝑚 𝑘⁄  when both translational and rotational 

movement are incorporated. The value reduced to 0.17 𝑚 𝑘⁄  for 3D case. 

Since O'Sullivan and Bray (2004) method is more conservative in terms of the critical timestep. It is 

employed in this study. This is achieved by first checking the automatically calculated critical 

timestep from PFC and then applying a safety factor of 0.3 in 2D case and 0.17 in 3D case.  

5.1.5 PFC2D simulation results of uniaxial compressive test 

Five virtual samples were generated based on the procedure mentioned in Section 5.1.1 with the 

values of parameters of the contact and bond models taken from Table 1 - Table 3. Simulation of 

uniaxial compressive test was conducted on each sample. Young’s modulus, Poisson’s ratio, peak 

stress as well as stress and strain curves were obtained for each simulation. Since in Potyondy and 

Cundall (2004) macro-properties of the model were compared with Lac du Bonnet granite, the test 

results of virtual sample in this study are also compared with properties of Lac du Bonnet granite. 

In the simulation of uniaxial compressive test the virtual sample was compressed by the top and 

bottom walls. The magnitude of the velocity of the walls was 0.05m/s. This velocity may seem high 

however the timestep taken is of the magnitude of 10-9s hence during one time step each wall only 

moves 5 × 10 𝑚 . This is a very slow movement and therefore a quasi-static state can be 

achieved. The wall velocity of the same order of magnitude has been used by Cho et al. (2007).  

The walls stopped converging once the axial stress reached 10% of the peak stress in the after peak 

region. During the simulation the axial forces on the walls were monitored and the axial stress 

𝜎  was computed by dividing the average normal force on the top and bottom walls over the 

area of the wall. Axial strain 𝜀  was computed by dividing the movement of the wall over the 

original length of the sample. Lateral strain 𝜀  was also monitored in the simulation. Three 

groups of gauge discs were selected from the sample. Each group consists of three discs (Figure 16). 



Chapter 5 Effect on particle rotations and moment stress on failure of particulate materials 

73 
 

Lateral strain of the sample was calculated by taking the average of the lateral strain of three groups 

of gauge discs.  

 
Figure 16 Gauge discs marked in non-blue colours in a virtual sample 

The Young’s modulus was found through 𝐸 = . Monitoring of the Young’s modulus was 

stopped after the first crack appeared and the Young’s modulus was taken as the last value before 

the appearance of the first crack. The Poisson’s ratio was computed by ν = − . Similarly to 

the Young’s modulus, the Poisson’s ratio stopped being updated once the first crack appeared and 

the last value of the Poisson’s ratio before the first crack was used as the Poisson’s ratio of the 

sample. The Young’s modulus, Poisson’s ratio and peak stress of the simulations and experimental 

data from (Potyondy & Cundall, 2004) are listed in Table 4. 
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Table 4 The Young's modulus, Poisson's ratio and peak stress of 2D virtual sample 

Property Lac du Bonnet granite PFC2D model 

E (GPa) 69 ± 5.8 (n=81) 69.7 ± 1.1 (n=5) 

ν 0.26 ± 0.04 (n=81) 0.24 ± 0.1 (n=5) 

𝜎  (MPa) 200 ± 22 (n=81) 199 ± 11 (n=5) 

 

It can be seen from Table 4 that for uniaxial compressive test, the virtual sample is capable of 

reproducing the main macro-properties of those of Lac du Bonnet granite. The fracture patterns of 

the sample at the end of uniaxial compressive test (10% of peak stress after peak region) as well as 

the stress-strain curve are shown in Figure 17. 

 
Figure 17 Fracture distribution and stress-strain curve of the UCS test simulation 

The black dots in Figure 17 show the bonds failed in tension (no bond shear failure is allowed), 

which represent micro tensile fractures. These fractures are orientated perpendicular to the line that 

joins the centres of the two contacting discs. As seen from Figure 17 these micro fractures localised 
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into three bands. The major one is located at the upper half of the sample and is inclined like a shear 

band. There are also two minor localisation bands, one is at the left bottom of the sample. The other 

one crosses the major one and is located at the middle right of the sample. 

The model behaviour of the sample during uniaxial compressive test has the following features 

a. During early stage of the loading (up to 80% of the peak stress in pre-peak region), few 

cracks that orientated in the direction of loading were formed. These cracks were distributed 

throughout the sample. 

b. From 80% of the peak load in the pre-peak region to the peak load more cracks were formed 

and some small-scale crack localisation started to appear. 

c. From peak stress to 80% of the peak stress in the post-peak region the major inclined shear 

band was formed. The minor localisation band in the left middle section was also formed. 

The other minor band at the right bottom of the sample started to form. 

d. From 80% of peak stress in the post-peak region to end of the test the major shear like band 

grew further and a few secondary bands of fractures that cross the main localisation band 

were developed. The minor fracture band at the left bottom of the sample was formed.  
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These four stages are shown in Figure 18.  

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 18 Four stages of the simulation 
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Uniaxial compressive test simulations were conducted on five different virtual samples (the 

difference was in the positions of the particles). The other four samples gave similar results 

(Appendix 1). The results from uniaxial compressive test of the PFC 2D model show that the virtual 

sample has the main macro-properties similar to the Lac du Bonnet granite. Furthermore, the failure 

pattern shows that without bond shear failure fracture localisation can be obtained. It is interesting 

to find, in the stress-strain curve, the post peak softening stage. This post peak softening stage 

shows the apparent negative stiffness which will be discussed in further chapters. 

5.2 PFC3D simulation of uniaxial compressive test of particulate material 

Five 3D virtual samples were generated and used in the uniaxial compressive test simulations. In 

order to see whether the pattern of localized fractures can be obtained under the assumption that 

only bond tensile failure is allowed in 3D case. The procedures of generating the 3D virtual sample, 

choosing friction coefficient between particles as well as the setting the appropriate timestep follow 

what has been discussed in Sections 5.1.1, 5.1.3 and 5.1.4. The values of the parameter of contact 

and bond models used in 3D case are shown in Section 5.2.1.  

5.2.1 Parameters of contact and bond models 

In Table 5 all the parameters have the same meaning as in the 2D case and their values are the same 

as Potyondy and Cundall (2004). In Table 6 the subscript b (refers to ball in 3D situation) is used 

for all the friction and rolling coefficients instead of d (refers to disc in 2D situation). The meaning 

of these parameters remains the same. The values normal to shear stiffness 𝑘 , contact damping 𝛽 , 

friction coefficient between particle and particle are the same as in Potyondy and Cundall (2004). 

Potyondy and Cundall (2004) used frictionless walls have been used however as discussed by 

Albert and Rudnicki (2001) frictionless walls favour localisation of fractures at the ends of the 

sample. Hence the friction and rolling resistance coefficients have been set to small values instead 

of zero to prevent localisation of fractures at the ends of the sample.  
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Table 5 Parameters of the 3D sample 

Parameters of the sample 

H (m) W (m) Dmin (m) 𝐷  Porosity ρ(kg/m3) 

0.0634 0.0317 0.0019 1.66 0.35 2630 

Table 6 Parameters of the linear rolling resistance contact model of the 3D sample 

Parameters of the linear rolling resistance contact model 

E (Pa) 𝑘  𝛽  𝛽  𝜇( ) 𝜇 ( ) 𝜇( ) 𝜇 ( ) 

73 ∗ 10  2.5 0.7 0.01 0.5 0.5 0.1 0.1 

Table 7 Parameters of parallel bond model of the 3D sample 

Parameters of parallel bond model 

Ep (Pa) 𝑘  𝜎 (Pa) 𝜎 (Pa) τ(Pa) 𝜑 𝑔 (m) 

73 ∗ 10  2.5 105 ∗ 10  20 ∗ 10  10  0 𝑟 ∗ 10  

The concentrated fractures at the ends of the virtual sample were indeed observed in PFC 3D 

simulation with frictionless walls (Figure 19).  
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Figure 19 Fractures concentrated at one end of the virtual sample with frictionless walls 

In Table 7 the meaning of the parameters is the same as in 2D case. Parallel bond normal to shear 

stiffness 𝑘  and parallel bond forming gap 𝑔  are the same as those used by Potyondy and 

Cundall (2004). The remaining parameters are calibrated based on the experimental properties of 

the Lac du Bonnet granite provided by Potyondy and Cundall (2004). 

5.2.2 PFC3D simulation results of uniaxial compressive test 

During the simulation of 3D uniaxial compressive test the Young’s modulus, Poisson’s ratio and 

the peak stress were monitored. The method of monitoring these parameters is the same as 

discussed in 2D simulation. The macro-properties of the PFC3D model and the experimental tests of 

Lac du Bonnet granite from Potyondy and Cundall (2004) are listed in Table 8. 
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Table 8 The Young's modulus, Poisson's ratio and peak stress of 3D virtual sample 

Property Lac du Bonnet granite PFC3D model 

E (GPa) 69 ± 5.8 (n=81) 69.3 ± 0.6 (n=5) 

ν 0.26 ± 0.04 (n=81) 0.26 ± 0.1 (n=5) 

𝜎  (MPa) 200 ± 22 (n=81) 198 ± 2 (n=5) 

It can be seen from Table 8 that the macro-properties of PFC3D model and Lac du Bonnet granite 

are well matched. The stress - strain curve as well as the sample’s fracture pattern at the end of the 

simulation (10% of peak stress in the post-peak region) are shown in the Figure 20. It can be 

observed in Figure 20 that fractures localised into a thick inclined band.  

 
Figure 20 Fracture distribution and Stress and strain curve of the 3D UCS test simulation 

The behaviour of the PFC3D model during four stages of the uniaxial compressive test is discussed 

below. (Figure 21 shows these four stages of the simulation) 
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a. During the initial stage of loading (up to 80% of the peak stress in pre-peak region) few 

cracks that distributed throughout the sample were formed. 

b. From 80% of the peak load in the pre-peak region to the peak load more cracks were formed 

and some small scale crack localisation started to appear. 

c. From the peak stress to 80% of peak stress in the post-peak region a major inclined shear 

band started to from the left middle of the sample.  

d. From 80% of the peak stress in the post-peak region to the end of the test the major shear 

like band grew further to the right of the sample and slipped the sample in half. 

The results of 3D simulations of uniaxial compressive test showed that the 3D model in PFC can 

represent the main macro properties of those of Lac du Bonnet granite. Moreover, with the 

assumption that only bond tensile failure can take place, fractures localised into the typically 

observed shear band failure type. 

The results of simulation of uniaxial compressive test in PFC2D and PFC3D show that the condition 

that only tensile fractures of particle bonds are allowed does not limit the appearance fracture 

localisation. However as discussed in Section 4.2.1 that the normal stress in parallel bonds comes 

from two sources. One source is the normal stress produced by the particle relative normal 

translational movements; the other source is the moment stresses induced by particle relative 

rotations. The latter creates bending and hence induces local tensile stresses. Therefore to study the 

effect of particle relative rotations on failure of the virtual sample the moment stresses need to be 

isolated. Section 5.3 shows how this is achieved.  



Chapter 5 Effect on particle rotations and moment stress on failure of particulate materials 

83 
 

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 21 Four stages of the simulation 
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5.3 PFC2D simulation results of uniaxial compressive test without the effect of moment 

stress from disc relative rotations   

As explained in Section 4.2.1, Eqs. 51-52 that both normal and shear stresses in a bond consist of 

two parts. One part of the stress is due to the relative translational movement of the particles. 

Another part is induced by the moment stress which comes from particle relative rotations. In 

PFC2D, 3D the effect of moment stresses is controlled by the so-called moment contribution factor 

𝛽 . In order to study the effect of the moment stresses on failure of particulate material this factor 

𝛽  is set to zero for the five samples generated in Section 5.1. Then simulations of uniaxial 

compressive test are conducted on those samples. The results of these tests are compared with those 

shown in Section 5.1 to see how the moment stress component in the bond failure criteria affects 

the overall failure of the virtual samples.  

All the virtual samples generated in Section 5.1 were used for the test, but for the purpose of 

comparison only the results related to the sample discussed in Section 5.1 are shown (see other 

results in Appendix 1). Note that the only difference between the simulations conducted in this 

section and Section 5.1 is the value of moment contribution factor 𝛽 . All the other parameters 

remain the same. 

Figure 22 shows the comparison of fracture patterns of the cases with and without moment stress in 

the parallel bond tensile failure criteria. It can be seen from Figure 22 that when moment stress was 

excluded fractures did not localise at all. Instead they were distributed everywhere throughout the 

sample and the direction of those fractures was basically parallel to the loading. Another significant 

difference comes from stress and strain curve. Figure 23 shows the comparison between stress and 

strain curves for the cases with and without moment stress in the bond tensile failure criteria. It can 

be seen from Figure 23 that virtual sample can withstand a stress level about 4 times higher when 

moment stress was not added in the bond failure criteria.  
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(a) 

 
(b) 

Figure 22 Comparison between fracture distribution of the cases (a) without and (b) with moment 
stress in bond tensile failure criteria 
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Figure 23 Stress and strain comparison for the cases with/without moment stress 

The comparisons of the fracture distributions as well as the stress and strain curves show that the 

moment stress component is very important to the failure of the particulate material. Without the 

moment stress, that is without taking into account particle relative rotations, fractures do not 

localise and the level of stress a sample can withstand is dramatically increased. 

5.4 PFC3D simulation results of uniaxial compressive test without the effect of moment 

stress from particles relative rotations   

Five 3D virtual samples generated in Section 5.2 were used to conduct simulation of uniaxial 

compressive test individually. The simulation procedure is the same as in the 2D case. The 

comparisons between the fracture patterns as well as stress and strain curves were made for the 

cases with and without moment stress in bond tensile failure criteria. It can be seen from Figure 24 

that, similarly to 2D case, fractures did not localise when moment stresses were not included in the 

simulation. Instead fractures were distributed uniformly throughout the sample. Moreover from the 
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stress and strain curves (Figure 25) it was seen that the failure stress level was four times higher 

than that in the case with moment stress, which is also similar to the 2D case.  

 
(a) 

 
(b) 

Figure 24 Comparison between fracture distribution of the cases (a) without and (b) with moment 
stress in bond tensile failure criteria 
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Figure 25 Stress and strain comparison for the cases with/without moment stress 

5.5 Particle rotation and moment stress to failure of bonds of particle  

Uniaxial compressive test simulations using PFC 2D and 3D show that fractures are able to localise 

into shear bands even with the exclusion of bond shear failure. However this feature is not 

obtainable if the moment stress component (the bending moment) is not taken into account in the 

bond failure criteria. This shows that moment stress plays a critical role in breakage of particle 

bonds. In order to study how moment stress component can affect bond breakage, the magnitudes 

of moment stress and normal translational stress in the bond are computed and compared. During 

the simulations (both 2D and 3D cases) the total normal stress in every bond was checked and if the 

bond was in tension then the moment stress of that bond was calculated from Eq. 51 in Section 

4.2.1. The normal stress due to relative translational movement of particles was found through the 

following equation as the total bond normal stress can be directly obtained from PFC. 

 𝜎 = 𝜎 _ − 𝜎  (73) 
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Thus the magnitudes of the 𝜎  and 𝜎  can be compared. This procedure was 

applied on all the bonds and got updated every 50 timesteps during the simulation. Therefore a ratio 

between the numbers of bonds that has moment stress greater than normal translational stress and 

all the bonds that are in tension can be obtained and updated during the simulation. This ratio is 

shown in Figure 26 together with the axial stress. 

As can be seen from Figure 26 that before peak stress the ratio between the numbers of bonds that 

has moment stress greater than normal translational stress and total number of bonds that are in 

tension was well above 0.5 (expect for the very initial stage of the simulation). This shows that the 

moment stress component is really the dominant component in the bonds that are in tension. In 

other words for the bonds that have the potential to be broken (bond in compression cannot be 

broken) it is the moment stress that contributes the most of the tensile stress. When the sample 

started to fail this ratio dropped dramatically to below 0.5. This also shows that the broken bonds 

were subjected to the moment stress greater than the normal translational stress. It should be noted 

here that this study was applied to every virtual sample generated in Sections 5.1 and 5.2. Only the 

samples used in the discussions of Sections 5.1 and 5.2 are shown here. The other samples 

(Appendix 1) showed similar results. 

 



Chapter 5 Effect on particle rotations and moment stress on failure of particulate materials 

91 
 

 
(a) 

 
(b) 

Figure 26 Axial stress and ratio between bonds with higher moment stress than normal translational 
stress and total number of bonds in tension (a) 2D case (b) 3D case 
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Another feature that can be found from the fracture pattern of the virtual sample at failure is the 

pattern of the particle detachment.  

 
Figure 27 A discs that has detached from the main matrix (the rest of the sample) 

Figure 27 shows micro tensile fractures around a disc. It can be seen that all the bonds around this 

disc were broken, in other words, this disc was completely detached from the main matrix (the rest 

of the sample). From the orientation of the cracks it can be observed that one of the cracks which is 

located at the bottom of the disc has an orientation almost perpendicular to the loading direction. 

Normally the crack of this kind cannot occur since it will be closed by the compressive stress. 

Moreover in this study the bond shear strength has been set to a very high value such that the bond 

cannot be broken by shear stress. This means that moment stress caused by particle relative 

rotations is the only stress that can fail this bond. From Figure 22(a) it can be seen that when the 

moment stress was excluded from bond failure criteria only micro cracks orientated parallel/sub-

parallel to the loading direction were observed however in those simulations neither failure nor 

localisation were achieved. This suggests that the occurrence of micro cracks orientated almost 
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normal to loading direction are important to failure and localisation of virtual sample. This kind of 

crack was indeed observed in experiments. (Figure 3) 

During the simulation the timestep of each bond failure was monitored therefore the timestep 

corresponds each bond failure of the disc shown in Figure 27 can be plotted. This is shown in 

Figure 28.  

 
Figure 28 Timestep at which the bonds failed (Colours indicate different timestep at which the bond 

was broken) 

From Figure 28 it can be seen that the bottom left (light yellow) bond failed before the bond that is 

at the bottom of the disc. The value of the bending moment in the bond corresponding to the bottom 

crack was also monitored. It was found that right after the 247350th timestep when the light yellow 

bond was broken, the value of bending moment of the bond corresponding to the bottom crack 

experienced a big jump and subsequently failed that bond at 247390th timestep (Figure 29). 
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This shows that breakage of a bond can cause a dramatic change of the bending moments acting on 

bonds of the neighbouring particles. This dramatic change of moment is then capable of inducing 

failure of other bonds.  

 
Figure 29 Moment change of the bond on the bottom of the disc 

5.6 Conclusions 

Both PFC2D and PFC3D simulations of uniaxial compressive tests show that even with the exclusion 

of bond micro shear failure, the fracture pattern of the virtual sample presents the commonly 

observed shear band type failure. Fractures start to localise at the loads near the peak and the extent 

of localisation becomes stronger in the post-peak region. It is interesting that when the bending 

moment is excluded from the bond tensile failure criteria and the bond shear strength is set to a very 

high value, localisation of fractures is not obtainable. The ratio between the number of bonds that 

have moment-induced tensile stress greater than the translational tensile stress to all the bonds that 

are in tension shows that the moment stress is generally greater than the translational tensile stress. 

This indicates that the bending moment is actually the dominant mechanism of bond failure. The 
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observations of the fracture orientation in the case without moment stress show that fractures are 

formed in the directions that are approximately parallel to the loading. The fractures orientated 

close to the direction perpendicular to the loading direction were observed in the cases when the 

moment stress was considered. We show that the formation of the cracks that are almost normal to 

the loading direction is due to the dramatic increase of the moment stress in bonds caused by 

breakage of other bonds attached to the same particle. Thus the increase of the moment stress is 

capable of failing the bonds that are orientated in the directions nearly parallel to the loading.  
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Chapter 6: Apparent negative stiffness induced by 

rotation of compound particles and its effect on failure 

of particulate materials 
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In this chapter the effect of apparent negative stiffness from rolling of compound particles is studied 

through both analytical and numerical (DEM) approaches.  

6.1 Apparent negative stiffness from rolling of a compound particle 

It was introduced in Chapter 3 that rolling of a non-spherical shaped particle can produce the effect 

of apparent negative stiffness. In DEM implemented simulation where the virtual samples are 

comprised of spherical particles, grouping (method will be introduced in later sections) of two 

contacting particles can form the so-called compound particle (Figure 30).   

 
Figure 30 A compound particle 

The shape of the compound particle is not spherical hence when rolling it should also produce the 

apparent negative stiffness effect. 

6.1.1 Moment equilibrium of compound particle 

The rolling of compound particle is shown in Figure 31. 
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Figure 31 Rolling of compound particle 

Moment equilibrium about O reads: 

 𝐹 × 𝑑 − [𝑎 − (𝑢 − 𝑢 )] = 𝑃 × [𝑎 − (𝑢 − 𝑢 )] (74) 

Here circles in solid line indicate the compound particle before rolling and circles in dashed line 

correspond to the particle’s position after rolling starts, a is the horizontal distance between two 

initial contact points, u1 is the horizontal distance between the initial upper contact point and new 

upper contact point, u2 is the horizontal distance between the initial lower contact point and new 

lower contact point, d is the distance between the new upper contact point and the new lower 

contact point.  

Based on the observation from Figure 31 one can see that as the compound particle rolls the arm for 

moment created by the shear force F increases while that for the compressive force P decreases. If 

P is fixed then the shear force must be decreased to sustain to moment equilibrium. Thus rolling of 

compound particle creates the apparent negative stiffness effect. In the next section Eq. (74) is used 

to calculate the shear force F from a PFC2D simulation of rolling of compound particle. The input 
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data such as a, u1, u2, and d are obtained from the simulation. The calculated shear force F is then 

compared with the shear force obtained directly from PFC2D to further prove this apparent negative 

stiffness effect from rolling of compound particle. 

6.1.2 PFC2D simulation of rolling of compound particle 

A simple PFC2D simulation was conducted to check if rolling of compound particle in DEM 

simulation could produce the apparent negative stiffness effect. There are two components in the 

simulation, the compound particle and the walls. The compound particle was created by using the 

clump method that is built in the PFC. The clump in PFC simulations represents a particle that 

consists of several spherical particles. Although there are multiple spherical particles in a clump, 

they move together (translationally and rotationally) during the simulation as whole. In the simple 

PFC2D simulation the clump was comprised of two spherical particles with a radius ratio of 2. The 

two spherical particles were positioned in a configuration such that the line that connects the centres 

of the particle forms a 60o angle to the horizontal direction (Same radius of the particles as 

considered in Eq. (74) was also used. See Appendix 2). There are two walls (top and bottom) in the 

simulation whose purpose was to apply the constant compressive force by a servo controlled 

mechanism. The configuration of the clump and the walls is shown in Figure 32.  

 
Figure 32 Configuration of the clump and walls 
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The properties of the particles as well as the contact properties are listed in Table 9. 

Table 9 Particle radius and contact properties 

Rbig (m) Rsmall (m) Density (kg/m3) kn (N/m) ks(N/m) Contact damp Fric 

1   0.5 25  105 105  0.5 0.5  

 

Here in Table 9 kn and ks are the normal and shear stiffnesses of the contact between clump and 

walls (linear contact model is used). Contact damp is the critical damping ratio of the contact and 

Fric is the friction coefficient. A horizontal velocity of 0.01m/s was assigned to the top wall to 

produce to movement of the clump and during the simulation a constant compressive force was 

maintained at 1000N. The timestep was chosen to be 10-3 sec/step. This value is 10 times smaller 

than the automatically calculated timestep from PFC. 

As the simulation progressed, some data of the simulation were monitored. They are: 1) the 

horizontal distance between the top and bottom contact points. This corresponds to the value of u1-

u2 in Eq. (74); 2) shear force Fdir at the top contact point obtained directly from the PFC2D; 3) the 

compressive force applied by the top and bottom walls; 4) the shear force F at the top of the contact 

is calculated from Eq. (74) by using the values obtained from PFC2D.  
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Figure 33 Compressive force 

 

Figure 34 Relative movement 
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Figure 35 Shear force Fdir from PFC and shear force F from Eq. (74) 

It can be seen from Figure 33 that the compressive force was successfully kept at the constant value 

of 1000N during the simulation. From Figure 34 it is observed that the relative movement between 

the two contact points increases as the clump rolls. In Figure 35 it can be found that the value of the 

shear force at the top contact point from both the PFC and Eq. (74) decreases. This shows that the 

rolling of compound particle in DEM simulation can produce the apparent negative stiffness effect. 

Moreover despite of the oscillations, the shear force Fdir obtained directly from PFC coincides with 

the shear force F calculated from Eq. (74) using values of parameter obtained from PFC simulation. 

It is also interesting to note here that the Fdir from PFC is based on the Newton’s second law and the 

force displacement law, while F from Eq. (74) is based on the moment equilibrium. 
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6.2 PFC2D simulations of confined compressive test of sample with compound particles  

As shown in Section 6.1, both the moment equilibrium equation and simple PFC2D simulation of 

rolling of compound particle are capable of producing the apparent negative stiffness. Hence the 

effect of rotation of compound particles in the assembly of particles, namely the virtual rock 

samples needs to be studied. This study is carried out by gradually adding compound particles to 

the sample that initially contains no compound particles.  

The key of adding compound particles is to keep the rest of the configuration of the virtual sample 

the same. In other words, the only difference between the samples is the difference in the number of 

compound particles. Therefore the method of replacing a single particle with clump comprised of 

two or more spherical particles as suggested by Rong et al. (2013) cannot be used. That method 

changes the local force distribution by adding more contact points and hence requires the additional 

cycling to make the virtual sample reach equilibrium. As a result of this cycling the configuration of 

the sample will be changed hence the comparison between samples that only differ in number of 

compound particles cannot be achieved.  

Therefore in this study, the compound particles are added by grouping two contacting particles into 

a clump. By using this method the configuration of the other particles will not be changed and the 

difference in the samples will only be in the number of compound particles that they each contains. 

For consistency the samples generated in Chapter 5 were used as the base samples in this study. For 

each base sample, 3 samples with different number of compound particles were generated each 

contained 400, 800, 1200 compound particles. Moreover in order to produce the shear force, instead 

of simulating uniaxial compressive test, confined compressive test was simulated. The method of 

applying confining pressure is introduced in the section below. 
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6.2.1 Method of applying confining pressure in PFC2D 

In PFC there are multiple ways of applying confining pressure to virtual sample. These methods can 

be divided into two categories. There are the wall method (Cheng, Nakata, & Bolton, 2003; Cui & 

O' Sullivan, 2006) and the membrane method (Kuhn, 1995; O'Sullivan, 2002; Oda & Kazama, 1998; 

Powrie, Ni, Harkness, & Zhang, 2005; Wang & Leung, 2008). In the wall method the confining 

force comes from the contact forces between the wall and the boundary particles. A servo-

controlled method must then be used to keep the confining force constant. As for the membrane 

method there are two approaches, one of them is to calculate the equivalent forces and apply these 

forces directly onto the boundary particles to reach the required level of confining stress. The other 

one is to create a chain of frictionless small particles at the boundary and only allowing the 

movement of these particles in the minimum principal stress direction.  

The problem with the wall method is that the rigid boundary will prevent the natural development 

of the localization or shear band failure (Cheung & O'Sullivan, 2008). Hence this method is not 

used here. In the membrane method the direct force application was used in this study since in the 

chain of small particles method the contact stiffness between the chain of particles and the particles 

of the virtual sample is difficult to justify. 

The direct application of the force in the membrane method used in this study follows (Cheung & 

O'Sullivan, 2008). The method has the following steps. 

a. Identify the bottom outermost disc which would be marked as the first disk in the membrane 

disk group. 

b. Find all the disks that are in contact with the marked disk.  

c. Identify the outermost contacting disk that is above the marked disk. This identified disk will be 

the new marked disk in the membrane. 

d. Repeat 2 and 3 until all the membrane disks are identified.  
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After identifying all the membrane disks the length of this membrane is calculated then the force 

per unit length needed to reach the target confining pressure is calculated and applied to the 

membrane particles. Note here that considerations are made such that compound particles will only 

be converted from the particles that do not belong to the membrane particle group.  

6.2.2 Results of PFC2D simulation of confined compressive test of samples with compound 

particles 

Virtual samples containing 0, 400, 800 and 1200 compound particles were generated based on the 

samples created in Chapter 5. The samples with compound particles are shown below (note only 1 

group of samples from 1 base sample are shown). 

 
(a) 
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(b) 

 
(c) 
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(d) 

Figure 36 Virtual samples with (a) 0 (b) 400 (c) 800 (d) 1200 compound particles 

It can be seen from Figure 36 that the only difference between (a), (b), (c) and (d) is the additional 

number of compound particles. Hence the difference in the results of simulations of confined 

compressive test of various virtual samples will be only caused by the different number of 

compound particles.  

Simulations of confined compressive test with 10MP confining pressure on the virtual samples 

shown in Figure 36 were conducted. The parameters regarding to the simulation are all the same 

with the uniaxial compressive test simulations introduced in Chapter 5. Moreover the particle bond 

shear failure is also not allowed in these simulations.      

6.2.3 Comparison between stress and strain curves of virtual samples 

Stress - strain curves of the confined compressive test simulation for virtual samples containing 0, 

400, 800, 1200 compound particles are shown in Figure 37. 
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Figure 37 Stress-strain curves of confined compressive test simulation of samples with different 

number of compound particles 

It can be seen that increasing the number of compound particles resulted in a modest increase of 

Young’s modulus and the peak stress. The peak stress did not change much between samples with 

400 and 800 compound particles however as the number of compound particle increased the peak 

stress increased greater. Young’s modulus and peak stress for each virtual sample are shown in 

Table 10. 

Table 10 Young's modulus and peak stress of various virtual samples 

 Young’s modulus (GPa) Peak stress (MPa) 

Sample with 0 compound particle 72 245 

Sample with 400 compound particles 79 289 

Sample with 800 compound particles 84 299 

Sample with 1200 compound particles 91 350 

 

The simulations conducted here corresponded to the confined compressive test therefore it is not 

suitable to express another important material property namely Poisson’s ratio of the virtual 
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samples. In order to see how the Poisson’s ratio is affected by the increasing number compound 

particles uniaxial compressive test simulations were conducted and the results are shown in the next 

section. 

6.2.4 Comparison between Poisson’s ratio of virtual samples with different number of 

compound particles 

The same base sample used in Section 6.2.3 was selected to conduct the uniaxial compressive test 

simulation. The Poisson’s ratio for virtual samples containing 0, 400, 800, 1200 compound particles 

from uniaxial compressive tests are shown in Table 11 below. 

Table 11 Poisson's ratio of virtual samples with different number of compound particles 

 Poisson’s ratio 

Sample with 0 compound particle 0.25 

Sample with 400 compound particles 0.19 

Sample with 800 compound particles 0.18 

Sample with 1200 compound particles 0.15 

It can be seen from Table 11 that the Poisson’s ratio gradually decreases as the number of 

compound particle in virtual samples increases. This shows that having larger numbers of 

compound particles limits the lateral displacement of the sample. An explanation for this is that the 

increasing of number of compound particles introduces more interlocking to the virtual sample thus 

causing it to have less lateral displacement when compressed in the axial direction. This effect of 

limiting displacement can also be seen from Table 10 where the Young’s modulus increases with 

more number of compound particles in the virtual sample. This shows that when the number of 

compound particle increases the extent of interlocking between particles becomes stronger. Hence 

to reach the same amount axial strain, virtual sample with more compound particles requires more 

compressive force. 
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6.2.5 Effect of number of compound particles on the stress of crack initiation and damage  

Crack initiation stress and crack damage stress are two important indicators in rock failure process. 

According to Martin (1993) crack initiation stress is marked as the stress where the lateral strain 

and volumetric strain deviate from the linear dependencies. Eberhardt (1998) used the stress at 

which the first acoustic emission rises above the ground as the crack initiation stress. Another way 

of marking crack initiation stress was also proposed by Martin (1993) which suggests that the point 

where the crack volumetric strains depart from zero indicates the crack initiation stress. The crack 

volumetric strain was defined by Martin (1993) as 

 𝜀 = 𝜀 −
(1 − 2𝑣)(𝜎 − 𝜎 )

𝐸
 (75) 

where 𝜀  and 𝜀  are crack volumetric strain and volumetric strain, 𝑣 and E are Poisson’s ratio and 

Young’s modulus.     

The crack damage stress according to Eberhardt, Stead, Stimpson, and Read (1998) marks the 

reversal of volumetric strain.  

In this study the crack initiation stress is chosen as the stress of the first appearance of the fracture 

and the crack damage stress is found as the first reversal point in the volumetric strain and axial 

stress curve.  

Crack initiation stress for samples with different number of compound particles is shown in Table 

12 
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Table 12 Crack initiation stress for sample of difference number of compound particles 

 Crack initiation stress 

Sample with 0 compound particle 100MPa 

Sample with 400 compound particles 77.5MPa 

Sample with 800 compound particles 131.1MPa 

Sample with 1200 compound particles 94.6MPa 

From Table 12 it can be seen that the sample with 800 compound particles has the highest crack 

initiation stress. No general trend of changing of crack initiation stress can be found as the number 

of compound particles increases in virtual samples.  

To determine the crack damage stress, the axial stress and volumetric strain (2D case) for samples 

are plotted in Figure 38. 

 
Figure 38 Axial stress and volumetric strain for sample with different number of compound 

particles 
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As can be seen from Figure 38 the stress where the volumetric strain starts reversing, in other words, 

the sample starts to dilate, gradually increases as the number of compound particle in a sample 

increases.    

6.3 PFC3D simulation of confined compressive test of samples with compound particles  

The effect of compound particles on some of the important mechanical properties of particulate 

material was shown in the Section 6.2 for the 2D case. In this section the effect of it will be studied 

in the 3D scenario. 3D virtual samples created in Chapter 5 are used as the base samples. The base 

samples consist of around 15000 particles. To be able to reach the same percentage of compound 

particles in a sample as in the 2D case, the compound particles were added 1500 each time to the 

3D base sample. Hence 3D samples consisting of 1500, 3000 and 4500 compound particles were 

created. Confined compressive test simulation with 10MPa confining pressure was conducted on 

each sample.  

6.3.1 Method of applying confining pressure in PFC3D 

The confining pressure was applied through the membrane method similar to the 2D sample. The 

steps of the procedure of selecting the membrane particles in 3D are: 

a. Selecting the membrane zone. The membrane zone is a zone containing the particles that 

have the potential to be the membrane particles. This zone was selected by setting a 

thickness 𝑚 = 𝛽𝑑  where 𝑑  is the mean diameter of the assembly and β  is the 

factor controls the thickness of the membrane zone;  𝛽 = 3 is used. All the particles selected 

will be marked as ‘membrane’  

b. Performing a contact check on every particle that is marked ‘membrane’. Not all 

‘membrane’ particles can be selected into the final membrane group. The membrane particle 

can have no other particle in its way to prevent it from touching the membrane (Figure 39).  
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c. All the particles that do not pass the contact check are marked as the ‘None’ which is same 

as all other none selected particles. The ones pass the check will be used as the membrane 

particles. 

 
Figure 39 Contact check of membrane particles (Cheung & O'Sullivan, 2008) 

After selecting the membrane particles the surface area (without top and bottom areas) of the virtual 

samples are computed from 𝐴 = 𝐿 × 𝜋𝑟  where L and r are the length and radius of the sample. 

The magnitude of the confining force on each membrane particle is found by  where Pc and Nm 

are the confining pressure and the number of membrane particles. Note here that precautions are 

taken such that when adding compound particles to the sample, membrane particles will not be 

converted. 

 

 

 

  



Chapter 6 Apparent negative stiffness induced by rotation of compound particles 

114 
 

6.3.2 Results of PFC3D simulation of confined compressive test of samples with compound 

particles 

Virtual samples containing 0, 1500, 3000 and 4500 compound particles were generated based on 

the samples created in Chapter 5. The samples with compound particles are shown in Figure 40 

(note that only 1 group of the samples containing compound particles generated from 1 base sample 

are shown here. See Appendix 2 for other samples results). In Figure 40 the blue particles are the 

single spherical particles, green particles are the compound particles. For the sake of making the 

compound particles viewable the single spherical particles are set to transparent.    

Simulations of confined compressive test with 10MP confining pressure on the virtual samples 

shown in Figure 40 were conducted. The parameters regarding to the simulation are all the same as 

the uniaxial compressive test simulations introduced in Chapter 5. Furthermore, the bond shear 

failure is also not allowed in these simulations.      

 
(a) 
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(b) 

 
(c) 
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(d) 

Figure 40 Virtual samples with (a) 0 (b) 1500 (c) 3000 (d) 4500 compound particles 

6.3.3 Comparison between stress-strain curves of virtual samples 

The stress-strain curves for confined compressive test simulation of virtual sample containing 0, 

1500, 3000, 4500 compound particles are shown in Figure 41. 



Chapter 6 Apparent negative stiffness induced by rotation of compound particles 

117 
 

 
Figure 41 Stress-strain curves of the confined compressive test simulation of samples with different 

number of compound particles 

It can be seen from Figure 41 that the peak strength as well as the Young’s modulus increase as the 

number of compound particle increases in the virtual sample. The peak strength and the Young’s 

modulus are listed in Table 13 

Table 13 Young's modulus and peak stress of various virtual samples 

 Young’s modulus (GPa) Peak stress (MPa) 

3D Sample with 0 compound particle 74 235 

3D Sample with 1500 compound 
particles 

78 243 

3D Sample with 3000 compound 
particles 

83 256 

3D Sample with 4500 compound 
particles 

88 273 

 

It is seen from Table 13 that Young’s modulus and peak stress of the virtual samples gradually 

increase with the increasing of the number of compound particles.   
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Another important material property – the Poisson’s ratio is better to be found through the uniaxial 

compressive test hence simulation of this test was conducted on various virtual samples.  

6.3.4 Comparison between Poisson’s ratios of virtual samples with different 

number of compound particles 

Table 14 shows the Poisson’s ratio acquired from uniaxial compressive test simulation of virtual 

samples containing different number of compound particles. 

Table 14 Poisson's ratio of virtual samples with different number of compound particles 

 Poisson’s ratio 

3D Sample with 0 compound particle 0.265 

3D Sample with 1500 compound particles 0.256 

3D Sample with 300 compound particles 0.253 

3D Sample with 4500 compound particles 0.245 

 

The values in Table 14 show that the Poisson’s ratio slightly decreases with the increase of number 

of compound particles in virtual samples. 

6.3.5 Effect of the number of compound particles on crack initiation and damage stress 

As introduced in Section 6.2.5 the crack initiation stress is marked as the first AE arrival to the 

ground and the crack damage stress is the transitional point in the axial stress and volumetric strain 

curve.  

The axial stress corresponds to the first appearance of crack in each confined compressive test 

simulation of virtual sample with different number of compound particles are listed in Table 15. 
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Table 15 Crack initiation stress for sample of difference number of compound particles 

 Crack initiation stress 

3D Sample with 0 compound particles 72MPa 

3D Sample with 1500 compound particles 78MPa 

3D Sample with 3000 compound particles 79MPa 

3D Sample with 4500 compound particles 73MPa 

 

It can be seen from Table 15 that the crack initiation stress increases between samples with 0 and 

1500 compound particles. The increase of crack initiation stress between samples with 1500 and 

3000 compound particles is quite small. However crack initiation stress reduces to only 73MPa 

when sample contains of 4500 compound particles. Hence no general trend of variation between 

crack initiation stress and number of compound particles in virtual sample can be found.  

For the crack damage stress, plots of the axial stress and volumetric strain of different virtual 

samples are shown in Figure 42. From Figure 42 it can be observed that the axial stress corresponds 

to the turning point for each curve increases with the increasing of number of compound particles. 

Thus introducing more compound particles will increase the crack damage stress.  
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Figure 42 Axial stress and volumetric strain for sample with different number of compound 

particles 

6.4 Discussion 

In this chapter the effect of compound particles on failure of particulate materials is studied. 

Inspired by the natural mechanism of apparent negative stiffness proposed by Dyskin and Pasternak 

(2012) this study is carried out by gradually adding compound particles to the virtual samples and 

conducting confined compressive test simulation on those samples. In the proposed mechanism, 

rolling of non-spherical particle produces the so-called apparent negative stiffness effect and it is 

shown in PFC simulation that when rolling compound particle does produce such effect. However 

the results from simulations of both confined and unconfined compressive test do not show clear 

effect of negative stiffness when the number of compound particles in the virtual sample increases. 

Indeed in the mechanism proposed by Dyskin and Pasternak (2012) the non-spherical particle needs 

to be completely detached from the main matrix to enable rolling. Moreover for it to produce the 

apparent negative stiffness effect, the non-spherical particle had only two points of contacts with 

the main matrix. In PFC simulation the complete detachment of the compound particle before peak 
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stress is hard to achieve since extensive breakage of the particle bonds happens in the after peak 

region, in other words, the concentration of compound particle that are detached from the main 

matrix is low. Moreover even if the compound particles are detached from the main matrix the two 

points of contact is hard to achieve. In a typical PFC simulation particles are usually surrounded by 

4-6 particles hence in the moment equilibrium equation there are more than two moments. This 

makes the moment equilibrium complicated and hence negative stiffness effect is difficult to 

achieve. Recall from results of uniaxial compressive test simulation in Chapter 5 that post peak 

softening stage was observed. All the simulations conducted in Chapter 5 used only spherical 

particles hence the observations of post peak softening in those tests suggest that negative stiffness 

effect is not necessary associated with particle shape and rotation. This leads to Chapter 7 and the 

so-called Transitional negative stiffness effect. 

6.5 Conclusions 

PFC2D simulation showed that rolling of compound particle produces the apparent negative stiffness 

effect. Confined compressive test simulation with 10MPa confining pressure of PFC2D, 3D 

simulations showed that increase in the number of compound particles increases the Young’s 

modulus and peak stress of the virtual samples. The uniaxial compressive test simulations suggest 

that the Poisson’s ratio decreases due the increasing number of compound particles. The compound 

particles do not produce a clear trend of changing of the crack initiation stress however when 

having more compound particles the crack damage stress of the virtual sample increases. No clear 

negative stiffness effect was observed when the number of compound particle increases in the 

virtual sample. The result of simulations conducted in Chapter 6 suggests that negative stiffness is 

not necessary associated with particle shape and rotations. 
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Chapter 7: Transitional negative stiffness associated with 

damage accumulation and its effect on stability of 

particulate materials 
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Under stiff loading frame, failure of geomaterial such as rock leads to strain localisation which is 

characterised by the post peak softening stage in the stress and strain curve. The post peak softening 

is characterized by negative slope of the stress-strain curve. This suggests that the further 

deformation of the materials requires lower stress. Of course negative stiffness element is unstable 

since the elastic energy loses its positive definiteness which is the reason that stiff loading frame is 

required for this stage to be observed. The negative slope in the stress-strain curve as well as the 

fact that recording of the post peak softening stage requires high stiffness loading frames suggest 

the involvement of the negative stiffness element of a sort.  

As introduced previously in Chapter 6, Dyskin and Pasternak (2012) proposed a mechanism of 

apparent negative stiffness which relies on the rolling of non-spherical particles. In Chapter 6, DEM 

simulations were conducted in both 2D and 3D to study the effect of this mechanism on the 

deformation of assembly consists of bonded particles. However after gradually adding the negative 

stiffness generating compound particles to the virtual sample the effect of apparent negative 

stiffness was not observed. It was noted that the stress-strain curves obtained from simulation of 

virtual samples in Chapter 5 showed that post peak softening stage can be obtained even with 

virtual sample consists of only spherical particles. This suggests that negative slope in the stress-

strain curve is not necessarily associated with the particle shapes and rotations. However for the 

stress-strain curve to turn into negative slope the involvement of negative stiffness element is 

required. Thus the new objective is to look for this negative stiffness element and see if this 

negative stiffness is capable of bringing instability to materials. In this chapter the transitional 

negative stiffness introduced in Chapter 3 is investigated by the DEM using a simple four disc 

model. Then the new mechanism of instability of particulate materials proposed by Dyskin et al. 

(2017) is introduced and verified through DEM approach in both 2D and 3D scenarios. 
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7.1 Transitional negative stiffness of a particle bond in DEM simulation 

The concept of transitional negative has been introduced in Chapter 3 using a simple three spring 

model. In the DEM simulation the contact between particles consists essentially of springs (normal 

and shear springs). Even the inter-particle bonds such as parallel bonds can be envisioned as a set of 

springs uniformly distributed over the contact plane. Therefore the breakage of an inter-particle 

bond should produce the same transitional negative element as the breakage of the spring.  

A simple four-disc model was generated to demonstrate this transitional negative effect produced 

by bond breakage. The configuration of the simple four discs model is shown in Figure 43. 

 
Figure 43 Simple 2D four-disc model 

The model consists of four circular discs constrained by four walls. The discs are compressed by 

the top and bottom walls converging towards each other at a constant velocity. The left and right 

walls do not move during the simulation. Their presence is necessary to keep all the balls in contact. 

The properties of the model are listed in Table 16. 
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Table 16 Properties of the four discs simulation 

The contact model between particles is the linear contact model. The force - displacement law for 

the linear contact model was introduced in Chapter 4. For the sake of simplicity only normal 

contact stiffness is used. The contact shear stiffness is set to zero.  

The procedure of the simulation is as follows. The top and bottom walls converged at constant 

velocity of 1e-6m/s. During this stage the average force on the top and bottom walls was monitored. 

Once this force reached the value of 10N, the contact normal stiffness of the red link in Figure 43 

was reduced from 100N/m to 10N/m to mimic bond breakage. The displacement of walls was also 

monitored during the simulation such that the force and displacement curve can be drawn.   

Figure 44 and Figure 45 show the force - displacement curve obtained from the simulation. Three 

things can be observed from these curves: 1) there is a force drop when the stiffness reduction of 

the red link takes place; 2) the system recovers to normal after the stiffness reduction; 3) the slope 

of the force dropping region of the curve is negative. (This can be seen more clearly in Figure 45 

which is the zoomed in plot of the force dropping region). 

Radius of the 
disc 

Density of the 
disc 

Contact normal 
stiffness 

Contact shear 
stiffness 

Magnitude of top 
and bottom wall 

velocity 

1m 2630kg/m3 100N/m 0N/m 1e-6 m/s 
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Figure 44 Force-displacement curve 

In order to check how short the presence of this negative stiffness is, the data of the force and 

displacement curve was exported and the number of steps required for the force dropping to 

complete was counted. The number of steps was found to be 260. Next in order to gauge what time 

corresponds to these 260 time steps, the characteristic time of the model that is the time needed for 

the model to reach equilibrium under load change was determined. To this end a step loading was 

applied to the model and the number of time steps needed for the force on the top and bottom walls 

to be stabilised was counted. The number of steps was found to be 590. The comparison between 

these two numbers of steps shows that the time of force dropping region or the negative stiffness 

element is of the order of the characteristic time of the model. This further demonstrates that the 

negative stiffness effect exits only during a very short time.  
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Figure 45 Zoom-in at the force dropping region 

7.2 Effective Poisson’s ratio of the geomaterial during the existence of transitional negative 

stiffness  

Transitional negative stiffness was demonstrated by the simple three spring model and the simple 

four disc model in DEM environment. Bond breakages in DEM simulation can be interpreted as the 

process of crack generation, which is a typical form of defect accumulation. Hence is it reasonable 

that the crack generation is accompanied by transitional negative stiffness effect. This was 

discussed by Dyskin et al. (2017) and will be briefly introduced in this section. 

Consider an isotropic elastic space subjected to uniform load 𝜎 . Suppose a disc like crack with 

radius a be formed. Introduce a coordinate system (𝑥 , 𝑥 , 𝑥 ) where 𝑥  direction is normal to the 

crack plane and the applied stress has components 𝜎 . Assume that normal stress component 𝜎 .  

is negative, such that the crack does not get closed. Under such load the crack develops 

displacement discontinuity ∆𝑢  distributed over the crack plane. Consider a macroscopic equivalent 
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continuum whereby stress and strain fields correspond to the actual fields averaged over volume 

elements macroscopic with respect to the cracks in question. The effect of a crack on the materials 

deformability is controlled by displacement discontinuity integrated over the crack plane (Salganik, 

1973). 

 𝑉 = ∆𝑢 𝑑𝑆 =
8𝜋

3

1 − 𝑣

𝐸
𝑎 𝑐( )𝜎  (76) 

 𝑐 = 𝑐 =
4

𝜋

1

2 − 𝑣
,     𝑐 =

2

𝜋
 (77) 

Where E0 and v0 are Young’s modulus and Poisson’s ratio of the material. For pure normal crack 

𝑐 = 𝑐 = 0. 

The energy change caused by the crack opening can be expressed by Eq. (78) where summation 

over repeated index is presumed. 

 𝑈 =
1

2
𝑉 𝜎 =

4𝜋

3

1 − 𝑣

𝐸
𝑎 𝑐( )𝜎 𝜎  (78) 

Now let’s consider the moment of the formation of the crack. At this moment the corresponding 

stress components acting on the future crack plane 𝜎  must be equal to the material. After the crack 

has formed these stress components vanish. Thus when the crack is being formed these stresses can 

be considered acting on the crack faces in direction opposite to the displacement of the opening of 

the crack. In other words these stress components are doing negative work during the process of 

crack formation. If the reducing of stress components 𝜎  is linear then the negative energy 

associated with crack generation is  

 𝑈 = −
1

2
𝑉 𝜎 = −

4𝜋

3

1 − 𝑣

𝐸
𝑎 𝑐( )𝜎 𝜎  (79) 
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Hence the transitional negative stiffness reads: 

 𝑘 = −
8𝜋

3

1 − 𝑣

𝐸
𝑎 𝑐  (80) 

Comparing Eq. (78) and Eq. (79) one can see that the fact that the energy associated with crack 

formation and crack opening only differ by sign makes it easier to determine the effect of 

transitional negative stiffness on the effective Poisson’s ratio of the materials. 

For an isotropic material with randomly oriented disc-like cracks the effective Poisson’s ratio can 

be expressed from Eq. (81). 

 𝒗 = 𝑣 1 −
4𝜋

45
(1 − 𝑣 )[2(1 + 3𝑣 )𝑐 − (1 − 2𝑣 )(𝑐 + 𝑐 )]v  (81) 

Where v is the crack concentration and v = 𝑁〈𝑎 〉 ≪ 1, where N the number of the crack/unit 

volume and 〈. 〉 denotes for averaging over all cracks. 

Since the energies are only differ in sign, by simply reversing the sign in Eq. (81) the effective 

Poisson’s ratio associated with the transitional negative stiffness can be expressed as follows 

 𝑣 = 𝑣 1 +
4𝜋

45
(1 − 𝑣 )[2(1 + 3𝑣 )𝑐 − (1 − 2𝑣 )(𝑐 + 𝑐 )]v  (82) 

However it should be noted here that this simple reversing sign method is only valid when the crack 

concentration is low and crack interaction is neglected. This assumption is valid since the 

transitional negative stiffness is short lived hence is it unlikely many cracks can be formed under 

this short time. 

Assume that only normal cracks are formed, which follows the assumption in Chapters 5 and 6 that 

tensile cracks induced by tensile stress and moment stress can act as a global mechanism of failure 

of geomaterials. Then from Eq. (77) and Eq. (82) the effective Poisson’s ratio due to transitional 

negative stiffness effect becomes 
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 𝑣 = 𝑣 1 +
16

45
(3 + 𝑣 )(1 − 𝑣 )v  (83) 

From Eq. (83) it can be readily found that the transitional negative stiffness increases the effective 

Poisson’s ratio during the time the transitional negative stiffness is induced. The importance of this 

increase in the effective Poisson’s ratio will be discussed in the next section.   

7.3 Stability of incompressible isotropic materials  

Consider the Hooke’s law of the isotropic material in coordinate system (x1, x2, x3); E and v are 

Young’s modulus and Poisson’s of the material. 

 

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧𝜀 =

1

𝐸
𝜎 −

𝑣

𝐸
𝜎 −

𝑣

𝐸
𝜎

𝜀 =
1

𝐸
𝜎 −

𝑣

𝐸
𝜎 −

𝑣

𝐸
𝜎

𝜀 =
1

𝐸
𝜎 −

𝑣

𝐸
𝜎 −

𝑣

𝐸
𝜎

𝜀 =
1 + 𝑣

𝐸
𝜎

𝜀 =
1 + 𝑣

𝐸
𝜎

𝜀 =
1 + 𝑣

𝐸
𝜎

 (84) 
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Rearranging Eq. (84) into stiffness form. 

 

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧𝜎 =

𝐸

(1 + 𝑣)(1 − 2𝑣)
(1 − 𝑣)𝑢 , + 𝑣 𝑢 , + 𝑢 ,

𝜎 =
𝐸

(1 + 𝑣)(1 − 2𝑣)
(1 − 𝑣)𝑢 , + 𝑣 𝑢 , + 𝑢 ,

𝜎 =
𝐸

(1 + 𝑣)(1 − 2𝑣)
(1 − 𝑣)𝑢 , + 𝑣 𝑢 , + 𝑢 ,

𝜎 =
𝐸

2(1 + 𝑣) 𝑢 , + 𝑢 ,

𝜎 =
𝐸

2(1 + 𝑣) 𝑢 , + 𝑢 ,

𝜎 =
𝐸

2(1 + 𝑣) 𝑢 , + 𝑢 ,

 (85) 

Where 𝑢 , = 𝜀  is the derivative of the displacement 𝑢  with respect to j 

The equations of equilibrium read 

 

⎩
⎪⎪
⎨

⎪⎪
⎧

𝜕𝜎

𝜕𝑥
+

𝜕𝜎

𝜕𝑥
+

𝜕𝜎

𝜕𝑥
= 0

𝜕𝜎

𝜕𝑥
+

𝜕𝜎

𝜕𝑥
+

𝜕𝜎

𝜕𝑥
= 0

𝜕𝜎

𝜕𝑥
+

𝜕𝜎

𝜕𝑥
+

𝜕𝜎

𝜕𝑥
= 0

 (86) 

Substitute Eq. (85) into Eq. (86) 

 

⎩
⎪
⎨

⎪
⎧

1

1 − 2𝑣
(1 − 𝑣)𝑢 , + 𝑣 𝑢 , + 𝑢 , +

1

2
𝑢 , + 𝑢 , +

1

2
𝑢 , + 𝑢 , = 0

1

1 − 2𝑣
(1 − 𝑣)𝑢 , + 𝑣 𝑢 , + 𝑢 , +

1

2
𝑢 , + 𝑢 , +

1

2
𝑢 , + 𝑢 , = 0

1

1 − 2𝑣
(1 − 𝑣)𝑢 , + 𝑣 𝑢 , + 𝑢 , +

1

2
𝑢 , + 𝑢 , +

1

2
𝑢 , + 𝑢 , = 0

 (87) 

Assuming the solution of the Eq. (87) takes the form of the wave function 

 𝑢 = 𝐴 𝑒 ( ) (88) 

Where  = 1, 2, 3, A and λ are constants and 𝑘 + 𝑘 + 𝑘 = 1.  
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Substituting Eq. (88) into Eq. (87), one obtains: 

 

⎩
⎪
⎨

⎪
⎧

1

1 − 2𝑣
[(1 − 𝑣)𝐴 𝑘 + 𝑣(𝐴 𝑘 𝑘 + 𝐴 𝑘 𝑘 )] +

1

2
(𝐴 𝑘 + 𝐴 𝑘 𝑘 ) +

1

2
(𝐴 𝑘 + 𝐴 𝑘 𝑘 ) = 0

1

1 − 2𝑣
[(1 − 𝑣)𝐴 𝑘 + 𝑣(𝐴 𝑘 𝑘 + 𝐴 𝑘 𝑘 )] +

1

2
(𝐴 𝑘 𝑘 + 𝐴 𝑘 ) +

1

2
(𝐴 𝑘 + 𝐴 𝑘 𝑘 ) = 0

1

1 − 2𝑣
[(1 − 𝑣)𝐴 𝑘 + 𝑣(𝐴 𝑘 𝑘 + 𝐴 𝑘 𝑘 )] +

1

2
(𝐴 𝑘 𝑘 + 𝐴 𝑘 ) +

1

2
(𝐴 𝑘 𝑘 + 𝐴 𝑘 ) = 0

 (89) 

Rewriting Eq. (89) in matrix form gives 

 
1 − 2𝑣 + 𝑘 𝑘 𝑘 𝑘 𝑘

𝑘 𝑘 1 − 2𝑣 + 𝑘 𝑘 𝑘

𝑘 𝑘 𝑘 𝑘 1 − 2𝑣 + 𝑘

𝑢
𝑢
𝑢

=
0
0
0

 (90) 

Non-trivial solutions of Eq. (90) exist when the determinant of the matrix vanishes. This condition 

gives: 

 2(1 − 2𝑣) (1 − 𝑣) = 0   (91) 

Eq. (91) has two roots 0.5 and 1. Therefore at v = 0.5 a non-trivial solution exists that is the 

incompressible material losses stability. 

The above analysis can be carried out in 2D case as well. Consider a 2D plane (x1, x2) such that 

material is isotropic in this plane. The Hooke’s law for this case reads: 

 

⎩
⎪
⎨

⎪
⎧𝜎 =

𝐸

1 − 𝑣
𝑢 , +

𝑣𝐸

1 − 𝑣
𝑢 ,

𝜎 =
𝑣𝐸

1 − 𝑣
𝑢 , +

𝐸

1 − 𝑣
𝑢 ,

𝜎 =
𝐸

2(1 + 𝑣)
𝑢 , + 𝑢 ,

 (92) 

Here 𝑢 , = 𝜀  is the derivative of the displacement 𝑢  with respect to j 
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The equilibrium equations are 

 

⎩
⎨

⎧
𝜕𝜎

𝜕𝑥
+

𝜕𝜎

𝜕𝑥
= 0

𝜕𝜎

𝜕𝑥
+

𝜕𝜎

𝜕𝑥
= 0

 (93) 

Substitute Eq. (92) into Eq. (93) and eliminating the common terms 

 
𝑢 , + 𝑣𝑢 , +

1

2
(1 − 𝑣) 𝑢 , + 𝑢 , = 0

1

2
(1 − 𝑣) 𝑢 , + 𝑢 , + 𝑣𝑢 , + 𝑢 , = 0

 (94) 

Assuming the solution of the Eq. (94) takes the form of the wave function 

 𝑢 = 𝐴 𝑒 ( ) (95) 

Where  = 1, 2 and A and λ are constants and 𝑘 + 𝑘 = 1. Substituting Eq. (95) into Eq. (94) 

gives  

 
𝑢 𝑘 +

1 − 𝑣

2
𝑘 + 𝑢 (

1 + 𝑣

2
𝑘 𝑘 ) = 0

𝑢
1 + 𝑣

2
𝑘 𝑘 + 𝑢

1 − 𝑣

2
𝑘 + 𝑘 = 0

 (96) 

Eq. (96) in matrix form reads 

 
𝑘 +

1 − 𝑣

2
𝑘

1 + 𝑣

2
𝑘 𝑘

1 + 𝑣

2
𝑘 𝑘

1 − 𝑣

2
𝑘 + 𝑘

𝑢

𝑢
=

0

0
 (97) 

The non-trivial solution of the system of equation exits when the determinant of the matrix of the 

system vanishes. From the determinant of the matrix it can be obtained that 

 
1 − 𝑣

2
(𝑘 + 𝑘 + 2𝑘 𝑘 ) = 0 (98) 
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Since 𝑘 + 𝑘 + 2𝑘 𝑘 = 1, the non-trivial solutions can be obtained when v = 1 which is the 

instability of incompressible material in the 2D situation. 

Thus Eq. (91) and Eq. (98) show that instability of isotropic material occurs when the Poisson’s 

ratio equals to the values, 1 for 2D and 0.5 for 3D, which correspond to incompressible material. 

The positive definiteness of elastic energy required for the stability of material leads to range of 

Poisson’s ratio of −1 ≤ 𝑣 ≤ 0.5. In view of the above analysis the range of Poisson’s ratio should 

really be −1 < 𝑣 < 0.5 (Mott, Dorgan, & Roland, 2008). We note that all natural materials that are 

regarded as incompressible have Poisson’s ratio slightly lower than 0.5. As shown in Eq. (83) that 

cracks exhibiting the transitional negative stiffness can increase Poisson’s ratio of the material 

momentarily hence it is interesting to investigate the concentration of transitional negative stiffness 

fracture needed to bring an almost incompressible material to full incompressibility.  

Suppose a material has Poisson’s ratio of 0.5 − ε where ε ≪ 1 then from Eq. (83) the concentration 

of transitional negative stiffness fracture required to bring the effective Poisson’s ratio to 0.5 is 

 v =
15

7
𝜀 (99) 

Eq. (99) shows that even a low concentration of fracture with transitional negative stiffness effect 

can bring the almost incompressible material to full incompressibility which will induce the 

instability of the material. 

Thus a new mechanism of instability of material associated with transitional negative stiffness 

effect can be proposed. This mechanism is based on the increasing of Poisson’s ratio of an almost 

incompressible material due to the transitional negative stiffness associated with fracture formation. 

This will bring the material to full incompressibility and subsequently failure of the material.  

This mechanism can explain failure in compressive rock tests. During compressive rock test the 

Poisson’s ratio of rock can be increased to the level of 0.5 − ε due to dilatancy. Then the formation 
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of transitional negative stiffness fractures, even in low concentration (Eq. (99)), is capable of 

bringing the Poisson’s ratio of the rock to 0.5 momentarily. This can initiate the rock failure.  

It should be noted here that the process of increasing Poisson’s ratio of rock involves fracturing thus 

the material can no longer be considered as elastic material. However as shown in Section 7.1 that 

the transitional negative stiffness effect is very short lived and only exists during the time of the 

formation of the crack. This time compared with the stable growth of fracture is very small. Hence 

during this short time the material can be considered elastic.  

This mechanism is further studied through PFC2D, 3D which will be introduced in Sections 7.4 and 

7.5. 

7.4 Failure of particulate material associated with transitional negative stiffness in 2D 

situation 

The new mechanism of failure introduced in Section 7.3 is studied through PFC 2D simulation of 

uniaxial compressive test. The aim is to see how the incremental Poisson’s ratio will change during 

the test. More importantly it is expected that the incremental Poisson’s ratio should reach the 

critical value of 1 near the peak region of the stress and strain curve.  

The virtual samples used in this section are the same as the ones used in Chapter 5. Detailed 

description of the sample and parameter used can be found in Chapter 5. Uniaxial compression test 

simulation was conducted on each sample. 

In order to achieve the abovementioned goals the incremental Poisson’s ratio as well as the axial 

stress are plotted together with respect to time step (Figure 46).      
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Figure 46 Axial stress and incremental Poisson's ratio vs Step 

Figure 46 shows the incremental Poisson’s ratio and axial stress plotted with vs. time steps. In this 

plot the incremental Poisson’s ratio is calculated from Eq. (100) 

 𝑑𝑢 = −
𝐿 − 𝐿

𝐴 − 𝐴
 (100) 

Here Ln and An are the lateral and axial strain for the nth time step, Ln+1 and An+1 are the lateral and 

axial strain for the n+1th time step. It can be seen from Figure 46 that the incremental Poisson’s 

ratio has very large fluctuations with time step. This makes it very hard to determine the trend of 

how incremental Poisson’s ratio changes with time step. Therefore a suitable window is needed to 

compute the incremental Poisson’s ratio. The characteristic time of the model ought to be a better 

choice. Recall from Section 7.1 that the characteristic time of the simple four disc model was 

determined by applying a step loading to the system and counted the number of time steps required 

for the forces on the walls to be stabilised. The same method was applied to the full sized sample 

(around 4000 particles) to determine the characteristic time. 
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Before applying the step load the sample needs to be stabilised. This means that further cycling of 

the sample should leads to no force change on the walls that bound the sample. This guarantees that 

the changes of the force on the wall are only from the step loading. To this end the bonded sample 

was cycled to an extra 400,000 steps to make sure that there is no force change on the wall. 

The average force on the wall of the sample after additional 400,000 steps of cycling is shown in 

Figure 47. It can be seen that forces do not vary much after this cycling however it is understood 

that minor force change may still occur but it magnitude should be very small.  

 
Figure 47 Average force on the wall after 400,000 extra steps cycling 

It should be noted here that although the sample is not being compressed, there are already some 

forces exerting on the walls. This is caused the by the penetration between the balls and walls 

produced during the generating stage of the sample. Since the magnitude of these force is small 

compared to the peak strength of the sample (magnitude of 108 Pa) and these samples were made to 
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be compressed to failure. These forces should not affect the results of compressive test simulation 

conducted in previous chapters. 

Now that the sample is stabilised, the step loading can be applied to the sample and the number of 

step needed for the average force to be stabilised can be counted (Figure 48). 

 
Figure 48 Characteristic time of the full sized 2D sample 

From Figure 48 it can be seen that after a step loading was applied it took about 6000 time steps for 

average force on the wall to be stabilised. Hence 6000 was chosen as the window to calculate the 

incremental Poisson’s ratio. Figure 49 shows the plot of incremental Poisson’s ratio and axial stress 

with about time step. The number of cracks and the incremental Poisson’s ratio are plotted verses 

time in Figure 50. 
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Figure 49 Incremental Poisson's ratio and axial stress verses time step 

 
Figure 50 Incremental Poisson's ratio and number of crack verses time 

It can be seen from Figure 49 that the incremental Poisson’s ratio (blue line) increases as the axial 

stress increases. In Figure 49 the horizontal red dashed line indicates the value of incremental 

Poisson’s ratio that equals to 1 and the vertical red dashed line indicates at which time step this 
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happens. It can be found that incremental Poisson’s ratio reaches the critical value 1 near the peak 

load region. In Figure 50 only the first 50 cracks are plotted such that the influence of the formation 

of crack to the incremental Poisson’s ratio can be observed more clearly. It can be seen in Figure 50 

that during the initial stage of the loading there are some fluctuations of incremental Poisson’s 

which is possibly due to the closing of some gaps between particles from initial packing. Next the 

incremental Poisson’s ratio keeps at a somewhat constant value until the first tensile micro crack 

appears. Finally as more cracks appear the incremental Poisson’s ratio further increases due to 

dilatancy of the virtual sample.  

The findings from the data acquired from PFC 2D simulation of uniaxial compressive test showed 

that: 1) during the simulation the incremental Poisson’s ratio increases due to the formation of 

micro-tensile cracks (it is assumed that only bond tensile failure is allowed); 2) in the near peak 

load region the incremental Poisson’s is close to the state of incompressible; 3) the incremental 

Poisson’s ratio reaches the critical value of 1 (2D situation) near the peak load region. These 

findings coincide with the new mechanism of instability of particulate material proposed in Section 

7.3. However since only the 2D situation is used in this section and Poisson’s ratio is usually 

considered in the 3D situation. This newly proposed mechanism needs to be further studied in 3D 

scenario.            

7.5 Failure of particulate material associated with transitional negative stiffness in 3D 

situation 

It is shown in Section 7.3 that the critical incremental Poisson’s ratio which leads to instability of 

materials is 0.5. In order to investigate the effect of transitional negative stiffness in 3D the 3D 

virtual samples built in Chapter 5 were used to conduct the uniaxial compression test simulation. 

Full description of the model including contact model and micro parameters were introduced in 

Chapter 5. 
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The incremental Poisson’s ratio is plotted together with axial stress with respect to time step to see 

if the critical Poisson’s ratio occurs at the near peak load region. Similar to the 2D case the sample 

was firstly relaxed to make sure that the average force on the walls does not change. 

 
Figure 51 Average force on the wall after 400,000 extra steps cycling 

Figure 51 shows that after 400,000 steps of cycling the average force on the wall stopped oscillation 

and maintained a stable value.  

Next the characteristic time of the 3D sample is acquired through the step-loading test used in 

Section 7.4. As shown in Figure 52, after applying a step loading it took about 9000 steps for the 

average force on the wall to be stabilised. Hence 9000 was used as the window to compute the 

incremental Poisson’s ratio. 

Figure 53 shows the plot of incremental Poisson’s ratio and axial stress against time step. In Figure 

54 the number of micro tensile crack and incremental Poisson’s ratio are plotted.  
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Figure 52 Characteristic time of the full sized 3D sample 

 
Figure 53 Incremental Poisson's ratio and axial stress verses time step 
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Figure 54 Incremental Poisson's ratio and number of crack verses time 

It can be seen from Figure 53 that when using 9000 steps, which corresponds to the characteristic 

time of the full size 3D as the window to calculate incremental Poisson’s ratio, the critical value of 

0.5 of incremental Poisson’s ratio occurs in the peak region.  

In Figure 54 instead of only showing the first 50 cracks as in the 2D case the first 3000 cracks are 

plotted together with incremental Poisson’s ratio. The reason for this is that there are totally around 

20,000 cracks in 3D simulation thus only showing 50 cracks will not provide a better illustration of 

the trend of the curve (totally around 2,000 cracks in 2D case). From Figure 54 the incremental 

Poisson’s ratio increases with the formation of number of tensile cracks. This is also similar to what 

has been observed in 2D case. 

7.6 Conclusions  

PFC 2D simulation of the simple 4-disc model demonstrates the existence of transitional negative 

stiffness effect associated with bond breakage (formation of micro fracture), which is also illustrated 

analytically by the 3-spring model. The characteristic time of the 4-disc model is obtained through 
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applying a step loading to the system and count the number of time step required for the average 

force on the top and bottom walls to be stabilised. The number of steps is compared with the 

number of steps during which the transitional negative stiffness lasts. It is shown that the 

transitional negative stiffness effect only exists within the number of steps that are smaller than the 

characteristic time of the system.  

The effect of cracks with transitional negative stiffness on the effective Poisson’s ratio is considered 

and it is found that fracture with transitional negative stiffness effect momentarily increases 

effective Poisson’s ratio. Furthermore, it is found through 2D and 3D Hook’s law and equilibrium 

equations that when Poisson’s ratio reaches critical value (1 2D case, 0.5 3D case) the equilibrium 

equations have non-trivial solutions which indicates the instability of the materials.  

When the Poisson’s ratio of a material is close to the critical value the concentration of the forming 

cracks needed to bring Poisson’s ratio to the critical value is low. Thus it is subsequently proposed 

that when the materials reach an almost incompressible state the formation of crack that has 

transitional negative stiffness effect, even in low concentration, can bring the materials to 

incompressible state and thus makes materials unstable.  

In geomaterials under compression the almost incompressible state is reached due to dilatancy 

induced by formation of the cracks. It is understood that when crack formation is involved the 

material is no longer elastic however if fracture growth is stable in compression and the time during 

which transitional negative stiffness effect lasts is only momentarily then it is reasonable to 

conclude that the material can be considered elastic during the short time of transitional negative 

stiffness effect. 

Both PFC 2D and 3D simulations of uniaxial compressive test conducted in Chapter 5 are used to 

test this proposed mechanism. The incremental Poisson’s ratio and axial stress are plotted together 

against time step. The window of calculating the incremental Poisson’s ratio is obtained from the 
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step loading method. It is shown in both 2D and 3D cases that the incremental Poisson’s ratio 

reaches the critical value at a stress that is close to the peak stress.  
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Chapter 8: DEM modelling of opening of Mode I crack 
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This chapter presents the method and results of DEM modelling of Mode I crack opening. This 

work contributed to a chapter of the published journal paper (Esin et al., 2017). In order to facilitate 

the description of the DEM modelling a concise introduction of the physical experiment including 

the experiment apparatus, experiment method and experiment results is given. Then the method and 

results of DEM modelling of opening of Mode I crack are described and shown. 

8.1 Experiment 

The experimental apparatus and method have been introduced by Esin et al. (2017). Here only a 

brief description is given. 

8.1.1 Experimental apparatus 

The experiment aims to study opening of Mode I crack in 2D environment. Thus thin circular discs 

were chosen to represent the grain/particle of the material. The diameter of the disc is 23.5mm with 

a thickness of 1.6mm and the mass of each disc is 5.45g. This leads to a density of 7850kg/m3. 

Discs are placed such that they form a square packing assembly. Each disc has 4 points of contact 

and they are glued together by sealant to simulate the binding material between particles (Figure 

55). The sealant chosen is Sikasil® WS-305 CN and its properties are introduced by Esin et al. 

(2017). 
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Figure 55 Discs are glued together by sealant (Esin et al., 2017) 

The experiment apparatus is shown in Figure 56.  

 
Figure 56 Experimental apparatus: (1) square packed discs; (2) compressive spring; (3) slider; (4) 

roller bearings; (5) acrylic glass plates; (6) opening device with wedge; (7) base 

Here (1) is the square packed discs (2) is the compressive spring with stiffness of k=2.63N/mm (3) 

is a slider that limits the displacement of the assembly (4) are roller bearings (5) are two acrylic 

glass plates (6) is a device which has a wage that opens the crack and (7) is base. A more detailed 

view of the opening device (6) is given in Figure 57. 
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Figure 57 shows the opening device. The wedge which has an angle of 5o to the horizontal direction 

is the device that opens the crack. The wedge is pushed into the crack by turning the bolt.  Friction 

between the wedge and the discs is minimised by applying graphite powder on the edges of the 

wedge.   

 
Figure 57 Crack opening device: (1) bolt with a hand knob; (2) mount; (3) steel wedge 

Figure 58 shows the black speckles on the discs, which allow the measurements of particles 

displacement and rotation from digital image correlation photogrammetric technique.  

 
Figure 58 Black speckles on the disc and the pre-existing fracture 
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To study the mechanical behaviour of the opening of Mode I crack with pre-existing fracture, the 

first three bonds that are close to the wedge have been removed (Figure 58).  

8.1.2 Experiment method 

The experiment is carried out by repeating of the following two steps 1) half-turn of the knob, 

which allows small movement of the wedge. 2) Recording an image of the physical model (the 

discs) when the half turn is completed.  

The digital image correlation method can recover the fields of displacement and rotations however 

due to errors which could not be controlled such as camera shake during shutter release the 

recovered rotation field is not uniform within each disc. This leads to an error of 0.3o of the 

measurements. Since during the experiment each disc is a rigid rotating body, the rotation of each 

disc is found by averaging the rotation field over the area of interest.   

8.1.3 Experiment results 

Figure 59 shows the rotations of the discs while the wedge opens the pre-existing crack. Due to the 

small height of the wedge the discs above the wedge rotate slightly while the discs below the wedge 

do not rotate. This is attributed to the fact that graphite powder is applied to the wedge’s edges as 

the lubricant. The upper surface of the crack is opened and thus creates rotations. It is important to 

note here that during the opening of the crack the wedge basically does not touch the discs along the 

upper surface of the pre-existing crack thus the opening of the crack induces rotation and friction is 

not an important factor.  
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Figure 59 Rotations of discs when the wedge reaches (a) Second pair of unbounded discs (b) third 
pair of unbonded discs (c) crack tip. Number in the discs shows the rotation with negative value 
being counter clockwise rotation. Rotations smaller than 0.3 degrees are not shown (Esin et al., 

2017) 

8.2 DEM modelling of the physical experiment 

The Distinct element method utilises Newton’s second law and simple force displacement law to 

model the behaviour of individual particles under disturbance. It is a suitable tool to be used to 

conduct the simulation of the abovementioned physical experiment. Since the experiment was used 

to study the opening of Mode I crack under 2D environment, the simulation of the experiment was 

also conducted in 2D situation (PFC2D was used). In the physical experiment thin circular disc was 

used to model the particle of the material and silicone sealant was put between the each particle as 

the binding material. Thus in PFC2D simulation circular discs with the same size of the experiment 

were generated and linear parallel bond model was employed to mimic to silicone sealant between 

discs. For the three unpaired discs, the ones that will open during the wedge penetration, the linear 

contact model was used. The rest of the boundaries of the physical experiment were simulated by 

the wall object in PFC2D. The wedge was simulated as two walls that were placed as the same shape 
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as the actual wage. The inclination angle of the top side of the wedge to the horizontal axis is 5o 

which is same as the physical wedge. The DEM model is shown in Figure 60.  

 
Figure 60 DEM model, black lines between discs are the linear parallel bonds 

8.2.1 Calibration of the micro properties of the DEM model 

Properties such as diameter of the disc, density of the disc, inclination angle of the wedge are 

identical to the experiment. However many more properties which are associated with contact 

model need to be calibrated against the experimental results. Among these properties the stiffnesses 

of the linear parallel bond can be estimated from the properties of the silicone sealant (Eq. (101)). 

 

𝑘 =
𝐸

𝐿
= 0.08𝑀𝑃𝑎/𝑚𝑚 

𝑘 =
𝐸

2(1 + 𝑣)𝐿
= 0.03𝑀𝑃𝑎/𝑚𝑚 

(101) 
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Here E is the Young’s modulus, v is the Poisson’s ratio and L is the length of the linear parallel 

bond. The strength of the bond was set to a very large value since during the experiment no silicone 

sealant was broken. Moreover the friction coefficient between the wedge and disc was set to a small 

value, 0.01 since graphite powder was applied to the wedge as lubricant. The calibrated micro 

properties of the simulation are listed in Table 17. 

During the calibration it was discovered that some properties such as the linear parallel bond 

normal and shear stiffnesses as well as the coefficient of friction between walls and discs influence 

the rotations of disc the most. Changing of other parameters did not affect the results of the 

simulation much. 

One of the important parameters that can affect the simulation is the time step. The time step chosen 

is 0.0005s. It was discovered that further reduction of the time step will not change the results of the 

simulation hence this time step is considered adequate.    

Table 17 Micro properties of the DEM model after calibration 

Disc diameter (mm) 23.5 

Disc density (kg/m3) 7850 

Normal stiffness between disc and right wall (N/mm) 10 

Normal stiffness between disc and left wall (N/mm) 107 

Normal stiffness between discs (N/mm) 60 

Shear stiffness between discs (N/mm) 1 

Friction coefficient between discs 0.3 

Friction coefficient between disc and walls 0.3 

Friction coefficient between disc and wedge 0.01 

Linear Parallel bond normal stiffness (MPa/mm)  0.055 

Linear Parallel bond shear stiffness (MPa/mm) 0.013 

Linear Parallel bond normal strength (GPa) 10 

Linear Parallel bond shear strength (GPa) 10 



Chapter 8 DEM modelling of opening of Mode I crack 

154 
 

8.2.2 Simulation results 

The rotations (angle greater than 0.1) of the discs at the end of simulation are shown in Figure 61. 

In general the rotations of the discs obtained from the DEM simulation are similar to that from 

experimental results. The first five columns of disc above the wedge had clockwise rotations with a 

maximum magnitude of 3.83o.  It was also noted that during the penetration the wedge did not 

touch the discs from upper surface of the pre-existing fracture expect the one of the left boundary of 

the assembly (Figure 62). This is similar to the experiment. 

 
Figure 61 Rotations of discs at the end of DEM simulation. Number in the disc shows the rotations 

of the disc. Clockwise rotation is negative and counter clockwise is positive (Esin et al., 2017). 
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Figure 62 Wedge not in contact with discs 

However some disparities exist between the DEM simulation results and experiment. Comparing 

Figure 59 (c) and Figure 61 it can be found that some discs at the left boundary had larger rotations 

in the DEM simulation than in the experiment. This is attributed to the fact that these discs, in 

physical experiment, were placed close to the area where the acrylic glass walls were fixed by the 

bolts. This is the area where an increase of friction is expected and this constrains rotation.     

Other differences between the simulation and experiment are caused by friction between acrylic 

glass walls, slight tilt slider and not perfectly circular shaped discs.  

8.3 Conclusion 

DEM implemented PFC2D was used to simulate the physical experiment of opening of Mode I 

crack. The thin circular disc in the physical experiment was represented by the 2D circular disc in 

the simulation. The silicone sealant between thin circular discs was simulated by the linear parallel 

bond in the DEM modelling. The micro parameters of linear parallel bond model were calibrated. 
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During the calibration it was found that parameters such as linear parallel bond normal and shear 

stiffness as well as coefficient of friction between walls and discs influence the rotations of disc the 

most.  

From the comparison of the disc rotations between the DEM modelling and the physical experiment, 

it was seen that the rotations of discs obtained from both methods are similar. Furthermore it was 

noticed that the wedge in both physical experiment and DEM modelling did not touch the discs in 

upper surface of the pre-existing fracture except the one on the left boundary of the assembly. This 

showed that the rotation of particles was mainly caused by crack opening instead of friction 

between particle and wedge.  

However some differences do exist such as the rotations of disc at left boundary from DEM 

modelling is larger. They can be attributed to the fact that in the physical experiment these discs 

were placed close to the area where the acrylic glass walls were fixed by the bolts. This is the area 

where increased friction is expected and this constrains rotation. Other small differences between 

the simulation and experiment may be caused by friction between acrylic glass walls, slight tilt 

slider and not perfectly circular shaped discs.  
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Chapter 9: Relative power spectrum of the arrival times 

from DEM simulation of compression tests 
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9.1 Background 

Failure of geomaterials such as rock involves formation and propagation of fractures or localization 

bands. These are usually accompanied by generation of acoustic events. The time series of the 

acoustic events can be utilised as a tool in the prediction of material failure. These methods are 

based on either time series analysis independent of the physical processes leading to failure (Pandit, 

1983) or considering the properties of different types of defects or cracks in the processes of wave 

generation and propagation (Aki, 1980). However in those methods the fracture process that 

precedes the ultimate failure of the geomaterials is not taken into consideration.  

The ultimate failure of geomaterials is characterised by the stage of strain localisation. As studied 

analytically by Rudnicki and Rice (1975) strain localisation happens as a result of bifurcation in the 

homogeneous solution of the equilibrium equations. A physical representation of this is the 

localisation and accumulation of micro defects or cracks within the geomaterials. Generation of 

such micro cracks produces acoustic events (microseismic events) which can be monitored and 

recorded. However to be able to know the position of the localisation, at least four measurements 

need to be recorded simultaneously since for each crack there are three spatial coordinates and the 

time parameter that corresponds to the formation of the crack. Thus the detection of localisation 

from acoustic events requires a multichannel recording system with a vast amount of storage 

capacity. In addition to the above mentioned equipment the velocities of the wave travelling in 

different directions need to be measured beforehand to ensure that the position of the crack can be 

calculated from the arrival times gathered in the recording system.   

It was shown experimentally in (Lockner et al., 1991, 1992) that localisation does not start and 

finish instantaneously. The acoustic events obtained present a stepwise propagation of a fracture or 

localization zone. This was termed ‘temporal localisation’ by Pasternak and Dyskin (2012) as they 

suggested that this type of localisation should lead to the synchronisation of the emitted pules and 
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its temporal pattern. Indeed the formation of defect requires the change of elastic stress field. This is 

transmitted by elastic waves which are in the order of magnitude of 1000m/s. Thus the time 

required for the synchronisation of events should be equal to the time required for the elastic waves 

to travel through the material. In the experiments conducted in (Lockner et al., 1991, 1992) the 

sample had dimension of 0.1m therefore only 10-4s is needed for the waves to go through the 

sample. Compared with the entire duration of the propagation process which is about 1000s, this 10-

4 can be deemed as instantaneous. This implies that the characteristic time of the synchronisation of 

the event is much smaller than a step in the propagation of the localisation zone and the arrival 

times of the acoustic events should be localised within the duration of the each step of the 

propagation of the localisation zone. 

Based on the temporal localisation and the associated synchronisation of acoustic events in the step 

of the propagation of localisation zone, Pasternak and Dyskin (2012) proposed an indicator called 

the Blue Shift Indicator which can detect the geometry and direction of propagation of the 

localisation zone from single channel system. This not only eliminates the requirement of the 

multichannel recording system with huge amount of storage capacity but also saves the effort of 

obtaining the accurate measurement of the velocity of the wave in different directions. A brief 

introduction of this indicator is provided in Section 9.2. 

9.2 The Blue Shift Indicator 

Before introducing the Blue Shift Indicator the concept of Blue Shift needs to be clarified. The Blue 

Shift refers to the shifting of power spectra of the acoustic events generated by 2D and 3D 

localisation zone to higher frequencies as compare to 1D case. A concise explanation of this 

concept is introduced in Section 9.2.1.   
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9.2.1 Blue Shift 

Based on geometry, the localisation zones can be classified into 3 modes namely 1D, 2D and 3D 

(Figure 63). 1D mode corresponds to cracks that extend through the thickness of the material. 1D 

mode is essentially a simplified version of the 2D mode. 2D mode has a 2D crack-like zone of 

localisation. This is the mode of failure observed in typical rock tests such as those in (Lockner et 

al., 1991, 1992). Lastly, 3D mode refers to zone of failure that takes the cloud like shape.  

Different modes of the localisation zone emit different number of acoustic events (pules) when 

propagating. It is reasonable to assume that when propagating the pules are generated from the front 

of the crack then after kth step for the 3 modes O(k1), O( k2) and O(k3) number of pules are 

generated. This is due to the proportionally between the number of pules generated and the 

geometry of the propagation front the localisation zone.  

     

 

 

Figure 63 Three modes of localisation zone 

Assuming that for 1D case each propagation step of the localisation zone produces only 1 pulse and 

the pulse is the simplest rectangular pulse. If the duration of the each step of the propagation is the 

same then the power spectra of the series of pulses generated during the propagation of the 

localisation zone can be calculated from Eq. (102) 

 𝑃 (𝜔) = 2
𝑠𝑖𝑛𝜔

𝜔
1 + 𝑘 𝑒𝑥𝑝(−𝑖(𝑘 + 𝜉 )𝜔∆𝑇  (102) 

 

               1D 2D     3D 
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Here ω is the angular frequency, n=0, 1, 2 for 1D, 2D, 3D modes. K is the total number of steps 

and ΔT is the duration of each step.  

The pulses produced by 2D and 3D modes of propagation of localisation zone are generated based 

on the 1D mode by assuming that kth step of propagation simultaneously generates for 2D case k 

and for 3D case k2 pulses. Then the power spectra of the 3 modes of localisation zone have the form, 

as shown by Pasternak and Dyskin (2012). 

 
Figure 64 Power spectra for the 3 modes of localisation zone(Pasternak & Dyskin, 2012) 

In Figure 64 the power spectra of the 3 modes of localisation zone with 10 steps of propagation are 

shown. The solid lines correspond to the constant time duration of the each step while the doted 

lines mark the cases where time duration of each step of propagation differs randomly within the 

range of (-0.25 ΔT, +0.25 ΔT). For the sake of comparison Pasternak and Dyskin (2012) showed the 

spectrum of the case of the single pulse and the case where all the pulses are randomly and 

uniformly generated during the total duration of this 10 steps of the propagation.  
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As observed in Figure 64 that the spectra of the 2D and 3D modes shifted towards higher 

frequencies when comparing with the 1D mode and random pulses case. This shifting is termed 

Blue Shift. 

9.2.2 The Blue Shift Indicator 

In Section 9.2.1 the power spectra of different modes of localisation zone are calculated and plotted 

from Eq. (102). However since the main purpose is to distinguish the three modes, the common 

factor 2  in Eq. (102) for the three modes of localisation zone can be dropped and the 

comparison between 1D, 2D and 3D of localisation zone can still be performed. Thus the power 

spectrum of pulses generated from propagation of localisation zone actually becomes the ‘power 

spectrum’ of arrival times of the different modes of localisation zone. 

The ‘power’ or ‘energy’ of the arrival times in the frequency range (0, Ω) is constructed from the 

Fourier transform of the corresponding time delays between arrival times which reads: 

 S(M, θ, Ω) = (M − 1)Ω + 2
sin ((𝑡 − 𝑡 )Ω)

𝑡 − 𝑡
 (103) 

Where M is the total number of pules and it is assumed that the number of pulses is proportional to 

the length or area of the front of the localisation zone with p being the proportionality factor. For 

1D, 2D and 3D modes after Kth step of propagation M equals to Eq. (104). 𝜃 is the set of arrival 

times and 𝛺 is frequency range of (0, Ω) 

 M =

⎩
⎪
⎨

⎪
⎧

𝑝(𝐾 + 1)

𝑝
𝐾(𝐾 + 1)

2
+ 1

𝑝
(𝐾)(𝐾 + 1)(2𝐾 + 1)

6
+ 1

 (104) 
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The ‘relative energy’ of the arrival times due to localisation and pure random arrival times can be 

expressed as 

 𝛴 (M (𝐾), θ, Ω) =
|𝑆(M (𝐾), θ, Ω) − 𝑆 (M (𝐾), θ, Ω)|

𝑆 (M (𝐾), θ, Ω)
 (105) 

Here 𝑀 (𝐾) is the total number of pules generated by the after K steps of the propagation of 

localisation zone for the 1D, 2D and 3D mode (corresponds to n=0, 1, 2).  

When plotting 𝛴 (M (𝐾), θ, Ω) against Ω, ideally the range of Ω→∞ should be able to indicate the 

mode of the localisation zone.  The frequency range of Ω→∞ suggests that all pules generated 

during one step of the propagation of the localisation zone arrive to the sensor simultaneously. This 

situation never happens in reality instead the pules from one step are generated in a small time 

interval of ∆𝑡 =
∆

 where Δr is the length of a propagation step and w is the rate of the propagation 

of the localisation zone. Thus Ω→∞ should be replaced by Ω→ Ωmax where Ωmax~2𝜋/𝛥𝑡. Since 

Ωmax is not usually known beforehand it is necessary to plot 𝛴 (𝑀 (𝐾), 𝜃, 𝛺) against different Ω to 

obtain an indication of localisation. Figure 65 below shows the utilization of the Blue Shift 

Indicator to distinguish localisation geometry when 500 pulses are generated for 1D, 2D and 3D 

individually. 
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Figure 65 The Blue Shift Indicator used in distinguishing localisation modes(Pasternak & Dyskin, 

2012) 

In Figure 65 the vertical axis is the Blue Shift Indicator and the horizontal axis is the normalised 

period 𝑇 =  and Δt=ΔT. It can be seen from this figure that the curves reach a maximum when the 

period is an order of magnitude higher than the time step ΔT. The main and most important 

observation obtained from Figure 65 is that for similar proportionality factor p the curves for 1D 2D 

and 3D are strictly positioned in a manner which is one above another. It is also seen however in 

Figure 65 that for 1D case when p=30 the curve is above the curve for 2D (p=1) case. This can be 

remedied by increasing the number of pulses recorded (Figure 66) 

It is seen from Figure 66 that when M increases from 500 to 2000 the curve corresponds to 2D (p=1) 

case is higher than that of 1D (p=30) case. The cases for Δt=0.2ΔT and Δt=0.5ΔT are also plotted by 

Pasternak and Dyskin (2012). The same order between 1D, 2D and 3D case was obtained. 
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Figure 66 The Blue Shift Indicator used in distinguishing localisation modes (Pasternak & Dyskin, 

2012) 

9.3 Optimum index fitting of arrival times 

As introduced in Section 9.2 that based on the arrival times generated during localisation, the 

relative power spectrum can be calculated from Eq. (105). This means that if a power spectrum 

obtained from a set of computer generated arrival times can match the power spectrum of the real 

experiment then the geometry index used to generate the arrival times can be deemed as a suitable 

index of the localisation for real experiment. To this end a Matlab code was developed such that an 

optimum geometry index can be fitted to the power spectrum calculated from arrival times obtained 

in real experiment.  

The core is of this code is the generation of the arrival times. This follows the temporal localisation 

of different localisation modes proposed by Pasternak and Dyskin (2012). It was suggested that 

there are three localisation modes which can be represented by geometry index of 0, 1 and 2. Based 

on these geometry indexes the number of arrival times generated during kth step of the propagation 

of the fracture can be found by Eq. (106). 
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 𝑘  (𝑛 = 0,1,2) (106) 

Where n is the geometry index. After the set of computer generated arrival times is obtained, it is 

used as the input for Eq. (105) to compute the relative power spectrum. Then the power spectrum of 

the computer generated arrival times is compared with that of real experiment. This procedure is 

repeated until the smallest difference between these two spectra is found. The geometry index 

corresponds to the smallest difference is chosen as the optimum index for the mode of localisation 

of the real experiment.  

9.4 Relative power spectrum of arrival times of micro-cracks from PFC2D simulation of 

compression test  

In this study, the compression test simulations were conducted in DEM environment and in PFC 

whenever a micro crack is generated the corresponding step number that marks the generation of 

this micro crack can be obtained and stored in the software. Hence after the simulation a set of step 

numbers is acquired. This set of step numbers when multiplied by the fixed time step of the 

simulation becomes a set of arrival times of signal emitted by the microcrack generation. Therefore 

a set of simulated arrival times of microcrack signals can be obtained. This means that an optimum 

localisation index can be fitted to the arrival times acquired from the experiment simulation by 

using the method mentioned in Section 9.3. 

Virtual 2D samples generated in Chapter 5 were used to conduct the uniaxial compression test 

simulation. The model description can be found in Chapter 5. The timestep used in these 

simulations was 1e-9s which is below the critical timestep calculated from the method proposed by 

O'Sullivan and Bray (2004). At the end of each simulation the arrival time of each microcrack 

signal was obtained by the method described in this section. Then the optimum localisation index 

was fitted to power spectrum of the obtained arrival times from the method introduced in Section 
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9.3. For these virtual samples similar index was obtained and hence only the results from 1 virtual 

sample is shown and discussed below. 

The relative power spectra of the arrival times of signals from the compression test simulation and 

the computer-generated case is shown in Figure 67. It can be seen from Figure 67 that the power 

spectrum of the simulation and that of the computer generated case matched well. Within the 

frequency range of 0-50,000 the two curves coincide with each other. The biggest difference exits 

in the frequency range of 50,000-200,000. From frequency 200,000 to the maximum frequency the 

two curves are very close. The optimum index fitted was 0.3. The simulation was conducted in the 

two dimensional environment thus the maximum index can occur is 1 which means that micro 

cracks generated in the simulation cover the whole plane of the virtual sample. Thus a localisation 

index of 0.3 suggests that the localisation or the generated micro cracks concentrated on some 

portions of the virtual sample. This matches the fracture pattern of the simulation which is shown in 

Figure 68. 

 
Figure 67 Relative power spectra of arrival times of simulation and computer generated case 
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Figure 68 Fracture pattern of the 2D virtual sample from uniaxial compression test 

It can be observed from Figure 68 that microcracks are localised into only some areas of the sample. 

Thus the fitted optimum index of 0.3 is able to provide an outlook of the pattern of the localisation. 

Moreover this also explains why similar index was fitted to other simulation conducted on different 

virtual samples. This is because for 2D uniaxial compression test simulation, the fractures usually 

localised into a small band that covers only some portions of the area of the sample. Hence a 

localisation index smaller than 1 was fitted. 

9.5 Relative power spectrum of arrival times of micro-cracks from PFC3D simulation of 

compression test  

In this section the power spectrum of the arrival times generated from PFC3D simulation of 

compression test is computed using the same method from Section 9.4. 

Virtual 3D samples generated in Chapter 5 were used to conduct the uniaxial compression test 

simulation. The model description can be found in Chapter 5. The timestep used in these 
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simulations was 5e-9s which is below the critical timestep calculated from the method proposed by 

O'Sullivan and Bray (2004). For these virtual samples simular index was obtained and hence only 

the results from 1 virtual sample is shown and discussed below. 

The relative power spectra of arrival times from PFC3D simulation and the computer-generated 

arrival times based on the optimum index are shown in Figure 69. It is seen from Figure 69 that the 

optimum index fitted for the simulation of 0.645. This index results in a good fit between the power 

spectrum curves of the simulation arrival times and computer generated arrival times. Between 

frequency range 0-500,000 the two curves coincide with each other. The largest difference can be 

observed in frequency range 500,000-1000,000. Above this range two curves coincide with each 

other again.  

 
Figure 69 Relative power spectra of arrival times of simulation and computer generated case 
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Figure 70 Fracture pattern of the 3D virtual sample from uniaxial compression test 

The fracture pattern of the virtual sample is shown in Figure 70. It can be observed from Figure 70 

that the fractures are localised into an inclined band that traverses the virtual sample. This inclined 

macro fracture is what typically observed in rock testing. The optimum index fitted for the 

simulation was 0.645 which suggests that the localisation mode is close to the 2nd mode. Recall 

from Section 9.2.1 that the 2nd localisation mode is the crack like localisation zone mode which is 

the typical failure mode observed in rock test. Thus the index fitted, to some extent, is able to 

manifest the localisation mode of the simulation. 

It is also noted that in 3D simulation there are about 20,000 cracks being generated while in 2D 

case this number is only 2000. It is found the number of input data namely the number of arrival 

times from the crack generation can influence the accuracy of the curve fitting since very close fit 

was obtained in 3D case while some differences exist in 2D case. 
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9.6 Conclusions 

The Blue Shift Indicator can distinguish the localisation modes from only recordings of the arrival 

times of the acoustic events. This concept is employed into the distinct element method based 

PFC2D, 3D simulation of compression test to study the relative power spectrum of the arrival times 

generated from the simulation. By using the feature of the software the step number that 

corresponds to each fracture is obtained and the arrival time is subsequently calculated by 

multiplying this number to the fixed time step. A code which uses the geometry index to generate 

the arrival times was developed and the relative power spectrum of the arrival times generated from 

this code is computed. Comparison between the relative power spectrum of the arrival times from 

the computer generated case and that of the compression test simulation is made. The optimum 

index is selected.  

It is seen that for 2D case the optimum index is about 0.3 which is close to index 0 used to represent 

the 1st localisation mode and for 3D case the index is about 0.65 which is close to index of 1 for the 

2nd localisation mode. Thus for 2D case the localisation mode of the simulation follows the 

temporal localisation of the 1D dimensional crack which extends through the thickness of the 

sample (since this is the 2D case, each micro crack generated from the simulation is deemed extend 

through the thickness of the sample). For 3D case the localisation mode of the simulation is close to 

the crack-like localisation zone which is typically observed from experimental rock test.  

The fracture patterns of the 2D and 3D cases agree with the optimum index fitted generally. It is 

seen from 2D fracture pattern that the generated fractures did not follow one straight line (index of 

0) instead they localised into a band. Recall that the index is 1 when fractures generated cover the 

entire sample. Thus the index of 0.3 means that the generated fractures cover only some portions of 

the sample. This is what has been obtained from the simulation hence the index of 0.3 is a 

reasonable fit. While for 3D case the fracture pattern presents the inclined band which resembles 
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the commonly observed failure type in rock testing. However the index of 0.645 is smaller than the 

2nd localisation mode which has an index of 1. This suggests that the fractures formed cover a large 

portion of a plane of the sample however not all bonds on that plane are broken.    
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Chapter 10: Conclusions & Future research 
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10.1 Conclusions 

This study first investigated the effect of particle rotations and its associated moment stresses on 

failure of particulate materials such as rock by employing Distinct Element Method (DEM) 

implemented Particle Flow Code 2D,3D (PFC2D,3D). The distinctive feature of this study is the 

assumption that the dominant role in brittle fracturing is played by bond failure in tension rather 

than shear. Local tensile stresses are induced in compression by both stress concentration at defects 

and by bending of the bonds and the corresponding bending moments. The bond bending is created 

by mutual rotation of the neighbouring grains. The thesis has investigated this effect. Furthermore a 

study from discrete element modelling of fracture propagation of a material with microrotations and 

bond bending criterion of its growth has been accomplished. 

Another effect of internal rotational degrees of freedom is related to rotation of non-spherical (non-

circular) grains, which in the presence of compression can induce the effect of apparent negative 

stiffness. This effect is investigated using the discrete element modelling by creating compound 

particles consisting of rigidly connected pairs of spherical or circular particles.  

Further investigation of the apparent negative stiffness led to investigation of the transitional 

negative stiffness occurring for a short time during the formation of a new fracture. The transitional 

negative stiffness increases the effective Poisson’s ratio and can make the material effectively 

incompressible, leading to instability and formation of macroscopic fracture in compression. This 

was also investigated using discrete element modelling. 

Lastly the newly proposed Blue Shift Indicator algorithm which utilizes arrival time of acoustic 

events from single recording channel to determine relative power spectrum and the dimension of 

the fractures was employed in discrete element modelling to study the features of the arrival times 

obtained from simulation of compressive rock tests. 
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Key findings for each chapter of the thesis mentioned above are listed below.  

Key findings of the study of the effect of particle rotations and the associated moment stresses to 

failure of particulate materials are: 

 Simulations of uniaxial compressive tests show that even with the exclusion of the bond micro 

shear failure, the fracture pattern of the virtual sample represents the commonly observed shear 

band failure type.  

 The comparison between simulations that consider the moment stresses induced by grain 

rotation and the ones that neglect the moment stresses shows that when the moment stress is not 

added to the bond tensile failure criteria, localisation of fractures is not obtainable. The reason 

for this is that in the absence of particle rotations the mechanism of tensile stress induction is 

considerably diminished. 

 The DEM simulation of compressive tests of virtual rock samples show that the stress produced 

by relative rotational movement is the dominant stress in bonds.   

 The observations of the fracture orientation in the case with suppressed moment stress show that 

fractures are formed in the directions quasi-parallel to the direction of loading. However when 

moment stresses are no longer suppressed fractures nearly perpendicular to the direction of 

loading can be observed.  

 After the simulations of rock compression tests, a study of how the bonds associated with one 

single particle were broken was carried out. This study shows the formation of cracks that are 

almost normal to loading direction due to the dramatic increase of the moment stress in bonds 

caused by breakage of a bond associated to the same particle. Thus the increase of moment 

stress is capable of failing the bonds that are orientated in the directions close to normal of the 

loading.  
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Key findings of the study of apparent negative stiffness from rotating of non-spherical particle are: 

 The DEM simulation shows that rolling of compound particles produce the effect of apparent 

negative stiffness.  

 Simulations of confined compressive tests show that increase in the number of compound 

particles increases the Young’s modulus and peak stress of the virtual samples but decreases the 

Poisson’s ratio.  

 The compound particles do not produce a clear trend of changing of the stress of microcrack 

initiation, however with increase of the number of compound particles the stress of the initiation 

of dilatancy increases.  

 No clear effect of the apparent negative stiffness is observed when the number of the compound 

particle increases. 

Key findings of the study of transitional negative stiffness are: 

 The DEM simulations of the simple 4-disc model and analytical reasoning demonstrate the 

existence of transitional negative stiffness effect associated with bond breakage (formation of 

micro fracture).  

 It is shown that the transitional negative stiffness effect only exists within time that is smaller 

than the characteristic time of the stabilization of the DEM calculations.  

 The DEM simulations of uniaxial compressive tests are used to verify the proposed new 

mechanism of instability. The incremental Poisson’s ratio and axial stress are plotted together 

against time step. It is shown that the incremental Poisson’s ratio reaches its critical value 

(incremental incompressibility) at the stress that is close to the peak stress. 
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Key findings from DEM modelling of the opening of Mode I crack in an assembly of spherical 

discs that can rotate are:  

 Calibration of the parameters of linear parallel bond model shows that the bond normal and 

shear stiffness as well as coefficient of friction between walls and discs influence the rotations 

of disc the most.  

 Comparison of the disc rotations between the DEM modelling and the physical experiment on 

wedge crack propagation shows that the rotations of discs obtained from both methods are 

similar.  

 The rotation of particles was mainly caused by crack opening rather than friction between 

particle and wedge.  

Key findings of employing Blue Shift Indicator algorithm in the DEM simulations are:  

 A set of arrival times is obtained from DEM simulations by multiplying the number of step of 

the onset of each fracture by the fixed time step.  

 Relative power spectra between computer generated arrival times and simulation (2D, 3D) 

generated arrival times match well generally. 

 Using the Blue Shift Indicator algorithm the dimension of the fracture is determined indicating 

that the fracture generated in the 2D simulation only covers some small portions of the whole 

sample.  

 In 3D simulations the fitted fracture dimension indicates that fractures cover a large portion of a 

particular plane where fractures are localised. 
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10.2 Future research 

The work accomplished in this research enhances the knowledge of mechanism of failure of 

particulate materials such as rock under compression. However there are still questions remaining 

open. Based on the aims, results and conclusions of this thesis, the following directions of future 

research can be suggested.  

(I) More comprehensive numerical investigation of failure of particulate materials using 

models with greater number of particles and more complex particle shapes. Due to the 

limitation of computational power the simulations conducted in this research can only 

include particle up to 15,000. Thus the ratio of the virtual sample dimension to the grain size 

is not very high, which limits the resolution of the model. It would be beneficial to use more 

powerful computer such that simulations using virtual sample with finer resolution can be 

conducted. Furthermore the shape of the particles available in the PFC is spherical. More 

complex shape could be introduced by grouping serval particles into one, but it will be at the 

expense of reducing the number of particles. With higher computational power more 

particles can be added to the virtual sample such that more realistic and complex particle 

shape is achievable without reducing the number of particles. 

(II) More comprehensive numerical investigation of other features associated with failure 

of particulate material in compression. The aim of this thesis is to study the effect of 

particle relative rotations on failure of particulate material in compression. However there 

are further features associated with rock compression test that can be studied, such as 

variation of failure angle with different confining pressure. It would be useful to enhance the 

knowledge of the failure mechanisms evolving in the presence of confining pressure. 

(III) Experimental confirmation of the Transitional negative stiffness. The transitional 

negative stiffness has been verified both analytically and numerically in this study. An 
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important step would be an experimental confirmation of this effect. This could provide 

more insights into the mechanics of transitional negative stiffness. 

(IV) Numerical investigation of fracture localisation using the Blue Shift Indicator based on 

calibration of experimental results. The Blue Shift Indicator algorithm has been used to 

determine the dimension of the fracture localisation zones in both the 2D and 3D 

simulations of rock compression test. Promising results were obtained. However at this 

stage the work is still numerical. It would be of great importance if one could calibrate and 

study the simulation based on the real experiments (e.g. hydraulic fracturing test) such that 

more information of the mechanics of fracture or defect localisation could be obtained.   
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Appendix 1  

Simulation result of other virtual samples for Chapter 5 

1.1. Results of simulation of uniaxial compression test on virtual samples in PFC2D 

1.1.1. Failure pattern for uniaxial compression test of other 4 virtual samples 

 
Figure 71 Failure pattern (sample 1) 
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Figure 72 Failure pattern (sample 2) 

 
Figure 73 Failure pattern (sample 3) 
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Figure 74 Failure pattern (sample 4) 

1.1.2. Comparison between stress and strain curve of uniaxial compression test simulation of the 

cases with/without moment stress of the other 4 virtual samples 

 
Figure 75 Stress and strain curve with/without moment stress (sample 1) 
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Figure 76 Stress and strain curve with/without moment stress (sample 2) 

 
Figure 77 Stress and strain curve with/without moment stress (sample 3) 
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Figure 78 Stress and strain curve with/without moment stress (sample 5) 
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1.1.3. Plot of axial stress and ratio between bonds with higher moment stress than normal 

translational stress and total number of bonds in tension of the other 4 virtual samples 

 
Figure 79 Axial stress and ratio between bonds with higher moment stress than normal translational 

stress and total number of bonds in tension (sample 1) 

 
Figure 80 Axial stress and ratio between bonds with higher moment stress than normal translational 

stress and total number of bonds in tension (sample 2) 
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Figure 81 Axial stress and ratio between bonds with higher moment stress than normal translational 

stress and total number of bonds in tension (sample 3) 

 
Figure 82 Axial stress and ratio between bonds with higher moment stress than normal translational 

stress and total number of bonds in tension (sample 5) 
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1.2. Results of simulation of uniaxial compression test on virtual samples in PFC3D 

1.2.1. Failure pattern for uniaxial compression test of other 4 virtual samples 

 
Figure 83 Failure pattern (sample 2) 

 
Figure 84 Failure pattern (sample 3) 



Appendix 1 

199 
 

 
Figure 85 Failure pattern (sample 4) 

 
Figure 86 Failure pattern (sample 5) 
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1.2.2. Comparison between stress and strain curve of uniaxial compression test simulation of the 

cases with/without moment stress of the other 4 virtual samples 

 
Figure 87 Stress and strain curve with/without moment stress (sample 2) 

 
Figure 88 Stress and strain curve with/without moment stress (sample 3) 
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Figure 89 Stress and strain curve with/without moment stress (sample 4) 

 
Figure 90 Stress and strain curve with/without moment stress (sample 5) 
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1.2.3. Plot of axial stress and ratio between bonds with higher moment stress than normal 

translational stress and total number of bonds in tension of the other 4 virtual samples 

 
Figure 91 Axial stress and ratio between bonds with higher moment stress than normal translational 

stress and total number of bonds in tension (sample 2) 

 
Figure 92 Axial stress and ratio between bonds with higher moment stress than normal translational 

stress and total number of bonds in tension (sample 3) 
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Figure 93 Axial stress and ratio between bonds with higher moment stress than normal translational 

stress and total number of bonds in tension (sample 4) 

 
Figure 94 Axial stress and ratio between bonds with higher moment stress than normal translational 

stress and total number of bonds in tension (sample 5) 
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Appendix 2 

Simulation result of other virtual samples for Chapter 6 

2.1. Stress and strain curve from simulation of confined compression test of 2D virtual samples 

containing different number of compound particles 

 
Figure 95 Stress-strain curves of confined compressive test simulation of samples with different 

number of compound particles (virtual sample 1) 

 
Figure 96 Stress-strain curves of confined compressive test simulation of samples with different 

number of compound particles (virtual sample 3) 
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Figure 97 Stress-strain curves of confined compressive test simulation of samples with different 

number of compound particles (virtual sample 4) 

 
Figure 98 Stress-strain curves of confined compressive test simulation of samples with different 

number of compound particles (virtual sample 5) 
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2.2. Stress and volumetric strain curve from simulation of confined compression test of 2D 

virtual samples containing different number of compound particles 

 
Figure 99 Axial stress and volumetric strain for sample with different number of compound 

particles (virtual sample 1) 

 
Figure 100 Axial stress and volumetric strain for sample with different number of compound 

particles (virtual sample 3) 
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Figure 101 Axial stress and volumetric strain for sample with different number of compound 

particles (virtual sample 4) 

 
Figure 102 Axial stress and volumetric strain for sample with different number of compound 

particles (virtual sample 5) 
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2.3. Tables of Young’s modulus, peak stress and crack initiation stress from simulation of 

confined compression test of 2D virtual samples containing different number of compound 

particles 

Table 18 Young's modulus, peak stress and crack initiation stress of various virtual samples with 
different compound particles (virtual sample 1) 

Virtual sample 1 
Young’s modulus 

(GPa) 
Peak stress (MPa) 

Crack initiation 
stress (MPa) 

Sample with 0 compound 
particle 

70 253 97 

Sample with 400 compound 
particles 

76 248 107 

Sample with 800 compound 
particles 

83 279 123 

Sample with 1200 compound 
particles 

89 348 116 

 

Table 19 Young's modulus, peak stress and crack initiation stress of various virtual samples with 
different compound particles (virtual sample 3) 

Virtual sample 3 
Young’s modulus 

(GPa) 
Peak stress (MPa) 

Crack initiation 
stress (MPa) 

Sample with 0 compound 
particle 

71 262 131 

Sample with 400 compound 
particles 

77 263 108 

Sample with 800 compound 
particles 

83 288 111 

Sample with 1200 compound 
particles 

90 332 118 
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Table 20 Young's modulus, peak stress and crack initiation stress of various virtual samples with 
different compound particles (virtual sample 4) 

Virtual sample 4 
Young’s modulus 

(GPa) 
Peak stress (MPa) 

Crack initiation 
stress (MPa) 

Sample with 0 compound 
particle 

72 238 108 

Sample with 400 compound 
particles 

78 230 94 

Sample with 800 compound 
particles 

84 255 123 

Sample with 1200 compound 
particles 

91 339 120 

 

Table 21 Young's modulus, peak stress and crack initiation stress of various virtual samples with 
different compound particles (virtual sample 5) 

Virtual sample 5 
Young’s modulus 

(GPa) 
Peak stress (MPa) 

Crack initiation 
stress (MPa) 

Sample with 0 compound 
particle 

71 251 101 

Sample with 400 compound 
particles 

77 248 76 

Sample with 800 compound 
particles 

82 252 100 

Sample with 1200 compound 
particles 

89 289 127 
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2.4. Tables of Poisson’s ratio from simulation of uniaxial compression test of 2D virtual samples 

containing different number of compound particles 

Table 22 Poisson's ratio of virtual samples with different number of compound particles (virtual 
sample 1) 

Virtual sample 1 Poisson’s ratio 

Sample with 0 compound particle 0.234 

Sample with 400 compound particles 0.206 

Sample with 800 compound particles 0.204 

Sample with 1200 compound particles 0.180 

Table 23 Poisson's ratio of virtual samples with different number of compound particles (virtual 
sample 3) 

Virtual sample 3 Poisson’s ratio 

Sample with 0 compound particle 0.238 

Sample with 400 compound particles 0.267 

Sample with 800 compound particles 0.234 

Sample with 1200 compound particles 0.230 

Table 24 Poisson's ratio of virtual samples with different number of compound particles (virtual 
sample 4) 

Virtual sample 4 Poisson’s ratio 

Sample with 0 compound particle 0.236 

Sample with 400 compound particles 0.260 

Sample with 800 compound particles 0.243 

Sample with 1200 compound particles 0.227 
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Table 25 Poisson's ratio of virtual samples with different number of compound particles (virtual 
sample 5) 

Virtual sample 5 Poisson’s ratio 

Sample with 0 compound particle 0.236 

Sample with 400 compound particles 0.218 

Sample with 800 compound particles 0.227 

Sample with 1200 compound particles 0.226 

 

2.5. Stress and strain curve from simulation of confined compression test of 3D virtual samples 

containing different number of compound particles 

 
Figure 103 Stress-strain curves of confined compressive test simulation of samples with different 

number of compound particles (virtual sample 2) 
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Figure 104 Stress-strain curves of confined compressive test simulation of samples with different 

number of compound particles (virtual sample 3) 

 
Figure 105 Stress-strain curves of confined compressive test simulation of samples with different 

number of compound particles (virtual sample 4) 
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Figure 106 Stress-strain curves of confined compressive test simulation of samples with different 

number of compound particles (virtual sample 5) 

2.6. Stress and volumetric strain curve from simulation of confined compression test of 3D 

virtual samples containing different number of compound particles 

 
Figure 107 Axial stress and volumetric strain for sample with different number of compound 

particles (virtual sample 2) 
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Figure 108 Axial stress and volumetric strain for sample with different number of compound 

particles (virtual sample 3) 

 
Figure 109 Axial stress and volumetric strain for sample with different number of compound 

particles (virtual sample 4) 
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Figure 110 Axial stress and volumetric strain for sample with different number of compound 

particles (virtual sample 5) 

2.7. Tables of Young’s modulus, peak stress and crack initiation stress from simulation of 

confined compression test of 3D virtual samples containing different number of compound 

particles 

Table 26 Young's modulus, peak stress and crack initiation stress of various virtual samples with 
different compound particles (virtual sample 2) 

Virtual sample 2 
Young’s modulus 

(GPa) 
Peak stress (MPa) 

Crack initiation 
stress (MPa) 

Sample with 0 compound 
particle 

76 233 55 

Sample with 1500 compound 
particles 

80 250 58 

Sample with 3000 compound 
particles 

83 261 95 

Sample with 4500 compound 
particles 

87 268 101 
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Table 27 Young's modulus, peak stress and crack initiation stress of various virtual samples with 
different compound particles (virtual sample 3) 

Virtual sample 3 
Young’s modulus 

(GPa) 
Peak stress (MPa) 

Crack initiation 
stress (MPa) 

Sample with 0 compound 
particle 

73 239 81 

Sample with 1500 compound 
particles 

78 248 80 

Sample with 3000 compound 
particles 

82 259 89 

Sample with 4500 compound 
particles 

87 273 92 

Table 28 Young's modulus, peak stress and crack initiation stress of various virtual samples with 
different compound particles (virtual sample 4) 

Virtual sample 4 
Young’s modulus 

(GPa) 
Peak stress (MPa) 

Crack initiation 
stress (MPa) 

Sample with 0 compound 
particle 

75 240 69 

Sample with 1500 compound 
particles 

80 250 74 

Sample with 3000 compound 
particles 

84 260 78 

Sample with 4500 compound 
particles 

90 266 69 
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Table 29 Young's modulus, peak stress and crack initiation stress of various virtual samples with 
different compound particles (virtual sample 5) 

Virtual sample 5 
Young’s modulus 

(GPa) 
Peak stress (MPa) 

Crack initiation 
stress (MPa) 

Sample with 0 compound 
particle 

115 235 72 

Sample with 1500 compound 
particles 

121 247 72 

Sample with 3000 compound 
particles 

127 250 72 

Sample with 4500 compound 
particles 

133 264 72 

2.8. Tables of Poisson’s ratio from simulation of uniaxial compression test of 2D virtual samples 

containing different number of compound particles 

Table 30 Poisson's ratio of virtual samples with different number of compound particles (virtual 
sample 2) 

Virtual sample 2 Poisson’s ratio 

Sample with 0 compound particle 0.253 

Sample with 1500 compound particles 0.246 

Sample with 3000 compound particles 0.238 

Sample with 4500 compound particles 0.229 

Table 31 Poisson's ratio of virtual samples with different number of compound particles (virtual 
sample 3) 

Virtual sample 3 Poisson’s ratio 

Sample with 0 compound particle 0.253 

Sample with 1500 compound particles 0.245 

Sample with 3000 compound particles 0.243 

Sample with 4500 compound particles 0.239 
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Table 32 Poisson's ratio of virtual samples with different number of compound particles (virtual 
sample 4) 

Virtual sample 4 Poisson’s ratio 

Sample with 0 compound particle 0.260 

Sample with 1500 compound particles 0.255 

Sample with 3000 compound particles 0.249 

Sample with 4500 compound particles 0.243 

Table 33 Poisson's ratio of virtual samples with different number of compound particles (virtual 
sample 5) 

Virtual sample 5 Poisson’s ratio 

Sample with 0 compound particle 0.273 

Sample with 1500 compound particles 0.264 

Sample with 3000 compound particles 0.254 

Sample with 4500 compound particles 0.246 

2.9. PFC simulation of apparent negative stiffness effect from rolling of a clump with two 

particles with the same radius 

 
Figure 111 Configuration of the clump and walls 
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Figure 112 Compressive force 

 
Figure 113 Relative movement 
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Figure 114 Shear force from PFC (Black) and moment equilibrium equation (Red) 
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Appendix 3 

Simulation result of other virtual samples for Chapter 7 

3.1. Incremental Poisson's ratio and axial stress verses time step for other 2D samples 

 
Figure 115 Incremental Poisson's ratio and axial stress verses time step (sample 1) 

 
Figure 116 Incremental Poisson's ratio and axial stress verses time step (sample 3) 
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Figure 117 Incremental Poisson's ratio and axial stress verses time step (sample 4) 

 
Figure 118 Incremental Poisson's ratio and axial stress verses time step (sample 5) 
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3.2. Incremental Poisson's ratio and axial stress verses time step for other 3D samples 

 
Figure 119 Incremental Poisson's ratio and axial stress verses time step (sample 2) 

 
Figure 120 Incremental Poisson's ratio and axial stress verses time step (sample 3) 
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Figure 121 Incremental Poisson's ratio and axial stress verses time step (sample 4) 

 
Figure 122 Incremental Poisson's ratio and axial stress verses time step (sample 5) 
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Appendix 4 

Simulation result of other virtual samples for Chapter 9 

4.1. Relative power spectra of arrival times of 2D simulation and computer generated case 

 
Figure 123 Relative power spectra of arrival times of 2D simulation and computer generated case 

(virtual sample 1) 

 
Figure 124 Relative power spectra of arrival times of 2D simulation and computer generated case 

(virtual sample 2) 
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Figure 125 Relative power spectra of arrival times of 2D simulation and computer generated case 

(virtual sample 4) 

 
Figure 126 Relative power spectra of arrival times of 2D simulation and computer generated case 

(virtual sample 5) 
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4.2. Relative power spectra of arrival times of 3D simulation and computer generated case 

 
Figure 127 Relative power spectra of arrival times of 2D simulation and computer generated case 

(virtual sample 1) 

 
Figure 128 Relative power spectra of arrival times of 2D simulation and computer generated case 

(virtual sample 3) 
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Figure 129 Relative power spectra of arrival times of 2D simulation and computer generated case 

(virtual sample 4) 

 
Figure 130 Relative power spectra of arrival times of 2D simulation and computer generated case 

(virtual sample 5) 




