
Chapter 6

Cross-correlation signal processing for

axion and WISP dark matter searches

Preface

This chapter comprises a paper that was published in IEEE Transactions on Ultrasonics, Ferroelectrics

and Frequency Control in 2019.

One of the significant challenges facing high mass haloscopes is the mechanism for combining multiple

cavities. We investigated a novel way to do this using post-processing.

By cross-correlating the output of several cavities, and comparing/combining these cross-spectra,

we can reduce the spread of the background noise, thus making our signal easier to observe.

This approach does not follow the traditional haloscope power combining scheme of Wilkinson summa-

tion, boosting the signal power by a factor of n, the number of cavities. Instead, we keep signal power

constant, and reduce the spread of the background noise by ∼
√
n(n− 1)/2.

This process offers the potential to improve the sensitivity of such searches when compared with

Wilkinson summation schemes, but does carry an increase in technical complexity.

It should be noted that this article was written for the IEEE-UFFC community, rather than ex-

plicitly for the axion community. Hence, the language is slightly different.
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ABSTRACT

The search for dark matter is of fundamental importance to our understanding of the universe. Weakly-

Interacting Slim Particles (WISPs) such as axions and hidden sector photons (HSPs) are well motivated

candidates for the dark matter. Some of the most sensitive and mature experiments to detect WISPs

rely on microwave cavities, and the detection of weak photon signals. It is often suggested to power

combine multiple cavities, which creates a host of technical concerns. We outline a scheme based on

cross-correlation for effectively power combining cavities and increasing the signal-to-noise ratio of a

candidate WISP signal.

6.1 Introduction

Many problems in particle physics can be solved via the introduction of weakly-interacting slim (sub-eV)

particles (WISPs) [1]. For example, one of the most elegant solutions to the strong CP problem in

quantum chromodynamics (QCD) relies on the introduction of a new spin zero, neutral boson, a

WISP known as the axion [2; 3; 4; 5]. Axions, and other WISPs such as Hidden Sector Photons

(HSPs) [6; 7; 8; 9] can be formulated as compelling dark matter candidates [10; 11; 12; 13; 14; 15]. The

axion in particular is an appealing dark matter candidate, which arises from a separate area of physics,

and exhibits the desired properties.

The most mature detection techniques for WISPs typically rely on WISP-to-photon couplings. These

couplings are typically among the most well formulated and least model-dependent WISP interactions.

Different WISPs couple to photons via different mechanisms. For example, the axion couples to two

photons, and axion-photon conversion can be induced when a magnetic field sources a virtual photon

(inverse Primakoff effect [16; 17]), while Hidden Sector Photons undergo spontaneous kinetic mixing

analogous to neutrino flavour oscillations. However, in both cases detection reduces to the detection of a

photon with a frequency corresponding to the mass of the WISP in question. There are large parameter

spaces associated with the various WISP dark matter candidates, as most of the properties of these

particles are only weakly-constrained by cosmological observations and previous experiments. However,

we can focus on some expected ranges for masses and coupling strengths based on different theoretical

models. Most WISP dark matter models predict masses in the µeV to meV range, corresponding to

photons in the microwave and millimetre-wave regimes [1; 5].

When it comes to detecting dark matter WISPs, potentially the most sensitive and mature tech-

nique is known as a haloscope [16; 18; 19], so called as it searches for particles in the galactic halo. The

details of such a search differ slightly depending on whether you intend to search for axions or HSPs,
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but in both cases the WISP dark matter flux converts into photons under certain conditions [20], and

the goal is to detect this small photon signal above the thermal and technical noise in the readout of a

cryogenic resonant cavity, which is present so that the signal may be resonantly enhanced.

Another sensitive WISP detection technique is the so called Light Shining Through a Wall experi-

ment [21; 22]. In such an experiment a single cavity is pumped with photons on resonance and the

correct conditions are supplied such that the WISP of interest (be it an axion or a HSP) will be

generated from this cavity via the inverse of the coupling mechanism used in a haloscope. A second

cavity is present to detect these WISPs via a conversion process, similar to a haloscope, the only

difference being that the origin of the WISP in such an experiment is not galactic halo dark matter,

but rather the first cavity. Such experiments require less assumptions about the nature of these WISP

particles (they do not require the particles to constitute halo dark matter), but are inherently less

sensitive as they require two WISP-photon conversions.

Several microwave haloscope [23; 24; 25; 26; 27; 28] and LSW [29; 30; 31; 32; 33] experiments have

been conducted to date, with no reports of any signals congruent with WISP detection. The ma-

jority of these searches have been conducted below 10 GHz due to a multitude of technical issues

and limitations. Despite this, the higher frequency parameter space is theoretically well motivated

and has even offered up some hints of possible CDM WISPs [34]. Some recent work suggests that

50-200 µeV, corresponding to 12.5-50 GHz is a promising region for axion searches [35]. Much re-

cent work has focused on ways to access this higher mass axion regime [36; 37; 38]. Techniques

such as the one detailed here will become increasingly useful in the push to larger numbers of cav-

ities required for sensitive high frequency WISP searches, such as the planned ORGAN Experiment [28].

The remainder of this work focuses on an outline of a cross-correlation technique for combining

multiple resonators in cavity WISP searches. We wish to emphasize that the proposed technique is

applicable to a number of different types of experiments [39; 40; 41; 42; 43; 44; 45; 46].

6.2 WISP Detection

Figure 6.1 is a diagram of a haloscope designed to detect dark matter axions. In such an experiment a

static, external magnetic field is applied to provide a source of virtual photons, and if dark matter

axions are present in the cavity, a small number should convert to photons such that

hfa ≈ mac
2, (6.1)

with some line-broadening due to velocity dispersion. The generated photons have a mode structure

such that the electric field follows the applied static magnetic field. If the cavity resonance is tuned to

overlap with the frequency of these photons, and if the cavity mode overlaps with the mode structure

of the generated photon signal, a build up of power will occur in the cavity, given by

Pa ∝
(
gγα

πfa

)2 ρa
ma

V B2
0Cmin (QL, Qa) , (6.2)
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Figure 6.1: Schematic of a WISP cavity receiver, in this case the prototypical axion haloscope. A1
represents the first-stage amplifier, while A2 covers all further stages of amplification. LO is the Local
Oscillator used to down-convert the cavity spectrum for sampling on a Fast Fourier Transform Vector
Signal Analyzer (VSA), or some appropriate digitizer.

where gγ is a model-dependent parameter of O(1) [5; 47; 48; 49], α is the fine structure constant and

fa is the Peccei-Quinn symmetry-breaking scale [5]. This energy scale dictates the mass of the axion

and the strength of its coupling to standard model particles; this is the parameter that haloscopes

ultimately aim to measure or bound. The strength of the expected axion power signal also depends

on the local density of axion dark matter, ρa. Cosmological observations provide an estimate for

the local dark matter density (0.35+0.08
−0.07 GeV/cm3 [50]), however it is important to note that to date

axion haloscope searches have typically only excluded CDM axions under the assumption that they

constitute all of the local dark matter. It is plausible that dark matter is comprised of more than

one particle species and thus the local axion dark matter density is lower than has been assumed

in previous haloscope searches. This opens up the possibility of needing to repeat axion searches in

already excluded regions of parameter space to check for lower density axion CDM.

The remaining factors of eq. (6.2) relate to the properties of the cavity used - V is the volume,

QL is the loaded quality factor and C is a form factor [20] describing the relative overlap of the

axion-induced electromagnetic field and the electromagnetic field of the chosen cavity resonance, which

is typically the TM010 mode for haloscopes (C ∼0.69 for an empty cylindrical cavity). The so-called

axion quality factor, Qa, describes the expected structure of a virialized CDM galactic halo axion

signal, where considerations of dispersion lead to a value of ∼ 106. Nonvirialized axion CDM would

have a narrower linewidth (higher Qa) [24], approaching that of a quasi-monochromatic signal.

In a haloscope, or similar cavity receiver, the ultimate goal is to resolve an additional photon signal

(due to the WISP of interest) above the noise background. The degree of resolution of such a signal

directly relates to the confidence in the observed results. For WISP searches, signal-to-noise ratios

of 5 or more are typically desired. The primary noise contributions for cavity receivers come from

the intrinsic thermal noise of the resonator, and the technical noise of the first stage amplifier, with
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later amplifier noise contributions effectively suppressed by the gain of this amplifier [19]. We model

the amplifier as a pure white noise source followed by a pure gain, and assume critical coupling of

the cavity receiver to the readout chain. We can express the Power Spectral Density (PSD, in units

Watts/Hz) of cavity thermal fluctuations at the input of the amplifier as

Scav = kBT0τ(jω), (6.3)

where T0 is the physical temperature of the cavity and here τ(jω) is the Lorentzian transmission

coefficient of the cavity. Similarly the PSD of broadband amplifier white noise referred to the amplifier

input is given by

Samp = kBTeff, (6.4)

where Teff is the sum of the effective noise temperature of the first stage amplifier and its physical

temperature. This is assuming that the first stage amplifier and data acquisition system are operating

at a frequency above a few hundred kHz, outside the 1
f noise regime. For the following discussion, we

shall define the SNR of a WISP cavity receiver as

SNR =
Smax
x − 〈Sx〉

σsx

, (6.5)

where

Smax
x = Ssig + Sx. (6.6)

Here Sx, 〈Sx〉 and σsx are the value of the background noise PSD at the frequency of interest (the sum

of (6.3) and (6.4)) and the mean and standard deviation of the PSD in the absence of the WISP signal.

Ssig is the value of the PSD of the WISP signal at the frequency of interest, given by

Ssig ≈
Psig

∆fW
, (6.7)

Where ∆fW is the linewidth of the WISP signal. The value of the noise PSD, Sx, at the frequency of

interest will be a random variable with a mean 〈Sx〉 = 〈Scav〉+ 〈Samp〉 with some random fluctuations,

so

Sx = 〈Sx〉+ kσsx , (6.8)

where k is a random variable which tells us how many standard deviations the value of the noise PSD

is away from its mean, in the absence of a WISP signal at the frequency of interest. Seeing as we

cannot distinguish between a WISP signal and the random fluctuations around this mean value, and

can only refer the power in a given bin to the mean of the background, the effective WISP signal in a

given bin is given by

Seff
sig = Ssig + kσsx , (6.9)

and equation (6.5) becomes

SNR =
Ssig + kσsx

σsx

=
Seff
sig

σsx

. (6.10)

See fig. 6.2, which illustrates many of these concepts. Now, for random noise averaged m times on a
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Figure 6.2: Sketch illustrating the signal-to-noise ratio of a signal of interest in a WISP cavity receiver.
Several key parameters discussed in the text are made explicit in the figure. The effective signal is the
deviation of the PSD from the mean of the WISP signal-free background.

single channel, it is a well known result that

σsx =
〈Sx〉√
m
. (6.11)

Thus, we finally arrive at

SNR =
Seff
sig

〈Sx〉
√
m. (6.12)

It should be stressed that Seff
sig is simply a measure of how far the combined PSD is away from the

mean at a given frequency. This definition of signal to noise is slightly different to the commonly used

Radiometer equation, but it contains the same sources (ie the combined power on resonance from the

WISP and the receiver, as well as the background noise from the receiver), and scales by root m as

it should. The measure of signal-to-noise ratio in eq. (6.12) is useful for comparing different cavity

detection schemes. With real data, eq. (6.5) (which simply measures how many standard deviations

the power in a given bin is away from the mean) should be employed for analysis. Defined in the

manner above, any SNR value is equivalent to the number of standard deviations a signal is away from

the mean, ie a SNR of 3 corresponds to a signal 3 sigma away from the mean, and a SNR of 5 would

represent the 5 sigma standard threshold for detection employed in particle physics.
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FF
T

Figure 6.3: Schematic of the measurement scheme used to demonstrate principles of cross-correlation.
Both amplifiers were SR560 low-noise pre-amplifier models from Stanford Research Systems with
separate 50 Ω terminations attached to each input. Spectrums were recorded on the FFT with 1601
points in the frequency range 10-100 kHz, well outside of the flicker noise regime of the amplifiers.

6.3 Cross-Correlation

Cross-correlation measurements [51; 52; 53] have been used for many years in the characterization

of low noise devices such as microwave amplifiers and oscillators. The technique involves computing

the cross-correlation function of two signals; any fluctuations that are not correlated between the

signals are rejected, what remains is any process that is present in both signals and correlated. Applied

correctly this provides a powerful tool to reduce or eliminate the noise contributions of measurement

systems. Cross-correlation measurements are practically limited by the level of isolation between the

two measurement channels, typically it is possible to achieve rejection of the uncorrelated noise on the

order of 20 - 30 dB. This is by no means a fundamental limit, merely from observation and readily

achievable levels of isolation in the laboratory with standard components. The cross-spectrum of two

signals, a(t) and b(t), is defined as the Fourier Transform of the cross-correlation function,

Sab (f) = F
{

lim
θ→∞

1

θ

∫
θ
a(t)b(t− τ)dt

}
. (6.13)

However, experimentally we deal with digitzed signals such that a(t) and b(t) have been sampled and

now contain N discrete values. The discrete cross-correlation function is

K
(i)
ab =

1

N

N∑
k=1

akbk+|i−N |, (6.14)

where the index i runs from 1 to 2N . Hence, the discrete implementation of eq. (6.13) is

Sab (fi) = DF
{

K
(i)
ab

}
, (6.15)

where DF is the discrete Fourier transform. The cross-power spectral density (X-PSD) can then be

obtained by normalizing eq. (6.15) over the resolution bandwidth (i.e. multiplying by τmeas).
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Figure 6.4: Mean of voltage spectra as a function of averages from the measurement scheme presented
in fig. 6.3. The mean of a single channel spectrum is shown (green circles) with error bars representing
1 standard deviation. A

√
m dependence is shown (grey dashed line) for the standard deviation. The

mean of the cross-spectrum is also shown (red circles) with error bars representing 1 standard deviation.
The function µ1/

√
m is plotted (red dashed line) as discussed in the text.

We now consider the effect of averaging over m spectra and cross-spectra. During this process

if a(t) and b(t) contain any signals that are uncorrelated they will be rejected from the cross-spectrum

at a rate proportional to
√
m [52; 53], until the limit of isolation between the two channels is reached.

For a single channel measurement, the error (standard deviation) is reduced with
√
m while the

mean, µ, remains constant. In the cross-spectrum, the mean is reduced by
√
m while the error

(standard deviation) remains proportionally constant relative to the mean (which also decreases by an

absolute factor of
√
m). The standard deviation in the cross-spectrum is roughly half of the standard

deviation in the single channel, for a given number of averages, m. Once the limit of rejection is

reached, the standard deviation of the cross-spectrum starts to reduce relative to the mean. Most

WISP searches are unlikely to reach the limit of isolation between measurement channels.

We performed a simple measurement to demonstrate the principles of cross-correlation outlined

in this section. Figure 6.3 shows the method used; data was collected for averages ranging from 4

to 1024. The mean of the single channel spectrum is shown (green circles) in fig. 6.4 with the error

bars representing 1 standard deviation. The
√
m dependence of the error is shown by the dashed grey

lines, while the mean (µ1) stays constant. The mean value of the cross-spectrum (red circles) is also

presented along with 1 standard deviation error bars. The function µ1/
√
m is plotted (red dashed line)

and overlaps with the mean of the cross-spectrum, while the standard deviation of the cross-spectrum

remains proportionally constant relative to the mean, and offset by a factor of ∼ 2 from the standard

deviation of the single channel.

90



6.4. CROSS-CORRELATION WISP CAVITY RECEIVER MEASUREMENT
TECHNIQUES

F
F
T

A1 A2

LO

Axion

Simulator

Figure 6.5: Schematic of the multi-cavity cross-correlation measurement technique. The axion
simulator (green) is used in sec. 6.5 to perform proof-of-concept measurements.

6.4 Cross-Correlation WISP Cavity Receiver Measurement Tech-

niques

A scheme for applying cross-correlation techniques to WISP searches (in this case, a haloscope) is

outlined in fig. 6.5. In this setup, two separate but identical cavities are each placed inside a strong

magnetic field, and read out via independent measurement channels. Each cavity has its own amplifi-

cation chain. This differs from other multiple cavity haloscope schemes, which typically involve power

combining multiple resonators prior to amplification and readout via a single chain [54; 55]. Seeing as

the thermal cavity noise and amplifier technical noise are uncorrelated between the two channels, when

the cross-spectrum is computed these noise sources are rejected from the final spectrum. A WISP

signal will remain correlated between the two channels provided that the receivers are not separated

by a distance greater than the de Broglie wavelength of the particle in question, which for axions is of

the order of tens of metres [56]. Phase offset between the two channels should not impact the degree of

noise rejection, as the noise is all thermal (random) in origin, and completely independent between

channels.

Now, much like a traditional Wilkinson power summation technique, we increase the experimen-

tal complexity. We must now frequency tune two cavities so that the resonances overlap. However, even

in the situation of imperfect frequency matching, this technique will still be beneficial. To optimize

the experiment the WISP mass should coincide with the resonant frequencies of the cavities, and if

one of the cavities was frequency detuned this can be treated as a reduction in the effective Q-factor

of the cavity [32], which would reduce our ability to resolve a signal. As long as the cavities are not

frequency detuned further apart than the bandwidth of the resonant cavity mode being used then

this technique is still applicable, albeit degraded. In the situation where the two cavities and readout
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chains are identical, we can scale eq. (6.12) accordingly. Since for the cross-spectrum

σN ≈
〈SN 〉
2
√
m
,

which is a factor of ∼ 2 less than the spread of the single channel, we can conclude via the same

reasoning that brought us to eq. (6.12)

SNR ≈
Seffsig

〈SN 〉
2
√
m

≈ 2
√
m

Seffsig

〈SN 〉
.

This is a factor of ∼2 improvement over (6.12). Whilst this technique does not offer an immediately

clear advantage over a traditional Wilkinson power summation technique for multiple cavities (yielding

the same increase in SNR), it does have some potential benefits which could be exploited.

First of all, this technique would be useful for characterizing a candidate WISP signal. It would be

possible to increase the distance between two cavities that were being combined in this fashion until

the correlated signal was lost. This would give an indication of the coherence length, and hence the de

Broglie wavelength of the particle in question. Furthermore, this technique allows the two cavities to

be spatially well separated, whereas the Wilkinson technique typically requires that they be co-located

to reduce additional losses due to the length of transmission lines from the cavities to the power

combiner. Indeed, in the cross-correlation scheme one could acquire the data for each measurement

channel simultaneously and independently, and then compute the cross-spectrum in post-processing.

Finally, using a cross-correlation scheme, we do not need to concern ourselves with the phase dif-

ference between the two channels being combined, as we must in the Wilkinson power combining scheme.

Additionally, the cross-correlation scheme presented here can be extrapolated to include n cavities. In a

situation where we have n cavities we are able to compute all possible cross-spectra in post-processing.

For n cavities this means n (n− 1) /2 distinct cross-spectra. If we average these n (n− 1) /2 cross-

spectra linearly with one another, we can view this as equivalent to taking ∼ n (n− 1) /2 times as

many averages of a single cross-spectrum computed from two cavity and readout spectra. The effective

increase by a factor of ∼ n (n− 1) /2 in the number of averages leads to an effective decrease in the

spread of the noise by a factor of ∼
√
n (n− 1) /2. As a result, eq. (6.12) becomes

SNR ≈ 2

√
mn(n− 1)

2

Seffsig

〈SN 〉
. (6.16)

This is a small improvement over the factor of n that one acquires from Wilkinson power combining n

cavities, given by

n
√
m

Ssig
eff

〈SN 〉
. (6.17)
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Figure 6.6: A 1600 point PSD after 1024 averages for the two cavity cross-correlation technique
illustrated in fig. 6.5. Single channel trace is shown in blue and the X-PSD is shown in yellow. Note
that the horizontal axis units are not Hertz, they simply refer to the number assigned to each of the
1600 points in the spectrum.

This improvement may seem counter-intuitive, but when one considers that cross-correlating n cavities

over m measurements requires us to take n × m total measurements, versus just m measurements

for the Wilkinson power combined scheme, and that this data is then post-processed, it is perhaps

easier to intuit how an improvement can be achieved with a larger number of total measurements.

This could result in an increased total measurement time if we were forced to take the measurements

one after another, however, provided we have enough measurement devices to sample the n readouts

simultaneously, we will not incur a time penalty. We do, however, require n amplifiers, as opposed to

just one in the Wilkinson scheme.

6.5 Results

Proof-of-concept measurements were made with a two cavity system. A microwave synthesizer was

used to generate a simulated WISP signal that falls within the cavity bandwidth. Measurements

were conducted at room temperature using commercial sapphire-based “black box” resonators. As

this is not an actual WISP search but rather a test of a measurement technique the mode structure

of the cavity resonance is irrelevant. The cavities both had resonance frequencies at ∼9 GHz and

Q factors of ∼ 2 × 105. The total gain in each channel was ∼30 dB. A microwave synthesizer and

mixers were employed to mix the channels down to 4 MHz so that the spectra could be recorded

on a commercial vector signal analyzer Fast Fourier Transform machine (FFT). Measurements were

made from 2 to 4096 averages. With the appropriate equipment such as a FFT or multi-channel

digitizer both channels can be sampled simultaneously, and the cross-spectrum is computed in situ,

meaning that there is no increase in acquisition time for cross-correlation measurements compared to

single channel measurements. Single channel and dual channel results for the two cavity technique

(fig. 6.5) are shown in fig. 6.6. Temperature control was used to perform minor frequency tuning
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Figure 6.7: Log-log representation of SNR as a function of averages for the simulated axion signal in
single channel (blue circles) and X-PSD (yellow circles) obtained via the technique presented in fig. 6.5.
Fits to the data (coloured lines) are presented as discussed in the text.

to ensure that the resonant frequencies of both cavities were equal. After 4096 averages the single

channel trace, representative of a typical WISP cavity receiver, has a SNR of 106σ for the WISP

signal. In the X-PSD, the first-stage amplifier noise and thermal cavity noise from both channels has

been rejected (within the limitations of the instrumentation and the number of averages taken). The

simulated WISP signal which is correlated between both cavities remains with an enhanced SNR of

218σ, which is a factor of ∼ 2 improvement arising from the use of two independent measurement

channels. Figure 6.7 shows the SNR for a single channel and the X-PSD as a function of the number of

averages taken. Fitting to the X-PSD gives the function 3.3×
√
m and fitting to a single channel gives

1.6×
√
m. This demonstrates that the system behaves as outlined in section 6.4 and also shows that

the X-PSD conserves relatively weak correlated signals, as the starting SNR for these measurements is

less than 1 for the single channel. Averages below 4 have been omitted from the figure as the signal

cannot be resolved above the background noise.

Another tabletop experiment was performed to verify the expected sensitivity predicted by eq. (6.16)

for cross-correlating combinations of n channels. Four independent amplifiers were injected with a

simulated monochromatic WISP signal of -106 dBm at 1200 Hz, the outputs being sampled directly

by a 4 channel digitizer. The gain of each amplifier was set to 2 dB. The data was processed to

compute PSDs for each channel, as well as all 6 possible combinations of X-PSDs for averages ranging

from 1 to 16. Subsequently the averaged cross-power spectral density (AX-PSD) was computed via

linearly averaging the 6 individual X-PSDs. Results for the single channel, cross-spectrum and averaged

cross-spectrum after 16 averages are shown in fig. 6.8. After 16 averages the average SNR for the single

channel was 12.8σ. When examining the X-PSDs, the average SNR was 25.4σ, which is close to the
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Figure 6.8: PSD (blue), X-PSD (green), and AX-PSD (yellow) after 16 averages for the four channel
cross-correlation scheme described in the text. The broadband noise of the amplifier is seen to decrease
for the X-PSD and AX-PSD when compared with the single channel.

factor of 2 expected. When examining the averaged cross-spectrum the SNR was found to be 65.2σ,

which is slightly better than the factor of 2
√

6 expected from eq. (6.16), when compared with the

average single channel value. Figure 6.9 shows the SNR for PSD, X-PSD and AX-PSD as a function of

the number of averages taken.

Fitting to the AX-PSD gives the function 16.9
√
m, fitting to the X-PSD gives the function 6.48

√
m,

and fitting to the single channel gives the function 3.28
√
m. These values show a factor of ∼ 2 between

the single channel PSD and the X-PSD as expected, and a factor slightly larger than the expected

2
√

6 between the PSD and the AX-PSD. This demonstrates that at least for the four independent

amplifier channels the system performs as expected. It should be noted that this technique was not

attempted with cavity structures due to technical limitations (we did not have 4 identical cavity and

amplifier readouts on hand). Furthermore it is important to stress that for both the 2 cavity and 4

channel schemes tested here, much care must be taken to ensure that the signals in each channel are

nearly identical. Discrepancy between the channels leads to deviation from the predictions outlined in

this text.

For both measurement techniques the phase offset in each arm, or more importantly the phase difference

between the channels, ultimately has minimal impact upon the SNR observed in the X-PSD. As the

noise processes being rejected are of thermal (random) origin the power will be equally distributed

between phase and amplitude; we cannot further improve on the results by having a phase-sensitive

channel and an amplitude-sensitive channel. Regardless, it would be prudent to fully characterize any

system deployed in an actual data-taking experiment.
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Figure 6.9: Log-log representation of SNR as a function of averages for the simulated axion signal
into a single amplification chain (blue), the average of the SNR for each of the 6 computed X-PSDs
(yellow), and the SNR of the averaged X-PSD or AX-PSD (green). Fits to the data (coloured lines)
are presented as discussed in the text.

6.6 Conclusion

A cross-correlation measurement scheme for cavity-based WISP searches has been proposed and

tested. This scheme allows for two cavity outputs to be effectively combined via computation of

their cross-power spectral density. This allows for the cavities to be spatially well separated, thereby

providing a way to measure the coherence length of any candidate WISP signal. As a further benefit,

the relative phase in the two channels has no impact on the combined sensitivity, which simplifies

the experiment. Furthermore, such an approach can be scaled up to larger arrays of cavities by

computing all the possible combinations of cavity cross-power spectral densities, which results in an

improvement in SNR versus what can be achieved by power combining the same number of cavities.

We require more total measurements, amplifiers and readout chains, but provided we have the req-

uisite hardware this is not an issue, and we can reach an improved sensitivity in the same amount of time.

The authors thank J.M. Le-Floch for help with the data acquisition software. This work was supported

by Australian Research Council grant CE110001013.
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Chapter 7

Axion Detection with Negatively

Coupled Cavity Arrays

Preface

This chapter comprises an article that was published in Physics Letters A in 2018.

As discussed in the previous chapter, one of the key challenges facing high mass haloscopes is the

requirement for power combining multiple cavities, in order to overcome the small volumes associated

with high frequency cavities.

We investigated a novel method for doing this, by engineering negative coupling in cavity arrays. This

method works in principle whether considering an array of cavity-like “features” inside a single cavity,

or several independent cavities coupled externally.

In addition to providing a mechanism for combining multiple resonators to increase effective vol-

ume, the negative coupling studied here provides another advantage, in that a dispersion relationship

can be established in which more uniform “lower order” modes with higher haloscope form factors can

be made to have higher frequencies than “higher order” modes.
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ABSTRACT

Using eigenmode analysis and full 3D FEM modelling, we demonstrate that a closed cavity built of an

array of elementary harmonic oscillators with negative mutual couplings exhibits a dispersion curve with

lower order modes corresponding to higher frequencies. Such cavity arrays may help to achieve large

mode volumes for boosting sensitivity of axion searches, where the mode volume for the composed array

scales proportional to the number of elements, but the frequency remains constant. The negatively

coupled cavity array is demonstrated with magnetically coupled coils, where the sign of next-neighbour

coupling (controlled with their chirality) sets the dispersion curve properties of the resonator array

medium. Furthermore, we show that similar effects can be achieved using only positively coupled

cavities of different frequencies, assembled in periodic cells. This principle is demonstrated for the

multi-post re-entrant system, which can be realised with an array of straight metallic rods organised in

chiral structures.

7.1 Introduction

Precision measurements using systems with small dissipation was a pioneering field of research of

Vladimir Braginsky [1]. As pointed out in his work, such systems are very valuable in many areas of

physics since they preserve coherence for very long times and may serve as very sensitive probes of

physical quantities, such as material property characterisation [2] and tests of fundamental physics [3],

where the ultimate limit is given by quantum mechanics [4; 5]. One area gaining considerable recent

attention is the development of low-temperature microwave cavities, with high-Q factors and low noise

readouts to search for the dark matter axion [6; 7].

Axion searches in the microwave frequency band (greater than 1GHz) pose certain difficulties re-

lated to contradicting requirements. As the frequency space pushes towards higher frequencies, detector

cavity sizes shrink, decreasing the mode volume and corresponding sensitivity. An obvious solution

to the problem is to increase the number of detecting cavities [8; 9; 10; 11; 12]. Unfortunately, this

immediately leads to an increase in system complexity, as such a system requires the need for additional

amplifiers, microwave lines, etc. So, there is a need for solutions that can lead to an increase in the axion

detecting mode volume while preserving the number of detecting systems and high resonant frequency.

In particular, high mass axions yielding high frequency photons (> 15GHz) are motivated theoreti-

cally [13], and by some curious experimental results [14], but are as yet largely unprobed, although

some recent proposals and experiments have begun to move in this direction [15; 16; 17; 18; 19; 20; 21].

In this work, we propose new methods to scale the mode volume based on negative coupling be-

tween cavities. This approach gives an advantage over simultaneous averaging over the same number
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of independent cavities (giving the same scaling law), as the proposed approach requires only one

measurement system.

7.2 Axion Electrodynamics

Axion electrodynamics may be considered as an extension to the classical electromagnetism with

an additional Lagrangian term coupling the axion scalar field a and the electric E and magnetic B

components of the electromagnetic field [22]:

L = κaE ·B, (7.1)

where κ is the coupling strength. The conventional approach [23; 24; 25; 26] to detect the presence of

axions is to apply the strongest available external magnetic field, B0, and measure photons created by

the three particle interaction, eq. (7.1), the so-called axion-two photon coupling. The measurement is

usually done with a single photonic cavity as a probe antenna, so the interaction reduces to direct

coupling between axions and cavity photons:

Hi = geff(b+ b†)(c+ c†), (7.2)

where c (c†) and b (b†) are creation (annihilation) operators for the cavity mode ([c, c†] = i) and axions.

The coupling coefficient geff is proportional to the DC field and is a function of cavity geometry and

fundamental parameters [27]:

geff ∼ ωcV B2
0QLCEM, (7.3)

where ωc is the cavity resonance frequency, V is the mode volume of the cavity, QL is the loaded quality

factor and CEM is the unity scaled electromagnetic form factor that is a scaled overlap integral between

the external field and the cavity mode. This parameter depends only on the cavity geometry but not

on its volume, thus it stays constant when the cavity is scaled. On the other hand, CEM depends on

the form of a mode used for the detection. For a typical haloscope with a uniform, static magnetic

field, B0, along a single axis, the electric field generated by axion to photon conversion is parallel to

this axis. Since, for most detection purposes, axions may be thought of as a space uniform field, the

maximally sensitive mode is the one having the most uniform structure and the lowest number of

nodes, i.e. the lowest order mode. Thus, a critical component of detector design for the axion search is

to maximise the mode volume V and CEM for the given frequency ωc.

7.3 Inductively Coupled Cavity Arrays

7.3.1 Theoretical Principle

Instead of one isolated cavity, it is possible to consider a set of a regular one dimensional chain of

linearly coupled cavities. Each cavity supporting a particular mode may be considered as a harmonic

oscillator. A particularly instructive model is an LC circuit, characterised by an ideal capacitance C

and inductance L. The next-neighbouring individual elements of this chain are coupled via mutual
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inductance M . The Hamiltonian of the chain may be written in the form [28]:

H = ω0

∑
j

c†jcj − g
∑
j

(c†jcj+1 + c†j+1cj), (7.4)

where ω−2
0 = LC, g−2 = MC. In this model, we limit coupling to only nearest neighbours, which may

be ensured explicitly, or is typically the case in most practical realisations where coupling drops either

exponentially or inverse polynomially with the distance between elements. It is important to underline

that the cavity-cavity coupling strength g and thus the mutual inductance M could be both negative

or positive depending on the mutual winding of neighbouring inductors. More precisely, the mutual

inductance can be designed to be in the region [−L,L].

It is straightforward to obtain a dispersion relationship from eq. (7.4) by substituting the wave

solution φi = A exp (−ikj − iωt):

ω2 =
1

CL
− 2

MC
cos k = ω2

0

(
1− 2η cos k

)
, (7.5)

where η = L/M , k is the wave number and ω is the angular frequency of a wave propagating along

the chain. Here parameter η ∈ [−1, 1] due to limits imposed on M . If, for example, η = 1/2, then we

obtain a dispersion relationship of a simple vibration lattice of masses and springs where, for small

wave numbers, ω ∼ k. Although, it is more interesting to consider the parameter subspace where η < 0.

In the case when η = −1/2, ω spans between
√

2ω0 for k = 0 and 0 for k = π/2.

What is important about η < 0 is that the lower wave number waves correspond to higher fre-

quencies and vice a versa. This property can be exploited in an axion search in order to get higher

mode volumes at high frequencies, without resorting to moving to higher order modes with decreased

form factors. Indeed, the fundamental mode of the chain is the one that has the highest sensitivity to

the detectable axion signal, so by reversing the sign of the coupling, one can shift this mode from the

lowest to the highest frequency achievable with such a chain. The inverse is true for the highest order

mode that has the lowest axion sensitivity.

Under the considered experimental conditions, to quantify the sensitivity to axions of a certain

mode defined on a chain of cavities in terms of eigenvalues of the system in eq. (7.4), one needs to

calculate an overlap between eigenvectors of this mode and sensitivities of single cavities. The product

of overall chain form factor and volume may be viewed as a figure of merit for this, and may be be

expressed for its kth order mode in terms of the form factor and volume of each element of the chain

C
(j)
EM ×V

(j)
element and the value of normalised eigenvectors v

(j)
k of the kth order mode:

Ĉ
(k)
EM ×Vchain =

N∑
j=1

C
(j)
EM ×V

(j)
element v

(j)
k , (7.6)

where N is the number of cavities in the chain. From this relation it follows that for identical cavities

the sensitivity is maximised for the mode with the largest sum of elements of the corresponding
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(A)

(B)

Figure 7.1: Resonance frequency (A) and mode divergence factor ξk (B) as a function of mode order
k for a chain of N cavities.

eigenvector. This is fulfilled for the uniform mode giving the sum equal to one:

Ĉ
(k)
EM ×Vchain = N CEM ×Velement. (7.7)

For non uniform modes the divergence from this relation may be expressed as a ratio:

ξk =
Ĉ

(k)
EM ×Vchain

NCEM ×Velement
. (7.8)

Here, ξk is a numeric value ≤ 1, where the value of unity represents completely uniform modes and is

the ideal value, in practice this value needs to be maximised.

To demonstrate the effect of negative coupling on resonance frequencies of a chain of cavities, we

calculate the eigenfrequencies of such a system. The distribution of resonance frequencies for a system

with N cavities and different coupling parameters η as a function of mode order k is shown in fig. 7.1

(A). The plot illustrates the fact that higher frequency modes correspond to lower order numbers k and,

thus, to larger mode volumes that can be observed in fig. 7.1 (B). The maximum achievable frequency
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Figure 7.2: Form factor of the zero order mode (highest frequency) of a chain of cavities as a function
of its length for open and periodic boundaries.

for the chain is
√

2ω0, this follows from the dispersion relationship, eq. (7.5). For higher dimensional

structures with dimensionality D, the frequency scales as
√

1 +Dω0.

Fig. 7.1 (B) demonstrates divergence factor ξk calculated as a sum over mode eigenvectors. Here, even

order modes for all parameter systems give zero parameter values as positive and negative parts of

eigenvectors cancel. Also, even the lowest order mode does not reach the limit of ξ = 1. This result is

explained by the fact that due to the open boundary conditions imposed on both ends of the chain,

none of these modes are uniform showing decay of intensity from the chain centre to its ends. Another

important conclusion is that the overall mode volume increases with N , thus, it is possible to scale this

parameter (and all results that depend on ξn) with N .

Scaling of the form factor and volume product was calculated for the first mode, k = 0, with a

varying number of cavities, N , for two types of boundary conditions. The results are shown in fig. 7.2,

which demonstrates the factor of N scaling law. The same result can be obtained by power combining

N independent cavities, but this introduces many complex technical challenges [8; 9; 10]. Recent

work suggest that post-processing the data acquired from N independent cavities may yield a small

improvement over the system proposed here, although, this would require N independent measure-

ment systems [29]. Additionally, the figure shows that the chain with open boundary conditions has

suboptimal form factors due to non-uniformity caused by edge effects.

A possible complication with the proposed system of a negatively coupled chain of cavities is high

density of modes towards the zeroth order. This problem can make it difficult to tune the most

sensitive probe mode in situ due to high mode density. However, in principle, if all cavity frequencies

ω0, are tuned synchronously, the whole dispersive curve moves up or down with the constant separation

between the chain modes. This implies no avoided crossings or other mode interaction effects are

present to limit the tunability of the most sensitive mode. Tuning of all cavities simultaneously can be
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achieved if cavities are made of individual electromagnetically resonant elements enclosed in a shared

conducting movable surface. An example of such structure is a multi-element re-entrant type structures

described below where one controls post gaps and thus the equivalent capacitance C and thus ω0 for

all elements.

7.3.2 Physical Implementation

A system of coupled cavities is often realised using 2D split ring resonators or similar structures making

a base for implementation of metamaterials. Recently, a 3D version of this resonator, a multi-post

reentant cavity [30; 31; 32], has been proposed as a controllable base for metastructures [33; 34; 35].

Such a system is made up of a number of conducting posts attached to one cavity wall and closely

approaching another with their tips. Every post forms a separate resonant structure with equivalent

inductance primarily due to the length and capacitance formed by the gap between the tip and the

opposite surface. The additional advantage of such a system is its high tunability, and the possibility

to control all post gaps simultaneously. Another important property of re-entrant cavities is possibility

to achieve quite high Quality Factors. For example, for superconducting re-entrant cavities, Q factors

exceeding 108 have been demonstrated [36].

It is possible to demonstrate that such a system of parallel straight posts gives negative mu-

tual inductance and, thus, a negative sign of η. So, a system constructed of a regular grid of such posts

effectively composes a right-handed metamaterial with a normal dispersion curve. The sign of coupling

between resonators can be reversed by replacing straight posts with coils as shown in the insets of

fig. 7.3. Such a system can be still regarded as a re-entrant structure as the gap between the coils ends

and the opposite surface forming capacitance is preserved. Thus, the system inherits one of the most

important features of the re-entrant cavity, i.e. high tunability by changing post gap. This feature is

important for axion detection as it allows to scan a wide frequency range. Indeed, highly tuneable

re-entrant cavities have previously been proposed as a resonator for axion searches [37].

The performance of the coil structure has been confirmed by full 3D Finite Element Modelling

(FEM) in COMSOL Multiphysics. The resulting dispersion relationship is shown in fig. 7.3 (A).

Four solid curves represent three values of the lattice spacing a relative to the coil outer diameter D.

Resonance frequencies are scaled to the frequency of a stand alone reentrant coil fs. The color plots

demonstrate the field distribution for the highest and lowest order modes. All dispersion curves have

a character specific to the negatively coupled cavity structure described above using the harmonic

oscillator model. In particular, the highest frequency mode of the chain is characterised by the

most uniform distribution of electric and magnetic fields. This fact will result in the strongest axion

sensitivity at the highest frequency of the band, as seen from calculations of the 0th mode form factor

Ĉ
(k)
EM in fig. 7.3 (B), demonstrating dependence of the filling factor on the mode order.

It is also observed that the coupling between the chain elements grows with decreasing spacing

between the coils. In the limit of large a, the dispersion curve is a horizontal line describing the case of

uncoupled resonators having the same frequency ω0. The opposite limiting case is a situation when
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(B)

(A)

Highest Frequency
Mode

Lowest Frequency
Mode

Highest Frequency Mode Lowest Frequency Mode

Figure 7.3: (A) Mode resonance frequencies as a function of mode order k for different lattice
parameters a compared to the coil diameter D. Color plots show the electric and magnetic field
distribution for the lowest and highest order modes. The insets show 3D views of the system. (B)
Filling factors for all re-entrant modes of N = 32 and N = 48 chains of coupled coils as a function of
mode order k.

coils are placed without intermediate gaps, i.e. a = D. In fact, the situation with a < D is possible,

but it is dominated by other effects that break down the approximation in which coils are considered

as separate resonators. Thus, the result cannot be represented by a normal mode decomposition on the

simple chain of cavities. Nevertheless, the FEM simulations demonstrate good qualitative agreement

between with the negatively coupled next-neighbour model in eq. (7.5), shown in fig. 7.1 (A).

To demonstrate the ability to scale the axion sensitivity, we numerically compute the product of

form factor and volume for the most sensitive (zero order) mode, which can be represented as:

CEM ×Vchain =

∣∣∫ Ez dV
∣∣2∫

|Ec|2 dV
, (7.9)

107



CHAPTER 7. AXION DETECTION WITH NEGATIVELY COUPLED CAVITY
ARRAYS

100 101

Number of Coils (N)

10-3

10-2

10-1

100

Ĉ
(0

)
E

M
×
V

ch
ai

n
 (c

m
3
)

FEM Simulation
a ·N− b fit
∼N scaling

Figure 7.4: Scaling of the product of the chain form factor and its volume as a function of a number
of coils in the chain.

where Vchain is the chain volume and Ec is the total electric field in the cavity, and both integrals are

taken over the whole system volume. This quantity characterises sensitivity of the whole structure.

The results for different numbers of coils N in the open boundary condition case is shown in fig. 7.4,

which shows that the sensitivity increases proportional to the number of coils for larger chain lengths

of N > 10. For the lower values of N , the performance is suppressed by a constant value that becomes

negligible for N > 10. This suggests that this suppression is due to edge effects. The axion sensitivity

of N independent cavities whose outputs are power combined is represented by the bottom red line.

This line demonstrates the N = 1 case scaled by N as the geometric factor stays constant but the

mode volume grows with N, hence so does the overall sensitivity.

As it is seen from fig. 7.3 (B), the re-entrant mode of the coil with a gap exhibits a moderate

sensitivity due to significant components of the E field in the x− y plane. Although the proposed array

structure improves the performance proportional to N , the base sensitivity of a single coil requires some

further fine tuning to improve the performance. This may include optimisation of such parameters as

the coil radius, thickness, length, axial pitch, etc, or the coil structure itself, but such optimisation

falls out of the scope of this work. We also note that, although the production of many nominally

identical, small coils is well within the limits of standard manufacturing processes, it still will pose

certain practical challenges.

7.4 Chiral Cavity Arrays

The main difficulty related to the physical realisation described in the previous section is manufactura-

bility of the coil-like elements that are used to control the sign of cavity couplings. On the other hand,

it is possible to mimic the coil-like (chiral) behaviour between array elements by grouping cavities into

quasi-molecules. According to this idea, we consider closely situated inter-coupled groups of cavities as

building blocks of sensing arrays and design internal structure of these groups in such a way that the
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Figure 7.5: Two types of reentrant post ”molecules” with left or right handedness. Arrows show
increase in post gap size hi and decrease in resonance frequency ωi of a corresponding harmonic
oscillator.

desired characteristics of couplings between adjacent groups are achieved. In this case, it is possible to

choose the simplest possible structure for the cavity, i.e. simple straight re-entrant posts, but make

internal group structure more complex in order to mimic negative couplings in the array elements. In

other words, the complexity of a cavity is transferred onto the complexity of the group structure.

The idea of cavity groups or“quasi-molecules” has been demonstrated in multi-post reentrant cavity

systems with straight posts, to realise a photonic topological insulator [35]. This work proposed to

implement left-handed and right-handed quasi-molecules with straight (non-chiral) posts by decreasing

the gap size under each post when going clock-wise or anti-clockwise across each molecule. With this

chiral structure at hand, 1D and 2D arrays of these molecules demonstrated bulk/edge correspondence

as well as one-way photon transport. Moreover, the system preserved such nontrivial topological effects

when realised on a regular two dimensional grid of posts with accordingly adjusted gaps leading to

possible reconfigurability of the overall topological properties.

The idea of left handed and right handed groups of straight posts may be applied in the attempt to

avoid coil-like posts in the cavity array. Indeed, it is possible to replace one cavity with the coil-like

structure with a group of plain cavities having a certain sense of handedness, and further implementing

an array of such groups. Following the first demonstration of this idea [35], we consider groups of

four posts with different gaps hi distributed clockwise or anti-clockwise (see fig. 7.5) implemented

on a regular grid. In this section, each post/cavity is modelled as a harmonic oscillator of a certain

resonance frequency ωi positively coupled to its nearest neighbours.

For the numerical experiment, we consider a chain of 40 ‘molecules’ with the same handedness

and linear change in resonant frequency of cavities across a single molecule. As the first test, we

compute the resonance frequencies fn and the uniformity of the mode ξn (see eq. (7.8)) for every

eigenmode of the array. The described system exhibit multiple frequency bands, and for this reason the

following discussion will be given in terms of mode number, n, counted from the lowest to the highest

in frequency. This is in contrast to the mode order k counted from the most uniform to the least uniform.

Result are shown in fig. 7.6 depicting four frequency bands. In particular the uniformity, ξ[n], increases
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(B)

(A)

Figure 7.6: Scaled resonance frequencies fn (A) and mode uniformity factors ξn (B) for a chain of
post groups as a function of mode number n. Vertical lines separate the four frequency bands.

towards the highest frequency mode of the second and fourth frequency bands, indicating the desired

property of negative couplings between parts of the structure.

In order to investigate the scaling laws for the considered chain, we calculate the form factor of the

highest frequency mode as a function of total number of cavity quasi-molecules Nm (here Nm = N/4).

Fig. 7.7 demonstrates the result of the form factor scaling for the cases of open and periodic boundary

conditions. These conditions are considered with respect to the cavity groups rather than individual

cavities. It is possible to optimise the system so that the periodic boundary condition case approaches

the Nm line by increasing the difference between resonance frequencies of cavities within a single

molecule, and adjusting inter-cavity coupling. Finally, a periodic lattice of groups with different

handedness may lead to similar effects, but its spectrum would be more complex with each of the bands

splitting into two. Fig. 7.7 demonstrates that the chain of quasi molecules of cavities with the same

handedness exhibits a ∼ Nm scaling law, similar to the case of coil-like elements. This solution requires

at least four times as many posts or cavities, but does not require a complex coil structure. This may

result in higher mode density, and more complex mode structures, but eliminates the necessity of

manufacturing identical coils.

To confirm the results of the analysis of the cavity system, we perform full 3D FEM analysis for a

straight post realisation of such a system. The system is taken to have 16 quasi-molecules, giving 64 as

the total number of posts, with the post gaps changed linearly across each unit cell. The simulated

resonance frequencies and filling factors are shown in fig. 7.8, where it is seen that the highest resonance

frequency of the fourth band exhibits the largest filling factor, as expected.
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(B)

(A)

Figure 7.7: Form factor (A) and frequency deviation (B) for the highest frequency mode of the chain
of cavity molecules as a function of total number of cavity molecules.

(A)

(B)

Figure 7.8: (A) Resonance frequencies of the FEM modelled chain of post ’molecules’. (B) Corre-
sponding filling factors. The insets show the Ez under posts for one unit cell.
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It should be mentioned that the system may be further parametrically optimised to achieve higher

sensitivity by optimising the post radii, distances and gaps. Such optimisation falls out of the scope of

this work.

7.5 Conclusion

In conclusion, we have considered metastructures of negatively coupled cavities that exhibits a dis-

persion relationship that can help to enhance axion haloscope sensitivity in higher frequency ranges.

The structures exhibit the most uniform (and hence, axion sensitive) modes at the highest frequency

of the dispersion curve, higher than the frequency of an uncoupled individual element. Thus, the

whole metastructure can work as an axion sensitive resonator whose mode volume may be infinitely

expanded with the resonant frequency held constant. This technique requires only one measurement

system (a set of amplifiers, signal lines, mixers and data acquisition channels), and does not require the

synchronization and phase matching of a large array of independent cavities. It also may outperform

the power combining method in the large cavity number limit, and higher frequency range, as it is

not necessary to implement power combiners with arbitrary numbers of inputs, and any additional

elements between the cavity and the first stage amplifier. This is important for high frequencies,

f > 20 GHz, as these components significantly decrease efficiency. Finally, it is numerically shown

that this behaviour is possible to achieve with a microwave cavity, employing coils as resonant cavity

elements, or employing re-entrant posts grouped into left or right handed unit cells.

This work was supported by the Australian Research Council Grant No. CE110001013.
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Chapter 8

The ORGAN Experiment: An axion

haloscope above 15 GHz

Preface

This chapter comprises an article that was published in Physics of the Dark Universe in 2017. In many

ways, this chapter can be viewed as the central piece of this work.

The ORGAN Experiment, which stands for the Oscillating Resonant Group AxioN Experiment,

is a forthcoming high mass axion haloscope in development at UWA in conjunction with the ARC

Centre of Excellence for Engineered Quantum Systems.

In 2016, we conducted the path-finding run of the experiment, the results of which are reported

here. Additionally, the future plans of the experiment are discussed, including the implementation of

the techniques described in Chapter 5, and the potential implementation of the techniques described

in Chapters 6 and 7.

Appendix B provides some insight into the methodology associated with the calculation of the

(narrow) exclusion limits from the path-finding run.
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ABSTRACT

We present first results and future plans for the Oscillating Resonant Group AxioN (ORGAN)

experiment, a microwave cavity axion haloscope situated in Perth, Western Australia designed to probe

for high mass axions motivated by several theoretical models. The first stage focuses around 26.6 GHz

in order to directly test a claimed result, which suggests axions exist at the corresponding mass of

110 µeV. Later stages will move to a wider scan range of 15-50 GHz (60− 210 µeV). We present the

results of the pathfinding run, which sets a limit on gaγγ of ∼ 2.02× 10−12GeV−1 at 26.531 GHz, or

∼110 µeV, in a span of 2.5 neV (shaped by the cavity) with 90% confidence. Furthermore, we outline

the current design and future strategies to eventually attain the sensitivity to search for well known

axion models over the wider mass range.

8.1 Introduction

8.1.1 Axions and detection experiments

The nature of dark matter is one of the greatest questions plaguing physics today. Many have suggested

that dark matter is composed of weakly-interacting particles. One class of particles of great interest

are so called weakly-interacting slim particles, or WISPs [1]. The most well known and theoretically

motivated WISPs are axions (or “axion like particles”, ALPs). Axions were first proposed in 1977

as a consequence of an elegant solution to the strong CP problem in QCD [2]. Subsequently it was

proposed that axions might compose dark matter. Axions are appealing candidates as they should

have the desired properties of dark matter, specifically, a mass and a weak coupling to regular matter [3].

The first direct, laboratory search technique for these particles was proposed in 1983, and is known

as the haloscope, so named as it searches for axions in the galactic halo [4; 5]. The haloscope is a

technique for detecting axions via their coupling to photons. In what is known as the inverse Primakoff

effect, an axion will convert into a photon when another photon is present. In most haloscopes this

second photon is virtual, provided by an external static magnetic field. As a result the frequency of

the generated real photon corresponds directly to the mass of the axion. There are a number of axion

haloscope searches currently underway, most notably the Axion Dark Matter Experiment (ADMX),

the most mature of such experiments [6; 7].

One of the largest problems facing axion haloscopes is the fact that the mass of the axion is un-

known (other than some broad cosmological limits [8; 9]), meaning that the frequency of the generated

photons is also unknown. This, combined with the fact that the strength of the axion coupling
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to photons is unknown, creates a large parameter space for searching, which requires a number of

experiments to probe different axion mass ranges. The most critical parameter in axion searches is the

Peccei-Quinn symmetry breaking scale, fa, which determines both the axion mass and the strength of

its coupling to photons according to

ma =
z1/2

1 + z

fπmπ

fa
gaγγ =

gγα

faπ
.

Here ma is the axion mass, z is the ratio of up and down quark masses, mu
md
≈ 0.56, fπ is the pion

decay constant ≈ 93 MeV, mπ is the neutral pion mass ≈ 135 MeV, gγ is an axion-model dependent

parameter of order 1, and α is the fine structure constant [10; 11; 12; 13; 14]. fa is the parameter that

haloscopes ultimately wish to constrain. A recent and highly promising theoretical model, known as

SMASH, points to high mass (∼100 µeV, or ∼24 GHz) axions, with corresponding frequencies in the

microwave and millimetre wave ranges [15]. Furthermore, a recent paper (hereafter referred to as the

Beck result) claims that an anomalous effect observed in Josephson junctions can be explained due

to an axion with a mass of around 110 µeV (26.6 GHz) entering the junction [16; 17]. These factors

combine to motivate direct axion searches above 12.5 GHz, particularly in the range near 25 GHz,

and specifically around 26.6 GHz. However, due to a host of technical limitations [18] and practical

considerations, most haloscopes operate at frequencies well below 10 GHz, and this highly promising

region of the axion parameter space remains largely unprobed. There is currently some interest in

developing axion searches in mass ranges lower than those traditionally searched [19; 20; 21], however,

the move towards high frequencies and high axion masses is a more common contemporary goal of

axion haloscopes [22; 23; 24; 25; 26; 27].

The ORGAN experiment has performed a static (non frequency-tunable) pathfinding run that allows

very narrow limits to be placed on axion-photon coupling near 26.6 GHz. Development of later stages of

the experiment, which will scan a large area of this highly promising mass range, is currently underway.

8.1.2 Haloscopes

A haloscope is an axion detection technique in which a resonant cavity is embedded in a strong

(typically) static, uniform magnetic field. If axions are present in the cavity due to an abundance

in the galactic halo dark matter, a small number will convert into real photons with a frequency

corresponding to the axion mass. If the central frequency of the resonant cavity is tuned to overlap

with this frequency, the signal will be resonantly enhanced, at which point it can be read out via low

noise electronics, and ideally detected above the thermal noise of the system. The expected signal

power in a haloscope is given by [28]

Pa ∝ g2
aγγB

2CV QL
ρa
ma

. (8.1)

Here B is the field strength of the external magnetic field, C is a mode dependent form factor of order

1 [29], which represents the degree of overlap between the cavity mode electromagnetic field and the

electromagnetic field induced due to axion photon conversion (it is an integral of the dot product
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of these two fields), V is the volume of the detecting cavity, QL is the loaded cavity quality factor

(provided it is lower than the expected axion signal quality factor ∼ 106), and ρa is the local axion

dark matter density. The signal powers in axion haloscopes are extremely weak, even ADMX, which

operates with a very large volume and high magnetic field system expects signal powers on the order of

10−22 W. The challenges faced in the move to high frequency haloscopes are evident in eq. (8.1). The

volume of detecting cavities scales inversely with frequency, the surface resistance of materials increases

with frequency, which impacts quality factors, and there is a 1
ma

term in the haloscope power equation.

To further complicate this, the quantum noise limit of amplifiers increases with frequency, making it

more difficult to resolve a signal above the noise of the amplifier. A common suggestion to alleviate the

volume concern is to utilize a large number of small cavities power combined, however, this presents

a series of immense practical challenges in an experiment. The scanning rate of a haloscope is given

by [30]

df

dt
∝ 1

SNR2
goal

g4
aγγB

4C2V 2ρ2
aQLQa

m2
a(kBTs)

2
, (8.2)

where SNRgoal is the desired signal-to-noise ratio of the search, Qa is the axion signal quality factor,

and Ts is the total system noise temperature, typically dominated the first stage amplifier, with later

amplifier and loss contributions suppressed by the gain of this amplifier. This is the quantity that

must be maximized in design of an experiment, for which C2V 2G can be viewed as a figure of merit

for resonator design, as all other parameters either depend on the properties of the axion, the external

magnetic field or the first stage readout amplifier. G is the mode geometry factor given by

G =
ωµ0

∫
| ~H|2dV∫
| ~H|2dS

. (8.3)

Where ~H is the cavity mode magnetic field, rather than the external magnetic field. G is directly

proportional to the mode quality factor according to

Q =
G

Rs
, (8.4)

where ω is the resonant frequency, µ0 is the permeability of free space, ~H is the cavity magnetic field,

and Rs is surface resistance of the material.

8.1.3 ORGAN

The ORGAN Experiment is an Australia-wide collaboration of different nodes of the ARC Centre

of Excellence for Engineered Quantum Systems (EQUS), hosted at the University of Western Aus-

tralia. ORGAN will search for axions in the range 15-50 GHz. The experiment will employ a 14

T superconducting magnet, and a variety of resonant cavities of different dimensions. The initial

stages of the experiment will utilize traditional HEMT-based amplification as the EQUS nodes develop

quantum-limited amplification chains based on Josephson parametric amplifiers, and single photon

detectors. The project has been in a development stage for the past few years, and has recently

undertaken its pathfinding run, using a stationary frequency cavity mode, and a series of HEMT-based

amplifiers at 4 K, inside a 7 T magnet.
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8.2 Pathfinding run

For the initial test run of the experiment it was decided to focus around 26.6 GHz, in order to prepare

for a full-span, direct test of the Beck result, which suggests axions between 26.1 and 27.1 GHz (108 to

112 µeV). A small, oxygen-free copper resonant cavity with a TM020 mode frequency of 26.531 GHz

was manufactured. The TM020 mode was chosen as it can be shown that CV is a constant product

between TM0n0 modes for a given frequency and length, and larger cavities are more practical to

probe and characterize. Additionally, higher order modes tend to have higher geometry factors and

thus higher quality factors at a given frequency [31]. This is illustrated in table 8.1. Seeing as this

was a stationary frequency test, mode crowding was not an issue. The specific resonant structures to

be employed in future stages of the experiment are the subject of ongoing research and development.

It is likely that they will employ some manner of dielectric structure based on [32], and that there

will be a number of cavities operating simultaneously. The primary purpose of this pathfinding run

was to test all of the equipment on hand and generate some experience with the requisite tools and
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B = 7T

SYNTH

T~295 K

Figure 8.1: Top: the resonant cavity and first stage LNA employed. Bottom: Schematic of the
pathfinder experiment. A single resonant cavity with a stationary TM020 frequency of 26.531 GHz
and a cryogenic HEMT amplifier with an effective noise temperature of 8 K were employed. The
experiment collected data for 4 continuous days.
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Mode Form Factor Volume (cm3) Geometry Factor (Ω)

TM010 0.69 1.45 386.5

TM020 0.13 7.78 744.6

TM030 0.053 18.87 1244.3

Table 8.1: Electromagnetic Form Factor, Volume and Geometry Factor of a haloscope cavity for the
first three axion sensitive modes at a fixed frequency and length.
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Figure 8.2: Two visualizations of the resonance, the first shows transmission through the cavity in
arbitrary units as a function of frequency, whilst the second is a section of the power spectral density
of voltage fluctuations as recorded by the FFT after the signal has been mixed down as per fig. 8.1

processes. We verified that the magnet and cryostat could sustain long term, high-field operation,

that our readout chain could resolve the cavity noise and that our digitization and data collection

and analysis systems operated correctly. As a result of running the entire system simultaneously, we

can place narrow limits on axions around 26.531 GHz below the sensitivity of CAST [33]. To our

knowledge this is the first such experiment to ever be performed above 15 GHz. A simplified schematic
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Figure 8.3: The narrow exclusion limits on axions for the stationary cavity pathfinding experiment.
The axion KSVZ (gold) and DSFZ (blue) model bands, as well as exclusion limits from the CERN
Axion Solar Telescope (CAST) are shown (orange).

of the pathfinding experiment is given in fig. 8.1. This same schematic will apply more or less to the

future stages of the experiment, with varied parameters and a varied number of cavities/microwave

components. The resonance employed is shown in fig. 8.2, and had a loaded cryogenic quality factor

with a critically coupled probe of ∼13,000. The magnet, cavity and cryogenic HEMT-based amplifier

(a Low Noise Factory LNF-LNC15 29B with an effective noise temperature of roughly 8 K) were held

at 4 K. This was achieved by attaching a conducting rod to the 4 K plate of the dilution refrigerator

which ran directly into the magnet bore and supported the cavity and amplifier, without being in

thermal contact with the mixing chamber plate or the magnet itself.

Another Low Noise Factory amplifier was attached at the room temperature output of the cryo-

genic readout chain, followed by a mixer to down convert the cavity spectrum to be centred at ∼
8 MHz, where it was sampled by a commercial vector signal analyser and recorded to an external

computer for analysis. Later stages will employ an FPGA based digitizer with customized software, in

development by another EQUS node.

The experiment collected data for 4 continuous days. The data was then combined and linearly

averaged, before a data analysis process similar to that undertaken in [28] was performed. When

considering the relevant experimental parameters and employing eq. (8.1), the resulting 90% confidence

exclusion limits on gaγγ are shown in fig. 8.3. Seeing as this is an untuned empty cavity, we use the

theoretical value of ∼0.13 for the form factor, which is found both analytically and via finite element

analysis. The physical temperature of the system was monitored closely via temperature sensors at

different stages of the dilution refrigerator, and the noise temperature of the first stage cryogenic
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amplifier was measured separately on a commercial network analyser, and was further estimated via

fitting to the thermal noise spectrum at the output of the system. The quality factor and probe

coupling of the resonance were measured on earlier cool-downs, so that unloaded Qs could be obtained.

8.3 Future Experiments

The ORGAN Experiment has recently received seven years of funding through the ARC Centre

of Excellence for Engineered Quantum Systems. As such we outline plans to perform a series of

long-term data collection experiments, each targeting a different region of the promising, unprobed

axion parameter space.

Stage I

The first stage, currently planned to commence in 2019 will utilize two small cavities combined using

cross-correlation [34], embedded in a 14 T magnet at 30 mK, with traditional HEMT based amplification

at 4 K. This experiment will focus on the frequency range 26.1 - 27.1 GHz, in order to undertake a

direct test of the Beck result to the best sensitivity achievable with the technology available to us

at the beginning of the run. The resonator will utilize a tuning mechanism that is the subject of

ongoing research, but will likely employ a dielectric supermode tuning mechanism as per [32]. We

anticipate mode quality factors on the order of 50,000 and a form factor on the order of 0.3 at 26.6

GHz. The projected sensitivity for this search is shown in fig. 8.4. Projected limits were generated by

integrating the inverse of eq. (8.2) over the frequency range and solving for gaγγ , inputting a fixed value

of measurement time, with a signal to noise ratio of 5, assuming a dark matter density of 0.45 GeV
cm3 [35].

Stage II

During the operation of Stage I the ORGAN collaboration plans to prototype and develop for Stage

II, a wider scan from 15-50 GHz to take place over 6 years, currently planned from 2020 - 2026. The

scan will be undertaken in 5 GHz regions, Stage II-A through Stage II-G. Each region will receive

approximately 10 months of data collection, during which time further research and development for

the remaining future stages will be undertaken.

The aims of this research will be to develop resonators at the requisite frequencies with the best

possible sensitivity based on a C2V 2G figure of merit, to develop quantum limited amplification for

each frequency range, as well as a potential further magnet upgrade to 28 T. It is our goal to install

quantum limited amplification at the beginning of Stage II-A at 15 GHz, and develop new amplification

as we progress.

Furthermore, collaborators at the Australian National University have experience developing squeezing

techniques to beat the standard quantum limit of added noise for the Advanced LIGO experiment [39].

The ORGAN collaboration will investigate implementing squeezed microwave states and quantum

non-demolition measurements in order to surpass the quantum limit in the haloscope, and reach
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Figure 8.4: The projected exclusion limits for the first stage of the experiment, a targeted scan of the
Beck result between 26.1 and 27.1 GHz with the best available equipment. The axion KSVZ (gold) and
DSFZ (blue) model bands, as well as exclusion limits from the CERN Axion Solar Telescope (CAST)
are shown (orange)

sensitivities inside the DFSZ to KSVZ model band. Such technologies and schemes have been proposed

for use in low noise microwave experiments, and in axion detection experiments before [40; 41; 42; 43].

The sensitivities for Stages II-A through II-G are shown in fig. 8.5. The caption details the different

scenarios associated with each set of projected exclusion limits, and experimental parameters are

assumed to be similar to those expected in Stage I. Improving on these parameters and thus further

improving sensitivity will be a goal of ongoing research and development.

Each frequency range will require different cavity parameters and a different number of cavities.

The newly purchased 14 T magnet has a bore size of 65 mm and a length of 445 mm. As such, the

cavities used for the lower end of the search will need to fill the radial size of the bore to reach the 15

GHz target (using a TM030 mode cavity designed as per [32]). As the search frequency increases a

larger number of cavities will be employed such that the effective volume utilization remains roughly

constant. The exact structure of the resonators that will be employed for the later stages of the search

is not finalized, but it is likely that 4-6 cavities will be utilized.

We have elected to begin our search frequency range at 15 GHz, as the region below this will be capably

covered by other experiments such as those underway at ADMX, CULTASK, and HAYSTAC, and

future experiments such as ABRACADABRA [21]. Other planned experiments such as MADMAX [22]

and ORPHEUS [44] aim to cover a similar mass range. As such, ORGAN will commence with the

targeted search around 110 µeV, which will begin in 2019. Once this is complete, the experiment plans
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Figure 8.5: Strength of axion to two photon coupling as a function of axion mass with popular
axion models outlined by the yellow and blue lines. Published exclusion limits from CAST (orange),
ADMX [6; 7] (dark green), RBF [36; 37] (blue), UF [38] (blue-gray), and HAYSTAC [24] (aqua) are
shown. The projected sensitivities for various ORGAN scenarios are displayed. The narrow cyan
bar inside section C represents the first stage of the experiment, a targeted one year search in the
region 26.1-27.1 GHz, assuming a 14 T magnet, but otherwise retaining the traditional HEMT-based
amplification currently available. The solid, narrower red bar set within the cyan bar represents the
limits from the path-finding experiment conducted at UWA with the existing infrastructure. A-G
represent the various phases of the second stage of the experiment over the next six years. The 15-50
GHz scan is broken into 5 GHz regions, assuming that the goal of quantum limited amplification is
met over the course of the ORGAN experiment, with assistance from the EQUS collaboration. The
dashed, light blue lines show the extension to these limits that could be reached with a larger 28 T
magnet. The lower, dashed, darker blue line shows the projected sensitivity under the assumption
that we can surpass the quantum noise limit and achieve added noise at the level of the thermal noise
of the resonator and amplifier with the 14 T magnet, whereas the dashed purple line represents the
same level of thermal noise for the larger 28 T magnet. If we meet our long term goals to surpass the
quantum noise limit, and to work with an even stronger magnet it is within the realm of possibility to
probe the lower end of the expected axion coupling range over the frequency range 15-50 GHz.

to cover the wider search range, but the multi-stage structure of the experiment will allow ORGAN to

remain manoeuvrable, and capable of shifting focus to cover areas of the high mass parameter space

that are not excluded, should one of these other high mass experiments successfully exclude some of

the planned search space.
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8.4 Conclusion

The ORGAN experiment has undertaken its pathfinding run, which constrains axion-photon coupling

in a narrow span around 26.531 GHz. The best limit reached is gaγγ > 2.02× 10−12GeV−1 with 90%

confidence, or ∼50 times KSVZ at this frequency. Development of later stages of the experiment

is underway. If the goals outlined in the text are achieved, we will perform the first direct test

for dark matter axions below the sensitivity of CAST in the highly promising region of 15-50 GHz

utilizing a 14 T magnet and a series of small resonators. Through the ARC Centre of Excellence for

Engineered Quantum Systems (EQUS) the experiment has funding for seven years. EQUS nodes will

develop quantum limited amplification, whilst researching implementation of sub-quantum limited

amplification, in addition to novel resonators. The first scanning stage of the experiment is planned to

commence in 2019 and run for approximately a year. After this, 6 further years of searching are planned.

This work was funded by Australian Research Council (ARC) grant no.CE110001013, as well as

the Australian Government’s Research Training Program and the Bruce and Betty Green foundation.

The authors thank Stephen Parker for his significant contribution in the early stages of the project.
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Chapter 9

Axion Detection with Precision

Frequency Metrology

Preface

This chapter comprises an article submitted to Physics of the Dark Universe in 2018. It is the

only unpublished/unaccepted work in this manuscript, and is currently under review (available on

arXiv:1806.07141).

As we have seen multiple times in the preceding chapters, there are several key experimental challenges

associated with traditional axion-photon coupling haloscopes, and these problems are exacerbated by

efforts to move into the promising high mass axion parameter space.

This chapter outlines a scheme for a novel kind of axion haloscope, which is designed to detect

frequency shifts of resonant modes due to their interactions with galactic halo axions. Since, in general,

frequency can be measured and controlled with a much higher degree of precision than power or voltage,

this technique appears promising.

We outline the theoretically achievable sensitivity of this approach, as well as several key advan-

tages of frequency metrology axion searches over traditional power detection schemes.

Further work on this topic has already been conducted, and will be the subject of future manuscripts

beyond the scope of the work presented here.

The following is a slightly edited version of the paper submitted to Physics of the Dark Universe. It

should also be noted that the appendices for this paper are presented in Appendix C of this manuscript,

along with a new appendix dealing with some “frequently asked questions” regarding the projected

exclusion limits, which have emerged from discussions with the community.
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Axion Detection with Precision Frequency Metrology
Maxim Goryachev, Ben T. McAllister,and Michael E. Tobar

Submitted to: Physics of the Dark Universe, arXiv:1806.07141

ABSTRACT

We investigate a new class of galactic halo axion detection techniques based on precision frequency

and phase metrology. Employing equations of axion electrodynamics, it is demonstrated how a dual

mode cavity exhibits linear mode-mode coupling mediated by the axion upconversion and axion

downconversion processes. The approach demonstrates phase sensitivity with an ability to detect

the axion phase with respect to externally pumped signals. Axion signal to phase spectral density

conversion is calculated for open and closed loop detection schemes. The fundamental limits of the

proposed approach comes from the precision of frequency and environment control electronics, rather

than fundamental thermal fluctuations, allowing for table-top experiments with excellent sensitivity.

Practical realisations are considered, including a TE-TM mode pair in a cylindrical cavity resonator.

Introduction

Axions are theoretical weakly-interacting sub-eV particles [1] that can be formulated as a primary

component of dark matter. With mounting evidence pointing towards lower masses [2; 3], particles

such as axions are becoming increasingly promising dark matter candidates. Axions arise as a result

of an elegant solution to the strong CP problem in QCD [4], and are expected to have properties

consistent with dark matter [5]. Confounding experimental efforts to detect axions is the fact that the

axion mass is largely unknown, with only weak bounds from cosmology and theory. Despite this, a

number of axion detection experiments are already underway [6; 7; 8; 9; 10; 11].

In an experiment known as a Sikivie haloscope, perhaps the most common axion detection tech-

nique, it is generally agreed that dark matter axions can be detected via the (inverse) Primakoff

effect, a two photon-axion interaction. In a typical Sikivie-like detector [12], the hypothetical axions

interact with a DC magnetic field, or a source virtual photons, to produce real photons whose frequency

corresponds to the mass of the axions. This scheme employs one or several tuneable microwave cavities,

serving as resonant antennas, with the output coupled to the lowest noise amplifiers, so that generated

photons may be detected with the greatest sensitivity possible. In principle, a similar detector using

static electric field is also possible, although due to considerable mismatch between electric and magnetic

components and the relative difficulty in creating extremely strong electric fields in large volumes, such

detectors are never realised in practice. The third Sikivie-like axion detection technique is represented

by the type of detectors utilising RF or microwave fields, instead of static ones: indeed, the Primakoff

process works equally well with real photons instead of virtual ones [13; 14]. In these schemes the

existing photons of a given frequency interact with cosmic axions, creating additional photons with

a different frequency (such that energy is conserved) at a rate related to the number of pre-existing

photons and the number of axions. Prior work has considered a single pumped electromagnetic cavity

mode interacting with axions, followed by detection of a small signal in an orthogonally polarised
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mode [13; 14]. In this work we consider more general cases of two mode-axion interactions.

Despite the apparent similarity between the DC and AC detection schemes, they belong to dif-

ferent classes of detectors. Since virtual photons or static fields carry no phase, the traditional Sikivie

haloscope detectors (using DC magnetic or electric fields) belong to the class of phase insensitive

systems. On the other hand, the AC scheme considered in this work relies on pumping signal(s)

carrying relative phase as well as separate phases relative to the axion signal. Thus, the detected

signal, as well as the overall result, would have a footprint of these phases. This fact draws analogies

with existing amplifiers [15] that can be grouped into DC (phase insensitive) amplifiers, where energy

is drawn from static power supply, and parametric (phase sensitive) amplifiers, where energy comes

from oscillating fields. The second type gives more freedom, allowing improved amplification/detection

schemes based on quadrature squeezing [15]. Thus, in this work, we expand investigations into a novel

class of axion detectors employing the phase sensitive approach.

9.1 Axion Electrodynamics Description

The Hamiltonian density of the photon-axion system consist of the conventional electromagnetic, axion

and interaction parts:

H = HEM +Ha +Hint. (9.1)

The free electromagnetic Hamiltonian density is usually represented using the vectors of electric and

magnetic fields, E and B respectively, or a vector potential and its conjugate momentum, A and Π:

HEM =
ε0

2

[
E2 + c2B2

]
=

1

2

[ 1

ε0
Π2 + ε0c

2(∇×A)2
]
, (9.2)

where c is the speed of light, and ε0 is the dielectric permittivity of free space.

The axion part of the system for a laboratory size experiment may be represented by the uniform field

θ and its canonical conjugate φ:

Ha =
φ2

2ma
+ V (θ), (9.3)

where ma is axion mass. Choosing the normal harmonic potential V (θ) = maω2
a

2 θ2, this Hamiltonian

reduces to a simple harmonic oscillator. On the other hand, for an experiment of reasonable size and

duration, this representation is excessive; axion dynamics cannot be observed as the associated time

constant should be extremely large compared to the experimental duration. The apparent finite ‘quality

factor’ of axion-induced photon signal is due to the velocity distribution of axion dark matter in the

galactic halo, rather than due to response time of an ‘axion mode’. In this case, as it is usually done,

the axion part is simply represented as an external signal θ with amplitude Θ and angular frequency

ωa, that can be varied in time due to axion velocity.

It is widely accepted that the axion-photon interaction part in a laboratory size experiment can
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be represented in the following form:

Hint = ε0cgaγγθ E ·B = −ε0cgaγγθ

ε0
Π · (∇×A), (9.4)

where θ is a scalar axion-like field, and gaγγ is the commonly presented axion-photon coupling constant.

9.2 Two Modes Axion Electrodynamics

We consider an electromagnetic cavity with two modes of two angular frequencies ω1 and ω2. Given

a resonant structure, each mode n is characterised by a certain distribution of electric (En(r)) and

magnetic field (Bn(r)) in a certain finite volume:

En(r) = − 1

ε0
Πnun(r) = iEV,n(cn − c†n)en(r),

Bn(r) = Ai∇× un(r) =
1

c
EV,n(cn + c†n)bn(r),

(9.5)

where c†n (cn) are creation (annihilation) operators for the mode n, EV,n =
√

~ωn
2ε0Vn

, and en(r) and

bn(r) are unit vectors representing the mode polarization.

Each of these two photonic modes is coupled to an axion signal via the term in Eq. (9.4) that

can be rewritten as (moving from Hamiltonian density to Hamiltonian):

Hint = ε0cgaγγθ
(∫

V
d3rE1 ·B2 +

∫
V
d3rE2 ·B1

)
, (9.6)

where it is assumed that material properties dictate that for each mode Ei ·Bi = 0. Quantising the two

modes, one arrives at the following interaction Hamiltonian in terms of creation-annihilation operators:

Hint = i
~gaγγθ

2

√
ω1ω2

[
ξ1(c2 + c†2)(c†1 − c1)+

ξ2(c1 + c†1)(c†2 − c2)
] (9.7)

where two dimensionless coefficients ξ1 and ξ2 represent overlap between the two modes:

ξ1 =
1√
V1V2

∫
V
d3r(e1 · b2),

ξ2 =
1√
V1V2

∫
V
d3r(e2 · b1).

(9.8)

These coefficients can span from one, when two modes are of the same shape and fully orthogonal, to

zero when they exhibit no overlap. Finally, it is possible to separate swapping and parametric parts:

Hint = i~geffθ
[
ξ−(c1c

†
2 − c

†
1c2) + ξ+(c†1c

†
2 − c1c2)

]
, (9.9)

where ξ± = ξ1 ± ξ2, and geff =
gaγγ

2

√
ω1ω2 is the effective trilinear coupling.
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(A) (B)

Figure 9.1: Graphical representation of the two modes interacting through axion coupling in (A)
upconversion and (B) downconversion cases.

A particular type of dynamics described by the interaction Hamiltonian in eq. (9.7) depends on

the resonant frequencies of the photon modes ωi and axion signal ωa. In particular, the following

regimes can be identified (assuming ω2 − ω1 > 0):

ωa = ω2 + ω1, axion downconversion

ωa = ω2 − ω1, axion upconversion
(9.10)

where neither of the angular frequencies is zero. A case where one of cavity frequencies is zero would

correspond to the Sikivie detector [12] with virtual photons representing one of the modes. This

case has been widely studied theoretically with a few experimental realisations in different frequency

ranges [6; 16]. To demonstrate the difference between the upconversion and downconversion cases, we

transform the system into the rotating frame associated with the frequencies of both modes and apply

the rotating wave approximation (RWA). For this purpose, the axion signal θ may be decomposed in

terms of complex amplitudes a∗ exp(iωat) and a exp(−iωat). The conditions in eq. (9.10) give the two

following Hamiltonians after corresponding RWA, when fast rotating terms are removed (all couplings

and signals are small as dictated by the weak signal detection problem):

HD = i~geffξ+(ac†1c
†
2 − a

∗c1c2),

HU = i~geffξ−(a∗c1c
†
2 − ac

†
1c2),

(9.11)

in the corresponding interaction pictures. Graphical representations of these processes are shown in

fig. 9.1. In both cases, the problem is reduced to a system of two piecewise coupled modes, as a (with

magnitude |a| = Θ) may be understood as a complex coefficient. The downconversion case Hamiltonian

represents the parametric interaction found, for example, in the blue side band regime of optomechanical

systems [17].The upconversion case is a swapping (or beam splitter) interaction that corresponds to

the red sideband regime in optomechanics [17]. For the upconversion and downconversion cases, the

corresponding Heisenberg equations of motion are respectively:

d

dt
ci = −iωici − γici − geffξ−acj − i

√
2γib

in
i ,

d

dt
ci = −iωici − γici + geffξ+ac

†
j − i

√
2γib

in
i ,

(9.12)
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where j 6= i, γi and bini are a loss rate and input signal for the nth mode respectively.

Given the systems described by the Hamiltonians in eq. (9.11), one can imagine two classes of

detection strategies. The first class relies on excess power detection introduced by the axion-photon

coupling. This approach, further discussed in section 9.3, is an extension to standard axion detectors

using strong DC magnetic fields [6; 12; 16] where the role of the DC field is played by the modes’

oscillating fields. Besides the numerical values for the physically achievable field strengths, the major

difference between the current proposal and the standard virtual photon technique is the appearance

of phases, making the experiment phase sensitive. It is worth noting that the Hamiltonian for the

downconversion case may be interpreted as a trilinear Hamiltonian coupling pumped cavities to an

external signal. This Hamiltonian has been considered previously in the literature in different physical

contexts [18] including its application to parametric amplification [19; 20]. This property might be

exploited to increase the signal-to-noise ratio of the corresponding axion detector.

The second class of strategies is related to measuring photon mode frequency shifts introduced

by the axion mediated coupling terms in eq. (9.11), and has previously been discussed in the context of

other hidden sector particle searches [21]. In this approach, discussed in detail in section 9.4, instead

of detecting power coming from the modes, one is looking for mode frequency deviations associated

with the new physics.

9.3 Power Detection Approach

The excess power detection method is the most widespread approach to weak signal detection, including

the axion and paraphoton searches. According to this paradigm, one is looking for excess power coming

from an experimental setup above the expected noise floor. Typically the noise floor is associated

with thermal fluctuations of a measured device, e.g. cavity, and noise temperature of the amplifying

electronics. Thus, such a scheme is usually realised in a cryogenic environment, minimising all thermal

fluctuations.

The same approach can be realised using the analysed double mode system. Although, the po-

tential for external signal pumping of oscillating fields brings new possibilities to the problem. Indeed,

the axion coupling may be regarded as a mixing term in the presence of strong external pumping,

resulting in certain analogies that can be drawn with parametric amplifiers [22; 23], which have found

numerous applications on the forefront of physics. Parametric amplifiers’ phase sensitivity and related

phenomena allow them to surpass the quantum or thermal limit or any other physical constraints to

achieve extraordinary levels of sensitivity. Such devices could be built on different physical principles,

for example, nonlinearities from superconducting junctions, nonlinear crystals, mechanical resonators

or magnon systems [24; 25; 26; 27; 28]. To analyse such systems, it is customary to split the problem

into two steps by splitting variables into nonlinear large pumped amplitudes and small fluctuations,

giving linearised equations of motions [22]. In appendix C.1, we follow this line of thought to analyse

the sensitivity of the externally pumped double mode axion detector in the downconversion and

upconversion cases. The result (eq. (C.4) for the upconversion and eq. (C.6) for the downconversion)
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suggests that the power in one mode due to an axion signal is proportional to the power stored in the

other mode. This result is in accordance with the standard DC magnetic field detector where the axion

power at the cavity output is proportional to B2
DC, squared magnetic field strength, i.e. magnetic field

energy. Regarding the amplitudes, rather than powers, the main difference is additional phase −φm
(upconversion) or +φm (downconversion) that is not measurable with a standard power detector [14].

It is worth noting that the resulting spectral density from eq. (C.4) is identical to the previously

proposed method in the case [14] when one mode is pumped on resonance and the signal is observed

through the other mode. In practice, direct power detection using the double mode approach would be

inferior to the scheme involving virtual photons (DC magnetic field) due to the practical impossibility

to create oscillating fields of matching strength.

Instead of measuring the power of fluctuations from a single mode, a better strategy is to mea-

sure cross-correlation between the two modes of the system. Assuming statistical independence of the

field fluctuations coming into the modes b̃inn , the cross correlation spectrum of both channels is reduced

to:

S
D/U
12 [Ω] =

g2
effξ

2
±C1C2

|(iΩ− Γ1)(iΩ− Γ2)|
ei(±φ2∓φ1)Sa[Ω], (9.13)

where upconversion and downconversion cases are different only through the phase factors giving the

identical cross-correlation spectrum, eq. (9.13) with a different multiplier ξ+ → ξ− due to different

mode overlapping integrals, from eq. (9.8). This means that by observing the power, the two cases are

indistinguishable. One consequence of this is that by a single measurement, one searches for axions in

both the upconversion and downconversion regimes. The sensitivities of these cases can vary because

of the different overlap integrals. In the case of a candidate detection, one would need either to modify

geometry, and thus ξ±, or test the two cases separately with a different combination of frequencies ω1

and ω2.

9.4 Frequency Measurement Approach

Frequency measurement techniques have found considerable attention in precision sensing technology.

They have been successfully applied in fields such as particle detection, bio-sensing, magnetic field and

mass sensors, etc [29; 30; 31], as well as fundamental physics tests [21; 32; 33; 34]. Unlike the power

detection scheme, the fundamental limit in frequency measurements comes from the best achievable

frequency stability of the measurement parts, and thus it is not directly related to the Nyquist noise

and the ambient temperature, although cryogenic cooling may significantly improve the detection limit

due to higher quality factors. It is generally accepted that one can detect frequency variations on the

order of 10−6 relative to the system linewidth. With such systems as superconducting cavities and

sapphire, it is possible to achieve linewidths of the order of 1Hz at microwave frequencies [35] giving

unprecedented sensitivity of the frequency measurement approach.

In this section we consider a possible application of frequency metrology to axion searches enabled by

the proposed dual mode approach. As before, we split the discussion into the downconversion and
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upconversion parts.

9.4.1 Axion Induced DC Frequency Shifts

The system equations of motion in the interaction picture for downconversion (eq. (9.10)) can be

written in the following form:

d

dt
C1 = (−γ1 − i∆1)c1 + geffξ+AC

†
2,

d

dt
C2 = (−γ2 − i∆2)c2 + geffξ+AC

†
1,

(9.14)

where C1 and C2 are slowly varying amplitudes, γn is the loss rate for the mode n, ∆n is the detuning

frequency of a cavity with angular frequency ωi such that ∆1 + ∆2 = ω1 + ω2 − ωa. Introducing

Γn = ∆n − iγn, the eigenvalues of this system are

eD
± =

Γ1 + Γ∗2
2

± 1

2

√
(Γ1 − Γ∗2)2 + 4g2

effξ
2
+|A|2

= ∆+ − iγ− ±
√

(∆− − iγ+)2 + g2
effξ

2
+|A|2

(9.15)

as well as their complex conjugates, where γ± = (γ1 ± γ2)/2 and ∆± = (∆1 ±∆2)/2.

For the upconversion case, the equations of motion could be written as follows:

d

dt
C1 = (−γ1 − i∆1)c1 − geffξ−AC2,

d

dt
C2 = (−γ2 − i∆2)c2 + geffξ−A

∗C1,

(9.16)

with the eigenvalues:

eU
± =

Γ1 + Γ2

2
± 1

2

√
(Γ1 − Γ2)2 + 4g2

effξ
2
−|A|2

= ∆+ − iγ+ ±
√

(∆− − iγ−)2 + g2
effξ

2
−|A|2

(9.17)

and their complex conjugate.

In the simplest and most sensitive form, one tunes both detuning frequencies to zero (∆± = 0)

and matches the losses (γ1 = γ2). The resulting relative shift of eigenfrequencies due to coupling to

axion signal of amplitude |A| is

∂eD = eD
+ − eD

− =
√
g2
aγγω1ω2ξ2

+|A|2 − γ2
+,

∂eU = eU
+ − eU

− = gaγγ
√
ω1ω2ξ−|A|.

(9.18)

Whereas for the upconversion case, splitting is directly proportional to the axion amplitude, in the

downconversion case only the imaginary part is sensitive to the presence of axions. To compare the

two cases of detection in more detail, we calculate the deviation of the real and imaginary components

of the eigenvalues from their values in the axion-free case (|A| = 0) as a function of the normalised
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Figure 9.2: DC sensitivity of the dual mode detector eigenvalues to the normalised axion coupling
strength χ.

axion coupling strength χ = geffξ±|A|
γ+

. This is shown in fig. 9.2. The upconversion case (dashed line)

demonstrates the expected linear dependence of the real component of eigenfrequency deviation on the

coupling for small γ− and ∆− as stated by eq. (9.18). This regime demonstrates eigenfrequency shifts

equal to axion signal strength normalised to frequency units. This case requires precise matching of

the modes in terms of losses and detuning frequencies. With nonzero difference between mode losses

γ− the sensitivity in the lower coupling limit decreases and is limited only to the imaginary part of the

eigenvalue.

In the downconversion case, although the sensitivity is reduced, the axion coupling appears as a

modification to the imaginary part of eigenfrequencies: the linewidth gets narrower when coupling

increases. The change in the imaginary part is shown with the green curve in fig. 9.2. At χ = 1,

the axion term balances the sum of the losses leading to the steady state oscillation regime. In this

regime, photons created by axion downconversion balance the cavity losses γ+ and the system starts

oscillating. Since the axion signal is extremely weak, this regime is not achievable even for the most

narrow-linewidth cavities. In order to boost the sensitivity of the frequency measurement technique in

the downconversion case, one may look for compensation of the cavity losses. Indeed, by introducing

external or internal gain into one or two modes, the effective cumulative losses γ+ decrease, resulting

in a lower oscillation threshold.
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9.4.2 Open Loop Axion Induced Spectral Density of Phase Measurements

In practice, measurement of DC frequency shifts is technically challenging. For fundamental tests

the situation is worsened by the requirement to verify or veto the candidate signals. The problems

may be solved by modulating one of the system parameters as, for example, proposed in the case of a

paraphoton search [21]. Another approach is to search for axion signals in the Fourier spectrum. For

such an approach, we introduce a small mismatch into the frequency relation requirements (eq. (9.10)):

ωa = ω1±ω2 + 2πf where 2πf � ω1. The mismatch frequency f plays the role of the Fourier spectrum

in the generated noise and could span over a few decades. In this situation, the axion amplitude appear

as a slowly varying parameter A in the EOMs eqs. (9.14) and (9.16). The detailed analysis of this

approach is given in Appendix C.2 where we reformulate the problem in terms of slowly varying real

magnitude and phase [36; 37; 38] instead of the complex amplitude representation in eqs. (9.14) and

(9.16).

The analysis in appendix C.2 reveals a transfer function from one of the axion quadratures to the

phase fluctuations of the output signal (eq. (C.16) for upconversion and eq. (C.23) for downconversion).

Using this transfer function, the phase noise spectrum of the output signal for the ith mode may be

represented as follows:

S
D/U
ϕ,i (f) =

g2
effξ

2
±

f2 + γ2
i

∣∣∣xj
xi

∣∣∣2Sa(f) +
γ2
i

f2 + γ2
i

Sθ(f), (9.19)

where the first component is the spectrum of phase induced by the axion signal Sa(f), and the second

is due to technical phase fluctuations Sθ(f) of the pump signal. The result explicitly depends on the

ratio of steady state amplitudes xi in both modes. Thus, the overall sensitivity may be boosted using

this ratio. It is also important to note that despite the fact that the axion signal is filtered by the

resonator (this appears as a first order transfer function in the phase space), the overall signal-to-noise

ratio is constant as the technical fluctuations are also filtered by the same filtering function.

The phase noise spectrum in eq. (9.20) could be measured using the phase measurement setup

shown in fig. 9.3. Here, the output of each cavity is mixed with a local oscillator of the same frequency

as the pump. By varying the phase between the pump signal incident on the cavity and the mixer, θ,

one can access both quadratures of the field fluctuations in the cavity. Such an approach is capable

in principle of detecting phase fluctuations with rms amplitudes of 2 × 10−11rad/
√

Hz at Fourier

frequencies above a few kiloHertz [39]. Such measurements are not possible with the traditional

DC-field axion detector.

The projected sensitivity plots of the pumped phase noise measurement experiment are shown in

fig. 9.4. These sensitivities are based on comparing the size of the axion-induced phase-shifts, which

are taken to be of magnitude

√
S

D/U
φ,i =

√
1

f2 + γ2
i

gaγγ
√
ω1ω2

2
ξ±

∣∣∣xj
xi

∣∣∣ |A|√BW,
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Cavity

Phase Shift

Filter

Phase Shift
Figure 9.3: An open loop realisation of the dual mode axion detection scheme. Two external local
oscillators (LO) are used to excite two axion coupled modes.

(where BW is the expected axion signal bandwidth, typically taken to be ωa × 10−6) with the size of

the minimum detectable phase-shift for a given background phase-noise spectrum, taken to be

√
Sφ(f)√
t

where in this case the background noise, Sφ(f) is the phase noise spectral density of the pump signal

filtered by the cavity, and t is the averaging time [40].

The green and blue lines in fig. 9.4 represent the potential sensitivity to the up and downconversion

regimes of this kind of experiment. The pump signal is taken to originate from a state of the art,

frequency stabilized cryogenic sapphire oscillator (CSO) operating at the noise floor of the frequency

discrimination system [41] and white noise background. We further assume that the ratio of powers in

the two modes is 1000, such that the readout mode has 1000 times less power dissipated in it. The

mode structures, quality factors, resonance details and overlap integrals are discussed in section 9.6.

Generally speaking, such a search would operate by detuning the two modes by some distance in

frequency space, and then searching the Fourier phase-noise spectrum of the one of the resonances (say

the higher frequency resonance for instance) for peaks corresponding to axion-induced phase-shifts.

Of course, for a given resonator geometry the upconversion technique will never be able to reach the

same high-mass range as the downconversion technique, and so the extension of the green line into the

same frequency range as the blue line in fig. 9.4 represents the sensitivity if we were to construct some

resonator with the same sensitivity, but with mode frequencies such that this range was achievable

with the upconversion technique. This is presented for the purpose of the direct comparison of the

two techniques. By searching in Fourier space for such peaks, we are sensitive to axions such that

ωa = ω1 ± ω2 + 2πf , where f is our range of Fourier frequencies. We may then further detune the

resonances and repeat the process, gradually excluding a large section of the axion mass range. Of

course, averaging for longer can yield improvements, and the above plots are based on an averaging

time of 30 days per 100 MHz.
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CAST

KSVZ/DSFZ Models

Figure 9.4: Sensitivity of the cavity phase noise measurement experiment comparing to the axion
models and existing limits due to the CAST experiment.

9.4.3 Loop Oscillator Axion Induced Spectral Density of Phase Measurements

Instead of relying on an external frequency source, one may construct an oscillator using the double

mode cavity as a frequency selective element. Such a measurement setup is shown in fig. 9.5. Discussion

of such a system is given in appendix C.3 where the spectrum of phase fluctuations is given as follows:

S
D/U
ϕ,i (f) =

[
1 +

γ2
i

f2

]( g2
effξ

2
±

f2 + γ2
i

∣∣∣xj
xi

∣∣∣2Sa(f) + Sθ(f)
)
, (9.20)

where Sθ are technical fluctuations inside the oscillator loop. The multiplying factor in this result is

due to the Leeson effect [42].

The sensitivity plots of the loop oscillator experiment for the room temperature and cryogenic

implementations are shown in fig. 9.6. These sensitivities are calculated in a similar fashion to the

externally pumped loop experiment above. Indeed, the experiment would operate in the same way, by

detuning the resonances by some amount and searching Fourier space, before detuning the resonance

further and repeating the search. We again compare the magnitude of axion-induced phase shifts - in

this case given by

√
S

D/U
φ =

√(
1 +

γ2
i

f2

)(
1

f2 + γ2
i

)
gaγγ
√
ω1ω2ξ±

∣∣∣xj
xi

∣∣∣∣∣∣A∣∣√BW,
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Cavity Gain

Phase Shift

Phase Shift

Filter

Gain

Figure 9.5: Loop oscillator approach to dual mode axion detection. Two positive feedback loops
utilise axion coupled modes as frequency selective elements.

(where again BW is the expected axion signal bandwidth) with the minimum detectable phase shift√
Sφ(f)√
t

where in this case the background noise, Sφ(f) is the phase noise spectral density of the loop

oscillator that we are measuring the output of, and t is the averaging time.

For the cryogenic case, we are again assuming that the oscillator is a state of the art CSO oper-

ating at the noise floor of the frequency discrimination system and white noise background. For the

room temperature measurements we assume frequency stabilized loop oscillators based on copper

cavities with the same properties as the open loop experiment (again discussed in more detail in

section 9.6), and amplifiers with effective added noise temperatures of 50 K, dissipating 1 W in the

resonator, operating at the noise floor of the frequency discriminator and white noise background. These

parameters are feasible, if optimistic. It is important to note that for the upconversion experiment the

sensitivities linearly decrease down to very low values of the frequency.

In addition to purely frequency and phase measurement schemes presented in fig. 9.3 and fig. 9.5, one

may consider different hybrid implementations. For example, one mode may be used with a feedback

loop as an oscillator, and the other may be employed to measure the axion coupling induced phase

shift with the help of an external (highly stable) frequency source.

9.5 Degenerate Mode Broadband Experiment

An interesting class of detection techniques may be developed based on the degenerate frequency case

scenario, where we require that the two modes have equal frequencies (ω1 = ω2 = ω), and that the

axion frequency (mass) is small (ωa � ω). Under these requirements, only the upconversion case

is feasible. In the degenerate frequency case, considering only pure tones would put an exclusive

requirement on the axion mass being near zero. The actual signal would be searched for in a wide
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CAST

KSVZ/DSFZ Models

Figure 9.6: Sensitivity of the room temperature and cryogenic versions of the loop oscillator experiment
comparing to the axion models and existing limits due to the CAST experiment.

range of offset (Fourier) frequencies as discussed in Section 9.4 and developed in appendices C.2 and

C.3. The obvious advantage of this approach is its broadband nature. Indeed, by measuring phase

and amplitude noise in the degenerate case, one has direct access to a few decades of Fourier frequen-

cies. Such broadband measurements could be directly realised with the modern reconfigurable digitizers.

To analyse the Equations of Motion in the degenerate case, one may apply the same logic as in

appendices C.1, C.2, and C.3. Thus, the results obtained in sections 9.3 and 9.4 are valid for the

degenerate case as well.

The possibility to design a cavity with two orthogonal modes of the same frequency has been demon-

strated before [43; 44]. For the microwave frequency range, one may argue that the mode degeneracy

is not achievable due to unavoidable imperfections of a real cavity. Such imperfections introduce

coupling between the two modes that results in avoided level crossings. It is due to this phenomenon

the modes never coincide in the frequency space. Though this is true, it is feasible to match the

frequencies to within the mode bandwidths: by minimising the ”imperfections”, e.g. strongly coupled

external probes, one may reduce mode-mode coupling to a value that is much smaller than the

mode bandwidth. In this case, it is possible to remove avoided level crossings. An example of a mi-

crowave cavity that can be used for degenerate two mode axion sensing is discussed further in section 9.6.
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Cavity GainFilter

Phase Shift

Figure 9.7: A possible realisation of the degenerate mode detection scheme where two axion coupled
modes of the same frequency are used as a frequency selective element for a feedback loop. The
generated signal is compared against an external Local Oscillator (LO).

Another practical problem immediately encountered with the degenerate frequency measurement

scheme is the inability to apply filters and separate the two signals. For example, in the frequency

detection scheme with two oscillators, the oscillators will synchronize due to unavoidable coupling

between the two resonances of the same frequency. A possible solution to this problem is to treat the

signals as one and use an external clock as a reference as depicted in fig. 9.7.

Projected sensitivity of the degenerate broadband experiment operated at both room and cryogenic

temperature ranges is shown in fig. 9.8. This plot is calculated based on the same parameters and

phase expressions as the detuned loop oscillator experiment, simply setting the two resonance to the

same frequency and sampling the phase noise spectrum up to 100 MHz. We again assume 30 days

averaging time for this 100 MHz span. We note that these limits curve upwards as the loop oscillator

phase noise hits the white phase noise floor, some distance into the Fourier spectrum. As a result the

straight, linear curves for the exclusion limits in fig. 9.6 (and indeed, the dashed red line in fig. 9.8)

represent extending the lowest, most sensitive region of the “broadband” exclusion limits, as it is in

principle possible to achieve this level of sensitivity at any point in the accessible frequency space, by

simply setting the detuning frequency accordingly and sampling only a narrow region of Fourier space.

Such an experiment would naturally scan far slower than 30 days per 100 MHz, but the curves in

fig. 9.6 represent the theoretical limits of sensitivity achievable with room temperature and cryogenic

loop oscillators, with feasible parameters, and within reasonable laboratory time scales.

9.6 Some Practical Realisations

All dual mode techniques considered in the present work rely on the possibility to design a cavity that

exhibits significant orthogonality between two modes, represented in eq. (9.8). These formulae give the

cavity form factors that must be as large as possible.
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Figure 9.8: Sensitivity of the room temperature and cryogenic versions of the degenerate mode
experiment comparing to the axion models and existing limits due to CAST experiment and SN1987A.
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9.6.1 TE-TM mode Cylindrical Cavity Resonator

As discussed, the sensitivity limits above are calculated based on the example of a microwave cavity

with two orthogonally polarized resonances. Many other geometries are possible, but for the purposes

of demonstrating the sensitivity of these techniques we have modelled the following. We take a 29.2 mm

radius cylindrical copper cavity with a TM020 mode frequency of 9 GHz, and a TE011 mode frequency

tunable from 6.5 to 9 GHz as the cavity height tunes from 18.5 to 83.6 mm. The loaded quality factors

of both resonances are taken to be 10,000, which is readily achievable in copper at these frequencies.

In this configuration, taking the stationary frequency TM020 mode to be mode “2” in the equations

for the overlap integrals, we find that ξ− varies from -0.39 to -0.50 as over the tuning range, whilst

ξ+ varies from 0.46 to 0.57. Generally speaking, the analytical expressions for these overlap integrals

are messy and complex, and it is preferable to calculate them numerically for a given set of modes

and cavity geometry. We found that the magnitude of these expressions generally increased with the

cavity aspect ratio, h
a where h is the height of the cavity, and a the radius, up to some maximum value

achieved for aspect ratios greater than ∼ 5.

9.6.2 Orthogonally Polarised Modes in a Fabry-Pérot Cavity

Another interesting orthogonally polarized mode scheme to consider relies on Gaussian beam modes in

Fabry-Pérot cavities. Gaussian beams have the advantage that the electric and magnetic fields have

the same profile, simply rotated 90 degrees with respect to one another. If we take the electric field of

a given Gaussian beam to be polarized on the x-direction and propagating in the z-direction such that

~E = E(r, z) x, (9.21)

then the magnetic field is

~B ∝ E(r, z) y (9.22)

This means, that if we were to take two orthogonally polarized Gaussian beam modes in the same

Fabry-Pérot cavity, with the same frequency, the variables ξ+ and ξ− would be 2 and 0 respectively.

This has promising implications for high mass axion searches, via the downconversion technique.

However, we may also boost the sensitivity of the upconversion technique, by employing two modes

orthogonally polarized in the same cavity, but of different frequency, ie a different number of wavelengths

between the two mirrors. This would give a non-zero value of the ξ− parameter, which would open up

the possibility of lower mass axion searches with such structures.

Conclusions

We demonstrated that precision frequency and phase metrology could be used as a highly sensitive

tool in dark matter detection. Because measurements are made in the space of frequencies and phases

rather than in the space of amplitudes, the fundamental limit is set by control electronics rather than

thermal fluctuations. This fact allows us to introduce a number of table-top detection schemes with

sensitivity approaching that of cryogenic axion detectors. This includes a broad band low mass axion
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detection scheme based on the degenerate mode case, and searches in the Fourier spectra. In addition

to axion signal amplitude detection, the method allows us to deduce the relative phase of the axion

signal. The proposed new class of detectors may be understood as a phase sensitive detection scheme,

drawing an analogy to the phase sensitivity of parametric amplifiers. In summary, the main advantages

of the proposed frequency control method are:

• Magnet-free. Unlike traditional haloscopes [6; 7; 8; 9; 10; 11], the proposed method does not

require strong DC magnetic fields;

• SQUID-free. All sensitivities calculated in this work are based on usage of traditional low noise

semiconductor amplifiers. Though superconducting technology might be used in the future, its

presence is not crucial, contrary to traditional metods [7];

• Cavity volume independence. Although cavity volume influences many parameters of the

experiment such as resonance frequencies and quality factors, the sensitivity is not directly

proportional to this parameter unlike in traditional haloscopes [11; 45; 46; 47; 48]. This removes

a major obstacle for higher mass (fa >10GHz) axion searches. Moreover, optical cavities might

be used to probe otherwise inaccessible regions of the THz and infrared spectra, as well as

millimiter-wave and microwave frequencies;

• Liquid-Helium temperature operation (> 4K) where only a limited number of components such

as cavities and amplifiers need to be at low temperature. This factor removes the requirement

for dilution refrigeration that is a key component in traditional haloscopes [6; 7; 8; 9; 11] making

the whole experiment accessible to a broader audience. Although dilution refrigeration might

give some incremental improvement in the axion search, all ultra-stable microwave and optical

clocks and oscillators do not require temperatures below 4K.

• Access to higher and lower frequency ranges. The fact that actual axion mass is either the sum

or difference of working frequencies opens the possibility to search for axions in less accessible

frequency rages. For instance, working around 20GHz, one is able to probes axion masses in the

vicinity of 40GHz, where traditional experiments are significantly more difficult;

• Limited power levels (P ∼ 100µW cryogenically and 1 W at room temperature). Although, the

sensitivity does explicitly depend on power levels, in the current calculation only limited power

levels are used, unlike in some other proposals[14; 49; 50];

• Axion phase sensitive. Compared to DC magnet haloscopes, the dual frequency method is able

to provide additional information about axions, particularly their phase relative to pump signals,

although that may lead to more complicated detection schemes;

• KSVZ/DSFZ[51; 52; 53; 54] achievable. It is estimated that the cryogenic dual mode experiment

is able to achieve the limit of the widely accepted axion dark matter models. On the other hand,

even a tabletop search may lead to competitive limits on dark matter;

• Broadband search for low mass axions is possible, with frequencies comparable to other pro-

posals [55; 56]. It is demonstrated that a wideband search that does not require tuning is

possible.
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Chapter 10

Conclusion and General Discussion

The preceding chapters have discussed numerous aspects of axion dark matter haloscopes at both high

and low masses, from phenomenology, to haloscope resonator and readout design, to results from and

plans for experiments, to novel haloscope proposals.

It is my hope that this document will serve as a useful compilation of a broad range of propos-

als and methods to improve and extend the range of the axion haloscope as a technique, an exercise

that I have afforded significant effort.

I will now summarize and discuss my work, and present some prospects for future research, fol-

lowing on from the activities outlined here.

10.1 Summary of Work

The first article (along with the published erratum), presented in Chapter 2, deals with general axion

haloscope phenomenology, and discusses fully, generally for the first time the way axions couple to

electromagnetic fields in resonant cavities, through both the electric and magnetic field components.

This work provided us with insight and intuition for the functioning of a haloscope, and laid the

groundwork for much of my future work.

The second and third articles, Chapters 3 and 4, deal with a specific type of resonator known

as a re-entrant, or klystron cavity resonator. These resonators had not been considered in the context of

axion haloscope searches, and we show that they may be promising for use in the low mass axion range.

This low mass range is difficult to access with traditional haloscope resonators, since the requirement

for low frequencies means that typical TM mode based resonators become very large, and cannot be

implemented inside solenoid magnets.

In a similar vein, the fourth article, Chapter 5, discusses some novel and highly promising halo-

scope resonator designs based on dielectric materials. These designs have particular advantages when

considering the high mass axion range. The ring design has been selected for use in the next stages of

The ORGAN Experiment.
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The fifth and sixth articles, Chapters 6 and 7, deal with different schemes for combining multi-

ple resonators, which is one of the primary challenges facing high mass haloscopes. Synchronizing

multiple disjoint cavities is a significant engineering challenge, and this work presents schemes to

improve the feasibility of such searches, as well as some other advantages.

The seventh article, Chapter 8, details The ORGAN Experiment, which in many ways is the central

piece of this work. Previous work on cavity design and synchronization/readout was commenced in

service of ORGAN, with the hope of improving its sensitivity. The results of the path-finding run, the

first haloscope exclusion limits above 15 GHz are presented, along with the plans for the future of the

experiment, which relies on the work in the previous chapters.

The final article, Chapter 9, is a proposal for a novel kind of axion haloscope based on frequency

metrology, rather than excess power detection. This proposal is completely new, and shows significant

promise. This article is somewhat distinct from the other work, whilst still pertaining to the central

topic of improving and extending the range of axion haloscopes.

We believe this work has the potential to be paradigm shifting in the axion haloscope community

since it presents several key advantages, as outlined in the conclusion of Chapter 9. In addition to

enabling access to high and low axion mass ranges, the techniques outlined in Chapter 9 could be

simpler to implement than sub-quantum limited, milli-Kelvin axion searches based on power detection.

The proposal in Chapter 9 has already inspired follow-up work.

10.2 Future Work

The most immediate and obvious avenue for future work is the continued design and commissioning of

the main ORGAN Experiment, in preparation for Phases I and II.

This involves the characterization of a prototype resonator based on the dielectric ring design presented

in Chapter 5. This prototype has already been constructed, and is undergoing testing and refining at

UWA.

Other avenues of work on ORGAN include the design, prototyping and characterization of other

novel resonant structures, for use in the later stages of ORGAN. Several ideas are currently being

pursued, chiefly based on novel applications of dielectric materials.

Additionally, research is being conducted in conjunction with EQUS on new quantum and sub-

quantum limited amplification for use in ORGAN Phase II and beyond. The new 14 T magnet and

dilution refrigerator will also require installation and commissioning.

Several “spin-off” experiments from ORGAN are currently the subject of active research, focus-

ing on both high and low axion masses. Some of this work includes: experiments based on lumped
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element circuits for low mass axion detection, haloscopes based on the axion-electron coupling for high

mass searches, and work extending the frequency metrology proposal outlined in Chapter 9.

In fact, a prototype frequency metrology-based detector has already been constructed, and a forth-

coming article will detail its design, as well as the results of the first bench-top experiment of this

type. Additionally, a further proposal based on applying so-called “exceptional points” to frequency

metrology axion searches was recently accepted for publication, and can be found in Physics of the

Dark Universe 23, 100244 (2019).

Suffice to say we are doggedly, tirelessly pursuing many avenues in the hunt for the elusive axion. Its

days of hiding in the dark sector of the universe may well be numbered...
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Appendix A

Response to Comment on Higher

Order Reentrant Post Modes in

Cylindrical Cavities [Joural of Applied

Physics vol. 122, 144501 (2017)]

Preface

This appendix comprises a response to a comment on the article presented in Chapter 4. It was

published in Journal of Applied Physics in 2018.

The central point of the comment (referenced in the appendix) was that the computational analysis

of the higher order re-entrant modes presented in Chapter 4 was unnecessary, given that analytical

models for these modes already exist.

We show in the response that the analytical models are insufficient for predicting the frequencies, and

field profiles of these higher order modes, leading to significant deviation from what is found when

finite element modelling is employed.

We summarize the failures of the analytical models, and justify the analysis in the original pub-

lication.
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Response to Comment on Higher Order Reentrant Post
Modes in Cylindrical Cavities [Joural of Applied Physics

vol. 122, 144501 (2017)]
Ben T. McAllister, and Michael E. Tobar

Published in: Journal of Applied Physics 123 226102 (2018)

ABSTRACT

We recently described a cylindrical cavity resonator, with a cylindrical post inserted along the central

axis using finite element analysis. Such a cavity has a well known reentrant mode where an Ez field exists

in the gap between the lid and the post. In J. App. Phys. 122, 144501 (2017) [1] and arXiv:1611.08939

[physics.ins-det], we rigorously analysed higher order modes with similar characteristics to the well

known reentrant mode, which we dubbed “higher order re-entrant post modes”. The author claims in

arXiv:1801.05418 [physics.app-ph] [2] that these modes have been described before as foreshortened

quarter-wave resonators. We discuss the differences between the results of rigorous finite element

modelling and the model proposed in the comment, and show that the proposed description is a crude,

non-Maxwellian model, only approximately valid in a finite region of the cavity tuning range, with on

average ∼9.6% percent disagreement with experimental frequencies for the first higher order mode.

The model assumes simple electromagnetic field patterns which do not satisfy Maxwell’s equations,

and we show that they vary significantly from the rigorous analysis based on Maxwell’s equations. The

foreshortened quarter-wave resonator model cannot be used to accurately calculate geometry factors,

or other factors that require precise knowledge of the fields, such as those computed in the design

of cavities for axion experiments. We conclude that the reentrant mode description in the paper is

favourable.

A.1 Introduction

The comment arXiv:1801.05418 [physics.app-ph] [2] (“the comment”) makes a number of claims

regarding the modes discussed in J. App. Phys. 122, 144501 (2017) [1] (“the paper”), as well as a few

other claims regarding the discussion and results. We will demonstrate that, whilst the foreshortened

quarter-wave resonator model (FQWR model) can generate approximate frequencies across some

regions of the tuning range, the predicted field profiles do not reflect the reality of the modes in

question, and therefore cannot be used to understand or predict the properties of these modes, which

means that the FQWR description is inadequate. We therefore maintain that our rigorous study of

these modes using finite element modelling (FEM) is a novel and valuable contribution. It is a crude

approximation to refer to these modes as coaxial along the post and capacitive near the gap. Our

rigorous FEM study explicitly shows the behaviour of the modes in question, leading us to name them

“higher order reentrant post modes”. Whilst similar modes may have been known to the community,

we believe they had not been sufficiently, or rigorously studied, and that this new description of the

modes as “higher order reentrant post modes” is more instructive. The fact that the modes are higher

order and that there is a sharp edge on the post leads to significant variation from the fields predicted

by the FQWR model. Other geometries, such as those described in [3], which resemble a rod with
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a capacitor plate at the end, and without sharp corners may be better suited to modelling with the

FQWR model. In particular, the FQWR model is not physically suitable as it does not account for the

transition from the small-gap region to the cavity modes, and does not address the reentrant regime,

which is the primary interest of the paper.

A.2 Frequency Comparison

The FQWR model in the comment, which comes from [3], is a non-Maxwellian model which supposes

that a cavity with a post and a gap between the post and the lid can be adequately represented as

a transmission line with standard coaxial modes (the post region), terminated by a capacitor (the

gap region). It is claimed that the modes are purely coaxial along the post region, and of “capacitive

character” in the gap. This is only approximately valid in some regions of the tuning range. Particularly,

the capacitive assumption only holds for very small gaps, and the higher the order the mode the smaller

the gap has to be for the assumption to hold. The comment presents an equation for finding resonant

frequencies of these structures

ωC0Z0 − cot(
2πl

λ
) = 0. (A.1)

Here C0 is the effective capacitance of the gap region (modelled as a parallel plate capacitor with plate

diameter equal to the post diameter), Z0 is the effective impedance of the transmission line region, l is

the length of the transmission line region, ω is the angular frequency of the mode and λ the wavelength.

Solving this equation yields frequencies that differ from the FEM, and indeed the experiment reported

in the paper. Figure A.1 shows the frequencies computed with rigorous analysis via FEM, along with

the non-Maxwellian FQWR model and the experimental data. The average difference between the

FQWR model and the experiment is ∼9.6% for the first higher order mode (if we stop comparing the

two at the point where the FQWR model frequency overtakes the next highest frequency mode in

the FEM model) and as is apparent, the approximation gets worse as the gap size increases. This is

unsurprising, as the gap region becomes less capacitor-like. We propose that these modes instead be

considered reentrant TM modes, as per the paper, which exhibits much better agreement with the

data.

A.3 Field Comparison

In addition to dissimilar frequencies, the FQWR model predicts field profiles which do not reflect

properly the reality of the modes. The comment proposes that we can model the fields along the post

region as

Er = E0 sin(pπz/l)e−iωt

Bφ = B0 cos(pπz/l)e−iωt,

and states that the electric field in the z-direction should be of “capacitive character” in the gap region

(ie uniform). Rigorous FEM analysis predicts different mode profiles. Fig. A.2 shows colour density

plots of the first higher order reentrant mode’s Bφ and Er field components. We show the field profiles
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Figure A.1: Frequencies of the higher order modes in question as a function of gap size computed
via FEM (solid lines) and with the FQWR model (dashed lines). The dots represent the data from the
experiment in the paper. The fundamental mode is omitted as the present discussion relates to higher
order modes.
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Figure A.2: Field profiles for the first higher order mode. Er (Bφ) is shown on the left (right). The
graphs on the left show the structure of this field as a function of z and r displacement along the cut
lines shown on the figure. The red line represents the z-direction cut, and the field is shown on the top
left. The green line represents the r-direction cut, and the field is shown on the bottom left. The field
predicted by the FQWR model as a function of z-displacement is shown on the top right of the left
(right) hand image.
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as predicted by the FEM, and compare with field profiles from the FQWR model. It was also found

that the Ez field component in the gap region is not uniform as a function of z or r, as would be the

case for the “capacitive character” predicted by the FQWR model.

Additionally, the model proposed in the comment does not treat the radial profile of the Bφ or

Er fields, and implicitly assumes that they are uniform as a function of radial position. Figure A.2

demonstrates that this is not the case for the FEM model. The FQWR model fails to accurately

describe the mode profiles and so is not a useful analytical description, but merely an approximation.

We therefore assert that we should not consider these modes simple TEM modes along a post terminated

by a capacitor, and that we should instead view them as higher order reentrant post modes, which

arise as perturbed TM modes of empty cavities.

If one were to attempt to employ the field profiles from the FQWR model to analytically com-

pute mode dependent quantities such as geometry factors or axion haloscope form factors (as computed

in the paper), the results would be incorrect. This further underlines the approximate nature of the

FQWR model. The approximate model may have been known to the community for some time, but

the reentrant description provides a rigorous and accurate analysis of the mode structures.

The FQWR model does not describe the transition of these modes from coaxial, to reentrant, to TM,

as the model becomes increasingly inaccurate at large gaps, and does not account for changing field

structures. The FQWR model can only be employed to draw approximate conclusions about the

behaviour of the fields for very small gaps. For gaps larger than a few hundred microns (with the

dimensions modelled in the paper) the field profiles become heavily distorted compared with those

derived from the FQWR model. This is critical, as the reentrant regime is the primary region of

interest in the paper, and the FQWR model becomes less appropriate further into this regime.

It is partially the existence of the sharp edges on the post that create this discrepancy - electric

field concentrates at these edges, and distorts the modes from what is described in the FQWR model.

Posts with “softer” corners or plunger-like heads may be better suited to the model, but we maintain

that the modes discussed in the paper vary significantly from the simple FQWR model description.

A.4 Other Comments

The comment states: “While the authors of (the paper in question) recognize the modes as coaxial,

they failed to identify them as TEM and make connection to the field in cavities with a non-zero gap”.

We find this comment unnecessary. We explicitly state that the modes are coaxial at zero gap, and

find it unnecessary to state that these coaxial modes are TEM. The modes are no longer TEM for

non-zero gaps, and the fact that they are TEM at zero gap has no bearing on this work.

Furthermore, it is claimed that we make “misleading” statements about the relationship between

geometry factor and quality factor. In the paper we state that “the geometry factor ... is directly

proportional to the modes quality factor”, following promptly with both the full definition of geometry

factor, and the explicit relationship between geometry factor and quality factor. We do not agree
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with the claim that this can be construed as “misleading”, given the immediate presentation of the

explicit relationships. In the comment it is claimed that “the geometry factor is determined only by

the cavity geometry and does not depend on the cavity frequency”. This is not quite correct, as for a

given cavity geometry different modes will have different geometry factors owing to different mode

structures. In a given empty cylindrical cavity the TM020 mode will have a different geometry factor

than the TM010. It is important to examine mode-dependent parameters such as geometry factor, as

they allow us to compare different resonant structures before the need to choose a material with a

given surface resistance, which does indeed also change with frequency.

A.5 Measurement Results

In criticizing the experimental results presented in the paper, the author of the comment states that

“In addition, the experimental setup described in (the paper in question) lacked proper RF contact

(e.g. a sliding spring contact or a choke joint) between the post and the cavity lid. As a result, the

measured quality factor values have extremely poor agreement with the calculated values”. We detail

the experimental setup in the paper, and discuss its limitations due to the lack of a RF choke and

the existence of a small gap between the tuning rod and the cavity lid. This comment is unnecessary,

given that it restates things stated in the paper. We do not agree that the experimental results are in

“extremely poor” agreement, given that the experimental Qs are within the range of expected values for

brass alloys at both very small and large gaps, with disagreement occurring in the middle range of gap

spacings, which we attribute to a resonant effect. This, again, is discussed in the paper.

A.6 Conclusion

We discuss a comment on our paper, which claims that the higher order reentrant modes analyzed

can be adequately described with a crude non-Maxwellian approximation of the modes as purely

coaxial along a post, terminated by a capacitor. We demonstrate that, whilst this model can generate

approximate resonant frequencies (with ∼ 9.6% deviations from the data) for some portions of the

tuning range, the field structures predicted are inconsistent with those predicted using rigorous finite

element modelling. Thus the FQWR model is not a general, accurate, analytical description, making

the reentrant mode description favourable. We discuss the implications of the above, and respond to

some other statements made by the author of the comment.

This work was supported by Australian Research Council grant CE170100009, the Australian Post-

graduate Award and the Bruce and Betty Green Foundation.
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Appendix B

The ORGAN Experiment: An axion

haloscope above 15 GHz Appendices

Preface

This appendix contains additional information regarding the article presented in Chapter 8. We discuss

the search analysis procedure for the narrow, path-finding run, which follows a modified version of the

analysis procedure outlined in the Daw thesis [1], as referenced in the text. Daw utilizes overlapping

combinations of six bins that, together, match the expected axion linewidth. We have utilized single,

non-overlapping bins.

It should be noted that, as outlined in Daw, this single bin procedure is sub-optimal, given the

degradation present from signals leaking into adjacent bins, the potential for the axion peak to not

be perfectly aligned with the centre of a bin, and other effects. Given this is a brief, path-finding

experiment over a narrow span, we opted to absorb these losses for the sake of simplicity and expediency.

B.1 Procedure for generating exclusion limits

B.1.1 Initial Data Processing

Data was acquired from the output of the room temperature portion of the cavity readout system with

a commercial HP 89410A Vector Signal Analyser, which performed Fast Fourier Transforms (FFT) on

the incoming voltage noise.

This voltage noise was converted to power spectra referred to the output of the cavity, by applying the

power-to-voltage conversion of the mixing stage (characterized in earlier experiments), and subtracting

the measured gain/transmission coefficients of the amplification chain.

This data was binned into a power spectrum such that the bin widths were larger than the ex-

pected axion signal linewidth (taken to be 26.6 kHz for the 26.6 GHz axion signal), allowing us to

operate in the single bin search regime. In total, there were 22 bins, covering a section of the cavity
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B.1. PROCEDURE FOR GENERATING EXCLUSION LIMITS

line-width centred on the peak of the resonance.

Additionally, several hours of data with the same readout chain and cavity were acquired with

the magnetic field set to 0 T, this was done so that the axion-signal-free background noise (from the

resonator and amplifiers) could be characterized, and so that any narrow features that persisted in the

0 T data could be excluded as axion signals.

B.1.2 Background subtraction

A fit was made to the data, so that the mean of the background noise (including the cavity resonant

shape) could be determined. We wished to search the data for statistically significant fluctuations

about this mean level.

This fit was subtracted from the data, leaving us with only the residual noise in the power bins,

above or below the mean level. This distribution, centred around zero, was found to have a standard

deviation of 6.78× 10−23 W.

B.1.3 Searching for peaks

We then searched the background subtracted, averaged power spectrum for bins with high excesses of

power. Our goal is to decide on a “cut level” - a number of standard deviations away from the mean

where every signal below that level is discounted from being an axion signal. Every signal above that

level must be accounted for in some other way, either by demonstrating that it vanishes under re-scans,

or by demonstrating that it is known to be spurious noise.

There is a trade-off here - if we set the cut level low, our confidence in excluding an axion sig-

nal of a given strength is higher, but we will end up with a large number of candidate bins which must

be excluded.

Given that we have a low number of bins, we decided on a 1.1σ cut, which left 2 persistent bins.

Both of these bins could be easily excluded, as an excess of noise was present at the same location in

frequency space in the 0 T data.

B.1.4 Generating Exclusion Limit

Following a procedure similar to that outlined by Daw, we performed simulations in order to determine

the degree of confidence with which different signal power levels could be detected and excluded above

a 1.1σ cut.

A flat background of Gaussian noise, with a spread corresponding to the spread of the real data

was generated, and a simulated axion signal of a fixed power, in a randomly chosen, known frequency

position was overlaid. A 1.1σ cut was made on this combined data, and it was determined whether the

signal had survived the cut. This was repeated 1000 times, for a number of power levels, to determine
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the likelihood that a given signal strength survived the cut.

We assumed that the usage of single, non-overlapping bins degraded the signal power by approximately

30− 35%, due to the potential for the signal to be offset from the centre of a bin, and the fact that

some of the signal power lies in the long tail which extends outside the bin, even if the signal sits

perfectly centrally inside a bin. This was in addition to the effect of the leakage of the signal into

several bins increasing the level of background noise.

From this procedure, taking in to account the degradation, it was determined that a 3.4σ signal

would pass the cut with 90% confidence. Knowing the value of σ of the real data in Watts, and the

various experimental parameters, by simple substitution into the common haloscope signal power

equation presented throughout this work, we can derive the exclusion limit that can be placed on gaγγ ,

as per Chapter 8. These limits are shaped somewhat by the cavity line-width.
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Appendix C

Axion Detection with Precision

Frequency Metrology Appendices

Preface

This appendix comprises the various appendices of the article presented in Chapter 9. The final

appendix is new, discussing the derivation of the estimates for the sensitivity of this technique, after

discussions with members of the community.

C.1 Derivation of Two Mode Power Sensitivity

As it is mentioned in section 9.3, the problem of axion detection with two pumped modes has much

in common with the analysis of parametric amplifiers [1; 2], where one is looking at manipulation of

very weak signals on top of strong pumps. Following the standard analysis in the field of parametric

amplifiers, firstly, the steady state problem is solved for the strong pump signals. In the case of

Josephson parametric amplifiers, these equations of motions are nonlinear. Secondly, the system

dynamics is analysed for small fluctuations using linearised equations. For this reason, each field

component is split into strong pumped parts (Cn and Bin
n ) and small fluctuations (c̃n and b̃inn ):

cn =
(
Cne

−iφn + c̃n(t)
)
e−iωpnt,

binn =
(
Bin
n e
−iϕn + b̃inn (t)

)
e−iωpnt,

an = ã(t)e−iωat,

(C.1)

where ωpn and Bin
n represent pumping frequency and magnitude for the nth mode and the axion signal

has only the small component ã. One may extend the model to include an additional output “probe”

and explicitly distinguish coupling and intrinsic losses. In the present analysis, b̃ may be associated

with technical fluctuations and noise, while ã is the component that has to be detected. The latter

quantity is assumed to be slowly time-varying to account for the ”quality factor”, or linewidth of the

axion signal that appears in many cosmological models. Also, the phases of the pump signals ϕn are

introduced with respect to the axion phase that is set to zero.
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C.2. AXION GENERATED PHASE SPECTRUM IN A DUAL MODE CAVITY

On the first step, due to the extreme weakness of axion interactions, the axion mediated coupling

terms could be neglected, resulting in two linear independent equations. The resulting amplitudes are

Cn =

√
2γn

iγn − Ωn
Bin
n e
−i(ϕn−φm), (C.2)

where Ωn = ωn − ωpn and phases are chosen to set the coefficents Cn real.

On the second step, the equations of motion are written for small varying fluctuations c̃n, ã and b̃n

where only terms of the first order in c̃n and ã are retained. Denoting Γn = iΩn + γn, the equations of

motion in the Markovian and “slowly varying envelope” approximations:

d

dt
c̃n = −Γnc̃n + geffξ+ãCme

−i∆Dt+iφm

−i
√

2γnb̃
in
n ,

(C.3)

where ∆D = ωa − ωp1 − ωp2 is axion detuning in the downconversion case that can be set to zero. This

EOM can be easily solved by transforming the problem into the frequency domain:

c̃D
n [Ω] = − geffξ+Cm

(iΩ− Γn)
ã[Ω]eiφm

−i
√

2γn
(iΩ− Γn)

b̃inn [Ω].

(C.4)

For the upconversion case, the analysis follows the same steps. Moreover, since on the zeroth order

step considering the strong pump case does not include the axion coupling terms, the solution eq. (C.2)

is valid for this case as well. And, the equation of motion for the small fluctuations are then given as:

d

dt
c̃n = −Γnc̃n − geffξ−ãCme

−i∆Ut−iφm

−i
√

2γnb̃
in
n ,

(C.5)

where ∆U = ωa + ωpm − ωpn is axion detuning in the upconversion case. The solution in the frequency

domain can be given as follows:

c̃U
n [Ω] =

geffξ−Cm
(iΩ− Γn)

ã[Ω]e−iφm

−i
√

2γn
(iΩ− Γn)

b̃inn [Ω].

(C.6)

In both the upconversion and downconversion cases, eqs. (C.6) and (C.4), the mode fluctuations

consist of a noise component associated with the input signal b̃[Ω] and signal component ã[Ω] which is

amplified by the strong signal deposited in the other mode Cm.

C.2 Axion Generated Phase Spectrum in a Dual Mode Cavity

In this section we consider a case when an axion signal is searched in the Fourier spectrum of the

phase noise of the double mode cavity. In this case, we relax the requirement of the axion frequency
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to be exactly the sum or difference of resonant frequencies of two modes. Instead, this property is

only approximately held true where the mismatch constitutes the Fourier frequency. In this case,

ωa = ω1±ω2 + Ω where Ω� ω1. Under this condition, the axion amplitude appear as a slowly varying

parameter in the EOMs. The objective of this derivation is to find a transfer function from this small

and slow time-varying quantity to amplitudes and phase fluctuations of the output signals of the cavity.

The transfer function is derived by transferring the equations of motion for the complex amplitudes to

the equations for real signal phases and magnitude and linearizing them around a steady state point.

The starting point of this derivation is the equations of motion for the complex amplitudes C1

and C2 of the two modes in the upconversion case. Additionally, we introduce two pump signals B1

and B2, so the equations of motion can be written as follows:

d

dτ
C1 = (−γ1 − i∆1(τ))C1 − geffξ−A(τ)C2 +B1(τ),

d

dτ
C2 = (−γ2 − i∆2(τ))C2 + geffξ−A

∗(τ)C1 +B2(τ),

(C.7)

where τ is the ”slow time”. Time variation of the detuning coefficients ∆i accounts for fluctuations

of the resonance frequencies of the modes, as well as DC detuning of the pump signals. Instead of

complex amplitudes, we need to rewrite the equations of motion in terms of real phases and amplitudes:

Ci(τ) = xi(τ) exp(−jϕi(τ)) and Bi(τ) = yi(τ) exp(−jθi(τ)). Here yi and θi(τ) represents amplitude

and phase fluctuations of the pump signals. The EOMs in the real amplitude-phase representations

are written as follows:
d

dτ
x1 = −γ1x1 − x2Qc(τ) + y1 cos(θ1 − ϕ1),

d

dτ
ϕ1 = ∆1(τ)− x2

x1
Qs(τ) +

y1

x1
sin(θ1 − ϕ1),

d

dτ
x2 = −γ2x2 + x1Qc(τ) + y2 cos(θ2 − ϕ2),

d

dτ
ϕ2 = ∆2(τ)− x1

x2
Qs(τ) +

y2

x2
sin(θ2 − ϕ2),

(C.8)

where Qc and Qs are two quadrature of the axion signal defined as follows:

Qc(τ) = geffξ−|A| cos(θa(τ) + ϕ2 − ϕ1),

Qs(τ) = geffξ−|A| sin(θa(τ) + ϕ2 − ϕ1),
(C.9)

and θa is the axion phase.

These are nonlinear equations with varying coefficients that cannot be solved exactly. Instead,

we linearise them for small signal fluctuations around large steady state amplitudes. Here we assume

that both axion signal and input phase and amplitude fluctuations are very small. Thus, we can split

each variable and time varying parameter into two components - strong steady, and small fluctuating:

xi = xi + x̃i, yi = yi + ỹi, ϕi = ϕi + ϕ̃i and θi = θi + θ̃i. As for the axion signal, it has only the small

fluctuating part as described in the introduction to this section. The steady state equations for the
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constant part are:

γ1x1 = y1 cos(θ1 − ϕ1),

0 = ∆1x1 + y1 sin(θ1 − ϕ1),

γ2x2 = y2 cos(θ2 − ϕ2),

0 = ∆2x2 + y2 sin(θ2 − ϕ2).

(C.10)

These are two independent sets of two equations. Solving these equations give the steady state point

(yi, ϕi) in terms of input signal parameters (yi, θi) and detunings ∆i:

xi =
yi√

γ2
i + ∆2

i

, ϕi = θi − arctan
∆i

γi
. (C.11)

The linearised EOMs for the small fluctuations are

d

dτ
x̃1 = −γ1x̃1 − x2Qc(τ)+

ỹ1 cos(θ1 − ϕ1)− y1 sin(θ1 − ϕ1)(θ̃1 − ϕ̃1),

x1
d

dτ
ϕ̃1 = x1∆̃1 + x̃1∆1 − x2Qs

+ỹ1 sin(θ1 − ϕ1) + y1 cos(θ1 − ϕ1)(θ̃1 − ϕ̃1),

d

dτ
x̃2 = −γ2x̃2 + x1Qc(τ)+

ỹ2 cos(θ2 − ϕ2)− y2 sin(θ2 − ϕ2)(θ̃2 − ϕ̃2),

x2
d

dτ
ϕ̃2 = x2∆̃2 + x̃2∆2 − x1Qs(τ)

+ỹ2 sin(θ2 − ϕ2) + y2 cos(θ2 − ϕ2)(θ̃2 − ϕ̃2).

(C.12)

These can be simply written in the matrix form as

d

dτ
X = HX + A + N, (C.13)

where X = [x̃1, ϕ̃1, x̃2, ϕ̃2]T is a vector of state variables, A = [−x2Qc(τ),−x2Qs(τ)/x1, x1Qc(τ),−x1Qs(τ)/x1]T

is a vector of axion signal, and N is a vector of technical fluctuations coming from the pump signal and

internal mode instabilities. The system matrix is

H =


−γ1 −∆1x1 0 0
∆1
x1

−γ1 0 0

0 0 −γ2 −∆2x2

0 0 ∆2
x2

−γ2

 . (C.14)

It is worth noting that in this linearised approximation, all state variable fluctuations as well as the

axion signal are fully uncoupled due to their extreme smallness, and filtered by the defined system

transfer matrix. Moreover, the two modes are completely uncoupled giving two independent signals.

The corresponding solutions for technical fluctuations have been previously analysed and can be found
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elsewhere [3; 4; 5]. For this reason, we are interested only in the axion-phase relationship that is given

as follows:

ϕ̃i[s] = ± ∆i

s2 + 2γis+ ∆
2
i + γ2

i

αj,iQc[s]−

s+ γi

s2 + 2γis+ ∆
2
i + γ2

i

αj,iQs[s],

(C.15)

where s is the Laplace variable, αj,i =
xj
xi

is a ratio of stored amplitudes, the + sign attributes to

the second mode, and the − is for the first one. Qc[s] and Qs[s] are Laplace transforms of the two

quadratures of the axion signals. It is important to emphasize that these quadratures are defined

with respect to the phase difference of the cavity modes ϕ1 − ϕ2. Thus, generally the result is phase

dependent and could depend on the instance of time when it starts. In other words, the axion signal

provides an absolute time scale for this kind of experiment.

In the case when both cavities are pumped on resonance (∆i = 0), the transfer function in eq. (C.15)

is reduced to the first order low pass filter:

HU[s] =
ϕ̃i[s]

Qs[s]
=

αj,i
s+ γi

. (C.16)

It is apparent from this result that the output phase component due to the axion signal is scaled by

the ratio of magnitudes in both modes. If one is going to measure ϕ1, it is advantageous to increase

the x2 magnitude and keep x1 as small as possible. On the other hand when x1 → 0, the carrier signal

become undetectable.

To derive the sensitivity of the setup over a range of Fourier frequencies, we compare the result

in eq. (C.16) to the transfer function for technical phase fluctuations. Without loss of generality, we

assume that technical fluctuations are dominated by external fluctuations θ̃i[s] whose transfer function

in the phase space is γi
s+γi

[4; 5]. It can be shown that the internal cavity fluctuations lead to a similar

relation. A ratio of the axion signal and phase noise fluctuations at the output of the cavity gives a

constant signal-to-noise ratio:

SNRU
i = geffξ−αj,i

|A|
γiθ̃i

. (C.17)

If the cavity is pumped on resonances, the same result is obtained for the case of limits due to external

signal fluctuations.

For the downconversion case, the equations of motion in terms of real phases and amplitudes are

d

dτ
x1 = −γ1x1 + x2Rc(τ) + y1 cos(θ1 − ϕ1),

d

dτ
ϕ1 = ∆1 +

x2

x1
Rs(τ) +

y1

x1
sin(θ1 − ϕ1),

d

dτ
x2 = −γ2x2 + x1Rc(τ) + y2 cos(θ2 − ϕ2),

d

dτ
ϕ2 = ∆2 +

x1

x2
Rs(τ) +

y2

x2
sin(θ2 − ϕ2).

(C.18)
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where the axion signal quadratures are

Rc(τ) = geffξ+|A| cos(θa(τ)− ϕ2 − ϕ1),

Rs(τ) = geffξ+|A| sin(θa(τ)− ϕ2 − ϕ1).
(C.19)

The solution of the corresponding steady state equation is the same as in the upconversion case

described above. Dynamics of the small magnitude-phase fluctuations can be described by the

same matrix as eq. (C.13) and system matrix in eq. (C.14) with a different axion input vector:

A = [x2Rc(τ), x2Rs(τ)/x1, x1Rc(τ), x1Rs(τ)/x1]T . The corresponding axion-phase relationship appears

as follows

ϕ̃i[s] =
∆i

s2 + 2γis+ ∆
2
i + γ2

i

αj,iRc[s]+

s+ γi

s2 + 2γis+ ∆
2
i + γ2

i

αj,iRs[s],

(C.20)

which is different from the upconversion solution in eq. (C.15) only in the signs of each term as well as

definition of the axion quadratures. In these equations Rc[s] and Rs[s] are Laplace transforms of the

axion signal defined as in eq. (C.19). Here the axion signal quadratures are defined with respect to the

sum of the phases of signals in both modes, ϕ1 + ϕ2. Thus like in the upconversion case, experimental

results could be phase sensitive. In the case of two cavities pumped on resonance, the result is also

reduced to the first order transfer low pass filter function:

HD[s] =
ϕ̃i[s]

Rs[s]
=

αj,i
s+ γi

. (C.21)

This result is identical to that of the upconversion case in eq. (C.16), up to the definition of the axion

quadratures and the geometry factor. The corresponding signal-to-noise ratio is

SNRD
i = geffξ+αj,i

|A|
γiθ̃i

. (C.22)

C.3 Axion Generated Phase Spectrum in a Dual Loop Oscillator

A loop oscillator is a frequency selective positive feedback system in which two conditions for the

existence of sustained oscillations are fulfilled: the small signal gain across the loop is greater than 1,

and the open loop phase shift is an integer multiple of 2π. These conditions make the small signal

solution for the oscillator divergent, although due to amplitude limiting nonlinearity the self sustained

signals are saturated at some value of circulating power. To analyse phase-amplitude fluctuations

in such a system, in addition to cavity parameters, one needs to make assumptions on the type of

nonlinearity, amplifier gain and phase shift as well as amplifier-cavity couplings. In this case, it is

possible to apply the same type of analysis as described in appendix C.2. On the other hand, one may

assume a certain level of circulating power, e.g in the form of magnitudes in the cavity modes x1 and

x2, and analyse the system in the small signal regime. In this regime, an ideal amplifier has a unity

transfer function in the phase space. The resulting system for the ith mode is demonstrated in fig. C.1.

The phase fluctuations at the output of the oscillator are found as a sum of contributions from the

173



APPENDIX C. AXION DETECTION WITH PRECISION FREQUENCY
METROLOGY APPENDICES

Figure C.1: Schematic representation of the axion to phase conversion in a feedback oscillator in the
phase space.

technical noise θ̃i and axion signal Rs (or Qs):

ϕ̃D
i =

[
1 +

γi
s

](
θ̃i +

αj,i
s+ γi

Rs

)
,

ϕ̃U
i =

[
1 +

γi
s

](
θ̃i +

αj,i
s+ γi

Qs

)
,

(C.23)

where the first term constitutes the Leeson effect[6] for the technical phase fluctuations in the loop,

and the second term represents the axion induced phase fluctuations.

C.4 FAQ Regarding Frequency Metrology and Sensitivity Estimates

Since the original presentation of this work in an online preprint, and presentations at various workshops,

there have been some questions from the community about the sensitivity estimates. I will attempt to

answer these questions here.

Firstly, I would emphasize that the exclusion limits presented in the article are order of magni-

tude estimates based on optimistic but physically achievable oscillator phase noise, and much thought

should be given to the optimization of a real experiment.
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The process for calculating the projected sensitivity was as follows. I will focus on the closed loop

measurements in section 9.4.3 for simplicity. Firstly, eq. (9.20) is considered. The first term of this

equation can be thought of as the axion induced contributions to the phase noise power spectral density

of the loop oscillator. This is in units of rad2

Hz . In order to estimate the size of the axion induced phase

shift in units of radians, we take the spectral density term, take the square root, and multiply by the

square root of the bandwidth of the axion signal, which is in Hz.

The quantity we obtain is proportional to gaγγ , the axion-photon coupling coefficient. In order

to determine what value of gaγγ can be excluded, we refer to the second term eq. (9.20), the phase

noise fluctuations in the loop oscillator.

We wish to compare the size of the axion induced phase shift with the spread of the background

phase noise. Assuming that the spread of this technical noise scales down with the square root of the

number of averages, like Gaussian noise, it is well established that the smallest detectable fluctuation

of phase (in units of radians) is equal to

√
Sφ(f)√
t

, where Sφ(f) is the spectral density of the phase noise

fluctuations, and t is the measurement time.

Now, we estimate the phase noise spectral density for a given set of technical parameters in a loop

oscillator via Leeson’s model [6], which enables us to predict the strength of phase noise fluctuations as

a function of Fourier frequency (offset from carrier).

With the estimated phase noise spectral density for an oscillator of interest in hand, it is simply

a matter of inserting the relevant experimental parameters, and equating the size of the axion induced

phase shift directly with the minimum detectable phase fluctuation, and solving for the value of gaγγ

that can be excluded as a function of Fourier frequency.

Now we simply convert the exclusion limits as a function of Fourier frequency to limits as a function of

absolute frequency/axion mass by taking in to account the offset between the modelled resonant modes,

and recognizing that ωa = ω1 ± ω2 + 2πf . Depending on whether we are considering upconversion or

downconversion, the values of both resonant frequencies, combined with the Fourier frequencies under

test determine the axion frequencies that we are sensitive to.

So, for a given offset between the two resonances, we are sensitive to axions for a range of masses,

due to the Fourier frequency range we observe. The sensitivity to gaγγ changes as a function of

this Fourier frequency for a given mode offset, due to the fact that the phase noise changes as a

function of Fourier frequency. This can be seen in section 9.5 and fig. (9.8), the degenerate mode experi-

mental proposal, in which the projected exclusion limits begin at 1 Hz and extend upwards in frequency.

In reality, the exclusion limits on axions at any point in the wider frequency tuning ranges pre-

sented would exhibit this same kind of shape and structure. To illustrate this, consider the following.
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If we were to measure in 100 MHz “chunks” of axion parameter space, by detuning the resonators in

increments of 100 MHz and measuring to 100 MHz in Fourier frequency, we would have a repeating

pattern of exclusion limits which looks something like the limits presented in fig. (9.8), simply shifted

up in 100 MHz increments.

If we look at, for example, fig. (9.6), the detuned loop oscillator projections, we see that this is

not the case. This is because, as discussed in the text, the limits presented here are something like the

theoretical limits of this kind of technique with optimistic but feasibly achievable loop oscillators.

We are capable of reaching a very high level of sensitivity (ie the level presented in fig. (9.6)) in

any given range of frequencies, by setting the detuning between the resonators and measuring the

Fourier spectrum of phase noise for a few decades.

However, if we wish to reach that same level of sensitivity in a region a few MHz away, we would need

to detune the resonators a few MHz and measure again - otherwise we would get some lower level of

sensitivity, following a dependence like that shown in fig. (9.8).

Such an experiment would naturally tune slower than 30 days per 100 MHz, but the limits pre-

sented are presented to show the range of accessible frequencies and sensitivities with this kind of

experiment, at any given desired frequency, within reasonable time scales.
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