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Abstract

The Universe shows ordered structure on multiple scales, which contains an encrypted

message of the physical laws that govern its evolution. However, the observable

universe has undergone evolution over a long period of time (Gyrs). Although we do

find ancient relics of its evolution (∼ 380 kyr) such as Cosmic Microwave background

(CMB) and Deuterium abundance, we need to study more recent structures (∼ 13 Gyrs

after its inception) to better converge on a theory that fits the complete picture. To

achieve this objective we require a set of statistical measures which not only contain

all the information about the underlying laws governing the observable structures

but are, also, robust against subjective input. In this thesis I employ two-point

and three-point statistics to better understand the scaling laws in galaxies and the

fundamental constituents leading to the Large Scale Structure we see today.

In Chapter 2, I explore the applicability of the two-point statistics to measure

a ‘characteristic’ clump size within clumpy star forming galaxy. These galaxies are

abundant at high redshift (z > 1.5), the era when star formation was at its peak,

and understanding the physics of large star-forming clumps is key to differentiating

between galaxy evolution models. Clump sizes, in early literature, have mostly been

measured by fitting profiles, such as isophotal, circular or Gaussian, to signal above

a threshold and hence might vary between different studies. Furthermore, as the

distance to a galaxy increases (resolution decreases) the method of profile fitting

becomes prone to measuring larger clump sizes; this is an area of current study

using lensing data of the same galaxy. My project ties in nicely as the method of

estimating a clump size per galaxy requires little input and furthermore it avoids

measuring different clump sizes at different resolution levels. To this end we use

both observational data and simulated toy models. The observed data consists of

a local Grand Design Spiral galaxy as well as the DYNAMO-HST sample which

consists of z ∼ 0.1 galaxies which have clumps similar in size to high redshift star

forming galaxies when their resolution is degraded to z = 1. The sample contains

a low star forming control disk, clumpy disks and two starburst mergers, when

used in conjunction with high resolution M51 galaxy it makes an ideal test bed for

our method. The key result of this chapter is the development of weighted 2-point

function (w2PF) which can be used to extract the clump size and is robust against

other galactic structure (e.g. spiral arms), clump substructure, image noise and

blurring due to point-spread function.

In Chapter 3, I compare the size of star forming clumps to the rotational support

within a disk galaxy. I use the full DYNAMO-HST sample for this purpose along



with simulated turbulent disks with various feedback mechanisms. I first verify that

the robust measurement provided by the w2PF agrees with a previous study and

then gauge the size scaling relationship with the underlying dispersion to rotational

velocity of the disk. When including simulated galaxies which account for realistic

asymmetries and stellar feedback we find the scaling relation holds for clumps formed

within the disk via gravitational instabilities. The Violent Disk Instability (VDI)

causes clumps to be formed in-situ and in this chapter we find regardless of the

feedback prescription used in simulated data the clump scale always follows a scaling

relation. Even in the absence of feedback model which gives an extremely small and

bulgy disk, an unrealistic but extreme case also leads to clump following this relation.

The key outcome being that using w2PF allows us to differentiate clump formation

mechanisms such as major merger from VDI model.

Chapter 4 focuses on the application of a novel three-point phase statistics, in

the Fourier sense, on the Large Scale Structure (LSS) of the Universe. The two-point

correlation function (2PCF) has, due to historical and theoretical reasons, been

widely used in cosmology and as it measures all the amplitude information within

the LSS; it is natural to use phase statistics when looking for excess information due

to non-linearities. The simplest non-trivial phase-phase correlation is the three-point

function of the phase, which is measured by the so-called line correlation function

(LCF, Obreschkow et al., 2013). The LCF is sensitive to non-linear structure

formation, especially to cosmic filaments, and, hence, is expected to be a useful probe

of different cosmological models, in addition to the 2PCF. I start with the standard

ΛCDM cosmology followed by 3 alternative models and measure the increase in

constraints on parameters, both standard and exotic, from the LCF when compared

to the 2PCF. I find that using a realistic poissonian sampling, survey volume and bias

uncertainty leads to a 20% increase in constraining power for standard parameter

and even more so for alternate models. Furthermore, since LCF is independent of

linear bias, using it in conjunction with the 2PCF allows us to break the degeneracy

between linear bias and σ8.
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Chapter 1

Introduction

1.1 A universe of structure

Throughout the Universe we observe complicated and fascinating structures. They

exist in both the terrestrial plane and also beyond the atmosphere. Some are visible

by naked eye while others are outside the visible spectrum or too small. As we,

humankind, advanced in technology we developed tools to overcome our limitations

and better observe and understand nature. This leap in technology allowed us to

develop the Transmission Electron Microscope to visualize the arrangement of atoms

within a material. It also allowed us to build telescopes and observe the spiral

structure of galaxies and on a larger scale the filamentary structure dominating the

Universe. However, as we observe nature we find that there are similarities within

nature at all scales ranging from sub-atomic to cosmic scales.

Broadly speaking, we find nature to exhibit patterns within its constructions.

These patterns range from simple observables such as the stripes on a zebra to

periodic arrangement of atoms within a crystal lattice. The advantage of defining

this phenomenon mathematically is that it helps us decipher the underlying physical

properties. Take for instances the fractal nature of trees, by using this property a

group (Nova. PBS. WPMB-Maryland, 2008) has been able to estimate the amount

of carbon dioxide being absorbed within a rain forest. A brute force approach would

require them to estimate the area of each leaf, number of leaves per tree and so on

however recognizing this pattern reduces the computation time.

Similarly, nature exhibits symmetry in its creation which allows us to dissect

the structure and measure the underlying physical laws. This property also appears

extensively in various branches of mathematics such as geometry and algebra (Hilton

& Pedersen, 1986). When we look at structures we tend to notice this property at

all scales as shown in Figure 1.1.

The symmetric structure of a Sodium Chloride crystal helps us efficiently compute
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CHAPTER 1. INTRODUCTION

Figure 1.1: Structures which exhibit translational and rotational symmetries. From
(a) microscopic crystals of salt to (b) a tourist spot in Northern Ireland to (c) Cosmic
structure of a spiral galaxy which occupies a single node within the (d) Large scale
structure. Credits: Salt (Cindy Hartnett), Gaint Causeway (faiifai), M51A (Steven
Beckwith, STScI), LSS (Springel et al., 2005). All images are reproduced with
permission from authors.

the Madelung constant (Madelung, 1919) which would otherwise require an 8! increase

in computation time. Similarly, the hexagonal columns of the Giant Causeway allows

us to reduce the possible models leading to its formation (Hofmann et al., 2015).

By ensuring crystallisation occurs within the lava, a preferrable structure exhibits a

hexagonal symmetry rather than triangular or other shapes.

In this thesis we wish to extract the underlying physical laws and therefore we

will employ statistical estimators which take advantage of symmetries exhibited by

the clumps of star forming regions within the galaxies and the Large Scale Structure

(LSS) of the Universe.
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1.1. A UNIVERSE OF STRUCTURE

1.1.1 Large-scale structure

Cosmology, i.e. the study of the state and evolution of universe at large, has long

been reserved to philosophical hypotheses relying on very vague empirical inputs.

The last century has transformed cosmology into a precision science with parame-

ter measurements now reaching percent-accuracies, primarily through the detailed

observation of cosmic LSS in the cosmic microwave background (CMB) and spatial

distribution of galaxies. The current standard picture for the evolution of the universe

is sketched out in Figure 1.2. In the context of this thesis we will ignore interesting

and philosophical concepts like multiverses, however I refer the interested reader to

Ellis, 2006

The theory to describe the formation of the LSS begins by assuming that Einstein’s

field equations can be applied throughout space-time. Einstein attempted to find

solutions to these equations for a special model which accounts for a static, spatially

homogeneous and isotropic universe (these properties refer to measuring the same

observables if the observer is translated or rotated – a concept we will, in Section 1.2.2,

mathematically elaborate on). This led to the “Cosmological constant” which was

later dropped due to Hubble discovery of an expanding cosmos. It, however, opened

the path for Friedmann-Lamaitre models, the most important trait of which are

spatial homogeneity and isotropy, and Milne, later on, coined the term “Cosmological

Principle” in the instance when these symmeteries are realised (approximately)

(Peebles, 1980). Formally we can say

All physical quantities measured by a comoving observer are spatially

homogeneous and isotropic.

However, this is still not sufficient for the Universe to form structures that we see

today. If the matter is, initially, distributed uniformly and follows the cosmological

principle perfectly then the matter distribution will remain homogeneous without

any evolution. Furthermore, the observations of the local Universe show pronounced

anisotropy hence we require a modification of the principle

There exists a class of observers that see a statistically isotropic Uni-

verse, apart from anisotropies of local origin.

The ‘Minimal Cosmological Principle’ (Schwarz, 2010) allows for an initial universe

to have small matter perturbations which provide seeds for structural growth as the

Universe evolves, under gravity, from t0 ∼ 0.3 Gyr to the LSS at t ∼ 13.7 Gyr we see

today.

When we talk about the constituents of the Universe we associate three categories

3



CHAPTER 1. INTRODUCTION

Figure 1.2: An illustration of the history of our Universe. The observable universe
provides a contraint on processes ranging from nucleosynthesis (10−3 s) to the
formation of filamentary structure we see today (13.7 Gyrs). The first major
transition occured at ∼ 378 kyr when the Universe transitioned from radiation
dominated era, where pressure was too high for structure formation, to matter
dominated era during which structures collapsed under gravity. The process of
recombination, which followed this turnover point, is imprinted as CMB anisotropies
which have been used, extensively, to measure the standard parameters. The
Universe above 1011 K is relatively speculative and requires further understanding.
Earlier microphysical phenomenon such as reheating and baryogenesis still have
inconsistencies, for e.g. Lithium problem, and require more research. The Universe
we see is in its deceleration phase following an accelerated expansion which prohibited
formation of complex structures. The Figure is reproduced with permission from
Uzan, J-P (Deruelle & Uzan, 2018).

to it. Firstly, the baryonic or visible matter which is observable due to its interaction

with light. Then we have the dark matter and, finally, the dark energy both

of which only interact via gravitation. The former driving gravitationally bound

structure formation like galaxies and the latter accelerating the expansion rate of

the universe. The origin of these components of nature, in the standard model, is

not well understood furthermore they contribute about 21% and 75% to the total

energy density of the universe, respectively. Only 4% of the total energy is attributed
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1.1. A UNIVERSE OF STRUCTURE

to the baryonic component comprised of protons, electrons and neutrons which we

are familiar with on the Earth. Alternate models of observational cosmology differ

on the relative contribution of each component and also on the origin of the dark

components. For instance, one of the models we investigate later allows us to remove

the unknown form of dark energy by modifying the equations of General relativity.

The primordial density perturbations which are commonly taken as quantum

mechanical in nature give rise to over-densities and, likewise, under-densities. The

generating mechansim of these perturbations are beyond the scope of this thesis

however we point the reader to Mukhanov, 2005 (Section 8.2) for a mathematical

and intuitive understanding of the process.

The perturbations generated by means of the Heisenberg uncertainty principle

are only large at the Planckian scale and relatively negligible otherwise. For instance

the measurements from the CMB suggest perturbations of order 10−5 at galactic

scales while those from purely quantum mechanics give a magnitude of 10−58. The

only possibility of generating large scale perturbations is to stretch the wavelengths

shorter than the Hubble horizon, the boundary given by reciprocal of scale factor (a)

and Hubble’s constant (H) beyond which particles move faster than the speed of

light (∼ 1/aH), without reducing their amplitude. However, as the perturbations

are stretched their amplitude decrease unless they cross the Hubble horizon, beyond

which they are “frozen”. To do so we use the inflationary hypothesis which suggests

an exponential expansion in the early universe. The end product of this phase is a

large decrease in the comoving Hubble length which allows perturbations of galactic

scales to be frozen and retain their amplitudes. The only reason we incorporate

inflationary theories into Cosmology is because perturbations outside the horizon are

frozen and therefore agree with the observational perturbations (Weinberg, 2008).

The fundamental physics of this theory is still unclear and the scalar field along with

its particle ‘inflaton’ remain to be found.

From observations of the CMB temperature fluctuations we can determine the

statistical properties of the initial perturbations. Surprisingly, they strictly follow

the statistical properties of a Gaussian random field which is completely described

(in the statistical sense) by its two-point correlation function (2PCF). The salient

properties of this field is that the Fourier modes are mutually independent in both

their real and imaginary parts. As a consequence the phases of the Fourier modes

are also mutually independent and follow a random distribution between 0 and 2π.

Latest attempts to find any deviation from a Gaussian field have produced a null

result (Planck Collaboration et al., 2016b). In fact, it would not be far-fetched to

say that the developement of models of perturbations and inflation were heavily

influenced by the statistical measurements seeing as the Ansatz of the functional form
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of primordial power spectrum (Harrison, 1970; Zel’dovich & Novikov, 1970; Peebles

& Yu, 1970) was suggested well before the mechanism to generate fluctuations and

the idea of inflation (Guth, 1981).

Starting from these initial conditions we can describe the evolution of the density

field. Let us explicitly write the density perturbations δ(rrr , t) at point rrr with a matter

density field ρ(rrr , t) as

δ(rrr , t) =
ρ(rrr , t) − ρ̄(t)

ρ̄(t)

where ρ̄(t) is the mean density of the Universe at a given time t. In the Newtonian

limit these perturbations grow with time. A region of over-density δ > 0 will grow

by inflow of material due to gravity, whereas the under-dense regions δ < 0 become

more empty as matter flows out of it. This amplification of perturbations is referred

to as gravitational instability with its rate depending on the theory defining structure

formation. For instance in a static universe the over-density grows exponentially

while in an expanding universe it grows as a power-law δ ∼ tα where α > 0. The

cosmic expansion slows down the amplification process, however the exact growth

rate is governed by the cosmological model used to describe the Universe.

Initially, most of the perturbations are in the linear regime δ ∼ 0. However, as

the universe expands the over-dense regions grow in scale. When a region of space

reaches over-density δlin ∼ 1.06 it separates from the expansion process and starts to

collapse leading to mildly non-linear regime. Over time the perturbation reaches its

maximum comoving scale known as ‘turn-around’ and collapses to form virialized

object. This is the transition from mildly non-linear regime to strongly non-linear

regime. The equations describing to the evolution of the perturbation are the same as

parametric equations of a cycloid. In order to extract exact solution we assume the

perturbation is fully described by linear theory. When solving for maximum radius

of the perturbation, we recover an overdensity of 1.06 which we know is not entirely

correct since non-linear effects are embedded into the region and the corresponding

growth deviates from the solution to the linear equation as shown in Figure 1.3.

To illustrate this process consider a small spherical, homogeneous over-dense

perturbation embedded in a flat, matter dominated universe (Gunn & Gott, 1972).

Since the initial over-density is small, the size of the spherical perturbation first grows

almost proportionally to the cosmic expansion. The density grows and decouples

from the Hubble flow before reaching it’s maximum limit called turnaround beyond

which it begins to collapse. If the structure is completely spherical with pressureless

matter then it would collapse to a singular point. Such spherical structures hardly

exist in nature hence what we expect to see is extreme shell crossing leading to the

formation of a virialized object called a halo. The evolution of this overdensity is
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shown in Figure 1.3

Figure 1.3: A schematic overview of the evolution of a spherical perturbation as
a function of the conformal time τ. The variation of the radius (in terms of the
parameter Rp) of the structure is indicated by the solid line. The parameter Rp

encodes information about the cosmological Hubble parameter H0 and matter density
ΩM. The perturbation initially follows the background expansion rate Rlinear (red
line), reaches the turnaround point at τ = π, decouples and then collapses. The halo
virializes at τ = 2π due to its inherent inhomogeneities.

The overdensities are rarely spherical and an elegant method of capturing the

non-linear growth was developed by Zel’dovich, 1970. The solution considers the

evolution of the perturbation in the Lagrangian frame. The system can be written as

a tensor of deformation which, with appropriate coordinates gives a real symmetric

matrix with eigenvectors defining three orthogonal axes. To picture this solution,

imagine an ellipsoid with it’s three orthognal radii defined as α(t) ≥ β(t) ≥ γ(t)
as a function of time. When we allow this system to evolve under gravity within

an expanding universe, the structure will collapse at different rates with the axes

pointing in direction of α(t) collapsing the fastest. Zeldovich noticed this property

and predicted the formation of a ‘Zeldovich’ pancake as the first step in evolution.

As the second axis collapses we would observe a filament like structure until the

collapse along the γ(t) axis leading to a halo.

In our simple model the mass Mhalo and formation history do not affect the halo’s
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mean density at the time of virialization which is about ρhalo(τvir) ∼ 178 ρ̄(τvir).
Furthermore, due to its dissipationless property the dark matter is decoupled from

the background after virialization and we expect the overall mass and radius of

halo to remain unchanged. Realistically, the halo is not completely isolated from its

surrounding and it undergoes complex interactions with its environment resulting

in material inflows or halo mergers which affect its properties. To model such

phenomenon we employ numerical simulations which we expect to provide more

information about the Universe than our simple analytical model.

Although the evolution of the Universe is mostly governed by its dark matter

component, our observational tools have yet to observe them directly. Astronomical

surveys are designed to map tracers across the sky and hence infer the overall

matter distribution within the Universe. The relationship between the distribution

of tracers, or luminous matter, such as clusters, galaxies, quasars etc. and the matter

distribution is termed bias. Hence understanding this parameter is key part of

extracting information from cosmological surveys.

Even in earlier studies, the two-point statistics of galaxies (Davis & Peebles, 1983)

and clusters (Bahcall & Soneira, 1983) showed significant difference in the measured

correlation length scales, ∼ 25 h−1Mpc and ∼ 50 − 100 h−1Mpc, respectively. The

two tracers can not, obviously, be both unbiased tracers of the underlying matter

distribution. With this in mind consider a galaxy overdensity field defined, at a

certain point in time, as

δg(rrr) =
ng(rrr) − n̄g

n̄g
= b1δ(rrr) = b1

(
ρ(rrr) − ρ̄

ρ̄

)
where ng represents the galaxy counts within the observed field and b1 the bias

parameter. Even for this simple relationship the density relationship between matter

and galaxy is non-linear while the two-point statistics scale as b2
1. If we were to allow

a different bias parameter for each tracer then the discrepancy between the statistical

estimators of clusters and galaxies can be explained. The bias can, thus, be considered

as a statistical tool the understanding of which depends on the understanding of the

evolution of the tracer and the overall matter field from initial perturbations.

The galaxy bias is a complex topic since the formation and evolution of galactic

structure takes place over a long period of time and still not fully understood (see

Section 1.1.2). On the other hand perturbation-theory based approach works well

for large scale matter density while tidal fields matches at quasi-linear scales. The

goal is to write ng as the most general function of the matter field. This, remarkably,

works for quasi-linear scales where the galaxy overdensity can be written within

a finite set of bias parameters. However, the assumption is that large scales are
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completely described by the action of gravity, alone. We will incorporate the linear

bias parameter in the analysis of Cosmic structure in Chapter 4 while restricting the

computation to large scales.

Since the observable Universe depends on the underlying matter distribution, it

encodes all the information related to the General Relativity equations as well as

the proportion and types of energy densities and hence will differ for various Cosmic

models and even for change in parameter values. The concordance model consists of

6 parameters however only 5 of them affect the late time distribution of the dark

matter particles which is the focus of this thesis. Of the ones that affect, the hubble

constant H0 gives the proportionality constant at which galaxies recede with respect

to one another at a given point in time. The scalar spectral index ns measures the

deviation from scale invariant matter power spectrum in the early universe. The

value of ns = 1 gives a scale invariant spectrum. The fluctuation of mass within

spheres of radius 8 h−1Mpc (choice of radius is due to historical reasons) is captured

by σ8 parameter. This is used to normalize the power spectrum. Finally the matter

densities ΩM and Ωb, as their name implies, contain proportion of hidden and visible

matter in the Universe, respectively. The model assumes the matter is embedded in a

flat Universe therefore constraining the dark energy parameter i.e. ΩΛ = 1−ΩM −Ωb.

Since the 5 ΛCDM parameters influence the evolution of the cosmic structure, we

expect estimators applied to this structure to contain information about them to

different degrees.

Beyond the standard model, we will also consider a Warm Dark Matter (WDM)

model which adds momentum to dark matter particles and suppresses small scale

structure in late time cosmology. We will also look at two instances of models which

differ from General Relativity namely the Symmetron and f (R) models. These

class of models are called modified GR models. The common theme across all

alternate models is that they exhibit structural differences at small to intermediate

scales, i.e. the non-linear and mildly non-linear regimes, to varying degrees. It is

expected that estimators other than 2PCF contain more “raw” information about the

additional parameters describing these models. We will further describe the alternate

cosmological models in Sections 4.3.2, 4.3.3 and 4.3.4. In this thesis, our goal

is to quantify the relative excess information present in the three-point

phase estimator of the 5 standard parameters as well as the additional

parameters for each model compared to the 2PCF.
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1.1.2 Galactic structure

Untill now we have put all our attention on evolution due to gravity alone. This is

reasonable since the non-relativistic pressureless Cold Dark Matter (CDM) dominates

the matter budget of the Universe and hence governs the growth of structure after

decoupling. However, what we observe are the baryonic structures e.g. galaxies,

which unlike dark matter the baryons interact with other fundamental forces. Due

to this the internal pressure of the system needs to be taken into account when

solving fluid equations at, or near, Jeans’ scale (Arons & Silk, 1968, Gnedin & Hui,

1998). This is the critical scale at which the thermal pressure within a sphere of

gas balances out its collapse due to gravity. Hence, as these particles get dragged

into deep potential wells due to dark matter halos they undergo multiple phases of

radiative heating and cooling before creating the galactic structures we observe now.

As the dark matter relaxes after virialization the gas may experience a shock and

reach virial temperature. Generally, the baryonic material experiences an accretion

shock if it is accreted supersonically. Several models of accretion shocks have been

investigated in literature (Bertschinger, 1985, Tozzi & Norman, 2001, Voit et al.,

2003, Book & Benson, 2010), that in the case of slow cooling the shocks occur at

virial radius and the gas reaches hydrostatic equilibrium. Contrary to this case,

if the cooling is rapid the gas will not reach hydrostatic equilibrium but free fall

onto the central protogalaxy. The difference between the two phases is crucial in

galaxy formation models and the resulting observations are expected to be bimodal

depending on the scenarios. Rees & Ostriker, 1977 adopted a model of differentiating

between the two regimes using the mass of the gaseous cloud following which a number

of galaxy formation model define a criterion (White & Frenk, 1991, Kauffmann &

White, 1993, Cole et al., 1994) for switching between the two scenarios.

Using 3D hydrodynamical simulations there is a consensus on the fact that a

significant portion of the gas in low mass galaxy has avoided the shock heating phase.

These results encouraged Birnboim & Dekel, 2003 to adopt an analytic model which

requires the environment of the gas to support its post-shock state. In the case of

dark matter halo, the model suggests that only halos Mhalo > 1011 M� can support

primordial gas with slight dependence on redshift. This implies gas accretes in low

mass halos without being heated to virial temperatures and free falls into the centre

where it will experience a shock (though the observational evidence is yet to be found

Steidel et al., 2010). In the context of this thesis we will consider galaxies that have

masses similar to the Milky Way.

Once the gas has undergone virial shock it gets thermalized and reaches hydrostatic

equilibrium. Realistically, this equilibrium might contain other sources of pressure
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such as turbulence (Frenk et al., 1999), cosmic ray (Guo & Oh, 2008) and magnetic

(Gonçalves & Friaça, 1999) especially on small scales. The gas at this point still has

a lower density than typical galactic structures we observe today. The gas at this

point cools radiatively and loses its pressure support thereby collapses further and

hence increases its density. The gas that has not experienced a thermal shock falls

ballistically towards the halo centre and though it would be shocked and heated near

the forming galaxy we expect it to cool rapidly due to the increased density.

There are multiple ways in which the gas could cool. For low redshift gas contain-

ing metals or collisionally ionized hydrogen (T & 104 K), the cooling process includes

collisional excitation and de-excitation, recombination radiation and Bremmsstahlung

radiation from free electrons. The cooling function can be found per unit gas by

taking into consideration the hydrogen number density and metallicity of the system

and adopting a numerical approach to finding equilibrium in collsional ionization

such as that simulated using CLOUDY (Ferland et al., 1998). For halos with low

virial temperatures (T < 104 K) the gas is relatively cool and in mostly neutral

state. Hence, the dominant cooling mechanism depends on the presence of heavy

elements and molecular hydrogen within the system. The cooling mostly occurs due

to collisional excitation and/or de-excitation of the fine and hyperfine structure lines

for metals and rotational and/or vibrational lines for molecules. Note that all the

aforementioned processes depend on the squared density of gas since they are two

particle processes. Another important cooling mechanism is the Compton cooling

which is significant at high redshift (z > 6) considering it depends on the density of

photons from the CMB. The Compton scattering of photons from electrons within

the dark matter halo causes a significant drop of temperature within the ionized

plasma. Since the process depends on photon-electron interation it scales linearly

with density of gaseous cloud since the CMB photons have the same density across

the observable universe and is independent of local density.

Although the gas needs to cool to form galaxies, the collapsing process also heats

up the gas in several ways. The first mechanism occurs after the first stars form

and emit photons over a range of frequencies. Some of them are energetic enough to

ionize the atoms and ions within the halos and hence increase the overall temperature

of the gas. There has been a longstanding problem in galaxy formation models

of overcooling (for e.g. Suginohara & Ostriker, 1998). Earlier simulations suggest

galaxies formed in massive halos contain more mass from those observed today.

To counteract this, various solutions have been presented. Firstly, a preheating

solution where the gas is heated before falling into virialized halos. The source of this

pre-heating might be the existence of first galaxies however to solve the overcooling

problem the preheating must prefer a specific mass scale of halos otherwise it causes
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problems at the lower mass end of the spectrum. Another heating mechanism is

the thermal conduction within the ionized plasma inside the halo. The net effect is

that heat from outer regions of the cloud is conducted inwards towards the core and

though it is an attractive mechanism it does not completely solve the overcooling

problem (Conroy & Ostriker, 2008).

A more favourable mechanism is rethinking the fate of gas as it falls towards

the centre of the halo. In the most simplistic scenario, the gas cools, loses pressure,

falls into the centre and constitutes a galaxy. Maller & Bullock, 2004 on the other

hand consider the effect of thermal instability within a gas cloud falling into a

potential well which upon cooling fragments into two phases: the cold (T ≈ 104 K)

cloud which exists alongside the hot component with large cooling time. Multiple

processes including Kelvin-Helmholtz instability, conductive evaporation and the

thermal conduction limit, known as Field length (Field, 1965) determine the masses

of the infalling clouds. Including this mechanism into simulation can reduce the

mass of gas by a factor of 2 particularly on halos at the higher mass end (Kaufmann

et al., 2009, Maller & Bullock, 2004).

Perhaps the most adopted method for solving these issues is some sort of a

feedback mechanism which appears to solve the overcooling problem in state of the

art simulations. Although, the term ”feedback” includes multiple models, we only

consider three of them: blast wave or SNe feedback, pre-SNe feedback and finally

feedback due to AGNs. The first two detail heating of gas surrounding a stellar

object due to and prior to the star going supernova. Coupling this with heating

due to AGN in massive halos the simulation provides results which, mostly, agree

with the observed results. However, as the computational power and therefore the

resolution of the simulation increases we tend to better understand the effect of

feedback on the galaxy formation history.

The heating due to virialization, cooling of the gas and finally reheating allows

the gas to posses sufficient density to form a galactic structure. We will focus on

rotationally supported disk galaxies as they are the structures of interest in the

context of the thesis.

Disk like structures in the Universe arise from conservation of angular momentum.

In similar fashion disk galaxies originate when the infalling cloud of gas under gravity

preserves its angular momentum and eventually develops a rotational pattern around

a central black hole. The angular momentum of the gas arises from tidal torques from

the LSS (Hoyle, 1949). Initially it was thought that the gas a significant portion of

its angular momentum when forming a gaseous disk however recent studies support

the fact that the gas preserves its angular momentum as it is accreted into the

potential well. Another reason for including feedback prescription into simulations

12
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is that it leads to this preservation of the angular momentum. In earlier studies,

with no feedback, the gas lost its rotational support and led to massive structures

with little to no star forming regions outside of it’s centre. When including feedback

models the simulated galaxy better matches the observed disk galaxies as the angular

momentum of the gas grows during the linear regime of perturbation and becomes,

nearly, constant once the virialization process occurs. In the absence of feedback the

angular momentum drops off during the virialization leading to spheroids and lack

of disk like structure.

We now consider how a galaxy might convert its fuel into stars which are our

main source of observed light. Though the complete picture of star formation is

still being explored, we will classify star formation scenarios into two categories,

Violent Disk Instabilities (VDI) within a rotating disk and due to interaction with

environment. The VDI model considers the stability of a local region within the disk

against collapse due to gravity. At the start of this section we introduced the concept

of Jeans’ length. VDI can be derived by following the assumption of Jeans, 1929

which was included by Toomre, 1964 for local perturbations within a rotating disk.

To better appreciate the concept let us consider a thin disk of surface density,

Σ. There is a stellar object a distance L away from the centre of a local overdensity.

The time it takes for the object to reach the centre of a non-rotating thin disk using

a Keplerian assumption is

tcollapse =

√
π

8

L
GΣ

(1.1)

where G is Newton’s constant. The escape time for the object with r.m.s stellar

velocity, v̄2, is

tescape =
L√
v̄2

(1.2)

putting the two together we get the Jeans’ length

LJ =
π

8

v̄2

GΣ
. (1.3)

Only perturbations with scales larger than LJ collapse under gravity while those

smaller are removed by random motion of stars.

Now consider the case of a differentially rotating disk. There is an added effect

of centrifugal force

ar = B2 L4

L3
f

(1.4)
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and an inward acceleration due to gravity

ag = −
GM
L2

f

(1.5)

where the initial radius of the region is L and collapses to Lf . B is the Oort’s constant

and M being the mass enclosed within the region. Using Toomre, 1964 rule “collapse

will not occur if ar initially increases faster than ag” we get the maximum radius for

collapse by solving for Lf = L.
dar

dLf
= −

dag

dLf
(1.6)

Lrotation =
2π

3

GΣ
B2

. (1.7)

The collapsing cloud must have L < Lrotation. Including the static and rotational case

within the same analysis we find that the cloud can only collapse if LJ < L < Lrotation

which allows us to define instability criterion in terms of r.m.s stellar velocity√
v̄2 >

4
√

3

GΣ
B2

(1.8)

for a locally stable disk LJ > Lrotation. In subsequent analysis Toomre considered a

locally stable stellar system and employing linear perturbation theory was able to

derive the fundamental mode for local stability as

Q =
κvstar

πGΣ
> 1 (1.9)

where κ is the epicyclic frequency of a stellar object. The ratio is named Toomre’s Q

parameter and indicates the local stability of region under collapse. This parameter

has since been refined and although it is a subject of active research (Romeo &

Wiegert, 2011a), a two component (gas + star) equivalent can be approximated by

Q =
(
Q−1

star +Q−1
gas

)−1
(Wang & Silk, 1994).

Once a local region of a disk galaxy becomes unstable it fragments into smaller

substructures and we observe a quasi-fractal (almost self-similar down to scales of

individual stars) distribution of structure within the larger gas cloud. These large

star forming regions are referred to as clumps and primarily exist at high redshifts

(z > 1) when the star formation rate was at it’s peak. However, the formation of

these huge star forming regions in not restricted to VDI method. The clumps are

also observed when a less massive galaxy falls into a larger one (minor merger) or

two similar sized galaxies merge to create a new system (major merger) as examples.

To ascertain which process dominates the creation of clumps in the early

Universe we will first adopt of robust method of measuring the largest
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scale of these clumps and then guage the ability of Toomre parameter to

differentiate between clumps resulting from VDI and major mergers.
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1.2 Statistical analysis of structure

As an observer we can only measure the structural properties of the Universe, however,

our interest lies more in identifying the complete set of field equations as well as the

minimum number of constants to accurately describe our Universe. For this purpose

a number of statistical estimators are available with the simplest one, most likely,

being the average density of the observable matter field. This measure would provide

information, in mathematical sense, about the baryonic matter density but not on

the other parameters. On the other hand if we were to measure the position and

velocities of each and every particle, in the classical sense, then we can confidently

say that we have all the information on the initial conditions and evolution of the

Universe. In reality, this measure is impossible to measure and, ideally, we want a

measure that is computationally, and theoretically, easy to compute but also contains

most, if not all, of the information of the underlying fundamental physics. Nature,

in general, exhibits symmetries in its creations and hence it is natural to look for

measures that exploit this property inherent in the Universe.

1.2.1 Statistical symmetries

The concept of a homogeneous infinite universe has been around since the time of

Newton who first proposed a theory grounded in mathematics on the state of the

observable Universe. The visible matter in this proposed model followed Newtonian

mechanics embedded in a Euclidean Geometry with absolute universal time. Einstein,

in his pioneering theory of General Relativity, also assumed the uniformity of the

observable Universe when applying his field equations. This was partly due to the

difficulty of solving a set of 10 nonlinear partial differential equations depending

on the 4 variables. However, as cosmology advanced and we measured the CMB

and the LSS the most common theories assume a homogeneous and isotropic early

Universe where gravity leads to inhomogeneous structures. In the present Universe

these inhomogeneities are constrained to small scales and that the Universe becomes

homogeneous and isotropic again at large enough scales (Gong, 2010, Sylos Labini &

Baryshev, 2010, Scrimgeour et al., 2012).

The properties of homogeneity and isotropy assume the presence of two symme-

tries, namely translation and rotation, respectively. Interestingly, all examples in

Figure 1.1 exhibit these two fundamental symmetries.
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1.2.2 Translational and Rotational invariance

If the multipoint joint probability density function of a random field are invariant

under translation then the field is said to be statistically homogeneous. In the context

of this thesis we consider invariance under translations in spatial axes. Hence, the

statistical properties of this field only depend on the relative distance between multiple

points. This field is different from a homogeneous field which is completely uniform,

takes the same values throughout the observable space. Similarly, a statistically

isotropic stochastic field has an invariant joint probabilities under spatial rotation.

To express this property mathematically consider a universe filled with material

of density ρ at spatial point rrr. We can define it in terms of a set of generating

functions gi (see Obreschkow et al., 2013) such that

ρ(rrr) =
∑

i

gi (rrr) (1.10)

where gi (rrr) ≥ 0. We define it such that all the information about the Universe is

contained within the generating functions. If we now translate and rotate the field

using a set of random translation vectors ttti and rotation matrices Ri of the orthogonal

group, (det(Ri) = ±1) then the new density field can be written as

ρ2(rrr) =
∑

i

gi (ttti + Rirrr) (1.11)

where again the full set of information is contained within the generating functions.

A consequence of statistical homogeneity and isotropy is that the joint probability

density functions are conserved which implies that any multipoint statistical estimator

will have the same expectation values for ρ and ρ2. A common practice in cosmology

and astrophysics is to work with overdensity field

δ(rrr) =
ρ(rrr)
ρ̄
− 1 (1.12)

where ρ̄ is the average density of the Universe. This reparameterisation ensures that

the average overdensity δ̄V → 0 as V → ∞ for δ̄V = V−1
∫

dV δ(rrr). In observational

cosmology, effects due to location of observer break the two symmetries, an example

of this is the infamous fingers-of-God effect (Kaiser, 1987) which is induced in surveys

due to Doppler-shift of light sources.

Another useful property of the fields used in this thesis is ergodicity. This implies

that the multipoint probability only depends on the relative distance rather than

the distance from each starting point. This helps in application of statistics on
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observational data since we can only measure one universe and a single galactic

structure, however, by using the same multipoint statistical measure at different

points we can replace it by an ensemble average which requires multiple realisations

of the same random field. This assumption is inherent in cosmology as a obtaining a

rigorous proof of ergodicity of a random process is often difficult (Adler, 1981).

1.2.3 N-point correlation functions

Historically, these estimators originate from Quantum Field Theory (QFT) which

has an abundance of isotropic and homogeneous fields. Since the field of interest in

astrophysics also shares the same symmetries it is only natural that we adopt an

already established estimator to extract the relevant information albeit with certain

modifications. The most general expression of an N-point correlator can be written

as

Cn(x1x1x1,x2x2x2, ...,xnxnxn) = 〈φ(x1x1x1)φ(x2x2x2)...φ(xnxnxn)〉 (1.13)

where 〈〉 denote the emsemble average of the amplitude of field operator φ at spatial

vectors x1x1x1,x2x2x2, ...,xnxnxn. In this definition the simplest non-trivial case is the the 2-point

correlator. When we look at the observable universe (and galactic structure), the

field we measure is the matter over-density (matter density) which replaces the φ

in Eq. 1.13 and gives the NPCF of the observed density field. However, how do

we compute an ensemble average? By definition the average must be done over a

set of universe with the same physical laws such that we can extract any statistical

information. In QFT experiments we can conduct the same experiment multiple

times however observing more than a single realisation of our Universe is, for now, not

possible. The assumption of ergodicity comes into play as we replace the ensemble

average with an averaging at different locations as defined above. This also reduces

the dimensionality of the measure as we will see in the definitions of correlation

functions.

1.2.3.1 2-Point Correlation Function

The 2-point correlation function (2PCF) gives the excess probability, compared to

Poissonian, of finding a neighbour at a distance centered around an object. The

object is usually a galaxy in cosmology surveys and a clump when looking at the

galactic structure. We can explicitly define the non-isotropic 2PCF, in a continuous

sense, as a function of distance rrr

Ξ2(rrr) =
1

V

∫
dDt δ(ttt)δ(t + rt + rt + r) (1.14)
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with spatial averaging done over the translational vector ttt. D indicates the dimen-

sionality of the data and is D = 2 and D = 3 for galaxy and cosmology parts of the

study, respectively. This definition uses the concept of homogeneity by averaging

over translations to extract information into a multipoint product function. The

corresponding step is to average over spatial rotations R

ξ2(r) = Ξ2(Rrrr)R (1.15)

to compute the isotropic 2PCF. We again stress that the two measures ξ2 and 〈ξ2〉

differ since the latter is an ensemble average. However, we assume the former behaves

asymptotically like the actual 2PCF given a large enough volume due to ergodicity.

We can gain an intuitive understanding of this measure. Consider Figure 1.4

where two cells are constructed with differential volumes dV1 and dV2 to locate

objects with density ρ1 and ρ2, respectively. The probability in excess of random

that the objects would fall in corresponding cell separated by a distance r is given by

dP = ρ1ρ2[1 + ξ2(r)]dV1dV2 (1.16)

In the case where we wish to gain insights on the clustering properties within a single

field then ξ2 is the 2PCF. When both fields are different then we need cross-correlation

function which is also used extensively in astrophysics to extract information when

comparing multiple fields.

Figure 1.4: The 2-point correlation function of a density field is estimated by
creating cells of infinitesimally small volumes around each particle separated by a
distance r. The Poissonian probaility is given by ρ2dV1dV2 hence the presence of the
term (1 + ξ2(r)) to express the excess probability to random of finding the particles
separated by r.
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1.2.3.2 Statistical Estimators

To gain an understanding of the overall population from a sample we require an

estimator of the corresponding statistical measure. In similar fashion there is an

abundance of estimators for 2PCF in literature all of which perform similarly at small

scales but become erroneous at large scales and in some cases may even be biased.

The estimators basically count the number of galaxies (or cells) in cosmological survey

(galaxy data) which decrease at large scales and the edges of the observed survey

window. Hence, an estimator should be chosen that reduces the cosmic variance and

also corrects for edge effect.

Further to these effects, every telescope has a higher likelihood of detecting signal

near its center than the outskirts. This induces a selection bias in our cosmological

measurements. Similarly, as we will see in Chapters 2 & 3 a similar effect can

occur for star forming regions which originate within the galaxy. These effects add

correlation into the 2PCF which needs to be removed if we wish to estimate the

measure of the population from our sample. Hence the first estimator introduced by

Peebles, 1980 inherently removed this extra correlation as follows

ξ̂P(r) =
N2

R

N2
D

DD(r)
RR(r)

− 1 (1.17)

The D and R fields correspond to the data and simulated random map, respectively.

The number of objects within each field could differ hence the estimator is normalised

by ND and NR. The computed variable DD(r) counts the number of paired objects

at a distance r ± dr within the data map while RR(r) does the same for the random

catalog. The random catalog is generated by poisson sampling onto a grid with the

same dimensions and selection function as that of the data map hence any excess

correlation induced due to external factors are removed by the R field.

By simulating a number of R fields and recomputing the Peebles’ estimator we

can get a handle on the cosmic variance and hence gauge its precision. It was found

that cross-correlating the D and R fields reduces the variance within the estimator

hence Davis & Peebles, 1983 implemented this term in their estimator followed by

Hamilton, 1993 and finally Landy & Szalay, 1993 which is the estimator with least
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variance.

ξ̂DP(r) =
NR

ND

DD(r)
DR(r)

− 1

ξ̂H (r) =
DD(r) · RR(r)

(DR(r))2
− 1

ξ̂LS (r) =

1
N2
D

DD(r) − 2
NDNR

DR(r) − 1
N2
R

RR(r)

1
N2
R

RR(r)

(1.18)

Going down the list the computational time increases and so if we are only interested

in small scales, due to an increased number of objects the estimator give similar

results and hence to save on it we can work with the David-Peebles estimator. In our

analysis we use the Landy-Szalay estimator since cosmic variance is a major source

of error in clump size estimation and we wish to minimize it.

1.2.3.3 Higher Order Correlation Functions

We can expand our analysis by increasing the number of points we are interested in.

Mathematically, the expansion to N point correlation functions (N-PCF) from the

definition of the 2PCF is straightforward. By expanding on Eq. 1.14 we can get the

non-isotropic N-PCF by averaging over all translations

ΞN (r1r1r1,r2r2r2, ...,rN−1rN−1rN−1) =
1

V

∫
dDt δ(ttt)δ(t + r1t + r1t + r1)...δ(t + rN−1t + rN−1t + rN−1) (1.19)

Where V is volume of the density field. The isotropic version of these measures

requires averaging over connected or enclosed shapes S{r1r1r1,r2r2r2, ...,rN−1rN−1rN−1} such that

ξN (S{r1r1r1,r2r2r2, ...,rN−1rN−1rN−1}) = Ξ2(Rr1r1r1, ...,RrN−1rN−1rN−1)R (1.20)

where for N = 2 the enclosed shape is simply a line, for N = 3 a triangle, for N = 4 a

quadrilateral and so on. These functions are named connected N-PCF (Bernardeau

et al., 2002) and the full set of these measures is statistically complete in that

it contains all the information regarding the underlying density field (Fry, 1985).

Similar to the 2PCF these functions also link to the probability of finding N objects

within N cells. In the case of the 3-PCF the 2PCF adds to the additional probability

such that

dP = ρ1ρ2ρ3[1 + ξ2(r1→2) + ξ2(r2→3) + ξ2(r3→1) + ξ3(r1,r2,r3)]dV1dV2dV3 (1.21)
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Hence the excess probability to Poissonian depends on the previous functions within

the series.

Also following from the 2PCF a general class of estimators can be defined (Szapudi

& Szalay, 1998) for the N-PCF which for the 3-PCF corresponds to

ξ̂LS (r) =
DDD(r) − 3DDR(r) + 3DRR(r) − RRR(r)

RRR(r)
(1.22)

where the D and R fields have been normalised by their respective number densities.

From this we see a trend of increased computation time as N increases and hence

we need to look at alternate ways of extracting the information driven into higher

order functions as the structure evolves due to gravity. This is also the reason for

considering Gaussian distribution for the initial density perturbation field since in

the case of a Gaussian distribution the odd N-PCF vanish while the even functions

can be written in terms of the 2PCF. Hence, all the information is contained within

the 2PCF and the computational expense goes down when we wish to know the full

details of the density field.

1.2.4 Fourier space

The correlation functions are defined as convolution integrals in real space, hence

their equivalent Fourier representations can be written as a product of Fourier space

density function. The change in base helps to efficiently compute the measures as

well as express their analytical form. If we are to define the Fourier and its inverse

as per Peacock, 1999 with a change in sign of i

δ(kkk) =
1

V

∫
dDr e−ik ·rk ·rk ·r δ(rrr)

δ(rrr) =
V

(2π)D

∫
dDk eik ·rk ·rk ·r δ(kkk)

(1.23)

Then we can rewrite the 2PCF in 3D Fourier bases as

Ξ2(rrr) =
1

V

∫
d3t δ(ttt)δ(t + rt + rt + r)

P(kkk) =
1

V

∫
d3r e−ik ·rk ·rk ·r

Ξ2(rrr) =
1

V2

∫
d3r e−ik ·rk ·rk ·r

[∫
d3t δ(ttt)δ(t + rt + rt + r)

] (1.24)

where in the final step we have simply defined a Fourier equivalent measure of the

2PCF named the power spectrum. To proceed further we will assume that the

integrals are finite which allows us to reverse the order of integration using Fubini’s
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theorem.

P(kkk) =
1

V2

∫ [
δ(ttt)

∫
δ(t + rt + rt + r) e−ik ·rk ·rk ·r d3r

]
d3t (1.25)

Finally we make a substitution of xxx = t + rt + rt + r which results in d3x = d3r to find a

mathematical expression for P(kkk).

P(kkk) =
1

V2

∫ [
δ(ttt)

∫
δ(xxx) e−ik ·(x−t)k ·(x−t)k ·(x−t) d3x

]
d3t

=
1

V2

∫ [
δ(ttt) eik ·tk ·tk ·t

∫
δ(xxx) e−ik ·xk ·xk ·x d3x

]
d3t

=
1

V2

[∫
δ(ttt) eik ·tk ·tk ·t d3t

] [∫
δ(xxx) e−ik ·xk ·xk ·x d3x

]

=

[
1

V

∫
δ(ttt) eik ·tk ·tk ·t d3t

] [
1

V

∫
δ(xxx) e−ik ·xk ·xk ·x d3x

]

P(kkk) = δ(−kkk)δ(kkk)

(1.26)

Since the density field is a real function we know from Fourier theorem that δ∗(kkk) =
δ(−kkk) where δ∗ is the complex conjugate of the Fourier field. This implies that the

powerspectrum contains the full set of amplitudes of the Fourier modes and does not

have any information of the phases of the density field. Under the assumption of

statistical isotropy we can replace kkk by its modulus k since angular variation does not

provide additional information on multipoint statistics. We can write the isotropic

power spectrum as

P(k) = 〈|δ(k) |2〉 (1.27)

The inverse Fourier Transform of which gives us the isotropic 2PCF. Since the two

measures can be transformed they contain the same amount of information regarding

the density field. Hence computing the more efficient measure is often the route

taken by surveys. We will in this thesis mostly work with the 2PCF.

As an extension to the 2PCF there is a set of Polyspectra for each of the N-PCFs

which is a function of the same number of variables. For instance, the isotropic

bispectrum is the Fourier transform of the 3-PCF and defined as

B(k,q, | −k − q−k − q−k − q |) = 〈δ(k)δ(q)δ( | −k − q−k − q−k − q |)〉 (1.28)

The phases of Fourier modes are present in the 3-PCF and hence in higher order

polyspectra. Thus the information content in these measures grow as the Universe

evolves under gravity since Fourier phases mix with themselves and the amplitudes

and therefore the 2PCF no longer contains all the information of the Universe.
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1.2.5 Alternative spatial statistics in Cosmology

Since the 2PCF contains all the information in the early universe; this estimator is

computed for every survey. Hence in the case of cosmology it is fruitful to look for

measures which provide orthogonal information to the 2PCF. Although the complete

set of N-PCFs contain all the information of the underlying density field, computing

them becomes increasingly difficult. The computational time increases exponentially

when going from powerspectrum to bispectrum. Furthermore, the cosmic variance

needs to be determined for each measure and as the order of polyspectra increases

the number of simulations required to accurately measure the covariance matrix of

each measure also increases.

An alternate pathway is to look for measures which are efficient and easy to

interpret. For instance the void probability function (White, 1979) can be estimated

by randomly creating spheres within the data map and calculating the probability

that the sphere is empty. This measure has also been linked to the N-PCFs and

though it is easy to compute it does not provide an excess of information beyond

the 2PCF. Similarly, count-in-cells and moments of the density do provide some

information about the cosmic structure but they have a large overlap with the

N-PCFs.

On the other hand, purely geometric measures such as Genus statistic and

Minkowski functionals or topological statistics such as percolation function and

Minimal Spanning Tree do provide information about the cosmological parameters,

the constraints are not competitive.

1.2.6 Line Correlation Function

If the 2PCF contains information related to amplitude then a step forward would be

to measure the information present in the phases. Chiang & Coles, 2000 visually

presented such a way of measuring the information in the phases of Fourier modes

in the present Universe. One such measure is the Line Correlation Function (LCF,

Obreschkow et al., 2013) which measures the Fourier phase-space information of

three colinear points separated by a fixed distance r in real space. Mathematically

we can write the LCF (we only mention its isotropic variant in this thesis) as

`(r) ∝ 〈ε (ttt)ε (ttt + rrr)ε (ttt − rrr)〉 (1.29)
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where ε (rrr) is the IFT of the Fourier phase ε (kkk) = δ(kkk)/|δ(kkk) |. The definition of the

LCF allows us to explicitly write it as

`(r) ∝
V2

(2π)6

∫ ∫
d3k d3q eik ·rk ·rk ·r eiq·q·q·(−r−r−r) ε (kkk)ε (qqq)ε (−k − q−k − q−k − q) (1.30)

where we have simply taken the IFT of the three point phase statistics. We can

simplify the expression by taking the 3D rotational average of the exponential term.

Let us substitute k − qk − qk − q by vvv and use the relationship v · rv · rv · r = vr cos θ. We can express

the averaged quantity in spherical coordinates r, φ and θ as

eik ·rk ·rk ·r =
1

4πr2

∫ 2π

0
dφ

∫ π

0
dθ r2 sin θ eivr cos θ =

1

2

∫ π

0
dθ sin θ eivr cos θ (1.31)

by anti-symmetry the imaginary part vanishes and we get

eik ·rk ·rk ·r =
1

2

∫ π

0
dθ sin θ cos(vr cos θ) =

sin(vr)
vr

(1.32)

substituting the function into Eq. (1.29) we get

`(r) ∝
V2

(2π)6

∫ ∫
d3k d3q

sin
(
|k − qk − qk − q |r

)
|k − qk − qk − q |r

ε (kkk)ε (qqq)ε (−k − q−k − q−k − q) (1.33)

Finally we restrict the wave vectors such that |kkk |, |qqq |, |k + qk + qk + q | ≤ 2π/r. This is required

because LCF diverges due to infinite phase factors at larger k (small scales). This

definition also requires us to renormalize the LCF by a prefactor (r3/V )3/2. The

LCF can now be explicitly defined as

`(r) =
V2

(2π)6

(
r3

V

)3/2 ∫ ∫
|kkk |,|qqq |,|k+qk+qk+q |≤2π/r

d3k d3q
sin

(
|k − qk − qk − q |r

)
|k − qk − qk − q |r

ε (kkk)ε (qqq)ε (−k − q−k − q−k − q)

(1.34)

Based on the definition of the LCF one might be tempted to think this measure

is proportional to the bispectrum however, in general, this is not the case because

mathematically

〈ε (kkk)ε (qqq)ε (−k − q−k − q−k − q)〉 =
〈
δ(kkk)δ(qqq)δ(−k − q−k − q−k − q)
|δ(kkk)δ(qqq)δ(−k − q−k − q−k − q) |

〉
,
〈δ(kkk)δ(qqq)δ(−k − q−k − q−k − q)〉
〈|δ(kkk)δ(qqq)δ(−k − q−k − q−k − q) |〉

.

(1.35)

Since we are only interested in Cosmological information within the LCF, we can look

at the function in mildly non-Gaussian field. Under this condition, Wolstenhulme

et al., 2015 found that the LCF is dependent on the isotropic bispectrum furthermore
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the two-point phase-phase correlator contains no information regarding the field. This

prompts us to take the LCF (a three-point function) as the simplest phase correlation

function containing information about a homogeneous and isotropic density field.

The initial Universe is completely described by the Fourier amplitudes while

the phases are randomly distributed. As a consequence the LCF vanishes in the

CMB and gains amplitude as the Universe evolves due to gravity and the phases

begin to correlate. Furthermore, due to its definition, the LCF only contains similar

information to the 2PCF when amplitude and phases correlate, i.e. 〈|δ(kkk) |ε (qqq)〉 , 0.

This builds up as the Universe evolves. As a result the LCF shows no amplitude

information for spherical and Gaussian shapes but does so for filamentary structures

(Obreschkow et al., 2013) which occur due to gravitational force. An analytical

expansion of the LCF beyond the midly non-Gaussian regime becomes cumbersome

furthermore its convariance with the 2PCF also becomes difficult to explore in

the present Universe hence numerical tools are favoured when looking at higher

order functions in Cosmology. The other caveat often overlooked in literature is the

evolution of the structures under gravity for alternate cosmological models. Although

the statistics of initial perturbation field are well constrained many alternate models

still allow for a different late time cosmological structure. The additional parameters

are likely to influence the flow of information into the Fourier phases hence in

this thesis not only do we compare the orthogonal information present in the LCF

regarding standard parameters at redshift z = 0 but also regarding three alternate

cosmological models.

1.3 Objectives of the thesis

The thesis is presented in three parts the purpose of which is to present published

and submitted papers as individual chapters. The theme of the first two science

chapters is application of two-point statistical estimator on star-forming galaxies.

In Chapter 2 we focus on developing a robust method for extracting clump sizes

in these galaxies. Clumpy galaxies form a large of portion of star forming galaxies in

the early Universe. There are two competing theories as to the origins of clumps

within these galaxies namely Violent Disk Instabilities (VDI) and mergers, both

major and minor. Fisher et al., 2017b have developed a method of distinguishing

between originating mechanism for individual disk galaxies. The process, however,

requires an average clump size which has subjectivity associated to it. In developing a

robust way of determining the charateristic clump size, we relate the estimator to an

underlying physical quantity of, commonly used, probability distribution functions.

we then ensure that the new estimator is insensitive to resolution, noise and point
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spread function. Finally, we test the method on observational data consisting of 3

local star-forming galaxies the clumps of which mimick clumps of high redshift star

forming galaxies.

The subsequent Chapter (3) follows the developement of the new two-point

estimator. We expand the observational data set to 10 galaxies including 2 major

mergers and a control galaxy with ‘normal’ star-forming clumps. When incorporating

the estimator with dispersion velocity, flattening velocity and disk radius, we analyse

the distinguishing power of the Fisher et al., 2017b method for originating mechanisms.

In addition, we apply the method to 3 realistic stellar feedback models of an isolated

galaxy within a cosmological simulation and supplement it a simulation with no

feedback. Since the primary source of star formation is in-situ VDI, our goal is to

ascertain whether simulations, regardless of the underlying microphysical model,

follow the same relationship. These results guage the ability of the new estimator to

differentiate between originating mechanisms in both observational and simulated

data.

In Chapter 4 we turn our attention to application of LCF on dark matter

cosmological simulations. The 2PCF is computed for every modern cosmological

survey hence our goal is to measure the relative gain in information when employing

the LCF. To this end we compute the Fisher Information Matrix (FIM), the inverse

of which gives the Gaussian constraints for each model parameter, for individual

estimators and their combination. We start with the 5 parameters of the standard

ΛCDM model and move on to alternate models, namely the Warm Dark Matter

(WDM), f (R) and Symmetron cosmologies. All models assume the same initial

conditions of CMB, however, the evolution under gravity especially in the non-linear

regime provides informations required to differentiate between them. Hence, the LCF

being sensitive to non-linear structure is an ideal tool for constraining the alternate

cosmological parameters. LCF is also insensitive to linear bias, the uncertainty of

which flows into the 2PCF and hence degrades the information of each parameter

within the estimator. Hence, applying both estimators as opposed to only the 2PCF

allows us to quantify the gain in information due to the LCF.
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Chapter 2

Robust cross-correlation based

measurement of clump sizes in

galaxies

K. Ali, D. Obreschkow, D. B. Fisher, et al. , Astrophysical Journal, 845:37 (2017)

Abstract

Stars form in molecular complexes that are visible as giant clouds (∼ 105−6 M�)

in nearby galaxies and as giant clumps (∼ 108−9 M�) in galaxies at redshifts z ≈ 1−3.

Theoretical inferences on the origin and evolution of these complexes often require

robust measurements of their characteristic size, which is hard to measure at limited

resolution and often ill-defined due to overlap and quasi-fractal substructure. We

show that maximum and luminosity-weighted sizes of clumps seen in star formation

maps (e.g. Hα) can be recovered statistically using the two-point correlation function

(2PCF), if an approximate stellar surface density map is taken as the normalizing

random field. After clarifying the link between Gaussian clumps and the 2PCF

analytically, we design a method for measuring the diameters of Gaussian clumps

with realistic quasi-fractal substructure. This method is tested using mock images

of clumpy disk galaxies at different spatial resolutions and perturbed by Gaussian

white noise. We find that the 2PCF can recover the input clump scale at ∼ 20%

accuracy, as long as this scale is larger than the spatial resolution. We apply this

method to the local spiral galaxy NGC 5194, as well as to three clumpy turbulent

galaxies from the DYNAMO-HST sample. In both cases, our statistical Hα-clump

size measurements agree with previous measurements and with the estimated Jeans

lengths. However, the new measurements are free from subjective choices when

fitting individual clumps.
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2.1 Introduction

Most stars formed roughly 8-12 Gyr ago, in galaxies now seen at redshifts z ≈ 1−3

(Hopkins & Beacom, 2006). Typical star-forming galaxies at these redshifts show

a much more irregular and clumpy structure than local main-sequence galaxies

(Elmegreen et al., 2004, Elmegreen & Elmegreen, 2006). The dominant mechanism

(Shibuya et al., 2016) leading to such structures is the in-situ structure formation due

to violent instabilities within the galactic disk (Dekel et al., 2009, Bournaud et al.,

2014). However, a significant portion of the observed clumpiness could very well be a

result of mergers, both major and minor (Ribeiro et al., 2016). Hence, differentiating

between the two formation scenarios (see details in Fisher et al., 2017a), using scaling

relations between clump sizes and other properties (Wisnioski et al., 2012, Livermore

et al., 2012), could answer fundamental questions on the cosmic history of star

formation.

In practice, measuring cloud/clump sizes is challenging. The star forming regions

generally exhibit quasi-fractal (approximately fractal defined on a finite domain)

substructures with scales extending from the Jeans length down to individual newborn

stars. Hence, the observed distribution of sizes depends on the spatial resolution, and

the “characteristic” size requires a proper definition, since the simple average size

monotonically decreases with increasing resolution (Fisher et al., 2017b). Additionally,

observing noise and point-spread functions affect different scales in different ways.

Current methods (see Glazebrook, 2013) hardly address these challenges: clumps

are normally identified visually or as peaks above a preset noise threshold (typically

∼3σ, Bassett et al., 2017, Jones et al., 2010). Clump sizes are then derived by

fitting or associating the peaks with analytical shapes (e.g. Gaussians, ellipses,

circles, isophotes). Such methods inherently depend on the observing noise, spatial

resolution (Pleuss et al., 2000) and subjective choices, making the comparison of

different samples and different authors (e.g. different redshifts and observations versus

simulations) cumbersome.

Motivated by the success of the two-point correlation function (2PCF, Peebles,

1980) in measuring scales in cosmology, this paper develops and tests a two-point

statistics for measuring the characteristic sizes of star-forming complexes – more

precisely we aim to measure the characteristic scale of the “primary” clumps, irre-

spective of their fragmented substructure. The 2PCF has already been fruitful in

measuring the geometric distribution of stars (Sánchez et al., 2010), correlating star

formation tracers and ages (Scheepmaker et al., 2009),identifying truncation scales of

galactic disks (Combes et al., 2012) and theoretical modeling (Hopkins, 2012). Unlike

in these previous works, measuring clump sizes brings the extra complication that
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other galactic structures (e.g. exponential disk, spiral arms, bars) can substantially

interfere with clump sizes, especially for the large clumps at high z. We approach this

problem by normalizing the 2PCF of the star formation map (e.g. Hα map) relative

to the stellar surface density (e.g. continuum map), mimicking the way cosmological

2PCFs are corrected for complex survey selection functions.

This paper first reviews the functional form of the 2PCF of clumps with a

Gaussian profile. It then describes a method of extracting a primary clump size

(section 2.2) and tests this method using mock data (section 2.3). Section 2.4 details

the application of this method to the galaxy NGC 5194 as a test bed to quantify the

robustness of our method. In section 2.5, we apply this method to DYNAMO-HST

(Hubble Space Telescope) galaxy sample and compare our results with previously

computed clump sizes.

2.2 Background and Idea

The key idea is to use the spatial 2PCF of a galaxy image to characterize the clump

sizes. This image is now treated as a 2D density field δ(rrr), where rrr ∈ R2 is the

position vector within the image. The 2PCF of this field is defined as

ξ (r) = δ(ttt)δ(ttt + rrr), (2.1)

where the overline denotes the average over all possible translations ttt ∈ R2 and

rotations, such that r ≡ |rrr |. Although individual galaxies only have a single density

field δ(rrr), it is mathematically convenient to consider ensembles {δ(rrr)} of statistically

identical fields. In this case the 2PCF becomes

〈ξ (r)〉 = 〈δ(ttt)δ(ttt + rrr)〉, (2.2)

where 〈〉 is the ensemble average. It is often easier to evaluate 2PCF in Fourier space,

where random translations ttt reduce to random phase factors that disappear in the

ensemble averages. The Fourier transform (FT) of the 2PCF is called the power

spectrum and defined as

〈p(k)〉 = 〈P(kkk)〉 =
〈
δ(kkk)δ†(kkk)

〉
, (2.3)

where p(k) and P(kkk) are the isotropic (rotationally averaged) and non isotropic

power spectra and δ(kkk) is the FT of δ(rrr) (defined in Appendix A.1). It follows from

Eq. (2.3) (see Appendix A.1) is that a summed field δ(rrr) =
∑N

l=1 δl (rrr) of N density
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fields has the power spectrum

〈P(kkk)〉 =
〈 N∑

l=1

Pl (kkk)
〉
+

〈 N∑
l=1

N∑
m=1
m,l

δl (kkk)δ†m(kkk)
〉
, (2.4)

where the second term is the cross-correlation between fields δl and δm. Hence, the

power spectrum of a sum of uncorrelated fields is simply the sum of the individual

power spectra – a property that we will exploit hereafter.

2.2.1 Gaussian clump and weighted Two point function

Let us first consider a simple model of a single clump given by a 2D symmetric

Gaussian, δ(rrr) ∝ e−(rrr−µµµ)2/(2σ2), with standard deviation σ and a random center

µµµ. This field has the useful property that the power spectrum and 2PCF are

also Gaussians, centered at the origin and with standard deviations (2σ2)−1/2 and

(2σ2)1/2, respectively (see Appendix A.2). According to Eq. (2.4), a density field

composed of many 2D Gaussians with identical σ, but randomized positions, then

has a Gaussian 2PCF

〈ξσ (r)〉 ∝ e
− r2

2(√2σ)2 , (2.5)

with standard deviation
√

2σ. In other words, the size σ of randomly positioned

2D Gaussian clumps can be recovered, exactly, by fitting a 1D Gaussian profile of

standard deviation
√

2σ to 〈ξ (r)〉.
If we deal with only a single density field δ(rrr) (not a statistical ensemble) composed

of multiple 2D Gaussian clumps, the particular 2PCF, ξ (r), can deviate from a pure

Gaussian due to non vanishing random cross-correlations between the individual

clumps. In this case, fitting a Gaussian to ξ (r) is not necessarily the best way to

recover σ. A more suitable statistical measure is the weighted 2PCF (w2PF), rγξ (r),
with positive exponent γ > 0. This function exhibits the convenient property that

its maximum position is proportional to the clump size, rpeak =
√

2γσ. In particular,

if γ = 1/2, the Gaussian clump size can be measured as σ = rpeak. As we will

show in Section 2.3, this way of determining σ is more robust against random cross-

correlations between individual clumps. Moreover we will show that this method

also produces good results if the density field is more complex, e.g. composed of

differently sized clumps and clumps with realistic substructure.
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2.2.2 Numerical Estimator

The 2PCF of a galaxy image δ(rrr) not only depends on the clump structure, but

is also affected by other features, such as central bars, spiral arms and the overall

decline in the surface density with radius. It is important to remove these additional

effects in order to extract the characteristic clump size. This challenge is analogous

to measuring the cosmological 2PCF of galaxies with complex selection functions.

In cosmology, this problem is usually solved by constructing a random density field

R with the same selection function as the galaxy density field D, but uniformly

distributed galaxies (no clustering). The 2PCF is then estimated by using the

expression of Landy & Szalay, 1993 (henceforth the LS-estimator):

ξ̂LS(r) =
DD(r) − 2DR(r) + RR(r)

RR(r)
, (2.6)

where the functions DD, DR and RR are defined as

XY (r) ≡
1∑

X
∑

Y

∑
|r1−r2r1−r2r1−r2 |∈(r±∆r/2)

X (r1r1r1)Y (r2r2r2). (2.7)

The parameter ∆r is the bin width of the regularly distributed scale lengths r.

Equation (2.6) effectively removes the spurious 2PCF from the selection function,

already present in the R-field, and retains only the 2PCF in the D-field not yet

present in the R-field (for details refer to Landy & Szalay, 1993).

In the present case, the features of interest are the length scales of star-forming

clumps. However, the maps of a star formation tracer (e.g. an emission line image of

ionized or molecular gas, UV continuum image, radio synchrotron image, etc.) also

show other structures, such as the exponential disk profile, spiral arms, central bars,

etc. These other structures appear as a contamination of the 2PCF, if we are only

interested in the clump scales. A possible solution, employed by Zhang et al., 2001,

consists of smoothing out the flux map by a Gaussian filter (FWHM ≈ 3 kpc) and

subtracting the 2PCF of this map from the 2PCF of the star formation tracer. This

tends to give a flat small-scale correction and a monotonically decreasing large-scale

correction to the stellar 2PCF. The result is primarily due to choosing a smoothing

scale much larger than the correlation scale of interest. We take a different approach,

however, by choosing the map of the older stellar population (e.g. an optical or near

IR continuum image) as the R-field and computing the full LS-estimator. In this

way, the R-field contains the galaxy’s structure other than the star-forming clumps,

and hence removes all this other structure from the 2PCF when using Eq. (2.6).

In practice, the map of the older stellar population (R-field) might contain some
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clump structure, too, which means that a part of the clump signal is removed as

well. This primarily reduces the amplitude of the 2PCF, so that the impact on the

measurement of clump size is expected to be small (following our method below).

In summary, our method to determine the characteristic size of star-forming

clumps works as follows:

1. prepare the images D (star formation tracer) and R (old stellar population),

2. compute ξ̂LS(r) via Eq. (2.6),

3. fit an offset c, such that ξ̃ (r) ≡ ξ̂LS(r) − c vanishes at large r,

4. find the maximum position rpeak of
√

r ξ̃ (r).

The third step is required because ξ̂LS(r) doesn’t vanish at large r in the case of a

finite number of clumps (see Appendix A.2). We perform the fitting of rpeak (step 4)

at sub-∆r accuracy, by fitting a parabola to the maximum three points of the w2PF,
√

r ξ̃ (r). As discussed in Section 2.2, rpeak is identical to the clump size σ in the

simplistic case of equally sized Gaussian clumps at uncorrelated random positions.

In reality, clumps come in different sizes and they have correlated (fractal-like)

substructure. The meaning of rpeak in these cases will be explored numerically in

the next Section.

2.3 Clump size measurements in Mock Data

In this Section, we connect the estimator rpeak to the size of clumps using mock

images for the D-fields. All these images consist of Nclumps = 10 randomly placed

clumps with periodic boundary conditions (see top row of Figure 2.1). For the

geometry of the clumps we consider three different models that are increasingly

realistic. The first and simplest clump model consists of 2D Gaussians with identical

size σ (Section 2.3.1) – this case was already mentioned in the previous Section.

While this clump model is far from realistic, it provides some analytical insight and

helps to gauge the accuracy of our method. The second clump model still assumes

that each clump is a 2D Gaussian function, but their sizes σ are drawn from a

power-law distribution (Section 2.3.2). This distribution is frequently used to relate

the size of Hα regions to their luminosity and number (e.g. Kennicutt & Hodge, 1980,

Zurita et al., 2001). Finally, motivated by the observed quasi-fractal structure of

star-forming clouds (Scheepmaker et al., 2009, Sánchez & Alfaro, 2008), we consider a

more complex clump model, where each clump has quasi-fractal substructure (Section

2.3.3). These three clump models have different parameters, namely the clump size,

power-law exponent and substructure properties.
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Figure 2.1: Summary of the three clump models explored in Section 2.3. The first
three rows show the 2D mock data, the 2PCF and the w2PF of a single realization
with parameters σ0 = 4, α = 3 and f = s = 0.5. The solid curve in row (c) is a
parabolic fit to the maximum point and its neighbors on either side, used to determine
the maximum position rpeak (vertical solid line) at sub-pixel level. The final row
shows average of rpeak and its standard deviation for 250 random realizations for each
clump model, as a function of the characteristic parameters of this model (details in
Section 2.3.3). In the clump model with substructure (third column), the parameters
f and s denote the fractional flux and size of substructure relative to its parent
structure (recursively). Vf ≡ s3 denotes the volume fraction of substructure.
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Our mock density fields are generated on a grid of 100×100 pixels. This resolution

and the number of clumps roughly mimic the images of the clumpy galaxies analyzed

in Section 2.5. The corresponding R-fields are taken to be uniform. For each of

the three clump models, Figure 2.1 shows one realization of the D-field, with the

corresponding LS-estimator (ξ̂LS(r)) and the w2PF (
√

r ξ̃ (r)).
In all cases, the expectations of the 2PCFs are monotonically decreasing with

r, but for a single random realization with a finite number of clumps, this func-

tion typically shows slight oscillatory behaviour. In the presence of such random

oscillations we find rpeak (i.e. the value of r that maximizes
√

r ξ̃ (r)) to be a more

robust estimator of the clump sizes than some functional fits to the raw 2PCF. In

the following Sections (2.3.1–2.3.3) we illustrate and test this idea by generating

ensembles of random D-fields (similar to those shown in Figure 2.1(a)) for various

parameter settings of the three clump models. The ensemble-averaged values of rpeak

with their standard deviations are shown in Figure 2.1(d).

Finally, we look at systematics introduced into the w2PF by a Gaussian PSF

and Gaussian white noise.

2.3.1 Gaussian clumps with equal sizes

In the first model (Figure 2.1, left column), clumps of identical sizes σ0 and fluxes

are distributed randomly in the 2D plane. In calculating the 2PCF, the total flux

is renormalized as in Eq. (2.7). In the limit of infinitely many clumps, where the

cross-correlation term in Eq. (2.4) vanishes, the expected 2PCF is simply identical

to that of a single Gaussian clump i.e. the 2PCF is simply 〈ξσ0 (r)〉. This conclusion

holds for a finite number of clumps, up to an additive constant in 〈ξσ0 (r)〉 coming

from the nonvanishing cross-correlation term. This additive constant is automatically

removed when measuring the 2PCF of a real clump image (step 3 in section 2.2.2).

Following Section 2.2.1, the expectation of the estimator rpeak is exactly equal

to σ0. The numerical analysis shows that for a single realization, rpeak matches the

value of σ0 within a standard deviation of . 20% and no measurable systematic

error (Figure 2.1(d), left).

2.3.2 Gaussian clumps with Power-law Size Distribution

As in the previous model, we here consider randomly positioned Gaussian clumps,

but their sizes σ are now drawn from a power-law distribution

φ(σ) ∝ σ β, if 0 ≤ σ ≤ σmax (2.8)
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where σmax represents the size of the largest clumps (0 < σmax < ∞) and β is the

power-law exponent. The luminosities of the clumps are assumed to scale as a power

law

L(σ) ∝ σω, (2.9)

with power-law index ω. Observations and theory typically find values of β ≈ −4..−3

(Oey et al., 2003, Guszejnov & Hopkins, 2016) and ω ≈ 2.7..3 (Wisnioski et al., 2012,

Strömgren, 1939).

The 2PCF (for infinitely many clumps) is calculated as

〈ξ (r)〉 ∝
∫ σmax

0
φ(σ) L(σ)2 ξσ (r) dσ

∝
1 + α

2ασ1+α
max

rα−1
Γ

(
1 − α

2
,

r2

4σ2
max

)
,

(2.10)

where α ≡ β + 2ω and Γ is the upper incomplete Gamma function. This 2PCF is a

monotonically decreasing function of r, which asymptotes to a power law near the

origin.

Eq. (2.10) shows that the 2PCF depends only on α, with no additional dependence

on β and ω. With the aim of relating this 2PCF to a characteristic clump size,

defined in some explicit way, it therefore makes sense to identify an average clump

size that depends only on α, not on any other combination of β and ω. We find that

the average size of the clumps weighted by Lq

σ̄q =

∫ σmax

0
φ(σ) L(σ)q σ dσ∫ σmax

0
φ(σ) L(σ)q dσ

,

=
1 + (β + qω)
2 + (β + qω)

σmax

(2.11)

depends on σmax and β + qω. Hence the L2-weighted clump size depends only on α

and σmax,

σ̄2 =
1 + α

2 + α
σmax. (2.12)

Note that Eqs. (2.10) and (2.12) only apply if α > −1, which is always the case

observationally (α ≈ 1.4..3, according to the values above). Given a particular

realization of this 2PCF, how can we extract a clump size? It turns out that finding

the maximum rpeak of the w2PF is again a fruitful approach: the 2PCF of Eq. (2.10)

is unbound for r → 0, but the w2PF is finite and has a nonzero maximum rpeak, as

long as α > 0.5 (satisfied by the observations quoted above). Numerically (see Figure

2.1, (d) middle), we find that for α ≥ 3, the value of rpeak closely matches σ̄ within

a standard deviation within 20% and negligible systematic error. For smaller values
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of α, rpeak tends to underestimate σ̄ and the standard deviation becomes higher (up

to ≈ 40%).

2.3.3 Clumps with Quasi-fractal Substructure

The main difference between this model and previous ones is the spatial correlation

between substructures. The construction of the mock D-field starts with the gen-

eration of randomly positioned, equally sized, Gaussian structures which we refer

to as the primary clumps. We then generate Nsub Gaussian substructures within

each primary clump at random positions drawn from the 2D Gaussian profile of the

primary clump. These structures are called first-generation clumps. This process

is repeated recursively within each sub-clump to generate N2
sub

second-generation

clumps, N3
sub

third-generation clumps and so on. The relative flux in substructure is

set by the user-parameter f ∈ (0,1), such that in every clump a fraction f of its total

flux is contained in substructure, while a faction 1 − f remains in the Gaussian of

that clump. The second user-parameter is the relative clump size s ∈ (0,1) between

consecutive clump generations. The Lq-weighted average clump size of this model

takes the expression of a geometric series, which solves to

σ̄q =
1 − f q

1 − s f qσmax ∀ q > 0. (2.13)

where σmax is the size of the primary clump. While generating mocks for this model

we ensure at least 95% of total flux is generated in every realization i.e. we require

more generations for larger f values.

Visually, this model mimics the clump structure often seen in disk galaxies. This,

of course, is not a coincidence, because fragmentation of Jeans instability follows a

similar rule where a collapsing structure produces more unstable regions. Our simple

model is designed to mirror this recursive production of collapsing regions.

Although the density field of this model has a simple expression, it is difficult

to write down the analytic form of the 2PCF. This is due to the presence of the

nonvanishing correlation terms. Furthermore, fitting a sum of sequential Gaussians

to the raw 2PCF is not a good approach. How can we extract a meaningful clump

size for such a quasi fractal distribution? We find again that computing the w2PF

and finding its peak location gives good results. Figure 2.1, (d) right, shows that the

numerically extracted value of rpeak tends to measure the size of the primary clump,

σmax, rather than the L2-weighted average size of the distribution with standard

deviation within 20%. This is a desirable result because, observationally, using

conventional methods on a resolved data set results in fitting smaller clumps and

ignoring their overall distribution scale, while rpeak, on the other hand, should still
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retain information of this larger correlation length scale.

Figure 2.2: Sensitivity of the recovered clump size, rrecovered, to the standard
deviation of the convolution parameter, σblur, of a Gaussian PSF, relative to the
input clump size rpeak. The three panels show the three clump models of Figure 2.1.
The points and error bars indicate mean and 1σ of 400 random realizations.

2.3.4 Effect of Gaussian blurring

We wish to quantify the effect of blurring on the recovery of the primary clump size

using the w2PF. A single Gaussian clump with size σ0 convolved with a Gaussian of

standard deviation σblur results in a Gaussian 2PCF with standard deviation

σfinal =

√
σ2

0 + σ
2
blur

. (2.14)

Consequently, the maximum position rpeak,blur of the w2PF is equal to σfinal, and

we can invert the relation to recover the maximum without blurring,

rrecovered =
√

r2
peak,blur

− σ2
blur

. (2.15)

If a density field is made of multiple randomly placed and equally sized Gaussian

clumps, Eq. (2.14) is not strictly true, because of clump-clump correlations. However,

since these correlations are random, Eq. (2.14) still remains true for an ensemble of

fields. Or, equivalently, rrecovered is the expectation of the clump radius rpeak. For

more complicated density fields, such as the power-law and substructure models in

Figure 2.1, the Gaussianity of the 2PCF no longer holds, not even in an ensemble

sense. Hence, we expect the rrecovered to systematically differ from the true unblurred

measurement rpeak.

To quantify the relation between rrecovered and rpeak, we reuse the mock data

fields shown in Figure 2.1 (for parameters σ0 = 4, α = 3, s = 0.5, f = 0.5), but

blurred by a Gaussian kernel of standard deviation σblur. The mean and standard
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deviation of 400 random realizations for each blurring size are shown in Figure 2.2.

We find for sufficiently small blurring sizes (≤ 20% of clump sizes) that the

uncertainty due to blurring is negligible, < 1%. However, there is a systematic effect

on rpeak measurements of power-law and substructure models which asymptote to

≈ 10% for blurring sizes similar to size of the primary clump – still an acceptable

error in most practical cases.

In the case of DYNAMO-HST data analyzed in Section 2.5, the PSF size is

≤ 30% which, using a conservative estimate, adds a systematic effect of +1% and an

uncertainty of ±1% to the final value. We take this into account when estimating

rpeak of the DYNAMO-HST maps.

2.3.5 Effect of Gaussian White noise

Another important factor affecting the clump size measurements is the image noise.

We only consider the noise in the D-field, since this largely dominates over the noise

in the R-field, because the D-field is typically based on emission line maps, whereas

R-fields are based on continuum maps, spanning a much larger range in wavelength.

Conventional methods identify clumps as structures above a fixed threshold over

the RMS noise. Hence reducing the noise level leads to measuring either larger sizes

or more clumps of smaller size. In contrast, we expect our statistical method to

show much less systematic variation with noise. To test this claim and measure the

statistical uncertainty caused by image noise, we contaminate our mock images by

random noise. As in the previous section we run 400 random realizations. To each

D-field we add Gaussian pixel noise of standard deviation σnoise and then compare

the rpeak values extracted from the w2PF.

To quantify the noise level in a resolution-independent manner, we choose the

following definition: the noise N is defined as the nearest-neighbor, standard deviation,

which is simply the standard deviation of the difference in flux between pixel and its

adjacent neighbor (in both dimensions). The ‘signal’ S, on the other hand, is defined

as the mean of the 5% brightest pixels of the D-field. In this way, the relative noise

N/S is independent of the pixels’ size in the case of Gaussian white noise. A note of

caution: since pixel-to-pixel flux is correlated in HST images we should expect weak

systematic variation under this definition.

Figure 2.3 shows the observable rrecovered measured from the noisy images, relative

to the observable rpeak measured in the same images without noise. The measurements

of rrecovered are precise, < 7%, up to a very high noise amplitude of roughly half the

peak flux within primary clumps. In the case where the primary clumps are barely

visible (N/S = 1), the w2PF is still able to recover their radii within 18% uncertainty,
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albeit with a small systematic effect of 3%. For much higher noise levels our method

fails to accurately recover input clump sizes, but this is expected because the clump

structure is completely masked out by Gaussian noise as shown in bottom right

panel of figure 2.3. The DYNAMO-HST maps typically have N/S < 0.1 which, as

our analysis shows, makes rpeak an ideal observable for inferring primary clump size.

Since we are using the 2PCF to characterize the clumps, one might wonder about

the effect of spatially correlated noise. In optical imaging, pixel noise is normally

uncorrelated, i.e. it has a flat power spectrum, but in synthesis imaging the noise

has a scale dependence set by the baseline configuration. In Figure 2.5, we consider

two extreme cases of “red” (p(k) ∝ k−2) and “blue” (p(k) ∝ k) noise. We find that

our method remains accurate up to noise levels of N/S = 0.5. Only for strong red

noise of N/S > 1 does the clump scale become seriously masked by this noise.

2.3.6 Combined Effect of Noise and Blurring

We now test the hypothesis that the combined effect of noise addition and Gaussian

convolution on rpeak measurement would be similar to considering their effects

independently. Following our earlier definitions, we first apply a blurring scale to

each of the three models and then add Gaussian white noise onto the mock D-field.

The result of our analysis is shown in Figure 2.4.

In the absence of noise we recover the same behaviour as in Figure 2.2 for each

model, whereas for small blurring scale and large noise amplitude we find the same

behaviour as in Figure 2.3 (a mean with ≈ 1% systematic offset and a standard

deviation of ≈ 18%). If we set both sources of error to their maximum considered

values, i.e. N/S = 1 for Gaussian noise and σblur/rpeak = 1 for blurring, we find

a systematic offset dominated by blurring (≈ 10%) and a standard deviation of

≈ 30%. The latter is somewhat larger than what is expected from the combination

(in quadrature) of the individual noise levels, i.e. 18% for Gaussian noise and 14% for

blurring. However, in most realistic scenarios, including the real galaxies analyzed

in Sections 2.4 and 2.5, the individual noise levels are low enough (N/S < 0.1

and σblur/rpeak . 0.3) that their linear combination (in quadrature) can be safely

assumed.

2.4 Clump size measurements in NGC 5194

After benchmarking our method of measuring the clump scale using mock density

fields, we shall now consider the case of a real galaxy. The aim is to apply the

method of Section 2.2.2 to find a typical clump size and compare this measurement
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Figure 2.3: The sensitivity of rpeak values to noise amplitude, N/S (see Section
2.3.5), for the three models; identical (top), power-law (middle) and substructure
(bottom) . The graphs show mean and 1σ of 400 random realizations. The same
realizations as in Figure 2.1 with noise amplitude of N/S = 0.1, N/S = 1 and N/S = 2
are shown. As the noise level increases, the accuracy and precision of rpeak as an
estimator of primary clump size fall off until its measurement becomes dominated by
pure noise at N/S ≥ 2.
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Figure 2.4: The sensitivity of rpeak measurement to Gaussian blurring, σblur, at
different noise amplitudes, N/S. The three panels show the three clump models
of Figure 2.1; identical (top), power-law (middle) and substructure (bottom). The
points and error bars indicate mean and 1σ of 400 random realization.
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Figure 2.5: The impact of red and blue noise on rpeak measurement of the sub-
structure model. The points and error bars indicate mean and 1σ of 400 random
realization. The 2PCF of pure red noise decays slowly, leading to a monotonically
increasing w2PF function. Hence, for large noise amplitude (N/S > 1) our method
breaks down because we cannot fit an offset and find the peak value of the raw w2PF
function indicated by the dashed line.

to existing measurements based on a clump-by-clump analysis. To this end we chose

the main component NGC 5194 of the nearby galaxy system M51, for which detailed

Hα region analyses are available (Gutiérrez et al., 2011, Lee et al., 2011).

2.4.1 Data

For our analysis we use the Hα image as the data field (D) and the F814W (I -band)

image as the normalizing random field (R) (see Appendix B.1 for a comparison of

R-fields). The Hα and continuum maps of NGC 5194 are obtained from the Advanced

Camera for Surveys on board the HST (Mutchler et al., 2005). We first remove the

central bulge of the galaxy, which would otherwise contaminate the analysis due to

its strong Hα emission. Then we visually remove foreground stars. We also remove

the small continuum contamination in the Hα image, by subtracting the continuum

image from the Hα image, ensuring that the Hα flux at large radii (beyond the

optical disk) falls exponentially to zero.

From the original HST image we select the region of NGC5194 shown in Figure

2.6 (this excludes the companion galaxy NGC5195). The native size of this region

is 7000 by 7000 pixels, which we reduce to 2000 by 2000. We do this to reduce the

computational time (which scales as the square of the number of pixels). In the

image of 2000 by 2000 pixels image each pixel measures 0′′.17, which is comfortably

smaller than the primary clump size (see Section 2.4.3), but much larger than the

HST PSF, hence PSF corrections can be neglected.
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Figure 2.6: Superimposed Hα (yellow) and F814W continuum (blue) maps of NGC
5194 used in our analysis are presented on the left. The red regions indicate pixels
corresponding to bulge and foreground stars masked out before computing the w2PF
shown on the right. The solid curve and vertical line are the parabolic fit and the
inferred rpeak value, respectively. The shaded area shows the 1σ error on w2PF
measurement.

2.4.2 Average clump size

We then follow the method outlined in Section 2.2.2 to recover an average clump

size. After computing the w2PF, we fit a parabola around global maximum and find

rpeak = 0′′.74± 0.031 as shown in Figure 2.6. The uncertainty in the estimate of rpeak

is propagated from the uncertainty in the computation of the 2PCF. Such small

structures (∼ 30 pc) are subject to stochasticity as they are ionized by a relatively

small mass star cluster ∼ 103 M� (inferred from Stromgren radius). However, this

effect should not affect the expectation value of the 2PCF.

To compare our estimator with previously measured clump sizes we use the

list of radii and luminosities of HII regions measured by Gutiérrez et al., 2011.

This study incorporates the circularizing isophotal method whereby the area of a

continuous object (connected pixels) with intensity at least three times the rms of

the local background is fitted by an equivalent radius, Req =
√

A/π while the flux

within the region is converted into luminosity using a predetermined conversion

factor. We compute the L2-weighted average radius of structures less luminous

than 1038.8erg s−1, since more luminous ones lie well beyond the break in the

clump luminosity function (Gutiérrez et al., 2011) and are normally associated with

1We use arcsec in this section because previous NGC 5194 studies use different distance estimates
as conversion factors.
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coincidental agglomerations of uncorrelated clumps. We find an L2-weighted radius

of 1′′.99 with a clump-to-clump standard deviation of 0′′.91. We expect this radius

to be at least ∼ 2 times larger than rpeak due to the method used by Guttierrez:

their clump radii are measured by circularizing isophotes, containing almost all the

flux in the clumps (without specifying the precise fraction of the luminosity within

the isophotes). Assuming that their radii contain 90% of the total clump flux, it

would be about twice our Gaussian radius, which contains 39% of the total flux.

The analysis of Gutiérrez et al., 2011, shows some disagreement with Lee et al.,

2011, who find a larger number of clumps and significantly smaller clumps sizes but

show that many of the smaller clumps are subclumps. This reinforces the point that

conventional clump-by-clump methods measure ever smaller average clump sizes with

increasing resolution, while our method recovers a constant size near σmax (Section

2.3.3), irrespective of the level of substructure that can be resolved.

2.4.3 Effect of resizing

As a sanity check, we wish to quantify the sensitivity of the estimator rpeak to resizing

of the galaxy map (to less than 2000 by 2000 pixels). Will decreasing the number

of pixels lead to measuring a larger value of rpeak? We test this by defining rpeak

measured from the 2000 by 2000 image (0′′.17 resolution) as the reference value

denoted by Rclump. We then reduce the size of said maps into lower resolution images

and compare the recovered value of rpeak with Rclump as shown in Figure 2.7. It is

apparent that the global maximum of the w2PF falls within the same range even for

the case where resolution is similar to Rclump. Hence computing the w2PF should

give the same result, irrespective of the level of substructure resolved within the

clumps. (Of course, at least the primary clumps should be roughly resolved.)

2.5 Clump size measurements in DYNAMO-HST

Galaxies

Having tested its robustness, we now use our method to measure the mean clump sizes

in three very clumpy galaxies, drawn from the DYNAMO-HST sample and shown in

Figure 2.8 . The galaxies in question were observed on the HST Advanced Camera

for Surveys Wide-field Camera using the ramp filters FR716N and FR782N to target

Hα emission within a 2% bandwidth. The associated FR647M filter was used to

generate a continuum image and subtract it from the Hα map. The integration times

for the Hα and continuum images were 45 minutes and 15 minutes, respectively. The

full reduction and analysis of the observed data are presented in Fisher et al., 2017b.
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Figure 2.7: Sensitivity of rpeak to the pixel size, ∆(r), normalized by Rclump (rpeak

of 0′′.17-resolution map). The points indicate the rpeak value found using parabolic
interpolation. The error bars show the range within which the maximum of w2PF
lies (i.e. independent of the maximum-finding algorithm). Resizing the NGC 5194
map only increases the variance when measuring rpeak as seen from the lack of a
systematic shift in the allowable range for rpeak at different bin widths.

These galaxies are local analogs of main-sequence star-forming galaxies of redshift

z ≈ 1.5 with rotating, disk-like kinematics. The advantage of using these galaxies

over high-z disks lies in their proximity. The adaptive optics observations of Hα

typically achieve an FWHM resolution of 0′′.15 − 0′′.2 (e.g Wisnioski et al., 2012,

Genzel et al., 2011 ). This corresponds to an image with Gaussian PSF of standard

deviation 500 − 700 pc at z = 1.5. In comparison the standard deviation of the

DYNAMO-HST sample is 60 − 130 pc, about a tenfold increase in resolution. We

assume that the clump-by-clump analysis of Fisher et al., 2017a contains most, if not

all, of the primary clumps, the output of which can be compared to the estimator

rpeak.

As in the case of NGC 5194 we apply the procedure developed in Section 2.2.2 to

the HST maps of the galaxies D13-5, G04-1, and G20-2. After measuring the value of

rpeak we need to remove the contribution from the PSF, which was insignificant for

the HST map of NGC 5194. We assume a Gaussian PSF of standard deviation 0′′.037,

matching the observed FWHM of 0′′.088 (Fisher et al., 2017b), and adjust rpeak by

subtracting this value in quadrature – about a 20% correction. The final estimates of

rpeak are given in Table 2.1 along with the mean and the standard deviation of the

clump radii measured by Fisher et al., 2017b. Their technique involves identifying

peaks at least three times larger than a smoothed mask as clumpy structure. These

regions are then fit iteratively by a 2D Gaussian with a baseline beyond four times

that of the major axis of the ellipse. Since the assumed flux profiles are Gaussian
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this allows us to compare our raw rpeak measurements with those of Fisher et al.,

2017b.

Galaxy rpeak (pc) 1
2 D̄core (pc)

D13-5

D13-5*

319+64
−67

235+47
−50

206 ± 72

G04-1 295+59
−66 236 ± 118

G20-2 307+62
−68 329 ± 148

Table 2.1: Average clump radii of three DYNAMO-HST galaxies, measured by
our method (rpeak) and Mean of the clump-by-clump measurements of Fisher et al.,
2017b (1

2 D̄core).

The uncertainty ranges are 68% confidence intervals accounting for (1) sample

variance, (2) deblurring errors, and (3) image noise. Sample variance refers to the fact

that each measurement is based on only one galaxy with a finite number of clumps,

i.e. on one instance of a statistical ensemble. The uncertainty due to the scatter

of this ensemble (about 20%), assumed to be the same for each galaxy, is taken

from our numerical analysis in Figure 2.1 (bottom right panel). By construction,

this sample variance includes fitting errors of rpeak in the w2PF. Deblurring errors

refer to the uncertainty introduced when correcting for the PSF. These errors (about

±1%, with a systematic component of +1%) are taken from the numerical analysis in

Figure 2.2 (right panel) for each galaxy. Finally, image noise is the uncertainty due

to noise in the Hα map. Using the definition given in Section 2.3.5, we find noise

amplitudes of 0.03, 0.06 and 0.075 for galaxies D13-5, G04-1 and G20-2, respectively,

which correspond to errors of < 0.5% and negligible compared to other sources.

By design of our method, large coherent Hα structures not reflected in the stellar

continuum affect the clump size measurement. This is apparent in two of our galaxies.

First, D13-5 shows a bright chain of Hα clumps stretching into the third (bottom left)

quadrant. This quadrant contains a 50% excess flux relative to the other quadrants,

which is not reflected in the continuum map. Removing this quadrant from the

analysis steepens the w2PF significantly (red line in Figure 2.8) and decreases the

clump size by about 27%. This is the case labeled D13-5* in Table 2.1. Removing

any other quadrant has only an insignificant effect. Second, the galaxy G04-1 shows

an extended (1-2 kpc) ‘sea’ of Hα in the first (top right) quadrant, which is also not

seen in the continuum. This feature causes the plateauing of the w2PF with a weak
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Figure 2.8: Top row: HST Hα (yellow) map superimposed with FR647M continuum
image (blue) and the bulge masked out (dark red) for the three DYNAMO galaxies
analyzed here. Bottom row: their respective w2PF. Similarly to NGC 5194, the
w2PF (connected black dots) is fitted with a parabola (not shown) to find the peak
position rpeak (black vertical line), which is interpreted as the primary clump radius.
The shaded region represents 1σ deviation on w2PF measurement, calculated directly
from the pair counts (DD, DR, RR) in the 2PCF. Note that these errors are strongly
correlated between different values of r, hence we do not use these error bars directly
for the uncertainty calculations (see text). On the galaxy images, the white circles
have a radius rpeak, corrected for the PSF. The mean size of the primary clumps
(i.e. without substructure) measured on a clump-by-clump basis (Fisher et al., 2017b)
is shown as blue vertical line, with dotted lines indicating the 1σ scatter. The Hα
field of galaxy D13-5 shows a strong excess in the bottom left quadrant (also relative
to the continuum map). Removing this quadrant produces the w2PF shown as the
red curve and the reduced rpeak value represented by the red vertical line.

secondary maximum around 1.2-1.4 kpc. Unlike in the previous case, removing this

region from the analysis has no significant effect on the clump size measurement,

i.e. on the position of the absolute maximum of the w2PF. We conclude that if the

w2PF is relatively flat (i.e. it changes by less than ∼ 10% from rpeak to 2rpeak), it is

advisable to check whether any large structures in the D-field not seen in the R-field

have affected the measurement and consider removing/modeling them.

Comparison between our measurements of rpeak and the clump sizes presented

in Fisher et al., 2017a shows good agreement between the two sets of values (Table

49



CHAPTER 2. ROBUST CROSS-CORRELATION BASED
MEASUREMENT OF CLUMP SIZES IN GALAXIES

2.1 and Figure 2.8). It should be noted that the comparison values from Fisher

et al., 2017a (right in Table 2.1) are arithmetic means of the clump radii rather than

luminosity-weighted averages. This is justified, because at the present resolution

only the primary clump generation can be resolved and not its substructure. If the

resolution were increased to resolve substructure, the mean size would drop, whereas

our method would still recover the same value (within statistical uncertainties).

2.6 Discussion and Conclusions

In this paper we have applied the two-point statistics, more commonly used in

cosmology, to measure the scale of star-forming regions in galaxy images, specifically

Hα emission maps. The main challenge in this approach is that star formation maps

also contain structure, such as spiral arms and the exponential profile of the disk.

This situation is analogous to measuring the two-point statistics in cosmology in

the presence of a galaxy selection function. We therefore import the cosmological

solution to this problem and use the map of an old stellar population as normalizing

random field, which serves as a baseline for the two-point statistics.

We found that the radius-weighted two-point correlation function w2PF is well

suited to recover the primary clump scale (i.e. without contamination from sub-

structure). The method recovers this primary clump scale irrespective of how much

substructure is resolved. In particular, this means that our method enables a robust

comparison of samples at different redshifts, and it enables for a direct comparison

between the primary clump scale and global instability scales (Jeans and shear

lengths). These are significant advantages over traditional, more subjective methods.

An additional strength of our method is its robustness against noise: even noise

levels that make individual clumps difficult to identify still allow for a statistical

recovery of the primary clump scale.

On the downside, the two-point statistics does not allow us to analyse the

individual clumps, but only their global statistics. Hence this method is particularly

suitable for large samples of galaxies, e.g. covering a range of redshifts and/or masses,

to analyse galaxy-to-galaxy variations in clump sizes. Such a sample could exploit

other indicators of star formation than Hα, for instance UV, radio, and CO emission,

as well as to other tracers of stellar density than FR647M. If no suitable stellar map

is available, one could resort to using a disk model (e.g. an exponential profile) as the

normalizing field R. We ran a few tests of this idea, indicating that this a promising

avenue that we plan to explore in greater detail as we need to take into account

the asymmetric clump distribution observed in clumpy galaxies. In a forthcoming

paper we will explore this road using a large sample of clumpy galaxies with different
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physical conditions.
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Chapter 3

Size-scaling of clump instabilities

in turbulent, feedback regulated

disks

K. Ali, D. Obreschkow, D. B. Fisher, et al. , Astrophysical Journal, 874:170 (2019)

Abstract

We explore the scaling between the size of star-forming clumps and rotational

support in massively star-forming galactic disks. The analysis relies on simulations of

a clumpy galaxy at z = 2 and the observed DYNAMO sample of rare clumpy analogs

at z ≈ 0.1 to test a predictive clump size scaling proposed by Fisher et al. (2017a)

in the context of the Violent Disk Instability (VDI) theory. We here determine the

clump sizes using a recently presented 2-point estimator, which is robust against

resolution/noise effects, hierarchical clump substructure, clump-clump overlap and

other galactic substructure. After verifying Fisher’s clump scaling relation for the

DYNAMO observations, we explore whether this relation remains characteristic of

the VDI theory, even if realistic physical processes, such as local asymetries and stellar

feedback, are included in the model. To this end, we rely on hydrodynamic zoom-

simulations of a Milky Way-mass galaxy with four different feedback prescriptions.

We find that, during its marginally stable epoch at z = 2, this mock galaxy falls

on the clump scaling relation, although its position on this relation depends on

the feedback model. This finding implies that Toomre-like stability considerations

approximately apply to large (∼ kpc) instabilities in marginally stable turbulent

disks, irrespective of the feedback model, but also emphasizes that the global clump

distribution of a turbulent disk depends strongly on feedback.
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3.1 Introduction

High redshift (z > 1) star-forming galaxies show a more irregular and clumpy

structure than local spiral galaxies (Elmegreen et al., 2004; Elmegreen & Elmegreen,

2006). The luminous clumps measure up to 1 kpc in radius (Swinbank et al., 2012;

Fisher et al., 2017b). They are sites of extreme star formation that collectively reach

star formation rates (SFRs) up to 100 M�yr−1 (Genzel et al., 2006; Stark et al., 2008).

In contrast, local main sequence galaxies, such as the Milky Way, only support SFRs

of a few M�yr−1 (Licquia & Newman, 2015) and this star formation is hosted in

much smaller ‘Giant’ Molecular Clouds (GMCs), measuring less than 100pc in radius

(Bolatto et al., 2008). This difference between high-redshift and local star-forming

systems parallels the strong evolution of the global comoving SFR density, which

peaked at z ∼ 2 − 3 (Hopkins & Beacom, 2006; Yüksel et al., 2008) and has since

declined by more than an order of magnitude. Hence, understanding the origin and

physics of massive star-forming clumps is an important jigsaw piece in modelling the

evolution of galaxies.

The most common scenarios for the formation of star-forming clumps can be

grouped into in-situ and ex-situ processes. Ex-situ clump formation relates to

environmental interactions such as star-bursting major mergers and minor mergers,

where the merging satellite becomes a clump of its new host galaxy.

In-situ clump formation normally invokes the theory of Violent Disk Instabilities

(VDIs), in which a turbulent, rotating disk fragments into gravitationally bound

sub-structures (Bournaud & Elmegreen, 2009). Due to high velocity dispersion,

the Jeans’ scales, the length at which thermal expansion and contraction due to

gravity are in equilibrium, can reach up to 1 kpc, only a few times shorter than the

characteristic scale of the entire disk. Such large Jeans’ lengths are a necessary, but

insufficient condition for large clumps to form. It is also required that instabilities of

this size are not stabilised by shear forces – a non-trivial requirement in rotating

disks (Burkert et al., 2010). A metric to quantify these instabilities is the Toomre

parameter Q (Toomre, 1964) which measures the ratio between the outward pressure

(thermal+dynamical) and gravitational force within a gas cloud. In the approximation

of an axially symmetric disk, the situation of marginal stability can be expressed as

Q ≈ 1, where Q is a two-component (gas+stars) extension (e.g. Romeo & Wiegert,

2011b) of the Toomre stability parameter. Using this ansatz several studies found

that the marginal stability of clumpy disks can be attributed to high gas fractions

(Dekel et al., 2009; Genzel et al., 2011; Fisher et al., 2014; Wisnioski et al., 2015;

White et al., 2017) and/or low angular momentum, with the latter being likely the

dominant cause (Obreschkow et al., 2015). However, this Q-based ansatz remains
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debated and may require the inclusion of additional non-linear processes (Inoue et al.,

2016).

Distinguishing between different clump formation scenarios is not trivial from an

observational viewpoint (e.g. Glazebrook, 2013). A purely morphological analysis

of the CANDELS data (Guo et al., 2015) suggests that the incidence of clumps in

massive (M∗ > 1010M�) star-forming galaxies at z ≈ 0.5 − 3 is consistent with the

VDI model, whereas minor mergers might be important for lower mass galaxies and

at lower redshifts. Using HST images of galaxies with spectroscopic redshifts from

the VIMOS Ultra Deep Survey (VUDS), Ribeiro et al. (2017) analyse the number

and luminosity statistics of clumps in individual galaxies at 2 . z . 6 and again

conclude that VDIs are probably the dominant cause of clump formation, rather

than mergers. Additional circumstantial support for VDIs as the dominant origin

of massive clumps comes from resolved kinematic studies (e.g. Tacconi et al., 2013)

revealing that the majority of high-redshift star-forming galaxies are rotationally

supported disks. However, Förster Schreiber et al. (2009) and Law et al. (2009) find

that it is possible for galaxies undergoing strong mergers to display a rotation profile

that closely resembles that of a rotating disk.

Of course, resolved imaging and spectroscopy of individual clumps would enable

much more stringent tests, however, this is normally hampered by instrumental

limitations – even at HST resolution sub-kpc scales at z = 2 are barely resolved.

To beat this limitation Dessauges-Zavadsky & Adamo (2018) analyzed a sample of

strongly lensed galaxies. They found that the mass function of clumps follows a

power law of slope −2 which is consistent with clumps forming in-situ by turbulent

fragmentation. However, since the magnification of strong lensing is model dependent

and acts only in a single direction, the interpretation of such data remains difficult.

An alternative approach to studying high redshift galaxies consists of using

their lower redshift ‘analogs’. This is the leading idea of the DYNAMO sample,

detailed in Section 3.3.1. Relying on a Q-based approximation, Fisher et al. (2017a)

(hereafter F17) predicted and observationally confirmed that clumps formed in-situ

obey a scaling relation between the clump radius and the velocity dispersion (and,

by extension, the gas fraction) of their parent disk (see also Wisnioski et al., 2012;

Livermore et al., 2012). Using this relation, F17 explicitly showed that expectations

from a minor-merger scenario are not likely to form most clumps in DYNAMO

galaxies. Hence, this relation is a promising way to distinguish between clump

formation scenarios, as well as to probe the inner physics of these heavily star-

forming objects.

The use of scaling relations to test ideas for the origin of clumps raises important

challenges:
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• Clump size measurement: The definition and measurement of the characteristic

clump size should be robust against (1) variations in observational resolu-

tion/noise, (2) the complex hierarchical substructure of clumps (Elmegreen,

2011), (3) the potential random overlap of clumps, and (4) the presence of

other, similarly-sized galactic substructures, such as bars and spiral arms.

• Physics of scaling relation: The model of F17, relating characteristic clump

size to the disk’s velocity dispersion, relies on a simplification of the Toomre

stability criterion (Toomre, 1964), which makes a number of approximations

and bypasses the possible strong feedback-regulation (Genel et al., 2012) within

star-forming clumps.

Here, we address these challenges using an advanced statistical method applied to

both observations and simulations of clumpy galaxies. We use the well-tested 2-point

statistics-based method of Ali et al. (2017) (summarized in Section 3.2) to measure

the ‘characteristic’ clump size in resolved images of star-formation rate traces. In

Section 3.3, this method is applied the full set of 10 nearby clumpy galaxies from the

DYNAMO (DYnamics of Newly-Assembled Massive Objects) survey (Green et al.,

2014) that have been followed up by the Hubble Space Telescope (HST) in Hα and

continuum emission by Fisher et al. (2017b). We show that the VDI scaling relation

of F17 holds for the clumpy galaxies (except for ‘new’ mergers) when analyzed in

this way. In Section 3.4, we use four realizations of a simulated control galaxy with

four different stellar feedback modes in order to (1) verify the scaling relation of F17

in a more realistic model and (2) check if this scaling relation applies irrespective of

the feedback model. Section 3.5 gives a synthesis of the results and brief conclusion.

3.2 Background: 2-point clump scale

This section summarizes the statistical estimator of the characteristic clump size

introduced by Ali et al. (2017) (hereafter A17). The interested reader is referred to

that paper for details beyond the brief summary presented here.

In A17, we found that the characteristic scale rclump of the clumps in a star-

formation density map is related to the maximum point rpeak of the weighted

two-point correlation function (w2PF)

rγξ2(r) ∀ γ > 0, (3.1)

where r, ξ2(r) and γ are the length scale, the two-point correlation function of

the map and a positive exponent, respectively. For randomly positioned clumps
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with circular 2D-Gaussian density profiles of standard deviation rclump, the exact

analytical expectation is

rclump =
rpeak
√

2γ
. (3.2)

In particular, if γ = 1/2, then rclump = rpeak. Real clumps are neither Gaussians

of identical size, nor are they randomly positioned across the galaxy. However, the

w2PF method is robust against these deviations, as shown in A17 for the following

reasons.

Firstly, star-forming clumps normally exhibit a size distribution (often following

power law between number and size, see Oey & Clarke, 1998) and they exhibit

a complex, hierarchical substructure down to the scale of individual star-forming

‘cores’. Using mock images of clumps with an overall Gaussian density, but fractal

substructure, drawn from realistic size-distributions, we showed numerically that the

w2PF method recovers the mass-weighted clump size of the input model within 20%,

irrespective of the precise size-distribution and fractal substructure. Furthermore,

the w2PF is robust against changing resolution, as long as the Point Spread Function

(PSF) is smaller than the mass-weighted clump size, and also robust to different

types of noise (with white, blue, red spectra) up to an RMS pixel-noise as high as

the integrated flux of the brightest clumps (Fig. 3 in A17).

Secondly, the clump positions in real galaxies are not random, but they follow

the global density structure of the disk, such as a roughly exponentially decreasing

surface density with spiral arms and rings. We found that these galactic structures

impact the clump size measurement via the w2PF, but can be removed in the same

way that window functions and selection functions can be removed when measuring

the 2PCF of cosmic large-scale structure. That is, in expression (3.1), we must define

ξ2(r) as the 2PCF in excess of galactic substructure other than clumps. This can be

done, for instance, using the classic Landy-Szalay estimator (Landy & Szalay, 1993)

ξ̂LS(r) =
DD(r) − 2DR(r) + RR(r)

RR(r)
, (3.3)

where the functions DD, DR and RR are defined as

XY (r) ≡
1∑

X
∑

Y

∑
|r1−r2r1−r2r1−r2 |∈(r±∆r/2)

X (r1r1r1)Y (r2r2r2). (3.4)

The parameter ∆r is the bin width of the regularly distributed scale lengths r.

Eq. (3.3) effectively removes correlations present in the R-field from the D-field.

Hence we take a map of older stellar population as R-field while that of the newly

formed stars as D-field. For the DYNAMO-HST sample we use Hα map as the
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D-field and the continuum map by using it as R-field. In the case of the simulations

we use stars formed within 10 Myr, which corresponds to the lifetime of B-stars,

as D-field while taking the whole stellar population as the R-field. This removes

spurious correlation added to the 2PCF by the galaxy disk structure.

Finally, we must choose a value of γ when computing the w2PF (Eq. 3.1). For

a hypothetical infinitely extended field of Gaussian clumps, any positive value will

result in an accurate estimation of the clump scale rclump (via Eq. 3.2). However, in

realistic circumstances, larger values can help suppress spurious small-scale structure,

not already removed via the R-field in Eq. (3.3), whereas smaller values can suppress

spurious large-scale structure. In A17 we adopted the fiducial γ = 1/2, which leads

to good results for mock images of galaxies with realistic noise. We here apply this

value to all observed galaxies. In the case of our simulated disks, we find that a

slightly larger value (we pick γ = 1) allows us to avoid contamination by spurious

small-scale structures associated with two-body relaxation present in SPH-based

simulations (e.g. Power et al., 2016).

3.3 Clump-scalings in observed galaxies

In this section we first describe the observational data used in this study. We then

apply the w2PF and compare the robustly estimated clump sizes to those measured

by F17. Finally, we gauge the degree to which the scaling relationship of F17 holds

for the DYNAMO-HST sample.

3.3.1 Sample of high-z-analogs

The DYNAMO (DYnamics of Newly-Assembled Massive Objects) galaxies Green

et al. (2014) were selected from the Sloan Digital Sky Survey (SDSS) (York et al.,

2000) as the objects with the most extreme Hα luminosities (LHα > 1042 erg s−1).

Follow-up integral field spectroscopy observations were used to identify a subsample

of high-dispersion systems, which excludes AGN. A sub-sample of 9 such galaxies, as

well as one control galaxy (A04-3) with normal Hα luminosity, were then observed

with the Hubble Space Telescope (HST) Advanced Camera for Surveys Wide-field

Camera by Fisher et al. (2017b). All galaxies in this DYNAMO-HST sample, except

for the control object, show massive clumps, reminiscent of those seen at higher

redshift, when degraded to z = 1 resolution. Two galaxies in the DYNAMO-HST

clearly look like systems about to undergo a major merger, while the other 8 show

regular morphologies and rotation-supported disks in Hα kinematics.

The HST data used in this paper are Hα maps showing newly formed stars and
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(a) A04−3 (Control disk)
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(b) G20−2 (Clumpy disk)
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(c) G13−1 (Merger starburst)
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(d) NGC 5194 (Normal spiral)
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Figure 3.1: Example of four galaxies in the observed sample: (a) the ‘normal’
control galaxy in the DYNAMO-HST sample with regular GMCs that cannot be
resolved, (b) one of 7 clumpy DYNAMO-HST galaxies with rotation supported disks,
(c) one of two merging starbursts in DYNAMO-HST, (d) NGC 5194, a local (z ≈ 0)
spiral galaxy with GMCs. The Hα and continuum maps are displayed in cyan and
red, respectively. The bottom row shows their w2PF (for γ = 1/2), in arbitrary units
on the y-axis, 1σ uncertainty (shaded region) and their rclump = rpeak value (dashed
line), determined by fitting a parabola (blue) at around the maxima. A distance of
8 Mpc (Karachentsev et al., 2004) is used in our values for NGC 5194, but note that
rclump/rdisk is distance-independent.

a continuum image showing the older stellar population. The Hα emission was

observed using the ramp filters FR716N and FR782N within a 2% bandwidth and

integrated for 45 minutes. The continuum maps used the FR647M filter with an

integration time of 15 minutes. The final Hα image is generated by subtracting the

continuum map from the Hα map. The complete reduction process is given in Fisher

et al. (2017b).

The sample consists of galaxies which are consistent with clump formation

scenarios resembling self-gravity instabilities as well as major mergers. For certain

galaxies the resolution is not sufficient to measure the clump size rclump. Figure 3.1

shows the variety of galaxies analysed in this study along with their w2PF: (a) the

control galaxy of the DYNAMO-HST sample without significant clumps, (b) one of

7 clumpy disk with no signs of mergers in the DYNAMO-HST sample, (c) one of two

merging starbursts, and (d) the local spiral galaxy NGC 5194. Since the primary

goal of our analysis is to measure the clump scale we mask the central region and
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Figure 3.2: Comparison of clump sizes estimated by the w2PF method, 2rclump,
and a previous study by F17 rclump,F17. The two estimates are in good agreement as
they fall on the one-to-one (dotted) line within their 1-σ uncertainties.

foreground stars as shown in Figure 3.1 (black). We then compute the w2PF and fit

a parabola around the maxima to infer rclump at sub-pixel resolution. In the control

object (a), the size of the star-forming regions lies below the resolution and hence

the w2PF only provides an upper bound.

3.3.2 Results

Comparing twice the clump size rclump estimated using the w2PF of A17 with those

measured by F17 (rclump,F17) we find a good agreement, within 1-σ uncertainty,

as shown in Figure 3.2. Each point in this figure corresponds to a galaxy-average.

The method of A17 naturally returns the luminosity-weighted average clump size,

which is a converged quantity, even in the presence of hierarchical substructure,

given the steep power-law distribution of the substructure (see A17 for details).

F17 measure the size of each clump individually and then take the average. This

method would result in smaller clump sizes, if individual clumps were resolved into

sub-clumps. However, given the current resolution limit, no such substructure is

detected. Explicitly, F17 identify the brightest peaks (relative to a smoothing mask)

as clumps. They then fit these clumps with a 2D-Gaussian profile and compute an

effective radius as the geometric mean of the major and minor half-axes. Finally,

they take twice the average of all clumps within the galaxy as rclump,F17 due to which
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we compare their values to 2rclump.

The errors on rclump are computed by adding in quadrature the uncertainty due

to Sample variance, deblurring and image noise. Sample variance originates from

the fact that we observe only one instance of the galaxy. Deblurring is the process of

removing the contribution of the PSF from rclump and hence the uncertainty scales

in proportion to width of PSF compared to rclump. Finally, image noise is due to

the noise present in Hα map. In A17, we explored these three sources of uncertainty

in detail and here use the tabulated values to estimate the uncertainty in clump size

of each galaxy.

Figure 3.3 is a reproduction of the F17 Figure 2 (left) and compares the clump

sizes measured using the w2PF to the theoretical model of F17. This VDI model

assumes a marginally stable disk, in the sense of an average Toomre (Toomre, 1964)

parameter Q ≈ 1. A simple calculation then results in the prediction that the

clump-to-disk scale ratio is proportional to the gas dispersion-to-rotational velocity

ratio,
rclump

rdisk
= a

σ

V
, (3.5)

where we adopt the definition of A17 that rclump is the Gaussian clump size of

eq. (3.2) and rdisk is the effective radius. (Note that F17 define both values a factor

2 higher, leaving their ratio unchanged.) The proportionality factor a depends on

the shape of the rotation curve and is expected to vary between 1/3 and
√

2/3. The

allowed range between these two proportionality factors is shown as grey shading in

Figure 3.3. The measurements are consistent with this model, except in the case of

the two merging systems (open circles). This confirms the findings of F17 that the

clump size scaling relation can help distinguish between major mergers and other

scenarios of clump formation.

Figure 3.3 also shows the local main sequence galaxy NGC 5194 (whirlpool galaxy,

M51a) in Hα and I-band maps obtained from the Advanced Camera for Surveys on

board the HST (Mutchler et al., 2005). Using the measurements of rdisk, σgas and V

from Leroy et al. (2008) we notice that NGC 5194 lies below the F17 VDI scaling

relation. This is in agreement with Leroy et al. (2008) who find a median value of

Q ≈ 2 − 3 indicating a stable disk (except for in the dense regions of the spiral arms).

The new clump size measurements validate the scaling relations presented by F17 as

a way of differentiating between clump formation scenarios.

Open squares in Figure 3.3 denote upper limits for three systems where the

clumps are too small for a reliable size determination, in the sense that the peak

position of the w2PCF is consistent with the standard deviation of the PSF. The

lowest of these points is the control galaxy A04-3 shown in Figure 3.1 (a), which
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Figure 3.3: Relationship between the clump-to-disk size and velocity dispersion-to-
rotation velocity ratios in the DYNAMO-HST sample (red), NGC 5194 (blue) and the
simulated galaxy (black). In the case of disk galaxies the average clump properties
fall within the maximum and minimum allowed F17 scaling relation (shaded region)
while the merging systems deviate significantly from this region due to the large
Toomre parameter. This agreement is also seen in simulations regardless of the
feedback model.

by choice does not exhibit large clumps. Two of upper limits seem to lie somewhat

below the relation. This might be explained by the fact that these systems are, in

fact, rather stable disks (Q > 1), similarly to NGC 5194.

3.4 Clump-scalings in simulated galaxies

The theoretical scaling relation for marginally stable (Q ≈ 1) disks shown as grey

region in Figure 3.3 relies on a simple calculation that neglects local asymmetries,

complex accretion dynamics and stellar feedback. To test whether the relation still

applies in the presence of more complex processes, we now consider a zoom-simulation

of a galaxy at z = 2, near its peak star-formation, in a cosmological context.

The simulated galaxy is a main-sequence object that ends up in a 1012M� halo

at z = 0. This is likely less massive than the descendants of clumpy systems typically

studied at higher redshifts, however we do not expect this difference to affect the

physics analysed in this study. The galaxy is simulated four times using four different

feedback models, including a no-feedback model. All four runs are re-simulations
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(a) Sedov feedback
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Figure 3.4: Simulated Milky Way-like galaxy at z = 2 with four different feedback
models, described in Section 3.4.1. Upper row: false-color face-on galaxy images,
showing the stellar surface density (red), star formation rate surface density (green)
and cold gas (blue). Bottom row: weighted 2-point correlation functions as a function
of scale r. Peak values rpeak values are shown as dashed lines.

of the galaxy g8.26e11 from the NIHAO simulation project using identical initial

conditions and the same cosmological environment (see Wang et al., 2015). The

new runs use the updated hydrodynamics code GASOLINE2 (Wadsley et al., 2017),

which improves on the original NIHAO galaxy that used GASOLINE (Wadsley et al.,

2004). The runs use a flat ΛCDM cosmology with Planck Collaboration et al. (2014)

parameters: Hubble parameter H0 = 67.1 km s−1, matter density ΩM = 0.3175,

dark energy density ΩΛ = 0.6824, radiation density Ωr = 0.00008, baryon density

Ωb = 0.0490, power spectrum normalization σ8 = 0.8344 and power spectrum slope

ns = 0.9624.

Simulated with the standard NIHAO feedback, this galaxy has global properties

similar to those of the Milky Way, with a final dynamical mass at z = 0 of about

1012M�. At z = 2, this galaxy has a dynamical mass of 5 · 1011M� and a stellar+cold

gas mass of 5 · 1010M� to 1011M�, depending on the feedback model. The galaxy is

simulated with 106 dark matter+baryonic particles. The different feedback models

and their results are discussed in the following section.
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3.4.1 Feedback models

The first feedback model we consider is purely thermal resulting from the blastwave

of stars within the mass range of 8M� < Mstar < 40M� undergoing a core-collapse

supernova (SN) explosion. This Sedov Feedback is implemented using the formalism

of Stinson et al. (2006), which ensures that the energy and metals are ejected by the

wave with cooling turned off for the particles within the blast radius. However, the

high-density gas in the vicinity of the blast radius is allowed to cool and generally

radiates the energy away efficiently. The resulting galaxy, shown in Figure 3.4 (a),

therefore exhibits a lack of star formation in the outer regions.

The fiducial model used in NIHAO simulations employs the Early Stellar Feedback

(ESF) model, originally explored by Stinson et al. (2013), in addition to the Sedov

Feedback model. The ESF model incorporates the feedback mechanism due to the

radiation of pre-SN massive stellar population, which adds a pathway for young

massive stars to provide an ionizing source to the surrounding media and hence

release energy into the ISM. Typically, an O-type star releases about ∼ 2 × 1050

erg of energy per M� during the few Myrs between formation and SN explosion.

This is comparable to the energy released by the SN itself. The fraction of the flux

emitted in the ionizing UV was taken as 10% by Stinson et al. (2013). However,

in our study we increase this stellar feedback efficiency to εESF = 13% to ensure

better agreement with the mean stellar-to-halo mass relation derived from abundance

matching (Behroozi et al., 2013). Radiative cooling is allowed in this process. Figure

3.4 (b) shows the result of the NIHAO feedback model with increased star formation

in the outskirts leading to a more realistic galaxy.

The third feedback scheme used in our analysis treats the evolution of clustered

young stellar population as Superbubbles wherein the associated structure is multi-

phased with the feedback energy in hot phase being thermal while the cold expanding

shell contains kinetic energy. Numerical simulations of the early stages of the

superbubble are resolution-dependent and therefore computed using the analytical

formalism of Keller et al. (2014), which employs thermal conduction to smoothly

transition between the phases and hence provide a resolution insensitive result. We

modify the GASOLINE code as per their suggestions to implement this technique in

the zoom-in isolated galaxy simulation. Figure 3.4 (c) shows that this feedback

model enhances star formation in the outer regions of the galaxy.

Finally, we also evolve the galaxy in the absence of a feedback mechanism (Figure

3.4 (d)) to quantify the extent to which turning on a feedback mechanisms affects

the clump physics.
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3.4.2 Results

The galaxy simulations evolved using the four feedback models exhibit vastly different

morphologies as shown in Figure 3.4. In particular, in the absence of feedback, we

run into the classical ‘angular momentum catastrophe’ where the stellar disk (red) is

too small and bulgy. Interestingly, the no-feedback model still produces an extended

cold gas disk (blue), but its mass is negligible compared to the stellar mass of this

galaxy (9%), as well as compared to the cold gas of the other galaxies (∼ 20%).

To measure the clump-sizes of these galaxies, we treat them in a similar way to

the observations: Each galaxy is projected (face-on) onto a two-dimensional grid

with 700 × 700 cells. As detailed in Section 2, stellar particles younger than 10 Myr

are taken to represent the star-formation rate surface density (green channel in

Figure 3.4), while all stellar particles are used for the normalising global stellar

surface density (red channel). For reference, the cold gas (T < 104 K) is shown in the

blue channel; hence regions where all three components are abundant appear white.

No radiative transfer is accounted for in producing the images. The clump size is

then determined using the w2PF of Section 2. The clump size does not depend on

the number of grid cells (resolution) as long as the cells are smaller than the clumps.

The only source of uncertainty applied to rclump is due to Sample variance.

To estimate velocity dispersion σ we use the standard deviation of the line-of-sight

(vertical) velocity of gas particles as would be observed in a real observation. We

find this dispersion to deviate no more than 30% from the radial velocity dispersion

in all the runs. The maximum rotation velocity V and the half mass radius are

straightforward to compute and have negligible errors.

Figure 3.3 shows that the scaling relation of F17 holds for all feedback models.

However, the galaxy can move along this relation depending on the feedback. The

largest jump occurs in the case of no feedback, where rclump/rdisk increases by a

factor of ∼ 2. This is mostly because of the disk being too small, however the

other parameters compensate this change, such the galaxy falls onto the F17 scaling

relation, i.e. back onto the Jeans’ length prediction. As the intensity of feedback

increases the galaxy resembles the observed turbulent disks in morphology and lies

close to the DYNAMO-HST sample. This indicates that the simple scaling model of

F17 is a useful tool to diagnose in-situ clump formation via VDIs.

3.5 Discussion and Conclusion

In this paper we used the two-point statistics of A17 to estimate the characteristic

size of star-forming clumps in the DYNAMO-HST galaxies and isolated galaxy
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simulations with four feedback models. We found that the estimated clump sizes

are in good agreement with the previous study of F17, which uses a more subjective

clump-by-clump analysis to infer an average clump size (which would result in very

different sizes if higher-resolution images were available). It follows that the updated

clump sizes (measured using the two-point statistics) remain on the scaling relation

displayed in Figure 3.3. This scaling relation is therefore robust under a more

objective clump size determination, which would remain constant under increasing

spatial resolution revealing increasing levels of fragmented substructure.

Secondly, using a zoom-in simulation of a single Milky Way-like galaxy with four

different feedback models, we verified that the clump size scaling relation of F17

remains valid in the presence of realistic galaxy formation physics. Interestingly, the

relation holds regardless of the feedback model. This finding aligns with the results

of Hopkins et al. (2012), who show that at low redshift, in the absence of mergers,

the global Toomre parameter of isolated Milky Way-type galaxies is self-regulated

and independent of the underlying microphysics.

An important ramification of the simulations presented in Figure 3.4 is that,

while all feedback models satisfy the basic Toomre model visualized in Figure 3.3,

the supra-clump structure (e.g. total number of clumps, their physical sizes and

spatial extent) of these galaxies depends enormously on the feedback model. A more

in-depth analysis of how these properties depend explicitly on the radiation pressure

(Mandelker et al., 2017) drew comparable conclusions. Similarly, a direct comparison

of the global clump patterns produced by blastwave (Sedov) versus Superbubble

feedback (Mayer et al., 2016) predicts easily observable differences between these

models in the macroscopic distribution of clumps.

Returning to the interesting finding that the rclump/rdisk–σ/V relation is almost

universal without a strong dependence on the feedback model, we caution that this

result is only based on simulations of a single halo. It would be interesting to vastly

expand these simulations to cover a wide parameter space, especially a larger range

of halo masses, merger scenarios and redshifts.

Overall, this work emphasizes the usefulness of the w2PF (A17) to measure clump

sizes in observed and simulated datasets and it demonstrates the power of the clump

size scaling relation of F17 to diagnose in-situ clump formation via VDIs. This

parallels recent developments on spatial correlations of star-forming disks on scales

larger than clumps (Combes et al., 2012; Hopkins, 2012; Grasha et al., 2017), as

well as within individual clumps (Guszejnov & Hopkins, 2016). Spatial correlations

can therefore be regarded as an essential modern tool for studying the physics of

star-forming disks.
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Chapter 4

Cosmological Constraints from

Fourier Phase Statistics
K. Ali, D. Obreschkow, C. Howlett, et al. , MNRAS, 479:2743 (2018)

Abstract

Most statistical inference from cosmic large-scale structure relies on two-point

statistics, i.e. on the galaxy-galaxy correlation function (2PCF) or the power spectrum.

These statistics capture the full information encoded in the Fourier amplitudes of

the galaxy density field but do not describe the Fourier phases of the field. Here, we

quantify the information contained in the line correlation function (LCF), a three-

point Fourier phase correlation function. Using cosmological simulations, we estimate

the Fisher information (at redshift z = 0) of the 2PCF, LCF and their combination,

regarding the cosmological parameters of the standard ΛCDM model, as well as a

Warm Dark Matter (WDM) model and the f (R) and Symmetron modified gravity

models. The galaxy bias is accounted for at the level of a linear bias. The relative

information of the 2PCF and the LCF depends on the survey volume, sampling

density (shot noise) and the bias uncertainty. For a volume of 1h−3Gpc3, sampled

with points of mean density n̄ = 2 × 10−3h3 Mpc−3 and a bias uncertainty of 13%,

the LCF improves the parameter constraints by about 20% in the ΛCDM cosmology

and potentially even more in alternative models. Finally, since a linear bias only

affects the Fourier amplitudes (2PCF), but not the phases (LCF), the combination

of the 2PCF and the LCF can be used to break the degeneracy between the linear

bias and σ8, present in 2-point statistics.

67



CHAPTER 4. COSMOLOGICAL CONSTRAINTS FROM FOURIER
PHASE STATISTICS

4.1 Introduction

Cosmic large-scale structure (LSS) grows from primordial density fluctuations under

the effect of gravity and dark energy. This structure hence contains useful information

on the cosmological model, whether this is a specific form of the standard ΛCDM

model or an alternative proposal. Modern galaxy redshift surveys (e.g. Alam et al.,

2017; DES Collaboration et al., 2017) decode the information contained in the LSS

using spatial statistics, most commonly the two-point statistics, that is the isotropic

two-point correlation function (2PCF) or its Fourier counterpart, the power spectrum.

While the structural information of the early universe, seen in the cosmic mi-

crowave background (CMB), seems to be fully described by the two-point statistics,

non-linear gravity-driven evolution causes a flow of information into higher order

statistics as the universe evolves (Scoccimarro, 1997). This motivates the search for

efficient statistical estimators to probe the excess information in the LSS which lies

beyond the two-point statistics. This quest has gained much momentum with the

prospect of further surveys such as DES (The Dark Energy Survey Collaboration,

2005), TAIPAN (da Cunha et al., 2017), EUCLID (Laureijs et al., 2011) and SKA

HI surveys (Dewdney et al., 2009).

Obvious candidates for the statistical estimators beyond the 2PCF are the three-

point and higher order isotropic correlation functions. In fact the family of all

N-point correlation functions constitutes a full (albeit highly redundant) descrip-

tion of the statistical information in the LSS. For instance the bispectrum (Fourier

transform of the three-point correlation function) of the CMB sets an upper limit on

the non-Gaussianity (Planck Collaboration et al., 2016a) of the primordial density

field, thereby restricting the range of allowed cosmological models. At late times,

the bispectrum provides additional constraints on the standard cosmological model

(Gil-Maŕın et al., 2015). The same estimator, however, is unable to put stringent

constraints on alternate cosmological models (Gil-Maŕın et al., 2011), until the effects

of redshift space distortions are incorporated into the analysis. The information

pertaining to the redshifted structure allows differentiation between modified gravity

and standard models (Sabiu et al., 2016) at small scales. Including higher order (> 3

point) correlation functions makes it possible to increase the minimum length scales

that need to be considered to differentiate between cosmological models (Hellwing

et al., 2013).

Alternative estimators to the standard N-point correlation functions exist and

have previously been used to distinguish between standard and alternate cosmological

models. For instance, halo shape statistics (Llinares et al., 2014), the two-point
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function of different types of non-linearly rescaled density fields (Llinares & McCul-

lagh, 2017; White, 2016; Lombriser et al., 2015) and void count and shape statistics

(Voivodic et al., 2017; Cai et al., 2015; Falck et al., 2018) also probe this non-linear

regime and allows us to differentiate between modified gravity models. However,

these alternative estimators, as well as the standard N-point correlation functions,

are strongly correlated to the 2PCF. This is because these alternative estimators

depend on the amplitudes of the Fourier field, already fully measured by the 2PCF.

Therefore, the total constraints from the 2PCF and such alternative estimators is

often smaller than their independent addition would suggest.

Given the dependence of the 2PCF on the Fourier space amplitudes, it seems

promising to introduce a second statistical measure that only depends on Fourier

phases. One such measure is the so-called line correlation function (LCF, defined in

Section 4.2.1) introduced by Obreschkow et al., 2013. Using a simplistic information

analysis Obreschkow et al. speculated that the LCF is a promising estimator,

especially when probing alternative cosmological models. Moreover, because the LCF

measures the three-point statistics of the Fourier phases, irrespective of amplitudes,

it is independent of linear bias (Wolstenhulme et al., 2015), the uncertainty of which

plagues all LSS surveys. To study the effectiveness of the LCF in galaxy surveys,

Eggemeier & Smith, 2017 studied its correlation with the 2-point estimator on

different scales. This was further expanded upon by Byun et al., 2017 who compared

the effectiveness of the LCF with other 3-point estimators, including the bispectrum

and found it to be a promising candidate for future surveys. Given that all the odd

isotropic N-point functions contribute to the LCF (Wolstenhulme et al., 2015), we

expect this estimator to play a more significant role in cosmological models which

affect the non-linear regime of structure evolution due to gravity. Hence, it is an

interesting avenue to apply the LCF to alternative gravity models.

In this paper we investigate the additional information contained in the LCF,

relative to the information in the 2PCF, based on cosmological N-body simulations.

We account for the difference between observable galaxies and the underlying total

density field via a linear bias. We start by defining the statistical estimators and the

Fisher Information (FI) Matrix (FIM). We then set out the algorithm to compute

the derivatives and covariances required for the FIM and investigate the effect of the

uncertainty of the linear bias on the overall covariance matrix. In Section 4.3 we

use N-body simulations to measure the information in the 2PCF, the LCF and their

combined information in standard (ΛCDM), Warm Dark Matter (WDM), f (R) and

Symmetron cosmologies and end by exploring the effect of linear bias uncertainties

on parameter estimation. Throughout this work, we only take into account the

real-space 2PCF and LCF while similar analyses in redshift-space are left for future
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work. Section 4.4 concludes the paper with a brief discussion.

4.2 Methods

This section introduces the tools used for analysing the cosmological information in

N-body simulations. We start by defining the statistical estimators, i.e. the 2PCF

and LCF, and outlining the method of measuring their relative information. We then

describe the algorithm used to measure the derivatives and covariances of the 2PCF

and LCF required for FIM. Finally, we quantify the effect of linear bias uncertainties

on the covariance matrix of the statistical estimators.

4.2.1 Estimators

Cosmological N-body simulation boxes with periodic boundary conditions (see Section

4.3.1) are used to compute the matter density field ρ(rrr) at redshift z = 0. It is

convenient to define the over-density field, δ(rrr), as

δ(rrr) =
ρ(rrr) − ρ̄

ρ̄
, (4.1)

where ρ̄ is the average density within the simulation volume. The next step is to

take the Fourier transform of this quantity, using the formalism of Obreschkow et al.,

2013, and compute the power spectrum, P(kkk), defined as

〈δkkkδk ′k ′k ′〉 = (2π)3
δD(kkk + k′k′k′)P(kkk); (4.2)

where 〈〉 and δD are the ensemble averages and Dirac Delta function, respectively.

The 2PCF is then obtained using

ξ (r) =
V

(2π)3

∫
d3k

sin(|kkk |r)
|kkk |r

P(|kkk |). (4.3)

Since the 2PCF and the power spectrum are Fourier counterparts of one another

they contain the same FI. Note that in real surveys this might not be the case given

that the two statistics are computed using their own approximate estimators.

The LCF measures correlation between the Fourier phases, ε (kkk) = δ(kkk)/|δ(kkk) |.
We here use the LCF definition of Wolstenhulme et al., 2015

`(r) =
V3

(2π)9

(
r3

V

)3/2 "
|k1k1k1 |,|k2k2k2 |,|k3k3k3 |≤2π/r

d3k1k1k1d3k2k2k2d3k3k3k3

ei[k1k1k1·sss+k2k2k2·(sss+rrr)+k3k3k3·(sss−rrr)] 〈ε (k1k1k1)ε (k2k2k2)ε (k3k3k3)〉 .

(4.4)
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This LCF is computed using the ProCorr package, which follows the formalism of

Obreschkow et al., 2013.

4.2.2 Fisher Information Matrix

The main aim of this paper is to measure the available information in the estimators

and thereby constrain a set of parameters. To do so we use the FIM, which for a

given Log-Likelihood function, L, is defined by

Fij =

〈
∂L(P,θ)
∂θi

∂L(P,θ)
∂θj

〉
, (4.5)

where θ consists of N model parameters, θi∀ i ∈ 1, ...,N , with P being the estimator

we measure. A useful feature of this matrix is that its inverse is an estimator of

the covariance matrix of the model parameters (see Section 4.3.1). In the Laplace

approximation (Gaussianity of likelihoods), the FIM simplifies to (Tegmark et al.,

1997)

Fij =
∂P(θ)
∂θi

C(P, θ)−1 ∂P(θ)
∂θj

+

1

2
Tr

[
C(P, θ)−1 ∂C(P, θ)

∂θi
C(P, θ)−1 ∂C(P, θ)

∂θj

]
,

(4.6)

where C is the covariance matrix of the likelihood. The variation of the covariance

matrix (trace term in equation 4.6) turns out to be subdominant relative to the first

term. In the case of the 2PCF, this was shown by explicit numerical calculations. For

instance, in the particular case of the Symmetron modified gravity model, Llinares &

McCullagh (2017) found that the covariance matrix of the power spectrum (hence the

2PCF) does not vary significantly relative to that of ΛCDM. For the LCF, Eggemeier

& Smith (2017) show that the trace term vanishes identically at lowest order, since

the Gaussian part of the covariance matrix is independent of the cosmology. This

lowest order solution agrees with full numerical computations over a wide range of

length scales r ≥ 40 h−1Mpc. Hence, in subsequent sections, we will ignore the trace

term and evaluate the derivatives of the 2PCF and the LCF relative to the model

parameters at a fiducial cosmology.

An alternative information measure, commonly, used in cosmology literature is the

cumulative signal-to-noise of the relevant statistic (e.g. Bonvin et al., 2016; Sefusatti

& Vernizzi, 2011). This metric, defined in terms of the raw estimator instead of its

derivative, i.e. SNR = PC−1P, quantifies the possibility of measuring the estimator in

a given cosmological volume. However, in general the Fisher methodology provides a

more robust way of estimating the parameters.
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4.2.3 Derivatives

To evaluate the FI of the LCF and the 2PCF we require the expectation values of

their derivatives with respect to the cosmological parameters θi under investigation.

In practice these expectations of the derivatives can be computed with a finite

difference method using two simulation boxes per parameter, one centred at a fiducial

cosmology, θ0, and one with the parameter in question varied by a small difference

∆θ,
∂P(θ0)
∂θ

=
P(θ0) − P(θ0 − ∆θ)

∆θ
. (4.7)

Here, the two simulations (with θ0 and one for θ0 − ∆θ) rely on the same initial

random seed to minimise the randomness of the derivatives. We further reduce

this randomness by applying a slight smoothing filter (2-point running average) to

the LCF, which suffers from the limited number of modes more than the 2PCF. In

section 4.3.5, where we fit the bias in ΛCDM only at large scales (with only few

modes per box), the derivatives are averaged over 50 random realisations.

4.2.4 Covariance matrix

The second ingredient for the FIM computation is the covariance matrix of the

respective statistical estimator. We use 500 simulation boxes which are generated

using the COmoving Lagrangian Acceleration (COLA) method (Tassev et al., 2013)

implemented in the L-PICOLA code (Howlett et al., 2015). The simulations consist

of 2563 particles enclosed in a periodic box of length L = 512 h−1Mpc with the same

background cosmology as in Howlett et al., 2015. The LSS evolved by the COLA

technique provides an accurate estimate of the covariances of two-point statistics to

scales of k ≤ 0.3 h Mpc−1. Hence, in our regime of interest, r ≥ 10 h−1Mpc, we can

safely use L-PICOLA to estimate the covariance matrix of the 2PCF.

The three-point statistics on the other hand depend strongly on the non-linear

growth of gravity and, hence, might not be easily reproducible by the COLA code.

To gauge the accuracy of the COLA solver we compare a set of simulation boxes

which are evolved from the same initial density field but by two different N-body

codes, GADGET-2 and L-PICOLA. As shown in Figure 4.1, L-PICOLA slightly, but

systematically underestimates the LCF by about 3%. We approximately correct

this small inaccuracy by rescaling the L-PICOLA LCF by 3% in computing the

covariance matrix. This correction is more significant at smaller scales, but the

difference persists even at larger scales and might be due to L-PICOLA being unable

to accurately reproduce the non-linear regime of structure growth since the LCF

depends entirely on the correlation between Fourier phases, the growth of which is
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Figure 4.1: Comparison of the LCF of simulation boxes evolved, by the two N-body
codes L-PICOLA and GADGET-2, from the same initial density field. L-PICOLA tends
to slightly but systematically underestimate the LCF by ≈ 3% which needs to be
accounted for before computing the covariance matrix. The shaded region shows the
standard deviation of LCF indicating the significance of the systematic correction at
different scales.

a purely non-linear phenomenon. We here assume that the applied correction also

holds for the covariance matrix estimated through the L-PICOLA simulations. Since,

the LCF depends on three-point statistics, the resulting covariance matrix should

depend on four, five and six-point functions which might differ by a different factor in

the COLA method. We expect these corrections to be small relative to the diagonal

terms in the covariance matrix; hence they do not significantly alter the FIM.

Given 500 L-PICOLA realisations of the 2PCF and the LCFs, we estimate the full

covariance matrix

Ĉ =


Ĉξξ Ĉξ`

Ĉ`ξ Ĉ``


, (4.8)

where the four sub-matrices are defined by

(Ĉξξ )ij = covNsim

(
ξ (ri), ξ (rj)

)
(Ĉ``)ij = covNsim

(
`(ri), `(rj)

)
(Ĉξ`)ij = (Ĉ`ξ )ji = covNsim

(
ξ (ri), `(rj)

)
.

(4.9)

The operator covNsim
is the estimator of the covariance matrix from Nsim simulation

boxes,

covNsim
(x, y) =

1

Nsim − 1

Nsim∑
k=1

(xk − 〈x〉)
(
yk − 〈y〉

)
. (4.10)
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The covariance matrix of cosmological surveys is, in general, made up of three

terms (see Bonvin et al. (2016)): a Poisson (or shot noise) contribution which depends

on the density of the observed galaxies. The second major contribution comes from

the fact that we observe a single realisation of the observable universe. The final

contribution to the overall covariance matrix is a mixture of the Poisson and cosmic

effect and hence depends on both the galaxy density and the survey volume. In

the absence of a window function, the covariance matrices of the 2PCF (Meiksin

& White, 1999; Scoccimarro et al., 1999; Howlett & Percival, 2017) and the LCF

(Eggemeier & Smith, 2017) are inversely proportional to the survey volume. This

allows us to assume that the covariance matrices of the 2PCF and LCF both scale as

the inverse of the survey volume, i.e. the covariance matrix C̃ for a survey of volume

Veff is

C̃ =
Vsim

Veff
Ĉ, (4.11)

where Vsim is the simulation volume in which the raw covariance matrix Ĉ was

evaluated.

To gauge the effect of shot noise in our analysis we randomly draw a subset

of Nparts particles from the simulation box, such that the mean expected particle

density n̄ = Nparts/Vsim equals 2× 10−3h3 Mpc−3, approximately corresponding to the

cumulative space density of haloes more massive than 1012M� (Murray et al., 2013)

– the dynamical mass of typical M∗-galaxies. Strictly speaking, this subsampling

process mimics shot noise in the matter field rather than in the galaxy field – a

difference, which we neglect in this work, similarly to others (Eggemeier & Smith,

2017). By subsampling the simulation box in this way, we find that the variance of

the 2PCF estimator increases while that of the LCF decreases. This is because the

expectation of the 2PCF is invariant to random subsampling of the particle field,

while that of the LCF decreases significantly, a behaviour explored by Eggemeier

& Smith, 2017. Note that in computing the FIM in the presence of shot noise, we

rescale the derivatives of the full LCF (without shot noise) by a factor f (r), defined

as the ratio between the expectation of the LCF of the sub-sampled boxes and the full

LCF. This approach neglects the derivative of f (r) with respect to the cosmological

parameters. Numerically, this simplification has a relatively small (. 20%) effect on

the overall FI in the LCF. (An exact computation would nonetheless require more

simulation boxes than available for this analysis.)

Modern galaxy redshift surveys probe cosmic volumes of a few h−3Gpc3. For

instance, the CMASS galaxy sample of the BOSS (Eisenstein et al., 2011) survey

covers an effective volume of 3 h−3Gpc3 (Ntelis et al., 2017) while future surveys

might reach up to 20 h−3Gpc3 (Duffy, 2014). In this work all results are presented
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Figure 4.2: The absolute value of covariance matrix (upper triangle) estimated
from 500 L-PICOLA simulations and its associated correlation matrix (lower triangle)
computed by inverting equation (4.13) as a function of scale length. As we go to
larger scales the variance of the LCF increases while that of 2PCF decreases. The
correlation matrix, on the other hand, increases at small scales for all combination of
the parameters 2PCF-2PCF (bottom-left), 2PCF-LCF (bottom-right) and LCF-LCF
(top-right). The increase in 2PCF-LCF correlation at r . 20h−1Mpc indicates strong
coupling between Fourier phases and amplitudes. This property is absent in the
early universe and results from non-linear growth of structure due to gravity.

for a reference volume of Veff = 1 h−3Gpc3.

While the covariance matrix computed via equation (4.10) is an unbiased es-

timator, its inverse required for the FIM is generally not. To obtain an unbiased

estimator, we apply the correction of Hartlap et al. (2007)

C−1 =
Nsim − Ndim − 2

Nsim − 1
C̃−1, (4.12)

where Ndim is the order of C̃.

Figure 4.2 shows the covariance matrix C (upper triangle), as well as its correlation

matrix R (lower triangle), defined as

R = D−1CD−1, (4.13)

where D is the square root of the diagonal matrix of C.
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Figure 4.2 reveals that the cross-correlation between the 2PCF and the LCF is

small, as expected from the fact that the former estimator measures the Fourier

amplitudes while the latter measures the Fourier phases. Only at scales . 20 h−1Mpc

does the cross-correlation become significant, indicating a strong coupling between

the Fourier phases and amplitudes due to non-linear growth. Note that the rescaling

of equations 4.11 and 4.12 has no effect on the correlation matrix.

4.2.5 Incorporating bias uncertainty

Most cosmological surveys use galaxies as tracers of the matter density field δ(rrr).
The mapping between the galaxy density δg (rrr) and δ(rrr) is complicated in detail.

However, at large scales, the asymptotic effect is a uniform rescaling

δg (rrr) = b δ(rrr), (4.14)

where the scaling factor b is known as linear bias. This bias only affects the amplitudes,

not the phases of the Fourier modes, i.e. δg (k) = bδ(k). Therefore only the 2PCF

is affected by linear bias, not the LCF. Explicitly, the galaxy 2PCF at large scales

(& 50h−1Mpc) is

ξg,i = b2 ξi (4.15)

where ξi = ξ (ri) is the estimated dark matter 2PCF at separation scale ri. On smaller

scales, the bias becomes non-linear. The effects of this non-linearity on the LCF are

not yet well understood and will be neglected in this work, although they might be

worth considering in the future.

The FI of the 2PCF does not depend on the absolute value of b, since the

covariance matrix C scales as b4, while each of the two derivative terms scales

as b2, hence cancelling b in equation (4.6). Only the uncertainty of b affects the

constraints on the cosmological parameters. We can account for this effect of linear

bias uncertainty in two ways that correspond to slightly different concepts. The

first approach consists of inferring the cosmological parameters from the galaxy field,

which depends both on these parameters and b. One then computes the combined

FIM of the model parameters and b, hence constraining them simultaneously. The

subtle caveat of this approach is that a linear bias b only applies to the largest

scales and hence should not be fitted to smaller scales. Ignoring this would result

in significantly inflated constraints on b, although this problem can be somewhat

alleviated by including a non-linear bias term (Eggemeier & Smith, 2017). The

alternative approach, used in this paper, is to assume that we infer the cosmological

parameters from the dark matter field, which is itself inferred by applying an uncertain
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bias to the galaxy field. This translates into an uncertain dark matter 2PCF. In

this case the FIM is computed only for the cosmological parameters, but the bias

uncertainty must be included in the estimator covariance matrix C. This approach

has the advantage that we can impose a realistic uncertainty for the linear bias,

accounting for the complexity of real surveys. The downside is that this approach

doesn’t guarantee that the assumed bias uncertainty is consistent with the best

estimate of the bias that one might achieve from combining the 2PCF and LCF at

the largest scales. This consistency therefore needs to be checked in a separate step,

see Section 4.3.5.

Since the FIM does not depend on the absolute value of the linear bias, we can

assume, without loss of generality, that 〈b2〉 = 1 and write the variance of b2 as σ2
b2 .

Using linear error propagation, the variance of the 2PCF with bias uncertainty then

depends on σb2 via

σ2
ξi

(σb2 ) = σ2
ξi
+ σ2

b2

(
ξ2

i + σ
2
ξi

)
, (4.16)

where σ2
ξi

are the diagonal elements of Cξξ without bias uncertainty. Note that this

definition of σ2
ξi

(σb2 ) satisfies the condition σ2
ξi

(0) = σ2
ξi

.

Equation (4.16) allows us to correct the diagonal elements of the covariance

matrix C in order to account for bias uncertainty. The remaining question is how

to correct the off-diagonal elements. We found that linear error propagation as

in equation (4.16) is not the right approach. This is because the bias uncertainty

introduces cross-correlation between different scales ri and rj, which is not present

in the estimations of the derivatives, when based only on one random realisation

of the universe (which necessarily can only have one bias value). To bypass this

issue, we instead assume that the off-diagonal elements of the covariance matrix

remain unchanged under the effect of bias uncertainties. Formally, the bias-corrected

covariance matrix becomes

C(σb2 ) = D(σb2 )RD(σb2 ), (4.17)

where R is the correlation matrix of C given in equation (4.13) and D(σb2 ) is a

diagonal matrix defined as

D(σb2 ) =


Dξg (σb2 ) 0

0 D`


(4.18)

with the diagonal sub-matrices

(Dξg )ii(σb2 ) = σξg,i (σb2 )

(D`)ii = σ`i .
(4.19)
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Note that this definition of the covariance matrix C(σb2 ) satisfies the condition

C(0) = C, i.e. the original covariance matrix is recovered if the bias uncertainty

vanishes. A consequence of this definition is the dependence of bias uncertainty on

the galaxy survey volume as 1/
√

V . We will use a fiducial survey volume throughout

Section 4.3 and in Section 4.3.5 quantify the change in combined information of the

estimators due to the bias uncertainty parameter.

4.3 Application to Simulations

We will now evaluate the FIM of the 2PCF and LCF in different cosmological models

using N-body simulations. All FIM computations are carried out at redshift z = 0

and assume a fiducial survey volume of Veff = 1 h−3Gpc3 and a linear bias uncertainty

of 13% (standard deviation), that is σb2 ≈ 0.26. The results can be rescaled to other

volumes and bias uncertainties using the covariance scaling relations given in Section

4.2.5. The smallest length scale accounted for in the statistical analyses is set at

r = 10 h−1Mpc. This is a conservative estimate that avoids most effects of (not

modelled) non-gravitational baryonic physics, e.g. hydrodynamics and radiation.

4.3.1 Standard ΛCDM cosmology

The bulk of the cosmological N-body simulations used to compute the estima-

tor derivatives use 2563 particles in a periodic simulation box of side length L =

512 h−1Mpc. The particles are initially placed on a regular cartesian grid, then

displaced to obey the power spectrum generated by CAMB (Lewis & Bridle, 2002) and

evolved using second order Lagrangian perturbation theory (Crocce & Scoccimarro,

2006) to redshift z = 49. We then employ the GADGET-2 (Springel, 2005) N-body

solver to evolve the particles to redshift z = 0.

To estimate the derivatives of the ΛCDM model we use equation (4.7) with a

background cosmology given by Planck Collaboration et al., 2016a following which

we rescale the LCF derivatives. We take the central parameter values of θ0 =

{Ωb,ΩM,σ8,ns,H0(km/s Mpc−1)} = {0.048,0.31,0.82,0.97,68} with a step spacing

of ∆θ = {0.10,0.62,0.86,0.40,46} × 10−2. We do not include the reionisation depth

parameter in our analysis since the linear matter power spectrum is independent of

this parameter and thus it cannot be constrained by our methodology.

We then evaluate the FIM using the covariance matrix from the 500 L-PICOLA

simulations (Sections 4.2.4 and 4.2.5). The covariance matrix of the model parameters,
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Figure 4.3: The constraints provided by the estimated 2PCF (red), LCF (blue) and
their combination (black) for the standard cosmology parameters is shown on the left.
The diagonal elements are shown as a 1-D Gaussian while the off-diagonal elements
are depicted by their 68% (solid) and 95% (dashed) contours. The shaded yellow
regions indicate combined constraints of the two estimators when all particles are
used in the analysis (i.e. no shot noise) and as expected provides better constraints
than the combined information from smaller particle density. A significant portion
of the LCF ellipses have different orientations to those of the 2PCF allowing better
constraints on the ΛCDM parameters. The highest gain in constraining power is
placed on σ8 with a gain of 1.87. For this analysis we assume a fiducial cosmological
survey with σb = 0.13, n̄ = 2 × 10−3h3Gpc−3 and Veff = 1h−3Gpc3
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inferred from the statistical measurement, is then given by

Σ = F−1. (4.20)

The order of the matrix Σ is equal to the number of model parameters. The FIM

can be computed using the 2PCF, the LCF or both of them simultaneously. To

distinguish between the different parameter covariances resulting from these three

cases, we use the symbols Σξ , Σ`, Σξ`.

Figure 4.3 shows the parameter uncertainties implied by this covariance ma-

trix in the Gaussian approximation, i.e. for a probability distribution p(θ) ∝
exp

[
−(θ − θ0)†Σ−1(θ − θ0)/2

]
. The different line colors respectively show the con-

straints from the 2PCF, LCF and their combination. Interestingly, the uncertainty

ellipses of the 2PCF and the LCF often have significantly different orientations. For

instance in the case of the σ8-ΩM pair, the LCF helps breaking the classic degeneracy.

Generally a parameter θi is better constrained by the 2PCF+LCF than by the

2PCF alone. We quantify this gain in constraining power as gi =
√
Σξ,ii/Σξ`,ii.

For ΛCDM, we find that sub-sampling particles (i.e. mimicking shot noise) within

the simulation box increases the contribution of the LCF to the combined con-

straints, g = {1.17,1.19,1.87,1.23,1.26} (for parameters Ωb,ΩM,σ8,ns,H0), com-

pared to using the complete set of particles (i.e. no shot noise) in the analysis

gcomplete = {1.04,1.06,1.52,1.13,1.13} for the same bias uncertainty. The same is

not case when we neglect bias in the analysis since higher order functions are more

susceptible to Poisson noise. This emphasises the importance of bias uncertainty in

our analysis and we verify our choice of method in Section 4.3.5.

Comparing our results with a previous study by Eggemeier & Smith (2017) we

find a good match between the gain values of σ8 and total matter density, ΩM (with

shot noise), i.e. g = {1.25,1.90} (for parameters ΩM,σ8). However, their gains on

other parameters g = {1.02,1.07,1.07} (for Ωb,ns,H0) are significantly smaller than

those found by our full analysis. This disagreement might, primarily, be due to their

study using CMB priors which put sharp constraints on Ωb, ns and H0 parameters

as compared to ΩM and σ8. Furthermore, they incorporate the linear and non-linear

bias into the FIM analysis and use N-body simulations at multiple redshifts to

determine the overall parameter constraints.

Figure 4.4 (left) depicts the increase in the parameter uncertainty (decrease in

information) as we increase the smallest length scale r used in the FIM computation.

One finding from this representation is that the relative constraining power from

the LCF slowly increases with decreasing r and for certain parameters contributes

significantly to the combined constraints. For instance, the LCF provides similar
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Figure 4.4: The relative constraints placed on each standard parameter (top) and
alternate cosmological parameter (bottom) as smaller scales are included in the
FIM computation. The largest scales (≥ 50h3Mpc−3) suffer from statistical noise
due to lack of modes and, hence, have been omitted from the figure. We find a
sharp increase in constraining power of the LCF when compared to the 2PCF across
all parameters. For this analysis we assume a fiducial cosmological survey with
σb = 0.13, n̄ = 2 × 10−3h3Gpc−3 and Veff = 1h−3Gpc3.
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constraints to the 2PCF for the σ8 parameter while contributing at most half as much

to the combined constraints of the other standard parameters. For all parameters,

the increase in constraining power of the LCF at small scales is much steeper than

that of the 2PCF due to the onset of non-linear regime.

4.3.2 WDM cosmology

As a first alternative cosmological model, we consider the WDM model, often evoked

as a possible solution to potential sub-structure problems in CDM (Klypin et al.,

1999).

Our approach to modelling a WDM universe consists in reducing the power of the

initial CDM density field on small scales to mimic the free-streaming of the WDM.

This is achieved by truncating the input linear matter power at large k values (small

scales), following Bode et al., 2001,

P(k)WDM =
[
1 + (αk)2ν

]−5ν
P(k)CDM, (4.21)

where P(k) is the linear CDM power spectrum, ν is a numerical constant and α is

a non-linear function of the dark matter particle mass such that limmWDM→∞ α = 0

and we recover the standard cosmology. We use the numerically fitted value of

ν = 0.5 by Bode et al., 2001. In the FI analysis, we consider m−1
WDM as the free

additional cosmological parameter to be constrained. To compute the estimator

derivatives we use a spacing of ∆m−1
WDM = (0.2 keV)−1 centred at the a cosmology

with m−1
WDM = (0.2 keV)−1 and the same ΛCDM parameters as in the previous

section.

Figure 4.5 (top) shows the diagonal and off-diagonal components of Σ determined

by inverting the FIM. We find a gain of 3.28 on the mWDM parameter with a non-

noticeable change in constraints on the ΛCDM parameters. This is likely the result of

the elliptical orientations of the 2PCF and the LCF being vastly different for m−1
WDM

and ΛCDM parameter pairs. Furthermore, the relative constraining power of the

LCF for the m−1
WDM increases faster when compared to that of standard parameters

as shown in Figure 4.4 (right). Since the LCF is less sensitive to the linear growth

its variation is mostly dictated by the local gravitational interactions and hence the

properties of the underlying dark matter field. This attribute of the LCF allows it

to contain significantly more information about the m−1
WDM for the fiducial survey we

assume in our analysis.
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Figure 4.5: The 2PCF (red), the LCF (blue) and the combined (black) constraints for each of
the alternate cosmological parameters determined by our analysis. The color scheme is same as
that used in Figure 4.3. The top, middle and bottom rows show the allowable range of WDM,
f (R) and Symmetron parameters, respectively, along with their pairwise constraints with the
standard parameters. The elliptical orientations of the standard-alternate parameter pairs are
significantly different for the 2PCF and LCF which allows a higher gain in constraining power for
these models. The strongest constraints are comparable to that of σ8 which is the best determined
standard parameter following the FI analysis. The analysis assumes a fiducial survey with 13%
bias uncertainty, 2 × 10−3h3Gpc−3 particle number density and Veff = 1h−3Gpc3.
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4.3.3 f(R) Cosmology

The first modified gravity (MG) analysed in this paper is a specific realisation of the

Hu-Sawicki f (R) model (Hu & Sawicki, 2007). The original model was defined as a

modification to the Ricci scalar, R, of the Einstein-Hilbert term, i.e. R→ R + f (R),
with a free function f such that the action, S, for this model is given by

S =
∫
√
−g

[
R + f (R)

16πG
+ Lm

]
d4x, (4.22)

where Lm and g are the matter Lagrangian and the Einstein frame metric, respectively.

In this prescription the free function f is defined as

f (R) = −m2 c1(R/m2)n

c2(R/m2)n + 1
, (4.23)

where m2 = H2
0ΩM. The variables c1, c2 and n are the free parameters for this MG

model.

The ratio c1/c2 describes the expansion of the universe, and enforcing a ΛCDM-

like expansion history reduces the number of free parameters to two, i.e. n and c1

(or c2). In this case, the derivative fR = df (R)/dR, at present day (z = 0), becomes

fR0 = −n
c1

c2
2

(
ΩM

3 (ΩM + 4ΩΛ)

)n+1

. (4.24)

The geodesic equation of this model takes the form

ẍ̈ẍx + 2Hẋ̇ẋx +
∇Φ

a2
−

1

2

∇ fR

a2
= 0, (4.25)

where a and Φ are the scale factor and the scalar perturbation (or the gravitational

potential in the classical sense), respectively. The final term on left hand side is the

additional ‘fifth’ force beyond the standard gravity. The range of this force depends

on the two free parameters and at z = 0 can be quantified as

λ0
φ = 3

√
n + 1

ΩM + 4ΩΛ

√
| fR0 |

10−6
h−1Mpc, (4.26)

which is usually expressed in units of h−1Mpc. As mentioned earlier we only look at

a special case of the Hu-Sawicki model where n = 1. This allows us to fully define the

the f (R) model using a single parameter, | fR0 |. See Llinares et al. (2014) for further

details about this model and the reason for choosing this particular parameterisation.

The numerical simulations analysed in this paper are taken from (Llinares et al.,
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2014) which uses Isis, a derivative of the adaptive mesh refinement (AMR) code

RAMSES (Teyssier, 2002), to fully evolve density fields sampled from an initial power

spectrum generated by LINGER (Bode & Bertschinger, 1995). We evaluate the

derivatives using the fofr6 and ΛCDM runs under the assumption that the central

cosmology is given by | fR0 | = 10−6 with the same spacing, i.e. ∆| fR0 | = 10−6. Since

the standard ΛCDM and the f (R) runs are both computed by the same codes with

the same random seeds, the deviation between them purely results from the fifth

force, allowing a robust calculation of the estimator derivative with respect to | fR0 |.

Note that the ΛCDM parameters of our previous runs (Sections 4.3.1 and 4.3.2)

slightly differ from those in (Llinares et al., 2014), but we assume that this does

not impact the derivatives with respect to | fR0 |. Another difference is that the

ΛCDM and f (R) simulations of Llinares et al. (2014) use a higher spatial resolution

(5123 particles in a L = 256 h−1Mpc box). This higher resolution is required to

properly take into account non-linear effects associated with the screening mechanism.

Despite this increase in resolution, we restrict the FI computations to correlation

scales r ≥ 10 h−1Mpc to be consistent with the previous cosmological models.

For the fiducial survey volume of Veff = 1 h−3Gpc3 and a linear bias uncertainty

of 13% (standard deviation), the gain on | fR0 | constraints from including the LCF

is g = 9.99 as shown in Figure 4.5 (middle). The orientations of the 2PCF and

the LCF ellipses are different for all | fR0 | and ΛCDM parameter pairs which leads

to the extra constraining power of the combined estimators. For this MG model,

we find a sharp increase in the information content of the LCF at small scales as

compared to that of the 2PCF as shown in Figure 4.4 (right). Hence, the LCF is

more susceptible to non-linear growth in f (R) model and requires us to measure

scale down to 10 h−1Mpc.

4.3.4 Symmetron

The final cosmological model analysed in this paper is the Symmetron model. This

MG model, which was originally explored by Hinterbichler & Khoury, 2010, uses a

scalar field φ governed by a potential and s conformal factor equation,

V (φ) = −
1

2
µ2φ2 +

1

4
λφ4, (4.27)

A(φ) = 1 +
1

2

φ2

M2
, (4.28)

where µ and M are mass scales with λ being a positive dimensionless constant. These

three parameters define the simplest Symmetron model.

In this model, the fluctuations of the scalar field couple to the matter in regions
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of low density ρ . ρ̄, where ρ̄ is the average matter density of the universe. These

correspond to cosmic voids. However, in over-dense regions, the coupling becomes

negligible – an effect known as ‘screening’. The vacuum expectation value of the

scalar φ is

φ0 =
µ
√
λ

(4.29)

and it determines the coupling strength between the scalar field and matter. For

numerical convenience we rewrite the equations in terms of a dimensionless scalar

field χ = φ/φ0 using the following parameters

λ0 =
1
√

2µ

β =
φ0Mpl

M2

aSSB =
ρ0

µ2M2

(4.30)

where Mpl and ρ0 are the Planckian mass and the background density at z = 0,

respectively. The physical interpretation of the parameters λ0, β and zSSB are the

range of the scalar field, its coupling strength and the redshift zSSB (or its associated

scale factor aSSB) at which the symmetry is broken (screening) for a given background

cosmology, respectively. Using these parameters, the geodesic equation with the

additional fifth force term becomes

ẍ̈ẍx + 2Hẋ̇ẋx +
∇Φ

a2
− 6
ΩMH2

0

a2

β2λ2
0

a3
SSB

χ∇χ = 0 (4.31)

See Llinares et al. (2014) for full details of this model and the reason for choosing

this parametrisation.

We assume the Symmetron parameters are centred at θ0 = {λ0(h−1Mpc), zSSB, β} =

{1,1,1} and use the ΛCDM box in conjunction with Symm A-C runs from Llinares et al.,

2014 to evaluate the derivatives. Figure 4.5 (bottom) shows the parameter constraints

obtained by employing the two estimators in our analysis. The LCF performs re-

markably well, about as well as the 2PCF in constraining the three parameters. The

gain of 2PCF+LCF, relative to the 2PCF alone, is about g = {1.24,1.48,1.21}. As

with the previous MG model we find the orientation of the Symmetron and ΛCDM

pair ellipses having different orientations for the two estimators. This provides a

boost in the combined constraints.
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Figure 4.6: The sensitivity of the ΛCDM constraints on the bias uncertainty, σb.
The constraints placed by the LCF are independent of linear bias and, hence, have
been used for normalisation. The solid vertical line shows the 13% uncertainty used
in this paper. As this parameter increases the constraints asymptote to that of the
LCF. The constraining power of the 2PCF pertaining to the σ8 parameter has the
sharpest decrease since this parameter is highly correlated with linear bias. The
analysis assumes a fiducial survey volume of Veff = 1 h−3Gpc3 and a space density of
n̄ = 2 × 10−3h3Gpc−3
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Figure 4.4 (right) indicates the importance of incorporating smaller scales in our

analysis. In the case of Symmetron model, the relative constraints from the LCF

decrease faster than the 2PCF. Although, the individual constraining power of the

2PCF is better than that of the LCF, small scale measurements still provide better

combined constraint than standard parameters with the exception of σ8.

4.3.5 Effect of the linear bias uncertainty

The statistical uncertainty of the galaxy (or halo) bias deteriorates the information

extracted from cosmic large-scale structure. At linear order, this effect only applies to

the 2PCF, not to the LCF, since the latter is insensitive to the linear bias b. Hence,

the information of the LCF relative to the 2PCF increases with the uncertainty

of b. So far, we have accounted for this effect assuming that b has a fixed normal

uncertainty of σb = 13%. The variation of the relative FI with this uncertainty is

shown in Figure 4.6. Since the relative information in the 2PCF decreases with

increasing σb, the combined information asymptotes to that of the LCF estimator

as σb → ∞. In all cosmological models the LCF adds significant extra constraints

to the 2PCF, if σb = 0.13 (as in Figure 4.3 and Figure 4.5) or larger, whereas, in a

scenario where bias is perfectly constrained, the 2PCF constrains each parameter by

up to 4 times.

The discussion above highlights the power of combining the two-point statistics

with a linear bias-independent estimator for parameter estimation. In turn, this

property of the LCF also allows us to infer the bias parameter b itself. This can

be achieved by considering b as an additional free parameter (see first approach

discussed in Section 4.2.5) and computing the full FIM of all cosmological parameters

and b. This requires the derivative of the galaxy 2PCF with respect to b, whose

analytical expression is simply
∂ξg,i

∂b
= 2bξi. (4.32)

Since we now treat b as an additional model parameter, its uncertainty must not be

included in the covariance via equation (4.18). Importantly, the linear bias b is only

a good approximation of the full bias on large scales (r ≥ 50h−1Mpc). Hence, we

restrict this analysis to these large scales, and maintain the fiducial survey volume of

Veff = 1 h−3Gpc3. The LCF at these scales is susceptible to statistical noise, hence,

we use 50 L-PICOLA to better estimate the large scale derivatives of the 2PCF and

the LCF for each standard parameter. The resulting combined constraints on σ8

and b are shown in Figure 4.7. In the Laplace approximation (Gaussian likelihood)

these constraints correspond to elliptical uncertainties. However, from the collapse

theory of haloes, σ8b is constant if the other cosmological parameters are fixed. This
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Figure 4.7: The bounds placed on the b-σ8 using the combined information from
the 2PCF and the LCF. The ellipses show the 68% (solid) and 95% (dotted) Gaussian
contours inferred by only using length scales ≥ 50h−1Mpc. For smaller scales the
non-linear correction to bias becomes significant and hence the constraints become
unreliable. If we were to carry out a full likelihood analysis we expect the constraints
to be parallel to the b-σ8 curve (solid red line). We assume a fiducial survey volume
of Veff = 1 h−3Gpc3 to scale the covariance matrix and sub-sample particles to a final
number density of n̄ = 2 × 10−3h3Gpc−3.

means that the degeneracy between σ8 and b corresponds to a hyperbola shown as

solid curve in Figure 4.7. As expected, the major axis of the ellipses roughly align

with the direction of this hyperbola. Quantitatively, this analysis finds a linear bias

uncertainty of σb ≈ 13% which we use throughout this study. We also compare the

constraints found by the two methods for each of the ΛCDM parameters and find

similar results with ∼ 10% difference.

4.4 Conclusions

In this paper we have combined two-point statistics and the line correlation function,

three-point Fourier phase estimator, to infer cosmological parameters in standard

and non-standard cosmological models. The Fisher information matrix was used to

quantify the information in these estimators and derive parameter posteriors.
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In the absence of linear bias uncertainties, the extra information provided by

the LCF in addition to that already present in the 2PCF is marginal (about 5% on

average). However, for a fiducial linear bias uncertainty of 13% and a survey volume

of Veff = 1 h−3Gpc3, we found that the addition of the LCF improves the 2PCF-

based parameter constraints by a significant factor of about ∼ 1.2 (i.e. parameter

uncertainties become 1.2-times smaller) in standard ΛCDM cosmology and by a

factor up to ∼ 1.2 − 10 in MG models and ∼ 3.3 in WDM cosmology. The relative

information in the LCF increases with increasing bias uncertainty. However, to

fully gauge the usefulness of the LCF we need to take into account non-linear bias

terms in the computation. The constraints determined by the LCF in this study are

likely an over-estimate however our treatment simplifies the methodology and can be

regarded as a first step towards more realistic constraints. To optimally benefit from

the information in the LCF scales down to about r = 10 h−1Mpc should be resolved.

The combination of the 2PCF and the LCF can also be used to infer the linear

bias, which is hard to measure otherwise and consequently to break the degeneracy

between bias and σ8.

Overall, these results advocate the use of Fourier phase statistics in addition to

standard two-point statistics (2PCF of power spectrum) when inferring cosmological

parameters from modern galaxy redshift surveys. The Fourier phase space is an

excellent probe of the local interactions between the dark matter particles and even at

larger scales before the full onset of non-linear gravitational growth the LCF provides

more information about the properties of the underlying dark matter density field

than the 2PCF. The gain from including the LCF is especially important in modified

theories of gravity like in the f (R) and Symmetron models. This reflects the fact that

modified gravity models possess a very rich phenomenology in the non-linear regime,

or more precisely at the transition from the linear to the non-linear regime, where the

screening mechanism takes place. As a consequence the LCF which probes directly

the emergence of non-linear correlations is very sensitive to these modifications of

gravity and provides stronger constraints than the 2PCF.

The analysis of phase statistics comes with its own caveats. Apart from being

computationally quite expensive, phase statistics such as the LCF are still difficult to

measure in real surveys with irregularly shaped non-periodic volumes and complex

selection functions. Clever methods for extracting such phase statistics, similarly

to those used for the 2PCF (Landy & Szalay, 1993), remain yet to be developed.

Furthermore, redshift space distortions have their own perturbing effects (Egge-

meier et al., 2015), which, when harvested carefully, might be used for additional

cosmological constraints.
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Chapter 5

Summary & Future Work

5.1 Clumpy galaxies

In this thesis I have developed a criteria for estimating primary clump sizes using

the two point statistics. Conventional methods are sensitive to spatial resolution,

noise and subjective definitions which I try to avoid via this method.

5.1.1 Summary

To analyse clumpy galaxies I applied the two-point statistics, commonly used in

cosmology, to estimate clump sizes in a robust manner as compared to prior, more

conventional methods which require a definition of the background noise and intensity

required to identify a clump. To do so I start by using toy models following simple

size probability density functions i.e. same sized, power-law and quasi-fractal. These

simulations assume a flat and periodic 2D box and hence are not affected by the

R-field. I then use a closeby Grand Design Galaxy with sufficient resolution and

literature to test the accuracy of this method as well as its robustness to spatial

resolution. Finally, I apply the w2PF to three galaxies from the DYNAMO-HST

sample, the star forming regions of which mimick those of star forming galaxies at

high redshift z ≈ 1.5.

The results suggest that the estimated clump size corresponds to the average size

of the probability function when the clumps centers are uncorrelated. In the case of

quasi-fractal distribution, since the clump centers are correlated, the larger scales

are measured by the w2PF with the final result reflecting the largest clump size.

When I apply this to M51, I conclude that correlations due to spurious structures

such as spiral arms and disc is negated by assuming a correct R-field. Furthermore,

the w2PF is insensitive to spatial resolution and measures the same clump scale

till the we reach the resolution limit, i.e. clumps are no longer visible. Finally, I
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apply w2PF to clumpy galaxies and find good agreement with previously estimated

average size. The study measured all visible clumps to get this quantity. Although

the number and size of clumps differs when spatial resolution changes, the resolution

of the galaxies for this study only detected the largest clumps which leads to the

agreement.

In subsequent chapter (3) I incorporate the remaining DYNAMO-HST galaxies

into the analysis. The sample includes a control disk galaxy with high resolution

and sufficiently small star forming regions. I also include an isolated disk galaxy

formed during a cosmological simulation with various feedback models. Starting

with a control galaxy having no feedback, followed by a simple blastwave feedback

prescription and ending with a sophisticated Superbubble feedback which includes

both thermal and kinetic feedback components.

The results suggest that the measured clump size rclump, disk radius rdisk, dis-

persion velocity σ and disk rotation velocity V are strongly correlated when clumps

form in-situ due to Violent Disk Instabilities. We first verify the accuracy of new

measurements by comparing it to a previous study and then establish the scaling

relation between rclump/rdisk and σ/V within star forming disk galaxies. We find

that major mergers do not obey this scaling relationship as we don’t find a reason

for them to do so. Finally, we use three simulated feedback models along with a

control disk galaxy to find that the scaling relation is almost universal, i.e. it holds

regardless of the underlying feedback model.

5.1.2 Future Work

I have demonstrated the ability of w2PF to measure a statistically robust clump

size from a star forming galaxy. This tool is useful for a large sample of galaxies

as it is insensitive to spatial resolution and noise with a slight dependence on the

PSF. Although the 2PCF loses spatial information about individual clumps it does

provide a statistical size strongly correlated with the velocity structure of a disk-like

star forming galaxy, including a local spiral. The method can be used to classify

in-situ clump formation from other modes of star formation scenarios by using the

rclump/rdisk–σ/V plane for high redshift clumpy galaxy samples which otherwise rely

on subjective parameters such as number of clumps to differentiate between high

redshift mergers and VDI clump formation scenarios.

The w2PF can also be used for a different star formation indicators such as UV,

radio or CO emission maps. There is no inherent assumption for the tracer to be

Hα map and the DYNAMO team plans to test this method on ALMA data which

if consistent will open up more oppurtunities for the astronomical community to
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employ this measure.

5.2 Phase statistics in Cosmology

The 2PCF has been widely used in cosmology since the 1970s hence the main goal of

my thesis is to look for orthogonal information in three point phase statistics present

in the universe in standard and alternate cosmologies.

5.2.1 Summary

In Chapter 4 I use Fisher Information Matrix to compare the constraining power for

each parameter present in the two statistical measures in cosmological simulations.

Only the large scale cosmic structure (r > 10Mpc h−1) is used in this thesis as the

microphysics such as feedback model and non-linear growth becomes important at

smaller ones. The data includes Standard Cosmology, Warm Dark Matter Cosmology

and modified Gravity models namely f (R) and Symmetron. The rationale for doing

so is because literature is abundant with studies looking at excess information beyond

2PCF within the ΛCDM model, however alternate statistics applied on non-standard

cosmologies only measure raw information rather than excess information. The

2PCF is (and will be) applied to every recent and planned cosmology survey by the

astrophysical community it is worthwhile to look at the excess information within

alternative parameters present in the LCF.

I conclude that the LCF gives complementary information with respect to the

2PCF for non-standard cosmology when we account for Poissonian noise. For the σ8

parameter the constraints drop by a factor ≈ 2. This is mostly due to linear bias

adding to uncertainty of the 2PCF rather than LCF. The most interesting find is

the relative information in alternate parameters which drop about 1.2–10 and 3.3 for

modified gravity and warm dark matter models. This additional information mostly

comes in at smaller scales close to r ≈ 10Mpc h−1 which is where the screening

mechanism and local interaction between dark matter particles most influence the

evolution of cosmic structure.

5.2.2 Future Work

The LCF has a significant amount of information about cosmological parameters

especially in the case of non-standard cosmology. However, as this measure is in

it’s earlier stages of developement applying it to survey data is unfeasable. It will

be worthwhile to develop an efficient estimator equivalent to Landy & Szalay, 1993

which could be applied to cosmological surveys. The LCF can also be applied to
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lensing and shear maps and perhaps expanded in legandre polynomials for the CMB

map although the evidence for Gaussian initial conditions is extremely robust and

the measure can only be used to further constrain the non-Gaussianity of cosmic

models.
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Appendix A

A.1 Derivation of the expectations

We start by defining the Fourier transform (FT) and its inverse (IFFT) similar to

Peacock, 1999 albeit with a change in sign of i.

F (kkk) =
1

V

∫
F (rrr) e−ikkk ·rrr dDr (A.1)

F (rrr) =
V

(2π)D

∫
F (kkk) eikkk ·rrr dDr (A.2)

where rrr ,kkk ∈ RD are the real-space and wave vectors, respectively, and V is the

volume of the real-space domain. Now let us consider a function, F (rrr), composed of

superposition of multiple fields defined on the same domain. We can explicitly write

such a function as

F (rrr) =
N∑

l=1

δl (rrr), (A.3)

where N and δ represent the total number and functional form of the fields, respec-

tively. The power spectrum of such a function is given by

〈P(kkk)〉 =
〈
F (kkk)F †(kkk)

〉
=

1

V2

*...
,

N∑
l=1

〈
|δl (kkk) |2

〉
+

N∑
l=1

N∑
m=1
m,l

〈
δl (kkk)δ†m(kkk)

〉+///
-

(A.4)

where we have used the involutory property of conjugates and linearity of expectation

to separate out the terms representing power and cross spectra. This expression

allows us to work with the profile of individual fields to get an idea of the overall

2PCF.
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A.2 Renormalized 2PCF

The mean zero-density field of a Gaussian clump with size parameter σ can be

described by

δσ (rrr) =
V

2πσ2
e−

(rrr−µµµ)2

2σ2 − V, (A.5)

Given the fact that the FTs of a Gaussian and a constant are a Gaussian and a Dirac

delta function, respectively (Bracewell, 1978), we can infer that the power spectrum

would also be a Gaussian. This leads to an isotropic 2PCF of

ξσ (r) = V
*..
,

1

2π
(√

2σ
)2

e
− r2

2(√2σ)2 − 1
+//
-

(A.6)

for a Gaussian clump defined with mean zero. Hence, we recover a 2PCF stretched

by a factor of
√

2 with an offset that depends on the normalizing scheme of the

initial density field. However, in order to extract the correct clump size from the

w2PF we would like to remove this offset.

The renormalisation step is simple in the case of a single Gaussian clump where

adding unity to the 2PCF, after removing the volume contribution, gets rid of the

offset. However, is the amplitude of this offset the same in the case of multiple

Gaussian clumps? We check this by defining a the density field of a model consisting

of multiple Gaussians as

F (rrr) =
1

N

N∑
l=1

δσl
(rrr) − 1. (A.7)

We again use Eq. (A.4) to find the power spectrum of this model

P(kkk) = *
,

1

N

N∑
l=1

δσl
(kkk) − δD (kkk)+

-
*
,

1

N

N∑
l=1

δσl
(kkk) − δD (kkk)+

-

†

=
1

N2

N∑
l=1

|δσl
(kkk) |2 +

1

N2

N∑
l=1

N∑
m=1
m,l

δσl
(kkk)δ†σm

(kkk)

− δD (kkk)
1

N

N∑
l=1

δ†σl
(kkk) −

1

N

N∑
l=1

δσl
(kkk)δ†D (kkk) + δD (kkk)δD (kkk)†

(A.8)

The first and second terms are the summation of individual power and cross spectra,

respectively, while the subsequent terms can be written in terms of a Dirac function.
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With a little algebra we can simplify the cross-correlation terms to the expression

1

N2

N∑
l=1

N∑
m=1
m,l

δσl
(kkk)δ†σm

(kkk) =
2

N2
*
,

N−1∑
l=1

N∑
m=l+1

e−
k2 (σ2

l
+σ2m )
2

〈
cos

(
kkk · (µµµl − µµµm)

)〉+
-
. (A.9)

Under the assumption of randomly distributed clump centers the expectation of the

cosine term vanishes for kkk , 0. For this uncorrelated model, we can further simplify

the cross-correlation part of the equation in terms of a Dirac delta function:

1

N2

N∑
l=1

N∑
m=1
m,l

δσl
(kkk)δ†σm

(kkk) = δD (kkk)
2

N2

(
N (N − 1)

2

)
(A.10)

Collecting all the terms involving δD (kkk) we can write the resulting isotropic power

spectrum of the uncorrelated multiple Gaussian model as

p(k) =
1

N2

N∑
l=1

pσl
(k) − δD (k)

( 1

N

)
(A.11)

Taking the IFT of the isotropic power spectrum gives us the isotropic 2PCF

ξ (r) =
N∑

l=1

ξσl
(r) −

1

N
. (A.12)

Hence, we define the normalised 2PCF, ξ̃ (r), as

ξ̃ (r) = ξ (r) +
1

N
. (A.13)

with an offset of 1/N which in the case of a single Gaussian clump reduces to unity.

Since the offset is a result of finite number of uncorrelated clumps we have to fit

this term to the LS-estimator, which is defined for a mean zero field, to measure the

correct value of rpeak.
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B.1 Alternate R-field

In this section we employ an alternative approach to estimating the R-field. In

Section 2.4 we assume the I -band map of NGC 5194 suppresses the 2PCF of the

clumps slightly while not changing it’s overall shape. This allows us to extract rpeak

accurately and, hence, infer underlying primary clump size.

We compare this assumption with the approach of Zhang et al., 2001 who

convolve the galaxy map (D-field in our case) with a Gaussian of FWHM ∼ 3 kpc

(σconv ≈ 1300 pc) to remove large scale correlations. Our aim in using the I -band

map as R-field was two-fold; firstly, it is the least subjective approach to identifying

and, secondly to remove correlation due to spurious structures such as spiral arms

which we expect will contaminate the estimated w2PF when using a flat uniform

R-field. For this comparison we only use the 1000 × 1000 maps and extrapolate

our findings onto the higher resolution map given that the profile of the w2PF is

insensitive to image resizing (see Section 2.4.3).

Figure B.1 shows the w2PF estimated when using different, including a uniform,

R-fields. The largest clumps of the galaxy NGC 5194 are of order ∼ 100 pc hence

using a convolution map of similar scale reduces the estimated rpeak to below 11 pc.

This issue persists when using a σconv of 200 pc and 300 pc albeit the peak value

shifts towards larger scales. At σconv = 700 pc, we find a peak value closer to the

rclump value estimated when using the I -band map as the R-field. Finally, using a

convolution map of 1.2 kpc allows us to recover a w2PF which overlaps with the

w2PF of the I -band R-field. In contrast, when using a flat uniform R-field we find

average clump size larger than that inferred by previous methods because the large

scale structures contaminate the estimated 2PCF.

99



APPENDIX B.

0 50 100 150 200

-0
.5

0
0.
5

1

r (pc)

√
rξ

2
(r
)

Uniform
σconv = 100 pc
σconv = 200 pc
σconv = 300 pc
σconv = 700 pc
σconv = 1200 pc
I-band

Figure B.1: The sensitivity of the w2PF on the underlying R-field used in LS-
estimator. The R-fields are generated by convolving the 1000×1000 Hα map of NGC
5194 (D-field) with a Gaussian of standard deviation σconv. As the convolution map
increasing from small (scales similar to largest clumps ∼ 100 pc) to kpc scales, we
find a good agreement between the w2PF using I -band as the R-field and convolved
R-field using the method of Zhang et al., 2001. In comparison, the estimated rpeak

value is larger when using a simple uniform R-field since large scale correlations
due to galaxy structure affect the w2PF estimator. We use a distance of 8 Mpc
(Karachentsev et al., 2004) for NGC 5194.
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C.1 Observed and Simulated Galaxy Properties

Galaxy z 2rclump

(pc)
2rdisk
(kpc)

σ/V Morphology

G04-1 0.1323 590+118
−124 2.75 0.19 ± 0.09 Turbulent disk

G20-2 0.1411 614+123
−129 2.1 0.49 ± 0.07 Turbulent disk

D13-5 0.0753 470+94
−99 2.04 0.24 ± 0.02 Turbulent disk

G08-5 0.13217 462+92
−97 1.84 0.26 ± 0.07 Turbulent disk

D15-3 0.06712 196+44
−196 2.2 0.19 ± 0.02 Turbulent disk

(unresolved clumps)

G14-1 0.13233 424+85
−89 1.12 0.51 ± 0.07 Turbulent disk

C13-1 0.07876 346+78
−346 4.21 0.13 ± 0.04 Turbulent disk

(unresolved clumps)

A04-3 0.06907 150+34
−150 3.58 0.05 ± 0.03 Normal spiral galaxy

(unresolved GMCs)

H10-2 0.14907 602+120
−126 2.55 0.95 ± 0.34 Major Merger

G13-1 0.13876 658+132
−138 2.59 0.68 ± 0.03 Major Merger

NGC 5194 0 (8 Mpc) 58 ± 12 5.6 0.05 ± 0.01 Normal spiral galaxy

Sedov
Feedback

2 220 ± 44 1.96 0.27 ± 0.05 Turbulent disk

NIHAO
Feedback

2 460 ± 92 3.74 0.38 ± 0.08 Turbulent disk

Superbubble
Feedback

2 280 ± 56 3.14 0.26 ± 0.05 Turbulent disk

No Feedback 2 380 ± 76 1.7 0.56 ± 0.11 Turbulent disk

Table C.1: Observed and simulated galaxy properties. The values for the DYNAMO-
HST observations come from F17 and those for NGC 5194 from Leroy et al. (2008).
We list the double of the Gaussian radius for clumps and effective radius for disks
for consistency with the definition of F17.
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