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Abstract

Since propositional linear time temporal logic (PLTL) was introduced for rea-
soning over linear discrete time, it has become a popular reasoning tool for the
verification of hardware and software. Reasoning applications for discrete-time
temporal logics such as PLTL consist of temporal databases, temporal reason-
ing in natural language processing, temporal planning, and temporal reason-
ing in medicine. Checking satisfiability of a temporal logic formula is a funda-
mental reasoning task. The tableau-based approach is one of the most popular
techniques for providing decision procedures. The advantage of the tableau ap-
proach is providing a corresponding model of the formula when checking the
satisfiability.

Practical reasoning aids for dense-time temporal logics are not common despite
a range of potential applications from the verification of hybrid systems to arti-
ficial intelligence. There have been recent suggestions that mosaics can provide
implementable tableau-style decision procedures for various linear time tempo-
ral logics beyond the standard discrete natural numbers model of time.

In this thesis, we implement the first-known tableau reasoner for general linear
time with Kamp’s until and since, and also provide some heuristics to speed
up the reasoner. Then, we extend the established idea of mosaic tableaux by
introducing the abstract methodology of partial mosaics. Each partial mosaic
is able to represent many mosaics. This can reduce the running time of build-
ing a tableau. We define partial mosaics, partial mosaic-based tableaux, and al-
gorithms for building tableaux. In the last part, we extend the partial mosaic
technique from general linear time to dense time and analyze the effects on per-
formance.
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Chapter 0

Introduction

0.1 Motivation

Temporal logics are a logical formalism for reasoning about hardware and soft-
ware systems, and in particular their specification and verification. Temporal
logic can be viewed as a special case of modal logic where the modalities quantify
over points in time. The relationship between modal logics and temporal log-
ics was first characterised by Kamp [Kam68] who introduced non-monomodal
style temporal operators U and S, and then have been systematically explored
by Thomason in [Tho74] and [Tho75]. It was not until the pioneering work in
1977 [Pnu77] that people progressively recognised the important applications of
temporal logic in AI, databases and concurrent systems.

In temporal reasoning, properties changing over time are represented by the dif-
ferent valuations of the same propositions, and it is required to reason about the
temporal relation of the different conditions. For example, a possible real-time
application is to reason about a system that will be in the “operating” state until
someone presses the button to stop it. There are many applications for temporal
reasoning including medical diagnosis, planning, and natural language under-
standing [Vil94].

Early temporal logics were simple modal logics. Based on modal logic, temporal
logic was proposed by Arthur Prior in the work [Pri55] where two temporal op-
erators (modal operators), F and P are introduced and they correspond to “true
sometime in the future” and “true sometime in the past”. The correspondence

1



2 CHAPTER 0. INTRODUCTION

between temporal logic and first-order theory of linear time was provided by
Kamp [Kam68] by introducing binary temporal operators until U and since S.
The expressiveness of the temporal logic is indeed extended by operators U and
S in comparison to modal logic [Kam68]. Since the pioneering work [Pnu77],
numerous applications have been found for reasoning about systems using tem-
poral logic [FGV05].

Propositional linear time temporal logic (PLTL) [Pnu77] is the standard tem-
poral logic for reasoning over linear discrete time with Kamp U and S, and
it has been used as a reasoning tool for the verification of hardware and soft-
ware [RV07]. Checking satisfiability of a formula for a logic is a fundamen-
tal reasoning task. A decision procedure provides an algorithm for deciding
whether a formula of logic has a model (is satisfiable). Designing feasible rea-
soners for checking PLTL satisfiability is of continued importance to applications
in computing. The techniques for implementing the reasoners consist of the res-
olution based approach [Fis91, FDP01], the automata based approach [BKŘS12,
GPVW95], and tableau based approach [Wol85]. The tableau based approach is
one of the most popular techniques for providing decision procedures, partly
because they present a corresponding model of the formula when checking the
satisfiability. There are tableaux for modal logics [HC68, Fit83]. A wide range of
work also has heavily studied tableaux for temporal logics [Gor99, RD05]. Since
the work of Wolper [Wol85] where a tableau is first designed for PLTL, there have
been studies of the tableau approach for PLTL [Gou84, SGL97, GKS10].

For decades, alongside the development of reasoning over linear discrete time
(PLTL), there is also progress in reasoning applications of temporal logics using
various models in dense and general linear time [BG85, AD94, Rey09]. However,
there is not so much development of techniques for reasoning over dense and
general linear time including the tableau approach. This is because traditional
step-by-step reasoning process can be easily applied into discrete time where the
reasoning is from the state of a time point to another, but it lacks the ability to
reason over all the points in between the two time points. The mosaic method
was first proposed for reasoning over linear flows of time with Prior’s F and S
[MMR00]. Then, the work [Rey03] introduced a new technique of mosaics that
is suited for reasoning over dense and general linear time with Kamp’s U oper-
ator The new technique of mosaics is also applied into the tableau approach for
general linear time in [Rey11b, Rey13b]. Specifically, the mosaic-based tableau
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method has in some cases been useful for proving upper bounds on the com-
plexity of this problem; the complexity of decision problem for reasoning over
general linear time with U was proved to be in PSPACE [Rey03] by a mosaic-
based tableau method. In the mosaic-based tableau method, the mosaic tech-
nique is used for reasoning over dense time in [Rey10a] where each mosaic is the
description of a small piece of a linear-flowed model, and the tableau algorithm
decides whether it is possible to build a model of a given formula using a finite
set of mosaics.

However, the tableau in [Rey11b] and [Rey13b] is an outline that aims for the-
oretical proof decidability and complexity. It is not optimised for practical rea-
soning. Thus this motivates us to launch into using the mosaic technique for de-
veloping the feasible tableau reasoners of dense and general linear time that so
far haven’t been known yet. Implementation details, clever algorithms (heuris-
tics), and empirical results are required to demonstrate the practical application.
So, one of the main aims of this thesis is to provide the implementation of the
tableau for general linear time in [Rey13b]. Then we examine the problems of
the tableau [Rey13b] in running time and figure out the disadvantages of mo-
saic techniques for designing a feasible tableau reasoner. We will even find that
mosaics, as originally defined, are not feasible for building practical tableaux, as
involving exhaustive searches of mosaics makes the task impossible to compute.
This disadvantage is clearly shown in unsatisfiable formulas, as it impossible for
mosaic-based tableaux to solve most cases of unsatisfiable formulas. So, as a
novel abstract methodology, the technique of partial mosaics is introduced to al-
low practical mosaic based reasoners. As a partial mosaic is allowed to represent
a range of mosaics, running time of building a tableau can be greatly reduced no
matter what type of exhaustive searches are involved.

0.2 Contribution

As we are embellishing tableaux of mosaics for dense and general linear time,
a lot of these results follow from work done on mosaic reasoning [Rey10a] and
mosaic-based tableaux [Rey11b, Rey13b]. As with the soundness and complete-
ness of tableaux we will make much use of the theory of saturated sets of mosaics
[Rey13b].
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Based on the strong influence of the works above, we present the main results
here as the original contributions as follows:

1. The definition of partial mosaic for general linear time with the proof for soundness
and completeness

We present the definition of partial mosaics that are necessary for building
tableaux of general linear time. We establish the correspondence between
a model of general linear time and partial mosaics in a saturated set where
each partial mosaic corresponds to a piece of model. Therefore, the prob-
lem of determining the satisfiability of a formula in a model is theoretically
transformed into the problem of searching for a saturated set of partial mo-
saics.

2. Partial mosaic-based tableau and implementation

We present a partial mosaic-based tableau for general linear time that is
equivalent to a saturated set of partial mosaics. Therefore, we can check the
satisfiability of a formula in general linear time by a partial mosaic-based
tableau. We also provide the details that are necessary for implementing
the tableau.

3. The tableau for dense time based on dense-time partial mosaic

We slightly modify partial mosaics so that they can be used for reasoning
over dense time, and these partial mosaics are called dense time partial
mosaics. Based on the theory of the saturated set above, a tableau of dense
time partial mosaics proves sound and complete to check the satisfiability
of a formula in dense time.

4. The implementation of mosaic-based tableau with heuristics

We implement the first known tableau reasoner for general linear time
based on the work [Rey13b], and also provide some heuristics to speed
up the reasoner.

0.3 Overview

The main task of this thesis is to investigate practical techniques of building
tableaux for general linear time temporal logic. In the investigation, we aim
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at providing systematic and feasible methods for building tableaux. A more de-
tailed description of the thesis is presented as follows:

• Chapter 1 will introduce the syntax and semantics for linear temporal logics
starting from modal logics and consider some well known linear temporal
logics concerning axiomatisation, decidability, and complexity. It will also
investigate some reasoning tasks for the linear temporal logics. In particu-
lar we will examine tableau, a popular decision procedure for modal logics
and the linear temporal logics. We will also introduce some tableau-style
reasoners used today for purposes of later comparison.

• Chapter 2 will introduce mosaic and mosaic-based tableau from [Rey11b]
in a novel and straightforward way. Then we will present the detail of
the important selection algorithms along with soundness and complete-
ness proof. Then we present two mosaic choice heuristics and report on
experiments.

• Chapter 3 will focus on partial mosaics. In the first part, we will see that
partial mosaics, each of which represents multiple mosaics, can reduce
searching times when building a tableau tree. Next we show the equiv-
alence of the existence of a certain saturated set of partial mosaics to the
existence of a linear structure witnessing the mosaics and introduce a par-
tial mosaic-based tableau. Parts of this chapter appear in [BFR13].

• Chapter 4 will focus on the tableau of partial mosaics. We first introduce a
tree-shaped partial mosaic-based tableau. Next some useful properties are
considered for the tableau. In the last part, we show the equivalence of the
existence of a certain saturated set of partial mosaics to the existence of a
partial mosaic-based tableau.

• Chapter 5 will focus on the implementation of a partial mosaics based
tableau. We will present the details of implementing algorithms required
in building such a tableau. For example, the algorithm of obtaining a full
expansion of a partial mosaic is necessary for building a tableau. Some re-
quired techniques for the algorithm along with their correctness proofs are
provided as well.

• Chapter 6 will investigate practicality of both mosaic-based tableau and
partial mosaic-based tableau via experimental results. We show the new
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partial mosaic technique makes a measurable step towards practicality, by
running experiments comparing the partial mosaic approach with the older
full mosaic approach. Both random formulas and benchmarks of US/LIN
are first provided for purposes of the comparison.

• Chapter 7 will focus on dense-time tableau. In the first part, we will see
dense time partial mosaics that represent pieces of dense models. Then,
we show a densely satisfiable dense time partial mosaic is equivalent to
the existence of a saturated set of dense time partial mosaics in the similar
way as the proof of saturated set of ordinary partial mosaics in Section 3.6
of Chapter 3. Similarly to proof in Chapter 5, a successful tableau consist-
ing of dense time partial mosaics is equivalent to a piece of dense model.
Then we try to find a way to reduce search space for building a dense time
tableau. We introduce a minimal cover set for a partial mosaic that contains
the least diamond formulas so that the search space for seeking the full de-
composition of m can be reduced. In Section 7.5, we provide some search
heuristic to facilitate building a dense time tableau.

• Chapter 8 will provide concluding remarks, discuss the significance of the
results in this thesis, and mention some open problems.



Chapter 1

Temporal Logics and Tableaux

1.1 Introduction

Research into modal and temporal logics has gone beyond its original design in
philosophy for studying theoretical models of truth. As effective formal tools
for reasoning, modal and temporal logics have a range of applications from
database specification [TCG+93], verification of concurrent systems [Sti95] and
multi-agent systems [Woo09], software analysis [Jac12] and hardware verifica-
tion [NFKT87] to artificial intelligence [MST91]. Temporal logics are a special
type of modal logic where modalities describe the passing of time. The resur-
gence of temporal logics is attributed to the work of Prior who developed tense
logics from traditional modal logics in [Pri55] and the invention of Kripke frames
[Kam68] where a class of time points are well ordered. Since the landmark paper
[Pnu77], temporal logics have been recognised as a powerful formal framework
for specifying and verifying programs, temporal planning, and checking proto-
cols for network communication. To achieve these reasoning goals for real sys-
tems, algorithms need to be given to solve problems such as deciding the satisfi-
ability of a specified formula and model checking. There are various methods of
deciding the satisfiability for a formula including automata [BKŘS12, GPVW95],
resolution [Fis91, FDP01], and tableau [Wol85]. Tableau is popular as an intu-
itive reasoning process. Since tableau method was first applied to temporal logic
[Wol83], it has been explored and extended by a number of researchers to vari-
ous types of temporal logic. Most of the work is based on step-by-step reason-
ing strategy that is best suited to reasoning over a discrete flow of time [Gou84,

7
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SGL97, GKS10].

1.2 Modal Logic

1.2.1 Syntax

The syntax uses the modality � and a set P of propositional variables. P is some
countably infinite set, and the language (logic) is referred to as L(P). The L(P)
formulas are inductively defined as follows:

1. if p ∈ P , then p ∈ L(P),

2. if α ∈ L(P), then ¬α ∈ L(P),

3. if α ∈ L(P) and β ∈ L(P), then α ∧ β ∈ L(P),

4. if α ∈ L(P), then �α ∈ L(P).

Boolean connectives ∨, →, ↔, > and ⊥ are defined as abbreviations: φ ∨ ψ ≡
¬(¬φ ∧ ¬ψ), φ → ψ ≡ (¬φ ∨ ψ), φ ↔ ψ ≡ (φ → ψ) ∧ (ψ → φ), ⊥ ≡ (p ∧ ¬p),
> ≡ ¬⊥, and we define 3α ≡ ¬�¬α. For any p ∈ P , we say p is an atomic
formula of the language.

1.2.2 Semantics

The semantics of modal logic is directly associated with a model, which we will
define in this section.

Definition 1.1. A frame is a tuple (T, R) where T is a nonempty set, and R is a
binary relation on W.

A frame is often referred to as a Kripke frame. In this frame, the set T corresponds
to a nonempty set of possible worlds, and R refers to some relation between the
possible worlds. If atomic propositions are assigned to the set of possible worlds
then a model is derived from a frame. A valuation is this assignment and it
defines which atomic propositions from P are true for each world from T
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Definition 1.2. A model is a tuple (T, R, h) where (T, R) is a frame and h : P −→
Pow(T).

Let M = (T, R, h) be a model. The relation |= of truth is defined inductively as
follows:

M, t |= p ⇐⇒ t ∈ h(p), p ∈ P (1)

M, t |= ¬α ⇐⇒ M, t 6|= α (2)

M, t |= α ∧ β ⇐⇒ M, t |= α and M, t |= β (3)

M, t |= �α ⇐⇒ for every (t, t′) ∈ R, M, t′ |= α (4)

For α ∈ L, α is true or satisfied at a world t in a model M, if and only if model M =

(S, R, h) satisfies M, t |= α. The notion of truth and the relation |= are not only
restricted to some world of a model, but also can be extended to a whole model
and every frame. If α is true at some world of a model M, then α is satisfiable in
the model; if there exists a model in which α is satisfiable, then α is satisfiable; if α

is true at every world of a model M, then α is valid in the model; if α is valid in
every model, then α is valid.

1.2.3 Reasoning about of Modal Logics

When reasoning about modal logics, we can use either the semantic interpre-
tation or syntactic interpretation. The semantic aspect of modal logic refers to
models. The applications of modal logic concentrating on specification and veri-
fication of computational systems often involves semantic reasoning. In the syn-
tactic aspect, modal logics are considered as theoretic proof systems. Syntactic
reasoners do not need to construct or consider specific models.

In terms of proof theoretic interpretation, modal logics are considered as sets of
tautologies derived from given rules; a tautology is a statement that is true by
definition. For example, “it is raining today” may be true but would not be a
tautology, while “it is either raining or not raining” would be a tautology.

In the proof system, we can deduce a tautology by transforming known tau-
tologies according to syntactic rules. Such a tautology is called a theorem that
can be proved on the basis of previously established statements as premises in
the system. The initial premises defined to be tautologies from which all other
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premises and tautologies are derived are called axioms, and they the foundation
for the deducibility of modal logics. The most basic axiom of modal logic is K as
follows, where α and β are any pair of formulas1:

K �(α→ β)→ (�α→ �β);

The proof system for modal logic also includes the rule of necessitation and
modus ponens as follows:

• the rule of necessitation:

RN If α is theorem, then derive theorem �α

• the rule of modus ponens:

MP If both α and α→ β are theorems, then derive theorem β

Modal logics are classified by axiomatic characteristics, because axioms provide
the insight of the nature of modal logics. Here we introduce more common
modal logics by providing further axioms.

D = �α→ 3α

T = �α→ α

3 = �(�α→ β) ∨�(�β→ α)

4 = �α→ ��α

5 = 3α→ �3α

G = �(�α→ α)→ �α

X = ��α→ �α

Dum = �(�(α→ �α)→ α)→ (3�α→ �α)

In terms of semantic interpretation, we focus on the models of modal logics.
So, modal logics are characterised by various frames because frames determines

1In an axiomatisation that includes substitution, α and β could instead be defined as proposi-
tional variables
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models. Particular formulas are satisfiable in any model of a type frame that is
subject to certain restrictions. The restrictions are posed on a frame (T, R) so that
its relation R must meet certain conditions. Some formulas of first-order logic can
be used to express some common restrictions over relations of frames as follows:

Serial =∀x ∈ T : R(x, x)

Reflexive =∀x ∈ t∃y : R(x, y)

Transitive =∀x, y, z ∈ T : R(x, y) ∧ R(y, z)→ R(x, z)

Euclidean =∀x, y, z ∈ T : R(x, y) ∧ R(x, z)→ R(t, z)

Symmetric =∀x, y ∈ T : R(x, y)→ R(y, x)

Weakly-connected =∀x, y, z ∈ T : R(x, y) ∧ R(x, z)→ R(y, z) ∨ y = z ∨ R(z, y)

Weakly-directed =∀x, y, z ∈ T, ∃t : R(x, y) ∧ R(x, z)→ R(y, t) ∧ R(z, t)

Dense =∀x, z ∈ T, ∃y : R(x, z)→ R(x, y) ∧ R(y, z)

Semantic restrictions over relations of frames are consistent with syntactic ax-
ioms in proof theoretic interpretation.

We have some interesting modal logics in Figure 1.

The properties of a logic are determined by the characteristics of the frames of
this logic. Some specific formulas are valid in a particular frame (T, R) where
we pose some restriction on relation R. We claim the valid formula is an axiom
equivalent to the restriction.

1.3 Linear Temporal Logics

In the work of Arthur Prior [Pri55], a propositional modal logic with two tem-
poral connectives F and P was proposed. This is known as tense logic. The
temporal operator F stands for “true in the future”, and the temporal operator P
stands for “true in the past”. Prior’s original temporal operator F is just a modal
diamond 3 in the propositional modal logic K4 and the temporal operator P is
a variation of a modal diamond directed towards the past. However, temporal
language having only primitive operators F and P are not sufficient to express
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Type Axiomatic Basis characteristics
K K no restriction
KT KT reflexive
KD KD serial
K4 K4 transitive
K5 K5 Euclidean
KB KB symmetric
S4 KT4 transitive and reflexive
KD4 KD4 serial and transitive
K45 K45 transitive and Euclidean
KD45 KD45 transitive, symmetric and Euclidean
S4 KT4 reflexive and transitive
S4.2 KT4.2 transitive, reflexive and weakly-directed
S4.3 KT4.3 transitive, reflexive and weakly-connected
S4.3.1 KT4.3Dum transitive, reflexive, weakly-connected and

no nonfinal proper clusters
S5 KT5 reflexive, symmetric and transitive

Figure 1: Axioms and characteristics for common modal logics

many concepts found in natural language reasoning about time. To formalise as-
pects of natural language, Kamp introduced more expressive temporal operators
U for “until” and S for “since” [Kam68]. Kamp’s Until and Since are more ex-
pressive than Prior’s tense modalities F and P. The formula U(α, β) captures the
idea of “until” in the natural language tense constructs: U(α, β) holds, when β

holds constantly true from now up until α holds true at a future time point. Note
that this definition of the until operator is a “strict” one as it U(α, β) does not
require that α or β holds now, it only quantifies over points in the strict future.
S(α, β) is similar but represents the past: S(α, β) holds, when β has been holding
constantly true up to the current point since α held true at a past time point.

1.3.1 Linear Time Model

In a model of linear temporal logic, a world symbolises a time point, a frame
shows the flow of time and a valuation represents events occurring over time.
There is a variety of temporal logics and each of them can be attributed to a
type of modal logic. A modal logic whose frame is S4.3.1 as shown in Table 1
provides a form of linear temporal logic. A model (T,<, h) of a modal logic is
used to interpret a linear temporal logic model:
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• T is a nonempty set of time points (worlds);

• < is a linear order; that is a binary relation ⊆ T × T which is:

1. irreflexive: ∀t ∈ T, ¬(t < t);

2. total : ∀x y(x = y ∨ x < y ∨ x > y); and

3. transitive : ∀s, t, w ∈ T, (s < t ∧ t < w)→ s < w

• h : P −→ Pow(T)

A model of linear temporal logic is interpreted as (T,<, h) that is a counterpart
of model (T, R, h) in modal logic. The model (T,<, h) for linear temporal logics
is called a structure. In the structure (T,<, h), the time points are symbolised by
a nonempty set T, and < is an earlier-later relation on T. So, we can compare any
two points in terms of flowing time in a linear structure. Irreflexivity and tran-
sitivity guarantees a strict order for binary relation <, while totality guarantees
that any two distinct time points from T have an earlier-later relation so that we
can restrict (T,<) to only one linear path.

There are various classes for linear flows of time. Here we introduce some inter-
esting properties for those classes of linear flowing time.

Definition 1.3. We define some common sets of linear orders:

• (T,<) is finite iff T is finite.

• (T,<) is discrete if every time point except the last one has a next time point
and every time point except the first one has a previous time point (if they
exist). This is formally denoted ∀x, y(x < y → ∃z(z < y ∧ ¬∃t(z < t ∧ t <
y))). For example, the integers Z can represent the discrete flow of time
where each clock tick is numbered consecutively

• (T,<) is dense if for any two points, there is another point in between. This
is formally denoted ∀x, y∃z : (x > y) → ((x > z) ∧ (z > y)). For example,
both rational numbers (Q,<) and real numbers (R,<) are dense linear
orders when < is the usual less than relation.

• (T,<) is Dedekind complete if every nonempty and bounded subset of T has
a greatest lower bound and a least upper bound. A greatest lower bound
is defined to be a unique maximal point x such that no point less than x
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is in the subset. A least upper bound is defined to be a unique minimal
point y such that no point greater than y is in the subset. For example, in
(Q,<), the subset {x|x < π} has no least upper bound in Q, as there are
infinitely many rational numbers close to π. So (Q,<) is only dense but
not Dedekind complete.

• (T,<) is continuous if it is dense and Dedekind complete.

• (T,<) is separable if there is a countable subset B ⊆ T that is dense in T (i.e.
for every pair x, y ∈ T, ∃ z ∈ B such that x < z < y). For example, the reals
(R,<) are both continuous and separable.

1.3.2 Syntax of Linear Temporal Logics

A basic syntax underlying this work is the propositional language L(U, S) with
natural-language style Until and Since connectives originally introduced in the
paper [Kam68]. Formulas of L(U, S) are built up recursively from the atomic
propositions with the usual connectives of classical logic and the temporal con-
nectives U and S.

For simplicity we consider negation (¬) and conjunction (∧) to be the only basic
classical connectives and define other commonly used connectives as abbrevia-
tions of basic connectives.

We now provide the formal definition of language L(U, S) where every formula
is recursively constructed by these connectives and atomic formulas.

Definition 1.4. The syntax of language L(U, S) uses the modalities both U and
S, and a set P of propositional variables. P is some countably infinite set, and
the language L(U, S) is referred to as the smallest set L satisfying:

1. if p ∈ P , then p ∈ L,

2. if α ∈ L, then ¬α ∈ L,

3. if α ∈ L and β ∈ L, then α ∧ β ∈ L,

4. if α ∈ L and β ∈ L, then U(α β) ∈ L,

5. if α ∈ L and β ∈ L, then S(α β) ∈ L.
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1.3.3 Semantics of Linear Temporal Logics

The semantics of a linear temporal logic is demonstrated by a structure where
every formula of L(U, S) is evaluated at time points. If the formula α ∈ L(U, S)
is true at time x ∈ T in the structure T = (T,<, h), then we write that T, x |= α.
We will present the full semantics by recursively defining the truth of complex
formulas of the language.

1. T, x |= p iff x ∈ h(p), for p atomic;

2. T, x |= ¬α iff T, x 6|= α;

3. T, x |= α ∧ β iff T, x |= α and T, x |= β;

4. T, x |= U(α, β) iff there is y > x in T such that T, y |= α and for all z ∈ T
such that x < z < y, we have T, z |= β;

5. T, x |= S(α, β) iff there is y < x in T such that T, y |= α and for all z ∈ T
such that y < z < x, we have T, z |= β.

1.3.4 Other Temporal Operators

In this part, we first introduce some popular temporal operators that are com-
monly used, and then demonstrate them as abbreviations of the other temporal
operators. It is interesting to note that Kamp’s operators U and S are sufficient
to express all the operators that we will discuss in this section. For example,
Priorean temporal operators F and P are included. Formula Fα is the abbrevia-
tion of formula U(α,>), and formula Pα is the abbreviation of formula S(α,>).
Some other interesting operators consist of always operator G, tomorrow operator
X, constant soon operator Γ+, arbitrary soon operator K+, and the mirror image of
these operators towards the past. The abbreviations are as follows:

• Xα = U(α,⊥) - There is a next point and α will be true at it

• Yα = S(α,⊥) - There was a previous point and α is true at it

• Fα = U(α,>) - α will be true in future
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• Pα = S(α,>) - α was true in the past

• Gα = ¬F¬α - α will always be true in future (vacuously true if no future
points exist)

• Hα = ¬P¬α - α was always true in the past (vacuously true if no past
points exist)

• Γ+α = U(>, α) - α will be constantly true for a while from now on

• Γ−α = S(>, α) - α was constantly true for a while until now

• K+α = ¬Γ+¬α - α will be true arbitrarily soon or we are at the end of time

• K−α = ¬Γ−¬α - α was true arbitrarily recently or we are at the beginning
of time

Note that: the use of some connectives are conditioned by classes of flows of
time. Tomorrow operator X and yesterday operator Y can only be true in discrete
flows of time while the arbitrary soon K+ and arbitrary recently K− may be true in
dense time or may be true at the end of discrete time.

In terms of duality of temporal operators, we have Fα ≡ ¬G¬α, Pα ≡ ¬H¬α,
K+α ≡ ¬Γ+¬α, K−α ≡ ¬Γ−¬α, F can abbreviate always connective G with ¬F¬α

for Gα.

1.3.5 Special Linear Temporal Logics

In this section we discuss the most influential linear temporal logics, some of
which have been heavily studied and widely applied into specifying real world
systems [Kon13]. In the linear temporal logics, Kamp’s Until and Since operators
can be interpreted as either strict ones or non-strict ones that are also slightly
different in expression. In the case of strict until operator as described above, if
U(α, β) holds, then it implies that β holds constantly true from now up until α

holds true at a future time point; in the case of non-strict until operator, if (βUα)

holds, then it implies that β holds constantly true from now up until α holds true
at a future time point or the current time point. We write non-strict until operator
in U≤ while the strict one is still U. Non-strict since operator S≥ is similar but
it represents the situations in the past that is mirror to the non-strict U≤. With
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strict and non-strict operators, special linear temporal logics are introduced as
follows:

1. PLTL and TL: As the most popular and applicable propositional temporal
logic of discrete time, Propositional Linear Temporal Logic (PLTL) was first in-
troduced in [Pnu77] and [GPSS80]. This logic is non-strict until operator
U≤ over infinite, discrete and linear flow of time. The past-time operator
S≥ is supplemented in [LPZ85] along with U≤ and the logic is called Tem-
poral Logic (TL). TL is logic of operators U≤ and S≥ over natural numbers.
However, TL is no more expressive than PLTL, although when the past
operator is added, the logic is exponentially more succinct [Mar03].

2. US/LIN: As to general linear time, US/LIN denotes the logic of L(U, S)
over the class of all linear flows of time. US/LIN aims for reasoning about
events over general linear time including dense time. Other logics for more
specific flows of time such as the reals or dense-time can be obtained by a
semantic restriction of the same language [Rey09].

3. RTL: RTL denotes the logic of L(U, S) over real numbers. It is the most
natural and expressive temporal logic over real numbers. It expressively
complete in the sense that it is as expressive as the first-order monadic logic
of the real numbers [Kam68].

1.4 Reasoning Tasks

Since PLTL was first introduced in [Pnu77] for reasoning about programs, the
reasoning tasks of temporal logics have been extensively studied [Fis91, Gor99,
MP90]. These reasoning tasks range from the fundamental task of deciding sat-
isfiability of formulas to theoretical decidability of a logic and reasoning about
complexity. In this section, we first analyse various linear temporal logics men-
tioned above in terms of their reasoning tasks. It specifies the reasoning prob-
lems that logics are required to solve. Then we will discuss techniques that are
well-suited to solving these problems.

The problems include: satisfiability, validity, and model checking. The problem
of satisfiability is to decide if a given formula is satisfiable in a logic; the problem
of validity is to decide if a given formula is valid in a logic; model checking is a
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reasoning task of verifying a system represented by a model against specification
by deciding whether the system satisfies formalised property.

There are many techniques available for accomplishing all of the reasoning tasks
above. For example, axiomatizations, tableau and resolution may be used for de-
ciding or generating valid formulas in a logic. We should note that some similar
techniques have been applied for classical logic or modal logic, and the tech-
niques have been extended to solve similar problems for temporal logics. Even
if the fundamental idea of a technique is the same, the technique may have to
be greatly modified for another logic. Here we first introduce some reasoning
tasks and reasoning techniques for solving reasoning problems above in a logic
as follows:

1. A decision procedure is an algorithm for deciding the satisfiability of tem-
poral logic formulas. If a formula is satisfiable then the negation is not
valid. So, a decision procedure can also check the validity of a formula.
There are many types of decision procedures including tableau-based de-
cision procedures [Wol85], automata [BKŘS12, GPVW95] and resolution
[Fis91, FDP01].

2. An axiom system provides a formal system for proving theorems in a logic.
A proof is the act of deriving a concluding statement based on rules and
some other statements as premises. If every theorem of an axiom system is
valid, then the axiom system is called sound. If the axiom system is sound,
proving that a formula is a theorem of the axiom system also demonstrates
that the formula is valid. If every valid formula is a theorem of the ax-
iom system, then the axiom system is called complete. If the system is de-
cidable, sound and complete it also provides a decision procedure for the
logic. Generally, there are Hilbert style axiom systems and Gentzen-style
axiom systems. A Hilbert style axiom system consists of axioms, rules and
proofs. The method of an axiom system involves deriving a proposition
(valid formula) from a collection of propositions (axioms). The axioms are
the original propositions so that compound propositions can be deduced
from the axioms. There are several basic rules such as modus ponens and
temporal generalisation.

3. Tableau is one of the most popular automated theorem proving techniques
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for logics. The general idea of the tableau method is relating their basic syn-
tactical deduction with the semantics of logical operators. In comparison
with other decision procedures, this technique provides a corresponding
model when checking the satisfiability of a given formula. So, it is an intu-
itive reasoning method.

There are a variety of techniques including tableau for deciding the satisfiability
of a given formula [Fis91, GPVW95, RD05]. A technique can be adapted from one
logic to another. So, some techniques have undergone great improvement that
corresponds to the evolution of logics. They are first used for solving the satis-
fiability problem for classical logics, are applied into modal logics, and then ex-
tended to temporal logics. The general ideas of these techniques do not change,
but novelties frequently appear, due to the different properties of various logics.
Some large modification may be required even for a little change in a logic. For
example, techniques greatly varies from PLTL to US/LIN. The following part
will demonstrate a range of techniques and reasoning tasks along with the de-
velopment from simple linear temporal logic to the sophisticated ones.

1.4.1 PLTL and TL

In [GPSS80], Gabbay et al. shows the decidability of PLTL and provides a sound
and complete Hilbert-style axiom system. As to the complexity, a PSPACE-
complete algorithm result is provided for deciding PLTL satisfiability. However,
if only modal-style temporal operators F and P are used, deciding satisfiabil-
ity is reduced to an NP-complete problem [ON80]. A method of checking PLTL
satisfiability via automata is also provided in [SVW87].

A Hilbert-style axiomatisation is provided for PLTL in [GPSS80] as follows:

C0 any propositional tautology
C1 G(α −→ β) −→ (Gα −→ Gβ)

C2 Gα −→ (α ∧ X(Gα))

C3 X¬α −→ ¬Xα

C4 X(α −→ β) −→ (Xα −→ Xβ)

C5 G(α −→ Xα) −→ (α −→ Gα)

C6 (αUβ)←→ (β ∨ (α ∧ X(αUβ)))

C7 (αUβ) −→ ¬G¬β



20 CHAPTER 1. TEMPORAL LOGICS AND TABLEAUX

We see C6 the Until operator formalised by this axiomatisation is non-strict as
(αUβ) implies that either α or β need to be true now. We use the (αUβ) notation
to distinguish this Until from the strict until U(β, α) used elsewhere in this paper.

We also require the rules “modus ponens” and “necessitation” as shown in Sec-
tion 1.2.3. The axiom C1 is the most general rule K for all modal logics. Axiom C6
characterises temporal U formula (αUβ) with an important terminating consid-
eration α in the recursive expression. Similarly, axioms C2 shows characteristics
of fixpoint for G formula. Axioms C2 and C6 are the foundation of tableau pro-
cedures for PLTL in [Wol85], and we will discuss tableau techniques in later part.

As to other axiomatic systems, a Hilbert-style axiom system [LPZ85] is provided
for TL and Gentzen-style axiom systems [Sza95] are provided for PLTL

1.4.2 US/LIN

Research into reasoning tools for US/LIN has been ongoing over a considerable
period: axioms [Bur82], decidability [BG85], complexity [Rey10a].

A complete axiom system to allow derivation of the valid formulas of US/LIN is
provided in [Bur82]. The Hilbert-style axiom system in [Bur82] was simplified
by Xu in [Xu88] where inference rules include temporal generalisation toward
both the future and the past. Here are six Burgess-Xu axioms:

• G(α→ β)→ (U(α, γ)→ U(β, γ))

• G(α→ β)→ (U(γ, α)→ U(γ, β))

• α ∧U(β, γ)→ U(β ∧ S(α, γ), γ)

• U(α, β)→ U(α, β ∧U(α, β))

• U(β ∧U(α, β), β)→ U(α, β)

• U(α, β) ∧U(γ, δ)→ U(α ∧ γ, β ∧ δ) ∨U(α ∧ δ, β ∧ δ) ∨U(β ∧ γ, β ∧ δ)

When adapting a logic to dense time, the decision procedure may become unde-
cidable [AH93]. For example, generalising point-based modal temporal logics,
modal temporal logics based on time intervals over dense time are usually un-
decidable [HS91]. Fortunately, US/LIN is decidable. Gurevich first proved that
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the universal monadic first-order logic of all linear orders is decidable [Gur65].
Then, decidability of US/LIN is derived from the result, and it was presented by
the case of decidability of L(U, S) over the rationals in [GHR94].

In [Rey10a], the decision problem of US/LIN was shown to be in PSPACE just
like PLTL [SC85].

RTL is considered to be the most natural temporal logic due to its expressive-
ness. RTL has the same expressiveness of first-order monadic logic over the reals
[Kam68]. It is even as expressive as a metric logic [Rey01]. So, RTL is sufficient
to express many semantic requirements.

RTL is decidable [BG85], and the decision complexity is in PSPACE [Rey10b]. It
also has complete axioms systems [GH90, Rey92].

It was only recently [FMDR13] that the problem of model checking for US/LIN
was addressed, because models are hard to describe. Recent work on model
checking general linear time has included model checking algebraic model ex-
pressions for specifying models. There is also a timed automata for model check-
ing RTL (See e.g. [MRS02]).

1.5 Tableaux

Tableau, a theorem reasoning procedure, is one of the most popular reasoning
technique for logics. A tableau is a deduction system for checking satisfiability of
formulas in a logic. The rules in the deduction system are built from the seman-
tic nature of the logic, especially the properties of relation R in any frame (T, R)
of the logic. In some cases, reasoning using rules of a tableau deduction sys-
tem is essentially reasoning directly about the properties of relation R in frames
of a logic [Gor99]. So, when the tableau rules are applied for reasoning over
satisfiability of a formula in the case, it must include the corresponding seman-
tic information about the model of the formula. An instance of reasoning over
the rules is essentially a model-construction process. As a result, a most tableau
based procedures are able to construct a model when checking the satisfiability
of a given formula.

Tableau have been adapted to various logics. Since semantic tableaux were in-
vented for classical propositional logic in [Bet55, Bet53], a large quantity of work
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has applied them into modal logics [Zem73, Fit83, Gor99] and then to temporal
logics [Wol85, GKS10], including branching time logics [Rey13a, FLL10]. Tableaux
for modal logics are closely related to cut-free Gentzen sequent systems [Fit83].
Tableaux are modified to adapt to different types of modal logics.

1.5.1 Tableau Systems for General Modal Logics

In [Fit83], Fitting provides the formulation of tableaux for most basic logics.
Based on the more modern formulation in [Gor99], we firstly briefly review dif-
ferent tableaux for various modal logics. We begin with the basic modal logic K
and then extend to other modal logics.

• ∆ denotes a set of formulas as defined in Section 1.2.1;

• α, β denote formulas as defined in Section 1.2.1;

• α; β stands for set {α, β};

• ∆; γ stands for the union ∆ ∪ {γ};

• �∆ stands for {�γ|γ ∈ ∆};

• 3∆ stands for {3γ|γ ∈ ∆};

• ∆1|∆2 stands for either ∆1 or ∆2; (In a branching tableau it represents that
there are two children, one with ∆1 and the other with ∆2)

(∧)∆ ; α ∧ β

∆ ; α; β
(∨) ∆ ;¬(α ∧ β)

∆ ;¬α|∆ ;¬β
(⊥)∆ ; α;¬α

∆ ;⊥

(¬)∆ ;¬¬α

∆ ; α
(K)

�∆ ;¬�α

∆ ;¬α

Rule (¬), (∧), (¬) and (∨) are derived from tableau rule for classical proposi-
tional logic. Each rule is classified as either a static rule or as a transitional rule.
(K) rule is a transitional rule, and (∧), (∨), (⊥), (¬) rules are static rules. Rules
are categorised according to semantic argument. As a transitional rule, (K) de-
scribes the implication of formulas in neighbouring worlds, while static rules
shows the implication of formulas in the current world.



1.5. TABLEAUX 23

(T)
∆;�α

∆;�α; α

(KD)
�∆ ;¬�α

∆ ;¬α
where {¬�α,¬α}may be empty (K4)

�∆;¬�α

∆;�∆;¬α

(S4)
�∆ ;¬�α

�∆ ;¬α

The rule (K) is the most general tableau rule that can used in all modal logics.
Rule (T) shows relation R is reflexive, as �α holding in the current world implies
α is also true in the current world; rule T shows relation R is serial, as ¬�α

implies there is a neighbouring world making ¬α true; rule K4 shows relation R
is transitive, as �α in the current world implies �α in all neighbouring worlds.

The intuition for the difference between (K) and (KD) is that: as (KD) guaran-
tees the existence of a neighbouring world making ∆ true even when the current
world contains no formula in the form of ¬�α. On the other hand, (K) can guar-
antee the existence of a neighbouring world when the current world contains a
formula in the form of ¬�α.

If the relation R of a frame (T, R) is reflexive, anti-symmetric and transitive, then
R is a partial order for the set T. So, the order can be viewed as the direction
of flowing time. If the frame is transitive, formula �α can be interpreted that: it
will be always the case α from now on from the view of time; and formula 3α

can be interpreted that: it will be the case α some time in the future. In Table
1, S4 is transitive and reflexive that can represent flowing time. Based on the
interpretations of S4 as flowing time, S4.3 is interpreted as modal logic for linear
dense time, and S4.3.1 is interpreted as modal logic for linear discrete time in
[Bul65]. There are already tableau rule for S4.3 and S4.3.1 in [Gor94]. In the next
section, we will introduce the tableau for temporal logic by focusing on tableau
rule for temporal operators.

1.5.2 Tableau Systems for Linear Discrete Temporal Logics

A detailed description of a tableau system for PLTL was first provided by Wolper
in [Wol85]. The newly introduced tableau rules in the work are only for basic
temporal connectives X, F, G, and U. The static rules for temporal operators F,
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U, G, ¬U and ¬X are as follows:

(¬X)
∆;¬Xα

∆; X¬α
(F)

∆; Fα

∆; α|∆; XFα
(G)

∆; Gα

∆; α; XGα

(U)
∆; U(α, β)

∆; α|∆; β; XU(α, β)
(¬U)

∆;¬U(α, β)

∆;¬α;¬β|∆;¬α; X¬U(α, β)

It has transitional rules for temporal operators X as follows:

(X)
∆1; X∆2

∆2
where X∆2 stands for {Xγ|γ ∈ ∆2}

In the work [Wol85], a tableau for PLTL is a finite graph with a tree like structure
where each node is labelled with a set of formulas. The root of the tree is labelled
with {φ} where φ is the formula being tested for satisfiability. In the tree, each
branch represents a choice. If the tree branches at a node then it implies alterna-
tive choices exist from that node. The tree is expanded along a branch at each
step by adding child nodes. The labels of nodes in parent-children relation are
constrained by tableau rules. These rules consist of both static rules and transi-
tional rules. In building a tableau, we have to constantly eliminate unsatisfiable
nodes in terms of both classical logic and temporal logic. For unsatisfiability
with respect to classical logic, if an inconsistent set in terms of the classical logic
appears in a label of a node then it requires removing the contradicted node,
backtracking to the parent node, and switching to another branch to continue
expanding. If all the child nodes of the parent node have been eliminated, then
we remove the parent node. For unsatisfiability with respect to temporal logic, a
formula Fα or U(α, β) in a node is unsatisfiable, if there is no path in the tableau
leading from that node to another node containing the eventuality α. The pro-
cess of building a tableau is completed when all contradicted nodes in terms of
both classical logic and temporal logic have be removed. If the root node has
been removed, the formula φ is unsatisfiable; otherwise the formula φ is satisfi-
able since a model for φ can be inferred from the tree-shaped tableau. The static
rules include (⊥), (¬), (∧) and (∨) just as they are in modal logics, and the static
rules (F), (G), (U) and (¬U) are for decomposing temporal formulas into two
parts: formulas that are true in current state and formulas that are true in the
next state. The transitional rule (X) as shown above suggests a movement from
current state to the next state when all formulas are either true in the current state
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1: {Gp ∧ F¬p}

2:{Gp ∧ F¬p∗,
Gp, F¬p

3:{Gp ∧ F¬p∗,
Gp∗, F¬p
p, XGp}

4: {Gp ∧ F¬p∗,
Gp∗, F¬p∗,
p, XGp,¬p}

5:{Gp ∧ F¬p∗,
Gp∗, F¬p∗,

p, XGp, XF¬p}

6: {Gp, F¬p}

7:{Gp∗, F¬p,
p, XGP}

8: {Gp∗, F¬p∗,
p, XGP,¬p}

9:{Gp∗, F¬p∗,
p, XGP, XF¬p}

10: {Gp, F¬p}

Figure 2: Wolper PLTL Tableau for φ = Gp ∧ F¬p

or will be true in the next state after decomposing all formulas in the current state
by static rules.

See an example of the PLTL tableau in Figure 2 as shown in [Wol85]: the root
node is labelled with Gp ∧ F¬p. Then we apply static rule (∧) to Gp ∧ F¬p in
node 1, and then we have Gp and F¬p in node 2. As we proceed to apply static
rule (G) to Gp in node 2, and then we have p and XGp in node 3. Because we
continue to apply static rule (F) to F¬p in node 3, then there are nodes 4 and 5 to
be generated. Because the label of node 4 is a contradiction in terms of classical
logic, we have to eliminate node 4. So, we can only expand the tableau from node
5. For node 5, it can transform to node 6 when using the transitional rule (X)

that represents moving from the current point to the next point for building the
model. If static rule (G) is used for Gp in node 6, then we have p and XGp again
in node 7. When applying static rule (F) to F¬p in node 7, we have node 8 and
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node 9. Because the label of node 8 is a contradiction in terms of classical logic,
we have to eliminate node 8 and backtrack node 7. When expanding the tableau
from node 9, we can derive node 10 after using the transitional rule (X) in node
9. As node 10 has the same set of formulas as node 6, node 10 will be expanded
in the same way as node 6. Therefore, formula F¬p is not satisfiable in terms of
temporal logic, as there is no path leading from node 6 to a node containing ¬p.
Node 6 has to be eliminated so that the root node 1 will eventually be eliminated.
So, the tableau cannot be successful and Gp ∧ F¬p is not satisfiable.

Gough extended the study of tableau systems to regular operators including
both future and past modalities [Gou84]. Early tableau methods for Proposi-
tional Temporal Logic (PTL) include [MW84] and [LP85]. A tableau calculus is
shown in [MP95] and an efficient tableau is introduced in [SGL97]. Some other
approaches are also introduced: integer constraints are suggested for tableau
calculus in [HI94] instead of loop-checking in [Wol85] and some global con-
cepts [MP95]. Another one-pass tableau calculus is provided by Schwendimann
in [Sch98] and then extended to branching time in [AGW09]. The main idea of a
classical tableau for linear temporal logic in [Wol85] is introduced here to obtain
a general idea on this technique.

1.5.3 Tableau Systems for Linear Dense Temporal Logics

Since the work [Rey03] where a new mosaic technique is used for reasoning over
general linear time, much progress has been made on tableau-style reasoning for
general linear time and dense time [Rey03, FMDR12, Rey10b]. All their tableau-
style theorem reasoning systems are based on mosaics. Because of the close rela-
tionship with the mosaic method, tableaux for various dense-time logics will be
introduced in the next section as the most important part in this chapter.

1.6 Mosaics

Although reasoning techniques over discrete time are well known, reasoning
over continuous time has had much less progress. This is mainly attributed to
the characteristics of continuous time that requires the ability to reason on any
points in between two points. The existing step-by-step-based techniques are
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quite appropriate for reasoning over discrete time but they are not applicable to
continuous time.

Since the possibility of reasoning over single time points is denied for dense time,
people began to seek a reasoning technique over a range of time points. The in-
tuition is that a cluster of associated time points compose to a block, a small piece
of a model. The small pieces of a model have some properties so that they make
some formulas satisfiable. If we string these small pieces of a model together
into a complete model, some properties of the complete model are derived from
organising the small pieces of models with various properties. In order to build
such a complete model, we in turn have to be aware what small pieces of a model
are needed and how to organise them. The mosaic tableau provides methodol-
ogy of searching and organising smaller pieces of models for building a complete
model making some formula satisfiable.

The mosaic method is a general technique to provide an automated theorem-
proving system for many temporal logics. For the sake of adapting the mosaic
method to various temporal logics, minor modifications are necessitated, but
they are all based on the same principle: (1) there are certain syntactical con-
ditions for the coherency of a mosaic so that the mosaic can truly represent a
piece of model. (2) There are syntax-based saturation (existence) conditions on a
finite set that is sufficient for building a model. The second principal implies that
a required model for a formula exists, if and only if a finite set of such mosaics
exists to correspond to the model in a way by satisfying certain existence condi-
tions. A finite mosaic set of a given saturation condition is generally known as a
saturated set SSM of mosaics. It is possible to prove the equivalence between the
existence of a model and existence of a saturated set of mosaics, so a formula of
a mosaic in SSM is satisfied by a model. To understand the principle of mosaic
method above, readers can check mosaics in Section 2.2 where mosaic method is
first used for reasoning over linear flows of time [MMR00].

Although the application of mosaic method in [MMR00] is only applied to less
expressive linear logics, it inspired people to adapt this method to reasoning on
other linear logics. The mosaic method was suggested as a solution of reasoning
over dense time. The complexity of deciding satisfiability of a US/LIN formula
is obtained by a tableau-style theorem proving approach. In [Rey03], a mosaic
was specified with a different syntactical coherency condition. Generally, each
mosaic m is a 3-tuple of sets of formulas (S(m), C(m), E(m)) where S(m) and
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E(m) corresponds to sets of formula held by an early point x and a later point
y in a model and C(m) corresponds to the set of formulas held by any points
in between. As satisfying the eventualities U and S is more complicated, SSM
must be constructed in a more sophisticated way. In [Rey03], SSM is implicitly
defined through a winning strategy for playing a two-player mosaic game. As
to the complexity of the decision procedure, a winning strategy takes the form
of a mosaic tree and then the search for SSM or a winning strategy converts to
building such a mosaic tree; a PSPACE-complete problem. Work in [Rey13b]
improves on this mosaic-based tableau-style decision procedure by providing
a detailed description of a mosaic-based tableau system for US/LIN. To show
soundness and completeness of the tableau, it specifically describes a SSM and
proves equivalence of satisfiability of a mosaic m, the existence of SSM with m in
it, and a mosaic-based tableau for m.

A mosaic method is also suggested as a tableau-based approach for deciding sat-
isfiability for a more expressive and sophisticated logic RTL in [Rey10b]. When
considering reasoning over real numbers, the properties of real numbers such as
Dedekind completeness and separability along with density make the situation
complicated. Without consideration of Dedekind completeness and separabil-
ity, SSM in [Rey03] and [Rey13b] is no longer appropriate for RTL and some
modification is required. With respect to peculiar properties of real numbers,
a new SSM for RTL is implicitly proposed through a real mosaic system RMS.
Compared to two-player game, RMS by nature is also a tree-shaped SSM where
every arrangement of a sequence of mosaics is for satisfying saturated condition
and this implicates a tree of sequences of mosaics. However, some extra satura-
tion condition is introduced for capturing Dedekind completeness and separa-
bility. It captures Dedekind completeness by ensuring that the deeper a mosaic
is in the tree, the simpler it is. It captures separability by guaranteeing a certain
mutual recursions (shuffles) between mosaics in the mosaic tree. It was shown
that checking satisfiability of RTL is in PSPACE, by developing an equally de-
terministic polynomial space algorithm with results of RMS. Based on the work
of tableau style theorem-proving procedure in [Rey10b], a sound and complete
tableau of mosaics is provided via RMS in [Rey13b]. Mosaics are also applied
into other expressive temporal logics. The complexity result of metric temporal
logic in [HR05] is based on the proof in [Rey10b].
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1.7 Complexity

1.7.1 Concepts of Complexity

Before we move on to the complexity of various temporal logics, we need to
define some basic concepts in the complexity classes like P, NP, PSPACE, EXP-
TIME. In order to investigate limitations of computation, Turing machines, first
described by Alan Turing in 1937 [Tur37] as a hypothetical device simulating a
computing machine.

We start with P complexity. P is one of the most fundamental complexity classes.
A language L is in the P complexity class if and only if a deterministic Turing ma-
chine can determine whether a word is in the language using only a polynomial
amount of computation time.

A generalisation of P is NP, which is the class of decision problems decidable by
a non-deterministic Turing machine that runs in polynomial time. Obviously,
the complexity class P is contained in NP, but NP contains many important
problems, the hardest of which are called NP-complete problems, for which
no polynomial-time algorithms are known for solving them. We believe that
P ⊂ NP.

We need to show another class of complexity, PSPACE. However, we must give
some definitions first.

Definition 1.5. The space complexity of a deterministic Turing machine is the
function f : N→N, where f (n) is the maximum number of tape cell that Turing
machine scans on any input of length n.

Let t : N → N be a function. Define the space complexity class.
SPACE(t(n)) = {L|L is a language decided by an O(t(n)) space deterministic
Turing machine}

PSPACE is the class of languages that are decidable in polynomial space on a
deterministic Turing machine, that is PSPACE = ∪k∈NSPACE(nk)

Besides PSPACE, there is another more complicated complexity class EXPTIME.
EXPTIME can be simply considered to be the class of problems solvable in ex-
ponential time. As to the relationship of these complexity classes, NP contains
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all problems in P, since one can verify any instance of the problem by simply
ignoring the proof and solving it. NP is contained in PSPACE. To show this,
it suffices to construct a PSPACE machine that loops over all proof strings and
feeds each one to a polynomial-time verifier. We have P ⊆ NP ⊂ PSPACE ⊆
EXPTIME [Sav98].

1.7.2 Complexity of Decision Procedures for Temporal Logics

over Linear Flow of Time

PLTL was introduced in [Pnu77] where it was also shown that its decision prob-
lem is PSPACE-complete, that is the complexity for deciding validity and satisfi-
ability.

As to the complexity of temporal logic over the class of all linear orders, [ON80]
gave an NP-completeness result for the logic with only Prior’s operator F and
P, and [SZ93] gave a PSPACE-completeness result for the logic with Kamp’s
temporal operator U and X. The complexity of decision procedures for tem-
poral logics with Kamp’s temporal operator U over all general linear time is
also PSPACE-complete [Rey03]. This result was obtained by proving existence
of a PSPACE-algorithm establishing limited depth of mosaic tree. The proof also
vaguely suggests a tableau based on mosaics for temporal logic over general lin-
ear time. Based on the work before, [Rey10b] gave a PSPACE-completeness re-
sult for all the decision problems of any temporal logic using standard style tem-
poral connectives over any class of linear time flows of time, including dense,
discrete, continuous and so on. As to the decision problem of RTL (temporal
logic with U and S over reals), [Rey10b] showed it is also PSPACE-complete.
There are some other results related to the complexity and decision over contin-
uous time. [Rab98] shows an EXPTIME decision procedure for finite variability
over continuous time. [SZ93] provides an NP decision procedure for temporal
logic with just F rather than U over reals. The PSPACE-completeness result is
proved by Demri and Rabinovich for the satisfiability problem in the language
of Kamp’s Until and Since over the class of ordinals [DR07].
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1.8 Applications

In the early work [Pnu77, MP95] temporal logic (PLTL) is usually used in the ver-
ification of programs. It was shown that temporal logic is adequate for express-
ing various properties of the execution sequences of concurrent programs such
as partial correctness, termination, mutual exclusion, accessibility and liveness.
Currently there are many applications of temporal logics in the computer science,
especially in specifying and verifying real-time systems [Kon13]. Real-time sys-
tems are amongst the most challenging systems to analyse; verifying correctness,
and having confidence in the verification method itself, are both crucial. This mo-
tivates the use of temporal logics for the analysis of real-time systems. Real-time
systems can be specified in the language of temporal logics. For example, the
properties of real-time systems can be expressed in requirements languages such
as Computation Tree Logic (CTL) [CES86, CE08], and Timed Computation Tree
Logic (TCTL) [ACD90].

For reasoning about real systems, temporal logics are provided with deductive or
algorithmic methods. Deductive methods, such as the axiomatisation for tempo-
ral logic, were the first methods to be developed; they are characterised by very
expressive specification and requirements languages, and verification techniques
are based on proof systems (axioms and inference rules). Correctness is then as-
serted by means of a mathematical proof and requires considerable user interac-
tion; verification is typically assisted by theorem provers. The Temporal Logic
of Actions [AL94, Lam94] and Clock Transition Systems [KMP96], are probably
the most mature deductive frameworks, supported by theorem provers. Tem-
poral logics are also used for solving planning problems and modelling prob-
lems [HR04], and business process mining [dA11].

There are some other reasoning applications of temporal logics. Many impor-
tant reasoning applications require model checking algorithms. Model check-
ing takes a description of a system (a model) and checks whether it matches it’s
specification (represented as a formula). Model checking tools are available for
many application areas. For instance software and hardware systems [BCM+90,
BK08], finite-state distributed systems [Hol97], and the engineering design of
systems [Bue11].

Temporal logic is required by some concepts in Artificial Intelligence such as
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reasoning about activities that may change with time. In particular, some im-
portant notions in artificial intelligence like change, causality, and action can be
described by the formalism of temporal logic. What is more, for many AI ap-
plications, it is necessary to consider the change of information over time and
the knowledge about how it changes. In the survey [Vil94], we can see that, in
different areas of AI, it is easy for us to find the need for reasoning over time,
such as, medical diagnosis and explanation, planning, industrial process super-
vision, and natural language understanding. There is also some work focus-
ing on the theoretical application of temporal logic in AI including: time the-
ory [Vil82]; action-time theory [All84]; temporal logic for reasoning action and
time [McD82]. Temporal logics are also used to express search control knowledge
for planning [BK00]. As a part of AI, there are many applications of automated
common sense reasoning such as intelligent user interfaces, natural language
processing, and robotics [Mue10]. There are plenty of applications of temporal
logics in AI as shown in the work [FGV05] including temporal databases, tem-
poral reasoning in agent-based systems, temporal reasoning in natural language,
temporal planning, temporal reasoning in medicine.

Reasoning applications of temporal logics over dense and general linear time
have been studied for decades alongside the applications of logics for discrete
time. In programming languages, representing time is important. Temporal
information is required to be expressed based on discrete time or dense time
including reals. There is description of a dense temporal logic programming
framework in [AV96]. There is an application for reasoning about real-valued
continuous time signals in [DM10] where a simulation-based verification of com-
plex nonlinear and hybrid systems in temporal logic is proposed. In terms of real
systems, there are applications of reactive hardware [AD94] and continuous time
multi-agent systems [KMP94].



Chapter 2

Mosaics

2.1 Introduction

Section 1.4 shows various reasoning techniques for discrete temporal logics in-
cluding tableau [Wol85], automata [BKŘS12, GPVW95] and resolution [Fis91,
FDP01]. However, the characteristics of these methods make them only suitable
for discrete-step reasoning, while for reasoning over dense time considering only
sequences of points is insufficient as any two points also have points in between
them. This indivisibility results in difficulties which have delayed the develop-
ment of dense-time reasoning techniques. The mosaic technique has been used
for dense time temporal logics. Since mosaics were first applied to the tempo-
ral logic of general linear time, it has also been applied to RTL. The work in
[Rey11b] suggests a tableau-style decision procedure for US/LIN defined in Sec-
tion 1.4.2, but the framework of the tableau is a long way from being detailed or
immediately implementable. The task of this chapter is to provide the details of
tableau implementation, prove that the implemented algorithms are sound and
complete, and investigate clever algorithms that will allow the implementation
of the decision procedures with a view to applications.

This chapter begins by reviewing existing work on mosaic. Then in Section 2.6 a
new more efficient algorithm is presented. In Section 2.7, the algorithm is further
improved with a new heuristic search strategy.

33
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2.2 Research Background: FP/LIN Mosaic

In [MMR00], mosaic method is first used for reasoning over linear flows of time
with Prior’s operators F and P. Here FP/LIN is to denote the logic of L(F, P)
over the class of all linear flows of time. In this section we will discuss FP/LIN
mosaics and then generalise to US/LIN mosaics in the following section.

Generally, each mosaic m corresponds to two points in a model — an early point
x and a later point y. The points of m consist of two sets of formulas S(m), E(m):
S(m) contains formulas that must be true at x; E(m) contains formulas that must
be true at an end point y. For any mosaic m, the eventuality Fα in x of m is
satisfied by α holding at y, or α holding at a point z between x and y, or α holding
at a point z after y. If we have α holding at a point z after y, then we also have
Fα in y of m so that it is satisfied by the point z after y holding α true in another
mosaic as well. The main result is that the existence of a saturated set (SSM) can
be proved to be equivalent to the satisfiability of a given formula.

Definition 2.6. A mosaic m is a pair (S(m), E(m)), where S(m) and E(m) are two
sets of formulas, and it satisfies the following:

1. α ∈ S(m)⇔ ¬α /∈ S(m); and α ∈ E(m)⇔ ¬α /∈ E(m);

2. α ∧ β ∈ S(m)⇔ {α, β} ∈ S(m); and α ∧ β ∈ E(m)⇔ {α, β} ∈ E(m);

3. α ∨ β ∈ S(m) ⇔ either α ∈ S(m) or β ∈ S(m); and α ∨ β ∈ E(m) ⇔ either
α ∈ E(m) or β ∈ E(m);

4. Gα ∈ S(m)⇒ both Gα ∈ E(m) and α ∈ E(m)

5. Hα ∈ E(m)⇒ both Hα ∈ S(m) and α ∈ S(m)

The mosaic m here represents an interval of a linear model. In the mosaic m, S(m)

indicates the formula set that holds at the starting point of the interval and E(m)

indicates the formula set that holds at the end point of the interval. From Case 1,
Case 2 and Case 3, both S(m) and E(m) are consistent in terms of classical logic.
From Case 4, if S(m) contains Gα then the end point set E(m) must contain α

and Gα. These are the syntactical conditions for the mosaic. Case 5 is the mirror
image of Case 4.

We check the syntax-based saturation conditions for the mosaics.
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Definition 2.7. We say that a set Θ of mosaic is a saturated if and only if it satisfies
the following saturation conditions:

1. if m1 ∈ Θ and Fα ∈ E(m1), then there is a mosaic m2 ∈ Θ such that E(m1) =

S(m2) and α ∈ E(m2);

2. if m1 ∈ Θ and Fα ∈ S(m1), then either Fα ∈ E(m1) or there are mosaics m2

and m3 such that S(m1) = S(m2), E(m1) = E(m3), and α ∈ E(m2) = S(m3);

3. if m1 ∈ Θ and Pα ∈ S(m1), then there is a mosaic m2 ∈ Θ such that S(m1) =

E(m2) and α ∈ S(m2);

4. if m1 ∈ Θ and Pα ∈ E(m1), then either Pα ∈ S(m1) or there are mosaics m2

and m3 such that E(m1) = E(m2), S(m1) = S(m3), and α ∈ E(m3) = S(m2).

In a saturated set Θ, if Fα ∈ E(m1), then we can append a mosaic m2 to the rear
of m1 such that the end point of m2 makes Fα satisfiable from Case 1 above. From
Case 2, if Fα ∈ S(m1) and Fα /∈ E(m1) then m1 can be split into m2 and m3 in
such a way that the end point of m2 makes Fα satisfiable. Case 3 and Case 4
are the mirrors of Case 1 and Case 2. In [MMR00], the authors also show that
the existence of such a saturated set is equivalent to the existence of a satisfiable
model. Note that the mosaic here is only suited for linear temporal logic with
future F and past P. We will see more sophisticated mosaics for linear temporal
logic with until U and since S in the next section.

2.3 Mosaic for US/LIN

2.3.1 US/LIN Mosaic Definitions

Deciding the satisfiability of a formula requires searching a corresponding struc-
ture. In mosaic method, a complete model is obtained by composing smaller
pieces of models. A mosaic is a description of a small piece of a model and it
indicates which formulas are held true by points in the mosaic.

Definition 2.8. For each formula φ, define the closure of φ to be Clφ = {ψ,¬ψ |
ψ ≤ φ} where χ ≤ ψ means that χ is a subformula of ψ. (Treating ¬¬α as if it
was α we can think of Clφ as being closed under negation.)
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When we later describe an interval using a cover set, we will denote “α is true
everywhere in this interval” with �α, and “α is true somewhere in this interval”
with 3α. The operators � and 3 are just labels our mosaic uses to describe
intervals.

Definition 2.9. The partial closure of φ is the set PClφ = {�α,3α|α ∈ Clφ}.

Definition 2.10. We have φ ∈ L(U, S).

1. Suppose S ⊆ Clφ. Say S is propositionally consistent (PC) iff there is no sub-
stitution instance of a tautology of classical propositional logic of the form
¬(α1 ∧ · · · ∧ αn) with each αi ∈ S.

2. Suppose S ⊆ PClφ is PC. Say S is maximally propositionally consistent (MPC)
iff S is maximal in the sense that no strict superset of S is a PC subset of
Clφ.

3. Suppose S ⊆ PClφ. Say S is partially propositionally consistent if for every
3α ∈ S, {α} ∪ {β|�β ∈ S} is propositionally consistent.

4. Suppose S ⊆ PClφ. Say S is a maximal subset if for every α ∈ Clφ we have
either �α ∈ S or 3¬α ∈ S, and �α ∈ S ⇔ 3¬α /∈ S. We also define
S� = {�α|�α ∈ S} and S3 = {3α|3α ∈ S}.

We will define a mosaic below as consisting of three parts: a set of formulas that
are true at the first point of an interval, a set of formulas that are true at the
final point in an interval, and a set of formulas that are true at all points in be-
tween. A mosaic m is defined as a triple (S(m), C(m), E(m)) in [Rey11b] where
both (start set) S(m) and (end set) E(m) are MPC sets in Definition 2.10. S(m)

and E(m) can exactly describe the set of formulas true at two points in a struc-
ture, because either a formula or its negation from the closure set is contained
in an MPC set that is consistent with the valuation of a structure. For any mo-
saic (S(m), C(m), E(m)) in [Rey11b], the cover set C(m) is a set of formulas that
are true over the entire interval. For every formula α ∈ Clφ, it is the case that
either formula α is true over an interval or some point in the interval makes the
negation true. Here we introduce modalities � and 3 in S5 to generalise these
scenarios. Each point in the middle of a piece of model (interval) is treated as a
world, and their frame is reflexive, transitive and symmetric.
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The cover set C(m) ⊆ PClφ is maximal, but not necessarily partially proposition-
ally consistent, in Definition 2.10. If C(m) is partially propositionally consistent
then it is plausible that m describes a structure with some points between the
start and the end; otherwise if m represents any structure, it must represent a
discrete structure without any points between (since if there were any points in
between they would have to satisfy inconsistent formulas, providing a contra-
diction). The intuition for the maximal set in Definition 2.10 is that for every
formula α ∈ Clφ, α is true everywhere between the start and the end of the mo-
saic m (�α ∈ C(m)) if and only if there is no point between the start and the end
of the mosaic making ¬α true (3¬α /∈ C(m)). We are now able to formally define
mosaics.

Definition 2.11. Suppose φ is from L(U, S). We define a φ-mosaic to be a triple
m = (S(m), C(m), E(m)), where S(m) ⊆ Clφ, E(m) ⊆ Clφ, C(m) ⊆ PClφ, and
C(m) is maximal, such that:
C0 S(m) and E(m) are MPC;
C1 U(α, β) ∈ S(m) and �¬α ∈ C(m) imply either:

�β ∈ C(m) and α ∈ E(m);
or �β ∈ C(m), β ∈ E(m) and U(α, β) ∈ E(m).

C2 ¬U(α, β) ∈ S(m) and �β ∈ C(m) imply either:
�¬α ∈ C(m), ¬β ∈ E(m) and ¬α ∈ E(m);
or �¬α ∈ C(m), ¬α ∈ E(m) and ¬U(α, β) ∈ E(m).

C3 S(α, β) ∈ E(m) and �¬α ∈ C(m) imply either:
�β ∈ C(m) and α ∈ S(m);
or �β ∈ C(m), β ∈ S(m) and S(α, β) ∈ S(m).

C4 ¬S(α, β) ∈ E(m) and �β ∈ C(m) imply either:
or �¬α ∈ C(m), ¬β ∈ S(m) and ¬α ∈ S(m);
or �¬α ∈ C(m), ¬α ∈ S(m) and ¬S(α, β) ∈ S(m).

The following Definition 2.12 shows how we may form a mosaic corresponding
to a fragment (or interval) of a structure.

Definition 2.12. If T = (T,<, h) is a structure and φ ∈ L(U, S) then for each
x, z ∈ T where x < z, we define a triple (A, B, C) where:

A = {α ∈ Clφ |T, x |= α},
B = {β ∈ Clφ | for all y ∈ T,

if x < y < z then T, y |= β}, and
C = {γ ∈ Clφ |T, z |= γ}.
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The piece of the model in T from x to y corresponds to a mosaic m whenever
(S(m), C(m), E(m)) = (A, {�α|α ∈ B} ∪ {3β|¬β ∈ Clφ,¬β 6∈ B}, C)

Note that m is a mosaic as it satisfies all the conditions of Definition 2.11. See
Lemma 18 in [Rey10b].

We now check that all syntactic criteria C0-C4 in Definition 2.11 are reasonable
in terms of the intended meaning of a mosaic. Suppose we have a structure T =

(T,<, h) and two points x ∈ T and y ∈ T having x < y. Considering C0, every
point in T makes an MPC set of formulas true for h in structure T = (T,<, h).
Considering C1, if T, x |= U(α, β) and for every t ∈ T with x < t < y, T, t |= ¬α,
then there must be some point z ∈ T with z ≥ y such that T, z |= α and for every
t ∈ T with x < t < z, T, t |= β. Considering C2, if T, x |= ¬U(α, β) and for every
t ∈ T with x < t < y, T, t |= β, then there must be no t ∈ T with x < t < y
such that T, t |= α, otherwise T, x |= U(α, β). So, there must be some point z ∈ T
with z ≥ y such that for every t ∈ T with x < t < z, we have T, t |= ¬α and
T, t |= β, and either: T, z |= ¬α and T, z |= ¬β; or T, z |= ¬α, T, z |= ¬U(α, β)

and T, z |= β. C3 is the mirror of C1 and C4 is the mirror of C2.

2.3.2 Defect

When building a model we may find that the saturation conditions necessitate
the inclusion of more mosaics such as the saturated set of mosaics (SSM) for
FP/LIN in Definition 2.7. In US/LIN, this includes satisfying formulas in the
form of U(α, β) in the start set, S(α, β) in the end set, and formulas that are re-
quired to be true at a point between the start and the end. For example, if we
have U(α, β) holding at x < z, it possibly requires point y with x < y < z wit-
nessing α such that α is true at y and β true everywhere between x and y. There
is another type of necessitation. If we don’t have ¬β is true everywhere between
x and z then there is a point y in between witnessing β such that β true at y. In
that case, we see the necessity of y point. Here a defect is introduced as a not yet
satisfied formula, and it necessitates more mosaics so that we can cure it.

Here we introduce 5 types of defects:

Definition 2.13. A defect in a mosaic m is one or more of the following:

Type 1. a formula U(α, β) ∈ S(m) with either
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1.1 �β /∈ C(m),
1.2 (α 6∈ E(m) and β 6∈ E(m)), or
1.3 (α 6∈ E(m) and U(α, β) 6∈ E(m));

Type 2. a formula S(α, β) ∈ E(m) with either
2.1 �β 6∈ C(m),
2.2 (α 6∈ S(m) and β 6∈ S(m)), or
2.3 (α 6∈ S(m) and S(α, β) 6∈ S(m));

Type 3. a formula β ∈ Clφ with 3β ∈ C(m); or
Type 4. a formula U(α, β) ∈ E(m);
Type 5. a formula S(α, β) ∈ S(m).

Building a linear structure requires us to string mosaics together. So, the start
set of a mosaic in sequence has to be compatible with the end set of the previous
one.

Definition 2.14. We say that φ-mosaics m and m′ are composable iff E(m) = S(m′).
In that case, their composition is m′′, in which S(m′′) = S(m), E(m′′) = E(m′), and

C(m′′) = {�α | �α ∈ S} ∪ {3β| ¬β ∈ Clφ, �¬β 6∈ S} where S = C(m) ∩
{�γ|γ ∈ E(m)} ∩ C(m′).

We define the composition of a single mosaic to be itself; and we define the com-
position of a sequence m1, . . . , mn of n mosaics to be the composition of m and
the composition of m2, . . . , mn.

If a sequence of mosaics compose to another mosaic then we call the sequence
a decomposition of the mosaic. Note that although we have defined an order of
composition when composing sequences, in the definition above, composition is
associative.

Given a mosaic with a defect, we can sometimes find a decomposition of that
mosaic that cures the defect.

Definition 2.15. Suppose there is a composable mosaic sequence 〈m1, m2, . . . , mn〉

We have the following:

1. Suppose U(α, β) ∈ S(m) is a Type 1 defect of m and the composable mo-
saic sequence 〈m1, m2, . . . , mn〉 is a decomposition of a mosaic m. We say
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decomposition 〈m1, m2, . . . , mn〉 of m cures the defect, if and only if there is
some i with 1 ≤ i < n such that α ∈ E(mi), �β ∈ C(mj) (all j ≤ i) and
β ∈ E(mj) (all j < i). We also say that the end set E(mi) witnesses the cure.

2. Suppose S(α, β) ∈ E(m) is a Type 2 defect of m and the composable mo-
saic sequence 〈m1, m2, . . . , mn〉 is a decomposition of a mosaic m. We say
decomposition 〈m1, m2, . . . , mn〉 of m cures the defect, if and only if there is
some i with 1 < i ≤ n such that α ∈ S(mi), �β ∈ C(mj) (all i ≤ j) and
β ∈ S(mj) (all j < i). We also say that the start set S(mi) witnesses the cure.

3. Suppose 3β ∈ C(m) is a Type 3 defect of m and the composable mosaic
sequence 〈m1, m2, . . . , mn〉 is a decomposition of a mosaic m. We say de-
composition 〈m1, m2, . . . , mn〉 of m cures the defect, if and only if there is i
such that 1 ≤ i < n and β ∈ E(mi). We also say that the end set E(mi)

witnesses the cure.

4. Suppose U(α, β) ∈ E(m) is a Type 4 defect of m. We say composable se-
quence 〈m1, m2, . . . , mn〉 cures the defect, if and only if E(m) = S(m1) and
there is some i with 1 ≤ i ≤ n such that α ∈ E(mi), �β ∈ C(mj) (all j ≤ i)
and β ∈ E(mj) (all j < i). We also say that the end set E(mi) witnesses the
cure.

5. Suppose S(α, β) ∈ S(m) is a Type 5 defect of m. We say composable se-
quence 〈m1, m2, . . . , mn〉 cures the defect, if and only if S(m) = E(mn) and
there is some i with 1 ≤ i ≤ n such that α ∈ S(mi), �β ∈ C(mj) (all i ≤ j)
and β ∈ S(mj) (all j < i). We also say that the start set S(mi) witnesses the
cure.

Informally, curing a defect implies making the defect satisfied in a decomposi-
tion at a witnessing point. In Definition 2.15, a decomposition witnesses a cure
for the Type 1 defect in S(mi) in a similar way for the mirror image Type 2 de-
fect and Type 3 defect is cured by its witnessing negation in a decomposition.
For Type 4 and Type 5 defects, it is a composable sequence for m′ rather than a
decomposition that provides a witness for a Type 4 defect or Type 5 defect.

The following idea of fullness of decompositions is for curing defects.

Definition 2.16. The decomposition

〈m1, m2, . . . , mn〉
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of a mosaic m′ is full iff the following three conditions all hold:

1. for all U(α, β) ∈ S(m) we have either
1.1. �β ∈ C(m) and either (β ∈ E(m) and U(α, β) ∈ E(m))

or α ∈ E(m),
1.2. or there is some i with 1 ≤ i < n such that
α ∈ E(mi), �β ∈ C(mj) (all j ≤ i)
and β ∈ E(mj) (all j < i);

2. the mirror image of 1.; and
3. for each β ∈ Clφ, we have 3β ∈ C(m); and there is i

such that 1 ≤ i < n and β ∈ E(mi).

Note that a full decomposition cures every Type 1 defect, Type 2 defect and Type
3 defect for m, because 1.2, 2 and 3 in definition above correspond to Definition
2.15. A similar idea is employed to handle Type 4 and 5 defects as well.

Definition 2.17. A full left expansion for a mosaic m is any finite, possibly empty,
composing sequence of mosaics

〈m1, m2, . . . , mn〉

such that if the sequence is not empty then we have: E(mn) = S(m) and for all
S(α, β) ∈ S(m), if and only if sequence 〈m1, m2, . . . , mn〉 cures every Type 5 defect
of m.

The mirror is a full right expansion that cures every Type 4 defect of m.

A full left expansion, a full decomposition and a full right expansion sequentially
make up a full expansion of a mosaic. Every defect of any type in the mosaic is
cured by a witness in the full expansion.

2.4 US/LIN Satisfiability vs Mosaic Satisfiability

In the last section, the syntactic criteria for a mosaic are provided in Definition
2.11 based on its semantic. It is possible for a mosaic to represent a model frag-
ment only when syntactic criteria are sufficient to make the mosaic coherent with
the model. However, these syntactic criteria are only necessary but not enough



42 CHAPTER 2. MOSAICS

to ensure a model fragment for a mosaic. A mosaic is sufficient to represent a
piece of a structure only when it is checked satisfiable.

Checking US/LIN satisfiability converts to the problem of deciding whether a
mosaic is satisfiable in PSPACE [Rey10a]. In [Rey11b], this is proved via a game;
while the machinery of a saturated set of mosaics is used to show the satisfiability
of a mosaic is equivalent to the existence of a saturated set for the mosaic in
[Rey13b].

2.5 Mosaic-Based Tableaux

Here we introduce a mosaic-based tableau in the form of an ordered tree. In an
ordered trees, each parent has a finite number of children and these children have
a designated order so that they can be indexed. The tree grows downwards from
the root. Every node except the root has a unique parent.

Definition 2.18. An ordered tree is a pair T = (N, R): N is the nonempty finite
set of nodes, and R : N×ω ↪→ N is a partial function where R(n, i) is the ith child
of parent n and i is the index. In the ordered tree, there is only a unique root and
a unique path exists from the root to every node. To ensure this, we require that
the pair T = (N, R) satisfies the follows:

1. non-circle: ∀n1 ∈ N, R(. . . R(R(n1, i1), i2) . . . , in) 6= n1 where i1, i2 . . . in are
any index numbers.

2. unique parent: ∀n1, n2 ∈ N, (n1 6= n2) → (R(n1, i) 6= R(n2, j)) where i and
j are any index numbers.

3. unique index: ∀n ∈ N, R(n, i) 6= R(n, j) where different index numbers
i 6= j.

Here we introduce some basic concepts for a tree.

Definition 2.19. Sibling are the nodes that share the same parent. For two sib-
lings, the smaller indexed sibling is called the earlier one, and the bigger indexed
sibling is called the later one.

A branch is a maximal finite sequence of nodes where each adjacent pair of nodes
has a parent-child relation. The depth of a node in a branch is the number of its
ancestors. The last node in a branch is leaf.
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A mosaic-based tableau is φ-mosaic labelled tree, but the tree is a partial map
from nodes of a tree to φ-mosaics. In order to represent being free of both left-
expansions and right-expansions for a node, we allow some leaf nodes to be
null-labelled. So, the map is partial.

Definition 2.20. A (non-singleton) tableau (for φ-mosaic m) is a φ-mosaic labelled
ordered tree with

1. The root is labelled by m;

2. Each node has a non-null label except some nodes on the leftmost and right-
most branches;

3. Each non-leaf node on the non-null-left-most branch has one or more of its
children being left-expanding children; each non-leaf node on the non-null-
right-most branch has one or more of its children being right-expanding
children;

4. The labels on the left-expanding children of any parent node on the non-
null-left-most branch taken in order form a full left-expansion of the label
on the parent node; the labels on the right-expanding children of any parent
node on the non-null-right-most branch taken in order form a full right-
expansion of the label on the parent node

5. A node which has one left-expanding child with a null label must have a
mosaic label with no left defects; a node which has one right-expanding
child with a null label must have a mosaic label with no right defects;

6. The labels on the decomposition children taken in order form a full decom-
position of the label on the node;

Here we introduce some basic concepts for a mosaic-based tableau.

Definition 2.21. Define (a) a leaf node to be a clone iff it has the same label as
one of its other ancestors; (b) a successful branch of a tableau to be one ending in
either a clone leaf node or a null-labelled leaf; (c) a successful tableau as one in
which all branches are successful (otherwise the tableau is incomplete).
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{φ, U(q, r), S(p, r), r,¬p,¬q},
PClφ,

{φ, U(q, r), S(p, r), r,¬p,¬q}

left
{¬φ, U(q, r),¬S(p, r),¬r, p,¬q},

PClφ,
{φ, U(q, r), S(p, r), r,¬p,¬q}

leaf

right
{φ, U(q, r), S(p, r), r,¬p,¬q},

PClφ,
{¬φ,¬U(q, r), S(p, r),¬r,¬p, q}

leaf

Figure 3: Tableau for φ = U(q, r) ∧ S(p, r)

2.5.1 Examples

Here we give some examples of mosaic tableaux. In the diagrams, it is clear to
see tableaux are trees expanding from the root to the leaves. Full left expansion
children are indicated by left at the end of that branch from the parent, right by
right. Successful branches are indicated by leaf , it means that branch reach the
end and successfully accepted.

See the example in Figure 3 for a successful tableau for a φ-mosaic containing
φ = U(q, r) ∧ ¬S(p, r). Here, there is no type 3 defect for the root mosaic, but it
has both type 4 defect and type 5. So, the left child is a left expansion, the right
child is a full right expansion, and so no full decomposition is required.

See the example in Figure 4 for a successful tableau for a φ-mosaic containing φ =

¬U(¬p, p)∧¬U(p,¬p)∧G¬U(>,⊥). The sets named in the tableau are defined
in Figure 5. It is easy to check that this model expressed by the tableau is not a
discrete model, as all the branches end successfully in clones and each clone node
has type 3 defects inside. For the root mosaic, there are several type 3 defects in
(A, B′, C) as shown in B′3 and the mosaic has a full decomposition consisting of
3 mosaics. This tableau represents a model which has an initial point (where the
formulas in A hold) which is also an accumulation point for dense sequence of
D points and dense sequence of C points appearing alternatively from the right.
The dense sequence of C points also appears until there is A point in future.
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(A,B’,C)

(A,B’,C)

leaf

(C,C’,D)

(C,C’,C)

(C,C’,C)

leaf

(C,C’,C)

leaf

(C,C’,D)

leaf

(D,D’,C)

(D,D’,D)

(D,D’,D)

leaf

(D,D’,D)

leaf

(D,D’,C)

leaf

right
(C,C’,A)

(C,C’,C)

(C,C’,C)

leaf

(C,C’,C)

leaf

(C,C’,A)

leaf

Figure 4: Tableau for φ = ¬U(¬p, p) ∧ ¬U(p,¬p) ∧ G¬U(>,⊥): the sets named in
the tableau are defined in Figure 5.

A = {φ,¬U(p,¬p),¬U(¬p, p), p, G¬U(>,⊥),¬U(>,⊥),>}
C = {¬φ, U(p,¬p),¬U(¬p, p),¬p, G¬U(>,⊥),¬U(>,⊥),>}
D = {¬φ,¬U(p,¬p), U(¬p, p), p, G¬U(>,⊥),¬U(>,⊥),>}
B′� = {�¬φ,�G¬U(>,⊥),�¬U(>,⊥),�>}
B′3 = {3U(p,¬p),3¬U(p,¬p),3U(¬p, p),3¬U(¬p, p),3p,3¬p}
C′� = {�α|α ∈ C}
C′3 = {3β|β ∈ Clφ− C}
D′� = {�α|α ∈ D}
D′3 = {3β|β ∈ Clφ− D}

Figure 5: Sets seen in the tableau for φ = ¬U(¬p, p) ∧ ¬U(p,¬p) ∧ G¬U(>,⊥) in
Figure 4
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2.6 Algorithm

The search space for building a tableau of the input formula φ is finite [Rey03].
In terms of the formula’s length, an exponential bound exists on the number of
φ-mosaics. So, the length of branches in a tableau is limited due to the bound
on the mosaic number and the complexity of the decision procedure using the
tableau is 2-NEXPTIME [Rey13b]. In this section a full implementation of the
search is provided. The implementation consists of constructing full expansions
for a mosaic and building a tableau for the input formula φ. The implementation
typically requires less search space than one would expect from the worst case
bound.

2.6.1 Constructing Full Expansions

We first define a type of subsequence for a full decomposition so that it can be a
prefix of a full decomposition.

Definition 2.22. Suppose φ is a formula of L(U, S) and m is φ-mosaic. We call a
sequence of φ-mosaics 〈m1, . . . , mn〉 a full decomposition prefix for m iff

1. S(m) = S(m1)

2. E(mi) = S(mi+1) (all 1 ≤ i < n)
3. {α|�α ∈ C(m)} ⊆ E(mi) and {α|�α ∈ C(m)} ⊆ {α|�α ∈ C(mi)} (all 1 ≤ i ≤ n)
4. for any type 1 defect U(α, β) ∈ S(m) we have:

there is some i with 1 ≤ i ≤ n such that
α ∈ E(mi), �β ∈ C(mj) (all j ≤ i) and β ∈ E(mj) (all j < i);

Definition 2.23. Suppose φ is a formula of L(U, S), m is φ-mosaic and M =

〈m1, . . . , mn〉 is a full decomposition prefix of a mosaic m. The prefix M is said to
be minimal if any proper prefix of M cannot be a full decomposition prefix of m.

If 〈m1, . . . , mn〉 is a minimal full decomposition prefix of m, then any 〈m1, . . . , mi〉
with 1 ≤ i < n is no longer a full decomposition prefix of m. Note that if
〈m1, . . . , mn〉 with n > 1 is a minimal full decomposition prefix then at least a
type 1 defect U(α, β) ∈ S(m) exists such that α ∈ E(mn), β ∈ C(mj) (all j ≤ n)
and β ∈ E(mj) (all j < n). Obviously, any full decomposition prefix for m can be
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obtained by extending a minimal full decomposition prefix. So we only concen-
trate on constructing minimum full decomposition prefixes. There are similar
results for full decomposition suffix that cures all type 2 defects for a mosaic m.

The purpose of Algorithm 1 DFSPREFIX(mos, n, prefixList, path, φ) is to discover
all minimal full decomposition prefixes starting with a same mosaic for mos using
depth-first search. It iterates over all possible sequences and it tries to extend
these sequences are by appending different composable mosaics in Definition
2.14 at the rear. As to its parameters, mos is the mosaic to be decomposed, path is
the current incomplete prefix, n is the last node in path and we have to append a
new node at the rear of path for searching minimal prefixes, prefixList is to store
outputted prefixes, and φ is the input formula. Note that if the length of φ is N
and m has a full decomposition then it has a full decomposition of length less
than or equal to 4N + 1 in [Rey13b]. This acts as a constraint on the length for
minimum full decomposition prefixes from line 1 to line 3 in Algorithm 1.

The purpose of Algorithm 2 GETALLPREFIX(mos, φ) is to generate all minimal
full decomposition prefixes for mos and returns them in the set prefixSet. The in-
put formula φ to be decomposed and mos are the only parameters. The algorithm
tries all possible starting mosaics by ruling that they must have the same start set
as mos and runs the Algorithm 1 DFSPREFIX using (mos, n, prefixList, path, φ) as
input.

Lemma 2.24. Suppose φ is a formula of L(U, S) and mos is a φ-mosaic. Then
GETALLPREFIX(mos, φ) returns the sequences of all minimal full decomposition
prefixes for mos in prefixSet.

Proof. For any sequence 〈m1, m2, . . . , mn〉 that is a full decomposition prefix of
mos, it is required to show that GETALLPREFIX(mos, φ) is able to find the se-
quence and put it in prefixSet.

We propose the inductive hypothesis that DFSPREFIX can find any minimal de-
composition prefix 〈m1, m2, . . . , mn〉, and this lemma is proved by the induction
on the size n of the sequence 〈m1, m2, . . . , mn〉. For the base case, DFSPREFIX can
find subsequence 〈m1, m2〉. In GETALLPREFIX(mos, φ), 〈m1〉 is detected in line 2
of GETALLPREFIX, and then initially calls DFSPREFIX(mos, m1, prefixSet, 〈m1〉, φ).
Partial mosaic m2 is added as one of children of m1 in line 4 of DFSPREFIX after
the exhaustive iteration of searching for S(m2) = E(m1) in line 2. Then 〈m1, m2〉
appears as currentPath in line 12 of DFSPREFIX. So, subsequence 〈m1, m2〉 is
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Algorithm 1 DFSPREFIX(mos, n, prefixSet, path, φ)

Require: φ ∈ L(U, S) and both mos and n are φ-mosaics.
Ensure: prefixSet is the set of minimal decomposition prefixes of mos such that

all prefixes in the set start with a same mosaic with length ≤ 4length[φ] + 1.

1: if length[path] ≤ 4length[φ] + 1 then
2: for each φ-mosaic m: S(m) = E(n) and {α|�α ∈ C(mos)} ⊆ {α|�α ∈

C(m)} do
3: if 〈path, m〉 is possibly extended to a prefix for mos then
4: add m as a child of n
5: end if
6: end for
7: if n has children then
8: for each child c of n do
9: if 〈path, c〉 is a minimal full decomposition prefix of mos then

10: store 〈path, c〉 in prefixSet
11: else
12: currentPath← path + c
13: DFSPREFIX(mos, c, prefixSet, currentPath, φ)
14: return
15: end if
16: end for
17: else
18: return
19: end if
20: else
21: return
22: end if

searched by DFSPREFIX. In the inductive case, given sequence 〈m1, m2, . . . , mi〉
with i < n − 1 appearing as currentPath in line 16, we are required to show
that 〈m1, m2, . . . , mi, mi+1〉 will be found in DFSPREFIX. Because 〈m1, m2, . . . , mi〉
appears as currentPath, DFSPREFIX is called for path = 〈m1, m2, . . . , mi〉. As
S(mi+1) = E(mi) and {α|�α ∈ C(mi+1)} ⊆ {α|�α ∈ C(m)}, mi+1 is added
one of children mi in line 4. Then sequence 〈m1, m2, . . . , mi, mi+1〉 is found in line
12 of DFSPREFIX as currentPath. By induction, DFSPREFIX recursively calls itself
for 〈m1, m2, . . . , mi〉 with i < n in line 13 until it finds 〈m1, m2, . . . , mn〉. Then,
〈m1, m2, . . . , mn〉 is put into prefixSet in line 10 of DFSPREFIX.

A similar idea is used to obtain suffixes for a given mosaic resulting in a similar
algorithm SUFFIX.
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Algorithm 2 GETALLPREFIX(mos, φ)

Require: φ ∈ L(U, S) and mos is φ-mosaic.
Ensure: prefixSet is the set of all minimal decomposition prefixes of mos

1: prefixSet← ∅
2: for each φ-mosaic m: S(m) = S(mos) do
3: path← ∅
4: DFSPREFIX(mos, m, prefixSet, path, φ)
5: end for
6: return prefixSet

Given a prefix and a suffix, a bridge is required to fill in the gap and bind both
of them together. A sequence of mosaics acts as the bridge that only cures type
3 defects if necessary. We call the bridge midfix and it is gained by depth-first
search in Algorithm 3 DFSMID(mos, n, pre, suf , midfixSet, path, φ) where mos is the
mosaic for decomposing, n is the previous parent mosaic node, pre is the given
fixed prefix, suf is the given fixed suffix, midfixSet is to store midfixes, path is to
store the current incomplete midfix, and φ is the input formula. ALLDECOMP

iterates over all possible full decompositions for a given mosaic.

Algorithm 3 DFSMID(mos, n, pre, suf , midfixSet, path, φ)

Require: φ ∈ L(U, S) and both mos and n are φ-mosaics.
Ensure: updated midfixSet with all searched midfix for a prefix and a suffix.

1: for each φ-mosaic m: S(m)=E(n) do
2: if 〈pre, path, m〉 is a prefix then
3: add this φ-mosaic m as a child of n
4: end if
5: end for
6: if n has no children then
7: return
8: else
9: for each n child c do

10: if 〈pre, path, m, suf 〉 is a full decomposition for mos then
11: append 〈path, c〉 to midfixSet
12: else
13: currentPath← path + m
14: DFSMID(mos, m, pre, suf , midfixSet, currentPath, φ)
15: return
16: end if
17: end for
18: end if
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Algorithm 4 GETMIDBRIDGE(mos, prefix, suffix, φ)

Require: φ ∈ L(U, S) and mos is a φ-mosaic.
Ensure: The set storing midfixes bridging a prefix and a suffix.

1: midfixSet← ∅
2: if prefix = ∅ then
3: for each φ-mosaic m: S(mos)= S(m) do
4: path← ∅
5: DFSMID(mos, n, pre, suf , midfixSet, path, φ)
6: end for
7: else
8: for each φ-mosaic n: S(n)=E(lastElement[prefix]) do
9: path← ∅

10: DFSMID(mos, n, pre, suf , midfixSet, path, φ)
11: end for
12: end if
13: return midfixSet

Left expansions and right expansions are obtained in a similar way. The algo-
rithm LEFTEXPANSION provides all left expansions just as algorithm SUFFIX and
RIGHTEXPANSION provides all left expansions just as GETALLPREFIX. The Al-
gorithm 6 ALLCHILDREN(mos, φ) strings various left expansions, full decompo-
sitions, and right expansions together to present all full expansions. This will be
used to build a mosaic tableau.

2.6.2 Building a Tableau

The strategy for constructing a successful mosaic-based tableau involves search-
ing through every possible mosaic-based tableau for all mosaics for φ. During
expanding nodes in a tree, a stack is used to record the expanding track where
nodes are coloured to represent nodes’ state and facilitate operating the stack.
We label the nodes with different colours consisting of white, grey, black and red.
The grey nodes are on the stack; the black nodes have been popped off; the white
nodes are waiting to go on; and the red implies failure and it is popped off. On
the stack, the last grey node m is expanded with children consisting of full expan-
sion m1, m2, . . . , mn. All the children are initially coloured white to represent the
state of existing but unexplored children. A node from m1, m2, . . . , mn is pushed
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Algorithm 5 ALLDECOMP(mos, φ)

Require: φ ∈ L(U, S) and mos is a φ-mosaic.
Ensure: The set storing all full decompositions of mos.

1: childrenSet← ∅
2: prefixSet← GETALLPREFIX(mos, φ)
3: n← size[prefixSet]
4: for i = 1 to n do
5: prefix← prefixSet[i]
6: suffixSet← SUFFIX(mos, φ)
7: m← size[suffixSet]
8: for j = 1 to m do
9: suffix← suffixSet[j]

10: midfixSet← GETMIDBRIDGE(mos, prefix, suffix, φ)
11: l ← size[midfixSet]
12: for k = 1 to l do
13: midfixSet← midfixSet[k]
14: append 〈prefix, midfix, suffix〉 to childrenSet
15: end for
16: end for
17: end for
18: return childrenSet

onto the stack and coloured grey that implies the node is being expanded or hav-
ing defects cured. The other nodes are white. Then we continue to expand the
last grey node on the stack, make the newly generated children grey, and push
them onto the stack. We proceed with the process until we find that the last node
on the stack is null-defect node or a clone of its ancestor, or it has no successful
expansion. If the node is null-defect node or a clone, then the last node on the
stack becomes black to represent the successful state of the node and it is popped
off. Otherwise, the last node in on stack is reddened to represent a failure state
of the node and it is popped off. With the help of the stack, it is possible to build
a tableau in depth-first search. Algorithm 9 HASTABLEAUXTREE(φ) searches
all mosaics for φ as the root of a possible successful tableau and Algorithm 8
tries building such tableau for the root. The process of building a tableau in Al-
gorithm 8 (ISTABLEAUNODE) consists of expanding tree node with full expan-
sion/decomposition, continuously colouring each node, and backtracking when
a node is either in the state of failure or success.

We now concentrate on the specific process of building a tableau with a given
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Algorithm 6 ALLCHILDREN(mos, φ)

Require: φ ∈ L(U, S) and mos is a φ-mosaic.
Ensure: The set storing all full expansions of mos.

1: allChildrenSet← ∅
2: leftExpansionSet← LEFTEXPANSION(mos, φ)
3: n← size[leftExpansionSet]
4: for i = 1 to n do
5: leftExpansion← leftExpansionSet[i]
6: rightExpansionSet← RIGHTEXPANSION(mos, φ)
7: m← size[rightExpansionSet]
8: for j = 1 to m do
9: rightExpansion← rightExpansionSet[j]

10: decompositionSet← ALLDECOMP(mos, φ)
11: l ← size[decompositionSet]
12: for k = 1 to l do
13: decomposition← decompositionSet[k]
14: append 〈leftExpansion, decompositionSet, rightExpansion〉 to

allChildrenSet
15: end for
16: end for
17: end for
18: return allChildrenSet

root node by using such stack of coloured nodes in Algorithm 8. We start from
a just discovered grey node n1, and generate a full expansion 〈n2, n′2, n′′2 , . . .〉.
We then visit the first of the generated children, n2, (initially white), make n2

grey, and continue to expand n2. We proceed to expand the tree along a branch
〈n1, n2, . . . , nk〉 until it reaches to a black or red leaf node nk. If nk a black leaf
node, it successfully backtracks to its parent node nk−1, visits the next child n′k
and proceeds to expand along the branch 〈n1, n2, . . . , nk−1, n′k〉. When all the chil-
dren of nk−1 are black, nk−1 is then blackened and successfully backtracks to nk−2

to check other children. If nk a red leaf node then we have to abandon nk and all
its siblings, and find a new expansion of nk−1 as its children. Specifically, this
requires us to backtrack to its parent node nk−1, re-expand nk−1 to generate the
next expansion as new children. We can then visit a new white child nnew

k , and
proceed to expand along the branch 〈n1, n2, . . . , nk−1, nnew

k 〉. Otherwise, if we are
unable to re-expand nk−1 successfully, then nk−1 is made red and it unsuccess-
fully backtracks to nk−2. In the colouring process, a node may be visited several
times. It is first visited when discovered and greyed, and visited in other times
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Algorithm 7 VISITWHITECOLORNODE(mos, path, φ)

Require: φ ∈ L(U, S), mos is a φ-mosaic labelled tree node and path stores its
ancestors in order.

Ensure: A tree after visiting a white child of mos.

1: for each child s ∈ children where (color[s] = White) do
2: if expandTableauNode(s, currentPath, tree, φ) then
3: color[s] = Black
4: break
5: else
6: color[s] = Red
7: end if
8: end for
9: if every non-Null node in children is Black then

10: color[mos] = Black
11: return true
12: else
13: color[mos] = Red
14: return false
15: end if

when it backtracks to discover its other children or re-expand itself. It is possible
to visit a node until it is black or red from the grey.

Note that: a black node implies all its descendants are black and there is no
requirement for considering the node and all the descendants any longer; at each
time of recursively calling Algorithm 8, a grey node implies one of the children is
next to be explored and there is only one path where each node possibly is grey
such that it is the current track of expanding the tableau.

Then we show the soundness and completeness of Algorithm 9 as follows:

Lemma 2.25. If Algorithm 9 returns true then a successful tableau of a given mo-
saic as root is built.

Proof. A leaf node it is black, if and only if, either it is defect free or a clone of
an ancestor. For a non-leaf node, it is able to be blackened, if and only if, all
its children are black. Then a black non-leaf node implies black children and
then black children’s children and black children’s children’s children etc. If the
root node is black then every descendant of the root node is black. That is to say
every non-leaf node in the tree is successfully decomposed and every leaf node is
a clone or a non-defect node. From Definition 2.20, it is a successful tableau.
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Lemma 2.26. If there is a successful tableau for the given mosaic as root then
Algorithm 9 returns true.

Proof. Considering the logically equivalent contrapositive, if Algorithm 9 re-
turns false then there is no successful tableau for the given mosaic as root. Sup-
pose for contradiction: Algorithm 9 returns false and there is a successful tableau
T. Algorithm 9 returns false, if and only if, a branch that reaches a defected but
not decomposable leaf node always exists in any tableau (ALLCHILDREN(m, φ)

generates all expansions for any node m in the tableau). So, for every decom-
position of any node in any tableau, there is a path to a red node. A successful
tableau exists, if and only if, every branch reaches to a non-defected or clone leaf
node in the tableau. There are some decompositions in the tableau where every
node is black and there is no path to a red node. This is a contradiction. So, if
Algorithm 9 returns false then it impossible that a successful tableau exists. Then
the proof is done.

2.7 Heuristics

In last section, a tree is expanding by systematically generating new children,
choosing the path and testing them against the goal of tableau. Unfortunately,
this building process is inefficient, if child nodes are arbitrarily selected from
all children set in expanding a tree node. Choosing suitable children for each
node affects the cost of building a complete tableau, as this choosing not only
determines the depth and width of the tableau, but also it is directly related to
the cost of decomposing these children and these children’s children.

In this section, for the sake of finding a more efficient solution, some specific
knowledge is used to help choosing children for expanding tableaux. This knowl-
edge is a guideline of reasonably choosing children so that it is able to minimise
the cost for decomposing descendant nodes and reduce the depth and width
of tableaux. Specifically, deciding which sequence of expansion is selected as
children for a node is based on heuristic functions. Constructing such efficient
heuristic functions requires well knowing some intrinsic characteristics of mo-
saics. Some characteristics affecting the complexity of building tableaux are de-
scribed in the following.
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2.7.1 Weight Heuristic

In this subsection, we will see the cost of decomposing a mosaic and building a
tableau is concerned with the number of formulas in the cover set of a mosaic.
The weight of a mosaic is defined to quantify formulas held by the cover set for a
mosaic.

Definition 2.27. The weight of a mosaic m is wt(m) = |{β ∈ Clφ|3β ∈ C(m)}|.

The following lemma demonstrates how the weight of mosaics in a tableau af-
fects the running complexity of building such tableau.

Lemma 2.28. Suppose φ is a formula of L(U, S) of length N. If there is a mosaic-
based tableau rooted at m for φ and T is the set of tableau nodes then the running
complexity of building such tableau f (m) ≤ ∑mj∈T 64N(N−wt(mj)).

Proof. We start with the root node labelled with m that has enough children to
carry the labels of the full decomposition for m. To get such 〈m1, m2, . . . , mn〉, a
full decomposition of m with each E(mi)(1 ≤ i < n) witnessing at least a cure
of m’s defect, computation times are no more than (6N−wt(m))4N. So, f (m) ≤
64N(N−wt(m)) + ∑i≤n f (mi). By induction on f (mi) for any child mi and f (mj) for
any descendant mj ∈ T, f (m) ≤ ∑mj∈T 64N(N−wt(mj)).

As proved in [Rey03], if a successful tableau exists then there is a corresponding
tableau where the depth is at most ϕ(N) = 2N2 + 7N + 2 and each node has at
most 4N children. Knowing that the weight of any descendant is no less than the
weight of m, we can estimate that f (m) = O(N3 × 6N(N−wt(m))).

In building a tableau, all possible children of a node are examined by exhaustive
search; however, we may be able to find a model of satisfiable formulas more
quickly if we use a heuristic to choose more promising expansions first. With
Lemma 2.28, the running complexity of building a tableau is closely related with
the weight of its nodes. Here we use weight of nodes as a heuristic method to
speed up the process of establishing a satisfactory tableau. The set of full expan-
sions obtained by Algorithm 6 ALLCHILDREN(mos, φ) is updated to be a priority
set. Every full expansion in the set is assigned to a key value. For example, a

full expansion M = 〈m1, m2, . . . , mn〉 from the set has KeyValue[M] =
n
∑

i=1
wt(mi).
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# Formula S Run(s) Nodes
M H M H

1 G(U(¬p, p)) ∧ ¬F(U(¬p,⊥)) ∧ ¬F(U(p, 0)) Y 888 3 52 17
2 G(p→ q)→ (U(r, p)→ U(r, q)) Y U 5 > 220 19
3 (p ∧U(q, r))→ U((q ∧ S(p, r)), r) Y U 11 > 220 19
4 G(U(F¬p, p)) ∧ G(¬p→ G¬p) Y 61 2 47 9
5 G((S(p,¬p) ∧U(p,¬p)) ∨ (S(¬p, p) ∧U(¬p, p))) Y U 2 > 220 9
6 Fp ∧ G(p→ Fp) ∧ G(U(>,⊥)) ∧ FG¬p Y 17 15 7 6
7 p ∧ G(p→ Fp) ∧ G(U(>,⊥)) ∧ FG¬p Y 2 2 3 3
8 ¬U(¬p, p) ∧ ¬(¬pUp) ∧ p ∧ (p→ F¬p) Y 92 17 93 49
9 G(p→ U(q, 0) ∧ Fq→ FFq ∧ Fq ∧ Fq→ p) Y U 72 > 210 43
10 G(p→ q)→ (U(p, r)→ U(q, r)) Y U 13 > 210 7
11 r ∧U(p ∧ ¬S(r, s)), s) N U U > 220 > 220

12 U(U(p, q), U(q, p)) ∧ G¬p N U U > 220 > 220

Figure 6: US/LIN benchmarks for full mosaics and heuristics: column “#” is the
index we use to reference the formulas; column Formula is the expression of the
formulas; column S indicates whether the formula is satisfiable or not in US/LIN: Y
is satisfiable and N is unsatisfiable; Run contains time for full mosaic (M) and full
mosaic with heuristics (H) where U implies exceeding 4000 seconds but without any
results; and Nodes is the number of nodes explored.

According to the priority of key values, full expansions are orderly provided to
Algorithm 8 ISTABLEAUNODE in line 5.

The experimental results in Figure 6 are from Figure 40 in Section 6.3.2 of Chap-
ter 6 where benchmark formulas are introduced for US/LIN. An implementation
is available. For satisfiable formulas 1, 2, 3, 4, 5, 8, 9, and 10, run time and search
space have been dramatically reduced so that heuristics make it feasible to build
a tableau for these formulas. For satisfiable formulas 6 and 7, heuristics do not
improve the performance greatly, and run time is not reduced dramatically. So,
for satisfiable formulas, heuristics can partly improve the performance but it de-
pends on the type of formulas. However, heuristics have no effect on unsatisfi-
able formulas including formula 11 and 12. This is because unsatisfiable formu-
las involve exhaustive search and heuristics cannot reduce the search space. So,
this requires us to find some new techniques to make building tableaux for all
types of formulas feasible.
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Algorithm 8 ISTABLEAUNODE(mos, path, φ)

Require: A mosaic root mos.
Ensure: The partial coloured mosaic tree with the root of this mosaic.

1: if mos is in the path OR the mos has no defect then
2: color[mos] = Black
3: return true
4: else if mos has children then
5: if VISITWHITECOLORNODE(mos, path, φ) then
6: return true
7: else
8: return false
9: end if

10: else
11: childrenSet← ALLCHILDREN(mos, φ)
12: if childrenSet = ∅ then
13: return false
14: else
15: for each children ∈ childrenSet do
16: if all children are black then
17: return true
18: else
19: color[mos] = Grey
20: currentPath = path + mos
21: for each s in children do
22: if ISTABLEAUNODE(s, currentPath, φ) then
23: color[s] = Black
24: else
25: color[s] = Red
26: end if
27: end for
28: if all children are black then
29: return true
30: end if
31: end if
32: end for
33: return false
34: end if
35: end if
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Algorithm 9 HASTABLEAUXTREE(φ)

Require: US/LIN formula φ.
Ensure: Satisfiability of φ.

1: for each φ mosaic m do
2: if φ ∈ start(m) then
3: path← ∅
4: if ISTABLEAUNODE(mosaic, path, φ) then
5: return true
6: end if
7: else if φ ∈ end(m) then
8: path← ∅
9: if ISTABLEAUNODE(mosaic, path, φ) then

10: return true
11: end if
12: end if
13: end for
14: return false

Algorithm 10 GETPRIORITYDECOMPOSITIONCHILDRENSET(mos, φ)

Require: φ ∈ L(U, S) and mos is a φ-mosaic.
Ensure: The set storing all full decompositions of mos.

1: allChildrenSetALLCHILDREN(mos, φ)
2: assign the value to each M = 〈m1, m2, . . . , mn〉 ∈ allChildrenSet:

KeyValue[M] =
n
∑

i=1
wt(mi)

3: permute childrenSet in decreasing order with KeyValue
4: return childrenSet



Chapter 3

Partial Mosaic

3.1 Introduction

To decide the satisfiability of a formula, we construct a complete structure for the
formula using mosaics as building blocks. As each mosaic is the description of
a piece of a model, mosaics correspond to sets of labelled structures. Building a
tableau of mosaics is proved equivalent to building a whole model in [Rey11b].
However, the huge numbers of mosaics often make exhaustive searches infeasi-
ble in practice, especially for unsatisfiable formulas. Results for satisfiable for-
mulas are also often slow or not feasible. For example, we can see that for a
formula consisting of n symbols, there could be as many as 26n potential mo-
saics, making exhaustive search very costly.

Here we introduce partial mosaics where each partial mosaic represents a set of
mosaics. This representation reduces the search space for the tableau. Partial
mosaics can be used to represent structures at different levels of abstraction. We
will see the representation of models and abstraction of partial mosaics in the
following chapter that is about how a partial mosaic generalises many mosaics
allowing us to search large regions of the mosaic state space simultaneously.

To build a whole model, the set of partial mosaics has to have cures for all defects
that necessitates inclusion of some others partial mosaics. A full decomposition
is a decomposing sequence of a partial mosaic m curing all the defects of m.
Satisfiability of a partial mosaic (whether a partial mosaic has a model) proves to
be equivalent to the existence of a saturated set.

59
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3.2 Partial Mosaic Definitions

Both mosaics and partial mosaics are concerned with a finite set of formulas,
called the closure set. The closure set and partial closure are defined as in the
previous chapter.

A mosaic is a description of a small piece of a model; while a partial mosaic
can represent a whole range of mosaics. A partial mosaic m, like a full mosaic,
consists of three sets of formulas (S(m), C(m), E(m)): the start set, S(m), contains
of formulas that must be true at the start of the mosaic; the end set, E(m), contains
formulas that must be true at the end of the mosaic; and the cover set, C(m),
describes formula that must be always true at all points or sometimes true at
some points in the middle of the model.

The sets, S(m) and E(m), may not be maximal but propositionally consistent in
Definition 2.10, so for example, we may find that neither p nor ¬p is in the start
set. In this case the partial mosaic matches full mosaics that have p in the start
set, and full mosaics that have ¬p in the start set.

For the cover set, we are interested in some formulas rather than all formulas
from Clφ. So, in contrast with the cover set of a full mosaic, C(m) ⊆ PClφ is par-
tially propositionally consistent but not necessarily maximal in Definition 2.10.
For some formula α ∈ Clφ, it is possible that both �α /∈ C(m) and 3¬α /∈ C(m).
It implies that formula α is not taken into consideration for the cover set.

Note that it is possible that there is no formula 3α ∈ C(m), in which case it is
also possible that m describes a structure with no points between the start and the
end. Specifically, the cover set C(m) will be described as a partially proposition-
ally consistent set in Definition 2.10. In a standard partial mosaic, it is possible
that there is no formula 3α ∈ C(m) and {β|�β ∈ S} is not necessarily proposi-
tionally consistent, in which case it is possible that m describes a structure with
no points between the start and the end. Otherwise, there is some point in be-
tween the start and the end, and every point in the interval is propositionally
consistent in terms of classical logic, which requires the propositional consis-
tency of both {β|�β ∈ C(m)} and {α} ∪ {β|�β ∈ C(m)} for each 3α ∈ C(m).
Sometimes, we require intervals are dense. So, a partially propositionally con-
sistent set can describe an interval of general linear time that is either discrete or
dense. We are now able to formally define partial mosaics.
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Definition 3.29. Suppose φ is from L(U, S). A φ-partial mosaic is a triple m =

(S(m), C(m), E(m)) where S(m) ⊆ Clφ, E(m) ⊆ Clφ and C(m) ⊆ PClφ such
that:
C0 S(m) and E(m) are PC, and C(m) is partially propositionally consistent.
C1 3α ∈ C(m) and �β ∈ C(m) imply U(α, β) ∈ S(m).
C2 �β ∈ C(m) and α ∈ E(m) imply U(α, β) ∈ S(m).
C3 �β ∈ C(m), β ∈ E(m) and U(α, β) ∈ E(m) imply U(α, β) ∈ S(m).
C4 U(α, β) ∈ S(m) implies either: 3α ∈ C(m);

or �β ∈ C(m) and α ∈ E(m);
or �β ∈ C(m), β ∈ E(m) and U(α, β) ∈ E(m).

C5 3¬β ∈ C(m) and �¬α ∈ C(m) imply ¬U(α, β) ∈ S(m).
C6 �¬α ∈ C(m), ¬β ∈ E(m) and ¬α ∈ E(m) imply ¬U(α, β) ∈ S(m).
C7 �¬α ∈ C(m), ¬α ∈ E(m) and ¬U(α, β) ∈ E(m) imply ¬U(α, β) ∈ S(m).
C8 ¬U(α, β) ∈ S(m) implies either: 3¬β ∈ C(m);

or �¬α ∈ C(m), ¬β ∈ E(m) and ¬α ∈ E(m);
or �¬α ∈ C(m), ¬α ∈ E(m) and ¬U(α, β) ∈ E(m).

C9-16 mirrors of C1 to C8.

We now turn our attention to the semantics of a partial mosaic. The semantics of
a partial mosaic is a set of some fragments of structures it represents.

Definition 3.30. If T = (T,<, h) is a structure and φ ∈ L(U, S) then for some
x < z from T we say that a partial mosaic m represents T from x to z iff:

1. S(m) ⊆ {α ∈ Clφ|T, x |= α};

2. C(m) ∩ PClφ ⊆ {�β ∈ PClφ| for all y ∈ T,
if x < y < z then T, y |= β}, and

3. E(m) ⊆ {γ ∈ Clφ|T, z |= γ}

If m represents T from x to z, and m is also a full mosaic, we say m fully represents
T from x to z and write m = mosφ

T(x, z).

Lemma 3.31. If a partial mosaic m represents T from x to z and a full mosaic m′

fully represents T from x to z as well then we have m ⊆ m′.

A satisfiable partial mosaic is associated with structures that it represents. We in-
troduce the notion of satisfiable partial mosaics as follows using Definition 3.30.
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Definition 3.32. Say that φ-partial mosaic is satisfiable iff it represents a fragment
of a structure.

With these semantics we can now see the syntactic criteria of Definition 3.29. If
U(α, β) ∈ S(m) it is either satisfied before the end of the mosaic (C1), at the end
of the mosaic (C2), or after the end of the mosaic (C3), and one of these cases
must hold (C4). Likewise, if (¬U(α, β) ∈ S(m) then U(α, β) must be invalidated
before the end of the mosaic (C5), at the end of the mosaic (C6), or after the end
of the mosaic (C7), and one of these conditions must hold (C8). Any 3α is only
to indicate a satisfying point or an invalidating point in between (C17). Similar
constraints can be given for S(α, β) which we omit due to space reasons.

3.3 Defects

As with mosaics, partial mosaics can have defects. These defects are similar to
defects of full mosaics that have been defined in Definition 2.13.

Definition 3.33. A defect in a partial mosaic m is one or more of the following:

1. a formula U(α, β) ∈ S(m) with either
1.1 �β 6∈ C(m),
1.2 (α 6∈ E(m) and β 6∈ E(m)), or
1.3 (α 6∈ E(m) and U(α, β) 6∈ E(m));

2. a formula S(α, β) ∈ E(m) with either
2.1 �β 6∈ C(m),
2.2 (α 6∈ S(m) and β 6∈ S(m)), or
2.3 (α 6∈ S(m) and S(α, β) 6∈ S(m));

3. a formula β ∈ Clφ with 3β ∈ C(m); or
4. a formula U(α, β) ∈ E(m);
5. a formula S(α, β) ∈ S(m).

As before, a sequence of partial mosaics is usually used to cure defects, and this
is similar to a sequence of mosaics curing defects in Definition 2.15. We also have
to string the partial mosaics together in the linear order. The following definition
allows us to relate sequences of mosaics to a single mosaic.
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Definition 3.34. Suppose C(m1), C(m2), and C(m3) are partially propositionally
consistent. We introduce partial intersection ∩∗ as:

C(m1) ∩∗ C(m2) = {�α,3β | �α ∈ C(m1) ∩ C(m2), 3β ∈ C(m1) ∪ C(m2)} .

Definition 3.35. We say that two φ-partial mosaics m1 and m2 are composable iff
E(m1) = S(m2). In that case, their composition is m, in which S(m) = S(m1),
E(m) = E(m2), and

C(m) = ((C(m1) ∩∗ C(m2))− {�α|α /∈ E(m1)}) ∪ {3α|α ∈ E(m1)} .

The idea of composition between two partial mosaics can be easily extended to
a sequence of composable partial mosaics, by successive compositions.

Definition 3.36. We say a sequence of composable partial mosaics is a decomposi-
tion of a partial mosaic m1 iff its composition partial mosaic m2 has m1 ⊆ m2.

A full decomposition of a partial mosaic is intended to provide witnesses to the
cure of every type 1, 2 and 3 defect in the partial mosaic.

Definition 3.37. The decomposition of 〈m1, m2, . . . , mn〉 of partial mosaic m is full
iff the following three conditions all hold:

1. for all U(α, β) ∈ S(m) we have either
1.1. �β ∈ C(m) and either (β ∈ E(m) and U(α, β) ∈ E(m))
or α ∈ E(m),
1.2. or there is some i with 1 ≤ i < n such that
α ∈ E(mi), �β ∈ C(mj) (all j ≤ i)
and β ∈ E(mj) (all j < i);

2. the mirror image of 1.; and
3. for each β ∈ Clφ, we have 3β ∈ C(m); and there is i

such that 1 ≤ i < n and β ∈ E(mi).

1.2 aims at curing type 1 defect in m and α is witnessed by the end of mi. We call
such mi a witness. Similarly for the mirror image for type 2 defect; 3 is for type 3
defect: the end of mi witnesses β. 4 is to prevent introducing unnecessary defects
in the decomposition, as curing a defect of m is only involved with subformulas
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of that defect formula in some mi. Similar constructions can be defined to cure
type 4 and 5 defects, by appending partial mosaics to the start of end of a partial
mosaic.

Definition 3.38. A full left expansion for a partial mosaic m is any finite, possibly
empty, composable sequence of partial mosaics

〈m1, m2, . . . , mn〉

such that E(mn) = S(m) if the sequence is not empty and for all S(α, β) ∈ S(m)

there is some i with 1 ≤ i ≤ n such that α ∈ S(mi), �β ∈ C(mj) (all j ≥ i) and
β ∈ S(mj) (all j, i < j ≤ n).

Full right expansion is mirror.

Definition 3.39. A full right expansion for a partial mosaic m is any finite, possibly
empty, composable sequence of partial mosaics

〈m1, m2, . . . , mn〉

such that S(m1) = E(m) if the sequence is not empty and for all U(α, β) ∈ E(m)

there is some i with 1 ≤ i ≤ n such that α ∈ E(mi), �β ∈ C(mj) (all 1 ≤ j ≤ i)
and β ∈ E(mj) (all j, 1 ≤ j < i).

Then, we can get a partial mosaic sequence curing all defects.

Definition 3.40. We say that a composing triple of finite sequences of partial
mosaics is a full expansion of a standard partial mosaic iff it consists of a full left
expansion, a full decomposition and a full right expansion of the mosaic.

3.4 Mosaics vs Partial Mosaics

A partial mosaic represents a higher level of abstraction than a full mosaic and
so it can serve to express a whole range of related mosaics. The intuition is that
the S(m) and E(m) of a mosaic that are maximally propositionally consistent are
less abstract than S(m) and E(m) of a partial mosaic that are only propositionally
consistent; and C(m) of a mosaic that is subset of Clφ can be captured by a C(m)
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of a partial mosaic that is partially propositionally consistent. Given any full mo-
saic m, the corresponding partial mosaic is m = (S(m), {�α|α ∈ C(m)}, E(m)).
However, as partial mosaics do not need to have maximal propositional consis-
tent sets for the start and end of a mosaic, they can represent structures at varying
levels of abstraction. We first demonstrate different levels of the abstraction in
C(m) by introducing an ordering over partial mosaic.

Definition 3.41. For φ-partial mosaics m1 and m2, we say m1 ⊆ m2 iff S(m1) ⊆
S(m2), C(m1) ⊆ C(m2) and E(m1) ⊆ E(m2). If m1 ⊆ m2 then we say that m1 is
more general than m2 and m2 is super partial mosaic of m1.

If m1 is more general than m2 then m1 will typically represent more models than
m2. Models that m2 represents are only part of models that m1 represents.

Example: a partial mosaic for U(p, q) is

({q}, {3¬p,3q}, {}).

This partial mosaic can serve to express another partial mosaic and a mosaic as
follows:

({q, U(p, q)}, {3¬p,3q,3U(p, q)}, {¬p,¬q,¬U(p, q)})
({p, q, U(p, q)}, {3¬p,3q,�q}, {p,¬q,¬U(p, q)})

As partial mosaics represent many full mosaics, if we are able to show that a
partial mosaic does not correspond to a linear temporal structure, then we have
ruled out a large number of full mosaics, which now do not have to be explored.

Note that the cover set of a partial mosaic sometimes need not to be maximally
consistent, and in a certain sense it is similar to a Hintikka set: it constructs the
description and consistency. The advantage of partial mosaics is shown not only
in ruling out unnecessary mosaics, but also in general cures for defects.

Lemma 3.42. Suppose m1 and m2 are partial mosaics. If m1 ⊆ m2 then any defect
in m1 has a corresponding defect in m2.

Proof. Suppose U(α, β) ∈ S(m1) is a type 1 defect of m1. If 3¬β ∈ C(m1) then
3¬β ∈ C(m2) by Definition 3.41 for 1.1 in Definition 3.33. Type 1 defect U(α, β)

in m2 is the corresponding defect. If m1 is either 1.2 or 1.3, then 3α ∈ C(m1). We
have 3α ∈ C(m2) as well and it at least requires an earliest witness for U(α, β) ∈
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S(m2) in between. So the type 3 defect 3α ∈ C(m2) of m2 is the corresponding
defect. It is similar for 2 and 3. The result for 4 and 5 is obvious.

Theorem 3.43. Suppose m and m′ are partial mosaics. If m ⊆ m′ and m′ has a
full decomposition M′ = 〈m′1, m′2 . . . , m′n〉 then m has a full decomposition M =

〈m1, m2 . . . , mn〉 such at mi ⊆ m′i(1 ≤ i ≤ n).

Clearly, because M′ is also a full decomposition of m with Definition 3.37 and
Theorem 3.42, at least we have M = M′. In order to reduce the number of var-
ious possible M and enhance the level of abstraction for M, we tend to seek
more general partial mosaics in M. Ideally, there is no other full decomposition
M′′ = 〈m′′1 , m′′2 . . . , m′′n〉 of m such that m′′i ⊂ mi(1 ≤ i ≤ n). The implementable
algorithm for getting such kind of idea full decomposition is provided in Chapter
5.

3.5 Satisfiability

In this section we tackle the task of determining whether a formula has a US/LIN
model; i.e. whether it is satisfiable.

Definition 3.44. We say that a formula φ is satisfiable iff there exists a structure
T = (T,<, h) and a point t ∈ (T,<, h) such that φ is true at t.

The main idea is similar to situation in [Rey11b] with mosaic, but a partial mosaic
is more general than a mosaic and it is shown in their satisfiability.

Theorem 3.45. A φ-partial mosaic m is satisfiable iff there is a satisfiable φ-mosaic
m′ such that m ⊆ m′.

Clearly, if a φ-partial mosaic m is not satisfiable then any mosaic m′ with m ⊆ m′

is also not satisfiable. Checking the satisfiability of partial mosaics rather than
mosaics can greatly reduce the search space.

In the procedure of proving US/LIN satisfiability, we are to guess a φ-partial
mosaic (S(m), C(m), E(m)) with either φ ∈ S(m) or φ ∈ E(m) and then check
that (S(m), C(m), E(m)) is satisfiable. Thus we now focus on deciding whether a
partial mosaic is satisfiable.
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To decide the satisfiability of a partial mosaic, we introduce a technique: a sat-
urated set of partial mosaics (SSPM). A similar idea of saturated set has been in
earlier work [MMR00].

Definition 3.46. A full special expansion for a standard partial mosaic m is any
finite, composing sequence of partial mosaics 〈m1, . . . , mi, . . . , mj, . . . , mn〉 with i
and j (1 ≤ i ≤ j ≤ n) such that
1. S(mi) = S(m), and E(mj) = E(m),
2. m1, m2, . . . , mi−1 is a left expansion of m,
3. mi, . . . , mj is a full decomposition of m,
4. mj+1, . . . , mn is a right expansion of m.

A SSPM is a set of partial mosaics with each one in the set having a full special
expansion containing only partial mosaics from the set. It also summarises the
organisation of partial mosaics in it, and show cures for any defects in any partial
mosaic in the set.

Here we define a set of partial mosaics to be saturated if it contains enough par-
tial mosaics to make full special expansions of each of its members as follows:

Definition 3.47. For each φ in the language L(U, S) we say that a set Θ of φ-
partial mosaics is saturated iff for all m ∈ Θ, there exists a full special expansion
of m containing only partial mosaics from Θ. We call Θ a saturated set of partial
mosaic (SSPM) for φ.

3.6 Soundness and Completeness

In this section, we will show that the satisfiability of a partial mosaic is equivalent
to it being an element in an SSPM. We require a satisfiability result for the main
proof.

Lemma 3.48. Each satisfiable mosaic has a full expansion consisting of only sat-
isfiable mosaics.

For proof of full mosaics, see [Rey11b].

Lemma 3.49. If a partial mosaic m is satisfiable then there exists an SSPM with a
mosaic m′ in it such that m ⊆ m′.
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Proof. Let T = (T,<, h) and x, y ∈ T with x < y. Suppose m represents T from
x to y. With Lemma 3.31, there exists a mosaic m′ = mosφ

T(x, y) such that m ⊆ m′.
We build the SSPM from m′ and use the full expansion of m′ and the full expan-
sions of the full expansion etc. m′ has a full expansion M′ = 〈m′1, m′2, . . . , m′n〉
consisting only of satisfiable mosaics by Lemma 3.48. The full expansion M′ of
m consisting only of full mosaics is also a full special expansion m′ when full
mosaic m′ is considered as a partial mosaic as well. We saturate the set Θ by
searching through full expansions/decompositions consisting of only satisfiable
full mosaics for any element in the set and storing them in the set. We proceed
until we reach a fixed point ( since the set of φ-mosaics is finite). The set Θ is an
SSPM, because every mosaic in it is a partial mosaic, m′ ∈ Θ and m ⊆ m′.

In the proof above, we choose a simple way to construct an SSPM via satisfiable
mosaics. In constructing such SSPM, only the initial element is a partial mosaic.
However, it is enough to show it is sound. In the following part, we will see
how to construct a structure with SSPM of partial mosaics and that provides the
completeness as well.

Here we use a step-by-step construction to build a “quasimodel” for any partial
mosaic m from a given SSPM via full special expansion. We can extract a model
from a quasimodel. There is only m in the initial step. The construction proceeds
presenting full special expansions of partial mosaics that have existed in the last
round, and we gradually build up the details of the quasimodel of m.

Lemma 3.50. Suppose that φ is a formula of L(U, S). Say m is a φ-partial mosaic
and m appears in an SSPM Θ of φ-partial mosaics. Then m is satisfiable.

Proof. We will build a quasimodel for m0 from the SSPM, and in each step the
quasimodel is extended by adding new points.

There are ω rounds for the construction. For each step i < ω in the construction,
there is a sequence of composable partial mosaics. For each step of construction,
we have a finite sequence Qi of distinct rationals, a finite sequence Mi of partial
mosaics, and λi that is a map from Qi to consistent sets of formulas. For distinct
rationals r ∈ Qi and s ∈ Qi, if there is no t ∈ Qi such that r < t < s then r and
s are adjacent. Any adjacent pair of rationals in Qi corresponds to the start and
end of a partial mosaic in the sequence. We define a map mi from adjacent pairs
of rationals in Qi into Θ. We define them as follows:
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1. Qi = {q0, q1, . . . qn} where k with 1 ≤ k ≤ n is a natural number and qk

with 1 ≤ k ≤ n is a rational number such that Qj ⊆ Qi for 0 ≤ j < i.

2. mi : Qi×Qi −→ Θ. For adjacent pair of rational numbers r ∈ Qi and s ∈ Qi

where r < s, there is a corresponding partial mosaic mi(r, s) from Θ.

3. λi : Qi −→ Pow(Clφ) such that S(mi(r, s)) = λi(r), E(mi(r, s)) = λi(s),
and if q /∈ Qi then λi(q) = ∅. For any rational number t ∈ Qi, there is a
propositionally consistent set λi(t), and any partial mosaic mi(r, s) from Θ
starts with λi(r) and ends with λi(s).

4. Mi = 〈Θ1, Θ2, . . . , Θn〉 where Θk = mi(qk−1, qk) for 0 < k ≤ n

At the first step of the construction, partial mosaic m is the initial one. So, we
have Q0 = {0, 1}, M0 = {m}, and λ0 with λ0(0) = S(m) and λ0(1) = E(m).

As each round goes on, Qi+1 and Mi+1 that will be used in the next round has
to be defined from Qi and Mi and λi+1 will be derived from Mi+1. This requires
us to consider each adjacent pair r < s from Qi and the corresponding partial
mosaic mi(r, s) ∈ Mi one by one. If mi(r, s) ∈ Mi has no defect then it will be just
left there: mi+1(r, s) = mi(r, s), otherwise we have to consider three conditions
as follows:

1. Neither r is the least element of Qi nor s is the greatest element of Qi.
In this case, only the special full decomposition of mi(r, s) is required for
consideration. The partial mosaic mi(r, s) has special full decomposition
N = (p1, p2, . . . , pn) with each pk ∈ Θ for 1 ≤ k ≤ n. We add rational
numbers q1, q2, . . . , qn−1 where r < q1 < q2 < . . . < qn−1 < s to Qi+1

and define mi+1(r, q1) = p1, mi+1(qk, qk+1) = pk+1 where 1 ≤ k < n,
mi+1(qn−1, s) = pn and λi+1(qk) = E(pk) where 1 ≤ k < n.

2. s is the greatest element of Qi. In this case, both the special full decompo-
sition and the special right expansion of mi(r, s) are required for consider-
ation. For the special full decomposition, mi(r, s) has special full decom-
position N = (p1, p2, . . . , pn) with each pk ∈ Θ for 1 ≤ k ≤ n. We add
rational numbers q1, q2, . . . , qn−1 where r < q1 < q2 < . . . < qn−1 < s
to Qi+1 and define mi+1(r, q1) = p1, mi+1(qk, qk+1) = pk+1 where 1 ≤
k < n, mi+1(qn−1, s) = pn and λi+1(qk) = E(pk) where 1 ≤ k < n.
For special right expansion, mi(r, s) has special right expansion Nright =
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(p1, p2, . . . , pnright) with each pk ∈ Θ for 1 ≤ k ≤ nright. We add rational
numbers q1, q2, . . . , q(nright−1), qnright where s < q1 < q2 < . . . < q(nright−1) <

qnright to Qi+1 and define mi+1(r, q1) = p1, mi+1(qk, qk+1) = pk+1 where
1 < k ≤ nright, and λi+1(qk) = E(pk) where 1 ≤ k ≤ nright.

3. r is the least element of Qi. In this case, both the special full decomposition
and the special left expansion of mi(r, s) are required for consideration. For
the special full decomposition, mi(r, s) has special full decomposition N =

(p1, p2, . . . , pn) with each pk ∈ Θ for 1 ≤ k ≤ n. We add rational numbers
q1, q2, . . . , qn−1 where r < q1 < q2 < . . . < qn−1 < s to Qi+1 and define
mi+1(r, q1) = p1, mi+1(qk, qk+1) = pk+1 where 1 ≤ k < n, mi+1(qn−1, s) =

pn and λi+1(qk) = E(pk) where 1 ≤ k < n. For the special left expansion,
mi(r, s) has left expansion Nle f t = (p1, p2, . . . , pnle f t) with each pk ∈ Θ for
1 ≤ k ≤ nle f t. We add rational numbers q1, q2, . . . , q(nle f t−1), qnle f t where
q1 < q2 < . . . < q(nle f t−1) < qnle f t < r to Qi+1 and define mi+1(qk, qk+1) =

pk+1 where 1 ≤ k < nle f t, mi+1(qnle f t , t) = pnle f t and λi+1(qj) = S(pk) where
1 ≤ k ≤ nle f t.

4. s is the greatest element of Qi and r is the least element of Qi. In this case,
the special full decomposition, the special right expansion and the special
left expansion of mi(r, s) are required for consideration. For the special full
decomposition, mi(r, s) has special full decomposition N = (p1, p2, . . . , pn)

with each pk ∈ Θ for 1 ≤ k ≤ n. We add rational numbers q1, q2, . . . , qn−1

where r < q1 < q2 < . . . < qn−1 < s to Qi+1 and define mi+1(r, q1) = p1,
mi+1(qk, qk+1) = pk+1 where 1 ≤ k < n, mi+1(qn−1, s) = pn and λi+1(qk) =

E(pk) where 1 ≤ k < n. For the special right expansion, mi(r, s) has
special right expansion Nright = (p1, p2, . . . , pnright) with each pk ∈ Θ for
1 ≤ k ≤ nright. We add rational numbers q1, q2, . . . , q(nright−1), qnright where
s < q1 < q2 < . . . < q(nright−1) < qnright to Qi+1 and define mi+1(r, q1) = p1,
mi+1(qk, qk+1) = pk+1 where 1 < k ≤ nright, and λi+1(qk) = E(pk) where
1 ≤ k ≤ nright. For the special left expansion, mi(r, s) has left expansion
Nle f t = (p1, p2, . . . , pnle f t) with each pk ∈ Θ for 1 ≤ k ≤ nle f t. We add ra-
tional numbers q1, q2, . . . , q(nle f t−1), qnle f t where q1 < q2 < . . . < q(nle f t−1) <

qnle f t < r to Qi+1 and define mi+1(qk, qk+1) = pk+1 where 1 ≤ k < nle f t,
mi+1(qnle f t , t) = pnle f t and λi+1(qj) = S(pk) where 1 ≤ k ≤ nle f t.

Note that it is possible to hold Case 4 above such as m0 with 0 is the least one and
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1 is the greatest one in Q0.

In the construction, some conditions follow for i > j:

1. if r ≤ r′ < s′ ≤ s, r and s are adjacent in Qi, and r′ and s′ are adjacent in Qj

then �α ∈ C(mi(r, s))⇒ �α ∈ C(mj(r′, s′))
2. if r < t < s, r and s are adjacent in Qi, and t ∈ Qj

then �α ∈ C(mi(r, s))⇒ α ∈ λj(t)
3. if t ∈ Qj, then for i > j, λi(t) = λj(t)
4. for any adjacent partial mosaic mi(r, t) and mi(t, s) in Mi, we have
E(mi(r, t)) = S(mi(t, s))

Condition 1 and condition 2 follow from Definition 3.37 and Definition 3.46.

For condition 3 and 4, suppose j is the least number such that t ∈ Qj, and both
ri ∈ Qi and si ∈ Qi where i ≥ j are the left adjacent and the right adjacent points
of t in Qi. For t ∈ Qj, we have three cases as follows:

1. In the round j, if t is neither the least element nor the greatest element of
Qj, we have a sequence (. . . , mj(rj, t), mj(t, sj), ..) as a special full decompo-
sition, or a special left expansion, or a special right expansion of a partial
mosaic in the last round. In this case, we have E(mj(rj, t)) = S(mj(t, sj)).

2. In the round j, if t is the greatest element of Qj, we have mj(rj, t) with ad-
jacent points rj ∈ Qj and t ∈ Qj in round j, mj+1(rj+1, t) is the last element
of a special full decomposition of mj(rj, t) with the start point rj+1 ∈ Qj+1

and t ∈ Qj+1 in round j + 1, and we have mj+1(t, sj+1) as the first element
of a special right expansion with the end point sj+1 ∈ Qj+1 and t ∈ Qj+1

in round j + 1. In this case, we have E(mj+1(rj+1, t)) = S(mj+1(t, sj+1)) by
Definition 3.46.

3. In the round j, if t is the least element of Qj, we have mj(t, sj) with adjacent
points t ∈ Qj and sj ∈ Qj in round j, mj+1(rj+1, t) is the last element of
a special right expansion of mj(t, sj) with the start point rj+1 ∈ Qj+1 and
t ∈ Qj+1 in round j + 1, and we have mj+1(t, sj+1) as the first element of a
special full decomposition with the end point sj+1 ∈ Qj+1 and t ∈ Qj+1 in
round j + 1. In this case, we also have E(mj+1(rj+1, t)) = S(mj+1(t, sj+1))

by Definition 3.46.
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For any i > j, if there is mi−1(ri−1, t) where ri−1 is left adjacent to t ∈ Qj in
Qi−1 of round i− 1, then we are able to add adjacent rational numbers q1, q2, . . .,
qn−1, and ri to Qi between ri−1 and t such that we have ri−1 < q1 < q2 < . . . <
qn−1 < ri < t and (mi(ri−1, q1), mi(q1, q2), . . . , mi(qn−1, ri), mi(ri, t)) a full special
decomposition of mi−1(ri−1, t). Note that point ri ∈ Qi is the point just before t in
each round i. As it is a full special decomposition, E(mi−1(ri−1, t)) = E(mi(ri, t)).
By induction, we have E(mi(ri, t)) = E(mj(rj, t)) = λi(t) = λj(t) for i > j. So, the
condition 3 holds. Similarly, we have S(mi(t, si)) = S(mj(t, sj)) = λi(t) = λj(t)
for i > j. As, we have E(mj(rj, t)) = S(mj(t, sj)), the condition 4 holds.

From these conditions, we now define a quasimodel to be (T,<, λ) where T =

∪i<ωQi ordered as rationals; λ(r) = ∪i<ωλi(r) for all r ∈ T. Then we define a
structure T = (T,<, h) where h is defined by: p ∈ λ(r)⇔ r ∈ h(p) for any atom
p ∈ L. The partial mosaic m is satisfiable if m represents structure T from 0 to 1
where for each r ∈ T and α ∈ Clφ, if α ∈ λ(r) then T, r |= α. In Lemma 3.51, we
show this is the case.

So it remains to prove the truth lemma:

Lemma 3.51. Let T be the structure defined in Lemma 3.50. Then for each r ∈ T
and α ∈ Clφ, if α ∈ λ(r) then T, r |= α.

Proof. We proceed by induction on the construction of α. The cases of atoms,
truth and Boolean connectives are straightforward. A formula U(α, β) is a harder
case (so as S(α, β), the mirror of U(α, β)) Suppose U(α, β) ∈ λ(r) with r ∈ Qi

where r was introduced at round i. We assume that there exists a least adjacent
pair r′ < s′ in Qi where r ≤ r′ such that either:

1. 3α ∈ C(mi(r′, s′)); or

2. α ∈ E(mi(r′, s′)).

Then for any adjacent pair in Qi where r ≤ r′′ < s′′ ≤ r′, we have �β ∈
C(mi(r′′, s′′)). Suppose U(α, β) is first introduced in λh(r) of round h ≤ i. For the
partial mosaic in Mh where the start set first introduces U(α, β), either U(α, β) is
satisfied at/after the end set or it is a type 1 defect. If h = r then the assumption
is true; if h < r then the type 1 defect is cured by children from Mh+1 and the
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assumption is true as well. Note that we also have U(α, β) ∈ λi(r′) in round i.
We are looking for some s > r from T such that α ∈ λj(s)(i ≤ j) and for all t ∈ T
with r < t < s, β ∈ λk(t)(i ≤ j ≤ k). If we get such s, the proof is done. There
are two cases described as above:

1. β ∈ C(mi(r′, s′)) and α ∈ E(mi(r′, s′));

2. 3α ∈ C(mi(r′, s′)).

We now prove the two cases. If it is case 1 then we are done as s′ is the s we want.
We now confine our attention to searching for s in case 2.

There are also some inheritance conditions that help us to prove this lemma. If
we find such s ∈ Qj(i ≤ j) then

1. r′ < s,
2. α ∈ λj(s),
3. for each adjacent v < w from Qj, if r′ ≤ v < w ≤ s,
we have �β ∈ C(mj(v, w)), and
4. for each adjacent v < w from Qj, if r′ ≤ v < w < s,
we have β ∈ E(mj(v, w)).

In case 2, 3α ∈ C(mi(r′, s′)) (type 3 defect) and U(α, β) ∈ λi(r′) = S(mi(r′, s′))
come up with either �β ∈ C(mi(r′, s′)) or �β 6∈ C(mi(r′, s′)). Due to the ex-
istence of the type 3 defect in mi(r′, s′), we present a full decomposition for
mi(r′, s′) in Pi+1 where r′ < r1 < r2 < . . . < rn−1 < s′ from Qi+1 in round
i + 1. If �β ∈ C(mi(r′, s′)) then the proof is done, because as there exists a wit-
ness α ∈ λi+1(rk) where 1 ≤ k ≤ n − 1 curing the defect for type 3 defect. If
�β 6∈ C(mi(r′, s′)) then U(α, β) is a type 1 defect for mi(r′, s′) then there is an-
other witness α ∈ λi+1(rk) where 1 ≤ k ≤ n − 1 such that β ∈ λ(rl) where
1 ≤ l < k and �β ∈ C(mi(re, r f )) where 1 ≤ e < f ≤ k. Then rk is s that we
are looking for. The proof is done after checking inheritance conditions. With
inheritance conditions above, we have β ∈ λj(v) for r′ < v < rk where v is
from Qj(i ≤ j). Finally we get α ∈ λ(rk) and for any t ∈ Qj where j < ω and
r′ < t < rk, β ∈ λ(t). So, T, r |= U(α, β).

Then, we get the final result for SSPM.
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Theorem 3.52. Suppose that φ is a formula of L(U, S). Then φ-partial mosaic m
is satisfiable iff there exists an SSPM with m in it.

Proof. With Lemma 3.49, if m is satisfiable then there exists an SSPM with m in
it; with Lemma 3.50 if m is in an SSPM then m is satisfiable.

Theorem 3.52 above is the theoretical foundation of checking US/LIN satisfia-
bility. We will use the theorem to prove the soundness and completeness of a
practical tableau in Chapter 4. With the theory of SSPM, it will show that the
existence of successful tableaux in Chapter 4 imply satisfiable formulas.



Chapter 4

Partial Mosaic Tableau

4.1 Introduction

In the last chapter, the definition of an SSPM was provided to help decide the
satisfiability of formula φ. However, it is nontrivial to construct an SSPM or de-
termine if it exists. So, we are required to provide a practical method to generate
SSPM. In this section, we see how a tableau-style decision procedure for a for-
mula is used to construct an SSPM that is equivalent to a model of the formula.

A theoretical tableau for US/LIN has been described in [Rey11b], but it is not suf-
ficiently optimised for implementation. The implicit search algorithm involves
nondeterministic choices and exhaustive searches amongst what can be a very
large set of mosaics. The tableau approach here is considerably more efficient
and practical, and we will demonstrate this by empirical results in Chapter 6.
This is largely attributed to the high level of abstraction that partial mosaics al-
low.

Here we introduce the notation of a partial mosaic-based tableau, demonstrate
its properties, and show its equivalence to an SSPM. In the final part, we show
how to decide satisfiability of a formula via the tableau-style decision procedure.

4.2 Tableau of Partial Mosaic

To generate SSPM of φ, we construct a tableau in the form of an ordered tree as
we have introduced in Definition 2.18. Here we introduce the concept of lexical
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relation for branches of an ordered tree.

In an ordered tree, any two branches have the lexical relation that is defined as
follows:

Definition 4.53. For any two branches η1 and η2, if a node on the branch η1 is an
earlier sibling of a node on the branch η2, then η1 is lexically before η2 and we
write η1 ≺ η2.

In an ordered tree, because the lexical relation can be applied for any 2 branches,
all branches in the tree have a total lexical order. In total lexical order, we say
branches η1 ≺ η2 are neighbouring branches, if and only no branch is lexically
between them.

A tableau is an ordered tree labelled with φ-partial mosaics except some nodes
which are labelled with null. If a node is not labelled with null, either the node
contains a label that is a super partial mosaic of its parent label; or the node label
is derived from full decomposition, left expansion, and right expansion of its
parent label, although left and right expansion are not necessary for some nodes.
Children are categorised as follows:

Definition 4.54. The left-expanding children are the nodes in the left expansion of
the parent node; the right-expanding children are the nodes in the right expansion
of the parent node; the decomposition children are the nodes in the full decompo-
sition of the parent node; the single child is the node labelled with a super partial
mosaic of its parent label defined in Definition 3.41.

In terms of decomposition children and single child, if the label of a node n has
any type 1, type 2, or type 3 defect, then either the node n has single child la-
belled with a more specific partial mosaic m so that m has all type 1, type 2, and
type 3 defects of n’s label from 3.42; or the node n has decomposition children
that forms a full decomposition of the label of n. In a tableau tree, we refer to
the leftmost branch without any null-labelled node as non-null-left-most branch.
In terms of left expansion, only nodes on non-null-left-most branch need left-
expanding children, because we can extract the left expansion for the label of
any node n not on the non-null-left-most branch from the earlier sibling of n
(See Lemma 4.63 below). So, only nodes along non-null-left-most branch possi-
bly have left-expanding children. If a node on the non-null-left-most branch so
that it can have left-expanding children but the label of the node has no type 5
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defects, we label the leftmost child of that node with null so that left-expanding
children consist of only one null-labelled node. The same holds for the non-
null-right-most branch. The tableau we consider here corresponds to a structure
T = (T,<, h) where the size of T is greater than one and we call it non-singleton
tableau. We will consider the tableau for a model consisting of only one point in
later Section 4.3.

In our diagrams we show these left-expanding and right-expanding children by
putting left or right on the lines to these children.

Definition 4.55. A (non-singleton) tableau (for φ-partial mosaic m) is an ordered
tree with:

1. The root is labelled by m;

2. Each node has a non-null label except some nodes on the leftmost and right-
most branches;

3. Each non-leaf node on the non-null-left-most branch has one or more of its
children being left-expanding children; each non-leaf node on the non-null-
right-most branch has one or more of its children being right-expanding
children;

4. The labels on the left-expanding children of any parent node on the non-
null-left-most branch taken in order form a full left-expansion of the label
on the parent node; the labels on the right-expanding children of any parent
node on the non-null-right-most branch taken in order form a full right-
expansion of the label on the parent node

5. A node which has one left-expanding child with a null label must have a
partial mosaic label with no type 5 defects; a node which has one right-
expanding child with a null label must have a partial mosaic label with no
type 4 defects;

6. The labels on the decomposition children either (a) taken in order form a
full decomposition of the label on the node; or (b) contains a single child
with a label that is a super partial mosaic of its parent label.

7. For leaf node labels m1 and m2 on two neighbouring branches η1 and η2

respectively in the tableau with η1 ≺ η2, we have then E(m1) = S(m2).
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Before providing the definition of a successful tableau, we first describe the con-
cept of a subtree in a tableau.

Definition 4.56. Given a tableau and a node x in it, a subtree of that node is
defined to consist of that node and all of its descendants in the tableau. In the
subtree of that node, the decomposition subtree of that node is generated by cutting
off all left-expanding and right-expanding children, and all their descendants in
the subtree; the left subtree of the node consists of only left-expanding children
of the node and all children’s descendants in the tableau; the right subtree of the
node consists of only right-expanding children of the node and all children’s
descendants in the tableau.

We first define the real label of a node in a tableau, and it uses the concept com-
position in Definition 3.35.

Definition 4.57. Define the real label of a node in a tableau to be the composition
of the leaf nodes’ labels of decomposition subtree of that node in lexical order.

Note that the start set of the real label of node x in a tableau equals the start set
of the label of left-most leaf node of the decomposition subtree rooted at x; and
the end set of the real label of node x in a tableau equals the end set of the label
of right-most leaf node of the decomposition subtree rooted at x.

Then we introduce the idea of a clone node that implies a same decomposing
pattern as one of its ancestors.

Definition 4.58. Suppose we have a non-leaf node x, a leaf node y in the decom-
position subtree rooted at x, x has real label m, and y has partial mosaic m′ as
its label. Let sequence M = 〈mlea f

1 , mlea f
2 , . . . , mlea f

l 〉 with 1 ≤ l be the compos-
able leaf node sequence of the subtree rooted at x. We define leaf node y to be
a clone of its ancestor x only when S(m′) = S(m), E(m′) = E(m), and for any
3α ∈ C(m′) there is mlea f

i with 1 ≤ i < l such that α ∈ E(mlea f
i ).

See Figure 7 that shows the picture for Definition 4.58. As shown in the figure, if
node y is the clone of node x, then it implies the decomposition subtree of y can
be built in the same way as the decomposition subtree of x. So, if all leaf nodes of
the decomposition subtree rooted of x are clones, then the work of building the
decomposition subtree of x is done.

We now focus on a successful tableau.
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Figure 7: Clone

Definition 4.59. Define a successful branch of a tableau to be one ending in a clone
leaf node whose cloned ancestor has a full expansion, or a leaf node with label
having no defect, or a null-labelled leaf.

Define a successful tableau as one in which all branches are successful (otherwise
the tableau is incomplete).

4.2.1 Examples

Here are some examples. Tableaux shown in diagrams as trees grow down from
the root. Left-expanding children are indicated by l, right by r. If left-expanding
or right-expanding children don’t exist, we use n short for null to represent it.
Successful branches are indicated by leaf .

See the example in Figure 8 a successful tableau for a φ-partial mosaic m contain-
ing φ = U(q, r) ∧ S(p, r) in the start set. Here, there is no type 3 defect for the
root partial mosaic. However, it has both type 4 defect U(q, r) in the end set and
type 5 defect S(p, r) in the start set. So, it has only left-expanding children and
right-expanding children.

See the example in Figure 9 for another incomplete tableau for a φ-partial mosaic
containing φ = p ∧ FPH¬p in the start set. The last two non-null-branches end
successfully. There is no way, however, of completing the first non-null branch
from m1 to m2 as there is no way of curing the type 3 defect ¬H¬p in m2. We
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{φ, U(q, r), S(p, r)},
{�r},
{U(q, r)}

l
{p},
{�r},

{φ, U(q, r), S(p, r)}

leaf

r
{U(q, r)},
{�r},
{q}

leaf

Figure 8: Tableau for partial mosaic m with φ ∈ S(m) and φ = U(q, r) ∧ S(p, r)

m1 =
{φ, FPH¬p, p},
{3PH¬p},
{}

l
n

m2 =
{φ, FPH¬p, p},
{3H¬p},
{PH¬p}

m3 =
{φ, FPH¬p, p},

{},
{H¬p}

m4 =
{H¬p},
{},

{PH¬p}

leaf

m5 =
{PH¬p},
{},
{}

leaf

r
n

Figure 9: Incomplete tableau for partial mosaic m1 with φ ∈ S(m1) and φ = p ∧
FPH¬p
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{φ,¬U(p,¬p),¬U(¬p, p)},
{3p,3¬p},
{}

l
n

{φ,¬U(p,¬p),¬U(¬p, p)},
{3p,3¬p},
{U(¬p, p), p}

{U(¬p, p), p},
{�p},

{U(p,¬p),¬p}

leaf

{U(p,¬p),¬p},
{�¬p},
{p}

leaf

r
n

Figure 10: Incomplete tableau for a partial mosaic m with φ ∈ S(m) and φ =
¬U(p,¬p) ∧ ¬U(¬p, p)

show an attempt to try to cure the defect by H¬p in E(m3) but there is no way
of finding a suitable partial mosaic, and m3 actually is not a partial mosaic at all.
So, it can never turn into a successful tableau.

See the example in Figure 10 for an incomplete tableau for a φ-partial mosaic m
containing φ = ¬U(¬p, p) ∧ ¬U(p,¬p) in the start set. All the branches end
successfully except the non-null-left-most branch. However, the last node on
the non-null-left-most branch can be decomposed just as its parent, and then the
branch can end successfully in clone as it can be fully decomposed by itself with
another two perfect partial mosaics. So, this incomplete tableau can turn into
a successful tableau. Note that there are two type 3 defects in the label of the
root, and it requires the 3 partial mosaic decomposition. This tableau represents
a model which has an initial point which is also an accumulation point for a
sequence of p and ¬p points from the right. The p and ¬p points also alternate
infinitely into the future.

4.2.2 Soundness and Completeness

In this section, we show the equivalence of the existence of a tableau to the exis-
tence of a satisfying structure via a saturated set. To prove the equivalence, the
soundness part is that: if there is a successful tableau with a φ-partial mosaic m
as its root then there is a saturated set with m in it; the completeness is that: if
there is a saturated set with m in it then there is a successful tableau with m as
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the root.

We now concentrate on proving soundness. This requires us to construct an
SSPM from a successful tableau. Here we only use the labels of leaf nodes in the
tableau to build such SSPM. So, we first prove that leaf nodes can compose to the
full decomposition, left expansion, and right expansion for the label of any node
in the tableau. We start from the full decomposition.

For a non-leaf node x in a successful tableau, the decomposition subtree of x
defined in Definition 4.56 either has only one branch or more than one branch.
From Definition 4.59, if the decomposition subtree of x has only one branch, the
label of the only leaf node must be a partial mosaic having no defect, otherwise
it must be a clone of an ancestor that has a full expansion in the tableau, and it
is contradiction as only labels with defects have a full expansion. The label of
the only leaf node is a super partial mosaic of the label of node x because the
super partial mosaic relation is transitive. We now focus on the case in which the
decomposition subtree of x has more than one branch.

Lemma 4.60. Given a successful tableau, a non-leaf node x in the tableau and the
decomposition subtree of x, if the composable leaf node sequence of the subtree
has more than one node then it is a full decomposition of the label of x.

Proof. Suppose m is the label of non-leaf node x in the successful tableau and
sequence M = 〈mlea f

1 , mlea f
2 , . . . , mlea f

l 〉 with 1 ≤ l is the composable leaf node
sequence of the subtree rooted at x. Let xw be x, if x has more than one child;
otherwise let xw be the first descendant of x with more than one child. Let x = x1

and w ≥ 1 be such that for all i where 1 ≤ i < w, xi+1 is the only child of xi. That
is, xw is the first branching descendant of x. With (6b) in Definition 4.55, mw is
a super partial mosaic of m such that m ⊆ mw because the super partial mosaic
relation is transitive, and any defect of m is also a defect of mw with Lemma
3.42. Suppose m1, m2, . . . , mn are the labels of non-expanding children of node
xw, and the full decomposition 〈m1, m2, . . . , mn〉 cures defects of mw. We now
show the full decomposition m1, m2, . . . , mn also cures the defects of m, and build
a full decomposition of m by stringing together the leaf node sequences of the
decomposition subtrees of mk for 1 ≤ k ≤ n. We present the cases for each type
of defect in m as follows:

1. For any type 1 defect U(α, β) ∈ S(m): there is also type 1 defect U(α, β) ∈
S(mw). By Definition 3.37, there is some i with 1 ≤ i < n such that: α ∈
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E(mi), �β ∈ C(mi), �β ∈ C(mj), and β ∈ E(mj) for all 1 ≤ j < i. So,
all type 1 defects of m are cured by the non-expanding children of m′. We
now show the decomposition M of mw cures all type 1 defects of mw by
considering leaf node sequences of the decomposition subtree rooted at mk

for all 1 ≤ k ≤ i. By (6a) or (6b) in Definition 4.55, we consider different
cases for leaf nodes of the decomposition subtree rooted mj with j < i,
the rightmost leaf node of the decomposition subtree rooted mi, and non-
rightmost leaf nodes of the decomposition subtree rooted mi as follows:

(a) for any mj with j < i and any leaf node m′ in the decomposition sub-
tree of mj, we have �β ∈ C(m′) and β ∈ E(m′);

(b) for child mi and the rightmost leaf node m′′ in the decomposition sub-
tree of mi, we have �β ∈ C(m′′) and α ∈ E(m′′); and

(c) for child mi and any non-rightmost leaf node m′′′ in the decomposition
subtree of mi, we have �β ∈ C(m′′′) and β ∈ E(m′′′).

So, for composable leaf node sequence M with length l, we have ∃h ≤ l
such that α ∈ E(mlea f

h ), �β ∈ C(mlea f
h ) and ∀g < h, �β ∈ C(mlea f

g ), β ∈
E(mlea f

g ). Then, M cures all type 1 defects of m.

2. For any S(α, β) ∈ E(m): similar with 2.1.

3. For any type 3 defect 3β ∈ C(m): there is also type 3 defect 3β ∈ C(m′).
We have mi for all 1 ≤ i < n such that β ∈ E(mi). By (6a) and (6b) in
Definition 4.55, the end set monotonically increases along a branch to a leaf
node. In M, there is some j ≤ l such that β ∈ E(mlea f

j ). So, M cures all type
3 defects of m.

Since M is a decomposition of mw that cures all type 1, 2, 3 defects, M is a full
decomposition of m.

We have a full decomposition for SSPM, but the SSPM also requires a right ex-
pansion and a left expansion. Then we focus on the non-leaf nodes on the non-
null-right-most branch in a successful tableau. We can find a right expansion for
the nodes from leaf nodes of the tableau, and a left expansion for the nodes is the
mirror image of the right expansion
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Lemma 4.61. Given a successful tableau, a non-leaf node x on the non-null-right-
most branch, and the right subtree of x, the composable leaf node sequence of
the right subtree is a right expansion of the label of the given node if the right
subtree of x is not empty.

Proof. Suppose node x is labelled m and sequence M = 〈mlea f
1 , mlea f

2 , . . . , mlea f
l 〉

with 1 ≤ l is the composable leaf node sequence of the right subtree rooted at
x. Let 〈m1, m2, . . . , mn〉 be the labels of right-expanding children of node x. By
joining leaf node sequences of the decomposition subtrees rooted at each mk for
all 1 ≤ k ≤ n, we will show M is a right expansion of m. We present the cases for
any type 4 defect in m as follows:

For any type 4 defect U(α, β) ∈ E(m): by Definition 3.39, there is some i with
1 ≤ i < n such that: α ∈ E(mi), �β ∈ C(mi), �β ∈ C(mj), and β ∈ E(mj)

(all 1 ≤ j < i). Since the tableau is successful, all type 4 defects of m are cured
by the right-expanding children of m. We now show M is a right expansion of
m by considering leaf node sequences of the right subtrees rooted at mk for all
1 ≤ k ≤ i. By (6a) or (6b) in Definition 4.55, we consider different cases for
leaf nodes of the decomposition subtree rooted mj with j < i, the rightmost leaf
node of the decomposition subtree rooted mi, and non-rightmost leaf nodes of
the decomposition subtree rooted mi as follows:

1. for any mj(j < i) and any leaf node m′ in the decomposition subtree of mj,
we have �β ∈ C(m′) and β ∈ E(m′);

2. for child mi and the rightmost leaf node m′′ in the subtree of mi, we have
�β ∈ C(m′′) and α ∈ E(m′′); and

3. for child mi and any non-rightmost leaf node m′′′ in the subtree of mi, we
have �β ∈ C(m′′′) and β ∈ E(m′′′).

So, given the composable leaf node sequence M with length l, we have ∃h ≤ l
such that α ∈ E(mlea f

h ), �β ∈ C(mlea f
h ) and ∀g < h, �β ∈ C(mlea f

g ), β ∈ E(mlea f
g ).

Then, M cures all type 4 defects of m.

The left subtree case may be shown in a way similar to the right subtree.

Lemma 4.62. Given a tableau, a non-leaf node on the non-null-left-most branch,
and its left subtree, the composable leaf node sequence of the left subtree is a left
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expansion of both the label and real label of the given node if the left subtree of
the node is not empty.

Proof is similar to Lemma 4.61.

With results for full decomposition in Lemma 4.60, left expansion in Lemma 4.62,
and right expansion in Lemma 4.61, we can find a full expansion for any node
from leaf nodes of the tableau.

Lemma 4.63. Given a node in a successful tableau, there is a full expansion of
that node’s label and real label in the leaf node sequence of the tableau.

Proof. Suppose x is the node in the successful tableau and it has partial mo-
saic m as its real label. Let x0 be the most recent ancestor of x on the leftmost
branch of the tableau. It is possible for x0 to be the root. Let 〈x0, x1, x2 . . . , xn〉
be the sequence of ancestors of x in order from x0 down to x = xn. For each
i = 0, 1, 2, . . . , n− 1, we suppose that the non-expanding children of xi are in left
to right order y1, y2, . . . , yu, xi+1, z1, z2, . . . , zv. Let Yi = 〈y1, y2, . . . , yu〉, ρyj be the
leaf node sequence of decomposition subtree of yj for 1 ≤ j ≤ u and γi be the
joining sequence 〈ρy1 , ρy2 , . . . , ρyu〉. Note that sequence 〈ρy1 , ρy2 , . . . , ρyu〉 is empty
if sequence 〈y1, y2, . . . , yu〉 is empty and u = 0. If u = 0 then the start set of the
real label of xi+1 equals the start set of the real label of xi. Otherwise, the start set
of the first partial mosaic in γi equals the start set of the real label of xi, and the
end set of the last partial mosaic in γi equals the start set of the real label of xi+1.

Let Y be Y∧0 Y∧1 . . .∧ Yn−1 and γ be γ∧0 γ∧1 . . .∧ γn−1. Then each element in Yk for
0 ≤ k ≤ n− 1 has a full decomposition from γk. We also have the start set of the
first partial mosaic in γ equals the start set of the real label of x0, and the end set
of the last partial mosaic in γ equals the start set of real label of x = xn.

Let π be the leaf node sequence of left expansion subtree of x0. From Lemma
4.62, π is full left expansion of the real label of x0. We claim that π∧γ is a full
left expansion of the real label x = xn. To prove this, we consider every formula
S(α, β) ∈ S(m). We index the sequence Y as 〈m1, m2, . . . , ml〉 and index the se-
quence γ as 〈p1, p2, . . . , p f 〉. Because the tableau is successful, for any formula
S(α, β) ∈ S(m), we have conditions as follows:

1. there is some i with 1 ≤ i ≤ l such that: α ∈ S(mi), �β ∈ C(mi), �β ∈
C(mj), and β ∈ S(mj) (all i < j ≤ l): Then for leaf node sequence γ, there
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is some h with 1 ≤ h ≤ f such that: α ∈ S(ph), �β ∈ C(ph), �β ∈ C(pg),
and β ∈ S(pg) (all h < g ≤ f ).

2. there is some i with 1 ≤ i ≤ l such that: 3α ∈ C(mi), 3α /∈ C(mj), �β ∈
C(mj), α /∈∈ S(mj), and β ∈ S(mj) for all i < j ≤ l: from Lemma 4.60,
there is a full decomposition of mi in leaf node sequence γ. Then for the
leaf node sequence γ, there is some h with 1 ≤ h ≤ f such that: α ∈ S(ph),
�β ∈ C(ph), �β ∈ C(pg), and β ∈ S(pg) (all h < g ≤ f ).

3. we have that S(α, β) ∈ S(m1), β ∈ S(m1), 3α /∈ C(mj), �β ∈ C(mj),
α /∈∈ S(mj), and β ∈ S(mj) (all 1 ≤ j ≤ l): as m1 is the real label of the first
non-expanding child of x0, we have S(α, β) in the start set of the real label
of x0 as well. Suppose S(α, β) first appears in the start set of the label of x′

on non-null-left-most branch. From Lemma 4.62, there is a left expansion
of the label in leaf node sequence. So, for leaf node sequence γ, there is
some h with 1 ≤ h ≤ f such that: α ∈ S(ph), �β ∈ C(ph), �β ∈ C(pg), and
β ∈ S(pg) (all h < g ≤ f ).

So, we prove that π∧γ is a full left expansion of the real label of x = xn. Similarly,
there is a full right expansion of the real label of x = xn in leaf node sequence of
the tableau. With Lemma 4.60, there is a full decomposition of the real label of
x = xn in leaf node sequence of the tableau. So, there is full expansion of the real
label of x = xn in leaf node sequence of the tableau.

With Lemma 4.63, we are able to provide the soundness by constructing an SSPM
from the leaf nodes of a successful tableau as follows:

Lemma 4.64. Given a successful tableau with a φ-partial mosaic m as the label of
its root, there exists an SSPM with an m′ such that m ⊆ m′.

Proof. Here we only consider labels of non-null leaf nodes and the root node in
the successful tableau and prove that the set consisting of the real label of the
root and labels of all non-null leaf nodes is an SSPM. Let M = 〈n1, . . . , nl〉 be the
composable leaf node sequence and m be the real label of the root node. For the
root node m, the composable leaf node sequence M forms a full special expansion
for the real label of the root with Theorem 4.63. In M, if nj for 1 ≤ j ≤ l has a
defect, nj must be a clone of an ancestor node x in the tableau. The real label
n′ of x must be the composition of 〈na, . . . , nb〉 where 1 ≤ a < b ≤ l, and M
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is a full special expansion of n′. So, M is also a full special expansion of nj that
appears in its own full decomposition from Lemma 4.63. Therefore, the set we
get is saturated.

Conversely, if there is an SSPM containing partial mosaic m then we are required
to construct a successful tableau with m as its root for the sake of the complete-
ness.

Lemma 4.65. Given Θ that is a saturated set of partial mosaics for φ and a partial
mosaic m ∈ S, there exists a successful tableau with m as root.

Proof. Suppose saturated set Θ is an SSPM and m is the partial mosaic. This
requires us to build a successful tableau for m with SSPM by iteratively writing
out the necessary parts of full expansions for any element from the SSPM.

Initially, we add m as the root of the tableau, and add the full special expansion
of m from Θ as children of m in Definition 3.46 and 3.47. Note that each time
when children are added, all nodes of left expansion are added as left-expanding
children, all nodes of right expansion are added as right-expanding children, and
all nodes of full decomposition are added as non-expanding children. Because
Θ is an SSPM, every m ∈ Θ has a full decomposition, left expansion, and right
expansion. For adding the children of m, we have different situations of m as
follows:

1. if the parent node has no left expansion or right expansion, we only add a
null-labelled leaf as left-expanding or right-expanding children;

2. if the parent node is on the non-null-left-most branch and it has both left ex-
pansion and full decomposition, we add left-expanding children and non-
expanding children;

3. if the parent node is on the non-null-right-most branch and it has both right
expansion and full decomposition, we add right-expanding children and
non-expanding children;

4. if the parent node is on both the non-null-left-most branch and non-null-
right-most branch such as the root node and it has left expansion, right
expansion and full decomposition, we add left-expanding children, right-
expanding children, and non-expanding children;
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5. if the parent node is neither on the non-null-left-most branch nor on non-
null-right-most branch and it has full decomposition, we only add non-
expanding children;

6. if the parent node on either the non-null-left-most branch or non-null-right-
most branch has no left expansion or right expansion, we only add a null-
labelled leaf as left-expanding or right-expanding children.

The strategy of building the tree is followed by depth-first search and we present
the the childrenof deeper nodes as required above using the given SSPM along
one branch whenever possible. In the strategy, we present children for a node
as required above from SSPM We explore the leftmost child out of that most
recently visited node that still has unexplored children leaving it. We continue to
build the tree along branch by presenting children nodes as required above for
the chosen node from SSPM and choosing leftmost unexplored child for the next
presenting until we explore a node that is the same as one of its ancestors in the
path. Then we backtrack to its parent node and choose to expand other children
of the parent nodes so that we can expand along another branch. Note that: for
those nodes with children, we backtrack to explore the parent node of that node,
only when all of that node’s children have been explored. This process continues
until every branch of the tree reaches to a clone leaf node or null-labelled node.
We see a tree is built from SSPM and have to prove this tree is a tableau.

For Definition 4.55, (1), (2), (3), (4a), (4b) and (5) are satisfied by adding children.
(6a) is satisfied by continuously expanding tree nodes with left expansion/right
expansion/full decomposition from SSPM. We only need to prove (7) and (8).
Suppose, the tree we get is T = (N, R). For any node n ∈ N on a branch η1 that
is not non-null-left-most branch, it has a left neighbouring branch η2. Because
of the full special expansion in Definition 3.46, the start set of the parent node
is equal to the start set of a child and the end set of parent node is also equal
to the end set of another child. So, all the start sets of the labels of nodes along
the leftmost branch in the decomposition subtree of a given non-leaf node are the
same as the start set of the label of the given node, and all end sets of the labels of
nodes along a rightmost branch in the decomposition subtree of a given non-leaf
node are the same as the end set of the label of the given node. This is because
they are from special full expansions of SSPM. So, we only need to prove that
there is nle f t ∈ η2 in the same level of n such that E(nle f t) = S(n). We have two
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cases for this:

1. nle f t and n are siblings: this implies nle f t and n are neighbouring children
of a node. So, they are two neighbouring nodes in a full special expansion.
We get E(nle f t) = S(n).

2. nle f t and n are not siblings: suppose nancestor is the lowest common ancestor
of nle f t and n, n1 is a child of nancestor on η1, and n2 is a child of nancestor on
η2. We have n2 and n1 are neighbouring children of nancestor, as η2 is left
neighbouring branch of η1. Then we get E(n2) = S(n1). By the result ob-
tained above, E(n2) are equal to all end sets of nodes along the rightmost
branch η2 of n2,and S(n1) are equal to all start sets of nodes along the left-
most branch η1 of n1. So, E(nle f t) = E(n2) as nle f t is on η2; S(n) = S(n1) as
n is on η1. Then we get E(nle f t) = S(n).

So, the extracted tree is a successful tableau.

We see how to construct an SSPM from a tableau, and conversely build a tableau
from an SSPM. Here we introduce the equivalence between a successful tableau
and the satisfiability of its root.

Theorem 4.66. Suppose that φ is a formula of L(U, S). Then φ-partial mosaic m
is satisfiable iff there a successful non-singleton tableau with m as its root.

Proof. With Lemma 4.64, we get the equivalence of a successful tableau to an
SSPM: a φ-partial mosaic m has a successful tableau, if and only if there exists a
saturated set of partial mosaics (SSPM) for φ with m in it. With Theorem 3.52, we
get that φ-partial mosaic m is satisfiable, if and only if there exists an SSPM with
m in it.

4.3 Deciding Satisfiability for US/LIN

In this Section we will present a decision procedure for US/LIN. This decision
procedure will exploit partial mosaics to improve performance.

Definition 4.67. A singleton tableau for a formula φ is a separate special structure
just consisting of a PC subset of the closure of φ containing no formulas of the
form U(α, β) or S(α, β).
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We say that a formula φ has a successful tableau iff there is a singleton tableau
for φ or there is a tableau for φ-partial mosaic with φ either in the start set or the
end set.

Theorem 4.68. φ is satisfiable iff φ has a successful tableau.

Proof. A φ-partial mosaic m is satisfiable if and only if either a successful non-
singleton tableau exists with a partial mosaic m(φ ∈ S(m) or φ ∈ E(m)) as
its root from Theorem 4.66 or a singleton tableau exists for φ. A successful
tableau implies either a successful non-singleton tableau or a successful single-
ton tableau.



Chapter 5

Partial Mosaic Tableau
Implementation

5.1 Introduction

Based on the proposal of partial mosaics in Chapter 3, a theoretical framework
of an efficient tableau is provided in Chapter 4. The implementation of partial
mosaic tableau are more complex than the implementation of standard mosaic
tableau. The partial mosaic structure makes the building process for the tableau
more dynamic, and requires some sophisticated algorithms to ensure complete-
ness. In this section, we present the necessary algorithms required for imple-
menting a partial mosaic-based tableau and show the correctness of these algo-
rithms as well. This chapter consists of two parts. The first part shows how to
construct full expansions for partial mosaics. This will highlight computational
differences between full mosaics and partial mosaics. In the later part, algorithms
for building unique tree-shaped tableaux of partial mosaics are provided as well
as their correctness.

5.2 Constructing Full Expansions

Constructing full expansions for a partial mosaic is different to constructing full
expansions for a mosaic. In Chapter 2, obtaining a full decomposition prefix, a
full decomposition suffix, and a full decomposition midfix is the foundation for
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building a full decomposition of a full mosaic as shown in Algorithm 5. For the
algorithm to build a decomposition of a mosaic m in Chapter 2, the depth-first
search tries appending all possible mosaics one after another until it discovers a
composable sequence as a full decomposition prefix of m. However, this strategy
is no longer suitable for partial mosaics, because the partial mosaic of a child
node may require changing the start set or the end set in the partial mosaic of
parent node when appending a child node of a partial mosaic to a parent node
of another partial mosaic for curing a defect in an expansion. This in turn can
require changes to the expansion from which the parent originally came.

For example, consider appending a partial mosaic to m1 where we have

(S(m1), C(m1), E(m1)) = ({U(U(Hq,⊥), p)}, {�p}, {U(Hq,⊥)}).

If only a no defect-free partial mosaic m2 is allowed to be added after m1, then
there is no m2 such that E(m1) = S(m2). However, there is a defect-free partial
mosaic m3 such that

(S(m3), C(m3), E(m3)) = ({U(Hq,⊥), Hq, q}, {�⊥,�Hq,�q}, {Hq})

and E(m1) ⊂ S(m3). Once we try to append m3 to m1, the sequence 〈m1, m3〉 has
to be updated to a composable sequence 〈m′1, m2〉 in which

(S(m′1), C(m′1), E(m′1)) =

({U(U(Hq,⊥), p, Hq, q)}, {�p,�Hq,�q}, {S(Hq,⊥), Hq, q})

and E(m′1) = S(m3), m1 ⊂ m′1.

If a sequence is no longer composable after appending some new elements to it,
then it requires updating the sequence to a composable one. The composable clo-
sure will be introduced as a most general composable sequence for this update.
The algorithm to construct such composable closures from a decomposable se-
quence is also provided with its correctness proof. To obtain a full decomposition
for partial mosaics, the general idea of prefixes, midfixes, and suffixes is also ap-
plied into partial mosaics. The algorithms constructing these prefixes, midfixes
and suffixes are required to make composable closures. In the last part of this
section, the algorithm of constructing all full decompositions for a partial mosaic
is provided.
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Figure 11: The figure of composable closure M2 of sequence M1

5.2.1 Composable Closure

The composable closure is defined as a sequence of most general composable
partial mosaics.

Definition 5.69. Suppose M1 = 〈m1, m2 . . . mn〉 is a sequence of φ-partial mosaics
but it is not necessarily composable. Sequence M2 = 〈m′1, m′2, . . . , m′n〉 is defined
to be a composable closure of M1, if and only if, M2 is a composable sequence,
each mi ⊆ m′i(1 ≤ i ≤ n), and there does not exist a composable sequence
M3 = 〈m′′1 , m′′2 , . . . , m′′n〉 6= M2 such that each mi ⊆ m′′i ⊆ m′i(1 ≤ i ≤ n).

To obtain every most general composable element in build such a composable
closure, we introduce the idea of a most general partial mosaic as follows:

Definition 5.70. Suppose m is a φ-partial mosaic and Θ is a set of φ-partial mo-
saics. If m1 ∈ Θ, m ⊆ m1 and there is no m2 ∈ Θ with m2 6= m1 such that
m ⊆ m2 ⊆ m1 then m1 is a most general partial mosaic for m in Θ.

See Figure 11 that shows the composable closure M1 of sequence M1 for Defini-
tion 5.69.

We now turn our attention to constructing such a composable closure for a given
partial mosaic sequence. As a composable closure is a most general sequence,
constructing such a composable closure involves generating most general super
partial mosaics for a given partial mosaic subject to constraints on the start set or
end set as in Algorithm 11 MGSET.

Algorithm 11 MGSET returns a set set with all possible most general mosaics
as defined in Definition 5.70 for given partial mosaic m in set Θ, and the set Θ
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Algorithm 11 MGSET(m, m′, type, φ)

Require: φ ∈ L(U, S), both m and m′ are φ-partial mosaics, and type is either
Start or End.

Ensure: return set with all possible most general mosaics for m in Θ consisting
of every possible partial mosaic that is subject to constraints of m′ on the start
set or end set.

1: set = ∅
2: isNotLeast = false
3: for partial mosaic m′′: m ⊆ m′′ do
4: if (type = Start and E(m′) ⊆ S(m′′)) or

(type = End and S(m′) ⊆ E(m′′)) then
5: s = ∅
6: for every n ∈ set do
7: if m′′ ⊂ n then
8: add n in s
9: else if n ⊆ m′′ then

10: isNotLeast = true
11:
12: break
13: end if
14: end for
15: if isNotLeast then
16: isNotLeast = false
17: else
18: remove every element in s from set and add m′′ into set
19: isNotLeast = false
20: end if
21: end if
22: end for
23: return set

includes every possible partial mosaic that is subject to constraints of another
given partial mosaic m′ on the start set or end set. See Figure 12 that shows the
general idea of the algorithm. To construct set, the algorithm refactors partial
mosaics from left to right if type = Start and from right to left if type = End: if
type = Start. If type = Start then it iterates any m′′ with m ⊆ m′′ and E(m′) ⊆
S(m′′). If m′′ is a most general super partial mosaic m then it filters out every
element in s that is less general than m′′ from the most general set set; otherwise,
m′′ is not added into set. It is the mirror for type = End.

We will now define some shorthand for sequences and subsequences. We use
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Figure 12: Obtaining most general mosaics in Algorithm MGSET

the notation A[i : j] to be the slice of an array from i to j. For example, s[1 : n] is
the same as 〈s1, . . . , sn〉.

Appending a partial mosaic m to a sequence of composable partial mosaics seq[1 :
n] possibly leads to a chain of updates for elements in seq[1 : n] and m to ensure
that the sequence 〈seq[1 : n], m〉 is composable. Specifically, appending m to the
end of seq[1 : n] could require us to update the last element seq[n] which, in turn,
requires us to update seq[1 : n− 1] and so on. Given a sequence of composable
partial mosaics seq[1 : n] and a partial mosaic m, Algorithm 12 BCCSET returns
a set containing all composable closures of 〈seq[1 : n], m〉. If 〈seq[1 : n], m〉 is
composable then the algorithm returns it. Otherwise:

• while E(seq[n]) ⊂ S(m), seq[1 : n] is updated to seq′[1 : n] where for each
1 ≤ i ≤ n, seq[i] ⊂ seq′[i] and S(m) ⊆ E(seq′[n]);

• while S(m) ⊂ E(seq[n]), m is updated to m′ where m ⊆ m′ and E(seq[n]) ⊆
S(m′).

Sequence 〈seq[1 : n], m〉 is updated until it reaches a composable sequence.

We will now examine an example of the algorithm in action. In Figure 13, the
sequence is seq[1 : n] = 〈m1, m2〉 and the appending partial mosaic is m3 (see Fig-
ure 14, f3 ≡ H(p2 → f2) and f2 ≡ H(p1 → f1)). When appending m3 to 〈m1, m2〉,
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BCCSET(〈m1, m2〉, m3, φ)

1
BCCSET(〈m1〉, m′2, φ)

2
BCCSET(〈〉, m′1, φ)

3
BCCSET(〈m′1〉, m′2, φ)

4
BCCSET(〈m′1〉, m′′2 , φ)

5
BCCSET(〈m′1, m′′2 〉, m3, φ)

6
BCCSET(〈m′1, m′′2 〉, m′3, φ)

Figure 13: Running Algorithm for 〈m1, m2〉 and m3: the partial mosaics and formulas
named in the picture are defined in Figure 14.

f3 = H(p2 → H(p1 → F(¬p ∧ q)))
f2 = H(p1 → F(¬p ∧ q))
f1 = F(¬p ∧ q)
m1 = ({p1, p}, {�p}, {p2, p})
m2 = ({p2, p}, {�p}, {p})
m3 = ({p, f3, p2 → f2}, {�p,� f3,�p2 → f2}, { f3})
m′2 = ({p2, p, f3, p2 → f2, f2}, {�p,� f3,�(p2 → f2)}, {p, f3, p2 → f2})
m′1 = ({p1, p, f3, p2 → f2, f2, p1 → f1, f1},

{�p,� f3,�(p2 → f2),� f2,�(p1 → f1),� f1,�¬(¬p ∧ q)},
{p2, p, f3, p2 → f2, f2, f1})

m′′2 = (S(m′2) ∪ { f1,¬(¬p ∧ q)}, C(m′2) ∪ {� f1,�¬(¬p ∧ q)},
E(m′2) ∪ { f1,¬(¬p ∧ q)})

m′3 = ({p, f1,¬(¬p ∧ q)}, {�p,� f1,�¬(¬p ∧ q)}, { f3,¬p, q,¬p ∧ q})

Figure 14: Partial mosaic and formulas from the run of the algorithm on 〈m1, m2〉
and m3 in Figure 13
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a series of updates occur. Figure 13 demonstrates running process of the algo-
rithm and the sequence evolves as follows: 〈m1, m2, m3〉 ⇒ (1) 〈m1, m′2, m3〉 ⇒
(2) 〈m′1, m′2, m3〉 ⇒ (3) 〈m′1, m′2, m3〉 ⇒ (4) 〈m′1, m′′2 , m3〉 ⇒ (5) 〈m′1, m′′2 , m3〉 ⇒ (6)
〈m′1, m′′2 , m′3〉. Initially, we have a sequence 〈m1, m2, m3〉. In the calling Algorithm
12 BCCSET for 〈m1, m2, m3〉, as there is E(m2) ⊂ S(m3), m2 is updated to m′2
where formulas f3 and p2 → f2 are added into E(m′2) making E(m′2) = S(m3),
and formula f2 is added into S(m′2) because p2 → f2 ∈ S(m′2) and p2 ∈ S(m2).

When calling Algorithm 12 BCCSET for 〈m1, m′2, m3〉, because E(m1) ⊂ S(m′2),
m1 is updated to m′1 where formula f2 is added into E(m′1) so that it makes
E(m′1) ⊇ S(m′2). This is because when f2 is added into E(m′1), p1 → f1 has to
be added into S(m′1) as well. As we have already had p1 ∈ S(m1), formula f1

has to be added into S(m′1). In m′1, because p ∈ E(m′1), the eventuality ¬p ∧ q of
f1 ∈ S(m′1) cannot be contained in E(m′1). So, when calling then Algorithm 12
BCCSET for 〈m′1〉, it returns the sequence 〈m′1〉. As E(m′1) ⊇ S(m′2), m′2 has to be
updated to m′′2 where f1 and ¬(¬p ∧ q) are added to S(m′′2 ) and E(m′′2 ) making
E(m′1) = S(m′2). Similarly, As E(m′′2 ) ⊇ S(m3), m3 has to be updated to m′3 where
f1 and¬(¬p∧ q) are added to S(m′3) making E(m′′2 ) = S(m′3), and formula ¬p∧ q
is added into E(m′3) making f1 ∈ S(m′1) true.

The proof for the correctness of the algorithm is shown as follows.

Lemma 5.71. Suppose φ is a formula of L(U, S), m is a φ-partial mosaic,seq[1 : n]
is a sequence of n composable φ-partial mosaics. In Algorithm 12 BCCSET(seq[1 :
n], m, φ) returns a set containing all composable closures for 〈seq[1 : n], m〉.

Proof. This lemma is proved by induction on the size n of seq[1 : n]. The base
case starts with n = 0. In the base case, seq[1 : n] is an empty sequence and 〈m〉
is the only composable closure for 〈seq[1 : n], m〉. In the inductive case for a se-
quence seq[1 : n] of n composable partial mosaics and a partial mosaic m, given
a φ-partial mosaic m∗ and a composable sequence seq∗[1 : n− 1] of φ-partial mo-
saics, we have the assumption that calling BCCSET(seq∗[1 : n− 1], m∗, φ) returns
a set containing all composable closures for 〈seq∗[1 : n− 1], m∗〉. There are three
case for BCCSET(seq[1 : n], m, φ): Case 1 E(seqn) = S(m), Case 2 E(seqn) ⊂ S(m)

and Case 3 S(m) ⊂ seqn. For Case 1 seqn = S(m), 〈seq[1 : n], m〉 is the only
composable closure for itself and the algorithm returns it at line 7. For case 2
E(seqn) ⊂ S(m): MGSET generates every m′ where seqn ⊂ m′ and S(m) ⊆ m′

for seqn in line 9. We may assume that BCCSET(seq[1 : n − 1], m′, φ) returns
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Algorithm 12 BCCSET(seq[1 : n], m, φ)

Require: φ ∈ L(U, S), seq[1 : n] is a sequence of n composable partial mosaics if
1 ≤ n or null if n < 1.

Ensure: return a set containing all composable closures for 〈seq[1 : n], m〉
1: ccSet = ∅
2: if n < 1 then
3: ccSet = 〈m〉
4: else if E(seqn) = S(m) then
5: add 〈seq[1 : n], m〉 into ccSet
6: else if seqn ⊂ S(m) then
7: generalSet = MGSET(seqn, m, End, φ)
8: subccSet = ∅
9: for every m′ ∈ generalSet do

10: subccSet = subccSet∪ BCCSET(seq[1 : n− 1], m′, φ)
11: end for
12: for every seq′[1 : n] ∈ subccSet do
13: ccSet = ccSet∪ BCCSET(seq′[1 : n], m, φ)
14: end for
15: else
16: generalSet = MGSET(m, seqn, Start, φ)
17: for every m′ ∈ generalSet do
18: ccSet = ccSet∪ BCCSET(seq[1 : n], m′, φ)
19: end for
20: end if
21: return ccSet

every composable closure seq′[1 : n] for 〈seq[1 : n − 1], m′〉. In seq′[1 : n], it
is clear that m′ ⊆ seq′n and S(m) ⊆ E(seq′n). If S(m) = E(seq′n) then the com-
posable closure 〈seq′[1 : n], m〉 for 〈seq[1 : n], m〉 is captured by returning set
ccSet in line 15, otherwise, if S(m) ⊂ E(seq′n), the recursive call BCCSET(seq′[1 :
n], m, φ) in line 15 goes to line 18. In this situation, m is updated to an m′′ where
m ⊂ m′′ and E(seq′n) ⊆ S(m′′). If S(m′′) = E(seq′n) then the composable clo-
sure 〈seq′[1 : n], m′′〉 for 〈seq′[1 : n], m〉 is returned in the set ccSet. Otherwise, if
E(seq′n) ⊂ S(m′′), the recursive BCCSET(seq′[1 : n], m′′, φ) in line 20 goes to line
9. In the next recursion, the algorithm may increase the sequence seq′[1 : n] of
composable partial mosaics (line 9 to line 16) and may increase the partial mosaic
m′′ (line 18 to line 22) until the end set of the last element in the sequence equals
the start set of an increased m′′. This monotonic increase is finite as both the start
set and end set are subsets of the closure of φ. So, the composable closure is even-
tually captured. For Case 3 S(m) ⊂ seqn, and similarly with case 2, alternative
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increasing guarantees composable closures as well.

Theorem 5.72. Suppose φ is a formula of L(U, S), M = 〈m1, m2 . . . mn〉 a se-
quence of not necessarily composable φ-partial mosaics, and 1 ≤ index ≤ n.
Algorithm 12 BCCSET(M, n, ccSet, φ) finds every composable closure of M in
ccSet.

Suppose M∗ = 〈m∗1 , m∗2 . . . m∗n〉 is a composable closure of M. By Lemma 5.71
BCCSET(M, n, ccSet, φ) will find any composable subsequence of M∗ and on line
27 we call BCCSET(M∗, n + 1, ccSet, φ). Clearly, M∗ will be added into ccSet.

5.2.2 Prefix and Suffix for Partial Mosaics

If a partial mosaic has a full decomposition that cures all its defects then a prefix
of the full decomposition cures all type 1 defects. Similarly, a full decomposition
also implies a suffix of the full decomposition cures all type 2 defects.

To see an example: suppose there is partial mosaic

m = ({U(p, q), U(¬p, q)}, {3p,3¬p}, {S(p, q)})

to be decomposed. If we get the sequence 〈m1, m2〉 where

m1 = ({U(p, q), U(¬p, q)}, {�q}, {¬p, q, U(p, q)})

and
m2 = ({¬p, q, U(p, q)}, {�q}, {p})

then we cure all type 1 defects (U(p, q) and U(¬p, q)) of m in S(m) and the se-
quence 〈m3〉 where m3 = ({p}, {�q}, {S(p, q)}) cures all type 3 defects (U(p, q))
of m in E(m), then 〈m1, m2〉 and 〈m3〉 are such prefix and suffix of some full de-
composition. The full decomposition 〈m1, m2, m3〉 is obtained by appending m3

to 〈m1, m2〉.

We now turn our attention to prefixes and suffixes, and the midfix will be covered
in the next section. A full decomposition prefix refers to a sequence curing all type
1 defects of a partial mosaic and a minimal full decomposition prefix refers to a
full decomposition prefix in which any proper prefix does not cure all type 1
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defects. Full decomposition prefixes and minimal full decomposition prefixes
for mosaics have been introduced in Definition 2.22 and Definition 2.23 and both
of them are essential to constructing full decompositions for a full mosaic. Here
we extend this idea to partial mosaics for constructing full decompositions for
partial mosaics.

Definition 5.73. Suppose φ is a formula of L(U, S) and m is φ-mosaic. We call a
sequence of φ-partial mosaics 〈m1, . . . , mn〉 a full decomposition prefix for m iff

1. S(m) ⊆ S(m1)

2. E(mi) = S(mi+1) (all 1 ≤ i < n)
3. for each �β ∈ C(m), β ∈ E(mi) and �β ∈ C(mi) (all 1 ≤ i ≤ n)
4. for any type 1 defect U(α, β) ∈ S(m) we have:

there is some i with 1 ≤ i ≤ n such that
α ∈ E(mi), �β ∈ C(mj) for all j ≤ i and β ∈ E(mj) for all j < i;

Suppose φ is a formula of L(U, S), m is φ-mosaic and M = 〈m1, . . . , mn〉 is a full
decomposition prefix of a partial mosaic m. The full decomposition prefix M is
said to be minimal if every mi with 1 ≤ i ≤ n cures at least one remaining defect
of m, and any proper prefix of M cannot be a full decomposition prefix of m.
Because m has only a finite number of defects, there can only be a finite number
minimal full decomposition prefixes.

The algorithm to construct minimal full decomposition prefixes for a partial mo-
saic is provided in Algorithm 13 PRE, and it uses Algorithm 12.

Algorithm 13 PRE aims at finding out all minimal full decomposition prefixes
starting with a same partial mosaic for pmos using depth-first search tree. As to its
parameters, pmos is the partial mosaic for decomposing, e is the current tree node
containing a composable closure, prefixList is to store discovered minimal full
decomposition prefixes in line 14, path is to store the current path along a branch
of the tree, and φ is the input formula. For each given tree node e as a parameter,
it contains a composable closure e.seq[1 : n]. In the algorithm, children nodes
of e are added in the tree. Each child node c of e contains another composable
closure c.seq[1 : n + 1] that is from extending and updating composable closure
e.seq[1 : n]. c.seq[1 : n + 1] is a composable closure that cures more type 1 defects
of pmos than e.seq[1 : n].
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Algorithm 13 PRE(pmos, e, prefixSet, path, φ)

Require: φ ∈ L(U, S), pmos is a φ-partial mosaic, e is a tree node containing a
composable closure e.seq[1 : n], path contains all ancestors of node e, and
prefixSet contains all prefixes.

Ensure: updated prefixSet with all searched prefixes of pmos.

1: n = length[e.seq]
2: if n > 4length[φ] + 1 then
3: return
4: end if
5: ccSet = ∅
6: for every most general φ-partial mosaic m if E(e.seqn) ⊆ S(m) and E(m)

witnesses a cure do
7: ccSet = BCCSET(e.seq[1 : n], m, φ)
8: for each seq′[1 : n + 1] ∈ ccSet do
9: append a node c as a child of n where c.seq[1 : n + 1] = seq′[1 : n + 1]

10: end for
11: end for
12: for each child c of e do
13: if c.seq[1 : n + 1] is a minimal full decomposition prefix of pmos then
14: store c.seq[1 : n + 1] in prefixSet
15: else
16: currentPath← path + c
17: PRE(pmos, c, prefixSet, currentPath, φ)
18: end if
19: end for

Specifically, the algorithm first tries to append every appropriate defect-curing
partial mosaic m to e.seq[1 : n] from line 6. Calling Algorithm 12 BCCSET(e.seq[1 :
n], m, φ) in line 7 ensures that appending sequence 〈e.seq[1 : n], m〉 is updated
to a composable closure seq′[1 : n + 1]. The algorithm adds seq′[1 : n + 1] as
the composable closure of a child c where c.seq[1 : n + 1] = seq′[1 : n + 1] in
line 10. Then the algorithm is recursively called in line 16 to expand node c by
extending c.seq[1 : n + 1]. It will proceed to expand the tree along a branch (that
is considered to extend a composable closure to another composable closure)
until it discovers a minimal full decomposition prefix or it fails and backtracks
to expand the tree along another branch (path).

The Algorithm 14 ALLPRE(pmos, φ) generates all minimal full decomposition
prefixes for partial mosaic pmos and returns them in the set prefixSet. The input
formula φ and partial mosaic pmos to be decomposed are the only parameters.
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The algorithm tries all possible starting partial mosaics, adds each of them as the
composable closure for each initial root tree node and runs Algorithm 13 PRE on
each of them. In a practical implementation, minimal prefixes are generated on
demand rather than as a batch.

Algorithm 14 ALLPRE(pmos, φ)

Require: φ ∈ L(U, S) and pmos is φ-partial mosaic.
Ensure: prefixSet storing all possible prefixes.

1: prefixSet← ∅
2: for each φ-partial mosaic m: S(pmos) ⊆ S(m) and E(m) witnesses a cure do
3: e.seq[1 : 1] = 〈m〉
4: path← 〈n〉
5: PRE(pmos, e, prefixSet, path, φ)
6: end for
7: return prefixSet

A similar idea is used to obtain suffixes for a partial mosaic and the algorithm
ALLSUF generates all minimum full decomposition suffixes for partial mosaic
pmos. This idea is also used for getting left expansions and right expansions.
RIGHTEXP provides all left expansions similar with Algorithm 14 ALLPRE. Al-
gorithm LEFTEXP provides all left expansions similar with ALLSUF as the mirror
image of ALLPRE.

5.2.3 Midfix and Full Decomposition of Partial Mosaics

For constructing a full decomposition, it impossible to just simply string together
a full decomposition prefix and a full decomposition suffix in some cases, as
some type 3 defects may not be cured. For example: suppose there is partial mo-
saic m = ({U(p, q)}, {3p,3U(¬p, q)}, {S(p, q)}) to be decomposed. Even if we
get full decomposition prefix 〈m1〉 where m1 = ({U(p, q)}, {�q}, {p}) and full
decomposition suffix 〈m2〉 where m2 = ({p}, {�q}, {S(p, q)}), we cannot string
them together, as the type 3 defect 3U(¬p, q) is not cured. A midfix is required
between a prefix and a suffix to cure type 3 defects if necessary. A midfix is found
by performing depth-first search after a given minimal full decomposition prefix
until it cures all the type 3 defects. A full decomposition is formed by making
the prefix, midfix and suffix composable.

Algorithm 17 DECOMP searches for a midfix with a given prefix and suffix and
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returns the full decompositions after updating them to be composable in Algo-
rithm 15 UNITEPRESUF. Algorithm 15 is necessary for the concatenation of two
sequences of partial mosaics, as it is possible that the given sequences are not
composable when concatenating them. In Algorithm 17, it also uses Algorithm
16 to generate a bridging partial mosaic to link two sequences together before
making them composable by calling Algorithm 15.

Algorithm 15 UNITETWOSEQS(seq1[1 : n1], seq2[1 : n2], φ)

Require: φ ∈ L(U, S) and pmos is φ-partial mosaic.
Ensure: ccSet storing all composable sequences.

1: ccSet = {seq1[1 : n1]}
2: for each i : 1 ≤ i ≤ n2 do
3: m = seq2[i]
4: set = ∅
5: for each seq′[1 : n1 + i− 1] ∈ ccSet do
6: set = set + BCCSET(seq′[1 : n1 + i− 1], m, φ)
7: end for
8: ccSet = set
9: end for

10: return ccSet

Algorithm 16 MGBRIDGINGSET(mbe f ore, mnext, φ)

Require: φ ∈ L(U, S), both m and m′ are φ-partial mosaics, and type is either
Start or End.

Ensure: set with all possible most general mosaics for m restricted by m′

1: set = ∅
2: for partial mosaic m′: m ⊆ m′, E(mbe f ore) ⊆ S(m′), S(mnext) ⊆ E(m′) do
3: s = ∅
4: for every n ∈ set do
5: if m′ ⊂ n then
6: add n in s
7: end if
8: end for
9: remove every element in s from set and add m′′ into set

10: end for
11: return set

Algorithm 17 DECOMP(pmos, e, suf [1 : n2], dSet, path, φ) return a set dSet of full
decompositions of a given partial mosaic pmos. Every full decomposition from
dSet starts with a given minimal full decomposition prefix e.seq[1 : n] in a tree
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Algorithm 17 DECOMP(pmos, e.seq[1 : n], suf [1 : n2], dSet, path, φ)

Require: φ ∈ L(U, S) and both mos and n are φ-mosaics.
Ensure: updated dSet with all full decompositions for pmos.

1: ceSet1 = ∅;
2: for each φ-partial mosaic m where E(e.seqn) ⊂ S(m) and E(m) witnesses

cures of type 3 defect for pmos do
3: seq1 = 〈e.seq[1 : n], m〉
4: ccSet1 = ccSet1 + BCCSET(e.seq[1 : n], m, φ)
5: for each seq′[1 : n + 1] ∈ ccSet1 do
6: append a node c as a child of n where c.seq[1 : n + 1] = seq′[1 : n + 1]
7: end for
8: end for
9: ccSet2 = ∅;

10: for each child c of e do
11: if c.seq[1 : n + 1] cures all type 1 and type 3 defects of pmos then
12: bridgingSet = MGBRIDGINGSET(E(c.seqn+1), first[suffix], φ)
13: for every m ∈ bridgingSet do
14: ccSet2 = UNITEPRESUF(c.seq[1 : n + 1], 〈m, suf [1 : n2]〉, φ)
15: for each s ∈ ccSet2 do
16: append s to dSet
17: end for
18: end for
19: else
20: currentPath← path + c
21: DECOMP(pmos, c, suf [1 : n2], dSet, currentPath, φ)
22: end if
23: end for

node e and ends with a given minimal full decomposition suffix suf [1 : n2]. In
fact, the algorithm aims to combine a full decomposition by concatenating the
minimal full decomposition prefix e.seq[1 : n] and the minimal full decompo-
sition suffix suf [1 : n2] by using a bridging sequence. The bridging sequence
cures all remaining type 3 defects of pmos. In the algorithm, child nodes of e are
added in the tree. Each child node c of e contains another composable closure
c.seq[1 : n + 1] that is found by extending and updating the composable closure
e.seq[1 : n]. The sequence c.seq[1 : n + 1] is a composable closure that cures more
type 3 defects of pmos than e.seq[1 : n] cured.

Specifically, Algorithm 17 first tries to append every appropriate defect-curing
partial mosaic m to e.seq[1 : n] from line 3. Calling BCCSET(e.seq[1 : n], m, φ)
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(Algorithm 12) in line 5 ensures that appending sequence 〈e.seq[1 : n], m〉 is up-
dated to a composable closure seq′[1 : n + 1]. The algorithm adds seq′[1 : n + 1]
as the composable closure of a child c where c.seq[1 : n + 1] = seq′[1 : n + 1]
in line 7. Then the algorithm finds out the composable closure in each child c
of e to check whether c.seq[1 : n + 1] cures all remaining type 3 defects. If it
cures all remaining type 3 defects then the sequence 〈c.seq[1 : n + 1], suf [1 : n2]〉
cures all defects of pmos but it may not be composable. Calling Algorithm 15
UNITEPRESUF(c.seq[1 : n + 1], 〈m, suf [1 : n2]〉, φ) in 19 returns composable clo-
sures of sequence 〈c.seq[1 : n + 1], suf [1 : n2]〉 and they are full decompositions
of pmos. Otherwise, if some type 3 defects remain, the algorithm is recursively
called in line 25 to expand node c by extending c.seq[1 : n + 1]. It will proceed to
expand the tree along a branch (that is considered to extend a composable closure
to another composable closure) until it discovers a full decomposition or it fails
and backtracks to expand the tree along another branch. As to its parameters,
pmos is the partial mosaic for decomposing, e is the current tree node containing
a composable closure that is a minimal full decomposition prefix, suf [1 : n2] is a
given minimal full decomposition suffix, dSet is to store discovered full decom-
positions in line 21, path is to store the current path along a branch of the tree,
and φ is the input formula.

Algorithm 18 GETALLDECOMPOSITION iterates over all possible full decomposi-
tions for a given mosaic. It generates all minimal full decomposition prefixes and
minimal full decomposition suffixes for partial mosaic pmos by using Algorithm
17 where full decompositions are obtained with given such prefixes and suffixes.
It is possible that there are no full decompositions for the given prefix and suffix.
If this is the case then the algorithm returns an empty set.

As to constructing full expansions, Algorithm 19 CHILDREN returns a set of all
full expansions for the partial mosaic pmos by concatenating left expansions, full
decompositions, and right expansions.

5.3 Algorithm for Building Tableau Tree

When building a tableau tree, we require the following important concepts.

Definition 5.74. The successor of a node in a tree is the leaf node of its left neigh-
bouring branch. The predecessor of a node in a tree is the leaf node of its right
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Algorithm 18 GETALLDECOMPOSITION(pmos, φ)

Require: φ ∈ L(U, S) and pmos is a φ-mosaic.
Ensure: Returns the set storing all full decompositions of pmos.

1: children← ∅
2: prefixSet← ALLPRE(pmos, φ)
3: n← size[prefixSet]
4: for i = 1 to n do
5: prefix← prefixSet[i]
6: suffixSet← SUFFIX(mos, φ)
7: m← size[suffixSet]
8: for j = 1 to m do
9: suffix← suffixSet[j]

10: decompSet← ∅
11: root.seq[1 : n] = pre
12: path = 〈root〉
13: DECOMP(pmos, root, suf , decompSet, path, φ)
14: children = children + decompSet
15: end for
16: end for
17: return children

neighbouring branch.

The strategy for constructing a successful tableau is to search through every pos-
sible tableau for all partial mosaics for φ. The strategy is similar in constructing a
mosaic-based tableau [Rey11b]. However, rather than only expanding the labels
of new nodes via only full expansions of mosaics, we sometimes have to expand
the leaf nodes of neighbouring branches with a single and more specific child
node. This is because a partial mosaic may not contain a critical formula, nor its
negation.

To demonstrate, we present the following example of a full decomposition for
a node. See Figure 15. Suppose ml is the label of the root node with children
m1, m2, . . . , mn that are the full decomposition nodes of ml. mle f t and mright are
the predecessor and successor of ml. If E(mle f t) ⊂ S(m1) then the current tree no
longer satisfies (7) in Definition 4.55. See Figure 16. To repair this constraint, we
should expand mle f t by m′le f t such that mle f t ⊆strong m′le f t and S(m1) ⊆ E(m′le f t),
and add the new predecessor m′le f t as the single child of mle f t. Similarly for the
right neighbouring branch, a new successor m′right is added as the single child of
old successor mright if S(mright) ⊂ E(mn). Among the child nodes m1, m2, . . . , mn
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Algorithm 19 CHILDREN(pmos, φ)

Require: φ ∈ L(U, S) and pmos is a φ-partial mosaic.
Ensure: Returns the set storing all full expansions of mos.

1: allChildren← ∅
2: leftSet← LEFTEXP(pmos, φ)
3: n← size[leftSet]
4: for i = 1 to n do
5: left← leftSet[i]
6: rightSet← RIGHTEXP(pmos, φ)
7: m← size[rightSet]
8: for j = 1 to m do
9: right← rightSet[j]

10: decompSet← GETALLDECOMPOSITION(pmos, φ)
11: l ← size[decompSet]
12: for k = 1 to l do
13: decomp← decompSet[k]
14: seq = 〈left, decomp, right〉
15: ccSet = ∅
16: BCCSET(seq, length[seq]− 1, ccSet, φ)
17: for s ∈ ccSet do
18: append s to allChildren
19: end for
20: end for
21: end for
22: end for
23: return allChildren

of ml and possibly m′le f t, m′right, we choose one to expand and cure its defects.
We proceed with building the tree by repeating as above until we find a null-
defect node or a clone node that is the same as one of its ancestors in its branch.
This process continues until every branch of the tree reaches a clone leaf node or
null-defect node.

It is important to note that expanding a node in a mosaic-based tableau only
involves its child nodes, while expanding a node in partial mosaic-based tableau
may also involve its successor and predecessor. As a result, the expanding order
no longer necessarily follows from a parent to a child, but may also be from a
node to its successor or predecessor. So, an expanding track is required to keep
the record of the expanding nodes’ order from an upper level to a lower level.

Definition 5.75. An expanding track of a tree is a sequence 〈m1, m2, . . . , ml〉 of
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partial mosaics where each mi+1 is a child of mi curing a defect, a successor of
mi resolving (8) in Definition 4.55, or a predecessor of mi resolving (7) in Defini-
tion 4.55(1 ≤ i < l).

During expanding nodes in a tree, a stack is used to record the expanding track
where nodes are coloured to represent nodes’ state and facilitate operating the
stack. We label the nodes with different colours: white, grey, black and red. The
grey is on the stack; the black is popped off; the white is waiting to go on; and
the red implies failure and it is popped off. On the stack, the last grey node m
is expanded with children consisting of full expansion m1, m2, . . . , mn and pos-
sibly new successor m′right, new predecessor m′le f t. All the children are initially
coloured white to represent the state of existing but unexplored children. A node
from m1, m2, . . . , mn, m′right, and m′le f t is pushed onto the stack and coloured grey
that implies the node is being expanded or having defects cured. And the other
nodes are white. Then we continue to expand the last grey node on the stack,
grey new generated children from expanding, and push them onto the stack. We
proceed with the process until we find that the last node on the stack is a null-
defect node or a clone of its ancestor, or it has no successful expansion. If the
node is successful, then the last node on the stack becomes black to represent
the successful state of the node and it is popped off. Otherwise, the last node
on stack is reddened to represent a failure state of the node and it is popped off.
With the help of the stack, it is possible to build a tableau in depth-first search.
We now concentrate on the specific process of building a tableau by using such
stack of coloured nodes.

In building a tableau, we start from a just explored grey node n1 as the last one
on the stack, expand it to 〈n′2, n′′2 , n′′′2 , . . .〉(see Figure 17), find mle f t, mright that are
the predecessor and successor of n1, expand mle f t with a single child node m′le f t
such that mle f t ⊆strong m′le f t and S(m1) ⊆ E(m′le f t) if they don’t match, expand
mright in a similar way (see Figure 18), visit one of just generated children n2

(initially white) from m′le f t, n′2, n′′2 , n′′′2 . . . m′right, grey n2, push n2 onto the stack
and continue to expand n2. We proceed to expand the tree along an expanding
track 〈n1, n2, . . . , nk〉 on the stack until it reaches to a black or red leaf node nk(see
Figure 19). If nk is a black leaf node, we pop off nk, backtrack to its previous node
on stack nk−1, and visit the next child node n′k of nk−1. We then proceed to expand
along the track 〈n1, n2, . . . , nk−1, n′k〉, until all the children of nk−1 are black. The
node nk−1 is then blackened and we backtrack to nk−2 to check its other children.
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Figure 15: Showing the full decomposition, the predecessor and the successor of ml .

Figure 16: Showing the newly added predecessor m′le f t and the newly added suc-
cessor m′right of ml .
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Figure 17: Expanding node n1.

Figure 18: Showing the newly added predecessor m′le f t and the newly added suc-
cessor m′right of n1.
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Figure 19: Reaching a leaf node nk.
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Figure 20: Visiting a new child nnew
k .
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If nk is a red leaf node then we have to abandon nk along with all the other
children of nk−1 generated in this expanding. This requires us to backtrack to
the parent node nk−1 and re-expand it to generate new children. We then visit a
new child nnew

k and proceed to expand along the track 〈n1, n2, . . . , nk−1, nnew
k 〉 (see

Figure 20). Otherwise, if nk−1 has no explored expansions, then nk−1 is reddened
and we backtrack to nk−2, abandon nk−1, and re-expand nk−2. Note that in a tree,
if a node is chosen to re-expand then new children will replace existing children.
As an expansion may require us to visit a successor or a predecessor, a node may
be visited several times. It is first visited when explored and greyed, and visited
in other times when it backtracks to explore its other children or re-expand itself.
It is possible to re-visit a node until it becomes black or red.

5.3.1 Assisting Algorithms

Algorithm 20 REALLABEL(tree, node, φ)

Require: A partial mosaic-based tree, a node in the tree, and the formula.
Ensure: Returns the real label of node in tree.

1: if node has decomposition subtree then
2: Partial mosaics m1, . . . , mn are the leaf nodes’ labels of the decomposition

subtree of node in tree
3: m is the composition of the sequence 〈m1, . . . , mn〉
4: return m
5: else
6: return the label of node
7: end if

Algorithm 20 REALLABEL is to get the real label of the tree node node in a tableau
tree tree. Algorithm 21 ISCLONEOFANCESTORNODE determines whether a node
is a clone of an ancestor according to Definition 4.58. Finally, the Algorithm
22 ANCESTOROFCLONE returns an ancestor of node pm along path in tree if pm
is a clone of the ancestor, otherwise it returns null. In the algorithm, it uses
Algorithm 21.

Algorithm 23 PREDECESSOR returns the predecessor of tree node pm in tree. Sim-
ilarly, Algorithm 24 GETRIGHTTMOSTNODEINTREE returns the successor of tree
node pm in tree. For obtaining predecessor of the given node pm, Algorithm 23
tries to search the left neighbouring branch of node pm. If pm has a left sibling
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Algorithm 21 ISCLONEOFANCESTORNODE(tree, pm1pm2)

Require: A partial mosaic-based tree tree, an ancestor node pm1, and descendant
node pm2.

Ensure: If pm2 is a clone of pm1, then return the true; otherwise return the false.

1: Partial mosaics m1, . . . , mn are the leaf nodes’ labels of the decomposition
subtree of pm1 in tree

2: isContained = false
3: if S(pm2) = S(m1) AND E(pm2) = E(mn) then
4: for each 3α ∈ C(pm2) do
5: for each mi with 1 ≤ i < n do
6: if α ∈ E(mi) then
7: isContained = true
8: end if
9: end for

10: if isContained 6= true then
11: return false
12: else
13: isContained = false
14: end if
15: end for
16: return true
17: else
18: return false
19: end if

n then the left neighbouring branch is along the right-most branch of the sub-
tree rooted at n. Otherwise, it has to backtrack to the first ancestor of pm with a
left sibling, and search the right-most branch of the sibling. We can obtain the
successor of the given node pm in Algorithm 24 in a similar fashion.

Algorithm 25 SEQSET returns a set of sequences where each sequence consists of
a full expansion of pm with predecessor and successor. In each such sequence,
the first element is an updated predecessor of pm that matches up the first el-
ement of a full expansion, the last element is an updated the successor of pm
that matches up the last element of a full expansion, the elements in the mid-
dle are a full expansion of pm. Parameters consist of tableau tree tree, a leaf
node pm in tree, a set of sequences childrenSet in which each sequence is a full
expansion of pm. In the algorithm, the predecessor node predecessor and succes-
sor node successor are obtained by Algorithm 23 PREDECESSOR and Algorithm
24 SUCCESSOR. For each full decomposition sequence seq[1 : n] ∈ childrenSet, we
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Algorithm 22 ANCESTOROFCLONE(tree, pm)

Require: A partial mosaic-based tree, and a node in the tree.
Ensure: If the node is a clone of an ancestor, then return the ancestor; otherwise

return null.

1: parent = parent[pm]
2: while parent 6= NULL do
3: if ISCLONEOFANCESTORNODE(tree, parent, pm) then
4: return parent
5: else
6: parent = parent[pm]
7: end if
8: end while
9: return NULL

get the possible child predecessor′ of predecessor such that predecessor ⊆ predecessor′

and S(seq[1]) ⊆ E(left′), and we get the possible child successor′ of successor such
that successor ⊆ successor′ and E(seq[n]) ⊆ S(right′). Then it returns the set of se-
quences 〈predecessor′, 〈seq[1 : n]〉, successor′〉. Algorithm 26 ADDCHILDREN gives
one sequence from the returning set of SEQSET, adds the updated predecessor′,
successor′ as the single child of predecessor and successor respectively, and adds
other elements from full decomposition seq[1 : n] as children of pm.

5.3.2 Main Algorithms

Algorithm 30 HASPMTABLEAUXTREE(φ) searches all partial mosaics for φ as the
root of a possible successful tableau and Algorithm 28 (EXPANDTABLEAUNODE)
tries building such tableau for the root. The process of building a tableau in Al-
gorithm 28 consists of expanding tree node with full expansion/decomposition,
continuously colouring each node, and backtracking when a node is either in
the state of failure or success. In Algorithm 28, it uses Algorithm 29 and Al-
gorithm 27. In the main Algorithm 28, Algorithm 29 EXPANDCHILDREN add
children for tree node pm in expanding the tableau. Finally, the Algorithm 27
VISITWHITECOLORNODE continues to visit remaining white node after expand-
ing the tree node pm and backtracking to pm of tree.
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Algorithm 23 PREDECESSOR(tree, node)
Require: A partial mosaic tree, and the given node.
Ensure: Returns the predecessor of the given node.

1: c = node
2: while the parent node p of c exists do
3: if c is not the left-most child of p then
4: get l such that: l is the p’s child previous to c
5: while l has children do
6: assign the right-most child of l to l
7: end while
8: return l
9: else

10: c = p
11: end if
12: end while
13: return Null

5.3.3 Examples

Here we provide some examples of tableaux generated during the run of the
algorithm.

See the example in Figure 35 for a successful tableau for a φ-partial mosaic con-
taining φ = p1 ∧ U(U(¬S(¬H(p1 → Gp2), p2), p3), p2). This tableau is gener-
ated by Algorithm 30 of running time, and we show how the tableau is built
step by step in the algorithm. The algorithm starts with Figure 21 where the root
(A, B, C) is initially labelled as a white node. The label (A, B, C) of the root has a
type 3 defect 3U(¬S(¬H(p1 → Gp2), p2), p3) in the cover set B. The full decom-
position 〈(A, O, D), (D, Q, C)〉 is provided as the children root, and it cures the
type 3 defect of (A, B, C) with U(¬S(¬H(p1 → Gp2), p2), p3) ∈ D in Figure 22.
We move on to the left child (A, O, D), find that it has no defects, and backtrack
to the root after blackening (A, O, D) in Figure 23. Then, we move on to its right
child (D, Q, C) and make the node grey. The label (D, Q, C) also has a type 3
defect: 3¬S(¬H(p1 → Gp2), p2) in Q. To cure the defects of (D, Q, C), the full
decomposition 〈(E, F, G), (G, R, C)〉 are provided as the children of (D, Q, C) in
Figure 24. Then we have D ⊂ E. In order to make 7 in Definition 4.55 satisfied,
as the predecessor of (E, F, G), the node labelled with (J, I, H) is added to be
the single child of node (A, O, D) in Figure 25. If we choose to move on to the
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(A,B,C)White

Figure 21: Building Tableau Step 1 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.

(A,B,C)Grey

left
null

(A,O,D)White (D,Q,C)White right
null

Figure 22: Building Tableau Step 2 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.

(A,B,C)Grey

left
null

(A,O,D)Black (D,Q,C)White right
null

Figure 23: Building Tableau Step 3 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.

(A,B,C)Grey

left
null

(A,O,D)Black (D,Q,C)Grey

(E,F,G)White (G,R,C)White

right
null

Figure 24: Building Tableau Step 4 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.
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(A,B,C)Grey

left
null

(A,O,D)Black

(J,I,H)White

(D,Q,C)Grey

(E,F,G)White (G,R,C)White

right
null

Figure 25: Building Tableau Step 5 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.

(A,B,C)Grey

left
null

(A,O,D)Black

(J,I,H)Grey

(D,Q,C)Grey

(E,F,G)White

(H,L,M)White

(G,R,C)White

right
null

Figure 26: Building Tableau Step 6 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.

(A,B,C)Grey

left
null

(A,O,D)Black

(J,I,H)Grey

(D,Q,C)Grey

(E,F,G)White

(H,L,M)Grey

(G,R,C)White

(M,N,S)White

right
null

Figure 27: Building Tableau Step 7 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.
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(A,B,C)Grey

left
null

(A,O,D)Black

(J,I,H)Grey

(D,Q,C)Grey

(E,F,G)White

(H,L,M)Grey

(G,R,C)White

(M,N,S)Black

right
null

Figure 28: Building Tableau Step 8 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.

(A,B,C)Grey

left
null

(A,O,D)Black

(J,I,H)Grey

(D,Q,C)Grey

(E,F,G)White

(H,L,M)Black

(G,R,C)White

(M,N,S)Black

right
null

Figure 29: Building Tableau Step 9 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.

(A,B,C)Grey

left
null

(A,O,D)Black

(J,I,H)Black

(D,Q,C)Grey

(E,F,G)White

(H,L,M)Black

(G,R,C)White

(M,N,S)Black

right
null

Figure 30: Building Tableau Step 10 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.
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(A,B,C)Grey

left
null

(A,O,D)Black

(J,I,H)Black

(D,Q,C)Grey

(E,F,G)Black

(H,L,M)Black

(G,R,C)Black

(M,N,S)Black

right
null

Figure 31: Building Tableau Step 11 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.

(A,B,C)Grey

left
null

(A,O,D)Black

(J,I,H)Black

(D,Q,C)Black

(E,F,G)Black

(H,L,M)Black

(G,R,C)Black

(M,N,S)Black

right
null

Figure 32: Building Tableau Step 12 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.

(A,B,C)Black

left
null

(A,O,D)Black

(J,I,H)Black

(D,Q,C)Black

(E,F,G)Black

(H,L,M)Black

(G,R,C)Black

(M,N,S)Black

right
null

Figure 33: Building Tableau Step 13 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.



5.3. ALGORITHM FOR BUILDING TABLEAU TREE 121

(A,B,C)

left
null

(A,O,D)

(J,I,H)

leaf

(D,Q,C)

(E,F,G)

(H,L,M)

leaf

(G,R,C)

leaf

right
null

Figure 34: Building Tableau Step 14 for φ = p1 ∧ U(U(¬S(¬H(p1 →
Gp2), p2), p3), p2): the sets named in the tableau are defined in Figure 36.

(A,B,C)

left
null

(A,O,D)

(J,I,H)

leaf

(D,Q,C)

(E,F,G)

(H,L,M)

leaf

(G,R,C)

(M,N,S)

leaf

right
null

Figure 35: Tableau for φ = p1 ∧ U(U(¬S(¬H(p1 → Gp2), p2), p3), p2): the sets
named in the tableau are defined in Figure 36.
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Algorithm 24 SUCCESSOR(tree, pm)

Require: A partial mosaic tree tree and a given tree node pm.
Ensure: If the successor of the given node exists, then return the successor; oth-

erwise return null.

1: c = pm
2: while the parent node p of c exists do
3: if c is not the right-most child of p then
4: get r such that: r is the p’s child next to c
5: while r has children do
6: assign the left-most child of r to r
7: end while
8: return r
9: else

10: c = p
11: end if
12: end while
13: return Null

predecessor (J, I, H), then we make the node grey. The label (J, I, H) has no de-
fects, but we have E ⊂ H. Similarly, we have to add the new successor (H, L, M)

of (J, I, H) as the single child of (E, F, G) to make 7 in Definition 4.55 satisfied
where (E, F, G) ⊂ (H, L, M), and (J, I, H) and (H, L, M) are composable. Then
we move on to (H, L, M), and the new successor (M, N, S) of (H, L, M) is re-
quired as the single child of (G, R, C). The tableau is nearly built. The remaining
figures show how these nodes are successfully coloured the black, and then a
successful tableau is returned. Note that: the track we choose to expand the
tree is along: (A, B, C), (D, Q, C), (J, I, H), (H, L, M), and (M, N, S). The track
is across branches because we have to add new predecessors or successors to
make 7 in Definition 4.55 satisfied. So, the track of expanding the tableau is not
necessary along a branch.
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A = {φ, p1, U(U(¬S(¬H(p1 → Gp2), p2), p3), p2)}
B = {3U(¬S(¬H(p1 → Gp2), p2), p3)}
C = {}
D = {U(¬S(¬H(p1 → Gp2), p2), p3)}
E = {U(¬S(¬H(p1 → Gp2), p2), p3), p2, H(p1 → Gp2),¬S(¬H(p1 → Gp2), p2)}
F = {3¬p3,3¬p2,3¬H(p1 → Gp2),3S(¬H(p1 → Gp2), p2)}

+{�p3, p2,�H(p1 → Gp2),�¬S(¬H(p1 → Gp2),�p2)}
G = {¬S(¬H(p1 → Gp2), p2)}
H = E + {Gp2}
I = {3¬p1 → Gp2,3¬Gp2,3¬p2,3¬H(p1 → Gp2),3S(¬H(p1 → Gp2), p2)}

+{�p1 → Gp2, Gp2,�p2, H(p1 → Gp2),�¬S(¬H(p1 → Gp2),�p2)}
J = A + {p1 → Gp2, Gp2, p2, H(p1 → Gp2),¬S(¬H(p1 → Gp2), p2)}
H = E + {Gp2}
L = {3¬Gp2,3¬p3,3¬p2,3¬H(p1 → Gp2),3S(¬H(p1 → Gp2), p2)}

+{�Gp2,�p3,�p2,�H(p1 → Gp2),�¬S(¬H(p1 → Gp2),�p2)}
M = {¬S(¬H(p1 → Gp2), p2), p2, Gp2}
N = {3¬p2,3¬Gp2}+ {�p2,�Gp2}
O = {3¬p2}+ {�p2}
Q = {3¬S(¬H(p1 → Gp2), p2)}
R = {}
S = {p2, Gp2}

Figure 36: Sets seen in the tableau for φ = p1∧U(U(¬S(¬H(p1 → Gp2), p2), p3), p2)
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Algorithm 25 SEQSET(tree, pm, childrenSet)

Require: A partial mosaic tree tree, a given tree node pm, and the full decompo-
sition set childrenSet of pm.

Ensure: Return a set of sequences consisting of the predecessor, the full decom-
position, and the successor of pm.

1: seqSet← ∅
2: predecessor = PREDECESSOR(tree, pm)
3: successor = SUCCESSOR(tree, pm)
4: for each sequence seq[1 : n] ∈ childrenSet do
5: if predecessor 6= Null AND E(predecessor) ⊂ S(seq[1]) then
6: Spredecessor = MGSET(predecessor, seq[1], End, φ)
7: else
8: Spredecessor = Null
9: end if

10: if successor 6= Null AND S(successor) ⊂ E(seq[n]) then
11: Ssuccessor = MGSET(successor, seq[n], Start, φ)
12: else
13: Ssuccessor = Null
14: end if
15: for each predecessor′ ∈ Spredecessor do
16: for each successor′ ∈ Ssuccessor do
17: add 〈predecessor′, 〈seq[1 : n]〉, successor′〉 into seqSet
18: end for
19: end for
20: end for
21: return seqSet

Algorithm 26 ADDCHILDREN(tree, pm, seq[1 : n])

Require: A partial mosaic tree tree, a given tree node pm, and a sequence seq[1 :
n].

Ensure: Add the predecessor, the full decomposition children, and the successor
for pm.

1: predecessor = PREDECESSOR(tree, pm)
2: successor = SUCCESSOR(tree, pm)
3: if seq1 6= Null then
4: add seq1 as the child of predecessor in tree
5: end if
6: if seqn 6= Null then
7: add seqn as the child of successor in tree
8: end if
9: add seq[2 : n− 1] as children of pm in tree.
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Algorithm 27 VISITWHITECOLORNODE(pm, path, tree)

Require: A partial mosaic tree tree, a given tree node pm, and the path path of
the node.

Ensure: Visit a white child of pm.

1: for each child s of pm where color[s] = White do
2: currentPath = path + s
3: if EXPANDTABLEAUNODE(s, currentPath, tree, φ) then
4: color[s] = Black
5: break
6: else
7: color[s] = Red
8: end if
9: end for

10: if every non-Null node of pm is Black then
11: color[pm] = Black
12: return true
13: else
14: color[pm] = Red
15: return false
16: end if
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Algorithm 28 EXPANDTABLEAUNODE(partialMosaic, track, tree, φ)

Require: A partial mosaic root.
Ensure: Returns the part of a coloured partial mosaic-based tree with the root of

this partial mosaic.

1: cloneAncestor = ANCESTOROFCLONE(tree, partialMosaic)
2: if cloneAncestor 6= NULL then
3: color[partialMosaic] = Black
4: clone[partialMosaic] = cloneAncestor
5: return true
6: else if partialMosaic has no defect then
7: color[partialMosaic] = Black
8: return true
9: else if partialMosaic has track children then

10: return VISITWHITECOLORNODE(partialMosaic, track, tree)
11: else
12: childrenSet← ALLCHILDREN(partialMosaic, φ)
13: if childrenSet = ∅ then
14: return false
15: else
16: currentTrack = track + partialMosaic
17: return EXPANDCHILDREN(partialMosaic, currentTrack, tree, childrenSet)
18: end if
19: end if
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Algorithm 29 EXPANDCHILDREN(pm, path, childrenSet)

Require: A partial mosaic tree tree, a given tree node pm, and a set childrenSet of
children nodes.

Ensure: Add children for pm and expand the tree from one of children.

1: for each sequence children ∈ childrenSet do
2: ADDCHILDREN(tree, path, pm, children)
3: if every non-Null node in children is Black then
4: return true
5: else
6: color[pm] = Grey
7: for each s in children and s 6= NULL do
8: if EXPANDTABLEAUNODE(s, path, tree, φ) then
9: color[s] = Black

10: break
11: else
12: color[s] = Red
13: end if
14: end for
15: if every non-Null node in children is Black then
16: return true
17: end if
18: end if
19: end for
20: return false

Algorithm 30 HASTABLEAUXTREE(φ)

Require: US/LIN formula φ.
Ensure: Return satisfiability of φ.

1: for each φ-partial mosaic partialMosaic do
2: if φ ∈ start(partialMosaic) then
3: path← ∅
4: if EXPANDTABLEAUNODE(partialMosaic, path, tree, φ) then
5: return true
6: end if
7: else if φ ∈ end(partialMosaic) then
8: path← ∅
9: if EXPANDTABLEAUNODE(partialMosaic, path, tree, φ) then

10: return true
11: end if
12: end if
13: end for



Chapter 6

Evaluating Tableau-Based Decision
Procedures for US/LIN

6.1 Introduction

Here we produce the first complete implementation of a tableau-based reason-
ers for US/LIN. The reasoner can check the satisfiability of US/LIN formulas
by providing a model for the formula, if a model exists. There have been many
optimised comprehensive tableau reasoners such as Tableau Workbench (TWB)
that is a generic framework for building automated theorem provers for arbi-
trary propositional logics [AG09]. The performance of reasoners is measured on
the basis of accuracy and efficiency. Accuracy refers to percentage of correct sat-
isfiability results generated by a reasoner. Efficiency refers to how fast a reasoner
runs, what types of problems are feasible. In practice, it is usually presented by
time complexity and space complexity of an average, best, or worst case.

In this chapter, we concentrate on an experimental investigation of tableau-based
US/LIN satisfiability checking. For the sake of testing the accuracy and efficiency
of the tableau-based reasoning system, we will examine families of related for-
mulas of increasing size. These formulas in the same pattern are called scal-
able formulas. Tableau systems are challenged by using these scalable formulas
with increasing the size. We will also examine randomly generated formulas.
The method of random formulas has been used in the comparing work of sev-
eral tableau systems [Mas99]. Concerning efficiency, sufficient different samples
are required for testing and benchmarks are such samples. Benchmarks either

128
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indicate issues with checking satisfiability problem, sometimes with real-world
cases [SD11]. As there are no benchmarks for US/LIN, some challenging bench-
marks for non-discrete time are also provided in the form of US/LIN formulas
in this chapter.

6.2 Generating Random US/LIN Formulas

In modal logics, the generation of random formulas is a popular method for
efficiency testing and experimental comparison of various tableau-styled rea-
soners. As the first random formula generating technique for modal logic, the
series of random modal logic formulas 3CNF�m has been considered as a ma-
ture testing methodology for reasoners of modal logics after a series of improve-
ment [HS97, HS99, GRS97, GGST98]. The random modal logic formula 3CNF�m

is widely used in testing various modal decision procedures [HPSS00, GSGT00].
Because there is no random formula for US/LIN, we here introduce the ran-
dom US/LIN formula 3CNFU/S for testing US/LIN tableau reasoners. The basic
idea of random US/LIN formula 3CNFU/S is similar to the random modal logic
formula 3CNF�m, and we describe the 3CNFU/S testing methodology in the fol-
lowing part.

6.2.1 Description

The basic idea behind the random generator 3CNFU/S is to generate a number of
clauses. A 3CNFU/S formula is a conjunction of 3CNFU/S clauses. Each 3CNFU/S

clause has three independent disjuncts. Each disjunct is either a propositional or
temporal literal. A literal is either an atom or its negation. Temporal atoms are
formulas in the form of U(C1, C2) and S(C1, C2) where C1 and C2 are 3CNFU/S

clauses. So, it implies that each disjunct in a 3CNFU/S clause is either a possibly
negated propositional atom or a possibly negated temporal atom using operators
U and S to connect another two 3CNFU/S formulas.

To demonstrate, a 3CNFU/S formula is constructed in ∧i ∨3
j=1 αi,j where each αi,j

is a literal. If literal αi,j is a propositional literal then αi,j is either a propositional
atom ph or its negation. Otherwise, if literal αi,j is a temporal atom then αi,j

takes the form of either U(β1, β2)/S(β1, β2) or its negation where β1 and β2 are
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3CNFU/S formulas.

See an example of a 3CNFU/S formula:

φ = (U(α1, α2) ∨ p1 ∨ ¬p2) ∧ (p1 ∨ p2 ∨ ¬p3)

where 3CNFU/S formula α1 = (S(p1, p2) ∨⊥ ∨⊥) ∧ (p1 ∨⊥ ∨⊥) and 3CNFU/S

formula α2 = (p1 ∨⊥ ∨⊥) ∧ (p2 ∨⊥ ∨⊥). In the first clause of φ, 3CNFU/S for-
mula α1 contains only one clause where a literal is temporal atom S(p1, p2). Note
that every propositional atom p is also 3CNFU/S formulas as p is the abbreviation
of (p ∨⊥ ∨⊥).

For a 3CNFU/S formula, various parameters decide the experimental testing re-
sults. The most important parameter is the maximum temporal depth d. Along
with the parameter d, some parameters also decide what a randomly generated
3CNFU/S formula is. The parameter L represents the number of nested clauses
in a formula; the parameter N symbolises the number of propositional variables;

1. the maximum temporal depth d;

2. the number of clauses L;

3. the number of propositional atoms N;

4. the probability p that a disjunct in a clause is a propositional atom at depth
< d.

A 3CNFU/S formula is generated as follows:

1. The generator produces L 3CNFU/S clauses at depth d, and presents the
conjunction of these clauses.

2. In a clause, the generator randomly produces three disjuncts as literals by
taking into the consideration of probability p as a propositional atom or its
negation.

3. A random value q is taken from [0, 1]. If q < p, then the literal is a propo-
sitional atom or its negation. The generator selects a propositional variable
from the set {A1, A2, . . . , AN} and randomly assigns Ai or ¬Ai for some
1 ≤ i ≤ N as the literal.
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4. If q > p, then the literal is a temporal atom or its negation. The gen-
erator produces a formula in the form of U(α, β) or S(α, β) by indepen-
dently and recursively generating 3CNFU/S formula α and β with the maxi-
mum temporal depth d− 1, and randomly assigning one of U(α, β), S(α, β),
¬U(α, β), ¬S(α, β) as the literal.

6.2.2 The Role of Parameters

The significance of the parameters is as follows:

• For the maximum temporal depth d of a 3CNFU/S formula, the size of the
formula increases exponentially increasing in d. The size of a 3CNFU/S

formula grows on average as (6(1− p)L)d. As an important parameter, the
parameter d is the key to increase the reasoning difficulty.

• The number of clauses L indicates the number of conjuncts in each level of a
disjunct in the formula. The formula size shows a polynomial growth with
degree equal to L. This parameter partly decides the satisfiability of given
formulas. The intuition is that the bigger L, the more constraints there are
on clauses. With more conjuncts, a formula tends to be unsatisfiable. So,
the parameter L is used to adapt the rate between satisfiable formulas and
unsatisfiable formulas.

• The number of propositional atoms N of a 3CNFU/S formula exponentially
increases the space of possible solution models, as N propositional vari-
ables are assigned within each Kripke state [HPSS00]. Similarly with 3SAT
problems, the problem is typically easy to solve when it has only a small
number of propositional variables [HPSS00].

• The probability p indicates the ratio of propositional atoms and temporal
atoms in a clause. It is used to balance propositional atoms and temporal
connectives U and S. By increasing the distribution of propositional atoms,
the complicated embedded temporal formulas are less likely to occur and
so the search space for reasoning is reduced. The parameter also affects the
size of a formula.
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6.2.3 Effective Testing Formulas

In the last section, we demonstrated the influence of various parameters on run-
ning complexity as they determine the size of its formulas and search space in
reasoning. However, it is possible that some practical formula examples show
no indication of the corresponding relationship between specific parameters and
practical performance. This problem is possibly attributed to the characteristics
of selected formulas themselves rather than errors in the theoretical estimation.
For the sake of guaranteeing testing formulas are effective, we are required to
prevent the practical testing from influence of inappropriate formulas with ma-
jor drawbacks and eliminate these inappropriate formulas from testing. Here we
first demonstrate three types of formulas with major drawbacks.

• Propositionally redundant formula: randomly generated formulas may
contain repeated propositional atoms the same clause. The repetition possi-
bly results in tautologies in terms of both propositional logic and temporal
logic. So, the disjunction is truth no matter what other literals it contains.
The difficulty for reasoning is no longer concerned with factors decided by
those parameters, and we can even simplify the formula by greatly reduc-
ing the size.

• Trivially satisfiable formula: trivial satisfiability refers to a formula that is
satisfied at the top level by purely propositional inference. The satisfiabil-
ity of the formula is easily obtained in reasoning without considering its
compound formula structure with large d and L. So, this formula is not an
effective example for testing. A temporal formula may also be trivially sat-
isfiable such that a singleton model consisting of only one point makes the
formula satisfiable. For example, for all literals at the top level of clauses,
if they are in the form of Gα and Hα then they may be satisfied by a sin-
gleton model. So, if a model consisting of more than one point is required
to make temporal atoms in clauses satisfiable, then we avoid trivially sat-
isfiable formulas. So, there is at least one temporal atom taking the form
of either U(α, β) or S(α, β) in a clause. If there is only one temporal atom
in a clause and it takes the form of either ¬U(α, β) and ¬S(α, β) then the
clause can be satisfied by a point model. However, if ¬U(α1, β1) appears
with ¬U(α2, β2) in a clause, a complex model is required to make the clause
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satisfiable. So, if a clause has some temporal atom U(α, β) or S(α, β), then
it is sufficient to prevent trivial satisfiability for temporal formulas.

• Trivially unsatisfiable formula: trivial unsatisfiability refers to a formula
from which a contradiction can be derived at the top level by purely propo-
sitional inference. Checking unsatisfiable formulas tends to involve ex-
haustive search. It is a good opportunity to figure out the relationship be-
tween parameters and running performance. However, as it is extremely
easy to solve a trivially unsatisfiable formula, the difficulty of reasoning is
no longer decided by those parameters as it shows in theoretical analysis.
So, this formula is not effective for testing as well. Here we consider triv-
ial unsatisfiability with p 6= 0. In a clause, there is p fraction that one of
literals is a propositional atom. So, at the top level of the clause, there is
p3 fraction where all three literals are purely propositional. In a random
3CNFU/S formula, there is Lp3 fraction where all clauses are disjunctions
of three propositional atoms. So, as the parameter L becomes larger, the
formula is more likely to be trivial unsatisfiable in terms of propositional
logic. So, it is important to choose L so that it doesn’t generate many trivial
unsatisfiable formulas.

To solve these problems, three general principles are proposed for generating
effective formulas.

1. The 3CNFU/S formula generator is modified to generate different propo-
sitional and temporal atoms in the same clause. It is aimed at preventing
trivial tautologies.

2. Set the probability p = 0 of a propositional atom for all levels less than d
to avoid trivial satisfiability and unsatisfiability in terms of propositional
logic.

3. Set rules for checking the generated formulas to avoid trivial satisfiability
and unsatisfiability in terms of propositional logic.



134 CHAPTER 6. ON EVALUATING TABLEAU

6.2.4 Testing Results

We have prepared implementation of tableau reasoners online. The implemen-
tation is available as both code and as a web application 1.

In this section we present some results for 3CNFU/S formulas to evaluate how
efficient the reasoners are. These random formulas have been run on an i7-2620M
CPU at 2.70GHz with 8GB of ram and no physical swap. Then we present the
results as follows:

If p = 0 for all levels less than d, then any clause only consists of temporal atoms
and all propositional atoms only appear at the maximum depth level of any
clause in the form of U(p, q) or ¬U(p, q). As described above, it avoids trivial
satisfiability and unsatisfiability of propositional logic. [HPSS00]

However, random formulas with p = 0 are not so representative, as the formulas
only show the reasoning interaction between temporal atoms, and the interaction
between temporal atoms and propositional atoms are not considered. So, we set
p = 0.5 in the following testing experiments. In these experiments, we show the
results of the experiments with N = 3, p = 0.5, and d = 1, 2, 3, 4.

We start to analyse the reasoner of mosaic-based tableau. For full mosaic in Fig-
ure 37, with L ≤ 10 most satisfiable formulas are completed within the timeout
and only few unsatisfiable formulas exceed the timeout. However, there is dra-
matic change in complexity for d = 2, 3 in Figure 38 for full mosaic. For full
mosaic in Figure 38 where d = 2, many formulas reach the timeout no matter
whether it is satisfiable or not. For instance, with L = 14, more than 50 percent-
age of d = 2 samples have exceeded the timeout. The situation is even worse for
the case d = 3 for full mosaic in 39. With L = 8 more than 50 percentage of d = 3
samples have exceeded the timeout.

When applying heuristics into the reasoner of mosaic-based tableau, there is
some improvement in the performance for satisfiable formulas. For heuristics
in Figure 38, with d = 1 and L ≤ 13, only some unsatisfiable formulas exceed
the timeout. However, for heuristics in Figure 38 and Figure 39 with d = 2 and
d = 3, many formulas reach the timeout when L > 13. For instance, for heuris-
tics in Figure 38 where d = 3, with L = 21 more than 50 percentage of samples
have exceeded the timeout. For heuristics in Figure 39 where d = 3, with L = 16

1The prototype implementation is available at: http://www.csse.uwa.edu.au/~jibian/

partialmosaictab/

http://www.csse.uwa.edu.au/~jibian/partialmosaictab/
http://www.csse.uwa.edu.au/~jibian/partialmosaictab/
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Figure 37:
A 3CNFU/S random formula test set (d = 1, N = 4, p = 0.5, 120 samples/point).
Three lines represent full mosaic tableau without heuristics, mosaic tableau with
heuristics, and partial mosaic tableau. The timeout is 4000 seconds.
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Figure 38: A 3CNFU/S random formula test set (d = 2, N = 4, p = 0.5, 120 sam-
ples/point). Three lines represent full mosaic tableau without heuristics, mosaic
tableau with heuristics, and partial mosaic tableau. The timeout is 4000 seconds.
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Figure 39: A 3CNFU/S random formula test set (d = 3, N = 4, p = 0.5, 120 sam-
ples/point). Three lines represent full mosaic tableau without heuristics, mosaic
tableau with heuristics, and partial mosaic tableau. The timeout is 4000 seconds.

more than 50 percentage of d = 3 samples have exceeded the timeout. When
we have d = 1, heuristics drive the reasoner faster, but there is obvious degra-
dation as d increases to 2 and 3. For the first reason, the heuristics have no effect
on unsatisfiable formulas and there are many unsatisfiable formulas in the test-
ing samples. For the second reason, the big number of diamond formulas in the
cover set of full mosaics determines that searching decomposition for a full mo-
saic is time-consuming no matter what heuristics are used. With d = 2 and 3,
for full mosaics, the number of diamond formulas in the cover set may increase
greatly, and so we cannot make better decision with heuristics when all choices
are expensive.

When using the partial mosaic-based tableau, there is some improvement in the
performance for both satisfiable formulas and unsatisfiable formulas. With d = 1
and L ≤ 48, only few unsatisfiable formulas exceed the timeout. With d = 2
and d = 3, the partial mosaic tableau runs approximately 10 times faster than
full mosaic tableau and approximately 5 times faster than heuristics. The partial
mosaic tableau also has better performance in the percentage of timeout. For
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instance, for partial mosaic in Figure 38, with L = 32 more than 50 percentage of
d = 2 samples have exceeded the timeout. For partial mosaic in Figure 39, with
L = 27 more than 50 percentage of d = 3 samples have exceeded the timeout.

6.2.5 Discussion

In this section, we provide a testing methodology to produce 3CNFU/S formulas
for the empirical purpose. We first discuss the problems of run time complexity.
In terms of complexity, the run time and search space increase exponentially with
d, and grow dramatically with the length of formulas. This is totally different to
modal decision procedure *SAT in [HPSS00] where the complexity shows no sig-
nificant increase with d when p = 0.5, but the difficulty grows significantly with
d when p = 0. This is because increasing the percentage of propositional atoms in
a clause can make the complexity significantly reduced where easier interactions
between propositional atoms replace sophisticated interactions between tempo-
ral atoms. Unfortunately, even if we increase the percentage of propositional
atoms in a clause to p = 0.5, the overall difficulty still increases significantly
with d. We have reasons as follows:

1. For temporal logic US/LIN, there is strong interaction between proposi-
tional atoms and temporal atoms in different levels of depth. For example,
formula p ∧ F¬Pp shows the interaction: p is true at the current point x,
and for some point z in the future of x, we require that there is no point
before z making p true. The interaction between p and F¬Pp is so strong
that it determines the satisfiability of the formula p ∧ F Pp

2. Even if a formula mainly consists of a propositional atom, it is still expen-
sive to use full mosaics or partial mosaics to determine the satisfiability.
This is because there are so many rules for mosaics, decompositions and
tableaux. For example, the formula φ = p ∨ U(p, q) is true if p is true.
When building a tableau for φ, we have to construct a partial mosaic m for
φ. If

m = ({p ∨U(p, q), p,¬U(p, q)}, {3¬q}, {})

then the further decomposition of m is required. Even if the simple mosaic
m = ({p ∨U(p, q), p, }, {}, {}) is chosen, we still have to check the rules in
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Definition 3.29 for m. This complexity can increase the running time by a
significant constant factor.

After discussing the run time complexity, we focus on the advantages and disad-
vantages of the formula generator. This random formula generator has the main
advantages as follows:

1. In the 3CNFU/S formula generator, we are able to create formulas of differ-
ent complexities by choosing appropriate parameter values. For example,
we can set d = 1, 2, 3 to generate various formulas with different levels of
difficulty.

2. Because 3CNFU/S formula generator is highly parameterised as described
in the last section, different types formulas can be produced as required
if parameter values are set appropriately. For example, if a 3CNFU/S for-
mula is required to be the mixture of formula Fγ and formula U(α, β). We
can adjust the generating grammar to ensure that only these formulas are
produced.

3. We can show the different behaviour of several tableau reasoners as the
parameters of random formula generation change. With the illustrated dif-
ference in the behaviour, we can better analyse strengths and weaknesses
of different reasoners. For example, with d = 2, 3, partial mosaic-based
tableau has much better performance than mosaic-based tableau, and we
find that partial mosaics can reduce the search space in the exhaustive
search in comparison with full mosaics.

We also find some disadvantages of the generator that may affect the testing as
follows:

1. In the testing methodology of 3CNFU/S, it is hard to guarantee the balance
between satisfiable and unsatisfiable formulas. Although, the generator is
highly parameterised, it is impossible to determine whether the formulas is
satisfiable or not with the given parameters. However, the satisfiability of
formulas is involved with the complexity. As unsatisfiable formulas imply
exhaustive search in the tableau method, there tends to be high levels of
complexity in the search space. So, if we are unaware of the satisfiability
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of 3CNFU/S formulas before testing, we cannot claim the sophistication of
the generated formulas, as it superficial to determine the complexity of the
formulas from the given parameters.

2. In terms of propositional logic, we can reduce the trivial satisfiability and
trivial unsatisfiability as described above. However, there are some simi-
lar trivial problems in temporal logic. For example, some complex formu-
las can have very simple model: φ = U(pn, (U(pn−1, U(..U(p2, p1)))) with
propositional atoms p1, p2, . . . , pn−1. The model represented by the partial
mosaic m = ({φ}, {�⊥}, {pn}) makes the formula φ satisfiable. So, the
complex structure of random formulas does not necessarily imply they are
hard to reason about, and the performance of reasoners are not perfectly
evaluated.

6.3 Benchmark Problems

6.3.1 Benchmarks of PLTL

Benchmark families for PLTL have progressed to a point where comprehen-
sive experimental work on comparing satisfiability-deciding reasoners is easily
achieved through such broad set of benchmarks [SD11, DWDMR08]. They vary
from real-world cases of traffic-light controlling systems to specifying formulas
for and mutual exclusion protocol [SD11]. Here we present the benchmark fam-
ilies for PLTL that are generally acknowledged as most comprehensive formulas
for evaluating reasoners of deciding PLTL satisfiability.

Different benchmark families have been produced to test reasoning systems for
PLTL [SD11, Mas99]. These benchmark families are grouped by the following
three types of benchmarks: application formulas, crafted formulas, and random
formulas [SD11, RV07]. For the category of application, formulas for the specifi-
cation and verification of real systems are included in the application benchmark
family. These formulas are produced for the purpose of satisfiability and model-
checking. For example, there are many benchmarks from the work in [SD11]:
acacia_demo-v22 is the specification of window screens. acacia_example de-
scribes the systems of arbiters and traffic light controllers. acacia_demo-v22
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and acacia_example provides a good opportunity to research PLTL realizabil-
ity and synthesis on actual systems. In [SD11], benchmarks anzu_amba and
anzu_genbuf are produced for a study on synthesis of actual hardware sys-
tems in industry. anzu_amba specifies micro-controller buses and anzu_genbuf
specifies generalised buffers. forobots describes behaviours of a type of mobile
searching robot-foraging robot. From the work [DWDMR08], alaska_szymanski
specifies liveness properties of mutual exclusion protocols. For the category of
crafted testing, a family of related formulas with increasing size is also produced.
It is aimed at testing the scalability changeling on PLTL reasoners. For example,
in the work [RV07], rozier_counter is a series of formulas with counters that pos-
sibly implies long models. rozier_pattern includes formulas in serial patterns.
The category of random formulas includes rozier_formulas and trip.

6.3.2 US/LIN Benchmarks

The accumulation of PLTL Benchmarks is significant. However, as discrete time
satisfiability is much easier general linear time, these benchmarks are generally
not feasible for the current implementation. We have provided a set of bench-
marks below designed specifically for general linear time and dense time satisfi-
ability. The benchmarks concentrate on the applications in real systems and dif-
ficulties of formulas checked. For example, unsatisfiable formulas that involves
exhaustive search is important to measure difficulties of problems solvers for the
two reasoners. An overview of benchmarks in Figure 40 is given as follows.

2, 3, 10, 21, 22 and 23 are six Burgess-Xu axioms [Bur82, Xu88], and all of them
are valid in US/LIN. 24, 25, 26, 27, 28 and 29 are the negations of six Burgess-Xu
axioms, and all of them are satisfiable in US/LIN. In the contrast, we create 16
and 18 that intend to violate another two axioms and they are unsatisfiable in
US/LIN. Both of them involve exhaustive search for mosaics/partial mosaics
and trigger exponential behaviour in both reasoners. 6, 7, 12 are benchmarks
to specify real-world cases including simulation-based verification [DM10] and
business process management [Mue10]. 13 and 14 are benchmarks to specify
real-time systems including a protocol in mobile ad hoc networks [TP06] and a
case of mutual exclusion protocol [MN06]. 19 is to test the performances of rea-
soners on dense time only. 8, 9, 11 comprise many eventualities to be checked,
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# Formula S Run(s) Nodes
M H P M H P

1 G(U(¬p, p)) ∧ ¬F(U(¬p,⊥)) ∧ ¬F(U(p, 0)) Y 888 3 < 1 52 17 8
2 G(p→ q)→ (U(r, p)→ U(r, q)) Y U 5 1 > 220 19 7
3 (p ∧U(q, r))→ U((q ∧ S(p, r)), r) Y U 11 4 > 220 19 5
4 G(U(F¬p, p)) ∧ G(¬p→ G¬p) Y 61 2 < 1 47 9 4
5 G((S(p,¬p) ∧ U(p,¬p)) ∨ (S(¬p, p) ∧

U(¬p, p)))
Y U 2 < 1 > 220 9 3

6 Fp ∧ G(p→ Fp) ∧ G(U(>,⊥)) ∧ FG¬p Y 17 15 < 1 7 6 3
7 p ∧ G(p→ Fp) ∧ G(U(>,⊥)) ∧ FG¬p Y 2 2 < 1 3 3 3
8 ¬U(¬p, p) ∧ ¬(¬pUp) ∧ p ∧ (p→ F¬p) Y 92 17 8 93 49 21
9 G(p→ U(q, 0) ∧ Fq→ FFq ∧ Fq ∧ Fq→ p) Y U 72 1 > 210 43 2
10 G(p→ q)→ (U(p, r)→ U(q, r)) Y U 13 < 1 > 210 7 2
11 G(p→ U(p, p))∧ Fp∧ F¬p∧G(¬p→ G¬p) Y > 212 13 2 76 28 12
12 Fp ∧ G(p→ Fp) ∧ G(U(>,⊥)) ∧ FG¬p Y 24 6 < 1 13 7 3
13 G(p→ G¬q) ∧ G(q→ G¬p) ∧ FG(¬p ∧ ¬q) Y U 9 < 1 > 210 17 4
14 p ∧ (p → Fp) ∧ G(p → Fp) ∧ G(U(p,¬p)) ∧

F¬p
Y 14 8 < 1 7 5 2

15 F1∧ G(U(¬p, p)) ∧ G(U(p,¬p)) Y 2 < 1 < 1 13 5 2
16 r ∧U(p ∧ ¬S(r, s)), s) N U U < 1 > 220 > 220 5
17 U(U(p, q), U(q, p)) ∧ G¬p N U U < 1 > 220 > 220 9
18 ¬(U(p, q)→ U(p, q ∧U(p, q))) N U U < 1 > 220 > 220 3
19 ¬U(¬p, p) ∧ ¬U(p,¬p) ∧ G¬U(>,⊥) Y 189 78 30 102 64 21
20 FPp ∧ ¬Fp ∧ ¬p ∧ ¬Pp N 9 9 < 1 2 2 2
21 U(p, q)→ U(p, q ∧U(p, q)) Y 17 4 1 89 32 9
22 U(q ∧U(p, q), q)→ U(p, q) Y 127 29 16 155 42 19
23 U(p, q) ∧ U(r, t) → U(p ∧ r, q ∧ t) ∨ U(p ∧

t, q ∧ t) ∨U(q ∧ r, q ∧ t)
Y U U 634 > 220 > 220 89

24 ¬(G(p→ q)→ (U(r, p)→ U(r, q))) N U U 3 > 210 > 210 14
25 ¬((p ∧U(q, r))→ U((q ∧ S(p, r)), r)) N U U 12 > 220 > 220 27
26 ¬(G(p→ q)→ (U(p, r)→ U(q, r))) N U U 37 > 220 > 220 33
27 ¬(U(p, q)→ U(p, q ∧U(p, q))) N U U 19 > 210 > 210 53
28 ¬(U(q ∧U(p, q), q)→ U(p, q)) Y U U 23 > 210 > 210 39
29 ¬(U(p, q) ∧U(r, t)→ U(p ∧ r, q ∧ t) ∨U(p ∧

t, q ∧ t) ∨U(q ∧ r, q ∧ t))
Y U U U > 220 > 220 > 210

Figure 40: US/LIN benchmarks: column Num is the index of the formulas; column
Formula is the expression of the formulas; column S indicates whether the formula
is satisfiable or not in US/LIN: Y is satisfiable and N is unsatisfiable; Run contains
time for full mosaic (M), full mosaic with heuristics (H), and partial mosaics (P)
where U implies exceeding 4000 seconds but without any results; and Nodes is the
number of nodes explored.
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and even some eventualities are contradicted. 5 demands not only to check even-
tualities for Until and also for Since. 17 and 20 are randomly generated unsatis-
fiable formulas, and 1, 4, and 15 are randomly generated satisfiable formulas.

6.3.3 Experimental Analysis

We present timing and space results in Table 40. Column S indicates whether
the formula is satisfiable; Run contains time for full mosaic (M), full mosaic
with heuristics (H) as shown in Section 2.7, and partial mosaic (P) where U im-
plies exceeding 4000 seconds but without any results; and Nodes is the number
of nodes explored. We see that there is great improvement of performance for
partial mosaic in most case no matter what formulas they are (either satisfiable
or unsatisfiable formulas). Some performance improvement is attributed to not
having to check numerous root nodes. For formula r ∧ U(p ∧ ¬S(r, s)), s), we
have to check 213,330 mosaics as the label of the root node, while we only check
5 partial mosaics as the root. The decreased difficulty of decomposing a node
also contributes to the speed-up. Intuitively, more defects requires longer ex-
pansion to cure and more running time. Mosaics easily introduce much more
defects than partial mosaics, especially type 3 defects. This is mainly attributed
to their different cover set. See formula ¬(U(p, q) → U(p, q ∧U(p, q))). Some
mosaics even have up to 120 type 3 defects including some roots, while a partial
mosaic only at most 4. Type 3 defects are expensive to cure. Even if we cure
type 3 defects in one level, the curing witnesses may have type 1 or 2 defects
in the next level. This is the reason why it even takes several minutes to de-
compose a mosaic for r ∧U(p∧¬S(r, s)), s) and ¬(U(p, q)→ U(p, q∧U(p, q))).
There is another interesting result that tableaux of partial mosaics have shorter
full decompositions in comparison with that of full mosaic tableaux. This gen-
erally implies fewer nodes to decompose, improving the running time. This is
the reason for the improvement in p ∧ G(p → Fp) ∧ G(U(>,⊥)) ∧ FG¬p and
G(p → G¬q) ∧ G(q → G¬p) ∧ FG(¬p ∧ ¬q). In comparison with full mosaics,
heuristics also improve the performance. For satisfiable formulas 1, 2, 3, 4, 5,
9, 10, and 13, it dramatically reduces the run time and search space. However,
the heuristics have no effect on formula 16, 17 and 18 that are unsatisfiable in
US/LIN. This is because unsatisfiable formulas involve exhaustive search and
heuristics cannot reduce the search space.



Chapter 7

Dense-Time Tableau

7.1 Introduction

In Chapter 4, a practical partial mosaic-based tableau was provided to decide the
satisfiability of US/LIN formulas. A partial mosaic is able to describe an interval
that is either discrete or dense, as shown in Section 3.2. So, if partial mosaics are
restricted to describe discrete intervals and they are only allowed to represent
pieces of dense models, then we have a partial mosaic-based tableau for dense
time.

In this chapter, we first introduce the notation of dense time partial mosaics,
which are only suited for representing pieces of dense models. Then, we show
the existence of a satisfiable dense time partial mosaic is equivalent to the exis-
tence of a saturated set of dense time partial mosaics in the similar way as the
proof of saturated set of ordinary partial mosaics in Section 3.6. Then we try to
find a way to reduce the search space for building a dense time tableau. In Sec-
tion 7.4, we construct a minimal cover set for a partial mosaic m and the minimal
cover set contains least diamond formulas so that the search space for seeking
the full decomposition of m can be reduced. In Section 7.5, we provide some
search heuristics to facilitate building a dense time tableau.

144
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7.2 Dense Time Partial Mosaic

Definition 7.76. Suppose S ⊆ PClφ. Say S is dense-partially propositionally consis-
tent, if and only if S is partially propositionally consistent and 3> ∈ S.

We will now begin by defining dense partial mosaics as follows:

Definition 7.77. Suppose φ is from L(73U, S). We say φ-partial mosaic m is a
φ-dense partial mosaic, if C(m) is a dense-partially propositionally consistent set.

For a φ-dense partial mosaic m, the cover set C(m) is described as a dense-
partially propositionally consistent set. The constraint 3> ∈ S implies that there
always exists some point in the interval described by the mosaic. Along with
the partially propositionally consistency of C(m) in Definition 2.10, it implicitly
requires that {β|�β ∈ S} is propositionally consistent. Note that partial mo-
saics before the chapter are designed for US/LIN and the definition of a partial
mosaic allows discrete time steps where the start and end in a partial mosaic do
not have any points in between. Indeed, a consistent partial mosaic may have
�⊥ ∈ C(m) or �α,�¬α ∈ C(m) which requires that there are no points in be-
tween. In a dense partial mosaic, we do not have �⊥ ∈ C(m) or �α,�¬α ∈ C(m)

that represents a discrete interval and indicates the existence of some points in
between by 3> ∈ C(m).

7.3 Satisfiability

Definition 7.78. Say that a structure T = (T,<, h) is dense iff any x, z ∈ T with
x < z have y ∈ T with x < y < z.

Say that a φ-dense partial mosaic is dense-satisfiable iff it represents a fragment of
a dense structure (see Definition 3.30 for representing).

In the last section, the syntactic criteria for a dense partial mosaic are provided
in Definition 7.77, and here we explain the semantics. Each dense partial mosaic
in Definition 7.78 is intended to represent a linear dense order with start point,
end point and infinitely points in between and each satisfiable partial mosaic
represents a corresponding fragment of model in Definition 3.30.
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In Chapter 3, we introduced a saturated set of partial mosaics (SSPM) for check-
ing the satisfiability. We prove the soundness: that there must exist an SSPM for
a satisfiable φ-partial mosaic, and the completeness: that the existence of SSPM
containing a φ-partial mosaic determines the satisfiability of φ with respect to
general linear time. Here we extend the technique to dense partial mosaics for
dense-time reasoning and show the equivalence of a saturated set of dense partial
mosaics (SSDPM) to the satisfiability of a formula with respect to dense temporal
models. The definition of saturated set of dense partial mosaics is similar to the
earlier definition of SSPM (Definition 3.47) is defined as follows:

Definition 7.79. For each φ in the language L(U, S) we say that a set Θ of φ-dense
partial mosaics is saturated iff for all m ∈ Θ, there exists a full special expansion
of m containing only dense partial mosaics from M. We call M a saturated set of
dense partial mosaic(SSDPM) for φ.

We require a dense-time satisfiability result for the main proof.

Lemma 7.80. Each dense-satisfiable mosaic has a full expansion consisting of
only dense-satisfiable mosaics.

Proof. Suppose m is a dense-satisfiable mosaic, and m represents a dense struc-
ture T from t0 to tn with t0 < tn. From the proof of Lemma 3.18 in [Rey13b]
(Lemma 3.48), we show m has a full expansion consisting of only dense-satisfiable
mosaics. With Lemma 3.48, m has a full expansion consisting of only satisfiable
mosaics, M = 〈m1, m2, . . . , mn〉 such that mi represents T from ti−1 to ti with
t0, t1, . . . , tn ∈ T, ti−1 < ti and 0 < i ≤ n. Because the structure T from t0 to
tn is dense, the structure T from ti−1 to ti with 0 < i ≤ n is also dense (Def-
inition 7.78). So, each mosaic mi represents a piece of dense structure. There-
fore, dense-satisfiable mosaic m has a full expansion M consisting of only dense-
satisfiable mosaics.

As each dense partial mosaic is also a partial mosaic and a satisfiable partial mo-
saic m implies that an SSPM containing m′ where m ⊆ m′ consists of satisfiable
partial mosaics in Lemma 3.49, we have the following soundness for SSDPM:

Lemma 7.81. If a dense partial mosaic m is dense-satisfiable then there exists a
SSDPM with a full mosaic m′ in it such that m ⊆ m′.
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Proof. Let T = (T,<, h) and x, y ∈ T with x < y. Suppose m represents T
from x to y. For Lemma 3.31, there exists a mosaic m′ = mosφ

T(x, y) such that
m ⊆ m′. The proof here is similar to the proof of Lemma 3.49 for common par-
tial mosaics where an SSPM of full mosaics is built. However, the SSDPM we
will build here consists of only dense full mosaics representing dense structure,
and each full mosaic has 3> in the cover set. The general idea is that: we build
the SSDPM containing m′ from m′ by taking the full expansion of m′ and con-
tinuing to take the full expansion of all full mosaics in the set Θ until we reach
a fixed point in the set. Note that: when we start to present a full expansion
M′ = 〈m′1, m′2, . . . , m′n〉 for full mosaic m′, M′ consists only of dense-satisfiable
full mosaics by Lemma 7.80, and it is similar to other elements from set Θ, each
of which has a full expansion consisting of only dense full mosaics. We satu-
rate the set Θ by searching through full expansions/decompositions consisting
of only satisfiable full mosaics for any element in the set and adding them to the
set. Even though each element in Θ has a defect with 3> in the cover set and
requires new expansions, we are still able to reach a fixed point since the set of
φ-mosaics is finite. The set Θ consists of only dense full partial mosaics, as we
saturate Θ only with dense partial mosaics from full expansions consisting of
only dense full mosaics. So we get the SSDPM Θ with m′ ∈ Θ and m ⊆ m′.

As to the completeness of SSDPM, it requires the proof that a φ-dense partial
mosaic m is dense-satisfiable, if m appears in a SSDPM of φ-dense partial mo-
saics. For proving the following completeness, we also use the way of building
a model as Lemma 3.50. In comparison with the lemma for SSPM, necessary
changes have been made for dense partial mosaics as follows:

Lemma 7.82. Suppose that φ is a formula of L(U, S). Say m is a φ-dense partial
mosaic and m appears in a SSDPM Θ of φ-partial mosaics. Then m is dense-
satisfiable.

Proof. Here we construct a dense structure in a similar way to Lemma 3.50. With
Lemma 3.50, each element mk from SSPM is satisfiable and represents a fragment
of a model. Because SSDPM Θ is also an SSPM, each element mk ∈ Θ is also
satisfiable. Here we just need to prove mk is dense-satisfiable.

Let mk be in the process of construction as Lemma 3.50. Suppose mk appears
as mi(r, s) in Mi of round i for constructing a dense structure for m. As there is
at least a type 3 defect 3> ∈ C(mk), mk has a decomposition 〈m1, m2, . . . , mn〉
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in a full special expansion, and each element of the decomposition is a dense
partial mosaic. Recall Qi a finite sequence of distinct rationals in round i, Mi is
a finite sequence of partial mosaics, and λi is a map from Qi to consistent sets of
formulas. Then the decomposition 〈m1, m2, . . . , mn〉 requires us to add rationals
{q1, q2, . . . , qn−1, qn} where r < q1 < q2 < . . . < qn−1 < qn = s to Qi+1 such that:

1. mi+1(r, q1) = m1, mi+1(qj, qj+1) = mj+1 where 1 ≤ j < n, and

2. λi+1(qj) = E(mj) where 1 ≤ j < n.

We have to also note that: if s is the greatest element of Qi, dense partial mosaics
from the right expansion of mi(r, s) must be added after mi+1(qn−1, qn) in Mi+1

(see Lemma 3.50); and if r is the least element of Qi, dense partial mosaics from
left expansion of mi(r, s) must be added before mi+1(r, q1) in Mi+1 (see Lemma
3.50). As any mi(r, s) ∈ Mi has type 3 defect that in turn requires partial mosaics
for full expansion in the next round i + 1, the construction for a dense model will
last for infinite ω rounds. With Lemma 3.50, we have a structure T = (T,<, h)
where (1) T = ∪i<ωQi is ordered as rationals; (2) λ(r) = ∪i<ωλi(r) for all r ∈ T;
h is defined by: if p ∈ λ(r) then r ∈ h(p); if ¬p ∈ λ(r) then r 6∈ h(p)) for
m. Structure T = (T,<, h) is dense as the construction lasts ω rounds and each
r < s ∈ Qi of some round has some points in between r and s that are introduced
by the decomposition of mi(r, s) ∈ Mi. So, the dense partial mosaic m ∈ Θ is
dense-satisfiable.

Therefore, the existence of a SSDPM containing m shows m is dense-satisfiable
in Lemma 7.80 and we also prove there must exist a SSDPM for every dense-
satisfiable partial mosaic in Lemma 7.82. Then, we get the theorem as follows:

Theorem 7.83. Suppose that φ is a formula of L(U, S). Then φ-dense partial mo-
saic m is dense-satisfiable iff there exists a SSDPM with m in it.

7.4 Standardisation of Diamond Formulas

Given a partial mosaic m, the number of diamond formulas in C(m) has great
influence on the search space for seeking the full decomposition of m. So, we
only add diamond formula to C(m) if we absolutely have to do so. Based on
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the definition of a partial mosaic in Definition 3.29 and dense partial mosaic in
Definition 7.77, we define a minimal partial mosaic that requires adding diamond
formulas are essential.

Definition 7.84. Suppose we have a formula φ ∈ L(U, S), and a φ-dense partial
mosaic m. We have C�(m) = {�α|�α ∈ C(m)} and C3(m) = {3α|3α ∈ C(m)}.
We say m is minimal if for any φ-dense partial mosaic m′ such that S(m′) = S(m),
E(m′) = E(m), and C�(m′) = C�(m), we have C3(m) ⊆ C3(m′).

Lemma 7.85. Suppose we have a formula φ ∈ L(U, S) and a φ-dense partial mo-
saic m. Partial mosaic m is minimal iff any diamond formula 3δ ∈ C(m) satisfies
one of the following conditions:

1. δ = α: if there is some U(α, β) ∈ S(m) and either: �β /∈ C(m); or α /∈ E(m)

and β /∈ E(m); or α /∈ E(m) and U(α, β) /∈ E(m).

2. δ = α: if there is some S(α, β) ∈ E(m) and either: �β /∈ C(m); or α /∈ S(m)

and β /∈ S(m); or α /∈ S(m) and S(α, β) /∈ S(m).

3. δ = ¬β: if there is some ¬U(α, β) ∈ S(m) and either: �¬α /∈ C(m); or
¬α /∈ E(m); or ¬β /∈ E(m) and ¬U(α, β) /∈ E(m).

4. δ = ¬β: if there is some ¬S(α, β) ∈ E(m) and either: �¬α /∈ C(m); or
¬α /∈ E(m); or ¬β /∈ S(m) and ¬S(α, β) /∈ S(m).

Proof. Suppose T = (T,<, h) is a dense structure for φ, and m represents T =

(T,<, h) from point x ∈ T to point z ∈ T such that x < z in Definition 3.30. The
intuition is that: in case 1 and case 2, 3α ∈ C(m) indicates there must exist a point
y holding α true in the interval such that y or some point after y in the interval
validates U(α, β) or S(α, β) for x or z in dense structure T; in case 3, 3¬β ∈ C(m)

indicates that either the start point (¬β is arbitrarily true after the start point) or
some point in the interval invalidates U(α, β) for x in dense structure T; in case
4, 3¬β ∈ C(m) indicates that either the end point or some point in the interval
invalidates S(α, β) for z in dense structure T. We now prove the soundness and
completeness for the lemma.

In terms of soundness, we show that: m is minimal then one condition holds for
each diamond formula in the cover set of m. We analyse the cases above based on
the syntax of partial mosaic in Definition 3.29. Considering case 1, if U(α, β) ∈
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S(m) and �β /∈ C(m) then it implies 3α ∈ C(m) from C4 Definition 3.29. If
U(α, β) ∈ S(m), �β ∈ C(m), and neither α ∈ E(m) nor (β ∈ E(m) and U(α, β) ∈
E(m)), then it still implies 3α ∈ C(m) with from C4. So, if U(α, β) ∈ S(m),
�β ∈ C(m), and either: α /∈ E(m) and β /∈ E(m); or α /∈ E(m) and U(α, β) /∈
E(m), then it implies 3α ∈ C(m). Then condition 1 must hold. Condition 2
is the mirror image of Condition 1. Considering case 3, if ¬U(α, β) ∈ S(m)

and either �¬α /∈ C(m) or ¬α /∈ E(m) then it implies 3α ∈ C(m) from C8
in Definition 3.29; if ¬U(α, β) ∈ S(m), �¬α ∈ C(m), ¬α ∈ E(m), and neither
¬β ∈ E(m) nor ¬U(α, β) ∈ E(m), it still implies 3α ∈ C(m) with from C8. So, if
¬U(α, β) ∈ S(m), �¬α ∈ C(m), ¬α ∈ E(m), ¬β /∈ E(m), and ¬U(α, β) /∈ E(m),
then it implies 3α ∈ C(m). Then condition 3 must hold. Condition 4 is the mirror
image of Condition 3.

In terms of completeness, we will show that: if every diamond formula in the
cover set of dense partial mosaic m satisfies one of conditions above then m is
minimal. Suppose for contradiction: φ-dense partial mosaic m1 is minimal but a
diamond formula 3γ ∈ C(m1) does not satisfy any case above. Suppose m2 a φ-
dense partial mosaic such that S(m2) = S(m1), E(m2) = E(m1) and any diamond
formula in the cover set of m2 only satisfies one of cases above. With soundness
above, cover set C(m1) must contain diamond formulas satisfying at least one of
cases above. So, we have C(m2) ⊂ C(m1) because 3γ ∈ C(m1). With Definition
7.84, it is impossible for m1 to be minimal. So, this is the contradiction.

In Figure 41, we present a tableau for checking the satisfiability of formula φ =

¬U(p,¬p) ∧ ¬U(¬p, p) and we have φ ∈ S(m1) for the root label m1. The root
label m1 is not a minimal partial mosaic, and it has extra diamond formulas
3U(p,¬p) and 3U(¬p, p) in the cover set C(m1). To cure the defects, we have
3U(p,¬p) ∈ S(m7) and 3U(¬p, p) ∈ S(m6) for children labels m7 and m6 of m1.
In order to get a successful tableau, we have to continue to decompose m6 and
m7 and this increases the search space. For the child m3 of m1, it is a minimal
partial mosaic, but several times of decomposing are still required for building a
successful tableau. In contrast, if the minimal partial mosaic m′1 is chosen as the
root label of the tableau as shown in Figure 42, then size the tableau is much less
than the tableau in Figure 41, because partial mosaics have fewer formulas in
the sets with respect to less defect curing. So, the search space is reduced when
minimal partial mosaics are used in tableaux.
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m1

m2

m3 m4 m5

m6 m7

m1 = ({φ,¬U(p,¬p),¬U(¬p, p)}, {3U(p,¬p),3U(¬p, p),3p,3¬p,
3>}, {})

m2 = m3 = ({φ,¬U(p,¬p),¬U(¬p, p)}, {3p,3¬p,3>}, {U(¬p, p), p})
m4 = m6 = ({U(¬p, p), p}, {�p,3>}, {U(p,¬p),¬p})
m5 = m7 = ({U(p,¬p),¬p}, {�¬p,3>}, {p })

Figure 41: Incomplete tableau for partial mosaic m with φ ∈ S(m1) and φ =
¬U(p,¬p) ∧ ¬U(¬p, p)

m′1 =
{φ,¬U(p,¬p),¬U(¬p, p)},

{3p,3¬p,3>},
{}

m′2 = {φ,¬U(p,¬p),¬U(¬p, p)},
{3p,3¬p,3>},

{p}

m′3 = {p},
{ 3>},
{¬p}

{¬p},
{,3>},
{}

Figure 42: Incomplete tableau for partial mosaic m with φ ∈ S(m) and φ =
¬U(p,¬p) ∧ ¬U(¬p, p)
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From now on, we will focus on minimal partial mosaics.

7.5 A Search Heuristic for Dense Partial Mosaics

In terms of dense-satisfiability, m is able to represent a fragment of model, if and
only if there is a dense tableau with m as its root. Checking dense-satisfiability of
a formula φ reduces to building dense tableaux with φ in the start or end set of the
root partial mosaic. In building such a tableau, the tableau tree is expanded by
decomposing each node level by level. An efficient building approach requires
reducing the size of the tree in terms of both depth and width. In Lemma 2.28,
the number of diamond formulas in the cover set of a mosaic is defined to be the
weight of the mosaic, and it shows the weight influences the size of a tableau.
We conjecture that partial mosaics of lower weight have smaller tableaux and
smaller search space. If we are able to decompose a node of dense partial mosaic
into ones with lower weight, it is probably the case that building process will
be quickly accomplished. However, the current decomposing method does not
attempt to minimise the weight and it can be costly to build a tree. Here we
introduce some heuristics for building tableaux with less search space.

7.5.1 Characteristics of Dense Structure

In order to construct full decompositions of lower weight, we first examine char-
acteristics of dense structures.

Lemma 7.86. Suppose we have a formula φ ∈ L(U, S) and T = (T,<, h) is a
dense structure for φ. We have the following:

1. For U(α, β) ∈ Clφ, if we have x ∈ T such that T, x |= U(α, β) then there is
z ∈ T where x < z such that: for each y ∈ T where x < y < z, we have
T, y |= β, and for z, we have either T, z |= α or T, z |= ¬S(>,¬α).

2. For ¬U(α, β) ∈ Clφ, if we have x ∈ T such that T, x |= ¬U(α, β) and
T, x |= Fα then there is z ∈ T where x ≤ z such that: for each y ∈ T where
x < y < z, we have both T, y |= β and T, y |= ¬α, and for z, we have either
T, z |= ¬α ∧ ¬β or T, z |= ¬α ∧ ¬U(>, β).

3. the mirror of 1 for S(α, β) ∈ Clφ.
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4. the mirror of 2 for ¬S(α, β) ∈ Clφ.

We say U(α, β) is validated by point z in case 1; and U(α, β) is invalidated at
point z in case 2.

Proof. For Case 1, if T, x |= U(α, β) then we have some point t ∈ T with x < t
such that: T, t |= α and for each y ∈ T where x < y < t, we have T, y |= β from
the semantic of temporal operator U. In the structure T, we can find a sequence
of points z1, z2, . . . , zn with 0 ≤ n between x and t such that x < z1 < z2 <, . . . ,<
zn < t and we have either T, zi |= α or T, zi |= ¬S(>,¬α) for all 1 ≤ i ≤ n. So, if
z equals to any zi with 1 ≤ i ≤ n or z, we have the Case 1 above.

For Case 2, suppose for contradiction: T, x |= ¬U(α, β); for any z > x, we have
neither T, z |= ¬α ∧ ¬β nor T, z |= ¬α ∧ ¬U(>, β); and we have both T, y |= β

and T, y |= ¬α for each y ∈ T where x < y < z. For any z > x, we have either
T, z |= α or T, z |= β ∧U(>, β). If T, z |= α, then we have T, x |= U(α, β) and it
is contradiction. If T, z |= β ∧U(>, β) for any point z after x, then we have the
contradiction for T, x |= F¬β. So, we have the Case 2 above.

In the first case T, z |= ¬S(>,¬α), it implies α is true arbitrarily recently before z
and the abbreviation is K−(α); in the second case T, z |= ¬U(>, β), it implies ¬β

will be true arbitrarily soon after z and the abbreviation is K+(¬β).

From Lemma 7.86, if the formula U(α, β) is true at some point x in a structure
then there is a validating point in the structure making U(α, β) true at x; and
if the formula ¬U(α, β) is true at some point x in a structure then there is an
invalidating point in the structure making U(α, β) false at x.

The following lemma places the boundary where we might find validating points
and invalidating points.

Lemma 7.87. Suppose we have a formula φ ∈ L(U, S), T = (T,<, h) is a dense
structure for φ, and points x and z from T such that x < z. We have the following:

1. if T, x |= U(α, β) and either: T, t 6|= β for some point t such that x < t < z;
or T, z 6|= α and T, z 6|= β; or T, z 6|= α and T, z 6|= U(α, β), then there is
y ∈ T where x < y < z such that point y validates U(α, β) at x.

2. if T, x |= ¬U(α, β) and either: T, t |= α for some point t such that x < t ≤ z
or T, z |= β and T, z |= U(α, β), then there is y ∈ T where x ≤ y < z such
that point y invalidates U(α, β) at x.
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3. the mirror of 1 for T, z |= ¬S(α, β).

4. the mirror of 2 for T, z |= ¬S(α, β).

Proof. From Case 1 of Lemma 7.86, there is validating point y with x < y. From
the conditions of Case 1 above, the validating point y cannot be after t, and so
we have x < y < z for the validating point y.

For Case 2, we have either T, t |= α or some point u > z T, u |= α from T, z |=
U(α, β). So, we have T, x |= ¬Fα. From Case 2 of Lemma 7.86, there is invalidat-
ing point y with x ≤ y < z

7.5.2 Heuristic Functions for Searching Validating and Invali-

dating points

When building a tableau of a structure, we expand the tableau tree by presenting
a full decomposition for the label of every node in the tableau until the tableau is
successful. For any node in the tableau, there are a range of full decompositions,
and which decomposition is presented in the tableau as children of the node
makes a difference to the cost of building the tableau in future steps. In order
to lower the cost of building the tableau, we provide some heuristic functions to
help choose appropriate full decompositions as child nodes so that the tableau
tree can be efficiently built.

Given any successful tableau, if U(α, β) is an element of some start set of a partial
mosaic m in the successful tableau and 3α an element of the end set of m, the
start set of some partial mosaic from the full decomposition of m represents the
validating point of U(α, β) in the corresponding structure, and this validating
point will work for all earlier partial mosaics in the full decomposition.

When the tableau searches for a full decomposition M = 〈m1, m2, . . . , mn〉 of
a dense partial mosaic m, if we want to find the invalidating points for any
¬U(α, β) ∈ S(m), then we have to consider the further decompositions of any mi

with 1 ≤ i ≤ n. As shown in Lemma 7.88, we can find the invalidating points
when the tableau is successfully built, but it is possibly a time-consuming process
as the depth of tree may be very large. It is far better to introduce heuristic func-
tions to provide a guideline to choose full decompositions such that validating
and invalidating points are found sooner.
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Lemma 7.88. Suppose we have a formula φ of L(U, S) and a φ-dense partial mo-
saics m as the label of a node in a successful tableau, and 〈m0, m1, m2 . . . , mn〉 be
the sequence of the left-most branch of the decomposition subtree in order from
m0 = m down to the leaf node mn. If 3α ∈ C(mi) for every 0 ≤ i ≤ n then there
is a dense structure T = (T,<, h) for φ such that m represents T from x ∈ T to
z ∈ T and α is true arbitrarily soon after x in T.

Proof. Let T be the dense structure corresponding to the successful tableau, and
let x be a point in structure T corresponding to S(m). Then, from Lemma 7.81, x
corresponds to S(mi) for all 0 ≤ i ≤ n and there is z ∈ T with z > x such that
some mi represents T from point x to point z. Since we have α ∈ C(mi), there is
y ∈ T such that x < y < z and T, y |= α. As we can choose z to be arbitrarily
close to x, α is true arbitrarily soon after x at point y between x and z.

To help find the invalidating points, we maintain two functions Kstart and Kend

for the cover set C(m) of any partial mosaic m, and both of them are a map from
partial mosaics to diamond formulas. Specifically, Kstart(m) indicates a set of
diamond formulas 3α such that 3α ∈ C(m) and α may be true arbitrarily soon
after the start point of m, and Kend indicates a set of diamond formulas 3α such
that 3α ∈ C(m) and α may be true arbitrarily recently before the end point of m.
Before we formally define the functions Kstart and Kend, we first define the upper
limit for them as follows:

Definition 7.89. Given a formula φ of L(U, S) and a φ-dense partial mosaic m, we
have upper limit sets K∗start(m) and K∗end(m) of diamond formulas for m satisfying
that: K∗start(m) ⊆ {3α|3α ∈ C(m)}, K∗end(m) ⊆ {3α|3α ∈ C(m)}, and we have:

1. δ ∈ K∗start(m)↔ δ = ¬β: ¬U(α, β) ∈ S(m) and 3¬β ∈ C(m).

2. δ ∈ K∗end(m)↔ δ = ¬β: ¬S(α, β) ∈ E(m) and 3¬β ∈ C(m).

The heuristics are to choose full decomposition M = 〈m1, m2 . . . , mn〉 of m as
labels of child nodes in a tableau such that:

1. C(m1) ∩ K∗start(m) is as large as possible;

2. C(mn) ∩ K∗end(m) is as large as possible;
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m1

m2 m3

m4 m5

m6 m7

m1 = ({φ,¬U(q, p1),¬U(r, p2), q}, {3p1,3p2,3>}, {})
m2 = ({φ,¬U(q, p1),¬U(r, p2), q}, {�p1,�p2,�¬q,�¬r,3>},

{¬U(q, p1),¬U(r, p2), p1, p2,¬q,¬r})
m3 = ({¬U(q, p1),¬U(r, p2), p1, p2,¬q,¬r}, {3p1,3p2,3>}, {})
m4 = ({¬U(q, p1),¬U(r, p2), p1, p2,¬q,¬r}, {�p1,�p2,�¬q,�¬r,3>},

{¬U(r, p2),¬p1, p2,¬q,¬r})
m5 = m6 = ({¬U(r, p2),¬p1, p2,¬q,¬r}, {3p2,3>}, {})
m7 = ({}, {}, {3>})

Figure 43: Partial mosaic and formulas seen in unsuccessful tableau for φ =
¬U(q, p1) ∧ ¬U(r, p2) ∧ q

7.5.3 Example

We choose some formulas, and demonstrate that the heuristics can reduce the
search space by comparing the empirical results with heuristics and without
heuristics.

See the example in Figure 44: a successful tableau for a φ-partial mosaic m con-
taining φ = ¬U(q, p1) ∧ ¬U(r, p2) ∧ q in the start set. The successful tableau is
the result of the tableau reasoner using no heuristics. The partial mosaic m1 in the
root node has type 3 defects 3p1 and 3p2. The start set S(m2) of partial mosaic
m2 in full decomposition 〈m2, m2〉 of m1 cures the defect 3p1 and 3p2. However,
when using partial mosaic m3 as an element of the full decomposition, we also
introduce more type 3 defects 3p1 and 3p2 in the cover set C(m3) of m3, and it
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m1

m2 m3

m4 m5

m6 m7

Figure 44: Tableau without heuristics for partial mosaic m with φ ∈ S(m) and
φ = ¬U(q, p1) ∧ ¬U(r, p2) ∧ q

m′1 =
{φ,¬U(q, p1),¬U(r, p1), q},

{3p1,3p2,3>},
{}

m′2 =
{φ,¬U(q, p1),¬U(r, p1), q},

{3p1,3p2,3>},
{}

m′3 =
{},
{3>},
{}

m′4 =
{},
{3>},
{}

m′5 =
{},
{3>},
{}

Figure 45: Tableau with heuristics for partial mosaic m with φ ∈ S(m) and φ =
¬U(q, p1) ∧ ¬U(r, p2) ∧ q
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m1

m2

m3 m4

m5

m6 m7

S = {�S(p, q),�¬U(p, q)}
m1 = ({¬U(U(p, q), S(p, q))}, S ∪ {3¬q,3>}, {¬U(p, q),¬S(p, q)})
m2 = ({¬U(U(p, q), S(p, q))}, S ∪ {3p,3>}, {S(p, q),¬U(p, q),¬q})
m3 = ({¬U(U(p, q), S(p, q))}, S ∪ {3p,3>}, {S(p, q),¬U(p, q), p})
m4 = ({S(p, q),¬U(p, q), p}, S ∪ {�q,�¬p,3>}, {S(p, q),¬U(p, q),¬q,¬p})
m5 = m7 = ({S(p, q),¬U(p, q),¬q}, S ∪ {3¬q,3>}, {¬U(p, q),¬S(p, q)})
m6 = ({S(p, q),¬U(p, q),¬q}, S ∪ {�¬p,�q,3>}, {S(p, q),¬U(p, q),¬q})

Figure 46: Unsuccessful tableau without heuristics for partial mosaic m1 with φ ∈
S(m) and φ = ¬U(U(p, q), S(p, q))
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m′1 =
{¬U(U(p, q), S(p, q))},
{3¬S(p, q),3>},

{}

m′2 =
{¬U(U(p, q), S(p, q))},
{3¬S(p, q),3¬q,3>},

{¬S(p, q)}

m′3 =
{¬U(U(p, q), S(p, q))},
{3¬S(p, q),3¬q,3>},

{¬S(p, q)}

m′4 =
{¬S(p, q)},
{3>},
{¬q}

m′5 =
{¬q},
{3¬q},
{¬S(p, q)}

m′6 =
{¬S(p, q)},
{},
{}

Figure 47: Tableau for partial mosaic m with φ ∈ S(m) and φ = ¬U(U(p, q), S(p, q))
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requires further decomposition 〈m4, m5〉. For partial mosaic m5, we have to de-
compose it in a further step. See the example in Figure 45: a successful tableau
for m using heuristics. As the label of the root node, partial mosaic m′1 has type 3
defects 3p1 and 3p2. For m′1, we K∗start(m

′
1) = {3p1,3p2} from Definition 7.89.

So we first try Kstart(m′1) = K∗start(m
′
1) and find the full decomposition 〈m′2, m′3〉

of m′1 such that Kstart(m′1) = {3p1,3p2} ⊆ C(m′2). In the tableau, we have that:
the node of m′2 is the clone of m′1, and the nodes of m′4 and m′5 are the clone of
m′3. In comparison with the tableau without heuristics in Figure 44, we have
a successful tableau with less depth and width by using heuristic search. The
tableau with heuristics also requires less search space: there are three decompo-
sition with heuristics, but there are seven decomposition without heuristics. It
is more difficult to decompose some partial mosaics in tableau of Figure 44, as it
has more diamond formulas in cover sets on average. For example, both m1 and
m3 have maximal number of diamond formulas: 3p1 and 3p2 in Figure 44, but
only m′1 have maximal number of diamond formulas in Figure 45.

When building a tableau for partial mosaic m with formula ¬U(α, β) in the start
set, we have to consider the interaction between formula ¬α and ¬β in the in-
terval, because the interaction can increase the sophistication of the tableau and
the search space. See the example for a randomly generated formula in Figure
46: an unsuccessful tableau for a φ-partial mosaic m1 containing the formula
φ = ¬U(U(p, q), S(p, q)) in the start set. Partial mosaic m1 is randomly chosen
as the label of the root node without heuristics such that φ ∈ S(m1). For the
cover set of m1, we have �S(p, q) ∈ C(m1) and �¬U(p, q) ∈ C(m1). If there
is no use of heuristics, we will see the tableau becomes complex because of the
interaction of �S(p, q) and �¬U(p, q). For the root label m1, full decomposition
〈m2, m5〉 are presented as the labels of children. In the next decomposition, the
interaction appears: the cure of defect S(p, q) ∈ E(m2) is required with respect
to �¬U(p, q) ∈ C(m2), and the invalidating point for ¬U(p, q) ∈ C(m5) is re-
quired with respect to �S(p, q) ∈ C(m5). If child nodes are chosen randomly
from full decompositions, it tends to be an unsuccessful tableau. The full de-
composition 〈m3, m4〉 is chosen randomly as the labels of the children of m2. In
m4, S(m4) witnesses the cure of defect S(p, q) ∈ E(m2), and E(m4) represents the
invalidating point for ¬U(p, q) ∈ S(m4) such that ¬p ∈ E(m4) and ¬q ∈ E(m4).
The full decomposition 〈m6, m7〉 is chosen randomly as the labels of the chil-
dren of m5. In m6, S(m6) witnesses the cure of defect S(p, q) ∈ E(m6) with
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p ∈ S(m6), and E(m6) represents the invalidating point for ¬U(p, q) ∈ S(m6)

such that ¬p ∈ E(m6) and ¬q ∈ E(m6). However, there is a contradiction in
that E(m4) cannot match S(m6) where ¬p ∈ E(m4) and p ∈ S(m6). So, we
are required to backtrack. With heuristics, we can avoid contradiction by re-
ducing the possibility of interaction. See the example in Figure 47: a success-
ful tableau for a φ-partial mosaic m′1 containing φ = ¬U(U(p, q), S(p, q)) in
the start set. The successful tableau is the result of the tableau reasoner using
heuristics. For the label m′1 of the root node, it is generated by heuristics, and
the full decomposition 〈m′2, m′6〉 is chosen as the labels of children with heuris-
tics. When we continue to decompose m′2, we have K∗start(m

′
2) = {3¬S(p, q)}

and K∗end(m
′
2) = {3¬q}. So, we try heuristics Kstart(m′2) = {3¬S(p, q)} and

Kend(m′2) = {3¬q}, and full decomposition 〈m′3, m′4, m′5〉 are chosen as children
of m′2 such that Kstart(m′2) ⊆ C(m′3) and Kend(m′2) ⊆ C(m′5).

7.5.4 Dense-Time Benchmarks

As described in Section 6.3.2, there are no benchmark formulas for dense time
in systematic application. In order to analyse tableau reasoners for US/LIN for-
mulas, we have introduced some benchmark formulas in Section 6.3.2, and they
range from the application of real systems to system testing. Here we intro-
duce some benchmark formulas for dense time, and use them to test dense-time
tableau reasoners. An overview of benchmarks for dense time in Figure 48 is
given as follows.

Formula 1 is from the dense axiom Fα→ FFα, and it is valid in dense-time struc-
tures. As the extension of dense axiom, formula 1 is not satisfiable in discrete
structures. In the contrast, formula 18 is from the negation of dense axiom which
is valid in discrete structures but not satisfiable in dense-time structures. 17 and
20 are two of six Burgess-Xu axioms, and they are valid in dense time as well
as US/LIN. Formulas 7 and 8 are benchmark formulas for US/LIN in Section
6.3.2 where US/LIN tableau reasoner only provides discrete models for them.
Here dense-time tableau reasoners check the satisfiability of formulas 7 and 8 in
dense time. Formua 9 is the modification of formula 8, and it contains subfor-
mulas K+¬q and K+¬p as defined in Section 1.3.4 that characterise dense-time
structures. Formula 16 is used to test the ability of handling unsatisfiable for-
mula, and it is not satisfiable in either any discrete structure or any dense-time
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# Formula Sat DSat Run(s) Nodes
DP DH DP DH

1 G(Fp→ FFp) Y Y < 1 < 1 9 5
2 F>∧ G(U(¬p, p)) ∧ G(U(p,¬p)) Y Y < 1 < 1 5 5
3 ¬S(q, p) ∧ S(r, t) ∧U(q, p) Y Y 1 < 1 16 12
4 ¬U(¬p, p) ∧ ¬U(p,¬p) ∧ S(q, p) Y Y 3 < 1 13 6
5 ¬U(p,¬p) ∧ ¬U(¬p, p) ∧ Γ+p Y Y 7 2 19 4
6 ¬U(p,¬p) ∧ ¬U(¬p, p) ∧

(GΓ+p ∨ GΓ+¬p)
Y N 9 9 16 16

7 Fp ∧ G(p→ Fp) ∧ FG¬p Y Y 3 < 1 18 11
8 G(p → G¬q) ∧ G(q → G¬p) ∧

FG(¬p ∧ ¬q)
Y Y 23 8 34 15

9 Fp ∧ Fq ∧ G(p > K+¬q) ∧ G(q →
K+¬p) ∧ FG(¬p ∧ ¬q)

Y Y 25 6 19 5

10 ¬U((U(q, p), S(q, p)) ∧ Fq ∧
F¬q ∧ Γ+p

Y Y 9 < 1 28 8

11 Fp ∧ p→ K+¬p ∧ ¬p→ K+p Y Y 3 < 1 13 6
12 Fp ∧ p → K+q ∧ q → K+p ∧ (p ∧

q)→ (K+¬p ∧ K+¬q)
Y Y 28 5 53 11

13 ¬U(¬p, p) ∧ ¬U(p,¬p) ∧
S(q, p) ∧ K+p ∧ K+q

Y Y 67 18 32 18

14 GK+p ∧ GK+q ∧ Fp ∧ Fq ∧ (p →
U(q, q)) ∧ (q→ S(q, q))

Y Y 38 12 73 24

15 GK+p ∧ GK+q ∧ ((p ∧U(q, r)) →
U(q ∧ S(p, r), r))

Y Y 58 32 47 8

16 FPp ∧ ¬Fp ∧ ¬p ∧ ¬Pp N N 2 < 1 4 2
17 G(p→ q)→ (U(r, p)→ U(r, q)) Y Y < 1 < 1 12 9
18 G¬(Fp→ FFp) Y N < 1 < 1 1 1
19 FGp ∧ F¬p→ F(Gp ∧ ¬Gp) Y Y 3 < 1 42 26
20 G(p > q) > (rUp > rUq) Y Y < 1 < 1 13 8

Figure 48: Dense time benchmarks: column Num is the index of formulas; column
Formula is the expression of formulas; column Sat indicates whether the formula
is satisfiable or not in US/LIN: Y is satisfiable and N is unsatisfiable; column DSat
indicates whether the formula is satisfiable or not in dense time; Run contains time
for dense-time partial mosaic (DP) and dense-time partial mosaic with heuristics
(DH); and Nodes is the number of nodes explored.
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structure. Formula 2 is also used to test reasoning over an unsatisfiable formula.
However, it is satisfiable in some discrete structures but not satisfiable in any
dense-time structure. The other formulas are randomly generated formulas, and
were constructed with different properties. Formulas 3 and 4 are formulas cre-
ated for dense time with temporal operators U and S along with their negations.
Besides temporal operators U and S, formulas 5 and 6 also have temporal oper-
ator Γ+ as defined in Section 1.3.4. Formula 10 is a random formula mixed with
temporal operators U and F. Formulas 11 and 12 are random formulas involv-
ing temporal operator K+ and F. Formulas 13, 14 and 15 are more complicated
random formulas as they have temporal operators U, S and K+.

7.5.5 Experimental Analysis

We present timing and space results in Table 48. Column Sat indicates whether
the formula is satisfiable or not in US/LIN, column DSat indicates whether the
formula is satisfiable or not in dense time, Run contains time for dense-time par-
tial mosaic (DP) and dense-time partial mosaic with heuristics (DH), and Nodes
is the number of nodes explored. We see that there is some improvement of per-
formance for satisfiable formulas including both formulas from axioms such as
1, 19 in running times and 17 in search space, and random formulas. For the sat-
isfiable random formulas, the more complicated the formulas are, the more time
and search space can be saved. In comparison to simple pattern of satisfiable
random formulas 3, 4, 5 and 6, there are great improvement of performance for
complicated pattern of satisfiable formulas from 10 to 15. However, there is no
improvement for unsatisfiable formulas such as the negation of the axiom for-
mula 18, unsatisfiable random formula 2, and US/LIN benchmark formula 16 in
dense time. This is because the heuristics can quickly guess a way of finding a
tableau to demonstrate satisfiability, but cannot help when an exhaustive search
is required to show unsatisfiability.



Chapter 8

Conclusion

8.1 Summary and Main Results

In Chapters 2, 3, 4, 5, 6 and 7, we can find the new results presented in this
thesis. The general intent behind these results is to provide a sound and feasible
methodology to build tableaux for US/LIN and dense time.

Building on the existing work relating to mosaic reasoning over linear flows of
time with F and P [MMR00], the full mosaic reasoning over US/LIN [Rey03],
and the mosaic-based tableau-style decision procedure for US/LIN [Rey13b], we
have sought to implement practical full mosaic tableaux and provide feasible
partial mosaic tableaux for US/LIN and dense time.

In Chapter 2, we proceed to implement practical full mosaic tableaux based
on the work [Rey13b] and seek to improve the performance of the full mosaic
tableau with heuristics. After realising the limitation of the full mosaic tableau,
we turn to the new technique: partial mosaic in Chapter 3. We prove the sound-
ness and completeness for the partial mosaic tableau via a saturated set in Chap-
ter 3 and 4, and the implementation details of partial mosaic tableau in Chapter 5.
To test the full mosaic tableau, heuristics, and partial mosaic tableau, we have in-
troduced a methodology to generate random formulas for US/LIN and reported
the empirical results in Chapter 6. Some benchmarks for US/LIN are also in-
troduced. In Chapter 7, we pose some constraints on a partial mosaic so that
it can only represent dense models, and we build tableau for dense time with
these constrained partial mosaics. When building a tableau for dense time, some
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heuristics are also provided in Chapter 7.

We itemize and discuss the significant results as follows:

1. Designing heuristics for the full mosaic tableau. From Figure 6, the full mosaic
tableau requires too much time and space for some formulas. To make the
full mosaic tableau practical to use, we introduce some heuristics. They aim
at helping to choose appropriate full decompositions as child nodes so that
the full mosaic tableau can be efficiently built. The choice strategy is based
on the number of diamond formulas in the cover set: the more diamond
formulas in the cover set, the more complex the full mosaic tableau. From
empirical results in Section 6.2.4 and Section 6.3.2, we can see heuristics
make some improvement in time and search space in building a full mosaic
tableau.

2. Providing the theoretical descriptions for US/LIN partial mosaics. In Chapter 3,
we establish the definitions on partial mosaics that are necessary for the
remainder of the thesis. In Definition 3.29 of Chapter 3, we choose to use
a triple m = (S(m), C(m), E(m)) where S(m) ⊆ Clφ, E(m) ⊆ Clφ and
C(m) ⊆ PClφ to represent a piece of model over general linear time. In
Definition 3.30 of Chapter 3, we provide the semantics of a partial mosaic:
a set of some fragments of structures it represents. In Definition 3.33 of
Chapter 3, we introduce defects in a partial mosaic that necessitates the in-
clusion of another set of mosaics. Based on the theory of curing defects, we
introduce a full decomposition in Definition 3.37 of Chapter 3; a sequence
consisting of partial mosaics curing type 1, type 2 and type 3 defects of a
partial mosaic, left expansion in Definition 3.38; a sequence consisting of
partial mosaic curing type 5 defects of a partial mosaic, and right expan-
sion in Definition 3.39; a sequence consisting of partial mosaics curing type
4 defects of a partial mosaic. With these definitions for US/LIN partial mo-
saics, we are able to present a tableau based on US/LIN partial mosaics.

3. Proving the equivalence of a satisfiable partial mosaic to the existence of a satu-
rated set of partial mosaics. In terms of the semantics of a partial mosaic, a
satisfiable partial mosaic is defined to correspond to a piece of model in
Definition 3.30. This requires finding a method to check the satisfiability
of partial mosaics. In Lemma 3.50 of Chapter 3, we show the satisfiabil-
ity of a partial mosaic by transforming the partial mosaic into a saturated
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set of partial mosaics (SSPM) containing the partial mosaic where for ev-
ery m from the SSPM, there exists a full special expansion of m containing
only partial mosaics the SSPM. Then we provide the equivalence of a sat-
isfiable partial mosaic to the existence of a saturated set in Theorem 3.52,
and the theoretical foundation of checking US/LIN satisfiability. With the
saturated set theory, we are able to build a tableau of partial mosaics that
can be transformed into a saturated set, and the satisfiability of a partial
mosaic can be checked by the tableau.

4. Presenting a sound and complete tableau of US/LIN partial mosaics. Knowing
that a satisfiable partial mosaic is equivalent to an SSPM, we can construct
a tableau-style decision procedure to check the satisfiability of a formula
via the satisfiability of partial mosaics. The structure of a partial mosaic
tableaux is provided in Definition 4.55 including some important concepts
such as a clone in Definition 4.58. Then we seek to prove that a successful
partial mosaic tableau is equivalent to an SSPM in Theorem 4.66 so that we
have a successful partial mosaic tableau implies satisfiable partial mosaics
from the theoretical foundation Theorem 3.52. The satisfiability of formu-
las can be determined by checking whether they are in the start set or end
set of some satisfiable partial mosaics. We also consider a point model that
makes some formulas satisfiable in Definition 4.67. So, we have established
a partial mosaic tableau that can determine the satisfiability of US/LIN for-
mulas.

5. Implementing partial mosaic tableau. To build the partial mosaic tableau de-
scribed in Chapter 4, some algorithms are required to implement such a
tableau. There are two types of algorithms: algorithms to construct full
expansions for partial mosaics in Section 5.2 of Chapter 5 and algorithms
to build unique tree-shaped tableaux of partial mosaics in Section 5.3 of
Chapter 5.

6. Designing random formulas 3CNFU/S and benchmarks for US/LIN and testing
tableau reasoners with the random formulas. In Chapter 6, we introduce a
method for generating formulas for US/LIN in Section 6.2 of Chapter 6.
In Section 6.2.1, we provide the description of random formula method-
ology 3CNFU/S, and discuss the methodology in terms of the parameter
effects in Section 6.2.2 and effective testing in Section 6.2.3. Then we apply
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these random formulas into testing full mosaic tableau, full mosaic tableau
with heuristics, and partial mosaic tableau in Section 6.2.4, and discuss the
empirical results. In Section 6.3.2, we also introduce some benchmarks for
US/LIN that include axioms, random unsatisfiable formulas, random sat-
isfiable formulas, and the specification of various mutual exclusions proto-
cols, and then we apply the benchmarks to testing the full mosaic tableau,
the full mosaic tableau with heuristics, and the partial mosaic tableau.

7. Building dense-time tableau. After building partial mosaic tableaux for US/LIN,
we then build partial mosaic tableaux for dense time. We introduce dense
time partial mosaics by imposing some constraints on partial mosaics so
that they can represent a piece of dense-time model in Definition 7.77. A
dense time partial mosaic is a type of partial mosaic. In terms of tableaux,
there is nothing different between US/LIN tableau and dense-time tableau,
but they consist of different types of partial mosaics: a US/LIN tableau con-
sists of partial mosaic for US/LIN that can represent a general linear time
model, and a dense-time tableau consists of partial mosaics for dense time
that can only represent a dense-time model. The soundness and complete-
ness of dense-time tableaux is proved by the theory of saturated sets as well
in Theorem 3.52. So, a tableau-style decision procedure is also provided to
determine the satisfiability of formulas in dense time.

8. Designing heuristics for dense-time tableau. In Chapter 7, we introduce heuris-
tics for dense-time tableau that can significantly improve the performance
of the tableau.

In this thesis we have been able to formulate the novel idea of a partial mosaic,
representing a whole set of similar mosaics. For the start set, the end set and
cover set of a partial mosaic, we specify some formulas in the sets, some formulas
out the sets and others left to be undecided. We have presented a partial mosaic-
based tableau for US/LIN and shown that it is a sound and complete reasoning
system via saturated sets of partial mosaics.

We have also shown that the partial mosaic tableau system is a big step towards
a practical and efficient reasoning system for US/LIN. Experiments have shown
significant speedups in comparison with the existing tableau of mosaics.
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8.2 Future Work

Particular directions to pursue in future work include finding good heuristics for
the choice of partial mosaics to expand nodes or enhancing the level of abstrac-
tion for partial mosaics.

1. Improving the Performance of Mosaic-Based Tableau with Better Heuristics.
Although heuristics have been used for both full mosaics and partial mo-
saics, there is still the potential for improvement. As shown in Chapter 6
and Chapter 7, different heuristics are suited for distinct types of formulas,
and it is possible to have unreasonable results when applying an inappro-
priate heuristic to a type of formula. So, this requires us to search the char-
acteristics of different types of formulas, and figure out what contributes
to the slowdown of running tableau reasoner on these formulas. Then we
design suitable heuristics to speed up.

2. Building Practical RTL Tableau.
One direction to work towards is building practical tableau for other dense-
time logics. It includes applying the full mosaic and partial mosaic tech-
niques to closely related dense-time logics such as, most importantly, RTL.
In [Rey10b], a mosaic technique has been used in the complexity proof
for RTL. As a further development of mosaics from general linear time,
the mosaic technique is adapted for reals characterised by Dedekind com-
pleteness as well as denseness. In the outline of mosaic-based tableaux of
RTL [Rey14], properties of the real numbers including density, Dedekind
completeness and separability are ensured by shapes of sub-graphs within
the tableau. The shapes are generated by shuffles that represent mutually
recursive relationship between mosaics. A sound and complete mosaic-
based tableau system is provided in [Rey14] for seeking a way of building
a tableau of RTL with mosaics. However, intelligent techniques for tableau
construction are required, and it is possible to find an efficient way of con-
structing RTL tableau with partial mosaics. There is research that can be
done to make the RTL tableau feasible by reducing search space such as
partial mosaic technique.
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3. Tableau for Metric Logic.
Another direction to work towards is building practical tableau for contin-
uous metric logic. Metric logic [Ost89, Koy90, AH92] has the ability to ex-
press propositional states satisfying quantitative timing constraints in the
form of metric. For the standard metric logic, the semantics of metric is
straightforward. For example, we can express that every request for server
resource from a client will be granted within 10 seconds. In MTL, the grant-
ing server resource is expressed as G(0,∞)(p → F(0,10)q) where G(0,∞) is a
temporal operator requiring a formula always true from now on and F(0,10)

implies that a formula will be true sometime in future within the next 10
seconds. In [Rey11a], another metric temporal logic with the continuous
time semantics is introduced, and it is known as metric temporal logic on
a real-numbers flow of time (MRTL). MRTL is derived from RTL: there is a
universal clock on the reals as the metric, and it applies some propositions
to symbolise the ticking of the universal clock. The decidability of MRTL is
proved by showing that a MRTL formula is equivalent to the counterpart in
RTL. It is a translation from a MRTL formula to a non-metric RTL formula.
So, if feasible tableau techniques are successfully applied into RTL, then
they can be directly used for reasoning over MRTL with the translation.
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