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Abstract 20 

The renal medulla is prone to hypoxia. Medullary hypoxia is postulated to be a leading cause 21 

of acute kidney injury, so there is considerable interest in predicting the oxygen tension in the 22 

medulla. Therefore we have developed a computational model for blood and oxygen 23 

transport within a physiologically normal rat renal medulla, using a multi-level modeling 24 

approach. For the top-level model we use the theory of porous media and advection-25 

dispersion transport through a realistic three-dimensional (3D) representation of the 26 

medulla’s gross anatomy, to describe blood flow and oxygen transport throughout the renal 27 

medulla. For the lower-level models, we employ two-dimensional (2D) reaction-diffusion 28 

models describing the distribution of oxygen through tissue surrounding the vasculature. 29 

Steady-state model predictions at the two levels are satisfied simultaneously, through 30 

iteration between the levels. The computational model was validated by simulating eight sets 31 

of experimental data regarding renal oxygenation in rats (using four sets of control groups 32 

and four sets of treatment groups, described in four independent publications). Predicted 33 

medullary tissue oxygen tension (PtO2) or microvascular oxygen tension (µPO2) for control 34 

groups and for treatment groups that underwent moderate perturbation in hemodynamic and 35 

renal functions, is within ± 2 standard error of mean (SEM) values observed experimentally. 36 

Diffusive shunting between descending and ascending vasa recta is predicted to be only 3% 37 

of the oxygen delivered. The validation tests confirm that the computational model is robust 38 

and capable of capturing the behavior of renal medullary oxygenation in both normal and 39 

early stage pathologic states in the rat.  40 

Abstract word-count: 250 41 

Key Words: hypoxia, computational model, renal oxygenation, oxygen tension, acute 42 

kidney injury  43 
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Introduction 44 

The renal medulla is a specialized structure critical for regulation of water and electrolyte 45 

homeostasis (21, 56). Using counter-current multiplication, hyperosmotic environments are 46 

generated within the medulla that are greatly in excess of those that could be created by 47 

‘single-effect’ ion pumping (90). The hyperosmotic medullary interstitium promotes retention 48 

of water through concentration of urine in the collecting ducts (21), while maintaining the 49 

capacity for independent regulation of electrolyte homeostasis (90).  50 

Given that about 20% to 25% of the tubular sodium load is reabsorbed in the medulla, a 51 

substantial blood supply to the medulla is desirable to permit the aerobic respiration required 52 

to drive Na+/K+-ATPase, particularly in the thick ascending limb of the loop of Henle. 53 

However, the blood supply that delivers oxygen may also remove osmotically-active particles 54 

from the medulla (72). While some salt removal via blood flow is desirable to balance the 55 

arrival of more salt via the filtrate, excessive removal of osmotically active particles, 56 

including urea (21, 22), degrades the hyperosmotic environment and so the concentrating 57 

ability of the medulla. Removal of osmotically active particles via blood flow from the inner 58 

medulla is minimized by ‘countercurrent exchange’ (or diffusive shunting) between 59 

descending and ascending vasa recta in the vascular bundles. In this case diffusive shunting 60 

tends to ‘shut-in’ osmotically active particles within the medulla. Decreasing medullary blood 61 

flow tends to increase the efficiency of countercurrent exchange (90), and vice versa. But the 62 

more efficient the shunting of ions and water between ascending and descending vasa recta, 63 

the more efficient the shunting of oxygen too (69), potentially reducing oxygen supply to the 64 

renal medulla. In this case shunting tends to ‘shut-out’ oxygen from the medulla. A trade-off 65 

is evident; one physiological imperative is optimized as another is compromised. Evidence 66 

suggests that the evolutionarily-preferred compromise is to minimize blood flow to the 67 

medulla. Probably only about 10% of total renal blood flow (RBF; range 7% to 14%) reaches 68 
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the renal medulla and only about 2% of the total renal blood flow reaches the inner medulla. 69 

Yet about 20% of the renal V̇O2 is normally consumed within the medulla (range 10% to 70 

30% V̇O2) (17, 35, 64, 101). Therefore the oxygen extraction ratio is larger for the renal 71 

medulla than the renal cortex.  72 

The combination of relatively low medullary blood flow, relatively high medullary oxygen 73 

demand, and oxygen shunting between descending and ascending vasa recta, perhaps 74 

unsurprisingly renders the medulla susceptible to hypoxia (13). Multiple forms of acute 75 

kidney injury (AKI) are associated with hypoxia and histological damage in medullary 76 

tubular epithelial tissue (13, 71). Thus, a better understanding of the biophysical basis of 77 

renal medullary oxygenation provides a critical avenue for preventative and therapeutic 78 

strategies for AKI. This provides us with a strong motivation for developing an accurate 79 

computational model of oxygen transport in the renal medulla, which enables the prediction 80 

of tissue PO2 under a range of normal physiological states. 81 

Previous models of oxygen transport in the renal medulla (16, 17, 29, 30, 101) have provided 82 

evidence for heterogeneity of PO2 within the outer medulla. Indeed, the topography of 83 

vascular and tubular elements at the various levels of the renal medulla appears to have a 84 

major impact on both delivery of oxygen, by diffusion, to oxygen consuming tubules and 85 

delivery of oxygen, by advection, to the inner medulla. In this paper, we take an alternative 86 

approach by developing 3D models of blood flow and oxygen transport in the renal medulla, 87 

which include all medullary vasa recta from juxtamedullary glomeruli. Adopting a modeling 88 

strategy similar to previous models (16, 17, 55, 101) we chose to use a multi-level (or multi-89 

scale) modelling approach. However, unlike other computational models that represent an 90 

individual or a few vascular bundles and nephrons, at the top-level, we model oxygen balance 91 

in the medulla using porous media models coupled with advection-dispersion models, which 92 
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represents all the oxygen delivered by the vasa recta and aerobically consumed by nephrons 93 

and collecting ducts in the medulla. At the low-level, we model the distribution of oxygen in 94 

two spatial dimensions across the renal tissue surrounding the vasculature using diffusion 95 

transport models. By iterating between these two levels, model predictions at the top and low-96 

levels can be satisfied simultaneously. This modeling structure is found to be robust and so 97 

can conveniently model many scenarios of practical interest. 98 

The aims of this study are to mathematically describe the model, explain the selection of 99 

model parameters, and finally to validate the model’s ability to reproduce experimental 100 

observations of the physiologically normal rat medulla across a number of independent 101 

studies. If this is achieved, then the resulting model can potentially be employed to provide 102 

practical insight into where oxygen is delivered in the renal medulla, and which medullary 103 

regions are most likely to suffer tissue hypoxia under stressed or overtly pathological 104 

conditions. This model will also provide a foundation upon which future renal modeling can 105 

be based to answer other more specific questions.  106 
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Methods 107 

Model description 108 

The computational model represents the 3D renal medullary vasculature of an adult rat using 109 

a two-level multiscale modeling scheme. The larger scale models are here called ‘top-level’ 110 

models, while the smaller scale models are called ‘low-level’ models. The top-level models 111 

are 3D porous media models that represent the distribution of vasa recta within the medullary 112 

tissue, with their number progressively reducing with increasing distance from the junction of 113 

the inner and outer stripe in the outer medulla. The first set of three top-level models 114 

comprises 3D porous media ‘Darcy flow’ models, representing ‘axial’ advective blood flow 115 

along the vasa recta in the medullary tissue. The first porous media model represents the 116 

blood flow in the descending vasa recta (DVR), the second porous media model represents 117 

blood flow in the long ascending vasa recta (LAVR) that originate throughout the inner 118 

medulla, and the third porous media model represents the blood flow in the short ascending 119 

vasa recta (SAVR) that originate in the inner stripe of the outer medulla. The porous media 120 

blood flow models are hereafter referred to as ‘flow models’. 121 

A second set of three top-level models comprises 3D axial advection-dispersion models of 122 

oxygen transport throughout the renal medullary vasculature. The first advection-dispersion 123 

model represents the oxygen transport in the DVR, while the second advection-dispersion 124 

model represents the oxygen transport in the LAVR, and the third advection-dispersion 125 

model represents the oxygen transport in the SAVR. The advection-dispersion models are 126 

hereafter referred to as ‘oxygen transport models’. These oxygen transport models calculate 127 

the concentrations of total and free oxygen within the vasa recta.  128 

The low-level models simulate the distribution of oxygen across representative small-scale 129 

tissue structures at various medullary levels. Four separate cross-sectional topographies along 130 
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the cortico-medullary (CM) axis were selected to construct the low-level models, namely, the 131 

mid-section of the outer stripe of the outer medulla (OSOM), the mid-section of the inner 132 

stripe of the outer medulla (ISOM), a section in the upper portion of the inner medulla (IM) 133 

and a section in the lower portion of the IM. Each low-level model is designed to accurately 134 

capture the characteristic topography of vascular, tubular, and interstitial elements at their 135 

respective medullary level (described further in the section on low-level models). In each 136 

model, oxygen diffuses from the vasa recta into the surrounding tissue as oxygen is 137 

consumed. The PO2 in each of the vascular bundles, tubules (epithelia and lumen), collecting 138 

ducts (epithelia and lumen) and interstitial space can be estimated either individually or 139 

collectively. The low-level model of the vascular bundle at each section of the medulla also 140 

enables the calculation of the magnitude of oxygen shunting between DVR and ascending 141 

vasa recta (AVR), as well as the fraction of total oxygen supplied to the nearby tubules and 142 

collecting ducts by DVR and AVR in different regions of the renal medulla. 143 

The top- and low-level oxygen transport models interact, with the top-level models providing 144 

the necessary boundary conditions required for the low level models, while the low-level 145 

models provide parameters for the top-level models. A schematic of interactions between 146 

high- and low-levels of the multi-scale model is illustrated in Fig. 1. 147 

Top-level models 148 

Model geometry and configuration: The 3D rat renal medulla was explicitly modelled based 149 

on a 3D reconstruction from 2D cross-sectional histologic images found in the literature, 150 

specifically (4-6, 53). The 3D reconstruction was assisted by using the computer-aided design 151 

(CAD) software Creo Parametric (PTC, Needham, MA 02494, USA). We divided the 3D 152 

model of the renal medulla into five contiguous domains: two domains comprising the outer 153 

medulla (OM): (1) the OSOM and (2) the ISOM; and three separate domains comprising the 154 

IM: (3) the upper section (IM1); (4) the mid-section (IM2); and (5) the lower section (IM3; 155 
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Fig. 1). Each consecutive ith
 
domain in a sequence corresponds with the aforementioned 156 

domain number.  157 

The dimensions of the 3D rat medulla model are shown in Fig. 2. The basic shape of the 158 

model was generated by ensuring sections of the 3D model conform to the outline of 2D 159 

histologic cross-sectional images of the rat kidney shown in (4-6, 53). The final kidney shape 160 

employed in the 3D computational model was later somewhat deformed and scaled in size to 161 

achieve the desired final dimensions (i.e. length, height, and width) of the model kidney. 162 

Specifically, the resulting regional volume fraction for the 3D model medulla was 55% for 163 

the OSOM, 35% for the ISOM, and 10% for the IM, which closely matched the reported 164 

regional volume fractions for both Sprague-Dawley rats and Wistar rats (11, 31, 81). The 165 

‘thickness’ of the OSOM was set to 1.0 mm, the ‘thickness’ of the ISOM was set to 1.45 mm, 166 

and the ‘thickness’ of the IM was set to 6.0 mm (i.e. the total medullary length along the CM 167 

axis is 8.45 mm). A more detailed description of 3D model construction is given in the 168 

Appendix.  169 

For the DVR flow model, blood is supplied to the renal medulla at the CM junction (the top 170 

surface of the OSOM domain). As blood travels through DVR towards the renal papilla, 171 

individual vasa recta ‘turn’ (i.e. change flow direction by 90 degrees, travel laterally for some 172 

distance, and again change flow direction by 90 degrees, effecting a 180 degree ‘turn’) at 173 

various levels through the medulla. DVR either become SAVR in the ISOM, or become 174 

LAVR within the IM domain. Following their turning, the descending blood flow ascends 175 

back to the renal cortex. We assumed there is no turning of DVR in the OSOM domain (i.e. 176 

all DVR in the OSOM descend to the ISOM), as the capillary plexus that forms into AVR is 177 

reported to be sparse in the OSOM (87).  178 



Oxygen transport in the renal medulla  9 

Equations for the Darcy flow porous medium model: The conservation of fluid mass in a 179 

porous medium can be generally expressed as: 180 

 
𝜕

𝜕𝑡
(𝜌ϵp) + ∇ ∙ (𝜌vd) = S𝑖 [1] 

where ρ (kg/m
3
) is taken to be the (intrinsic) density of blood (assumed constant), ϵp (unit-181 

less) is the porosity of the medullary tissue (i.e. the ratio of total vascular internal cross-182 

sectional area to gross tissue cross-sectional area), vd (m/s) is the Darcy velocity of the blood 183 

flow, and Si (kg/m
3
/s) is the blood source/sink in domain i. All quantities except blood 184 

density are spatially variable. In the model, source/sink terms physically represent the 185 

transitioning of DVR into AVR after a 180 degree turn. That is, a sink term in the mass 186 

balance equation in the DVR, corresponds to a source term in the mass balance equation for 187 

the LAVR and SAVR.  188 

If the Darcy velocity over the CM junction was known, then in principle we could solve 189 

equation [1] to find the Darcy velocity over the domain, however at this point, the appropriate 190 

velocity to use is not known. So we go on to define the Darcy velocity vector vd in equation 191 

[1] in terms of Darcy’s Law, viz: 192 

 vd = −
𝜅

𝜇
∇𝑝 [2] 

where κ (m
2
) is the intrinsic permeability of blood in the renal medulla, µ (Pa·s) is the 193 

dynamic viscosity of blood, and 𝑝  (mmHg) is the driving pressure of the blood. The 194 

permeability (
𝜅

𝜇
) is seen to be a measure of the fluid conductivity (inverse of resistance) 195 

through the porous material. While vd is a function of permeability (
𝜅

𝜇
) and pressure gradient 196 

(∇𝑝) according to Darcy’s Law (equation [2]), as mentioned above, if the velocity at the CM 197 
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junction were known it is possible to calculate vd  over the domain purely based on 198 

conservation of mass, which implies that we do not need to know the exact values of either 199 

(
𝜅

𝜇
) or (∇𝑝), merely that their product is vd. This means that, while the values for (

𝜅

𝜇
) and 200 

(∇𝑝) are constrained, their actual values are arbitrary. We have used the correct blood sink 201 

and source terms which ensures the correct vd, but because (
𝜅

𝜇
) and (∇𝑝) are not required for 202 

the oxygen transport analysis, we do not attempt to give these variables physically 203 

meaningful values. However, introducing equation [2] does have the considerable advantage 204 

of enabling us to specify a pressure boundary condition at the CM junction (i.e. we use a 205 

constant (blood) pressure boundary condition at the CM junction, as this is most 206 

physiologically plausible) for all three flow models. Using this approach, the formerly 207 

unknown boundary velocity can be automatically determined. 208 

The true velocity of whole blood (vblood) (i.e. blood flow, which includes both plasma and 209 

erythrocytes) and the Darcy blood velocity have the following relationship: 210 

 vd = ϵpvblood [3] 

For the DVR, equation [1] becomes: 211 

 
𝜕

𝜕𝑡
(𝜌ϵp,DVR) + ∇ ∙ (𝜌vd,DVR) = −SISOM − SIM1 − SIM2 − SIM3 [4] 

where -SISOM is a flow sink in the ISOM domain due to vasa recta turning, and -SIM1, -SIM2, 212 

and -SIM3 are flow sinks in the IM domains due to vasa recta turning. For LAVR and SAVR, 213 

equation [1] becomes: 214 

 
𝜕

𝜕𝑡
(𝜌ϵp,LAVR) + ∇ ∙ (𝜌vd,𝐋𝐀VR) = SIM1 + SIM2 + SIM3 [5] 
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𝜕

𝜕𝑡
(𝜌ϵp,SAVR) + ∇ ∙ (𝜌vd,𝐒𝐀VR) = SISOM [6] 

Equation [5] represents LAVR and equation [6] represents SAVR. The terms SIM1, SIM2, SIM3 215 

and SISOM represent transitioning of DVR into AVR and serve as flow source terms in 216 

equations [5] and [6]. We have chosen to express the terms SISOM, SIM1, and SIM2 as constant 217 

source/sink terms in each of these domains, so: 218 

 S𝑖 = ±
𝑓Q,𝑖 ∙ Q

blood
∙ 𝜌

Vol𝑖
 [7] 

where fQ,i (unitless) is the fraction of DVR that turns into AVR in the ith domain, Q
blood

 (m
3
/s) 219 

is the volumetric flow rate of blood entering the CM junction, and Vol𝑖 (m
3
) is the volume of 220 

the ith domain. Q
blood

 is equivalent to (vblood ∙ ADVR ∙ NDVR), where vblood is the velocity of 221 

blood entering the CM junction, ADVR (m
2
) is the cross-sectional area of a single DVR, and 222 

NDVR (unitless) is the total number of DVR in the renal medulla. One should note that there is 223 

no SOSOM term for the OSOM domain because there is no turning of DVR into AVR in this 224 

region (87). Note that the blood flow source/sink terms are in general spatially variable but in 225 

this analysis, they are taken as constant within each domain for a given blood flow rate to the 226 

medulla. 227 

The term SIM3 is calculated differently to other source/sink terms. We assumed the 𝐯𝐝 in the 228 

IM3 domain is approximately constant from the videomicroscopy evidence in the papillary 229 

region (41, 46, 104) and an assumption of constant porosity. So the following relationship 230 

was applied to the IM3 domain to keep the 𝐯𝐝 constant:  231 

 SIM3 = ±(𝐯𝐝,𝐈𝐌𝟑 ∙ 𝜌)
∇|𝐯𝐝

∗|

|𝐯𝐝
∗|

 [8] 
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The term 𝐯𝐝,𝐈𝐌𝟑 (m/s) is the Darcy velocity at the junction of the IM2 and IM3 domains, and 232 

defines the magnitude of velocity at which 𝐯𝐝 in the IM3 domain is kept constant. The term 233 

∇|𝐯𝐝
∗|

|𝐯𝐝
∗|

 is equal to the local gradient of |𝐯𝐝
∗| normalized by |𝐯𝐝

∗| in the direction of flow. This 234 

term determines the spatial variation of the fluid sink/source strength required to remove/add 235 

exactly the right amount of fluid from/to the tapering IM3 domain so that the porosity and 236 

Darcy velocity throughout the domain is constant. This enables us to define at every point 237 

over the whole domain the rate of ‘capillary turning’ required to keep the Darcy velocity 238 

approximately constant, even though the domain itself is an odd shape. The value of 
∇|𝐯𝐝

∗|

|𝐯𝐝
∗|

  is 239 

evaluated in a separate analysis specifically for this purpose, which is indicated by the * 240 

notation (see the Appendix for further explanation). 241 

According to Jamison et al (46), the red blood cell (RBC) velocity vRBC within the vasa recta 242 

can be expressed as: 243 

 vRBC = (
𝑓RBF ∙ Q̇

RBF

ADVR∙NDVR

+ 0.00011)
1000

0.88
 [9] 

where 𝑓RBF (unitless) is a fraction of total renal blood flow (RBF) that flows into the renal 244 

medulla, and Q̇
RBF

 (m
3
/s) is the unit-converted volume flow rate of RBF (originally in 245 

ml/min). The term (
𝑓RBF∙Q̇RBF

ADVR∙NDVR
) represents vblood. Equation [9] is found experimentally to be 246 

independent of both (discharge) hematocrit and vessel diameter (45, 104). Equation [9] was 247 

used to convert the baseline vblood  in the model to vRBC to allow comparison with 248 

experimentally measured vRBC in (41).  249 

Equations for oxygen transport model: The conservation of oxygen through dispersive and 250 

advective transport can be generally expressed as: 251 
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𝜕ϵpCT

𝜕t
= −∇ ∙ 𝐉 − R1,𝑖 ± R2,𝑖 [10] 

where ϵp  (unitless) is the porosity of the medullary tissue, CT (mol/m
3
) is the total 252 

concentration of oxygen in the whole blood, t (s) is time, R1,𝑖  (mol/m
3
/s) is a sink term 253 

representing the oxygen consumption in the medullary domain i, and R2,𝑖  (mol/m
3
/s) is a 254 

sink/source term representing the oxygen shunting between DVR and LAVR in the domain i. 255 

The total concentration is employed, rather than free oxygen, as in this model we only seek 256 

oxygen mass balance taking into account only advective transport and sources/sinks, not 257 

diffusion. The term J (mol/m
2
/s) is the oxygen flux, which is defined as:  258 

 𝐉 = −DS∇CT + vdCT [11] 

where DS (m
2
/s) is the oxygen ‘dispersion’ coefficient (which is treated like diffusion) and vd 259 

(m/s) is the Darcy velocity from the porous medium model. The dispersion coefficient is set 260 

to the smallest possible value so as to minimize potential artificial diffusive oxygen transport, 261 

while ensuring that numerical stability is not compromised. In practice the ratio of dispersive 262 

transport to advective transport can be less than 1:200, ensuring potentially spurious 263 

dispersive oxygen transport does not affect model accuracy.  264 

Substituting equation [11] into equation [10] leads to: 265 

 

ϵp

𝜕CT,XVR

𝜕t
= ∇ ∙ (DS∇CT,XVR) − ∇ ∙ (vd,XVRCT,XVR) − R1,𝑖 ± R2,𝑖

= ∇ ∙ (DS∇CT,XVR) − vd,XVR ∙ ∇CT,XVR − CT,XVR(∇ ∙ vd,XVR)

± CT,DVR(∇ ∙ vd,𝐃𝐕𝐑) − R1,XVR,𝑖 ± R2,XVR,𝑖 

[12] 

The term ∇ ∙ (D∇CT,XVR) describes the dispersive oxygen transport (subscript XVR refers to 266 

either DVR, LAVR or SAVR, so X- can be D-, LA-, or SA-), and −vd,XVR∇CT,XVR describes 267 



Oxygen transport in the renal medulla  14 

the advective oxygen transport. The term −CT,XVR(∇ ∙ vd,XVR) ensures there is oxygen mass 268 

conservation in the presence of a flow sink.  269 

For this analysis, an oxygen sink was incorporated into the model to represent the transfer of 270 

oxygen from the DVR to the AVR, which ensures oxygen is transferred to the AVR rather 271 

than remaining in the DVR. The CT,DVR(∇ ∙ vd,𝐃𝐕𝐑) is this sink/source term  associated with 272 

oxygen loss/gain due to DVR transitioning into AVR after their 180 degree turn (a positive 273 

value represents a sink, and a negative value represents a source). The terms −CT,XVR(∇ ∙274 

vd,XVR) and CT,DVR(∇ ∙ vd,𝐃𝐕𝐑) in equation [12] cancel each other out exactly for the DVR 275 

flow model, but clearly the two terms do not cancel for the AVR models.  276 

To avoid any ambiguity we write equations for each group of vasa recta. Therefore for the 277 

DVR model, equation [12] becomes: 278 

 ϵp,DVR

𝜕CT,DVR

𝜕t
= ∇ ∙ (DS∇CT,DVR) − vd,𝐃𝐕𝐑 ∙ ∇CT,DVR − R1,DVR,OM − R1,DVR,IM − R2 [13] 

The term −R1,DVR,OM represents the oxygen sink in the OM domains (sum of −R1,DVR,OSOM 279 

and −R1,DVR,ISOM ) and −R1,DVR,IM  represent oxygen sink in the IM domains (sum of 280 

−R1,DVR,IM1, −R1,DVR,IM2 and −R1,DVR,IM3), while the final term −R2 represents the oxygen 281 

sink in the DVR due to oxygen shunting from DVR to LAVR in the OM. The magnitude of 282 

the sink was estimated from the low-level models of oxygen diffusion in the medullary tissue. 283 

And for LAVR and SAVR, equation [12] becomes: 284 
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ϵp,LAVR

𝜕CT,LAVR

𝜕t

= ∇ ∙ (DS∇CT,LAVR) − vd,𝐋𝐀𝐕𝐑 ∙ ∇CT,LAVR − CT,LAVR(∇ ∙ vd,𝐋𝐀𝐕𝐑)

− CT,DVR(∇ ∙ vd,𝐃𝐕𝐑) − R1,LAVR,IM + R2 

[14] 

 

ϵp,SAVR

𝜕CT,SAVR

𝜕t

= ∇ ∙ (DS∇CT,SAVR) − vd,𝐒𝐀𝐕𝐑 ∙ ∇CT,SAVR − CT,SAVR(∇ ∙ vd,𝐒𝐀𝐕𝐑)

− CT,DVR(∇ ∙ vd,𝐃𝐕𝐑) − R1,SAVR,OM 

[15] 

Equation [14] applies to LAVR and equation [15] applies to SAVR. We mention again that 285 

the non-conservative advection source term CT,DVR(∇ ∙ vd,𝐃𝐕𝐑), which was positive in the 286 

DVR model, is now negative in LAVR and SAVR components. Note that ∇ ∙ vd,𝐃𝐕𝐑  is a  287 

negative value, so the term −CT,DVR(∇ ∙ vd,𝐃𝐕𝐑) in equations [14] and [15] has a positive 288 

value, and acts as an oxygen source to LAVR and SAVR. The oxygen sink term R1,LAVR,IM is 289 

only applied to the IM domains in LAVR, whereas R1,SAVR,OM is only applied to the OM 290 

domains in SAVR.  291 

The structural arrangements of vasa recta reported in the literature suggest that countercurrent 292 

oxygen shunting is most likely between DVR and LAVR in the vascular bundle of the OM, 293 

given their close proximity to each other, and in the upper 2/3 of the IM (i.e. IM1 and IM2 294 

domains) (101). For other vessel pairs (i.e. DVR/LAVR pairs in the IM3, and DVR/SAVR 295 

pairs in the OM), based on our low-level model results, we found the oxygen shunting was 296 

negligible. Therefore R2 is applied only in the OM, IM1 and IM2 domains of DVR and 297 

LAVR models.  298 

The sink term (R1,i) representing oxygen consumption in the ith domain for DVR can be 299 

expressed as: 300 
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 R1,DVR,𝑖 = − (
𝑓DVR,𝑖 ∙ 𝑓VO2,i ∙ 𝑓VO2,M ∙ V̇O2

Vol𝑖
) ∙ (

CT,DVR

KM,T + CT,DVR
) ∙ 𝑓error,DVR [16] 

The term 𝑓DVR,𝑖 (unitless) is the fraction of oxygen that is supplied to the tubules by DVR in 301 

the vascular bundle of the ith domain. These fractions were determined from the low-level 302 

models. The term V̇O2 (mol/s) is the total rate of oxygen consumption for the whole kidney, 303 

and 𝑓VO2,M is the fraction of V̇O2 that is attributable to the whole renal medulla.  𝑓VO2,M is 304 

further multiplied by the term 𝑓VO2,i, which is the fraction of medullary oxygen consumption 305 

(i.e. 𝑓VO2,M ∙ V̇O2) that is attributable to the ith domain. Voli (m
3
) is the volume of the ith 306 

domain. The term 
CT

KM,T+CT
 represents the aerobic/anaerobic metabolism transition in the top-307 

level models. The constant KM,T represents the oxygen concentration (expressed in terms of 308 

mol/m
3
) in the top-level model at which half the cellular energy production is derived from 309 

aerobic metabolism and half is derived from anaerobic metabolism. The term 𝑓error,DVR is a 310 

correction term applied to the top-level model to ensure that the magnitude of oxygen 311 

consumption in the ith domain of the top-level model is always equal to the magnitude of 312 

oxygen consumption in the corresponding low-level model. 313 

The sink term (R1,i) in LAVR and SAVR can be expressed as: 314 

 R1,AVR,𝑖 = − (
(1 − 𝑓DVR,𝑖) ∙ 𝑓VO2,i ∙ 𝑓VO2,M ∙ V̇O2

Vol𝑖
) ∙ (

CT,AVR

KM,T + CT,AVR
) ∙ 𝑓error,AVR [17] 

where (1 − 𝑓DVR,𝑖) is the fraction of oxygen supplied by the AVR and the capillary plexus in 315 

the ith domain. Note R1,OSOM and R1,ISOM only apply to SAVR, because we assumed LAVR 316 

do not contribute as an oxygen source in the OM given their location deep in the core of the 317 

vascular bundle (see section on the low-level models). Conversely, R1,IM1, R1,IM2, and R1,IM3 318 

only apply to LAVR component since there are no SAVR in the IM. The term CT,AVR in the 319 
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OSOM and ISOM domains refers to total oxygen concentration in SAVR, while it refers to 320 

total oxygen concentration in LAVR in the IM1, IM2 and IM3 domains. 321 

The oxygen sink/source (R2) due to shunting between DVR and LAVR in the vascular bundle 322 

can be expressed as: 323 

 R2,𝑖 = ±α𝑖(PO2
DVR − PO2

LAVR) [18] 

where α𝑖 (1/s) is a constant representing the oxygen mass transfer coefficient between DVR 324 

and LAVR in the ith domain, PO2
DVR

 (mol/m
3
) is the partial pressure of oxygen in the ith 325 

domain of DVR, and PO2
LAVR

 (mol/m
3
) is the partial pressure of oxygen in the ith domain of 326 

LAVR. α is estimated using equation [18] based on shunting flux calculated in the 2D low-327 

level models for a given set of PO2
DVR

 and PO2
LAVR

 (described later in the section on the low-328 

level models). We mention that the oxygen sink term R1 and the oxygen shunt term R2 are 329 

both spatially variable. For example, the α𝑖 in oxygen shunt term R2 is constant within each 330 

domain, but the mass transfer of oxygen is driven by the PO2 gradient between the DVR and 331 

the LAVR which is spatially variable, so R2 is also spatially variable.  332 

The model calculates the oxygen transport in the top-level models in terms of total oxygen 333 

concentration (i.e. the sum of free and bound oxygen), but we use free concentration (i.e. PO2) 334 

to calculate diffusive oxygen shunting between DVR and LAVR in the top-level models, and 335 

to estimate diffusive transport through the renal tissue in the low-level models. For these 336 

applications, CT was converted to an equivalent free concentration by first calculating the 337 

concentration of free oxygen dissolved in the blood plasma and red blood cell cytoplasm (cf, 338 

in mol/m
3
) for a given CT by solving the following conventional Hill equation (32): 339 
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  CT = 𝑐𝑓 (1 + 4H
𝑐𝑓

(𝑛−1)

(Kσ)𝑛 + 𝑐𝑓
𝑛

) [19] 

where H (mol/m
3
) is the concentration of hemoglobin in whole blood, n is a Hill coefficient, 340 

K (mmHg) is a Hill function parameter, and σ (mol/m
3
/mmHg) is the solubility coefficient of 341 

oxygen in blood. The free and bound oxygen were assumed to be always in equilibrium. The 342 

PO2 of blood can be then determined by converting 𝑐𝑓  using Henry’s Law: 343 

 𝑐𝑓 = 𝜎PO2 [20] 

Boundary conditions: Each DVR model is connected to LAVR and SAVR models by mass 344 

conservation of blood flow and its oxygen content. The conservation of blood flow between 345 

DVR, LAVR, and SAVR components is given by: 346 

 ∫(𝐯𝐝,𝐃𝐕𝐑) dA = ∫(𝐯𝐝,𝐒𝐀𝐕𝐑) dA + ∫(𝐯𝐝,𝐋𝐀𝐕𝐑) dA + 𝑒𝑟𝑟𝑜𝑟 [21] 

The error in the mass conservation of blood flow is typically close to zero. 347 

The conservation of oxygen mass flux between DVR, LAVR, and SAVR components is 348 

given by: 349 

 

(∫(𝐯𝐝 ∙ ∇CT)dV + ∫ ∇ ∙ (DS∇CT)dV)
DVR

− (∫(𝐯𝐝 ∙ ∇CT)dV + ∫ ∇ ∙ (DS∇CT)dV)
SAVR+LAVR

= (∫ R dV)
𝑚𝑒𝑑𝑢𝑙𝑙𝑎

+ 𝑒𝑟𝑟𝑜𝑟 

[22] 

The first bracketed term in equation [22] is the sum of all DVR oxygen advective and 350 

dispersive fluxes coming into the medulla and the second bracketed term is the sum of all 351 

SAVR and LAVR oxygen advective and dispersive fluxes going out of the medulla. These 352 
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terms are integrated over the volume of whole medulla. The term (∫ R dV)𝑚𝑒𝑑𝑢𝑙𝑙𝑎  is the 353 

volume integral of all the sources and sink terms in the medulla model. Equation [22] states 354 

that total flux in – total flux out = total source/sink + error.  355 

The ‘error’ term in equation [22] is the mass balance error that arises from the finite element 356 

approximations (i.e. using polynomial interpolation functions and a finite number of finite 357 

elements). The computational results of the finite element model were deemed sufficiently 358 

accurate if the mass balance error in equation [22] is less than 1%. In practice, the average 359 

mass balance error in all computational simulations was ~0.2%. 360 

For the DVR oxygen transport model, a constant concentration boundary condition was 361 

applied at the top surface boundary. For the LAVR and SAVR oxygen transport models, a 362 

‘free (zero oxygen gradient) boundary condition’ was applied at the top surface boundary. 363 

For all six top-level models, a zero flux boundary condition was applied to the outer surface 364 

of the IM, and symmetric boundary conditions were applied to the two side boundaries that 365 

are planes of symmetry (see Fig. 3). 366 

Parameters for top-level models: The baseline renal blood flow (RBF) was set to 5 ml/min 367 

for each kidney as previously reported (70), and the fraction of RBF flowing to the medulla 368 

(fRBF) was set to 0.1 (14, 36, 42). Accordingly, the baseline medullary blood flow (MBF) was 369 

set to 0.5 ml/min. Based on observations of change in fRBF under various conditions (26, 61, 370 

88, 89), we adopted a lower fRBF limit of 7% and upper fRBF limit of 14%. 371 

The baseline blood flow rate in a single DVR (Q̇DVR) was set to 8.6 nl/min, which is the mean 372 

of reported Q̇DVR (ranging between 5.52 to 10.9 nl/min) in the literature (12, 24, 41, 62, 104). 373 

For Q̇DVR  of 8.6 nl/min and a fraction-weighted average DVR diameter of 14 µm, we 374 

estimated the velocity of whole blood (vblood) was around 0.93 mm/s. The baseline vRBC was 375 

set to 1.18 mm/s using a relationship between vRBC and vblood (equation [9]). The baseline 376 
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vRBC for LAVR was set to 0.38 mm/s and Q̇LAVR was set to 4.27 nl/min based on reported 377 

values for LAVR with a diameter of 20 µm in (41). Accordingly, the baseline vblood for 378 

LAVR was set to 0.23 mm/s. We assumed the baseline vblood for SAVR is equal to vblood for 379 

DVR (i.e. 0.93 mm/s). For SAVR with a diameter of 17 µm (41, 63, 105), the baseline blood 380 

flow rate in a single SAVR (Q̇SAVR) was around 12.6 nl/min. 381 

The total number of DVR (NDVR) was estimated using two different methods: (1) by dividing 382 

the total surface area of vessels at the CM junction (estimated based on the reported volume 383 

fraction of vascular structure at CM junction (80) and the surface area of CM junction in the 384 

3D geometry) by the cross-sectional area of a single vessel; and (2) by dividing the MBF by 385 

Q̇DVR. We estimated NDVR was around 56,200 from the first method, and around 58,500 from 386 

the second method. The baseline NDVR was set to 58,500 so it matches the baseline MBF and 387 

fRBF. Since around 20% of DVR are LDVR (78), there are 46,800 SDVR and 11,700 LDVR 388 

in the whole adult rat medulla. All the blood that flows into LDVR in the IM returns through 389 

LAVR, so the blood flow in LAVR is 20% of MBF and, in SAVR, 80% of MBF. Based on 390 

blood flow rates and distribution of blood flow in LAVR and SAVR, we estimated the 391 

baseline number of LAVR (NLAVR) at around 23,400 and the baseline number of SAVR 392 

(NSAVR) at around 31,800.  393 

As mentioned, around 20% of DVR pass into the IM (78). Therefore, the fraction of DVR 394 

that turn into AVR in the ISOM domain (fQ,ISOM) was set to 0.8, and the fraction of turning in 395 

the IM domain (fQ,IM) was set to 0.2.   396 

We estimated from the 3D medulla geometry that the cross-sectional area of the mid-surface 397 

of the ISOM is about 95 mm
2
. We also estimated from histologic images in (4, 5) that the 398 

mean cross-sectional area of a single unit of vascular bundle and its surrounding tissue in the 399 
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ISOM is around 0.17 mm
2
. By this means, we estimated that there are around 550 vascular 400 

bundles in the rat kidney. 401 

There are two types of hematocrit (Hct) that are relevant. The first type is the ‘discharge Hct 402 

(HctD)’, which is defined here as the volume percentage of RBCs discharged from the blood 403 

flowing along the vasa recta. The second type is the ‘tube Hct (HctT)’, which is the fraction of 404 

RBC in the capillary tube at any one time. Due to the ‘Fahraeus-Lindqvist effect’, the HctT is 405 

considerably less than discharge HctD. Here, we are primarily interested in the HctD, since it 406 

is the HctD that actually determines the hemoglobin (Hb) flux through the blood vessels. 407 

Based on the ratios of HctT to systemic Hct (72), and the ratio of HctT to HctD (20, 25, 84, 85, 408 

92), we have estimated HctD in the renal medulla to be around 0.40 (see the Appendix for 409 

more information on estimation of HctD). The ratio of Hct (in %) to Hb (in g/dL) in normal 410 

RBC morphology is generally three to one (44), and so a threefold conversion method (Hb = 411 

Hct/3) was used to convert Hct to Hb concentration. Consequently, we have set the baseline 412 

Hct to 0.40 and Hb concentration to 13.3 g/dL. Note that all future references to Hct refer to 413 

HctD, unless otherwise stated. 414 

The renal vascular porosity (ϵp,XVR) is defined as the ratio of the total cross-sectional area of 415 

the vessels to the total cross-sectional area of the tissue at a particular level of the renal 416 

medulla. Because of practical difficulties in calculating the cross-sectional area of the 3D 417 

medulla geometry, the porosities of DVR, LAVR, and SAVR models (ϵp,DVR, ϵp,LAVR, and 418 

ϵp,SAVR) along the CM axis were estimated using the relationship between the ϵp, vblood and 419 

vd in equation [3] (ϵp =
𝐯𝐝

𝐯𝐛𝐥𝐨𝐨𝐝
). We previously estimated the baseline v𝐛𝐥𝐨𝐨𝐝 in the DVR at 420 

the CM junction was around 0.93 mm/s. We then assumed v𝐛𝐥𝐨𝐨𝐝 is constant along the CM 421 

axis, from an observation that the difference between the estimated v𝐛𝐥𝐨𝐨𝐝 at the CM junction 422 

and the average v𝐛𝐥𝐨𝐨𝐝 measured using video-microscopy near the base of the papilla (41, 46, 423 



Oxygen transport in the renal medulla  22 

104), was small. A second auxiliary analysis is employed to evaluate the porosity throughout 424 

the medulla (excluding the IM3 domain that includes the papilla). The 𝐯𝐝
∗∗ is the Darcy flow 425 

velocity for the 3D geometry evaluated in the second auxiliary analysis (indicated by the ** 426 

notation), where the sink/source terms were set to baseline values in Table 2, and ϵp was 427 

initially assumed to be uniform (~5%). Once 𝐯𝐝
∗∗ was evaluated from the second auxiliary 428 

analysis, the actual ϵp was then estimated using equation [3], where 𝐯𝐝 is replaced with 𝐯𝐝
∗∗ 429 

and vblood is set to estimated value of 0.93 mm/s.  430 

For a constant vblood of 0.93 mm/s and the 𝐯𝐝
∗∗ calculated from the second auxiliary analysis, 431 

the calculated total porosity at the CM junction is close to 9%. Near the tip of the papilla (i.e. 432 

IM3 domain), we assumed the porosity is constant based on the qualitative analysis of cross-433 

sectional histologic images in (4, 5). The porosity was set to around 12% based on the cross-434 

sectional area at the junction of IM2 and IM3 domains, and the estimated numbers of DVR 435 

and LAVR (giving a porosity of ~3% for DVR and ~9% for LAVR). The porosities of the 436 

vessels in the 3D models are shown in Fig. 4. 437 

The blood density is assumed constant throughout the renal medulla with a ρ of 1050 kg/m
3 

438 

(39). The Hill function parameter (K) was set to 26 mmHg, and the Hill function coefficient 439 

(n) was set to 2.7 (49). The solubility coefficient of oxygen in blood (𝜎) was set to 1.34 440 

µmol·l
-1

·mmHg
-1

 (49). We assumed that below PO2 of 1 mmHg (18), the metabolism in the 441 

top-level model changes from predominantly aerobic to predominantly anaerobic. Thus we 442 

have set the constant KM,T in the top-level model to 0.0025 mol/m
3
, which is equivalent to the 443 

critical PO2 of 1 mmHg in terms of CT for baseline Hct of 0.4.   444 

The oxygen dispersion coefficient (DS) was set to 2.8 × 10
-10

 m
2
·s

-1
 (ten times smaller than 445 

the oxygen diffusion coefficient of 2.8 × 10
-9

 m
2
·s

-1 
in Refs (32, 33)). For DS of 2.8 × 10

-10
 446 

m
2
·s

-1
, the dispersive oxygen transport is at least 200 times smaller than the advective oxygen 447 
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transport, so it does not significantly affect the accuracy of the steady-state oxygen transport 448 

solutions. 449 

The baseline fraction of total oxygen consumed by the renal medulla (𝑓VO2,M) was estimated 450 

based on our estimated fraction of sodium reabsorbed and the energy efficiency of sodium 451 

reabsorption within different regions of the kidney. According to Evans et al (23), the total 452 

V̇O2 is around 6.7 µmol/min for TNa+ of 170 µmol/min. We estimated that for 25.7% of TNa+ 453 

reabsorbed in the medulla (i.e. 0.257 × 170 µmol/min = 43.7 µmol/min), the medullary V̇O2  454 

is around 1.4 µmol/min, which is ~20% of the total V̇O2. Therefore, we have set 𝑓VO2,M to 0.2 455 

(i.e. 20% of V̇O2). The lower bound for 𝑓VO2,M for a normal kidney (e.g. control groups in 456 

experiments) was set to 0.16 (estimated from the fraction of TNa+ in the medulla set to 20% of 457 

the total TNa+) and the upper bound was set to 0.3 based on Refs (35, 64). 458 

The OM is known to consume most of the oxygen in the renal medulla due to significant 459 

active sodium reabsorption by segments of proximal straight tubules (PSTs) and the thick 460 

ascending limbs (TALs) (78). At baseline, we estimated around 95% of medullary V̇O2 is 461 

contributed by the OM (i.e. 𝑓VO2,OSOM+ 𝑓VO2,ISOM= 0.95) while only 5% is contributed by the 462 

IM (see Appendix for details). Of the 95% of medullary V̇O2 in the OM, we estimated ~50% 463 

is in the OSOM (i.e. 𝑓VO2,OSOM = 0.5) and ~45% is in the ISOM (i.e. 𝑓VO2,ISOM = 0.45) based 464 

on the volume fractions of epithelium around the tubules in each domain. For the 5% of 465 

medullary V̇O2 consumed by the IM, based on the volume fraction of epithelium forming the 466 

collecting ducts and the thin limbs, we estimated inner medullary fractional consumption of 467 

oxygen as ~53% in IM1 domain (i.e. 𝑓VO2,IM1 = 0.027), ~44% is in the IM2 domain (i.e. 468 

𝑓VO2,IM2 = 0.022), and ~3% is in the IM3 domain (i.e. 𝑓VO2,IM3 = 0.001).  469 
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Based on the 2D analyses of low-level models, baseline values for fractions of oxygen 470 

supplied to oxygen consuming tissue by DVR in the vascular bundle (or intercluster) of the 471 

ith domain were set to 𝑓DVR,OSOM = 0.13;  𝑓DVR,ISOM = 0.03; 𝑓DVR,IM1 = 0.17; 𝑓DVR,IM2 = 0.16; 472 

and 𝑓DVR,IM3 = 0.4. The fDVR are constant throughout each domain. We note that the values of 473 

𝑓DVR were computed anew in each simulation so the magnitude of oxygen consumption in the 474 

top-level and the low-level models closely matched (these fractions are local fractions 475 

applicable to their corresponding domains). We also note that the 𝑓DVR term in one domain is 476 

not related to 𝑓DVR term in another domain, so they do not sum to one.  477 

All parameters related to top-level models are summarized in Tables 1 and 2. Further, a more 478 

detailed explanation of parameter selection process is given in the Appendix. 479 

Low-level models  480 

Model geometry and configuration: Four low-level models (hereafter denoted by prefix l-) 481 

were constructed to represent five different cross-sections: (1) lOSOM model for the mid-482 

section of OSOM; (2) lISOM model for the mid-section of ISOM; (3) lIM1&2 model for 1 483 

mm below the OM-IM junction (IM1) and for the mid-section of the IM (IM2); and (4) lIM3 484 

model for 1 mm above the tip of papilla (IM3).  485 

In all four low-level models, the blood vessels act as oxygen sources and tubules act as 486 

oxygen sinks with varying strengths. The topography of vascular, tubular and interstitial 487 

elements in lOSOM and lISOM models were carefully constructed so that they conform to 488 

the outline of 2D cross-sectional histologic images of rat kidney found in Refs (4, 6, 7, 45, 54, 489 

60, 67, 68, 73). While there is significant morphological variability, we determined from 490 

careful observation of 2D histologic images of the OM in the rat kidneys (4, 6, 7, 45, 54, 60, 491 

67, 68, 73) that the simplest representative OM is organized as cluster of 550 ‘hexagonal cells’ 492 

(i.e. 550 vascular bundles), with a single vascular bundle in the center of each cell. This 493 
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hexagonal cell was further divided into six equilateral triangles, with a single triangle unit 494 

serving as our representative lOSOM or lISOM model (Fig. 5A and B). The topography of 495 

lIM1&2 and lIM3 models (Fig. 5C and D) was constructed as a square unit, based on a 496 

computational model previously constructed by Fry et al (30) (hereafter referred to as the 497 

‘Fry model’) as well as several other 2D cross-sectional histologic images of the IM (76, 77) 498 

for further reference. The composition of tubules and blood vessels in each model was 499 

validated against the volume fraction of blood vessels, tubules, and interstitial space along the 500 

CM axis of rat kidney reported in Refs (51, 80). Each model was constructed using the CAD 501 

software Creo Parametric and imported to COMSOL Multiphysics (Version 5.0, COMSOL, 502 

Burlington, MA) for computational simulation.   503 

Schematics of the four low-level models are shown in Fig. 5. A summary of the more 504 

important specific details of each model configuration is given below (while a more detailed 505 

outline of low-level model construction is given in the Appendix): 506 

lOSOM model: We estimated that there are 58,500 DVR (11,700 LDVR and 46,800 SDVR), 507 

31,800 SAVR,  46,800 LAVR, 35,000 loops of Henle (1/3 long and 2/3 short), and 5000 CD 508 

(38, 60) in 3300 triangular units (550 hexagons × 6) that comprise the mid-OSOM. So there 509 

are around 3.5 LDVR, 14.2 SDVR, 14.2 LAVR, 9.6 SAVR, 3.6 LTAL, 7.1 STAL, 3.6 long 510 

PST (LPST), 7.1 short PST (SPST) and 1.5 CD in a single OSOM unit.  511 

Based on reported measurements and other 2D histologic images (7, 45, 51), and adjusted for 512 

shrinkage artifact of around 25% (43, 58, 95), the outer diameter of TAL in the OSOM was 513 

set to 33 µm with the lumen diameter of 21 µm. The outer diameters of CD and SPST were 514 

set to 50 µm with the lumen diameters of 37.5 µm. The cross-section of LPST was assumed 515 

to be in the form of hemispherical capped tube, with cross-sectional areas equivalent to that 516 
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of a concentric circle with an outer diameter of 100 µm and an inner (lumen) diameter of 87.5 517 

µm.  518 

The cross-sectional area of the mid-OSOM is around 216.8 mm
2
 based on the estimated 519 

numbers and sizes of vessels and tubules. Therefore, the area of a single triangular unit is 520 

around 0.065 mm
2
 with each side length of around 0.39 mm.  521 

lISOM model: In the ISOM, PST are replaced with descending thin limbs (DTL) so there are 522 

12,000 long DTL (LDTL) and 23,000 short DTL (SDTL). Also, some of the SDVR in the 523 

vascular bundle of ISOM “turn” to become SAVR (60). We estimated there are 23,400 524 

SDVR and 16,380 SAVR at the mid-ISOM, assuming a linear decline in NSDVR along the CM 525 

axis. The numbers of other vessels and tubules are the same in the ISOM as in the OSOM. So 526 

there are around 3.5 LDVR, 7.1 SDVR, 14.1 LAVR, 5.0 SAVR, 3.6 LTAL, 7.1 STAL, 3.6 527 

LDTL, 7.1 SDTL, and 1.5 CD in a single ISOM unit.  528 

The outer and lumen diameters of DTL in the ISOM, after adjusting for shrinkage, were set to 529 

27.5 µm and 23.8 µm, respectively (51, 58). The diameters of TAL and CD were set to be the 530 

same as in the lOSOM model, based on the report that these diameters remain largely 531 

unchanged in the OM (51).  532 

The cross-sectional area of the mid-section of the ISOM is around 93.2 mm
2 

based on the 533 

estimated numbers and sizes of vessels and tubules. The area of a single triangular unit 534 

representing the ISOM is around 0.028 mm
2
 with each side length of around 0.26 mm. 535 

lIM1&2 model: A square-shaped domain in the Fry model was adjusted for both animal size 536 

(30, 76) and shrinkage (43, 58, 95). The size of lIM1&2 model after adjustments was 367 × 537 

367 µm. The positions of the vessels and tubules were also updated in accordance with the 538 

expansion of the model domain.  539 
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The outer diameter of CD after adjustment for animal size and shrinkage was around 55 µm, 540 

and the lumen diameter was set to 35 µm. The ascending thin limbs (ATL), LDTL and 541 

capillaries were modeled implicitly as oxygen sinks and sources. We estimated there are 542 

around 5,500 LDVR, 22,000 LAVR and 4,500 CD at 1 mm below the base of IM. The 543 

estimated total cross-sectional area at 1 mm below the base of IM is around 41.9 mm
2
 based 544 

on the estimated numbers and sizes of vessels and tubules. Consequently, the total number of 545 

lIM1&2 units is around 310, and there are around 18 LDVR, 71 LAVR, and 14.5 CD in a 546 

single unit.   547 

lIM3 model: The lIM3 model was developed by modifying some of the features in the 548 

lIM1&2 model to properly reflect the changes in vessels and tubules as they descend towards 549 

the tip of the papilla (51).  550 

The outer diameter of CD was increased to 70 µm, and the lumen diameter was increased to 551 

50 µm, based on the report that CD diameter at mid-IM3 is around 25% larger than at the 552 

base of the IM (51). The number of CD in the IM3 was reduced to 210, to reflect the rapid 553 

decline in the number of tubules and vessels toward the papillary tip (60). The number of 554 

LDVR was reduced to 260 and the number of LAVR was reduced to 520, with a volume 555 

fraction of 12%, based on the reported volume fraction of around 10 – 15% for vasa recta at 556 

IM3 region (51, 80). 557 

We estimated the total cross-sectional area at mid-IM3 is around 1.8 mm
2
, which matches 558 

well to the reported ‘actual cross-sectional area’ of around 1.5 mm
2
 (8). There are around 13 559 

unit cells that comprise the mid-IM3 section, and there are 20 LDVR, 40 LAVR, and 15 CD 560 

per unit cell.  561 

Cell-free layer (CFL) in the vasa recta: There are two distinct regions of blood flow in 562 

microvessels due to Fahraeus-Lindqvist effect (19, 34), namely, a faster moving axial flow 563 
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along the core of the capillary with RBC, and a surrounding ‘cell free layer’ (CFL), lying 564 

between the vessel wall and the core flow with RBCs. The CFL effectively increases the 565 

diffusion distance between oxygen contained in core flows with RBCs, acting as a separation 566 

barrier to diffusive oxygen transport from RBCs. We have estimated the CFL thickness for 567 

DVR and AVR in each model by interpolating reported CFL thicknesses in Ref (25) for 568 

baseline diameters, Hct and MBF. After interpolation, the CFL thickness was set to 2.2 µm 569 

for SDVR, 2.5 µm for LDVR and SAVR, and 3.3 µm for LAVR. The vasa recta in each 570 

model are represented by two concentric circular discs, with the outer circle representing the 571 

vessel wall and the inner circle representing the CFL boundary with the core flow with RBCs. 572 

Equations for low-level models: We defined the outward oxygen transport from the vascular 573 

bundle across a cross-section of renal medulla by a steady-state diffusion equation: 574 

 ∇ ∙ (D∇(𝜎PO2)) + Scap,𝑖 = ∑ RVO2,𝑖𝑗

𝑛

𝑖𝑗=1

 [23] 

where D (m
2
/s) is the oxygen diffusion coefficient, 𝜎 (µmol/l/mmHg) is the Bunsen solubility 575 

coefficient of oxygen, PO2 (mmHg) is the partial pressure of oxygen, Scap,i (mol/m
3
/s) is a 576 

source term representing the oxygen supplied to the renal tissue by the capillary plexus in the 577 

low-level model i, and RVO2,𝑖𝑗 is a sink term representing the oxygen consumption by tubular 578 

epithelial domain j in the low-level model i. The terms Scap,i and RVO2,𝑖𝑗 vary between models 579 

because the density of capillary plexus and energy requirements by tubules at different 580 

regions of the renal medulla vary.  581 

The term Scap,i  in each model is defined as: 582 
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Scap,𝑖 = 𝑓cap,i ∙ ∑ RVO2,𝑖𝑗

𝑛

𝑖𝑗=1

 
[24] 

The term 𝑓cap,i, is a unitless fraction of oxygen that is supplied to the tubules by the capillary 583 

plexus in the tissue of the low-level model i. In equation [24], Scap,𝑖 is expressed in terms of 584 

oxygen consumption because at steady state, the total oxygen supplied by the vasa recta and 585 

the capillary plexus to the surrounding tissue equals the total oxygen consumed by the renal 586 

parenchyma. Note the oxygen sink term due to the capillary plexus in the low-level model 587 

appears as part of the oxygen sink for the AVR in the top-level model (equation [17]), which 588 

ensures correct oxygen mass balance in the top-level model. 589 

The sink term (RVO2,𝑖𝑗) representing the oxygen consumption by each type of tubule in each 590 

model can be expressed as: 591 

 
RVO2,𝑖𝑗 = − (

𝑓TB,𝑖𝑗 ∙ 𝑓VO2,𝑖 ∙ 𝑓VO2,M ∙ V̇O2

VolEC,𝑖𝑗
) ∙ (

𝜎PO2

KM + 𝜎PO2
) 

[25] 

where V̇O2  (mol/s) is the total oxygen consumption by the whole kidney, 𝑓VO2,M  is the 592 

fraction of total oxygen that is consumed in the whole medulla, and 𝑓VO2,i is the fraction of 593 

medullary oxygen consumption (i.e. 𝑓VO2,M ∙ V̇O2) that is attributable to the low-level model i 594 

(i.e. lOSOM, lISOM, lIM1&2, or lIM3). The term 𝑓TB,ij is the fraction of oxygen consumed 595 

by a particular tubule type j of the low-level model i.  The term VolEC,𝑖𝑗 (m
3
) is the total 596 

volume of epithelial cells surrounding the tubule type j in the low-level model i. The term 597 

𝜎PO2

KM+𝜎PO2
 represents aerobic/anaerobic metabolism transition in the renal medulla. 598 

Boundary conditions: The conservation of oxygen mass flux between vasa recta, capillary 599 

plexus and tubules is given by:  600 
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(∫ ∇ ∙ (D∇𝜎PO2)dA)
(DVR+SAVR+LAVR)𝑖

+ ∫ Scap,𝑖 dA

= (∫ ∑ (
𝑓TB,𝑖𝑗 ∙ 𝑓VO2,𝑖 ∙ 𝑓VO2,M ∙ V̇O2

VolEC,𝑖𝑗
) ∙ (

𝜎PO2

KM + 𝜎PO2
)

𝑛

𝑗=1

dA)

tubules

+ 𝑒𝑟𝑟𝑜𝑟 

[26] 

The first bracketed term in equation [26] is the sum of all diffusive fluxes of oxygen from the 601 

vasa recta and the second term is the diffusive flux from the capillary plexus. These terms are 602 

integrated over the area of each low-level model. The first term on the right-hand side of the 603 

equation [26] is an integral over the 2D domain of the sum of all the sink terms that represent 604 

oxygen consumption by tubules. There is an ‘error’ term that represents the mass balance 605 

error due to finite element approximations. The average mass balance error in all low-level 606 

simulations was around 0.2%. 607 

The oxygen consumption in the low-level model i is exactly the same as in the ith domain of 608 

the top-level model at the level of the 3D surface on which the 2D cross-section (representing 609 

the low-level model) is located. If the overall error exceeds our convergence criterion of 1%, 610 

then the oxygen consumption terms in the top-level model (equations [16] and [17]) are 611 

adjusted by the terms 𝑓error,DVR and 𝑓error,AVR so that the solutions of the two levels do meet the 612 

convergence criterion. 613 

For the low level models, a constant concentration boundary condition was applied to the 614 

inner circular boundaries representing the CFL boundary. The oxygen concentrations at these 615 

boundaries were determined from high-level models, which calculate the blood PO2 for each 616 

vessel type at various locations of the renal medulla. A symmetric boundary condition was 617 

applied to the side boundaries of each model domain that are planes of symmetry. 618 
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Parameter selection: The fractions of oxygen consumed by tubule group j in the model i 619 

(𝑓TB,ij) was determined as follows. We assumed the fraction of oxygen consumed by the 620 

epithelial cells of CD in the OSOM is very small (~5%) compared to other neighboring 621 

tubules (i.e. PST and TAL). We also assumed the remaining 95% of oxygen is consumed by 622 

PST and TAL in proportion to their volume fraction. Thus, we have set 𝑓TB,OSOM,PST to 0.65, 623 

𝑓TB,OSOM,TAL  to 0.3, and 𝑓TB,OSOM,CD  to 0.05. In the ISOM, we assumed that the oxygen 624 

consumption is dominated by TAL due to its significantly high active sodium reabsorption 625 

compared to its neighboring tubules (i.e. DTL and CD). Thus, 𝑓TB,ISOM,TAL was set to 0.95, 626 

𝑓TB,ISOM,DTL  was set to 0.025, and 𝑓TB,ISOM,CD  was set to 0.025. Similarly, we assumed the 627 

oxygen consumption is dominated by CD throughout the IM. So we have set 𝑓TB,IM,CD to 0.9 628 

and 𝑓TB,IM,TL to 0.1 in both lIM1&2 and lIM3 models.  629 

The fraction of oxygen supplied by a capillary plexus (𝑓cap) depends on the local density of 630 

capillaries. We have set, 𝑓cap,IM1 , 𝑓cap,IM2 and 𝑓cap,IM3  to around 0.05 to reflect the sparse 631 

capillary plexus found in these regions (60). On the other hand, the capillary plexus is very 632 

prominent in the ISOM (60) and we assumed around 80% of oxygen is supplied by the 633 

capillaries in the ISOM (i.e. 𝑓cap,ISOM= 0.8). In the OSOM, there are reports of a ‘fine, wide 634 

meshed capillary network’ near the region dividing from and forming into large vessels (67, 635 

72, 73), so 𝑓cap,OSOMwas set to around 0.25. 636 

The epithelial cell volume term VolEC,𝑖𝑗 was estimated by multiplying the estimated epithelial 637 

volume fraction of a tubule group j of the low-level model i by the volume of the ith domain 638 

in the top-level model. The volume fractions were calculated from the low-level models. In 639 

the OSOM, we estimated that VolEC,OSOM,PST is around 40.7 mm
3
, VolEC,OSOM,TAL is around 640 

17.2 mm
3
 and VolEC,OSOM,CD is around 5.7 mm

3
. In the ISOM, VolEC,ISOM,TAL is around 28.6 641 

mm
3
, VolEC,ISOM,DTL  is around 7.0 mm

3 
and VolEC,ISOM,CD  is around 8.4 mm

3
. In the IM, 642 
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VolEC,IM1,CD is around 3.2 mm
3
, VolEC,IM2,CD is around 2.0 mm

3
 and VolEC,IM3,CD is around 643 

0.39 mm
3
. 644 

The oxygen mass transfer coefficient α for oxygen shunting from DVR to LAVR in equation 645 

[18] is unknown but can be estimated from the low-level models. We calculated the oxygen 646 

flux going into LAVR for given oxygen concentrations at DVR and LAVR boundaries. The 647 

integral of the positive normal oxygen flux (per unit length) around the boundaries of LAVR 648 

in the 2D cross-section represents the oxygen shunting flux. The ‘positive flux’ indicates 649 

oxygen going into LAVR from nearby DVR, and the ‘negative flux’ oxygen flux indicates 650 

oxygen going out of the LAVR. The total oxygen flux per unit length is then converted to 651 

normal oxygen flux per domain volume. The α was calculated using equation [18] by 652 

dividing the flux per domain volume by the DVR-to-AVR PO2 difference. The calculated α 653 

in the OSOM was around 1.65 1/s, in the ISOM was around 3.45 1/s, in the IM1 was around 654 

0.75 1/s, and in the IM2 was around 0.63 1/s. The α in the IM3 was set to zero, since the 655 

magnitude of shunting flux in this domain appears to be very small. Note the α are constant 656 

throughout each domain. 657 

In the low-level models, we set the anaerobic transition constant KM to 1.34 × 10
-4

 mol/m
3
, 658 

which is equivalent to the critical PO2 of 0.1 mmHg in terms of cf for baseline Hct of 0.4. 659 

Note the critical PO2 of 0.1 mmHg in the low-level models and the critical PO2 of 1.0 mmHg 660 

in the top-level models are different in values because one expression for the metabolic 661 

transition equation (KM in the low-level) is in terms of free oxygen concentration, and the 662 

other expression for the metabolic transition equation (KM,T in the top-level) is in terms of 663 

total oxygen concentration. The metabolic transition from aerobic to anaerobic metabolism in 664 

the top- and low-level models do not occur at different thresholds, but approximately at the 665 

same transition threshold. The KM and KM,T typically results in an error in the oxygen 666 

consumption in the top-level model of less than 1%. As mentioned earlier, if the overall error 667 
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exceeds our convergence criterion of 1%, then the oxygen consumption terms in the top-level 668 

model (equations [16] and [17]) are adjusted by the terms 𝑓error,DVR and 𝑓error,AVR so that the 669 

solutions of the two levels are converged. 670 

All parameters related to low-level models are summarized in Table 3. 671 

Numerical methods 672 

The governing equations for top- and low-level models were solved numerically using the 673 

finite-element method (FEM) within COMSOL Multiphysics. For top-level 3D models, 674 

244,544 tetrahedral elements with cubic interpolation functions were used. For low-level 675 

models up to 1.4 million triangular elements were employed with quadratic interpolation 676 

functions. All simulations were carried out using a Dell PC with an Intel Core i7 3.40-GHz 677 

CPU running Windows 7 Professional. The solution time for top-level models typically 678 

averaged between 15 – 30 minutes depending on the boundary conditions, and each low-level 679 

model typically averaged less than a minute. The solutions of the top-level and the low-level 680 

models typically converged after single iteration, while some simulations with severe 681 

perturbations in hemodynamics and renal function required three or more iterations to 682 

converge.   683 

Model validation 684 

The accuracy of the model was assessed against four published reports of studies of 685 

microvascular PO2 (µPO2) or tissue PO2 (PtO2), in the renal medulla of the rat kidney. The 686 

effects of the following treatment group maneuvers were examined: 687 

1. Acute ischemia/reperfusion (I/R) by clamping the renal artery (Abdelkader et al (1)). 688 

2. Acute normovolemic hemodilution (Johannes et al (48)). 689 

3. Acute I/R by clamping the suprarenal aorta (Legrand et al (59)). 690 
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4. Chronic treatment with the mitochondrial uncoupler 2-dinitrophenol (DNP) to 691 

increase renal oxygen consumption (Friederich-Persson et al (28)). 692 

These four studies were selected because their reports included all the necessary data that are 693 

required for model validation, including the variation of the µPO2 and/or PtO2 under both 694 

normal (control group) and abnormal (treatment group) physiological conditions, and at 695 

various experimental periods (EP) over the course of each experiment. Details such as the 696 

strain of rats used, methods for measurement of PO2 and the experimental protocols can be 697 

found in our previous studies of the rat renal cortex (57, 58).  698 

The main model input parameters were RBF, V̇O2, PO2 at the CM junction (PO2,CM), the 699 

fraction of RBF flowing into the medullary circulation (fRBF), and the fraction of total oxygen 700 

consumption that is attributable to the medulla (𝑓VO2,M). Parameter values for RBF and V̇O2 701 

were initially set to their respective experimentally measured values. Note the RBF and V̇O2 702 

in each study were measured for the whole kidney, but not for the medulla, so calculated 703 

mean values for fRBF and 𝑓VO2,M were set based on their respective baseline values of 0.1 and 704 

0.2 (as described in the methods section). PO2,CM was not measured in any of the experiments, 705 

and so was estimated using our cortical circulation model (57, 58). The cortical circulation 706 

model calculates the cortical PtO2, peritubular capillary PO2, and PO2 at the end of efferent 707 

arteriole based on the reported hemodynamic parameters such as arterial PO2, RBF and V̇O2.  708 

The baseline PO2,CM was set to the median PO2 between the PO2 at the end of efferent 709 

arteriole (upper bound) and cortical PtO2 (lower bound).   710 

A flow chart of model validation process is shown in Fig. 6. The validation strategy was to 711 

compare model predictions of µPO2 or PtO2 against experimental observations. The 712 

validation was done in two stages. In the first stage of validation, model predictions for 713 

control groups were tested. First, PO2 values were predicted using what we call Model 1, 714 
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which predicted µPO2 or PtO2 using the reported mean values for RBF and V̇O2 and estimated 715 

baseline values for fRBF (0.1) and 𝑓VO2,M  (0.2). The predicted PO2 values were validated 716 

against experimentally-observed PO2 data for control (i.e. normal) groups in each of the four 717 

experimental studies at various EP. The model prediction was deemed accurate if the 718 

predicted value laid within ± 2 SEM of measured means. If the prediction was outside ± 2 719 

SEM, then other input values were relaxed to within their respective limits, first for RBF and 720 

V̇O2 (referred to as Model 1A), and if required, then for fRBF and 𝑓VO2,M (referred to as Model 721 

1B). In the second stage, the model predictions for treatment groups were validated and 722 

followed the same validation process as the first stage. In addition to the main input 723 

parameters (RBF, V̇O2, fRBF and 𝑓VO2,M) and Hct in the simulations for acute hemodilution 724 

study (48), the other parameters adjusted were α and fDVR,i. 725 

In the cases of acute hemodilution by Johannes et al (48) and acute I/R by Legrand et al (59), 726 

the medullary µPO2 was measured in the OM using phosphorescence lifetime oximetry. The 727 

measured medullary µPO2 of the OM was compared to the volume-averaged µPO2 predicted 728 

by the model for the OM (i.e. average PO2 of all DVRs and AVRs present in the OSOM and 729 

ISOM). It is uncertain exactly where the µPO2 was experimentally measured in the OM, but 730 

the overall measurement is most likely to represent the µPO2 in the OSOM than ISOM, given 731 

the reported geometry and characteristics of the phosphorimeter used in these studies. 732 

Therefore, for comparison of model predictions with the experimental data reported in this 733 

paper, a weighting of 60% was given to the OSOM µPO2 and 40% to the ISOM µPO2 when 734 

calculating the average model prediction of µPO2 in the OM.  735 

For the cases of acute I/R by Abdelkader et al (1) and the DNP treatment by Friederich-736 

Persson et al (28), the medullary PtO2 was measured in the ‘mid-region’ (~3 mm above the 737 

tip of papilla) of the IM using a fluorescence optode (Abdelkader et al (1)) or a Clark-type 738 
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oxygen electrode (Friederich-Persson et al (28)). The measured PtO2 in the IM was compared 739 

against PtO2 predicted by the lIM1&2 model at this location. The PtO2 in the lIM1&2 model 740 

was predicted based on the oxygen concentrations determined from the top-level model at the 741 

mid-region of the IM as boundary conditions for DVR and LAVR surfaces.  742 
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Results 743 

Validation of the accuracy of the model against control groups 744 

The results of model simulations for control groups are summarized in Table 4. Most of the 745 

model-predicted medullary PO2 for the control groups were within approximately ± 2 SEM 746 

from the mean PO2 values over the entire experiment (see Model 1 results in Table 4). There 747 

were few exceptions that required relaxation of input criteria. The maximum difference 748 

between the experimentally measured PO2 and the model predicted PO2 is no more than 4 749 

mmHg, and in most cases is much less than 4 mmHg (i.e. the mean magnitude of PO2 error is 750 

just 1.5 mmHg). The model predictions for each of the four studies are detailed below: 751 

Control group in the study by Abdelkader et al (1): The mean magnitude of PO2 error was 752 

around 1.6 mmHg. All model predictions were well within ± 2 SEM. 753 

Control group in the study by Johannes et al (48): The mean magnitude of PO2 error was 754 

around 1.1 mmHg. With the exception of EP5, all model predictions were well within ± 2 755 

SEM. Further relaxation of parameters (Model 1A) was required at EP5 before the model 756 

prediction was within ± 2 SEM.  757 

Control group in the study by Legrand et al (59): The mean magnitude of PO2 error was 758 

less than 1.6 mmHg. With the exception of EP2 and EP3, all model predictions were well 759 

within ± 2 SEM. Further relaxation of parameters (Model 1A) was required at EP2 and EP3. 760 

Control group in the study by Friederich-Persson et al (28): The predicted medullary PtO2 761 

deviated by 1.9 times the SEM for Model 1 (i.e. 1.9 mmHg). After relaxation of parameters 762 

(Model 1A), the new predicted medullary PtO2 deviated by 0.6 SEM (i.e. 1.2 mmHg).  763 

The model predictions matched especially well with the experimental observations at the first 764 

experimental period (EP1), even without requiring relaxation of input parameters. The great 765 
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fidelity of model predictions to the experimental observations at EP1 is shown in Fig. 7. It is 766 

noted however that the fit between the reported µPO2 and the predictions by Model 1 (i.e. 767 

without any relaxation in input parameters) in the studies by Johannes et al (48) and Legrand 768 

et al (59) progressively became worse towards the end of the experiment. The fit improved 769 

only after the input values were relaxed.  770 

Validation of the accuracy of the model against treatment groups 771 

The results of model simulations for treatment groups are summarized in Table 5. The 772 

predicted medullary PtO2 or µPO2 for most of the treatment groups were within ± 2 SEM 773 

after input criteria (RBF and V̇O2 ) were relaxed to within ± 2 SEM of their respective 774 

reported mean value. In some cases, the predictions became progressively worse towards the 775 

final EP. The maximum difference between the experimentally measured PO2 and the model 776 

predicted PO2 is no more than 8 mmHg, and in most cases is much less than 5 mmHg (i.e. the 777 

mean magnitude of PO2 error is 4.0 mmHg). The model predictions for each of the four 778 

studies are detailed below: 779 

Acute ischemia and reperfusion by clamping the renal artery: Abdelkader et al (1) 780 

assessed renal tissue oxygenation before and after a 60 min period of renal ischemia induced 781 

by clamping the renal artery and vein. The mean magnitude of PO2 error was around 5.0 782 

mmHg. Abdelkader et al (1) reported that medullary PtO2 initially went up from baseline (at 783 

EP2) and then gradually decreased as the experiment progressed. Model 1A also predicted 784 

this outcome.  785 

Acute hemodilution: Johannes et al (48) studied the effects of reduced Hct on medullary 786 

µPO2 in a rat model of acute normovolemic hemodilution. The baseline Hct in the renal 787 

medulla was set to 0.4 at EP1 and was diluted to 0.2 (EP2), 0.12 (EP3), 0.08 (EP4) and 0.06 788 

(EP5). The mean magnitude of PO2 error was around 3.4 mmHg after relaxation of 789 
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parameters (Model 1B). At more severe levels of hemodilution (EP3 – EP4), the model 790 

predictions deviated from the experimental observations by 10.2 and 7.4 SEM, respectively, 791 

even after fRBF and 𝑓VO2,M criteria were relaxed (Model 1B). The model prediction deviated 792 

only by -0.4 SEM at EP5 using Model 1B, but this could just be a coincidence given the 793 

highly inaccurate predictions for EP3 and EP4.  794 

Acute ischemia of the kidneys and tissues supplied by the aorta below the renal arteries: 795 

Legrand et al (59) examined responses to a 30 min period of supra-renal aortic occlusion in 796 

rats. The mean magnitude of PO2 error after relaxation of parameters was around 4.2 mmHg 797 

(Model 1A).  798 

Chronic DNP treatment: Friederich-Persson et al (28) treated rats with the mitochondrial 799 

uncoupler DNP for 30 days. When examined at the end of the 30 day treatment, renal V̇O2 800 

was 47% greater in DNP treated rats than in vehicle-treated rats, but other measured 801 

parameters, such as RBF and GFR, were similar in the two groups. The medullary PtO2 802 

predicted by Model 1 was within approximately -0.9 SEM (i.e. 0.9 mmHg), so agreed closely 803 

with the experimental results reported by Friederich-Persson et al (28).  804 

Axial and radial PO2 distributions for example control and treatment groups 805 

We have chosen control and treatment groups presented in the study by Friederich-Persson et 806 

al (28) as example cases to illustrate the changes in distribution of axial blood PO2 and the 807 

radial tissue PO2 along the CM axis. The mean values reported in the experiment were used 808 

as input parameter values. 809 

Fig. 8 shows the differences in the axial distribution of blood PO2 in control and treatment 810 

groups. In both groups, the blood PO2 in DVR rapidly dropped in the OM as it descended 811 

from the CM junction (i.e. x/CM length = 0) towards the IM. The blood PO2 in DVR and 812 

LAVR of the OSOM and the upper part of the ISOM were separated by only around 3 – 4 813 
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mmHg because of oxygen shunting between DVR and LAVR. The difference in blood PO2 814 

between DVR and LAVR grew larger (5 – 6 mmHg) near the OM-IM junction and in the IM, 815 

where the oxygen shunting became weaker. At the tip of the papilla (i.e. x/CM length = 1), 816 

the blood PO2 in DVR and LAVR are the same, as they should be. The blood PO2 at the tip of 817 

the papilla was around 37 mmHg for the control group and around 30 mmHg for the 818 

treatment group. The blood PO2 for the treatment group was relatively lower than for the 819 

control group because of lower starting PO2 at the CM junction and 60% greater VO2. The 820 

blood PO2 in SAVR increased in the ISOM as it ascended towards the OSOM from the OM-821 

IM junction (i.e. x/CM length = 0.3) because SDVR continuously turn into SAVR, and 822 

thereby act as an oxygen source. After reaching its peak at the OSOM-ISOM junction (i.e. 823 

x/CM length = 0.1), the blood PO2 in the SAVR rapidly fell in the OSOM because there are 824 

no more SDVR turning into SAVR. At its peak, the blood PO2 in the SAVR is around 40 825 

mmHg for the control group and is around 30 mmHg for the treatment group. At the CM 826 

junction, where the blood flows back into the cortical venous circulation, the blood PO2 in the 827 

SAVR was around 33 mmHg for the control group, and around 23 mmHg for the treatment 828 

group. 829 

In both control and treatment groups, there was a high concentration of oxygen in the 830 

vascular bundle of OSOM and ISOM, and relatively lower concentration of oxygen near the 831 

CD, which are furthest away from the vascular bundle (Fig. 9A – D). In the IM, the oxygen 832 

concentration was found to be more uniformly distributed throughout the renal tissue 833 

compared to the OM, due to uniform distribution of LAVR in the region (Fig. 9E – J).  834 

At the mid-OSOM (i.e. x/CM length = 0.06), the volume-weighted average vasa recta PO2 835 

(VR PO2) for the control group was around 48 mmHg, while the spatial average renal tissue 836 

PO2 (PtO2) was around 28 mmHg (Fig. 10). The PO2 within the CD lumen (CD PO2) was 837 

around 24 mmHg and the PO2 in the TAL (TAL PO2) was around 26 mmHg. The predicted 838 
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PO2 for treatment groups were far less: VR PO2 was around 40 mmHg, PtO2 was around 13 839 

mmHg, CD PO2 was around 8 mmHg, and TAL PO2 was around 10 mmHg.  840 

At the mid-ISOM (i.e. x/CM length = 0.2), VR PO2 for the control group was around 46 841 

mmHg, while PtO2 was around 36 mmHg, CD PO2 was around 26 mmHg, and TAL PO2 was 842 

around 30 mmHg (Fig. 10). For the treatment group, the VR PO2 was around 38 mmHg, 843 

while PtO2 was around 24 mmHg, CD PO2 was around 11 mmHg, and TAL PO2 was around 844 

16 mmHg.  845 

The VR PO2 at the mid-IM1 (i.e. x/CM length = 0.4) and mid-IM2 (i.e. x/CM length = 0.6) 846 

was around 38 – 41 mmHg for the control group, and around 30 – 33 mmHg for the treatment 847 

group (Fig. 10). The PtO2 was around 34 – 38 mmHg for the control group, and around 25 – 848 

29 for the treatment group. The CD PO2 was around 28 – 33 mmHg for the control and 16 – 849 

22 mmHg for the treatment group.  850 

The VR PO2 at the mid-IM3 (i.e. x/CM length = 0.9) for the control group was around 37 851 

mmHg and around 29 mmHg for the treatment group (Fig. 10). The PtO2 was around 34 852 

mmHg for the control group, and around 25 mmHg for the treatment group. The CD PO2 was 853 

around 33 mmHg for the control and 23 mmHg for the treatment group. 854 

In both groups, PtO2 was lowest in the OSOM and highest near the base of the IM (i.e. x/CM 855 

length = 0.3). From the base of the IM, PtO2 gradually fell along the CM axis. The CD PO2 856 

changed along the CM axis in relatively the same pattern as PtO2. Near the tip of the papilla 857 

(x/CM length = 0.9), the difference in PtO2 of the control group and of the treatment group 858 

was about 9 mmHg. The difference in CD PO2 of the control group and of the treatment 859 

group at the same location was also about 9 mmHg, suggesting that the change in CD PO2 860 

closely reflects the change in PtO2. 861 
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Oxygen shunting from DVR to LAVR  862 

We examined the effect of oxygen shunting from DVR to LAVR in the OM, the IM1 and the 863 

IM2 on renal medullary oxygenation. The input parameters were based on the control group 864 

for the study by Friederich-Persson et al (28). Fig. 11 shows the effects of oxygen shunting 865 

on DVR and LAVR PO2 profiles. When the oxygen shunting was inactive in the model (i.e. α 866 

= 0 in all domains), all the PO2 profiles in the IM were higher compared to when shunting 867 

was active (see Fig. 11). When shunting was inactive, the DVR PO2 was 5% less at the OM-868 

IM junction (-3 mmHg) than at the CM junction, and 26% less at the tip of the papilla (-14 869 

mmHg), than at the CM junction. Further with the shunting inactive, the LAVR PO2 870 

increased by 13% (5 mmHg) from the tip of the papilla to the OM-IM junction, and did not 871 

change in the OM. The LAVR PO2 profile in the OM showed no change when shunting was 872 

inactive because there is no oxygen loss to the tubules or oxygen gain from shunting.  873 

Active shunting caused the initial DVR PO2 entering the renal medulla to fall by 15% when it 874 

reaches the OM-IM junction (-9 mmHg), and by 35% (-19 mmHg) when it reaches the tip of 875 

the papilla (Fig. 11). The LAVR PO2 increased by 17% (6 mmHg) from the tip of the papilla 876 

to the OM-IM junction, and increased by 27% (12 mmHg) from the OM-IM junction to the 877 

CM junction. The estimated magnitude of oxygen shunting for the control group was about 878 

0.18 µmol/min in the OM, and 0.01 µmol/min in the IM (Table 6). This amounts to about 3% 879 

of the total oxygen delivered to the renal medulla. The model predicted that oxygen shunting 880 

in the IM was small compared to the OM (0.01 µmol/min in the IM compared to 0.18 881 

µmol/min in the OM, or only about 5% of the total oxygen shunted), which is probably a 882 

reflection of increasing diffusion distance between the DVR and LAVR due to comparative 883 

‘disorganization’ of the vascular bundle in the IM.   884 
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Discussion 885 

The credibility and fidelity of the model was validated against four published sets of 886 

experimental observations of renal oxygenation in anesthetized rats under a wide range of 887 

physiological and pathological states (1, 28, 48, 59). For normal physiological conditions 888 

(and small perturbations from normal), the accuracy of the model in predicting medullary 889 

tissue and microvascular PO2 has high fidelity, as evidenced by the four control groups, 890 

which provides strong evidence that the model is robust in simulating renal medullary blood 891 

and oxygen transport in the rat medulla. Remarkably, the model was able to predict the 892 

medullary PO2 in each of the four studies without the need for further calibration of any of 893 

the critical input parameters, including 𝑓RBF and 𝑓VO2,M, as described in the methods section. 894 

It is also remarkable that the model was able to accurately predict medullary PO2 for some of 895 

the treatment groups that underwent severe perturbations in hemodynamics and renal 896 

function. The outcome of these validation studies gives us confidence that input parameter 897 

values that had to be estimated from other sources are at least reasonably accurate.  898 

Validation of the model predictions 899 

With the model input parameters set to the reported mean values determined experimentally 900 

and the PO2,CM set to median PO2 of efferent arterioles and cortical tissue, the model 901 

accurately predicted medullary tissue or microvascular PO2 for the control groups. The model 902 

predicted PO2 was within ± 2 SEM, and the mean magnitude of PO2 error was less than 1.5 903 

mmHg. Equally encouraging, there were only a small number of control cases requiring 904 

relaxation of input criteria (i.e. RBF and VO2). The model predictions for treatment groups 905 

that underwent significant perturbations in hemodynamics and renal function were also 906 

generally within ± 2 SEM, with the mean magnitude of PO2 error of around 4.0 mmHg. 907 

However, in the later stages of the experimental protocol of Johannes et al (48) where the 908 
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degree of hemodilution became more severe, the model predictions deviated by more than ± 909 

7 SEM and the magnitude of PO2 error was more than 6 mmHg. 910 

The large deviation of model predictions from the measured medullary PO2 reported in the 911 

study of hemodilution reported by Johannes et al (48) suggests that the model is capable of 912 

predicting PO2 for cases for moderate physiological disturbances, but not extreme pathologic 913 

perturbations. In such extreme pathologic conditions, there are likely some unidentified 914 

external or intrarenal processes that cause alterations in renal function that are not accounted 915 

for in the model (and not measured in the experiments). So model uncertainty grows with the 916 

pathologic perturbations of the renal system, and the actual behavior of the renal system 917 

departs from the model assumptions.  918 

Spatial heterogeneity of medullary PO2 919 

We have assessed the changes in the volume-weighted average vasa recta PO2 (VR PO2), 920 

average tissue PO2 (PtO2), CD lumen PO2, and TAL PO2 along the CM axis. The input values 921 

were based on the control and treatment groups reported by Friederich-Persson et al (28). In 922 

the OSOM and ISOM, there is distinct radial PO2 gradient of around 25 – 30 mmHg between 923 

the well-oxygenated vascular bundle to the less-oxygenated interbundle region. Our result is 924 

qualitatively similar to that of previous models of oxygen transport in the renal medulla (16, 925 

17, 29) that have proposed spatial heterogeneity of PO2 within the OM is due to the high 926 

metabolic requirements of TAL and PST in the interbundle region. The radial PO2 gradient is 927 

more homogeneous in the IM because the vasa recta are more uniformly distributed 928 

compared to the OM. The PO2 gradient between DVR PO2 and CD lumen PO2 was about 10 929 

– 15 mmHg in the IM. In both OM and IM, the radial PO2 gradient increases with 930 

perturbation in renal function. 931 
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There are also axial PO2 gradients along the CM axis, which all behave somewhat differently 932 

to each other. The axial VR PO2 gradient is in gradual decline. In contrast, PtO2 gradient 933 

rapidly increases in the OM and gradually decreases in the lower part of the IM. The CD PO2 934 

gradient changes along the CM axis similarly to PtO2 gradient.  935 

When we compare the changes in axial PO2 between control and treatment groups, we find 936 

that the magnitudes of changes in PO2 between control and treatment groups along the CM 937 

axis are fairly similar to each other (Fig. 10). For example, both PtO2 and CD PO2 in the 938 

control group dropped by about 9 mmHg in the treatment group at mid-IM3 (x/CM length = 939 

0.1). This indicates that the change in CD PO2 closely reflects the change in PtO2 and opens 940 

the possibility of using urinary PO2 as an indicator of changes in PtO2 in a clinical setting (91). 941 

Effect of shunting on medullary PO2     942 

The countercurrent arrangement of DVR and LAVR in the vascular bundle is necessary to 943 

maintain the hyperosmotic environment in the renal medulla, and thereby maintain a suitable 944 

environment for concentrating urine. This countercurrent arrangement of vasa recta results in 945 

oxygen shunting from DVR to LAVR, which in turn reduces oxygen delivered to the 946 

medullary tissues. Our model predicts that about 2.6% of the total oxygen delivered through 947 

the DVR is shunted to the nearby LAVR under the control conditions reported in Ref (28). 948 

Thus the ‘penalty’, on oxygen delivery to the medulla, required to maintain a hyperosmotic 949 

environment is relatively small in terms of total oxygen delivered to the medulla. However, 950 

the 2.6% shunting does have consequences for PO2 in the IM. This amount of shunting 951 

results in an 11% drop in DVR PO2 at the OM-IM junction, a 5% drop in oxygen saturation, 952 

and around a 5% drop in the amount of oxygen delivered to the IM. So while the drop in PO2 953 

due to oxygen shunting is quite significant for the inner medulla, its impact on the oxygen 954 

saturation and the actual amount of oxygen lost is also still relatively small. Our reported 955 
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fraction of total oxygen not reaching the medulla due to shunting could be considered as a 956 

small ‘penalty’ for maintaining an optimal hyperosmotic environment in the renal medulla. 957 

Comparison with previous models     958 

Our findings are qualitatively in agreement with those from previous studies (17, 29, 30) that 959 

have found spatial heterogeneity of PO2 in the OM. Previous computational studies by Fry et 960 

al (29) and Chen et al (17) have also predicted qualitatively similar radial PO2 gradients 961 

between the vascular bundle and the interbundle region in the OM. However, there are also 962 

some discrepancies. For example, we predict the TAL PO2 of around 25 – 30 mmHg in the 963 

OM for control groups, while Chen et al (17) predicted TAL PO2 of less than 10 mmHg. 964 

Furthermore, our model predicts a relatively small radial PO2 gradient of about 10 mmHg 965 

from DVR to the CD lumen in the IM1 for control groups (Fig. 9) while other investigators 966 

reported a large gradient of more than 20 mmHg (30). We believe this discrepancy is 967 

probably due to a number of different assumptions made and difference in the conceptual 968 

approaches taken in constructing each model, in addition to different input values used in 969 

each simulation. It is clear that there are a large number of variables and parameters involved 970 

in constructing a particular computational model that must be chosen, and the values for these 971 

variables and parameters can vary depending on how those values have been measured or 972 

estimated. So perhaps it is not so surprising that, while the models accord with each other 973 

qualitatively, there are some quantitative discrepancies in model predictions (see next 974 

section).      975 

Model limitations 976 

There is uncertainty associated with unknown hemodynamic and renal function parameters, 977 

namely the fraction of renal blood flow going to the renal medulla (𝑓RBF) and the fraction of 978 

oxygen consumption in the renal medulla ( 𝑓VO2,M ), because it is very difficult to 979 
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experimentally quantify these parameters. Here, we have set our baseline 𝑓RBF for a normal 980 

physiological state to 10% based on reports that medullary blood flow fractions in rats range 981 

between 5 – 15% of RBF (14, 36, 42). The lower and upper limits of 𝑓RBF were set to 7% and 982 

14%, respectively, based on the reported changes in MBF with respect to changes in renal 983 

nerve activity or renal perfusion pressure (26, 61, 88, 89). Our assumption of a 10% fraction 984 

of total renal blood flow going to the medulla is consistent, in the sense that this assumption 985 

within the context of other assumptions and experimental measurements produces excellent 986 

agreement between model tissue PO2 predictions and experimental measurements. However, 987 

it does not prove that the medullary blood flow fraction is 10% for normal physiological 988 

conditions in the rat. Nevertheless a computational model, such as one developed in this 989 

study, can help to fill this gap in experimental data, by being able to explore the range of 990 

parameter values that are consistent with other known experimental measurements. Such a 991 

parametric study will be the subject of future work.  992 

Similarly, the baseline 𝑓VO2,M had to be estimated because there were no measurements of 993 

𝑓VO2,M  available in the literature. We have calculated 𝑓VO2,M  for a normal kidney at 20% 994 

based on measured fractions of sodium reabsorbed along the nephrons, and the estimated 995 

energy efficiency of O2 utilization (β) for the whole kidney, for the cortex, and for the 996 

medulla. But it is noted that other modelers have assumed 𝑓VO2,M to be around 30% (17, 101). 997 

Given the results of the model validation for control groups and treatment groups, we believe 998 

the set values of 0.1 and 0.2 for 𝑓RBF  and 𝑓VO2,M , respectively, are probably good 999 

approximations of the actual physiological values. 1000 

The oxygen consumption in the top-level model is allowed to vary along the CM axis 1001 

according to the metabolic transition equation (
CT,XVR

KM,T+CT,XVR
)  in equations [16] and [17]. 1002 

However, it is recognized that while the transitional variation of oxygen consumption pushes 1003 
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the top-level oxygen consumption towards what it actually is in the tissue, it may become 1004 

inaccurate, particularly at low PO2 throughout the ith domain. In this case, a more accurate 1005 

model of medullary oxygen transport may be obtained by increasing the number of low-level 1006 

2D cross-sectional models located within the ith domain, and so feeding in more data about 1007 

what is happening at the low-level 2D cross-sectional models into the top-level model. 1008 

Our model does not take into account the change in pH within the renal medulla. We 1009 

assumed the pH remains constant throughout the medulla, so there is no shift in the Bohr 1010 

curve due to changing pH, and the Hill function parameter (K) is fixed. However, there may 1011 

be changes in pH level and shift in the Bohr curve if the partial pressure of carbon dioxide 1012 

(PCO2) changes significantly in the renal medulla. A computational model developed by 1013 

Burke et al (15), predicted a PCO2 gradient of 20 mmHg from the DVR in the OM to the tip 1014 

of the papilla, which generates a corticomedullary gradient pH of ~0.2 units. However, it is 1015 

not technically feasible to measure PCO2 or pH in DVR and AVR in the OM, so these 1016 

findings remain to be confirmed (69). If there is indeed a significant change in pH, then two 1017 

components of the model will be affected: (1) calculation of the magnitude of oxygen 1018 

shunting (equation [18]); and (2) conversion of total oxygen concentration calculated by the 1019 

top-level models to PO2 (equation [19] and [20]).  We estimate the DVR PO2 at the tip of the 1020 

papilla could increase by about 3 mmHg if there is a decrease in pH of about 0.2 and 1021 

subsequently a rightward shift in the Bohr curve increases normal K from 26 mmHg to about 1022 

34 mmHg (data not shown). Our estimated increase in PO2 due to decrease in pH of 0.2 is 1023 

comparable to that predicted by Chen et al (16), who have predicted an increase of around 3 – 1024 

5 mmHg in the SAVR PO2 at the OM-IM junction for a decrease of 0.2 units in pH. 1025 

It is likely the oxygen diffusion coefficient will differ in the renal tissue between the 1026 

interstitium, epithelium and tubular lumen. However to our knowledge, the extent of 1027 

component-specific variability in oxygen diffusion coefficient is unknown. Therefore, we 1028 



Oxygen transport in the renal medulla  49 

assumed the oxygen diffusion coefficient in the renal medullary tissue is spatially constant 1029 

with a value of 2.8 × 10
-9

 m
2
/s. This is within the reported range of apparent oxygen diffusion 1030 

coefficients determined from magnetic resonance imaging of healthy kidneys in vivo (100) 1031 

and measured in experiments (47). Nevertheless, a future parametric study on the impact of 1032 

variation on oxygen diffusion coefficient will provide a better understanding of oxygen 1033 

diffusion across the renal medullary tissue.     1034 

In addition to the conception of the model, the greatest difficulty in constructing the type of 1035 

multiscale model of the rat renal medulla presented here was obtaining accurate and 1036 

consistent geometric, hemodynamic, and renal functional data. While basic geometric 1037 

parameters such as dimensions of the renal medulla, tubules, and vasa recta are readily 1038 

available, some geometric parameters lacked quantifiable data in the literature, and we had to 1039 

rely on qualitative data such as cross-sectional histologic images. For example, there was no 1040 

data in the literature on how the vascular porosity varies in the renal papilla, so we 1041 

constructed the model to match the characteristics of spatial variance in vessel density as 1042 

shown in cross-sectional histologic images of the renal medulla in Refs (3-6, 53). The 1043 

comparison of porosities of the vessels in the 3D models against these cross-sectional 1044 

histologic images shown in Fig. 4 confirms that the estimated vascular porosities capture the 1045 

characteristics of variance in vascular porosity found in actual rat renal medulla reasonably 1046 

well.  1047 

Advantages of the model 1048 

One of the advantages of a computational model such as one presented in this study is that it 1049 

is based on a realistic 3D geometry of the rat renal medulla. The 3D geometry can capture the 1050 

complexity of the renal geometry that simplified 1D or 2D models cannot. For example, the 1051 

porosity of DVR and AVR depends on the rate of change in medullary cross-sectional area 1052 

and the rate of DVR turning. The change in medullary cross-sectional area along the CM axis 1053 
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is very non-uniform and difficult to measure or estimate. So it is very difficult to properly 1054 

represent the actual change in the cross-sectional area, the rate of vasa recta turning and so 1055 

the rate of change of porosity in a simplified 1D or 2D model. The use of realistic 3D 1056 

geometry helps to overcome this significant issue. 1057 

Another advantage of our model is that one can easily modify parameters that cannot be 1058 

manipulated in experiments. For example, the effect of shunting on renal oxygenation at 1059 

different parts of the renal medulla cannot be determined experimentally, because shunting 1060 

cannot be ‘turned off’ in experiments. One can perform any number of similar ‘virtual 1061 

experiments’ using the model to investigate the changes in renal oxygenation under different 1062 

hemodynamic and/or metabolic conditions. Such virtual experiments could provide valuable 1063 

insight into where potential hypoxic injury may occur in the kidney. 1064 

Finally, our model not only integrates existing, isolated physiological data into a functional 1065 

model that makes physiological predictions, but also provides a framework for future 1066 

development of more sophisticated clinical tools for predicting oxygen concentrations in the 1067 

kidney. For example, assuming a human model based on the same principles could be 1068 

developed, a medical professional could use the model to predict clinical outcome of a 1069 

particular patient by replacing the idealized 3D geometry with the actual kidney geometry 1070 

segmented from patient-specific images, and substituting input parameters with patient-1071 

specific hemodynamic and renal function data. In the short-term, there are technical 1072 

difficulties in developing such a tool, but we believe our model provides a blueprint to 1073 

developing such a tool, which we expect will be constructed in the future.   1074 
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Appendix 1075 

In this section, we provide more details on the geometry and configuration of the 3D top-1076 

level model and 2D low-level models, rationale behind selection of parameters for the top-1077 

level model, and auxiliary analysis for flow sink/source term in the IM3 domain. Parameter 1078 

estimations covered in more detail in this Appendix include blood flow rate, number of 1079 

vessels and vascular bundles, vascular porosity, hematocrit and hemoglobin concentration in 1080 

the renal medulla, and medullary oxygen consumption. 1081 

Top-level model geometry and configuration 1082 

The dimensions of the 3D model were set to fit (as much as practically possible) to within the 1083 

ranges of reported measures of kidney size, thickness (axial length), and the volume fractions 1084 

of the medulla and its regions for rats. The dimensions of the whole kidney of an adult rat 1085 

with a body weight of 200 to 300 grams and a kidney weight ranging between 0.7 to 2.0 1086 

grams are reported (2, 40, 52) to be: (i) 10 – 15 mm length; (ii) 6 – 12.5 mm height; and (iii) 1087 

4 – 9 mm width. The thickness of the OSOM for Sprague-Dawley rats ranged between 0.5 1088 

mm – 0.8 mm (51, 68), and accounted for around 1/3 of the total thickness of the OM (60). 1089 

The total thickness of OM for Sprague-Dawley rats ranged between 2.0 – 2.5 mm (51, 68). 1090 

The reported ‘thickness’ (or sometimes reported ‘axial length’) of the whole medulla for an 1091 

adult rat kidney was around 7.8 mm (51, 68). The reported regional volume fractions for both 1092 

Sprague-Dawley rats and Wistar rats were (11, 31, 81): (i) 50 – 60% for the OSOM; (ii) 30 – 1093 

35% for the ISOM; and (iii) 10 – 15% for the IM.  1094 

The geometrical model dimensions were initially set based on the mean dimensions of the 1095 

whole kidney and axial lengths of the OSOM, ISOM and IM. However, the resulting volume 1096 

fractions in the model did not fit within the range of reported volume fractions. Therefore, the 1097 

model dimensions were modified with more emphasis on matching the measured volume 1098 

fractions and surface areas rather than measured axial lengths. This was necessary because 1099 
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axial length measurements can vary with the location of its measurement, while regional 1100 

boundaries tend to be uneven.  1101 

Parameters for top-level models 1102 

Blood flow rate: The fRBF in rats ranges from about 5% to 15% of RBF (14, 36, 42), so the 1103 

baseline fRBF was set to 0.1 (i.e. we assume in the normal physiological state 10% of total 1104 

RBF reaches the medulla). It has been reported the MBF reduces to around 70% of baseline 1105 

value when the renal nerves are activated (89). On the other hand, it was also observed that 1106 

papillary blood flow increased by up to 40% when renal perfusion pressure increased by 30% 1107 

in volume expanded rats (26, 88) and in dogs (61). Based on these reported observations, we 1108 

adopted a lower MBF fraction limit of 7% and upper MBF fraction limit of 14%.  1109 

Estimation of number of vessels: Two independent methods were used to estimate NDVR:  1110 

Method 1: The total number of vessels in a 2D section can be estimated by dividing the total 1111 

surface area of vessels by the cross-sectional area of a single vessel. The NDVR is estimated in 1112 

the same way. The surface area at the CM junction of the 3D model is around 284 mm
2
. The 1113 

vascular structure accounts for ~8% of the total volume of the OSOM (80). Assuming the 1114 

volumetric fraction is equal to areal fraction, the total surface area of all vasa recta at the CM 1115 

junction is then estimated to be 22.7 mm
2
.  1116 

The mean diameter of SDVR is 13 µm, of LDVR and SAVR is 17 µm, and of LAVR is 20 1117 

µm (24, 41, 54, 62, 104, 105). The cross-sectional area of individual SDVR is then 132.7 µm
2
, 1118 

of LDVR and SAVR is 227.0 µm
2
, and of LAVR is 314.2 µm

2
. DVR consist of 80% SDVR 1119 

and 20% LDVR (78) so the number of SDVR (NSDVR) is 0.8·NDVR, and the number of LDVR 1120 

(NLDVR) is 0.2·NDVR. Furthermore, it has been reported that LAVR outnumber LDVR by 1121 

around 2:1 (41, 63, 104), so the number of LAVR (NLAVR) is 0.4·NDVR (i.e. 2 × NLDVR = 2 × 1122 

0.2NDVR). If we assume all of the blood in SDVR flow to SAVR, then the number of SAVR 1123 
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(NSAVR) is (
0.4∙NDVR∙Q̇DVR

Q̇SAVR
), which can be simplified to 0.56·NDVR. So then NDVR is equal to 1124 

(
22.7 mm2

0.8∙132.7 μm2+0.2∙227 μm2+0.4∙314.2 μm2+0.56∙227 μm2)  or around 56,200 DVR. For NDVR of 1125 

56,200, and MBF of 0.5 ml/min, the Q̇DVR is around 8.9 nl/min. This equates to vblood of 0.96 1126 

mm/s and vRBC of 1.22 mm/s. 1127 

Method 2: The MBF is a product of Q̇DVR and NDVR. For the baseline MBF of 0.5 ml/min and 1128 

Q̇DVR of 8.6 nl/min, NDVR is about 58,500. In comparison, the MBF is about 0.48 ml/min and 1129 

fRBF is about 0.097 for Q̇DVR of 8.6 nl/min and NDVR of 56,200 (from Method 1). The baseline 1130 

NDVR was set to 58,500 to match the baseline MBF and fRBF. 1131 

From NDVR of 58,500, we estimated that each of 4900 juxtamedullary efferent arterioles (i.e. 1132 

14% of the estimated 35,000 nephrons in an adult rat kidney) gives rise to an average of 1133 

around 12 DVR. It has been reported that a single efferent arteriole give rise to as many as 30 1134 

DVR (65).  1135 

The value of 14% for the fraction of efferent arterioles branching and extending into the 1136 

medulla was derived as follows.  First, we assumed that around 15% of the glomeruli found 1137 

in the kidney are juxtamedullary glomeruli. Second, it has been reported that near the CM 1138 

junction, around 7% of the juxtamedullary efferent arterioles serve the local cortex and the 1139 

rest (around 93%) supply blood to the medulla (10). Thus, the fraction of juxtamedullary 1140 

efferent arterioles that supply blood to the medulla, relative to the total number of nephrons, 1141 

is 14% (93% × 15%).    1142 

Estimation of number of vascular bundles: We estimated the cross-sectional area of the 1143 

mid-ISOM to be about 95 mm
2
. This was estimated by dividing the volume of the 3D ISOM 1144 

domain (154.8 mm
3
) by its average thickness (1.65 mm). We note our estimate of cross-1145 

sectional area of the mid-ISOM for ~270 g rat is larger than the estimate by Layton and 1146 
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Layton (55), who estimated mid-ISOM cross-sectional area of 68 mm
2 

for a rat of ~250 g. 1147 

The mean cross-sectional area of a single unit of vascular bundle and its surrounding tissue in 1148 

the ISOM was estimated to be around 0.17 mm
2
. This was estimated by first measuring the 1149 

halfway distance between the centers of two adjacent vascular bundles using Creo Parametric 1150 

and calculating the area assuming the vascular bundle unit can be approximated as an 1151 

equivalent circle and the halfway distance is the radius of that equivalent circle. A total of 1152 

five vascular bundles in the same histologic image (4, 5) were measured. Based on the cross-1153 

sectional area of the mid-ISOM and the area of a single vascular bundle/tissue unit, we 1154 

estimate that there are around 550 vascular bundles in the rat kidney. 1155 

Estimation of vascular porosity: We assumed 𝐯𝐛𝐥𝐨𝐨𝐝  was constant along the CM axis in 1156 

estimating the ϵp of DVR, LAVR and SAVR models using equation [3]. To justify this we 1157 

first estimated the baseline 𝐯𝐛𝐥𝐨𝐨𝐝 is around 0.93 mm/s (or vRBC of 1.18 mm/s) at the CM 1158 

junction for MBF of 0.5 ml/min, NDVR of 58,500 and fraction-weighted average DVR 1159 

diameter of 14 µm. If we take NDVR of 56,200 (from Method 1 for estimation of number of 1160 

vessels), then the 𝐯𝐛𝐥𝐨𝐨𝐝 is around 0.96 mm/s (vRBC = 1.22 mm/s). The 𝐯𝐛𝐥𝐨𝐨𝐝 measured using 1161 

videomicroscopy near the base of the papilla was reported to be around 0.83 mm/s (vRBC = 1162 

1.07 mm/s) (41, 46, 104). Since the difference between the estimated 𝐯𝐛𝐥𝐨𝐨𝐝  at the CM 1163 

junction and the measured 𝐯𝐛𝐥𝐨𝐨𝐝 at the base of the papilla was small, we assumed 𝐯𝐛𝐥𝐨𝐨𝐝 is 1164 

constant throughout the renal medulla.  1165 

The ϵp was then calculated using equation [3] based on the constant 𝐯𝐛𝐥𝐨𝐨𝐝 of 0.93 mm/s and 1166 

𝐯𝐝
∗∗ evaluated from the auxiliary analysis. The total porosity at the CM junction following this 1167 

method is around 8.7%. This compares well to 8.4%, calculated based on the number and 1168 

diameter of vessels (in Table 1), and the surface area of CM junction measured at the top 1169 

surface of the 3D medulla geometry (284 mm
2
).  1170 
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Estimation of hematocrit and hemoglobin flow rate in the renal medulla: We initially 1171 

estimated the Hct in the renal medulla from studies of intrarenal distribution volumes of 
51

Cr-1172 

labelled red cells and 
125

I-labelled γM-immunoglobin (IgM) in the renal tissue of a rat kidney 1173 

(72, 85). The rat kidney was ligated, very rapidly removed, and frozen in liquid nitrogen, 1174 

ideally preserving regional plasma and RBC volumes at some ‘instant’ in time. In such 1175 

experiment, the accuracy of measurement is likely to depend on the time it takes to remove 1176 

the kidney and completely freeze the kidney. Since the surface area of the IM is relatively 1177 

large compared to its mass, we assume the freezing time for the IM is shorter than for the OM, 1178 

and hence is likely to yield more accurate measurements of intrarenal HctT. According to Fig. 1179 

17 in  Pallone et al (72), the ratio of intrarenal Hct (i.e. HctT) to systemic Hct in the IM is 1180 

around 0.55. The systemic Hct of an adult rat is typically around 0.45 in the literature (1, 37, 1181 

86). Thus, the HctT in the IM would be around 0.25. Several investigators have reported the 1182 

ratio of HctT to HctD could range from 0.45 to 0.8 (20, 25, 84, 85, 92). According to Cokelet 1183 

and Meiselman (20), the HctT/HctD ratio is around 0.62 for a tube diameter of 14 µm (average 1184 

diameter of DVR). Thus, we estimated HctD in the renal medulla is around 0.40 (0.25/0.62).  1185 

There are also other measurements of Hct in the medulla, which report a similarly low HctT 1186 

in the medulla (96, 98, 102, 103). For example, a study by Zimmerhackl et al (102) using 1187 

videomicroscopic techniques estimated HctT of the papillary DVR at 0.26. This implies that 1188 

for HctT of about 0.26 in the medulla, HctD is about 0.42, which is close to our initial 1189 

estimation of HctD.  1190 

The hemoglobin flow rate (J̇Hb) based on our estimates of MBF (0.5 ml/min) and Hct (0.40; 1191 

Hb = 13.3 g/dL) is 0.065 g/min (0.5 ml/min × 13.3 g/dL). The  J̇Hb in the juxtamedullary 1192 

efferent arteriole, which supplies blood to the medulla (9, 60, 67, 73), must be the same as in 1193 

the OM (i.e. 0.065 g/min), and J̇Hb in the juxtamedullary afferent arteriole must also be the 1194 
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same as in the efferent arteriole. If 14% of RBF (i.e. 0.7 ml/min) is supplied via 1195 

juxtamedullary afferent arterioles, then Hb in the juxtamedullary afferent arteriole is 1196 

estimated to be around 9.5 g/dL (i.e. 0.7 ml/min × Hb in the afferent arteriole = 0.5 ml/min × 1197 

13.3 g/dL). In terms of Hct, this is equivalent to 0.29. Similarly, the Hct in the juxtamedullary 1198 

afferent arteriole works out to 0.29 based on the filtration fraction of around 0.38 in the 1199 

juxtamedullary glomeruli (1, 97). For a filtration fraction of 0.38, there must be about 37% 1200 

more blood volume in the afferent arteriole than the efferent arteriole and this larger blood 1201 

volume results in lower estimated Hct in the afferent arteriole of 0.29. So, for normal 1202 

physiological conditions, Hct reduces to around 0.29 in the juxtamedullary afferent arteriole, 1203 

and increases to around 0.40 in the efferent arteriole (and in the renal medulla) following 1204 

plasma removal by glomerular filtration. 1205 

Estimation of medullary oxygen consumption: The baseline 𝑓VO2,M was estimated based on 1206 

the fraction of sodium reabsorbed and the energy efficiency of sodium reabsorption at 1207 

different regions of the kidney. For a typical rat kidney with RBF of 5 ml/min (70), GFR of 1208 

1.14 ml/min (filtration fraction = 38%) (1, 97) and plasma sodium concentration of 150 mM 1209 

(23), the total sodium reabsorption (TNa+) in the whole kidney is around 170 µmol/min.  1210 

The energy efficiency of O2 utilization for TNa+ (β = TNa+/VO2) for the whole kidney has been 1211 

estimated at 28 mol Na
+
/mol O2 (23). But β differs across the various nephron segments (35). 1212 

The molar values of β are 26 – 30 mol Na
+
/mol O2 for the proximal tubule, 36 mol Na

+
/mol 1213 

O2 for the TAL, and 18 mol Na
+
/mol O2 for the cortical collecting duct (35). Hence, we 1214 

estimated that average β in the OM based on the β values for proximal tubules and TALs was 1215 

around 34 mol Na
+
/mol O2, and in the cortex around 26 mol Na

+
/mol O2. These estimations 1216 

were confirmed by considering the fraction of sodium reabsorption in different regions of the 1217 

kidney. It has been reported that 20% to 25% of sodium reabsorption is normally carried out 1218 
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within the OM, with about 65% to 70% by the proximal tubules, 5% to 10% by distal tubules 1219 

(64) and around 0.7% by the collecting ducts in the IM (93). Assuming 25% of the sodium 1220 

reabsorption occurs within the OM, 74.3% in the cortex (including both proximal and distal 1221 

tubules), and 0.7% in the collecting duct in the IM, the average β for the whole kidney is 1222 

around 28 mol Na
+
/mol O2 (i.e. 0.25 × 34 + 0.743 × 26 + 0.007 × 18 = 27.9). This estimate is 1223 

comparable to 28 mol Na
+
/mol O2  reported by Evans et al (23) and 24.9 ± 6.8 mol Na

+
/mol 1224 

O2 reported by Friederich-Persson et al (28). 1225 

Subsequently, the fraction of V̇O2 associated with the medulla and cortex can be assigned by 1226 

calculating the medullary and cortical V̇O2 using the local β values and the local fraction of 1227 

TNa+ discussed in the previous paragraph. We applied the relationship between TNa+ and total 1228 

V̇O2 for β of 28 mol Na
+
/mol O2 for the whole kidney (including cortex and medulla) as 1229 

reported by Evans et al (23) to work out the medullary and cortical V̇O2. The plot of TNa+ and 1230 

total V̇O2 (23), defines a gradient (
V̇O2

TNa+
) that represents the whole kidney. Due to regional 1231 

differences in efficiencies of oxygen utilization, the local gradient was adjusted for the 1232 

medulla to be (34/28 × gradient) and for the cortex (26/28 × gradient). For this analysis, the 1233 

IM was lumped with the OM since the sodium reabsorption in the IM is very small compared 1234 

to the OM. From the analysis, we estimated the medullary V̇O2 is around 20% of the total 1235 

V̇O2 for 26% of TNa+  (170 µmol/min) in the renal medulla.  1236 

The medullary V̇O2 is further divided between the OM and the IM based on the regional TNa+ 1237 

and β. The OM V̇O2 is around 1.3 µmol/min, for TNa+ of around 42.5 µmol/min (i.e. 0.25 × 1238 

170 µmol/min) and β of 34 mol Na
+
/mol O2. The IM V̇O2 is around 0.066 µmol/min, for TNa+ 1239 

of around 1.2 µmol/min (i.e. 0.007 × 170 µmol/min) and β of 18 mol Na
+
/mol O2. Therefore, 1240 

around 95% of medullary V̇O2 is in the OM, while the remaining 5% is in the IM.    1241 
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Low-level model geometry and configuration 1242 

lOSOM model: The following assumptions were made for estimating the number of vessels 1243 

and tubules in the OSOM. The anatomical ratio of LAVR to LDVR is 4:1 according to Yuan 1244 

and Pannabecker (99). So for our estimate of 11,700 LDVR, there are anatomically 46,800 1245 

LAVR in the OSOM. We assumed the number of vessels do not change in the OSOM since 1246 

the number of SDVR turning into SAVR in the OSOM is very small (87). The renal medulla 1247 

of the rat is composed of roughly 30,000 – 35,000 loops of Henle (1/3 long and 2/3 short), 1248 

and of 5000 collecting ducts (38, 60) that merge. We have set the number of loops of Henle 1249 

to 35,000 and so the numbers of long and short tubules were estimated based this value.  1250 

The dimensions of the tubules and CD were based on reported measurements and other 2D 1251 

histologic images (7, 45, 51), and adjusted for shrinkage of around 25% (43, 58, 95). Unlike 1252 

other tubules, the LPST in the rat kidney takes a tortuous course when traversing the OSOM 1253 

so its cross-sectional shape is not circular. Thus, we first estimated the cross-sectional areas 1254 

of LPST found in 2D histologic images from Ref (45). From the cross-sectional areas of 1255 

LPST, we estimated the equivalent outer diameter of LPST was around 100 µm with the 1256 

lumen diameter of 87.5 µm. In the model, the LPST are represented by elongated ovals (pill-1257 

shaped) with the same cross-sectional area. All other tubules and vessels are represented by 1258 

circles.  1259 

lISOM model: We assumed the numbers of SDVR and SAVR in the ISOM declined linearly 1260 

along the CM axis (i.e. 46,800 SDVR and 32,760 SAVR at the OSOM-ISOM junction to 1261 

zero SDVR and SAVR at the OM-IM junction). Thus, at the mid-ISOM, there are 23,400 1262 

SDVR and 16,380 SAVR. The numbers of LDVR and LAVR in the ISOM remain the same 1263 

as in the OSOM. Finally, there is a dense capillary plexus originating from SDVR filling the 1264 

interstitial space in the interbundle region (50, 67).  1265 
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lIM1&2 model: The lIM1&2 model was based on the Fry model (30). Briefly, the Fry model 1266 

was constructed with the positions and physical dimensions of the tubules and vessels based 1267 

on an image by Pannabecker and Dantzler (76), taken 400 µm below the base of IM. Their 1268 

representative model was a 204 × 204 µm square model with the LDVR, LAVR, and CD 1269 

explicitly modeled as circular disks in the square domain (30). A square-shaped domain was 1270 

used because the vascular bundles of the OM rapidly disappear within the IM (60) so the 1271 

hexagonal organization no longer applies. We have modified the physical dimensions of the 1272 

tubules and vessels because the Fry model was based on young male Munich-Wistar rats 1273 

(average weight 90 g) (30, 76) while our model is based on adult male Sprague-Dawley rats 1274 

(270 g). Moreover, the Fry model was further expanded to account for the shrinkage factor 1275 

(~25%) for ethanol dehydration of rat medullary tissue (99). The size of the new model 1276 

domain after expansion was 367 × 367 µm, which is 1.8 times larger (accounting for mass 1277 

ratio (√3
3

) and shrinkage of 25% (58)) than the Fry model. The positions of the vessels and 1278 

tubules were also updated in accordance with the expansion of model domain. Note we used 1279 

a single model based on IM1 topography to represent both mid-IM1 and mid-IM2, under the 1280 

assumption that topography in IM1 and IM2 do not change significantly.     1281 

The diameter of LDVR was set to 17 µm and LAVR was set to 20 µm based on the values 1282 

reported in the literature (24, 41, 54, 62, 104, 105). The outer diameter of the CD for young 1283 

male Munich-Wistar rats weighing around 90 g is around 30 µm based on histologic images 1284 

and reported circumference of CD in Ref (76), which means the outer diameter of CD after 1285 

expansion accounting for animal growth and shrinkage is around 55 µm. The thickness of 1286 

epithelial cells surrounding the CD in histologic images in Ref (76) was around 10 µm, so the 1287 

luminal diameter was set to 35 µm.  1288 
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The numbers of LDVR, LAVR, and CD at 1 mm below the base of the IM were estimated 1289 

based on the reported volume fraction of vessels and tubules near the same region (51, 80). 1290 

The reported volume fraction of the vessels (including both LDVR and LAVR, and 1291 

capillaries) is between 20 – 25% (51, 80), and the reported volume fraction of CD (including 1292 

epithelial cells and lumen) is between 20 – 30% (51, 80). The volume fraction of tubules and 1293 

interstitial space is between 50 – 60% (51, 80). Assuming the combined volume fraction for 1294 

ATL, LDTL, and interstitial space is around 55%, then for given diameters of LDVR, LAVR 1295 

and CD, we estimated there are around 5,500 LDVR, 22,000 LAVR and 4,500 CD at 1 mm 1296 

below the base of IM, which gives us volume fractions of around 20% for the vessels and 25% 1297 

for CD. During the estimation process, it was assumed that anatomically, there are four times 1298 

as many LAVR as LDVR based on the report that LAVR/LDVR ratio is about four in the IM 1299 

of a rat kidney (99).   1300 

lIM3 model: It has been reported that about 250 of the 10,000 long loops entering the IM 1301 

reach the terminal 1 mm of the papilla (54). For 250 long loops, we estimated there are about 1302 

210 CD based on the report by Knepper et al (51) that the ratio of ATL to CD at the terminal 1303 

1 mm of the papilla is around 1.2:1. We also estimated the number of LDVR was around 260 1304 

and LAVR was around 520, based on the reported volume fraction of around 10 – 15% for 1305 

vasa recta in the IM3 region (51, 80). We assumed the ratio of LAVR to LDVR is around 2 1306 

based on Ref (12).  1307 

Sink/source term SIM3 for IM3 domain in the top-level model  1308 

From qualitative analysis of cross-sectional images of the renal medulla in Refs (4, 5), we 1309 

assumed the porosity in the IM3 domain is constant. Together with video-microscopy 1310 

evidence that the RBC velocity is constant in the papillary region, this means the Darcy 1311 

velocity is constant in the IM3 domain and so requires a special form of flow sink/source 1312 

term.  1313 
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The flow sink/source term in the IM3 domain is derived as follows. First, we start with the 1314 

following relationship between the Darcy blood velocity 𝐯𝐝 and the true velocity of blood 𝐯𝐭: 1315 

 𝐯𝐝 = ϵp𝐯𝐭 [27] 

where ϵp is the porosity of the medullary tissue (i.e. the ratio of total vascular cross-sectional 1316 

area NAc to gross tissue cross-sectional area Ag): 1317 

 ϵp =
NAc

Ag
 [28] 

The term N represents the number of vessels and Ac represents the cross-sectional area of a 1318 

single vasa rectum. 1319 

Now, from equation [27] using the product rule, the rate of change in the Darcy blood 1320 

velocity can be defined as: 1321 

 ∇ ∙ 𝐯𝐝 = ∇ ∙ (ϵp𝐯𝐭) = ϵp∇ ∙ 𝐯𝐭 + 𝐯𝐭 ∙ ∇ϵp [29] 

The term ϵp∇ ∙ 𝐯𝐭 represents the fluid loss from capillaries to the interstitial space, which we 1322 

assume it to be zero because 𝐯𝐭 equals a constant. The term 𝐯𝐭 ∙ ∇ϵp is related to geometrical 1323 

changes in the vasa recta and the renal medulla. From equation [28], the term 𝐯𝐭 ∙ ∇ϵp can be 1324 

rewritten as: 1325 

 𝐯𝐭 ∙ ∇ϵp = 𝐯𝐭 ∙ ∇ (
NAc

Ag
) = 𝐯𝐭 ∙ (

∇(NAc)

Ag
−

NAc

(Ag)2
∇Ag) [30] 

The term 
∇(NAc)

Ag  represents the rate of descending vasa recta (DVR) turning into ascending 1326 

vasa recta (AVR), and the term 
NAc

(Ag)2 ∇Ag represents the rate of change in gross tissue cross-1327 

sectional area. After combining equations [3] and [4] and replacing 𝐯𝐭 with 𝐯𝐝 (
Ag

NAc), we find: 1328 
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 ∇ ∙ 𝐯𝐝 = 𝐯𝐭 ∙ (
∇(NAc)

Ag
−

NAc

(Ag)2
∇Ag) = 𝐯𝐝 ∙ (

∇N

N
−

∇Ag

Ag
) [31] 

We have assumed Ac is a constant, and for constant Darcy velocity (i.e. ∇ ∙ 𝐯𝐝 = 0) we find 1329 

∇N

N
=

∇Ag

Ag . 1330 

In the flow model, the fluid sink/source term S can be written as: 1331 

 S = ± 𝜌𝐯𝐝 ∙
∇N

N
= ± 𝜌𝐯𝐝 ∙

∇Ag

Ag
 [32] 

where 𝜌 is the density of blood.  1332 

In the IM3 domain, we observed from histologic images (4, 5) that ϵp is fairly constant. We 1333 

have also assumed 𝐯𝐭 is constant throughout the renal medulla. So consequently, 𝐯𝐝 is also 1334 

constant in this domain, and ∇ ∙ 𝐯𝐝 = 0. In such a case, equation [31] becomes: 1335 

 
∇N

N
=

∇Ag

Ag
=

∇|𝐯𝐝
∗|

|𝐯𝐝
∗|

 [33] 

From an auxiliary analysis using a simple 2D wedge model, we found that 
∇N

N
 is also equal to 1336 

∇|𝐯𝐝
∗|

|𝐯𝐝
∗|

, the local gradient of |𝐯𝐝
∗| normalized by |𝐯𝐝

∗|. So, substituting 
∇Ag

Ag  in equation [6] with 1337 

∇|𝐯𝐝
∗|

|𝐯𝐝
∗|

 in equation [7], we have the following fluid source/sink term for IM3 domain (SIM3): 1338 

 SIM3 = ±(𝐯𝐝,𝐈𝐌𝟑 ∙ 𝜌)
∇|𝐯𝐝

∗|

|𝐯𝐝
∗|

 [34] 

The term 𝐯𝐝,𝐈𝐌𝟑 (m/s) is the Darcy velocity at the junction of the IM2 and IM3 domains, and 1339 

defines the magnitude of velocity at which 𝐯𝐝 in the IM3 domain is kept constant. The term 1340 

∇|𝐯𝐝
∗|

|𝐯𝐝
∗|

 was evaluated in an auxiliary analysis, where the 3D medulla model was set up with 1341 

isotropic material parameters, with only an inlet at the top surface (i.e. CM junction), a 1342 
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pressure boundary at the bottom surface (i.e. tip of the papilla), and free of any sinks or 1343 

sources. The inlet velocity is uniform and arbitrary, and was set to a unit velocity of 1 mm/s. 1344 

The solution from the auxiliary analysis was used as input values for the main analysis.  1345 

Note this auxiliary analysis for 𝐯𝐝
∗ is separate and different to the auxiliary analysis for 1346 

evaluating 𝐯𝐝
∗∗. The 𝐯𝐝

∗ only applies in the IM3 domain, and is used to describe the spatial 1347 

variation of the fluid sink/source strength required to remove/add exactly the right amount of 1348 

fluid from/to the tapering IM3 domain so that the Darcy velocity throughout the domain is 1349 

constant. The 𝐯𝐝
∗∗ is the Darcy velocity in the whole renal medulla calculated under the initial 1350 

assumption of uniform ϵp, and is used to evaluate the actual ϵp throughout the medulla. The 1351 

auxiliary analysis for 𝐯𝐝
∗ precedes the auxiliary analysis for 𝐯𝐝

∗∗. 1352 
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Tables 1594 

Table 1.  List of geometric variables for top-level models 1595 

Variable Symbol 
Baseline 

Value 
Reference(s) 

Medulla dimensions (Height × 

Width × Thickness) 
H × W × T 

13.10 × 8.45 × 

7.54 mm 
(2, 40, 52) 

Thickness of renal medulla Tmedulla 8.45 mm (51, 68) 

Thickness of OSOM TOSOM 1.0 mm (51, 68) 

Thickness of ISOM TISOM 1.45 mm (51, 60, 68) 

Thickness of IM TIM 6.0 mm Tmedulla – (TOSOM + TISOM) 

Volume of OSOM  VolOSOM 227.2 mm
3
 Calculated from the model (domain volume × 4) 

Volume of ISOM  VolISOM 157.2 mm
3
 Calculated from the model (domain volume × 4) 

Volume of IM1  VolIM1 24.4 mm
3
 Calculated from the model (domain volume × 4) 

Volume of IM2  VolIM2 15.6 mm
3
 Calculated from the model (domain volume × 4) 

Volume of IM3  VolIM3 2.0 mm
3
 Calculated from the model (domain volume × 4) 

Total number of DVR NDVR 58,500 
Estimated based on medullary flow rate, blood velocity and DVR 

diameter 

Total number of LAVR NLAVR 23,400 
Estimated based on medullary flow rate, blood velocity and LAVR 

diameter 

Total number of SAVR NSAVR 31,800 
Estimated based on medullary flow rate, blood velocity and SAVR 

diameter 
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Diameter of SDVR dSDVR 13 µm (24, 41, 54, 62, 104, 105)  

Diameter of LDVR dLDVR 17 µm (24, 41, 54, 62, 104, 105) 

Diameter of SAVR dSAVR 17 µm (24, 41, 54, 62, 104, 105) 

Diameter of LAVR dLAVR 20 µm (24, 41, 54, 62, 104, 105) 
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Table 2. List of baseline parameters for top-level models 1596 

Parameter Symbol 
Baseline 

Value 
Reference(s) 

Renal blood flow (single rat kidney) RBF 5 ml/min (70) 

Fraction of renal blood flow perfusing the 

medulla 
fRBF 0.1 (14, 36, 42) 

Medullary blood flow (single rat kidney) MBF 0.5 ml/min RBF × fRBF 

Single DVR blood flow Q̇DVR 8.6 nl/min 
(12, 24, 41, 62, 

104) 

Velocity of red blood cell in DVR vRBC 1.18 mm/s 
Calculated from 

equation [9] 

Velocity of whole blood in DVR vblood 0.93 mm/s 

Calculated from  
Q̇DVR  and 

weighted- average 

DVR diameter 

(14 µm)   

Single LAVR blood flow Q̇LAVR 4.27 nl/min (24, 41, 62, 104) 

Single SAVR blood flow Q̇SAVR 12.6 nl/min 

Estimated from 

blood velocity 

and vessel 

diameter 

Fraction of DVR turning at the ISOM fQ,ISOM 0.8 (78) 

Fraction of DVR turning at the IM fQ,IM 0.2 (78) 

Density of blood ρ 1050 kg/m
3
 (39)  

Hematocrit Hct 40% 

Estimated from 

Refs. (72, 85, 96, 

98, 102, 103) 

Hemoglobin concentration in whole blood Hb 13.3 g/dL 
Estimated from 

Hct 

Oxygen diffusion coefficient in whole 

blood 
D 

2.8 × 10
-9

 

m
2
/s 

(32, 33) 

Dispersion coefficient DS 
2.8 × 10

-10
 

m
2
/s 

Estimated value 

Solubility σ 
1.34 µmol·l

-

1
·mmHg

-1
  

(49) 

Hill function parameter K 26 mmHg (49) 

Hill function coefficient n 2.7 (49) 

Anaerobic transition threshold in the top-

level models 
KM,T 

0.0025 

mol/m
3
 

Estimated value 
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Fraction of oxygen consumed by the renal 

medulla 
𝑓VO2,M 0.2 (35, 64) 

Fraction of medullary oxygen consumption 

attributable to the OSOM domain 
𝑓VO2,OSOM 0.5 Estimated value 

Fraction of medullary oxygen consumption 

attributable to the ISOM domain 
𝑓VO2,ISOM 0.45 Estimated value 

Fraction of medullary oxygen consumption 

attributable to the IM1 domain  
𝑓VO2,IM1 0.027 Estimated value 

Fraction of medullary oxygen consumption 

attributable to the IM2 domain  
𝑓VO2,IM2 0.022 Estimated value 

Fraction of medullary oxygen consumption 

attributable to the IM2 domain  
𝑓VO2,IM3 0.001 Estimated value 

Fraction of oxygen supplied by DVR in the 

OSOM domain 
𝑓DVR,OSOM 0.13 

Calculated from 

low-level models 

Fraction of oxygen supplied by DVR in the 

ISOM domain 
𝑓DVR,ISOM 0.03 

Calculated from 

low-level models 

Fraction of oxygen supplied by DVR in the 

IM1 domain 
𝑓DVR,IM1 0.17 

Calculated from 

low-level models 

Fraction of oxygen supplied by DVR in the 

IM2 domain 
𝑓DVR,IM2 0.16 

Calculated from 

low-level models 

Fraction of oxygen supplied by DVR in the 

IM3 domain 
𝑓DVR,IM3 0.4 

Calculated from 

low-level models 

Fraction of oxygen supplied by capillary 

plexus in the OSOM domain 
𝑓cap,OSOM 0.25 Estimated value 

Fraction of oxygen supplied by capillary 

plexus in the ISOM domain 
𝑓cap,OSOM 0.8 Estimated value 

Fraction of oxygen supplied by capillary 

plexus in the IM1 domain 
𝑓cap,IM1 0.05 Estimated value 

Fraction of oxygen supplied by capillary 

plexus in the IM2 domain 
𝑓cap,IM2 0.05 Estimated value 

Fraction of oxygen supplied by capillary 

plexus in the IM3 domain 
𝑓cap,IM3 0.05 Estimated value 
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Table 3.   List of baseline parameters for low-level models 1599 

Parameter Symbol 
Baseline 

Value 
Reference(s) 

Anaerobic transition threshold in the 

low-level models 
KM 

1.34 × 10
-4

 

mol/m
3
 

Estimated value 

Fraction of oxygen consumed by PST 

in the OSOM  
𝑓TB,OSOM,PST 0.69 Estimated value 

Fraction of oxygen consumed by TAL 

in the OSOM  
𝑓TB,OSOM,TAL 0.29 Estimated value 

Fraction of oxygen consumed by CD 

in the OSOM  
𝑓TB,OSOM,CD 0.02 Estimated value 

Fraction of oxygen consumed by TAL 

in the ISOM  
𝑓TB,ISOM,TAL 0.95 Estimated value 

Fraction of oxygen consumed by DTL 

in the ISOM  
𝑓TB,ISOM,DTL 0.025 Estimated value 

Fraction of oxygen consumed by CD 

in the ISOM  
𝑓TB,ISOM,CD 0.025 Estimated value 

Fraction of oxygen consumed by TL 

in the IM  
𝑓TB,IM,TL 0.1 Estimated value 

Fraction of oxygen consumed by CD 

in the IM  
𝑓TB,IM,CD 0.9 Estimated value 

Volume of PST epithelium in the 

OSOM  
VolEC,OSOM,PST  40.7 mm

3
 

VolOSOM × 0.28 

× 0.64 

Volume of TAL epithelium in the 

OSOM  
VolEC,OSOM,TAL  17.2 mm

3
 

VolOSOM × 0.28 

× 0.27 

Volume of CD epithelium in the 

OSOM  
VolEC,OSOM,CD  5.7 mm

3
 

VolOSOM × 0.28 

× 0.09 

Volume of TAL epithelium in the 

ISOM  
VolEC,ISOM,TAL 28.6 mm

3
 

VolISOM × 0.28 

× 0.65 

Volume of DTL epithelium in the 

ISOM  
VolEC,ISOM,DTL 7.0 mm

3
 

VolISOM × 0.28 

× 0.16 

Volume of CD epithelium in the 

ISOM  
VolEC,ISOM,CD 8.4 mm

3
 

VolISOM × 0.28 

× 0.19 

Volume of CD epithelium in the IM1  VolEC,IM1,CD 3.2 mm
3
 

VolIM1 × 0.25 × 

0.53 

Volume of CD epithelium in the IM2  VolEC,IM2,CD 2.1 mm
3
 

VolIM2 × 0.3 × 

0.44 

Volume of CD epithelium in the IM3  VolEC,IM3,CD 0.39 mm
3
 

VolIM3 × 0.35 × 

0.55 
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Mass transfer coefficient for oxygen 

shunting in the OSOM 
αOSOM 1.65 1/s 

Calculated from 

low-level model 

Mass transfer coefficient for oxygen 

shunting in the ISOM 
αISOM 3.45 1/s 

Calculated from 

low-level model 

Mass transfer coefficient for oxygen 

shunting in the IM1 
αIM1 0.75 1/s 

Calculated from 

low-level model 

Mass transfer coefficient for oxygen 

shunting in the IM2 
αIM1 0.63 1/s 

Calculated from 

low-level model 
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Table 4. Comparison of measured control groups and (model-predicted) medullary PO2 for four validation studies  1600 

Authors 
Time 

Points 

 
RBF

a
 (ml/min) 

�̇�𝐎𝟐
a
 

(µmol/min) 

PO2,CM
b
 

(mmHg) 
fRBF

c
 𝒇V𝐎𝟐,M

c
 MPO2

d
 (mmHg) 

Abdelkader 

et al (1) 

EP1 Measured Value 6.4 ± 0.8 7.8 ± 2.2 - - - 28.4 ± 3.1 

Model 1 6.4 7.8 52.7 0.1 0.2 31.5 

EP2 Measured Value 6.0 ± 0.73 5.7 ± 1.7 - - - 34.6 ± 4.2 

Model 1 6.0 5.7 52.5 0.1 0.2 34.9 

EP3 Measured Value 5.8 ± 0.7 5.7 ± 1.7 - - - 36.7 ± 4.8 

Model 1 5.8 5.7 52.3 0.1 0.2 33.8 

EP4 Measured Value 5.6 ± 0.7 5.3 ± 1.3 - - - 35.9 ± 4.6 

Model 1 5.6 5.3 52.8 0.1 0.2 34.6 

EP5 Measured Value 5.3 ± 0.7 4.8 ± 1.3 - - - 34.5 ± 4.8 

Model 1 5.3 4.8 52.7 0.1 0.2 35.1 

Johannes et 

al (48) 

EP1 Measured Value 5.0 ± 0.8 8.0 ± 1.2 - - - 55.3 ± 2.4 

Model 1 5.0 8.0 70.9 0.1 0.2 56.5 

EP2 Measured Value 4.9 ± 0.4 11.0 ± 1.4 - - - 53.0 ± 2.2 

Model 1 4.9 11.0 70.2 0.1 0.2 52.6 

EP3 Measured Value 4.8 ± 0.4 11.6 ± 1.2 - - - 52.2 ± 2.3 

Model 1 4.8 11.6 68.7 0.1 0.2 50.9 

EP4 Measured Value 4.8 ± 0.5 13.3 ± 1.9 - - - 49.5 ± 2.3 

Model 1 4.8 13.3 66.4 0.1 0.2 47.7 

EP5 Measured Value 4.7 ± 0.4 15.0 ± 3.1 - - - 48.0 ± 1.9 

Model 1 4.7 15.0 64.3 0.1 0.2 44.7 

Model 1A 5.1 11.9 64.3 0.1 0.2 48.6 

Legrand et EP1 Measured Value 4.0 ± 0.3 7.8 ± 1.0 - - - 53.0 ± 0.8 
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al (59) Model 1 4.0 7.8 69.4 0.1 0.2 53.8 

EP2 Measured Value 3.6 ± 0.3 11.0 ± 2.1 - - - 52.0 ± 1.3 

Model 1 3.6 11.0 60.4 0.1 0.2 44.3 

Model 1A 4.2 6.8 60.4 0.1 0.2 49.6 

EP3 Measured Value 3.2 ± 0.4 13.2 ± 2.1 - - - 47 ± 0.8 

Model 1 3.2 13.2 57.9 0.1 0.2 37.5 

Model 1A 4.0 9.0 57.9 0.1 0.2 45.4 

Friederich-

Persson et 

al (28) 

EP1 Measured Value 10.3 ± 0.4 9.0 ± 2.0 - - - 30.0  ± 2.0 

Model 1 10.3 9.0 55.7 0.1 0.2 33.8 

Model 1A 9.9 11.0 55.7 0.1 0.2 31.2 

RBF, renal blood flow; V̇O2, total oxygen consumption rate; PO2,CM, oxygen tension at corticomedullary junction; fRBF, fraction of renal blood 1601 

flow to the medulla; 𝑓VO2,M, fraction of oxygen consumption attributable to the medulla; MPO2, medullary oxygen tension; EP, experimental 1602 

periods. 
a
Measured value as reported in the study (data are mean ± SEM). 

b
Estimated value using cortical oxygenation model from previous 1603 

study (57, 58). 
c
Estimated value based on reports in the literature. 

d
Tissue PO2 in the inner medulla for Abdelkader et al (1) and Friederich-1604 

Persson et al (28); microvascular PO2 in the outer medulla for Johannes et al (48) and Legrand et al (59). In Model 1, PO2,CM is the median 1605 

between efferent arteriole PO2 and cortical tissue PO2. In Model 1A, input values for RBF and V̇O2 are relaxed to within ± 2 SEM of the 1606 

reported mean. 1607 

 1608 

  1609 
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Table 5. Comparison of measured treatment groups and (model-predicted) medullary PO2 for four validation studies  1610 

Authors 
Time 

Points 

 
RBF

a
 (ml/min) 

�̇�𝐎𝟐
a
 

(µmol/min) 

PO2,CM
b
 

(mmHg) 
fRBF

c
 𝒇V𝐎𝟐,M

c
 MPO2

d
 (mmHg) 

Abdelkader 

et al (1) 

EP1 Measured Value 4.7 ± 1.1  8.0 ± 2.4  - - - 21.6 ± 8.8  

Model 1 4.7 8.0 49.0 0.1 0.2 26.8 

EP2 Measured Value 3.4 ± 1.1  3.2 ± 0.6  - - - 27.1 ± 13.3  

Model 1 3.4 3.2 47.7 0.1 0.2 34.9 

EP3 Measured Value 3.6 ± 1.2  3.0 ± 0.8  - - - 23.0 ± 6.0  

Model 1 3.6 3.0 48.1 0.1 0.2 36.4 

Model 1A 2.4 3.8 48.1 0.1 0.2 29.8 

EP4 Measured Value 3.3 ± 1.1  2.9 ± 0.8  - - - 19.6 ± 3.1  

Model 1 3.3 2.9 48.3 0.1 0.2 35.9 

Model 1A 1.1 4.5 48.3 0.1 0.2 21.6 

EP5 Measured Value 3.1 ± 1.0  2.8 ± 0.8  - - - 18.2 ± 2.3  

Model 1 3.1 2.8 47.2 0.1 0.2 35.3 

Model 1A 1.1 4.4 47.2 0.1 0.2 21.3 

Johannes et 

al (48) 

EP1 Measured Value 6.0 ± 0.2  7.5 ± 0.9  - - - 53.4 ± 1.0  

Model 1 6.0 7.5 72.5 0.1 0.2 58.5 

Model 1A 5.6 9.3 72.5 0.1 0.2 55.5 

EP2 Measured Value 7.9 ± 1.0  16.2 ± 3.3  - - - 28.5 ± 2.3  

Model 1 7.9 16.2 43.5 0.1 0.2 26.7 

EP3 Measured Value 7.5 ± 0.4  11.6 ± 1.9  - - - 14.8 ± 0.6  

Model 1 7.5 11.6 37.8 0.1 0.2 23.7 

Model 1A 6.7 15.4 37.8 0.1 0.2 21.8 

Model 1B 6.7 15.4 37.8 0.07 0.24 20.9 
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EP4 Measured Value 5.0 ± 0.6  6.4 ± 0.9  - - - 11.7 ± 0.9  

Model 1 5.0 6.4 34.6 0.1 0.2 22.2 

Model 1A 3.8 8.2 34.6 0.1 0.2 19.5 

Model 1B 3.8 8.2 34.6 0.07 0.24 18.4 

EP5 Measured Value 1.4 ± 0.6  1.7 ± 0.7  - - - 9.5 ± 1.0  

Model 1 1.4 1.7 13.5 0.1 0.2 8.1 

Model 1A 2.6 0.3 13.5 0.1 0.2 9.3 

Model 1B 2.6 0.3 13.5 0.07 0.24 9.1 

Legrand et 

al (59) 

EP1 Measured Value 4.1 ± 0.2 7.8 ± 2.6 - - - 52.0 ± 1.9 

Model 1 4.1 7.8 69.4 0.1 0.2 53.9 

EP2 Measured Value 2.3 ± 0.2 4.7 ± 1.0 - - - 57.0 ± 3.2 

Model 1 2.3 4.7 58.8 0.1 0.2 46.7 

Model 1A 2.7 2.7 58.8 0.1 0.2 51.7 

EP3 Measured Value 1.2 ± 0.1 5.2 ± 0.5 - - - 30.0 ± 2.8 

Model 1 1.2 5.2 41.9 0.1 0.2 24.7 

Friederich-

Persson et 

al (28) 

EP1 Measured Value 9.1 ± 0.7 14.0 ± 2.0 - - - 26.0  ± 1.0 

 Model 1 9.1 14.0 47.9 0.1 0.2 25.1 

RBF, renal blood flow; V̇O2, total oxygen consumption rate; PO2,CM, oxygen tension at corticomedullary junction; fRBF, fraction of renal blood 1611 

flow to the medulla; 𝑓VO2,M, fraction of oxygen consumption attributable to the medulla; MPO2, medullary oxygen tension; EP, experimental 1612 

periods. 
a
Measured value as reported in the study (data are mean ± SEM). 

b
Estimated value using cortical oxygenation model from previous 1613 

study (57, 58). 
c
Estimated value based on reports in the literature. 

d
Tissue PO2 in the inner medulla for Abdelkader et al (1) and Friederich-1614 

Persson et al (28); microvascular PO2 in the outer medulla for Johannes et al (48) and Legrand et al (59). In Model 1A, input values for RBF and 1615 
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V̇O2 are adjusted to within ± 2 SEM of the reported mean. In Model 1B, input values for fRBF and 𝑓VO2,M are relaxed to within their respective 1616 

upper/lower limits. 1617 

  1618 
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Table 6. Effects of shunting on DVR and LAVR PO2  1619 

Parameter Location Value 

DO2 (µmol/min) CM 7.53 

ShO2 (µmol/min) OM 0.18 

 IM 0.01 

ShO2/DO2 (%)  2.6 

DO2, oxygen delivered; ShO2, oxygen shunted; ShO2/DO2, fraction of oxygen shunted per 1620 

oxygen delivered; CM, corticomedullary junction; OM, outer medulla (including both outer 1621 

stripe and inner stripe); IM, inner medulla (including both IM1 and IM2).   1622 
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Figure Legends 1623 

Fig. 1. Schematic representation of interaction between top and low level models. Panel 1624 

A: The top-level models represent the DVR, LAVR, and SAVR as a set of three, 3D porous 1625 

media blood flow models and a set of three, 3D oxygen transport models. The blood flow 1626 

model represents axial advective blood flow in the renal medulla. The oxygen transport 1627 

model represents axial diffusive-advective oxygen transport throughout the renal medullary 1628 

vasculature. Each model consists of five domains (OSOM, ISOM, IM1, IM2, and IM3). The 1629 

blood flow model transfers the flow velocity information, in the form of Darcy flow, to the 1630 

3D oxygen transport model, which in turn solves for the oxygen concentration and PO2 in the 1631 

vasa recta. Panel B: The four low-level models (see Fig. 5) represent the mid-sections of 1632 

OSOM, ISOM, IM1 & 2, and IM3 as either 2D triangular or rectangular ‘unit cells’. The IM1 1633 

model represents both IM1 and IM2 domains. The blood PO2 determined by the top level 1634 

models becomes boundary conditions for the low level models. For the given blood PO2, the 1635 

low level models solve for the spatial average medullary tissue PO2 and oxygen shunting flux 1636 

between DVR and LAVR. The calculated oxygen sink fractions and shunting flux are then 1637 

transferred to the top level models as new parameters in the form of shunting coefficient α 1638 

and oxygen sink terms, and the top level models solve for new oxygen concentration and 1639 

blood PO2. The process is repeated until a solution at the two levels has converged. 1640 

Fig. 2. Model domain composition and major dimensions. Panel A: The top level model 1641 

represents one-quarter of the whole renal medulla, which is divided into three separate 1642 

domains: (i) OSOM; (ii) ISOM; and (iii) IM. Panel B: the major dimensions of the 3D top 1643 

level model are shown in three separate plane views. The dimensions are in mm. Note the 1644 

image is not to scale. 1645 
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Fig. 3. Boundary conditions applied to the 3D top level model. 3D geometry is shown 1646 

with a mesh of tetrahedral elements applied. Three different boundary conditions (BC) are 1647 

applied at the top surface of the geometry, depending on the model. Pressure BC is applied 1648 

for porous media models, concentration BC for DVR O2 transport model, and free BC for 1649 

LAVR and SAVR O2 transport models. Symmetry BC is applied to the two surfaces adjacent 1650 

to the corticomedullary axis. Zero flux BC is applied to the remaining surfaces. Descending 1651 

flow (from the corticomedullary junction to the tip of the papilla) is given a positive sign 1652 

(shown as ‘+ve flow’ in the figure), and ascending flow is given a negative sign (shown as ‘-1653 

ve flow’ in the figure).   1654 

Fig. 4. Porosity of medullary tissue. Porosity is defined as the ratio of the total cross-1655 

sectional area of the vessels to the cross-sectional area of the tissue at a particular level of the 1656 

renal medulla. Porosities of DVR (Panel A), SAVR (Panel B), and LAVR (Panel C) are 1657 

shown. These porosities were estimated using equation [3]. Panel D shows the porosity of 1658 

DVR (solid line), LAVR (dashed line), and SAVR (dotted line) along the CM axis. x/LCM 1659 

represents the ratio of the axial coordinate to the total length of the medulla. The total 1660 

porosity of vasa recta is shown in Panel E. The highest porosity is at the mid-section of the 1661 

inner medulla (IM2 domain; x/LCM = 0.6 – 0.7), where the porosity is around 14%. This is 1662 

qualitatively similar to other histologic images that show the density of vasa recta in various 1663 

regions (3-6, 53).  1664 

Fig. 5. Representative low-level models of cross-section at various levels of the renal 1665 

medulla. Panel A: representative model for the mid-section of the OSOM. Panel B: 1666 

representative model for the mid-section of the ISOM. Panel C: representative model for the 1667 

mid-section of the IM1 and the mid-section of the IM2. Panel D: representative model for the 1668 

mid-section of the IM3. Note ATL in the IM are not represented in the model. Vasa recta are 1669 
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represented by 2-layer concentric circles – the inner circle represents a RBC-rich core and the 1670 

outer circle represents the vessel wall. The layer between the two circles represents a cell-free 1671 

layer. Tubules and collecting ducts are also represented by 2- layer concentric circles 1672 

corresponding to lumen and wall/epithelial layers. The vasa recta in OSOM and ISOM are 1673 

generally distinguished by their size and location: SDVR are the smallest circles at the 1674 

periphery of the vascular bundle (lightly shaded area in OSOM and ISOM); LDVR are the 1675 

mid-sized circles in the vascular bundle; and LAVR are the largest circles in the vascular 1676 

bundle. SAVR are typically small thin-wall circles outside the vascular bundle. In OSOM, 1677 

PST typically are oval shaped or the largest circles outside the vascular bundle. In ISOM, 1678 

large thin-wall circles are generally DTL, and wide-wall circles are TAL. In OSOM and 1679 

ISOM, CD are large wide-wall half-circles located at the edge of the model domain. Note in 1680 

OSOM, CD are placed alongside some of SPST at the edge of the model domain. In IM1-3, 1681 

the largest circles are the CD, and the smallest circles are LDVR. LAVR are slightly larger 1682 

than LDVR. Drawings not to scale. 1683 

Fig. 6. Flow chart of model validation process. The validation process starts with Model 1, 1684 

which uses baseline and reported mean values as input values. If the model prediction by 1685 

Model 1 exceeds ± 2 SEM of the reported mean medullary PO2, then input parameters are 1686 

sequentially relaxed to yield a better fit with the reported data. First, input parameters for 1687 

RBF and VO2 are relaxed to within ± 2 SEM boundary limits until the best fit possible is 1688 

found (Model 1A). Second, the input values for fRBF and 𝑓VO2,M are relaxed to within their 1689 

respective boundary limits (Model 1B). The validation process is identical for control and 1690 

treatment groups. 1691 

Fig. 7. Comparison between medullary PO2 observed for control groups in four 1692 

validation studies (1, 28, 48, 59) and predicted medullary PO2 at the baseline. The black 1693 
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circles in the middle represent the reported mean value of the medullary PO2 measured at the 1694 

start of the experiments. The small error bar cap represents ± 1 SEM and the large error bar 1695 

cap represents ± 2 SEM. The white circles represent the medullary PO2 predicted in the 1696 

model. The medullary PO2 is the renal tissue PO2 measured in the inner medulla for 1697 

Abdelkader et al (1) and Friederich-Persson et al (28). The medullary PO2 is the 1698 

microvascular PO2 measured in the outer medulla for Johannes et al (48) and Legrand et al 1699 

(59).  1700 

Fig. 8. Comparison of predicted PO2 in the vasa recta between control and treatment 1701 

groups of the study by Friederich-Persson et al (28). Panel A. predicted PO2 in DVR for 1702 

the control group, B. predicted PO2 in DVR for treatment group, C. predicted PO2 in LAVR 1703 

for control group, D. predicted PO2 in LAVR for treatment group, E. predicted PO2 in SAVR 1704 

for control group, and F. predicted PO2 in SAVR for treatment group. Panels G and H show 1705 

PO2 in DVR (solid line), LAVR (dashed line) and SAVR (dotted line) along the 1706 

corticomedullary axis for control and treatment group, respectively. x/LCM represents the ratio 1707 

of the axial coordinate to the total length of the medulla.   1708 

Fig. 9. Comparison of predicted PO2 between control and treatment groups of the study 1709 

by Friederich-Persson et al (28) at various sections of the renal medulla. Panel A. 1710 

predicted PO2 at the mid-OSOM for control group, B. predicted PO2 at the mid-OSOM for 1711 

treatment group, C. predicted PO2 at the mid-ISOM for control group, D. predicted PO2 at the 1712 

mid-ISOM for treatment group, E. predicted PO2 at the mid-IM1 for control group, F. 1713 

predicted PO2 at the mid-IM1 for treatment group, G. predicted PO2 at the mid-IM2 for 1714 

control group, H. predicted PO2 at the mid-IM2 for treatment group, I. predicted PO2 at the 1715 

mid-IM3 for control group, and J. predicted PO2 at the mid-IM3 for treatment group. 1716 
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Fig. 10. Comparison of predicted PO2 in the vasa recta (VR), in the CD lumen, in the 1717 

epithelial layer surrounding the TAL, and the spatial average renal tissue PO2 between 1718 

control and treatment groups of the study by Friederich-Persson et al (28). Panel A. 1719 

predicted PO2 for control group, and B. predicted PO2 for treatment group. Solid line 1720 

represents VR PO2, dotted line represents renal tissue PO2 (PtO2), thin dashed line represents 1721 

PO2 inside CD lumen (CD PO2), and thick dashed line represents PO2 in the TAL (TAL PO2). 1722 

x/LCM represents the ratio of the axial coordinate to the total length of the medulla. The 1723 

vertical dotted lines represent the boundaries between the OSOM, ISOM, and IM. 1724 

Fig. 11. Effect of oxygen shunting on predicted PO2 in the DVR and LAVR. The input 1725 

values are identical to control group of the study by Friederich-Persson et al (28). Panel A. 1726 

predicted PO2 in the vasa recta, and B. predicted oxygen saturation level (SAT) in the vasa 1727 

recta. The thick solid line and thick dashed line represent DVR and LAVR with shunting 1728 

active in the model (DVRS and LAVRS respectively). Thin solid line and thin dashed line 1729 

represent DVR and LAVR with shunting deactivated in the model (DVRNS and LAVRNS 1730 

respectively). x/LCM represents the ratio of the axial coordinate to the total length of the 1731 

medulla. OS, outer stripe of the outer medulla; and IS, inner stripe of the inner medulla; and 1732 

IM, inner medulla. The vertical dotted lines represent the boundaries between the OS, IS, and 1733 

IM.  1734 
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