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ABSTRACT 

In this thesis, practical and theoretical improvements to the Monte Carlo simulation for Uncertainty 

Estimation (MCUE) method applied to implicit three-dimensional (3D) geological modeling are brought to 

the body of scientific knowledge. MCUE is a stochastic method which relies on disturbance probability 

distributions representing input data set uncertainty that arise from measurement error and natural 

variability. Disturbance distributions are sampled to produce many distinct plausible datasets. Plausible 

datasets are used to produce a suite of plausible 3D models. The plausible models are then merged into a 

3D probabilistic geological model (PGM) or uncertainty index model (UIM) to propagate uncertainty from 

the input data to the final model.  In the first chapter, disturbance distribution selection for input uncertainty, 

sample analysis and statistical consistency of the sampled distribution are reviewed. Pole vector sampling 

is proposed as a more rigorous alternative than dip vector sampling for planar features and the use of a 

Bayesian approach to disturbance distribution parameterization is suggested. The influence of incorrect 

disturbance distributions is analysed, and propositions are made and evaluated on synthetic and realistic 

cases. In the second chapter, a complete MCUE Markov Chain procedure for drillhole path and log 

uncertainty propagation is proposed. The method is demonstrated on three separate proof of concept case 

studies of increasing complexity. Results demonstrate that path and log uncertainty accumulate rapidly with 

depth and that the proposed method is able to propagate it appropriately. In the third chapter, the topological 

variability of lithological contacts in the plausible model suite are interpreted as analogous to population 

heterogeneity. The source of this heterogeneity is traced to be the non-linear relationship between plausible 

datasets’ variability and plausible model’s variability. Non-linearity is shown to arise from the effect of the 

geometrical ruleset that defines the topological relationships between geological structures on model 

building which transforms continuous interfaces into discontinuous piecewise ones. To tackle this issue, 

the Density-Based Spatial Clustering of Applications with Noise (DBSCAN) is applied to the topological 

signatures of the plausible model suite. The scheme is tested on two challenging synthetic examples with 

varying levels of confidence in the structural input data. Results indicate that topological analysis constitute 

a powerful tool to mitigate plausible model heterogeneity. Therefore, PGMs’ and UIMs’ accuracy and 

relevance are improved which enables a more geologically focused understanding of the modeled areas via 

differentiation of geological scenarios. Overall, MCUE is evidenced as a robust, cost/time efficient and 
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flexible uncertainty propagation method in 3D geological modeling with promising potential for 

improvements.  
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INTRODUCTION 

Because all the natural sciences of biology, chemistry physics and astronomy are grounded in empiricism, 

so are the Earth sciences. The usage of empiricism to enable the advancement of knowledge implies 

inductive reasoning which, by essence, is uncertain. Alas, no matter how much one accumulates evidence 

to consolidate an empirical theory, it remains unproven and will remain so because scientific theories need 5 

be falsifiable. That is not to say mankind is powerless in the face of reality and that knowledge is 

unattainable. Saying otherwise would make all sciences and all human endeavours void of all relevance or 

meaning. Truly, falsifiability allows the development and the support of logical ideas, theories, hypotheses 

or statements under the constraint that they will bow to the sceptre of observation. A falsifiable statement 

is not a weak statement, it is a statement that is suspended to the current state of our knowledge and our 10 

degree of disbelief into said knowledge is what is called uncertainty. Uncertainty expresses the reliability 

of our knowledge and how vulnerable to upcoming observations we deem it to be. This vulnerability is 

what allows the consolidation, opposition or improvement of a theory. In natural science, consolidation is 

achieved via reproduction of previous findings and prediction of future ones.   

However, empirical observations, because of their uncertainty, are unlikely to fit theory perfectly which 15 

purports that a certain amount of latitude is necessary when consolidating or opposing a theory. The ability 

to evaluate uncertainty is therefore crucial to determine the adequacy of a set of new observations to an 

existing theory. It is such adequacy, or its lack thereof, that is used to accept or reject hypotheses, challenge 

or accept theories. 

Uncertainty, as a descriptor of reliability, is more than a mere quantifier of ignorance. The structure and 20 

magnitude of uncertainty are the keys to its mitigation or reduction. That is, uncertainty is the guide, and 

often the source of the drive, for improvement of a theory. New knowledge is built upon the discovery of 

inconsistencies into what was thought to be the truth. These discoveries are enabled by the reckoning of 

uncertainty. That is so because uncertainty points the strongest towards the weakest elements of a theory. 

In essence, one needs to know the extent of their ignorance to lay a route to the truth. 25 

 

In practice, knowledge about any subject is an aggregate of statements, axioms and observations unified 

into a theory. Given that the components of theories are uncertain, so are the theories themselves. The act 
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of estimating how uncertainty of the parts translates into uncertainty of the whole is called propagation. 

The process of uncertainty propagation relies on mathematical rules defined by the theory of probabilities. 

The expression of the uncertainty about a specific random variable is heavily dependent on its type. The 

uncertainty of a quantitative random variable such as a continuous, discrete or ratio variable relates mainly 

to the evaluation of accuracy and dispersion of observations against the real value (Fig. 0-1) (Dominy 2002). 5 

Accuracy is defined as the gap between the real value of the variable and the central tendency of the 

observations. Precision is defined as the spread of the observations about their central tendency. Both 

precision and accuracy may be dependent on any number of internal or external factors such as spatial 

correlation, scedasticity or natural variability (Bardossy and Fodor 2001). 

 10 

 

Figure 0-1: High (a) and low (b) accuracy distributions of observations for varying levels of dispersion. 

In the case of qualitative random variables such as categorical or ordinal variables, uncertainty may be 

expressed either in terms of accuracy and dispersion via multinomial distributions for uncertainty estimates 

about multiple variables or information Entropy via categorical distributions for estimates about a single 15 

variable. Information Entropy is a measure of statistical chaos, high information Entropy in a categorical 

variable corresponds to a higher number of outcomes and/or a lower variability of their odds while low 

information Entropy corresponds to a lower number of outcomes and/or higher variability of their odds 

(Pakyuz-Charrier et al., 2017b; Wellmann et al. 2017). In all cases, uncertainties about lower level variables 

translates into uncertainty about higher level variables which depend on the former. 20 

Geology constitutes the basis for all the Earth sciences, its focus is on understanding the structure and 

evolution processes of the Earth. Through empirical observation, reasoning and inclusion of previous 

knowledge from the other natural sciences, geologists have established a series of basic principles that are 
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generally applicable to any environment. These principles are that of intersection, horizontality, continuity 

and superposition. On this basis, Earth scientists have expanded on an ever-increasing pool of geological 

knowledge and made the very significant contribution of delivering a reliable and predictable stream of 

earth borne resources to the general public. When applied to a particular area, this knowledge may be 

applied to build a geological three-dimensional model for the purpose of improving the readability and 5 

tractability of the observations made. Three-dimensional (3D) models are volumetric representations of the 

subsurface in a specified area built using a modeling engine (Pakyuz-Charrier et al., 2017b). They express 

our knowledge of the rock types, structures and physical properties at various depths. They stand at the 

meeting point between observations and concepts, they appreciate data through the lens of theory. During 

the last two decades, four main types of 3D geological modeling engines have been used in the academia 10 

and industry (Houlding, 2012) to address both fundamental and practical issues related to subjects such as 

crustal scale tectonics (Kohanpour, Gorczyk et al. 2017), building and mine engineering (Cammack 2016; 

Dominy 2002; Aldiss et al. 2012), mineral exploration or water management (Aldiss et al. 2012). The most 

commonly used types are the physical, dynamic, explicit and implicit modeling engines (Fig. 0-2). 
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Figure 0-2: Common types of 3D geological modeling engine.  
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Physical modeling engines aim to simulate the time processes that lead to the currently observed geological 

structures through implementation of the physical laws of rheology, solids mechanics and fluids mechanics. 

The equations that govern these physics involve complex differential algebra and are not typically solved 

analytically. Instead, they are numerically approximated using, amongst others, the finite elements, finite 

differences or finite volumes methods. By virtue of being time dependent simulations, physical modeling 5 

engines require the knowledge of initial and boundary conditions to initiate and constrain themselves. In 

the geoscience, such knowledge is rarely attained since most data available is in the form of sparse and 

scarce observations of the current state of the geological structures which this type of engine cannot 

integrate easily. As a consequence, many strong assumptions about these conditions have to be made and 

uncertainty about the results is high and difficult to propagate. Moreover, physical modeling engines are 10 

computationally intensive and require high-end hardware to run. 

Dynamic modeling engines can be viewed as geological scenario simulators, they are designed to generate 

geologically consistent models off of a series of instructions corresponding to geological events such as 

folding, faulting, deposition or intrusion. Each geological event can be customized to the specific needs of 

the model and is placed in a time sequence. Dynamic modeling engines do not rely on physics but rather 15 

on an implementation of basic empirical geological rules including but not restricted to superposition, 

continuity of sequence and cross-cutting. In a similar way to physical engines, they do not integrate 

structural data directly but rather aim to reproduce the observed structures. Detailed knowledge of the 

geological history of the area of interest is required to use dynamic modeling engines efficiently. However, 

such knowledge is very prone to non-statistical interpretational uncertainty and, as a consequence, accurate 20 

uncertainty propagation is difficult. 

Explicit modeling engines use expert driven approach to triangulate geological interfaces from standard 

structural data collected on the field. They are essentially an adaptation of computer aided design software 

to geoscientific purposes. Each structural data is actually a vertex that has to be manually attributed and 

ordered into a polygonal surface. For this reason, explicit models are difficult to update with new data or 25 

new interpretations of previous data. Although explicit modeling engines have the merit to include 

structural data, the extremely complex expert input required to build a model makes them ill-suited to 

uncertainty quantification or propagation. 

Implicit modeling engines are data driven systems that use an interpolator to build the geological interfaces 

of the 3D geological model. Each data is attributed to a lithological unit and integrated into the interpolator 30 

to construct the structures. Topological ambiguities caused by unconformities or cross-cutting are solved 
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using a geological timeline defined by the user. Integration of new data is straightforward, alternate 

interpretations can be tested through alteration of the geometrical ruleset or reattribution of some structural 

data to other/new lithological units. Uncertainty quantification and propagation is possible because 

interpolated data is readily compatible with spatial statistics. 

Regardless of their genesis, all models result from a combination of data, general assumptions at the 5 

theoretical level and ad hoc hypotheses at the practical level (Carter, 2004). Since all of these parts are 

subject to uncertainty, the models that stem from them are affected too. 

In this thesis, the subject of uncertainty in implicit 3D geological modeling is narrowed to input structural 

data uncertainty propagation using Monte Carlo simulation for Uncertainty Estimation (MCUE). The 

method used is based on random sampling of individual probability distributions designed to model the 10 

uncertainty of each data input called disturbance distributions. Results are usually expressed in the form of 

a probabilistic geological model or uncertainty index model, both of which aim to deliver an accurate 

depiction of the reliability of the modeling.  

In the first chapter, the MCUE method is introduced and described, the applicability of MCUE to different 

types of modeling engines is reviewed, and a number of improvements concerning disturbance distribution 15 

parameterization are proposed and demonstrated over synthetic and real case studies. In the second chapter, 

an MCUE implementation for drillhole data is presented, discussed and showcased. The third chapter 

establishes through example that topological analysis is an emerging powerful tool to increase the relevance 

of MCUE to real world situations. The last chapter gathers the conclusions of the whole thesis and describes 

its contributions to the scientific body of knowledge. 20 
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1. Abstract 

Three-dimensional (3D) geological structural modeling aims to determine geological information in a 3D 

space using structural data (foliations and interfaces) and topological rules as inputs. This is necessary in 

any project where the properties of the subsurface matters, they express our understanding of geometries in 

depth. For that reason, 3D geological models have a wide range of practical applications including but not 5 

restricted to civil engineering, oil and gas industry, mining industry and water management. These models, 

however, are fraught with uncertainties originating from the inherent flaws of the modeling engines 

(working hypotheses, interpolator’s parameterization) and the inherent lack of knowledge in areas where 

there are no observations combined with input uncertainty (observational-, conceptual- and technical 

errors). Because 3D geological models are often used for impactful decision making it is critical that all 3D 10 

geological models provide accurate estimates of uncertainty. This paper’s focus is set on the effect of 

structural input data measurement uncertainty propagation in implicit 3D geological modeling. This aim is 

achieved using Monte Carlo simulation for Uncertainty Estimation (MCUE), a stochastic method which 

samples from predefined disturbance probability distributions that represent the uncertainty of the original 

input data set. MCUE is used to produce hundreds to thousands of altered unique data sets. The altered data 15 

sets are used as inputs to produce a range of plausible 3D models. The plausible models are then combined 

into a single probabilistic model as a means to propagate uncertainty from the input data to the final model. 

In this paper, several improved methods for MCUE are proposed. The methods pertain to distribution 

selection for input uncertainty, sample analysis and statistical consistency of the sampled distribution. Pole 

vector sampling is proposed as a more rigorous alternative than dip vector sampling for planar features and 20 

the use of a Bayesian approach to disturbance distribution parameterization is suggested. The influence of 

incorrect disturbance distributions is discussed and propositions are made and evaluated on synthetic and 

realistic cases to address the sighted issues. The distribution of the errors of the observed data (i.e. 

scedasticity) is shown to affect the quality of prior distributions for MCUE. Results demonstrate that the 

proposed workflows improve the reliability of uncertainty estimation and diminishes the occurrence of 25 

artefacts.  
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2. Introduction 

Three-dimensional (3D) geological models are important tools for decision making in geoscience as they 

represent the current state of our knowledge regarding the architecture of the subsurface. As such they are 

used in various domains of application such as mining (Cammack 2016; Dominy 2002), oil and gas 

(Nordahl and Ringrose 2008), infrastructure engineering (Aldiss et al. 2012), water supply management 5 

(Prada et al. 2016), geothermal power plants (Moeck 2014), waste disposal (Ennis-King and Paterson 

2002), natural hazard management (Delgado Marchal et al. 2015), hydrogeology (Jairo 2013) and 

archaeology (Vos et al. 2015). By definition, all models contain uncertainty, being simplifications of the 

natural world (Bardossy and Fodor 2001) linked to errors about their inputs (data and working hypotheses), 

their processing (model building) and output formatting (discretization, simplification). Reason dictates 10 

that these models should incorporate an estimate of their uncertainty as an aid to risk-aware decision 

making. 

Monte Carlo Simulation for Uncertainty Propagation (MCUE) has been a widely used uncertainty 

propagation method in implicit 3D geological modeling during the last decade (Wellmann and Regenauer-

Lieb 2012; Lindsay et al. 2012; Jessell et al. 2014a; de la Varga and Wellmann 2016). A similar approach 15 

was introduced to geoscience with the Generalized Likelihood Uncertainty Estimation (GLUE) (Beven and 

Binley 1992) which is a non-predictive (Camacho et al. 2015) implementation of Bayesian Monte Carlo 

(BMC). MCUE (Fig. 1-1) simulates input data uncertainty propagation by producing many plausible 

models through perturbation of the initial input data, the output models are then merged and/or compared 

to estimate uncertainty. This can be achieved by replacing each original data input with a probability 20 

distribution function (PDF) thought to best represent its uncertainty called a disturbance distribution. 

Essentially, a disturbance distribution quantifies the degree of confidence that one has in the input data used 

for the modeling such as the location of a stratigraphic horizon or the dip of a fault. In the context of MCUE, 

uncertainty in the input data mainly arises from a number of sources of uncertainty including but not 

restricted to device basic measurement error, operator error, local variability, simplification radius, miss-25 

calibration, rounding errors, (re)projection issues and external perturbations. In the case of a standard 

geological compass used to acquire a foliation on an outcrop: 

• Device basic measurement error refers to in lab and under perfect conditions error, this information is 

typically provided by the manufacturer. 
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• Operator error refers to human-related issues that affect the process of the measurement such as 

trembling or misinterpreting features (mistaking joints or crenulation for horizons for example). 

• Local variability refers to the difficulty of picking up the trend of the stratigraphy appropriately because 

of significant variability at the scale of the outcrop (usually due to cleavage or crenulation). 

• Simplification radius refers to the uncertainty that is introduced when several measurements made in 5 

the same area are combined into a single one. 

• External perturbations refer to artificial or natural phenomena that have detrimental effects on precision 

and accuracy such as holding high magnetic mass items close to the compass (smartphone, car, metallic 

structures) when making a measurement or the magnetization of the outcrop itself. 

All these sources of uncertainty may be abstracted to individual random variables which are all added to 10 

form a more general uncertainty variable that disturbance distributions are expected to represent. The 

disturbance distributions are then sampled to generate many plausible alternate models in a process called 

perturbation. Plausible models form a suite of 3D geological models that are consistent with the original 

dataset. That is, the degree of uncertainty associated to the original dataset allows these models to be 

plausible. In layman’s terms, the perturbation step is designed to simulate the effect of uncertainty by testing 15 

“what-ifs” scenarios. The variability of the plausible model suite is then be used as a proxy for model 

uncertainty. Several metrics have been used to express the model uncertainty in MCUE, including 

information entropy (Shannon 1948; Wellmann 2013; Wellmann and Regenauer-Lieb 2012), stratigraphic 

variability (Lindsay et al. 2012) and kriging error. The case for reliable uncertainty estimation in 3D 

geological modeling has been made repeatedly and this paper aims to further improve several points of 20 

MCUE methods at the pre-processing steps (Fig. 1-1). More specifically, (i) the selection of the PDFs used 

to represent uncertainties related to the original data inputs and (ii) the parameterization of said PDFs. 

Section 2 reviews the fundamentals of MCUE methods while section 3 addresses PDF selection and 

parameterization, lastly, section 4 expands further into the details of disturbance distribution sampling. 
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Figure 1-1: Monte Carlo Uncertainty Propagation procedure workflow. Input raw data refers to the traditional 

inputs for implicit 3D geological modelling. These data are “enriched” via attribution of disturbance 

distribution. Enriched data is considered a joint distribution from which plausible “batch data” are sampled. 

Each of these datasets is used to construct a plausible “output batch model”. Further processing allows the 5 
expression of uncertainties.  
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3. MCUE method 

Recently developed MCUE-based techniques for uncertainty estimation in 3D geological modeling require 

the user to define the disturbance distribution for each input data, based on some form of prior knowledge. 

That is necessary because MCUE is a one-step analysis as opposed to a sequential one: all inputs are 5 

perturbed once and simultaneously to generate one of the possible models that will be merged or compared 

with the others. MCUE is vulnerable to erroneous assumptions about the disturbance distribution in terms 

of structure (what is the optimal type of disturbance distribution) and magnitude (the dispersion parameters) 

of the uncertainty of the input data. However, it is possible to post-process the results of an MCUE 

simulation to compare them to other forms of prior knowledge and update accordingly (Wellmann et al. 10 

2014a). 

The MCUE approach is usually applied to geometric modeling engines (Wellmann and Regenauer-Lieb 

2012; Lindsay et al. 2013; Jessell et al. 2014a; Jessell et al. 2010), although it can be applied to dynamic or 

kinematic modeling engines (Wang et al. 2016; Wellmann et al. 2015). This choice is motivated by critical 

differences between the three approaches, both at the conceptual and practical level (Aug 2004). More 15 

specifically, explicit geometric engines require full expert knowledge while implicit ones are based on 

observed field data, variographic analysis and topological constraints (Jessell et al. 2014a).  Geometric 

modeling engines interpolate features from sparse structural data and topological assumptions (Aug et al. 

2005; Jessell et al. 2014a); they require prior knowledge of topology and are computationally affordable 

(Lajaunie et al. 1997; Calcagno et al. 2008). Dynamic modeling engines require knowledge of initial 20 

geometry, physical properties and boundary conditions; the modeling process is computationally expensive. 

Kinematic modeling engines require knowledge of initial geometry and kinematic history (Jessell 1981); 

the modeling process is computationally inexpensive. The implicit geometric approach is preferred for 

MCUE because knowledge of initial conditions is nearly impossible to achieve, and perfect knowledge of 

current conditions defeats the purpose of estimating any uncertainty. 25 

Implicit geometric modeling engines use mainly three types of inputs: interfaces (3D points), foliations (3D 

vectors) and topological relationships between geological units and faults (stratigraphic column and fault 

age relationships). Drillholes and other structural inputs such as fold axes and fold axial planes can also be 

used (Maxelon and Mancktelow 2005). Each data input is assigned to a geological unit and the model is 

then built according to predefined topological rules. The implicit geometric 3D modeling package 30 
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GeoModeller distributed by Intrepid Geophysics was used as a test platform for this study. The use of this 

specific software is motivated by its open use of co-Kriging (Appendix C) which is a robust (Matheron 

1970; Isaaks and Srivastava 1989; Lajaunie 1990) geostatistical interpolator to generate the models 

(Calcagno et al. 2008; FitzGerald et al. 2009). In addition, GeoModeller allows uncertainty to be safely 

propagated provided that the variogram is correct (Chilès et al. 2004; Aug 2004) as the co-Kriging 5 

interpolator then quantifies the its intrinsic uncertainty. Nevertheless, MCUE is not inherently limited by 

the choice of the interpolator and therefore, may be used with any implicit modeling engine. In the next 

section, a series of improvements are proposed to address the disturbance distribution problem. 
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4. Distribution types and their parameters 

Often, the disturbance distribution used to estimate input uncertainty is the same (same type and same 

parameterization) for all observations of the same nature (Wellmann et al. 2010; Wellmann and Regenauer-

Lieb 2012; Lindsay et al. 2012; Lindsay et al. 2013). Disturbance distribution parameters are defined 

arbitrarily (Lindsay et al. 2012; Wellmann and Regenauer-Lieb 2012) in most cases. Additionally, uniform 5 

distributions have been regularly used as disturbance distribution and expressed as a plus minus range over 

the location of interfaces (Wellmann et al. 2010; Wellmann 2013) or the dip and dip-direction (Lindsay et 

al. 2012; Lindsay et al. 2013; Jessell et al. 2014a). Here, propositions are made about the type of disturbance 

distributions that should be used for MCUE, how to parameterize them and associated possible pitfalls. 

4.1.  Standard distributions for MCUE 10 

The structural data collected to build the model is impacted by many random sources of uncertainty (Fig. 

1-1) such as measurement, sampling and observation errors (Bardossy and Fodor 2001; Nearing et al. 2016). 

Additionally, the uncertainty tied to each measurement is considered to be independent to the others. 

However, that is not to say that there is no dependence over the measured values themselves. For example, 

dip measurements along a fault line are expected to be spatially correlated though each measurement is an 15 

independent trial in terms of its measurement error. Consequently, MCUE may sample from disturbance 

distributions independently from one another. Under these conditions, the Central Limit Theorem (CLT) 

holds true for these data (Sivia and Skilling 2006; Gnedenko and Kolmogorov 1954) if the variance of each 

source of uncertainty is always defined. Uncertainty would then be better represented by disturbance 

distributions that are consistent with the CLT, namely the normal distribution for locations (Cartesian scalar 20 

data) and the von Mises-Fisher (vMF) distribution for orientations (spherical vector data) (Davis 2003). 

However, MCUE does not a priori forbid the use of any kind of distribution. The normal distribution is the 

canonical CLT distribution (i.e. the distribution towards which the sum of random variables tends) defined 

as 

Equation 1-1 25 

𝒩(𝑥|𝜀, 𝜎) =
𝑒

−(𝑥−𝜀)2

2𝜎2⁄

𝜎√2𝜋
 , 
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where ε  and σ  are the arithmetic mean and standard deviation, respectively. Note that the normal 

distribution is conjugate to itself or to Student’s t-distribution depending on which parameters are known a 

priori. That is, a normal prior distribution gives a normal or Student posterior distribution in the Bayesian 

framework given that the likelihood function is normal itself.  

The vMF distribution (Fig. 1-2) is the CLT distribution for spherical data; it is the hyperspherical 5 

counterpart to the normal distribution (Fisher et al. 1987) and is used under the same general assumptions 

for unit vectors on the p-dimensional unit hypersphere 𝑆(𝑝−1)*. The most important property of the vMF 

distribution is the axial symmetry of the data around the mean direction. The vMF distribution is also the 

maximum entropy distribution for spherical data and is conjugate to itself given that the likelihood function 

is vMF distributed. (Mardia and El-Atoum 1976). These properties make the vMF distribution suitable for 10 

uncertainty analysis of spherical data (Hornik and Grün 2013). Sampling from the vMF distribution is 

described in Appendix A. The general probability density of the vMF distribution for Sp-1 is expressed as 

follows 

Equation 1-2 

vMF(𝑥|𝛾, 𝜅) = 𝐶𝑝(𝜅)𝑒𝜅𝛾𝑇𝑥 , 𝜅 > 0 and ‖𝛾‖ = 1 , † 15 

where 𝛾𝑇 is the transposed mean direction vector and 𝜅 is the concentration respectively. 𝜅 is analogous to 

the inverse of 𝜎 for the normal distribution. High 𝜅 values denote distributions with low variance (Fig. 1-

2), ultimately leading to a 𝑝-dimensional hyperspherical Dirac distribution and 𝜅 = 0 means complete 

randomness (equivalent to a 𝑝-dimensional hyperspherical uniform distribution). Bear in mind that 𝜅 

impacts the shape of the vMF distribution exponentially (Fig. 1-2). Therefore, confidence intervals are not 20 

linearly correlated to 𝜅. For example, the 95% half aperture confidence interval for 𝜅 = 1 is 150 degrees, 

𝜅 = 10 is 37 degrees and 𝜅 = 100 is 11 degrees. 

𝐶𝑝(𝜅) is a normalization constant given by 

Equation 1-3 

                                                           
* Here Sp-1 denotes the surface of the p-dimensional hypersphere. 

 
† || || denotes the Euclidean norm. 
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𝐶𝑝(𝜅) =
𝜅𝑝 2−1⁄

(2𝜋)𝑝 2⁄ 𝐼𝑣=𝑝 2−1⁄ (𝜅)
 , 

where 𝐼𝑣(𝜅) is the modified Bessel function of the first kind at order 𝑣 , and 𝑝 the dimensionality of 𝑆 (𝑝 =

3 for 𝑆2). 

 

Figure 1-2:  von Mises-Fisher probability distribution function on S1 (p = 2) for various concentrations κ. 5 

4.2.  Disturbance distribution parameterization 

Regardless of which type of disturbance distribution is chosen, it is inappropriate to use the same 

distribution with the exact same parameters for each measurement in many cases including but not restricted 

to: cases where some data inputs are actually a statistic - such as the mean - that is derived from a sample 

instead of an actual individual occurrence (Moffat 1988); cases where inputs (at the same location) are 10 

samples themselves (Kolmogorov 1950); cases where the magnitude of the uncertainty of measurements 

may be impacted by the value of the measurement itself (Moffat 1982). Statistics derived from samples 

(e.g. mean, median) or the actual sample are expected to lead to less dispersed disturbance distributions 

compared to single observations (Patel and Read 1996; Bewoor and Kulkarni 2009; Bucher 2012; Sivia 

and Skilling 2006; Davis 2003). Therefore, making multiple measurements at each location of interest is 15 

recommended and field operators should not group, dismiss or otherwise alter this kind of data. For 

example, a 15m long limestone outcrop is expected to yield numerous structural measurements that should 
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be fed to MCUE as is such that disturbance distributions be parameterized more precisely. However, 

because structural data inputs are sparse and often scarce, a Bayesian approach to disturbance distribution 

parameterization is proposed. More specifically, a prior disturbance distribution is updated by 

measurements over a CLT compatible likelihood function to generate a predictive posterior disturbance 

distribution. The following demonstration applies to both the normal and the vMF distributions. 5 

The uncertainty about an input structural datum (location or orientation) can be described by a distribution 

𝐺 

Equation 1-4 

𝐺 = 𝑝(𝑥|𝜇true, 𝜗true), 

where 𝜇true and 𝜗true are the true mean and dispersion of the population, respectively. Measured data at a 10 

single location are a  𝑛 sized sample 𝑋 =  {𝑥1, … , 𝑥𝑛} of 𝐺. The disturbance distribution that should be used 

for MCUE must take into account prior knowledge about 𝜗true and the observed data 𝑋. This is achieved 

through a simple application of Bayes’ theorem 

Equation 1-5 

𝑝(𝜇|𝑋, 𝜗) =∝ 𝑝(𝑋|𝜇, 𝜗)𝑝(𝜇, 𝜗), 15 

where 𝜇 and 𝜗 are the expression of prior knowledge about 𝜇true and 𝜗true, respectively. The dispersion 

𝜗trueis expected to be a deterministic function estimated via rigorous metrological studies of which the 

methodology is beyond the scope of this paper. Thus, (1-5) simplifies to 

Equation 1-6 

𝑝(𝜇|𝑋) =∝ 𝑝(𝑋|𝜇)𝑝(𝜇). 20 

The prior distribution function 𝑝(𝜇) expresses prior belief about 𝜇. In this case, 𝑝(𝜇) is defined as Jeffreys 

improper prior (Sivia and Skilling 2006) for locations to express complete lack of knowledge about 𝑝(𝜇) 

Equation 1-7 

𝑝loc(𝜇) =  𝑐𝑜𝑛𝑠𝑡, 

and, for the same reason, as a uniform spherical distribution for orientations 25 
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Equation 1-8 

𝑝ori(𝜇) =  
1

4𝜋
. 

The likelihood distribution 𝑝(𝑋|𝜇) expresses the probability of observing 𝑋 given 𝜇 and is obtained under 

the assumption of independence by computing the joint density function for 𝑋 

Equation 1-9 5 

𝑝(𝑋|𝜇) = ∏ 𝑝(𝑥𝑖|𝜇).
𝑛

𝑖=1
 

The posterior predictive distribution 𝑝(�̂�|𝑋) expresses the theoretical distribution of a new observation 

given 𝑋 regardless of 𝜇, it is the target disturbance distribution to be sampled for MCUE and is given by 

Equation 1-10 

𝑝(�̂�|𝑋) = ∫𝑝(𝜇|𝑋)𝑝(�̂�|𝑋, 𝜇) 𝑑𝜇 , 10 

where �̂� is the element to be sampled. To illustrate the rationale for the usage of (10), one may consider the 

following example. 

When a single measurement is made at a specific location, the sample size is 1 (𝑋 =  {𝑥1}) and the 

observed average is equivalent to the measurement itself (𝜇 ≡ 𝑥1). Assuming that the dispersion function 

is deterministic then 𝜗true  is known. Obviously, the posterior distribution will be 𝑝(𝜇 = 𝑥1|𝑋 = 𝑥1) =15 

𝑝(𝑥|𝑥1, 𝜗true) . One might think that  𝑝(𝜇 = 𝑥1|𝑋 = 𝑥1) is the target disturbance distribution that should 

be used for the perturbation step. However, doing so would lead to systematic underestimation of the effect 

of 𝜗true because 𝑝(𝜇|𝑋) only quantifies the knowledge of 𝜇 in regard to 𝑥1. Indeed 𝑝(𝜇|𝑋) tells about all 

the possible 𝐺 that 𝑥1 might be sampled from, it is a distribution of the average and ultimately, how far 𝜇 

is from 𝜇true is (and will remain) unknown (Fig. 1-3). That is, sampling directly from 𝑝(𝜇|𝑋) ignores the 20 

fact that ∆𝜇 = √(𝜇 − 𝜇true)
2 is unknown. Such procedure would introduce an undesired unknown bias to 

the perturbation step. To account for this, 𝑝(𝜇|𝑋) is compounded to itself to obtain 𝑝(𝑥|𝑝(𝜇|𝑋), 𝜗true) 

which is equivalent to (10) and practically amounts to a double sampling of 𝑝(𝜇|𝑋) . Consequently, 

regardless of the quality of the prior knowledge about 𝜗true,  sampling from the posterior predictive 

distribution is better than sampling from the posterior distribution. 25 
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Figure 1-3: Effect of bias over predictive posterior and posterior distributions. The posterior distribution (green) 

is a Bayesian estimate of the distribution of the mean value of G and should never be used as a direct predictor. 

Instead, the predictive posterior distribution (blue) is the target distribution for MCUE. 

For a normal distribution, the posterior predictive distribution 𝑝N is 5 

Equation 1-11 

𝑝N(�̂�|𝑋)~𝒩 (𝑥 |𝜇0, 𝜎
2 +

𝜎2

𝑛
) , 

where 𝜇0  and 𝜎  are the sample mean and prior standard deviation, respectively. Note, that 𝜇0  is data 

contribution only while 𝜎 is prior reliable knowledge obtained via metrological analysis. For the vMF 

distribution the posterior predictive distribution is given by  10 

Equation 1-12 

𝑝vMF(�̂�|𝑋)~𝑣𝑀𝐹(𝑥|𝑣𝑀𝐹(𝜇0, 𝜅𝑅), 𝜅) ≈ 𝑣𝑀𝐹 (𝑥 |𝜇0,
𝜅𝑅

1 + 𝑅
) , 

where 𝜇0 and 𝜅 and are the mean direction vector of the sample and prior concentration (Appendix B) of 

the observed sample. Note that Equation 1-11 and Equation 1-12 can be applied to data recorded as a mean 

value provided that the size of the sample is known. 15 

In Equation 1-12 𝜇0 is given by 
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Equation 1-13 

𝜇0 = (𝑠𝑖𝑛𝜙⃛ 𝑐𝑜𝑠𝜃⃛ , 𝑠𝑖𝑛𝜙⃛ 𝑠𝑖𝑛𝜃⃛ , 𝑐𝑜𝑠𝜙⃛ ) , 

where  

Equation 1-14 

𝑠𝑖𝑛𝜙⃛ = ∑ 𝑠𝑖𝑛𝜙𝑖

𝑛

𝑖=1
; 𝑠𝑖𝑛𝜃⃛ = ∑ 𝑠𝑖𝑛𝜃𝑖

𝑛

𝑖=1
; 𝑐𝑜𝑠𝜃⃛ = ∑ 𝑐𝑜𝑠𝜃𝑖

𝑛

𝑖=1
 , 5 

where 𝜙 is the colatitude, 𝜃 is the longitude and 𝑅 is the resultant length of the observed sample. 

In Equation 1-12 𝑅 is given by 

Equation 1-15 

𝑅 = [(𝑠𝑖𝑛𝜙⃛ 𝑐𝑜𝑠𝜃⃛ )
2
+ (𝑠𝑖𝑛𝜙⃛ 𝑠𝑖𝑛𝜃⃛ )

2
+ (𝑐𝑜𝑠𝜙⃛ )

2
]

1
2
 . 

From Equation 1-11 and Equation 1-12 it appears that sampling from prior distributions directly will lead 10 

to systematic underestimation of dispersion because 𝜎2 ≥
𝜎2

𝑛
 and 𝜅 ≤

𝜅𝑅

1+𝑅
. In turn, this bias will narrow the 

range of models explored by MCUE and will make the final results look less uncertain than they should be. 

This is highly important because disturbance distribution sampling in MCUE is a one-step process and 

incorrect disturbance distributions are not be updated or refined at any point. Therefore, accurate 

parameterization of a disturbance distribution at the beginning of the process is crucial to ensure accurate 15 

sampling. Bayesian schemes exist to validate models based on some external observations/assumptions 

(Fig. 1-1) that are used to build likelihood functions (de la Varga and Wellmann 2016). However, these 

schemes are known not to yield good results when incorrect informative priors are used (Freni and Mannina 

2010; Morita et al. 2010). Incorrect informative priors have low dispersion (high precision, ‘self-confident’) 

and high bias (low accuracy, ‘off target’). This results in an inability of standard Bayesian schemes to 20 

update these priors regardless of the strength of the evidence. For example, a posterior distribution extracted 

from a single foliation measured on an outcrop cannot be used as a disturbance distribution. Indeed, it is 

too narrow and may be heavily biased (Fig. 1-3). To avoid this detrimental effect, one should instead sample 

from the posterior predictive distributions (1-11, 1-12) for more accurate results about uncertainty. 
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4.3.  Measurement scedasticity 

Scedasticity is defined as the distribution of the error about measured or estimated elements of a random 

variable of interest (Levenbach 1973). It expresses the relationship between the measured values and their 

uncertainty. In the case where uncertainty is constant across the variable space the variable is homoscedastic 

(Fig. 1-4a), such behavior is commonly assumed in gravity surveys (Middlemiss et al. 2016). When 5 

uncertainty is not constant throughout the variable space, the variable is called heteroscedastic (Fig. 1-4b, 

Fig. 1-4c). Note that heteroscedastic cases include both structured (Fig. 1-4b) and unstructured (Fig. 1-4c) 

relationships between the measured values and their respective errors. Structured heteroscedastic variables 

show a clear relationship (e.g. correlation, cyclicality) between the variable and its uncertainty while 

unstructured ones do not. Structured heteroscedastic behavior is observed electrical resistivity tomography 10 

(Perrone et al. 2014), magnetotellurics (Thiel et al. 2016; Rawat et al. 2014), airborne gravity and magnetics 

(Kamm et al. 2015) and controlled-source electromagnetic (Myer et al. 2011) surveys. It is usually possible 

to transform a structured heteroscedastic variable to a space where it becomes homoscedastic (commonly 

the log space), perform analysis and transform back to the original space. Unstructured heteroscedastic 

behavior is common in seismic surveys and impacts inversions (Kragh and Christie 2002; Quirein et al. 15 

2000; Eiken et al. 2005). The heteroscedastic case essentially allows for any level of correlation between 

the measured values and their uncertainty/error to be possible (Fig. 1-5). 



40 

 

 

 

Figure 1-4: Synthetic examples of different levels of scedasticity of measurements of the same variable. (a) 

homoscedastic case, (b) structured heteroscedastic case and (c) unstructured heteroscedastic case. Note how the 

least square polynomial residuals score (R2) is heavily impacted by scedasticity. 



41 

 

 

 

Figure 1-5: Distribution of errors for the cases described in Figure 1-3. Homoscedastic case shows constant 

uncertainty and no relationship of uncertainty to the data. The structured heteroscedastic case has a linear 

relationship of uncertainty to the data. The unstructured heteroscedastic case demonstrates no obvious 

relationship of uncertainty to the data and is not constant. 5 

The failure to account for scedasticity often implies the assumption of homoscedasticity as this assumption 

allows for a wider range of statistical methods to be applied. With heteroscedastic data, the results of 

methods that depend on the assumption of homoscedasticity, such as least squares methods (Fig. 1-4), give 

results of much decreased quality (Eubank and Thomas 1993) and this may lead to the validation of 

incorrect hypotheses. Scedasticity analysis from raw data without prior knowledge is challenging (Zheng 10 

et al. 2012) and this topic of research is still being investigated (Dosne et al. 2016). If there is no option for 

an appropriate transform, it is advisable to perform an empirical analysis of scedasticity beforehand. This 

is usually achieved through experimental assessment of uncertainty under various conditions (metrological 

study) of measurement and over the entire range of measured values (Allmendinger et al., 2017;Cawood et 

al., 2017;Novakova and Pavlis, 2017). The results of such analysis can then be used to define the prior 15 

dispersion (𝜗 in 5) more accurately as a function of the measurement instead of a constant. 

Each data input is expected to carry its own parameterization for disturbance distribution depending on the 

nature of the input (single measurement, sample, central statistic). Additionally, the parameters of the 

disturbance distributions are better defined when scedasticity is accounted for. It is worth mentioning that 

both the Normal distribution and the von Mises-Fisher distribution have a complete range of analytical or 20 

approximated solutions for both posterior and posterior predictive distributions (Rodrigues et al. 2000; 
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Bagchi and Guttman 1988; Bagchi 1987). In the next section, disturbance distribution sampling for 

spherical data (orientations) is discussed. 
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5. Sampling of orientation data for planar features 

In the geoscience, the orientation of planar features such as faults and bedding is described by foliations. 

These foliations can be recorded in the form of dip vectors using the dip dip-direction system. This system 

is equivalent to a reversed right-hand rule spherical coordinates system. The following covers sampling 

strategies for such spherical data and demonstrates their impact on MCUE results. 5 

5.1.  Artificial heteroscedasticity 

Recent research using MCUE (Lindsay et al. 2012; Lindsay et al. 2013; Jessell et al. 2014b; Wellmann and 

Regenauer-Lieb 2012; de la Varga and Wellmann 2016) use dip and dip-direction values independently (as 

two scalars) from one another. The dip, dip-direction system is a practical standard for field operators to 

record and make sense of orientation data. However, it is highly inappropriate for statistics. Geoscientists 10 

generally perform statistical analysis on stereographic projections of the dip vectors to the planes. Because 

stereographic projection involves the transform of dip vectors to pole vectors (normal vector to the plane), 

it gives a sound representation of the underlying prior uncertainty distribution. The pole transform step is 

essential to avoid variance distortion (Fisher et al. 1987) as shown in Figure 1-5. The distortion will increase 

as the dip of the plane diverges from 
𝜋

4
 and is maximal for degenerate cases of the dip-direction system such 15 

as horizontal and vertical planes (Fig. 1-6). In the case of an uncertain horizontal plane, dip vectors 

distribute themselves directly below and about the equator of S2, following a girdle-like distribution (Fig. 

1-7a, Fig. 1-7b). Consequently, the resultant length is null and the spherical variance 𝑆𝑠
2 (1-16) equals unity 

as the barycenter of all dip vectors is located at the center of S2. 



44 

 

 

 

Figure 1-6: Distortion of the Maximum Likelihood Estimation (MLE) of concentration/spherical variance of a 

hundred spherical unit vector samples of a size of a thousand individuals drawn from a von Mises-Fisher 

distribution with κ = 100. Pole based estimate is always consistent with the data while dip based ones either over 

or underestimate it. 5 
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Figure 1-7: Effect of sampling over dip vectors or pole vectors on bounded uniform spherical distribution at 

range = 10° (a, c, e) and von Mises-Fisher distribution at κ = 100.0 (b, d, f) for uncertain horizontal planes (a, 

b), 45° dip planes (c, d) and vertical planes (e, f). Correct (pole perturbed) dip vectors are green, incorrect (dip 

perturbed) dip vectors are red and blue vectors are the poles. See section 4.1 for details. 5 
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Equation 1-16 

𝑆𝑠
2 = 1 −

𝑅

𝑛
 , 

Naive interpretation of 𝑆𝑠
2 may lead one to misinterpret uncertainty to be infinite (𝑆𝑠

2 = 1) and the plane’s 

orientation to be uniformly random where it might be very well constrained in reality. That is so because 

𝑆𝑠
2 is a scalar quantity used to represents dispersion for samples of spherical unit vectors. Therefore, it is 5 

expected that 𝑆𝑠
2 is ambiguous in some cases. The opposite effect occurs for (sub)vertical planes where 𝑆𝑠

2 

will appear to be lower than expected. In Figure 1-7, the effect of dip vector sampling and pole vector 

sampling is demonstrated for theoretical cases. Here, the blue clusters are the direct result of pole vector 

sampling and always describes the plane’s behavior accurately in terms of pole vectors. They have constant 

point density and are isotropic, parameterization is easy and reliable for distributions such as von Mises-10 

Fisher (Fig. 1-7b, Fig. 1-7d, Fig. 1-7f) or bounded uniform (Fig. 1-7a, Fig. 1-7c, Fig. 1-7e). Green clusters 

are the result of pole vector sampling (blue) converted back to dip vector and they describe the plane’s 

behavior accurately in terms of dip vectors. These clusters have varying shapes and may not be modelled 

satisfactorily by any existing spherical distribution for all possible cases. Red clusters are the direct result 

of dip vector sampling and fail to describe the behavior of the plane accurately. Therefore, accurate 15 

sampling based on dip vectors (green) is nearly impossible to achieve without increasing the number of 

parameters of the distributions to take into account the aforementioned effects (i.e. adding a set of functions 

to compensate for scedasticity errors as well as boundary effects). For example, in a scenario where dip 

vectors are used directly to estimate a sample’s spherical variance or sample over a disturbance distribution, 

one may attempt to define separate values for dispersion of dip and dip-direction (Lindsay et al. 2012) in 20 

order to compensate for scedastic incoherence. A horizontal plane’s uncertainty is then obtained by setting 

circular variance as null over the dip-direction and as any real positive value over the dip. In addition, some 

form of boundary control or polarity correction of the dip is necessary to remove incorrect occurrences. 

Conversely, poles to planes carry information about polarity implicitly (e.g. the Cartesian pole of a 

horizontal plane is [0,0,1] while its reversed counterpart is [0,0,-1]). Note that this method still does not 25 

solve the scedasticity issue entirely, especially for high uncertainty values about the dip and vertical dips. 

Similarly, if dip vectors are used directly, near vertical planes display uniform random behavior of dip 

direction (Fig. 1-7e, Fig. 1-7f) instead of the expected “bow tie” pattern. This pattern is impossible to model 

accurately using CLT spherical distributions as they are unimodal and symmetric.  
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The use of distributions in MCUE makes it very sensitive to scedasticity over inputs. The uncertainty of a 

dip vector which is quantified by any dispersion parameter similar to 𝑆𝑠
2  will show non-systematic 

heteroscedasticity because of variance distortion. A plane dipping at any angle would show increased 

heteroscedasticity of its uncertainty as the dispersion parameter used to parameterize the underlying 

distribution increases. Note that uncertain planes show increased heteroscedasticity as their dip diverges 5 

from a 45 degrees dip (Fig. 1-7c, Fig. 1-7d). Boundary effects also play a role for horizontal and vertical 

limit cases (Fig. 1-6, Fig. 1-7) as standard dip angles are constrained to 0 −
𝜋

2
. That of course considerably 

lowers the quality of any subsequent procedure that relies on accurate propagation of uncertainty as these 

planes are expected to have the lowest uncertainty in terms of dip direction. These impracticalities make it 

generally better to work on pole vectors rather than dip vectors. Pole vectors mostly eliminate the need for 10 

variance correction and allow coherent sampling over a plane’s orientation (Fisher et al. 1987). The pole 

vector transform is widely used in structural geology (Phillips 1960; Wallace 1951; Lisle and Leyshon 

2004) through stereographic projection. Therefore, data collected as dip vectors using the dip, dip direction 

system (green clusters, Fig. 1-7) must be transformed to poles (blue clusters, Fig. 1-7) for accurate 

estimation of spherical variance. Disturbance distributions should then be defined and sampled based on 15 

the pole vectors (mean of blue clusters, Fig. 1-7), as described in section 3.2, instead of the mean dip vector 

(mean of green clusters, Fig. 1-7) to avoid distortion (red clusters, Fig. 1-7). The sample can then be 

converted back to dip vectors if required. 

5.2. . Impact of pole vector sampling versus dip vector sampling 

The impact of pole versus dip vector sampling on the results of MCUE is evaluated on a simple synthetic 20 

model and on a realistic synthetic model. The simple model is a standard symmetric graben with four 

horizontal units, it has been chosen for its simplicity and is commonly used as a test case (Wellmann et al. 

2014b; de la Varga and Wellmann 2016; Chilès et al. 2004) in MCUE for proof of concepts. The realistic 

model is a modification of a real demonstration case that is part of the GeoModeller package based on a 

location near Mansfield, Victoria, Australia. It features a Carboniferous sedimentary basin oriented NW-25 

SE that is in a faulted contact (Mansfield Fault) on its SW edge to a Siluro-Devonian set of older, folded 

basins. Outcropping units are almost all of the siliceous detritic type ranging from mildly deformed 

sandstones to siltstones and shales, the basement is made of Ordovicio-Cambrian serpentinized sandstone. 

The original data for the Mansfield model was not altered in any way, instead data based on the Mansfield 
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geological map (Cayley et al. 2006) geophysical map (Haydon et al. 2006) and airborne geophysical survey 

(Wynne and Bacchin 2009; Richardson 2003) were added to refine it. 

The graben model is built using orientations and interfaces only, with 3 interfaces and 3 foliations per unit 

and 1 interface and 1 foliation per fault (Fig. 1-8, Fig. 1-9c). The Mansfield model is built with 281 interface 

points and 176 foliations over 6 units and 3 faults (Fig. 1-10, Fig. 1-11c). For both models, perturbation is 5 

performed as described in section 3. For the graben model, units’ interfaces are isotropically perturbed over 

a normal distribution with the mean centered on the original data point and standard deviation of 25m. The 

orientations of the faults are perturbed over a von Mises-Fisher distribution with the original data as the 

mean vector and concentration of 100 (p95 ~ ±10 degrees) following the recommended pole vector 

procedure described in section 4.1 (Fig. 1-9a, Fig. 1-11a) or the dip vector one (Fig. 1-9b, Fig. 1-11b). For 10 

the Mansfield model, all interfaces and orientations (both for units and faults) are perturbed using the 

parameterization given for the graben model. The perturbation parameters for orientations were chosen to 

be compatible with metrological data That is values for the dispersion of the spherical disturbance 

distributions used for the foliations were estimated on the basis of the variability of plane measurements 

observed by other authors (Nelson et al. 1987; Stigsson 2016; Allmendiger et al. 2017; Cawood et al. 2017; 15 

Novakova et al. 2017) in a variety of settings and for different types of devices. Perturbation parameters for 

interfaces were designed to meet observed GPS uncertainty (Jennings et al. 2010) and observed 

experimental interface variability in previous authors’ works (Courrioux et al. 2015; Lark et al. 2014; Lark 

et al. 2013). More specifically it was assumed that the observed end variability of the interfaces’ locations 

in their models can be transposed to the presented cases. This is of course an approximation in the absence 20 

of specific metrological studies. 
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Figure 1-8: Structural data for the graben model and modelled surfaces for units and faults. Spheres represent 

interfaces and cones represent pole vectors. 

 

Figure 1-9: Effect of pole (a) versus dip (b) perturbation for a graben model (c), orientations are perturbed over 5 
a vMF distribution with kappa = 100. 
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Figure 1-10: Structural data for the Mansfield model and modelled surfaces for units and faults. Spheres are 

interfaces and cones are orientations. 

 

Figure 1-11: Effect of pole (a) versus dip (b) perturbation on a cross–section of the Mansfield model (c), 5 

orientations are perturbed over a von Mises-Fisher distribution with κ = 100. 
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The influence of dip vector (Fig. 1-9b, Fig. 1-11b) versus pole vector (Fig. 1-9a, Fig. 1-11a) sampling of 

orientations is very noticeable over the output information entropy uncertainty models. Information entropy 

is a concept derived from Boltzmann equations (Shannon 1948) that is used to measure chaos in categorical 

systems. Because of this, it is possible to use information Entropy as an index of uncertainty in categorical 

systems. Dip vector sampling appears to add a layer of artificial “noise” on top of the uncertainty models. 5 

The “noise” prevents expected structures of the starting model (Fig. 1-9c, Fig. 1-11c) to be easily 

distinguishable. In cases where the orientation data is more vulnerable to improper sampling error (away 

from 45° dips) important structures may completely disappear such as the near vertical faults in the graben 

model (Fig. 1-9) or the circled areas in figure 1-11. It also appears that areas where low uncertainty would 

be expected (orange unit in Fig. 1-11) are the loci of excess uncertainty. These observations support the 10 

assertion that pole vector sampling should be favored to improve uncertainty propagation in MCUE.  
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6. Discussion 

Generally, CLT distributions are valid choices as prior uncertainty distributions (and disturbance 

distributions) because they describe the behavior of uncertainty well. However, there may be scenarios 

where alternatives can offer a better solution. More specifically, the uniform or the Laplace distribution 

may better describe location uncertainty than the normal distribution. The uniform distribution indicates a 5 

lack of constraints as to the prior uncertainty distribution, it is a valid choice when there is little knowledge 

about data dispersion. The Laplace distribution is suitable if the measured data abide by the first law of 

errors instead of the second (Wilson 1923). For example, to model the uncertainty on the thickness of a 

geological unit along a drillcore, one might observe that the uncertainty of the location of the top and bottom 

interface of the unit is best represented by an exponential distribution. In this instance, the Laplace 10 

distribution would be a suitable option to model the thickness’ uncertainty. Under similar circumstances, a 

spherical exponential distribution could be swapped with the vMF distribution. The Kent‡ distribution is 

also a good candidate to describe orientation uncertainty when the pole vectors of measured orientations 

appear to be anisotropically distributed on S2 (Kent and Hamelryck 2005). 

In this paper, it is explicitly assumed that the dispersion of prior uncertainty distributions is a deterministic 15 

function. Note that this does not necessarily make this function a constant and it might depend on the 

observed data. The dispersion function of field measurements (using a compass) of structural data would 

be expected to be nearly constant. Conversely, the dispersion function of interpreted measurements (using 

geophysics) would be expected to be dependent on the sensitivity of the intermediary method. Additionally, 

dispersion functions may be probabilistic as well as deterministic (Bucher 2012). Determinism is a strong 20 

assumption when no metrological study was conducted beforehand to assess its plausibility. Such 

metrological studies involve experimental testing of devices and procedures in order to estimate precision, 

accuracy, bias, scedasticity or drift about measured data. These estimates can then be compiled into a 

dispersion function that can be used as input parameter for other purposes, including prior uncertainty 

distributions for MCUE. Probabilistic dispersion functions imply non-negligible uncertainty onto the 25 

dispersion function for prior uncertainty distributions. Uncertainty about dispersion makes the proposed 

workflow for disturbance distribution parameterization inadequate. Indeed, (5) may not be simplified into 

                                                           

‡ . The Kent distribution is the spherical analogue to a bivariate normal distribution, it takes an additional 

concentration parameter along with a covariance matrix. Together, these two parameters allow for any level 

of elliptic anisotropy on S2. 
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(6) anymore and the following statements (7 to 14) would then ignore the probabilistic nature of the 

dispersion function. Both the normal and the vMF distributions have analytical solutions or good 

approximations for such cases, the authors recommend the readers to refer to relevant works (Gelman et al. 

2014; Bagchi and Guttman 1988) if required. Note that there is significant metrological work about 

borehole data (Nelson et al. 1987; Stigsson 2016) as opposed to usual structural data such as foliations, fold 5 

planes, fold axes or interfaces. 

Although the authors make the case for scedasticity analysis in MCUE, it is left open in this paper. 

Scedasticity is essentially an untouched subject in geological 3D modeling and it was pointed out to make 

the geological 3D modeling community aware of this fact and its potentially nefarious influence on MCUE 

outputs. However, standard metrological studies can determine scedasticity and include it into a dispersion 10 

function to be a parameter of the prior uncertainty distributions (Bewoor and Kulkarni 2009; Bucher 2012). 

The evidence brought at the theoretical and practical levels allows to strongly advocate for the use of pole 

vectors over dip vectors. In fact, dip vector sampling shows poor performance away from 45 degrees dip 

planes, induces artificial heteroscedasticity and requires specific polarity indicators. This especially applies 

to MCUE methods where Bayesian post-analysis is performed onto the probabilistic model that results from 15 

basic propagation of uncertainty (de la Varga and Wellmann 2016). In this respect, dip vector sampling 

leads to incorrect highly informative prior distributions which is catastrophic for any Bayesian methods 

(Morita et al. 2010). Nonetheless, it is worth mentioning that the arguments in section 4.1 only apply to dip 

vectors of a plane and should not be extended to actual vector structural data such as fold axes or lineations. 

That is so because these data represent linear features (lineations, fold axes, other planar features 20 

intersections) for which the concept of a pole does not apply. 

Good prior knowledge about input uncertainty is critical to the propagation of uncertainty in general. This, 

in turn, makes metrological work mandatory to any form of modeling that relies on actual measured data. 

Note that it is acceptable to use preexisting metrological studies to define the priors (Allmendinger et al. 

2017; Cawood et al., 2017;Novakova and Pavlis, 2017) provided that the measurement device and 25 

procedure used are similar to that of the studies. To gather multi observations per site is strongly 

recommended as this practice sharply increases the quality of the disturbance distributions. From a practical 

point of view this would require field operators to perform several measurements onto the same outcrop. If 

that is not possible one may group measurements of clustered outcrops together provided that the scale of 

the modeled area compared to that of the cluster allows it. The authors recommend not grouping clusters 30 

that are spread out more than three orders of magnitude below the model size (e.g. for a 10km x 10km 
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model, clusters of radius higher than 5m shall not be grouped). Note that more refined structural data 

upscaling methods have been proposed recently to address this specific issue (Carmichael and Ailleres 

2016). However, there is another major source of uncertainty that stems from the necessarily imperfect 

modeling engine itself. Implicit geometric modeling engines (in this case, GeoModeller) use interpolation 

to draw the contact surfaces of geological units. Therefore, the parameterization of the interpolator may 5 

impact results. The co-Kriging interpolator (Appendix C) used in this paper relies on (uncertain) 

variographic analysis (Appendix C, 28) and is natively able to express its own uncertainty (Appendix C, 

29). Therefore, these sources of uncertainty are expected to be propagated along the input uncertainty as 

hyperparameter in Equation 1-5. 

  10 
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7. Conclusion 

Propagation of uncertainty is the process through which different kinds and sources of uncertainties about 

the same phenomenon are combined into a single final estimate. MCUE methods seek to achieve 

propagation of uncertainty using Monte Carlo based systems where input uncertainty is simulated through 

the sampling of probability distributions called a disturbance distribution.  Disturbance distributions are the 5 

distributions that normally best represents the uncertainty about the input data. In the context of uncertainty 

propagation in geological 3D modeling.  

This paper discusses the importance of disturbance distribution selection, proposes a simple procedure for 

better disturbance distribution parameterization and a pole vector-based sampling routine for spherical data 

(orientations) used to represent the geometry of planar features. Pole vector-based sampling for spherical 10 

data and Bayesian disturbance distribution parameterization are proved - either through demonstration or 

through experiment - to be valid and practical choices for MCUE applied to implicit 3D geological 

modeling. Namely, the normal and the vMF distributions are shown to be best candidates for disturbance 

distributions for location and orientations, respectively. A Bayesian approach to disturbance distribution 

parameterization is shown to avoid underestimation of input data dispersion. Which is important as such 15 

underestimation artificially decreases the output uncertainty of the 3D geological models. Such 

underestimation may give a false sense of confidence and lead to poor decision making. Pole vector 

sampling is evidenced to be the best alternative because it is guaranteed not to distort the disturbance 

distributions shape or generate artefacts in the output uncertainty models the way dip vector sampling does. 

The proposed framework and methods are compatible with previous MCUE work on 3D geological 20 

modeling and can be added easily to existing implementations to improve their accuracy. As MCUE is 

applicable to all fields where 3D geological models are needed, so is the proposed framework. The primary 

domains of application are the mining and oil and gas industry at the exploration, development and 

production steps. In addition, numerous secondary domains of potential application are available to this 

work, such as civil engineering and fundamental research. 25 
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8. Data/Code availability 

Both the Mansfield and graben GeoModeller models (including the perturbed datasets and series of 

plausible models) showcased in the present study are available online openly at 

https://doi.org/10.5281/zenodo.848225 and https://doi.org/10.5281/zenodo.854730 respectively. 

Instructions on how to use the GeoModeller API can be found at http://www.intrepid-5 

geophysics.com/ig/index.php?page=geomodeller-api. 

Although proprietary, the GeoModeller software is available for a fully enabled one-month trial period at 

http://www.intrepid-geophysics.com/ig/index.php?page=downloads. 
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1. Abstract 

Monte Carlo Uncertainty Estimation (MCUE) is an emerging heuristic uncertainty propagation method 

designed to provide reliable and time/cost efficient estimates of geometrical uncertainties in 3D geological 

modeling. MCUE is a subtype of Bayesian Monte Carlo method similar to geostatistical simulation. The 

methods described here rely on disturbance probability distributions that are parameterized to best represent 5 

individual input uncertainty. Essentially, disturbance distributions quantify the error about the location 

(x,y,z) and orientation (dip and azimuth) of observed geological structures. The disturbance distributions 

are sampled either independently of via a Markov-Chain to produce many plausible alternative datasets. 

These plausible datasets are then input to a 3D geological modeling engine to build a series of plausible 

alternative model realizations. Further processing may be applied to the series of plausible models to 10 

provide valuable decision aids such as probabilistic models, reliability models, or uncertainty reduction 

hotspot maps. 

In this paper, a complete and comprehensive MCUE procedure for common drillhole path and log 

uncertainty propagation is proposed. Basic concepts of drillhole uncertainty are introduced and are applied 

to a Markov Chain scheme. Appropriate disturbance distributions for the different parts of the problem and 15 

their respective parameterization are discussed. The method proposed is demonstrated on three separate 

proof of concept case studies of increasing complexity. Results demonstrate that the method is able to 

propagate path and log uncertainty appropriately. First order interpretation indicates that both path and log 

uncertainty increase with depth and angle of attack to the geological interfaces. Ignoring drillhole 

uncertainty was found to be detrimental to the understanding of a modeled area which is most likely due to 20 

the over-constraining effect brought by “perfect” drillholes. Moreover, the third case study (Mansfield) 

hints that uncertainty is better reduced when drillholes cross suspected triple points. 

KEYWORDS: uncertainty propagation, 3D geological modeling, Monte Carlo, Markov-Chain, drillhole, 

disturbance distribution 

  25 
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2. Highlights 

• Propagation of uncertainty via MCUE for drillholes is made via a Markov Chain 

• Drillhole induced model uncertainty increases with depth and distance to the drillhole path 

• Uncertain drillholes may reduce overall model uncertainty 

• Drillholes that intersect triple points better reduce model uncertainty 5 

• Low input uncertainty for drillhole retains significant impact on model uncertainty 
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3. Introduction 

Three-dimensional (3D) geological models describe our understanding of the geology in a specific area of 

interest (Lark et al., 2013). Essentially, 3D geological models are the 3D equivalent to standard geological 

maps and see use in similar domains of application. Therefore, they are necessary to guarantee informed 

decision making in geoscience (Pakyuz-Charrier et al., 2017b). 3D geological models are particularly useful 5 

in mining (Cammack, 2016; Dominy, 2002), oil and gas (Nordahl and Ringrose, 2008), infrastructure 

engineering (Aldiss et al., 2012), water supply management (Prada et al., 2016), geothermal power plants 

(Moeck, 2014), waste disposal (Ennis-King and Paterson, 2002), natural hazard management (Delgado 

Marchal et al., 2015), hydrogeology (Jairo, 2013) and archaeology (Vos et al., 2015). 

3D geological models are aimed to represent an exceedingly complex reality in a human-readable way. By 10 

the virtue of being human-made constructs, they carry a partial understanding of reality and are fraught 

with uncertainties. Certainly, 3D geological models are attempts to simplify the natural world (Bardossy 

and Fodor, 2001) and therefore, carry uncertainty about their inputs and their conceptualization (Bardossy 

and Fodor, 2001; Pakyuz-Charrier et al., 2017b). The very existence of these uncertainties brings the 

unavoidable need to estimate them to assess the reliability of the models. Uncertainty, if used as the basis 15 

for expressing reliability, is indeed key to informed, risk aware, decision making. 

Monte Carlo Uncertainty Estimation (MCUE) is an emerging heuristic method (Giraud et al., 2017; Pakyuz-

Charrier et al., 2017a; Schweizer et al., 2017) with the aim to provide its users with reliable and time/cost 

efficient estimates of geometrical uncertainties in 3D geological modeling that can easily be used as inputs 

to other modeling methods (Jessell et al., 2010; Lindsay et al., 2012; Niri, 2015; Wellmann and Regenauer-20 

Lieb, 2012). It is an improvement of the older Generalized Likelihood Uncertainty Estimation (GLUE) 

method (Beven and Binley, 1992; Cassard et al., 2008). Both GLUE and MCUE are special cases of 

Bayesian Monte Carlo methods (Pakyuz-Charrier et al., 2017b) that aim to estimate and propagate 

uncertainty over three steps (Fig. 2-1); (i) input disturbance probability distribution function (PDF) 

sampling (often referred to as perturbation), (ii) multi-model simulation and (iii) a final merging step where 25 

uncertainty is visualized using various uncertainty indexes and statistics. Disturbance PDFs are derived 

from input uncertainty distributions (Pakyuz-Charrier et al., 2017b) which are themselves obtained through 

metrological studies of the measurement uncertainty. The multi-model simulation is based on the sampling 

of the disturbance PDFs that produces multiple “perturbed” plausible datasets. These datasets are then fed 

to a modeling engine to build multiple plausible models. Lastly, the plausible models are analyzed and/or 30 

merged into probabilistic models and/or uncertainty models. The final outputs can then be integrated into 
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other systems for geophysical inversion (Giraud et al., 2016a; Giraud et al., 2016b; Giraud et al., 2018), 

fluid flow simulations or geotechnical risk assessment (Fig. 2-1). Note that the potential ‘curse of 

dimensionality’ that should negatively impact the significance of the MCUE approach when dealing with 

large input datasets can be largely ignored because of the strong correlation between structural data 

measurements on the field. This correlation stems from the more general rules of structural geology such 5 

as the principles of superposition, intrusion, cross-cutting, horizontality and uniformitarianism. 

To this date, MCUE is mainly applied to implicit modeling engines. In the present paper, Intrepid’s 

cokriging based GeoModeller software is used as the modeling engine. The perturbation step is usually 

limited to interfaces (a 3D point that qualifies the interface between two geological units) and foliations (a 

3D spherical vector that measures the orientation of the interfaces between two geological units) (de la 10 

Varga and Wellmann, 2016; Jessell et al., 2014; Lindsay et al., 2012; Lindsay et al., 2013; Pakyuz-Charrier 

et al., 2017a; Pakyuz-Charrier et al., 2017b; Wellmann et al., 2014a). However, structural field 

measurements are not limited to two types of inputs and may include fold axes, fold planes, cleavages and 

crenulations. These data may be, for example, measured ex situ from satellite imagery or geophysical 

inversion or in situ from outcrops and drillholes (Fig. 2-2). 15 

This paper proposes a procedure to integrate basic structural data (from the geological log) and construction 

uncertainties (from the drillhole path) to MCUE. More specifically, this paper aims to (i) define a 

statistically consistent perturbation scheme for drillholes’ paths and geological logs, and (ii) demonstrate 

the impact of drillhole path and geological log uncertainty on various models. Section 2 presents the concept 

of uncertainty in drillhole data for 3D modeling while section 3 defines the mathematical framework for 20 

drillhole perturbation and section 4 demonstrates the impact of drillhole uncertainty on probabilistic 3D 

geological models. 
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Figure 2-1 MCUE simplified procedure  
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Figure 2-2 Drillhole uncertainty propagation diagram in 3D geological modeling. Path uncertainty refers to 

drilling engineering reliability while interface uncertainty relates to logging reliability.  
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4. Uncertainty in drillholes 

Drillholes are hollow tubular constructions made using a drilling rig with the purpose of gaining access to 

material that is buried at various depths (Hartman and Britton, 1992; Hartman and Mutmansky, 2002). 

Because they can be used to record wireline petrophysical log and/or interpret a geological log along their 5 

path (Devon et al., 2016), they are an invaluable type of structural input for geological 3D modeling (Yue 

et al., 2006). Given that study areas in 3D modeling range from the kilometric (mining sites) to the 

megametric (crust) scale (Houlding, 2012), drillholes are usually considered to be direct, in depth, 

continuous observations of the geology along a line (de Vallejo and Ferrer, 2012; Hartman and Britton, 

1992; Hartman and Mutmansky, 2002). However, it is important to distinguish the drilling path from the 10 

logs. The drilling path is the geometrical object that describes the engineering of a drillhole (Fig. 2-2a). The 

geological log is a record of the succession of geological units along the path of the drillhole. The log may 

include structural (Fig. 2-2b) and/or petrophysical measurements all of which uncertainties can be described 

using the standard tools of metrology. 

The existing literature that discusses methods to assess drillhole uncertainty (Jewbali et al., 2017; 15 

Ruwanpura et al., 2004) is not appropriate for MCUE as they do not express uncertainty through the 

definition of PDFs that could be used as disturbance distributions (Elfeki and Dekking, 2007; Lelliott et al., 

2009; Li et al., 2004; Winkler, 2017) or focus on other aspects of the problem such as well placement 

(Andaverde et al., 2005; Boucher et al., 2005; Jafrasteh and Fathianpour, 2017; Martínez-Vargas, 2017; 

Pilger et al., 2001). In the following, an abstraction of drillholes in the context of uncertainty propagation 20 

using MCUE will be presented in two separate subsections. 

4.1.  Construction uncertainty 

Construction uncertainty is a by-product of the engineering process of a drillhole and extensive literature 

is available that discusses the issue of drillhole path uncertainty (Alford et al., 2007; Boucher et al., 2005; 

Froyland et al., 2004; Goovaerts, 1997; Ruwanpura et al., 2004; Winkler, 2017) in detail. It is a form of 25 

uncertainty which impact should not be underestimated as it can lead to critical failures in resource 

modeling and estimation (Dimitrakopoulos et al., 2002; Dominy, 2002). Construction uncertainty is 

affected by many factors such as variations in drill rig reliability, tool wear and tear and technical expertise 

(Hartman and Britton, 1992). A very common source of uncertainty in drillhole pathing originates from 
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bottom hole assembly (BHA) sag (Studer and Macresy, 2006) which is a misalignment of the sensors found 

inside the BHA and the path itself. BHA sag can be compensated for through various means although the 

uncertainty induced by it cannot be completed removed. The remaining uncertainty may be expressed as 

directional uncertainty over the drilling path (Fig. 2-2a). In MCUE, construction uncertainty is simplified 

to geometrical uncertainty about a series of segments (Fig. 2-2a) that is the path of the drillhole. In this 5 

framework, uncertainty about the path is entirely contained by two types of errors: errors about the 

orientation (to which BHA sag contributes) of each segment and errors about the length of each segment. 

Note that it is generally accepted that uncertainty about the total length of a drillhole is very well constrained 

(de Vallejo and Ferrer, 2012; Hartman and Mutmansky, 2002) because the cables used to measure total 

length have very limited stretchability. The consequence of which is that uncertainty about the segment 10 

length is partially constrained (the sum of all lengths is known). 

4.2.  Geological log uncertainty 

In the context of this paper, geological log uncertainty in drillholes is relevant to the recording of the 

observed succession of identified units (Fig. 2-2b) and structural data measurements along the path (Fig. 2-

2a) (de Vallejo and Ferrer, 2012). Uncertainty about the log is a hybrid form of measurement uncertainty 15 

and results from a combination of stochastic factors. The main types of uncertainties that may play a role 

in the MCUE approach include positional uncertainty about the interfaces (vertical double arrows, Fig. 2-

2b), directional uncertainty about foliations (bedding symbols, Fig. 2-2b) and categorical uncertainty about 

unit allocation. It is possible to partially solve categorical uncertainty by implementing conflicts in 

positional uncertainty (Fig. 2-2b), doing so allows all permutations in the succession of units. However, 20 

this method may never add any unit to the succession itself and may only retain or diminish the cardinality 

of the succession. Note that metrological work about log uncertainties exists both for interface and foliation 

measurement (Allmendinger et al., 2017; Cawood et al., 2017; Novakova and Pavlis, 2017). Other types of 

uncertainties related to the geological log include end-of-log uncertainty (bottom of Fig. 2-2b) and missing 

material (top of Fig. 2-2b). End of geological log uncertainty relates to the uncertainty about the thickness 25 

of the last observed unit in a drillhole. The drillhole path ends inside of this last unit and therefore its 

thickness is never properly recorded (only its minimum thickness). It is a non-statistical uncertainty that 

describes lack of knowledge rather than uncertain knowledge. Therefore, end of log uncertainty is not 

considered in MCUE. Missing material uncertainty corresponds to the uncertainty that is added from having 
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gaps left empty in the log. This kind of uncertainty may be partially integrated into MCUE under the strong 

assumption that the gap left in the geological log will never include previously unobserved formations. 
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5. Drillhole perturbation procedure 

The following proposes mathematical translations of the concepts developed in Section 2 with a constraint 

of statistical validity. The mathematical concepts are then used as a basis for a perturbation procedure to be 

used in MCUE. Therefore, the authors do not claim that the proposed abstractions are the only (or the best) 

solution to the problem of drillhole uncertainty propagation in 3D geological modeling. The proposed 5 

solutions are always to be seen through the prism of their utility and practicality as part of MCUE. In that 

aspect, the aim is to determine a PDF based approach as MCUE requires for perturbation (Fig. 2-1). 

5.1.  Path perturbation 

Given that path perturbation is expected to illustrate construction uncertainty in MCUE, it is set to depend 

on the path’s segments orientation and length uncertainty only. In this case, path perturbation amounts to 10 

perturbing to a self-avoiding set 𝕊 of size 𝑛 of non-null connected § 3D vectors applied to a starting 3D 

point 𝑝0defined as 

Equation 2-1 

𝕊 =  {𝑺𝑖=1, … , 𝑺𝑖=𝑛 }, 

with the resulting set of segments ℙ 15 

Equation 2-2 

ℙ = {𝐴𝑖𝐵𝑖  | 𝐴0 = 𝑝0, _𝐴𝑖𝐵𝑖
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ = 𝑺𝑖 , _𝐵𝑖 ≡ 𝐴𝑖+1}. 

Note that the condition 𝐵𝑖 ≡ 𝐴𝑖+1 must always be maintained regardless of perturbation. 

5.1.1 Length perturbation 

Perturbation about the length of a series of vectors can then be generally expressed as follows 20 

Equation 2-3 

𝑺𝑖
∗ =

(‖𝑺𝑖‖ + 𝑟𝑖)𝑺𝒊

‖𝑺𝒊‖
, ** 

where 𝑺𝑖
∗ is the length perturbed vector, ‖𝑺𝒊‖ the original length and 𝑟 is a real value sampled from a one-

dimensional centro-dispersed PDF defined as 

                                                           
§ a self-avoiding set of non-null connected vectors is an ordered set of vectors that, once applied to a point, 

draws a path that never intersects itself, 
**||.|| denotes the Euclidean norm, 
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Equation 2-4 

𝑟𝑖 ∼ 𝑝𝑠𝑒𝑔(𝑐 = 0, 𝑑𝑖), 

where 𝑝𝑠𝑒𝑔  is the disturbance PDF, 𝑐  is the central parameter (mean, median or center) and 𝑑𝑖  is the 

dispersion parameter (variance, shape or range). In the case where the total path length is known, the 

following equality is verified 5 

Equation 2-5 

∑‖𝑺𝑖‖ = ∑‖𝑺𝑖
∗‖. 

Therefore, 

Equation 2-6 

∑𝑟𝑖 = 0, 10 

must be verified too. In practice, however, a tolerance ℎ is added. 

Equation 2-7 

∑𝑟𝑖 = 0 ∓ ℎ. 

The required property described in Equation 2-7 is easy to obtain in MCUE since each 𝑟 is an independent 

random value drawn from a PDF. Consequently, the Central Limit Theorem (CLT) applies (Kolmogorov, 15 

1950) and 

Equation 2-8 

𝐸 (∑𝑟𝑖) = 0, 

where E is the expectation operator. Equation 2-8 indeed shows that drillhole length perturbation only 

requires a rejection steps for the cases where Equation 2-7 is not verified. The efficiency of this rejection 20 

method is defined by the ratio 
ℎ

√var(‖𝑠‖)
 and 𝑛.  

5.1.2 Appropriate disturbance distributions for length perturbation 

If the individual lengths of the path are thought to be impacted by many independent random sources of 

uncertainty, the CLT can then be applied (Gnedenko and Kolmogorov, 1954; Sivia and Skilling, 2006). 

Under that assumption, uncertainty about the path will then be optimally represented by disturbance 25 

distributions which are consistent with the CLT. In this case, we consider the normal distribution and 

Laplace distribution (Wilson, 1923) respectively defined as 
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Equation 2-9 

𝒩(𝑥|𝜀, 𝜎) =
𝑒

−(𝑥−𝜀)2

2𝜎2⁄

𝜎√2𝜋
 , 

where ε is the arithmetic mean and 𝜎 is the standard deviation 

Equation 2-10 

𝐺(𝑥|𝜆, 𝜉) =
𝑒

−|𝑥−𝜆|
𝜉⁄

2𝜉
, 5 

where λ is the location parameter and 𝜉 is the scale parameter. 

If the CLT is inapplicable, it is advisable to define uncertainties about the lengths in the form of ranges and 

make use of the continuous bounded uniform distribution. The rationale for the uniform distribution is that 

it is the maximum entropy distribution for interval data. This property means that the use of the uniform 

distribution (Equation 2-11 below) in inference guarantees the weakest assumptions. 10 

Equation 2-11 

𝑈(𝑥|𝛼, 𝜌) =
𝟏[𝛼−𝜌,𝛼+𝜌](𝑥)

2𝜌
, 

where α is the mean, ρ is the range and 𝟏𝐴(∙) is the indicator function over the subset A. 

5.1.3 Orientation perturbation 

The perturbation of the orientations of each segment along the path is equivalent to perturbing 3D spherical 15 

vectors. A general expression of orientation perturbation for the path is 

Equation 2-12 

𝑺𝑖
# = ‖𝑺𝒊‖𝑝𝑠𝑝ℎ𝑒(𝑒𝑖⃗⃗  , 𝜅𝑖), 

where 𝑺𝑖
# is the orientation perturbed vector, 𝑝𝑠𝑝ℎ𝑒  is the spherical disturbance PDF, 𝑒𝑖⃗⃗   is a 3D spherical 

unit vector such that 𝑒𝑖⃗⃗  ∙ 𝑜𝑖⃗⃗⃗  = 0 and κi is the spherical dispersion (concentration, solid angle or range) 20 

parameter. 

5.1.4 Appropriate disturbance distributions for orientation perturbation 

Under the assumption that the orientation of each segment of the path is affected by many sources of 

uncertainty, the von Mises-Fisher (vMF) variation of the Fisher-Bingham distribution is appropriate 

(Bagchi and Guttman, 1988). The vMF distribution is the CLT distribution for hyperspherical data; it is the 25 
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hyperspherical analog of the normal distribution (Fisher et al., 1987; Wood, 1994) on the p-dimensional 

unit hypersphere Sp-1††. The probability density of the vMF distribution for Sp-1 is 

Equation 2-13 

𝑝vMF(𝒙|𝜸, 𝜅) = 𝐶𝑝(𝜅)𝑒𝜅𝜸𝑇𝒙, 𝜅 ≥ 0 and ‖𝛾‖ = 1 , 

where 𝜸𝑇 is the transposed mean direction vector and 𝜅 is the concentration parameter. κ is analogous to 5 

the inverse of 𝜎 for the normal distribution (Equation 2-9). A relevant property of the vMF distribution is 

the axial symmetry around the mean direction. Therefore, confidence interval tables analogous to those 

commonly found for the Normal distributions may be computed (Appendix A). The parameterization of 

the concentration parameter κ induces two limit cases of the distribution; a first one at κ = 0 where it is 

equivalent to a Sp-1 uniform distribution and second one at 𝜅 → +∞ where it is equivalent to a Sp-1 Dirac 10 

distribution. These limit cases potentially make the vMF distribution the minimum and maximum entropy 

distribution for spherical data. 

Cp(κ) is a normalization constant given by 

Equation 2-14 

𝐶𝑝(𝜅) =
𝜅𝑝 2−1⁄

(2𝜋)𝑝 2⁄ 𝐼𝑝 2−1⁄ (𝜅)
 , 15 

where 𝐼𝑣(∙) is the modified Bessel function of the first kind at order v. 

The axial symmetry of the vMF distribution is generally a useful property although the orientation of the 

path may be affected by a systematic bias. Such bias may be due to a mechanically anisotropic medium, 

the anisotropy would then constrain the path by “channeling” the drill head, thus adding bias to the 

orientations’ uncertainty. In this situation, the Kent distribution (Kent, 1982) is a valid alternative to the 20 

vMF distribution (Appendix B).  

Directional uncertainty may also be recorded as an angular range (half-aperture) in the way scalar ranges 

are often given for interval data. For these specific occurrences, the vMF and Kent distributions are 

inappropriate as they cannot express equiprobability over a spherical cap. It is possible, however, to make 

use of a spherical cap (SC) distribution. An SC distribution is a circularly truncated uniform spherical 25 

distribution than can be expressed by 

                                                           
†† Sp-1 denotes the surface of the p-dimensional hypersphere. 
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Equation 2-15 

𝑝SC(𝑥|𝛾, 𝜃) = {2𝜋

1

(1 − cos𝜃)
,      𝛾𝑇𝑥 ≥ cos𝜃     

0        ,      else          

, 

where 𝛾𝑇 is the transposed mean direction vector and θ is the angular range parameter. θ is the spherical 

counterpart to the ρ parameter of the usual uniform distribution (Equation 2-11). 

5.2.  Geological log perturbation 5 

Geological log perturbation in MCUE is designed to propagate the uncertainty about observed interfaces 

(positional uncertainty) and foliations (directional uncertainty) from the original log. A log can be 

considered as a one-dimensional space 𝕃 fully divided in a series of interface bounded contiguous subsets 

l (units) of length t (thicknesses). 

Equation 2-16 10 

𝕃 = {𝑙𝑖=1, … , 𝑙𝑖=𝑛}. 

5.2.1 Thickness perturbation 

Perturbation about the observed interfaces along the path that constitute the geological log is, in effect, a 

thickness perturbation process very similar to length perturbation for the path (Equation 2-3) 

Equation 2-17 15 

t𝑖
∗ = t𝑖 + 𝑟𝑖 , 

where ri is defined in Equation 2-4. If there is known amount of missing material (Fig. 2-2b) recorded in 

the log at an unknown number of unknown depths, it can be abstracted to a serial random uniform bias bi 

which then gives 

Equation 2-18 20 

t𝑖
∗ = t𝑖 + 𝑟𝑖 + 𝑏𝑖 , 

where 

Equation 2-19 

𝑏𝑖 = 𝑢𝑗 − 𝑢𝑗−1 

with all 𝑢𝑗 drawn from 25 
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Equation 2-20 

𝑈(𝑢𝑗|0, ∆𝑆𝐿), 

and arranged in increasing order (𝑢𝑗 ≥ 𝑢𝑗−1) and where ∆𝑆𝐿= 𝑢max is the total missing material length 

Equation 2-21 

∆𝑆𝐿= ∑‖𝑺𝑖‖ − ∑ℓ𝑖 . 5 

The uniform distribution in Equation 2-20 is only partially coherent with the lack of knowledge that missing 

material implies. Indeed, missing material might be of a completely different nature to what was observed 

previously and the proposed solution does not account for this case. However, this approach does not 

account for a hypothetical missing unit in the gaps of missing material. 

5.2.2 Appropriate disturbance distributions for thickness perturbation 10 

Perturbing the lengths of contiguous 1D subsets is comparable to path length perturbation in that many 

sources of uncertainty apply to the recording of the log. Consequently, the same disturbance distributions 

as for the path length perturbation are the most likely to be appropriate, namely, the normal (Equation 2-9) 

and Laplace (Equation 2-10) distributions. 

5.2.3 Structural data perturbation 15 

Here, structural data perturbation pertains to foliations, fold axes and fold planes that are measured at any 

point of the geological log. This type of input is frequently perturbed in MCUE and there is abundant 

literature that describes this process at the fundamental and practical levels (de la Varga and Wellmann, 

2016; Giraud et al., 2017; Lindsay et al., 2012; Pakyuz-Charrier et al., 2017b). Thus, the details of structural 

data perturbation are left out of this paper to avoid redundancy with established recent works. It is essential, 20 

however, to ensure consistency of a perturbed structural datum with the perturbed drillhole path. This can 

be achieved by using Rodrigues’ formula (Rodrigues, 1840) to determine the rotation matrix that describes 

the perturbation of the path vector that “bears” the datum. The rotation matrix should then be applied to 

said datum. 

  25 
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6. Impact of drillhole uncertainty propagation 

The following section demonstrates the usage of procedures described in Section 3 on three proof of concept 

cases (Table 1). The impact of drillhole uncertainty propagation through MCUE is demonstrated using two 

synthetic cases and a modified real case. Final uncertainty is displayed using information Entropy as proxy. 

Information Entropy is a statistical measure of chaos (Shannon, 1948) that may be used to quantify 5 

categorical uncertainty from the observed relative lithological frequencies that are obtained by merging all 

the perturbed plausible voxet models together (Wellmann and Regenauer-Lieb, 2012). In MCUE, lithology 

is considered as a spatial random categorical variable 𝑆 and its information Entropy 𝐻𝑐(𝑆) at position 𝑐 is 

given by 

Equation 2-22 10 

𝐻𝑐(𝑆) = −∑𝑓𝑐(𝑠𝑖)log[𝑓𝑐(𝑠𝑖)],

𝑖=𝑛

𝑖=1

 

where 𝑓𝑐(. ) is the observed frequency for the 𝑖th instance 𝑠𝑖 of S at position 𝑐,  and 𝑛 is the total number of 

lithologies in the original model. 

Table 1 Summary of all MCUE case studies. Numbers in brackets indicate multiple subcases 

 15 

6.1.  Layered model with one drillhole 

The impact of drillhole path and log uncertainty was evaluated on a simple synthetic geological 3D model 

consisting of four units onlap to each other and intersected by a single vertical drillhole (Fig. 2-3) at its 

center. Each unit is constrained by a single foliation and a single interface point measured down the wellpath 

for a total of four foliations and four interface points. There are no control points to assure any kind of 20 

specific behavior of the modeling engine at the boundaries of the model box. This is to ensure that the 
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model only expresses the impact of drillhole path and log uncertainty propagation. The drillhole was 

perturbed over three cases to separately address the impact of path, log and combination uncertainty 

propagation on the information Entropy voxets. Each of these three cases was tested for several starting 

models (Fig. 2-4) with varying inclination of the units ranging from horizontal (0 degrees dip) to subvertical 

(85 degrees dip). The pure vertical case (90 degrees dip) was left out of the study as it is a degenerate case. 5 

This procedure aims to simulate various interface angle of attacks (at constant inclination) for the drillhole. 

Note that the drillhole in each of the starting models remains unchanged, that is only the foliations of the 

starting model are modified to obtain the desired inclination (Fig. 2-4). 

 

Figure 2-3 Layer cake 3D geological model displaying original drillhole data (top) or a sample of perturbed 10 
drillholes (bottom) along with stratigraphic pile and drillhole log. Model box is a kilometric cube. Drillhole collar 

is located at x=500.0, y=500.0, z=0.0  
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Figure 2-4 Vertical center cross sections of the Layer cake 3D model at inclinations 0 degrees (a), 5 degrees, (b), 

22.5 degrees (c), 45 degrees (d), 67.5 degrees (e) and 85 degrees (f)  
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Figure 2-5 Drillhole path and log perturbation impact simplified diagram. The top row illustrates the effect of 

the angle of incidence on log uncertainty. In this case, lower angles equate to lower thickness differences. Bottom 

row illustrates the effect of the angle of incidence path orientation uncertainty. In this case, lower angles equate 

to higher thickness differences. 5 

This, in turn, implies that units for the starting models are not of constant true thickness although they have 

constant observed thickness through the drillhole (Fig. 2-5). This choice was made to simulate lack of 

knowledge of the geometry of the units when drilling. In all three cases, the starting model was perturbed 

300 times and the resulting voxets were merged into a relative frequencies voxet. The relative frequencies 

recorded at each node of the voxet were then used to compute a local information Entropy voxet from which 10 

a center vertical cross-section was extracted. For the first case, the unique drillhole of the model was 

perturbed over its path using a constant bounded uniform spherical disturbance distribution with 15 degrees 

half-aperture (Fig. 2-6). For the second case, the unique drillhole of the model was perturbed over its log 

using a constant uniform disturbance distribution with a range of 10m (Fig. 2-7). For the third case, the 

previous two rounds perturbation parameters were combined (Fig. 2-8). 15 

The path only perturbation case (Fig. 2-6) shows increased lithological uncertainty at every interface with 

depth for all inclinations. This behavior is predictable (Equation 2-2, Equation 2-3) and is compatible to 

the intuition that knowledge degrades with linear distance along the path. However, the magnitude of this 

degradation is also and primarily positively linked to the incline of the interfaces. The uncertainty is nearly 

negligible for null (Fig. 2-6a) and mild (Fig. 2-6b) inclinations with uncertain (Entropy>0) areas being less 20 

than 10m thick. From there, increasing the inclination consistently widens the uncertain areas of the model 
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(Fig. 2-6c to Fig. 2-6e) by several orders of magnitude to the point where all interfaces may overlap (Fig. 

2-6f). This effect is due to the trigonometric relationship between the angle of attack of the drillhole path 

(relative to the unperturbed interface) and the magnitude of the translation of the perturbed interface (Fig. 

2-5 bottom). Additionally, this relationship explains the upward shift of the uncertain areas (Fig. 2-6) as 

perturbing an originally straight path almost always result in a more sinuous perturbed path (Fig. 2-5). The 5 

log only perturbation case (Fig. 2-7) features the same lithological uncertainty accumulation with depth as 

the path only case. This phenomenon is expected for similar reasons as cited previously. Indeed, knowledge 

degrades with distance along the drillhole log. Similarly, the scale of the uncertainty accumulation is tied 

to the incline of the interfaces although it is crucial to observe that the correlation is negative in this instance. 

This behavior finds explanation in the sine relationship between apparent and actual thicknesses of the units 10 

(Fig. 2-5 top). The consequence is that uncertainty about an apparent thickness is sinusoidally “compressed” 

when expressed in terms of actual thickness uncertainty. Therefore, it is not surprising to observe that very 

steep incline cases (Fig. 2-7f) bear nearly negligible uncertainty. The combined case (Fig. 2-8) applies both 

types of perturbation into a single MCUE process. The resulting Entropy models are analogous to the 

addition of the two former cases. Consequently, the uncertain areas are significant for all inclinations and 15 

never subside entirely. Generally, it is observed that uncertain areas gradually increase in width with depth 

and inclination. 
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Figure 2-6 Single drillhole path perturbation impact on Layer cake entropy model using a bounded uniform 

distribution with half-aperture angle 15 degrees for all segments at inclinations 0 degrees (a), 5 degrees, (b), 22.5 

degrees (c), 45 degrees (d), 67.5 degrees (e) and 85 degrees (f). Note that the scale for the last cross-section (f) 

was altered to render results more legible  5 
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Figure 2-7 Single drillhole log perturbation impact on Layer cake entropy model using a uniform distribution 

with range 10m for all thicknesses at inclinations 0 degrees (a), 5 degrees, (b), 22.5 degrees (c), 45 degrees (d), 

67.5 degrees (e) and 85 degrees (f). Note that the scale for the last cross-section (f) was altered to render results 

more legible  5 
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Figure 2-8 Single drillhole combined perturbation impact on Layer cake entropy model using a bounded 

uniform distribution with half-aperture angle 15 degrees for all segments and a uniform distribution with range 

10m for all thicknesses at inclinations 0 degrees (a), 5 degrees, (b), 22.5 degrees (c), 45 degrees (d), 67.5 degrees 

(e) and 85 degrees (f). Note that the scale for the last cross-section (f) was altered to render results more legible  5 
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6.2.  Layered model with three drillholes 

In the previous section, the impact of a single drillhole uncertainty propagation through MCUE was 

displayed in an otherwise unconstrained environment. Quite commonly, a single drillhole is part of a larger 

drilling campaign. This is especially the case for on-site monitoring and production drillholes. Therefore, 

it is useful to assess how drillhole uncertainty propagates in such setting. To this end, the original Layer 5 

cake model (Fig. 2-3) was modified to include two additional vertical drillholes with all three drillholes 

aligned onto the original cross-section at ¼, ½ and ¾ distances. The only case considered here was the 

combined one because the importance of both path and log perturbation was already demonstrated in the 

section 4.1. For this case, each drillhole was independently perturbed over its path using a constant bounded 

uniform spherical disturbance distribution with half-aperture of 15 degrees and over its log using a constant 10 

uniform disturbance distribution with range 10m (Fig. 2-9). 

In the triple drillhole case, the overall uncertainty appears to be increasing with depth for all inclinations 

(Fig. 2-9) aside from the steepest (Fig. 2-9f). These results are mostly similar to those of the case described 

previously. However, two key differences are to be noted. Firstly, the thickness of uncertain areas now 

varies laterally and vertically. It is easily observed that in this instance, uncertainty increases with depth 15 

and most notably, with distance to the drillhole paths. Essentially, entropy increases away from “informed” 

areas and decreases near them. As a consequence, the central drillhole area is the best constrained part of 

the model for null to medium inclinations (Fig. 2-9a to d). Secondly, for high inclinations (Fig. 2-9e) the 

positive correlation of uncertainty and depth seems to be much weaker with potential reversals. Indeed, 

because of the location of the drillhole collars (x=250; x=500; x=750), not all drillholes are on a path that 20 

carries information about every unit of the original model. In fact, the central drillhole only is guaranteed 

to cross all units and therefore, constrain all thicknesses. The cases presented so far merely serve as proof 

of concept to expose the drillhole perturbation procedure. Even though these cases can be explained with 

little difficulty, they should not be considered sufficient to predict all drillhole MCUE.  
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Figure 2-9 Triple drillhole combined perturbation impact on Layer cake entropy model using a bounded 

uniform distribution with half-aperture angle 15 degrees for all segments and a uniform distribution with range 

10m for all thicknesses at inclinations 0 degrees (a), 5 degrees, (b), 22.5 degrees (c), 45 degrees (d), 67.5 degrees 

(e) and 85 degrees (f). Note that the scale for the last cross-section (f) was altered to render results more legible  5 
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6.3.  Mansfield drillhole uncertainty propagation 

To improve the relevance and applicability of the work presented in earlier sections, the focus is shifted 

away from synthetic cases to a more realistic one. The aim is to provide a more practical insight into the 

impact of drillhole uncertainty propagation on geological 3D modeling. 

6.3.1 Model description 5 

The case study presented is a modified version of the Mansfield (Victoria, Australia) demonstration case 

(Pakyuz-Charrier and Intrepid_Geophysics, 2017) (Fig. 2-10) that is part of the GeoModeller software. The 

Mansfield model comprises a NW-SE oriented Carboniferous basin with a faulted contact on its SW side 

to Siluro-Devonian deformed sedimentary rocks. Both structures rest on an Ordovicio-Cambrian 

serpentinized sandstone basement. Geological maps (Cayley et al. 2006) and geophysical data (Haydon et 10 

al. 2006; Wynne and Bacchin 2009; Richardson 2003) of the area are available and were used to build the 

original Mansfield 3D model. The model includes 281 interface points, 176 foliations and 2 drillholes over 

6 units and 3 faults (Fig. 2-10). Results are visualized on a center N-S vertical cross-section of the entropy 

voxet through the most geologically complex areas (triple points and faults) of the model (Fig. 2-10, Fig. 

2-11). 15 
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Figure 2-10 Mansfield 3D geological model with stratigraphic pile, cross-section of interest and input data. 

Colored spheres are interface points and cones are foliations 

 

Figure 2-11 NS center vertical cross section of the Mansfield 3D geological model with vertical and inclined 5 
drillhole traces 

6.3.2 Exaggerated perturbation 

For the sake of consistency, the basic impact of drillhole uncertainty propagation was assessed by using the 

same disturbance distribution parameterization as the three drillholes Layer cake case. However, it is crucial 

to be aware that such parameterization is exaggerated in a realistic setting. That is the error ranges about 10 

the path (15 degrees) and the log (10m) for this case are, on principle, far too high (Williamson, 2000). The 

uncertainty propagated is necessarily exaggerated by a wide margin and the current case only serves as a 

transition from the synthetic cases to a more realistic one. Note that in this example, foliations and interface 

points remained unchanged throughout the perturbation. 
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Figure 2-12 Vertical (a), inclined (b) and both (c) drillholes combined perturbation impact on the Mansfield 

entropy model using a bounded uniform distribution with half-aperture angle 15 degrees for all segments and a 

uniform distribution with range 10m for all thicknesses. Overall, uncertainty is lowered when highly uncertain 

drillhole data is added to the model.  5 
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In the vertical drillhole only case (Fig. 2-12, Fig. 2-11a), entropy forms bow tie patterns around each 

interface. This pattern is coherent with the three drillholes Layer cake case. Overall, uncertainty increases 

with depth and with distance to the drillhole path. However, the highest uncertainty areas match the 

presence of complex geological structures (Fig. 2-11). Given that only the drillhole is being perturbed, this 

indicates that uncertainty about a drillhole impacts the understanding of distant structures. Additionally, 5 

geologically complex areas appear to be affected the most by drillhole uncertainty. The inclined drillhole 

only case (Fig. 2-12b) displays similar behavior as the previous case for similar reasons although with 

significantly lower overall uncertainty. Indeed, the inclined drillhole follows a path through the most 

geologically complex area of the model (Fig. 2-11) and therefore it helps in constraining it. When both 

drillholes are included (Fig. 2-12) and perturbed the resulting entropy model indicates major improvement 10 

of the uncertainty in terms of both magnitude and structure. Here, uncertain areas are limited to a low 

magnitude entropy halo around the interfaces and triple points are better constrained. 

6.3.1 Realistic perturbation 

A more realistic approach to perturbation is taken here to better demonstrate the practical implications of 

drillhole uncertainty propagation through MCUE. The same kind of perturbation as the previous 15 

exaggerated case is performed with more reasonable error range parameterization (Williamson, 2000). 

Here, the drillholes were independently perturbed over their path using a constant bounded uniform 

spherical disturbance distribution with half-aperture of 5 degrees and over their log using a constant uniform 

disturbance distribution with range 5m (Fig. 2-13). In all three cases, results show mostly similar behavior 

to the exaggerated perturbation example (Fig. 2-12, Fig. 2-13). Indeed, bow tie patterns and uncertainty 20 

accumulation on geologically complex areas occur in the same way. The most notable difference is that 

triple points are always well constrained in the realistic example. Additionally, interfaces with lower 

uncertainty are associated with regions of uncertainty that do not extend far, whereas interfaces with higher 

uncertainty extend further. These results conform well to the intuitive idea that an increase of the quantity 

and quality of information equates to less overall uncertainty. 25 
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Figure 2-13 Vertical (a), inclined (b) and both (c) drillholes combined perturbation impact on the Mansfield 

entropy model using a bounded uniform distribution with half-aperture angle 5 degrees for all segments and a 

uniform distribution with range 5m for all thicknesses. Uncertainty levels follow a similar pattern as for the 

Exaggerated perturbation case. 5 

  



89 

 

 

 

Figure 2-14 Absent (a), vertical (b), inclined (c) and both (d) drillholes full perturbation impact on the Mansfield 

entropy model using a bounded uniform distribution with half-aperture angle 5 degrees for all segments, a 

uniform distribution with range 5m for all thicknesses, a von Mises-Fisher distribution with concentration 100 

for all foliations and an isotropic normal distribution with standard deviation 5m for all interface points. 5 
Although uncertain, added drillhole data appears to reduce overall uncertainty significantly. 

Although perturbation of the drillholes alone is useful as a demonstration case, it is not fully practical. To 

further the analysis, a full perturbation case including foliations and interface points was conducted. The 

rationale is that uncertainty propagation should to be applied to all inputs instead of a select few. Moreover, 

perturbation of inputs other than from the drillholes gives insight into how much the added (uncertain) 10 

information of a drillhole affects the overall propagation of input uncertainty into the geological 3D model. 

In this case, drillholes were perturbed with the same parameterization as described above. The disturbance 

distribution for orientations is that of a vMF distribution with the original data as the mean vector and 
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concentration of 100. The perturbation of the foliations followed recent MCUE disturbance distribution 

sampling procedure (Pakyuz-Charrier et al., 2017b) to avoid artificial heteroscedascity issues. The 

disturbance distribution for interface points is that of an isotropic normal distribution with its mean centered 

on the original data point and standard deviation of 10m (Fig. 2-14). This parameterization is aligned with 

recent metrological studies (Stigsson 2016; Courrioux et al. 2015; Lark et al. 2014; Lark et al. 2013) and 5 

observed final GPS positional uncertainty (Jennings et al. 2010). Additionally, a ‘no drillhole’ case was run 

to serve as a reference (Fig. 2-14a). This reference model was placed against the other three cases (Fig. 2-

14b to Fig. 2-14d) to highlight the difference in entropy (Fig. 2-15) that is observed when drillholes are 

perturbed. The full perturbation vertical drillhole case (Fig. 2-14b) appears to lower the uncertainty over 

the path of the drillhole itself (Fig. 2-15a) compared to the reference case (Fig. 2-14a). However, this 10 

improvement is localized (100m of each side) and seems to be at the expense of increasing the uncertainty 

of distant geologically complex areas. This uncertainty shift degrades the model’s overall uncertainty 

significantly (Fig. 2-15a). The full perturbation inclined drillhole case (Fig. 2-14c) displays greatly reduced 

uncertainty over the drillhole path and overall (Fig. 2-15b) compared to the reference (Fig. 2-14a) and 

vertical cases (Fig. 2-14b, Fig. 2-15a). This result may be explained by the fact that the inclined drillhole 15 

goes through a more geologically complex area of the model and therefore, adds more valuable information 

than the vertical one. The full perturbation combined drillholes case (Fig. 2-14d) reduces uncertainty even 

further and the uncertainty shift specific to the vertical case (Fig. 2-15a) is not observed here. These results 

imply that adding drillholes to the model improves uncertainty locally and worsens it in distant geologically 

complex areas. Consequently, drillhole addition seems not to be guaranteed to locally improve a model 20 

significantly enough to offset the subsequent increase of uncertainty in other areas. Note that this find is 

compatible with previous MCUE work (Wellmann, 2013). 

For practical purposes, in geological 3D modeling, drillholes are commonly considered as “perfect” 

depictions of the structures at depth. Unless operating in very simple and very well-known areas (i.e. 

undeformed Mesozoic basin), this assumption is erroneous and therefore brings into light the issue of the 25 

impact of said assumption. 

 One would expect uncertainty to be underestimated in such case. Because uncertainty is crucial to sound 

decision-making in the geosciences, there is a compelling need to quantify this underestimation. Essentially, 

the aim is to estimate how much uncertainty is potentially “missed” when drillholes are considered to be 

error-free. To achieve this, the interface points and foliations Mansfield model are perturbed with the same 30 

parameterization as the previous case while drillholes paths and logs are left out as constants (Fig. 2-16).  
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The perfect drillholes case (Fig. 2-16) is approximately similar to that of the full perturbation case (Fig. 2-

13) although with noticeably sharper edges at the interfaces and lower overall entropy. The same entropy 

shift away from drillhole paths is observed and the uncertainty of geologically complex areas is correlated 

to the presence of local drillhole information. Next, the full perturbation case (Fig. 2-14b to Fig. 2-14d) was 

placed against the perfect drillhole case (Fig. 2-16) to better assess the effect of drillhole uncertainty. In all 5 

three subcases (Fig. 2-17) entropy increases sharply on the drillhole paths themselves and moderately away 

from said paths. Additionally, the uncertainty shift observed in all previous cases is present and significant 

(Fig. 2-17a, Fig. 2-17b). In some of the most geologically complex areas (triple points), a small decrease in 

entropy is even observed. This decrease is particularly well observed in the vertical (Fig. 2-17a) and both 

drillholes (Fig. 2-17c) subcases. These results indicate that propagating drillhole uncertainty as opposed to 10 

ignoring uncertainty about drillholes may improve the understanding of geologically complex areas of the 

model. 

 

Figure 2-15 Vertical (a), inclined (b) and both (c) drillholes addition impact on full perturbation of the Mansfield 

entropy model. Structurally complex areas of the model are much better constrained with the addition of 15 
drillhole data regardless of its inherent uncertainty. 

  



92 

 

 

 

Figure 2-16 Vertical (a), inclined (b) and both (c) drillholes null perturbation impact on the Mansfield entropy 

model using a von Mises-Fisher distribution with concentration 100 for all foliations and an isotropic normal 

distribution with standard deviation 5m for all interface points. Overall uncertainty does not seem to be better 

reduced by the addition of fully certain drillhole data compared to the realistic perturbation case. 5 



93 

 

 

Figure 2-17  

Figure 2-17 Vertical (a), inclined (b) and both (c) drillholes uncertainty ignorance impact on the Mansfield 

entropy model. Ignorance of drillhole uncertainty appears to have adverse effects on the uncertainty associated 

with structurally complex areas of the model.   5 
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7. Discussion 

In this paper, a complete and consistent two steps drillhole perturbation procedure for MCUE was provided. 

The first step related to drillhole path perturbation and the second step to geological log perturbation. The 

importance of the usage of appropriate disturbance distributions was discussed at each step. The disturbance 

distributions proposed were (i) the uniform and Normal distributions for log perturbation (ii) the spherical 5 

cap, vMF and Kent distributions for path perturbation. The proposed perturbation procedure was tested on 

a range of synthetic and realistic case study models (Table 1) of increasing complexity. The synthetic 

models were that of a four geological units Layer cake (Fig. 2-3) with varying degrees of tilt (Fig. 2-4) and 

one or three perturbed drillholes. The realistic model was a modified version of the Mansfield area (Fig. 2-

10) geological 3D model (Pakyuz-Charrier and Intrepid_Geophysics, 2017) with none, one or two 10 

perturbed drillholes. 

The synthetic single drillhole case study showed the basic effect of drillhole perturbation in MCUE on 

uncertainty models. It was observed that path uncertainty and log uncertainty accumulate along the path 

starting from the collar (Fig. 2-6 to Fig. 2-9). More specifically each path or thickness distribution is part 

of a de facto one-way Markov Chain. Subsequently, the perturbed drillholes are observed to distribute their 15 

parameters (path orientations and thicknesses) over multi layered compound distributions. Note that in 

some cases this process is equivalent to sequentially update the parameters of an existing distribution such 

as the standardized generalized Irwin-Hall distribution (Buonocore et al., 2009; Potuschak and Müller, 

2009) for uniformly perturbed thicknesses. Another relevant effect observed is that of the angle of attack 

of the drillhole path to the interfaces is correlated to the amount of model uncertainty that is generated 20 

through perturbation (Fig. 2-5, Fig. 2-6). Note that this correlation is reversed for thickness only 

perturbation cases (Fig. 2-7). However, it is generally safe to assume that a normal angle of attack improves 

reliability models at constant perturbation parameters (Fig. 2-8, Fig. 2-9).  

The Layer cake model with three drillholes case study (Fig. 2-9) evidenced that adding drillhole information 

is not guaranteed to improve a model’s overall reliability. The Mansfield case study allowed to further 25 

investigate this find and revealed that adding drillholes may induce a local decrease of uncertainty at the 

cost of a global increase (Fig. 2-12, Fig. 2-13). Moreover, the global increase effect appeared to be limited 

by the addition of more drillholes in geologically complex areas. 

As a consequence, it is recommended to make suspected geologically complex areas (mostly triple points) 

priority targets for drilling. This, in turn, would help reveal structural inconsistencies and segregate 30 

plausible from implausible models in regard to the newly acquired data. However, it is crucial to consider 
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that different drillholes are very likely to have different levels of impact on model uncertainty even when 

they are all designed to intersect geologically complex areas. The proposed method and MCUE in general 

may help to determine where to drill to minimize uncertainty as efficiently as possible and therefore, 

improve the understanding of the geological structures with lowered costs. This cost-efficient improved 

knowledge may, in turn contribute to a growing body of work that aims to lower the risk in further decision-5 

making (Thiele et al., 2016a; Thiele et al., 2016b; Wellmann et al., 2014b). Although, further work on 

MCUE based drillhole targeting is needed to develop a practical method to address this particular issue. 

A relevant strength of the proposed method lies in its micro and macro parameterization flexibility. Indeed, 

distributions may be parameterized freely depending on the actual objective of the users (uncertainty 

propagation, testing scenarios, sensitivity analysis) and these distributions themselves may be swapped to 10 

fit other purposes (deterministic perturbation, anisotropic perturbation). A very relevant candidate 

distribution for drillhole MCUE is the Kent distribution (Appendix B) which allows for anisotropic 

sampling over the sphere. Anisotropic sampling may be important in cases where the BHA is known to 

deviate systematically because of a strong anisotropy of the mechanical properties of the rocks that are 

drilled through (Hartman and Mutmansky, 2002; Williamson, 2000). However, the suggested perturbation 15 

procedure is not without limitations. The main limitation pertains to the difficulty to gather the metrological 

data that is necessary data to parameterize the disturbance distributions appropriately (Gooneratne et al., 

2017), this is especially the case for older datasets or destructive drilling. In addition, the procedure ignores 

both the possibility of log misinterpretation and missing material in the log. Heteroscedasticity is very 

common in empirical datasets (Pakyuz-Charrier et al., 2017b) and is not considered in any of the case 20 

studies presented in this paper. Currently, the perturbation procedure itself is able to take heteroscedasticity 

into account at the disturbance distribution parameterization step. As a matter of fact, it is reasonable to 

assume a certain level of heteroscedasticity in the path orientation uncertainty. Indeed, any voluntary 

change of direction of the BHA is expected to increase path orientation uncertainty and should be correlated 

to the deviation angle (Gangemi et al., 2017). Generally, an increased curvature of the drillhole path is 25 

likely to increase path uncertainty (Studer and Macresy, 2006). Consequently, a possible improvement to 

the proposed procedure is to add a path curvature based scedasticity function to the path perturbation 

procedure. However, such prerequisite relies on thorough prior metrological work that may be, as discussed 

above, difficult to complete. Another possible issue lies with the “curse of dimensionality” which, 

intuitively, would limit the procedure to small datasets to guarantee the stationarity of the perturbation of 30 

the drillholes. Indeed, the procedure would imply a dataset size based exponential increase of the number 
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of MCUE runs required to reach stationarity. In practice, it is not the case and stationarity is obtained in 

𝑘[102, 103] runs because (i) drillhole logs are usually spatially correlated and this correlation tends to 

increase with the number of drillholes (ii) the cokriging interpolator used in GeoModeller produces 

smoothed interfaces (iii) the path and log perturbation procedures are equivalent to a Markov chains with 

exponential convergence speed (Franzke and Kosko, 2011; Mihail, 1989) (iv) uncertainty ranges are several 5 

orders of magnitude lower than the original values they are tied to. Lastly, it is important to be aware that 

the current log perturbation procedure implies that units are allowed to overlap in the probability space. 

That is perturbation may output plausible drillholes where a normally underlying unit is swapped with its 

overlying unit. While not fundamentally wrong, such behavior may be undesirable in some instances where 

the order of the units is fairly certain even though measured thicknesses and their uncertainty ranges are of 10 

similar order of magnitude. To mitigate this effect, the authors recommend the truncation of the disturbance 

distributions wherever needed. 
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8. Conclusion 

In the context of geological 3D modeling, uncertainty propagation is key to informed decision making and 

is necessary to improve a model efficiently. However, like any empirical measurement method, they are 

fraught with uncertainties. More specifically, drillholes bear uncertainty about their path and their log. The 

present method paper, introduced the basic concepts of drillhole uncertainty propagation in implicit 3D 5 

geological modeling using MCUE. Uncertainty propagation is achieved via a special probability 

distribution sampling routine called perturbation to generate a suite of statistically plausible of drillholes. 

These plausible drillholes are then used to build independent plausible geological 3D models that are 

subsequently merged into a probabilistic lithology model. Here, drillhole perturbation is formalized as two 

independent Markovian processes applied to the drillhole path and the drillhole log. The drillhole path 10 

perturbation method accounts for directional uncertainty about the engineering of the drillhole itself. The 

drillhole log perturbation method accounts for thickness uncertainty about the units observed along the 

drillhole path. The perturbation procedure was demonstrated to be reliable, comprehensive and efficient at 

propagating both drillhole path and drillhole log uncertainty through to entropy models. 

It was observed that both path and log uncertainty increase with depth and angle of attack to the geological 15 

interfaces. Additionally, drillhole uncertainty ignorance was found to be detrimental to the overall 

understanding of the modeled area because of the over-constraining effect brought by “perfect” drillholes. 

Lastly, the Mansfield case study hinted that uncertainty is better reduced if drillholes target triple points or 

otherwise geologically complex areas. However, more work needs to be done to make a definitive statement 

on this particular matter. 20 

In practice, the proposed method is easy to implement given that it is (i) fully compatible with the most 

common dataset formats for basic drillhole information that is the collar, survey geology standard (ii) an 

ordered one-way sequence of basic tasks (iii) does not rely on complex algorithm or difficult mathematics 

(iv) readily integratable in existing implicit modeling engines. The range of applications for the proposed 

drillhole uncertainty propagation procedure is essentially as broad as the usage of drilling machines. 25 

Consequently, it may be applied to any field that rely on information gathered through drilling such as 

mining, oil and gas (Lerche, 1997), surgery (Pandey and Panda, 2015), geotechnical engineering (Baecher 

and Christian, 2005) or archeology (Bates and Bates, 2000). The method can be used directly as an 

uncertainty propagation tool to enhance decision making or as part of a feedback mechanism in a larger 

Bayesian process. Indirect use would include well placement (Park et al., 2017; Rahim and Li, 2015), well 30 



98 

 

 

collision simulation (Bang, 2017; San Antonio, 2007), sensitivity analysis, scenario testing and virtual 

survey simulations.  
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9. Data/Code availability 

Both the Mansfield and Layer cake GeoModeller models (including the perturbed datasets and MCUE 

outputs) used in the present study are available online at https://doi.org/10.5281/zenodo.1156140 and 

https://doi.org/10.5281/zenodo.1155812 respectively. 

The GeoModeller software is available for a fully enabled one-month trial period at http://www.intrepid-5 

geophysics.com/ig/index.php?page=downloads. Instructions on how to use the GeoModeller API can be 

found at http://www.intrepid-geophysics.com/ig/index.php?page=geomodeller-api. 
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1. Abstract 

This paper proposes and demonstrates improvements for the Monte Carlo simulation for Uncertainty 

Estimation (MCUE) method. MCUE is a type of Bayesian Monte Carlo aimed at input data uncertainty 

propagation in implicit 3D geological modeling. In the Monte Carlo process, a series of statistically 

plausible models are built from the input data set which uncertainty is to be propagated to a final 5 

probabilistic geological model (PGM) or uncertainty index model (UIM). 

Significant differences in terms of topology are observed in the plausible model suite that is generated as 

an intermediary step in MCUE. These differences are interpreted as analogous to population heterogeneity. 

The source of this heterogeneity is traced to be the non-linear relationship between plausible datasets’ 

variability and plausible model’s variability. Non-linearity is shown to arise from the effect of the 10 

geometrical ruleset on model building which transforms lithological continuous interfaces into 

discontinuous piecewise ones. Plausible model heterogeneity induces geological incompatibility and 

challenges the underlying assumption of homogeneity which global uncertainty estimates rely on. To 

address this issue, a method for topological analysis applied to the plausible model suite in MCUE is 

introduced. Boolean topological signatures recording lithological units’ adjacency are used as n-15 

dimensional points to be considered individually or clustered using the Density-Based Spatial Clustering 

of Applications with Noise (DBSCAN) algorithm. The proposed method is tested on two challenging 

synthetic examples with varying levels of confidence in the structural input data. 

Results indicate that topological signatures constitute a powerful discriminant to address plausible model 

heterogeneity. Basic topological signatures appear to be a reliable indicator of the structural behavior of the 20 

plausible models and provide useful geological insights. Moreover, ignoring heterogeneity was found to be 

detrimental to the accuracy and relevance of the PGMs and UIMs. 

KEYWORDS: uncertainty propagation, 3D geological modeling, Monte Carlo, topology, DBSCAN, 

clustering 

  25 
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2. Introduction 

Input data uncertainty propagation in is an essential part of risk aware 3D geological modeling (Schweizer 

et al., 2017;Wang et al., 2016;Nearing et al., 2016;Aguilar et al., 2018;Mery et al., 2017;Dang et al., 

2017;Lark et al., 2013). Accurate quantification of geometrical uncertainty is key to determine the degree 

of confidence one can put into a model. How reliable a 3D geological model is and how this reliability 5 

varies in space are indispensable data to seek improvement of said model. Monte Carlo simulation for 

Uncertainty Estimation (MCUE) algorithms have recently been proposed to tackle this issue (de la Varga 

and Wellmann, 2016;Pakyuz-Charrier et al., 2017;Pakyuz-Charrier et al., 2018;Lindsay et al., 

2012;Wellmann and Regenauer-Lieb, 2012b). MCUE methods (Fig. 3-1) aim to propagate the 

measurement uncertainty of structural input data (interface points, foliations, fold axes, drillhole data) 10 

through implicit 3D geological modeling engines to produce probabilistic geological models (PGM) and 

uncertainty index models (UIM) (Wellmann, 2013;Giraud et al., 2017;Pakyuz-Charrier et al., 2017). To do 

so each structural input data is replaced by a probability distribution thought to best represent its 

measurement uncertainty called a disturbance distribution (Pakyuz-Charrier et al., 2017). Disturbance 

distributions are then sampled using Markov-Chain Monte-Carlo to generate a suite of statistically plausible 15 

datasets. Plausible datasets can then be used to build a suite of plausible 3D geological models which may 

be merged into PGMs or UIMs. Recent works (Wellmann et al., 2014;Thiele et al., 2016a;Thiele et al., 

2016b) have demonstrated that the plausible 3D geological models’ suite may display great geometrical 

variability to the point of making some plausible models conceptually incompatible with one another. 

Plausible models’ incompatibility is detrimental to the relevance of MCUE because the PGMs and UIMs 20 

implicitly assume plausible model homogeneity. 
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Figure 3-1 MCUE simplified procedure, Modified from Pakyuz-Charrier et al 2018. 
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In this paper, the standard MCUE procedure is described, the source of plausible models’ incompatibility 

is discussed, and a topological analysis method is proposed to differentiate geologically consistent plausible 

models and improve the relevance of PGMs and UIMs to real world problems. The method relies on 

evaluating lithological topology for each plausible model via adjacency matrix extraction. These matrices 

qualify which geological units are in contact using Boolean logic. These matrices are then converted to 5 

binary signals called topological signatures that are then clustered using the Density-Based Spatial 

Clustering of Applications with Noise (DBSCAN). The goal is to provide MCUE practitioners with a 

procedure to ensure that PGMs and UIMs are made of topologically consistent plausible models. Lastly, 

the method is tried and tested on two geologically realistic synthetic case studies to demonstrate its 

applicability.  10 
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3. MCUE method 

Monte Carlo simulation for Uncertainty Estimation (MCUE) is an uncertainty propagation method focusing 

on input structural data (interface points, foliations, fold axes, drillhole data). It is usually applied to implicit 

3D geological modeling (Giraud et al., 2017). Note that MCUE shares aspects with the Generalized 

Likelihood Uncertainty Estimation (Beven and Binley, 1992), a special implementation of a Bayesian 5 

Monte Carlo approach (Camacho et al., 2015). MCUE aims to provide probabilistic models and estimate 

model uncertainty by producing a range of statistically plausible 3D geological models and performing 

comparative analysis on them (Pakyuz-Charrier et al., 2017;Wellmann, 2013;Lindsay et al., 2013). 3D 

geological model suites are built from a series of plausible datasets that are generated through input data 

perturbation (Fig. 3-1). Data perturbation is a process where alternative input datasets are stochastically 10 

generated from the original data inputs by sampling from probability distribution functions known as 

disturbance distributions (Pakyuz-Charrier et al., 2017). 

3.1. Disturbance distribution parameterization 

Disturbance distributions are probability distribution functions that are used to generate plausible datasets 

in MCUE. They are designed to simulate the effect of the inherent uncertainty of each observation 15 

separately (de la Varga and Wellmann, 2016). In principle, an individual disturbance distribution is 

associated to each observation (Fig. 3-1, preprocessing). Disturbance distributions are expected to be 

chosen and parameterized based on thorough metrological analysis of the original dataset, since they are 

expected to aggregate as many sources of input data uncertainty as possible. These sources of uncertainty 

relate to measurement error, rounding error, user error, local variability, mis-calibration or projection issues 20 

(Bardossy and Fodor, 2001). Generally, Gaussian-like distributions make for appropriate disturbance 

distributions (Pakyuz-Charrier et al., 2017) since the central limit theorem applies well to structural data. 

Disturbance distribution selection and parameterization is a complex topic and is outside the scope of this 

paper. However, practitioners may seek guidance from recent practical metrological work on foliations 

(Novakova and Pavlis, 2017;Stigsson, 2016;Cawood et al., 2017;Allmendinger et al., 2017) and more 25 

theoretical work on disturbance distribution selection/parameterization for MCUE (Pakyuz-Charrier et al., 

2017;de la Varga and Wellmann, 2016). 
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3.2. Plausible datasets generation 

Plausible datasets are obtained by sampling from the disturbance distributions that have been defined for 

each input observation. The sampling step is often referred to as the “perturbation” of the input data 

(Cherpeau et al., 2010;Jessell et al., 2014;Wellmann et al., 2014). Sampling is usually made independently 

as errors do not show any spatial dependency because measurements are physically independent (Pakyuz-5 

Charrier et al., 2017). Nevertheless, spatial correlation of errors can be observed. Indeed, observing 

heteroscedasticity in the original dataset would imply that some level of error spatial correlation is possible. 

This is especially true for cyclical datasets such as foliations in folding scenarios. The sampling step may 

be followed by a range statistical checks to ensure stationarity, reject outlying datasets, examine likelihood 

or perform variographic analysis. 10 

3.3. Plausible models building 

Plausible dataset generation is an important part of the MCUE method because it heavily predetermines its 

outcomes. However, plausible datasets are only as relevant as the plausible model they correspond to. 

MCUE is then largely dependent on the particulars of the chosen modeling engine (Fig. 3-1, Building). Any 

modeling engine relies on the conceptualization of the phenomenon it is supposed to model. 15 

Conceptualization relies mainly on abstraction, simplification and assumptions to make the modeling 

problem accessible to our minds and technology. Therefore, any workflow or method that relies on a 

modeling engine subsequently relies on these abstractions and simplifications which, by definition, are 

incomplete and uncertain (Jessell et al., 2014). Consequently, MCUE is sensitive to this kind of “conceptual 

uncertainty” and care should be taken when selecting or parameterizing the modeling engine. Given that 20 

MCUE’s main aim is to propagate input uncertainty through the modeling engine to the final model, several 

indispensable properties of the modeling engine may be identified (i) may estimate and propagate its own 

uncertainty (ii) may handle multiple plausible datasets without having to be reconfigured manually (iii) 

may not rely extensively on expert input. These properties are generally met by implicit modeling engines 

(Chilès et al., 2004;Aug et al., 2005;Calcagno et al., 2008;Chilès and Delfiner, 2009) by the virtue of them 25 

being reliant on potential field interpolation to estimate the geological surfaces from the input structural 

data. The interpolator is normally parameterized using variographic analysis and a geometrical ruleset to 

solve geometrical ambiguities (Jessell, 2001). The geometrical ruleset consists of a series of geometrical 

constraints such as the intersection priority of faults and geological units that are used to determine which 
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interface stops on which. Conceptually, the geometrical ruleset enforces the age relationships between the 

faults and/or geological units in the model. In this paper, the modeling engine is the GeoModeller software 

which uses a cokriging implicit interpolator and constrains surfaces using a predefined stratigraphic pile 

and fault relationships as geometrical ruleset (Calcagno et al., 2008;Guillen et al., 2008). 

3.4. Comparative analysis 5 

In implicit 3D geological modeling, a model is essentially a set of spatial functions that describe the 

geometry of stratigraphic and intrusive interfaces and fault planes. In this form, it is difficult to apply 

common comparative analysis methods. Therefore, plausible models are either discretized to 3D 

rectangular grids (voxets), flattened to triangulated surfaces or shrunk to triple lines (Fig. 3-1, 

Postprocessing). Note that in all three cases, these operations are further simplifications of the models and 10 

add more uncertainty to the final outcome because of precision/resolution issues. Each of these 

transformations allow for different comparative analyses to be run (i) voxets are used to build probabilistic 

geological models (PGM) and uncertainty index models (UIM) such as entropy or stratigraphic variability 

(Wellmann and Regenauer-Lieb, 2012a;Wellmann, 2013;Lindsay et al., 2012) (ii) the shape of triangulated 

surfaces may be used to estimate the variability of curvature (Lindsay et al., 2013) (iii) triple lines may be 15 

used to analyze space partitioning in a more compact way than that of the previous two forms. Furthermore, 

the results of these analyses can be fed to external validation systems to reduce geological uncertainty and 

improve understanding of the modelled volume. Examples of external validation systems include 

geophysical inversion (Giraud et al., 2017), concurrent geophysical forward modeling  (Bijani et al., 

2017;Lipari et al., 2017), groundtruthing or fluid flow modeling. Lastly, the results obtained from the 20 

external validation systems may be reutilized by MCUE to further refine the models.  
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4. Plausible model heterogeneity 

As stated in the previous section, comparative analysis in MCUE aims to study the variability of the 

plausible models and extract meaning from them. To this end, plausible models are transformed to a more 

manageable form that fits our analysis tools (Fig. 3-1). The most common comparative analysis tools used 

in MCUE are UIM such as Information Entropy and stratigraphic variability. These indexes are computed 5 

from a relative frequency voxet that is obtained by merging the voxets from all of the plausible models 

together. The usual underlying assumption is that the plausible models constitute a unimodal population 

and may be analyzed as such. 

The UIM used in MCUE are scalar proxies for categorical uncertainty and one of the critical conditions for 

a single scalar to be representative of the uncertainty of a variable is that it has to be distributed unimodally. 10 

To assume unimodality is risky because it restrains the relevance of the UIM to homogenous populations 

only. In the case of a heterogeneous population or a mixture of populations, this procedure will fail to 

represent accurately the behavior of the variable in the same way a bimodal distribution cannot be fully 

described by its mean and variance (Fig. 3-2). 

 15 

Figure 3-2 Bimodal distribution with associated global and modal dispersion parameters 

In the case of MCUE, perturbation is usually performed using unimodal Gaussian disturbance distributions 

(Pakyuz-Charrier et al., 2017). At first sight it may seem that model building should result in a homogenous 

population of plausible models. However, it has been demonstrated on simple synthetic cases that plausible 

models with strikingly different structural geological features may arise from perturbing the same original 20 

dataset (Wellmann et al., 2014;Thiele et al., 2016a;Thiele et al., 2016b) using unimodal Gaussian 

disturbance distributions (Fig. 3-3). These differences indicate that standard perturbation may lead to 

plausible model heterogeneity. This effect stems from the fact that the relationship between the variability 
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of the plausible datasets and that of their corresponding plausible models is non-linear (Fig. 3-3, Fig. 3-4). 

The non-linearity of the plausible model suites can be explained by the interactions between the interpolator 

and the geometrical ruleset. The interpolators used in implicit 3D geological modeling are linear (Kriging, 

Radial Basis Functions) and it is the geometrical ruleset that introduces piecewise‡‡ non-linearity by adding 

a discrete component to model realization. For example, a plausible model suite may display the same fault 5 

in various scenarios (normal, reverse, decollement) or open/closed potential traps for fluids (Fig. 3-4). In 

the latter example (Fig. 3-4), non-linearity is observed because of the geometrical ruleset that gives 

intersection priority to the top impermeable unit (green) over the lower units. If not for this ruleset, 

interfaces would vary linearly and no unit would stop on any other unit. Consequently (i) very small changes 

in a plausible dataset may induce large changes in the subsequent plausible model (ii) plausible dataset 10 

variography is not a reliable indicator of plausible model homogeneity. Therefore, standard statistical filters 

applied to plausible datasets are unlikely to prevent or warn of potential plausible model heterogeneity. 

Special sampling methods are such as Gibbs sampling may decrease model variability by forcing internal 

spatial correlation in plausible datasets (Wang et al., 2016;de la Varga and Wellmann, 2016) although, as 

stated above this is not guaranteed. Moreover, these methods work best if measurement errors are spatially 15 

dependent. This is normally not the case for sparse geological structural measurements taken individually. 

Actually, there is no logical reason to consider that the measurement errors related to, for example, two 

foliations measured with the same compass in different areas are dependent on one another. Note that spatial 

correlation of errors remains possible when the original dataset is heteroscedastic and measurements 

themselves are spatially correlated. In any case, plausible model heterogeneity need be addressed to ensure 20 

that PGMs and UIMs describe homogenous model populations. 

                                                           
‡‡ Here, piecewise non-linearity refers to the properties of non-differentiability of discontinuous non-linear 

piecewise functions. 
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Figure 3-3 Example of equally plausible yet geologically incompatible models. 
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Figure 3-4 The “open” or “closed” status of an ore deposit sedimentary trap varies with the topology of 

surrounding impermeable (i) units. These discrete changes in model topology potentially introduce critical piece 

wise non-linearity in simulations using the geometry of these models as inputs.  
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5. Plausible model topological analysis 

As ignoring plausible models’ suites’ heterogeneity may lead to an unknown amount of knowledge 

degradation, the need to distinguish and classify plausible models that correspond to different geological 

scenarios becomes apparent. By doing so, it becomes possible to design a scenario-based comparative 

analysis step in MCUE. In principle this approach has multiple advantages, a geological scenario-based 5 

procedure can be expected to (i) allow rejection of physically absurd models via topological filtering (ii) 

reduce uncertainty on a per-scenario basis by narrowing intra-cluster geometrical variability and; (iii) 

enable targeted improvement of the model through inter-cluster comparative analysis. A common way to 

distinguish groups or trends in complex dataset is via the use of clustering analysis, machine learning or 

other statistical data analysis methods. In MCUE, clustering is preferable because machine learning relies 10 

on training and validation datasets to function properly. Unfortunately, MCUE does not provide a reliable 

way to determine the adequacy of a plausible model training dataset for machine learning beforehand. In 

contrast, and given a certain number of assumptions, clustering algorithms are expected to work with the 

raw data. In this paper, the Density-Based Spatial Clustering of Applications with Noise (DBSCAN) (Ester 

et al., 1996) was selected for its simplicity, speed, robustness and overall reliability (Chakraborty et al., 15 

2014). However, all clustering algorithms require an efficient discriminatory variable to build clusters 

efficiently. In this instance, the discriminatory variable has to be logically linked with plausible models’ 

heterogeneity to allow the clustering algorithm to differentiate geological scenarios. A potential candidate 

that meets this criterion is lithological topology which was recently demonstrated to be an efficient tool to 

recognize highly discriminating features from plausible models in MCUE (Wellmann et al., 2015;Thiele et 20 

al., 2016a;Thiele et al., 2016b). As stated in the previous sections, non-linearity in 3D geological modeling 

is the cause of plausible model heterogeneity. In addition, non-linearity results from the topological 

constraints imposed by the geometrical ruleset. Therefore, the geometrical ruleset is at least partially 

responsible for the plausible models’ heterogeneity. It is then reasonable to assume that the topology of the 

plausible models can be used as a discriminatory variable to understand and mitigate model heterogeneity. 25 

5.1. Lithological topology 

Topology describes the properties of special mathematical spaces that are unaltered under continuous 

deformation (Crossley, 2006). 3D geological modeling mostly concerns itself with the topic of geospatial 

topology that focusses on spatial relationships such as adjacency, overlap or separation of geometrical 
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objects such as points, lines, polygons and polyhedrons (Thiele et al., 2016a). For example, geological 

objects such as faults and unit interfaces can be abstracted to planar polygons which intersect over lines. 

Formally, eight binary spatial relationships are possible between 2D objects (Egenhofer, 1989). There is a 

total of sixty-one cross-dimensional binary spatial relationships between 0, 1, 2 and 3D objects (Zlatanova, 

2000). Essentially, the use of topological relationships to characterize 3D geological models allows a 5 

compact expression of a sub-set of their geometry (Burns, 1988). Combined with the knowledge of the 

intrinsic physical properties of the rock types that compose geological units, these relationships constrain 

the downstream predictions resulting from 3D geological models in terms of physical processes such as 

fluid, heat flow and electrical field as well as mechanical stresses. The most common relationships between 

3D objects encountered in 3D geological models are adjacency and separation of lithological units. In their 10 

simplest form, these relationships can be expressed using an adjacency matrix [Burns ref?]. 

 

Figure 3-5 Procedure for topological signature extraction. Each plausible model is discretized into a voxet and 

each cell is marched through to record its local topological signature. Cell topological signatures are gradually 

consolidated into a single adjacency matrix for the whole model.  15 

Each element of the adjacency matrix is a Boolean where 0 encodes separation and 1 encodes adjacency 

(Fig. 3-5). However, an adjacency matrix contains both redundant and irrelevant information. Indeed, the 

adjacency matrix 𝐴 of a model 𝑀 comprised of 𝑛 geological units is symmetric and hollow. A is then of 

size 𝑛2 with its diagonal comprised solely of 1 while both sides are transpose of one another, it is then 

useful to half-vectorize 𝐴 and remove the 1 elements from the diagonal following the triangular number 20 

sequence. For example, the 4 × 4 adjacency matrix 
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Equation 3-1 

A = [

1 1 0 1
1 1 1 1
0
1

1
1

1 0
0 1

], 

is half vectorized 

Equation 3-2 

vech(𝐴)𝑇 = [1 1 0 1 1 1 1 1 0 1], 5 

Note that vech(𝐴) is of size ψ =
1

2
(𝑛2 + 𝑛) and contains all the necessary information to fully describe the 

adjacency of lithological units in a 3D geological model with 𝑛 distinct lithological units. vech(𝐴) can be 

also considered as a ψ bit binary sequence called a basic topological signature. The total number of possible 

topological signatures is 2ψ . However, it is unlikely that all possible signatures are present in the plausible 

model suite given that the geometrical ruleset constrain their topology. Consequently, the issue of the 10 

representativity of the plausible model suite in terms of the variability of its topological signatures comes 

into question. At a minimum, the variability of topological signatures should be qualitatively representative 

of the plausible model space to allow clustering algorithm to delineate the right number of clusters. 

Cumulative observed topological signatures graphs are a practical and efficient way to determine the 

topological representativity of the plausible model suite in real time (Thiele et al., 2016b). As the modeling 15 

engine produces new plausible models, these graphs plot the number of distinct topological signatures 

observed versus the number of plausible models generated so far. When the number of distinct topological 

signatures observed reaches a plateau, it is assumed that most topologies have been observed and qualitative 

topological stationarity may then be assumed reasonably (Fig. 3-6). Note that clustering the topological 

signatures of the plausible model suite implies that quantitative topological stationarity is not required. That 20 

is, distinct topological signatures need not to be in exact proportions relative to each other given that the 

clustering algorithm is expected to have them separated. 
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Figure 3-6 Topological stationarity graph with non-stationary and stationary example cases. Stationarity 

expresses itself as a gradual decrease of the rate of unique topologies being “discovered” through the MCUE 

process. 

5.2. Topological clustering using DBSCAN 5 

The Density-based spatial clustering of applications with noise (DBSCAN) is a point density reliant flat 

data clustering algorithm (Ester et al., 1996) . DBSCAN is based on the notion on the reachability of points 

(Fig. 3-7). The algorithm only needs two parameters (i) the minimum number of points 𝑃𝑚𝑖𝑛   that are 

required to form a cluster and (ii) the maximum distance 𝜀 allowed for two points to still be considered to 

be neighbors. On this basis the algorithm builds a distance matrix between all points and uses that matrix 10 

to determine the neighbors of each points based on 𝜀. Each point that has at least 𝑃𝑚𝑖𝑛 neighbors is a core 

point that forms a cluster seed to which all directly reachable border points are attached. In order to build 

the distance matrix, DBSCAN requires each point to be characterized by a metric variable. Therefore, the 

variable would allow distances to be computed using regular norms such as the Euclidean distance. 

However, topological signatures form a series of Boolean variables that cannot provide appropriate 15 

measures for they are not additive. An alternative is to consider the whole topological signatures as a binary 

word and use the Hamming distance (Hamming, 1950) as the metric. The Hamming distance counts the 

number of individual bit switches required to match two binary words of equal lengths, effectively 
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quantifying their disagreement. Implementation wise, a simple XOR over two topological signatures gives 

the Hamming distance that separates them. As a special case, when 𝜀 = 0 and 𝑃𝑚𝑖𝑛 = 1, DBSCAN will 

distinguish every distinct topological signature into a separate cluster and the size of each cluster will count 

their occurrences. 



118 

 

 

 

Figure 3-7 Density-Based Spatial Clustering of Applications (DBCAN) visual workflow.  
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5.3. Post-clustering analysis 

Once the plausible model suite has been segregated into clusters based on their topology, a range of 

statistical methods may be applied to the results to (i) evaluate the quality and relevance of the clusters (ii) 

determine data leverage in relation to the clusters (iii) perform standard MCUE comparative analysis on 5 

the clusters (iv) feed the clusters to an external rejection system. Cluster quality may be evaluated by 

computing the internal information Entropy matrix 𝐸 for each cluster 

Equation 3-3 

𝑒𝑖
𝑗
= −∑ 𝐴(𝑘)𝑖

𝑗
log(𝑘𝐴(𝑘)𝑖

𝑗
)

𝑐

𝑘=1

, 

where 𝑒 is an element of 𝐸, 𝐴(𝑘) is the 𝑘𝑡ℎ adjacency matrix of the cluster, 𝑐 is the cardinality of the cluster 10 

and 𝑖, 𝑗 are standard matrix indexes. For a given cluster, 𝐸 informs the user about the internal variability of 

the binary topological relationships between each lithological couple. Most entries are expected to be null, 

indicating no variations, while non-null entries indicate topological “switches” inside the cluster itself. That 

is, E highlights topological changes that the clustering algorithm considered not to be significant enough to 

warrant a split in the cluster. Importantly, this is directly translatable into geological insights: “these two 15 

models are different because in only one of them is the sandstone unit found adjacent to the shale unit”.  

Naturally, Equation 3-3 may be applied to the whole suite of plausible models’ adjacency matrices as a 

practical reference to compare individual clusters’ internal information Entropy matrices to a global 

information Entropy matrix. Standard MCUE comparative analysis tools may be applied to the individual 

clusters concurrently to, for example, obtain per-cluster/scenario uncertainty indexes and sub-PGMs. Given 20 

that common UIM voxets are sums of matching positive elements, per-cluster UIM voxets are guaranteed 

to yield equal or lower values compared to their global equivalent. Moreover, per-cluster UIM are expected 

to be better structured as a common effect of all clustering algorithms is to reduce intraclass variability. 

Clustered plausible models may be traced back to their plausible input datasets (structural measurements) 

to conduct cluster leverage analysis. The aim of cluster leverage analysis is to determine which parts of the 25 

datasets are responsible for the topological switches that induce the formation of new clusters. A 

straightforward way to achieve this aim is to compute a measure of central tendency (i.e. mean, median, 

mode) for every individual input in every cluster’s plausible datasets 
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Equation 3-4 

�̅� = [�̅�𝑙=1 … �̅�𝑡], 

where �̅� is the vector of central tendency, �̅�𝑙  is the measure of central tendency for the plausible input 

observation 𝑙 and t is the cardinality of the input data. The next step is to compare every matching individual 

input data central statistic between all cluster pairs 5 

Equation 3-5 

∆�̅�(𝑎, 𝑏) = √(�̅�𝑎 − �̅�𝑏) ∘ (�̅�𝑎 − �̅�𝑏). 

Where 𝑎, 𝑏 identifies a cluster pair and ∘ stands for the entrywise product. The results of this procedure 

should be ranked to find the highest leverage plausible input data differences between clusters.   
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6. Synthetic case study 

To serve as proof of concept, the plausible models clustering procedure that is proposed in the previous 

section is tested on a synthetic case called CarloTopo. The aim is to assess how plausible model clustering 

may improve the accuracy, practicability and tractability of MCUE in a comprehensible yet relevant 

environment. CarloTopo simulates a normally faulted basin placed on top of a mafic formation (i.e. basalt 5 

lavas) that sits on an erosional surface. Below the erosional surface is a metamorphic folded series 

comprised of 3 individual formations. The procedure follows standard MCUE (Fig. 3-1) with topological 

clustering being added to the last step of comparative analysis. Results are expressed in three 

complementary modes, (i) differences between topological clusters are visualized using information 

Entropy as a proxy for uncertainty estimation; (ii) intra-cluster variability is assessed using internal Entropy 10 

matrices (Eq. 3); (iii) the initial and individual plausible models are characterized by their topological 

signatures and lithological cross-sections.  

6.1. Model description and MCUE parameters 

The CarloTopo 3D geological model features 8 lithological units distributed into 5 series and 2 faults (Fig. 

3-8). All of the 25 foliations and 46 interface (Table 1) points for all units and faults are placed onto a single 15 

N-S vertical median cross-section which provides the most informative view of the model. The 

metamorphic series rests onto the basement and both are intruded by a pluton. The geometries for each unit 

were designed to manifest as many common geological features as possible without compromising its 

relevance for practical issues such as mining/oil & gas exploration. More specifically, several potential 

traps for sedimentary-hosted deposits were included in the original model along with a network of faults 20 

that serve as theoretical channels or barriers (Fig. 3-9). The case study was split into two separate MCUE 

experiments with different disturbance distribution parameterization with over a thousand perturbations 

each. The first run aims to simulate a high input data confidence scenario applicable to well-surveyed areas. 

Conversely, the second run simulates a low confidence scenario applicable to legacy data or early stages of 

exploration. Disturbance distributions in the high input data confidence scenario were chosen to be of the 25 

Gaussian type with relatively low dispersion, whereas Uniform type distribution parameterized with large 

ranges were used for the low input data confidence scenario (Table 2). 
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Figure 3-8 CarloTopo 3D geological model with original input foliations (disks) and interfaces (points), 

geometrical rulesets for units and faults, and adjacency matrix. The model box is a kilometric cube and all 

input structural data is located on the x=500m vertical cross-section. 

Table 1 Original input structural data description for the CarloTopo 3D geological model 5 
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Figure 3-9 Original CarloTopo vertical cross-sections at x=250m, 500m and 750m with potential ore deposit 

traps or channels circled 

Table 2 Summary of all MCUE parameters used in this study 

 5 

6.2. High input data confidence run 

For this run, a global information Entropy UIM voxet was produced to serve as a reference against matching 

topology-based estimates. Three vertical N-S cross-sections were extracted from the voxet at 250m, 500m 

and 750m Easting (Fig. 3-10). The 250m and 750m information Entropy cross-sections are almost identical 

because the original model is symmetrical about the N-S median cross-section where all structural data is 10 

located. Both sections display low to medium levels of Entropy (0.20 to 0.40) distributed around the original 

interfaces trace and forming information Entropy halos of about 70m apparent thickness for non-triple-

points areas. Conversely, triple points and areas of potential geometrical ambiguities display medium to 

high levels of Entropy (0.50 to 0.70) and thicker halos (~100m). The 500m information Entropy cross-
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section exhibits lower levels of Entropy and much thinner halos (~20m) because of its extreme proximity 

to the structural data inputs. 

 

Figure 3-10 Global (top row) and top 5 most significant topological signatures vertical cross-sections of 

information Entropy uncertainty index models (UIM) for the low input data confidence run.  5 
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To verify topological stationarity, each plausible model was exported to a voxet that was used to build its 

corresponding adjacency matrix (Fig. 3-6). Every “new” topology was placed into a standard topological 

stationarity graph (Fig. 3-11). 

 

Figure 3-11 Topological stationarity graph for the CarloTopo high input data confidence run. 1:1 graph in 5 
background for reference. 

The number of distinct topologies observed over the process of generating plausible models appears to 

follow a diminishing returns pattern. That is, the greater part of possible topologies is “discovered” quickly 

and further plausible model generation yields diminishing returns. In this instance, a third of topologies are 

discovered in a mere 3% of the total number of perturbations and the next third is completed in under 25% 10 

of said number. The total number of observed distinct topologies represents about 5% of the total number 

of plausible models. Note that these finds are in accordance with previous work on topological stationarity 

in 3D geological modeling (Thiele et al., 2016b). Based on these observations, it is safe to assume 

topological stationarity for this run. Several parameter sets for DBSCAN were tested and it appeared that 

the only working set for this case is 𝜀 = 0 and 𝑃𝑚𝑖𝑛 = 1. Otherwise, DBSCAN returns a single cluster 15 

along with a small number of unclustered topological signature. That is, each distinct topological signature 

has to be considered as a cluster in itself in order to obtain more than one cluster. Such behavior is not 

entirely unexpected because of the low dispersion parameters set for the disturbance distributions. Indeed, 

low dispersion of disturbance distributions is partially and non-linearly correlated to low plausible model 

topological variability. This is confirmed by the low number of non-null elements in the global internal 20 

information Entropy matrix (Table 3) which indicates that few topological relationships were affected by 
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the perturbation process. With the aforementioned settings, DBSCAN returned fifty-five clusters that 

correspond to the fifty-five distinct topological signatures present in the plausible models’ suite. A 

significance threshold of sixty occurrences was applied (Fig. 3-12) to retain only the six most significant 

topological signatures and make subsequent steps more manageable, and such operation is only justified on 

the basis that topological stationarity is adequately met. 5 

Table 3 Global internal information Entropy matrix for the high input data confidence run 

  

 

 

Figure 3-12 Unique topologies occurrences for the high input data confidence run with significance threshold of 10 
60. Note that in this instance, the clustering algorithm returned every topological signature as a distinct cluster. 
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A representative plausible model was selected from each significant topological signature cluster and three 

vertical N-S cross-sections were taken (Fig. 3-13) to obtain a qualitative view of the topological and 

geometrical differences between them. The 500m Easting, median cross-section is mostly invariant 

throughout the cluster as pointed out by the low value observed on the global information Entropy UIM 

voxet (Fig. 3-10). The 250m and 750m Easting cross-sections appear to be significantly more variable 5 

throughout the clusters in terms of distinct topological features and geometrical variations. Evident 

differences in section view include (i) the basin lower unit (Fig. 3-13, green) gaining or losing contact with 

the metamorphic folded series (Fig. 3-13, pinks) with the Mafic Cover separating the two series (Fig. 3-13, 

blue), (ii) the basement (Fig. 3-13, brown) coming into contact with the mafic cover, (iii) the upper 

metamorphic folded unit (Fig. 3-13, light pink) being in direct contact with the lower metamorphic unit 10 

(Fig. 3-13, dark pink). Additionally, the potential traps highlighted in the original model are seen to change 

size and shape, to close and open throughout the clusters. These results indicate that topological signatures 

may help differentiate favorable scenarios in ore reservoir or oil and gas modeling applications.  
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Figure 3-13 Vertical cross-sections of representative plausible models for the top 5 most significant topological 

signatures in the high input data confidence run. Major topological changes are circled. 
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Information Entropy cross-sections were extracted from the UIM voxets (Fig. 3-10) that were generated for 

each significant topological signature. Although, the information Entropy values look similar throughout 

the clusters, there are noticeable differences in terms of sharpness and triple-points differentiation. 

Predictably, the 500m Easting section shows very little extra-cluster variability and is very similar to its 

global counterpart. This is most likely because of its relative proximity to the original structural data inputs. 5 

In contrast, the 250m and 750m Easting sections display significant extra-cluster variability in terms of 

Entropy halos’ thicknesses (from 150m to 50m), triple-points differentiation (right ellipses) and sequence 

repetition in the metamorphic folded series (middle and left ellipses). As expected, cluster-based 

information Entropy cross-sections are all sharper than their non-clustered counterpart. This constitutes a 

strong indication that topological clusters are geometrically consistent and supports the thesis that topology 10 

is an efficient determinant for geological coherence. Additionally, sharper information Entropy cross-

sections imply sharper PGMs which allows for an increased external applicability of MCUE results. In 

general, these results underline the plausible model discriminating efficiency of topological signatures even 

when they are considered individually. 

6.3. Low input data confidence run 15 

As with the previous run, a global information Entropy UIM voxet was produced to serve as a reference 

against matching topology-based estimates. Equivalent cross-sections were taken (Fig. 3-14) and exhibited 

very similar features to the high data confidence run. However, attention is brought to the increased 

fuzziness of the information Entropy halos. These patterns can be explained by the disturbance 

distributions’ selection and parameter selection for this run. The uniform distributions that were selected in 20 

this instance always have a higher innate Entropy compared to Gaussian distributions. Furthermore, the 

ranges selected largely exceed those of the previous run. Although at a lesser degree, the topological 

stationarity graph (Fig. 3-15) expresses the same diminishing returns effect as the high input data 

confidence run. More specifically, a third of topologies were in the first 13% of plausible models, another 

third in the next 20% of plausible models and the final third in the last 70% of plausible models. In this 25 

instance, DBSCAN was parameterized with 𝜀 = 2 and 𝑃𝑚𝑖𝑛 = 2 and returned two topological signature 

clusters of size 953 and 39 respectively, along with 8 outliers. Lower or higher values for 𝜀  and 𝑃𝑚𝑖𝑛 

returned either a single cluster of size 1000 or a thousand clusters of size 1. 
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Figure 3-14 Global (top row) and per-cluster vertical cross-sections of information Entropy uncertainty index 

models (UIM) for the low input data confidence run 

 

Figure 3-15 Topological stationarity graph for the CarloTopo low input data confidence run. 1:1 graph in 5 
background as reference 

Cross-sections extracted from representative models of both clusters (Fig. 3-14) display stark differences 

at the geometrical and topological levels. Significant topological changes between the two clusters include 

the disappearance of the middle the metamorphic folded unit (purple) from cluster 2, the emergence of the 

lower metamorphic folded unit (dark pink) against the lower basin unit (green) and the contact of the 10 
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intrusion unit (red) with the upper metamorphic folded unit (light pink) in cluster 2. This is not surprising 

given the high number of non-null elements in the global internal information Entropy matrix (Table 4). 

Indeed, a total of twenty topological relationships were affected by the perturbation process to varying 

degrees. Moreover, per-cluster internal information Entropy matrices result in a significant number of non-

null elements (Table 4) which can be used to determine the main “breaking” topological relationships 5 

responsible for cluster differentiation when compared against each other and against the global matrix. 

Most topological shifts between the two clusters (red entries, Table 4) relate to internal topological 

relationships of the metamorphic folded unit and the basement. These shifts are consistent with the 

representative models’ cross-sections and indicate that per-cluster internal information Entropy matrices 

may be used to draw geological inferences from their topological differences. When the clusters’ internal 10 

Entropy matrices are compared against the global one, small differences become visible (underlined entries, 

Table 4) because of the inclusion of the unclustered plausible models. Notably, the intermediate 

metamorphic folded unit entries are non-null against all other units and itself which suggests that the unit 

may be absent from some of the unclustered plausible models. 
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Figure 3-16 Vertical cross-sections of representative plausible models for each cluster in the low input data 

confidence run. Major topological changes are circled. 
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Table 4 Per-cluster (top), global (bottom left), and contrast (bottom right) internal information Entropy matrices 

for the low input data confidence run 

 

 

The information Entropy UIM cross-sections for cluster 1 shows little variation to its global counterpart 5 

(Fig. 3-16). This is mainly due to the large size of cluster 1 compared to the number of plausible models. 

About 95% of plausible models carry a topological signature that links them to cluster 1. Given the convex 

nature of information Entropy, large clusters are likely to be near undiscernible with the global population. 

Overall, cluster 2 displays sharper Entropy halos than cluster 1 or the global cross-sections. It also features 

strong aliasing because of its relatively small size. Information Entropy peaks about the metamorphic folded 10 

series appear to be shifted by a half of a fold wavelength between the two clusters (ellipses) while other 

features remain mostly constant. The relative similarity between both clusters information Entropy cross-

sections (Fig. 3-16) despite their strong geological, structural and topological disagreement suggests that 

topological clustering holds potential as a differentiation tool in MCUE comparative analysis. Topological 

clustering would then be a way to mitigate the weaknesses of global information Entropy UIM in regard to 15 

structural relevance.  
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7. Discussion 

In this paper, a basic procedure for topological clustering in Monte Carlo simulation for Uncertainty 

Estimation (MCUE) was explored as promising improvement over currently available comparative analysis 

methods. The theoretical and practical aspects of the procedure were discussed and demonstrated over two 5 

proof of concept case studies. 

The case for topological clustering rests on the fact that MCUE commonly generates geologically 

incompatible models because of the non-linear relationship between the plausible datasets and the plausible 

models’ suite. This effect is introduced by the geometrical ruleset that implicit 3D geological modeling 

engines depend on to solve topological ambiguities. Ultimately, this topology-induced non-linearity 10 

translates into plausible model heterogeneity which is damaging to global comparative analysis methods 

that MCUE normally relies on and justifies topological clustering. Plausible model heterogeneity forms a 

strong logical barrier to merging seemingly incompatible plausible models into a single PGM or UIM. 

Plausible models obtained through the perturbation of the same dataset may describe very different 

“realities” which correspond to different geological scenarios. Combining such incompatible model types 15 

that describe very different geological scenarios into a single uncertainty estimate is detrimental to the 

understanding of the quality of our knowledge in the area of interest. 

Topological clustering provides more flexibility to external validation systems such as geophysical 

inversion or physical simulations as it does not lock them into a single PGM or UIM. In turn, such approach 

holds the potential to make targeted groundtruthing easier as topological differences between clusters and 20 

per-cluster leverage analysis would help indicate which observations or topological relationships introduce 

heterogeneity in the plausible model suites. Furthermore, per cluster uncertainty is always lower than its 

global counterpart because of the convexity of UIMs. Therefore, topological clustering produces better 

focused per-cluster UIMs that are more comprehensible than the global UIM which helps to parameterize 

external validation systems. Topological clustering preserves and improves geological knowledge since the 25 

differences between the topological signatures of distinct clusters are visible in the internal information 

Entropy matrices and can be interpreted in terms of geological relationships. Lastly, the proposed method 

increases the value of MCUE against analytical uncertainty propagation methods since the latter do not 

handle well the kind of non-linearity that plausible model heterogeneity indicates. Analytical uncertainty 

propagation would estimate uncertainty from the interpolator directly without the need to build any more 30 
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than a single PGM. However, it was shown the case study that a single PGM cannot adequately express the 

inherent non-linearity of the modeling engine. Note that this non-linear behavior is not a defect of the 

modeling engines themselves but rather a consequence of natural geological rules such as continuity, cross-

cutting or superposition. 

Although promising, in its current form, the procedure might suffer from a number of limitations that 5 

concern DBSCAN and other clustering algorithms such as k-means, generative topographic mapping or 

machine learning could be considered. The low number of parameters, the simplicity of the algorithm and 

low computational cost make DBSCAN an appealing choice for data clustering of large datasets where the 

number and shape of clusters is unknown. Nonetheless, DBSCAN suffers from a number of limitations that 

may hinder its ability to function effectively. The most relevant ones to this study are the “hidden” metric 10 

parameter, point density scale issues and conflicted points. The metric parameter relates to the choice of 

the metric used to compute the distance matrix. Datasets with high dimensionality may exhibit a degeneracy 

of the concept of distance when the data is uncorrelated and noisy. The issue is mostly covered by the fact 

that the topology of 3D geological model is usually well structured because of the geometrical ruleset’s 

influence. The point density scale issue relates to the spatial variance of point density throughout the dataset. 15 

A high spatial variance prevents an effective 𝜀  parameterization because the concept of a reachable 

neighbor becomes ambiguous. In the case of basic topological signatures extracted from plausible models, 

the variability of the point density of clusters is usually low. That is so because the geometrical ruleset 

massively decreases the chances of odd topological signatures occurring. Note that this applies even for 

very low confidence disturbance distribution parameterization provided that all units are sufficiently 20 

informed. Conflicted points relate to the fact that the DBSCAN algorithm is non-deterministic in some 

instances (Schubert et al., 2017). As a consequence, some border points may be reachable by several core 

points from different clusters at the same time. Although, DBSCAN only allows each point to belong to a 

single cluster. It is then the order in which the data was processed by the algorithm that will determine to 

which cluster these conflicted points belong to. For the purpose of this paper, this effect was avoided by 25 

parameterizing DBSCAN with a low 𝜀. Regardless of which clustering algorithm is chosen and how it is 

parameterized, the issue of the relevance of Boolean topological signatures clustering arises. Boolean 

topological signatures may be argued as being too simplistic in their representation of the actual geometrical 

relationships observed in the plausible model suites. Such oversimplification may inhibit the differentiating 

efficiency of the clustering algorithm. To address this problem, more accurate topological signatures may 30 

be used. The most straightforward improvement is to distinguish normal and faulted contacts between 
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geological units and express topological signatures as a ternary signal instead of a binary one. This solution 

is appealing because the rest of the procedure remains unchanged given that the Hamming distance is 

defined for all degrees.  

Replacing lithological, unit-based, adjacency matrices with super, series-based, adjacency matrices (Thiele 

et al., 2016a;Thiele et al., 2016b) is another possibility of improvement for the procedure. In this case, the 5 

geological units of a series would be considered as a single entry of the matrix. The aim is to simplify the 

adjacency matrices, eliminate redundant information, decrease computational costs and increase 

readability. However, this approach assumes that series are topologically consistent which is not guaranteed 

as illustrated by the metamorphic folded series behavior in the low input data confidence run. The clustering 

algorithm would then be made blind to them and, in some cases, display higher differentiating ability. 10 

Although, the question of the relevance of a topological relationship is likely to be ad hoc. At the practical 

level, in this paper, adjacency matrices were extracted from 3D grids obtained by discretizing the plausible 

3D geological model. Therefore, adjacency matrices are prone to discretization artefacts when resolution is 

too low. Triple lines or triangulated interfaces could be used to derive the topological signatures while 

avoiding these artefacts. 15 

Overall, more in depth case studies are required to assess the capabilities of the method and determine the 

best route for possible improvements. More specifically, 3D real case studies are needed to better 

demonstrate the usability and practicability of the method as opposed to the synthetic 2D section-based 

model used in this paper.  
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8. Conclusion 

In this paper, recent findings (Wellmann et al., 2014;Wellmann et al., 2015;Thiele et al., 2016a;Thiele et 

al., 2016b;Pakyuz-Charrier et al., 2018) about plausible model variability in MCUE were verified and a 

complete innovative comparative analysis procedure was proposed to address the issues raised by said 

findings. It was confirmed through experiment that MCUE may output a significant proportion of 5 

geologically incompatible plausible models and that topological analysis is a powerful tool to differentiate 

them. The reasons for this incompatibility were discussed and were found to be due to the non-linear 

relationship between the plausible input datasets and the plausible models. That is, the model building 

process is non-linear itself. It was proposed that the model building non-linearity emanates from the 

geometrical ruleset that is used to constrain and partially define the topology of models in implicit 3D 10 

geological modeling engines. In view of this fact, a topological clustering method using DBSCAN was 

proposed as a solution to distinguish large numbers of geologically incompatible models, thereby increasing 

the relevance and quality of the uncertainty indexes and probabilistic models in MCUE. Based off a two 

stages synthetic case study, it was found that topological analysis is a viable tool to differentiate 

geologically incompatible models and that topological signatures are strong indicators of geological 15 

features in 3D geological models. Topological analysis was shown to reduce overall model uncertainty by 

ensuring topological consistency in the uncertainty indexes. Moreover, topology-driven comparative 

analysis may allow for higher model improvement potential than what global uncertainty indexes or 

probabilistic geological models allow for. The rationale is that improved knowledge of uncertainty allows 

users to target areas of interest where supplementary data collection is required to reduce said uncertainty. 20 

In this case, uncertainty is thought of as an improvement enabling tool that initiates a positive feedback 

loop and allows users to refine their understanding of the modelled area and increase the reliability of their 

model. This work finds applications in mining and oil & gas industries at the strategical and tactical stages 

of exploration or for onsite development and production. In particular, topologically consistent probabilistic 

geological models and their associated topological signatures or UIMs could be used as input for 25 

geophysical inversion and physical simulation softwares.  
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9. Data/Code availability 

All datasets and models used in the present study are available online at 

https://doi.org/10.5281/zenodo.1202314. 

  

https://doi.org/10.5281/zenodo.1202314
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DISCUSSION/CONCLUSION 

In this thesis, the Monte Carlo simulation for Uncertainty Estimation (MCUE) method was introduced, 

described, discussed and improvements were brought over three chapters. The first chapter entailed 

Bayesian disturbance distribution parameterization and advocated the usage of spherical pole vector 

perturbation over dip vector perturbation. These recommendations were made on the basis of theoretical, 5 

practical and empirical considerations. The second chapter covered the topic of drillhole data perturbation 

to widen the applicability of MCUE. A complete perturbation procedure based on two separate Markov 

Chains was presented along with example studies which were used to discuss the particulars of uncertainty 

propagation for drillhole data. The third chapter introduced topological signatures as a powerful 

discriminant for plausible model differentiation and definite positive compared to analytical uncertainty 10 

propagation. 

In general, the main benefit of MCUE lies in that it has the potential to propose alternative plausible 

interpretations of the modelled area instead of propagating uncertainty blindly. As a corollary, leverage 

analysis is, in principle, very straightforward in MCUE because the plausible dataset variability is easily 

compared to plausible models’ variability. Stationarity problems were proved not to affect MCUE in a 15 

significant way when disturbance distributions were parameterized realistically since the geometrical 

rulesets and initial spatial correlation of the structural data heavily constrain the topologies of the plausible 

models’ suite. 

However, in its current form, MCUE is still incomplete as it does not include any type of variographic 

uncertainty in its uncertainty propagation procedure. This might be of concern for implicit 3D geological 20 

modeling engines that use geostatistics (GeoModeller, SKUA, GemPy) since stochastic interpolators rely 

on a certain number of assumptions about the variography of the interfaces to work as intended. Other 

implicit modeling engines need not consider such issues as deterministic interpolators do not incorporate 

variography. However, this is not an advantage as ignoring variography equates to discarding the spatial 

structure of the data (Goovaerts, 1997). To address this matter, the usage of empirical Bayesian kriging 25 

would be recommended as it automates the greater part of variographic analysis, takes into account 

variographic uncertainty and is more accurate than other geostatistical methods on sparse and scarce data 

(Chilès and Delfiner, 2009). 

Foreseeable improvements to MCUE include potential/vector field uncertainty estimation, more elaborate 

sampling methods and topological perturbation. MCUE finds application in the mining industry mining 30 
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industry (Cammack 2016; Dominy 2002), oil & gas (Nordahl and Ringrose 2008), building engineering 

(Aldiss et al. 2012), water supply management (Prada et al. 2016), geothermal power plants (Moeck 2014), 

waste disposal (Ennis-King and Paterson 2002), natural hazard management (Delgado Marchal et al. 2015), 

hydrogeology (Jairo 2013) and archaeology (Vos et al. 2015). 

Overall, MCUE is promising and the methods introduced in this thesis such as Bayesian disturbance 5 

distribution parameterization, drillhole perturbation and plausible model suite topological clustering should 

enable further development. The efficiency, applicability and tractability improvements brought by this 

thesis to the MCUE method indicate that it will keep developing at the fundamental and experimental levels 

at least in the next decade. 

  10 
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APPENDICES 

The following contains appendices related to each chapter along with general appendices for the whole 

thesis. These appendices are mostly reminders and contributions to spherical statistics. 

Chapter 1 Appendices 

Appendix 1-A: von Mises-Fisher pseudo random number generation 5 

Von Mises-Fisher sampling on the usual sphere is not new (Wood 1994) and this appendix serves as a 

reminder for the reader. To generate a von Mises-Fisher distributed pseudo random spherical 3D unit vector 

𝑋sphe on 𝑆2 for a given mean direction µ and concentration κ, define 

Equation 1-A1 

𝑋sphe  = [𝜙, 𝜃, 𝑟].  10 

For μ = [0, (. ), 1] the pseudo random vector is given by 

Equation 1-A2 

𝑋sphe = [𝑎𝑟𝑐𝑜𝑠𝑊, 𝑉, 1], 

𝑉 is given by 

Equation 1-A3 15 

𝑉~𝑈(0, 2𝜋), 

𝑈(𝑎, 𝑏) is the usual continuous uniform distribution. 𝑊 is given by 

Equation 1-A4 

𝑊 = 1 +
1

𝜅
(𝑙𝑛𝜉 + 𝑙𝑛 (1 −

𝜉 − 1

𝜉
𝑒−2𝜅)), 

where 20 

Equation 1-A5 

𝜉~𝑈(0,1). 
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Note that in equation 1-A4, 𝑊 is undefined for ξ = 0 and it should be set to 𝑊 = −1; in this case. 𝑋sphe 

should then be rotated to be consistent with the chosen μ. 

Appendix 1-B: Parameter estimates for von Mises-Fisher distribution 

The maximum likelihood estimation �̂� of μ for a given sample of n unit vectors on 𝑆2 is the mean direction 

vector 5 

Equation 1-B1 

�̂� =
𝑅

‖𝑅‖
, 

a simple approximation of the concentration parameter �̂� is estimated by (Banerjee et al. 2005) 

Equation 1-B2 

 �̂� =
�̅�(𝑝 − �̅�2)

1 − �̅�2
, 10 

where 

Equation 1-B3 

�̅� =
𝑅

𝑛
. 

More refined techniques are available to compute this last estimation (Sra 2011) though they do not produce 

significantly better results for low dimensionality cases ( 𝑝 <  5 ) with high values of  𝜅 . Thus, it is 15 

recommended to use the above. 

Appendix 1-C: co-Kriging algorithm in GeoModeller 

The co-Kriging algorithm used in GeoModeller interpolates a 3D vector field and converts it into a potential 

(scalar) field (Calcagno et al. 2008; Guillen et al. 2008) that is then contoured to draw interface surfaces. 

The space between surfaces is defined as belonging to a specific unit based on topological rules. The 20 

topological rules are set by (i) the stratigraphic column for units versus units topological rules (ii) the fault 

network matrix for faults versus faults topological rules (iii) the fault affectation matrix for faults versus 

units topological rules. 
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The potential field co-Kriging interpolator is 

Equation 1-C1 

𝑇∗(𝑝) − 𝑇∗(𝑝0) = ∑ 𝜇𝛼(𝑇(𝑝𝛼) − 𝑇(𝑝𝛼
′ ))

𝑀

𝛼=1

+ ∑ 𝜈𝛽

𝜕𝑇

𝜕𝑢𝛽

(𝑝𝛽),

𝑁

𝛽=1

 

where 𝑇∗(𝑝) − 𝑇∗(𝑝0) is the potential difference at the point 𝑝 given an arbitrary constant origin point 𝑝0. 

The weights 𝜇𝛼 and 𝜈𝛽 are the unknowns. 𝑀 is the number of interfaces and 𝑁 is 3 times the number of 5 

foliations. For practical purposes, the modelled random function 𝑇  is considered to be affected by a 

polynomial drift that is deduced from the foliation data (Chilès and Delfiner 2009). The theoretical semi-

variogram is obtained through variographic analysis, it is then used to solve equation 1-C1 and is usually 

of the cubic (1-C2) type (Calcagno et al. 2008) 

Equation 1-C2 10 

𝛾(𝑑) = 𝐶 (7 (
𝑑

𝑎
)
2

−
35

4
(
𝑑

𝑎
)
3

+
7

2
(
𝑑

𝑎
)
5

−
3

4
(
𝑑

𝑎
)
7

). 

where 𝑑 and 𝑎 are the lag distance and the range, respectively. The theoretical semi-variogram is fit to an 

empirical semi-variogram (Matheron 1970). In practical cases, the empirical to theoretical semi-variogram 

fit is never perfect and is mostly parametric. The probability that the potential value estimated at a point 𝒙 

is comprised between 𝑡 and 𝑡′ (Aug 2004; Chilès et al. 2004) is given by 15 

Equation 1-C3 

𝑃(𝑡 ≤ 𝑇∗(𝑝) − 𝑇∗(𝑝0) < 𝑡′) = 𝒩 (
𝑡′ − 𝑡

𝜎𝐶𝐾(𝒙)
), 

where 𝜎𝐶𝐾(𝒙) is the co-Kriging standard deviation and 𝒩 is the normal cumulative distribution function. 

Equation 1-C3 can be used as an uncertainty estimator for the interpolator (1-C1) if and only if both t and 

t’ can be defined adequately as equivalent to the top and bottom of a formation. If it happens to be the case 20 

these probabilities can be combined to the final uncertainty model at the merging step (Fig. 1.). However, 

such definition is not always possible. Note that Kriging can be redefined in the Bayesian framework (Aug 

2004; Omre 1987) where its assumptions of normality are considered as prior knowledge and therefore may 

be challenged/modified (Pilz and Spöck 2008). 

  25 
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Chapter 2 Appendices 

Appendix 2-A: Confidence interval tables for the von Mises-Fisher distribution on the hypersphere 

The vMF distribution it a gaussian distribution on the p-dimensional unit hypersphere Sp-1§§(Fisher et al., 

1987). The probability density of the vMF distribution for Sp-1 is 

Equation 2-A1 5 

𝑝vMF(𝑥|𝛾, 𝜅) = 𝐶𝑝(𝜅)𝑒𝜅𝛾𝑇𝑥, 𝜅 ≥ 0 and ‖𝛾‖ = 1 , 

where 𝛾𝑇  is the transposed mean direction vector, 𝜅  is the concentration parameter and Cp(κ) is a 

normalization constant given by 

Equation 2-A2 

𝐶𝑝(𝜅) =
𝜅𝑝 2−1⁄

(2𝜋)𝑝 2⁄ 𝐼𝑝 2−1⁄ (𝜅)
 , 10 

where 𝐼𝑣(. ) is the modified Bessel function of the first kind at order 𝑣, and 𝑝 the dimensionality of 𝑆 (𝑝 =

3 𝑓𝑜𝑟 𝑆2). It follows that when 𝑝 = 2, Equation 2-A1 simplifies to the usual von Mises distribution on the 

circle, 

Equation 2-A3 

𝑝vMF(𝑥|𝛾, 𝜅) =
𝑒𝜅𝛾𝑇𝑥

2𝜋𝐼0(𝜅)
. 15 

Because 𝐶𝑝(𝜅) is a constant, the shape of the von Mises-Fisher distribution is entirely defined by the 𝑒𝜅𝛾𝑇𝑥 

term. Therefore, the same table (Table 2-2) may be used for any dimensionality of the hypersphere 𝑆. 

  

                                                           
§§ Sp-1 denotes the surface of the p-dimensional hypersphere. 
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κ 0.99 0.95 0.90 0.80 0.50 

0 178.

2 

171.

0 

162.

0 

144.

0 

90.0 

0.5 176.

8 

164.

3 

149.

2 

122.

0 

63.7 

1 173.

8 

150.

4 

126.

5 

94.6 46.4 

1.5 166.

9 

126.

9 

100.

4 

73.5 36.4 

2 152.

0 

102.

7 

81.2 60.3 30.3 

2.5 129.

3 

85.9 69.0 51.9 26.5 

3 109.

1 

74.9 60.9 46.3 23.7 

3.5 95.2 67.3 55.1 42.1 21.7 

4 85.7 61.7 50.8 39.0 20.2 

4.5 78.8 57.3 47.4 36.4 18.9 

5 73.4 53.8 44.6 34.3 17.9 

5.5 69.1 50.9 42.3 32.6 17.0 

6 65.5 48.5 40.3 31.1 16.2 

6.5 62.4 46.3 38.5 29.8 15.5 

7 59.7 44.5 37.0 28.6 14.9 

7.5 57.4 42.8 35.6 27.6 14.4 

8 55.3 41.3 34.4 26.7 13.9 

8.5 53.4 40.0 33.3 25.8 13.5 

9 51.8 38.8 32.3 25.0 13.1 

9.5 50.2 37.7 31.4 24.3 12.7 

10 48.8 36.6 30.6 23.7 12.4 

10.5 47.5 35.7 29.8 23.1 12.1 

11 46.3 34.8 29.1 22.6 11.8 

11.5 45.2 34.0 28.4 22.0 11.5 

12 44.2 33.3 27.8 21.6 11.3 

12.5 43.2 32.5 27.2 21.1 11.1 

13 42.3 31.9 26.6 20.7 10.8 

13.5 41.5 31.3 26.1 20.3 10.6 

14 40.7 30.7 25.6 19.9 10.4 

14.5 39.9 30.1 25.2 19.6 10.3 

15 39.2 29.6 24.7 19.2 10.1 

15.5 38.5 29.1 24.3 18.9 9.9 

16 37.9 28.6 23.9 18.6 9.8 

16.5 37.3 28.2 23.6 18.3 9.6 

17 36.7 27.7 23.2 18.0 9.5 

17.5 36.2 27.3 22.8 17.8 9.3 

18 35.6 26.9 22.5 17.5 9.2 

18.5 35.1 26.5 22.2 17.3 9.1 

19 34.6 26.2 21.9 17.0 8.9 

κ 0.99 0.95 0.90 0.80 0.50 

19.5 34.2 25.8 21.6 16.8 8.8 

20 33.7 25.5 21.3 16.6 8.7 

20.5 33.3 25.2 21.1 16.4 8.6 

21 32.9 24.9 20.8 16.2 8.5 

21.5 32.5 24.6 20.6 16.0 8.4 

22 32.1 24.3 20.3 15.8 8.3 

22.5 31.7 24.0 20.1 15.6 8.2 

23 31.3 23.7 19.9 15.4 8.1 

23.5 31.0 23.5 19.6 15.3 8.0 

24 30.7 23.2 19.4 15.1 7.9 

24.5 30.3 23.0 19.2 15.0 7.9 

25 30.0 22.7 19.0 14.8 7.8 

25.5 29.7 22.5 18.8 14.7 7.7 

26 29.4 22.3 18.7 14.5 7.6 

26.5 29.1 22.1 18.5 14.4 7.5 

27 28.8 21.8 18.3 14.2 7.5 

27.5 28.6 21.6 18.1 14.1 7.4 

28 28.3 21.4 18.0 14.0 7.3 

28.5 28.1 21.3 17.8 13.8 7.3 

29 27.8 21.1 17.6 13.7 7.2 

29.5 27.6 20.9 17.5 13.6 7.2 

30 27.3 20.7 17.3 13.5 7.1 

30.5 27.1 20.5 17.2 13.4 7.0 

31 26.9 20.4 17.1 13.3 7.0 

31.5 26.6 20.2 16.9 13.2 6.9 

32 26.4 20.0 16.8 13.1 6.9 

32.5 26.2 19.9 16.7 13.0 6.8 

33 26.0 19.7 16.5 12.9 6.8 

33.5 25.8 19.6 16.4 12.8 6.7 

34 25.6 19.4 16.3 12.7 6.7 

34.5 25.4 19.3 16.2 12.6 6.6 

35 25.2 19.1 16.0 12.5 6.6 

35.5 25.1 19.0 15.9 12.4 6.5 

36 24.9 18.9 15.8 12.3 6.5 

36.5 24.7 18.7 15.7 12.2 6.4 

37 24.5 18.6 15.6 12.1 6.4 

37.5 24.4 18.5 15.5 12.1 6.3 

38 24.2 18.4 15.4 12.0 6.3 

38.5 24.0 18.2 15.3 11.9 6.3 

39 23.9 18.1 15.2 11.8 6.2 

39.5 23.7 18.0 15.1 11.7 6.2 

40 23.6 17.9 15.0 11.7 6.1 

40.5 23.4 17.8 14.9 11.6 6.1 

41 23.3 17.7 14.8 11.5 6.1 

41.5 23.1 17.6 14.7 11.5 6.0 
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κ 0.99 0.95 0.90 0.80 0.50 

42 23.0 17.4 14.6 11.4 6.0 

42.5 22.9 17.3 14.5 11.3 5.9 

43 22.7 17.2 14.5 11.2 5.9 

43.5 22.6 17.1 14.4 11.2 5.9 

44 22.5 17.0 14.3 11.1 5.8 

44.5 22.3 16.9 14.2 11.1 5.8 

45 22.2 16.8 14.1 11.0 5.8 

45.5 22.1 16.8 14.0 10.9 5.7 

46 22.0 16.7 14.0 10.9 5.7 

46.5 21.8 16.6 13.9 10.8 5.7 

47 21.7 16.5 13.8 10.8 5.7 

47.5 21.6 16.4 13.7 10.7 5.6 

48 21.5 16.3 13.7 10.6 5.6 

48.5 21.4 16.2 13.6 10.6 5.6 

49 21.3 16.1 13.5 10.5 5.5 

49.5 21.2 16.1 13.5 10.5 5.5 

50 21.0 16.0 13.4 10.4 5.5 

51 20.8 15.8 13.3 10.3 5.4 

52 20.6 15.7 13.1 10.2 5.4 

53 20.4 15.5 13.0 10.1 5.3 

54 20.2 15.4 12.9 10.0 5.3 

55 20.0 15.2 12.8 9.9 5.2 

56 19.9 15.1 12.6 9.8 5.2 

57 19.7 14.9 12.5 9.8 5.1 

58 19.5 14.8 12.4 9.7 5.1 

59 19.3 14.7 12.3 9.6 5.0 

60 19.2 14.6 12.2 9.5 5.0 

61 19.0 14.4 12.1 9.4 5.0 

62 18.9 14.3 12.0 9.4 4.9 

63 18.7 14.2 11.9 9.3 4.9 

64 18.6 14.1 11.8 9.2 4.8 

65 18.4 14.0 11.7 9.1 4.8 

66 18.3 13.9 11.6 9.1 4.8 

67 18.1 13.8 11.6 9.0 4.7 

68 18.0 13.7 11.5 8.9 4.7 

69 17.9 13.6 11.4 8.9 4.7 

70 17.7 13.5 11.3 8.8 4.6 

71 17.6 13.4 11.2 8.7 4.6 

72 17.5 13.3 11.1 8.7 4.6 

73 17.4 13.2 11.1 8.6 4.5 

74 17.3 13.1 11.0 8.6 4.5 

75 17.1 13.0 10.9 8.5 4.5 

76 17.0 12.9 10.8 8.4 4.4 

77 16.9 12.8 10.8 8.4 4.4 

78 16.8 12.8 10.7 8.3 4.4 

κ 0.99 0.95 0.90 0.80 0.50 

79 16.7 12.7 10.6 8.3 4.4 

80 16.6 12.6 10.6 8.2 4.3 

81 16.5 12.5 10.5 8.2 4.3 

82 16.4 12.4 10.4 8.1 4.3 

83 16.3 12.4 10.4 8.1 4.2 

84 16.2 12.3 10.3 8.0 4.2 

85 16.1 12.2 10.3 8.0 4.2 

86 16.0 12.1 10.2 7.9 4.2 

87 15.9 12.1 10.1 7.9 4.2 

88 15.8 12.0 10.1 7.8 4.1 

89 15.7 11.9 10.0 7.8 4.1 

90 15.6 11.9 10.0 7.8 4.1 

91 15.5 11.8 9.9 7.7 4.1 

92 15.5 11.7 9.9 7.7 4.0 

93 15.4 11.7 9.8 7.6 4.0 

94 15.3 11.6 9.7 7.6 4.0 

95 15.2 11.6 9.7 7.5 4.0 

96 15.1 11.5 9.6 7.5 4.0 

97 15.0 11.4 9.6 7.5 3.9 

98 15.0 11.4 9.5 7.4 3.9 

99 14.9 11.3 9.5 7.4 3.9 

100 14.8 11.3 9.4 7.4 3.9 

102 14.7 11.2 9.4 7.3 3.8 

104 14.5 11.0 9.3 7.2 3.8 

106 14.4 10.9 9.2 7.1 3.8 

108 14.3 10.8 9.1 7.1 3.7 

110 14.1 10.7 9.0 7.0 3.7 

112 14.0 10.6 8.9 7.0 3.7 

114 13.9 10.5 8.8 6.9 3.6 

116 13.8 10.5 8.8 6.8 3.6 

118 13.6 10.4 8.7 6.8 3.6 

120 13.5 10.3 8.6 6.7 3.5 

122 13.4 10.2 8.5 6.7 3.5 

124 13.3 10.1 8.5 6.6 3.5 

126 13.2 10.0 8.4 6.6 3.4 

128 13.1 9.9 8.3 6.5 3.4 

130 13.0 9.9 8.3 6.4 3.4 

132 12.9 9.8 8.2 6.4 3.4 

134 12.8 9.7 8.2 6.4 3.3 

136 12.7 9.6 8.1 6.3 3.3 

138 12.6 9.6 8.0 6.3 3.3 

140 12.5 9.5 8.0 6.2 3.3 

142 12.4 9.4 7.9 6.2 3.2 

144 12.3 9.4 7.9 6.1 3.2 

146 12.2 9.3 7.8 6.1 3.2 
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κ 0.99 0.95 0.90 0.80 0.50 

148 12.2 9.2 7.8 6.0 3.2 

150 12.1 9.2 7.7 6.0 3.2 

155 11.9 9.0 7.6 5.9 3.1 

160 11.7 8.9 7.5 5.8 3.1 

165 11.5 8.8 7.3 5.7 3.0 

170 11.3 8.6 7.2 5.6 3.0 

175 11.2 8.5 7.1 5.6 2.9 

180 11.0 8.4 7.0 5.5 2.9 

185 10.9 8.3 6.9 5.4 2.8 

190 10.7 8.2 6.8 5.3 2.8 

195 10.6 8.1 6.8 5.3 2.8 

200 10.5 8.0 6.7 5.2 2.7 

210 10.2 7.8 6.5 5.1 2.7 

220 10.0 7.6 6.4 5.0 2.6 

230 9.7 7.4 6.2 4.8 2.5 

240 9.5 7.3 6.1 4.7 2.5 

250 9.3 7.1 6.0 4.6 2.4 

κ 0.99 0.95 0.90 0.80 0.50 

260 9.2 7.0 5.9 4.6 2.4 

270 9.0 6.8 5.7 4.5 2.4 

280 8.8 6.7 5.6 4.4 2.3 

290 8.7 6.6 5.5 4.3 2.3 

320 8.3 6.3 5.3 4.1 2.2 

340 8.0 6.1 5.1 4.0 2.1 

360 7.8 5.9 5.0 3.9 2.0 

380 7.6 5.8 4.8 3.8 2.0 

400 7.4 5.6 4.7 3.7 1.9 

450 7.0 5.3 4.4 3.5 1.8 

500 6.6 5.0 4.2 3.3 1.7 

550 6.3 4.8 4.0 3.1 1.6 

600 6.0 4.6 3.8 3.0 1.6 

650 5.8 4.4 3.7 2.9 1.5 

700 5.6 4.2 3.6 2.8 1.5 

900 5.0 3.8 3.4 2.6 1.4 

Table 2-2 von Mises-Fisher distribution common 

confidence intervals 

Appendix 2-B: The Kent distribution 

The Kent distribution is another variation of the Fisher-Bingham distribution that is used for Gaussian 

anisotropic cases on S2 (i.e. the isoprobability lines draw an ellipse onto S2 instead of a circle) (Kent, 1982). 5 

It is given by 

Equation 2-B1 

𝑝Kent(𝒙|𝛀, 𝜅, 𝛽) = 𝐶3(𝜅, 𝛽)𝑒
𝜅𝝎(1)

𝑇 𝒙+𝛽[(𝝎(2)
𝑇 𝒙)

2
−(𝝎(3)

𝑇 𝒙)
2
]
, 𝜅 ≥ 0, 𝛽 ≥ 0 , 

where Ω is the orthogonal matrix (𝝎(1),  𝝎(2), 𝝎(3)) with 𝝎(1)
𝑇  as the transposed mean direction vector, 

𝝎(2)
𝑇  as the transposed orientation of the major axis of the ellipse and 𝝎(3)

𝑇  as the transposed orientation of 10 

the minor axis. 𝜅 and β are the concentration and ellipticity parameters, respectively. The β parameter 

correlates with the ellipticity of the distribution (orientation bias). 

C3(κ, β) is a normalization constant given by 

Equation 2-B2 

𝐶3(𝜅, 𝛽) = 2𝜋 ∑
Γ(𝑗 + 1

2⁄ )

Γ(𝑗 + 1)

∞

𝑗

𝛽2𝑗(𝜅 2⁄ )−2𝑗−
1
2 𝐼

2𝑗+
1
2

(𝜅), 15 

where Г is the ordinary Gamma function. Note that C3(κ, 0) reduces to the S2 case of Equation A2 which 

leads 𝑝Kent to simplify to the vMF distribution over S2 (Equation A1) as  𝛚(2) and  𝛚(3) are nullified. 
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Chapter 3 Appendices 

Appendix 3-A: The Spherical Cap distribution 

The spherical cap distribution is designed to describe variables that are uniformly distributed over any solid 

angle on the unit sphere 𝑆2. The proposed parameterization is that of the mean/median direction spherical 

unit vector μ and half-aperture angle 𝜆 5 

Equation 3-A1 

𝑝𝑆𝐶 = 𝑓(𝑥|𝜇, 𝜆). 

Start with the formula for the area of a spherical cap 

Equation 3-A2 

𝐴 = 2𝜋𝑟2(1 − cos(𝜃)), 10 

where 𝜃 is the polar angle and 𝑟 is the radius of the sphere. It ensues that, over 𝑆2, the maximum value for 

𝐴 is for 𝜃 = 𝜋 

Equation 3-A3 

𝐴max = 2𝜋(1 − 𝑐𝑜𝑠(𝜋)) = 4𝜋. 

The relative area of a spherical cap to the total sphere area is then given by 15 

Equation 3-A4 

𝐴max

𝐴
=

2

1 − cos(𝜃)
. 

Given 

Equation 3-A5 

∰𝑝𝑆𝐶 = 1, 20 

And knowing 

Equation 3-A6 

𝑓(𝑥|(. ), 𝜆 = 𝜋) =
1

4𝜋
, 

where (. ) is any unit spherical vector. It follows that if 

Equation 3-A7 25 
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     𝜇𝑇𝑥 ≥ cos𝜆, 

then 

Equation 3-A8 

𝑓(𝑥|𝜇, 𝜆) = 4𝜋−1
2

1 − cos(𝜆)
. 

The authorized form is then 5 

Equation 3-A9 

𝑝SC(𝑥|𝛾, 𝜆) = {2𝜋

1

(1 − cos𝜆)
,      𝜇𝑇𝑥 ≥ cos𝜆     

0        ,      else          

. 

Appendix 3-B: Spherical Cap pseudo random number generation 

To generate a Spherical cap uniformly distributed pseudo random spherical 3D unit vector 𝑋sphe on 𝑆2 for 

a given mean direction μ and range 𝜆, define 10 

Equation 3-B1 

𝑋sphe  = [𝜙, 𝜃, 𝑟].  

For μ = [0, (. ), 1] the pseudo random vector is given by 

Equation 3-B2 

𝑋sphe = [arcos(W), 𝑉, 1]. 15 

𝑊 is given by 

Equation 3-B3 

𝑊 = cos(𝜆) + 𝜉, 

where*** 

Equation 3-B4 20 

𝜉~𝑈(0,1 − 𝑐𝑜𝑠(𝜆)). 

𝑉 is drawn as follows 

                                                           
*** 𝑈(𝑎, 𝑏) is the usual continuous uniform distribution. 
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Equation 3-B5 

𝑉~𝑈(0, 2𝜋). 

𝑋sphe should then be rotated to be consistent with the chosen μ. 

Appendix 3-C: Spherical standardized Irwin-Hall distribution 

The standardized Irwin-Hall (IH) distribution is the distribution of the sum of a number of standardized 5 

uniformly distributed independent random variables 

Equation 3-C1 

𝑋 = ∑𝑈𝑛

𝑛

𝑖=1

, 

with all 𝑈𝑛  drawn from 𝑈(−𝑎, 𝑎) . This distribution is useful in Bayesian inference as it models the 

sequenced hypersampling of a standardized uniform distribution in a compact form. For 𝑎 =
1

2
, the IH 10 

distribution density is given by 

Equation 3-C2 

𝑓𝑋(𝑥|𝑛) =
1

2(𝑛 − 1)!
∑(−1)𝑖 (

𝑛
𝑖
) (𝑥 +

𝑛

2
− 𝑖)

𝑛−1
𝑛

𝑖=0

sign (𝑥 +
𝑛

2
− 𝑘). 

In this form, its mean is always 0 and variance is 
𝑛

12
. The standardized IH distribution can be redefined as 

the chain convolution of its uniform components. For example, 15 

Equation 3-C3 

𝑓𝑋(𝑥|𝑛 = 2) ≡ 𝑈(−𝑎, 𝑎) ∗ 𝑈(−𝑎, 𝑎). 

Using the convolution theorem, this can be generalized to 

Equation 3-C4 

𝑓𝑋(𝑥|𝑛) ∝ ℱ−1(ℱ(𝑈(−𝑎, 𝑎))
𝑛
), 20 

where ℱ is the Fourier transform and ℱ−1 its inverse. Substituting the uniform distribution for the spherical 

cap distribution one finds that the spherical, the standardized spherical IH distribution of order 𝑛  is 

proportional to the inverse Fourier transform of the 𝑛-exponentiated Fourier transform of the standardized 

Spherical cap distribution 

Equation 3-C5 25 
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𝑆IH
𝑛 ∝  ℱ−1(ℱ(𝑝SC(𝑥|[0, (. ), 1], 𝜆))

𝑛
), 

with 

Equation 3-C6 

ℱ(𝑝SC(𝑥|𝛾, 𝜆)) =
𝑠𝑖𝑛 (

𝜋𝜔
2

)

√2𝜋(𝜋𝜔 − 𝜋𝜔𝑐𝑜𝑠(𝜆))
, 

where 𝜔 is the frequency. 5 
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General Appendices 

Appendix 4-A: Kappa self-compound distributions for the von Mises-Fisher distribution on the hypersphere 

1. Demonstration 

A compound distribution is a probability distribution that assumes one of its parameters as a random 

variable itself with a specified distribution called the hyperparameter. Compound distributions are 5 

particularly useful in Bayesian inference because all predictive distributions are compound distributions. 

They are usually defined as a marginalizing integral 

Equation 4-A1 

𝑝(𝑥) = ∫𝑝(𝜇)𝑝(𝑥|𝜇) 𝑑𝜇 , 

where 𝜇 is the unknown parameter for the compound distribution 𝑝(𝑥), 𝑝(𝑥|𝜇) is the initial distribution 10 

and 𝑝(𝜇) is the mixing distribution of 𝜇. 

The vMF distribution it a gaussian distribution on the p-dimensional unit hypersphere Sp-1†††(Fisher, Lewis, 

& Embleton, 1987). The probability density of the vMF distribution for Sp-1 is 

Equation 4-A2 

𝑝vMF(𝑥|𝛾, 𝜅) = 𝐶𝑝(𝜅)𝑒𝜅𝛾𝑇𝑥, 𝜅 ≥ 0 and ‖𝛾‖ = 1 , 15 

where 𝛾𝑇  is the transposed mean direction vector, 𝜅  is the concentration parameter and Cp(κ) is a 

normalization constant given by 

Equation 4-A3 

𝐶𝑝(𝜅) =
𝜅𝑝 2−1⁄

(2𝜋)𝑝 2⁄ 𝐼𝑝 2−1⁄ (𝜅)
 , 

where 𝐼𝑣(. ) is the modified Bessel function of the first kind at order 𝑣, and 𝑝 the dimensionality of 𝑆 (𝑝 =20 

3 𝑓𝑜𝑟 𝑆2). 

From Equation 1, set 𝑝(𝜇) = 𝑝vMF(𝜇|𝛾, 𝜅1) and 𝑝(𝑥|𝜇) = 𝑝vMF(𝑥|𝜇, 𝜅2). The compound distribution 𝑝(𝑥) 

is then guaranteed to be a vMF distribution (Stephens, 1963). Therefore, 𝑝(𝑥) self-compounds to 

Equation 4-A4 

𝑝(𝑥) = 𝑝vMF(𝑥|𝛾, 𝜅3). 25 

                                                           
††† Sp-1 denotes the surface of the p-dimensional hypersphere. 
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Given that the concentration parameter 𝜅 of the vMF distribution is analogous to the variance 𝜎 of the 

normal distribution and that both are sigma additive distributions it is found that 

Equation 4-A5 

1

𝜅3

= 2(
1

𝜅1

+
1

𝜅2

), 

Then follows the obvious 5 

Equation 4-A6 

𝜅3 =
𝜅1𝜅2

𝜅1 + 𝜅2

. 

In the case of a 𝑛 multi-layered compound distribution the relation is 

Equation 4-A7 

𝜅𝑛
−1 = 𝑛 ∑𝜅𝑖

−1. 10 
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2. Empirical assessment 

The predicted values for 𝜅3 from Equation 6 (Fig. 4-A1) are compared to the results of a collapsed Gibbs 

sampling (size of 2000) of all couples of vMF distributions (Fig. 4-A2) with 0 ≤ 𝜅 ≤ 1000. The empirical 

concentration 𝜅3̂ is computed using maximum likelihood estimation (Banerjee et al. 2005) given by 

Equation 4-A8 5 

𝜅3̂ =
�̅�(𝑝 − �̅�2)

1 − �̅�2
, 

where �̅� is the spherical variance defined as 

Equation4-A9 

�̅� =
𝑅

𝑛
, 

and R is the resultant length of the observed sample and 𝑛 is the sample size. 10 

 

Figure 4-A1- Predicted 𝜿𝟑 for vMF distribution self-compound 
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Figure 4-A2- Observed 𝜿�̂� MLE from collapsed Gibbs sampling on vMF distribution couples 

The predicted values (Fig. 4-A1) and the empirical values (Fig. 4-A2) are strikingly similar across the whole 

tested range of 𝜅1 and 𝜅2 with an absolute difference below 2% in the least favorable cases (Fig. 4-A3). 

These results can be considered to be a sufficient basis for a heuristic use of vMF to vMF compound 5 

distributions. 
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Figure 4-A3- Absolute difference between 𝜿𝟑 and 𝜿�̂� 
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Appendix 4-B: Considerations on uncertainty indexes for Monte Carlo uncertainty estimation 

The many voxets produced from a single Monte Carlo Uncertainty Estimation run can be combined into 

one that carries lithological information from each realization in a probabilistic scheme. As such each voxel 

within the final model contains empirical frequencies which may be expressed in terms of relative 

frequencies to from a probabilistic geological model (PGM). Currently there are two main uncertainty 5 

indexes used in Monte Carlo Uncertainty Estimation (MCUE) for 3D geological modeling; information 

Entropy proposed by Wellman (Wellmann and Regenauer-Lieb 2012) as defined by Shannon (Shannon 

1948) and stratigraphic variability proposed by Lindsay (Lindsay, Aillères et al. 2012). In this short study, 

commonly used uncertainty indexes are presented, discussed and criticized. 

Information Entropy 10 

Information Entropy is a concept derived from Boltzmann equations (Shannon 1948) and is used to measure 

“chaos” in categorical systems. Information theory describes this chaos as information and considers that 

disordered signals result in more information while well-structured signals are poor carriers of information. 

Scarce information corresponds then to low Entropy and abundant information to high Entropy. Low 

information leading to low Entropy is counter intuitive but can be explained quite easily: extremely well-15 

informed systems are well-structured and carry much less information because their good structure allows 

for better “compression” of said information. Ultimately, the concept of information in information theory 

relates to its amount rather than its quality or relevance. 

For example, a randomly generated 8 bits Boolean sequence drawn from an unknown random variable 𝑋 

may give the following result 20 

Equation 4-B1 

11111111, 

which is very well-structured and therefore, carries almost no information and has low Entropy. Though 

the result seems very good in terms of uncertainty it does not help much to determine the odds of getting a 

1 or a 0 because it is too well structured. In comparison, the result 25 

Equation 4-B2 

01101101 

Is much less structured yet carries much more information and has higher Entropy. This much less ordered 

sequence is much more informative of 𝑋. A more practical application of information Entropy relates to 
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image compression, here a low information bearing image such as grayscale scenery (Fig. 4-B1) has low 

Entropy and can be compressed easily and has real meaning while an extremely high information bearing 

image such as static grayscale (Fig. 4-B2) has very high Entropy and cannot be compressed easily (actually 

compression might increase its size) and has no meaning whatsoever. 

 5 

Figure 4-B1. Grayscale scenery. 

 

Figure 4-B2. Grayscale uniform noise. 

Of course, one may consider a pure black and white image (Fig. 4-B3) which carries very little information, 

has low Entropy with a lot less meaning than the grayscale scenery. 10 
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Figure 4-B3. Black and white flag. 

Entropy then refers only to how much information a categorical system carries and ignores the relevance 

of said information. Information Entropy can be connected to uncertainty via the concept of structure. 

However, structure and uncertainty are not completely equivalent because uncertainty has a specific 5 

relevance requirement defined by the observer. Reliance on this partial equivalence may lead to ambiguity 

or interpretation failure and should be carried out with caution as measuring the amount of information a 

system contains does not describe the usefulness of that information. 

Formally, the information Entropy 𝐻 of a discrete random variable 𝑍 is defined as 

Equation 4-B3 10 

𝐻(𝑍) = 𝐸[𝐼(𝑍)], 

where 𝐸 is the expectation operator and 𝐼 is self-information 

Equation 4-B4 

𝐼(𝑜) = − log[𝑃(𝑜)]. 

For a specific outcome of X then the convex combination is 15 

Equation 4-B5 

𝐻(𝑍) = ∑𝑃(𝑧𝑖)𝐼(𝑥𝑖)

𝑖

= −∑𝑃(𝑧𝑖)log𝑃(𝑧𝑖).

𝑖

 

In the case of a voxelated PGM where lithology is considered as a categorical variable 𝑆, information 

Entropy is given by 

 20 



163 

 

 

Equation 4-B6 

𝐻𝑐(𝑆) = −∑𝑓𝑐(𝑠𝑖)log𝑓𝑐(𝑠𝑖),

𝑛

𝑖=1

 

where 𝑓
𝑐
(𝑠𝑖) is the relative frequency of the 𝑖𝑡ℎ  unit at location c and 𝑛  is the total number of units. 

Information Entropy is a powerful tool to describe how structured the relative frequencies of units are in 

each voxel though it is quite hazardous to interpret it directly as uncertainty as discussed earlier. For 5 

example, it is known that 

Equation 4-B7 

∑𝑓(𝑠𝑖) = 1,

𝑛

𝑖=1

 

define 

Equation 4-B8 10 

𝑓(𝑠𝑖) ≥  𝑓(𝑠𝑖+1), 

then the modal relative frequency 

Equation 4-B9 

1

𝑛
≤ 𝑓(𝑠1). 

𝐻𝑐(𝑆)  is therefore loosely correlated to 𝑓(𝑠1)  which means that the influence of the modal relative 15 

frequency on the final Entropy value is low. Such effect is expected yet leads to undesired behaviour of 

Entropy when used as an uncertainty index. Essentially, low uncertainty cases might be evaluated to the 

same amount of information Entropy as high uncertainty ones. Practically, if one computes the information 

Entropy values of the following frequency series (Fig. 4-B4) 

Equation 4-B10 20 

𝑆1 = {0.5,0.5,0,0,0}  → 𝐻(𝑆1) = 1 

Equation 4-B11 

𝑆2 = {0.8,0.1,0.075,0.025,0}  →  𝐻(𝑆2) ≈ 1 
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Figure 4-B4. Sets L1 and L2 have equal Entropy H. 

It is obvious that 𝑆1 and 𝑆2 cannot be considered to have the same uncertainty even though they have similar 

Entropy. Useful insight of the inner workings of information Entropy may be gained by examining weighted 

self-information 𝐼𝑤 (Fig. 4-B5) defined as 5 

Equation 4-B12 

𝐼𝑤(𝑃(𝑜)) = −𝑃(𝑜)log(𝑃(𝑜)) 

 

Figure 4-B5. Weighted self-information. 

It is then possible to find two probability values which carry the exact same weighted self-information 10 

except for a unique value of 𝑃(𝑜) = 𝑃(𝑜)∗ 

Equation 4-B13 

𝑃(𝑜)∗ =
1

𝑒
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Because 𝐻 is the sum of all 𝐼𝑤, ambiguities arise in the relative contributions of each 𝐼𝑤 term. Therefore, 

information Entropy is ambiguous when interpreted as a measure of uncertainty and the same value of 

Entropy may describe various structurations of the data that are shown. 

Stratigraphic variability 

Stratigraphic variability is an uncertainty index was proposed by Lindsay (Lindsay, Aillères et al. 2012) 5 

and provides an alternative approach to information Entropy for the estimate of uncertainty. Stratigraphic 

variability is comprised of two scalars L and P 

Equation 4-B14 

𝐿 = 𝐶𝑎𝑟𝑑(𝑆) 

Equation 4-B15 10 

𝑃 = 1 − 𝑓(𝑠𝑖)max 

L expresses the number of different unit types observed in a specific voxel which is expected to increase as 

uncertainty does. L records uncertainty very partially as it does not consider relative frequencies, that is 

Equation 4-B17 

𝑆3 = {0.99,0.0025,0.0025,0.0025,0.0025} → 𝐿(𝑆3) = 5 𝑎𝑛𝑑 𝑃(𝑆3) = 0.01 15 

𝑆4 = {0.2,0.2,0.2,0.2,0.2} → 𝐿(𝑆4) = 5 𝑎𝑛𝑑 𝑃(𝑆3) = 0.8 

The mode’s anti-frequency P completes L and Stratigraphic variability should always include both values. 

Again, this pair of indicators is very ambiguous and will fail in many cases as it is blind to the behaviour 

of all non-null units’ frequencies other than 𝑠1. 

Equation 4-B18 20 

𝑆5 = {0.6,0.37,0.01,0.01,0.01} → 𝐿(𝑆5) = 5 𝑎𝑛𝑑 𝑃(𝑆5) = 0.4 

𝑆6 = {0.6,0.1,0.1,0.1,0.1} → 𝐿(𝑆6) = 5 𝑎𝑛𝑑 𝑃(𝑆6) = 0.4 

This property makes this indicator overly sensitive to low frequencies and makes it impossible to 

distinguish critically different cases. 

Ordinary Least Square uncertainty index 25 

Define an arbitrary set 𝑆𝑛 of 𝑛 observed relative frequencies 𝑓𝑛 generated through Monte Carlo simulation 

and drawn from a given voxel 𝑣 
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Equation 4-B19 

𝑠𝑛
𝑣 = {𝑓1, 𝑓2 ⋯𝑓𝑛, }. 

It appears that 𝑠𝑛
𝑣 can be considered as a categorical distribution which values are arbitrarily ordered that is 

there is no specific shape to the distribution. A way to obtain a consistent and reproducible shape to the 

distribution is to rank it by decreasing value (Fig. 4-B6) 5 

Equation 4-B20 

𝑠𝑛
𝑣̅̅ ̅ = {𝑓1̅, 𝑓2̅, ⋯ 𝑓�̅�}, 

 

Figure 4-B6.Unranked S0 set (left) and its ranked counterpart S0 . 

where  10 

Equation 4-B21 

𝑓�̅� ≥ 𝑓𝑛+1
̅̅ ̅̅ ̅̅ , 

and 

Equation 4-B22 

0 < 𝑓1̅ ≤
1

𝑛
. 15 

𝑠𝑛
𝑣̅̅ ̅ distributions have consistent monotonous decay shape that can be linked to the overall uncertainty (Fig. 

4-B7). Ranking relative frequencies by decreasing value highlights uncertainty in a very intuitive manner 

as it allows for easy graphical representation. 
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Figure 4-B7. Low (left) and high (right) uncertainty sets (n=10). 

Moreover, extreme cases (Fig. 4-B8) are easily represented. 

 

Figure 4-B8. Minimum (left) and maximum (right) uncertainty sets (n=10). 5 

The slope of these distribution is correlated with and may be used as a proxy for categorical uncertainty. 

The category index and relative frequency values can be used as x and y coordinates to perform an ordinary 

linear regression (OLS). The slope of the affine function determined by OLS gives a good estimate at how 

steep the distribution is globally. Given a set 𝑠𝑛
𝑣̅̅ ̅ as previously defined  

Equation 4-B23 10 

𝑌 = 𝑠𝑛
𝑣̅̅ ̅ = {𝑓1̅, 𝑓2̅, ⋯ 𝑓�̅�} 

and the categorical index 𝑋 

Equation 4-B24 

𝑋 =  {1,2,⋯𝑛} 

the OLS slope 𝑎 is 15 

Equation 4-B25 

𝑎 =
Cov[𝑋, 𝑌]

Var[𝑋]
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Figure 4-B9. Basic OLS regression on low (top left), high uncertainty (top right), minimum (left) and maximum 

uncertainty (right) sets. 

a decreases as the distribution gets steeper and uncertainty reduces. In this state, 𝑎 is heavily biased by 5 

null/near-null frequencies at the right tail of the distribution (Fig. 4-B9). The problem can be solved by 

removing all null/near-null frequencies down from the higher categories to the lower save for the ultimate 

one (Fig. 4-B10). 
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Figure 4-B10. Basic OLS regression on low (top left), high uncertainty (top right), minimum (left) and maximum 

uncertainty (right) sets.  
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