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Abstract: In this paper, we develop a meshless collocation scheme for the numerical solution of 
magnetohydrodynamics (MHD) flow equations. We consider the transient laminar flow of an 
incompressible, viscous and electrically conducting fluid in a rectangular duct. The flow is driven by 
the current produced by electrodes placed on the walls of the duct. The method combines a meshless 
collocation scheme with the newly developed Discretization Corrected Particle Strength Exchange (DC 
PSE) interpolation method. To highlight the applicability of the method, we discretize the spatial 
domain by using uniformly (Cartesian) and irregularly distributed nodes. The proposed solution method 
can handle high Hartmann (Ha) numbers and captures the boundary layers formed in such cases, 
without the presence of unwanted oscillations, by employing a local mesh refinement procedure close 
to the boundaries. The use of local refinement reduces the computational cost. We apply an explicit 
time integration scheme and we compute the critical time step that ensures stability through the 
Greshgorin theorem. Finally, we present numerical results obtained by using different orientation of the 
applied magnetic field. 
 
Keywords: Meshless Point Collocation, Discretization Corrected Particle Strength Exchange (DC 
PSE), unsteady MHD, Hartmann number, Explicit. 
 
 
1. Introduction 
 

     In this paper, we apply a meshless point collocation (MPC) scheme to numerically solve 

magneto-hydrodynamics (MHD) flow problems. MHD flow equations describe the motion of 

electrically conducting fluids in the presence of magnetic fields. We study the flow of an 

incompressible, viscous and electrically conducting fluid in a duct with partially conducting 

and partially non-conducting walls under the influence of a uniform magnetic field. The 

magnetic field influences the fluid motion and, in turn, the fluid motion changes the magnetic 

field.  

     In 1937 Hartmann [1] pioneered the investigation of MHD flow for viscous, incompressible, 

electrically conducting fluid between two parallel plates in the presence of a transverse 

magnetic field. Since then, many researchers have been studying MHD flows through channels 

(ducts), mainly, due to their numerous applications in pumps, accelerators, flow-meters, 

astrophysics, geology, power generation, thermonuclear reactor technology, designing cooling 
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systems with liquid metals, MHD generators, medicine, etc. The flow parameters that 

characterize the dynamical regime of MHD are Reynolds (Re=UL/vf, where U is a 

characteristic velocity, L is a characteristic length and, vf is the kinematic viscosity of the fluid) 

and Hartmann (Ha) number (𝐻𝑎 = 𝐿𝐵&'
(
)*+

, where B0 is the imposed magnetic field strength, 

ρ is the mass density of the fluid and, σ is the conductivity of the fluid). Hartmann number 

measures the effects of the magnetic field; strong magnetic fields (Ha>>1) tend to make the 

flow uniform (quasi-2D) along the direction of the field.  

     Following the work of Hartmann [1], a number of theoretical and numerical studies focused 

on laminar, pressure-driven MHD flow in straight channels and ducts subjected to various 

electrical boundary conditions [2-5]. For a limited number of MHD flow cases, involving non-

complex geometry (e.g. circular, rectangular or elliptical cross sections) and simple boundary 

conditions, analytical solutions can be obtained [6, 2]. In [4], Hunt and Stewartson applied a 

boundary-layer technique to study flow in a duct with electrically conducting walls 

perpendicular and parallel to magnetic field B and, derived expressions for the flow rate in the 

form of an asymptotic expansion in the limit of large Hartmann number (neglecting secondary 

flows). In [7], Baylis and Hunt perform a comprehensive flow study for a cylindrical annulus 

with rectangular cross section, by considering the walls perpendicular to the magnetic field 

electrically insulated and those parallel electrically conductive. In [8], Tabeling and Chabreri 

present a boundary-layer study on the secondary laminar MHD flow formed in the high 

Hartmann number M regime, by considering annular ducts with rectangular cross section. 

     In the majority of the MHD flow problems considered, the flow equations can only be 

solved numerically and, therefore, several numerical methods have been used, such as Finite 

Difference Method (FDM), Finite Element Method (FEM), the closely related Finite Volume 

Method (FVM) and Boundary Element Method (BEM). The well-established numerical 

method like FDM [9, 10], FEM [11-15] and BEM [16-20] applied to MHD flow problems for 

low	(𝑀 ≤ 100), moderate (100 ≤ 𝑀 ≤ 1000) and high (𝑀 ≥ 1000) Hartmann numbers (M 

is used as the squared Hartman number 𝑀 = 𝐻𝑎4). Due to the drawbacks of the mesh-based 

numerical methods [21], meshless methods (MM) were introduced in the 1970’s and have been 

intensively developed over the past two decades [21]. MM emerged as a potential alternative 

to traditional mesh-based numerical methods, alleviating the burden of mesh generation. MM 

approximate the unknown field functions and their derivatives based on a set of nodes 

distributed over the spatial domain.  
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     A variety of meshless methods have been proposed since the first one, Smoothed Particle 

Hydrodynamics (SPH), was introduced [22], including: the Diffuse Approximation Method 

(DAM) [23], which is closely related to the Moving Least Squares (MLS) approximation 

method; the Element Free Galerkin method (EFG) [24]; the Reproducing Kernel Particle 

Method (RKPM) [25, 26], which has been used to improve the SPH approximation; the 

Partition of Unity Finite Element Method (PUFEM) [27]; the hp-Clouds method [28]; the 

Moving Least-Square Reproducing Kernel Method (MLSRK) [29]; the meshless Local 

Boundary Integral Equation method (LBIE) [30]; the Meshless Local Petrov-Galerkin method 

(MLPG) [31, 32]; the Finite Point method (FPM) [33]; the Meshless Point Collocation method 

(MPC) [34]; the Method of Fundamental Solutions (MFS) [35] and the Method of Particular 

Solutions (MPS) [36]. Despite that meshless methods haven been mainly used for solving 

hydrodynamics problems [21], studies which focus on MHD problems are limited. Smoothed 

particle hydrodynamics (SPH) [37, 38], Element-Free Galerkin (EFG) method [39], meshless 

point collocation method (MPCM) [40, 41], local boundary integral equation (LBIE) meshless 

method [42], Meshless Local Petrov-Galerkin (MLPG) method [43], the meshfree weak-strong 

method (MWS) [44] and the radial basis function (RBF) [45, 46] have been successfully used 

to solve MHD flow problems.  

     The present paper reports on the application of the Meshless Point Collocation (MPC) 

method for solving transient MHD flow in a rectangular duct. The governing equations are 

solved numerically by using the explicit Euler integration scheme for temporal discretization 

and the Discretization Corrected Particle Strength Exchange (DC PSE) method for the spatial 

interpolation of the field variables (spatial derivatives up to second order). To the authors’ 

knowledge, no previous work has combined MPC and DC PSE for solving the electrically 

driven MHD flow with high Hartmann numbers. We solve the strong-form governing 

equations by using the collocation method and we apply efficient local refinement strategies 

[47, 48] to resolve boundary layers that occur at high Hartmann numbers. We use uniform and 

irregular nodal distributions to verify the accuracy and the reproducibility of the proposed 

scheme. As pointed out in [34], uniform nodal distributions typically exhibit higher accuracy 

than irregular nodal distributions of similar nodal density. In MHD flows cases, the forming 

boundary layers, especially for higher values of the Hartmann number, can be accurately 

resolved by using locally refined nodal distributions. In this paper, we show that irregular nodal 

distributions can be as accurate as uniform ones when using DC PSE and local nodal 

refinement. Furthermore, we apply an efficient method to impose Neumann boundary 

conditions, by using interior nodes in the support domain of the Neumann boundary nodes. 
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The enforcement of boundary conditions (Dirichlet and Neumann) is important issue for the 

numerical methods used in the solution of non-stationary partial differential equations (PDEs), 

as it affects both the accuracy and the stability of the time integration algorithm. Efficient 

enforcement of Neumann boundary conditions makes explicit solvers a suitable alternative to 

implicit ones, leading to less computational cost and a code that is inherently parallelizable.  

     The outline of the paper is as follows. In Section 2, we present the governing MHD 

equations along with the corresponding boundary and initial conditions. In section 3, we give 

an overview of the approximation scheme, Discretization Corrected Particle Strength 

Exchange (DC PSE), while in section 4 we present the time discretization scheme (explicit 

solver), the imposition of Neumann boundary conditions and a stability analysis of the explicit 

solver used. Section 5 includes several numerical examples depicting the accuracy and 

efficiency of the proposed scheme. Finally, conclusions are presented in Section 6. 

 
 
2. Equations and Boundary Conditions 

 
We consider the non-stationary, laminar flow of a viscous, incompressible and electrically 

conducting fluid in a rectangular duct, driven by electrodes connected to external circuits, as 

shown in Fig.1.  

 
[Figure 1 about here] 

Fig. 1. Geometry and boundary conditions for the MHD flow problem. 

 
The longitudinal axis of the duct is chosen as the z-direction. A uniform magnetic field of 

intensity B0 is imposed along a random vector having an angle φ with the y-axis. The fluid flow 

is considered to be fully developed (the duct is of infinite length) and the walls are considered 

either electrically insulated or having variable conductivity.  

The basic equations governing the MHD duct flow are obtained using Maxwell’s equations 

for the electromagnetic field, Ohm’s law, equation of continuity and the Navier-Stokes 

equations [49]. There is only one velocity component Vz(x,y,t) and one component Bz(x,y,t) of 

the induced magnetic field (in the z-direction). All physical quantities except pressure are 

independent of the spatial variable z and, therefore, the magnetic vector takes the form B=(B0, 

0, Bz(x,y,t)). Additionally, we assume that displacement currents are negligible. The partial 

equations in non-dimensional form, in terms of velocity V(x,y,t) and induced magnetic field 

B(x,y,t), become 
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𝜕𝑉
𝜕𝑡 = ∇4𝑉 + 𝑀:

𝜕𝐵
𝜕𝑥 +𝑀<

𝜕𝐵
𝜕𝑦	 (1) 

𝜕𝐵
𝜕𝑡 = ∇4𝐵 + 𝑀:

𝜕𝑉
𝜕𝑥 + 𝑀<

𝜕𝑉
𝜕𝑦 (2) 

where Mx=M sinφ, My=Ha cosφ and 𝑀 = >?@A@(
*+

 is the squared Hartmann number. The boundary 

conditions are defined as 

𝑉 = 0			𝑎𝑡		𝑦 = ±1		𝑎𝑛𝑑	𝑥 = ±1 (3) 

𝐵 = 𝑘		𝑓𝑜𝑟	𝑥 > 𝑙, 𝑦 = ±1	𝑎𝑛𝑑	𝑥 = 1	 (4) 

𝐵 = −𝑘		𝑓𝑜𝑟	𝑥 < −𝑙, 𝑦 = ±1	𝑎𝑛𝑑	𝑥 = −1	 (5) 

𝜕𝐵
𝜕𝑦 = 0		𝑓𝑜𝑟 − 𝑙 ≤ 𝑥 ≤ 𝑙, 𝑦 = ±1	 (6) 

where k (wall inductance) is a constant (k ≤1) and l defines the size of the electrodes. The initial 

conditions are: 

𝑉(𝑥, 𝑦, 0) = 0	 (7) 

𝐵(𝑥, 𝑦, 0) = 0	 (8) 

 
 
3. Discretization Corrected Particle Strength Exchange (DC PSE) method 

 
     DC PSE is a Lagrangian particle based solution method introduced in [50]. To solve PDEs 

using DC PSE meshless method, authors in [51] have reformulated DC PSE method to work 

in the Eulerian framework. The DC PSE method is based on Particle Strength Exchange (PSE) 

operators. Following, we present the PSE operators and the DC PSE interpolation method. 

 
3.1 Particle Strength Exchange (PSE) operators 
 
      The Particle Strength Exchange (PSE) method makes use of kernels to create approximate 

differential operators that guarantee the conservation of particle strength in particle-particle 

interactions. It was first introduced in 1989 by Degond and Mas-Gallic [52] for diffusion and 

convection-diffusion problems. Based on this initial work, Eldredge et al. [53] developed a 

framework for approximating arbitrary derivatives. In general, a PSE operator 𝑄𝜷𝑓(𝒙)	for 

approximating the derivative 𝐷𝜷𝑓(𝒙)	has the form 

𝑄𝜷𝑓(𝒙) =
1
𝜀|𝜷|

TU𝑓(𝒚) ∓ 𝑓(𝒙)X 𝜂Z
𝜷(𝒙 − 𝒚)𝑑𝒚	 (9) 
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with 𝜂Z
𝜷 = 	𝜂𝜷(𝑥/𝜀)/𝜀\ being a scaled kernel of radius 𝜀 (ε=h, where h is the nodal spacing) 

and, d being the number of dimensions. For conservation reasons, the sign in Eq. (9) is negative 

when |β| is even and positive when |β| is odd, with β a multi-index [50]. The challenge is to 

find a kernel 𝜂Z
𝜷 that leads to accurate approximations for Dβ. To find such kernels for arbitrary 

derivatives, the idea in [50] is adopted, starting from the Taylor expansion of a function f(y) 

about a point x:  

𝑓(𝒚) = 𝑓(𝒙) + ]
1
𝒂!
(𝒚 − 𝒙)𝒂𝐷𝒂𝑓(𝒙)

`

|𝒂|ab

 (10) 

The next step is to subtract or add f(x), depending on |β| being odd or even, on both sides and 

convolute the equation with the unknown kernel 𝜂Z
𝜷. This lead, by taking into account Eq. (9), 

to  

𝑄𝜷𝑓(𝒙) =
1
𝜀|𝜷|

]
1
𝒂!𝐷

𝒂𝑓(𝒙)T(𝒚 − 𝒙)𝒂𝜂Z
𝜷(𝒙 − 𝒚)𝑑𝒚

`

|𝒂|ab

 (11) 

By introducing the continuous α-moments 
 

𝑀𝒂 = T(𝒙 − 𝒚)𝜶 𝜂𝜷(𝒙 − 𝒚)𝑑𝒚 = T𝒛𝜶 𝜂𝜷(𝒛)𝑑𝒛 (12) 

and isolating the derivatives Dβ on the right-hand side of Eq. (11) we obtain: 
  

𝑄𝜷𝑓(𝒙) =
(−1)|𝜷|

𝜷! 𝑀𝜷𝐷𝜷𝑓(𝒙) + ]
(−1)|𝒂|

𝒂!

`

|𝒂|ab
𝒂e𝜷

𝜀|𝒂|f|𝜷|𝑀𝒂𝐷𝒂𝑓(𝒙) 
(13) 

Finally, to approximate Qβf(x) with order of accuracy r (in the present study we apply 

second order accuracy (r=2)), the following set of conditions is imposed for the moments Ma: 

𝑀𝒂 = g(−1)
|𝜷|𝜷! 𝒂 = 𝜷
0, 𝒂 ≠ 𝜷, 1 ≤ |𝒂| ≤ |𝜷| + 𝑟 − 1

 (14) 

In addition, if we impose  

T|𝒛||𝜷|ijk𝜂𝜷(𝒛)k𝑑𝒛 < ∞ (15) 

 
the mollification error 𝜖ε(x)=	𝐷𝜷𝑓(𝒙)-𝑄𝜷𝑓(𝒙)	is bounded [53]. 
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The challenge is to construct a kernel that satisfies the conditions described in Eq. (14). A 

possible procedure has been described in [53]. Once the kernel is defined, the operator in Eq. 

(9) can be discretised using a midpoint quadrature over the nodes as 

 

𝑄n
𝜷𝑓(𝒙) =

1
𝜀|𝜷|

] o𝑓U𝒙pX ∓ 𝑓(𝒙)q𝜂Z
𝜷U𝒙 − 𝒙pX

p∈s(𝒙)

𝑉p	 (16) 

 

where N(x) is the number of all nodes in a neighborhood around x, which is usually defined by 

a cutoff radius rc, usually chosen such that N(x) coincides to a certain level of accuracy with 

the kernel support, and Vp which is the volume associated with each particle. Given such a 

discretization, the discretization error 𝜖h(x) =	𝑄𝜷f(x)-	𝑄n
𝜷f(x) is also bounded [53]. 

 
 
3.2 The Discretization Corrected PSE operators 
 

     The Discretization Corrected PSE (DC PSE) operators were introduced in [50], to reduce 

the discretization error 𝜖n(𝑥) in the PSE operator approximation. The derivation of the DC 

PSE approximation starts from Eq. (16) (with Vp included in the kernel function), with the 

requirement of finding a kernel function which minimizes the difference between this specific 

discrete operator and the actual derivative. To achieve this, each term f(xp) in Eq. (16) is 

replaced with its Taylor expansion about x, leading to the following expression for the 

derivative approximation: 

 

𝑄n
𝜷𝑓(𝒙) =

(−1)|𝜷|

𝜷! 𝑍n
𝜷𝐷𝜷𝑓(𝒙) + ]

(−1)|𝒂|

𝒂!

`

|𝒂|ab
𝒂e𝜷

𝜀|𝒂|f|𝜷|𝑍n𝒂𝐷𝒂𝑓(𝒙) + 𝑟& (17) 

with  
 

𝑟& = g
0, 	|𝜷|	𝑒𝑣𝑒𝑛

2𝑒f|𝜷|𝑍n&𝑓(𝒙) |𝜷|	𝑜𝑑𝑑
 (18) 

 
and the discrete moments defined as 

 

𝑍n𝒂 =
1
𝜀\ ] o

𝒙− 𝒙p
𝜀 q

𝒂
𝜂𝜷 o

𝒙 − 𝒙p
𝜀 q

p∈s(𝒙)

 (19) 
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Therefore, the set of moment conditions become  

 

𝑍nx = y
(−1)|𝜷|𝜷! 𝒂 = 𝜷

0 𝒂 ≠ 𝜷
< ∞ otherwise

   𝑎��� ≤ |𝒂| ≤ |𝜷| + 𝑟 − 1 (20) 

 
for all |𝜷| ≠ 0, where 𝑎��� is one when |𝜷|	is odd and 0 when |𝜷|	is even. The kernel 𝜂𝜷 is 
chosen as: 
 

𝜂𝜷(𝒙, 𝒛) = � ] 𝑎𝜸(𝒙)𝒛𝜸
|𝜷|ijfb

|𝜸|ax���

� 𝑒f|𝒛|@ = 𝑃(𝒙, 𝒛)𝑊(𝒛), 𝒛 =
𝒙 − 𝒙p
𝜀  (21) 

 

The kernel function consists of a polynomial correction function 𝑃(𝒙, 𝒛) and the weight 

function 𝑊(𝒛). Different choices for the weight function applied can be found in [54].  

     The unknown coefficients 𝑎𝜸(𝒙) are obtained by requesting the kernel given by Eq. (21) to 

satisfy the conditions (20), resulting in the following linear system of equations: 

 

] 𝑎𝜸(𝒙)𝑤𝒂
𝜸(𝒙) = g(−1)

|𝜷|𝜷! 𝒂 = 𝜷
0 𝒂 ≠ 𝜷

|𝜷|ijfb

|𝜸|ax���

						 , ∀	𝑎��� ≤ |𝒂| ≤ |𝜷| + 𝑟 − 1 (22) 

 

with weights 

𝑤𝒂
𝜸(𝒙) =

1
𝜀|𝒂i𝜸|i\

] U𝒙− 𝒙pX
𝒂i𝜸

𝑒
f�
k𝒙f𝒙�k
Z �

@

p∈s(𝒙)

 (23) 

 

To compute the approximated derivative 𝑄n
𝜷𝑓(𝒙)	at node xp, the coefficients are found by 

solving the above linear system of equations for x = xp. Given our choice of kernel function, 

the DC PSE derivative approximation becomes: 

𝑄n
𝜷𝑓U𝒙pX =

1

𝜀U𝒙pX
𝜷 ] o𝑓U𝒙�X ∓ 𝑓U𝒙pXq𝒑 �

𝒙 − 𝒙p
𝜀U𝒙pX

�
𝒙�∈𝒩U𝒙�X

𝒂�U𝒙pX𝑒
f�
k𝒙�f𝒙�k
ZU𝒙�X

�
@

 (24) 

where p(x)=[p1(x), p2(x),…, pm(x)], with m being the number of monomial used (m=6 and 10 

for second order monomials in two and three dimensions, respectively) and, 	𝒂(x) are the 

vectors of terms in the monomial basis and their coefficients, respectively.  
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4. Solution procedure 

 
4.1 Explicit solver: Euler scheme 

 
We solve the MHD flow equations (1) and (2) by using an explicit time integration method, 

while spatial derivatives are computed using the Discretization Corrected Particle Strength 

Exchange interpolation method presented in the previous section. 

By using Euler’s explicit time-stepping scheme, the MHD flow equations become: 

 

𝑉(�ib) − 𝑉(�)

δ𝑡 = ∇4𝑉(�) + 𝑀:
𝜕𝐵(�)

𝜕𝑥 +𝑀<
𝜕𝐵(�)

𝜕𝑦  (25) 

𝐵(�ib) − 𝐵(�)

δ𝑡 = ∇4𝐵(�) + 𝑀:
𝜕𝑉(�)

𝜕𝑥 + 𝑀<
𝜕𝑉(�)

𝜕𝑦 	 (26) 

 
where (n) is the time step index and δ𝑡	is the time step. After computing the updated values 

V(n+1) and B(n+1) we apply the boundary conditions; we can impose the Dirichlet boundary 

conditions directly, since we are using a strong form solution method (MPC), while Neumann 

boundary conditions need special treatment, as will be explained in detail in section 4.2.  

When using an explicit time integration scheme there is no need to solve a linear system of 

equations; instead, the field values at the next time step are computed based on the values from 

the previous step (V(n+1) and B(n+1) are computed based on the V(n) and B(n)). Compared to 

implicit solvers, this is a significant advantage in terms of code implementation, storage and 

computation cost. Nevertheless, explicit solvers are only conditionally stable, with the 

maximum time step that can be used limited by the Courant-Friedrichs-Levy (CFL) stability 

criteria (details in section 4.3).  

 

4.2 No flux boundary conditions 

 
     For many PDE problems, the governing equations include Neumann boundary conditions 

(no flux boundary conditions) of the form 

 

𝛁𝑞 ∙ 𝒏 = 0	 (27) 

 

where n is a unit normal vector and q is the unknown scalar field function (V or B in our case). 

We enforce such Neumann boundary conditions by including in the support domain of the 
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Neumann boundary only interior nodes when computing the derivatives in Eq. (27), as shown 

in Fig. 2.  

 
[Figure 2 about here] 

 
Fig. 2. The support domain used for enforcing no flux boundary conditions for a boundary 
node. The boundary node is marked with a circle (red) and the nodes in its support domain 

with a square (green). 
 
 

This choice of support domain decouples the Neumann boundary conditions equations, 

allowing direct computation of the values on the boundary based on known interior values. For 

example, let’s consider a two-dimensional problem with normal vector n given as n=(nx, ny). 

The derivatives that appear in the Neumann boundary conditions equations are computed using 

the DC PSE approximation using Eq. (24), leading to the following expression for a boundary 

node p: 

𝜕𝑞p
𝜕𝑥 = ] 𝑤�:𝑞�

𝒙�∈𝒩U𝒙�X

												
𝜕𝑞p
𝜕𝑦 = ] 𝑤�

<𝑞�
𝒙�∈𝒩U𝒙�X

 (28) 

With 𝑤�: and 𝑤�
< being the weights of the first order spatial derivatives and therefore, the 

Neumann boundary condition for node p becomes: 

] 𝑤�:𝑞�𝑛:

𝒙�∈𝒩U𝒙�X

+ ] 𝑤�
<𝑞�𝑛<

𝒙�∈𝒩U𝒙�X

= 0 (29) 

allowing the computation of the value that has to be imposed at the boundary node as: 
 

𝑞p =
−1

𝑛p:𝑤p: + 𝑛p
<𝑤p

< � ] 𝑤�:𝑞�𝑛:

𝒙�∈𝒩U𝒙�X,�ep

+ ] 𝑤�
<𝑞�𝑛<

𝒙�∈𝒩U𝒙�X,�ep

� (30) 

 
4.3 Stability conditions for explicit time integration 

 
To compute the critical time step needed to obtain stable results, we rewrite Eqs. (25)-(26) 

as 

�𝑉
(�ib)

𝐵(�ib)
� = �𝑉

(�)

𝐵(�)
� + δ𝑡

⎣
⎢
⎢
⎢
⎡ ∇4𝑉(�) 𝑀:

𝜕𝐵(�)

𝜕𝑥 +𝑀<
𝜕𝐵(�)

𝜕𝑦

𝑀:
𝜕𝑉(�)

𝜕𝑥 +𝑀<
𝜕𝑉(�)

𝜕𝑦 ∇4𝐵(�) ⎦
⎥
⎥
⎥
⎤
 (31) 

which can be written in matrix form as: 
𝐔(�ib) = [𝐈 + δ𝑡𝐀]𝐔(�) (32) 
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where 𝐔(�ib) = �𝑉
(�ib)

𝐵(�ib)
� and 𝐀 = ©𝐋 𝐊

𝐊 𝐋¬, with the matrices K and L representing the 

following linear operators approximated using DC PSE: 

𝐋 =
𝜕4

𝜕𝑥4 +
𝜕4

𝜕𝑦4 (33) 

𝐊 = 𝑀:
𝜕
𝜕𝑥 +𝑀<

𝜕
𝜕𝑦	 (34) 

The explicit method defined by Eq. (32) is stable if 

|1 + 𝛿𝑡𝜆¯| ≤ 1	 (35) 

where λA are the eigenvalues of the matrix A. The above stability condition requires the 

eigenvalues λA to be either real and negative, leading to 

𝛿𝑡 ≤
2
|𝜆¯|

	 (36) 

or complex with negative real parts, leading to  

𝛿𝑡 ≤ f4°±(²³)
|²³|@

.	 (37) 

The stability criteria above involve the eigenvalues of matrix A. When the problem 

discretisation includes a large number of nodes, matrix A becomes very large, and 

calculating its eigenvalues is not practical. We note the fact that the diagonal terms of matrix 

A are determined by the Laplacian operator L, consisting of second order derivatives, while 

the off-diagonal terms defined by operator K includes only first order derivatives. This implies 

that the relative weight of the two operators on the structure of matrix A is dictated by 

discretisation: a more refined discretisation leads to a higher weight of operator L and lower 

influence of operator K. If the discretisation is not refined enough, the higher weight of off-

diagonal operator K can lead to eigenvalues with a positive real part; in such case explicit time 

integration is not possible and discretisation has to be refined. A positive aspect of a refined 

discretisation is that the resulting matrix is diagonally dominant, having its eigenvalues 

distributed close to the real axis. Therefore, we can estimate the maximum time step using Eq. 

(36), with an upper bound of the maximum eigenvalue of matrix A computed using the 

Greshgorin circle theorem [55]. Given the composition of matrix A, the upper bound of the 

maximum eigenvalue can be computed without assembling the matrix: 

|𝜆¯| ≤ max
�
�]Uk𝐿�·k + k𝐾�·kX

·

�	 (38) 
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If the time step for explicit integration is not appropriate (too long), the algorithm will 

diverge rapidly. In such case, the time discretization is refined and then time integration is 

performed again.   

 

5. Results 
 

     In this section, we present the results computed using the proposed numerical scheme. We 

consider different values for the wall inductance k, Hartmann number M and electrode length 

l, and examine how they influence the velocity V and the induced magnetic field B.  

     For high Hartmann numbers boundary layers are formed. To capture the steep gradients and 

to eliminate unwanted numerical oscillations we apply local refinement. Several refinement 

strategies have been proposed, such as nodal refinement, enlargement of the local support 

domain, fully upwind support domain and adaptive upwind support domain [56]. By enlarging 

the local support domain, the upstream information can be captured; however, the accuracy of 

the solution might be reduced [56], especially in regions with high field gradients. When using 

an upwind support domain, the accuracy and stability of the solution are improved for high 

Hartmann numbers. Nevertheless, these methods give very poor results for low and moderate 

Hartmann numbers.  

In the present study, we applied an h-type refinement, by increasing the number of nodes 

close to the boundaries. The spatial domain is discretized by a set of nodes distributed either 

uniformly or randomly in space.  

 

5.1 Proposed method verification 

 
       We verify the accuracy of the proposed solution method by computing the flow field of a 

viscous, incompressible and electrically conducting fluid [40] in a rectangular duct with square 

cross section, defined over the domain (−1,1) × (−1,1) as shown in Fig. 3. The fluid is 

subjected to a magnetic field in the y-direction (i.e. 𝜑 = »
4
) having insulating walls (B=0) and 

no-slip boundary velocity conditions (V=0).  

 

[Figure 3 about here] 

 
Fig. 3. Geometry and boundary conditions for the MHD flow in a duct with square cross 

section and insulating walls.  
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     We compare the numerical findings obtained using the proposed solution method with those 

presented in the literature [57, 40] for Hartmann numbers M=100, M=500 and M=1,000. The 

maximum stable time step for numerical integration is computed using the Greshgorin circle 

theorem presented above. We use uniform and irregularly distributed sets of nodes to represent 

the spatial domain. We use successively denser nodal distributions to get a grid independent 

numerical solution. For M=100 we consider five different nodal distributions with increasing 

nodal density, consisting of 81 × 81, 161 × 161, 321 × 321, 641 × 641 and 1281 × 1281 

nodes, respectively. We apply global refinement since for low Hartmann numbers the boundary 

layers are not very pronounced. We compute the spatial derivatives of the unknown field 

functions (velocity and magnetic field) with an in-house C++ code.  The computational time 

(in seconds) for the derivatives (up to second order) was 84 msec, 332 msec, 1.37 sec, 5 sec 

and 23 sec, respectively. Table 1, lists the values for the critical time step computed through 

the Gerschgorin theorem, for different values of M (M=100, 500 and 1,000) and nodal 

distributions.  

 

[Table 1 about here] 

 
Table 1. Critical time step for increasingly denser nodal distributions and for Hartmann 

number M=100, 500 and 1000. 

 

For higher Hartmann numbers, local refinement is used in both uniform and irregular node 

distribution, as it shown in Fig. 4. Local refinement allows us to capture the boundary layers 

without the need for global refinement, drastically reducing the computational cost.  

Table 2(a-b) presents the analytical and numerical findings at specific sites in the spatial 

domain for Hartmann numbers M=100 and M=500. Table 2c shows the values of the velocity 

field, compute at specified sites, with successively denser nodal distributions. It can be seen 

that as the nodal distribution increases the values convergence to the analytical solution. The 

numerical results are compared against the analytical solution at steady state [57] and finite 

element method [40].  

 

[Table 2 about here] 

Table 2.  
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[Figure 4 about here] 

 
Fig. 4. Locally refined (a) uniform and (b) irregular nodal distributions.  

 

    Fig. 5 shows the contour plots for the velocity and magnetic field for Hartmann numbers 

M=100, 500 and 1,000. We observe that the boundary layers are resolved accurately and no 

oscillations in the numerical solution are present.  

 

[Figure 5 about here] 

 
Fig. 5. Contour plots of the velocity (left) and induced magnetic field (right) for Hartmann 

numbers (a) M=100 (b) M=500 and (c) M=1000.  

 

 

5.2 Illustration of the proposed algorithm performance: MHD flow in a rectangular duct with 

insulating walls 

 
     The following test cases refer to MHD flow in a rectangular duct with insulating walls. For 

all the examples examined, we report on the computational efficiency (critical time step, time 

(in sec) to compute spatial derivatives) and the accuracy of the proposed scheme.  

 
 
5.2.1 Hartmann number influence 
 

     We examine the laminar, incompressible and electrically conducting fluid flow in a long 

duct of square cross-section defined over the domain	(−1,1) × (−1,1). We consider varying 

wall conductivity, having the applied magnetic field directed along the y-axis. Flow is driven 

downwards by the electrodes, which are placed in the middle of the top and bottom walls, 

perpendicular to the applied magnetic field, as shown in Fig. 1. The walls parallel to the applied 

magnetic field are kept at constant inductance, yet opposite in sign. On the insulated walls, 

identical magnetic field values are continued from the parallel walls. The external magnetic 

field applied results in an induced current within the fluid, forcing it to flow in the external 

circuits. We solve the dynamic flow problem until reaching the steady-state solution (τ→∞ for 

the time domain (0,τ)). For the numerical simulation, we use different values of Hartmann 

number, while setting wall inductance k=1, electrode length l=0.3 and angle φ=π/2. 
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      We use an irregular nodal distribution set of 435,014 nodes in total (like in Fig. 4b), locally 

refined close to the boundaries and we plot the numerical results when steady state is reached. 

This locally refined grid can capture the boundary layers formed at x=1 and x=-1 for Hartmann 

numbers up to M=2,000.  

 
[Figure 6 about here] 

 
Fig. 6. Contour plots of the velocity field (left) and the induced magnetic field (right) for 

Hartmann numbers (a) M=1,000 and (b) M=2,000. 

 

Fig. 6 shows the contour plots for the velocity field and the induced magnetic field for 

Hartmann numbers M=1,000 and 2,000. The numerical results obtained are compared against 

those presented in [58] (in [58] authors used the finite element method to solve the flow 

equations). The numerical results are in a very good agreement for M up to M=1,000, without 

any spurious oscillations being present. Furthermore, in the present study we computed  results 

for higher M numbers (M=2,000). In the present scheme, local refinement used eliminates the 

spurious oscillations. The values of the velocity and magnetic field at prescribed locations and 

at different times are listed in Table 3. As the Hartmann number increases, flow velocity 

becomes uniform throughout the region, while at a very narrow part of the domain near the 

walls, boundary layers are formed. A boundary layer is also observed for the induced magnetic 

field, starting at the points of discontinuity (l, ±1) on the boundary.  

 
[Table 2 about here] 

 
Table 3. Flow field values for Hartmann numbers M=1,000 and 2,000 at different time 

instances. 

  

5.2.2 Impact of l, k and φ parameters on flow regime 

 
    We examine how the flow regime is influenced by the wall inductance k, electrode length l 

and magnetic field imposition angle φ using the contour plots of the velocity and the induced 

magnetic fields. We consider an irregular nodal distribution, locally refined close to the 

boundaries, as in the previous section.  

     Fig. 7 shows the effect of the electrode length l on the flow velocity V and the induced 

magnetic field B for Hartmann number M=500.  
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[Figure 7 about here] 

 
Fig. 7. Contour plots of the velocity field and the induced magnetic field for Hartmann 

number M=500, wall inductance k=1, magnetic field imposition angle φ= π/2 and electrode 

length (a) l=0.3 (b) l=0.5 and (c) l=0.7. 

 

For both velocity V and magnetic field B, the boundary layers become less pronounced when 

the electrode length l increases. As l increases, the boundary layers in the induced magnetic 

field are confined to the walls 𝑥 = ±1, being combined with the layers emerging from the 

insulated walls. An increase in the length l results in an enlargement of the stagnant region of 

the magnetic field in front of the conducting portions of the boundary.  

     Fig. 8 shows the behavior of the velocity and the induced magnetic field for different values 

of the wall inductance k for Hartmann number M=500. 

 
[Figure 8 about here] 

 
Fig. 8. Contour plots of the velocity field (left) and the induced magnetic field (right) for 

Hartmann number M=500, electrode length l=0.3, magnetic field imposition angle φ= π/2 and 

wall inductance (a) k=1 (b) k=-1 and (c) k=0.3. 

 

As wall inductance k increases, the velocity and the induced magnetic field values increase. 

This indicates the importance of the wall inductance when high velocity and induced magnetic 

field are required in the direction of the flow. Additionally, it can be observed that the velocity 

filed changes direction in the duct and the current lines change the direction in the left and right 

half of the duct when k changes sign. Therefore, it is possible to control the direction of the 

flow. 

     Finally, we examine the flow regime when the induced magnetic field has different 

orientations (angle φ with the y-axis).  

 
[Figure 9 about here] 

 
Fig. 9. Contour plots of the velocity field (left) and the induced magnetic field (right) for 

Hartmann number M=500, electrode length l=0.3, wall inductance k=1 and magnetic field 

imposition angle (a) φ= π/3 and (b) φ= π/6. 
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Fig. 9 shows contour plots of the velocity field and the induced magnetic field at steady 

state for Hartmann number M=500, by considering different orientations for the applied 

magnetic field. At steady state, both the velocity and the induced magnetic field reach a plateau, 

which tends to align with the direction of the applied magnetic field. The plateau for the case 

of velocity field is a stagnation region, with the recirculation zone increased in width as the 

angle of the applied field increases.  

 
 
5.3 Illustration of the proposed scheme for MHD flow in a duct with circular cross-section 
having insulating walls 
 

     As a final example, we examine the flow in a long duct of circular cross-section with radius 

R=1. We consider variable wall conductivity, along with an applied magnetic field directed at 

angle φ=π/3. Flow is driven downwards by electrodes placed in the top and bottom walls, with 

their start and bottom being at angle 𝜃 (𝜋 3Â ≤ 𝜃 ≤ 4𝜋
3Â ) and (−𝜋 3Â ≤ 𝜃 ≤ −4𝜋 3Â ), where 

𝜃 is the angle with respect of x- axis, while the remaining walls are kept at constant inductance, 

yet opposite in sign. The external magnetic field applied results in an induced current within 

the fluid, which can be forced to flow in the external circuits.  

     We use an irregular nodal distribution for low and moderate Hartmann numbers up to 

M=1,000. For Hartmann number M=1,000, we use local refinement close to the boundaries 

resulting in a nodal distribution which has 145,076 nodes (with this nodal distribution no 

oscillations were present) and can capture effectively the boundary layers. We solve the 

dynamic flow problem until reaching the steady-state solution. We use k=1 and the applied 

magnetic field angle φ=π/3. Fig. 10 plots the velocity and induced magnetic field values for 

M=1,000. 

 
[Figure 10 about here] 

 
Fig. 10. Contour plots of the velocity (left) and the induced magnetic field (right) for 

Hartmann numbers M=1,000 at φ=π/3. 

 

 

6. Conclusions  
 

     In the present study, we present a robust, stable and accurate meshless point collocation 

method (MPCM) for the numerical solution of the coupled, unsteady MHD duct problem of an 
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incompressible, viscous and electrically conducting fluid in a channel with partially conducting 

and partially non-conducting walls under a uniform transverse magnetic field. We solve the 

flow equations by using an explicit solver based on Euler time discretization method.  Such a 

problem has many applications in industry and engineering and is interesting to get numerical 

solutions for high values of Hartmann number. 

     We solve the flow equations numerically by using the Discretization Corrected Particle 

Strength Exchange (DC PSE) approximation in the context of the meshless point collocation 

(MPC) method. The proposed method has several key advantages over traditionally used FEM, 

FDM or BEM methods: it requires neither domain nor surface mesh discretization, thus 

avoiding various topological, connectivity and dimensional difficulties associated with 

meshing; it does not require numerical integration; it is relatively easy to implement; the 

formulation is similar for 2D and 3D and both steady state and transient problems; and it is 

cost-effective due to the elimination of complex mesh creation steps.  

     We obtained numerical results using both uniform and irregular nodal distributions. We 

applied local refinement to capture the boundary layers formed at high Hartmann numbers. We 

developed an explicit solver, a simplified scheme for applying Neumann boundary conditions, 

and a method of estimating the maximum stable time step. We present numerical results for 

high Hartmann numbers (up to M=5,000) and compare them with analytical solutions and other 

well-established numerical methods. The numerical oscillations occurring due to the presence 

of boundary layers were eliminated by using a local refinement strategy. 
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Table 1. Critical time step for increasingly denser nodal distributions and for Hartmann number 
M=100, 500 and 1000. 

M 𝟖𝟏 × 𝟖𝟏 𝟏𝟔𝟏 × 𝟏𝟔𝟏 𝟑𝟐𝟏 × 𝟑𝟐𝟏 𝟔𝟒𝟏 × 𝟔𝟒𝟏 𝟏𝟐𝟖𝟏 × 𝟏𝟐𝟖𝟏 
100 

 
500 

 
1000 

 3.17e-05 
 

1.38e-05 
 

8.08e-06 

9.48e-06 
 

5.42e-06 
 

3.49e-06 

2.57e-06 
 

1.85e-06 
 

1.34e-06 

6.84e-07 
 

5.67e-07 
 

4.66e-07 
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Table 2a. The flow field and the magnetic field for M=100. 

 VDCPSE VFEM Vanalytical BDCPSE BFEM Banalytical 
 

(0.00,0.00) 
(0.25,0.00) 
(0.50,0.00) 
(0.75,0.00) 
(0.00,0.25) 

 
0.0099999 
0.0099999 
0.0099999 
0.0099999 
0.0099999 

 
0.0100000 
0.0100000 
0.0100000 
0.0100000 
0.0100000 

 
0.0100000 
0.0100000 
0.0100000 
0.0100000 
0.0100000 

 
0.0000000 
-0.0024999 
-0.0049999 
-0.0074999 
0.0000000 

 
0.0000000 
-0.0025000 
-0.0050000 
-0.0075000 
0.0000000 

 
0.0000000 
-0.0025000 
-0.0050000 
-0.0075000 
0.0000000 
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(0.25,0.25) 
(0.50,0.25) 
(0.75,0.25) 
(0.00,0.50) 
(0.25,0.50) 
(0.50,0.50) 
(0.75,0.50) 
(0.00,0.75) 
(0.25,0.75) 
(0.50,0.75) 
(0.75,0.75) 

0.0099999 
0.0099999 
0.0099999 
0.0099992 
0.0099982 
0.0099945 
0.0099869 
0.0097627 
0.0097175 
0.0095869 
0.0093872 

0.0100000 
0.0099999 
0.0099999 
0.0099993 
0.0099983 
0.0099947 
0.0099873 
0.0097662 
0.0097209 
0.0095898 
0.0093899 

0.0100000 
0.0100000 
0.0099999 
0.0099992 
0.0099981 
0.0099944 
0.0099868 
0.0097614 
0.0097163 
0.0095858 
0.0093863 

-0.0024999 
-0.0049999 
-0.0074999 
0.0000000 
-0.0024982 
-0.0049945 
-0.0074869 
0.0000000 
-0.0023033 
-0.0046030 
-0.0068877 

-0.0025000 
-0.0050000 
-0.0074999 
0.0000000 
-0.0024984 
-0.0049947 
-0.0074873 
0.0000000 
-0.0023043 
-0.0046050 
-0.0068903 

-0.0025000 
-0.0050000 
-0.0074999 
0.0000000 
-0.0024982 
-0.0049944 
-0.0074868 
0.0000000 
-0.0023030 
-0.0046024 
-0.0068869 

 
 
 
 
Table 2b. The flow field and the magnetic field for M=500. 

 VDCPSE VFEM Vanalytical BDCPSE BFEM Banalytical 
 

(0.00,0.00) 
(0.25,0.00) 
(0.50,0.00) 
(0.75,0.00) 
(0.00,0.25) 
(0.25,0.25) 
(0.50,0.25) 
(0.75,0.25) 
(0.00,0.50) 
(0.25,0.50) 
(0.50,0.50) 
(0.75,0.50) 
(0.00,0.75) 
(0.25,0.75) 
(0.50,0.75) 
(0.75,0.75) 

 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0019999 
0.0019999 
0.0019999 
0.0019999 
0.0019997 
0.0019992 

 

 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0019999 
0.0019998 
0.0019994 

 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0019999 
0.0019997 
0.0019992 

 
0.0000000 
-0.0005000 
-0.0009999 
-0.0014999 
0.0000000 
-0.0005000 
-0.0009999 
-0.0014999 
0.0000000 
-0.0005000 
-0.0009999 
-0.0014999 
0.0000000 
-0.0004999 
-0.0009997 
-0.0014992 

 
0.0000000 
-0.0005000 
-0.0010000 
-0.0015000 
0.0000000 
-0.0005000 
-0.0010000 
-0.0015000 
-0.0000000 
-0.0005000 
-0.0010000 
-0.0015000 
0.0000000 
-0.0005000 
-0.0009980 
-0.0014994 

 
0.0000000 
-0.0005000 
-0.0010000 
-0.0015000 
0.0000000 
-0.0005000 
-0.0010000 
-0.0015000 
0.0000000 
-0.0005000 
-0.0010000 
-0.0015000 
0.0000000 
-0.0004999 
-0.0009997 
-0.0014992 

 
 
 
 
 
 
 
 
 
 
 
Table 2c. Convergence for the flow field for M=500 and successively denser grids. 

 𝟖𝟏 × 𝟖𝟏 161x161 321x321 641x641 1281x1281 Vanalytical 
 

(0.00,0.00) 
(0.25,0.00) 
(0.50,0.00) 
(0.75,0.00) 
(0.00,0.25) 
(0.25,0.25) 
(0.50,0.25) 

 
0.0019999   
0.0019996 
0.0019925 
0.0018415 
0.0019999 
0.0019996 

 
0.0020000 
0.0020000 
0.0019999 
0.0019999 
0.0020000 
0.0020000 
0.0019999 

 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 

 
0.0020000   
0.0020000   
0.0020000   
0.0020000   
0.0020000 
0.0020000   
0.0020000 

 
0.0020000   
0.0020000   
0.0020000   
0.0020000   
0.0020000 
0.0020000   
0.0020000 

 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
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(0.75,0.25) 
(0.00,0.50) 
(0.25,0.50) 
(0.50,0.50) 
(0.75,0.50) 
(0.00,0.75) 
(0.25,0.75) 
(0.50,0.75) 
(0.75,0.75) 

0.0019924   
0.0018519  
0.0019999   
0.0019996 
0.0019929   
0.0018474 
0.0019999   
0.0019996 
0.0019931   
0.0018567 

0.0019999 
0.0020000 
0.0020000 
0.0019999 
0.0019999 
0.0019999 

  0.0019999 
0.0019997 
0.0019992 

0.0020000 
0.0020000 
0.0020000 
0.0019999 
0.0019999 
0.0019999 
0.0019999 
0.0019997 
0.0019992 

0.0020000 
0.0020000 
0.0020000 
0.0019999 
0.0019999 
0.0019999 
0.0019999 
0.0019997 
0.0019992 

0.0020000 
0.0020000 
0.0020000 
0.0019999 
0.0019999 
0.0019999 
0.0019999 
0.0019997 
0.0019992 

0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0020000 
0.0019999 
0.0019997 
0.0019992 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
        Table 3a. The flow field for M=1,000 at different time instances. 

 t=0.02 t=0.04 t=0.1 t=0.2 t=0.4 
 

(0.00,0.00) 
(0.25,0.00) 
(0.50,0.00) 
(0.75,0.00) 
(0.00,0.25) 
(0.25,0.25) 

 
1.0233522 
0.9934001 
0.9937160 
0.9771426 
1.0233515 
0.9934002 

 
1.0192380 
0.9798223 
1.0177319 
1.0001986 
1.0192365 
0.9798238 

 
0.9955148 
0.9996844 
1.0006521 
0.9964664 
0.9955157 
0.9996844 

 
1.0002997 
1.0002481 
1.0003009 
1.0005023 
1.0002995 
1.0002479 

 
1.0000002 
0.9999997 
1.0000000 
1.0000025 
1.0000001 
0.9999997 
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(0.50,0.25) 
(0.75,0.25) 
(0.00,0.50) 
(0.25,0.50) 
(0.50,0.50) 
(0.75,0.50) 
(0.00,0.75) 
(0.25,0.75) 
(0.50,0.75) 
(0.75,0.75) 

0.9937164 
0.9771433 
1.0233510 
0.9934006 
0.9937159 
0.9771441 
1.0233506 
0.9934005 
0.9937171 
0.9771439 

1.0177302 
1.0001985 
1.0192356 
0.9798248 
1.0177292 
1.0001982 
1.0192350 
0.9798255 
1.0177277 
1.0002000 

1.0006519 
0.9964670 
0.9955161 
0.9996846 
1.0006522 
0.9964674 
0.9955079 
0.9996841 
1.0006547 
0.9964638 

1.0003008 
1.0005021 
1.0002994 
1.0002479 
1.0003008 
1.0005019 
1.0003101 
1.0002567 
1.0003087 
1.0005143 

1.0000000 
1.0000025 
1.0000001 
0.9999997 
1.0000000 
1.0000025 
1.0000005 
0.9999993 
0.9999997 
1.0000039 

 
 
 
 
        Table 3b. The magnetic field for M=2,000 at different time instances. 

 t=0.02 t=0.04 t=0.1 t=0.2 t=0.4 
 

(0.00,0.00) 
(0.25,0.00) 
(0.50,0.00) 
(0.75,0.00) 
(0.00,0.25) 
(0.25,0.25) 
(0.50,0.25) 
(0.75,0.25) 
(0.00,0.50) 
(0.25,0.50) 
(0.50,0.50) 
(0.75,0.50) 
(0.00,0.75) 
(0.25,0.75) 
(0.50,0.75) 
(0.75,0.75) 

 
0.0000000 
-0.0320597 
0.0384021 
-0.0051009 
0.0000000 
-0.0320587 
0.0384009 
-0.0051008 
0.0000000 
-0.0320578 
0.0383998 
-0.0051004 
0.0000000 
-0.0320571 
0.0383979 
-0.0050999 

 
-0.0000000    
-0.0020130   
-0.0039995    
0.0098014 
-0.0000000   
-0.0020128 
-0.0039991   
0.0098008   
0.0000000   
0.0020130 
-0.0039995   
0.0098001   
0.0000000   
0.0020128 
-0.0039984   
0.0097979 

 
0.0000000 
-0.0030101 
-0.0029465 
0.0033888 
0.0000000 
-0.0030094 
-0.0029459 
0.0033881 
0.0000000 
-0.0030090 
-0.0029455 
0.0033878 
0.0000000 
-0.0030122 
-0.0029495 
0.0033912 

 
0.0000000   
0.0000000 
-0.0003524 
-0.0005073 
0.0000000 
-0.0001011 
-0.0003523 
-0.0005071 
0.0000000 
-0.0001010 
-0.0003522 
-0.0005070 
0.0000000 
-0.0001029 
-0.0003625 
-0.0005192 

 
0.0000000 
0.0000003 
0.0000000 
-0.0000025 
0.0000000 
0.0000003 
0.0000000 
-0.0000025 
0.0000000 
0.0000003 
0.0000000 
-0.0000025 
0.0000000 
0.0000007 
0.0000002 
-0.0000039 
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