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Abstract 

Power transformers are one of the main devices in found power systems. Reliability, 

power quality and economic cost are affected by the transformer’s health conditions. 

Catastrophic failures of power transformers may have a serious environmental impact, 

such as fire and transformer oil spill. Therefore, the failures of power transformers are 

of much concern and are investigated extensively. According to practical historical 

data, it is clear that a significant percentage of transformer failures is caused by 

winding problems, such as winding deformations caused by loss of clamping pressure 

or by the high electrodynamic forces appearing during short circuit, and insulation 

failures caused by aging or moisture issues. As a result, development of condition 

monitoring systems for the winding of power transformers holds promise towards cost 

reduction throughout power transformers’ life cycle and towards an increase in the 

availability and reliability of power transformers. 

 

This thesis results from a study on the mechanical and electrical properties of a 

coupled beams system. Such study is relevant to the understanding of some basic 

features of power transformers’ winding. The study of the mechanical properties of 

the coupled beams may lead to the understanding of the effect of insulation materials 

between the beams on the vibration response of the parallel beams. The study of the 

electrical properties of the coupled electrically-conducting beams, on the other hand, 

allows the explanation of the electrical frequency response of the coupled beams in 

terms of the gaps between the coupled beams and electrical properties of the 

insulation material in the gaps. 

 

In this thesis, the mechanical and electrical responses of the coupled beams are 

modelled experimentally and theoretically. The variable parameters of the coupled 

beams include the gap between the beams, the number of insulation blocks in the gap, 

and the moisture contents of the insulation blocks. By modelling the coupled beams 



ii 
 

and comparing the experimental data with the theoretical solutions, the key results are 

summarised as follows: 

 

(1) The characteristics of the mechanical vibration of the uniform coupled beams 

are dependent on the mechanical parameters (such as mass, stiffness and 

damping coefficient) of the insulation blocks between them. A mathematical 

model is established to describe the dependence relationship successfully. 

(2) The measured electrical frequency response of the coupled beams is mainly 

controlled by the spacing between the beams. Such response is also 

successfully modelled using electrical transmission line theory. 

 

Two groups of experiments on the coupled beams are designed for simulating the 

practical winding failures in this thesis. Both mechanical and electrical models of the 

coupled beams are used to explain the experimental results. The simulation results 

demonstrate that: 

 

(1) The mechanical and electrical properties of the winding insulation material 

significantly affect the winding conditions. 

(2) Characteristics in the vibration and electrical frequency responses are 

important features which are related to the properties of winding insulation 

materials and can be used as indication of the health conditions of the power 

transformer’s winding. 

(3) Appropriate mathematical and electrical models can be powerful tools for 

detecting and diagnosing some winding failures in power transformers that are 

relevant to the winding insulation material, such as loss of winding clamping 

pressure, and insulation material failures caused by increase in moisture 

increase. In principle, these winding failure modes could be modelled as a part 

of the models, and their effects on the system response could be identified by 

comparing the model’s output with the measured output. 
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Chapter 1: Introduction 

1.1 Power Transformer and Its Winding 

Transformers are a type of common device in our daily life, and their function is 

simply described by two words: ‘change voltage’; or a little more complex: ‘transfer 

electrical energy with different voltage’. Transformers can be found everywhere in 

our modern world. Each laptop needs a small transformer for changing the household 

240 V voltage to a laptop adapted voltage, usually about 20 V. Most household 

electrical equipment, such as fridges and televisions, also have transformers inside. 

 

Although the function is the same with common household transformers, the 

transferred electrical energy of power transformers is much larger than that in 

household transformers, usually at MVA rating. In view of cooling and safety issues, 

the size of power transformers is also bigger and their design is much more complex 

than that of common transformers. A typical power transformer is usually composed 

of winding, core, tank, and cooling system. Figure 1.1 shows a 500 MVA, 220 kV 

three-phase power transformer. 

 
Figure 1.1: Power transformer, 500 MVA, 220 kV, three-phase 

 (picture from [27]) 
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Power transformers in the power industry belong to high level power rating 

transformers, up to mega voltages. Therefore, their windings have specific shape and 

structure designed for adapting the high level electrical stress.  

 

 

Figure 1.2: Typical layout of power transformer disc winding 

 

In most step-down power transformers, the primary winding (high voltage winding) 

and secondary winding (low voltage winding) are coaxially wrapped around the core, 

and the secondary are wound inside of the primary. Because the voltage and current 

are thousands of times higher than those in the low voltage transformers, the 

cross-section of the power transformer winding wire is much bigger and usually in a 

rectangular shape. This design reduces the wire resistance, resulting in less energy 

loss and less heat generation. Insulating spacers inserted between winding layers are 

not only located along the radial direction, but also along the axial direction, for 

insulation purposes. The winding is constructed in the shape of discs and stacked in 

the axial direction. In other words, each layer of winding is wound as a disc at radial 

direction, but not like common solenoid that is wrapped at axial direction. From 

Figure 1.2, it can be clearly seen that the different layers of disc type winding are 

joined together by interconnections at the outer or inner rings of the winding discs. 

This design ensures the power transformers’ efficiency for electrical energy transfer 

from primary to secondary windings. For healthy power transformers, the efficiency 

is around 95%, even up to 98% [26]. However, any failures on the winding part could 
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cause a huge energy loss and a decrease in efficiency. Some serious winding failures 

may destroy the whole power transformer and bring a loss of millions of dollars 

directly and indirectly. It is reported that many power transformers’ failures (30–40%) 

[5][24] are caused by winding problems, such as deformations caused by loss of 

clamping pressure, and winding insulation failures caused by aging or moisture issues. 

Therefore, effective monitoring of the performance of power transformers, especially 

the performance of the winding, is important practically. 

 

1.2 Review of Power Transformer Condition Monitoring 

Systems 

Some approaches of power transformer condition monitoring are reviewed and 

discussed in this section. As winding failure is one of the important causes of 

transformer problems, the detection of the failure and the cause of the failure in the 

windings should be a necessary function in any power transformer condition 

monitoring system. Some monitoring systems, such as FRA (Frequency Response 

Analysis), hot spot, and RVM (Recovery Voltage Measurement), mainly focus on the 

detection of power transformer winding problems. Other methods, like DGA 

(Dissolved Gas Analysis) and oil testing, can also detect winding failures to some 

extent. 

 

DGA is the most commonly used power transformer condition monitoring method so 

far. As the transformer internal structures in the tank are submerged in cooling-oil, 

some transformer failures, including partial discharge, overheating, aging and the 

degradation of insulation, affect the nearby oil components. DGA method can detect 

these failures and identify them by analysing the composition of the gases (CH4, C2H4 

and C2H2) released from cooling-oil. Although it is able to differentiate some 

transformer problems, it cannot point out the exact location of faults and cannot 

indicate the faults immediately. This is because the change in the oil components 



4 
 

around the failure location is transferred to the cooling-oil in the tank through the 

diffusion process, and this pervasion and volatilisation process takes time [24][25]. 

Oil testing, which is another common power transformer monitoring method, is 

similar to DGA. Instead of analysing the liberated gas, this method tests the 

cooling-oil directly so that more information, such as the condition of winding 

insulation materials, can be obtained in detail. However, oil testing cannot be applied 

on-line, and every off-line measurement for serving power transformers bears huge 

maintenance costs [6][7].  

 

Hot spot measurement uses pre-placed thermal sensors close to the winding to 

monitor the change in winding temperature. It is useful for detecting the winding 

overheat due to short circuit, but the quality of thermal sensors is a big issue. And it is 

only effective for transformers’ thermal problems [24]. 

 

RVM, or DRM (Dielectric Response Measurement), is applied to monitor the 

condition of winding insulation materials. This method is able to detect the water 

content in the winding insulation materials by testing the electrical transfer function of 

winding at a very low frequency range (less than 1 Hz) and for a long time (thousands 

of seconds). The tested response-curves in the time domain and the frequency domain 

can indicate the conditions of the insulation materials [17]. FRA is another electrical 

monitoring method, and its measurement is very similar to DRM, but in a much 

higher frequency range, up to mega hertz. Since FRA is used to describe the electrical 

properties of the coupled beams in this thesis, it will be discussed in Chapter 3 in 

more detail.  

 

The vibration monitoring method is concerned with detecting transformer winding 

problems by using the vibration signal of the winding structure due to the 

electromagnetic force excitation. The distinct merit of the vibration monitoring 

method is that it allows continuous on-line monitoring and identification of the 

transformer problems instantaneously. Furthermore, a typical vibration monitoring 
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system could be compact and economical in comparison with many other methods. 

These advantages attract many people working on this new method. From a series of 

vibration tests on a dry power transformer, Ji [1] provided some convincing evidence, 

showing that the vibration behaviours detected from the transformer tank are able to 

represent the internal conditions of the transformer’s winding and core. For example, 

his experimental results showed that the decrease of winding clamping pressure 

causes an obvious vibration increase (36.23%). In his PhD thesis, it is mentioned that 

the detecting position on the tank is also very important. A careful choice of the sensor 

position can offer clear and meaningful vibration signal. Otherwise, the vibration 

signal may be unreliable. Some other information, such as the relationship between 

the vibration and input voltage and current, is also discussed. In fact, some similar 

vibration experimental results and deductions can be found in other papers [2][3][4]. 

However, it is clear that more fundamental research is necessary to enhance the 

understanding of the physical mechanisms involved for this new method. A literature 

review indicates that most existing researches for the vibration monitoring method are 

concerned with the macroscopical phenomena of power transformers rather than the 

mechanical features of transformer vibration. But this thesis mainly focuses on the 

fundamental mechanism of the vibration monitoring method by using a coupled 

beams system, and tries to answer the following questions: 

 

(1) How does the transformer winding vibrate under different insulation material 

conditions and how could the vibration characteristics be explained in terms of 

the insulation conditions? 

(2) How does the electrical frequency response of the transformer winding change 

with the winding conditions and how could the electrical frequency response 

be explained in terms of the properties of the conductors and insulation 

material conditions? 

(3) Is there any corresponding relationship between the winding vibration 

response and its electrical frequency response? 

(4) What are the key issues in detecting the winding failures by using the 
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vibration and electrical monitoring methods? 

 

1.3 Scope of this Thesis 

This thesis focuses on much simpler mechanical structures – coupled beams with 

some insulation materials between them – rather than the complicated transformer 

winding. It seems that the coupled beams cannot be used to fully represent the 

transformer winding, but the winding conductors could be approximated as a number 

of curved beams coupled through insulation materials inserted between them, so that 

there must be some essential commonality between the coupled beams and 

transformer windings. It is hoped that a study of the coupled beams may throw some 

light on the understanding of the fundamental features of transformer windings. 

Because the changing of the mechanical properties of the coupled beams may have a 

corresponding change in their electrical properties, the mechanical and electrical 

studies of the coupled beams are conducted in parallel. Effort is made to find the 

correlation of the two properties. 

 

The second chapter of this thesis gives the mechanical model of the coupled beams, 

based on the Modal Expansion Method (MEM). In the third chapter, the electrical 

model of the beams is discussed. A measurement method, Frequency Response 

Analysis (FRA), is used to describe the electrical properties of the coupled beams 

system, and the experimental phenomenon is explained by the electrical transmission 

line theory. In Chapter 4, two common winding problems – clamping pressure issues 

and insulation material moisture issues – are modelled to find out the vibration and 

electrical features of these winding failures. To study the effect of loss of winding 

clamping pressure (corresponding to increasing the spacing between the winding 

conductors) on the mechanical and electrical properties of the winding, the coupled 

beams with different insulation materials between them are used. On the other hand, 

to understand the changes of winding mechanical and electrical features caused by 
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different moisture content in winding insulation materials, the coupled beams, whose 

spacer is filled with the practical power transformer insulation material subjected to 

different moisture content, is also modelled. The simulation results also provide some 

evidence to show that an appropriate mechanical-electrical monitoring system is 

useful to detect some transformer winding failures. Finally, the last chapter gives a 

conclusion of current work and some suggestions for future work.  
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Chapter 2: Vibration Analysis of Coupled 

Beams 

The approaches for studying the vibration of coupled beams are (1) to use an 

appropriate way to describe the characteristics of the coupled beams experimentally, 

and (2) to explain the characteristics by system modelling.  

 

In this chapter, the mechanical characteristics of the coupled beams are to be 

described, modelled and explained. The characteristics are described by the beams’ 

vibration response to a point impact force excitation in the frequency domain. 

Although the impact force is quite different with the distributed electromagnetic force 

affected on the transformer winding, the vibration excited by the impact force 

indicates the frequency response of the tested structure, which is the primary and 

necessary information for any vibration analysis. The Modal Expansion Method 

(MEM) is used to model and explain the vibration characteristics of the coupled 

beams. 

 

2.1 Modal Expansion Method 

As a simple and classical structure, beams have been discussed frequently. There are 

two typical analysis methods used to model the beam vibration, both based on the 

Bernoulli-Euler theory. They are: Modal Expansion Method (MEM), and Travelling 

Wave Method (TWM) [8]. Because MEM is used for modelling the coupling beams 

vibration in this thesis, a brief review of MEM is provided in this section. A single 

straight beam is used for the illustration, and its MEM result is presented below. The 

results are used directly in the subsequent parts of this thesis. 

 

When a time-dependent external force is applied to the beam in the transverse 
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direction, the force causes a transverse beam vibration. This phenomenon can be 

described by the equation of motion of the beam (2-1), which ignores the shear and 

rotary inertia effects: 

𝜕2𝑊
𝜕𝑡2

+ 𝐸𝐼
𝜌𝐴

𝜕4𝑊
𝜕𝑥4

= 𝐹𝑒
𝜌𝐴

 ，               (2-1) 

where  

W is the transverse beam vibration; 

E is Young’s modulus of the beam material; 

𝜌 is the density of the beam material; 

A is the area of the beam cross-section; 

h is the thickness of the beam; 

I is second moment of area of the section (For beam, 𝐼 = 𝐴ℎ2

12
); 

Fe is the external force. 

 

The external force Fe at position xe and angular frequency 𝜔 could be described as 

𝐹𝑒 = 𝐹0𝑒𝑗𝜔𝑡𝛿(𝑥 − 𝑥𝑒), where F0 is the amplitude of Fe and 𝛿(𝑥 − 𝑥𝑒) is the Dirac 

delta function. Similarly, the beam displacement W can be written as 𝑊 = 𝑌𝑒𝑗𝜔𝑡, 

where Y is the complex amplitude of W. Then the beam equation of motion, Eq. (2-1), 

can be rewritten as  

−𝜔2𝑌 + 𝐸𝐼
𝜌𝐴

𝜕4𝑌
𝜕𝑥4

= 𝐹0𝛿(𝑥−𝑥𝑒)
𝜌𝐴

.                (2-2) 

 

To solve Eq. (2-2), the first step is to find out the eigen-solutions of the following 

equation:  

−𝜔2𝑌 + 𝐸𝐼
𝜌𝐴

𝜕4𝑌
𝜕𝑥4

= 0.                 (2-3) 

 

Assuming the solution is 𝑌(𝑥) = 𝑒𝑘𝑥, and substituting it into Eq. (2-3), the solution 

is  

𝑘4 = 𝜔2 𝜌𝐴
𝐸𝐼

 .  

Namely, there are four solutions of 𝑘, they are: 
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�𝜔2 𝜌𝐴
𝐸𝐼
�
1
4, −�𝜔2 𝜌𝐴

𝐸𝐼
�
1
4, 𝑗 �𝜔2 𝜌𝐴

𝐸𝐼
�
1
4, −𝑗 �𝜔2 𝜌𝐴

𝐸𝐼
�
1
4 . 

 

So that the eigen-solutions of Eq. (2-3) are 

𝑒𝑘𝑥, 𝑒−𝑘𝑥, 𝑒𝑗𝑘𝑥, 𝑒−𝑗𝑘𝑥. 

 

Therefore, the general solution of Eq. (2-2) can be written as  

𝑌 = 𝐴1𝑒𝑘𝑥  + 𝐴2𝑒−𝑘𝑥 + 𝐴2𝑒𝑗𝑘𝑥 + 𝐴4𝑒−𝑗𝑘𝑥 .           (2-4) 

 

Expressing the exponential functions by using trigonometric functions and hyperbolic 

functions, Eq. (2-4) can be equally expressed as 

𝑌 = 𝐴1 cosh 𝑘𝑥 + 𝐴2 sinh𝑘𝑥 + 𝐴3 cos𝑘𝑥 + 𝐴4 sin𝑘𝑥         (2-5) 

where A1 to A4 are the coefficients determined later by boundary conditions and 

forcing functions. 

 

The eigenvalues and the relationship between the coefficients are determined by the 

boundary conditions at the two ends of the beam. Three common boundary conditions 

are listed in Table 2.1. 

 

 Free Pinned Clamped 

Y (displacement)  0 0 

𝜕𝑌
𝜕𝑥�  (slope)   0 

𝜕2𝑌
𝜕2𝑥�  (moment) 0 0  

𝜕3𝑌
𝜕3𝑥�  (shear force) 0   

Table 2.1: Three common boundary conditions of a beam 

 

The solution of Y in Eq. (2-5), based on the boundary conditions, yields the mode 

shape function and each corresponds to a specific eigenvalue. Using the MEM, the 

overall oscillation of the beam in the frequency domain can be seen as the 
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superposition of all the mode shapes. Assuming the mth mode shape function of the 

beam is written as 𝜑𝑚, then the transverse displacement at position x is expressed as 

𝑌(𝑥) = ∑ 𝐴𝑚𝜑𝑚(𝑥)∞
𝑚=1                 (2-6) 

where Am is the amplitude of the mth mode shape. 

 

Figure 2.1: Clamped-to-clamped beam with exciting force 

 

Because the clamped boundary condition is the most commonly used condition in this 

thesis, the clamped-to-clamped beam shown in Figure 2.1 is solved by MEM as an 

example. 

 

The mth mode shape function is written in a similar form to Eq. (2-5): 

𝐴𝑚𝜑𝑚 = 𝐴1𝑚 cosh 𝑘𝑚𝑥 + 𝐴2𝑚 sinh𝑘𝑚𝑥 + 𝐴3𝑚 cos𝑘𝑚𝑥 + 𝐴4𝑚 sin 𝑘𝑚𝑥.     (2-7) 

 

Using the clamped boundary conditions at x=0 and x=L in Table 2.1, we have  

𝐴1𝑚 = −𝐴3𝑚,  𝐴2𝑚 = −𝐴4𝑚,   

𝐴1𝑚 cosh 𝑘𝑚𝐿 + 𝐴2𝑚 sinh𝑘𝑚𝐿 + 𝐴3𝑚 cos𝑘𝑚𝐿 + 𝐴4𝑚 sin𝑘𝑚𝐿 = 0,   

𝐴1𝑚 sinh𝑘𝑚𝑥 + 𝐴2𝑚 cosh 𝑘𝑚𝑥 − 𝐴3𝑚 sin𝑘𝑚𝑥 + 𝐴4𝑚 cos𝑘𝑚𝑥 = 0.  

 

Rearranging the above equations to the matrix form, we obtained 

�cosh 𝑘𝑚𝐿 − cos𝑘𝑚𝐿 sinh𝑘𝑚𝐿 − sin𝑘𝑚𝐿
sinh𝑘𝑚𝐿 + sin𝑘𝑚𝐿 cosh 𝑘𝑚𝐿 − cos𝑘𝑚𝐿

� �𝐴1𝑚𝐴2𝑚
� = 0.       (2-8) 

 

Thus the characteristic equation of Eq. (2-8) is 

1 − cosh 𝑘𝑚𝐿 cos𝑘𝑚𝐿 = 0.              (2-9) 

 

From Eq. (2-9), the eigenvalues 𝛽𝑚 = 𝑘𝑚𝐿 can be found. The first three eigenvalues 
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are 4.730, 7.853 and 10.996 respectively. The remaining eigenvalues are 

approximated as 2𝑚−1
2

𝜋 (𝑚 > 3).  

 

From Eq. (2-8), the following relation also exists: 

𝐴2𝑚 = − cosh𝛽𝑚−cos𝛽𝑚
sinh𝛽𝑚−sin𝛽𝑚

𝐴1𝑚 .   

 

As a result, the mth mode shape of the beam is 

𝜑𝑚(𝑥) = cosh𝑘𝑚𝑥− cos𝑘𝑚𝑥−
cosh𝛽𝑚−cos𝛽𝑚
sinh𝛽𝑚−sin𝛽𝑚

(sinh𝑘𝑚𝑥− sin𝑘𝑚𝑥) .     (2-10) 

 

To solve 𝐴𝑚 in Eq. (2-6), Eqs. (2-6) and (2-10) are combined, and substituted into 

Eq. (2-2) with 𝜕
4𝜑𝑚(𝑥)
𝜕𝑥4

= 𝑘𝑚
4 𝜑𝑚(𝑥), which yields 

∑ (𝑘𝑚4∞
𝑚=1

𝐸𝐼
𝜌𝐴
− 𝜔2) 𝐴𝑚𝜑𝑚(𝑥) = 𝐹0𝛿(𝑥−𝑥𝑒)

𝜌𝐴
.          (2-11) 

 

Thus, multiplying 𝜑𝑚′(𝑥) on both sides of Eq. (2-11), and integrating the resulting 

equation with respect to x from 0 to L, Eq. (2-11) is changed to  

∫ ∑ (𝑘𝑚4∞
𝑚=1

𝐸𝐼
𝜌𝐴
− 𝜔2) 𝐴𝑚𝜑𝑚(𝑥)𝜑𝑚′(𝑥)𝐿

0 𝑑𝑥 = ∫ 𝐹0𝛿(𝑥−𝑥𝑒)
𝜌𝐴

𝜑𝑚′(𝑥)𝐿
0 𝑑𝑥.      (2-12) 

 

Simplifying Eq. (2-12) by using the orthogonal properties of the mode shape 

functions and Dirac delta function: 

∫ 𝜑𝑚(𝑥)𝜑𝑚′(𝑥)𝐿
0 = �𝛬𝑚, 𝑚 = 𝑚′

 0,    𝑚 ≠ 𝑚′  
�  (For the clamped-to-clamped beam, 𝛬𝑚 = 𝐿), 

∫ 𝛿(𝑥 − 𝑥0)𝜑𝑚′(𝑥)𝑑𝑥𝐿
0 = 𝜑𝑚′(𝑥0),           (2-13) 

we obtained 

𝐴𝑚 = 𝐹0𝜑𝑚(𝑥𝑒)

𝜌𝐴𝛬𝑚(𝑘𝑚4
𝐸𝐼
𝜌𝐴−𝜔

2)
 .               (2-14) 

 

Finally, the overall transverse vibration is  

𝑌(𝑥) = ∑ 𝐴𝑚𝜑𝑚(𝑥)∞
𝑚=1 = ∑

𝐹0𝜑𝑚(𝑥𝑒)𝜑
𝑚

(𝑥)

𝜌𝐴𝛬𝑚(𝑘𝑚4
𝐸𝐼
𝜌𝐴
−𝜔2)

∞
𝑚=1  .         (2-15) 
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Eq. (2-15) gives the transverse vibration of a clamped-to-clamped beam solved by 

MEM. Actually, it is the general solution of a single beam’s transverse vibration with 

any boundary conditions described in Table 2.1. The difference is that different 

boundary conditions give rise to different values of 𝛽𝑚 , 𝜑𝑚 and 𝛬𝑚. 

 

Figure 2.2: Comparison of MEM result and experimental result 

 

Figure 2.2 shows a comparison between the MEM-calculated result and experimental 

result of the same beam’s vibration response. The parameters of the tested 

clamped-to-clamped beam are listed in Table 2.2, and details of the experimental 

setup will be described in the next section. The excellent agreement between the 

experimental and theoretical results confirms that the MEM is reliable. 
 

Beam length  L (m) 0.91 

Beam thickness h (m) 0.003 

Beam cross-section area A (m2) 3×10–5 

Beam density  𝜌 (kg/m3) 2700 

Beam Young’s modulus E (N/m2) 6.75×1010 

Accelerometer position x (m) 0.30 

Force position xe (m) 0.50 

Table 2.2: Parameters of the tested beam 
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2.2 Vibration Measurement of Coupled Beams 

2.2.1 Experimental Rig 

Structural vibration can be measured by accelerometers experimentally. Because the 

frequency domain information is able to reveal the vibration characteristics of the 

tested structure, the time domain signals collected in the experiments are converted to 

frequency domain via Fourier Transform, and this post-processing is implemented by 

a B&K multi-channel pulse analyser. 

 

Figure 2.3 shows the experimental rig of the coupled beams test. The beams were 

clamped on steel blocks at their ends, so that clamped boundary conditions are 

imposed for both beams in the theoretical modelling. In most cases, the top beam was 

excited by an impact hammer at certain position xe, and the vibration signals of the 

top and bottom beams were collected by accelerometers at another position x (only 

one accelerometer is shown in Figure 2.3 for clarity). Then both the force signal from 

the hammer and the vibration signals from accelerometers were sent to the pulse 

analyser for the post-processing.  

 

Figure 2.3: Test rig of mechanical vibration measurement for the coupled beams 
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It is worth to note that: first, the signals collected by accelerometers give the 

accelerations of the vibration. The measured accelerations could be conversed to 

velocities or displacements if necessary. Assuming the acceleration at a given 

frequency 𝜔 is Ac, then the velocity and displacement at this frequency are 𝑗𝜔𝐴𝑐 

and −𝜔2𝐴𝑐 respectively, where 𝑗 = √−1 is the imaginary unit. Second, to avoid 

the dependence of the actual magnitude of the exciting force, a transfer function 

between measured acceleration and exciting force is calculated to represent the 

vibration response per unit force, but the collected acceleration is not used directly. 

Last but not least, the positions of the excitation force and accelerometers should be 

away from the nodes of the beam mode shapes. Otherwise, the vibration information 

of the important modes will not be observable in the test results. Figure 2.4 shows the 

first four mode shapes of a clamped-to-clamped beam. The X axis represents the 

length of the beam pro rata, and the Y axis is the amplitude of the vibration. If the 

impact force locates at the nodes of certain mode (for example, the 1/2 point of the 

second mode, or the 1/4 and 3/4 points of the third mode), the corresponding mode 

cannot be excited. When the accelerometers locate at these positions, the vibration of 

the corresponding mode would be missed. 

  
Figure 2.4: The first four mode shapes of a clamped-to-clamped beam 
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2.2.2 Experimental Results of Coupled Beams 

In the experiments, some insulation rubber blocks were inserted in the gap between 

two aluminum beams to introduce the coupling between the beams. Without the 

rubber insertion, the two beams could be treated as two independent single beams. 

The vibration of the top beam excited by the hammer force did not transfer to the 

bottom beam. When rubber blocks were inserted into the gap, they played the role as 

bridges to transfer the vibration between the top and bottom beams.  

 

Figure 2.5: Coupled beams with insulation rubber blocks 
 

Beam length  L (m) 0.91 

Beam thickness h (m) 0.003 

Beam cross-section area A (m2) 3×10–5 

Accelerometer position x (m) 0.30 

Force position xe (m) 0.50 

Table 2.3: Geometrical parameters of the coupled beams and measurement setting 

 

The overall dimensions of the two identical aluminum beams and the positions of the 

accelerometers and external force are shown in Table 2.3, and the dimensions of the 

rubber block are given in Table 2.4. One rubber block was inserted between the two 

coupled beams at position x1=0.50 m in the first test. Then one more rubber block was 

added between the beams at position x2=0.505 m for the next test. Subsequently, the 

number of rubber blocks increased from two to nine. The blocks were evenly spread 

over x between beams with 5mm spacing one by one until the 9th block was located at 

x9=0.54 m (see Figure 2.5). The beams’ vibration was measured for each test to survey 
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the effect of coupling on the beams’ vibration with a different number of rubber 

blocks. The height of the rubber blocks determines the spacing between the beams. 

 

Rubber block height Rubber block thickness Rubber block width 

20 mm 5 mm 10 mm 

Table 2.4: Geometrical parameters of the rubber blocks 

 

The vibration of each beam was measured by an accelerometer located at x=0.30 m. 

The accelerometer on the top beam was stuck on the upper surface of the beam, and 

the one on the bottom beam was stuck on the lower surface of the bottom beam. 

Figures 2.6 and 2.7 show the vibration responses of the top beam and the bottom 

beam respectively. These curves represent the beams’ acceleration per unit force, with 

the number of rubber blocks K as a varying parameter.  

 

Figure 2.6: The measured vibration responses of the top beam with different number 

of rubber blocks (from zero to nine blocks, accelerometer located at 0.30 m) 
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Figure 2.7: The measured vibration responses of the bottom beam with different 

number of rubber blocks (from zero to nine blocks, accelerometer located at 0.30 m) 

 

The top curves in Figures 2.6 and 2.7 correspond to the result of a single uncoupled 

beam. They are used as a reference to show how much the response could be changed 

due to coupling effect. For clarity, the other curves in Figures 2.6 and 2.7 are offset by 

30 dB one by one. A significant change in the beam’s responses is observed in the 

frequency range between 200 Hz to 1200 Hz (includes the 5th to 11th modes of the 

uncoupled beam as the numbers marked in the figures) because the number of rubber 

blocks increases. An obvious change in the frequency response is the resonance peak 

splitting from each resonance peak of the uncoupled beam into two peaks of the 

coupled beams. Typical features of the resonance peak splitting of the beam response 

as the number of rubber blocks increases are: 

 

(1) The resonance frequencies of the coupled peaks resulted from the splitting 

move to opposite directions. For example, the original resonance frequency of 

the 8th mode of the top beam is split to two peak frequencies of 575 Hz and 
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595 Hz from the uncoupled natural frequency of 585 Hz when a single rubber 

block is used as the coupling element. When the number of blocks increases to 

three, the resonance frequencies shift to 565 Hz and 610 Hz. The peaks of the 

bottom beam experience the same trend. 

(2) The bandwidth of the higher frequency peak in the two coupled peaks tends to 

broaden (for example the 8th and 10th modes), which indicates that the mode is 

affected by the damping of the coupling elements. The increase of rubber 

blocks introduces more damping effect into the coupled beams system. 

However, the lower frequency peak remains a steady bandwidth. 

 

Another group of comparison experiments was conducted for confirming the pervious 

results. The same coupled beams and rubber blocks were applied, but the 

accelerometers were shifted from position 0.30 m to position 0.25 m, and the hammer 

force was moved from position 0.50 m to position 0.60 m. Moreover, the seven rubber 

blocks were inserted in the gap one by one at positions 0.60 m, 0.70 m, 0.80 m, 0.50 

m, 0.40 m, 0.30 m, 0.20 m and 0.10 m. Figures 2.8 and 2.9 give the measured results 

of top and bottom beams respectively. Likewise, each curve is offset 30 dB for clarity. 

Both figures provide clear evidence agreeable with the pervious finding from Figures 

2.6 and 2.7. When the number of rubber blocks increases, the two peaks of the 

coupled beams (split from the originally single peak of the uncoupled beam) move to 

the opposite frequency ends and the higher frequency peak tends to broaden. 
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Figure 2.8: The measured vibration responses of the top beam with different number 

of rubber blocks (accelerometer located at 0.25 m) 

 

 

Figure 2.9: The measured vibration responses of the bottom beam with different 

number of rubber blocks (accelerometer located at 0.25 m) 
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Figure 2.10: The comparison between two groups of experiments  

(measured at top beam, three rubber blocks) 

 Top diagram: force excited at 0.50 m and accelerometer located at 0.30 m  

Bottom diagram: force excited at 0.60 m and accelerometer located at 0.25 m  

 

Although the two groups of experiments give the same trend in resonance peaks, 

some obvious differences exist when comparing the details of the experimental results. 

Figure 2.10 shows the vibration results obtained from the same beam and the same 

number of rubber blocks in the two experiments. The frequencies of resonance peaks 

match well, but the amplitudes of the curves differ significantly. These differences are 

caused by the different setups of the two groups of experiments, including the 

positions of the hammer force, accelerometers and rubber blocks. All these 

differences are taken into account in the latter modelling work. 
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2.3 Vibration Model of Coupled Beams 

In order to explain the vibration characteristics of the coupled beams observed from 

experiments, an appropriate model is necessary. It is clear that the beams’ vibration is 

varied with the number of the coupling elements – the rubber blocks. Therefore, it is 

also necessary to find a method to model the rubber blocks, while the beams can be 

modelled using MEM. 

2.3.1 Coupled Mass-spring Oscillators 

These coupling features of the beams system are best explained using coupled 

mass-spring oscillators shown in Figure 2.11. Two mass blocks M are supported by 

springs K, and they are linked by a coupling mass-spring-damper element (Mc/2, Kc 

and Cc). A steady-state harmonic force 𝐹1 = 𝐹0𝑒𝑗𝜔𝑡 affects on the top mass, and the 

displacements of the two masses are 𝑥1 = 𝑊1𝑒𝑗𝜔𝑡 and 𝑥2 = 𝑊2𝑒𝑗𝜔𝑡 respectively.  

 

The equations of motion of the top and bottom masses are  

(𝑀 + 1
2
𝑀𝐶)𝑥1̈ + 𝐾𝑥1 + 𝐾𝑐(𝑥1 − 𝑥2) + 𝐶𝑐(𝑥1̇ − 𝑥2̇) = 𝐹1 .      (2-16) 

 (𝑀 + 1
2
𝑀𝐶)𝑥2̈ + 𝐾𝑥2 − 𝐾𝑐(𝑥1 − 𝑥2) − 𝐶𝑐(𝑥1̇ − 𝑥2̇) = 0 .      (2-17) 

 

Simplifying Eqs. (2-16) and (2-17), we have 

�𝐾 + 𝐾𝐶 + 𝑗𝐶𝐶 − 𝜔2 �𝑀 + 1
2
𝑀𝐶��𝑊1 − (𝐾𝐶 + 𝑗𝐶𝐶)𝑊2 = 𝐹0 ,     (2-18) 

�𝐾 + 𝐾𝐶 + 𝑗𝐶𝐶 − 𝜔2 �𝑀 + 1
2
𝑀𝐶��𝑊2 − (𝐾𝐶 + 𝑗𝐶𝐶)𝑊1 = 0 .      (2-19) 

 

Solving the above equations, the final solutions are: 

𝑥1 =
�𝐾+𝐾𝑐+𝑗𝐶𝑐𝜔−𝜔2�𝑀+12𝑀𝑐��𝐹1

�𝐾+𝐾𝑐+𝑗𝐶𝐶−𝜔2�𝑀+12𝑀𝑐��
2
−(𝐾𝑐+𝑗𝐶𝑐𝜔)2

 ,          (2-20) 

𝑥2 = (𝐾𝑐+𝑗𝐶𝑐𝜔)𝐹1

�𝐾+𝐾𝑐+𝑗𝐶𝐶−𝜔2�𝑀+12𝑀𝑐��
2
−(𝐾𝑐+𝑗𝐶𝑐𝜔)2

.          (2-21) 
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Figure 2.11: Coupled oscillators explaining the frequency splitting and resonance 

peak broadening features of the coupled beams 

 

Then the in-phase and out-of-phase solutions of the response of the coupled 

oscillators are defined as 

𝑦𝑖 = 𝑥1 + 𝑥2 = 𝐹1
𝐾−𝜔2�𝑀+12𝑀𝑐�

 ,           (2-22) 

𝑦𝑜 = 𝑥1 − 𝑥2 = 𝐹1
𝐾+2𝐾𝑐+2𝑗𝐶𝑐𝜔−𝜔2�𝑀+12𝑀𝑐�

 .          (2-23) 

 

They clearly show that interaction forces excited by the coupling element converted 

the original two independent modes of the uncoupled mass-spring oscillators into an 

in-phase mode and an out-of-phase mode of the coupled oscillators. Both modes are 

observable in the responses of x1 and x2.  

 

Observing Eq. (2-22), the inertial component of the coupling element reduces the 

resonance frequency of the in-phase mode to 𝜔𝑖 = �
𝐾

𝑀+12𝑀𝑐
 from the natural 

frequency of the uncoupled oscillator 𝜔 = �𝐾
𝑀

. On the other hand, the inertial 

stiffness and damping components all contribute to the natural frequency and 

bandwidth of the out-of-phase mode and give rise to the second resonance peak (see 

Eq. (2-23)).  The resonance frequency of the out-of-phase mode is 
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𝜔𝑜 = �
𝐾+2𝐾𝑐
𝑀+12𝑀𝑐

�1 − 𝐶𝑐2

�𝑀+12𝑀𝑐�(𝐾+2𝐾𝑐)
. The 3 dB frequency bandwidth of the peak 

is  ∆𝜔𝑜,3𝑑𝐵 = 2𝐶𝑐𝜔𝑜

��𝑀+12𝑀𝑐�(𝐾+2𝐾𝑐)
 .  

 
Figure 2.12: Frequency response of the top mass of coupled oscillators shown in 

Figure 2.11 with 𝜔0 = 1, Cc=0.1, Mc=0.6Kc 

 

Figure 2.12 further illustrates the splitting of resonance peaks and broadening of the 

in-phase and out-of-phase modes viewed in the response of the top mass of the 

coupled oscillators. The varying parameters of the coupling element used for Figure 

2.12 are the stiffness and mass elements. The increase of the mass of the coupling 

component is responsible for the reduced resonance frequency of the in-phase mode. 

The increase of the stiffness provided the dominating effect such that the resonance 

frequency of the out-of-phase modes increases with the increase of the stiffness of the 

coupling element. The contribution of the damping component of the coupling 

element to the broadening of the resonance peak of the out-of-phase mode is also 
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illustrated in Figure 2.12. These features are similar to the coupled beams’ vibration 

phenomenon observed from the experiment, and so it is worthwhile to model the 

rubber blocks between the beams in a similar way. 

 

2.3.2 Vibration Model of Coupled Beams 

Although the coupling between multiple modes of the top and bottom beams and the 

distributed nature of the coupling elements make the resonance peaks splitting more 

complicated than what we have observed from coupled oscillators, the effect of the 

coupling elements on the in-phase and out-of-phase modes of the coupled beams is 

essentially the same. The general features, such as peak splitting in the frequency 

response of mass-spring oscillators shown in Figure 2.12, are also observed in the 

response of the coupled beams. Figure 2.13 shows the vibration model to be used for 

calculating the vibration response of the coupled beams. Each rubber block is 

modelled as a mass-spring-damper coupling element. Mr, Kr and Cr represent the mass, 

stiffness and damping coefficient of the rubber block. Although the mass of the rubber 

block is due to a distributed parameter of density, it is assumed the mass concentrates 

at the two ends of the block and each end is Mr/2. 

 
Figure 2.13: Mechanical model of coupled beams  

(boundary conditions are clamped-to-clamped) 
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2.3.2.1 Single Coupling Element 

To build the coupled beams model, initially only one rubber is inserted in the beams’ 

gap at position x1, and a point time dependent force 𝐹 = 𝐹0𝑒𝑗𝜔𝑡 is excited at xe of the 

top beam as discussed first. Using Eq. (2-15), the displacements of top beams Yt and 

bottom beams Yb are defined as  

𝑌𝑡(𝑥) = ∑ 𝐴𝑡𝑚𝜑𝑚(𝑥)𝑀
𝑚=1 ,            (2-24) 

𝑌𝑏(𝑥) = ∑ 𝐴𝑏𝑚𝜑𝑚(𝑥)𝑀
𝑚=1 ,            (2-25) 

where  

𝜑𝑚(𝑥) = cosh 𝑘𝑚𝑥 − cos𝑘𝑚𝑥 −
cosh𝛽𝑚−cos𝛽𝑚
sinh𝛽𝑚−sin𝛽𝑚

(sinh𝑘𝑚𝑥 − sin𝑘𝑚𝑥),     (2-26)  

and Atm and Abm are the modal coefficients needing to be solved. Although, depending 

on the MEM, infinite mode shape functions should be used for an accurate calculation 

theoretically, only finite mode shape functions are used to calculate the beam 

vibration response considering the practical computation time. 

 

Substituting Eqs. (2-24) and (2-25) into the Bernoulli-Euler beam equation, the beam 

equation of the top and bottom beams are  

∑ (𝑘𝑚4𝑀
𝑚=1

𝐸𝐼
𝜌𝐴
− 𝜔2) 𝐴𝑡𝑚𝜑𝑚(𝑥) = 𝐹0𝛿(𝑥−𝑥𝑒)−𝐹𝑡

𝜌𝐴
,          (2-27) 

∑ (𝑘𝑚4𝑀
𝑚=1

𝐸𝐼
𝜌𝐴
− 𝜔2) 𝐴𝑏𝑚𝜑𝑚(𝑥) = 𝐹𝑏

𝜌𝐴
.           (2-28) 

 

Ft and Fb are the internal reaction forces transferred from the rubber. For the one 

rubber block case, Ft and Fb are: 

𝐹𝑡 = �−𝑀𝑟
2
𝜔2𝑌𝑡(𝑥1) + (𝐾𝑟 + 𝑗𝜔𝐶𝑟)[𝑌𝑡(𝑥1) − 𝑌𝑏(𝑥1)]� 𝛿(𝑥 − 𝑥1),     (2-29) 

𝐹𝑏 = �𝑀𝑟
2
𝜔2𝑌𝑏(𝑥1) + (𝐾𝑟 + 𝑗𝜔𝐶𝑟)[𝑌𝑡(𝑥1) − 𝑌𝑏(𝑥1)]� 𝛿(𝑥 − 𝑥1).        (2-30) 

 

These internal reaction forces are determined by the beams’ displacements and the 

mechanical parameters of the rubber block. The term −𝜔2𝑌(𝑥) is the acceleration of 

the beam at position x, and when it multiplies the mass Mr/2, the mass contributed 
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force is obtained. Terms [𝑌𝑡(𝑥) − 𝑌𝑏(𝑥)]  and 𝑗𝜔[𝑌𝑡(𝑥) − 𝑌𝑏(𝑥)]  represent the 

displacement deference and velocity deference between the coupled beams at position 

x. When they are multiplied by stiffness Kr and damping coefficient Cr respectively, 

the contributions of the spring and damper are given. 

 

Substituting Eqs. (2-29) and (2-30) into Eqs. (2-27) and (2-28), and using orthogonal 

properties, it yields 

�𝑘𝑚4
𝐸𝐼
𝜌𝐴
− 𝜔2�𝐴𝑡𝑚𝛬𝑚 − 𝑀𝑟

2
𝜔2𝑌𝑡(𝑥1)𝜑𝑚(𝑥1)

𝜌𝐴
+

(𝐾𝑟 + 𝑗𝜔𝐶𝑟)(𝑌𝑡(𝑥1) − 𝑌𝑏(𝑥1)) 𝜑𝑚(𝑥1)
𝜌𝐴

= 𝐹0𝜑𝑚(𝑥𝑒)
𝜌𝐴

,                (2-31) 

and 

�𝑘𝑚4
𝐸𝐼
𝜌𝐴
− 𝜔2�𝐴𝑏𝑚𝛬𝑚 − 𝑀𝑟

2
𝜔2𝑌𝑏(𝑥1)𝜑𝑚(𝑥1)

𝜌𝐴
−

(𝐾𝑟 + 𝑗𝜔𝐶𝑟)(𝑌𝑡(𝑥1) − 𝑌𝑏(𝑥1)) 𝜑𝑚(𝑥1)

𝜌𝐴
= 0         (2-32) 

where 𝛬𝑚 = ∫ 𝜑𝑚(𝑥)2𝐿
0 . 

 

Using the symmetric property of the two identical beams, we can select the normal 

coordinates of the coupled beams as 

𝑋𝑖𝑚 = 𝐴𝑡𝑚 + 𝐴𝑏𝑚 ,              (2-33) 

𝑋𝑜𝑚 = 𝐴𝑡𝑚 − 𝐴𝑏𝑚               (2-34) 

where the coordinates Xim refer to the in-phase modes, called symmetrical modes. 

They are determined analytically from Eqs. (2-31) and (2-32) 

𝜌𝐴𝛬𝑚 �𝑘𝑚4
𝐸𝐼
𝜌𝐴
− 𝜔2�𝑋𝑖𝑚 − 𝑀𝑟𝜔2

2
∑ 𝑋𝑖𝑚′𝜑𝑚′(𝑥1)𝜑𝑚(𝑥1)𝑀
𝑚′=1 = 𝐹0𝜑𝑚(𝑥𝑒).   (2-35) 

 

And those out-of-phase modes, called anti-symmetrical modes, Xom are: 

𝜌𝐴𝛬𝑚 �𝑘𝑚4
𝐸𝐼
𝜌𝐴
− 𝜔2�𝑋𝑜𝑚 + �−𝑀𝑟𝜔2

2
+ 2(𝐾𝑟 + 𝑗𝜔𝐶𝑟)� ∑ 𝑋𝑜𝑚′𝜑𝑚′(𝑥1)𝜑𝑚(𝑥1)𝑀

𝑚′=1 =

𝐹0𝜑𝑚(𝑥𝑒).                        (2-36) 

 

m and m’ in Eqs. (2-35) and (2-36) denote that they belong to different cumulative 
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series, where 𝑚 = 1,2, … ,𝑀 and 𝑚′ = 1,2, … ,𝑀. 

 

From Eqs. (2-35) and (2-36), it is clear that the in-phase modes are only affected by 

the mass term of the rubber block, while out-of-phase modes are affected by all the 

components of the coupling element including mass, stiffness and damping coefficient. 

This agrees with the results obtained from the coupled mass-spring oscillators. 

 

The matrix forms of Eqs. (2-35) and (2-36) are: 

[𝛼][𝑋𝑖] = [𝐹],                    (2-37) 

[𝛽][𝑋𝑜] = [𝐹]                    (2-38) 

where [𝑋𝑖] = [𝑋𝑖1 𝑋𝑖2 … 𝑋𝑖𝑀]𝑇  and [𝑋𝑜] = [𝑋𝑜1 𝑋𝑜2 … 𝑋𝑜𝑀]𝑇  are the 

coefficient vectors of the in-phase and out-of-phase modes. 

[𝐹] = 𝐹0[𝜑1(𝑥𝑒) 𝜑2(𝑥𝑒) … 𝜑𝑀(𝑥𝑒)]𝑇  is the vector of modal force. The 

following two matrices 

[𝛼] = �

𝛼11 + ∆𝛼11 ∆𝛼12 … ∆𝛼1𝑀
∆𝛼21 𝛼22 + ∆𝛼22 … ∆𝛼2𝑀
⋮ ⋮ ⋱ ⋮

∆𝛼𝑀1 ∆𝛼𝑀2 … 𝛼𝑀𝑀 + ∆𝛼𝑀𝑀

�,         (2-39) 

[𝛽] = �

𝛽11 + ∆𝛽11 ∆𝛽12 … ∆𝛽1𝑀
∆𝛽21 𝛽22 + ∆𝛽22 … ∆𝛽2𝑀
⋮ ⋮ ⋱ ⋮

∆𝛽𝑀1 ∆𝛽𝑀2 … 𝛽𝑀𝑀 + ∆𝛽𝑀𝑀

�          (2-40) 

are respectively the receptance matrices of the in-phase and out-of-phase modes of the 

coupled beams where  

𝛼𝑚𝑚 = 𝜌𝐴𝛬𝑚 �𝑘𝑚4
𝐸𝐼
𝜌𝐴
− 𝜔2�, 

∆𝛼𝑚𝑚′ = −𝑀𝑟𝜔2

2
𝜑𝑚(𝑥1)𝜑𝑚′(𝑥1), 

𝛽𝑚𝑚 = 𝜌𝐴𝛬𝑚 �𝑘𝑚4
𝐸𝐼
𝜌𝐴
− 𝜔2�, 

∆𝛽𝑚𝑚′ = �−𝑀𝑟𝜔2

2
+ 2(𝐾𝑟 + 𝑗𝜔𝐶𝑟)� 𝜑𝑚(𝑥1)𝜑𝑚′(𝑥1).  

 

[Xi] and [Xo] in the Eqs. (2-37) and (2-38) can be solved by some mathematical 

softwares, such as Matlab. Then the vibration response at a specific location of the top 
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or bottom beam is determined by the modal coefficients: 

𝐴𝑡𝑚 = 1
2

(𝑋𝑖𝑚 + 𝑋𝑜𝑚),                 (2-41) 

𝐴𝑏𝑚 = 1
2

(𝑋𝑖𝑚 − 𝑋𝑜𝑚).                 (2-42) 

 

When Atm and Abm are obtained, the displacements of the coupled beams can be 

worked out by using Eqs. (2-24) and (2-25). 

 

2.3.2.2 Multiple Coupling Elements  

The previous section gives the mechanical model of the coupled beams when only 

one coupling element is involved. If more than one rubber block is inserted between 

the coupled beams, the model for this multi-coupling element can be readily extended 

from Eqs. (2-27) and (2-28). Assuming that there are K discrete coupling elements 

located at x1, x2, … , xK (see Figure 2.12), then the equations of top and bottom beams 

are: 

∑ (𝑘𝑚4𝑀
𝑚=1

𝐸𝐼
𝜌𝐴
− 𝜔2) 𝐴𝑡𝑚𝜑𝑚(𝑥) = 𝐹0𝛿(𝑥−𝑥𝑒)−𝐹𝑡

𝜌𝐴
,          (2-43) 

∑ (𝑘𝑚4𝑀
𝑚=1

𝐸𝐼
𝜌𝐴
− 𝜔2) 𝐴𝑏𝑚𝜑𝑚(𝑥) = 𝐹𝑏

𝜌𝐴
.            (2-44) 

 

Although the above equations have the same forms as Eqs. (2-27) and (2-28), the 

interaction forces Ft and Fb have more terms since more coupling elements are 

involved. The interaction forces are: 

𝐹𝑡 = ∑ 𝐹𝑡𝑖𝐾
𝑖=1                     (2-45) 

where 𝐹𝑡𝑖 = −𝑀𝑟
2
𝜔2𝑌𝑡(𝑥𝑖) + (𝐾𝑟 + 𝑗𝜔𝐶𝑟)[𝑌𝑡(𝑥𝑖) − 𝑌𝑏(𝑥𝑖)]; 

𝐹𝑏 = ∑ 𝐹𝑏𝑖𝐾
𝑖=1                     (2-46) 

where 𝐹𝑏𝑖 = 𝑀𝑟
2
𝜔2𝑌𝑏(𝑥𝑖) + (𝐾𝑟 + 𝑗𝜔𝐶𝑟)[𝑌𝑡(𝑥𝑖) − 𝑌𝑏(𝑥𝑖)]. 

 

Substituting Eqs. (2-45) and (2-46) into Eqs. (2-43) and (2-44), the coupled beams 
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equations with multi-coupling elements are: 

�𝑘𝑚4
𝐸𝐼
𝜌𝐴
− 𝜔2�𝐴𝑡𝑚𝛬𝑚 + ∑ �−𝑀𝑟

2
𝜔2𝑌𝑡(𝑥𝑖)

𝜑𝑚(𝑥𝑖)
𝜌𝐴

+ (𝐾𝑟 + 𝑗𝜔𝐶𝑟)(𝑌𝑡(𝑥𝑖) −𝐾
𝑖=1

𝑌𝑏(𝑥𝑖)) 𝜑𝑚(𝑥𝑖)
𝜌𝐴 � = 𝐹0𝜑𝑚(𝑥𝑒)

𝜌𝐴
,                     (2-47) 

 

�𝑘𝑚4
𝐸𝐼
𝜌𝐴
− 𝜔2�𝐴𝑏𝑚𝛬𝑚 − ∑ �𝑀𝑟

2
𝜔2𝑌𝑏(𝑥𝑖)

𝜑𝑚(𝑥𝑖)
𝜌𝐴

+ (𝐾𝑟 + 𝑗𝜔𝐶𝑟)(𝑌𝑡(𝑥𝑖) −𝐾
𝑖=1

𝑌𝑏(𝑥𝑖)) 𝜑𝑚(𝑥𝑒)
𝜌𝐴 � = 0.               (2-48) 

 

Still using the normal coordinates Xim and Xom to denote the in-phase and out-of-phase 

modes of the beams’ vibration and after some similar processing to the single 

coupling element model, the matrix form equations are 

[𝛼][𝑋𝑖] = [𝐹],                    (2-49) 

[𝛽][𝑋𝑜] = [𝐹]                    (2-50) 

where [𝑋𝑖] , [𝑋𝑜]  and [𝐹]  are still the coefficient vectors of the in-phase and 

out-of-phase modes and the vector of modal force respectively, which have the same 

forms with the single coupling element model. Moreover, the coefficient matrices [𝛼] 

and [𝛽] are 

[𝛼] = �

𝛼11 + ∆𝛼11 ∆𝛼12 … ∆𝛼1𝑀
∆𝛼21 𝛼22 + ∆𝛼22 … ∆𝛼2𝑀
⋮ ⋮ ⋱ ⋮

∆𝛼𝑀1 ∆𝛼𝑀2 … 𝛼𝑀𝑀 + ∆𝛼𝑀𝑀

�,         (2-51) 

  

[𝛽] = �

𝛽11 + ∆𝛽11 ∆𝛽12 … ∆𝛽1𝑀
∆𝛽21 𝛽22 + ∆𝛽22 … ∆𝛽2𝑀
⋮ ⋮ ⋱ ⋮

∆𝛽𝑀1 ∆𝛽𝑀2 … 𝛽𝑀𝑀 + ∆𝛽𝑀𝑀

�       (2-52) 

where  

𝛼𝑚𝑚 = 𝜌𝐴𝛬𝑚 �𝑘𝑚4
𝐸𝐼
𝜌𝐴
− 𝜔2�,  

∆𝛼𝑚𝑚′ = ∑ �−𝑀𝑟𝜔2

2
𝜑𝑚(𝑥𝑖)𝜑𝑚′(𝑥𝑖)�𝐾

𝑖=1 ,  

𝛽𝑚𝑚 = 𝜌𝐴𝛬𝑚 �𝑘𝑚4
𝐸𝐼
𝜌𝐴
− 𝜔2�,  

∆𝛽𝑚𝑚′ = ∑ ��−𝑀𝑟𝜔2

2
+ 2(𝐾𝑟 + 𝑗𝜔𝐶𝑟)� 𝜑𝑚(𝑥𝑖)𝜑𝑚′(𝑥𝑖)�𝐾

𝑖=1 .  
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This model can also be extended to solve the case of multiple external forces and of 

coupled multiple beams. However, all experiments in this thesis are concerned with 

single force excitation on two coupled beams. 

 

2.4 Mechanical Parameters of Rubber Block 

Each rubber block inserted between the coupled beams is treated as a 

mass-spring-damper coupling element in the beams’ vibration model. In the previous 

sections, the values of these rubber parameters, including mass, stiffness and damping 

coefficient, are assumed to be known. In practice, these values would be determined 

experimentally. 

 

The mass of the rubber block is easily measured. To find out the stiffness and 

damping coefficient of the blocks, a method named ‘half-power bandwidth’ [14] is 

used. This method can determine the damping ratio 𝜁 of the rubber block. When the 

damping ratio 𝜁 is known, the stiffness and damping coefficient of this material can 

be calculated. 
 

 

Figure 2.14: Experimental setup for measuring the mechanical parameters of the 

rubber block 
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Figure 2.14 shows the test rig of the measurement. The setup is similar to the beam 

vibration measurement, and the only difference is that the measured object is a 

mass-rubber system instead of the coupled beams. A metal block whose mass is 

known as M was attached on the rubber and the whole system was fixed to the rigid 

floor. An impulse force was applied on the mass, and the vibration response of the 

mass was measured. This mass-rubber test rig can be seen as a mass-spring-damper 

support system (see Figure 2.15). The measurement of 𝜁 requires the determination of 

three frequencies. They are the system resonance frequency 𝑓𝑟, and two frequencies f1 

and f2 of the response at 3 dB below the peak level. Then the damping ratio 𝜁 can be 

determined by using the formula below [14]: 

𝜁 = 𝑓2−𝑓1
𝑓𝑟

.                (2-53) 

Moreover, it is also known that   

𝜁 = 𝐶𝑟
�2𝐾𝑟𝑀

 ,                (2-54) 

2𝜋𝑓𝑟 = �𝐾𝑟
𝑀

(1 − 𝜁2) .             (2-55) 

 

Combining Eqs. (2-54) and (2-55), the rubber stiffness Kr and damping coefficient Cr 

can be worked out based on measured M, fr, 𝜁 and the following equations: 

𝐾𝑟 = 4𝜋2𝑓𝑟2𝑀
1−𝜁2

 ,                                                    (2-56) 

𝐶𝑟 = 𝜁�2𝐾𝑟𝑀.                                                   (2-57) 

 
Figure 2.15: The mass-spring-damper support system 
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Figure 2.16: Frequency response curve for rubber parameters measurement 

 

Figure 2.16 is the experimental response curve of the mass-rubber system. The mass 

loading is from a 52.2 g aluminium block. f1, f2 and fr are measured as 74 Hz, 94.5 Hz 

and 82.5 Hz respectively. Then the rubber parameters are: 

   𝐾𝑟 = 1.42 × 104 N/m,    𝐶𝑟 = 4.77 Ns/m. 

The mass of the rubber block is measured as 5 g. 
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2.5 Model Solution and Discussion 

When substituting parameters of the beams and rubber blocks (given in Table 2.5) 

into the beams model, the numerical solutions of the vibration of the coupled beams 

can be calculated. 
 

Beam length  L (m) 0.91 

Beam thickness h (m) 0.003 

Beam area of cross section A (m2) 3×10–5 

Beam density  𝜌 (kg/m3) 2700 

Beam Young’s modulus E (N/m2) 6.75×1010 

Accelerometers position x (m) 0.30 

Hammer force position xe (m) 0.50 

Rubber mass Mr (kg) 0.005 

Rubber stiffness Kr (N/m) 1.42×104 

Rubber damping coefficient Cr (Ns/m) 4.77 

Rubber blocks positions xk (m) 0.50 to 0.54 

Table 2.5: The parameters of coupled beams and rubber blocks 

 

Figure 2.17 illustrates the calculated result from the MEM model together with the 

measured results for comparison. The top diagram shows the vibration response of a 

single uncoupled beam, and the bottom diagram gives the top beam’s vibration 

response of the coupled beams with a single coupling element. A good agreement 

between the calculated and measured responses is observed.  

 

Figure 2.18 gives the comparison of the calculated and experimental results of the 

resonance frequencies with different numbers of rubber blocks. X axis represents the 

numbers of the rubber blocks, and Y axis gives the resonance frequency of the 10th 

mode of the beam (see Figure 2.6). The top two curves represent the calculated 

frequency and measured frequency of the out-of-phase mode, while the bottom curves 
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show the frequency shift of the in-phase mode as a function of the number of rubber 

blocks. The resonance frequency of the uncoupled beam (no rubber block case, the 

first point on the Y axis) is 898 Hz. Once the coupling elements are involved, the 

single peak splits to the in-phase (symmetrical) and out-of-phase (anti-symmetrical) 

peaks. Those in-phase modes, which are controlled by the mass component of the 

rubber blocks, always have their resonance frequencies decreasing with the increased 

number of the coupling elements. On the other hand, the resonance frequencies of the 

out-of-phase modes increase with the increased number of the coupling elements, and 

they are affected by all three components of the rubber blocks.  

 
Figure 2.17: Comparison of calculated (solid curves) and measured (dashed curves) 

vibration responses of the coupled beams 
 
The differences between model solutions and experimental results in Figures 2.17 and 

2.18 should be mainly due to the experimental errors. The primary possibility is that 

the parameters of rubber blocks are not absolutely accurate. These parameters 

obtained from ‘half-power bandwidth’ method can only provide approximate values. 

Other possible experimental errors may be from the errors of the beams’ physical 

parameters and the unperfected boundary conditions. Although the boundary 

conditions are treated as ‘clamped-to-clamped’, some evidence of the boundary 
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induced coupling effect between the two beams is observed.  
 

 

Figure 2.18: Comparison of calculated and measured resonance frequencies of  

the 10th mode with different numbers of rubber blocks 

 

These coupling features could be further explained by Figure 2.19. The beams 

vibration mode shapes for the in-phase modes are symmetrical, which means the top 

beam and bottom beam vibrate to the same direction and have the same amplitude. 

Therefore the displacement difference between the two coupled beams is zero and 

there is no extension or shrinkage on the coupling rubber, so that the spring and 

damper components of the rubber have no effect for the in-phase mode and the 

frequency is only controlled by the mass component (see Eq. (2-35)). Because no 

damping is involved, the bandwidth of the in-phase peak has no obvious change when 

the coupling elements increase. On the other hand, the out-of-phase modes show the 

anti-symmetrical mode shapes of the top beam and bottom beam. The coupling rubber 

is always extended or compressed, so that all the coupling elements, including mass, 

spring and damper, affect the out-of-phase modes (see Eq. (2-36)). When the damping 

increases with the increase of the number of coupling elements, the bandwidth of the 

out-of-phase peaks broadens.  
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Figure 2.19: Illustration of in-phase (symmetrical) mode shapes and  

out-of-phase (anti-symmetrical) mode shapes 

 

To further support the description of the resonance peaks of the beam response in 

terms of in-phase and out-of-phase modes, the relative phase of the split peaks from 

the 8th and 10th modes are shown in Figure 2.20. The curves denote the phase 

difference between the top beam and bottom beam at the in-phase and out-of-phase 

modal frequencies. These phase information is extracted from the experimental results. 

As it is named, the vibrations of the top and bottom beams at the in-phase modes are 

in-phase so that the relative phase must be zero. On the other hand, the relative phase 

at the out-of-phase modes should be 180 degrees. Although some experimental errors 

exist, the curves in Figure 2.20 still show a good agreement with the prediction. We 

indeed observe the close phase relationship between the response of the top and 

bottom beams at the resonance frequencies of the in-phase modes, and out-of-phase 

relationship at the peak frequencies of the out-of-phase modes. 
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Figure 2.20: Measured phase difference between the top and bottom beams 

(at x=0.30 m) at the resonance frequencies of the in-phase and out-of-phase modes 

split from the 8th and 10th modes  

 

In conclusion, the vibration model solutions of the coupled beams show high 

agreements with the experimental results, and are able to explain the mechanism of 

the beams vibration. The rubber blocks between the beams are modelled as 

mass-spring-damper elements. They split the original single resonance peak of the 

beams to in-phase and out-of-phase peaks. The peaks splitting and the corresponding 

bandwidth broadening are controlled by the mechanical parameters of the rubber 

blocks. 
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Chapter 3: Electrical Analysis of Coupled 

Beams 

An appropriate electrical model of the coupled beams system is not only useful for 

understanding the beams’ electrical properties, but also helpful for drawing 

correlations with the vibration properties of beams. This chapter focuses on the study 

of electrical properties of the coupled beams.  

 

Frequency Response Analysis (FRA) method is chosen to describe the beams 

electrical properties, and the experimental Frequency Response (FR) results measured 

from the coupled beams will be modelled and explained by transmission line theory in 

this chapter. But before that, some background information of FRA monitoring system 

is introduced in the first section of this chapter. 

 

3.1 FRA for Power Transformer Winding Monitoring 

FRA method was developed about twenty years ago, and has been used on some 

serving power transformers [5][17]. It monitors transformer conditions by measuring 

the electrical FR of the winding, and it is sensitive to detect some winding problems. 

A typical FR test is to inject a low voltage signal 𝑉𝑖𝑛 with wide frequency band 

(several volts but frequency band up to mega hertz) into the primary winding 

terminals, and to measure the output signal 𝑉𝑜𝑢𝑡 at the secondary winding terminals. 

Then the FR function 𝐻𝐹𝑅𝐴 between input and output voltage are computed in the 

frequency domain: 

𝐻𝐹𝑅𝐴(𝜔) = 𝑉𝑜𝑢𝑡(𝜔)
𝑉𝑖𝑛(𝜔)

.                    (3-1) 

 

This FR curve can be used to estimate the condition of the winding under test. Figure 
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3.2 shows the electrical circuit of a FR measurement for a △-Y three-phase 50 kVA 

step-down distribution transformer (see Figure 3.1). The input voltage Vin is injected 

from two terminals, B1 and C1, of the primary windings (high voltage windings), and 

the output voltage Vout is collected between the one phase of the secondary windings 

A2 and the neutral end N2. The measured FR curve is shown in Figure 3.3. 

 

Figure 3.1: △-Y three-phase 50 kVA step-down distribution transformer 

 

 

Figure 3.2: The electrical frequency response measurement for a 50kVA distribution 

transformer  
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Figure 3.3: FR result of the three phase 50 kVA distribution transformer  

 

Although FRA method is very efficient to detect some winding problems, such as loss 

of clamping pressure, it is only effective for a qualitative detection so far. A reference 

FR curve (such as the curve in Figure 3.3) measured from a healthy transformer is 

recorded. Then the difference of the comparison between the reference curve and 

practical monitoring curve measured from serving transformers provides evidence for 

the failures identification. However, FRA method is hard to give more details of the 

failures, and the monitored transformers must be the same type with the reference 

transformer. 

 

Currently, there are two major modelling methods for FRA. Although both of them 

have some advantages, some technical problems restrict their developments. One of 

the methods models the winding as a cell of LCR loop or several LCR loops 

[18][19][20]. Figure 3.4 gives a sample of this modelling method. All the values of 

the distributed parameters (inductors L, capacitors C and resistors R) representing the 

winding electrical properties are calculated from the FRA experimental results from a 

healthy transformer. Then these values are seen as the ‘reference’ to estimate other 

windings’ conditions. Because all the values of the distributed parameters are found 

from experiment, the lack of corresponding physical interpretation of these 

parameters makes this model hard for explaining the experimental results and point of 

the failures.  
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Figure 3.4: Model with four LCR loops for a winding of a transformer  

(from [20]) 

 

Figure 3.5 shows another FRA modelling method. It treats windings as a network 

system [15][21][22], and all the distributed parameters are determined by the 

winding’s arrangement and its geometrical properties. For example, R1 represents the 

resistance of every primary winding layer, and it can be calculated from the winding 

geometrical properties. L2 represents the inductance of every secondary winding layer, 

which includes the self-inductance of the layer itself and mutual inductance induced 

by the other layers of the primary and secondary windings. When the values of all 

parameters are known, the frequency response of the winding can be computed 

numerically. Although the distributed parameters of this network modelling method 

have their clear physical meanings so that every winding failure can be described as 

the value change of the corresponding distributed parameters theoretically, the actual 

values of these parameters are very difficult to estimate. Considering the interaction 

effect, the distributed inductance and capacitance are really enigmatical. Computation 

time for such a complicated network structure is also a potential problem. Another 

fatal problem of this modelling method is that different types of transformers have 

different arrangement and winding geometrical structure, which means that no 

modelling result is universal. 
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Figure 3.5: Model with network for a winding of a transformer  

(from [22]) 

 

Although the development of an appropriate FRA model for a power transformer 

winding is extremely different due to the complicated winding structure and 

arrangement, FRA is still one of the most powerful tools to describe electrical 

properties. With regard to the beams’ electrical properties, the FRA modelling is much 

easier for the coupled beams than for transformer windings. A model similar to the 

network method is applied to model the coupled beams, and yields an approximate 

solution in terms of the transmission line theory. In fact, the electrical model of the 

coupled beams is very close to that of the single layer winding, and the disc type 

power transformer winding could be dealt with as a group of the single layer windings 

[15].  

 

3.2 FR Measurement of Coupled Beams 

3.2.1 FR Experimental Rig for Coupled Beams 

The frequency bandwidth for a typical FR measurement on power transformers 
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usually ranges from several hertz to several megahertz, and the test can be 

implemented using a spectrum analyser. However, because the length of coupled 

beams in our lab environment is relatively short (1 metre in this thesis), the electrical 

resonance frequencies of the coupled beams are much higher than those of a practical 

transformer winding. Due to the requirement of the large frequency range test, an 

Agilent Network Analyser E5100A was used for the measurement, whose 

measurement frequency is up to 180 MHz. Figure 3.6 shows the FR test rig for the 

coupled beams. The input single Vin produced by the internal single generator of the 

analyser was sent to one end of the beams while it was also recorded by channel 1 as 

the reference signal. Then the output voltage Vout was accepted by channel 2. 

Similarly to the FR measurement on a power transformer, the FR function of the 

coupled beams is defined as  

𝐻𝐹𝑅𝐴(𝜔) = 𝑉𝑜𝑢𝑡(𝜔)
𝑉𝑖𝑛(𝜔)

.                     (3-2) 
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Figure 3.6: Test rig of FR measurement for the coupled beams 

 

As with most other network analysers, the internal impedance of the Agilent Network 

Analyser E5100A is 50 Ohms. It means the impedances of the internal signal 

generator and channels are designed as 50 Ohms. Therefore, all the cables used in the 

measurement are standard BNC cables with 50 Ohms characteristic impedance for 

impedance match purpose (the characteristic impedance and impedance match will be 

explained later).  

Vin Vout 
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Figure 3.7: BNC cable with two crocodile clamps 

 

Because the coupled beams are not standard electrical devices, no balun is suitable to 

connect the BNC cable with the coupled beams. Therefore, one end of the BNC cable 

is adapted as two crocodile clamps (see Figure 3.7), and the divaricators are as short 

as possible to reduce the interference. A balun is a passive electrical device that 

converts the balance and unbalance signals. It can be seen as an impedance 

transformer that unifies the different characteristic impedance of two electrical 

devices connected on its two sides, then the electrical signal can be transferred from 

one device to the other without loss even though they are not impedance-matched. 

However, because the crocodile clamps are used to connect the BNC cable and 

coupled beams rather than using a suitable balun, some impedance mismatch is 

introduced by the clamps. As a result, the measured FR result is not the pure response 

of the coupled beams alone. It includes some effects of the BNC cable and crocodile 

clamps. 

 

3.2.2 FR Experimental Results of Coupled Beam 

Two one-metre long aluminum beams that were used in previous vibration 

measurements were tested in the FR experiments. The width of the beams is 10 mm, 

and the thickness is 3 mm. The surfaces of the beams were covered by plastic tape for 

insulation purpose, so that the two beams were insulated even though there was some 

casual contact between them. Then some insulation paper was filled into the beams’ 

gap. During the experiments, the thickness of the insulation paper was used as the 
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varying parameter for the FR curves. 

 

Because the same equipment was used for the FRA experiments, and the ambient in 

our lab was relatively steady, the error from the environment was not obvious. Figure 

3.8 shows the measured FR results of the coupled beams. The thickness of the 

insulation paper between the beams varied from 0.5 mm to 5 mm. It means that the 

corresponding spacing between the beams also ranged between 0.5 mm and 5 mm. 

This figure shows two clear features: 

 

(1) The amplitudes of the FR curves decrease in the low frequency range with the 

increase of the beams’ spacing. 

(2) The resonance frequencies move to the high frequency end while the beams’ 

spacing increases. 

 

Figure 3.8: FR experimental results of the coupled beams with different beams 

spacing from 0.50 mm to 5 mm 

 

As mentioned before, because the experimental results include the effect of the 

coupled beams, the BNC cable and crocodile clamps, it is too early to affirm these 

features are the true electrical properties of the coupled beams until the whole coupled 
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beams model is built and these effects on the overall FR curve are identified. 

3.3 Model of an Ideal Transmission Line 

To explain the measured FR results, the coupled beams, the BNC cable and crocodile 

clamps – which are all modelled as transmission lines – should be taken into account 

in the overall model. For clarity, an ideal transmission line is modelled first, and the 

solution will be used in the overall model directly. 

 

Figure 3.9 illustrates the model of an ideal transmission line. The distributed 

parameters R, G, L and C represent the conductor resistance, leakage conductance, 

line inductance and capacitance between the conductors per unit length of the 

transmission line respectively. All these distributed parameters are determined by the 

physical properties of the transmission line and the medium around it. The 

characteristic impedance of the transmission line is defined as [16] 

𝑍0 = �𝑅+𝑗𝜔𝐿
𝐺+𝑗𝜔𝐶

 .               (3-3) 

 

If the transmission line is lossless (R and G are zero), or the analysis field is in the 

high frequency range (to mega hertz), the characteristic impedance can be simplified 

as 

Z0 = �𝐿
𝐶
 .                (3-4) 

 

And the speed of electromagnetic wave in the transmission line is given by [16] 

𝑐 = 1
√𝐿𝐶

= 1

√𝜇𝜀
= 1

�𝜇𝑟𝜇0𝜀𝑟𝜀0
             (3-5) 

where 𝜇 is the magnetic permeability of the medium between transmission line 

conductors, and 𝜀 is the electric permittivity of the transmission line. 𝜇𝑟 and 𝜀𝑟 are 

called the relative permeability and relative permittivity of the medium. 𝜇0 and 𝜀0 

are the values in a vacuum or air. They are respectively: 

𝜇0 = 4𝜋 × 10−7 ≈ 1.26 × 10−6  henry/metre , 



49 
 

𝜀𝑜 = 1
36𝜋

× 10−9 ≈ 8.85 × 10−12  farad/metre.  

 

Figure 3.9: Transmission line model 

 

When the characteristic impedance of the transmission line and the electromagnetic 

speed in the transmission line are given, the solution of the distributed voltage in the 

transmission line is obtained by the Travelling Wave Method. When the length of the 

transmission line is comparable with the electromagnetic wave length in it, the 

voltage amplitude and phase of the electromagnetic wave is a function of the position 

of the transmission line. If the voltage at position x=0 is V0, then the voltage at x=x0 

can be expressed as  

𝑉𝑥0 = 𝑉0𝑒−𝛾𝑥               (3-6) 

where 𝛾 is the propagation constant which is 

𝛾 = 𝛼 + 𝑗𝛽 = 𝐿𝐺+𝑅𝐶
2√𝐿𝐶

+ 𝑗 𝜔
𝑐

= 𝐿𝐺+𝑅𝐶
2√𝐿𝐶

+ 𝑗𝜔√𝐿𝐶.        (3-7) 

 

𝛼 is the attenuation constant representing the decay rate of amplitude with distance, 

and 𝛽 is the phase constant representing the position dependence of the phase. It is 

known that the components R and G represent the resistance effect which converts the 

electrical energy to another form of energy，such as heat. Thus, they introduce the 

electrical loss of conductors. A conductor is lossless if R and G are zero, and for this 

case, the attenuation constant 𝛼 becomes zero as expected. On the other hand, the 

inductance L and capacitance C represent the reactance effect, which deposits and 

releases electrical energy over time. They appear in the phase term indication that 

such energy exchange between L and C affects the phase of the wave at a different 

position. 
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The voltage in the transmission line at position x is due to the superposition of the 

incident and reflection waves. Considering a transmission line whose length is l, 

characteristic impedance is Z0 and terminal loading at l is Zl, unless the Zl= Z0, the 

reflection wave is not zero. The ratio of the reflection wave Vr and incident wave Vi at 

position l is defined as the reflection coefficient r. The value of r can be given as the 

following formula: 

𝑟 = 𝑉𝑟(𝑙)
𝑉𝑖(𝑙)

= 𝑍𝑙−𝑍0
𝑍𝑙+𝑍0

 .                         (3-8) 

 

Then the voltage at any location x is  

𝑉(𝑥) = 𝑉𝑖(𝑥) + 𝑉𝑟(𝑥).                 (3-9) 

 

From the definition of propagation constant, it is known that the incident wave and 

reflection wave at any position x are expressed as  

𝑉𝑖(𝑥) = 𝑉𝑖(0)𝑒−𝛾𝑥,                              (3-10) 

𝑉𝑟(𝑥) = 𝑉𝑟(𝑙)𝑒−𝛾(𝑙−𝑥).                     (3-11) 

 

Using the definition of reflection coefficient, and combining Eqs. (3-10) and (3-11), 

the result is 

𝑉𝑟(𝑙) = 𝑟𝑉𝑖(0)𝑒−𝛾𝑙.                        (3-12) 

 

Substituting Eqs. (3-10) and (3-11) into Eq. (3-9), the voltage at position x is 

𝑉(𝑥) = 𝑉𝑖(0)(𝑒−𝛾𝑥 + 𝑟𝑒−𝛾𝑙𝑒−(𝑙−𝑥)).                  (3-13) 

 

And it is also known that  

𝑉𝑖𝑛 = 𝑉𝑖(0) + 𝑉𝑟(0) = 𝑉𝑖(0)(1 + 𝑟𝑒−2𝛾𝑙).                (3-14) 

 

Substituting Eq. (3-14) into Eq. (3-13), the voltage at position x can be expressed as: 
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𝑉(𝑥) = 𝑉𝑖𝑛
𝑒𝛾(𝑙−𝑥)+𝑟𝑒−𝛾(𝑙−𝑥)

𝑒𝛾𝑙+𝑟𝑒−𝛾𝑙
 .                          (3-15) 

 

As a result, the FR function is obtained as 

𝐻𝐹𝑅𝐴 = 𝑉𝑜𝑢𝑡
𝑉𝑖𝑛

= 𝑉(𝑙)
𝑉(0)

= 1+𝑟
𝑒𝛾𝑙+𝑟𝑒−𝛾𝑙

 .                       (3-16) 

 

Eq. (3-16) is the model solution of an ideal transmission line. This result can also be 

given from the Transmission Line Equations (see Appendix B).  

 

Figure 3.10 shows three of calculated FR results of a 5 metres lossless transmission 

line with different terminal impedances. The value of the characteristic impedance of 

the transmission line is assumed as 50 Ohms and the values of the terminal impedance 

are selected as 60, 50 and 40 Ohms respectively. The medium between the conductors 

is air. The dashed curve (60 Ohms) shows the case when the terminal impedance is 

larger than the characteristic impedance of the transmission line. For this case the 

reflection coefficient 𝑟 > 0 and the superposition of the incident wave and reflection 

wave gives a positive response. When the terminal impedance is less than the 

transmission line characteristic impedance, such as the dotted curve in Figure 3.10, 

the reflection coefficient 𝑟 < 0 and the superposition of the incident and reflection 

waves yields a negative response.  
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Figure 3.10: Calculated FR results of a 5 metres lossless transmission line with 

different terminal impedances 

 

A special case is when the terminal impedance equals to the characteristic impedance 

of the transmission line. Known as impedance match, there is no reflection wave in 

the transmission line, and the output voltage is identical to the input voltage in the 

whole frequency domain (see the solid curve in Figure 3.10). This is why most 

network analysers and BNC cables are designed as 50 Ohms impedance, so that this 

equipment does not affect the measurement results. 

 

3.4 Electrical Model of Coupled Beams 

Figure 3.11 shows the schematics of the measurement system for the electrical FR test 

of the coupled beams. Element A is the network analyser’s internal signal source. B 

and C are the analyser channels with 50 Ohms input impedance. D and E are the two 

groups of crocodile clamps. As mentioned in the previous section, because of the 

impedances match between the BNC cables and analyser channels, the effects of BNC 

cable AB and EC in the measurement can be ignored. However, because the 

characteristic impedance of the coupled beams is different from the BNC cable, the 

reflection wave exists in the BNC cable AD and the coupled beams DE. As the 

measured FR function is the ratio between VC and VB, the effect of standing waves in 

cable AD is already included in 𝐻𝐵𝐶 = 𝑉𝐶
𝑉𝐵

= 𝑉𝐸
𝑉𝐴

. However, the actual FR of the 

coupled beams is 𝐻𝐷𝐶 = 𝑉𝐶
𝑉𝐷

= 𝑉𝐸
𝑉𝐷

. As a result, the measured FR and the FR of the 

coupled beams can be related as: 

𝐻𝐵𝐶 = 𝐻𝐵𝐷𝐻𝐷𝐶                

where 𝐻𝐵𝐷 = 𝑉𝐷
𝑉𝐵

= 𝑉𝐷
𝑉𝐴

 is the frequency response of the BNC cable AD. 
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Furthermore, the effects of the crocodile clamps should also be considered as they 

behave as a short transmission line with different characteristic impedance as well. If 

the FR of the crocodile clamps D and E are both assumed as Hc, then the measured 

FR HBC  could be rewritten as: 

𝐻𝐵𝐶 = 𝐻𝐵𝐷𝐻𝑐𝐻𝐷𝐶𝐻𝑐 .              (3-17) 

 

  

Figure 3.11: FRA measurement sketch map of the coupled beams system 

 

Therefore, before we calculate the electrical model of the coupled beams system, the 

properties of the BNC cable AD and two groups of crocodile clamps should be 

discussed first. 

 

3.4.1 Effect of BNC Cable 

A BNC cable consists of copper wire, internal insulation material, copper mesh and 

outside insulation (see Figure 3.12). As a type of standard transmission line, the 

characteristic impedance of the BNC cable is designed as 50 Ohms, and a short BNC 

cable could be taken to be lossless usually.  
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Figure 3.12: BNC cable 

 

Referring back to the BNC cable AD in Figure 3.11, its FR function with terminal 

impedance Zl at D can be explained by: 

𝐻𝐵𝐷 = 𝑉𝐷
𝑉𝐴

= 1+𝑟
𝑒𝛾𝑙+𝑟𝑒−𝛾𝑙

=
1+

𝑍𝑙−𝑍0
𝑍𝑙+𝑍0

 

𝑒(𝛼+𝑗𝛽)𝑙+
𝑍𝑙−𝑍0
𝑍𝑙+𝑍0

𝑒−(𝛼+𝑗𝛽)𝑙
 .                    (3-18) 

 

The characteristic impedance Z0 of the BNC cable is 50 Ohms, and the terminal 

impedance Zl is the input impedance of the crocodile clamps and the coupled beams. 

This Zl is determined by the length and characteristic impedance of the crocodile 

clamps and coupled beams, so that it could be treated as a constant when calculating 

the FR of the BNC cable AD. Because the BNC cable is assumed to be a lossless line 

and the attenuation constant 𝛼 is zero, the unknown element in Eq. (3-18) is only the 

phase constant 𝛽 which equals to 

𝛽 = 𝜔
𝑐

= 𝜔√𝜇𝜀 = 𝜔�𝜇𝑟𝜇0𝜀𝑟𝜀0 .           (3-19) 

 

The phase constant 𝛽 at certain frequency 𝜔 is determined by the electromagnetic 

wave speed c in the BNC cable, which is a function of the magnetic permeability 𝜇 

of the internal insulation material and the electric permittivity 𝜀  of the cable 

conductors. The relative permittivity 𝜀𝑟  is 1 for most of the material, while the 

relative permeability 𝜇𝑟 is an unknown value which is larger than 1. Hence c in BNC 

cable is expected to be less than the speed c0 in the air or vacuum. c and c0 are related 

as: 
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𝑐 = 1

√𝜇𝑟
𝑐0.                                                      (3-20) 

 

This relative permeability 𝜇𝑟 can be calculated by an FR measurement of the BNC 

cable. Figure 3.13 shows the arrangement of the measurement. In comparison with the 

coupled beams’ test, a single BNC cable is directly connected between source and 

channel 2. The amplitude of the measured FR 𝐻𝐵𝐶 = 𝐻𝐴𝐶𝐻𝐴𝐵 must be 1 (0 dB) since 

the impedances are matched, but the wave speed could be calculated from the phase 

information of 𝐻𝐵𝐶. For the standard BNC cable, the phase difference ∆𝛷 between 

HAB and HAC directly links to the length difference ∆𝑙 and the speed c by: 

∆𝛷 = Δ𝑙
𝑐
𝜔 = √𝜇𝑟

Δ𝑙
𝑐0
𝜔.                                            (3-21) 

If the length of the BNC cable AB is lAB, and the length of the BNC cable AC is lAC, 

then Δ𝑙 = 𝑙𝐴𝑐 − 𝑙𝐴𝐵. 

 

By using Eq. (3-21), the relative permeability 𝜇𝑟 can be determined from the 

measured phase difference ∆𝛷. 

 

Figure 3.13: FR measurement sketch map for testing the wave speed in BNC cable 
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Figure 3.14: Reference phase curves for calculating the electrical wave velocity  

(lAB=1.20 m, lAC=0.30 m, the top diagram is the measured results and the bottom 

diagram is the calculated results) 

 

The top curve in Figure 3.14 is the experimental phase difference between the cables 

AB (1.20 m) and AC (0.30 m). Using Eq. (3-21), the relative permeability 𝜇𝑟 is 

determined as 2.26. The bottom curve of Figure 3.14 is the calculated phase 

difference between the same cables. By using this 𝜇𝑟 value, excellent agreement 

between the experimental result and calculated result is observed.  

 

Five AC cables with different lengths are tested while cable AB is kept as 1.20 m for 

confirming this 𝜇𝑟 value, and the experimental results and calculated results are given 

in the top diagram and bottom diagram in Figure 3.15 respectively. The lengths of the 

tested AC cables vary from 0.30 m to 4.50 m, so that the length differences Δ𝑙 are 

–0.90 m, –0.30 m, 0.25 m, 0.85 m and 3.30 m respectively. We also observe the 

following features: 
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(1) The phase difference increases with the increase of the length difference as 

suggested in Eq. (3-21). 

(2) The phase differences show the similar shapes but opposite directions when 

the length differences have the close values but different signs. For example, 

the curves when cables AC are 0.90 m and 1.45 m, whose length differences 

are –0.30 m and 0.25 m respectively, give quite close absolute value with 

opposite directions. This feature can be seen when cables AC are 0.30 m and 

2.05 m as well. 

 
Figure 3.15: Phase delay of different length of BNC cables  

(lAB=1.20 m, lAC from 0.30 m to 4.50 m, the top diagram is the measured results and 

the bottom diagram is the calculated results) 

 

The calculated wave speed in the BNC cable will be used in the modelling of the 

measured FR of the whole coupled beams system in the following sections.  

 

3.4.2 Effect of Crocodile Clamps 

When the electromagnetic wave speed is worked out, it becomes possible to discuss 
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the effect of the crocodile clamps. Because no balun is applied, the effect of the 

crocodile clamps at the end of BNC cables cannot be neglected. A simple experiment 

is designed for testing the crocodile clamps’ effect (see Figure 3.16). One BNC cable 

with a group of crocodile clamps at one of its ends is connected to channel 2 directly.  

 

Figure 3.16: FR measurement sketch map for testing the effects of crocodile clamps 

 

Figure 3.17 shows a test result, where lAB is 1.20 metres and lAC is 2 metres. For this 

case, the amplitude of the FR curve is no longer uniform as a function of frequency 

due to the impedance mismatch introduced by the crocodile clamps. Due to the 

reflection at the clamps’ position, the measured FR shows some resonance peaks. We 

also observe that the amplitude of the peaks increases with the frequency. 

 
Figure 3.17: FR result of a BNC cable with crocodile clamps 

 
In order to explain the effect of clamps, the group of crocodile clamps is modelled as 
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a very short transmission line. Introducing Zcc and lcc to represent the characteristic 

impedance and the length of the crocodile clamps, the electrical circuit of the test 

configuration in Figure 3.16 is described by Figure 3.18. Because the BNC cable AB 

only introduces a phase difference between the voltage at A and B, it is ignored when 

the measured FR is modelled. In Figure 3.18, Z0 is the characteristic impedance of the 

BNC cable, and Zc is the internal impedance of the analyser channel. They are both 50 

Ohms. 

 
Figure 3.18: Electrical circuit of the crocodile clamps test 

 
When the crocodile clamps are analysed as a part of the transmission line, the whole 

system in Figure 3.18 has to be treated as a transmission line with multiple sections. 

For this case, the term ‘input impedance’ is used. The input impedance is defined as 

an overall impedance of a network circuit looking at a specific port. The input 

impedance for a uniform transmission line (characteristic impedance is Z0, length is l) 

with terminal loading Zl can be calculated as 

𝑍𝑖𝑛 = 𝑍0
𝑍𝑙 cos𝛾𝑙+𝑗𝑍0 sin𝛾𝑙
𝑍0 cos𝛾𝑙+𝑗𝑍𝑙 sin𝛾𝑙

 .                     (3-22) 

 
Considering the BNC cable with crocodile clamps in Figure 3.16, the input impedance 

at x=x1 describes the overall impedance from x=x1 to x=L including the transmission 

line section with characteristic impedance Zcc and the terminal impedance Zc, and it 

equals 𝑍𝑥1 = 𝑍𝑐𝑐
𝑍𝑐 cos𝛾𝑐𝑐𝑙𝑐𝑐+𝑗𝑍𝑐𝑐 sin𝛾𝑐𝑐𝑙𝑐𝑐
𝑍𝑐𝑐 cos𝛾𝑐𝑐𝑙𝑐𝑐+𝑗𝑍𝑐 sin𝛾𝑐𝑐𝑙𝑐𝑐

. Then using the Eq. (3-17), the voltage at 
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x=x1 is  

𝑉𝑥1 = 𝑉0
1+𝑟1

𝑒𝛾𝐵𝑁𝐶𝑙𝐴𝐶+𝑟1𝑒−𝛾𝐵𝑁𝐶𝑙𝐴𝐶
            (3-23) 

where 𝑟1 = 𝑍𝑥1−𝑍0
𝑍𝑥1+𝑍0

, and 𝛾𝐵𝑁𝐶  is the propagation constant of the BNC cable that is 

discussed in the previous section. 
 
When the voltage at x=x1 is known, using Eq. (3-17) again, the output voltage at x=L 
is  

𝑉𝐿 = 𝑉𝑥1
1+𝑟2

𝑒𝛾𝑐𝑐𝑙𝐴𝑐𝑐+𝑟2𝑒−𝛾𝑐𝑐𝑙𝑐𝑐
             (3-24) 

where 𝑟2 = 𝑍𝑐−𝑍𝑐𝑐
𝑍𝑐+𝑍𝑐𝑐

, and 𝛾𝑐𝑐 is the propagation constant of the crocodile clamps. 

 
Finally, the solution of this BNC cable AC with a group of crocodile clamps is 
obtained as: 

𝐻 = 𝑉𝐿
𝑉0

= (1+𝑟1)(1+𝑟2)
�𝑒𝛾𝐵𝑁𝐶𝑙𝐴𝐶+𝑟1𝑒−𝛾𝐵𝑁𝐶𝑙𝐴𝐶�(𝑒𝛾𝑐𝑐𝑙𝑐𝑐+𝑟2𝑒−𝛾𝑐𝑐𝑙𝑐𝑐)

 .       (3-25) 

 
In Eq. (3-25), if the crocodile clamps are assumed to be a lossless transmission line, 

then the propagation constant of the clamps 𝛾𝑐𝑐 is a constant at given frequency 

(notice that the wave speed in the crocodile clamps equals to the light speed c0 in air, 

because the medium between the clamps is air) and the characteristic impedance of 

the crocodile clamps 𝑍𝑐𝑐 is the only unknown parameter. Therefore, when the FR 

function H is obtained from the experiment, the value of Zcc can be calculated.  

 
Figure 3.19: FR comparison of a BNC cable with crocodile clamps between 
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experimental and predictive results 
 
Figure 3.19 is the comparison of the FR curves between the experimental result and 

predicted result. For the prediction model, the characteristic impedance of the 

crocodile clamps is assumed as Zcc=180 Ohms. The parameters of the BNC cable and 

crocodile clamps are listed in Table 3.1. The good agreement between measured and 

predicted results indicates that the model is adequate to describe the effect of the 

crocodile clamps. Then this Zcc value will be used in the whole coupled beams model. 

 

BNC length  lAC (m) 2 

Crocodile clamps length lcc (m) 0.08 

Predictive value of clamps 

characteristic impedance 

Zcc (Ohm) 180 

Table 3.1: Parameters of BNC cable and crocodile clamps  

 

3.4.3 Transmission Line Model of the Whole Coupled Beams 

System 

With the understanding of the BNC cables and crocodile clamps, the transmission line 

model of the whole coupled beams measurement system can be built. Figure 3.20 is 

the electrical circuit of the whole system (see experimental setup in Figure 3.11). The 

BNC cable AB and BNC cable EC are neglected in the diagram because they do not 

contribute to the changing amplitude of the system FR. Then the whole measurement 

system is divided into four sections. The first section from x=0 to x=x1 represents the 

BNC cable AD; the third section from x=x2 to x=x3 is the coupled beams DE; and the 

remaining two sections are the two groups of crocodile clamps.  
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Figure 3.20: Electrical circuit of the whole coupled beams system 

 

To calculate the voltage ratio 𝑉𝐿
𝑉0

, the voltage at each joint is determined first. Using 

Eq. (3-22), the input impedance 𝑍𝑥3 at x=x3 is  

𝑍𝑥3 = 𝑍𝑐𝑐
𝑍𝑐 cos𝛾𝑐𝑐𝑙𝑐𝑐+𝑗𝑍𝑐𝑐 sin𝛾𝑐𝑐𝑙𝑐𝑐
𝑍𝑐𝑐 cos𝛾𝑐𝑐𝑙𝑐𝑐+𝑗𝑍𝑐 sin𝛾𝑐𝑐𝑙𝑐𝑐

 .          (3-26) 

 

With 𝑍𝑥3at x=x3, the input impedances at each joint are obtained one by one as: 

𝑍𝑥2 = 𝑍𝑏
𝑍𝑥3 cos𝛾𝑏𝑙𝐷𝐸+𝑗𝑍𝑏 sin𝛾𝑏𝑙𝐷𝐸
𝑍𝑏 cos𝛾𝑏𝑙𝐷𝐸+𝑗𝑍𝑥3 sin𝛾𝑏𝑙𝐷𝐸

 ,           (3-27) 

𝑍𝑥1 = 𝑍𝑐𝑐
𝑍𝑥2 cos𝛾𝑐𝑐𝑙𝑐𝑐+𝑗𝑍𝑐𝑐 sin𝛾𝑐𝑐𝑙𝑐𝑐
𝑍𝑐𝑐 cos𝛾𝑐𝑐𝑙𝑐𝑐+𝑗𝑍𝑥2 sin𝛾𝑐𝑐𝑙𝑐𝑐

           (3-28) 

where Zb and 𝛾𝑏 are the characteristic impedance and propagation constant of the 

coupled beams respectively. Because the main medium between the coupled beams is 

air, the speed of electromagnetic wave in the coupled beams is c0 also. 

 

Then the FR function of the whole system is obtained by using the similar 

transmission line formula in the previous section:  

𝐻 = 𝑉𝐿
𝑉0

= 𝐻𝐵𝐷𝐻𝑐𝐻𝐷𝐶𝐻𝑐 =

(1+𝑟1)(1+𝑟2)(1+𝑟3)(1+𝑟4)
�𝑒𝛾𝐵𝑁𝐶𝑙𝐴𝐷+𝑟1𝑒−𝛾𝐵𝑁𝐶𝑙𝐴𝐷�(𝑒𝛾𝑐𝑐𝑙𝑐𝑐+𝑟2𝑒−𝛾𝑐𝑐𝑙𝑐𝑐)(𝑒𝛾𝑏𝑙𝐷𝐸+𝑟3𝑒−𝛾𝑏𝑙𝐷𝐸)(𝑒𝛾𝑐𝑐𝑙𝑐𝑐+𝑟4𝑒−𝛾𝑐𝑐𝑙𝑐𝑐)

  

                  (3-29) 

where 

𝑟1 = 𝑍𝑥1−𝑍0
𝑍𝑥1+𝑍0

 , 
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𝑟2 = 𝑍𝑥2−𝑍𝑐𝑐
𝑍𝑥2+𝑍𝑐𝑐

 , 

𝑟3 =
𝑍𝑥3−𝑍𝑏
𝑍𝑥3+𝑍𝑏

 , 

𝑟4 = 𝑍𝑐−𝑍𝑐𝑐
𝑍𝑐+𝑍𝑐𝑐

 .  

 

3.5 Model Solution and Discussion 

Eq. (3-29) represents model solution of the FR function of the whole system, 

including the coupled beams, the BNC cable and two groups of crocodile clamps. The 

beams’ characteristic impedance Zb is related to the varying parameter of the electrical 

experiments. The experimental results shown in Figure 3.8 in section 3.2.2 indicate 

that the FR curve is dependent on the spacing between the beams. Indeed, the beams’ 

characteristic impedance Zb is a function of the spacing dimension d.  
 
The characteristic impedance of a transmission line is determined by its geometrical 

structure. For uniform coupled beams with a rectangle cross-section, the characteristic 

impedance is modelled as [16]: 

𝑍𝑏 = 377 𝑑
𝑤

                (3-30) 

where w is the width of the beams.  

 

Eq. (3-30) is only accurate when 𝑤 ≫ 𝑑. In most of the electrical experiments in this 

thesis, the spacing d is from 0.5 mm to 5 mm, and the width of the beam is 10 mm. 

Therefore, Eq. (3-30) is a reasonable approximation of the beams’ characteristic 

impedance.   

 

Substituting the beams’ characteristic impedance Zb into the Eq. (3-29), the solutions 

of the FR of the whole system are calculated. The results are shown in the bottom 

diagram of Figure 3.21, while the top one displays the experimental results for 

comparison. All parameters used for the model calculation are listed in Table 3.2. The 
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comparison indicates that the transmission line model agrees well with the 

experimental results. Both the resonance frequencies and overall trend of the curves 

are very close.  
 

BNC length  lAC (m) 1.05 

BNC characteristic impedance Z0 (Ohm) 50 

BNC relative permeability  𝜇𝑟 2.26 

Crocodile clamps length lcc (m) 0.08 

Crocodile clamps characteristic 

impedance 

Zcc (Ohm) 180 

Coupled beams length lDE (m) 1 

Coupled beams width w (mm) 10 

Coupled beams spacing d (mm) from 0.50 to 5 

Coupled beams characteristic 

impedance 

Zb (Ohm) 377
𝑑
𝑤

 

Analyser channel impedance Zc (Ohm) 50 

Table 3.2: Parameters used in the electrical model calculation 
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Figure 3.21: FR comparison of the coupled beams measurement system as a function 

of beams spacing (the top diagram is the experimental results and the bottom diagram 

is the calculated results) 

 

To further compare the calculated result with the experimental result, the results of the 

coupled beams with 0.5 mm spacing are plotted in Figure 3.22. The solid curve is the 

experimental result, and the dashed one is calculated from the transmission line model. 

Quite a good agreement is visible in the low frequency domain. When the frequency 

goes up, there is an increasing amplitude difference between the two results. The 

calculated value is higher than the experimental result. This difference is due to the 

conductor electrical loss which is neglected in the model. Although all conductors, 

including the BNC cables, crocodile clamps and coupled beams, are modelled as 

lossless elements, some inevitable electrical loss must exist and increase with 

frequency in the practical experiments [28]. Therefore, the nonzero attenuation 

constant 𝛼 makes the measured result smaller than the predictive value. 

0 2 4 6 8 10 12 14 16 18
x 107

-15

-10

-5

0

5

10

Frequency (Hz)

V
ou

t/V
in

 (d
B

) 0.5mm
1.0mm
2.0mm
3.0mm
5.0mm

0 2 4 6 8 10 12 14 16 18
x 107

-15

-10

-5

0

5

10

Frequency (Hz)

V
ou

t/V
in

 (d
B

) 0.5mm
1.0mm
2.0mm
3.0mm
5.0mm



66 
 

 

Figure 3.22: Comparison of the measured and predicted electrical FR of the coupled 

beams system (beams spacing is 0.5 mm)  
 
When the reliability of the model has been proven, it is worthwhile to see the ‘pure 

beams’ FR feature by using the theoretical model. Figure 3.23 shows the calculated 

results of the coupled beams from the model without interference. When the effects of 

the BNC cable and crocodile clamps are cancelled, the feature of the coupled beams is 

much more obvious. Comparing Figure 3.23 with Figure 3.21 shows that: 

  

(1) The amplitude of the electrical FR curves decreases when the beams’ spacing 

increases. The reduction is due to the increase of the beams’ characteristic 

impedance. 

(2) The BNC cable AD introduces extra resonance peaks around 20 MHz and 150 

MHz. Because the length of the whole measured transmission line increases when 

the BNC cable AD is involved, the longer transmission line has lower resonance 

frequencies. 

(3) The resonance frequency in Figure 3.23 does not shift with the changing spacing. 

The shift observed in the experiments (see Figure 3.21) should be caused by the 

interaction and interference of the BNC cable AD and two groups of crocodile 

clamps. 
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Figure 3.23: Theoretical FR results of the coupled beams without the interference of 

the BNC cable and crocodile clamps 
 
In conclusion, the transmission line model is effective to model and explain the 

experimental FR results of the coupled beams system. The main feature of the 

coupled beams is that the amplitude of the FR curve drops when the beams’ spacing 

increases.  
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Chapter 4: Simulations of Winding Failures 

The coupled beams are built in order to study the basic features of power transformers’ 

winding. After both the mechanical and electrical models are developed and verified, 

it becomes possible to use these coupled beams to simulate some common winding 

failures, and explain the experimental phenomena.  

 

Two simulations of winding failures are discussed in this chapter. The first one is 

about the winding clamping pressure. The other is about the property variation of the 

winding insulation material due to different moisture contents.  

 

4.1 Winding Clamping Pressure  

Loss of winding clamping pressure is a common cause that may lead to some serious 

failures in power transformers. Loss of clamping pressure is not a direct fault of the 

power transformer, but it can cause a series of fatal problems. For example, as a result 

of clamping pressure loss, the insulation materials in the spacers of winding layers 

may slide out. Then the resulting huge short circuit current may destroy the winding 

as a consequence of reduced insulation, increased vibration and deformation of the 

winding conductors. However, the loss of clamping pressure is a gradual process and 

its effect is innocuous until the loss piles up to a relatively high extent. Therefore, an 

appropriate monitoring system that is able to detect the loss of clamping pressure at 

the forepart may prevent some terrible transformer faults. The simulation of the 

coupled beams affected by varying clamping pressure may throw some light on the 

understanding of this problem. 
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4.1.1 Simulation of Failure Mode  

The physical features of the winding with reduced clamping pressure could be 

described from two factors: 

  

(1) The gaps between the winding layers increase while the clamps lose their 

pressure force. It means that the lower clamping pressure makes the gaps 

bigger. 

(2) Due to the non-linear properties, the mechanical parameters (including 

stiffness and damping coefficient) of the insulation materials in the winding 

gaps reduce when the dimension of the gaps rises [1].  

 

For simulating this winding clamping pressure issue, coupled beams with three 

different conditions were designed. The experiment setup 1, setup 2 and setup 3 (see 

Figure 4.1) simulate the full clamping pressure condition, medium clamping pressure 

condition and poor clamping pressure condition respectively. Introducing terms d to 

represent the spacing between beams, M, K and C to represent the mass, stiffness and 

damping coefficient of the insulation material in the beams gap respectively, for the 

three setups, the following are required: 

 

(1) 𝑑1 < 𝑑2 < 𝑑3 (spacing increases with the loss of clamping pressure), 

(2)  𝐾1 > 𝐾2 > 𝐾3; 𝐶1 > 𝐶2 > 𝐶3 (mechanical properties decrease with the loss 

of clamping pressure). 
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Figure 4.1: Design of coupled beams test for simulating different winding clamping 

pressure 

 

In order to fulfill the above requirements, three rubber blocks with different height d 

were inserted in the gap between the two clamped-to-clamped beams (see Figure 4.1). 

The rubber block is treated as the mass-spring-damper coupling element, so that when 

the height d of the rubber block increases, the stiffness K and damping coefficient C 

decrease as required. A problem of this simulation is the mass component M. In the 

simulation, the mass of the rubber block increases from setup 1 to setup 3. However, 

considering the real transformer failure, the mass of the insulation materials between 

winding gaps is almost a constant even though the clamping pressure varies. But this 

changing mass does not affect the simulation results significantly because the mass 

component affects the vibration response slightly compared with the stiffness and 

damping component, and the mass component does not introduce any effect into the 

electrical FR result. 

 

Based on the mechanical and electrical models of the coupled beams we have 

obtained, the experimental results of this simulation could be expected. Mechanically, 

the resonance frequencies of the mechanical vibration must shift to the low frequency 

end when the ‘clamping pressure decreases’ from experiment setup 1 to setup 3. On 
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one hand, the resonance frequencies of the in-phase modes controlled by the mass 

component move to the low frequency end since the mass of the rubber block 

increases from setup 1 to setup 3. On the other hand, the out-of-phase modes 

dominated by the stiffness and damping components also shift to the low frequency 

end because these two components decrease from setup 1 to setup 3. Electrically, the 

amplitude of the electrical FR must drop with the increase of the rubber height that 

represents the decrease of winding clamping pressure because the spacing between 

the beams increases. 

 

4.1.2 Experimental Results and Discussion 

Table 4.1 gives the overall dimensions of the coupled beams and rubber blocks in this 

experiment. Before the beams’ test, the mechanical properties of three rubber blocks 

are tested, and the rubber parameters are also displayed in Table 4.1. 
 

Beam length  L (m) 0.91 

Beam thickness h (m) 0.003 

Beam area of cross section A (m2) 3×10–5 

Beam density  𝜌 (kg/m3) 2700 

Beam Young’s modulus E (N/m2) 6.75×1010 

Accelerometers position x (m) 0.30 

Hammer force position xe (m) 0.50 

Rubber height  d1, d2, d3 (m) 0.005, 0.01, 0.02 

Rubber mass M1, M2, M3 (kg) 0.0012, 0.0025, 0.005 

Rubber stiffness K1, K2, K3 (N/m) 1.08×105, 3.57×104, 1.42×104  

Rubber damping coefficient C1, C2, C3 (Ns/m) 8.58, 6.74, 4.77 

Rubber blocks positions xk (m) 0.50 

Table 4.1: Parameters of coupled beams and rubber blocks 
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Figure 4.2 gives the experimental vibration results of the top beam. As expected, the 

out-of-phase modes show a clear shift to the low frequency end. Examples are the 8th 

and 10th modes. Although the change in the mass of the rubber block is small, the 

frequency decrease of the in-phase modes can be observed from some modes, such as 

the 10th mode. Another phenomenon is that some out-of-phase modes and in-phase 

modes overlap when the stiffness and damping coefficient of the rubber block reduce 

to a relatively low value (see the 7th, 9th and 11th modes). This feature shows that the 

coupled beams vibrate similarly to a single beam when the coupled element is weak. 

The corresponding electrical FR results are shown in Figure 4.3. The amplitude of the 

curves drops when the gap between the coupled beams increases. Although the 

opposite amplitude trend can be observed around 50 MHz, as discussed earlier, it is 

believed that this error is caused by the interference of the BNC cable and crocodile 

clamps. 

 

Figure 4.2: Mechanical vibration results of coupled beams 

(top beam, simulation of different clamping pressures) 
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Figure 4.3: Electrical FR results of coupled beams 

(simulation of different clamping pressures) 
 
To further observe the effect of the variation of clamping pressure on the transformer 

winding’s mechanical and electrical properties, a practical measurement on a disc type 

power transformer winding (see Figure 4.4) was undertaken. This single-phase 

winding is clamped axially by four clamping bolts, and both top and bottom are 

clamped by insulation plates. These bolts are adjusted by a tension wrench, and three 

different clamping pressure conditions are tested. The force moments of the clamping 

bolts were selected at loss, at 0 Nm and at a maximum of 90 Nm respectively. The 

radial winding vibration (measured by Dr Joanna Wang) and FR results of the 

winding are displayed in Figures 4.5 and 4.6 respectively. Although the complicated 

winding structure makes the results a little intricate, the same corresponding 

relationships with the coupled beams simulation are evident. The resonance 

frequencies of the winding’s vibration shift to the low frequency end and the 

amplitude of the electrical FR curves decreases when the clamping pressure reduces. 
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Figure 4.4: Single phase power transformer winding with disc type 

 

Figure 4.5: Mechanical vibration results of the disc type power transformer winding 

at different clamping pressures (measured by Dr Joanna Wang) 
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Figure 4.6: FR results of the disc type power transformer winding at different 

clamping pressures 

 

The qualitative agreement between the coupled beams simulation and the practical 

measurement of a disc type winding not only illustrates the relevance of the coupled 

beams simulation, but also offers a potential mechanical-electrical combined method 

to detect the loss of clamping pressure. Although they are not the sufficient conditions, 

the frequency shift of the vibration resonance modes and the amplitude drop of the 

electrical FR should be the necessary conditions of the loss of winding clamping 

pressure. If both of these two features are detected from a transformer winding, there 

is a high possibility that the winding has experienced a loss in clamping pressure. 

 

4.2 Moisture of Winding Insulation Material  

The other beams simulation was implemented to investigate the winding insulation 

material problem caused by the moisture issue. A power transformer’s tank is filled 

with cooling-oil and the winding is submerged in it. During the service period, the 

cooling-oil absorbs water content from the outside atmosphere, then the water in the 

oil infiltrates into the winding insulation material. While the moisture of the insulation 
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material goes up, the insulation ability decreases, and it subsequently results in some 

winding failures.  

 

It is believed that the mechanical properties of winding insulation material change 

with the moisture. The degree of polymerisation (DP) has traditionally been used as 

the primary indication of the condition of the winding insulation material. The 

degradation of DP could be caused by the moisture increase of the insulation material 

[12]. Insulation material with a failed DP value (DP values less than 200 [13]) not 

only loses its insulation ability, but also loses its mechanical strength. For example, 

the DP value of a healthy insulation paper is about 800 to 1000. The mechanical 

strength of the insulation paper reduces to 20% of its initial value when its DP value is 

degraded to 150–200 [13]. This mechanical strength reduction of the insulation 

material could also be described as a decrease of its mechanical stiffness and damping 

coefficient. Its mass changes with different water component as well. The mechanical 

model of the coupled beams has been developed with a capacity of changing these 

parameters, so that it becomes possible to simulate the insulation moisture issue by 

measuring the mechanical vibration of the coupled beams with a different water 

content of the insulation materials between their gap. 

 

4.2.1 Simulation of Failure Mode  

To simulate the moisture issue of the winding insulation material, an experiment of 

the coupled beams was designed (see Figure 4.7). A block of insulation material used 

in practical transformer winding was utilised in this experiment. Because no special 

equipment is available for the DP measurement and the purpose of this simulation is 

just providing a basic understanding of the insulation moisture issue, the insulation 

material block was submerged in water for a certain time period to increase its 

moisture. Then both mechanical parameters and electrical properties of the insulation 

material were tested. Finally, this insulation material was inserted between the 
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coupled beams, and both the vibration response and electrical FR of the beams were 

measured. 

 

Figure 4.7: Design of coupled beams test for simulating insulation moisture issue 

 

Mechanically, it could be expected that the mass of the insulation material rises with 

time when it is submerged in water, because it absorbs more water. Meanwhile, the 

stiffness and damping coefficient of the material reduces with the increase of the 

moisture content because the material loses its mechanical strength. The increase of 

mass and reduction in stiffness and damping of the insulation material with the 

increase of moisture content may have the similar effect on the beams’ vibration to 

that when ‘clamping pressure’ on the beams is reduced. As a result, the shift of the 

resonance peaks to the lower frequency end is also expected.  

 

Electrically, the FR curve that is dominated by the spacing between beams should be 

steady because the beams’ spacing is determined by the dimensions of the insulation 

material that is not affected by the moisture content in it.  

 

4.2.2 Experimental Results and Discussion 

The winding insulation material used in this simulation consists of several layers of 

insulation paper. The insulation material is shaped to blocks, each block with 

dimensions of about 5 mm × 5 mm × 2 mm. Then these blocks are submerged in 

deionised water, because the components of deionised water are typically much closer 

to steam. The pH value of the deionised water is 6.3 and the electrical conductivity is 

1.2×10–4 S/m. Four blocks of insulation material were tested. One of them was dry, 

and the remaining three were submerged in the deionised water for 2 hours, 24 hours 
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and 72 hours respectively. Figure 4.8 shows some experimental devices for this 

simulation and Figure 4.9 displays the features of these insulation material blocks 

after the moisture treatment. A visible change of the insulation material blocks is that 

their bulks increased with time as more water was absorbed. 

 

 
Figure 4.8: Some experimental devices of the moisture simulation 

 

 
Dry    2 hours    24 hours      72 hours 

Figure 4.9: Features of the insulation material blocks after the moisture treatment 

 

The electrical resistance of these blocks was measured by an Agilent U1252A 

multimeter. The mechanical parameters of these blocks were measured and calculated 

by using the ‘half-power bandwidth’ method. The experiment setup can be seen in 

Figure 2.14. The experimental results are presented in Figure 4.10 and Table 4.2. It is 

clear that when the damping coefficient, as one of the mechanical parameters of the 

Comment [N2]: MJ: can you change 

‘deionzed’ to ‘deionised’? 
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insulation material, decreases with time because of the moisture increase, the 

vibration resonance peaks in Figure 4.10 become increasingly sharper. 

  

 

Figure 4.10: Vibration response curves of the mechanical parameters measurement 

of insulation material blocks 
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  Frequency (Hz) Amplitude (dB) 

Dry f1 2066 51.87 

f2 2246 52.09 

fr 2160 55.10 

2 hours  f1 712 59.12 

f2 756 59.12 

fr 733 62.12 

24 hours  f1 628 70.13 

f2 660 70.16 

fr 642.5 73.11 

72 hours  f1 307 58.39 

f2 332 58.37 

fr 321 61.57 

Table 4.2: The experimental data for calculating the mechanical parameters of 

insulation material block 

 

After the measurements and calculation, the mechanical and electrical parameters of 

the insulation material blocks are listed in Table 4.3. It was noticed that the mass of 

the insulation material block rose apace in the first 2 hours of treatment, and increased 

slightly in the next 24 hours. Then the value became saturated. The resistance change 

shows a similar tendency with the mass variation, so that it is proposed that the 

resistance of the insulation block is mainly controlled by the water content. Such 

decrease of the resistance is caused by the H+ and OH– of the absorbed water content, 

which enhance the conductivity of the insulation material. When the water content 

reaches saturation, the fixed amount of H+ and OH– in the block keeps the resistance at 

a relatively constant value. As a result, the resistance of the insulation material block 

cannot drop much. In contrast, the mechanical parameters (stiffness and damping 

coefficient) of the insulation material blocks decreased continually with time because 

the water reduced their mechanical strength. After all the parameters of the insulation 
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material blocks were determined, these blocks were inserted one by one between the 

coupled beams at the same position for the test. Both the vibration response and 

electrical FR were measured. The parameters of the tested beam were the same as 

those used in the previous experiments, and can be found in Table 4.1. Because the 

height of the insulation material was 5 mm, the beams’ spacing was 5 mm during this 

simulation. 

  

 Dry 2 hours 24 hours 72 hours 

 

Mass 0.161 g 0.396 g 0.460 g 0.465 g 

Resistance Infinity 15.7 MOhm 8.87 MOhm 8.02 MOhm 

Stiffness 9.545×106 

N/m 

1.107×106 

N/m 

8.496×105 

N/m 

2.128×105 

N/m 

Damping 

coefficient 

83.46 Ns/m 20.37 Ns/m 14.80 Ns/m 11.59 Ns/m 

Table 4.3: Parameters of the insulation material blocks 

 

Figure 4.11 shows the vibration response of the top beam. The shift of the in-phase 

modes, which is controlled by the mass of the insulation block, is obvious in the first 

2 hours, but much smaller from 2 hours to 72 hours because the change of the mass of 

the insulation material was very small in that time period. As the changes of stiffness 

and damping coefficient of the insulation material were quite significant, the 

resonance frequencies of the out-of-phase modes shift significant away from their 

original frequencies. The resonance frequencies of both in-phase modes and 

out-of-phase modes move towards the low frequency end when the moisture of the 

insulation material block increased as expected. 
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Figure 4.11: The top beam vibration response affected by different moisture content in 

the insulation material block 

For the FR measurement, the insulation block stood between the beams with a fixed 

spacing of 5 mm regardless of the moisture content, so that the characteristic 

impedance of the coupled beams is about 188.5 Ohms. Figure 4.12 shows the 

electrical FR of the coupled beams obtained from the dry insulation block case, and 

no more results are given because the remaining results were extremely close with the 

first curve. They would overlap with each other if plotted in one figure.  

 

Figure 4.12: FR experimental result of coupled beams in the insulation moisture 

simulation (measured from the dry block case) 
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These similar FR results of the coupled beams with different water content of 

insulation material blocks could be explained by using Figure 4.13. Only the beams 

part is shown for clarity. The insulation material block located at xi is represented by a 

resistor Zi. Z0 and Zc are the characteristic impedance of the beams and the internal 

impedance of the analyser channel. Zi is the only variable in the experiment. In order 

to analyse this system, the beams should be treated as a two-section transmission line. 

One section is from 0 to xi, and the other is from xi to L. Then the two sections must 

be solved one by one, just like solving the BNC cable and coupled beams in Section 

3.4.3.  

 
Figure 4.13: Sketch map of the coupled beams with insulation material block 

 

However, in comparison with the beams characteristic impedance Z0 and analyser 

channel impedance Zc, the resistance of the insulation material block is so huge 

(several mega Ohms compared with dozens of Ohms of Z0 and Zc) that the change of 

input impendence at position xi is negligible and the beams system could be treated as 

open circuit at position xi, which means the effect of the insulation block is also 

negligible. Therefore, even if the resistance of the insulation material block reduces 

with the moisture increase, because of the huge absolute value, this block has little 

effect with the FR measurement results.  

 

The FR results of this simulation show that the FRA method is not very effective for 

detecting this insulation moisture issue. However, an unexpected gain from this FR 

measurement was finding that the FRA method is powerful for detecting the short 

circuit failures. One group of extra experiments was designed by using a resistor to 

replace the insulation material block. The measured results are given in Figure 4.14. 

The top curve is obtained when infinite resistance (open circuit) exists between the 
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coupled beams. Then resistors with different resistance values were connected one by 

one between the beams at position xi for the FR tests. As discussed early in this 

section, when the resistance is huge, the shift of the FR curve is very slight. The curve 

measured from the 1 MOhms resistor overlaps with the top curve, and the difference 

between them is very small. Even the third curve measured from the 1 KOhms 

(dashed curve) is still very close to the top one. However, when the resistance is 

relatively small, which is comparable with the beams’ characteristic impedance Z0 and 

terminal impedance Zc, the amplitude of the FR results shows an obvious shift 

because of the change of input impedance at position xi. The smaller the resistance, 

the lower the amplitude. When the resistance is very small, it could be regarded as 

though a short circuit happens at position xi. The above experiments of the effect of 

local resistance could be used to represent the wearing out of the winding insulation 

material to different extents. For this case, its effect on electrical FR is obvious. 

 

Figure 4.14: FR experimental results of coupled beams with different pure resistors 

between them 
  

0 1 2 3 4 5 6 7 8 9 10
x 107

-25

-20

-15

-10

-5

0

5

10

Frequency (Hz)

V
ou

t/V
in

 (d
B

)

Infinite
1M Ohms
1K Ohms
100 Ohms
50 Ohms
25 Ohms
10 Ohms



85 
 

Although the experiments are not directly implemented on the practical transformer 

winding, this beams study of the effect of the moisture and local resistance on 

vibration and electrical properties provides some useful information: 

 

(1) The mechanical properties of the winding insulation material are affected by 

its moisture. Increasing the moisture content increases the mass and decreases 

the stiffness and damping coefficient of the insulation material. 

(2) The structural vibration response, which directly links with the mechanical 

properties of insulation material, is able to represent the moisture content of 

the insulation material. 

(3) FRA method is not effective for detecting the changing moisture of the 

insulation material if the resistance of the material is still very large and the 

spacing between the winding is not changed. 

(4) FRA method is powerful for detecting the short circuit fault. 

(5) It is possible to detect and distinguish the clamping pressure problem and 

moisture problem of winding insulation material by using a combined 

mechanical-electrical monitoring system. If the peak shift of the vibration 

response and the amplitude variation of the electrical FR are detected at the 

same time, then there is a high possibility that the transformer winding is 

losing its clamping pressure. If the shift only occurs in the resonance peaks of 

the vibration response, but the electrical FR remains relatively unchanged, 

then moisture failure of the winding insulation material could be a concern. 
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Chapter 5: Conclusions and Future Work 

5.1 Summary 

Condition monitoring and diagnostics of power transformers are important for the 

effective management of power systems. This thesis focuses on a basic research of 

power transformer winding’s vibration and its electrical properties by using a coupled 

beams system. This project provides some fundamental understanding of the 

mechanical and electrical properties of the winding and also shows some potential use 

of these properties for power transformer condition monitoring. 

 

The vibration response of the coupled beams was measured while different coupling 

elements were inserted between the beams. Then the experimental results were 

successfully modelled by the MEM. The coupling elements were modelled as the 

mass-spring-damper elements, and the vibration responses of the coupled beams are 

directly linked with the mechanical parameters of these coupling elements. Because of 

the coupling effect, each original resonance mode of the single beam is split into a 

pair of coupled resonance modes of the two coupled beams. One is the in-phase mode, 

which is mainly dominated by the mass component of the coupling elements, and the 

other is the out-of-phase mode, which is controlled by all three components of the 

coupling elements. 

 

The electrical properties of the coupled beams system were measured by FRA method, 

and modelled by the transmission line theory. From the experimental results and 

model solutions, it becomes clear that the FR results are mainly determined by the 

spacing between the coupled beams. 

 

Using the mechanical model and electrical model of the coupled beams, two 

experiments were designed for simulating the practical failures of power transformer 
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winding. The first one simulated the winding clamping pressure problem and the 

second one simulated the moisture issue of the winding insulation material. The 

results from these two experiments showed good agreement with the beams’ model 

prediction. It is worthwhile noting that the mechanical analysis method used in this 

thesis cannot be applied for on-line vibration monitoring systems directly, but the 

structure vibration response gained from this method is very important and 

fundamental information for illuminating the vibration mechanism of transformers. 

Therefore, although there is a gap between the beams simulations implemented in the 

lab and the transformers in the real world, the simulations are valuable and their 

results also provided some evidence to show that it is possible to use a 

mechanical-electrical combined monitoring system to detect and diagnose some 

practical transformer failures, such as the loss of winding clamping pressure and 

insulation material fault caused by the moisture issue.  

 

5.2 Future Work  

Three aspects of future work for this project are suggested as follows: 

 

Firstly, more beam models which are relevant to the practical winding problems could 

be designed and analysed. For example, the coupled beams with different local 

deformation may be used to study the winding deformation problem. The vibration 

response of the deformed beams can be modelled by using the receptance method, 

while the electrical FR can be explained by the transmission line model. 

 

Secondly, because the coupled beams system is still an idealised structure of 

transformer winding, coupled rings could be the next step of this investigation. In 

comparison with the coupled beams, the coupled rings are much closer to the practical 

structure of the power transformer winding. The study of the coupled rings may 

provide more practical information about the power transformer winding. 
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Finally, only one monitoring method, FRA method, is taken into account for 

comparing with the mechanical vibration monitoring method so far. However, there 

are many other monitoring methods available, such as the oil test, DGA method and 

RVM method. It is worthwhile spending more time on these monitoring systems, and 

combine their merits with the mechanical vibration method. It is obvious that an 

integrative monitoring system could provide a highly reliable diagnosis. 
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Appendix A: The Matlab Program of 

Beams Mechanical Model 

%Acceleration response of a coupled C-C beam 
%This program investigates the effect of coupling element on the response 
beta_n = [4.73004074486270 7.85320462409584 10.99560783800167 14.13716549125746  
17.27875965739948 20.42035224562606 23.56194490204046 26.70353755550819 
29.84513020910325  32.98672286269282 36.1283 39.2699 42.4115 45.5531 48.6947 51.8363]; 
delta_n = [1.0359    0.9984    1.0001    1.0000    1.0000    1.0000    1.0000    1.0000  
1.0000    1.0000 1.0000    1.0000    1.0000    1.0000  1.0000    1.0000]; 
L = 0.91; 
h = 0.003; 
b = 0.01; 
A = h*b; 
I = (A*h^2)/12; 
eta_b = 0.003; 
j = sqrt(-1); 
E = (1+j*eta_b)*6.75*10^10; 
rho_p = 2.7*10^3; 
a = sqrt(E*I/(rho_p*A)); 
M_b = rho_p*A*L; 
F_o = 1; 
x_o = 0.5; 
x_x = 0.3; 
k_n = beta_n/L; 
N = 16; 
M = 1600; 
N_ii =5; 
for ii = 1 : N_ii 
Kc(ii) = 2*14700.0*(ii-1); 
c_f(ii) = 0.2*4.77*(ii-1); 
Mc(ii) = 0.005*(ii-1); 
end 
for i = 1:N 
    ratio = (sin(beta_n(i)) - sinh(beta_n(i)))/(cos(beta_n(i)) - cosh(beta_n(i))); 
    phi_o(i) = sin(k_n(i)*x_o) - sinh(k_n(i)*x_o) - ratio*(cos(k_n(i)*x_o) -cosh(k_n(i)*x_o)); 
end 
  
for ii = 1:N_ii 
for n = 1: M 
        ff = (n-1); 
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        fre(n) = ff; 
        omega = 2*pi*ff; 
         
%calculation of the coefficient matrices 
for i1 = 1:N 
    for i2 = 1:N 
        alp_N(i1,i2) = 0; 
        bet_N(i1,i2) = 0;  
    end 
end 
%diaganal elements 
for i = 1: N 
        alp_N(i,i) = ((a^2)*(k_n(i))^4 - omega^2)*delta_n(i); 
        bet_N(i,i) = ((a^2)*(k_n(i))^4 - omega^2)*delta_n(i); 
        F_A(i) = (F_o/M_b)*phi_o(i); 
end 
  
for i1 = 1:N 
    for i2 = 1:N    
        Talp_N(i1,i2) = alp_N(i1,i2) - (0.5*Mc(ii)*omega^2)*phi_o(i1)*phi_o(i2)/M_b; 
        Tbet_N(i1,i2) = bet_N(i1,i2) + ( -0.5*Mc(ii)*(omega^2) + 2*(Kc(ii) + j*c_f(ii)*omega)) 
*phi_o(i1)*phi_o(i2)/M_b; 
    end 
end 
X_n  = inv(Talp_N)*F_A'; 
Y_n =  inv(Tbet_N)*F_A'; 
  
X = 0;   
    for i = 1: N 
    ratio = (sin(beta_n(i)) - sinh(beta_n(i)))/(cos(beta_n(i)) - cosh(beta_n(i))); 
    phi_x = sin(k_n(i)*x_x) - sinh(k_n(i)*x_x) - ratio*(cos(k_n(i)*x_x) -cosh(k_n(i)*x_x)); 
    X = X + 0.5*(X_n(i)+Y_n(i))*phi_x; 
    end 
    Acc_A(n,ii) = 20*log10(abs((omega^2)*X)); 
end 
end 
  
subplot(2,1,1) 
plot(fre, Acc_A(:,1)) 
subplot(2,1,2) 
plot(fre, Acc_A(:,2)) 
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Appendix B: Solution of an Ideal Electrical 

Transmission Line  

The electrical model solution of the transmission lines can be obtained from the 

transmission line equations. Figure B.1 is one element of the ideal transmission line 

model. 

 

 
Figure B.1: One element of transmission line  

 

From the voltage and current equilibrium, it yields  

𝑢(𝑥, 𝑡) − 𝑅𝑖(𝑥, 𝑡)𝑑𝑥 − 𝐿 𝑑𝑖(𝑥,𝑡)
𝑑𝑡

𝑑𝑥 − 𝑢(𝑥 + 𝑑𝑥, 𝑡) = 0 ,      (B-1) 

𝑖(𝑥, 𝑡) − 𝐺𝑢(𝑥, 𝑡)𝑑𝑥 − 𝐶 𝑑𝑢(𝑥,𝑡)
𝑑𝑡

𝑑𝑥 − 𝑖(𝑥 + 𝑑𝑥, 𝑡) = 0.       (B-2) 

 

The change units of voltage and current are  

𝜕𝑢(𝑥,𝑡)
𝜕𝑥

𝑑𝑥 = 𝑢(𝑥 + 𝑑𝑥, 𝑡) − 𝑢(𝑥, 𝑡) ,            (B-3) 

𝜕𝑖(𝑥,𝑡)
𝜕𝑥

𝑑𝑥 = 𝑖(𝑥 + 𝑑𝑥, 𝑡) − 𝑖(𝑥, 𝑡) .             (B-4) 

 

Therefore, combining Eqs. (B-1), (B-3) and (B-2), (B-4), we have: 

−𝜕𝑢(𝑥,𝑡)
𝜕𝑥

=  𝑅𝑖(𝑥, 𝑡) + 𝐿 𝑑𝑖(𝑥,𝑡)
𝑑𝑡

 ,             (B-5) 

−𝜕𝑖(𝑥,𝑡)
𝜕𝑥

=  𝐺𝑢(𝑥, 𝑡) + 𝐶 𝑑𝑢(𝑥,𝑡)
𝑑𝑡

 .            (B-6) 

The Eqs. (B-5) and (B-6) are named ‘Transmission Line Equations’.  
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If the input signal is a periodical signal at given frequency 𝜔 = 2𝜋𝑓, the Eqs. (B-5) 

and (B-6) can be rewritten as  

−𝜕𝑢(𝑥)
𝜕𝑥

= (𝑅 + 𝑗𝜔𝐿)𝑖(𝑥) ,              (B-7) 

−𝜕𝑖(𝑥)
𝜕𝑥

= (𝐺 + 𝑗𝜔𝐶)𝑢(𝑥) .              (B-8) 

 

Combining the above equations with the x differential, the wave-form Transmission 

Line Equations are: 

𝑑2𝑢(𝑥)
𝑑𝑥2

= 𝛾2𝑢(𝑥) ,              (B-9) 

𝑑2𝑖(𝑥)
𝑑𝑥2

= 𝛾2𝑖(𝑥)                   (B-10) 

where = �(𝑅 + 𝑗𝜔𝐿)(𝐺 + 𝑗𝜔𝐶) . 

 

In order to solve the Transmission Line Equations, the general solution of voltage at 

position x is assumed as:  

𝑢(𝑥) = 𝐴1𝑒𝛾𝑥 + 𝐴2𝑒−𝛾𝑥.               (B-11) 

 

Using Eq. (B-6), the general solution of current is  

𝑖(𝑥) = − 1
𝑍0

(𝐴1𝑒𝛾𝑥 − 𝐴2𝑒−𝛾𝑥)              (B-12) 

where the characteristic impedance Z0 is  

𝑍0 = �𝑅+𝑗𝜔𝐿
𝐺+𝑗𝜔𝐶

 . 

Then the value A1 and A2 could be decided by the different boundary conditions. 

 

Figure B.2 shows a common boundary condition of the transmission line. The input is 

known as a periodical voltage signal 𝑈𝑖𝑛 = 𝑢0𝑒𝑗𝜔𝑡, and external loading is Zl at the 

output end. 
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Figure B.2: Boundary description of transmission line 

 

The boundary conditions are 

𝑢(𝑥 = 0) = 𝑢0 ,                    (B-13) 
𝑢(𝑥=𝑙)
𝑖(𝑥=𝑙)

= 𝑍𝑙 .                      (B-14) 

 

Substituting Eqs. (B-11) and (B-12) into Eqs. (B-13) and (B-14), after some 

calculation, the solutions are  

𝐴1 = (𝑍𝑙+𝑍0)𝑢0
(𝑍𝑙−𝑍0)+(𝑍𝑙+𝑍0)𝑒2𝛾𝑙

 ,             (B-15) 

𝐴2 = (𝑍𝑙−𝑍0)𝑢0𝑒2𝛾𝑙

(𝑍𝑙−𝑍0)+(𝑍𝑙+𝑍0)𝑒2𝛾𝑙
 .             (B-16) 

 

Then the FRA transfer function is  

𝐻𝐹𝑅𝐴 = 𝑈𝑜𝑢𝑡
𝑈𝑖𝑛

= 𝑢(𝑙)

𝑢(0)
= 2𝑍𝑙𝑒𝛾𝑙

(𝑍𝑙−𝑍0)+(𝑍𝑙+𝑍0)𝑒2𝛾𝑙
 .             (B-17) 

 

For other boundary conditions, the solutions could be gained as the similar procedure.  

 

If substituting 𝑟 = 𝑍𝑙−𝑍0
𝑍𝑙+𝑍0

 into Eq. (B-17), the equation shows the identical form with 

Eq. (3-18). 
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Appendix C: The Matlab Program of 

Beams Electrical Model 

%FRA response of a coupled C-C beam 
%This program investigates the effect of different spacing on the response 
uu=4e-7*pi; 
ee=1e-9/36/pi; 
e=2.72; 
Uin=1; 
ur=2.26; 
urc=1; 
f=(10000:899950:180000000); 
lad=1.05; 
lcc=0.08; 
lde=1; 
width=0.01; 
thickness=0.003; 
space=0.0005; %beams spacing 
Zb=377*space/width; %beam CI 
Z0=50; %BNC CI 
Zc=50; %channel Impedance 
Zcc=180; %crocodile clamp CI 
for i=1:201 
    w=2*pi*f(i); 
    kb=w*(ur*uu*ee)^0.5; 
    kc=w*(urc*uu*ee)^0.5; 
    Zx3=Zcc*(Zc+j*Zcc*tan(kc*lcc))/(Zcc+j*Zc*tan(kc*lcc)); 
    Zx2=Zb*(Zx3+j*Zb*tan(kc*lde))/(Zb+j*Zx3*tan(kc*lde)); 
    Zx1=Zcc*(Zx2+j*Zcc*tan(kc*lcc))/(Zcc+j*Zx2*tan(kc*lcc)); 
    r1=(Zx1-Z0)/(Zx1+Z0); 
    r2=(Zx2-Zcc)/(Zx2+Zcc); 
    r3=(Zx3-Zb)/(Zx3+Zb); 
    r4=(Zc-Zcc)/(Zc+Zcc); 
    
H(i)=(1+r1)*(1+r2)*(1+r3)*(1+r4)/(e^(j*kb*lad)+r1*e^(-j*kb*lad))/(e^(j*kc*lcc)+r2*e^(-j*kc*lcc))/(e
^((aa+j*kc)*lde)+r3*e^((-aa-j*kc)*lde))/(e^(j*kc*lcc)+r4*e^(-j*kc*lcc)); 
end 
 
plot(f,20*log10(abs(H))) 
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