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Abstract

This thesis presents the design, construction and operation of a new rotating mod-

ern Michelson-Morley test of Lorentz invariance. The experiment measures the

isotropy of the speed of light by comparing the frequencies of two orthogonally ori-

ented cryogenic sapphire whispering gallery mode resonators. Putative violations

of Lorentz invariance will manifest as periodic variations in the difference frequency

between the two resonators, related to the changing orientation of the experiment

with respect to a preferred cosmological frame.

Actively rotating the experiment is advantageous for three reasons. Firstly, by

careful selection of the rotation frequency in the laboratory we are able to sample

the isotropy of the speed of light at a rate that coincides with the optimal frequency

instabilities of the oscillators (18 seconds). Secondly, the statistics of this exper-

iment are improved with respect to non-rotating (stationary) experiments, which

rely on the motion of the Earth to sample the isotropy of the speed of light. This

results from integrating over more periods of rotation per unit of time, compared

to the sidereal rotation experienced by stationary experiments. Finally, by rotating

the experiment we become sensitive to the previously unmeasured κ̃ZZ
e− “photon

sector” parameter of the Standard Model Extension, and are able to put the first

upper limit on it of order 10−14.

This work presents details of the extensive development and characterization of

the experimental set up. The frequencies of the two resonators are compared by

locking two loop oscillators tightly to the centre of resonance with a Pound frequency
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stabilization scheme. Many noise sources and systematic disturbances have been

characterized and the operation of the experiment optimized. Two frequencies are

generated at 10 GHz with 226 kHz separation, exhibiting a fractional frequency

instability of less than 2× 10−14 from 5 to 500 seconds.

Furthermore, the work includes a detailed analysis of the experiment within the

Standard Model Extension and Robertson, Mansouri and Sexl frameworks. The

sensitivity of the experiment to violations of Lorentz invariance has been derived

in each of these frameworks, for both short data set and the complete full year

analysis. The data has been analysed using two separate data analysis techniques,

which were optimised for noise present in the data.

We have operated the experiment over the course of more than one year, collect-

ing data more than 30 percent of the time. By analysing over 1 year of data we were

able to set the first independent limits on 8 parameters in the photon sector of the

Standard Model Extension as low as 10−16 for κ̃e− and 10−12 for κ̃o+ parameters,

improving upon previous non-rotating experiments by up to an order of magnitude.

We have also set new a new limit on the isotropy parameter PMM = 9.4(8.1)×10−11

of the Robertson, Mansouri and Sexl framework, which is a factor of 25 improve-

ment.
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Chapter 1

Introduction

Special Relativity has proven to be a one of the most successful theories of modern

physics since its formulation by Einstein over a century ago (Einstein, 1905). Like

the majority of Einstein’s work, it falls into the category of “good science”; the

special theory of relativity was motivated by a need to reconcile conflicts between

contemporary theories, providing an elegant solution with clearly defined experi-

mental implications allowing its validity to be tested (Einstein, 1921).

The two principal postulates of special relativity are:

1. The relativity principle

2. The constancy of the speed of light

The consequence of these two postulates is often summarised as the principle

of Lorentz invariance, which requires the laws of physics to be the same in all

inertial reference frames. More specifically, local Lorentz invariance (LLI) states

that the outcome of a local experiment should be independent of the velocity and

orientation of the apparatus. Lorentz invariance has become a key ingredient of

modern physics, underlying the Standard Model of particle physics and the general

theory of relativity, two of the most prominent theories at this time.

1
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Nonetheless, it is expected that the Standard Model of particle physics and gen-

eral relativity will prove to be limited theories, representing the low-energy limit of

a single unifying theory of physics. Most theoretical approaches to the development

of a grand unified theory predict a breakdown of Lorentz invariance at some level,

typically approaching that of the Planck scale (Will, 1993). Although direct probing

of Planck scale physics is presently unattainable, even in high-energy particle col-

liders, spontaneous breaking of Lorentz symmetry may lead to apparent violations

at levels attainable in laboratory experiments.

Two examples of grand unified theories that predict a breakdown of Lorentz sym-

metry are string theory and loop quantum gravity. String theory allows violations

of Lorentz symmetry in low-energy physics through the coupling of known parti-

cles (photons, leptons, baryons, etc.) to background vector and tensor fields that

emerge via spontaneous symmetry breaking (Kostelecký & Samuel, 1989b; Kost-

elecký & Samuel, 1989a; Kostelecký & Potting, 1991; Kostelecký & Potting, 1996).

In addition, certain string theories reduce in 3+1 dimensions to non-commutative

field theories, in which space-time coordinates do not commute at short distances

and can couple to particle spin, thereby inducing Lorentz violation (orientation and

boost dependence) (Mocioiu et al., 2000). Loop quantum gravity postulates that

space-time has a discrete nature, which can induce Lorentz violations due to nontra-

ditional dispersion relations for Standard Model particles relative to some preferred

frame for the universe. Hence, it may be possible for laboratory experiments to dis-

criminate between competing theories by constraining putative violations of Lorentz

invariance.

To identify a violation of Lorentz invariance it is necessary to have an alternative

theory to interpret the experiment (Will, 1993). One such theory is the kinematical

framework of Robertson, Mansouri and Sexl (RMS) (Robertson, 1929; Mansouri &

Sexl, 1977a). The RMS postulates a simple parametrization of Lorentz transforma-

tions that allow for putative violations of LLI. Recently, a general Lorentz violating

extension of the Standard Model of particle physics, the Standard Model Extension
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(SME), has been developed by Kostelecký and coworkers (Colladay & Kostelecký,

1997; Colladay & Kostelecký, 1998; Kostelecký, 2004) whose Lagrangian includes

all parameterized Lorentz violating terms that can be formed from known fields.

The SME provides a comprehensive framework for the analysis of experimental

tests of Lorentz invariance. This has inspired a new wave of experiments designed

to explore uncharted regions of the SME Lorentz violating parameter space, in par-

ticular electrodynamic tests in the so called photon sector. Experiments have thus

far been able to constrain all but one parameter in the photon sector, κ̃ZZ
e− (for a

definition of symbols see section 2.1) (Wolf et al., 2004a; Tobar et al., 2005). Only

experiments that involve intentional rotation (in addition to the rotation of the

Earth) can probe this remaining parameter.

The central importance of LLI has motivated a tremendous number of exper-

iments to test its validity. One type of experiment with particular sensitivity to

violations of LLI is the Michelson-Morley experiment: a test of the isotropy of the

speed of light. This work presents an all new rotating Michelson-Morley experiment,

which was performed by the author with the intent of improving the stringency of

LLI tests and testing the remaining unmeasured parameter in the SME. In this

chapter we will introduce the concept of a modern Michelson-Morley experiment

by reviewing previous isotropy experiments, and then summarise the contribution

this work will make to the field.

1.1 Previous Tests of Light Speed Isotropy

Tests of the isotropy of the speed of light can be divided into two distinct groups

relating to the technology used as well as the scientific era in which they were

conducted. This point is emphasised in figure 1, which shows graphically the im-

provement in experimental sensitivity to fractional variations in the speed of light

over the past 120 years.

The first group of experiments were all based on the pioneering work of Michelson
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Figure 1: Improvement in the performance of Michelson-Morley experiments, using
the instability of the observable as a figure of merit (∆l

l for interferometers, ∆ν
ν for

frequency standards). The experiments divide into two groups according to the tech-
nology used and theoretical concepts considered. Also shown is this work (Stanwix
et al., 2005; Stanwix et al., 2006).
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(Michelson, 1881), inventor of the ubiquitous Michelson interferometer. Michelson

conducted the first experimental test of the isotropy of the speed of light in 1881,

followed soon after by a second greatly improved version of the experiment with

his colleague Morley in 1887; hence, the commonly used moniker of “Michelson-

Morley” experiment. All of the experiments in this first group were based on the

Michelson interferometer, and were conducted with respect to an æther model of

light propagation, which we will discuss shortly.

The second group of experiments, up to and including present day experiments,

saw a shift away from interferometers to optical and microwave frequency stan-

dards. The continual development of frequency standards has allowed light speed

isotropy to be tested with ever increasing precision. The analysis of this latter group

of experiments has largely been with respect to modern theoretical frameworks in-

corporating the principle of Lorentz invariance, providing a more consistent and

comprehensive comparison (see chapter 2).

At this point it is appropriate to describe the scientific context in which early

experiments were conducted. Michelson and Morley’s experiment predated the

development of Einstein’s special theory of relativity and was in fact not intended to

be a test of Lorentz invariance, but rather an attempt to measure the Earth’s motion

through the luminiferous æther of space. The luminiferous æther is a hypothetical

medium through which light was thought to propagate with a constant relative

velocity, much like sound waves through a material. At the time the existence

of an æther was widely expected since it formed an important element of Fresnel’s

successful explanation for the aberration of light. Fresnel’s explanation proposed (i)

that the æther is at rest in free space, and (ii) that the æther’s velocity in transparent

media is less than that in free space. The second hypothesis had been successfully

confirmed in numerous independent experiments by Fizeau and Michelson. In an

attempt to completely confirm Fresnel’s theory, Michelson devised a new experiment

to confirm the first hypothesis, by measuring the relative motion of the Earth and

the luminiferous æther.
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Note that an æther as proposed by Fresnel is in direct contradiction with our

modern understanding of physics and the principle of Lorentz invariance, since it

implies a preferred frame of reference. As a result, early experiments attempting to

measure the relative velocity of the æther can be equally considered tests of Lorentz

invariance, and as such provide a useful, if not interesting, backdrop to present day

experiments.

In this section we will briefly describe a number of historically significant exper-

iments, as well as reviewing the most recent experiments that are of interest to this

work.

1.1.1 Interferometers

All interferometer experiments attempting to measure the relative motion of the

Earth and the luminiferous æther closely follow the original design of Michelson’s

interferometer (Michelson, 1881). In response to Maxwell’s observation that the

apparent velocity of light should be different for light traveling parallel and per-

pendicular to the relative motion of the laboratory through the æther, Michelson

devised an extremely sensitive instrument, the Michelson interferometer, which ex-

hibits sensitivity to second order relative motion effects. In æther theory, light

traveling parallel/anti-parallel to the motion of the laboratory will have an effective

velocity less-than/greater-than that in the stationary æther, while light traveling

perpendicular is unaffected since the relative speed of the laboratory is zero in that

direction. Thus, motion relative to the æther should be detectable by measuring

the speed of light in both directions, where the perpendicular measurement can be

considered the “control”. However, since it is not practical to measure the speed of

light in one direction, but rather to have the light return back to its origin, the ef-

fect is nullified over the return journey except for a residual second order effect that

remains due to motion of the laboratory during the time taken for the light to travel

along its path. This second order effect should be detectable by an experiment of

sufficient sensitivity, such as that devised by Michelson.



1.1. PREVIOUS TESTS OF LIGHT SPEED ISOTROPY 7

The setup of the experiment is shown in figure 2. It consisted of a Michelson

interferometer mounted on a rotating table. Light from a source is split into two

beams which propagate along the orthogonal arms of the interferometer. At the

end of each arm a plane mirror reflects the light back along the same path to be

recombined at the detector, where the interference between the light from each path

is observed. The interferometer is initially tuned so that the path traversed by each

beam of light is exactly equal. A change in the length of one path relative to the

other, due to either a change in physical length or the properties of the “optical

medium”, results in a phase difference between the two beams which causes a shift

in the interference fringes at the detector - the observable of the experiment. It

is possible to derive the effect of motion relative to the æther on the interference

fringes by considering, in the æther reference frame, the distance traveled by the

light beams parallel and perpendicular to the motion of the laboratory. This dif-

ference has been shown (Michelson & Morley, 1887) to be D v2

V 2 , where D is the

stationary arm length of the interferometer, V is the velocity of light, and v is the

relative velocity of the laboratory. Note that the effect is directly proportional to

the arm length of the interferometer. By rotating the experiment through 90 de-

grees, the position of the interferometer arms is reversed and an effect of the same

magnitude but opposite sign will be observed, such that the net effect between

the two orientations is 2D v2

V 2 . Continuous rotation of the experiment results in a

periodic variation of the interference fringes.

The initial experiment by Michelson was conducted in Potsdam, Germany in

1881 (Michelson, 1881). There was no detectable shift in the interference fringes

beyond the errors of the experiment, a result which was widely unexpected by the

scientific community. In Michelson’s own words:

The result of the hypothesis of a stationary ether is thus shown to be

incorrect, and the necessary conclusion follows that the hypothesis is

erroneous. This conclusion directly contradicts the explanation of the

phenomenon of abberation which has hitherto been generally accepted,
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(a) (b)

Figure 2: Shown is a drawing of Michelson’s original experiment (Michelson, 1881)
(a) and a schematic of its operation (b).

and which presupposes that the earth moves through the ether, the latter

remaining at rest. (Michelson, 1881)

Soon after, in response to an extensive critique of the experiment by Lorentz

(Lorentz, 1886), Michelson and Morley built a new, more sensitive interferometer

(Michelson & Morley, 1887) located in Cleveland, Ohio, a drawing of which is shown

in figure 3. The interferometer sat atop a large sandstone slab which was floated in a

mercury bath, allowing the experiment to rotate. Improvements to the performance

of the interferometer were primarily due to increased effective arm length, achieved

by including multiple passes along each arm. Michelson again reports a null result

that does not support the existence of a luminiferous æther. The results do appear

to exhibit some level of periodic variation at the required frequency, but at a level

up to 40 times lower than expected. Only a small amount of data was acquired

in a confined period of time. This experiment later played an instrumental role in

supporting Einstein’s assertion in his special theory of relativity; that all inertial

systems should be considered equivalent system’s of coordinates.

The performance of the Michelson interferometer was improved in further experi-

ments by Morley and Miller (Morley & Miller, 1905), Tomaschek et al. (Tomaschek,

1924), Illingworth (Illingworth, 1927), Kennedy (Kennedy, 1926), and Joos (Joos,
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(a) (b)

Figure 3: Shown is a drawing of Michelson and Morley’s improved interferometer
(Michelson & Morley, 1887) (a) and a schematic of its operation showing the light
path including multiple passes along each arm (b).

1930), all producing results that continued to refute the existence of a stationary

æther to the level of precision of the experiments. These experiments employed

different materials in the construction of the interferometers, and were conducted

at different altitudes in an attempt to fully explore all possible explanations for the

null result. The only experiment that claimed to positively measure the relative

velocity of the æther was that of Miller (Miller, 1926), though at a level roughly 10

times lower than expected. Although Miller went to great lengths to show that the

result was not due to systematic effects, his result was widely critised and attributed

primarily to thermally induced variations (Joos, 1934; Shankland et al., 1955).

1.1.2 Frequency Standards

Interferometer technology eventually developed to a point where any further in-

crease in sensitivity, by increasing the arm length, for example, involved significant

technical challenges. In particular, the distributed nature of interferometers makes

them particularly susceptible to mechanical and thermal effects. At this point, the
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adaption of high stability frequency standards (including optical and microwave

resonators) to tests of the isotropy of the speed of light allowed the ever increas-

ing precision of these experiments to continue. Frequency standards are relatively

compact and robust with high quality factor resonators (where quality factor can

be considered the resonator analog of interferometer arm length). Moreover, re-

search into frequency standards had received generous support over a long period

of time due to applications in metrology, communications and defence. Tests of

fundamental physics, such as the experiments described here, have been in a posi-

tion to benefit from this significant investment, often spinning off from much larger

projects. Accordingly, progress in recent times has closely followed developments

in frequency standard technology.

Generally speaking, the frequency standards used in these tests employ some

form of resonant cavity, either microwave or optical. In either case, the resonant

frequency (ν) is determined by the path length (l) and the speed of light in the

resonator medium (c) according to ν ∝ c
l
. Changes in either parameter will result

in changes in resonant frequency. Therefore, if the speed of light proved to be

anisotropic, changing the orientation of the experiment relative to this anisotropy

will result in a variation in frequency - the observable of the experiment.

The two most commonly used configurations are shown in figure 4. Two iden-

tical perpendicularly oriented resonators may be used to form the equivalent of

the two arms of the Michelson interferometer (figure 4(a)). The orientation of the

experiment is modulated either through active rotation, as was the case for inter-

ferometers, or by relying on the rotation of the Earth. Alternatively, the frequency

of one resonator may be monitored against a fixed frequency reference (figure 4(b)).

Again, the experiment may be actively rotated or stationary in the lab, so long as

the measurement system used to monitor the frequency exhibits a different depen-

dence on the speed of light.

Not only was there a change in the type of technology used in this latter group

of experiments but the scientific attitude towards the analysis and results was also
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(a) (b)

Figure 4: Shown are two configurations for frequency standard based Michelson-
Morley experiments. (a) Comparison of two identical co-rotating resonators, and (b)
measurement of one rotating resonator.

different. Whereas the analysis of the earlier group of interferometer experiments

was directed towards finding evidence for the æther, this latter group of experiments

brought Einstein’s special theory of relativity into focus. The paper by Jaseja et

al. introduced the kinematic framework of Robertson (RMS) (Robertson, 1929)

(later refined by Mansouri and Sexl (Mansouri & Sexl, 1977a; Mansouri & Sexl,

1977b)), which provides a link between the postulates of Einstein’s relativity and

experimental observation (see chapter 2). This represents a significant change in

attitude towards light speed isotropy experiments. Even though the general consen-

sus of the scientific community was moving away from æther theory towards special

relativity, up until this point experiments were still being presented as proof by

contradiction, ie. failure to measure the relative motion of the æther. Robertson’s

framework provided a mechanism by which experiments could confirm aspects of

special relativity.

The RMS is a kinematic framework that assumes the existence of a preferred

reference frame in which light propagates isotropically, measured using standard

“rods” and “clocks”. It is a simple parametrization of the standard Lorentz trans-

formation equations that allows for violations of Lorentz invariance. Experiments
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measure linear combinations of these parameters related to time dilation and the

orientation and velocity dependence of the speed of light, setting limits on their

deviation from that expected in special relativity. The preferred reference frame is

typically chosen to be the Cosmic Microwave Background Radiation frame (Wilson,

1979), since both it and putative Lorentz violations likely arose out of Planck-scale

effects in the early Universe.

The first experiment to use frequency standards was that of Essen (Essen, 1955)

in 1955, who used a single microwave resonator referenced oscillator mounted on a

continuously rotating table, in a configuration similar to that shown in figure 4(b).

The oscillator frequency was compared to a quartz standard and monitored as the

experiment rotated. Essen concluded that no effect was observed at a level similar

to the best interferometer measurements, further refuting the controversial results

of Miller.

Cedarholm et al. built an experiment in 1958 (Cedarholm et al., 1958) based on

two ammonia beam masers, aligned with their beams anti-parallel. Although the

experiment bears more resemblance to a Kennedy-Thorndike experiment (a group

of experiments that measure the velocity dependence of the speed of light (Kennedy

& Thorndike, 1932)) than a traditional Michelson-Morley experiment, Cedarholm

argues that the unique characteristics of the experiment allow an analysis with

respect to light speed isotropy. In the æther model, the fractional change in maser

frequency will be dependent on both the relative velocity of the lab through the

æther (v) and the velocity of the ammonia beam with respect to the cavity (u) to

first order, according to ∆ν = uv
c2

. The difference frequency between the two masers

was measured, after which they were rotated 180 degrees and measured again. The

reversal of orientation relative to the æther should produce a discrete change in the

difference frequency. This measurement was conducted over 24 hours and repeated

at 3 month intervals over the course of a year. Cedarholm found no significant effect

in his data (Cedarholm et al., 1958).

The experiment by Jaseja et al. in 1964 (Jaseja et al., 1964) returned to the more



1.1. PREVIOUS TESTS OF LIGHT SPEED ISOTROPY 13

traditional Michelson- like configuration. Two He-Ne lasers (referred to as optical

masers) were mounted on a rotating table, much like that shown in figure 4(a).

The difference frequency between the two lasers was monitored as the experiment

oscillated back and forth through 90 degrees. The signal was found to be dominated

by systematics associated with rotation, so it was necessary to look for variations

in the amplitude of the systematic signal over the course of a day to reveal a more

fundamental anisotropy. Jaseja found no significant signal, at a similar level to

Cedarholm.

One of the most outstanding experiments was that of Brillet and Hall in 1979

(Brillet & Hall, 1979). Brillet used a single He-Ne laser in his experiment, which was

continuously rotated and monitored. The frequency was compared to a stationary

methane laser, similar to the configuration shown in figure 4(b). This experiment

improved on Jaseja’s result by a factor of 4000, constraining a possible anisotropy of

the speed of light in Robertson’s framework to less than 3(5)× 10−15. The advance

in sensitivity was primarily due to a reduction of spurious systematic signals at

twice the rotation frequency (the frequency of interest), larger amount of data and

superior data processing techniques.

Brillet’s experiment was followed by a long period of experimental inactivity.

It was not until 2003 that experimentalists returned to the topic of light speed

isotropy, stimulated by a range of theoretical developments. A Lorentz violating

extension of the Standard Model of particle physics (SME), developed by Kost-

elecký and coworkers (Colladay & Kostelecký, 1997; Colladay & Kostelecký, 1998),

provided a new, independent framework for the analysis of experiments. Moreover,

some theories attempting to unify physics were predicting a breakdown of Lorentz

symmetry at levels close to that attainable by these experiments. Armed with a

range of state of the art ultra-stable microwave and optical resonators, a new group

of experiments was conducted. It was not practical to rotate these experiments, due

to their size and need for cryogenic facilities, so they were kept stationary in the

laboratory, instead relying on the Earth’s rotation to modulate their orientation.
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The SME provides a general framework for the analysis of experiments, in the

sense that it considers the underlying structure of the “rods” and “clocks” involved

in the measurement. The SME modifies the Lagrangian of the Standard Model of

particle physics to include terms which describe all violations of Lorentz invariance

that can be formed from known fields. In contrast to the RMS framework, the SME

is not reliant on the choice of preferred reference frame. A reference frame is nec-

essary, however, for the purpose of analysing experiments, and is typically chosen

to be the Sun Centred Celestial Equatorial Frame (SCCEF). The SCCEF can be

considered inertial with respect to other cosmological frames and provides conve-

nient symmetries for the analysis of Earth based experiments. Although the direct

correspondence between the RMS and SME frameworks has not yet been deter-

mined, the RMS should be contained within the SME by considering a combination

of relevant matter and photon sector parameters.

An experiment by Lipa et al. (Lipa et al., 2003) compared the frequencies

of two cylindrical superconducting microwave cavities. One cavity was oriented

horizontally in an east-west direction and the other vertically in the lab. Data

was collected over 98 days and the results were analysed in the SME framework.

A feature of the SME is that at least one year of data is required to completely

decorrelate all parameters. By assuming no cancelation between parameters, this

work set limits on a possible anisotropy in the SME as low as 10−13.

A concurrent experiment by Müller et al. (Müller et al., 2003) improved on

these results soon after. Muller’s experiment was based on two cryogenic optical

resonators, oriented orthogonally in the horizontal plane, with fractional frequency

instability as low as 7 × 10−16 at 200 seconds. However, over the course of a day

drift reduced this figure to ∼ 1 × 10−14. Data was collected over a year, allowing

parameters of the SME to which this experiment was sensitive to be constrained

independently, improving on the results of Lipa et al. by 2 orders of magnitude.

This experiment was also analysed in the framework of Robertson and Mansouri and

Sexl (RMS) allowing a comparison with the much earlier work of Brillet, improving
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on it by a factor of 3.

A third concurrent experiment by Wolf et al. (Wolf et al., 2003; Wolf et al.,

2004b; Wolf et al., 2004a) compared the frequencies of a cryogenic sapphire mi-

crowave oscillator with a hydrogen maser. Data was collected over more than a

year. An analysis in the RMS and SME frameworks produced constraints of the

same order as Muller et al. (Müller et al., 2003) for the former, and by up to a

factor of 10 better for the latter.

1.2 This Work

Many things have changed since the original light speed isotropy experiment by

Michelson in 1881. Most significantly, the general consensus of the scientific com-

munity concerning the propagation of light has shifted from that of a luminiferous

æther model to the quantum electrodynamics of the Standard Model of particle

physics. Throughout this change, however, Michelson-Morley type experiments

continue to play an important role in the development of physical theories. In this

section we will describe how we propose to further test the principle of Lorentz

invariance.

The sensitivity of Michelson-Morley experiments to a putative anisotropy of the

speed of light is dependent on two main factors; the stability of the experimental

observable over the time scale of interest, and the square root of the number of

periods of signal over which the result is averaged. Therefore, the logical path to

improving the sensitivity further would be to improve one or both of these fac-

tors. However, the most recent group of experiments were based on stationary,

ultra-stable microwave and optical resonators. Improving the frequency stability of

these technologies (by an order of magnitude or more) would require a significant

investment of time and resources. Furthermore, the results of these experiments are

derived from data collected over a period of more than a year. To improve on these

results by an order of magnitude would nominally require more than 100 years of
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data.

An alternative approach to increasing the sensitivity is to rotate the experiment.

In this work two ultra-stable cryogenic sapphire microwave oscillators are actively

rotated in the laboratory. Rotating the experiment is advantageous for two reasons.

Firstly, by rotating the experiment the signals of interest are translated to the

optimal operating regime of the oscillators, which is between 10 and 100 seconds.

The stability at these time scales is typically an order of magnitude better than over

the period of a day. Secondly, by rotating the experiment the number of periods

acquired of the signal of interest is increased by the ratio of the period of a day

to the period of rotation (on the order of 1000), improving the data integration

rate by more than an order of magnitude. Both of these factors combined could

lead to a direct improvement in sensitivity by more than 2 orders of magnitude.

However, rotating the experiment will invariably lead to systematic disturbances

that negate some of the advantage gained, as was the case for Jaseja et al. (Jaseja

et al., 1964) and Brillet et al. (Brillet & Hall, 1979). The advantage of this type

of experiment will only be fully realised if a sufficiently stable rotation system and

suitable cryogenic and environmental conditions can be achieved.

The aim of this work was to design, construct and operate an actively rotat-

ing isotropy experiment using cryogenic sapphire oscillators. As will be seen, this

experiment improved upon current measurements by more than an order of mag-

nitude. Furthermore, this experiment was able to place a first upper limit on the

previously unconstrained κ̃ZZ
e− parameter of the SME.



Chapter 2

Theory

As was the case of the original Michelson and Morley experiment to interpret the

results one requires a theory to test against (as discussed in the previous chapter). In

this chapter I will outline the two most commonly used “test theories”, the Standard

Model extension (SME) and the Robertson, Mansouri and Sexl framework (RMS).

The general frame-work of applying these test theories to resonator experiments will

be developed, with an emphasis on experiments actively rotating in the laboratory.

2.1 Standard Model Extension

The SME (Colladay & Kostelecký, 1997; Colladay & Kostelecký, 1998) conglomer-

ates all possible Lorentz-Violating terms and incorporates them in a framework,

which is an extension of the Standard Model of Particle Physics. For general

fermions and bosons the framework contains 40 Lorentz-violating terms. However,

if we restrict ourselves to the so called “photon-sector” (the relevant sector for this

electromagnetic resonator experiment) we reduce this number to 19 terms.

The SME adds additional terms to the Lagrangian of the Standard Model for

photons. The standard Lagrangian is simply:

L = −1

4
FµνF

µν . (1)

17
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Under the SME, it becomes (Kostelecký & Mewes, 2002):

L = −1

4
FµνF

µν − 1

4
(kF )κλµνF

κλF µν +
1

2
(kAF )κεκλµνA

λF µν (2)

where Aλ is the 4-potential. The (kAF )κ terms have the dimensions of mass, and

are the CPT odd terms (Jackiw & Kostelecký, 1999). It is argued in (Colladay &

Kostelecký, 1997; Colladay & Kostelecký, 1998) that these should be zero because

they induce instabilities as they are non-negative in the Lagrangian. There are

also astronomical measurements (Kostelecký & Mewes, 2002) which place stringent

limits on kAF . For these reasons and to simplify the calculations, these terms are

from here on set to zero.

On the other hand, the (kF )κλµν terms are CPT even, dimensionless and have

19 independent terms out of the 256 possible combinations of κ, λ, µ and ν. Out

of these independent Lorentz violating terms, 10 combinations have been analysed

using astrophysical polarisation tests and have an upper-limit of 2 × 10−32 (Kost-

elecký & Mewes, 2002). Recently, two combinations of these parameters have been

further constrained to less than parts in 10−37 (Kostelecký & Mewes, 2006). This

limit is many orders of magnitude smaller than what could be achieved from labo-

ratory experiments, so these terms are set to zero to simplify the calculations and

to remain consistent with previous results.

We can derive the equations of motion for this system by minimising the action

given by (2), using variational techniques and the definition F µν ≡ ∂µAν − ∂νAµ

and Aµ ≡ (φ,A). These equations are similar to those of a Maxwellian model in

anisotropic media instead of vacuum. In order to express these in a convenient

form, we form linear combinations of the CPT even terms. These are given below

(Kostelecký & Mewes, 2002):

(κDE)jk = −2(kF )0j0k;

(κHB)jk =
1

2
εjpqεkrs(kF )pqrs;

(κDB)jk = −(κHE)kj = (kF )0jpqεkpq . (3)
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The dynamics of the model can be described in terms of equivalent B, E, H

and D fields (Kostelecký & Mewes, 2002; Wolf et al., 2004b) in a vacuum using the

matrices in (3):


 D

H


 =




ε0(1 + κDE)
√

ε0
µ0

κDB

√
ε0
µ0

κHE µ−1
0 (1 + κHB)





 E

B


 . (4)

Note that the matrix in (4) is rank 6, as the κ matrices are rank 3 as defined in

(3). The standard Maxwell equations in a vacuum are recovered if these κ matrices

are set to zero.

Thus, the effect of the SME in the photon-sector can be interpreted as intro-

ducing medium-like properties to the vacuum. In the full SME, this is considered

as an effect from Planck-scale physics in the early universe. The κ matrices are all

position dependent and thus act as “values” positioned throughout space. If one

or more of these values is zero, it does not imply the rest are also zero as there

is no relation between each of the independent components. However, there is a

linear combination of these components which allows us to separate them into bire-

fringent and non-birefringent terms (Kostelecký & Mewes, 2002). By eliminating

those values which have been constrained beyond what we hope to achieve in this

experiment, these terms can be simply written as in (5):

(κ̃e+)jk =
1

2
(κDE + κHB)jk;

(κ̃e−)jk =
1

2
(κDE − κHB)jk − 1

3
δjk(κDE)ll;

(κ̃o+)jk =
1

2
(κDB + κHE)jk;

(κ̃o−)jk =
1

2
(κDB − κHE)jk;

κ̃tr =
1

3
(κDE)ll . (5)

In the above definitions, κ̃e+, κ̃e− and κ̃tr are parity-even matrices, while κ̃o+

and κ̃o− are the parity-odd matrices. As shown in (Kostelecký & Mewes, 2002;
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Kostelecký & Mewes, 2001), the κ̃e+ and κ̃o− are constrained experimentally to
∣∣κ̃JK

∣∣ ≤ 2×10−32. Thus, both κ̃e+ and κ̃o− are set to zero each time they appear in

our equations. In addition, κ̃tr is a scalar for which typical resonator experiments

are insensitive and thus is not relevant to this experiment (Tobar et al., 2005).

2.1.1 Applying the SME to Resonator Experiments

The modified Lagrangian of the SME introduces perturbations of the electric and

magnetic fields in a vacuum. Putative Lorentz violations are produced by motion

with respect to a preferred frame, which perturbs the fields generating an observable

signal. The unperturbed fields are denoted by a zero subscript to distinguish them

from the Lorentz-violating fields. The general framework (Kostelecký & Mewes,

2002) for denoting the sensitivity of this observable signal in the laboratory frame

is a linear expression as follows:

δO = (MDE)jk
lab(κDE)jk

lab + (MHB)jk
lab(κHB)jk

lab + (MDB)jk
lab(κDB)jk

lab . (6)

where summation over repeated indices is implied. The Mjk
lab matrices are deter-

mined by the experiment, the components of which are in general a function of

time. The observable is dependent on the type of experiment, which in the case of

a resonant cavity experiment is the resonance frequency deviation, δν
ν0

.

Since the laboratory frame and the resonator frame do not necessarily coincide,

we will first consider the Mjk
res coefficients in the resonator frame and subsequently

transform them to the laboratory and sun-centred frames.

In general, resonators may be constructed from dielectric and magnetic materials.

To calculate the Mjk
res matrices for such structures a more general form of (4) must

be considered, which includes the properties of the medium (µr (permeability) and

εr (permittivity), in general second order tensors):


 D

H


 =




ε0(εr + κDE)
√

ε0
µ0

κDB

√
ε0
µ0

κHE µ−1
0 (µ−1

r + κHB)





 E

B


 . (7)
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Here, as was derived in (Kostelecký & Mewes, 2002), we assume that the fractional

frequency shift due to Lorentz violations is given by:

∆ν

ν0

= − 1

4 〈U〉 × (8)

∫

V

d3x

(
ε0E

∗
0 · κDE · E0 − µ−1

0 B∗
0 · κHB ·B0 + 2Re

(√
ε0

µ0

E∗
0 · κDB ·B0

))
.

〈U〉 is the energy stored in the field and is given by the standard electrodynamic

integral:

〈U〉 =
1

4

∫

V

d3x(E0 ·D∗
0 + B0 ·H∗

0) . (9)

In Maxwellian electrodynamics the balance of magnetic and electrical energy in

a resonator is equal, so the following is true:

〈U〉 =
1

2

∫

V

d3xE0 ·D∗
0 =

1

2

∫

V

d3xB0 ·H∗
0 . (10)

Hence, 〈U〉 is effectively a normalisation factor for either an electric or magnetic

energy filling factor.

Since the κ terms from the integral in (8) are only time dependent rather than

spatially dependent, the κ terms can be removed from the integral. Furthermore,

the final term in (8) will be zero since the electric and magnetic fields are orthogonal

in a resonant structure. Thus, by equating (6) and (8) in the resonator frame, it can

be seen that the (MDB)jk
res coefficients will be zero, which eliminates the possibility

of making a measurement of κtr (Tobar et al., 2005; Bailey & Kostelecký, 2004).

Given that the resonator permeability and permittivity have no off-diagonal

coefficients (i.e. non-gyrotropic),

εr = ε0




εx 0 0

0 εy 0

0 0 εz


 µr = µ0




µx 0 0

0 µy 0

0 0 µz


 , (11)
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the only non-zero coefficients may then be calculated to be

(MDE)jj
res = − 1

εj

∫
V

d3x
∣∣Ej

0

∣∣2
2
∫

V
d3xE0

∗ · E0

= −Pej

2εj

(12)

(MHB)jj
res = µj

∫
V

d3x
∣∣Hj

0

∣∣2
2
∫

V
d3xH0

∗ ·H0

= µj
Pmj

2
. (13)

Thus the MDE and MHB matrices are diagonal and simply related to the electric

and magnetic energy filling factors, Pej and Pmj respectively (Wolf et al., 2004b).

For a resonator that consists of more than one type of medium, including vacuum,

(12) and (13) can be written more generally (s is the number of different materials

including vacuum):

(MDE)jj
res = −

s∑
i=1

Pei
j

2εi
j

(14)

(MHB)jj
res =

s∑
i=1

µi
jPmi

j

2
. (15)

As has been discussed, for resonant cavity experiments the observable is the

fractional resonant frequency deviation. A precise measurement of the resonant

frequency involves comparing it to a similar frequency. To be sensitive to violations

of LLI, the comparison frequency must be generated by a source which exhibits a

different dependence on Lorentz violations in the photon sector. For example, an

atomic standard (such as a hydrogen maser) may operate in a mode which is not

sensitive to Lorentz violations (Wolf et al., 2004b; Wolf et al., 2004a).

Alternatively, the resonant frequency may be compared against another, similar

resonator designed to have a different dependence. This can be achieved by ori-

entating two identical resonators orthogonally (Müller et al., 2003) as is the case

in this work, or by exciting two modes in a matter filled resonator with orthogo-

nal polarizations (Tobar et al., 2006). In both cases the field components must be

considered with respect to the laboratory frame and not the resonator. For such

an experiment the observable becomes the frequency difference (between resonators

labeled a and b),



2.1. STANDARD MODEL EXTENSION 23

δO =
δνa

νa

− δνb

νb

. (16)

Thus, with respect to the laboratory frame, the effective (MDE)lab and (MHB)lab

matrices consistent with (6) become:

(MDE)a−b = (17)


(MDE)xx
a − (MDE)xx

b 0 0

0 (MDE)yy
a − (MDE)yy

b 0

0 0 (MDE)zz
a − (MDE)zz

b




(MHB)a−b = (18)


(MHB)xx
a − (MHB)xx

b 0 0

0 (MHB)yy
a − (MHB)yy

b 0

0 0 (MHB)zz
a − (MHB)zz

b


 .

These equations are general for any resonator experiments, including Fabry-Perot

and microwave cavity experiments, and simplify the analysis for complex resonator

configurations, such as whispering gallery mode resonators. Only the electric and

magnetic filling factors need to be calculated to determine the sensitivity coefficients

to the observable, which is possible using standard numerical techniques (Krupka

et al., 1999).

2.1.2 Sun-Centred Celestial Equatorial Reference Frame

To determine the sensitivity of the experiment to putative violations of Lorentz in-

variance it is necessary to determine how the fields move with respect to a preferred

frame. The standard reference frame used in the SME is the Sun-Centred Celestial

Equatorial Frame (SCCEF), which is shown in figure 5. This frame is centred about

the Sun and is inertial with respect to the Cosmic Microwave Background (CMB)

to first order. The Z axis is defined (Kostelecký & Mewes, 2002, pg. 6)(Bluhm
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Figure 5: The Sun-Centred Celestial Equatorial Frame (SCCEF), with the Earth
at different equinoxes during the year. Note that during the vernal equinox, the
longitude which is at noon has its Y axis pointing east, while the longitude which is
at midnight has its Y axis pointing west, and vice-versa for the autumnal equinox.

et al., 2003, pg. 3) to be parallel to the Earth’s north pole, or 90◦ declination.

The X axis points from the sun towards the Earth at the moment of the autumnal

equinox, or 0◦ right ascension (RA) and 0◦ declination, while the Y axis is at 90◦

RA and also at 0◦ declination, usually taken in the J2000.0 frame.

The convention described in (Kostelecký & Mewes, 2002, pg. 18), which has the

raised capital indices (J,K) in the SCCEF, has been used. Local coordinates x,

y and z are defined on the Earth’s surface (at the point of the experiment). The

z axis is defined as being locally normal to the ground, vertically upwards. The x

axis points south and the y axis points east. These coordinates are denoted by the

lowered capital indices (j, k) and they rotate with sidereal period ∆T⊕ = 1
ω⊕
≈ 23

h 56 min. There is a relation between these two coordinates which is given by the

following rotation matrix:
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RjJ =




cos χ cos ω⊕T⊕ cos χ sin ω⊕T⊕ − sin χ

− sin ω⊕T⊕ cos ω⊕T⊕ 0

sin χ cos ω⊕T⊕ sin χ sin ω⊕T⊕ sin χ


 . (19)

Here χ is the co-latitude of the laboratory from the north pole, ω⊕ is the sidereal

frequency of the Earth, and the T⊕ is the time coordinate that is related to the

sidereal frequency of the Earth. The time T⊕ is defined in (Kostelecký & Mewes,

2002) as any time when the y axis and the Y axis align, with its origin taken to be

the first time this occurs after the vernal equinox.

When searching for leading order violations it is only necessary to consider the

spinning of the Earth about its axis. However, the orbit of the Earth about the

Sun induces Lorentz boosts, for which we can also calculate proportional terms.

Since the Earth moves relatively slowly around the Sun compared to the speed of

light, the boost terms will be suppressed by the ratio of the speed to that of light

(β⊕ = v⊕
c
≈ 10−4). The boost velocity of a point on the Earth’s surface is given by

the following relation:

~β = β⊕




sin Ω⊕T

− cos η cos Ω⊕T

− sin η cos Ω⊕T


 + βL




− sin ω⊕T

cos ω⊕T

0


 . (20)

Here β⊕ is the value for the boost speed of the orbital motion of the Earth and

βL is the boost speed of the lab at the surface of the Earth due to its spin motion.

The latter is location dependent, but is less than 1.5 × 10−6 and is zero at the

poles. η is the angle between the Earth’s orbital and equatorial planes as defined

in figure 5, and Ω⊕ is the Earth’s annual frequency. The Lorentz matrix, Λµ
ν , that

implements the transformation from the SCCEF to the laboratory frame with the

sidereal rotation RjJ and a boost ~β is given by
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Λµ
ν =




1 −β1 −β2 −β3

−(R · ~β)1 R11 R12 R13

−(R · ~β)2 R21 R22 R23

−(R · ~β)3 R31 R32 R33




. (21)

After some manipulation the κ matrices from the SCCEF (indexed by J and K)

can be expressed in terms of the values in the laboratory frame (indexed by j and

k) (Kostelecký & Mewes, 2002):

(κDE)jk
lab = T jkJK

0 (κDE)JK − T kjJK
1 (κDB)JK − T jkJK

1 (κDB)JK (22)

(κHB)jk
lab = T jkJK

0 (κDE)JK − T
(kjKJ
1 (κDB)JK − T jkKJ

1 (κDB)JK (23)

(κDB)jk
lab = T jkJK

0 (κDB)JK + T kjJK
1 (κDB)JK + T jkJK

1 (κHB)JK , (24)

where:

T jkJK
0 = RjJRkK (25)

T jkJK
1 = RjP RkJεKPQβQ . (26)

Here ε is the standard anti-symmetric tensor.

2.1.3 Rotation in the Laboratory Frame

As we have already mentioned, by actively rotating the experiment in the laboratory

we improve our sensitivity to Lorentz violating effects. For rotation in the laboratory

frame the (M)jk
lab coefficients become a function of time and depend on the axis of

rotation. It is most practical to rotate around the axis of the gravitational field, to

reduce gravitationally induced perturbations of the experiment. Thus, our analysis

includes rotation about the laboratory z-axis. If we set the time t = 0 to be defined

when the experiment and laboratory axes are aligned, and we only consider the
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time varying components (i.e. the most sensitive ones induced by rotation), then

for clock-wise rotation of ωR rads/sec, (17) and (18) become:

(MDE)lab =




SDE cos(2ωRt) −SDE sin(2ωRt) 0

−SDE sin(2ωRt) −SDE cos(2ωRt) 0

0 0 0


 (27)

SDE =
1

2
((MDE)xx

a − (MDE)yy
a − (MDE)xx

b + (MDE)yy
b ) (28)

(MHB)lab =




SHB cos(2ωRt) −SHB sin(2ωRt) 0

−SHB sin(2ωRt) −SHB cos(2ωRt) 0

0 0 0


 (29)

SHB =
1

2
((MHB)xx

a − (MHB)yy
a − (MHB)xx

b + (MHB)yy
b ) . (30)

Note that if one resonator is tested with respect to a stationary generated fre-

quency, then the (M)jj
i coefficients in the definition of SHB and SHB pertaining to

that frequency must be set to zero.

To determine the time dependence of the observable (16) we follow the same

procedure as followed in section (2.1) to transform the κ̃ matrices given in (5) to

the κ matrices in the laboratory given by (22), (23) and (24). We then substitute

equations (28)-(30) into (6) to calculate the time dependence of the observable

(16). This is a tedious process and the details are omitted. Essentially, because

the (MDE)lab and (MHB)lab matrices are time dependent at 2ωR, the observable

signals are at frequencies close to this value and are summarized in table 1. Again,

ω⊕ and Ω⊕ are the frequencies of the Earth’s rotation and orbit respectively, where

ω⊕ is commonly referred to as the sidereal frequency, while the Ω⊕ is referred to

as the annual frequency. For simplicity we define the sensitivity factor, S, of the

experiment as:

S = SHB − SDE . (31)



28 CHAPTER 2. THEORY

ωi Cosine Coefficient Cωi
/S Sine Coefficient Sωi

/S
2ωR

3
2
sin2(χ)κ̃ZZ

e− 2βL sin(χ)κ̃XY
o+

2ωR + Ω⊕ −1
2
β⊕ sin2(χ)× −1

2
β⊕ sin2(χ)κ̃Y Z

o+

(2 sin(η)κ̃XY
o+ + cos(η)κ̃XZ

o+ )

2ωR − Ω⊕ −1
2
β⊕ sin2(χ)× 1

2
β⊕ sin2(χ)κ̃Y Z

o+

(2 sin(η)κ̃XY
o+ + cos(η)κ̃XZ

o+ )

2ωR + ω⊕ −2 sin2(χ
2
)× −2 sin2(χ

2
)(sin(χ)κ̃Y Z

e− − βLκ̃Y Z
o+ )

(−βLκ̃XZ
o+ + sin(χ)κ̃XZ

e− )

2ωR + ω⊕ + Ω⊕ −2β⊕ cos(χ
2
) sin(η) sin3(χ

2
)κ̃Y Z

o+ 4β⊕ cos(χ
2
) sin(η

2
) sin3(χ

2
)×

(sin(η
2
)κ̃XY

o+ + cos(η
2
)κ̃XZ

o+ )

2ωR + ω⊕ − Ω⊕ −2β⊕ cos(χ
2
) sin(η) sin3(χ

2
)κ̃Y Z

o+ −4β⊕ cos(χ
2
) cos(η

2
) sin3(χ

2
)×

(cos(η
2
)κ̃XY

o+ − sin(η
2
)κ̃XZ

o+ )

2ωR + 2ω⊕ − sin4(χ
2
)(κ̃XX

e− − κ̃Y Y
e− ) −2 sin4(χ

2
)κ̃XY

e−
2ωR + 2ω⊕ + Ω⊕ 2β⊕ sin2(η

2
) sin4(χ

2
)κ̃XZ

o+ 2β⊕ sin2(η
2
) sin4(χ

2
)κ̃Y Z

o+

2ωR + 2ω⊕ − Ω⊕ −2β⊕ cos2(η
2
) sin4(χ

2
)κ̃XZ

o+ −2β⊕ cos2(η
2
) sin4(χ

2
)κ̃Y Z

o+

2ωR − ω⊕ 2 cos2(χ
2
)(βLκ̃XZ

o+ + sin(χ)κ̃XZ
e− ) −2 cos2(χ

2
)(βLκ̃Y Z

o+ + sin(χ)κ̃Y Z
e− )

2ωR − ω⊕ + Ω⊕ 2β⊕ cos3(χ
2
) sin(η) sin(χ

2
)κ̃Y Z

o+ −4β⊕ cos(η
2
) cos3(χ

2
) sin(χ

2
)×

(cos(η
2
)κ̃XY

o+ − sin(η
2
)κ̃XZ

o+ )

2ωR − ω⊕ − Ω⊕ 2β⊕ cos3(χ
2
) sin(η) sin(χ

2
)κ̃Y Z

o+ 4β⊕ sin(η
2
) cos3(χ

2
) sin(χ

2
)×

(sin(η
2
)κ̃XY

o+ + cos(η
2
)κ̃XZ

o+ )

2ωR − 2ω⊕ − cos4(χ
2
)(κ̃XX

e− − κ̃22
e−) 2cos4(χ

2
)κ̃XY

e−
2ωR − 2ω⊕ + Ω⊕ −2β⊕ cos2(η

2
) cos4(χ

2
)κ̃XZ

o+ 2β⊕ cos2(η
2
) cos4(χ

2
)κ̃Y Z

o+

2ωR − 2ω⊕ − Ω⊕ 2β⊕ sin2(η
2
) cos4(χ

2
)κ̃XZ

o+ −2β⊕ sin2(η
2
) cos4(χ

2
)κ̃Y Z

o+

Table 1: Normalized sensitivities with respect to the experiment sensitivity factor S
for all predicted frequency modulated components.

2.1.4 Short Data Set Approximation

A complete decorrelation of all frequency sidebands listed in table 1 requires more

than one year of data, to satisfy Nyquist’s theorem. Once achieved, however, we

have eight unknown κ̃ coefficients and thirty possible individual measurements,

which is an over parametrization. Furthermore, active rotation of the experiment

in the laboratory increases the data collection rate and quality of the data. Thus,

it would be useful to derive an approximation to the complete analysis presented in
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table 1 that allows us to analyse short data sets (less than a year) and place limits

on the Lorentz violating parameters of the SME.

The short data set approximation is achieved by knowing the angle of the orbit,

Φ = Ω⊕t, in the sun-centered frame with respect to the negative X-axis (see figure

5). For short data sets much less than a year, Φ does not vary by much. Since

δΦ ≡ Φ − Φ0 is small with respect to 2π, via the double angle rule we can derive

the following relationships:

sin(θ ± (δΦ + Φ0)) = sin(θ ± δΦ) cos(Φ0)± cos(θ ± δΦ) sin(Φ0)

≈ sin(θ) cos(Φ0)± cos(θ) sin(Φ0)

cos(θ ± (δΦ + Φ0)) = cos(θ ± δΦ) cos(Φ0)∓ sin(θ ± δΦ) sin(Φ0)

≈ cos(θ) cos(Φ0)∓ sin(θ) sin(Φ0) .

Here we define the phase of the combined rotational and sidereal term as θ, and

Φ0 as the value of Φ when a short data set is taken.

Since we are unable to distinguish between frequencies that differ by the annual

frequency, we combine the sidebands as shown in figure 6 by applying the above

relationships to eliminate the dependence on Ω⊕.

In this case the components from table 1 decompose to those listed in table 2.

Note that the 2ωR ± 2ω⊕ sidebands are redundant. One might also expect the

2ωR ± ω⊕ sidebands in table 2 to be redundant as well. The only reason they are

not is because we have taken into account the velocity of the laboratory due to the

Earth spinning on its axis, βL. In fact, it turns out that it is not useful to keep this

term because β⊕ is two orders of magnitude larger than βL. When one applies the

data analysis procedures the sensitivities will be degraded if the analysis depends

on the βL terms for the uniqueness of the solution. Since it makes no practical sense

to keep these terms, we set them to zero. In this case the coefficients are listed in

table 3.
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Coefficient (normalized with respect to S)

S2ωR−2ω⊕ − cot4(χ
2
)× S2ωR+2ω⊕

C2ωR−2ω⊕ cot4(χ
2
)× C2ωR+2ω⊕

S2ωR−ω⊕ −2 cos2(χ
2
)×

(βLκ̃Y Z
o+ + sin(χ)(β⊕ cos(Φ0)(cos(η)κ̃XY

o+ − sin(η)κ̃XZ
o+ ) + κ̃Y Z

e− ))

C2ωR−ω⊕ 2 cos2(χ
2
)×

(βLκ̃XZ
o+ + sin(χ)(−β⊕ sin(Φ0)κ̃

XY
o+ + β⊕ cos(Φ0) sin(η)κ̃Y Z

o+ + κ̃XZ
e− ))

S2ωR
2βL sin(χ)κ̃XY

o+

C2ωR
-1
2
sin2(χ)(2β⊕ cos(Φ0)(2 sin(η)κ̃XY

o+ + cos(η)κ̃XZ
o+ ) + 2β⊕ sin(Φ0)κ̃

Y Z
o+ )

+3
2
sin2(χ)κ̃ZZ

e− )

S2ωR+ω⊕ −2 sin2(χ
2
)×

(−βLκ̃Y Z
o+ + sin(χ)(β⊕ cos(Φ0)(cos(η)κ̃XY

o+ − sin(η)κ̃XZ
o+ ) + κ̃Y Z

e− ))

C2ωR+ω⊕ −2 sin2(χ
2
)×

(−βLκ̃XZ
o+ + sin(χ)(−β⊕ sin(Φ0)κ̃

XY
o+ + β⊕ cos(Φ0) sin(η)κ̃Y Z

o+ + κ̃XZ
e− ))

S2ωR+2ω⊕ −2 sin4(χ
2
)(β⊕ sin(Φ0)κ̃

XZ
o+ + β⊕ cos(η) cos(Φ0)κ̃

Y Z
o+ + κ̃XY

e− )

C2ωR+2ω⊕ − sin4(χ
2
)(2β⊕ cos(η) cos(Φ0)κ̃

XZ
o+ − 2β⊕ sin(Φ0)κ̃

Y Z
o+ + (κ̃XX

e− − κ̃Y Y
e− ))

Table 2: Normalized sensitivities with respect to the experiment sensitivity factor S
for all predicted frequency modulated components using the short data set approxi-
mation.

Coefficient (normalized with respect to S)

S2ωR−2ω⊕ − cot4(χ
2
)× S2ωR+2ω⊕

C2ωR−2ω⊕ cot4(χ
2
)× C2ωR+2ω⊕

S2ωR−ω⊕ cot2(χ
2
)× S2ωR+ω⊕

C2ωR−ω⊕ − cot2(χ
2
)× C2ωR+ω⊕

S2ωR
—-

C2ωR
−1

2
sin2(χ)(2β⊕ cos(Φ0)(2 sin(η)κ̃XY

o+ + cos(η)κ̃XZ
o+ ) + 2β⊕ sin(Φ0)κ̃

Y Z
o+ )

+3
2
sin2(χ)κ̃ZZ

e− )

S2ωR+ω⊕ −2 sin2(χ
2
)(sin(χ)(β⊕ cos(Φ0)(cos(η)κ̃XY

o+ − sin(η)κ̃XZ
o+ ) + κ̃Y Z

e− ))

C2ωR+ω⊕ −2 sin2(χ
2
)(sin(χ)(−β⊕ sin(Φ0)κ̃

XY
o+ + β⊕ cos(Φ0) sin(η)κ̃Y Z

o+ + κ̃XZ
e− ))

S2ωR+2ω⊕ −2 sin4(χ
2
)(β⊕ sin(Φ0)κ̃

XZ
o+ + β⊕ cos(η) cos(Φ0)κ̃

Y Z
o+ + κ̃XY

e− )

C2ωR+2ω⊕ − sin4(χ
2
)(2β⊕ cos(η) cos(Φ0)κ̃

XZ
o+ − 2β⊕ sin(Φ0)κ̃

Y Z
o+ + (κ̃XX

e− − κ̃Y Y
e− ))

Table 3: Normalized sensitivities with respect to the experiment sensitivity factor S
for all predicted frequency modulated components, using the short data set approxi-
mation and neglecting components of order βL.



2.1. STANDARD MODEL EXTENSION 31

Figure 6: This “frequency stick diagram” shows a schematic of the frequency mod-
ulation components of the beat frequency in a convenient form. The sidebands offset
by ±Ω⊕ have been trimmed for brevity. Each frequency has two degrees of freedom,
i.e. a sine and a cosine term, with the phase set by a time t = 0 set with respect to
the SCCEF.

2.1.5 Sensitivity of Whispering Gallery Mode Resonators

In this subsection we will apply the general analysis derived in equations (14) to (31)

to whispering gallery mode resonators, as used in this work. Whispering gallery

modes are so named due to their similarity to the acoustic “whispering gallery”

effect documented by Lord Rayleigh (Rayleigh, 1910) at St. Paul’s cathedral. He

observed that it was possible to hear people speaking softly on the far side of a

circular room, due to the propagation of the sound wave around the wall through

a series of reflections. Similarly, in sapphire loaded cavities (described in section

3.1), whispering gallery refers to particular electromagnetic modes where the elec-

tromagnetic energy propagates around the circumference of the cylindrical sapphire

crystal via a series of total internal reflections, with the direction of the Poynting

vector (E × B) as shown in figure 7. The whispering gallery mode is assumed to

be a standing wave formed from two counter propagating traveling waves.

We will consider “pure” WG modes, with the electric and magnetic fields prop-

agating around with cylindrical symmetry at a discontinuity, with the direction of
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Figure 7: A visual representation of the electric and magnetic fields of a ’pure’
Whispering Gallery mode propagating in the φ direction with a radius of r = R.

the Poynting vector (E × B) as shown in figure 7. It is natural to analyse such

modes in cylindrical coordinates {r, φ, z}. For an actual WG mode the wave is

reflected off an electromagnetic discontinuity, and the fields lie primarily within the

radius of the discontinuity and a smaller inner caustic (Wolf et al., 2004b). However,

by taking the limit as the azimuthal mode number m tends to infinity, the inner

caustic converges to the radius of the discontinuity and the fields are reduced to a

Dirac delta function. The nomenclature of the mode designation begins with either

WGE, for dominant Hz and Er fields, or WGH, for dominant Ez and Hr fields,

followed by a subscript indicating the number of field variations in the azimuthal,

radial and axial directions. For “pure” WG modes, WGE have non-zero electric

and magnetic filling factors of Per = 1 and Pmz = 1, and WGH have electric and

magnetic filling factors of Pez = 1 and Pmr = 1, in cylindrical coordinates. The

electric and magnetic filling factors may be converted from cylindrical to cartesian

coordinates by (the z component of the filling factor need not be transformed):

Pex = Pey =
Per + Peφ

2
: Pmx = Pmy =

Pmr + Pmφ

2
. (32)

For the configuration shown in figure 8, the computed sensitivities are listed in
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table 4. In a low loss dielectric the sensitivity factor S for WGE modes is twice

that of the WGH modes.

Figure 8: Rotating Lorentz invariance test using two WG mode cavities

Configuration Sensitivity Factor S
WGH − 1

2εr
+ µr

4

WGE 1
4εr
− µr

2

Table 4: Value of the S factor for the WGH and WGE modes of WG mode resonator
cavity experiments

We can calculate the sensitivity of the fundamental WG mode families, WGEm,0,0

and WGHm,0,0, to putative Lorentz violation in the SME, and compare it with the

“pure” WG approximation given in figure 8. For a proper analysis of the sapphire

loaded cavity resonators two regions of space need to be taken into account: the

anisotropic crystal and the cavity free space surrounding it (see figure 9). The

latter has a relative permittivity of 1, while both have relative permeability of 1 in

all directions. The calculations proceed by splitting up V into V1 (the crystal) and

V2 (the free space), so we may sum the components of the M matrices over the

two volumes (see equations (14) and (15)). The resonator operates close to liquid
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Figure 9: Schematic of a cylindrical sapphire crystal resonator, with dimensions
in mm. The crystal exhibits uniaxial anisotropy with the axis of symmetry (c-axis)
aligned along the cylindrical z axis. The permittivity along the c-axis given by ε||.
Perpendicular to the c-axis in the x, y or r, φ plane, the permittivity is given by ε⊥.
The two regions shown are 1. the crystal and 2. the cavity.

helium temperatures (6 Kelvin), where the permittivity of sapphire is, ε⊥ = 9.272

and ε|| = 11.349.

To determine the sensitivity, we only need to calculate the experiment’s S factor,

in a similar way to the calculation for the “pure” WG modes. In this case the

electric and magnetic filling factors must be calculated using a numerical technique

such as finite element analysis, method of lines or separation of variables. We have

used method of lines software developed at IRCOM at the University of Limoges

(Piquet, 2002). The calculated electric and magnetic field densities for the chosen

mode (WGH8,0,0) of operation at 10 GHz is shown in figure 10, and the S factor is

calculated to be 0.19575.

The actual WG modes have all field components in both regions of the crystal.

This modifies the sensitivity slightly, but approaches the limit of the “pure” WG

mode as m → ∞. The magnitude of the S factor for the fundamental WGE and



2.1. STANDARD MODEL EXTENSION 35

rEr

z

Eθ Ez

HzHθHr

Figure 10: The magnetic and electric field density plots shown in the top right-hand
quadrant of an axial slice through the sapphire crystal and cavity for the WGH8,0,0

mode. Note the dominant fields are Ez and Hr consistent with a pure whispering
gallery mode approximation.

WGH modes at X-Band (8GHz-12GHz) are plotted in figure 11. The WGH modes

seem to converge nicely towards the predicted “pure” WGH mode sensitivity, while

the WGE modes have a dip in sensitivity. This can be explained by an intersection

with another mode of the same m number, resulting in a spurious mode interaction

(Tobar et al., 2001) . This does not occur in WGH modes since they are the lowest

frequency modes for the mode number m (refer to figure 2 of (Tobar et al., 2001)).

It is important to note that about a factor of two in sensitivity can be gained if we

use a WGE mode rather than a WGH mode. However because we are using a 3 cm

crystal rather than a 5 cm crystal, the Q-factor of WGE modes are degraded due

to radiation and wall losses. In the future we can markedly improve the sensitivity

by employing the typical 5 cm cavities that operate in WGE modes, as were used

in the non-rotating experiment of (Wolf et al., 2004b).
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Figure 11: The frequency and |S| factor as a function of mode number, m for the
two lowest frequency WGE and WGH mode families. Note the general convergence
to the ’pure’ WG value as m increases.

2.2 Robertson and Mansouri and Sexl Framework

The second Lorentz violating test theory that we consider is that of Robertson,

Mansouri and Sexl (RMS) (Robertson, 1929; Mansouri & Sexl, 1977a; Mansouri &

Sexl, 1977b). The RMS is kinematic framework which parameterizes the standard

Lorentz transformation equations to include parameters that allow for violations of

Lorentz invariance. This framework postulates the existence of a preferred frame

Σ(T,X) in which LLI is satisfied, measured using time standards (“clocks”) and

length standards (“rods”) without taking into account their underlying structure.

Measurements made in a frame S(t,x), moving with respect to the preferred frame,

that do not satisfy LLI will result in a deviation of the Lorentz violating parameters

from their expected values in Special Relativity (SR).

The normal Lorentz Transformations for a boost in the x direction are expressed
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in a special form below (where c is the speed of light in the Σ frame):

dT =
1

a

(
dt +

vdx

c2

)
;

dX =
dx

b
+

v

a

(
dt +

vdx

c2

)
;

dY =
dy

d
;

dZ =
dz

d
; (33)

Here we take a Taylor expansion for a, b and d of the form: a ≈ 1 + αv2/c2 +

O(c−4); b ≈ 1 + βv2/c2 + O(c−4); d ≈ 1 + δv2/c2 + O(c−4). Recalling that γ =

1√
1−v2/c2

, we see that SR predicts α = −1/2 and β = 1/2. Also, since SR predicts no

contraction in directions orthogonal to a boost, δ = 0. Thus, the RMS parameterizes

a possible Lorentz violation by a deviation of the parameters (α, β, δ) from their

values in SR (−1
2
, 1

2
, 0).

As with the SME, it is more convenient to interpret the physical significance of

linear combinations of the Lorentz violating parameters. By manipulating equation

(33) to form the infinitesimals in the S frame, we can separate the equation into a

boost term (β − α − 1), anisotropy term (δ − β + 1
2
) and time dilation parameter

α + 1
2
. Thus, a complete verification of LLI in the RMS framework (Robertson,

1929; Mansouri & Sexl, 1977a; Mansouri & Sexl, 1977b) requires a test of:

1. The isotropy of the speed of light (measuring PMM = δ−β + 1
2
), a Michelson-

Morley (MM) experiment (Michelson & Morley, 1887);

2. The boost dependence of the speed of light (measuring PKT = β − α − 1), a

Kennedy-Thorndike (KT) experiment (Kennedy & Thorndike, 1932);

3. The time dilation parameter (measuring PIS = α + 1
2
), an Ives-Stillwell (IS)

experiment (Ives & Stilwell, 1938; Saathoff et al., 2003).

Rotating experiments such as the one in this work are typically designed to measure

light speed isotropy and are thus considered to be Michelson-Morley experiments,
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which measure PMM . In this section we will restrict ourselves to this type of mea-

surement.

2.2.1 Applying the RMS Framework to Resonator Experi-

ments

Assuming only a MM type Lorentz violation, if we set ds2 = c2dT 2− dX2− dY 2−
dZ2 = 0 in Σ, and transform to S according to (33), we find the coordinate travel

time of a light signal in S becomes:

dt =
dl

c

(
PMM × sin2θ

v2

c2

)
+O(c−4) , (34)

where dl =
√

dx2 + dy2 + dz2 and θ is the angle between the Poynting vector and

the velocity v of S with respect to Σ. For a modern MM experiment that measures

the difference frequency between two resonant cavities, the fractional frequency

difference may be calculated from (34) in a similar way to (Wolf et al., 2004b) to

give:
∆ν0

ν0

=
PMM

2πc2

[∮ (
v.Îa(qa)

)2

dqa −
∮ (

v.Îb(qb)
)2

dqb

]
, (35)

where Îj(qj) is the unit vector in the direction of light propagation (Poynting vector)

of each resonator (labeled by subscripts a and b), and qj is the variable of integration

around the closed path coordinates of the Poynting vector of each resonator.

2.2.2 Transformation to the Cosmic Microwave Background

Reference Frame

To calculate the relevant time dependent expressions for v, velocities are trans-

formed to a geocentric non-rotating (with respect to distant stars) reference frame,

denoted as the MM-frame. The MM-frame has its origin at the centre of mass of the

Earth, with its z-axis perpendicular to the equator pointing north, and the x-axis

pointing towards 11.2h right ascension (aligned with the equatorial projection of u

defined below). A pictorial representation of the frame is shown in figure 12.
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Figure 12: This frame is an Earth centred frame in which the spin axis of the earth
is the z-axis, and the velocity of the Sun with respect to the CMB is defined to have
no component in the y direction. Thus, the Earth is spinning at the sidereal rate
within this frame, and the angle θ is shown pictorially, but in general is a function of
position and time as the Earth spins and the experiment rotates.

Classical (Galilean) transformations for the velocities and sin2θ are sufficient as

relativistic terms are of order O(v2

c2
) and therefore give rise in (34) to terms of order

O(v5

c5
).

We consider two velocities, the velocity of the Sun with respect to the CMB u

(declination -6.4◦, right ascension 11.2 h) and the orbital velocity of the Earth vo.

Velocities due to the spinning of the Earth and laboratory are much smaller and

do not impact on the calculations, so are excluded from the calculation. Hence, the

sum of the two provide the velocity of the laboratory in the universal frame to be

inserted in (35). In the MM-Earth frame, the CMB velocity is:

u = u




cosφµ

0

sinφµ


 , (36)

where u ≈ 377km/s and φµ ≈ −6.4◦. To calculate the orbital velocity we first

consider the Earth in a barycentric non-rotating frame (BRS) with the z-axis per-

pendicular to the Earth’s orbital plane and the x-axis pointing towards 0◦ right as-

cension (pointing from the Sun to the Earth at the moment of the autumn equinox):
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vBRS
o = vo




−sinλ0

cosλ0

0


 , (37)

where vo ≈ 29.78km/s is the orbital speed of the Earth, and λ0 = Ω⊕(t − to),

in which Ω⊕ ≈ 2.0 × 10−7rad/s is the angular orbital velocity and t − t0 is the

time since the autumnal equinox. We first transform to a geocentric frame (GRS)

that has its x-axis aligned with the BRS one, but its z-axis perpendicular to the

equatorial plane of the Earth:

vGRS
o =




vxBRS
o

vyBRS
o cosε− vzBRS

o sinε

vyBRS
o sinε + vzBRS

o cosε


 , (38)

where ε ≈ 23.27o is the angle between the equatorial and orbital planes of the

Earth. We then transform to the MM-Earth frame:

vo =




vxGRS
o cosαµ + vyGRS

o sinαµ

−vxGRS
o sinαµ + vyGRS

o cosαµ

vzGRS
o


 , (39)

where αµ ≈ 167.9o is the right ascension of u. Summing the two velocities

from equations (36) and (39), we obtain the velocity of the lab with respect to the

“universe rest frame”, transformed to the MM-Earth frame:

v =




ucosφµ + vo(−sinλ0cosαµ + cosλ0sinαµcosε)

vo(sinλ0sinαµ + cosλ0cosαµcosε)

usinφµ + vocosλ0sinε


 . (40)

Substituting in the numerical values gives an orbital velocity of (in m/s):
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v =




374651 + 5735 cos(λ0) + 29118 sin(λ0)

−26750 cos(λ0) + 6242 sin(λ0)

−42024 + 11765 cos(λ0)


 . (41)

2.2.3 Applying the RMS to Whispering Gallery Mode Ex-

periments

The final calculation to make is the time dependence of the unit vector l̂ along

the direction of light propagation, which will depend on the configuration of the

experiment, including the type of resonator and whether it is rotating in the lab-

oratory or not. In the RMS framework we analyse the Poynting vector direction

of the electromagnetic signal with respect to the velocity of the lab through the

CMB. For the whispering gallery mode experiment as shown in figure 8, the light

propagates around the circumference of each cylindrical resonator, as denoted by

S1 and S2. The variable of integration around the closed path is naturally chosen

as the azimuthal angle, φj, relative to the cylindrical co-ordinates of each resonator.

Thus, from (35) a frequency shift due to a putative Lorentz violation in the RMS

framework is given by:

∆ν0

ν0

=
PMM

2πc2

[∮ (
v.Îa(φa)

)2

dφa −
∮ (

v.Îb(φb)
)2

dφb

]
. (42)

The dominant components of the velocity vector v were already calculated in

section 2.2.2. To complete the calculation the time dependence of Îa and Îb must

be calculated with respect to the MM-Earth frame. This of course depends on

the sidereal and semi-sidereal frequencies, as well as the rotation frequency of the

experiment. We define the time t = 0 when the axis of the two WG resonators are

aligned as shown in figure 8 (i.e. the resonators align with the laboratory frame),

and assume the resonator is rotated in an anti-clockwise direction with a frequency

of ωs, such that the angle of rotation is given by γ = ωs(t−ts). Also, the longitudinal
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angle of the experiment λ is dependent on the sidereal frequency ω⊕ and given by

λ = ω⊕(t− tl).

Define the resonator with its cylindrical axis in the y direction as resonator a,

and the resonator with its cylindrical axis in the x direction as resonator b. We also

assume the WG modes are oscillating in a clockwise direction (in actual fact the

calculation has been verified to be independent of the WG mode direction, and in

most experiments is usually a standing wave (depending on the excitation) (Tobar

et al., 2000)). Thus, in the laboratory frame, at t = 0 the unit vectors in the

direction of the Poynting vector are:

Ia(φa) =




−sinφa

0

cosφa


 Ib(φb) =




0

cosφb

sinφb


 . (43)

Now if we transform from the resonator to the laboratory, then to the MM-Earth

frame the unit vectors become:

IEarth:a =




−sinφa(cosλcosχcosγ − sinγsinλ) + cosφacosλsinχ

−sinφa(cosλsinγ + cosγcosχsinλ) + cosφasinλsinχ

cosχcosφa + sinχcosγsinφa


 ; (44)

IEarth:b =




−sinφb(cosλcosχsinγ + cosγsinλ) + cosφbcosλsinχ

sinφb(cosλcosγ − sinγcosχsinλ) + cosφbsinλsinχ

cosχcosφb + sinχsinγsinφb


 . (45)

Here χ is co-latitude of the laboratory, the angle from the north pole.

We can now substitute (44), (45) and (41) into (42). However, to be consistent

with the SME analysis the phase should be calculated with respect to the vernal

equinox, and because we defined the rotation to be clockwise in the SME, we define

γR = ωR(t − ts) where ωR = −ωs. In this case the frequency components which

experience a frequency shift are given in table 5. The cosine components (Cuωi
)

are the most sensitive with respect to the CMB, so we do not consider the sine

components. Note that perturbations due to Lorentz violations occur at the same

frequencies as the SME.
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ωi 107Cuωi
/PMM

2ωR −3.904 + 3.904cos(χ)2 + 0.098sin(χ)2

− sin(Φ0)
(−0.607 + 0.607cos(χ)2)

− cos(Φ0)
(−0.120 + 0.120cos(χ)2 − 0.055sin(χ)2)

2ωR + ω⊕ −0.876 sin(χ) + 0.876 cos(χ) sin(χ)
+ sin(Φ0) (0.068 sin(χ)− 0.068 cos(χ) sin(χ))

+ cos(Φ0) (−0.232 sin(χ) + 0.232 cos(χ) sin(χ))

2ωR − ω⊕ 0.876 sin(χ) + 0.876 cos(χ) sin(χ)
+ sin(Φ0) (−0.068 sin(χ)− 0.068 cos(χ) sin(χ))
+ cos(Φ0) (0.232 sin(χ) + 0.232 cos(χ) sin(χ))

2ωR + 2ω⊕ 1.952− 3.904 cos(χ) + 1.952cos(χ)2

+ cos(Φ0)
(−0.060 + 0.120 cos(χ)− 0.060cos(χ)2)

+ sin(Φ0)
(−0.303 + 0.607 cos(χ)− 0.303cos(χ)2)

2ωR − 2ω⊕ 1.952 + 3.904 cos(χ) + 1.952cos(χ)2

+ cos(Φ0)
(−0.060− 0.120 cos(χ)− 0.060cos(χ)2)

+ sin(Φ0)
(−0.303− 0.607 cos(χ)− 0.303cos(χ)2)

Table 5: Dominant coefficients in the RMS, using a short data set approximation
calculated from equation (42).
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Chapter 3

Experimental Operation

In this chapter we will present the design, operation and performance of the various

elements of the experiment. These include the cryogenic sapphire oscillators (CSO),

the rotation system and the measurement and data acquisition systems. A picture

of the assembled experiment can be seen in figure 13.

3.1 Cryogenic Sapphire Microwave Oscillators

At the heart of the experiment lie two CSOs. The Frequency Standards and Metrol-

ogy group has a long history in the development of sapphire resonator based tech-

nology, producing some of the most stable secondary frequency standards for inte-

gration times between 1 and 1000s (Giles et al., 1990; Chang et al., 2000; Hartnett

et al., 2006). Each CSO is built around a sapphire loaded cavity (SLC) resonator,

which acts as the frequency discriminating element of a loop oscillator circuit. The

extremely high quality factor (Q-factor) of cryogenic SLCs leads to an extremely low

frequency discriminator noise floor. In this section I will describe the resonators,

the loop oscillator circuit, and the cryogenic system in which the resonators are

cooled.

45
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Figure 13: Photograph of the assembled experiment. The blue cryogenic dewar
can be seen suspended within the rotation bearing. The grey oscillator boxes and
black control electronics boxes are mounted on top of the dewar. Other electronics
are mounted on a shelf above the rotation table. Also marked is the location of the
stepper motor and rotating electrical connector.
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3.1.1 Resonators

This experiment employs two SLC resonators. Each resonator consists of a solid

cylindrical sapphire crystal housed in a cylindrical niobium cavity (see figure 14).

When designing the resonator, the goal is to achieve as high a Q-factor as pos-

sible with minimum sensitivity to environmental factors. Niobium is used for its

superconducting properties at the cryogenic operating temperature. Since super-

conductors have low AC surface resistance, the Q-factor of the resonator suffers

only a minimal degradation from the interaction of the electromagnetic field with

the cavity walls. The purpose of the sapphire in the resonator is to provide a stable

medium for the electromagnetic energy. Sapphire exhibits many useful electrical

and mechanical properties. At the 10 GHz operating frequency of this experiment,

sapphire has an extremely low loss (determined by the loss tangent of the complex

permittivity) resulting in high Q-factors (as high as a few times 109). Sapphire

also has a high Young’s modulus, which reduces the mechanical sensitivity of the

resonator to accelerations. Finally, impurities in the sapphire crystal lead to useful

temperature turning points in the resonant frequency, which will be discussed in

more detail later.

The niobium cavities have internal dimensions of 49.8 mm diameter and 48.9

mm height, with removable lids at either end. Each lid has a shallow depression

machined into the centre which facilitates the mounting of the sapphire crystal.

The sapphires have dimensions of 30.0 mm diameter and 31.6 mm height. They

were manufactured by Union Carbide (Saint-gobain, 2006) with a spindle at either

end of 7.5 mm diameter and 11.7 mm height from a single monolithic piece of sap-

phire crystal, machined with the cylindrical axis aligned with the crystal axis. The

spindles are for the purpose of handling and mounting the sapphire. By using two

sapphires made from the same boule, their properties (such as impurity concen-

tration) are expected to be very similar. The spindles of the sapphire crystals sit

inside the depressions of each lid, held in place using sprung bushes. The sapphires

were cleaned using hydrofluoric acid diluted in nitric acid before being mounted in
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Figure 14: Schematic of the SLC resonators viewed from the side, consisting of a
cylindrical piece of monolithic sapphire mounted inside a cylindrical niobium cavity.
Also shown are the probes used to couple the cavity into the oscillator loop.

the niobium cavities, which were themselves cleaned using nitric acid.

Both resonators are operated in a whispering gallery type mode, in this case the

WGH8,0,0 mode. The expected frequency, Q factor and field distribution pattern of

whispering gallery modes can be calculated by numerically solving Maxwell’s equa-

tions using a method of lines technique (MOL) (Pregla & Pascher, 1989). Using

the dimensions of the sapphire and cavity given earlier and the appropriate bound-

ary conditions (between the sapphire, vacuum and niobium cavity) this calculation

was performed for a number of modes, including the WGH8,0,0 mode, to assist in

selecting the most suitable mode for this experiment. The field distribution plot of

the WGH8,0,0 mode is shown in figure 10.

We also measured the WGH8,0,0 mode in each resonator over a wide range of

temperatures. Here we present measurements taken at 300 K and 6K, which demon-

strate the change in frequency and Q factor between room and cryogenic temper-

atures (figure 15 and 16). The results are summarised in table 6. The difference
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Figure 15: Shown is the WGH8,0,0 mode resonance measured in reflection at a
temperature of 300 K for resonator 1 (a) and 2 (b). The slope of the background level
is due to the presence of spurious cavity modes.
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Figure 16: Shown is the WGH8,0,0 mode resonance measured in reflection at a
temperature of 6 K for resonator 1 (a) and 2 (b).

frequency between the two resonators is approximately 226 kHz, which can be

attributed to a slight difference in the dimensions of the two resonators. The res-

onant frequency is particularly sensitive to the sapphire diameter. A mismatch in

frequency of 226 kHz corresponds to a difference in diameter of less than 1µm.



50 CHAPTER 3. EXPERIMENTAL OPERATION

Table 6: Calculated and measured mode frequency and Q-factor for WGH8,0,0 mode
at 300 K and 6 K.

WGH8,0,0 Frequency Q-factor

300 K Calculated 9.9000 GHz 165× 103

Resonator 1 9.890 9 GHz 150× 103

Resonator 2 9.890 8 GHz 160× 103

6 K Calculated 10.0087 GHz 650× 106

Resonator 1 10.000 2 GHz 200× 106

Resonator 2 10.000 0 GHz 200× 106

3.1.2 Coupling

Coupling is one of the most important aspects of the resonator. It directly influences

the noise floor of the frequency discriminator system, which is one of the dominant

noise sources limiting the performance of the CSO. Each resonator is coupled to

its corresponding oscillator loop using straight antenna probes. The probes were

made from modified SMA bulkhead launcher mounts and short sections of semi-

rigid co-axial cable. One probe is mounted in each lid of the cavity, to couple into

and out of the resonator. The probes are positioned at a radius slightly less than

the radius of the sapphire crystal to maximise their interaction with the resonant

field, and are separated by 180 deg with respect to the cylindrical axis to minimise

direct coupling between the probes. The coupling is adjusted by moving the probe

closer to or further away from the sapphire. Shims are placed between the probe

mount and the cavity lid to move the probe in 0.1 mm increments.

The level of coupling is characterised by the coupling coefficient, β. It is related

to the fraction of incident signal absorbed into the resonator according to (46),

where Pon/off is the power reflected on and off resonance respectively. Critical

coupling (β = 1) is achieved when all the power of the incident signal is deposited

inside the resonator (ie. Pon = 0).
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(1− β)

(1 + β)
=

√
Pon

Poff

(46)

The coupling of the input probe is most important to the operation of the os-

cillator. It is set to critical coupling, which ensures small-signal operation of the

frequency discriminator and maximum transductance from frequency to voltage,

allowing a low effective noise temperature (Munro et al., 2004). The output probe

coupling is typically set approximately 10 times lower than the input probe, chosen

to minimise the effect of the probe on the resonator Q-factor whilst maintaining a

reasonably low insertion loss that can be overcome by the sustaining amplifier.

Setting the coupling of cryogenic SLCs is an inherently difficult and tedious pro-

cess, especially in cryogenic applications. Coupling is directly related the Q-factor

of the resonator, which exhibits a strong dependence on temperature. Therefore, ac-

curate measurement of the coupling coefficient can only be done with the resonator

at its operating temperature, which in this case is around 6 K. Since the coupling

cannot be adjusted while the resonator is in the cryogenic environment, we instead

set an appropriately reduced coupling at room temperature that corresponds to the

desired coupling at the cryogenic operating temperature. A convenient method of

determining the appropriate room temperature coupling is to measure the change

in Q-factor to cryogenic temperatures, since the ratio of the coupling coefficients

changes in approximately the same ratio as the Q-factor, as in (47). However, the

Q-factor of a SLC can change by as many as 4 orders of magnitude between 300

K and 6 K. Therefore, to attain a coupling of 0.1 (the low coupled probe) at 6 K

we need to measure and set a coupling coefficient on the order of 10−5 at 300 K.

This is a difficult task, testing the resolution limits of our measurement techniques,

which we will discuss next.

βT1

βT2

≈ QT1

QT2

(47)

We employed two different techniques to set the coupling of our resonators. The
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Figure 17: S11 versus offset frequency for the WGH8,0,0 resonance measured at room
temperature using an Agilent 8720ET network analyser. The coupling coefficient
β = 1.7× 10−3.

first technique directly measures the coupling using a network analyser. When

measuring small coupling coefficients (β ¿ 1) we can simplify (46) to (48). The

network analyser allows us to read ∆ directly off the screen by measuring changes

in the reflection parameter S11 across resonance. An example of a resonance curve

used in a coupling measurement (measured in reflection using an Agilent 8720ET

network analyser) is shown in figure 17. It corresponds to a coupling coefficient of

β = 1.7 × 10−3. Most network analysers are unable to reliably resolve couplings

below about 10−4.

β ≈ ∆

17.5
, where ∆ = −10 log(

Pon

Poff

) (48)
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The second technique is a new modulation technique we have developed to im-

prove the resolution of the measurement (Munro et al., 2004). Again, the coupling

coefficient is determined by looking at the signal reflected off the resonator. How-

ever, in place of the network analyser we use a modulated microwave signal to excite

the resonator, followed by a demodulation readout that detects the reflected signal.

A schematic of the measurement system is shown in figure 18(a). Modulation of the

incident microwave signal induces an amplitude modulation on the reflected signal

(figure 18(b)), which we measure using a microwave power detector operated in its

linear regime. The amplitude of the detector signal is determined using a lock-in

amplifier (Stanford SR830). The detector signal at the modulation frequency will

be dependent on the characteristics of the resonance curve at the mean frequency of

the incident microwave signal and other experimental parameters associated with

the measurement system. Figure 19 demonstrates how the magnitude of the de-

tector output varies as the incident microwave signal is swept across resonance,

measured for the same resonator used to produce figure 17. In the small signal

regime (where the modulation depth δf ¿ ∆f0.5) the amplitude of the detector

signal will be maximum when the mean incident microwave signal frequency off-

set from resonance corresponds to the region of maximum slope. Also shown in

figure 19 is the calculated response. A detailed description of the calculation can

be found in (Munro et al., 2004). The divergence of the measured output from

the calculated result at large offset frequencies is due to distortion of the resonance

line shape, caused by interactions with line resonances (voltage standing wave ratio

(VSWR)).

The coupling coefficient can be determined according to (49) (Munro et al.,

2004), where γdet is the power-to-voltage conversion of the detector, Pinc is the power

incident on the resonator, α is the insertion loss of the transmission line between

the resonator and the detector, KLA is the gain of the lock-in amplifier, and V1 is

the voltage output of the lock-in amplifier (magnitude) at the frequency offset from

resonance corresponding to the region of maximum slope. For the measurement
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Figure 18: Experimental setup for measuring small coupling coefficients using the
modulation technique (a) and the principle of its operation (b).

shown in figure 19 we have V1 = 5.3V , KLA = 2 × 104, Udet = 107mV , and

δf
∆f0.5

= 0.7 to arrive at a coupling coefficient β = 1.7 × 10−3, the same as for

the network analyser method. By comparing figure 19 and figure 17 it is clear

that the signal to noise ratio of the modulation technique is much better than that

of the network analyser. By optimising the measurement system it is possible to

measure couplings as low as 10−5 and even lower (Munro et al., 2004), satisfying

our requirements.

β =
V1

2KLAUdet

∆f0.5

δf
, where Udet = γdetPincα (49)

Once the coupling is set at room temperature it is still necessary to cool the res-

onator to its cryogenic operating temperature to confirm the correct coupling has

been achieved. More often than not the coupling coefficient is found to be different

to the expected value, due to variations in the Q-factor associated with contamina-

tion of the crystal and changes in the probe positions, as well as the accuracy of the

room temperature measurement. Therefore, it often takes many iterations of ther-

mally cycling the resonator (a process which takes > 3 days) to achieve the correct
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Figure 19: DC voltage at the output of the lock-in amplifier as a function of offset
frequency from resonance, measured (1) and calculated (2).

coupling coefficients. Although the modulation technique is initially much more la-

borious than the network analyser method, taking considerable time to set up and

characterise the measurement system, by making a more accurate measurement we

reduce the number of iterations required.

In the final configuration, resonator 1 and resonator 2 both had an input coupling

of 0.7 and output couplings of 0.1 and 0.2 respectively at 6 K, which was good

enough to optimise the frequency stability of the CSO.

3.1.3 Oscillators

Figure 20 shows the basic loop oscillator circuit used in each CSO. The two essen-

tial components of an oscillator loop are the frequency discriminating element (the
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Figure 20: Diagram of one oscillator loop, indicating components located at room
temperature and in the cryogenic environment.

SLC resonator already described) and the sustaining amplifier. Each oscillator also

includes a number of other active components (2 voltage controlled phase shifters

(VCPs) and a voltage controlled attenuator (VCA)) used by the control systems,

and passive components (a band-pass filter and manual phase shifter) that dictate

the mode of oscillation. Isolators are widely used throughout the circuit, in partic-

ular near to the resonator, to avoid reflected signals and VSWR interactions with

the oscillator resonance. The output signal is extracted from the loop just after the

amplifier, using a hybrid power splitter.

The oscillator loop can be considered in two sections, one section located in the

cryogenic environment and the other at room temperature. The two sections are

joined using long stainless steel coaxial lines with a one way loss of around 3 dB. The

components located in the cryogenic environment are limited to those that directly

impact the performance of the oscillator, since it is difficult to change or modify this

part of the circuit. The cryogenic section is contained within the outer vacuum can

(see section 3.1.4 describing the cryogenic system). The room temperature section

of the oscillator loop is mounted on a 10 mm thick aluminium plate and housed in
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Figure 21: Room temperature section of the oscillator loop, mounted on an alu-
minium plate in a diecast box.

a solid die-cast box, as shown in figure 21. The box is lined with Mu metal foil to

magnetically shield its contents. Although the level of the magnetic shielding has

not been quantified, a large effect was observed on the oscillator frequency when

strong permanent magnets were placed close to the oscillator boxes. The strong

permanent magnetic inside the stepper motor that drives the rotation table would

have a similar effect, so an improved magnetic shield would be required for the effect

to be avoided. Nonetheless, magnetic field effects do not limit the final results of

this experiment, as we discuss in section 3.2.7.

The characteristics of each component of the loop was measured using an Agilent

8720ET network analyser. Each amplifier was measured to have a gain of more

than 40 dB at 10 GHz, the frequency of operation. The band-pass filters, which are

copper resonant cavity filters made in the School of Physics workshop at UWA, have

a centre frequency of 10 GHz, insertion loss of slightly less than 2 dB and Q-factor



58 CHAPTER 3. EXPERIMENTAL OPERATION

1.8

1.6

1.4

1.2

1.0

0.8

In
se

rt
io

n 
lo

ss
 [d

B
]

121086420
Control Voltage [V]

100

80

60

40

20

0

P
hase [deg]

Loss

Phase

Figure 22: Typical insertion loss and phase shift of the VCP’s used in the oscillator
loops as a function of control voltage.

of around 600 (bandwidth of ∼ 15 MHz). The four VCP’s used all exhibited very

similar properties, so only one measurement is shown here (figure 22). They have

an insertion loss of between 1.6 and 0.8 dB and at least 80 degrees of phase variation

over their range of operation. The VCA’s also exhibited similar properties to each

other, with an insertion loss of between 2 and 40 dB and a phase shift of between

0 and 8 degrees over their range of operation (see figure 23. The complete room

temperature section of the two oscillator loops were measured to have an overall

gain of 24.5 dB and 22.5 db for oscillator 1 and 2 respectively. The cryogenic section

of the oscillator loops, including the long stainless steel co-axial lines, were measured

to have an overall loss of 22 dB and 19 dB for oscillator 1 and 2 respectively. Hence,

the oscillator loops were able to sustain satisfactory oscillation.

3.1.4 Cryogenic System

Oscillators based on SLC resonators exhibit excellent frequency stability due to the

favorable properties exhibited by the resonators at cryogenic temperatures. Liquid

helium is used to cool the experiment to the 6 K operating temperature. The

cryogenic system comprises a cryogenic storage dewar and an evacuated stainless
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Figure 23: Typical insertion loss and phase shift of the VCA’s used in the oscillator
loops as a function of control voltage.

steel cryogenic insert. The dewar, manufactured by Precision Cryogenic, has a total

capacity of 70 litres. The resonators and cryogenic sections of the oscillator loops

are housed in the stainless steel insert, which is mounted and cooled in the dewar.

The insert was made by the School of Physics workshop.

A diagram of the insert is shown in figure 24. The resonators are mounted in a

common copper block, one above the other, with their cylindrical axes orthogonal

to each other in the horizontal plane (see figure 25). The structure is mounted

inside a stainless steel vacuum cylinder, which is in turn mounted inside a second

stainless steel vacuum cylinder at the end of a thin walled stainless steel insert

tube. All flanges are sealed with mylar seals. By having two vacuum regions we

avoid contamination of the sapphire resonators. The resonators are located in the

inner cylinder, away from the other components located between the two cylinders,

including microwave isolators, circulators, and power detectors. Rigid stainless steel

microwave cables (with short sections of semi-flexible cable at the ends to allow for

thermal contractions) connect these components to the room temperature section

of the oscillator loop. A copper post provides the thermal connection between the

resonators and the liquid helium bath, with an intermediate stainless steel section
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designed to provide thermal filtering of helium bath temperature fluctuations, as

well as the thermal impedance necessary for correct operation of the temperature

control system. A foil heater and carbon-glass temperature sensor are attached

to the copper post just above the resonators for the temperature control system.

A series of baffles along the length of the insert tube minimise thermal exchange

through convection between the cryogenic bath and the room temperature section

of the insert.

3.2 Sources of Frequency Instability and Control

Systems

The frequency stability of a CSO is intrinsically limited by the Q-factor of the

resonant cavity, variations in the electrical path length of the oscillator loop, and

the mode frequency dependence on the microwave power incident on the resonator.

It is also extrinsically limited by variations in laboratory environmental conditions

including the room and cryogenic temperatures, helium return line pressure, am-

bient magnetic field and the relative gravitational acceleration. In this section we

will describe the limitation that each of these factors impose on the performance of

the CSO and, where appropriate, the control systems implemented to reduce their

effect.

3.2.1 Frequency Control

Variations in the electrical path length of the oscillator loop are the principle source

of frequency instability, and are suppressed in the oscillator loop using a Pound

locking technique (Pound, 1946). In our system, the sapphire resonator acts as the

dispersive element of the frequency discriminator. Cryogenic SLC resonators are

highly sensitive devices for this application, due to their extremely high Q-factor (as

high as a few times 109), which leads to an extremely low frequency discriminator
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Figure 24: Drawing of the cryogenic storage dewar and custom built vacuum insert
that houses the experiment. A closer view of the vacuum cans shows the location of
various parts of the experiment.
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Figure 25: Photograph of resonant cavities mounted in the copper structure. The
sapphire element is visible inside the top cavity.
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noise floor.

Figure 26 shows the oscillator loop with the addition of the frequency control

system. A microwave power detector placed close to the resonator in the cryo-

genic environment detects changes in the power reflected from the resonator via

a microwave circulator. The oscillator frequency is modulated using the second

(modulating) VCP in the oscillator loop. An error signal is produced by demod-

ulating the detector signal at the modulation frequency using a lock-in amplifier

(Femto LIA-MV-150-D), the output of which will pass through zero at the resonant

frequency. The slope of the error curve can be maximised by tuning the phase

of the lock-in demodulation and increasing the gain of the lock-in until the input

overloads the amplifier. The error signal is further conditioned using a custom

made integrator and filter circuit before being re-injected into the loop via the first

(compensating) VCP, keeping the oscillator frequency locked to the resonance.

The noise floor of the frequency control system is measured using a parallel detec-

tion technique. The output of the frequency discriminating detector is demodulated

in parallel using a second LA and monitored using an Agilent 34401A digital mul-

timeter. The conversion efficiency is determined by making a small change to the

oscillator frequency and observing the subsequent change in the LA output volt-

age, which was measured to be 39 mHz/V and 43 mHz/V for oscillator 1 and 2

respectively. Figure 27 shows the open and closed loop square root Allan variance

(SRAV) frequency control system noise floors for each oscillator. SRAV is a widely

used method of characterizing time domain fluctuations in an oscillators frequency.

3.2.2 Incident Microwave Power Control

Sapphire resonators have been shown to have a generally linear frequency depen-

dence on microwave power, primarily due to radiation pressure effects of the energy

stored inside the crystal (Chang et al., 1997). A control system has been imple-

mented to suppress low frequency power variations (see figure 28). These power
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Figure 26: Diagram of the oscillator loop with the inclusion of the frequency control
system.
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Figure 27: Open and closed loop noise floors imposed by the frequency control
system for oscillator 1 (thick line, red) and oscillator 2 (thin line, black).
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Figure 28: Diagram of the oscillator loop with the inclusion of the power control
system.

variations are primarily due to changes in the attenuation of the long transmission

lines connecting the cryogenic and room temperature sections of the oscillator loop,

caused by the changing helium bath level. A hybrid power splitter and microwave

power detector in the cryogenic environment monitors the power incident on the

resonator. The difference between the detector output voltage and a stable reference

voltage is filtered, then amplified to create an error signal for the feedback control,

which is applied to the VCA in the room temperature section of the oscillator loop.

The noise floor of the power control system has been determined using a parallel

detection technique. The output of the power control detector is monitored using

an Agilent 34401A digital multimeter. The conversion efficiency was determined by

making a small change to the set point of the power control circuit and observing
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Figure 29: Shown is open and closed loop noise floors imposed by (a) the power
control system, and (b) the noise floor imposed by Residual AM (RAM) for oscillator
1 (thick line, red) and oscillator 2 (thin line, black).

the subsequent change in oscillator frequency, found to be 68.3 and 14.7 mHz/V

for oscillators 1 and 2 respectively. Resonator 1 was found to have an almost linear

power dependence. Resonator 2 was found to have a non-linear power dependence

with an almost flat region about the power chosen for its operation, leading to the

significantly lower conversion factor. The open and closed noise floors of the power

control system are shown in figure 29(a).
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Power variations also occur at the modulation frequency of the frequency control

system, an unavoidable consequence of the varying insertion loss of the VCPs. This

AM can have a significant indirect effect on the CSO performance by manifesting as

a real frequency offset at the frequency discriminating detector. If the AM level were

to remain constant, the subsequent correction produced by the frequency control

system would in turn be constant and could be ignored. However, since the insertion

loss of VCPs typically exhibits some curvature, variations in the operating regime

(bias) of the modulating VCP leads to variations in the magnitude of the AM,

commonly referred to as residual amplitude modulations (RAM). Other experiments

have implemented an additional control loop to suppress RAM, or used VCPs that

exhibit a turning point in their insertion loss. We have measured the level of noise

due to RAM by monitoring the bias voltage applied to the modulating VCP. The

conversion efficiency was determined by slightly changing the VCP bias point and

observing the change in oscillator frequency. The noise floor imposed from this

source, shown in figure 29(b), is not limiting the performance of the CSO in our

case, so no control system has been implemented.

3.2.3 Cryogenic Temperature Control

The cryogenic temperature of the sapphire resonators is controlled using a LakeShore

340 temperature controller. A carbon-glass thermistor and a film patch heater used

for the temperature control are located on the copper post from which the res-

onators are mounted (see figure 24). A second redundant germanium thermistor

is mounted at the same point, which we use to monitor the cryogenic temperature

in parallel. The other end of the copper post is connected to the liquid helium

bath via three copper heat sinks with an intermediate stainless steel section which

provides the thermal impedance necessary for the temperature control system (see

figure 24). Ideally, the copper post and resonators can be considered to exist at

the same temperature due to the high thermal conductivity of copper at cryogenic

temperatures. In this case the temperature control noise floor at the resonators can
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be inferred by monitoring the redundant temperature sensor located in the copper

post. This has been measured and is shown in figure 30. However, in our case a

brass nut has been used to connect the resonators to the copper post. Brass ex-

hibits a particularly low conductivity at 6 K, similar to that of stainless steel (Brass

∼ 3W/m.K, Cu ∼ 930W/m.K, SS304 ∼ 0.5W/m.K), which filters the response of

the resonators to changes in temperature at the temperature control point, lead-

ing to excessively long thermal time constants. This has the beneficial effect of

attenuating temperature fluctuations originating from the temperature controlled

copper post, but also reduces the temperature control systems ability to respond

to rapid microwave power induced temperature fluctuations. Since the microwave

power is controlled, it can be assumed that the temperature noise floor measured

at the thermistor provides an adequate estimate of the temperature noise floor at

the resonators.

The excellent performance of cryogenic sapphire oscillators is largely made pos-

sible by the existence of a turning point in the temperature dependence of the SLC

resonant frequency. The turning point relaxes the requirements on the temperature
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Figure 31: Temperature versus frequency turning points for resonator 1 (cross)
and resonator 2 (square) as well as the difference frequency (circle), all measured
simultaneously

control system, since the oscillator frequency will be independent of temperature

fluctuations to first order. The turning point results from the competing effects of

paramagnetic impurities on the sapphire’s susceptibility, the changing penetration

depth in the microwave cavity, cavity dimensions, and the sapphire permittivity on

frequency as temperature changes (Jones et al., 1988).

Therefore, CSOs are operated at the turning point temperature to exploit this

phenomenon. However, in this work we are concerned with the stability of the

difference frequency between two nearly identical resonators located in the same

cryogenic environment, at approximately the same temperature, controlled by the

one temperature control system. The temperature turning points of each SLC do

not necessarily coincide, so the operating temperature needs to be a compromise

between the two systems. We have found in this experiment that we are able to

manufacture a turning point in the difference frequency by careful selection of the

microwave power incident on each resonator. A plot of the frequency turning points

of each resonator and the difference frequency are shown in figure 31.

Measurements have shown that the “effective” turning point temperature of each

individual resonator shows an almost linear dependence on its incident microwave

power, with a relatively small effect being observed in the other resonator, as shown
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in the example for resonator 1 in figure 32. We refer to “effective” temperature since

the change does not relate to the absolute temperature of the resonator at which it

exhibits a frequency-temperature turning point, but rather the temperature at the

control point when this phenomenon occurs. The actual turning point temperature

of each resonator does not vary with power, since it is largely determined by the

properties of the sapphire crystal (ignoring radiation pressure effects). This power

dependence has not been observed in previous work with single cavity cryogenic

sapphire oscillators (Mann et al., 1992; Chang et al., 1997), suggesting that it is due

to temperature gradient effects between the sapphires and their cavities, enhanced

by the poor thermal contact between the two.

A simplified schematic of the thermal system is shown in figure 33. The effective

turning point temperature effect shown in figure 32 can be explained conceptually

by considering the flow of energy through the system. From resonator 1’s point of

view, when the microwave power is increased more energy will be dissipated inside

the sapphire crystal in the form of heat. To maintain the sapphire at the same

temperature (its turning point temperature) the control point temperature must

be reduced to facilitate the increased heat flow. This is achieved by reducing the
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control heater power. The heater power is reduced further still to compensate for

the subsequently reduced temperature gradient between the control point and the

liquid helium bath. Thus, the effective turning point temperature for resonator 1

goes down when the microwave power is increased. Conversely, from resonator 2’s

point of view the control point temperature at which its turning point occurs does

not change, since no additional heat is flowing through that branch of the circuit.

The control heater power will be reduced only to compensate for the additional heat

flow from resonator 1. Thus, by careful selection of the microwave power incident

on each resonator, the thermal impedance and heat flow of each branch can be

balanced, such that the effective turning point temperatures are sufficiently close

to produce a turning point in the difference frequency.

3.2.4 Frequency versus Tilt

The sapphire in the SLC also exhibits favorable material properties that reduce

its environmental dependencies. The relatively high Young’s modulus of sapphire

reduces the resonator’s sensitivity to mechanical accelerations. However, in such a

precise experiment some sources are not negligible. In particular, changes in the

gravitational acceleration due to tilt induce a change in the oscillator frequency

through mechanical deformations of the sapphire crystal, niobium cavity, and the

microwave probes used to couple into the cavity. This is of particular relevance

to this work in which we rotate the experiment. By rotating the experiment we

unavoidably introduce a variation in the tilt at the rotation frequency and, more

importantly, at twice the rotation frequency (2ωR) which is the frequency of interest

to this experiment. We have attempted to minimise the tilt variations by careful

adjustment of the level of the rotation table. However, we are limited by the intrinsic

unevenness of the rotation system from manufacturing tolerances. Subsequently, tilt

has been found to be a major contributor to the large systematic signal seen in the

data at 2ωR.

We monitor the tilt of the experiment in two axes using two single axis electrolytic
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Figure 33: Simplified schematic of the cryogenic thermal system, showing the pri-
mary sources of heat (microwave power and control heater) as well as the relative
location thermal impedances (conduction only) between the resonators, the temper-
ature control point, and the liquid helium heat bath.

tilt sensors (Fredericks 0703), each with a resolution of less than 5 µradians. The tilt

sensors are mounted on the top plate of the cryogenic insert with their axes aligned

with the crystal axis of each sapphire element. The tilt sensitivity of the difference

frequency has been determined in two axes by deliberately tilting the experiment

by up to 0.5 degrees from its mean position. The tilt to frequency conversion was

found to be approximately linear at 14 and 25 mHz/degree for oscillator 1 and 2

respectively, comparable to (Luiten, 1995).

The limitation imposed by tilt on stationary frequency measurements has also

been determined by monitoring the tilt sensor outputs and using the frequency
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conversion results given above, and is shown in figure 30. The tilt was monitored

during the operation of the experiment as it rotated. The effect of this on the

results will be discussed in chapter 5.

3.2.5 Frequency versus Room Temperature

We have investigated the sensitivity of the oscillator difference frequency to the

ambient room temperature. Room temperature primarily influences the oscillator

frequency through the control system electronics and room temperature microwave

oscillator components. We have measured the oscillator frequency dependence on

room temperature by varying the room temperature periodically and observing the

resulting frequency variation, found to be 12 mHz/K. The noise floor imposed by

room temperature fluctuations while stationary is shown in figure 30. The room

temperature was also monitored during operation of the experiment. The effect of

this on the results will be discussed in chapter 5.

3.2.6 Frequency versus Pressure

The liquid helium used as the cryogen in this experiment is supplied by a liquefaction

plant located in the same building. The boil-off gas is captured from the rotating

dewar via a rotating connector located at the bottom of the cryogenic dewar in the

axis of rotation and returned to the plant to reduce operating costs. The pressure of

the atmosphere above the helium bath is measured using a Paroscientific pressure

sensor. It was anticipated pressure variations may occur over the period of a day,

and that the rotating connector and associated pipes may also induce some pressure

variation at the rotation frequency. The conversion between pressure and frequency

exhibited a non-linear response, so was investigated for very slow variations and

for higher frequency variations at the rotation rate of the experiment. The static

conversion was determined by making a discrete change to the pressure by partially

closing a valve in the helium return line, waiting for equilibrium to be reestablished
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and observing the subsequent change in pressure and frequency. The result was a

static conversion of 16 mHz/kPa. The rotation frequency conversion was determined

by modulating the pressure using a solenoid valve in the return line with a period of

20 seconds. The valve was switched on and off periodically and the corresponding

signal was extracted from the frequency data, resulting in a periodic variation of

5 mHz/kPa. The noise floor due to pressure variations while the experiment was

stationary is shown in figure 30, determined by logging the pressure sensor output

and using the (larger) static conversion between pressure and frequency. Again, the

pressure was monitored during operation of the experiment. The effect of pressure

on the results will be discussed in chapter 5.

3.2.7 Frequency versus Magnetic Field

Previous measurements of CSOs have shown them to be sensitive to changes in

ambient magnetic field (Luiten, 1995; Wolf et al., 2004a). This is particularly

relevant to this work, since the ambient magnetic field will vary relative to the

experiment as it rotates. Hence, we measured the sensitivity of our experiment

to magnetic field variations in three axes. A magnetic field was applied to the

oscillators in each axis successively using Helmholtz coils, and the field strength

measured using an APS 520A fluxgate magnetometer. The field was only applied

to the room temperature section of the oscillator, since the cryogenic section is

located in the bottom of the dewar below ground level. However, the majority of

microwave components based on magnetic materials and control electronics were

inside the region being investigated.

The applied field was modulated sinusoidally with a period of 20 seconds and

amplitude of approximately 0.13 Gauss in the two horizontal axes and 0.33 Gauss in

the vertical axis successively, resulting in a modulation of the difference frequency

at the same frequency as summarised in table 7. The noise floor imposed on the

oscillator frequency by variations in magnetic field while the experiment was sta-

tionary was determined by logging the field in three axes and adding their individual
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Table 7: Measured magnetic field to frequency conversion in three axes, and the
typical variation at the rotation and twice rotation frequencies.

Modulation Axis X Y Z
Conversion (mHz/Gauss) 1.88 1.05 0.88

ωR variation (Gauss) 0.144 0.160 0.010
2ωR variation (Gauss) 0.0006 0.0009 0.0016

contributions quadratically, shown in figure 30. We also measured the variation of

the ambient magnetic field in the reference frame of the rotating experiment, by

mounting the fluxgate magnetometer on the experiment and monitoring the out-

put via the rotating connector. The typical variation in magnetic field is given in

table 7. By multiplying each axis by its relevant conversion factor we arrive at a

fractional frequency perturbation of the difference frequency of 3.3 × 10−14 at ωR,

and 2× 10−16 at 2ωR.

The magnetic field was not monitored long enough to determine its variation at

the sidereal and semi-sidereal offsets, so it is not possible to calculate the systematic

limit imposed by the magnetic field. However, it is likely to be much lower than

the variation at 2ωR as there is no motion of the experiment with respect to the

lab at these frequencies. The major influence can be attributed to the nonuniform

magnetic field produced by the frame of the experiment (made of mild steel), the

stepper motor, and other asymmetries of the laboratory.

3.3 Rotation System and Operation

A schematic of the rotation system is shown in figure34. In this section we will de-

scribe each element of the rotation system, including the rotation table, the rotation

drive system, and the data acquisition system.
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Figure 34: Schematic of the cryogenic dewar, mounted in the rotation table. Inside
the dewar a schematic of the two orthogonally orientated resonators is shown, along
with the Poynting vectors of propagation S1 and S2.

3.3.1 Rotation Table

The cryogenic dewar, along with the room temperature oscillator and control elec-

tronics, is suspended within a ring bearing. The ring bearing was built by the School

of Physics workshop. It consist of two metal rings with a bearing groove machined

into the facing surface. The ring bearing is mounted in a gimballed frame, allowing

the experiment to be tilted about the two horizontal axes to level the experiment.

The dewar is mounted inside the ring bearing via a simple vibration isolation

system. A multiple ”V” shaped suspension made from elastic cord avoids high

Q-factor pendulum modes by ensuring that the cord has to stretch and shrink

(providing damping) for horizontal and vertical motion.

Electrical connections to the rotating experiment are made through rotating
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connectors located above the experiment in the axis of rotation. A commercial

18 conductor slip ring connector (MOOG) with a hollow through bore transfers

power and various signals to and from the rotating experiment. A separate mercury

based rotating coaxial connector (Mercotac) transmits the more sensitive difference

frequency from the onboard mixer to the stationary data acquisition system. Both

rotating connectors are kept turning with the experiment by resting a light lever

arm attached to connectors against a mechanical stop.

Helium gas boiling off the experiment is returned to the helium liquefaction plant

via a rotating connector located below the experiment in the axis of rotation. The

connector was made by the School of Physics workshop using a sealed bearing. The

connector is mounted on a scissor mechanism which allows it to move up and down

with the dewar. Since the dewar is suspended, its height varies as the liquid helium

boils off, changing its mass.

3.3.2 Stepper Motor Controller

The rotation is driven by a microprocessor controlled stepper motor via a belt which

passes around the circumference of the rotation table. The microprocessor control

was built specifically for this purpose. The microprocessor was programmed to

produce two square wave signals quadrature, of frequency and amplitude chosen

by the user on the front panel interface. The square wave signals are integrated

twice using an op-amp based circuit to produce an approximately sinusoidal driving

signal. The signal is then current amplified to a level appropriate for the stepper

motor. The stepper motor is housed in a high permeability mu metal casing to

reduce the effect of its strong magnetic core.

3.3.3 Data Acquisition

Figure 35 outlines the main components of the data acquisition system. The data

acquisition system logs the difference frequency as a function of orientation, as well
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Figure 35: Schematic of the data acquisition system.

as monitoring systematic effects including the temperature of the resonators, liquid

helium bath level, room temperature, oscillator control signals, tilt, and helium

return line pressure.

The microwave signals from the two oscillators are mixed on the rotating ex-

periment using a Marki microwave double balanced mixer. The LO and RF power

levels were set to approximately 3 and 0 dBm respectively, ensuring correct oper-

ation of the mixer. Over 60 dB of isolation was included between each oscillator

and the mixer to avoid crosstalk. Once the difference frequency has passed through

the rotating connector, it is pre-amplified and filtered using a Stanford Research

Systems low noise pre-amp.
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The frequency of the signal is then measured using an Agilent 53131 frequency

counter, referenced to an Oscilloquartz quartz oscillator. The frequency measure-

ment is externally triggered by a series of 12 infra-red LEDs located around the cir-

cumference of the rotation table ring bearing. as the experiment rotates, each LED

is detected by a stationary photodetector and signal conditioning circuit mounted

on the edge of the experiment. An additional single LED and photodetector circuit

located at higher level is monitored to determine the absolute orientation of the

experiment. This method of triggering ensures that the measurement is locked to

the orientation of the experiment and is independent of the rotation speed.

The noise floor of the frequency measurement system was measured using two

techniques. In the first technique, the difference frequency sent through the rotating

connector was replaced with a signal of the correct frequency and amplitude from

an Agilent 33250A signal generator locked to the same reference as the frequency

counter, shown in figure 36(b). Note that this measurement does not include the

initial mixing stage from which the difference frequency is derived. The second

technique includes this mixing stage. Oscillator 1 is replaced with part of the

signal from oscillator 2 mixed with an appropriate offset from the signal generator.

The noise floor measured was the same using both techniques, and is presented

in figure 37, along with the typical frequency stability of the difference frequency

while stationary and rotating. Linear drift has not been removed from the data. The

hump in the rotating frequency stability around 10 seconds is due to the rotation

(The rotation period in this example was 18 seconds. In Allan deviation plots,

periodic variations appear at half the period). The humps at longer integration

times are due to aliasing of the higher frequency rotation signal.

A custom made niobium wire level gauge was used to monitor the helium bath

level. It consists of a thin niobium wire that passes down the length of the cryogenic

insert. Niobium exhibits a discrete superconductivity transition at around 9 K.

Since the temperature of the atmosphere above the bath level is generally higher

than this transition temperature, only the portion of wire below the liquid helium
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(a)

(b)

(c)

Figure 36: Schematic of the frequency measurement system used in the experiment
(a) and the two methods used to measure the measurement system noise floor (b,c).

level is superconducting. Thus, by measuring the resistance of the wire the level of

the liquid helium bath can be determined. A second level gauge based on a chain of

Allen Bradley resistors was also used, in particular when liquid nitrogen was being

transferred to pre-cool the experiment.

The room temperature was monitored using platinum (PT100) temperature sen-

sors. The temperature sensor was placed in close proximity to the control electronics
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Figure 37: Frequency stability of the difference frequency, measured while stationary
and rotating. Also shown is the frequency measurement system noise floor.

and oscillator boxes on the rotating experiment, which exhibit the strongest depen-

dence on room temperature.

The difference frequency and other experimental parameters were logged by a

dedicated computer running data acquisition software specifically written in Lab-

View for this experiment. The experimental parameters were monitored using Agi-

lent 34410A digital multimeters. The computer communicated with the instruments

using GPIB, and the pressure gauge using a serial connection.
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Chapter 4

Data Analysis

In Chapter 2 we derived the relationship between the experimental observable (the

difference frequency of the two CSOs) and the parameters of the Lorentz violating

test theories currently under consideration, namely the Standard Model Extension

(SME) and the Robertson Mansouri and Sexl (RMS) test theories. Perturbations

of the observable due to putative violations of Lorentz Invariance are expected to

occur at definite frequencies associated with the relative motion of the experiment

with respect to some preferred reference frame. To determine these Lorentz vio-

lating parameters from the data, or to place an upper constraint on their possible

magnitude, we require a calculation of the amplitude and phase of the frequencies

associated with the test theories.

Two different techniques were used to analyse the data. Weighted Least Squares

(WLS) regression was primarily used to analyse individual data sets. It was also

used in the initial stages of the project on small groups of data sets, in conjunc-

tion with the short data set approximation (see subsection 2.1.4). However, due

to the computational requirements of the WLS technique, it became necessary to

develop and use a more efficient Demodulated Least Squares (DLS) technique for

the complete simultaneous analysis of all the data, when spanned over more than

a year.

83
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In this chapter we will describe each data analysis technique in detail, outlining

the steps involved.

4.1 Weighted Least Squares Analysis

Least squares regression is a widely used and accepted method for estimating model

parameters from experimental data (Draper & Smith, 1981). However, it assumes

that the errors of the data points are independent and normally distributed, which

is typically not the case in experimental systems. Moreover, it may be that some

parts of the data are less reliable than others (ie. the variance of each measurement

is not equal). In this situation it is appropriate to use Weighted Least Squares

(WLS) regression, a generalised version of least squares. This section begins by

stating the general principle of least squares regression. We will then extend this

result to the more general form of WLS. The method used to estimate the noise

type and to construct the weighting matrix will be summarised. Finally, we will

describe the structure of the model that describes the experimental response, for

which we estimate the parameters.

4.1.1 Least Squares Regression

We formulate the least squares regression using matrix notation, which allows the

problem to be easily rescaled. There are many sources which include this derivation,

including (Draper & Smith, 1981), and we include it here for completeness. Suppose

we wish to estimate the parameters β of a set of independent variables X from a

set of observations Y. X can be considered as a “model matrix” which contains

the characteristic signals we expect from the experiment. This relationship can be

expressed as in (50), where ε is the error of the fit.

Y = Xβ + ε (50)
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Simple matrix manipulation shows thatb, the least squares estimate of β, is given

by (51) where the primed notation signifies a transposed matrix.

b = (X′X)−1X′Y (51)

It is also useful to calculate the variance-covariance matrix V of the b parameter

estimates, given in (52). From this matrix we can calculate the standard errors of

the regression coefficients. It also tells us about correlations between the parameter

estimates.

V(b) = (X′X)−1σ2 (52)

We estimate the variance of the regression σ2 using the standard deviation s of

the residuals from the fit to the data, where the residuals r are given by (53).

r = Y −Xb (53)

The standard error of each parameter estimate is then given by the square root

of the corresponding diagonal element of the variance-covariance matrix V(b). The

correlation coefficients between the parameter estimates are determined by normal-

ising the diagonal elements of the matrix V(b).

4.1.2 Weighted Least Squares Regression

As is often the case in experimental systems, measurements end up being less than

ideal. They can be affected by non-white noise sources, correlations may exist

between the variables we wish to determine, or the variance of each measurement

may not be constant. Under these conditions the ordinary least squares regression

technique is not valid (Draper & Smith, 1981), and may lead to incorrect estimates

of the parameter uncertainties.
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We can take into account the effect of these non-ideal characteristics, however,

by transforming the measurements Y to another set of variables Z which satisfy the

requirements of ordinary least squares regression by pre-multiplying Y by a weight-

ing matrix P, such that Z = P−1Y. The weighting matrix P satisfies the relation

P′P = V(ε). By applying the same transformation to the matrix of independent

variables X (which becomes Q), and in turn to the error of the fit ε (which becomes

f), the relationship we wish to estimate now becomes (54).

P−1Y = P−1Xβ + P−1ε

Z = Qβ + f (54)

In the following subsection we describe the method of constructing the weighting

matrix.

4.1.3 Fractional Differencing and Noise Analysis

In this work, the non-ideal nature of the measurements is due to additive (typically

non-white) noise processes present in the experimental system. The ordinary least

squares technique is not ideal when the data is affected by serially correlated additive

noise processes. Fractional differencing (Schmidt, 2003) is an efficient technique for

removing the effect of serially correlated additive noise sources, and is valid for both

stationary and non-stationary noise. We use the fractional differencing technique

to construct the weighting matrix for the WLS analysis.

Fractional differencing requires us to identify the predominant noise type present

in the data. To better understand how we use fractional differencing to whiten the

data, it is instructive to first define how fractionally integrated noise processes can

be used to synthesize data with a prescribed noise type (Schmidt, 2003). Table

8 presents typical power-law noise types α encountered in oscillators. The second

column shows the parameter “d” which allows us to simulate these noise types with
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α in d in
Noise Type Sy(f) ∼ 1/fα Y ∼ I(d)
White phase −2 −1
Flicker phase −1 −1

2

White frequency 0 0
Flicker frequency 1 1

2

Random walk frequency 2 1

Table 8: Typical noise processes and their corresponding spectral density and inte-
grated noise parameters.

the corresponding fractionally integrated noise I(d).

The fractionally integrated noise Yt ∼ I(d) is calculated from (55). Zt is a

normally distributed sequence of independent, identically distributed random vari-

ables with zero mean and variance σ2, B is the backshift operator, and ψj =

Γ(j +d)/(Γ(d)Γ(j +1)), with d ∈ (−∞, 1
2
), d 6= 0,−1,−2, ... . The gamma function

as usual is defined to be Γ(x) =
∫∞
0

tx−1e−tdt.

Yt = ∇−dZt = (1−B)−dZt =
∞∑

j=0

ψjZt−j (55)

From this we see that the various Yt can be constructed by summing over an un-

correlated noise process Zt. It then follows that by reversing the fractional integra-

tion process we are able to recover a white noise process from a correlated non-white

process with the appropriate treatment. As logic would dictate, this is referred to

as fractional differencing, defined in (56), where πj = Γ(j − d)/(Γ(−d)Γ(j + 1)).

Zt = ∇dYt = (1−B)dYt =
∞∑

j=0

πjYt−j (56)

We can estimate the value of the parameter d used in the fractional differencing

process by inspecting the spectral density SY (f) ∼ 1/fα of the residuals from an

ordinary least squares regression (Schmidt, 2003). The fractionally integrated noise

model for power-law noise sources can be calculated using d = α
2
, as shown in table
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8. Thus, it is possible to construct an appropriate weighting matrix that whitens the

experimental data, allowing the correct estimation of parameters and their standard

error using the ordinary least squares technique. Inspection of the spectral density

of the residuals of the ordinary least squares regression following the application of

the weighting matrix should indicate a white noise process.

An example of the whitening process applied to one data set, from the 3/12/2004,

is shown in figures 38, 39, and 40. Figure 38 is the power spectral density of the

raw data. It is clear from the negative slope that the data is affected by non-white

noise processes. Figure 39 is the power spectral density of the residuals resulting

from an ordinary least squares analysis of the data. This plot shows the same

features as the raw data, indicating that the same noise processes are still present

and that the ordinary least squares analysis is not able to compensate for their

effect. Finally, figure 40 is a power spectral density of the residuals resulting from

a WLS analysis of the data. Since we are interested in signals around 2ωR, the

d parameter used in the fractional differencing was chosen according to the noise

type present around this frequency (2ωR ∼ 0.08Hz in this case). The change in

shape of the plot following the WLS analysis is immediately apparent. The noise is

now relatively flat around 2ωR. Moreover, the low frequency noise level is greatly

reduced (note that the vertical scale of the plot is logarithmic).

4.1.4 Model Matrix

In chapter 2 we calculated the relationship between parameters of the Lorentz vio-

lating theories and the amplitude of the frequencies at which they are expected to

occur. This occurs because the putative violations of Lorentz invariance are modu-

lated by the relative motion of the experiment with respect to a preferred reference

frame. In this work, the modulation is due to the rotation of the experiment in the

laboratory (ωR), the Earth spinning on its axis (ω⊕), and the Earth’s orbit around

the Sun (Ω⊕). The amplitude and phase of a Lorentz violating signal is determined

by estimating the parameters of (57) from the data using the method of WLS that
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Figure 38: Power spectrum of the raw data before any regression analysis. The
sticks at 0.04Hz and above are due to the rotation of the experiment ( 2π

ωR
∼ 25s in

this case). The lump at ∼ 0.0025Hz corresponds to the air-conditioning cycle.

Figure 39: Power spectrum of the residuals following an ordinary least squares
regression analysis. Note that the underlying noise type has remained. Also note
that the signal at 2ωR (2ωR

2π ∼ 0.08 Hz) has been removed by the regression analysis.
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Figure 40: Power spectrum of the residuals following a weighted least squares re-
gression analysis. The data was corrected for the noise type around 2ωR ∼ 0.08 Hz
(d = 0.5).

we have just derived, with the phase of the fit adjusted according to the test theory

used.

∆ν0

ν0

= A + Bt +
∑

i

Cωi
cos(ωit + ϕi) + Sωi

sin(ωit + ϕi) (57)

∆ν0

ν0
is the observable of the experiment, where ν0 is the average unperturbed

frequency of the two sapphire resonators and ∆ν0 is the perturbation of the 226

kHz difference frequency. Cωi
and Sωi

are the amplitudes of a cosine and sine at

frequency ωi respectively. In the final analysis we are interested in 15 frequencies

which are mixtures of the three sources of modulation ωi = (2ωR, 2ωR ±Ω⊕, 2ωR ±
ω⊕, 2ωR±ω⊕±Ω⊕, 2ωR±2ω⊕, 2ωR±2ω⊕±Ω⊕). We also include a frequency offset

and drift, A and B. The relationships between the Cωi
and Sωi

coefficients and the

parameters of the Lorentz violating theories are given in chapter 2 (SME in table

1), RMS in table 5).

When (50) is expressed in the matrix notation of least squares regression, Y
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represents n measurements of the observable in the form of a n× 1 column vector.

The model matrix X represents the amplitude of the m frequencies of interest, ωi,

along with an offset and drift at time t, combined in a n×(m+2) matrix, the general

form of which will be like that shown in (58). The estimates of their corresponding

coefficients A, B, Cωi
and Sωi

are contained in b, a (m + 2) × 1 column vector .

. These matrices then undergo the WLS process to determine the most accurate

estimates of the parameters β.

X =




1 t1 cos(ω1t1 + ϕ1) sin(ω1t1 + ϕ1) cos(ω2t1 + ϕ2) · · · sin(ωmt1 + ϕm)

1 t2 cos(ω1t2 + ϕ1) sin(ω1t2 + ϕ1) cos(ω2t2 + ϕ2) · · · sin(ωmt2 + ϕm)
...

...
...

...
...

...
...

1 tn cos(ω1tn + ϕ1) sin(ω1tn + ϕ1) cos(ω2tn + ϕ2) · · · sin(ωmtn + ϕm)




(58)

For the complete analysis, however, it is necessary to combine multiple data

sets, typically of different sizes and noise properties. In this case each data set

is whitened individually according to its noise properties. The results are then

combined to form the Z and Q matrices for the WLS analysis. The observables are

simply joined in series, while the model matrix is combined in a more complicated

fashion, which is best described by inspecting (59). A separate offset and drift is

included for each of the p data sets, requiring some elements of the Q matrix to be

set to zero to maintain the correct association with the parameters to be estimated

and the observed measurements. The number of parameters estimated increases to

m + 2p. All superscripts refer to the data set.
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Q =




1 t11 0 0 · · · 0 0 cos(ω1t
1
1 + ϕ1) · · · sin(ωmt11 + ϕm)

1 t12 0 0 · · · 0 0 cos(ω1t
1
2 + ϕ1) · · · sin(ωmt12 + ϕm)

...
...

...
...

...
...

...
...

...
...

1 t1n1 0 0 · · · 0 0 cos(ω1t
1
n1 + ϕ1) · · · sin(ωmt1n1 + ϕm)

0 0 1 t21 · · · 0 0 cos(ω1t
2
1 + ϕ1) · · · sin(ωmt21 + ϕm)

...
...

...
...

...
...

...
...

...
...

0 0 1 t2n2 · · · 0 0 cos(ω1t
2
n2 + ϕ1) · · · sin(ωmt2n2 + ϕm)

0 0 0 0 · · · 1 tp1 cos(ω1t
p
1 + ϕ1) · · · sin(ωmtp1 + ϕm)

...
...

...
...

...
...

...
...

...
...

0 0 0 0 · · · 1 tpnp cos(ω1t
p
np + ϕ1) · · · sin(ωmtpnp + ϕm)




(59)

4.1.5 Optimisation of WLS

The effect of d-value (noise type) choice on the weighting process used in the WLS

technique was investigated. One set of data was analysed using a range of d-values.

The results are shown in figure 41 for the parameter estimate of C2ωR
and C2ωR+2ω⊕ .

It can be seen that the d-value has a negligible effect on the estimated parameters

compared to the large effect it has on the standard error of those estimates. The

standard error is progressively reduced as the noise type present in the residuals

approaches white noise, which is the desired regime for the ordinary least squares

regression analysis.

In section 4.1.3 we showed that the appropriate d-value can be determined by

inspecting the power spectrum of the residuals following an ordinary least squares

regression. In figure 40 (analysis of the same data set), a d-value of approximately

0.5 was used to whiten the noise, determined from figure 39. This is in agreement

with the results of figure 41.



4.2. DEMODULATED LEAST SQUARES ANALYSIS 93

10
-16

2

4

6

8
10

-15

2

4

6

8
10

-14

P
ar

am
et

er
 e

st
im

at
e

0.80.60.40.20.0
d-value (used in WLS analysis)

-2

-1

0

1

2

N
oise type (alpha) around tw

ice rotation frequency

Figure 41: Investigation of the effect of d-value choice on the estimated parameters
and their standard error for one data set (3/12/04). Shown is the estimate for the C2ωR

(filled circles, red) and C2ωR+2ω⊕ (circles, blue) coefficients. The standard error of the
WLS analysis estimate of the coefficients is the same for both and shown as (squares,
green). Also shown is the approximate noise type present in the residuals around 2ωR

following the regression analysis (triangles, black). Note that d=0 corresponds to the
ordinary least squares regression.

4.1.6 Validation of Technique

To validate the technique, and the software written to carry out the data analysis, a

trial analysis was conducted with an artificial sinusoidal signal of amplitude 1×10−13

and frequency 2ωR + 2ω⊕ added to the data. The data set was constructed by

combining the known signal with the experimental data used in the final analysis,

consisting of 27 data sets. The signal was completely recovered in the correct phase

to within the standard error of the corresponding parameter estimate.

4.2 Demodulated Least Squares Analysis

We implemented an alternative technique to conduct the data analysis, which we

refer to as Demodulated Least Squares (DLS) analysis. The combination of large
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data sets and the significant computational requirements of the WLS technique

meant that it was impractical for simultaneously analysing large amounts of data

and for investigating the long term characteristics of the experiment. In this section

we will describe the DLS method and its application to the data from this work.

4.2.1 Demodulated Least Squares Method

The method of DLS is a multi-stage application of the least squares regression

technique described above. The key benefit of the DLS method is that it reduces the

size of the data set by performing an initial demodulation of the data with respect

to the first harmonic of the rotation frequency, 2ωR. As we have already shown in

chapter 2 the parameters of the Lorentz violating theories that we are interested

in are related to frequencies around 2ωR, including the sidereal and annual offsets.

By demodulating the data these sidebands are combined and translated down to

offsets from DC (rather than 2ωR), such that we can estimate their coefficients by

analysing the time evolution of the demodulated amplitude, again using ordinary

least squares.

In the first stage of the DLS analysis the data is demodulated in blocks using

ordinary least squares regression. The number of periods of the modulated signal in

the block is optimised to minimise noise effects, which we will describe in subsection

4.2.3. To each subset we fit an offset, linear drift and a sine and cosine signal at 2ωR

(ie. in quadrature), as in (60). This results in a series of demodulated coefficients

S(t) and C(t), which can be considered linear combinations of the sidereal, semi-

sidereal, and annual modulations and combinations thereof.

∆ν0

ν0

= A + Bt + S(t) sin(2ωRt + ϕ) + C(t) cos(2ωRt + ϕ) (60)

The relationship between S(t) and C(t) and the various modulation frequencies

is expressed in (61) and (62), where ωi = (Ω⊕, ω⊕, ω⊕±Ω⊕, 2ω⊕, 2ω⊕±Ω⊕). This is

represented pictorially in figure 42. In the second stage of the analysis we remove an
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offset and linear drift from the results of the first stage for each data set individually.

The offset of each data set is representative of the S0 and C0 coefficient of (61) and

(62) for each data set. In chapter 5 we will use the weighted average of these

coefficients from all data sets to determine parameters of the Lorentz violating

theories associated with 2ωR. Following the removal of the linear fit from each data

set, the coefficients Sx,i and Cx,i for each frequency of interest are determined using

all the demodulated amplitudes (ie. all the data from the first stage), again using

ordinary least squares regression.

Flow diagrams of the DLS regression can be seen in figure 43.

Figure 42: This “frequency stick diagram” shows a schematic of the frequency
components following demodulation of the data with respect to 2ωR. Each frequency
has two degrees of freedom, i.e. a sine and a cosine term, with the phase set with
respect to the SCCEF.

S(t) = S0 +
∑

i

Ss,i sin(ωit + ϕi) + Sc,i cos(ωit + ϕi) (61)

C(t) = C0 +
∑

i

Cs,i sin(ωit + ϕi) + Cc,i cos(ωit + ϕi) (62)
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(a) (b)

Figure 43: Flow diagram of the DLS regression technique. The first stage (a) de-
modulates each data set individually in blocks using ordinary least squares regression
(OLS). The second stage (b) combines the demodulated data from stage 1 of all data
sets to determine the coefficients used in the final analysis.
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4.2.2 Relationship to SME Parameters for DLS Analysis

The relationship between the coefficients of the demodulated sidebands from the

DLS analysis and the parameters of the Lorentz violating theory will be different to

that derived in chapter 2. Here we will re-express the result of chapter 2 in a form

that takes into account the demodulation process. Note that this is only necessary

for the analysis in the SME framework, which requires resolution of the annual

frequency for all parameters to be completely decorrelated. The RMS framework

does not have this requirement when applied to our experiment, so the analysis of

data sets individually is sufficient in this work.

When the data is demodulated with respect to 2ωR, the sidebands about 2ωR at

ω⊕, Ω⊕ and combinations thereof will all be “mixed” down to DC. This essentially

results in the sidebands on the lower side of 2ωR being folded over and combined

with those on the upper side. Using the results of chapter 2, we can re-express

the relationship between these demodulated frequencies and the parameters of the

Lorentz violating theories. Firstly, we perform a trigonometric expansion of the

upper and lower sidebands that are mixed together in the demodulation process.

Note that each demodulated sideband comprises a sine and cosine component. An

example of this is shown in (63) for the 2ωR±Ω⊕ sidebands. For brevity t represents

the phase corrected time with respect to the relevant reference frame.

C2ωR+Ω⊕cos((2ωR + Ω⊕)t) = C2ωR+Ω⊕ [cos(2ωRt)cos(Ω⊕t)− sin(2ωRt)sin(Ω⊕t)]

S2ωR+Ω⊕sin((2ωR + Ω⊕)t) = S2ωR+Ω⊕ [sin(2ωRt)cos(Ω⊕t) + cos(2ωRt)sin(Ω⊕t)]

C2ωR−Ω⊕cos((2ωR − Ω⊕)t) = C2ωR−Ω⊕ [cos(2ωRt)cos(Ω⊕t) + sin(2ωRt)sin(Ω⊕t)]

S2ωR−Ω⊕sin((2ωR − Ω⊕)t) = S2ωR−Ω⊕ [sin(2ωRt)cos(Ω⊕t)− cos(2ωRt)sin(Ω⊕t)]

(63)

Next, we combine the results of (63) and collect together terms containing the

same frequency mixture (64).
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C2ωR+Ω⊕cos((2ωR + Ω⊕)t) + S2ωR+Ω⊕sin((2ωR + Ω⊕)t) +

C2ωR−Ω⊕cos((2ωR − Ω⊕)t) + S2ωR−Ω⊕sin((2ωR − Ω⊕)t)

= [C2ωR+Ω⊕ + C2ωR−Ω⊕ ]cos(2ωRt)cos(Ω⊕t)

+ [S2ωR+Ω⊕ − S2ωR−Ω⊕ ]cos(2ωRt)sin(Ω⊕t)

+ [S2ωR+Ω⊕ + S2ωR−Ω⊕ ]sin(2ωRt)sin(Ω⊕t)

+ [C2ωR−Ω⊕ − C2ωR+Ω⊕ ]sin(2ωRt)cos(Ω⊕t)

(64)

The C2ωR±Ω⊕ and S2ωR±Ω⊕ coefficients are related to the parameters of the SME

according to table 1. By substituting in the corresponding expressions for each

coefficient, we are able to re-express the coefficients derived in chapter 2 in terms

of the demodulated frequencies. For this example, the coefficients of (61) and (62)

are given by (65).

CC,Ω⊕ = [C2ωR+Ω⊕ + C2ωR−Ω⊕ ]

CS,Ω⊕ = [S2ωR+Ω⊕ − S2ωR−Ω⊕ ]

SS,Ω⊕ = [S2ωR+Ω⊕ + S2ωR−Ω⊕ ]

SC,Ω⊕ = [C2ωR−Ω⊕ − C2ωR+Ω⊕ ]

(65)

This process can be repeated for all of the demodulated frequencies, with the

results given in table (9).

4.2.3 Optimisation of DLS

As mentioned above, DLS demodulates the data in blocks which are subsets of the

total data set. The number of periods of the modulated signal in each block is
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Table 9: Shown are the relationships between the κ̃e− and κ̃o+ parameters of the
SME and the coefficients CC,ωi

,CS,ωi
,SC,ωi

and SS,ωi
from (61) and (62) for the

8 frequencies of interest, normalized for the experimental sensitivity S. χ is the
colatitude of the lab, η is the declination of the Earth’s orbit relative to the SCCEF,
and β⊕ and βL are the boost suppression terms due to the lab velocity from Earth’s
orbital and rotational motion respectively.

ωi CC,ωi
/S CS,ωi

/S
0 3

2
sin2(χ)κ̃ZZ

e− -

Ω⊕ −β⊕sin2(χ)(cos(η)κ̃XZ
o+ + 2sin(η)κ̃XY

o+ ) −β⊕sin2(χ)κ̃XY
o+

ω⊕ − Ω⊕ β⊕cos(χ)sin(χ)sin(η)κ̃Y Z
o+ −2β⊕cos(η

2
)sin(χ)(cos(η

2
)κ̃XY

o+

−sin(η
2
)κ̃XZ

o+ )

ω⊕ sin(2χ)κ̃XZ
e− + 2βLκ̃XZ

o+ sin(2χ)κ̃Y Z
e− + 2βLκ̃Y Z

o+

ω⊕ + Ω⊕ β⊕cos(χ)sin(χ)sin(η)κ̃Y Z
o+ −β⊕sin(η

2
)sin(2χ)(cos(η

2
)κ̃XZ

o+

+sin(η
2
)κ̃XY

o+ )

2ω⊕ − Ω⊕ −1
2
β⊕cos2 η

2
(3 + cos(2χ))κ̃XZ

o+ −1
2
β⊕cos2 η

2
(3 + cos(2χ))κ̃Y Z

o+

2ω⊕ −1
4
(3 + cos(2χ))(κ̃XX

e− − κ̃Y Y
e− ) −1

2
(3 + cos(2χ))κ̃XY

e−
2ω⊕ + Ω⊕ 1

2
β⊕sin2 η

2
(3 + cos(2χ))κ̃XZ

o+
1
2
β⊕sin2 η

2
(3 + cos(2χ))κ̃Y Z

o+

SC,ωi
/S SS,ωi

/S
0 2βLsin(χ)κ̃XY

o+ -

Ω⊕ - -

ω⊕ − Ω⊕ β⊕cos(η
2
)sin(2χ)(cos(η

2
)κ̃XY

o+ − sin(η
2
)κ̃XZ

o+ ) β⊕sin(χ)sin(η)κ̃Y Z
o+

ω⊕ −2(sin(χ)κ̃Y Z
e− + 2βLcos(χ)κ̃Y Z

o+ ) 2(sin(χ)κ̃XZ
e− + 2βLcos(χ)κ̃XZ

o+ )

ω⊕ + Ω⊕ 2β⊕sin(η
2
)sin(χ)(cos(η

2
)κ̃XZ

o+ + sin(η
2
)κ̃XY

o+ ) β⊕sin(χ)sin(η)κ̃Y Z
o+

2ω⊕ − Ω⊕ 2β⊕cos2 η
2
cos(χ)κ̃Y Z

o+ −2β⊕cos2 η
2
cos(χ)κ̃XZ

o+

2ω⊕ 2cos(χ)κ̃XY
e− −cos(χ)(κ̃XX

e− − κ̃Y Y
e− )

2ω⊕ + Ω⊕ −2β⊕sin2 η
2
cos(χ)κ̃Y Z

o+ 2β⊕sin2 η
2
cos(χ)κ̃XZ

o+

optimised to minimise the net effect of narrow band noise (due to instabilities in

the systematic at 2ωR) and broad band noise (due to oscillator frequency noise).

This process is similar to an optimized zero order predictor filter, used for resonant

bar gravitational wave detectors to minimize the effects of narrow and broad band

noise processes (Heng et al., 1999). In that work it was shown that such filters give

the same result as a properly designed optimum (WienerKolmogorov) filters.

The optimum number of periods in each block was determined empirically by

iteratively changing the number of periods in each demodulated block used in the
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analysis. The number of periods was varied between 20 and 300. The resulting

estimate of the ω⊕ frequency coefficient along with its standard error is shown in

figure 44, with a minimum (optimized) value occurring around an averaging time

of 40 periods (720 seconds). Note that less than 40 periods of averaging results in

an increased standard error and irregular behavior of the parameter estimate, while

more than 40 periods results in an increasing standard error of the estimate, with

less effect on the parameter estimate.

The later behavior can be attributed to the averaging effect of increasing the

number of periods amongst an unstable systematic. The longer the average, the

more narrow band the effective filter, and the effects of the instability of the sys-

tematic start to dominate while the oscillator noise is averaged out. Also, it means

that on the time scale of 40 periods (720 seconds) the instability of the systematic

is roughly equal to the instability of the oscillator. Another way to improve this

experiment would be to devise techniques to improve the stability of the systematic

(reduce the narrow band noise) so longer periods of averaging could be taken, which

would intern reduce the standard error.

4.2.4 Validation of DLS Technique

As a final check of its suitability for this analysis, a comparison was made between

the DLS and WLS techniques by performing a complete analysis of 30 data sets.

Both techniques produced consistent results, with the uncertainties associated with

the demodulated technique being lower than the WLS technique by no more than

15 percent. The difference between the two techniques is most likely due to the

efficiency with which the data analysis could be optimized for the noise type present

in the data. WLS only takes into account the broad band noise (spectral density)

whereas the optimization used in the demodulated technique takes into account the

extra noise source of instability of the systematic at 2ωR.
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Figure 44: Investigation of the effect of the number of periods used in the DLS
analysis on the estimated parameters and their standard error. Shown is the estimate
for the SC,2ω⊕ (circles, red) and its standard error (squares, green).

4.3 Phase Correction

Finally, to properly determine the parameters of the Lorentz violating theory the

phase of the experiment with respect to the relevant reference frame must be de-

termined. For the SME, this reference frame is the Sun Centred Celestial Equa-

torial Frame (SCCEF). In the RMS framework, the reference frame is the Cosmic

Microwave Background (CMB). In this section we will detail how the phase is cal-

culated for each reference frame.

4.3.1 Phase with respect to the SCCEF

To extract the parameters of the SME out of our observed signal we first need

to determine the relevant Cωi
and Sωi

coefficients listed in table 1. This in turn

requires us to know the phase of the experiment’s orientation with respect to the

SCCEF. In this section we will derive an expression for this phase in terms of the

time origins of the experiment’s rotation, the Earth’s sidereal rotation, and the
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orbit of the Earth around the Sun.

In general, we are interested in the frequency components

2ω[a,b] = 2ωR + aω⊕ + bΩ⊕ (66)

where a and b take on values in the domains

a ∈ [−2, 2], b ∈ [−1, 1] (67)

Thus to determine the C2ω[a,b]
coefficient we fit the data with a model of the form

cos(2ωRTR + aω⊕T⊕ + bΩ⊕T ) (68)

where TR is the experiment’s rotation time, T⊕ is the sidereal time, and T is the

time since the vernal equinox.

To simplify our analysis we aim to transform this expression to the form cos(αt+

φ). To achieve this we note that the difference δR between the experiment’s rotation

time TR and the time since the vernal equinox T is constant over the course of the

measurement, as determined by the initial configuration of the experiment, and we

may write,

δR = TR − T. (69)

Similarly the sidereal time and the time since the vernal equinox are related by δ⊕,

δ⊕ = T⊕ − T (70)

By combining (68), (69) and (70) we arrive at an expression of the desired form.

cos(2ωRTR + aω⊕T⊕ + bΩ⊕T ) = cos(2ωR(δR + T ) + aω⊕(δ⊕ + T ) + bΩ⊕T )

= cos((2ωR + aω⊕ + bΩ⊕)T

+2ωRδR + aω⊕δ⊕)

Thus we can account for the phase of the experiment relative to the SCCEF by

determining δR and δ⊕. The origin of the experiment’s rotation time TR is defined

to be the instant at which the axis of symmetry of the first resonator (resonator a)
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is aligned with the local y axis. Our experiment has been designed such that the

time origin of the data acquisition coincides with the same event, rendering δR = 0

in our case.

Figure 45: Diagram showing SME meridians and angles.

We also need to obtain δ⊕ for the sidereal rotation. We define T⊕ = 0 as in

(Kostelecký & Mewes, 2002) to be the instant the local y axis and the SCCEF

Y axis are aligned (noon) in the laboratory (see figure 5). Let us define Tv to

be the time in seconds after midnight UTC+0, at which the vernal equinox has

occurred in the J2000.0 frame (Kostelecký & Mewes, 2002). For convenience we

also define our longitude TL in terms of sidereal seconds from midnight (in the case

of our laboratory Tl = 115.826◦ × 23hr56min
360◦ = 27721sec). There exists a special

location whose meridian is at noon at the vernal equinox. For this special location

(during the vernal equinox), δ⊕ = 0 since the time when the y and Y axes align and

the vernal equinox are the same. We see geometrically that any longitude greater

than this meridian will have positive δ⊕, otherwise if the longitude is less than this

meridian it would have negative δ⊕. As shown in figure 45, we can now derive an

expression for δ⊕.

δ⊕ = TL + Tv − 23hr56min

2
(71)

Hence we are able to determine the phase of the experiment’s orientation relative
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to the SCCEF.

4.3.2 Phase with respect to the CMB

In the RMS framework, the prime candidate for the preferred frame is taken as

the Cosmic Microwave Background (CMB), and to extract the PMM term from our

data we must first determine the phase of our experiment with respect to the CMB.

Thus, in similar way to the reasoning for the SME (see subsection 4.3.1) we require

δR, the difference between the experiment’s rotation time and the time since the

vernal equinox, and δ⊕, the difference between the sidereal time and the time since

the vernal equinox.

As was the case for the SME, δR = 0 since the axis of symmetry of the first

resonator, a, is aligned with the local y-axis at TR = 0. However, δ⊕ will be

different since in the case of the RMS it is measured with respect to the CMB (or

MM-Earth frame), not the SCCEF. The CMB is oriented at 11.2 h right ascension,

6.4 degrees declination relative to the equatorial plane. Let us define Tv to be the

time in seconds after midnight UTC+0, at which the vernal equinox has occurred

in the J2000.0 frame (Kostelecký & Mewes, 2002). Tu is the direction of the CMB

(11.2h). For convenience we also define our longitude TL in terms of sidereal seconds

from midnight (in the case of our laboratory Tl = 115.826◦× 23hr56min
360◦ = 27721sec).

As shown in figure 46, we now have an expression for δ⊕.

δ⊕ = TL + Tv − (Tu +
23hr56min

2
) (72)

Hence we are able to determine the phase of the experiment orientation relative

to the CMB.
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Figure 46: Diagram showing meridians and angles used to determine the phase of
the experiment with respect to the CMB.
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Chapter 5

Results: Constraining violations

of local Lorentz invariance

In this chapter we will present the results from our test of local Lorentz invariance.

The results will be presented in the framework of the two Lorentz violating theories

considered in this work: the photon sector of the Standard Model Extension (SME),

and the isotropy term of the Robertson, Mansouri and Sexl (RMS) framework. This

chapter is separated into two sections, corresponding to the two separate occasions

at which the data was analysed.

The first analysis was conducted at an early stage of the project using the initial

five data sets acquired from the experiment. The short data set approximation,

derived in chapter 2, was used for the analysis in the SME, and the results were

subsequently published (Stanwix et al., 2005). An examination of the influence of

systematic signals on the analysis is also presented in this section.

The second analysis was conducted at the conclusion of the experiment’s opera-

tion. More than one year of data was collected and analysed, allowing a complete

decorrelation of all relevant parameters in the SME, thus avoiding the assumptions

of the short data set approximation used in the first analysis. This analysis also in-

volved the development of a new demodulated regression technique, which optimizes

107
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the effect of narrow band (due to stability of rotation systematic) and broad band

(oscillator frequency stability) noise sources. The second analysis improved upon

the previous result in both the SME and the RMS by about a factor of 2. These

results were published in a follow up article (Stanwix et al., 2006). We present the

second “full year” analysis in conjunction with systematic uncertainties associated

with the experiment, as determined in chapter 3.

5.1 Short Data Set Analysis

The significant advances made by the new generation of light speed isotropy ex-

periments in constraining parameters of Lorentz violating theories (Stanwix et al.,

2006; Herrmann et al., 2005; Antonini et al., 2005b) can largely be attributed to the

use of active rotation in the laboratory. As we have already discussed, rotating the

experiment will result in increased sensitivity, since the rotation rate can be cho-

sen to coincide with the optimal operating regime of the experimental apparatus

(time scale of minimum noise fluctuations). In addition, this rotation improves the

statistics, since the rotation frequency is typically more than 3 orders of magnitude

higher than that of previous stationary experiments (Wolf et al., 2004a; Müller

et al., 2003; Lipa et al., 2003) (rotated by the Earth), allowing significantly more

rotation periods to be collected. These new experiments are thus capable of at-

taining levels of sensitivity comparable to the previous generation of experiments,

which in some cases utilised data collected over more than one year, in only a few

days. The possibility of making significant improvements on previously published

results with only a few weeks of data motivated early analysis.

This analysis involved 5 sets of data totaling 18 days, collected over a period

of 3 months beginning December 2004. A significant level of systematic signal

was observed at the primary frequency of interest, twice the rotation rate of the

experiment (2ωR). In this section we will describe the impact of the systematic

signal and its leakage into neighboring frequencies, and present results of the short
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data set analysis for the SME and RMS test theories respectively. Throughout this

short data set analysis we employed the Weighted Least Squares (WLS) regression

technique (see chapter 4).

5.1.1 Systematic Leakage

As described in chapter 3, rotation of the experiment induces a number of system-

atic signals in the data. These signals typically occur at the rotation rate of the

experiment and its harmonics. Of particular interest in this work is the second

harmonic, 2ωR. Each data set exhibited a significant signal at this frequency, which

limits our ability to constrain parameters of Lorentz violating theories associated

with this frequency. Moreover, we have observed leakage of the systematic into the

neighboring side bands due to aliasing when the data set is not long enough or the

systematic is too large. The length of the data sets (in days) and the magnitude of

the systematic at 2ωR are presented in table 10.

Data Set Date Length (days) Systematic (2ωR)
1 03/12/2004 3.6 2.3× 10−14

2 20/01/2005 2.4 2.1× 10−14

3 25/01/2005 1.9 2.6× 10−14

4 17/03/2005 4.7 1.4× 10−15

5 24/03/2005 6.1 8.8× 10−15

Table 10: Length of the data sets used in the short data set analysis and the
magnitude of their systematic at 2ωR.

Figure 47 shows the total amplitude resulting from a WLS fit to 2 of the data sets

individually over a range of frequencies about 2ωR. It is evident that the systematic

of data set 1 at 2ωR is affecting the fitted amplitude of the sidereal sidebands

2ωR ± ω⊕ due to its relatively short length and large systematics. In comparison,

data set 5 is longer with a lower level of systematic, with less effect evident at the

sidereal sideband. Therefore, by analyzing all five data sets simultaneously using

WLS, the effective length of the data is increased, thereby reducing the width of the
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Figure 47: Spectrum of amplitudes
√

C2
ωi

+ S2
ωi

calculated using WLS, showing
systematic leakage about 2ωR for 2 data sets, data set 1 (3.6 days, circles), data
set 5 (6.1 days, squares) and the combined data (18 days spanning 3 months, solid
triangles). Here ω⊕ is the sidereal frequency (11.6µHz). By comparing a variety
of data sets we have seen that leakage is reduced in longer data sets with lower
systematics. The insets show the typical amplitude away from the systematic, which
have statistical uncertainties of order 10−16.

systematic sufficiently as to not contribute significantly to the sidereal and semi-

sidereal sidebands. We will discuss later in this section how the parameters of the

SME that coincide with the systematic signal were dealt with, as well as additional

considerations for the nearby sidebands.

5.1.2 Standard Model Extension

In chapter 2 it was shown that a complete decorrelation of all relevant parameters

in the SME requires more than one year of data, a requirement which is not satisfied

for short data sets. Therefore, to conduct the analysis in the SME it is necessary

to implement the short data set approximation, derived in section 2.1.4.

The short data set approximation is primarily based upon the observation that
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for data spanning a short period of time (ie. short with respect to the annual period

of the Earth’s orbit) the angular position of the Earth in its orbit with respect to

the Sun will not vary by much, and we can assume that the Earth has a constant

velocity, corresponding to the velocity at the average position of the Earth spanned

by the data set. This allows the boost terms to be included with the twice rotation

frequency as well as the semi sidereal and sidereal offset frequencies.

This experiment is sensitive to all eight κ̃o+ and κ̃e− components of the SME.

By using the formulas derived in Table 3 for short data sets, and the S factor

for the WGH8,0,0 mode in figure 11, the resulting numerical relation between the

parameters of the SME and the Cωi
and Sωi

coefficients can be calculated and are

given in Table 11.

ωi Cωi
Sωi

2ωR 0.21κ̃ZZ
e− -

2ωR + ω⊕ 2.5× 10−5 sin Φ0κ̃
XY
o+ − cos Φ0

[
2.3× 10−5κ̃XY

o+ − 1.0× 10−5κ̃XZ
o+

]
−1.0× 10−5 cos Φ0κ̃

Y Z
o+ −0.27κ̃Y Z

e−
−0.27 κ̃XZ

e−
2ωR + 2ω⊕ −2.1× 10−5 cos Φ0κ̃

XZ
o+ −2.3× 10−5 sin Φ0κ̃

XZ
o+

+2.3× 10−5 sin Φ0κ̃
Y Z
o+ −2.1× 10−5 cos Φ0κ̃

Y Z
o+ − 0.23 κ̃XY

e−
−0.11(κ̃XX

e− − κ̃Y Y
e− )

2ωR − ω⊕ −0.31C2ωR+ω⊕ 0.31S2ωR+2ω⊕
2ωR − 2ω⊕ 9.4× 10−2C2ωR+2ω⊕ −9.4× 10−2S2ωR+2ω⊕

Table 11: Coefficients Cωi and Sωi in (1) for the five frequencies of interest and
their relation to the components of the SME parameters κ̃e− and κ̃o+, derived using
a short data set approximation including terms up to first order in orbital velocity,
where Φ0 is the phase of the orbit since the vernal equinox. Note that for short data
sets the upper and lower sidereal sidebands are redundant, which reduces the number
of independent measurements to 5. To lift the redundancy, more than a year of data is
required so annual offsets may be de-correlated from the twice rotational and sidereal
sidebands listed.

However, application of the short data set approximation introduces a redun-

dancy between the upper and lower sidebands of table 11. This reduces the num-

ber of independent measurements to 5, less than that required to determine the

8 independent parameters of the SME. To allow constraints to be placed on all 8
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parameters we introduce the additional assumption that there exists no correlation

between the isotropy and boost coefficients, an assumption that was also used in

the work of (Lipa et al., 2003; Herrmann et al., 2005). In practice we set the κ̃o+

boost coefficients to zero when calculating limits on the κ̃e− isotropy coefficients,

and vice versa. In justifying this approach, we note that it would be unlikely for a

cancelation of Lorentz violating effects to occur, since it would require a relationship

between the coefficients on the order of the boost suppression coefficient (i.e. orbit

velocity, β⊕ ∼ 10−4) consistent with the correct linear combinations as presented

in table 3.

To avoid the large systematic effect at 2ωR impacting on the results, when setting

the limits on the three κ̃XY
o+ , κ̃XZ

o+ and κ̃Y Z
o+ coefficients we only use the coefficients

at 2ωR ± ω⊕ and 2ωR ± 2ω⊕ frequencies. Likewise for the κ̃XY
e− , κ̃XZ

e− , κ̃Y Z
e− and

(κ̃XX
e− − κ̃Y Y

e− ) coefficients. These are the same coefficients that have had limits set

by the non-rotating experiments (Wolf et al., 2004a; Müller et al., 2003; Lipa et al.,

2003). The results of this analysis are presented in table 12, along with the previous

best results from the stationary experiment of (Wolf et al., 2004a), representing an

improvement by up to a factor of 7.

Of particular interest is the κ̃ZZ
e− parameter, which has not been constrained in

previous non-rotating experiments (Müller et al., 2003; Wolf et al., 2004a). Rotating

experiments provide access to this parameter, and the results presented in the

work constitute the first measurement of κ̃ZZ
e− , along with the concurrent work of

Herrmann et al. (Herrmann et al., 2005) and Antonini et al. (Antonini et al.,

2005b). κ̃ZZ
e− (≡ κ̃XX

e− + κ̃Y Y
e− ) only appears in relation to the 2ωR coefficient which is

dominated by systematic effects much greater than the statistical uncertainties at

the other frequencies. From our combined analysis of all data sets, and using the

relation to κ̃ZZ
e− given in Table 11, we determine a value for κ̃ZZ

e− of 4.1(0.5)× 10−15.

However, it is possible that the systematic may have canceled a Lorentz violating

signal at 2ωR, so we cannot reasonably claim this as an upper limit. Since we have

five individual data sets, a limit can be set by treating the C2ωR
coefficient as a



5.1. SHORT DATA SET ANALYSIS 113

statistic. The phase of the systematic depends on the initial experimental conditions

and may be assumed to be random across the data sets. Thus, by analysing the

data sets individually we have five values of C2ωR
, ({−4.2, 11.4, 21.4, 1.3,−8.1} in

10−15), two are negative coefficients and three are positive. If we take the mean

of these coefficients, the systematic signal will cancel if the phase is random, but

the possible Lorentz violating signal will not, since its phase is constant. Thus, a

limit can be set by taking the mean and standard deviation of the five coefficients

of C2ωR
. This gives a more conservative bound of 2.1(5.7) × 10−14, which includes

zero.

κ̃XY
e− κ̃XZ

e− κ̃Y Z
e− (κ̃XX

e− − κ̃Y Y
e− )

this work -0.63(0.43) 0.19(0.37) -0.45(0.37) -1.3(0.9)
from (Wolf et al., 2004a) -5.7(2.3) -3.2(1.3) -0.5(1.3) -3.2(4.6)

κ̃ZZ
e− κ̃XY

o+ κ̃XZ
o+ κ̃Y Z

o+

this work 21(57) 0.20(0.21) -0.91(0.46) 0.44(0.46)
from (Wolf et al., 2004a) − -1.8(1.5) -1.4(2.3) 2.7(2.2)

Table 12: Results for the SME Lorentz violation parameters, assuming no cancela-
tion between the isotropy terms κ̃e− (in 10−15) and first order boost terms κ̃o+ (in
10−11) (Lipa et al., 2003).

5.1.3 Robertson, Mansouri, Sexl Framework

In chapter 2 we applied the RMS framework to whispering gallery mode experi-

ments. This experiment is of the Michelson-Morley variety, and as such is sensitive

to the isotropy parameter PMM of the RMS framework.

The relationship between the PMM parameter and the sidebands about 2ωR are

presented in table 13, which is derived from Eqn. (42) in chapter 2. The dominant

coefficients are calculated to be only due to the cosine terms with respect to the

Cosmic Microwave Background (CMB) right ascension, Cuωi
; the theory predicts

no perturbations in the quadrature term.

The same five data sets used in the SME analysis were re-analysed in the correct
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ωi Cuωi
PMM

2ωR + ω⊕ [−1.13× 10−7 − 3.01× 10−8 cos Φ0 −2.1(7.2)
+8.83× 10−9 sin Φ0]PMM

2ωR − ω⊕ [3.51× 10−8 + 9.31× 10−9 cos Φ0 62.4(23.3)
−2.73× 10−9 sin Φ0]PMM

2ωR + 2ω⊕ [4.56× 10−7 − 1.39× 10−8 cos Φ0 −1.3(2.1)
−7.08× 10−8 sin Φ0]PMM

2ωR − 2ω⊕ [4.37× 10−8 − 1.34× 10−9 cos Φ0 −7.5(22.1)
−6.78× 10−9 sin Φ0]PMM

Table 13: Dominant coefficients in the RMS, using a short data set approximation
calculated from Eq. (42). Φ0 is the annual phase of the laboratory at the time of the
measurement. The measured values of PMM (in 10−10) are shown together with the
statistical uncertainties in the bracket. From this data the measured value of PMM

is determined to be −0.9(2.0)× 10−10.

quadrature with respect to the CMB, with the results listed in Table 13. We

determine a value for PMM to be −0.9(2.0)× 10−10, which represents more than a

factor of 7 improvement over previous stationary experiments (Müller et al., 2003).

5.2 Full Year Analysis

The data used in the full year analysis spans a period from December 2004 to

January 2006. It consists of 27 sets of data totalling approximately 121 days. In

this section we will present results in the SME and the RMS framework. The full

year analysis was conducted using the Demodulated Least Squares (DLS) technique

for the SME, and the WLS technique for the RMS framework (see chapter 4).

5.2.1 Systematic Errors

It is possible that a putative violation of Lorentz invariance may be masked by

systematic effects. Therefore, it is necessary to investigate possible sources of sys-

tematic disturbances and quantify their contribution to the final result. A number
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Table 14: Analysis of systematic errors at frequencies associated with the SME and
RMS analysis.

Systematic ω⊕ ω⊕ ± Ω⊕ 2ω⊕ 2ω⊕ ± Ω⊕

Tilt 6× 10−17 6× 10−17 3× 10−17 3× 10−17

Room Temp 4× 10−17 2× 10−17 6× 10−17 5× 10−17

Helium line
pressure < 1× 10−17 < 1× 10−17 < 1× 10−17 < 1× 10−17

Total 7× 10−17 6× 10−17 7× 10−17 6× 10−17

of systematic effects were monitored during the operation of the experiment, in-

cluding tilt of the experiment, room temperature, and the pressure of the helium

gas return line. Each of these effects were investigated at the frequencies of interest

to this work. We have already discussed in section 5.1 the significant systematic

effect that occurs at 2ωR and explained the technique adopted to deal with Lorentz

violating parameters corresponding to this frequency. The results of the system-

atic analysis for the other frequencies of interest are presented in table 14. We have

analysed tilt, room temperature and helium return line pressure data collected with

the data used in the final full year analysis using the same DLS analysis technique.

The total systematic effect is of the same magnitude as the statistical uncertainty

of the measurement, presented in table 15.

As we explained in section 3.2.7, it was not possible to accurately determine the

effect of magnetic field variations at the sidereal and semi-sidereal offset frequencies

due to insufficient data being collected. However, considering the magnetic field

effect at 2ωR has been measured to be 2 × 10−16, it is highly likely that the effect

at the sidereal offsets will be much lower, since they would be caused by DC vari-

ations of the field, unlike the variations at 2ωR which are induced by the changing

orientation of the experiment with respect to the field as it rotates in the lab.
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Figure 48: Cosine, C(t), and sine, S(t), amplitudes resulting from demodulation of
the data at 2ωR in blocks of 40 rotations, with a linear fit removed from each data
set.

5.2.2 Standard Model Extension

As we have noted previously, to completely decorrelate the eight parameters of the

SME that this experiment is sensitive to we need at least one year of data. However,

the increased amount of data also increased the computational resources required

to process it. In chapter 4 we presented two techniques for analysing the data;

the WLS technique (used in the short data set analysis) and the Demodulated

Least Squares (DLS) technique. The DLS technique was introduced as a more

computationally efficient technique, and is used here for the full year analysis in the

SME framework.

Shown in figure 48 are the S(t) and C(t) coefficients of (60) resulting from the

demodulation of the data at 2ωR. An offset and drift has been removed from the

coefficients derived from each data set. As described earlier in section 4.2.1, this

data is then used to search for the amplitudes of the frequencies of interest.

As was the case for the short data set analysis, systematic effects at 2ωR dominate
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the data, limiting our ability to constrain test theory parameters associated with

this frequency. Also, we do not consider the nearby annual offsets (2ωR ± Ω⊕)

for two reasons. Firstly, the strong systematic signal at 2ωR has been shown to

have a significant effect on nearby sidebands due to leakage (Stanwix et al., 2005),

and secondly, by subtracting a linear drift from the individual data sets after the

demodulated (as presented in figure 48) it is possible that a signal at the annual

frequency may be suppressed. However, all other frequencies of interest (see table

15) are close to the sidereal or semi-sidereal frequencies, so will be unaffected by

the removal of an offset and drift from each data set.

In the SME, all κ̃e− and κ̃o+ parameters other than κ̃ZZ
e− can be constrained

from the sidereal and semi-sidereal frequencies and their annual frequency offsets,

as outlined in table 15. κ̃ZZ
e− only appears in the coefficient C2ωR

so to determine

a limit we do the same as for the short data set analysis and consider the C2ωR

coefficients for each data set to be independent and treat them statistically. The

systematic at 2ωR has been shown to be primarily due to tilt variations. It remains

relatively constant in phase within a data set but varies between data sets. Figure

49 shows the C2ωR
and S2ωR

coefficients for the 27 data sets. Also shown is the

mean and standard error of the mean which is used to calculate κ̃ZZ
e− .

The results for the SME analysis are given in table 16. We note that the results

for κ̃XZ
e− and κ̃XZ

o+ are significant at approximately the 3σ and 2σ level respectively.

However, we do not believe this to be an indication of a Lorentz violating effect

for reasons similar to those given in (Wolf et al., 2004a), which also searched for

Lorentz violations in data taken over more than one year. (i) Our result for κ̃XZ
e− is

inconsistent with other recent measurements shown in table 16. (ii) On examination

of the corresponding sideband coefficients from an analysis of the individual data

sets, shown in figure 50, there is no indication of any coherence in the phase of

the signal, which would be expected in the presence of a genuine Lorentz violating

effect.
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Table 15: Shown are the relationships between the κ̃e− and κ̃o+ parameters of
the SME and the CC,ωi ,CS,ωi ,SC,ωi and SS,ωi coefficients from Eqs. 61 and 62 for
the 8 frequencies of interest, normalized for the experimental sensitivity S, and the
measured value (in 10−16) of each coefficient along with its statistical uncertainty.
The values for CC,0 (used to constrain κ̃ZZ

e− ) and SC,0 were determined by averaging
over the data sets (see figure 49).

ωi CC,ωi

0 1.078κ̃ZZ
e− -30(38)

Ω⊕ −0.570β⊕(1.156κ̃XZ
o+ + κ̃XY

o+ )

ω⊕ − Ω⊕ −0.179β⊕κ̃Y Z
o+ -2.3(0.7)

ω⊕ −0.900κ̃XZ
e− + 2βLκ̃XZ

o+ 1.9(0.7)

ω⊕ + Ω⊕ −0.179β⊕κ̃Y Z
o+ -2.0(0.7)

2ω⊕ − Ω⊕ −1.229β⊕κ̃XZ
o+ -0.4(0.7)

2ω⊕ −0.641(κ̃XX
e− − κ̃Y Y

e− ) -0.6(0.7)

2ω⊕ + Ω⊕ 0.53β⊕κ̃XZ
o+ -3.4(0.7)

ωi CS,ωi

0 -

Ω⊕ −0.718β⊕κ̃XY
o+

ω⊕ − Ω⊕ 0.337β⊕(κ̃XZ
o+ − 4.823κ̃XY

o+ ) 0.9(0.7)

ω⊕ −0.900κ̃Y Z
e− + 2βLκ̃Y Z

o+ -2.5(0.7)

ω⊕ + Ω⊕ −0.035β⊕(4.823κ̃XZ
o+ + κ̃XY

o+ ) -1(0.7)

2ω⊕ − Ω⊕ −1.229β⊕κ̃Y Z
o+ -0.7(0.7)

2ω⊕ −1.282κ̃XY
e− -1.7(0.7)

2ω⊕ + Ω⊕ 0.53β⊕κ̃Y Z
o+ -0.5(0.7)

ωi SC,ωi

0 1.695βLκ̃XY
o+ 29(46)

Ω⊕ -

ω⊕ − Ω⊕ 0.179β⊕(κ̃XZ
o+ − 4.823κ̃XY

o+ ) -0.3(0.8)

ω⊕ 2.122βLκ̃Y Z
o+ − 1.696κ̃Y Z

e− 1.4(0.8)

ω⊕ + Ω⊕ 0.070β⊕(4.823κ̃XZ
o+ + κ̃XY

o+ ) -5.4(0.8)

2ω⊕ − Ω⊕ −0.837β⊕κ̃Y Z
o+ 1.5(0.8)

2ω⊕ −1.061κ̃XY
e− -1.2(0.8)

2ω⊕ + Ω⊕ 0.044β⊕κ̃Y Z
o+ 0.5(0.8)

ωi SS,ωi

0 -

Ω⊕ -

ω⊕ − Ω⊕ 0.337β⊕κ̃Y Z
o+ -0.8(0.8)

ω⊕ 1.696κ̃XZ
e− − 2.122βLκ̃XZ

o+ -3.6(0.8)

ω⊕ + Ω⊕ 0.337β⊕κ̃Y Z
o+ 0.4(0.8)

2ω⊕ − Ω⊕ 0.837β⊕κ̃XZ
o+ -3.2(0.8)

2ω⊕ 0.531(κ̃XX
e− − κ̃Y Y

e− ) 2.8(0.8)

2ω⊕ + Ω⊕ −0.044β⊕κ̃XZ
o+ 3.4(0.8)
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Figure 49: The amplitudes S0 and C0 from a DLS analysis for each of the 27 data
sets (squares), used to limit the parameter κ̃ZZ

e− of the SME. Also shown (circle) is
the mean and its standard error (S0 = 2.9(4.6), C0 = −3.0(3.8)× 10−15).

5.2.3 RMS

In terms of the RMS framework, the advantage to be gained by having one year

of data is primarily statistical. Due to the symmetry of our experiment we are not

sensitive to the boost parameter of the RMS, PKT , and cavity experiments are not

sensitive to the time dilation parameter α. However, we can improve our previous

constraint on the isotropy parameter PMM by taking a weighted average over the

results of multiple data sets.

We analyze each data set individually using the WLS technique. The association



120 CHAPTER 5. RESULTS

-4

-2

0

2

4

S 
 x

10
-1

5  

-4 -2 0 2 4
C   x10

-15
 

(a)

-4

-2

0

2

4

S 
 x

10
-1

5  

-4 -2 0 2 4
C   x10

-15
 

(b)

Figure 50: 2ωR ± ω⊕ sidebands from individual WLS analysis of all data sets used
in the full year analysis. Shown is sine and cosine coefficients of the (a) 2ωR + ω⊕
sideband and (b) 2ωR − ω⊕ sideband.

Table 16: Results for the SME Lorentz violation parameters, determined indepen-
dently in the full year analysis. Also shown for comparison is the previous best
independent constraints of seven parameters (Wolf et al., 2004a), and a selection of
the best results from recent short data set analysis. The short data set analysis in
this work and (Herrmann et al., 2005) that assume no cancelation between the κ̃e−
and κ̃o+ terms, other than κ̃ZZ

e− (κ̃e− in 10−16, κ̃o+ in 10−12).

This work Previous analysis Recent short analysis

(Stanwix et al., 2006) (Wolf et al., 2004a) (Herrmann et al., 2005)
(Stanwix et al., 2005)

κ̃XY
e− 2.9(2.3) -57(23) -3.1(2.5)

κ̃XZ
e− -6.9(2.2) -32(13) 1.9(3.7)

κ̃Y Z
e− 2.1(2.1) -5(13) -4.5(3.7)

(κ̃XX
e− − κ̃Y Y

e− ) -5.0(4.7) -32(46) 5.4(4.8)

κ̃ZZ
e− 143(179) - -19.4(51.8)

κ̃XY
o+ -0.9(2.6) -18(15) 2.0(2.1)

κ̃XZ
o+ -4.4(2.5) -14(23) -3.6(2.7)

κ̃Y Z
o+ -3.2(2.3) 27(22) 2.9(2.8)
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between PMM and the coefficients of the frequencies of interest is the same as that

used in the short data set analysis, given in table 13. The coefficients of 57 are for

the frequencies ωi = (2ωR, 2ωR±ω⊕, 2ωR±2ω⊕) only. By taking a weighted average

over the results from each data set we calculate a value for the RMS parameter of

9.4(8.1)× 10−11.
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Chapter 6

Conclusion

This thesis described the design and construction of a modern Michelson-Morley

experiment, built to test the principle of Lorentz invariance. The experiment mea-

sured the isotropy of the speed of light by comparing the frequency of two orthogo-

nally oriented ultra-stable cryogenic sapphire oscillators, which were designed and

constructed for this specific purpose. A custom built rotation system rotated the

experiment with a period of 18 seconds. The operation of the experiment was op-

timised, and systematic effects were investigated and characterised, including tilt,

room temperature, ambient magnetic field and helium return line pressure. The

experiment was operated for over one year, with data being collected at regular

intervals covering approximately 30 percent of this time.

The results of this experiment were analysed with respect to the kinematical

framework of Robertson, Mansouri and Sexl (RMS) (Robertson, 1929; Mansouri

& Sexl, 1977a; Mansouri & Sexl, 1977b), a study of Lorentz invariance in special

relativity, and the dynamical framework of Kostelecký and coworkers (Standard

Model Extension (SME)) (Colladay & Kostelecký, 1997; Colladay & Kostelecký,

1998), a Lorentz violating extension of the Standard Model of particle physics. In

both cases, the experiment was modeled within the respective framework, and the

sensitivity of the experimental observable (difference frequency) to parameters of

123
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the Lorentz violating theory was derived.

The data from the experiment was processed using two techniques. The first,

a weighted least squares regression technique, is well known and has been used in

other similar work (Wolf et al., 2003; Wolf et al., 2004a). However, it proved to be

computationally intensive. The second technique, an optimised demodulated least

squares regression, was developed specifically for this work and proved to be more

efficient. The parameters of both techniques were investigated and optimised. Both

techniques were shown to produce comparable results for short data sets, and the

demodulated least squares technique was used in the final full year analysis.

6.1 Improved Constraints on Violations of Lorentz

Invariance

This work did not detect any significant Lorentz violating signals beyond the un-

certainty of the measurements. The results have improved the constraint on the

isotropy parameter of the RMS and seven parameters from the photon sector of the

SME by up to an order of magnitude, compared to previous stationary experiments

(Wolf et al., 2004b; Wolf et al., 2004a). Furthermore, this work set a new bound on

the previously unmeasured κ̃ZZ
e− parameter of the SME. The results are summarised

in table 17. To place these results into the context of other recent experiments, the

progress in measurements of each parameter over the last 4 years has been presented

in the figures 51 to 55 at the end of this chapter.

6.2 Future Prospects

The results presented here represent the full potential of the experiment in its

current configuration. To improve on these results a new experiment has been

proposed. It will use improved cryogenic sapphire oscillators which have already
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Table 17: Constraints on the relevant parameters of the SME and RMS frameworks
resulting from this work. The best constraints from the previous generation of sta-
tionary experiments are also given for comparison (κ̃e− in 10−16, κ̃o+ in 10−12, PMM

in 10−11).

This work Previous analysis
(Wolf et al., 2004a)

κ̃XY
e− 2.9(2.3) -57(23)

κ̃XZ
e− -6.9(2.2) -32(13)

κ̃Y Z
e− 2.1(2.1) -5(13)

(κ̃XX
e− − κ̃Y Y

e− ) -5.0(4.7) -32(46)

κ̃ZZ
e− 143(179) · · ·

κ̃XY
o+ -0.9(2.6) -18(15)

κ̃XZ
o+ -4.4(2.5) -14(23)

κ̃Y Z
o+ -3.2(2.3) 27(22)

PMM 9.4(8.1) 120(220)(Wolf et al., 2004b)

been tested, with a frequency stability more than 20 times better than the current

experiment (Hartnett et al., 2006).

It has been shown that systematic effects seen in this work are of the same order

as the statistical uncertainties of the analysis. Therefore, for the full potential of

the new oscillators to be realised, systematic effects must be reduced. This may

include the implementation of a new rotation system and environmental control.

Other tests of Lorentz invariance and fundamental physics may be possible by

comparing the cryogenic sapphire oscillators with other optical and microwave fre-

quency standards available in the laboratory.
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Figure 51: Timeline of experimental progress in measuring the (a) κ̃XY
e− and (b)

κ̃XZ
e− parameters of the SME over the last 4 years. Shown in (red, triangles) are the

measurements resulting from this work (Stanwix et al., 2005; Stanwix et al., 2006).
Other measurements are, in chronological order, from (Müller et al., 2003; Wolf et al.,
2004a; Herrmann et al., 2005).
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Figure 52: Timeline of experimental progress in measuring the (a) κ̃Y Z
e− and (b)

κ̃XX−Y Y
e− parameters of the SME over the last 4 years. Shown in (red, triangles)

are the measurements resulting from this work (Stanwix et al., 2005; Stanwix et al.,
2006). Other measurements are, in chronological order, from (Müller et al., 2003;
Wolf et al., 2004a; Herrmann et al., 2005).
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Figure 53: Timeline of experimental progress in measuring the (a) κ̃ZZ
e− and (b)

κ̃XY
o+ parameters of the SME over the last 4 years. Shown in (red, triangles) are

the measurements resulting from this work (Stanwix et al., 2005; Stanwix et al.,
2006). Other measurements are, in chronological order, from (Herrmann et al., 2005;
Antonini et al., 2005a) for (a) and (Müller et al., 2003; Wolf et al., 2004a; Herrmann
et al., 2005) for (b).
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Figure 54: Timeline of experimental progress in measuring the (a) κ̃XZ
o+ and (b)

κ̃Y Z
o+ parameters of the SME over the last 4 years. Shown in (red, triangles) are the

measurements resulting from this work (Stanwix et al., 2005; Stanwix et al., 2006).
Other measurements are, in chronological order, from (Müller et al., 2003; Wolf et al.,
2004a; Herrmann et al., 2005).
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Improved test of Lorentz invariance in electrodynamics
using rotating cryogenic sapphire oscillators
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We present new results from our test of Lorentz invariance, which compares two orthogonal cryogenic
sapphire microwave oscillators rotating in the lab. We have now acquired over 1 year of data, allowing us
to avoid the short data set approximation (less than 1 year) that assumes no cancellation occurs between
the ~�e� and ~�o� parameters from the photon sector of the standard model extension. Thus, we are able to
place independent limits on all eight ~�e� and ~�o� parameters. Our result represents up to a factor of 10
improvement over previous nonrotating measurements (which independently constrained seven parame-
ters) and is a slight improvement (except for ~�ZZe�) over results from previous rotating experiments that
assumed the short data set approximation. Also, an analysis in the Robertson-Mansouri-Sexl framework
allows us to place a new limit on the isotropy parameter PMM � �� �� 1

2 of 9:4�8:1� � 10�11, an
improvement of a factor of 2.

DOI: 10.1103/PhysRevD.74.081101 PACS numbers: 03.30.+p, 06.30.Ft, 11.30.Cp, 84.40.�x

In recent times there has been an increase in activity in
experimental tests of local Lorentz invariance (LLI), in
particular, light speed isotropy tests with at least 6 experi-
ments reported in the last 3 years [1–6]. This is largely due
to advances in technology, allowing more precise measure-
ments, and the emergence of the standard model extension
(SME) as a framework for the analysis of experiments,
providing new interpretations of LLI tests. None of these
experiments have yet reported a violation of LLI, though
the constraints on a putative violation have become more
stringent by approximately 3 orders of magnitude in the
same time frame.

LLI is an underlying principle of relativity, postulating
that the outcome of a local experiment is independent of
the velocity and orientation of the apparatus. Tests of LLI
are motivated by the central importance of this postulate to
modern physics, as well as the development of a number of
conflicting unification theories, which suggest a violation
of LLI at some level. To identify a violation it is necessary
to have an alternative theory to interpret the experiment
[7], and many have been developed [8–15]. The kinemati-
cal frameworks (RMS) [8,9] postulate a simple parametri-
zation of the Lorentz transformations with experiments
setting limits on the deviation of those parameters from
their values in special relativity (SR). Because of their
simplicity they have been widely used to interpret many
experiments [3–6,16,17]. More recently, a general Lorentz
violating extension of the standard model of particle phys-
ics (SME) has been developed [12–14] whose Lagrangian
includes all parameterized Lorentz violating terms that can
be formed from known fields. This has inspired a new wave

of experiments designed to explore uncharted regions of
the SME Lorentz violating parameter space.

Our experiment consists of two cylindrical sapphire
resonators of 3 cm diameter and height supported by
spindles within superconducting niobium cavities [18].
The sapphire loaded cavities are situated one above the
other, oriented with their cylindrical axes orthogonal to
each other in the horizontal plane. The experiment is
rotated with a period of 18 seconds around its vertical
axis. Whispering gallery modes [19] are excited in each
near 10 GHz, with a difference frequency between the two
of 226 kHz. The difference frequency along with various
experimental parameters are logged by a stationary data
acquisition system as a function of the experiments orien-
tation. A detailed description of the experiment can be
found in [20].

Inside the sapphire crystals standing waves are set up
with the dominant electric and magnetic fields in the axial
and radial directions, respectively, corresponding to a
Poynting vector around the circumference. The frequency
of each resonator � is proportional to the speed of light c
and inversely proportional to the electrical path length L of
the resonator (� / c=L), where L is dependent on the
material properties of the sapphire crystal, which have
been shown to have a negligible dependence on orientation
[21]. Hence, by measuring the difference frequency be-
tween the two orthogonal cavities as they rotate we make a
direct observation of the isotropy of the speed of light.

To test for Lorentz violations we derive the perturbation
of the difference frequency with respect to an alternative
test theory. In the photon sector of the SME this may be
calculated to first order as the integral over the nonper-
turbed fields (Eq. (34) of [15], see [17,20] for an applica-
tion to our case). The change in orientation of the fields due*Electronic address: pstanwix@physics.uwa.edu.au
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to the rotation of the experiment in the lab and Earth’s
orbital and sidereal motion induces a time varying modu-
lation of the difference frequency, which is searched for in
the experiment. In the photon sector of the SME [15],
Lorentz violating terms are parameterized by 19 indepen-
dent components, which are in general grouped into three
traceless and symmetric 3� 3 matrices (~�e�, ~�o�, and
~�e�), one antisymmetric matrix (~�o�), and one additional
scalar, which all vanish when LLI is satisfied. The 10
independent components of ~�e� and ~�o� have been con-
strained by astronomical measurements to <2� 10�32

[15,22]. Recently two combinations of these parameters
have been further constrained to less than parts in 10�37

[23]. The scalar ~�tr component has been constrained to
<10�4 by [24] through the reanalysis of previous Ives-
Stilwell experiments, who also propose interferometric
techniques to improve on this by 7 orders of magnitude.
Seven components of ~�e� and ~�o� have been indepen-
dently constrained in stationary optical and microwave
cavity experiments [1–3] at the 10�15 and 10�11 level,
respectively. The last remaining component ~�ZZe� was only
recently constrained for the first time by a group of cavity
experiments [4–6,25,26] designed to both improve on the
results of [1–3] and, more importantly, be sensitive to ~�ZZe�
through the use of active rotation in the laboratory.

However, the most stringent independent limits on the
isotropy (~�e�) and boost terms (~�o�) can only be achieved
with 1 year of data. This is because the maximum boost
with respect to the sun centered equatorial celestial frame
(SCECF) is due to the Earth’s annual motion. Thus, over
1 year of data is required to decorrelate the parameters.
Previous analysis [1,5,6], which contained significantly
less than 1 year of data, constrained the ~�e� and ~�o�
parameters by assuming no cancellation occurred in the
case of a nonzero Lorentz violating effect. We have now
acquired sufficient data to remove this assumption, pro-
ducing independent limits on all of the eight components of
~�e� and ~�o�.

Alternatively, with respect to the RMS framework, we
analyze the change in resonator frequency as a function of
the Poynting vector direction with respect to the velocity of
the lab in some preferred frame (as in [17,20]), typically
chosen to be the cosmic microwave background. The
RMS parameterizes a possible Lorentz violation by a
deviation of the parameters ��;�; �� from their SR values
�� 1

2 ;
1
2 ; 0�. These are typically grouped into three linear

combinations representing a measurement of (i) the iso-
tropy of the speed of light (PMM � �� �� 1

2 ), a
Michelson-Morley experiment [27], constrained by [17]
to parts in 10�9, (ii) the boost dependence of the speed
of light (PKT � �� �� 1), a Kennedy-Thorndike experi-
ment [28], constrained by [17] to parts in 10�7, and (iii) the
time dilation parameter (PIS � �� 1

2 ), an Ives-Stillwell
experiment [29], constrained by [30] to parts in 10�7.
Because our experiment compares two cavities it is only
sensitive to PMM.

In our previous analysis [5] the amplitude and phase of a
Lorentz violating signal was determined by fitting the
parameters of Eq. (1) to the data, with the phase of the fit
adjusted according to the test theory used,

 

��0

�0
� A� Bt�

X

i

Ci cos�!it� ’i� � Si sin�!it� ’i�

(1)

Here �0 is the average unperturbed frequency of the two
sapphire resonators, and ��0 is the perturbation of the
226 kHz difference frequency. A and B determine the
frequency offset and drift, and Ci and Si are the amplitudes
of a cosine and sine at frequency !i, respectively. In the
final analysis we fit 15 frequencies to the data, !i �
�2!R; 2!R � ��; 2!R � !�; 2!R � !� � ��; 2!R �
2!�; 2!R � 2!� � ���, where !R is the rotation fre-
quency of the experiment in the lab and!� and �� are the
sidereal and annual frequencies of the Earth’s rotational
and orbital motion, respectively. Since the residuals of the
fit exhibit a significantly nonwhite behavior, the optimal
regression method is weighted least squares (WLS) [2].
WLS involves premultiplying both the experimental data
and the model matrix by a whitening matrix determined by
the noise type of the residuals of an ordinary least squares
analysis. However, this method of analysis proved to be
computationally intensive due to the large amount of data
we have now acquired. For this reason, an alternative
approach used by [4,6] was adopted. Using this technique
we reduce the size of the data set by demodulating it in
quadrature with respect to 2!R in blocks of 40 periods of
rotation. The number of periods was chosen to minimize
the net effect of narrow band noise (due to instabilities in
the systematic at 2!R) and broad band noise (due to
oscillator frequency noise), which is similar to an optimal
filter. By fitting the expression of Eq. (2) to each block of
data using an ordinary least squares regression technique,
we determine the coefficients S�t� and C�t�, which can be
considered linear combinations of the sidereal, semi-
sidereal, and annual modulations and combinations
thereof. The relationship between S�t� and C�t� and the
various modulation frequencies is expressed in Eqs. (3) and
(4), where !i � ���; !�; !� ���; 2!�; 2!� ����:
 

��0

�0
� A�Bt�S�t� sin�2!Rt�’��C�t�cos�2!Rt�’�;

(2)

 S�t� � S0 �
X

i

Ss;i sin�!it� ’i� � Sc;i cos�!it� ’i�;

(3)

 C�t� � C0 �
X

i

Cs;i sin�!it� ’i� � Cc;i cos�!it� ’i�;

(4)
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A comparison was made between the two techniques by
performing a complete analysis of 30 data sets (3 data sets
were later excluded from the analysis due to overly large
and varying systematic signals at 2!R). Both techniques
produced consistent results, with the uncertainties associ-
ated with the demodulated technique being lower than the
WLS technique by no more than 15%. The difference
between the two techniques is most likely due to the

efficiency with which the data analysis could be optimized
for the noise type present in the data. WLS only takes into
account the broad band noise (spectral density) whereas
the optimization used in the demodulated technique takes
into account the extra noise source of instability of the
systematic at 2!R. Hence, the latter approach was adopted
in further investigations of the data.

The data used in this analysis spans a period from
December 2004 to January 2006. It consists of 27 sets of
data totalling approximately 121 days. Shown in Fig. 1 are
the S�t� and C�t� resulting from the demodulation of the
data at 2!R. An offset and drift have been removed from
the coefficients derived from each data set. As described
earlier, this data is then used to determine the amplitudes of
the frequencies of interest. In [5] we describe how system-
atic effects dominate the data at 2!R, limiting our ability to
constrain test theory parameters associated with this fre-
quency (a detailed discussion of the systematics and their
effect is thus left out here). Also, we do not consider the
nearby annual offsets (2!R ���) for two reasons. First,
the strong systematic signal at 2!R has been shown to have
a significant effect on nearby sidebands due to leakage [5],
and second, by subtracting a linear drift from the individual
data sets after being demodulated (as presented in Fig. 1) it
is possible that a signal at the annual frequency may be
suppressed. However, all other frequencies of interest (see
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FIG. 1 (color online). Cosine C�t� and sine S�t� amplitudes
resulting from demodulation of the data at 2!R in blocks of 40
rotations, with a linear fit removed from each data set.

TABLE I. Shown are the relationships between the ~�e� and ~�o� parameters of the SME and the coefficients CC;!i
, CS;!i

, SC;!i
, and

SS;!i
from Eqs. (3) and (4) for the 8 frequencies of interest, normalized for the experimental sensitivity S. � is the colattitude of the lab,

� is the declination of the Earth’s orbit relative to the SCECF, and �� and �L are the boost suppression terms due to the lab velocity
from Earth’s orbital and rotational motion, respectively. Also shown is the measured value (in 10�16) of each coefficient used in the
analysis along with its statistical uncertainty. The values for CC;0 (used to constrain ~�ZZe�) and SC;0 were determined by averaging over
the data sets (see text). The coefficients of �� were not included in the analysis (see text).

!i CC;!i
CS;!i

0 3
2 sin2���~�ZZe� �30�38� 	 	 	

�� ���sin2����cos���~�XZo� � 2 sin���~�XYo�� ���sin2���~�XYo�
!� ��� �� cos��� sin��� sin���~�YZo� �2:3�0:7� �2�� cos��2� sin����cos��2�~�

XY
o� � sin��2�~�

XZ
o�� 0.9(0.7)

!� sin�2��~�XZe� � 2�L~�XZo� 1.9(0.7) sin�2��~�YZe� � 2�L ~�YZo� �2:5�0:7�

!� ��� �� cos��� sin��� sin���~�YZo� �2:0�0:7� ��� sin��2� sin�2���cos��2�~�
XZ
o� � sin��2�~�

XY
o�� �1�0:7�

2!� ��� � 1
2��cos2 �

2 �3� cos�2���~�XZo� �0:4�0:7� � 1
2��cos2 �

2 �3� cos�2���~�YZo� �0:7�0:7�

2!� � 1
4 �3� cos�2����~�XXe� � ~�YYe�� �0:6�0:7� � 1

2 �3� cos�2���~�XYe� �1:7�0:7�

2!� ���
1
2��sin2 �

2 �3� cos�2���~�XZo� �3:4�0:7� 1
2��sin2 �

2 �3� cos�2���~�YZo� �0:5�0:7�

SC;!i
SS;!i

0 2�L sin���~�XYo� 29(46) 	 	 	

�� 	 	 	 	 	 	

!� ��� �� cos��2� sin�2���cos��2�~�
XY
o� � sin��2�~�

XZ
o�� �0:3�0:8� �� sin��� sin���~�YZo� �0:8�0:8�

!� �2�sin���~�YZe� � 2�L cos���~�YZo�� 1.4(0.8) 2�sin���~�XZe� � 2�L cos���~�XZo�� �3:6�0:8�

!� ��� 2�� sin��2� sin����cos��2�~�
XZ
o� � sin��2�~�

XY
o�� �5:4�0:8� �� sin��� sin���~�YZo� 0.4(0.8)

2!� ��� 2��cos2 �
2 cos���~�YZo� 1.5(0.8) �2��cos2 �

2 cos���~�XZo� �3:2�0:8�

2!� 2 cos���~�XYe� �1:2�0:8� � cos����~�XXe� � ~�YYe�� 2.8(0.8)

2!� ��� �2��sin2 �
2 cos���~�YZo� 0.5(0.8) 2��sin2 �

2 cos���~�XZo� 3.4(0.8)
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Table I) are close to the sidereal or semi-sidereal frequen-
cies, so will be unaffected by the removal of an offset and
drift from each data set.

In the SME, all ~�e� and ~�o� parameters other than ~�ZZe�
can be constrained from the sidereal and semi-sidereal
frequencies and their annual frequency offsets as outlined
in Table I. ~�ZZe� only appears in the coefficient C2!R

so to
determine a limit we do the same as in [5] and consider the
C2!R

coefficients for each data set to be independent and
treat them statistically. The systematic at 2!R has been
shown to be primarily due to tilt variations. It remains
relatively constant in phase within a data set but varies
between data sets. Figure 2 shows the C2!R

and S2!R

coefficients for the 27 data sets. Also shown is the mean
and standard error of the mean which is used to calculate
~�ZZe�. The results for the SME analysis are given in Table II.
We note that the results for ~�XZe� and ~�XZo� are significant at
approximately the 3� and 2� level, respectively. However,
we do not believe this to be an indication of a Lorentz
violating effect for reasons similar to those given in [2],
which also used data taken over more than 1 year. Our
result for ~�XZe� is inconsistent with other recent measure-
ments shown in Table II. Also, an examination of the
corresponding sideband coefficients from an analysis of
the individual data sets (not shown here) shows no coher-
ence in the phase of the signal, which would be expected in
the presence of a genuine Lorentz violating effect.

In terms of the RMS framework, the advantage to be
gained by having 1 year of data is primarily statistical.

Because of the symmetry of our experiment, we are not
sensitive to the boost parameter of the RMS, PKT, and
cavity experiments are not sensitive to the time dilation
parameter �. However, we can improve on our previous
constraint on the isotropy parameter PMM by taking a
weighted average over the results of multiple data sets.
We analyze each data set using the WLS technique de-
scribed earlier. The association between PMM and the
coefficients of the frequencies of interest is described in
[5]. The coefficients of Eq. (1) are for the frequencies!i �
�2!R; 2!R �!�; 2!R � 2!�� only. We calculate a value
for the RMS parameter of 9:4�8:1� � 10�11.

In conclusion, by collecting over 1 year of data we have
been able to set the first independent limits on eight pa-
rameters in the photon sector of the SME, without assum-
ing that no cancellation occurs between the isotropy and
boost terms. The results do not indicate any Lorentz vio-
lating effects, and compared to previous experiments we
see a slight improvement in the constraints on these pa-
rameters. We improve on our previous determination of
~�ZZe� by more than a factor of 3. However, due to the
systematic disturbances present at twice the rotation fre-
quency we are unable to measure this parameter with the
precision of [6], who have developed a tilt control system
which avoids the major rotation induced systematic. Also,
we have reduced the limit on the isotropy parameter PMM

of the RMS framework by a factor of 2.
To improve on these results we intend to replace the

resonators with higher quality sapphire loaded cavities,
which have a frequency instability approximately 40 times
lower than the current experiment [31]. Considerable effort
will need to be invested to improve the rotation system and
reduce environmental disturbances for this improvement to
be realized.

TABLE II. Results for the SME Lorentz violation parameters
determined independently in this work. Also shown for com-
parison is the previous best independent constraints of seven
parameters [2] and more recent short term results that assume no
cancellation between the ~�e� and ~�o� terms, other than ~�ZZe�
[5,6] (~�e� in 10�16, ~�o� in 10�12). The PMM parameter from the
RMS framework is also listed (in 10�11).

This
work

Previous
analysis [2]

Recent short
analysis [5,6]

~�XYe� 2.9(2.3) �57�23� �3:1�2:5�

~�XZe� �6:9�2:2� �32�13� 1.9(3.7)

~�YZe� 2.1(2.1) �5�13� �4:5�3:7�

�~�XXe� � ~�YYe�� �5:0�4:7� �32�46� 5.4(4.8)

~�ZZe� 143(179) - �19:4�51:8�

~�XYo� �0:9�2:6� �18�15� 2.0(2.1)

~�XZo� �4:4�2:5� �14�23� �3:6�2:7�

~�YZo� �3:2�2:3� 27(22) 2.9(2.8)

PMM 9.4(8.1) 120(220)[17] �21�19�
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FIG. 2 (color online). The amplitudes S0 and C0 for each of the
27 data sets (squares), used to limit the parameter ~�ZZe� of the
SME. Also shown (circle) is the mean and its standard error
[S0 � 2:9�4:6�, C0 � �3:0�3:8� � 10�15].
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116002 (1998).
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Rev. A 72, 066102 (2005).
[27] A. A. Michelson and E. W. Morley, Am. J. Sci. 34, 333

(1887).
[28] R. J. Kennedy and E. M. Thorndike, Phys. Rev. 42, 400

(1932).
[29] H. E. Ives and G. R. Stilwell, J. Opt. Soc. Am. 28, 215

(1938).
[30] G. Saathoff et al., Phys. Rev. Lett. 91, 190403 (2003).
[31] J. G. Hartnett et al., physics/0608124.

IMPROVED TEST OF LORENTZ INVARIANCE IN . . . PHYSICAL REVIEW D 74, 081101(R) (2006)

RAPID COMMUNICATIONS

081101-5



 



PRL 95, 040404 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
22 JULY 2005
Test of Lorentz Invariance in Electrodynamics Using Rotating
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(Received 2 May 2005; published 21 July 2005)
0031-9007=
We present the first results from a rotating Michelson-Morley experiment that uses two orthogonally
orientated cryogenic sapphire resonator oscillators operating in whispering gallery modes near 10 GHz.
The experiment is used to test for violations of Lorentz invariance in the framework of the photon sector of
the standard model extension (SME), as well as the isotropy term of the Robertson-Mansouri-Sexl (RMS)
framework. In the SME we set a new bound on the previously unmeasured ~�ZZ

e� component of 2:1�5:7� �
10�14, and set more stringent bounds by up to a factor of 7 on seven other components. In the RMS a more
stringent bound of �0:9�2:0� � 10�10 on the isotropy parameter, PMM � �� �� 1

2 is set, which is more
than a factor of 7 improvement.

DOI: 10.1103/PhysRevLett.95.040404 PACS numbers: 03.30.+p, 06.30.Ft, 11.30.Cp, 84.40.2x
FIG. 1. Schematic of the cryogenic dewar, mounted in the
rotation table. Inside the dewar a schematic of the two orthog-
onally orientated resonators is shown, along with the Poynting
vectors of propagation S1 and S2.
The Einstein equivalence principle (EEP) is a founding
principle of relativity [1]. One of the constituent elements
of EEP is local Lorentz invariance (LLI), which postulates
that the outcome of a local experiment is independent of
the velocity and orientation of the apparatus. The central
importance of this postulate has motivated tremendous
work to experimentally test LLI. Also, a number of uni-
fication theories suggest a violation of LLI at some level.
However, to test for violations it is necessary to have an
alternative theory to allow interpretation of experiments
[1], and many have been developed [2–7]. The kinematical
Robertson-Mansouri-Sexl (RMS) framework [2,3] postu-
lates a simple parametrization of the Lorentz transforma-
tions with experiments setting limits on the deviation of
those parameters from their values in special relativity
(SR). Because of their simplicity, they have been widely
used to interpret many experiments [8–11]. More recently,
a general Lorentz violating extension of the standard
model (SME) of particle physics has been developed [6]
whose Lagrangian includes all parametrized Lorentz vio-
lating terms that can be formed from known fields.

This work presents the first results of a rotating lab
experiment using cryogenic microwave oscillators.
Previous nonrotating experiments [10,12,13] relied on the
Earth’s rotation to modulate a Lorentz violating effect.
This is not optimal for two reasons. First, the sensitivity
is proportional to the noise of the oscillators at the modu-
lation frequency, typically best for periods between 10 and
100 s. Second, the sensitivity is proportional to the square
root of the number of periods of the modulation signal,
therefore taking a relatively long time to acquire sufficient
data. Thus, by rotating the experiment the data integration
rate is increased and the relevant signals are translated to
the optimal operating regime [14].
05=95(4)=040404(4)$23.00 04040
Our experiment consists of two cylindrical sapphire
resonators of 3 cm diameter and height supported by
spindles within superconducting niobium cavities [15],
and are oriented with their cylindrical axes orthogonal to
each other in the horizontal plane. Whispering gallery
modes [16] are excited near 10 GHz, with a difference
frequency of 226 kHz. The frequencies are stabilized using
Pound locking, and amplitude variations are suppressed
using an additional control circuit. A detailed description
4-1  2005 The American Physical Society
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of such oscillators can be found in [17,18]. The resonators
are mounted in a common copper block, which provides
common mode rejection of temperature fluctuations. The
structure is in turn mounted inside two successive stainless
steel vacuum cylinders from a copper post, which provides
the thermal connection between the cavities and the liquid
helium bath. A foil heater and carbon-glass temperature
sensor attached to the copper post control the temperature
set point to 6 K with mK stability.

A schematic of the rotation system is shown in Fig. 1.
The cryogenic dewar along with the room temperature
oscillator and control electronics is suspended within a
ring bearing. A multiple ‘‘V’’ shaped suspension made
from elastic cord avoids high Q-factor pendulum modes
by ensuring that the cord has to stretch and shrink (provid-
ing damping) for horizontal and vertical motion. The ro-
tation system is driven by a microprocessor controlled
stepper motor. A commercial 18 conductor slip ring con-
nector, with a hollow through bore, transfers power and
various signals to and from the rotating experiment. A
mercury based rotating coaxial connector transmits the
difference frequency to a stationary frequency counter
referenced to an Oscilloquartz oscillator. The data acquis-
ition system logs the difference frequency as a function of
orientation, as well as monitoring systematic effects in-
cluding the temperature of the resonators, liquid helium
bath level, ambient room temperature, oscillator control
signals, tilt, and helium return line pressure.

Inside the sapphire crystals, standing waves are set up
with the dominant electric and magnetic fields in the axial
and radial directions, respectively, corresponding to a
Poynting vector around the circumference. The experimen-
tal observable is the difference frequency, and to test for
Lorentz violations the perturbation of the observable with
respect to an alternative test theory must be derived. For
example, in the photon sector of the SME this may be
calculated to first order as the integral over the nonper-
turbed fields [Eq. (34) of [7] ], and expressed in terms of 19
independent variables (discussed in more detail later). The
FIG. 2. Square root Allan variance fractional frequency insta-
bility measurement of the difference frequency when rotating
(crosses) and stationary (circles). The hump at short integration
times is due to systematic effects associated with the rotation of
the experiment, with a period of 18 s. Above 18 s the instability
is the same as when the experiment is stationary.

04040
change in orientation of the fields due to the laboratory
rotation and Earth’s orbital and sidereal motion induces a
time varying modulation of the difference frequency,
which is searched for in the experiment. Alternatively,
with respect to the RMS framework, we analyze the change
in resonator frequency as a function of the Poynting vector
direction with respect to the velocity of the laboratory
through the cosmic microwave background (CMB). The
RMS parametrizes a possible Lorentz violation by a de-
viation of the parameters ��;�; �� from their SR values
�� 1

2 ;
1
2 ; 0�. Thus, a complete verification of LLI in the

RMS framework [2,3] requires a test of (i) the isotropy
of the speed of light (PMM � �� �� 1

2 ), a Michelson-
Morley (MM) experiment [19], (ii) the boost dependence
of the speed of light (PKT � �� �� 1), a Kennedy-
Thorndike (KT) experiment [20], and (iii) the time dilation
parameter (PIS � �� 1

2 ), an Ives-Stillwell (IS) experi-
ment [21,22]. Because our experiment compares two cav-
ities, it is sensitive only to PMM.

Figure 2 shows typical fractional frequency instability of
the 226 kHz difference with respect to 10 GHz, and com-
pares the instability when rotating and stationary. A mini-
mum of 1:6� 10�14 is recorded at 40 s. Rotation induced
systematic effects degrade the stability up to 18 s due to
signals at the rotation frequency of 0.056 Hz and its har-
monics. We have determined that tilt variations dominate
the systematic effects by measuring the magnitude of the
fractional frequency dependence on tilt and the variation in
tilt at twice the rotation frequency, 2!R�0:11 Hz�, as the
experiment rotates. We minimize the effect of tilt by
manually setting the rotation bearing until our tilt sensor
reads a minimum at 2!R. The latter data sets were up to an
order of magnitude reduced in amplitude as we became
more experienced at this process. The remaining system-
atic signal is due to the residual tilt variations, which could
FIG. 3. Spectrum of amplitudes
�����������������
C2

i � S2
i

q
calculated using

WLS, showing systematic leakage about 2!R for 2 data sets,
data set 1 (3.6 days, circles), data set 5 (6.1 days, squares), and
the combined data (18 days spanning 3 months, solid triangles).
Here !� is the sidereal frequency (11:6 �Hz). By comparing a
variety of data sets we have seen that leakage is reduced in
longer data sets with lower systematics. The insets show the
typical amplitude away from the systematic, which have statis-
tical uncertainties of order 10�16.
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TABLE I. Coefficients Ci and Si in (1) for the five frequencies of interest and their relation to the components of the SME parameters
~�e� and ~�o�, derived using a short data set approximation including terms up to first order in orbital velocity, where �0 is the phase of
the orbit since the vernal equinox (see [24] for details of the calculation). Note that for short data sets the upper and lower sidereal
sidebands are redundant, which reduces the number of independent measurements to 5. To lift the redundancy, more than a year of data
is required so annual offsets may be decorrelated from the twice rotational and sidereal sidebands listed.

!i Ci Si

2!R 0:21~�ZZ
e� 	 	 	

2!R �!� 2:5� 10�5 sin�0 ~�XY
o� � 1:0� 10�5 cos�0 ~�YZ

o� � 0:27~�XZ
e� � cos�0
2:3� 10�5 ~�XY

o� � 1:0� 10�5 ~�XZ
o�� � 0:27~�YZ

e�

2!R � 2!� �2:1� 10�5 cos�0 ~�XZ
o� � 2:3� 10�5 sin�0 ~�YZ

o� � 0:11�~�XX
e� � ~�YY

e�� �2:3� 10�5 sin�0 ~�XZ
o� � 2:1� 10�5 cos�0 ~�YZ

o� � 0:23~�XY
e�

2!R �!� �0:31C2!R�!� 0:31S2!R�!�
2!R � 2!� 9:4� 10�2C2!R�2!� �9:4� 10�2S2!R�2!�

TABLE II. Results for the SME Lorentz violation parameters,
assuming no cancellation between the isotropy terms ~�e� (in
10�15) and first order boost terms ~�o� (in 10�11) [12].

~�XY
e� ~�XZ

e� ~�YZ
e� (~�XX

e� � ~�YY
e�)

This work �0:63�0:43� 0.19(0.37) �0:45�0:37� �1:3�0:9�
From [13] �5:7�2:3� �3:2�1:3� �0:5�1:3� �3:2�4:6�

~�ZZ
e� ~�XY

o� ~�XZ
o� ~�YZ

o�

This work 21(57) 0.20(0.21) �0:91�0:46� 0.44(0.46)
From [13] 	 	 	 �1:8�1:5� �1:4�2:3� 2.7(2.2)
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be further annulled with an automatic tilt control system. It
is still possible to be sensitive to Lorentz violations in the
presence of these systematics by measuring the sidereal,
!�, and semisidereal, 2!�, sidebands about 2!R, as was
done in [8]. The amplitude and phase of a Lorentz violating
signal is determined by fitting the parameters of Eq. (1) to
the data, with the phase of the fit adjusted according to the
test theory used.

��0

�0
�A�Bt�

X

i

Cicos�!it�’i��Si sin�!it�’i�:

(1)

Here �0 is the average unperturbed frequency of the two
sapphire resonators, and ��0 is the perturbation of the
226 kHz difference frequency, A and B determine the
frequency offset and drift, and Ci and Si are the amplitudes
of a cosine and sine at frequency !i, respectively. In the
final analysis we fit 5 frequencies to the data, !i �
�2!R; 2!R �!�; 2!R � 2!��, as well as the frequency
offset and drift. The correlation coefficients between the
fitted parameters are all between 10�2 and 10�5. Since the
residuals exhibit a significantly nonwhite behavior, the
optimal regression method is weighted least squares
(WLS) [13]. WLS involves premultiplying both the experi-
mental data and the model matrix by a whitening matrix
determined by the noise type of the residuals of an ordinary
least squares analysis.

We have acquired 5 sets of data over a period of 3 months
beginning December 2004, totaling 18 days. The length of
the sets (in days) and size of the systematic are �3:6; 2:3�
10�14�, �2:4; 2:1� 10�14�, �1:9; 2:6� 10�14�, �4:7; 1:4�
10�15�, and �6:1; 8:8� 10�15�, respectively. We have ob-
served leakage of the systematic into the neighboring side-
bands due to aliasing when the data set is not long enough
or the systematic is too large. Figure 3 shows the total
amplitude resulting from a WLS fit to 2 of the data sets
over a range of frequencies about 2!R. It is evident that the
systematic of data set 1 at 2!R is affecting the fitted
amplitude of the sidereal sidebands 2!R �!� due to its
relatively short length and large systematics. By analyzing
all five data sets simultaneously using WLS the effective
length of the data is increased, reducing the width of the
04040
systematic sufficiently so as to not contribute significantly
to the sidereal and semisidereal sidebands.

In the photon sector of the SME [7], Lorentz violating
terms are parametrized by 19 independent components,
which are, in general, grouped into three traceless and
symmetric 3� 3 matrices (~�e�, ~�o�, and ~�e�), one anti-
symmetric matrix(~�o�), and one additional scalar, which
all vanish when LLI is satisfied. To derive the expected
signal in the SME we use the method of [7,11] to calculate
the frequency of each resonator in the SME and in the
resonator frame. We then transform to the standard celes-
tial frame used in the SME [7] taking into account the
rotation in the laboratory frame in a similar way to [23].
The resulting relation between the parameters of the SME
and the Ci and Si coefficients are given in Table I which,
for short data sets, were calculated using the leading order
expansion at the annual phase position of the data. The 10
independent components of ~�e� and ~�o� have been con-
strained by astronomical measurements to <2� 10�32

[7,25]. Seven components of ~�e� and ~�o� have been con-
strained in optical and microwave cavity experiments
[10,13] at the 10�15 and 10�11 levels, respectively, while
the scalar ~�tr component recently had an upper limit set of
<10�4 [23]. The remaining ~�ZZ

e� component could not be
previously constrained in nonrotating experiments [10,13].

In contrast, our rotating experiment is sensitive to ~�ZZ
e�.

However, it appears only at 2!R, which is dominated by
systematic effects. From our combined analysis of all data
sets, and using the relation to ~�ZZ

e� given in Table I, we
determine a value for ~�ZZ

e� of 4:1�0:5� � 10�15. However,
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TABLE III. Dominant coefficients in the RMS, using a short data set approximation calculated from Eq. (2). The measured values of
PMM (in 10�10) are shown together with the statistical uncertainties in the bracket. From these data the measured and statistical
uncertainty of PMM is determined to be �0:9�2:0� � 10�10, which represents more than a factor of 7 improvement over previous
results 2:2�1:5� � 10�9 [10].

!i Cui PMM

2!R �!� 
�1:13� 10�7 � 3:01� 10�8 cos�0 � 8:83� 10�9 sin�0�PMM �2:1�7:2�
2!R �!� 
3:51� 10�8 � 9:31� 10�9 cos�0 � 2:73� 10�9 sin�0�PMM 62.4(23.3)
2!R � 2!� 
4:56� 10�7 � 1:39� 10�8 cos�0 � 7:08� 10�8 sin�0�PMM �1:3�2:1�
2!R � 2!� 
4:37� 10�8 � 1:34� 10�9 cos�0 � 6:78� 10�9 sin�0�PMM �7:5�22:1�
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since we do not know if the systematic has canceled a
Lorentz violating signal at 2!R, we cannot reasonably
claim this as an upper limit. Since we have five individual
data sets, a limit can be set by treating the C2!R

coefficient
as a statistic. The phase of the systematic depends on the
initial experimental conditions, and is random across the
data sets. Thus, we have five values of C2!R

(f�4:2; 11:4; 21:4; 1:3;�8:1g in 10�15). If we take the
mean of these coefficients, the systematic signal will can-
cel if its phase is random, but the possible Lorentz violating
signal (with constant phase) will not. Thus a limit can be
set by taking the mean and standard deviation of the five
coefficients of C2!R

. This gives a more conservative bound
of 2:1�5:7� � 10�14, which includes zero. Our experiment
is also sensitive to all seven other components of ~�e� and
~�o� (see Table I) and improves the present limits by up to a
factor of 7, as shown in Table II.

In the RMS framework, a frequency shift due to a
putative Lorentz violation is given by Eq. (2) [9,11],

��0

�0
�

PMM

2�c2

�I
�v 	 �̂1�

2d’1 �
I
�v 	 �̂2�

2d’2

�
; (2)

where v is the velocity of the preferred frame with respect
to the CMB, �̂j is the unit vector in the direction of the
azimuthal angle (direction of propagation) of each resona-
tor (labeled by subscripts 1 and 2), and ’ is the azimuthal
variable of integration in the cylindrical coordinates of
each resonator. Perturbations due to Lorentz violations
occur at the same five frequencies as the SME, but for
the RMS analysis we do not consider the 2!R frequency
due to the large systematic, as we need only to put a limit
on one parameter. The dominant coefficients are due to
only the cosine terms with respect to the CMB right
ascension, Cui, which are shown in Table III.

In conclusion, we set bounds on 7 components of the
SME photon sector (Table II) and PMM (Table III) of the
RMS framework, which are up to a factor of 7 more
stringent than those obtained from previous experiments.
We have also set an upper limit [2:1�5:7� � 10�14] on the
previously unmeasured SME component ~�ZZ

e�. To further
improve these results, tilt and environmental controls will
be implemented to reduce systematic effects. To remove
the assumption that the ~�o� and ~�e� do not cancel each
other, data integration will continue for more than a year.
04040
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Note added.—Two other concurrent experiments have
also set some similar limits [26,27].
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ABSTRACT 
Recent experiments based on cryogenic microwave 
[1,2,3] and optical [4,5] oscillators have tested the 
isotropy of the speed of light (Michelson-Morley 
experiment) at sensitivities of the order of a part in 1015. 
Further improvements of the accuracy in this type of 
experiment are not expected due to the already long data 
set and systematic error limits [2]. We have constructed 
a new rotating Michelson-Morley experiment consisting 
of two cylindrical cryogenic sapphire resonators. By 
rotating the experiment our sensitivity to light speed 
anisotropy is increased, as the relevant time variations 
are at the rotation frequency where the frequency 
stability of the cryogenic oscillators is the best. 
Preliminary data has been analyzed using the 
frameworks of Robertson, Mansouri and Sexl (RMS) 
and the Standard Model Extension (SME), and the 
results are presented. 

1  INTRODUCTION 
The Einstein equivalence principle (EEP) is at the 

heart of special and general relativity [6] and a 
cornerstone of modern physics. One of the constituent 
elements of EEP is Local Lorentz invariance (LLI) 
which, loosely stated, postulates that the outcome of any 
local test experiment is independent of the velocity of the 
freely falling apparatus (a fundamental hypothesis of 
special relativity). The central importance of this 
postulate in modern physics has motivated tremendous 
work to experimentally test LLI [6].  

Numerous test theories that allow the modeling and 
interpretation of experiments that test LLI have been 
developed. Kinematical frameworks [7,8] postulate a 
simple parameterization of the Lorentz transformations 
with experiments setting limits on the deviation of those 
parameters from their special relativistic values. Also, a 
general Lorentz violating extension of the standard 
model of particle physics (Standard Model Extension, 
SME) has been developed [9] whose Lagrangian 
includes all parameterized Lorentz violating terms that 
can be formed from known fields. 

Experiments that test the isotropy of the speed of 
light (Michelson-Morley experiment) have placed upper 
limits on any violation of LLI to a few parts in 1015 
[1,3,4] and generally rely on the Earth’s rotation. To this 
point reductions in the upper limit of LLI have been 
enabled by advances in the stability of atomic clocks and 
macroscopic resonators. Further improvements may be 
achieved by actively rotating the experiment in the lab 
frame [10], which is being undertaken in this work. The 
advantage of rotating the experiment is two-fold: the 
data integration rate is increased by three orders of 
magnitude and the relevant signals are translated to the 
cryogenic sapphire oscillator’s optimal operating regime. 

2 METHODOLOGY 
A schematic of the experiment is shown in Fig. 1. 

The experiment can be separated into 3 main elements: 
the cryogenic sapphire oscillators, the rotation system 
and the data acquisition system. 

 

Figure 1.  Experimental overview 

2.1 The cryogenic sapphire oscillators 
This Michelson-Morley experiment is based on two 

cylindrical cryogenic sapphire resonators. The sapphire 
cylinders each have a diameter of 31.60 mm and height 
of 30.05 mm. They have a spindle at either end and are 
supported by both spindles within superconducting 
niobium cavities of internal diameter 49.80 mm and 
height 48.90 mm. The resonators are oriented on their 



sides orthogonal to each other and perpendicular to the 
normal to the Earth’s surface. Both resonators are 
excited in the whispering gallery WGH8,0,0 mode by 
separate oscillators with frequencies of approximately 
10.000224 GHz and 9.999998 GHz at 4.2 K. Straight 
antenna probes mounted in each lid couple microwave 
power to the resonators. 

The mounting structure for the resonators is shown in 
Fig. 2. The structure is placed inside a small stainless 
steel vacuum cylinder, sealed with Mylar gaskets. The 
small vacuum cylinder is in turn sealed inside a large 
stainless steel cylinder that is supported by the insert 
inside the dewar. The double vacuum provides thermal 
isolation to the sapphire loaded cavities, and avoids 
sapphire contamination from microwave components 
located between the two cylinders. The cavities are 
thermally connected to the liquid helium bath via a 
copper post that joins a stainless steel post connected to a 
triangular plate. This plate is bolted to three copper heat 
sinks which protrude into the liquid helium bath. The 
stainless steel post provides some thermal filtering of 
bath temperature fluctuations. A foil heater and a carbon-
glass temperature sensor are attached to the copper post 
just above the cavity between the two vacuum cylinders 
to control the set point of operation, with mK stability. 

 

Figure 2.  The two resonators are positioned orthogonal to each other 
in the mounting structure. One of the sapphires can be seen mounted 
inside the superconducting niobium cavity. The spindles are firmly 

held in each lid by sprung brass bushes. 

2.2 Rotation System 
The rotation system is shown in Fig. 3.  The 

cryogenic dewar containing the insert is suspended 
within a ring bearing and hangs below the floor level of 
the laboratory. To avoid flexing of cables in the 

oscillator loop, the oscillator circuits are mounted on the 
suspended dewar, along with the control electronics. A 
detailed description of oscillator circuit operation and 
control systems can be found in [11].  

 

Figure 3.  Rotation system for the experiment. Inside the dewar a 
schematic of the two orthogonally oriented resontors is shown, along 

with the Poynting vectors of propogation S1 and S2. 

The suspension arrangement used is multiple "V" 
shaped loops of elastic shock cord, which avoids high Q-
factor pendulum modes by ensuring that the cord has to 
stretch and shrink (providing damping losses) for 
horizontal motion as well as vertical. A table mounted on 
the bearing carries peripheral equipment such as the 
temperature controller and power supply. The rotation 
system is driven by a microprocessor controlled stepper 
motor, with the ability for the rotation to be 
automatically controlled by computer. 

A rotating connector located at the bottom of the 
dewar allows the boil off from the liquid helium bath to 
be collected and re-liquefied. This connector is mounted 
at the bottom of the pit on a scissor action bracket, 
allowing the connector to move vertically with the dewar 
as the helium boils off. A combination of two rotating 
electrical connectors is located above the experiment. A 
commercial 18 conductor slip ring connector with a 
hollow through bore transfers electrical power to the 
rotating experiment and monitor signals to the data 
acquisition system. The second mercury based coaxial 
rotating connector is mounted inside the larger slip ring 
connector in the same axis of rotation. The sole purpose 



of the connector is to transmit the difference signal to the 
stationary frequency counter. 

2.3 Data Acquisition System 
The data acquisition system logs the dual-oscillator 

difference frequency as well as monitoring systematic 
effects including the temperature of the resonators, liquid 
helium bath level, ambient room temperature, oscillator 
control signals and tilt. The difference frequency is 
measured using a HP53131A frequency counter, 
configured for minimum dead time, and communicated 
to a computer using GPIB. The data acquisition is 
triggered by the orientation of the experiment, 
determined from a series of infra-red LEDs located 
around the circumference of the rotation table. 

3 RESULTS 

3.1 Turning Point Power Dependence 
The excellent performance of cryogenic sapphire 

oscillators is made possible by the existence of a turning 
point in the temperature dependence of the resonator 
frequency. The turning point results from the effect of 
paramagnetic impurities on the sapphire’s susceptibility, 
and the changing penetration depth of the microwave 
cavity [12,13]. In this experiment we are able to 
manufacture a turning point in the difference frequency 
by careful selection of the microwave power incident on 
each resonator. Measurements have shown that the 
turning point temperature of each individual resonator is 
dependent on its incident microwave power, with a 
relatively small effect being observed in the other 
resonator. An example is given in Fig. 4. This power 
dependence has not been observed in previous work with 
single cavity cryogenic sapphire oscillators 
[12,13,14,15], suggesting that it may be due to 
temperature gradient effects between the sapphire and 
the cavity, enhanced by the poor thermal contact 
between the two. A plot of the frequency turning points 
is shown in Fig. 5. 
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Figure 4.  The effect of incident microwave power on the frequency 
turning point temperature. The power control monitor is proportional 

but not equal to the power incident on the sapphire. 
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Figure 5.  The frequency temperature turning points of the individual 
resonators and the difference frequency, measured simultaneously. 

3.2 Frequency Stability 
Typical frequency stability results are shown in Fig. 

6. Systematic effects associated with the rotation of the 
experiment can be seen up to 20 seconds. For the 
Lorentz Invariance tests these systematics play an 
important role and need to be investigated and well 
understood. However, to evaluate the intrinsic stability 
the systematics were removed from the data using a least 
squares approach. Comparison with the raw data 
suggests this is the source of the short term instabilities, 
as the typical noise floor of a cryogenic sapphire 
oscillator is recovered. 
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Figure 6.  Square Root Allen Variance (SRAV) frequency stability 
measurement. The hump at short integration times is due to systematic 
effects associated with the rotation of the experiment. These have been 

removed and the SRAV replotted for comparison. 

4 ANALYSIS 
Inside the sapphire crystals standing waves are set up 

around the circumference of the two cylinders with the 
dominant electric and magnetic fields in the axial and 
radial directions respectively, corresponding to a 
propagation (Poynting) vector around the circumference. 
The observable of the experiment is the difference 



frequency, and to test for Lorentz violations the 
perturbation of the difference frequency with respect to 
an alternative test theory has been derived. In the photon 
sector of the SME the frequency perturbation may be 
calculated, to first order, as the integral over the non-
perturbed fields (Eq. (34) of [9]), and subsequently 
expressed in terms of 19 independent variables. The 
change in orientation of the fields due to the laboratory 
rotation and Earth’s orbital and sidereal motion induces a 
time varying modulation of the difference frequency, 
which is searched for in the experiment. Alternatively, 
with respect to the RMS framework, the change in the 
Poynting vector direction with respect to the cosmic 
microwave background is analyzed as a second order 
effect. A complete verification of LLI in the RMS 
framework [7,8] requires a test of (i) the isotropy of the 
speed of light (PMM = δ − β + 1/2 ), a Michelson- 
Morley (MM) experiment [16], (ii) the boost dependence 
of the speed of light (PKT = β − α − 1), a Kennedy- 
Thorndike (KT) experiment [17], and (iii) Ives-Stillwell 
(IS) experiments [18,19], which measure the time 
dilation parameter (PIS = α + 1/2). Because our 
experiment compares two cavities it is only sensitive to 
the isotropy (MM) parameter and cannot measure the 
boost (KT) parameter, contrary to the previous 
experiment that compared a sapphire oscillator to a 
hydrogen maser [1,3]. 

The amplitude and phase of any Lorentz violating 
signal is determined by simultaneously fitting the 
parameters of equation (1) to the data, with the phase of 
the fit adjusted according to the test model used. A and B 
determine the frequency offset and drift, and Ci and Si 
are the amplitude of a cosine and sine at frequency ωi 
respectively.  

 ∑ +++=∆

i
iiii tStCBtA )sin()cos( ωων

ν       (1) 

The data used in this analysis was acquired over a 3 
day period during December 2004. In the final analysis 
we fit 5 frequencies to the data, i={2ωR, 2ωR ± ω⊕, 2ωR 
± 2ω⊕}, as well as the frequency offset and drift using 
the ordinary least squares (OLS) technique. ωR is the 
rotation frequency and ω⊕ is the sidereal frequency. 
Upon inspection the residuals resulting from an OLS fit 
exhibit a significantly non-white behavior. In the 
presence of non-white noise OLS is not the optimal 
regression method and it is more appropriate to use 
weighted least squares (WLS) [1]. WLS involves pre-
multiplying both the experimental data and the model 
matrix by a whitening matrix determined by the noise 
type of the OLS residuals. Fig. 7 shows the total 
amplitude resulting from a WLS fit to the data over a 
range of frequencies about 2ωR. It is evident that the 
systematic at 2ωR is affecting the fitted amplitude of the 
sidereal sidebands 2ωR ± ω⊕. 

 

Figure 7.  Spectrum of amplitudes calculated using weighted least 
squares, showing the level of systematicleakage about 2ωR. ω⊕ is the 

sidereal frequency. 

 

In the photon sector of the SME [9], Lorentz violating 
terms are parameterized by 19 independent parameters, 
which are in general grouped into three traceless and 
symmetric 3 × 3 matrices (κe+, κo-, and κe-), one anti-
symmetric matrix (κo+) and one additional scalar, which 
all vanish when LLI is satisfied. The 10 independent 
components of κe+ and κo- are constrained by 
astronomical measurements to < 2×10−32 [9,20]. Seven 
components of κe- and κo+ have been constrained in an 
optical and microwave cavity experiment [4,3] at the 
10−15 and 10−11 level respectively, while the scalar κtr 
component recently had an upper limit set of < 10−4 [21]. 
The remaining κe-

ZZ parameter could not be previously 
constrained in non-rotating experiments [3,4]. In this 
work we have measured a value of 20.1 (1.3) × 10−15 for 
κe-

ZZ. Since the result is dominated by systematic effects 
at 2ωR, the constraint is taken as being the amplitude, 2.0 
× 10−14. Our experiment is also sensitive to all other 
seven components of κe- and κo+ and improves present 
limits by up to a factor of 2, as shown in Tab. I. To 
calculate the expected signal we transform to the SCECF 
using the standard transformations as in [9], and add 
rotation in the laboratory frame in a similar way to [21]. 
A complete analysis of the κe- and κo+ terms requires at 
least one year of data to decorrelate their contributions to 
a Lorentz violating signal. In the same way as [22] we 
have assumed that there is no correlation, and hence no 
cancellation, between the κe- and κo+ terms, allowing us 
to place limits on them. 

In the RMS frame-work, a frequency shift due to a 
putative Lorentz violation is given by equation (2) of [1], 
where v is the velocity of the preferred frame wrt the 
CMB, jθ̂  is the unit vector in the direction of the 
azimuthal angle (direction of propagation) of each 
resonator (labeled by subscripts 1 and 2), and ϕ is the 
azimuthal variable of integration in the cylindrical 
coordinates of each resonator.  
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Perturbations due to Lorentz violations occur at the 
same five frequencies as the SME, but in this work we 
do not consider the 2ωR frequency due to the large 
systematic, as we only need to put a limit on one 
parameter. We determine a value of 2.3 (5.7) × 10-10 for 
PMM, a factor of 3 better than [4].  
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-0.3 (0.9) 

-3.2 (1.3) 

-1.2 (1.0) 

-0.5 (1.3) 

-0.9 (1.0) 

 YY
e

XX
e −− −κκ ~~  ZZ

e−κ~   

from [3] 

this work 

-3.2 (4.6) 

-1.43 (2.27) 

- 

20.1 (1.25) 
 

 XY
o+κ~  XZ

o+κ~  YZ
o+κ~  

from [3] 

this work 

-1.8 (1.5) 

-2.3 (1.2) 

-1.4 (2.3) 

0.7 (0.89) 

2.7 (2.2) 

-0.6 (1.4) 

TABLE I.  Results for the SME Lorentz violation parameters, 
using Lipa’s method of assuming no cancellation between the κe- (in 

10-15) and κo+ (in 10-11) [22]. 

 

5 CONCLUSION 
A new Michelson-Morley experiment based around 

two cryogenic sapphire oscillators has been described in 
this work, and the results of the first operation have been 
discussed. An analysis in both the RMS and SME 
frameworks has shown an improvement of a factor of 3 
in the former over previous results [4], and a factor of 2 
in the latter as compared to [3]. The performance of the 
experiment will be enhanced further by implementing tilt 
and environmental control, and to remove the 
assumption that the κe- and κo+ do not cancel each other 
data integration will continue for more than a year. 
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Abstract
Accurate characterization of weakly coupled electromagnetic resonators is
often required when considering cryogenic applications of such resonators.
In the case of a sapphire loaded cavity resonator, the dielectric loss of
sapphire is a strong function of temperature, and coupling to such a
resonator must be set below 10−4 at room temperature in order to obtain a
critical coupling at the temperature of liquid helium. The current work
describes an experimental technique for high resolution measurements of
very small coupling coefficients. The measurement process involves
frequency modulation of the microwave signal incident on the resonator
with the subsequent synchronous demodulation of the reflected signal. The
immunity of synchronous demodulation to the technical noise sources
associated with the microwave signal processing permits the high fidelity
measurements of coupling coefficients at the level unattainable by
microwave network analysers.

Keywords: high-Q sapphire loaded cavity (SLC) resonators, weakly coupled
microwave resonators

1. Introduction

High-Q sapphire loaded cavity (SLC) resonators are a key
element of classical high precision microwave oscillators
which proved to be the most stable sources of microwave
signals over the short time scale. For example, fractional
frequency stability of the ‘sapphire clock’ based on a liquid
helium cooled SLC resonator was measured to be 2.4 × 10−16

over integration times from 16 s to 64 s [1]. The excellent
short-term frequency stability of the ‘sapphire clocks’ makes
them perfectly suitable for interrogation of atomic transitions
in the laser-cooled atom and trapped-ion frequency standards
[2, 3].

In a sapphire oscillator, the SLC resonator is used both as
a narrow-band filter of the loop oscillator and as a dispersive
element of a Pound frequency discriminator [4]. When
operating at the frequency-temperature turning point of the
SLC resonator [5], frequency stability of the oscillator is
mainly limited by intrinsic fluctuations in the electronics of the
frequency discriminator. The influence of these fluctuations

on the spectral purity of the generated signal can be reduced
by setting the coupling to the resonator close to critical. In
such a case, almost the entire power of the incident signal is
dissipated inside the resonator. This ensures a small-signal
operation of the frequency discriminator with low effective
noise temperature. Also, carrier suppression of the reflected
signal makes the frequency of the oscillator less susceptible to
spurious amplitude modulation which always accompanies the
useful phase modulation of a signal incident on the resonator.

Transducer applications that utilize superconducting and
sapphire resonators are other examples where critical coupling
to the resonator is required. In the former case, a
superconducting re-entrant cavity transducer is used as a
motion sensor, monitoring the vibration state of a gravitational
bar antenna [6]. Critical coupling to the transducer enables
displacement measurements with the resolution approaching
the fundamental thermal noise limit. In the latter case,
electromagnetic modes of whispering gallery are utilized to
monitor the motion of a cryogenically cooled sapphire bar [7].
By critically coupling the bar resonator to the external circuitry,
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Figure 1. Screen shot from a network analyser showing the
fractional power reflected from a weakly coupled sapphire loaded
cavity resonator.

one could resolve displacement fluctuations at a level close to
the standard quantum limit [8].

In practical terms, the ability to measure very small
coupling coefficients of the order 10−5 helps one to avoid a
trial and error approach, involving time consuming iterative
settings of the coupling. In this paper, we discuss the
principles of operation of a microwave readout system
capable of measuring very small coupling coefficients at
microwave frequencies. We also analyse the accuracy of such
measurements.

2. Measurement of cavity coupling coefficient with a
network analyser

The resonator coupling coefficient β characterizes the fraction
of incident power which is absorbed inside the resonator. It is
calculated from

(1 − β)/(1 + β) =
√

Pon/Poff, (1)

where Pon and Poff are powers reflected from the tuned
and detuned resonator respectively. For a weakly coupled
resonator (β � 1) solving (1) results in

β ≈ �/17.5, (2)

where � = −10 lg(Pon/Poff). Parameter � can be directly
read out from the screen of a network analyser.

To illustrate the measurement concept, a screen shot from
a network analyser is given in figure 1. It shows the fractional
power reflected from the room temperature SLC resonator as
a function of frequency. Fuzziness of a screen trace reflects
the cumulative effect of noise sources associated with the
measurement process.

Following [9] a statistical fractional error with which the
coupling coefficient is measured can be introduced as

εβ = σ�/�, (3)

where � and σ� are respectively an estimate of a mean value
of the random variable � and the standard deviation of such
an estimate.

Performing statistical analysis on data in figure 1 results
in � ≈ 0.03 and σ� ≈ 1.7 × 10−3. Substituting � into (2)
yields β ≈ 1.7 × 10−3. The corresponding fractional error
is obtained from (3): εβ ≈ 6%. Further assuming that β is
a random variable with a normal probability distribution, one
can specify the interval {βmin, βmax} which contains the true
value of β with a certain probability, P . At P ≈ 99.7% the
boundaries of the confidence interval satisfy the 3σ criteria:
βmin = β(1 − 3εβ) ≈ 1.4 × 10−3 and βmax = β(1 + 3εβ) ≈
2 × 10−3.

The random measurement error εβ can be reduced by
collecting multiple traces and averaging data, provided that
the noise remains stationary. In such a case, εβ ∼ 1/

√
Navg,

where Navg is the number of averages taken. In the above
example Navg = 128.

3. Measurement of coupling coefficient with
frequency modulation technique

Figure 2 shows the experimental setup for high resolution
measurements of small coupling coefficients. Here, a
microwave pump oscillator interrogates the resonator at a given
offset from resonance. The frequency of the interrogation
signal is modulated. This induces amplitude modulation
of the reflected signal which is synchronously demodulated
and amplified with a lock-in amplifier. When the frequency
of the pump oscillator sweeps across the resonance, the dc
voltage produced by the lock-in amplifier follows a double-
peaked pattern corresponding to the frequency derivative of the
reflected power. The Q-factor of the resonator and its coupling
coefficient are found by computing the voltage response of the
lock-in amplifier and fitting it to the experimental data.

The voltage response of the lock-in amplifier is
calculated in a quasi-static approximation valid for modulation
frequencies fmod much smaller than the resonator bandwidth
2�f0.5. In such a case, the voltage at the output of the
amplitude detector is simply

udet = γdetPincα�, (4)

where γdet is the detector’s power-to-voltage conversion
efficiency, Pinc is a power incident on the resonator, α is the
insertion loss in the transmission line between the resonator
and detector and � is the power reflection coefficient of the
resonator,

� = (β − 1)2 + ξ 2

(β + 1)2 + ξ 2
, (5)

where ξ is a time-dependent relative detuning of the pump
oscillator from the resonance

ξ = foffset + δf cos(2πf mod t)

�f0.5
, (6)

where foffset is the oscillator offset from the resonance and δf

is the frequency deviation.
In the general case, amplitude detector voltage udet is a

periodic non-sinusoidal function of time. Expanding udet in
Fourier series results in

udet =
n=+∞∑

n=−∞
Vn e j2πnf mod t , (7)
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where Vn is the complex amplitude of the nth harmonic
of modulation frequency. In the case of discrete signals,
amplitudes Vn are calculated from

Vn = Un/N, (8)

where Un is a discrete Fourier transform of the time sequence
udet(t1), udet(t2), . . . , udet(tN ) containing N data samples [10].

Results of calculations performed in accordance with
(4)–(8) are presented in figure 3. The latter shows the
amplitude of the first harmonic V1 as a function of oscillator
frequency offset from the resonance. It is interesting to note
that the maximum amplitude of the useful signal is achieved
at δf ≈ 2�f0.5, when frequency deviation of the interrogation
signal is approximately equal to the cavity bandwidth.

The response of the lock-in amplifier in figure 2 serves
as a template when evaluating parameters of the resonator. In
our experiments, the lock-in amplifier was set up to produce
a dc voltage proportional to the amplitude of the useful signal
V1. This setting eliminates the need to optimize the phase
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Figure 4. DC voltage at the output of the lock-in amplifier as a
function of oscillator frequency offset from the resonance:
measured (1) and calculated (2) responses. The fractional power
reflected from the resonator is shown in figure 1.

difference between the useful signal and that of the reference
oscillator inside the lock-in amplifier.

Figure 4 illustrates the example of fitting the calculated
response to the experimental data for the SLC resonator tested
earlier with a network analyser (figure 1). The discrepancy
observed between the measured and computed responses
at relatively large offset frequencies is due to the spurious
low-Q modes of the SLC resonator. Interaction with such
modes distorts the shape of the useful resonance response
and superimposes it on a slanted baseline. The above model
(4)–(8) does not account for the effects of spurious mode
interation.

The accuracy of measurements with the readout system
in figure 2 is affected by various noise sources. Some of
them are related to phase and amplitude fluctuations of the
interrogation signal, others originate in the amplitude detector.
The cumulative effect of those noise sources manifests itself
as voltage fluctuations at the output of lock-in amplifier
(fuzziness of trace 1 in figure 4). Intensity of these fluctuations
is almost independent of the oscillator offset-frequency foffset
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which points out at the amplitude detector as a primary source
of spurious voltage noise.

Standard deviation of voltage noise at the output of the
lock-in amplifier σu was measured to be approximately 5 mV
at τLA = 10 ms, where τLA is the time constant of a digital low-
pass filter in the lock-in amplifier. Increasing the time constant
to 100 ms, reduced the standard deviation to 2 mV without
any noticeable effect on the lock-in amplifier dc voltage.
Defining the fractional error of the measurement process as
εβ = σu

/
Umax

LA , where Umax
LA is the maximum voltage at the

output of the lock-in amplifier (Umax
LA ≈ 5.3 V in figure 4),

this results in εβ ≈ 0.04% which is more than two orders
of magnitude less than the error of the network analyser
measurements.

It is interesting to estimate the smallest value of coupling
coefficient βmin which can be resolved with the measurement
system in figure 2. Such an estimate can be obtained
analytically in a small-signal regime (δf � �f0.5) by making
use of a 3σ -criterion. Solving (4)–(6) with respect to β

results in

β = V1

2Udet

�f0.5

δf
, (9)

where Udet = γdetPincα is a dc voltage at the output of the
amplitude detector.

Amplitude V1 in (9) is a random variable with a standard
deviation σV equal to σu/KLA, where KLA is the gain of
the lock-in amplifier. Replacing V1 with 3σV in (9) gives
an approximate estimate for the smallest coupling coefficient
βmin which can be measured with the confidence of 99.7%.
By taking the set of parameters which was used above for
calculating the response of the lock-in amplifier in figure 4:
KLA = 2 × 104, σu ≈ 2 mV, Udet ≈ 200–300 mV and
δf/�f0.5 ≈ 0.1, one obtains βmin ≈ 5 × 10−6. With
the increased frequency deviation (δf/�f0.5 ≈ 1) it is not
unreasonable to assume that coupling coefficients as low as
10−6 can be measured with a relatively high confidence.

Apart from the statistical errors of the measurement
process discussed above, attention must also be paid to the
systematic errors related to (i) the use of a simplified model of
the real measurement system and (ii) the lack of accuracy with
which parameters of this model are determined. To make sure
that no significant discrepancy exists between the experimental
and simulated data, the frequency modulation measurement
technique was applied for characterization of the resonator
with the well-known parameters. In such a case, the SLC
resonator with relatively high coupling coefficient served as
a ‘device under test’. We found no need to introduce any
correction factor into our model to obtain a reading consistent
with the results of network analyser measurements.

4. Conclusion

A highly sensitive measurement technique for characterization
of weakly coupled microwave resonators has been developed.
Coupling coefficients of the order of 10−5 were reliably
measured when preparing a SLC resonator for operation at
liquid helium temperature. This was verified by cooling such

resonators to 77 K and measuring the increased coupling with
a network analyser.

The frequency modulation measurement technique
proved to be useful in our recent development of the liquid
helium cooled ‘sapphire clock’ for the French space agency
(CNES) in Toulouse, where the sapphire oscillator will be used
for the ground tests of the laser cooled atom clock ‘PHARAO’.
The Q-factor of the sapphire resonator used for this project
increased from approximately 2 × 105 at room temperature to
109 when cooled with liquid helium. Coupling to the resonator
was set at room temperature with the goal of achieving a critical
coupling at its operating temperature T ≈ 6 K. The measured
value of the coupling coefficient at T ≈ 6 K was equal to 0.7
which was good enough to simplify the tuning and optimize
frequency stability of the ‘sapphire clock’.

No matter how accurately the coupling coefficient is
measured, still there is going to be some uncertainty
when extrapolating the results of measurements from one
temperature to another. This is due to the fact that at very
low temperatures the Q-factor of the SLC resonator is largely
dependent on the cleanness of the sapphire surface and is not
highly reproducable.
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Appendix B

Other Work

During my candidature as a PhD student I have been involved in other projects of

the Frequency Standards and Metrology research group. A brief description of the

most significant of these contributions has been included here.

B.1 Space-Borne Hydrogen Maser Cavity Design

An important consideration in space-borne hydrogen maser design is the size and

mass of the resonant cavity. In this work I investigated novel cylindrical resonant

cavity designs, intended to minimize the volume of the cavity whilst maximizing the

product of Q-factor and axial magnetic filling factor. The cavity designs consisted of

cylindrical copper cavities, inside of which was coaxially mounted either a cylindri-

cal sapphire tube or a cylindrical sapphire tube with Bragg reflector configurations.

I used a method of lines analysis technique, developed by IRCOM, France, to model

the TE0,1,1 mode, calculating resonant frequency, Q-factor and magnetic and elec-

tric field filling factors. I modified the software to allow the design parameter space

to automatically be explored iteratively. I found that the cylindrical copper cavity

with a simple sapphire tube was the optimal design, producing the largest prod-

uct of Q-factor and axial magnetic filling factor, improving on previously published
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designs by more than 50 percent.

1. J.G. Hartnett, M.E. Tobar, P.L. Stanwix, T Morikawa, D. Cros, O. Piquet,

“Designs of a Microwave TE011 Mode Cavity for a Space Borne H-Maser,”

IEEE Trans. on Ultrasonics, Ferroelectrics and Frequency Control, 52, pp.

1638-1643 (2005).

2. M.E. Tobar, J.G. Hartnett, P.L. Stanwix, “Cavity Design for Space H-

Maser,” Consultancy report to NICT, Japan (2003).

B.2 High Stability Cryogenic Sapphire Oscilla-

tors

Cryogenic sapphire oscillators operating at microwave frequencies are capable of ex-

hibiting a fractional frequency instability less than a part in 1015. Such oscillators

are essential for operation of laser cooled atomic clocks at the quantum noise limit,

for precision tests of modern physics including the search for possible violations

of Lorentz invariance, and for searching for drift in the fine structure constant. I

have assisted with the construction and development of a highly stable cryogenic

sapphire oscillator based on a cylindrical resonator made from Crystal Systems

HEMEX grade single-crystal sapphire. Two almost identical CSOs were constructed

to measure their short-term frequency stability. The resulting frequency instability

of a single oscillator for integration times 1s < t < 4s Allan deviation varies as

1.2× 10−15/
√

τ reaching the minimum of 5.6 × 10−16 at 20 s. Compared to previ-

ous versions, the cryogenic sapphire oscillator has improved short term fractional

frequency by at least a factor of 5 and the long term performance by a factor of 10.

Along with a post-doctoral colleague, I successfully installed one of the cryogenic

sapphire oscillators at the National Institute of Information and Communication

Technology (NICT), Tokyo, Japan.
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1. J.G. Hartnett, M.E.Tobar, E.N. Luiten, C.R.Locke, P.L. Stanwix, “Cryo-

genic sapphire oscillator with exceptionally high long-term frequency stabil-

ity,” Applied Physics Letters, 89, 203513, (2006).

2. M.E. Tobar, E.N. Ivanov, C.R. Locke, P.L. Stanwix, J.G. Hartnett, A.N.

Luiten, R.B. Warrington, P.T.H. Fisk, M.A. Lawn, M. Wouters, S. Bize,

G. Santarelli, P. Wolf, A. Clairon, P. Guillemot, “Long term operation and

performance of cryogenic sapphire oscillators,” IEEE Trans. UFFC, (in press),

(2006).

B.3 Optical Frequency Synthesis from Cryogenic

Microwave Sapphire Oscillators

It is well recognized that the performance of frequency standards is expected to gain

superiority in the optical domain because the Q of an optical transition or optical

cavity can be significantly higher than that achieved at longer wavelengths. For this

reason, the expected approach of frequency synthesis is to transfer the exceptional

low-phase noise and/or instability of an optical signal into the microwave domain.

However, for laboratories whose strength lies in the development of ultra-low noise

microwave oscillators, but have the need to generate clean optical signals, the idea

of synthesizing an optical signal from a microwave source is not unreasonable. Fur-

thermore, microwave sources with 10−15 level fractional frequency instability are

available as commercial devices (e.g. a good quartz oscillator referenced to a hy-

drogen maser and granted sufficient integration time), yet the equivalent is not yet

available in the optical domain. In this work optical frequency synthesis from a mi-

crowave signal, derived from a low-noise cryogenic sapphire oscillator I developed

and maintained, was demonstrated using a femtosecond laser frequency comb. I in-

stalled a stable microwave link between two laboratories to transfer the signal from

the cryogenic sapphire oscillator. I assisted with the amplification and division of
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the microwave signal to which the repetition rate of the frequency comb was locked.

The optical frequency comb was measured to have a fractional frequency instability

better than 2×10−14 at 1 second, determined by comparing it to a cavity stabilized

optical oscillator. I conducted independent measurements between two cryogenic

sapphire oscillators to show they were not limiting the result.

1. J.J. McFerran, S.T. Dawkins, P.L.Stanwix, M.E. Tobar, A.N. Luiten, “Opti-

cal synthesis from a cryogenic microwave sapphire oscillator,” Optics Express,

14(10), 4316-4327 (2006).



Appendix C

Data Analysis Programs

C.1 Weighted Least Squares

C.1.1 Ordinary Least Squares

%OLS regression for single data set

%filename is the filename string, delimiter is the file delimiter

function out = OLS(filename,delimiter)

%read in data

tempf = dlmread(filename, delimiter);

%data format [index,time,angle,freq]

time = tempf(:,2);

angle = tempf(:,3); %vector of angles

freq = tempf(:,4); %vector of freq

runtime1 = clock; %start time

[rows,cols] = size(tempf); %size of file

%make zero matrix in which to store A, the model matrix

A = zeros(rows,12);

%some constants

omegasid = 7.292115e-5;
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deltaEarth = 13917;

VEtime = 3162614995;

phisid = omegasid*(deltaEarth - VEtime);

%Model matrix

A(:,1)=1;

A(:,2)=time(:,1);

A(:,3)=sin(2*angle(:,1));

A(:,4)=cos(2*angle(:,1));

A(:,5)=sin(2*angle(:,1)+time(:,1)*omegasid+phisid);

A(:,6)=cos(2*angle(:,1)+time(:,1)*omegasid+phisid);

A(:,7)=sin(2*angle(:,1)-time(:,1)*omegasid-phisid);

A(:,8)=cos(2*angle(:,1)-time(:,1)*omegasid-phisid);

A(:,9)=sin(2*angle(:,1)+2*time(:,1)*omegasid+2*phisid);

A(:,10)=cos(2*angle(:,1)+2*time(:,1)*omegasid+2*phisid);

A(:,11)=sin(2*angle(:,1)-2*time(:,1)*omegasid-2*phisid);

A(:,12)=cos(2*angle(:,1)-2*time(:,1)*omegasid-2*phisid);

%OLS

%solve for X in A.X=Y

varcov = inv((A’)*A);

%X=(A’*A)^-1.A’.Y

param = varcov*((A’)*freq);

%residuals

res = freq - A*param;

dres = std(res);

sigraw = sqrt(diag(varcov));

sig = dres*sigraw;

%param estimate sigmas

sigmx = sigraw*(sigraw’);

%correlation coefficients

corcof = varcov./sigmx;
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%output

out.param = param;

out.sig = sig;

out.corcof = corcof;

out.res = res;

out.A = A;

tempOut = tempf;

tempOut(:,4) = out.res;

tempOut2 = [out.param];

tempOut3 = [out.sig];

tempOut4 = [out.corcof];

dlmwrite(strrep(filename,’rol’,’res’),tempOut,’delimiter’,delimiter,

’precision’,’%.12E’);

dlmwrite(strrep(filename,’rol’,’par’),tempOut2,’delimiter’,delimiter,

’precision’,’%.12E’);

dlmwrite(strrep(filename,’rol’,’sig’),tempOut3,’delimiter’,delimiter,

’precision’,’%.12E’);

dlmwrite(strrep(filename,’rol’,’cor’),tempOut4,’delimiter’,delimiter,

’precision’,’%.12E’);

runtime = clock - runtime1;%total runtime

out.runtime = runtime;

C.1.2 WLS: Multiple Data Sets

%WLS for multiple input data sets simultaneously

%filename of file containing data set filenames and noise d-values

function out = multi_lsq_angle_fit_ann_white(filename,delimiter)

runtime1 = clock; %start time

fid=fopen(filename);

tempf = textscan(fid,’%q %n’, ’delimiter’, delimiter);
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status=fclose(fid);

%data set filenames

datafiles = tempf{1};

%data set d-values for whitening

dvalues = tempf{2};

[dataNo, dummy] = size(dvalues);

dataLengths = zeros(dataNo,1);

dataStarts = zeros((dataNo+1),1);

%create variables to store input data

time = zeros(1,1);

angl = zeros(1,1);

freq = zeros(1,1);

%read in data sets

for i=1:dataNo

tempData = dlmread(char(datafiles(i)),delimiter);

[dataLengths(i,1), dummy] = size(tempData);

dataStarts((i+1):(dataNo+1),1) = dataStarts((i+1):(dataNo+1),1)

+ dataLengths(i,1);

time = cat(1,time,tempData(:,2));

angl = cat(1,angl,tempData(:,3));

freq = cat(1,freq,tempData(:,4));

end

%get rid of first element

time(1,:) = [];

angl(1,:) = [];

freq(1,:) = [];

%make zero matrix in which to store A, the model matrix

A = zeros(dataStarts((dataNo+1),1), (dataNo*2 + 36));

%some constants

omegasid = 7.292115e-5;
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omegaann = 1;

deltaEarth = 13917;

VEtime = 3162614995;

phisid = omegasid*(deltaEarth - VEtime);

phiann = omegaann*(1);

%enter the offset (1’s) and drift (t’s) in the right spots

for i=1:dataNo

A((dataStarts(i)+1):dataStarts(i+1),i) = 1;

A((dataStarts(i)+1):dataStarts(i+1),(i+dataNo))

= time((dataStarts(i)+1):dataStarts(i+1),1);

end

%enter the rest of the A matrix

A(:,(2*dataNo+1)) = sin(angle(:,1));

A(:,(2*dataNo+2)) = cos(angle(:,1));

A(:,(2*dataNo+3)) = sin(2*angle(:,1));

A(:,(2*dataNo+4)) = cos(2*angle(:,1));

A(:,(2*dataNo+5)) = sin(2*angle(:,1) + time(:,1)*omegaann + phiann);

A(:,(2*dataNo+6)) = cos(2*angle(:,1) + time(:,1)*omegaann + phiann);

A(:,(2*dataNo+7)) = sin(2*angle(:,1) - time(:,1)*omegaann - phiann);

A(:,(2*dataNo+8)) = cos(2*angle(:,1) - time(:,1)*omegaann - phiann);

A(:,(2*dataNo+9)) = sin(2*angle(:,1) + time(:,1)*omegasid + phisid);

A(:,(2*dataNo+10)) = cos(2*angle(:,1) + time(:,1)*omegasid + phisid);

A(:,(2*dataNo+11)) = sin(2*angle(:,1) + time(:,1)*omegasid + phisid +

time(:,1)*omegaann + phiann);

A(:,(2*dataNo+12)) = cos(2*angle(:,1) + time(:,1)*omegasid + phisid +

time(:,1)*omegaann + phiann);

A(:,(2*dataNo+13)) = sin(2*angle(:,1) + time(:,1)*omegasid + phisid -

time(:,1)*omegaann - phiann);

A(:,(2*dataNo+14)) = cos(2*angle(:,1) + time(:,1)*omegasid + phisid -

time(:,1)*omegaann - phiann);
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A(:,(2*dataNo+15)) = sin(2*angle(:,1) - time(:,1)*omegasid - phisid);

A(:,(2*dataNo+16)) = cos(2*angle(:,1) - time(:,1)*omegasid - phisid);

A(:,(2*dataNo+17)) = sin(2*angle(:,1) - time(:,1)*omegasid - phisid +

time(:,1)*omegaann + phiann);

A(:,(2*dataNo+18)) = cos(2*angle(:,1) - time(:,1)*omegasid - phisid +

time(:,1)*omegaann + phiann);

A(:,(2*dataNo+19)) = sin(2*angle(:,1) - time(:,1)*omegasid - phisid -

time(:,1)*omegaann - phiann);

A(:,(2*dataNo+20)) = cos(2*angle(:,1) - time(:,1)*omegasid - phisid -

time(:,1)*omegaann - phiann);

A(:,(2*dataNo+21)) = sin(2*angle(:,1) + 2*time(:,1)*omegasid + 2*phisid);

A(:,(2*dataNo+22)) = cos(2*angle(:,1) + 2*time(:,1)*omegasid + 2*phisid);

A(:,(2*dataNo+23)) = sin(2*angle(:,1) + 2*time(:,1)*omegasid + 2*phisid +

time(:,1)*omegaann + phiann);

A(:,(2*dataNo+24)) = cos(2*angle(:,1) + 2*time(:,1)*omegasid + 2*phisid +

time(:,1)*omegaann + phiann);

A(:,(2*dataNo+25)) = sin(2*angle(:,1) + 2*time(:,1)*omegasid + 2*phisid -

time(:,1)*omegaann - phiann);

A(:,(2*dataNo+26)) = cos(2*angle(:,1) + 2*time(:,1)*omegasid + 2*phisid -

time(:,1)*omegaann - phiann);

A(:,(2*dataNo+27)) = sin(2*angle(:,1) - 2*time(:,1)*omegasid - 2*phisid);

A(:,(2*dataNo+28)) = cos(2*angle(:,1) - 2*time(:,1)*omegasid - 2*phisid);

A(:,(2*dataNo+29)) = sin(2*angle(:,1) - 2*time(:,1)*omegasid - 2*phisid +

time(:,1)*omegaann + phiann);

A(:,(2*dataNo+30)) = cos(2*angle(:,1) - 2*time(:,1)*omegasid - 2*phisid +

time(:,1)*omegaann + phiann);

A(:,(2*dataNo+31)) = sin(2*angle(:,1) - 2*time(:,1)*omegasid - 2*phisid -

time(:,1)*omegaann - phiann);

A(:,(2*dataNo+32)) = cos(2*angle(:,1) - 2*time(:,1)*omegasid - 2*phisid -

time(:,1)*omegaann - phiann);
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A(:,(2*dataNo+33)) = sin(3*angle(:,1));

A(:,(2*dataNo+34)) = cos(3*angle(:,1));

A(:,(2*dataNo+35)) = sin(4*angle(:,1));

A(:,(2*dataNo+36)) = cos(4*angle(:,1));

fprintf(’Built A’);

fprintf{’%4.1f’,clock);

%whiten data

wfreq = freq;

for i=1:dataNo

for iw = (dataStarts(i) + 2):dataStarts(i+1)

iw2=1;

while (iw-dataStarts(i))>iw2 && iw2<167

wfreq(iw,1) = wfreq(iw,1) +freq(iw-iw2,1)*gamma(iw2-dvalues(i))/

(gamma(iw2+1)*gamma(-dvalues(i)));

iw2 = iw2+1;

end

end

end

fprintf(’Whitened freq’);

fprintf{’%4.1f’,clock);

%whiten A matrix

WA = A;

for i=1:dataNo

for iwa = (dataStarts(i) + 2):dataStarts(i+1)

iwa2=1;

while (iwa-dataStarts(i))>iwa2 && iwa2<167

WA(iwa,:) = WA(iwa,:) + A(iwa-iwa2,:)*gamma(iwa2-dvalues(i))/

(gamma(iwa2+1)*gamma(-dvalues(i)));

iwa2 = iwa2+1;

end
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end

end

fprintf(’Whitened A’);

fprintf{’%4.1f’,clock);

%solve for X in A.X=Y

varcov = inv((WA’)*WA);

param = varcov*((WA’)*wfreq);%X=(A’*A)^-1.A’.Y

res = wfreq - WA*param;%residuals

dres = std(res);

sigraw = sqrt(diag(varcov));

sig = dres*sigraw;%param sigmas

sigmx = sigraw*(sigraw’);

corcof = varcov./sigmx;%correlation coefficients

%output

out.param = param;

out.corcof = corcof;

out.res = res;

out.sig = sig;

out.wfreq = wfreq;

dlmwrite(strrep(filename,’txt’,’wparc’),[param],’delimiter’,delimiter,

’precision’,’%.10E’);

dlmwrite(strrep(filename,’txt’,’wcorc’),[corcof],’delimiter’,delimiter,

’precision’,’%.10E’);

dlmwrite(strrep(filename,’txt’,’wresc’),res,’delimiter’,delimiter,

’precision’,’%.10E’);

dlmwrite(strrep(filename,’txt’,’wsigc’),[sig],’delimiter’,delimiter,

’precision’,’%.10E’);

dlmwrite(strrep(filename,’txt’,’wfreqc’),wfreq,’delimiter’,delimiter,

’precision’,’%.10E’);

runtime = clock - runtime1;%total runtime
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out.runtime = runtime;

C.2 Demodulated Least Squares Regression

C.2.1 DLS Stage 1: Demodulation

%First DLS stage including demodulation at 2w_R over multiple data sets

%filename of delimited file containing data set names and d values

%folder to store results in

%number of rotations to demodulate over

function out = DLSstage1(filename,delimiter,folder,rotations)

runtime1 = clock; %start time

fprintf(’starttime %4.1f \n’,clock);

[pathstr, name, ext, versn] = fileparts(filename);

%read in data file names

[datafiles dummy] = textread(filename,’%q %n’);

%no. of data files

[dataNo, dummy] = size(datafiles);

fprintf(’dataNo %9.1f \n’,dataNo);

%define output variables to store results in

out.params = zeros(1,10);

out.sigs = zeros(1,10);

out.centreTimes = zeros(1,1);

out.setSizes = zeros(1,1);

%loop through each data set

for k=1:dataNo

%read in data [index,timetag,angle,freq]

tempData = dlmread(char(datafiles(k)),delimiter);

[temprows,dummy] = size(tempData);



156 APPENDIX C. DATA ANALYSIS PROGRAMS

i=1;

%define temp variables for results in loop

params = zeros(1,10);

sigs = zeros(1,10);

centreTimes = zeros(1,1);

setSizes = zeros(1,1);

%for each data set demodulate in blocks

while (i<(temprows-1.1*12*rotations))

%collect a subset of the data set to demodulate

%test for gaps in data, no more than 1 missed point

subset = tempData(i,:);

j=i;

angspan=0;

while (angspan<(rotations*2*pi)) & (i<temprows)

if (tempData(i+1,3)-tempData(i,3))<(pi/2)

i=i+1;

subset = cat(1,subset,tempData(i,:));

angspan=tempData(i,3)-tempData(j,3);

else

i=i+1;

j=i;

angspan=0;

subset = tempData(i,:);

end

end

[ssrows,sscols]=size(subset);

%calculate the mean time of the subset

centreTime=(subset(ssrows,2)+subset(1,2))/2;

%make zero matrix in which to store A, the model matrix

A = zeros(ssrows,10);
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A(:,1) = 1;

A(:,2) = subset(:,2);

A(:,3) = sin(subset(:,3));

A(:,4) = cos(subset(:,3));

A(:,5) = sin(2*subset(:,3));

A(:,6) = cos(2*subset(:,3));

A(:,7) = sin(3*subset(:,3));

A(:,8) = cos(3*subset(:,3));

A(:,9) = sin(4*subset(:,3));

A(:,10) = cos(4*subset(:,3));

%perform OLS

varcov = inv((A’)*A);

%X=(A’*A)^-1.A’.Y

param = varcov*((A’)*subset(:,4));

%residuals

res = subset(:,4) - A*param;

dres = std(res);

sigraw = sqrt(diag(varcov));

%param estimate sigmas

sig = dres*sigraw;

%store the results

params = cat(1,params,param’);

sigs = cat(1,sigs,sig’);

centreTimes = cat(1,centreTimes,centreTime);

setSizes = cat(1,setSizes,ssrows);

i=i+1;

end

%trim of the first empty entry

params(1,:)=[];

sigs(1,:)=[];
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centreTimes(1,:)=[];

setSizes(1,:)=[];

[rows,dummy]=size(params);

%just output from here

params(rows,:)=[];

sigs(rows,:)=[];

centreTimes(rows,:)=[];

setSizes(rows,:)=[];

out.params = cat(1,out.params,params);

out.sigs = cat(1,out.sigs,sigs);

out.centreTimes = cat(1,out.centreTimes,centreTimes);

out.setSizes = cat(1,out.setSizes,setSizes);

[pathstr2, name2, ext2, versn2] = fileparts(char(datafiles(k)));

workfilename = fullfile(pathstr,folder,[name2,’.tmp’]);

dlmwrite(strrep(workfilename,’tmp’,’param’),params,delimiter);

dlmwrite(strrep(workfilename,’tmp’,’sig’),sigs,delimiter);

dlmwrite(strrep(workfilename,’tmp’,’centTim’),centreTimes,delimiter);

dlmwrite(strrep(workfilename,’tmp’,’setSiz’),setSizes,delimiter);

fprintf(’file %2.1f \n’,k);

end

out.params(1,:)=[];

out.sigs(1,:)=[];

out.centreTimes(1,:)=[];

out.setSizes(1,:)=[];

[pathstr, name, ext, versn] = fileparts(filename);

dlmwrite(fullfile(pathstr,folder,[name,’.AllParams’]),out.params,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.AllSigs’]),out.sigs,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.AllCentTim’]),out.centreTimes,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.AllSetSiz’]),out.setSizes,delimiter);

runtime = clock - runtime1;%total runtime
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out.runtime = runtime;

C.2.2 DLS Stage 2: OLS

%First DLS stage including demodulation at 2w_R over multiple data sets

%filename of delimited file containing data set names and d values

%folder to store results in

%threshold discrimination to remove outliers (typically only ~10pts)

function out = DLSstage2(filename,delimiter,folder,threshold)

%in stage 2 we take the demodulated C and S params at 2wR and fit all the

%other sidebands

runtime1 = clock; %start time

fprintf(’starttime %4.1f \n’,clock);

%read in filenames of DLSstage1 results

[datafiles dummy1 dummy2] = textread(filename,’%q %n %n’);

[dataNo, dummy] = size(datafiles);

fprintf(’dataNo %9.1f \n’,dataNo);

% create matices to store data in by concatination

Sparams = zeros(1,1);

Cparams = zeros(1,1);

SparDC = zeros(1,1);

CparDC = zeros(1,1);

SDCsets = zeros(1,2);

CDCsets = zeros(1,2);

SDCsetsSig = zeros(1,2);

CDCsetsSig = zeros(1,2);

centreTime = zeros(1,1);

% read in each data file and add to the above matrices

for k=1:dataNo

[pathstr, name, ext, versn] = fileparts(char(datafiles(k)));
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tempData = csvread(fullfile(pathstr,[name,’.param’]));

% the C and S terms (with their DC offset) are read directly in

%from stage 1 analysis data set at a time

Spar=tempData(:,5);

SparDC = cat(1,SparDC,Spar);

Cpar=tempData(:,6);

CparDC = cat(1,CparDC,Cpar);

time = dlmread(fullfile(pathstr,[name,’.centTim’]),delimiter);

%the time representative of the centre of the data set

centreTime = cat(1,centreTime,time);

[temprows,dummy]=size(Spar);

%now we do an offset and drift fit and use the residual as the C and S

%term for the fit so we get rid of the DC offset

%make zero matrix in which to store A, the model matrix

%Sine term

A = zeros(temprows,2);

A(:,1) = 1;

A(:,2) = time-time(1,1);

%OLS

Svarcov = inv((A’)*A);

%X=(A’*A)^-1.A’.Y

Sparam = Svarcov*((A’)*Spar);

%residuals

Sres = Spar - A*Sparam;

Sdres = std(Sres);

Ssigraw = sqrt(diag(Svarcov));

%param sigmas

Ssig = Sdres*Ssigraw;

%results and output

SDCsets = cat(1,SDCsets,Sparam’);
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SDCsetsSig = cat(1,SDCsetsSig,Ssig’);

Sparams = cat(1,Sparams,Sres);

dlmwrite(fullfile(pathstr,folder,[name,’.SparamDC’]),Sparam,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.SsigDC’]),Ssig,delimiter);

%Cosine, same procedure

Cvarcov = inv((A’)*A);

Cparam = Cvarcov*((A’)*Cpar);

Cres = Cpar - A*Cparam;

Cdres = std(Cres);

Csigraw = sqrt(diag(Cvarcov));

Csig = Cdres*Csigraw;

CDCsets = cat(1,CDCsets,Cparam’);

CDCsetsSig = cat(1,CDCsetsSig,Csig’);

Cparams = cat(1,Cparams,Cres);

dlmwrite(fullfile(pathstr,folder,[name,’.CparamDC’]),Cparam,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.CsigDC’]),Csig,delimiter);

end

%get rid of the first row of zeros

Sparams(1,:) = [];

Cparams(1,:) = [];

SparDC(1,:) = [];

CparDC(1,:) = [];

centreTime(1,:) = [];

SDCsets(1,:) = [];

CDCsets(1,:) = [];

SDCsetsSig(1,:) = [];

CDCsetsSig(1,:) = [];

%do a check for the amplitude of the data points. Remove those outide the

%threshold

tempMag=sqrt(Sparams.^2+Cparams.^2);
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discrPts=find(tempMag>threshold);

Sparams(discrPts,:)=[];

Cparams(discrPts,:)=[];

SparDC(discrPts,:)=[];

CparDC(discrPts,:)=[];

centreTime(discrPts,:)=[];

fprintf(’discrPts %9.1f \n’,size(discrPts));

[pathstr, name, ext, versn] = fileparts(filename);

dlmwrite(fullfile(pathstr,folder,[name,’.centTimAll’]),centreTime,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.discrPts’]),discrPts,delimiter);

[temprows,dummy]=size(SparDC);

%do a fit to the S and C params with their DC offset still in to get a mean

%offset over the year

A = zeros(temprows,2);

A(:,1) = 1;

A(:,2) = centreTime-centreTime(1,1);

Svarcov = inv((A’)*A);

SparamDC = Svarcov*((A’)*SparDC);%X=(A’*A)^-1.A’.Y

SresDC = SparDC - A*SparamDC;%residuals

Sdres = std(SresDC);

Ssigraw = sqrt(diag(Svarcov));

SsigDC = Sdres*Ssigraw;%param sigmas

out.SparDC=SparDC;

out.SparamDC=SparamDC;

out.SsigDC=SsigDC;

dlmwrite(fullfile(pathstr,folder,[name,’.SparamDCAllM6’]),SparDC,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.SaveragDCAllM6’]),SparamDC,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.SsigDCAllM6’]),SsigDC,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.SresDCAllM6’]),SresDC,delimiter);

Cvarcov = inv((A’)*A);
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CparamDC = Cvarcov*((A’)*CparDC);%X=(A’*A)^-1.A’.Y

CresDC = CparDC - A*CparamDC;%residuals

Cdres = std(CresDC);

Csigraw = sqrt(diag(Cvarcov));

CsigDC = Cdres*Csigraw;%param sigmas

out.CparDC=CparDC;

out.CparamDC=CparamDC;

out.CsigDC=CsigDC;

dlmwrite(fullfile(pathstr,folder,[name,’.CparamDCAllM6’]),CparDC,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.CaveragDCAllM6’]),CparamDC,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.CsigDCAllM6’]),CsigDC,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.CresDCAllM6’]),CresDC,delimiter);

%The real OLS section

%Some constants

omegaann = 1.99106e-7;

omegasid = 7.292115e-5;

deltaEarth = 51001;

VEtime = 3194187960;

time2 = centreTime-VEtime;

phisid = omegasid*(deltaEarth - VEtime);

[temprows,dummy]=size(Sparams);

A = zeros(temprows,14); %make zero matrix in which to store A, the model matrix

A(:,1) = sin(time2*omegaann);

A(:,2) = cos(time2*omegaann);

A(:,3) = sin(centreTime*omegasid + phisid);

A(:,4) = cos(centreTime*omegasid + phisid);

A(:,5) = sin(centreTime*omegasid + phisid + time2*omegaann);

A(:,6) = cos(centreTime*omegasid + phisid + time2*omegaann);

A(:,7) = sin(centreTime*omegasid + phisid - time2*omegaann);

A(:,8) = cos(centreTime*omegasid + phisid - time2*omegaann);
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A(:,9) = sin(2*centreTime*omegasid + 2*phisid);

A(:,10) = cos(2*centreTime*omegasid + 2*phisid);

A(:,11) = sin(2*centreTime*omegasid + 2*phisid + time2*omegaann);

A(:,12) = cos(2*centreTime*omegasid + 2*phisid + time2*omegaann);

A(:,13) = sin(2*centreTime*omegasid + 2*phisid - time2*omegaann);

A(:,14) = cos(2*centreTime*omegasid + 2*phisid - time2*omegaann);

Svarcov = inv((A’)*A);

SparamAll = Svarcov*((A’)*Sparams);%X=(A’*A)^-1.A’.Y

SresAll = Sparams - A*SparamAll;%residuals

Sdres = std(SresAll);

Ssigraw = sqrt(diag(Svarcov));

SsigAll = Sdres*Ssigraw;%param sigmas

Cvarcov = inv((A’)*A);

CparamAll = Cvarcov*((A’)*Cparams);%X=(A’*A)^-1.A’.Y

CresAll = Cparams - A*CparamAll;%residuals

Cdres = std(CresAll);

Csigraw = sqrt(diag(Cvarcov));

CsigAll = Cdres*Csigraw;%param sigmas

out.CparamsBef = Cparams;

out.SparamsBef = Sparams;

out.Cparams = CparamAll;

out.Sparams = SparamAll;

out.Csigs = CsigAll;

out.Ssigs = SsigAll;

out.Cvarcov = Cvarcov;

out.Svarcov = Svarcov;

out.Cres = Cres;

out.Sres = Sres;

out.SDCsets = SDCsets;

out.CDCsets = CDCsets;
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out.SDCsetsSig = SDCsetsSig;

out.CDCsetsSig = CDCsetsSig;

dlmwrite(fullfile(pathstr,folder,[name,’.SparamAllM6’]),

out.Sparams,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.SsigAllM6’]),

out.Ssigs,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.CparamAllM6’]),

out.Cparams,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.CsigAllM6’]),

out.Csigs,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.SvarcovAllM6’]),

out.Svarcov,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.CvarcovAllM6’]),

out.Cvarcov,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.SresAllM6’]),

out.Sres,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.CresAllM6’]),

out.Cres,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.SparBefAllM6’]),

out.SparamsBef,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.CparBefAllM6’]),

out.CparamsBef,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.SDCsets’]),

out.SDCsets,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.CDCsets’]),

out.CDCsets,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.SDCsetsSig’]),

out.SDCsetsSig,delimiter);

dlmwrite(fullfile(pathstr,folder,[name,’.CDCsetsSig’]),

out.CDCsetsSig,delimiter);
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runtime = clock - runtime1;%total runtime

out.runtime = runtime;

C.3 Utilities

C.3.1 Remove Outliers

%program to remove outliers from data sets according to n*sigma threshold

%filename of data set with delimiter

%sigma: no. of Standard deviations to use as threshold

%clip periods from start and end of data set

%where the experiment may be unstable as it settles down

function out = ROL(filename, delimiter, sigma, clip_periods_start, clip_periods_end)

%read in data

tempf = dlmread(filename, delimiter);

[rows,cols] = size(tempf);

%clip periods, 1 period is 12 data points

tempf(((rows-clip_periods_end*12):rows)’,:) = [];

tempf((1:clip_periods_start*12)’,:) = [];

%stats for threshold analysis

freq = tempf(:,4);

fmedian = median(freq);

fmad = 1.4826*median(abs(freq-fmedian));

zdata = abs(freq-fmedian)/fmad > sigma;

tempf(find(zdata),:) = [];

%output

dlmwrite(strrep(filename,’ang’,’rol’),tempf,delimiter);

out.data = tempf;

out.outliers = size(find(zdata));
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C.3.2 Angle Fix

%Checks the data set for missed measuremnts by checking time tags

%Fixes the angle orientation record to account for the skipped measurement

%filename of data set with delimiter

%stepsize the expected time tag increment

function out = fixAng(filename, delimiter, stepsize)

%read in data

tempf = dlmread(filename,delimiter);

index = tempf(:,1);

time = tempf(:,2);

angle = tempf(:,3);

freq = tempf(:,4);

[rows,cols] = size(time);

%calculate the time steps between data points

diffs=diff(time);

%identify time steps that are 2 or more times that expected

jumps=diff(time) > stepsize*1.8;

jumppos=find(jumps);

[jumpNo,lala]=size(jumppos);

%create some variables to store angle correction in

addang=zeros(rows,1);

jumpmag=zeros(jumpNo,1);

%figure out how many measurments were missed

for i=1:jumpNo

temp=zeros(rows,1);

jumpsize=diffs(jumppos(i));

paulFact=1;

if jumpsize>(2.3*stepsize)

paulFact=(jumpsize-mod(jumpsize,stepsize))/stepsize-1;
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end

temp(jumppos(i)+1:rows) = paulFact*pi/6;

addang = addang + temp;

jumpmag(i,1)=paulFact;

end

%add correction to angle vector

angle = angle + addang;

%output

writef = [index time angle freq];

dlmwrite(strrep(filename,’ang’,’angFA’),writef,’delimiter’,’,’,’precision’,’%.12E’);

out.jumps = jumppos;



 



 


