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ABSTRACT

Opto-acoustic Interactions in High Power Interferometric

Gravitational Wave Detectors

by Slawomir M. Gras

Supervisors: Prof. D.G. Blair, Dr L. Ju, and Dr R. Burman

Advanced laser interferometer gravitational wave detectors require an ex-

tremely high optical power in order to improve the coupling between the gravitational

wave signal and the optical field. This high power requirement leads to new physical

phenomena arising from nonlinear interactions associated with radiation pressure. In

particular, detectors with multi-kilometer-long arm cavities containing high density

optical fields suffer the possibility of 3-mode opto-acoustic interactions. This involves

the process where ultrasonic vibrations of the test mass cause the steady state optical

modes to scatter. These 3-mode interactions induce transverse optical modes in the

arm cavities, which then can provide positive feedback to the acoustic vibrations in

the test masses. This may result in the exponential growth of many acoustic mode

amplitudes, known as Parametric Instability (PI).

This thesis describes research on 3-mode opto-acoustic interactions in advanced

interferometric gravitational wave detectors through numerical investigations of these

interactions for various interferometer configurations. Detailed analysis reveals the

properties of opto-acoustic interactions, and their dependence on the interferometer

configuration. This thesis is designed to provide a pathway towards a tool for the

analysis of the parametric instabilities in the next generation interferometers. Pos-

sible techniques which could be helpful in the design of control schemes to mitigate

this undesirable phenomenon are also discussed.

The first predictions of parametric instability considered only single interactions

involving one transverse mode and one acoustic mode in a simple optical cavity. In

Chapter 2, I extend this analysis to cover multiple interactions between transverse and

acoustic modes. The effect of test mass radius of curvature tuning on the paramet-

ric instability is also investigated. It is shown that resonant scattering into multiple



Stokes and anti-Stokes transverse modes can occur. The Stokes process is respon-

sible for acoustic mode excitation, whereas the anti-Stokes is responsible for mode

damping. Interestingly, the analysis clearly indicates that these two processes do not

cancel out, due to an asymmetry between Stokes and anti-Stokes transverse modes

in the detector arm cavities. Moreover, multiple transverse mode interactions add

to increase the parametric gain. However, by tuning the radii of curvature of the

test masses, it is possible to control the resonant condition for 3-mode interactions,

thereby lowering the parametric gain. Unfortunately, for the cavities considered, the

parametric gain remains above unity over the entire radius of curvature range.

Chapter 3 considers one possible method of minimising the parametric gain,

through degrading the Q-factors of the acoustic modes through application of a ring

damper. A ring damper is a thin strip of lossy material bonded onto the barrel of the

test masses. I showed that such ring dampers have the remarkable property of strongly

reducing acoustic mode Q-factors with relatively small thermal noise penalty for op-

tical displacement measurements. Typical acoustic mode Q-factors are suppressed by

a factor of 10, with only 5% increase in Brownian thermal noise for optimally located

dampers. Unfortunately, I found that the ring does not act uniformly because some

acoustic modes are only weakly coupled to the damping ring.

Since the acoustic modes are non-uniformly damped, the ring damper is not ideal

for damping parametric instability. Despite reducing the number of unstable modes,

and lowering the average gain, a 20% Brownian noise penalty is required to suppress

instability in the cavities I considered. However, under some circumstances, the noise

penalty can be lowered to 5% if at least one transverse optical mode is suppressed

through interferometer optical design or optical interference.

Following the ring damper analysis in Chapter 4, I apply the thermal noise anal-

ysis methods of Chapter 3 to a Mesa beam optical cavity, which has been shown in

theory to reduce thermal noise below the quantum limit. This noise reduction occurs

because the main optical cavity mode interacts over a larger area of the test mass

surface. A key question to address is how does the parametric instability problem

compare between Gaussian beam and Mesa beam cavities. In Chapter 5, I found that

cavities supporting a Mesa beam have ∼ 3 times as many unstable modes compared



with similar Gaussian beam cavities. However, on average, the parametric gain is

somewhat lower for Mesa beams. Since all configurations analysed require instability

mitigation, the greater number of unstable modes is not sufficient to rule out the

Mesa beam configuration.

All of the above analysis considered only a simplified case of 2- or 3-mirror optical

cavities, which at best only applies to the symmetric power recycling interferometer.

In Chapter 6, I was able to make use of a new analytical model due to Strigin et

al., which describes parametric instability in dual recycling interferometers. To make

the solution tractable, it was necessary to consider two extreme cases. In the worst

case, recycling cavities are assumed to be resonant for all transverse modes, whereas

in the best cases, both recycling cavities are anti-resonant for the transverse modes.

Results show that, for the worst case, parametric gain values as high as ∼1000 can

be expected, while in the best case the gain can be as low as ∼ 3. The gain is shown

to be very sensitive to the precise conditions of the interferometer, emphasising the

importance of understanding the behaviour of the detectors when the cavity locking

deviates from ideal conditions.

Chapter 7 of this thesis contains work on the observation of 3-mode interactions in an

optical cavity at Gingin, which confirms the analysis presented here, and also a paper

which shows how the problem of 3-mode interactions can be harnessed to create new

devices called opto-acoustic parametric amplifiers.

In the conclusions in Chapter 8, I discuss the next important steps in under-

standing parametric interactions in real interferometers – including the need for more

automated codes relevant to the design requirements for recycling cavities. In partic-

ular, it is pointed out how the modal structure of power and signal recycling cavities

must be understood in detail, including the Gouy phase for each transverse mode, to

be able to obtain precise predictions of parametric gain.

This thesis is organised as a series of papers which are published or have been sub-

mitted for publication. Such writing style fills the condition for Ph.D. thesis at the

University of Western Australia.
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Chapter 1

Introduction

At the beginning of the 20th century, another step was made to unlock the secrets of

the laws of nature. A pioneering work on Special Relativity, followed by one on Gen-

eral Relativity, by Einstein revealed unexpected properties of space and time. For the

first time, it was shown that space and time are intrinsically connected, and together

create a four-dimensional grid in which a correct description of all physical events

become possible. Surprisingly, it was found that this “space-time” is characterised

by elastic properties, such that it can be excited into oscillations under special cir-

cumstances. In this discovery lay the foundations of Gravitational Wave Physics and

Astronomy. Since then, there have been ongoing attempts to observe such oscillations.

Ultra-high sensitivity detectors are currently under construction, which will reach the

required sensitivity for the first ever direct detection of space-time oscillations, called

Gravitational Waves (GWs).

1.1 Gravitational waves

General Relativity explains a gravitational field as a consequence of spacetime cur-

vature. The geometry of spacetime is described by the Einstein Field Equation, as

follows:

Gµν + Λgµν =
8πG

c4
Tµν , (1.1)

where Gµν is the Einstein tensor constructed from the metric tensor g = gµνdxµ⊗dxν

and its derivatives, Λ is the cosmological constant, G is the gravitational constant,

and Tµν is the energy-momentum tensor. The Einstein tensor quantifies the spacetime

1
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curvature, whereas the energy-momentum tensor gives the energy density, momentum

density, and stresses in a distribution of matter or radiation. Eqn. 1.1 allows the met-

ric tensor g to be determined for a given distribution of stress-energy in spacetime,

i.e. to determine the curvature of spacetime, and thus the associated gravitational

field.

However, there is a special case for which spacetime can be curved, but without

the presence of mass or energy. This non-trivial spacetime feature can be revealed in

the weak gravitational field approximation when solving the Einstein Field Equation.

Mathematically, a weak gravitational field condition corresponds to the flat met-

ric tensor, with an embedded perturbation, as follows:

gµν ≈ ηµν + hµν(t, x
j), (1.2)

where |hµν | << 1, so quadratic components may be neglected. It is assumed that hµν

is the non-stationary metric, whereas ηµν corresponds to the stationary flat (gravity-

free) spacetime metric with non-zero diagonal elements ηµν = diag(−1, 1, 1, 1). In

principle, due to the relationship between gµν and Gµν , Eqn. 1.1 represents a set of

coupled, non-linear differential equations [1]. This implies that linear combinations of

solutions may not be allowed. However, in the weak field regime, such as in Newton’s

gravitational field (e.g. in our solar system), linearity is observed. Therefore, the

linear approximation of Eqn. 1.1 in weak gravitational fields must be allowed.

By employing the trace reverse transformation, and constraining the framework

to a comoving coordinate system with a transverse traceless (TT) gauge condition

[2], the Einstein tensor takes the form of Gµν = −1
2
�hµν , where � = ηµν∂µ∂ν is the

wave operator. The Einstein Field Equation then becomes:

�hµν + 2Λ(ηµν + hµν) = −16πG

c4
Tµν . (1.3)

In the far-field (empty spacetime, Tµν = 0) and static universe (local spacetime, Λ =

0), we obtain

�hµν = 0. (1.4)

Eqn. 1.4 is analogous to the electromagnetic wave equation, with the simplest solution

of a plane wave

hµν(t, x
α) = Aµν exp(ikαxα), (1.5)
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where kαxα = ωgt + ~k · ~x = constant, ωg is the frequency, and ~k is the vector such

that |~k| = ωg/c, and is pointed along the direction of the propagating perturbation.

Thus, the non-stationary metric hµν propagates on the flat background ηµν in

empty spacetime with the speed of light. Such a metric propagation is called a

Gravitational Wave. For a plane gravitational wave propagating in the +z direction,

there are only four non-zero components of the gravitational wave tensor: hxx(t, z),

hyy(t, z), hxy(t, z), and hyx(t, z), where hxx(t, z) = −hyy(t, z) and hxy(t, z) = hyx(t, z).

For such conditions, the gravitational plane wave can be written

hµν(t, z) = Aµν Re
[

exp
(

iωg(t −
z

c
)
)]

, (1.6)

with the amplitude of the gravitational wave Aµν , as follows:

Aµν =

















0 0 0 0

0 Axx Axy 0

0 Axy −Axx 0

0 0 0 0

















. (1.7)

The four non-zero amplitude components reflect the quadrupole nature of gravita-

tional wave radiation.

Similarly to the electromagnetic wave, the gravitational wave tensor can be de-

composed into two linearly polarised plane waves [3]:

h = h+e+ + h×e×, (1.8)

where h+ = hxx = −hyy and h× = hxy = hyx are called the h-plus and h-cross po-

larisations, respectively. Unlike electromagnetic waves, the angle between the two

polarisation states is π/4, rather than π/2. The basis tensors for these two polarisa-

tions are defined as:

e+ = ~ex ⊗ ~ex − ~ey ⊗ ~ey, (1.9)

e× = ~ex ⊗ ~ey + ~ey ⊗ ~ex. (1.10)

The linear combination of h-plus and h-cross polarisations leads to two circular po-

larisation states in the clockwise direction er, and in the counter-clockwise direction

el, as follows:

er =
e+ + ie×√

2
, (1.11)
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el =
e+ − ie×√

2
. (1.12)

The polarisation of gravitational waves depends on the orientation of the dynamics

inside the source, as seen with respect to the observer. Therefore, the polarisation

provides important information about the source orientation.

The expansion of the universe was neglected in the above discussion. However,

Λ 6= 0 has a very small effect on propagating gravitational waves over cosmological

distances. Also, the expansion of the universe does not change the polarisation of

the gravitational waves [4]. However, the non-zero cosmological term modifies the

amplitude and frequency by a correction factor [5], which can be approximated as

follows:

t′ = t +
Λτ 3

obs

72πc
, (1.13)

A′
µν = Aµν +

Λτ 3
obs

72πc
Im [hµν(t

′, z)] , (1.14)

where τobs is the observation time. Therefore, the gravitational wave frequency red-

shifts and simultaneously diminishes in amplitude as it propagates. However, these

effects are possibly of the same order as the ignored O(h2) correction in Eqn. 1.3.

1.2 Gravitational wave sources

Since gravitational waves are quadrupole distortions (see Eqn. 1.7) of spacetime, their

emission requires changes in the quadrupole moment of the source. The strength of

gravitational waves can be estimated using the quadrupole approximation:

hµν =
2G

Rc2

∂2

∂t2
Iµν

(

t − R

c

)

, (1.15)

where R = (δijX
iXj) is the distance between the observer and the source, and Iµν is

the traceless quadrupole moment. This formula is valid for a linearised gravitational

wave in the almost-flat spacetime geometry far from the source [6]. The traceless

quadrupole moment of the matter distribution is defined as:

Iµν =

∫

ρ(~r, t)

(

rirj − 1

3
δijr

2

)

d3r, (1.16)
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where ri = x, y, or z, and ρ is the density of the mass-energy.

From the above formulas, it can be deduced that to produce significant gravita-

tional wave radiation, a sudden large change in the quadrupole moment is desired,

which involves large masses and extreme velocities of the emitting sources. These

conditions are fulfilled by some astronomical objects, specifically those where asym-

metric distributions of large mass in fast rotating systems is a relatively common

phenomenon. On the other hand, any isolated non-spinning object moving at con-

stant speed, a symmetric spinning disk, or a spherically pulsating spherical star, will

not radiate gravitational waves (GWs).

The GWs will be circularly polarised when viewed along the rotation axis of

the source, while linear polarisation dominates when viewed from near the equatorial

plane.

1.2.1 Classification

Gravitational wave sources can be classified into three different groups:

a) Continuous Sources:

Such sources occur in the case of a single star rotating about its axis with a large

spherical asymmetry or other deformity on it. A characteristic feature of such sources

is a fairly constant and well-defined frequency. The best candidates are spinning non-

axisymmetric neutron stars, or oscillations of neutron stars (e.g. r-modes [7], f,p,w-

modes [8]). They are considered as weak gravitational wave sources with frequencies

∼ 1000 Hz, and amplitudes of h∼ 10−25.

b) Transient Sources:

These usually are the last stage of binary systems, where the two objects merge into

one [9]. As the two masses merge, their orbital distances decrease while angular

speeds increase. Such sources are characterised by a frequency blue-shifting. This

would be expected from the mergers of pairs of neutron stars, black holes, or their

combination [10]. For instance, binary neutron stars are expected to radiate with

frequencies ∼10-1000 Hz, and with amplitudes h∼ 10−22.

Another type of transient source includes stars undergoing core collapse [11]. This
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category is also extended to unknown sources with undefined signature evolution.

Burst sources are characterised by a short duration between ∼ 10 ms and 10 s. Su-

pernovae and Gamma-ray Bursts (GRBs) are typical examples of burst sources. For

supernovae, the gravitational wave amplitude is expected to be h∼ 10−21 at frequen-

cies ≥ 1000 Hz.

d) Relict Sources:

This type of source is a stochastic background from the early universe. Theoretical

models predict their creation during the inflation era, from approximately 10−36 to

10−32 s after the Big Bang. Another possibility are topological defects of spacetime

called cosmic strings [12], which are believed to be contributing sources of gravita-

tional radiation. Also considered are primordial turbulence [13], and phase transitions

[14] in the early universe. The expected signals from cosmic strings are at the level

of h∼ 10−15 at frequencies < 10−10 Hz.

1.2.2 Evidence

Significant indirect evidence of gravitational wave emission was provided through

observations of the orbital decay of the first discovered binary pulsar PSR 1913+16

– a system consisting of a pair of neutron stars, with one of them being a pulsar [15].

By measuring the orbital parameters, it was possible to determine the energy loss

from gravitational radiation. Thirty years of observations revealed a gradual inspiral

to within about 0.2 percent of the rate expected from the emission of gravitational

radiation [16]. The energy dissipation of this binary system is illustrated in Fig. 1.1.

Since the discovery of PSR 1913+16, other binary pulsar systems have been found,

which are currently being monitored [17].

1.3 hµν detection

To understand how to measure the metric tensor h, it is useful to introduce the

spacetime interval:

ds2 = gµνdxµdxν . (1.17)
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Figure 1.1: A plot from J.M. Weisberg and J.H. Taylor, astro-ph/0211217, showing the

binary pulsar PSR 1913+16 timing measurements up until 2001. The orbit shrinks at a

rate of approximately 3 mm per orbit due to the emission of gravitational waves. The

pulsar is expected to continue this trend, and coalesce with its companion neutron star in

approximately 365 million years.

This is an invariant quantity with respect to any system of inertial coordinates, such

that ds between two events seen by an arbitrary observer remains constant. This is

an intrinsic relation between space and time, with the spacetime curvature encoded

in the metric tensor gµν . According to the interval definition, at least two free-falling

particles are necessary to probe spacetime curvature. By using Eqn. 1.2, and assuming

an h-plus polarisation and z-direction propagation for simplicity, the effect of a passing

gravitational wave on the interval can be written as:

ds2 = (ηµν + hµν)dxµdxν = −(cdt)2 + (1 + hxx)dx2 + (1 − hxx)dy2 + dz2. (1.18)

At a fixed time, the interval ds can be interpreted as the relative distance between

two free-falling particles in the presence of h. This distance remains unchanged at

any such fixed time.

dl2 = (1 + hxx)dx2 + (1 − hxx)dy2 + dz2. (1.19)
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y
z z

hxx > 0 hxx < 0

x

y

x

Figure 1.2: Effect of a propagating gravitational wave distorting a planar system of four

free-falling particles. It is assumed that gravitational waves have an h-plus polarisation, and

propagate perpendicularly to the plane containing the free-falling particles. For pairs along

each axis, the relative distance between them changes as the gravitational wave distorts the

spacetime. The changes are 2∆L = h+L, where L is the separation distance between the

pair of particles in undistorted spacetime.

However, the relative distances do change for particle pairs located along the x̂ and

ŷ axes, as shown in Fig. 1.2. As the spacetime perturbation propagates, the relative

distances between particles must also oscillate in the range corresponding to gravita-

tional wave amplitudes from A+ > 0 to A+ < 0, and with frequency ωg. Physically,

gravitational waves can be understood as strains, i.e. changes in length per unit length

∆L/L.

From the above, it would seem that distance measurement is a straightforward way to

detect gravitational waves. However, due to their incredibly small amplitudes, gravi-

tational wave detection requires displacement measurements on the level of subatomic

distances ∆L ≃ 10−18 m. Therefore, gravitational detectors must have astonishing

sensitivity to displacement changes. There are a few approaches to achieve this:

a) resonant bars,

b) resonant spheres,

c) interferometers.

In the first two, measurements are made of the deformations of large masses in the

shape of a bar [18], or a sphere [19], at their resonant frequency. Such detectors are
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characterised by a very narrow operational bandwidth, from several 100s Hz to 1 kHz.

This comes from the fact that such detectors have the optimal response to a propa-

gating gravitational wave at ωg ≃ Ω, where Ω is an internal mode of the bar or sphere.

When these two frequencies match, the internal mode can be excited by an incident

gravitational wave. However, this technique suffers from insufficient sensitivity, and

does not exceed a strain sensitivity of 10−21 Hz−1/2.

To achieve a much better sensitivity and wider bandwidth detection of gravitational

waves requires interferometric detectors.

1.4 Interferometric detector

Current efforts in Gravitational Wave Physics are concerned with further development

and improvements in displacement measurements with interferometric techniques.

The first prototype of GW detector using light interference was demonstrated by

Forward [20], following the pioneering work on interferometric techniques by Gert-

senshtein and Pustovoit [21], and Weiss [22]. A simple concept of the GW detector

based on a Michelson interferometer is shown in Fig. 1.3.

The observable is the difference in phase ∆φ of the two electromagnetic wavefronts

at the beam splitter, after a round trip. When the gravitational wave passes perpen-

dicularly to the interferometer plane, it induces an optimal differential length change

in the interferometer arms. Different path lengths result in a change of the light

phase travelling in both arms. By recombining the light at the beam splitter, we can

measure a relative phase change in the form of light intensity fringes, from which

information on the passing gravitational wave can be extracted.

If each mirror in the arm is suspended, with the required isolation from environmental

noise in the frequency range of interest, such mirrors effectively provide horizontally-

free test masses.
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Beam
Splitter

Laser

Photodetector

X−End
Test Mass

Y−End
Test Mass 

Figure 1.3: The basic design of the Michelson laser interferometer. The L-shape topology

causes a single beam of laser light to divide at the beam splitter, and then each of the

emerging beams is sent over two paths that are at 90◦ to each other, then reflected back by

mirrors at the end of each arm. Differential movement of test masses, due to the gravita-

tional wave, results in a phase change of the laser beam in each arm. The phase modulated

beams interfere at the beam splitter, creating light fringes which can be recorded by the

photodetector. The Michelson interferometer is operated at the dark fringe, i.e. the phase

difference between beams from the two arms is adjusted to give destructive interference at

the photodetector. This maximises the signal-to-noise ratio for detection of the gravitational

wave disturbance.

1.4.1 Interferometer response

Since the fact that the interval ds in Eqn. 1.17 describes a null path (ds = 0) for the

light connecting the beam splitter and test masses, the travel time of the propagating

light wavefronts in each arm has a simple mathematical form. The time lag in the

round trip in each arm is related to the relative phase changes of the light wavefronts.

This makes the interferometric technique very useful in the detection of gravitational

waves over a broadband range of gravitational wave frequency.
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The light time travel along an arm can be written as:

τ =

∫

dt = 1
c

∫

√

dxi

dη
dxj

dη
(σij + hij) dη

= 1
c

∫

√

σij
dxi

dη
dxj

dη

√

1 +
hlm

dxl

dη
dxm

dη

σpq
dxp

dη
dxq

dη

dη

≈ 1
c

∫

√

σij
dxi

dη
dxj

dη

(

1 + 1
2

hlm
dxl

dη
dxm

dη

σpq
dxp

dη
dxq

dη

)

dη.

Here, the spatial path xi is parameterised with the affine parameter η. In general,

to find τ , integration should take into account the perturbations of the coordinate

trajectories of the geodesics connecting the beam splitter and the test mass world

lines. The propagation of the electromagnetic wavefront is along a perturbed spatial

trajectory caused by the gravitational wave. Therefore, the distance travelled by

the light between the beam splitter and test mass is not the unperturbed distance.

Thus, intuitively, corrections of order O(h) on dxi/dη and xj should not be ignored.

However, Finn [23] proved that these corrections cancel out. This indicates that the

long-used assumption of unperturbed light trajectory:

xi = ρξi, ct = ρ, ξiξjδij = 1, (1.20)

is indeed valid, and yields correct results. The quantity ξi is a directional vector,

along the interferometer arm.

Eqn. 1.20 can be simplified, and the round-trip time lag ∆τ in each arm with length

L is

∆τ =
1

c

∫ 2L

0

(

1 +
1

2
hij(t, x

k)

)

ξiξjdρ. (1.21)

For the gravitational wave with frequencies ωg such that 2ωgL/2π ≪ c, hij can be

assumed constant, and the above equation simplifies to:

∆τ =
2L

c
+

1

2c
hij(t, x

k)ξiξj

∫ 2L

0

dρ =
2L

c
+

L

c
hij(t, x

k)ξiξj. (1.22)

The time lag in each interferometer arm results in a relative wavefront phase change

at the beam splitter. For gravitational waves incident perpendicular to the interfer-

ometer plane, and with polarisation aligned with the x-arm and y-arm, the response

of the interferometer is as follows:

∆φ =
2πc

λ

(

∆τx − ∆τy

2

)

=
πL

λ
(hxx(t, z) − hyy(t, z)) =

2πL

λ
h+(t, z), (1.23)
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where λ is the wavelength of the laser beam.

1.4.2 Antenna pattern

In general, the response of the interferometer to the gravitational wave (h+, h×)

depends on the direction in the sky (Φ, Θ) from which the gravitational wave arrives

at the detector. To take this into account, the response of an interferometer to the

gravitational radiation is given by a linear combination of two polarisation compo-

nents: h(t) = F+(Θ, Φ, Ψ)h+ + F×(Θ, Φ, Ψ)h×, where F+ and F× are the antenna

patterns which depend on the orientation of the interferometer with respect to the

gravitational wave source (see, e.g. [24]), and Ψ is the orientation of the gravita-

tional wave polarisation. For an arbitrary polarisation, the angular response of the

interferometer is [3]:

F (Θ, Φ) = 0.5(1 + cos2 Θ) cos 2Φ − cos Θ sin 2Φ. (1.24)

The antenna pattern of the interferometer is illustrated in Fig. 1.4. The maximal

response corresponds to unity. Surprisingly, GW interferometers have relatively weak

directionality. If the gravitational wave with appropriate polarisation arrives along

the x-arm or y-arm, the response is a factor of 2 smaller than from the best case

where the wave arrives from the normal direction with respect to the interferome-

ter plane (i.e. Θ = π/2). The only true nulls are in the plane of the detector (i.e.

Θ = 0), and in the directions bisecting the interferometer arms (i.e. Φ = π/4+n·π/2).

1.5 Interferometric detector configuration

The practical application of the Michelson interferometer as a gravitational wave de-

tector requires some important upgrades in order to optimise its sensitivity. This

section provides a basic overview of the main interferometric detector components,

which in a substantially enhanced simple Michelson interferometer make it possible

to reach the desired interferometer sensitivity.
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Figure 1.4: The angular sensitivity of a gravitational wave interferometer to unpolarised

gravitational waves. The straight lines show the positions of the interferometer arms. GW

interferometric detectors, unlike other telescopes, are not directional. The sensitivity varies

by a factor of 2 between the in-plane position and its normal.

The simplest design for the Michelson interferometer, shown in Fig. 1.3, has a

single suspended test mass at the end of each arm. The light makes a single round-

trip between the beam splitter and the end test mass. However, according to Eqn.

1.23, the interferometer response ∆φ is directly proportional to the arm length. The

gravitational wave amplitude is of order h ∼ 10−22; to achieve sufficient sensitiv-

ity to detect gravitational waves would require a few hundred kilometers-long arms

(depending on the gravitational wave frequency). Also, a higher density of photons

is crucial to achieve the desired signal-to-noise ratio. These two key factors make

interferometric gravitational wave detectors more complex than a simple Michelson

interferometer. However, the detection principles remain the same.

1.5.1 Fabry-Perot cavities

The solution to the GW interferometer size problem is to add secondary mirrors,

called input test masses, near the beam splitter in each arm so that the arm lengths
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Figure 1.5: Simplified optical layout for an advanced interferometric GW detector. Such

detectors operate in the frequency range 10-2000 Hz. The spacetime distortion is measured

between pairs of input-end test masses. The configuration is known as dual recycling when

recycling mirrors are present. Such a configuration allows high optical power to be obtained,

and also control over the light storage time in the arm cavities. The gravitational wave signal

ωg is extracted from the carrier light signal ω at the beam splitter, and directed towards

the “dark port”, where the readout system is placed.

can be optically extended. By the right choice of the transmissivities for the input

test masses, the light path is folded upon itself with the desired number of reflections

before return to the beam splitter. The two mirrors in each arm form the Fabry-Perot

cavities, as illustrated in Fig. 1.5. The laser beam mode, called a carrier, is kept at

the resonant frequency ω, betwen the input and end test masses.

Since the light resonates between test masses, the storage time for such a system

is defined as the time duration after which the light intensity drops by 1/e, after the

optical beam power is cut off. Recall that the storage time for the simple Michelson

interferometer is a single round-trip time τ = 2L/c. To quantify an optical path

increase due to the arm cavities, the storage time can be written in terms of the
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effective number of round trips which light would experience in the cavity, as follows:

τcav = N
2L

c
=

√
r1r2

2(1 − r1r2)

2L

c
=

√
r1r2

(1 − r1r2)

L

c
. (1.25)

Here, N corresponds to the effective number of round trips in the resonant cavity, L

is the Fabry-Perot cavity distance, and r1 and r2 are the amplitude reflectivities of

the input and end test masses, respectively. For a typical configuration with L = 4

km, r1 =
√

0.986 and r2 =
√

0.999995, the effective number of round trips is N = 70,

so the arm is ∼ 70 times optically extended.

In such a detector configuration, the changes of the distance are not measured

between the beam splitter and the end test mass, but between the input and end

test masses. The interferometer response is however more complex than that shown

in Eqn. 1.23. Since the light emerging from the cavities is a superposition of beams

with different storage times τcav (multiples of round-trip), each beam acquires the

appropriate phase change from the gravitational wave. Therefore, the net phase of

the light at the beam splitter is the sum of all the beams emerging from the cavity.

The interferometer response to gravitational waves with optimal polarisation and

direction can be approximated by [25; 26]:

∆φ = A+τcav
8πc

λ

1
√

1 + 2ωgτcav

. (1.26)

Here, A+ and ωg are the magnitude and angular frequency of the gravitational wave.

The arm cavities improve the sensitivity, but at the expense of a reduced detector

bandwidth, with peak sensitivity at zero frequency.

The modulation of the path length by the gravitational wave generates phase-

modulated sidebands of the carrier light at ω±ωg, usually called the signal sidebands.

The interferometer operates at the dark fringe, which means that at the beam splitter

the carrier ω is reflected back toward the laser. This implies that the signal sidebands

add constructively at the dark port, as shown in Fig. 1.5.

1.5.2 Power recycling

The signal sideband amplitudes are proportional to the carrier amplitude. Thus,

one possibility to improve the sensitivity is to increase the optical power, and thus
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make more photons available to interact with the gravitational wave. Because an

interferometer is operated at a dark fringe, much of the incident power is reflected

back towards the laser, and wasted. The reflected power is almost as large as the power

entering into the arm cavities (interferometer losses reduce the power). Therefore, by

recycling the laser power, it is possible to increase the power in the arm cavities

[27]. This can be achieved by placing an additional mirror between the laser and

beam splitter (see Fig. 1.5), and allowing the carrier to resonate in the new cavity.

Therefore the carrier beam can be coherently sent back into the interferometer arms.

The effect of power recycling is equivalent to using a more powerful laser. The light

power impinging on the beam splitter PPR is therefore enhanced by a gain factor GPR:

PPR = GPRP0 =

(

tPR

1 − rPRrIFO

)2

P0, (1.27)

where P0 is the laser power, rPR and rIFO are the amplitude reflectivities of the power

recycling mirror and compound mirror, respectively, with regard to the Fabry-Perot

Michelson interferometer. The maximum buildup of power occurs when the power

transmission t2PR is set equal to the losses of the interferometer (1−r2
IFO). An example

of how the power affects the detector sensitivity is illustrated in Fig. 1.6. High optical

power may cause nonlinear effects, such as opto-acoustic interactions, which may lead

to detector instability.

1.5.3 Signal recycling

Another way to improve the detector sensitivity is to control the storage time for signal

sidebands in the interferometer arm cavities. If the storage time is equal to half the

gravitational period, then the light imposes an optimal phase change. For longer

times, the effect of the imposed phase begins to decrease. Therefore, by controlling

the storage time, it is possible to get a maximal response of the interferometer to the

desired gravitational wave signal.

The gravitationally induced sidebands exit through the dark port, thus the power

recycling does not affect the storage time of the signal sidebands. The interferometer

response remains unchanged. To control the storage time, an additional mirror is

required to be placed at the dark port. The position of the signal recycling mirror
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Figure 1.6: An example of the modelled sensitivity for Initial and Advanced LIGO de-

tectors. The power increase of ∼ 40 for the advanced detector is required to achieve ∼ 10

times better sensitivity than the initial detector. Such a substantial increase of circulating

power in the detector arms can be responsible for nonlinear effects, which can excite test

mass vibrations.

controls which sidebands are added up constructively, and which destructively, thus

determining the interferometer tuning. The storage time can be either increased

(signal recycling scheme [25; 28]) or decreased (resonant sideband extraction scheme

[29; 30]) depending on whether the mirror is tuned to resonance or anti-resonance,

respectively.

The signal recycling cavity can be used to overcome the problem of storage time

limit related to the condition τcavωg/2π > 1, for which the interferometer response

becomes independent of τcav, as follows:

∆φ ≃ Aµν
c

πλωg

. (1.28)

For the Fabry-Perot cavities with high power gain, the storage time can be decreased

in the close vicinity of a desired ωg, by tuning the signal recycling mirror in the

sideband extraction scheme. On the other hand, for the low-gain Fabry-Perot cavities,

the storage time of the sidebands is below optimal. By using the signal recycling

scheme, the storage time can be increased. Therefore, in both cases, the detector
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sensitivity can be optimised to the highest possible value for the desired gravitational

wave frequency.

1.5.4 Mode cleaners

In order to achieve the required ultra-high sensitivity for the interferometer, high

power stability, constant frequency, and invariant geometry of the laser beam are

essential [31; 32]. The mode cleaners are located at the input of the interferometer

(before the power recycling mirror), and at the output after the signal recycling mirror.

The input mode cleaner is in the shape of a triangular ring cavity, which provides a

spectral filtering and cleanup of the carrier beam profile from contamination by other

transverse modes. This ensures that the dark fringe of the detector is not limited by

the laser beam quality.

Similarly, output mode cleaners [33] are used to filter out technical noise sources

associated with controlling the interferometer and transverse modes [34]. The output

mode cleaner is a 4-mirror cavity designed in such a way that no signal is reflected

back into the interferometer [35]. By filtering the gravitational wave signal, a better

fringe contrast can be obtained.

1.6 Noise and Detector sensitivity

The sensitivity of interferometric detectors is limited mainly by three different noise

sources: seismic, thermal, and quantum noise. The combination of these noise sources

gives a characteristic sensitivity vs. frequency curve, shown in Fig. 1.7.

Seismic noise: this is the noise related to the ground motion. It is a main

source of noise at frequencies below 40 Hz. Seismic noise must be minimised to a

level below the expected gravitational wave signal. A typical seismic noise level is

10−7/f2 m/
√

Hz, therefore ∼ 9 orders of magnitude of suppression are required at

the desired frequency f . There are two types of seismic isolation methods: stiff [36]

and soft [37; 38]. Both methods use multistage isolators, with test masses suspended

by low-loss pendulum wires. Such isolation of all test masses approximate the case
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Figure 1.7: An example of the strain sensitivity vs. frequency curve for the LIGO Hanford

detectors, compared with the design goal. The leftmost part of the curve is limited by

seismic noise, whereas the central part of the curve is mostly affected by thermal noise.

As the GW frequency increases, quantum noise starts to dominate, and this substantially

decreases the sensitivity above a few 100s Hz. The sharp peaks are the combination of

various noise sources relating to the interferometer control, and of violin modes in the test

mass pendulum suspension. This curve is the result of a comprehensive study of noise

sources which are present in the interferometer. (Figure courtesy of the LIGO Scientific

Collaboration.)

of free-falling bodies with horizontal degrees of freedom, which is a key factor in the

detection of gravitational waves.

The lower frequency limit in the interferometer sensitivity is a cut-off at ∼ 1 Hz,

dominated by gravity gradient noise (i.e. the change in the gravity gradient by human

activity in the laboratory, moving cars, planes, and also clouds) [39].

Thermal noise: the sensitivity at intermediate frequencies 50 - 100 Hz is limited

by the thermal noise in the test mass substrate and optical coating [40]. The most

straightforward method to reduce thermal noise is to cool the test masses to cryo-
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genic temperatures. This method gives promising results, and substantially reduces

thermal noise [41]. However, it still poses a challenge due to the accompanying com-

plexity. The thermal noise can also be minimised by the choice of low loss material

for test mass substrates [42], and for the optical coatings [43]. Thermal noise can also

be reduced by increasing the incident beam area at the test mass. The larger the

beam radius, the better the averaging over thermally induced vibrations of the test

mass mirror surface, and thus the lower the thermal noise. The Fabry-Perot cavities

used for interferometric detectors are an excellent system, which can support large

beams with a small cost in diffraction losses.

Quantum noise: the sensitivity is limited at high frequencies above ∼ 200 Hz. It is

quantum mechanical in origin, and is a consequence of light being composed of indi-

vidual photons. The distribution of photons is random, and so there are randomly-

created bunches of photons in the arm cavities. The randomness of the light affects

signal measurements at the dark port. The gravitational wave signal is recorded by

taking the average number of bunches of photons. Statistical error arises from this

averaging, and is called shot noise. The higher the signal frequency, the smaller is

the time duration over which photon averaging can be taken, and thus the smaller

the number of photons available. Therefore, since the statistical error increases with

frequency, shot noise determines the upper frequency limit for the detection of gravi-

tational waves in the interferometer. To reduce shot noise, a larger number of photons

is required. This means that the the higher the power in the arm cavities, the lower

is the shot noise.

However, elevating the optical power also has the undesired effect of increasing

radiation pressure noise arising from uncorrelated power fluctuations in both arms.

These uncorrelated fluctuations are caused by the random partitioning of light at the

beam splitter. It is also due to quantum mechanical noise, and becomes significant

for large circulating powers in the arm cavities. The combination of the radiation

pressure and shot noise gives rise to the quantum limit [44].
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1.7 Detector Networks for Gravitational Wave As-

tronomy

Since gravitational waves propagate freely after being generated, they carry infor-

mation on their source characteristics. This property of gravitational waves is very

important in modern astrophysics. Gravitational wave observations are part of a

rapidly expanding field that will have an enormous impact on astronomy and cos-

mology. Such observations will provide a means to test fundamental physics and

quantum gravity in the most violent phenomena occurring in the universe. These

extreme astrophysical conditions will allow us to make significant advances in our

understanding of the physics and astrophysics of matter and energy.

To be able to observe a wide spectrum of GW sources, a network of detectors, to-

gether with different methods of detection, must be implemented. Gravitational wave

observations will complement electromagnetic ones in providing valuable astrophys-

ical information. Similarly to their electromagnetic counterpart, the gravitational

wave spectrum refers to various phenomena responsible for the emission of gravita-

tional waves. The gravitational wave spectrum is shown in Fig. 1.8.

By now there have been introduced a network of ground-based gravitational

wave laser interferometers. These are the LIGO (USA)[46; 47], VIRGO (Italy)

[48; 49], GEO 600 (Germany) [50], and TAMA (Japan) [51] interferometers, which

have arm lengths of 4 km, 3 km, 0.6 km and 0.3 km, respectively. All four inter-

ferometers have been operating simultaneously, gathering valuable data, which has

allowed upper limits to be set on gravitational wave emission from expected sources.

A number of instrumental upgrades have already been initiated since the beginning

of 2009. The goal of these upgrades is to increase detector sensitivity by a factor of

∼ 10, which should allow for direct GW detection for the first time.

By the year 2014, advanced detectors (Advanced LIGO [52; 53] and Advanced

VIRGO [54]) are planned to be fully operational, with the expectation of routine ob-

servations of a variety of gravitational wave sources by the middle of the next decade.

The advanced detector precursors, called Enhanced LIGO [52; 55] and Virgo+ [56],
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Figure 1.8: The gravitational wave spectrum. This plot was adapted from Prince [45], and

updated to the current status of interferometric detectors, which are listed in this section.

will fill the observational gap (i.e. between 2009 and 2014) at intermediate sensitiv-

ities between those of the initial interferometers and their advanced versions. The

upgraded version of GEO600, called GEO-HF [57] will specifically enable observation

in the high frequency range up to a few kHz. The GEO-HF will become a complemen-

tary detector to the advanced ones, observing the highest range of the GW spectrum.

This global network of detectors will possibly expand by another two interferometers:

the proposed 3 km cryogenic interferometer LCGT in Japan [58], and the 4 km AIGO

in Australia [59].

To expand observations in the low frequency range, in 2018 ESA and NASA are

planning to launch the Laser Interferometer Space Antenna (LISA) [60], a 5-million

km arm space-borne interferometer. It will observe tens of thousands of individual

sources, with a possibility of detecting the first generation of massive black holes

in the universe. Another proposed space-based interferometer is the Japanese DE-

CIGO detector [61]. This interferometer will operate in the frequency range between

LISA and the ground-based interferometers. There is also a proposed third genera-

tion detector, called the Einstein Telescope [62]. This is a European project aimed
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Figure 1.9: Example of the directional resolution of gravitational wave signals, using a

network of various numbers of gravitational wave detectors (adapted from [63]). The maps

were estimated for gravitational wave sources from core-collapse supernovae, with a fixed

signal-to-noise ratio of 10 for all considered detectors. The ellipses represent the angular

resolution of the detector array. The left-hand map corresponds to a network of LIGO and

VIRGO interferometers. A significant improvement in directional resolution, shown in the

right-hand map, is achieved by introducing the southern hemisphere AIGO interferometer.

at building a ground-based interferometer, allowing observations over distances ∼ 10

times larger than those accessible to the currently constructed advanced detectors.

To make astronomical observations, it is required to know the location of the

emitting source. The problem with interferometric gravitational wave detection, as

mentioned in Sec. 1.4.2, is the relatively weak directionality. Therefore, a triangu-

lation between at least a few detectors is necessary to locate the gravitational wave

source. In general, the larger the number of detectors, the better is the precision (i.e.

angular resolution) of source localisation. It is also required that detectors be spread

out in such a way that the signal delay between them is as large as possible. An

example of gravitational wave signal localisation with various numbers of detectors is

shown in Fig. 1.9. There is a significant difference in the precision of source localisa-

tion between these various arrays of interferometers. With existing detectors in the

northern hemisphere only, the source cannot be located to the desired precision. It is

clear that with even just a single additional interferometer in the southern hemispere,



24 Chapter 1. INTRODUCTION

this requirement can be obtained with the construction of the AIGO interferometer

in Australia.

1.8 Summary

Gravitational wave detectors need high power optical fields in multi-kilometre long

resonators using sophisticated suspended optics. These intense optical fields are used

to detect the minute length changes between the suspended optics that result from a

passing gravitational wave. High optical power is extremely important for achieving

sensitivity in the high frequency band of the detector, which will open up new research

fields in astrophysics. Examples include the study of nuclear matter in neutron stars,

the dynamics of neutron stars, or the creation of singularities during mergers of pairs

of neutron stars. The development of a global detector network is an important step

in gravitational wave astronomy, as it will allow host galaxies to be identified. This

will enable much more significant astrophysical observations, through the use of both

the gravitational wave and electromagnetic spectra to examine sources.

The required high circulating power causes a number of technical issues that need

to be addressed before high power operation can be achieved. The opto-acoustic

interactions, between the circulating carrier field and ultrasonic vibrations of the test

masses, is one of these issues. In the following chapters, I present my work concerning

this phenomenon.
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Chapter 2

Opto-acoustic interactions and

Parametric Instability

Advanced gravitational wave detectors are designed to make extremely high precision

measurements of the test mass motion induced by gravitational waves. Such detectors

will be limited by quantum fluctuations. To obtain high sensitivity, extremely high

optical energy storage is required in the detector arms. This high energy regime can

lead to a distortion of the carrier optical field. The optical energy can be transferred to

the test mass vibrations via induced transverse optical modes, and cause uncontrolled

growth of the acoustic modes in test masses. This phenomenon is able to disrupt or

even disable the detector operation. Therefore, understanding and prediction of this

phenomenon are essential for the advanced detectors.

In this chapter, I briefly introduce the concept of opto-acoustic interactions in

Fabry-Perot cavities. This should help the reader to understand 3-mode interac-

tions, which are responsible for parametric instabilities. The detailed mathematical

description is presented in following chapters.

2.1 Background

The possibility of opto-acoustic interactions leading to instabilities in advanced laser

interferometric gravitational wave detectors was first shown to be a potential problem

by Braginsky et al. [1]. They pointed out that 3-mode interactions between the carrier

mode, transverse mode, and acoustic mode can lead to the exponential growth of the

31
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acoustic vibrations of the test masses in the interferometer arm. This effect is called

parametric instability. It has been realised that a typical interferometric gravitational

wave detector having a particular topology, i.e. long arm and thus small spectrum

range, large test masses, large spot sizes, and large circulating optical power, will

substantially increase the chance of resonant 3-mode interactions. Later, the first

three-dimensional modelling of Zhao et al. [2] supported Braginsky’s results. If the

high frequency acoustic modes in the test masses have significantly large spatial over-

lap with one of the optical transverse modes that satisfy a resonance condition, then

parametric instability may occur. Since this original work, there has been intense

activity in various detector groups (University of Western Australia, Moscow State

University, LCGT, and LIGO) to model this phenomenon. Kells in the LIGO group

showed that model results for a dual recycling configuration agree with the prediction

of instability in previous models, which were based only on a single cavity. However,

he concluded that instabilities would not vanish in the dual recycling interferometer

model, and could even be enhanced [3]. Later on, Kells questioned the assumption of

perfect symmetry of the interferometers in early models, which could lead to overes-

timating the effect of instabilities. From that time, more complex analytical models

were introduced. Ju et al. [4] used a multimode approach, and showed that many

optical and acoustic modes can interact over a broad range of parameters relating

to the arm cavity configuration, e.g. various radii of curvature. Gurkovsky et al. [5],

followed by Strigin et al. [6], created mathematical models of dual recycling inter-

ferometers. The latest models include most of the features of a real dual recycling

interferometer, e.g. arm asymmetry, signal recycling tuning, etc.

Meanwhile, experimental evidence of the 3-mode interaction was obtained by

Zhao et al. [7]. The 3-mode interactions of photons with test mass surface vibrations

in an 80 m cavity were observed. The experimental results are in strong agreement

with theoretical predictions. This was the first evidence that cavities may sustain 3-

mode processes, unlike in previous experiments where only 2-mode interactions were

reported [8]. Recently, Zhao et al. [9] introduced the 3-mode opto-acoustic parametric

amplifier as a new tool for quantum experiments.
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2.2 3-mode interactions

The opto-acoustic interaction of interest consists of a scattering process, in which a

steady state cavity field E0 in the interferometer arms can be distorted by scattering

off a vibrating mirror surface. Acoustic modes associated with surface vibrations of

the test mass modulate the cavity length.

This mechanism is related to the more familiar 2-mode interaction, which arises

through intracavity phase modulation. In this case, the translation motion of the

mirror modulates the incident light beam, and creates two sidebands with frequencies

shifted with respect to the incident beam, i.e. ω0 ± ωm, where ωm corresponds to the

frequency of the translation motion of the mirror. In terms of spatial structure, only

two modes participate in the scattering process: one optical and one acoustic mode

(generated by the oscillator to which the mirror is attached), see Fig. 2.1.

In the case of interest here, the mirror is not rigid, and surface vibrations due to

( ωmtcos( )uz= ucos )

Test mass translation motion

uz=

ω

_ m

Test mass acoustic mode

m

L (
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_

ωmt

or
m

z)

0e(

e ω( ω )0
+

∆

)0e(

ω( ω )f +0

ω( ω )f 0
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Figure 2.1: A comparison of the 2-mode with the 3-mode interaction. In the 2-mode

interaction, the carrier field E0~e is phase modulated by the translation motion of the test

mass. A pair of sidebands is created, with the same spatial field distribution ~e as the carrier.

In the 3-mode interaction, the acoustic oscillation of the test mass is responsible for the

scattering process, in which a transverse optical mode is induced as a single sideband. The

asymmetry arises from the properties of the cavity structure, in which the right and left

sidebands of the same TEM, with a field distribution ~f , cannot be induced at the same

time.
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the test mass acoustic modes scatter the incident beam into transverse optical modes.

Such a scattering process is characterised by three modes: the optical carrier mode,

transverse optical mode, and acoustic mode, and is called a 3-mode interaction. In

3-mode interactions, a single sideband is created. There are two reasons for this.

Firstly, optical cavities have a discrete optical frequency spectrum, depending on the

cavity length and mirror shapes. Thus, a cavity can sustain resonances for particular

mode frequencies. Moreover, the frequency of the transverse optical modes depend

on the mode order and shape, as illustrated in Fig. 2.2. Secondly, only a special

coincidence of three modes can satisfy the creation of the transverse mode sideband.

0ωTEM ωTEM’

ω0
_ωm

ω0 ωm+

ω0 ωTEM+~ ω0+ FSR

ω0+ ’ωm

ω

carrier 

possible second
sideband of different TEM

Free Spectral Range

transverse mode

distribution

TEM

TEM
higher order

TEM

with the same spatial

Figure 2.2: A typical Fabry-Perot cavity frequency spectrum. The sharp high peak corre-

sponds to the carrier, which resonates at frequency ω0. At the distance of the free spectral

range (FSR = c/2L), the carrier is also allowed to resonate if tuned to the frequency

ω0 + FSR. The broad peaks to the left and right of the carrier represent transverse opti-

cal modes of different pq type, where p and q correspond to azimuthal and radial indices.

These indices define the transverse mode shapes. Transverse modes of the same spatial

type on the left and right appear with different frequency offsets from the carrier frequency

ω0. Therefore, a symmetrically positioned pair of sidebands does not occur for any given

transverse mode. However, the cavity structure allows a pair of sidebands to coexist, but

only for two different transverse modes.
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2.3 Strength of 3-mode interactions

The strength of a 3-mode interaction is determined by the frequency coincidence of

three interacting modes, and by the spatial overlap between transverse and acoustic

modes. The frequency coincidence is represented by a 3-mode detuning parameter

∆ω, and, according to Braginsky et al. [1], is written as follows:

∆ω = |ω0 − ωtem| − ωm. (2.1)

Here, ω0, ωtem, and ωm are the angular frequencies of the carrier beam, transverse op-

tical mode, and acoustic mode, respectively. The appropriate frequency combination

of these 3 modes can lead to their interaction. In particular, if ∆ω is smaller than

the half-linewidth (also called the relaxation rate) of the transverse mode, there is a

possibility for the carrier to be scattered to that mode. This is illustrated in Fig. 2.3.

As mentioned previously (see Fig. 2.2), a transverse mode of a given type pq

cannot be both a left and right sideband at the same time – only a single sideband

(Stokes)

m_ω0
ωTEM

ω0 ωTEM
_ ωm| _|∆ω=

δTEM∆ω <
δTEM∆ω

_ω0
ωTEM ωm

ω0 ωTEM
_ω0 ωTEM

_

δTEM2 δTEM2

Transverse
mode mode

Acoustic

<

or or

Interacting modesNon−interacting modes

(anti−Stokes) ω

Figure 2.3: The condition for the 3-mode interaction. The left-hand plot shows a scenario

in which no interaction can occur, whereas the right-hand plot corresponds to the case

where the 3-mode interaction condition is fulfilled. If one of the sidebands, either ω0 −ωtem

(Stokes) or ωtem − ω0 (anti-Stokes), coincides with the acoustic mode ωm within a half

linewidth of the transverse mode, then scattering of the carrier to that particular transverse

mode is allowed.
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can be created, either left or right. If ω0 > ωtem, a left sideband is created, and this

is usually called a Stokes process. On the other hand, if ω0 < ωtem, a right sideband

is created, and this is an anti-Stokes process. The Stokes process leads to excitation

of the acoustic modes, whereas the anti-Stokes one causes acoustic mode damping.

Another important factor in determining the strength of the 3-mode interactions

is the spatial overlap between the transverse optical and acoustic modes. If a trans-

verse optical mode and an acoustic mode have similar spatial distribution, then there

is a high chance that the carrier optical mode could be scattered into this particu-

lar transverse mode. The degree of spatial overlap is quantified by an overlapping

parameter Λ, defined as follows [1]:

Λ =
V

∫

|µ (~r) |2d ~r⊥

(∫

E00 (~r) E∗tem (~r) µ⊥ (~r) d ~r⊥
)2

∫

|E00 (~r) |2d ~r⊥
∫

|Etem (~r) |2d ~r⊥
. (2.2)

A detailed description and interpretation of this quantity can be found in Chapter

5. If these two parameters (∆ω, Λ) have appropriate values, the carrier scatters into

the transverse mode. If the optical field densities of the carrier exceed the threshold

level at which the scattered transverse amplitude remains large enough, the scattered

mode will exert a significant pressure on the test mass surface, as illustrated in Fig.

2.4. Since both transverse and acoustic modes have similar spatial distributions, the

transverse mode can either excite (for a Stokes process) or damp (for an anti-Stokes

process) the acoustic mode. The excitation process can lead to exponential growth

of the acoustic mode amplitude. This phenomenon is called parametric instability.

2.4 Parametric instability gain

Whether the acoustic mode undergoes exponential growth depends on the balance

between energy dissipation of the acoustic mode in the test mass, and the rate of

work done by the radiation pressure on this mass. If these two quantities become

unbalanced relative to each other, e.g. with a higher radiation pressure work rate

than that of the dissipation process, the acoustic mode vibration will grow. The ratio

between these two processes is defined as the parametric instability gain R.

The gain for excitation processes is positive, while it is negative for damping pro-

cesses. For 0 < R < 1, the acoustic mode amplitude is amplified by a factor ∼(1-R)−1.
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(Pump)

TEM

Acoustic Mode

carrier beam

Figure 2.4: Concept of the acoustic mode excitation in the 3-mode scheme. The carrier

acts as a pump of energy into the system. It scatters from vibrating acoustic modes into

a transverse mode, which after a round-trip exerts a pressure on the acoustic mode, and

thus feeds energy into this acoustic mode. This leads to exponential growth of the acoustic

mode.

In this case, the acoustic mode remains in equilibrium with dissipative processes. For

an acoustic mode with R > 1, its amplitude can rise exponentially up to a saturation

point, at which nonlinear losses become dominant [10]. Such an exponentially grow-

ing acoustic mode can seriously disrupt the detector control system, and contaminate

the dark port of the interferometer with transverse optical modes.

For acoustic modes with very high parametric gain, the break of cavity lock could be

almost instantaneous (∼ 40 ms), disabling detector operation.

The parametric gain R for an acoustic mode interacting with a single trans-

verse optical mode in various interferometer configurations can be estimated using

the following mathematical models:

For the single cavity [1], see Chapter 5:

R =
4PΛQmQtem

McLω2
m

(

1

1 + (∆ω/δ)2

)

. (2.3)
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For the symmetric power recycling interferometer [11], see Chapters 2 and 4:

R =
4PΛQmQtem

McLω2
m

(

1

1 + (∆ω/δ)2

2 + δ/δpr + (∆ω/δpr)
2

2(1 + (∆ω/δpr)2)

)

, (2.4)

or later derived in [5], see Chapter 6:

R =
PΛQmωtem

McLω2
m

(

δpr

δ2
pr + ∆ω2

+
δ

δ2 + ∆ω2

)

. (2.5)

For the symmetric dual recycling interferometer [5], see Chapter 6:

R =
PΛQmωtem

McLω2
m

(

δpr

δ2
pr + ∆ω2

+
Re(δsr)

Re(δsr)2 + (∆ω + Im(δsr))2

)

. (2.6)

For the asymmetric dual recycling interferometer [6], see Chapter 6:

R =
2PΛQmωtem1

McLω2
m

Re

[

1

1 + χ2

( −1

i∆ωd + λ1

+
−χ2

i∆ωd + λ2

)]

. (2.7)

Here, subscripts pr and sr correspond to power recycling and signal recycling cavities,

respectively, M is the mass of the test mass, and L is the length of the cavity. Ac-

cording to the above formulas, parametric instability is directly proportional to the

circulating power P in the cavity, the acoustic mode quality factor Qm, the optical

mode quality factor Qtem, and the overlapping parameter Λ. In the symmetric config-

urations, cavity arms are assumed to be identical. A more detailed description of the

parameters which appear in each equation can be found in the refereed publications,

where they were first reported, or in the relevant chapters of this thesis.

For the tuned signal recycling mirror, a complex linewidth is assumed, as follows:

δsr = δ

(

1 − e−i2φsr
√

1 − TSRM

1 + e−i2φsr

√
1 − TSRM

)

, (2.8)

where TSRM is the transmissivity of the signal recycling mirror, and φsr refers to the

degree of resonance in the signal recycling cavity, which contains information on the

tuning condition of the signal recycling mirror. The real part of δsr corresponds to

the half linewidth of the transverse optical mode in the compound signal recycling

cavity, whereas the imaginary part corresponds to the tuning parameter defined in

[5].

Eqn. 2.7 is the most general one from which all other mathematical models can

be obtained, by applying the relevant conditions reflecting the interferometer con-

figuration (see Chapter 6). Note that there is also a discrepancy between Eqn. 2.4
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and Eqn. 2.5, which was reported by Gurkovsky et al. [5]. The error is in reference

[11]. This error has negligible numerical consequences. Thus, Eqn. 2.4 can be safely

implemented in our parametric instability analysis.

All the above formulas allow estimation of the parametric gain of an arbitrary

acoustic mode interacting with a transverse optical mode. Only one test mass is

assumed to be vibrating in the interferometer. Depending on the definition of the

3-mode detuning parameter ∆ω, we can estimate the excitation or damping of the

acoustic mode (see Eqn. 2.1).

2.5 Multiple Mode Contributions

For the correct estimation of the parametric gain for a particular acoustic mode,

many transverse optical modes should be taken into account, including both possible

Stokes and anti-Stokes processes. Therefore, the parametric gain should be written

as follows:

R =
TEM
∑

i

R Stokes
i −

TEM
∑

j

R anti−Stokes
j . (2.9)

The multiple mode nature of the parametric instability comes from the fact that the

3-mode detuning parameter can have a low value for a number of transverse optical

modes, which can be high order modes of fundamental modes of different spectral

ranges (longitudinal modes). The detailed analysis of the parametric instability with

multiple optical mode contribution is presented in the following subsection. This

analysis has been published [4].

An alternative approach to the superposition of many modes is a method

developed by Kells [12]. He overcame the problem of summation over a large number

of modes by treating the scattered carrier beam as a whole. However, this method

is computationally more demanding. A more detailed discussion of these methods is

given in Chapter 5.

2.5.1 Preface

The multiple mode analysis is based on a paper published in Physics Letters A [4].

The results presented in that paper are mostly a joint work between the first author L.
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Ju and myself. My contribution is about 50%, and includes finite element modelling

of the test mass, estimation of resonant frequencies and effective masses for acoustic

modes, calculation of the overlapping parameter for opto-acoustic interactions, and

final data analysis. The analysis presented in this publication underestimates the

parametric gain R by a factor of 2, due to an error in interpretation of units used in

the original Braginsky et al. derivation [1]. Despite this, the conclusions of this work

remain valid, and address the importance of multimode analysis in the estimation of

parametric instability.
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Multiple Modes Contributions to Parametric

Instabilities in Advanced Laser Interferometer

Gravitational Wave Detectors

L. Ju, S. Gras, C. Zhao, J. Degallaix, and D.G. Blair

School of Physics, The University of Western Australia, 35 Stirling Highway,

Crawley, WA 6009, Australia

In high optical power laser interferometer gravitational wave detectors,

resonant scattering of carrier photons into a higher order optical cavity

mode will cause parametric instability. Here we consider higher order

transverse modes up to the 7th order, and show that resonant scattering

can occur into multiple optical Stokes modes, thereby increasing instabil-

ity gain.

2.5.2 Introduction

Advanced laser interferometer gravitational wave detectors require very high optical

density in their optical cavities to reduce shot noise, and achieve the sensitivity goal

of h ∼ 10−22 [13]. However, throughout many areas of physics, high energy density

often leads to instabilities. The risk of parametric instabilities in advanced laser in-

terferometers was first recognised by Braginsky et al. [1]. It was pointed out that the

nonlinear coupling between acoustic modes of the test masses and the cavity optical

modes can cause parametric instabilities. The carrier power in high power cavities

can excite high order cavity modes ω1 (termed Stokes modes) below the operating

cavity frequency ω0. Braginsky et al. [1] argued that the anti-Stokes mode (ω1a > ω0)

would not be excited, while Kells et al. [14] suggested that the presence of anti-Stokes

modes could prevent instabilities. Braginsky et al. [11] followed by pointing out that

the intrinsic asymmetry of the optical cavity mode structure makes the anti-Stokes

suppression of instability unlikely. Zhao et al. [2] undertook a detailed analysis of

Advanced LIGO type optical cavities, taking into account optical Stokes/anti-Stokes

modes of the first and second family of main cavity modes below the carrier mode.
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Reference [2] demonstrated the reality of the parametric instability problem, showing

that many acoustic modes would be excited, particularly in fused silica test masses.

In this Letter, we show that the parametric instability problem is more severe

than previously recognised. Zhao et al. [2] considered transverse optical modes up

to second order, assuming that higher order modes would have low Q-factors due to

diffraction losses. They also assumed that each acoustic mode was excited by only

one optical mode. Here we have considered transverse modes up to 7th order. We

find that the high diffraction loss of high order optical modes may be insufficient

to prevent high order mode contribution to the instability. We show that multiple

optical modes contribute to the instability of individual acoustic modes, and, in some

cases, the sum of several parametric processes can lead to instability which would

not be observed if they acted alone. We also show that there are cases of anti-Stokes

compensation which reduce the parametric gain and occasionally prevent instability.

In this Letter, we have used typical advanced detector parameters to provide

an example for calculating the parametric gain for future interferometer detectors.

It must be understood that, in reality, all the parameters will be subject to signifi-

cant variability. For example, test mass dimension variations, bonded “ears” on test

masses for suspensions, mirror radius curvature errors, and thermal effects on the

radius of curvature, can all affect the final resulting parametric gain in each test mass

high order mode.

In Sec. 2.5.3 we summarise the mathematical formulas for parametric instabilities,

and then go on to present the generalisation which is required to account for multiple

Stokes processes. In Sec. 2.5.4, we apply the analysis to a typical advanced interfer-

ometer configuration, and show that the parametric gain varies from a few to a few

thousand, depending on the mirror radius of curvature.

2.5.3 Parametric instabilities

A simplified version of the interaction between acoustic modes and optical modes is

illustrated in Fig. 2.5. By considering simple energy conservation, the Stokes process

gives rise to parametric gain, while the anti-Stokes process causes cold damping. In
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ω1a ω0 ωm= + ω0
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ω

ω1 ω0 ωm= _

Figure 2.5: Instabilities arise from photon-phonon scattering. (a) Anti-Stokes process: a

photon (ω0) interacts with a test mass phonon (ωm), absorbing the energy of the phonon

and thereby increasing the photon energy (ω1a); (b) Stokes process: the photon can emit

the phonon, decreasing the photon energy (ω1). If (b) exceeds (a), instability can occur.

degenerate parametric amplifiers where ωStokes = ωanti−Stokes, these processes can be

balanced. However, in the case of long optical cavities there is intrinsic asymmetry,

so that the Stokes and anti-Stokes processes are rarely balanced. Note that because

the system is not in thermal equilibrium (the occupation number of ω0 is enormous),

power always flows out of the main carrier mode.

Parametric instabilities occur when the parametric gain R exceeds unity. In

the case of one Stokes mode and one anti-Stokes mode, the parametric gain for a

power recycling cavity is given by [11]:

R =
2PQm

McLω2
m

(

Q1Λ1

1 +
∆ω2

1

δ2
1

2 + δ1
δpr

+
∆ω2

1

δ2
pr

2(1 +
∆ω2

1

δ2
pr

)
− Q1aΛ1a

1 +
∆ω2

1a

δ2
1a

2 + δ1a
δpra

+
∆ω2

1a

δ2
pra

2(1 +
∆ω2

1a

δ2
pra

)

)

, (2.10)

δ1(a) =
ω1(a)

2Q1(a)

= δ0 + δc(a), (2.11)

δpr(a) =
Tpr

4
δ0 + δc(a), (2.12)

∆ω1(a) = |ω0 − ω1(a)| − ωm = ∆± − ωm, (2.13)
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∆− = ω0 − ω1

=
πc

L

(

k1 −
pn + m

π
arccos

√

(

1 − L

R1

)(

1 − L

R2

)

)

, (2.14)

∆+ = ω1a − ω0

=
πc

L

(

k1a +
pn + m

π
arccos

√

(

1 − L

R1

)(

1 − L

R2

)

)

, (2.15)

Λ1(a) = B2
(a)

M

Meff

. (2.16)

Here, P is the optical power inside the cavity, M is the mass of the test mass, c is the

speed of light, L is the arm cavity length, ωm, ω0, ω1, and ω1a are frequencies defined

in Fig. 2.5. The quality factors Qm, Q1, and Q1a determine the losses of mechanical

and optical modes, respectively, while δ0 is the coupling loss due to the finite mirror

transmissivity, and δc represents other losses (diffraction, mirror coating, etc.). The

transmissivity of the power recycling mirror is Tpr. The frequency differences between

the carrier mode (TEM 00) and the Stokes/anti-Stokes modes are denoted ∆±. These

depend on the radii of curvature of the cavity mirrors, R1 and R2. Integers k1 and

k1a represent the family order of the main cavity mode. The zeroth family refers

to the main cavity mode, while the k-th family refers to the mode family at the k-

th free spectral range below the main mode, while m and n are transverse optical

mode numbers, and p = 1 or 2 denotes the Hermite-Gaussian or Laguerre-Gaussian

mode, respectively. The Λ factor contains two parts [1]: B2 is the geometric overlap

factor, which measures the overlap between the electromagnetic field pattern and the

acoustic displacement pattern, and Meff is the effective mass of the acoustic mode.

The first term in Eqn. 2.10 corresponds to the Stokes mode contribution, while the

second term corresponds to the anti-Stokes mode, which can reduce the parametric

effect. It can be seen that for parametric instabilities to occur (or for significant

anti-Stokes contribution), we require the optical mode to have a large geometrical

overlap with the acoustic mode, and the frequency difference ∆ω must not be too

large (typically Λ > 10−4 and ∆ω < 103 s−1).

In reference [2], it was assumed that ∆ω is always larger than the very narrow



2.5. MULTIPLE MODE CONTRIBUTIONS 45

Table 2.1: Interferometer parameters used in this Chapter.

Carrier wavelength 1.064 µm FSR 37.5 kHz

Arm length 4 km RoC (ITM) 2076 m

Transmissivity (ITM) 10 ppm RoC (ETM) 2076 m

Transmissivity (ETM) 5000 ppm Test mass dimension∗
∅314 × 130 mm

(sapphire)

Transmissivity (PRM) 0.06 Test mass dimension∗
∅340 × 200 mm

(fused silica)

Circulation power P 830 kW

∗ Each test mass has two flats on the sides of the cylinders.

power recycling linewidth δpr for low order optical modes. However, because the

Stokes modes can be continuously thermally tuned by absorbed incident laser power,

there are likely to be occurrences of such precise frequency tuning. In the case of

∆ω ≪ δpr,

R =
2PQmQ1Λ1

McLω2
m

(

1 +
δ1

2δpr

)

. (2.17)

Thus, as pointed out by Braginsky et al. [11], the parametric gain is enhanced by

roughly δ1/2δpr, and can be very large, since δpr ≪ δ1 for lower order optical modes

where δc ≪ δ0. However, for higher order optical modes, where diffraction losses

cause δc to be high compared with δ0, the parametric gain is enhanced only 1.5 times.

From Eqs. 2.14 and 2.15, it can also be seen that for (pn + m 6= 0), generally

∆− 6= ∆+ for the same mode family k. However, a Stokes mode can have a closely

matching anti-Stokes mode ∆ω1 ≃ ∆ωa in a lower family k-1. Consider two cases:

k1 = 1, k1a = 0 and k1 = 2, k1a = 1. The frequency difference between the TEM 00

modes and the TEM nm mode for typical advanced detector configuration parameters

(see Table 2.1) are listed in Table 2.2, and illustrated in Fig. 2.6. In the following,

we denote the optical mode number “pnm”. For example, the Laguerre-Gaussian

mode 21 denoted 221 has order 5. It can be seen that for the nth Stokes mode with

k1 = 1, there is a closely matching anti-Stokes mode in the k1a = 0 family. The same

pattern is repeated for k1 = 2 and k1a = 1. The frequency differences between ∆−/2π

and ∆+/2π are between 600 Hz and 1500 Hz. Clearly, since the optical orders of
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Table 2.2: List of closely matching Stokes modes and anti-Stokes modes for configuration

parameters in Table 2.1.

Stokes mode ∆−/2π [kHz] Anti-Stokes mode ∆+/2π [kHz]

pn + m, k1=1 pn + m, k1a = 0

1 32.9 7 32.2

2 28.3 6 27.6

3 23.7 5 23.0

4 19.1 4 18.4

5 14.5 3 13.8

6 9.9 2 9.2

7 5.3 1 4.6

pn + m, k1=2 pn + m, k1a = 1

1 70.4 7 69.7

2 65.8 6 65.1

3 61.2 5 60.5

4 56.6 4 55.9

5 52.0 3 51.3

6 47.4 2 46.7

7 42.8 1 42.1

Stokes modes and matching anti-Stokes modes are different, the losses (or Q-factors)

of those modes will be different. So there is little chance that one Stokes mode can

be completely compensated by its “matching” anti-Stokes mode.

To qualitatively understand the parametric instability process, it is important to

be aware of the relevant linewidths. The optical modes of the cavity have linewidths

∼10-103 Hz, while the acoustic mode linewidth ∼10−3 Hz. Because of the rela-

tively large optical linewidth, there can be many optical modes resonant with a single

acoustic mode, depending on the values of Λ, linewidth δ (or Q) and ∆ω/δ. Each

parametric process occurs independently, so that the total parametric gain is a scalar

sum of many independent gains. Thus, to correctly evaluate the parametric gain R,
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ω0− =32.9 kHz k=2k=1k=0 FSR
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Figure 2.6: Distribution of Stokes and anti-Stokes modes around carrier modes (k =

0, 1, 2).

we need to sum over many diagrams, like Fig. 2.5, which represent all of the possible

parametric scattering processes. Thus, Eqn. 2.10 should be rewritten as:

R =
2PQm

McLω2
m

( ∞
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Q1iΛ1i
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=
∑

i

Ri −
∑

j

Raj, (2.18)

where the index i defines the set of all possible Stokes process diagrams, and j defines

the set of all possible anti-Stokes diagrams. In the following, we evaluate R for all

contributing modes up to the 7th order for optical cavities, based on the parameters

listed in Table 2.1.

2.5.4 Advanced interferometer unstable modes analysis

We used ANSYS finite element modelling to calculate the acoustic modes, using

parameters listed in Table 2.1 for fused silica test masses. The unstable modes and

parametric gain are obtained using Eqn. 2.18. For comparison, the case of sapphire

test masses is also included. Here, we assume that optical coatings are on the full

surface of the test masses. Fig. 2.7 shows the unstable mode frequencies and the

corresponding parametric gain factors.
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Figure 2.7: Unstable modes and R values for fused silica test mass (dots) and sapphire test

mass (triangles). Here, the mechanical Q-factor of fused silica is a function of frequency,

as implied by Eqn. 2.19 (dotted line), while the Q-factor of sapphire remains constant at

2 · 108.

The R values shown in Fig. 2.7 are calculated assuming sapphire test

masses have acoustic Q-factors of 2 ·108, while fused silica test masses have frequency-

dependent acoustic Q-factors, as suggested in recent research [15; 16]. In the frequency

range 10-70 kHz, the Q-factors range from (1.5 − 7) · 107. We have used the fitted

loss formula for fused silica given in reference [16]:

φ = 8.55 · 10−9 S

V
+ 7.15 · 10−12f 0.822. (2.19)

Here, (S/V ) is the surface to volume ratio in (mm−1) units, and f is the acous-

tic frequency. For fused silica test masses, there are 717 mechanical modes within

a frequency range of 6 kHz to 76 kHz that can have matching optical modes (up to

pn+m = 7 with ∆ω/2π < 5 kHz, and Λ > 10−4)1. Among the 717 mechanical modes,

there are 9 modes with R > 1, taking into account anti-Stokes mode compensation.

For sapphire test masses, there are 131 mechanical modes within the frequency range

of 9 kHz to 76 kHz. There are 6 mechanical modes with R > 1. We used a simple

1If the factor Λ < 10−4, then R will not exceed 1 for detectors with parameters listed in Table

2.1.
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Table 2.3: List of the Stokes modes that contribute to instability of acoustic mode fm =

28.3 kHz.

Mode (pnm)∗ B2 M/Meff R ∆ω [Hz] δ1 [Hz] Qopt Qm

210 9.12 · 10−4 20.61 0.5 213.6 102.1 8.6 · 1012 3 · 107

202 3.09 · 10−3 20.61 1.8 213.6 98.7 9.0 · 1012 3 · 107

∗ p = 1 Hermite-Gaussian mode; p = 2 Laguerre-Gaussian mode.

clipping loss approximation to calculate δc. Mirror coating loss was not considered

here, because its contribution is very small compared with other losses.

Generally, each mechanical mode will have multiple optical modes that can con-

tribute to the instability condition. Taking an example of the acoustic mode fm = 28.3

kHz for fused silica test masses, there are 4 optical Stokes modes that have a Λ fac-

tor > 10−4. Among them, there are 2 modes having relatively large R factor (Table

2.3). For the same acoustic mode, there are 9 anti-Stokes modes that have Λ > 10−4.

However, these modes are all high order optical modes, with large optical losses and

low Q-factors (typically Q ∼ 1010), and therefore create negligible compensation of

the instability of this particular mechanical mode. Fig. 2.8 illustrates the mode shape

of the mechanical mode and the related Stokes modes.

Acoustic mode shape Optical mode shapes

f 210 202= 28.3 [kHz]m

Figure 2.8: Example of acoustic mode shape fm = 28.3 kHz for fused silica test mass

and the Stokes modes that contribute to parametric instability of the acoustic mode. The

overlap factors and total mass to effective mass ratios are listed in Table 2.3.

There are also occasions where a higher order Stokes mode has R > 1 due

to a high Λ factor. However, this is more likely to be compensated by a lower order

anti-Stokes mode (which has high optical Q-factor). In our calculation for sapphire
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test masses, such compensation occurred just once. The mechanical mode fm = 13.8

kHz has a Stokes mode contribution R = 3. But two anti-Stokes modes contribute

a large anti-Stokes gain of
∑

Ra > 1000. Apparently, this mechanical mode will be

cold damped.

It is also possible that several Stokes modes each have R factors less than unity,

while the combined effect satisfies the instability condition Eqn. 2.18. Although this

does not happen for the specific case we calculated here, for the parameters listed in

Table 2.1, it does occur for some slightly changed parameters.

From Eqn. 2.10, it can be seen that there are many factors that can influence

the final parametric gain value. In our calculation for fused silica test masses, there

are two unstable modes with nearby mechanical modes interacting with the same

optical mode (Table 2.4). It is useful to understand how mode shape overlap, effective

mass and frequency tuning contribute to the parametric gain. Recalling that Λ =

B2M/Meff , we can rewrite Eqn. 2.10 using the following form:

R =
2PQmQ1

cLω2
m

B2

Meff





1

1 +
∆ω2

1

δ2
1

2 + δ1
δpr

+
∆ω2

1

δ2
pr

2
(

1 +
∆ω2

1

δ2
pr

)



 . (2.20)

The first factor in the above equation is almost the same for both the modes in Table

2.4. Mode #1 has higher overlap factor, but smaller effective mass, than mode #2.

This results in a similar Λ factor for both modes. Yet mode #1 has a larger frequency

difference ∆ω, and thus a smaller R value.

Table 2.4: Parameters of two unstable modes.

# f [kHz] Optical mode Λ Overlap (B2) M/Meff ∆ω [Hz] δ1 [Hz] R

1 32.83 HG10 0.70 0.046 15.1 68.79 94.87 3.48

2 32.87 HG10 0.57 0.013 42.8 34.69 94.87 9.83

It should be pointed out that Fig. 2.7 is only a snapshot of a particular

situation with certain mirror radii of curvature. In reality, the accuracy of the man-

ufacturing, as well as thermal effects, will change the radius of curvature. Since ∆ω

is a strong function of radius of curvature (RoC), a small change of RoC can result

in dramatic change in parametric gains, if it happens to be near resonance. Fig. 2.9

shows the variations in parametric gain R as the RoC of one mirror is changed by

± 25 m from its nominal value of 2076 m for the fused silica test mass case. It can
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Figure 2.9: Parametric gain changes with radius of curvature for fused silica test mass

case. In this graph, only one mirror RoC is changed, while the other remains at 2076 m.
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Figure 2.10: Comparison of unstable modes and R values for two different fused silica

mirror radii of curvature values of 2076 m (circles), and 2074 m (dots). It can be seen that

some mode R values changed dramatically because they are near resonances.

be seen that the R value can exceed 1000 for certain values of the RoC. Fig. 2.10

shows the unstable modes and their R value parameters if one of the mirrors RoC is

changed by only 2 m (from 2076 m to 2074 m). The highest R is now 425.5.
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We find that higher (up to 7th) order optical modes may still contribute to

the instabilities. Table 2.5 shows the number of unstable modes for each optical mode

order, for the case of fused silica test masses with RoC = 2076 m and 2074 m. Also

shown are the highest R value contributions for each different optical mode order. It

can be seen that there are many unstable acoustic modes that arise from the higher

order optical modes. However, these modes generally have lower R values due to

higher optical losses. It can be seen that the R values from 7th order modes just

exceed the unstable condition of unity. This suggests that instability contributions

from modes of order > 7 will be small, since in general the losses of 8th order modes

are larger than those of the 7th order modes. Unfortunately, the computational labour

in investigating the R value beyond the 7th order become unwieldy because of the

very large numbers of modes involved, so we have been unable to verify this point.

Table 2.5: Examples of different orders of optical mode contributions to the unstable

modes.

Optical mode order (pn + m) 1 2 3 4 5 6 7

RoC 2076 m unstable modes 2 2 1 1 1 1 1

highest R 9.83 1.77 7.15 3.43 4.50 1.99 1.07

RoC 2074 m unstable modes 3 2 0 2 2 2 1

highest R 4.21 425.50 – 32.57 12.33 1.61 1.54

2.5.5 Discussion

We have shown that parametric instabilities in high optical power advanced interfer-

ometers will be driven by resonant scattering of carrier power into multiple optical

Stokes modes. Modes up to order 7 still contribute to instabilities, although the R

values due to higher order modes are relatively small. Sapphire test masses have

fewer modes excited than fused silica test masses, due to the reduced acoustic mode

density.

We have shown that the instability gain can exceed R > 1000 when the para-

metric instability is precisely tuned, since the high order optical mode frequency is

a strong function of the RoC of the mirrors. The curve in Fig. 2.9 assumes an ideal
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symmetrical power recycled interferometer. In practice, the symmetry may be altered

and thus the power recycling enhancement may be smaller than in the ideal situation

[17].

In a real interferometer, the high order modes will drift due to thermal lensing,

and may also be thermally tuned (except in cryogenic interferometers where ther-

mal tuning effects are negligible). Also, as emphasized by Zhao et al. [2], optical

and mechanical parameters are unlikely to be definable as values sufficiently precise

to predict the instabilities in detail. With very high mesh density, we estimate the

accuracy of ANSYS finite element modelling to be within 0.1% at 50 kHz. This is

insufficient to pre-design against instability.

Our analysis necessarily makes several assumptions, and we emphasise that we

have only explored a small fraction of the available parameter space. For example, the

results presented here assume that the laser spot is exactly centred on the test mass.

We also assume cylindrical symmetry in the mirrors, so that there is no preferred ori-

entation of the optical mode shapes in the cavity. To estimate diffraction losses, we

used the clipping approximation for high order optical modes. In reality, diffraction

losses of high order optical modes are more complicated, and will differ by a factor of

1-3 from the simple clipping loss [18]. Preliminary results show that, if using diffrac-

tion loss calculated from an FFT simulation, the highest R value change in Figure

5 will be less than a factor of 2.5. Furthermore, the frequency of the higher order

modes will change due to the distortion of the modes in cavities with finite mirrors

[18]. While emphasising the reservations of the previous paragraph, it is interesting

to note from Fig. 2.9 that there is a window from RoC ∼ 2061 m to 2062 m, where

the parametric gain does not exceed 4. Small reductions in gain due to diffraction

loss and acoustic loss could lead to stability in this region. Similarly, through changes

in test masses dimensions, it should be possible to open a stability window, given the

resulting modifications in the internal normal mode frequencies. In a future paper,

we will investigate the influence of higher order mode diffraction losses and surface

acoustic losses on parametric instabilities.
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Chapter 3

Test mass ring dampers for

Acoustic mode suppression

3.1 Preface

The results presented in the previous chapter clearly indicate that parametric insta-

bility occurs over the entire range of the tuned radius of curvature (see Fig. 2.9).

However, ∼ 30% of this range had a parametric gain below 10. Since parametric gain

is directly proportional to the Q-factor of the acoustic mode, it would be desirable to

have Q-values of unstable modes which are lower by at least an order of magnitude.

Stability could then be achieved by tuning the test mass radius of curvature to one

of the stability zones. The suppression of the Q-factor can be simply obtained by at-

taching some lossy material to the test mass. However, this results also in a thermal

noise increase, and hence a degradation of the interferometer sensitivity.

An interesting concept – using the null ring position on the barrel of the test

mass – was reported by DeSalvo et al. [1]. At this position, Brownian thermal noise

is significantly lower than at other locations on the barrel. Therefore, this is an ex-

cellent position to add a lossy ring damper. This concept became a motivation for

the work on damping rings reported here.

In this chapter, a numerical investigation of the damping rings is presented. The

effectiveness of the rings is tested for different substrate materials and laser beams.

Both thermal and acoustic analyses were made to find a ring geometry with an optimal

combination of acoustic mode damping ability and Brownian thermal noise penalty.

This work was published in Physics Letters A [2]. My contribution to this paper

57
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amounts to 100% of the simulation work, and 80% of the manuscript preparation.
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Test Mass Ring Dampers with Minimum Thermal

Noise

S. Gras, D.G. Blair, and L. Ju

School of Physics, The University of Western Australia, 35 Stirling Highway,

Crawley, WA 6009, Australia

Advanced laser interferometer gravitational wave detectors may need to

substantially reduce the Q-factor of test mass normal modes to eliminate

parametric instability. In this Letter, we investigate various ring damper

configurations for two different laser beam geometries. We show that

there is a well-defined location near the midpoint of a test mass, where

the thermal noise degradation from the ring damper is minimised. A Q-

factor reduction by a factor of 5 can be obtained for at least 30% of the

investigated normal modes, at the cost of a 1% increase in thermal noise

as seen by a 5 cm diameter incident laser beam. Ring dampers can be up

to about 10 mm wide while maintaining a minimum thermal noise effect

contribution. Of the remaining modes, 30% are very weakly damped.

3.2 Introduction

The long baseline gravitational wave detectors LIGO and VIRGO are operating at

their design sensitivity [3], or are close to it [4]. However, it is well known that

an approximate 10-fold increase in sensitivity is required to be certain of detecting

known sources at a reasonable rate. To achieve the required increased sensitivity, it

is proposed that the laser power in the optical cavities be increased roughly 100-fold.

This very high power, combined with the requirement of very low thermal noise, in-

troduces the risk of opto-acoustic parametric instability [5; 6]. The parametric gain,

which must be less than unity to avoid instability, scales with both optical power

and acoustic Q-factor. However, it is now well understood that thermal noise is only

directly linked to test mass Q-factor in the limit of homogeneous acoustic losses [7].

In the case of low loss test masses with localised sources of damping, the thermal
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Table 3.1: Model properties.

Material Young’s modulus Poisson ratio Density Structural loss

[GPa] [g/cm3]

Sapphire Al2O3 400 0.23 3.983 10−8

Silica SiO2 70 0.17 2.200 10−8

noise penalty can be low [8]. DeSalvo, Torrie and Gretarsson [1] suggested that there

exists a ring position on the test mass wall where losses have a minimum contribution

to the thermal noise. In preliminary work, we have already assessed the noise contri-

bution to test masses from localised losses at their circumference [9]. These studies

led to the idea of using carefully designed ring dampers to degrade acoustic mode

Q-factors without increasing thermal noise. In this paper, we present a thermal noise

analysis for possible ring dampers. Our goal is to design the parameters of a damping

scheme that will achieve significant increase in the acoustic loss of test mass normal

modes that are likely to couple to parametric instability processes, at minimal cost

in thermal noise. We restrict our consideration to laser beams of Gaussian and Mesa

beam profile [10; 11].

In Sec. 3.3 we describe our model and the numerical methods used in this sim-

ulation. In Sec. 3.4, we evaluate the thermal noise effect of various damping ring

configurations, while in Sec. 3.5 we evaluate the achievable acoustic mode damping

for 20 acoustic modes due to the lossy ring. In Sec. 3.6, we summarise our results

and determine the most optimal ring damper configuration.

3.3 Model

In this Letter, finite element modelling was used to analyse the effect of a ring damper

on mirror thermal noise, and test its ability to suppress acoustic mode Q-factors. The

analysis was carried out for both sapphire and fused silica materials. The thermal

noise analysis was based on full-size 3D models, whereas for the modal analysis planar

symmetries were used to model one quarter of the test mass in the shape of a wedge.

Symmetry constraints were applied to the nodes at the x-z and y-z planes which cor-
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respond to the flat sides of the wedge, for the purpose of reducing the computational

time. However, by using planar symmetries, we were limited to those acoustic modes

which possess such symmetry properties. Due to the small thickness and localisation

of the ring damper, we took special care to obtain adequate mesh density in modelling

the surface of the test mass side wall. To do so, several types of elements were used,

such as: 10-node tetrahedral and 20-node brick structural elements with transitional

pyramid elements at these element interfaces. The highest concentration of elements

was at the side wall, which was meshed entirely with brick elements, whereas the cen-

tre of the model was meshed with tetrahedral elements with less dense meshing. The

brick elements allowed us to simulate a wide range of ring damper widths. The limit

on minimum width was set by the dimension of brick elements in the z-direction.

We confirmed the validity of our results by comparing models with different mesh

densities.

We modelled cylindrical test masses with a thickness of 130 mm, and radius of

157 mm. Material properties used for this simulation are shown in Table 3.1. In our

analysis, we considered two sources of loss: the structural loss related to the test mass

substrate, and the ring damper loss. We assumed that structural loss was frequency

independent and equal to 10−8 for both materials, although some experimental data

indicates frequency dependence of the fused silica loss angle [12; 13]. We also did

not include surface losses from optical coatings. These two assumptions allowed us to

simplify the simulations, which were already very complex and computationally in-

tensive. Since optical coatings are the main source of the thermal noise in a test mass,

neglecting coating loss results in an overestimated contribution of the ring damper to

the increase of the thermal noise. In other words, our results are only valid for non-

coated test masses. Thus, the results presented here set the upper limit of a thermal

noise change due to the strip. The effect of frequency dependent loss is considered

separately in Sec. 3.7.2.

We defined our ring damper as a 20 µm thick strip with various widths and loss

angles. Additionally, we assumed that the ring is a part of the model substrate. Thus,

it has exactly the same elastic properties as a substrate, except for the loss which is

a variable. With this ring definition, the problem of contact elements is eliminated.
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We believe that this simplification is not inconsistent with practical designs, as long

as the ring is well acoustically impedance matched to the substrate. For example, it

could be created as a hard sputtered coating. Our results show that for rings less

than 10 mm wide, the loss contribution scales linearly with width. It also scales with

volume and loss angle. Thus, from our results, rings can be defined by scaling the loss

angle and ring volume. However, we note that there are rather few hard materials

with loss angles high enough to allow damping strips as thin as we assumed.

3.4 Thermal noise analysis

Thermal noise analysis was carried out for four different laser beam configurations.

We assumed the test masses were made from either fused silica or sapphire. Various

beam sizes were used to test ring damper properties. We considered Gaussian beams

with radii of 3, 4, and 5 cm, and a Mesa beam with a radius of 10.4 cm. The 5 cm

Gaussian beam and the 10.4 cm Mesa beam roughly correspond to the required 1 ppm

diffraction losses. The dissipation energy method [7] was adopted for this analysis.

By this method, the thermal noise spectral density S(f) is determined by an integral

over the volume dv of the test mass of a product of the strain energy E(r) and the loss

angle φ(~r), normalised by both a Boltzmann factor, and by the laser beam profile.

Thermal noise was estimated according to the following formula:

S(f) =
4kBT

πf

∫

E(~r)

F0(~r)2

φ(~r)
√

φ2(~r) + 1
dv, (3.1)

where F0(~r) is the transverse pressure profile corresponding to the laser beam profile

produced by an oscillatory force integrated over the mirror face, kB is Boltzmann’s

constant, f is frequency, and T is temperature. We do not make any assumption

about the small phase difference between strain and stress. Eqn. 3.1 is a more general

form of Levin’s formula, which allows us to estimate thermal noise for loss angles

φ ≤ 1. A more detailed discussion of the mathematical formalism is given in Ap-

pendix 3.7.1.

Since it was essential to precisely estimate strain energy at the model side

wall surface, due to the applied pressure at the front face, we had to use inertia relief
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Figure 3.1: Effect of Gaussian laser beam size on thermal noise, as a function of strip

position. In our simulation, the laser beam is represented as a pressure profile applied on

the front face of the test mass, corresponding to x = 130 mm. The strip is 20 µm thick, 1

mm wide, with loss of 10−2.

[14]. This technique balances the applied pressure by inertial forces induced by an

acceleration field. We found that using any symmetry constraints on our test mass

model causes inaccurate inertia relief calculation, which has direct impact on the sur-

face energy estimation. Only the full model was free from these undesired effects,

thereby ensuring that the strain energy was correctly estimated.

Our results show a clear thermal noise minimum position for the ring damper,

but not exactly at the centre of the test mass side wall. We investigated how this

thermal noise minimum position depends on laser beam size, ring position and width

of the ring. Fig. 3.1 shows how the Gaussian beam profile affects the thermal noise,

for various locations of a 1 mm damping ring. The noise contribution reduces almost

10-fold when the ring is located at the 60 mm position, compared with one near a

face. Each curve represents a different Gaussian beam spot size: 3, 4 and 5 cm,

respectively. The y-axis corresponds to the percentage increase of the thermal noise

due to the strip, compared with the intrinsic modal thermal noise of the substrate

sensed by the same size laser beam.

The effect of the strip width on the thermal noise is shown in Fig. 3.2 and

Fig. 3.3. We analysed 6 different strip widths, assuming that the loss angle was

10−2. Thermal noise was estimated for Gaussian beams with a radius of 5 cm, and
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Figure 3.2: Effect of the strip width on thermal noise, as a function of strip position for

fused silica test masses. Both figures show thermal noise results for various strip widths as

sensed by (a) 5 cm Gaussian laser beam, and (b) 10.4 cm Mesa laser beam, respectively.

The ring is 20 µm thick, with loss of 10−2. The front face is at x = 130 mm.
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Figure 3.3: Same as Fig. 3.2, but for sapphire test masses.

Mesa beams with a radius of 10.4 cm. Fig. 3.4 shows how thermal noise increases

as the strip width increases, for all strips located at the optimal noise position. It

is clear that the Mesa beam is more susceptible to the strip loss in comparison to

the Gaussian beam. The linearity of the curves for small strip widths shows that for

relatively narrow strips, there is no noise penalty in increasing the strip width such

that φ × V olume remains constant. This point is discussed further below.
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Figure 3.4: Dependence of minimal thermal noise on strip width for fixed strip loss angle.

∆TNmin represents percentage degradation of the test mass modal thermal noise with the

ring, relative to the modal thermal noise without the ring. Strip geometry is defined in the

same way as in previous figures.

3.5 Acoustic modes

We now go on to consider the damping of the normal modes for various damping ring

configurations. The damping is represented in terms of quality factor variations. The

quality factor Q is defined as follows:

Qn =

∫

En(~r)dv
∫

En(~r)[ φ(~r)√
φ2(~r)+1

]dv
, (3.2)

where En is the stored energy density for a given acoustic mode n, and φ is the loss

angle. The derivation of this formula is presented in Appendix 3.7.1.

Fig. 3.5 shows damping of the first 10 acoustic modes for a sapphire test mass,

with a 1 mm ring at the position of minimal thermal noise. It is clear that some modes

are poorly suppressed for such a strip configuration. Therefore, we investigated the

width and loss angle of the strip in more detail. To do this, we set constraints on the

minimum acceptable thermal noise amplification.



66 Chapter 3. ACOUSTIC MODE SUPPRESSION

10
−3

10
−2

10
−1

10
0

10
4

10
5

10
6

10
7

10
8

10
9

Strip loss angle

Q
ua

lit
y 

fa
ct

or

Sapphire mirror

1

2

3

4

5

6

7

8

9

10

strip:
thickness 20 µm
width          1 mm

Figure 3.5: An example of acoustic mode suppression due to a 1 mm strip with various

loss angles.

(a) (b)

1 2 3 4 5 6 7 8 9 10
0

5

10

15

20

25

30

35

40

45

Acoustic mode

(φ
rin

g +
 φ

bu
lk
)/

φ bu
lk

Fused silica test mass

 1%

 2%

 4%

mode freq (kHz)
1       5.42
2       7.55
3       8.76
4       11.29
5       14.10
6       15.05
7       15.57
8       17.34
9       17.41
10     19.13

 2 4 6 8 10 12 14 16 18 20
0

5

10

15

20

25

30

35

40

Acoustic mode

(φ
rin

g +
 φ

bu
lk
)/

φ bu
lk

Sappire test mass

 1%
 2%
 4%

mode freq(kHz)
1         9.41
2      13.69
3      15.18
4      20.49
5      24.48
6      26.42
7      27.38
8      30.14
9      30.80
10    34.38
11    35.60
12    36.57
13    37.30
14    37.92
15    38.48
16    39.17
17    39.24
18    39.79
19    40.50
20    42.48

Figure 3.6: Acoustic mode losses for different thermal noise constraints. A 1 mm strip

is located at the optimal position where thermal noise reaches minimum. The loss angles

used for sapphire were 7.3 · 10−3, 1.5 · 10−2 and 3.1 · 10−2, corresponding to 1%, 2% and 4%

TN degradation, respectively. For fused silica, the loss angles were chosen to be 9.0 · 10−3,

1.8 · 10−2 and 3.7 · 10−2. The Y-axis represents the excess loss due to the strip. φring and

φbulk are the loss angles of the strip and the substrate, respectively.

We analysed three different strip configurations for which thermal noise (TN)

would increase by 1%, 2%, and 4%, respectively. Fig. 3.6 shows the excess loss for

the first 10 modes in a fused silica test mass, and the first 20 modes in a sapphire test

mass. In each case, we calculated the excess noise when a strip of 1 mm width has a
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Figure 3.7: Thermal noise map for a fused silica test mass model. Figures (a) and (b)

correspond to a Gaussian and Mesa laser beam profile, respectively. Each contour represents

thermal noise amplification for a given strip configuration. For example, a 5 mm wide strip

in Fig. 3.7a with loss angle of 2 · 10−3 could increase test mass thermal noise by 1% with

respect to the substrate thermal noise sensed by a Gaussian laser beam of 5 cm radius.
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Figure 3.8: Same as in Fig. 3.7, but for the case of a sapphire substrate.

loss contribution that causes 1%, 2% and 4% TN degradation of the thermal noise,

respectively. In order to allow estimation for various combinations of the strip width

and loss angle for the given thermal noise constraints, we produced maps of strip

width versus loss angle, as shown in Fig. 3.7 and Fig. 3.8. Each contour represents

percentage thermal noise degradation estimated at the minimum positions. These



68 Chapter 3. ACOUSTIC MODE SUPPRESSION

0  10 20 30 40 50 60 70 80 90 100 110 120 

10
0

10
1

Strip width (mm)

(φ
rin

g +
 φ

bu
lk
)/

φ bu
lk mode 10

mode 12

mode 1

mode 17 mode 19
mode 2

A

B

C

D E

F

Figure 3.9: Normal mode losses achievable by various strip configurations giving 1% ther-

mal noise degradation. This plot represents 20 acoustic modes of the sapphire mirror. The

loss angle was chosen in such a way that for all strip widths, the thermal noise increase

was 1% compared with the bare substrate sensed by a 5 cm Gaussian beam. The Y-axis

has the same meaning as in Fig. 3.6. The curves show that the narrowest strip gives the

highest degradation, except for mode groups E and F where degradation is small under all

circumstances. The flatness of the modal curves between 0 and 10 mm again emphasise

that for strip widths up to 10 mm, the losses scales as φ × Vring.

maps allow us to choose losses for different strip widths.

The dependence of strip width on quality factor is shown in Fig. 3.9. Each line

represents a mode excess loss as a function of a strip width, with loss angle causing

1% thermal noise degradation. In this figure, we can see 6 distinctive patterns of Q-

factor reduction, marked with letters. The modes marked A have the greatest strain

energy at the ring position, while the modes E and F have weak coupling to the ring.

Because some modes have similar shapes, their energy distributions are comparable.

Fig. 3.10 shows the strain energy on the side walls. From this plot, we can easily see

that for some modes the ring damper may be very ineffective (Figs. 3.9 and 3.10(F)),

whereas others would be well damped (Figs. 3.9 and 3.10(A)).
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Figure 3.10: Strain energy concentration in the side walls of test masses. Each plot

corresponds to a different mode family shown in Fig. 3.9. The intensity on the plots is

related to the energy value: the lighter the spots, the higher the energy at this position.

The X-axis indicates the circumferential angle of a quadrant of the test mass.

3.6 Discussion and Conclusion

Our numerical analysis reveals interesting aspects of ring damper design. First of all,

the minimum thermal noise location is a rather shallow minimum, and there is no
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null point. Some curves show a point of inflection in the region 80 - 120 mm, and,

especially in sapphire with Mesa beams, this becomes a secondary minimum. The

shallowness of the minima means that damping rings may be wide without creating

additional thermal noise, as long as φ × width remains constant. Our experience in

modelling different thicknesses of damping rings leads us to believe that for rings lo-

cated at the thermal noise minimum, with widths less than 10 mm, the thermal noise

contribution and the Q-reduction scale directly as the product of φ× (ring volume).

Thus our 20 µm ring thickness with φ ∼ 10−2 could be replaced by a 2 mm thickness

with φ ∼ 10−4, as long as it is acoustically matched to the test mass. Our results show

that small beam spot sizes appear to show lesser thermal noise degradation. While

this is true, we must remember that thermal noise increases inversely with spot size,

so that there is no advantage in using smaller spots. The apparent disadvantage of

Mesa beams also disguises the intrinsically lower thermal noise of this configuration.

The most important conclusion of this work is that the ring damper reduces the

Q-factor of normal modes by varying degrees. A typical practical configuration can

reduce the Q-factor of 30% of the normal modes by a factor of 5. Achieving one order

of magnitude Q-reduction for more than half of the normal modes will have a thermal

noise cost of ∼ 5%. Since Q-degradation was estimated with respect to the constant

substrate loss, the results of our analysis provides information about the effectiveness

of strip performance on the Q-value independent of the complications associated with

surface losses. As detailed in Appendix 3.7.2, the frequency dependence of the loss

angle in fused silica is responsible for additional decreasing of the Q-factor as the res-

onant frequency increases. This means that, despite the Q-reduction due to the ring,

there is an intrinsic factor which may cause additional degradation. For instance, the

10th resonant mode Q-factor should be 58% smaller than for the assumed 108 value.

In addition, we did not take into account a mirror coating in our simulation. However,

we think that the damping effect due to this additional loss is much smaller than that

of a ring damper. For example, assuming the same strain energy density in both the

strip and coating, a strip 3 cm wide and 20 µm thick with loss 5 · 10−3 reduces the Q

by about a factor of 50 in comparison to a mirror coating with transmissivity of 15

ppm. A more detailed analysis of this issue will be presented in a following paper.
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We recommend experimental studies of ring dampers using instruments such as

the LIGO Thermal Noise Interferometer at Caltech. Effort will be required to identify

suitable vacuum compatible, dense and hard damping materials that can be bonded

to test masses. Optical coatings, if thick enough, could be useful candidates.

We have presented contour curves that allow the definition of damping ring pa-

rameters in terms of thermal noise degradation. This can be used to design possible

damping rings. However, because the analysis depends on the test mass geometry,

these curves are only strictly valid for the particular test mass geometry considered

here. Moreover, optical coatings, which we do not consider here, have a significant

impact on thermal noise. Such a loss source lowers the percentage degradation of the

thermal noise due to the strip itself, but also sets a higher thermal noise level due to

this additional loss.

For the purpose of predicting parametric instability in advanced GW detectors,

it is necessary to know the quality factors of ∼ 103 normal modes. Unfortunately,

the solution of Eqn. 3.2 is extremely computationally intensive, and the full solution

including optical coatings is beyond our computational resources at the moment. In

future work, we expect to be able to obtain quantitative estimates of the reduction

of parametric gain achievable using ring dampers.
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3.7 Appendix

3.7.1 Derivation of the energy dissipation

Dissipation can be defined as:

∆E =<
dE

dt
>=< F · q̇ >, (3.3)

where q is the displacement (or strain) due to the applied force (or stress). If the

force (stress) is in the form of F = F0sin(ωt), then the displacement (strain) may be

written as q = q0sin(ωt − σ) where σ is the angle by which displacement lags behind

the applied force (stress). The energy dissipation may now be written as:

∆E =< F0ωq0sin(ωt)cos(ωt − σ) >=
1

2
F0ω0sin(σ). (3.4)

Because the total strain energy in an acoustic mode (by analogy to the total energy

of a spring) is Emode = 1
2
F0q0, therefore ∆E = ωEmaxsin(σ).

The definition of the loss angle in an anelastic solid is

φ(ω) =
ImY (ω)

ReY (ω)
, (3.5)

where Y is the Young’s modulus. Since the angle between |Y | and ReY (ω) corresponds

to the lag angle σ, we can write φ = tan(σ). It is clear that if σ ≪ 1 hence φ ≃ σ

and ∆E = ωEmaxφ. This is the Levin result [7]. However, for arbitrary σ we have

sin(σ) = sin(tan−1(φ)) =
φ

√

φ2 + 1
, (3.6)

where tan−1(x) = sin−1( x√
x2+1

), therefore

∆E = ωEmode(
φ

√

φ2 + 1
). (3.7)

Substituting the energy dissipation in Eqn. 3.1 in Levin’s paper [7], we obtain the

displacement noise spectral density given by

S(f) =
4kBT

πf

∫

E(~r)

F0(~r)2

φ(~r)
√

φ2(~r) + 1
dv, (3.8)
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which is a more general result than that of Levin. This is the equation used in Sec.

3.4.

The quality factor is defined as:

Q = 2π
Emode

Ecycle

= 2π

∫

Emode(~r)dv
∫

Ecycle(~r)dv
(3.9)

where Emode is the total strain energy stored in a mode, and Ecycle is the total energy

dissipation per cycle in a given mode. Ecycle = (2π/ω)∆E, thus substituting Ecycle in

the above equation, we get

Q =

∫

Emode(~r)dv
∫

Emode(~r)[
φ(~r)√
φ2(~r)+1

]dv
. (3.10)

3.7.2 Fused silica loss frequency dependence

Recently, it has been reported that the fused silica loss angle may be frequency de-

pendent. Penn et al. [13] have shown that

φbulk = a · f b, (3.11)

where a, b are constants, and f is the frequency. According to the authors, these

constants vary depending on the sample. For our consideration, we adopt one of the

suggested values of 7.15 · 10−12 and 0.822 for a and b, respectively. Therefore the

substrate loss angle value in Fig. 3.11 corresponds to the mode frequency in the range

from 5 kHz up to a few 100 kHz. Because we have studied only modes in the smaller

range from 5 kHz up to 20 kHz, the bulk loss angle can be reduced at most by a

factor of 2.3 with respect to an assumed constant 10−8 value. Thus, for the frequency

dependent loss, the Q-factor can be in fact 0.6 orders of magnitude smaller than our

assumption. However, according to Fig. 3.11, it can be seen that for high frequencies

Q-reduction becomes less effective as the bulk loss increases for a given ring damper

configuration. In the high frequency regime, the bulk loss plays a crucial role in the

Q-reduction, as shown in Fig. 3.11.
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Figure 3.11: Effect of bulk loss angle frequency dependence on Q-reduction. The right-

hand Y-axis represents the excess loss due to the strip, whereas the left-hand Y-axis corre-

sponds to the excess loss due to the frequency dependence of the intrinsic loss. Each dashed

line corresponds to the first 10 modes of the fused silica test mass. The solid line is the

Q-degradation due to the frequency dependent intrinsic loss φbulk(f), with respect to the

fixed intrinsic loss φbulk = 10−8 used throughout in this paper. The strip is 1 mm wide with

a loss angle of φring = 9.0 · 10−3. The dashed vertical line shows the position of the 10th

acoustic mode. The loss angle for this particular mode is 2.3 times bigger then the assumed

value 10−8. It is clear that for some modes it could be a dominant Q-reduction factor.
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Chapter 4

Passive Control of Parametric

Instabilities

4.1 Preface

The results in Chapter 3 show that the acoustic modes are non-uniformly damped by

the ring damper. The constraint of placing the damping ring at the position of min-

imal thermal noise degradation does not provide suppression of all acoustic modes.

Therefore, an important question had to be answered on how this could affect the

parametric gain of unstable modes. This work provides some clues to the solution of

this problem.

A detailed simulation analysis of the ring damper, with respect to the parametric

instability issue, is presented in this chapter. The numerical simulations were carried

out using some analytical assumptions on transverse mode frequencies. These fre-

quencies were obtained using analytical formulas. Unlike in the work on the damping

ring presented in the previous chapter, the coating losses were also simulated. This

was required to correctly estimate the effect of the ring damper on acoustic mode

suppression, and on Brownian thermal noise degradation in the interferometer.

This work is based on a publication in Classical and Quantum Gravity [1]. My

contribution to this paper amounts to 100% of the simulation work, and 80% of the

manuscript preparation.
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Suppression of Parametric Instabilities in Future

Gravitational Wave Detectors using Damping

Rings

S. Gras, D.G. Blair, and C. Zhao

School of Physics, The University of Western Australia, 35 Stirling Highway,

Crawley, WA 6009, Australia

The next generation of laser interferometer gravitational wave detectors

require optical cavities with stored power approaching 1 MW. However,

such proposed cavities are subject to parametric instability where car-

rier power resonantly downconverts to drive a large number of test mass

acoustic resonances. Here we show that for one specific design, parametric

instability can be unilaterally suppressed by use of a damping ring opti-

mally located on the circumference of the test masses, where the thermal

noise contribution is minimised. It is shown that unilateral stability can

be achieved over a reasonable range of cavity parameters, at the expense

of 20% increase in thermal noise. For weaker suppression, contributing

only 5% excess thermal noise, stability could be achieved if optical modes

suppression is also used.

4.2 Introduction

While the LIGO laser interferometer gravitational wave (GW) detectors have taken

a large body of high quality data at design sensitivity, a new generation of advanced

detectors is under construction which will have enough sensitivity to detect predicted

neutron star coalescence events to a distance of ∼200 Mpc, sufficient to observe them

at a rate of possibly hundreds per year [2]. To achieve this sensitivity, detectors are

required to have a very high circulating power level, ∼1 MW in their arm cavities,

combined with low thermal noise test masses. Other advanced and third genera-

tion detectors are proposed. One design approach consists of using low acoustic loss

fused silica test masses at room temperature, such as Advanced LIGO and Advanced
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VIRGO [3; 4]. The second involves the use of cryogenically cooled test masses made

from single crystal silicon or sapphire, such as the proposed LCGT detector and the

Einstein Telescope [5; 6]. Unfortunately, at such high power levels, opto-acoustic

parametric instability (PI) appears to be inevitable without modification to the pro-

posed designs [7; 8].

Parametric instability arises through radiation pressure mediated interactions

between the optical cavity carrier, high order cavity optical modes, and very low loss

acoustic modes of the test masses. The low losses are dictated by the requirement

that the internal thermal noise of the test mass be minimised. However, it is now

well known that the connection between thermal noise and acoustic loss depends on

the transfer function between the fluctuations generated by a particular loss, and the

surface over which the measurement is made [9]. In the case of inhomogeneous losses,

it is possible to increase the losses of acoustic modes without necessarily introducing

an enormous noise penalty. In this paper we show that such a strategy can reduce the

parametric gain to an acceptable level, at which the interferometer becomes stable.

In a previous paper [10], we showed that a thin lossy strip, called a ring damper,

located on the test mass circumference, can degrade acoustic mode Q-factors. Such a

ring location corresponds to the position where losses have a minimum contribution

to thermal noise. Reference [10] showed that ring dampers can be effective in acoustic

mode suppression, and have surprisingly low thermal noise.

Here, we first determine the optimal design of such dampers, which must suppress

instability. Unlike our previous work, we focus here on suppression of parametric in-

stability. We include optical coating losses which are significant in this analysis. The

most important aspect of this paper is the definition of the optimal ring damper de-

sign with respect to parametric instability suppression.

4.2.1 Parametric Instability

Parametric instability is a scattering interaction between optical and acoustic modes,

which is able to inject optical cavity power into acoustic modes by downconverting

the higher power carrier mode ω00 into a high order mode of frequency ωhom < ω00,
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which satisfies ω00 −ωhom ≃ ωm, where ωm is an acoustic mode frequency. The effect

was first predicted by Braginsky et al. [7; 8], and was shown to be a serious risk by

Zhao et al. [11] and Ju et al. [12].

Parametric instability can be characterised by a parametric gain R. If R > 1, the

system will suffer exponential growth of acoustic modes. The gain for the interferom-

eter with power recycling mirror can be defined as follows:

Rj =
4PQm

j

McL(ωm
j )2

∑

i

∑

k

(

QiΛi

(

2 + δi/δ
pr
i + (∆ωs

ik/δ
pr
i )2

2(1 + (∆ωs
ik/δi)2)(1 + (∆ωs

ik/δ
pr
i )2)

− 2 + δi/δ
pr
i + (∆ωa

ik/δ
pr
i )2

2(1 + (∆ωa
ik/δi)2)(1 + (∆ωa

ik/δ
pr
i )2)

))

. (4.1)

This equation allows us to determine the parametric gain of acoustic modes in one of

the test masses. For an interferometer with four test masses, similar interactions will

occur in each test mass. The parameters P, Q, M, c, L, ω are the circulating power

in the arm cavities, the mode quality factor, the mass of the test mass, the speed

of light, the arm cavity length, and the angular frequency of the mechanical mode,

respectively. The δ and δpr parameters are the half line widths of the high order

mode (HOM) in the main and power recycling cavity, respectively. The δpr is defined

as δpr = δTPRM/4, where TPRM is the transmissivity of the recycling cavity. Upper

indices m, s, a in Eqn. 4.1 stand for mechanical, Stokes, and anti-Stokes, respectively.

Index j is a free index referring to the mechanical mode, and i, k are indices on which

summation of all Stokes (S) and anti-Stokes (AS) interactions is carried out. For the

Stokes process, the Stokes mode ωhom < ω00, whereas in the anti-Stokes process, the

anti-Stokes mode ωhom > ω00. The index i is associated with HOM modes, and refers

to the number of optical modes interacting with the acoustic mode. The index k is

the longitudinal cavity mode number.

Assuming that the optical modes belong to the Laguerre-Gaussian mode (LGM)

family, the 3-mode detuning ∆ω between the fundamental mode, HOM mode and

j-th acoustic mode for S/AS processes are defined to be

∆ωs
ik ≡ ω00

l − ωhom
i − ωm

j = ω00
l − ωpq

l−k − ωm
j = ω00

l − ω00
l−k − (2p + q) · TMS − ωm

j

= k · FSR − (2p + q) · TMS − ωm
j , (4.2)
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∆ωa
ik ≡ ωhom

i − ω00
l − ωm

j = ωpq
l+k − ω00

l − ωm
j = ω00

l+k − ω00
l + (2p + q) · TMS − ωm

j

= k · FSR + (2p + q) · TMS − ωm
j . (4.3)

According to Eqns. 4.2 and 4.3, the total number of S and AS interactions is de-

termined by the transverse mode order (p,q) and longitudinal mode number (k). In

Eqns. 4.2 and 4.3, l is the auxiliary index referring to longitudinal mode number, FSR

is the free spectral range (Eqn. 4.6) determined by the arm cavity length, and TMS

is the transverse mode spacing, which is set by the free spectral range (FSR) and the

curvature radii r1 and r2 of the arm cavity mirrors. TMS is defined as follows:

TMS = ς(r1, r2, L) · FSR, (4.4)

ς(r1, r2, L) =
1

π
cos−1

(

±[(1 − L/r1)(1 − L/r2)]
1/2
)

, (4.5)

FSR =
c

2L
. (4.6)

In Eqn. 4.5, ς can vary in sign, depending on the curvature of the test masses, and

the cavity length [13]. For the parameters listed in Table 4.1, the sign in Eqn. 4.5

is negative. Note that by tuning the mirror radius of curvature r, ∆ω also changes.

The parameter Λ in Eqn. 4.1 is called the overlapping parameter, which measures

the mode shape matching between the optical and acoustic modes. This overlap is

defined to be

Λi =
V (
∫

f00( ~r⊥)f ∗
i ( ~r⊥)u⊥d ~r⊥)2

∫

|f00|2d ~r⊥
∫

|fi|2d ~r⊥
∫

|~u|2d~r , (4.7)

where V is the test mass volume, u⊥ is the displacement vector u component of the

elastic mode normal to the test mass surface. f00 and fi are the complex field distri-

butions of the carrier mode, and the LGM mode of the (pq) type, respectively. The

integration is carried out over the mirror surface
∫

d ~r⊥ and the mirror volume
∫

d~r.

A more detailed description of this quantity can be found in [7].

Both ∆ω and Λ are the quantities which play crucial roles in opto-acoustic mode

interaction. Their estimation is the key procedure in PI analysis. According to Eqn.

4.1, the gain R for the jth elastic mode is obtained by adding up all Stokes and all

anti-Stokes interactions associated with all i LGM modes.

It is evident that the gain is proportional to three quality factors: Q00, which

determines the power inside the arm cavities; Qhom, the high order mode Q-factor;
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and Qm, the test mass acoustic mode Q-factor. Any method that reduces this prod-

uct can in principle reduce the instability gain. In [12] it was shown that the gain is

typically ∼100, so we require to reduce this by a similar factor to prevent instability.

An obvious method of gain reduction is to increase the diffraction loss of the

higher order modes. This has been investigated intensively, and the results are dis-

couraging. Increased loss in higher order modes always increases the carrier loss,

which leads to a sacrifice in the total circulating power, and therefore increases the

photon shot noise. Coating gradients which might increase the loss of higher order

modes do not work, because the carrier mode (which is usually chosen to have loss

∼1 ppm, and which is built up by a very narrow line width resonance associated with

the 3-mirror cavity) is far more sensitive to loss than the higher order modes in the

arm cavities, which are dominated by the transmission losses (5000 ppm) of the input

mirror, plus large additional diffraction losses for modes with higher mode numbers

[14].

A second option is to use feedback to suppress the instabilities. This could be

possible, and parallel design studies are underway on this option. In a typical sit-

uation, there might be 10 unstable modes in each test mass. The instability in an

acoustic mode grows in a time R-times shorter than the modal relaxation time. To

control the instability, it would require 40 modes to be fed back to each test mass;

since the location of any instability is difficult to determine, the actuator on each test

mass must be able to couple sufficiently strongly to each acoustic mode. The authors

consider this general solution to be difficult and impractical, although it may be a

valuable tool to solve parametric instability issues in operating interferometers. For

these reasons, we have focused on a solution which is relatively simple: the use of a

damping ring to suppress the acoustic quality factor.

In [11], it was shown that parametric instability is strongly tuned by thermal

changes in the radius of curvature of test masses, which occur due to thermal lensing.

It was pointed out that the mirror radius of curvature is not a fixed parameter, but

a dynamic and tuneable variable. Since this curvature directly tunes the instability

gain, it is necessary to find a solution to instability over the range of mirror radii of

curvature within which the detector will operate.
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We consider two idealised optimal configurations for parametric instability anal-

ysis: a) a single cavity, and b) an interferometer with identical arms and a power re-

cycling mirror. The simplest case for parametric instability is a single cavity. When a

power recycling cavity is added, additional very narrow band resonances are created,

which generally increases the parametric gain, as shown in [12]. In the case of a dual

recycled (DR) interferometer which includes signal recycling [15; 16] the behaviour is

more complex. For both the PR and the DR interferometers, the behaviour depends

on the arm asymmetry. By careful inspection of the equations, and through a pre-

liminary analysis, it is clear that the symmetrical PR interferometer represents the

worst case for PI, while the single cavity represents the best case. For this reason, we

focus on these two extremal cases in this paper.

The purpose of this paper is to investigate the general issue of parametric in-

stability suppression. We chose a high Young’s modulus material to minimise the

number of modes we had to consider, and we have chosen arbitrary but typical test

mass dimensions. While we have chosen the density and Young’s modulus to match

that of sapphire, we have ignored the 10% crystal anisotropy. The anisotropy affects

the acoustic modes by less than that caused by a 10% change in test mass dimensions,

and since we are not modelling a particular interferometer, this is not important. This

assumption has negligible effect on the real noise estimates, and does not affect the

statistical results we obtained. Clearly, the instability of individual acoustic modes

is affected by all the assumed detector parameters. In general, PI analysis is a sta-

tistical rather than exact solution, due to the many insufficiently known parameters.

More about it is presented in Appendix 4.8.2. In a future paper, we will present an

analysis which takes into account the specific details of the proposed Advanced LIGO

configuration including fused silica test masses.

To find a solution to the instability problem, we have turned the well-known

problem of excess acoustic loss in optical coating materials to our advantage. We

consider applying rings on the circumferences of test masses, in the form of vary-

ing widths of lossy material, which could be an actual optical coating, or a layer of

Al2O3, Au or Cu, for example. This coating can be applied by conventional ion-

assisted deposition techniques. We assume that it has the same Young’s modulus as
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Table 4.1: Notation and values for the optical design used in this paper.

Quantity Value Description

L 4000 m Cavity length

TITM 0.5 % Input test mass transmissivity

TETM 15.0 ppm End test mass transmissivity

TPRM 6.0 % Power recycling mirror transmissivity

λ 1.064·10−6 m Wavelength

k 5.9905·106 rad/m Wave number

RoCITM 2076 m Radius of curvature for ITM

RoCETM 2036 - 2086 m Radius of curvature for ETMa

P 830 kW Circulating power in the arm cavities

a see Section 4.5.

the underlying sapphire substrate, so that we do not have to consider any acoustic

impedance mismatch. If the ring thickness is small compared with the wavelength

of the acoustic modes in the test mass (and in our case it is ∼ 10−3λ), the acoustic

impedance variations are unlikely to be of practical significance. Anyhow, the Al2O3

coating discussed above is matched to sapphire within 1%. By assuming an acoustic

impedance match between the ring and the substrate, we consider rings which will

be the most effective in damping parametric instability. To model a ring made from

a material with significantly different sound velocity would greatly increase the com-

putational load, without significantly changing the results.

We use finite element modelling, and the Levin direct approach [9], to calculate

the acoustic losses and associated thermal noise. We model the first 1200 acoustic

modes of the test mass, as well as optical modes up to the 8th order. This number

of acoustic modes covers the frequency range up to 170 kHz. Since parametric in-

stability obtained for optical modes up to 8th order in a similar optical design had

a cut-off frequency at ∼100 kHz [12], we believe this number of acoustic and optical

modes to be sufficient for this analysis. For our analysis, we use an optical design

with parameters listed in Table 4.1.

The structure of this paper is as follows. In Sec. 4.3, the test mass model is
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described for this analysis. Sec. 4.4 concerns detailed analysis of the ring damper.

An optimal ring configuration was determined in terms of thermal noise degradation

and mode suppression. Sec. 4.5 is the key section in this paper, containing results

on parametric instability analysis. Various rings were taken into account for the PI

estimation. The results shown in this section validate the use of the ring damper for

parametric instability control. Sec. 4.6 concerns a quantitative determination of de-

tector performance in the presence of a ring damper. For this purpose, the detection

range for neutron star binary coalescence was estimated.

4.3 Model

For our simulations, we performed finite element modelling (FEM). The test masses

are assumed to be simple cylinders. No edge bevels, no flats and no wedges were taken

into account. The analysis was carried out for crystalline sapphire. Sapphire test mass

material has a reduced sensitivity to parametric instability, due to its combination of

high density and high sound velocity. Therefore it is a material with a relatively low

density of acoustic modes, which minimises the probability of parametric instability.

The acoustic losses of test masses are dominated by optical coating losses, so the choice

of sapphire gives a low mode density, but a comparable amplitude of parametric gain

can be expected. The parameters used for this model are shown in Table 4.2.

Due to the cylindrical symmetry, we were able to create a half-size model using

planar symmetry constraints. This allows us to reduce the CPU time for the modal

analysis. The meshed model of a test mass is shown in Fig. 4.1. The entire model

was meshed with hexahedral eight node elements having three translation degrees of

freedom at each node. A layered version of hexahedral elements was used to mesh

the front face of the model. These layered elements allowed us to simulate optical

coatings with adequate material properties and desired layer thickness for input test

masses (ITMs) and end test masses (ETMs).

A modal analysis was performed on an ETM test mass model only, whereas a

thermal analysis was carried out on both ITM and ETM models. The transmissivity
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Table 4.2: Test mass model properties.

Material Young’s modulus Poisson ratio Density Structural loss

[GPa] [g/cm3]

Al2O3 (substrate) 440 0.23 3.983 5.0·10−9 (constant)

SiO2 (coating) 70 0.17 2.200 1.0·10−4+f·1.1·10−9 a

Ta2O5 (coating) 140 0.23 8.200 3.8·10−4+f·1.8·10−9 a

TM radius [m] TM thickness [m] ETM ITM Ring

0.16 0.13 18 layers of 8 layers of 20µm thick,

SiO2/Ta2O5 SiO2/Ta2O5 various widths

and loss angles
a f-frequency, coating losses obtained from [17]. It has been shown that the acoustic loss of the

optical coatings are intrinsic to the coating itself, and not associated with the interface with the

substrate [18]. Thus, we have used the loss of optical coatings obtained by measurements on fused

silica substrate. However, there is unpublished evidence that the acoustic loss for coatings on

sapphire is a factor of ∼2 higher than that on fused silica [19]. If this is correct, then the adopted

loss values represent a lower bound on the coating losses of sapphire test masses.

Figure 4.1: The half-size test mass model used for the acoustic modes calculation. The

front face of the model was meshed with layered hexahedral elements, whereas the rest of

it was meshed with hexahedral solid elements.
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of the ITM and ETM model was assumed to be 0.5% and 15 ppm, respectively.

For thermal noise analysis, we used the same model, but without any symmetry

constraints. The full-size model gives the best results for thermal noise estimation. In

previous work, the authors explained why the symmetry constraints give less accurate

results [10]. The total number of elements for the modal test mass model was 104160,

and twice as many for the thermal model.

A ring damper coating was assumed to have the same mechanical properties as

the substrate, and was a part of the substrate. Such a monolithic assumption for

the ring is computationally less intensive than a model which includes different ring

mechanical properties, and does not significantly change the results (see Sec. 4.2.1).

The thickness of the strip was fixed and assumed to be 20 µm. In order to simulate

this 20 µm thickness, the strain energy of the side elements was extrapolated to the

desired ring thickness. We have chosen different loss angles to model ring damper

coatings, that create a fixed additional level of thermal noise spectral density, from

2% to 30% (i.e. increasing the interferometer excess thermal noise by a factor of

1.02-1.30). Each result corresponds to the particular damping ring geometry.

All approximations used for model construction mean that the model will not

give a detailed fit to a real interferometer. However, the results will be a proof of

principle. In any case, it has already been argued that the precision of the techniques

and the modelling make it unlikely that a detailed prediction could be made. Because

we have modelled sapphire test masses, the results here represent a best case. Models

of interferometers with fused silica will be worse affected by parametric instability

[12].

4.4 Ring damper analysis

The existence of a ring position on the test mass wall, where losses have minimum

contribution to the thermal noise, has already been shown [10]. The principle of us-

ing a ring can be easily understood in terms of strain energy concentration due to

applied pressure, with a pressure profile corresponding to the laser beam impinging

on the front face of the test mass. According to the Levin approach, the strain energy
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Figure 4.2: The idea of the ring damper. An applied pressure profile corresponding to a

Gaussian beam induces strain energy. The strain energy has a minimum slightly offset from

the middle position of the test mass. The beam on this graph is located on the left side at

0. The energy dissipation ∆E at frequency ω is a product of frequency ω, maximal energy

of elastic deformation E, and loss φ. Thus, dissipation is smaller at the point of minimum

energy. Since dissipation is directly proportional to the thermal noise, therefore adding any

lossy coating at this position causes the smallest impact on thermal noise degradation.

obtained in this way can be used to calculate energy dissipation in the test mass.

Our goal is to design the parameters of a damping scheme that will achieve a

significant increase in the acoustic loss of test mass normal modes which are likely to

couple to parametric instability processes, at a minimal cost in thermal noise perfor-

mance. The idea of the ring damper is shown in Fig. 4.2.

Both thermal and modal analyses were carried out to find the optimal ring con-

figuration for a test mass. The following equations describe the test mass power

spectrum of thermal noise, and the quality factor Q of the n-th elastic mode [10]:

S(f) =
4kBT

πfF 2
0

∫

E(~r)

[

φ(~r)
√

φ2(~r) + 1

]

d~r, (4.8)
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Qm
j =

∫

Ejd~r
∫

Ej(~r)

[

φ(~r)√
φ2(~r)+1

]

d~r

, (4.9)

where E is the strain energy density due to the applied pressure, Ej is the relative

energy density due to the modal deformation of the test mass, φ is the spatial distri-

bution of the loss angle, f is the frequency at which the Gaussian pressure profile with

amplitude F0 is applied to the front face of the test mass. According to Eqns. 4.8

and 4.9, for both the thermal and modal analysis, determination of the strain energy

distribution in the test mass is crucial.

A thermal simulation was done for a 6.0 cm radius laser beam. The Brownian

noise of the substrate, ring damper, and both input (ITM) and end test mass (ETM)

coatings were determined. The dependence of the ring geometry on the thermal noise

level is shown in Fig. 4.3. As expected, there is an agreement between strain energy

concentration in Fig. 4.2, and ring damper thermal noise. Different strip widths have
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Figure 4.3: Expected Brownian noise at 100 Hz sensed by a 6 cm laser beam. The beam is

located at the front face (zero point on the horizontal axis). Straight dashed lines correspond

to the substrate, ITM coating and ETM coating noise levels, respectively. The solid curves

represent spectra of 20 µm thick strips, with different widths, but with a fixed loss of φr =

3.6·10−3. These curves were produced by estimation of spectral density at various positions

of the strip.
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different minimum thermal noise positions. The larger the width, the further the

minimum position is shifted towards the front face of the test mass. For instance, a 1

cm strip has the smallest impact on the test mass thermal noise if it is located at the

7.1 cm position, whereas a 3 cm strip has a minimum at the 6.8 cm position. This

is important information for the precise design of a ring to minimise its contribution

to the thermal noise. From Fig. 4.3, we also note that both the ITM and ETM coat-

ings are dominant noise sources. The ETM coating noise is higher due to its thicker

coating. Despite the low thermal noise level of the strip in comparison with both of

the optical coating noises, it has a substantial contribution to the overall Brownian

noise level. Assuming that all test masses have a 3 cm ring damper, with parameters

as shown in Fig. 4.3, such a ring would cause a 5% Brownian thermal noise increase

in the interferometer, with respect to the same configuration without the ring.

It has already been shown that Q suppression depends on the ring width [10].

In order to find the optimal width for the ring coating in terms of the most effective

suppression of an elastic mode Q-factor, we have calculated the first ∼1200 modes,

and implemented a ring by assuming a higher energy dissipation at the fraction of the

test mass circumference which corresponds to the ring location. Those 1200 modes

covered the frequency range from ∼9 kHz up to ∼170 kHz. The analysis was carried

out for ring widths of 3 mm, 30 mm and 60 mm, located at the position of the smallest

thermal noise (TN) enhancement. In order to test only the effect of the strip on Q

suppression, we chose the loss angle of the strip in such a way that all 3 configurations

have a fixed TN level. The results of Q suppression for the first 80 modes are shown

in Fig. 4.4. It can be seen that the Q damping varies strongly over the different

modes. There are modes for which Q degradation is more effective for a narrower

ring, whereas some other modes seem to be more damped by wider rings with the

same TN degradation. The detailed description of this effect was previously given

in our publication [10]. Since the 30 mm strip has damping efficiency somewhere

between the 3 mm and 60 mm wide strips, it seems to be a good candidate for a ring

damper. To validate this statement, it is necessary to recognise all acoustic modes

which can become unstable. Therefore PI analysis is a crucial step in ring damper

design.



4.5. PARAMETRIC INSTABILITY ANALYSIS 91

0 10 20 30 40 50 60 70 80
0

50

100

150

200

250

Mode number

φ (s
+

r)
/φ

s

 

 

0.3cm 
3.0cm
6.0cm

Figure 4.4: Elastic mode suppression due to the ring. 3 different ring configurations are

shown in this figure. A ring with a width of 0.3, 3, and 6 cm shows different damping

efficiencies. Each configuration causes the same thermal noise degradation of the test mass.

φs and (φs+r) is the loss angle of the substrate, and the loss angle of the substrate with the

ring, respectively; see Table 4.2.

4.4.1 Optical coating

There are also losses due to the ITM and ETM coatings. We calculated the effect

of such losses on Q changes. The results indicate that this additional loss has sub-

stantial impact on the sapphire test mass Q-factors. This extra loss associated with

SiO2/Ta2O5 can suppress acoustic modes by a factor ∼10. This result indicates that

for any test mass with substrate to coating volume ratio smaller than or equal to

∼23000, we must take this excess loss into account in modal analysis in order to cor-

rectly estimate overall acoustic mode damping. The effect of the ETM optical coating

on Q suppression is shown in Fig. 4.5.

4.5 Parametric instability analysis

Parametric instability analysis requires us to evaluate Eqn. 4.1 using all the appropri-

ate acoustic data as described above, as well as optical data for optical cavity modes,
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Figure 4.5: Effect of end test mass optical coating on elastic mode Q-factor degradation.

Almost all elastic modes are damped by a factor > 3. Optical coating is an inefficient

damping medium, thus additional lossy material must be used in order to effectively suppress

elastic modes. φs is the loss angle of the substrate, (φs+c) is the loss angle of the coated

ETM.

which are described below. We simulate an interferometer with a marginally stable

power recycling mirror (PRM) and 4 km arm cavities. The circulating power in the

main cavity was assumed to be 830 kW. Our model did not take into account the

signal recycling cavity. The transmissivity of the PRM, ITM, and ETM was 6%,

0.5%, and 15ppm, respectively.

Due to the axial symmetry of the cavity, the Stokes and anti-Stokes processes

were evaluated using the Laguerre-Gaussian mode (LGM) family. The complete set

of 1st through 6th order optical modes were included in our analysis. We also use

an incomplete set of 7th order (LGM 07, LGM 15, LGM 23), 8th order (LGM 08,

LGM 16), and LGM 09. These extra modes have lower diffraction loss than the other

modes of the same order. All the above modes are potentially strong contributors

to PI because of their high Q-factors. A total of 21 optical higher order modes and

1200 acoustic modes were taken into account. The LGM mode shapes and resonant

frequencies were obtained analytically, whereas their corresponding diffraction losses

were estimated numerically using the eigenvalue method [20]. We note that a nu-
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merical eigenvalue method could be used to obtain more accurate mode shapes and

resonance frequencies. However, complete eigenvalue analysis would add complexity

without significantly changing the results.

The line widths of optical modes were estimated using both coupling and diffrac-

tion losses. By taking into account up to the 5th longitudinal mode, we were able to

estimate R of each acoustic mode using as many as 126 Stokes and 126 anti-Stokes

processes. Such a large number of S/AS processes ensured that all interactions of

optical modes with the acoustic mode were included. The PI analysis was carried out

for a radius of curvature (RoC) of the ETM mirror ranging from 2.036 km to 2.086

km, with 0.1 m steps. The radius of curvature for the ITM was fixed at 2.076 km.

For each ETM RoC data point, ∆ω, Λ, and δ were calculated.

First, we analysed the parametric instability of an interferometer without ring

dampers. The plot of the maximum value of R versus RoC is shown in Fig. 4.6. We

assumed that the acoustic mode Q-factor was associated only with the optical coating

and substrate mechanical losses. By neglecting other loss sources such as suspension

contact points with silicate bond or epoxy joints, we overestimate Q-factors of acous-

tic modes. Therefore, the obtained R-values represent an upper limit. Estimating

the peak R-value for different RoCs of the ETM enables us to simulate the thermal

2040 2045 2050 2055 2060 2065 2070 2075 2080 2085
10

−1

10
0

10
1

10
2

10
3

10
4

10
5

RoC [m]

R
m

ax
 g

ai
n

 

 

no PRM
PRM

Figure 4.6: Maximum parametric gain for different ETM radii of curvature. The red

solid and black dashed curves correspond to the interferometer with and without the PRM,

respectively. Only substrate and coating losses were taken into account.
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tuning of the interferometer, and thus probe changes in ∆ω.

It is easy to see in Fig. 4.6 that the marginally stable PRC has a substantial

effect on the peak R-value. It causes resonant peaks to be hugely amplified at ∆ω =

0, and reduced by a factor of 2 in off-resonance segments, as compared to an interfer-

ometer without power recycling. The case of the interferometer without a PR mirror

may be considered as one with decoupled cavities, and thus it can be considered as

a good approximation to the case where the power recycling cavity is stable, with

most of the high order modes not resonating in the PR cavity. It also approximates

the case where the PR cavity is marginally stable, but with optical modes in the arm

cavities resonating at substantially different frequencies. Substantially detuned arms

also prevent coupling between both arm cavities.

Fig. 4.6 shows 11 broad peaks as the RoC is tuned from 2036 m to 2086 m.

These correspond to particular optical modes. The detailed description of these reso-

nances is presented in Appendix 4.8.1. We found that there are 114 unstable (R ≥ 1)

acoustic modes in each test mass across the RoC tuning range for the configuration

with a PRM, reducing to 42 unstable modes without a PRM1 . This indicates that

a marginally stable power recycling cavity results in an increase in the number of

unstable modes by a factor of ∼ 3. Therefore, for an interferometer with perfectly

symmetrical arm cavities, the parametric gain is 3 times higher than for the case

where both cavities are decoupled. In a realistic scenario, an interferometer operates

in between these two extreme cases: perfectly decoupled and perfectly coupled arm

cavities. Therefore, we can expect that the number of unstable modes per test mass

should be between ∼40 – 120.

4.5.1 Optimal ring

According to Fig. 4.6, the ETM acoustic losses associated with optical coatings alone

are not able to suppress acoustic mode Q-factors enough to prevent instability. The

entire RoC range is affected by instability. This indicates that losses associated with

1Note, the number of unstable modes is the number of unstable modes per test mass. The entire

interferometer is expected to have ∼ 4 times as many unstable modes.
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optical coatings are not able to reduce the quality factor of elastic modes in order

to avoid instability. Below, we show that by adding an extra loss via a damping

ring, it is possible to eliminate unstable modes. Fig. 4.7 shows that it is possible

in principle to damp unstable modes to achieve R < 1. The extra loss from a ring

could suppress instability without too much cost in degraded noise performance. To

evaluate the performance of various damping rings, we have studied the parametric

gain distribution for the 114 unstable acoustic modes described above. We show two

types of histograms. The first type plots the number of suppressed modes versus the

suppression factor, and the second the number of suppressed modes versus parametric

gain (see Fig. 4.8).

Each histogram was made for 3 different strip widths of 3 mm, 30 mm and 60mm,

respectively. There is a clear difference between the test mass with only substrate

and optical coating losses (a), and the test masses with lossy strips (b,c,d). In the

configuration with substrate and coating losses alone, half of the unstable modes have

R < 10. There are also 13 modes with R > 100, some reaching a few 1000. By adding
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Figure 4.7: Example of parametric gain suppression using a 3 cm wide and 20 µm thick

strip, with various values of loss angle. The loss angle used for the ring was 1.39·10−3,

3.64·10−3, and 7.88·10−3, respectively. The dashed horizontal line indicates the level below

which a mode becomes stable. The peak gain is reduced from 20 to 0.4 as the loss increases.
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(c) 30 mm strip
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(d) 60 mm strip
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Figure 4.8: Optimal ring design. The histograms on the left show the efficiency of suppres-

sion of elastic mode Q-factors with respect to the Q-factor of the substrate itself, whereas

the right-hand histograms show the efficiency of the strip versus R gain value. Four different

configurations are presented: (a) coating only, (b) 3 mm strip, (c) 30 mm strip, and (d) 60

mm strip. The y-axis shows the number of modes in bins of given ranges of Q-suppression

and R-value, respectively. Each strip has the same thickness and excess noise of ∆T = 5%.

The first bin in b), c), and d) in the right hand column shows the number of originally

unstable modes that have been stabilised (i.e. R < 1) due to the damping ring. Note the

scale changes in the Q-suppression histograms.



4.5. PARAMETRIC INSTABILITY ANALYSIS 97

a strip, there is a significant reduction in the number of unstable modes. The ma-

jority of modes with gain up to 10 are eliminated. There is no significant difference

between the 3 ring configurations. There is marginal evidence that the 30 mm strip

has the best damping properties above a damping factor of 30. The 3 mm, 30 mm

and 60 mm ring dampers have 30, 35 and 30 modes, respectively, with suppression

factor larger than 30. This indicates that most of the acoustic modes responsible for

parametric instability have the strongest Q-factor suppression with the 30 mm ring.

On the other hand, if we look at the parametric gain histograms, there is a negligible

difference between the 3 configurations. The 3 mm strip removes 52 modes, whereas

the 30 mm and 60 mm strips damp 53 and 51 modes, respectively. The close simi-

larity in the R-value for these three configurations may be misleading. Note that ∆ω

for each acoustic mode is not precisely determined. An uncertainty associated with

∆ω results in a gain error. Therefore the histograms of R gain should be considered

only as statistical results. The detailed error analysis is discussed in Appendix 4.8.2.

The fact that all 3 ring widths present similar gain suppression, while differing in

Q-factor suppression, makes a moderately narrow strip preferable for PI damping. In

the following section, we adopt the 30 mm strip, and assess its ability to reduce PI

to an acceptable level.

4.5.2 Passive damping

The number of unstable modes versus RoC for various strip losses is shown in Figs.

4.9a-f. In the case of coating and substrate losses alone (Fig. 4.9a), parametric in-

stability is unavoidable over the entire RoC range. The other 5 cases correspond to

an added 30 mm wide and 20 µm thick ring located in the minimum thermal noise

position. The loss angle for each ring was defined so that the excess thermal noise

∆T was equal to 2%, 5%, 10%, 20% and 30%, respectively. In practice, this could

be achieved by choice of materials, or by choice of ring thickness. In our analysis,

we are looking for large stability windows in the RoC tuning range, such that the

engineering design could match the optical design for this window location. It should

be clear that a larger number of such stability windows increases the chance to avoid



98 Chapter 4. PASSIVE CONTROL OF PARAMETRIC INSTABILITIES

(a) (b)

2040 2045 2050 2055 2060 2065 2070 2075 2080 2085
0

2

4

6

8

10

12

14

RoC ETM [m]

N
um

be
r 

of
 u

ns
ta

bl
e 

m
od

es
coating

2040 2045 2050 2055 2060 2065 2070 2075 2080 2085
0

2

4

6

8

10

12

14

RoC ETM [m]

N
um

be
r 

of
 u

ns
ta

bl
e 

m
od

es

∆T=2%

(c) (d)

2040 2045 2050 2055 2060 2065 2070 2075 2080 2085
0

2

4

6

8

10

12

14

RoC ETM [m]

N
um

be
r 

of
 u

ns
ta

bl
e 

m
od

es

∆T=5%

2040 2045 2050 2055 2060 2065 2070 2075 2080 2085
0

2

4

6

8

10

12

14

RoC ETM [m]
N

um
be

r 
of

 u
ns

ta
bl

e 
m

od
es

∆T=10%

(e) (f)

2040 2045 2050 2055 2060 2065 2070 2075 2080 2085
0

2

4

6

8

10

12

14

RoC ETM [m]

N
um

be
r 

of
 u

ns
ta

bl
e 

m
od

es

∆T=20%

2040 2045 2050 2055 2060 2065 2070 2075 2080 2085
0

2

4

6

8

10

12

14

RoC ETM [m]

N
um

be
r 

of
 u

ns
ta

bl
e 

m
od

es

∆T=30%

Figure 4.9: Number of unstable modes per test mass as a function of ETM radius of

curvature for the interferometer with power recycling cavity. The top-left plot corresponds

to the interferometer without the ring damper on the test mass, whereas the other plots

correspond to different ring dampers of the same dimension, but different loss angle. There

is substantial reduction of unstable modes due to the applied lossy ring.

parametric instability. Ideally, we would like to remove all modes over the whole

range. We also tested rings with smaller ∆T. However, we found that any ring with

a loss angle ∆T < 2% did not remove enough unstable modes to create a significant

stability window. As shown in Fig. 4.9b, for ∆T = 2%, there are only a few stability

windows of width up to ∼ 0.3 m at RoC > 2076 m. The total number of unstable

modes over the entire RoC range is 79. The mean R-value for unstable modes in

this range is 2.90, with a standard deviation of 1.70. For larger excess thermal noise,

the stability windows become wider and more numerous. For rings with ∆T = 5%

and 10%, the stability windows become as wide as ∼ 1 m at RoC > 2071 m, and ∼
1.2 m at RoC > 2068 m; the mean number of unstable modes becomes 1.96 with a
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standard deviation of 1.33, and 1.35 with a standard deviation of 1.06, respectively,

for those configurations. The total number of unstable modes drops to 61 and 47,

respectively. If we look at Figs. 4.9e and 4.9f, we note a significant improvement in

mode suppression in comparison with the other configurations. It is also clear that

rings with ∆T = 20% and 30% have similar suppression properties. A ring with ∆T

= 20% has 36 unstable modes with mean value over the entire range of 0.75, and

standard deviation of 0.79; whereas a ring with ∆T = 30% has 25 unstable modes

with mean value of 0.53, and standard deviation of 0.67. For thermal noise increases

of 10 - 30%, there seem to be fewer benefits from the increased thermal noise. The

reason for the diminishing returns from increased loss is that a significant number of

acoustic modes do not couple strongly to the damping ring. The damping ring is only

effective for modes with large surface strain at the ring position.

Even for ∆T = 30%, there is an instability zone in the RoC range from 2040 -

2060 m. It appears that the best practical solution corresponds to ∆T in the range

10-20%.

4.5.3 Optical mode suppression

According to Table 4.5, there are 4 unstable acoustic modes (C,E,F,H) which are due

to the interaction with the LGM 01 mode (also see Fig. 5.10). Among them, there

are 3 modes which have R ≥ 100. If LGM 01 could be suppressed in both cavities

of the interferometer (IFO), we would suppress the instability due to this particular

interaction. It has already been proposed to inject optical modes with opposite phase

as a means of suppressing such cavity modes [21]. The difficulty of this optical

suppression approach is that it requires injection of many optical modes. While a

multi-mode scheme may be difficult, the injection of only the LGM 01 mode might

substantially improve the instability situation. In Fig. 4.10, we show the parametric

gain level with the LGM 01 mode switched off. It is clear that rejection of this mode

results in lower gain over most of the RoC range. It turns out that a less lossy ring

can be applied in order to get a similar result in PI suppression, as compared to the

case where LGM 01 can resonate.

Table 4.3 shows the results for 4 different configurations. The ring dimensions
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Figure 4.10: Maximum parametric gain for different ETM radii of curvature with PRM

(a), and without PRM (b). The black and red curves correspond to the cases where: LGM

01 resonates in the cavities (red line), and LGM 01 is rejected from the cavity (dashed black

line). It is obvious that rejection of the lowest order optical transverse mode has noticeable

impact on parametric instability.

are the same as in Sec. 4.5.2. According to the results in Table 4.3, there is an

enormous advantage in rejecting the first order transverse optical mode. Suppression

of this mode allows reduction of the damping ring loss to ∆T ∼ 5%. Thus, the

combination of these two methods: the optical mode rejection, and the damping ring,

gives comparable results to the ring alone with substantially larger loss angle. The

noise penalty is reduced by a factor of ∼ 4, resulting in a smaller degradation of the

detector sensitivity. The detector sensitivity is discussed further in Sec. 4.6.

As shown in Table 4.3, an interferometer without a PRM has a smaller number of

unstable modes, but larger mean value over the whole RoC range. Because resonant
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Table 4.3: Ring damper efficiency for PI control per test mass. Four different detector

configurations are considered: IFO with PRM, IFO without PRM, IFO with PRM and not

resonating LGM 01, IFO without PRM with no resonating LGM 01. The coating only

row shows the interferometer configuration without the ring. Rows 3-7 show the results

with the ring applied, for different levels (2%, 5%, 10%, 20%, 30%) of the associated excess

noise ∆T. The ring is 3 cm wide and 20 µm thick. Each column shows the total number

of unstable modes per test mass n◦, the mean number of unstable modes <n◦ >, and the

standard deviation from the mean value σn◦ , over the whole RoC range from 2036 m up to

2086 m.

Loss PRM no PRM PRM, -01HOM no PRM, -01HOM

n◦, <n◦ >, σn◦ n◦, <n◦ >, σn◦ n◦, <n◦ >, σn◦ n◦, <n◦ >, σn◦

coating only 114, 5.59, 2.03 42, 7.50, 1.81 108, 3.99, 1.65 37, 5.38, 1.37

2% 79, 2.90, 1.70 16,3.58, 1.67 74, 1.73, 1.29 12, 2.05, 1.26

5% 61, 1.96, 1.33 14, 2.54, 1.42 56, 1.00, 0.97 10, 1.28, 1.03

10% 47, 1.35, 1.06 9, 1.64, 1.09 43, 0.57, 0.70 6, 0.61, 0.73

20% 36, 0.75, 0.79 8, 1.04, 0.83 32, 0.21, 0.45 5, 0.25, 0.43

30% 25, 0.53, 0.67 5, 0.66, 0.65 21, 0.11, 0.33 2, 0.04, 0.20

peaks are broader in an interferometer without a PRM, instability appears over a

wider range of the RoC. We should also point out that the positions of resonance

peaks presented in these plots are affected by errors. Due to the uncertainty of the

parameters used in gain calculations, the position of any resonance peak and R-value

is not certain. Therefore stability windows are also affected, and the results are only

correct as estimations of statistical behaviour, rather than exact solutions. This issue

is discussed further in Appendix 4.8.2.

4.6 Effect of a ring damper on the NS/NS detec-

tion range

An important question is how a ring damper would affect interferometer performance.

To estimate this, we checked the effect of the ring on the detection range for 1.4 solar

mass neutron star binary coalescence. For this purpose, we implemented LIGO’s

GWINC package [22], and combined this with the finite element Brownian thermal
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Table 4.4: Finite element results of Brownian thermal noise analysis for a beam spot size

of 6 cm radius.

Brownian Noise at 2076 m (FEM result): [m/
√

Hz]

ITM ETM

Coating 2.61·10−21 4.00·10−21

Substrate 1.19·10−21 1.19·10−21

Ring (∆T=5%) 1.19·10−21 1.19·10−21

Ring (∆T=20%) 2.80·10−21 2.80·10−21

Total (IFO, without ring) 7.35·10−21

noise results, shown in Table 4.4. We assumed the beam spot size to be 60 mm in

radius, which corresponds to a RoC of 2076 m. For simplicity, residual gas, seismic

noise, suspension noise, and signal recycling were excluded from the calculations.

We estimated the binary range for a detector with damping rings attached to all

4 test masses. It is shown that ring dampers with ∆T in the range 5% - 20% give

the best PI control. For that reason, we use ring loss angles which correspond to this

range of excess noise in our calculations. The thermal noise corresponding to both

these ∆T values are presented in Table 4.4. We found that the impact of the ring

with ∆T = 5% on the binary range is small, with a range degradation of ∼ 1.5%

in comparison to the case with no rings attached. The ring with ∆T = 20% lowers

the detectable binary range by ∼ 8%. The latter corresponds to ∼ 25% reduction in

event rate.

4.7 Conclusions

The results presented here emphasise the risk of parametric instability in advanced

GW detectors, and discuss a passive method for reducing parametric instability gain.

We presented a general framework for analysis of ring dampers applied to high power

optical cavities with test masses made from a high sound velocity material. In such

material, a low acoustic mode density reduces the probability of the mode frequency

coincidences which drive parametric instability. We have shown that the ring damper,
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in combination with mirror tuning, can eliminate instability, but at some cost in bi-

nary inspiral range and signal event rate. We found that the optimisation of damping

rings is relatively weak, but to obtain a good damping for most of the unstable modes

its width should be ∼ 20% of the test mass thickness. The damping ring loss results

can also be translated into corresponding values of strip thickness. As shown in [10],

the relation between the strip geometry and loss angle is Vstrip · φ = constant, where

V is volume of the strip. This product allows us to manipulate the ring thickness,

while keeping the loss angle fixed. Due to the ring loss, the detector sensitivity is

reduced by ∼ 8%.

By implementing optical mode suppression, the damping ring requirements be-

come less rigorous. Moreover, if the LGM 01 optical mode were separately suppressed,

the radius of curvature tuning range could be substantially reduced. The chance of PI

occurring in such a controlling scheme would be small, and any PI which occurs could

be eliminated. We found that a substantial fraction of the unstable modes are due to

a single high order mode. Rejection of the LGM 01 mode from both the arm cavities

evidently improves the PI situation. With the help of optical mode suppression, less

lossy damping rings can be used. The detector sensitivity is reduced by ∼ 1.5% for

such configuration.

We note that LGM 01 mode suppression is beneficial for the interferometer anal-

ysed here. However, based on analysis of other interferometer configurations, we

suspect that when fused silica test masses are used, instability is spread across more

high order modes, so that the method can become less effective. This result will be

published in a forthcoming paper, which will present an analysis of the Advanced

LIGO configuration, specifically.

All the results in this paper are statistical in the sense that various errors, un-

certainties, and high sensitivity to radius of curvature, make precise prediction very

difficult. Because symmetrical constraints were used in the test mass modelling, this

model somewhat underestimates the number of unstable modes, and does not take

into account any material anisotropy. The number of modes at a given radius of

curvature, and the resonance peak positions, are affected by errors, and thus the

solution is not exact. Therefore, all resonance peaks presented over a broad range
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of radius of curvature can be considered potential candidates for instability, at any

of the RoC points. In Appendix 4.8.2, we identify the most influential errors in our

analysis. In spite of these uncertainties, the general picture presented is likely to be

valid. A similar analysis undertaken for an 80 m cavity yielded results which were

in close agreement with experiment [23]. Therefore we have high confidence that our

analysis is reliable. The method and results presented here can be treated as a proof

of the principle of ring dampers for PI control. We also note that other methods of

PI suppression, such as the use of tuned damper or acoustic feedback control which

have been investigated by the MIT group [24], and optical feedback methods [21],

may be better solutions to the problem.
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4.8 Appendix

4.8.1 Unstable modes
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Figure 4.11: Resonance peaks of the unstable elastic modes listed in Table 4.5.

Table 4.5: List of unstable acoustic modes with the highest R gain in the interfer-

ometer configuration with no PRM. Only optical modes with overlapping parameter

Λ > 1·10−5 were used in R estimation. The bold numbers correspond to the para-

metric gains for the LGM 01 mode, as discussed in Sec. 4.5.3.

Mode Acoustic Maximum RoC at Optical Λ Gain R of Gain R of

Id mode R gain Rmax [m] mode parameter Stokes anti-Stokes

[Hz] process process

I 9144.3 393.2 2074.4 LGM 02 3.02e-2 393.2 7.92e-4

LGM 12 4.27e-5 1.56e-5 1.34e-5

C 41546.9 146.6 2041.2 LGM 01 1.55e-1 146.6 7.03e-4

LGM 11 2.81e-4 6.03e-6 2.45e-6

LGM 21 8.81e-5 5.53e-5 6.61e-6

E 41735.4 939.6 2052.6 LGM 01 1.45 936.6 3.89e-3

LGM 11 4.39e-1 4.47e-3 1.90e-3

LGM 21 7.37e-2 2.53e-3 3.46e-3

D 53967.4 26.9 2045.4 LGM 10 1.86 5.00e-3 2.59e-3

LGM 20 1.06 27.1 8.06e-2

LGM 30 2.79e-1 2.87e-2 1.21e-1
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Table 4.5 – continued

Mode Acoustic Maximum RoC at Optical Λ Gain R of Gain R of

Id mode R gain Rmax [m] mode parameter Stokes anti-Stokes

[Hz] process process

F 79321.9 196.1 2052.0 LGM 01 5.30e-1 196.1 7.67e-4

LGM 11 5.54e-1 2.76e-3 1.20e-3

LGM 03 9.36e-5 2.84e-7 1.23e-7

LGM 21 1.19e-1 3.39e-3 4.94e-3

LGM 13 8.77e-5 1.18e-6 1.72e-6

LGM 23 5.13e-5 3.70e-6 3.76e-5

A 86929.5 13.4 2037.1 LGM 01 6.82e-2 1.13e-4 4.46e-5

LGM 11 2.12e-1 13.4 8.18e-4

LGM 03 4.11e-5 4.55e-3 9.07e-8

LGM 21 2.92e-1 1.72e-2 3.14e-2

LGM 13 1.35e-4 6.30e-6 1.15e-5

LGM 23 2.56e-4 1.40e-5 2.81e-4

G 88440.1 13.3 2068.3 LGM 01 6.67e-2 2.93e-2 1.34e-5

LGM 11 3.13e-1 13.5 3.00e-4

LGM 03 6.79e-5 4.57e-3 4.15e-8

LGM 21 6.75e-1 7.22e-3 1.71e-1

LGM 13 1.63e-4 1.30e-6 3.14e-5

LGM 23 2.02e-4 3.02e-6 9.14e-6

B 120523.3 69.7 2039.1 LGM 10 1.10 69.7 3.82e-4

LGM 20 1.36 1.18e-2 5.44e-3

LGM 04 5.67e-5 2.05e-7 9.45e-8

LGM 14 1.71e-4 1.62e-6 8.14e-6

LGM 30 9.87e-1 1.27e-2 6.30e-2

J 121882.8 2.9 2082.5 LGM 10 4.79e-2 3.32 6.93e-6

LGM 20 1.62e-1 3.15e-4 3.14e-5

LGM 14 1.40e-4 5.19e-7 3.82e-4

LGM 30 2.14e-1 1.21e-3 3.85e-1

H 154510.6 25.1 2070.3 LGM 01 3.56e-1 25.1 8.67e-5

LGM 11 2.51e-1 1.70e-4 7.42e-5

LGM 03 4.58e-5 1.99e-8 8.71e-9

LGM 21 1.20e-1 3.19e-4 5.32e-4

LGM 13 1.12e-5 2.22e-8 3.70e-8

LGM 05 9.16e-5 8.27e-8 1.38e-7

LGM 15 2.16e-4 2.33e-6 7.47e-5



4.8. APPENDIX 107

Table 4.5 – continued

Mode Acoustic Maximum RoC at Optical Λ Gain R of Gain R of

Id mode R gain Rmax [m] mode parameter Stokes anti-Stokes

[Hz] process process

K 164119.9 2.3 2083.6 LGM 01 2.50e-2 2.26e-6 1.06e-6

LGM 11 2.03e-1 2.62 4.06e-5

LGM 03 1.90e-3 3.56e-2 2.62e-7

LGM 21 2.63e-1 4.60e-4 3.09e-1

LGM 13 3.29e-3 4.20e-6 4.46e-3

LGM 05 1.02e-5 5.82e-9 1.31e-5

LGM 07 9.80e-4 1.01e-6 1.80e-6

LGM 15 1.06e-4 2.31e-7 4.08e-7

LGM 23 2.80e-3 8.38e-6 1.47e-5

4.8.2 Uncertainties in parametric instability analysis

The precise prediction of parametric instability for real detectors is a very challenging

task. It is impossible to know all parameters with high accuracy a priori. Unavoid-

able uncertainties associated with resonances of elastic and optical modes prevent

exact calculation of RoC values at which instability may occur. Any imperfection

in test mass geometry or inhomogeneity can change resonant conditions by changing

the ∆ω-value. The exact topology of the mirror surfaces, the arm lengths, etc., are

necessary to know in order to predict the optical mode structure in the cavities with

sufficient precision. Also, numerical errors and analytical assumptions affect our re-

sults.

Each RoC point in Fig. 4.9 is associated with an error. Using error propagation,

we can estimate the uncertainty in the parametric gain. Contributions to the 3-mode

detuning uncertainty σ∆ω are due to: the uncertainty σRoC in the radius of curvature

of both the ITM and ETM test masses, the uncertainty σL in cavity length, and the

uncertainty σωm in acoustic mode frequency. In order to find which of these factors

has the largest impact on our results, we evaluate the error propagation. The 3-mode

detuning uncertainty for Stokes and anti-Stokes processes can be simply described by

Eqn. 4.10:
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(σ∆ω)2 =

(

∂∆ω

∂RoCITM

σRoCITM

)2

+

(

∂∆ω

∂RoCETM

σRoCETM

)2

+

(

∂∆ω

∂L
σL

)2

+ (σωm)2 . (4.10)

With the help of Eqns. 4.4 - 4.6, and defining g = 1 − L/RoC, the derivatives of ∆ω

in Eqn. 4.10 are as follows:
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∣
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∂∆ω
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∣
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= (2p + q) ∂TMS
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2π
g2(1−g1)√

g1g2(1−g1g2)
RoC−1

ITM, (4.11)
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2π
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∂L
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∂FSR

∂L
∓ (2p + q)

[

FSR
∂ς

∂L
+ ς

∂FSR

∂L

]

=

(

−k ∓ (2p + q)

[

(1−g1)+(1−g2)−2(1−g1)(1−g2)

2π
√

g1g2(1−g1g2)
− ς

])

FSR
L

. (4.13)

The subscripts 1 and 2 refer to RoCITM and RoCETM, whereas the minus/plus sign

in Eqn. 4.13 corresponds to the Stokes/anti-Stokes interactions, respectively. For the

symmetric configuration, with both mirrors having the same radius of curvature RoC

= 2076 m, and cavity length L = 4 km, the sensitivities of TMS and FSR are:

∂TMS

∂RoC
= 14.748 Hz/m, (4.14)

∂TMS

∂L
= 16.457 Hz/m, (4.15)

∂FSR

∂L
= −9.375 Hz/m. (4.16)

From Eqns. 4.14, 4.15 and 4.16, it can be seen that both the sensitivity of the trans-

verse mode range TMS, and that of the free spectrum range FSR, do not exceed

∼17 Hz/m. Thus, uncertainties associated with the cavity optical structure have a

relatively small contribution to the overall σ∆ω. In reality, the arm cavity length

can be very precisely determined, and changes in the length are limited to a mirror

positioning error, which is of order 1 mm. According to Eqn. 4.13, even modes of

9th order with k = 5 cause σ∆ω ∼ 0.1 Hz. Thus, if the arm cavity length is a very
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well-known quantity, the ultra-low positioning error σL can be neglected in Eqn. 4.10.

The total uncertainty in the 3-mode detuning can now be written as:

(σ∆ω)2 = FSR2·(2p+q)2

4π2g1g2(1−g1g2)

[

(

g2(1 − g1)
σRoCITM

RoCITM

)2

+
(

g1(1 − g2)
σRoCETM

RoCETM

)2
]

+
(

p%
100

ωm
)2

.

(4.17)

In Eqn. 4.17, the uncertainty associated with the acoustic mode is defined as a per-

centage deviation (p%) of the calculated value from the measured value. Note that

the overall uncertainty σ∆ω is proportional to the transverse mode order (i.e. radial

number p and longitudinal numbers q) and elastic mode frequency. For the case of

a symmetric cavity, with both test masses having RoC = 2076 m, Eqn. 4.17 can be

rewritten as:

(σ∆ω)2 = 435.007(2p + q)2(σRoC)2 +

(

p%

100
ωm

)2

. (4.18)

For the purpose of our analysis, we desire to keep the σL parameter. We assume the

cavity length is L = 4000 ± 1 mm. Hence, in the ensuing analysis, we assume that

σL is 1 mm:

(σ∆ω)2 = 435.007(2p + q)2(σRoC)2

+ (−9.375k ± 16.457(2p + q))2 (σL)2

+

(

p%

100
ωm

)2

. (4.19)

Here, the positive and the negative signs correspond to the Stokes and anti-Stokes

interactions, respectively. From Eqn. 4.18, and assuming that σRoC/RoC ∼0.5%, the

contribution of the RoC uncertainty for as high as the 7th order mode would be σ∆ω

∼1700 Hz. Therefore, to reduce this error, it is crucial to determine the real RoC

value with high accuracy. The effect of a 0.5% uncertainty on the number of unstable

modes is shown in Fig. 4.12. As we can see, the parametric gain is very susceptible

to RoC changes. The number of unstable modes can vary from 1 up to 11. We also

note that the density of unstable modes for the interferometer without the PRM is

noticeably higher than for the configuration with the PRM. There is also a substantial

difference in parametric gain level. In spite of the higher density of unstable modes

in the scheme without the PRM, the gain R for the majority of these modes is very

close to unity. However, the interferometer with PRM has fewer unstable modes, but

with a gain R > 30.
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Figure 4.12: Effect of the uncertainty in radius of curvature on the number of unstable

modes. This plot was produced using parameters described in Sec. 4.5; however, only

coupling losses were taken into account.

Another major factor which substantially introduces uncertainty in the reso-

nance conditions is the estimated acoustic mode frequency error σωm . Eqn. 4.18

shows that a deviation even as small as 1% from the measured value of an acoustic

mode frequency, which in finite element modelling is considered as a high accuracy

calculation, introduces large errors. Because unstable modes can be as high as 100

kHz, that means that a ∼ 1 kHz error can be expected.

Additionally, in the more realistic case, which is omitted in our analysis, there is

an uncertainty associated with the analytic Eqn. 4.4. In the analytical approach to

TMS estimation, it is assumed that the test mass is infinite in size. It is known that

the smaller the ratio between test mass radius and optical mode radius, the larger is

the deviation of the real resonance value from analytical results [25]. In general, this

deviation increases with mode order, and can be as high as 1 kHz. Therefore, for our

use, we can add an extra term indicating this deviation:

(σ∆ω′)2 = (σ∆ω)2 +
(

σγ(p,q)

)2
, (4.20)

where σγ(p,q) = |TMSA(p,q)-TMSN(p,q)| is the deviation of the analytical TMSA from

the numerical TMSN . In order to minimise this error, it is necessary to estimate the

optical mode resonances using a numerical approach, instead of the analytical method.

However, we do not take into account this source of error in this paper.
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We can also determine an R gain error associated with an uncertainty in the

resonance. In general, the error in R gain is the sum of the uncertainties of a Stokes

gain, and of an anti-Stokes gain, respectively:

(σR)2 =
(

σRs
i

)2
+
(

σRa
i

)2
, (4.21)

where

(

σRs
i

)2
=

(

∂Rs

∂∆ωs

)2

(σ∆ωs)2

+

(

∂Rs

∂ωm

)2

(σωm)2

+ 2
∂Rs

∂∆ωs

∂Rs

∂ωm
cov (∆ωs, ωm) , (4.22)

and

∂Rs

∂∆ωs = 2Rs∆ωs

δ2

[

(

δ
δpr

)2
(

2 + δ
δpr +

(

∆ωs

δpr

)2
)−1

−
(

1 +
(

∆ωs

δ

)2
)−1
]

, (4.23)

∂Rs

∂ωm
=

2Rs

ωm
, cov (∆ωs, ωm) = −σωm . (4.24)

The anti-Stokes part for gain R is similar, with anti-Stokes variables replacing the

corresponding Stokes variables. Using Eqns. 4.19, 4.21 - 4.24, we estimated the rela-

tive R gain error for each elastic mode. The relative R gain error for all elastic modes

at RoC = 2076 m is shown in Fig. 4.13. There is a significant difference between the
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Figure 4.13: Relative gain R error for interferometer with and without PRM, respectively.
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two interferometer configurations. It seems that the PR mirror decreases the relative

R gain error, in comparison with the interferometer without the PR mirror. In the

worst scenario, R+∆R, we can expect as many as 60 and 31 unstable modes for the

IFO without PRM and with PRM, respectively. In the most optimistic scenario,

R-∆R, there are no unstable modes for both configurations.
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Chapter 5

Opto-acoustic interactions with

Flat-Top beams

5.1 Preface

In the previous chapter, I showed that despite reducing the number of unstable modes,

damping rings are not ideal for suppressing parametric instability. The Brownian

thermal noise penalty appears to be high, unless the TEM 01 mode is suppressed

by optical interference. Those results led me to the investigation of non-Gaussian

beams. If there is a problem with conventional Gaussian beams, it would be interest-

ing to check how parametric instability affects other beam profiles. For this reason, I

analysed the Flat-Top beams called Mesa beams. By comparing this beam to a Gaus-

sian beam which has the same diffraction loss, it was possible to obtain quantitative

results. The analysis was made for sapphire test masses in the single cavity config-

uration. However, the results should also hold for fused silica test masses, because

the relationship between beams is weakly dependent on the choice of substrate. The

advantage of sapphire is its low acoustic mode density, which gives rise to a smaller

number of acoustic modes to be analysed.

This is a full-scale numerical analysis, with no analytical assumptions, and no

symmetry constraints on the test mass model, i.e. diffraction losses, resonant frequen-

cies of transverse optical modes, and mode shapes were numerically estimated. Unlike

in the previous analysis, sapphire was assumed to be an anisotropic crystal.

This chapter is based on a draft of a paper which has been resubmitted to Phys-

ical Review D [1], with minor corrections. My contribution to this paper amounts to

115
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100% of the simulation work, and 80% of the manuscript preparation.
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Opto-Acoustic Interactions in Gravitational Wave

Detectors: Comparing Flat-Top Beams with

Gaussian Beams

S. Gras, D.G. Blair, and L. Ju

School of Physics, The University of Western Australia, 35 Stirling Highway,

Crawley, WA 6009, Australia

To reduce the thermal noise in the future generation of gravitational

wave detectors, flat-top beams have been proposed to replace conventional

Gaussian beams, so as to obtain better averaging over the Brownian mo-

tion of the test masses. Here we present a detailed investigation of the

unwanted opto-acoustic interactions in such interferometers, which can

lead to the phenomenon of parametric instability. Our results show that

the increased overlap of the Mesa beams with the test masses leads to ap-

proximately 3 times as many unstable modes in comparison to a similar

interferometer with Gaussian beams.

5.2 Introduction

Future gravitational wave (GW) astronomy requires detection of astronomical sources

at a significant rate, with a signal-to-noise ratio well above unity. The sensitivity of

the present detectors [2; 3; 4] is still far from this goal. Advanced interferometric de-

tectors [5; 6] are expected to be the first detectors in the required sensitivity regime.

However, further advances are required. An intensive effort is underway to define

techniques which will enable improved sensitivity in the third generation of detectors

(e.g., see [7]).

To achieve improved sensitivity beyond that required in the advanced detectors,

two major noise sources must be reduced: thermal surface vibration of the test masses

(Brownian thermal noise or simply thermal noise) and photon counting in the dark

port of the interferometer (shot noise).

There have been three alternative suggestions for the minimisation of thermal
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noise. One is the choice of the material for the test masses. Such material should

be characterised by low acoustic and thermo-elastic losses [8]. The second is the use

of cryogenics to directly reduce the amplitude of thermal fluctuations [9; 10]. The

third is to minimise the mirror thermal noise by improving the averaging of surface

vibration. This can be achieved by increasing the area of the optical beam that inter-

acts with the test mass surface. Ideally, a beam with a flat wavefront would be the

best option since the surface sampling would be the most effective. However, such a

beam profile would not sustain resonance in a cavity with finite mirrors. A practical

compromise is to use a beam with a fairly flat intensity profile covering most of the

mirror surface, dropping steeply in intensity towards the edges so as to ensure low

diffraction losses [11; 12]. There have been several proposals for a different beam

geometry in interferometers. The first was the flat-top or Mesa beam [13; 14]. Since

then, others have proposed the use of high-order Laguerre-Gaussian modes [15; 16],

and Conical beams [17].

Mesa beams have been successfully created in optical resonators [18]. Numerical

studies have shown that this type of flat-top beam can reduce mirror thermal noise

by a factor of ∼3 with respect to conventional Gaussian beams [19; 20]. Moreover, if

flat-top beams are used in the advanced detectors, the entire sensitivity curve can be

limited by quantum noise.

The next generation of GW detectors requires the use of high optical power to

reduce the contribution of photon shot noise. For example, in Advanced LIGO ap-

proximately 800 kW of optical power will circulate in the arm cavity. Unfortunately,

high optical energy density in the interferometer arms can also be responsible for a

non-linear interaction of the electromagnetic field with the mirror substrate acoustic

motion. On one hand, high optical power improves photon counting and thus lowers

the shot noise, but on the other hand, high power can also increase the chance of

the carrier being scattered into a high order mode via an opto-acoustic interaction.

The back action of high order modes can lead to energy being fed into the test mass,

and cause exponential growth of test mass acoustic modes, which is called parametric

instability (PI).

All the advanced GW detectors modelled to date predict PI. Moreover, conditions
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for advanced GW detectors also coincide with conditions for parametric instability.

The purpose of this paper is to discuss how a change from normal Gaussian beams

to Mesa beams, which have been proposed as a means of reducing the thermal noise

below the quantum limit, affects parametric instability. Such beams have already

been tested in small-scale prototypes.

The work presented here is not intended to apply to a particular interferometer,

but rather to allow a direct comparison of Mesa beams with Gaussian beams in a

more general, but typical, configuration.

5.2.1 Light scattering due to opto-acoustic interactions

The scattering of light by acoustic waves is a well-known phenomenon. There are

three major mechanisms responsible for scattering in optical cavities: the elasto-

optical mechanism, the length modulation mechanism, and the ripple mechanism. In

the elasto-optical mechanism, the refractive index variation induced by an acoustic

wave acts as a grating in the medium through which light propagates, and causes

scattering. If this process occurs in an optical cavity, the scattered light can stimu-

late acoustic wave excitation in the medium [21; 22]. Such scattering with positive

feedback is called stimulated Brillouin scattering (SBS). For SBS, the modulation

frequency is ∼1010 Hz. In the length modulation mechanism, a rigid mirror attached

to an acoustic resonator creates a frequency modulation. There is no change in the

spatial structure of the scattered mode [23]. Usually, the optical sidebands which are

created occur within the cavity linewidth. In terms of spatial structure, only two

modes participate in the scattering process: one optical and one acoustic mode - this

is therefore a 2-mode process. This 2-mode interaction has been widely adopted in

mode cooling [24], optical springs experiments [25; 26], and in creating linear motion

transducers [27].

The topic of this paper involves the ripple mechanism. It is an opto-acoustic

interaction which combines both SBS and intracavity modulation. The optical cavity

length is not modulated by the translation motion of the mirror, but by the ripple-

like standing waves on the surface associated with the bulk internal motion of the
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mirror substrate due to its acoustic modes. The surface vibration of the mirror in

the optical cavity scatters a carrier mode into a transverse optical mode (TEM) of

the cavity. This TEM can excite and amplify an acoustic mode by the same feedback

mechanism as in SBS. Such a scattering process is characterised by a simultaneous

triple resonance of a carrier optical mode, a transverse optical mode, and an acoustic

mode. We call this process a 3-mode interaction.

Zhao et al. [28] have experimentally shown using an 80 m cavity that the in-

teraction of photons with test mass surface vibrations indeed occurs. This was the

first evidence that cavities may sustain such 3-mode interactions. Numerous previous

experiments have reported 2-mode interactions [29].

For various reasons discussed further below, 3-mode interactions are macroscopic,

involving acoustic modes of the mirror in the frequency range 104−106 Hz, and trans-

verse modes up to 8th order. We normally refer to the transverse modes as high order

modes (HOMs); these HOMs lie above or below the main cavity frequency.

Two opposite processes are allowed in opto-acoustic scattering. The first, cor-

responding to acoustic amplification, occurs when ω0 − ωhom ≃ ωm. The second,

corresponding to acoustic damping, occurs when ωhom − ω0 ≃ ωm. Such 3-mode

interactions depend on the frequency match between the carrier mode ω0, the high

order mode ωhom, and the acoustic mode ωm, as well as on there being a spatial

overlap of the acoustic mode shape and the transverse optical mode (see Fig. 5.1).

If the interaction strength is large enough, then the acoustic mode amplitude can

experience exponential growth over a short time ranging from tens of milliseconds up

to minutes (e.g. see [30]). This phenomenon is called parametric instability.

5.2.2 Parametric Instability

Parametric instability was first analysed by Braginsky et al. [31], Kells et al. [32],

and Zhao et al. [33] for the case of a single optical cavity. Braginsky et al. showed that

PI is a potentially serious problem for the next generation of GW detectors. Kells et

al. pointed out that by ignoring damping processes, the PI models can overestimate

the number of unstable modes. In detailed analysis of a more realistic case, Zhao
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Figure 5.1: The idea of 3-mode interactions. The left diagram represents the scheme by

which three modes interact with each other. The carrier mode is pumped into a cavity, where

it experiences scattering on the mirror surface profiled by a particular acoustic mode. If the

mirror surface motion spatially overlaps with the electric field distribution of a transverse

optical mode, there is a possibility for the carrier mode to be scattered into this mode.

The right frequency combination of all three modes can result in amplification of acoustic

modes via the transverse optical mode, as represented in the diagram by a closed loop. The

frequency structure is shown in the right-hand plot. The asymmetry of the modal structure

of optical cavities means that only one sideband participates in the interaction. This could

be either red or blue-shifted. The graph shows an example of the excitation process due to

a red-shifted sideband. Note that, in practice there, is no special requirement for the pump

energy to be in the form of a TEM 00 mode: this is just the conventional choice for the

pump mode.

et al. showed that PI was likely in an Advanced LIGO type interferometer. Similar

results were obtained by Bantilan et al. [34]. Both analyses showed that PI can occur

for acoustic modes lying in the range from ∼ 10 kHz up to ∼ 100 kHz. Since then, the

analysis has been refined to consider the effect of power and signal recycling cavities

[35; 36; 37; 38; 39].

The results of this modelling show that mismatch between cavities significantly

affects PI; both power recycling and signal recycling can significantly change the

instability conditions. However, the potential for instability is well estimated by con-

sidering a single cavity. More complex interferometer configurations can show both

higher and lower levels of instability, depending on precisely defined but poorly de-

signed details, such as errors in the radii of curvature of the mirrors. For comparing
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two types of optical cavity, it is sufficient to consider a single optical cavity.

PI can be described by a parametric gain parameter R. If R > 1, then an

acoustic mode becomes unstable. For the case of the single optical cavity, the para-

metric gain of an acoustic mode [31; 35] is:

R =
4PQmQΛ

mcLω2
m

(

(

1 + ∆ω2
s/δ

2
s

)−1 −
(

1 + ∆ω2
a/δ

2
a

)−1
)

, (5.1)

where ∆ωs/a ≡ ω0/hom − ωhom/0 − ωm is the resonance condition describing either

excitation or damping of the acoustic modes, δ is the half linewidth of the optical

mode, m is the mass of the test mass, and L is the length of the cavity. According to

the above formula, parametric instability is directly proportional to the circulating

power P in the cavity, the acoustic mode quality factor Qm, the optical mode quality

factor Q, and the overlapping parameter Λ. A detailed description of Λ is given in Sec.

5.5. To properly estimate R values, both acoustic and optical mode structures must

be known. Frequencies and spatial distributions of modes are necessary to determine

resonance conditions and overlapping parameters, respectively. Since the cavity losses

determine the optical quality factor, a careful analysis of optical losses must also be

taken into account.

Ju et al. [40] showed that multiple interactions can occur simultaneously, further

increasing the problem of PI. The parametric gain for any acoustic mode results from

a superposition of multiple interactions with high-order optical modes (HOMs). Each

HOM, depending on its frequency, can contribute to either excitation or damping of

the internal vibrations of the test masses. For the purpose of this paper, we adopted

a decomposition method. Based on the multi-mode nature of this phenomenon, the

effective parametric gain of any acoustic mode can be written as:

R =
4PQm

mcLω2
m

(

HOMs
∑

rs −
HOMs
∑

ra

)

. (5.2)

However, the mode superposition method can be problematic. The exact evaluation

of the scattered beam requires a complete basis set of the cavity modes. Moreover,

some basis elements represented by highly diffractive HOMs (low finesse modes) can

substantially differ from their analytical counterparts. Therefore, an analytically es-

timated basis can be incorrect [41]. For this reason, a numerical approach seems to
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be the most suitable in order to calculate highly lossy HOMs for the total scattered

field representation. Ideally, the summation in Eqn. 5.2 should be carried out over

an infinite number of modes. However, due to the increase of diffraction losses with

optical mode order, combined with a reduced magnitude of the overlapping parame-

ter at large frequency differences, it is generally a good approximation to terminate

the summation at the 8th order of the optical mode. The geometry mismatch (corre-

sponding to a small overlapping parameter) is the dominant factor which determines

the summation threshold. Thus, relatively low-loss HOMs above 8th order make in-

significant contributions to the parametric gain for the beam geometries considered

here.

Parallel to the development of the superposition method, Kells [42] developed

another way to estimate parametric gain. Instead of the multi-mode analysis, Kells

treated the scattered net field as a whole, avoiding individual modes. The analysis

of an Advanced LIGO single cavity done by Bantilan and Kells [34] confirmed that

these two methods are equivalent to each other.

Note that the gain contributions (Eqn. 5.2) of the Stokes processes rs and the

anti-Stokes processes ra differ in sign, while their magnitudes are given by rs/a ≡
QΛ(1 + ∆ω2

s/a/δ
2
s)

−1 (see Eqn. 5.1). Thus, the effective gain can be either positive

or negative, depending on whether the excitation or damping process is dominant

in a multiple HOM system. A negative value of R indicates that the acoustic mode

is damped, a positive value indicates that damping is reduced, and R > 1 indicates

parametric instability.

The analysis for Gaussian beams has shown the strong sensitivity of the system

to very small changes in cavity parameters, which strongly affect the resonance con-

dition. This sensitivity is such that mirror imperfections are likely to dominate actual

observations. As has been previously emphasised, this means that results must be

interpreted as being a statistical prediction of the probability of the instability, rather

than a precise prediction of actual behaviour.

In view of the above, for this paper we have restricted our analysis to a single

cavity. The prediction of the instability was determined by the generalisation of Eqn.

5.2. Test masses were assumed to be made of sapphire. There are three reasons for
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this. Firstly, as discussed by Ju et al. [43], the high velocity of sound in sapphire

means that the acoustic mode density is lower. This has the advantage, in general,

of reducing the possibility of opto-acoustic interactions, and thereby of decreasing

the expected number of unstable acoustic modes. Secondly, the smaller number of

acoustic modes also means that the computational task is easier, reducing the very

long CPU times required for numerical analysis. Thirdly, sapphire is the proposed

material for the LCGT detector in Japan, and it is a candidate for third generation

cryogenic detector, for which Mesa beams might be considered.

The motivation of this work is to compare interferometers with flat-top beams to

those using conventional Gaussian beams, from the viewpoint of opto-acoustic inter-

actions. Comparison of all the other beam geometries, mentioned earlier, is beyond

the scope of this paper. Each will have a different pattern of opto-acoustic interac-

tions, determined mainly by an opto-acoustic overlap integral, and by the spectrum

of high order modes.

We consider three different cavity types: Gaussian near-concentric (CG), Mesa

near-flat (FM), and Mesa near-concentric (CM). Due to the high susceptibility of the

near-flat FM cavity to radiation pressure induced tilt instability [44], we only focus

on concentric cavities. However, the FM case is useful for estimating and validating

CM cavity parameters.

For definitiveness, we have chosen parameters similar to those used to define Ad-

vanced LIGO. Our purpose is to obtain an estimate of the relative differences between

the Mesa and Gaussian beam cavities. These relative differences are not strongly de-

pendent on the detailed parameter choice. The results presented in this paper should

be considered as general results, assessing the intrinsic differences between the two

beams in terms of opto-acoustic interactions, independently of the choice of test mass

substrate material.

Analysis of PI requires detailed modelling of both acoustic and optical modes.

In Sec. 5.3, we describe the modal analysis of the acoustic modes. In Sec. 5.4, we de-

scribe the methods used to determine the optical structure of the Gaussian and Mesa

beam cavities: resonances, mode shapes, and losses associated with cavity structure.

In Sec. 5.5, we describe the estimation of the overlapping parameter Λ for the op-
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tical and acoustic modes, which determines the possible amplitude of opto-acoustic

interactions. Finally, in Sec. 5.6 we present the results for the PI analysis of the two

systems.

5.3 Test mass acoustic mode modelling

To determine the mode shapes u and frequencies ωm of test mass acoustic modes, we

used Finite Element Analysis (FEA). Sapphire anisotropy and the detailed geometry

preclude analytical solutions.

In FEA, mathematical operations are performed on nodes which are grouped into

elements. The displacement vector u in each node can be written as:

Mab
∂2ub

i

∂t2
+ Kaibku

b
k = 0, (5.3)

where Mab is the element of the global mass matrix, and Kaibk is the element of the

global stiffness matrix, defined as follows:

Kaibk =

∫

s

Cijkl

∂ϕa
(

~ξ
)

∂ξj

∂ϕb
(

~ξ
)

∂ξl

dV, (5.4)

Mab =

∫

s

ρϕa
(

~ξ
)

ϕb
(

~ξ
)

dV. (5.5)

C is the 4-rank compliance tensor (see Table 5.1), ρ is the density of the test mass,

and ϕ(~ξ) is the position-dependent shape function, defined as ui

(

~ξ
)

= ϕq
(

~ξ
)

uq
i .

This shape function is an interpolation which specifies the vector u at an arbitrary

position on the test mass. Since the shape function refers only to a single element,

the K and M matrices are constructed by rearranging and adding element stiffness

and mass matrices, respectively. Substituting u = µm cos(ωmt) in Eqn. 5.3, where µm

is the eigenvector representing the mode shape of the mth natural frequency ωi, we

can obtain an eigenequation as follows:

|K − ω2
i M | = 0. (5.6)

By solving Eqn. 5.6, we can obtain mode shapes µm and mode frequencies ωm.

Procedures, such as meshing of the model, and evaluation of the stiffness and

mass matrices, were performed using ANSYS FEA software [45]. To solve Eqn. 5.6,



126 Chapter 5. OPTO-ACOUSTIC INTERACTIONS WITH FLAT-TOP BEAMS

Table 5.1: Notation and values for the main parameters used in this paper.

Quantity Value Description

Test mass:

rt 0.16 m Radius

dt 0.2 m Thickness

φt 0.5 deg Back face wedge angle

C C11=498.1 C12=C13=110.9 Non-zero elements of the compliance

C22=C33=496.8 C23=163.6 matrix [GPa] for m-axis sapphire crystala

C35=-C25=-C46=23.5

C44=166.6 C55=C66=147.4

ρ 3983 kg/m3 Density

m 40 kg Mass of the test mass

Qm 1·107 Acoustic mode quality factor

Optics:

L 4000 m Cavity length

TITM 1.4 % Input test mass transmissivity

TETM 5.0 ppm End test mass transmissivity

FSR 37.474 kHz Free spectral range

λ 1.064·10−6 m Wavelength

k 5.9905·106 rad/m Wave number

D 1.041·10−1 m Mesa beam radius

R 2050.6 m Radius of curvature

for concentric Gaussian mirrors

P 830 kW Circulating power in the arm cavities

a compliance tensor for m-axis is shown in matrix form [47].

we chose the Bloc-Lanczos method [46], which is one of the standard ANSYS ap-

proaches for a model with a large number of nodes.

To ensure that all acoustic modes had correct shapes, and were not affected by

poor meshing, we created a test mass model with ∼ 140000 nodes. The model was

meshed with 8-noded linear 3D elements. The test mass was assumed to be a cylinder

with 45◦ chamfers on the corners, and with a back face tilted 0.5◦ with respect to the

front face (for separation of surface reflections). The dimensions of this 3D model

are shown in Table 5.1. The substrate was chosen to be a sapphire crystal with the

m-axis parallel to the circumference of the cylinder.

The eigenvectors µm obtained from the solution were normalised to unity such

that the largest component was 1. We calculated the first 800 acoustic modes. The
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Figure 5.2: Acoustic modes of the sapphire test mass model. Mode frequencies fm are

represented in terms of the Free Spectral Range (FSR) of the optical cavity. The 800 modes

plotted here cover the frequency range up to the 3rd FSR. This covers all the modes that

can potentially contribute to parametric instability.

resonant frequencies of the model are shown in Fig. 5.2. It is useful to scale them

relative to the free spectral range (FSR) of the optical cavity. For an opto-acoustic

interaction, this mode frequency must coincide with an optical mode frequency dif-

ference (∆ = |ωhom−ω00|). Almost all of the 800 modes sit within the 0-3 FSR range.

It is clear that the acoustic mode density increases with mode frequency. The

mean mode spacing reduces to ∼ 50 Hz at the high end of the range. Thus, there

is a larger probability for higher-frequency acoustic modes to be in resonance with

optical modes.

Each acoustic mode frequency and mode shape, determined in the above analy-

sis, is stored in a database for the purpose of estimating PI, once the optical modes

have been determined.

5.4 Optical mode structure

In opto-acoustic scattering, the strength of the scattering interaction is governed

by resonance conditions defined by ∆ω having a low value, and Λ having a high
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value. Therefore, besides determining the acoustic modes, it is necessary to find the

frequencies and shapes of the high order optical modes.

An analytical solution of the beam propagating in the cavity is well established

for Gaussian beams. However, there is no simple analytic solution for flat-top beams.

In addition, the analytic solution for a Gaussian cavity does not accurately represent

a real cavity with finite mirrors (see, for example, Barriga et al. [48]). Therefore, a

numerical analysis again becomes essential to find the mode shapes and frequencies,

for both types of beams.

5.4.1 Cavity eigenstates and eigenvalues

The optical cavity mode structure and mode shapes were solved using the cavity eigen-

value equation. For this purpose, we use the Fresnel-Kirchhoff propagation equation

describing the electric field E(~r, z) on mirror 2, propagating from mirror 1 in a two-

mirror cavity:

E2 (~r2, L) = − ik

2π

∫ ∫

S

G (~r2, ~r1) E1 (~r1, 0) F (θ) d2~r1, (5.7)

where F (θ) is the obliquity factor: F (θ) = 0.5(1 + cosθ). For long baselines F (θ) ≈
1, where k = 2π

λ
is the wave number, and G is the propagation kernel, defined as:

G (~r2, ~r1) =
ik

2πη
e−ikη. (5.8)

Here, η is the distance between any two arbitrary points on the opposite mirror, given

by

η =
√

ς2 + |~r2 − ~r1|2, (5.9)

where

ς = L − h (~r2) − h (~r1) . (5.10)

In the above equations, the vector ~r is the transverse distance from the centre of the

mirror, L is the cavity length, and h is the mirror profile height. The mirror profiles

h were constructed from the non-normalised electric field distribution of the Mesa

and Gaussian beams as seen at the reflecting surface of each mirror in a symmetrical
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cavity, using Eqns. 5.11 and 5.12, respectively, as follows:

uFM
00 (D,~r) =

∫

r′≤D

exp

[

−k (~r − ~r′)2 (1 + i)

2L

]

d2~r′, (5.11)

uCG
00 (R,~r) = exp

(

−i

[

kL

2
+

ik|~r|2
2R

− arctan

(

2R − L

L

)1/2
])

. (5.12)

Here, D is the Mesa beam radius, and R is the radius of curvature for the Gaussian

beam. We use D here to be consistent with the original work on Mesa beams [13; 14].

The Mesa beam is obtained by superposition of the optimal Gaussian beams, i.e.

beams with the best combination of the minimum beam diameter and best collima-

tion over the distance from the cavity waist to the mirror position. Optimal beams

ensure that the Mesa beam edge has optimally sharp fall-off. The integration in Eqn.

5.11 is carried out over a circle with radius D, which defines the Mesa beam. We

assume the Mesa beam to have a radius of D = 4
√

L/k = 0.1041 m (4× bigger than

the optimal Gaussian beam waist), which corresponds to a Gaussian beam with R =

2050.6 m, with the same diffraction losses of 19.5 ppm. We chose such a beam size

to allow comparison with previous work on Mesa beams with the same beam radius

[49; 44].

Note that we desire each of the beams to be a steady stable-state beam in the

cavity. The stability of the beam is achieved when its profile duplicates itself after a

round trip. In other words, the reflected beam seen on mirror 2 is the phase-conjugate

replica of the beam on mirror 1 for the symmetric cavity case, E2 (~r2, L) = E∗
1 (~r1, 0).

Therefore, to ensure that beam profiles (Eqns. 5.11 and 5.12) would remain unchanged

at each mirror position as light bounces back and forth, the mirror phase must match

with the wavefront of the beam [50]. The relation between mirror shape h and the

beam wavefront is kh (~r) = u′(~r), where u′(~r) is the wavefront of the beam, defined

as: u′(~r) = Arg (u00(~r) − u00(0)). We should emphasise here that due to the finite

size of the mirrors (see Table 5.1), diffraction leads to a change in the profile of the

beam, which in turn can cause a deviation of the numerically obtained beam profile

from that of the input analytical beam. However, this effect is negligible for low-loss

beams. As we show later, both the Gaussian and Mesa beam profiles have small

diffraction losses. Also, comparison of these mode shapes with numerically obtained
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Figure 5.3: Mirror shapes for the ideal concentric mirror (solid thick line), concentric

Gaussian mirror CG (dashed line), concentric Mesa mirror CM (dash-dotted line), and flat

Mesa mirror FM (solid thin line).

beams from constructed cavities give similar results, within numerical error.

There are two possible mirror shapes for which a resonating carrier mode would

have exactly the same intensity profile, but with a different wavefront at each mirror.

These two cases correspond to near-flat hF and near concentric hC mirror shapes. Ac-

cording to Eqns. 5.11 and 5.12, the Mesa beam describes the electric field distribution

at a near-flat mirror, whereas the Gaussian beam is referred to the near-concentric

mirror. To construct a near-concentric mirror hC (~r) for the Mesa beam, we used the

relation between near-flat and near-concentric cases, as follows:

hF (~r) + hC (~r) =
r2

L
. (5.13)

The product r2/L is the surface height of an ideal concentric mirror with respect to a

flat mirror. Mirror shapes for the three cases: concentric Gaussian (CG), concentric

Mesa (CM), and flat Mesa (FM) are shown in Fig. 5.3. If the grid size for the mirror

surface area S is sufficiently fine, then the electric field E across element area d2r

becomes quasi-steady [51], and Eqn. 5.7 can be simplified to:

E2 (~r2, L) = N12E1 (~r1, 0) , (5.14)
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where

N12 =
ik

2π

∫ ∫

S

K (~r2, ~r1) d2~r1. (5.15)

Thus, we can introduce an eigenvalue equation, as follows:

γE1 = N12N21E1, (5.16)

where the complex coefficient γ is the eigenvalue corresponding to the eigenvector

E1, and N12 is the kernel integral over the mirror surface for a beam propagating

from mirror 1 to mirror 2. The eigenvector represents one of the cavity modes which

can be sustained at resonance. The amplitude |γ| in Eqn. 5.16 can be interpreted as

beam attenuation due to the diffraction losses per round-trip, and is expected to be

less than 1. By solving Eqn. 5.16, we obtain the set of eigenvectors which satisfy the

orthogonality relation
∫

Ei
1 ·Ej∗

1 d~r = δij for any i and j eigenvectors. Therefore, these

eigenvectors can be considered as a basis which spans the space of the cavity states.

Each cavity state is defined by one or more eigenvectors (in the case of degeneracy) and

its eigenvalue. Eigenvectors contain information about the electric field distribution

and the wavefront of the optical mode, whereas eigenvalues carry information about

frequency and mode loss. In our case, the basis includes both non-degenerate and 2-

fold degenerate eigenvectors. The degeneracy is due to the fact that some eigenvectors

occur in pairs, having the same eigenvalues. Such degenerate eigenvectors correspond

to the identical optical mode with different spatial orientation. More about mode

orientation is presented in Sec. 5.5.

The grid size was determined by checking the convergence of the eigenvalues for

a range of grid dimensions. By solving Eqn. 5.16 with a uniform quadratic grid size

of 3.4 × 3.4 mm, we obtained a set of eigenvectors corresponding to mode shapes

and eigenvalues, which contain information about phase and diffraction losses. For

the purpose of our analysis, we calculated 46 optical modes. We chose only one

mode from each degenerate pair, which reduced the number of modes down to 25.

This allows us to substantially shorten the computational time for the parametric

instability analysis. The list of all 25 modes is shown in Table 5.2 (see Appendix

5.8.1).
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5.4.2 High-Order Mode resonances

Resonance frequencies of the high-order modes were estimated using eigenvalues ob-

tained from Eqn. 5.16. The phase angle between two eigenvalues corresponds to the

Gouy phase difference between two modes. Therefore, the HOM frequencies of fhom

with respect to the carrier mode frequency f0 could be calculated according to Eqn.

5.17:

∆νf0 =
FSR

π
(arg (γf ) − arg (γ0)) , (5.17)

where FSR = c/2L is the free spectral range. The concentric case for the Mesa beam

was estimated using two different approaches. In the first approach, we constructed a

nearly concentric mirror and solved Eqn. 5.16. In the second approach, we used data

obtained from the nearly planar Mesa cavity analysis, and used the duality relation

γC = e−i4kL
(

γF
)∗

to obtain the concentric case [52]. Both results agreed within 0.1 %

accuracy. This entire analysis was initially performed for an FM cavity. Fortunately,

the good agreement with the duality relation ensured that conversion between the

FM and CM solutions could be made analytically. Since we already had data for the

FM solution, we used this to obtain the CM cavity parameters. In Fig. 5.4, we show

the first 25 optical modes for the two different cavities. Modes for which ∆ν ≥ FSR,

are contracted modulo FSR to appear in the 0 - 1 FSR range, since they exist as

high-order modes of any nearby axial mode. In other words, modes with ∆ν ≥ FSR

are associated with the axial mode M < 0. The axial mode index M defines allowed

carrier resonant frequencies, and has a value of M = 0, ±1, ±2,... . Due to the

duality relation, the CM cavity structure in the 1st FSR range is:

∆νC = M · FSR − ∆νF, with M = 1, (5.18)

where superscripts C and F correspond to the concentric and flat case, respectively.

According to the above equation, the HOM location relative to the FSR is swapped

between the concentric and the flat cavity. In the flat cavity, the mode location is

shifted toward higher values of M with increasing mode order; whereas for concentric

cavities, the mode location is shifted toward lower M with increasing order. Note

that both the optical field pattern and the spatial displacement pattern of the mirror

reflecting surface have cylindrical symmetry. Moreover, both patterns increase com-
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Figure 5.4: Near-concentric cavity structures for Gaussian and Mesa cavities. Each dashed

vertical line corresponds to a high order mode frequency lying in the 1st FSR. The number

above each vertical line refers to the mode type listed in Table 5.2. There is a distinguishable

difference between these two cavity structures. The more uniform spread of high order

modes for the Mesa cavity increases the chance of parametric instability.

plexity in the same fashion (radial and azimuthal divisions) with increasing mode fre-

quencies. Therefore, the near-concentric cavities have an intrinsic mismatch between

lower-order acoustic modes and lower-order optical modes. This is beneficial for the

PI situation. As shown in Appendix 5.8.1, the CM cavity has a unique mode distribu-

tion, with increasing Gouy phase such that arg(γi−1)−arg(γi) ≪ arg(γi+1)−arg(γi).
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It seems that the mode spacing in such a cavity becomes significantly larger with an

increase of the mode order, in comparison to the Gaussian concentric cavity.

We now go on to estimate the losses for the optical cavity high-order modes.

5.4.3 Cavity losses

The optical loss of the cavity high-order modes directly determines the parametric

gain R for the opto-acoustic interactions. There are two dominant sources of loss:

coupling losses due to the transmissivity of the input mirror, and diffraction losses

which are associated with mirror geometry and mode shape. Since parametric gain is

proportional to the quality factor of the optical modes, the Q-factor for each optical

mode needs to be estimated. The loss parameter δ from Eqn. 5.1 is defined as follows:

δf = −FSR

4π
ln [(1 − σf ) (1 − T1) (1 − T2)] . (5.19)

Here T1 and T2 are the transmissivities of each of the two mirrors, and σf is the

diffraction loss of the optical mode per round-trip. The eigenvalues are related to the

diffraction losses as follows:

σf = 1 − |γf |2. (5.20)

According to the duality relation [52], both FM and CM cavities have the same

diffraction losses. Therefore, we adopt the σ values of the Flat Mesa cavity for the CM

cavity. The diffraction losses are shown in Fig. 5.5. Appendix 5.8.1 presents Table 5.2

relating the mode number to the conventional mode shape notation (TEM pq). Note

that the fundamental CG and Mesa (either FM or CM) modes (i.e. mode #1 in Fig.

5.5 corresponding to the TEM 00 mode) have the same loss for both types of beams,

as determined by our design criteria. The σ-value for HOMs is strongly dependent

on the mode shape. Modes with the same order have substantially different losses.

This effect is more prominent for the Mesa cavity. There is a noticeable difference

in the magnitude of the losses between the two types of cavities. The losses of the

HOMs for the CG cavity are much higher than for the Mesa cavities. Fig. 5.5 shows

that the losses of all mode families increase with radial mode index q, but decrease

with azimuthal mode index p, except for the particular case of the second and third

modes, for which these trends are reversed.
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Figure 5.5: Diffraction losses for concentric cavities. The x-axis corresponds to the mode

number shown in Table 5.2 (Appendix 5.8.1).
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Figure 5.6: Q-factors of the optical modes for CM and CG cavities. The dashed line

corresponds to the coupling limit of the cavities. The x-axis corresponds to the mode

number shown in Table 5.2 (Appendix 5.8.1).

Smaller diffraction losses for Mesa beams mean narrower peaks, and higher Q-

factors. The quality factor is defined as:

Qf =
−2πνf

FSR · ln [(1 − σf ) (1 − T1) (1 − T2)]
. (5.21)

The Q-factor upper limit is set by coupling losses, and has a value of ∼ 3·1012. Due to

the diffraction losses, the Q-factor is reduced below the value set by the transmissivity

of the mirrors. Fig. 5.6 shows the Q-factor as a function of mode number for both

cavities.
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There is a distinguishable difference between CG and CM modes. Most of the

Mesa beam cavity modes have a Q > 1012. Diffraction losses only significantly reduce

the Q-factor for the higher orders of the modes considered. For all modes with radial

index p = 0, the diffraction loss has a very small impact on the mode Q-factor. On

the other hand, Gaussian HOM diffraction losses cause their Q-factor to be reduced

by a factor ∼ 10. Only a few of the first low-order modes have a Q-factor set by

coupling losses.

Since parametric gain is directly proportional to the optical Q-factor, the higher

Q-factors of the Mesa cavity optical modes act to increase parametric instability, as

compared to the Gaussian cavity.

We now go on to determine the critical geometrical overlap of the optical

modes described in Sec. 5.4 with the acoustic modes described in Sec. 5.3.

5.5 Opto-acoustic interaction: the mode

overlapping factor

A low-loss resonant 3-mode interaction (for which ∆ω ⋍ 0) is not sufficient to ensure

that the parametric gain will exceed unity. The gain also depends on the magnitude

of the geometrical overlap between the modes, which is defined by the overlapping

parameter Λ. Mathematically, three modes - consisting of the carrier E00, the high-

order mode Ehom, and the acoustic mode µ - must have a spatial match defined by

the integral
∫

E00(~r)E∗hom(~r)µ⊥(~r)d ~r⊥, where µ⊥ is the displacement vector of the

acoustic mode normal to the test mass surface. The higher this integral value, the

better is the overlap between modes. Moreover, each acoustic mode µ has different

strain energy, due to the difference in spatial displacements between modes. In other

words, each acoustic mode varies in the fraction of the total mass which vibrates. Such

a fractional mass, called the effective mass, refers to the excitation susceptibility of

an acoustic mode. If the effective mass is large, then the energy required to induce

vibration is also high. A normalised overlapping parameter between the ith HOM
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and jth acoustic mode can be written as:

Λ =
V
(∫

E00 (~r) E∗hom (~r) µ⊥ (~r) d ~r⊥
)2

∫

|µ (~r) |2d ~r⊥
∫

|E00 (~r) |2d ~r⊥
∫

|Ehom (~r) |2d ~r⊥
, (5.22)

where the product V/
∫

|µ (~r) |2d ~r⊥ is the mass ratio of the mass of the test mass to

the effective mass of the acoustic mode.

In our analysis, we estimated the maximal overlapping parameter Λ by rotation

of the optical mode with respect to the position of the acoustic mode. The reason why

we performed mode rotation comes from the fact that an optical eigenvector solution

gives degenerate modes (modes with the same γ) oriented with respect to each other

by π/(2p), for the same (p,q) type, with q 6= 0. The indices p and q correspond

to radial and azimuthal indices, respectively. Such orientation of the degenerate

modes is the result of the orthogonality of the eigenvectors in the solution of Eqn.

5.16. Each non-radially symmetric mode requires exactly two basis eigenvectors to be

fully described. This is analogous to a vector in two-dimensional space, which can be

defined by two basis vectors spanning the space. Each pair of eigenmodes has the same

values of σ and ∆ν. It is clear that Λ(φ = 0)+Λ(φ = π/(2p)) = Λ(φ = φmaximal) for a

particular mode. Therefore, to reduce the number of optical modes in the parametric

instability analysis, we chose one mode from each pair, and found the angle at which

Λ has the largest value.

The Λ-values were calculated for all 800 acoustic modes, using a set of 25 optical

eigenvectors. To ensure that Λ was calculated with high accuracy, we interpolated an

acoustic mode µ⊥ onto the finer optical mode grid, and then rotated the optical mode

by 1◦ steps. An example of the Λ-value as a function of rotation angle is shown in Fig.

5.7. In an ideal cylindrically symmetrical situation, optimal modes would be likely to

align themselves to the maximal Λ-value. However, in real situations, asymmetry is

likely to lock the mode orientations to specific values. Thus, this method of choosing

the maximal overlap estimates the worst case for PI.

From the plots in Fig. 5.7, it follows that CM modes have larger overlaps. One

of the factors responsible for high Λ-values is the relatively large size of CM modes

with respect to CG modes. Note, however, that the overlapping is a product of three

modes. Thus, the beam size is not the only factor responsible for large Λ. It also

depends on the shape match between optical and acoustic modes. For a particular
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Figure 5.7: Overlapping parameters Λ as a function of opto-acoustic mode rotation. The

solid/dashed line corresponds to the overlapping of CG/CM modes, respectively. These

plots were produced such that Λmax was at φ = 0. Note that for any optical mode of (p,q)

type with q = 0, Λ remains constant for an arbitrary φ, as expected.

3-mode combination, the CG cavity can sometimes have larger Λ. This is shown in

Fig. 5.8. Only optical modes with a value of Λ greater than a threshold value Λth

(for either Mesa or Gaussian modes) are presented in this Figure. The value of Λth

is given by Λth = ω2
m/ϑQm, where ϑ = 4PQ

mLc
. This is the threshold value for Λ overlap

for which the opto-acoustic interaction can be potentially dangerous. This quantity

was estimated for a constant Q-factor, corresponding to the coupling loss. Fig. 5.8

shows that the CM cavity has ∼2 times as many cases where Λ > Λth, as compared

to the CG cavity. This indicates that the chance of PI to occur may be higher by a

factor of ∼2 for the Mesa cavity.
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Figure 5.8: Ratio of Mesa beam to Gaussian beam overlapping parameters Λ, for a given

acoustic mode.

By plotting the distribution of the overlaps, we found close similarities in the

distribution patterns for both cavities (see Fig. 5.9). However, they differ in the

number of optical modes exceeding the Λ-threshold value in various Λ ranges. There

are substantially more optical modes in the 1 ≤ Λ < 2, 2 ≤ Λ < 4, and 10 ≤ Λ <

20 bins for the Mesa cavity, whereas the other ranges remain almost identical. The

difference in each of these bins is ∼50% with respect to the Gaussian cavity.

The dependence of Λ on the relative alignment of the optical and acoustic modes

shows that designs that lock these modes in particular orientations can be used to

minimise the chance of instability from particular modes. However such minimisation

of Λ cannot be achieved in general, because of the multiplicity of modes.

The previous sections describe how data were obtained to model parametric

instability. We go on to present the results of the PI analysis.

5.6 Parametric Instability

Parametric instability analysis was carried out for a 2-mirror cavity, with parametric

gain R estimated according to Eqn. 5.2. Since we are only interested in determining

the relative risk of instability between the two cavity configurations, we assumed the

acoustic mode Q-factors to be constant (see Table 5.1), with a Qm = 107. This is a
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Figure 5.9: Histogram of the optical mode distribution in terms of the overlapping

parameter Λ for the (a) Gaussian cavity and (b) Mesa cavity. Each bin represents the Λ

range normalised by Λth = ω2
m/ϑQm, as described in Section 5.5.

typical Q-factor expected with current detector technology. The resonance conditions

∆ω for both damping and excitation processes were estimated using 800 acoustic

modes. R-values for each mode were calculated by superposition of the excitation

and damping processes for all 25 modes. To ensure that all mode interactions with

positive and negative gain were taken into account, we extended the ∆ω calculation

to a range of M = ± 4 1. The parametric gain for 800 modes in the CG and CM

cavities are shown in Figs. 5.10a and 5.10b, respectively. Each dot represents the

R-value for a particular acoustic mode. There are 2 and 10 unstable modes (R ≥ 1)

for the Gaussian and Mesa cavities, respectively.

1The range is extended to M = ± 4 in order to cover acoustic modes which exceed the 3rd FSR

in Fig. 5.2.
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Figure 5.10: Parametric gain for concentric (a) Gaussian, and (b) Mesa cavities. Dots

represent gains for the resonance condition ∆ω estimated from acoustic and optical analysis,

whereas the vertical red lines represent gains in the ∆ω ±2π·2000 Hz range.

As discussed earlier, and explained in Zhao et al. [33], small changes in mirror

shape can cause detuning of the optical HOMs, and thus significantly affect parametric

instability. For Gaussian cavities, this effect can be explored by considering the

dependence of parametric instability on the mirror radius of curvature. We can then

allow for manufacturing tolerances and differential thermal distortions of the mirror.

Unfortunately, we cannot use the same method for Mesa beams, since the cavity is

not characterised by a radius of curvature. For this reason, we have chosen to consider

the gain range for which the resonance condition ∆ω is allowed to vary by ± 2000 Hz.

The number of unstable modes will vary dynamically as the thermal condition of the

interferometer changes. Such a procedure ensures that all potentially unstable modes



142 Chapter 5. OPTO-ACOUSTIC INTERACTIONS WITH FLAT-TOP BEAMS

−2000 −1500 −1000 −500 0 500 1000 1500 2000
10

−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

∆f ± f [Hz]

A
co

us
tic

 m
od

e 
ga

in
 R

85.134 kHz

Figure 5.11: An example of gain R variation for the 85.134 kHz acoustic mode in the

∆ω/2π ± 2000 Hz range. Note, variation in R corresponds to the vertical line in Fig. 5.10.

are included. The variation of the parametric gain is shown in Fig. 5.10 as vertical

lines. Dots correspond to ∆ω values obtained from the optical mode structure and

acoustic mode analysis. In Fig. 5.11, an example is shown of R-value changes for an

85 kHz mode, as a function of ∆ω′ = ∆ω ± 2π · 2000 rad/s. Each peak represents an

interaction of a different optical mode with the same acoustic mode. In some cases,

the resonance peak can be positive, with R exceeding unity and causing instability.

In some other cases, R becomes negative indicating that the acoustic mode will be

damped.

By counting all modes for which R ≥ 1 for some values of ∆ω in a chosen range,

we found that there are as many as 24 and 72 unstable modes per test mass in the CG

and CM configuration, respectively. This indicates that the Mesa beam cavity seems

to be more susceptible to parametric instability by a factor of ∼ 3. The distribution

of modes in terms of R-value is shown in Fig. 5.12. Only modes with R ≥ 0.2 are

presented. In spite of a larger number of unstable modes for the Mesa cavity, the

mean gain <R> of the unstable modes is 6.2, whereas for the Gaussian cavity <R>

= 8.8.
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Figure 5.12: Histogram of the acoustic modes distribution per test mass in a) the Gaussian

cavity, and b) the Mesa cavity, respectively. Only modes with parametric gain R ≥ 0.2 are

shown.

5.7 Conclusions

Our analysis has revealed several differences between Mesa and Gaussian beam cavi-

ties. We found that the overlapping parameter is larger in the Mesa cavity than in the

Gaussian cavity, for ∼70% of all acoustic modes. In spite of larger HOM spot sizes,

the diffraction losses are smaller than those for the Gaussian cavity by ∼ 1 order of

magnitude. We were somewhat surprised to find that while the Mesa cavity has a

more radially extended field distribution, it simultaneously has low diffraction losses

in comparison to Gaussian beams. However, this result is in agreement with mode

shape calculations done by Tarallo [53]. These unusual properties of the Mesa cavity
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modes, i.e. more radially extended electric field, but simultaneously lower losses with

respect to CG modes, are most probably due to the mirror topography of the Mesa

cavity. The rapidly rising edge of both the CM and FM mirrors spreads the HOM

field over a relatively larger mirror area, but at the same time confines the light more

efficiently than the CG mirror [41]. Because the Mesa beam distributes energy over a

larger area of the test mass mirrors than does the Gaussian beam, it is not surprising

that the overlapping parameter for the Mesa beam cavity is larger than that of the

Gaussian cavity.

The concentric Mesa cavity seems to have a unique mode structure, in which

modes are not equally spaced in frequency, whereas the concentric Gaussian cavity

modes are more arranged in groups of the same mode order. The difference in the

mode distributions for the CM and CG cavities is quite prominent. This can be seen

in the frequency offset data given in Table 5.2 (Appendix 5.8.1). For example, modes

3 and 4 (TEM 10 and TEM 02) are almost equal for the CG cavity, but differ by

several kHz for the CM cavity. This clearly causes a significant difference in the para-

metric instability solutions for the two types of cavity.

The following three factors: the difference in optical structure of the CM cavity,

the lower diffraction losses, and the larger overlapping parameters, all have a direct

impact on parametric instability. Our analysis shows that for the Mesa beam cavity,

there are likely to be ∼3 times as many unstable modes as compared with a conven-

tional Gaussian beam interferometer. However, the mean parametric gain is slightly

lower. Nevertheless, parametric instability is likely to be a more significant issue for

Mesa beams.

Finally, it is important to point out that both the CM and CG cavity systems

require a solution to the PI problem. Two methods have been identified - acoustic

damping or optical feedback [30]. Our work emphasises that, in both cases, solutions

need to be implemented, and given that this can be achieved for CG cavities, it should

not be so difficult to extend the solutions to CM interferometers.

Thus, we conclude that parametric instability for Mesa beams is significantly

worse than for Gaussian beams. However, this increase in the problem is not sufficient

to abandon Mesa beam geometry, as long as suppression schemes will be developed
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to match the problem.
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5.8 Appendix

5.8.1 Optical spectrum of the CG vs. CM cavities

Table 5.2: Optical mode structure for CG and CM cavities. Column 2 is the list of optical

mode types used in the analysis. Indices p and q correspond to the radial and azimuthal

numbers of the mode. Columns 3 and 5 show the difference between the carrier frequency

at M = 0 and the high order mode. Note that all HOMs are intentionally shown in the 1st

FSR range. Columns 4 and 6 give the diffraction losses per bounce for each of the beams.

Gaussian cavity Mesa cavity

No. Optical ∆ν [Hz] σ [ppm] ∆ν [Hz] σ [ppm]

mode (p,q) modulo FSR (per bounce) modulo FSR (per bounce)

1 Carrier 0 19.5 0 19.5
2 01 33710.5 307.9 35957.1 101.9

3 10 29942.9 2664.3 31415.2 40.7

4 02 29945.3 1560.9 33474.3 31.0

5 11 26137.2 11804.1 26907.3 441.3

6 03 26164.3 5742.7 30180.2 303.0

7 20 22184.2 47090.3 21330.8 2633.1

8 12 22239.4 37693.6 22193.5 1876.4

9 04 22346.1 17555.6 26237.8 782.0

10 21 17975.4 104682.0 15487.9 6580.1

11 13 18174.1 81114.0 17143.0 3934.5

12 05 18463.7 39173.2 21690.9 974.5

13 30 13152.7 186679.6 8699.0 13405.0

14 22 13367.4 171579.3 9389.8 10448.0

15 14 13840.4 133066.3 11774.1 5084.5

16 06 14461.1 68653.9 16630.8 820.3

17 31 7700.8 283251.4 1792.1 24745.5

18 23 8207.6 255613.5 3007.7 17209.1

19 15 9125.2 199114.1 6012.7 7148.0

20 07 10270.0 108363.7 11107.5 1336.3

21 40 1449.6 399645.5 31627.7 50575.6

22 32 1832.1 383499.9 32198.3 43076.4

23 24 2694.7 346229.6 33910.0 27662.0

24 16 4095.3 276326.1 37368.5 11592.5

25 08 5878.3 160220.1 5157.1 3078.3
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Chapter 6

Parametric Instabilities in

Advanced Gravitational Wave

Detectors

6.1 Preface

This is the key chapter of my thesis. It is concerned with the most realistic simulations

obtained to date of 3-mode interactions in advanced gravitational wave interferom-

eters. The results presented here show parametric instability in the dual recycling

configuration of the interferometer. Also, detailed analysis of acoustic and optical

modes suppression is shown. This analysis validates the application of suppression

techniques for fused silica test masses, and enables to make comparison with sapphire

test masses, considered in Chapter 4.

I was able to make use of a new analytical model due to Strigin et al. [1]. A newly

modelled feature reflecting actual interferometers, i.e. arm asymmetry, was imple-

mented for the numerical simulations. This analysis was made possible by building

on the codes and techniques developed for the less demanding interferometer models

presented in previous chapters. The analysis was made for an interferometer config-

uration similar to that of Advanced LIGO. This is an entirely numerical simulation,

with few constraints put on the recycling cavities.

This chapter is based on the manuscript which has been submitted to Classi-

cal and Quantum Gravity. My contribution to this paper amounts to 100% of the

153
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simulation work, and 80% of the manuscript preparation.
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Parametric Instabilities in Advanced Gravitational

Wave Detectors

S. Gras, C. Zhao, D.G. Blair, and L. Ju

School of Physics, The University of Western Australia, 35 Stirling Highway,

Crawley, WA 6009, Australia

As the LIGO interferometric gravitational wave detectors have finished

gathering a large observational data set, an intense effort is underway to

upgrade these observatories to improve their sensitivity by a factor of ∼
10. High circulating power in the arm cavities is required, which leads to

the possibility of parametric instability due to three-mode opto-acoustic

resonant interactions between the carrier, transverse optical modes, and

acoustic modes. Here, we present detailed numerical analysis of paramet-

ric instability in a configuration that is similar to Advanced LIGO. After

examining parametric instability for a single three-mode interaction in de-

tail, we examine instability for the best and worst cases, as determined by

the resonance condition of transverse modes in the power and signal recy-

cling cavities. We find that, in the best case, the dual recycling detector

is substantially less susceptible to instability than a single cavity, but its

susceptibility is dependent on the signal recycling cavity design, and on

tuning for narrow band operation. In all cases considered, the interferom-

eter will experience parametric instability at full power operation, but the

gain varies from 3 to 1000, and the number of unstable modes varies be-

tween 7 and 30 per test mass. The analysis focuses on understanding the

detector complexity in relation to opto-acoustic interactions, on providing

insights that can enable predictions of the detector response to transient

disturbances, and of variations in thermal compensation conditions.

6.2 Introduction

High-sensitivity long baseline gravitational wave (GW) detectors have noticeably im-

proved in sensitivity over the past decade, reaching a spectral displacement sensitivity
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density ∼ 10−21 m/
√

Hz. Despite this impressive sensitivity, no positive detection has

been reported. An upgrade of the Laser Interferometric Gravitational-wave Observa-

tory (LIGO) [2] will result in increasing the strain sensitivity by a factor of 10, and

the event rate by a factor of ∼ 1000. To achieve the desired sensitivity, it is planned

to increase the circulating power roughly 100-fold in the Fabry-Perot cavities of the

detector. However, high optical power, low-acoustic loss test masses, and long cavity

length increase the chance of opto-acoustic interactions with positive feedback.

The opto-acoustic interactions of interest consist of a scattering process, in a

which a carrier beam is scattered by a vibrating mirror surface due to the acous-

tic modes of the mirror test mass. The mechanism is related to the more familiar

opto-acoustic interactions which arise through intracavity length modulation. In this

case, a rigid mirror attached to an acoustic resonator creates a frequency modula-

tion [3]. In the case of interest here, the mirror is not rigid, and acoustic modes of

the test mass scatter light into transverse optical cavity modes. The optical cavity

length is not modulated by the translation motion of the mirror, but by the ripple-

like motion of its surface associated with internal motion of the mirror substrate

due to the acoustic modes. This interaction may be considered as a combination of

stimulated-Brillouin-scattering (SBS) [4; 5] and intracavity modulation. Each inter-

action involves 3 interacting modes. The surface vibration of the mirror in the optical

cavity scatters a carrier mode into an optical transverse mode (TEM). The transverse

mode then generated can also excite an acoustic mode, analogous to interactions in

the SBS process. Therefore, such a scattering process is characterised by the triple

resonance of a carrier mode, a transverse mode, and an acoustic mode, simultane-

ously.

Zhao et al. [6] have shown experimentally, using an 80 m cavity, that the 3-mode

interaction of photons with test mass surface vibrations can indeed occur. The ex-

perimental results are in strong agreement with theoretical predictions. This was the

first evidence that cavities may sustain 3-mode processes, unlike previous experiments

where only 2-mode interactions were reported [7; 8].

The possibility of 3-mode interactions in interferometric GW detectors was pre-

dicted by Braginsky et al. [9]. They pointed out that, due to this interaction, acoustic
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modes can become unstable. The strength of this phenomenon depends on two fac-

tors: a) the spatial and frequency matching of interacting modes, and b) the optical

power inside the arm cavities. If both the transverse modes and acoustic modes

have a similar spatial distribution, and appropriate frequencies, the interaction can

be strong. High optical power can pump energy into acoustic modes faster than the

natural dissipation rate. Under these circumstances, there can be an exponential

growth of acoustic oscillations in the detector test masses. Large acoustic oscillations

can lead to interferometers being dysfunctional.

The frequency match between interacting modes (fundamental ω00, transverse

ωtem, and acoustic ωm) is often represented by the 3-mode detuning parameter ∆ω =

|ω00 − ωtem| − ωm. Strong 3-mode resonant interaction occurs when ∆ω < δ, where δ

is the transverse mode linewidth [9].

There are two possible processes in which an acoustic mode can be either excited

or damped, depending on the transverse optical mode frequency ωtem. For trans-

verse optical modes with frequencies ωtem < ω00, an excitation process (normally

called a Stokes process) can be observed, whereas for ωtem > ω00, a damping pro-

cess (anti-Stokes process) can be observed. Kells and D’Ambrosio [10] suggested that

the damping process could reduce instabilities. Unfortunately, 3-mode processes in

long optical cavities are intrinsically asymmetrical, as shown by Braginsky et al. [11].

Thus, excitation and damping cannot cancel each other as they can in single longi-

tudinal mode cavities with double sidebands. This is supported by numerical results

shown by Ju et al. [12].

Parametric instability (PI) for an acoustic mode is characterised by a parametric

gain R. The gain for excitation processes is positive, while it is negative for a damp-

ing process. For 0 < R < 1, the acoustic mode amplitude is amplified by a factor

∼(1-R)−1. In this case, the acoustic mode remains in equilibrium with dissipative

processes. For an acoustic mode with R > 1, its amplitude can rise exponentially

up to a saturation point, at which nonlinear losses become dominant [13]. Such an

exponentially growing mode can seriously disrupt the detector control system, and

contaminate the dark port of the detector. For modes with very high parametric gain,

the break of cavity lock could be almost instantaneous (∼ 40 ms), disabling detector
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operation. Therefore, prediction of gain values for high power gravitational wave de-

tectors is very important. Knowing the possible gain ranges for acoustic modes can

allow the design of suppression schemes.

In this paper, we consider the most realistically possible case, using available

parameters similar to the Advanced LIGO design [14]. Our analysis is achieved by

modelling acoustic modes and optical modes for a dual recycling interferometer, taking

into account signal recycling tuning and arm cavity asymmetry. Our results allow the

magnitude of parametric gain changes to vary from best possible conditions to adverse

ones, such as momentary loss of arm cavity lock. We do not discuss control strategies,

although our results include consideration of the effect of a gold barrel coating. We

also consider the effect of suppressing individual transverse modes.

The entire analysis presented here is based on the theoretical work of Strigin

and Vyatchanin [1], who showed that the parametric gain R for 3-mode interactions

in a dual recycling interferometer can be written as follows:

R =
2PQm

McLω2
m

TEM
∑

Λωtem1 Re

[

1

1 + χ2

( −1

i∆ωd + λ1

+
−χ2

i∆ωd + λ2

)]

. (6.1)

Here, P is the circulating power in the arm cavities, Qm is the acoustic mode Q-factor,

M is the mass of the test mass, c is the speed of light, and L is the cavity length.

The terms being summed refer to the large number of possible interactions involving

different transverse modes. For each mode, the gain scales with the overlapping pa-

rameter Λ, which is defined below. The frequency tuning term contains the detuning

parameter ∆ωd (see Section 6.4), and the complex parameters χ, λ are defined as

follows:

λ1,2 = −g+ ±
√

g2
− − d2, g± =

δPR ± δSR

2
, χ =

√

g2
− − d2 + id

g−
. (6.2)

Here, d is the asymmetry parameter d = 0.5(ωtem1 −ωtem2), which specifies the asym-

metry of the arm cavities, measured with respect to similar transverse modes. The

parameters δSC, δPR, and δSR are respectively the relaxation rates of the arm cavities,

the compound power recycling cavity, and the compound signal recycling cavity in the

case of the symmetric interferometer (the case where both arm cavities are identical).
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The summation in Eqn. 6.1 is required because the parametric gain for any acous-

tic mode may be the result of a superposition of many interaction processes involving

different optical modes. This reflects the fact that the scattering of the fundamental

(carrier) mode on the vibrating mirror surface in the optical cavity can excite many

transverse modes. Therefore, multiple interactions can occur simultaneously, further

increasing the problem of PI. Usually, optical modes up to the 8th order need to be

included in the analysis.

Ideally, the summation in Eqn. 6.1 should be carried out over an infinite number

of modes. However, due to the increase of diffraction losses with optical mode order,

combined with a reduced magnitude of the overlapping parameter for high frequency

acoustic modes, it is generally a good approximation to terminate the summation at

the 8th order of the optical mode. The geometry mismatch between acoustic and op-

tical modes (leading to a small overlapping parameter) is the dominant factor which

sets the summation threshold. Thus, relatively low-loss transverse modes above 8th

order make insignificant contributions to the parametric gain. Exact evaluation of the

parametric interactions requires a complete basis set of cavity modes. For this reason,

Kells [15] developed an alternative method for estimating opto-acoustic interactions.

Instead of the multi-mode analysis used here, Kells treated the scattered net field as

a whole, avoiding individual modes. The analysis of an Advanced LIGO single arm

cavity by Bantilan and Kells [16] confirmed the equivalence of these two approaches.

The overlapping parameter Λ is one of the key factors in PI analysis; it de-

scribes both the susceptibility of the acoustic mode to excitation through the modal

effective mass (see below), and the spatial match between acoustic and optical modes.

The overlapping parameter is defined as follows:

Λ =
Mω2

m

2
∫

ρe d~r

(∫

E00(~r)Etem(~r)µ⊥(~r)d ~r⊥
)2

∫

|E00|2d ~r⊥
∫

|Etem|2d ~r⊥
. (6.3)

Here, M is the total mass of the test mass, ωm is the angular frequency of the acoustic

mode, ρe is the strain energy density of the test mass for the given acoustic mode, µ⊥

is the vertical displacement of the acoustic mode on the test mass front surface, E00

is the eigenvector of the carrier mode, and Etem is the eigenvector of the transverse

mode. Accordingly, the integration in Eqn. 6.3 is carried out over the whole test mass



160 Chapter 6. PI IN ADVANCED GW DETECTORS

volume with the volume element d~r and over the test mass front face surface with the

area element d ~r⊥. The first factor in Eqn. 6.3 corresponds to the mass ratio between

the total mass of the test mass M and the effective mass of the acoustic mode meff
1:

M

meff

=
V

∫

µ2d~r
=

Mω2
m

2
∫

ρe d~r
, (6.4)

where V is the test mass volume, and µ the acoustic mode displacement. Further

discussion of quantities in Eqns. 6.1 and 6.2 can be found in Sec. 6.4.1.

To understand the response of the interferometer to opto-acoustic interac-

tions, we carried out detailed analysis of various interferometer (IFO) configurations

including a single cavity, a power recycling interferometer, a signal recycling interfer-

ometer, and a dual recycling interferometer. Eqn. 6.1 allows the study of parametric

instability for all such interferometer configurations by suitable adjustment of the

parameters TPRM, TSRM, d, and φ, as discussed in Sec. 6.3. All these configurations

give important insights into the complex response of the interferometer in relation to

parametric instability.

The analysis presented here is divided into 4 sections. In Sec. 6.3, we present

the modelling approach for different interferometer configurations. The detailed de-

scription of the model used to determine acoustic modes is described, as well as the

analysis of the optical mode structure. Sec. 6.4 evaluates parametric instability for

an interferometer similar to Advanced LIGO, in the absence of any parametric insta-

bility suppression devices. We first discuss the interactions of a single acoustic mode

with optical modes in various detector configurations. This analysis provides impor-

tant insights, and is used to explain results given in Secs. 6.4.2-6.4.4, in which full

multiple mode parametric instability is evaluated. Sec. 6.5 discusses two variations

on the Advanced LIGO design. The first is the effect of gold barrel coatings on the

test masses, which were suggested as a means of improving the thermal response of

the test masses. The second is the effect of suppressing individual transverse modes.

Finally, in Sec. 6.6 we summarise the entire analysis, discuss optimal interferometer

1The effective mass represents the amount of total mass participating in acoustic mode, and is

expressed in kg·m2 units [9].
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configurations for minimisation of parametric instability, and describe the effect of

glitches and other adverse operational conditions.

6.3 Modelling

In this section, we will address parametric instability in the four configurations con-

sisting of the single cavity (model SC), the power recycling and signal recycling inter-

ferometer (model PR and SR), and the dual recycling interferometer (model DR). All

these configurations are illustrated in Fig. 6.1. First, we will discuss various qualifica-

tions and limitations to the modelling, which relate to the multiplicity of test masses,

diffraction losses, and the Gouy phase of high order modes.

In all interferometer models, we assume that only the end test mass in one arm

cavity (cavity 1, ETM1) vibrates and is subject to parametric instability (see Fig.

6.1). Thus, all results shown in Secs. 6.4.3-6.4.4 refer to a single test mass. In reality,

all 4 test masses have slightly different resonant frequencies, so that each test mass

can be treated independently. Therefore, the actual number of unstable modes in any

interferometer is expected to be ∼ 4 times larger than the numbers presented here.

In previous work, and in the single cavity case, we carefully examined the effect of

diffraction losses. Unfortunately, the theory for the dual recycling interferometer does

not include diffraction losses. Indeed, an analytic solution that includes diffraction

losses is not available except in the case of the single cavity. Thus, we use our study

of diffraction losses in the single cavity situation to inform our discussion for the dual

recycling interferometer. We will show later that neglecting diffraction losses is not a

major issue, since weakly diffracting low order transverse modes are the main drivers

of instability, and diffraction losses only affect the higher order modes.

The transverse modes in interferometers with non-degenerate power and/or

signal recycling cavities have differing Gouy phases. In addition, variation in inter-

ferometer tuning changes these phases in the signal recycling cavity. The range of

possible parameters creates a situation that is too complex to address here. To cope

with this problem, we have chosen to simulate two extreme cases: a) the worst case
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model DR
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Figure 6.1: Optical layout of the model used in PI analysis. Model SC corresponds to the

simplest system of the single cavity. Models PR and SR correspond to the interferometer

with only power recycling or signal recycling, respectively. Model DR is a dual recycling

interferometer. In each model, only ETM1 is assumed to vibrate.

in which all transverse modes resonate, and b) the best case, where all transverse

modes are off resonance. To understand the implications of these assumptions, we

evaluated all intermediate relaxation rates between resonance and anti-resonance in

both compound cavities: the power recycling cavity (PRC) and signal recycling cavity

(SRC) in the symmetric interferometer. In this case, we use relaxation rates for the

compound cavities as follows:

δ =
cTITM

4L
, (6.5)

δPR = δ

(

1 − e−i2φpr
√

1 − TPRM

1 + e−i2φpr

√
1 − TPRM

)

, (6.6)

δSR = δ

(

1 − e−i2φsr
√

1 − TSRM

1 + e−i2φsr

√
1 − TSRM

)

. (6.7)

Here TITM, TPRM, TSRM are the transmissivities of the input test mass (ITM), power

recycling (PRM) and signal recycling (SRM) mirrors, respectively. The angles φpr

and φsr refer to the degree of resonance in the recycling cavities. The resonance and

anti-resonance cases correspond to angles of φ = 0◦ and 90◦, respectively.

If the PRC were a degenerate cavity, all modes would have the same relaxation rate

(for assumed constant diffraction losses) corresponding to φpr = 0◦. For the non-

degenerate cavity (the current Advanced LIGO design [17]), all TEMs differ in Gouy

phase and thus have relaxation rates somewhere between φ = 0◦ and 90◦ in Fig.
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Figure 6.2: Relaxation rates as a function of phase angle for power recycling (solid line)

and signal recycling (dashed line) compound cavities. Phase φ values of zero and π (0◦,

180◦) correspond to resonance, for which the cavity Q-factor is maximised, while phase

values π/2 and 3π/2 (90◦, 270◦) correspond to anti-resonance, for which the Q-factor is

minimised.

6.2. However, non-degenerate cavities can be designed in such a way that some se-

lected transverse optical modes would remain close to anti-resonance. Our assumption

of Gouy phase independence implies that in the anti-resonant cavity, all transverse

modes are anti-resonant, with the highest possible relaxation rate2.

For the two extreme cases of both the PRC and SRC, we assume that they are

either resonant (φpr = φsr = 0◦) or anti-resonant (φpr = φsr = 90◦). The resonant case

is very helpful in understanding the behaviour of the interferometer when transverse

optical modes resonate in either power or signal recycling cavities. With the help of

signal recycling mirror tuning, we can also simulate an intermediate state between

the on-resonance and off-resonance cases. For this reason, we define the SRM tuning

angle θ, which corresponds to various SRM positions. The SRM tuning angle θ refers

to tuning of the SRC away from the anti-resonance position (corresponding to the

broadband operational mode of the detector [18]). Therefore, φsr is related to θ as

2Note, the anti-resonant recycling cavity allows transmission of transverse modes because the

arm cavity reflects off modes with −π shift. Due to this additional phase shift, a cavity formed

by the recycling and input mirrors is in fact resonant as seen from inside of the arm cavity. This

resonant cavity extracts the power of transverse modes in the arm cavity and thus suppresses them.
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Table 6.1: Models used in the analysis for which parametric gain R was estimated. The

rightmost column gives parameters which correspond to particular IFO models. The asym-

metry parameter d = 0 corresponds to a symmetric interferometer.

Model Description Parameters

SC Single cavity TPRM=TSRM=100%, ωd
tem = ωtem1, d=0 a

PR IFO with PRM (on/off-resonance) TPRM=2.3%, TSRM=100%, d=0 or d6=0

SR IFO with SRM (on/off-resonance) TPRM=100%, TSRM=20%, d=0 or d6=0

DR IFO with DR (on/off-resonance) TPRM=2.3%, TSRM=20%, d6=0

aNote that for such a configuration, the parameter g−= 0 which leads to an undefined χ value in

Eqn. 6.2. However, any χ ∈ N results in correct estimates of parametric gain values, as obtained for

the single cavity using Eqn. 3 in [9]. Here, we assume χ = 1 for the single cavity.

φsr = 90◦ ± θ.

For Advanced LIGO, both recycling cavities are planned to be non-degenerate.

By considering both SRM tuning and extreme values of φpr, we can indirectly esti-

mate the influence of non-degeneracy on the parametric gain. More importantly, by

analysis of all the models listed in Table 6.1, we can obtain results for a configuration

similar to that of Advanced LIGO.

For symmetric arm cavities (d = 0), the radii of curvature (RoC) for the end test

masses (ETMs) and input test masses (ITMs) were assumed to be 2191 and 1971 m,

respectively. To introduce asymmetry, the radius of curvature of the end test mass

in the second arm cavity (ETM2) was assumed to be 10 m smaller than for ETM1,

i.e. RoC2 = 2181.0 m. For the models SR and DR, we use various SRM tuning angle

values. We discuss SRM tuning in more detail in the next section.

The overlapping parameters Λ were calculated using optical and acoustic eigen-

vectors. Acoustic modes were obtained from finite element analysis of the ETM. The

ETM model includes flats, bevels, a back face wedge of 0.5◦, and high-reflectivity

(HR) coating on the front face (see Table 6.2). Unfortunately for our modelling,

the Advanced LIGO wedge angle specification was changed after the acoustic mode

analysis was completed, to a new value of 0.08◦. This change affects the calculated
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resonant frequencies, and the details of individual mode instabilities. However, the

differences between models with a wedge angle of 0.5◦ and 0.08◦ do not change the

statistical results, which are the key outcomes of this work. The parametric gain is

calculated for a range of mirror radii of curvature to take into account thermal lensing

variations. The change in wedge angle is within the range explored by RoC variation.

In the finite element analysis, two types of low order quadratic elements were

used for meshing. The front face of the test mass model was meshed with layered 2D

shell elements, while the bulk of the test mass was meshed with 3D elements. The

entire ETM model consisted of 93000 elements. The optical coating on the test mass

is constructed with many alternating layers of tantala (Ta2O5) and fused silica (SiO2).

For the acoustic mode analysis, this can be modelled as a single layer of Ta2O5 and a

single layer of SiO2. The thickness of each of these layers was chosen to be 2.32 µm,

and 3.49 µm, respectively, corresponding to the total thickness required to obtain a

transmissivity of 5 ppm. The assumption of two layers is a valid approximation in the

numerical analysis, and does not affect acoustic mode modelling (calculation of the

coating strain energy for a 2-layer model, and that for a multi-layer model with the

same total coating thickness, gives the same results). This simplification substantially

reduces the CPU time for the analysis, which would otherwise by impractically large.

The parameters used for the acoustic and modal analysis are shown in Table 6.2.

A total of 5500 modes were determined, covering the frequency range of 5.8 -

140 kHz. The high number of elements ensured that all mode shapes were unaffected

by poor meshing. Convergence analysis of results with various numbers of elements

confirmed that the mode frequencies were accurate to within 0.5%.

Optical modes were calculated using an eigenvalue method. The full descrip-

tion of this method can be found in Gras et al. [20]. An example of mode shapes is

shown in Fig. 6.3. We calculated 60 optical eigenvectors, which are equivalent to the

complete set of transverse optical modes up to 8th order, as well as a few 9th, 10th

and 11th order modes. We extended the analysis beyond 8th order, to ensure that

all opto-acoustic interactions for the test mass with flats were included. The effect

of flats was unknown, and could increase the number of modes contributing to para-

metric instability. The frequency offsets ∆ = ωtem − ω00 for all 60 modes are shown
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Table 6.2: Notation and values for the main parameters used in this paper.

Optics:

L 3994.75 m Cavity length

TITM 1.4 % Input test mass transmissivity

TETM 5.0 ppm End test mass transmissivity

TPRM 2.3 % Power recycling mirror transmissivity

TSRM 20.0 % Signal recycling mirror transmissivity

λ 1.064·10−6 m Wavelength

RoCITM 1971 m Radius of curvature for ITM

RoC1 2171 - 2201 m Radius of curvature for ETM

in the arm cavity 1a

RoC2 2181 m Radius of curvature for ETM

in the arm cavity 2a

P 830 kW Circulating power in the arm cavities

-optical coating for ETMs:

1 layer each of Ta2O5/SiO2 with thickness of 2.32 µm, and 3.49 µmb, respectively

-optical coating for ITMs:

1 layer each of Ta2O5/SiO2 with thickness of 1.03 µm, and 1.65 µm, respectively

Material properties:

Ta2O5 SiO2 Ear bond

Young’s modulus 140 GPa 70 GPa 7.2 GPa

Poisson ratio 0.23 0.17 0.17

Density 8300 kg/m3 2201 kg/m3 2202 kg/m3

Refractive index 2.06539 1.45 -

Loss angle c 2.4·10−4+f·1.8·10−9 0.4·10−4+f·1.1·10−9 0.1

Test mass:

Material: fused silica

Radius 0.17 m

Thickness 0.2 m

Flats 0.095 m

Wedge angle d 0.5 deg

Mass 40 kg

Loss angle c 7.6·10−12·f 0.77

a see Sec. 6.4.

b For the purpose of numerical analysis, a multilayer coating was reduced to double layers with a

total thickness which corresponds to the sum of all 8/9 and 18/19 layers of Ta2O5/SiO2 for the ITM

and ETM, respectively.
c f-frequency. Note, the difference in loss angles for the substrate, and for the optical coating made

from fused silica. Losses were obtained from [19]. Additionally, coating loss angles were revised to

the current measured values.

d The current Advanced LIGO configuration has been modified to a wedge angle of 0.08◦, see Sec.

6.3.
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Acoustic:

Optical:

TEMh01 TEMv01 TEMh02 TEMv02 TEMh03 TEMv03

doublets

TEM 10

Figure 6.3: Example of acoustic (front face displacement) and optical modes (electric field

pattern) used for estimation of the overlapping parameter. Due to the suspension flats,

modes appears in pairs. The vertically and horizontally oriented modes differ in frequencies

(optical, acoustic) and diffraction loss values (optical). The higher the mode order, the

larger the difference in eigenvector values. This effect can be noticed in Fig. 6.4 as a slope

of the ∆-value vs. mode number, for modes within each order. The optical modes shown in

this figure correspond to TEMh01, TEMv01, TEMh02, TEMv02, TEMh03, TEMv03, and

TEM 10. Note that modes with p 6= 0 and q = 0 have only horizontal counterparts.

in Fig. 6.4. As shown later in Sec. 6.5, the optical mode set includes all interactions

which contribute significantly to parametric gain.

The symmetry breaking of the test mass, due to the presence of flats for bonding

suspension elements, results in the creation of doublets for both acoustic and optical

modes. Each mode of the same order has a horizontal (h) and vertical (v) counterpart,

where the distinction between h and v can be discerned in the mode shape diagrams

in Fig. 6.3.

The Λ-parameters were determined for all acoustic and optical mode combina-

tions. The integration in Eqn. 6.3 was performed over the uniformly-spaced optical

grid, with a grid size of 3.5 × 3.5 mm. We determined that if Λ ≤ 10−4, the gain

contribution is always negligible, so values of Λ < 10−4 were neglected.

To estimate the Q-factor of acoustic modes, 3 types of losses were taken into

account: a) the fused silica substrate (FS), b) coating losses (HR), and c) suspension
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Figure 6.4: Optical mode frequency offsets for the arm cavity with ITM RoC = 1971

m, and ETM RoC = 2191 m. The y-axis represents the frequency difference between the

transverse and fundamental modes, ∆ = ωtem − ω00. Each dot corresponds to a transverse

mode, grouped according to mode order, where the mode order for mode TEM pq is given

by 2p + q.

ears bonding (EB) losses. However, we did not include the ears in the model. The

ear design was not finalised at the time this work was undertaken. The total ear

bond loss area was assumed to be ∼ 9 cm2 with a thickness of 65 nm, located at the

position of the ears. All losses are described in Table 6.2. Fig. 6.5 shows the Q-factors

for acoustic modes. The graph shows the frequency dependence of the substrate loss,

which is mode shape independent, and the effect of adding mirror optical coating and

ear bonds. These additional losses have varying coupling to the substrate, so that the

overall modal Q-factors are scattered over a range of about a factor of 5. Most of the

modes have Q of ∼ 107, with a lowest value of ∼ 5 · 106.

The optical Q-factor is defined as Qtem = ωtem/2δ, where δ is the relaxation rate

(see Eqns. 6.5 - 6.7). Note that for any configuration considered here, all transverse

modes are assumed to have the same Q-factor. In many situations, this is a good ap-

proximation because cavity coupling losses are large. However, in reality, diffraction

losses in the arm cavities cause the quality factor to vary, depending on the mode

order and its spatial distribution. Since diffraction losses cannot be accommodated
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Figure 6.5: Quality factors for 5500 acoustic modes for substrate loss only (FS), substrate

with ear bonding (FS+EB), and all losses including optical coating (FS+EB+HR). It is

clear that the Q-factor value is mainly determined by optical coating losses.

in the dual recycling interferometer model, we tested the effect of diffraction losses in

the single cavity (model SC). By using both diffraction δ and coupling losses (which

are determined by the ITM transmissivity), the Q-factor of any transverse mode can

be defined as:

Qtem = −ωtem/(FSR · ln[(1 − δ)(1 − TITM)]). (6.8)

Eqn. 6.8 was then used to estimate the relaxation rates for all transverse modes in

the single cavity model.

6.4 Parametric Instability

To take into account mirror radius of curvature variation resulting from both manu-

facture and thermal lensing, parametric instability was evaluated for a range of radii

of curvature of ETM1: RoC1=2171-2201 m. Results were obtained using Eqn. 6.1.

For the asymmetric cases (d 6= 0), RoC2 was fixed and RoC1 was treated as a vari-

able. In some cases, we also considered symmetric arms for which both ETMs were

tuned by the same amount. The step size for RoC1 changes was 0.1 m. Because Λ

and ∆ωd are reasonably weak functions of RoC1, it is possible to interpolate their
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values. Thus, for every acoustic and optical mode, the overlapping parameter Λ and

the 3-mode detuning ∆ωd were calculated for RoC1 values of 2171, 2181, 2191, and

2201 m. These results were then interpolated to intermediate RoC1-values in order

to cover the entire RoC1 range. To ensure that all interactions were included in our

analysis, we calculated ∆ωd up to the 5th FSR range for each RoC step, such that:

∆ωd
tem = ∆d + k · FSR − ωm, (6.9)

where ∆d = ω00 − ωd
tem, and k = 0, ±1, ±2... , ±5. The superscript d indicates that

the 3-mode detuning concerns the arm cavity in the asymmetric interferometer. Since

both arms are assumed to differ in terms of RoC1 and RoC2, any transverse mode has

a different frequency in each arm. Mathematically, this is represented in Eqn. 6.9 as

ωd
tem = 1

2
(ωtem1 + ωtem2). Note that the assumption of arm cavity asymmetry mimics

a real interferometer, for which asymmetry is inevitable as a result of manufacturing

tolerance. By keeping RoC2 constant, while RoC1 is variable, we are able to simulate

a broad range of arm asymmetry, which turns out to be an important parameter in

PI suppression, as we show later in this section.

As discussed in the introduction, parametric gain is a result of both excitation

and damping processes. However, there is a very small chance of coincidence of both

damping and excitation occurring with large gain. Table 4.5 (see pages 105-107)

demonstrates this effect. For this reason, we confined our analysis to modes with

positive gain. The parametric gain for each acoustic mode was obtained using a sum-

mation over all interactions which have different values of ∆ωd
tem.

Before presenting the analysis of all 5500 acoustic modes in the configurations

listed in Table 6.1, we will present results for the interaction of one particular acoustic

mode with an optical mode. This helps in the interpretation of the multimode system,

and in assessing the predictions when multiple acoustic mode excitation processes are

considered.
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6.4.1 Single mode opto-acoustic interaction

According to Strigin and Vyatchanin [1], any transverse mode field in the arm cavity

1 of the interferometer (see Fig. 6.1) can be represented by two eigenfields:

ftem = eα+λ1t + eβ+λ2t. (6.10)

Each eigenfield refers to the transverse mode in the the power recycling, signal re-

cycling, or single cavity, depending on the interferometer model. The amplitudes

exp(α) and exp(β) are the initial amplitude at t = 0, which are insignificant in this

analysis. The complex coupling parameter χ defines the contribution of the second

eigenfield to the overall TEM field in the arm cavity. The complex parameters λ1, λ2

and χ have already been given in Sec. 6.2. The real parts of λ1 and λ2 correspond to

the relaxation rates of the eigenfields, while their imaginary parts correspond to the

3-mode detuning of each eigenfield, defined as:

∆ωi = ∆ωd + Im(λi). (6.11)

Note that if TPRM = TSRM = 1 and d = 0, then ∆ω1/2 = ∆ωSC, where ∆ωSC

corresponds to the 3-mode detuning parameter in the single cavity. According to

Eqn. 6.2, the coupling parameter χ = 1 if both arms are symmetric, i.e. d = 0. In

this case, the real part of the term in the square brackets in Eqn. 6.1 becomes:

Φ =
1

2

−Re(λ1) (Re(λ2)
2 + ∆ω2

2) − Re(λ2) (Re(λ1)
2 + ∆ω2

1)

(Re(λ1)2 + ∆ω2
1) (Re(λ2)2 + ∆ω2

2)
. (6.12)

The term Φ is helpful in estimating the quantitative difference in parametric gain

between different interferometer configurations. For simplicity, we assume that ∆ω1 =

∆ω2 = 0. Then Φ can be reduced to:

Φ =
−Re(λ2) − Re(λ1)

2Re(λ1)Re(λ2)
. (6.13)

Eqns. 6.10 and 6.13 allow us to estimate the effective relaxation rates of the trans-

verse mode ftem, and the variation of parametric gain in each configuration.

The analysis of a single opto-acoustic interaction was carried out for a 19.4

kHz acoustic mode with a TEMv12 optical mode. The three different configurations:
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Figure 6.6: Single mode resonance curves for the interferometer with only (a) power

recycling or (b) signal recycling cavities, respectively. The curve for the single cavity SC is

also plotted as a reference.

PR, SR, and DR were considered. In Figs. 6.6a and 6.6b, the parametric gain for

an interferometer with only PR or SR is presented. Each curve shows the effect of

tuning RoC1. The parametric gain for a single cavity is also shown in each figure.

The resonance peak for the single cavity is located at 2192.1 m.

For the PR case (Fig. 6.6a), a very sharp resonance peak (R = 368) for two dif-

ferent tuning schemes can be observed. The dot-dashed line corresponds to the case

where the cavity arms are symmetrical, and have the same Gouy phases, i.e. RoC1

= RoC2 at all times. In the other case, RoC2 was kept constant (RoC2 = 2192.1 m),

while RoC1 was tuned. In both tuning schemes, the peak becomes very narrow. Ac-

cording to Eqn. 6.10, the optical field in such a configuration is a superposition of the
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two eigenfields. The relaxation rates for these eigenfields correspond to -Re(λ1) = δPR

= 0.25 Hz, and −Re(λ2) = δSC = 43 Hz, respectively. Note that the first eigenfield

is related to the “common mode” in the PRC, whereas the second eigenfield refers

to the arm cavity. For both eigenfields, ∆ω1 and ∆ω2 reach minimum values at the

same location of 2192.1 m. Since Φ is proportional to the parametric gain R, and

for this configuration Φ = 1
2
(δ−1

PR + δ−1
SC) > ΦSC, where ΦSC = δ−1

SC
3 and δ−1

PR ≫ δ−1
SC,

therefore the peak in R is mainly due to the resonance in the power recycling cavity.

The peak gain is much higher than for the SC case.

However, the peak gain reduces significantly if asymmetry is introduced to the

system. This is shown in curves A, B, and C in Fig. 6.6a. Specifically, if |RoC1 −
RoC2| ≥ 1 m, corresponding to d >∼ δSC Hz, the peak gain is reduced from R ∼
300 to R ∼ 64 (curve C), due to the optimal relaxation rates of both eigenfields:

−Re(λ1) = −Re(λ2) = 1
2
(δSC + δPR). The peak gain is not further reduced if the

asymmetry is increased. For the case of small asymmetry of d < δSC, the peak is also

slightly shifted and its R-value ranges between 64 and 368, depending on the d-value.

The offset peaks are labeled A and B in Fig. 6.6a. They were obtained by setting

|RoC1 − RoC2| = 0.5 m.

Fig. 6.6b shows the interferometer with only an SR cavity. Two different SR

cases are considered: resonance (φ = 0◦) and anti-resonance (φ = 90◦). These two

SRC configurations contrast the extreme cases where the transverse mode is either

on-resonance or in anti-resonance in the SR cavity.

The on-resonance case is analogous to the PR case. A sharp peak (R = 285) is

mainly due to the relaxation rate of −Re(λ2) = δSR = 2.3 Hz, corresponding to the

coupled signal recycling cavity. The smaller relaxation rate of the SR cavity results

in a lower resonance peak compared with that of the PR case shown in Fig. 6.6a. If

the SRC is assumed to be in anti-resonance with no SRM tuning (θ = 0◦), and RoC2

= 2192.1 m, then the parametric gain is ∼ 50% lower (R = 17) in comparison to the

SC case (R = 32). For this configuration −Re(λ1) = δSC = 43 Hz, −Re(λ2) = 760

Hz, and hence Φ ≃ 1
2
δSC < ΦSC. This results in a lower gain peak compared with the

single cavity – this is also shown in Fig. 6.6b.

3For the assumed parameter χ = 1 (see Table 6.1), ΦSC = δ−1

SC
.
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The above analysis leads naturally to one particular case of dual recycling, where

TEMv12 is non-resonant in both the PR and SR cavities. In this case, the para-

metric gain further reduces by ∼ 93% to R = 0.9, with gain almost independent of

RoC. Parametric gain is now below the instability threshold (dot-dashed line in Fig.

6.6b). The dual recycling configuration, with an anti-resonant transverse mode, has

much lower gain. This leads us to expect that if anti-resonance could be achieved for

all transverse modes, the parametric instability problem would be greatly alleviated.

The results presented in the following sections confirm this conclusion.

The opto-acoustic interaction in the dual recycling (PRC + SRC) interferom-

eter with SR cavity tuning is shown in Fig. 6.7. Two different RoC tuning schemes

are presented: the symmetric case (Fig. 6.7a) and the asymmetric case (Fig. 6.7b).

In the symmetric case, both ETMs are tuned simultaneously to maintain symmetry,

whereas in the asymmetric case, RoC2 is fixed at 2181.0 m, while RoC1 is varied.

The SR cavity tuning is performed by varying the tuning angle θ with respect to the

broadband case. Eight arbitrary θ values are considered: ±5.5◦, ±12.5◦, ±20◦, and

±40◦. Each tuning angle refers to the TEM phase change in a single trip along the

SR cavity. The double gain peaks seen in Fig. 6.7a correspond to −Re(λ1) = δSR(θ),

and −Re(λ2) = δPR, respectively. The position of each maximum is correlated with

the position of the lowest ∆ω1 and ∆ω2 values for the respective eigenfields. At the

location of the sharp central peak, ∆ω1 = ∆ω2 = ∆ωSC in both the PRC and SRC.

Since δPR ≫ δSR(θ = 0◦) = 760 Hz, the resonance in the PRC is responsible for the

high peak gain (R = 352). The difference in R-value for this peak, in comparison to

the PR case, is explained by the fact that the anti-resonant SR cavity introduces ad-

ditional losses, according to Eqn. 6.2. When the SRM is tuned (θ 6= 0◦), the 3-mode

detuning parameters ∆ω1 and ∆ω2 no longer coincide at the same RoC1, ∆ω1 = ∆ω2.

The magnitude and position for ∆ω1 depends on the tuning angle. By tuning the

SRM, the peak related to the SR cavity is shifted with respect to the central peak,

either to the left or to the right, according to whether the tuning angle is positive or

negative, respectively. Therefore, as we tune the SRC further from anti-resonance,

we lower the relaxation rate of the eigenfield in the SRC (see Appendix 6.7.2). This

cause an increase of parametric gain value. These results are in a good agreement
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Figure 6.7: Single mode resonance curves for the dual recycling interferometer with (a)

symmetric arms, and (b) asymmetric arms. The power recycling cavity is assumed to be

able to sustain resonance of the TEMv12 mode, whereas the signal recycling cavity is set

to be anti-resonant (φ = 90◦), or else is tuned (φ 6= 90◦) to angles θ = 5.5◦, 12.5◦, 20◦, and

40◦. Each angle refers to the single trip phase change along the SR cavity with respect to

anti-resonance (see Sec. 6.3).

with work done on simpler model of dual recycling interferometer by Kells [21].

In the more realistic case where the arms are asymmetric, we observe only one

resonance peak in the whole RoC tuning range, as shown in Fig. 6.7b. There is a

noticeable difference for the broadband tuning (θ = 0◦). The sharp peak seen in Fig.

6.7a is now highly suppressed (bold dark line) if the arms are asymmetric. Therefore,

the arm asymmetry results in substantial suppression of parametric gain with respect

to the symmetric case. However, in the case of a tuned SRM, the peaks are less sup-
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Figure 6.8: Single mode resonance curves for the dual recycling interferometer with (a)

symmetric arms, and (b) asymmetric arms. It is assumed that TEMv12 does not resonate

in the PR cavity, and that the SR cavity is tuned away from the anti-resonance, as in Fig.

6.7.

pressed than for the symmetric RoC tuning. In all of these cases, we do not observe

a resonance in the PR cavity. There is no minimal ∆ω-value associated with the

eigenfield in the PR cavity. Thus, an asymmetry of 10 m between the ETMs prevents

the transverse mode from resonating in the PRC. Such asymmetry also affects the

relaxation rates −Re(λ1) and −Re(λ2). The relaxation rate for the eigenfield related

to the SRC is not only dependent on SRM tuning, but also depends on the degree

of arm asymmetry (Eqn. 6.2). Because [−Re(λ2(|θ|, d = 0))] > [−Re(λ2(|θ|, d 6= 0))],

the peak parametric gain in the case of asymmetric arm cavities with a tuned SRM

(Fig. 6.7b) is higher than for symmetric arm cavities.



6.4. PARAMETRIC INSTABILITY 177

Fig. 6.7b presents the DR case where the arm cavities are asymmetric, the PRC

is resonant for the transverse mode, but the SRC is either anti-resonant or is tuned by

an angle θ. Unlike the symmetric case (Fig. 6.7a) we now observe an asymmetry in

both the peak gain and RoC1-value for positive and negative SRM tuning. Because

∆ω for the eigenfield (Eqn. 6.11) depends on both the θ-sign and d-value, the gain

peak position varies. Moreover, as discussed above, the relaxation rate also depends

on d. The left and right gain peaks, with respect to the θ = 0◦ peak in Fig. 6.7a,

have different relaxation rates - a lower relaxation rate for larger d-values. Therefore,

the larger the arm asymmetry, the smaller the resonance peak shift and the higher

the parametric gain (see Appendix 6.7.3). We also notice that for the special case

when RoC2 = 2192.1 m, the peak gain is independent of SRM tuning, and cancels

the resonance condition in the SRC.

The results in Fig. 6.8 represent the best possible case in which the paramet-

ric gain is lowest. It is similar to the configurations shown in Fig. 6.7, but with the

assumption that TEMv12 is non-resonant in both PRC and SRC. The symmetric case

is shown in Fig. 6.8a. The anti-resonance of the PRC results in a large relaxation rate

of the eigenfield related to the PRC (δPR = 7278 Hz). Therefore, in the broadband

case (φ = 90◦, θ = 0◦), we obtain Φ = 1
2
(δ−1

PR + δ−1
SR) ≃ (2δSR)−1 with δSR = 760 Hz.

Thus, only the SRC contributes to the parametric gain, but the relaxation rate is

large enough to prevent the gain from exceeding unity. For SRM tuning (θ 6= 0◦), the

resonance peaks correspond to the mechanism already described for the case shown

in Fig. 6.7a.

We notice large differences for the asymmetric case shown in Fig. 6.8b. However,

the broadband configuration has similar gain, with R < 1. Unlike in the symmet-

ric case, the 3-mode detuning parameters ∆ω1 and ∆ω2 do not reach the resonant

condition ∆ωi ≃ 0 anywhere within the RoC1 range. For SRM tuning, there is only

one resonance peak which is related to the SRC, as expected. As shown earlier, the

relaxation rate decreases with |θ|, and thus the gain increases but remains below 10

for all SRM tuning angle values. In this configuration, we also observed large peak

shifts, even larger than for the cases shown in Fig. 6.7.
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The above example of a single optical mode interacting with a single acoustic mode

in the various interferometer configurations is very helpful in understanding the more

complex case where a large number of acoustic modes can interact with many optical

modes. We now go on to a more detailed description of the multimode system, in

which 5500 acoustic and 60 optical modes are taken into account. Note that each

optical mode has a different symmetry parameter d, because all modes resonate at

different frequencies. As we show later, the d-value has an important impact on the

multimode system.

6.4.2 Single cavity

As shown in the previous section, the single cavity is a highly simplified case compared

to an interferometer with power, signal, and asymmetric cavities. If both PRC and

SRC are anti-resonant for a particular transverse mode, then the compound mirror

transmissivity is substantially higher than that for the ITM itself. Therefore, the

single cavity can only be treated as a rough approximation for estimating parametric

instability. Despite this, there are many reasons why this is an important configu-

ration. Any unstable mode revealed in the single cavity is a potential threat which

can cause instability in the interferometer. The values obtained are neither upper nor

lower limits, but give an indication of the scale of the problem. As discussed earlier,

the SC case also allows diffraction losses to be explored.

To explore the effect of diffraction losses, we analysed parametric instability

for the SC case with the optical mode Q-factor determined either by coupling losses

(Eqn. 6.5) or by coupling and diffraction losses together (Eqn. 6.8). The parametric

gain for these configurations is shown in Fig. 6.9a. This figure shows the maximum

gain Rmax envelope as a function of RoC1. It is clear that Rmax does not exceed 100

over the entire RoC1 range. As the RoC1 is tuned, the number of unstable modes

varies due to changes in the resonance condition, as shown in Fig. 6.9b.

When diffraction losses are included, R-values are not simply reduced across the

entire range. This variation depends on which optical mode contributes to the ex-

citation of a particular acoustic mode (see Appendix 6.7.4). The relatively weak
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Figure 6.9: Parametric instability for the single cavity case. The top figure shows envelope

lines corresponding to the maximum R-value for a given radius of curvature of the end test

mass. The dashed line was constructed for the model with only coupling losses taken into

account, whereas the solid line reflects the case where both coupling and diffraction losses

contribute to the optical mode suppression. The bottom figure show the number of unstable

modes (R ≥ 1) for these two loss cases. The bright (red) histogram corresponds to coupling

losses, and the dark (blue) to coupling and diffraction losses. There is a marked reduction

in peak parametric gain, and in the number of unstable modes, for the test mass with RoC1

= 2187 m.

dependence of Rmax on diffraction losses indicates that low order transverse optical

modes are responsible for the strongest acoustic mode excitation. On the other hand,

from Fig. 6.9b, diffraction losses reduce the number of unstable modes by almost

50% on average. Unfortunately, most of the high gain values are due to low order
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transverse modes. Moreover, from Fig. 6.9a, the effect of test mass flats on para-

metric gain can also be observed. For example, peaks A and I in Appendix 6.7.4

show instability of two different acoustic modes due to the interaction with the same

optical mode type (pq), but with vertical and horizontal mode orientation. Thus, the

doublets shown in Fig. 6.3 have direct impact on parametric instability, resulting in

an increase in the number of resonance peaks.

The total number of unstable modes per test mass across the entire RoC1 range is

246, if diffraction losses are neglected. Considering diffraction losses, the total number

reduces to 67. However, the mean number of unstable modes (averaged over the entire

RoC1 range) is 17.6 without diffraction losses, reducing to 11.3 when diffraction losses

are included. The parametric gain mean value for diffracting and non-diffracting con-

figurations is 21.4 and 24.5, respectively. Instability occurs over a frequency range

14.112 - 109.49 kHz, which is comparable to a previous analysis obtained for sapphire

test masses.

6.4.3 Interferometer with power recycling cavity

One of the possible operational modes for Advanced LIGO will involve interferometer

operation without a signal recycling mirror [18]. Parametric instability for this config-

uration is presented below. Due to the constraints in our model, we can only simulate

two extreme cases: resonance and anti-resonance. Furthermore, we assume that each

case corresponds to the degenerate and non-degenerate power recycling cavity (see

Sec. 6.3). Therefore, for our non-degenerate case, all transverse modes remain anti-

resonant. However, in reality, a non-degenerate PRC still allows resonance because

their Gouy phases differ for various TEMs. Therefore, by considering the degenerate

PRC, we retrieve some information about modes which can resonate in the PRC.

Results for the PR interferometer with degenerate PRC are shown in Fig. 6.10a.

The SC curve (dashed line) is also plotted, as a reference. Fig. 6.10a shows a signifi-

cant difference between the ideal case where both arms are identical, and the realistic

case where the arms are not symmetric. The assumption of identical arms leads to

overestimating the number of unstable modes, and their R-values. For the symmetric
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b) PRC anti-resonant
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Figure 6.10: Parametric instability for the interferometer with power recycling mirror.

Fig. 6.10a shows the maximum gain Rmax for the interferometer with degenerate power

recycling cavity, at each RoC1 point. A solid faint line (red) corresponds to the case with

identical arm cavities, whereas the solid line (black) to the asymmetric arm case. Also, the

single cavity (SC) curve is presented as a reference. Fig. 6.10b shows parametric instability

for the non-degenerate case of the power recycling cavity. The right-hand figures of 6.10a

and 6.10b show the number of unstable modes for the interferometer with degenerate and

non-degenerate power recycling cavity, respectively.

case, the parametric gain can be as high ∼ 103 with very sharp and narrow peaks.

However, if the arm cavities differ by ∼ δSC Hz (equivalent to an RoC difference of

> 1 m), the sharp peaks are suppressed. The reduced gain is due to the fact that

the relaxation rates of transverse modes are given by 1
2
(δSC + δPR), as discussed in

Sec. 6.4.1. Note that in close vicinity to RoC1 = 2181 m (see insert in Fig. 6.10a),

corresponding to the symmetric arm case (d = 0), both cases give similar results with

a small peak shift, as expected.

The number of unstable modes for an interferometer with asymmetric arms, as

a function of RoC1, is shown in Fig. 6.10a. For this data, we found that there are

598 unstable modes over the RoC1 range, which reduces to 363 modes for d 6= 0.
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Across the RoC1 range, there are on average 11.6/15.5 unstable modes per test mass

for d = 0 and d 6= 0, respectively. The mean value of parametric gain is reduced from

<R> = 58.5 for the symmetric case to <R> = 34.6 for the asymmetric one.

Results for the interferometer with a non-degenerate PRC are shown in Fig.

6.10b. It becomes clear that for this configuration, there is significant parametric

gain reduction, while the number of unstable modes rises compared to the degenerate

cavity case. The assumed anti-resonance in the PRC increases the losses for all optical

modes which resonate in the arm cavity. Moreover, the peaks are shifted compared

with the single cavity case. This effect is analogous to that shown in Fig. 6.6a. The

increased relaxation rate causes the resonance peaks for unstable modes to be much

broader, so that they act over a larger range of RoC1. Therefore, the average number

of unstable modes is greater in comparison to the degenerate PRC case. However,

the system is now much less sensitive to variation of RoC1, and fewer acoustic modes

are excited over the RoC1 range. The total number of unstable modes over the RoC1

range is now reduced to 71, but the average number is 18.4. The parametric gain

mean value in this range is <R> = 9.8. Clearly, the anti-resonance condition favours

low parametric gain.

In summary, by considering two extreme scenarios for the PR case, we see that

the parametric gain level is at best ∼3, and at worst ∼100. However, as shown in Sec.

6.7.4, mainly transverse optical modes of order ≤ 4 drive the instabilities. Hence, a

non-degenerate PRC which could prevent resonance of all modes of order ≤ 5 would

substantially reduce the instability problem.

6.4.4 Dual recycling interferometer

For the dual recycling interferometer, we consider both broadband and tuned configu-

rations. In the broadband configuration, the SRC is anti-resonant (φ = 90◦), whereas

in the tuned configuration, we assume an SRM tuning angle of θ = −5.5◦ with respect

to the broadband case (see Sec. 6.3). This angle corresponds to an Advanced LIGO

operational mode for which there is greatest sensitivity to neutron star binary coales-

cence [18]. We also assume that the PRC can be either degenerate or non-degenerate.

Following the methods already discussed, we obtain data for peak gain and num-
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a) PRC resonant, SRC resonant
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Figure 6.11: Parametric instability for dual recycling interferometer. Both recycling cav-

ities are assumed to be degenerate cavities (φpr = φsr = 0◦) with no SRM tuning (θ = 0◦).

The transverse modes are allowed to resonate in both cavities. The left plot shows the

maximum gain Rmax for such a configuration. Also, the maximum gain (dashed line) for

the single cavity (SC) is included as a reference. The right plot is a histogram showing the

number of unstable modes as a function of RoC1 tuning.

ber of unstable modes for various configurations, which again correspond to the worst

case and the best case.

Fig. 6.11 shows the worst case: degenerate PRC and SRC. Both cavities sustain

a resonance of transverse modes. A noticeable feature for such a configuration is the

presence of high, sharp gain peaks and a relatively small number of unstable modes

per RoC1. However, the total number of unstable modes is 928. This indicates a large

dependence on RoC1 tuning. Even a small change in the arm asymmetry results in

excitation of different acoustic modes. The arm asymmetry causes gain peaks to be

very narrow, as previously shown (the central peak in Fig. 6.7b). The average number

of unstable modes is 7.5, whereas the average gain value is <R>= 85.2.

Fig. 6.12 shows the intermediate case: degenerate PRC with the SRC either anti-

resonant or tuned, while Fig. 6.13 shows the best case: the PRC anti-resonant and

the SRC either anti-resonant or tuned. Figs. 6.12a-b show sharp peaks around RoC1

= 2181.0 m, corresponding to the symmetric configuration RoC1 = RoC2. The

presence of peaks indicates a contribution of the PRC to the parametric gain. Since

the PRC is degenerate, its contribution must be dominant in close vicinity to RoC1

= RoC2. In general, according to Eqn. 6.2, if d2 > g2
− then all the transverse optical

modes would be directed to the SRC. Therefore, it is clear that the asymmetry be-
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(a) PRC resonant, SRC anti-resonant
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(b) PRC resonant, SRC tuned
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Figure 6.12: Parametric instability for dual recycling interferometer with degenerate power

recycling cavity. Top left plot shows the maximum gain Rmax at each RoC, for the broad-

band operational mode of the detector, whereas the bottom left plot shows the maximum

gain Rmax at each RoC for the SRM tuned by θ = −5.5◦ from the SRM position corre-

sponding to broadband operation of the detector. Each of these plots also shows the gain

R of the single cavity (SC) as a reference. The pegged structure between 2177 m and 2182

m is due to the low value of the asymmetry parameter d causing the cavity linewidths to

overlap. The histograms on the right show the number of unstable modes for these DR

configurations.

tween arm cavities should be well defined, in order to minimise the PRC contribution

to the gain. Note however that g− is assumed to be constant for all optical modes |g−|
= 380 Hz. This parameter should in general increase with larger diffraction losses.

Note that g− also depends on the relaxation rate shown in Fig. 6.2. In practice, dif-

ferent modes would have different relaxation rates due to differences in Gouy phase,

whereas our analysis assumes the best case (anti-resonant) or worst case (resonant).

But, on the other hand, the asymmetry parameter d varies for each optical mode.

Moreover, the quantity ∂d/∂RoC1 increases with TEM order (i.e. a steeper slope of d

vs. RoC1). Therefore, the condition d2 > g2
− remains roughly constant. This indicates
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(a) PRC anti-resonant, SRC anti-resonant
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(b) PRC anti-resonant, SRC tuned
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Figure 6.13: As in Fig. 6.12, but with a non-degenerate power recycling cavity.

that if the difference (RoC1 - RoC2) > 5 m, the PRC contribution becomes minimal

for most transverse modes. This effect can be seen in Figs. 6.12a-b. For RoC1 > 2186

m, only the SRC has an impact on the parametric gain level, resulting in a significant

suppression of unstable modes.

When the SRM is tuned to θ = -5.5◦, we observe higher R-values and a larger number

of unstable modes. This phenomenon was already demonstrated for a single mode

interaction in the previous section. Across the RoC1 range, the total number of un-

stable modes is 133 and 205 for the anti-resonant and tuned SRM cases. The mean

number of unstable modes over the range is 17.3 and 19.1, respectively. The mean

parametric gain is <R> = 18.4 and <R> = 22.7, respectively, for these two cases.

The results in Fig. 6.13 correspond to an interferometer with both PRC and

SRC anti-resonant. Since no resonance is allowed in the PRC, we do not observe

sharp peaks around RoC1 = RoC2 = 2181 m. Moreover, the parametric gain is now

almost independent of RoC1, with R ∼ 3 over the entire range. This arises because all

the resonance peaks are very broad, spanning almost the whole RoC1 range. For this

configuration, the total number of unstable modes is reduced to 23, with an average

of 18.8. We also notice that instability for this configuration occurs over ∼ half the
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acoustic mode frequency range, as compared with the single cavity. The unstable

acoustic modes occur in the range 8029.1 - 51250 Hz. Interestingly, with respect to

the SC, instability can occur for lower frequency acoustic modes due to the changes in

∆ω-values, which strongly depend on the parameter λ, as discussed in Section 6.4.1.

In the case of the tuned SRM, the mean peak parametric gain is almost 5: the total

number of unstable modes is 38, and the average number over the whole RoC1 range

is 19.8.

Every configuration presented here shows that across the RoC1 range considered,

we encounter instability. However, the gain level is greatly dependent on the resonance

condition in the power recycling and signal recycling cavities. We now go on to discuss

how optical design could alleviate the problem, and also consider the effect of gold

coating on test mass barrels.

6.5 Mode suppression

The primary purpose of this paper is to analyse parametric instability in advanced

high optical power interferometers without any instability suppression. Much work

has been done on suppression schemes [22; 23; 24]. However, we believe it is useful

to discuss two aspects. Firstly, could the gold coatings suggested for the barrel walls

of Advanced LIGO test masses be used as a viable suppression of parametric insta-

bility? Secondly, could suppression of a small number of optical modes (using active

or passive means) lead to a marked reduction in the threat of parametric instability?

In a separate study, we analysed the use of damping rings in the case of cavities

using sapphire test masses. Such passive damping is in principle the simplest method

of suppression of instability. A small amount of additional lossy material is applied

to the test masses in the shape of a strip around the test mass cylindrical walls. The

numerical analysis shows promising results for sapphire test masses [22]. Note that
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any additional loss added in to the substrate can also increase the thermal noise of

the detector.

To test this idea for fused silica test masses, we created a thermal noise (TN)

degradation map for various lossy strips having constant loss angle of 10−2 (see Sec.

6.7.5). This map was constructed with the help of Finite Element Analysis (FEA) to

obtain the strain energy. We used Levin’s approach to evaluate the thermal noise [25].

Each contour in Fig. 6.20 corresponds to the spectral density of the Brownian thermal

noise degradation due to damping rings on all 4 test masses. The strip was assumed

to be located on the barrel, but not on the flats. The degradation map allowed us to

test different damping strip dimensions, and to choose the optimal configuration. A

detailed description of this method is presented in [22].

We found only small differences in acoustic mode damping between strips of

different dimensions that contribute the same thermal noise degradation. Results

were similar to those obtained for sapphire test masses [22].

A gold barrel coating on test masses has been considered for Advanced LIGO in order

to a) improve thermal compensation performance [26], and b) reduce possible sources

of electrostatic charge [26]. For these reasons, we thought it would be interesting to

see if a gold coating might also be used for parametric instability suppression. To be

effective, it would have to be thicker than needed for the thermal and electrostatic

application. For this analysis, we chose the strip to be 1.1 µm thick and 19 cm wide,

causing a full TN degradation of 10%. Results for parametric instability with the

lossy gold barrel are shown in Figs. 6.14a-c. Three different configurations were con-

sidered: a) single cavity, b) IFO with anti-resonant transverse modes in PRC, and c)

dual recycling IFO where both recycling cavities are anti-resonant for all transverse

modes. The number of unstable modes for each configuration was estimated using

nominal circulating power (830 kW), and half the nominal power (415 kW).

The single cavity case shows that, despite a significant reduction in the number

of unstable modes, the gold barrel is not able to entirely remove instability for any

value of RoC1. However, a reduction of circulating power by 50% results in stability

of the single cavity for RoC1 ∼ 2185 m.

For the power recycling interferometer, the number of unstable modes is even
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(b) PR IFO (anti-resonant)
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(c) DR IFO (both anti-resonant)
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Figure 6.14: Number of unstable acoustic modes for the interferometer with barrel coated

test masses. Three different configurations are presented: (a) the single cavity, (b) power

recycling interferometer, and (c) dual recycling interferometer. Both recycling cavities are

assumed to be anti-resonant for all TEMs. The histograms of the unstable modes were

evaluated for two different arm cavity circulating powers: 830 kW (left column) and 415

kW (right column), respectively.

higher. However, parametric gain values are smaller than for the single cavity, due to

the resonant peak broadening described in the previous section. Thus, for the lower

circulating power, we obtain a larger stability window of ∼ 15 m.

In the dual recycling IFO, the gold coating reduces the number of unstable modes
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by ∼ 50%, with an average parametric gain value of <R> ≃ 1.6. Therefore, lowering

the circulating power by half removes all instability over the entire RoC1 range. Note

however that the mean value of R for the dual recycling IFO at full power changes

from 3.2 to 1.6 when the gold coating is added. This is a small level of suppression

for a rather high cost of 10% extra thermal noise. Thus, we conclude that the gold

coating approach to passive suppression is not a good choice. For a passive solution,

the tuned dampers analysed by Evans at al. [23] are likely to be more effective, with

less thermal noise penalty.

We have considered designs in which transverse modes are resonant or anti-

resonant in the recycling cavities. In reality, there is design freedom to find recycling

cavity configurations that could reject certain modes. There is also the possibility

that certain modes could be actively suppressed using methods of transverse mode

feedback [13]. Numerical analysis has shown that such a technique gives very useful

suppression of PI in interferometers with sapphire test masses [22].

Parametric instability is generally easier to control in interferometers with sap-

phire test masses because the acoustic mode density is low due to the high sound

velocity in sapphire. It was found that damping the lowest-order transverse mode

in a sapphire test mass interferometer significantly reduces the parametric instability

problem. However, in this work, close inspection of the optical modes responsible for

the instabilities reveals that both TEMv01 and TEMh01 are insignificant contribu-

tors to the maximum parametric gain over the entire tuning range in the single cavity

case, as shown in Fig. 6.15a. The TEM 01 modes correspond to optical mode number

2 and 3, as shown in Table 6.3 in Sec. 6.7.1. Surprisingly, while the acoustic mode

frequency increases, the contribution of higher order optical modes decreases. This

effect is mainly governed by the frequency match described by ∆ωSC. The highest

R-values appear only in the discrete frequency ranges of 14-25 kHz and 48-55 kHz,

as shown in Fig. 6.15b.

As mentioned earlier, in the dual recycling interferometer instability occurs

over a substantially reduced acoustic frequency range of 8-51 kHz. Fig. 6.15c shows

the contribution of transverse optical modes to the PI process. Interestingly, the
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Figure 6.15: Optical mode contribution to the parametric instability for the two optimal

configurations: (a-b) the single cavity and (c-d)dual recycling interferometer. Plots (a) and

(c) show all optical modes which interact with acoustic modes causing parametric gain to be

R ≥ 1. Optical mode numbers correspond to the transverse mode types shown in Table 6.3.

Plots (b) and (d) show R-values of the acoustic modes due to the selected optical modes

shown in plots (a) and (c).

two modes TEMh01 and TEMv01 now participate in the instability. Moreover, their

contribution is the most significant, with gain exceeding R ∼ 2. This indicates that

suppression of both modes becomes very useful in PI control. Eliminating these modes

reduces the parametric gain to R ∼ 1. Note however that this calculation refers to

the best case analysis, which is not fully realistic because it assumes equal tuning for

all transverse modes.

In this best case analysis of the dual recycling interferometer, the detector be-

comes nearly stable, and only a small reduction of power would be required to achieve

stability. If the Q-factor of all 12 unstable acoustic modes were reduced by a factor

of 3, then PI would be entirely removed. If the two TEM 01 modes were suppressed,

the 7 remaining unstable modes require a reduction in their Q-values by a factor of 2
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to attain stability.

6.6 Conclusions

We have analysed a dual recycling gravitational wave detector with parameters close

to those planned for Advanced LIGO. Our analysis confirms that detectors with pa-

rameters close to those of Advanced LIGO can be affected by parametric instability.

However, we have shown that analysis based on a single cavity, or on a degenerate

power recycling interferometer scheme, overestimate the number of unstable modes,

and their parametric gain. Simulations of various detector configurations presented

here allow a better understanding of parametric instability in dual recycling interfer-

ometers. From this, we are able to identify a configuration in which the chance of

parametric instability is minimised. However, it is important to emphasise that the

analysis presented here involves certain simplifying assumptions. In particular, we are

not able to model the range of Gouy phase for transverse modes which participate

in instability. Instead, we considered extreme cases. An actual interferometer falls

somewhere in between the best and worst cases that we analysed.

Single Mode Interaction Analysis: Our single mode analysis revealed the com-

plexity of the opto-acoustic interaction in the interferometer. We found that peaks

in parametric gain vary in amplitude, and in the radius of curvature at which they

occur, depending on the detector configuration - such as the level of arm asymmetry,

SRM tuning, and degree of degeneracy of the recycling cavities. All these factors

affect the relaxation rates and resonance condition of the transverse modes, in both

compound power recycling and signal recycling cavities.

Comparison of The Single Cavity and Dual Recycling Interferometer: In

the best case, the number of unstable acoustic modes and their parametric gain in a

dual recycling interferometer is greatly reduced in comparison to the single cavity. We

found that in the DR interferometer, parametric instability is transferred to lower fre-

quency acoustic modes. We found that instability is dominated by transverse modes

up to 4th order. The range of acoustic modes involved in PI is reduced from 14-109

kHz to 8-51 kHz. This indicates the significant difference between the single cavity
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and the full interferometer configuration. In general, the single cavity overestimates

the parametric gain and the number of unstable acoustic modes. However, it is a very

good diagnostic of optical and acoustic modes which could be potentially responsible

for instability. By preventing the single cavity transverse modes from resonating in

both recycling cavities, the magnitude of PI can be greatly reduced. The paramet-

ric gain becomes as low as ∼ 3 for the broadband DR detector configuration, and

increases with the SRM tuning. It is clear that the broadband configuration is not

far above the instability threshold. If the acoustic mode Q-factors were suppressed

by a factor of 3, the instability could be avoided, assuming that both the SRC and

PRC can be anti-resonant for all relevant transverse modes. Such a condition could

be very difficult to achieve for any power recycling design.

Effect of Detuning: The problem of parametric instability in a tuned interferometer

becomes more challenging, since the gain has a strong tendency to increase with the

SRM tuning angle even in the best case of the DR configuration with a degenerate

signal recycling cavity. In this case, the acoustic mode Q-factors need to be sup-

pressed by a factor of ∼ 10− 20 to attain stability. In the worst case with transverse

modes resonating in both recycling cavities, a Q-factor reduction of ∼ 100 is required

to reach stability. Therefore, parametric instability suppression methods with low

thermal noise are essential to control tuned detectors.

Optical Mode Suppression: To reduce intrinsic instability in dual recycling in-

terferometers, transverse modes up to 4th order should be suppressed, especially the

doublets of TEM 01, TEM 12, TEM 11, and TEM 03. Maintaining the anti-resonance

condition for these transverse modes strongly reduces the magnitude of PI. Thus, a

partial solution to the PI problem would be a design for which both the PRC and

SRC are close to anti-resonance for the above modes.

Arm Asymmetry: Arm cavity asymmetry plays an important role in parametric

instability. In a real scenario, the arms may well not be identical. The radius of

curvature of the mirrors in the arm cavities are expected to be manufactured with

an uncertainty of ∼ 1 − 2 m. Thus, transverse modes in each arm cavity resonate

at different frequencies. The direct consequence of this is that an asymmetry causes

noticeable parametric gain R suppression, by as much as a factor of 100. Asymmetry
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results in a higher relaxation rate for transverse modes compared with a perfectly

symmetric interferometer. Moreover, if the asymmetry is kept sufficiently large, then

the contribution of the PRC in a dual recycling interferometer can be made negligi-

ble. We showed that a 5 m difference in radius of curvature of ETMs (the radius of

curvature for ITMs was assumed to be equal) is enough to prevent transverse modes

from resonating in the PRC. The asymmetry requirement remains almost unchanged

for all transverse modes which contribute to instability.

Power Recycling Cavity: There are two main advantages of keeping close to the

anti-resonance condition in the PRC, for all TEMs up to 4th order or even higher.

Firstly, at anti-resonance, the relaxation rates are as high as possible. Thus, the

contribution of the PRC to parametric gain can be minimised. Secondly, and most

importantly, in the power recycling interferometer, keeping as many modes as possible

from resonating in the PRC is essential. Otherwise, the parametric gain may be as

high as R ∼ 1000 (symmetric arms) or R ∼ 100 (asymmetric arm). For a configura-

tion where the PRC is a non-degenerate cavity (with a resonating carrier), this cavity

should be designed so that the largest possible number of transverse modes remain

off resonance, and as close as possible to the anti-resonance condition.

Signal Recycling Cavity: Unlike the PRC, the SRC cavity is set on anti-resonance

for the carrier, or not far from it, depending on whether the interferometer is in

broadband operational mode or tuned mode. If the SRC were a degenerate cavity,

all transverse modes would follow the carrier phase, and hence all these modes would

stay at anti-resonance. Therefore, the disadvantage of the non-degenerate SRC is

due to the fact that even if it were possible to keep transverse modes anti-resonant

in broadband operation, it would not be the case for tuned operation – there would

be a chance that some transverse modes would be resonant. For this reason, the

degeneracy of the SRC minimises the chance of PI.

According to the above discussion, introducing an arm asymmetry, and keeping both

recycling cavities anti-resonant for optical modes ≤ 4th order, would be the most

optimal configuration for which instability would be minimised. Then it can be con-

trolled by reducing the circulating power in the arm cavities.

Acoustic Mode Q-suppression: The gold barrel coating suggested will not suf-
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ficiently help in suppressing the Q-factor of unstable modes. Even if it were thick

enough to add a 10% thermal noise degradation, it fails to suppress instability. We

believe that tuned acoustic mode suppression is more likely to be effective, with less

threat of thermal noise degradation. However, a tuned damping scheme must be able

to damp modes as low as 8 kHz, by a factor exceeding 100.

Optical Mode Suppression: We also showed that controlling the TEM 01 dou-

blets would reduce the gain in the dual recycling configuration. Unlike the case of the

single cavity, the TEM 01 modes become a dominant source of instability in the dual

recycling interferometer. Thus, active suppression of these modes, by their injection

with opposite phase into the arm cavities, would be an effective method of reducing

parametric gain. In the best case it would allow stability at about 50% of nominal

power, if no other suppression system were in place.

Future work–Mode Cleaners and Detector Glitches: This analysis has not

taken into account another feature of DR interferometer design: mode cleaners used

in the input and output paths. Both mode cleaners have the effect of reflecting trans-

verse modes, but their effect depends on the details of their design. Future work

needs to consider whether this would affect parametric instability.

Because parametric gain under adverse conditions can exceed 1000, it is important to

ask how transients and glitches causing cavity detuning might alter the configuration

to cause momentary high gain conditions. Loss of lock in one of the arm cavities

most probably would not increase the chance of parametric instability in a such dis-

turbed detector. According to our preliminary analysis, a system with one locked

and one unlocked cavity may increase relaxation rates of the transverse modes in the

locked cavity. However, the long thermal relaxation time of the thermal compensation

system means that there can be long term changes in transverse mode resonant con-

ditions, and this work has not explored all of the possible parameter space. Further

careful study is needed to clarify these issues.
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Fletcher for proof-reading this document. This research was supported by the Aus-

tralian Research Council and the Department of Education and Science. This work

is part of the Australian Consortium for Interferometric Gravitational Astronomy.



196 Chapter 6. PI IN ADVANCED GW DETECTORS

6.7 Appendix

6.7.1 Transverse optical modes

Table 6.3: Transverse optical modes included in the PI analysis. Indices p and q correspond

to the radial and azimuthal number, respectively. Each TEM pq type, with q 6= 0, creates a

doublet consisting of a vertically (v) or horizontally (h) oriented mode with respect to test

mass flats. TEMs with q = 0 appear to all be horizontally oriented modes.

Optical Mode type Diffraction Optical Mode type Diffraction

mode loss [ppm] mode loss [ppm]

number (round trip) number (round trip)

1 TEM 00 0.6 31 TEMb22 97246

2 TEMv01 9.1 32 TEM 30 1.11e5

3 TEMh01 12.0 33 TEMv15 1.17e5

4 TEMv02 84.6 34 TEMh15 1.19e5

5 TEMh02 104.4 35 TEMh09 1.51e5

6 TEM 10 181.5 36 TEMv09 1.54e5

7 TEMv03 543.1 37 TEMv23 1.77e5

8 TEMh03 603.1 38 TEMh23 1.83e5

9 TEMv11 1276.8 39 TEMv16 2.02e5

10 TEMh11 1668.5 40 TEMh16 2.08e5

11 TEMv04 2614.0 41 TEMv31 2.09e5

12 TEMh04 2897.5 42 TEMh31 2.33e5

13 TEMv12 6945.7 43 TEMv010 2.63e5

14 TEMh12 8016.6 44 TEMh010 2.66e5

15 TEMv05 9029.8 45 TEMv24 3.03e5

16 TEMh05 9342.8 46 TEMh24 3.13e5

17 TEM 20 10806 47 TEMh17 3.49e5

18 TEMv06 22981 48 TEMv17 3.52e5

19 TEMh06 23983 49 TEMv32 3.61e5

20 TEMv13 24508 50 TEMh32 3.77e5

21 TEMh13 26044 51 TEMh011 3.84e5

22 TEMv21 35697 52 TEMv011 3.87e5

23 TEMh21 42787 53 TEM 40 4.33e5

24 TEMv07 46123 54 TEMh012 4.93e5

25 TEMh07 46259 55 TEMv25 4.96e5

26 TEMv14 60484 56 TEMh25 4.99e5

27 TEMh14 63612 57 TEMv012 5.00e5

28 TEMh08 82560 58 TEMv18 5.20e5

29 TEMv08 82685 59 TEMh18 5.20e5

30 TEMv22 90445 60 TEMv33 5.80e5
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6.7.2 Relaxation rate vs. RoC for the dual recycling IFO
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Figure 6.16: Relaxation rates of two eigenfields in the DR interferometer. Each curve

corresponds to the real part of λ. Note that for symmetric arms, RoC1 = RoC2, the

relaxation rates correspond to those of the compound resonant power recycling cavity and

the compound anti-resonant signal recycling cavity, respectively.

Fig. 6.16 shows an example of relaxation rate variation with RoC1 tuning for two

eigenfields related to the TEMv12 mode. Parameter λ1 corresponds to the degenerate

PRC, whereas λ2 corresponds to the anti-resonant SRC cavity. Here we assume RoC2

to be 2186 m. Note that the optimal relaxation rates correspond to the location at

which the two arm cavities are symmetric. The more we tuned RoC1, the higher the

value of −Re(λ1), and the lower is −Re(λ2). For the RoC1 tuning with g2
− < d2, the

optimal relaxation rate obtained for both eigenfields equals 1
2
(δPR + δSR). Thus, for

RoC1 tuning beyond the range RoC2 ± 13 m, the relaxation rate reaches this optimal

value, and further tuning does not affect it. For the tuned SRM, which is not shown

here, −Re(λ2) becomes lower, resulting in a higher R-value. However, the optimal

relaxation rate can be obtained for much larger RoC1, exceeding the RoC1 tuning

range considered here.
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6.7.3 PI gain peak position vs. RoC
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Figure 6.17: PI gain peak shift in a dual recycling interferometer. The θ-value corresponds

to the SRM tuned away from the anti-resonance. It is clear that the gain peak position

is largely dependent on RoC1 tuning. The asymmetry with respect to the position RoC1-

RoC2 = 0 is clear. This explains the asymmetry in the peaks in Fig. 6.7b.

The results presented in Sec. 6.4.1 revealed a characteristic property of the tuned

interferometer. In our analysis, we consider two methods of interferometer tuning:

radius of curvature tuning, and signal recycling mirror tuning. Fig. 6.17 shows the PI

gain peak shift while the arm cavity is being tuned. The analysis shows an example of

the opto-acoustic interaction between the acoustic mode at 19.4 kHz and the optical

mode TEMv12, as described in Section 6.4.1. The zero value on the x-axis corresponds

to the maximal gain R for the simple cavity case, and refers to symmetrical arm

cavities in the interferometer with RoC1 = RoC2 = 2192.1 m (see Figs. 6.6, 6.7,

6.8). The -10 m point refers to the case where RoC1 = 2192.1 m and RoC2 = 2182.1

m. From Fig. 6.17, we note a strong variation of the peak position in both tuning

methods. It is clear that the peak position shifts on the left and right side of the

x-axis 0-point differ in magnitude. This explains why Fig. 6.7b shows asymmetry in

the R-value and peak position, with respect to 2192.1 m.
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6.7.4 Unstable mode identification for the single cavity case

It is a good idea to investigate the single cavity case, in order to find the most probable

opto-acoustic interactions responsible for parametric instability in the interferometer.

The single cavity covers most of the undesired interactions which could also appear

in the dual recycling interferometer.

The maximum R-values for the single cavity, with or without diffraction losses,

are shown in Fig. 6.18. Each peak corresponds to an unstable acoustic mode. All

opto-acoustic interactions with R ≥ 1 are listed in Table 6.4. The unique test mass

geometry (i.e. the effect of suspension flats) results in the creation of resonance peak

doublets. This is observed for the opto-acoustic interactions with optical modes of

type pq with q 6= 0. Indices p and q correspond to the radial and azimuthal indices,

respectively, of the transverse optical modes.

Since both acoustic and optical mode doublets differ in frequency, we observe double

peaks shifted in RoC, as shown in Fig. 6.18. For example peaks F, G correspond to

TEM 12 modes (v and h), whereas peaks I, J correspond to TEM 11 modes (v and
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Figure 6.18: Mode identification for the single cavity. The detailed description of each

peak is shown in Table 6.4. The topmost dashed line corresponds to the maximal parametric

gain for a given RoC1, considering only the coupling losses. The solid black line also gives

the maximal parametric gain, but with the diffraction losses of all the optical modes included

in the analysis. The solid black line corresponds to the maximal parametric gain for a given

radius of curvature of the ETM. The bottom dashed lines show an example of resonance

curves for the individual acoustic modes. The arrows indicate a suppression of the gain

peaks due to the diffraction losses.
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h). Note also that peak A is mainly due to the interaction with the TEM h11 mode.

According to Eqn. 6.8, by taking into account the optical structure to the 5th FSR,

we take all possible opto-acoustic interactions into account (all 5500 acoustic modes

used in our analysis lie within the 0-5 FSR order). For example, peak A corresponds

to axial mode number k = 0, whereas peaks I and K correspond to k = 1.

Table 6.4: Opto-acoustic interactions for the single cavity. For each peak in Fig. 6.18,

acoustic and optical counterparts are shown. The R-values for each optical mode contribut-

ing to the instability were calculated both with and without diffraction losses.

Peak Acoustic Optical R-value R-value
Id mode mode with without

[Hz] type diff. loss diff. loss

A 22733.7 TEMh13 2.1 7.6
TEMh21 1.8 9.8

B 51250.3 TEMh03 1.6 1.7
TEMh11 51.5 61.1

C 32979.6 TEMh31 R<1 19.0

D 46823.0 TEMh10 53.3 54.3

E 38570.2 TEMv24 R<1 14.0

F 14111.6 TEMv03 16.3 17.1

G 39750.1 TEMh40 R<1 15.3

H 39462.8 TEMh32 R<1 18.4

I 39518.6 TEMv32 R<1 18.8

J 19260.3 TEMh12 4.9 7.7
TEMh20 21.6 38.4

K 19376.6 TEMv12 24.1 35.6

L 19476.0 TEMh12 22.2 33.8
TEMh20 1.3 2.2

M 47312.5 TEMv02 17.6 17.7

N 14759.4 TEMv11 44.7 48.2

O 24653.1 TEMv21 11.1 34.5

P 14841.4 TEMh03 1.5 1.6
TEMh11 47.8 52.3
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6.7.5 Thermal noise analysis and ring damper design

In order to create a thermal noise (TN) degradation map, we estimated Brownian TN

for ITM and ETM test masses for beam spot sizes corresponding to RoCITM = 1971

m and RoCETM = 2191 m in a 39994.75 m cavity. The optical coating thicknesses

correspond to transmissivities of TITM = 1.4% and TITM = 5 ppm, as shown in Table

2.2. This TN analysis was evaluated based on Levin’s approach [25]. The strain energy

for both test masses was calculated with the help of Finite Element Analysis (FEA).

The results of the TN spectral density for ITM and ETM test masses are shown in

Table ??. The lossy strip analysis was performed according to Gras et al. [22]. We

used the information on the strain energy density in the barrel of each test mass to

evaluate the energy dissipation for the desired thickness of gold barrel coating. The

Q-factor of the gold coating was assumed to be Q = 100. An example of the strain

energy distribution in the barrel of the ETM is shown in Fig. 6.19. After estimation

of the TN for each test mass, we combined these results with the evaluated TN for

the strip as a function of width and thickness, and thus created a TN degradation

map, as shown in Fig. 6.20. This TN map allows us to simulate different strip widths

with known TN degradation. For our purpose, we use the whole barrel coating, but

without the flat areas visible in Fig. 6.19. The Q suppression due to the gold barrel

coating is shown in Fig. 6.21.

Table 6.5: Finite Element Analysis (FEA) results of Brownian thermal noise analysis for

similar to the Advanced LIGO ITM and ETM test masses, with radii of curvature of 1971

m and 2191 m, respectively.

Brownian Noise per test mass (FEA result): [m/
√

Hz]

ITM ETM

Coating 5.3875·10−21 5.5123·10−21

Substrate 8.2795·10−21 7.6423·10−21
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Figure 6.20: Thermal noise (TN) maps for the lossy strip. Each contour represents TN

spectral density degradation of the interferometer due to the attachment of the lossy strips to

all 4 test masses. For example, the contour marked with 20 corresponds to an interferometer

thermal noise increase by 20% with respect to the same interferometer without barrel coated

test masses. The Q-factor of the strip was assumed to correspond to a gold coating. Strips

with different widths are located at the optimal positions, corresponding to the minimal

contribution to the TN.
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Figure 6.21: Acoustic mode suppression due to the gold barrel coating on the ETM. The

labels FS, EB, and HR refer to losses of the substrate, ear bonds, and optical coating,

respectively
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Chapter 7

3-mode interactions: Evidence

and Applications

7.1 Preface

This thesis chapter complements previous ones by reporting some experimental re-

sults. Two different publications are presented here. I decided to include this work

in order to support the numerical analysis presented throughout this thesis, and to

show the significance of 3-mode opto-acoustic interactions for future applications.

The reader should get a glimpse of the current developments in experimental optics

concerning 3-mode interactions.

The first publication contains work on the observation of the 3-mode interactions

in an optical cavity at Gingin, whereas the second publication shows how the problem

of the 3-mode interactions can be harnessed to create new devices.

These papers are published in Physical Review A [1] and Physical Review Letters

[2]. I did not contribute to the experimental side of this work. My contribution was

confined to simulations requiring finite element modelling. I contributed about 20%

to the overall work presented in these publications, including a 50% contribution to

the simulation work.
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Observation of three-mode parametric interactions

in long optical cavities

C. Zhao, L. Ju, Y. Fan, S. Gras, B.J.J. Slagmolen, H. Miao, P. Barriga, and D.G.

Blair

School of Physics, The University of Western Australia, 35 Stirling Highway,

Crawley, WA 6009, Australia

D. J. Hosken, A. F. Brooks, P. J. Veitch, D. Mudge, and J. Munch

Department of Physics, The University of Adelaide, Adelaide, South Australia 5005

Australia

We report the observation of three-mode opto-acoustic parametric interac-

tions of the type predicted to cause parametric instabilities in a 77m-long,

high-optical-power cavity that uses suspended sapphire mirrors. Reso-

nant interaction occurs between two distinct optical modes and an acous-

tic mode of one mirror, when the difference in frequency between the

two optical cavity modes is close to the frequency of the acoustic mode.

Experimental results validate the theory of parametric instability in high-

power optical cavities, and demonstrate tunable parametric gain ∼ 10−2

and more than 20 dB amplification of a high-order optical mode power

generated by an applied acoustic signal.

7.2 Introduction

The principles of parametric interactions have been widely used in physics, including

in low noise microwave amplifiers, optical parametric amplifiers (OPAs) and opti-

cal spring interactions with mechanical resonators. In the case of opto-mechanical

interactions, a mechanical mode modulates the length of an optical cavity, thereby

changing the resonance condition of the optical mode. Such interactions have been

observed in [3; 4; 5], and have recently been used to ”cool” thermally excited me-

chanical modes of small acoustic resonators through the associated time dependent
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radiation pressure forces acting on the resonator [6; 7; 8; 9; 10]. Such techniques are

examples of two-mode parametric interactions, in which the linewidth of the optical

mode is sufficiently broad that the mechanical frequency occurs within the linewidth

of a single mode. The phenomenon reported here is analogous to stimulated Brillouin

scattering (SBS) [11; 12]. In this case, an optical mode from a resonator excites an

acoustic hypersonic wave in a material at optical wavelengths, from which a second

optical mode in the same resonator is excited by scattering off the moving sound

grating. Three-mode scattering into symmetric cavity longitudinal modes has been

studied in a LIGO interferometer [13]. To cause parametric instabilities, the scatter-

ing must occur into cavity modes which are distributed asymmetrically (in frequency

space) about the carrier frequency. In addition, the transverse structure of the optical

mode must match an acoustic mode structure.

Here, we present the first observation of such three-mode opto-acoustic paramet-

ric interactions. In this case, a cavity fundamental mode and a first order transverse

mode interact with a low frequency acoustic mode of a mirror. The energy in the

cavity fundamental mode (carrier) is scattered into the first order transverse mode

(sideband) by its interaction with an acoustic mode in one of the cavity mirrors. In

high-power and low-loss systems, this interaction can lead to parametric instability.

A one-dimensional analysis of three-mode opto-acoustic parametric interactions

in the context of advanced gravitational wave interferometers was described by Bra-

ginsky et al. [14; 15]. Their analysis was extended by Zhao et al. [16] to include the

3D acoustic mode structure of the mirrors, and the optical cavity mode shapes. Ju

et al. [17] went on to consider the effect of parametric scattering into multiple optical

modes.

These analyses predict that many of the features that optimise the sensitivity of

advanced gravitational wave detectors also increase the likelihood of the parametric

excitation of its mirrors. In particular, the new generation of advanced interferom-

eters will use large mirrors that have low acoustic losses, to reduce the effects of

radiation pressure fluctuations and Brownian noise, respectively. They use long opti-

cal cavities and extremely high stored power to reduce the effect of shot noise. The

resulting high optical and acoustic mode densities, plus high optical power, can lead
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to a risk of parametric excitation of the mirrors, without careful design. It is therefore

important that the above analyses be validated so that the practical importance of

parametric instabilities can be assessed. Here, we present experimental results for

three-mode parametric interactions. Measurements are in agreement with the theory

[14], and consistent with specific predictions for this experiment [18].

Table 7.1: Parameters of the cavity.

ITM ETM CP

Radius of curvature [m] Flat 720 Flat

Materials Sapphire Sapphire Fused silica

Diameter [mm] 100 150 160

Thickness [mm] 46 80 17

HR transmission [ppm] 1840±100 20

AR reflectivity 29±20 12±12 100

Cavity internal power [kW] 1

Cavity length [m] 77

7.2.1 Three-mode opto-acoustic parametric interactions

Parametric interactions can be considered as simple scattering processes [19], as in-

dicated in Fig. 7.1. In Fig. 7.1(a), a photon of frequency ω0 is scattered, creating

a lower frequency (Stokes) photon of frequency ωs and a phonon of frequency ωm,

which increases the occupation number of the acoustic mode. In Fig. 7.1(b) a photon

of frequency ω0 is scattered from a phonon creating a higher frequency (anti-Stokes)

photon of frequency ωa, which requires that the acoustic mode is a source of phonons,

thus reducing its occupation number. The scattering could create entangled pairs of

phonons and photons [20].

This three-mode interaction can only occur strongly if two conditions are met

simultaneously. Firstly, the optical cavity must support eigenmodes that have a fre-

quency difference approximately equal to the acoustic frequency: |ω0 − ωs(a)| ≈ ωm.

Secondly, the optical and acoustic modes must have a suitable spatial overlap. The

three-mode interaction in an optical cavity is shown schematically in Fig. 7.2, where

we assume only the end mirror is vibrating. The vibration of the end mirror surface

scatters part of the cavity TEM 00 mode into two sidebands of frequencies higher
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Figure 7.1: Parametric scattering of a photon of frequency ω0 (a) into a lower frequency

Stokes photon ωs, and a phonon ωm, and (b) into a higher frequency anti-Stokes photon

ωa, which requires destruction of a phonon.

or lower than the TEM 00 mode frequency by ωm, the acoustic mode frequency.

Depending on the end mirror acoustic mode pattern on the mirror surface, the scat-

tered sidebands may overlap with the cavity high order modes. If the acoustic mode

frequency is equal to the frequency difference between the TEM 00 mode and the

cavity high order modes, then one of the scattered sidebands may resonate inside

the cavity. The interactions between the TEM 00 mode and the scattered light will

create radiation pressure back action on the end mirror at the differential frequency

(|ω0 − ωs(a)| = ωm) between the TEM 00 mode and the scattered light. If the lower

sideband is resonant, the back action will excite the mirror acoustic mode and transfer

the energy from the light to the acoustic mode. If the higher sideband is resonant,

the back action will damp the acoustic mode by transferring acoustic mode energy

to the light. Only if the cavity has a pair of high order modes spaced symmetrically

on either side of the TEM 00 mode could both sidebands exist simultaneously. Then

the excitation and damping effects will cancel each other out. However, this is rare

because of the asymmetric nature of the cavity mode structure.

By solving the coupled dynamic equations of the acoustic mode and the cavity

optical modes, including the radiation pressure back action described above, Bra-

ginsky et al. [15] obtained a dimensionless parametric gain R, given in Eqn. 7.1, to

characterise the effect of the parametric scattering. In general, there may be multiple

Stokes (excitation) and anti-Stokes (damping) interactions for each acoustic mode.
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Figure 7.2: Schematic diagram of three-mode interactions in an optical cavity.

Positive R indicates that the interaction is dominated by excitation, and negative R

indicates that the interaction is dominated by damping. For simplicity, we include

only one of each interaction type [15]:

R =
4PQm

McLω2
m

[

QsΛs

1 + (∆ωs/γs)2
− QaΛa

1 + (∆ωa/γa)2

]

. (7.1)

Here, Qm is the quality factor of the acoustic mode; M is the mass of the mechanical

resonator; P is the power stored in the TEM 00 mode; L is the length of the cavity;

∆ωs(a) = |ω0 − ωs(a)| − ωm = ∆s(a) − ωm; ωs(a), Qs(a) and δs(a) = ωs(a)/2Qs(a) are the

frequencies, Q-factors and linewidths of the Stokes (anti-Stokes) optical modes. ∆s(a)

is the difference between the TEM 00 mode and the higher-order Stokes (anti-Stokes)

mode; and the overlap factors Λs(a) are given by [15]:

Λs(a) =
V (
∫

f0(~r⊥)fs(a)(~r⊥)uzd~r⊥)2

∫

|f0|2d~r⊥
∫

|fs(a)|2d~r⊥
∫

|~u|2dV
, (7.2)

where f0 and fs(a) describe the optical field distribution over the mirror surface for

the TEM 00 mode and higher-order modes respectively, ~u is the spatial displacement

vector for the acoustic mode, and uz is the component of ~u normal to the mirror sur-

face. The integrals
∫

d~r⊥ and
∫

dV correspond to integration over the mirror surface

and the mirror volume V respectively. The experiment described below investigated

the scattering process between the TEM 00 mode and an anti-Stokes TEM 01 mode,

so hereafter we omit the subscripts for ∆ω.

For positive R < 1, the amplitude of the acoustic mode is increased by a factor
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1/(1 − R). If R > 1, the amplitude should increase exponentially with time until

non-linear losses lead to saturation. For negative values of R, energy is extracted

from the acoustic mode, and, if it is normally in thermal equilibrium, the effective

mode temperature is cooled to a value of ∼T/R, where T is the physical temperature

of the acoustic resonator [8]. For R < 1, the interaction also causes changes in the

relaxation time of the acoustic mode.

The 3-mode interaction could thus be observed by monitoring either the am-

plitude or relaxation time of the acoustic mode, or by measuring the amplitude of

the anti-Stokes optical mode. In the experiment we report here, the maximum gain

accessible was R ∼ 10−2, and therefore we chose to measure the power scattered

into an anti-Stokes TEM 01 mode of an optical cavity, as the frequency difference

∆ω between the TEM 00 and TEM 01 mode was tuned across the 160kHz acoustic

resonance of a cavity mirror. The mirror was electrostatically excited using a comb

capacitor [21] placed near the mirror bottom back surface.

7.2.2 Experimental observation of 3-mode parametric inter-

actions

The layout of the measurement system is shown in Fig. 7.3. The optical cavity

consists of two sapphire mirrors suspended 77 m apart on simple wire-loop pendula

in a vacuum system, yielding a free-spectral range of about 1.9 MHz. The physical

and optical parameters of the cavity are listed in Table 7.1. The mirrors are aligned

to produce a Fabry-Perot cavity by applying magnetic forces to small magnets glued

to the backs of the mirrors [22].

The single frequency Nd:YAG laser was phase-locked and mode-matched to the

TEM 00 mode of the optical cavity, providing about 4 W at the input test mirror

(ITM). The TEM 00 finesse of the optical cavity is 1.3 × 103, limited mostly by the

absorption losses in the substrate of the rear-surface ITM, giving an intra-cavity TEM

00 power of about 1 kW. The nominal cold-cavity beam radius at the end test mirror

(ETM) is 9.2 mm, which reduces by thermal lensing to 8.6 mm at full power.

The acoustic mode shape and hot-cavity overlap factor were calculated using

finite element modelling. The calculated contour map of the normal component at
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Figure 7.3: Schematic diagram of the measurement system. The single-frequency Nd:YAG

laser was phase-locked to a TEM 00 mode of a 77-meter suspended-mirror cavity. The

end test mirror (ETM) was resonantly excited at the acoustic resonance. The fused silica

compensation plate (CP) was heated around its cylindrical surface, thereby inducing a

negative lens, which tuned the frequency difference between the TEM 00 and TEM 01

modes. The cavity tuning and the anti-Stokes TEM 01 mode excitation were measured

using the CCD and quadrant photodiode (QPD) at the back of ETM.

the ETM surface for the 158.11 kHz mode is shown in Fig. 7.4a. The acoustic mode

used for the measurement has a resonant frequency of 159.96 kHz, acceptably close

to the calculated frequency, considering the magnets and suspension wire attached

to the ETM, the accuracy of the material parameters, and the numerical calculation

accuracy [15]. The Q-factor of this mode was measured to be Q ≈ 7 × 105. The

overlap of this mode is indicated in Fig. 7.4b, in which a vertical cross-section of the

product of the mode amplitude and the TEM 00 mode is compared to the TEM 01

mode amplitude. The overlap factor for this mode is 1.67, assuming that the optical

mode is aligned with the geometric centre of the ETM.

Tuning of the frequency of the TEM 01 mode relative to that of the TEM 00 mode

was accomplished by using the intra-cavity low-absorption fused silica compensation-

plate (CP) shown in Fig. 7.3. Heating the CP around its cylindrical surface creates a

negative thermal lens, thereby changing the g-factor of the cavity, or equivalently the

effective curvature of the ITM. The frequency difference between the TEM 00 mode
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Figure 7.4: (a) A contour map of the normal component at the ETM surface of the acoustic

mode at 158.11 kHz; (b) a vertical cross section of the product of the mode amplitude and

the TEM 00 mode is compared to the TEM 01 mode amplitude.

ω0, and the anti-Stokes TEM 01 mode ωa, is given by:

∆ω = ω0 − ωa =
c

L

(

arccos

√

(1 − L

R1

)(1 − L

R2

)

)

, (7.3)

where R1 is the effective radius of curvature of the ITM, and R2 is the radius of

curvature of the ETM. Heating the CP with ∼ 15 W power over about 2 hours

increased the g-factor from its nominal hot-cavity value of 0.87 to greater than 0.99.

The tuning of the cavity and the power in the TEM 01 mode were measured

using the optical power leaking through the ETM. Some of this power was focused

by a lens to create an image of the ETM spot onto a CCD camera. The spot size was

used to calculate the effective curvature of the ITM, and thus the frequency difference

between the TEM 00 and TEM 01 modes.

The power in the TEM 01 mode was determined by using a differential readout

of the quadrant photodiode (QPD) to measure the heterodyne beat between the

overlapping TEM 00 and TEM 01 modes. The differential readout discriminates

against spurious signals due, for example, to direct acoustic modulation of the TEM

00 mode or electromagnetic pick-up. Note that any spurious signals should be largely

independent of the thermal tuning of the CP.

The square of the QPD voltage component at the acoustic mode frequency, which

is proportional to the power in the TEM 01 mode, is plotted as a function of the
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frequency difference between the TEM 00 and TEM 01 modes, ∆ω, in Fig. 7.5.

Fig. 7.5 also shows the parametric gain predicted by Eqn. 7.1, using the measured

input power, calculated overlap parameter, measured Q-factors and the TEM 01 mode

linewidth that was independently measured to be 1.46 kHz. The noise in the measured

data is due to fluctuations in the cavity alignment which affect the circulating power,

and also due to the mode overlap and the beam spot size measurement from which the

mode spacing is inferred. The optical readout of the beat signal represents a direct

measure of the transferred power. The energy transfer from the fundamental mode

ranges from 10−9 to 10−7 of TEM 00 mode power, which is not detectable as a power

loss in the TEM 00 mode. We can also see in Fig. 7.5 more than 20 dB amplification

of TEM 01 mode power generated by an applied acoustic signal.

Figure 7.5: Plot of the measured power of the TEM 01 mode (dots) as a function of the

frequency difference between the TEM 00 and TEM 01 modes (mode spacing). The peak

power occurs at the frequency difference corresponding to a cavity g-factor of 0.967. The

solid line is the parametric gain predicted by Eq (7.1), using the calculated overlap factor,

the independently measured linewidth of both optical modes, the input power, and the

measured acoustic mode Q-factor. The relative scale of the two y-axes has been corrected

by a multiplicative parameter due to the uncertainty of the acoustic excitation amplitude.

Measurement errors, predominantly due to alignment fluctuations, are worse at smaller

mode spacing where the cavity g-factor is higher.
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Figure 7.6: Recorded time trace of the QPD output demodulated at the 84 kHz acoustic

mode frequency (dots) after the electrostatic excitation was stopped at time zero. The solid

curve shows the expected exponential decay for the 84 kHz acoustic mode, which had a

Q-factor of ∼ 1.6 × 106.

We observed similar resonant parametric gain for another acoustic mode at ∼ 84

kHz. For this mode and the 160 kHz mode, we confirmed the linearity of the readout

by observing an accurate exponential decay of the mirror mode using the cavity

readout. For the 84 kHz mode, we also used an independent stress birefringence

readout [23] of the acoustic mode to verify that the high order mode signal is a

true readout of the acoustic mode. Fig. 7.6 shows the time trace for one of these

measurements.

The magnitude of R is proportional to a product of three quality factors, since

the circulating power P scales with the TEM 00 cavity loss. Our system has mirror

Q-factors limited by glued-on magnets, and optical losses limited by absorption in the

internal substrate of the ITM, and by Fresnel reflection at the compensation plate.

Nevertheless, we are able to observe the three-mode parametric interaction enhanced

by the cavity resonance. The corresponding parametric gain, as shown in Fig. 7.5,
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is ∼ 0.01. This is insufficient to substantially change the acoustic mode relaxation

time. However R ∼ 100 could be achieved by using cavity finesses ∼ 104, acoustic

mode Qm ∼ 4 × 107 and a laser power of 20 W. For a Stokes mode, this gain would

represent a severe parametric instability.

7.2.3 Conclusions

We have observed, for the first time, a three-mode parametric interaction in a long

optical cavity, in which photons in a TEM 00 optical mode are scattered by resonant

acoustic phonons into a TEM 01 mode. The system is analogous to SBS, and also

to an optical parametric amplifier, except that one optical mode is replaced with an

acoustic mode, and the non-linear interaction is via radiation pressure. We describe

the system as an opto-acoustic parametric amplifier (OAPA). By direct compari-

son with the OPA, the OAPA could be a source of phonon-photon entanglement,

and could find applications in quantum information, teleportation, and quantum en-

cryption [20]. Much effort has already gone into defining methods for suppressing

parametric instability in advanced gravitational wave detectors. A combination of

low noise damping rings [24] and stable power recycling cavity design [25] is likely to

lead to stable solutions.
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We introduce the three-mode opto-acoustic parametric amplifier (OAPA),

a close analog of the optical parametric amplifier (OPA), for macroscopic

quantum mechanics experiments. The radiation pressure reaction of light

on the reflective surface of an acoustic resonator provides nonlinearity

similar to the Kerr effect in the OPA. The OAPA can be tuned to operate

in a positive gain regime where an acoustic signal is directly amplified, or

in a negative gain regime in which acoustic modes are cooled. Compared

with conventional opto-acoustic devices, (i) the OAPA incorporates two

orthogonal transverse cavity modes such that the carrier and sideband

fields simultaneously resonate, and (ii) it is less susceptible to the laser

phase and amplitude noise. These two features significantly ease the ex-

perimental requirements for cooling of acoustic modes to their quantum

ground state, and for creating entangled pairs of phonons and photons.

7.3 Introduction

Macroscopic devices based on three-frequency interactions of electromagnetic waves

have provided powerful tools across a range of disciplines from radio astronomy to

quantum optics. In the 1960’s, the nonlinear properties of varactor diodes were used

to create extremely low noise non-degenerate parametric amplifiers for microwaves

[27]. Besides, the Kerr effect in nonlinear optical crystals has been used to create

optical parametric amplifiers and oscillators (OPAs and OPOs) with a broad range

of applications.

Recently, by coupling the acoustic mode of a resonator to one transverse cavity

mode, various table-top experiments [28; 29; 6; 8; 30; 7; 31; 9; 32; 33] demonstrated
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that the thermal occupation number of the acoustic mode can be significantly re-

duced, i.e. called self-cooling in the literature. These experiments can eventually reach

the quantum ground state of a macroscopic resonator if the appropriate parameter

regime is achieved [34; 35; 36]. The same scheme is also proposed to create stationary

opto-acoustic entanglement [37; 38]. Different from those setups, here we consider

three-mode OAPA, in which two orthogonal transverse cavity modes interact with

one acoustic mode. This device uses the intrinsic non-linearity provided by the radia-

tion pressure reaction of light on a reflective acoustic resonator to create a three-mode

interacting system closely analogous to the OPA, except that one channel is acoustic.

The OAPA utilises a resonant interaction among three high Q-factor resonators: two

optical, and one acoustic. This classical mechanism was first introduced and analysed

by Braginsky et al. [15] in the context of long optical cavities for gravitational-wave

detectors. The analysis was further elaborated in Refs. [16; 17; 39; 24] to simulate

the actual situation in typical advanced gravitational-wave detectors. More recently,

we gave a detailed quantum analysis of the system [40].

A three-mode parametric interaction can be considered as a scattering process

between a high intensity optical carrier ω0 and a pair of acoustic and optical modes.

The surface of an acoustic resonator vibrating at frequency ωm serves as one end mir-

ror of an optical cavity. The mirror scatters the carrier (usually the TEM 00 mode)

into upper and lower sidebands, at frequencies ω0 + ωm and ω0 − ωm, respectively.

If the lower sideband frequency is equal to a cavity higher transverse mode (e.g. the

TEM 01 mode), and thereby resonant inside the cavity, the scattering amplitude is

resonantly enhanced, causing an amplification of the acoustic mode. Alternatively,

if the upper sideband frequency is tuned to a cavity transverse mode frequency, the

resonant scattering corresponds to the absorption of acoustic energy, thereby reduc-

ing the acoustic mode occupation number. For the configurations considered in this

letter, both processes are separately accessible. Efficient 3-mode parametric interac-

tion requires (i) the optical cavity must support eigenmodes that have a frequency

difference (i.e. mode gap) approximately equal to the acoustic frequency, and (ii) the

optical and acoustic modes must have a suitable spatial overlap. By varying the ef-

fective g-factor of an 80m optical cavity using the thermal lensing effect, the mode
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gap is continuously tuned such that the above-mentioned conditions are satisfied, and

thus we demonstrated the three-mode interaction experimentally [1; 18].

In this letter, we show that such systems can be reduced to bench-top centimetre-

scale devices. They can be potentially applied to very sensitive signal transduction,

and to explorations of macroscopic quantum mechanics. In particular, we will focus

on the experimental feasibility of realising ground-state cooling of acoustic modes, and

of creating stationary entanglement among phonons and photons with such devices.

7.3.1 Quantitative description

As we have shown in Ref. [40], the OAPA can be described by the following Hamil-

tonian:

Ĥ =
1

2
~ ωm(q̂2

m + p̂2
m) + ~ ω0â

†â + ~ ω1b̂
†b̂

+ ~ G0q̂m(â†b̂ + b̂†â) + Ĥext. (7.4)

Here q̂m and p̂m are the dimensionless generalised position and momentum of the

acoustic mode oscillating at frequency ωm; â and b̂ are the annihilation operators

for the two transverse cavity modes respectively, e.g. the TEM 00 and TEM 01

modes considered here; the coupling constant G0 ≡
√

Λ ~ ω0 ω1/(m ωmL2) with Λ

quantifying the overlapping between the electromagnetic field pattern and the acoustic

displacement pattern, and L denotes the length of the cavity; Ĥext describes the

coupling between cavity modes and external continuum fields.

From the above Hamiltonian, we derived the detailed dynamics of the system via

the standard Langevin equation approach [40]. A summarising quantitative figure of

the parametric interaction is characterised by a dimensionless quantity — parametric

gain R, first introduced in Ref. [15]. It depends on the product of three quality

factors: those of the cavity modes Q0 and Q1 and that of the acoustic mode Qm. For

a single interacting set of modes, R can be written as

R =
8IinQ0Q1Qm

m ω0ω2
mL2

Λ

1 + (∆ω/γ1)2
. (7.5)

Here, Iin is the input laser power; ∆ω ≡ |ω0 − ω1| − ωm is the frequency detuning,

which is equal to zero in the resonant tuned case; γ1 ≡ ω1/(2Q1) is the half-linewidth
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(or damping rate) of the high order optical mode.

The opto-acoustic coupling influences the dynamics of the acoustic mode. In

particular, the damping rate γm ≡ ωm/(2Qm) of the acoustic mode is modified into

an effective one γ′
m, which can be written as

γ′
m ≈ (1 −R)γm. (7.6)

For positive R < 1, the amplitude of the acoustic mode is amplified by a factor

1/(1 − R). If R > 1, the system becomes unstable, for which the acoustic mode

amplitude increases exponentially with time until non-linear losses lead to saturation.

For negative values of R, the cavity modes extract energy from the acoustic mode,

and reduce its thermal occupation number. The effective occupation number n̄eff ,

derived in Ref. [40], is

n̄eff =
n̄

1 −R + n̄quant. (7.7)

Here the initial occupation number n̄ ≡ [e~ωm/(kBT0) − 1]−1 ≈ kBT0/(~ ωm), with T0

denoting the environmental temperature. For large negative gain (|R| ≫ 1), the final

achievable occupation number is set by the quantum limit n̄quant. In the tuned case

∆ω = 0, this is

n̄quant =

(

γ1

2ωm

)2

, (7.8)

which is the same as the resolved-sideband limit derived in the pioneering work of

Marquardt et al. [34] and Wilson-Rae et al. [35] for conventional opto-acoustic devices

with one transverse cavity mode and one acoustic mode.

Additionally, strongly coupled OAPA naturally allows creation of stationary

opto-acoustic quantum entanglements. By simultaneously driving the two trans-

verse cavity modes with large classical amplitude, we can achieve tripartite quantum

entanglement among two cavity modes and the acoustic mode. The mathematical

treatment is detailed in Ref. [40].

7.3.2 Experimental feasibility

Even though the mathematical structure of three-mode OAPA is similar to its con-

ventional two-mode counterpart, there are two significant differences from the ex-

perimental point of view. For the two-mode devices, the carrier light needs to be far
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detuned in order to achieve the resolved-sideband limit in the cooling experiment. The

opto-acoustic coupling strength is significantly limited by the available laser power,

especially for a large-size acoustic resonator. The three-mode system naturally solves

this issue by incorporating an additional transverse cavity mode. Both the carrier and

the sideband fields are simultaneously resonant, and coherently build up. This signif-

icantly enhances the opto-acoustic coupling in the quantum regime, as also pointed

out more recently by Dobrindt and Kippenberg [41]. In order to achieve the same

opto-acoustic coupling strength, the input optical power of the two-mode device needs

to be 1 + (∆/γ)2 (∆ is cavity detuning, and γ is the cavity linewidth) times larger

than the three-mode one. This is a large factor ∼ 30 for the optimal cooling regime

as suggested by Wilson-Rae et al. [35], and by Genes et al. [36], with ∆ ≈ ωm and

ωm/γ ≈ 5.

Additionally, the laser phase and amplitude noise poses a problem, in the con-

ventional two-mode opto-acoustic system for ground-state cooling. As first pointed

out by Diósi [42], and later elaborated by Rabl et al. [43], the laser noise drives the

acoustic resonator with a fluctuating force that sets forth a classical limit on the

minimally achievable occupation number of the acoustic mode, while for the three-

mode OAPA, the laser noise is naturally evaded. A rigorous argument is the fol-

lowing: the opto-acoustic interaction Hamiltonian for the two-mode system is given

by Ĥ2−mode
int = ~ G′

0 q̂m â†â, with coupling constant G′
0 ≡

√

~ ω2
0/(m ωmL2). The cav-

ity mode â is driven externally with a large classical amplitude α(t). By replacing

â → α(t) + â, and linearising the Hamiltonian, we obtain

Ĥ2−mode
int = ~ G′

0q̂m

[

|α(t)|2 + α∗(t)â + α(t)â†] . (7.9)

Due to the presence of the term |α(t)|2, the fluctuations in the classical amplitude (i.e.

amplitude and phase noises) will impose a random force on the acoustic mode, thus

increasing its effective occupation number. In contrast, for three-mode devices in the

cooling experiment, the TEM 00 mode is driven externally, but the TEM 01 mode is

not. After linearising the interaction Hamiltonian in Eqn. (7.4), with â → α(t) + â,

and b̂ unchanged, we have

Ĥ3−mode
int = ~ G0q̂m[α∗(t)b̂ + α(t)b̂†]. (7.10)
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Figure 7.7: Experimental demonstration of three-mode opto-acoustic parametric interac-

tion. (a) The schematic setup of the experiment. A thermal tuning plate (indicated by the

arrow) was used to vary the cavity g-factor to tune the frequency difference between the

TEM 01 and TEM 00 modes. The resonant scattering of the TEM 01 mode is detected by

a quadrant photodiode (QPD). (b) Experimental results fitted by a Lorentzian curve. The

first peak corresponds to three-mode interactions with an acoustic mode at 160.0 kHz, and

a second one at 84.8 kHz. As the suspended cavity g-factor approaches unity, the cavity

becomes extremely sensitive to angular fluctuations, and unstable. Finally, it loses lock,

and the data collection is ceased.

The classical fluctuating term |α(t)|2 vanishes at the leading order we are interested

in. The three-mode device naturally achieves an equivalent interferometric configu-

ration, which is insusceptible to the classical laser noise.

To confirm the physics of the three-mode OAPA, we used an 80 m suspended

optical cavity, with about 4 W of 1064 nm incident power, and cylindrical sap-

phire mirrors of mass ∼ 5.5 kg. We tuned the cavity transverse mode frequency

using an electrically heated intra-cavity fused silica thermal tuning plate, as shown

schematically in Fig. 7.7(a). This plate acts as a variable focal length lens allowing

the cavity g-factor to be tuned from 0.87 to 0.99, where the g-factor is defined as

g = (1 − L/R1)(1 − L/R2) for a cavity with length L, and two end mirror radii of

curvature R1 and R2. When g = 0.934 and 0.981, the frequency difference between

the TEM 00 and TEM 01 modes become resonant with acoustic modes at 160.0 kHz,
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Figure 7.8: Proposed experimental setup. A tuning cavity serves as an add-on to the main

cavity, to tune the frequency difference between TEM 00 and TEM 01 modes. An ordinary

photodiode (PD), QPD and a capacitive readout allow detections of the TEM 00, TEM 01

and the acoustic modes independently. The TEM 01 mode injection is only necessary in

the tripartite quantum entanglement experiment, in which an acoustic-optical modulator

(AOM) and a phase mask (PM) create the right frequency and wavefront for the TEM 01

mode.

and 84.8 kHz, respectively. As the transverse modes become resonant with the de-

sired sideband frequency, Lorentzian peaks in the detected TEM 01 mode power are

observed by a differential quadrant photodiode, as shown in Fig. 7.7(b). We also con-

firmed linear transduction, and correlation between the optical and acoustic signals,

by comparing the direct readout of acoustic modes excited in M2 with the TEM 01

signal. In this experiment, we achieved a peak parametric gain at the level of ∼ 10−2,

for both acoustic modes. Full details of these observations are presented in Ref. [18].

7.3.3 Proposed experiment

As we can conclude from Eqn. (7.5), the parametric gain is inversely proportional to

the mass. Since the underlying principle applies to all scales, it would be much easier

to achieve higher parametric gain with a low mass resonator. In Fig. 7.8, we proposed

a compact table-top experimental setup of an OAPA. We incorporate an additional

tuning cavity on top of the main interaction cavity, which form a pair of coupled

cavities, as suggested in Ref. [44]. The tuning cavity consists of mirrors M0, M1 and

a lens L1 (or a concave mirror in a folded setup, if optical loss is an issue). This can

be viewed as an effective mirror but with mode- and frequency-dependent reflectivity,

simply due to the fact that the TEM 00 and TEM 01 modes experience different

Gouy phase shift and propagating phase inside the tuning cavity. This setup allows
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us to continuously tune the frequency difference between the TEM 00 and TEM 01

modes, such that both resonant positive and negative gain regimes are accessible by

slightly changing the positions of M1 and L1. In this setup, the TEM 00 and TEM 01

modes can be independently detected from the transmitted light, using an ordinary

photodiode and a quadrant photodiode. The acoustic mode is also monitored by a

capacitive readout. Independent readouts of optical and acoustic modes are crucial

for revealing both the classical and quantum correlations among different modes.

To be qualified as an acoustic mode amplifier, or observe self-sustained oscillation

with R ∼ 1, is relatively easy to achieve with current technology. As a numerical

estimation, we choose the case of a mg scale mirror and ωm/2π = 106 Hz. In this

case, R = 1 is achieved with a cavity finesse of 5000, Qm = 105, and 1 mW of a YAG

laser incident power. In this case, the OAPA acts as an acoustic amplifier, increasing

the acoustic mode amplitude by the gain 1/(1 −R).

In order to achieve large parametric gain, and eventually to realise quantum-

ground state cooling of the acoustic modes, low acoustic loss and low environmental

temperature are essential. Since optical coatings have high acoustic loss, it is essential

that the coating mass contributes a small fraction of the resonator mass, and that the

part of the resonator supporting the mirror coatings be physically separated from the

part experiencing large elastic deformation. The multi-layer Si O2/Ta2O5 coatings

required to achieve low optical loss have relatively large and roughly temperature

independent mechanical loss ∼ 10−4 [45]. Three-mode cooling makes it possible to

cool much larger (mm scale) resonators so that the coating mass fraction is small.

Generally, the Q-factor is determined by Q−1 = Q−1
int + Q−1

coating(∆E/E) [17], where

∆E is the strain energy stored in the coating, and E is the total strain energy of the

resonator mode concerned. We have modelled a mg spindle-shaped silicon torsional

resonator which could be etched from a silicon wafer. This acts as a rigid body

resonator, and achieves a very good overlap to a TEM 01 optical mode. The contours

in Fig. 7.9(a) show the strain amplitude, which is concentrated in the spindle ends,

and minimum at the centre where the TEM 01 mode interacts. The strain energy

ratio ∆E/E is calculated to be 6.5 × 10−4 with a coating area of 0.5 mm × 0.5 mm,

and thickness of 5 µm. Assuming Qintrinsic ∼ 108, Qcoating ∼ 104, the resulting Q-
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a) b) c)

Figure 7.9: Resonator design. (a) A silicon torsional mode resonator of dimensions ∼
1 mm×0.8 mm×0.5 mm, and mass ∼ 1 mg, with resonant frequency ∼1 MHz. The contours

show the strain amplitude, which is concentrated in the spindle ends, and minimum at the

centre where the TEM 01 mode interacts. (b) Displacement distribution of the surface

of the resonator torsional mode, showing a simple torsional displacement gradient along a

central vertical axis. (c) The optical TEM 01 mode amplitude distribution, which has good

overlap with the acoustic mode.

factor of the coated resonator will be Qm = 1.4 × 107. The resonator torsional mode

displacement distribution, and the TEM 01 cavity mode amplitude distribution, are

shown in Fig. 7.9(b) and Fig. 7.9(c), respectively. This gives an overlap factor Λ ∼ 1.

Given an optical finesse of 5 × 104, only 50 mW of input optical power, and an

initial environmental temperature ∼ 4 K, the final effective occupation number n̄eff

of the acoustic mode for a 1 mg oscillator is approximately 0.1. As we have shown

in Ref. [40], the same setup also allows us to explore stationary tripartite opto-

acoustic quantum entanglement. Also due to the strong optoacoustic coupling by the

simultaneous build-up of both carrier and sideband fields, the entanglement is robust

against environmental temperature changes, and persists when the environmental

temperature goes up to 80 K.

7.3.4 Conclusion

In conclusion, we have shown that, by using three tuned resonant modes, and radia-

tion pressure-induced non-linearity, strongly coupled opto-acoustic amplifiers can be

created, which are analogous to OPAs. We have shown that such interacting systems,

first observed in an 80m cavity, can be reduced to tunable cm-scale OAPA devices

using three-mirror coupled cavities. We showed that such OAPAs can be used to

cool mg-scale mechanical resonators to the quantum ground state, with practically
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achievable parameters. Besides opening a new method to explore fundamental quan-

tum mechanics in macroscopic systems, the OAPA enables measurement at the single

quanta level of displacement, mass, force, charge, or of biological entities [4]. As

strong sources of entanglement, they could find applications in quantum information,

teleportation, and quantum encryption.
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Chapter 8

Conclusions and Further Work

In this final chapter, I present a summary of my dissertation work, emphasising

conclusions drawn, and relevant future work that could be done.

8.1 Conclusions

This thesis presents numerical investigations of 3-mode opto-acoustic interactions for

high power interferometric gravitational wave detectors. The most important results

from this thesis are outlined below.

Two different materials for the test mass substrate were investigated: sap-

phire and fused silica. The results presented here show that sapphire test masses

have fewer modes excited than in fused silica test masses, due to the reduced acoustic

mode density. However, the fused silica frequency loss dependence, combined with

an excess loss in the optical coating, results in fused silica test masses not having

substantially more unstable modes than sapphire test masses. These criteria are in-

sufficient to make sapphire a preferable material for minimising parametric instability

(PI). Typically, parametric instability can occur for acoustic modes in the range not

exceeding ∼ 110 kHz, for both materials. However, this range can be confined to

lower frequencies, depending on interferometer configuration and recycling cavity de-

sign. The range can be reduced by ∼ 50%, if both recycling cavities do not sustain

resonances of the transverse optical modes.

Three different shapes of test masses are considered here: pure cylinders, cylin-

233
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ders with wedged faces, and cylinders with wedges and suspension flats on the barrel.

Noticeable symmetry breaking of the test mass is observed in the test mass with

suspension flats. This results in the creation of doublets for both acoustic and op-

tical modes. Each mode has a horizontal and vertical counterpart. The doublets of

acoustic and optical modes differ in frequency, therefore parametric gain peaks are

observed as double peaks. This indicates that test mass flats result in an increase of

the number of unstable modes by a factor ∼ 2.

Analysis of two different beam geometries: Gaussian beam and Mesa beam,

revealed that cavities supporting Mesa beams are likely to be more susceptible to

parametric instability. Such cavities have ∼ 3 times as many unstable modes as

compared to a conventional Gaussian beam cavity. However, the mean parametric

gain is slightly lower. Since all configurations analysed require instability mitigation,

the greater number of unstable modes is not sufficient to preclude the Mesa beam

configuration.

It is shown that resonant scattering into multiple Stokes and anti-Stokes trans-

verse modes can occur. The analysis clearly indicates that these two processes do not

cancel out, due to an asymmetry between Stokes and anti-Stokes transverse modes in

the detector arm cavities. More importantly, multiple transverse mode interactions

add to increase the parametric gain. It is essential to consider multiple interactions

to properly estimate the parametric gain value.

Transverse optical modes which contribute to instabilities vary depending on the

interferometer configuration. However, the intrinsic cut-off appears at modes above

8th order. Above that order, geometrical mismatch between optical and acoustic

modes is the dominant factor which sets the threshold, even if relatively low-loss

transverse optical modes exist above 8th order. The parametric gain values due to

higher order modes are small. The dominant transverse modes are those up to 4th

order, but the TEM 01 mode has a particular significance for the parametric insta-

bility. A substantial fraction of unstable acoustic modes are due to this transverse

optical mode. Optical rejection of the TEM 01 mode from both arm cavities evidently

improves the PI situation for both sapphire and fused silica test masses. One might

imagine that this could be achieved by designing the recycling cavities so that the
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TEM 01 mode is anti-resonant. In fact, this is not sufficient to suppress its effect

in the arm cavities. This mode may be very broad (i.e. lossy), but it still causes

parametric gain above unity.

The parametric gain value and number of unstable acoustic modes are usually

overestimated, if computed for only a single cavity. Nevertheless, analysis for a single

cavity provides a very good diagnostic for the optical and acoustic modes which could

be potentially responsible for instability. Unlike for the single cavity, the analysis of

dual recycling interferometers reveals that the parametric gain is highly sensitive to

the precise conditions of the interferometer.

To overcome computational difficulties in the analysis of dual recycling interfer-

ometers, I considered two extreme cases for the interferometer configurations, corre-

sponding to recycling cavities where all the transverse modes were resonant, or else

anti-resonant. In reality, such mode-independent tuning can only be achieved with

degenerate cavities. The dual recycling interferometer, with recycling cavities either

resonant or anti-resonant, shows strong differences in parametric gain value. Results

show that when both recycling cavities are anti-resonant for transverse optical modes,

the gain can be as low as ∼ 3, whereas for both recycling cavities resonant, parametric

gain values can be as high as ∼ 1000. Non-degeneracy of the signal recycling mirror

(SRM) seems to be a disadvantage, due to the fact that by tuning the SRM away

from anti-resonance, there is a chance that a transverse mode can become resonant.

By keeping the signal recycling cavity degenerate, the transverse mode would follow

the carrier phase, and stay close to anti-resonance. Unfortunately, when SRM tuning

is used to change the interferometer bandwidth, the parametric gain has a strong

tendency to increase with tuning angle.

I also found that arm cavity asymmetry (e.g. different radii of curvature of

ETMs), as expected in a real scenario, plays an important role in parametric in-

stability. Arm asymmetry causes noticeable parametric gain suppression, by as much

as a factor of 100 with respect to the case of perfectly symmetric cavity arms. If the

asymmetry is kept sufficiently large, with a & 5 m difference in the radii of curvature

of ETMs, transverse optical modes can be prevented from resonating in the power

recycling cavity.
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All the analysis presented in this thesis emphasises how tuning the radii of curva-

ture of the test masses acts to control the resonant condition for 3-mode interactions.

This occurs because the transverse optical modes have relatively low relaxation rates

(narrow linewidths), compared to the acoustic mode spacing, and thereby tuning is

available through radius of curvature variation. However, the situation varies with

interferometer configurations. In particular, when transverse mode relaxation rates

are increased by anti-resonant tuning of the recycling cavities, the linewidths become

very broad, as does the parametric gain tuning curve. This has two consequences:

(a) radius of curvature tuning is no longer efficient, and (b) the parametric gain is

substantially reduced.

Another method of controlling parametric instability investigated in this thesis

is the application of a damping ring. This passive method can significantly reduce

acoustic mode Q-factors, and thus lower the parametric gain of unstable modes. The

numerical analysis reveals interesting aspects of ring damper design. I explored their

remarkable property of strongly reducing acoustic mode Q-factors, with relatively

small thermal noise penalty for the optical displacement measurements. The Brow-

nian thermal noise contribution and the Q-reduction scale directly as the product of

φ · Vring for strip widths less than 10 mm, where φ is the loss angle for the ring with

volume Vring. This product remains relevant as long as the damping ring is acousti-

cally matched to the test mass, and allows for geometric redesign of the damping ring

with alternative values of strip thickness. Good damping can be obtained for most of

the unstable modes in ring dampers with widths of ∼ 20% of the test mass thickness.

Unfortunately, damping rings do not provide uniform suppression, due to vari-

able mechanical coupling of the ring to the various acoustic modes. The non-uniform

damping of acoustic modes does not make the ring damper ideal for limiting para-

metric instability. Despite reducing the number of unstable modes, and lowering the

average parametric gain, a Brownian thermal noise penalty of 20% is required to

suppress instability in typical cavities for advanced interferometers. Also, a special

case of the ring damper, consisting of a gold barrel coating on the test masses, was

investigated for Advanced LIGO type test masses. I found that barrel coating with

10% noise penalty reduced instability, but failed to suppress instability in all acoustic
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modes.

In support of the above analysis, observations of the 3-mode opto-acoustic in-

teractions are reported. The experiment at Gingin showed that these 3-mode in-

teractions can indeed occur over long baselines. The cavity length was ∼ 80 m.

The Gaussian TEM 00 carrier mode was scattered into a TEM 01 mode by reso-

nant acoustic phonons, with specific thermal tuning. Recently, we have shown that

3-mode interactions can be engineered to create small-scale opto-acoustic parametric

amplifiers (OAPAs), which offer a broad range of applications in quantum optics.

8.2 Further work

Computational methods for the prediction of parametric instability in actual inter-

ferometers still require further development. There is a need for more automated

codes relevant to the design requirements for recycling cavities in advanced detectors.

The importance of dual recycling cavities in parametric instability analysis has been

shown in this thesis. However, the analysis was limited to extreme cases for these

cavities (all modes anti-resonant, or all modes resonant, for both recycling cavities).

In order to understand instabilities in actual interferometers, the parametric insta-

bility models must include detailed modelling of the modal structure of the recycling

cavities. To do this, more sophisticated and automated codes are required to deal

with a larger amount of data. Increased flexibility is also required to enable designers

to consider small changes in the system parameters. The numerical model must be

able to analyse the Gouy phase of each transverse mode in both recycling cavities,

instead of making the assumption of their Gouy phase independence.

For the complete prediction of parametric instability, the inclusion of mode clean-

ers should also be investigated, and if necessary implemented in the analysis.

Moreover, diffraction losses are required to be taken into account for all the

relevant interferometer configurations. This means that the analytical formulation

needs to be elaborated. Diffraction losses are likely to slightly lower the parametric

gain, but, as shown here for the single cavity, the effect is not very strong. However,

diffraction losses set limits on the highest transverse mode orders which should be
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considered. A more automated analysis tool should also help in the identification

of all transverse modes potentially responsible for instabilities. By having all con-

straints in hand, this would help to design practical strategies to suppress parametric

instabilities in advanced and third-generation detectors.
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