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Abstract

A novel type of solid-state frequency standard is presented based on maser oscilla-

tion in a cylindrical sapphire monocrystal. A dilute concentration of residual Fe3+

ions in the crystal have an Electron Spin Resonance (ESR) associated with them at

zero applied magnetic field. A 3-level system is observed corresponding to the elec-

tron spin |1/2〉, |3/2〉, and |5/2〉 states of the active ion. When a pump frequency of

31.3 GHz is applied at sufficient power, population inversion is achieved and maser

oscillation is measured at the ‘signal’ frequency of 12.037 GHz, corresponding to

a radiative transition between the lower two states. The pump and signal modes

of the maser are enhanced by extremely high Q-factor Whispering Gallery (WG)

modes (several billion at liquid helium temperature), and frequency instability of

only parts in 1014 is easily achieved.

A number of important experimental results are presented. The first observation

of bimodal maser oscillation and the measurement of the Schawlow-Townes noise

limit in the thermal regime is described, as well as the determination that annealing

in air converts Fe2+ ions to Fe3+ ions in sapphire. This conversion enabled improve-

ment in the output power of the maser by 20 dB. A flicker noise cancelling readout

system was developed for ultra low power microwave signals in order to counter-

act performance-limiting behaviour of the necessary amplification chain. The first

cooling of a high-Q factor WG mode resonator to millikelvin temperatures was per-

formed, where for high power we characterise a thermal instability brought on by

the material properties of sapphire, and in the low limit of single photon power, the

Q-factor degraded by a factor of 2 to 10, and was measured to be a few times 108.

Finally, a strong Kerr-type nonlinearity in the sapphire due to the Fe3+ impurity is

observed and modelled, and the potential for quantum applications is discussed.
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7. Creedon, D.L., Benmessäı, K., Tobar, M.E. (2012), “Microwave Comb Gen-

eration in a Nonlinear Fe3+:Al2O3 Whispering Gallery Mode Resonator”, Sub-

mitted to Applied Physics Letters

Section(s): Chapter 9

Contributions: Experimental - 80%, Manuscript preparation - 90%

iv



Conference Proceedings

1. Hartnett, J.G., Creedon, D.L., Chambon, D., Santarelli, G. (2009), “Stabil-

ity measurements of frequency synthesis with cryogenic sapphire oscillators”,

in Proceedings of the 2009 IEEE International Frequency Control Symposium

Joint with the 22nd European Frequency and Time Forum, pp. 372-375

Section(s): Parts of Chapter 5

Contributions: Experimental - 40%
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4. Benmessäı, K., Mrad, M., Creedon, D.L., Le Floch, J.-M., Tobar, M.E.,
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1
Introduction

Overview

This thesis explores the characterisation, development, and improvement of a cryo-

genic solid-state maser based on Fe3+ ions in a sapphire whispering gallery (WG)

mode resonator. Two distinct research themes are explored – the development of

the maser as a precision frequency standard, and the characterisation of the maser

as an interesting potential testbed for engineered quantum systems.

The system possesses a variety of desirable experimental properties. As a fre-

quency standard, its simplicity is quite astounding; it can näıvely be described

as a “black box” which only requires the injection of a few milliwatts of 31 GHz

microwave radiation to result in the output of a 12 GHz signal with fractional fre-

quency stability currently exceeding 9×10−15 at 30 seconds of integration time. The

amount of stabilisation required – nothing more than simple temperature control of

the resonator – is remarkable when compared to the current spectrum of complicated

frequency standards such as atomic fountain clocks, Hydrogen masers, trapped ion

clocks, or even the closest relative to this project, the Cryogenic Sapphire Oscillator.

For quantum measurement and computing applications, I show in this thesis that

sapphire is uniquely suited to the task. At microwave frequencies and in the regime

of temperature approaching absolute zero, a current area of interest for quantum
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measurement and control, I show that sapphire has extremely low dielectric loss,

possesses a nonlinearity necessary to engineer systems such as a quantum bits, and

has excellent tunability. The presence of residual paramagnetic ions in the lattice,

which demonstrate relaxation times on the order of several seconds, is of particular

interest for attempts to create a quantum memory with long coherence times.
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1.1. THESIS OUTLINE

1.1 Thesis Outline

This thesis is arranged into 9 chapters which describe research I conducted at The

University of Western Australia, The University of Queensland, and the FEMTO-ST

Institute in Besançon, France between February 2008 and August 2011. The bulk

of the thesis is presented as a series of papers, which have been published in or

submitted to peer-reviewed academic journals.

Chapter 1 describes the aims and motivations of this thesis, and give a broad

overview of the body of work presented herein. I give a concise account of the

scientific history leading up to this project, and describe the current ‘state of

the art’ in this field of research. The key results of my research are given with

chapter references.

Chapter 2 is a technical introduction which aims to familiarise the reader with

important terminology and give a good working knowledge of relevant back-

ground theory and experimental techniques used in the thesis.

Chapter 3 describes research I undertook with collaborators from Institut FEMTO-

ST, a French research institute affiliated with the Centre National de la Recherche

Scientifique (CNRS) and Université de Franche-Comté. We achieved bimodal

maser excitation for the first time, and I show that we operate at the fundamen-

tal Schawlow-Townes limit of fractional frequency stability due to thermally

induced Nyquist noise.

Chapter 4 introduces attempts to improve the output power of the maser. An

annealing technique in an oxygen-rich environment is employed, which I show

causes en-masse conversion of residual Fe2+ ions in the sapphire lattice into

Fe3+ ions. This results in a 20 dB improvement in maser output power, leading

to a potential order-of-magnitude improvement in the Shawlow-Townes limit

reported in Chapter 3.
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Chapter 5 presents a readout system I developed for the measurement and com-

parison of extremely weak microwave signals (of order 0.1 pW) which can

typically be found at the output of an unannealed sapphire maser. I show

that, when operated in a simultaneous multi-mode amplification configura-

tion, flicker noise introduced in the amplification chain is correlated between

the signals. This added 1/f noise can be cancelled using a novel self-mixing

technique, whose effectiveness I demonstrate with phase noise and frequency

stability measurements on two systems.

Chapter 6 is an account of a research collaboration I undertook at the Quantum

Devices Laboratory at the University of Queensland. I performed the first

ever cooldown of a bulk sapphire sample to millikelvin temperatures, and

measured thermal bistability effects at microwave frequencies analogous to

those previously only observed in optics with silica microspheres. I present

measurements of the lowest frequency-temperature turnover points ever seen,

and show that the onset of the (undesirable) thermal bistability is suppressed

when operated at these points.

Chapter 7 introduces research I performed at the University of Queensland as part

of a collaboration within the ARC Centre of Excellence for Engineered Quan-

tum Systems. I made the first measurements of the dielectric loss of sapphire

at millikelvin temperature and single photon excitation strength. I show that

sapphire has excellent potential for use as the insulating material in Josephson

Junction qubits as it does not suffer from two-level state (TLS) losses at exper-

imentally relevant temperatures, input powers, and operating frequencies. It

has been shown that TLS losses are a major source of decoherence in current

qubit technology.

Chapter 8 describes the first observation of a strong magnetic nonlinearity in the

maser sapphire resonator arising from a mere 150 parts-per-billion concentra-

tion of the active ion. I model the effect as a degenerate four-wave mixing
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process, and provide data showing relaxation times on the order of 7 seconds.

In light of these results, I discuss the suitability of HEMEX-grade sapphire for

a host of future quantum measurement experiments.

Chapter 9 describes a novel use of the four-wave mixing effect (described in Chap-

ter 8) to excite microwave comb generation. Using a double-pump input,

exquisite frequency stability is achieved, with the fractional instability of the

comb repetition rate at the output comparable to that of a commercial Hy-

drogen maser.

Chapter 10 summarises the main achievements of the research presented in this

thesis, and gives an outlook for future directions in this field.

Appendix A catalogues the final print copies of the research presented in this

thesis that has been published in scholarly journals.

Appendix B catalogues papers resulting from research not presented in this thesis

that have been published in scholarly journals or are currently undergoing peer

review.

Appendix C is the body of a private communication from Prof. Warwick Bowen

of the University of Queensland, presented as a supplement to Chapter 8 for

the interested reader. The appendix presents the full mathematical model of

the work discussed in that chapter.

1.2 History & Motivation

1.2.1 Synopsis of modern timekeeping

Significant effort has been invested over the last century to improve the precision of

timekeeping, to the extent that atomic clocks now exist which will neither gain nor
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lose a second in more than 3.5 billion years. But why do we require such breath-

taking precision when measuring time, and equivalently frequency? Foremost is the

obvious need for a consistent, reproducible, and accurate definition of something as

fundamental as time in an internationally agreed system of units. Until the mid

1900s, the definition of the second was based on periodic motions of the solar sys-

tem, originally the duration of 1⁄86,400 of the mean solar day, derived from Earth’s

rotation about its polar axis. However, precise astronomical observations showed

that this was a particularly poor realisation of the second, as the Earth’s rotation

experiences irregularities over short time scales and slowing over the longer term

due to tidal friction caused by angular momentum exchange with the moon. This

slowing is the reason why leap seconds must be added to Coordinated Universal

Time on a semi-yearly basis to ensure it remains consistent with mean solar time,

and is in fact so significant that a velociraptor living in the Cretaceous period would

have experienced a year with about 373 days.2

In a push for a more uniform representation of time, the definition was later

changed to one based on the more stable rotation of Earth around the Sun - the

fraction 1⁄31,556,925.9747 of the tropical year at a particular ephemeris.3 Finally, with

growing technological development came the realisation of the first truly accurate

man-made clock in 1955,4 with a frequency stable to 1 part in 109 based on magnetic

resonance of a caesium atomic beam. This accuracy was increased by an order of

magnitude over the next decade in other caesium clocks, and it was realised that

man-made atomic clocks, which measure a period of time based on a radiative tran-

sition between energy levels in an atom, were vastly superior to the status quo of

observations of celestial phenomena. In fact, by all sensible measures, man-made

atomic clocks exceed the accuracy and stability of any source in the universe includ-

ing millisecond pulsars.5

In light of this, the second was redefined in 1967 by the International Bureau
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of Weights & Measures (BIPM) to be the duration of 9,192,631,770 periods of the

radiation corresponding to the transition between the two hyperfine levels of the

ground state of the caesium-133 atom,6 revised in 1997 to specify a caesium-133

atom at a thermodynamic temperature of 0 Kelvin, unperturbed by external fields.

This definition is at the core of the SI (Système International) unit system and is of

remarkable importance in science and technology, as the SI definitions of the metre,

and ampere also depend on it as well as dozens of SI derived units such as the Volt,

Joule, Newton, Watt, and Tesla. Although the realisation of the second currently

has the smallest uncertainty of any standard unit, there is a push for the second

to be redefined again, as the most recent generation of atomic clocks operating at

optical frequencies have demonstrated performance exceeding that of the caesium

standard by more than an order of magnitude. Uncertainties as low as 8.6×10−18

have been measured in optical clocks based on laser-cooled trapped Al+ ions,7 and

it is anticipated that clocks based on optical transitions in a range of other ions and

neutral atoms could exceed this performance in the near future.

1.2.2 Applications of Precise Time & Frequency Standards

Advances in precision frequency metrology find wide-reaching use in scientific and

consumer applications. Modern precision timekeeping has its roots in maritime nav-

igation as far back as 18th century, where the need for precise latitude determination

catalysed the development of the first accurate mechanical clocks. Today, navigation

remains one of the most familiar applications of precision frequency sources, with a

constellation of Global Positioning System (GPS) satellites orbiting the Earth pro-

viding accurate position, velocity, and time information to GPS receivers anywhere

in the world. Each satellite carries an ensemble of atomic clocks which, although

‘only’ having frequency stability of parts in 1012 (1 second in 32,000 years), allow the

rapid determination of position accurate to within meters on Earth. Equally familiar

is the application of highly frequency-stable oscillators to, almost without exception,

every wireless communication and sensing system in existence. Mobile telephony,
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satellite communication, wireless networking, military and civilian radar, high-speed

digital electronics, and spacecraft tracking and navigation are only a small selection

of applications in which highly stable frequency sources are indispensable today. In

the case of space applications, for example, the accuracy of the signals required for

communications and positioning have evolved to a point where frequency stabilities

better than that of a commercial Hydrogen maser (parts in 1015) are required. An-

gular positioning of spacecraft in the sky as well as high-resolution radio astronomy

is performed using the Very Long Baseline Interferometry (VLBI) technique. In the

future it is expected that frequency standards with stabilities on the order of one

part in 1015 will be necessary for VLBI purposes, with similar stability also required

for velocity determination using Doppler techniques. Western Australia is currently

a shortlisted candidate for housing the Square Kilometre Array (SKA), a radio tele-

scope making use of VLBI to perform observations 50 times more sensitive than

current state of the art. The need for such precision is obvious when we consider

that the uncertainty in the position of a spacecraft at Jupiter distance would be 300

km if a frequency standard with stability of one part in only 1013 was used.8

Because frequency can be measured with greater accuracy than any other phys-

ical parameter, there is strong motivation for the development of increasingly accu-

rate and stable frequency standards for use in fundamental scientific research. Any

effect which can be observed in terms of a frequency, such as speed via Doppler

shift measurements, interferometric measurements of length, or magnetic field mea-

surements through the Josephson effect,9 can be characterised with unparalleled

precision. For instance, magnetometry can be performed with sensitivity at a level

of 10−18 Tesla using SQUID (Superconducting Quantum Interference Device) mag-

netometers which operate using the Josephson effect, and the definition of the volt

is commonly realised using Josephson Junctions, which have near perfect conversion

between frequency and voltage. In recent years, atomic clocks and ultra-stable cryo-

genic sapphire oscillators on Earth and in space have been used in experiments which
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challenge and test the fundamental predictions of the relativity principle and isotropy

of the speed of light through Local Lorentz Invariance in elecrodynamics,10,11 as well

as searching for drifts in physical quantities such as the fine structure constant.12

Such experiments continue today, and in 2015 the European Space Agency ACES

mission (Atomic Clock Ensemble in Space) will be flown upon the International

Space Station to test the fundamental postulates of General Relativity and search

for drifts in physical constants with improved accuracy using the PHARAO cold

atom atomic clock. The on-board clock is a laser cooled caesium beam atomic

clock, which will achieve unprecedented accuracy compared to terrestrial caesium

beam clocks due to the microgravity conditions of space.

1.2.3 State of the Art

The current state of precision frequency standard technology could be broadly split

into two categories by operating frequency – optical, and microwave. Optical clocks

currently represent the most accurate clocks in the world by far, and are based on a

beam or fountain of atomic vapour which is laser cooled and interrogated, usually at

microwave frequencies. Recent research has also seen optical atomic clocks utilising

neutral atoms trapped in an optical lattice, or single trapped ions (in a Penning or

Paul trap). One such clock based on a transition in neutral strontium13 has reached

a systematic uncertainty of 1.5×10−16, compared to 3×10−16 for the current best

fountain clock implementations of the caesium-133 definition of the second. In 2010,

it was reported7 that an Al+ ion clock had achieved an uncertainty of 8.6×10−18,

making it a very promising candidate for an updated definition of the second.

It is clear that optical clocks have lower systematic uncertainty than the best

microwave clocks, however microwave clocks still play a pivotal role in terms of short-

term frequency stability (stability being notably distinct from accuracy). Oscillators

with fractional frequency stability less than 1×10−14 at 1 second of integration time

are necessary as the ‘flywheel’ oscillator for interrogating cold atom fountain clocks
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at the quantum projection noise limit.14 Without this level of stability, aliasing

effects can impose an artificial technical noise limits over the fundamental quantum

limit of the measurement process. Currently, the best optical frequency standards

have fractional frequency stability of order 10−16 over long integration times, but

struggle to reach 10−14 at 1 second. The most stable frequency standards in the

world at short integration times are not atomic in nature at all, but are oscillators

based on an electromagnetic resonance in sapphire at cryogenic temperature.15–17

These Cryogenic Sapphire Oscillators (CSO) are the only mature technology ca-

pable of short-term frequency stability better than one part in 1015. Typically a

cylindrical sapphire crystal is cooled to liquid helium temperature, and Whispering

Gallery modes are excited by injected microwave radiation. The sapphire is coupled

to the feedback loop of a microwave amplifier operating in saturation, usually sep-

arated from the cryogenic environment by coaxial cables several meters long. The

oscillator16 is stabilised using the well known Pound frequency stabilisation tech-

nique,18 and several other control circuits are incorporated (see Fig. 1.1) to reduce

residual amplitude modulation, stabilise loop power, and control the temperature

of the crystal at a frequency-temperature turnover point (discussed in Chapter 2).

This thesis focuses on the development of a microwave frequency standard very

similar to the CSO, which is based on the electron spin resonance (ESR) of Fe3+

ions in a cryogenic sapphire Whispering Gallery Mode resonator at zero applied

DC magnetic field. The maser is considerably simpler than the CSO in terms of

the number of components in the system; there is no Pound servo, and the oscil-

lator’s ‘amplifier’ is a high-Q Whispering Gallery mode resonance located within

the resonator itself. Masers are well known for their low noise properties, and with

a suitable concentration of paramagnetic ions, the output power of the maser can

be over 10,000 times that of a commercial Hydrogen maser (see Chapter 4). The

principle of operation of the maser presented in this thesis is described in detail in

Chapter 2, but here I present a brief history of the development of maser frequency

standards, up to the present day.

10



1.3. THE MASER

Sapphire

Isolator

Circulator

inside dewar ~ 7 K

VCP α

Bandpass
filter

AD1

AD2

VCA

Power control

output

bias
bias

bias vref

Lock-in amplifier

Lock-in amplifier

VCP bias control

VCP

Pound frequency control

∫

Integrator

Microwave
amplifier

Umod

LPF

∫

ϕ

ϕ

Figure 1.1: Schematic diagram of a Cryogenic Sapphire Oscillator (CSO) fre-
quency standard showing the three control systems used to stabilise its frequency
and power, and to eliminate spurious amplitude fluctuations of the interrogation
signal. Figure adapted with permission from Locke et al.16

1.3 The Maser

1.3.1 History of the Maser

The maser (Microwave Amplification by Stimulated Emission of Radiation), the

lesser-known predecessor to the familiar laser (Light Amplification by Stimulated

Emission of Radiation), is a device which ties together some of most fundamen-

tal ideas in modern physics. Although not experimentally demonstrated until after

World War II, its development can be traced back to the earliest years of the ‘quan-

tum revolution’ around 1900 - a time in which it was becoming worryingly clear that

many phenomena could not be adequately explained with the classical understand-

ing of physics. In 1917, Albert Einstein was the first to theoretically predict the

principle of stimulated emission in his paper “Zur Quantentheorie der Strahlung”
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(On The Quantum Theory of Radiation), closely following his prediction of the ex-

istence of the particle now known as the photon, and his Nobel Prize winning work

on the photoelectric effect. The prediction was finally tested when in 1947 the prin-

ciple of stimulated emission was used to amplify the emissions from a transition in

molecular hydrogen.19

Molecular Lens
Microwave Cavity

TE011 Mode
(24 GHz)Ammonia Source

NH3

Figure 1.2: Schematic of the ammonia gas maser built by Gordon, Zeiger &
Townes in 1954,20,21 with the upper and lower inversion states of the molecule
denoted as + and − respectively.

The first true working maser however was first realised by Gordon, Zeiger, and

Townes in 1954, based on stimulated emission in ammonia.20,21 The NH3 molecule

has an inversion spectrum with two fundamental energy levels, |+〉 and |−〉 which are

separated in frequency by 24 GHz. In their system, an ammonia source fired a beam

of molecules through a focussing apparatus comprised of a quadrupole electrostatic

field, which caused an inward radial force on the upper inversion state |+〉, and

effectively stripped off the lower inversion state molecules with an outwards radial

force. The beam, now having undergone an effective population inversion by being

comprised only of |+〉 molecules, was directed into a high Q microwave cavity, where

transitions are induced and self-sustaining maser oscillation is obtained if the cavity

losses are sufficiently low. The resultant output was a spectrally pure signal at 24

GHz with a few tens of nanowatts output power - the worlds first maser, a low-

noise amplifier at 24 GHz, and an atomic clock capable of exceeding the stability of

Earth’s rotation at the time.

12



1.3. THE MASER

1.3.2 Towards a Solid-State Maser

Scientific interest soon turned to solid-state masers based on paramagnetic reso-

nance in crystals, with a publication in 1956 by Bloembergen proposing a new type

of maser operating in a three-level scheme.22 It was suggested that the saturation of

a transition other than the maser transition could enable oscillation, and he proposed

the use of nickel flurosilicate or gadolinium ethyl sulfate at liquid helium tempera-

ture. The paper also modelled the population inversion in the system, a summary

of which is given in Chapter 2. Three-level solid-state masers were predicted to

operate as extremely low noise microwave amplifiers, with a broader amplification

bandwidth than gas masers, and a time invariant gain compared to two-level masers.

Bloembergen’s work rapidly led to the first experimentally realised solid state maser

at Bell Telephone Laboratories in 1957, operating at 9 GHz and based on Gd3+ in

ethyl sulfate.23 This was soon followed by a 2.8 GHz maser24 using paramagnetic

Cr3+ in K3Co(CN)6, and a ruby maser (sapphire with 0.1% Cr3+ concentration)

with a pulsed output of 9.2 GHz at liquid helium temperature.25 The first maser at

optical frequencies, the laser, was also demonstrated in ruby.26

One of the earliest solid state masers was developed in 1959, when Bogle &

Symmons of the CSIRO in Australia published a brief analysis of the suitability of

paramagnetic Fe3+ in sapphire for use as a maser. Their proposed maser had the

notable benefit that it could operate at zero applied magnetic field,27 and a paper

soon followed with a detailed determination of the spin Hamiltonian components

of the system.28 Iron impurities in sapphire at zero field form a three level system

corresponding to the
∣∣1

2

〉
,
∣∣3

2

〉
, and

∣∣5
2

〉
spin states of the ion, and maser oscillation

can be excited by pumping the
∣∣1

2

〉
to
∣∣5

2

〉
transition at 31 GHz, with a resultant

signal at 12 GHz corresponding to the
∣∣3

2

〉
to
∣∣1

2

〉
transition. In the same year as

Bogle & Symmons’ work, two groups published accounts of successful operation of

such a maser, albeit with small magnetic fields for tuning - King & Terhune of the
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University of Michigan,29 and Kornienko & Prokhorov of the USSR Academy of

Sciences.30 In 1961, Bogle & Symmons achieved maser operation with no applied

magnetic field using Fe3+ in methylamine alum,31 and finally in 1963, zero-field

operation was seen in sapphire.32

1.3.3 Maser Frequency Standards

This thesis explores a novel implementation of the Fe3+ sapphire maser at zero DC

magnetic field. In this implementation, the performance is enhanced by extremely

high-Q Whispering Gallery modes coincident in frequency and in space with the Fe3+

impurities in a sapphire resonator. Frequency stability of order parts in 1014 can

easily be achieved. Here, I discuss briefly two other important precision frequency

sources based on masers, before introducing the principle of operation of the Fe3+

maser presented in this thesis.

1.3.3.1 The Hydrogen Maser

The hydrogen maser, commonly referred to as a H-maser, operates on the transition

between the |F = 1,mF = 0〉 and |F = 0,mF = 0〉 states in atomic hydrogen at 1.42

GHz. Typically, a molecular hydrogen source injects H2 into an RF discharge bulb

where the molecules are disassociated into individual hydrogen atoms and passed

through a collimator. The atomic beam now consists of H atoms in four states that

are approximately equally populated – mF = 1, mF = 0, and mF = −1 for the

F = 1 triplet, and mF = 0 for the F = 0 singlet. The beam is passed through a

state selector, which uses an inhomogeneous magnetic field to focus the atoms in the

higher energy states (|F = 1,mF = 1〉 and |F = 1,mF = 0〉) into a storage bulb in a

microwave cavity tuned to the transition of interest. Stimulated emission can then

be obtained, as the bulb contains only atoms in the upper energy levels. The maser

signal is used to tune an external oscillator, such as a quartz frequency standard,

using a phase locked loop.

Hydrogen masers are one of the most widespread commercial frequency standards

14
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Figure 1.3: Schematic of a hydrogen maser. The maser signal at 1.42 GHz
is used to steer a quartz oscillator (not shown) which provides the usable out-
put of the maser. The state selector magnet focuses the |F = 1,mF = 1〉 and
|F = 1,mF = 0〉 states into the storage bulb, and discards the lower energy states.

in use, and have excellent short-term frequency stability which exceeds that of a

caesium beam frequency standard (but not caesium fountain clocks) for integration

times up to as long as a few days. As such, they are used extensively worldwide as

flywheel oscillators for caesium beam clocks, or as laboratory frequency references

for evaluating the stability of other frequency standards. Commercial H-masers

typically have fractional frequency instability of order 10−13 at a second, averaging

down to 10−15 after 1 day.

1.3.3.2 The Superconducting Cavity Maser

The superconducting cavity maser is an oscillator based on a ruby maser coupled

to a high-Q superconducting sapphire loaded cavity, and was first proposed in 1984

at NASA JPL.1 At this time, ruby masers were well known as the lowest noise mi-

crowave amplifiers available, but hadn’t been characterised as a precision frequency

source. The ruby resonator, surrounded by superconducting magnetic field coils,

is subjected to a strong DC magnetic field and pumped at 13.1 GHz. The resul-

tant maser signal at 2.69 GHz is then directed via a long coupling resonator into

a chamber containing a sapphire resonator coated in a film of lead, which is super-

conducting at the operating temperature of 1.6 K. The superconducting sapphire

resonator acts as an ultra-high Q system to stabilise the output of the ruby maser,

and the system was shown by Dick & Wang to achieve fractional frequency stability
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Figure 1.4: Schematic of the NASA JPL superconducting cavity maser. Figure
adapted from Dick & Strayer.1

of parts in 1015 for integration times up to 1000 seconds.33 This excellent perfor-

mance meant that the stability of the superconducting cavity maser exceeded that

of the best Hydrogen masers for integration times up to 30 seconds.

1.3.3.3 This Thesis - The Fe3+ WG Mode Maser

As discussed in Section 1.3.2, maser oscillation using Fe3+ in sapphire is well un-

derstood and has has been demonstrated repeatedly since 1959. The Fe3+ sapphire

maser presented in this thesis works on the same fundamental principles, however it

is enhanced by high Q-factor Whispering Gallery modes whose mode energy occu-

pies the same volume as the Fe3+ ions in the sapphire lattice, and whose frequencies

lie within the Electron Spin Resonance bandwidths corresponding to the |1/2〉 and

|5/2〉 spin states of the ion. This novel scheme was first discovered in 2005 by Bour-
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geois et al.,34 whose work with Benmessäı35 lay much of the initial groundwork for

the research presented in this thesis to be undertaken. In this scheme, the ’pump’ for

the maser is replaced with a highly frequency-stable WG mode resonance, and the

output of the maser is enhanced and frequency stabilised by a second WG mode at

a corresponding frequency. The WG modes, with linewidths as small as only a few

Hertz, act as extremely frequency-selective ‘antennae’ for the pump and maser sig-

nals. Figure 1.5 illustrates the operation of the maser, and more detailed discussion

of the the WG mode maser scheme is given in Chapter 2.

1.4 Potential Quantum Applications

A major research effort currently exists towards the measurement and control, and

possible engineering of quantum systems. The understanding of the basic principles

of quantum mechanics has led to technologies that invade every aspect of modern life,

and unimaginable potential lies ahead, particularly in the world of quantum com-

puting and information, and quantum limited measurement and control. Qubits, the

basic logical building blocks of a quantum computer, are a technology somewhat in

its infancy. Qubits have been constructed from superconducting Josephson Junction

qubits, however modelling has shown that a major source of fast decoherence in such

a system (one of the major problems of the technology) is caused by resonant ab-

sorption by so-called “two-level states” (TLS).36–38 These two-level fluctuators are a

loss mechanism arising from sources such as material defects or microscopic degrees

of freedom, and eliminating the loss could lead to an improvement in the decoher-

ence time.38–41 In Josephson Junctions, it has been suggested that longer coherence

times could be achieved by selecting or engineering insulating materials with supe-

rior dielectric loss tangent.42 In Chapter 7, I measure the loss tangent of the sapphire

resonator presented in this thesis, and show that in a regime experimentally relevant

to quantum measurement and control – that is millikelvin temperatures and single

photon microwave frequency input power - sapphire does not suffer from TLS losses.
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1.4. POTENTIAL QUANTUM APPLICATIONS

In addition to this particular application, it is worth noting that oscillators can

be prepared in their quantum ground state when T << hf/kB, where h and kB

are Planck’s and Boltzmann’s constants. For microwave oscillators such as the

Fe3+ maser presented in this thesis, the corresponding temperature regime is in the

millikelvin range, which can easily be achieved experimentally by using a dilution

refrigerator. The Fe3+ maser is an extremely interesting system for such experi-

ments as it naturally allows low temperature, low loss, high-Q measurements - but

most importantly contains a population of paramagnetic ions whose spins could po-

tentially be ‘written’ to in a controlled way. Chapter 8 presents measurements of

relaxation times in the Fe3+ maser as long as seven seconds, suggesting that it is

extremely important to characterise devices such as this. The ability to control and

readout the paramagnetic spin population in sapphire could, for example, lead to a

quantum memory with unparalleled coherence times. The results presented in this

thesis suggest that the Fe3+ sapphire maser is, like the first laser, “a solution looking

for a problem”. Promise clearly exists for the technology to be readily adapted for

a host of quantum measurement applications.
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2
Technical Introduction

Overview

Sapphire, the monocrystalline form of Al2O3, is extremely well suited for the con-

struction of a high-stability resonator. Fractional frequency stabilities of microwave

oscillators less than 1× 10−14 have only ever been achieved by utilising such crystals

in the microwave region at cryogenic temperatures. Sapphire has an exceptionally

low dielectric loss tangent, a small thermal expansion coefficient at liquid helium

temperature, and high mechanical stiffness.43 These factors ensure that high energy

confinement can be achieved in the resonator, typically 99.9% for high azimuthal or-

der (m > 10) Whispering Gallery modes. Q-factors from several hundred million up

to several billion are observed in sapphire. In addition, we obtain terrific frequency

stability because the crystal dimensions are minimally perturbed by mechanical

stresses and temperature fluctuations. At the heart of the Fe3+ maser described in

this thesis lies a cylindrical sapphire monocrystal with diameter 5 cm and height

3 cm. The resonator is the highest quality HEMEX-grade sapphire, manufactured

with it’s crystal axis aligned within 1◦ of it’s rotationally symmetric axis, dislocation

and inclusion free, and with perfect crystal structure.

Despite being the highest purity crystal available, residual paramagnetic im-
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CHAPTER 2. TECHNICAL INTRODUCTION

purities exist in HEMEX sapphire as a result of the manufacturing process. Of

particular interest are the Fe3+ ions whose energy level structure at zero applied

DC magnetic field forms the basis for the maser action in this system. This chapter

aims to provide a technical introduction to Whispering Gallery modes and Electron

Spin Resonance in sapphire, the measurement and characterisation of noise and the

stability of precise frequency sources, as well as some experimental considerations

in the construction of the maser.
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2.1. WHISPERING GALLERY MODES

2.1 Whispering Gallery Modes

Whispering Gallery Modes (WGMs) are resonant electromagnetic modes within a

cylindrical or spherical dielectric structure which occur when radiation enters the

dielectric and is continuously totally internally reflected around the circumference

at the dielectric/air interface. Lord Rayleigh first characterised the phenomenon as

early as 1910 when he observed acoustical waves propagating around the interior

of the so-called “whispering gallery” at St. Paul’s Cathedral in London.44,45 WG

modes can be thought of as a standing wave formed by two counter-propagating

travelling waves within the dielectric, and as such we arrive at a simple boundary

condition. To first order, resonance will occur only when an integral number of wave-

lengths of the radiation “fit” around the circumference. i.e. nλ = πd
√
εµ, where

n is the number of wavelengths of radiation, λ is the wavelength of the radiation,

d is the diameter of the crystal, ε is the permittivity of the dielectric, and µ is the

permeability of the dielectric.

Whispering Gallery Modes fall within two families – E-modes (quasi-Transverse

Magnetic modes) with a dominant electric field parallel to the cylinder z-axis, and

H-modes (quasi-Transverse Electric modes) with a dominant magnetic field parallel

to the cylinder z-axis. Analysing the dielectric in cylindrical coordinates {r, ϕ, z}
(see Fig. 2.3), the dominant field components for H-modes are Hz,Er,Eϕ, and the

dominant components for E-modes are Ez,Hr,Hϕ. When dielectric losses are low,

the energy density of the radiation is confined strongly between the outer wall of the

crystal and an inner caustic surface. Materials such as sapphire have extremely low

dielectric losses (tanδ ∼ 10−9) at cryogenic temperatures and microwave frequen-

cies,46 and thus demonstrate excellent confinement of WG mode energy. Figure 2.1

shows the electromagnetic energy density, |~E|2, of a 17th azimuthal order fundamen-

tal Whispering Gallery mode, which is the mode utilised in the Fe3+ maser scheme.
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Figure 2.1: Electromagnetic energy density of the 17th azimuthal order Whisper-
ing Gallery Mode WGH17,0,0. Dark areas denote high energy density. Note that
the energy is confined almost entirely within a small cylindrical shell between an
inner caustic surface and the dielectric/vacuum boundary.
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2.1. WHISPERING GALLERY MODES

Figure 2.2: 3D model of the energy distribution for a Whispering Gallery mode
with azimuthal mode number m = 12. The lobes shown are a 3D equipotential
surface at a particular choice of energy density.

1 22
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3
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ϕ

Figure 2.3: Sapphire cylinder with cylindrical coordinate unit vectors marked, as
well as the regions in which Maxwell’s equations are solved. The spindle at the
the bottom of the crystal can be ignored in the analysis as it is in a location with
negligible field concentration.
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CHAPTER 2. TECHNICAL INTRODUCTION

In this thesis, the notation used for Whispering Gallery modes is WGEm,n,p or

WGHm,n,p, where WGE and WGH denote a quasi-TM or quasi-TE mode respec-

tively, and:

m denotes the number of azimuthal field maxima in π radians

n denotes the number of radial field nodes

p denotes the number of axial field nodes

The highest energy confinement is achieved for the fundamental family of WG

modes, that is to say where n and p are both zero. The frequencies of these resonant

modes may be determined by solving Maxwell’s equations for an anisotropic media.

The method is well described in in the literature,47,48 and briefly summarised here.

We begin with Maxwell’s Equations which may be written:

∇× E = −iωµH
�� ��2.1

∇×H = iωε0D
�� ��2.2

∇ ·D = 0
�� ��2.3

∇ ·H = 0
�� ��2.4

where E is related to D by the permittivity tensor for an anisotropic crystal (such

as the sapphire used in this thesis):

D =

 εr 0 0
0 εϕ 0
0 0 εz

E
�� ��2.5

Since the crystal c-axis of the sapphire is aligned with its cylindrical z-axis, we note

that εr = εϕ. In a uniaxial anisotropic crystal such as this, it is convention to label

the components of the permittivity tensor parallel to the c-axis ε‖, and perpendicular

to the c-axis ε⊥.47 A solution is obtained by developing a set of appropriate bound-

ary conditions relating the field components in cylindrical coordinates, and solving

Maxwell’s equations in three regions – (1) inside the crystal, (2) radially outside the
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2.1. WHISPERING GALLERY MODES

crystal, and (3) axially outside the crystal (see Fig. 2.3). The remaining regions

are ignored as the field is so small as to be considered negligible. A separation of

variables technique is used to solve for the z-components of the field. For E-modes

in regions 1, 2, and 3 respectively, these are of the form:

Ez1 = A1Jm (kEr) cos (βz)

{
cos (mϕ)
sin (mϕ)

�� ��2.6

Ez2 = A2Km (koutr) cos (βz)

{
cos (mϕ)
sin (mϕ)

�� ��2.7

Ez3 = A3Jm (kEr) e
−αz
{

cos (mϕ)
sin (mϕ)

�� ��2.8

and for H-modes:

Hz1 = B1Jm (kHr) cos (βz)

{
cos (mϕ)
sin (mϕ)

�� ��2.9

Hz2 = B2Km (koutr) cos (βz)

{
cos (mϕ)
sin (mϕ)

�� ��2.10

Hz3 = B3Jm (kHr) e
−αz
{

cos (mϕ)
sin (mϕ)

�� ��2.11

where kE, kH , and kout are the dielectric propagation constants for E-modes, H-

modes, and free space in that order, α is the axial decay constant outside the dielec-

tric, β is the longitudinal propagation constant, and m, r, z, and ϕ are as defined

previously. The constants An and Bn scale the field amplitude, Jm is the Bessel

function of the first kind, and Km is the modified Bessel function (both of order m).

2.1.1 Mode Degeneracy & Splitting

The degeneracy due to the interchangeable sin (mϕ) or cos (mϕ) term in Eqns. 2.6–

2.11 can be lifted by imperfections in the sapphire such as dislocations, impurities,

or surface defects. In practice this is always the case, even in the highest quality

crystals, and WG modes are observed as a closely spaced doublet of frequencies
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rather than a single resonance. The splitting is usually between a few hundred

Hz up to tens of kHz, and enabled the first observation of bimodal masing in this

system, described in Chapter 3. Bourgeois & Giordano present a simple model49

which explains the observed lineshapes by recognising that such imperfections cause

a scattering of the counter-propagating travelling waves that form a WG mode,

introducing a coupling between them and lifting the degeneracy. An example of

the splitting for the WGH17,0,0 mode in a particular implementation of the sapphire

maser can be seen in Figure 8.3.

2.1.2 Whispering Gallery Mode Q-Factors

The Q-factor (Quality factor) of a resonant system is 2π times the ratio of the

energy stored per cycle, to the energy dissipated per cycle. For large values of Q, it

is equivalent to the number of cycles of radiation in a freely oscillating system before

it’s energy drops to 1
e2π

of the original energy, or more usefully, the bandwidth of

the resonance relative to its frequency. Thus, for WG modes we can write:

QL =
f0

∆f

�� ��2.12

where QL is the loaded Q-factor, f0 is the center frequency of the resonance, and

∆f is the bandwidth of the resonance, or the full width at half maximum (FWHM)

assuming the resonance curve of the WG mode is perfectly Lorentzian (in practice

there is usually an asymmetry factor and the resonance is better approximated by

a Fano function.50) The Q is considered ’loaded’ as dissipation in the resonator is

not the only source of loss in the system. The input and output ports by which

the microwave radiation is coupled into and out of the resonator also contribute an

effect. The coupling β is related to the power reflected on and off resonance in the

resonator, given by: (
1− β
1 + β

)2

=
Pon
Poff

�� ��2.13
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2.2. ELECTRON SPIN RESONANCE

Assuming a system with two coupling ports, the unloaded Q-factor,Q0, can be cal-

culated:

Q0 = QL (1 + β1 + β2)
�� ��2.14

It is worth noting that the ratio of Q-factor to coupling remains constant with

temperature, which can be used to approximately set probe couplings at room tem-

perature or in liquid nitrogen when repeated cooling to operational temperatures

around 4K is slow or impractical.

2.1.3 Mode Structure Measurement

The WG mode structure in a sapphire is typically probed using an Agilent N5230A

Network Analyser, with Port 1 connected to the top ‘straight’ probe in the resonator

cavity, and Port 2 connected to the ‘loop’ probe on the side. The upper and lower

frequencies (due to the lifted degeneracy) of each WG mode are recorded, as well as

the Q-factor which can be determined directly from the scattering parameter S21.

The probe couplings can be determined from the scattering parameter S11 and a

Smith chart plot. The insertion loss at the peak of the WG mode resonance is also

recorded from the transmission measurements.

The results of one such characterisation for a sapphire at liquid helium tem-

perature are outlined in Table 2.1. Dashed entries represent values which could

not be recorded. In the case of some modes, the splitting of the mode degeneracy

was smaller than the measurement sensitivity and so they were indiscernible. Some

Q-factors could not be measured due to strongly distorted lineshapes.

2.2 Electron Spin Resonance

Electron Spin Resonance (ESR) is a phenomena observed typically in the microwave

region of 1-100 GHz. It arises from the existence of permanent magnetic dipoles in

a material. The source of the dipoles are unpaired electrons, which result in a net

angular momentum and thus a magnetic moment. In the system presented in this
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Figure 2.4: Al3+ sites in the sapphire lattice can be substitutively occupied by
p.p.b. to p.p.m. concentrations of ions such as Fe3+, Cr3+, Ti3+, V3+, Mn3+,
Co3+, or Ni3+. Also present in the lattice are p.p.m. concentrations of Fe2+ which
may be converted to Fe3+ by annealing in air (see Chapter 4). Figure adapted
from the model of Geschwind and Remeika.52

thesis, there is an electron spin resonance associated with the electrons in the 3d

orbital of Fe3+. These paramagnetic iron ions are substitutively included at a dilute

concentration in the sapphire crystal lattice (see Fig. 2.4), typically at a concentra-

tion of ∼0.01 parts per billion, although this was increased to 150 parts per billion

in Chapter 4. This doping is not intentional, rather it is a result of the manufac-

turing process. At zero applied DC magnetic field, the crystal electric field causes

splitting of energy levels corresponding to the spin |1/2〉, |3/2〉, and |5/2〉 states of

the ion. Since Fe3+ has an odd number of unpaired electrons (five), each of these

levels is actually a degenerate Kramers doublet51 whose degeneracy may be lifted

by the application of an external DC magnetic field.

To create a maser exploiting this ESR, we employ a scheme based on Bloember-
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CHAPTER 2. TECHNICAL INTRODUCTION

gen’s classic 3-level solid state maser,22 but at zero applied DC magnetic field. The

splittings of these spin state energy levels at zero field have been calculated by Bogle

& Symmonds,28 with our experimental data matching these calculations extremely

well. Each energy level is actually a mixture of spin states due to interactions with

the crystalline electric field,29 and thus transitions are allowed between the levels.

A ‘pump’ frequency of 31.3 GHz may be applied to excite a WG mode within the

|1/2〉 → |5/2〉 transition. The |5/2〉 → |3/2〉 relaxation is fast and non-radiative,

and finally, the |3/2〉 → |1/2〉 transition radiates at a frequency of approximately

12.04 GHz, which is the maser signal. This process is illustrated in Figure 2.5. The

exact maser signal frequency is determined by a WG mode of appropriate filling fac-

tor that lies within the bandwidth of this transition, as discussed in Section 1.3.3.3.

The dimensions of the crystal are deliberately designed for operation this way such

that a WGH mode with high Q-factor lies within this bandwidth. This is not a diffi-

cult task, as the bandwidth of the ESR is is more than 4 orders of magnitude greater

than the bandwidth of the WG mode, and so minor errors in calculation or machin-

ing still place the mode well within the ESR bandwidth whose centre frequency is

not determined by the dimensions of the crystal. The WG mode corresponding to

the ‘pump’ transition, however, is not deliberately chosen, and coincidentally falls

within the ESR bandwidth of the pump transition due to the large density of modes

at high frequency.

2.2.1 Modelling Transitions Within the Spin System

This section summarises the theoretical model presented in Bloembergen’s seminal

paper on the three level solid-state maser,22 applied to transitions within in the spin

system of Fe3+ ions in sapphire. Figure 2.6 illustrates a schematic of the model, and

the direction of the transitions discussed herein. In this model we label the |1/2〉,
|3/2〉, and |5/2〉 energy levels as E1, E2, and E3. The number of spins, or population

occupying each level is denoted N1, N2, and N3, where N1 + N2 + N3 = N , the

total number of spins. Finally, we assume that the system is in thermal equilibrium
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Figure 2.5: The three level maser scheme, with a typical maser signal as observed
on a microwave spectrum analyser
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Figure 2.6: Schematic of the theoretical model of the spin system. Transition
rates are shown, along with the frequencies corresponding to the energy level
differences. Spin state populations are represented by shaded dots.

at 4.2 K. Energy and frequency are related by Planck’s constant, and so we can

immediately see that

E3 − E1 = hν13

�� ��2.15

E3 − E2 = hν23

�� ��2.16

E2 − E1 = hν12

�� ��2.17

We identify two types of transition, the first involving ‘relaxation’ characterised

by a relaxation time. The mechanism by which this occurs may be spin-lattice

coupling where energy is lost as phonons in the lattice, or spin-spin interactions

with other similar spin systems. We denote the probability of relaxation from the

i-th to the j-th energy level as Γij. Under the random thermal motion of the crystal

lattice, it can be shown using thermodynamics and Boltzmann statistics that these
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relaxation probabilities are related by

Γ13 = Γ31e
−hν13
kBT

�� ��2.18

Γ23 = Γ32e
−hν23
kBT

�� ��2.19

Γ12 = Γ21e
−hν12
kBT

�� ��2.20

The Γij are equal to the inverse of the spin-lattice relaxation times which we

label T1. For the |5/2〉 → |3/2〉 transition in this experiment, T1 has been measured

to be on the order of 10 ms.53 The same study observed a spin-spin relaxation time,

labelled T2, of 2 ns.

The second type of transition we consider is absorption and stimulated emission,

whose transition rate is termed Wij. The transition rates Wij are related to the

power of the applied frequency which excites the transition. For simplicity, we let

Wij = Wji. We write the transition rate due to the application of a high power

‘pump’ signal at frequency ν13 to be W13. In addition, let a small field at frequency

ν23 stimulate transitions from |1/2〉 → |3/2〉 at a rate W23. In the case that
∣∣∣−hνijkBT

∣∣∣�
1, which we observe at the cryogenic temperatures and microwave frequencies used

in this experiment, we may derive the following relations:22

dN3

dt
=Γ13

(
N1 −N3 −

N

3

hν13

kBT

)
+ Γ23

(
N2 −N3 −

N

3

hν23

kBT

)
+W31(N1 −N3) +W32(N2 −N3)

�� ��2.21

dN2

dt
=Γ23

(
N3 −N2 −

N

3

hν23

kBT

)
+ Γ21

(
N1 −N2 −

N

3

hν12

kBT

)
+W32(N3 −N2)

�� ��2.22

dN1

dt
=Γ13

(
N3 −N1 −

N

3

hν13

kBT

)
+ Γ21

(
N2 −N1 −

N

3

hν12

kBT

)
+W31(N1 −N3)

�� ��2.23

In the case of equilibrium, the time derivatives are zero. We also note that the

saturating pump frequency ν13 has a transition rate such that W13 � W23. Since

we can say that W13 � Γ12,Γ13,Γ23 as well, an approximate solution is obtained:
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N1 −N2 = N3 −N2 =
hN

3kBT

(
Γ21ν21 − Γ23ν23

Γ23 + Γ12 +W32

) �� ��2.24

For the Fe3+ ions in sapphire, the lifetime of the |5/2〉 state is considerably shorter

than the |3/2〉 state, and we observe a near zero population in the upper state at any

given time i.e. N3 ≈ 0 and N1 +N2 ≈ N . When sufficient pump power ensures the

condition Γ32ν23 > Γ21ν21 is met, the numerator of Equation
�� ��2.24 will be negative,

and hence the population difference N2 −N1 will also be negative.

Thus, the maser system operates as follows. We excite the |1/2〉 → |5/2〉 ‘pump’

transition at 31.3 GHz, by exciting a WG mode whose frequency lies within the

bandwidth of that ESR transition. The pumped population rapidly decays into the

|3/2〉 state. When the population N2 exceeds that of the ground state N1, we have

achieved a population inversion and consequently we observe stimulated emission at

the signal frequency ν12 = 12.038 GHz. A simple expression for the power of the

signal frequency is given in:22

Pmaser =
Nh2ν32

3kBT

(Γ21ν21 − Γ23ν23)W32

Γ23 + Γ12 +W32

�� ��2.25

A model for the output power of the maser operating in saturation, which takes

into account resonator couplings and the resonant enhancement of the WG mode

has been discussed in detail by Benmessäı et al. in a number of publications, and it

can be shown54 that the maser power is determined by:

Psat =
βout

1 + βout

(
βout
Q0

3kBT∆ν12

2η(gµB)2
µ0σ

2
12Iratioν12

)
1− βout
βout

+N

2τ1

3hν12Veff

2∆N23 + 5∆N13

∆N13(∆N23 −∆N12)

�� ��2.26

where Iratio is the ion inversion ratio, defined as:

Iratio =
(∆N23 −∆N12)(∆N13 + ∆N23)

∆N12(5∆N13 + 2∆N23)

�� ��2.27

Here, ∆Nij are the normalized population differences between the energy levels i

and j, βout is the coupling of the output port of the maser, Veff is the effective mode
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volume of the sustaining WG mode, τ1 is the spin-lattice relaxation time, η is the

filling factor of the WG mode, σ2
12 is a constant calculated from the Fe3+-sapphire

spin Hamiltonian, and the other variables have their usual meaning. Equation 2.26

then gives a quantitative relationship between the output power of the maser, Psat,

and the total number of active ions, N .

In the sapphire used in our system, the WGH17,0,0 Whispering Gallery mode has

its frequency located within linewidth of this ESR transition, and acts to strongly

amplify and frequency stabilise the maser signal. The Fe3+ ions which give rise to

the three level system are located spatially within the field profile of the WG mode,

and as a result, the WG mode is analogous to the resonant cavity in an optical

laser. The system now acts like an amplifier at the frequency of the WG mode, and

the result is a continuously above-threshold (i.e N2 > N1) maser operation at the

WGH17,0,0 frequency. A number of other WG modes lie within the ESR bandwidth,

and with appropriate resonator coupling and maser output power, they can also be

excited. Chapter 4 presents results where, for example, three simultaneous maser

outputs were achieved using only a single monochromatic pump signal.

2.2.2 ESR Bandwidth

In a sapphire resonator free of any paramagnetic impurities, the frequency of the

Whispering Gallery modes depend only on the dimensions of the crystal, and its

permittivity. The presence of Fe3+ ions in the lattice causes a magnetic susceptibility

χm to be induced in the crystal which acts to shift the frequency of surrounding

WG modes away from their resonance frequency in the absence of the paramagnetic

ions.53 Although we say the ESR occurs at a single frequency, like any real system

we observe line broadening and the resonance extends over a finite range of values

around the center frequency of 12.04 GHz. Line broadening occurs as a consequence

of the Heisenberg Uncertainty Principle in any situation where energy is lost by the
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ion. An ion in it’s excited state has a finite lifetime and will ultimately lose energy

through spontaneous emission, spin-lattice coupling, or spin-spin interaction with

other paramagnetic ions in the crystal.51 We may estimate the line width by using

the Uncertainty Principle, stated as

∆E ·∆t ≈ ~
�� ��2.28

where ∆E is the uncertainty in the energy level, ∆t is the lifetime of the state, and

~ is the reduced Planck Constant. Given the familiar relation E = hf , we obtain

resonance with frequency line width

∆f ≈ 1
2π∆t

�� ��2.29

So called ‘homogeneous’ line broadening is due solely to this lifetime consideration,

whereas ‘inhomogeneous’ line broadening is an envelope of a large number of homo-

geneously broadened lines over a range of frequencies. In this thesis we take ‘line

width’ to be the Full Width at Half Maximum (FWHM) of the broadened line.

Several values of the linewidth for Fe3+ in sapphire have been measured, lying

in the range ∆fEPR = 15 MHz measured by King & Terhune,29 to ∆fEPR = 27± 5

MHz measured by Bogle & Symmons.28 The broader ESR bandwidth of 27 MHz

corresponds to an excited state lifetime of 8.84×10−9 s using Equation
�� ��2.29 , which

is on the order of the spin-spin relaxation time for Fe3+ in sapphire measured by

Benmessäı et al.53

2.3 Noise & Frequency Stability of Oscillators

2.3.1 Describing a Real Oscillator

We would expect to model a perfect oscillator as a simple sine wave, however real

oscillators are affected by some level of unavoidable amplitude, frequency and phase

fluctuations. These are due to environmental effects, random processes like thermal
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noise, and drifts due internal changes in the oscillator. We model a real microwave

signal with angular frequency ω0 in the standard way:55

V (t) = (V0 + ε(t)) cos (ω0t+ ϕ(t))
�� ��2.30

Where ε(t) and ϕ(t) are random processes of an unknown nature corresponding to

modulation of amplitude and phase respectively. This model neglects any level of

frequency drift, which in any case may usually be subtracted. The instantaneous

frequency of the signal is then given by

ω(t) =
d

dt
(ω0t+ ϕ(t))

= ω0 +
dϕ(t)

dt

�� ��2.31

And thus the frequency noise can be defined as the difference between the nominal

and instantaneous frequencies.

∆ω(t) ≡ ω(t)− ω0

=
dϕ(t)

dt

�� ��2.32

Finally, we define a useful fractional quantity y(t), the instantaneous fractional

frequency deviation, which describes frequency fluctuations in a dimensionless way.

Since it is a normalised quantity, it is a meaningful comparison between oscillators

of different output frequencies.

y(t) =
∆ω(t)

ω0

�� ��2.33

This quantity y(t) now forms a basis upon which we can characterise spectral densi-

ties in the frequency domain, and statistical measures of oscillator frequency stability

in the time domain. It is standard to use frequencies f rather than angular frequen-

cies ω when speaking in terms of spectral densities, where of course ω = 2πf . Phase

and frequency fluctuations are characterised by the spectral densities Sϕ(f) and S∆ν ,

or more commonly Sy(f). These are related simply by
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Sy(f) =
1

ν2
0

S∆ν =
f 2

ν2
0

Sϕ(f)
�� ��2.34

In precision frequency standards, it can be shown that the spectral density due to all

random noise processes can be modelled by a power law as a function of frequency.55

Sy(f) =
+2∑

α=−2

hαf
α

�� ��2.35

The relation is valid for f < fh where fh is the high frequency cutoff corresponding

to the measurement system bandwidth. In the context of this thesis, fh is equal to

the upper range of the band pass filter applied by a low noise pre-amplifier at the

final stage of the measurement system (for example, the SRS560 in Figs. 3.3 & 5.3).

Table 2.2 lists the most common types of noise sources in precision oscillators.

Table 2.2: Spectral densities of common noise sources

Noise Type α Sy(f) σ2
y (τ) 2πfhτ � 1

White Phase Noise 2 h2f
2 h2

3fh
(2π)2τ2

Flicker Phase Noise 1 h1f h1
1

(2π)2τ2

[
9
2

+ 3 ln(2πfhτ)− ln 2
]

White Frequency Noise 0 h0 h0
1
2
τ−1

Flicker Frequency Noise -1 h−1

f
h−1 · 2 ln 2

Random Walk Frequency Noise -2 h−2

f2
h−2

(2π)2τ
6

2.3.2 Characterisation of Frequency Stability

2.3.2.1 Allan Variance

One of the most commonly employed measures of frequency stability for oscillators

is the Allan Variance, denoted σ2
y (τ), with y defined as in

�� ��2.33 . The Allan Variance

was endorsed by the IEEE in 1971 as the standard measure of precision oscillator

frequency stability,56 and is described by the infinite time average:

σ2
y (τ) =

1

2

〈(
yk+1 − yk

)2
〉 �� ��2.36
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where yk denotes the average of a finite number of samples of the fractional frequency

deviation over a time τ0 termed the ‘gate time’. This is defined as:

yk =
1

τ0

∫ τk+τ0

τk

y(t)dτ
�� ��2.37

Practically, it is of course only possible to experimentally measure a finite num-

ber of samples N , and hence the infinite time average given by
�� ��2.36 can only be

approximated to give an estimate of the Allan Variance:

σ2
y (τ) ≈ 1

2(N − 1)

N∑
k=1

(
yk+1 − yk

)2 �� ��2.38

Since this expression is only an approximation of Allan Variance, it too is a random

variable. The variance of the Allan Variance approximation is the source of the error

bars on plots of σ2
y (τ) against τ . This thesis primarily makes use of the so-called

Overlapping Allan Variance which makes full use of the finite data set by forming

all possible overlapping samples at each time τ . The Overlapping Allan Variance is

written

σ2
y (τ) =

1

2m2(N − 2m+ 1)

N−2n+1∑
k=1

{
k+n−1∑
j=k

yj+n − yj

}2 �� ��2.39

where N is the total number of frequency samples taken in time τ , and n is the

number of gate times in which these were sampled (i.e. τ = nτ0). Finally, the

Overlapping Allan Variance (hereafter just ‘Allan Variance’) to the spectral density

Sy(f) by the integral relation:57

σ2
y (τ) = 2

∫ ∞
0

Sy(f)
sin4(πfτ)

(πfτ)2
df

�� ��2.40
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2.3.2.2 Triangle Variance

The square root of the Allan Variance, which we call the ‘Allan Deviation’ σy (τ),

forms the primary measure of oscillator frequency stability in this thesis. Recently

however, it has been discovered that frequency counting devices do not measure

frequency in the way commonly assumed.58 It has been shown that modern high

resolution frequency counters actually measure in a staggered windowing mode,

rather than discrete rectangular windows. Multiple averaging during a single gate

time improves the resolution of the measurement, but also reduces the sensitivity of

the measurement to frequency fluctuations at Fourier frequency significantly higher

than that reciprocal of the gate time. The result is a measurement which gives a

distorted representation of the Allan Variance, dubbed the Triangle Variance (be-

cause the windowing function is well approximated by a Λ-estimator). Chapter 5,

which focusses on a readout system designed to cancel correlated flicker noise, makes

particular use of the Triangle Variance. Table 2.3 shows the extent to which a high

resolution frequency counter can misrepresent an estimation of the Allan Variance

for various common noise sources.

Table 2.3: Triangle Variance resulting from common characteristic noise sources,
as determined by Dawkins et al.58 The Triangle Variance is expressed in terms of
the Allan variance, σ2

y (τ), for easy comparison.

Noise Type Sy(f) Triangle Variance

White Phase Noise h2f
2 8

3fHτ
σ2
y (τ)

Flicker Phase Noise h1f
12.56

3.12+3lnπfHτ
σ2
y (τ)

White Frequency Noise h0 1.33σ2
y (τ)

Flicker Frequency Noise h−1

f
1.30σ2

y (τ)

Random Walk Frequency Noise h−2

f2
1.15σ2

y (τ)

2.3.3 Fundamental Limit for Phase Noise and Frequency Stability

The fundamental physical limit in phase noise and frequency stability for the sap-

phire maser is thermal in nature. The power spectral density of the phase noise one
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could ultimately reach is given by

Sϕ(f) =
kBT

2P

�� ��2.41

where kB is the Boltzmann constant, T is the temperature of the sapphire, and

P the output power of the maser. The maser is generally operated at its turning

point near liquid helium temperature, generally around T = 8 K. P represents

the maser output power, which was measured in Chapter 4 to reach a maximum

of P = −30.4 dBm = 9.1× 10−4 mW. Substitution of these values into Equation�� ��2.41 yields a limit for the phase noise in this system:

Sϕ(f) ≈ −142 dB rad2/Hz
�� ��2.42

The spectral density for fractional frequency fluctuations is given by

σy (τ) =
1

QL

√
kBT

2Pτ

�� ��2.43

Using experimentally measured parameters for the maser system, I give a theoretical

limit in Chapter 4 for the fractional frequency stability of the Fe3+ maser:

σy (τ) = 1× 10−17/
√
τ

�� ��2.44

In reality this frequency stability calculation is only valid in the short term, and

discounts all other sources of noise. The medium and long term frequency stability

will depend on the temperature control of the system as over the long term the

dominant noise source is random walk of frequency, caused by fluctuations in en-

vironmental parameters such as temperature or humidity. In Cryogenic Sapphire

Oscillators, for example, the long term performance is limited by ambient thermal

fluctuations affecting the room-temperature electronics of the oscillator circuit,16

which manifests as a positive-slope rise in the Allan deviation over long integration

times. Although extremely long integration times (of the order of years) have pre-

viously shown a similar rise for various species of atomic clocks, this was a known
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limitation of the technology and modern atomic clocks do not suffer from such a

rise, instead continuing to “integrate down” with a 1/
√
τ slope (white frequency

noise).5

To achieve the best stability, we wish to operate the crystal maser at a tempera-

ture turning point, discussed in Section 2.4.4, at which the temperature dependence

of frequency is annulled to first order. The accuracy with which this turning point

can be found, as well as how accurately the system can be maintained at this tem-

perature determines the longer term rise in the fractional frequency instability of

the system. Temperature fluctuations away from the turning point affect the crys-

tal dimensions, in turn causing frequency fluctuations of the WGH17,0,0 mode. This

not only changes the frequency of the maser, but its power as well due to the mo-

tion of the WG mode frequency within the ESR lineshape. Although not examined

in this thesis, future implementations of the maser may have to be operated in a

magnetically shielded or controlled environment for the same reason. Although the

WG modes are not sensitive to magnetic field, the ESR centre frequency is, and so

strong environmental magnetic field fluctuations may cause the ESR lineshape to

move about the WG mode frequency, causing small amplitude modulation. It is an-

ticipated that, at this stage of the maser development, the effects of such fluctuations

due to magnetic field are not significant.

In the medium term, a flicker noise floor due to an amplification chain in the

readout system could limit the fractional frequency stability. A measurement system

is developed in Chapter 5 which I show is able to cancel the flicker noise introduced

by microwave amplifiers.

2.4 Experimental Implementation

2.4.1 Design of the Experimental Package

The crystal used in the experiment is a man-made highest grade ‘HEMEX’ sapphire

with a small spindle protruding axially from one end for handling and mounting.
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Pump in
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Maser out
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Figure 2.7: Schematic of the maser frequency standard presented in this work -
the Fe3+ sapphire maser.

44



2.4. EXPERIMENTAL IMPLEMENTATION

Figure 2.8: Photograph of a sapphire resonator in a silver plated cavity with
the lid removed. Through the sapphire, a straight probe can be seen protruding
through the floor of the cavity, and a loop probe can be seen protruding through
the left side.

After cleaning the sapphire with nitric acid in an ultrasonic bath and rinsing with

distilled de-ionised water and methanol, the sapphire is allowed to dry in a low hu-

midity cleanroom environment. The sapphire is then clamped and mounted within

a silver-plated copper cavity (see Fig. 2.7) and secured by a copper post into the

cryogenic system. Heat removal is facilitated by the copper post, which provides a

direct thermal connection to the cold finger of a cryocooler, the mixing chamber of

a dilution refrigerator, or conventional copper heatsinks situated in a liquid helium

bath outside the resonator vacuum chamber. Microwave radiation is coupled into

and out of the sapphire via two custom made probes - a loop probe on the side,

and a straight antenna above the crystal. Both probes are made by stripping a the

coaxial cable on an SMA launching port back to its inner conductor. In the case

of the loop probe, the inner conductor is fashioned into a loop and soldered to the

outer shielding of the coaxial cable, whereas the straight probe is simply left exposed

outside the PTFE (Teflon) dielectric in the cable.
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In the experiments presented in this thesis, the sapphire has been cooled in a

number of ways - in a liquid helium bath (Chapters 5, 4 and 8), in a pulse tube

cryocooler (Chapter 3), and in a 3He–4He Dilution Refrigerator (Chapters 6 and 7).

2.4.2 Operation in Liquid Helium

When operating in liquid helium, the resonator cavity in Fig. 2.7 is mounted inside

two layers of vacuum can to minimise the transmission of rapid thermal fluctuations

in the bath into the sapphire. The resonator in its cavity is bolted inside the inner

vacuum can, with thermal feedthroughs connecting the resonator to copper heatsinks

which lie inside the liquid helium environment, and microwave lines and temperature

sensors connected via hermetic feedthroughs to the outer can. The lid of the inner

can is bolted on with a Mylar ring in between a tongue-and-groove seal to provide

excellent leak prevention around the lid join.

The inner can is evacuated with a turbomolecular pump through a thin piece

of copper tubing, and immersed in liquid nitrogen. Helium gas is sprayed with a

small nozzle at low pressure around the seal and the microwave feedthroughs, and a

Residual Gas Analyser incorporated into the turbo pump is used to detect any leaks.

Provided none are present, the inner can is allowed to return to room temperature,

while still being pumped on, and the thin copper tube is crimped off when the can

reaches a pressure of near 10−6 torr. This places the inner can under a permanent

vacuum. The inner can is mounted inside the outer vacuum can, and a similar leak

checking process is performed for the outer can seal. However, the outer can is not

placed under permanent vacuum by crimping so that exchange gas can be admitted

into the vacuum space to speed up the cooldown process.

The vacuum can assembly is connected to a long stainless steel insert which

is placed in a heavily insulated 200 litre cryogenic dewar. Several baffles along the

length of the insert reduce convection currents within the cryogenic liquid and ensure

stable temperatures. A resistive heating pad and calibrated Carbon-Glass tempera-

ture sensor are incorporated as shown in Fig. 2.7, which interface with a Lakeshore
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340 Temperature Controller so that the temperature of the sapphire may be ad-

justed and stabilised at its frequency-temperature turnover point, and microwave

radiation is coupled to the sapphire from the room temperature environment by long

stainless steel coaxial cables. Flexible microwave cables are connected between the

outer and inner cans, and the inner can and the cavity, and are looped to allow for

thermal expansion and contraction without damaging the cables.

2.4.3 Operation in a Pulse Tube Cryocooler or Dilution Fridge

Cooling the resonator using a cryocooler or dry dilution refrigerator is comparatively

much simpler and cheaper to run than using cryogenic liquids. The resonator cavity

can be bolted directly to the cold finger of the cryocooler, or to the mixing chamber

of the dilution fridge (see Fig. 2.9), and in both cases the entire cryogenic space

is a single vacuum chamber. Even though the use of multiple layers of vacuum is

unnecessary, radiation shields are still connected to each temperature stage in both

systems.

In the case of pulse tube cryocoolers, operation is straightforward, with flexible

microwave coaxial cables typically leading directly from room temperature to a ther-

mal anchor point on the 50K stage, and then coiled around the cold finger before

attaching to the device under test. A thermal ‘short circuit’, or the application of

too much microwave pump power to the cavity can result in excess dissipated heat,

as a cryocooler has only 1 W of cooling power near its base temperature (usually

2-4 K), and even the most powerful dilution fridges have only several hundred mi-

crowatts of cooling power at 100 mK (dropping to zero cooling power at their base

temperature). Due to this extremely small cooling power in a dilution fridge, the

use of multiple microwave feedthroughs and cable sections is required. Microwave

cables must be thermally anchored at each flange of the dilution refrigerator using

DC blocks for proper thermalisation, or it becomes difficult to reach millikelvin tem-

peratures due to even the most minor thermal connection with a hotter flange.
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Figure 2.9: A typical dilution refrigerator (Bluefors BF-LD400). The levels from
bottom to top are the mixing chamber (∼ 10 mK), cold plate (∼ 100 mK), still
(∼ 1 K), quasi-4K plate (∼ 2.3 K), and 50K plate (∼ 50 K).
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Figure 2.10: An example of the cabling in the dilution refrigerator. Pictured is
an oxygen-free copper plate with four K-band feedthroughs attached at both the
cold plate and the still flanges. Custom cables are constructed in a looped fashion,
as well as featuring floating centre-pin cable connectors for thermal contraction
strain relief. Coloured heatshrink is a unique identifier for each cable, and a DC
block between the feedthrough and cable allows proper thermalisation of both the
inner and outer conductor.

In the experiments described in this thesis, the coaxial cables used in the fridge

are custom constructed using materials with poor thermal conductivity. From the

50K plate to the quasi-4K plate, cables with a stainless steel outer conductor and

beryllium-copper inner conductor are used, and from the quasi-4K stage to the

mixing chamber, both stainless steel inner and outer is used for the cabling. Loops

are built into the cables, and so-called “field replaceable connectors” with a floating

centre conductor are chosen for the cable ends (see Fig. 2.10), with both providing

a level of in-built strain relief from thermal contraction. The use of a dilution

refrigerator allowed the first cooldown of bulk sapphire to millikelvin temperature,

the results of which are discussed in this thesis in Chapters 6 and 7.

2.4.4 Frequency-Temperature Turning Points

A major source of frequency instability in CSOs and the Fe3+ maser described in

this thesis is the WG mode frequency dependence on temperature. The frequency-

49



CHAPTER 2. TECHNICAL INTRODUCTION

temperature dependence can be modelled as:59

f0 − f
f0

= AT 4 +By(T ) +
C

T

�� ��2.45

Where f0 is the frequency of the WG mode resonance at 0 K in the presence

of no paramagnetic impurities in the sapphire. The AT 4 term is always positive

and represents the temperature dependence of the dielectric permittivity ε and the

thermal expansion of the sapphire. The second term is usually only significant in

the case of superconducting cavity walls. The T−1 dependence in the third term is

a result of the Curie law temperature dependence of the susceptibility of the para-

magnetic ions in the crystal.59 It is well known that there exists a turning point

in this frequency-temperature dependence in sapphire, at a temperature usually on

the order of 6-8 K. In the regime of ultra high stability frequency standards, it is

important to operate at this turning point so that temperature fluctuations in the

crystal are minimally translated into frequency fluctuations, i.e. ∂f
∂T

= 0

A measurement can easily be performed to determine the turning point, which

is different in each sapphire. With the the maser system cold using either of the

techniques described in Sections 2.4.2 and 2.4.3, the sapphire is excited at the 31.3

GHz pump frequency to generate the maser signal at 12.04 GHz. A microwave

synthesiser is then used to generate a frequency several hundred kHz higher, and

the two signals are mixed using the noise cancelling scheme described in Chapter

5. The beat frequency should be chosen to lie in the most sensitive region of the

counter. Using the Lakeshore Model 340 Temperature Controller, the temperature

of the resonator is controlled at several dozen points between 4-10 K, and the beat

frequency recorded at each temperature. A simple quadratic fit can be made to the

resulting frequency-temperature curve, and the turning point determined.

Multiple turning points are possible - in Chapter 6 I describe the discovery of

50



2.4. EXPERIMENTAL IMPLEMENTATION

the lowest frequency temperature turning points ever measured in sapphire, as low

as 80 mK, in a sapphire where turning points in the 4-10 K range had previously

also been measured.
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Bimode Maser at Fundamental Noise Limit

Foreword

This chapter is based on a publication in the journal Physical Review Letters which

was the result of a fruitful and continuing research collaboration with the FEMTO-

ST Research Institute, part of the French national scientific research organisation

(CNRS). I conducted the experiments described herein at the FEMTO-ST labora-

tory in Besançon, France. A pulse-tube cryocooler was used to chill an implemen-

tation of the sapphire maser system to its frequency-temperature turnover point

near 5 K, and experiments were undertaken to characterise the fractional frequency

stability of the maser signal, and to determine which of a broad spectrum of ‘pump’

WG modes could be used to excite continuous maser action.

As described in Chapter 2, the sustaining Whispering Gallery mode in the maser

scheme is split into a doublet of resonance peaks due to backscatter in the crystal.

Despite the existence of this pair of sustaining modes, it had previously only been

possible to excite a single maser output signal at a time, corresponding to a single

doublet in the pair. Tuning the pump frequency would cause the maser output

signal to ‘mode-hop’ between the doublets of the sustaining mode (WGH17,0,0). In

this publication I show that, with appropriate choice of pump signal, we were able
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to achieve simultaneous bimodal maser excitation for the first time. I performed

beat-frequency measurements of the maser output signal from each doublet, and

show that the maser operates at the fundamental Schawlow-Townes limit of frac-

tional frequency stability due to thermally induced Nyquist noise, suggesting the

potential for significant improvement in short term stability. The work also allowed

us to verify the well-known low noise properties of solid-state masers.

My contribution to the research was 50% of the experimental work, performed

jointly with Dr. Karim Benmessäı. I had a higher contribution to the manuscript

preparation - 70% - due to the lack of English language proficiency from our French

colleagues.
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Measurement of the Fundamental Thermal Noise Limit in a
Cryogenic Sapphire Frequency Standard Using Bimodal Maser

Oscillations
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Yann Kersalé∗, Vincent Giordano∗
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3.1 Abstract

We report observations of the Schawlow-Townes noise limit in a cryogenic sapphire

secondary frequency standard. The effect causes a fundamental limit to the fre-

quency stability, and was measured through the novel excitation of a bimodal maser

oscillation of a Whispering Gallery doublet at 12.04 GHz. The beat frequency of

10 kHz between the oscillations enabled a sensitive probe for this measurement of

fractional frequency instability of 10−14τ−1/2 with only 0.5 pW of output power.

3.2 Introduction

Cryogenic sapphire oscillators are based on single cylindrical crystals of sapphire

of approximately 50 mm in diameter, cooled with liquid helium and operated by

exciting Whispering Gallery modes with Q-factors of order 109 at microwave fre-

quencies.60 State-of-the-art stabilities of parts in 1016 (∆f/f < 10−15) have been

achieved for integration times between 2 to 1000 seconds.17,61 This has lead to a

range of unique applications including precision tests of Lorentz Invariance, such

as Michelson-Morley,10,62,63 Kennedy Thorndike64–66 and Standard Model Exten-

sion10,63,67–70 experiments. Other applications include quantum-limited operation

of laser cooled atomic frequency standards. The high stability of the sapphire oscil-

lator allows the elimination of technical noise due to the pulsed sampling required to

generate Ramsey fringes.14 To date, cryogenic oscillators are the only electromag-

netic oscillators with sufficient stability to achieve this. Thus, many laboratories
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worldwide are incorporating them into their clock ensembles to generate microwave

and optical signals for such purposes,17,71–75 although in the future microwave gen-

eration via an optical frequency standard and a femtosecond comb may rival these

results. As well as the practical applications with regards to timing, navigation and

space applications,76 the fountain clocks have now achieved sufficient sensitivity to

test the stability of fundamental constants.12,76,77

The fundamental limits of frequency stability in such high precision oscillators

are due to competing effects from fluctuating radiation pressure of the electromag-

netic field or small random background fluctuations due to thermal78 or quantum

Nyquist noise processes (Schawlow-Townes noise limit).79,80 These limits represent

a barrier to frequency instability that cannot be surpassed using classical techniques.

It is important to characterise these noise processes through precise measurement.

For a cryogenic sapphire oscillator operating at the usual levels of carrier power (10

mW), radiation pressure effects have already been characterised.60 In contrast, the

frequency instability due to the Schawlow-Townes noise limit for a cryogenic sap-

phire oscillator is of order 10−20 at 1 second averaging time at this carrier power. In

this regime the performance of precise frequency generation is limited by technical

noise sources such as flicker noise in the amplification process of the oscillator sus-

taining stage (solid-state amplifier). Typically this is at a level of parts in 1016. In

this work we report on the first observation of the fundamental frequency stability

limit due to Nyquist thermal fluctuations in a Cryogenic Sapphire Oscillator using

a three-level zero-field maser transition as the oscillator sustaining stage.

The fundamental spectral density of Nyquist noise of an electromagnetic mode

sustained by an ideal amplifier is given by Eqn.
�� ��3.1 .79

ψa(ν) =
hν

e
hν
kBT − 1

+
hν

2
[W/Hz]

�� ��3.1
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Here, h is Planck’s constant, ν the frequency of the mode, kB Boltzmann’s constant

and T the temperature of the surrounding environment. The thermal regime is

distinguished from the quantum regime for mode frequencies, ν < kB/h , which is

100 GHz at liquid helium temperature. In contrast to laser technology our experi-

ment is in the Nyquist thermal regime and the Schawlow-Townes limit on frequency

instability for this case is given in Eqn.
�� ��3.2 .81

σy(τ) =
1

Qmode

√
kBT

2Pmodeτ

�� ��3.2

Here, Qmode is the mode Q-factor, Pmode is the power in Watts, and τ is the mea-

surement integration time in seconds.

Recently a new type of cryogenic sapphire oscillator was discovered based on

masing from residual impurity ions with zero applied magnetic field.34 Maser action

results from the coincidence in frequency of the Electron Spin Resonance of Fe3+

ions with a very high Q(> 109) Whispering Gallery Mode at 12.04 GHz. The out-

put power obtained with this device is of order 2.5 nW, which is ten thousand times

higher than a hydrogen maser. This leads to the fundamental Schawlow-Townes fre-

quency stability limit due to Nyquist thermal fluctuations acting on the Whispering

Gallery Mode resonator of order 10−16τ−1/2. The first characterisation against the

state-of-the-art classical cryogenic sapphire oscillator (solid-state sustaining stage)

resulted in the measurement of an upper limit to the frequency instability of two

orders of magnitude higher of order 10−14 at 1 second, which was limited by the

microwave frequency synthesis chain used for the frequency comparison.82

Whispering Gallery Modes in such high-Q resonators in reality exist as doublets

due to perturbations such as backscatter in the crystal due to Rayleigh scattering
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Figure 3.1: Typical spectrum of the bimodal oscillation at 12.04 GHz using a
readout with 80 dB gain.

and probe perturbations.49,83–85 The back scatter causes the two opposite trav-

elling waves propagating around the circumference of the sapphire cylinder to ex-

hibit strong coupling and split into two spatially orthogonal circumferential standing

waves,84 which in this case are separated by 10 kHz in frequency. Because the split-

ting is small (≈ 10 kHz) it is only observable in high-Q systems. In this work we

report simultaneous maser action of the two modes as shown in Fig. 3.1 (bimodal

operation). In contrast, the bimodal regime only occurs at low power levels between

10−15 to 10−12 Watt output power (at higher powers only one mode dominates). For

these power levels the Schawlow-Townes frequency instability limit is larger and of

order 10−14τ−1/2. In this work, we show that the mixing of the two bimodal sig-

nals has enabled us for the first time to measure this limit for a cryogenic sapphire

oscillator, and verified the low noise properties of the maser.

3.3 Experimental Construction

The resonator consists of a HEMEX sapphire single crystal disk 50mm diameter and

30mm high mounted in a gold plated OFHC copper cavity. The operating mode is

the WGH17,0,0 at 12.04 GHz cooled to liquid helium temperature with a pulse tube

58



3.3. EXPERIMENTAL CONSTRUCTION

10
-15

10
-14

10
-13

0.006 0.008 0.01 0.012 0.014

Pmaser1
Pmaser2

M
as

er
 O

ut
pu

t P
ow

er
 (

W
)

Pump Power (W)
(fpump = 31.353,742,770 GHz)

Figure 3.2: Typical output power of the bimodal maser oscillation as a function
of pump power for the 31.353,742,770 GHz pump mode. The actual output power
depends on the mode chosen to pump the mode and whether or not a magnetic
field is applied

cryocooler. The doublet pair, separated by 10 kHz, is characterised by a loaded Q-

factor of the order of 7× 108 at 4.2 K. To create the population inversion we inject

in the resonator a signal between 31.305 to 31.411 GHz, via a microwave synthe-

siser, corresponding to the center frequency of another high-Q Whispering Gallery

mode. There are 34 modes in this frequency range that can be excited to create a

population inversion in the gain medium, which in turn causes the 12.04 GHz mode

to oscillate. By applying this pump signal with a power above the threshold (≈ 10

mW) and within this 100 MHz range, the two maser signals may coexist at the res-

onator output probe. A typical plot of the bimodal maser signal power versus pump

power is shown in Fig. 3.2. Only in the low power regime can both modes co-exist

(similar to two-mode operation of a ring laser) when coefficients due to cross satu-
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Figure 3.3: Beat frequency readout for the bimodal maser.

ration and self-saturation between the two coupled-modes result in positive net gain

for both modes.86 In this case population inversion is created mainly from separate

parts of the maser medium. In contrast, in the high power regime only one mode

can oscillate due to competition across the whole maser medium. On the transition

from the bimodal to single-mode operation (Fig. 3.2) there is a discrete jump in

masing power of the oscillating mode, due to the discrete change in medium gain.

The two signals, extracted from the same probe, are amplified by an amplifier

chain (two amplifiers with 40 dB gain each) and then sent to a quadratic detector

(tunnel diode) to be mixed (Fig. 3.3). A microwave band pass filter is placed

between the two microwave amplifiers to reduce the thermal noise produced by the

first amplifier. The 10 kHz beat note is band pass filtered and amplified by a low

noise amplifier and then sent to a high-resolution counter, referenced to a hydrogen

maser, to extract the frequency stability.

The frequency instability in terms of Allan deviation is plotted in Fig. 3.4 for

various maser output powers. The level of white noise is calculated from the coef-

ficient of the τ−1/2 fit in the 1 to 10 second interval. Periodic effects cause clearly

visible bumps in the Allan deviation curve, which can be ignored when calculating

the white noise. From the spectral density of fractional frequency fluctuations plot-

ted in Fig. 3.5, the periodic effects are clearly visible, and for Fourier frequencies
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Figure 3.4: Allan deviation of the maser frequency as a function of integration
time for various power levels in units of dBm (dB with respect to 1 mW). The
readout noise floor is calculated from the measured phase noise, using the trans-
formations of white and flicker phase noise presented in.58 The white noise level
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> 10−2 Hz the white noise floor is clearly visible.

The output power of the maser is measured on the spectrum analyser with a

40 dB gain amplifier. The error bars are calculated by taking ten measurements,

then calculating the mean and standard deviation. The solid curve is the predicted

stability assuming ideal amplification of the maser using Eqn.
�� ��3.2 . The calculation

is done for a temperature of 5 K, Q-factor of 7×108 and averaging time of 1 second.

From the comparison it is clear that we have measured the thermal noise limit given

by the Schawlow-Townes limit on frequency stability.

3.4 Conclusions

In conclusion we report observations of thermally induced Nyquist noise due to tem-

perature fluctuations in a high precision electromagnetic oscillator as calculated by

the Schawlow-Townes formula. The measurements showed the correct dependence

on power and showed that the maser action produced a sustaining stage that was

close to ideal. This work suggest that a cryogenic sapphire oscillator operating with

a maser sustaining stage in single mode operation (2.5 nW output power) has the

potential to improve the short term stability of cryogenic sapphire oscillators to a

value of 10−16 × τ−1/2.
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Improving Maser Output Power

Foreword

Following the experiments described in Chapter 3, it was realised that if the maser

is indeed fundamentally Schawlow-Townes limited, then the potential frequency sta-

bility could be improved by increasing the maser output power. This chapter details

an annealing process I undertook to improve the output power of the maser by in-

creasing the impurity concentration of active ions in the sapphire lattice.

Annealing is a well documented and widely used process in the cosmetic gem-

stone industry to change the colour of crystals, the colour being a result of impurities

or ‘colour centres’ in the crystal lattice. I show in this chapter that in the sapphire

maser, a parts-per-million concentration of residual Fe2+ ions in the lattice can be

converted to Fe3+ by annealing in air. I use measurements of an anomalous bistabil-

ity effect, as well as magnetic susceptibility measurements to calculate the increase

in the active ion Fe3+ after annealing.

The results presented here suggest another potential order-of-magnitude im-

provement in the Shawlow-Townes limit over that reported in Section 3.4. The

content of this chapter has been published in a special issue of the journal IEEE
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Transactions on Ultrasonics, Ferroelectrics, and Frequency Control for the 2009

Joint Meeting of the European Frequency and Time Forum and the IEEE Interna-

tional Frequency Control Symposium, where it won the Student Paper Competition.

My experimental contribution to the research was, 75% and I prepared 95% of

the manuscript, with the remaining contribution being minimal editorial input from

co-authors.
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4.1 Abstract

We present new results on a cryogenic solid-state maser frequency standard, which

relies on the excitation of Whispering Gallery (WG) modes within a doped monocrys-

talline sapphire resonator (α-Al2O3). Included substitutively within the highest pu-

rity HEMEX-grade sapphire crystal lattice are Fe2+ impurities at a concentration of

parts per million, an unavoidable result of the manufacturing process. Mass conver-

sion of Fe2+ to Fe3+ ions was achieved by thermally annealing the sapphire in air.

Above-threshold maser oscillation was then excited in the resonator at zero applied

DC magnetic field by pumping high-Q WG modes coincident in frequency with the

Electron Spin Resonance (ESR) energy levels of the Fe3+ spin population.

A two stage annealing process was undertaken for a sapphire resonator with

exceptionally low Fe3+ concentration, resulting in an improvement of six orders of

magnitude in output power for this particular crystal, and exceeding the previous

best implementation of our scheme34 in another crystal by nearly 20 dB. This rep-

resents an output signal seven orders of magnitude more powerful than a typical

commercial hydrogen maser. At this power level, we estimate a limit on the fre-

quency stability of order 1 × 10−17/
√
τ due to the Schawlow-Townes fundamental

thermal noise limit.
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4.2 Introduction

A recent collaboration between French and Australian laboratories has seen the de-

velopment of a novel extension of the classic Cryogenic Sapphire Oscillator (CSO),

the so-called “Whispering Gallery Maser Oscillator” (WHIGMO). The scheme, an

active resonator-oscillator, is implemented in a very similar experimental package

to the CSO but relies on the presence of paramagnetic Fe3+ ions in the sapphire

crystal lattice. These ions exhibit an Electron Spin Resonance (ESR) at microwave

frequencies, forming a three level system at zero applied DC magnetic field from

which maser oscillation may be obtained. Both the CSO and the WHIGMO consist

of a cylindrical HEMEX grade sapphire resonator placed in a cavity under vac-

uum, cooled to ∼4.2K on a cryogenic insert in a liquid helium dewar, and injected

with microwave radiation to excite high-Q Whispering Gallery (WG) modes. The

WHIGMO differs from the CSO in that it is not coupled to an external loop oscillator

and controlled using the well known Pound frequency stabilisation technique. Fe3+

in sapphire experiences a strong crystal electric field and is able to operate without

the applied external magnetic field typical of other solid-state masers32 such as the

Superconducting Cavity Maser Oscillator based on ruby described by Dick et al.87

An in-depth discussion of the principle of operation of the WHIGMO has been

given in several previous publications.34,82,88–90 Briefly, we excite above-threshold

maser action in the sapphire resonator due to a coincidence in frequency between the

Fe3+ ESR, and a very high Q whispering gallery mode (Q > 109) which acts as the

sustaining amplifier in the stimulated emission scheme. All that is required to excite

the maser at 12.04 GHz in the WHIGMO is to inject a signal at the ESR ‘pump’

frequency of 31.3 GHz. The system can be thought of essentially as a free-running

loop oscillator with the “loop” being the path taken by the microwave energy as

it totally internally reflects around the sapphire boundary.34 The gain medium is

the Fe3+ spin population which is continuously distributed along the length of the
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loop, and whose effect is strongly enhanced by the WG mode (WGH17,0,0) lying

within the ESR bandwidth. Previously the maser output power of a particular

WHIGMO resonator dubbed Gepetto was on the order of −94 dBm. This paper

reports the results after a recent annealing process on Gepetto which increased the

maser output power to −37 dBm measured at the output of the cryogenic insert.

Accounting for transmission line losses, this represents an output power of −30.4

dBm at the output of the resonator which is the highest power achieved to date for

a WHIGMO implementation, exceeding the result presented by Bourgeois et al.34

by approximately 20 dB.

4.3 Paramagnetic Impurities in Sapphire

It is known that residual paramagnetic impurities are present in HEMEX grade

sapphire at a level of parts-per-million to parts-per-billion. The influence of these

impurities on the electromagnetic properties of sapphire at cryogenic temperatures

is well characterised. For example, the presence of ions such as Ti3+, Cr3+, Mo3+,

V3+, Mn3+, and Ni3+ leads to a frequency-temperature turning point due to op-

posite sign effects of temperature-dependent Curie law paramagnetic susceptibility,

and temperature dependence of permittivity59,91–93. Operating at the frequency-

temperature turning point allows frequency fluctuations due to temperature insta-

bility to be nullified to first order, and has been crucial to achieve state-of-the-art

short term fractional frequency stability in CSOs in the past.16,17,94

The WHIGMO exploits this frequency-temperature turnover phenomenon, in ad-

dition to the Electron Spin Resonance (ESR) associated with a parts-per-billion

population of Fe3+ ions in the lattice. At zero applied DC magnetic field, the ESR

forms a three level system corresponding to the spin-|1/2〉, |3/2〉, and |5/2〉 states.

Maser oscillation in the resonator may be achieved by exciting the ‘pump’ transi-

tion |1/2〉 → |5/2〉, resulting in a non-radiative relaxation transition |5/2〉 → |3/2〉
(spin-spin decoherence), and finally a radiative ‘maser’ signal at 12.04 GHz corre-
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sponding to the |3/2〉 → |1/2〉 transition.95 The concentration of Fe3+ ions in a

typical HEMEX grade sapphire sample is on the order of only several parts per bil-

lion, however masing can normally be observed despite this small concentration by

virtue of the extremely high Q factor of the sustaining Whispering Gallery mode.

4.4 Annealing of the Sapphire

It is desirable to increase the concentration of Fe3+ impurities in the resonator

for several reasons. Of primary concern is that rather than being ‘doped’, the

paramagnetic impurities in the resonator are an unintentional and unpredictable

result of the manufacturing process. As such, some crystals will be ‘too perfect’ and

contain a concentration of Fe3+ too small to excite above-threshold maser oscillation.

In crystals with a sufficiently high concentration to excite maser action, the output

power can be on the order of only −100 to −90 dBm, and as such the signal-to-

noise ratio is very small. Amplification to countable levels can add noise and degrade

frequency stability. Finally, the fractional frequency stability of the maser output

signal is fundamentally limited by thermal noise, described by the Schawlow-Townes

equation:

σy(τ) =
1

QL

√
kBT

2Pmaserτ

�� ��4.1

Where QL is the loaded Q factor of the WG mode corresponding to the maser

signal, kB is the Boltzmann constant, T is the temperature of the resonator, Pmaser

is the output power of the maser in Watts, and τ is the integration time in seconds.

From this, we see that potential fractional frequency stability improves with the

square root of maser power. An improvement in the Fe3+ concentration provides

more active ions for stimulated emission which can significantly boost maser output

power. Large scale conversion of Fe2+ to Fe3+ ions can be achieved by thermally an-
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4.5. BISTABILITY MEASUREMENTS

nealing the sapphire in air. Annealing is a common technique used in the gemstone

industry to cause color change in natural sapphires, and it is well known that an

environment with a high oxygen partial pressure promotes the oxidation of Fe2+ to

Fe3+ during annealing.96 This ion conversion has also been confirmed in high-purity

synthetic HEMEX sapphires using optical absorption measurements in a previous

publication.97

HEMEX sapphire does undergo annealing as part of the growth process, however

the sapphire under test (Gepetto), had insufficient Fe3+ concentration upon manu-

facture to cause sustained masing in initial tests.

To improve the Fe2+ to Fe3+ ratio in Gepetto, a post-growth thermal annealing

process was undertaken in two stages. The first annealing, carried out at Insti-

tut FEMTO-ST in Besançon France, was at 1600K for 20 hours discontinuously

(5 days × 4 hours/day). The second annealing, undertaken at Crystal Systems

in the USA, was at 1600K for 24 hours. In both cases, Gepetto was annealed in

air. It is suspected that the second annealing process was longer than necessary, as

some minor evaporation from the crystal surfaces was observed. This did not shift

mode frequencies or degrade mode Q factors significantly. It is important to note

that the annealing process does not create new Fe3+ sites in the sapphire lattice,

it merely causes conversion of existing parts-per-million concentration of Fe2+ sites

to Fe3+. To assess the efficacy of the annealing processes, the Fe3+ concentration

N was determined through measurements of anomalous bistability and magnetic

susceptibility which appeared in the WHIGMO after annealing.

4.5 Bistability Measurements

Prior to annealing, no maser oscillation could be excited in this sample, and only

a very weak absorption effect at WG modes near the ESR center frequency was

observed. After the first annealing stage, maser oscillation at an output power of
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CHAPTER 4. IMPROVING MASER OUTPUT POWER

−94 dBm was achieved. An anomalous bistability was measured at the WGH17,0,0

frequency in which a different threshold power was observed depending on the di-

rection of the power sweep. As has been reported previously,90 this bistability can

only be explained by the saturation of the Fe3+ ESR at 12.04 GHz.
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-28
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S 21
 (

dB
)

Before Annealing

After First Annealing

Figure 4.1: Transmission coefficient for the WGH17,0,0 mode as a function of
injected power before and after the first annealing. The absorption effects are due
to saturation of the Fe3+ ions whose ESR bandwidth encompasses the WG mode
in question.

An equation of state was derived,35 given by:

Y 2 = 2X2

[(
1 +

2C

1 + ∆2 +X2

)2

+

(
ξ +

2∆2C

1 + ∆2 +X2

)2
] �� ��4.2

where Y 2 is the input power, X2 is the output power, the cooperativity C is given

by C = ηχ0QL
WGQL

ESR and ξ ≈ ∆ ≈ 0. The filling factor (close to unity) is

represented by η, and the loaded Q factors of the WG mode WGH17,0,0 and the ESR

are given by QL
WG and QL

ESR respectively. Fitting to the measured absorption

curves gives Fe3+ concentrations of N = 0.017 ppb before annealing, and N = 1.7
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4.6. MAGNETIC SUSCEPTIBILITY MEASUREMENTS

ppb after the first annealing, representing a 100 fold increase in the Fe3+ to Fe2+

ratio. The ion concentration is deduced from the cooperativity C which is a function

of N through the static susceptibility χ0.

4.6 Magnetic Susceptibility Measurements

A second annealing procedure was undertaken to further improve the output power

of the maser. After this second annealing, the concentration of active paramagnetic

ions was large enough that a strong magnetic susceptibility effect could be observed.

WG modes around the ESR |5/2〉 → |3/2〉 transition frequency of 19.3 GHz were

observed with a vector network analyser at varying power levels. The mode fre-

quency was first measured using the minimum power required such that the system

was not purely absorptive (∼ −20 dBm), and then at the maximum power available

at the output of the network analyser (∼8 dBm). Shifts in the WG modes were

several tens of kHz, and can be related to the real part of the complex magnetic

susceptibility through the well-known equation

χ′ = 2
δν

pm⊥ν

�� ��4.3

where pm⊥ is the perpendicular magnetic filling factor, and δν is the frequency

shift of the WG mode at frequency ν. A Gaussian fit was made to the real part of

the susceptibility data, as it is best suited to describing inhomogeneously broadened

systems such as this. An appropriate form for the lineshape of the fit98 is given as:

χ′ =

(
2

π

∫ τ2
π

(ω23−ω)

0

e−y
2

dy

)
χ0ω23τ2e

− τ2
2

π
(ω23−ω)2

�� ��4.4

where χ0 is the static or DC magnetic susceptibility, ω23 represents the angular

frequency of the |5/2〉 → |3/2〉 transition, and τ2 is the spin-spin relaxation time.

The Gaussian fit to the data is related to the ion concentration through χ0 which

is a function of N . Performing a fit using the Levenberg-Marquardt method with

two free parameters (N , and τ2), we obtain the results N = 55 ppb, τ2 = 5.9 ns.
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CHAPTER 4. IMPROVING MASER OUTPUT POWER

The fit is shown in Figure 4.2. It should be clearly noted that the fit gives only

approximate values for N and τ2 for several reasons. The lack of data points in

the most critical area of the curve, near the center of the ESR, affects the closeness

of the fit significantly. In addition, the relaxation time should not be considered

precise as the real part of the susceptibility is not particularly sensitive to this

parameter. However, the fit does give (at worst) an order of magnitude estimate

of ion concentration in the sapphire which is sufficient to use as a ‘figure of merit’

for the efficacy of the annealing process. Another estimate for ion concentration

may be found by assuming the pump transition is saturated and calculating the

concentration from the maximum maser output power. Using this method, we

deduce the Fe3+ concentration in the resonator to be on the order of ∼150 ppb.

We conclude thus that the second annealing process resulted in an improvement in

ion concentration on the order of 2900–5900 times that of the original, unannealed

sapphire.
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Figure 4.2: Gaussian fit to the real part of the complex magnetic susceptibility.
Data points were calculated from the power dependent fractional frequency shifts
of WG modes lying within ∆fESR,|5/2〉→|3/2〉
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4.7 ESR Linewidth Broadening

Being inhomogeneously broadened, the bandwidth of the Fe3+ ESR in strongly de-

pendent on the distribution and number of active Fe3+ spin packets in the resonator.

After the first annealing process (100× improvement in ion concentration), two

masers could be excited: one at 12.04 GHz corresponding to the WGH17,0,0 mode,

and another (weaker) maser at 12.029 GHz corresponding to an unidentified WG

mode. Both WG modes fell within ∆fESR,|3/2〉→|1/2〉. After the second annealing

process, the up to 5900× increase in Fe3+ population caused the ESR linewidth to

be broadened significantly enough to encompass a third WG mode of appropriate

characteristics at 11.96 GHz. This resulted in the observation of a third maser sig-

nal. In reality, the ESR encompasses many more than three WG modes, however

only these three modes have sufficiently high Q factor and perpendicular magnetic

filling factor to support maser oscillation. It is possible to excite all three masers

simultaneously for several choices of pump frequency. Figures 4.3 and 4.4 show how

the masers saturate, and the way in which they ‘switch on’ and ‘switch off’ at differ-

ent pump frequency due to the differing Q factors of their corresponding WG modes

at the maser frequency.

4.8 Conclusion

In conclusion we have described how thermally annealing HEMEX grade sapphire

in an oxidising environment can cause mass conversion of Fe2+ impurities to Fe3+.

The conversion was confirmed by fitting to the bistability and susceptibility curves

measured after the annealing process, and deducing the ion concentration N from

the cooperativity and static susceptibility. Broadening of the ESR linewidth was ob-

served after the second annealing, confirming the improvement in ion concentration

and allowing a third maser to oscillate. The increase of active ions in the maser due

to the annealing process resulted in an unprecedented output power of -30.4 dBm

at the crystal, an improvement of six orders of magnitude in output power over the
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previous best implementation of this scheme. This high-power WHIGMO imple-

mentation is seven orders of magnitude more powerful than a typical commercial

hydrogen maser and represents a very promising new type of frequency standard.

Using Equation
�� ��4.1 with typical values for frequency-temperature turnover point

and WG mode Q-factor, we estimate a new Schawlow-Townes thermally limited

fundamental frequency stability on the order of 1 × 10−17/
√
τ for the high-power

WHIGMO. Tests of fractional frequency stability are underway at the time of writ-

ing. It should be stressed that this is simply a thermal noise limit, and we anticipate

that overall performance will be determined in the long term by other factors such as

the ability to precisely control the resonator at the frequency-temperature turning

point. In previous lower power implementations of the WHIGMO scheme, we have

observed sensitivity of the fractional frequency stability to fluctuations in pump

power and ambient room temperature. Future work will involve quantifying these

sensitivities, as well as determining what effect the strongly power-dependent fre-

quency shifts have on clock performance. The addition of Helmholtz coils around

the experiment has been planned to assess the sensitivity of the maser to external

magnetic field fluctuations.
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5
Readout System for Weak Microwave

Signals

Foreword

In developing a frequency standard with such exquisite precision, it is important to

have a readout system capable of handling its output signal without degrading the

stability or adding noise. Of particular concern is the measurement of extremely

weak signals such as the maser signal from an unannealed crystal (see Chapter 4),

which can be as low as 0.1 pW and require enormous amplification. In any case,

even for high power signals, amplification is almost invariably needed for measure-

ment in the sensitive range of high-resolution frequency counters such as the Agilent

53132A, which ideally require inputs of order 10 mW. The results of Chapters 3 and

4 suggest the potential for an extraordinarily low noise floor in terms of fractional

frequency stability for the maser, and thus an appropriately low-noise measurement

system is required.

In this chapter, I develop a readout system for stable microwave signals and

compare it to the standard readout method. To generate ultra-stable test signals, I

built a Cryogenic Sapphire Oscillator nominally identical to an existing CSO with

world-leading short term stability, and attenuated their outputs to extremely low
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CHAPTER 5. READOUT SYSTEM FOR WEAK MICROWAVE SIGNALS

levels. The readout scheme then operates the amplifiers in a novel simultaneous

multi-mode amplification configuration, and self-mixes the output spectrum to ef-

fectively cancel correlated flicker noise introduced by amplifiers. Phase noise and

frequency stability measurements are presented using two different systems.

The results of these experiments have been published in the journal IEEE Trans-

actions on Microwave Theory and Techniques. I contributed 75% towards the

project in terms of manuscript preparation, and experimentally performed 50% of

the construction of the new CSO, in addition to the great majority of the readout

system construction and measurement.
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High-Resolution Flicker-Noise-Free Frequency Measurements of
Weak Microwave Signals

Daniel L. Creedon†, Michael E. Tobar†, Eugene N. Ivanov†, John G. Hartnett†

† University of Western Australia, School of Physics M013, 35 Stirling Hwy., Crawley 6009 WA, Australia

Published in: IEEE Transactions on Microwave Theory and Techniques, Vol. 59,

Iss. 6, pp. 1651–1657 (2011)

5.1 Abstract

Amplification is usually necessary when measuring the frequency instability of mi-

crowave signals. In this work, we develop a flicker noise free frequency measurement

system based on a common or shared amplifier. First, we show that correlated

flicker phase noise can be cancelled in such a system. Then we compare the new

system with the conventional by simultaneously measuring the beat frequency from

two cryogenic sapphire oscillators with parts in 1015 fractional frequency instability.

We determine for low power, below −80 dBm, the measurements were not limited

by correlated noise processes but by thermal noise of the readout amplifier. In this

regime, we show that the new readout system performs as expected and at the same

level as the standard system but with only half the number of amplifiers. We also

show that, using a standard readout system, the next generation of cryogenic sap-

phire oscillators could be flicker phase noise limited when instability reaches parts

in 1016 or better.

5.2 Introduction

In some applications it is necessary to amplify microwave signals to practically use-

ful levels of power. However, it is possible that the electronic noise introduced

by the amplifiers could become a concern for signals where high spectral purity

is important. For example, the recent development of a cryogenic Fe3+ sapphire

maser34,82,89,99–101 with an output power ranging from −95 to −55 dBm requires
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CHAPTER 5. READOUT SYSTEM FOR WEAK MICROWAVE SIGNALS

substantial signal amplification with minimal perturbation of frequency stability. It

has been documented that flicker phase noise will be induced in some amplifiers with

input powers below -80 dBm.102

The standard method of determining the fractional frequency instability of an

oscillator is to build a second nominally identical oscillator and measure the beat

frequency with a high precision frequency counter to compute the frequency devia-

tion (i.e. using the square root Allan or Triangle variance58). The beat frequency

is obtained with a microwave double-balanced mixer, with most mixers requiring

input power on the order of 0 to +15 dBm on the RF and LO ports to operate in

the correct regime.

It is possible that as the stability of the Fe3+ sapphire maser is improved in

future generations, nonlinearities within the amplification chain and undesirable ef-

fects such as intermodulation distortion will manifest as an artificial noise floor in

the measurement. Of primary concern is amplifier-induced flicker noise, which is

caused by direct, intrinsic phase modulation generated within the microwave am-

plifier. This is typically a low-frequency phenomenon but is of concern because it

is upconverted close to the microwave carrier frequency. A readout system capable

of cancelling correlated amplifier-induced flicker noise and other undesirable effects

has applications for the cryogenic sapphire maser and any other system requiring

amplification of very low-power signals without degrading the fractional frequency

stability.

In this paper, we present a comparison of three microwave frequency readout

systems. In our flicker-noise-free shared amplifier approach, we show that flicker

phase noise is indeed correlated and largely independent of the frequency separation

between the two carriers. Our readout system is important for applications that

measure a difference frequency and require the signals to be amplified without the

addition of extra noise. Such applications include tests of Lorentz invariance,10,63,103

dual mode oscillator circuits,104–109 and two oscillator beat frequency measurement
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systems, such as those presented in this paper.

5.3 Amplifier Phase Noise

The experimental setup to measure amplifier phase noise for two jointly amplified

signals (“dual frequency readout”) is shown in Fig. 5.1. The measurement is con-

figured for a two-channel spectral noise measurement110 and the coherence between

the two channels is determined by using a spectrum analyser to measure the cross

correlation function, with the two-channel readout mixers set phase-sensitive. The

system can be calibrated by placing a voltage controlled phase shifter (VCP) at the

input of the amplifier (not shown in Fig. 5.1). The microwave signals are generated

from a fixed frequency low noise sapphire oscillator111–115 and a HP 8673G Signal

Generator. The signals are offset slightly in frequency, with a mean frequency close

to 9 GHz.

To create the dual frequency, the two microwave signals are power combined

with a 3 dB hybrid and sent to a common amplifier. Once amplified, the dual

frequency signal is split by a 3 dB hybrid and sent to two separate microwave mixer

RF ports. Each channel of the measurement system in Fig. 5.1 is tuned phase

sensitive by adjusting phase delay of the mixer LO signal. In such a case, voltage

fluctuations at the output of each mixer are expected to vary synchronously with

fluctuations of phase introduced by the microwave amplifier at the respective carrier

frequency. The demodulated signals thus give a downconverted response of the

amplifier with respect to the two initial frequencies. The demodulated signals are

filtered and amplified using a Stanford Research Systems low noise amplifier with

a bandwidth of 30 kHz, in order to deal with the low frequency noise only, and a

gain of 20 dB. This increases the sensitivity of the phase noise measurement and

filters the second frequency from the output to avoid saturation effects. In this

measurement, the dual frequency was created with a 1.2 MHz frequency difference

by setting the signal generator to 9.00078 GHz. The phase sensitivity was measured
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5.4. EFFECT OF AMPLIFIER READOUT NOISE ON FREQUENCY
STABILITY

to be approximately 200 mV/rad for both channels. A two-channel FFT Spectrum

Analyser measured the outputs of the mixer so that the noise at both frequencies and

the correlation between the noise could be determined. The results are given in Fig.

5.2, where the cross-correlation between the two channels is shown along with the

single sideband phase noise measured for each channel as shown in Fig. 5.1 and their

difference. From the results in Fig. 5.2 it is seen that at Fourier frequencies below 1

kHz, voltage fluctuations at both outputs of the measurement system are strongly

correlated and therefore cancel each other upon subtraction. This leaves behind

voltage noise with “white” spectrum resulting from thermal phase fluctuations of

the microwave amplifier. At higher Fourier frequencies, performance is limited by

the uncorrelated white phase noise floor.

5.4 Effect of Amplifier Readout Noise on Frequency
Stability

In addition to the phase noise measurement presented in Section 5.3, the perfor-

mance of our ‘dual frequency’ readout system was assessed in terms of fractional fre-

quency instability. To test the two-oscillator beat frequency measurement technique

at ultra-low levels of power and with world-leading stability, two nominally identical

cryogenic sapphire oscillators (CSOs) close to 11.2 GHz were employed with heavily

attenuated output signals. The two CSOs used here exhibit a relative fractional

frequency instability of 1.6×10−15 at 1 second and reach a minimum of 8×10−16 at

about 20s of integration before rising again to 1.4×10−15 at 100s.116 The oscillators

make use of a pair of HEMEX sapphire resonators from Crystal Systems (USA), op-

erating in the quasi-transverse magnetic Whispering Gallery mode, WGH16,0,0 with

a frequency-temperature annulment point91,117,118 a few kelvin above liquid helium

temperature. Two nominally identical loop oscillators were constructed. The pa-

rameters of each CSO are listed in Table 5.1. The beat frequency between the CSOs

of 336 kHz falls within the most sensitive regime of the Agilent 53132A frequency
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system. Note that as the correlation is lost, the phase noise of the difference
frequency becomes identical to that of the individual signals.
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counter, which was used in the readout system.

Table 5.1: Parameters for the Cryogenic Sapphire Oscillator ensemble. QL is the
loaded Q-factor of the resonator, and β1 & β2 are the couplings on ports 1 and 2
respectively.

CSO1 CSO2

Frequency 11.200,386,540 GHz 11.200,053,848 GHz

Temperature 7.2319 K 6.6179 K

QL 7× 108 4.4× 108

β1 1.06 0.61

β2 0.1 0.035

5.4.1 Measurement Technique

Three readout systems were devised and tested simultaneously (Fig. 5.3) so that

each system experienced identical conditions such as room temperature fluctuations,

vibrational disturbances, oscillator drifts, and the inherent resonator and oscillator

noise. The ‘control’ or ‘directly mixed’ system contained no amplifiers. The output

signal from the loop oscillator of each CSO (+2 dBm for CSO1 and +17 dBm for

CSO2) was first split using a power divider, and one output from each divider was

passed directly into a Marki Microwave M1R0818LS mixer without amplification

or filtering of any kind. In all three systems, the input power for the mixer was

adjusted for the optimal operating regime according to the mixer datasheet. The

relative frequency instability of the resultant beat frequency gives the noise floor

for the other measurement systems. Flicker phase noise added by the amplification

chains in the other readout systems will manifest as a degradation of the fractional

frequency stability. Great care was taken to provide adequate isolation at pertinent

locations in the microwave circuits such as before and after amplifiers, on the input

ports of mixers, and particularly after the entry point of the CSO signals. The inputs

for the directly mixed readout system remain unchanged, so we expect the fractional

frequency stability to remain constant in each test. However despite using 60 dB

of isolation, some level of interference or ‘crosstalk’ between signals is unavoidable,
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which is apparent at short integration times as seen in Fig. 5.4.

The ‘individually amplified’ system is the standard readout system for two low-

power signals. Each signal is passed through its own separate amplification chain

before mixing. In this implementation, the second branch of the power divided sig-

nal from CSO1 is attenuated to simulate a low power ultra-stable signal. This signal

is then amplified by a bank of three JCA 812-4134 microwave amplifiers connected

in series and passed to the RF port of a Marki Microwave M1R0818LS mixer. The

LO signal is taken from an unattenuated branch of split power from CSO2. The

measured frequency instability of the beat signal then allows us to determine the

effects of noise added by the amplification chain.

Finally, the self-mixed or ‘dual frequency readout’ system combines the attenu-

ated signals from both CSOs using a power divider in its reverse mode of operation.

The two signals are then simultaneously passed through an amplification chain be-

fore being split with a directional coupler, phase adjusted, and self mixed as in Fig.

5.3. The RF and LO voltages may be written as:

uRF = URF (Cos [ω1t+ φ1] + Cos [ω2t+ φ2])
�� ��5.1

uLO = ULO (Cos [ω1t+ φ1 + ϕ] + Cos [ω2t+ φ2 + ϕ])
�� ��5.2

The optimal self-adjustment is calculated by assuming the mixer is an ideal multi-

plier, with the beat signal uB at the IF port proportional to URF and Cos[Φ]:

uB ≈ URF Cos[ϕ] Cos [(ω2 − ω1) t+ (φ2 − φ1)]
�� ��5.3

Here, ϕ is the phase in the self-mixed phase bridge in the Dual Frequency Readout

of Fig. 5.3. Thus to maximise the signal into the frequency counter (lowering the

noise floor) the phase is set to an integer number of π. For this setup, correlated
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noise introduced in the amplification chain is subtracted in the mixing stage. In all

cases the beat frequency is filtered and amplified with a Stanford Research Systems

SR560 low noise preamplifier. The attenuation in each system was adjusted so that

the power of the signal at the input of the amplifiers and mixers was identical.

Variable mechanical attenuators were found to exhibit strong vibration sensitivity

and were discarded in favour of fixed coaxial attenuators. The entire microwave

circuit was bolted securely to an optical bench and the experiment was conducted

in a room with temperature stability of ±1◦C. Data was taken at four power levels:

−80 dBm, −88 dBm, −93 dBm and −100 dBm. Attenuation was varied by using

combinations of attenuators. At each power level, the beat frequency output data

was collected for several hours with an Agilent 53132A frequency counter and logged

on a computer running the NI Labview software. The beat frequency was measured

for counter gate times of 1 second, 4 seconds, and 10 seconds, giving 16 sets of data

in total.

5.4.2 Beat Note Phase Fluctuations

In this section we use a simple model to analyse the difference between the dual

frequency (DF) and individually amplified (IA) readout system in Fig. 5.3. The

double sideband spectral density of amplifier phase noise is given by

Samp
φ =

α

f
+ Sthermal

φ .
�� ��5.4

Here, the first term characterises 1/f phase noise while the second term represents

thermal noise fluctuations with spectral density:

Sthermal
φ =

kBT0N

Pinp

�� ��5.5

where kB is the Boltzmann constant, T0 is the ambient temperature, N is the ampli-

fier noise figure and Pinp is the power of the input signal. The parameter α generally
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takes a value between 10−10 and 10−12 and is independent of input power, as long

as the amplifier is not driven into saturation. Assuming all amplifiers are identical,

and that the dual frequency system has 100% correlated flicker phase noise at both

frequencies, the spectral density of noise introduced by the amplifiers in the dual

frequency system is:

SDF
φ =

2kBT0N

Pinp

�� ��5.6

while the noise in the individually amplified system is the same as that given in�� ��5.4 . However, for a fair comparison we need to assume both the LO and RF have

similar levels so that:

SIA
φ =

2α

f
+

2kBT0N

Pinp

.
�� ��5.7

In terms of the time domain, we can transform the white phase and flicker noise

terms in
�� ��5.7 with respect to Triangle square root variance using

�� ��5.8 and
�� ��5.9

respectively:58

σT (τ) =
2

πf0

√
kBT0N

Pinp

τ−3/2
�� ��5.8

σT (τ) =
2

πf0

√
3α ln[27/16] τ−1

�� ��5.9

Here f0 is the oscillator frequency. Considering the measured amplifier flicker noise

in Fig. 5.2 is 10−11/f rad2/Hz, we use this as a typical value to calculate the flicker

noise floor with
�� ��5.9 . Substituting α = 10−11 into

�� ��5.9 and given the frequency of

the CSO is 11.2 GHz, the frequency instability due to the flicker phase noise in the

readout system is 2.3× 10−16/τ . This is below the noise floor provided by the oscil-

lators presented here but close to the most stable oscillators built to date.16,17,119,120
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Figure 5.5 shows the potential improvement in measurement resolution by using a

common amplifier readout system to cancel flicker phase noise. We have previously

measured the fractional frequency resolution of a digital counter to be significantly

less than the limits given in
�� ��5.8 and

�� ��5.9 .

In principle, cryogenic sapphire oscillators and masers could be operated with

performance at the thermal noise limit. This limit has already been measured at

very low powers with frequency instabilities of order 10−14.89 At medium power lev-

els this limit can be well below 10−16/τ , and at this level of performance, the flicker

phase noise of the readout amplifier will need to be dealt with. The dual frequency

readout presented in this work could be used to measure frequency instabilities be-

low this level.

In the next section we show that the thermal noise of the readout amplifier limits

the measurements of frequency instability at integration times below 10 seconds for

power levels below −80 dBm. In addition, we show that the dual frequency readout

is equivalent to the standard individually amplified system in terms of added noise

when at the thermal noise limit, but uses only half the number of amplifiers.

5.4.3 Experimental Results

The circuit as shown in Fig. 5.3 was built to monitor and compare simultaneously

the performance of the cryogenic oscillators and the three different readout systems.

High-resolution Agilent frequency counters were used to monitor the beat frequency,

which has been shown to naturally measure the Triangle variance.58 Thus, in this

work we report the frequency deviation in terms of the Triangle variance.

It should be noted that in the individually amplified system, only the signal

from one CSO is attenuated then re-amplified, hence amplifier-induced noise is only

added to one signal. Ordinarily, both signals would be amplified by separate ampli-
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Figure 5.4: Triangle square root variance of the beat frequency for the directly
mixed signals. This constitutes a ‘noise floor’ for the other measurements.
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Figure 5.5: An illustrative example of the noise floors given by
�� ��5.8 and

�� ��5.9 ,
calculated for a signal with an arbitrary −55 dBm power. The shaded area around
the flicker noise floor shows the effect of varying the parameter α between 10−10

(upper noise floor limit) and 10−12 (lower noise floor limit). The white noise floor
is dependent on Pinp, and becomes dominant over the flicker phase noise floor
at very low power. The potential improvement in resolution is shown when a
common amplifier, flicker-noise-free readout system is used.
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Figure 5.6: Frequency deviation (Triangle Square Root Variance) of the beat
frequency for the individually amplified readout system.

fication chains, however a lack of available amplifiers forced the measurement to be

made this way. Compare this to the dual frequency system in which both signals

are present in the amplification chain, hence noise was added to both signals. Thus,

to determine an accurate measure of the noise introduced by each readout system,

we subtract quadratically the noise floor (given by the directly mixed measurement

shown in Fig. 5.4) from both the individually amplified and dual frequency mea-

surements to give the residual noise of the readout. The noise in the individually

amplified system is then multiplied by
√

2 to give a direct comparison to the dual

frequency system. Data from the readout systems were composed of data points

from the 1 second gate time (τ = 1 and 2 sec data points), 4 second gate time (τ =

4 and 8 sec data points), and 10 second gate time (τ ≥ 10 sec data points).

The residual noise of the individually amplified and dual frequency systems as a
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Figure 5.7: Frequency deviation (Triangle Square Root Variance) of the beat
frequency for the dual frequency readout scheme.

function of input power is shown for 1, 2, 4 and 8 second measurement times in Fig.

5.6 and 5.7 respectively. The curve fits reveal that the noise scales with power as

thermal noise in
�� ��5.8 due to the 1/

√
Pinp dependence. Following this, we plot the

fit coefficients from Fig. 5.6 and 5.7 as a function of measurement time, with units

of fractional frequency deviation per square root Watt (Fig. 5.8). The dependence

is close to τ−3/2 and the Individually Amplified and Dual Frequency results are

within 20% of each other. The dependence is approximately 10−20× τ−3/2 and from�� ��5.8 one can calculate the average noise figure of the amplifiers in the readout,

which is equivalent to a value of 4dB. In these two-oscillator frequency instability

measurements, at measurement times between 1 to 10 seconds, the noise was limited

primarily by uncorrelated white phase noise for input power below −80 dBm and

was not cancelled due to its non-correlated nature.
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Figure 5.8: The fractional frequency deviation (Triangle Square Root Variance)
per square root Watt as a function of integration (measurement) time. For short
measurement times the noise shows a τ−3/2 dependence, which is the characteristic
of added white phase noise by the readout amplifiers.

5.5 Conclusion

We have shown that 1/f phase noise added by an amplifier operating in a ‘dual

frequency’ mode of excitation is correlated for both signals and is cancelled when a

beat note at the difference frequency is generated in a nonlinear mixing stage. In

such a case, resolution with which the frequency of the beat note can be measured

is primarily limited by amplifier thermal fluctuations. The dual frequency readout

system based on a common amplifier enables flicker noise free measurements of

frequency fluctuations in high spectral purity weak microwave signals produced, for

example, by solid-state cryogenic masers. In the white noise limited regime, our

readout system performs as well as the conventional system using only half the

number of microwave amplifiers.
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6
Thermal Bistability & Magic Temperatures

Foreword

This chapter is the result of a research collaboration with the the Quantum Devices

group at the University of Queensland. Working in their lab, I performed the first

ever cooldown of a bulk sapphire sample to millikelvin temperatures in an attempt

to characterise the known family of WG modes. The research presented herein has

been published in the journal Physical Review B.

As I described in Chapter 2, frequency-temperature turning points exist between

4-9 K and are crucial in achieving the best possible frequency stability of the maser

output signal, as frequency fluctuations due to temperature are annulled to first

order. At millikelvin temperatures, I made world-first measurements of the lowest

frequency-temperature turnover points ever seen. I also characterised a thermal

bistability effect similar to that seen at optical frequencies in silica microspheres,

and show here that the onset of the bistability is suppressed when operated at the

millikelvin turnover points. Operation at these lower temperature turning points

could potentially lead to another improvement in the Schawlow-Townes limit cal-

culated in Chapters 3 and 4. In addition, the results could potentially lead to high

power quantum limited transduction at microwave frequencies - an area of signif-

icant recent research interest. Many interesting physical systems experience weak
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coupling to electromagnetic fields, or such a coupling can destroy the quantum state

or property of interest. Parametric transduction refers to the process of measur-

ing these systems through a mutual coupling to an intermediary mechanical system

such as nuclear spins, bulk acoustic resonant modes, or potentially the Fe3+ spins

described in this chapter.

A postscript is included after this chapter which gives plots of the frequency-

temperature data summarised in Table 6.2, which wasn’t included in the published

paper due to page limitations.

I carried out 80% of the preparation of the manuscript, and performed 70% of

the experimental work contributing to this paper.
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Observation of thermal bistability in high-Q factor whispering

gallery modes
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Timothy L. Duty†

∗ University of Western Australia, School of Physics M013, 35 Stirling Hwy., Crawley 6009 WA, Australia
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6.1 Abstract

Single crystal sapphire (α-Al2O3) exhibits extremely high electrical and mechani-

cal Q-factors (109 at 4K), which are important characteristics for electromechanical

experiments at the quantum limit. We report the first cooldown of a bulk sap-

phire sample below superfluid liquid helium temperature (1.6K) to as low as 25mK.

The electromagnetic properties were characterised at microwave frequencies, and

we report the first observation of thermal bistability in millikelvin sapphire due to

material properties such as the T 3 dependence on thermal conductivity and the

ultra-low dielectric loss tangent of the material. We identify “magic temperatures”

between 80 to 2100 mK , the lowest ever measured, at which the onset of bistabil-

ity is suppressed. These phenomena at low temperatures make sapphire suitable

for a host of quantum metrology and ultra-stable clock applications, including the

realisation of the first quantum limited sapphire clock.

6.2 Introduction

Experiments to couple superconducting qubits based on Josephson junctions to mi-

crowave resonators (Q ≈ 104) at cryogenic temperatures have been well represented

in recent scientific literature for a diverse range of circuit quantum electrodynamic

applications. This includes generating non-classical states of microwave cavities

such as Fock states, where the limit on producing these non-classical fields is due

to the finite photon lifetime (or linewidth) of the resonator, as well as detecting a
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nanomechanical resonator at or near the ground state.121–124 Sapphire resonators

are of particular interest for future experiments due to their extremely low loss,

with electronic Q-factors of order 109 at 1.8K,125 and mechanical Q-factors as high

as 5 × 108 at 4.2K.80,126 The thermal, mechanical, and bulk electronic properties

of sapphire have been characterised extensively over a wide range of temperatures

from room temperature to superfluid liquid helium (1.6K) using WG mode tech-

niques,48,127 but have never been examined in the regime approaching the absolute

zero of temperature. Sapphire resonators at millikelvin temperature have to poten-

tial to play an important role in the next generation of quantum electronics and

metrology experiments by virtue of this anomalously high Q-factor. A significant

body of research already exists in which sapphire has been used at cryogenic tem-

peratures as a parametric transducer in an effort to reach the Standard Quantum

Limit.126,128,129 Oscillators can be prepared in their quantum ground state due

to very low thermal phonon occupation when T << hf/kB, where h and kB are

Planck’s and Boltzmann’s constants respectively. For microwave oscillators such

as those based on single-crystal sapphire resonators, the corresponding tempera-

ture regime is in the experimentally accessible millikelvin range, making them ideal

candidates for quantum measurement experiments. It is thus important to charac-

terise such devices in the yet unexplored ultra-low temperature regime. In this

Article we report on the first measurements of the electromagnetic properties of

a single-crystal sapphire resonator at millikelvin temperature. The resonator used

was a highest purity HEMEX-grade sapphire from Crystal Systems, similar to that

used in several Cryogenic Sapphire Oscillator (CSO)16,17 and Whispering Gallery

Maser Oscillator (WHIGMO) experiments.34,89 Here, we report on the observation

of the lowest frequency-temperature turning points for Whispering Gallery (WG)

mode resonances ever measured, as well as making the first observation of a thermal

bistability effect in sapphire for this ultra-low temperature regime. We give a model

to predict thermal bistability threshold power and show that the effect is depen-

dent on the thermal conductivity of the sapphire. Furthermore, we show that the
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Figure 6.1: Network analyser measurement of the WGH20,0,0 mode in transmis-
sion at 50 mK. The excitation power was varied in steps of 5dB from -50dBm to
-15dBm, and the observed mode frequency was downshifted. The -50dBm and
-45dBm curves are the highest in frequency and lie on top of one another. The
threshold power is defined to be the power incident on the resonator which is
sufficient to shift the mode frequency by one bandwidth from the ‘unperturbed’
lowest power measurement
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Figure 6.2: The WGH20,0,0 mode in transmission for varying sweep time. Sweep
direction is increasing in frequency in all cases. The linewidth of the mode narrows
sharply with sweep time due to temperature dependence of permittivity of the
sapphire. The governing equations for the lineshape are given in130
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bistability effect may be suppressed by operating at a “magic temperature” (at the

temperature the frequency temperature turning point occurs). Thus, combining the

low temperature operation with stabilisation at a millikelvin frequency-temperature

turning point gives the potential to realise a sapphire based frequency standard

at the quantum limit (rather than the thermal limit which has been previously

reported89).

6.3 Experimental setup

The sapphire resonator, a cylinder 5cm diameter × 3cm height, was cleaned in

acid and mounted in a silver plated copper cavity. The resonator is machined such

that the anisotropy c-axis of the sapphire is aligned with the cylindrical z-axis.

A radially oriented loop probe and axially oriented straight antenna were used to

couple microwave radiation in and out of the crystal. The cavity was attached to the

mixing chamber of a dilution refrigerator with a copper mount and cooled to 25mK.

The fundamental quasi-transverse magnetic Whispering Gallery modes WGHm,0,0,

with azimuthal mode number m from 13 to 20, were characterised over a range

of temperatures using a vector network analyser. We observed that particularly

high-Q WG modes exhibited a hysteretic behaviour which was thermal in nature.

The frequency of the WG modes supported in the resonator are dependent on both

the physical dimensions of the crystal and its permittivity, the latter effect being

more than an order of magnitude stronger.131 As the network analyser sweeps in

frequency, heating occurs as power is deposited into the sapphire on resonance. The

change in permittivity due to temperature causes a shift in the resonant frequency

of the mode in the opposite direction to the sweep. The result is an astoundingly

narrow, yet artificial linewidth with a sharp threshold. If the frequency was swept

in the opposite direction, the mode frequency is shifted in the same direction as the

sweep, and an artificially broadened linewidth would be observed. A similar effect

in such dielectric resonators has only been observed at optical frequencies in fused
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silica microspheres.132 It was shown that the “thermal bistability” caused either

narrowing or broadening of the line resonance depending on the direction of the

frequency sweep during measurement. Examples of optical bistability are numerous

in the literature,133 but are normally attributed to a χ(3) Kerr nonlinearity, which

results in a threshold power for optical bistability that scales like Q−2. Collot et

al.132 note that for mode Q-factors below 109 the thermal bistability effect dominates

over the Kerr effect due to significantly lower threshold power. For quality factors

in the range of 109, the effects can be distinguished by the observed dependence of

threshold power on Q. We find an excellent fit using a thermal model (see Eqn.
�� ��6.3

and Fig.6.4) which has a threshold power that scales like Q−1, showing that the

effect is clearly thermal in nature. A measurement of the WGH20,0,0 mode was

made (see Fig. 6.1) which shows the first observation of this thermal bistability

effect in a millikelvin sapphire resonator. A sharp threshold was observed, giving

an FWHM linewidth of only 0.00173 Hz, which was strongly dependent on input

power. Our experimental apparatus was unable to sweep downwards in frequency,

but the bistability effect is still observable by varying the sweep speed. Figure 6.2

shows the effect of the thermal bistability for a range of sweep times. Note that

only the resonant peak moves; the longer sweep time results in more time spent per

measurement point, depositing more power into the resonator and creating a larger

apparent frequency shift and linewidth change. As sufficient heat is deposited into

the resonator only on resonance, the off-resonance transmission does not depend on

sweep time.

It is possible to model the threshold power at which bistable behaviour becomes

apparent. Considering a temperature dependent fractional frequency shift of the

WG mode of interest, ∆ν/ν = −α∆T , where the temperature coefficient α is exper-

imentally determined, we then expect thermal bistability for a threshold temperature

rise of the resonator ∆Tth = 1
α

∆ν
ν

= 1
αQ

K. An expression for the threshold power
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Figure 6.3: Temperature dependence of Q-factor (shaded circles) and frequency
(empty circles) for the 20th azimuthal order WG mode. Note that due to
paramagnetic impurities in the sapphire, df/dT is annulled at 2.0897K. The
Q-factor remains approximately constant over a wide range of temperature.

A postscript to this chapter, Section 6.6, presents frequency-temperature plots
showing the turnover point for the other modes summarised in Table 6.2. These
plots were not included in the published paper this chapter is based on due to
space restrictions.
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required to achieve this bistability is given by:132

Pth =
CpρVeff∆Tth

τT

�� ��6.1

where Cp is the heat capacity of sapphire, ρ is its density (4.0 g/cm3),134 τT the

characteristic heat diffusion time constant, and Veff the effective volume occupied

by the Whispering Gallery mode. The heat diffusion time constant in turn may be

expressed as:

τT =
lmCp
Ak

�� ��6.2

where l and A are the length and cross-sectional area of the sapphire segment,

m is the mass of the sapphire, and k the thermal conductivity.131 Finally, an

expression (independent of the heat capacity and thermal time constant) is derived

by combining Equations
�� ��6.1 and

�� ��6.2 :

Pth =
Ak

lαQ

meff

m

�� ��6.3

Where meff is the mass of the effective volume occupied by the WG mode. The

expression for the threshold power is now clearly only a function of the thermal

coefficient α, Q−factor, and thermal conductivity of the sapphire, as well as its

dimensions. The thermal conductivity k was estimated by fitting an approximate

T 3 power law to extrapolate below 1K from the data for sapphire in Touloukian et

al.,135 giving k = 0.039T 2.8924 W cm−1K−1. The thermal time constant of sapphire

remains similar to that at liquid helium temperature because the heat capacity fol-

lows a similar cubic law to the thermal conductivity, leaving the ratio unchanged

(Eqn.
�� ��6.2 ). However, the threshold for bistability is substantially lowered with

respect to liquid helium temperature due to the reduction in thermal conductivity

of the sapphire.
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Table 6.1: Measured parameters for the thermal coefficient and Q

m T (mK) Q α

14
100 7.84× 108 −6.66× 10−9

800 1.7× 109 −1.3× 10−11

100 6.17× 108 −6.85× 10−8

19 440 5.40× 108 −1.10× 10−7

2260 5.85× 108 −1.60× 10−11

200 2.21× 109 −1.19× 10−7

20 630 1.72× 109 −3.26× 10−8

2100 1.76× 109 −5.85× 10−11

6.4 Thermal coefficient (α)

To experimentally determine the thermal coefficient α, frequency measurements of

several Whispering Gallery modes were made over a range of temperatures from

25mK to 5.5K. The modes examined were fundamental quasi-transverse magnetic

modes WGH14,0,0, WGH19,0,0 and WGH20,0,0. The modes were excited using a vec-

tor network analyser at low power, typically −45 dBm. In this way, saturation of

residual paramagnetic spins in the sapphire was avoided. The temperature of the res-

onator was controlled at a number of points between 25-5500mK using a Lakeshore

Model 370 AC Resistance Bridge, and custom data acquisition software recorded the

temperature, Q-factor, and frequency of the modes in transmission. The base tem-

perature of the dilution refrigerator was 23mK, and temperature control was stable

to within several millikelvin. The temperature dependence of mode frequency was

mapped to produce plots such as Fig. 6.9, and several temperatures were chosen

to measure the threshold power at which thermal bistability became apparent. The

temperatures were chosen to reflect a range of values for the thermal coefficient α,

ranging from nominally zero near the frequency-temperature turnover point, to a

maximum at the largest slope. As previously, we define the threshold power to be

the power incident on the resonator which is sufficient to shift the mode frequency

by one bandwidth from the unperturbed low power measurement. Equation
�� ��6.3 is
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then used to calculate the theoretical threshold power. The experimentally deter-

mined thermal coefficients are summarised in Table 6.1, and a particular example

of the measured and calculated threshold power is given in Fig. 6.4 for WGH20,0,0.

Clearly, operation at the frequency temperature turning point is advantageous as

the thermal coefficient α approaches zero and the threshold power required for bista-

bility approaches infinity. Temperature turning points have been observed with no

bistability at input powers up to 20 dBm from 4-9K in similar sapphire resonators,

and are caused by residual paramagnetic impurities such as Ti3+, Cr3+, Mo3+, V3+,

Mn3+, and Ni3+ present at concentrations of parts-per-billion to parts-per-million.

The opposite sign effects of temperature-dependent Curie law paramagnetic suscep-

tibility, and temperature dependence of permittivity59,91 cause a turnover in the
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Figure 6.4: Predicted threshold power (using Eqn.
�� ��6.3 ) as a function of tem-

perature for WGH20,0,0. Shaded circles are the measured threshold values for 200,
630, and 2100 mK.

108



6.4. THERMAL COEFFICIENT (α)

Table 6.2: Measured ‘magic temperatures’ for a range of quasi-transverse mag-
netic WG modes. Several modes close to the Fe3+ centre frequency exhibited
strong distortion and could not be accurately tracked to determine the turning
point. The m = 17 mode required large power to excite and could not be measured
below 80mK due to heating effects.

m Magic Temperature (mK)

13 89.75
14 96.25
15 Not trackable
16 Not trackable
17 Possible turnover below 80 mK
18 2749.35
19 2280.30
20 2089.75

frequency-temperature dependence. Operating at this turning point or “magic tem-

perature” allows frequency fluctuations due to temperature instability to be annulled

to first order, and has been crucial to achieve state-of-the-art short term fractional

frequency stability in Cryogenic Sapphire Oscillators in the past.16,17,94 Our results

are the first observation of temperature turning points below the boiling point of

liquid helium. Table 6.2 lists the magic temperatures (turning points) measured for

a range of WG modes. Operation of the WHIGMO at a millikelvin magic temper-

ature rather than its current ≈8K would have the benefit of reduced thermal noise

floor of the maser and potential operation at the quantum limit. Operation at a mil-

likelvin turning point, where the thermal coefficient α is vanishing, would minimise

the effects from the considerable heating due to the large (>10 dBm) input power

required to saturate the pump transition of the maser. This is similarly advanta-

geous for Cryogenic Sapphire Oscillators16 which typically circulate large amounts

of power through the sapphire resonator, at least several milliwatt, while the cooling

power at base temperature of a dilution refrigerator is only on the order of several

hundred µW. Additionally, high power operation of quantum limited transducers

could be attained at these temperatures.
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6.5 Conclusions

In summary, we report the first characterisation of a single-crystal sapphire resonator

at temperatures more than an order of magnitude lower than previously achieved,

the first measurement of thermal bistability in a microwave sapphire resonator at

these temperatures, and the first observation of millikelvin frequency-temperature

turning points. We give a model for the thermal bistability threshold power, and

show that it is closely dependent on the material properties of the sapphire resonator.

We propose several reasons the effect has not been previously observed in this sys-

tem. Typically the WHIGMO is operated very close to a frequency-temperature

turning point where the temperature coefficient α is small, and the threshold power

for bistability becomes significantly larger than normal operational power levels. In

the experiments reported in this paper, the resonator was operated at low temper-

ature, far from a turning point where the temperature coefficient was large, leading

to a lower and readily observable threshold power. Frequency-temperature turning

points as low as tens of millikelvin were observed for WG modes in the resonator,

and we show that the thermal bistability effect can be suppressed by operating at

these “magic temperatures”. Additionally, mode Q-factors remained high and were

comparable to their usual values at higher temperature, ruling out the existence

of extra loss mechanisms in sapphire in the millikelvin regime. We conclude that

single-crystal sapphire is an excellent candidate for both clock applications, and

quantum metrology of macroscopic systems at temperatures approaching absolute

zero.

110



6.6. POSTSCRIPT

6.6 Postscript

This postscript presents plots of the frequency-temperature data summarised in Ta-

ble 6.2, which were not included in the original Physical Review B publication. The

“magic temperatures” for the m = 13, 14, 17, 18, and 19 modes are illustrated to

accompany that of the m = 20 mode in Fig. 6.9.
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Figure 6.5: Frequency-temperature dependence for the 13th azimuthal order WG
mode. Due to paramagnetic impurities in the sapphire, df/dT is annulled at 89.75
mK
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Figure 6.6: Frequency-temperature dependence for the 14th azimuthal order WG
mode. Due to paramagnetic impurities in the sapphire, df/dT is annulled at 96.25
mK.
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Figure 6.8: Frequency-temperature dependence for the 18th azimuthal order WG
mode. Due to paramagnetic impurities in the sapphire, df/dT is annulled at
2.7493 K.
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Figure 6.9: Frequency-temperature dependence for the 19th azimuthal order WG
mode. Due to paramagnetic impurities in the sapphire, df/dT is annulled at
2.2803 K.
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7
Electromagnetic Loss at Millikelvin

Temperature

Foreword

Here, I investigate the electromagnetic loss of sapphire at millikelvin tempera-

tures and microwave frequencies. This research was conducted at the University

of Queensland as part of a collaboration within the newly formed ARC Centre of

Excellence for Engineered Quantum Systems.

I performed these experiments at single photon excitation power to characterise

the suitability of sapphire for quantum measurement applications. Experimental

results from our co-author Professor John Martinis have shown that a major source

of fast decoherence in current qubit technology is resonant absorption by so-called

“two-level states” (TLS). The low-loss properties of sapphire have been well known

for decades, however they have only been measured at temperatures and input pow-

ers far beyond the saturation point for TLS. The purpose of my experiments was

to determine whether sapphire at millikelvin temperature suffers from TLS losses

when excited below saturation. Performing this work was a natural consequence of

the experiments described in Chapter 6, which showed that sapphire appeared to

maintain its extremely highQ-factor at low temperatures, albeit at high input power.
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The results have been published in the journal Applied Physics Letters. My

contribution to the project was 80% of the experimental work, and 95% of the

manuscript preparation (only minimal editorial input from co-authors).
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High Q-factor sapphire whispering gallery mode microwave
resonator at single photon energies and millikelvin temperatures
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7.1 Abstract

The microwave properties of a crystalline sapphire dielectric whispering gallery mode

resonator have been measured at very low excitation strength (E/~ω ≈ 1) and low

temperatures (T ≈ 30 mK). The measurements were sensitive enough to observe

saturation due to a highly detuned electron spin resonance, which limited the loss

tangent of the material to about 2 × 10−8 measured at 13.868 and 13.259 GHz.

Small power dependent frequency shifts were also measured which correspond to an

added magnetic susceptibility of order 10−9. This work shows that quantum limited

microwave resonators with Q-factors > 108 are possible with the implementation of

a sapphire whispering gallery mode system.

7.2 Introduction

Single crystal sapphire resonators (α-Al2O3) are particularly useful in a range of

precision microwave experiments due to their extremely low dielectric loss tan-

gent.17,34,63,115,129,136–141 Key to the operation of cryogenic devices is the very high

electronic Q-factors of larger than 109 in whispering gallery (WG) modes at liq-

uid helium temperature, which operate typically at input powers of order 1 mW or

above. In fact, the bulk electronic properties of sapphire have been characterised

extensively over a wide range of temperatures from room to superfluid liquid helium

temperatures using the WG mode technique.48,127,142 Recently we extended these

tests to temperatures as low as 25 mK, publishing the first observation of electro-
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magnetically induced thermal bistabilty in bulk sapphire due to the material T 3

dependence on thermal conductivity and the ultra-low dielectric loss tangent.143

In recent years, Martinis et al. have shown that dielectric loss from ubiqui-

tous two-level fluctuators, whether they be material defects, microscopic degrees

of freedom, or otherwise, is a dominant source of decoherence in superconducting

qubits.36–38 For instance, in Josephson junction qubits, dielectric loss in the insulat-

ing layer can lead to short coherence times and thus it is very important to improve

this parameter.38–41 It has been shown that the loss is well modelled by resonant

absorption of “two level states” (TLS). Longer coherence times can be achieved in

part by selecting or engineering insulating materials with superior dielectric loss tan-

gent.42 The low loss tangent of monolithic sapphire is well known, but has typically

been measured in a high power regime (Pinc = −40 to +20 dBm) at which TLS

are saturated. In this summary, we report on the first measurements of sapphire

Q-factor at single photon input powers (Pinc ≈ −140 dBm at 13 GHz) to determine

the suitability for use in quantum measurement applications.

7.3 Experimental implementation

A highest purity HEMEX-grade sapphire resonator (5cm diameter, 3cm height)

was mounted in a silver-plated copper cavity, and affixed to the mixing chamber

of a dilution refrigerator and cooled to 25 mK. A network analyser, locked to a

high-stability quartz reference, was used to generate a microwave signal, which was

heavily attenuated, injected into the resonator, and amplified back to detectable

levels. The Q-factor of the Whispering Gallery modes WGH19,0,0 and WGH20,0,0

were measured at a range of temperatures and input powers.

As shown in Fig. 7.1, 50 dB of attenuation was attached to the input line in the

cryogenic environment (at or below 4 K), and an additional 40 dB of attenuation

was attached at room temperature outside the fridge. The loss in the cables between

the Network Analyser and the input probe of the cavity was nominally 7 dB, and
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Figure 7.1: Schematic of the set-up to measure Q-factor and frequency at low
temperature and low input power.
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the coupling of the probe of 0.02 leads to a further loss of 16.99 dB. Hence the power

at the resonator was adjusted in the analysis to account for an additional 24 dB loss

(not marked as attenuation on the schematic in Fig. 7.1). On the output line, 35 dB

of amplification was inserted within the cryogenic environment, a commercial device

from JPL, model R3C3M1 CIT-4254-077 (0.5-11 GHz). A second 35 dB amplifier

was inserted at room temperature, Low Noise Factory model LNF-LNR1-11B (1-11

GHz). It should be noted that the resonant modes of interest were in the region of

12-14 GHz, whereas the cryogenic amplifiers were specified for operation below this

range. The gain was nominally unaffected, however the noise figure almost doubled

at these higher frequencies, severely degrading the signal to noise ratio.

7.4 Data Analysis

The Q-factors were determined by fitting a Fano resonance50 (Lorentzian profile

with an asymmetry factor) to each curve and extracting the linewidth and centre

frequency, from which Q can be calculated. Note that at low input powers, signal to

noise was degraded and all fits show the standard error (SNR=1) calculated from the

Fano resonance fits, which clearly increases at low input powers. The Q-factor and

frequency shift were measured as a function of input power for two modes: m = 19

(∼13.259 GHz), and m = 20 (∼13.869 GHz) at 27mK and 200mK respectively, and

is shown in Fig. 7.3. Because the signal-to-noise ratio degrades with incident power,

a noticeable increase in the standard error of the Q and frequency determination is

observed at powers below -115 dBm. At higher powers (greater than 1 mW), the

biggest effects on mode frequency and Q-factor have previously been shown to be due

to residual paramagnetic impurities such as Fe3+, Cr3+ and Ti3+ of order parts per

billion to part per million.12,89,99,100,117,118,144,145 The susceptibility added by these

impurities may create frequency-temperature turnover points, which make possible

the production of stable frequencies by implementing a high-Q sapphire whispering

gallery mode resonator as the frequency-determining device in an active system. In
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addition, high-Q cryogenic masers based on concentrations of only parts-per-billion

of paramagnetic impurities have been created. For example, when a WG mode is

tuned to an electron spin resonance in sapphire such as the Fe3+ resonance at 12.04

GHz, large saturation effects are observed and if one pumps at a higher frequency

population inversion is created and masing occurs.34,99

These results use the same maser sapphire crystal in Bourgeois et al.,34 which

means that we are most likely interacting with an extremely small number of Fe3+

ions in the “wings” of the resonance at 12.04 GHz. The susceptibility change upon

saturation may be calculated using:

χ′ =
2

pm⊥

∆ν

ν

�� ��7.1

Here pm⊥ is the magnetic filling factor, and ∆ν/ν the fractional frequency shift

(which in general is complex). This gives, for example, susceptibility of order sev-

eral times 10−9 at very low incident power, which begins to saturate at about -90

dBm and achieves full saturation at -60 dBm as shown in Fig. 7.3.

The reduction in Q-factor is thus due to an extra component of magnetic loss

(or imaginary susceptibility) supplied by the paramagnetic impurity as a function

of input power. Fig. 7.2 shows the calculated electric and magnetic field strength

within the resonator as a function of the magnetic loss tangent. This achieved using

a separation of variables technique to determine the mode field patterns,47,100 then

using standard relations that express the electric and magnetic field energy stored

in the resonator to the parameters of the resonator, such as input power Q-factor,

filling factors and couplings.

7.5 Conclusions

As the power decreases, Q-factors drop by a factor of between 2 and 10 but remain

as high as several hundred million. It is likely that the effect is magnetic, as para-

metric ions at parts per billion have a dominant effect at low temperatures. Even a
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long way from the electron spin resonance we see small effects by virtue of the high

precision of these measurements. Typically, susceptibility of parts in 10−9 added

by a detuned ESR is normal, which is saturated at higher power. As the power

decreases, the loss tangent tends towards a value of several times 10−9. Several

factors in the experimental setup limited the quality of results, the most significant

being the use of a cryogenic amplifier out of its specified range resulting a reduced

signal-to-noise ratio and thus a reduced accuracy of Q determination for the lowest

power measurements, hence the large error bars representing the standard error of

the fit. Nevertheless, we have shown that high Q-factors of parts in 108 are possible

at the energies of a single photon and at milli-Kelvin temperature, which could be

useful for a host of quantum measurement applications.
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Nonlinear Four Wave Mixing

Foreword

This chapter describes the experimental observation and modelling of a nonlinear

four-wave mixing process in the maser sapphire resonator. The work was published

in the journal Physical Review Letters. Professor Warwick Bowen from the Uni-

versity of Queensland aided in placing our model on a much firmer mathematical

grounding, which is presented in Appendix C.

Throughout a number of experiments using the annealed sapphire described in

Chapter 4, it became increasingly clear that an anomalous distortion of WG modes

in the vicinity of the Fe3+ ESR centre frequency was occurring. I examined the

WGH17,0,0 by pumping the system only at the ESR centre frequency, and discovered

the unusual generation of upper and lower sidebands appearing after characteristic

times of up to 7 seconds. Ultra-stable microwave frequency comb generation was also

achieved when operated in a dual-pump regime, which I describe in Chapter 9. In

this chapter, I describe and model the four-wave mixing effect, the first observation

of a strong magnetic Kerr-type nonlinearity in a sapphire resonator at microwave

frequencies. I show that the effect is a degenerate four-wave mixing process, excited

using only a single input field. These observations, combined with the results of
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Chapter 6 and 7, show that sapphire has properties which make it an extremely

attractive material for use in a host of future quantum measurement experiments.

Of particular interest is a recent publication in which a superconducting qubit with

dimensions of the order of 1 mm (at least an order of magnitude larger than typ-

ically used) was implemented, exhibiting some of the longest coherence times ever

measured.146 The device was implemented in a novel way, incorporating a very large

dipole patch antenna that could conceivably couple to the evanescent field of a WG

mode in sapphire. By fabricating such a transmon on an annular sapphire disk

which sits on top of a WG resonator, or on the end of a sapphire rod which could

be brought in radially in a similar manner to the loop probe shown in Figure 2.7, it

may be possible to achieve coupling between microfabricated circuits and impurity

spins in sapphire via WG modes.

My contribution to the research presented here was 80% of the experimental

work, and 80% of the authorship of the paper. The main assistance in manuscript

preparation was from Professor Warwick Bowen, whose preliminary mathematical

model of the effect was used to calculate the nonlinearity parameter.
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8.1 Abstract

Fe3+ ions in sapphire exhibit an electron spin resonance (ESR) which interacts

strongly with high-Q whispering gallery (WG) modes at microwave frequencies.

We report the first observation of a third-order paramagnetic nonlinear suscepti-

bility in such a resonator at cryogenic temperatures, and the first demonstration

of four-wave mixing (FWM) using this parametric nonlinearity. This observation

of an all-microwave nonlinearity is an enabling step towards a host of quantum

measurement and control applications which utilize spins in solids.

8.2 Introduction

Since the development of the first laser,26 a multitude of nonlinear effects have been

observed in optical systems. Optical second-147 and third-harmonic generation,148,149

optical sum-frequency generation,150 optical parametric oscillation and amplifica-

tion,151,152 Raman lasing,153 and two-photon absorption154 are all well-characterised

nonlinear effects which have been instrumental in the development of the past few

decades of modern optics. High quality optical cavities allow the effect of the non-

linearity to be greatly enhanced and have led to many new applications including

the implementations of frequency combs through parametric frequency conversion

effects.155–157 Optical nonlinearities are crucial for switching and modulation in

modern communications technology, and are an enabling capability for future imple-

mentations of optical computer technologies, including the possibility of a quantum

computer based on encoded single photons.158
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Recently, dramatic progress has been made in using microwave systems for

quantum information and measurement, with nonlinearities playing a critical role.

Josephson junctions in particular,146 which operate at microwave frequencies, act

as a nonlinear inductor which permits uneven spacing of energy levels, leading to

individual addressability of energy states using an external field. This, and other

strongly nonlinear systems are currently of considerable interest for a new generation

of quantum measurement experiments including quantum-limited amplification,159

single quadrature squeezing with tunable nonlinear Josephson metamaterials,160

readout of superconducting flux qubits,161 and frequency conversion with quantum-

limited efficiency.162 An addressable quantum memory with coherence times long

enough for quantum computing applications could potentially be achieved through

the manipulation of electron spins in a crystal lattice host, which typically occurs at

microwave frequencies, and can have characteristic relaxation times of the order of

seconds. This, along with the potential for large collective couplings, has provoked

great interest in electron spins in solids as potential quantum memories for supercon-

ducting qubits. In particular, nitrogen-vacancy (NV) centers in diamond,163 Cr3+

spins in sapphire,164 nitrogen spins in fullerene cages, and phosphorous donors in

silicon165 have been well studied in circuit QED experiments coupling superconduct-

ing resonators to electron spin ensembles.

In this Letter, we demonstrate the resonant enhancement of the weak nonlinear

χ(3) paramagnetic susceptibility present in a parts-per-billion concentration of elec-

tron spins in sapphire. To the authors’ knowledge, this is the first observation of

a paramagnetic nonlinear process purely at microwave frequencies in a crystalline

host. Degenerate four-wave mixing (FWM) is achieved with the application of only

a single pump field, with the pump and idler frequencies enhanced by ultra-high

Q-factor whispering gallery (WG) mode resonances. FWM is an enabling process

for both frequency comb generation and many quantum computing and metrology

applications. Our system is further suited to these applications due to the extremely
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low dielectric loss tangent at millikelvin temperature, which persists even at single

photon input power.166

8.3 Experimental Observations

The experimental system consists of a cryogenic sapphire resonator-oscillator34,82,89,99–101

as shown in Fig. 8.1(a). The system is cooled to liquid helium temperature and

pumped with microwave power to excite WG mode resonances. As a result of the

manufacturing process, paramagnetic Fe3+ ions are included in the sapphire lattice

at a concentration of 150 ppb (∼ 1016 spins in the lattice).101 The crystal field

splitting results in an inhomogeneously broadened electron spin resonance (ESR)

with 27 MHz linewidth28 at zero applied DC magnetic field, corresponding to the

spin-|1/2〉, |3/2〉, and |5/2〉 states of the ion. Within the system a complex inter-

action occurs between the microwave input field, a dilute paramagnetic Fe3+ spin

system, and 27Al lattice ions, which ultimately results in the production of signal and

idler photons equally spaced in frequency, characteristic of degenerate FWM. The

resonator-oscillator geometry is such that two microwave resonances exist within

the ESR bandwidth, as shown in Fig. 8.1(b), which act to resonantly enhance both

the pump and idler fields. The pump resonance frequency of ω0 = 12.0375 GHz is

coincident with the |1/2〉 → |3/2〉 transition residing at the maximum of the ESR,

and the idler resonance frequency of ω− = 12.0298 GHz is in the wings of the ESR.

No WG mode exists within the ESR bandwidth at the signal frequency ω+. At

low pump powers, excitation was observed only at the pump frequency. However,

as is characteristic of degenerate four-wave mixing, after a threshold power level is

surpassed, continuous excitation of the signal and idler fields is also found to be

present, with the signal and idler frequencies equally spaced ∆ω = 7.669 MHz from

the pump frequency, and the idler frequency clamped to its whispering gallery mode

resonance. Remarkably, signal and idler excitation was observed to appear anywhere

from instantaneously to ∼7.5 s after application of the pump, with the delay being
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12.045 GHz
Signal
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fESR = 12.04 GHz
FWHM = 27 MHz
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b

Figure 8.1: (a) Cross section of the experimental package. The sapphire res-
onator is shown in its cavity, which is mounted in a vacuum chamber at the end
of an insert in a liquid helium dewar. Herotek DT8016 power detectors are used
at the output to generate a voltage proportional to incident microwave power,
measured with an oscilloscope. (b) (Not to scale.) Schematic of the system de-
scribed by our theoretical model. Ω0 and Ω− represent fixed microwave WG mode
resonances in the sapphire resonator with bandwidths of the order of 10 Hz. Ω+

models a lossy resonance at Ω+ = 2Ω0 − Ω− as no WG mode exists at 12.045
GHz. The applied pump frequency ω0 can be selected in a range of over 4 kHz
around Ω0 to successfully result in the generation of ω− whose frequency changes
only over a narrow range <40 Hz, and ω+ with a frequency range of the order of
8 kHz.
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Figure 8.2: Power detected in transmission through the resonator when (a) the
12.037 GHz pump signal is offset 2.671 kHz above resonance and (b) the 12.037
GHz pump is offset 2.659 kHz above resonance. In both cases, the excitation
signal was switched on at 0 s.

strongly dependent on the pump power and its detuning from resonance. Figure

8.2 shows the transmitted power through the resonator as a function of time for

two different cases, with insets showing the spectrum analyser trace before (Fig.

8.2(a)(i)) and after applying the synthesizer signal. In the first case, when the syn-

thesizer is switched on (Fig. 8.2(a)(ii)) the transmitted power remains constant for

7.58 seconds, after which time the signal and idler appeared simultaneously (Fig.

8.2(a)(iii)) and the total output power detected was seen to rise. In contrast, in

the second example the signal and idler appear significantly faster, but relax over a

period of several seconds before reaching a steady-state transmitted power level.
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The complex time dynamics of the interaction can be qualitatively understood

as being due to the slow seeding of the parametric process due to energy transfer

in the Fe3+ spin system. Upon application of the pump field, the subset of Fe3+

ions within the ESR at the pump frequency begin to absorb energy. The hyperfine

lattice interaction between the individual Fe3+ spin packets, and the 27Al nuclear

spins then slowly transfers power through a cross-relaxation process from the pump

mode frequency, down to the idler resonance frequency thus seeding the signal.

A similar behaviour has been observed in optical systems, where Raman scattering

from the pump into the signal seeds the parametric process, and significantly reduces

the threshold power for observation four-wave mixing.167,168 In the optical case, the

Raman scattering occurs virtually instantaneously. Here, by contrast, the time

constant of the hyperfine lattice interaction can be extremely long, with previous

studies with Cr3+ doped sapphire169 recording transient relaxation times on the

order of 5 s. We attribute the complex dynamics observed over long time scales in

our experiment to this fact.

The four-wave mixing operates for pump frequencies over a range spanning 4 kHz,

corresponding to ∼400 times the linewidth of the pump WG resonance. Figure 8.3

shows the output power of the signal and idler frequencies for a selection of input

powers swept over the pump WG mode resonance frequency. Four-wave mixing is

a phase sensitive process, and we observe an apparent strong phase-mismatch when

the pump frequency tunes closely to pump WG mode resonance. A large enough

phase mismatch ensures that four-wave mixing is effectively suppressed. Because of

the resonant enhancement of the idler field, it’s frequency is clamped strongly to the

signal resonance frequency, varying by less than 36 Hz over the full pump frequency

range as shown in Fig. 8.4. This allows the signal frequency to be widely and

predictably tuned by tuning the pump frequency. The tunable bandwidth decreases

with pump power and is, for example, only several hundred Hertz at a pump power

of 5 dBm.
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Figure 8.3: Output power of the signal and idler as the input pump is swept in
frequency over the WGH17,0,0 resonance. The power of the signal is upshifted by
the ratio of the amplitudes a−/a+. This upshifted curve nearly directly overlaps
the signal curve. The transmission curve of the WGH17,0,0 resonance is shown for
reference.
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8.4 Theoretical Model

The full model of the parametric process including cross-relaxation induced seeding

is beyond the scope of this article. Here we instead neglect the seeding process,

and estimate the parametric nonlinearity through a simple three mode picture with

Hamiltonian:

H = ~Ω0â
†
0â0 + ~Ω−â

†
−â− + ~Ω+â

†
+â+ + i~gâ2

0â
†
−â
†
+ − i~g∗â†20 â−â+,

�� ��8.1

where the terms on the first line are the rest energy of the system, while those on

the second account for the nonlinear interaction, with g being the nonlinear inter-

action strength. The annihilation operator âj describes the field amplitude in mode

j, with 〈a†jaj〉 being the mean photon number in the mode and the subscripts 0, +,

and − respectively denoting the pump, signal and idler modes. Ωj is the resonance

frequency of mode j. The splitting of the WGH17,0,0 mode at Ω0 is neglected since

the splitting frequency is far smaller than the spacing of the pump, signal, and idler

frequencies, and thus it is expected not to contribute significantly to the physics.

Applying the quantum Langevin equation to Eqn.
�� ��8.1 ,170 one can then find equa-

tions of motion for the pump, idler and signal. In the rotating frame, this yields the

expectation value equations

α̇0 = −2gα∗0α−α+ − (γ0 + i∆0)α0 −
√

2γ0,inα0,in

�� ��8.2

α̇− = gα2
0α
∗
+ − (γ− + i∆−)α−

�� ��8.3

α̇+ = gα2
0α
∗
− − (γ+ + i∆+)α+.

�� ��8.4

where αj = 〈aj〉, γj and ∆j are, respectively, the decay rate and detuning from

resonance of field j, γ0,in and α0,in are the input coupling and amplitude of the

incident pump field respectively, and since the idler and signal are not pumped,

α−,in = α+,in = 0. Expressed in terms of half-bandwidths, γ− = 6 Hz, γ0,l = 5 Hz,

and γ0,u = 6.7 Hz. Consistent with our experiments, we model the signal resonance
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as a lossy resonance such that the signal dynamics are fast compared with the pump

and idler dynamics. Hence, γ+ represents a lossy damping and is related to the ratio

of the amplitudes γ+ = γ−
a2−
a2+

. Equation
�� ��8.4 can then be adiabatically eliminated,

giving an equation of motion for the signal:

α̇− = −
[
γ−
(
1− g′|α0|4

)
+ i

(
∆1

(
1− g′∆2γ−

∆1γ+

|α0|4
))]

α−
�� ��8.5

The effective nonlinearity g′ can be related to the intrinsic nonlinearity g and ex-

pressed in terms of only the pump parameters, given by
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g′ = g
γ+

γ−

1√
γ2

+ + ∆2
2

�� ��8.6

=
γ2

0 + ∆2
0

2γ0,in

~Ω0

P thresh
in

�� ��8.7

Here, the steady-state intracavity pump amplitude α0 is related to the threshold

power by P thresh
in = ~Ω0|αthresh

0,in |2. Figure 8.5 shows the effective nonlinearity and

threshold power as a function of normalised detuning from resonance, calculated by

using the parameters of our system.

8.5 Conclusion

In summary, we have demonstrated that a strong χ(3) nonlinearity at microwave fre-

quencies, arising from only a parts-per-billion concentration of paramagnetic ions,

leads to degenerate four-wave mixing in a cryogenic sapphire resonator when pumped

with only a single frequency. Long characteristic times on the order of several sec-

onds were observed due to slow cross-relaxation and interaction with lattice ion

nuclear spins, and broad tunability can be achieved by altering the pump frequency.

Our system has the potential for application in a host of future quantum comput-

ing and metrology experiments where low microwave loss and strong nonlinearity is

desirable, such as measurement of qubits in circuit QED setups, single quadrature

amplification and squeezing, quantum-limited parametric amplification, or potential

use in nanoscale magnetometry171 with the benefit of having the necessary amplifi-

cation and nonlinearity integrated within a single device.
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9
Microwave Comb Generation

Foreword

Further to the discovery of the four-wave mixing effect described in Chapter 8, I

found that comb generation was possible when operating the experiment in a doubly

pumped regime, with input signals corresponding to the four-wave mixing ‘pump’

and ‘idler’ frequencies, as well as in several other input configurations. This chapter

presents a manuscript describing the generation and characterisation of the comb

in this novel way, which has been submitted to the journal Applied Physics Letters.

These results extend upon previous demonstrations of nonlinear comb generation

by exploiting a population of paramagnetic impurities in the sapphire lattice, rather

than relying upon an intrinsic nonlinearity of the crystal structure.

As described in Chapter 8, higher and lower frequency spectral lines can be made

to appear around the ‘maser’ mode at 12.037 GHz, which falls within the Fe3+ ESR

bandwidth, after extremely long characteristic times. The effect arises from a mag-

netic χ(3) nonlinearity of the sapphire associated with the presence of those same

Fe3+ ions. In this chapter, I show that the quantum conversion efficiency of the de-

generate four-wave mixing process can be enhanced by adding an additional pump at

the frequency of a high-Q WG mode, with the resultant FWM signal then acting as
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a sufficiently strong source field to excite further four-wave mixing. This secondary

four-wave mixing produces additional source fields, and the effect is cascaded over

the entire bandwidth of the ESR, forming a microwave comb.

I measured the fractional frequency stability of the repetition rate of the comb,

corresponding to the difference between the Ω− and Ω0 WG modes (see Fig. 8.1),

and show here that it exceeds that of a commercial Hydrogen maser. These results

pave the way for ultra stable comb generation at a multitude of frequencies up to the

THz region, as paramagnetic impurities such as Cr3+ (with an ESR at 11.69 GHz),

Mn4+ (11.45 GHz), Mo3+ (165 GHz), and Ti3+ (1.13 THz) also exist in sapphire in

similar concentrations to Fe3+. Further work is underway to determine if four-wave

mixing can can be excited using any of these ions, with the added benefit of broader

ESR bandwidths for ions at higher frequency.

My contribution to the research presented here was 80% of the experimental

work, and 90% of the authorship of the paper.
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Microwave Comb Generation in a Nonlinear Fe3+:Al2O3

Whispering Gallery Mode Resonator

Daniel L. Creedon∗, Karim Benmessäı∗, Michael E. Tobar∗

∗ ARC Centre of Excellence for Engineered Quantum Systems, University of Western Australia, School of Physics
M013, 35 Stirling Hwy., Crawley 6009 WA, Australia

Submitted for peer-review to Applied Physics Letters

9.1 Abstract

The presence of paramagnetic impurity spins in a sapphire resonator leads to a host

of nonlinear effects at microwave frequencies. In the case of precision frequency

standards based on such resonators, the effects can often be exploited to improve

the fractional frequency stability of the device. Recently, Four-Wave Mixing (FWM)

was observed purely at microwave frequencies for the first time in sapphire due to a

dilute concentration of paramagnetic Fe3+ spins. Here, we report the observation of

microwave frequency comb generation due to additional mixing of the FWM output

signals, which themselves act as source fields. We measure the fractional frequency

stability of the comb repetition rate (relative to the excitation frequency) and show

that it exceeds that of a hydrogen maser.

9.2 Introduction

Several types of precision frequency standard today rely on a sapphire resonator as

their active element. Cryogenic Sapphire Oscillators, the most stable electromag-

netic oscillators over short time scales,16 utilise a sapphire loaded microwave cavity

as the bandpass filter and dispersive element of the Pound frequency discrimina-

tor18 in its loop oscillator. More recently, a Whispering Gallery Maser Oscillator

(WHIGMO) has been developed34,82,89,99,101,172 in which the sapphire resonator acts

as the gain medium for maser oscillation due to a parts-per-billion concentration of

Fe3+ impurities in the sapphire lattice. In both systems, paramagnetic impurities

introduce a susceptibility to the crystal which strongly influences the frequency-
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temperature dependence of the electromagnetic Whispering Gallery (WG) modes

supported in the resonator.59,91–93 The sign of the temperature induced frequency

shift due to the magnetic susceptibility is opposite to that resulting from the temper-

ature dependence of the dielectric permittivity, resulting in a turnover point where

temperature induced frequency fluctuations are nullified to first order. Exploiting

this electron-spin induced effect in both systems leads to orders of magnitude im-

provement in the fractional frequency stability.16,17,94 It has also been shown that

the curvature of the turnover point can be controlled through manipulation of the

spin population, with implications for WHIGMO frequency standards in particu-

lar.54

9.3 Experimental Observations

Recently, the first observation of paramagnetic Kerr-type nonlinear behaviour in

such a sapphire resonator was reported,173 which can be modelled as a degenerate

Four Wave Mixing process. With only a single input field, an output spectrum of

three signals was observed, with the behaviour arising due to a χ(3) nonlinearity

associated with the presence of paramagnetic Fe3+ spins within the sapphire lattice.

The system undergoes a complex interaction between the microwave input field, the

paramagnetic Fe3+ spin system, and 27Al lattice ions in the resonator, resulting in the

generation of a frequency higher than that of the input field but importantly not at

an integer harmonic frequency. The effect of the nonlinearity was strongly enhanced

by the presence of ultra-high Q-factor WG modes (Q ≈ 109) which coincide with

the pump and idler frequencies of the FWM scheme, all of which lie within a broad

Electron Spin Resonance bandwidth associated with the Fe3+ spins.

Typically, degenerate four-wave mixing is induced by the application of two

source fields, one at ω0 (the pump) and another at ω− (the idler). However, in the

recent observation of microwave FWM in sapphire reported by Creedon et al.,173 only

a single pump frequency ω0 was actively applied, and the origin of the ω− field was
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Figure 9.1: Measured spectrum of signals as a result of a classical doubly pumped
four-wave mixing scheme. (a) Crystal pumped at 12.029 GHz and 12.037 GHz,
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Ω0Ω− Ω+

12.037 GHz12.029 GHz 12.045 GHz

Fe3+ ESR

Idler Pump Signal

Figure 9.2: (Not to scale.) Schematic of the system. The ’pump’, and ’idler’
frequencies are input at the WG mode frequencies Ω0 and Ω− respectively. The
output ’signal’ is not enhanced by a WG mode. Creedon et al.173 model a lossy
resonance Ω+ at this frequency.

the indirect and inefficient excitation of a WG mode at a lower frequency through

a slow cross-relaxation and hyperfine interaction. The resultant output spectrum

consisted only of a pair of equally spaced sidebands about the pump signal. In this

paper, we show that in a doubly-pumped scheme which actively utilises two input

fields, stable microwave comb generation is achieved with a spectrum of output

signals measured across the Electron Spin Resonance (ESR) bandwidth of the Fe3+

ions. We also demonstrate that the stability of the comb repetition rate exceeds

that of a hydrogen maser.

Comb generation arising from Four Wave Mixing has been observed previously at

optical frequencies in toroidal microcavities, exploiting the Kerr nonlinearity of the

crystal resonator.157,174,175 Here, we extend this novel approach into the microwave

regime by exploiting a χ(3) nonlinearity arising from a population of paramagnetic

spins in the resonator, rather than an intrinsic nonlinearity of the crystal structure.

Impurity spins in solids have experienced significant research interest in recent years

due to their potential application to quantum information storage and processing.

To the authors knowledge, our result is the first observation of pure microwave

frequency comb generation due to a paramagnetic nonlinear process arising from

such spins in a crystalline host.

The experimental setup consists of a cylindrical sapphire monocrystal, 49.983

mm diameter × 30.002 mm height, which is cleaned in nitric acid in an ultrasonic
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bath. An axially protruding spindle at one end of the sapphire was used to mount it

in a silver plated copper cavity. The resonator is machined such that the anisotropy

C-axis of the sapphire is aligned with the cylindrical z -axis, and two radially oriented

loop probes couple microwave radiation in and out of the crystal. The loop probes

were orthogonally oriented to reduce cross-coupling. The cavity was fastened under

permanent vacuum in a small can, which was then mounted inside a vacuum chamber

at the bottom of a long cryogenic insert placed into a 100 litre liquid helium dewar.

A vector network analyser was used to examine the whispering gallery modes of

interest in transmission and reflection, and to measure the probe couplings.

Figure 9.2 shows a schematic model of the Fe3+ spin system in the resonator

in frequency space. Ω0 and Ω− represent fixed microwave WG mode resonances

in the sapphire resonator with a bandwidth of order 10 Hz. A broad Electron

Spin Resonance, which encompasses both WG mode resonances in its 27 MHz half-

bandwidth, exists centred around 12.04 GHz due to the presence of Fe3+ ions in the

sapphire lattice. The output signal of the FWM process, Ω+ = 2Ω0 − Ω−, is shown

dashed as no WG mode exists at 12.045 GHz.

Further to the results of Creedon et al.,173 we implemented a classical four-

wave mixing scheme in the same system with the injection of two frequencies. This

resulted in the generation of a microwave comb with a repetition rate at the difference

frequency of the pump and idler, ∆ω = 7.668 MHz, due to a cascaded effect in which

each signal of the FWM acts as a source field for further mixing. Figure 9.1 shows

the output of a comb of four-wave mixing signals, whose power effectively maps the

ESR bandwidth of the Fe3+ impurities. When pumped at 12.037 GHz and 12.029

GHz (Fig. 9.1(a)), the resultant signal at 12.045 GHz had a dramatically increased

output power over the previous single-pump observation of FWM, where it was close

to −100 dBm. It can be shown162 that the maximum quantum conversion efficiency

of the degenerate four-wave mixing process which enables comb generation is given
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Figure 9.3: Schematic of the circuit used for comb generation and frequency
stability measurement. The configuration of the resonator is the same as that
used by Creedon et al.,173 however in the work described here, the resonator
was examined in reflection using only the highest coupled port. Comb sticks
that experience significant attenuation or lie outside the gain bandwidth are not
resonantly enhanced and are too low-power to be detected. The pump synthesizers
and the counter were all referenced to a hydrogen maser.

by

ηmax =
1

2

(
1 +

∆ω

ω0

) �� ��9.1

which we calculate to be ∼50% for our dual-pump system. The significant increase

in output power here indicates that the previous single-pump scheme, which did not

generate a comb, was operating in a regime of low conversion efficiency. Of particular

interest is the generation of four-wave mixing when pumped at 12.037 GHz and

12.045 GHz (Fig. 9.1(b)), noting that no WG mode or cavity resonance exists at

the latter frequency. We anticipate that in this case, the difference frequency of

∆ω is generated within the crystal, which then allows the generation of photons at

12.029 GHz which are resonantly enhanced by a WG mode, and efficient four-wave

mixing can take place. This was tested, and excitation of the comb is possible by

pumping at any one of the ω−, ω0 or ω+ frequencies, in addition to the ∆ω frequency

at 7.668 MHz, albeit with much lower conversion efficiency (see Fig. 9.1(d)-(f)).
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Figure 9.4: Measured fractional frequency stability of the comb repetition rate,
relative to the pump signal at 12.037 GHz. The stability of the reference source
used (Kvarz Hydrogen Maser) is shown, which was measured by comparison to
a Cryogenic Sapphire Oscillator by Nand et al.176 The noise floor of the mea-
surement system is shown, which was obtained by mixing the output of both
synthesizers and passing the beat signal directly to the Agilent 53132A Frequency
Counter.
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9.4 Frequency Stability Measurements

The comb generated by the cascade of FWM processes is effectively band-pass fil-

tered by the gain profile of the Fe3+ ESR, which resonantly enhances the FWM

signals. The final detectable comb contains approximately nine evenly spaced sticks,

depending on the input pump frequencies. To determine the frequency stability of

the repetition rate of the comb (∆ω), a beat of the output signals was measured as

per Fig. 9.3. A microwave circulator was used to both inject the pump signals and

read out the resultant comb through the most highly coupled port of the resonator

cavity. A tunnel diode detector was used as a mixer to generate the beat frequency of

the comb sticks, which was then low pass filtered and measured by a high resolution

frequency counter referenced to a Kvarz hydrogen maser. In our system, no comb

stabilisation techniques were employed other than to control the temperature of the

resonator at its frequency-temperature turnover point. The Allan Deviation of the

comb beat was computed, and the instability relative to the excitation frequency

was of order 2× 10−15 at 100 seconds of integration, which exceeds the stability of

the reference Hydrogen maser.

Stability at this level could be transferred down in frequency via cross-relaxation

with other magnetic ion impurities in the crystal. For example, Mn4+ is also present

in sapphire and has an electron spin resonance at 11.69 GHz. In fact, the potential

exists for stable comb generation at any frequency where high-Q WG modes exist

within the ESR bandwidth of an impurity ion, with the susceptibility introduced

by the presence of the ion allowing direct excitation of the same cascaded four-wave

mixing effect reported here. For example, Cr3+ exists in similar concentration to

Fe3+ in sapphire, and exhibits an ESR at 11.45 GHz with a bandwidth of ∼ 55

MHz. High-Q WG modes exist within the ESR bandwidth, and comb generation

could be achieved spanning a wider bandwidth than is possible with the lowest ESR

of Fe3+, although Fe3+ also has an ESR at 31.3 GHz with a linewidth of ∼ 100

MHz . In any case, linewidths of spin resonances can be broadened by introducing
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an external DC magnetic field with a spatial inhomogeneity, which could allow

broadband comb generation with many more comb members than reported here

for Fe3+. In ruby (large chromium concentration in sapphire), an external magnetic

field of 2500 Gauss applied perpendicular to the crystal c-axis results in electron spin

resonances at 2.398 GHz, 12.887 GHz and 24.444 GHz with linewidths of the order of

50–100 MHz,177 suggesting that broad combs could be generated at these frequencies

as well. Finally, Mo3+ and Ti3+ in sapphire exhibit ESR frequencies of 165 GHz

and 1.13 THz respectively, suggesting that extremely high frequency combs could be

generated. It has been shown that annealing sapphire in air can case bulk oxidation

of Fe2+ to Fe3+, leading to vastly improved active ion concentration and higher

output power when implemented as a maser.101 Although the current results have

combs with relatively low power output sticks, annealing or controlled intentional

doping of crystals may result in improved comb output power by increasing the

strength of the FWM effect.

9.5 Conclusion

In summary, we show that a recently discovered nonlinear four-wave mixing effect

in sapphire can be exploited as the enabling process for microwave frequency comb

generation in a novel way. The fractional frequency stability of the comb repeti-

tion rate was measured to exceed that of a commercial Hydrogen maser over its

bandwidth of ∼ 40 MHz, with the potential for application to other magnetic ion

impurities with far broader linewidths.
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10
Conclusions

This thesis described important progress on the development of a cryogenic sap-

phire Whispering Gallery mode maser. Two broad research outcomes were achieved,

namely the characterisation and improvement of the system as a precision frequency

standard, as well as progress towards determining the suitability of sapphire with

dilute paramagnetic impurities for future quantum measurement experiments. A

range of important ‘first observations’ in the system were presented, characterised,

and modelled.

10.1 Summary of Results

In the first half of the thesis, I began by presenting experiments in which I achieved

the first bimodal maser excitation in an Fe3+ sapphire scheme. I performed beat

frequency measurements between the two maser signals to show that the fractional

frequency stability of the maser was limited by thermal processes, and that in fact

operation was seen at the fundamental Schawlow-Townes noise limit. I stated that,

operated in a single-mode regime with typical parameters for Q-factor and output

power, the results suggested the potential for maser action with fractional frequency

instability of order 10−16/
√
τ . In Chapter 4, I showed that when annealed in air

for 20 hours, large scale conversion of residual Fe2+ ions in the sapphire lattice into
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Fe3+ ions is achieved. This resulted in three orders of magnitude improvement in

the active ion concentration, and two orders of magnitude improvement in maser

output power. I showed that such an improvement leads to a potential for fractional

frequency stability of order 10−17/
√
τ , an order of magnitude improvement in the

potential Schawlow-Townes limited value determined in Chapter 3.

Further to these experiments, I calculated that if the potential fractional fre-

quency stability limits determined in Chapters 3 and 4 were reached, this perfor-

mance could be degraded by flicker phase noise which is known to be introduced

by microwave amplifiers necessary for the readout and counting of the signal. To

remedy this, I developed a novel beat frequency readout system for the measurement

of weak microwave signals, and compared it with the standard readout method. I

showed that in both systems, uncorrelated white phase noise dominates at powers

below –80 dBm, making my readout system equally as effective as the standard

system but using only half the number of amplifiers. At higher powers, I showed

by building and measuring a pair of ultra-stable CSOs that flicker phase noise in-

troduced in the amplification chain is correlated between the signals and can be

cancelled with my system.

In the second half of thesis, I investigated the suitability of sapphire for use in

experimental regimes relevant to the fields of quantum measurement and computing.

I performed the first cooldown of bulk sapphire to millikelvin temperatures using

a helium-3 dilution refrigerator at the University of Queensland, where I measured

and characterised thermal bistability effects at microwave frequencies. As a result

of these experiments, I made measurements of the lowest frequency-temperature

turnover points or “magic temperatures” ever seen. This is particularly useful for

maser operation, as the fundamental Schawlow-Townes limit scales with the square

root of temperature. I showed that the existence of millikelvin temperature turning

points, much lower than the usual 6–9 K, could lead to a potential improvement of
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up to an order of magnitude in the fractional frequency stability. I also showed that

operation at the ultra-low ”magic temperatures” allows a large amount of heat to

be dissipated in the resonator due to the bistability effect being suppressed. Ordi-

narily the high pump power required for the maser would dissipate more than the

several hundred micro-Watts of cooling power available in a dilution refrigerator at

these temperatures. In Chapter 7, I described further experiments on sapphire at

millikelvin temperatures with the goal of determining its suitability for use in engi-

neered quantum systems. I presented results of the first measurements ever made

of the dielectric loss of sapphire at millikelvin temperature and single photon exci-

tation strength. It is known that losses from so-called two level fluctuators are a

major source of decoherence in current qubit technology. I showed that sapphire has

excellent potential for use as the insulating material in Josephson Junction qubits

as it does not suffer from two-level state (TLS) losses at experimentally relevant

temperatures, input powers, and operating frequencies.

Finally, I described the first observation of a strong magnetic Kerr-type nonlin-

earity in the sapphire resonator. I modelled the effect as a degenerate four-wave

mixing process, which arose from only a single input field due to a complex interac-

tion between high-Q Whispering Gallery modes and a broad electron spin resonance

associated with paramagnetic spins in the sapphire lattice. This interaction had

characteristic relaxation times on the order of 7 seconds, and the introduction of a

second source field allowed an ultra-stable microwave frequency comb to be gener-

ated within the effective gain bandwidth of the ESR. These results were presented

in Chapter 9, and I argued that the combination of these effects, coupled with the

results presented in Chapter 7, makes HEMEX-grade sapphire an attractive ma-

terial for use in a host of future quantum measurement experiments including the

exciting possibility of a quantum memory.
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10.2 Future Directions

The results of Chapters 7 and 8 in particular lead to a very interesting path of

research which has great significance for current areas of active interest. Long re-

laxation times, extremely low dielectric loss, high-Q resonances at microwave fre-

quencies, and the ability to manipulate the system through the use of a magnetic

field make for very attractive experimental parameters in quantum metrology and

control applications. Plans are underway for the development of a quantum memory

using the Fe3+ spins in the sapphire lattice, coupled to high-Q Whispering Gallery

modes.

Recent experiments have utilised various impurity spins in solids, as well as the

charged nitrogen-vacancy (NV) defect centre in diamond. The NV-diamond scheme,

for example, has coherence times on the order of milliseconds and the potential for

coherent long distance transfer of quantum information through interactions be-

tween an electron spin resonance and optical frequency photons. It is clear that the

collective strong coupling of electron spins in solids to high-Q resonators, combined

with a resonator nonlinearity, allows for the construction of two-level systems and

thus quantum memories.

Future research should focus on engineering a scheme for excitations to be written

to and read coherently from the Fe3+ spin ensemble. The results presented in this

thesis suggest that coherence times on the order of tens of seconds could potentially

be achieved, which would be a crucial step towards workable quantum information

processing and computing.
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[68] D. Colladay and V. A. Kostelecký, “Lorentz-violating extension of the stan-

dard model,” Physical Review D, vol. 58, no. 11, p. 116002, 1998.

[69] V. A. Kostelecký, “Gravity, Lorentz violation, and the standard model,” Phys-

ical Review D, vol. 69, no. 10, p. 105009, 2004.
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We report observations of the Schawlow-Townes noise limit in a cryogenic sapphire secondary
frequency standard. The effect causes a fundamental limit to the frequency stability, and was measured
through the novel excitation of a bimodal maser oscillation of a Whispering Gallery doublet at 12.04 GHz.
The beat frequency of 10 kHz between the oscillations enabled a sensitive probe for this measurement of
fractional frequency instability of 10�14��1=2 with only 0.5 pW of output power.
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Cryogenic sapphire oscillators are based on single cy-
lindrical crystals of sapphire of approximately 50 mm in
diameter, cooled with liquid helium and operated by ex-
citing Whispering Gallery modes with Q factors of order
109 at microwave frequencies [1]. State-of-the-art stabil-
ities of parts in 1016 (�f=f < 10�15) have been achieved
for integration times between 2 to 1000 s [2,3]. This has
lead to a range of unique applications including precision
tests of Lorentz invariance, such as Michelson-Morley [4–
6], Kennedy Thorndike [7–9] and standard model exten-
sion [5,6,10–13] experiments. Other applications include
quantum-limited operation of laser cooled atomic fre-
quency standards. The high stability of the sapphire oscil-
lator allows the elimination of technical noise due to the
pulsed sampling required to generate Ramsey fringes [14].
To date, cryogenic oscillators are the only electromagnetic
oscillators with sufficient stability to achieve this. Thus,
many laboratories worldwide are incorporating them into
their clock ensembles to generate microwave and optical
signals for such purposes [2,15–20]. As well as the prac-
tical applications with regards to timing, navigation, and
space applications [21], the fountain clocks have now
achieved sufficient sensitivity to test the stability of funda-
mental constants [22–24].

The fundamental limits of frequency stability in such
high precision oscillators are due to competing effects from
fluctuating radiation pressure of the electromagnetic field
or small random background fluctuations due to thermal
[25] or quantum Nyquist noise processes (Schawlow-
Townes noise limit) [26,27]. These limits represent a bar-
rier to frequency instability that cannot be surpassed using
classical techniques. It is important to characterize these
noise processes through precise measurement. For a cryo-
genic sapphire oscillator operating at the usual levels of
carrier power (10 mW), radiation pressure effects have
already been characterized [1]. In contrast, the frequency
instability due to the Schawlow-Townes noise limit for a
cryogenic sapphire oscillator is of order 10�20 at 1 s aver-

aging time at this carrier power. In this regime the per-
formance of precise frequency generation is limited by
technical noise sources such as flicker noise in the ampli-
fication process of the oscillator sustaining stage (solid-
state amplifier). Typically this is at a level of parts in 1016.
In this work we report on the first observation of the
fundamental frequency stability limit due to Nyquist ther-
mal fluctuations in a cryogenic sapphire oscillator using a
three-level zero-field maser transition as the oscillator
sustaining stage.

The fundamental spectral density of Nyquist noise of an
electromagnetic mode sustained by an ideal amplifier is
given by Eq. (1) [26]

  a��� �
h�

eh�=kBT � 1
�
h�
2
�W=Hz�: (1)

Here, h is Plank’s constant, � the frequency of the mode, kB
Botzmanns constant and T the temperature of the sur-
rounding environment. The thermal regime is distin-
guished from the quantum regime for mode frequencies,
� < kBT=h, which is 100 GHz at liquid helium tempera-
ture. In contrast to laser technology our experiment is in the
Nyquist thermal regime and the Schawlow-Townes limit
on frequency instability for this case is given in Eq. (2) [28]

 �y��� �
1

Qmode

�����������������
kBT

2Pmode�

s
: (2)

Here, Qmode is the mode Q factor, Pmode is the power in
Watts, and � is the measurement integration time in
seconds.

Recently a new type of cryogenic sapphire oscillator was
discovered based on masing from residual impurity ions
with zero applied magnetic field [29]. Maser action results
from the coincidence in frequency of the electron spin
resonance of Fe3� ions with a very highQ�>109� whisper-
ing gallery mode at 12.04 GHz. The output power obtained
with this device is of order 2.5 nW, which is ten thousand
times higher than a hydrogen maser. This leads to the
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fundamental Schawlow-Townes frequency stability limit
due to Nyquist thermal fluctuations acting on the whisper-
ing gallery mode resonator of order 10�16��1=2. The first
characterization against the state-of-the-art classical cryo-
genic sapphire oscillator (solid-state sustaining stage) re-
sulted in the measurement of an upper limit to the
frequency instability of 2 orders of magnitude higher of
order 10�14 at 1 s, which was limited by the microwave
frequency synthesis chain used for the frequency compari-
son [30].

Whispering Gallery Modes in such high-Q resonators in
reality exist as doublets due to perturbations such as back-
scatter in the crystal due to Rayleigh scattering and probe
perturbations [31–34]. The backscatter causes the two
opposite traveling waves propagating around the circum-
ference of the sapphire cylinder to exhibit strong coupling
and split into two spatially orthogonal circumferen-
tial standing waves [32], which in this case are separated
by 10 kHz in frequency. Because the splitting is small
(�10 kHz) it is only observable in high-Q systems. In
this work we report simultaneous maser action of the two
modes as shown in Fig. 1 (bimodal operation). In contrast,
the bimodal regime only occurs at low power levels be-
tween 10�15 to 10�12 Watt output power (at higher powers
only one mode dominates). For these power levels the
Schawlow-Townes frequency instability limit is larger
and of order 10�14��1=2. In this work, we show that the
mixing of the two bimodal signals has enabled us for the
first time to measure this limit for a cryogenic sapphire
oscillator, and verified the low noise properties of the
maser.

The resonator consists of a HEMEX sapphire single
crystal disk 50 mm diameter and 30 mm high mounted in
a gold plated OFHC copper cavity. The operating mode is
the WGH17;0;0 at 12.04 GHz cooled to liquid helium tem-
perature with a pulsed tube cryocooler. The doublet pair,
separated by 10 kHz, is characterized by a loaded Q factor
of the order of 7	 108 at 4.2 K. To create the population
inversion we inject into the resonator a signal between

31.305 to 31.411 GHz, via a microwave synthesizer, cor-
responding to the center frequency of another high-Q
Whispering Gallery mode. There are 34 modes in this
frequency range that can be excited to create a population
inversion in the gain medium, which in turn causes the
12.04 GHz mode to oscillate. By applying this pump signal
with a power above the threshold (�10 mW) and within
this 100 MHz range, the two maser signals may coexist at
the resonator output probe. A typical plot of the bimodal
maser signal power versus pump power is shown in Fig. 2.
Only in the low power regime can both modes coexist
(similar to two-mode operation of a ring laser) when co-
efficients due to cross saturation and self-saturation be-
tween the two coupled-modes result in positive net gain for
both modes [35]. In this case population inversion is cre-
ated mainly from separate parts of the maser medium. In
contrast, in the high power regime only one mode can
oscillate due to competition across the whole maser me-
dium. On the transition from the bimodal to single-mode
operation (Fig. 2) there is a discrete jump in masing power
of the oscillating mode, due to the discrete change in
medium gain.

The two signals, extracted from the same probe, are
amplified by an amplifier chain (two amplifiers with
40 dB gain each) and then sent to a quadratic detector
(tunnel diode) to be mixed (Fig. 3). A microwave band pass
filter is placed between the two microwave amplifiers to
reduce the thermal noise produced by the first amplifier.
The 10 kHz beat note is band pass filtered and amplified by
a low noise amplifier and then sent to a high-resolution

FIG. 1. Typical spectrum of the bimodal oscillation at
12.04 GHz using a readout with 80 dB gain.

FIG. 2 (color online). Typical output power of the bimodal
maser oscillation as a function of pump power for the
31.35374277 GHz pump mode. The actual output power de-
pends on the mode chosen to pump the mode and whether or not
a magnetic field is applied.
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counter, referenced to a hydrogen maser, to extract the
frequency stability.

The frequency instability in terms of Allan deviation is
plotted in Fig. 4 for various maser output powers. The level
of white noise is calculated from the coefficient of the
��1=2 fit in the 1 to 10 s interval. Periodic effects cause
clearly visible bumps in the Allan deviation curve, which
can be ignored when calculating the white noise. From the
spectral density of fractional frequency fluctuations plotted
in Fig. 5, the periodic effects are clearly visible, and for
Fourier frequencies >10�2 Hz the white noise floor is
clearly visible.

The output power of the maser is measured on the
spectrum analyser with a 40 dB gain amplifier. The error
bars in Fig. 6 are calculated by taking ten measurements,
then calculating the mean and standard deviation. The solid
curve in Fig. 6 is the predicted stability assuming ideal
amplification of the Maser using Eq. (2). The calculation is
done for a temperature of 5 K, Q factor of 7	 108 and
averaging time of 1 s. From the comparison it is clear that
we have measured the thermal noise limit given by the
Schawlow-Townes limit on frequency stability.

In conclusion we report observations of thermally in-
duced Nyquist noise due to temperature fluctuations in a
high precision electromagnetic resonator-oscillator as cal-
culated by the Schawlow-Townes formula. The measure-
ments showed the correct dependence on power and
showed that the maser action produced a sustaining stage
that was close to ideal. This work suggest that a cryogenic

FIG. 4 (color online). Allan deviation versus integration time
for various power levels in units of dB m (dB with respect to a
mW). The readout noise floor is calculated from the measured
phase noise, using the transformations of white and flicker phase
noise presented in [36]. The white noise level is calculated from
the tangents with ��1=2 dependence. At 1 s the stability is
artificially raised by a periodic signal due to the cryocooler at
0.45 Hz (see Fig. 4). Periodic effects are also visible in the
Pmode � �98 dB m curve at 0.67 Hz (bump at 2–3 s) and
Pmode � �93 dB m curve at 1.3 mHz (bump at 300 s).

FIG. 5 (color online). Frequency noise spectral density of
Pmode � 0:5 pW, showing the white noise floor. The spikes in
the spectrum at 0.45 Hz and 1.3 mHz manifest in the Allan
deviation as bumps at 1 and 300 seconds, respectively, in Fig. 4.

FIG. 3. Beat frequency readout for the bimodal maser.
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sapphire oscillator operating with a maser sustaining stage
in single-mode operation (2.5 nW output power) has the
potential to improve the short term stability of cryogenic
sapphire oscillators to a value of 10�16��1=2.
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(1997).

[11] D. Colladay and V. A. Kostelecký, Phys. Rev. D 58,
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Abstract—We present new results on a cryogenic solid-state 
maser frequency standard, which relies on the excitation of 
whispering gallery (WG) modes within a doped monocrys-
talline sapphire resonator (α-Al2O3). Included substitutively 
within the highest purity HEMEX-grade sapphire crystal lat-
tice are Fe2+ impurities at a concentration of parts per mil-
lion, an unavoidable result of the manufacturing process. Mass 
conversion of Fe2+ to Fe3+ ions was achieved by thermally an-
nealing the sapphire in air. Above-threshold maser oscillation 
was then excited in the resonator at zero applied DC magnetic 
field by pumping high-Q WG modes coincident in frequency 
with the electron spin resonance (ESR) energy levels of the 
Fe3+ spin population.

A 2 stage annealing process was undertaken for a sapphire 
resonator with exceptionally low Fe3+ concentration, resulting 
in an improvement of 6 orders of magnitude in output power 
for this particular crystal, and exceeding the previous best 
implementation of our scheme in another crystal by nearly 20 
dB. This represents an output signal 7 orders of magnitude 
more powerful than a typical commercial hydrogen maser. At 
this power level, we estimate a limit on the frequency stability 

of order 1 10 17´ - / t  due to the Schawlow-Townes funda-
mental thermal noise limit.

I. Introduction

a recent collaboration between French and australian 
laboratories has seen the development of a novel ex-

tension of the classic cryogenic sapphire oscillator (cso), 
the so-called whispering gallery maser oscillator (WhIG-
Mo) [1]. The scheme, an active resonator-oscillator, is 
implemented in a very similar experimental package to 
the cso but relies on the presence of paramagnetic Fe3+ 
ions in the sapphire crystal lattice. These ions exhibit an 
electron spin resonance (Esr) at microwave frequencies, 
forming a 3-level system at zero applied dc magnetic field 
from which maser oscillation may be obtained. Both the 
cso and the WhIGMo consist of a cylindrical hEMEX 

grade sapphire resonator placed in a cavity under vacuum, 
cooled to ~4.2K on a cryogenic insert in a liquid helium 
dewar, and injected with microwave radiation to excite 
high-q whispering gallery (WG) modes. The WhIGMo 
differs from the cso in that it is not coupled to an ex-
ternal loop oscillator or controlled using the well-known 
Pound frequency stabilization technique. Fe3+ in sapphire 
experiences a strong crystal electric field and is able to op-
erate without the applied external magnetic field typical 
of other solid-state masers [2] such as the superconducting 
cavity maser oscillator based on ruby described by dick 
et al. in [3].

an in-depth discussion of the principle of operation of 
the WhIGMo has been given in several previous publica-
tions [1], [4]–[7]. Briefly, we excite above-threshold maser 
action in the sapphire resonator due to a coincidence in 
frequency between the Fe3+ Esr, and a very high q whis-
pering gallery mode (Q > 109) which acts as the sustaining 
amplifier in the stimulated emission scheme. all that is re-
quired to excite the maser at 12.04 Ghz in the WhIGMo 
is to inject a signal at the Esr pump frequency of 31.3 
Ghz. The system can be thought of essentially as a free-
running loop oscillator with the loop being the path taken 
by the microwave energy as it totally internally reflects 
around the sapphire boundary [1]. The gain medium is 
the Fe3+ spin population which is continuously distributed 
along the length of the loop, and whose effect is strongly 
enhanced by the WG mode (WGh17,0,0) lying within the 
Esr bandwidth. Previously, the maser output power of a 
particular WhIGMo resonator dubbed Gepetto was on 
the order of −94 dBm. This paper reports the results after 
a recent annealing process on Gepetto which increased the 
maser output power to −37 dBm measured at the output 
of the cryogenic insert. accounting for transmission line 
losses, this represents an output power of −30.4 dBm at 
the output of the resonator which is the highest power 
achieved to date for a WhIGMo implementation, exceed-
ing the result presented by Bourgeois et al. [1] by approxi-
mately 20 dB.

II. Paramagnetic Impurities in sapphire

It is known that residual paramagnetic impurities are 
present in hEMEX grade sapphire at a level of parts-
per-million to parts-per-billion. The influence of these im-
purities on the electromagnetic properties of sapphire at 
cryogenic temperatures is well characterized. For example, 
the presence of ions such as Ti3+, cr3+, Mo3+, V3+, Mn3+, 
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and ni3+ leads to a frequency-temperature turning point 
caused by opposite sign effects of temperature-dependent 
curie law paramagnetic susceptibility, and temperature 
dependence of permittivity [8]–[11]. operating at the fre-
quency-temperature turning point allows frequency fluc-
tuations caused by temperature instability to be nullified 
to first order, and has been crucial to achieve state-of-the-
art short-term fractional frequency stability in csos in 
the past [12]–[14].

The WhIGMo exploits this frequency-temperature 
turnover phenomenon, in addition to the Esr associated 
with a parts-per-billion population of Fe3+ ions in the lat-
tice. at zero applied dc magnetic field, the Esr forms a 
3-level system corresponding to the spin-|1/2〉, |3/2〉, and 
|5/2〉 states. Maser oscillation in the resonator may be 
achieved by exciting the pump transition |1/2〉 → |5/2〉, 
resulting in a non-radiative relaxation transition |5/2〉 → 
|3/2〉 (spin-spin decoherence), and finally a radiative ma-
ser signal at 12.04 Ghz corresponding to the |3/2〉 → |1/2〉 
transition [15]. The concentration of Fe3+ ions in a typical 
hEMEX grade sapphire sample is on the order of only 
several parts per billion, however masing can normally 
be observed despite this small concentration by virtue of 
the extremely high q factor of the sustaining whispering 
gallery mode.

III. annealing of the sapphire

It is desirable to increase the concentration of Fe3+ im-
purities in the resonator for several reasons. of primary 
concern is that rather than being doped, the paramag-
netic impurities in the resonator are an unintentional and 
unpredictable result of the manufacturing process. as 
such, some crystals will be too perfect and will contain a 
concentration of Fe3+ too small to excite above-threshold 
maser oscillation. In crystals with a sufficiently high con-
centration to excite maser action, the output power can be 
on the order of only −100 to −90 dBm, and as such, the 
signal-to-noise ratio is very small. amplification to count-
able levels can add noise and degrade frequency stabil-
ity. Finally, the fractional frequency stability of the maser 
output signal is fundamentally limited by thermal noise, 
described by the schawlow-Townes equation:

 s t
ty Q

k T
P

( ) =
1

2L

B

maser
 (1)

where Ql is the loaded q factor of the WG mode cor-
responding to the maser signal, kB is the Boltzmann con-
stant, T is the temperature of the resonator, Pmaser is the 
output power of the maser in Watts, and τ is the integra-
tion time in seconds. From this, we see that potential frac-
tional frequency stability improves with the square root of 
maser power. an improvement in the Fe3+ concentration 
provides more active ions for stimulated emission which 
can significantly boost maser output power. large scale 
conversion of Fe2+ to Fe3+ ions can be achieved by ther-

mally annealing the sapphire in air. annealing is a com-
mon technique used in the gemstone industry to cause 
color change in natural sapphires, and it is well known 
that an environment with a high oxygen partial pressure 
promotes the oxidation of Fe2+ to Fe3+ during annealing 
[16]. This ion conversion has also been confirmed in high-
purity synthetic hEMEX sapphires using optical absorp-
tion measurements in a previous publication [17].

hEMEX sapphire does undergo annealing as part of the 
growth process, however the sapphire under test (Gepet-
to), had insufficient Fe3+ concentration upon manufacture 
to cause sustained masing in initial tests.

To improve the Fe2+ to Fe3+ ratio in Gepetto, a post-
growth thermal annealing process was undertaken in 2 
stages. The first annealing, carried out at Institut FEM-
To-sT in Besançon France, was at 1600K for 20 h discon-
tinuously (5 d × 4 h/day). The second annealing, under-
taken at crystal systems in salem, Ma, was at 1600K for 
24 h. In both cases, Gepetto was annealed in air. It is sus-
pected that the second annealing process was longer than 
necessary, as some minor evaporation from the crystal 
surfaces was observed. This did not shift mode frequencies 
or degrade mode q factors significantly. It is important to 
note that the annealing process does not create new Fe3+ 
sites in the sapphire lattice, it merely causes conversion 
of existing parts-per-million concentration of Fe2+ sites to 
Fe3+. To assess the efficacy of the annealing processes, the 
Fe3+ concentration N was determined through measure-
ments of anomalous bistability and magnetic susceptibil-
ity which appeared in the WhIGMo after annealing.

IV. Bistability Measurements

Prior to annealing, no maser oscillation could be ex-
cited in this sample, and only a very weak absorption 
effect at WG modes near the Esr center frequency was 
observed. after the first annealing stage, maser oscilla-
tion at an output power of −94 dBm was achieved. an 
anomalous bistability was measured at the WGh17,0,0 fre-
quency in which a different threshold power was observed 
depending on the direction of the power sweep, see Fig. 
1. as has been reported previously [7], this bistability can 
only be explained by the saturation of the Fe3+ Esr at 
12.04 Ghz.

an equation of state was derived [18], given by:
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where Y2 is the input power, X2 is the output power, the 
cooperativity C is given by C = ηχ0Ql

WGQl
Esr and ξ ≈ 

Δ ≈ 0. The filling factor (close to unity) is represented by 
η, and the loaded q factors of the WG mode WGh17,0,0 
and the Esr are given by Ql

WG and Ql
Esr, respectively. 

Fitting to the measured absorption curves gives Fe3+ con-
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centrations of N = 0.017 ppb before annealing, and N = 
1.7 ppb after the first annealing, representing a 100-fold 
increase in the Fe3+ to Fe2+ ratio. The ion concentration 
is deduced from the cooperativity C which is a function of 
N through the static susceptibility χ0.

V. Magnetic susceptibility Measurements

a second annealing procedure was undertaken to further 
improve the output power of the maser. after this second 
annealing, the concentration of active paramagnetic ions 
was large enough that a strong magnetic susceptibility ef-
fect could be observed. WG modes around the Esr |5/2〉 
→ |3/2〉 transition frequency of 19.3 Ghz were observed 
with a vector network analyzer at varying power levels. 
The mode frequency was first measured using the mini-
mum power required such that the system was not purely 
absorptive (~−20 dBm), and then at the maximum power 
available at the output of the network analyzer (~8 dBm). 
shifts in the WG modes were several tens of kilohertz, and 
can be related to the real part of the complex magnetic 
susceptibility through the well-known equation

 ¢
^

c
dn

n
= 2

p m
, (3)

where pm⊥ is the perpendicular magnetic filling factor, 
and δν is the frequency shift of the WG mode at frequency 
ν. a Gaussian fit was made to the real part of the suscep-
tibility data, as it is best suited to describing inhomoge-
neously broadened systems such as this. an appropriate 
form for the lineshape of the fit is given in [19] as:
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where χ0 is the static or dc magnetic susceptibility, ω23 
represents the angular frequency of the |5/2〉 → |3/2〉 
transition, and τ2 is the spin-spin relaxation time. The 

Gaussian fit to the data is related to the ion concentration 
through χ0 which is a function of N. Performing a fit using 
the levenberg-Marquardt method with 2 free parameters 
(N and τ2), we obtain the results N = 55 ppb, τ2 = 5.9 ns. 
The fit is shown in Fig. 2. It should be clearly noted that 
the fit gives only approximate values for N and τ2 for sev-
eral reasons. The lack of data points in the most critical 
area of the curve, near the center of the Esr, affects the 
closeness of the fit significantly. In addition, the relaxation 
time should not be considered precise as the real part of 
the susceptibility is not particularly sensitive to this pa-
rameter. however, the fit does give (at worst) an order of 
magnitude estimate of ion concentration in the sapphire, 
which is sufficient to use as a figure of merit for the ef-
ficacy of the annealing process. another estimate for ion 
concentration may be found by assuming the pump transi-
tion is saturated and calculating the concentration from 
the maximum maser output power. Using this method, we 
deduce the Fe3+ concentration in the resonator to be on 
the order of ~150 ppb. We conclude thus that the second 
annealing process resulted in an improvement in ion con-
centration on the order of 2900 to 5900 times that of the 
original, unannealed sapphire.

VI. Esr linewidth Broadening

Being inhomogeneously broadened, the bandwidth of 
the Fe3+ Esr is strongly dependent on the distribution 
and number of active Fe3+ spin packets in the resona-
tor. after the first annealing process (100× improvement 
in ion concentration), 2 masers could be excited: one at 
12.04 Ghz corresponding to the WGh17,0,0 mode, and 
another (weaker) maser at 12.029 Ghz corresponding to 
an unidentified WG mode. Both WG modes fell within 
ΔfEsr|3/2〉→|1/2〉. after the second annealing process, the 
up to 5900× increase in Fe3+ population caused the Esr 
linewidth to be broadened significantly enough to encom-
pass a third WG mode of appropriate characteristics at 
11.96 Ghz. This resulted in the observation of a third 
maser signal. In reality, the Esr encompasses many more 
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Fig. 1. Transmission coefficient for the WGh17,0,0 mode as a function 
of injected power before and after the first annealing. The absorption 
effects are caused by saturation of the Fe3+ ions whose electron spin reso-
nance bandwidth encompasses the whispering gallery mode in question.

Fig. 2. Gaussian fit to the real part of the complex magnetic susceptibil-
ity. data points were calculated from the power dependent fractional fre-
quency shifts of whispering gallery modes lying within ΔfEsr|5/2〉→|3/2〉.



than 3 WG modes, however only these 3 modes have suf-
ficiently high q factor and perpendicular magnetic filling 
factor to support maser oscillation. It is possible to excite 
all 3 masers simultaneously for several choices of pump 
frequency.

Figs. 3 and 4 show how the masers saturate, and the 
way in which they switch on and switch off at different 
pump frequencies because of the differing q factors of 
their corresponding WG modes at the maser frequency.

VII. conclusion

In conclusion, we have described how thermally anneal-
ing hEMEX grade sapphire in an oxidizing environment 
can cause mass conversion of Fe2+ impurities to Fe3+. The 
conversion was confirmed by fitting to the bistability and 
susceptibility curves measured after the annealing process, 
and deducing the ion concentration N from the coopera-

tivity and static susceptibility. Broadening of the Esr lin-
ewidth was observed after the second annealing, confirm-
ing the improvement in ion concentration and allowing a 
third maser to oscillate. The increase of active ions in the 
maser caused by the annealing process resulted in an un-
precedented output power of −30.4 dBm at the crystal, an 
improvement of 6 orders of magnitude in output power 
over the previous best implementation of this scheme. 
This high-power WhIGMo implementation is 7 orders of 
magnitude more powerful than a typical commercial hy-
drogen maser and represents a very promising new type of 
frequency standard. Using (1) with typical values for fre-
quency-temperature turnover point and WG mode q-fac-
tor, we estimate a new schawlow-Townes thermally lim-
ited fundamental frequency stability on the order of 
1 10 17´ - / t  for the high-power WhIGMo. Tests of frac-
tional frequency stability are underway at the time of 
writing. It should be stressed that this is simply a thermal 
noise limit, and we anticipate that overall performance 
will be determined in the long term by other factors, such 
as the ability to precisely control the resonator at the 
frequency-temperature turning point. In previous lower 
power implementations of the WhIGMo scheme, we have 
observed sensitivity of the fractional frequency stability to 
fluctuations in pump power and ambient room tempera-
ture. Future work will involve quantifying these sensitivi-
ties, as well as determining what effect the strongly power-
dependent frequency shifts have on clock performance. 
The addition of helmholtz coils around the experiment 
has been planned to assess the sensitivity of the maser to 
external magnetic field fluctuations.
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Single-crystal sapphire resonator at millikelvin temperatures: Observation of thermal bistability
in high-Q factor whispering gallery modes
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Resonance modes in single crystal sapphire ��-Al2O3� exhibit extremely high electrical and mechanical Q
factors ��109 at 4 K�, which are important characteristics for electromechanical experiments at the quantum
limit. We report the cool down of a bulk sapphire sample below superfluid liquid-helium temperature �1.6 K�
to as low as 25 mK. The electromagnetic properties were characterized at microwave frequencies, and we
report the observation of electromagnetically induced thermal bistability in whispering gallery modes due to
the material T3 dependence on thermal conductivity and the ultralow dielectric loss tangent. We identify
“magic temperatures” between 80 and 2100 mK, the lowest ever measured, at which the onset of bistability is
suppressed and the frequency-temperature dependence is annulled. These phenomena at low temperatures
make sapphire suitable for quantum metrology and ultrastable clock applications, including the possible real-
ization of the quantum-limited sapphire clock.
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Experiments to couple superconducting qubits based on
Josephson junctions to microwave resonators �Q�104� at
cryogenic temperatures have been well represented in recent
scientific literature for a diverse range of circuit quantum
electrodynamic applications. This includes generating non-
classical states of microwave cavities such as Fock states,
where the limit on producing these nonclassical fields is due
to the finite photon lifetime �or linewidth� of the resonator, as
well as detecting a nanomechanical resonator at or near the
ground state.1–7 Sapphire resonators are of particular interest
for future experiments due to their extremely low loss, with
electronic Q factors of order 109 at 1.8 K,8,9 and mechanical
Q factors as high as 5�108 at 4.2 K.10,11 The thermal, me-
chanical, and bulk electronic properties of sapphire have
been characterized extensively over a wide range of tempera-
tures from room temperature to superfluid liquid helium �1.6
K� using whispering-gallery �WG� mode techniques,12,13 but
have never been examined in the regime approaching the
absolute zero of temperature. Sapphire resonators at mil-
likelvin temperature have the potential to play an important
role in the next generation of quantum electronics and me-
trology experiments by virtue of this anomalously high Q
factor. A significant body of research already exists in which
sapphire has been used at cryogenic temperatures as a para-
metric transducer in an effort to reach the standard quantum
limit.10,14–18 Oscillators can be prepared in their quantum
ground state due to very low thermal phonon occupation
when T�hf /kB, where h and kB are Planck’s and Boltz-
mann’s constants, respectively. For microwave oscillators
such as those based on single-crystal sapphire resonators, the
corresponding temperature regime is in the experimentally
accessible millikelvin range, making them ideal candidates
for quantum measurement experiments. It is thus important
to characterize such devices in this unexplored ultralow tem-
perature regime. In this paper we report on the measurements
of the electromagnetic properties of a single-crystal sapphire

resonator at millikelvin temperature. The resonator used was
a highest purity HEMEX-grade sapphire from Crystal Sys-
tems, similar to that used in several cryogenic sapphire os-
cillator �CSO� �Refs. 9, 19, and 20� and whispering-gallery
maser oscillator �WHIGMO� experiments.21–24 Here, we re-
port on the observation of the lowest frequency-temperature
turning points for WG mode resonances ever measured, as
well as making the observation of a thermal bistability effect
in sapphire for this ultralow-temperature regime. We give a
model to predict thermal bistability threshold power and
show that the effect is dependent on the thermal conductivity
of the sapphire. Furthermore, we show that the bistability
effect may be suppressed by operating at a “magic tempera-
ture,” where a frequency-temperature turning point occurs.
Thus, combining the low-temperature operation with stabili-
zation at a millikelvin frequency-temperature turning point
gives the potential to realize a sapphire-based frequency
standard at the quantum limit �rather than the thermal limit
which has been previously reported22�.

The sapphire resonator, a cylinder 5 cm diameter
�3 cm height, was cleaned in acid and mounted in a silver-
plated copper cavity. The resonator is machined such that the
anisotropy c axis of the sapphire is aligned with the cylindri-
cal z axis. A radially oriented loop probe and axially oriented
straight antenna were used to couple microwave radiation in
and out of the crystal. The cavity was attached to the mixing
chamber of a dilution refrigerator with a copper mount and
cooled to 25 mK. The fundamental quasitransverse magnetic
Whispering Gallery modes WGHm,0,0, with azimuthal mode
number m from 13 to 20, were characterized over a range of
temperatures using a vector network analyzer. We observed
that particularly high-Q WG modes exhibited a hysteretic
behavior, which was thermal in nature. The frequency of the
WG modes supported in the resonator are dependent on both
the physical dimensions of the crystal and its permittivity, the
latter effect being more than an order of magnitude

PHYSICAL REVIEW B 82, 104305 �2010�

1098-0121/2010/82�10�/104305�5� ©2010 The American Physical Society104305-1



stronger.11 As the network analyzer sweeps in frequency,
heating occurs as power is deposited into the sapphire on
resonance. The change in permittivity due to temperature
causes a shift in the resonant frequency of the mode in the
opposite direction to the sweep. The result is an astoundingly
narrow, yet artificial linewidth with a sharp threshold. If the
frequency was swept in the opposite direction, the mode fre-
quency is shifted in the same direction as the sweep, and an
artificially broadened linewidth would be observed. A similar
effect in such dielectric resonators has only been observed at
optical frequencies in fused silica microspheres.25 It was
shown that the “thermal bistability” caused either narrowing
or broadening of the line resonance depending on the direc-
tion of the frequency sweep during measurement. Examples
of optical bistability are numerous in the literature,26–28 but
are normally attributed to a ��3� Kerr nonlinearity, which
results in a threshold power for optical bistability that scales
like Q−2. Collot et al.25 note that for mode Q factors below
109 the thermal bistability effect dominates over the Kerr
effect due to significantly lower threshold power. For quality
factors in the range of 109, the effects can be distinguished
by the observed dependence of threshold power on Q. We
find an excellent fit using a thermal model �see Eq. �3� and
Fig. 4� which has a threshold power that scales like Q−1,
showing that the effect is clearly thermal in nature. A mea-
surement of the WGH20,0,0 mode was made �see Fig. 1�
which shows the observation of this thermal bistability effect
in a millikelvin sapphire resonator. A sharp threshold was
observed, giving a full width at half maximum linewidth of
only 0.00173 Hz, which was strongly dependent on input
power. Our experimental apparatus was unable to sweep
downwards in frequency but the bistability effect is still ob-
servable by varying the sweep speed. Figure 2 shows the
effect of the thermal bistability for a range of sweep times.
Note that only the resonant peak moves; the longer sweep
time results in more time spent per measurement point, de-
positing more power into the resonator and creating a larger

apparent frequency shift and linewidth change. As sufficient
heat is deposited into the resonator only on resonance, the
off-resonance transmission does not depend on sweep time.
It is possible to model the threshold power at which bistable
behavior becomes apparent. Considering a temperature-
dependent fractional frequency shift of the WG mode of in-
terest, �� /�=−��T, where the temperature coefficient � is
experimentally determined, we then expect thermal bistabil-
ity for a threshold temperature rise of the resonator �Tth

= 1
�

��
� = 1

�Q K. An expression for the threshold power required
to achieve this bistability is given by25

Pth =
Cp�Vef f�Tth

	T
, �1�

where Cp is the heat capacity of sapphire, � is its density
�4.0 g /cm3 �Ref. 29��, 	T the characteristic heat diffusion
time constant, and Vef f the effective volume occupied by the
whispering-gallery mode. The heat-diffusion time constant in
turn may be expressed as

	T =
lmCp

Ak
, �2�

where l and A are the length and cross-sectional area of the
sapphire segment, m is the mass of the sapphire, and k the
thermal conductivity.30 Finally, an expression �independent
of the heat capacity and thermal time constant� is derived by
combining Eqs. �1� and �2�

Pth =
Ak

l�Q

mef f

m
, �3�

where mef f is the mass of the effective volume occupied by
the WG mode. The expression for the threshold power is
now clearly only a function of the thermal coefficient �, Q
factor, and thermal conductivity of the sapphire, as well as its
dimensions. The thermal conductivity k was estimated by
fitting an approximate T3 power law to extrapolate below 1 K
from the data for sapphire in Touloukian et al.,31 giving k
=0.039T2.8924 W cm−1 K−1. The thermal time constant of

FIG. 1. Network analyzer measurement of the WGH20,0,0 mode
in transmission at 50 mK. The excitation power was varied in steps
of 5 dB from −50 dBm to −15 dBm, and the observed mode fre-
quency was downshifted. The −50 dBm and −45 dBm curves are
the highest in frequency and lie on top of one another. The threshold
power is defined to be the power incident on the resonator which is
sufficient to shift the mode frequency by one bandwidth from the
“unperturbed” lowest power measurement

FIG. 2. The WGH20,0,0 mode in transmission for varying sweep
time. Sweep direction is increasing in frequency in all cases. The
linewidth of the mode narrows sharply with sweep time due to
temperature dependence of permittivity of the sapphire. The gov-
erning equations for the line shape are given in Ref. 26.
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sapphire remains similar to that at liquid-helium temperature
because the heat capacity follows a similar cubic law to the
thermal conductivity, leaving the ratio unchanged �Eq. �2��.
However, the threshold for bistability is substantially low-
ered with respect to liquid-helium temperature due to the
reduction in thermal conductivity of the sapphire.

To experimentally determine the thermal coefficient �,
frequency measurements of several whispering-gallery
modes were made over a range of temperatures from 25 mK
to 5.5 K. The modes examined were fundamental quasi-
transverse magnetic modes WGH14,0,0, WGH19,0,0, and
WGH20,0,0. The modes were excited using a vector network
analyzer at low power, typically −45 dBm. In this way, satu-
ration of residual paramagnetic spins in the sapphire was
avoided. The temperature of the resonator was controlled at a
number of points between 25–5500 mK using a Lakeshore
Model 370 AC Resistance Bridge, and custom data acquisi-
tion software recorded the temperature, Q factor, and fre-
quency of the modes in transmission. The base temperature
of the dilution refrigerator was 23 mK and temperature con-
trol was stable to within several millikelvin. The temperature
dependence of mode frequency was mapped to produce plots
such as Fig. 3 and several temperatures were chosen to mea-
sure the threshold power at which thermal bistability became
apparent. The temperatures were chosen to reflect a range of
values for the thermal coefficient �, ranging from nominally
zero near the frequency-temperature turnover point, to a
maximum at the largest slope. As previously, we define the
threshold power to be the power incident on the resonator
which is sufficient to shift the mode frequency by one band-
width from the unperturbed low-power measurement. Equa-
tion �3� is then used to calculate the theoretical threshold
power. The experimentally determined thermal coefficients
are summarized in Table I and a particular example of the
measured and calculated threshold power is given in Fig. 4
for WGH20,0,0.

Clearly, operation at the frequency temperature turning
point is advantageous as the thermal coefficient � ap-
proaches zero and the threshold power required for bistabil-
ity approaches infinity. Temperature turning points have been
observed with no bistability at input powers up to 20 dBm

from 4–9 K in similar sapphire resonators, and are caused by
residual paramagnetic impurities such as Ti3+, Cr3+, Mo3+,
V3+, Mn3+, and Ni3+ present at concentrations of parts-per-
billion to parts-per-million. The opposite sign effects of
temperature-dependent Curie law paramagnetic susceptibil-
ity and temperature dependence of permittivity32–36 cause a
turnover in the frequency-temperature dependence. Operat-
ing at this turning point or “magic temperature” allows fre-
quency fluctuations due to temperature instability to be an-
nulled to first order, and has been crucial to achieve state-of-
the-art short term fractional frequency stability in CSOs in
the past.9,20,32 Our results are the first observation of tem-
perature turning points below the boiling point of liquid he-
lium. Table II lists the magic temperatures �turning points�
measured for a range of WG modes. Operation of the
WHIGMO at a millikelvin magic temperature rather than its
current �8 K would have the benefit of reduced thermal
noise floor of the maser, with potential operation at the quan-
tum limit. Operation at a millikelvin turning point, where the
thermal coefficient � is vanishing, would minimize the ef-
fects from the considerable heating due to the large
�
10 dBm� input power required to saturate the pump tran-
sition of the maser. This is similarly advantageous for CSOs
�Ref. 20� which typically circulate large amounts of power
through the sapphire resonator, at least several milliwatt,

FIG. 3. Temperature dependence of Q factor �shaded circles�
and frequency �empty circles� for the 20th azimuthal order WG
mode. Note that due to paramagnetic impurities in the sapphire,
df /dT is annulled at 2.0897 K. The Q factor remains approximately
constant over a wide range of temperature.

TABLE I. Measured parameters for the thermal coefficient and
Q.

m
T

�mK� Q �

14 100 7.84�108 −6.66�10−9

800 1.7�109 −1.3�10−11

19 100 6.17�108 −6.85�10−8

440 5.40�108 −1.10�10−7

2260 5.85�108 −1.60�10−11

20 200 2.21�109 −1.19�10−7

630 1.72�109 −3.26�10−8

2100 1.76�109 −5.85�10−11

FIG. 4. Predicted threshold power �using Eq. �3�� as a function
of temperature for WGH20,0,0. Shaded circles are the measured
threshold values for 200, 630, and 2100 mK.
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while the cooling power at base temperature of a dilution
refrigerator is only on the order of several hundred �W.
Additionally, high-power operation of quantum limited trans-
ducers could be attained at these temperatures.

In summary, we report the characterization of a single-
crystal sapphire resonator at temperatures more than an order
of magnitude lower than previously achieved, the measure-
ment of thermal bistability in a microwave sapphire resona-
tor at these temperatures, and the observation of millikelvin

frequency-temperature turning points. We give a model for
the thermal bistability threshold power and show that it is
closely dependent on the material properties of the sapphire
resonator. We propose several reasons the effect has not been
previously observed in this system. Typically the CSO/
WHIGMO is operated very close to a frequency-temperature
turning point where the temperature coefficient � is small,
and the threshold power for bistability becomes significantly
larger than normal operational power levels. In the experi-
ments reported in this paper, the resonator was operated at
low temperature, far from a turning point where the tempera-
ture coefficient was large, leading to a lower and readily
observable threshold power. Frequency-temperature turning
points as low as tens of millikelvins were observed for WG
modes in the resonator and we show that the thermal bista-
bility effect can be suppressed by operating at these “magic
temperatures.” Additionally, mode Q factors remained high
and were comparable to their usual values at higher tempera-
ture, ruling out the existence of extra loss mechanisms in
sapphire in the millikelvin regime. We conclude that single-
crystal sapphire is an excellent candidate for both clock ap-
plications and quantum metrology of macroscopic systems at
temperatures approaching absolute zero.

This work was supported in part by Australian Research
Council Grants No. FL0992016, No. DP0986932, and No.
FF0776191 and a University of Western Australia collabora-
tion grant.
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The microwave properties of a crystalline sapphire dielectric whispering gallery mode resonator
have been measured at very low excitation strength �E /���1� and low temperatures �T
�30 mK�. The measurements were sensitive enough to observe saturation due to a highly detuned
electron spin resonance, which limited the loss tangent of the material to about 2�10−8 measured
at 13.868 and 13.259 GHz. Small power dependent frequency shifts were also measured which
correspond to an added magnetic susceptibility of order 10−9. This work shows that quantum limited
microwave resonators with Q-factors �108 are possible with the implementation of a sapphire
whispering gallery mode system. © 2011 American Institute of Physics. �doi:10.1063/1.3595942�

Single crystal sapphire resonators ��-Al2O3� are particu-
larly useful in a range of precision microwave experiments
due to their extremely low dielectric loss tangent.1–11 Key to
the operation of cryogenic devices is the very high electronic
Q-factors of larger than 109 in whispering gallery �WG�
modes at liquid helium temperature, which operate typically
at input powers of order 1 mW or above. In fact, the bulk
electronic properties of sapphire have been characterized ex-
tensively over a wide range of temperatures from room to
superfluid liquid helium temperatures using the WG mode
technique.12–14 Recently, we extended these tests to tempera-
tures as low as 25 mK, publishing the first observation of
electromagnetically induced thermal bistabilty in bulk sap-
phire due to the material T3 dependence on thermal conduc-
tivity and the ultralow dielectric loss tangent.15

In recent years, Martinis et al.16–18 have shown that di-
electric loss from ubiquitous two-level fluctuators, whether
they be material defects, microscopic degrees of freedom, or
otherwise, is a dominant source of decoherence in supercon-
ducting qubits. For instance, in Josephson junction qubits,
dielectric loss in the insulating layer can lead to short coher-
ence times and thus it is very important to improve this
parameter.18–21 It has been shown that the loss is well mod-
eled by resonant absorption of “two level states” �TLS�.
Longer coherence times can be achieved in part by selecting
or engineering insulating materials with superior dielectric
loss tangent.22 The low loss tangent of monolithic sapphire is
well known but has typically been measured in a high power
regime �Pinc=−40 to +20 dBm� at which TLS are saturated.
In this summary, we report on the first measurements of
sapphire Q-factor at single photon input powers �Pinc�
−140 dBm at 13 GHz� to determine the suitability for use in
quantum measurement applications.

A highest purity HEMEX-grade sapphire resonator
�grown by Crystal Systems using the Heat Exchange
Method�, 5 cm diameter and 3 cm height was mounted in a
silver-plated copper cavity, and affixed to the mixing cham-
ber of a dilution refrigerator and cooled to 25 mK. A network
analyzer, locked to a high stability quartz reference, was used
to generate a microwave signal, which was heavily attenu-
ated, injected into the resonator, and amplified back to de-
tectable levels. The Q-factor of the WG modes WGH19,0,0
and WGH20,0,0 were measured at a range of temperatures and
input powers.

As shown in Fig. 1, 50 dB of attenuation was attached to
the input line in the cryogenic environment �at or below
4 K�, and an additional 40 dB of attenuation was attached at
room temperature outside the fridge. The loss in the cables
between the network analyzer and the input probe of the

a�Electronic mail: creedon@physics.uwa.edu.au.
b�Present address: School of Physics, The University of New South Wales,

Sydney 2052, Australia.
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FIG. 1. Schematic of the set-up to measure Q-factor and frequency at low
temperature and low input power.
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cavity was nominally 7 dB, and the coupling of the probe of
0.02 leads to a further loss of 16.99 dB. Hence the power at
the resonator was adjusted in the analysis to account for an
additional 24 dB loss �not marked as attenuation on the sche-
matic in Fig. 1�. On the output line, 35 dB of amplification
was inserted within the cryogenic environment, a commer-
cial device from JPL, model R3C3M1 CIT-4254-077 �0.5–11
GHz�. A second 35 dB amplifier was inserted at room tem-
perature, Low Noise Factory model LNF-LNR1-11B �1–11
GHz�. It should be noted that the resonant modes of interest
were in the region of 12–14 GHz, whereas the cryogenic
amplifiers were specified for operation below this range. The
gain was nominally unaffected, however the noise figure al-
most doubled at these higher frequencies, severely degrading
the signal to noise ratio.

The Q-factors were determined by fitting a Fano
resonance23 �Lorentzian profile with an asymmetry factor� to
each curve and extracting the linewidth and center frequency,
from which Q can be calculated. Note that at low input pow-
ers, signal to noise was degraded and all fits show the stan-

dard error �signal-to-noise ratio=1� calculated from the Fano
resonance fits, which clearly increases at low input powers.
The Q-factor and frequency shift were measured as a func-
tion of input power for two modes: m=19 ��13.259 GHz�
and m=20 ��13.869 GHz� at 27 mK and 200 mK, respec-
tively, and is shown in Fig. 2. Because the signal-to-noise
ratio degrades with incident power, a noticeable increase in
the standard error of the Q and frequency determination is
observed at powers below �115 dBm. At higher powers
�greater than 1 mW�, the biggest effects on mode frequency
and Q-factor have previously been shown to be due to re-
sidual paramagnetic impurities such as Fe3+, Cr3+, and Ti3+

of order parts per billion to part per million.24–31 The suscep-
tibility added by these impurities may create frequency-
temperature turnover points, which make possible the pro-
duction of stable frequencies by implementing a high Q
sapphire WG mode resonator as the frequency-determining
device in an active system. In addition, high Q cryogenic
masers based on concentrations of only parts per billion of
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FIG. 2. �Color online� Q-factor and frequency shift as a function of incident power for the WGH20,0,0 and WGH19,0,0 modes at 200 mK and 27 mK,
respectively, �as labeled�.

222903-2 Creedon et al. Appl. Phys. Lett. 98, 222903 �2011�

Downloaded 06 Jun 2011 to 130.95.128.51. Redistribution subject to AIP license or copyright; see http://apl.aip.org/about/rights_and_permissions



paramagnetic impurities have been created. For example,
when a WG mode is tuned to an electron spin resonance in
sapphire such as the Fe3+ resonance at 12.04 GHz, large
saturation effects are observed and if one pumps at a higher
frequency population inversion is created and masing
occurs.5,31

These results use the same maser sapphire crystal in
Bourgeois et al.,5 which means that we are most likely inter-
acting with an extremely small number of Fe3+ ions in the
tail resonance at 12.04 GHz. The susceptibility change upon
saturation may be calculated using

�� =
2

pm�

	




. �1�

Here pm�
is the magnetic filling factor and 	
 /
 the frac-

tional frequency shift �which in general is complex�. This
gives, for example, susceptibility of order several times 10−9

at very low incident power, which begins to saturate at about
�90 dBm and achieves full saturation at �60 dBm as shown
in Fig. 2.

The reduction in Q-factor is thus due to an extra com-
ponent of magnetic loss �or imaginary susceptibility� sup-
plied by the paramagnetic impurity as a function of input
power. Figure 3 shows the calculated electric and magnetic
field strength within the resonator as a function of the mag-
netic loss tangent. This achieved using a separation of vari-
ables technique to determine the mode field patterns,30,32

then using standard relations that express the electric and
magnetic field energy stored in the resonator to the param-
eters of the resonator, such as input power Q-factor, filling
factors, and couplings.

As the power decreases, Q-factors drop by a factor of
between 2 and 10 but remain as high as several hundred
million. It is likely that the effect is magnetic, as parametric
ions at parts per billion have a dominant effect at low tem-
peratures. Even a long way from the electron spin resonance
we see small effects by virtue of the high precision of these
measurements. Typically, susceptibility of parts in 10−9

added by a detuned ESR is normal, which is saturated at
higher power. As the power decreases, the loss tangent tends
toward a value of several times 10−9. Several factors in the
experimental setup limited the quality of results, the most
significant being the use of a cryogenic amplifier out of its
specified range resulting a reduced signal-to-noise ratio and
thus a reduced accuracy of Q determination for the lowest
power measurements, hence the large error bars representing
the standard error of the fit. Nevertheless, we have shown
that high Q-factors of several times 108 are possible at the
energies of a single photon and at millikelvin temperature,
which could be useful for a host of quantum measurement
applications.
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High-Resolution Flicker-Noise-Free Frequency
Measurements of Weak Microwave Signals

Daniel L. Creedon, Student Member, IEEE, Michael E. Tobar, Fellow, IEEE, Eugene N. Ivanov, and John G. Hartnett

Abstract—Amplification is usually necessary when measuring
the frequency instability of microwave signals. In this work,
we develop a flicker-noise-free frequency measurement system
based on a common or shared amplifier. First, we show that
correlated flicker phase noise can be cancelled in such a system.
We then compare the new system with the conventional system by
simultaneously measuring the beat frequency from two cryogenic
sapphire oscillators (CSOs) with parts in 10�� fractional fre-
quency instability. We determine for low power, below 80 dBm,
the measurements were not limited by correlated noise processes,
but by thermal noise of the readout amplifier. In this regime, we
show that the new readout system performs as expected and at the
same level as the standard system, but with only half the number
of amplifiers. We also show that, using a standard readout system,
the next generation of CSOs could be flicker phase-noise limited
when instability reaches parts in 10�� or better.

Index Terms—Beat frequency, flicker noise, noise cancellation,
readout system, thermal noise, ultra-stable oscillators.

I. INTRODUCTION

I N SOME applications it is necessary to amplify microwave
signals to practically useful levels of power. However, it is

possible that the electronic noise introduced by the amplifiers
could become a concern for signals where high spectral purity is
important. For example, the recent development of a cryogenic
Fe sapphire maser [1]–[6] with an output power ranging from

95 to 55 dBm requires substantial signal amplification with
minimal perturbation of frequency stability. It has been docu-
mented that flicker phase noise will be induced in some ampli-
fiers with input powers below 80 dBm [7].

The standard method of determining the fractional frequency
instability of an oscillator is to build a second nominally iden-
tical oscillator and measure the beat frequency with a high pre-
cision frequency counter to compute the frequency deviation
(i.e., using the square root Allan or triangle variance [8]). The
beat frequency is obtained with a microwave double-balanced
mixer with most mixers requiring input power on the order of
0 to 15 dBm on the RF and local oscillator (LO) ports to op-
erate in the correct regime.
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It is possible that as the stability of the Fe sapphire maser
is improved in future generations, nonlinearities within the
amplification chain and undesirable effects such as intermodu-
lation distortion will manifest as an artificial noise floor in the
measurement. Of primary concern is amplifier-induced flicker
noise, which is caused by direct intrinsic phase modulation
generated within the microwave amplifier. This is typically a
low-frequency phenomenon, but is of concern because it is up-
converted close to the microwave carrier frequency. A readout
system capable of cancelling correlated amplifier-induced
flicker noise and other undesirable effects has applications for
the cryogenic sapphire maser and any other system requiring
amplification of very low-power signals without degrading the
fractional frequency stability.

In this paper, we present a comparison of three microwave
frequency readout systems. In our flicker-noise-free shared am-
plifier approach, we show that flicker phase noise is indeed cor-
related and largely independent of the frequency separation be-
tween the two carriers. Our readout system is important for ap-
plications that measure a difference frequency and require the
signals to be amplified without the addition of extra noise. Such
applications include tests of Lorentz invariance [9]–[11], dual
mode oscillator circuits [12]–[17], and two oscillator beat fre-
quency measurement systems, such as those presented in this
paper.

II. AMPLIFIER PHASE-NOISE MEASUREMENTS

IN DUAL EXCITATION

The experimental setup to measure amplifier phase noise
for two jointly amplified signals (“dual-frequency readout”)
is shown in Fig. 1. The measurement is configured for a
two-channel spectral noise measurement [18] and the co-
herence between the two channels is determined by using a
spectrum analyzer to measure the cross correlation function
with the two-channel readout mixers set phase sensitive. The
system can be calibrated by placing a voltage-controlled phase
shifter (VCP) at the input of the amplifier (not shown in Fig. 1).
The microwave signals are generated from a fixed frequency
low-noise sapphire oscillator [19]–[23] and an HP 8673 G
signal generator. The signals are offset slightly in frequency
with a mean frequency close to 9 GHz. To create the dual
frequency, the two microwave signals are power combined with
a 3-dB hybrid and sent to a common amplifier. Once amplified,
the dual-frequency signal is split by a 3-dB hybrid and sent
to two separate microwave mixer RF ports. Each channel of
the measurement system in Fig. 1 is tuned phase sensitive by
adjusting phase delay of the mixer LO signal. In such a case,
voltage fluctuations at the output of each mixer are expected

0018-9480/$26.00 © 2011 IEEE
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Fig. 1. Two-channel cross-correlation noise measurement system with input frequencies � and � . The signals � and � are the dc signals corresponding
to self-mixing of � and � , respectively. Measurements are performed in the frequency domain.

to vary synchronously with fluctuations of phase introduced
by the microwave amplifier at the respective carrier frequency.
The demodulated signals thus give a downconverted response
of the amplifier with respect to the two initial frequencies. The
demodulated signals are filtered and amplified using a Stanford
Research Systems low-noise amplifier with a bandwidth of
30 kHz, in order to deal with the low-frequency noise only, and
a gain of 20 dB. This increases the sensitivity of the phase-noise
measurement and filters the second frequency from the output
to avoid saturation effects. In this measurement, the dual
frequency was created with a 1.2-MHz frequency difference
by setting the signal generator to 9.00078 GHz. The phase
sensitivity was measured to be approximately 200 mV/rad for
both channels. A two-channel fast Fourier transform (FFT)
spectrum analyzer measured the outputs of the mixer so that
the noise at both frequencies and the correlation between the
noise could be determined. The results are given in Fig. 2,
where the cross-correlation between the two channels is shown
along with the single-sideband phase noise measured for each
channel, as shown in Fig. 1, and their difference. From the
results in Fig. 2, it is seen that at Fourier frequencies below
1 kHz, voltage fluctuations at both outputs of the measurement
system are strongly correlated, and therefore cancel each other
upon subtraction. This leaves behind voltage noise with “white”
spectrum resulting from thermal phase fluctuations of the mi-
crowave amplifier. At higher Fourier frequencies, performance
is limited by the uncorrelated white phase-noise floor.

III. EFFECT OF AMPLIFIER READOUT NOISE ON

FREQUENCY STABILITY

In addition to the phase-noise measurement presented in
Section II, the performance of our “dual-frequency” readout
system was assessed in terms of fractional frequency insta-
bility. To test the two-oscillator beat frequency measurement
technique at ultra-low levels of power and with world-leading
stability, two nominally identical cryogenic sapphire oscillators

Fig. 2. Phase noise and signal cross-correlation from noise measurement
system. Note that as the correlation is lost, the phase noise of the difference
frequency becomes identical to that of the individual signals.

TABLE I
PARAMETERS FOR THE CSO ENSEMBLE. � IS THE LOADED � FACTOR

OF THE RESONATOR, AND � AND � ARE THE COUPLINGS ON

PORTS 1 AND 2, RESPECTIVELY

(CSOs) close to 11.2 GHz were employed with heavily attenu-
ated output signals. The two CSOs used here exhibit a relative
fractional frequency instability of 1.6 10 at 1 s and reach a
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Fig. 3. Schematic of the three simultaneous measurements of the three readout systems. The isolators used had a nominal insertion loss of typically �0.2 dBm,
which was adjusted for in the variable attenuation.

minimum of 8 10 at about 20 s of integration before rising
again to 1.4 10 at 100 s [24]. The oscillators make use of
a pair of HEMEX sapphire resonators from Crystal Systems,
operating in the quasi-transverse magnetic whispering-gallery
mode with a frequency-temperature annulment
point [25]–[27] a few kelvin above liquid-helium temperature.
Two nominally identical loop oscillators were constructed.
The parameters of each CSO are listed in Table I. The beat
frequency between the CSOs of 336 kHz falls within the most
sensitive regime of the Agilent 53132 A frequency counter,
which was used in the readout system.

A. Measurement Technique

Three readout systems were devised and tested simultane-
ously (Fig. 3) so that each system experienced identical con-
ditions such as room-temperature fluctuations, vibrational dis-
turbances, oscillator drifts, and the inherent resonator and oscil-
lator noise. The “control” or “directly mixed” system contained
no amplifiers. The output signal from the loop oscillator of each
CSO ( 2 dBm for CSO1 and 17 dBm for CSO2) was first
split using a power divider, and one output from each divider
was passed directly into a Marki Microwave M1R0818LS mixer
without amplification or filtering of any kind. In all three sys-
tems, the input power for the mixer was adjusted for the optimal
operating regime according to the mixer datasheet. The relative
frequency instability of the resultant beat frequency gives the
noise floor for the other measurement systems. Flicker phase

Fig. 4. Triangle square root variance of the beat frequency for the directly
mixed signals. This constitutes a “noise floor” for the other measurements.

noise added by the amplification chains in the other readout sys-
tems will manifest as a degradation of the fractional frequency
stability. Great care was taken to provide adequate isolation at
pertinent locations in the microwave circuits such as before and
after amplifiers, on the input ports of mixers, and particularly
after the entry point of the CSO signals. The inputs for the di-
rectly mixed readout system remain unchanged so we expect
the fractional frequency stability to remain constant in each test.
However, despite using 60 dB of isolation, some level of inter-
ference or “crosstalk” between signals is unavoidable, which is
apparent at short integration times, as seen in Fig. 4.
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The “individually amplified” system is the standard readout
system for two low-power signals. Each signal is passed
through its own separate amplification chain before mixing.
In this implementation, the second branch of the power di-
vided signal from CSO1 is attenuated to simulate a low power
ultra-stable signal. This signal is then amplified by a bank of
three JCA 812–4134 microwave amplifiers connected in series
and passed to the RF port of a Marki Microwave M1R0818LS
mixer. The LO signal is taken from an unattenuated branch of
split power from CSO2. The measured frequency instability of
the beat signal then allows us to determine the effects of noise
added by the amplification chain.

Finally, the self-mixed or “dual-frequency readout” system
combines the attenuated signals from both CSOs using a power
divider in its reverse mode of operation. The two signals are
then simultaneously passed through an amplification chain be-
fore being split with a directional coupler, phase adjusted, and
self mixed, as in Fig. 3. The RF and LO voltages may be written
as

(1)

(2)

The optimal self-adjustment is calculated by assuming the
mixer is an ideal multiplier, with the beat signal at the IF
port proportional to and

(3)

Here, is the phase in the self-mixed phase bridge in the
dual-frequency readout of Fig. 3. Thus, to maximize the signal
into the frequency counter (lowering the noise floor), the phase
is set to an integer number of . For this setup, correlated noise
introduced in the amplification chain is subtracted in the mixing
stage. In all cases the beat frequency is filtered and amplified
with a Stanford Research Systems SR560 low-noise preampli-
fier. The attenuation in each system was adjusted so that the
power of the signal at the input of the amplifiers and mixers was
identical. Variable mechanical attenuators were found to exhibit
strong vibration sensitivity and were discarded in favor of fixed
coaxial attenuators. The entire microwave circuit was bolted se-
curely to an optical bench and the experiment was conducted in
a room with temperature stability of 1 C. Data was taken at
four power levels: 80, 88, 93, and 100 dBm. Attenua-
tion was varied by using combinations of attenuators. At each
power level, the beat frequency output data was collected for
several hours with an Agilent 53132 A frequency counter and
logged on a computer running the NI Labview software. The
beat frequency was measured for counter gate times of 1, 4, and
10 s, giving 16 sets of data in total.

B. Beat Note Phase Fluctuations

In this section, we use a simple model to analyze the differ-
ence between the dual-frequency ( ) and individually ampli-
fied ( ) readout system in Fig. 3. The double-sideband spectral
density of amplifier phase noise is given by

(4)

Here, the first term characterizes phase noise, while the
second term represents thermal noise fluctuations with spectral
density

(5)

where is the Boltzmann constant, is the ambient tempera-
ture, is the amplifier noise figure, and is the power of the
input signal. The parameter generally takes a value between
10 and 10 and is independent of input power, as long as
the amplifier is not driven into saturation. Assuming all ampli-
fiers are identical, and that the dual-frequency system has 100%
correlated flicker phase noise at both frequencies, the spectral
density of noise introduced by the amplifiers in the dual-fre-
quency system is

(6)

while the noise in the individually amplified system is the same
as that given in (4). However, for a fair comparison, we need to
assume both the LO and RF have similar levels so that

(7)

In terms of the time domain, we can transform the white
phase- and flicker-noise terms in (7) with respect to triangle
square-root variance [8] using (8) and (9), respectively,

(8)

(9)

Here, is the oscillator frequency. Considering the mea-
sured amplifier flicker noise in Fig. 2 is 10 rad Hz, we
use this as a typical value to calculate the flicker-noise floor with
(9). Substituting into (9) and given the frequency of
the CSO is 11.2 GHz, the frequency instability due to the flicker
phase noise in the readout system is 2.3 10 . This is
below the noise floor provided by the oscillators presented here,
but close to the most stable oscillators built to date [28]–[31].
Fig. 5 shows the potential improvement in measurement reso-
lution by using a common amplifier readout system to cancel
flicker phase noise. We have previously measured the fractional
frequency resolution of a digital counter to be significantly less
than the limits given in (8) and (9).

In principle, CSOs and masers could be operated with per-
formance at the thermal noise limit. This limit has already been
measured at very low powers with frequency instabilities of
order 10 [3]. At medium power levels, this limit can be well
below 10 , and at this level of performance, the flicker
phase noise of the readout amplifier will need to be dealt with.
The dual-frequency readout presented in this work could be used
to measure frequency instabilities below this level.

In Section III-C, we show that the thermal noise of the readout
amplifier limits the measurements of frequency instability at in-
tegration times below 10 s for power levels below 80 dBm.
In addition, we show that the dual-frequency readout is equiv-
alent to the standard individually amplified system in terms of
added noise when at the thermal noise limit, but uses only half
the number of amplifiers.
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Fig. 5. Illustrative example of the noise floors given by (8) and (9), calculated
for a signal with an arbitrary �55-dBm power. The shaded area around the
flicker-noise floor shows the effect of varying the parameter � between 10
(upper noise floor limit) and 10 (lower noise floor limit). The white noise
floor is dependent on � , and becomes dominant over the flicker phase-noise
floor at very low power. Shown is the potential improvement in resolution when
a common amplifier, flicker-noise-free readout system is used.

C. Experimental Results

The circuit, as shown in Fig. 3, was built to monitor and com-
pare simultaneously the performance of the cryogenic oscilla-
tors and the three different readout systems. High-resolution
Agilent frequency counters were used to monitor the beat fre-
quency, which has been shown to naturally measure the triangle
variance [8]. Thus, in this work, we report the frequency devia-
tion in terms of the triangle variance.

It should be noted that in the individually amplified system,
only the signal from one CSO is attenuated then re-amplified;
hence, amplifier-induced noise is only added to one signal. Or-
dinarily, both signals would be amplified by separate amplifi-
cation chains; however, a lack of available amplifiers forced the
measurement to be made this way. Compare this to the dual-fre-
quency system in which both signals are present in the ampli-
fication chain; hence, noise was added to both signals. Thus, to
determine an accurate measure of the noise introduced by each
readout system, we subtract quadratically the noise floor (given
by the directly mixed measurement shown in Fig. 4) from both
the individually amplified and dual-frequency measurements to
give the residual noise of the readout. The noise in the individ-
ually amplified system is then multiplied by to give a direct
comparison to the dual-frequency system. Data from the readout
systems were composed of data points from the 1-s gate time
( and s data points), 4-s gate time ( and s data
points), and 10-s gate time ( s data points).

The residual noise of the individually amplified and dual-fre-
quency systems as a function of input power is shown for 1-,
2-, 4-, and 8-s measurement times in Figs. 6 and 7, respectively.
The curve fits reveal that the noise scales with power as thermal
noise in (8) due to the dependence. Following this,
we plot the fit coefficients from Figs. 6 and 7 as a function
of measurement time, with units of fractional frequency devi-
ation per square root watt (Fig. 8). The dependence is close to

and the individually amplified and dual-frequency results
are within 20% of each other. The dependence is approximately

, and from (8), one can calculate the average noise

Fig. 6. Frequency deviation (triangle square-root variance) of the beat fre-
quency for the individually amplified readout system.

Fig. 7. Frequency deviation (triangle square-root variance) of the beat fre-
quency for the dual-frequency readout scheme.

Fig. 8. Fractional frequency deviation (triangle square-root variance) per
square-root watt as a function of integration (measurement) time. For short
measurement times, the noise shows a � dependence, which is the
characteristic of added white phase noise by the readout amplifiers.

figure of the amplifiers in the readout, which is equivalent to a
value of 4 dB. In these two-oscillator frequency instability mea-
surements, at measurement times between 1–10 s, the noise was
limited primarily by uncorrelated white phase noise for input
power below 80 dBm and was not cancelled due to its non-
correlated nature.
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IV. CONCLUSION

We have shown that phase noise added by an amplifier
operating in a “dual-frequency” mode of excitation is corre-
lated for both signals and is cancelled when a beatnote at the
difference frequency is generated in a nonlinear mixing stage.
In such a case, resolution with which the frequency of the beat-
note can be measured is primarily limited by amplifier thermal
fluctuations. The dual-frequency readout system based on a
common amplifier enables flicker-noise-free measurements of
frequency fluctuations in high spectral purity weak microwave
signals produced, for example, by solid-state cryogenic masers.
In the white-noise-limited regime, our readout system performs
as well as the conventional system using only half the number
of microwave amplifiers.
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Fe3þ ions in sapphire exhibit an electron spin resonance which interacts strongly with high-Q

whispering gallery modes at microwave frequencies. We report the first observation of a third-order

paramagnetic nonlinear susceptibility in such a resonator at cryogenic temperatures and the first

demonstration of four-wave mixing using this parametric nonlinearity. This observation of an all-

microwave nonlinearity is an enabling step towards a host of quantum measurement and control

applications which utilize spins in solids.
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Since the development of the first laser [1], a multitude
of nonlinear effects have been observed in optical systems.
Optical second- [2] and third-harmonic generation [3,4],
optical sum-frequency generation [5], optical parametric
oscillation and amplification [6,7], Raman lasing [8], and
two-photon absorption [9] are all well-characterized non-
linear effects which have been instrumental in the develop-
ment of the past few decades of modern optics. High
quality optical cavities allow the effect of the nonlinearity
to be greatly enhanced and have led to many new applica-
tions including the implementations of frequency combs
through parametric frequency conversion effects [10–12].
Optical nonlinearities are crucial for switching and modu-
lation in modern communications technology and are an
enabling capability for future implementations of optical
computer technologies, including the possibility of a quan-
tum computer based on encoded single photons [13].
Recently, dramatic progress has been made in using mi-
crowave systems for quantum information and measure-
ment, with nonlinearities playing a critical role. Josephson
junctions, in particular, which operate at microwave
frequencies, act as a nonlinear inductor which permits
uneven spacing of energy levels, leading to individual
addressability of energy states using an external field
[14]. This and other strongly nonlinear systems are cur-
rently of considerable interest for a new generation of
quantum measurement experiments including quantum-
limited amplification [15], single quadrature squeezing
with tunable nonlinear Josephson metamaterials [16], read-
out of superconducting flux qubits [17], and frequency
conversion with quantum-limited efficiency [18]. An ad-
dressable quantum memory with coherence times long
enough for quantum computing applications could poten-
tially be achieved through the manipulation of electron
spins in a crystal lattice host, which typically occurs at
microwave frequencies, and can have characteristic relaxa-
tion times of the order of seconds. This, along with the
potential for large collective couplings, has provoked great

interest in electron spins in solids as potential quantum
memories for superconducting qubits. In particular,
nitrogen-vacancy centers in diamond [19], Cr3þ spins in
sapphire [20], nitrogen spins in fullerene cages, and phos-
phorous donors in silicon [21] have been well studied in
circuit QED experiments coupling superconducting reso-
nators to electron spin ensembles.
In this Letter, we demonstrate the resonant enhancement

of the weak nonlinear �ð3Þ paramagnetic susceptibility
present in a parts-per-billion concentration of electron
spins in sapphire. To the authors’ knowledge, this is the
first observation of a paramagnetic nonlinear process
purely at microwave frequencies in a crystalline host.
Degenerate four-wave mixing (FWM) is achieved with
the application of only a single pump field, with the
pump and idler frequencies enhanced by ultrahigh
Q-factor whispering gallery (WG) mode resonances.
FWM is an enabling process for both frequency comb
generation and many quantum computing and metrology
applications. Our system is further suited to these applica-
tions due to the extremely low dielectric loss tangent at
millikelvin temperature, which persists even at single pho-
ton input power [22].
The experimental system consists of a cryogenic sap-

phire resonator oscillator [23–28] as shown in Fig. 1(a).
The system is cooled to liquid helium temperature and
pumped with microwave power to excite WG mode reso-
nances. As a result of the manufacturing process, paramag-
netic Fe3þ ions are included in the sapphire lattice at a
concentration of 150 ppb (� 1016 spins in the lattice) [28].
The crystal field splitting results in an inhomogeneously
broadened electron spin resonance (ESR) with 27 MHz
linewidth [29] at zero applied dc magnetic field, corre-
sponding to the spin-j1=2i, -j3=2i, and -j5=2i states of the
ion. Within the system, a complex interaction occurs be-
tween the microwave input field, a dilute paramagnetic
Fe3þ spin system, and 27Al lattice ions, which ultimately
results in the production of signal and idler photons equally
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spaced in frequency, characteristic of degenerate FWM.
The resonator-oscillator geometry is such that two micro-
wave resonances exist within the ESR bandwidth, as
shown in Fig. 1(b), which act to resonantly enhance both
the pump and idler fields. The pump resonance frequency
of !0¼12:0375GHz is coincident with the j1=2i ! j3=2i
transition residing at the maximum of the ESR, and the
idler resonance frequency of !� ¼ 12:0298 GHz is in the
wings of the ESR. No WG mode exists within the ESR
bandwidth at the signal frequency !þ.

At low pump powers, excitation was observed only at
the pump frequency. However, as is characteristic of de-
generate four-wave mixing, after a threshold power level is
surpassed, continuous excitation of the signal and idler
fields is also found to be present, with the signal and idler
frequencies equally spaced �! ¼ 7:669 MHz from the
pump frequency and the idler frequency clamped to its
whispering gallery mode resonance. Remarkably, signal
and idler excitation was observed to appear anywhere
from instantaneously to �7:5 s after application of the
pump, with the delay being strongly dependent on the
pump power and its detuning from resonance. Figure 2

shows the transmitted power through the resonator as a
function of time for two different cases, with insets show-
ing the spectrum analyzer trace before [Fig. 2(a)(i)] and
after applying the synthesizer signal. In the first case,
when the synthesizer is switched on [Fig. 2(a)(ii)], the
transmitted power remains constant for 7.58 s, after
which time the signal and idler appeared simultaneously
[Fig. 2(a)(iii)] and the total output power detected was
seen to rise. In contrast, in the second example, the
signal and idler appear significantly faster but relax
over a period of several seconds before reaching a
steady-state transmitted power level.
The complex time dynamics of the interaction can be

qualitatively understood as being due to the slow seeding
of the parametric process due to energy transfer in the Fe3þ
spin system. Upon application of the pump field, the subset
of Fe3þ ions within the ESR at the pump frequency begins
to absorb energy. The hyperfine lattice interaction between
the individual Fe3þ spin packets and the 27Al nuclear spins
then slowly transfers power through a cross-relaxation
process from the pump mode frequency, down to the idler
resonance frequency, thus seeding the signal. A similar

FIG. 2 (color online). Power detected in transmission through the resonator when (a) the 12.037 GHz pump signal is offset 2.671 kHz
above resonance and (b) the 12.037 GHz pump is offset 2.659 kHz above resonance. In both cases, the excitation signal was switched
on at 0 s.

FIG. 1 (color online). (a) Cross section of the experimental package. The sapphire resonator is shown in its cavity, which is mounted
in a vacuum chamber at the end of an insert in a liquid helium dewar. Herotek DT8016 power detectors are used at the output to
generate a voltage proportional to incident microwave power, measured with an oscilloscope. (b) (Not to scale) Schematic of the
system described by our theoretical model.�0 and�� represent fixed microwave WGmode resonances in the sapphire resonator with
bandwidths of the order of 10 Hz. �þ models a lossy resonance at �þ ¼ 2�0 ��� as no WG mode exists at 12.045 GHz. The
applied pump frequency !0 can be selected in a range of over 4 kHz around �0 to successfully result in the generation of !�, whose
frequency changes only over a narrow range <40 Hz, and !þ with a frequency range of the order of 8 kHz.
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behavior has been observed in optical systems, where
Raman scattering from the pump into the signal seeds the
parametric process and significantly reduces the threshold
power for observation four-wave mixing [30,31]. In the
optical case, the Raman scattering occurs virtually instan-
taneously. Here, by contrast, the time constant of the
hyperfine lattice interaction can be extremely long, with
previous studies with Cr3þ doped sapphire [32] recording
transient relaxation times on the order of 5 s. We attribute
the complex dynamics observed over long time scales in
our experiment to this fact.

The four-wave mixing operates for pump frequencies
over a range spanning 4 kHz, corresponding to�400 times
the linewidth of the pump WG resonance. Figure 3 shows

the output power of the signal and idler frequencies
for a selection of input powers swept over the pump WG
mode resonance frequency. Four-wave mixing is a phase-
sensitive process, and we observe an apparent strong phase
mismatch when the pump frequency tunes closely to pump
WG mode resonance. A large enough phase mismatch
ensures that four-wave mixing is effectively suppressed.
Because of the resonant enhancement of the idler field,
its frequency is clamped strongly to the signal resonance
frequency, varying by less than 36 Hz over the full pump
frequency range as shown in Fig. 4. This allows the
signal frequency to be widely and predictably tuned by
tuning the pump frequency. The tunable bandwidth de-
creases with pump power and is, for example, only several
hundred hertz at a pump power of 5 dBm.
The full model of the parametric process including

cross-relaxation induced seeding is beyond the scope of
this Letter. Here we instead neglect the seeding process and
estimate the parametric nonlinearity through a simple
three-mode picture with Hamiltonian

FIG. 3 (color online). Output power of the signal and idler as
the input pump is swept in frequency over the WGH17;0;0

resonance. The power of the signal is upshifted by the ratio of
the amplitudes a�=aþ. This upshifted curve nearly directly
overlaps the signal curve. The transmission curve of the
WGH17;0;0 resonance is shown for reference.

FIG. 4 (color online). Output frequency of the idler (top) and
signal (bottom) as the input pump frequency is swept over the
WGH17;0;0 resonance at 12.037 GHz. The gradient of the

‘‘signal’’ slope is 2.00, meaning �þ � 2�0. The frequency of
the idler (!�) is strongly locked to the WG mode frequency��
as the frequency shift is more than 2 orders of magnitude smaller.
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H ¼ @�0â
y
0 â0 þ @��ây�â� þ @�þâ

y
þâþ

þ i@gâ20â
y�â

y
þ � i@g�ây20 â�âþ; (1)

where the terms on the first line are the rest energy of the
system, while those on the second account for the non-
linear interaction, with g being the nonlinear interaction
strength. The annihilation operator âj describes the field

amplitude in mode j, with hayj aji being the mean photon

number in the mode and the subscripts 0, þ, and �,
respectively, denoting the pump, signal, and idler modes.
�j is the resonance frequency of mode j. The splitting of

the WGH17;0;0 mode (17th azimuthal order fundamental

quasitransverse electric WG mode) at �0 is neglected,
since the splitting frequency is far smaller than the spacing
of the pump, signal, and idler frequencies, and thus it is
expected not to contribute significantly to the physics.

Applying the quantum Langevin equation to Eq. (1)
[33], one can then find equations of motion for the pump,
idler, and signal. In the rotating frame, this yields the
expectation value equations

_�0 ¼�2g��
0���þ�ð�0þ i�0Þ�0�

ffiffiffiffiffiffiffiffiffiffiffiffi

2�0;in

q

�0;in; (2)

_�� ¼ g�2
0�

�þ � ð�� þ i��Þ��; (3)

_�þ ¼ g�2
0�

�� � ð�þ þ i�þÞ�þ; (4)

where �j ¼ haji, �j and �j are, respectively, the decay

rate and detuning from resonance of field j, �0;in and �0;in

are the input coupling and amplitude of the incident pump
field, respectively, and, since the idler and signal are not
pumped, ��;in ¼ �þ;in ¼ 0. Expressed in terms of half

bandwidths, �� ¼ 6 Hz, �0;l ¼ 5 Hz, and �0;u ¼ 6:7 Hz.
Consistent with our experiments, we model the signal
resonance as a lossy resonance such that the signal dynam-
ics are fast compared with the pump and idler dynamics.
Hence, �þ represents a lossy damping and is related to the

ratio of the amplitudes �þ ¼ ��
a2�
a2þ

. Equation (4) can then

be adiabatically eliminated, giving an equation of motion
for the signal:

_��¼�
�

��ð1�g0j�0j4Þþ i

�

�1

�

1�g0
�2��
�1�þ

j�0j4
���

��:

(5)

The effective nonlinearity g0 can be related to the intrin-
sic nonlinearity g and expressed in terms of only the pump
parameters, given by

g0 ¼ g
�þ
��

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2þ þ�2
2

q
(6)

¼ �2
0 þ �2

0

2�0;in

@�0

Pthresh
in

: (7)

Here, the steady-state intracavity pump amplitude �0

is related to the threshold power by Pthresh
in ¼

@�0j�thresh
0;in j2. Figure 5 shows the effective nonlinearity

and threshold power as a function of normalized detun-
ing from resonance, calculated by using the parameters
of our system.

In summary, we have demonstrated that a strong �ð3Þ
nonlinearity at microwave frequencies, arising from only a
parts-per-billion concentration of paramagnetic ions, leads
to degenerate four-wave mixing in a cryogenic sapphire
resonator when pumped with only a single frequency. Long
characteristic times on the order of several seconds were
observed due to slow cross-relaxation and interaction with
lattice ion nuclear spins, and broad tunability can be
achieved by altering the pump frequency. Our system has
the potential for application in a host of future quantum
computing and metrology experiments where low micro-
wave loss and strong nonlinearity is desirable, such as
measurement of qubits in circuit QED setups, single
quadrature amplification and squeezing, quantum-limited
parametric amplification, or potential use in nanoscale
magnetometry [34] with the benefit of having the necessary
amplification and nonlinearity integrated within a single
device.
This work was funded by Australian Research

Council Grants No. FL0992016, No. CE11E0082, and
No. DP0987146.

FIG. 5 (color online). Effective nonlinearity and threshold
power as a function of the normalized detuning from
resonance. The subscripts u and l refer, respectively, to
the upper doublet of the WGH17;0;0 mode (for positive

detuning) and lower doublet (for negative detuning). Here,
g0 ranges between 10�18 and 10�17 and decreases as the
pump tunes towards resonance, with FWM turning off
between 20 and 40 unloaded half bandwidths (HBWs)
from resonance. A maximum in g0 occurs around 500
unloaded HBWs, with an associated inflection in the re-
quired Pthresh

in to enable FWM.
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To create a stable signal from a cryogenic sapphire maser frequency standard, the frequency-temperature
dependence of the supporting whispering gallery mode must be annulled. We report the ability to control this
dependence by manipulating the paramagnetic susceptibility of Fe3+ ions in the sapphire lattice. We show that
the maser signal depends on other whispering gallery modes tuned to the pump signal near 31 GHz, and the
annulment point can be controlled to exist between 5 and 10 K, depending on the Fe3+ ion concentration and the
frequency of the pump. This level of control has not been achieved previously and will allow improvements in
the stability of such devices.

DOI: 10.1103/PhysRevB.85.075122 PACS number(s): 06.30.Ft, 07.57.Hm, 75.30.Hx, 76.30.−v

I. INTRODUCTION

The whispering gallery mode sapphire maser is a stable
microwave oscillator which makes use of paramagnetic Fe3+
ions in ultra-low-loss HEMEX (the highest purity sapphire
grown using the Heat Exchange Method by Crystal Systems,
USA) cylindrical sapphire crystal at low temperature and
has been described in detail previously.1–5 The fractional
frequency instability has been demonstrated to be as low
as σy(1s < τ < 100s) = 10−14. This instability is normally
measured at the frequency-temperature turnover point (or
annulment temperature) of a high Q-factor (>109) whispering
gallery mode (WGM) excited in the sapphire, where the effects
of temperature fluctuations on frequency are nullified to first
order by the magnetic susceptibility of residual paramagnetic
impurities.6,7 Many publications describe the application of
this self-compensation technique,6–13 and all show that the
annulment temperature is dependent on the presence and
relative concentrations of paramagnetic ions such as Cr3+ with
an electron spin resonance (ESR) at 11.4 GHz, Mo3+ (100
GHz) and Ti3+ (1 THz). The ions are substitutionally included
in the crystal lattice during the crystal growing process and
occur unintentionally.

In this work we show that the frequency-temperature
annulment for the maser depends predominately on the Fe3+
ions and can be controlled by manipulating the number of ions
involved in the maser process. We compare the behavior of two
crystals—C1 (concentration of active Fe3+ ions = 10 ppb) and
C2 (100 ppb). We also report the observation of an upper limit
in temperature of 30 K for operation of the maser. This limit
is explained using a Boltzmann distribution for the active ion,
and we show that the populations of the energy levels are so
close at this temperature that the effect of the pump at 31 GHz
used to excite the maser at 12 GHz is negligible.

Controlling spins in such high-Q cavities could also have
other potential applications. For example, it has recently
been suggested that HEMEX sapphire with paramagnetic
impurities could have applications for quantum measurement

at millikelvin temperatures,14,15 such as qubits or quantum
memory applications.16–22

II. MASER DESCRIPTION

The maser scheme is based on the three energy levels of
Fe3+ ions at zero applied dc magnetic field in the sapphire
lattice of a WGM resonator (Fig. 1). The concentration of
active ions used to create the effect is about 10–100 ppb,
whereas the total concentration is on the order of 1 ppm.
The bandwidth of the ESR is �νFe3+ ≈ 27 MHz, where the
whispering gallery (WG) mode width is only �νWG ≈ 10 Hz
at 4.2 K.

The maser signal frequency νop is fixed at the frequency
νWG of the WG mode involved in the process. It is well known
that the frequency νWG is strongly sensitive to temperature
variations and needs to be precisely controlled. In this
kind of resonator, νWG possesses a frequency-temperature
turnover point (also referred to as the annulment or annulment
temperature) above 4.2 K, although annulment temperatures as
low as 90 mK have been recently measured.15 The frequency
variations can be described by6

νWG − ν0

ν0
= AT 4 + C(T ,ν), (1)

where ν0 is the mode frequency at 0 K without ions, and
AT4 is the thermal sensitivity due to the sapphire dilation
(A ≈ 10−12 K−4 for our modes). The other term C(T ,ν) is
thermal sensitivity due to the paramagnetic ions and is defined
by

C(T ,ν) = 1

2

∑
i

ηi(ν)χ (i)
0

(
2πτ

(i)
2

)2
νi(νi − ν)

1 + (
2πτ

(i)
2

)2
(νi − ν)2

. (2)

This term depends in reality on both temperature and opera-
tional frequency. The annulment temperature is then calculated
by considering the maxima of Eq. (2), where the index i labels
the different paramagnetic species present in the lattice. The
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FIG. 1. (Color online) Principle of operation: We apply a signal
at 31.34 GHz, coinciding with a WG mode, to pump the ions from
the lowest energy level |1/2〉 to the third |5/2〉. The ions then
(nonradiatively) relax to the second energy level |3/2〉. A population
inversion is obtained between the two lowest energy levels, and
stimulated emission can be achieved at 12.04 GHz, which is enhanced
by another WG mode coincident in frequency.

magnetic filling factor ηi of the mode describes its magnetic
field distribution in relation to the ith species of paramagnetic
ion, and χ

(i)
0 is the dc magnetic susceptibility of that ion. As

the operating frequency is fixed at around 12.04 GHz, only the
effect of the Fe3+ is considered [i.e., the summation in Eq. (2) is
only performed over a single ion i = Fe3+], and the annulment
temperature (Tinv) can then be expressed as follows:6,23

Tinv =
(

(gμB)2μ0πτ2ν12σ
2
12Nint

48kBA

)1/5

, (3)

where the Bohr magneton μB = 9.274 × 10−24 J T−1, the
Boltzmann constant kB = 1.38 × 10−23 J K−1, the Landé
g factor g ≈ 2, σ 2

12 ≈ 2 is a characteristic constant of the
absorption rate of the ions at 12.04 GHz (calculated from
the Fe3+ sapphire spin Hamiltonian parameters),23–25 and the
spin-spin relaxation time τ2 is related to the width at half
resonance of the ESR (�ν12 = 1

πτ2
). If two spins are in phase

and one absorbs a photon causing a phase shift, τ2 is the
necessary time for the spins to be in phase again.

Figure 2 shows the bandwidth for active maser operation
in crystal C2, which is more than 186 MHz for the 12-GHz
and 31-GHz ESR levels. We can note from Fig. 2 that the
maser can operate in a multimode configuration. For example,
when the pump frequency is in the range 31.350–31.375 GHz,
two signals can operate at once at 12.037 and 12.149 GHz.
In the rest of the paper, the characterization of the turnover
temperature has been investigated for single-mode maser
operation. We consider then in this paper �ν12 = 27 MHz,
the width measured by Bogle and Symmons.26 Nint is the
concentration of the active ions involved in the annulment
temperature in units of ion/m3. However, it is convenient
to express it as a fraction of the Al2O3 in the crystal, i.e.,
2.35 × 1022 ion/m3 ≡ 1 ppm. This concentration is related to
the total ion concentration in the lattice as follows:

Nint = ζ × Ntotal, (4)

where ζ is the fraction of the ion concentration involved in the
process (0 � ζ � 1), and Ntotal the total ion concentration in
the lattice. When ζ = 0, no frequency-temperature annulment
is observed, and when ζ = 1 all the ions in the lattice
participate in the annulment process. Figure 3 shows that the

FIG. 2. (Color online) The active maser bandwidth over which
we can generate a signal is of order 180–190 MHz for crystal C2.
Masing occurs at discrete frequencies where WGMs exist between
11.95 and 12.15 GHz, which is in turn pumped at discrete frequencies
between 31.24 and 31.44 GHz where higher frequency WGMs exist.

annulment temperature Tinv increases with the total number of
ions Ntotal.

III. MEASUREMENTS

To characterize the maser signal, we amplify it by 30 dB and
then compare it to a signal from a synthesizer referenced to a
hydrogen maser. The beat note is then amplified and bandpass
filtered before being counted (Fig. 4). The accuracy of the
temperature control at the resonator cavity is about 2 mK.

A. Behavior of C1 with low concentration of Fe3+

The maser characterized in this section oscillates at the
WGH17,0,0 (the 17th azimuthal order fundamental Whis-
pering Gallery quasi-Transverse Electric) mode frequency

FIG. 3. (Color online) Evolution of the annulment temperature
with the total Fe3+ concentration for different values of the fraction ζ .
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FIG. 4. Experimental setup: The crystal is a cylindrical HEMEX
sapphire, 30 mm height and 50 mm diameter, placed in a cylindrical
cavity and cooled to 4.2 K using a cryocooler.

(12.038 GHz) of crystal C1 and can be excited using a pump
signal corresponding to any of several WG modes around 31.34
GHz. The frequency of the WG mode that enhances the maser
signal shows a turnover temperature Tinv around 7.8 K, with
no dependence on the input power applied to the crystal. The
evolution of the maser frequency with temperature is shown
in Fig. 5.

The excitation frequency of each pump WG mode was var-
ied, and the evolution of the maser frequency with temperature
was observed at various levels of pump power. The frequency
was changed in steps of 250 Hz at various levels of pump
power. As Fig. 6 shows, Tinv is independent of the pump power
and pump frequency for each pump mode. For example, the
31.339-GHz pump mode has an annulment temperature which
stays constant at 8.25 K.

Despite the fact that Tinv is independent of the input power
and frequency of the pump signal (for a particular choice of
pump mode), its value does change when a different pump
WG mode is selected, as shown in Fig. 7. The Tinv point is
measured for the pump frequency range 31.320–31.339 GHz.
No turnover point is observed at higher frequencies, due to
the annulment temperature residing outside the measurable

FIG. 5. (Color online) Evolution of the maser frequency (for C1)
at 12.038 GHz with temperature for a fixed pump at 31.339 734 GHz.
From the fit, the annulment temperature is 8.193 K.

FIG. 6. (Color online) Evolution of the annulment temperature
for different values of pump power and frequency. The pump mode
chosen was at 31.339 GHz.

temperature range (below 4 K). Tinv can be calculated for each
pump by a simple second-order polynomial equation, as shown
in Fig. 5.

For each pump at 31 GHz, the population of active ions
Nmaser used to create the maser signal is different from that
fraction of ions that determine Tinv for the mode. The active
ion concentration was deduced for each Tinv from the maser

FIG. 7. (Color online) Evolution of the maser signal frequency
with temperature for different pumps near 31.3 GHz. For each pump
Tinv is independent from its frequency and the power.
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TABLE I. Measured parameters for the WGH17,0,0 mode at 8 K. The maser signal was operating on the lower doublet of the mode.

Mode Tinv (K) νWG (GHz) βout Q0 × 106 Veff (m3) η

12.038 136 0.200 600 10−5 0.992 68
WGH17,0,0 7.8

12.038 137 0.009 –

output power calculated by Benmessai et al.,27 as shown by
Eq. (5):

Nmaser = 1 + βout

βout

[
βout

Q0

3kBT �ν12

2η(gμB)2
μ0σ

2
12Iratioν12

+ 2τ1

3hν12Veff

2�N23 + 5�N13

�N13(�N23 − �N12)

Power

ξ

]
. (5)

The concentrations Nmaser and Nint are the same only if the ESR
is saturated. Nmaser is calculated from the rate equations and
the Boltzmann law at saturation, and Nint is calculated from
WG mode behavior. The ion inversion ratio Iratio is defined as
follows:

Iratio = (�N23 − �N12)(�N13 + �N23)

�N12(5�N13 + 2�N23)
, (6)

where the different �Nij are the normalized population
difference between the energy levels i and j and are calculated
as shown by Benmessai et al.27 The relaxation time τ1 ≈ 10
ms at 8 K is the spin-lattice relaxation time. This time is
considered as constant around Tinv. In reality, it undergoes a
direct relaxation process and follows T −1 when T � 15 K.28–30

Here, βout is the coupling of the mode at 12.04 GHz, Q0 is its
unloaded Q factor, Veff is the effective mode volume, and η is
the filling factor. The mode parameters are constant over the
temperature range in which we characterize the signal and are
summarized in Table I.

By definition, ξ is the ratio between the power in the
unsaturated regime and saturation (0 < ξ � 1). Note that for
the pump at 31.337 GHz, where the maser is at saturation, ξ

should be equal to unity. From the results shown in Fig. 7,
where Tinv is different from one pump to another, it is possible
to calculate the corresponding concentration for each Tinv from
Eq. (2). It is also possible to calculate the same concentration
from Eq. (5). Knowing the maser output power, the results are
shown in Table II.

Equation (5) is evaluated when the maser signal is max-
imum (i.e., at saturation). As the maser signal is oscillating
at one mode (WGH17,0,0) for all the pumps, it is clear that

for each pump the amount of active ions is different, leading
to a calculation of different concentrations. Each pump has a
different configuration of coupling and field distribution in the
crystal, so each pump will interact with a different quantity
of ions; whether saturation is reached is determined by the
coupling.

B. Behavior of C2 with high concentration of Fe3+

It has been shown previously5 that the concentration of
Fe3+ ions in sapphire can be increased significantly by
annealing in air, causing conversion of Fe2+ impurities to
Fe3+. Originally the two crystals C1 and C2 exhibited similar
properties of very low concentration of Fe3+ impurities.
However, C2 went through a series of additional annealing
and was thus transformed from the low-concentration regime
(as reported here for C1) to the high-concentration regime.
The improvement in ion concentration is permanent, and once
in the high-concentration regime the resonator will exhibit
the effects reported in this paper. Thus annealing a resonator
is beneficial in two respects. Due to the increased active ion
population it will exhibit a higher maser output power, leading
to a reduction in the Schawlow-Townes thermal noise limit,4

as well as leading to a potential improvement in the curvature
of the frequency-temperature dependence as is reported in this
section.

For the crystal C2, the maser operation is very different
as the concentration of the active ions is higher, resulting
in a higher maser output power of −40 dB m, compared to
−56 dB m for C1. In addition, maser signals are observed not
only at the WGH17,0,0 frequency, but also at different modes
whose frequencies are within the ESR bandwidth.5 Like C1, all
the pump modes for which a maser signal can be excited in C2
have a temperature turnover point independent of the applied
power. Characterizing the turnover point for this crystal reveals
more complex effects than C1.

Figure 8 shows the signal at 12.037 GHz, oscillating for
a pump applied at 31.349 GHz. Each curve represents the
maser frequency dependence as a function of temperature for

TABLE II. Summary of the calculated concentrations.

νpump (GHz) Tinv (K) Power (dB m)a Nint (ppb)b ζ Nmaser (ppb)c ξ

31.320 9.834 –62.59 13.46 0.0135 7.74 0.6180
31.337 8.656 –60.50 7.11 0.0071 11.09 1.0000
31.339 8.169 –65.50 5.32 0.0053 3.57 0.3162
31.347 – –69.00d – – 1.90 0.1412

aMeasured at the resonator output.
bCalculated from Eq. (3).
cCalculated from Eq. (5).
dAt 9 K.
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FIG. 8. (Color online) Evolution of the maser signal frequency at
12.037 GHz with temperature for different values of the same pump
at offsets (in Hertz) from 31.349 780 000 GHz.

different pump frequencies. Here, the maser frequency shows
a strong dependence on the pump tuning. We note that when
the frequency νpump � 31.349 782 315 GHz, there are three
Tinv—one near 6 K, the second around 8 K, and the third at
10.5 K. When νpump � 31.349 782 415 GHz, there is only one
Tinv at around 8 K, and the system behaves in the same classical
fashion as the first crystal.

We can also divide the figure into four zones, with each
zone defining a turnover temperature. From the results shown
in Fig. 8, we can draw the evolution of the different turning
point with the pump frequency (cf. Fig. 9).

The annulment exists for multiple temperatures only for
crystal C2 with high Fe3+ concentration. This effect appears
to be nonlinear, showing that a variation in the active ion
population is induced as the temperature is varied, which in
turn changes the turning point temperature as the temperature
is varied.

The annulment temperature depends on the distribution of
the ions and the population difference between their levels.
When the annulment temperature for the WGH17,0,0 mode
is measured using a network analyzer, no change is seen
due to the small population difference at this frequency (5%
of the total active population). However, when the maser is
operating, i.e., being pumped, the configuration of the ions
is completely different: population inversion exists between
the |1/2〉 and |3/2〉 levels, and saturation is seen at 31 GHz
where the populations of states |1/2〉 and |5/2〉 are equal.
The population inversion rate is determined by the choice of
pump mode near 31 GHz. For each pump mode the strength
of the maser signal depends on its coupling and spatial field
distribution in the crystal. Strong coupling allows an optimum
exchange of energy with the ions, and field distributions
occupying more volume in the crystal increase the interactions
with different classes of ions. Considering the inhomogeneous
broadening of the line at 31 GHz in addition to these factors,

FIG. 9. (Color online) Evolution of the turnover temperature at
12.037 GHz with different values of the same pump at offsets (in
Hertz) from 31.349 780 000 GHz.

we can understand why Tinv is different from one pump to
another. The Fe3+ spins act as individual packets selected by
the corresponding pump WG mode. Thus the pump signal
selects a different quantity of ions among the broadened ESR
frequency.

For C2 the case is more complex because Tinv is not only
different from one pump to another for the same maser signal,
but is different for the same pump mode when the frequency is
tuned. The maser frequency shows more than one temperature
turnover point for some pump frequencies and no annulment

FIG. 10. (Color online) Evolution of the maser signal frequency
with temperature for different pumps.
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TABLE III. Different annulment and operation limit temperatures
for optimal operation of the maser

νpump (GHz) νmaser (GHz) Tinv (K) Toperation (K)

31.310 12.014 9.407 15
31.319 12.029 9.910 26
31.334 12.029 8.140 23
31.349 12.037 – 28
31.352 12.037 – 30

for others. In the case where there is more than one, the
curvature of annulment is significantly reduced, which has
the potential to improve stability and reduce the temperature
control requirements of the maser.

1. Optimum Operation

Characterization of the maser frequency with temperature
was performed at a fixed pump frequency. However, the pump
WG mode is temperature dependent, as well as the WG
modes near 12.04 GHz. To optimize the maser operation, it
is necessary to tune the pump frequency for each operating
temperature. This optimum frequency corresponds to maxima
or minima of the maser frequency, depending on the Tinv

being measured. Figure 10 shows how the maser frequency
varies with temperature for different pump modes. The signal
at 12.014 GHz has a turnover point at 10 K, the one at 12.029
GHz is at 10.3 K, and the one at 12.037 GHz shows no
turnover temperature at all. The measurements were performed
at different power levels, which were found to have no effect
on the turnover temperature.

IV. MASER TEMPERATURE OPERATION LIMIT

In order to characterize the upper temperature limit Toperation

for maser operation, we adjust the pump frequency for
each measurement as per the last section. The results are
summarized in Table III. The 12.037-GHz maser signal
oscillates until 28 K when pumped at 31.349 GHz and 30 K
when pumped at 31.352 GHz. The power of the maser signal is
observed to decrease as the temperature is raised. This is due to
the fact that the populations of the Fe3+ energy levels follow

a Boltzmann distribution at thermal equilibrium. At higher
temperatures, the difference in population between levels is
reduced, resulting in less efficient masing. At high temperature
(20–30 K) the number of ions pumped at 31.3 GHz is lower
than at 4.2 K, leading to a smaller population inversion ratio.
This directly affects the maser power and causes it to drop as
temperature rises. In addition, the absorption at 31.3 GHz is a
result of a mixing between the |1/2〉 and |5/2〉 spin states of the
Fe3+ ion, which occurs with very small probability.26,31,32 The
population difference at 31.3 GHz is high enough to excite
the maser signal with this probability at low temperatures
(<30 K) but not at high temperatures (>30 K). At higher
temperatures still, characterization of the WG modes around
12.04 GHz showed absorption effects up to 140 K. The
strength of the absorption decreases when the temperature
is increased; however, no maser operation has been observed
at these temperatures.

V. CONCLUSION

We have demonstrated how Fe3+ ions in a sapphire maser
influence the frequency-temperature turnover point of the
maser signal. We compared the behavior of two crystals,
one with a low active ion concentration and the other with a
high concentration. The first crystal showed classical behavior
where Tinv is independent of the pump power and frequency,
but was different between pump modes due to different packets
of ions being excited for each pump. The population of
ions that creates the maser causes a change in the intrinsic
annulment temperature Tinv for the mode. The crystal with
higher Fe3+ concentration showed a more complex behavior,
where Tinv was different not only from one pump mode to
another, but showed many turnover points for some choices
of pump, and in some cases none at all. Thus the curvature of
the annulment point in some cases could be reduced, which
would also reduce the requirements for temperature control
when generating a stable frequency.
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and M. Oxborrow, Appl. Phys. Lett. 87, 224104 (2005).

2P.-Y. Bourgeois, M. Oxborrow, M. E. Tobar, N. Bazin, Y. Kersalé,
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Low loss, high frequency mechanical resonators cooled to millikelvin temperature are a topic of great interest
for application to hybrid quantum systems1–8. When cooled to 20 mK, we show that mechanical modes in
a Bulk Acoustic Wave (BAW) quartz resonator demonstrate extremely high Q-factors (of order billions) at
frequencies of 15.6 and 65.4 MHz, with a maximum f.Q product of 7.8×1016 Hz. Given this result, we show
that the Q-factor in such devices near the ground state can be four orders of magnitude better than previously
attained. Such resonators possess the low losses crucial for electromagnetic cooling to the phonon ground
state, and the possibility of long coherence and interaction times, allowing multiple quantum gate operations.

To achieve the operation of hybrid mechanical sys-
tems in their quantum ground state, it is vital to develop
acoustic resonators with very low losses at temperatures
approaching absolute zero. The frequencies accessible
using mechanical systems are low, and thus a lower tem-
perature is required (governed by ~ω > kBT ) to reach
the equilibrium ground state1. The average number of
thermal phonons should follow the Bose-Einstein distri-
bution

nTH ∼ 1

e
~ω

kBT − 1
(1)

where ~ is the reduced Planck constant, and T and kB
are the temperature and Boltzmanns constant, respec-
tively. For example, at 10 mK a frequency of greater than
144 MHz is required to have nTH < 1, which increases
proportionally with temperature. Recent years have seen
mechanical resonators developed with frequencies as high
as 11 GHz2, which require a temperature of 0.53 K to at-
tain nTH ∼ 1. Aside from conventional thermodynamic
cooling, the ground state or Standard Quantum Limit
could potentially be reached by exploiting an extremely
high Q-factor (low loss) resonance, where the mode can
be cold damped through feedback or a parametric pro-
cesses. In the ideal case the ratio Q/T remains constant,
where the acoustic Q-factor is reduced as the mode am-
plitude is then damped and electromagnetically cooled
to a lower temperature. Alternatively, if the change in
state of the resonance can be measured at a rate faster
than the dissipation rate , the bath noise is filtered by
the high-Q resonance, which is no longer in equilibrium
with the bath, reducing the effective noise temperature
so that a change in state of order one acoustic phonon
could be measureable3. In this case, the effective tem-
perature, Teff, is related to the physical temperature, T ,

a)Electronic mail: michael.tobar@uwa.edu.au

by

Teff = T
τγ

2
(2)

where τ is the measurement or sampling time. With
these techniques in mind, the development of cold, high
frequency, ultra-low-loss acoustic resonators represents a
crucial step in overcoming the challenge of maintaining
long coherence times in systems occupying their quan-
tum ground state.

Measurement of an acoustic resonator in or near
the ground state has only been recently achieved, with
results reported by several laboratories4–8. At the Uni-
versity of Santa Barbara, this was achieved by cooling
a Thin Film Bulk Acoustic Wave (FBAR) piezoelectric
resonator of 60 µm length, frequency 6.07 GHz, and
Q-factor of 260 at 25 mK. Quantum limited readout was
achieved in a novel way by coupling to a superconducting
Josephson phase qubit4. At the National Institute of
Standards and Technology and JILA in Boulder, the
acoustic phonon ground state was reached with sideband
cooling of a thin 15 µm aluminium membrane coupled
capacitively to a superconducting microwave cavity,
which was cooled to 15 mK. The acoustic frequency
and Q-factor of the cavity was 10.56 MHz and 3.3×105

respectively at this temperature6. A collaboration
between Caltech and the University of Vienna studied
a silicon beam of sub-µm thickness and ≈ 10µm length
with a photonic shield, which was pre-cooled to 20 K,
with a mode frequency of 3.68 GHz and mechanical
Q-factor of 4×1055. An optical mode was trapped
in the beam, which allowed quantum limited readout
and laser cooling to the ground state. In addition, at
the Max Planck Institute, near ground state operation
was achieved at 600 mK (nTH ∼ 9) through sideband
cooling of a micromechanical acoustic mode in a silica
Whispering Gallery mode optical resonator, of frequency
70 MHz and Q-factor 1047. Finally, at Cornell University
a 30 x 0.17 x 0.14 µm, Nb-Al-SiN beam resonator with
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a resonant frequency of 6.3 MHz and Q-factor of 106,
cooled to 100 mK, achieved nTH ∼ 4 through parametric
cooling8.

Historically, the highest acoustic Q-factor resonators
have been developed for gravity wave detection ap-
plications, and are large devices with very low reso-
nant frequencies. Q-factors of greater than 108 have
been achieved in bulk sapphire (6×108)9–11, niobium
(2×108)12 and silicon (2×109)13 at 4 K, which has lead
to the suggestion that large masses of greater than kilo-
gram scale and low frequency (of order kHz) could po-
tentially be cooled to their ground state via a paramet-
ric readout14. So far, masses greater than one tonne
of niobium15 and aluminium with frequencies of order
1 kHz16 have been read out with an effective tempera-
tures of less than 1 mK at a bath temperature of 4 K,
through parametric and feedback cooling respectively.

In 2011, high frequency milligram-scale piezoelectric
Bulk Acoustic Wave (BAW) quartz resonators were mea-
sured down to 4 K with a Q-factor of 3×108 at 15.9
MHz17,18. These resonators are advantageous in many
respects, namely that they simultaneously exhibit both
high frequency and large Q-factor, and have strong elec-
tromagnetic coupling through the piezoelectric effect. In
general the electromechanical coupling is made more dif-
ficult at higher frequencies due to smaller associated dis-
placements for the sensing transducer. However, as in
the work of O’Connell et al.4, the piezoelectricity allows
strong electromechanical coupling between photons and
acoustic phonons, making them well suited for hybrid
quantum applications. Measurements of the BAW res-
onators at cryogenic temperatures showed a T 6 depen-
dence for the Q-factor of the longitudinal mode, and a
T 4 law for shear modes in the range of 5-21 K, as pre-
dicted by Landau-Rumer theory. However, between 3
and 6 K the exponent of the power law decreased, sug-
gesting an additional loss term due to lack of vibration
trapping.

In this work, we measure a quartz BAW resonator
designed with non-contacting electrodes down to 18
mK, and show that the Q-factor continues to increase
beyond 109, albeit with a smaller power law exponent.
The resonator is a state-of-the-art commercial resonator
designed for room temperature operation in its shear
mode, a schematic of which is shown in Fig. 1. To
allow the acoustic modes to be trapped between the
electrodes at the centre of the resonator, isolating the
mode from mechanical losses due to coupling to the
support ring, the resonator is manufactured with a
planoconvex shape19. The longitudinal overtones are the
most strongly trapped and thus exhibit particularly high
quality factors. Here, we present measurements charac-
terizing the 5th and 21st overtones with effective mode
masses of order 5 and 0.7 milligram respectively (total
resonator mass of 220 mg) at frequencies 15.6 and 65.4
MHz respectively, which exhibit Q-factors exceeding 109.

Electrodes

Peripheral supporting 
ring

13
 m

m

1 mm

Ultrasonic
machining

Quartz 
support

Resonator
R = 300 mm

FIG. 1. Schematic of the quartz Bulk Acoustic Wave
(BAW) resonator manufactured by BVA Industrie with non-
contacting electrodes. The radius of curvature of the res-
onator is 300 mm. Vibrations are trapped in the area of the
resonator between the electrodes attached to the quartz sup-
port structure.
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FIG. 2. Frequency offset versus input power, f (Pin), at 18
mK for the 5th overtone with respect to the frequency at -52.5
dBm, f (−52.5) =15,597,316.3845 Hz

Our experiment was cooled using a cryogen-free Dilu-
tion Refrigerator (DR) system from BlueFors, with the
quartz resonator thermally connected via an oxygen-free
copper mount to the mixing chamber of the DR. With no
thermal load, the DR can achieve temperatures as low as
7 mK. After attaching the resonator, temperatures of 10
mK can be attained with no power incident, increasing
to around 20 mK when undergoing measurements due to
dissipation of the input RF power as heat. To measure
the intrinsic Q-factor of the quartz BAW resonators,
the standard passive method was employed based on an
impedance analyser with a frequency resolution of order
0.02 mHz, which is described in detail in the Supporting
Material of this article. As at 4K17, the longitudinal
mode exhibits superior Q-factors to both slow and fast
shear modes. Many overtones and anharmonics were
measured, with the highest Q-factor observed in the 5th

overtone mode at 15.6 MHz. At high input powers, the
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TABLE I. Comparison of some acoustic resonator experiments, which have been cooled either to or near the ground state, or
have achieved high Q-factors. The table shows the frequency, Q-factor, environmental temperature, number of thermal phonons
(nTH) and Q-factor if the system could be cooled ideally to nTH = 1 phonon. This assumes that the ratio of Q/T remains
constant as the oscillator is simultaneously damped and cooled.

Experiment Frequency (Hz) Q-factor Temperature (K) nTH Q(nTH = 1)
Silicon 1.96×104 2×109 4 4.3×106 677
Sapphire 5.33×104 6×108 4 1.6×10 554
Silica 7.0×107 104 0.6 179 81
FBAR 6.07×109 260 0.025 9×10−6 260
Al 1.06×107 3.3×105 0.015 29.1 1.6×104

Silicon beam 3.68×109 4×105 20 113 5.1×103

Nb-Al-SiN beam 6.3×106 106 0.10 330 4.4×103

Quartz BAW - 5th overtone 1.56×107 2×109 0.018 23.5 1.2×108

Quartz BAW - 21st overtone 6.54×107 1.2×109 0.021 6.2 2.6×108

Q-factor increased as shown in Fig. 2 with an associated
frequency shift. No distortion of the line shapes was seen
in this power range from –52.5 to –35 dBm. At higher
powers close to 0 dBm, nonlinear effects typical in BAW
quartz resonators were seen. The Q-factor at –35 dBm
rose to more than 8 billion. It is possible that this was
due to an unknown parasitic two-level system that was
beginning to saturate, resulting in a higher Q-factor and
associated frequency shift due to the change in acoustic
susceptibility, and warrants further investigation.

At powers below -50 dBm, the Q-factor remained
constant. At this power level, we measured both the 5th

and 21st overtones as a function of temperature. Fig.
3 shows the frequency shift and Q-factor below 2 K in
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FIG. 3. Q-factor and frequency offset versus temperature,
f(T ), for the 5th and 21st overtones with respect to the fre-
quency at 18 and 21 mK respectively, at -52.5 dBm input
power.

temperature. In this regime of such high Q-factor it is
most likely that the Q is limited by the support struc-
ture. It is also interesting to note that for both modes,
the frequency of the overtones exhibit a turning point
just below 1 K. At this temperature with such high Q-
factor and the annulment of the frequency-temperature
dependence, a frequency-stable oscillator could be built.
At lower temperatures there are multiple annulment
points and no clear dependence of Q-factor, although
both overtones have peak values between 100 and 300
mK. Comparisons of our experiments with others that
have achieved high Q-factors at low temperature are
summarized in Table I. We compare frequency, Q-factor,
temperature, thermal phonon occupation number at
temperature T , and Q-factor near the ground state
(nTH = 1).

With such extraordinary Q-factors at mK tempera-
tures, quartz BAW resonators are eminently suitable
for electromagnetic cooling techniques such as paramet-
ric cold damping or feedback cooling. We anticipate
that these techniques could be used to prepare the res-
onator in an ultra-cold quantum state, potentially allow-
ing the resonator to enter the acoustic phonon ground
state while maintaining a damped Q-factor of more than
four orders of magnitude bigger than previously achieved
(as suggested in Table I). Also, the resonator exhibits
strong electromechanical coupling to mechanical modes
through the piezoelectric effect at these temperatures,
meaning that a hybrid quantum system is readily achiev-
able. Thus, using BAW technology, single phonon quan-
tum control could be achievable allowing coherence times
significantly longer than previously attained, which could
allow many more coherent gate operations before coher-
ence is lost with wide ranging implications for quantum
information, computing, and control.
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Abstract:  
We report observations of a “fast light” effect in experiments with a cryogenic microwave 
resonator. The effect manifests itself as a time advance of the peak of the reflected pulse 
relative to that of the incident pulse. The effect was observed with both amplitude and phase-
modulated signals. The magnitude of the effect was anomalously large with the time 
advances measured in tens of milliseconds, which was attributed to the high Q-factor and 
almost critical coupling of the cryogenic resonator. We conclude that the “fast light” is a 
pulse-shaping phenomenon dependent on the type of modulation signal, and not related to 
superluminal pulse propagation. 
 
One Sentence Summary:  
An anomalously large “fast light” effect is observed in experiments with pulsed excitation of 
a cryogenic microwave resonator. 
 
Main Text:  
Since the CERN announcement of superluminal neutrinos (1) there have been various 
attempts to explain the observed phenomenon. In particular, Cahill (2) suggested a close 
analogy between superfast neutrinos and superluminal propagation of laser pulses in a 
resonant absorbing medium called “fast light” (3-5).  
The term “fast light” was first introduced by Bigelow et al. (3) to describe time advance of 
light pulses propagating in a medium with Electromagnetically Induced Absorption (EIA). 
The “antipode” of the EIA is an Electromagnetically Induced Transparency (EIT). It is 
responsible for “slow light” and has been studied extensively due to its potential applications 
to optical computing (6). Both EIA and EIT are quantum phenomena involving coherent 
population oscillations in three-level atomic systems induced by two frequency-detuned laser 
beams (7). 
   Long before Bigelow’s seminal paper, Icsevgi and Lamb modeled pulse propagation in 
laser amplifiers (8). Having solved the coupled Maxwell-Schrödinger equations they 
discovered that under certain conditions the center of gravity of the propagating pulse could 
move faster than the speed of light (8, 9). Almost at the same time, McCall and Hahn 
published the theory of self-induced transparency in a two-level atomic system (10). Among 
the various simulated pulse shapes presented in (10) one can clearly see instances of both fast 
and slow light. Following the analysis in (8) we found a wide range of optical phenomena 
which could be associated with fast light, such as steepening of pulse leading edge, optical 
nutation oscillations (11), pulse breakup and scattering of one pulse by another (12). It was 
also possible to simulate transformation of slow light into fast light and vice versa. 
   The first observations of fast light were made in experiments with pulsed mm-wave 
radiation propagating through a resonant molecular absorber (13). Currently, a wide range of 
physical effects are known to cause fast light including, but not limited to EIA, gain 
saturation in a laser medium (14), stimulated Brillouin scattering and three-wave mixing in 
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optical fibers (15). Fast light was also produced using a system of coupled optical micro-
resonators (16, 17). 
   In this work we report observations of a fast light effect at microwave frequencies. The 
effect was observed with a relatively simple experimental setup (Fig. 1A) based on a 
cryogenic Sapphire Loaded Cavity (SLC) resonator (18). The resonator was housed in a 
vacuum container and cooled to ~ 5K with a pulse tube cryocooler. The sapphire crystal is 
shaped as a cylinder with a diameter of 50 mm and height of 30 mm and supported by a small 
spindle protruding from one end (19). When excited in one of the modes of Whispering 
Gallery at frequency fres ~ 11.2 GHz, the resonator’s quality factor is Q ~109, its coupling 
coefficient β ~ 0.8. This corresponds to ring-down time     

 

res Q ( fres ( 1 ))  16ms . 
   
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 

The SLC resonator acts as a dispersive element of a Pound frequency discriminator, which 
permits frequency locking of the pump oscillator to the SLC resonator (20). We used this 
option when experimenting with amplitude-modulated signals in order to minimize variations 
of the SLC resonant frequency associated with the radiation pressure effect (21). 

Fig. 1. (A) Experimental setup for observation of “fast 
light” at microwave frequencies: VCA and VCP are 
the voltage-controlled attenuator and phase-shifter, 
respectively, KF denotes the feedback loop filter, CRL 
is the microwave circulator and AD1(AD2) are 
amplitude detectors. The VCP, the AD1, the lock-in 
amplifier and the SLC resonator form Pound 
frequency discriminator. (B) Envelope of the reflected 
signal UR induced by amplitude modulation of the 
incident signal with a cosine-shaped modulation pulse 
Umod. (C and D) Envelope of the reflected signal UR 
due to phase modulation pulse   

 

  for pulse durations of 
50 ms and 100 µs, respectively. 
 

B 

C 

D 

A 
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The amplitude detector AD1 and a voltage-controlled attenuator (VCA) form feedback 
control system, which stabilizes the power of incident microwave signal. This option was 
used when modulating the phase of the incident signal. 
The amplitude detector AD2 produces voltage proportional to an envelope of the microwave 
signal reflected from the resonator. This envelope is viewed on oscilloscope, along with the 
modulation signal and the envelope of the incident microwave signal produced by the AD1. 
   Initially, we modulated the amplitude of the incident microwave signal with a train of 
cosine shaped pulses. Fig. 1B shows envelopes of incident and reflected pulses. The time 
advance of the peak of the reflected pulse relative to that of the incident pulse Δτ ~ 32 ms for 
pulse duration τpulse = 500 ms. Accounting for the length of the microwave cables connecting 
the pump oscillator to the cryogenic resonator (L ~ 2 m) one can formally calculate the group 
velocity of pulse propagation:     

 

Vg  c (1 c L)  which results in Vg ~ - 62 m/s. 
   The time advance Δτ increases with pulse duration, and for sufficiently long pulses can 
exceed cavity’s ring-down time τres. Numerical simulations based on the discrete convolution 
algorithm show that at β ~ 0.8 the maximal time advance is: Δτmax ~ 3.6 τres. The increase of 
the pulse duration is accompanied by a reduction in the amplitude of the reflected signal due 
to the increased fraction of the pulse energy being absorbed by the resonator.  
   Next, we studied the interaction of phase-modulated microwave signals with the cryogenic 
resonator. Modulation pulses of various shapes and amplitudes were computer generated and 
applied to the phase modulation port of the pump oscillator. The main outcomes of those 
experiments are: 
- The fastest time response (i. e. largest time advance Δτ ) was observed for a square root 
phase modulation:   

 

pulse (t ) ~ t ; 
- The time advance Δτ is a monotonic function of phase deviation of the incident signal   

 

m , 
which increases slowly at     

 

m   , grows rapidly at     

 

  m  3 , and then gradually 
approaches an asymptotic value; 
- The amplitude of the reflected pulse UR grows rapidly with   

 

m at     

 

m    before reaching 
saturation. It can be maximized by setting resonator coupling close to critical ( β 1). 
   Some results of our experiments with phase-modulated signals are shown in Fig. 1C and 
1D. In contrast to the amplitude-modulated signals, the time advance Δτ remains well 
resolved even for modulation pulses significantly shorter than cavity ring-down time. This, 
however, holds true only for relatively large phase-modulation indexes     

 

m  2 .  
   To understand the observed results, it is worth remembering that the cavity in reflection 
creates a narrow-band dip in the spectrum of the reflected signal. The depth of this dip is 
hundreds of times larger on resonance than off resonance, if cavity coupling is close to 
critical. For this reason, the effect of a critically coupled cavity on the incident signal is 
similar to that of a quasi-differentiator with the prefix “quasi” emphasizing that a cavity is a 
passive device unlike an ideal differentiator. The “quasi-differentiator model” works 
reasonably well when dealing with amplitude-modulated signals, along with weakly phase-
modulated signals (    

 

m  1). In both cases, envelopes of the reflected pulses resemble the 
time derivatives (more accurately, absolute values of the time derivatives) of the modulation 
pulses. This situation changes radically at large indexes of phase modulation.  
   Fig. 2A shows the envelopes of the reflected signals caused by parabolic phase modulation 
of the incident signal varying as     

 

(t) m [ 1(2t  pulse )
2 ]at     

 

| t | 0.5 pulse  and two levels 
of phase deviation     

 

m  3  and     

 

m  6 . As follows from Fig. 2A, the envelope of the 
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reflected signal UR is an oscillatory function of time where the number of maxima is equal to 
the number of multiples of   

 

  in the   

 

m .  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
The observed waveforms, despite their complicated appearance, can be accurately 
approximated by trigonometric functions, which (to within a constant factor) are given by:

  

 

UR ~ Abs[Cos (1.5 t  pulse )
2 ]  at     

 

m  3  and   

 

UR ~Abs [ Sin(2 t  pulse )
2 ]  at     

 

m  6 .  
   Pulse shaping properties of a resonator in reflection can be exploited at optical frequencies. 
Fig. 2B shows possible implementation of an optical fast light (function) generator based on a 
diode laser and a cavity-etalon. The frequency of the laser is altered via the injection current 
with typical conversion efficiency   

 

df di  1.4GHz mA . Ramping the laser current by   

 

1mA  
over pulse duration τpulse = 10 ns results in parabolic change of phase with a maximum 
deviation of   

 

7 . This would enable one to generate oscillatory patterns in the reflected signal 
similar to that in Fig. 2C. Furthermore, by changing the shape of the modulation signal and 
varying its amplitude one could control the arrival of the peak of the reflected pulse. 
   Concluding, our results confirm that fast light is a pulse shaping phenomena, not related to 
signal propagation with superluminal or negative group velocities. In fact, the “characteristic 
signature” of the fast light – the pulse time advance - disappears when considering 
rectangular or stepwise changes in the amplitude or phase of the incident signal (22,23). Also, 
our experiments provide extra evidence that the “textbook” definition of a group velocity is 
not applicable when dealing with a resonant medium whose absorption changes appreciably 
within the bandwidth of the propagating signal (24). Possible practical applications of the fast 
light may include information encoding, pulse timing control and the generation of complex 
waveforms. 
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C
Parametric oscillation in systems with

pump and one sideband resonant

This Appendix presents the body of a private communication from Professor War-

wick P. Bowen from the University of Queensland. Permission was granted for his

work to be included as an Appendix in this thesis.

Prof. Bowen performed theoretical modelling of a four-wave-mixing effect on the

basis of experimental results I obtained and presented in Chapter 8. On the basis

of his theoretical framework, I was then able to calculate the effective nonlinearity

parameter (single photon frequency shift) for the system.

Note: the naming of some variables in this Appendix differs from those used in

Chapter 8.
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APPENDIX C. PARAMETRIC OSCILLATION IN SYSTEMS WITH PUMP
AND ONE SIDEBAND RESONANT

C.1 Abstract

Theory to derive threshold for parametric oscillation in the case where the pump

and one sideband are detuned but close to resonance, and the other sideband is

detuned far from resonance.

C.2 Theoretical framework

To model the parametric process observed in Mike’s lab we consider a system with

optical resonances at frequencies Ω0, Ω1 and Ω2; where we define the separation

ΩR = Ω0 − Ω1, and take Ω2 = Ω0 + ΩR. Here we have introduced a “dummy”

resonance at Ω2, but hope that, in fitting to your experimental data we will find its

decay rate to be very large compared to the two real resonances. We neglect here

the splitting of the mode at Ω0. We expect that this splitting does not significantly

add to the physics since the splitting frequency is far smaller than the change in

frequency due to the parametric process, with the second mode simply mirroring the

response of the first. The system is pumped at frequency ω0 = Ω0 +∆0, and through

the parametric process produces sidebands (roughly) equally spaced on either side

of ω0. Because of the enhancement near the mode at frequency Ω1, we expect one

of the sidebands to be produced at a frequency ω1 = Ω1 + ∆1 very close to this

frequency, and the other at ω2 = Ω2 + ∆2.

This system can be described by the Hamiltonian

H = ~Ω0ã
†
0ã0 + ~Ω1ã

†
1ã1 + ~Ω2ã

†
2ã2 + i~gã2

0ã
†
1ã
†
2 − i~g∗ã†20 ã1ã2

�
 �	C.1

where g is the strength of the nonlinearity, or equivalently, the single photon fre-

quency shift, and the tilde’s indicate that we are not yet in the rotating frame.

Using the quantum Langevin Equation (see Gardiner and Collett) one can then
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find equations of motion for the pump and sidebands

˙̃a0 = −2g∗ã†0ã1ã2 − (γ0 + iΩ0)ã0 −
√

2γ0,inã0,in

�
 �	C.2

˙̃a1 = gã2
0ã
†
2 − (γ1 + iΩ1)ã1 −

√
2γ1,inã1,in

�
 �	C.3

˙̃a2 = gã2
0ã
†
1 − (γ2 + iΩ2)ã2 −

√
2γ2,inã2,in

�
 �	C.4

Moving into the rotating frame by setting ã0 = a0e
−iω0t, ã1 = a1e

−iω1t, and ã2 =

a2e
−iω2t and using the relation ˙̃ax = (ȧx− iωxax)e−iωxt (which can be found straight-

forwardly from the product rule) we find

ȧ0 = −2ga†0a1a2e
−i(ω1+ω2−2ω0)t − (γ0 + i∆0)a0 −

√
2γ0,ina0,in

�
 �	C.5

ȧ1 = ga2
0a
†
2e
i(ω1+ω2−2ω0)t − (γ1 + i∆1)a1 −

√
2γ1,ina1,in

�
 �	C.6

ȧ2 = ga2
0a
†
1e
i(ω1+ω2−2ω0)t − (γ2 + i∆2)a2 −

√
2γ2,ina2,in

�
 �	C.7

where the exponentials in the coupling terms enforce approximate energy conser-

vation, and we have taken g to be real. Here, we’re interested in the steady state

expectation values of the fields so we take αj = 〈aj〉 for all j, and set the time

derivatives to zero. We then find

0 = −2gα∗0α1α2 − (γ0 + i∆0)α0 −
√

2γ0,inα0,in

�
 �	C.8

0 = gα2
0α
∗
2 − (γ1 + i∆1)α1

�
 �	C.9

0 = gα2
0α
∗
1 − (γ2 + i∆2)α2.

�
 �	C.10

where, since we’re not pumping the sidebands α1,in = α2,in = 0, αx = 〈a〉, and to

obtain non-zero coupling terms we are forced to obey energy conservation such that

ω1 + ω2 = 2ω0.

C.3 Determining the nonlinearity g

Rearranging Eqs.
�
 �	C.9 and

�
 �	C.10 we have

gα2
0|α2|2 = (γ1 + i∆1)α1α2

�
 �	C.11

gα2
0|α1|2 = (γ2 + i∆2)α1α2.

�
 �	C.12
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Multiplying Eq.
�
 �	C.12 with the complex conjugate of Eq.

�
 �	C.11 and assuming (I

think without loss of generality) that g is real and positive gives

g2|α0|4|α1|2|α2|2 = (γ1 − i∆1)(γ2 + i∆2)|α1|2|α2|2
�
 �	C.13

In the above threshold case, where |α1|2|α2|2 6= 0 this can be simplified to

g2|α0|4 = (γ1 − i∆1)(γ2 + i∆2) = γ1γ2 + ∆1∆2 + i (γ1∆2 −∆1γ2)
�
 �	C.14

We see that the RHS of this equation is necessarily real and positive, so that

γ1∆2 −∆1γ2 = 0→ ∆1

γ1

=
∆2

γ2

�
 �	C.15

γ1γ2 + ∆1∆2 > 0
�
 �	C.16

and

g2|α0|4 = γ1γ2 + ∆1∆2

�
 �	C.17

This gives us a simple expression for the at and above threshold intracavity pump

phonon number

|α0|2 =

√
γ1γ2 + ∆1∆2

g

�
 �	C.18

The above threshold intracavity energy can then easily be obtained by Ecavity =

~Ω0|α0|2. Interestingly, this predicts that the pump modes intracavity photon num-

ber/energy is clamped at a constant value above threshold. I am aware of this being

the case for other types of nonlinearity, so it’s not necessarily surprising here. Notice

that the nonlinearity g increases the threshold decreases as should be expected. Fur-

thermore, as the sideband decay rates and detunings increase the intracavity energy

increases. This makes sense, it’s just saying that increasing the detuning and decay

rates increases the pump power required to reach threshold.

The threshold incident pump power is then just the incident pump power required

to achieve the intracavity photon number in Eq.
�
 �	C.18 in the absence of sidebands

fields (α1 = α2 = 0). Setting α1 = α2 = 0 in Eq.
�
 �	C.8 , by setting α1 = α2 = 0 and

rearranging we find straightforwardly that at threshold

α0,in,threshold = −(γ0 + i∆0)√
2γ0,in

α0,threshold.
�
 �	C.19
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So that

|α0,in,threshold|2 =

[
γ2

0 + ∆2
0

2γ0,in

]
|α0,threshold|2,

�
 �	C.20

where the incident pump power is simply P0,in = ~ω0|α0,in|2. Substituting in the at

threshold intracavity photon number from Eq.
�
 �	C.18 we find

|α0,in,threshold|2 =

[
γ2

0 + ∆2
0

2γ0,in

] [√
γ1γ2 + ∆1∆2

g

]
.

�
 �	C.21

Here, |α0,in,threshold|2, γ0, γ0,in, γ1, ∆0, and ∆1 are all directly determined in the

experiments. However, γ2 and ∆2 are not. To determine g we need to characterise

these parameters. This can be done by considering the energy conservation and

using the relationship between the sideband decay rates and detunings given in

Eq.
�
 �	C.15 . Energy conservation tells us that

ω1 + ω2 = 2ω0 → Ω1 + ∆1 + Ω2 + ∆2 = 2 (Ω0 + ∆0) .
�
 �	C.22

Substituting in for ∆2 using Eq.
�
 �	C.15 and rearranging we find

∆0 =
1

2

(
1 +

γ2

γ1

)
∆1 +

Ω1 + Ω2 − 2Ω0

2
.

�
 �	C.23

The term on the far right of this equation gives the mismatch from energy con-

servation of the WGM resonances (as opposed to the fields ωj). We call this ∆Ω.

Ideally, the sideband resonances Ω1 and Ω2 lie equally spaced on either side of the

pump resonance, so that no detuning is required to achieve energy conservation and

∆Ω = 0. Of course, in our situation this is not the case and we have

∆0 =
1

2

(
1 +

γ2

γ1

)
∆1 + ∆Ω.

�
 �	C.24

The slope and intersect of a linear fit to ∆1 versus ∆0 therefore gives values for

both γ2 and ∆Ω. ∆2 can then be determined from Eq.
�
 �	C.15 . With γ2 and ∆2 now

characterised, the nonlinearity g can be determined from Eq.
�
 �	C.21 . Unfortunately,

in the experimental data there seems to be some funny stuff happening to the

detuning of sideband 1 as a function of pump detuning. I would guess that because

sideband 1 is on resonance, it is clamped to have a very small detuning, and that
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the change in detuning is being dominated by another nonlinear process - probably

the same thing that is suppressing the gain at zero pump detuning.

The data for ∆2 versus ∆0 is much cleaner, with a d∆2

d∆0
= 2.0032. We can find a

similar equation to Eq.
�
 �	C.24 for ∆2 in the same sort of way as above, finding

∆0 =
1

2

(
1 +

γ1

γ2

)
∆2 + ∆Ω.

�
 �	C.25

Hence, we have

d∆2

d∆0

= 2

(
1 +

γ1

γ2

)−1

= 2.0032
�
 �	C.26

So

d∆2

d∆0

= 2

(
1 +

γ1

γ2

)−1

= 2.0032
�
 �	C.27

Rearranging we find that

γ1

γ2

= −0.0016.
�
 �	C.28

The minus sign is obviously a problem, but can be understood from the experimental

measurements since the maximum of d∆2

d∆0
should be achieved when γ1

γ2
= 0, so that

sideband 1 is perfectly clamped onto the mode resonance frequency, and at this

point d∆2

d∆0
= 2. The only way to get the experimentally observed slope of 2.0032 is

to have a negative γ. Of course, the likely explanation is that the real slope in the

experiment was below 2, but the measurement uncertainty pushed it up a fraction.

It’s seems safe to set the bound

γ1

γ2

< 0.0016,
�
 �	C.29

so the decay rate of mode 1 is at least 600 times smaller than that of mode 2. Clearly

γ2 � {γ0, γ1} is then a good approximation to make.

C.4 Determining the power in the sidebands

C.4.1 Ratio of sideband powers

Dividing Eq.
�
 �	C.11 by Eq.

�
 �	C.12 we find

|α2|2
|α1|2

=
γ1 + i∆1

γ2 + i∆2

=
γ1

γ2

×
(

1 + i∆1/γ1

1 + i∆2/γ2

)
.

�
 �	C.30
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But we know from Eq.
�
 �	C.15 that ∆1/γ1 = ∆2/γ2, so this simplifies to the very

simple expression

|α2|2
|α1|2

=
γ1

γ2

.
�
 �	C.31

so the ratio of sideband intracavity phonon numbers is equal to the inverse ratio

of sideband resonance decay rates - the larger the decay rate of a resonance, the

smaller the sideband photon number. This makes sense, however, it is compensated

for on the output fields by the fact that the higher the decay rate of a resonance the

faster power leaks out of it. The output sideband amplitudes can be related to the

intracavity amplitudes by the simple relations

α1,out =
√

2γ1,inα1, and α2,out =
√

2γ2,inα1,
�
 �	C.32

where γj,in is the input/output coupling rate of WGM j into the measured output

mode, with γj = γj,in + γj,l, and γj,l being the intrinsic loss rate of the WGM j. We

then find

|α2,out|2
|α1,out|2

=
γ1

γ2

× γ2,in

γ1,in

�
 �	C.33

=
η2

η1

,
�
 �	C.34

where ηj is the escape efficiency of mode j, that is to say, if one photon is put into the

mode, what is the probability that it leaves the resonator by returning to the input

channel rather than being scattered, absorbed, or lost in some other way. Roughly

speaking, one might expect that the output coupling rate for modes 1 and 2 would

be roughly the same, in which can the attenuation of mode 2 would be due solely to

the difference in intrinsic decay rates of the two modes, however there is no way to

show definitively that this is the case, and no way to measure γ2,in experimentally.

Hence, we cannot, in this theory, make predictions on what the ratio of sideband

powers will be, we can only note that it makes sense from a qualitative point of view

that sideband 2 is attenuated.
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C.4.2 Absolute sideband powers

The amplitude of the sidebands generated by the parametric process are most

easily found by expanding the amplitudes as αj = |αj|eiφj , where j ∈ {0, 1, 2}.
Eqs.

�
 �	C.11 and
�
 �	C.12 then become

g|α0|2|α2|2e2iφ0 = (γ1 + i∆1)|α1||α2|ei(φ1+φ2)
�
 �	C.35

g|α0|2|α1|2e2iφ0 = (γ2 + i∆2)|α1||α2|ei(φ1+φ2).
�
 �	C.36

Multiplying these two equations together and cancelling the |α1||α2| terms we find

g2|α0|4e4iφ0 = (γ1 + i∆1)(γ2 + i∆2)e2i(φ1+φ2)
�
 �	C.37

Rearranging and using Eq.
�
 �	C.18 to sub in for g|α0|2 we find a phase matching

condition for the parametric process

ei(φ1+φ2−2φ0) = ±
√

γ1γ2 + ∆1∆2

(γ1 + i∆1)(γ2 + i∆2)
.

�
 �	C.38

Now making the substitution αj = |αj|eiφj into Eq.
�
 �	C.8 we have

0 = −2g|α0||α1||α2|ei(φ1+φ2−φ0) − (γ0 + i∆0)|α0|eiφ0 −
√

2γ0,inα0,in

�
 �	C.39

0 = −|α0|eiφ0
{

2g|α1||α2|ei(φ1+φ2−2φ0) + γ0 + i∆0

}
−
√

2γ0,inα0,in

�
 �	C.40

where we’ve assumed that α0,in is real and positive without loss of generality, so that

α0,in = |α0,in|. Substituting in the phase matching condition (C.38) and rearranging

we get

√
2γ0,in

α0,in

α0

= ∓2g|α1||α2|
√

γ1γ2 + ∆1∆2

(γ1 + i∆1)(γ2 + i∆2)
− γ0 − i∆0

�
 �	C.41

Rearranging for |α1||α2| we find

|α1||α2| = ±
1

2g

√
γ1 + i∆1

γ1 − i∆1

[√
2γ0,in

α0,in

α0

+ γ0 + i∆0

] �
 �	C.42

where we’ve used the relation γ1γ2 + ∆1∆2 = (γ1 − i∆1)(γ2 + i∆2) which comes

from Eq.
�
 �	C.14 . Given the intracavity pump amplitude α0 this equation gives us
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the product of sideband powers, from which it is easy to get the individual sideband

powers. However, we do not yet know the phase of the intracavity pump field.

Notice that the LHS of above equation is real, and therefore the RHS must also be

real. Setting the imaginary part of the RHS to zero we can solve for the intracavity

pump phase. However, it works out that this can be done more simply by making

some (more!) new definitions first (it’s horrible to try and do directly!).

Firstly, rearranging Eq.
�
 �	C.19 we have

√
2γ0,in == −(γ0 + i∆0)

α0,threshold

α0,in,threshold

�
 �	C.43

Substituting this into Eq.
�
 �	C.42 , we find

|α1||α2| = ±
1

2g
(γ0 + i∆0)

√
γ1 + i∆1

γ1 − i∆1

[
1− α0,threshold

α0,in,threshold

× α0,in

α0

] �
 �	C.44

Now, let’s define

R =
|α0,in|2

|α0,in,threshold|2
=

P0,in

P0,in,threshold

�
 �	C.45

as the ratio of the power of the incident field to the threshold value. i.e. this tells

you by what factor you are above threshold, with R = 1 begin threshold. Finally,

we have

α0,threshold

α0

=
|α0|eiφ0,threshold
|α0|eiφ0

= eiφ0,threshold−φ0 = ei∆φ0
�
 �	C.46

where we have used the fact that the intracavity energy is clamped at a constant

value above threshold (the result is only valid above threshold), and we’ve defined

the phase difference between the intracavity pump field at threshold and above

threshold to be ∆φ0. Substituting these relations into Eq.
�
 �	C.44 we find

|α1||α2| = ±
1

2g
(γ0 + i∆0)

√
γ1 + i∆1

γ1 − i∆1

[
1−
√
Rei∆φ0

] �
 �	C.47

As noted above, the imaginary part of this equation is zero, therefore

0 = |α1||α2| − (|α1||α2|)∗
�
 �	C.48
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→ 0 = ± 1

2g

{
(γ0 + i∆0)

√
γ1 + i∆1

γ1 − i∆1

[
1−
√
Rei∆φ0

]
− (γ0 − i∆0)

√
γ1 − i∆1

γ1 + i∆1

[
1−
√
Re−i∆φ0

] �
 �	C.49

→ (γ1 + i∆1)(γ0 + i∆0)
[
1−
√
Rei∆φ0

]
= (γ1 − i∆1)(γ0 − i∆0)

×
[
1−
√
Re−i∆φ0

] �
 �	C.50

→
√
R
[
(γ1 + i∆1)(γ0 + i∆0)ei∆φ0 − (γ1 − i∆1)(γ0 − i∆0)e−i∆φ0

]
= (γ1 + i∆1)(γ0 + i∆0)− (γ1 − i∆1)(γ0 − i∆0)

�
 �	C.51

→ (γ1 + i∆1)(γ0 + i∆0)ei∆φ0 − (γ1 − i∆1)(γ0 − i∆0)e−i∆φ0

=
2i√
R

(γ1∆0 + γ0∆1)
�
 �	C.52

Substituting in ei∆φ0 = cos ∆φ0 + sin ∆φ0 and expanding the brackets on the

LHS we find

(γ1γ0 −∆1∆0) sin ∆φ0 + (∆1γ0 + γ1∆0) cos ∆φ0 =
1√
R

(γ1∆0 + γ0∆1)
�
 �	C.53

→ 1− cos2 ∆φ0 =

(
∆1γ0 + γ1∆0

γ1γ0 −∆1∆0

)2(
1√
R
− cosφ0

)2 �
 �	C.54

For simplicity, let’s define

ξ =
∆1γ0 + γ1∆0

γ1γ0 −∆1∆0

.
�
 �	C.55

We then find

cos2 ∆φ0

[
1 + ξ2

]
− cos ∆φ0

[
2ξ2

√
R

]
+

[
ξ2

R
− 1

]
= 0

�
 �	C.56

→ cos ∆φ0 =
2ξ2/
√
R±

√
(2ξ2/

√
R)2 − 4(1 + ξ2)(ξ2/R− 1)

2(1 + ξ2)

�
 �	C.57

→ cos ∆φ0 =
ξ2/
√
R±

√
1 + ξ2 − ξ2/R

1 + ξ2

�
 �	C.58

for R > 1, where we’ve used the standard solution to a quadratic equation.
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Using the same approach for sin ∆φ0 we can determine it’s value.

(γ1∆0 + γ0∆1) cos ∆φ0 =
1√
R

(γ1∆0 + γ0∆1)− (γ1γ0 −∆1∆0) sin ∆φ0

�
 �	C.59

→ cos ∆φ0 =
1√
R
− sin ∆φ0

ξ

�
 �	C.60

→ 1− sin2 ∆φ0 =

(
1√
R
− sin ∆φ0

ξ

)2

=
1

R
− 2 sin ∆φ0√

Rξ
+

sin2 ∆φ0

ξ2

�
 �	C.61

→ sin2 ∆φ0

[
1 + ξ2

]
− sin ∆φ0

[
2ξ√
R

]
+ ξ2

[
1

R
− 1

]
= 0

�
 �	C.62

→ sin ∆φ0 =
2ξ/
√
R±

√
(2ξ/
√
R)2 − 4ξ2(R−1 − 1)(1 + ξ2)

2(1 + ξ2)

�
 �	C.63

=
ξ/
√
R± ξ

√
ξ2 + 1− ξ2/R

1 + ξ2

�
 �	C.64

Testing in Matlab we can confirm that the imaginary part of Eq.
�
 �	C.47 is zero as

long as the ± in the sin expression is opposite to that in the cos expression. i.e.

cos ∆φ0 =
ξ2/
√
R±

√
1 + ξ2 − ξ2/R

1 + ξ2

sin ∆φ0 =
ξ/
√
R∓ ξ

√
1 +2

ξ −ξ2/R

1 + ξ2

�
 �	C.65

We then have

ei∆φ0 = cos ∆φ0 + i sin ∆φ0

�
 �	C.66

=
1

1 + ξ2

[
ξ√
R

(ξ + i)±
√

1 + ξ2 − ξ2/R (1− iξ)
] �
 �	C.67

=
ξ + i

1 + ξ2

[
ξ√
R
∓ i
√

1 + ξ2 − ξ2/R

] �
 �	C.68

=
1

ξ − i

[
ξ√
R
∓
√
ξ2/R− 1− ξ2

] �
 �	C.69

This can then be substituted into Eq.
�
 �	C.47 to get a solution for the product of

sideband amplitudes in terms of known parameters

|α1||α2| = ±
1

2g
(γ0 + i∆0)

√
γ1 + i∆1

γ1 − i∆1

×
(

1−
√
R

ξ − i

[
ξ√
R
∓
√
ξ2/R− 1− ξ2

]) �
 �	C.70
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This expression can be simplified be recognising that

(γ0 + i∆0)

√
γ1 + i∆1

γ1 − i∆1

= (γ0 + i∆0)

√
(γ1 + i∆1)2

γ2
1 + ∆2

1

�
 �	C.71

=
(γ0 + i∆0)(γ1 + i∆1)√

γ2
1 + ∆2

1

�
 �	C.72

=
γ1γ0 −∆1∆0 + i(∆1γ0 + γ1∆0)√

γ2
1 + ∆2

1

�
 �	C.73

=
γ1γ0 −∆1∆0 + iξ(γ1γ0 −∆1∆0)√

γ2
1 + ∆2

1

�
 �	C.74

=
γ1γ0 −∆1∆0√

γ2
1 + ∆2

1

(1 + iξ)
�
 �	C.75

Substituting this in we find

|α1||α2| = ± 1

2g

(
γ1γ0 −∆1∆0√

γ2
1 + ∆2

1

)
(1 + iξ)

×
(

1−
√
R

ξ − i

[
ξ√
R
∓
√
ξ2/R− 1− ξ2

]) �
 �	C.76

= ± 1

2g

(
γ1γ0 −∆1∆0√

γ2
1 + ∆2

1

)

×
(

1 + iξ − i
√
R

[
ξ√
R
∓
√
ξ2/R− 1− ξ2

]) �
 �	C.77

= ± 1

2g

(
γ1γ0 −∆1∆0√

γ2
1 + ∆2

1

)(
1± i

√
R
√
ξ2/R− 1− ξ2

) �
 �	C.78

= ± 1

2g

(
γ1γ0 −∆1∆0√

γ2
1 + ∆2

1

)(
1±

√
R(1 + ξ2)− ξ2

) �
 �	C.79

We can specify the ±’s by recognising that if R = 1 we need |α1| = |α2| = 0.

It can be seen that to achieve this, the negative sign must be chosen prior to the

square-root. We can then write

|α1||α2| =
1

2g

|γ1γ0 −∆1∆0|√
γ2

1 + ∆2
1

∣∣∣1−√R(1 + ξ2)− ξ2

∣∣∣ �
 �	C.80

where from Eq.
�
 �	C.24 we that

∆1 =
2(∆Ω + ∆0)

1 + γ2/γ1

.
�
 �	C.81
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Using the input-output relations of Eq.
�
 �	C.32 we then find

|α1,out||α2,out| =
√
γ1,inγ2,in

g

|γ1γ0 −∆1∆0|√
γ2

1 + ∆2
1

∣∣∣1−√R(1 + ξ2)− ξ2

∣∣∣ �
 �	C.82

Finally, by using the expression derived earlier for the ratio of sideband powers

(Eq.
�
 �	C.34 ) we can determine the power of each sideband as

|α1,out|2 =

√
γ1,inγ2,in

2g

√
η1

η2

|γ1γ0 −∆1∆0|√
γ2

1 + ∆2
1

∣∣∣1−√R(1 + ξ2)− ξ2

∣∣∣ �
 �	C.83

=
γ1,in

2g

√
γ2

γ1(γ2
1 + ∆2

1)

×
∣∣∣(γ1γ0 −∆1∆0)

(
1−

√
R(1 + ξ2)− ξ2

)∣∣∣ �
 �	C.84

and similarly

|α2,out|2 =
γ2,in

2g

√
γ1

γ2(γ2
1 + ∆2

1)

∣∣∣(γ1γ0 −∆1∆0)
(

1−
√
R(1 + ξ2)− ξ2

)∣∣∣ �
 �	C.85

These expressions predict an initially linear increase in sideband power as R increases

above unity, as observed in the experiments (R goes as P0,in), transforming to a

square root dependence for large R.
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