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Abstract

The study of biomechanical system dynamics consists of research to obtain an

accurate model of biomechanical systems and to find appropriate torques or forces

that reproduce motions of a biomechanical subject. In the first part of this study,

specific computational models are developed to maintain relative angle constraints

for 2-dimensional segmented bodies. This is motivated by the fact that there is a

possibility of models of segmented bodies, moving under gravitational acceleration

and joint torques, for its segments to move past the natural relative angle limits.

Three models to maintain angle constraints between segments are proposed and

compared. These models are: all-time angle constraints, a restoring torque in the

state equations and an exponential penalty model. The models are applied to a 2-D

three segment body to test the behaviour of each model when optimizing torques to

minimize an objective. The optimization is run to find torques so that the end effec-

tor of the body follows the trajectory of a half circle. The result shows the behavior

of each model in maintaining the angle constraints. The all-time constraints case

exhibits a behaviour of not allowing torques (at a solution) which make segments

move past the constraints, while the other two show a flexibility in handling the

angle constraints more similar to a real biomechanical system. With three compu-

tational methods to represent the angle contraint, a workable set of initial torques

for the motion of a segmented body can be obtained without causing integration

failure in the ordinary differential equation (ODE) solver and without the need to

use the “blind man method” that restarts the optimal control many times. The com-

putational models for the angle constraints have a prospect to be implemented in

real biomechanical systems, since biomechanical systems usually have many segment

joints where the angular positions are bounded within a limited relative angle.

As the model is usually needed for simulation and control purposes, it is impor-

tant to expand the study toward computing torques and forces for a typical motion

of a biomechanical subject. In this study, the focus is to know how optimization

works in choosing appropriate torques for a typical motion of a biomechanical sub-

ject, and to determine any limitations. Inverse dynamics or dynamic optimization

is usually used as a tool to compute torques or forces that reproduce the angular

coordinates of each body segment that is relatively close to kinematic data. In-

verse dynamics tends to produce noisy resultant joint moment (RJM) estimates.

In this work, data smoothing and the torque computation is unified into a single

computation process so as to obtain smoothed torques which more realistically rep-

resent biomechanical subject motions. This approach is more valuable considering
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that most of biomechanical optimal control problems also need to estimate body

segment parameters (BSP) (these values may not be accurately known) and these

values could be estimated in the unified computation process. All available tech-

niques for BSP estimation are subject to error, because of the existence of variation

in BSP based on race, sex, body type and age.

The numerical study and analysis for BSP estimation in this thesis have come

to the conclusion that the BSP estimation using only kinematic data is impossible.

This is important as practitioners now know not to use this approach in the future.

Simultaneous torque and BSP value estimation has confirmed that the BSP values

cannot be well determined as some of the BSP always hit the upper or lower bounds,

even if the bounds are unreasonable. With the trajectory nearly fixed (with the

inequality constraints of the closeness of fit just allowing the computed motion to

vary a small distance from the kinematic data), the overdetermined system with

more data points than torque parameters makes it hard to follow the trajectory

closely. This is confirmed by the result in chapter 3 where the optimization finds it

is difficult to satisfy the inequality constraints of the closeness of fit especially if the

value of S is relatively small. With the objective of the optimization to minimize the

sum of the square of torques, the optimization has several choices of torques that

vary widely. The study has also shown the necessity of mass distribution constraints

on each segment (more likely the combination of geometric shape and experimental

methods) in order to provide the optimization a sufficient number of constraints to

determine the BSP values from motion data.

The results in chapter 4 show that simultaneous computation of kinematic data

smoothing and torque estimation is a better alternative method to the data smooth-

ing followed by inverse dynamic, as it can produce a set of smoother torques com-

pared to the noisy torques in the inverse dynamic. Kinematic data smoothing is

implemented using smoothing inequality constraints similar to spline smoothing.

Whereas kinematic data smoothing using splines smoothes the kinematic data for

one joint of the body at a time, in the current approach the smoothing is per-

formed simultaneously for all joints of the body. Besides, this approach unifies the

smoothing of all joints of the body with the computation of the torques at the same

time.

To compare the use of smoothing inequality constraints with another formula-

tion in the optimal control, these constraints are replaced by a trajectory compliance

penalty in the objective of the optimal control. Although the use of the inequality

constraints of the closeness of fit could be well replaced by the trajectory compliance
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penalty, to determine the value of the trajectory compliance penalty weight is a very

difficult task. With one layer of penalty weight balancing between trajectory com-

pliance penalty and other optimal control objectives (minimizing torque/smoothing

torque) already difficult to obtain (as explained by the L-curve phenomena), adding

the second layer penalty weight for the closeness of fit for each of the body segments

will further complicate the weight balancing and too much trial and error computa-

tion may be needed to get a reasonably good set of weighting values. Second order

regularization is also added to the optimal control objective and the optimization

has managed to obtain smoother torques for all body joints. To make the current

approach more competitive with the inverse dynamic, an algorithm to speed up the

computation of the optimal control is required as a potential future work.
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1CHAPTER 1

BACKGROUND OF STUDY

1.1 Introduction

The human body is an amazingly efficient machine that allows us to function in

different ways. As long as we live, we can move, climb up the stairs, walk, jump, run,

bend and lift. It is important to realize that the body is made up of an assortment

of structures that are governed by the physical forces of nature. Modern procedures

of orthopaedics-joint replacement, fracture fixation are impossible to be successfully

implemented without a clear understanding of the biomechanical principles. One of

the most important ways of the understanding of biomechanical systems is through

the study of biomechanical system dynamics.

The study of biomechanical system dynamics consists of research to obtain an

accurate model of biomechanical systems and to find appropriate torques or forces

that reproduce motions of a biomechanical subject. Modeling dynamic behavior of

biomechanical systems is usually studied by computer simulation of their dynamic

equations, assuming the system as a hinged rigid body. There are two major ap-

proaches for modeling this rigid body. The most common model used in engineering

is using kinematics and dynamics of a rigid body which is described as a set of

differential equations coupled with algebraic equations as joint constraints.

For many reasons, planar hinged segmented body models derived from transla-

tional and rotational equation of motions have been commonly used for analysis of

biomechanical systems. One of the reasons is the need for simplified biomechanical

models that represent the system fairly accurately. Besides, this model is also ca-

pable of providing simulation results which satisfy the requirement for a particular

system. The nomenclature of this well known model will be given in section 1.2.

In the first part of this study, specific computational models are developed to

maintain relative angle constraints for 2-dimensional segmented bodies. This is mo-

tivated by the fact that there is a possibility of models of segmented bodies, moving

under gravitational acceleration and joint torques, to have its segments move past

the natural limits. This phenomenon is against reality, especially in biomechanical

systems, where muscle and tendon structure of the human body prevent its segments

from moving beyond a certain angle limit. Therefore, these angle constraints need

to be introduced into the dynamic computational formulation or model.

As the model is usually needed for simulation and control purposes, it is impor-

tant to expand the study toward computing torques and forces for a typical motion

of a biomechanical subject. Following the ideas revealed by Seireg and Arvikar [66]
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many scientists are interested in some problems connected with human motor con-

trol. As stated in [59], researchers are interested to know how the human brain

controls numerous motor units which perform a motor task. They are also inter-

ested in finding any criterion for a unique force distribution among the countless

combinations that exist and the principle behind it. In this study, the focus is to

know how optimization works in choosing appropriate torques for a typical motion

of a biomechanical subject, and to determine any limitations.

Computing appropriate torques and forces of a biomechanical subject’s motion

could be done in many different ways. Inverse dynamics or dynamic optimization

is usually used as a tool to compute torques or forces that reproduce the angular

coordinates of each body segment that is relatively close to kinematic data. How-

ever, the kinematic data usually consists of the real signal and low amplitude-high

frequency noise. This noise term does not give significant differences to the mea-

sured displacement data since the amplitude is assumed to be small. However, the

amplitude of its numerical derivative is very large, and this becomes larger for the

higher order derivatives. Hence, this noise gives very significant change to the veloc-

ity and acceleration values which are used to compute torques or forces. Therefore,

inverse dynamics tends to produce noisy resultant joint moment (RJM) estimates.

Hence, appropriate data smoothing is important in order to minimize the effect of

noise and this is to be done prior to the computation of torques and forces, using

inverse dynamics.

In this work, data smoothing and the torque computation is unified into a single

computation process so as to obtain smoothed torques which more realistically repre-

sent biomechanic subject motions. This approach is more valuable considering that

most of biomechanic optimal control problems also need to estimate body segment

parameters (BSP) (these values may not be accurately known) and these values

could be estimated in the unified computation process. Usually these parameters

are assumed to be known and fixed prior to the computation of the optimal control

problems. All available techniques for BSP estimation are subject to error, because

of the existence of variation in the BSP based on race, sex, body type and age.

Using this unified approach, the existing BSP estimation may also be improved dur-

ing optimization so that the final results could represent the biomechanical system

motion more accurately.
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1.2 Two-Dimensional Segmented Body Model

Many researchers (some will be mentioned here) have used computer simulation

for the study of biomechanic hinged segmented body models and shown that the

approach is an effective tool for analysis of biomechanical systems. The motion for a

system of linked rigid bodies is usually predicted based on a known set of kinetic or

kinematic input parameters [53]. In particular, the application of simulation models

to vaulting in gymnastics (Gervais, 1994; King, et al., 1999) [25, 37] has given a

means of determining optimum techniques. An efficient and versatile method for

repeated computations of the forward dynamics for a system of planar linked rigid

bodies has been presented by Koh (2001) [38]. Hence the two-dimensional segmented

body model used in this study is based on the formalism of Koh (2001). The method

has been developed for use in MISER3.3 [33], a package for the optimal control of

constrained dynamical systems which uses costate variables to determine gradients of

the objective and constraint functions in the optimization of dynamical systems. As

MISER3.3 computes a forward evaluation at every iteration, the method developed

by Koh (2001) is essential for efficiency in computation. Previous mathematical

approaches to the formulation of equations for the forward dynamics (Marshall et

al.,1985; Kuo, 1998) [46, 43] were inadequate in terms of the computational efficiency

for use in MISER3.3. The method developed by Koh is similar to Kuo (1998) but

the notation has been further simplified and formalized, especially in terms of the

topology of the model. The method outlined can take into account zero or any

number of external contacts, with or without measured external forces. Another

advantage of the method is that it can also facilitate the changing of the model from

a single contact point to free flight.

1.2.1 The Geometric Representation and Notation The biomechanical

system is assumed as a 2-D linked body consisting of n segments joined by revolute

joints, where each of the segments is simplified as a straight line. The `i, mi, and Ii

represent respectively the ith segment length, mass and moment of inertia about its

centre of mass (CM), which is a distance ri from the proximal end (Figure 1.2.1.1).

All segments are labelled to have a proximal and distal end. There is a global coor-

dinate system XOY, which has an origin fixed in an infinite mass “ground”. Each

segment’s position is computed from its centre of mass (xi, yi) and the angle θi that

the segment makes with the positive X-axis. The centre of mass (CM) of the whole

body, (X, Y ), is given by
[

X
Y

]
= 1

M

[Pn
i=1 mixiPn
i=1 miyi

]
where M =

∑n
i=1 mi.
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Figure 1.2.1.1: Free body diagram of the ith segment

For a 2-D connected body, the position of every segment can be computed if

all θi, i = 1, . . . , n, and one segment’s positional coordinate or the CM (X, Y ) are

known. A more convenient and accurate way of describing the positions of the cen-

tres of mass of segments is to assign (xE, yE) as the co-ordinates of the proximal

end of the first segment, which for simplicity is usually the point of contact to the

external world, if there is one. The positional equations for a chain of segments (no

loops or multiple branches) are

x1 = xE + r1 cos θ1 y1 = yE + r1 sin θ1,

x2 = xE + `1 cos θ1 + r2 cos θ2 y2 = yE + `1 sin θ1 + r2 sin θ2,

...
...

xn = xE +
n−1∑
i=1

`i cos θi + rn cos θn yn = yE +
n−1∑
i=1

`i sin θi + rn sin θn.
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The notation used here is that vectors are in bold lower case and matrices are in bold

upper case, scalars are in normal type, both upper and lower case. In matrix form

x = xEe + LDce and y = yEe + LDse, where x = (x1, . . . , xn)t, y = (y1, . . . , yn)t,

e = (1, 1, . . . , 1)t, Dc = diag(cos θ1, . . . , cos θn), Ds = diag(sin θ1, . . . , sin θn) and

L =



r1 0 0 0 · · · 0

`1 r2 0 0 · · · 0

`1 `2 r3 0 · · · 0
...

...
...

...
. . .

...

`1 `2 `3 `4 · · · rn


Note that the i−th rows of the n × n matrices LDc and LDs have elements

which describe the geometric path to the i−th segment centre of mass, starting

from an origin at the proximal end of segment one. The i−th elements of LDce

and LDse are the respective x and y components of the position of the centre of

mass of segment i relative to (xE, yE). The centre of mass of the whole system can

likewise be written in matrix-vector form as MX = mT x and MY = mT y, where

mT = (m1, . . . , mn). Hence the relations, using mT e = M , are

MX = mT x = MxE + mT LDce and MY = mT y = MyE + mT LDse.

(1.2.1.1)

The distal end of the last segment for a chain of segments, has coordinates

xD
n = xE +

n∑
i=1

`i cos θi and yD
n = xE +

n∑
i=1

`i sin θi.

If loops or multiple branches are present, the segments can still be ordered so that

L is lower triangular.

1.2.2 The Topology To describe the topology of the body, each joint is la-

belled with a number, k, k = 1, . . . , j where j = n + 1 for a body with no loops.

Some of these joints touch the ground or are free or are constrained on a curve. This

allows for externally applied forces on any joint, in particular, from the infinite mass

ground. The proximal incidence matrix is a j × n matrix AP where

AP
ki =

−1, if segment i has proximal end at joint k,

0, otherwise
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The distal incidence matrix AD is similarly defined,

AD
ki =

1, if segment i has distal end at joint k,

0, otherwise

These two matrices define the topology of the body and AP +AD defines the vertex-

arc, or joint-directed segment incidence matrix of a digraph. The joint-external

contact incidence matrix B (j × e) is defined as

Bij =

1, if joint i contacts the ground at external contact j,

0, otherwise,

where e is the number of external contacts. The example used throughout the

model development is of a gymnast performing a Yurchenko layout vault. For the

4-segment rigid body model (Figure 1.2.2.1), the matrices are given by

AP =


−1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

0 0 0 0

 , AD =


0 0 0 0

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 , B =


1

0

0

0

0

 .

These matrices are specific only to the contact phase of the vault and change ac-

cording to the geometry of the model and the numbers of external contacts.

Suppose that a joint k has two proximal ends, namely i and b incident on it and one

distal end a incident on it (Figure 1.2.2.2). An external force F E
k acts on the joint.

The reaction forces on segment i come from joints k proximal and (k+1) distal, and

are written as F P
i and F D

i for the proximal and distal forces respectively. These

forces supply the rotational and translational motion to segment i and are written

as

F E
k =

[
FEX

k

FEY
k

]
, F P

i =

[
F PX

i

F PY
i

]
, F D

i =

[
FDX

i

FDY
i

]
.

The balance of forces at a joint k takes the form, “the sum of all reaction forces at

joint k equals the external force at joint k”. From Figure 1.2.2.2,[
F PX

i

F PY
i

]
+

[
F PX

b

F PY
b

]
+

[
FDX

a

FDY
a

]
=

[
FEX

k

FEY
k

]
.
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Figure 1.2.2.1: Four-segment model of gymnast.
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Figure 1.2.2.2: Example of forces at a joint.
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Using the incidence matrices, the combination of these equations for all joints can

be written as the following matrix equations:

−AP fPX + ADfDX = BfEX

−AP fPY + ADfDY = BfEY

where fPX is a vector of proximal x-component reaction forces for each segment

and fDX the corresponding distal x-component reaction forces, similarly the y-

components. The vectors fEX and fEY are the joint external forces. The two

equations above can be simplified to

AfX = 0 (1.2.2.1)

AfY = 0 (1.2.2.2)

where the order of the proximal, distal and external forces is arranged so that,

fX =

fPX

gX
E

fDX

 , fY =

fPY

gY
E

fDY


and where

gX
E = −fEX , gY

E = −fEY

represent the components of the joint forces on the ground. Hence A = [−AP B AD],

a matrix of zeros and ones. For a chain of segments, with external contact at segment

one,

A =

[
In e1 0T

0T In

]
,

where e1 = (1, 0, 0, . . . , 0)T , and In is an n × n identity matrix. For the case of a

free-flight body (without external contacts), the external forces either may be left

out, or put B = 0, or add extra equations, denoted as gX
E = 0 = gY

E .

1.2.3 Translational Equations of Motion The translational equations of

motion for an n-segment model are the result of twice differentiation of the equations

of the positions of the centres of mass of each segment, and then setting the mass

times acceleration equal to the forces on each segment. Let ẍE = aX
E and ÿE = aY

E .

For a body with external contact at the proximal end of segment one, the variables
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aX
E and aY

E can be removed or extra differential equations added, namely ẍE = 0

and ÿE = 0. For an n-segment body, the equations are given by

F PX
i + FDX

i = mia
GX
i

F PY
i + FDY

i −mig = mia
GY
i

aGX
i = aX

E −
i−1∑
j=1

(αjlj sin θj + ω2
j lj cos θj)− αiri sin θi − ω2

i ri cos θi

aGY
i = aY

E +
i−1∑
j=1

(αjlj cos θj − ω2
j lj sin θj) + αiri cos θi − ω2

i ri sin θi

where j = 1 to n. The translational equations can be re-written as

−ẍEm + JY α + SfX + 0 = −JXω2 (1.2.3.1)

−ÿEm− JXα + 0 + SfY = gm− JY ω2 (1.2.3.2)

where θ = (θ1, · · · , θn)T , ω = θ̇, α = θ̈, ω2 = (ω2
1, · · · , ω2

n)T , S =
[
In|0|In

]
,

JX =


m1r1 cos θ1 0 · · · 0

m2`1 cos θ1 m2r2 cos θ2 · · · 0
...

...
. . .

...

mn`1 cos θ1 mn`2 cos θ2 · · · mnrn cos θn

 = DmLDc,

JY =


m1r1 sin θ1 0 · · · 0

m2`1 sin θ1 m2r2 sin θ2 · · · 0
...

...
. . .

...

mn`1 sin θ1 mn`2 sin θ2 · · · mnrn sin θn

 = DmLDs,

and where Dm = diag(m). Note that the zero matrix in S is n × e, which means

that the external force does not appear here directly. For the 4-segment model,

e = 1 and thus,

S =


1 0 0 0 0 1 0 0 0

0 1 0 0 0 0 1 0 0

0 0 1 0 0 0 0 1 0

0 0 0 1 0 0 0 0 1

 .

To cater for both contact and free flight dynamics the two sets of variables

{aX
E , aY

E} and {gX
E , gY

E} could be interchanged in the vectors fX and fY . So for

contact {aX
E , aY

E} are zero, {gX
E , gY

E} are non-zero and are in fX and fY , while for
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free flight {gX
E , gY

E} are zero, {aX
E , aY

E} are non-zero and are in fX and fY . In the

same way the vector B in A has to change to a zero for free flight, while the middle

column in S changes to −m,

S =


1 0 0 0 −m1 1 0 0 0

0 1 0 0 −m2 0 1 0 0

0 0 1 0 −m3 0 0 1 0

0 0 0 1 −m4 0 0 0 1

 .

With this change, the Equations (1.2.3.1) and (1.2.3.2) can be written as

JY α + SfX + 0 = −JXω2 (1.2.3.3)

−JXα + 0 + SfY = gm− JY ω2. (1.2.3.4)

In the case of free flight, two extra equations to find the position of the proximal end

of segment one are required, namely ẍE = aX
E and ÿE = aY

E . These can be related

to the acceleration of the CM via twice differentiation of Equation (1.2.1.1).

1.2.4 Rotational Equations of Motion For the general case, the moment

equations of each segment about the segment CM are given by

Ijαj = τP
j + τD

j

+ F PX
j rj sin θj − FDX

j (`j − rj) sin θj

− F PY
j rj cos θj + FDY

j (`j − rj) cos θj

where j = 1 to n. The moment equation can similarly be written in matrix form as

Jα + F XfX + F Y fY = Tτ , (1.2.4.1)

where, for the target geometry, J = diag(I1, I2, . . . , In), the moments of inertia,

F X = Ds[−Dr | 0 | D` −Dr], F Y = Dc[Dr | 0 | −(D` −Dr)]

Dr = diag(r1, r2, . . . , rn), and D` = diag(`1, `2, . . . , `n). Once again note that the

external forces do not appear directly in these equations.

τ is an appropriately ordered vector of the proximal torques. These torques can

be considered as making the angle between the segments larger or smaller. It is pos-

sible for a torque to act on a segment separated by other segments (Figure 1.2.4.1).

In the study of a biomechanical system in this thesis, it is assumed that only one

torque acts between two segments about a common joint and that the torques are

given functions of time.
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τ

Figure 1.2.4.1: Example of muscular torques on segments

A consistent notation to specify the torques needs to be established and is given

by the matrix T which is a matrix of zeros, ones and negative ones that describes

which segments have which torques acting on them. Consider segments i and j

where i > j and a torque τk exists between these segments (Figure 1.2.4.2). Then

the ‘sign’ chosen for τk is positive if the angle from segment j to segment i going an-

ticlockwise increases, when no other torques or forces act on these segments. In the

absence of other forces and torques, this makes θj decrease and θi increase. Hence,

Tik =


1, if τk acts on segment i, so that θi increases,

−1, if τk acts on segment i, so that θi decreases,

0, otherwise

For a four segment chain model, at joint k, where segments k and k + 1 join,

τk = −τD
k , τk = τP

k+1, and the matrix T is given by,

T =


1 −1 0 0

0 1 −1 0

0 0 1 −1

0 0 0 1

 or T =


−1 0 0

1 −1 0

0 1 −1

0 0 1


depending on whether or not there is a torque between segment one and the external

world respectively.
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Figure 1.2.4.2: Effect of a positive muscular torque on adjoining segments

An alternative way of treating torques in addition to this approach is to simply

have one torque for each segment acting about its CM. If these torques are denoted

σi, i = 1, . . . , n then σ = Tτ , so that when T is not invertible, there needs to be an

extra condition on σ. In the example above where T is 4 × 3, the sum of σi must

be zero.

No attempt is made to model torques to fit constraints due to mechanical prop-

erties of muscle.

1.2.5 Augmented Equation of Motion Combining equations (1.2.2.1),(1.2.2.2),

(1.2.3.3) , (1.2.3.4) and (1.2.4.1) gives the structured set of equations
J F X F Y

JY S 0

0 A 0

−JX 0 S

0 0 A




α

fX

fY

 =


Tτ

−JXω2

0

mg − JY ω2

0

 (1.2.5.1)

representing 3n + 2j equations in 5n + 2e unknowns. It is important to know the

case when 3n + 2j = 5n + 2e and when it is not, as it is related to the degrees of

freedom of the model. A tree structured body (j = n+1) with one (e = 1) external

force gives a square matrix. If there is more than one external force on different

joints of the tree body, then there would seem to be more variables than equations

and the external or reaction forces will not be unique. But if there is more than
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one external contact, there is a geometric constraint relating the point of contact to

the origin, usually chosen at the first point of contact. If there are loops within the

structure, then j ≤ n and again the system becomes underdetermined with even one

external force. But in this case, there are extra geometric equations in θ describing

the loops. These extra constraints need to be added to Equation (1.2.5.1) in order

to keep the matrix square. This makes Equation (1.2.5.1) a differential algebraic

equation (DAE) in some cases. The geometric constraints can be differentiated to

form an ordinary differential equation (ODE) system. If any external force is known,

it can be transferred to the right hand side.

There are two cases of interest in the biomechanical model namely, (Case 1) a

chain of segments with one contact at the proximal end of segment one, and (Case

2) the same chain in free flight. Since in all chapters of this thesis, the study involves

only Case 1, only the detailed computation of the Case 1 will be described here. In

the following section the matrix algebra may appear to be horrendously arduous,

but, it does lead to a reduction in computation of up to 60 times for 10 segments.

1.2.6 Case of One Contact at Proximal End of Segment One Assume

that j = n+1, which is the case of a chain of n segments with contact at the proximal

end of segment one, so that the system is square and that the square matrix,

P =


S 0

A 0

0 S

0 A


of order (2n + 2j) is invertible. In more detail,

[
S

A

]
=

In 0 In

In e1 0T

0T In


and hence it can be shown that

P−1 =


[
S

A

]−1

0

0

[
S

A

]−1

 , and

[
S

A

]−1

=

 Un 0 −Un

−Un

0T
Un+1


and where Un is an n×n upper triangular matrix of ones. The right hand (2n+1)×
(n+1) block of this last inverse is not needed as it always multiplies zero blocks. For
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topologies other than a chain with one external contact, this matrix and its inverse

may differ from that above. Then letting

B =
[
F X F Y

]
and C =


JY

0

−JX

0


yields 

α

fX

fY

 =


Q−1 −Q−1BP−1

−P−1CQ−1 P−1 + P−1CQ−1BP−1




Tτ

−JXω2

0

mg − JY ω2

0


where Q = (J −BP−1C) is an n× n matrix. In particular,

α = Q−1

Tτ −BP−1


−JXω2

0

mg − JY ω2

0




The reaction and external forces can then be found as
fX

fY

 = P−1


−JXω2

0

mg − JY ω2

0

− P−1Cα.

Because many of the matrices which make up the blocks in Equation (1.2.5.1) are

independent of time, these can be computed once only. The matrices J , L, Dr,

Dm, D` and T are independent of time. However, Ds, Dc, ω2 and τ depend on

time. In more detail,

B =
[
Ds[−Dr | 0 | D` −Dr]

∣∣ Dc[Dr | 0 | −(D` −Dr)]
]

and

C =


DmLDs

0

−DmLDc

0

 .
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Then BP−1 can be supplied using the identity,

[Dr | 0 | −(D` −Dr)]

 Un

−Un

0T

 = LT

to give

BP−1 =
[
−DsL

T | Z | DcL
T | Z

]
,

where the blocks marked Z are not relevant as they later multiply zero blocks only.

Now,

BP−1C =
[
−DsL

T | Z | DcL
T | Z

]


DmLDs

0

−DmLDc

0


= −

(
DsL

T DmLDs + DcL
T DmLDc

)
.

Let E = LT DmL, a symmetric matrix, which is independent of time. Then,

Q = J + DsEDs + DcEDc. (1.2.6.1)

The term multiplying ω2 is given by

BP−1


JX

0

JY

0

ω2 =
[
−DsL

T | Z | DcL
T | Z

]


DmLDc

0

DmLDs

0

ω2

=
(
−DsL

T DmLDc + DcL
T DmLDs

)
ω2

= (−DsEDc + DcEDs) ω2. (1.2.6.2)

The gravity term is

−BP−1


0

0

m

0

 g = −
[
−DsL

T | Z | DcL
T | Z

]


0

0

m

0

 g

= −DcL
T mg
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= Dcn, (1.2.6.3)

where n = −LT mg, which is independent of time. All the above can be combined

to give the simplified model of

α = Q−1
[
Tτ + Dcn + (DcEDs −DsEDc) ω2

]
≡ Q−1f(θ, ω, τ ). (1.2.6.4)

1.2.7 Inverse Analysis Inverse analysis is the term applied to the process of

computing the torques and reaction forces from the kinematic data of the segments

derived from film or video digitizing and smoothing. The Equation (1.2.5.1) can be

rearrranged to show these relations as
−T F X F Y

0 S 0

0 A 0

0 0 S

0 0 A




τ

fX

fY

 =


−Jα

−JY α− JXω2

0

mg + JXα− JY ω2

0

 (1.2.7.1)

The coefficient matrix is now block upper triangular and so can be solved easily by

solving for fX and fY and then solving for τ at each discrete data time, ti (static

inverse analysis). Alternatively the reaction force vectors can be solved using the

translational accelerations of the centre of masses of each segment. A unique set of

torques is possible if the matrix T is square and invertible. This means that for n

segments, there should be n torques between segments. This is not possible for the

free flight case or even the case of a chain of segments in contact with the ground

where there is no torque being generated between the ground and the first segment.

However the motion should be such that there is a solution in this case but as α

and ω are not accurately known, being derived from data, a least squares technique

could be used to find a suitable set of torques. In fact as the ω and α are usually

derived data from spline smoothing or the like, all the defining equations could be

used in the least squares formulation including the reaction forces and translational

acceleration equations. The sum of squares of residuals would give some idea of how

good the derived data is.

The above discussion is a static inverse analysis as Equation (1.2.7.1) is evaluated

at each discrete time ti of interest. Given that there is error involved in the values

of ω and α, it would be possible to introduce simple dynamic relationships into the

static equations, for example, an Euler of modified Euler method to approximate

the dynamics. In this way, the torques found will approximately satisfy both the

static equations and the dynamics (either forward or backward or both). This can
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introduce more equations than unknowns leading perhaps to a more realistic least

squares analysis. These approaches should be looked at.

1.2.8 Jacobians for MISER3.3 MISER3.3 needs first derivatives of the

state equations with respect to the state and control variables. For these derivatives,

three Jacobian matrices are needed, i.e.:

∂
(
Q−1f

)
∂θ

,
∂
(
Q−1f

)
∂ω

, and
∂
(
Q−1f

)
∂τ

.

Let Dn = diag(n) and Dω = diag(ω). The Jacobian matrices can be computed as

finite differences or computed analytically from the following analysis. Note that Q

is only a function of θ, so

∂
(
Q−1f

)
∂θ

=

(
∂Q−1

∂θ

)
f + Q−1∂f

∂θ
and

∂
(
Q−1f

)
∂ω

= Q−1 ∂f

∂ω

∂f

∂ω
= 2 (DcEDs −DsEDc) Dω.

∂f

∂θ
= −DsDn −Ds

[
diag(EDsω

2)
]
−Dc

[
diag(EDcω

2)
]

+ DcEDcD
2
w + DsEDsD

2
w(

∂Q−1

∂θ

)
f = −Q−1∂Q

∂θ
Q−1f = −Q−1

[
∂Q

∂θ
α

]

This last expression has to be correctly interpreted. Let ρi(E) and κj(E) be row i

and column j respectively of the matrix E. As E is defined differently for contact

and free flight, no special properties of E are used. Then

∂Q

∂θi

= cos θi

 0

ρi(E)

0

Ds − sin θi

 0

ρi(E)

0

Dc

+ Ds [0|κi(E)|0] cos θi −Dc [0|κi(E)|0] sin θi

= cos θi

(
[eiρi(E)Ds] + [eiρi(E)Ds]

T
)

− sin θi

(
[eiρi(E)Dc] + [eiρi(E)Dc]

T
)
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where ei is the unit vector with a one in position i. Column i of
[

∂Q
∂θ

α
]

is ∂Q
∂θi

α, i.e.,

κi

[
∂Q

∂θ
α

]
= cos θi

[
eiρi(E)Dsα + Dsκi(E)eT

i α
]

− sin θi

[
eiρi(E)Dcα + Dcκi(E)eT

i α
]

= cos θi [eiρi(E)Dsα + Dsκi(E)αi]

− sin θi [eiρi(E)Dcα + Dcκi(E)αi]

Here the scalar quantities

ρi(E)Dsα =
∑

j

Eij sin(θj)αj and ρi(E)Dcα =
∑

j

Eij cos(θj)αj

and is loaded onto ei, which corresponds to the (i, i)th position of
[

∂Q
∂θ

α
]
, whereas

the column term Dsκi(E)αi and Dcκi(E)αi load onto the ith column of
[

∂Q
∂θ

α
]
.

The full Jacobian for MISER3.3 is a 2n× 2n blocked matrix,

J θ,ω =

[
0 | I

−Q−1
([

∂Q
∂θ

α
]
− ∂f

∂θ

)
| Q−1 ∂f

∂ω

]

The other Jacobian is

J τ =
∂f

∂τ
= Q−1T .

1.3 Literature Survey on Biomechanical System Modelling

The large effort needed to model the dynamics of a system is one of the biggest

obstacles to widespread use of optimal control [45]. Most optimal control methods

transform the optimal control problems into parameter optimization problems with

final optimal results dependent on the accuracy of the dynamic model. Unlike the

feedback control in many engineering practices where the inaccuracy of the dynamic

model is compensated through feedback, in numerical optimal control computation

the control action is computed once (off-line) and no feedback action is taken to

compensate for the unsatisfied performance of the control. This offline control com-

putation has to be very accurate to avoid undesirable results and these accuracy

results certainly depend on the accuracy of the dynamic model.

In biomechanics, the predictive element of a computer simulation model is the

ultimate contribution to the increase of the biomechanists understanding of the

mechanical basis of human motion [50]. The complexity of the mechanism working

on human body segment motion has revealed the difficulty of representating human

body motion without the involvement of a computer simulation model. Through a
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computer simulation model, many characteristics of a real biomechanical system can

be added and simulated one after the other and the result can be used to observe

whether the characteristics of the simulated result resemble the real characteristics

of the biomechanical system. Agrawal (1991) [1] found that this is the reason behind

the motivation for the dynamic behaviour of multi-degree-of-freedom biomechanical

systems to be studied by computer simulation of their dynamic equations.

As the first step in the computer simulation model researchers usually begin

with modeling a 2-dimensional motion of a biomechanical system, where the system

is simplified as hinged segments. This approach can be found for example in the

work of Koh and Jennings (2003) and Koh et.al. (2003) [40, 41, 42], where planar

hinged segmented body models have been used for analysis of biomechanical systems.

The reason for using this approach is the need for simplified biomechanical models

that represent the system accurately and are capable of providing simulation results

which satisfy the requirement of a particular system. This modeling approach is

particularly preferable because it furnishes a set of ordinary differential equations

rather than differential algebraic equations which need extra effort in determining

the numerical solution.

Recently, this type of model has been used not only for dynamic simulation and

analysis as done by Avezedo et. al. (2004) and Tian and Gilbertson (2004)[5, 74]

but also for control purposes as shown in the work of Menegaldo (2003) [49]. The

reliability of the model for control computation is important as the control generated

in a certain motion of a biomechanical subject is case specific, and is subjected to

changes if the body changes naturally or accidentally. Menegaldo (2004) [49] specif-

ically emphasize that the changes in dynamical system of a biomechanical subject

should be simulated and optimized in advance before the system is to be modi-

fied by some event: surgery, injury, or the use of some orthotic device. Therefore,

studies in this area will provide advancement in the field of biomechanics and sport

sciences. This thesis shows how some model formulations cannot produce reliable

results because of non-uniqueness in determination of BSP parameters and torques.

This indicate that information extra to the trajectories is required

1.4 Literature Survey on Biomechanical Data Smoothing

Before the advent of the digital computer, researchers in the field of biomechanics

were obliged to perform their data smoothing and time differentiation using graphi-

cal techniques [75]. The problem with the graphical techniques is the large amount

of effort and time needed to make the calculation as well as the accuracy of its re-
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sult. With the existence of digital computer, applied mathematicians for many years

have been developing algorithms for the numerical smoothing and differentiation of

displacement data. As mentioned by Vint and Heinrich (1996) [78], among the most

famous methods are: Butterworth digital filter [57, 79], cubic spline [48, 70], quintic

spline [80], and Fourier series [3]. These famous methods have been continuously

improved since they were introduced by researchers working on both theoretical and

numerical aspects. As a result, these methods have also been incorporated into

many of the commercially available motion analysis software packages.

Lowpass digital filtering of noisy signals for many years has been an essential

procedure for biomechanists [64]. The digital filter, in its earlier development, is

widely used in engineering as it can be easily understood and implemented. This

filtering is the earliest data smoothing method available in the form of software

routine operated on data stored in computer memory or implemented with dedicated

digital hardware. Simple low pass digital filters are among the cheapest digital filters

available in market and commonly used by engineers. The most widely used filtering

method in human movement analysis was first published by Winter et.al (1974) [79].

In his work, second order Butterworth digital filter was used to smooth the raw data

and first order finite differences was used for differentiaton. Since it is frequency-

based, the effect of filtering can be easily understood and predicted. Choosing a

cutoff frequency is obvously easier than estimating the error involved in the raw

data in the spline methods.

Basically, the Butterworth digital filter is a recursive routine which uses prior

data points (both smoothed and raw data) to predict subsequent smoothed data

points [27]. As a digital filter it is easily implemented using computer program.

However, the main problem for this method is that there is no simple mathematical

expression for the filter coefficients as a function of order and cutoff frequency.

Besides, for a given filter order, Butterworth designs have the widest transition

region (the frequency range between the passband and the stopband of a digital

filter) of the most popular filter design functions.

Pezzack et. al. (1977) [57] extended the work of Winter et.al. (1974) [79] by

comparing the acceleration curves generated from film data with analogue curves

from an accelerometer, for the planar movement of a single segment. The acceler-

ation obtained through smoothing and finite difference computation was compared

directly with the acceleration measured by an accelerometer. The analogue acceler-

ation data set produced in his work was later used as the base by many researchers

in evaluation of their smoothing methods. Experience in the digital filter revealed
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that the inaccuracy of the acceleration computed usually occurs at the beginning

and end of the time interval. Therefore, Smith (1989) [69] suggested the importance

of using between 10 to 20 padding data points at the beginning and the end of a

data set to improve the approximation of the acceleration curve.

A straight polynomial interpolation of evenly spaced data usually tends to build

in distortions near the edges of the data set. Hence an alternative polynomial was

sought to overcome this problem which inspired the development of spline interpo-

lation. The spline is a piecewise differentiable polynomial function satisfying certain

continuity conditions on the derivatives at the joining point of the consecutive pairs.

At the early stage, the spline smoothing was not widely used as it was more difficult

to implement especially in engineering since convergence is not always secured for

this class of methods. On the other hand it enabled control of the residuals. Algo-

rithms for spline smoothing of data were first developed by Reinsch (1967) and then

expanded in his latter work in 1971 [61, 62].

Zernicke et.al (1976) [86] compared different smoothing and differentiating tech-

niques and concluded that the cubic spline gave very acceptable results except at

the endpoints where acceleration was known to be non-zero. Since a cubic spline

is only piecewise cubic, this means that a sufficiently high derivative (third) is dis-

continous. So if the application is sensitive to the smoothness of derivatives higher

than second, cubic splines may not be the best choice.

Wood and Jennings [81, 80] proposed the quintic spline for biomechanical data

smoothing and showed that it suffers less from endpoint problems than the cubic

spline. Gazzani [24] gives guidance to select smoothing method based on data type

for the user wanting to accurately smooth and differentiate noisy time series data.

Comparison of smoothing method studied in [78] show that quintic spline is better

regarding its endpoint error both for padded and non-padded data compared to the

cubic spline, the Butterwoth digital filter and Fourier series.

1.5 Literature Survey on Optimal Control Computation

The maximum principle for optimization problems involving dynamic systems,

formulated by Pontryagin in 1962 [58], served as an initial step for the development

of numerical algorithms to solve optimal control problems. The necessary conditions

for optimality which are provided by Pontryagin maximum principle establish the

relation between the optimality of the control and minimizing or maximizing the

Hamiltonian function of the problem at each time instant by the control value subject

to control constraints. These necessary conditions produce a two point boundary
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value problem for the dynamics of the system and the adjoint variables which are

also known as costates. Analytical as well as indirect numerical methods of solving

optimal control problems are based on the maximum principle.

The solution of an optimal control problem can be found either by solving the

boundary value problem formulated by the optimality conditions of the maximum

principle through the application of dynamic programming [16] or by direct opti-

mization of the objective functional. In both cases, an approximate solution can

be found by representing the control and/or state functions by a finite number of

parameters which transform the problem into a parameter optimization problem

[31, 72].

In practice, numerical methods for solving optimal control problems are divided

into two categories: direct and indirect methods. Indirect methods proceed by for-

mulating the optimality conditions according to the Pontryagin maximum principle

and then numerically solving the resulting two point boundary value problem. Direct

methods discretize the original problem in time and solve the resulting parameter

optimization problem and hence generate an approximate solution of the original

problem. Both methods aims to satisfy the necessary conditions of optimality and

both discretize the problem. The order in which these actions are taken is different.

The difference between the methods is described in [56].

Solving the two point boundary value problem requires finding the initial val-

ues of the costates and a number of Lagrange multipliers if there are constraints.

Hence, the number of unknowns is equal to the number of states in the dynamics plus

the Lagrange multipliers [56, 63]. On the other hand, the parameter optimization

problem usually has a large number of decision variables corresponding to the pa-

rameters of the discretized state and control based on approximating the dynamics.

Besides, it also has a large number of constraints resulting from state and control

discretization. The optimal control problem can also be transformed into a multi

point boundary value problem (MBVP). For such MBVPs shooting techniques have

been established as efficient and reliable solution methods providing highly accurate

solutions. However, shooting methods have some drawbacks: these methods need

an accurate initial guess of optimal state, control and adjoint variables and require

a priori knowledge of the structure of the optimal solution (such as the number of

active time intervals for the constraints) [17].

Indirect methods are considered to produce more accurate results, while direct

methods tend to have better convergence properties. A problem of indirect methods

is their need for a good initial guess of the initial values of the costates in order to
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converge. The costates do not have a direct physical meaning, and hence it is

difficult to find a reasonable initial guess for them. Another issue is the derivation

of the necessary conditions which must be considered for each problem. In the

case of a problem with complex dynamics and constraints this derivation could

be complicated. In addition, the switching structure of the solution needs to be

known in advance. In the presence of state inequality constraints, the sequence of

constrained and unconstrained subarcs needs to be known. Also, the singular arcs of

the problem must be known in advance. Hence, the problem with indirect methods

is in finding a suitable starting point [16]. The necessary conditions are problem

structure specific, but finding a good initial value of the costate and the switching

structure is case specific since it may change if, for instance, the value of the initial

state changes. This mean that even an automatic solver designed for a particular

problem may need an experienced user for getting started in difficult cases.

Direct methods that parameterize the infinite dimensional problem have been

intensively studied in the 90’s [8, 13, 9, 21, 23, 68]. The state variables and/or

controls are represented by a finite number of parameters by discretization or by

using suitable basis functions. These direct methods use three basic approaches.

First, if only the control is parameterized, the resulting state trajectory, performance

index and constraint values can be found by numerical integration. These methods

are known as the direct shooting method or control parameterization. Second, if

only the state is parameterized and constrained so as to be achievable by some

allowed control, differential inclusion method is arrived at. Third, both state and

control can be parameterized, and methods such as collocation and direct multiple

shooting are of this type.

The size of the resulting optimization problem depends on the parameterization

method. The smallest optimization problem is obtained from parameterization of

the control only, while parameterization of both control and state results in the

largest problem. In addition to the size of the optimization problem, the compu-

tational complexity and difficulty also depends on other aspects. If control param-

eterization is used, for instance, control parameters early in the trajectory usually

have a large nonlinear effect on the state at later parts of the trajectory. This may

slow down the convergence and even cause numerical problems. On the other hand,

if the problem requires very small discretization intervals, parameterization of both

state and control may result in a huge optimization problem.

Shooting methods rely on ODE solvers to generate the state trajectory based on

the existing parameters. The performance index (optimal control objective value)
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can be evaluated using the result of ODE solver. The name “shooting” refers to

the repeated process of integrating the state and costate trajectories, computing the

outcome and then adjusting the initial conditions and controls based on the mis-

match between the actual and desired outcomes. Multiple shooting methods [15]

divide the time horizon into multiple segments on which the shooting is performed,

and the values of the state at the junctions of these segments are taken to be opti-

mization variables. The effect of the controls on each segment is limited only to the

state trajectory on the corresponding segment. Thus, the nonlinear effect of control

parameters associated with the beginning of the time horizon on the later part of

the state trajectory can be reduced.

Many well known direct methods have appeared to be powerful tools for solving

optimal control problems [55, 26, 13]. Several commercial software packages for op-

timal control computation have been released, such as: MISER3 [33], COOPT [67]

and SOCS [10, 11]. In COOPT [67], modified multiple shooting was proposed where

continuity constraints are reduced using its structure so as to reduce the number

of sensitivity solutions which are needed to compute the derivatives. However, the

appearance of continuity constraints in the multiple shooting method increase signif-

icantly the number of equality constraints in addition to the constraints of original

optimal control problems. This explain why this software is designed with large scale

optimization programs. As mentioned in [12], SOCS passes the discretized problem

directly to the nonlinear programming solver without firstly integrating the dynamic

equation and this can reduce the dimension of the optimization problem. In control

parameterization using MISER3 [26], the control vector is parameterized (e.g. in

the form of piecewise linear). Given the initial state conditions, the state equations

are integrated using ordinary differential equation solver. This allows for the com-

putation of the objective and constraints, which the optimization routine then uses

iteratively to find the optimal parameters in the control parameterization. In this

way, all state equations are feasible (without any additional continuity constraints)

during the calculation of the objective value resulting in a robust solution procedure.

However, with poor starting values of control parameters, finding an initial feasible

solution is a hard problem using this algorithm, especially if the final solution is

unstable with respect to the given initial guess [71]. The main advantage of this

approach is that the number of parameters for the NLP solver is significantly smaller

than for other methods, since the state variables are computed directly by the ODE

solver.
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1.6 Optimal Control Computation Using MISER3.3

MISER3.3 is a software package for optimal control computation that uses a

direct parameterization of control variables to approximate the solution of optimal

control problems. The formal optimal control problem to be solved is to minimize

the cost functional of the form:

G̃0(u, z) = φ0(x(tf ), z) +

∫ tf

ts

g0(t,x(t),u(t), z)dt. (1.6.1)

where

x(t) = [x1(t), x2(t), . . . , xns(t)],

are state variables, while

u(t) = [u1(t), u2(t), . . . , unc(t)],

are control variables, and

z = [z1, z2, . . . , znz ],

are system parameters. The state and control variables are usually governed by a

set of ordinary differential equations in the time interval [ts, tf ], and thus can be

described as:

ẋ(t) = f(t,x(t),u(t)), x(ts) = x0(z) (1.6.2)

Any constraints involving the state variables or nonlinear constraints involving the

control functions are transformed into the standard canonical form:

G̃k(u, z) = φk(x(τk), z) +

∫ τk

ts

gk(t,x(t),u(t), z)dt
=

≥
0 k = 1, 2, . . . , ngc.

(1.6.3)

Different types of equality and inequality constraints appearing in the optimal con-

trol problem can be transformed into a canonical constraint according to the follow-

ing rule for each type of constraint:

1. Terminal state equality constraint

h(x(tf ), z) = 0

Set φ = h, g = 0, τ = tf and put G = 0.

2. Terminal state inequality constraint.

h(x(tf ), z) ≥ 0
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Set φ = h, g = 0, τ = tf and put G ≥ 0.

3. Interior point state equality constraint (ρ is constant).

h(x(ρ), z) = 0, ts < ρ < tf

Set φ = h, g = 0, τ = ρ and put G = 0.

4. Interior point state inequality constraint (ρ is constant).

h(x(ρ), z) ≥ 0, ts < ρ < tf

Set φ = h, g = 0, τ = ρ and put G ≥ 0.

5. Continuous state, parameter, and control equality constraint.

h(t,x(t),u(t), z) = 0, ∀t ∈ [ts, ρ], ρ ≤ tf .

Set φ = 0, g = h2, τ = tf and put G = 0.

6. Continuous state, parameter, and control inequality constraint.

h(t,x(t),u(t), z) ≥ 0, ∀t ∈ [ts, ρ], ρ ≤ tf .

Set φ = 0, g = min(h, 0)2, τ = tf and put G = 0.

For the particular constraint of type 6 which is independent of the control function,

an improvement using the smoothing technique of Jennings and Teo (1990) [34],

Teo and Jennings (1989) [73], can be used to approximate the nonsmooth function

g = min(h, 0)2 by the smooth one gε(h), where

gε(h) =


h, if h ≤ −ε

−(h− ε)2, if −ε < h < ε

0, if h ≥ ε.

Introducing G̃ε as

G̃ε(u, z) =

∫ tf

ts

gε(t,x(t), z)dt,

then the continuous state inequality constraint

h(t,x(t), z) ≥ 0, ∀t ∈ [ts, ρ], ρ ≤ tf (1.6.4)

can be approximated by

G̃ε(u, z) + τ ≥ 0. (1.6.5)

It has been shown by Teo and Jennings (1989) that for every ε > 0, there exist a

τ(ε) > 0 such that for each τ , 0 < τ < τ(ε), any feasible solution of (1.6.5) is also a

feasible solution of the original continuous state inequality constraint (1.6.4).
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1.6.1 Control Parameterization The central idea of MISER3.3 is the con-

cept of control parameterization. Each control variable ui(t) is approximated by

a zero-th order or first order spline function, which is a piecewise constant func-

tion or a piecewise linear continuous function, defined on a set of knots {ts =

ti0, t
i
1, t

i
2, . . . , t

i
ki

= tf}. These could be unequally spaced and different for each con-

trol. Formally the i-th control variable can be written as a sum of basis functions

with coefficients or parameters {σij, j = i0, . . . , ki} in the form of

ui(t) =

ki∑
j=i0

σijBij(t). (1.6.1.1)

Here, i0 = 1 for the case of piecewise constant basis functions and i0 = 0 for piecewise

linear continuous basis functions. Bij for piecewise constant control (the indicator

function for the j-th interval of the i-th set of knots) defined by

Bij(t) = χij(t) =

{
1, tij−1 ≤ t < tij

0, otherwise
, (1.6.1.2)

while for picewise linear continuous control, Bij is defined as

Bi0(t) =

{
(t− ti1)/(t

i
0 − ti1) t ∈ [ti0, t

i
1],

0, otherwise,

Bij(t) =


(t− tij−1)/(t

i
j − tij−1) t ∈ [tij−1, t

i
j],

(t− tij+1)/(t
i
j − tij+1) t ∈ [tij, t

i
j+1],

0, otherwise,

(1.6.1.3)

Biki
(t) =

{
(t− tiki−1)/(t

i
ki
− tiki−1) t ∈ [tiki−1, t

i
ki

],

0, otherwise.

These basis functions have the added property that the σij = ui(tj). Higher degree

splines present further problems as they cannot have both small finite support and

σij = ui(tj). Besides, the ill-conditioning inherent in optimal control problems could

get worse if higher degree splines are used to approximate the controls.

After control parameterization, the cost function (1.6.1) and all the constraints

(1.6.3) can be regarded as functions of parameter vector σ. Therefore, they can be

simply written as:
minimize

σ
G̃0(σ) (1.6.1.4)

subject to the constraints:

G̃0(σ) = 0, i = 1, . . . , ne (1.6.1.5)
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G̃0(σ) ≥ 0, i = ne + 1, . . . , ngc (1.6.1.6)

where

σ = [σ110 , . . . , σ1k1 , σ2k2 , . . . , σncnc0 , . . . , σncknc
, z1, z2, . . . , znz ]

T ∈ Rnp (1.6.1.7)

The control and system parameters are bounded by the lower and upper bounds:

UL
ij < σij < UU

ij , j = i0, . . . , ki, i = 1, . . . , nc, (1.6.1.8)

zL
k ≤ zk ≤ zU

k , k = 1, . . . , nz (1.6.1.9)

Clearly, this approximate problem can be regarded as a standard nonlinearly con-

strained mathematical programming problem.

1.6.2 Computation of Gradient of Objective and Canonical Con-

straints For the objective and canonical constraints G̃k, k = 0, 1, . . . , ngc, asso-

ciated costate vectors λk(t) ∈ Rns , k = 0, 1, . . . , ngc are defined and determined by

a set of differential equations:

d[λk(t)]T

dt
= −∂gk

∂x
− [λk(t)]T

∂f

∂x
, k = 0, 1, . . . , ngc, (1.6.2.1)

with the boundary condition

[λk(τk)]
T =

∂φk(x(τk), z)

∂x
, k = 0, 1, . . . , ngc, (1.6.2.2)

where τ0 = tf . If gk and φk are independent of state variables x, then λk(t) =

0. For a given value σ and for each k = 0, 1, 2, . . . , ngc, the computation of the

corresponding gradient of the function G̃k can be summarized as follows:

1. Solve the state differential equation (1.6.2) forward in time from ts to tf , taking

care to restart at every discontinuity of u and u′. With these results, all function

values can be evaluated.

2. Solve the associated costate differential equation (1.6.2.1) for each k backward in

time from τk to ts, taking care to restart at every known discontinuity.

3. For each k, compute the k-th gradient from the following expression:

∂G̃k

∂σij

=
∂G̃k

∂ui

∂ui

∂σij

=

∫ tf

ts

∂

∂ui

(gk + [λk]T f)Bij(t)dt. (1.6.2.3)

For piecewise constant control basis function, this reduces to:

∂G̃k

∂σij

=


∫ tij

tij−1

∂
∂ui

(gk + [λk]T f)dt, j ≤ l − 1,∫ τk

til−1

∂
∂ui

(gk + [λk]T f)dt, j = l,

0, j > l,

(1.6.2.4)
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where i = 1, . . . , nc; j = i0, . . . , ki; and l is defined by til−1 < τk, t
i
l ≥ τk. A slightly

more complicated integral over two subintervals is required for piecewise linear con-

tinuous basis functions. Furthermore,

∂G̃k

∂zj

= [λk(ts)]
T ∂x0((z))

∂zj

+
∂φk(x(τk), z)

∂zj

+

∫ τk

ts

∂

∂zj

(gk + [λk]T f)dt. (1.6.2.5)

where i = 1, . . . , nz.

In the case of multiple characteristic times (MCT) in the form:

G̃k(u, z) =

mk∑
i=1

φki(x(ξki), z) +

∫ ξk,mk

ts

gk(t,x(t),u(t), z)dt, (1.6.2.6)

the expression for these gradients is similar, but the definition of the costate changes

at each interval characteristic time. The costate satisfies the same differential equa-

tion on each open interval between characteristic times, but as each internal char-

acteristic time is reached the costate is reset using

λk(τ−k,i) = λk(τ+
k,i) +

∂φki(x(τki), z)

∂x
(1.6.2.7)

The gradient with respect to σij is similar to the non-MCT case and the gradient

with respect to z has a summation

∂G̃k

∂zj

= [λk(ts)]
T ∂x0((z))

∂zj

+

mk∑
i=1

∂φki(x(τki), z)

∂zj

+

∫ τk,mk

ts

∂

∂zj

(gk+[λk]T f)dt. (1.6.2.8)

All these calculations are done automatically by MISER3.3. The user only needs to

supply a set of explicit FORTRAN expression for the functions gk, φk, f , x0, h and

their derivatives with respect to x, u, and z. Finally, the values of parameters and

variables that define the problem and its accuracies will be input in the form of a

data file.

1.6.3 Regularization Because many optimal control problems are ill-conditioned

when discretized for computation, it is sometimes necessary to regularize the com-

putation. To regularize an optimal control problem, a small amount of a penalty

function of the control parameters P (σ′) is added to the existing objective J , to

create a new objective Jr.

Jr = J + rP (σ′) (1.6.3.1)

where σ′ = {σi}. For piecewise constant control approximation the control is rep-

resented as u(t) = σi, t ∈ [ti−1, ti] for i = 1, 2, . . . , k. For piecewise linear continu-

ous control approximation, for the sake of simplicity, the control is represented by
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u(ti) = σi for i = 0, 1, . . . , k. The penalty weight r can be different for each control

function and the new objective is additive in penalties for each control function.

The penalty function is a measure of some unwanted property of the control func-

tion, increasing as the unwanted property becomes worse. Let i0 = 1 for piecewise

constant control and i0 = 0 for piecewise linear continuous approximations. Three

regularization penalty types available in MISER3.3 are summarized as follows:

1. Penalty on deviation from zero.

Penalties related to L1 or L2 norms of the control function will take one of the forms:

PA =
k∑

i=i0

|σi|

PWA =
k∑

i=i0

wi|σi|

PS =
k∑

i=i0

σ2
i

PWS =
k∑

i=i0

wiσ
2
i

for some suitable relative weights wi, i = i0, . . . , k. Here the penalty is put on

distance from the zero function.

2. Penalty on deviation from a constant.

Penalties related to the L1 or L2 norms of the derivative or first difference of control

function will take one of the forms:

PBV =
1∨
0

u =
k∑

i=i0+1

|σi − σi−1|

PAD =
k∑

i=i0+1

wi|σi − σi−1|

PSD =
k∑

i=i0

wi(σi − σi−1)
2

3. Penalty on deviation from a straight line.

Penalties related to the L1 or L2 norms of the second derivative control function

are only defined as the bounded variation of the derivative of the piecewise linear

continuous approximation where k ≥ 2. One of the forms is :

PBV D =
1∨
0

u̇ =
k−1∑
i=1

∣∣∣∣σi+1 − σi

hi+1

− σi − σi−1

hi

∣∣∣∣
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However, if the differences are computed based on the control function values at

each ti and if u is smooth enough then

ü =

(
σi+1 − σi

hi+1

− σi − σi−1

hi

)
/(hi + hi+1), i0 + 1i ≤ k − 1.

Hence (k ≥ 2 for piecewise linear and k ≥ 3 for piecewise constant), possible penal-

ties are

PADD =
k−1∑

i=i0+1

2wi

|hi + hi+1|

∣∣∣∣σi+1 − σi

hi+1

− σi − σi−1

hi

∣∣∣∣
PSDD =

k−1∑
i=i0+1

4wi

(hi + hi+1)2

(
σi+1 − σi

hi+1

− σi − σi−1

hi

)2

These regularizations are implemented in MISER3.3.

1.7 Condition Numbers and Ill-Conditioning of the Optimal Control

Computation

As the control parameterization transforms the optimal control problem into pa-

rameter optimization problem (static optimization), the condition numbers of the

optimal control can be approximated from perturbations of the resulting optimiza-

tion problem. Sensitivity to perturbations for the following optimization problem

minimize

x
f(x)

subject to the active constraints

h(x) = 0,

can be analysed from the quadratic programming obtained from the quadratic ap-

proximation of the objective and the linearization of the active constraints at a

solution.

The perturbations of interest are the constraint compliance h ≈ 0, the projected

gradient compliance ζ ≈ 0, the resulting possible perturbation in the solution point

z and Lagrange multipliers ξ. Analysis by Benyah and Jennings (1997) [7] shows

that the solution point is likely to be more accurate than the Lagrange multipliers.

In summary,

‖ z ‖≤ χ(H) ‖ h ‖,

and

‖ ξ ‖≤ [χ(H)]2χ(F22) ‖ ζ ‖,

where H is the Jacobian of h and F22 is the projected Hessian. The scalar quantity

χ(.) is the condition number of a matrix.



32 Chapter 1. BACKGROUND OF STUDY



33CHAPTER 2

COMPUTATIONAL MODEL SATISFYING RELATIVE

ANGLE CONSTRAINTS FOR 2-DIMENSIONAL

SEGMENTED BODIES

2.1 Angle Constraint Problem in Biomechanical Systems

A biomechanical system is a complex system consisting of flexible and rigid ele-

ments that work together in a complex mechanism. These elements include muscle,

tendon, skin and bones. Modeling such a complex system exactly is an extremely

difficult if not impossible task. Therefore, the approach is to simplify the biome-

chanical system and ignore the mechanism of certain elements in the system that

are irrelevant to the purpose of the constructed model. Due to the differences in

the modeling purposes, models of a biomechanical system can range from a very

simple rigid body model to a very sophisticated model involving the muscle-tendon

activation mechanism. For dynamic analysis of a biomechanical system motion, a

biomechanical model is usually simplified into planar hinged segmented rigid bodies.

The root of this simplification is the assumption that the human body is moving

in a similar way to the laboratory robot, which is clearly far from realistic. This

simplification consequently comes at a cost, as it fails to resemble the smoothness

of the biomechanical motion as well as the mechanism to maintain some natural

binding angles that exist between segments of the human body.

Computational control of segmented body models under the effect of gravity has

been long studied by many researchers, especially in the area of robotics [2]. Several

chaotic dynamic behaviours that possibly occur in its motion dynamic have also been

explored. To include some of these behaviours into the model and ignore others is

justified when that model is used for a specific analysis. This fact suggest that

certain improvements and modifications in the computational models are needed

since there are wide areas of application of the models with recent developments in

robotics as well as biomechanics.

One of the most important characteristics of segmented rigid body models mov-

ing under the effect of gravity is the possibility that its segments spin past a natural

limit. In particular, for the system of multi-link planar bodies moving under the

effect of gravity and applied torques, a poor initial guess of torques may cause in-

tegration failure regardless of what numerical packages are used. This problem is

so commonly encountered in practice that in [44] a method is given to obtain the

accurate initial guess of torques. This fact is well understood in the study of dynam-
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ical system even if the system consists of a two-linked segment (double pendulum)

only, since the system inherently exhibits chaotic behaviour. When this chaos arises

during the computation of torques in an optimal control setting, the ODE solver

which integrates the state equations could fail. Since this failure will terminate the

whole computation in the parameter optimization, a computational mechanism to

avoid such a failure should be provided.

In practice, for instance in robotics, this spinning behavior is simply stopped

by introducing hard constraints to stop the segment from moving beyond its angle

limit. A similar mechanism also exists in a real biomechanical system where the

muscle and bone structure of a human body prevents its segments from moving

past natural limits. However, since muscle extension is also involved in bounding

segment motion, the mechanism for stopping a biomechanical segment from moving

beyond its angle limit needs to be done in a more smooth way. Therefore, hard

constraint bounds may not be accurate for biomechanical systems, because large

forces imposed at certain joints of the human body can cause injury. Therefore,

different types of mechanism need to be incorporated into the computational model

of this control problem so that appropriate control signals (torques) can be generated

to suit the corresponding real system. In the following sections, three different

types of models to keep angle constraints between segments are introduced: using

a restoring torque in the dynamic equations when the segments move past their

constraints, an exponential penalty in the objective function, and additional all-

time constraints. Major parts of the results presented in this chapter have been

published in [51].

2.2 Models to Maintain Angle Constraints Between Segments

The purpose of this study is to explore models for the optimal control of 2-

dimensional segmented bodies that maintain angle constraints between their seg-

ments while moving on a desired trajectory. Preserving angle constraints between

segments is aimed especially at avoiding any segment of the body from spinning

around its transverse axis as the result of fast movement of adjacent segments. For

instance, in computational models, large torques applied to heavier segments can

make the lighter (foot or hand) segments spin. In addition, preserving angle con-

straints is also useful when searching for a set of initial guesses of control parameters

for multi-link robots, where convergence to the solution can only be achieved with

a set of initial control parameters that are relatively close to the solution. A study

has been conducted in [44] where an intuitive “Blind Man” algorithm was proposed
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for searching for a workable initial guess of control parameters to avoid numerical

integration failures which usually occur due to extremely unrealistic velocities of

lighter segments. Inverse analysis could also be used to obtain the initial torque

estimates as shown in [39]. Usually, this approach is used in order to avoid arbitrary

choices of initial torques which can lead to failure in the ODE solver.

In the angle constraint computational formulation, the augmented equation of

motion for 2-D segmented bodies resulting from translational and rotational equa-

tion of motion is used as the model. It is given by
J F X F Y

JY S 0

0 A 0

−JX 0 S

0 0 A




α

fX

fY

 =


Tτ

−JXω2

0

mg − JY ω2

0

 · (2.2.1)

All letters with bold notation above, in this and the following chapters, refer

to the 2-D segmented body model and some quantities derived from the model, as

explained in chapter 1.

In the case of one contact, for n segmented bodies, the number of joints where

the torques are applied is the same as the number of segments (n). Meanwhile, for

the free flight case the number of joints is reduced to n−1. In this work, the interest

is in the case of one contact at the proximal end of segment one. This is based on the

fact that large torques, which usually cause spinning segments, are applied during

contact. In this one contact case, using the special structure of matrices S and A,

the model can be simplified to

Q(θ)α = f(θ, ω, τ ). (2.2.2)

This simplified model is of particularly interest in this and also in the following

chapters, since it can be readily used in the optimal control context.

The optimal control statement for this problem can be written in the following

form:

minimize

τ , z
: G̃(τ , z) = Φ0(θ(T ), ω(T ), z) +

∫ T

0

L(θ(t), ω(t), τ (t), z)dt (2.2.3)

subject to the equations of motion for n segmented bodies in the state space form

θ̇ = ω (2.2.4)

Q(θ)ω̇ = f(θ, ω, τ , z), (2.2.5)
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with initial condition

θ(0) = θ0, ω(0) = ω0. (2.2.6)

This is subject to the path constraints

F̃ (θ, t) = 0, (2.2.7)

with constraints on the angle between segment i and i− 1

ζ1 ≤ θi − θi−1 ≤ ζ2, (2.2.8)

for i ∈ {2, . . . , n}.
Obviously, this problem could be solved through discretization of state and con-

trol variables, resulting in a static optimization problem in the form of finite dif-

ference equations. However, since extra constraints are necessary to represent re-

strictions of angles between segments, this may produce an overdetermined system

where the number of active contraints is larger than the number of variables near

the solution. This problem is difficult to avoid as the number of discretized con-

straints increases with the increase of the number of optimization variables (which is

proportional to the number of discretization intervals). Since the extra constraints

are used to keep the motion inside the angle constraints, it is expected that most of

these constraints will be active.

Another possible approach is to replace (2.2.8) by letting the lower and upper

control bounds depend on the state of the system. The idea is to reduce the mag-

nitude of the lower or upper control bounds if the states of the system are about to

hit the angle bounds. This approach can be implemented in the framework of full

discretization of state and control variables, as additional constraints. Although this

idea closely resembles the human behaviour in a similar situation, the formulation of

this idea in the computation context is rather complicated. In addition, even if the

formulation is successfully obtained, the discretization of the resulting formulation

may also produce an overdetermined system in the finite difference approach.

Alternatively, this problem could be solved using control parametrization ap-

proaches where optimal control problems are transformed into optimal parameter

selection problems and gradients of objective function as well as constraints with

respect to parameters are computed using costate variables. This approach is used

in the following sections, since it has been succesfully used in many previous works

such as [42, 40, 41] and is proven to work very efficiently. Besides, parameterization

of control function will not lead to an overdetermined system in the optimization.
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Three different strategies for maintaining small ranges of angles between seg-

ments are proposed. The first strategy is to introduce all-time constraints restrict-

ing the angle between segments by constraints additional to the existing path con-

straints. Secondly, a type of restoring torque is introduced inside the state equation

representing the dynamics of the segmented bodies. Finally, a penalty similar to

a restoring torque is added to the objective function where its value increases very

rapidly if the angle between segments increase beyond their limits.

2.3 All-Time Angle Constraints

All-time angle constraint method is a very natural way for the formulation of

this problem, since the angle constraint is basically just the all-time state inequality

constraint. This formulation approach is supported also by the existence of the tran-

formation from the all-time state inequality constraint into the standard canonical

constraint in MISER3.3. Assuming that the angle constraints between segment i

and i− 1 can be written as:

ζ1 ≤ θi − θi−1 ≤ ζ2, (2.3.1)

then the angle contraint can be converted into the following two inequality con-

straints of the form:

h1(θ) = θi − θi−1 − ζ1 ≥ 0 (2.3.2)

h2(θ) = θi−1 − θi + ζ2 ≥ 0 (2.3.3)

Each of the two inequality constraints is transformed into the standard canonical

constraint that is used in MISER3.3, which is:

G̃1 =

∫ T

0

min{0, h1(θ)}dt = 0 (2.3.4)

G̃2 =

∫ T

0

min{0, h2(θ)}dt = 0 (2.3.5)

These two extra constraints are added to the original standard optimal control

problem. A method for dealing with this type of inequality constraints is readily

available in MISER3.3 with a smoothing technique that provides a more accurate

and stable computational process [73]. This smoothing technique approximates each
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of the nonsmooth functions gk = min{hk, 0}, k = 1, 2, by a smooth function gk,ε(hk)

where

gk,ε(hk) =


hk, hk ≤ −ε

−(hk − ε)2/4ε, −ε < hk < ε

0, hk ≥ ε

(2.3.6)

With this technique, the costate constraint ODE will eventually change to a slightly

different form and it is important to know whether it has consequences on the nu-

merical costate ODE integration especially concerning the stiffness and stability.

For each canonical constraint G̃k, k = 1, 2 (using Hamiltonian approach), the corre-

sponding costate differential equation can be stated as:

d[λk(t)]T

dt
= −∂gk,ε(hk)

∂x
− [λk(t)]T

∂f

∂x
, k = 1, 2. (2.3.7)

Since

∂gk,ε(hk)

∂x
=


hk ≤ −ε

−(hk−ε)
2ε

∂hk

∂x
, −ε < hk < ε

0, hk ≥ ε

,

and

∂hk

∂x
= ±



0
...

0

1

−1

0
...

0


,

the angle constraints do not add an extremely large additional term to the costate

equation, considering that −(hk−ε)
2ε

is small. In general, it can be expected that this

will not introduce a significant change in terms of stiffness and stability of the costate

odes.

2.4 Restoring Torque in the State Equation

The idea behind the restoring torque approach is to impose a mechanism in the

state equation so as to stop or even push back segment motion if it tries to move

beyond the angle constraint. From an engineering point of view, this can be seen

as similar to introducing a spring at a certain joint of the body. The spring is

installed connecting a point on a segment to the other segment where both form the
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corresponding joint, so that both segments are prevented from moving too far past

the angle constraint.

The characteristics of the restoring torque are designed in such way that if the

bounds on the relative angles are exceeded, the restoring torque will push the seg-

ments to restore the constraints. If θi − θi−1 > ζ2 , then the restoring torque forces

segment i to decrease velocity and at the same time forces the segment i − 1 to

increase velocity to keep the angle difference less than ζ2. On the other hand, if

θi − θi−1 < ζ1 , then the restoring torque forces segment i to increase velocity and

at the same time forces the segment i − 1 to decrease velocity to keep the angle

difference greater than ζ1. Such design needs a relatively large amount of torque

as soon as the differences between θi and θi−1 hit the bounds. Here, the restoring

torque is modeled using an exponential function, since this function increases very

rapidly for big positive argument. The restoring torque for segment i is modeled as

follows:

τ r
i = −h1(θ)e−µh1(θ) + h2(θ)e−µh2(θ) (2.4.1)

where µ is a relatively large positive value. If h1 is negative (infeasible) the restoring

torque on segment i is positive, while if h2 is negative the restoring torque is negative.

When h1 and h2 are positive the restoring torques are small and of opposite sign. It

is assumed that µ is chosen large enough to make these small torques inconsequential

compared to the τ of the system. The restoring torque on segment i− 1 is opposite

to that on segment i. A typical graph of τ r
i and how it works on the segment i

is shown in the Figures 2.4.1 and 2.4.2. Note that τ r is zero at ζ1 and ζ2 and has

slope −1 at these two points. Hence multiples of this torque or multiples of the two

individual components could also be used, depending on how quickly larger restoring

torques should come into action. The values of ζ1 and ζ2 can also be adjusted to be

slightly “inside” the real life limits. As a result, when this one restoring torque is

imposed on the model, the state equations are typically changed from (2.2.4) and

(2.2.5) to an explicit first order system:

(
θ̇

ω̇

)
=

[
I 0

0 Q−1(θ)

]


ω

f1(t,θ, ω, τ , z)
...

fi−1(t,θ, ω, τ , z)− τ r
i

fi(t,θ, ω, τ , z) + τ r
i

...

fn(t,θ, ω, τ , z)


· (2.4.2)
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Figure 2.4.1: Graph of τ r
i for ζ1 = −0.5, ζ2 = 0.5 and µ = 5.
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A state equation with all restoring torques replaces the original state equation,

which is then combined together with objective function and path constraints to

form an optimal control problem.

To avoid the restoring torques from significantly distorting on the optimal actual

torques, the resulting optimal states in the optimization should not, over any time

interval, violate bounds on the angle constraints. If the resulting optimal states

violate the angle constraints, then the restoring torques should be added to the

optimal torques to obtain the actual torques working on the corresponding joint. In

this case, the solution may not be acceptable as a viable solution.

The change of the state equations from its original form will have an impact on

the stability and stiffness of both state and costate equations. The stability and

stiffness of the system are dependent on the Jacobian matrix of (2.4.2):

V =
∂

∂(θ, ω)
(Q−1f) =

[
∂
∂θ

Q−1f + Q−1 ∂f
∂θ

| Q−1 ∂f
∂ω

]
,

where f is as defined in (2.2.5) or has the restoring torques added.

Since Q−1 depends on θ only and f depends on both θ and ω, the change in

the matrix V from its original form occurs only in the lower left n by n block.

From this change, it is most likely that the eigenvalue structure of the matrix V

will change and this means that the stability and stiffness of the state equation will

change, but is difficult to estimate. Besides, in computation this will also depend on

parameters chosen during line searches. Further computational exploration on the

eigenvalue changes caused by the restoring torques can provide more information

on the state equation stability and stiffness. Sample plots of the changes of V ’s

eigenvalues corresponding to the introduction of restoring torque are presented in

the Figure 2.4.3 and in the Figure 2.4.4 where the effect of increasing the µ value

on the change of the eigenvalues can also be observed. The sample plot for both

figures represent two different cases as the matrix V depends on τ . These sample

plots show that generally there is no significant change of the eigenvalue structure

of the stability matrix as the change of the eigenvalues positions is relatively small.

Also, the changes are mostly in the imaginary parts of the eigenvalues.

A similar approach can also be used to examine the stability and stiffness of

costate equations, as the matrix which determine the stability and stiffness of the

costate equations is exactly the same matrix V . As MISER3.3 integrates the costates

backwards in time, the influence of V on the stability and the stiffness of the costate

objective is the same as for the state equations.
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Figure 2.4.3: Plot of some eigenvalue positions of matrix V at a time when the

restoring torque is acting between two segments.
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Figure 2.4.4: Plot of some eigenvalue positions of matrix V for increasing µ for one

restoring torque between two segments.
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2.5 Exponential Penalty in the Objective Function

The idea behind the exponential penalty method is to let the dynamics and

constraints of segmented bodies violate the angle constraint, with the consequence

that the objective of optimal control will increase very rapidly as the angle con-

straints are violated. As the optimization searches for minimizing the objective, the

optimization will expectedly in the end drive back the segmented body motion to

stay within the bounds of angle constraint so that the minimum objective can be

achieved.

The exponential penalty is aimed at letting the segment move freely according

to natural torques. However, a penalty in the objective function is imposed if the

difference between the angles of segment i and i−1 is not in the interval (ζ1, ζ2). As

the penalty should increase very rapidly with the angle constraint violation, using an

exponential penalty function seem appropriate. Therefore the form of the penalty

function is quite similar to that of the restoring torque.

P = −h1(θ)e−µh1(θ) − h2(θ)e−µh2(θ). (2.5.1)

If h1 < 0, then the first term of the penalty function produces a big positive value

in the objective function, which, during the optimization process will force the body

segment to stay within the angle limits. On the other hand, if h2 < 0 then the

second term of the penalty function produces a big positive value in the objective

function, which during the optimization process will again force the body segment

to stay within the angle limits. A typical graph of the exponential penalty function

is shown in Figure 2.5.1.

The “shallow” negative part of the graph near the upper and lower bound of

the angle constraint is important, since the optimization software is expected to

converge quickly once the angle constraint is achieved. Although the exponential

penalty function does have two local minima, the function is very flat in between

lower and upper bound of angle constraint. Therefore, it can only dominate the

overall objective if the optimal control objective is very flat. If this is the case,

almost any point in the flat region will yield a reasonable solution.

2.6 Simulation Results and Analysis

Each of the approaches is applied to a three segment body of lengths 4, 2, and 1

metres with masses of 6, 3 and 1.5 kgs respectively. The algebraic path constraint

is the trajectory of a half circle centered at (5,0) with radius of 1 m, starting from

rest at a point close to (5,1), moving in a counter-clockwise direction to the point
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Figure 2.5.1: Graph of exponential penalty for ζ1 = −0.5, ζ2 = 0.5 and µ = 5

(5,-1). The end effector of the body is required to move along the trajectory in 1

second. It is expected that the optimal control software will generate a large torque

to the first two segments, which in turn will cause the adjacent segment, which is

smaller in mass, to move extremely quickly and violate the angle constraint between

segments. Here, the model is specificly intended to prevent the last segment from

spinning, with the angle constraint |θ3 − θ2| ≤ 0.5. The optimal control problem is

run using MISER3.3. The algebraic path constraint is treated in terms of integral

constraints by introducing additional state variables. The additional state variables

are formulated as:

ẋa = (x3(t)− xtraj(t))
2, xa(0) = 0, (2.6.1)

ẋb = (y3(t)− ytraj(t))
2, xb(0) = 0, (2.6.2)

where (x3(t), y3(t)) is the coordinate of the distal end of segment three, while

(xtraj(t), ytraj(t)) is the planned trajectory defined as:

(xtraj(t), ytraj(t)) = (5− sin(πt), cos(πt)). (2.6.3)

The additional state variables are combined with terminal state constraints xa(1) =

0 and xb(1) = 0 to replace the path constraint.

The objective of the optimal control is to minimize :

G̃(τ , z) =

∫ 1

0

((τ 1)
2 + (τ 2)

2 + (τ 3)
2)dt. (2.6.4)
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The initial state position values θ(0), are free (and hence are parameters of the

optimization) while the initial angular velocities are set at zero. After running each

method without smoothing torques, second order regularization is added to the

objective as a penalty for deviation of torques from a straight line. This tends to

give a smooth torque in time, instead of a stop-start torque.

Different methods applied in the treatment of angle constraint between segments

will cause the software to perform additional computation for each iteration during

optimization when compared to the original problem. The software performs two

main types of computations: the determination of states, costates, objective, con-

straints and gradient of objective and constraints in one group and the optimization

routine computations in another group. The computation load due to the optimiza-

tion routine depends on the number of control parameters and constraints. Only the

all-time constraints transcription method will change the amount of computation in

the optimization routine per iteration, since it introduces additional constraints.

For the first group of computational tasks in the software, the computational

load for each iteration changes for all the proposed methods. For the restoring

torque, a change occurs in the computation of the state and costate equations with

the additional term in the state equation to be evaluated. This causes a significant

increase in the amount of computation due to stiffness. For the all-time contraints,

the change in computational load is more significant than for the restoring torque

case, since the additional constraints, their gradient and costates need to be eval-

uated. For the penalty method, the difference only appears in the computation of

the costate of the objective which can be considered as an insignificant change. Fi-

nally, the amount of computation for solving the states and costates equations also

depend on the stiffness of the corresponding ODEs, where a stiff system of ODEs

takes a longer time to integrate. In this study, stiffness occured more frequently in

the restoring torque method, as expected.

One of the most important issues in these simulations is how well each model

keeps the relative angle inside the interval of [−0.5, 0.5]. This can be used as a

measure of which of the approaches is most suitable. From the results in Table

2.6.1, it is very obvious that the all-time constraints approach is the best in stopping

the segments from moving beyond their bounds. Over 130 quadrature points, the

segments violate their angle constraint only a few times and only by relatively small

amounts. The final torques generated here are such that the segments do not “crash”

into their bounds. The restoring torque approach allows the angle constraint to

move well outside the interval. This method allows the system to violate the angle
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constraint very frequently with relatively large violations. This characteristic suits

certain biomechanical systems in the human body in which flexibility is needed when

large forces are applied to the system due to external contacts. The exponential

penalty method does not display the extremes of the other two, which is good for

less flexible biomechanical systems. There is flexibility built into the restoring torque

and penalty approach in that parameters µ, ζ and an overall scale parameter can

be used to adjust the violations of any solution. For static optimization, too big a

µ value in any penalty method may cause ill-conditioning to the Hessian matrix of

the penalty objective which in turn make the optimization routine unstable. Some

eigenvalues of the Hessian are large like µ, while others are small. The exponential

penalty here does not contain the control parameters directly, so the effect of µ may

be spread over all eigenvalues of the Hessian when integration in the objective is

taken into account. The big µ value may contribute to the costate ODE integration

failure due to the increasing of its stiffness. Similarly for the restoring torque method,

if the value of µ is too big, then for some parameter values in the line searches both

the state and costate ODE may become very stiff and impossible to integrate.

During optimization, the penalty approach allows the segment to exceed the

angle bound since this is a very common behavior of penalty methods. The small

segment may spin for a particular setting of parameter values during optimization

and integration failure may occur if the optimization is permitted to try inappro-

priate torque values in its line search. Therefore, upper and lower bounds of control

parameters for this method have to be set properly. The final solution may also

exceed the bound by a small quantity. The restoring torque method allows the

body to generate torques which do observe for the angle limits and it prevents the

smaller segments from spinning whenever the optimization tries an evaluation with

inappropriate torque values in its line search. This highlights the superiority of

restoring torque method over penalty method for the problem where no information

is available for an initial guess of torques. Even in the case where an initial guess

is available, there is still the possible risk of choosing unreasonable torques in line

searches if the control bounds are not set properly. The behavior of the all-time

constraint method during optimization depends on the optimization algorithm used

within the software. If the optimization algorithm is of a type which begins with an

infeasible point, then the small segments may spin and integration failure may occur

without a proper lower and upper bound of the control parameters. On the other

hand, if the optimization algorithm is of a type which maintains feasibility during

optimization, then the optimization may prevent small segments from spinning at
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intermediate steps.

Other common issues explored in this study are accuracy in following the tra-

jectory and time needed per iteration in the optimal control software to obtain a

fairly accurate final set of control parameters. These results are summarized in Ta-

ble 2.6.2, where the time in this table is the average amount of time needed for one

iteration of the optimal control software. Accuracy is defined as xa(1)+xb(1) which

is obtained from the integral constraints. As seen in the table, without regulariza-

tion, the amount of time for the exponential penalty approach is relatively small

compared to the other two methods and this is consistent with the previous analysis

on the amount of computation. However, it takes a longer time for the restoring

torque method compared to the all-time constraints, although it needs less compu-

tation due to less iterations. This is due to the frequent stiffness which occured in

the state and costate equations with this method which in turn mean more time

required by the ODE solver to integrate. Introducing regularization also appears

to make the state and costate ODE more difficult to integrate since it increases the

amount of computation time for all methods. Although regularization introduces

additional term to be evaluated in the objective, in MISER3.3 this computation does

not take an appreciably long time compared to other computations. The biggest

computational cost in these computations is the integration of costates, followed by

integration of states.

From the results, the restoring torque method in general appears to be the best

in following the designed trajectory of the segmented bodies. This advantage of the

method is also complemented by a number of iterations (304 iterations on average)

needed to complete the optimal control computation. On the other hand, all time

constraints give less accurate result in following the trajectory compared to the

restoring torque. This weakness is also followed with a larger number of iterations

(1125 iterations on average) in completion of the optimal control computation. In the

exponential penalty method, a less accurate path in following the designed trajectory

is found, however this is a result of much fewer iterations (247 iterations on average)

required to complete the optimization.

Sample plots of the actual and desired trajectory of the segmented bodies for

each method are shown in the Figures 2.6.1 and 2.6.2. Sources of inaccuracy in the

all time constraint approach appear at the beginning and the end of the motion,

while in between it follows the designed trajectory fairly well. On the other hand,

the restoring torque approach does not display this problem near the end of the

motion. This is possibly because it allows more flexibility for the segment to move
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in the remainder of the time following the trajectory more closely. Similar behavior

is also found with the exponential penalty approach with much more inaccuracy

shown for a longer time at the beginning of the motion.
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Table 2.6.1: Violation of angle constraint

Methods Type of No. Times Maximum Average

Control *) Violated Violation Violation

pwc 2 0.0377 0.0238

All Time pwc reg 9 0.0097 0.0058

Constraints pwl 7 0.1542 0.0888

pwl reg 17 0.0264 0.0169

pwc 85 0.6260 0.3968

Restoring pwc reg 96 0.9035 0.3802

Torque pwl 102 0.8432 0.6496

pwl reg 91 0.9327 0.3609

pwc 30 0.2854 0.0485

Penalty pwc reg 51 0.2227 0.1076

pwl 41 0.3306 0.1019

pwl reg 57 0.2399 0.1193

Table 2.6.2: Time per iteration and accuracy

Methods Type of Control *) Time (s) Accuracy

pwc 0.382 7.3 10−4

All Time pwc reg 2.824 1.24 10−3

Constraints pwl 0.241 9.3 10−4

pwl reg 2.233 1.05 10−3

pwc 0.466 6.2 10−4

Restoring pwc reg 1.058 8.4 10−4

Torque pwl 0.345 3.16 10−3

pwl reg 1.577 6.5 10−4

pwc 0.126 2.21 10−3

Penalty pwc reg 0.306 1.74 10−3

pwl 0.187 2.09 10−3

pwl reg 2.655 4.15 10−3

*)

pwc : Piecewise constant control

pwl : Piecewise linear control

pwc reg : Piecewise constant control with regularization

pwl reg : Piecewise linear control with regularization
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Figure 2.6.1: Actual and desired path of the body using piece-wise constant control:

(a) All-time constraints (b) Restoring torque (c) Penalty method
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control: (a) All-time constraints (b) Restoring torque (c) Penalty method
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BODY SEGMENT PARAMETER ESTIMATION FROM

NOISY KINEMATIC DATA USING OPTIMAL

CONTROL

In mechanical engineering, the study of kinematics and dynamics of a rigid body

system has been an interest for many decades. The study is motivated by the wide

spread uses of industrial robots for different types of applications. The result of these

mechanical dynamics and kinematics studies are used in many other areas including

biomechanics. As a robot is designed by human beings and its elements are put

together by engineers from component parts, almost all parameters are measurable

and accessible for analysis.

In biomechanics, these parameters have to be estimated through different meth-

ods since their direct and exact measurement is ethically impossible. The only easily

accessible data is total body mass (TBM) and possibly a good approximation of the

body segment length at rest position. Segment masses, moments of inertia, and

center of masses can not be measured accurately for a living biomechanical subject.

For many segments, the boundary can not be precisely determined and pivot points

can not be precisely positioned. The unavailability of the body segment parameters

influence the inaccuracy of the simulated model, and consequently the inaccuracy

of computed torques also. Usually, dynamic analysis of a biomechanical system is

performed based on the availability of estimated body segment parameters (BSP)

and displacement data.

All available techniques for BSP estimation are subject to error, because of the

existence of variation in BSP based on race, sex, body type and age. The error in

BSP may lead to a significant change in biomechanical dynamic analysis. Pearsall

and Costigan [54] examined the effect of BSP error on gait analysis results, and

found that comparisons between six different predictive formulae led to a 40 percent

difference in mass and inertia predictions. They also stated that the need for ac-

curate BSP values is greatest in movements involving high accelerations or in open

chain movements.

3.1 Literature Review on BSP Estimation

The earliest recorded scientific or experimental work in the field of body segment

parameter estimation is in 1680 where Borelli estimated the center of mass of nude

men by having them stretch out on a rigid platform supported on a knife edge. The

Weber brothers improved the method used by Borelli for estimation of center of mass,
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by moving the subjects on a platform supported at the center of mass of the platform

itself. Harless (1860), von Meyer (1863) and Braune and Fischer (1889) extend

this work using cadavers instead of living subjects. Bernstein (1931) conducted an

extensive investigation of body segment parameters of 152 living subjects where

he estimates the mass and center of mass of all limbs except the center of mass

of hand and feet. The first moment of inertia estimation of the human body was

done by Weinbach (1938) [18] using photogrammetry. Photographs of eight living

subjects were used to construct curves mathematically based on the body surface-

area measurements. The body density was assumed homogenous with the unity

density value.

Barter (1957) produced a series of first order regression equations for estimating

the mass of body segments based on the mass of the entire body. In spite of its

limitations and inaccuracies, these equations have been used extensively by designers

and engineers, because they provide a rapid estimation of the mass of individual

body segments. Simon and Gardner (1960) built a human body model through the

approximation of the body segments by eight simple geometric shapes (cylinders and

spheres), in order to help in estimating mass moments of inertia of the entire body.

This work on models was the pioneer for the later model development activities. This

work was then extended by Whitsett (1962) by increasing the number of modeled

segments to 14 and using additional geometric shapes, beside spheres and cylinders,

such as ellipsoids, frustums of cones and rectangular parallelepipeds. In addition,

Whitsett’s work allowed estimation of the mass distribution, center of mass, mass

moments of inertia and mobility of the human body. All of these earliest works were

discussed by Clauser (1969) and Chandler et. al. (1975) [20, 18].

Drillis and Contini (1966) [22] make an effort to obtain good estimates for the

mass, center of mass and mass moments of inertia of body segments to be used in the

design of improved prosthetic devices. Clauser (1966) [20] made a comprehensive

study on BSP estimation where he concluded that the anthropometry of the body

and regression equations can be used effectively to estimate the mass and center of

mass of body segments, under the assumption that all individuals essentially have

the same body proportions. Still using the anthropometric approach, Chandler et.

al. (1975) [18] used 116 measurements for each cadaver and segmentation of cadavers

to estimate BSP. Huang and Wu (1976) as cited in [47] for the first time developed

a technique for estimation of tissue density of living subjects based on computerized

tomography (CT) scanning, which they and other researchers later extended for use

in BSP estimation. Jensen (1978) [35] made a mathematical model for estimation
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of BSP based on the assumption that each body segment can be modeled as a set

of elliptical slices.

Based on a 17 segment finite-mass-element model developed by Hatze (1980)

[29], a video-based system for the determination of inertial body segment parame-

ters was for the first time introduced by Hatze and Baca (1992) [30]. Sarfaty and

Ladin (1993) [65] presented a similar video-based method where they also elaborated

on the factors introducing the largest errors in the estimation of the anthropometric

dimensions and of inertial properties. Jensen and Fletcher (1994) [36] showed the

connection between variations in body mass distribution with sex. Barca (1996) [6]

proposed a technique for precisely determining anthropometric dimensions video-

metrically, which can reduce errors originating from optical distortions, inaccurate

edge-detection procedures, and user-specified upper and lower segment boundaries

for the edge-detection. More sophisticated equipment has also been used for BSP

estimations such as: magnetic resonance imaging (MRI) by Cheng et. al. (2000)

and Martin et. al. (1989) [19, 47] and gamma mass scanning by Zatsiorsky and

Seluyanov (1983) [84].

Many biomechanical dynamic analysts have used previous results of BSP esti-

mation in their work. For instance, in the work of Menegaldo et. al. (2003) [49],

mass, center of mass, and moment of inertia for each body segment are assumed as

for an adult male using a regression equation from the work of Yeadon and Morlock

(1989) [83] and the work of Vaughan et. al. [77]. In the study done by Koh et. al.

(2003) [42], BSP were obtained from elliptical zone mathematical modeling tech-

niques based on the study of Jensen (1978) [35], which uses total body mass (TBM)

as the basis for BSP estimation. However, all those techniques for BSP estimation

are subject to error, because of the existence of variation in BSP based on race, sex,

body type and age.

Bjornstrup (1995) [14] concluded from his study that the estimated body segment

parameters obtained from other individual subjects or from entire populations are

generally of little use in motion analysis or prosthesis design of individual subjects.

Accurate motion analysis and prosthesis design should as far as possible be based

directly on measurements or estimations performed on the individual subject. This

is due to the fact that the error in BSP may lead to a significant change in biome-

chanical dynamic analysis, as shown by Pearsall and Costigan (1999) [54] where they

examined the effect of BSP error on gait analysis results, and found that compar-

isons between six different predictive formulae led to a 40 percent difference in mass

and inertia predictions. They also stated that the need for accurate BSP values is
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greatest in movements involving high accelerations or in open chain movements. It

was also shown by Andrews and Mish (1996) [4] that joint resultant moments are

considerably sensitive to error in BSP, with variations not only dependent on BSP

estimates but also subject to the system motion.

Generally, BSP estimation methods can be classified into three groups: the

cadaver-based, the mass-scanning based and the geometric models. Among cadaver-

based methods are: ratio method, simple regression method, stepwise regression

method and scaling method. The mass scanning-based methods consists of ratio

method, simple regression method, prediction equation method and scaling method.

The geometric models consists of modified Hanavan (Hanavan-Kwon) [28] and mod-

ified Yeadon (Yeadon-Kwon) [82]. The cadaver group is based on the work done by

Chandler et al. (1975). The mass scanning group is based on the work reported by

Zatsiorsky and associates (Zatsiorsky Seluyanov, 1983 1985) [84, 85].

Vaughan et. al. (1982) [76] addressed the issue of using optimization theory to

tune BSP values to experimental data from running, jumping, and kicking motions.

They develop an alternative method, based on kinematic data and optimization the-

ory, for selecting BSP. The design variables are the BSP and the objective function

to be minimized is based on the difference between calculated and measured distal

extremity kinetics, while the equality constraints are based on Newtonian princi-

ples as well as bilateral symmetry of the BSP. Three different activities are used to

generate “optimal” sets of BSP and these values are different. Their optimization

adjusted BSP values in a planar dynamical model so as to minimize errors between

the ground reaction forces measured experimentally and those calculated from the

model. The results showed reasonable agreement with BSP values estimated from

cadaver studies, and the authors noted that further investigation of the approach

was warranted. However, the author also found some anomalies in the optimization

particularly if the center of mass of some segments (e.g., forearm, thigh, shank and

foot) are allowed to lie in a large interval then the optimization selected unrealis-

tic values of these particular BSP in order to minimize the difference between the

measured and computed ground reaction forces. To overcome this problem, these

particular BSP values were limited to lie only within the proximal half of these

segments. This method indirectly improves inverse dynamics computations by pro-

viding better parameter values and enforcing the boundary conditions, but does not

otherwise affect the joint torque estimates. In the case of unknown joint torques,

this may result in a significantly larger number of optimization variables. If the

optimization method is used to find the joint torque estimates in addtion to BSP
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values, the optimization objective used in this work is no longer realistic.

The study is then extended by Reinbolt (2005) [60] to the three-dimensional case

using gait as the experimental motion. Two primary questions need to be answered.

Firstly, given perfect experimental measurements, can accurate BSP values be de-

termined directly from gait data via optimization. Secondly, can kinematic errors

due to skin and soft tissue motion be corrected to permit accurate BSP estima-

tion under more realistic conditions. This study proposed a two-level optimization

procedure for predicting body segment parameters directly from gait data using a

three-dimensional dynamical model. The outer-level optimization adjusts BSP in

the model while the inner-level optimization adjusts pelvis kinematics given the

current guess for the BSP. Optimization of noiseless synthetic data revealed that

gait data contains enough information to predict BSP accurately given perfect ex-

perimental measurements. The addition of numerical noise to the synthetic data

prevented accurate estimation of BSP, indicating that errors in acceleration esti-

mates may be the primary limiting factor in this estimation process. Additional

investigation is required to determine which, if any, BSP are not highly sensitive to

noisy kinematic data.

Nagano et. al. (2004) [52] developed a procedure to adjust the BSP values to

individual subjects. The objective was to minimize the differences between the cal-

culated and measured ground reaction force (GRF). The calculated ground reaction

force was computed from the mass of the body and the acceleration vector of the

center of mass of the body. Although the real (assumed as error free) GRF should

actually be measured experimentally, in this study this actual GRF was also gener-

ated through simulation. The optimization searched for the mass and the location

of the center of mass that minimize the GRF difference. Two types of jumping mo-

tion, i.e., squat jumping and counter-movement jumping, were generated through

forward dynamic simulation. The actual BSP values were derived from De Leva

(1996). In the process of analysis, randomly generated errors were introduced into

BSP values (the mass and the location of the center of mass) of each segment. As

a result, the procedure successfully reduced the errors in the BSP values with the

final average error for the mass being 0.97 % whereas the final average error for the

location of the center of mass was 6.04 %.

As very little work has been done on using optimization to estimate the BSP

values of biomechanical subjects, the study of this thesis was conducted to verify the

feasibility (or otherwise) of using an optimization method to obtain accurate BSP

values. Although Nagano et. al. (2004) has started this approach by trying to obtain



58
Chapter 3. BODY SEGMENT PARAMETER ESTIMATION FROM NOISY KINEMATIC

DATA USING OPTIMAL CONTROL

BSP values based on minimization of the error of GRF, the GRF in their study

was actually obtained from a simulation result. In practice, obtaining an accurate

experimental GRF could be very difficult and expensive, while the purpose of using

optimization in estimation of BSP values is usually related to reducing the high cost

of using sophisticated equipment. This study will provide an undertanding about

the estimation of BSP values using solely raw kinematic data of a biomechanical

subject, the nature of the problem, and especially constraints that are needed to

assist the estimation process so that accurate results can be obtained.

3.2 BSP Estimation on Simulated Data of a 2-Segmented Body

Given the data {(ti, x̂j
i , ŷ

j
i ); i = 1, . . . , N} as the 2-D displacement data of the

j-th body joint obtained from video or film, the purpose is to find accurate torques

and BSP that reproduce a smoothed motion close to the time-space history of the

joints. This closeness is represented as the inequality constraints:

hj =
N∑

i=1

(
xj

i − x̂j
i

σi

)2

+

(
yj

i − ŷj
i

σi

)2

− Sj ≤ 0,

where σi is the standard error in x̂j
i and ŷj

i , assumed known. This constraint is used

in time series spline smoothing. We consider an n segment biomechanical model,

being an open chain, j ∈ {1, . . . ,m}, where m = n + 1 for the free-flight case,

and m = n for the case of one fixed contact at the proximal end of segment one.

The parameter Sj controls the overall balance between smoothing and closeness

of fit in the spline smoothing case [61]. The values of (xj
i , y

j
i ) are obtained as the

result of translational and rotational motion of the whole segmented body integrated

forward in time from a set of initial values. The augmented equation of motion for

2-D segmented bodies resulting from the translational and rotational equation of

motion with one contact at the proximal end of segment one is given in section 1.2.6

as

Q(θ)α = Tτ + Dcn + (DcEDs −DsEDc)ω
2.

The optimal control statement for this problem can be written in the following form:

minimize

τ , z
: G̃(θ, ω, τ , z) =

∫ tf

ts

L̃(θ, ω, τ , z)dt. (3.2.1)

subject to the equations of motion for an n segmented body in state space form

θ̇ = ω
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Q(θ, z)ω̇ = f(θ, ω, τ , z),

where z = {(`i, mi, Ii, ri), i = 1, . . . , n}. This ODE should satisfy the initial condi-

tion

θ(0) = θ0 ω(0) = ω0,

and the minimization is subject to the inequality constraints for closeness of fit:

hj =
N∑

i=1

(
xj

i − x̂j
i

σi

)2

+

(
yj

i − ŷj
i

σi

)2

− Sj ≤ 0, (3.2.2)

for j ∈ {1, . . . , n}. (Note that (xj
i , y

j
i ) for j ∈ {1, . . . , n} are readily computed as

functions of θ and `j).

An additional total mass constraint is added as:

n∑
i=1

mi −M = 0, (3.2.3)

but there are no constraints relating any of the other BSP added to the computation

at this stage.

The computational formulation of BSP estimation using optimization is tested

on a two segmented rigid body where the “exact” historical data for torques is given

and historical angular displacement data is generated through forward integrations

of the multibody dynamic equations. The angular displacement data is then trans-

formed into distal end coordinates of the first and second segment, and this data is

then rounded to create small amplitude-high frequency noise in (x, y) data. The in-

equality constraints for the optimization are the coordinate differences between this

“noisy” data and the actual distal end coordinate produced by the optimal control

computation (integrating the ODE from the initial condition).

The data is generated using MISER3.3 for two segments of mass 1 and 0.5 kgs,

length 1 and 0.5 metres repectively, with the assumption that mass is uniformly

distributed along the segment (center of mass 0.5 m and 0.25 m from proximal end

of each segment). The initial position of the segments is horizontally straight with

initial angular position θ1(0) = θ2(0) = 0. The generated torques were carefully

chosen to prevent body segments from falling rapidly due to gravitation. The sim-

ulated motion was completed in 1 second. The generated data which is in the form

of angular displacement is transformed into coordinates of the distal end of body

segments. This is in order to make the data resemble the real data that is obtained

using video or camera, where the motion of a kinematic subject is captured through

limited indication marks pasted at the distal/proximal end of each body segment.
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In addition, noise should also be added to this data to make it more realistically

represent actual digitised data and this could be done by rounding the data to a

certain digit of significance.

For this 2 segmented body, the objective of optimal control was set as:

minimize

τ , z
: G̃(τ , z) =

∫ 1

0

(τ 2
1 + τ 2

2)dt. (3.2.4)

This objective was chosen because it corresponds in some sense to the cubic spline

case of minimizing second space derivatives with respect to time. Other possibilities

are (τ̇ 2
1+τ̇ 2

2) which is equivalent to quintic spline or even (τ̈ 2
1+τ̈ 2

2) which is considered

later.

At the beginning, the problem was computed using only two smoothing inequal-

ity constraints (3.2.2) and the TBM equality constraint (3.2.3) along with the large

difference of upper and lower bounds of BSP values. However, the result was not

convincing although the solution obtained in the optimization is a regular point.

The solution indicates that the center of mass of the first segment always hits the

lower bound for this parameter, even though the lower bound has been set as close

as possible to zero. Similarly, the mass for the second segment also hits the lower

bound even though it is set unrealistically small meaning that most of total mass

is distributed in segment one at the proximal end (Table 3.2.1). Note that in the

equation of motion we have Jω̇ = Tτ , and, as the objective is to minimize τ ,

the moment of inertia is able to decrease while ω̇ maintains its values needed to

follow the motion. This observation may explain the anomalies found in the work

of Vaughan et. al (1982) [76]. As ω̇ was calculated from kinematic data and τ is

minimized, and by the constraint relation of Jω̇ = Tτ the optimization searches

for the J values that satisfy this constraint relation, following τ smaller. Similarly,

to minimize the distance between computed and measured horizontal and vertical

forces the optimization has to find the corresponding values of mass and center of

mass for each segment that satisfies the translational equation of motion as well. As

the BSP values in Vaughan et al (1982) consists of mass, moment of inertia, and

center of mass only (segment length was fixed), and the value of J relates to the

center of mass in the rotational equation of motion (with the value of mass also

determined by the total body mass constraint), searching for the center of mass

becomes a critical task in the optimization. Hence, the unrealistic value found could

be related to the difficulties of the optimization in finding accurate and realistic

values of the center of mass that satisfy both translational and rotational equations

of motion.
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Table 3.2.1: Comparison of body segment parameters for the two segmented body

with only the total mass constraint, otherwise BSP independent and allowed large

interval for variation

First Segment Second Segment

BSP L. bound Computed U. Bound L. bound Computed U. Bound

(exact) (exact)

Mass 0.881 1.349 2.20 0.151 0.151 0.605

(1.00) (0.5)

Length 0.8980 1.0 1.42 0.485 0.4998 0.605

(1.00) (0.5)

CM 1.00E − 07 1.00E − 07 0.525 0.0 0.188 0.2650

(0.5) (0.25)

M. Inertia 0.1E-04 1.013E-02 0.864 0.10E-07 1.9879E-03 1.13E-01

(0.0833) (0.0104125)

This condition should be avoided, because if the solution of the parameter value

is within the bounds, then the active constraints at the solution should be only the

total mass equation and the smoothing constraints. This motivates the consideration

for other possible constraints to prevent BSP bounds from becoming active. The

first idea is to put constraints between the individual masses and the moment of

inertia of each segment as these are proportional. However, this constraint depends

on mass distribution on each segment. Two extreme cases are; the case where all

the mass is located in balance at each end of the segment which gives the maximum

value for moment of inertia (m`2/4) and the case where all the mass is located at

the center of mass which give the lower bound value of zero. The case of uniform

mass distribution is in the middle of the two. Assuming uniform mass distribution,

the following constraints are added

12Ii −mi`
2
i = 0, i = 1, 2, . . . , n, (3.2.5)

effectively eliminating Ii, i = 1, 2, . . . , n. The radius to the center of mass and

length are related by mass distribution too. With all the mass at the center of mass,

the radius can be anything from zero to L. On the other hand, if all the mass is

located at the two ends, the amounts of mass at each end determine exactly the

position of r. With a uniform mass distribution, the center of mass is exactly at `/2
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Table 3.2.2: Comparison of final body segment parameters for the two segmented

body, when Ii and ri are fixed as function of mi and `i

First Segment Second Segment

BSP Actual Computed Actual Computed

Mass 1 0.9209 0.5 0.579087

Segment length 1 1 0.5 0.499722

Center of mass 0.5 0.500034 0.25 0.249861

Moment of inertia 0.08333 0.0767532 0.0104125 0.0120509

and this could be represented in constraints as

2ri − `i = 0, i = 1, 2, . . . , n. (3.2.6)

effectively eliminating ri, i = 1, 2, . . . , n. This means that the value of ri will de-

pend on `i, whose values are determined from the quadratic position inequality con-

straints (3.2.2). The values of I are determined from the sum of masses constraint.

These constraints give the optimal control model a chance to accurately distribute

the mass and the torques to each segment. As for the real case, the distribution

of mass in each body segment becomes another challenging formulation. After in-

troducing all constraints in the optimization, the two segment problem has two

inequality constraints (position) and five equality constraints (in all 7 constraints).

Hence, for an n segment problem, the overall number of constraints is 3n+1, with n

position inequality constraints and 2n + 1 equality constraints on BSP. Constraints

(3.2.3), (3.2.5) and (3.2.6) represent 2n + 1 equality constraints on 4n BSP. As the

plot of 2-segmented body motion between computation and actual motion is very

hard to distinguish, the plot of the distal end coordinate differences are presented

in the Figure 3.2.1. The difference between actual and computed length and center

of mass of both first and second segment is relatively small as shown in the Table

3.2.2. However, this is not the case for mass and moment of inertia. Mass of the first

segment is significantly smaller than the actual value because the optimization tends

to choose smaller torques at the cost of smaller mass and also moment of inertia.

As a result, because of the total mass constraint, it increases significantly the mass



3.2. BSP Estimation on Simulated Data of a 2-Segmented Body 63

0 10 20 30 40 50 60 70 80 90 100
0

0.2

0.4

0.6

0.8

1

1.2
x 10−3 Distal end coordinate differences (CD) for the first segment

C
D

 (
m

)

Number of data point

0 10 20 30 40 50 60 70 80 90 100
0

1

2

3

4

5

6

7
x 10−3 Distal end coordinate differences (CD) for the second segment

C
D

 (
m

)

Number of data point

Figure 3.2.1: Graph of distal end coordinate difference between smoothed and

rounded (S-R) data for two segmented body when mass distribution constraints

are added to the optimization
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of the second segment. This happened because the magnitude of the torques on

the first segment is significantly larger than those on the second one. Hence, as the

objective is to minimize the torque, the smaller mass for segment one was selected

so that smaller torque can be applied. Here, trade-off between the two torques be-

ing minimized prevents accurate BSP estimation. It is difficult to see what relative

weighting between the two torques might prevent this trade-off.d

To understand the behavior of the optimal solution when the optimal control

did not use the equality constraints on mass distribution (Equations (3.2.5) and

(3.2.6)), some quantities describing the optimality conditions are presented in Table

3.2.3. The optimality condition suggest that the rank of all active constraints at

the solution point is full rank. This suggest that the optimal solution is a regular

point. The conclusion is supported by the fact that the errors in the computation

of active constraints for both runs are relatively small, which mean that the chance

for the active constraints to accidentally be nonactive or vice versa due to numerical

computation inaccuracies is very small. The inaccuracy in the optimal solution is

due to the computation of Lagrange multipliers as indicated by the large condition

number. As the line searches hit lower/upper bounds of some BSP values, even

when the bounds were shifted far away, this may indicate that the particular linear

inequality constraint of BSP bound is degenerate and the search direction vector

component of the corresponding parameter could be exactly along the direction of

increasing or decreasing of the BSP values.

Relatively small values of condition numbers for active constraints show that

some of the optimization variables or a subspace (control and system parameters, 7

of 49 for the first run and 10 of 62 for the second run) that are determined through

the active constraints are accurately computed. On the other hand, as the multipli-

cation of the condition number of the projected Hessian with the condition number

of active constraints is quite large (computed as condition number of Lagrange mul-

tipliers divided by the condition number of active constraints), then a large number

of the optimization variables (42 for the first run and 52 for the second run) could

potentially having large deviation from their true values. Finally, as the condition

number for Lagrange multipliers is very large, the chance for Lagrange multipliers

to be not accurately computed is very significant. Therefore, there are possibili-

ties that in a very close neighbourhood of the optimal solution exist trivial values

of Lagrange multiplier for some active constraints. This could explain the indica-

tion of degenerate solutions of the optimal control without using mass distribution

constraints (Equations (3.2.5) and (3.2.6)).
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Table 3.2.3: Optimality conditions of the optimal control for BSP estimation of the

2 segmented body

Run

Cond. of the optimality First Run Second Run

No. of active constraints, rank 7, 7 10, 10

No. of parameters (system + control) 10 + 42 10 + 42

Rank of augment. Hessian (deficiency) 59 (None) 62 (None)

Error in constraints 3.9 E-09 6.28 E-09

Cond. Number of active constraints 7.31 E+01 2.39 E+02

Cond. Number of Lagr. Mult 9.27 E+10 3.72 E+09

3.3 Implementation on a Three Segmented Body Using a Geometric

Shape

For the three segmented body formulation, the geometric shape of the segmented

body is simulated in the form of frustum of circular cones. The involvement of ge-

ometric shape in the system parameter constraint formulation is considered impor-

tant, since practically many of the existing BSP estimation methods assume each of

the body segment having a certain geometric shape. Usually, to estimate center of

mass and moment of inertia, the human body is divided into many linked geometric

shapes such as cylinder, elliptical cylinder, stadium solid, frustum and etc. Here,

the simplest form of geometric shape of frustum of a circular cone is assumed for

the sake of simplicity when generating BSP constraints. This approach is aimed

as the initial step for the possibility of future use of similar approaches, since the

difficulty of estimating the center of mass and moment of inertia of biomechanical

body segments is well known.

The first segment of 8 kgs mass and of 0.5 metres length, is assumed as a frustum

having circular cross sectional area with radius 3 cm at the proximal end and 6 cm

at the distal end. The second segment of 24 kgs mass and 0.5 metres length is a
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frustum of circular cross sectional area with the same radius (cylinder) of 20 cm for

both proximal and distal end. The third segment of 24 kgs mass and of 1 metres

length, is assumed as a frustum having circular cross sectional area with radius 8

cm at the proximal end and 4 cm at the distal end.

With this assumption, the system parameter equality constraints resulting from

the geometric shape are totally different from the two segment simulation, especially

for the first and third segment. However, for the second segment the system param-

eter equality constraints are exactly the same as for the two segment case and the

total body mass constraint is also similar to the previous case as well. Assuming

uniform density throughout all segment volume and taking s = rd−rp

`r
where rp and

rd represent the radius of the circular sectional area at the proximal and distal end

of the frustum respectively and `r is the segment length at rest, the constraint on

mass distribution that relate center of mass and segment length can be written as:

r −
r2
p

`2

2
+ 2rps

`3

3
+ s2 `4

4

r2
p` + 2rps

`2

2
+ s2 `3

3

= 0. (3.3.1)

Similarly, the constraint on mass distribution that relate segment mass, length,

moment of inertia and center of mass can be written as:

I − m
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2
+ s2 `3

3

[(
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)
+r2

(
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3

)]
= 0. (3.3.2)

Hence, the resulting system parameter constraints can be written as:

(i) First segment:

r1 −
0.0009

`21
2

+ 0.0036
`31
3

+ 0.0036
`41
4

0.0009`1 + 0.0036
`21
2

+ 0.0036
`31
3

= 0, (3.3.3)
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(ii) Second segment:

2r2 − `2 = 0, (3.3.5)

12I2 −m2`
2
2 = 0, (3.3.6)

(iii) Third segment:

r3 −
0.0064

`23
2
− 0.0064

`33
3

+ 0.0016
`43
4

0.0064`3 − 0.0064
`23
2

+ 0.0016
`33
3

= 0, (3.3.7)
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= 0, (3.3.8)

As obvious from (3.3.3)-(3.3.8) the system parameter equality constraints be-

come more complicated in this formulation but essentally remove I and r from the

optimization. Note however that (3.3.4), (3.3.6) and (3.3.8) read as the typical

I = mf(`) so I and m are proportionally related, once ` is fixed.

With the use of the control parameterization approach in this study, increasing

segment numbers will eventually increase the degrees of freedom in the optimization

(defined as the difference between number of parameters and number of constraints).

This happens because the control variable is partitioned into knot sets that produce

a number of control parameters that outnumber the constraints. For instance the

change from a two segment to a three segment problem adds another two equality

constraints and one inequality constraint, but adds four other BSP together with

control parameters depending on the number of knots in the control parameteriza-

tion.

The objective of optimal control was set as:

minimize

τ , z
: G̃(τ , z) =

∫ 1

0

(τ 2
1 + τ 2

2 + τ 2
3)dt. (3.3.9)

Generally, the simulation of the three segment without introducing equality con-

straint describing the mass distribution, results in a problem similar to the two
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Table 3.3.1: Comparison of body segment parameters for 3 segmented body with

the use of mass distribution constraints based on a geometric shape

1st Segment 2nd Segment 3rd Segment

BSP Actual Computed Actual Computed Actual Computed

Mass 8 8.00720 24 24.7532 24 23.5267

U-L bound (7.5, 8.5) (22, 26) (22, 28)

Segment length 0.5 0.489918 0.5 0.499472 1 1.04432

U-L bound (0.48, 0.52) (0.478, 0.52) (0.978, 1.12)

Center of mass 0.3036 0.291940 0.25 0.270841 0.3929 0.360033

U-L bound (0.27, 0.4) (0.19, 0.35) (0.19, 0.52)

Moment of inertia 0.1483 0.140542 0.5 0.550185 1.7816 1.68804

U-L bound (0.12, 0.3) (0.43, 0.6) (1.6, 2)

segment case. More of the BSP values hit the upper and lower bounds as the con-

straints for the closeness of fit is pushed to make the distal end coordinate of each

segment closer to the actual distal end coordinate. After introducing equality con-

straints of mass distribution into the optimal control, the final result of distal end

coordinate differences are shown in Figure 3.3.1. The final BSP values are shown in

the Table 3.3.1.

From the Table 3.3.1, all BSP values stay well inside the interval bounded by

lower and upper bounds and have values that are relatively close to the actual values

which is indicated by the difference of less than 15 % from the actual values. This

indicates that if accurate equality constraints describing mass distribution based on

geometric shape of a biomechanical subject could be obtained, then these constraints

may have a good prospect to be used to estimate BSP values using optimal control.

However, as equality constraints that relate BSP values in this approach are more

complicated, the optimization experiences difficulties in selecting BSP values which

satisfy both BSP equality constraints and the inequality constraints of closeness of

fit at the same time. This evidence is shown by relatively large distal end coordinate

differences in the Figure 3.3.1. This was found also during the computation in the

form of difficulties to achieve the optimal solution by sequentially decreasing the

value of Sj. Similar to the 2 segmented body, the condition of optimality for 3

segmented body without having BSP constraints is shown in the Table 3.3.2. As

the active constraint rank is of full rank and the number of active constraints remain
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Figure 3.3.1: Graph of distal end coordinate differences between smoothed and

rounded (S-R) data for 3 segmented body when mass distribution constraints based

on a geometric shape are added to the optimization
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Table 3.3.2: Optimality conditions of the optimal control for BSP estimation of the

3 segmented body

Run

Cond. of the optimality First Run Second Run

No. of active constraints, rank 8, 8 10, 10

No. of parameters (system + control) 15 + 78 15 + 78

Rank of augment. Hessian (deficiency) 101 (None) 103 (None)

Error in constraints 4.6 E-06 1.12 E-06

Cond. Number of active constraints 9.57 2.57 E+01

Cond. Number of Lagr. Mult 9.98 E08 1.39 E+10

small while the rank of the augmented Hessian has significantly increased compared

to the 2 segment case, a much larger number of parameters (93 for both runs)

leads to similar condition numbers for the Lagrange multipliers. Hence, the large

condition numbers of the Lagrange multipliers shows that the regular point resulting

from the optimal solution may still have a chance to be inaccurately determined or

degenerate.

From the simulation results of both 2 and 3 segmented bodies, it has been shown

that the problem of simultaneous estimation of BSP together with torques that re-

produce a biomechanic subject motion can not find accurate BSP values unless

additional constraints on BSP are added. It means that, without additional BSP

constraints, the optimization has the flexibility to choose different kinds of mass

distributions for each segment. This provides a very significant clue to the imple-

mentation of this method to a real biomechanical system, where the formulation of

BSP constraints become necessary and yet challenging. It is also found that the

weighting of torques in the objective function has a significant influence on the BSP

selected in the optimization, especially the selected mass and moment of inertia.
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3.4 BSP Estimation on a Biomechanical Subject Motion

Following the results of BSP estimation technique based on simulation data, the

BSP estimation based on raw kinematic data is applied to trajectory data from a

real biomechanical system. The kinematic raw data is derived from the work of Koh

(2001). The study only involves the data for the case where there is contact between

a hand and a vaulting horse.

The motion of the subject can be viewed in the Figure 3.4.1, where it starts

from the position on the right moving to the left. As the hand is in contact with the

horse, the body torques between segments push the body up with the help of the

angular and translational momentum generated from running before contact. The

motion was completed in 0.21 second with the sampling time for data recording at

0.005 second.

There are several critical issues related to this kinematic data. The first issue

is that the length of each segment of the body may change during the motion,

especially for the whole arm and upper and lower trunk. The shoulder joint is not

fixed to one point on the upper trunk. The segment length may also change during

the motion due to the simplification of the segment as a bar in the 2-D segmented

body, which is actually projected from the 3-D body motion. The marker at the

joint of the body may move slightly due to the skin and muscle movement during

motion. Another issue is that the position of contact between hand and vault may

also change slightly during the motion. These all add to the signal noise that is

naturally captured during the data acquisition process.

Using the kinematic data in the form of distal end coordinates of a five segmented

body, the simulation was implemented to minimize an objective (usually in the form

of minimizing torque). The minimization is to be done while maintaining the motion

of the 5 segmented body so that at every sampling time the distal end coordinate

from integration of the segmented body ODE (xj
i , y

j
i ) are as close as possible to the

kinematic data (x̂j
i , ŷ

j
i ) using the inequality constraints:

hj =
N∑

i=1

(
xj

i − x̂j
i

σi

)2

+

(
yj

i − ŷj
i

σi

)2

− Sj ≤ 0, (3.4.1)

where j = 1, 2, . . . , 5. and N = 42. The optimal control approach is meant to

determine the torques at the hand contact as well as at the four other joints of the

subject body together with the optimal values of BSP.
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Table 3.4.1: Optimized BSP values (with initial relative value) of a biomechanical

subject with allowable upper and lower bounds
Segment Hand Arm U. Trunk L. Trunk Leg

Init. value 0.5020 2.6436 13.4238 13.0707 10.1690
Mass 0.53177 1.7127 11.556 14.7456 11.4539

U-L bound [0.19,0.91] [0.5,7.7] [2,34] [2.07,64] [1.96,30.2]

Init. value 0.1786 0.5124 0.2234 0.3772 0.7786
Length 0.182495 0.516742 0.180764 0.4375 0.6957

U-L bound [0.075,0.379] [0.19,0.92] [0.0034,0.933] [0.067,0.987] [0.07,0.99]

Init. value 0.0729 0.2765 0.0447 0.1640 0.3429
CM 0.14024 0.06 0.085348 0.503842 0.86

U-L bound [0.0119,0.739] [0.06,0.69] [0.012,0.096] [0.06,0.57] [0.132,0.86]

Init. value 0.0009 0.0348 0.1637 0.1550 0.4416
M. Inertia 0.008997 0.013 0.77 0.54289 0.5949
U-L bound [0.0001,0.009] [0.013,0.086] [0.05,0.77] [0.045,0.765] [0.13,0.75]

The first run is done to investigate the behaviour of BSP values when their upper

and lower bounds are allowed to lie in a large interval, in order to see whether the

BSP values exhibit the behaviour found during simulation for two or three segmented

bodies. The first result is obtained for the optimization without using regularization

(with the objective to minimize the sum of squares of torques), shown in Table 3.4.1,

where BSP values at their upper or lower bounds are in bold. The initial values

(Init. value) of the BSP are also presented in the table.

The resulting BSP values show that only masses and segment length values did

not hit the upper or lower bounds as the values are determined by the smoothing

inequality constraints and total body mass constraint. Center of mass of the arm

hit the lower bound although the lower bound has been set unrealistically small (6

cm) compared to length of arm (51.6 cm). On the other hand, the center of mass of

the leg hit the upper bound even though the upper bound has been set unrealisticly

large (86 cm) compared to the length of the leg (69.57 cm). Along with this, the

optimization choose the extremely small value of moment of inertia of the arm as

the value of its lower bound. Similarly, the value of the moment of inertia of the

upper trunk hit the upper bound which is unrealistically large.

The optimality conditions for BSP estimation using inequality constraints of the

closeness of fit are shown in the Table 3.4.2. 11 control parameters were used for

each of five control functions making a total of 55 control parameters. There are 30

system parameters consisting of 20 BSP values (4 BSP values for each segment) and



74
Chapter 3. BODY SEGMENT PARAMETER ESTIMATION FROM NOISY KINEMATIC

DATA USING OPTIMAL CONTROL

Table 3.4.2: Optimality conditions of the optimal control for BSP estimation of the

biomechanical subject

Run

Cond. of the optimality First Run Second Run

No. of active constraints, rank 34, 34 31, 31

No. of parameters (system + control) 30 + 55 30 + 55

Rank of augment. Hessian (deficiency) 119 (None) 116 (None)

Error in constraints 2.09 E-10 2.65 E-10

Cond. Number of active constraints 1.26 E+04 1.032 E+04

Cond. Number of Lagr. Mult 8.76 E+14 3.45 E+14

10 initial conditions for angular positions and velocities. This gives an overall 85

parameters in the optimization. As the rank of active constraints for both runs are

full rank, the optimal solutions for both runs are regular points. However, as the

number of active constraints is much larger (34 for the first run and 31 for the second

run) than the actual number of equality and inequality constraints (6 constraints,

being 1 TBM equality constraint and 5 inequality constraints of closeness of fit), it

indicates that many of system parameter (and possibly control parameter) lower or

upper bounds become active. In the first run, as many as 28 parameter lower or

upper bounds are active, while for the second run as many as 25 of them are active.

As the errors in the active constraints are relatively very small and the condition

number of active constraints is not significantly large in comparison, it indicates that

there is no ill-conditioned computation in determining the selected active constraints

and that the control/system parameters determined through these constraints are

quite reliable. However, as the condition number of Lagrange multipliers is relatively

large, the computation of Lagrange multipliers is ill-conditioned and their values may

be ill determined. As the Lagrange multiplier condition number is also proportional

to the condition number of the projected Hessian, this indicates that the resulting

control/system parameters that are not determined through the active constraints
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Table 3.4.3: BSP values of a biomechanical subject when they do not hit upper or

lower bounds as the values of Sj are allowed to be relatively larger

Segment Hand Arm U. Trunk L. Trunk Leg

Mass 0.509621 2.54482 12.9573 13.7844 10.2039

Segment length 0.175862 0.516566 0.232798 0.379761 0.772779

Center of mass 0.0723898 0.260168 0.044655 0.169987 0.359707

Moment of inertia 0.000882537 0.0348581 0.157461 0.160974 0.44196

are relatively less reliable. As many upper or lower bounds of system parameters

become active, this may indicate that the optimal solution is degenerate.

Considering the result in the Table 3.4.1 where the optimization has resulted

in unrealistic values of BSP, the upper and lower bounds are then limited so that

the final result of BSP estimation may produce realistic values. The simulation was

started with a relatively bigger value of Sj in the inequality constraint and proceeds

sequentially to smaller values of Sj using the parameters resulting from the previous

optimization as starting values. Using bigger values of Sj mean that the feasibility

area of the inequality constraints is relatively larger. From the result of the optimal

control computation using MISER3.3, as the starting value of Sj is quite large the

optimal solution is achieved since the inequality constraints are quite easy to satisfy.

Consequently, the optimization is able to find optimal BSP and torques away from

the upper and lower bounds of both parameters and controls. However the distal

end coordinate difference between the kinematic data and the result of computation

was quite large as shown in the Figure 3.4.2. This distal end coordinate difference

can be compared with the result of smaller value of Sj as shown later in the Figure

4.4.1 in the Section 4.4. The BSP values for this computation are shown in the

Table 3.4.3.

As the values of Sj are made smaller to push the optimization to search for BSP

and torque that make smaller distal end coordinate difference, it becomes more

difficult to obtain the optimal solution. Most of the time, the optimization fails to

satisfy the inequality constraints of the closeness of fit as the line searches hit the
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Figure 3.4.2: Distal end coordinate difference between computed motion and kine-

matic data of a biomechanical subject when the values of Sj are allowed to be

relatively larger
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Table 3.4.4: BSP values of a biomechanical subject where some hit upper or lower

bounds (bold) as the values of Sj are made smaller

Segment Hand Arm U. Trunk L. Trunk Leg

Mass 0.511 2.5 12.7083 14.0707 10.21
U-L bound (0.49,0.511) (2.5,2.7) (12,14) (12.07,14.0707) (9.969,10.21)

Length 0.178007 0.502103 0.219335 0.3872 0.77
U-L bound (0.1756,0.1796) (0.49,0.52) (0.203,0.2334) (0.367,0.3872) (0.77,0.795)

CM 0.0719 0.26 0.046 0.17 0.36
U-L bound (0.0719,0.0739) (0.26,0.29) (0.042,0.046) (0.16,0.17) (0.3329,0.36)

M. Inertia 0.0008 0.036 0.15 0.145 0.4316
U-L bound (0.0008,0.001) (0.033,0.036) (0.15,0.17) (0.145,0.165) (0.4316,0.45)

upper or lower bounds of the BSP values and stop the optimization process before

reaching the optimal solution. It was found that the smaller the value of Sj, the

larger the number of BSP values that hit the upper or lower bound. Pushing the

optimization to obtain the best result in term of the smallest distal end coordinate

difference produced a final result as shown in the Figure 3.4.3 with the BSP values

shown in the Table 3.4.4.

In order to obtain better BSP values and smoother joint torques, the second

order regularization was introduced into the optimal control, effectively using an

objective of ∫ tf

ts

5∑
j=1

(τ̈ j)
2 dt.

The final result is shown in the Figure 3.4.4 with the BSP values shown in the Table

3.4.5. Although there was a slight improvement of distal end coordinate differences,

the final result of the optimization search stops without achieving the final optimal

solution and only one of the BSP values hit a bound. This indicates that the failure

of optimization to achieve the optimal solution with smaller value of Sj was not due

to the irregularity of the optimal control problem. With the optimization stopping

at a final result of BSP values that hit the upper and lower bound, it suggests

the existence of degeneracy in the optimal control problem. As anticipated in the

simulation for the 2 segmented body, with the active linear inequality constraints,

when the BSP values hit upper or lower bounds, the problem becomes degenerate

and the optimization stop the search for the optimal solution.
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Table 3.4.5: BSP values from optimization using second order regularization

Segment Hand Arm U. Trunk L. Trunk Leg

Mass 0.510639 2.53749 12.6762 14.0657 10.21

Segment length 0.176248 0.504274 0.216677 0.385516 0.770953

Center of mass 0.0720972 0.266840 0.0454175 0.169895 0.359777

Moment of inertia 0.000827255 0.0345276 0.152301 0.145867 0.432729

To compare BSP estimation with another computational approach, the inequal-

ity constraints (3.2.2) are introduced into the objective in the form of a trajectory

compliance penalty for distal end coordinate differences. Instead of assigning a value

for Sj, the idea is that a penalty for having large value of Sj is introduced into the

objective. The result for the actual and computed motion is shown in the Figure

3.4.5. The BSP values are shown in the Table 3.4.6. The results using the tra-

jectory compliance penalty method are similar to those from the use of inequality

constraints. As shown in the Table 3.4.6, many BSP values hit the upper or lower

bounds (in bold), and the optimization does not reach a clear optimal solution.

The number of BSP values that hit the upper or lower bounds was successfully re-

duced through second order regularization of the control as shown in the Table 3.4.7.

However, the result shows that the distal end coordinate differences using second

order regularization were significantly increased. The figures used for comparison

of coordinate differences between using the trajectory compliance penalty with and

without second order regularization are presented in Section 4.4. The distal end

coordinate differences for the trajectory compliance penalty without regularization

can be found in the Figure 4.4.4 of Section 4.4. On the other hand, the distal

end coordinate differences for the trajectory compliance penalty with second order

regularization can also be found in the Figure 4.4.5 of Section 4.4.

From the overall results, it can be inferred that the optimal control computation

will not be able to calculate BSP values of a biomechanical subject relying solely

on the kinematic data and total body mass constraints. The results indicate that

the optimization does not have enough constraints to determine exactly which BSP

values to choose so that the optimal solution can be obtained. The optimization kept
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Table 3.4.6: BSP values using the trajectory compliance penalty without second

order regularization for a biomechanical subject. Bold indicates parameters at a

lower or upper bound.

Segment Hand Arm U. Trunk L. Trunk Leg

Mass 0.511 2.701 12.5073 14.0707 10.21
U-L bound [0.49,0.511] [2.5,2.701] [12,14.01] [12.07,14.0707] [9.969,10.21]

Length 0.1796 0.49 0.231405 0.3672 0.77362
U-L bound [0.1756,0.1796] [0.49,0.52] [0.2034,0.2334] [0.3672,0.3872] [0.77,0.795]

CM 0.0719 0.26 0.042 0.17 0.36
U-L bound [0.0719,0.0739] [0.26,0.29] [0.042,0.046] [0.16,0.17] [0.3329,0.36]

M. Inertia 0.0008 0.036 0.17 0.145 0.45
U-L bound [0.0008,0.001] [0.033,0.036] [0.15,0.17] [0.145,0.165] [0.4316,0.45]

continuing the line searches until many of the upper or lower bounds of BSP values

were reached. Once the linear inequality contraints of BSP lower and upper bounds

become active, the optimization fails. This failure may indicate the possibility that

the linear inequality contraints of BSP lower and upper bounds cause the degeneracy

in the optimal control problem.
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Table 3.4.7: BSP values using the trajectory compliance penalty with second order

regularization for a biomechanical subject.
Segment Hand Arm U. Trunk L. Trunk Leg

Mass 0.510456 2.59511 12.9255 13.779 10.1899
U-L bound [0.49,0.511] [2.5,2.701] [12,14.01] [12.07,14.0707] [9.969,10.21]

Length 0.17685 0.493416 0.213082 0.371547 0.771762
U-L bound [0.1756,0.1796] [0.49,0.52] [0.2034,0.2334] [0.3672,0.3872] [0.77,0.795]

CM 0.0734158 0.261137 0.0422043 0.169546 0.349769
U-L bound [0.0719,0.0739] [0.26,0.29] [0.042,0.046] [0.16,0.17] [0.3329,0.36]

M.Inertia 0.0009431 0.0354682 0.168923 0.154061 0.432203
U-L bound [0.0008,0.001] [0.033,0.036] [0.15,0.17] [0.145,0.165] [0.4316,0.45]
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SIMULTANEOUS TORQUE ESTIMATION AND

KINEMATIC DATA SMOOTHING FROM

BIOMECHANICAL DISPLACEMENT DATA USING

OPTIMAL CONTROL

The study of biomechanical system dynamics consists of research to obtain an ac-

curate model of biomechanical systems and to find appropriate torques or forces

that reproduce motions of a biomechanical subject. As discussed in Chapter 1, for

biomechanical modeling, the system is assumed to be a hinged rigid segmented body

similar to a robot that is usually studied in mechanical engineering.

Finding appropriate torques or forces that reproduce motions of a biomechan-

ical subject can not be done using sensors or equipment as in robotics. Actual

torques, for instance, are not measurable because they are not generated by motor-

like torques but through a muscle-tendon-bone mechanism. Usually inverse dynam-

ics or dynamic optimization is used as a tool to compute torques or forces that

produce the angular coordinates of each body segment that is relatively close to

kinematic data. Researchers have shown that applying inverse dynamics to raw

kinematic data tends to produce noisy resultant joint moment (RJM) estimates due

to inherent systematic and random errors associated with displacement-time data

obtained from film or video [42]. This suggest the need for a method that is capable

of computing accurate torques or forces, but at the same time produces smooth

RJM.

The displacement data usually consists of the real signal and low amplitude-high

frequency noise, which, for arguements sake, can be assumed to have a mathematical

form A sin ωt with a small A and a large ω value. This noise term does not give

significant differences to the measured displacement data since the amplitude is

assumed to be small. However, the amplitude ωA of its derivative is very large

for a sufficiently large values of ω, and this becomes larger for the higher order

derivatives. Hence, this noise results in very significant changes to the velocity

and acceleration values which can be used to compute torques or forces. Therefore,

several techniques for kinematic raw data smoothing have been proposed to solve this

problem. As mentioned in [78], among the most famous methods are: Butterworth

digital filter [57, 79], cubic spline [48, 70], quintic spline [80], and Fourier series [3].

These data smoothing methods are usually applied to kinematic data prior to the

estimation/computation of torques/forces.
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On the other hand, dynamic optimization/optimal control methods may include

estimation of forces and torques of each body segment with the cost function aimed

at minimizing the jerk or maximizing the smoothness [49]. Therefore, the noisy

RJM estimates could be avoided through several mechanisms in the objective or

constraints of the optimal control problem. This provides an idea of combining both

data smoothing and force/torque computation in a unified approach. This approach

does not require a split between kinematic data smoothing, velocity and accelera-

tion computation, and RJM estimates. Instead, these could be done simultaneously

within the optimal control computation. Also, whereas separate data smoothing for

each joint coordinate is done independently, the optimal control approach allows all

joint data to be smoothed simultaneously, enforcing segment length constraints (see

the study done by Jennings (2004)). The research using optimal control becomes

more interesting and challenging because many biomechanical optimal control prob-

lems also need to estimate BSP. Usually these parameters are assumed to be known

and fixed prior to the computation of the optimal control problems. The practical

process of body parameter estimation alone is a complex process, involving approx-

imated volume computation of each segment and segment density estimation using

sophisticated equipment. However, as shown in Chapter 3, without accurate con-

straints describing the biomechanical subject mass distribution, the unification of

the smoothing and torque estimation with BSP value estimation will not produce

optimum results for both. Therefore, the study here is focused on smoothing and

torque estimation by assuming that the BSP values have been accurately estimated

through traditional methods of BSP estimation. In the computation, this is done

using the estimated BSP values of traditional method as an initial guess, and then

restricting the BSP to a very small region about the estimated BSP values.

This work is aimed at using dynamic optimization for biomechanical systems to

simultaneously obtain joint torques (and slightly adjust BSP values), while smooth-

ing kinematic raw data of biomechanical subjects obtained from film or video. This

work is different from the previous work [42] where the “closeness” of the motion

and smoothed kinematic data is treated as the objective of the optimization. Here

this closeness between the motion and kinematic raw data is treated as inequality

constraints where the degree of closeness of fit can be decided. The smoothing ap-

proach is similar to the simultaneous smoothing of coordinate data by cubic and

quintic splines presented in [32]. In this way, not only the torques or forces which

reproduce similar motion can be estimated, also smaller or smoother torques re-

producing similar motion can be estimated in the case where degrees of freedom
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exist.

4.1 Biomechanical Data Smoothing Using Splines

Splines were originally used as a piecewise polynomial interpolation to approxi-

mate a set of points (t0, y0), (t1, y1), . . . , (tn, yn) by a function s(t) which is a poly-

nomial on every interval [ti, ti+1]. The specific name for a polynomial spline (for

example a cubic spline) is refering to the condition of the function s(t). For a cubic

spline, s(t) is designed to have continuous first and second derivatives at adjacent

intervals. Using data points, derivative continuity at data points and extra condi-

tions at the end points (t0, y0) and (tn, yn), the unique expression for each si(t) can

be obtained. For the natural cubic spline interpolation, the following expression is

minimized,

||f ′′||2 =

∫ tn

t0

(f ′′(t))2dt, (4.1.1)

subject to f(ti) = yi, i = 1, 2, . . . , n.

With this fact comes the first idea of using spline for smoothing that will allow

the spline to deviate slightly from the data points. If the data points are given by

the equation yi = f(ti) + ζi, then the spline function s(t) which approximates the

function f(t) can be constructed through minimizing the value of

Lµ = µ
n∑

i=0

(
yi − si

σi

)2

+ (1− µ)

∫ tn

t0

(s′′(t))2dx, (4.1.2)

where si = s(ti). This represents a trade off between minimizing closeness of fit and

smoothness. This formulation for spline smoothing usually takes the form

minimize

s(t)
: L =

∫ xn

x0

(s′′(t))2dt, (4.1.3)

subject to the inequality constraint

n∑
i=0

(
yi − si

σi

)2

≤ S. (4.1.4)

for some chosen S. There is an extensive literature on finding the best S.

The minimizing equation is aimed at achieving the curve s(t) as smooth as

possible by setting its second derivative value as close to zero as possible. The

inequality constraint, on the other hand, tries to limit the distance between the

obtained curve and the displacement data as not beyond a positive number related

to σi and S.
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This spline smoothing can be expanded to two or three dimensional displacement

data. This is implemented by extending the objective and inequality constraint. For

2-D displacement data (ti, x̂i, ŷi) the smoothing can be written in the form of

minimize

x(t), y(t)
:

∫ tN

t1

(x′′(t))2 + (y′′(t))2dt. (4.1.5)

subject to
N∑

i=1

(
xi − x̂i

σi

)2

+

(
yi − ŷi

σi

)2

− S ≤ 0.

The case of 3-D data follows directly as an extension of the 2-D case, while for

displacement data involving more than one body segment and using segment length

constraint, see Jennings (2004). The above models do not take into account the

natural rotations of the body segments, so the next section adds this feature to the

computational model.

4.2 Torque Estimation and Kinematic Data Smoothing for a Two

Segmented Body

Here, an approach similar to the spline smoothing approach is applied to a two

segmented rigid body (with BSP values the same as in the Chapter 3) where the

“exact” historical data for torques is given and historical angular displacement data

is generated through highly accurate forward integrations of the multibody dynamic

equations. Hence there are no data mismatches between the model and the actual

segmented body. All BSP are known exactly. The kinematic data used in this

section is similar to data used in Section 3.2, however the focus here is more on the

smoothing and torque estimation problem. Note that the torques used to generate

this data are not typical “smooth” torques found in nature (see Figure 4.2.1). This

was done deliberately to test the algorithm. Given the {(ti, x̂j
i , ŷ

j
i ); i = 1, . . . , N} as

the 2-D displacement data of the j-th body segment obtained from video or film,

the purpose is to find a smoothed motion that is close to the time-space history of

the joints. This closeness is represented as the inequality constraints:

hj =
N∑

i=1

(
xj

i − x̂j
i

σi

)2

+

(
yj

i − ŷj
i

σi

)2

− Sj ≤ 0, (4.2.1)

where σi is the standard error in x̂j
i and ŷj

i , assumed known. This expression is

used in time series spline smoothing. For an n segment biomechanical model, in the

form of an open chain, j ∈ {1, . . . ,m}, where m = n + 1 for the free-flight case,
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and m = n for the case of one fixed contact at the proximal end of segment one.

The parameter Sj controls the overall balance between smoothing and closeness of

fit. The values of (xj
i , y

j
i ) are obtained as the result of translational and rotational

motion of the whole segmented body. The augmented equation of motion for 2-D

segmented bodies resulting from the translational and rotational equation of motion

with one contact at the proximal end of segment one is given by

Q(θ)α = Tτ + Dcn + (DcEDs −DsEDc)ω
2.

where ω = θ̇, α = ω̇. (see Section 1.2.6.)

There is a slightly important issue for the objective of the smoothing. In the

inverse dynamics, usually the smoothing is conducted prior to the computation of

torques. Thus, minimizing the second derivatives of displacement data is just an

intermediate process with the final objective that the inverse dynamic produce a

smoother set of torques. Here, as the computation of torques and kinematic data

smoothing is implemented in a unified process, the objective of the optimization

can be chosen as smoothing torque alone instead of minimizing second derivatives

of displacement data. Hence, the objective can be designed according to what set

of torques are desired in the smoothing and optimization result.

Thus, for instance, the objective of the optimal control problem for the two

segmented body kinematic data smoothing and torque estimation can be written in

the following form:

minimize

τ , z
: G̃(τ , z) =

∫ 1

0

((τ 1)
2 + (τ 2)

2)dt. (4.2.2)

The objective of the optimization in (4.2.2) is to minimize the magnitude of both

joint torques, and this is usually related to the cost/energy of the motion. Ob-

jectives of the optimization for this kind of problem can be set up in many ways

depending on the necessity. For instance, since most biomechanical subjects move

in a smooth motion, the objective could be chosen to minimize the change of an-

gular acceleration. It is also possible to set the objective as smoothing torque or

the derivative of torque. In [33], this is implemented through first order or second

order regularization. In fact, by choosing the latter form of objective, the process

of kinematics data smoothing to obtain accurate and smooth angular velocity and

acceleration and then using inverse dynamics to obtain accurate and smooth torque

has been unified into a single computation process. There is also the possibility

of choosing the zero objective, if the purpose is just to find a feasible torque for a

specific motion.
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The system parameters z represent the BSP, being: moment of inertia, mass,

length to center of mass, and length of all segments of the rigid body. These param-

eters are allowed to vary within reasonable upper and lower limits.

Integration of the equation of motion produces the value of θi, the angular po-

sition vector, of each segment at every sample time i, where i ∈ {1, . . . , N}. The

value of xj
i and yj

i are obtained from

xj
i =

j∑
k=1

`k cos θk
i , yj

i =

j∑
k=1

`k sin θk
i ,

where `k is the length of segment k and θk
i is the angular position of segment k

at the i-th sample time. This result is substituted into inequality (4.2.1) for the

constraints evaluation.

With proper choice of the value of Sj, the inequality constraints (4.2.1) allow

smoothing of the computed data via minimizing torques, to the closest feasible value

to the noisy historical data over all sampling times. Also, the representation of

torques as piecewise linear functions with few knot points improves this smoothing.

This could be achieved if the optimization choose accurate torques which contribute

to the evaluation of the position coordinate of distal end of each segment. However,

too small a value of Sj (for example much less than N) may lead to infeasibility for the

optimization routine via the constraints (4.2.1). On the other hand if the value of Sj

is too big, the solution may be oversmoothed, allowing computed torques to not rep-

resent the actual biomechanical subject motion. Since these inequality constraints

(4.2.1) involve each i-th sampling time, this requires the multiple characteristic time

feature of MISER3.3 (details can be found in [33]) in these constraints. In the case

of uniform sampling time, this could simplify the constraint implementation in the

optimization software.

Introducing noise to data was done through rounding to an accuracy of 0.005

(0.33 % of the length of the whole body). This created data with the maximum

standard deviation between rounded and generated data σ of 0.0025. With 100

data points, this gives the maximum acceptable σ2S = 0.000625 (assuming that

S = N). To make the optimal control reasonably smooth but close to the noisy-

rounded data, the value of σ2S should be slightly smaller than 0.000625.

The results of optimal control computation for this formulation are shown in the

Figures 4.2.2 and 4.2.3. Figure 4.2.2 shows a comparison between the generated

torques (the exact torques) and torques computed via optimal control for both

segments. Figure 4.2.3 show the distal end coordinate differences of both segments

between the generated and computed motion.
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As expected, the torque for the second joint (Figure 4.2.2) follow the actual

torque closely since they are uniquely determined by the quadratic inequality con-

straint of the distal end of the second segment. However, the computed torque of

the first joint are further from the actual torque because they are not only deter-

mined by the inequality constraint to be satisfied, but also depend on the computed

torque on the second link. Since the magnitude of the torque for the first segment

is significantly larger than for the second segment, the optimization does not seem

to do much work to minimize the torque for the second segment. Indeed, the figure

shows that the minimization is only done for the first torque and it lets the second

torque vary within a relatively smaller amplitude than the first torque. All of these

results are obtained using a 21 parameter piece-wise linear control for each control

variable. In the simulation, it is also found that a much better representation of the

generated torques could be obtained by setting the control torques to have exactly

the same knots as the torques used to generate the data (7 parameter piece-wise

linear control), as shown in the Figure 4.2.1.

Figure 4.2.3 shows that the optimization has computed torques which produces

a motion that is close to the “real” generated data. The smoothed distal end coordi-

nate of both segment one and two fluctuates with small amplitude and low frequency

near the real coordinate of generated data. The result show that the optimization

has found a regular point that smooths the motion with the current setting of σ2S.

This parameter is set as 0.000045 for the first segment and 0.000145 for the sec-

ond segment. The bigger value of σ2S has to be assigned to the second segment

inequality constraint since it probably carries inherently the deviation (error) of the

first segment in the left hand side of the constraint. This tendency has been noticed

during running of the problem, where small decrease for the S value of the sec-

ond segment inequality constraints lead to infeasibility of the distal end coordinate

difference inequality constraint. Increasing either one or both of the S parameter

values can lead to a solution which allows the smoothed data to deviate more from

the generated data.

With the same value of σ2S, the second order regularization is added to the op-

timal control objective to obtain smoother torques for both joints. The result of the

smoother torques using second order regularization are shown in the Figure 4.2.4.

The distal end coordinate differences for both segments are shown in the Figure

4.2.5. The results show that the optimization has managed to make the torques

for both segments (Figure 4.2.4) much smoother than the torque without second

order regularization (Figure 4.2.2). However, the optimization with second order
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Figure 4.2.1: Graph of comparison between smoothed (-) and generated (++)

torques for 2 segmented body using 7 control parameters for each control function.
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Figure 4.2.2: Graph of comparison between smoothed (-) and generated (++)

torques for 2 segmented body using 21 control parameters for each control func-

tion without second order regularization.
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Figure 4.2.3: Graph of distal end coordinate difference between smoothed and gen-

erated data for 2 segmented body without regularization.
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Figure 4.2.4: Graph of comparison between smoothed (-) and generated (++)

torques for 2 segmented body using 21 control parameters for each control func-

tion with second order regularization.
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Figure 4.2.5: Graph of distal end coordinate difference between smoothed and gen-

erated data for 2 segmented body with second order regularization.
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regularization fail to satisfy the smoothing inequality constraints where the distal

end coordinate differences for both segments (Figure 4.2.5) are much bigger com-

pared to the distal end coordinate differences without second order regularization

(Figure 4.2.3). This example demonstrates the case of too much weight put on the

regularization component.

One most important aspect which needs to be considered carefully is choosing

the number of intervals for control parameters (knot sets). It is very important

that the beginning or the end of the interval of control parameters match with

the interval of a data point. Experience from simulation shows that if this match

does not occur, there are difficulties for the optimization in searching for control

parameters that make the trajectory satisfy the distal end coordinate difference

inequality constraints. In fact, in this situation, the optimization usually stops after

several attempts of trying to achieve constraint feasibility.

4.3 Implementation on a Three Segmented Body

For the three segmented body of Chapter 3, the kinematic data is generated

similar to that of the 2 segmented body. The difference with the two segmented body

case is that the optimal control problem has three smoothing inequality constraint to

satisfy instead of two. On the other hand, the problem has more control parameters

which consequently increase the degrees of freedom in the optimization.

The noise was introduced to the data through rounding to an accuracy of 0.05

(2.5 % of the total length of the body). This created data with the maximum

standard deviation between rounded and generated data σ of 0.025. As the data

was generated for 50 data points, this gives the maximum acceptable σ2S = 0.003125

(assuming that S = N). To make the optimal control reasonably smooth the noisy-

rounded data, the value of σ2S should be slightly smaller than 0.003125.

The results of optimal control computation for the three segmented body, mini-

mizing the objective of sum of squares of torques, are shown in Figures 4.3.1–4.3.2.

Figure 4.3.1 shows the distal end coordinate differences of the segments between the

generated and computed motion. The comparison between the generated torques

and torques computed via optimal control for the body is shown in the Figure 4.3.2.

From the result, all torques for three joint of segments fluctuate around the

generated torques. None of the computed joint torque exactly resemble the actual

joint torque. The explanation for these results can be understood from the degree of

freedom of the optimal control problem. As we use the piecewise linear continuous

control approach and particularly here for 21 control knots, the total number of
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control parameters is 63 for 3 control functions (torques). On the other hand, the

optimal control problem only has three smoothing inequality constraints with one

total body mass equality constraint. From this point of view, the optimization

has a large number (59) of degrees of freedom not counting the BSP (12). This

suggest that the optimization has a lot of freedom to choose from a large set of

control parameters that satisfy the constraints. The number of active constraints

may increase as the lower and upper bounds of BSP values become active, reducing

the degrees of freedom, but not by much.

Second order regularization is added to the optimal control objective to obtain

smoother torques for all three joints. Using the same value of σ2S, the result of the

smoother torques using second order regularization are shown in the Figure 4.3.4.

The distal end coordinate differences for each of the three segment are shown in the

Figure 4.3.3. The results show that the optimization with second order regulariza-

tion has smoothed the torque for each of the three segment (Figure 4.3.4) compared

to the torque obtained without second order regularization (Figure 4.3.2). Here, as

opposed to the two segment case, the optimization with second order regulariza-

tion also satisfy the smoothing inequality constraints with the distal end coordinate

differences for all three segments (Figure 4.3.3) being relatively smaller compared

to the distal end coordinate differences obtained without second order regulariza-

tion (Figure 4.3.1). However, the optimal value of the objective using second order

regularization is significantly larger than the objective without regularization (up

to the order 103), showing that the second order regularization has dominated the

objective of minimization of the torques.

4.4 Kinematic Data Smoothing and Torque Computation for Real

Data

As simulation results for 2 and 3 segmented bodies provide a preliminary result

on kinematic data smoothing and torque estimation, the study is then extended to

kinematic data of a real biomechanical subject with the experiment as explained

in Section 3.4. Although the computation was unified with the BSP estimation,

here the BSP result is ignored as the results of Chapter 3 have shown that the BSP

estimation will not be valid without extra constraints describing mass distribution.

Beside using distal end coordinate difference constraints in the form of:

hj =
N∑

i=1

(
xj

i − x̂j
i

σi

)2

+

(
yj

i − ŷj
i

σi

)2

− Sj ≤ 0, (4.4.1)
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Figure 4.3.1: Graph of distal end coordinate differences between smoothed and

generated data for 3 segmented body without second order regularization.
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Figure 4.3.2: Graph of comparison between smoothed (-) and generated (++)

torques for 3 segmented body without second order regularization.
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Figure 4.3.3: Graph of distal end coordinate difference between smoothed and gen-

erated data for 3 segmented body with second order regularization.
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Figure 4.3.4: Graph of comparison between smoothed (-) and generated (++)

torques for 3 segmented body with second order regularization.
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where j = 1, 2, . . . , 5 and N = 42, the formulation using a multiple characteristic

time trajectory compliance penalty in the objective is also tested. Assumed that

the original constrained optimal control problem is

minimize

(τ , z)
: G̃(τ , z) =

∫ tf

ts

g0(t,x(t), τ (t), z)dt. (4.4.2)

and

ĥj =
N∑

i=1

(
x(τi)

j − x̂j
i

σi

)2

+

(
y(τi)

j − ŷj
i

σi

)2

, (4.4.3)

then the optimal control problem using multiple characteristic time trajectory com-

pliance penalty becomes

minimize

(τ , z)
: G̃(τ , z) =

5∑
j=1

µjĥj +

∫ tf

ts

g0(t,x(t), τ (t), z)dt. (4.4.4)

In addition, second order regularization of the control is also added to both ap-

proaches to make a comparison on the influence of regularization to the result of

smoothing and computation of torques. This influence could be in the form of

smaller distal end coordinate difference as well as better torque values chosen in the

optimization.

The distal end coordinate differences from the optimal control computation with-

out second order regularization, while minimizing the objective of sum of squares

of torques, are shown in the Figure 4.4.1. This figure shows the distal end coor-

dinate differences between the generated and computed motion of the hand, arm,

upper trunk, lower trunk and leg respectively. It shows that the magnitude of the

distal end coordinate differences is related to the length of each segment of the body

with the exception of the hand. As appears from the figure, most of the distal end

coordinate differences increase particularly near the end points of the motion. In

between the beginning and the end of the motion, the optimization tries to make the

motion of few segments close to the actual motion, and this eventually causes other

segments to deviate more from their actual position than in the beginning of the

motion. This is a typical behaviour of the control parameterization methods where

the parameter selection tries to satisfy the smoothing inequality constraints during

the beginning of the motion. This consequently makes it harder for the optimization

to satisfy the constraints for the remainder of the trajectory. With an increasing

number of constraints, the search to obtain the parameters is obviously becoming

harder. The increasing of the distal end coordinate differences at the end of the
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trajectory motion is also in agreement with the behaviour that is usually found in

the smoothing of historical kinematic data, particularly using spline smoothing.

As the data was obtained from the experiment, there is no detailed information

about the maximum standard deviation of the noise in the data. The value of σ2S

was obtained after a sequential run of the optimal control problem, beginning with

a relatively larger value of σ2S and then using the optimization result to restart the

run for a smaller value of σ2S . The final values of σ2S are: 0.015, 0.0455, 0.0455,

0.105, 0.205 for the hand, arm, upper trunk, lower trunk and leg, respectively. These

σ2S values correspond to the average distance at each point (
√

σ2S
N

) from the actual

distal end position coordinates of 1.89, 3.29, 3.29, 5, and 6.9 cm respectively. From

the final values of σ2S for each segment, there are obviously big changes for the arm,

lower trunk and leg. This is most probably due to the extension of these segments

that happens during the motion which is not modeled.

The problem of the extension of a biomechanic segment (especially the effects

of the shoulder joint movement relative to the mid-back “joint”) during the motion

could be solved by using a different length of segment for a different interval of

time. This idea has been discussed by Jennings (2004) [32] in the context of time

series data smoothing using cubic and quintic splines. This can be implemented

by making the length of the corresponding segment as system parameters whose

number is equal to the number of data points. Hence for a segment j, there are as

many as N different lengths of segment written as `i
j, i = 1, 2, . . . , N . In the control

parameterization approach, this is obviously similar to having `j as a piecewise

constant control function. Another possible approach is to define `j as a piecewise

linear control function in which the segment length is continuously changing during

the motion. It should be noted that for both approaches a realistic upper and

lower bound of control must be imposed. This approach will certainly increase the

degree of freedom in the optimization, which in turn may increase the amount of

computation required to achieve the optimal solution.

Second order regularization is added to the optimal control objective to obtain

smoother torques for all body joints. Using the same values of σ2S, the result of

the distal end coordinate differences using second order regularization are shown

in Figure 4.4.2. The results show that the optimization with second order regular-

ization has smoothed the torque for each segment compared to the torque without

second order regularization (Figure 4.4.3). However, the distal end coordinate dif-

ferences for lower trunk and leg are significantly larger for the optimization using the

regularization. The torques selected for the lower trunk also did not represent the



4.4. Kinematic Data Smoothing and Torque Computation for Real Data 105

average magnitude of the torque from optimization without second order regulariza-

tion. This is in contrast to the torques of the other segments which are very much

a representation of the average values (in magnitude) of torques obtained by the

optimization without second order regularization. This phenomenon is quite inter-

esting since the second order regularization in this particular computation was done

with the elimination of the minimizing torques in the objective of the optimization.

This means that the optimization was required to find the torques that are totally

unrelated in term of the objective, yet second order regularization in the objective

suprisingly produces the average values of torques of almost all joint torques of the

minimizing torque objective.

To compare with another formulation of the smoothing and torque estimation

using an optimal control approach, the smoothing inequality constraints are re-

placed by a trajectory compliance penalty in the objective of the optimal control

as described in the Equation (4.4.4). The distal end coordinate differences using

the minimization of the sum of the squares of the distal end coordinate differences

for all five segments, are shown in the Figure 4.4.4. These figures shows the distal

end coordinate differences between the actual and computed motion of the hand,

arm, upper trunk, lower trunk and leg respectively and quite surprisingly that these

figures are almost identical to the Figure 4.4.1. This result strengthens the result

obtained using inequality constraints of closeness of fit that the value of σ2S which

was used in the inequality constraints was close to the smallest value that allowed

a feasible solution.

Second order regularization is now added to the objective of the optimal control

using the trajectory compliance penalty to obtain smoother torques for all body

joints. The results for the distal end coordinate differences using second order reg-

ularization are shown in the Figure 4.4.5. These results show that the optimization

with second order regularization has smoothed the torque for each segment compared

to the torque without second order regularization (Figure 4.4.6). As the optimal ob-

jective value using second order regularization is of the same order of magnitude in

comparison to the trajectory compliance penalty, the second order regularization did

not dominate the minimizing of the coordinate difference. In addition, the selected

torque when using the second order regularization in the objective seem to produce

similar torques to the trajectory compliance penalty optimization. The second order

regularization added to the objective of minimization of coordinate differences has

changed the final result of the coordinate differences, and this is something merely

expected since the optimization loosens the minimization of coordinate differences
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Figure 4.4.1: Distal end coordinate differences between actual and computed motion

using ineq. constraints without second order regularization for a biomechanical

subject.
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Figure 4.4.2: Distal end coordinate differences between actual and computed motion

using ineq. constraints with second order regularization for a biomechanical subject.
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Figure 4.4.3: Comparison of torques using ineq. constraints with and without reg-

ularization for a biomechanical subject.
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in order to balance with the minimization of second derivative of the torques. From

comparing correspondingly each graph in the Figure 4.4.4 and 4.4.5, it is seen that

the regularization has increased the distal end coordinate differences for all body

segments.

Since many optimal control problems are ill-conditioned, the regularization is

usually added to make the computation better conditioned and at the same time

change the value of the objective only slightly. A regularization penalty P (σ) is

added to the original penalty J(σ) to create a new objective

Jr(σ) = J(σ) + rP (σ),

where σ represent the control parameters. Selecting the value of r is a critical

issue because of its influence on the value of P (σ) and J(σ) at the optimal solution.

Selecting a larger value of r will relatively decrease the value of P (σ) and increase the

value of J(σ) at the optimal solution. On the other hand, choosing a smaller value

of r will increase the value of P (σ) and decrease the value of J(σ) at the optimal

solution. This is referred to as the L-curve phenomena when P (σ) is plotted against

J(σ) for optimal σ and for r ∈ [0,∞). In practice, the approximate optimal value

of r could be estimated from many runs of the optimal control problem for different

values of r. However, this will require a lot of time because of the comprehensive

computation needed to find a point (P (σ), J(σ)) for one value of r.

Without regularization, both the use of inequality constraints of closeness of fit

and trajectory compliance penalty produce almost similar pattern of joint torques.

This could strengthen the conclusion that both methods are eventually doing simi-

lar optimization work. However for smoothing the joint torques (using second order

regularization), using the smoothing inequality is a better approach since using

the minimization of coordinate differences forces the optimization to allow larger

end distal coordinate differences in order to balance the minimization of the sec-

ond derivatives of the torques. Although Figure 4.4.2 shows there are increases in

the distal end coordinate differences as compared to the result obtained without

regularization, these increases are not as large as in Figure 4.4.5.

Results for the two approaches of using closeness of fit inequality constraints and

trajectory compliance penalty show that, for almost all segments, the distal end co-

ordinate differences using inequality constraints are larger than those obtained from

using the trajectory compliance penalty. This is most likely because the minimiza-

tion of torques terms in the objective have to be balanced with satisfying inequality

constraints for closeness of fit. This is supported by the fact that, without second
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order regularization, smaller torques (in magnitude) were generally obtained in the

optimization using inequality constraints when compared to using the trajectory

compliance penalty. The resulting torques also show that the sign of torques (pos-

itive/negative) for both methods mostly agree, except for the lower trunk, where

the torques fluctuated between positive and negative for one case (using inequal-

ity constraints) and are mostly positive for the other (using trajectory compliance

penalty).

As the variance of noise in kinematic data is normally not known prior to smooth-

ing, it seems that it is more efficient to use the trajectory compliance penalty for

the purpose of finding the best closeness of fit. In addition, from a computational

view, by using inequality constraints, the optimal control also needs to evaluate the

inequality constraints and their gradients with respect to the control and system

parameters. However, using the objective penalty, balancing between a penalty and

another objective (if it exists) is not an easy task. Furthermore, it would be difficult

to know which of the body segment end distal coordinates are hard to be fitted with

the measured coordinates. This means the penalty weight for coordinate differences

of each segment are based only on the segment lengths. On the other hand, using

inequality constraints leads to massive computation (trial and error) in the begin-

ning to determine the value of Sj for each segment j. However, the result from every

computation of the optimization may provide some information as to which body

segment is difficult to fit with the measured end distal coordinates. This information

can be used to help to determine the value of each Sj.

To understand the computational efficiency for the optimal control to estimate

the segment joint torques and smooth raw kinematic data for the segmented body,

the number of iterations in the optimal control computation for each segmented

body is presented in the Table 4.4.1. The table shows that the number of iterations

using regularization is consistently increasing for all the smoothing and torque es-

timation cases. This may indicate that for the optimal control using second order

regularization the optimization needs more iterations in order to decrease the sec-

ond order regularization penalty in the objective. As the amount of computation

for every iteration with or without regularization has almost no difference, this may

suggest that using the second order regularization is computationally less efficient

but has the advantage of resulting in smoother torques.

Since two approaches were used for the torque estimation of the biomechanical

subject, the table shows the number of iterations for both approaches. The results

shows that the approach using the trajectory compliance penalty is more efficient
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Table 4.4.1: Number of iteration required for the optimal control computation for

each segmented body.

Segmented body No. iteration No. iteration (with reg.)

(time) (time)

2 segment 304 411

(310.384 s) (419.631 s)

3 segment 33 63

(53.229 s) (101.619 s)

Biom. Subject 144 943

(Ineq. constraint) (396.144 s) (2594.193 s)

Biom. Subject 137 639

(Compl. penalty) (318.388 s) (1485.036 s)

than using inequality constraints of the closeness of fit. Although for the case

without regularization the number of iterations for both approaches is almost equal,

the amount of computation in every iteration of the inequality constraint approach

is significantly larger as 5 extra costate equations need to be integrated using by the

ODE solver. It takes several hours to run each case of the segmented body, with the

average amount of time per iteration for each case are 1.021, 1.613, 2.751, and 2.324

seconds respectively for the case of 2 segment, 3 segment and biomechanic subject

using inequality constraints and compliance penalty.
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CONTROL
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Figure 4.4.4: Distal end coordinate differences between actual and computed mo-

tion using trajectory compliance penalty without second order regularization for a

biomechanical subject
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Figure 4.4.5: Distal end coordinate differences between actual and computed motion

using trajectory compliance penalty with second order regularization for a biome-

chanical subject
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Figure 4.4.6: Comparison of torques using trajectory compliance penalty with and

without second order regularization for a biomechanical subject
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CONCLUDING REMARKS AND FUTURE RESEARCH

The computational formulation and simulation that has been conducted through-

out the study in this thesis involves several numerical tools, namely: nonlinear

optimization, optimal control, data smoothing and computational 2-D segmented

body models. These tools have been combined for different purposes such as: the

computation of torques to fit the trajectory motion, BSP estimation and kinematic

data smoothing. This chapter will summarize all the significant results obtained

and extract the understanding and reasoning behind these results along with the

possible direction and/or remarks that can be useful for future work.

As far as the computational optimal control is concerned, there are three sets

of variables that are related to each other that play important roles to the results

of these studies. These are: the BSP values, the torques, and the trajectory of

the body motion (kinematic data). This study wants to clarify the question of

whether or not if one or two of these variables are fixed, then others can be uniquely

or accurately determined. If so, which of the computational approaches provides

the most accurate solution (in term of less ill-conditioning) and which is the most

efficient in terms of computational time and complexity. It is obvious, for instance,

using inverse dynamics, if the BSP values and the trajectory are fixed then the values

of torques along the trajectory motion can be uniquely determined. Also obvious is

that with the BSP values and torques fixed, the trajectory can be uniquely generated

by forward integration of the 2-D segmented body.

A particular question to be clarified in this study is whether or not both BSP and

torques can be uniquely determined simultaneously if the trajectory is fixed. The

other question is whether or not the BSP values can be uniquely or well determined

if the trajectories and torques are fixed.

5.1 Conclusions and Remarks from Chapter 2

The study in Chapter 2 is mainly aimed at obtaining a set of workable initial

torques. The method competes with the inverse dynamic method using three dif-

ferent approaches to ensure the preservation of the angle constraints. Regardless of

the approach used to maintain the angle constraints so that the segment does not

spin around and cause ODE integration failure, the computational optimal control

was able to obtain a small number of parameters (control parameters describing

torques) that matches with a large number of data points (trajectory). This can

be described using the 2-D segmented body model from the computational linear
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algebra point of view.

As the trajectories at each point of time are given (or can be interpolated), this

indirectly (through kinematics) determine the values of θ, ω and α in an interval

of time. Hence, the discretization of the 2-D segmented body model,

Tτ = f̃(θ, ω, α), (5.1.1)

will yield as many linear equations as the data points (assumed to be N). If we

assume there are k control parameters (usually k << N), this will create an overde-

termined system.

The optimization, considering the result of the discretization of the 2-D seg-

mented body as equality constraints, is used to minimize the differences between

the left and right hand side of the linear equations similar to the least squares

method. Therefore, computationally, the trajectory can not be fitted exactly and

this result is confirmed by the non-zero differences between the computed and gen-

erated trajectories.

The advantage of this approach over the inverse dynamics method is the number

of torques chosen does not have to be the same as the number of data points.

This can produce much smoother torques. The inverse dynamics approach usually

calculates different values of torques at every data point. This produces a noisy set

of torques which may not be realistic from a biomechanical movement point of view.

However, smoother torques produced using this approach come with the trade-off

that the trajectory can not be followed exactly. In addition, the weakness of the

inverse dynamics approach also lies in the questionable existence of the inverse of

T and its expensive computation that is usually associated with a large condition

number. This may cause significant inaccuracies in the computed torque.

Of all the three approaches proposed, the all-time inequality constraints approach

represents a significant difference to the inverse dynamics approach as it adds more

constraints to the optimization. On the other hand, in the other two approaches

these constraints are transformed into either the additional term in the dynamic

equations or the exponential penalty term in the objective and both did not intro-

duce any additional constraint. From this point of view, the last two approaches have

more degrees of freedom in terms of searching in the control parameter space during

the optimization compared to the inequality constraint approach although from the

computational model design each should achieve the common optimal solution.
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5.2 Conclusions and Remarks from Chapter 3

The study in Chapter 3 reveals the impossibility of estimating BSP values based

solely on noisy kinematic data. This phenomena can also be explained using the

2-D segmented body model (the 3-D model is likely to be worse to estimate as there

are more BSP parameters per segment). With the trajectory nearly fixed (with the

inequality constraints of the closeness of fit just allowing the computed motion to

vary a small distance from the kinematic data), the overdetermined system with

more data points than torque parameters makes it hard to follow the trajectory

closely. This is confirmed by the results in Chapter 3 where the optimization finds

it is difficult to satisfy the inequality constraints of the closeness of fit especially if

the value of S is relatively small. With the objective being to minimize the sum

of the square of torques, the optimization has several choices of torques that vary

widely. However, as the BSP were not fixed, they also have to be determined from

the 2-D segmented body model. As opposed to the torque which is linearly related in

the model, the 2-D segmented body model is nonlinear in some of the BSP values (`

and r). This will eventually cause more difficulties for the optimization to accurately

determine the optimal BSP values and torques. The only possible way of using an

approach similar to the inverse dynamics is by having the same number of control

parameters and data points, allowing some degrees of freedom in the BSP. However

this has also been tried and the result using the simultaneous torque and BSP value

estimation has confirmed that the BSP values cannot be well determined as some

of the BSP always hit the upper or lower bounds, even if they are unreasonable.

The problem of selecting accurate BSP values that satisfy the 2-D segmented

body model can be seen in considering the Jacobian of the state equations of the

model with the total body mass equality constraint. Let

W(`, m, I, r) =

[
Q(θ)α− Tτ −Dcn− (DcEDs −DsEDc)ω

2∑
i mi −M

]
= 0.

Finding the Jacobian of W with respect to the BSP values will indicate the condition

number, rank of the Jacobian and the possibility of obtaining accurate BSP values

that comply with the equality constraints of the 2-D body model. As deriving the

analytic Jacobian for W (especially with respect to ` and r) is found to be rather

complicated, the alternative used here is to compute the Jacobian during the optimal



118 Chapter 5. CONCLUDING REMARKS AND FUTURE RESEARCH

control computation and a typical result at some time t is

∂W

∂`
=



42.915 −38.849 117.275 −162.969

252.923 −66.45 73.92 34.82

8.764 −7.585 205.546 −32.464

−39.857 6.452 218.86 −216.519

1.936 −0.16 −98.316 261.802

0 0 0 0


,

∂W

∂m
=



1.319 3.171 1.99 −1.506

−0.173 0.161 0.269 0.448

−0.563 −2.618 −1.709 2.148

0.669 1.376 0.648 0.094

−0.022 −0.009 0.119 −0.468

1 1 1 1


,

∂W

∂I
=



136.799 9.247 −120.403 22.867

−17.943 −12.924 −86.843 −6.004

−58.399 21.709 452.543 −17.0523

69.344 9.384 −106.614 38.760

−2.300 −1.044 60.211 −18.258

0 0 0 0


,

∂W

∂r
=



13.812 −18.011 −57.278 70.529

−1.812 −0.07 211.302 −36.974

−5.896 12.709 −234.779 −− 409.342

7.001 −8.211 −202.88 471.877

−0.232 0.129 86.504 −303.646

0 0 0 0


.

From the result of the Jacobian ∂W
∂(`,m,I,r)

and using the singular value decom-

position (SVD) analysis in Matlab shows that this Jacobian has full rank (6) with

the condition number = 426.9299. With the full rank of a Jacobian matrix of order

(n + 1) × 4n, a linear system of (n + 1) × 4n is formed for each instant of time. If

the optimal control uses p intervals for the control parameterization, this will give

p(n + 1) linear equations with 4n variable. Hence for p ≥ 4 this will produce an

overdetermined system which causes numerical difficulties for the optimization to

search for a set of BSP values that comply with the 2-D segmented body model. The

large condition number of the Jacobian also suggest that the resulting BSP values
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obtained from linear approximation of the 2-D model equality constraints are not

reliable.

The simulation for the 3 segmented body in Chapter 3 tries to include a simple

geometric shape to formulate the relationship between BSP values to provide a suf-

ficient number of constraints to determine BSP values. With the current limitation

and simplification on the relationship between BSP values, this approach is possibly

not much better than the BSP estimation methods based on experiment (cadaver-

based or mass-scanning based methods). The combination of these experimental

methods and geometric shape to formulate BSP constraints could be a challenging

approach to be considered in future work.

Except for the mass, other BSP values are potentially changing during the motion

as each segment of the body may extend or shorten. This opens the possiblity

of formulation of these BSP values as control functions that are changing with

time. The possibility of considering ` changing for each interval of time in the

inequality constraints on the closeness of fit during the segmented body motion has

been considered by Jennings (2004) [32]. However, from a modeling point of view,

the changes in ` will eventually change the values of r and I as both of these are

related to `. If these BSP values are also to be treated as control functions, then since

` and r appear nonlinearly in the 2-D segmented body model, the optimal control

problem becomes nonlinear in some controls and may become computationally more

difficult.

5.3 Conclusions and Remarks from Chapter 4

The study in Chapter 4 consists of smoothing torques by minimizing either∫ ∑
τ 2 or

∫ ∑
τ̈ 2

and trying to follow as closely as possible the given kinematic coordinate data (which

can also be viewed as a trajectory) using either the inequality constraints of the close-

ness of fit or the trajectory compliance penalty. This study mainly tries to obtain a

set of initial torques (τ ) that can be further used for other purposes/objectives that

may be needed for a biomechanical subject motion. This method is a competitor to

the combination of the spline kinematic data smoothing followed by inverse dynam-

ics. Splines smoothing as presented in Jennings (2004) [32] smoothes the kinematic

data for one joint of the body at a time. Meanwhile, using the current approach

the smoothing is performed simultaneously for all joints of the body. The inverse
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dynamics that follow the spline smoothing is dependent on the existence of the in-

verse of the matrix T . Even if the inverse of T does exist, based on the previous

inverse dynamics study by Koh (2001) [38], the condition number of this matrix

is relatively large. This means that the inaccuracy of the computed torques from

inverse dynamics is quite large.

The 2 and 3 segmented body simulation has proven that adding a number of

knots to make the 2-D model as a function of torque less-overdetermined did not

help the optimization finding a more accurate set of torques. Therefore, a similar

approach (adding a number of knots) for simultaneous torque and BSP estima-

tion on the biomechanic subject also did not show any significant improvement for

smoothing the torque and obtaining smaller coordinate differences.

The main advantage of the spline smoothing followed by inverse dynamics is the

lesser time needed for computation as the algorithm is faster than the optimal control

approach. From this point of view, the current approach is less efficient than the

spline smoothing followed by inverse dynamics. Therefore, research work to develop

better tailored algorithms for the current approach to speed up the computation has

potential for future research.

Although the use of the inequality constraints for the closeness of fit could be

well replaced by the trajectory compliance penalty, to determine the value of µ for

the trajectory compliance penalty weight is a very difficult task. This is without

considering the different weights for the closeness of fit for each body segment inside

the trajectory compliance penalty which may vary due to differences in the segment

lengths as well as possibly different amplitudes of noise for each segment. With one

layer of penalty weights balancing between trajectory compliance penalty weight

and other optimal control objectives (minimizing torque/smoothing torque) already

difficult to obtain (as explained by the L-curve phenomena), adding the second

layer of penalty weights for the closeness of fit for each of the body segment will

further complicate the problem and too much computation may be needed to get a

reasonably good set of weights.

5.4 Advantages and Disadvantages of the Approaches Used in This

Thesis

The main advantages of using the approaches introduced in this thesis are:

1. With three computational methods to represent the angle contraint in Chap-

ter 2, a workable set of initial torques for the motion of a segmented body can be
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obtained without causing integration failure in the ODE solver and without the need

to use the “blind man method” that restarts the optimal control many times.

2. The computational models for the angle constraints have a prospect to be im-

plemented in real biomechanical systems, since biomechanical systems usually have

many segment joints where the angular positions are bounded within a limited angle.

3. The numerical study and analysis in Chapter 3 has come to the conclusion

that the BSP estimation using only kinematic data is impossible. This is important

as practitioners now know not to use this approach in the future. The study has also

shown the necessity of mass distribution constraints (more likely the combination

of geometric shape and experimental methods) in order to provide the optimization

a sufficient number of constraints to determine the BSP values.

4. Simultaneous computation of kinematic data smoothing and torque estimation

is a better alternative method to the data smoothing-inverse dynamics, as it can

produce a set of smoother torques compared to the noisy torques in the inverse

dynamics. Besides, it unifies the smoothing of all joints of the body simultaneously

and computes the torques at the same time.

The disadvantages of using the current approaches are:

1. As the study in either Chapter 2 or Chapter 4 essentially look for a feasible

or workable set of initial torques similar to the inverse dynamics approach, a much

larger amount of computation is needed in the current approach. The inverse dynam-

ics method directly computes the initial torques from the derivatives of the smoothed

kinematic data. Meanwhile, in the current approach, arbitrary initial torques are

chosen in the beginning of the optimization which are then used to search for a new

set of torques repeatedly until the optimal set of torques is achieved. The amount of

computation is obviously dependent on the initial torques chosen in the beginning

of the optimization.

5.5 Future Research Directions

Possible future research work includes:

1. To make the current approach more competitive with the inverse dynamics ap-
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proach, an algorithm to speed up the computation of the optimal control is required.

Hence, to develop an algorithm that can make the computation more efficient is a

potential future work.

2. One way to enable the BSP estimation from kinematic data using optimal con-

trol is by the formulation of the mass distribution constraints and by adding these

constraints to the optimal control model. Hence, the formulation of mass distribu-

tion constraints from geometric and experimental methods and then using optimal

control methods to find accurate BSP values is another potential future work.
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