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Abstract 

Surgical simulation can extend surgeons’ ability to learn, plan and carry out surgical 

interventions more accurately and less invasively. Despite advances in computational 

biomechanics, modelling of soft tissue cutting remains one of the most challenging 

problems in surgical simulation. The significant challenges are posed by the complexity 

of introducing the cutting-induced discontinuity, the difficulty of modelling geometric 

and material nonlinearities and the need to achieve a high computation speed. Most 

published works of surgical simulation use mass-spring models or isotropic linear 

elastic models to achieve fast computation speed. However, these models cannot 

account for the intrinsic nonlinear behaviour of soft tissue. 

 

In this thesis, a set of novel Meshless Total Lagrangian Adaptive Dynamic Relaxation 

(MTLADR) algorithms, which takes into account both geometric and material 

nonlinearities, was developed to robustly simulate the responses of soft tissue during 

surgery. These algorithms consist of the MTLADR two-dimensional (2D) algorithm, 

the MTLADR 2D cutting algorithm, the MTLADR three-dimensional (3D) algorithm 

and the MTLADR 3D cutting algorithm. Belonging to the element-free Galerkin (EFG) 

family, these algorithms feature a spatial discretisation and approximation based solely 

on nodes. The accuracy of the algorithms was verified against the established nonlinear 

static solution procedures available in the commercial finite element software Abaqus.  

 

The MTLADR 2D algorithm was developed for 2D simulation of large deformations of 

soft tissue prior to surgical cutting. The rationale for using the EFG method, the total 

Lagrangian formulation and the adaptive dynamic relaxation (DR) was demonstrated in 
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this algorithm. Numerical experiments were conducted to predict the 2D responses of a 

soft tissue-like specimen to a wide range of large strains (up to 100% of the undeformed 

length). The numerical results agreed well with the Abaqus reference solutions. 

 

The MTLADR 2D cutting algorithm was developed for 2D simulation of the steady 

state responses of soft tissue at any stage of surgical cutting. The cutting-induced 

discontinuity was introduced by efficiently implementing the visibility criterion with the 

aid of the level set method. The cutting-induced deformation was then computed by an 

adaption of the MTLADR 2D algorithm. Numerical experiments were conducted to 

predict the 2D behaviour of a stretched soft tissue-like specimen during cutting. Since 

simulation of cutting is not supported by Abaqus, the deformed configuration of a 

specimen with pre-introduced discontinuities was simulated for verification. The strain 

energy, reaction force and nodal displacements predicted by the MTLADR 2D cutting 

algorithm exhibited good agreement with the Abaqus reference solutions. 

  

The MTLADR 3D algorithm was developed for 3D simulation of large deformations of 

soft tissue prior to surgical cutting. This algorithm is a general extension of the 

MTLADR 2D algorithm. Numerical experiments were conducted to predict the 3D 

responses of a soft tissue-like specimen to a wide range of large strains (up to 100% of 

the undeformed length). The numerical results agreed very well with the Abaqus 

reference solutions. In order to achieve a rapid computation speed, the most 

computationally intensive part of the algorithm (the DR iterations) was implemented on 

graphics processing unit (GPU) using Matlab.   

 

The MTLADR 3D cutting algorithm was developed for 3D simulation of the steady 

state responses of soft tissue during surgical cutting. Compared to 2D, 3D simulation 
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often poses substantial additional difficulties in modelling of cutting. Cutting-induced 

discontinuities were introduced by an efficient implementation of the visibility criterion 

using the proposed 3D level set representation of surgical cuts. Numerical experiments 

were conducted to predict the 3D behaviour of a stretched soft tissue-like specimen 

during cutting. The deformed configuration of a specimen with pre-introduced 

discontinuities was simulated in Abaqus for verification. The strain energy, reaction 

force, and nodal displacements predicted by the MTLADR 3D cutting algorithm 

showed high agreement with the Abaqus reference solutions. While the modelling of 

cutting-induced discontinuities was run on CPU, the DR iterations of the algorithm were 

implemented (using Matlab) on GPU to speed up the simulation.    

 

In conclusion, this thesis presents a set of four MTLADR algorithms to predict the 

responses of soft tissue during surgery. The accuracy of the algorithms was verified and 

the acceleration of simulation was explored. The 2D algorithms can be used for non-

rigid image registration for computer-integrated surgery while the 3D algorithms have 

the potential to be applied to the development of surgical simulators.  
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Chapter 1 

Introduction 

1.1.  Background  

Surgical simulation has great significance for the development of computer-integrated 

surgery. By extending surgeons’ ability to learn, plan and carry out surgical 

interventions more accurately and less invasively, surgical simulation addresses a vital 

national need to greatly reduce costs, improve clinical outcomes, reduce the risk of 

adverse outcomes during surgical training and improve the efficiency of health care 

delivery. The potential applications include non-rigid registration in image-guided 

surgery systems, surgical simulators for realistic surgical training and planning, and 

computer aided design of medical devices and procedures. 

 

In contemporary image-guided surgery systems, good quality images (e.g. CT, MRI) of 

a patient, which are obtained prior to surgery, are rigidly registered with respect to low 

quality intra-operative images of organs. These rigidly registered pre-operative images 

of the operating area are visualized on the screen for guidance of the surgery. However, 

in many cases, soft organs change their shape and position during surgical procedures 

and the rigidly registered pre-operative images cannot account for the deformation of 

these organs. To guide the surgical instruments without substantial risk of damaging 

vital parts and other healthy tissues, surgeons generally estimate the extent of the 

deformation based on their previous experiences but may also use intra-operative 

images. However, obtaining high-quality intra-operative images (e.g. MRI) is expensive 
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and time-consuming, usually taking between 20 - 60 minutes but sometimes requiring 

much longer periods of time. For these reasons, the quality of the intra-operative images 

is usually traded off for speed. The resulting low quality intra-operative images rarely 

have sufficient resolution and contrast to guide surgery. This problem may be overcome 

by using the computed deformation to dynamically warp the pre-operative images into 

their intra-operative configuration (i.e. non-rigid registration). These warped images can 

then be used to guide surgery in a time-effective and cost-effective manner.  

 

In traditional training and educational scenarios, trainee surgeons gradually improve 

their skills by performing supervised procedures on real patients. While these 

procedures are closely supervised, however, there is a risk of error that may have 

adverse outcomes for the patients. Surgical simulation offers trainee surgeons the 

chance to develop skills and practice complex tasks in a real-life context but in a risk-

free and cost-effective way.  

 

Surgical simulation may also be used for patient-specific surgical planning. Existing 

imaging technology, such as CT and MRI, may provide good quality images to aid in 

developing a surgical plan. However, the static images cannot account for the 

deformation in shape and position of soft tissues during surgical intervention. By 

simulating the responses of soft tissue during surgery, surgical simulation may reduce 

uncertainty in planning.  

 

New medical devices and techniques may be modelled and evaluated by means of 

surgical simulation before a clinical trial. Computer aided design could greatly reduce 

costs and improve the delivery efficiency of these new technologies.   
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1.2.  Motivation  

One of the key modelling and computing technologies necessary for surgical 

simulation is algorithms for predicting responses of soft tissue during surgical 

cutting. Development of such techniques forms the aim of this study. 

 

Despite advances in computational biomechanics, simulation of soft tissue cutting 

remains one of the most challenging problems in surgical simulation. The significant 

challenges are posed by the complexity of modelling cutting-induced discontinuity, the 

nonlinear geometric and material behaviour exhibited by soft tissues (Fung 1993; Miller 

et al. 2000; Wittek et al. 2008) and the high computational cost. Currently, the methods 

most commonly used for surgical cutting simulation include the mass-spring method, 

the boundary element (BE) method, the classical finite element (FE) method, and the 

extended finite element method (XFEM). 

 

The mass-spring method has simple intrinsic mechanisms and high computational 

efficiency. However, this method cannot realistically simulate the nonlinear properties 

of soft tissue using the linear elastic properties specified for each spring unit (Kühnapfel 

et al. 2000; Padilla Castañeda and Arámbula Cosı́o 2004; Pan et al. 2011). In addition, it 

has stability problems when cutting is involved.  

 

The BE method uses surface mesh only, thereby posing minimum demands on meshing 

and remeshing. It facilitates high computational efficiency. However, in the context of 

surgical simulation it has been well tested only for linear elastic problems (Wang et al. 

2006; 2007). 
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The classical FE method has the potential to build accurate models of objects. However, 

the heavy computational cost and error accumulation due to meshing and remeshing 

constrain its application to the simulation of surgical cutting. Most published studies in 

surgical simulation using the classical FE method are based on the assumption of linear 

elasticity (Bro-Nielsen 1998; Cotin et al. 2000; Mor and Kanade 2000; Mor 2001; 

Nienhuys and van der Stappen 2001; Wu and Heng 2005; Courtecuisse et al. 2010). The 

XFEM avoids re-meshing in tracking evolving discontinuities (Belytschko and Black 

1999; Moës et al. 1999; Daux et al. 2000). However, it has not been well tested for 

nonlinear three-dimensional (3D) surgical cutting simulations (Vigneron et al. 2009).  

 

Since soft tissue exhibits nonlinear geometric and material behaviour during surgery, 

the linear elastic models assumed in the above methods are deficient for modelling 

appropriate material properties of soft tissue. Overall, the simulation of cutting of soft 

tissue is still at an exploratory stage and no group has provided a convincing 

verification or validation for the simulation results.            

                                                                                                                                                                                    

This thesis aimed to develop fast computational solution methods and algorithms that 

robustly predict the responses of soft tissue during surgical cutting and take geometric 

and material nonlinearities into account. In this thesis: 

(1) Solution methods and algorithms were developed based on the element-free 

Galerkin (EFG) method, featuring a spatial discretisation in a form of a cloud of 

nodes. Cutting-induced discontinuity was modelled by efficiently implementing 

visibility criterion (Belytschko et al. 1996) with the aid of the level set method 

(LSM) (Osher and Sethian 1988; Sethian 1996). In contrast to the mesh-based 

models, remeshing of the domain was not required.  
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(2) The developed algorithms were shown to be capable of coupling with a nonlinear 

constitutive model to predict large deformations of soft tissue during surgery.  

(3) The accuracy of the algorithms was investigated and verified. 

(4) The algorithms were shown to be suitable for parallel computation on graphics 

processing unit (GPU), which allowed for high simulation speeds.  

1.3.  Thesis outline 

In this thesis, a set of novel Meshless Total Lagrangian Adaptive Dynamic Relaxation 

(MTLADR) algorithms, which takes into account both geometric and material 

nonlinearities, was developed to simulate the responses of soft tissue during surgery. 

These algorithms consist of the MTLADR 2D algorithm, the MTLADR 2D cutting 

algorithm, the MTLADR 3D algorithm and the MTLADR 3D cutting algorithm. The 

summary of each chapter is as follows.  

 

Chapter 2 – Literature review  

In the literature, the methods used for surgical cutting simulation include the mass-

spring method, the BE method, the classical FE method and the XFEM. The mass-

spring method and the BE method usually have higher efficiencies, but they are not well 

suited for modelling the nonlinear properties of soft tissue. The heavy computational 

cost and error accumulation due to meshing and remeshing constrain the performance of 

the classical FE method. Most of soft tissue cutting simulations using the classical FE 

method are based on linear elastic assumption. The XFEM avoids re-meshing in 

tracking evolving discontinuities. However, it has not been well tested for nonlinear 3D 

soft tissue cutting simulations. 
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This thesis was motivated by the need for fully taking into account the geometric and 

material nonlinearities of soft tissue in cutting simulation while simplifying the 

modelling of cutting-induced discontinuities. In this thesis, the EFG method is used for 

computation of the cutting-induced deformation. The visibility criterion is used to 

introduce cutting-induced discontinuities into the EFG approximations. The LSM is 

used to mathematically represent surgical cuts and facilitate the efficient 

implementation of the visibility criterion. The dynamic relaxation (DR) method with 

adaptive parameter selections is applied to achieve a fast convergence to the steady state 

solution. The rationale for using these methods is demonstrated by an overview of the 

related publications. 

 

Chapter 3 – Two-dimensional modelling and simulation of large deformations of 

soft tissue  

Soft tissue usually undergoes large deformations prior to surgical cutting or during 

cutting. In this chapter, the MTLADR 2D algorithm, which takes into account both 

geometric and material nonlinearities of soft tissue, is proposed to predict the steady 

state responses of soft tissue undergoing large deformation during surgery. The 

MTLADR 2D algorithm plays a fundamental role in the development of the whole set 

of the algorithms for soft tissue cutting simulation in both 2D and 3D. The rationale for 

using the EFG method, the total Lagrangian formulation and adaptive DR is discussed. 

The governing equation and solution equations of the algorithm are also presented.  

Numerical experiments were conducted to predict the behaviour of a soft tissue-like 

specimen undergoing a wide range of large deformations. As there is no analytical 

solution, the accuracy of the MTLADR 2D algorithm was verified against well-

established non-linear static solution procedures provided by the commercial FE 
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software Abaqus. For a wide range of large deformations (up to 100% of the 

undeformed length of the specimen), the numerical results predicted by the MTLADR 

2D algorithm showed a high level of agreement with the reference solutions obtained in 

Abaqus. Although only 2D examples are presented in this chapter, the MTLADR 2D 

algorithm can be extended to 3D problems. 

 

Chapter 4 – Two-dimensional modelling and simulation of cutting of soft tissue  

In this chapter, the MTLADR 2D cutting algorithm, which takes into account both 

geometric and material nonlinearities, is proposed to predict the steady state responses 

of soft tissue at any stage of surgical cutting. The 2D cutting path is geometrically 

represented by a series of line segments. The cutting-induced discontinuity is introduced 

by efficiently implementing the visibility criterion with the aid of the LSM. The cutting-

induced deformation is then computed by an adaption of the MTLADR 2D algorithm. 

 

Numerical experiments were carried out to predict the behaviour of a deformed 

(stretched) specimen of soft tissue-like material during cutting. The accuracy of the 

algorithm was verified against the non-linear static solutions obtained in Abaqus. As 

simulation of cutting is not supported by Abaqus, the deformation of a specimen of the 

same material with pre-introduced discontinuities corresponding to the cutting path was 

simulated for verification. The strain energy, reaction force and nodal displacements 

predicted by the MTLADR 2D cutting algorithm showed very high agreement with the 

reference solutions obtained in Abaqus. 
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Chapter 5 – Three-dimensional modelling and simulation of large deformations of 

soft tissue  

This chapter describes an extension of the MTLADR 2D algorithm to a 3D application. 

The MTLADR 3D algorithm takes into account both geometric and material 

nonlinearities in the 3D simulation of the steady state responses of soft tissue 

undergoing large strains.   

 

Numerical experiments were carried out to predict in 3D the responses of a soft tissue-

like specimen for a wide range of large strains (up to 100% of the undeformed length of 

the specimen). The numerical results predicted by the MTLADR 3D algorithm agreed 

very well with the Abaqus reference solutions. In order to achieve a rapid computation 

speed, the simulation was accelerated by a parallel implementation of the DR iterations 

on GPU using Matlab.  

 

Chapter 6 – Three-dimensional modelling and simulation of cutting of soft tissue  

Simulation of progressive surgical cutting in 3D is much more complicated and more 

computationally expensive than in 2D. In 3D, the cutting trajectory is geometrically 

represented by a series of cutting planes. The normal vectors of the cutting planes and 

their orthogonal planes are used in the calculation of the level set values of the nodes 

and integration points. In this chapter, cutting-induced discontinuities are modelled by 

efficiently implementing the visibility criterion with the aid of the 3D level set 

representation of surgical cuts. The cutting-induced deformation is computed by an 

adaption of the MTLADR 3D algorithm.  
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Numerical experiments were carried out to predict the 3D behaviour of a deformed 

(stretched) soft tissue-like specimen during surgical cutting. For verification, the 

deformed configuration of the specimen with pre-introduced discontinuities 

corresponding to the cutting trajectory was computed in Abaqus as the reference 

solution. The strain energy, reaction force, and nodal displacements predicted by the 

MTLADR 3D cutting algorithm agreed very well with the Abaqus results. While the 

modelling of cutting-discontinuity was run on CPU, the DR iterations of the algorithm 

were implemented on GPU to speed up the simulation.  

 

Chapter 7 – Discussion and conclusions 

The main contributions of this thesis are summarised in this chapter. The features of the 

set of MTLADR algorithms for soft tissue cutting simulation are reviewed. The 

limitations of the algorithms and future work are also discussed. 
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Chapter 2  

Literature Review 

Despite advances in computational biomechanics, the modelling and simulation of soft 

tissue cutting remains one of the most challenging problems. The great challenges 

include the complexity of introducing cutting-induced discontinuities, the difficulty of 

modelling the non-linear geometric and material behavior of soft organs (Fung 1993; 

Miller et al. 2000; Wittek et al. 2008), and the need to achieve a high computation speed.  

 

Previous soft tissue cutting simulations were dominated by the mass-spring method, the 

boundary element (BE) method, the classical finite element (FE) method and the 

extended finite element method (XFEM). Surgical cuts are generated along the sides or 

surfaces of the elements in the former three methods while the representation of cutting 

trajectories is independent of mesh in the XFEM. These methods will be reviewed upon 

two aspects: the topology modification strategy and the computation of cutting-induced 

deformations.  

 

In this chapter, Section 2.1 reviews the advantages and limitations of the above methods. 

Section 2.2 presents an overview of the key methods used in this thesis: the element-

free Galerkin (EFG) method, the visibility criterion, the level set method (LSM) and the 

dynamic relaxation (DR) method. Section 2.3 provides a summary.  
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2.1.  Previous studies in soft tissue cutting simulation 

2.1.1.  Methods generating cuts by mesh  

Topology modification 

The BE methods and some mass-spring methods represent surgical cuts on surface 

mesh, whereas, the classical FE methods and the other mass-spring methods represent 

surgical cuts in volumetric mesh.  

 

The modelling of cutting on surface mesh is advantageous in terms of computational 

efficiency since the number of elements is not large. Meseure and Chaillou (1997)  

proposed a deformable model based on a spring surface mesh in order to simulate the 

dynamic behaviour of human organs during surgical operations. Pan et al. (2011) 

presented a surface mesh-based cutting algorithm using the mass-spring model for the 

simulation system for virtual laparoscopic rectum surgery. Choi (2006) also developed 

an effective cutting strategy using mesh adaption to enable progressive cutting on three-

dimensional (3D) surface meshes. Wang et al. (2006; 2007) simulated the separation of 

cut surfaces by retractors on a surface mesh-based object and predicted the post-cutting 

deformation using the BE method. A groove or gutter is often created along the cutting 

path to give the realistic illusion of a volumetric cut. However, a surface mesh is only 

suitable for modelling cutting on membrane-like structures, such as the intestine or 

gallbladder. Although layered surfaces can be employed, a surface mesh is not 

applicable for simulating progressive cutting in depth. 
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The volumetric mesh is a better option to facilitate progressive cutting inside soft organs. 

The interior information obtained from the volumetric meshes improves the numerical 

reliability, but at the expense of a higher computational cost. The additional cost is 

raised by the complex intersections between soft organs and the cutting tool. Three 

techniques have been proposed to represent cuts in volumetric meshes: element deletion, 

mesh division and mesh adaptation.  

 

Element deletion is easy to implement and relatively computationally efficient. Bro-

Nielsen (1998) simulated cutting by the removal of tetrahedral elements combined with 

a technique for updating the pre-computed inverse of the stiffness matrix of finite 

elements at occurrence of cutting. Cotin et al. (2000) simulated electric scalpel cutting 

of soft tissue by successively removing elements at locations where the tool is in contact 

with the anatomical model. In transurethral resection of the prostate (TURP) surgery 

simulation, Padilla Castañeda and Arámbula Cosı́o (2004) modelled resections by 

removing nodes and geometric elements from the volumetric mesh, with the cutting-

induced deformations predicted using a mass-spring method. However, element deletion 

generates uneven cutting surfaces especially when the element size for discretisation 

becomes larger. Moreover, mass conservation principles are violated severely if the 

elements are continuously deleted in the process of cutting.  

 

Mesh subdivision can generate a smooth cutting path by subdividing tetrahedral 

elements along the cutting path. In the literature, Beilser et al. (1999) and Beilser et al. 

(2004) split tetrahedral elements intersected with the scalpel into subsets of smaller 

elements in cutting simulations based on the mass-spring system. Mor (2001) developed 

a progressive cutting strategy with minimal new element creation for interactive 

surgical simulation using the linear elastic FE model of soft tissue. Courtecuisse et al. 
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(2010) adopted the mesh subdivision algorithms proposed by Mor and Kanade (2000) in 

graphics processing unit (GPU)-based FE computation for real-time soft tissue 

deformation with cutting and haptic feedback. However, mesh subdivision may become 

a heavy, if not unacceptable, computational burden due to three reasons: (1) the 

complexity of possible cut topologies; (2) continuous increase in the number of 

elements and nodes; (3) a reduction in the size of the smallest element, and 

consequently, a reduction in the time increment in explicit integration schemes. 

Moreover, new elements with poor shape quality are probably produced near the cutting 

path, which causes computational instability. 

Mesh adaptation (or node snapping), in which nodes are relocated to align the element 

edges with the cut, is able to generate cutting paths without introducing new elements. 

Nienhuys and van der Stappen (2004) explored mesh adaption in interactive linear FE 

simulation. Lin et al. (2008) presented 3D node snapping and topology modification 

techniques to simulate the surgical cutting operation on a heterogeneous mass-spring 

model. However, similar to mesh subdivision, the disadvantage of mesh adaptation is 

that the size of the smallest element is decreased and the shape quality of a few elements 

is worsened.   

Computation of cutting-induced deformations 

Coupled with one of the above mesh topology modifications, the mass-spring method, 

the BE method and the classical FE method have been employed to compute cutting-

induced deformations.  
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The mass-spring method discretises the geometry with a network of masses (points), in 

which each point is connected to the neighbouring points by massless springs and 

dampers. The mass-spring method features a simple intrinsic mechanism and high 

computational efficiency. Substantial researchers have conducted studies on interactive 

cutting simulations using a mass-spring model (Meseure and Chaillou 1997; Bielser et 

al. 1999; Bielser et al. 2004; Zhang 2004; Mosegaard et al. 2005; Choi 2006; Yuan et al. 

2010). Its applications in the development of surgical simulators include simulation of 

interactive cutting for the abdominal surgery training system (Kühnapfel et al. 2000), 

simulation of the resection-induced prostate deformation during TURP procedure 

(Padilla Castañeda and Arámbula Cosı́o 2004) , and simulation of the intestine 

deformation for virtual laparoscopic rectum surgery (Pan et al. 2011). However, the 

simple intrinsic mechanism of the mass-spring method is accompanied by its poor 

precision. Specifying elastic coefficients for springs cannot produce realistic modelling 

of the nonlinear properties of soft tissue. The mass spring model also suffers from 

stability problems because it is difficult to determine the damping of a stable mass-

spring system when topology changes due to cutting.  

 

The BE method facilitates fast computation because only a surface mesh is involved in 

3D surgical simulations. However, in surgical simulation, the BE method has so far 

been well tested only for isotropic elastic materials in small deformation regimes 

because the requirement of Green’s function limits its ability in dealing with nonlinear 

problems. A typical application of the BE method was proposed by Wang et al. (2006; 

2007), in which the linear elastic material model was incorporated into the surgical 

cutting simulation of a surface-based brain.  However, the linear elastic material model 

deviates from the nonlinear properties of soft tissues. 
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The classical FE method, which utilises a mesh of interconnected elements as a 

computational grid, is able to generate complex geometries and take geometric and 

material nonlinearities into consideration. However, cutting causes fragmentation and 

distortion of the interconnected elements of the FE mesh. Sophisticated remeshing 

technologies are required to generate new good quality elements and map the field 

variables from the old mesh to the new mesh. Despite the exploration of speed-up 

technologies (Wu and Heng 2005; Courtecuisse et al. 2010), the high computational 

cost and error accumulation due to remeshing, especially in 3D, constrain the 

computational efficiency and accuracy of the FE method in modelling of surgical 

cutting. In order to reduce the computational cost, most soft tissue cutting simulations 

using the classical FE method were based on linear elastic law (Bro-Nielsen 1998; Cotin 

et al. 2000; Mor and Kanade 2000; Mor 2001; Nienhuys and van der Stappen 2001; 

Courtecuisse et al. 2010).  

2.1.2.  Methods representing cuts independently of mesh 

Compared with the classical FE method, the XFEM, which allows the representation of 

cut/crack discontinuities independently of the mesh, is advantageous in modelling 

evolving discontinuities. The XFEM was initially proposed to track the crack 

propagation (Belytschko and Black 1999; Moës et al. 1999; Daux et al. 2000). In the 

XFEM, a standard FE mesh is used for discretisation without accounting for the 

presence of the discontinuity. The presence of a cut/crack is represented by enriching 

the standard displacement-based approximation with additional functions. No frequent 

mesh regeneration is required when modelling evolving discontinuities. In recent 

studies, the XFEM was extended to complex 3D fracture problems (Bordas and Moran 

2006). Natarajan et al. (2011) studied the linear free flexural vibration of cracked 
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functionally graded material plates. Chen et al. (2012) coupled the XFEM with a strain 

smoothing procedure to investigate linear elastic crack growth. A detailed overview of 

the early studies on the XFEM can be found in the review papers by Karihaloo and Xiao 

(2003), Yazid et al. (2009), and Fries and Belytschko (2010). 

 

Although the XFEM has been widely used in modelling growing cracks, it has been 

well tested only for two-dimensional (2D) linear elastic problems in soft tissue cutting 

simulation (Vigneron et al. 2009) . 

 

Furthermore, either the classical FE method or the XFEM requires the creation of 

patient-specific meshes for analysis. Soft organs usually have complex geometry. 

Despite recent progress, including octree-based hexahedral mesh generation and mesh 

refinement (Schneiders 2000; Zhang and Bajaj 2006; Marechal 2009; Ebeida et al. 

2011), it is still difficult to mesh 3D highly irregular geometries (e.g. brain) 

automatically with good quality hexahedral elements that are regarded as the most 

effective when dealing with the incompressibility of soft tissue (Doblaré et al. 2005; Ji 

et al. 2011; Miller et al. 2011). 

2.2.  Methods proposed for soft tissue cutting simulation 

Due to the shortcomings of the above mesh-based methods, the meshless methods offer 

promising alternative solutions of surgical cutting. As hinted by the name, the meshless 

methods do not require discretising the object with mesh. The meshless method used in 

this thesis - the EFG method, and the related techniques for cutting simulations are 

reviewed below. 
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2.2.1.  The EFG method  

In the last twenty years, meshless methods have been developed rapidly. Examples of 

these methods include the smooth particle hydrodynamics (SPH) method (Lucy 1977), 

the diffuse element method (Nayroles et al. 1992), the EFG method (Belytschko et al. 

1994), the reproducing kernel particle method (RKPM) (Liu et al. 1995), the meshless 

local Petrov-Galerkin method (MLPG) (Atluri and Zhu 1998), the meshfree weak-

strong (MWS) form method (Liu and Gu 2003), etc. For a detailed review of these 

methods, see Liu and Gu (2005). 

 

In traditional mechanical engineering fields, the EFG method has been specially  

developed for solving problems with moving boundaries such as crack propagation 

(Belytschko et al. 1994; Belytschko and Tabbara 1996; Krysl and Belytschko 1999; 

Belytschko et al. 2000; Li and Liu 2004; Rabczuk and Belytschko 2007). The EFG 

method is based on the global Galerkin weak-form for equations of problems, featuring 

its robustness, accuracy and stability. In the EFG method, the spatial discretisation and 

approximation are based solely on nodes, rather than mesh. Due to its relatively less 

sensitivity to the point distribution, the EFG method is suited to handling finite strains 

and large displacements in a Lagrangian framework (Li and Liu 2004; Liu and Gu 

2005).  

 

Based on the EFG method, a Meshless Total Lagrangian Explicit Dynamics (MTLED) 

algorithm was proposed to compute large deformations of soft tissue prior to cutting 

(Horton et al. 2010). The MTLED algorithm focused on computing the dynamic 

solution along time history. It is not suited to achieving the steady state solution, which 

is the aim of my thesis, due to the high-frequency oscillations in the explicit time 
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integration. However, Horton et al. (2010) demonstrated the potential advantages of the 

EFG method and the Total Lagrangian (TL) formulation in surgical simulation. The 

EFG method is expected to simplify the modelling of cutting-induced discontinuities in 

surgical cutting simulation. 

2.2.2.  Discontinuities in EFG approximations  

A key aspect to model cutting in the EFG scheme is how to introduce discontinuities 

into meshless approximations in a theoretically reasonable and computationally efficient 

manner. Two popular techniques have been developed in fracture mechanics to 

construct meshless approximations around the growing crack tip: the visibility criterion 

(Belytschko et al. 1996b) and the diffraction method (Belytschko et al. 1996a; Organ et 

al. 1996). The former method is more feasible than the latter one especially for 3D 

problems. However, the visibility criterion may result in spurious displacement jumps 

whereas the diffraction method has no such problem (Zhuang et al. 2011). 

   

Due to its simplicity, the visibility criterion is employed in this thesis to determine the 

interpolation field around the cutting path. The influence domain of the node in the 

vicinity of the progressing cutting trajectory is reshaped, such that any straight line 

connecting this node with a point in its domain of influence does not penetrate cutting 

surfaces. Figure 2.1 illustrates the construction of the modified domain of influence.  

 

Although the visibility criterion may lead to spurious jumps and oscillations in the 

solution, the DR method will be employed to effectively damp out these oscillations 

without the need for any additional treatment.  
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2.2.3.  Cutting surfaces representation 

The efficiency of implementing the visibility criterion relies on how to represent cutting 

surfaces. In the numerical analyses of crack propagation in solids, the cracking particle 

method and the LSM have been developed for representing the evolving cracks.   

 

The cracking particle method was proposed initially by Rabczuk and Belytschko (2004) 

and developed further by Rabczuk et al. (2010) for representing arbitrary evolving 

cracks in the meshless methods. The crack is modelled by a discontinuous enrichment 

that can be arbitrarily aligned in the body at each particle. The model of a continuous 

crack then consists of a set of contiguous cracked particles. However, the cracking 

particle method trades off accuracy somewhat for simplicity.   

 

The LSM was proposed by Osher and Sethian (1988) and described in detail by Sethian 

(1996) for the description of evolving surfaces. The principle of the LSM is to indicate 

an interface by the zero value of a function, called the level set function, and to update 

this function with Hamilton-Jacobi equations knowing the speed of the interface in the 

Figure 2.1. The visibility criterion in determining the domain of influence 

of a node: the points in the shaded area are removed from the original 

domain of influence of the node due to the crack/cut discontinuity.  
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direction normal to this interface. The LSM can be coupled with the XFEM or meshless 

method, featuring an accurate mathematical representation of the evolving surfaces. 

Coupling the LSM with the XFEM, Stolarska et al. (2001) extended the LSM to model 

the evolution of an open curve segment in the 2D modelling of a growing fatigue crack. 

Gravouil et al. (2002) combined the LSM with the XFEM in the modelling of 3D crack 

growth. Ventura et al. (2002) proposed a vector LSM for modelling propagating cracks 

in the EFG method. The vector LSM can also be combined with the XFEM for a 

description of propagating cracks (Ventura et al. 2003). More studies of representing 

cracks with the LSM can be found in the papers by Bordas and Moran (2006), Duflot 

(2007), and Zhuang et al. (2011).  

 

The surgical cutting path needs to be captured and indicated with a high degree of 

accuracy. Therefore, the LSM is selected to mathematically model the cutting surfaces 

in this thesis. Inspired by Stolarska et al. (2001), the cutting surfaces are represented by 

two scalar level set functions.  

2.2.4.  Solution method 

Soft tissue tends to reach steady state between cuts because of its viscous property. The 

deformed (steady) state of soft tissue at a certain stage of cutting helps surgeons plan the 

next procedure. The intermediate process prior to final state is not concerned. An 

appropriate solution algorithm must be developed to facilitate a fast convergence to the 

steady state of soft tissue at any stage of cutting. 

 

The discretised governing equations in nonlinear analysis can be solved with implicit or 

explicit time integration schemes. Since the implicit scheme solves equations through 
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Gauss decomposition of global stiffness matrix, it is not only complex in programming 

but also time consuming for large-scale problems. On the other hand, explicit methods 

use residual force in the solution procedure, so that all calculations can be efficiently 

performed by vector operations. Extensive comparison of explicit and implicit 

algorithms was conducted by Belytschko (1976). He indicated that for large-scale 3D 

nonlinear problems, the computational cost of each implicit integration step can be three 

orders of magnitude higher than that of the explicit step. Recently Doweidar et al. 

(2010) compared implicit and explicit schemes, especially against soft tissues modelling 

with large distortion and large strains. Their conclusion is that the explicit scheme may 

become a preferable choice for such typical surgical problems. 

 

The DR method is an explicit iterative method for obtaining the steady state solution. In 

the DR method, an artificial mass proportional damping is involved in the general 

equation of motion in order to attenuate the oscillations in the transient response. The 

inclusion of damping effectively increases the convergence speed towards the steady 

state solution. In addition, the explicit essence of the DR method makes it very 

attractive for problems with highly nonlinear geometric and material behaviour. The 

computational cost in each iteration step is very low although the number of iterations 

to obtain convergence may be large.  

 

The DR method has been successfully used for solving a diversity of problems. A 

detailed review of the early studies can be found in Underwood (1983) and Rezaiee-

pajand and Alamatian (2010). Recently, Rezaiee-pajand et al. (2012) improved the 

convergence rate of the DR method in structural analyses with linear and nonlinear 

(elastic large deflection) behaviours. Rodriguez et al. (2011) extended the Barnes-Han-

Lee’s DR method to 3D solid elements and nonlinear behaviours in the numerical study 
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of inflatable fabric structures. Troufflard  et al. (2010) used the DR method with kinetic 

damping in the form-finding of inflatable lifejackets. Joldes et al. (2009; 2011) 

proposed an adaptive DR method in the study of large deformations of soft organs using 

nonlinear classical FE methods. They also demonstrated that, with an implementation 

on GPU, their solution algorithms can solve brain shift problems in the time constraints 

of the operating room (Joldes et al. 2010). The termination criterion and the strategy of 

estimating the damping coefficient proposed by Joldes et al. (2011) were adapted into 

the EFG scheme in this thesis.  

2.3.  Summary 

Four numerical methods that were used in soft tissue cutting simulations include the 

mass-spring method, the BE method, the classical FE method and the XFEM. In the 

former three methods, surgical cuts were modelled by element deletion, mesh division 

or mesh adaptation. In the XFEM, cuts were represented independently of mesh by 

enriching the standard displacement-based approximation with additional functions.  

 

The computational costs and reliabilities of the four methods for a given large-scale 

cutting problem are most concerned in soft tissue cutting simulations. The mass-spring 

method and the BE method usually have higher computational efficiency, but they are 

not well suited to modelling the nonlinear properties of soft tissue. Theoretically, 

geometric and material nonlinear behaviours of soft tissue can be handled in the 

classical FE method. However, the heavy computational burden and error accumulation 

induced by remeshing constrain its performance. Most researches using the classical FE 

method are based on linear elastic assumptions. The XFEM avoids remeshing in 

tracking evolving discontinuities, but it has not been well tested for nonlinear 3D 
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surgical cutting simulations. Since the cutting simulations using the XFEM are limited 

in number, the performance assessments of the XFEM need more proofs.  

 

The study in this thesis was motivated by the need for fully taking into account 

geometric and material nonlinearities while simplifying the modelling of cutting-

induced discontinuities in soft tissue cutting simulation. Therefore, the EFG method, 

which was proposed for problems with moving boundaries in solid mechanics, was used 

for computation of the cutting-induced deformation. Due to its relatively lower 

sensitivity to the node distribution, the EFG method is suited to solving problems with 

large deformation and to simplifying the representation of evolving cuts. The cutting-

induced discontinuities were introduced into EFG approximations using the visibility 

criterion because of its simplicity. The efficiency of implementing the visibility 

criterion depends on how the cutting surfaces are represented. The LSM was thus 

incorporated into the EFG method to mathematically trace and represent surgical cuts. 

The steady state deformation of soft tissue at a certain stage of cutting is of interest in 

surgery. An adaptive DR method was proposed to achieve a fast convergence to the 

steady state solution.  
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⋇ 

Chapter 3  

Two-dimensional Modelling and Simulation of 

Large Deformations of Soft Tissue  

3.1.  Introduction 

Soft tissues undergo large deformations and exhibit strongly nonlinear material 

behaviour during surgical procedures. Modelling and simulation of large deformations 

of soft tissue play an essential role in surgical simulation involving cutting.  

 

In this chapter, a novel Meshless Total Lagrangian Adaptive Dynamic Relaxation 

(MTLADR) algorithm, which takes into account both geometric and material 

nonlinearities, is proposed to robustly predict in two dimensions (2D) the responses of 

soft tissue in large deformation. Belonging to the element-free Galerkin (EFG) family, 

the MTLADR 2D algorithm features a spatial discretisation relying solely on nodes. 

⋇ 
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Since building the connectivity between nodes and integration points does not rely on 

elements, the burden associated with mesh generation and remeshing required by the FE 

method is partly alleviated. Using adaptive dynamic relaxation (DR), the algorithm also 

features a fast convergence to the steady state deformation while preserving good 

accuracy.  

 

This chapter is organised as follows. Section 3.2 presents the governing equation and 

solutions as well as the detailed description of the MTLADR 2D algorithm. The 

experiment of simulation and the verification of results are presented in Section 3.3. 

Section 3.4 contains discussion and conclusions.  

3.2.  Methods  

3.2.1.  Governing equation and solutions 

In the MTLADR 2D algorithm, the deformation of soft tissue is solved as the steady 

state part of the general equation of motion, in which an artificial mass proportional 

damping is included to increase the convergence speed (Underwood 1983).  The 

equation of motion derived from the EFG discretization can be written as   

																																																		��� � ���� � 	
�� � 																																																						
3.1� 
where � is the global lumped mass matrix; 	 is the vector of internal nodal forces;  is 

the vector of the externally applied nodal loads;	� is the vector of nodal displacement 

field variables; �  is the damping coefficient. An adaptive DR method for solving 

nonlinear FE problems without cutting has been presented by Joldes et al. (2011). Their 

strategy of estimating the damping coefficient was adapted into this algorithm.  
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The rationale for using adaptive DR as the solution method is that it offers an excellent 

performance in terms of computation speed. The iteration parameters can be adaptively 

adjusted to maintain an optimum convergence rate. Although implicit integration in 

time domain is often recommended in the literature (Bathe 1996) and has been used for 

quasi-static/steady-state problems including surgical simulation (Allard et al. 2007; 

Taylor et al. 2008; Allard et al. 2012), the DR approach developed in this thesis can 

achieve the same good level of accuracy as the implicit integration. The solution 

accuracy is achieved by controlling the absolute error through stringent convergence 

criteria in DR iterations. 

 

The solution equations were derived based on the Total Lagrangian (TL) formulation 

(Bathe 1996; Miller et al. 2007; Horton et al. 2010), in which the calculated variables 

(such as stresses and strains) are referred to the initial (undeformed) configuration of the 

analysed continuum. The benefits of using the TL formulation include: 

• An effective elimination of the error accumulation due to the stress/strain update 

associated with the Updated Lagrangian (UL) formulation, which is typically 

used in commercially available FE solvers (e.g. Abaqus and LS-DYNA);   

• The shape functions and their spatial derivatives at the integration points can be 

pre-computed. The pre-computation reduces the number of numerical operations 

(and the computation time) compared to the UL formulation (Miller et al. 2007). 

 

The damped equation of motion (Equation 3.1) was solved using explicit integration. At 

time t, this equation is given by  

																							� ��� � �� ��� � 	
��� � � 																																																						
3.2� 
By applying the central difference method, the nodal displacement field variables at 

next time step were derived as   
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					 ���∆� � ����� � � 	�� � � � �� � 
1 � �� ���∆� 																																							
3.3�                                    

																																																				� � 
�� � 1� ∙ ∆" 
4 																																																															
3.4� 

																																																					� � �� � 1																																																																													
3.5�                                  
where ���∆� , ��  and ���∆�  are the vector of the nodal displacement field variables at 

time " � ∆" , "  and " � ∆"  respectively; ∆"  is the time step; �  indicates the global 

lumped mass matrix;	 �  is the vector of the externally applied nodal load at time t; 	��  

is the global nodal reaction force vector at time t relative to the initial configuration; �� is 

the spectral radius which is adaptively calculated during the DR iterations:  

																																																			�� � 1 � 2
√& � 1																																																																					
3.6� 

																																											& � 4
Δ" )� 																																																																													
3.7� 

																																																	)� + � �� � �, �-� 	 � 	�,�� �
� �� � �, �-�� �� � �, �																																							
3.8� 

where �,  is the vector of nodal displacement field variables at a previous time point l 

close to t; 	�,  is the global nodal reaction force vector at a previous time point l relative 

to initial configuration. More details on the derivation of Equation 3.8 can be found in 

the paper by Joldes (2011). 

3.2.2.  Meshless spatial discretisation and integration 

The MTLADR 2D algorithm belongs to the family of the EFG method (Belytschko et 

al. 1994; Liu and Gu 2005), which is well suited to solving problems with moving 

boundaries such as crack propagation (Belytschko and Tabbara 1996; Belytschko et al. 

2000; Rabczuk and Belytschko 2007). Unlike versions of meshless algorithms 

implemented in some commercial FE codes that require regular grid of nodes forming 
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vertices of structured quadrilateral mesh (e.g. LS-DYNA (Hallquist 2005)), the 

MTLADR 2D algorithm facilitates discretisation of the analysed continuum using a 

cloud of nodes (Figure 3.1). The only requirement is that the density of the nodes must 

be sufficient to enable construction of the shape functions.  

 

 

 

   

 

 

Following the approach used in the diffuse element method by Nayroles et al. (1992), 

the MTLADR algorithm employs the Moving Least Squares (MLS) shape functions for 

interpolation of field variables (displacements) between nodes (Liu and Gu 2005). The 

weight function /0  for construction of the MLS shape functions is chosen to be the 

quartic spline function, which can be written as 

																																													/0 � 11 � 62̅ � 82̅4 � 32̅5 2̅ 6 10 2̅ 8 1																																						
3.9� 

																																																2̅ � :
2; 																																																																																							
3.10� 

where : is the distance from the supporting node to the sampling point, and 2; is the 

radius of the circular influence domain of the supporting node (for 2D). 

Figure 3.1. Schematic representation of meshless discretisation facilitating 

arbitrary distribution of nodes. If a point of interest falls into the influence domain 

of a node, this node will support the construction of shape functions for this point.  
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For spatial integration of the solution equations, a regular (i.e. consisting of rectangles 

in 2D) grid of integration cells is imposed over the geometry. The background grid is 

not required to conform to the boundaries of the analysed continuum (Figure 3.2). 

Therefore, its generation can be done automatically without the analyst’s involvement. 

Integration is performed in each cell using standard techniques (Gauss quadrature with 

one integration point per cell). Previous studies on computing the brain responses under 

the load consistent with that occurring during surgery conducted by Intelligent Systems 

for Medicine Lab confirmed the accuracy of this approach (Horton et al. 2006; 2007).  

 

 

 

 

 

 

 

 

 

Based on the meshless spatial discretisation and the above integration scheme, the key 

formulations of the MTLADR algorithm are described below using the notation 

conventions from Bathe (1996). The left superscript represents the current time, the left 

subscript represents the reference configuration, the right superscript represents the 

Figure 3.2. Example of the background integration grid that does not 

conform to the geometry of the boundary for a patient-specific meshless 

model of the brain with tumor. The integration points are indicated as (�). 

Nodes are not shown for clarity. Adapted from the paper by Horton et al. 

(2006). In the numerical experiments of this thesis, the soft tissue samples 

used for analysis have rectangular shape so that the integration backgroud 

grids conform to the geometric boundary. 
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number of the nodes or integration points, and the right subscript refers to the 

coordinate axis. 

3.2.3.  Mass scaling for stable explicit time integration 

In the MTLADR 2D algorithm, explicit integration is performed in time domain using 

the central difference method. The advantage of using explicit integration is that the 

nonlinearities of the problem can be treated straightforwardly. However, the explicit 

integration requires small time-step that is less than or equal to the critical time-step for 

stability. In the MTLADR 2D algorithm, the user can specify a bigger time-step to 

improve the computation speed and apply mass scaling to ensure the integration 

stability.  

 

Let Δ" be the time step size specified for explicit time integration and let  ∆"<=
>� be the 

critical time step size computed at the ith integration point. The mass scaling factor at 

the ?th integration point is calculated by 

																																																			@
>� � A Δ"
∆"<=
>�B

 
																																																																				
3.11� 

The critical time-step at the ith integration point is calculated by 

																		∆"<=
>� � 2
�
>�∙CD ∙ ∑� FG,I� � 

									J � 1, 2,⋯D; 		M � 1, 2	?J	2N													
3.12� 

																																															 FG,�� � O FG�
O P� 																																																																								
3.13� 

																																																 FG, � � O FG�
O Q� 																																																																							
3.14� 
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where D  is the number of nodes that are involved in the approximation at the ith 

integration point; FG,��  and FG, �  are the shape function derivatives of the nth 

supporting node with respect to the initial configuration of x-axis and y-axis 

respectively; �
>�  is the dilatational wave speed at the ith integration point. By 

Achenbach (1973), 

																																																�
>� � R
>� � 2S
>�
�
>� 																																																																
3.15� 

where R
>� is the Lamé’s first parameter at the ?th integration point; S
>�  is the shear 

modulus at the ? th integration point; �
>�  is the mass density allocated to the ? th 

integration point. 

3.2.4.  Mass distribution 

In the MTLADR 2D algorithm, lumped mass matrix is used to advance the explicit time 

integration in an algebraic way. The global mass matrix is assembled by the local mass 

matrices, which are calculated by evenly distributing the mass at each integration point 

to the nodes that support it in the approximation. 

																																																									T �UT
>�
>

																																																																		
3.16� 

where T is the global diagonal mass matrix; T
>� is the local diagonal mass matrix built 

by the distribution of the mass of the ?th integration point.  Let TGG
>� be the diagonal 

component of the local mass matrix T
>� 

 

																																																		TGG
>� � @
>��
>� V
>��
D 				J � 1,2⋯D																																
3.17� 
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where D is the number of the nodes that support the integration point for interpolation; 

@
>�  is the mass scaling factor of the ? th integration point; �
>�  is the mass density 

allocated at the ?th integration point;  V
>��  is the area (for 2D problem) of the ?th 

integration cell. 

3.2.5.  The imposition of essential boundary conditions 

Since the MLS shape functions do not have Kronecker delta property, the imposition of 

essential boundary conditions is more complicated in the meshless method than in the 

FE method. The existing techniques, including penalty methods (Zhu and Atluri 1998), 

Lagrange multiplier approaches (Belytschko et al. 1994; Krysl and Belytschko 1995) 

and modified collocation method (Zhu and Atluri 1998), are suitable for implicit 

meshless algorithms rather than explicit one. Therefore, in the explicit meshless 

algorithms proposed by Horton et al. (2010), the imposition of essential boundary 

conditions was simplified by applying the nodal values directly. However, it is a 

simplification trading off accuracy somewhat. The appropriate imposition of essential 

boundary conditions is important for achieving good accuracy. In the MTLADR 2D 

algorithm, a practical method is proposed to impose essential boundary conditions by 

solving the field variables of the displacements that should be imposed at the boundary 

nodes at each time step.  

 

In the MLS approximation equations for the nodal displacements at the boundary nodes, 

which are known as the imposed boundary nodal displacements, the field variables of 

the displacements of the supporting nodes that are not on the boundary are known, then 

the unknown field variable matrix of the displacements imposed at the boundary nodes 

at each time step WXI
Y��  can be solved by  
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      											 F>X
Y�� WXI
Y�� � Z>I
Y�� � F>[
GY�� W[I
GY�� 														M � 1, 2 in 2D                  (3.18) 

where i and k are the number of the nodes on the essential boundary; m is the number of 

nodes that are not on the boundary but support the boundary nodes for interpolation; 

F>X
Y��  is the matrix of the shape functions for the nodes on the boundary at time t; 

Z>I
Y��  is the matrix of the nodal displacements externally applied on the boundary at 

time t; 

F>[
GY��  is the matrix of the shape functions at the nodes which are not on the boundary 

but support the boundary nodes for interpolation at time t; 

W[I
GY��  is the matrix of the nodal displacement field variables at the nodes which are not 

on the boundary but support the boundary nodes for interpolation at time t. 

3.2.6.  The global nodal point reaction forces  

The global nodal point reaction force matrix at each time step _��  is assembled by the 

local internal nodal point force matrix at the same time step _̀��  that is evaluated at each 

integration point:                                                                                                                                             

																																																			 _�� � ∑ _̀�� 																																																																													
3.19�                                        
																																																			 _̀�� � a�� ∙ b ∙�� Nc�� ∙ d̀																																																						
3.20�                                                                                           

where	 a��  is the deformation gradient at an integration point; b��  is the second Piola-

Kirchhoff stress calculated at the integration point according to the selected material 

model; d̀	is the weight of the ith integration point. If there is only one integration point 

per cell, d̀	equals to the initial area of the integration cell where the integration point is 

located;  Nc��  is the matrix of shape function derivatives defined as 
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																																						 Nc�� � e Nc��� Nc �� ⋯ Ncf�� g																																										
3.21�			                                      
																																						 NcG�� � h FG,���FG, ��

i ,										J � 1⋯D																																																
3.22� 
where D is the number of the nodes that support the integration point for interpolation; 

FG,��  and FG, �  are the shape function derivatives of the nth supporting node with 

respect to the initial configuration of x-axis and y-axis respectively as defined in 

Equations 3.13 and 3.14. 

3.2.7.  Termination criterion 

The solution accuracy of the MTLADR 2D algorithm is controlled by the absolute error 

in the solution. Following Joldes et al. (2011), the approximation of the absolute error 

based on the convergence properties of the DR method can be written as 

																																										j Z��∆� � Zjk 6 ��∗
1 � ��∗ j Z��∆� � Z� jk																													
3.23� 

Therefore, the convergence criteria can be defined as  

																																									 ��∗
1 � ��∗ j Z��∆� � Z� jk 6 m																																																								
3.24� 

where m  is the specified absolute accuracy; Z��∆�  is the field variables of nodal 

displacements at time " � ∆"; Z�  is the field variables of nodal displacements at time "; 
��∗ is a corrected value of the computed spectral radius: 

																																																			��∗ � �� � n
1 � ���																																																														
3.25� 
where �� is the currently used spectral radius; n is the adjustment coefficient between 0 

and 1, which defines the maximum under-estimation error for spectral radius ��, n is 0.2 

in the numerical experiments of this thesis. 
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3.2.8.  Description of the MTLADR 2D algorithm for simulation of large 

deformations of soft tissue 

The MTLADR 2D algorithm for modelling and simulation of soft tissue responses in 

large deformation is described below.    

(a) Initialization: 

• Distribute nodes and integration points in the problem domain. A regular grid of 

square integration cells is used for Gaussian quadrature. 

• Compute the shape functions and their derivatives for each integration point. 

• Specify the time step for explicit integration in time domain and apply mass 

scaling to ensure the integration stability (Equations 3.11-3.15). 

• Create global lumped mass matrix by evenly distributing the scaled mass carried 

by each integration point to the nodes that influence it (Equations 3.16-3.17). 

• Initialize the field variables of nodal displacement matrix Z� � 0, Z� � 0. 
• Enforce constraints and apply the load of the first time step by prescribing 

displacements on the boundary (Equation 3.18). 

(b) Loading: 

• Set the spectral radius ��  to a value close to 1 (e.g. 0.999) to allow the 

deformation to quickly propagate inside the body. 

• For each time step of explicit integration:  

� Z��o� � Z� , Z� � Z��o� 	; 
� Compute the global nodal reaction forces (Equations 3.19-3.22); 

� Compute the field variables of nodal displacements at the next time step 

(Equations 3.3-3.8); 

� Apply the constraints and the loading of the next time step by prescribing 

displacements on the boundary (Equation 3.18). 
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• Save the field variables of nodal displacements and global nodal reaction forces 

at the end of loading as Z,  and _�,  respectively.  

(c) Relaxation: 

• Initialise the spectral radius �� for DR with a value close to 1 (e.g. 0.998), which 

attenuates the high-frequency oscillations in the solution but allows deformation 

propagation (small damping) (Joldes et al. 2009).  

• For each time step of explicit integration:  

� Z��o� � Z� ; 	 Z� � Z��o� 	;  
� Compute the global nodal reaction forces (Equations 3.19-3.22); 

� Compute the field variables of nodal displacements at the next time step 

(Equations 3.3-3.8); 

� Impose the essential boundary conditions (Equation 3.18); 

� Re-calculate the spectral radius ��  (Equations 3.6-3.8). If the difference 

between the calculated value and the previous one is less than a specified 

threshold (e.g. 0.0001) for a number of continuous steps (e.g. 20), the 

spectral radius is updated in the next iteration; 

� Update �,  and 	�,  using the computed field variables of nodal 

displacements and global nodal reaction forces every configured time steps; 

�  Following the update of �,  and 	�, , the spectral radius is regarded as 

stabilised if the difference between the calculated spectral radius �� and the 

currently used one is less than a specified threshold; 

� If the spectral radius becomes stabilised, check the convergence criterion 

(Equation 3.24 and 3.25). The time stepping is terminated if the convergence 

criterion is met. 
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The computed nodal displacements at the end of DR are in fact field variables. To 

compute the real displacements at any point (including the nodes), an interpolation 

needs to be performed using the MLS shape functions. 

3.3.  Numerical results and algorithm verification  

3.3.1.  Simulation of large deformations of soft tissue using the MTLADR 2D 

algorithm 

Experimental setup 

In order to verify the MTLADR 2D algorithm in terms of its ability to predict soft tissue 

responses in large deformation, numerical experiments were conducted to predict the 

responses of a soft-tissue like specimen undergoing uniaxial elongation with large 

strains (Figure 3.3). The dimensions of the specimen are 0.1 m by 0.1 m. It was 

discretised into nodes, which density increased for spatial convergence analysis. 

Elongation along x-axis was applied to the nodes at one edge of the specimen (Edge B) 

while the nodes at the opposite edge (Edge A) were rigidly constrained. The elongation 

along x-axis was imposed by applying displacement over a period of time T according 

to the following smooth function. 

                                  W
"� � pP q10 � 15 �
- � 6 r�-s

 t r�-s
4 														0 6 " 6 u     
3.26�                                                                  

where W
"� is the displacement imposed at time "; pP is the maximum displacement; u 

is the total time for loading. The diagram of the smooth function (pP � 0.02	m) is 

shown in Figure 3.4. 
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Figure 3.3. Modelling of a 2D specimen of soft tissue-like hyper-elastic 

material using the MTLADR 2D algorithm. The specimen (dimensions of 

0.1m by 0.1m) is subjected to uniaxial elongation (at Edge B) along x-axis 

and rigidly constrained at Edge A. Dimensions are in metres (m). 

 

Figure 3.4. The diagram of the smooth function (Equation 3.26) when the 

maximum displacement pP equals 0.02 m. 
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The performance of the MTLADR 2D algorithm was evaluated for a wide range of 

large strains. The numerical results were verified against the reference solution obtained 

using the well-established nonlinear static procedures in the commercial FE software 

Abaqus. For elongation of 0.02 m (20% of the undeformed specimen length), the strain 

energy, the reaction force (i.e. sum of nodal forces in horizontal direction at the 

specimen’s Edge A) and the nodal displacements predicted by the MTLADR 2D 

algorithm were compared with the Abaqus reference solution. For a wider range of 

deformations (40%, 60%, 80%, 100% of the undeformed specimen length), only the 

predicted strain energies and the reaction forces were compared between the two 

methods.  

Material Model 

Various nonlinear material models can be coupled into the MTLADR algorithm through 

the different formulae for calculation of the second Piola-Kirchhoff stress at the 

integration points. In this experiment, the soft tissue-like material property of the 

specimen was modelled as soft and nearly incompressible continuum using neo-

Hookean material model (Young’s modulus v � 3000	Pa, Poisson’s ratio y � 0.49, 

mass density � � 1000kg/m4), which approximates the mechanical response of brain 

tissue (Miller et al. 2000). The rationale for using neo-Hookean constitutive model is 

that it has been acknowledged in the literature that hyper-elastic models well represent 

the soft tissue responses (Fung 1993; Quapp and Weiss 1998; Miller 1999; Miller et al. 

2000). As the MTLADR algorithm was verified against the FE solver in Abaqus 

(ABAQUS 2009), the same form of the neo-Hookean strain energy potential was used:  

																																							/ � |}
 
~�̅ � 3� � X}

 
� � 1� 																																																						
3.27�                                                                  

																																								~�̅ � ��� ∙ ~�												for	2D																																																														
3.28� 
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where S�  is the initial shear modulus; &�  is the initial bulk modulus; ~�̅  is the first 

deviatoric strain invariant; � is the volumetric change which equals to the determinant of 

the deformation gradient; ~� is the first invariant of the right Cauchy deformation tensor. 

From Equations 3.27 and 3.28, the second Piola-Kirchhoff stress tensor S for 2D 

problems was derived as 

								 �>I�� � S���� q�>I � 1
2 ~� �>I�� ��t � &��
� � 1� �>I�� ��							? � 1, 2; 	M � 1, 2					
3.29� 

where ���  is the Kronecker Delta tensor; ���  is the right Cauchy-Green deformation 

tensor. 

 Results of the numerical experiments  

As numerical solutions are only approximate, nodal density was increased (around four 

times every time) to obtain a converged solution in the model solved using the 

MTLADR 2D algorithm. For elongation of 0.02m (20% of the undeformed length) 

applied to the model, the solution converged at the point where the number of nodes 

increased to 1681 (Figures 3.5 and 3.6). As reported in Table 3.1, the strain energy and 

the reaction force on the specimen’s edge A (Figure 3.3) changed by only 0.3% and 

0.2% respectively when the number of nodes increased from 1681 to 6561. Therefore, 

the solution for 1681 nodes was taken as the converged solution. The deformed state 

(converged solution) of the specimen is shown in Figure 3.7.   
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Figure 3.5. Convergence study for elongation of 20% of the undeformed length 

of the specimen: variation of the strain energy while increasing the node density 

(in the model solved using the MTLADR 2D algorithm) and the mesh density 

(in the Abaqus model), which are indicated by the number of nodes.   

Figure 3.6. Convergence study for elongation of 20% of the undeformed length 

of the specimen: variation of the reaction force while increasing the node 

density (in the model solved using the MTLADR 2D algorithm) and the mesh 

density (in the Abaqus model), which are indicated by the number of nodes. 
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Table 3.1. Convergence study: the strain energy and the reaction force predicted using 

the MTLADR 2D algorithm for elongation of 20% of the undeformed length of the 

specimen when the nodal density was increased.  

 

Number of nodes 121 441 1681 6561 25921 

Strain energy [J] 0.88378 0.86015 0.85034 0.84776 0.84627 

Reaction force [N] 79.9356 78.0895 77.3638 77.2062 77.1207 

 

 

 

 

 

 

 

3.3.2.  Reference solution for the MTLADR 2D algorithm verification 

The established nonlinear static solution procedures available in the commercial FE 

software Abaqus was used to obtain the reference solution for the MTLADR 2D 

algorithm verification. As shown in Figure 3.8, the dimensions of the Abaqus model are 

Figure 3.7. The steady state deformation (converged solution) of the specimen of 

soft tissue-like material predicted using the MTLADR 2D algorithm for 

elongation of 20% of the undeformed length.  Dimensions are in metres (m). 
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0.1m by 0.1m. The Abaqus model was discretised into a mesh of quadrilateral elements, 

which increased for convergence analysis. The same essential boundary conditions were 

applied on the Abaqus model. One edge of the specimen (Edge B) was elongated along 

x-axis while the opposite edge (Edge A) was rigidly constrained. The material property 

of soft tissue was modelled by hyper-elastic material model (Young’s modulus v �
3000	Pa, Poisson’s ratio y � 0.49, mass density � � 1000kg/m4). Implicit integration 

and standard linear quadrilateral plain strain elements with hybrid formulation were 

used in the Abaqus analysis. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

H-refinement (mesh density increase) was used to obtain a converged reference solution 

in the model solved using Abaqus. For elongation of 0.02m (20% of the undeformed 

length), the solution converged at the point where the number of nodes increased to 

(0.1,0) 

(0.1,0.1) 
(0,0.1) 

0 X 

Y 

Edge B Edge A 

Figure 3.8. Modelling of a 2D specimen of soft tissue-like hyper-

elastic material in Abaqus. The specimen (dimensions of 0.1m by 

0.1m) is subjected to uniaxial elongation (at Edge B) along x-axis 

and rigidly constrained at Edge A. Dimensions are in metres (m). 
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1681 (Figure 3.5 and 3.6). The strain energy and the reaction force (on the specimen’s 

Edge A in Figure 3.8) changed by only 0.092% and 0.095% respectively when the 

number of nodes increased from 1681 to 6561 (Table 3.2). Therefore, the solution for 

1681 nodes was taken as the benchmark for verification. The deformed state (reference 

solution) obtained using Abaqus is shown in Figure 3.9.   

 

Table 3.2. Mesh convergence study: the strain energy and reaction force predicted using 

Abaqus for elongation of 20% of the undeformed length of the specimen when the mesh 

density (indicated by the number of nodes) was increased.  

 

Number of nodes 121 441 1681 6561 25921 

Strain energy [J] 0.854869 0.849126 0.847007 0.846227 0.845944 

Reaction force [N] 78.5932 77.8685 77.6376 77.5637 77.5409 

 

 
 

 

 

 

 

Figure 3.9. The steady state deformation of the specimen of soft 

tissue-like material obtained using Abaqus for elongation of 20% of 

the undeformed length.   
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3.3.3.  Results of the MTLADR 2D algorithm verification  

The accuracy of the MTLADR 2D algorithm was verified by the Abaqus reference 

solution. For elongation of 0.02m (20% of the undeformed length), the strain energy, 

the reaction force and the nodal displacements predicted using the MTLADR 2D 

algorithm agreed very well with the reference solution obtained using Abaqus. The 

relative difference between the strain energies predicted by the two methods is 0.39%. 

The relative difference between the reaction forces is 0.35%. The maximum absolute 

difference between the predicted nodal displacements is 0.37 mm (1.85% of the total 

applied elongation) while the average (averaging done over all the nodes in the model) 

absolute difference is only 0.01 mm (0.05% of the total applied elongation). The 

maximum differences occur at the four corners of the specimen where the 

computational grid undergoes local distortion (Figure 3.10).  

 

 

 

 

 

Figure 3.10. Distribution of the absolute differences (in meters) 

between the nodal displacements predicted by the MTLADR 2D 

algorithm and the Abaqus reference solution for elongation of 20% 

of the undeformed length of the model. The differences are close to 

zero with exception of the corners. 
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The performance of the MTLADR 2D algorithm in simulation of soft tissue large 

deformation was also evaluated for a wider range of large strains: 40%, 60%, 80% and 

100% of the undeformed specimen length respectively. The strain energy and the 

reaction forces predicted by the MTLADR 2D algorithm demonstrated good agreement 

with the Abaqus reference solution (Table 3.3 and 3.4). For elongation of up to 100% of 

the undeformed length of the specimen, the strain energies predicted by the MTLADR 

2D algorithm were virtually the same as the Abaqus reference solution because the 

relative differences were less than 0.25% (Table 3.3). The differences between the 

reaction forces increased slightly with the magnitude of elongation (Table 3.4). While 

remaining under 1.5% for the elongation of up to 60% of the initial length, the relative 

difference of the reaction forces reached 2.1% for elongation of 100% of the 

undeformed length, which is still a practically good agreement considering the severe 

local distortion of the computational grid at the four corners of the specimen (Figure 

3.11). Table 3.4 also shows that the reaction forces computed by the FE method tend to 

be stiffer than the ones predicted by the MTLADR 2D algorithm. 

Table 3.3. Comparison of the strain energies predicted using the MTLADR 2D 

algorithm and Abaqus for a wider range of large deformations (the model is shown in 

Figures 3.3 and 3.8 respectively). The relative differences are computed using the 

Abaqus reference solution as the benchmark. 

Overall model 
elongation (in percentage 

of the initial length) 

The MTLADR 
2D algorithm [J] 

Abaqus FE 
solver [J] 

Relative 
difference  

40% 2.9191 2.91206 0.24% 

60% 5.8048 5.79339 0.197% 

80% 9.3257 9.30797 0.19% 

100% 13.3891 13.3626 0.198% 



CHAPTER 3 

 

60 
 

Table 3.4. Comparison of the reaction forces predicted using the MTLADR 2D 

algorithm and Abaqus for a wider range of large deformations (the model is shown in 

Figures 3.3 and 3.8 respectively). The relative differences are computed using the 

Abaqus reference solution as the benchmark. 

Overall model 
elongation(in percentage 

of the initial length) 

The MTLADR 
2D algorithm [N] 

Abaqus FE 
solver [N] 

Relative 
difference  

40% 124.7048 125.806 0.88% 

60% 158.8675 160.953 1.3% 

80% 186.6004 189.826 1.7% 

100% 210.743 215.273 2.1% 

 

 

 

 

 

 

3.4.  Discussion and conclusions 

A novel MTLADR 2D algorithm, which takes into account both geometric and material 

nonlinearities, was proposed to predict the steady state responses of soft tissue in large 

Figure 3.11. The results  obtained using Abaqus for elongation of 

100% of the undeformed length of the specimen. Distortion of the mesh 

at the four corners of the model is clearly visible. 
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deformation prior to surgical cutting. The main features of the MTLADR 2D algorithm 

include: (1) the spatial discretisation solely relying on nodes. Due to its relatively lower 

sensitivity to the nodal distribution, the algorithm is suited to handling large strains in a 

Lagrangian framework. (2) the application of  the TL formulation. The TL formulation 

eliminates the error accumulation due to the reference frame update associated with the 

UL formulation. It also facilitates the pre-computation of  the shape functions and their 

derivatives at the integration points before the start of time-critical simulations; (3) the 

use of adaptive DR, which facilitates a fast convergence to the steady state deformation 

while preserving good accuracy; (4) the capability of modelling large deformations and 

nonlinear material properties of soft tissue exhibited in surgery; (5) a practical approach 

proposed to accurately impose the essential boundary conditions in the EFG framework.  

 

The accuracy of the MTLADR 2D algorithm was verified against the well-established 

non-linear static solution procedures available in the commercial FE software Abaqus. 

Numerical experiments were conducted to predict the responses of a soft tissue-like 

specimen for a wide range of large strains. For strain of an order of 20% of the 

undeformed length of the specimen, the computed strain energy, reaction force and 

nodal displacements agreed very well with the Abaqus reference solution. For a wider 

range of large strains of up to 100% of the undeformed length, only the strain energies 

and the reaction forces were compared. The strain energies predicted by the two 

methods were virtually the same. The relative difference of the reaction force slightly 

increased from 0.88% (for strain of 40% of the undeformed length) to 2.1% (for strain 

of 100% of the undeformed length), which is still a practically good agreement 

considering the local distortions of the computational grid at the four corners of the 

specimen caused by very large strains.  
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The MTLADR 2D algorithm is not only useful for simulation of large deformations of 

soft tissue prior to cutting, but also plays a fundamental role in the further development 

of cutting algorithms and an extension to 3D simulation. Although only 2D equations 

and numerical results were presented in this chapter, the rationale of the MTLADR 2D 

algorithm is generally applicable to both 2D and 3D problems.  
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⋇ 

Chapter 4  

Two-dimensional Modelling and Simulation of 

Cutting of Soft Tissue  

4.1.  Introduction 

The modelling and simulation of soft tissue cutting is not only a key component in 

surgical simulation but also one of the most challenging problems. The great challenges 

are posed by the complexity of introducing the cutting-induced discontinuity, the 

difficulty of modelling the nonlinear geometric and material behaviour exhibited by soft 

tissue and the need to achieve a high computation speed. 

 

In this chapter, a novel Meshless Total Lagrangian Adaptive Dynamic Relaxation 

(MTLADR) cutting algorithm, which takes into account both geometric and material 

nonlinearities, is proposed to predict in two dimensions (2D) the responses of soft tissue 

⋇ 
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during surgical cutting. The cutting path is geometrically represented by a series of line 

segments. The cutting-induced discontinuities are modelled by adding/splitting nodes 

on the cutting path and efficiently implementing visibility criterion (Belytschko et al. 

1996) with the aid of the level set method (LSM) (Osher and Sethian 1988; Sethian 

1996). The effect of cutting is entirely reflected in changes in the size and shape of the 

influence domain of nodes. The cutting-induced deformations are computed by the 

MTLADR 2D algorithm developed in Chapter 3. The benefits of the Total Lagrangian 

(TL) formulation and the adaptive Dynamic Relaxation (DR) are inherited. Due to the 

absence of analytical solution, the accuracy of the algorithm was verified against the 

reference solution obtained using the well-established nonlinear static procedures in the 

commercial FE software Abaqus (ABAQUS 2009). 

 

The chapter is organised as follows. Section 4.2 presents the methods of simulating 

surgical cutting in 2D. The experiment of simulation and the verification of results are 

given in Section 4.3. Section 4.4 contains discussion and conclusions.  

4.2.  Methods 

4.2.1.  Governing equation and solutions 

In the MTLADR 2D cutting algorithm, the deformation of soft tissue at any stage of 

cutting is solved as the steady state part of the general equation of motion, in which an 

artificial mass proportional damping is included to increase the convergence speed 

(Underwood 1983):   

																																																		 																																																						 4.1  

where  is the time-dependent lumped mass matrix,  is the vector of internal nodal 
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forces. Deferring from the MTLADR 2D algorithm,  and 	are updated at each step of 

cutting to reflect the changes of the influence domain of the nodes in the vicinity of the 

cutting path;  is the vector of the externally applied nodal forces;	  is the vector of 

nodal displacement field variables;  is the damping coefficient. The strategy of 

estimating the damping coefficient proposed by Joldes et al. (2011) for solving 

nonlinear FE problems without cutting was adapted into this algorithm.  

 

Using the TL formulation, the nodal displacement field variables at every time step for 

explicit time integration was derived as  

                    			 ∆ 1 ∆ 																													 4.2    

																																																			
1 ∙ ∆
4

																																																																 4.3  

																																																					 1																																																																													 4.4          

where ∆  is the size of time step; and  is the spectral radius which is adaptively 

calculated during the DR iterations. The Equations 3.6-3.8 presented in Chapter 3 

(Section 3.2.1) can be used to calculate . The notation conventions from Bathe (1996) 

are used: the left superscript represents the current time, the left subscript represents the 

reference configuration.  

4.2.2.  2D modelling of surgical cutting  

In 2D, the path of a progressing surgical cut is geometrically represented as a series of 

line segments (Figure 4.1). The LSM proposed by Osher and Sethian (1988) and 

developed by Stolarska et al. (2001) was adapted to mathematically describe the 

locations of all nodes and integration points relative to the cutting path. The 



CHAPTER 4 

 

68 
 

discontinuities induced by surgical cutting are traced and modelled using nodes with 

specific level set values and appropriate field values (the nodal displacement and the 

size of domain of influence). The effect of cutting is entirely reflected in the changes of 

the shape and size of the influence domain of nodes by efficiently implementing 

visibility criterion with the help of the LSM.  

 

 

 

 

 

Initialisation of level set values of nodes and integration points  

When the first cut (e.g. T0-T1 in Figure 4.1) is made, the cutting direction is 

mathematically represented as the zero level set of function x, y  in Equation 4.5. The 

endpoint of a cut is represented as the intersection of the zero level set of function 

	with an orthogonal zero level set of function x, y  defined in Equation 4.6: 

                           ,
‖ ‖ ‖ ‖

                                          4.5  

                           ,
‖ ‖ ‖ ‖

                                          4.6  

where ,  is the coordinate of a given point in the problem domain; ,  is the 

Figure 4.1. The 2D cutting path in the problem domain is geometrically 

represented by a series of line segments (T0-T1, T1-T2 and T2-T3).  
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coordinate of the endpoint of the cutting path;  ,  are the components of the vector  

representing the cutting direction; ‖ ‖ is the length of the vector	 .  

 

 

 

 

 

 

The values of both level set functions  and 	are calculated and stored for all the 

nodes and integration points to indicate their positions relative to the cutting path. The 

value of the level set function 	at a given point is the signed-distance from this point to 

the cutting direction. As illustrated in Figure 4.2, the points with positive values of the 

level set function 	are all located at the same side of the cutting line segment L and its 

extension L1 while the points with negative values are all at the other side. Zero value 

of function  indicates that the point is located right on the cutting line segment L or its 

extension line L1. Accordingly, the value of the level set function 	indicates the signed 

distance from a given point to line segment L2 which is orthogonal to the cutting path at 

the endpoint. If an integration point is found located on the cutting line segment L (zero 

value of function  and negative value of function , the associated value of function 

Figure 4.2. The initialisation of level set values of functions  and 

 for nodes/integration points in the problem domain: 0 on L 

and L1 and  = 0 on L2. 
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 is set to a small  positive or negative value in order to allocate the point to one of the 

sub-domains S1 or S2 (Figure 4.2).   

Spatial discretisation of the cutting path 

The endpoint of the cut and the rest of the line segments representing the cutting path 

are discretised using nodes. If the computational grid obtained by discretising the 

geometry of the analysed continuum contains no node at the endpoint of the cut, a node 

is added there with zero values of level set functions  and  (Figure 4.3a). The rest of 

the cutting segments are discretised using nodes spaced at the average nodal interval of 

the computational grid. If there is no node at the discretising position, two nodes 

(having the same coordinates) are added at this position. If there is an existing node at 

the discretising position or elsewhere on the cutting path, this node is split into two 

nodes having the same coordinates. 

 

Every two nodes added (or split) at the same position are allocated on opposite sides of 

the cutting path by setting appropriate values of the level set functions (Figure 4.3b, c). 

For one node, the level set function  is set to a positive value smaller than the 

minimum size of the influence domain, while for the other one, the function 	is set to a 

negative value of the same magnitude. Both nodes are assigned with the same negative 

value of the level set function  which magnitude is less than the length of the cutting 

segment. Imposing the limit of the minimum size of the influence domain on the 

magnitudes of the assigned level set values ensures that the nodes fall into the confined 

area, in which the nodal influence domains should be re-shaped to account for 

discontinuities introduced by cutting.  
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Besides the level set values, appropriate field values are assigned to the newly added 

nodes. If the node is created at a new position, its displacements are interpolated (from 

the adjacent nodes) by the Moving Least Squares (MLS) approximation and the size of 

its domain of influence is set to the average size of the influence domains of the 

surrounding nodes. If the node is created by splitting of an existing node, its 

(a)  (b)  

(c)  

Figure 4.3. Illustration of the cutting path discretisation. After discretisation, all the 

nodes in the problem domain are categorised by the level set values of function : 

(a)  0 (the nodes at the endpoint of the cutting path and on its extension line); 

(b)  0 (the nodes at one side of  the cutting path and its extension line); (c) 

0 (the nodes at the other side). 
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displacements and the size of influence domain are inherited from the existing node. 

With the appropriate field values, these newly added nodes are updated into the 

supporting domain of the points for approximation. 

Update of level set values of nodes and integration points while cutting progresses 

When cutting progresses from one point to the next one, the level set values of functions 

 and  at the nodes and the integration points need to be updated. In the following 

algorithm,  and denote the values of functions  and  at step ;  and 

denote the values of functions  and  at step 1; 	,  is the coordinate of a 

given node or integration point; 	,  and 	,  are the coordinates of the 

endpoint of the cutting path at step  and 1 respectively; 	denotes the cutting 

vector at step 1 which directs from point 	,  to point 	, ; 	 , 

	are the components of the cutting vector ;  is the length of the cutting 

vector . 

(1) Cutting direction does not change. When cutting progresses from one endpoint to 

the next one without direction change, the values of level set function  of the nodes 

and integration points whose 0 need to be updated.  The update process is 

illustrated in Figure 4.4. No update is done in the area where 0	(indicated as 

non-update area A  in Figure 4.4) while the rest of the analysed domain 

(where 0) is an update area A : 

																																											 									 	 									                                                4.7 																																										

																																												 									 	 									                             4.8                         

										 , 							 	 			      4.9   

where  is the union of  and 	areas. 
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(2) Cutting direction changes. If the cutting direction changes, the update region 

 is defined as the area where 0 while the rest of the analysed domain 

is defined as the non-update region  (Figure 4.5).  

a) Level set function  is obtained by rotating function  around the cutting 

path endpoint ,  (point T2 in Figure 4.5) until orthogonal to the cutting 

vector : 

                                  , 								 	 				 4.10    

b) Following changes in the cutting direction, the values of function  of the 

nodes and integration points in the update region are re-computed while 

no re-computation is needed in the  non-update region : 

																																							 										 	 										                        4.11  

												 , 							 	 				 4.12  

Figure 4.4. Progression of cutting without direction change (cutting 

line segments T0-T1 and T1-T2 are co-linear). The shaded area, 

where 0, is a non-update area Anon-update while the rest of the 

domain is an update area Aupdate . 
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c) Re-computation of function  is done in the entire analysed area : 

																								 , 							 	 		        4.13 	

 

 

 

 

 

 

Update of the influence domain of the nodes affected by cutting  

The update of the influence domain of a node in the vicinity of the cutting path is 

implemented by finding and eliminating the points that are no longer influenced by the 

node due to cutting. In the following algorithm,  and  denote the values of the level 

set functions  and  at node  while   and  denote the values of level set 

functions  and 	at a point P in the influence domain of node .  

(1) The influence domain of a node, which is defined as a circle in our algorithm, is 

updated if it intersects the cutting path (Figure 4.6). The selection criterion for the 

node whose influence domain needs to be updated is 

                                       | |  and  								                                   4.14  

where  is the size (radius) of the influence domain of node .  

Figure 4.5. Cutting from point T2 to T3 with direction change. Level set 

function 	 is obtained by rotating level set function 	 until it is 

orthogonal to the current cutting vector . The shaded area, where  

0, is non-update area while the rest is an update area .  



CHAPTER 4 

 

75 
 

 

 

 

 

 

(2) The point is kept in the influence domain of the node if the node and the point are 

both located at the same side of the cutting path: 

   																																						 0	                                        4.15  

(3) If the point and the node are located at the opposite sides of the cutting path, 

                                            						 0																										               												 4.16                    

additional criteria need to be checked to decide whether the point is to be kept or 

eliminated from the influence domain of the node: 

(a) As illustrated in Figure 4.7, the first selection criterion for the points that need to 

be eliminated from the influence domain of the node is: the node and the point 

are located in different subdomains S1 and S2, but they are not both on line 

segment L2. The above selection criterion is expressed as: 

															 0	AND	 0   OR ( 0	AND	 0)             4.17 	

Figure 4.6. The influence domain of node N1 intersects the cutting line 

L; points P1 and P2 should be eliminated from the influence domain of 

this node. The influence domain of node N2 goes through the cutting 

endpoint T only, so it does not need update. 
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(b) If the criterion (a) expressed by Equation (4.20) is not satisfied, there are only 

two alternatives for  position of the point in relation to the node (Figure 4.7): 

either one is located in sub-domain S1 and another one is in sub-domain S4 or 

one is in sub-domain S2 and another one is in sub-domain S3. Therefore, 

whether the line segment linking the node and the point intersects the cutting 

path or not has to be geometrically judged. If the intersection occurs, the point is 

removed from the influence domain of the node. 

(4) The following updates are made to account for the changes in influence domains: 

 For the points that are eliminated from the influence domain of the nodes, the 

shape functions and their derivatives are re-calculated. 

 The global mass matrix is updated.  

 The internal nodal reaction forces are updated.  

 

 

 

 

Figure 4.7. Update of the influence domain of the node affected by cutting. 

Points P3 and P4 are removed from the influence domain of node N according 

to step 3.a. Point P5 is removed from the influence domain of node N while 

points P6 and P7 are kept according to step 3.b. 
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4.2.3.  Description of the MTLADR 2D cutting algorithm for surgical cutting 

simulation  

The MTLADR 2D cutting algorithm for surgical cutting simulation is described below: 

(a) Pre-computation and initialisation: 

 Compute the shape functions and their derivatives for each integration point. A 

regular grid of square integration cells is used for Gaussian quadrature. 

 Specify the time step for explicit integration in time domain and apply mass 

scaling to ensure the integration stability (Section 3.2.3). 

 Create global lumped mass matrix by evenly distributing the scaled mass carried 

by each integration point to the nodes that influence it (Section 3.2.4). 

 When simulating cutting of the deforming continuum, subject the continuum to 

loading through essential boundary conditions (i.e. prescribing the displacements 

on the boundary as described in Section 3.2.5) and compute deformations within 

the continuum.   

For each progressive cut: 

(b) Cutting: 

 Update the shape functions and their derivatives at the integration points 

affected by cutting (Section 4.2.2).  

 Determine the critical time step and update the mass scaling coefficients at the 

integration points.  

 Re-configure the global lumped mass matrix while the mass of the system 

remains constant. 

 Update the internal nodal reaction forces.  
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(c) Relaxation: 

 Initialise the spectral radius for DR with a value close to 1 (e.g. 0.998), which 

attenuates the high-frequency oscillations in the solution but allows deformation 

propagation (small damping) (Joldes et al. 2009).  

 For each time step of explicit integration:  

 Update 	and	 	;  

 Compute the global nodal reaction forces (Section 3.2.6); 

 Compute the nodal displacements at next time step (Equations 4.2 – 4.4); 

 Impose the essential boundary conditions (Section 3.2.5); 

 Re-calculate the spectral radius (Equations 3.6 – 3.8). The spectral radius 

used in computations is smoothed in order to eliminate large jumps in its 

value; 

 Update  and  using the computed nodal displacements and global 

nodal reaction forces; 

 Following the update of  and , the spectral radius is regarded as 

stabilised if the difference between the calculated spectral radius  and the 

currently used one is less than a specified threshold;   

 If the convergence rate becomes stabilised, check the convergence criteria 

(Joldes et al. 2011). The time iteration is terminated if the convergence 

criterion is met. 

 

The computed nodal displacements at the end of DR are in fact field variables. To 

compute the real displacements at any point (including the nodes), an interpolation 

needs to be performed using the MLS shape functions. 
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4.3.  Numerical results and algorithm verification 

4.3.1.  Simulation of soft tissue cutting using the MTLADR 2D cutting 

algorithm 

Surgical cutting was simulated in a deformed continuum having soft tissue-like material 

behaviour. The deformation preceding cutting was induced by elongating a square 

specimen of size 0.1m by 0.1m as illustrated in Figure 3.3. One edge ( 0 m) of the 

specimen was rigidly constrained while the opposite edge ( 0.1 m) was elongated by 

0.02 m along the x-axis. The deformed specimen for cutting simulation is shown in 

Figure 4.8. The number of nodes (6561) for discretisation was selected based on the 

results of spatial convergence analysis shown in Figure 4.9 and 4.10. Because of the 

specimen’s rectangular shape, the nodes were uniformly distributed for convergence 

study. 

  

Simulation of cutting was carried out along the pre-planned path on the deformed 

(stretched) specimen model. In this experiment as illustrated in Figure 4.8, the cutting 

path was comprised of three sequential cutting line segments: the first cut started with 

an arbitrary angle; the second cut continued in the same direction; the third cut changed 

the direction. 
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Various nonlinear material models can be coupled into the MTLADR 2D cutting 

algorithm through the application of different formulae for calculation of the second 

Piola-Kirchhoff stress at the integration points. The soft tissue-like material property of 

the specimen was modelled as soft and nearly incompressible continuum using neo-

Hookean material model (Young’s modulus 	 3000	Pa	 , Poisson’s ratio of 

0.49, mass density of 1000kg/m ), which approximates the mechanical response 

of brain tissue (Miller et al. 2000). The neo-Hookean strain energy potential and the 

derived second Piola-Kirchhoff stress tensor equation for 2D problems have been 

presented in Chapter 3 (Section 3.3.1). 

 

 

Figure 4.8. The deformed (stretched) specimen of soft tissue-like material (shown 

using 6561 nodes) for surgical cutting simulation using the MTLADR 2D cutting 

algorithm. The pre-defined cutting path is composed of three line segments: AB 

(arbitrarily angled), BC (progressing without direction change) and CD (changing 

cutting direction). The coordinates of the points are A(0.05, 0.09), B(0.059, 

0.082), C(0.066, 0.075) and D(0.058, 0.052). Dimensions are in metres (m). 

A 

B 

C

D
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As numerical solutions are only approximate, nodal density was increased (around four 

times every time) to obtain a converged solution in the model solved using the 

MTLADR 2D cutting algorithm. The solution converged at the point where the number 

of nodes increased to 6561 (Figure 4.9 and 4.10). The strain energy and the reaction 

force in x-axis direction (at the specimen’s edge 0.12 m) at the end of cutting 

changed by only 0.23% and 0.13% respectively when the number of nodes increased 

from 6561 to 25921 (Table 4.1). Therefore, the solution for 6561 nodes was taken as the 

converged solution.  

 

 

 

 

 

 

Figure 4.9. Convergence study: variation of the strain energy while 

increasing the node density (in the model solved using the MTLADR 2D 

cutting algorithm) and the mesh density (in the Abaqus model), which are 

indicated by the number of nodes.  
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Table 4.1. The results of the strain energy and the reaction force predicted using the 

MTLADR 2D cutting algorithm when the nodal density (indicated by the number of 

nodes) was increased. 

Number of nodes 121 441 1681 6561 25921 

Strain energy [J] 0.54382 0.52351 0.51358 0.50663 0.50546 

Reaction force [N] 49.5437 47.9239 47.1165 46.531 46.4683 

 

At any stage of cutting, the steady state deformations of the specimen were predicted by 

the MTLADR 2D cutting algorithm. The deformed shape of the specimen at the end of 

the first cut (converged solution) is shown in Figure 4.11a. The deformed shape of the 

specimen before the change of cutting direction (converged solution) is shown in Figure 

4.11b. The deformed shape of the specimen at the end of cutting (converged solution), 

i.e. after the change in cutting direction was introduced, is shown in Figure 4.11c.  

Figure 4.10. Convergence study: variation of the reaction force while increasing the 

node density (in the model solved using the MTLADR 2D cutting algorithm) and the 

mesh density (in the Abaqus model), which are indicated by the number of nodes.  
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(a) 

(b) 

(c) 

Figure 4.11. The deformed model of the specimen of soft tissue-like 

material obtained using the MTLADR 2D cutting algorithm: a) at the 

end of first cut; b) before the surgical cutting changes direction; c) at 

the end of surgical cutting. Dimensions are in metres (m). 
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The MTLADR 2D cutting algorithm is not only suitable for uniformly distributed nodes, 

but also suitable for irregular node placements. The above experiment was also carried 

out while nodes with higher density were distributed surrounding the cutting path. The 

node distribution and the deformed shape of the specimen at the end of cutting are 

shown in Figure 4.12. The predicted strain energy and the reaction force in x-axis 

direction (at the specimen’s edge 0.12 m) are 0.50141 J and 46.1219 N respectively. 

Comparing to the converged solution obtained using uniformly distributed nodes (Table 

4.1), the differences are 1.03% for strain energy and 0.88% for reaction force. As the 

differences are negligible for numerical approximation, the results indicated that the 

MTLADR 2D cutting algorithm is robust for irregular distributed nodes.  

 

                

 

 

Figure 4.12. The deformed model of the specimen of soft tissue-like 

material at the end of surgical cutting predicted by the MTLADR 2D cutting 

algorithm using irregularly distributed nodes. Dimensions are in metres (m). 
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4.3.2.  Reference solution for the MTLADR 2D cutting algorithm 

verification 

The MTLADR 2D cutting algorithm was verified against the well-established nonlinear 

static procedures available in the commercial FE software Abaqus. As there are a 

number of difficulties (such as the need for remeshing) for simulating cutting using the 

FE method, the elongation of a pre-cut specimen was simulated in Abaqus for obtaining 

the reference solution. The pre-planned cutting path in the above experiment was 

mapped into the FE model, in which the edges of the elements were aligned and 

separated along the pre-introduced discontinuity (shown in thick line segments in Figure 

4.13). The size of the Abaqus model is 0.1m by 0.1m. One edge ( 0 m) of the model 

was rigidly constrained while the other edge ( 0.1 m) was elongated for 0.02m. 

Implicit integration and standard linear quadrilateral plain strain elements with hybrid 

formulation were used in the Abaqus analysis.  

 

 

 

 

 

 

Figure 4.13. The initial configuration of the FE model (0.1m by 0.1m) 

with 7813 nodes created in Abaqus for obtaining the reference 

solution. Dimensions are in metres (m). 
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As in both models (solved using the MTLADR 2D cutting algorithm and Abaqus) soft 

tissue was considered as hyper-elastic material, the predicted deformations were 

independent of the loading history. This implies that despite the differences in method 

of introducing the discontinuity in both models, the steady state solution at the end of 

cutting (cutting was directly modelled using the MTLADR 2D cutting algorithm) and 

elongation (the discontinuity was introduced before elongation in the Abaqus model) 

should be the same. 

  

H-refinement (mesh density increase) was used to obtain a converged reference solution 

in the model solved using Abaqus. The figures of mesh convergence study (Figures 4.9 

and 4.10) show that the results converged at the point where the number of nodes 

increased to 7813. As reported in Table 4.2, the strain energy and the reaction force in 

x-axis direction (at the specimen’s edge 0.1 m) at the end of cutting changed by 

only 0.57% and 0.7% respectively when the number of nodes increased from 7813 to 

31572. Therefore, the solution for 7813 nodes was taken as the benchmark for 

verification. The deformed state (reference solution) obtained using Abaqus is shown in 

Figure 4.14.   

 

Table 4.2. The H-refinement results for the strain energy and the reaction force 

computed using Abaqus when the mesh density (indicated by the number of nodes) was 

increased. 

Number of nodes 144 515 1925 7813 31572 

Strain energy [J] 0.52627 0.51547 0.509889 0.506979 0.505576 

Reaction force [N] 49.2445 47.9239 47.2442 46.9095 46.7666 
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4.3.3.  Results of the MTLADR 2D cutting algorithm verification  

The strain energy, reaction force and nodal displacements predicted when modelling 

surgical cutting using the proposed MTLADR 2D cutting algorithm agreed well with 

the reference solution obtained using Abaqus. As indicated in Figure 4.9 and 4.10, the 

meshless computational grid (Figure 4.8) and FE meshes (Figure 4.13) used ensure the 

convergence of the results obtained.  

 

The relative differences for the strain energy and the reaction force calculated using the 

MTLADR 2D cutting algorithm and Abaqus at the end of cutting are 0.07% and 0.8% 

respectively. This is a very good agreement, considering that a grid of regular 

background integration cells was used for integration over the cuts without subdivision 

along the cutting path. The integration cell crossing the cutting path is simply allocated 

Figure 4.14. The deformed state of the FE model (shown using 

7813 nodes) computed by Abaqus. The results are used as the 

reference solution for verification of the MTLADR 2D cutting 

algorithm. Dimensions are in metres (m). 
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to one side of the cutting path according to the position of its integration point. This 

simplification of the integration scheme may lead to marginal integration errors as the 

integration cells do not align with the geometry of the cuts. Nevertheless, such regular 

integration cells are very easy to generate and facilitate high computational efficiency. 

 

To enable verification of the predicted deformations, the nodal displacements obtained 

using the MTLADR 2D cutting algorithm were re-calculated (through interpolation 

using the MLS shape functions) for the nodal positions of the Abaqus model. For the 

nodal displacement magnitudes, the maximum absolute difference between the results 

obtained using the MTLADR 2D cutting algorithm and Abaqus is 0.31mm (1.56% of 

the imposed elongation) and the average difference (averaging over all model nodes) is 

only 0.018mm (0.09% of the imposed elongation). As shown in Figure 4.15a, the 

maximum differences are located at the vicinity of the endpoint of the cutting path while 

the differences in the other areas are extremely small (well below 0.05 mm). The 

maximum differences may be caused by the local distortion of the computational grid in 

the vicinity of the endpoint of the cutting path. 

 

As illustrated in Figure 4.15b, the absolute difference at most of the nodal positions 

(93.82%) is less than 0.05mm (0.25% of the imposed elongation) while it slightly 

increases to within 0.1mm (0.05% of the imposed elongation) for another 5.27% of 

nodal positions. At only few nodal positions (0.91%), the absolute difference ranges 

from 0.1 mm to 0.31 mm. Considering that the accuracy of the state-of-art image-

guided neurosurgery techniques is not better than 1mm (Bucholz et al. 2004), the 

accuracy of the proposed MTLADR 2D cutting algorithm can be regarded as satisfying 

the requirements of computer-integrated surgery.  
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(b) 

Figure 4.15. Results of verification of the MTLADR 2D cutting 

algorithm. Distribution of the absolute difference between the nodal 

displacement magnitudes computed using the MTLADR 2D cutting 

algorithm and the Abaqus reference solutions: a) the spatial distribution. 

b) the statistical distribution. The displacements are at the nodal positions 

of the model built in Abaqus. 

(a) 
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4.4.  Discussion and conclusions 

A novel MTLADR 2D cutting algorithm, which takes into account the nonlinear 

geometric and material behaviour of soft tissue, was proposed to predict the steady state 

deformation of soft tissue at any stage of cutting. The features of the MTLADR 2D 

cutting algorithm include: (1) the effective modelling of surgical cutting using nodes 

with the aid of the LSM; (2) the TL formulation that makes it possible to conduct the 

most time consuming computations before the start of time-critical simulations; (3) the 

adaptive DR that facilitates a fast convergence to the deformed (steady) state while 

preserving good accuracy; (4) the capability of modelling large deformations and 

nonlinear material properties of soft tissue exhibited in surgery.   

 

With the benefits of no meshing and no remeshing, surgical cutting was modelled in 2D 

by creating a pair of nodes at each discretising position on the cutting path and 

introducing one node at the endpoint of the cut. The nodes of each nodal pair on the 

cutting path are allocated to opposite sides of the cutting path using specific level set 

values. For explicit time integration, the field variable values at these nodes are either 

inherited or computed (using the MLS interpolation) from the surrounding nodes. The 

effect of cutting is entirely reflected through the changes in the domain of influence of 

the nodes by efficiently implementing the visibility criterion using the LSM.  

 

Numerical experiments were carried out to predict the behaviour of a deformed 

(stretched) specimen of soft tissue-like material during cutting. The computed strain 

energy, reaction force and nodal displacements exhibited very good agreement with the 

reference solution obtained using the well-established non-linear static solution 

procedures available in the commercial FE software Abaqus.  
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The MTLADR 2D cutting algorithm is suitable for a further extension to solve three-

dimensional (3D) problems although only 2D examples are presented in this chapter. 

3D modelling and simulation of soft tissue cutting will be presented in Chapter 6.  
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⋇ 

Chapter 5  

Three-dimensional Modelling and Simulation of 

Large Deformations of Soft Tissue  

5.1.  Introduction 

During surgery soft tissues typically undergo large deformation and exhibit nonlinear 

material properties. The extension of modelling and simulation of large deformations of 

soft tissue to three dimensions (3D) is of great importance for potential applications. 

Compared to two dimensions (2D), the three spatial dimensions make for large models, 

leading to a great increase in computational cost and complexity. 

⋇
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This chapter focuses on the extension of the Meshless Total Lagrangian Adaptive 

Dynamic Relaxation (MTLADR) 2D algorithm to 3D application. The meshlesss 

character of the algorithm expedites the description of the deforming discrete model in 

large deformation due to its lower sensitivity to the nodal distribution. With the benefits 

of no meshing and remeshing, the MTLADR 3D algorithm features a fast convergence 

to the steady deformation of soft tissue while preserving a good accuracy. The accuracy 

of the MTLADR 3D algorithm was verified against the well-established nonlinear static 

solution procedures in commercial FE software Abaqus.   

 

This chapter is organized as follows. Section 5.2 describes the methods for 3D 

modelling and simulation of the responses of soft tissue undergoing large deformation. 

The numerical experiments and results verification are presented in Section 5.3. Section 

5.4 contains discussion and conclusions.  

5.2 .  Methods 

5.2.1.  Governing equation and solutions 

The deformed state of soft tissue in large deformation in 3D is solved using dynamic 

relaxation (DR) with optimal time stepping to obtain the steady state solution of the 

deformed continuum. The detailed governing equation and solution equations presented 

in Section 3.2.1 are generally applicable for 3D simulations when the spatial dimensions 

of the variables in Equations 3.1-3.8 are extended from 2D to 3D.  
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5.2.2.  Meshless spatial discretisation and integration 

Unlike versions of meshless algorithms implemented in some commercial FE codes (e.g. 

LS-DYNA, (Hallquist 2005)) that require regular grid of nodes forming vertices of the 

structured hexahedral mesh, the MTLADR 3D algorithm features a spatial discretisation 

using a cloud of nodes, which can be generated with ease (Figure 5.1). For example, the 

nodes and the integration background cells for highly irregular 3D geometries can be 

generated by creating tetrahedral meshes using the commercial FE software. The nodes 

can be distributed evenly or arbitrarily with the density sufficient for the construction of 

the Moving Least Squares (MLS) shape functions. The influence domain of a node for 

creating the shape functions is defined as a sphere centred at itself (Figure 5.1).  

 

 

 

 

In the MTLADR 3D algorithm, a regular grid of cube integration cells is imposed over 

the geometry for spatial integration of the equations using Gaussian quadrature. The 

background grid is not required to conform to the boundaries of the analysed continuum 

so that it can be created efficiently and automatically without the analyst’s involvement, 

Figure 5.1. Schematic representation of meshless discretisation in 3D.  
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especially for 3D irregular object. The number of integration points is selected to avoid 

the underestimate of the global weak form. Previous studies that were conducted by 

Intelligent Systems for Medicine Lab on computing brain responses under the load 

consistent with that occurring during surgery confirm the accuracy of this approach 

(Horton et al. 2006; 2007).  

5.2.3.  Mass scaling for stable explicit time integration 

The explicit integration is advantageous to treat nonlinearities straightforwardly. The 

size of time step of the explicit integration hence becomes an important factor affecting 

the computation speed in 3D simulation. In the MTLADR 3D algorithm, a time-step 

that is greater than the critical time step can be specified for reducing computational 

cost. The integration stability is insured by mass scaling. Equations 3.11-3.15 can be 

used to compute mass scaling factors in the MTLADR 3D algorithm when the shape 

function derivatives of the nth supporting node ,  in Equation 3.12 are calculated 

respective to three spatial coordinates (	 1, 2,3). 

5.2.4.  The imposition of essential boundary conditions 

Since the MLS shape functions do not have the Kronecker delta property, the 

appropriate imposition of essential boundary conditions is important for the accuracy of 

3D simulation. In the MTLADR 3D algorithm, Equation 3.18 can be used to compute 

the unknown field variables applied at the boundary nodes at each time step when the 

spatial coordinates are extended to 3D ( 1, 2,3).  
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5.2.5.  The global nodal point reaction forces  

The global nodal point reaction forces at each time step in 3D simulation is calculated 

using Equations 3.19-3.22 with the following changes: 	in Equation 3.20 equals to the 

initial volume of the integration cell if there is only one integration point per cell; The 

components of the matrix of shape function derivatives  in Equation 3.22 are 

calculated with respect to x, y and z coordinates respectively.  

5.2.6.  Description of the MTLADR 3D algorithm for simulation of large 

deformations of soft tissue  

With an extension of spatial dimensions, the detailed description of the MTLADR 2D 

algorithm in Section 3.2.8 is generally applicable for 3D simulation of large 

deformations of soft tissue.     

5.3.  Numerical results and algorithm verification  

5.3.1.  Simulation of large deformations of soft tissue using the MTLADR 3D 

algorithm 

Experimental setup 

When verifying the MTLADR 3D algorithm in terms of its ability to predict soft 

continuum responses in large deformation, the uniaxial elongation of a cube specimen 

(dimensions of 0.1 m × 0.1 m × 0.1m) of soft nearly incompressible continuum (Figure 

5.2) was simulated. The specimen was discretised into a set of nodes which density was 
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increased for spatial convergence analysis. Because of the specimen’s cube shape, the 

nodes were distributed regularly for convergence study. However, as indicated by 

Horton et al. (2010), the Total Lagrangian (TL) meshless algorithm with MLS shape 

functions can also be applied for irregular node placements.  

 

As shown in Figure 5.2, elongation was applied at one face of the specimen ( 0.1	 m) 

along y-axis while the opposite face ( 0	m) was rigidly constrained. The elongation 

along y-axis was imposed by applying displacement over a period of time T according 

to the following smooth function. 

                         10 15 6 														0                   5.1  

where  is the displacement imposed at time ;  is the maximum displacement;  

is the total time for applying the displacement of elongation. The diagram of the smooth 

function ( 0.02	m) is shown in Figure 3.4. 

 

 

 

 

 

Figure 5.2. The initial configuration of the soft tissue-like specimen 

(0.1m×0.1m×0.1m) shown using 729 nodes for discretisation. One 

face (at 0	m  ) whose nodes are marked with sign * is rigidly 

constrained in x, y and z direction. The opposite face is elongated 

along y-axis (marked with arrows) while the displacements in x-axis 

and z-axis are constrained (marked with sign +).  
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Detailed comparison between the results obtained using the MTLADR 3D algorithm 

and the Abaqus reference solution was made for elongation of 0.02 m (20% of the 

undeformed specimen length). For verification over a wider range of deformations (up 

to 100% of the undeformed specimen length), only the strain energy and reaction forces 

(i.e. sum of nodal forces in y-axis direction at the face 0.1	m) were compared.  

Material Model 

Various nonlinear material models can be coupled in the MTLADR 3D algorithm to 

model the material property exhibited by soft tissue. In this numerical simulation, the 

soft tissue-like material property of the specimen was modelled as soft and nearly 

incompressible continuum using neo-Hookean material model (Young’s modulus 

	 3000	Pa	 , Poisson’s ratio 0.49 , mass density 1000kg/m ), which 

approximates the mechanical response of brain tissue (Miller et al. 2000). As the 

MTLADR 3D algorithm was verified against the established non-linear static solution 

procedures available in commercial FE software Abaqus (ABAQUS 2009), the same 

form of the neo-Hookean strain energy potential was used:  

																																							 ̅ 3 1 																																																								 5.2                   

																																								 ̅ ∙ 												for	3D																																																																	 5.3  

where  is the initial shear modulus;  is the initial bulk modulus; ̅  is the first 

deviatoric strain invariant;  is the volumetric change which equals the determinant of 

the deformation gradient;  is the first invariant of the right Cauchy deformation tensor. 

From Equation (5.2) and (5.3), the second Piola-Kirchhoff stress tensor S for 3D 

problems was derived as 
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		 S μ J δ
1
3

I C k J J 1 C 					 

																																																					i 1, 2, 3; 	j 1, 2, 3																																																											 5.4  

where  is the Kronecker Delta tensor; 	 is the right Cauchy-Green deformation 

tensor. 

Results of the numerical experiments  

As numerical solutions are approximate, nodal density was increased (around twice 

every time) to obtain a converged solution in the model solved using the MTLADR 3D 

algorithm. For elongation of 0.02m (20% of the undeformed length) applied to the 

model, the solution converged at the point where the number of nodes increased to 

17576 (Figures 5.3 and 5.4). The strain energy and the reaction force changed by only 

0.087% and 0.35% respectively when the number of nodes increased from 9261 to 

17576 (Table 5.1). Therefore, the solution for 17576 nodes was taken as the converged 

solution. The deformed state (converged solution) predicted by the MTLADR 3D 

algorithm is shown in Figure 5.5.   

 

Table 5.1. The results of spatial convergence study for the elongation of 0.02m of the 

model (Figure 5.2) obtained using the MTLADR 3D algorithm.  Comparison of the 

strain energy and reaction force when the nodal density was increased.   

  

Number of nodes 2197 4096 9261 17576 

Strain energy [J] 0.063979 0.064048 0.064281 0.064337 

Reaction force [N] 6.0174 6.0216 6.072 6.0933 
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Figure 5.3. Convergence study for elongation of 20% of the initial length of 

the specimen: variation of the strain energy while increasing the node density 

(in the model solved using the MTLADR 3D algorithm) and the mesh density 

(in the Abaqus model), which are indicated by the number of nodes.   

Figure 5.4. Convergence study for elongation of 20% of the initial length of 

the specimen: variation of the reaction force while increasing the node density 

(in the model solved using the MTLADR 3D algorithm) and the mesh density 

(in the Abaqus model), which are indicated by the number of nodes.   
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5.3.2.  Reference solution for the MTLADR 3D algorithm verification 

The established nonlinear static solution procedures provided by the commercial FE 

software Abaqus were used to obtain the reference solution for the MTLADR 3D 

algorithm verification. As shown in Figure 5.6, the Abaqus model of the specimen has 

the same dimensions (0.1m × 0.1m×0.1m) as the MTLADR 3D model. The Abaqus 

(a)  

(b)  

Figure 5.5. Results obtained using the MTLADR 3D algorithm. The 

deformed model (converged solution shown using 17576 nodes) of the 

specimen of soft tissue-like material for elongation of 20% of the initial 

length of the model:  (a) Planar projection; (b) 3D view.  
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model was discretised into a mesh of hexahedral elements. The essential boundary 

conditions applied on the Abaqus model were the same as the ones applied to the 

meshless model. One face of the specimen (at 0.1	m) was elongated along y-axis 

while the opposite face (at 0	  m) was rigidly constrained. In both models, the 

material property of soft tissue was modelled by hyper-elastic material model (Young’s 

modulus 3000	Pa , Poisson’s ratio 0.49 , mass density 1000kg/m ). 

Implicit integration and standard linear 3D stress elements with hybrid formulation were 

used in the Abaqus analysis. 

   

 

 

 

 

 

H-refinement (mesh density increase) was used to obtain a converged reference solution 

in the model solved using Abaqus. For elongation of 0.02m (20% of the undeformed 

length), the numerical results converged at the point where the number of nodes 

increased to 17576 (Figures 5.3 and 5.4). The strain energy and the reaction force (i.e. 

Figure 5.6. Model of a 3D specimen of soft tissue-like hyperelastic 

material in Abaqus (with discretisation of 17576 nodes and 15625 

hexahedral elements). The specimen (dimensions of 0.1m×0.1m×0.1m) is 

subjected to uniaxial elongation at face F2 ( 0.1m) along y-axis and 

rigidly constrained at face F1 ( 0 m). Dimensions are in metres (m). 
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sum of nodal forces in y-axis direction at the face 0.1	m) changed by only 0.12% 

and 0.17% respectively when the number of nodes increased from 9261 to 17576 (Table 

5.2). Therefore, the solution for 17576 nodes was taken as the benchmark for 

verification. The deformed state (reference solution) obtained using Abaqus is shown in 

Figure 5.7.   

 

Table 5.2. The H-refinement results obtained using Abaqus for the elongation of 0.02m 

of the model: the strain energy and the reaction force obtained with the increase of mesh 

density (indicated by the number of nodes). 

 

 

 

 

 

 

Number of nodes 2197 4096 9261 17576 

Strain energy [J] 0.0651534 0.0649975 0.0648522 0.0647717 

Reaction force [N] 6.16188 6.13926 6.11944 6.10903 

Figure 5.7. Results obtained using Abaqus. The deformed 3D model 

(reference solution) of the specimen of soft tissue-like material for elongation 

of 20% of the initial length of the model.  Dimensions are in metres (m). 
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5.3.3.  Results of the MTLADR 3D algorithm verification 

The accuracy of the MTLADR 3D algorithm was verified against the Abaqus reference 

solution. For elongation of 0.02m (20% of the undeformed length) applied to the model 

shown in Figure 5.2, the strain energy, reaction force and nodal displacements predicted 

using the proposed MTLADR 3D algorithm agreed well with the reference solution.  

 

As shown in Figures 5.3 and 5.4, the strain energies and reaction forces predicted by the 

MTLADR 3D algorithm agree with the Abaqus results quickly when the number of 

nodes increases. Comparing the converged solution predicted by the MTLADR 3D 

algorithm to the Abaqus reference solution, the relative difference for the strain energy 

and the reaction force is 0.67% and 0.26% respectively.  

 

For the nodal displacement magnitudes, the maximum absolute difference between the 

results obtained using the MTLADR 3D algorithm and Abaqus is 0.295 mm (1.48% of 

the imposed elongation) while the average difference (averaging over all model nodes) 

is only 0.045mm (0.23% of the imposed elongation). The maximum differences 

occurred at the four corners of the specimen where the computational grid undergoes 

local distortion (Figure 5.8a). As shown in Figure 5.8b, the absolute difference at most 

of the nodal positions (92.89%) is less than 0.1mm (0.5% of the imposed elongation) 

while it slightly increases to within 0.2mm (1% of the imposed elongation) for another 

6.33% of nodal positions. At only few nodal positions (0.78%), the absolute difference 

ranges from 0.2 mm to 0.3 mm (1.5% of the imposed elongation). Considering that the 

accuracy of the state-of-art image-guided neurosurgery techniques is not better than 

1mm (Bucholz et al. 2004), the accuracy of the MTLADR 3D algorithm can be 

regarded as satisfying the requirements of computer-integrated surgery.  



CHAPTER 5 

 

106 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) 

Figure 5.8. Results of verification for the MTLADR 3D algorithm. 

Distribution of the absolute differences between the nodal displacement 

magnitudes computed using the MTLADR 3D algorithm and the Abaqus 

reference solutions:  a) Spatial distribution. b) Statistical distribution. 

(a)  
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The performance of the MTLADR 3D algorithm in simulation of soft tissue large 

deformation was also evaluated for a wider range of large strains: 40%, 60%, 80% and 

100% of the initial specimen length respectively. The relative differences between the 

strain energies predicted by the MTLADR 3D algorithm and the corresponding Abaqus 

reference solutions are well within 0.4% (Table 5.3). The relative differences between 

the reaction forces predicted by the MTLADR 3D algorithm and the corresponding 

Abaqus reference solutions are within 0.6% (Table 5.4).  Such good agreement 

demonstrates the capability and the accuracy of the MTLADR 3D algorithm in 

modelling and simulation of soft tissue undergoing large deformations. Table 5.4 also 

shows that the reaction forces computed by the FE method tend to be stiffer than the 

ones predicted by the MTLADR 3D algorithm. 

 

Table 5.3. Comparison of the strain energies predicted by the MTLADR 3D algorithm 

and the corresponding Abaqus reference solutions for a wider range of large strains (the 

models are shown in Figures 5.2 and 5.6 respectively). The relative differences were 

computed using Abaqus solution as a benchmark. 

 

Overall model 

elongation(in percentage 

of the initial length) 

The MTLADR 

3D algorithm [J] 

Abaqus FE 

solver [J] 

Relative 

difference 

40% 0.23219 0.233117 0.40% 

60% 0.47872 0.480353 0.34% 

80% 0.79049 0.792823 0.29% 

100% 1.1594 1.16233 0.25% 
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Table 5.4. Comparison of the reaction forces predicted by the MTLADR 3D algorithm 

and the corresponding Abaqus reference solutions for a wider range of large strains (the 

models are shown in Figures 5.2 and 5.6 respectively). The relative differences were 

computed using Abaqus solution as a benchmark. 

 

Overall model 

elongation(in percentage 

of the initial length) 

MTLADR 3D 

algorithm [N] 

Abaqus FE 

solver [N] 

Relative 

difference 

40% 10.4798 10.5451 0.60% 

60% 14.0152 14.0873 0.51% 

80% 17.0453 17.1136 0.40% 

100% 19.7524 19.8159 0.32% 

5.4.  Discussion and conclusions 

A novel MTLADR 3D algorithm, which takes into account both geometric and material 

nonlinearities, was developed to robustly predict in 3D the steady state responses of soft 

tissue undergoing large deformation.  

 

The accuracy of the MTLADR 3D algorithm was verified against well-established non-

linear static solution procedures available in commercial FE software Abaqus. 

Numerical experiments were conducted to predict the responses of a soft-tissue like 

specimen for a wide range of large strains. For strains of an order of 20% of the initial 

length of the specimen, the computed strain energy, reaction force and nodal 

displacements agreed well with the Abaqus reference solutions. For a wider range of 
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large strains of up to 100% of the initial length of the specimen, the strain energies and 

reaction forces predicted by the two methods also demonstrated good agreement.  

 

There is excellent scope to increase the computation speed of the MTLADR 3D 

algorithm by employing the graphics processing unit (GPU) to handle the parallel 

calculations (Courtecuisse et al. 2010; Joldes et al. 2010; Yuan et al. 2010). The most 

computationally intensive part of the MTLADR 3D algorithm, which is the DR 

iterations, has been implemented on GPU (from Matlab) for acceleration. The 

computation speed was improved by more than two orders of magnitude. The results 

suggest that the MTLADR 3D algorithm is computationally efficient. With a GPU 

implementation using a compiled language, the MTLADR 3D algorithm may achieve 

the computation speed required by clinical applications.  

 

The MTLADR 3D algorithm was developed not only for modelling and simulation of 

large deformations of soft tissue prior to cutting, but also for providing a fundamental 

algorithm to compute the cutting-induced deformation in 3D simulation of soft tissue 

cutting, which will be presented in Chapter 6. 
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⋇ 

Chapter 6  

Three-dimensional Modelling and Simulation of 

Cutting of Soft Tissue  

6.1.  Introduction 

Three-dimensional (3D) modelling and simulation of soft tissue cutting often pose 

significant challenges. The challenges arise not only because of the complexity of the 

geometric and material nonlinearities of soft tissue (Fung 1993; Miller et al. 2000; 

Wittek et al. 2008), but also due to substantial additional difficulties of modelling 

evolving cutting-induced discontinuities.  

 

In this chapter, a novel Meshless Total Lagrangian Adaptive Dynamic Relaxation 

(MTLADR) 3D cutting algorithm, which takes into account both geometric and 

material nonlinearities, is proposed to provide robust solution for 3D modelling and 

simulation of soft tissue responses during surgical cutting. This algorithm belongs to the 

⋇
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element-free Galerkin (EFG) family and is a generalisation of the 2D version presented 

in Chapter 4.  

 

In the MTLADR 3D cutting algorithm, a cloud of points is used for spatial 

discretisation and approximation of the deformation field within the continuum, offering 

benefits of modelling cutting independently of mesh. The cutting trajectory is 

geometrically represented as a series of cutting planes. The cutting-induced 

discontinuities are modelled and traced using nodes with specific level set values and 

appropriate field values (the nodal displacements and the size of the influence domain). 

The update of the level set values is performed using simple and fast algebraic 

computations. With the aid of the level set representation, the effect of cutting is entirely 

reflected in the changes of the shape and size of the influence domain of the nodes by 

efficiently implementing the visibility criterion (Belytschko et al. 1996).  

 

The MTLADR 3D algorithm developed in Chapter 5 was adapted to compute the 

cutting-induced deformations. The benefits of adaptive dynamic relaxation (DR) and the 

Total Lagrangian (TL) formulation used in the MTLADR 3D algorithm were inherited. 

A range of numerical experiments were conducted for verification of the results.  

  

This chapter is organised as follows. Section 6.2 presents the methods of simulating 

surgical cutting in 3D. The experiment of simulation and the verification of results are 

given in Section 6.3. Section 6.4 contains discussion and conclusions.  
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6.2.  Methods 

6.2.1.  Governing equation and solutions 

The deformed (steady) state of soft tissue at any stage of surgical cutting is solved using 

adaptive DR (Underwood 1983) with optimal time stepping. In meshless methods, 

introducing discontinuities of cutting using the visibility criterion may lead to spurious 

jumps and oscillations in the solution. The adaptive DR strategy of the MTLADR 3D 

cutting algorithm is very effective in damping out these oscillations. The governing 

equation and solution equations presented in Section 4.2.1 for the MTLADR 2D cutting 

algorithm are applicable for 3D simulations while the spatial dimensions are extended 

to 3D. Details of the solution method can also be found in our paper (Jin et al. 2012). 

6.2.2.  3D Modelling of surgical cutting  

In the MTLADR 3D cutting algorithm, surgical cuts are geometrically represented as a 

series of cutting planes (Figure 6.1). The level set method (LSM) proposed by Osher 

and Sethian (1988) and developed by Stolarska et al. (2001) was adapted to 

mathematically describe the signed distances of all the nodes and integration points 

relative to the cutting path. The cutting-induced discontinuities are modelled and traced 

using pairs of nodes which are created by adding two new nodes or splitting the existing 

node at the discretising position. Specific level set values are assigned to every pair of 

discretising nodes at the same coordinates in order to allocate them into the opposite 

sides of the cutting path respectively. The appropriate field values (the nodal 

displacement and the size of domain of influence) of the newly added node can either be 

interpolated by the existing nodal filed variables or be inherited from the existing node. 
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The effect of cutting is entirely reflected in the changes of the shape and size of the 

influence domain of the nodes.  

 

 

 

 

Initialization of the level set values of the nodes and integration points 

When the first cut (e.g. the cutting plane ABCD illustrated in Figure 6.1) is made, the 

cutting face and its extension plane are mathematically represented as the zero level set 

of function x, y, z  as defined in Equation 6.1. The bottom line of the cut is defined as 

the intersection of the cutting face and its orthogonal plane, which is mathematically 

represented by the zero level set of function x, y, z  as defined in Equation 6.2. 

      											 , ,
‖ ‖ ‖ ‖ ‖ ‖

                      6.1  

      										 , ,
‖ ‖ ‖ ‖ ‖ ‖

                        6.2 		 

where , ,  is the coordinate of a given point in the problem domain; , ,  

is the coordinate of an arbitrary point located at the end-line/endpoint of the cutting 

plane;  represents the normal vector of the cutting plane; ,  and  are the  ,  , 

Figure 6.1. The schematic representation of the 3D cutting 

trajectory using cutting planes (e.g. ABCD, CDEF and EFGH). 
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 component of vector  respectively; ‖ ‖ is the length of vector	 ;  represents the 

normal vector of the orthogonal plane of the cutting face which points to the cutting 

direction;  ,  and  are the  ,  ,  component of vector  respectively; ‖ ‖ is the 

length of vector	 . 

 

The values of both level set functions  and 	are calculated and stored for all the 

nodes and integration points to indicate their positions relative to the cutting trajectory. 

The value of the level set function 	at a given point is the signed distance from this 

point to the cutting face. As illustrated in Figure 6.2, the points with positive values of 

the level set function 	are all located at the same side of the cutting plane P and its 

extension plane P1, while the points with negative values are all at the other side. Zero 

value of function  indicates that the point is located right on the cutting plane P or its 

extension plane P1. On the same principle, the value of the level set function 	indicates 

the signed distance from a given point to the plane P2 which is orthogonal to the cutting 

face at the end-line of cutting L. If an integration point is found located on the cutting 

plane P (zero value of function  and negative value of function ), the associated 

value of function  is set to a small positive or negative value in order to allocate the 

point to one of the sub-domains S1 or S2 (Figure 6.2).   
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Spatial discretisation of the cutting planes 

The cutting planes representing the cutting trajectory are discretised using nodes spaced 

at the average nodal interval of the computational grid. If there is no node at the 

discretising positions of the end-line of the cut, one node with zero values of level set 

functions  and  is added at each position (Figure 6.3a). If there is no node at the 

discretising positions of the rest of the cutting planes, two nodes (having the same 

coordinates) are added at each position. If there is an existing node at the discretising 

position or elsewhere on the cutting planes, this node is split into two nodes having the 

same coordinates. 

 

Figure 6.2. The initialisation of level set values of functions  and  for 

nodes/integration points. The 3D problem domain is divided into four 

subdomains: subdomain S1: 		 0  and 0 ; subdomain S2: 0 

and 0; subdomain S3: 0 and 0; subdomain S4: 0 and 

0.  0 on the cutting plane P and it’s extension plane P1.  = 0 

on the orthogonal plane P2. 
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Every two nodes added (or split) at the same position are allocated to the opposite sides 

of the cutting faces by appropriate values of the level set functions (Figure 6.3b, c). For 

one node, the level set function  is set to a positive value smaller than the minimum 

size of the influence domain (e.g. minimum radius of the spherical influence domain). 

For another node in the pair, the function 	is set to a negative value of the same 

magnitude. Both nodes are assigned with the same negative value of the level set 

function  with magnitude less than the minimum size of the influence domain. 

Imposing the limit of the minimum size of the influence domain on the magnitudes of 

the assigned level set values ensures that the nodes fall into the confined area in which 

the nodal influence domains should be re-shaped to account for discontinuities 

introduced by cutting.  

 

Besides the level set values, appropriate field values are assigned to the newly added 

nodes. If the node is created at a new position, its displacements are interpolated (from 

the adjacent nodes) by Moving Lease Squares (MLS) approximation and the size of its 

domain of influence is set to the average size of the influence domains of the 

surrounding nodes. If the node is created by splitting of an existing node, its 

displacements and the size of influence domain are inherited from the existing node 

directly. With the appropriate field values, these newly added nodes are updated into the 

supporting domain of the points for approximation. 
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Update of level set values of nodes and integration points while cutting progresses 

When cutting progresses from one cutting plane to the next one, the level set values of 

(a) (b) 

(c) 

Figure 6.3. Illustration of the cutting path discretisation using 

nodes. After discretisation, the nodes are divided by the level set 

value of function : (a) 0 (the nodes at the end-line of the 

cutting plane and its extension plane); (b)  0 (the nodes at one 

side of the cutting plane and its extension plane); (c) 0 (the 

nodes at the other side of the cutting plane and its extension plane). 
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functions  and  at the nodes and the integration points need to be updated. In the 

following algorithm,  and denote the values of functions  and  at step ;  

and  denote the values of functions  and  at step 1 ; , ,  is the 

coordinate of a given node or integration point; 	, ,  and 	, ,

 are the coordinates of an arbitrary point located at the end-line/endpoint of the 

cutting plane at step  and 1 respectively; 	denotes the normal vector of the 

orthogonal plane of the cutting face at step 1 which directs to the cutting direction; 

	 , 	, are the  ,  ,  component of the normal vector ;  is the 

length of the normal vector ; 	denotes the normal vector of the cutting face at 

step 1; 	 , 	,  are the  ,  ,  component of the normal vector  

respectively;  is the length of the normal vector ;  represents the whole 

region of the problem domain. 

 

(1) Cutting direction does not change. When cutting progresses from one cutting plane 

to the next one without direction change, the values of level set function  of the 

nodes and integration points whose 0 need to be updated.  The update process 

is illustrated in Figure 6.4. No update is done in the space where 0	(indicated 

as non-update space  in Figure 6.4) while the rest of the analysed 

domain (where 0) is an update space : 

																																	 									 	 									                                                         6.3                  

																																		 									 	 										                                     	 6.4 																				

								 , , 	 				 	 		 6.5        

where  is the union of  and 	regions. 
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(2) Cutting direction changes. If the cutting direction changes, the update region 

 is defined as the space where 0 while the rest of the analysed domain 

is defined as the non-update region  (Figure 6.5).  

a) Level set function  is obtained by rotating function  around the end-

line/endpoints of the cutting plane at step n (e.g. end-line CD of cutting plane 

ABCD in Figure 5) until orthogonal to the cutting plane at step n+1 (e.g. cutting 

plane CDEF in Figure 6.5):    

, , 	 					 	 							 6.6 		 

b) Following changes in the cutting direction, the values of function  of the 

nodes and integration points in the update region are re-computed while 

no re-computation is needed in the  non-update region : 

																													 										 	 																				                          6.7  

	 , , 	 			 	      6.8  

Figure 6.4. Progression of cutting without direction change 

(cutting plane ABCD and CDEF are co-linear). The shaded space, 

where 0 is a non-update space  while the rest of 

the domain is an update space .



CHAPTER 6 

 

121 
 

c) Re-computation of function  is done in the entire analysed space : 

								 , , 	 		 	    6.9 	

 

 

 

 

 

 

 

Update of the influence domain of the nodes affected by cutting 

The update of the influence domains of any node in the vicinity of the cutting faces is 

implemented by finding and eliminating the points that are no longer influenced by the 

node due to the cutting path. In the following algorithm,  and  denote the values of 

the level set functions  and  at node  while   and  denote the values of level 

set functions  and 	at an integration point/node in the influence domain of node .  

Figure 6.5. Progression of cutting with direction change: the cutting 

proceeds from cutting plane ABCD to cutting plane CDEF with 

direction change. Level set function 	is obtained by rotating level set 

function 	until it is orthogonal to the current cutting plane CDEF. The 

shaded space, where  0, is non-update region 	while 

the rest of the problem domain is an update region .  
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(1) The influence domain of a node, which is defined as a sphere in the MTLADR 3D 

cutting algorithm, is updated if it intersects the cutting path (Figure 6.6). The 

selection criterion for the node whose influence domain needs to be updated is 

                           | |  AND  							                                             6.10  

where  is the size (radius) of the influence domain of node .  

(2) If the point and the node are located at the opposite sides of the cutting faces and the 

line segment linking the node and the point intersects the cutting plane (Figure 6.6),  

																								 0				AND						 	 																														        (6.11)    

the point is removed from the influence domain of the node. Otherwise, the node 

remains to be the supporting node of the point for interpolation. 

(3) The following updates are made to account for the changes in influence domains: 

 For the points that are eliminated from the influence domains of the nodes, the 

shape functions and their derivatives are re-calculated. 

 The global 3D mass matrix is updated. 

 The internal nodal reaction forces are updated.  

 

 

 

Figure 6.6. The schematic illustration of the effect of cutting on the 

influence domain of node: points I1 and I2 are removed from the influence 

domain of node N1 due to the discontinuity introduced by cutting (plane P).  
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6.2.3.  Description of the MTLADR 3D cutting algorithm for soft tissue 

cutting simulation  

With an extension of the spatial dimensions, the detailed description of the MTLADR 

2D cutting algorithm in Section 4.2.3 is applicable for 3D simulation of soft tissue 

cutting. 

6.3.  Numerical results and algorithm verification  

6.3.1.  Simulation of cutting of soft tissue using the MTLADR 3D cutting 

algorithm 

In the numerical experiment, cutting was modelled and simulated in a deformed 

continuum which exhibits soft tissue-like behaviour. The large deformation preceding 

cutting was simulated by the elongation of a cube specimen (0.1m×0.1m×0.1m) as 

illustrated in Figure 6.7. One face of the specimen (at y = 0 m) was rigidly constrained. 

The opposite face (at y = 0.1 m) was elongated by 20% of the initial length along y-axis 

while the displacements in x-axis and z-axis direction were constrained. The specimen 

was spatially discretized into nodes, which density were increased for convergence 

analysis. The soft tissue-like material property of the specimen was modelled as soft 

and nearly incompressible continuum using neo_Hookean material model (Young’s 

modulus 3000	Pa	 , Poisson’s ratio 0.49 , mass density 1000kg/m ), 

which approximates the mechanical response of brain tissue (Miller et al. 2000).   
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Cutting was conducted in the deformed (stretched) soft tissue-like specimen along pre-

defined cutting paths. To facilitate the illustration of the deformation through both 

planar view and 3D view, the cutting trajectory was designed perpendicular to the YOZ 

plane (Figure 6.8). However, the algorithm is general suitable for the cutting trajectory 

rotating around z-axis with an arbitrary angle. In this experiment, cutting started with an 

arbitrary angle (Figure 6.8a), then continued without direction change in the second step 

(Figure 6.8b). The cutting direction changed in the third step (Figure 6.8c). At any stage 

of cutting, the strain energy, the reaction force on the rigidly constrained face (at y = 0 

m) and the nodal displacements of the deformed specimen were predicted by the 

proposed MTLADR 3D cutting algorithm. 

 

Figure 6.7. The initial configuration of the 3D specimen of soft tissue-like 

material (0.1m×0.1m×0.1m) shown using 729 nodes for discretisation. One 

face (at y=0m) whose nodes are marked with sign * is rigidly constrained in 

x, y and z direction. The opposite face is elongated for 20% of the original 

length along y-axis (marked with arrows) while the displacements in x-axis 

and z-axis are constrained (marked with sign +).  
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Figure 6.8. Cutting is conducted in the stretched 3D specimen of soft tissue-

like material along the pre-defined cutting path. The cutting trajectory is 

geometrically represented by a series of cutting planes: (a) the first cutting face 

ABCD (arbitrarily angled); (b) the second cutting face CDEF (progressing 

without direction change); (c) the third cutting face EFGH (changing cutting 

direction). The coordinates of the vertices are A(0.0953,0.05,0.095), 

B(0.0047,0.05,0.095), C(0.005,0.06,0.077), D(0.095,0.06,0.077), 

E(0.095,0.065,0.068), F(0.005,0.065,0.068), G(0.0053,0.058,0.041) and 

H(0.095,0.058,0.041). Dimensions are in metres (m).  

(a) 

(b) 

(c) 
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As numerical solutions are only approximate, nodal density was increased (around 

twice every time) to obtain a converged solution. The convergence study indicated that 

the numerical results converged at the point where the number of nodes increased to 

17576 (Figures 6.9 and 6.10). As reported in Table 6.1, the strain energy and the 

reaction force changed by 0.57% and 0.32% respectively when the number of nodes 

increased from 9261 to 17576. Therefore, the solution for 17576 nodes was taken as the 

converged solution.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.9. Convergence study on the strain energy of the 3D 

specimen of soft tissue-like material, which was predicted by the 

MTLADR 3D cutting algorithm at the end of cutting. 
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Table 6.1. Convergence study of the MTLADR 3D cutting algorithm: the strain 

energies and the reaction forces predicted with the increase of the nodal density 

(indicated by the number of nodes). 

Number of nodes 2197 4096 9261 17576 

Strain energy (J) 0.031477 0.031644 0.031798 0.031978 

Reaction force (N) 3.0024 3.0243 3.0435 3.0531 

 

 

At any stage of cutting, the steady state deformations within the specimen were 

predicted by the MTLADR 3D cutting algorithm. The deformed state of the specimen at 

the end of the first cut (converged solution) is shown in Figure 6.11. The deformed state 

of the specimen before the change of cutting direction (converged solution) is shown in 

Figure 6.10. Convergence study on the reaction force of the 3D 

specimen of soft tissue-like material, which was predicted by the 

MTLADR 3D cutting algorithm at the end of cutting.  
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Figure 6.12. The deformed shape of the specimen at the end of cutting (converged 

solution), i.e. after the change in cutting direction is introduced, is shown in Figure 6.13.  

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) 

(b) 

Figure 6.11. The deformed model of the 3D specimen of soft tissue-like 

material at the end of the first cut predicted using the MTLADR 3D 

cutting algorithm (converged solution shown using 17576 nodes): a) the 

planar view (projection on the YOZ plane); b) 3D view. Dimensions are 

in metres (m). 
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(a) 

(b) 

Figure 6.12. The deformed model of the 3D specimen of soft tissue-like 

material at the end of the second cut (without direction change) 

predicted using the MTLADR 3D cutting algorithm (converged solution 

shown using 17576 nodes): a) the planar view (projection on the YOZ 

plane); b) 3D view. Dimensions are in metres (m). 
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(a) 

(b) 

Figure 6.13. The deformed model of the 3D specimen of soft tissue-like 

material at the end of the third cut (with direction change) predicted 

using the MTLADR 3D cutting algorithm (converged solution shown 

using 17576 nodes): a) the planar view (projection on the YOZ plane); 

b) 3D view. Dimensions are in metres (m). 
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6.3.2.  Reference solution for the MTLADR 3D cutting algorithm 

verification 

The reference solution for verification of the MTLADR 3D cutting algorithm was 

obtained using the well-established nonlinear static procedures available in the 

commercial FE software Abaqus (ABAQUS 2009). There are a number of difficulties 

(e.g. the need for remeshing) when attempting to simulate cutting using the FE method. 

Therefore, elongation was applied to a pre-cut specimen model in Abaqus instead of a 

direct simulation of cutting as conducted in the simulation using the MTLADR 3D 

cutting algorithm. Because soft tissue was considered as hyper-elastic material, the 

predicted deformation was independent of the loading history. Despite the differences in 

method of introducing the discontinuity in the model using the MTLADR 3D cutting 

algorithm (cutting directly modelled) and the reference model solved using Abaqus (the 

discontinuity introduced before deformation was applied), the steady state solution at 

the end of simulation should be the same. 

 

The pre-cut specimen model created in Abaqus has the same dimensions (0.1m by 0.1m 

by 0.1m) as the initial configuration of the model used in the MTLADR 3D cutting 

algorithm. The boundary conditions are the same as well. As shown in Figure 6.14, face 

F1 was rigidly constrained and face F2 was elongated by 20% of the original length 

along y-axis while the displacement along x-axis and z-axis were constrained. The 

cutting faces modelled in the MTLADR 3D cutting algorithm were mapped into the 

initial configuration of the model created in Abaqus. The finite elements were aligned 

and separated along the pre-cut faces in order to assure the good aspect ratio of the 

elements (Figure 6.15).  
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Figure 6.14. The boundary conditions and the pre-cut face illustrated in the initial 

configuration of the FE model (0.1m×0.1m×0.1m cube) analysed in Abaqus: face 

F1 is rigidly fixed; face F2 is elongated along y-axis while it is fixed in x and z 

directions; face F3 is the pre-cut face which is mapped from the sequential cutting 

faces modelled in the MTLADR 3D Cutting algorithm. The dimensions of the 

vertices of face F3 in the Abaqus model are A(0.1,0.042,0.1), B(0,0.042,0.1), 

C(0,0.05,0.08), D(0.1,0.05,0.08), E(0.1,0.054,0.07) and F(0,0.054,0.07). 

Figure 6.15. The mesh of elements of the FE model analysed for the reference 

solution in Abaqus, consisting of 18133 nodes. The edges of the elements 

were aligned and separated along the pre-cut face, which is shown in thick 

line segments, in order to assure the good aspect ratio of the elements. 
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H-refinement (mesh density increase) was used to obtain a converged reference solution 

in the model solved using Abaqus. For the choice of element, the performance of linear 

element and quadratic element were compared. For the choice of method to deal with 

nearly incompressible behaviour, the computational performance of both hybrid 

formulation and reduced integration were tested. The figures of convergence study 

(Figures 6.16 and 6.17) show that the results converged at the point where the number 

of nodes increased to 18133. As reported in Tables 6.2 and 6.3, for the same size of 

elements, the quadratic element with hybrid formulation leads to the fastest 

convergence. The strain energy and the reaction force calculated using quadratic 

element and hybrid formulation changed only by 0.33% and 0.34% respectively when 

the number of nodes increased from 18133 to 36465. These solutions corresponding to 

18133 nodes were taken as the benchmark for verification. The deformed state 

(reference solution) obtained using Abaqus is shown in Figure 6.18.   

 

 

 

Figure 6.16. Convergence study on the strain energy of the 3D specimen of 

soft tissue-like material, which was predicted by the commercial FE software 

Abaqus at the end of cutting. 
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Table 6.2. The convergence study results for strain energy of the model solved using 

Abaqus (Figure 6.14). Comparison of the strain energy predicted when the mesh density 

(indicated by the number of nodes) and the order of the shape functions (increased from 

1 to 2) increased. 

Element size [m] 0.0125 0.01 0.0085 0.0065 0.005 

Linear 
element 

Number of Nodes 885 1518 2652 4784 9513 

Strain 
energy 

[J] 

Hybrid 
formulation 

0.03366 0.03305 0.03276 0.03254 0.03235 

Reduced 
integration 

0.03329 0.03285 0.03264 0.03249 0.03236 

      

Quadratic 
element 

Number of Nodes 3109 5615 9936 18133 36465 

Strain 
energy 

[J] 

Hybrid 
formulation 

0.03258 0.03233 0.03220 0.03209 0.03198 

Reduced 
integration 

0.03285 0.03253 0.03236 0.03222 0.03209 

Figure 6.17. Convergence study on the reaction force of the 3D specimen of 

soft tissue-like material, which was predicted by the commercial FE software 

Abaqus at the end of cutting. 
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Table 6.3. The convergence study results for the reaction force in y-axis direction of the 

model solved using Abaqus (Figure 6.14). Comparison of the reaction force predicted 

when the mesh density (indicated by the number of nodes) and the order of the shape 

functions (increased from 1 to 2) increased. 

Element size [m] 0.0125 0.01 0.0085 0.0065 0.005 

Linear 
element 

Number of Nodes 885 1518 2652 4784 9513 

Reaction 
force [N] 

Hybrid 
formulation 

3.26277 3.18987 3.15313 3.12631 3.10354 

Reduced 
integration 

3.37677 3.28645 3.23676 3.20111 3.17167 

      

Quadratic 
element 

Number of Nodes 3109 5615 9936 18133 36465 

Reaction 
force [N] 

Hybrid 
formulation 

3.11313 3.08717 3.07324 3.06201 3.05152 

Reduced 
integration 

3.13994 3.10671 3.08902 3.07479 3.06143 

 

 

 

 

Figure 6.18. The deformed shape of the pre-cut specimen model 

(converged solution shown using 18133 nodes) due to elongation of 

20% of the original length, which is predicted by the non-linear 

static FE procedures established in the commercial software Abaqus.  
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6.3.3.  Results of the MTLADR 3D cutting algorithm verification 

The strain energy, reaction force and nodal displacements predicted when modelling 

soft tissue cutting using the proposed MTLADR 3D cutting algorithm agreed well with 

the reference solution obtained using the commercial FE software Abaqus. As indicated 

in Figures 6.9-6.10 and Figures 6.16-6.17, the meshless computational grid (Figures 

6.11-6.13) and FE meshes (Figures 6.15) used here ensure the convergence of the 

results obtained.  

 

The relative differences for the strain energy and the reaction force calculated using the 

MTLADR 3D cutting algorithm and Abaqus solver at the end of cutting are 0.34% and 

0.29% respectively. This is a very good agreement, considering that a grid of regular 

background integration cells was used for integration in the MTLADR 3D cutting 

algorithm, which is a source of integration errors along the cutting path, as the 

integration cells do not align with the cutting faces. Nevertheless, such regular 

integration cells are very easy to generate and do not require any mesh to be created. 

 

To enable verification of the predicted deformations, the nodal displacements obtained 

using the MTLADR 3D cutting algorithm were re-calculated (through interpolation 

using the MLS shape functions) for the nodal positions of the Abaqus model. For the 

nodal displacement magnitudes, the maximum absolute difference between the results 

obtained using the MTLADR 3D cutting algorithm and Abaqus was 0.78mm (3.9% of 

the imposed elongation) while the average difference (averaging over all model nodes) 

was only 0.039mm (0.19% of the imposed elongation). As shown in 6.19a, the 

maximum dissimilarities are located at the vicinity of the end-line of the cutting plane 

while the differences in the other areas are extremely small (well below 0.1 mm). The 
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maximum differences may be caused by the local distortion of the computational grid at 

large strains in the vicinity of the end-line of the cutting plane. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.19. Results of the verification of the MTLADR 3D cutting 

algorithm. Distribution of the absolute differences between the nodal 

displacement magnitudes computed using the MTLADR 3D cutting 

algorithm and the Abaqus reference results: a) Spatial distribution. b) 

Statistical distribution. The displacements are at the nodal positions of 

the model built in Abaqus. 

(a) 

(b) 
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As illustrated in Figure 6.19b, the absolute difference at most of the nodal positions 

(95.76%) is less than 0.1mm (0.5% of the imposed elongation) while it slightly 

increases to within 0.2mm (1% of the imposed elongation) for another 3.19% of nodal 

positions. At only few nodal positions (1.05%), the absolute difference ranges from 0.2 

mm to 0.78 mm, which is still a practically good agreement. Considering that the 

accuracy of the state-of-art image-guided neurosurgery techniques is not better than 

1mm (Bucholz et al. 2004), the accuracy of the proposed MTLADR 3D cutting 

algorithm can be regarded as satisfying the requirements of computer-integrated 

surgery.  

6.4 .  Discussion and conclusions  

A novel MTLADR 3D cutting algorithm, which takes into account both geometric and 

material nonlinearities, was developed to predict in 3D the steady state responses of soft 

tissue at any stage of surgical cutting.  

 

The MTLADR 3D cutting algorithm is capable of modelling both large deformations 

and non-linear material properties of soft tissues that are necessary in simulating 

surgery. Since the spatial discretisation is in a form of a cloud of nodes, the burdensome 

mesh generation and remeshing in 3D required by the classical FE method are 

effectively alleviated. The application of the TL formulation eliminates the 

accumulation of errors due to the reference frame update that occurs in the Updated 

Lagrangian (UL) formulation, which is typically utilised in commercial FE codes. The 

privilege of pre-computing the shape functions and their spatial derivatives then only 

updating them during cutting greatly reduces the number of numerical operations 

compared to the UL formulation. Furthermore, the strategy of DR offers excellent 
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performance in terms of computation speed while preserving good accuracy by 

controlling errors using stringent convergence criteria. These features make the 

MTLADR method faster than the FEM using tetrahedra. 

 

In the MTLADR 3D cutting algorithm, the cutting trajectory is geometrically 

represented as a series of cutting planes. The cutting-induced discontinuity is modelled 

by creating a pair of nodes at each discretising position of the cutting faces and 

introducing one node at each discretising position of the end-line of the cutting. The 

nodes of each nodal pair on the cutting faces are allocated to the opposite sides of the 

cutting path by using specific level set values. For explicit time integration, the field 

variable values at these nodes (i.e. the nodal displacements at the current and previous 

time step and the size of the influence domain) are either inherited or interpolated (using 

the MLS shape functions) from the surrounding nodes. With the aid of level set 

representation of the cuts, the effect of cutting is introduced into the deformation of the 

continuum solely through the changes in the nodal domains of influence by efficiently 

implementing the visibility criterion. 

 

Numerical experiments were conducted to predict in 3D the behaviour of a deformed 

(stretched) specimen of soft tissue-like material during surgical cutting. The computed 

strain energy, reaction force, and nodal displacements agreed well with the reference 

solution obtained using the non-linear solution procedures established in the 

commercial FE software Abaqus.  

 

The key factor determining the computational cost of the MTLADR 3D cutting 

algorithm is the number of iterations associated with DR rather than modelling of cuts 

through the visibility criterion and the LSM. The DR iterations in the algorithm have 
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been implemented on the graphics processing unit – GPU (using Matlab) for 

acceleration. The computation speed was improved by more than two orders of 

magnitude in comparison to the Matlab implementation on CPU alone. I am confident 

that this approach is sufficiently computationally efficient to offer the prospect of 

surgical simulation within the time constraints of the operating theatre.  
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Chapter 7  

Discussion and Conclusions  

7.1.  Main Contributions 

In this thesis, a set of Meshless Total Lagrangian Adaptive Dynamic Relaxation 

(MTLADR) algorithms, which takes into account both geometric and material 

nonlinearities, was developed to simulate the responses of soft tissue during surgery. 

This set of novel MTLADR algorithms consists of the MTLADR 2D algorithm, the 

MTLADR 2D cutting algorithm, the MTLADR 3D algorithm and the MTLADR 3D 

cutting algorithm. The MTLADR 2D and 3D algorithms are used to simulate large 

deformations of soft tissue prior to cutting. The MTLADR 2D cutting and 3D cutting 

algorithms are used to predict the responses of soft tissue during surgical cutting.  

 

The MTLADR algorithms developed in this thesis belong to the element-free Galerkin 

(EFG) family, which are well suited to solving problems with moving boundaries such 

as crack propagations. The algorithms feature a meshless spatial discretisation and 

approximation based solely on nodes. Compared with the main techniques that have 

been used in surgical cutting simulation, The MTLADR algorithms own advantage of 

avoiding frequent mesh regeneration and then the projection of field variables. The 

meshless character expedites the description of the evolving discrete model in 

progressive cutting.  
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In the MTLADR cutting algorithms, the progressive surgical cuts are geometrically 

represented by a series of line segments (in 2D) or cutting planes (in 3D). Two scalar 

level set functions are used to mathematically describe the locations of all nodes and 

integration points relative to the cutting trajectory. The discontinuities induced by 

surgical cutting are modelled and traced using nodes with specific level set values and 

appropriate field values (i.e. the nodal displacements and the size of domain of 

influence). The update of the level set values due to the progressive cut is performed 

using simple and fast algebraic computations based on the geometry of the cutting path 

without solving any differential equations. By efficiently implementing visibility 

criterion with the aid of level sets (Osher and Sethian 1988; Sethian 1996), the effect of 

cutting is entirely reflected in the changes in the shape and size of the influence domain 

of the nodes. 

 

Total Lagrangian (TL) formulation (Bathe 1996), in which the calculated variables 

(such as stresses and strains) are referred to the initial (un-deformed) configuration of 

the analysed continuum, is used in the MTLADR algorithms. The error accumulation 

due to the stress/strain update associated with the Updated Lagrangian (UL) formulation 

is effectively eliminated. The shape functions and their spatial derivatives at the 

integration points can be pre-computed then updated rapidly during cutting simulation. 

Pre-computation reduces the number of numerical operations (and the computation 

time) compared to the UL formulation. 

 

Adaptive dynamic relaxation (DR), another key feature of the MTLADR algorithms, 

offers high computational efficiency and sound accuracy. In meshless methods, 

introducing discontinuities of cutting using visibility criterion may lead to spurious 

jumps and oscillations in the solution. The DR approach proposed in the MTLADR 
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algorithms is very effective in damping out these oscillations without the need for any 

additional treatment. The parameters of the DR approach can be adaptively calculated in 

the explicit time integration to maintain an optimum convergence rate. Solution 

accuracy is achieved by controlling errors through stringent convergence criteria using 

displacement infinity norm. 

 

The performance of the developed MTLADR algorithms in terms of accuracy was 

verified against well-established non-linear solution procedures provided by the 

commercial finite element (FE) software Abaqus. Using the MTLADR algorithms, 

numerical experiments were carried out to predict the 2D and 3D behaviour of a soft 

tissue-like specimen undergoing large deformations and surgical cutting. As simulation 

of cutting is not supported by Abaqus, the deformed configuration of the specimen with 

pre-introduced discontinuity corresponding to the cutting path was computed as the 

reference solution. The finite elements were aligned with the pre-introduced 

discontinuity and remained good quality after deformation. The strain energy, reaction 

force, and nodal displacements predicted using the MTLADR algorithms showed very 

good agreement with the Abaqus reference solutions.  

 

The key factor determining the computational cost of the proposed MTLADR 

algorithms is the number of DR iterations rather than the modelling of cuts using the 

visibility criterion and the level set method. In 3D simulations, the adaptive DR 

iterations were implemented on a graphics processing unit - GPU (from Matlab) for 

acceleration. The computation speed was improved by more than two orders of 

magnitude when compared with the implementation on CPU alone. These results 

suggest that the proposed approach is computationally efficient and has the potential to 
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allow for surgical simulations within clinically acceptable time frames when 

implemented on GPU using a compiled language. 

7.2.  Limitations  

The MTLADR algorithms also have limitations although promising results have been 

achieved in soft tissue cutting simulation.  

 

The first limitation is the accuracy of the integration scheme used. The integration 

scheme was simplified for high computational efficiency. A regular array of domains in 

the background (Belytschko et al. 1996; Horton et al. 2006), consisting of rectangles for 

2D problems and standard hexahedrons for 3D problems, was used for Gauss 

quadrature. Within each integration cell, quadrature was performed over cutting-

induced discontinuities which do not coincide with the boundaries of the cell. In 

contrast to a precise integration scheme based on subdivision of integration cells along 

cutting trajectories, the simplified integration scheme may induce marginal errors. 

However, the numerical results suggest that the effects can be minimized by lower order 

quadrature in sufficiently finer background integration cells. For example, when 

computing reference solutions in Abaqus for 3D modelling and simulation of a soft-

tissue like specimen undergoing surgical cutting, Gauss quadrature was precisely 

performed using cells whose corners coincided with the nodes. No appreciable change 

in the predicted strain energy (0.34%) or reaction force (0.29%) was noticed when the 

cuts were allowed to pass through the middle of the integration cells in the computation 

using the MTLADR algorithm.  
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The second limitation is related to the representation of cutting-induced discontinuities.  

Level set values of nodes and integration points were initialised and updated to 

mathematically represent cutting-induced discontinuities. This approach works well if 

the cutting direction changes are less than 90 degrees between the adjacent cutting 

segments constituting the cutting path, for example, when the cut is half a circle in 2D. 

However, the update procedures may need to be modified if more abrupt changes occur 

in cutting direction between the adjacent cutting segments. This drawback, however, 

may be insignificant in practical applications since surgical techniques employing cuts 

with abrupt changes in direction are rarely reported in surgical textbooks (Westra et al. 

2002; Greenfield 2005). Moreover, modelling of multiple cutting paths, in which each 

cutting path can be modelled by two level sets, has not been addressed in this thesis.   

   

The third limitation is the additional cost of applying the essential boundary conditions. 

The imposition of essential boundary conditions in the EFG method is not 

straightforward because the Moving Least Squares (MLS) shape functions do not have 

the Kronecker delta property (Liu and Gu 2005).  A practical approach, which computes 

the nodal field variables at the boundary nodes by solving a system of equations, was 

proposed in this thesis. Since the number of boundary nodes is usually limited in 

surgery simulation, the size of the system equations is thus acceptable from the 

perspective of the computational cost. The advantages of this technique are the 

simplicity in implementation and the improvement of accuracy. An alternative option is 

to impose the essential boundary conditions explicitly, i.e. no additional cost of solving 

a system of equations. It may be achieved by modifying shape functions or combining 

the FE shape functions and the EFG shape functions on the boundary. 
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7.3.  Future work 

The numerical experiments presented in this thesis focused on the verification of the 

proposed algorithms. Therefore, a widely-used hyperelastic neo-Hookean constitutive 

model was employed to represent the material properties of soft tissue. The constitutive 

models proposed for specific soft tissue, for example, the hyper-viscoelastic constitutive 

model of brain tissue by Miller and Chinzei (2002), the constitutive models of liver 

tissue by Gao et al. (2010), can be incorporated by a user sub-routine to capture more 

precise responses of soft tissue during surgical cutting in the future work. The 

MTLADR algorithms may also be extended to simulate complex surgical cutting 

procedures for soft organs with complicated geometry. Finding effective experimental 

methods to validate the simulation results will be extremely challenging, yet worthy for 

clinical applications.  

 

High computational efficiency is crucial for clinical applications of surgical simulation. 

In this thesis, the DR iterations in the MTLADR algorithms were accelerated on GPU 

using Matlab. The computation speed was significantly improved compared with the 

CPU implementation, which highlights the practical potential of a GPU implementation 

of the MTLADR algorithms. In future studies, implementing the MTLADR algorithms 

on GPU using a compiled language like C or C++ may achieve a computational speed 

applicable for clinical applications.  

 

In future studies, the MTLADR algorithms may be used to predict injury in impact 

biomechanics when coupling with an appropriate damage/failure criterion. I recently 

have conducted numerical simulations to reproduce the experiments of pia-arachnoid 

complex (PAC) rupture reported by Jin et al. (2006). The predicted nominal stress-strain 
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relationship of the PAC sample was within the envelope of the experimental responses. 

The overall numerical deformations of the sample also agreed with that observed in the 

experiments (Figure 7.1). The details can be found in our paper written in collaboration 

with the Bioengineering Centre of Wayne State University (Jin et al. 2012). This study 

shows that the MTLADR algorithms have potential to be extended to predict soft tissue 

damage due to injury. 

 

 

 

 

 

 

 

 

 

Overall, in this thesis, a set of novel MTLADR algorithms has been developed to 

simulate the responses of soft tissue during surgical cutting procedures. These 

algorithms use fully nonlinear (both geometric and material) formulations to deal with 

large deformations of soft tissue. The cutting-induced discontinuity is modelled through 

changes in nodal domains of influence, which is achieved by efficient implementation 

of the visibility criterion using the level set method. The accuracy of the algorithms was 

verified against the reference solutions obtained using the commercial FE software 

Abaqus. The simulation was accelerated by implementing the most computationally 

Figure 7.1 The numerical simulation for reproducing the PAC rupture experiments 

reported by Jin et al. (2006): a) The predicted specimen deformation using the 

MTLADR 2D cutting algorithm for elongation of 42.5% of the initial length. 

Dimensions are in mm; b) Photograph of the deformed tissue specimen. 

(a) (b) 
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intensive part (the DR iterations) in parallel on GPU using Matlab. The 2D MTLADR 

algorithms can be used for non-rigid image registration for computer-integrated surgery 

while the 3D MTLADR algorithms have the potential to be applied to the development 

of surgical simulators for surgery training and planning. 
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