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Abstract

Securing a sufficient energy supply to match global demand is a key challenge

of our modern society. Currently, the vast majority of energy resources is

extracted from the subsurface; in the future, new resources - such as uncon-

ventional fossil and geothermal energy - will constitute a significant portion

of the energy portfolio. This thesis is motivated by the challenges that stem

from harvesting the energy of unconventional fossil and geothermal reser-

voirs. Both unconventional fossil and geothermal energy developments are

pushing into new domains, increasing the technological risks. Dominant risk

factors associated with subsurface energy resources are borehole drilling op-

erations and the subsequent stimulation of the reservoir. This thesis develops

a new science approach for borehole geomechanics, considering (in addition

to classical mechanics) the constraints from non-equilibrium thermodynam-

ics. Constitutive models covering anisotropy, damage evolution and chemical

weakening are derived from non-equilibrium thermodynamics and are com-

bined with advanced numerical methods. The overarching hypothesis is that

this combined approach offers a new way to address problems in borehole

geomechanics.

The thesis is organized in a series of papers showing that: (a) coupled pro-

cesses lead to self-localization phenomena not represented in the classical ap-

proach, (b) in the classical approach anisotropic elasticity can be addressed

but not anisotropic failure, (c) the new approach is successful in modeling

borehole problems with progressive anisotropic failure (anisotropic damage

evolution) and with time dependent chemical weakening. The main finding

is that the new approach can describe irreversible processes, such as failure

and chemical weakening, because it considers the underpinning dissipative

mechanisms explicitly. Both approaches have their advantages: in general

the classical approach lends itself to analytical solutions and has negligible

computation time, whereas the new approach captures the physics of dissipa-

tive and coupled processes but is computationally expensive. The approach

presented here opens new pathways to simulate fully coupled and time de-

pendent processes, for the minimization of borehole related risks.
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Chapter 1

General Introduction

This thesis presents advances in continuum mechanics concerning the aniso-

tropic damage of geomaterials and their implementation in the finite element

method. I will show that the new continuum framework for anisotropic dam-

age mechanics constitutes a steep change in geomechanics. Its advantages

are highlighted by its application to the problem of borehole stability analy-

sis. Before I elucidate the scientific and technical relevance of this approach,

I would like to explain the motivation that lies behind this work and beyond

the sphere of academia.

Boreholes are a necessity for the extraction of energy resources such as oil,

gas and geothermal heat from the subsurface. The rapid consumption of our

finite near-surface resources requires the sinking of boreholes into deeper,

harsher or simply less predictable subsurface environments. Great technical

challenges have to be mastered to ensure the safe and efficient use of bore-

holes in such environments. Even if a global political consensus to radically

change the way we use energy (i.e. the demand side) could be reached, the

current trajectory and momentum of human energy and resource demands

compels us to enhance our capabilities to extract subsurface resources. The

following facts and figures will underline this statement.

The basis of our global civilization is an extremely energy-intensive econ-

omy. From a technological point of view, this economy can be traced back

through successive changes in production regimes to the late 18th century.

1
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Figure 1.1: Development of global energy consumption by primary source
given in exajoules. The graph is based on data from the International Energy
Agency. In the year 2008 the ”new” renewable energies: geothermal, wind
and solar made up less than 0.7% of total energy consumption or 3.3 EJ .
Image source: www.csmonitor.com retrieved on 30/7/2011.

By the mid to late 19th century a coal - steel - steam engine centered produc-

tion regime was firmly established in Western Europe and the United States

of America. At the beginning of the 20th century, an additional production

regime centered around oil, mass production and internal combustion engines

emerged and now encompasses the entire world. This fast paced industrial-

ization came with a price: a massive entropy bill. The majority of energy

resources are non-renewable (see Fig 1.1). The International Energy Agency

estimates that out of the ∼ 470 EJ we consume every year, 81.3% is pro-

duced from burning oil, coal and gas and another 5.8% from nuclear fission

(IEA, 2010). The historical data also shows that the overall global energy

consumption has grown exponentially since the beginning of the industrial

revolution. However, non-renewable energy sources are limited and for some

of them demand will outstrip supply in the near future.
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The industrial revolution 1 was driven by, and has enabled, a massive popula-

tion growth. The United Nations predicts that the global human population

will reach 7 billion people before the end of 2011; it is very likely that the pop-

ulation will grow by another billion within the next 12 years. This population

growth is one reason for the continuing rise in global energy demand. Equally

important is the closure of the global energy divide or gap. Per capita energy

consumption differs widely between the industrialized and developing world.

An illuminating example is given by the economist Jeremy Rifkin: one quar-

ter of the human population has never had access to electricity (Rifkin, 2009).

Current economic growth is particularly strong in developing countries and

millions of people become part of the energy intensive-economy every year.

This leaves humanity with a fundamental problem: in the long run the

growing energy demand can not be matched with the limited supplies of non-

renewable energy resources. It is therefore necessary to replace non-renewable

energies with renewable energies, a process that will take several decades. In

this light, all efforts to make the extraction of non-renewable energy resources

more efficient are merely an attempt to buy time. A massive research effort

is necessary to keep up with demand, let alone to close the energy gap.

1.1 Scientific and technical relevance

The scientific relevance of this work entails (1) applying recent advances

in non-equilibrium thermodynamics (Coussy, 2004) to re-formulate the ba-

sic constitutive framework of continuum geomechanics, and (2) implementing

the new framework into the finite element method. Coussy’s work approaches

continuum mechanics of complex systems from a thermodynamic viewpoint.

It focuses on the fundamental physical relationships of such complex systems

and provides a synthetic overview. It does not present extensive case studies

or the necessary numerical implementation of his thermodynamic approach.

1The term is used here in a very broad sense and the classification into first, second
and post-fordist industrial revolution is left to historians.
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The central contribution of this thesis is to apply the thermodynamic ap-

proach to anisotropic and chemically reactive rock formations and to provide

the necessary numerical implementation. This involves two steps: first, the

derivation of the material behavior, the so-called constitutive relation, from

thermodynamic principles, and second, reformulation of the constitutive re-

lation in a way that is suitable for integration into a finite element code. I

will highlight the technical benefits of this synthesis through tangible exam-

ples from the field of geomechanics. I call the approach presented here the

”thermodynamic approach”, while comparing the fundamental theory and

the respective results to what I call the ”classical approach”. The classical

approach is best summarized in the seminal textbook of Jaeger et al. (2007)

and the most important classical geomechanical applications are discussed in

Zoback (2007). The two approaches are actually not exclusive of each other

and both are often used side by side. This thesis is not an exception, as

the problem of borehole stability in elastic anisotropic formations is investi-

gated in a classical manner (chapter 3). The essential difference is that the

classical approach only considers reversible thermodynamics and dissipative

processes are dealt with in an ad-hoc manner, whereas the thermodynamic

approach includes both reversible and irreversible thermodynamics and dis-

sipative processes are addressed explicitly.

1.1.1 Thermodynamic approach

On a phenomenological level, dissipative processes in rocks are highly diverse

and it is difficult to grasp what these processes have in common. Dissipative

processes include phenomena such as the collapse of boreholes, the propaga-

tion of metamorphic reaction fronts or the extraction of heat from geothermal

reservoirs. From a theoretical point of view, the common denominator is ob-

vious: all dissipative processes increase the entropy of a system, which means

the available (i.e. free) energy is reduced irreversibly. Entropy production is

described by the second law of thermodynamics (for an excellent introduc-

tion see Callen, 1960). The rate at which energy is dissipated (or entropy is

produced) as the system moves from one equilibrium state to another via an
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irreversible process, depends on the path of the system through parameter

space. The path is not determined by the second law of thermodynamics.

Nonetheless, the rate of entropy production must be within the limits of

minimum entropy production (Prigogine, 1978) and maximum entropy pro-

duction (Ziegler, 1977). Regenauer-Lieb et al. (2010) discuss the implications

of these two limit postulates for geodynamic models. For a detailed review of

the various applications of non-equilibrium thermodynamics in the geological

sciences please refer to the introduction of chapter (2).

Which postulate is valid is the subject of an ongoing scientific debate. I

do not enter this debate and regard them as classifying hypotheses: the

constitutive relationships resulting from either postulate classify certain sets

of materials and processes. In this thesis, I assume that the material and

process of concern, rocks undergoing brittle deformation, are classified by

the principle of maximum entropy production (Ziegler, 1977). This assump-

tion is informed by the fact that the principle of maximum entropy pro-

duction has been successfully applied to various geomaterials (e.g. Collins

and Houlsby (1997), Houlsby and Puzrin (2006), Einav et al. (2007)). The

results in chapters (4) and (5) show that experimental stress-strain curves

can be successfully modeled with constitutive relationships derived from the

principle of maximum entropy production. For a review of the link between

non-equilibrium thermodynamics and damage mechanics please refer to the

introduction of chapter (4).

The greatest advantage of the classical approach is that solutions can be

formulated analytically for many important problems. Therefore, the im-

plementation into design or optimization algorithms is straightforward and

computational time is negligible. This advantage often out-weighs concerns

over potential errors in the calculation. On the other hand, certain prob-

lems require that dissipative processes are taken into account. Dissipative

processes lead to non-linear material behavior and inhomogeneous redistribu-

tion of material properties, two phenomena that require numerical methods.

This is why numerical implementation and modeling are such a prominent

part of this thesis.
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Changes in Borehole 
Stresses

Planes of 
Weakness

Dynamic Stress 
Redistribution

Figure 1.2: Current challenges in borehole stability analysis include: (a)
borehole stress changes due to coupled and non-linear processes, (b) planes
of weakness in the rock strength of the formation (images from Oakland
and Cook, 1998) and (c) dynamic stress redistribution due to fracturing or
damage evolution.

1.1.2 Challenges in borehole stability

I hypothesize that current challenges in computational geomechanics and, in

particular, in numerical borehole stability analysis (Fig. 1.2) can be tackled

with finite element simulations based on the thermodynamically derived con-

stitutive relationships presented here (Fig. 1.3). These challenges include (a)

changes in borehole stress concentrations due to dissipative and non-linear

processes, (b) anisotropic elasticity and rock strength of the formation due to

planes of weakness and (c) dynamic stress redistribution around the borehole

due to fracturing or damage evolution.

The set of techniques and models developed in this thesis is applicable to a
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Ψ = Ψ(εij, Dij, ξ)

Δ S ≥ 0

time > 0

Elastic

Anisotropy

&

Classical

Approach

Anisotropic

Damage

&

Thermodynamic

Approach

Chemical

Weakening

&

Thermodynamic

Approach

Ψ = Ψ(εij)

Δ S = 0

time = 0

Ψ = Ψ(εij, Dij)

Δ S ≥ 0

time > 0

0.5 μm

Figure 1.3: The constitutive models used become successively more complex.
Starting with reversible elastic behavior (symbolized by a spring), moving
on to irreversible damage mechanics (symbolized by a micro-cavity, image
courtesy of Dr. Florian Fusseis) and finally chemical weakening (symbolized
by a rusty spring). The change in entropy Δ S is zero for reversible processes.
The state variables are elastic strain �ij, damage Dij and extend of chemical
reaction �.

wide range of geotechnical problems and geomaterials, but borehole stabil-

ity in shale formations is the foremost example because it encapsulates the

aforementioned challenges and is of immense economic importance:

1. Shales are encountered as seals for conventional reservoirs and source

rocks for unconventional reservoirs during hydrocarbon drilling opera-

tions. The sheer abundance of shale formations in sedimentary basins

makes them also important for drilling related to geothermal heat ex-

traction and CO2 sequestration.
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2. The vast majority of drilling related problems occurs in shale sections

(Van Oort et al., 1996).

3. Shales are strongly anisotropic in their elastic response (Wang, 2002)

as well as in their strength (Niandou et al., 1997).

4. Shale sections exhibit time-dependent borehole breakouts (Ekbote and

Abousleiman, 2006).

5. Shales and water-based drill mud are known to react chemically, which

leads to a reduction in rock strength (Nguyen et al., 2007).

1.2 Structure of thesis

This thesis contains a series of papers, in chapter (2), I present a paper to

which I am a co-author. The intended field of application of this paper is

geodynamic modeling rather then computational geomechanics. I chose to

include it in this work because it serves as a theoretical introduction to non-

equilibrium thermodynamics, that is beyond the textbook level, and informs

the theoretical developments of chapters (3) and (4) and in particular chap-

ter (5).

Regenauer-Lieb, K., Hobbs, B., Ord, A., Gaede, O. & Vernon, R.

(2009). Deformation with coupled chemical diffusion. Physics of the Earth

and Planetary Interiors, 172, 43-54. Presented in chapter (2).

The following three publications, for which I am the first author, discuss suc-

cessively more complicated material behavior and its implications for bore-

hole stability:

Gaede, O., Karpfinger, F., Prioul R. & Jocker, J. (2012). Compari-

son between analytical and 3D finite element solutions for borehole stresses in

anisotropic elastic rock. International Journal of Rock Mechanics and Min-

ing Sciences, 51, 53-63. Presented in chapter (3).
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Ψ = Ψ(εij, T, ξ)

Regenauer-Lieb et 

al. (2009) 

Chapter (3)

Gaede et al. 

(2011a)

Chapter (4)

Ψ = Ψ(εij) Ψ = Ψ(εij, Dij) Ψ = Ψ(εij, Dij, ξ)

Δ S ≥ 0

time > 0

Δ S ≥ 0

time > 0

Δ S ≥ 0

time > 0

Δ S = 0

time = 0

Ductile 

Deformation

&

Metamorphic

Reactions

Borehole 

Stability

&

Elastic

Anisotropy

Borehole 

Stability

&

Anisotropic

Damage

Borehole 

Stability

&

Chemical

Weakening

Gaede et al. 

(2011b)

Chapter (5)

Gaede et al. 

(2011c)

Chapter (6)

Figure 1.4: Connection between the papers in this dissertation. The orange
boxes show the state variables considered in the constitutive relation. The
yellow boxes indicate if equilibrium or non-equilibrium thermodynamics was
used. The purple boxes summarize the application of the constitutive model.

Gaede, O., Karrech, A. & Regenauer-Lieb, K. (2011). Anisotropic

damage mechanics as a novel approach to improve pre- and post-failure bore-

hole stability analysis. Geophysical Journal International, in revision. Pre-

sented in chapter (4).

Gaede, O., Karrech, A. & Regenauer-Lieb, K. (2011). Borehole Sta-

bility Analysis in a Rock Formation with Coupled Anisotropic Damage and

Chemical Weakening. Proceedings of the GeoProc 2011 conference, Perth,

Australia, 6-9 March 2011. Presented in chapter (5).
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The constitutive models used in chapters (3), (4) and (5) are summarized

in figure (1.3). Elastic behavior (chapter 3) can be derived from a single

energy potential, the Helmholtz free energy Ψ.This is a classical constitutive

relationship considering reversible (i.e. symmetric with time) deformation.

If irreversible behavior is considered, like material degradation due to dam-

age (chapter 4) or chemical weakening (chapter 5), a second potential has

to be introduced, the dissipation function Φ.It is important to note that the

constitutive relationships derived in chapters (4) and (5) contain the classical

behavior and the dissipative processes are only active once the elastic limit is

reached. The connection between the papers is shown in figure (1.4). Every

paper is self-contained and in order to avoid redundancy, no separate litera-

ture review is included. Finally, the relevance of all papers to the challenges

outlined in this general introduction is discussed in a concluding chapter.

On the following three pages I have defined the nomenclature that is used

throughout the thesis, unless it is stated otherwise.



Nomenclature

�A Borehole azimuth

�D Borehole deviation

�ij Thermal expansion tensor

�ij Chemical strain tensor

�ij Reduced strain coefficients; only used in chapter (3)

� Strain tensor; tensor notation

� Directional damage hardening parameter

� Cauchy stress; tensor notation

a Elasticity tensor in tensor notation

D Damage tensor; tensor notation

M Directional damage evolution parameter

q Thermodynamic flux

Y Lemaitre damage force

� Taylor-Quinney coefficient

L̇N Heat of chemical reaction N

�elasticij Elastic strain; index notation

11
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�viscouskl Viscous strain

�ijkl Chemical viscosity

 Angel between coordinate systems

� Diffusivity

�, � Lamé parameters

f Body Force

J Diffusion flux

u Local material velocity vector

�K Chemical potential of the Ktℎ species

� Poisson’s ratio

Φ Dissipation function

Ψ Helmholtz free energy

� Density

��� Hoop borehole stress

�H Maximum horizontal stress

�ℎ Minimum horizontal stress

�ij Cauchy stress; index notation

�rr Radial borehole stress

�V Vertical stress

�zz Longitudinal borehole stress

� Extent of chemical reaction

A Affinity of chemical reaction
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aij Elasticity tensor in Voigt notation

C Concentration

Cijkl Elastic stiffness tensor; index notation

CV Volumetric heat capacity

Dij Damage tensor; index notation

E Young’s modulus

F (x, y) Stress function

fH2O Water fugacity

G Gibbs free energy

G(x, y) Stress function

J2 Second invariant of the deviatoric stress tensor

L Latent heat

l Diffusion length scale

mK Mass of the the Ktℎ chemical species

p Pressure

Pw Wellbore pressure

Q Activation enthalpy

R Universal gas constant

S Entropy

Sijkl Elastic compliance tensor; index notation

T Absolute temperature

U Internal energy





Chapter 2

Deformation and Metamorphic

Reactions

The contents of this chapter were published as a paper in Physics of the Earth

and Planetary Interiors in 2009 under the title Deformation with coupled

Chemical Diffusion. The authors are Klaus Regenauer-Lieb, Bruce Hobbs,

Alison Ord, Oliver Gaede and Ron Vernon.

2.1 Abstract

The deformation of rocks is commonly intimately associated with metamor-

phic reactions. This paper is a step towards understanding the behavior of

fully coupled, deforming, chemically reacting systems by considering a sim-

ple model of the problem comprising a single layer system with elastic-power

law viscous constitutive behavior where the deformation is controlled by the

diffusion of a single chemical component. Analysis of the problem using the

principles of non-equilibrium thermodynamics allows the energy dissipated

by the chemical reaction-diffusion processes to be coupled with the energy

dissipated during deformation of the layers. This leads to strain-softening

behavior and the resultant development of localized deformation which in

turn nucleates buckles in the layer. All such diffusion processes, in leading

to Herring-Nabarro, Coble or ”pressure solution” behavior, are capable of

15
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producing mechanical weakening through the development of a ”chemical

viscosity”, with the potential for instability in the deformation. For geologi-

cally relevant strain rates these chemical feed-back instabilities occur at the

centimeter to micron scales, and so produce structures at these scales, as

opposed to thermal feed-back instabilities that become important at the 100

to 1000 meter scales.

2.2 Introduction: non-equilibrium thermody-

namics

Olivier Jaoul was interested in the relationship between the diffusion of chem-

ical species and deformation. This paper is dedicated to the memory of

Olivier and is written in recognition of his contribution to rock deformation.

The paper is an exploratory excursion into the full coupling between defor-

mation and chemical reactions with diffusion in that we begin to explore the

influence of deformation upon diffusion as well as the inverse relationship

that so much characterized Olivier’s approach.

Most deforming systems in geology not only involve permanent distortion

of the rock mass, but are accompanied by fluid transport, chemical reactions

and transport, and thermal transport. The relative importance of these

processes varies with the geological environment, with fluid transport more

likely to be important in the upper crust and chemical reactions more likely

to dominate with increasing metamorphic grade. The relative importance

also varies with the spatial scale under consideration and is controlled by

the diffusivity of the process involved; thermal and fluid transport processes

become important at long length scales (100’s to 1000’s of meters) whereas

chemical-diffusive processes become important at small length scales (meter

to nanometer scales). However, all of these processes influence each other

in some form of feed-back loop and ultimately, as a coupled system, are re-

sponsible for the development of folds, boudinage, vein systems, mineral lin-

eations, metamorphic foliations and metamorphic mineral assemblages. The
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deforming-reactive rock mass needs to be treated as a fully coupled system,

so that the development of these structures is viewed holistically, rather than

treating the origin of each structure or mineral assemblage independently. At

least while the rock is actively deforming and mineral reactions are taking

place, the system is dissipating energy and so is not at equilibrium. A brief

summary of the essential features of the theory of the deformation of mate-

rials with coupled processes involving chemical diffusion and reactions and

thermal transport, is presented in section (2.2.1) within the framework of

continuum non-equilibrium thermodynamics, as developed by authors such

as Callen (1960), Biot (1984), Ziegler (1983b,a), Ziegler and Wehrli (1987),

Coussy (1995, 2004), Maugin (1999) and Nguyen (2000). This is done to set

the general scene and to indicate the way in which a varied array of processes

operating in deforming rocks may be brought together within one framework.

We then follow with an example.

When the work on non-equilibrium thermodynamics of the Prigogine

School (Prigogine (1955), Kondepudi and Prigogine (2002)) became widely

known in geology the concepts were applied to metamorphic processes by Ko-

rzhinskii (1959) and later, in particular, by Fisher (1970, 1973) and Foster

(1981). Another group of workers in the geosciences concentrated upon the

influence of non-hydrostatic stress upon the chemical potential of a stressed

solid. This group included Verhoogen (1951), Nye (1957), Ramberg (1959),

Kamb (1959), Kumazawa (1961, 1963), Coe and Paterson (1969), Ida (1969),

Paterson (1973), Green (1970, 1980), McLellan (1980), Bayly (1983, 1987,

1992), and Shimizu (1992, 1997, 2001). Many of these treatments, together

with developments in physical metallurgy (Larche and Cahn, 1985), assumed

elastic deformation so that, although non-hydrostatic stresses were consid-

ered, the theory is essentially a part of equilibrium thermodynamics. This

point is worth some emphasis in order to draw the distinction between much

of this earlier work and the approach adopted here. In applying non hy-

drostatic stress to an elastic solid there is no dissipation of energy during

the deformation because the constitutive relation proposed is elastic; thus

the description of the behavior of the system is in the realm of equilibrium
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thermodynamics. Our intent in this paper is to discuss processes that do

dissipate energy and hence are in the realm of non equilibrium thermody-

namics. The group of papers mentioned above mainly aim at examining the

influence of non hydrostatic stress upon the chemical potential of a solid or

upon the chemical potential of a solid dissolved in an adjacent fluid. Since

the chemical potential depends in some way upon the stress, gradients in

chemical potential develop in a non hydrostatic stress field that drive chem-

ical diffusion. Although the diffusive process is a non equilibrium process,

dissipation arising from the diffusive process is not considered in these pa-

pers and the concern is to discuss what happens as the equilibrium state

is approached or attained. In this paper we are concerned with dissipation

of energy (or the equivalent, entropy production) from all of the processes

involved (mechanical, thermal and chemical) and no attempt is made to un-

derstand an equilibrium state. Thus the approach is quite different from that

of the earlier work in the geological literature (and to a large extent, that in

the metallurgical literature also).

There was little cross-referencing between the group concerned with non

hydrostatic thermodynamics and the metamorphic petrologists. Both these

groups (except for Kamb) were apparently unaware that developments in

chemical thermodynamics by the Prigogine School were more or less simul-

taneously being paralleled in mechanics by Callen (1960), Biot (1958, 1965,

1984) and by the Truesdell-Noll-Coleman School (Truesdell and Toupin, 1960;

Truesdell and Noll, 1965; Coleman and Gurtin, 1967). The result was that the

applications in metamorphic petrology derived essentially from the Prigogine

School, with the outcome that measures of departures from equilibrium in

metamorphic petrology concentrated solely upon gradients in chemical po-

tential, with no consideration of the influence of deformation or fluid flow.

This situation is to be expected because a disconnection between the Pri-

gogine and Truesdell Schools existed at that time, to the extent that no

problem in chemical thermodynamics was ever addressed by the Truesdell

School and no problem in mechanics was ever addressed by the Prigogine

School. The Prigogine School was ”chemically” oriented whilst the Truesdell
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School was ”deformation” oriented. Biot (1958) and later, Ziegler (1983a, b),

addressed the philosophical chasm between the two schools and integrated

both approaches in quite different ways: Biot was concerned with linear sys-

tems at steady state and so (paralleling the concepts of Prigogine) proposed

that the entropy production rate was minimized in these systems; Ziegler ex-

amined more general systems (both mechanical (Ziegler, 1983a) and chemical

(Ziegler, 1983b)), in particular, those not at steady state, and showed that

for these systems, the entropy production rate is maximized. We are con-

cerned in this paper with Ziegler-type systems.

However, much of this work did not reach the attention of metamorphic

petrologists, but at least some of Biot’s work had considerable impact on the

interpretations of structural geologists to the extent that most modern discus-

sions of fold formation are based on his work (although his thermodynamic

framework for folding and coupling of mechanical-fluid-thermal-chemical pro-

cesses is mostly neglected). This paper attempts some integration of the two

approaches, so that the non-equilibrium processes involved in deformation,

thermal transport, mass diffusion and chemical reactions are coupled. We

neglect fluid transport processes in this paper for simplicity; the framework

for considering fluid coupling is considered however by Coussy (1995, 2004).

An excellent discussion of the modifications of the classical thermodynamic

functions (Helmholtz and Gibbs free energies, enthalpy) used in equilibrium

chemical thermodynamics within the context of non-equilibrium thermody-

namics is given by Houlsby and Puzrin (2000). Although these authors do

not specifically mention the concept of ”chemical potential” they do consider

the incorporation of non hydrostatic stress into the Gibbs free energy so the

application to chemical potential is inherent in their discussions.

The non-equilibrium thermodynamics approach is important for under-

standing the formation of structures in metamorphic rocks. Recently we have

pointed out (Hobbs et al. 2007, 2008) that although the Biot approach to

fold formation (Biot, 1965) is rigorous, the competency contrasts (on the

basis of experimental data) in rocks deformed under mid- to lower-crustal
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environments are unlikely to be high enough to drive the amplification rates

and wavelength selection processes inherent in the Biot approach. This is

particularly true if the non linear influences of kinematic constraints such as

a constant imposed strain rate or velocity parallel to the initial orientation of

the folding layer are taken into account (Hobbs et al. 2008) rather than where

constant force boundary conditions are considered (eg., Sherwin and Chap-

ple, 1968) or the linear theory is considered with no kinematic constraints

(eg., Johnson and Fletcher, 1990). In layered rock masses, comprised of tem-

perature sensitive materials with contrasting activation enthalpies but with

small competency contrasts between layers, the dissipation of mechanical

energy derived from inelastic deformation and its influence on the viscosity

is capable of developing fold systems with realistic geometries. However,

if only thermal effects dominate, the wavelengths of the resultant folds are

controlled by the thermal diffusivity, resulting in fold wavelengths of the or-

der of hundreds of meters to kilometers. Fine scale folds develop through

thermal-mechanical feedback only if fine scale heterogeneities, such as ther-

mal conductivity spatial fluctuations, are present.

In this paper we explore situations where chemical diffusion and chemical

reactions contribute to the dissipation. The smaller diffusivities associated

with mass diffusion (in contrast to thermal diffusion) lead to the development

of folds and associated structures on the scale of centimeters to millimeters.

2.2.1 Coupling of deformation, chemical reactions, dif-

fusion and thermal transport

We consider a deforming system within which a chemical reaction occurs

and the strain is achieved by diffusion mechanisms and/or diffusion assisted

mechanisms. This means that deformation occurs through chemical species

diffusing from regions of high chemical potential to regions of low chemical

potential. Typical examples are Herring-Nabarro, Coble and ”pressure solu-

tion” constitutive behavior (Lehner, 1997).
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The following discussion is modified from Coussy (2004) and adopts a

non equilibrium approach to the problem rather than one grounded in equi-

librium thermodynamics. It is to be emphasized that we adopt an approach

different to that commonly developed in the geological and metallurgical lit-

erature (eg. McLellan, 1980; Larche and Cahn, 1985) where the emphasis

is on the influence of non hydrostatic stress on chemical potential in elastic

systems and consider general dissipative processes.

Non equilibrium thermodynamics attempts to describe the evolution of

systems not at equilibrium in terms of two functions, the Helmholtz free en-

ergy (or if convenient, the Gibbs free energy) and the dissipation function.

The Helmholtz free energy is useful if we want to describe the system in

terms of a thermodynamic state variable such as the elastic strain whereas

the Gibbs free energy is useful if we want to use the conjugate state variable

stress (Houlsby and Puzrin, 2000).

For instance if we consider the Helmholtz free energy, Ψ , as the relevant

function then the thermodynamic state variables are the elastic strain, �elasticij ,

the absolute temperature, T , and the extent, �, of a diffusive process or of

a chemical reaction (Kondepudi and Prigogine, 1998). We assume that the

system is closed, so that there is no exchange of mass with the outside of the

system and write:

Ψ = Ψ
(
�elasticij , T, �

)
(2.1)

from which we obtain (Coussy, 2004):

�ij =
∂Ψ

∂�elasticij

; S = −∂Ψ

∂T
; A = −∂Ψ

∂�
, (2.2)

where �ij is the Cauchy stress, S is the entropy and A is the affinity of the

chemical reaction. A is a linear function (with units of stress) of the difference

between the sum of the chemical potentials of the reactants and that of the

products (Kondepudi and Prigogine, 1998).
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The kinetics of the reaction are given by

A = �−1d�

dt
e−

Q
RT , (2.3)

where � is a constant with the dimensions of viscosity, t is time, Q is the

activation enthalpy for the diffusion process or the chemical reaction and R

is the universal gas constant.

Instead of the Helmholtz free energy, one can use the Gibbs free energy, G:

G = Ψ + �ij�
elastic
ij . (2.4)

The state equations are then:

G = G (�ij, T, �) ; �elasticij =
∂G

∂�ij
; S = −∂G

∂T
; A = −∂G

∂�
. (2.5)

Differentiating equation (2.5) we obtain:

d�elasticij = Sijkld�kl + �ijdT + �ijd� , (2.6)

dS = �ijd�ij + CV
dT

T
− Ld�

T
, (2.7)

dA = �ijd�ij − L
dT

T
− ad� , (2.8)

where Sijkl is the elastic compliance tensor, �ij is the thermal expansion

tensor, CV is the volumetric heat capacity of the solid material. L is the

latent heat associated with the reaction, so that as the reaction progresses

the heat produced is Ld� ; the reaction is exothermic if L > 0 or endothermic

if L < 0. a is the decrease in chemical affinity per unit of reaction extent

under isostress and isothermal conditions. The symmetrical tensor �ij is

given by:

�ij =
∂2G

∂�ij∂�
(2.9)

�ij (�ij, T, �) is the tensor of chemical strain coefficients and is dimensionless;

as the chemical extent increases by an amount d�, the chemical reaction pro-
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duces a strain with components �ijd�. The associated chemical dilation is

�iid�.

For a diffusion process, A represents the difference between the chemical

potential of the solid subjected to the diffusion process and the chemical

potential of the same chemical component elsewhere within the solid where

the temperature and/or stress are different. For closed systems, the term

�ijd�ij in equation (2.8) describes the stress concentration effect in the solid

at heterogeneities. In an isothermal system, the process is controlled by

the diffusion of the species towards the regions where the solid is poorly

stressed. If we now assume that the elastic properties are not influenced

by the chemical/diffusion processes and that the system remains isothermal

then equations (2.3), (2.6) and (2.8) give (Coussy, 2004):

�ij = Cijkl
(
�totalkl − �viscouskl

)
;�ij = Cijkl�

elastic
kl + �ijkl

d�viscouskl

dt
(2.10)

where

�viscousij = �ij�; Cijkl = S−1
ijkl; �ijkl = ��ij�kl (2.11)

and it is assumed that the reference state is stress free with zero affinity.

Equation (2.10) can be interpreted as linear viscous behavior, with �viscouskl

representing the viscous strain and �ijkl representing a”chemical viscosity”.

This equation is a linear relation between the stress and the viscous strain

rate and hence is identical in form to those derived for diffusional creep pro-

cesses (Paterson, 1995). Notice that �ijkl is a quadratic function of �ij. In

particular equation (2.11) says that if �ij decreases by an order of magnitude,

then the ”chemical viscosity”, �ijkl, decreases by two orders of magnitude. A

similar situation arises from thermal-mechanical feedback where, in a zone of

localized shearing, an order of magnitude increase in strain rate leads to two

orders of magnitude decrease in viscosity (Fleitout and Froidevaux, 1980).

If for instance the chemical reaction involves a decrease in volume with con-

tinued straining, then strong weakening occurs during the chemical reaction,

with the opportunity for localization to develop provided that such localiza-



24 CHAPTER 2. DEFORMATION AND METAMORPHIC REACTIONS

tion is compatible with the boundary conditions (Fressengeas and Molinari,

1987; Shawki, 1994). We elaborate upon other ways of coupling deformation

to chemical reactions in section (2.3.2).

This discussion indicates that diffusion and chemical reactions, if they are an

integral part of the deformation mechanisms, can result in modification of

the viscosity, with the resultant development of a ”chemical viscosity” that

is strongly dependent on the extent of the chemical reaction and that can

lead to weakening. This is a strong mechanism for generating localization in

deforming-reactive rocks. Later in this paper we will discuss an example of

this general result.

In order to couple temperature to these processes we need an expression,

the energy equation, that describes the ways in which the various dissipa-

tive processes contribute to temperature changes. In order to achieve this

(Eq. 2.30) we expand equation (2.1) with respect to mK the mass of the Ktℎ

chemical species as state variable:

Ψ = Ψ
(
�elasticij , T, mk

)
. (2.12)

Then the Second Law of Thermodynamics may be written (Coussy, 2004)

�T Ṡ = Φ = Φmecℎanical + Φdiffusive + Φcℎemical + Φtℎermal ⩾ 0 , (2.13)

where Φ is the dissipation function, and Φmecℎanical, Φdiffusive, Φcℎemical and

Φtℎermal are the contributions to the total dissipation from purely mechan-

ical processes, chemical diffusion, chemical reactions and thermal diffusion

respectively. The over-dot signifies the material time derivative. The me-

chanical dissipation is related to Helmholtz free energy (stored energy) by

the second law of thermodynamics (Eq. 2.13) and therefore includes the intro-

duction of mK moles of the Ktℎ chemical species into the deforming material

whilst the diffusive term includes the mass flux, JK of the Ktℎ chemical

species across gradients in both the chemical potentials, �K , and the tem-
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perature. These dissipation functions are given by (Coussy, 2004):

Φmecℎanical =
∂Ψ

∂�elasticij

�̇elasticij +
∂Ψ

∂T
Ṫ +

∂Ψ

∂mK

ṁK , (2.14)

Φdiffusive = −JK ⋅
{
grad�K −

∂�K
∂T

gradT

}
, (2.15)

Φcℎemical = AK �̇ + L̇N , (2.16)

and

Φtℎermal = −��tℎermalcp∇2T . (2.17)

In equation (2.15) ⋅ represents the scalar product of vectors; in equation (2.16),

L̇N is the volume rate supply of heat of reaction from the chemical reaction

N .

In order to obtain the energy equation we have to couple the dissipation

functions (Eqs. 2.14 to 2.17), which are rates, with the Helmholtz free energy

(Eq. 2.12). First, we define the total differential of the Helmholtz free energy

and cast it in rate form

Ψ̇ =

(
∂Ψ

∂T

)
�elij ,mK

Ṫ +

(
∂Ψ

∂�elij

)
T,mK

�̇elij +

(
∂Ψ

∂mK

)
T,�elij

ṁK , (2.18)

where the partial differentials can be identified with the entropy S:

S =

(
∂Ψ

∂T

)
�elij ,mK

, (2.19)

the Cauchy stress �ij:

�ij =

(
∂Ψ

∂�elij

)
T,mK

, (2.20)

and the chemical potential �K of the Ktℎ chemical species:

�K =

(
∂Ψ

∂mK

)
T,�elij

. (2.21)
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As a next step, we obtain the total differential of the entropy (Eq. 2.19) and

cast it in rate form

Ṡ = −
(
∂2Ψ

∂2T

)
Ṫ −

(
∂2Ψ

∂T∂�elij

)
�̇elij −

(
∂2Ψ

∂T∂mK

)
ṁK (2.22)

and multiply both sides with T

T Ṡ = T

(
∂2Ψ

∂2T

)
Ṫ − T

(
∂2Ψ

∂T∂�elij

)
�̇elij − T

(
∂2Ψ

∂T∂mK

)
ṁK , (2.23)

where we can identify the heat capacity at constant volume CV :

CV = −T
(
∂2Ψ

∂2T

)
�elij ,mK

(2.24)

and the thermo-elastic coupling coefficient �ij:

�ij = −T

(
∂2Ψ

∂T∂�elij

)
, (2.25)

which is the Helmholtz free energy framework equivalent of the thermal ex-

pansion coefficient obtained from the mixed derivatives of the Gibbs free

energy ∂2G/∂�ij∂T . The last mixed derivative in equation (2.23) is a thermo-

chemical coupling term; it will be neglected in this contribution, non the less

it is an interesting physical quantity that deserves further investigation.

The last step towards deriving the energy equation is to integrate the en-

tropy rate (Eq. 2.23) into the energy conservation law. The most sensible

way is to do this by using a rate form of the internal energy U (remember

Ψ = U − ST ):

U̇ = Ψ̇ + ṠT + Ṫ S . (2.26)

The internal energy of the volume V , enclosed by the surface A, is conserved∫
V

�u̇dV =

∫
V

�ij �̇ijdV +

∫
V

rdV −
∫
A

qidA , (2.27)



2.3. A COUPLED MODEL 27

where r represents the rate of internal heat production and qi the heat

flux vector. Through successive substitution of equation (2.23) into equa-

tion (2.26) and equation (2.27) we obtain the couple thermo-chemical-mechanical

energy equation

CV Ṫ = �ij �̇ij−�ij �̇elij−�KṁK+�ij �̇
el
ij+T

(
∂2Ψ

∂T∂mK

)
ṁK+r−divqi . (2.28)

Using strain decomposition

�̇totalij = �̇elasticij + �̇viscousij , (2.29)

we can expresses the change in temperature arising from all of the dissipative

processes:

�CV Ṫ = ��ij �̇
viscous
ij − �KṁK + �ij �̇

el
ij + T

(
∂2Ψ

∂T∂mK

)
ṁK + r − divqi

−(Φdiffusive + Φcℎemical + Φtℎermal) , (2.30)

where � is the Taylor-Quinney coefficient and represents the proportion of

mechanical work arising from dissipative deformation that is available for

heating or to drive diffusion, chemical reactions and structural adjustments.

At high strains and low temperatures where the energy arising from defor-

mation is stored in crystal defects, � is generally in the range 0.85 ⩾ � ⩾ 1

(Taylor and Quinney, 1934).

Equation (2.30) is a critical equation and will be used when we come to ex-

amine the coupling between deformation and diffusion at the centimeter to

micron scales.

2.3 A coupled model

We consider a chemically closed system consisting of a layer of feldspar rich

material, with some quartz and muscovite, embedded in a quartzite matrix

with scattered grains of muscovite. Within this system, the following chem-
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ical reaction may take place:

quartz + muscovite⇔ K− feldspar + aluminium− silicate + water (2.31)

The thermodynamic parameters associated with this reaction are taken from

Holland and Powell (1998). At 200 MPa confining pressure this reaction is

constrained to 590− 605∘Cif the aluminium silicate is andalusite and 595−
630∘C if the aluminium silicate is sillimanite. At 600∘C and 200 MPa this

reaction initially involves a total volume increase of 15.75% before water

diffuses away from the reaction site. After the water has diffused away there

results a total volume decrease of 2.85%. These volume changes are large

compared to a thermal expansion equivalent to 10−4%∘C−1 and are also

outside of the elastic range. Clearly these dilations need to be considered in

future work. At present there is no detailed microstructural theory for the

damage generated by this inelastic dilation that would enable us to define

a term such as �ij in equation (2.6) and (2.8). Presumably micro-cracking

and/or void nucleation play a prominent role as described by Connolly et al.

(1997), Ko et al. (1997), Rushmer (2001), Miller et al. (2003), Rushmer and

Miller (2006) and Delle Piane et al. (2007).We neglect these dilation effects

here. At 600∘C and 200 MPa the fugacity of water is 50.46 kJmol−1 and

the molar volume of water is 3.041 Jbar−1mol−1.

The water that is released from this reaction diffuses through the remainder

of the system.

The mechanical constitutive relation is elastic-plastic where the permanent

(dissipative) deformation is rate dependent. It is expressed as a von Mises

yield function (Regenauer-Lieb and Yuen, 2003) which is described by a

power law creep function, in such a way that the contributions to the total

strain rate, �̇totalij , from the elastic, �̇elasticij , and viscous, �̇viscousij strain rates, are

additive as expressed by equation (2.29). The constitutive relation is:

�̇totalij =

(
1 + �

E
�̃′ij +

�

E
ṗ+ �T�ij

)elastic
+

(
B�′ijJ

(n−1)/2
2 e

(
−Qcreep

RT

))viscous
. (2.32)
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Quantity Description Units Value

Aquartzite Pre-exponential factor: wet quartzite Pa−ns−1 3.98× 10−21

Afeldspar Pre-exponential factor: dry feldspar Pa−ns−1 7.94× 10−26

Qquartzite Activation enthalpy: wet quartzite Jmol−1 134× 103

Qfeldspar Activation enthalpy: dry feldspar Jmol−1 163× 103

�quartzite Power law exponent: wet quartzite - 2.6
�feldspar Power law exponent: dry feldspar - 3.1
E Youngs modulus: both Pa 4.5× 109

� Poissons ratio: both - 0.3
� Thermal expansion coefficient: both K−1 3.1× 10−5

cp Specific heat: both Jkg−1K−1 1450
� Density: both kgm−3 2750
� Thermal diffusivity: both m2s−1 0.6× 10−6

Table 2.1: Parameters used in first model

Here, E is Young’s modulus and � is Poisson’s ratio. �̃′ij is the objective

co-rotational stress rate. B and n are power law material parameters, and

Qcreep is the activation enthalpy for creep. J2 is the second invariant of the

deviatoric stress tensor, which in turn is defined as:

�′ij ≡ �ij − p�ij . (2.33)

J2 is given by:

J2 =
1

6

[
(�1 − �2)2 + (�2 − �3)2 + (�3 − �1)2] . (2.34)

Constitutive parameters are given in table (2.1). The constitutive law is

associative with no corners on the yield surface, so that localization does

not occur without a weakening effect. In the situation explored here, such a

weakening effect is supplied by thermalmechanical coupling and the influence

of water on the plastic flow stress of the materials.

Equation (2.32) is therefore coupled intrinsically to the chemical reaction

(Eq. 2.31). For simplicity we neglect any chemical dilation rate (as would

arise from swelling or collapse of the solid framework arising from chemical

processes) and the influence of the chemical reactions on the elastic moduli.
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These effects are considered by Coussy (1995, 2004). However, there is a

coupling between the chemical reaction and the constitutive parameters B,

n and Qcreep in the elasticviscous relations in equation (2.32).

The governing equations are:

Continuity Equation :
∂�

∂t
+∇ ⋅ (�u) = 0 . (2.35)

where u is the local material velocity vector.The continuity equation incor-

porates time as a derivative and so is coupled to the energy equation (2.30).

The momentum equation describes equilibrium of forces:

Momentum Equation : ∇ ⋅ �ij + f = 0 (2.36)

where ∇ ⋅ �ij is the divergence of the Cauchy stress tensor and f is the body

force.In addition, in order to solve coupled deformation-chemical problems,

we need the energy equation (2.30) which we will modify below to suit the

problem under consideration. Numerical simulations are needed to follow the

evolution of stress, strain and energy with time, and this is the topic of the

remainder of this paper.

2.3.1 Diffusion length scales and localization phenom-

ena

In the following we only consider two of the diffusion mechanisms involved in

geological processes. These are the diffusion of temperature and the diffusion

of water related defects. Both diffusion processes can result in self-localizing

feed-back processes. We call the feed-back process caused by the propa-

gation of a thermal wave, shear heating feed-back and that resulting from

the propagation phenomenon associated with diffusion of water, an exam-

ple of feed-back caused by chemical processes, or chemical feed-back. Both

feed-back processes operate simultaneously. However, it is convenient to cou-

ple the two processes sequentially because of their vastly different time and

length scales.
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The length scale l associated with a particular process is defined by a process

time, t:

ltℎermal, cℎemical ≈ 2
√
�tℎermal, cℎemical t , (2.37)

where the superscripts (tℎermal) and (cℎemical) refer to the diffusion process

with the diffusivity �. The process time for a geological process may be

taken equivalent to a recurrence interval for a large earthquake (say 1000

years) which leads to a length scale for the localization process of hundreds

of meters for a diffusivity of �tℎermal = 10−6m2s−1. At the same time a chem-

ical feed-back process with a diffusivity of say �cℎemical = 10−18m2s−1 has a

typical sub-millimeter length scale (in the following we will replace �cℎemical

with D to represent chemical diffusivity). This separation of scales, as well

as providing a guide for the dominant scale of the localization phenomenon,

also provides an opportunity to simplify the numerical treatment.

If chemical and thermal processes can be sequentially coupled, one could

argue that for modeling the plate tectonic scale with a discretization of hun-

dreds of meters, the relevant thermo-chemical localization phenomena need

not be calculated explicitly, but may be incorporated into a homogenized

effective rheology (e.g. power law creep). This is in fact the current practice

in geodynamics, where for plate tectonic scales only the thermal diffusion

process is considered and chemical changes are neglected unless the chemical

reaction results in a significant change in density. On the other hand, if we

are interested in the grain size scale, localization is likely to be primarily con-

trolled by the propagation of a chemical species, together with shear heating;

thermal diffusion processes are less important. Modeling of such phenomena

is much more difficult, because not only must two diffusion processes be in-

cluded, but the problem of chemical mass transfer and its dependence on

stress and temperature is also added. We emphasize at this stage that the

calculations presented below are only a first step towards joining thermo-

dynamical modeling with thermo-chemistry. The calculations are therefore

formulated in a generic sense only, highlighting the principal potential modes

of localization.
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2.3.2 Simple diffusion model of water

To the best of our knowledge a full numerical thermodynamic treatment of

coupled chemical-deformation feedback does not exist (Levitas et al., 1998,

Rambert et al., 2007). Consequently, numerical codes capable of handling

this problem have not yet been benchmarked. The purpose of this contribu-

tion therefore is to present the importance of chemical feedback for deforma-

tion by exploiting a fully benchmarked solver for the equivalent problem of

thermal feedback (Regenauer-Lieb and Yuen, 2004). We use the ”coupled-

temperature displacement” analysis of the finite element code ABAQUS

6.7 Standard (ABAQUS/Standard, 2000) and formulate the problem such

that this analysis applies to the chemical problem. The finite element code

ABAQUS does contain a more appropriate solver for mass-diffusion, how-

ever, at the time of writing our benchmarking of this particular solver has

not been finished and the validity of the simplified staggered chemical and

temperature solution technique has not been tested. We therefore rewrite the

equations by exploiting the symmetry of chemical and temperature diffusion

and, following Ziegler (1983a), rewrite the theory of thermodynamics into

the simpler theory of thermomechanics (thermodynamics without tempera-

ture change). We begin with a couple of simplifying assumptions:

Our first assumption is that quartz only exhibits a slow diffusion process for

water related defects and we assume that the diffusion of water is given by

(Cordier et al., 1988):

D = 10−12e
−95000

RT m2s−1 . (2.38)

This implies extremely low diffusivities for the relatively low temperature

conditions encountered in metamorphic breakdown reactions. Fast diffusion

of hydrogen in quartz has also been shown in diffusion experiments and in

observations on fluid inclusion growth (Elphick and Graham, 1988;Mavro-

genes and Bodnar, 1994), but the diffusivity has never been quantified. We

also neglect grain boundary diffusion.

As indicated in figure (2.1) we are particularly interested in the conditions

for muscovite breakdown expressed by reaction (Eq. 2.31) where we assume
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conditions of p = 200 MPa and T = 884 K corresponding to sillimanite

formation in reaction (Eq. 2.31).

Under these conditions equation (2.38) implies that water diffuses only 0.5mm

within a characteristic time scale of 1000 years. Within this time scale chem-

ical diffusion processes thus have the potential to weaken individual grains

but there is no physics embedded in the process of diffusion alone that can

affect larger scales. One would expect that any larger scale process will be

controlled by the sites of the muscovite breakdown where water is released

rather than the diffusion process itself. We have carried out calculations for

the example discussed in figure (2.1) where we assume that the system is

at criticality for muscovite breakdown at p = 200 MPa and T = 884 K.

We assume that muscovite breakdown will occur instantaneously for sites of

mechanical dissipation given a critical threshold strain necessary to activate

the reaction (Levitas et al., 1998). The constitutive relation for this equilib-

rium condition is expressed by classical thermodynamics whereby the stress

strain relation is described by the elastic term in equation (2.32) which is

tied to the chemical affinity through relationships such as those expressed

in equations (2.6) to (2.8). We use equilibrium thermodynamics below the

threshold strain in the elastic regime and non-equilibrium thermodynamics

above the threshold strain. We take the Helmholtz free energy as defined by

equation (2.1).

For the non-equilibrium evolution we need to describe the conjugate quan-

tities as implied by equations (2.14) to (2.17). We spell out this step explic-

itly. From equation (2.26),

Ψ̇ = U̇ − Ṫ S − T Ṡ . (2.39)

The largest model we consider in this paper is initially 70 mm wide. This

means that with a thermal diffusivity of 10−6m2s−1, any heat produced by

deformation, diffusion or chemically induced dissipation diffuses out of the

model in approximately 5000 s. This timescale is short compared to time

scales of 1010s or 1011s and so we consider that the deformation is isothermal.
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Figure 2.1: The Model: A feldspathic layer, containing some quartz and
muscovite, embedded in quartzite is shortened at a constant velocity of 1.5×
10−12ms−1 (equivalent to a strain rate of ≈ 2 × 10−12s−1) parallel to the
initial orientation of the layer. Grains of muscovite that react with the quartz
to produce K-feldspar, aluminium-silicate and water, are scattered through
the whole model. The water diffuses through the rock mass resulting in
hydrolytic weakening of both quartz and feldspar.
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We also suppose that the surrounding rock does not heat up appreciably so

that the entire system remains isothermal. We also neglect the latent heat

of any chemical reactions as expressed by equation (2.16). This means that

in the energy equation (2.30), Ṫ = 0, ∇T = 0 and Φtℎermal = 0. Thus, the

energy equation during the chemical reaction reduces to:

Ψ̇ = U̇ − T Ṡ = U̇ − Φcℎemical . (2.40)

Hence the evolution of the non-equilibrium system is entirely controlled by

the dissipation potential. Since the exact kinetics of the breakdown reac-

tion are unknown we assume the reaction to be instantaneous relative to

the slow time scale of mechanical deformation which in turn is controlled by

the mechanical viscosity of the medium. We also do not consider additional

feed-back variables such as the volume changes associated with, or the heat

released by, muscovite breakdown; both of these processes will enhance the

reaction rate. For the conditions discussed above, the key driving force is

the local dissipation rate and the negative feed-back is the chemical diffusion

coupling given by equation (2.42) below.

We propose that a negligible part of the deformation induced dissipation re-

sults in dissipative volume change and most (arising from shear deformation)

is used together with the mechanical-chemical dissipation, �Kṁk , to drive

the diffusive flux. The total mechanical work rate of the applied external

work, U̇ , is the sum of the stored and dissipated energies. The stored part of

this work results in elastic strain that is described by the first term on the

right hand side of equation (2.32). The dissipative work associated with the

strain defined in the second term on the right hand side of equation (2.32)

is now more precisely separated into chemical (e.g. diffusion, reaction) and

mechanical (e.g. dislocation climb, glide) processes. Note, that we will use

later on an equation (2.46) that lumps these processes together. Thus, we

have:

Φ = ��ij �̇
viscous
ij +X�ij �̇

diffusive
ij (2.41)

Φdiffusive = X�ij �̇
diffusive
ij = �Kṁk + JK ⋅ grad �K . (2.42)
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For the separation, we introduce a new pre-factor, X, that accounts for

that part of the mechanical work that is dissipated through chemical strains,

where X = 1 − �. The dissipation function Φ therefore also describes the

chemistry evolution.

Note that this thermal-mechanical formulation also supplies closure with

respect to concepts in classical continuum mechanics. It is for instance pos-

sible to show that the Legendre transform of the dissipation potential is the

yield function (Collins and Hilder, 2002) and since we consider only shear

deformation we obtain a yield function based on J2 (Eq. 2.34) and an as-

sociated flow rule. Mechanical hardening or softening of a material during

deformation can be expressed in two ways (Prager, 1949; Ziegler, 1959): (i)

an expansion or contraction of the yield surface, known as isotropic hard-

ening and (ii) a translation of the yield surface in stress space, known as

kinematic hardening. The vector in stress space that expresses this trans-

lation is known as the back stress. Puzrin and Houlsby (2001) show that

non-mechanical isotropic hardening results from a dependence of the yield

functions or dissipation functions on one or more of the state variables other

than the stress whereas kinematic hardening results from a dependence of

the back stresses on such state variables.

If processes such as chemical reactions occur at the same time as other de-

formation processes and contribute to strain then one way of considering the

coupled problem is to represent both the deformation and the chemical reac-

tions as different yield (or dissipation) surfaces and the coupled deforming-

reacting system is then represented in stress space as a set of nested yield

surfaces that change size and translate together according to the rules set

out by Puzrin and Houlsby (2001). If we represent the chemical reaction

as a von Mises yield surface (the chemical yield surface) then the radius of

the yield surface is the affinity of the chemical reaction. The back stress is

(� −A) where � and A are the stress and affinity vectors in stress space.

In this paper, we follow this formalism and consider that the chemical yield

surface is reached when the mechanical dissipation is large enough to be equal

to the chemical dissipation as indicated in equation (2.40). This means that
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mechanical dissipation drives the chemical reaction. Chemical hardening or

softening then depends both on the value of (� − A) and of A. Once the

chemical reaction has occurred the mechanical dissipation is available to drive

diffusion away from the reaction site as indicated in equation (2.42).

Compared to equation (2.30) we have decoupled the thermal and chemical

diffusion equations and assumed that the thermal diffusion process is consid-

erably faster than the chemical one, that is thermal diffusion operates on a

different length/time scale and there is no feed-back between the scales. We

have also assumed that the coarse length scale process loses heat such that

the net temperature change in the large-scale system is zero. We have also

replaced the mechanical conversion efficiency (�, the TaylorQuinney coeffi-

cient) by a thermo-chemical conversion efficiency X which we will assume to

be unity, i.e. we ignore the heat of the chemical reaction and assume that all

of the mechanical dissipation at the grain scale is taken up in creating a new

phase or in driving diffusion. Our simplification allows an immediate analogy

from the results on shear heating feed-back in mechanical systems to deform-

ing chemical systems; the former is intrinsically simpler and is much better

understood (Regenauer-Lieb and Yuen, 2004). In order to set the scene we

first give a brief review of the chemical and thermal diffusion analogy.

2.3.3 Fick’s law analogues

In proposing Fick’s law for chemical diffusion Fick was inspired by Fourier

and Ohm and the analogy between diffusion and conduction of heat or elec-

tricity. Fick quoted in Brown (1918): ”It was quite natural to suppose that

this law for diffusion of a salt in its solvent must be identical with that ac-

cording to which the diffusion of heat in a conducting body takes place; upon

this law Fourier founded his celebrated theory of heat, and it is the same that

Ohm applied... to the conduction of electricity... according to this law, the

transfer of salt and water occurring in a unit of time between two elements

of space filled with two different solutions of the same salt, must be, ceteris

partibus, directly proportional to the difference of concentrations, and in-

versely proportional to the distance of the elements from one another”.
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Since then a number of textbooks have adopted this didactic approach to

introduce two analogies between heat and mass transfer and additionally

between heat and momentum transfer at the same time (see for example, In-

cropera and De Witt, 1996), addressing almost simultaneously the concepts

of fluid-dynamic, thermal and mass boundary layers and thus encapsulating

one of the simplest and most successful ideas ever proposed in thermal-fluid-

solid-dynamics (Ambrosini et al., 2006). Note, however that the analogy be-

tween momentum and heat or mass transfer does not apply in two- or three-

dimensional form because stress (momentum transfer) is a tensor quantity

and chemical and temperature diffusion are vectors. Because of their simple

vector form Fick’s original analogy between chemical diffusion and heat flow

is particularly meaningful since it permits the solution to the equations for

heat conduction to be adapted to problems of diffusion in solids or fluids.

We present the solution to unsteady diffusion problems in chemistry in full

analogy to those derived in continuum mechanics. We therefore explore a

simple Fickian water diffusion process

J = −D∇C , (2.43)

where J is the diffusion flux either in mol m−2s−1 or kg m−2s−1 and C is

the concentration of the diffusing species in mol m−3 or kg m−3 depending

upon whether a mass based or molar based formulation is taken. The two

approaches can be made formally equivalent (Ambrosini et al., 2006).

2.3.4 Deformation of a layer

We explore the introduction of water diffusion in a fully coupled thermal me-

chanical numerical experiment involving shortening deformation of an initial

model sketched in figure (2.1) where muscovite breakdown releases water and

the water diffuses according to equation (2.44).

Here we assume the classical Arrhenius relation for the reaction rate and use

equations (2.3) and (2.16) to write

X�′ij �̇
cℎemical
ij = Φcℎemical = A�̇ = ��̇2e(

Q
RT ) = �−1A2e(−

Q
RT ) . (2.44)
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In other words, we assume that the rate of deformational work that is not

converted into heat controls the chemical reaction rate. That is, there are

no other effects controlling changes in the kinetics of the reaction other than

the heat arising from the dissipative mechanical processes. Additionally, for

the most elementary analysis we assume that all of the deformational work

is absorbed by the chemical reaction (X = 1).

The reaction product, water, is assumed to have an important effect on rheol-

ogy. In the literature, empirical power law formulations have been proposed

for the ’hydrolytic’ weakening effect in quartz. These consider for example a

pre-exponential term A0, and a term that contains the water fugacity fH2O

as well as an exponential term (Hirth et al., 2001).

�̇dissipativeij = A0 f
m
H2O

J
(n−1)/2
2 �′ij e

(
−Qℎydrolytic

RT

)
. (2.45)

Such rheological weakening laws although postulated on a theoretical basis

(Kroger, 1974; Ord and Hobbs, 1986) are far from established or well defined

on an experimental basis. For instance, it is still not established whether

dry quartz or feldspar undergo a gradual weakening as water related de-

fects are progressively added or whether there is a step change in strength

once a critical concentration of water related defects is attained. We use

a somewhat simpler formulation: the weakening effect resulting from water

release includes a thermally activated process linking the chemistry and rhe-

ology as expressed by equation (2.46) below. According to the mass diffusion

expressed by equation (2.38), we also consider the propagation of a water dif-

fusion front accompanying the reaction.

We obtain for the simple isothermal mass-diffusion problem a set of cou-

pled deformation-reaction-diffusion equations that are strictly paralleled in

the coupled deformation-shear heating-thermal diffusion problem. The water

production rate in the mass-diffusion problem takes the place of the shear

heating term in the thermal problem. The weakening of the rheology due

to the diffusion and incorporation of water is equivalent to the weakening of

the rheology due to the diffusion of temperature. For the uncoupled Fickian
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mass-diffusion problem the differences lie only in the values of the activa-

tion energies and the diffusivities. The chemical diffusivities are significantly

smaller than the thermal diffusivities. Therefore, the now well established lo-

calization phenomena (Gruntfest, 1963; Ogawa, 1987; Hobbs and Ord, 1988;

Regenauer-Lieb and Yuen, 2003, 2004; Kaus and Podladchikov, 2006; Braeck

and Podladchikov, 2007) that are observed in dealing with the thermal shear

heating problem are repeated at much smaller scales in the chemical dif-

fusion problem as indicated by equation (2.37). The coupled set of equa-

tions (2.30), (2.32), (2.35), (2.36) and (2.38) has been implemented within a

finite element thermo-mechanical code (ABAQUS/Standard, 2000). Details

of the numerical problems and approach used are given in Regenauer-Lieb

and Yuen (2004).

The following calculations illustrate the analogy where calculations for tem-

perature diffusion are replaced by mass-diffusion without solving the tem-

perature equation. This isothermal calculation is an extreme end member

where all of the deformation energy is assumed to be absorbed by the chemi-

cal reaction. The diffusivity is taken from equation (2.38) and the weakening

effect is parameterized by assuming

�̇dissipativeij = CrefJ
(n−1)/2
2 �′ij e

−Q∗
. (2.46)

The constant Cref is calculated for a reference value of the fugacity of water,

fH2O = 35 MPa using quartz flow law parameters given in Hirth et al. (2001)

and the non-dimensional activation energy, Q∗, is controlled by the local time

integral of the reaction product (here water) minus the diffusive component.

Q∗ =
Qℎydrolytic

R�m
�cp . (2.47)

where we see that the quantity �m/�cp has the dimensions of temperature.

For ease of comparison all chemical changes are reported in terms of an

equivalent temperature change required to give the same effect on rheology.

That is, the model maintains the initial temperature throughout but the
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(a)

(b)

(c)

Figure 2.2: Initial growth of the model. (a) A random set of muscovite
breakdown sites is assumed as the starting condition. Contours show the
concentration of water (which has an equivalent effect on rheology as a tem-
perature perturbation of 1 K) after 1% shortening. In keeping with the
thermo-chemical analogy, chemical changes are reported in terms of the ef-
fect of an equivalent temperature change on rheology. (b) The water concen-
tration after 5.8 × 107s shortening. The maximum hydrolytic weakening is
equivalent to 6 K heating. (c) Strain rate at the same time step as (b). The
interface between the stronger and the weaker material is clearly visible and
decorated periodically by alternating regions of high and low strain rates.
The central strong layer buckles through weakening in the hinges defined
by the maximum strain-rate/dissipation sites on the interface. This result
is equivalent to the thermal-mechanical fold instabilities reported in Hobbs
et al. (2007, 2008), however, localization and buckling occurs here at the
centimeter scale rather than the kilometer scale.
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release of water has the same effect as an ”effective temperature rise”. The

effective temperature is given by

Teffective =
�m

�cp
. (2.48)

Figure 2.2(a) shows the initial random distribution of muscovite breakdown

sites.

The purpose of this calculation is to show that the shortening process can

produce localization instabilities at the centimeter scale as will be discussed

later. Before proceeding however we discuss the effect of water release versus

diffusion. Figure 2.2(b) shows that the initial random perturbations shown

in figure 2.2(a) are completely overtaken by the global water release caused

by the mechanical dissipation as expressed in equations (2.40) and (2.42)

which indicate that the stronger middle layer releases more water because it

dissipates more mechanical work.

The local resolution of this model is 70 �m and short time scale chemical

diffusion processes are not resolved. Because of the low diffusivity of water

at 884 K the response of our 700 mm scale numerical sample is governed by

the water release term. In the thermal analogy this would be equivalent to

near adiabatic and isothermal deformation.

We have also investigated whether feed-back processes arising from chemical

diffusion below the grain scale may have an effect at coarser scales, through

an examination of micron local resolution models. In those simulations, the

water initially diffuses without clear patterning away from the initial random

inclusion sites. With the diffusion law in equation (2.38) the water diffuses

away from the muscovite inclusion by 33 �m after 1.25× 108s have elapsed

and 48 �m after 1.25×109s. At both stages there is a weak self-organization

of the water concentration into the maximum shear strain trajectories which

results in a weak sub-grain size water enrichment network. This arises be-

cause at this fine scale, the water is advected within the shear bands faster

than it diffuses through the system. We call this ”kinematic trapping” and

an example is shown in figure 2.3.

We now discuss the potential for localization at the coarser centimeter scale.
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Figure 2.3: Distribution of pressure (reflecting the distribution of water)
in a fine scale specimen with micron resolution. The localized bands of
shear mechanically advect the water faster than it can diffuse through the
system.Width of the specimen is 1 mm.

In analogy to shear heating instabilities (Hobbs et al., 2008) we find three

distinctly different regimes of feed-back: one, at relatively low temperatures,

where there is no localization; a second, at relatively high temperatures where

there is localization and a third regime, within a narrow range of intermediate

temperatures where there are runaway instabilities. Figure 2.2(c) shows the

strain rate for both the localizing (corresponding to the feldspathic layer)

and non-localizing (corresponding to the quartz rich layer) regimes at the

same time step as figure 2.2(b).

In analogy to the shear-heating feed-back at the kilometer scale the localiza-

tion feed-back is entirely controlled by the mechanical dissipation rate. There

is a critical dissipation rate for the onset of localization as is clearly visi-

ble from the different behavior of the weak (quartz rich) versus the stronger

(feldspathic) material. The strongest weakening is encountered in the strongest

material since this material has the highest dissipation rate. Figure 2.4 shows

the equivalent weakening of the central strong layer for progressive shorten-

ing of up to 54%. The chemical weakening is equivalent to more than four
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hundred degrees local temperature rise.

2.4 Discussion and conclusion

We have shown an example of two competing localization mechanisms that

derive from the effect of chemical and shear heating feed-back on deforma-

tion. This illustrates the influence of mechanical dissipation linked to chem-

ical diffusion on the development of folding instabilities. Given the consti-

tutive parameters in table (2.1), the contrast in effective viscosity between

the feldspathic layer and the quartz rich layer at the temperature and strain

rate conditions of the model, is in the range 2− 5. As discussed in Hobbs et

al. (2008) this contrast is not large enough to initiate the buckling process

proposed by Biot (1965). The wavelength selection process that is an integral

part of the Biot process does not develop for small viscosity contrasts between

the layer and the embedding medium. Folds do not form in layered materials

with such low, but realistic, effective viscosity contrasts unless there is some

softening mechanism to nucleate localized regions of low viscosity along the

layer. If shear heating feed-back is the dominant weakening mechanism then

folds form at the 100− 1000 m scales as discussed above. We show here that

if chemical feed-back is the dominant weakening process then the same kinds

of processes as nucleate folds with shear heating feed-back operate but the

length scales are now much smaller, on the centimeter to millimeter scales.

The folds that develop tend to be different in style to those that develop due

to shear heating feed-back, and tend to be similar folds rather than the Type

1A or Type 3 folds (Ramsay, 1967) that form with shear heating feed-back.

This suggests that with chemical feedback the deformation is much more

homogeneous after the folds nucleate than in folds formed by shear heating

feed-back. At a finer scale still, the mechanism illustrated in figure 2.3 shows

localization along the maximum shear stress trajectories similar to the re-

sults of shear heating feed-back.

We emphasize that for the PT conditions considered, we are very close to the

alpha-beta transition conditions for the mineral quartz. All thermodynamic-

mechanical properties change drastically at this transition. We are currently
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(a)

(b) (c)

Figure 2.4: Progressive deformation of a single layer model showing the dis-
tribution of H2O and equivalent weakening of the central layer expressed
as the equivalent increase in temperature (a) 8.8% shortening, 5.24× 1010s;
(b) 53.7% shortening, 2.49× 1011s; (c) 54.3% shortening, 2.52× 1011s. The
maximum weakening is equivalent to a temperature rise from 884 K to (a)
891 K; (b) 1060 K; (c) 1307 K. Note that the fold growth between (b)
and (c) is exponential. The equivalent temperature in K is shown in the
legend labeled NT11 and is derived from equation (2.48). In (a) and (b) the
complete specimen is shown. In (b) and (c) only the feldspathic layer has
folded lines marked. The deformation in the quartz rich layers is close to
homogeneous.
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investigating a self consistent data set that allows incorporation of these

changes using the method of Gibbs free energy minimization.
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Chapter 3

Elastic Anisotropy

The contents of this chapter were published as a paper to the International

Journal of Rock Mechanics and Mining Sciences in 2012 under the title

Comparison between analytical and 3D finite element solutions for borehole

stresses in anisotropic elastic rock.. The authors are Oliver Gaede, Florian

Karpfinger, Romain Prioul and Jeroen Jocker.

3.1 Abstract

We present a rigorous validation of the analytical Amadei solution for the

stress concentration around an arbitrarily orientated borehole in general

anisotropic elastic media. First, we revisit the theoretical framework of the

Amadei solution and present analytical insights that show that the solution

does indeed contain all special cases of symmetry, contrary to previous un-

derstanding, provided that the reduced strain coefficients �11 and �55 are

not equal. It is shown from theoretical considerations and published exper-

imental data that the �11 and �55 are not equal for realistic rocks. Second,

we develop a 3D finite element elastic model within a hybrid analytical-

numerical workflow that circumvents the need to rebuild and remesh the

model for every borehole and material orientation. Third, we show that

the borehole stresses computed from the numerical model and the analytical

solution match almost perfectly for different borehole orientations (vertical,

47
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deviated and horizontal) and for several cases involving isotropic, transverse

isotropic and orthorhombic symmetries. It is concluded that the analytical

Amadei solution is valid with no restrictions on the borehole orientation or

elastic anisotropy symmetry.

3.2 Introduction

The calculation of stresses and displacements around cavities is required in

some of the most important subsurface geotechnical engineering problems

such as for boreholes, tunnels and mine excavations. For example, the pres-

ence of a borehole in a stressed subsurface rock formation alters the local

principal stress directions and magnitudes around the borehole and away

from it over a distance of several borehole diameters. For isotropic elastic

homogeneous rocks, borehole stresses are given by the classical elastic solu-

tion by Kirsch (1898) or its generalized version for nonaligned borehole and

stress directions by Hiramatsu and Oka (1962, 1968) and Fairhurst (1968).

Borehole stresses depend on the far-field stress, the orientation of the bore-

hole with respect to the stress field directions, the wellbore pressure and the

material Poisson’s ratio. These solutions are very convenient for practical

purposes as all the borehole stress components but the axial component are

independent of the material elastic properties, and the axial component is

only dependent on the Poisson’s ratio by the virtue of the plane strain as-

sumption. Consequently, these classical elastic solutions are widely used for

engineering and research applications.

Most wells drilled for the purpose of natural oil and gas extraction en-

counter anisotropic shale formations during the drilling process either in the

overburden for conventional reservoirs or in the reservoir itself for unconven-

tional shale reservoirs. For conventional clastic reservoirs, it has been re-

ported that shales constitute about 75% of the clastic fill sedimentary basins

(Jones and Wang, 1981) and for unconventional reservoirs, the recent explo-

ration and production of US gas shale reservoirs has put a renewed focus

on drilling and hydraulic fracturing in shale formations (Boyer et al., 2006).

Shales are known to exhibit anisotropic properties not only for their elastic
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behavior (Sayers, 1994, 2005; Hornby, 1995, 1998; Wang, 2002) but also for

their strength due to their laminated structure (Chenevert, 1964; Oakland

and Cook, 1998). Pei (2008) gives a thorough review of existing experimen-

tal data in shales. Today, most wells drilled in highly deviated or horizontal

directions are penetrating strongly transverse isotropic formations or lower

symmetries such as orthorhombic or monoclinic if fractures are present. Con-

sequently, in principle, most rock mechanics analysis in such anisotropic envi-

ronments, for example for wellbore stability and hydraulic fracturing design,

should involve two key steps, first, the calculation of borehole stresses for

anisotropic rocks, and second, a stress-related failure criteria for anisotropic

rocks.

The fundamentals for the stress analysis in anisotropic media were estab-

lished by Lekhnitskii (1963). Amadei (1983) used this approach based on gen-

eralized plane strain assumption to calculate the stress concentration around

arbitrarily oriented boreholes in arbitrary anisotropic rock formations. Al-

though well established from a theoretical point of view for more than two

decades, this fundamental analytical solution is rarely used for practical ap-

plications in anisotropic media except by a few authors (Aadnoy, 1988; Ong,

1994; Ong and Roegiers, 1995; Pei, 2008) or is replaced by numerical compu-

tation (Cui et al., 1996). An alternative theoretical derivation has also been

obtained (Atkinson and Bradford, 2002). We speculate that there are several

reasons for the unfortunate low use or acceptance of the Amadei solution:

(1) the solution involves three coordinate systems (stress field, borehole and

material orientations) and is more complicated in form than the isotropic so-

lution, (2) it has been attributed some ”unjustified” severe shortcoming, (3)

no numerical verification of the solution has been presented in the literature

and (4) in practice, the elastic and strength anisotropic material properties

may be difficult to obtain in-situ. From a measurement point of view, modern

sonic logging tools (Pistre et al., 2005) can measure three or four out of five

elastic constants of transversely isotropic media (Sinha et al., 2006; Walsh

et al., 2007) and can potentially be used for borehole stress computations in

such media. From a theoretical point of view, despite a very thorough and

comprehensive analysis of the Amadei solution, Ong (1994) and Ong and
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Roegiers (1995) have stated that the Amadei solution does not reduce to

the Kirsch solution for isotropic media or for transverse isotropic (hereafter

called TI) media when the borehole axis coincide with the TI symmetry axis.

This apparent shortcoming is severe but unjustified as shown in this paper.

The purpose of our paper is to present a rigorous validation of the Amadei

solution using a numerical finite element analysis for several cases involving

different anisotropic symmetries and well orientations. First, we revisit the

theory of borehole stresses in anisotropic elastic media and present analytical

insights that show that the Amadei solution does indeed contain all special

cases of symmetry, contrary to previous understanding, provided that the

reduced strain coefficients �11 and �55 are not equal. Second, we develop a

3D finite element elastic model within a hybrid analytical-numerical workflow

that circumvents the need to rebuild and remesh the model for every borehole

and material orientation. Third, we show that the borehole stresses computed

from the numerical model and the analytical solution match almost perfectly

for different borehole orientations (vertical, deviated and horizontal) and

for several cases involving isotropic, transverse isotropic and orthorhombic

symmetries.

3.3 Borehole stresses and elastic anisotropy

Here, we give a brief conceptual overview on how the equations for stresses

around a fluid-filled borehole in an anisotropic homogeneous elastic media

are derived. It is our objective to give the essential theoretical insights that

show that the Amadei solution does contain all special cases of symmetry.

This work was pioneered by Lekhnitskii (1963) and Amadei (1983) whose

work we recommend for a more detailed understanding of the problem.

3.3.1 General assumptions

We consider an infinite formation of arbitrary anisotropy which is homoge-

neous and continuous in all directions. Internally this body is bounded by a

cylindrical borehole of radius a.
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Geometry and coordinate systems

In the far-field an in-situ stress field is applied where the principal stress

tensor takes the form

� =

⎛⎜⎝ �H 0 0

0 �ℎ 0

0 0 �v

⎞⎟⎠ , (3.1)

where �H and �ℎ are the maximum and minimum horizontal stresses respec-

tively and �v is the vertical stress (see Figure 3.1). For the sake of simplicity,

but without loss of generality, we assume that the vertical stress �v is always

aligned with the vertical component (V) of the NEV (North-East-Vertical)

coordinates system. The horizontal stress field can be rotated by an angle 

measured between N (north) and �H towards E (east). In order to rotate the

regional stress field into the NEV frame the following coordinate transform

is used

�NEV = Rz()�Rz()′ (3.2)

where Rz() is a rotation matrix defined in the appendix (A.1).

For the computation of the borehole stress concentration it is convenient

to rotate the stress field into the top-of-hole borehole coordinate system,

hereafter called TOH (see Figure 3.1 for definition). Here and in the rest of

the paper we assume, for convenience, that the in-situ stress field is aligned

with the NEV frame (i.e.  = 0). The coordinate transform of the NEV

stress tensor �NEV to the stress tensor in the borehole frame �TOH is

�TOH = T t(�D, �A)�NEV T t(�D, �A)′. (3.3)

Here �D and �A are the borehole deviation and azimuth respectively. The

rotation matrix T t(�D, �A) is defined in the appendix (A.1). The solution

of the stress concentration is obtained in the TOH frame in cartesian coor-

dinates (Amadei, 1983). Due to geometry the borehole problem it is natural

to transform the borehole stress components into cylindrical coordinates (see

Ong, 1994, eq. A.15).
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Figure 3.1: Schematic of the geographic and borehole reference frames and
the principal stress directions. The geographic reference frame is the north-
east-vertical (NEV) frame whose x-axis points to the north, y-axis points
to the east, and z-axis points downward in vertical direction. The borehole
frame is the top-of-hole (TOH) frame whose z-axis points along the borehole
in the direction of increasing depth. The x-axis is in the cross-sectional plane
and points to the most upward direction, and the y-axis is found by rotating
the x-axis 90o in the cross-sectional plane in a direction dictated by the right-
hand rule. The principal stress directions are chosen such as one component
is parallel to the vertical NEV axis and the maximum horizontal component
is rotated by the angle  with respect to the north axis. The orientation of
the borehole is defined by the deviation angle �D and the azimuth angle �A.
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Generalized plane strain

For the solution of the stress concentration and displacement problems some

assumptions can be made which simplify the general solution but are still

reasonable approximations. We can assume that the borehole is infinite and

homogeneous in the axial direction; this is referred to as a plane strain formu-

lation which can be applied if solutions are sought far enough from the ends

of the borehole as well as interfaces. For an isotropic medium this formula-

tion requires that the strains "zz = "xz = "yz = 0, from which follows that

the axial displacement is w = 0. For an anisotropic body this assumption is

not valid as the equation of equilibrium and Hooke’s law would not be satis-

fied (Lekhnitskii, 1963). Thus, we have to apply the generalized plane strain

formulation (Amadei, 1983) which requires the displacement components to

be functions of x and y only:

∂u

∂z
=
∂v

∂z
=
∂w

∂z
= 0. (3.4)

From equation (3.4) it follows that the only strain which is zero is "zz. Based

on this assumption, we will introduce the basic equations that are necessary

to determine the borehole stresses induced by a far-field stress field around

a borehole in an arbitrarily anisotropic formation. The displacements of the

borehole wall will then be deduced from the stresses, the strain-displacement

relations, and the constitutive relations.

3.3.2 Governing equations

For all elastostatic problems, the stress, strain, and displacement compo-

nents must satisfy the constitutive relations, the equations of equilibrium,

the equations of compatibility for strains and the strain-displacement rela-

tions, as well as the boundary conditions.

The strain components �ij are related to the stress components �ij via

the constitutive relation:

�ij = Sijkl�kl, (3.5)

where Sijkl is the compliance tensor. Although the theoretical developments
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presented here are valid for arbitrary anisotropy symmetry, for the sake of

clarity, we consider here only the following symmetries for the compliance

tensor: (1) isotropic with two elastic constants (hereafter called ISO), (2)

transverse isotropy with five elastic constants (i.e.TI) and (3) orthorhombic

with nine elastic constants (hereafter called ORT). In addition, depending on

the orientation of the TI symmetry axis, we distinguish two TI symmetries:

TI with a vertical axis of symmetry (hereafter called VTI) and TI with tilted

axis of symmetry (hereafter called TTI).

As all measurements are obtained in the borehole, it is convenient to

rotate the compliance tensor into the TOH frame. This is done by applying

two Bond transformations to the 6 × 6 Voigt notation (for a description of

these abbreviated subscripts see Auld (1973)) of the compliance matrix sij

giving aij as follows

a = T�T
′
�sT�T

′
� , (3.6)

where the definitions of the Bond transformation matrices T� and T� can be

found in the appendix (A.2). The orientation of a TTI material is defined by

the dip angle �D and the azimuth �A (see Figure 3.2). For the orthorhombic,

we will assume that the three planes of symmetries are oriented as such: two

vertical symmetry planes coincide respectively with reference planes (N-V)

and (E-V), and the remaining is consequently horizontal, therefore T� is the

identity matrix.

At any position around the borehole, the strain is now related to the

stress in Cartesian coordinates via the constitutive relation

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�xx

�yy

0

yz

xz

xy

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 a13 a14 a15 a16

a12 a22 a23 a24 a25 a26

a13 a23 a33 a34 a35 a36

a14 a24 a34 a44 a45 a46

a15 a25 a35 a45 a55 a56

a16 a26 a36 a46 a56 a66

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�xx

�yy

�zz

�yz

�xz

�xy

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.7)

where yz = 2�yz etc. The aij are the components of the compliance tensor

a for a general anisotropic medium in the borehole frame. After rotating
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the compliance tensor s into the borehole frame all components of a can be

nonzero. The only assumption made at this point is that �zz = 0.

Figure 3.2: The material coordinate system for transverse isotropic medium
with tilted symmetry axis (called TTI) where �D is the dip of the transverse
isotropy plane and �A is the dip azimuth.

In addition to Hooke’s law, we also require the equations of equilibrium
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which read for the generalized plain strain assumption as (Amadei, 1983):

∂�xx
∂x

+
∂�xy
∂y

= 0,

∂�xy
∂x

+
∂�yy
∂y

= 0, (3.8)

∂�xz
∂x

+
∂�yz
∂y

= 0.

As there are five strain components but only three displacement compo-

nents, we need, in addition, two strain compatibility equations which are, in

this case:

∂2�xx
∂y2

+
∂2�yy
∂x2

=
∂2xy
∂x∂y

,

∂zx
∂y
− ∂yz

∂x
= 0 . (3.9)

3.3.3 Beltrami-Michell equations

To derive exact expressions for the stress concentration in anisotropic for-

mations we define two stress functions, F (x, y) and G(x, y), which satisfy

the equations of equilibrium (equations 3.8) . They are related to the stress

components, as

�xx =
∂2F

∂y2
; �yy =

∂2F

∂x2
;

�xy = − ∂2F

∂x∂y
; �xz =

∂G

∂y
; �yz = −∂G

∂x
. (3.10)

Substituting equations (3.10) into the constitutive relations (equations 3.7),

we get expressions for the strains in terms of the stress functions F and

G. By introducing these expressions into the strain compatibility equations

(equations 3.9), we get a set of two coupled differential equations, called

the Beltrami-Michell (Charlez, 1991) equations for a generalized plain strain



3.3. BOREHOLE STRESSES AND ELASTIC ANISOTROPY 57

problem:

(
L4L2 − L2

3

)
F = 0, (3.11)(

L2
3 − L4L2

)
G = 0. (3.12)

The differential operators L2, L3 and L4 are defined as

L2 = �44
∂2

∂x2
− 2�45

∂2

∂x∂y
+ �55

∂2

∂y2
,

L3 = −�24
∂3

∂x3
+ (�25 + �46)

∂3

∂x2∂y
− (�14 + �56)

∂3

∂x∂y2

+ �15
∂3

∂y3
, (3.13)

L4 = �22
∂4

∂x4
− 2�26

∂4

∂x3∂y
+ (2�12 + �66)

∂4

∂x2∂y2

− 2�16
∂4

∂x∂y3
+ �11

∂4

∂y4
,

where �ij is the reduced strain coefficient

�ij = aij −
ai3aj3
a33

i, j = 1...6. (3.14)

Equations (3.11) and (3.12) are two coupled differential equations of sixth

order which can be solved using the method of characteristics. The strategy

to solve this problem is described extensively by Amadei (1983) and Ong

(1994). Here, we only outline how the general solutions are obtained.

The first step to solve these equations is to find the characteristic algebraic

equation by substituting ex+�y for the stress function F into equation (3.11).

The resulting algebraic equation after differentiation is

l4(�)l2(�)− l3(�)2 = 0. (3.15)



58 CHAPTER 3. ELASTIC ANISOTROPY

with

l2(�) = �44 − 2�45�+ �55�
2

l3(�) = −�24 + (�25 + �46)�− (�14 + �56)�2 + �15�
3 (3.16)

l4(�) = �22 − 2�26�+ (2�12 + �66)�2 − 2�16�
3 + �11�

4 (3.17)

Equation (3.15) always has six complex or purely imaginary roots �i (i =

1, ..., 6), where three roots are always conjugate to the others. Lekhnitskii

(1963) has shown that general expressions for the stress functions F and G

can be found as

F = 2Re (F1(z1) + F2(z2) + F3(z3)) ,

G = 2Re

(
�1F

′
1(z1) + �2F

′
2(z2) +

1

�3

F ′3(z3)

)
, (3.18)

where Fi(zi) is an analytic function of the complex coordinates zi = xi+�iyi.

x and y describe the coordinates within the body where the stress will be

determined. F ′i (zi) is the spatial derivative of Fi(zi) with respect to zi. The

coefficients �i are obtained from the algebraic equation as

�1 = − l3(�1)

l2(�1)
; �2 = − l3(�2)

l2(�2)
; �3 = − l3(�3)

l4(�3)
. (3.19)

Detailed derivation is found in chapter 3.3 and appendix C of Ong (1994).

The substitution of the spatial derivatives of the general stress function ex-

pressions (equations 3.18) into the definition of the stress functions (equa-

tions 3.10) yields general expressions for the borehole-induced stresses �bi

which can be superimposed onto the corresponding components of the far-

field in-situ stress tensor in the TOH frame �TOH to get the borehole stress
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tensor �BH

�xx,BH = �xx,TOH + �xx,bi

= �xx,TOH + 2Re[�2
1�
′
1(z1) + �2

2�
′
2(z2) + �3�

2
3�
′
3(z3)]

�yy,BH = �yy,TOH + �yy,bi

= �yy,TOH + 2Re[�′1(z1) + �′2(z2) + �3�
′
3(z3)]

�xy,BH = �xy,TOH + �xy,bi

= �xy,TOH − 2Re[�1�
′
1(z1) + �2�

′
2(z2) + �3�3�

′
3(z3)]

�xz,BH = �xz,TOH + �xz,bi

= �xz,TOH + 2Re[�1�1�
′
1(z1) + �2�2�

′
2(z2) + �3�

′
3(z3)]

�yz,BH = �yz,TOH + �yz,bi

= �yz,TOH − 2Re[�1�
′
1(z1) + �2�

′
2(z2) + �′3(z3)], (3.20)

where �′zi (i = 1, 2, 3) are the spatial derivatives of three analytic functions.

We provide the exact expressions for those in in the appendix (A.3). The

problem can now be fully solved by finding solutions to the analytic functions

�′zi by applying the correct boundary conditions in the far-field as well as on

the borehole wall. This is described in detail by Amadei (1983) and Ong

(1994).

From equation (3.7), it is obvious due to the generalized plain strain

assumption that the axial stress �zz,BH can be written as

�zz,BH = �zz,TOH −
1

a33

×

(a31�xx,bi + a32�yy,bi + a34�yz,bi + a35�xz,bi + a36�xy,bi) .(3.21)

�zz,BH can be computed after the other induced stress components are ob-

tained from equation (3.20).

3.3.4 Special cases of anisotropy

There are several cases to consider where a degeneration of the general so-

lution happens (Amadei, 1983): (i) orthorhombic medium with one plane of
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elastic symmetry perpendicular to the hole axis (the two other planes being

parallel to it), (ii) transverse isotropic medium with the plane of isotropy

striking parallel to the hole axis, (iii) transverse isotropic medium with the

plane of isotropy perpendicular to the hole axis and (iv) isotropic medium.

This is the case when the differential operator L3 in equations (3.11) and

(3.12) is zero. From this it follows that there is no more coupling between

the two equations. From equations (3.13) and (3.14) it follows that the fol-

lowing components of the constitutive relations are equal to zero

a4i = a5i = a46 = a56 = 0, (i = 1, 2, 3). (3.22)

Now the problem is decoupled into two problems: a plain strain problem

involving �xx,�yy and �xy and a longitudinal shear problem involving �xz and

�yz.

If the two planes of symmetry of an orthorhombic material which contain

the borehole axis coincide with the x− z and y− z planes (i.e. here the N-V

and E-V planes), the following components of the elastic tensor are identical

to zero:

a6i = a45 = 0, (i = 1, 2, 3). (3.23)

The elastic tensor takes the following form

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 a13 0 0 0

a12 a22 a23 0 0 0

a13 a23 a33 0 0 0

0 0 0 a44 0 0

0 0 0 0 a55 0

0 0 0 0 0 a66

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (3.24)

This is the elastic tensor for an orthorhombic material with nine differ-

ent elastic components (three Young’s moduli, three shear moduli and three

Poisson’s ratios).

After decoupling equations (3.11) and (3.12) it also follows that in the

resulting algebraic equation (3.15), l3(�) = 0. Thus equation (3.19) becomes

�1 = �2 = �3 = 0.
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It has been stated by Ong (1994) and Ong and Roegiers (1995) that a

solution for this problem with �i = 0 can only be found for the above cases

(i) and (ii), and that for cases (iii) and (iv), no solution can be found due

to coincident roots which result in singularities. We would like to show here

that this is not the case and the solution actually works for any symmetry.

Following the derivation by Ong (1994, Chap.3.6) the characteristic equation

for elastic media where there is no azimuthal symmetry ((iii) and (iv)), is

l4 = �11(�4 + 2�2 + 1) = 0 (3.25)

l2 = �55(�2 + 1) = 0. (3.26)

The roots of this characteristic equation are identical to � = ±i only if

�11 = �55 ∕= 0 (Ong, 1994, eq.3.6.4). For that case the solution would

have singularities due to coinciding roots. We investigated this assumption

about the identity of the reduced strain coefficients �11 and �55. The identity

�11 = �55 would imply, for transversely isotropic media the relationships

�2
v = Ev(1/Eℎ − 1/Gv), i.e. Gv ⩾ Eℎ and for isotropic media �2 = 1−E/G,

i.e. G ⩾ E; both inequalities are unlikely for realistic rocks. Furthermore, we

have calculated the reduced strain coefficients from an extensive ultrasonic

velocity and anisotropy data set published by Wang (2002). The data set

includes a wide variety of sedimentary rocks (reservoir rocks and seals) from

oil and gas fields around the world. We have taken the entire data set into

consideration, consisting of 17 brine-saturated shale samples, 1 gas and brine-

saturated coal sample, 8 brine-saturated sands, 12 gas-saturated sands, 32

gas-saturated carbonate samples and 25 brine-saturated carbonate samples.

In Figure (3.3), we have plotted �11 against �55 for the entire data set. The

dashed line represents the assumption that �11 = �55. One can see that �11 is

never equal to �55 and in case of the shales �55 can be up to three times larger

than �11. It is important to note that the numerical instability mentioned

by Ong (1994) only occurs when �11 is exactly equal to �55.

In the following section we show that the Amadei solution is in agreement

with our numerical model for the special cases (iii) and (iv) as the condition

�11 = �55 is never fulfilled for any realistic combination of elastic parameters.
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Figure 3.3: Reduced strain coefficients �11 and �55 for various shales, sand-
stones and carbonates (gas and brine saturated) obtained from experimental
ultrasonic velocities (Wang, 2002)
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A close inspection of the values of the roots of the characteristic equations

for the isotropic cases shows that these roots are very close to the imaginary

number i but always have a small real part and an imaginary part slightly

different from i. We can only speculate that the reason why Ong found

limitations to the Amadei solution is that single precision computation would

yield � = i when double precision computation would give � ∕= i. This small

difference always gives a valid result for all the special cases considered,

provided our computations are done with double precision variables.

3.4 Numerical method

In order to validate the analytical solution described above, we utilized the

commercial finite element solver COMSOL (COMSOL, Inc., 2010). We have

developed a 3D finite element model which computes the stresses around a

deviated borehole in an arbitrarily anisotropic medium. This problem cannot

be modeled as a 2D problem as for 2D the out of plane stress components

would be neglected and the far-field boundary condition acting parallel to

the borehole could not be applied. The model also cannot be reduced to one

quadrant using symmetries in the geometry as is usually done for isotropic

simulations because for an arbitrary anisotropic material the symmetries are

not known a-priori. Thus, in order to compute borehole stresses, we use

a cubical model with an edge length of 5 m. The borehole is placed in

the center of the model with a radius of 0.1 m. The structured mesh is

illustrated in Figure (3.4) and consists of 11400 hexahedral elements with

294840 degrees of freedom. The computational time for such a model is

around three minutes on a workstation with a 3 GHz processor and 32 GB

RAM. The mesh is refined in a cylindrical region around the borehole, which

has a radius of six borehole diameters (0.6 m). In this region the mesh

density is increased linearly. The size of the innermost elements is 5 times

smaller than the size of the outermost elements of the cylindrical region. The

Dirichlet boundary conditions are applied as stresses. As stated before, we

assumed that the coordinate system of our model is aligned with the in-situ

stress � and therefore represents the North-East-Vertical (NEV) frame. This
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Figure 3.4: View of the mesh of the 3D numerical model and a 2D cross
section perpendicular to the borehole axis.

means that for a vertical borehole only normal stress components are applied

to the boundaries of the model. The linear solver MUMPS (Amestoy et al.,

2001) is used.

First, we validated our numerical model against the Kirsch solution (Kirsch,

1898) for a vertical well in an isotropic formation. In Figure (3.5) the bore-

hole stresses, �rr, �zz and ���, from the numerical model medium are plotted

together with the corresponding Kirsch solution radially away from the bore-

hole. It shows a very good agreement between the two models. It also shows

that the chosen geometry and mesh give steady results and that the size of

the model is big enough to avoid that the stress concentration is influenced

by the size of the model.

In order to keep the same geometry and the same mesh for all models of

interest we decided to mimic the borehole deviation by applying appropriate

stress boundary conditions on the surface of the block Figure (3.6(a)) and

(3.6(b)). This can be achieved by computing the components of the rotated

stress tensor using equation (3.3) for a given borehole deviation and azimuth.
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Figure 3.5: Comparison of borehole stresses computed using finite element
and Kirsch solutions for a vertical well in an isotropic medium (� = 0.32),
and a stress field �V = 30 MPa, �H = 20 MPa and �ℎ = 10 MPa. The radial,
tangential and axial stresses are plotted as function of radial position away
from the borehole in the direction of �ℎ (borehole azimuth � = 0). The stress
concentration due to the borehole abates within the densely meshed region
of the numerical model.
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Figure 3.6: Schematic of the stress and elastic tensors transformations re-
quired to set up the boundary conditions of a ”borehole centric” finite el-
ement model mimicking the situation of an arbitrarily oriented borehole in
an arbitrarily oriented anisotropic medium. Subfigure (a) depicts the in-situ
conditions and (b) the ”borehole centric” finite element model with appro-
priate boundary conditions.
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The resulting stress tensor can have up to six different components (three

normal and three shear stresses). These components are applied as stress

boundary conditions on the surface of the block.

As shown in equation (3.6) the components of the elastic tensor are in-

fluenced by the material symmetry and orientation as well as the borehole

orientation. The Bond transformation gives the full elastic tensor for a given

material dip angle and azimuth (for example for a TTI medium) as well as

borehole deviation and azimuth. We use the rotated tensor in the finite el-

ement simulation in order to mimic the material orientation relative to the

borehole (Figures 3.6(a) and 3.6(b)).

3.5 Validation of the Amadei solution

3.5.1 Boundary conditions and material parameters

We validated the Amadei solution for isotropic, VTI, TTI and ORT media

in an normal stress regime (�v = 30 MPa, �H = 20 MPa and �ℎ = 10 MPa)

and a wellbore pressure of Pw = 5 MPa.

For the VTI medium we chose a representative shale (Sample E5) from the

experimental data collection published by Wang (2002). The values for the

five elastic parameters are listed in Table (3.1). The elastic tensor for the

TTI medium is defined by tilting the VTI medium via a bond transformation

(equation 3.6) with a material dip of �D = 30o and a material azimuth of

�A = 30o. We chose the nine elastic parameters for the orthorhombic medium

to be strongly anisotropic (see Table 3.2) in order to show that the Amadei

solution is also valid for strong anisotropy and lower symmetries. The various

borehole and material orientations are summarized in Table (3.3).

3.5.2 Validation results

Figures (3.7) to (3.10) summarize the results of the borehole stresses at the

borehole wall and around it for the ten chosen models (Table 3.3) using

both the numerical model and the Amadei solution. We observe that the
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Geomechanics Geophysics Stiffness

Eℎ = 31.17 GPa Vp0 = 3340 m/s C11= 45.2 GPa
Ev = 15.42 GPa Vs0 = 1675 m/s C33 =28 GPa
�ℎ = 0.079 � = 0.3065 C44 = 7.05 GPa
�v = 0.32  = 0.234 C66 = 14.4 GPa
Gv = 7.05 GPa � = 0.5244 C13= 19.67 GPa

Table 3.1: Anisotropic elastic properties for the VTI and TTI models re-
ported in several notations: rock mechanics (Young’s and shear moduli and
Poisson’s ratio), geophysics (velocities and Thomsen’s parameters (Thomsen,
1986)) and stiffness. Values are from shale E5 from Wang (2002) where the
density is 2.535 g/cm3 and porosity is 5%.

Geomechanics Geophysics Stiffness

Ex = 30 GPa vp0 =2746 m/s C11 = 35.6 GPa
Ey = 20 GPa vs0 =1764 m/s C22 = 22.15 GPa
Ez = 15 GPa �1 = 0.1525 C33 =16.97 GPa
�yx = 0.3 �1 = 0.5496 C44 = 6 GPa
�zx = 0.2 1=0.0714 C55 = 7 GPa
�zy = 0.1 2= 0.1667 C66 = 8 GPa
Gyz = 6 GPa �1= -0.0627 C12 = 8.2 GPa
Gxz = 7 GPa �2= 0.3658 C13 = 7.9 GPa
Gxy = 8 GPa �3= -0.2547 C23 = 3.85 GPa

Table 3.2: Anisotropic elastic properties for the orthorhombic model reported
in several notations: rock mechanics (Young’s and shear moduli and Poisson’s
ratio), geophysics (velocities and Tsvankin’s parameters (Tsvankin, 1997))
and stiffness. Values are from an arbitrary but realistic rock.
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Figure 3.7: Borehole stresses �rr, ���, �zz, ��z around the borehole wall from
the analytical (lines) and numerical finite element (dots) solutions for a ver-
tical well in an isotropic medium with Poisson’s ratio � = 0.079.
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Figure 3.8: Borehole stresses �rr, ���, �zz, ��z around the borehole wall from
the analytical (lines) and numerical finite element (dots) solutions for a VTI
medium and well orientations: (a) vertical, (b) deviated and (c) horizontal.
Corresponding material properties are given in Table 3.1 and orientations
angles in Table 3.3.
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Figure 3.9: Borehole stresses �rr, ���, �zz, ��z around the borehole wall from
the analytical (lines) and numerical finite element (dots) solutions for a TTI
medium (TI plane has 30o dip azimuth and angle) and well orientations: (a)
vertical, (b) deviated and (c) horizontal. Corresponding material properties
are given in Table 3.1 and orientations angles in Table 3.3.
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Figure 3.10: Borehole stresses �rr, ���, �zz, ��z around the borehole wall from
the analytical (lines) and numerical finite element (dots) solutions for a or-
thorhombic medium and well orientations: (a) vertical, (b) deviated and (c)
horizontal. Corresponding material properties are given in Table 3.2 and
orientations angles in Table 3.3.
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agreement between the two solutions is excellent. The degeneration of the

Amadei solution when a plane of elastic symmetry is perpendicular to the

borehole axis (Figure 3.8a) as described by Ong and Roegiers (1995) was

not observed. In particular Figure (3.7) shows that the Amadei solution

is also valid for isotropic media as expected from the theoretical section.

We obtained identical results for any borehole orientation in an isotropic

medium using the Kirsch and the Amadei solution; we chose not to plot

them here as the curves are indistinguishable. Furthermore, Figures (3.10-

a) and (3.10-c) show the borehole stresses for a vertical and a horizontal

borehole in an orthorhombic formation. For all these special cases and for

arbitrary borehole and material orientations we have found no limitations of

the Amadei solution and therefore have validated this closed form solution

up to orthorhombic anisotropy.

Model �D �A �D �A Figure
ISO vert 0 0 0 0 3.7
VTI vert 0 0 0 0 3.8(a)
VTI dev 45 45 0 0 3.8(b)
VTI hor 90 0 0 0 3.8(c)
TTI vert 0 0 30 30 3.9(a)
TTI dev 45 45 30 30 3.9(b)
TTI hor 90 0 30 30 3.9(c)
ORT vert 0 0 0 0 3.10(a)
ORT dev 45 45 0 0 3.10(b)
ORT hor 90 0 0 0 3.10(c)

Table 3.3: Summary of the models used for validation with the orientations
of the well (�D and �A) and the TI medium (�D and �A) as well as the figure
numbers where the results are displayed.

3.6 Discussion

Every borehole stability analysis has to address two essential questions, first,

what is the stress distribution around the borehole and away from it and,

second, at what stress does the formation fail. As shown above, the analyt-

ical Amadei solution answers the first question correctly for an arbitrarily
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oriented borehole in a general anisotropic elastic medium subjected to an

anisotropic in-situ stress field. This numerical verification is of great im-

portance, because there has been some debate over the general validity of

the solution. This debate stemmed from the claimed loss of generality of

the solution for special cases of anisotropy and isotropy and the lack of an

independent verification of the solution as such. This and the fact that in

the past measurements of the formation anisotropy were difficult to obtain

in-situ led often to the unfortunate situation where the Amadei solution is

not used in common practice. From a measurement point of view, modern

sonic logging tools (Pistre et al., 2005) can measure 3 or four out of five

elastic constants of transversely isotropic media (Sinha et al., 2006; Walsh

et al., 2007) and can potentially be used for borehole stress computations in

such media. Most wells drilled today for the purpose of natural oil and gas

extraction encounter anisotropic shale formations during the drilling process

either in the overburden for conventional reservoirs or in the reservoir itself

for unconventional shale reservoirs. Variations in elastic anisotropy lead to

changes in both the field stress conditions (Amadei and Pan, 1992) and the

borehole stresses responsible for initiating hydraulic fractures and borehole

breakouts, changing both the upper and the lower limit of the mud weight

required for drilling. This highlights the importance of characterizing for-

mation anisotropy and the need to incorporate this knowledge into borehole

stability analysis. The Amadei solution is a powerful closed form solution as

the computation time is practically negligible and it is therefore an obvious

choice for a stability optimization or inversion analysis. The second ques-

tion for borehole stability analysis, the failure criterion of anisotropic elastic

rocks (Jaeger et al., 2007; Pariseau, 1968; Pei, 2008), is a broad topic that

is considered outside of the scope of the paper. The borehole stress solution

presented here addresses only elastic media and therefore coupled physical

processes such as described in poroelasticity or porothermoelasticity theory

are not included. In general it is possible to extend the analytical solution

for such coupled problems and first steps have been taken in this direction

(Abousleiman and Ekbote, 2005), although numerical solutions have also

been developed (Cui et al., 1996). As soon as the borehole starts to fail and
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time dependent processes occur, the stresses will be redistributed and static

elastic solutions such as the one presented here are no longer valid. Dynamic

stress redistributions have to be analyzed using modern numerical methods.

3.7 Conclusion

We have presented a rigorous validation of the analytical Amadei solution

for the stress concentration around arbitrarily orientated boreholes in general

anisotropic elastic media. First, the review of the theory provided analytical

insights that the solution does indeed contain all special cases of symmetry

contrary to previous understanding provided the reduced strain coefficients

�11 and �55 are not equal. Next, we have shown from theoretical considera-

tions and published experimental data that the �11 and �55 are not equal for

realistic rocks. Second, we developed an efficient hybrid analytical-numerical

workflow using a 3D finite element elastic model that circumvents the need

to rebuild and remesh the model for every borehole and material orientation.

Third, we have shown that the borehole stresses computed from the numer-

ical model and the analytical solution match almost perfectly for different

borehole orientations (vertical, deviated and horizontal) and for several cases

involving isotropic, transverse isotropic and orthorhombic symmetries. It is

concluded that the analytical Amadei solution is valid with no restrictions

on the borehole orientation or elastic anisotropy symmetry provided the gen-

eralized plane strain assumption is met.
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Chapter 4

Anisotropic Damage Evolution

The contents of this chapter were submitted as a paper to the Geophysical

Journal International under the title Anisotropic damage mechanics as a

novel approach to improve pre- and post-failure borehole stability analysis.

The authors are Oliver Gaede, Ali Karrech and Klaus Regenauer-Lieb. The

paper is in review.

4.1 Abstract

Anisotropic damage distribution and evolution have a profound effect on

borehole stress concentrations. Damage evolution is an irreversible process

that is not adequately described within classical equilibrium thermodynam-

ics. Therefore, we propose a constitutive model, based on non-equilibrium

thermodynamics, that accounts for anisotropic damage distribution, aniso-

tropic damage threshold and anisotropic damage evolution. We implemented

this constitutive model numerically, using the finite element method, in order

to calculate stress-strain curves and borehole stresses. The resulting stress-

strain curves are distinctively different from linear elastic - brittle and linear

elastic - ideal plastic constitutive models and realistically model experimen-

tal responses of brittle rocks. We show that the onset of damage evolution

leads to an inhomogeneous redistribution of material parameters and stresses

along the borehole wall. The classical linear elastic - brittle approach to bore-

77
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hole stability analysis systematically overestimates the stress concentrations

on the borehole wall, because dissipative strain-softening is underestimated.

The proposed damage mechanics approach explicitly models dissipative be-

havior and leads to non-conservative mud window estimations. Furthermore,

anisotropic rocks with preferential planes of failure, like shales, can be ad-

dressed with our model.

4.2 Introduction

The classical approach to borehole stability analysis is based on the frame-

work of equilibrium thermodynamics, but the processes leading to borehole

instability and failure are irreversible and therefore have to be addressed in

a non-equilibrium thermodynamics framework. Standard methods use an

elastic framework to calculate the borehole stresses and impose an external

cut-off value to signify brittle failure (e.g. Mohr-Coulomb). If complementary

coupled physical processes, such as poro- thermo- and/or chemo-mechanics

are considered, they are classically implemented into the elastic response

via an extension of Hooke’s law (Abousleiman and Ekbote, 2005). Recent

progress in irreversible thermodynamics allow to account for the dissipative

nature of such coupled processes (Coussy, 2004).

Ignoring dissipative processes potentially introduces errors into calculations

of the upper and lower limits of borehole stability (the so-called ”mud win-

dow”). Dissipative strain softening is classically ignored which leads to over-

estimation of the borehole pressure required to stabilize the formation. In

this sense, the classical approach is conservative in terms of predicting the

borehole stresses. Ewy (1998) points to this problem and states that the

Mohr-Coulomb failure criterion is too conservative when applied to the well-

bore situation; he addresses this shortcoming by introducing a new failure

criterion (i.e. the modified Lade criterion) instead of considering a non-linear

elastic response close to failure.

Furthermore, phenomena like progressive failure cannot be described with

classical approaches, because the mechanical breakdown of a rock formation

is intrinsically a dissipative process. In this contribution, we formulate an
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approach to overcome these limitations and present a mathematical model of

anisotropic damage mechanics, based on non-equilibrium thermodynamics.

We apply this approach to borehole breakouts in anisotropic elastic-brittle

rock formations.

The constitutive model developed in this contribution fundamentally dif-

fers from the excess compliance approach (Budiansky and O’Connell, 1976;

Kachanov, 1987) which utilizes a micro-crack density tensor to describe the

effect of internal surfaces on elastic properties. The excess compliance ap-

proach is static and does not consider dissipative processes such as the evolu-

tion of the micro-crack density. It is nonetheless an effective way to describe

the elastic response of micro-cracks and is widely used in the field of elastic

wave propagation with applications ranging from non-destructive testing to

borehole acoustic logs and exploration seismology.

Kachanov (1958) and Rabotnov (1968) first described material degradation

(damage) in the context of continuum mechanics. Kachanov (1958) inter-

preted damage as a reduction of the surface area of an intersection plane

through a representative volume element (RVE), due to microstructural dis-

continuities such as microcavities. These microstructural discontinuities re-

duce the surface area of the RVE that is load bearing. If the RVE is loaded

uniaxially with the force F the stress acting effectively on the remaining

surface of the damaged material is higher than it would be for the virgin ma-

terial. This is known as the effective stress principle (Rabotnov, 1968) and

forms the basis for the geometrical interpretation of damage phenomena.

The continuum damage mechanics approach does not prescribe the micro-

structure that causes the damage (e.g. micro-cracks) but rather uses a dam-

age parameter to define the effect of damage on the free energy of the system.

This free energy function needs to retain its convexity to ensure a unique so-

lution for the static problem. Lyakhovsky et al. (1997) point out that the

loss of convexity of the free energy function can be interpreted as a criterion

for strain localization (Rudnicki and Rice, 1975).

Damage is usually quantified by a dimensionless variable that ranges from

zero for intact material to one for completely damaged material; both are

hypothetical end members. Apart from scalar damage variables (Lemaitre
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and Chaboche, 1978), vectorial damage variables (Krajcinovic and Fonseka,

1981; Fonseka and Krajcinovic, 1981), 2nd rank damage tensors (Murakami

and Kamiya, 1997) and 4th rank damage tensors (Onat and Leckie, 1988)

have been proposed in the literature to account for material damage. Odd

order tensors are generally not used because they possess no rotational in-

variance (Onat and Leckie, 1988). In this contribution, we use a 2nd rank

tensor to describe material damage. The role of this damage tensor is akin

to that of an inelastic strain tensor.

Finally, it should be noted that continuum damage is not identical with what

is called formation damage in drilling jargon. Formation damage refers to

any near-wellbore impairment of permeability related to the drilling, com-

pletion or production process. This permeability impairment can stem from

mechanical damage, but is mainly caused by infiltration of mud solids or

cement slurry into the formation.

The theoretical framework developed further in this contribution emerged

in the late 1980’s. Lemaitre and Chaboche (1990) pioneered the use of irre-

versible thermodynamics (Callen, 1960) as a framework for a unified descrip-

tion of inelastic deformation and the internal structural changes associated

with material damage. They used an approach that merged irreversible ther-

modynamics and solid mechanics in order to derive constitutive models, such

as proposed by Coleman and Noll (1963). Ziegler (1977) consolidated a mul-

titude of constitutive models in the theory of thermomechanics based on the

underlying principle of maximum dissipation. Collins and Houlsby (1997)

applied thermomechanics to geomaterials and used internal variables and

the Legendre-Fenchel transform to relate the dissipation potential to yield

surface and flow rule. A detailed description of this method, coined hyper-

plasticity, can be found in Houlsby and Puzrin (2006).

One important feature of the hyper-plastic formalism is that the yield sur-

face and flow law are functions of generalized thermodynamic stresses and

not true stresses. Rather than using Legendre-Fenchel transformations, we

used the equivalent method of direct maximization to relate the dissipation

potential to the damage threshold and damage evolution law, which are func-
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tions of a generalized stress as well. As Lemaitre and Chaboche (1990) point

out, it is important to distinguish between damage and plasticity, because

both processes may operate simultaneously. We present an approach that

we label hyper-damage formalism.

The current work extends the continuum damage mechanics models of Kar-

rech et al. (2011a), which applies the principles of continuum damage me-

chanics to deformation processes in the lithosphere and that of Karrech et al.

(2011b), which describes material failure at high temperature and pressure

in isotropic geomaterials. It is based on a non-equilibrium thermodynamic

framework. Within this framework we postulate a free energy and a dissi-

pation function for the consistent derivation of the material’s constitutive

behavior. In contrast, classical approaches use purely empirical constitutive

laws.

This paper relaxes the hypothesis of isotropy and mainly focuses on the brit-

tle regime to address failure in the upper crust. The current formalism is

therefore particularly useful for applications in the petroleum and geothermal

industries and carbon dioxide geo-sequestration. These industries generally

employ modeling approaches based on reversible thermodynamics or classical

plasticity theory. Indeed, Cheng and Dusseault (2002) outlined the advan-

tages of damage mechanics for problems like borehole stability, hydraulic

fracturing, coupled transport processes and shearing of compacting reser-

voirs. Unlike previous contributions (Regenauer-Lieb et al., 2010; Karrech

et al., 2011a,b) which use a scalar damage variable, here we focus on direc-

tional failure characteristic for many industrially relevant rock types such

as shales, carbonates and sandstones and avoid being restricted to isotropic

idealizations. We put special emphasis on the implications of anisotropic

dissipative processes for borehole stability. The authors are not aware that a

similar anisotropic damage mechanics approach has been applied to borehole

stability so far.

First, we present the derivation of a constitutive relation accounting

for anisotropic damage nucleation and evolution based on irreversible ther-

modynamics. Second, we describe its implementation into the finite el-
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ement code, Abaqus (ABAQUS, 2000), via its user material subroutine.

Third, we elucidate the importance of anisotropic damage by comparing pre-

failure stress distributions around boreholes obtained from intrinsic elastic

anisotropy (Amadei, 1983) to those due to preexisting anisotropic damage.

We conclude with a discussion of the influence of damage evolution on bore-

hole stability.

4.3 Theory

4.3.1 Thermodynamic derivation of damage formula-

tion

Our formulation of anisotropic continuum damage follows a thermodynamic

approach that has the following fundamental advantages over the classical

mechanical derivation. Firstly, the degrees of freedom are reduced to the

thermodynamically necessary number. Secondly, the evolution equation for

the underlying dissipative processes emerges from the derivation and is not

assumed ad hoc as in classical approaches. Third, the formulation inherently

leads to a full thermodynamic coupling of the state variables. This approach

shifts the attention from postulating a yield function and a flow rule to

deriving them from the Helmholtz free energy and dissipation potential.

To this end we define the Helmholtz free energy as a function of two tensorial

state variables: strain and damage. The respective partial derivatives of the

energy function provide the damaged stress-strain relationship as well as the

thermodynamic force associated with the damage. Then we postulate the

dissipation potential as a function of damage rate. We use Ziegler’s principle

of maximum dissipation (Ziegler, 1977) to relate the dissipation potential to

the damage threshold and damage evolution law. The damage evolution law

is derived as an incremental relationship and is implemented into the finite

element code Abaqus.

We consider the Helmholtz free energy as a function of strain and damage

parameter Ψ = Ψ(�ij, Dij). The undamaged material is assumed to be

isotropic. We develop Ψ after the invariants of the strain and damage tensors
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tr(�) = �ii, tr(�
2) = �ij�ji, tr(�D) = �ijDji and tr(�2D) = �ij�jkDki.

Ψ = �1[tr(�)]2 + �2tr(�
2) + �3tr(�)tr(�D) + �4tr(�

2D) . (4.1)

The first strain derivative of the Helmholtz free energy gives the damaged

stress tensor:

�̃ =
∂Ψ

∂�
(4.2)

= 2�1tr(�)1 + 2�2�

+�3[tr(�)D + tr(� D)1] + �4[� D +D �] .

The second strain derivative of the Helmholtz free energy is the damaged

elasticity tensor:

ã =
∂�̃

∂�
(4.3)

= 2�11⊗ 1 + 2�2 I

+�3[1⊗D +D ⊗ 1] + �4[I D +D I] ,

where I = 1
2
(�ik�jl + �il�jk) is the fourth order identity tensor and the Kro-

necker delta �ij ≡ 1 acts as the second order unity tensor. The form of the

undamaged elasticity tensor (Dijkl = 0 for i, j = 1, 2, 3) is known:

a = 2�11⊗ 1 + 2�2 I . (4.4)

By assuming that the undamaged material is isotropic, we can identify �1

and �2 in terms of the Lamé parameters:

�1 =
�

2
; �2 = � . (4.5)

Hence, we can express the fully coupled damaged-elasticity tensor as:

ã = �1⊗ 1 + 2� I (4.6)

+�3[1⊗D +D ⊗ 1] + �4[I D +D I] .
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The Cauchy stress in the damaged configuration can be expressed as � = ã� ,

which enforces direct state coupling and corresponds to the aforementioned

principle of effective stress (Rabotnov, 1968). According to the principle of

conservation of angular momentum, this tensor has to be symmetric. There-

fore, the fourth order tensor ãijkl should satisfy the following symmetry prop-

erties:

ãijkl = ãjikl = ãijlk = ãjilk . (4.7)

By means of identification it can be shown that the off-diagonal terms of the

damage tensor Di ∕=j are zero. The same conclusion could also be drawn by

using the uniqueness of strain energy which requires that:

ãijkl = ãklij . (4.8)

The full expression of the fourth order damaged elasticity tensor (4.6) can be

simplified by including only the diagonal terms of the damage tensor. When

the material is fully damaged, the elastically stored energy tends to zero.

Again, we use the fact that the undamaged material is isotropic and deduce:

�3 = −�
2

; �4 = −� . (4.9)

The chosen form of the Helmholtz free energy enables us to model three

different symmetries of anisotropic damage. The material damaged is (i)

isotropic if D11 = D22 = D33, (ii) transversely isotropic if D11 ∕= D22 = D33,

where the vertical and horizontal symmetries are distinguished by alternation

of the indexes, and (iii) orthorhombic if D11 ∕= D22 ∕= D33.

Strain coupling

It is important to note that in the isotropic case the damage parameter

does not affect Poisson’s ratio (similar to the development of Lemaitre and

Chaboche (1990)). However, this constraint is relaxed in the anisotropic
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cases. In the orthorhombic case the Poisson’s ratios are expressed as:

�ij = −A−B
C −D

(4.10)

with

A = (�+ 2�)(1−Dkk)�(1− 1

2
(Dii +Djj)) ,

B = �(1− 1

2
(Djj +Dkk))�(1− 1

2
(Dii +Dkk)) ,

C = (�(1− 1

2
(Djj +Dkk)))

2 ,

D = (�+ 2�)(1−Dkk)(�+ 2�)(1−Djj) .

We prove herein that �ij is independent of Dij if and only if Dij = Dii�ij.

The Poisson’s ratio is independent of damage if it is isotropic (D11 = D22 =

D33 ⇒ � ∕= f(D)):

� = −(�+ 2�)�(1−D)2 − �2(1−D)2

�2(1−D)2 − (�+ 2�)2(1−D)2
=

�

2(�+ �)
. (4.11)

We prove by transposition (contrapositive) that damage has to be isotropic

if the Poisson’s ratio is independent of damage (� ∕= f(D) ⇒ D11 = D22 =

D33). The contrapositive is true (D11 ∕= D22 = D33 ⇒ �ij = f(Dij)) where

at least two components of the damage tensor are unequal (Dij ∕= Dii�ij).

�ij = −A
′ −B′

C ′ −D′
(4.12)

with

A′ = (�+ 2�)(1−Djj)�(1− 1

2
(Dii +Djj)) ,

B′ = �(1− 1

2
(Djj +Djj))�(1− 1

2
(Dii +Djj)) ,

C ′ = (�(1− 1

2
(Djj +Djj)))

2 ,

D′ = (�+ 2�)(1−Djj)(�+ 2�)(1−Djj) .

The effect of isotropic and anisotropic damage on Poisson’s ratio is shown in

Figure (4.1).

So far, we only regarded preexisting damage to obtain the stiffness matrix.
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Figure 4.1: Changes of the Poisson’s ratio for one damage plane.
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In the following section, we will discuss damage threshold and evolution based

on a dissipation potential.

4.3.2 Damage evolution

To derive the law governing the damage evolution, we have to consider the

dissipative nature of damage. The Helmholtz free energy Ψ is a function

of the external state variables X and the internal state variables x. In

contrast, the dissipation Φ is a function of the internal state variables x and

their thermodynamic fluxes q = dx/dt. In the most general thermodynamic

sense, dissipation can be defined as the power of the dissipative processes

Φ =
∂Ψ

∂x
:
dx

dt
= f : q , (4.13)

where f are the thermodynamic forces associated with the internal variables

x. In this paper, we consider an elastic-brittle material. Hence, the only

internal variable is the tensorial damage parameter D and the associated

thermodynamic force Y , which can be expressed as a function of strain and

is sometimes referred to as the Lemaitre damage force (Lemaitre, 1996).

Using equation (4.9), it can be shown that:

Y = − ∂Ψ

∂D
=
�

2
tr(�)�+ ��2 . (4.14)

The dissipation in our elastic-brittle material is therefore given by the double

contraction of the tensors of damage force Y and damage rate Ḋ:

Φ = Y : Ḋ . (4.15)

The dissipation has to be a non-negative quantity, and we can see that

Eq. (4.15) is an intrinsic term of the Clausius-Duhem inequality (see Ap-

pendix A.4), which can be interpreted as a local form of the second law of

thermodynamics:
dS

dt
=

∫
V

Y : Ḋ

T
dV ⩾ 0 , (4.16)
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where Ṡ is the entropy production associated with damage and T is tempera-

ture. Note that if temperature varies the dissipation function would contains

two terms Φ = Y : Ḋ− q
T
⋅ gradT . The first term is the intrinsic dissipation

Φi and the second term is the thermal dissipation Φt. Coleman and Noll

(1963) postulate that the Clausius-Duhem inequality has to hold for every

admissible process in the medium under consideration. Therefore, Φi and Φt

are both considered independent and non-negative. We are here considering

the isothermal problem T = const. and gradT = 0 and the Clausius-Duhem

inequality can be simplified Φ = Y : Ḋ ⩾ 0 .

Principle of maximum dissipation

We use the principle of maximum dissipation (Ziegler, 1977), which states

that if the dissipation Φ depends on the flux of the internal variable only

(e.g. Φ = Φ(Ḋ)) and the flux is prescribed, the actual dissipative force that

is realized is the force that maximizes Φ,

max Φ(Ḋ) , (4.17)

with the constraint that signifies the onset of damage evolution, the so-called

damage threshold:

f(Y ) ⩽ 0 . (4.18)

The Lagrangian of the optimization problem is

ℒ = −Y : Ḋ + �̃ ⋅ f(Y ) . (4.19)

We optimize with respect to Y by finding the extremal point of the La-

grangian:
∂ℒ
∂Y

= 0 → Ḋ = �̃
∂f

∂Y
(4.20)

where �̃ is a Lagrange multiplier that is yet to be determined. We formulate

the damage threshold in a way convenient for the subsequent derivation:

f(Y ) = M1∣Y1 − Y01∣+M2∣Y2 − Y02∣+M3∣Y3 − Y03∣ . (4.21)
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where M is the directional damage evolution parameter and Y 0 is a linear

function of the damage parameter Y0i = �i ⋅ Dii + constant, with � being

a hardening parameter.In a thermodynamic sense, these parameters are the

fundamental set of linear independent material parameters. They can be

obtained through experimental means (stress-strain curves). For anisotropic

rocks these measurement have to be conducted along the principal material

axes.

We can summarize the material behavior of our elastic-brittle medium using

the damage threshold:

f = 0 and df = 0⇒ damage evolution

f = 0 and df < 0⇒ elastic unloading

f < 0 ⇒ elastic behavior .

(4.22)

In order to implement the damage evolution into a finite element simulation,

we derive an incremental stress-strain relationship for the material behavior

after the onset of damage

� =
∂Ψ

∂�
⇒ d� =

∂2Ψ

∂�2
: d�+

∂2Ψ

∂�∂D
: dD . (4.23)

This requires determining the total differential of the damage dD and con-

sidering the constraints imposed by the damage threshold f = 0 and df =

0. First, we establish the total differential of the damage threshold f =

f(Y (D)):

df =
∂f

∂Y
: dY +

∂f

∂D
: dD = M : dY + � : dD . (4.24)

with

dD = d�
∂f

∂Y
= d�M . (4.25)

Since the Lagrange multiplier is still undetermined, we can choose �̃ = �̇ and

thereby obtain:

df = M : dY + d�� : M = 0 . (4.26)
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We now can identify the multiplier d�:

d� = −M : dY

� : M
= −

M : ∂Y
∂�

: d�

� : M
. (4.27)

We use dD = d�M to develop the incremental relationship further:

d� =
∂2Ψ

∂�2
: d�+ d�

∂2Ψ

∂�∂D
: M . (4.28)

Inserting the identity of the multiplier (Eq. 4.27) yields:

d� =
∂2Ψ

∂�2
: d�−

(
M : ∂Y

∂�
: d�

� : M
⊗ ∂2Ψ

∂�∂D
: M

)
. (4.29)

With

Θ =
∂Y

∂�
=

∂2Ψ

∂�∂D
(4.30)

and the fact that M : � is a scalar, we obtain a new expression for the

incremental relationship:

d� =

(
ã− (M : Θ)⊗ (Θ : M)

M : �

)
: d� . (4.31)

Note that Θ can be identified as:

Θ =
∂2Ψ

∂�∂D
(4.32)

= �3

(
tr(�)I + 1/2 1⊗ (�+ �t)

)
+ �4(I ⋅ �+ � ⋅ I) .

The derivative of f with respect to the dissipative force is:

∂f

∂Y
= M = diag[M1,M2,M3] . (4.33)

From Eq. (4.20) we can express the damage evolution Ḋ:

Ḋ = �̇ diag[M1,M2,M3] . (4.34)
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Figure 4.2: In-situ stress field and borehole orientation.

The derivative of f with respect to the damage is:

∂f

∂D
= � = −diag[M1�1,M2�2,M3�3] . (4.35)

And the double contraction of M and � finally gives:

M : � = −M2
1 �1 −M2

2 �2 −M2
3 �3 . (4.36)

The incremental relationship (Eq. 4.31) is implemented into the finite ele-

ment code. The six independent parameters Mi and �i permit modeling the

damage evolution and the damage threshold, respectively.
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Figure 4.3: Stress-strain curves for media with damage induced strain weak-
ening. The different colors represent media with different damage thresholds.
The damage evolution behavior of all three media is the same.
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Figure 4.4: Stress-strain curve for media with damage induced strain weak-
ening. The different colors represent media with different damage evolution
behavior. Both media have the same damage threshold.
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4.4 Application to borehole stability

A classical borehole stability analysis usually consists of two steps. First,

the stresses acting on the borehole wall and in the formation in proximity of

the borehole are determined assuming linear elastic behavior. Second, these

stresses are checked against a stress-based failure criterion. This approach

essentially decouples the stress and failure analysis and is known to over-

estimate the stresses (over conservative ”mud window”). The constitutive

model derived in the previous section is fully coupled and takes into account

the dissipation of elastic stresses due to irreversible damage processes. The

purpose of this section is to show how the borehole stresses are impacted by

damage evolution.

In the following, we outline the classical approach for determining the

borehole stresses. The classical elastic problem has to take into consider-

ation three coordinate systems: orientation of the borehole, orientation of

the stress field, and orientation of the material (if anisotropic), which is far

from trivial. We show how the borehole stresses are calculate for an isotropic

formation. This isotropic formation will act as the background and reference

medium against which we compare the effects of damage evolution.

Amadei (1983) derived the complete analytical solution for the linear elas-

tic problem covering an arbitrarily oriented borehole in a general anisotropic

medium subjected to a non-hydrostatic in-situ stress field. We will not repeat

his results here, but use the Amadei solution to benchmark our model for

preexisting anisotropic damage distribution with an effective anisotropic elas-

tic medium. Gaede et al. (2012) validated the Amadei solution with a three

dimensional finite element model. They also presented a hybrid numerical-

analytical work flow that eliminates the need to change the model geometry

for different borehole orientations by using tensorial transformations of the

stress boundary conditions and the elasticity tensor. The same work flow

can be applied to the finite element model used in this contribution.
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4.4.1 Borehole orientation

Figure (4.2) depicts the relationship between the geographic and the bore-

hole reference frame as well as the principal directions of the in-situ stress

field. The geographic reference frame is the North-East-vertical (NEV) frame

whose x-axis points to the North, y-axis points to the East, and z-axis points

downward in vertical direction. The borehole frame is the top-of-hole (TOH)

frame whose z-axis points along the borehole in the direction of increasing

depth. The x-axis is in the cross-sectional plane and points to the most

upward direction, and the y-axis is found by rotating the x-axis 90∘ in the

cross-sectional plane in a direction dictated by the right-hand rule. Without

loss of generality it is assumed that one component of the in-situ stress field

is parallel to the vertical axis of the NEV frame. The angle  is measured

between the maximum horizontal stress component and the north axis. In

this contribution we assume that  = 0∘. The borehole orientation is mea-

sured with the deviation angle �D and the azimuth �A.

It is convenient to express quantities like borehole stresses or borehole

displacements in terms of cylindrical coordinates. Again we use the TOH

reference frame; the angular coordinate � is zero when the radial coordinate

r is parallel to the x-axis (i.e. in the direction of the top of the hole point).

For a vertical hole � is zero in direction of the maximum horizontal stress

�H .

4.4.2 Borehole stresses

The regional or in-situ stress field acts as the external boundary condition

for our model. The stress field is a second order tensor that can be expressed

in terms of its principal components

� =

⎛⎜⎝ �H 0 0

0 �ℎ 0

0 0 �V

⎞⎟⎠ , (4.37)

where �H and �ℎ are the maximum and minimum horizontal stresses,
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respectively, and �V is the vertical stress in the NEV frame. The in-situ

stress field has to be rotated into the TOH borehole system for further cal-

culations (Amadei, 1983). For a borehole that is aligned with one of the

principal directions of the regional stress field, no shear stresses act on the

borehole wall. For every point on the borehole wall the stress field can be

expressed in terms of the radial stress �rr , the circumferential or Hoop stress

��� and the longitudinal stress �zz:

� =

⎛⎜⎝ �rr �r� �rz

�r� ��� ��z

�rz ��z �zz

⎞⎟⎠ . (4.38)

The borehole pressure (i.e. ”mud weight”) is the internal boundary con-

dition of our model and always equal to the radial stress �rr . Away from the

borehole or for nonaligned boreholes, shear components (�r�, �rz, ��z) exist

in the TOH frame (Fairhurst, 1968). The determination of the borehole

stresses from a given in-situ stress field is outlined below.

4.4.3 Solution for isotropic background medium

The borehole problem can be posed in two ways, with stress or displacement

boundary conditions. In our case, we determine the borehole stresses for a

given in-situ stress field and a known borehole pressure. This is achieved

by solving the Beltrami-Mitchell equations, which are obtained by inserting

Hooke’s equations into the compatibility equations (see for example Charlez

(1991)). We present the solution for a vertical borehole in an isotropic elastic

rock formation (Kirsch’s Problem) to highlight some of the characteristics of
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a borehole stress field:

�rr =

(
1− R2

r2

)(
�H + �ℎ

2

)
+

(
1− 4R2

r2
+

3R4

r4

)
(
�H − �ℎ

2
cos 2�

)
+
pwR

2

r2
, (4.39)

��� =

(
1 +

R2

r2

)(
�H + �ℎ

2

)
−
(

1 +
3R4

r4

)
(
�H − �ℎ

2
cos 2�

)
− pwR

2

r2
, (4.40)

�zz = �V − �
4R2

r2

(
�H − �ℎ

2
cos 2�

)
, (4.41)

�r� = −
(

1 +
2R2

r2
− 3R4

r4

)(
�H − �ℎ

2
sin 2�

)
, (4.42)

�rz = ��z = 0 , (4.43)

where R is the borehole radius, r is the distance from the borehole center,

pw is the borehole pressure and � is the Poisson’s ratio of the formation.

The solution implies that, on the borehole wall, (1) no shear stresses act, (2)

the radial stress �rr is equal to the borehole pressure and (3) the Hoop stress

��� shows the strongest azimuthal dependency:

���(� = 0∘) = 3�ℎ − �H − pw (4.44)

and

���(� = 90∘) = 3�H − �ℎ − pw . (4.45)

Azimuthal changes of the Hoop stress lead to an area with low compressive

or tensile stress in the direction of �H and to an area with high compressive

stress in the direction of �ℎ. These areas are the most likely positions for

hydraulic fracturing and borehole breakouts, respectively.
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4.4.4 Numerical model

The non-linear response of a material undergoing damage evolution cannot be

calculated analytically. We used the finite element code Abaqus (ABAQUS,

2000) to calculate the stresses around the borehole and to track the evolu-

tion of damage induced by the borehole stress concentration. To this end we

implemented our constitutive model (Eq. (4.6) and Eq. (4.31)) via a Fortran

user-subroutine into Abaqus.

We simulated a full 3D model, because out-of-plane stress and strain

components cannot be considered in 2D models. Furthermore, the model

cannot be reduced to one quadrant exploiting the rotational symmetry of

the problem as usually done for linear-isotropic simulations because the ma-

terial symmetries and property distribution are not known a-priori, due to

the anisotropic damage evolution. Our model consists of a cube with an

edge length of 5 m. The borehole is placed in the center of the cube and

is modeled as a cylinder with a radius of 0.1 m. The finite element mesh is

made up of 38, 064 quadratic hexahedral elements with 165, 572 nodes.

In terms of computational time requirements, static models (preexisting dam-

age and no evolution) are about 100 times less expensive than dynamic

models (models which involve damage evolution). The mesh is refined in

a cylindrical region around the borehole, which has a radius of six borehole

diameters (0.6 m). In this region the mesh density is increased linearly and

the size of the innermost elements is six times smaller than the size of the

outermost elements of the cylindrical region. The stress concentration in-

duced by the borehole and the associated damage abates inside this finely

meshed region.

We used this 3D model for two sets of numerical experiments. First, we

benchmark our user-subroutine by assuming a preexisting anisotropic dam-

age distribution in an isotropic background medium without damage evolu-

tion. Thus the model is static and the response is elastic. We determined

the equivalent effective elastic medium with Eq. (4.6) and used an analytical

expression for the borehole stresses (Amadei, 1983).
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Second, we investigated the influence of damage evolution on borehole stress

distribution. We assumed an isotropic background medium with different

isotropic and anisotropic damage thresholds (Eq. 4.21). The numerical re-

sults for these models are compared with analytical borehole stresses for an

isotropic undamaged medium (Eqs. 4.39).

4.5 Results

4.5.1 Stress-strain curves

The stress-strain curves shown in figures (4.3) and (4.4) are examples of

the constitutive behavior that can be modeled with the anisotropic damage

model. For both examples we assumed an isotropic background medium with

a Young’s modulus of E = 1.852 GPa , a Poisson’s ratio of � = 0.22 and an

initial isotropic damage of Dii = 0.1 .

For the first set of stress-strain curves (Fig. 4.3) we kept the damage evolu-

tion parameter fixed (M = 1.0) and varied the hardening parameter �. The

onset of non-linear behavior (i.e. onset of damage evolution) and the peak

strength are shifted towards higher values with increasing �. The curvature

of the stress-strain curves remains the same.

The second set of stress-strain curves (Fig 4.4) was obtained by keeping the

hardening parameter constant � = 0.5 MPa and altering the damage evolu-

tion parameter. As expected the onset of damage evolution is the same for

both curves; but the strain softening in the medium with the higher dam-

age evolution parameter is more severe, which leads to a lower peak strength.

These stress-strain curves are distinctively different from idealized consti-

tutive models, such as linear elastic - brittle or linear elastic - ideal plastic.

First, the onset of irreversible non-linear behavior and the peak strength do

not coincide. Second, the post-peak behavior exhibits severe strain soften-

ing. Our constitutive model does therefore realistically reproduce the char-

acteristics of experimental stress-strain curves for brittle rocks under low to

medium confining pressures (”reservoir conditions”). Such experimental data
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is available for rocks like sandstones (Okubo and Fukui, 1996; Stavrogin and

Tarasov, 2001), granites (Stavrogin and Tarasov, 2001), marbles (Li et al.,

1998) and shales (Nguyen et al., 2007). Furthermore, our constitutive model

has the ability to capture anisotropic strength, as the damage hardening pa-

rameter � and the evolution parameter M can have different values in the

three spatial directions.

4.5.2 Preexisting damage and borehole stresses

One benchmark experiment is shown in figure (4.5). The elastic parameters

of the background medium are E = 90 GPa and � = 0.3. The damage

distribution is transversely isotropic (D11 = 0.7, D22 = D33 = 0.0). The

boundary conditions are applied as stresses simulating an in-situ stress field

(SHmax = 20 MPa, Sℎmin = 10 MPa, SV = 30 MPa) and a borehole pres-

sure of BP = 5 MPa .

Due to the static nature of the model, an effective elastic response can be

determined with Eq. (4.6). The solid lines in figure (4.5) are the analytical

solution for the borehole stresses (Amadei, 1983) and the dotted lines are

the numerical results. The match between numerical and analytical results

is practically perfect. This result can be reproduced for arbitrary combina-

tions of values for D11 , D22 and D33 , which successfully benchmarks our

user-subroutine for isotropic background media with preexisting anisotropic

damage distribution and no damage evolution.

4.5.3 Damage evolution and borehole stresses

In order to examine the effect of damage evolution on stress distributions

around boreholes, we compare a model with isotropic damage evolution

(Fig. 4.6) with a model with anisotropic damage evolution (Fig. 4.7). The

isotropic background material for the two models is the same as for the

stress-strain curves (Figs. 4.4 and 4.3); that is a Young’s modulus of E =

1.852 GPa, a Poisson’s ratio of � = 0.22 and an initial isotropic dam-

age of Dii = 0.1 . The damage hardening tensor has a constant value of

�i = 0.55 MPa. In the isotropic model (Fig. 4.6) the components of the
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Figure 4.5: Borehole stresses for the damaged material calculated with the
finite element method and the elastic equivalent calculated with the Amadei
solution.
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Figure 4.6: An initially isotropic formation exhibits stress redistribution due
to inhomogeneous damage evolution.

damage evolution tensor are all equal Mi = 1.0. In the anisotropic model

(Fig. 4.7) we used M = diag[1.0, 1.5, 1.0]. The results show a significant

decrease especially in Hoop stress ��� by about 3MPA at � = 90 and varia-

tion of about 2MPa in terms of �zz as compared to the isotropic damage case.

To visualize the anisotropic damage distribution in space, we considered a

borehole in a formation submitted to a maximum principle stress of 20 Mpa,

a minimum principle stress of 10 MPa and wellbore pressure of 5 MPa.

We also used a Young’s modulus of 1.852 GPa and a Poisson’s ratio of

0.22. The initial directional damage distribution and hardening terms are

respectively Dii = 0.1 and �i = 0.55 MPa. The directional evolution terms
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Figure 4.7: An initially anisotropic formation exhibits stress redistribution
due to inhomogeneous damage evolution. M2 = 1.5
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are selected M1 = M3 = 0.9 and M2 = 1.1. Figure (4.8) shows the results

of this simulation in terms of damage distribution. A complete agreement

was observed in figures (4.8-a) and (4.8-c) which correspond to the first and

third directions, respectively. The evolution of the second component of the

damage tensorD22 leads to a significant higher degree of material degradation

in this direction. Damage reaches its maximum on the borehole wall and D22

reaches up to 0.5.

The results show that the evolution of damage leads to redistribution of

stresses around the borehole. In both cases the stresses acting directly on

the borehole wall are reduced (i.e. the elastic energy is dissipated). Further-

more, the new stress distribution is a tell-tale sign of inhomogeneous material

property distribution. This is due to the fact that the damage is at first in-

duced in the compressive regions around the borehole. This inhomogeneous

stress redistribution is a first order effect in comparison to the difference

between isotropic and anisotropic damage evolution (i.e. the reduction in

borehole stress in Fig. (4.6) and Fig. (4.7) is significant in comparison to the

elastic case in both figures, whereas the difference between the isotropic and

anisotropic damage is not).

Our results, showing damage evolution confined to the compressive region

around the borehole, address a commonly observed drilling issue: borehole

breakouts. As mentioned before, the classical approach to borehole break-

out prediction is to calculate the borehole stresses under the assumption of

elasticity and compare these stresses in as second step against a stress-based

failure criterion (the so called rock strength). Ewy (1998) pointed out that

the most common failure criterion (Mohr-Coulomb) is in many cases too

conservative for determining the minimum mud weight required to prevent

borehole breakouts. Several other failure criteria have been suggested in the

literature and the debate is ongoing (Zoback, 2007; Fjaer et al., 2008). This

debate is therefore centered on the second step, the rock strength. The above

results back our hypothesis that the assumption of elasticity does not hold

due to localized dissipation in the compressive region around the borehole.

We therefore suggest to revisit the first step of the classical approach to

borehole stability, as well.
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Figure 4.8: Contour plot of multi-directional damage distributions around a
borehole.

4.6 Conclusions and perspectives

This paper introduces an anisotropic continuum damage mechanics model

based on irreversible thermodynamics. It accounts for: isotropic elastic-

ity of intact materials, anisotropic elasticity due to preexisting damage and

non-linear anisotropic elasticity due to progressive failure. The constitu-

tive model is therefore especially useful for brittle rocks and for analyzing

geotechnical processes that damage the formation rock (this is not limited

to borehole problems and might include mine excavations). We used this

model to investigate the stability of a hypothetical borehole in a formation

that is susceptible to damage and subjected to a non-isostatic stress field.

One of the most important results is that the damage evolution (isotropic

and anisotropic) leads to inhomogeneous distribution of material parameters

(Fig. 4.8), because the damage is concentrated in the areas of high com-

pressive stress around the borehole. This result is in clear conflict with the

classical concept of a homogeneous circular ”plastic” zone around the bore-

hole. This effect is plausible, because it derives from the non-isostatic stress

field around a borehole. Furthermore, it is enhanced by, but not exclusive

to, anisotropic formations.
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Our research contributes to the discussion about conservative vs. non-conser-

vative failure criteria and their applicability to the borehole problem (e.g.

Ewy (1998), also see Zoback (2007) for an extensive summary). We empha-

size not only that the failure criteria need to be revisited, but that the non-

linear elastic response of the formation close to failure has to be considered

as a first order phenomenon. Our model explicitly includes non-linear elas-

ticity and reproduces experimental stress-strain curves of geomaterials under

similar conditions. It is a widely recognized shortcoming of linear elastic -

brittle models, that they do not include complete stress-strain curves.

This increased complexity comes at a price: (1) due to non-linear nature

of the model, numerical methods are imperative, (2) the derivation is more

mathematical than an empirical model and (3) the interpretation of results

is not straight forward. One questions that we need to tackle in the future is,

where to draw the line between damage of the near-wellbore formation and

a proper breakout (i.e. spalling off of formation into the borehole). Nonethe-

less, we believe this additional effort is warranted, because of the predictive

strength of our model and it’s foundation on first principles. The fact that we

can model a hardening (damage threshold expands) and material weakening

simultaneously is made possible by the direct coupling of the state variables

strain and damage.

Our approach can incorporate several extensions which could be relevant to

borehole stability, because it is based on a non-equilibrium framework. We

previously explored chemo-elasto-viscosity (Regenauer-Lieb et al., 2009) and

the work of Shao (1998) uses similar concepts and shows the extendability of

damage mechanics to poro-elasticity. In a forth coming publication we will

address the coupling between chemical weakening and damage mechanics.
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Chapter 5

Chemical Weakening

The contents of this chapter were published as a paper in the proceedings of

the GeoProc2011 conference, Perth, Australia, 6-9 March 2011 under the ti-

tle Borehole Stability Analysis in a Rock Formation with Coupled Anisotropic

Damage and Chemical Weakening. The authors are Oliver Gaede, Ali Kar-

rech and Klaus Regenauer-Lieb.

5.1 Abstract

A chemical disequilibrium between drill mud and rock formation can have

a marked effect on borehole stability. Here, we investigate the influence of

homogeneous and inhomogeneous diffusion of reactants into a rock forma-

tion that is susceptible to chemical weakening. A constitutive model, which

allows for anisotropic damage evolution and chemical weakening, is devel-

oped on the basis of irreversible thermodynamics. This constitutive model is

implemented into a finite element code for the calculation of stress and dam-

age distribution around the borehole. The results show that the diffusion

of chemical weakening agents enlarges the area around the borehole which

undergoes damage evolution. Fast diffusion pathways lead to an inhomo-

geneous diffusion, which amplifies the effect. Thus, chemical reactivity and

fast diffusion pathways can have significant impact on borehole stability and

change the admissible mud weight window.

109
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5.2 Introduction

Chemical weakening of rocks is observed when drilling through chemical re-

active rock formations, where it manifests as time delayed borehole insta-

bilities. A complimentary observation can be made during laboratory rock

strength test, where chemical weakening leads to a time dependent reduction

of the peak strength on a stress-strain curve. Around a borehole chemical

weakening agents are transported into the rock formation by a diffusive pro-

cess. Driving forces and transport coefficients (”diffusivities”) are highly

dependent on the local setting. It is generally acknowledged that in an in-

homogeneous material like a rock, transport coefficients with different orders

of magnitude are juxtaposed. As an example, the permeability of the rock

matrix can be orders of magnitudes lower than the permeability of a fracture

or a layer of sand in an otherwise more finely grained sedimentary rock. The

question of how to account for such fast diffusion pathways in a material

model is a question of scale. Two relationships have to be considered, firstly

the length scale of the fast diffusion pathway in comparison to the charac-

teristic length scale of the diffusion process; secondly, the length scale of the

fast diffusion pathway in comparison to the characteristic length scale of the

specific problem (e.g. borehole radius). For fast diffusion pathways that are

much smaller than the characteristic length scales a homogenization approach

is sensible. However, if the length scales are of the same order of magnitude,

the effect of the fast diffusion pathway should be considered explicitly. In

this contribution we show that fast diffusion pathways and the associated lo-

calized chemical weakening can have a profound effect on borehole stability.

We develop a quantitative model for such localized damage enhancement.

First, we outline the general problem description for a borehole in a non-

hydrostatic in-situ stress field. Next, we derive a fully coupled anisotropic

damage model and evolution law, which is based on irreversible thermody-

namics. This model is extended for chemical weakening based on published

experimental data. Finally, our constitutive model is implemented into the

commercial finite element code Abaqus via a Fortran user-subroutine. We

conclude our study with examples of the effect of homogeneous and inhomo-
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geneous chemical weakening on damage evolution around a borehole.

5.3 Borehole model

The borehole problem is specified by the borehole orientation, the in-situ

stress field, the mud weight and the material properties of the rock forma-

tion. The complexity of the solution increases with more realistic mate-

rial models. Analytical solutions can be obtained for isotropic elastic mod-

els (Kirsch, 1898; Fairhurst, 1968), anisotropic elastic models (Amadei, 1983;

Ong, 1994) and models with coupled physics like poroelasticity (Detournay

and Cheng, 1988) or thermoporoelasticity (Charlez, 1991). Numerical meth-

ods are needed for material models with nonlinear behavior or fully coupled

damage evolution. Analytical solutions are also limited to problems with no

(dynamic) stress redistribution (i.e. pre-failure behavior only) or significant

changes of the borehole shape (i.e. no large deformations).

5.3.1 Borehole orientation

Figure (5.1) depicts the relationship between the geographic and the bore-

hole reference frame as well as the principal directions of the in-situ stress

field. The geographic reference frame is the North-East-vertical (NEV) frame

whose x-axis points to the North, y-axis points to the East, and z-axis points

downward in vertical direction. The borehole frame is the top-of-hole (TOH)

frame whose z-axis points along the borehole in the direction of increasing

depth. The x-axis is in the cross-sectional plane and points to the most

upward direction, and the y-axis is found by rotating the x-axis 90∘ in the

cross-sectional plane in a direction dictated by the right-hand rule. Without

loss of generality it is assumed that one component of the in-situ stress field

is parallel to the vertical axis of the NEV frame. The angle  is measured

between the maximum horizontal stress component and the north axis. In

this contribution we assume that  = 0∘. The borehole orientation is mea-

sured with the deviation angle �D and the azimuth �A. It is convenient to

express quantities like borehole stresses or borehole displacements in terms of
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Figure 5.1: In-situ stress field and borehole orientation.
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cylindrical coordinates. Again we use the TOH reference frame; the angular

coordinate � is zero when the radial coordinate r goes through the top of the

hole point. For a vertical hole � is zero in direction of the maximum hori-

zontal stress �H . At this stage we would like to note that the fast diffusion

pathway will be modeled as a planar structure, which is best described by

the Cartesian TOH reference frame.

5.3.2 Borehole stresses

The regional or in-situ stress field acts as the external boundary condition

to our model. The stress field is a second order tensor that can be express

in terms of its principal components

� =

⎛⎜⎝ �H 0 0

0 �ℎ 0

0 0 �V

⎞⎟⎠ , (5.1)

where �H and �ℎ are the maximum and minimum horizontal stresses respec-

tively and �V is the vertical stress. The in-situ stress field has to be rotated

into the TOH borehole system for further calculations (Amadei, 1983). For

a borehole that is aligned with one of the principal directions of the regional

stress field, no shear stresses act on the borehole wall and for every point

on the borehole wall the stress field can be expressed in terms of the radial

stress �rr , the circumferential or Hoop stress ��� and the longitudinal stress

�zz

� =

⎛⎜⎝ �rr �r� �rz

�r� ��� ��z

�rz ��z �zz

⎞⎟⎠ . (5.2)

The borehole pressure (i.e. mud weight) is the internal boundary condition of

our model and always equal to the radial stress �rr . Away from the borehole

or for nonaligned boreholes shear components (�r�, �rz, ��z) exist in the TOH

frame (Fairhurst, 1968). The determination of the borehole stresses from a

given in-situ stress field is outlined below.
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5.3.3 Solution outline

The borehole problem can be posed in two ways, either with stress or displace-

ment boundary conditions. In our case we want to determine the borehole

stresses for a given in-situ stress field and a know borehole pressure. This is

achieved by solving the Beltrami-Mitchell equations, which are obtained by

inserting Hooke’s equations into the compatibility equations (see for example

Charlez (1991)). We present here the solution for a vertical borehole in an

isotropic elastic rock formation (Kirsch’s Problem) to highlight some of the

characteristics of a typical borehole stress field

�rr =

(
1− R2

r2

)(
�H + �ℎ

2

)
+

(
1− 4R2

r2
+

3R4

r4

)(
�H − �ℎ

2
cos 2�

)
+
pwR

2

r2
, (5.3)

��� =

(
1 +

R2

r2

)(
�H + �ℎ

2

)
−
(

1 +
3R4

r4

)(
�H − �ℎ

2
cos 2�

)
− pwR

2

r2
, (5.4)

�zz = �V − �
4R2

r2

(
�H − �ℎ

2
cos 2�

)
, (5.5)

�r� = −
(

1 +
2R2

r2
− 3R4

r4

)(
�H − �ℎ

2
sin 2�

)
, (5.6)

�rz = ��z = 0 . (5.7)

where R is the borehole radius, r is the distance from the borehole center,

pw is the borehole pressure and � is the Poisson’s ratio of the formation.

Upon inspection of this solution we find that no shear stresses act on the

borehole wall, that the radial stress is equal to the borehole pressure and that
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the Hoop stress ��� shows the strongest azimuthal dependency; explicitly:

���(� = 0∘) = 3�ℎ − �H − pw (5.8)

and

���(� = 90∘) = 3�H − �ℎ − pw . (5.9)

We see that the azimuthal changes of the Hoop stress lead to an under

compressed area in the direction of �H and to an over compressed area in

the direction of �ℎ. These areas are the most likely positions for borehole

breakouts and hydraulic fracturing, respectively.

Another interesting observation is that the elastic parameters of the rock

formation play only a small role in determining the magnitude of the borehole

stresses. Only �zz is influenced by the Poisson’s ratio. The elastic parame-

ters become much more significant for determining the borehole stress com-

ponents for an anisotropic rock formation. The Amadei solution (Amadei,

1983) or numerical methods (Gaede et al., 2012) have to be used in this case.

If the material parameters are evolving, an incremental stress-strain relation-

ship has to be used. We have implemented such an incremental stress-strain

relationship, for a rock with chemically enhanced anisotropic damage evo-

lution, via an Abaqus user subroutine. The cornerstones of the derivation

of such a material model are outlined below; a more detailed derivation and

discussion can be found in (Gaede et al., 2011a).

5.4 Material model

Our material model is geared towards modeling a rock formation that is

chemically reacting with the drill mud and that is behaving anisotropic in

regards to elastic deformation and damage evolution. The archetypical field

example for such a rock formation is the Nahr Umr shale in the Arabian Gulf

(Yamamoto et al., 2002; Nguyen et al., 2007). This rock formation exhibits

elastic anisotropy and planes of weakness associated with bedding planes

and pre-existing fractures. Furthermore a general weakening of the rock is



116 CHAPTER 5. CHEMICAL WEAKENING

observed if water based drill mud is used.

5.4.1 Anisotropic damage evolution

We begin the development of our material model by considering an elastic-

brittle medium. We use continuum thermodynamics to derive a theoretical

framework that allows for fully coupled elastic deformation and irreversible

damage evolution (approach pioneered by Lemaitre and Chaboche (1978)).

This approach was also used for associated and pressure dependent geolog-

ical materials by Karrech et al. (2011a). For clarification of terminology it

has to mentioned, that this continuum damage mechanics (CDM) approach

firstly refers to mechanical damage that reduced the load bearing capacity of

the body under consideration and not the more general term of ”formation

damage”. In drilling jargon formation damage refers to any process dur-

ing drilling, completion and production that reduces the permeability in the

vicinity of the borehole and thereby reduced the flow rate (i.e. productivity).

We consider the Helmholtz free energy Ψ as a function of the second order

tensors for strain � and damage D

Ψ = Ψ (� , D) . (5.10)

The partial derivatives of the Helmholtz free energy with respect to strain

and damage are the Cauchy stress of the damaged material and the thermo-

dynamic force associated with damage (sometime called tri-axiality):

� =
∂Ψ

∂�
; Y =

∂Ψ

∂D
. (5.11)

The second partial derivative of the Helmholtz free energy with respect to

strain is the elasticity tensor of the damage material. It is shown in the

appendix (A.38), how the elastic equivalent of a damage solid, which is

initially isotropic and has three orthogonal damage planes, can be calcu-

lated. In Figure (5.2) we show the effect of pre-existing and homogeneous

anisotropic damage on the borehole stresses. The stress boundary conditions

are �H = 20MPa , �ℎ = 10MPa , �V = 30MPa and the borehole pressure
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Figure 5.2: Borehole stresses in a damaged formation.
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is Pw = 5MPa. The pre-existing damage is D11 = 0.7 and D22 = D33 = 0.0.

The solid lines use the anisotropic elastic equivalent (Eq. 13) of the dam-

aged formation, which we calculated with the analytical Amadei solution.

The dotted lines are the numerical solution obtained with the finite element

code Abaqus. We implemented the self-consistent damage model via a For-

tran user-subroutine into Abaqus. The figure shows that there is almost a

prefect agreement between the numerical model and the analytical solution.

In order to derive the law governing the damage evolution, we have to

embrace the dissipative nature of the damage. Whereas the Helmholtz free

energy Ψ is function of the external state variables (i.e. strain) and the

internal state variables (i.e. damage), the dissipation Φ is a function of

the internal state variables and the thermodynamic fluxes of the internal

state variables (i.e. dD/dt). The Clausius-Duhem inequality, which can be

interpreted as a local form of the second law of thermodynamics states that

the dissipation always has to be no-negative

Φ = Y : Ḋ ⩾ 0 , (5.12)

where the dissipation is the double contraction of the damage rate tensor

and the damage-force tensor. We use the principle of maximum dissipation

(Ziegler, 1977), which states that if the dissipation depends on flux of the

internal variable only (e.g. Φ = Φ(Ḋ)) and the flux is prescribed, the actual

dissipative force that is realized is the force that maximizes the dissipation

Φ

max Φ(Ḋ) . (5.13)

with the constraint that signifies the onset of damage evolution, the so-called

damage threshold

f(Y) ⩽ 0 . (5.14)

The Lagrangian of the optimization problem is

ℒ = −Y : Ḋ + �̃ ⋅ f(Y) . (5.15)
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We optimize with respect to Y by finding the extremal point of the La-

grangian
∂ℒ
∂Y

= 0 → Ḋ = �̃
∂f

∂Y
(5.16)

where �̃ is a Lagrange multiplier that is yet to be determined. We formulate

the damage threshold in a way convenient for the subsequent derivation

f(Y) = M1∣Y1 − Y01∣+M2∣Y2 − Y02∣+M3∣Y3 − Y03∣ . (5.17)

where M is a material parameter and Y0 is a linear function of the damage

parameter Y0i = �i ⋅Dii + const. with � being a material parameter akin to

the hardening parameter of classical plasticity theory. We can summarize the

material behavior of our elastic-brittle medium using the damage threshold

f = 0 and df = 0⇒ damage evolution

f = 0 and df < 0⇒ elastic unloading

f < 0 ⇒ elastic behavior .

(5.18)

In order to implement the damage evolution into a finite element simulation

we have to derive an incremental stress-strain relationship for the material

behavior after the onset of damage

� =
∂Ψ

∂�
⇒ d� =

∂2Ψ

∂�2
: d�+

∂2Ψ

∂�∂D
: dD . (5.19)

For this we have to determine the total differential of the damage dD and

we have to consider the constraints imposed by the damage threshold f = 0

and df = 0. First we establish the total differential of damage threshold

f = f(Y (D))

df =
∂f

∂Y
: dY +

∂f

∂D
: dD = M : dY + � : dD . (5.20)

with

dD = d�
∂f

∂Y
= d�M . (5.21)
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where �̃ = �̇ we obtain

df = M : dY + d�� : M = 0 . (5.22)

We now can identify the multiplier d�:

d� = −M : dY

� : M
= −

M : ∂Y
∂�

: d�

� : M
. (5.23)

We use dD = d�M to develop the incremental relationship further:

d� =
∂2Ψ

∂�2
: d�+ d�

∂2Ψ

∂�∂D
: M . (5.24)

Again, we have implemented the incremental relationship into the finite

element code via a Fortran user-subroutine. In Figure (5.3) we show a stress-

strain curve that we obtained with our fully coupled elastic-damage constitu-

tive law and that is consistent with laboratory results for elastic-brittle rocks

(Stavrogin and Tarasov, 2001).

5.4.2 Chemical weakening

Nguyen et al. (2007) have reported that an undamaged sample of the Nahr

Umr shale lost up to 33% of its peak strength after being in contact with a

water based mud for 3 hours. For the same experiment it was reported that

the elastic properties changed only slightly due to chemical weakening. We

implemented this behavior into our damage model via a linear relation

� = �0(1− � C) , (5.25)

where �0 is the initial threshold parameter, � is the weakening coefficient

and C is the normalized concentration. An example of numerical stress-

strain curves is shown in Figure (5.4), where the elastic parameters of the

isotropic background material are:

E = 1.852GPa ; � = 0.22 (5.26)
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Figure 5.3: Post-peak strain weakening associated with damage evolution.
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Figure 5.4: Decrease of the damage threshold due to chemical weakening.
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and the initial damage is also isotropic:

Dii = 0.1 for i " {1, 2, 3}
�0 = 0.55 and M = 1.

(5.27)

5.4.3 Diffusion

In general the transport of chemical agents is achieved by a variety of fluxes

that obey the diffusion equation (Eq. 5.28). The most dominated drivers

for these fluxes are gradients of mechanical pressure, osmotic pressure and

chemical potential. The fluxes are also scaled by material dependent trans-

port coefficients, such as hydraulic diffusivity (function of permeability and

dynamic viscosity) and chemical diffusivity. Regardless of the exact nature of

the material flux, fast diffusion pathways exist on many scales ranging from

grain boundaries and crystal defects to bedding planes and fractures. In this

contribution we are interested in the effect of such fast diffusion pathways on

a meso-scale (i.e. of the same scale as the borehole diameter). In order to

investigate this effect we have used an effective flux and two effective trans-

port coefficients; one representing the rock formation and one representing

the fast diffusion path way.

∂

∂t
C = D∇2C (5.28)

Homogeneous diffusion

The diffusion into the rock formation is best solved using the cylindrical

symmetry of the problem. We assume for this diffusion to be independent

of � and z and solve the diffusion equation using Laplace transformation

(Coussy, 2004)

C(r, t) = 1− 2

�

∫ ∞
0

J0(v)Y0

(
v r
R

)
− J0

(
v r
R

)
Y0(v)

J2
0 (v) + Y 2

0 (v)
e

(
−Dmt

v2

R2

)
dv

v
, (5.29)

where J0 and Y0 are the Bessel functions of order zero, respectively of the

first and second kind. R is the borehole radius, r is the distance from the
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borehole center, Dm is the diffusivity of the formation and v is the integration

variable.

Fast diffusion pathways

The diffusion along the fast diffusion pathway is best solved in a Cartesian

coordinate system that is fixed to the pathway. The fast diffusion pathway

extends in y direction from the diffusion source (in this case the borehole

wall) and the x direction is perpendicular to the fast diffusion pathway. The

diffusivity is orders of magnitude higher in the fast diffusion pathway, but

a leak-off into the formation will still occur. We used the solution derived

by Whipple for the mathematically equivalent problem of grain boundary

diffusion (Whipple, 1954)

C(x, y, t) =
y

2(�Dmt)2

∫ △
1

e

(
− y2

4Dmtv

)
... (5.30)

... erfc

[
1

2

(
△− 1

△− v

)1/2(
(v − 1)(Dmt)

1/2

(△− 1)a
+

x− a
(Dmt)1/2

)]
dv

v3/2
,

where erfc() is the complimentary error function, △ = Df/Dm is the ratio

of the diffusivities with Df being the diffusivity of the fast diffusion pathway

and v is the integration variable.

5.5 Results

We now show a few examples of damage evolution. For this purpose we used

a 2D finite element model of a vertical borehole. The material parameters

are equivalent to the ones used for the stress-strain plots (Figures 3 and 4).

The stress boundary conditions are �H = 20MPa , �ℎ = 10MPa and the

borehole pressure is Pw = 10MPa. Figure (5.5) shows values of the D11 com-

ponent of the damage tensor. Damage only developed in a narrow region in

the direction of the minimum horizontal stress. For the examples of chemical

weakening the diffusion process was calculated analytically (Eq. 5.29 - 5.31)

and then mapped onto the finite element mesh as a initial condition. This
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Figure 5.5: Damage evolution without chemical weakening.

semi-analytical approach was chosen, because for the correct modeling fast

diffusion pathways a very inhomogeneous mesh is needed to avoid numerical

diffusion (Regenauer-Lieb and Yuen, 2004). For the mechanical deformation

and damage evolution such inhomogeneous meshes can lead to non-physical

localization.

Figure (5.6) shows the homogeneous distribution of the weakening agent

as calculated by (Eq. 5.29) around the borehole. Figure (5.7) shows the

corresponding damage distribution. It can be seen that the homogeneous

diffusion process already enlarged the damage area. Figure (5.8) shows the

distribution of the weakening agent due to the superposition of a fast diffusion

pathway (Eq. 5.31) and homogeneous diffusion (Eq. 5.29). The associated

damage extends even further into the formation than for the homogeneous

diffusion (Fig. 5.9).

5.6 Discussion

Fast diffusion pathways have the effect of significantly enhancing damage

around the borehole, if they localize chemical weakening. This effect is par-

ticularly pronounced for fast diffusion pathways that have a length scale sim-

ilar to the characteristic length scales of the diffusion process or the model
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Figure 5.6: Homogeneous diffusion from borehole wall.

Figure 5.7: Damage evolution after homogeneous chemical weakening.
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Figure 5.8: Inhomogeneous diffusion due to a fast diffusion pathway.

Figure 5.9: Damage evolution after inhomogeneous chemical weakening.



128 CHAPTER 5. CHEMICAL WEAKENING

geometry. Therefore, fast diffusion pathways have to be considered explicitly

in THMC simulations. Otherwise the stable mud window will be estimated

too wide and possible borehole instabilities will not be predicted.

We have developed a fully coupled anisotropic elastic damage model and

extended the formalism to include the effect of chemical diffusion and weak-

ening along preferred orientations. This problem cannot be solved analyti-

cal, because of the non-linear feedback mechanisms between mechanical and

chemical processes. We have presented a new finite element approach, for

dealing with such highly non-linear problems and applied it to the particular

example of the Nahr Umr shale. In comparison to the purely mechanical

damage evolution, the damage area is increased two-fold for homogeneous

chemical weakening and three-fold for inhomogeneous weakening.
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Chapter 6

General Discussion

Global energy demand has risen exponentially since the industrial revolution.

This demand is projected to keep rising in the future, yet even matching the

current level is an immense challenge. Turner (2008) has reasserted Mead-

ows (1972) historical finding, that economic growth is limited by the finite

amount of non-renewable resources (Fig.6.1) and that a ”business as usual”

approach will lead to the collapse of the global economy in the second half

of the 21th century. Although recent discoveries have improved the prognosis

for future conventional and unconventional non-renewable energy resources,

renewable energy resources need to be developed. It is highly likely that

we are entering a transition phase, in which natural gas (conventional and

unconventional) will surpass coal and oil and become the single most im-

portant energy carrier. A recent report of the International Energy Agency

(IEA, 2011) even proclaims a ”golden age of gas”. Ultimately, the transition

phase must lead to a global economy that is based on renewable energies.

Within this renewable energy economy, geothermal resources will play a cen-

tral role (EPRI, 2010).

The key factor in developing these subsurface resources is safe and efficient

drilling technology. In this thesis, I have contributed to the understanding of

risk factors associated with drilling operations, by utilizing new constitutive

models based on non-equilibrium thermodynamics and advanced numerical

methods. The main findings are summarized in the following section.

129
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Figure 6.1: Estimates of non-renewable energy reserves. Data aggregated
by Turner (2008); individual references: conventional oil (Bentley, 2002),
conventional gas conservative estimate (Bentley, 2002) and non-conservative
estimate (Rogner, 1997; Grübler, 1998), coal conservative estimate (Rogner,
1997; Grübler, 1998) and non-conservative estimate (Interfutures, 1979), un-
conventional oil conservative estimate (Rogner, 1997; Grübler, 1998) and non-
conservative estimate (Bentley, 2002), unconventional gas (Bentley, 2002),
nuclear conservative estimate (Interfutures, 1979) and non-conservative esti-
mate (Hoffert et al., 2002).
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6.1 Main findings

The thesis is organized as a series of papers. Chapter (2) investigates the

coupling of chemical and mechanical processes during metamorphic deforma-

tion. It has a more general scope and wider applications, than chapters (3) to

(5), which focus on borehole stability. The main finding is that this coupling

leads to self-localization phenomena. The theoretical framework is picked up

again in chapters (4) and (5), where it is expanded to anisotropic material

behavior and applied to borehole stability analyses. These contrasting ap-

plications are clear evidence that irreversible thermodynamics is capable of

describing a wide variety of problems that are important to the geosciences

as a whole.

The main findings from the three subsequent publications (Gaede et al.,

2012, 2011a,b) are discussed in light of the overarching hypothesis that the

thermodynamic approach can improve classical borehole stability analysis for

anisotropic rock formations that undergo progressive failure and are chemi-

cally reactive. Chapter (3) establishes the basis of the investigation by pro-

viding the classical solution for the borehole stresses in anisotropic-elastic

formations:

Gaede, O., Karpfinger, F., Prioul R. & Jocker, J. (2012). Compar-

ison between analytical and 3D finite element solutions for borehole stresses

in anisotropic elastic rock. International Journal of Rock Mechanics and

Mining Sciences, 51, 53-63.

∙ The analytical Amadei solution for the borehole stresses of an arbitrar-

ily oriented borehole in a general anisotropic elastic medium subjected

to a non-hydrostatic in-situ stress field was validated with a 3D finite

element model.

∙ The Amadei solution is generally valid and does contain special cases

like isotropic media or media where the symmetry axis is aligned with
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the borehole.

∙ Certain combinations of elastic parameter, which would invalidate the

Amadei solution, were found to be unrealistic based on literature re-

search including experimental data on shale, coal and sandstones.

∙ An efficient hybrid analytical-numerical workflow was developed, that

circumvents the need to rebuild and remesh the model for every bore-

hole and material orientation.

Gaede, O., Karrech, A. & Regenauer-Lieb, K. (2011). Anisotropic

damage mechanics as a novel approach to improve pre- and post-failure bore-

hole stability analysis. Geophysical Journal International, in revision.

∙ A fully coupled elastic-damage constitutive relation, that accounts for

anisotropic damage distribution, anisotropic damage threshold and anisotropic

damage evolution, was developed.

∙ The fully coupled constitutive relation was implemented into the finite

element code Abaqus via a Fortran user-subroutine.

∙ The user-subroutine was benchmarked for pre-existing anisotropic dam-

age distribution using an equivalent anisotropic elastic medium and

calculations from the Amadei solution.

∙ The stress-strain curves generated with the constitutive relation devel-

oped in this paper are capable to describe material behavior much more

accurately than elastic-brittle or elastic-perfect plastic models.

∙ In classical elastic-brittle and elastic-perfect plastic models the elastic-

limit (”failure”) is identical to the peak-strength of the material, whereas

the proposed fully coupled constitutive relation has separate points of

damage onset and peak-strength.

∙ Damage evolution has profound a effect on the borehole stress distri-

bution, because the damage evolution is not homogeneous along the

borehole wall.
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Gaede, O., Karrech, A. & Regenauer-Lieb, K. (2011). Borehole

Stability Analysis in a Rock Formation with Coupled Anisotropic Damage and

Chemical Weakening. Proceedings of the GeoProc 2011 conference, Perth,

Australia, 6-9 March 2011.

∙ The ion transport from drill mud into the formation is modeled as a

diffusion process due to a gradient in normalized concentration.

∙ The diffusion is modeled for two cases: homogeneous diffusion and

inhomogeneous diffusion due to fast diffusion pathways (e.g. fractures

or bedding planes).

∙ The fully coupled elastic-damage constitutive relation is extended to

account for chemical weakening by making the hardening parameters

of the damage threshold a function of the generalized concentration.

The magnitude of chemical weakening is based on experimental data

obtained from the literature.

∙ The size and extent of the damaged zone increases for the homogeneous

diffusion in comparison to that of a reference model with no diffusion

(i.e. no chemical weakening), whereas the amount of damage on the

borehole wall is only slightly increased.

∙ Depending on the orientation of the fast diffusion pathway the size and

extent of the damaged zone is increasing further. The resulting damage

can lead to very complex stress distribution.

6.2 Conclusion

The classical approach addresses the borehole stability problem by answer-

ing two questions. Firstly, what are the magnitudes of the borehole stresses?

Secondly, do these stresses exceed the strength of the formation? These two

questions are answered separately. The magnitudes of the borehole stresses

are determined via elastic stress equations (chapter 3). The first question is
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therefore answered under the assumption of reversible behavior (i.e. using

equilibrium thermodynamics). Once the borehole stresses are obtained, they

are compared against a stress-based failure criterion. Borehole failure, like

a borehole breakout, is predicted, if the stresses exceed this criterion. The

advantages of this approach are that (a) analytical solutions exist, (b) com-

putation time is negligible and (c) the interpretation is straight forward. The

approach is problematic, however, because the stresses calculated under the

assumption of reversible behavior are often significantly above the strength

of the formation, which means a stress-state is predicted that cannot be

reached from a physical point of view. Furthermore, the entropy produced

by the failure of the formation is not accounted for, which will affect any

subsequent calculation of coupled processes.

The thermodynamic approach answers the two questions in one step. Re-

versible and irreversible behavior are described with one formalism and fully

coupled on the level of state variables. The irreversible processes, such as

failure, can be described because the underpinning dissipative mechanisms

are considered explicitly. The direct coupling of state variables also avoids

a situation where the elastic borehole stresses are overestimated. Further-

more, the entropy produced by the irreversible processes is accounted for;

this means that time dependent and coupled processes like chemical weaken-

ing can be incorporated into the formalism. The time dependence is directly

determined by the entropy fluxes.

Another important difference is that the thermodynamic approach re-

duces the number of degrees of freedom to a minimum (essentially the state

variables). While this is also true for the classical approach as long as equilib-

rium processes are considered, for irreversible processes the classical approach

is amended with empirical relations, which often have parameters with un-

known physical meaning. This can be perceived both as an advantage or

disadvantage. In the thermodynamic approach the researcher has to postu-

late the Helmholtz free energy and the dissipation function. If this is done

incorrectly, experimental results can not be fitted. For new and unknown
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phenomena, it is desirable that the theoretical framework is not too firm,

otherwise important data might be unjustly discarded as measurement er-

rors.

The advantages of the thermodynamic approach are counterbalanced by

the need to use numerical methods, which are computationally more expen-

sive than the analytical or semi-analytical methods available for classical

problems. Numerical methods are necessary because the coupled and dissi-

pative processes lead to non-linear material behavior and the inhomogeneous

redistribution of the material parameters. Although super-computing ca-

pabilities are becoming widely available, it is sensible to use the classical

approach when possible.

Returning to the initial motivation behind this thesis; that is, providing

strategic basic research with the aim to secure future energy resources, what

was gained? The presented theory and methods enhance forward model-

ing of borehole stability problems, especially in anisotropic and chemically

reactive rock formations. This will reduce risks associated with drilling op-

erations, which will reduce overall capital expenditure. High initial costs are

one of the major factors slowing down the development of geothermal energy.

The development of unconventional gas resources (shale gas and coal bed

methane) is hindered by environmental concerns. While these concerns are

often blown out of proportion in the public debate, they reflect real envi-

ronmental problems. That is mainly, the possible contamination of potable

water-bearing aquifers with drill mud, stimulation fluids or produced gas.

These problems are directly related to borehole stability. Furthermore, re-

liable borehole stress calculations are the first step towards safe hydraulic

fracturing operations in anisotropic formations, such as shales or coals. And

finally, chemical weakening caused by water-based drill mud is the main rea-

son why environmentally problematic and expensive oil-based mud is used.

Fully coupled numerical simulations have the potential to show how other

thermodynamic fluxes could counteract chemical weakening.
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6.3 Outlook

The research presented in this thesis opens up new opportunities for a wide

variety of engineering applications and it shows that many scientific questions

still need to be addressed. First of all, the presented numerical models need

to be implemented into a borehole design and optimization procedure. The

hybrid analytical-numerical workflow for arbitrarily oriented boreholes in an

arbitrarily oriented anisotropic medium (see chapter 3) is a first step in this

direction. This workflow eliminates the need to rebuild and remesh a finite

element model for every new borehole orientation, which drastically reduces

model development time.
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Figure 6.2: Coupled transport phenomena after Van Oort et al. (1996).

The next logical step on the level of theory development is to include the

full range of chemo-mechanical coupling mechanisms. So far, only chemical

weakening is considered (chapter 5), but chemically induced strain is a com-

mon phenomena observed in clay-rich shales (Heidug and Wong, 1996). The

coupling between elastic properties and chemical processes becomes particu-

lar important for metamorphic reactions.
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Furthermore, the damage formalism has to be expanded to other domains

of physics and coupled with poro-chemo-mechanics and thermo-poro-chemo-

mechanics. Shao (1998) proposed how poro-mechanics and damage could

be coupled. These coupled processes involve more than one thermodynamic

flux (see Fig.6.2) and the simplified manner in which transport processes are

presented in this thesis has to be extended.

The product of a thermodynamic flux and the thermodynamic force driv-

ing it equals the entropy production rate of the transport process. Transport

processes can therefore be implemented into a thermodynamic formulation

as entropy fluxes. Gradients in thermodynamic forces not only drive their

conjugated fluxes, as described by the classical diffusion laws of Fourier,

Ohm, Darcy and Fick, they also drive any flux that is admissible in the

system under consideration. Some of these effects have been know form em-

pirical observations for a long time (e.g. chemical osmosis, Nollet, 1748)

and where described on the basis of irreversible thermodynamics by On-

sager (1931). The off-diagonal transport coefficients needed to model these

coupled transport processes are difficult to obtain from experiments. But

coupled processes enlarge the range of options for the drilling engineer to

address borehole stability problems. Van Oort et al. (1996) already pointed

out that the utilization of coupled transport phenomena could counteract

chemical weakening associated with water-based drill mud. Particularly in-

teresting, from an engineering point of view, is the coupling with electrical

gradients, which receives very little attention in the geomechanics community.

On a broader note, I would like to emphasize that the possible applica-

tions of the theory and models presented in this thesis are not limited to

borehole stability in shales. One possible field for the application of damage

mechanics is the prediction of sand production. As is noted by Fjaer et al.

(2008), mechanical damage of the formation around an open hole or a per-

foration completion are a necessary condition for the co-production of sand

in an consolidated formation.

Furthermore, the introduction of a time dependent formulation enables us
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to conduct a sustainable borehole stability analysis that considers the long

term implications of chemical reactions for geothermal reservoirs, CO2 se-

questration and in-situ mineral leaching. Finally, the presented constitutive

relationships are by no means bound to the borehole geometry and can be

applied to problems in reservoir geomechanics or underground mining.



Bibliography

Aadnoy, B. (1988). Modeling of the stability of highly inclined boreholes in

anisotropic rock formations. SPE (Society of Petroleum Engineers) Drill.

Eng, 3(3).

ABAQUS (2000). Users manual. vol. 1, Version 6.1., Hibbit, Karlsson and

Sorenson Inc.

Abousleiman, Y. and Ekbote, S. (2005). Solutions for the inclined borehole

in a porothermoelastic transversely isotropic medium. Journal of Applied

Mechanics, 72(1):102–114.

Amadei, B. (1983). Rock Anisotropy and the theory of stress measurements.

Lecture notes in engineering. Springer Verlag.

Amadei, B. and Pan, E. (1992). Gravitational stresses in anisotropic rock

masses with inclined strata. In Int. J. of Rock Mechanics and Mining

Sciences, volume 29, pages 225–236. Elsevier.

Amestoy, P., Duff, I., LExcellent, J., and Koster, J. (2001). MUMPS: a

general purpose distributed memory sparse solver. Applied Parallel Com-

puting. New Paradigms for HPC in Industry and Academia, pages 121–130.

Atkinson, C. and Bradford, I. (2002). Effect of inhomogeneous rock proper-

ties on the stability of wellbores. In IUTAM Symposium on Analytical and

Computational Fracture Mechanics of Non-Homogeneous Materials: pro-

ceedings of the IUTAM Symposium held in Cardiff, UK, 18-22 June 2001,

page 95. Springer Netherlands.

139



140 BIBLIOGRAPHY

Auld, B. (1973). Acoustic fields and waves in solids. Vol. 1. Wiley.

Bayly, B. (1983). Chemical potential in viscous phases under nonhydrostatic

stress. Philosophical Magazine A, 47:3944.

Bayly, B. (1987). Nonhydrostatic thermodynamics in deforming rocks. Cana-

dian Journal of Earth Sciences, 24:572579.

Bayly, B. (1992). Chemical Change in Deforming Materials. Oxford Univer-

sity Press.

Bentley, R. (2002). Global oil & gas depletion: an overview. Energy Policy,

30(3):189–205.

Biot, M. (1958). Linear thermodynamics and the mechanics of solids. In

Proceedings Third U.S. National Congress of Applied Mechanics, Brown

University, Providence, R.I. ASME, New York,, page 118.

Biot, M. (1965). Mechanics of Incremental Deformations. John Wiley,

NewYork.

Biot, M. (1984). New variational-lagrangian irreversible thermodynamics

with application to viscous flow, reaction-diffusion, and solid mechanics.

Advances in applied mechanics., 24:1–91.

Boyer, C., Kieschnick, J., Suarez-Rivera, R., Lewis, R., and Waters, G.

(2006). Producing gas from its source. Oilfields Review, Autumn.

Budiansky, B. and O’Connell, R. (1976). Elastic moduli of a cracked solid.

International Journal of Solids and Structures, 12(2):81–97.

Callen, H. B. (1960). Thermodynamics, An Inroduction to the Physical

Therories of Equilibrium Thermostatics and Irreversible Thermodynam-

ics. John Wiley & Sons.

Charlez, P. (1991). Rock mechanics: Theoretical fundamentals. Editions

Technip.



BIBLIOGRAPHY 141

Chenevert, M. (1964). The deformation-failure characteristics of laminated

sedimentary rocks. University of Texas.

Cheng, H. and Dusseault, M. (2002). Continuum damage theories and

petroleum geomechanics. In SPE/ISRM Rock Mechanics Conference.

Coe, R. and Paterson, M. (1969). The �–� inversion in quartz: a coher-

ent phase transition under nonhydrostatic stress. Journal of Geophysical

Research, 74(20):4921–4948.

Coleman, B. and Gurtin, M. (1967). Thermodynamics with internal state

variables. Journal of Chemical Physics, 47:597613.

Coleman, B. and Noll, W. (1963). The thermodynamics of elastic materials

with heat conduction and viscosity. Archive for Rational Mechanics and

Analysis, 13(1):167–178.

Collins, I. and Hilder, T. (2002). A theoretical framework for constructing

elastic/plastic constitutive models of triaxial tests. International journal

for numerical and analytical methods in geomechanics, 26(13):1313–1347.

Collins, I. and Houlsby, G. (1997). Application of thermomechanical princi-

ples to the modelling of geotechnical materials. Proceedings of the Royal

Society of London. Series A: Mathematical, Physical and Engineering Sci-

ences, 453.

COMSOL, Inc. (2010). COMSOL multiphysics users guide.

Coussy, O. (1995). Mechanics of Porous Continua. John Wiley & Sons.

Coussy, O. (2004). Poromechanics. John Wiley & Sons Inc.

Cui, L., Cheng, A., Kaliakin, V., Abousleiman, Y., and Roegiers, J. (1996).

Finite element analyses of anisotropic poroelasticity: a generalized Man-

del’s problem and an inclined borehole problem. International Journal for

Numerical and Analytical Methods in Geomechanics, 20(6):381–401.



142 BIBLIOGRAPHY

Detournay, E. and Cheng, A.-D. (1988). Poroelastic response of a borehole

in a non-hydrostatic stress field. International Journal of Rock Mechanics

and Mining Sciences & Geomechanics Abstracts, 25(3):171 – 182.

Einav, I., Houlsby, G., and Nguyen, G. (2007). Coupled damage and plastic-

ity models derived from energy and dissipation potentials. International

Journal of Solids and Structures, 44(7-8):2487–2508.

Ekbote, S. and Abousleiman, Y. (2006). Porochemoelastic solution for an

inclined borehole in a transversely isotropic formation. Journal of engi-

neering mechanics, 132:754.

EPRI (2010). Australian Electricity Generation Technology Costs - Reference

Case 2010. Technical report, Electric Power Research Institute.

Ewy, R. (1998). Wellbore stability predictions using a modified lade criterion.

SPE/ISRM Rock Mechanics in Petroleum Engineering.

Fairhurst, C. (1968). Methods of determining in situ rock stresses at great

depths. In Technical Report TRI-68. US Army Corps of Engineers.

Fisher, G. (1970). The application of ionic equilibria to metamorphic differen-

tiation: an example. Contributions to Mineralogy and Petrology, 29(2):91–

103.

Fisher, G. (1973). Nonequilibrium thermodynamics as a model for

diffusion-controlled metamorphic processes. American Journal of Science,

273(10):897.

Fjaer, E., Holt, R., Horsrud, P., Raaen, A. M., and Risnes, R. (2008).

Petroleum Related Rock Mechanics. Elsevier, 2nd edition edition.

Fonseka, G. and Krajcinovic, D. (1981). The Continuous Damage Theory of

Brittle Materials, Part 2: Uniaxial and Plane Response Modes. Journal of

Applied Mechanics, 48:816.



BIBLIOGRAPHY 143

Foster, C. T. (1981). A thermodynamic model of mineral segregations in

the lower sillimanite zone near rangeley, maine. American Mineralogist,

66:260–277.

Gaede, O., Karpfinger, F., Prioul, R., and Jocker, J. (2012). Comparison

between analytical and 3D finite element solutions for borehole stresses

in anisotropic elastic rock. International Journal of Rock Mechanics and

Mining, 51:53–63.

Gaede, O., Karrech, A., and Regenauer-Lieb, K. (2011a). Anisotropic dam-

age mechanics as a novel approach to improve pre- and post-failure bore-

hole stability analysis. Geophysical Journal International. In revision.

Gaede, O., Karrech, A., and Regenauer-Lieb, K. (2011b). Borehole stability

analysis in a rock formation with coupled anisotropic damage and chem-

ical weakening. In Proceedings of the GeoProc 2011 conference, Perth,

Australia, 6-9 March 2011.

Green, H. (1970). Diffusional flow in polycrystalline materials. Journal of

Applied Physics, 41(9):3899–3902.

Green, H. (1980). On the thermodynamics of non-hydrostatically stressed

solids. Philosophical Magazine, Part A, 41:637–647.
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Appendix A

Additional Equations

A.1 Rotation matrix for stress tensor

The rotation matrix Rz which rotates the in-situ stress tensor into the NEV

stress tensor is defined as:

Rz() =

⎛⎜⎝ cos  sin  0

− sin  cos  0

0 0 1

⎞⎟⎠ . (A.1)

The rotation matrix Tt which rotates the NEV stress tensor into the TOH

stress tensor is defined as:

Tt(�D, �A) =

⎛⎜⎝ lx mx nx

ly my ny

lz mz nz,

⎞⎟⎠ (A.2)

where the directional cosines are defined as

lx = cos(�D) cos(�A), mx = cos(�D) sin(�A), nx = − sin(�D),

ly = − sin(�A), my = cos(�A), ny = 0,

lz = sin(�D) cos(�A), mz = sin(�D) sin(�A), nz = cos(�D).

(A.3)
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A.2 Bond transformation

In order to rotate the 6 × 6 Voigt notation elastic matrix into the borehole

frame we have to define the directional cosines for the material frame

ls = cos(�D) cos(�A), ms = cos(�D) sin(�A), ns = − sin(�D),

lt = − sin(�A), mt = cos(�A), nt = 0,

ln = sin(�D) cos(�A), mn = sin(�D) sin(�A), nn = cos(�D).

(A.4)

Two bond transformation matrices are required. One which takes into

account the orientation of the material frame which has the form

T� =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

l2s m2
s n2s 2msns 2nsls 2lsms

l2t m2
t n2t 2mtnt 2ntlt 2ltmt

l2n m2
n n2n 2mnnn 2nnln 2lnmn

ltln mtmn ntnn mtnn +mnnt ntln + nnlt ltmn + lnms

lnls mnms nnns msnn +mnns nsln + nnls lsmn + lnms

lslt msmt nsnt msnt +mtns nslt + ntls lsmt + ltms

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (A.5)

The second one takes into account the orientation of the borehole

T� =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

l2x m2
x n2x mxnx nxlx lxmx

l2y m2
y n2y myny nyly lymy

l2z m2
z n2z mznz nzlz lzmz

2lylz 2mymz 2nynz mynz +mzny nylz + nzly lymz + lzmx

2lzlx 2mzmx 2nznx mxnz +mznx nxlz + nzlx lxmz + lzmx

2lxly 2mxmy 2nxny mxny +mynx nxly + nylx lxmy + lymx

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (A.6)

For more background on the Bond transformations we refer to Auld (1973)

and Ong (1994).
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A.3 Analytic functions

The definition of the three analytic functions is given as

�′1(z1) = 1[(�3�2�3 − �2)(�y,TOH − i�xy,TOH − Pw) +

(�2�3 − 1)(�xy,TOH − i�x,TOH + iPw) + (A.7)

�3(�3 − �2)(�yz,TOH − i�xz,TOH)]

�′2(z2) = 2[−(�3�1�3 − �1)(�y,TOH − i�xy,TOH − Pw) +

(1− �1�3)(�xy,TOH − i�x,TOH + iPw) +

�3(�1 − �3)(�yz,TOH − i�xz,TOH)] (A.8)

�′3(z3) = 3[(�2�1 − �1�2)(�y,TOH − i�xy,TOH − Pw) +

(�1 − �2)(�xy,TOH − i�x,TOH + iPw) + (A.9)

(�2 − �1)(�yz,TOH − i�xz,TOH)],

where

j =

[
−2Δpj

√(zj
a

)2

− 1− �2
j

]−1

j = 1..3, (A.10)

and

pj =

zj
a

+
√( zj

a

)2 − 1− �2
j

1− i�j
j = 1..3, (A.11)

and

Δ = �2 − �1 + �2�3(�1 − �3) + �1�3(�3 − �2) (A.12)

A detailed derivation is given by Amadei (1983) and Ong (1994).

A.4 Clausius-Duhem inequality

In the following the local form of the first and second law of thermodynamics

is derived. First, the Helmholtz free energy Ψ is considered; but in a more

general definition, as the Legendre transform of the internal energy U (i.e.

partially inverted for the conjugate set {S, T}, where S is the Entropy and
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T is the absolute Temperature):

Ψ = U − ST . (A.13)

The Helmholtz free energy enables us to write the time derivative of the

internal energy in a form that is sensible for the derivation of the dissipation

U̇ = Ψ̇ + SṪ + T Ṡ . (A.14)

Next, the local form of the first law of thermodynamics using the conservation

laws of classical physics is deduced; beginning with the conservation of energy

d(U +K)

dt
= Pext +Q . (A.15)

The law states that any change of U the internal energy and K the kinetic

energy over time has to be equal to the sum of the power of external forces

Pext and the rate of heat supply Q. Now the internal energy and the kinetic

energy are defined over the material volume Ω

U =

∫
Ω

�udΩ , (A.16)

K =

∫
Ω

�
v2

2
dΩ , (A.17)

where u is the specific internal energy, � is the density and v is the velocity

of the particles inside the material volume Ω. Next, the Pext and Q are

defined over the same volume. The external work Pext is decomposed into

contributions of the body forces f acting on the material volume Ω and the

surface traction T acting on the surface ! enclosing that volume

Pext =

∫
Ω

f ⋅ vdΩ +

∫
!

T ⋅ vd! =

∫
Ω

f ⋅ vdΩ +

∫
!

(� ⋅ n) ⋅ vd! . (A.18)
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The rate of heat supply can also be decomposed into contributions from an

internal heat production r and the heat flux q through the surface !

Q =

∫
Ω

rdΩ−
∫
!

q ⋅ nd! . (A.19)

Using the conservation of mass in the volume Ω

d

dt

∫
�dΩ = 0 . (A.20)

and the integral expressions for the internal energy (Eq. A.16) and the kinetic

energy (Eq. A.17) the left hand side of the conservation of energy can be

simplify
d(U +K)

dt
=

∫
Ω

�
du

dt
dΩ +

∫
Ω

�v ⋅ v

dt
dΩ . (A.21)

By using the divergence theorem on the power of external forces (Eq. A.18)

and the rate of heat supply (Eq. A.19)the right hand side of the conservation

of energy can be rewrite

Pext +Q =

∫
Ω

(� : d + (div� + f) ⋅ v)dΩ +

∫
Ω

(r − divq)dΩ , (A.22)

where d = 1
2
(gradv+gradtv) is the rate of deformation. Using the local form

of the conservation of momentum

div� + f = �
dv

dt
, (A.23)

the acceleration terms (kinetic energy) can be eliminated from equation (A.15)∫
Ω

�
du

dt
dΩ =

∫
Ω

� : ddΩ +

∫
Ω

(r − divq)dΩ . (A.24)

This equation can be written in a local from and the deformation rate d can

be approximated with the strain rate �̇ for small deformation

�u̇ = � : �̇+ r − divq . (A.25)
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We insert this into a local form of equation (A.14)

� ̇ + �T ṡ+ �sṪ = � : �̇+ r − divq . (A.26)

Second Law of Thermodynamics: The second law of thermodynamics

states that the entropy S of a system will remain constant for reversible

process and that the change of entropy is positive for an irreversible process:

dS

dt
⩾ 0 . (A.27)

Furthermore, the entropy production rate of a system is at least equal to the

rate of heat supply Q to that system.

dS

dt
⩾
�Q

T
. (A.28)

We now consider the entropy of the volume Ω and use the integral expression

of the heat supply rate (Eq.A.19)

dS

dt
⩾
∫

Ω

r

T
dΩ−

∫
!

q ⋅ n
T

d! . (A.29)

Using the divergence theorem and the conservation of mass we can rearrange

equation (A.29)∫
Ω

�
ds

dt
dΩ ⩾

∫
Ω

(
r

T
+

q

T 2
⋅ gradT − divq

T

)
dΩ . (A.30)

This inequality can be recast to obtain the local form of the 2nd law of

thermodynamics

�T ṡ ⩾ r +
q

T
⋅ gradT − divq . (A.31)

We insert Eq. (A.31) into the local form of the energy conservation law

(Eq. A.25) to obtain the local rate of irreversible entropy production

� : �̇− � ̇ − �sṪ − q

T
⋅ gradT ⩾ 0 . (A.32)
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With the strain decomposition d� = d�e + d�p and the time derivative of

 =  (�,D, T )
d 

dt
=
∂ 

∂�e
: �̇e +

∂ 

∂D
: Ḋ +

∂ 

∂T
Ṫ (A.33)

and the stress

� =
∂ 

∂�e
, (A.34)

we obtain the Clausius-Duhem inequality

D = � : �̇p + Y : Ḋ− q

T
⋅ gradT ⩾ 0 . (A.35)

A.5 Effective elastic response of damaged rocks

Isotropic damage tensor

D = D11 = D22 = D33

ãISOijkl =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(�+ 2�)T �T �T 0 0 0

�T (�+ 2�)T �T 0 0 0

�T �T (�+ 2�)T 0 0 0

0 0 0 �T 0 0

0 0 0 0 �T 0

0 0 0 0 0 �T

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(A.36)

with T = (1−D).

Transversely isotropic damage tensor

D11 = D22 ∕= D33

ãV TIijkl =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(�+ 2�)T11 �T11 �T13 0 0 0

�T11 (�+ 2�)T11 �T13 0 0 0

�T13 �T13 (�+ 2�)T33 0 0 0

0 0 0 �T11 0 0

0 0 0 0 �T13 0

0 0 0 0 0 �T13

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(A.37)

with T11 = (1−D11), T13 = (1− 1
2
(D11 +D33)) and T33 = (1−D33).
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Orthorhombic damage tensor

D11 ∕= D22 ∕= D33

ãORTijkl =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(�+ 2�)T11 �T12 �T13 0 0 0

�T12 (�+ 2�)T22 �T23 0 0 0

�T13 �T23 (�+ 2�)T33 0 0 0

0 0 0 �T12 0 0

0 0 0 0 �T13 0

0 0 0 0 0 �T23

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(A.38)

with T11 = (1 −D11), T12 = (1 − 1
2
(D11 + D22)), T13 = (1 − 1

2
(D11 + D33)),

T22 = (1−D22), T23 = (1− 1
2
(D22 +D33)) and T33 = (1−D33).


