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Abstract 

The acoustic scattering properties of the human head and torso match well with those of simple 

geometric shapes. Consequently, analytical scattering models can be utilised to account for the 

sound localisation cues introduced by these features. The traditional use of such models 

assumes that the head surface is completely rigid in nature. This thesis is concerned with 

modelling and understanding the effect of terminal scalp hair (i.e., a non-rigid head surface) on 

the auditory localisation cues. The head is modelled as a sphere, and the acoustical 

characteristics of hair are modelled using a locally-reactive equivalent impedance parameter. 

This allows the scattering boundary to be defined on the inner rigid surface of the head. The 

boundary assumptions are validated experimentally, through impedance measurement at oblique 

incidence and analysis of the near-field scattering pattern of a uniformly covered sphere. The 

impedance properties of human hair are also discussed, including trends with variations in 

sample thickness, bulk density, and fibre diameter.  

 A general solution for the scattering of sound by a sphere with an arbitrarily distributed, 

locally reactive surface impedance is then presented. From this, an analytical solution is derived 

for a surface boundary that is evenly divided into two uniformly distributed hemispheres. For 

this boundary condition, cross-coupling is shown to exist between incoming and scattered wave 

modes of equi-order when the degrees are non-equal and opposite in parity. The overall effect of 

impedance on the resultant scattering characteristics is discussed in detail, both for uniform and 

for hemispherically divided surface boundaries. Finally, the analytical formulation and the 

impedance characteristics of hair are collectively utilised to investigate the effect of hair on 

human auditory localisation cues. The hair is shown to produce asymmetric perturbations to 

both the monaural and binaural cues. These asymmetries may help to resolve localisation 

confusions between sound stimuli positioned in the front and rear hemi-fields. The cue changes 

in the azimuth plane are characterised by two predominant features and remain consistent 

regardless of the decomposition baseline (i.e., the inclusion of a pinna offset, neck, etc). 

Experimental comparisons using a synthetic hair material show a good agreement with 

simulated results. 
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1 Introduction and Background 

1.1 General motivation 

In today’s technologically driven world, computers are fast becoming the vehicle for human 

communication, business, and entertainment. The creation of realistic immersive virtual 

environments has consequently become a popular field for both academic and commercial 

research. In many ways, the auditory discipline is much closer than its visual counterpart to 

obtaining mechanisms that provide artificial stimuli matching those experienced in the natural 

world. Using current technologies, sounds can be accurately rendered in a three-dimensional 

(3D) sound space, complete with correct location, environment, and human interaction cues. 

Some implementations have such surprising fidelity that immersion in the virtual world is often 

indiscernible from genuine interaction with the natural environment. The major challenges 

currently arise from the individualisation and deployment of such technology; transposing it 

from highly specialised measuring and listening environments to something that the broader 

population can use with little or no customisation, and using standard computing or hi-fi 

equipment. 

The motivations for such detailed reconstructions of auditory spaces are manifold. 

Sound itself is a powerful sense and in isolation can be used to communicate multifarious 

verbal, emotional, and technical information. As an auxiliary sense, it can draw attention to 

certain details, invoke certain behaviour, and give an immediate sense of environment. Whilst 

our localisation accuracy is best in the frontal region, hearing is also a truly 3D experience; in 

the natural environment we can hear sounds with extreme robustness from any direction. The 

physical experience of such sounds follows a defined set of edicts, yet the psychological 

experience can also be deeply personal and subjective. Sounds can be abrupt and sterile, 

complex and intensely moving, calming and therapeutic, inspiring and motivating, and any 

number of other things. It is such relationships with sounds, and in particular music, that were 

the muse for research in this particular field.  
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1.2 Natural and virtual hearing 

There is an obvious link between studies of virtual and natural auditory environments. 

Successful virtual audio implementations must exploit the mechanisms of the physical 

interaction of sound stimuli with the human body, in addition to their subsequent interpretation 

by the auditory system. In particular, an understanding is required of the acoustical relationship 

between a sound source at a particular location, and the corresponding sound pressure evident at 

the eardrum. This must be examined concurrently with the psychological relationship between 

certain timing and magnitude properties of this response, and the perceived source direction. At 

present, there are many good texts available providing summaries of the general literature, both 

current and historical. Books such as those by Blauert (1997) and Begault (1994) provide a 

strong foundation to understanding the fundamentals of natural hearing and binaural synthesis. 

Additional texts such as those by Carlile (1996b), Gilkey & Anderson (1997), and Blauert 

(2005) provide more context sensitive summaries of supplementary concepts.  

 In the broader auditory domain, current research incorporates many disciplines and 

subject areas. In the study of human hearing, these include physical acoustics, psychoacoustics, 

and auditory neurophysiology. Such research has many applications; in communication, 

entertainment, navigation, monitoring, and auditory products for the hearing impaired. With 

such a large and diverse breadth of subjects, the general progress of this research is not 

examined here. The discussion given is focussed predominantly on the contribution of the 

external physiological features (head, torso, etc) to the auditory cues, and the associated 

approaches to modelling these phenomena. If a clear understanding is obtained of the individual 

contribution of each relevant external auditory constituent, this knowledge may collectively be 

utilised to model and explicate the complete auditory percept. This in turn provides an easy and 

transferable method of creating customised binaural synthesis. In this context, the current study 

serves to systematically model, describe, and explain the effect of human terminal scalp hair on 

the auditory localisation cues, a subject that has previously received little attention by the 

greater binaural community.  
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1.2.1 The human head as a scattering object 

The interaction of sound stimuli with the external features of the human physiology produces 

the directional cues that are decoded by the auditory system. It is appropriate to begin the 

review of auditory literature with a brief examination of the broad anthropometric proportions 

of this physiology. These parameters are utilised for the scattering simulations and experiments 

presented in later chapters. A large number of human anthropometric studies have been 

completed dating back several centuries, although many of the earlier studies were driven by 

racial, rather than ergonomic, motivations. Variations in anthropometric measurements arise 

both within and between subjects of differing age, sex, and ethnicity. Discussion of many of the 

head and torso measurements relevant to the current study has been given previously in relation 

to the construction of anthropometric mannequins (e.g., Burkhard & Sachs 1975; Burandt et al. 

1991). Such mannequins are frequently used with studies of human hearing. The proportions 

discussed by Burkhard & Sachs, in relation to the Knowles electronics manikin for acoustic 

research (KEMAR), are based on other large scale anthropometric studies, Churchill & Truett 

(1957) in particular. Detailed discussion of the anthropometry of the head and face has also been 

given in relation to medicine (Farkas 1981; Farkas & Munro 1987) as well as ergonomics 

(Pheasant 1986; Dreyfuss 2002).  

 Comparative data for seven indicative anthropometric measurements are given in Table 

1.1. The physical locations of these measurements are shown in Fig. 1.1. The data sources are 

primarily compiled from average adult humans and then mostly from the USA. The average 

ratio of head height:length:width (A:C:E) corresponds to approximately 1.5:1.25:1 and is 

independent of gender. Variations in this ratio arise between subject groups of different 

ethnicity, particularly in the ratio of length to width (or roundness) of the head. Results 

published in Farkas & Munro (1987) illustrate a decrease in this ratio for Latin and Slavic 

subject groups compared to Anglo-Saxon. Similarly, anthropometric data from Dreyfuss (2002) 

illustrates a decrease in length:width for Japanese (1.2:1) and Chinese (1.1:1) subject groups. 

 Given these proportions, the obvious geometric shape to provide an approximate fit to 

the head’s shape is an ellipsoid. Ellipsoidal ray tracing models to account for the path length 

difference between the two pinnae for offset sound sources have been proposed (Duda, 
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TABLE 1.1. Selected data for seven anthropometric measurements of the human head. Values indicated 

with a * are not necessarily taken exactly from the reference points shown in Fig. 1.1. The average ratio of 

head height:length:width (A:C:E) is approximately 1.5:1.25:1.  

Study Measurements [cm] (see Fig. 1.1) 

 A B C D E F G 

Burkhard & Sachs (1975)        
     male 50%ILE 23.3 13.0 19.6 10.2 15.5 14.2 12.1 
     female 50%ILE 21.1 13.0 18.0 9.4 14.7 13.5 10.3 
        
Farkas (1981)        
     male 50%ILE 23.4 13.7 19.3 9.5 15.1 14.4 - 
     female 50%ILE 21.6 13.0 18.5 9.4 14.4 13.6 - 
        (using data for 18 yr old)        
Pheasant (1986)        
     male 50%ILE 22.5 12.5 19.5 10.0 15.5 13.5 - 
     female 50%ILE 22.0 12.5 18.0 10.0 14.5 13.0 - 
        
Burandt et al. (1991)        
     male 50%ILE 22.9 14.0* 20.3 8.3* 15.6 15.3 11.7 
        
Dreyfuss (2002)        
     male 50%ILE 22.1 12.5 19.6 9.9 15.5 14.0 11.7 
     female 50%ILE 21.8 12.2 18.0 9.1 14.5 13.0 10.9 
        (revised edition of the 1959 text)        

Avendano & Algazi 1999; Chan & Chen 2000). However, for scattering studies the required 

analytical formulation is complex and relies on the use of ellipsoidal harmonics. As an 

alternative, a sphere also provides an approximate fit, particularly if matched to the length and 

width dimensions of the head (the ratio of which is reasonably close to unity). Such a geometric 

model disregards the contribution of protruding features such as the jaw and chin, and is thus 

likely to produce errors for frontal sources positioned at low elevations. However, for these 

elevations the presence of the upper torso also begins to affect the scattering pattern. It could 

additionally be speculated that subjects spend more time localising sounds in or above the 

azimuth plane (because they spend more time with their head facing downward than upward), 

and a sphere provides a convenient approximate geometric match to the upper section of the 

head.  

 The average of male head length (C) and head width (E) dimensions from Table 1.1 is 

17.5 cm. This value is consistent with Blauert (1997) and is commonly utilised throughout the 

auditory literature as the diameter for spherical approximations of the human head. Simulations 
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FIGURE 1.1. Physical location of the anthropometric measurements given in Table 1.1. 

throughout this dissertation use this value for sphere diameter unless explicitly stated otherwise. 

The correct anthropometric location of the pinnae and the distribution of the hair are also of 

interest, particularly in relation to a spherical approximation of the head. Examining the general 

physiological make up of the human head, in conjunction with limited values of the hairline 

from Dreyfuss (2002), it is reasonable to assume that the sphere surface may be split 

hemispherically into two parts, one covered with hair and one with skin. With this distribution, 

the hair line is elevated approximately 45° when viewing the sagittal profile. For a spherical 

head, the relative location of the pinnae depends specifically on the methodology used to fit the 

spherical shape to the anthropometric head. Discussion of this anthropometric matching is given 

in Section 1.4.3. 

1.2.2 Hearing in the natural world 

In a natural listening environment, external sounds are primarily coupled to the auditory system 

via the pinnae and ear canals. Source location information is then extracted from the binaural 

level and timing differences between the sound signals at the two eardrums. Additional 

information is also decoded from the detailed spectral information contained within each of the 

monaural signals. In the azimuth plane, the localisation cues are dominated by the presence of 

the head in the wave path between the two pinnae. For sources offset from the median plane, 

this produces a path length and hence timing difference between the ipsilateral and contralateral 
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FIGURE 1.2. Visual representation of spatially descriptive terminology. The left panel shows the coordinate 

axis with respect to the human head. The central and median axes form the median plane, the central and 

interaural axes form the frontal plane, and the median and interaural axes form the horizontal or azimuth 

plane. The right panel shows an overhead view of the horizontal (azimuth) plane and descriptive terminology 

relative to the location of the sound source.  

ears (see Fig. 1.2 for a visual representation of spatially descriptive terminology). For an 

average sized human head, the maximum interaural time difference (ITD) occurs for sources 

located on the interaural axis and is in the order of 700 μs. At higher frequencies (when the 

wavelength of the incoming sound wave is comparable to the size of the head), offset sources 

also produce a reduction in the sound level at the contralateral pinna. This frequency dependent 

head shadowing causes an interaural level difference (ILD) that becomes more significant as the 

wavelength decreases.  

The relative salience of the ILD and ITD cues for localisation in the azimuth plane is 

characterised by the duplex theory of sound (Rayleigh 1907; Macpherson & Middlebrooks 

2002). Low frequencies are localised by time differences and high frequencies by level 

differences. For broadband stimuli, the ITD cue tends to dominate the ILD, particularly when 

the cues correspond to conflicting source directions (Wightman & Kistler 1992). Under these 

conditions, even when the ILD is biased by several dB, there is little effect on the overall 

perceived sound direction, although, the number of front-back confusions substantially 

increases for large ILD biases (Wightman & Kistler 1997; Macpherson & Middlebrooks 2002). 

Overall, spatially accurate ITD and ILD cues are both considered important for robust location 
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and hemi-field distinction. At higher frequencies (above 3 to 4 kHz), the folds and cavities of 

the pinnae begin to introduce additional spectral filtering effects. These are dependent on the 

direction of the incident sound wave and result in systematic changes to the high frequency 

information of the HRTF. For example, the concha (one of the larger pinna features) has six 

primary modes of wave motion under blocked meatus (eardrum) conditions, each excited from a 

different source elevation (Shaw 1997). For accurate elevation localisation, it is generally 

accepted that stimuli must contain sufficient high frequency energy so that these cues can be 

established. Pinna cues also contribute to robust discrimination of front-back or ‘cone-of-

confusion’ ambiguities by introducing spectral differences between sources positioned in the 

anterior and posterior hemi-fields. These ambiguities arise because a set of interaural cues in 

isolation do not necessarily define a unique source direction. This is due to the approximately 

symmetrical composition of the head and pinnae.  

In addition to the high frequency elevation cues introduced by pinna filtering, secondary 

elevation cues are also provided by the head and torso. The slightly aspherical nature of the 

head, in combination with the offset position of the pinnae, produce changes in the interaural 

cues with elevated source movement for a given azimuth (Duda, Avendano & Algazi 1999). For 

elevated sources away from the median plane, reflections from the upper torso also provide 

elevation cues of a secondary nature (Gardner 1973). Similarly, for extremely low sources, the 

torso shadows the direct sound path to the pinnae. In the absence of high frequency elevation 

cues, subjects are still able to perceive the general direction of elevated stimuli using these 

secondary cues (Algazi, Avendano & Duda 2001a).  

Considering the complexity of everyday auditory environments, there are a multitude of 

environmental and intrapersonal variations that cause subtle changes to the encoded auditory 

cues for a particular source direction. Variations in clothing, headwear, and complex 

interactions with the architectural surroundings all produce changes to the available spectral 

features. Nevertheless, this does not necessarily mean that the ability to localise sounds is 

significantly perturbed. In the absence of methodical and robust psychoacoustic testing, the 

effect of these variations is best discussed in relation to the magnitude of their effect on the 

monaural and interaural cues, in combination with the resolution of the auditory system to 
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TABLE 1.2. Selected published values of just-noticeable-difference (JND) in the interaural time delay (ITD). 

Study Reference ITD (μs) Source (Hz) JND (μs) 

Klumpp & Eady  (1956) 0 Broadband 10 
  150-1700 Hz 9 
  425-600 Hz 14 
  2400-3400 Hz 44 
  250 Hz 27 
  500 Hz 17 
  1000 Hz 11 
  1300 Hz 24 
    
Zwislocki & Feldman (1956) 0 250 Hz 30 
  500 Hz 18 
  1000 Hz 13 
  1250 Hz 19 
    
Mills (1958) 0 250 Hz 17 
*averaging result between sound sources  500 Hz 14 
  750 Hz 11 
  1000 Hz 10 
  1250 Hz 20 
    
Hershkowitz & Durlach (1969) 0 500 Hz 12 
 200  14 
 400  17 
    
Domnitz & Colburn (1977) 0 500 Hz  10 
 200  13 
 400  20 
    
Mossop & Culling (1998) 0 Broadband 19 
*averaging results without outlying subject EH 200  31 
 400  43 
 600  72 

recognise these changes. The auditory cue changes discussed in Chapter 5 are examined in 

relation to these thresholds. 

Of particular interest is the accuracy with which subjects can discern between different 

source directions. Published values for just-noticeable-difference (JND) changes in the ITD 

vary depending on the frequency content of the sound stimulus and the reference ITD used. 

Optimum values of JND can be as low as 10 μs, although certain subjects may exhibit JNDs 

well beyond this value. For pure tones, the JND decreases for frequencies up until 1 kHz after 

which it sharply increases. For both pure tones and broadband stimuli, the JND increases as the 

reference ITD is shifted away from the median plane. Table 1.2 gives an overview of some of 

the relevant studies on ITD JND [see Akeroyd (2006) for a recent review]. Variations result 

from slight differences in the definition of the JND threshold (typically 75 % correct), the 
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stimulus duration, significant inter-subject variability, and the stimulus encoding (whether the 

stimuli contained onset, offset, or an ongoing ITD).  

Studies of ILD JND consistently report values in the order of 1 dB (Mills 1958; 

Hershkowitz & Durlach 1969; Domnitz & Colburn 1977; Bernstein 2004; Hartmann & Constan 

2002). The JND is approximately independent of frequency and has only a weak dependence on 

the ITD reference. The corresponding minimum audible angle for the ITD and ILD JND is 1 to 

2° under optimum circumstances. This resolution intuitively decreases for source angles away 

from the median axis, for vertical plane localisation, and for localisation in the presence of noise 

(Stern, Slocum & Phillips 1983; Grantham, Hornsby & Erpenbeck 2003). Detection of the 

direction of movement generally has a higher threshold than the detection of movement 

(Chandler & Grantham 1992).  

1.2.3 Creating virtual audio 

Implementations of binaural synthesis seek to exploit the fundamental mechanisms of human 

hearing to create artificial listening environments in which 3D audio can be experienced. In its 

simplest description, a virtual audio signal is created by the convolution of sound stimuli with 

impulse responses that encompass the desired directional and environmental information. These 

are then presented to the listener such that the resulting sound pressure at each eardrum matches 

the corresponding natural situation. Aside from the contribution of visual and a priori cues, the 

auditory percept is extracted entirely from the eardrum waveforms. Correct replication of the 

various acoustic processes that occur in the natural environment will thus result in a virtual 

sound projection that is indistinguishable from its archetype.  

 The directional impulse response measured at the eardrum for a particular source 

direction embodies the combined diffraction and reflection properties of the external human 

acoustic system (head, torso, pinnae) and is referred to as a head-related impulse response 

(HRIR). Such responses are also commonly referred to by their frequency domain equivalents; 

head-related transfer functions (HRTFs). Extensive localisation testing in recent years has 

highlighted the importance of using HRTFs that are accurately matched to individual users. This 

ensures that the auditory cues required for a realistic and spatially accurate virtual environment 
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are maintained, as HRTFs exhibit significant person to person variability, particularly at higher 

frequencies. These variations are due to anthropometric differences in head size and shape, and 

the size and position of the physiological features of the pinnae. Unfortunately, measurement of 

individualised HRTFs is a lengthy and specialised process. Measurements must be taken with 

an adequately fine resolution in all regions of space around a listener’s head. Given the current 

constraints on interpolation techniques, this may require hundreds of measurements. Obtaining 

accurate HRTF information at low frequencies, where particularly salient directional 

information is encoded, is also difficult. Additionally, to subsequently allow accurate and 

unrestricted environment simulation, measurements must be taken within an anechoic chamber. 

The availability of laboratories adequately equipped to measure personalised HRTFs is 

exceptionally limited. The use of generic or modelled HRTFs is thus a reality for the 

propagation and integration of binaural synthesis technology into the wider community.  

 The use of non-individualised HRTFs (meaning not individually experimentally 

measured for a particular user) to position stimuli within virtual auditory space normally results 

in decreased spatial acuity amongst other error artifacts. Perception of stimuli in the incorrect 

hemi-field (front-back confusion) is commonly reported, and elevation localisation may also be 

considerably degraded (Wenzel et al. 1993; Bronkhorst 1995; Møller et al. 1996; Møller et al. 

1999). Generally, the interaural cues required for azimuthal localisation remain reasonably 

robust, as variations in subject head size and pinna position are less than variations in the 

detailed pinna anthropometry. Consequently, the overall azimuthal directional sensation remains 

coherent, although front-back confusions become more frequent, and a decrease in absolute 

localisation accuracy may be seen. The high frequency cues used to localise elevated sources 

are more easily perturbed. The extent of this deficit depends on the degree of mismatch between 

the end user and the HRTF data utilised, particularly on the variance between the pinna shapes.  

 To reduce the impact of this HRTF mismatch, many recent studies have attempted to 

provide a better match between the end user and the non-individualised HRTF set used. 

Amongst others, these methods include selecting the HRTF based on anthropometric 

similarities between the user and a database of previously measured users (Zotkin et al. 2003; 

Zotkin, Duraiswami & Davis 2004), frequency scaling of the HRTF based on pinna 
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characteristics (Middlebrooks 1999a; Middlebrooks 1999b), and allowing the user a choice of 

standard HRTFs based on their personal preference of the quality of the virtual projection 

(Middlebrooks, Macpherson & Onsan 2000; Seeber & Fastl 2003). Typically, these 

modifications provide an improvement in the absolute localisation accuracy and a reduction in 

front-back confusions. The latter are also effectively reduced by allowing users access to the 

ITD changes that are produced by head movements (Wightman & Kistler 1999) or by 

exaggerating the spectral differences between front and back hemi-fields (Gupta, Barreto & 

Ordonez 2002). 

 Interestingly, the adult human brain retains the ability to adapt to both linear cue 

transformations with short term training (e.g., Shinn-Cunningham, Streeter & Gyss 2005) and 

complex transformations with long term training (e.g., Hofman, Van Riswick & Van Opstal 

1998). This re-calibration is reliant on the length and method for training, with the cue 

adaptation typically more complete in the vertical plane than the horizontal [see Wright and 

Zhang (2006) for a complete review of recent auditory cue adaptation studies]. Nonetheless, this 

raises the possibility that a standard non-individualised HRTF set could be utilised within all 

virtual auditory systems, and listeners trained over time to accurately localise virtual sound 

stimuli using these modified cues. Such an improvement in localisation accuracy can be at least 

anecdotally confirmed by researchers working with a particular non-individualised HRTF set 

over a long time period. However, a distinct dichotomy remains. The plasticity of spatial 

auditory processing does not alleviate the requirement for accurate and convincing virtual 

auditory environments for untrained or naïve listeners.  

1.3 General modelling of the head-related transfer function 

The contribution of hair to the auditory percept is investigated in later chapters using analytical 

models of sound scattering. It is constructive, however, to briefly examine the available 

methods for modelling the HRTF, along with their associated limitations. The use of HRTF 

modelling with binaural synthesis stems from several distinct motivations. Firstly, 

decomposition of the HRTF aids in understanding the corresponding features in the human 

acoustic system that give rise to its characteristics. Model based binaural synthesis can then be 
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used to investigate the contribution and salience of the different auditory components on 

localisation. The effects of different stimuli, listening environments, and any other number of 

informal or parametric studies (including those which are not possible in the natural 

environment) can also be easily undertaken. Secondly, modelling of the respective parts of the 

auditory system allows for a HRTF generation mechanism that is both intuitively customisable, 

and generally of much lower computational cost than its experimental HRTF counterpart.  

1.3.1 Structural composition and decomposition 

A detailed architecture for HRTF construction using separately modelled head, torso, body, and 

pinna filters was first proposed by Genuit (1987). Although no reports of systematic testing of 

this system exist in the literature, the construction of personalised HRTFs from cascaded 

elements that are directly attributable to human features and anthropometry (structural 

composition) is an attractive approach. Conceptually, it allows HRTF construction from 

separate components either maximising computational efficiency or accuracy (or perhaps both 

for certain source regions) depending on the final requirements of any particular application. 

The underlying requirement for structural composition is the existence of an adequate model or 

data set for each of the salient auditory constituents. Experimental measurements taken with and 

without particular physiological elements are often used to evaluate (decompose) these 

contributions. 

 A similar structural HRTF model was presented by Brown & Duda (1998), who 

incorporated separate modules to account for the various acoustic modifications provided by the 

head, torso, and pinnae [earlier progress was reported by Duda (1993) and Brown & Duda 

(1997)]. The model assumed sounds could reach the pinnae by both head diffraction (modelled 

by a simple head shadow filter based on the scattering solution for a single rigid sphere) and 

first order torso reflections. Subsequent listening tests using the model succeeded in relatively 

positioning stimuli throughout virtual space, however, the tests reported a reasonable decrease 

in the accuracy of elevation localisation (azimuth localisation accuracy was not investigated). 

The degradation of the elevation performance is attributable to the low-order complexity of the 

pinna model. The model did not adequately account for the detailed physiological features of 
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the pinnae (characteristics were empirically modelled as six duplicated and delayed sound 

events).  

Algazi et al. (2001a) provided further validation of the structural composition approach 

by using a KEMAR mannequin to show that the combination of a pinna response (measured on 

a table) with a pinna-less mannequin response produced similar HRTF features to that of the 

mannequin with the pinna present. Whilst this approach only works for ipsilateral sources, 

approximations of contralateral HRTF from ipsilateral responses have previously been proposed 

(Avendano, Duda & Algazi 1999). This work strongly supports the notion that the spectral 

filtering properties of the auditory system can be separated and hence modelled using a 

structural architecture. Chan & Chen (2000) utilised an alternate structural approach, combining 

a spherical scattering model with the decomposed pinna characteristics of a KEMAR 

mannequin.  Azimuthal localisation tests showed a consistent increase in spatial accuracy with 

the inclusion of the scattering model (customised using individual anthropometry) compared to 

use of the mannequin HRTF in isolation.  

Further decomposition of the detailed pinna features has been the subject of many 

studies. Structural pinna models typically stem from investigation of either reflection, 

diffraction, or resonance interactions between the sound field and the pinna features. A 

particularly thorough review is given by Carlile (1996a). Recent investigations have used both 

feature extraction and HRTF decomposition in an attempt to isolate the prominent HRTF 

features and match them to the appropriate pinna physiology (Raykar et al. 2003; Raykar, 

Duraiswami & Yegnanarayana 2005). The development of pinna models is not examined in this 

dissertation and thus a further review of the corresponding literature is not given here. In any 

case, whilst current structural pinna models provide an intuitive explanation for some of the 

direction dependent HRTF characteristics, there is currently no complete mapping between 

individual pinna features and the detailed high frequency characteristics of the HRTF. 

1.3.2 Principle component analysis 

Alternative deconstruction of the HRTF features has been provided in the form of principle 

component analysis. Kistler & Wightman (1992) illustrated that HRTFs can be modelled as a 
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linear combination of five basis functions, building on previous work by Martens (1987). 

Subsequent listening tests showed no noticeable decrease in localisation accuracy using 

reconstructed HRTFs based on known individualised measurements. Such an analysis provides 

an easy way to characterise and store HRTF information, as the only requirement is 

personalised weightings for the five basis functions for each source direction. However, the 

derivation of such weights is problematic without access to individualised HRTF information. 

Only one of the basis functions provided by Kistler & Wightman (which altered the relative 

emphasis of the high frequency content) produced consistent changes with source angle, and all 

of the basis functions weights exhibited substantial inter-subject variability. In a separate but 

similar investigation, Middlebrooks & Green (1992) derived remarkably similar basis functions, 

with comparable results also provided by Li (2003), illustrating the robustness of the analysis.  

 An additional interesting study was reported by Wu et al. (1997), who used principle 

component analysis in the time domain to extract 6 HRIR basis functions for cat ears. The basis 

functions were then combined using multiplication and addition, providing a mechanism for fast 

and low cost HRIR generation. Similar basis function extraction and analysis can also be done 

using other mathematical methodologies (e.g., Jenison & Fissell 1994; Chen, Van Veen & 

Hecox 1995; Lalime 2002). The primary appeal of principal component style HRTF analysis is 

the extremely significant data reduction, especially for a system that is to be utilised by multiple 

users. Basis function weights also lend themselves to being easily interpolated. The primary 

obstacle to widespread adoption of such an approach is the matching between basis function 

weights and individual anthropometric or physiological features. Currently none is known to 

exist.  

1.3.3 Boundary element method 

With the continual advances in computer technology, HRTF generation using the boundary 

element method (BEM) is quickly becoming one of the most promising alternate techniques of 

providing customisable virtual audio. A scan is made of a subject’s topography, which is 

utilised to formulate a personalised BEM mesh. This is then used to compute the HRTF 

(Kahana et al. 1998; Katz 2001a; Katz 2001b; Otani & Ise 2003; Walsh, Demkowicz & Charles 
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2004; Otani & Ise 2006). This approach to obtaining HRTFs also provides a convenient way to 

systematically examine the contribution of various physiological components. The head shape 

may be modified, the pinnae removed, or surface properties changed. 

 Limitations in the BEM currently arise both from obtaining the topography and from 

the boundary element simulation. Scans using lasers do not provide adequate resolution of the 

pinnae and cannot account for occluded features. Pinna casts may be created which are later 

separately scanned, but this is an inconvenience at best (Kahana et al. 1998). Alternate scanning 

techniques, such as computed tomography (CT) scans, provide better resolution of pinna 

features (Otani & Ise 2006), but such equipment is as specialised as that to measure 

individualised HRTF and the exposure to radiation is undesirable. In addition to problems 

obtaining accurate head topology, the BEM processing time is currently extremely lengthy. 

Using recent computation techniques, post processing of stimuli for a particular source direction 

can be completed in the order of a second (Ise & Otani 2002; Otani & Ise 2003; Otani & Ise 

2006). However, pre-processing of the BEM mesh for a particular subject takes around 420 

hours (Otani & Ise 2006). Until computing systems allow much faster BEM computation and 

accurate topology generation (perhaps using video imaging techniques), it is likely that the 

BEM will remain simply as another specialised approach to obtaining and investigating the 

HRTF.  

1.4 Geometric scattering models of the head-related transfer function 

Below 3 to 4 kHz, the acoustic scattering properties of the external human physiology match 

well with those of simple geometric shapes. Geometric scattering models can thus be used to 

account for the principal features of the HRTF over these frequencies. Such models can be 

utilised in isolation, as the basis of a cascaded or structural HRTF formation, or to augment non-

individualised HRTFs with low frequency information. If the models are customised to match 

subject anthropometry, they are able to provide stable localisation cues that are consistent with 

psychophysical expectations, particularly in the azimuth plane. These cues are robustly 

maintained, regardless of the origin of the high frequency component of the HRTF or the 

accuracy of its match to the spectral pattern provided by the user’s own pinnae. The problems 
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with measuring coherent experimental HRTF data at low frequencies are also circumvented by 

such augmentation. Typically, the use of geometric scattering models to account for HRTF 

features has been reliant on the pre-existence of a well established mathematical solution in the 

literature. Solutions based on rigid spherical scatterers have consequently received by far the 

most attention. The current study develops an additional analytical sphere scattering solution to 

account for the non-uniform distribution of skin and hair over the head surface. This is then 

directly used to investigate the effect of hair on the auditory cues. The historical development of 

analytical sphere scattering models, and their subsequent use to model the external auditory 

system, are thus both reviewed here in some detail. 

1.4.1 Historical development of analytical scattering models  

The scattering of sound by spherical objects has received considerable analytical treatment since 

Lord Rayleigh first discussed the scattering of sound by a single rigid sphere more than a 

century ago (Rayleigh 1945). Rayleigh’s original solution was formed as an infinite modal sum 

dependent on spherical Bessel functions and Legendre polynomials (zero-order spherical 

harmonics). Due to the contribution of multiple modes (particularly at higher frequencies), 

historical evaluation of this solution was exceptionally tedious, and generally only limiting 

approximations were of computational use. The analytical solution was later extended by Lax & 

Feshbach (1948) to account for both uniformly distributed, locally reactive impedance boundary 

conditions, and penetrable spheres. Tables of the necessary functions (at lower order) were also 

presented to facilitate evaluation of the series. Hart (1951) proposed an additional analytical 

approximation for a penetrable sphere with acoustic properties similar to the surrounding 

medium. Similarly, Kear (1959) discussed an approximation for large, locally reactive spheres. 

Further treatment of the sphere scattering problem was presented by Morse & Ingard (1968), 

including discussion of a variety of boundary conditions and limiting cases. This work was 

extended by Brungart (1974), who presented a solution for the sphere scattering problem for a 

locally reacting surface boundary not necessarily uniformly distributed about the sphere surface. 

This solution was also formed as an infinite modal summation, however, it was reliant on the 

numerical evaluation of a spherical harmonic integral dependent on the impedance distribution. 
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In contrast to earlier investigations, the availability of large computers made the evaluation of 

these summations possible, and Brungart (1974) presented surface pressure results for several 

cases of non-uniform impedance distribution. Consideration of the geometrical components of 

the scattered wave (reflected and refracted) without the contribution of the creeping wave 

components (accounted for implicitly by Rayleigh type series expansions) was later provided by 

George & Überall (1979).  

 Since these relatively fundamental earlier studies, countless other analytical treatments 

of the sphere scattering problem have been presented. Other studies of interest include scattering 

by inhomogeneous spheres (Martin 2002), scattering in the presence of nearby reflecting 

boundaries (Li & Lui 2004), and scattering by multiple spheres (Gumerov & Duraiswami 2002; 

Gumerov & Duraiswami 2004). The multi-sphere scattering problem is particularly pertinent to 

binaural synthesis, as it allows for an approximation of the contribution of the human torso. The 

strong historical interest in the scattering by spherical shapes is due to the variety of physical 

phenomena this problem can approximate. However, despite the epoch of these solutions, there 

has been little previous discussion of the effect of impedance on the scattered wave. The 

scattering of sound by ellipsoids (and prolate or oblate spheroids) has also seen a similar 

analytic development (e.g., Spence & Granger 1951; Sammelmann, Trivett & Hackman 1988; 

Charalambopoulos & Dassios 1999). The text by Bowman, Senior & Uslenghi (1969) provides 

additional analysis of a number of other scattering problems of interest.  

 With the advent of numerical methods, the interest in such analytical solutions has 

understandably somewhat declined. Investigations using boundary-element or finite-element 

methods are not constrained to simple shapes or uniformly distributed boundary conditions; 

limits which certainly afflict any analytic analysis attempting to provide solutions that avoid 

numerical integration. Additionally, investigation using previously established numerical 

methods generally does not require a detailed knowledge of mathematics or acoustic 

phenomena, and as such, studies may be undertaken by a much larger number of researchers. 

However, whilst providing a convenient route to a final numerical solution, such approaches are 

not particularly well suited to giving detailed insight into the underlying physical phenomena 

that govern the solution characteristics. In this regard, analytical solutions enable investigation 
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into modal contributions, modal coupling, and simplified expressions for limiting behaviour. In 

many applications, analytical solutions also provide significantly reduced costs in CPU time and 

memory usage, particularly when information at high frequencies is required. In this 

dissertation, analytical (rather than empirical) methods are primarily utilised to investigate the 

contribution of hair to the auditory percept. 

1.4.2 Augmentation of the head-related transfer function 

The use of geometric scattering models with binaural synthesis is commonplace, particularly to 

recreate the appropriate time delays for sources displaced from the median plane. Woodworth & 

Schlosberg (1954) presented a simple ray tracing approximation for the path length, and hence 

time delay, introduced due to the presence of the head (modelled as a sphere) in between the 

pinnae. Many implementations of binaural synthesis will simply use minimum-phase HRTF 

reconstructions and reintroduce the ITD using such a model (Kistler & Wightman 1992; 

Kulkarni, Isabelle & Colburn 1995). Similarly, the solution for diffraction around a single rigid 

sphere has been used to describe the broad properties of azimuthal hearing (Kuhn 1977; Algazi 

et al. 2002), as the basis of structural or cascaded HRTF formations (Brown & Duda 1998; 

Chan & Chen 2000), and to augment experimental HRTFs with low frequency information 

(Algazi, Duda & Thompson 2002; Zotkin et al. 2003; Zotkin et al. 2006). The scattering 

response of a rigid sphere due to a point source has also been used to account for the changes in 

the interaural cues for near-field sources (Rabinowitz et al. 1993; Duda & Martens 1998; 

Brungart & Rabinowitz 1999).  

 Although spherical scattering solutions can account for the basic characteristics of the 

ILD and ITD cues consistent with psychophysical expectations, they suffer from being an over 

simplification of human geometry. If used in isolation, a given set of interaural differences 

derived from a sphere (particularly with diametrically opposed pinnae) does not uniquely define 

a source direction in virtual space. This ambiguity results in localisation confusions about 

whether stimuli are positioned in the frontal or rear hemi-fields. ILDs extracted from sphere 

models also over exemplify the posterior ‘bright spot’ which occurs due to symmetrically 

diffracted waves arriving in phase at the rear of the sphere. For human HRTFs, the bright spot is 
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reduced due to the slightly aspherical nature of the head and the presence of peripheral features 

such as the neck, hair, and torso. The over typified bright spot arising from sphere models can 

produce unnatural artefacts in virtual sound (Algazi, Duda & Thompson 2002). 

 In addition to these debilities, spherical head models in isolation also fail to account for 

low frequency changes in the HRTF for elevated sources. Due to the offset nature of the pinnae 

and the aspherical shape of the head, human ITD changes with elevation can be as much as 120 

μs (Duda, Avendano & Algazi 1999). This is almost 20 % of the maximum ITD. Torso 

reflections also produce elevation dependent comb filter interference patterns in the HRTF in 

the order of 5 dB (Algazi et al. 2002). Whilst it is generally agreed that the most salient 

elevation information is contained in the HRTF’s high frequency spectral features, these 

additional cues allow elevation determination in the absence of high frequency information, 

particularly away from the median plane (Gardner 1973; Algazi, Avendano & Duda 2001a). 

They also reduce the occurrence of front-back confusions (Asano, Suzuki & Sone 1990). Ray 

tracing and pole-zero simplifications of sphere scattering also fail to exhibit these low frequency 

elevation cues and additionally neglect the frequency dependent nature of the ITD. Whilst the 

ITD is reasonably constant above 2000 Hz and below 800 Hz, the latter is approximately 50 % 

greater (Kuhn 1977). This frequency dependence can produce localisation shifts if simulating 

low pass stimuli using ray-tracing models (Kulkarni, Isabelle & Colburn 1999). 

The problem of elevation dependent ITD changes can be addressed as a first 

approximation simply by offsetting sphere model pinnae downwards from the horizontal plane 

to better match their real physiological location. This modification captures the basic elevation 

dependent features introduced by the head in both the frequency and time domain (Algazi, 

Avendano & Duda 2001a). Ray tracing models incorporating ellipsoid heads with offset ears to 

better account for the elevation ITD changes have also been proposed (Duda, Avendano & 

Algazi 1999;  Chan & Chen 2000). Such models provide an even closer match to experimental 

ITD elevation changes, although they do nothing to modify ILD. An investigation into using an 

ellipsoidal head model using the analytical solution for diffraction around a prolate spheroid 

(Spence & Granger 1951) was attempted by Novy (1998). However, the complexity of the 

mathematics meant that much of the report was concerned with implementation specifics rather 
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than observations and commentary on the magnitude and significance of any changes due to the 

modified head shape.  

The problem of modelling the contribution of the torso for sources located outside of 

the azimuth plane has been addressed by a number of approaches. The structural methodologies 

discussed in Section 1.3.1 generally approximate the torso for elevated stimuli by a first order 

reflection model. These can be derived from HRIR decomposition using mannequins with and 

without torso. Similar first order models have also been proposed based on an ellipsoidal torso 

assumed to be a rigid specular reflector (Algazi, Avendano & Duda 2001a). Typically, such 

models assume the incident sound wave is a sum of a direct wave and a weaker torso reflection 

that arrives after some time delay. Localisation studies using this approach for band limited 

stimuli have reported similar elevation localisation performance to anthropometric HRTF 

(Algazi, Avendano & Duda 2001a).  

In addition to first order reflection-delay type models, torso contributions have also 

been investigated using sphere scattering formulations able to account for multiple bodies 

(Gumerov & Duraiswami 2002; Gumerov & Duraiswami 2004). In this approach, the human 

head and torso are modelled as a ‘snowman’ using two adjacent spheres of different sizes 

(Gumerov, Duraiswami & Tang 2002; Algazi et al. 2002). In general, such models can account 

for the major torso effects; reflection for high sources, and shadow for low sources. Filter 

approximations of the snowman model have also been proposed which encapsulate the first 

order scattering properties whilst reducing the effects of the over simplified geometry, 

particularly the exemplified diffraction bright spot (Algazi, Duda & Thompson 2002).  

A localisation study using an implementation of this snowman filter model to augment 

non-individualised HRTFs was presented by Zotkin et al. (2003). Virtual auditory tests 

compared localisation accuracy using both KEMAR and best fit HRTF [chosen from the CIPIC 

HRTF database (Algazi et al. 2001b) based on pinna measurements]. The HRTFs were used 

either as is or augmented with a customised snowman model. The augmented responses were 

created by systematically blending HRTF magnitudes with those from the model for frequencies 

below 3 kHz, using the phase of the model for all frequencies. Localisation accuracy was 
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always enhanced by the model inclusion, however, anthropometric selection of the non-

individualised HRTF did not always yield an improvement.  

1.4.3 Customising geometric models to match human anthropometry 

To capitalise on the advantages afforded by geometric scattering models, anthropometric subject 

measurements must be used to customise dimensional parameters. As discussed in Section 

1.2.1, spherical approximations of the head commonly assume a radius of 8.75 cm. The location 

of the pinnae is then historically accepted to be located coincident with the azimuth plane, offset 

from the frontal median axis by 97.5° (Hartley & Fry 1921) or 100° (Blauert 1997). More recent 

investigations have attempted to improve the individual match of spherical head models by 

direct anthropometric customisation. These studies typically either utilise anthropometric 

measurements directly, or they provide regression analysis to estimate the geometric dimensions 

that give the equivalent interaural parameters (mostly ITD).  

 Of the latter, one of the earliest studies was presented by Kuhn (1977), who used 

measured values of low frequency ITD from a mannequin to determine an equivalent sphere 

radius. An analytical ITD expression based on creeping wave phase velocity was utilised for the 

comparison. The model assumed a 90° symmetric pinna offset and yielded an equivalent head 

radius of 9.3 cm. Later work by Middlebrooks (1999a), as part of a comprehensive study into 

frequency scaling HRTFs to reduce inter-subject differences, illustrated a strong correlation 

between head width and maximum ITD. This conclusion was confirmed by Algazi, Avendano 

& Duda  (2001b), who developed an expression for the optimal sphere head-radius (assuming a 

90° symmetric pinna offset) using a least-squares fit between measured ITD and the simple ray 

tracing formula provided by Woodworth & Schlosberg (1954). Weighting factors of 0.51, 

0.019, and 0.18 were determined for the half width, half height, and half length parameters of 

the head respectively, with a constant 3.2 cm bias factor. Clearly, the length and width of the 

head appear to be the most significant anthropometric parameters for determining a customised 

sphere radius to match ITD.  

 The placement of the pinnae has not been the subject of similar regression analysis, 

although additional studies have attempted to directly utilise measured values of this position. 
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For spherical head models, correctly offsetting the pinnae yields the general ITD and HRTF 

changes with elevation that are observable from mannequins with the pinnae and torso removed 

(Algazi, Avendano & Duda 2001a). However, as a sphere does not provide a close match to the 

craniofacial head height, the vertical offset is ambiguous and depends directly on the chosen 

alignment of the sphere to the head. If the sphere is aligned to the upper head surface, the 

resulting pinna offset provides a good match to cues produced for upper elevations (Algazi et al. 

2002). However, the same alignment degrades the fit for lower elevations. A possibility for 

future studies may be to specify the vertical pinna offset as a function of the source elevation 

angle. The use of ellipsoidal head models obviously provides an easier match to human 

anthropometric measurements and alleviates the problem with the vertical location of the 

pinnae. However, as mentioned in Section 1.2.1, due to the complexity of the analytical solution 

for ellipsoidal scattering, thus far only ray tracing ITD implementations have been utilised.  

1.5 Consideration of non-rigid scattering surfaces 

1.5.1 Empirical observations 

The scattering models used to account for the characteristics of auditory localisation cues 

(discussed in the preceding sections) all assume that the surface boundaries are rigid in nature. 

Contrary to this assumption, several empirical studies have illustrated changes in the HRTF and 

interaural cues with realistic variations in the surface boundary conditions. Kuhn (1977) 

presented measurements from a mannequin (with a torso) with and without clothing and 

concluded that the interaural cues changed with this modification. For small angles of head 

rotation relative to the torso (which was held constant relative to the source angle), the study 

reported variability in the ILD and ITD over frequency (260 to 4000 Hz) of up to 5 dB and 50 

μs respectively. The effect of non-rigid scattering surfaces was also investigated by Riederer 

(2005), who presented experimental HRTF from a mannequin fitted with a variety of wigs. 

These illustrated an increased shadowing of the incident wave and other asymmetries due to the 

hair coverings. Whilst modification of the hair surface did not produce highly idiosyncratic 

HRTF variations (changes to the HRTF above 2 kHz were in the order of 5 dB), untrained 

listeners were able to perceive a difference when using HRTFs with a substantially adapted hair 
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covering. The effect of the hair thickness and curliness were reportedly the most prominent, 

with subsequent modification of hair style or changes in overall hair length having a much 

smaller effect. A comparable study by Wersényi & Illényi (2005) reported more significant 

HRTF changes (up to 10 dB) due to the addition of a toupee.  

 Studies utilising BEM have shown similar changes to the HRTF due to the 

incorporation of absorbent head surfaces. Katz (2001b) reported up to a 6 dB difference in the 

HRTF due to the inclusion of hair characteristics, with the effects again being most pronounced 

in the rear (shadowed) region of the head. Brungart (1974) also suggested that a closer match 

may be obtained between human and spherical HRTF if the properties of hair are incorporated. 

Both of these studies assumed hair could be modelled as a locally reactive material. However, 

no substantial discussion or investigation has been presented to address the validity of this 

assumption. Previous experimental studies of the acoustic properties of fibrous materials are not 

necessarily in support. Measurements of the impedance of other fibrous materials at oblique 

incidence show that such materials can exhibit considerable properties of extended reaction, 

particularly at low frequencies (Sides & Mulholland 1971; Allard, Champoux & Nicolas 1989). 

This assumption is investigated in Chapter 2 in some detail.  

1.5.2 Properties of human hair 

The lack of consideration for non-rigid surface boundary conditions in analytical auditory cue 

investigations may be partly attributed to both the variability, and the general absence, of data 

on the acoustical properties of the various surfaces that constitute the human head and torso. 

Whilst it is generally accepted that skin is sufficiently rigid throughout the audible frequency 

range (Katz 2000), the properties of human hair have received very little attention. This is to 

some extent due to the lack of experimental techniques available to take in situ measurements of 

impedance from human subjects. Additional difficulty also arises in accurately describing a 

boundary condition to embody the diverse range of hair densities, lengths, distributions, and 

fibre shapes. Katz (2000) presented the normal absorption coefficients for four hair samples 

measured within an impedance tube at arbitrary bulk densities (86, 130, 206, 233, and 255 

kg/m³; one sample was measured at two densities). However, this study is not sufficient to 
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extrapolate the required trends or variability in impedance values representative of typical 

human subjects. Other investigations into the characteristics of hair have only been interested in  

higher frequencies, for example in response to ultrasound (Raymond & Hynynen 2005). 

 The physical properties and distribution of human hair (terminal scalp hair) typically 

vary with both ethnicity and hair colour. The mean diameter of individual Caucasian hair fibres 

is around 72 μm, with an ellipticity factor (ratio of maximum to minimum diameter) of 1.5 

(Wolfram 2003). Asian hair is generally thicker and rounder (77 μm and 1.28), and African hair 

thinner and flatter (66 μm and 1.84), although there is considerable variability within the 

groups, particularly for Caucasians (Ogle & Fox 1999; Wolfram 2003). Additional deviations 

are also evident along individual hair fibre lengths (Hutchinson & Thompson 1997). On 

average, the human scalp contains between 175 to 300 hair fibres per square centimetre 

(Robbins 1994; Birch, Messenger & Messenger 2001), with a fibre density of approximately 

1320 to 1340 kg/m³ (Goin, Mckee & Kirk 1952; Robbins 1994). These parameters allow a 

realistic range for the bulk density of human scalp hair to be approximated. If the hair is 

assumed to stand perpendicular to the scalp surface, the bulk porosity is in the range of 98.5 to 

99.5 % and the bulk density between 10 to 20 kg/m³. This alignment is realistic for short straight 

hair styled upwards. As the vertical hair is slanted back towards the scalp tangent, the hairs 

stack and the bulk density increases. Taking a parallelepiped segment of hair, as the hair is 

slanted the volume is scaled with angle ( cosθ ). Assuming that the segment retains a realistic 

finite volume, if the segment is sloped 75° from the scalp normal, the bulk density range is 

increased to 40 to 80 kg/m³ (94 to 97 % bulk porosity). While the alignment of hair is more 

complex than this, and there are a multitude of fibre, distribution, and stylistic variations that 

will change the overall bulk density, this provides a pragmatic approximation of the range. In 

comparison, sheep wool (also a largely keratin fibre) has an approximate fibre diameter and 

density of 25 μm and 1320 kg/m³ respectively, with overall bulk densities in the range of 30 to 

40 kg/m³ (Robbins 1994; Dick & Sumner 1996; Sumner et al. 1998).  

 Modelling the acoustical properties of fibrous materials has received considerable 

attention over the last several decades, particularly in relation to the mineral fibres utilised for 

sound absorption. These models are generally either derived from empirical power law relations 
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(Delany & Bazley 1970; Voronina 1994; Voronina 1996) or detailed acoustic knowledge of the 

material microstructure (Attenborough 1982; Allard & Champoux 1992). The use of empirical 

models is restricted to the range of data measured in the initial study, although attempts have 

been made to link them with microstructural models to extend the useable frequency range 

[Kirby & Cummings (1999) has a particularly thorough review of modelling porous media]. 

Generally, both types of models require customisation with known acoustical parameters such 

as flow resistance, material thickness, fibre diameter, and bulk porosity. Parameters such as 

flow resistance can also be estimated directly from fibre diameter (Bies & Hansen 1980). 

 The ability of these models to accurately account for the acoustic properties of materials 

is reliant on the match between the fibre alignment evident in the material structure, and the 

geometry and interactions assumed in the model formulation (frequently parallel fibres). In 

relation to the fibrous materials that are generally of interest to acousticians, human hair has 

relatively unique bulk structural composition. The hairs are anchored to the scalp in a uniform 

patterned arrangement and then, depending on their length, either stand at least partially upright 

(short hair) or stack towards the rear or sides of the head depending on hairstyle (long hair). 

Material models that can account for the acoustic characteristics of isotropic or layered 

anisotropic fine-fibre materials such as mineral wools cannot necessarily be extrapolated to 

account for the properties of hair. In addition to variations in bulk structural composition, the 

diameter of individual hair fibres is significantly larger than many acoustic materials previously 

investigated. The development or selection of an adequate fibre model to account for the 

properties of human hair is not within the scope of this dissertation, and the required properties 

are examined experimentally. However, the material parameters and experimental results 

provided facilitate such an analysis should it be of interest to future researchers. 

1.6 Thesis content  

The underlying motivation for this dissertation is to characterise the effect of hair on human 

sound localisation cues. This investigation is facilitated through the use of analytical sphere 

scattering models, and these are reliant on the acoustical properties of human hair. The analysis 

can thus be conceptually divided into three distinct subjects; acoustical properties of materials, 
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scattering of acoustic waves, and binaural hearing. The three subjects are broached in an 

autonomous but coherent fashion, with discussion and development conscious of contiguous 

analysis. Each chapter is consequently discussed and summarised individually. Additional 

general commentary is contained within the final summary section. 

 Chapter 2 formulates and validates a boundary condition appropriate to examine the 

acoustic scattering characteristics of a human head with hair. An equivalent impedance 

parameter is introduced to allow the scattering boundary to be defined at a reference plane 

coincident with the inner rigid surface of the head. The assumption of a locally reactive 

boundary is addressed, and the boundary formulation is subsequently validated through 

reflection and scattering experiments. The acoustical properties of a representative range of 

human hair samples are then investigated. Impedance trends with variations in sample 

thickness, bulk density, and fibre diameter are discussed. 

 Chapter 3 reviews the standard mathematical formulation for spherical scattering 

problems and then derives a general solution for the scattering of sound by a single sphere with 

an arbitrarily distributed, locally reacting surface boundary condition. The solution for a 

uniformly distributed boundary is then discussed in detail, including a systematic investigation 

into the effect of the surface impedance on the sphere surface pressure and the pressure in the 

proximal region around the scatterer.  

 Chapter 4 utilises the general formulation presented in Chapter 3 to derive an analytical 

solution for the scattering of sound by a sphere with a non-uniform boundary condition that is 

divided into two uniformly distributed hemispheres. Discussion is given on the modal coupling 

between incident and scattered waves that is introduced by the non-uniform boundary. The 

effect of the surface impedance on the scattered wave is again examined, and simulations for 

several specific cases of source incidence and impedance (each hemisphere is given a different 

constant impedance value) are presented. The discussion is extended to explain the changes 

using modal analysis.  

 Chapter 5 uses the split sphere model developed in Chapter 4, and the impedance 

properties of hair examined in Chapter 2, to investigate the effect of hair on the HRTF and the 

interaural cues. Discussion is given on the modelled cue changes for several different cases of 
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measured hair impedance in relation to the interaural JND thresholds. The analytical simulations 

are experimentally validated using a rigid sphere with a hemispherical hair covering. Additional 

investigation is also provided to examine the effect of a cylindrical neck and an anthropometric 

pinna offset on the contribution of hair.  
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2 An Experimental Study of the Impedance Characteristics of 

Human Hair 

2.1 Human hair as a locally reactive boundary  

2.1.1 The use of equivalent impedance 

The solution of a scattering problem in an unbounded medium is reliant on the knowledge of the 

boundary conditions that exist between the scattering bodies and their surrounds. These 

boundary conditions are typically expressed in terms of normal acoustic impedance; the 

complex ratio of surface pressure to the velocity normal to the surface (Morse & Ingard 1968). 

The velocity is produced either by the flow of the surrounding fluid through porous surface 

openings or by motion of the surface boundary itself (Morse & Bolt 1944). The impedance is 

dependent on the detailed properties and structure of the material which are assumed to be time 

invariant. If a material is acoustically ‘rigid’, the surface impedance is much greater than that of 

the surrounding fluid. Consequently, the normal velocity at the boundary surface is 

approximately zero. Conversely, if a material is acoustically ‘soft’ (or pressure released), the 

surface impedance is much less than that of the surrounding fluid and the total pressure on the 

surface is approximately zero. Physically, the real component of the impedance is associated 

with a damping force and corresponds to a net dissipation of energy. The imaginary part 

embodies the stiffness and inertia of the surface and dictates the lag of the surface displacement 

behind the forcing pressure oscillation. 

 The analytic investigation of the contribution of hair to the auditory percept requires 

knowledge of these boundary characteristics and their trends with representative modifications 

in hair diameter, thickness, and bulk density. Of particular interest to the current problem is 

whether the hair covering can be considered to be locally reactive. This requires that the motion 

of the surface at any position is dependent only on the incident acoustic pressure at that position 

and is impartial to the pressure distribution over the remaining surface. The angle of refraction 

through the material is thus close to zero (the tangential component of the velocity is much less 

than the normal component), and the normal acoustic impedance is independent of the angle of 
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wave incidence (Ingard 1981). Note that the reflection coefficient (and hence absorption 

coefficient) retains a characteristic dependence on the incidence angle, even for a locally 

reactive material (Morse & Ingard 1968). 

 Human hair as an acoustic material in isolation cannot legitimately be assumed to be 

locally reactive. It has a high porosity and low bulk density and consequently the fluid velocity 

in non-radial directions cannot be reasonably neglected. However, as mentioned in Section 

1.5.2, human hair in context has a relatively unique bulk composition. The hairs are anchored to 

the scalp in a uniform patterned arrangement and form only a thin layer over the acoustically 

rigid head. Of the surface boundary formulations utilised for reflection and scattering problems, 

two are available for consideration. Firstly, if the surface can be considered locally reactive, the 

relationship between the pressure and normal velocity at any location on the surface is entirely 

determined by the normal acoustic impedance at that position. The solution for the scattered 

wave can then be formulated using knowledge of these surface characteristics considering only 

the exterior sound field. Alternatively, if the scatterer is constructed from a homogenous 

material or fluid that is extensively reactive, the solution for the scattered wave can be 

formulated using the density and compressibility of the interior material. Morse & Ingard 

(1968) give a thorough treatment of both of these problems for spherical scatterers. For a 

penetrable sphere with inhomogeneous material parameters that remain spherically symmetric 

(i.e., the density and compressibility are only a function of radial distance), a similar integral 

formulation can also be formed (Martin 2002).  

 Given that the composition of interest approximates to a rigid sphere with a thin 

hemispherical covering of hair, the problem appears to correspond more closely to the 

assumptions of a locally reactive boundary than those of a penetrable sphere. Whilst this may be 

a logical selection given the available boundary conditions, the assumption of a locally reactive 

surface does raise several other interesting questions. Firstly, the traditional boundary 

formulation requires the surface impedance of the absorbent material. For a sparse, fibrous 

material like hair, the location of the surface reference plane is not well defined or even 

necessarily immobile. Secondly, if a non-uniform impedance distribution is assumed, all 

impedance values must then be defined relative to this same surface reference plane [as shown 
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FIGURE 2.1: (a) The traditional impedance formulation which requires the impedance of the rigid surface at 

an external reference plane. (b) The relationship between the traditional and equivalent impedance surface 

reference planes. (c) Reformulated scattering boundary condition using the equivalent impedance defined at 

the inner surface reference plane.   

in Fig. 2.1 (a)]. Considering that the hair layer is atop the rigid head (in this case a sphere), this 

requires the impedance of the rigid surface to be defined at a reference plane exterior to the 

physical surface. For higher dimensional problems, the use of the normal surface impedance is 

no longer adequate to describe the characteristics of the material. This is because it is not 

legitimate to neglect the particle velocity in tangential directions. To correctly define the 

impedance would thus require three orthogonal components. Finally, as the formulation only 

accounts for wave motion exterior to the scattering surface, it is not valid to then examine the 

required pressure characteristics on the interior rigid surface which are obviously ‘inside’ the 

defined surface reference plane.  

  Rather than reformulate the problem using a more complex composite boundary or to 

consider the impedance in three dimensions, it is more convenient to define an equivalent 

impedance of the fibrous absorbent covering. This will be defined at a surface reference plane 

coincident with the interior rigid boundary and formulated to adequately account for the 

absorption characteristics of the layer for all angles of incidence. Using the one-dimensional 

normal reflection problem for plane wave incidence (i.e., the impedance tube problem), the 

equivalent impedance is computed by translating the traditional surface impedance eqΖ sΖ  to 

the new surface reference plane [see Fig. 2.1(b)]. Assuming a harmonic time component of the 

form i te ω− , for a material of thickness  this relationship is given by: l
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 Although the surface reference plane is defined coincident with the interior rigid 

boundary, the equivalent impedance defined here does not represent the impedance of this rigid 

surface in isolation. Rather, it continues to encapsulate the acoustic impedance properties of the 

material layer backed by the rigid boundary, the difference being in the non-conventional 

reference plane in which the impedance is defined. For the one-dimensional problem, it is 

straightforward to show that sΖ  and eqΖ  yield identical reflection (and absorption) coefficients. 

The solution for the time harmonic pressure (in one dimension) is thus independent of the 

reference plane in which the surface impedance is defined. It is important to note that the 

equivalent impedance values utilised throughout this dissertation can easily be converted to 

traditional surface impedance values using Eq. (2.1) and the thickness of the sample holder 

utilised for the impedance measurement. Likewise, any relevant surface impedance data that 

exists in the literature can be converted to equivalent impedance if the sample thickness is 

known. 

 As the equivalent impedance encapsulates only the properties of the material for normal 

incidence, its use for higher-dimensional problems is only valid provided that its value does not 

significantly change with incidence angle. This is examined experimentally in Section 2.1.2.  

For a sphere with a non-uniform boundary, the definition of equivalent impedance now allows 

the scattering boundary to be defined on the interior surface of the sphere as shown in Fig. 

2.1(c). The use of this equivalent impedance parameter in conjunction with a locally reactive 

surface boundary also offers computational advantages over more complex boundary 

conditions. The pressure and velocity on the boundary can now be related simply by the 
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FIGURE 2.2: Experimental setup for the measurement of normal acoustic impedance at oblique incidence 

using a spherical sound source. The synthetic hair material is shown with a random fibre alignment. 

impedance of the surface material, rather than the maintenance of a pressure and velocity 

continuity across the boundary considering the wave motion inside the scattering object. 

2.1.2 Measurement of the acoustic impedance at oblique incidence 

To examine the validity of a locally reactive surface assumption, the acoustic impedance 

properties of human hair at oblique incidence were experimentally examined using a 

representative synthetic fibrous material. The properties of this material are shown in Table 2.1 

(sample SH 01) and a large scale sample is visible in Fig. 2.2. The material was constructed 

with individual fibres attached at one end to a thin fabric backing with an approximate bulk 

density of 30 kg/m³. The material was initially selected as it had similar fibre diameter and bulk 

density characteristics to human hair and then later verified to have comparable impedance 

properties. Reference measurements were made of the material using the two microphone 

impedance tube technique following the experimental procedure outlined by the ISO 10534-2 

(1998) standard. The impedance tube utilised had a circular internal cross-section 60 mm in 

diameter, with a removable pipe section containing a moveable rigid piston to allow sample 

placement. The working frequency range of the tube was 375 to 3000 Hz. Samples were held 

within a 40 mm deep sample holder with a frontal termination made from an open wire grid. 
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FIGURE 2.3. Comparison of specific normal impedance values of the synthetic hair material for a random 

fibre alignment and a sample thickness of 40 mm. The left panel shows the results from the impedance tube 

and the right from the flat panel in free-field using a microphone spacing of 15 mm. 

Two other smaller holders (20 mm and 10 mm in depth) were also constructed for additional 

tests. Whilst the material had hair fibres up to 60 mm in length, the natural arrangement and pile 

of the bulk material meant that the samples were not significantly deformed when placed in the 

holder. The microphone separation and termination distances were calibrated by repeating 

multiple no sample tests with and without each of the sample holders (removing and replacing 

the microphones between each test). The distances were then calculated using the position of the 

first pole and first zero of the inter-microphone frequency response function and the speed of 

sound in the tube, averaged across the appropriate tests. The thin grid covering of the sample 

holders was shown to have a negligible effect on the measured parameters by repeating tests 

both with and without the grid present. The resulting surface impedance of the synthetic hair 

material measured in the impedance tube is shown in the left panel of Fig. 2.3. 

 The measurement of normal acoustic impedance at oblique incidence has been of 

historical interest and a variety of test methodologies have previously been discussed (e.g., 

Shaw 1953a; Shaw 1953b; Sides & Mulholland 1971; Davies & Mulholland 1979). The 

development of two microphone in situ measurement techniques has allowed this measurement 

to be simplified significantly, and mathematical formulations using both plane and spherical 

waves have been proposed (Allard & Sieben 1985; Allard, Champoux & Nicolas 1989; Li & 

Hodgson 1997). The experiments presented here follow this two-microphone methodology 

assuming a spherical incident wave. Figure 2.2 shows the experimental setup with a large 
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FIGURE 2.4. Changes in the specific normal surface impedance (magnitude and phase) of the synthetic hair 

material with incidence angle for a random fibre alignment, a sample thickness of 40 mm, a microphone 

spacing of 15 mm, and a surface offset of 63 mm. Here 90° corresponds to normal incidence. 

sample of the synthetic hair attached to a 1.2 × 1.2 × 0.025 m panel made from high density 

fibre board. The wooden material was shown to be approximately rigid over the frequency 

range of interest (absorption coefficient 0.08α < ). Both random (hair gently swept against pile 

direction) and parallel (hair swept with pile direction) fibre alignments were tested.  

 For each test, two ¼" microphones (BSWA Tech MPA416) were held perpendicular to 

the panel with either a 15 mm or a 50 mm separation [see Li and Hodgson (1997) for a diagram 

of the standard experimental configuration]. For the two fibre alignments, the closest 

microphone was positioned within 10 mm of the effective frontal surface (63 mm from the rigid 

backing for the random fibre alignment, 32 mm for the parallel). This was to minimise errors 

associated with the assumption of a constant source angle relative to material surface and the 

microphones (Li & Hodgson 1997). A source separation of 0.4 m was used, and incidence 

angles from 90° (normal incidence) to 40° were tested. For each angle of incidence, impulse 

response measurements were obtained using maximum length sequences (MLS) produced by the 

Brüel & Kjær DIRAC software. A horn driver fitted with a 0.2 m cylindrical attachment (19 

mm internal diameter) was used to provide a spherical incident wave. An MLS length of 214-1 

(the shortest available sequence length) with 10 averages and a sampling frequency of 96 kHz 

was used. The impulse responses were then shortened to 212 samples, windowed using a cosine-

tapered (Tukey) window with a 25 % taper ratio, and converted to the frequency domain using a 
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212 point fast Fourier transform (FFT). To compensate for any phase mismatch between the 

microphones, all tests were repeated with the microphone positions reversed.   

 Comparative trends for the surface impedance at normal incidence (from 400 Hz) are 

shown in the right panel of Fig. 2.3. The results shown correspond to a random hair alignment 

and a microphone spacing of 15 mm. To allow direct comparison with the impedance tube 

measurement, this assumes a surface reference plane that is offset 40 mm from the rigid backing 

(equal to the depth of the impedance tube sample holder used). Whilst the results from the free-

field flat panel test contain significantly more noise, the two measurements are essentially 

identical. This mutually validates both experimental procedures. The noise in the free-field 

panel tests, particularly at low frequencies, is attributable to the frequency limitations of the 

sound source used, the finite size of the material sample, and the imperfect nature of the 

anechoic test environment. The exact impedance values for both test methodologies are strongly 

dependent on the selection of the location of the surface reference plane. For the free-field panel 

tests this was extremely difficult to estimate. The corresponding changes in the real and 

imaginary components of the normal surface impedance with incidence angle are shown in Fig. 

2.4. Again, this assumes a surface reference plane that is offset 40 mm from the rigid backing. 

Contrary to the discussion by Li & Hodgson (1997), the results from either microphone 

separation yielded nearly identical results over the entire frequency range of interest. For the 

same surface reference plane, the alignment of the fibre also had little effect, although a 

diminutive resonance was observable over a small frequency range for the parallel alignment 

tested. This resonance is due to the coupling between the motion of the air and the fibrous 

material (Dahl, Rice & Groesbeck 1990). As the bulk density is increased, this becomes more 

significant. However, as tested, the impedance properties are not strongly dependent on this 

alignment.  

 As shown in Fig. 2.4, at low frequencies there is a noticeable dependence of the normal 

impedance on incidence angle, and the material cannot be considered entirely locally reacting. 

As frequency increases, the changes with incident angle are reduced. This is consistent with 

other oblique incident tests of fibrous materials (e.g., Sides & Mulholland 1971; Allard, 

Champoux & Nicolas 1989; Li & Hodgson 1997), although a definitive acoustic explanation 
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does not always accompany such results. For fibrous and porous materials, the acoustic 

impedance modalities necessitate a slightly different phenomenological explanation than other 

text-book acoustic interfaces. Such a description is given in detail by Ingard (1981). At very low 

frequencies, the physical structure of the material itself is able to vibrate, and the acoustic 

impedance properties are dependent on the material’s stiffness. The excitation and coupling of a 

limited number of structural wave modes within the material cause it to be extensively reactive 

(the excitation of the surface at one position will induce motion at other locations). Similarly, at 

very high frequencies, the air within the porous cavities will support wave motion similar to that 

in free space, and the surface impedance will again be extensively reactive. Between these 

extremities, the material frame is approximately rigid, and the friction force dominates both 

inertial or stiffness characteristics. In this circumstance, the wave motion in the material 

degenerates into a diffusive process, and the interior phase velocity is much smaller than that in 

the external propagation medium (Ingard 1981). Consequently, the angle of refraction through 

the material is close to zero, and the normal acoustic impedance does not show a strong 

dependence on incidence angle (Attenborough 1982). 

Even if the phase velocity in the material is not substantially below that in the external 

propagation medium (i.e., the refraction angle within the material is not necessarily close to 

zero), for a thin porous layer with a rigid backing, the material may nonetheless be 

approximately locally reacting. If the stiffness and inertia of the material do not facilitate 

additional wave motion, the area of extended influence (i.e., the region over which the pressure 

oscillation at any position has influence) can still be considered to be relatively small. In this 

situation, the normal impedance will again not show a strong dependence on incidence angle 

(away from grazing incidence). For the synthetic hair material, it is likely that both a reduced 

internal phase velocity and the small thickness of the layer contribute to the diminished 

observable variance in the normal acoustic impedance with incidence angle over the higher 

frequencies shown in Fig. 2.4. 

The impedance properties of the material layer at higher frequencies cannot be 

intrinsically inferred from those discussed at lower frequencies. Without access to detailed 

material properties and adequate material models, it is difficult to estimate exactly how the 

 36 



 

FIGURE 2.5. Equivalent impedance of the synthetic hair material calculated using Eq. 2.1 and the surface 

impedance measured by the impedance tube shown in Fig. 2.3. 

material will behave, particularly at frequencies significantly above the measured range. This is 

due to the multiplicity of acoustic characteristics that porous layers may exhibit (Ingard 1981). 

Frequency and other limitations currently exist in both free-field and impedance tube 

measurement techniques, and consequently published results rarely exceed 5 or 6 kHz. Whilst 

this range is sufficient for the current problem (sphere scattering models of the human head), 

further classification may be required to describe the acoustic impedance properties of human 

hair over the complete audible frequency range. 

 As the surface reference plane is translated towards the rigid backing (where the 

equivalent impedance is defined), the overall impedance magnitude is increased. Figure 2.5 

illustrates the corresponding equivalent impedance of the synthetic hair material. Any remaining 

incongruity with incidence angle at low frequencies is now of less relevance, as the impedance 

magnitude over this range dictates a surface that is approximately rigid. Considering the 

frequency range of interest for scattering models used by binaural synthesis (typically below 3 

kHz), a locally reactive surface boundary can now be considered a legitimate assumption.  

Although not formally tested, it is intuitively expected that higher density hair samples would 

illustrate similar characteristics. Conversely, for samples with a substantially increased material 

thickness (a large afro for example), a locally reactive equivalent impedance parameter may no 

longer adequately capture the acoustic properties of the layer as a small area of extended 

influence no longer inherently exists.  
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2.1.3 Experimental validation of the use of equivalent impedance 

To illustrate the legitimacy of using equivalent impedance for higher dimensional problems, the 

scattering of sound by a sphere with a uniformly distributed surface boundary will be briefly 

examined. The mathematical formulation of this problem is reviewed in Chapter 3 and is not 

introduced here. Given a 0.124 m radius rigid sphere uniformly covered in the synthetic hair 

material, the pressure exterior to the surface can be calculated using the normal acoustic 

impedance. Figure 2.6 illustrates the resultant pressure magnitude at 1000 Hz along the anterior 

median axis adjacent to the sphere. The solid line corresponds to use of the equivalent 

impedance (shown in Fig. 2.5), and the dashed line the impedance defined at the traditional 

surface reference plane (shown in Fig. 2.3). To allow direct comparison, the results using the 

latter assume an enlarged sphere radius equal to the material thickness. Clearly, the definition of 

the surface reference plane influences the analytical result.  

 To validate which impedance surface reference plane yields the physically correct 

pressure values, the problem was examined experimentally within an anechoic chamber. A 

0.124 m radius wooden sphere supported by a thin steel rod was uniformly covered by the 

synthetic hair material using a thin double-sided tape. The covering was tailored circumspectly 

to maintain the overall distribution of the hair (with a bulk density of approximately 30 kg/m³), 

and so that it fitted neatly over the sphere surface without any significant deformation. Seven ½" 

microphones (BSWA Tech MA211) were positioned in an evenly spaced array along the 

anterior median axis as shown in the left panel of Fig. 2.6. The pressure perturbation due to the 

presence of the sphere was then obtained by measuring the frequency response between the 

microphone array and the excitation source (white noise from a Brüel & Kjær HP1001 

unidirectional sound source), both with and without the sphere. The source was positioned 

approximately 2.5 m from the sphere to allow plane wave propagation to develop. The 

measurements were captured and processed using the National Instruments LabVIEW software 

and an 8-channel data acquisition card (National Instruments 4472B). Again, both random (hair 

gently swept against pile direction) and parallel (hair swept with pile direction) fibre alignments 

were tested. 
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FIGURE 2.6. The pressure magnitude Ψ along the anterior median axis of a 0.124 m radius rigid sphere 

uniformly covered by a synthetic hair material, where Ψ is the spatially dependent component of the complex 

pressure. The left panel illustrates the experimental setup showing the position of the evenly spaced array of 

seven microphones (circles). The incident wave approaches from the right and is assumed to be plane. The 

right panel illustrates the experimental pressure magnitude at 1000 Hz (crosses), along with comparative 

analytic values using the equivalent impedance (solid line) and the traditional surface impedance (dotted line). 

The impedance characteristics used are shown in Figs. 2.5 and 2.3, respectively.  

 The pressure magnitudes at the seven microphone positions are illustrated by the 

crosses in Fig. 2.6. The results shown correspond to the test using a random hair alignment and 

match closely with the analytical results using the equivalent impedance. As with the oblique 

incidence tests, the alignment of the hair had little effect on the measured pressure magnitudes. 

At other frequencies, the experiment yielded analogous results. However, it should be noted that 

at significantly higher frequencies the spatial resolution of the microphones was not high 

enough to give an accurate comparison. For the current work, it is sufficient to conclude that the 

use of the equivalent impedance yields legitimate analytical results.  

 A similar scattering problem was examined by Cook and Chrzanowski (1949) to 

determine the absorption coefficient of a cattle-hair felt. A series of rigid spheres covered with a 

layer of the hair felt were placed within an anechoic chamber. Comparative results derived from 

a locally reactive sphere scattering model using the surface impedance of the hair felt deviated 

substantially from experimental results. The differences were attributed to the inadequacy of the 

boundary condition to account for the properties of the felt. Experimental results presented by 

Brungart (1974) for the pressure adjacent to a rigid sphere uniformly covered with kapok 
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(simulating hair) also differed substantially from analytical results. The analytical results were 

derived using measured values of the surface admittance assuming a locally reactive surface. 

The simulations using the kapok admittance (defined at the traditional surface reference plane) 

more closely resembled the characteristics of an infinitely soft sphere than those of a rigid 

sphere. This is consistent with the results presented in Fig. 2.6. The differences in Brungart’s 

results were again attributed to the inadequacy of the measured surface impedance to account 

for the properties of the material.  

2.2 Normal acoustic impedance properties of human hair 

2.2.1 Validation of measurement technique 

As the formulation and validation of an appropriate impedance boundary is now complete, it is 

useful to examine the extent of equivalent impedance values experienced by a representative 

range of human hair samples. As it is not possible to easily measure hair impedance in situ from 

human subjects, the acoustic properties will again be examined using an impedance tube. The 

experimental results discussed in the preceding sections suggest that the impedance trends are 

not strongly dependent on the relative arrangement of the hair fibres. However, for these 

experiments the individual fibres remained attached to a fabric backing. Samples of human hair 

collected from hair cuttings are no longer constrained in such a manner. The consequence of this 

constraint on measured impedance values was examined using three samples of the synthetic 

hair material each attached directly to a rigid wooden backing with a thin double-sided tape. The 

impedance properties of the material samples were measured, then the hair fibres cut from the 

backings and remeasured under the same conditions using a variety of fibre alignments. The 

mean (solid line) and range (dashed lines) of the measured impedance values are shown in the 

left panel of Fig. 2.7. The variability is well within the expected range for multiple sample tests, 

and there is clearly not a strong dependence on the attachment of the material to the rear surface.  

 To examine the impedance trends of human hair, twelve samples of varying hair type 

and length were collected from cuttings from a salon. The properties of these samples are shown 

in Table 2.1. The mean diameter was measured using a profile projector (± 1 μm) and 3 hair 

fibres selected at random from each sample (each fibre was measured at two different 
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FIGURE 2.7. Variation in the equivalent impedance of the synthetic hair material with sample alignment (left 

panel), and variation across all human hair samples (right panel) for a sample density of 40 kg/m³ and a 

sample holder thickness of 20 mm. 

locations). The colour, texture, treatment, and curvature were classified by the salon from which 

the samples were collected. The equivalent impedance variability across all samples for a 

density of 40 kg/m³ and a sample thickness of 20 mm is shown in the right panel of Fig. 2.7. 

Again, the results across all samples are reasonably consistent, particularly at high frequencies 

where the material is absorbent. There is not a strong correlation between the spread of results 

and the properties of the individual hair samples. Whilst it is generally expected that flow 

resistance and hence impedance will change with both bulk density and fibre diameter, for 

larger diameters this variability is considerably reduced (Bies & Hansen 1980). The differences 

seen may be partly attributed to the difficultly in arranging the fibres homogenously within the 

sample holder, particularly for longer samples. It is also interesting to note that there is 

significantly less observable variance in the traditional surface impedance computed from the 

same material tests. 

 At this point it is useful to briefly discuss the consequences of the choice of the 

harmonic time component (which is assumed here to be of the form i te ω− ). Whilst this selection 

is arbitrary, care must be taken that it is rigorously maintained. Analytical problem 

formulations, impedance measurements, and any Fourier transforms or signal analysis 

techniques utilised must all exhibit the same dependence. Many presentations of impedance data 

do not state the form of the time component used. Likewise the ISO 10534-2 (1998) standard 

does not explicitly state which form it assumes in its analytical formulation. This is significant, 
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TABLE 2.1. The colour (classified using hair colour base levels), texture, treatment (N – natural, C – 

coloured), curvature (s – straight, c – curly, w – wavy), diameter, and length of the human hair (HH) and 

synthetic hair (SH) samples.  

Sample Colour Texture Treatment Curvature Mean Diameter [μm] Mean Length [mm] 

       

HH 01 Light Brown Thick N w 104 60 

HH 02 Blonde Medium C c 64 90 

HH 03 Dark Brown Medium C s 77 60 

HH 04 Dark Blonde Thick N s 75 40 

HH 05 Light Brown Medium N c 80 50 

HH 06 Light Blonde Fine N w 80 80 

HH 07 Dark Blonde Medium N w 80 140 

HH 08 Dark Blonde Fine N c 75 120 

HH 09 Medium Blonde Medium N c 89 150 

HH 10 Dark Blonde Medium C s 95 160 

HH 11 Dark Blonde Medium C w 74 140 

HH 12 Dark Brown Coarse N c 85 70 

SH 01 Medium Brown Fine N s 55 50 

 

as this selection affects the physical interpretation of the impedance results. For a harmonic time 

component of the form i te ω− , a positive reactance (positive impedance phase angle) corresponds 

to a stiffness-like response, and a negative reactance to a mass-like response. If i te ω  is assumed, 

the impedance becomes its complex conjugate and the opposite is true. Many analytical 

problems assume a time component of the form i te ω−  (e.g., Morse & Ingard 1968) and many 

impedance studies and standards the opposite (e.g., ISO 10534-2 1998). In this circumstance the 

conjugate of the impedance data must be used.  

2.2.2 Impedance trends 

Considering that the impedance properties of the hair samples do not show a strong correlation 

with individual sample parameters, it is sufficient to investigate changes in equivalent 

impedance with sample density and thickness using a subset of these. Samples HH 01 through 

HH 04 were tested using the impedance technique previously described for a variety of bulk 

densities using three sample holders (10 mm, 20 mm, and 40 mm in depth). The corresponding 

impedance and absorption coefficient results are shown in Fig. 2.8. The plots of absorption 
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FIGURE 2.8. Impedance ( ) and absorption coefficient (ζ α ) trends with; sample density for constant 

thickness, sample thickness for constant density, and sample thickness for constant mass (equivalent to a 

sample density of 40 kg/m³ in a 20 mm sample holder). 

coefficient (right panels) also illustrate the variability across the four tested samples (dashed 

lines). The upper panels show the variation with sample density using a constant sample holder 

thickness of 20 mm. These plots show the variance between people with a high natural bulk 

density of hair (i.e., a high number of hairs per cm²) and those with a low bulk density. 

Obviously there is no theoretical minimum to this trend, and it is not completely uncommon to 

see people without any terminal scalp hair. In this situation, a uniformly rigid boundary 
 43



provides an adequate approximation. The variance with sample thickness for a constant sample 

density of 40 kg/m³ is shown in the middle panels of Fig. 2.8. These plots approximate the 

effect of growing short hair outwards at an approximately constant bulk density. For people 

with longer hair, if the hair is not styled upright, the individual fibres stack parallel and the 

impedance properties over the scalp remain reasonably impervious to hair growth. The final two 

panels in Fig. 2.8 again show the variance with sample thickness, this time for a constant sample 

mass. This is equal to the mass of the hair sample at 40 kg/m³ held within the 20 mm sample 

holder. These plots illustrate the effect of compressing and separating the same quantity of hair 

fibres.  

 Examining the trends shown within Fig. 2.8, it is clear that the impedance properties 

scale with both sample density and thickness. Increasing the bulk density reduces the impedance 

magnitude (and increases the absorption coefficient) while the impedance phase angle remains 

reasonably constant. Increasing the sample thickness also reduces the impedance magnitude and 

additionally scales the impedance phase angle. The changes with thickness for constant mass are 

considerably less, although a decrease in impedance magnitude (and increase in absorption) is 

again seen with a thickness increase. For all modifications, the equivalent impedance retains a 

stiffness-like reactance, and the impedance phase angle remains largely within the range of 10 

to 50°. 

 It is important to note that for the one-dimensional problem, the choice of surface 

reference plane does not alter the solution for the time harmonic pressure, and the absorption 

coefficients provided are thus directly comparable with those from other studies. In this regard, 

for the limited number of tests at comparable densities, the results presented here show a good 

agreement with the absorption coefficients of hair provided by Katz (2000). 

2.3 Summary and discussion 

This chapter provides the required acoustical impedance data for a pragmatic range of human 

hair characteristics. The legitimacy of a locally reactive surface assumption is investigated, and 

an appropriate boundary condition is formulated to account for the physiological composition of 

a human head with hair. This utilises an equivalent impedance parameter to allow the scattering 
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boundary to be defined at a reference plane coincident with the inner rigid surface of the head 

(in this case a sphere). Experimental analysis of a simple 3D scattering problem illustrates that 

the equivalent impedance must be used in favour of the traditional surface impedance to yield 

physically correct pressure magnitudes. Experimental examination of the normal acoustic 

impedance of a representative synthetic hair material for oblique source incidence is used to 

show that a locally reactive boundary assumption is legitimate. 

 The equivalent acoustic impedance properties of a representative range of human hair 

samples are presented. Increasing either the bulk density or the sample thickness reduces the 

impedance magnitude (and thus increases the absorption coefficient). For all modifications, the 

equivalent impedance retains a stiffness-like reactance, with the impedance phase angle in the 

order of 10 to 50°. Increasing the sample thickness produces a relative increase in the 

impedance phase angle. A robust correlation between the spread of results and the properties of 

the individual hair samples is not exhibited. Additionally, there is not a strong dependence on 

the relative alignment of the hair sample. The latter is confirmed by the experimental results 

from flat-panel tests at oblique incidence and examination of the pressure in the proximal region 

around a single sphere. The absorption coefficients presented show a good general agreement 

with the limited comparable data available in the literature. 

 The definition of equivalent impedance (introduced in Section 2.1.1) allows the 

legitimate use of a locally reactive boundary condition. However, the use of this parameter is 

not consistent with typical treatments of reflection or scattering problems which generally 

utilise only the traditional surface impedance. More complex multi-layered, non-uniform, 

penetrable boundaries may yield a more accurate description of the wave processes within the 

material layer. Nonetheless, for the current problem, the equivalent impedance provides an 

adequate description of the material boundaries of interest. Additional scattering experiments 

investigating the surface pressure (presented in Chapter 5) provide further verification of the 

legitimacy of its use. The comparative limits of this assumption, and the relevance of the 

equivalent impedance formulation to other materials or scattering problems, are outside the 

scope of this dissertation. However, a comprehensive analytic investigation into this problem 

may form an interesting area of further study. 
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3 Acoustic Scattering by a Non-Rigid Sphere  

3.1 Scattering in spherical coordinates 

3.1.1 Solution of the wave equation 

The scattering of sound by an object in a uniform and non-viscous medium is characterised by 

the surrounding pressure distribution, particularly in the region of the scatterer. This sound field 

can be decomposed into an incident and scattered field, both of which are governed by the 

scalar wave equation (or the Helmholtz equation if harmonic time dependence is assumed). The 

Helmholtz equation is an elliptical partial differential equation and is separable in 11 coordinate 

systems (Eisenhart 1934). Most of these are special cases of the confocal ellipsoidal system. For 

a particular scattering problem, a coordinate system is selected to allow for simple formulation 

of the scattered waveforms, the characteristics of which are dependent on the shape of the 

scatterers. For spherical objects, a spherical coordinate system is used. Fortunately, this is one 

of the more expansively addressed coordinate systems; separation of the Helmholtz equation in 

spherical coordinates is a textbook subject. A brief review of some of the fundamental results is 

given in the current section. 

sϕ

sθ
rs

θ  

y 

x 

z 

ϕ  

r

r 

zs

ys

xs  

FIGURE. 3.1. General spherical coordinate system with the scatterer located at the polar origin. The location 

of the source and the direction of source propagation relative to the polar origin are characterised by rs. For a 

plane wave, the source displacement from the scatterer is considered infinite and the source direction given by 

( ),s sθ ϕ . 
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 For a given incident wave approaching a locally reacting sphere in an infinite medium, 

the scattered field is entirely determined by the boundary conditions imposed on the surface of 

the sphere. Solutions for the incident and scattered waves are generally expressed as modal 

sums, with each mode having a characteristic angular dependence. Conceptually, the analytical 

treatment of a scattering problem attempts to evaluate the relative contribution of the mode 

shapes in the scattered wave based on a known boundary condition.  

 A general expression for the Helmholtz equation may be written as: 

 ,  (3.1) ( ) ( )2 2 0r rk∇ Ψ + Ψ =

where  is the scalar Laplacian,  is the wave-number, and 2∇ k Ψ  represents the complex 

pressure for a monochromatic wave ( ) ( ),r r i tp t e ω−= Ψ . The Laplacian in three dimensions is 

inversely proportional to the concentration of a quantity, thus physically Eq. (3.1) states that a 

pressure concentration will tend to diminish. Using the spherical coordinate system shown in 

Fig. 3.1, the Helmholtz equation becomes: 
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Ψ = , (3.2) 

where ( ), ,r θ ϕ=r  characterises the evaluation position. The radial and angular terms can then 

be separated using the substitution: 

 ( ) ( ) ( ) ( )r R r Y Yθ ϕθ ϕΨ = .  (3.3) 

 The solutions to the separated equations are in the form of spherical Bessel, associated 

Legendre, and exponential functions respectively. The latter two (angular) components are 

commonly combined into a single normalised spherical harmonic function. This has slightly 

varying forms throughout the literature dependent on the inclusion of the Condon-Shortley 

phase  with Rodrigues’ Legendre formula. Some clarification is deserved as to the usage 

adopted here. Using Rodrigues’ formula, the associated Legendre function is given by: 
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where ( )m
nP μ  is the associated Legendre function of degree  and order , n m ( )nP μ  is the 

Legendre polynomial, and the phase term  is included. Using this definition, functions of 

negative order are given by: 

( )1 m
−

 ( ) ( ) ( )
( )

( )!
1

!
mm m

n n

n m
P P

n m
μ μ− −

= −
+

.   (3.5) 

Given the previous inclusion of the Condon-Shortley phase, the expression for the normalised 

spherical harmonic ( ,m
nY )θ ϕ  is: 

 ( ) ( ), cosm m m
n n nY y P ime ϕθ ϕ θ= ,   (3.6) 

where the  term denotes the non-angular dependent normalisation terms: m
ny

 
( )
( )
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m
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−+

=
+

  (3.7) 

 The effect of the  term is to establish an alternating sign for spherical harmonics 

of positive order. The associated Legendre function is only non-zero for 

( )1 m
−

0 m n≤ ≤ , thus 

( ,m
nY )θ ϕ  is only non-zero over the same domain. Physically, the spherical harmonic functions 

represent spatially orthogonal wave types or ‘mode’ shapes in an infinite medium. The 

characteristic angular dependence of each mode is analogous to the basic radiation patterns from 

the corresponding simple harmonic source [e.g., monopole, dipoles, quadrupoles, etc (Pan 

2000)]. A modal sum can therefore be used to represent the scattering by, and radiation from, a 

spherical object in free space. Note this definition of mode shape differs slightly from traditional 

vibration modelling, where a mode shape is associated with a particular physical resonance that 

defines the particle vibration amplitude ratios at the corresponding resonant frequency. 

Spherical harmonics are generally classified into three categories. These depend on the shape of 

the division of an arbitrary spherical surface by the locus of the associated Legendre function 

(Hobson 1931). Spherical harmonics of the form ( )0 ,nY θ ϕ  are deemed zonal harmonics, 

( ,m n
nY )θ ϕ<  tesseral harmonics, and ( ,n

nY )θ ϕ  sectorial harmonics, as they divide the surface 

into zones, quadrilaterals (tessera), and sectors respectively.  
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( ) 2
Re ,m

nY θ ϕ⎡ ⎤⎣ ⎦FIGURE 3.2. Visualisation of spherical harmonic mode shapes . The top row represents 

zonal harmonics ( ), the lower diagonal represents sectorial harmonics ( ), and the remainder are 

tesseral harmonics ( ). 

0m = m n=

m n<

 Visual representation of the spherical harmonic mode shapes is given in Fig. 3.2. This 

form of visualisation is equivalent to that given by Arfken & Weber (2005). Alternate 

visualisation is also given by Gumerov & Duraiswami (2004). The zonal harmonics are 

completely real, and the Legendre polynomial on which they are based has  unique roots that 

lie between  (Hobson 1931). Consequently, the lobes visible in Fig. 3.2 for zonal harmonics 

n

1±
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of finite degree have alternating signum. Harmonics of even degree thus have major lobes 

(upmost and lowermost) that are of equal signum, and for odd degree they are opposite. 

Similarly, the adjacent lobes of tesseral and sectorial harmonics are also opposite in sign. The 

imaginary part of these harmonics is simply a rotation in ϕ  so that the position of the lobes 

evenly dissects those of the real part.  

 Spherical harmonics have the convenient conjugate property: 

 ( ) ( ) (* 1 mm m
n nY Y )θ ϕ θ−= − ϕ, , ,  (3.8) 

and form a complete orthonormal system over the spherical surface: 

 ( ) ( )1 2

1 2 1 2

2
*

0 0

, , sinm m
n n n nY Y d d

π π

1 2m mθ ϕ θ ϕ ϕ θ θ δ δ=∫ ∫ .   (3.9) 

Here 
1 2n nδ is the Kronecker delta. The expansion of the Legendre polynomial using spherical 

harmonics provides an additional relationship in the form of the spherical harmonics addition 

theorem: 

 ( ) ( ) (*
1 1 2 2

4
cos , ,

2 1

n
m m

n n n
m n

P Y Y
n
π )φ θ ϕ θ ϕ

=−

=
+
∑ ,   (3.10) 

where φ  is the angle between ( )1 1,θ ϕ  and ( )2 2,θ ϕ . The treatise by Hobson (1931) provides a 

particularly useful reference for the properties of spherical harmonics and Legendre functions. 

Returning to the separated Helmholtz equation, a general solution can now be expressed 

using spherical harmonics: 

 ( ) ( ) ( )
0

,r
n

m
n n

n m n

G kr Y θ ϕ
∞

= =−

Ψ = ∑ ∑ .   (3.11) 

Here  represents any general solution to the spherical Bessel differential equation. This 

is composed of a linear combination of spherical Bessel, spherical Neumann, and spherical 

Hankel functions chosen to satisfy the appropriate radiation conditions. This group of solutions 

is adequate to compose any physically possible solution using the superposition of wave terms.  

( )nG kr

3.1.2 Scattering by a single sphere 

The derivation of the complete relationship for the pressure on and around a single sphere is 

based on the decomposition of the sound field into incoming and outgoing waves, the sum of 
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both being the total response of the system. If the class of external scattering (infinite domain) 

problems is considered, the Helmholtz solutions for the incident (incoming) and scattered 

(outgoing) waves must satisfy the required boundary conditions both at the surface of the 

scatterer, and at infinity. Starting with the incident wave and following the general source 

approach taken by Gumerov & Duraiswami (2004), a general incident wave can be expressed 

as: 

 ( ) ( ) ( )
0

,
n

m m
in n n n

n m n

E j kr Y θ ϕ
∞

= =−

Ψ = ∑ ∑r . (3.12) 

Here ( )nj kr  is the spherical Bessel function of the first kind (satisfying origin non-singularity), 

and m
nE  is a general source term characterising the source type and location. The source terms 

for a plane wave and a simple harmonic point source with source strength Q  are respectively: 

 ( ) ( )4 1 ,mm n m
n nE Q i Y s sπ θ ϕ−= − ,  (3.13) 

 ( )( ) (1 ,mm
n nn sE Qikh kr Y )m

s sθ ϕ−= − , (3.14) 

where  is the spherical Hankel function of the first kind, and the location of the sound 

source and the direction of wave propagation are characterised by 

(1)
nnh h≡

( , ,r )s s s sr θ ϕ=  as shown in 

Fig. 3.1.  

When the incident wave reaches the scatterer, secondary waves are produced that are 

outgoing from the scattering boundary. The outgoing wave expression must satisfy both the 

surface boundary condition and the outgoing radiating condition. The scalar radiation condition 

[defined by Sommerfeld (1949)] implies that the radiated energy must scatter to infinity and 

thus all scattered waves must be outgoing. In three dimensions, the Sommerfeld radiation 

condition is: 

lim 0scat
scatr

r ik
r→∞

∂Ψ
− Ψ =

∂
⎛ ⎞
⎜ ⎟
⎝ ⎠

.  (3.15) 

Conveniently, use of the spherical Hankel function of the first kind as the spherical Bessel 

equation solution allows this condition to be satisfied. The origin singularity of this function is 

 51



not consequential for outgoing waves as physically the scatterer must have a finite radius. The 

expression for the scattered wave is thus: 

 ( ) ( ) ( )
0

,
n

m m
scat n n

n m n
nA h kr Y θ ϕ

∞

= =−

Ψ = ∑ ∑r .   (3.16) 

The complete expression for the complex pressure is simply the sum of the modal contributions 

from the incident and scattered waves: 

 . (3.17) ( ) ( ) ( ) ( )
0

n
m m m

n n n n n
n m n

Y E j kr A h kθ ϕ
∞

= =−

Ψ = +⎡⎣∑ ∑r , r ⎤⎦

The unknown scattered modal amplitudes m
nA  are solved by examining the remaining boundary 

conditions imposed on the surface of the sphere. 

3.1.3 Surface boundary conditions 

In addition to the radiation and infinite boundary conditions satisfied by the form of the 

spherical wave solutions, the system solution must also satisfy the boundary conditions imposed 

on the surface of the scatterer. Assuming that the material properties allow a locally reactive 

surface assumption (as discussed in Section 2.1), the radial surface velocity  can be obtained 

from the linear force equation. For a sphere of radius 

u

r a= , this gives the general expression 

for a locally reactive impedance boundary condition: 
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r
r = . (3.18) 

Eq. (3.18) can be used to derive a general expression for the solution of the unknown 

constants in Eq. (3.17). Combining these equations yields: 
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Here the '  operator represents the functional (radial) derivative. The form of the solution for m
nA  

depends on the source term m
nE  and the distribution of the impedance over the sphere surface. 

The solution can be obtained by multiplying Eq. (3.19) by the conjugate of a spherical harmonic 

 52 



with alternate degree and order and then integrating over the sphere surface. For the product of 

two spherical harmonics with no other angular dependent terms attached to it, this integral 

conveniently reduces using Eq. (3.9). This gives the general boundary condition for a single 

sphere with an arbitrarily distributed, locally reactive impedance boundary condition: 
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The remaining integral depends on the form of the impedance distribution. A substantial 

mathematical proof of convergence of an equivalent summation for an arbitrarily distributed, 

locally reacting surface for plane wave incidence is given by Brungart (1974). 

3.2 Scattering by a sphere with a uniformly distributed surface boundary  

3.2.1 Model derivation 

If the surface boundary condition is uniformly distributed over the sphere surface, ( ),ω θ ϕΖ ,  

in Eq. (3.20) becomes ( )ωΖ . The spherical harmonics are now the only remaining angular 

dependent terms, and these form a complete orthonormal system over the sphere surface. 

Consequently, there is no cross-coupling between incoming and scattered wave modes of 

disparate degree or order. Continuing to let  represent the degree and order, in the absence 

of cross-coupling, the boundary condition must be independently satisfied for each modal 

component. An explicit solution for the scattered modal amplitudes can thus be formed: 

,n m
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Substitution of Eq. (3.21) into Eq. (3.17) gives the complete expression for the complex 

pressure for a general source term: 
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If the incident wave is planar in nature, m
nE  is given by Eq. (3.13) and the order 

summation can be expanded using the spherical harmonics addition theorem: 
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Here φ  is the angle between the direction of source travel ( ),s sθ ϕ  and the evaluation angle 

( , )θ ϕ . If the source is travelling in the z-direction then φ θ= . Equation (3.23) is equivalent to 

that given by Morse & Ingard (1968) for an absorptive sphere.  

 Commonly only the pressure on the surface of the sphere ( r a= ) is required (this is the 

case for obtaining the interaural cues or HRTF from scattering models), and the expression for 

the complex pressure can be significantly simplified. Using the recursion and cross product 

relationships for spherical Bessel functions, Eq. (3.22) for r a=  becomes: 
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Again, if the incident wave is planar in nature this becomes: 
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For a plane wave propagating in the z-direction φ θ= . For propagation in the opposite 

direction, the properties of Legendre polynomials can be utilised where ( ) ( ) (1 n
n nP P )μ μ− = −  

and . If the surface is rigid in nature, ( ) ( ) 11 1 nni −+ − = −
ni Ζ → ∞  and Eq. (3.25) reduces to: 
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which is equivalent to Rayleigh’s solution for the scattering of sound by a rigid sphere for a 

planar incident wave. If the incident field is generated by a monopole located at rs sr= , a 

similar degeneration using Eq. (3.14) yields:  
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the rigid solution of which was discussed in relation to virtual audio and near field hearing by 

Rabinowitz et al. (1993) and then later by Duda & Martens (1998). Considerable further 

discussion in regards to limiting conditions and other mathematical aspects of these solutions is 

provided by Morse & Ingard (1968) and is not repeated here. 

3.2.2 Effect of impedance on the scattered sound field  

The general effects of an impedance surface boundary on the characteristics of the scattered 

sound field have previously received little in the way of detailed discussion. The effect of 

modifying the surface impedance on the magnitude of the complex surface pressure for a sphere 

of radius 0.0875 m is illustrated in Figure 3.3. For convenience, trends in the surface pressure 

are examined here using frequency independent values of impedance and a planar incidence 

wave with unity source strength. This and all subsequent plots of the pressure magnitude show 

values relative to the nominal pressure in the absence of the sphere. Values above one thus 

signify a pressure increase, and values less than one a decrease. The upper six plots of Fig. 3.3 

illustrate the surface pressure magnitudes for three values of resistive surface impedance 

( 0ζ∠ = ° ). The lower six plots show the effect of altering the impedance phase angle ζ∠  

whilst keeping the overall impedance magnitude constant at a value of 2ζ = . This impedance 

magnitude is utilised as the characteristic changes become particularly exaggerated. The 

cylindrical shapes represent stacked polar plots, with each horizontal slice corresponding to the 

pressure distribution around the sphere circumference at a particular frequency. The frequency 

spacing corresponds to octave bands in the range from 125 to 4000 Hz, and the angular 

resolution is 5°. The incident wave approaches from the right, and the dashed line indicates the 

polar origin. The adjacent polar plots illustrate the surface pressure magnitudes for f = 2000 Hz 

(ka = 3.2). This corresponds to the second uppermost horizontal slice of the stacked polar plots. 

 For all the utilised impedance values, the response at low frequencies is approximately 

unity. This is consistent with previous investigations of sphere scattering and provides a 

convenient reference for examining the trends at higher frequencies. When the sphere is rigid, at 

higher frequencies, the surface pressure in the anterior region begins to approach double the 

free-field pressure. This is consistent with expectations of reflection from an infinite rigid plane.
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FIGURE 3.3. Magnitude of the sphere surface pressure with changes in the resistive impedance magnitude 

(upper six plots), and changes in the complex impedance phase angle for a constant magnitude of 2ζ =  

(lower six plots). The cylindrical shapes (rotated 4° off-axis) are stacked polar plots, with each horizontal layer 

the surface pressure at a particular octave band frequency from 125 to 4000 Hz. The dashed line indicates the 

polar origin, and the bottom layer (125 Hz) is approximately the unit circle. The incident wave approaches 

from the right. The individual polar plots illustrate the surface pressure magnitudes for f = 2000 Hz (ka = 3.2). 

This corresponds to the second uppermost horizontal slice of the stacked polar plots. 
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In compliance, the pressure in the posterior region reduces. The lobe of increased pressure at the 

rear of the sphere is a result of symmetrically diffracted waves arriving in phase creating a 

‘bright spot’. As the wavelength is reduced, the in-and-out of phase oscillations that arise due to 

interactions between symmetric wave paths occur over a shorter spatial distance. Consequently, 

at higher frequencies, additional lobes also become apparent on either side of the bright spot 

over approximately the same angular region. 

 As the magnitude of the resistive surface impedance is decreased from infinite (ζ = ∞ ) 

to the characteristic impedance of the propagation medium ( 1ζ = ), there is an overall decrease 

in the surface pressure level. There is a particularly significant reduction in the region of the 

bright spot, proportionally more so than for frontal regions. Mathematically, the decrease in 

impedance produces an increased contribution from the spherical Hankel function in the 

denominator of Eq. (3.25). This correspondingly decreases the magnitude of the individual 

modal contributions and hence reduces the overall surface pressure magnitude. Physically, this 

reduction results from the increased absorption of the sphere surface which reduces the intensity 

of the reflected sound. This has a compounding effect on the level of sound that is diffracted to 

the rear of the sphere. If the surface impedance is reduced below the characteristic impedance of 

the propagation medium ( 1ζ = ), the surface pressure continues to decrease and begins to 

approach zero. This is in compliance with the requirement for an acoustically soft boundary. 

Low frequencies conform to this constraint more slowly, particularly for values only slightly 

below 0 0cρ .  

 When the surface impedance is complex, the interaction of the incident wave with the 

sphere boundary causes a phase difference in the reflected wave (the radial velocity is no longer 

in phase with the forcing pressure oscillation). Consequently, the impedance phase angle 

dictates additional changes to the sound pressure on and around the sphere. As shown in Fig. 

3.3, the most significant modifications are again in the posterior region of the sphere. For a 

negative impedance phase angle (positive resistive component, negative reactive component), 

the out-of-phase reflected wave produces a further reduction in the pressure level on the rear 

sphere surface. Conversely, a positive impedance phase angle produces an increase in the 
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FIGURE 3.4. Change in surface pressure due to an impedance phase angle of 45ζ = °  relative to 0ζ∠ = °∠  

for different values of impedance magnitude. The cylindrical shapes represent stacked polar plots (as in Fig. 

3.3) for octave band frequencies from 63 Hz to 16 kHz. 

frontal surface pressure in addition to modifying the bright spot lobes in a particularly 

significant manner. As the impedance phase angle becomes increasingly positive, the primary 

posterior bright spot magnitude is increased and the ancillary bright spot lobes become more 

evident due to the formation of distinct interference regions of high and low pressure. 

The sphere surface pressure approaches limits at both large and small wavelengths in 

relation to the sphere size. For these cases, there is little contribution from symmetrically 

diffracted waves as either the surface pressure is approximately unity in all regions, or the 

posterior surface is effectively in sound shadow. The sensitivity of the surface pressure to 

changes in the impedance phase angle is thus dependent on both frequency and the overall 

impedance magnitude. Consequently, the extraneous changes due to the impedance phase angle 

are only apparent over finite range of frequencies (for a given sphere radius). As the impedance 

magnitude is reduced towards the characteristic impedance of the propagation medium, this 

range of increased sensitivity is translated to lower frequencies. This effect is illustrated in Fig. 

3.4 which shows the change in surface pressure due to an impedance phase angle of 45ζ∠ = + °  

relative to 0ζ∠ = °  for different values of overall impedance magnitude.  

Given the discussion on the effect of impedance on the surface pressure, the changes in 

the near-field region surrounding the sphere are reasonably intuitive. Figure 3.5 shows this 
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FIGURE 3.5. Near-field acoustic pressure for f = 2000 Hz around a sphere of radius 0.0875 m (ka = 3.2) over a 

region of 0.8 × 0.8 m for several cases of uniformly distributed surface impedance.  

pressure magnitude over a 0.8 × 0.8 m region for f = 2000 Hz. For a rigid boundary (upper left 

panel), the anterior region displays a curved pattern of high and low pressure due to the 

interference of the plane-incident and spherical-scattered waves. In the proximal region, directly 

adjacent to the frontal surface there is an increase in pressure over a large angular area. In the 

posterior, two regions of decreased pressure are apparent centred around 150° and 210°. 

Between these the bright spot is visible. This extends beyond the posterior sphere surface into 

the proximal near-field region, gradually losing intensity at distances further from the sphere.  

As the impedance of the surface is decreased, the intensity of the scattered wave is also 

reduced. For a resistive surface impedance of 2ζ =  (upper right panel of Fig. 3.5), this causes 

the curved high and low pressure interference variations in the anterior region to be diminished. 
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The two posterior shadow regions are widened, and the bright spot of increased pressure is also 

noticeably reduced. When the surface impedance is complex, the phase difference in the 

scattered wave causes a shift in the anterior interference pattern. For a negative phase angle 

(lower left panel of Fig 3.5), the first low pressure ridge is shifted slightly away from the frontal 

surface. This results in an increase in the proximal off-surface pressure in the frontal region that 

is not apparent in the corresponding plots of the surface pressure (shown in Fig. 3.3). In the 

posterior, the regions of sound shadow are further increased, and the posterior bright spot is 

effectively removed as a significant feature, particularly near the sphere surface.  

 When the impedance phase angle is positive (lower right panel of Fig. 3.5), the first low 

pressure ridge in the anterior region is shifted slightly closer to the sphere surface. The scattered 

waves become more focussed, and the magnitude of the curved interference oscillations 

decreases much more quickly away from the frontal-median axis. This is a result of the 

increased contribution from higher order modes which are focussed around this spatial location 

(further discussion of modal contributions is deferred until Section 4.2.3). In the posterior 

region, the bright spot appears as a prominent feature, even more so than for the rigid sphere 

(the impedance phase sensitivity is near its maximum value for the utilised value of impedance 

magnitude). Additional side lobes of decreased pressure are also evident (around 110° and 250°) 

which extend into the proximal region surrounding the sphere. These separate the shadow zone 

into distinct regions of high and low pressure. At other frequencies, the proximal pressure 

changes can be deduced using the stacked polar plots shown in Fig. 3.3. 

3.3 Summary and discussion 

This chapter presents a general analytical formulation for the scattering of sound by a sphere 

with an arbitrarily distributed, locally reactive surface boundary condition. This allows the 

solution of the scattered wave modal amplitudes for an incident wave that is either planar or 

spherical in nature. For a non-uniform impedance distribution, this solution requires the 

numerical evaluation of a surface integral dependent on the angular function of impedance and 

the product of two normalised spherical harmonics of disparate degree and order. Given the 

computing power currently available to researchers, for mathematically appropriate impedance 
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distributions, this evaluation does not pose any particular difficulty, even at higher frequencies 

where convergence of the modal summations takes substantially longer. The degeneration of 

this formulation to other relevant solutions in the literature is also briefly discussed.  

 For a uniformly distributed surface boundary, considerable discussion is given on the 

effect of the surface impedance. Both the magnitude and phase characteristics of the impedance 

dictate changes to the scattered wave. As the impedance magnitude is reduced, the magnitude of 

the scattered wave is decreased. Consequently, both the surface and proximal pressure are 

reduced, particularly in the posterior region of the sphere. When the surface impedance is 

complex, a negative impedance phase angle yields a further decrease. Conversely, a positive 

phase angle causes the scattered wave to become more focussed, and the posterior bright spot to 

be increased. The extraneous perturbations due to the impedance phase angle only appear over a 

limited frequency range. This range of augmented phase sensitivity is translated to lower 

frequencies as the overall impedance magnitude is reduced towards the characteristic impedance 

of the medium. 

 The impedance of human hair (as discussed in Chapter 2) has a stiffness-like reactance 

and a positive impedance phase angle. For a sphere uniformly covered by such a material, the 

intuitive decrease in the surface pressure due to absorption will be somewhat counteracted by an 

exemplification of the posterior bright spot lobes. The exact nature of these conflicting changes 

is dependent on the impedance characteristics and frequency range of interest. At higher 

frequencies, materials commonly exhibit a mass-like reactance and hence have a negative 

impedance phase angle. The intuitive surface pressure decrease due to absorption will then be 

consolidated by a further reduction due to the phase characteristics of the impedance.  

 During the course of this investigation, the analytical formulation discussed in the 

current chapter was validated by an additional series of interaural experiments using a wooden 

sphere and various impedance coverings. The experiments were devised to investigate the effect 

of a uniform covering on the azimuthal interaural cues used for localisation. These concepts are 

not formally introduced in the dissertation until Chapter 5, by which point a more appropriate 

scattering model has been developed. Discussion on the effect of impedance on the auditory 

localisation cues is limited to this supplementary model, and only the corresponding 
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experimental validation is presented. For brevity, and to maintain the logical development of 

ideas through the dissertation, the experimental results for a uniform covering are consequently 

not included. However, these results do appear in a publication on an investigation into the 

contribution of impedance to the auditory cues using a sphere with a uniformly distributed 

surface boundary (see reference [J1] in the publications list). 
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4 Scattering by a Sphere with a Hemispherically Divided Surface 

Boundary 

4.1 Model derivation   

4.1.1 Solution of spherical harmonic integral 

Depending on the angular distribution of the surface impedance, the general integral 

formulation presented in Chapter 3 for an arbitrarily distributed boundary condition can 

plausibly be explicitly solved. As a sphere is only an approximation of the human head, a 

distribution of impedance that assimilates the general characteristics of the location of the hair is 

sufficient to investigate its contribution. As discussed in Section 1.2.1, this corresponds to a 

hemispherically divided boundary with one hemisphere covered in hair, and the other rigid. 

Fortunately, this distribution facilitates an analytical solution. If the surface impedance is 

assumed to be hemispherically divided and the x-y plane aligned with the hemispherical 

boundary as shown in Fig. 4.1, the boundary condition remains continuous with rotations in the 

spherical angle ϕ . Using this distribution of impedance [where ( ), ,Zω θ ω θ≡ Ζ ] and expanding 

the remaining spherical harmonic integral in Eq. (3.20) using Eqs. (3.6) and (3.8) gives:  
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This leaves the integral of the product of associated Legendre functions of different degree over 

two non-standard intervals: 
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FIGURE 4.1. Sphere with the surface boundary condition split hemispherically in two parts. The boundary 

division is assumed to be coincident with the x-y plane, and each hemisphere is given a different constant 

impedance value. 
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 Equation (4.2) is analogous to that presented by Brungart (1974) who evaluates the term 

numerically. Here an analytic solution will be developed. Due to the orthogonality of associated 

Legendre functions over the sphere surface, the integral expressions evaluated for  and n l≠

cos 1θ = ±  will be zero. It is thus only the solution for cos 0θ =  that is of interest, and the 

integral results over the two intervals will be equal in magnitude but opposite in sign: 
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The required analytic solution to Eq. (4.3) is provided by Hulme (1982) in the context of fluid 

dynamics. The derivation reformulates the problem using the associated Legendre differential 

equation and then utilises the special results of ( )m
nP μ  and its functional derivative for 0μ = . 

This yields: 
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An alternate closed form solution to Eq. (4.3), derived independently, is contained within the 

Appendix. This utilises Rodrigues’ formula and integration by parts to yield a solution that is 

reliant on a finite summation of factorial terms rather than trigonometric functions. However, 

the solution provided by Hulme is rather more elegant and yields a simpler final expression. 

Mathematically, the results are equivalent and give identical numerical results for any given 

degree and order satisfying  and n l≠ ( )min ,m n≤ l . 

 Returning to Eq. (4.2), when n l=  the solution is significantly simpler. Due to the 

symmetry of ( ) 2
cosm

nP θ⎡ ⎤⎣ ⎦  about cos 0θ = , the integral over the intervals [ ]0, / 2π  and 

[ ]/ 2,π π  can be deduced from the orthogonality of the associated Legendre function over the 

domain [ ]0,π . This gives: 
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The derivation of this result using Rodrigues’ formula and integration by parts is given in the 

Appendix.  

 The complete closed form solution to the spherical harmonic integral can now be 

obtained by combining Eq. (4.4) and Eq. (4.6) (the integral results for  and n l≠ n l=  

respectively): 
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Here ϒ  is the admittance spatial average: 
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 and Δϒ  is the admittance spatial disparity: 
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4.1.2 Overall pressure solution 

Returning to the general boundary condition expressed in Eq. (3.20), the overall expression for 

the hemispherically divided boundary is now: 
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To explicitly solve for the unknown scattered modal amplitudes when the surface impedance 

characteristics of the two hemispheres are not equal, it is convenient to rearrange Eq. (4.10) in 

terms of the complex amplitude m
nA  of the (  scattering mode: ), thn m
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In matrix form Eq. (4.11) becomes:  
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and the simplified coefficients expressions can be written as: 
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and: 
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 The α  matrix is square, and the truncation number of outer sum is chosen to satisfy the 

convergence of Eq. (3.17). The  terms represent the coupling coefficients between the 

 incident and the (  scattered modal components. The 

',
,
m m
l nα

( ), ' thl m ), thn m ( ), 'l n m m= =  terms give 

the auto-coupling between identical modes (auto-coupling coefficients), and the 

, , and ( ), 'l n m m≠ = ( ), 'l n m m= ≠ ( ), 'l n m m≠ ≠  terms give the cross-coupling across 

modes of different degree and order (cross-coupling coefficients). The 'm
lβ  terms represent the 

 incoming modal component which may excite the ( ), ' thl m ( ) ( ), ,n m l m= '  scattering mode 

directly through auto-coupling, and the ( ) ( ), ,n m l m≠ '  scattering modes through cross-

coupling. 

4.1.3 Solution convergence 

Of particular importance to the current problem is the convergence of Eq. (3.17) for a given 

source term and boundary distribution. For a hemispherically divided surface boundary, the 

solution for m
nA  takes considerably longer as the size of the matrices used in the formulation 

becomes large. Brungart (1974) gives a substantial proof of convergence for both arbitrarily 

distributed and axially symmetric boundary condition distributions. Convergence with n  is 

consistent, regardless of whether the boundary is uniform or hemispherically divided, or if the 

value of the surface impedance is changed. Figure 4.2 illustrates the modal contribution 

( ) ( )0 0
n n n nE j ka A h ka+  of the first thirty zonal harmonic mode shapes on the total surface 

pressure of a rigid sphere with a radius of 0.0875 m. Modal contributions are shown for octave 

band frequencies from 63 Hz to 16000 Hz for a plane wave source propagating in the z-

direction ( )0s sθ ϕ= = . For the frequencies relevant to binaural synthesis (below 4 kHz), the 

solution converges relatively quickly. For very low frequencies, the response can be 
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FIGURE 4.2. Total modal contribution ( ) ( )0 0

n n n nE j ka A h ka+  of the first thirty zonal harmonic mode 

shapes to the surface pressure of a rigid sphere of radius 0.0875 m.  

approximated by the first two modal contributions as discussed by Morse & Ingard (1968). At 

locations further from the sphere surface, the modal contribution is flattened and lengthened; at 

a distance of one diameter from the sphere surface the number of modal sums required for 

convergence is approximately doubled. For the simulations presented here, a sufficient number 

of summations are used to satisfy convergence. 

4.1.4 Coupling of incoming and scattered modes 

As discussed in Section 3.2.1, when the sphere has a uniformly distributed boundary there is no 

coupling between incoming and scattered modes of unequal degree or order. The modal energy 

of the incoming wave is only used to excite identical modes in the scattered wave, and any 

energy loss is dependent only on the impedance boundary. This is also apparent upon inspection 

of the matrix formulation of the m
nA  solution presented in the current chapter. If , then 

 for  and/or  (the cross-coupling coefficients are all zero). This forces the 

coupling coefficient matrix in Eq. 

1Ζ = Ζ2

',
, 0m m

l nα = l n≠ 'm m≠

(4.12) to become diagonal. As a result, the solution of m
nA  is 

dependent only on the corresponding incoming mode of equal degree and order. 
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TABLE 4.1. Zero-order spherical harmonic coupling integral for a hemispherically divided boundary 

condition evaluated using Eq. (4.7). The non-zero off-diagonal terms ( n l≠ ) characterise the relative coupling 

between the incoming and scattered mode shapes of different degree. 

( ) ( )0 0

,

1
n r r l r rY Y

ω θ

θ ϕ θ ϕ dΩ
Ζ∫ , ,  

 n = 0 1 2 3 4 5 

ϒ Δϒ Δϒ

When the impedance is not uniformly distributed about the sphere surface, each incoming 

mode no longer exclusively excites the identical scattering mode. Rather, each scattering mode 

may be excited by many incoming modes. The corresponding scattered modal amplitudes m
nA  

are thus dependent on the properties of the modal coupling coefficients in addition to the 

excitation strength of the incoming modes. Inspection of the coupling coefficient terms given by 

Eq. (4.13) illustrates that there is no coupling between modes of different order (i.e. the cross-

coupling coefficients for  are zero). This is an intuitive expectation given that the chosen 

impedance distribution ensures that the boundary is continuous (axially symmetric) with 

rotations in 

'm m≠

ϕ .  

The remaining cross-coupling is characterised by the spherical harmonic integral 

(coupling integral) given in Eq. (4.7). Table 4.1 gives the values of this integral for lower 

degree terms of zero-order. For non-equal degree, the coupling integral is only non-zero when 

the degrees are opposite in parity (only odd-even or even-odd cross-coupling exists). The cross-

coupling is strongest between modes of adjacent degree, and decreases as the degrees become 

more disparate. The overall magnitude of the coupling integral terms for non-equal degree 

(cross-coupling) is dependent on the extent of the impedance mismatch between the two surface 

hemispheres. The coupling integral terms for higher modal order are consistent with those of 

l = 0      0.4330 0    -0.1654 0     0.1036  Δϒ

ϒΔϒ Δϒ Δϒ 0 1 0       0.2421      0.4330    -0.0541

Δϒ ϒ Δϒ2 0     0.2421      0.3698 0    -0.1448  Δϒ

ϒΔϒ Δϒ Δϒ0 0 3      0.3698      0.2790     -0.1654

ϒΔϒ Δϒ4 0    -0.0541 0     0.2790      0.3498  Δϒ

ϒΔϒ Δϒ Δϒ0 0  5     -0.1448      0.3498    0.1036
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lower order (i.e., the relative coupling between equi-order modes does not decrease as the order 

increases). 

The coupling integral terms for non-equal degrees of varying parity (e.g., , 

, etc) approach finite limits as l  becomes large. These limits can be deduced from the 

oscillatory behaviour of the coupling integral diagonals, even for the small number of terms 

given in Table 4.1. Again, the coupling integral limits for higher-order terms are consistent with 

those for zero-order. 

1n l= −

3n l= −

4.1.5 Axially incident source 

When the incident wave is travelling in the z-direction ( 0s sθ ϕ= = ), the spherical harmonics 

that appear in the source terms [Eqs. (3.13) and (3.14)] reduce significantly:  

 ( ) 0

2 1
0, 0

4
m

n m

n
Y δ

π
+

= .  (4.15) 

The corresponding source terms are thus also only non-zero for zero-order. As cross-coupling 

does not exist between incoming and scattered modes of different order, the solution for m
nA  

can be simplified accordingly as only zonal harmonics are excited in the scattered wave. This 

result is not surprising considering the symmetry of this problem; only the zonal harmonic mode 

shapes are symmetrical for any arbitrary rotation about the z-axis (see Fig. 3.2). The formulation 

of the unknown scattered modal amplitudes, dependent now only on zero-order terms, is 

reduced from a system of (  equations and unknowns to a system of )21N + 1N +  equations and 

unknowns for a given sum truncation . maxn N=

4.2 Effect of impedance on the scattered sound field 

4.2.1 Coordinate system transformation 

The mathematical solution described in Section 4.1 is required to calculate the sound pressure in 

two distinct manners. Firstly, the pressure on and around a sphere for a given source angle is 

required to investigate the effect of the split boundary condition analogous to the figures and 

discussion given in Chapter 3. However, for the case of a non-uniform boundary, the response is 
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Case A Case B 
( ) ( ), 0,s sθ ϕ = ( ) ( ), 180, 0s sθ ϕ =

no longer necessarily axially symmetric for a given source angle. It is thus desirable to examine 

the pressure for angular sweeps through any arbitrarily rotated plane. Secondly, the computation 

of the HRTF is required. This necessitates angular sweeps of the source angle evaluated at fixed 

surface locations (pinnae). The evaluation of the spherical angles for any arbitrary angular 

sweep can be facilitated by rotating the Cartesian axes upon which the spherical coordinate 

system is based. If the axes are rotated such that the desired angular sweep lies with the x-z 

plane, the evaluation position ( ), ,r r rr θ ϕ=  or the source position ( , ,r )s s s sr θ ϕ=  become a 

function of a singular angle eθ  ( 0 ). Assuming the polar angle 360eθ° ≤ ≤ ° eϕ  with respect to 

0

)
  

( ) (, , 0, 180, 0e e eα β γ = − ( ) ( ), , 0, 0, 0e e eα β γ =  

 
 

Case C Case D 
( ) ( ), 90,18s sθ ϕ = ( ) ( ), 90,18s sθ ϕ =0

)
 0  

( ) (, , 180, 90, 0e e eα β γ = − − ( ) ( ), , 90, 90, 0e e eα β γ = − −  

  
 

FIGURE 4.3. Four specific cases of wave incidence and rotation angle. The large external arrow signifies the 

incident wave direction and the solid black line the circumferential rotation (the arrow denotes the rotation 

direction with 0° always aligning with the incident wave). The hemispherical impedance boundary is denoted 

by the dashed line with the upper surface taking on various impedance values for a rigid lower surface. The 

corresponding values for the Euler angles and the source directions are noted. 
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the rotated coordinate system is zero, the correct polar angles relative to the original coordinate 

system can be obtained by using the Euler rotation of the form: 

 

cos cos cos sin sin cos sin sin
sin cos cos cos sin sin sin cos

sin cos cos

e e e e e e e e e

e e e e e e e e e

e e e

x r
y r
z
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− −
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⎣ ⎦⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

,   (4.16) 

where the rectangular coordinates ( ), ,x y z  are transformed to spherical coordinates in the 

normal fashion. Here the Euler angles are based on rotations about the transformed axis  

by angles of 

z y z′ ′′- -

- -e e eα β γ  respectively as given by Arfken & Weber (2005). For the specific cases 

of source incidence and rotation angle discussed in Section 4.2.2, the source and Euler angles 

are given in Fig. 4.3. For each case, the coordinate system is rotated such that 0eθ = °  faces the 

incident wave direction. 

4.2.2 Changes in the sound field – Descriptive analysis 

The pressure magnitudes for four specific arrangements of source incidence and rotation angle 

for a sphere with a hemispherically divided surface impedance are shown in Figs. 4.4 – 4.7. The 

corresponding source incidence and Euler rotation angles are given in Fig. 4.3. For each case, 

the upper hemisphere has a frequency independent impedance value of either 2, 0ζ ζ= ∠ = °  

or 2, 45ζ ζ= ∠ = + ° , and the lower hemisphere is rigid. These distributions are illustrated in 

an alternate form in each figure by the shaded (impedance) and unshaded (rigid) semi-circular 

regions. The adjacent arrows show the source direction and the direction of circumferential 

angular rotation. For each of the four cases and two impedance values, three plots are given; a 

stacked polar plot of the surface pressure magnitude equivalent to those given in Fig. 3.3 (with 

each horizontal slice corresponding to octave band frequencies in the range from 125 to 4000 

Hz), a polar plot of the surface pressure magnitude for f = 2000 Hz (ka = 3.2), and a proximal 

plot of the pressure magnitude over a 0.8 × 0.8 m region, again for f = 2000 Hz. The 

corresponding uniform cases are shown in Fig. 3.3 and Fig. 3.5. The extraneous changes due to 

a negative impedance phase angle for a hemispherical boundary are not discussed, as this case is 

unlikely to occur considering the impedance coverings of interest. However, the changes can be 
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considered analogous to the relationship described below for a positive impedance phase angle 

in relation to a uniformly distributed boundary. 

  Figure 4.4 shows the effect of reducing the impedance of the posterior hemisphere of a 

rigid sphere (relative to the incident wave) for a source alignment that causes the impedance 

distribution to be symmetric about the incident wave direction. In the rigid anterior hemi-field, 

the surface pressure remains remarkably consistent with a uniformly rigid sphere. On the 

surface, there is a wide angular region of increased pressure, and in the proximal region the 

curved plane-incident and spherical-scattered wave interference pattern remains almost 

unperturbed. In the absorbent posterior hemi-field, when the impedance is purely resistive 

(upper panels), the surface pressure is reduced in a manner similar to the posterior from a 

uniformly covered sphere with the same impedance. The regions of sound shadow are widened, 

and the bright spot is reduced. Direct comparison of the bright spot with the uniformly 

absorbent sphere of the same impedance (shown in Fig. 3.3) reveals that this reduction is 

slightly less when the frontal hemisphere is rigid. This is due to the cumulative contribution of 

the anterior scattered waves which combine with the incident waves diffracted to the rear 

surface. The transition between the frontal and rear sectors is intuitive with smoothly joining the 

response from the anterior of a uniformly rigid sphere with the posterior of a uniformly covered 

absorbent sphere. 

 For a uniform sphere, when the surface impedance is complex, the effect of the 

impedance phase angle is most obvious in the posterior region. The surface and proximal 

pressure in the posterior region for the complex impedance and hemispherical distribution 

shown in Fig. 4.4 (lower panels) are thus again very similar to those from the corresponding 

uniform sphere. There is an increase in the magnitude of the dominant posterior bright spot lobe 

and an exemplification of the ancillary lobes. Additional side lobes of decreased pressure 

extending into the proximal region are also evident, although not as prominent as those for the 

uniform sphere. The discussion on the impedance phase sensitivity given in Section 3.2.2 is 

again significant with regards to the extent of the changes expected due the impedance phase 

angle for a particular frequency. For a surface with a higher impedance magnitude (less 
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absorptive surface), the range of increased sensitivity occurs at higher frequencies. This reduces 

the effect of the impedance phase angle at lower frequencies.  

 Figure 4.5 illustrates the effect of reducing the impedance of the anterior hemisphere of 

a rigid sphere, again for a source alignment that causes the impedance distribution to be 

symmetric about the incident wave direction. The pressure in the posterior and anterior regions 

match closely with the corresponding sectors from the appropriate uniformly covered spheres. 

For a purely resistive impedance (upper panels), the proximal frontal region exhibits a decrease 

in the extent of the curved interference pattern due to the reduced magnitude of the scattered 

wave. In the posterior, the surface pressure remains similar to the uniformly rigid case (although 

a small reduction is evident, particularly in the bright spot). This is again due to the cumulative 

effect of the scattered waves which combine with the incident waves diffracted to the rear 

surface. When the impedance of the frontal hemisphere is complex with a positive phase angle 

(lower panels), the frontal surface pressure is increased. This produces a slight increase in the 

posterior surface pressure, particularly in the bright spot. In the proximal anterior region, the 

interference pattern becomes more concentrated around the frontal median axis and is slightly 

shifted due to the phase difference in the scattered wave. Again, the transition between frontal 

and rear sectors is intuitive with smoothly linking the appropriate sectors from the uniform 

distributions.  

 The final two cases shown in Fig. 4.6 and Fig. 4.7 illustrate the scattering characteristics 

for a source incident on the hemispherical boundary. For the circumferential rotation angle 

shown in Fig. 4.6, the pressure distribution is no longer symmetric. Again, the broad 

characteristics of the scattering pattern are analogous to connecting the appropriate sectors from 

the corresponding uniformly distributed spheres. In the frontal near-field region, the curved 

interference pattern is most prominent external to the rigid side. In the posterior, the bright spot 

lobes become asymmetric as the interaction between symmetrically diffracted waves arriving in 

phase about the two hemispheres becomes more complex. The previously symmetric regions of 

sound shadow are noticeably wider and deeper adjoining the absorptive hemi-field.  

 When the upper hemisphere has a complex surface impedance with a positive 

impedance phase angle, the posterior bright spot is significantly increased in magnitude and is 
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again asymmetrical, favouring the absorptive hemisphere. The sound shadow becomes deepest 

on the rigid side adjacent to the bright spot. The characteristic additional side lobe extending 

into the proximal region is only evident on the absorptive hemisphere. In the frontal near-field 

region, the response becomes more symmetrical due to the increase in frontal pressure external 

to the impedance hemisphere. The final case shown in Fig. 4.7 corresponds to a circumferential 

rotation angle coincident with the hemispherical impedance boundary for the same source 

alignment shown in Fig. 4.6. For this case, the surface and near-field pressure for both 

impedance values are similar to those from a sphere with a uniformly distributed impedance 

value slightly higher in magnitude than that of the absorptive hemisphere. 

  Previous studies of the acoustic scattering by non-rigid spheres have been primarily 

concerned with mathematical treatment and consequently there has been little discussion on the 

effect of impedance on scattering characteristics. In this regard, Brungart (1974) gives the most 

comprehensive discussion and examines several cases of impedance distribution for values of 

 with 1ka = 2 and 20kr = , and 7ka =  with 8 and 20kr = . For the sphere radius used in the 

present study (0.0875 m), this corresponds to evaluating the scattering pattern at 624 Hz for 

radii of 0.175 and 1.75 m, and at 4367 Hz for radii of 0.1 and 0.25 m. For a uniformly 

distributed impedance boundary, the near-field frontal pressure shows an increase and the rear 

exhibits the dominant bright spot and associated side lobes of decreased pressure. In the far-

field, the anterior curved interference pattern is evident, with the magnitude of the fluctuations 

decreasing at distances further from the sphere. For a complex impedance value, several 

additional ‘diffraction rings’ are noted in the posterior hemi-field. These features are consistent 

with the discussion and explanations given here. Similar results are also presented for 

hemispherical boundary orientations equivalent to Case B and Case C investigated here. For the 

data given, the response over the two hemispheres appears to match the corresponding region 

from the appropriate uniform case, particularly in the near field. Again, this is consistent with 

the present discussion. 
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FIGURE 4.4. Characteristic scattering patterns for a sphere (a = 0.0875 cm) with a rigid anterior hemisphere 

and an absorbent posterior hemisphere for two impedance values. The impedance distribution is symmetric 

about the incident wave direction. The proximal plot of the pressure magnitude shows a region of 0.8 × 0.8 m. 
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FIGURE 4.5. Characteristic scattering patterns (as in Fig. 4.4) for a sphere with a rigid posterior hemisphere 

and an absorbent anterior hemisphere for two impedance values. The impedance distribution is symmetric 

about the incident wave direction. 
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FIGURE 4.6. Characteristic scattering patterns (as in Fig. 4.4) for a sphere with a rigid lower hemisphere and 

an absorbent upper hemisphere for two impedance values. The impedance distribution is asymmetric about 

the incident wave direction and the circumferential rotation angle perpendicular to the discontinuity. 
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FIGURE 4.7. Characteristic scattering patterns (as in Fig. 4.4) for a sphere with a rigid lower hemisphere and 

an absorbent upper hemisphere for two impedance values. The impedance distribution is asymmetric about 

the incident wave direction and the circumferential rotation angle is coincident with the discontinuity. 
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4.2.3 Changes in the sound field – Modal analysis 

The changes in the characteristics of the scattered waveform with impedance can also be 

explicated via analysis of the scattered modal amplitudes m
nA . For convenience, it is easiest to 

investigate arrangements where the impedance distribution is symmetric about the incident 

wave direction. For such an alignment, only zonal harmonics contribute to the response and the 

analysis is made somewhat simpler. The magnitudes of the complex scattered modal amplitudes 

for zero-order are shown in Fig. 4.8 for two cases of uniformly distributed impedance 

(discussed in Section 3.2.2) and two cases of hemispherically divided impedance (Case A and 

Case B discussed in Section 4.2.2).  

 When the surface is uniformly distributed, the individual modal contributions in the 

scattered wave are excited only by the corresponding incoming mode 0
nE . In the absence of 

cross-coupling, 0
nA  is always less than 0

nE . For the particular mid-frequency discussed in 

detail throughout Sections 3.2.2 and 4.2.2, the scattered response for the rigid sphere is 

dominated by the zonal monopole , dipole ( 0n = ) ( )1n = , and octopole modes (  (see 

Fig. 3.2 for a visualisation of spherical harmonic mode shapes). The dipole and octopole (odd 

degree) zonal modes feature major lobes (upmost and lowermost) that are opposite in sign and 

thus create the regions of increased anterior and decreased posterior pressure. The monopole, 

quadrupole, and other higher degree even zonal modes feature major lobes that are equal in sign 

and thus also contribute to the anterior pressure in addition to the posterior bright spot. The 

width of the bright spot and the extent of additional ancillary perturbations in the posterior 

region are dependent on the degree of the dominant modes. Both even and odd zonal harmonic 

mode shapes become more directive for higher modal numbers, with the major lobes becoming 

thinner and gaining additional lobes of alternating sign. An increased contribution from modes 

of higher order thus produces a ‘focussing’ effect in both anterior and posterior regions as well 

as additional features, particularly in posterior regions away from the median axis. For the rigid 

boundary and mid-frequency case discussed, low degree terms dominate the response. This 

accounts for the regularity of the anterior waveform over a wide angle and the relatively wide 

posterior bright spot exhibited in the corresponding response shown in Fig. 3.3 and Fig. 3.5.  

)3n =
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0

nAFIGURE 4.8. Relative magnitudes of the zonal scattered modal amplitudes  for impedance distributions 

symmetric about the incoming wave direction for f = 2000 Hz.  

 When the sphere is no longer rigid, the impedance of the surface dictates the dissipation 

of sound power (absorption) in addition to a relative phase variation in the scattered wave. The 

absorption is at a maximum when the surface velocity is in phase with the forcing pressure 

oscillations. The absorption of a particular mode is dependent on the surface integral of the time 

averaged power (squared complex pressure Ψ  over impedance) for that mode. Overall, the 

modal contributions must combine such that the scattered wave conforms to the wave-equation 

given the boundary condition present on the sphere surface. The modal contributions for a 

uniformly distributed impedance boundary are shown in Fig. 4.8. For a resistive surface 

impedance value of 2ζ = , the contribution of the monopole and dipole zonal modes is 

decreased, and the contribution of the zonal quadrupole mode increased. This corresponds with 

the overall decrease in the surface pressure, the thinner bright spot, and the slight focussing of 

the proximal anterior interference pattern. 

 Figure 4.9 shows the changes in the first four zonal scattered modal amplitudes with 

complex impedance for a uniform impedance covering. These curves account for the relative 

changes exhibited in the scattered modal amplitudes shown in Fig. 4.8. The overall changes in 

the contribution of a particular mode are dependent on both frequency and impedance. For a 

uniform boundary this is dictated by Eq. (3.21). For the uniformly distributed absorbent sphere, 

at 2000 Hz a positive impedance phase angle significantly increases the contribution of the 
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ie ζζ ζ ∠=FIGURE 4.9. Changes in the scattered modal amplitudes with complex impedance  for a 

uniformly distributed sphere at 2000 Hz. 

quadrupole and octopole modes, and decreases the contribution of the dipole mode. This change 

accounts for the increased focussing of the anterior interference pattern and the exemplification 

of the primary and ancillary posterior bright spot lobes (the dominant even mode is now a 

quadrupole rather than a monopole). 

 When the sphere boundary is hemispherically divided, modal contributions are 

additionally dependent on the coupling that exists between modes of varying degree. This 

coupling is dependent on the disproportion between the impedance of the two hemispheres and 

only exists between equi-order modes that have degrees opposite in parity. Under certain 

conditions, the modal power absorption may be positive as the coupling facilitates a scattered 

modal amplitude greater than the corresponding source mode. For example, this situation arises 

for the monopole mode at 2000 Hz for the hemispherically divided sphere with a rigid frontal 

surface for either impedance value. 
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  The relative modal contributions for the axially symmetric cases of a hemispherically 

divided surface are shown in the right panels of Fig. 4.8. The contributions of lower degree 

modes are consistent with the corresponding uniform case with matching frontal impedance. 

Given the preceding modal discussion, the additional modal trends can be mapped to the 

changes evident in both the anterior and posterior pressure in a reasonably straightforward 

manner. For hemispherical distributions that are not symmetric about the incident wave, tesseral 

and sectorial mode shapes also contribute to the response. Whilst displaying more complex 

symmetries (analogous to the multiple radiation patterns for simple sources), the relative 

contribution of these modes in relation to the overall response can be considered equivalent to 

the discussion already given. 

4.3 Summary and discussion 

Analytical treatments of absorptive sphere scattering have traditionally considered only a 

uniformly distributed surface boundary condition. This chapter extends the available analytical 

results to include scattering when the sphere has a hemispherically divided surface boundary 

condition. In addition to the overall solution for the time harmonic pressure, the analytic result 

allows insight into the modal contribution and coupling for different cases of source incidence 

and boundary impedance. Modal cross-coupling is shown to exist between incoming and 

scattered wave modes of equi-order and non-equal degree when the degrees are opposite in 

parity (odd-even or even-odd coupling). This cross-coupling is strongest between modes of 

adjacent degree and decreases as the degrees become more disparate. The overall magnitude of 

the coupling is dependent on the extent of the impedance mismatch between the two surface 

hemispheres. Cross-coupling does not exist between modes of different order. 

 Considerable discussion is given in relation to the surface and near-field pressure as the 

impedance of the hemispheres is altered in relation to the incident wave direction. These 

changes are explicated through both descriptive and modal analysis. The broad scattering 

characteristics of the hemispherically divided sphere are analogous to connecting the 

appropriate sectors from the response of the corresponding uniformly distributed spheres. For 

impedance alignments that are symmetric about the incident wave direction, the impedance of 
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the anterior hemisphere also dictates additional small changes in the posterior. This is due to the 

cumulative effect of the scattered waves which combine with the incident waves diffracted to 

this region. If the impedance distribution is asymmetric about the incident wave direction and 

the circumferential rotation angle perpendicular to the impedance discontinuity, the response 

also becomes asymmetric. In the frontal near-field region, the curved interference pattern is 

most prominent external to the rigid side. For a resistive impedance value, the previously 

symmetric posterior regions of sound shadow are noticeably wider and deeper adjoining the 

absorptive hemi-field. A positive impedance phase angle increases the magnitude of the 

asymmetric bright spot (which continues to favour the absorptive side), but causes the sound 

shadow to be deepest on the rigid side adjacent to the bright spot. The pressure around the 

impedance discontinuity is analogous to a uniform impedance distribution with an impedance 

value slightly higher in magnitude than the absorptive hemisphere. 

 The selected boundary condition distribution and the subsequent analytical solution 

presented in this chapter are formulated intentionally to investigate the contribution of hair to 

the auditory percept. However, the widespread exploitation of the sphere scattering problem, in 

electro-magnetics and fluid mechanics for example, raises the possibility that the solution may 

find use in other applications. Implementation of the solution is relatively straightforward, 

particularly for researchers who are familiar with traditional scattering solutions formed as 

infinite sums of eigenfunctions. No additional mathematical functions are required beyond those 

needed for the uniformly distributed impedance problem (except perhaps the associated 

Legendre function in place of the Legendre polynomial). However, the unknown scattered 

modal amplitudes must be solved using Gaussian elimination rather than formulated explicitly. 

No attempt is made to address the question of efficiently implementing the hemispherical 

boundary solution, as this issue is one of computational rather than physical mathematics. In the 

context of the present study, the time to compute the solution for a given scattering problem is 

not critical. For other implementations, particularly those concerned with real time virtual 

acoustic applications, this may become more important. It is left up to the future researcher to 

decide upon an appropriate implementation, however, considerable discussion on efficient 

algorithm development already exists in the literature (e.g., Gumerov & Duraiswami 2004).
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5 The Effect of Hair on Auditory Localisation Cues 

5.1 Extraction of localisation cues 

The analytical development in the previous chapter facilitates an anthropometric investigation 

into the contribution of hair to the auditory percept. As discussed in Section 1.2.2, this is best 

examined in relation to the ensuing changes to the HRTF and interaural cues. For a spherical 

head without pinnae or ear canals, the auditory cues are simply dependent on the surface 

pressure at the equivalent pinna locations. This pressure is calculated here using Eq. (3.17) for a 

given source direction, assuming a planar incident wave. The complex pressure calculated by 

this equation represents relative fluctuations about the nominal value in the absence of the 

sphere. If a unity source strength is assumed, at the appropriate surface locations, this directly 

corresponds to the HRTF. The simulated results presented are based on model parameters 

representative of human anthropometry. The sphere (head) radius is assumed to be 8.75 cm, the 

hemispherical impedance boundary (hairline) elevated 45° from the median axis, and the pinnae 

located in the azimuth plane, offset from the frontal median axis by 90° (see Fig. 5.1). The 

symmetric alignment of the hairline and pinnae is chosen so that any cue asymmetries arising 

due to the hair covering are easier to distinguish. The effect of the pinna offset in relation to the 

contribution of hair is discussed in Section 5.4.1. The lower (facial) hemisphere is assumed to 

be rigid, and the upper hemisphere is given several representative values of complex impedance. 

 

FIGURE 5.1. Sphere scattering model with a hemispherically divided surface covering used to approximate 

the contribution of hair to the auditory percept. The hairline is elevated 45° from the median axis, and the 

assumed pinna locations (black dot) are symmetrically located on the spherical interaural axis. 
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These regions correspond to the shaded (absorbent) and unshaded (rigid) hemispheres shown in 

Fig. 5.1.  

 The HRTF typically exhibits idiosyncratic features for source movement throughout 3D 

space. In the absence of more convenient ways to display higher dimensional data, HRTF 

characteristics are normally discussed in relation to source angles within the three elemental 

planes. These are shown in Fig. 5.2. For the chosen symmetric hair and pinna alignment, with 

an appropriate angular remapping, the azimuthal and frontal plane HRTF are identical. 

Consequently, only changes within the azimuth and median planes will be considered, with the 

displayed data and discussion corresponding to the head’s right ear. While the sphere used is 

pinna-less, the term ‘ear’ is used to denote the evaluation location in lieu of a more satisfactory 

description. As discussed in Section 4.2.1, the calculation of the spherical angles required by the 

scattering model is easily facilitated using coordinate system transformation via Euler rotation. 

 The HRTF for left and right ears collectively embody the localisation cues produced by 

the spherical head model. However, at lower frequencies, it is the interaural cues, rather than the 

monaural spectral details, that are of most importance to localisation. It is thus appropriate to 

also examine the effect of hair on these cues. The interaural cues for a particular source 

direction are extracted from the difference in magnitude and phase information between the two 

pinna locations. The ILD is simply the difference in HRTF magnitude: 

10ILD 20 log .right ear

left ear

Ψ
=

Ψ

⎛ ⎞
⎜⎜
⎝ ⎠

⎟⎟   (5.1) 

Similarly, the ITD for each angle of incidence is calculated from the interaural phase difference 

or arrival time disparity (onset ITD). The actual analytical value of ITD differs slightly 

depending on the method used to extract this delay. Interaural phase delay and group delay are 

frequently used and exhibit similar characteristics (Kuhn 1977). Both are frequency dependent 

and account for the increase in ITD at low frequencies. Ray tracing algorithms (Woodworth & 

Schlosberg 1954), amplitude threshold based time constants (Duda & Martens 1998), HRIR 

cross correlation (Toyoha et al. 2006), or comparisons to minimum phase reconstructions 

(Kulkarni, Isabelle & Colburn 1995) can alternatively be used to derive a single ITD value for 

each source angle. The ITD is calculated here using the interaural phase delay. For a particular 
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FIGURE 5.2. Spatial reference planes and relative source rotation angles (starting from 0°). For a symmetric 

hair and pinna alignment, with an appropriate angular remapping, the frontal and azimuthal plane HRTF are 

identical.  

location on the sphere, this phase delay is calculated by dividing the phase response by angular 

frequency. To account for the changes in ITD with frequency, the ITD trends at two 

characteristic frequencies are investigated (375 Hz and 3000 Hz). These lie within the low and 

high frequency ITD limits described by Kuhn (1977). Due to the symmetry of the hair covering 

and pinnae about the median sagittal plane, there is no change in the interaural cues with source 

movement through the median plane. Changes to the interaural cues are thus only discussed in 

relation to the azimuth plane. 

5.2 The effect of impedance on localisation cues 

5.2.1 Changes to the head-related transfer function 

The changes to the azimuthal and median plane HRTF due to the inclusion of hair are shown in 

Fig. 5.3. For convenience, this and all subsequent results discussed in Sections 5.2.1 – 5.2.3 
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assume a frequency independent hair impedance of 2, 45ζ ζ= ∠ = ° . This corresponds to a 

relatively dense and absorbent hair surface and is consistent with the impedance values 

discussed in earlier chapters. Whilst this selection overestimates the magnitude of some 

changes, it also makes the characteristic trends easier to distinguish. At low frequencies (where 

hair is much less absorptive), the frequency independent nature of the assumed impedance value 

produces particularly exaggerated results. Comparative changes and discussion using measured 

values of hair impedance are provided in Section 5.2.4. The left panels of Fig. 5.3 correspond to 

azimuthal HRTF, and the upper panels to responses for a rigid sphere. As expected, the rigid 

azimuthal HRTF exhibits a prominent posterior bright spot at 270° and is symmetrical about 

this angle. Two pronounced ridges of decreased pressure are evident adjacent to this bright spot. 

As the wavelength is reduced, the in-and-out of phase oscillations that arise due to interactions 

between symmetric wave paths occur over a shorter spatial distance. Consequently, additional 

lobes also become apparent at higher frequencies over approximately the same angular region. 

For a uniformly distributed surface boundary, moving the source angle around the sphere is 

equivalent to moving the ear location. The features displayed in the rigid sphere HRTF are thus 

identical to those in the corresponding stacked surface pressure plot shown in Fig. 3.3. 

 The central panels of Fig. 5.3 show the HRTF including hair, and the lower panels the 

decomposed contribution of the hair covering (calculated by subtracting the rigid response). 

When the hair is included, the azimuthal HRTF is noticeably perturbed. Significant changes are 

evident for contralateral angles adjacent to the bright spot. The primary anterior contralateral 

ridge of reduced pressure (~280°) is further decreased (~10 dB) relative to the HRTF for a rigid 

boundary, whilst the posterior ridge (~260°) is slightly increased (~4 dB). This results in a 

significant asymmetry about the contralateral bright spot, with the ridge of decreased pressure 

noticeably more apparent on the anterior side. The magnitude of the additional anterior 

contralateral pressure oscillations is also increased, although they oscillate about the same 

position. In the posterior region, these additional oscillations see a relative positive shift. 

 The asymmetrical contralateral HRTF changes can be explained by examining the 

circumferential surface pressure as the source moves around the sphere. Figure 5.4 shows this 

pressure magnitude at 2000 Hz for eight angles of source incidence. For contralateral source
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FIGURE 5.3. Variation in the modelled HRTF due to the addition of a hemispherical impedance covering 

representative of human hair. The left panels display the azimuthal HRTF and the right panels the median 

HRTF. The upper panels correspond to a rigid sphere, the central panels include a hemispherical hair 

covering, and the lower panels show the decomposed contribution of the hair covering.  
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angles near the interaural axis, the surface pressure is asymmetrical, with the primary bright spot 

lobe favouring the absorbent hemisphere as discussed in Section 4.2.2. The adjacent pressure 

nulls are also asymmetrical, with the magnitude substantially less on the anterior side, 

particularly with reference to the equivalent rigid sphere pressure. This explains why the 

contralateral ridge of decreased pressure evident in the HRTF is more noticeable on the anterior 

side. The angular locations of the pressure nulls adjacent to the bright spot, evident in Fig. 5.4 

for a source angle of 270°, are also asymmetric in rotational angle, with the anterior null 

appearing closer to the interaural axis. This accounts for the relative angular shift in the 

contralateral ridges seen in Fig. 5.3. 

 In addition to the changes about the contralateral bright spot, HRTF variations are also 

evident for ipsilateral angles. For the complex impedance phase angle utilised in Fig. 5.3 and 

Fig. 5.4, this region remains reasonably uniform. However, when the impedance phase angle is 

decreased, these changes become more perceptible. For posterior ipsilateral source angles, there 

is general decrease in the HRTF magnitude. This is a result of the increased absorption of the 

frontal surface seen by the source. Again, the changes are asymmetrical about the interaural 

axis. For certain values of hair impedance, the disparity between anterior and posterior 

ipsilateral regions can be in the order of several dB.  

 HRTF changes in the median plane due to hair are illustrated in the right panels of Fig. 

5.3. For a uniform surface boundary and symmetric pinna alignment, there is no change in the 

HRTF with source angle. When the hemispherical hair covering is added, asymmetries are 

created in the scattering surface and HRTF changes are consequently established. There is a 

general decrease in the HRTF magnitude in the order of 1 to 2 dB. This becomes augmented as 

frequency increases. The changes are symmetric about 135° (or 315°) which corresponds to an 

axially incident source with reference to the sphere coordinate system. Overall, the perturbations 

provided by the hair covering in the median plane are comparable in magnitude to those 

introduced by the sphere itself.  

 The general effect of hair on the HRTF discussed here is in good agreement with 

experimental results presented by Riederer (2005), who examined the contribution of several 

hair coverings on the HRTF of a mannequin.. The resolution and frequency range of Riederer’s 
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FIGURE 5.4. Modelled azimuthal circumferential surface pressure magnitudes for eight angles of source 

incidence. The black dot on the polar pressure plots illustrates the pressure at the right ear location. The 

dashed lines illustrate the polar axes and the unit circle for reference.  

results make direct comparison of data below 5000 Hz difficult, however, the general features 

are clearly evident. There is an increased disparity between the primary pressure nulls adjacent 

to the contralateral bright spot. For the right ear, this corresponds to a decrease for anterior 

contralateral angles and a slight increase for the posterior, consistent with the present 

discussion. At higher frequencies, the asymmetrical ipsilateral decrease for angles past 90° is 

also displayed. This posterior ipsilateral reduction becomes particularly augmented above 5 

kHz. At very high frequencies (above 12 kHz), additional features are also noticeable, 

predominantly for posterior contralateral angles where a large decrease in the HRTF magnitude 

is shown. Again, the resolution of the results prohibits a more detailed explanation. Similarly, 
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the lack of appropriate impedance data for human hair at very high frequencies prevents an 

analytic investigation into these features. Median plane changes analogous to those discussed 

here are not perceptible in Riederer’s results.  

 Only two additional studies investigating the effect of human hair are known. 

Preliminary results presented by Katz (2001b) using the boundary element method illustrate that 

the inclusion of a non-rigid head surface introduces nontrivial variations to the HRTF. These 

changes are particularly noticeable for contralateral source angles on the interaural axis, 

consistent with the features discussed in the present study. Wersényi and Illényi (2005) also 

comment that the addition of a hair covering to a mannequin produces HRTF variations with 

frequency and source angle, including perturbation of the contralateral bright spot. 

5.2.2 Changes to the interaural level difference 

The changes to the ILD due to the addition of the hemispherical hair covering are reasonably 

intuitive given the previous discussion on the changes to the HRTF magnitude. The left ear 

response is a reflection of that from the right, and the ILD the difference between these. Figure 

5.5 illustrates the corresponding ILD plots. Given the symmetric pinna alignment, for a rigid 

sphere (upper left panel) the ILD is symmetric about 90°. The general decrease in level 

difference for this angle is a result of the contralateral ear being coincident with the principal 

bright spot. Due to the symmetry of the scatterer about the median plane, ILDs for source angles 

past 180° are simply a reflection of those shown in Fig. 5.5. When the hair covering is added, 

the asymmetries present in the HRTF also cause the ILD to become asymmetrical. The 

corresponding ILD is shown in the lower left panel of Fig. 5.5, with the decomposed changes 

due to hair shown in the lower right. There is an increase in the ILD for source angles where the 

contralateral ear (left) coincides with a ridge of decreased pressure that has been further 

decreased. As the source moves past 90°, the contralateral ear coincides with a decreased 

pressure ridge that has been slightly increased and thus the ILD is reduced. The asymmetry of 

the contralateral HRTF ridges with rotation angle also shifts the location of the 90° ILD 

minimum to source angles slightly posterior of the interaural axis. 
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FIGURE 5.5. Variation in the modelled ILD due to the addition of a hemispherical impedance covering 

representative of human hair. The upper left panel shows the ILD for a rigid sphere, the lower left the ILD 

including the hemispherical hair covering, and the lower right the decomposed contribution of the hair 

covering. 

 

5.2.3 Changes to the interaural time difference 

The interaural time difference cue is generally more impervious to system changes than the 

level difference [for example for near-field sources (Duda & Martens 1998)] and this trend 

continues here. This is consistent with the primacy of the ITD as an azimuthal auditory cue 

when interaural conflicts occur. When the surface is not rigid and the impedance is complex,   

the surface velocity is no longer in phase with the incoming pressure oscillations. As the ITD is 

dependent on the relative phase between two separate locations on the head (sphere), a shift in 

phase of the overall surface pressure at these locations will alter the ITD. Figure 5.6 shows the 

relative phase delays for both a rigid sphere and one including the hemispherical hair covering. 

The upper curves show the ITD at low frequency (375 Hz) and the lower curves at high 

frequency (3000 Hz). The low frequency ITD shows a slight increase due to addition of hair, 

but when using representative frequency dependent impedance characteristics this difference 
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FIGURE 5.6. Variation in the modelled ITD at low (375 Hz) and high (3000 Hz) frequencies due to the 

addition of a hemispherical impedance covering representative of human hair.  

becomes negligible (the surface is approximately rigid at low frequencies). At high frequencies, 

the inclusion of the hair covering generally increases the ITD, particularly for rear sources. Near 

the interaural axis, for the utilised impedance value, these changes are in the order of 30 to 40 

μs. They are asymmetrical about 90°, and are greater for source angles past 75°. For frontal 

source angles the changes are much less, and for a small range of incident angles there is a small 

ITD decrease.  

 For a uniformly covered sphere, a general increase in ITD is seen with a decrease in 

impedance magnitude, particularly for source angles near the interaural axis. The difference in 

ITD between a completely rigid and highly absorbent sphere ( 1ζ = ) is around 100 μs. This 

value corresponds to an upper bound to the ITD perturbation expected from a hemispherical hair 

covering. Altering the phase angle of the impedance in either direction produces a relative 

reduction in the ITD. This reduction is a maximum for acute impedance phase angles and source 

angles near the interaural axis. For realistic impedance characteristics, this can reduce the 

relative ITD increase by as much as 50 % (when compared to a purely resistive impedance of 

the same magnitude).  
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5.2.4 Cue changes for measured values of human hair impedance 

The HRTF changes due to the addition of a hemispherical hair covering, utilizing three of the 

measured equivalent impedance properties discussed in Section 2.2.2, are shown in Figure 5.7. 

The used impedance data corresponds to human hair within a 20 mm sample holder at 40 kg/m³ 

[Fig. 5.7(a)], a 20 mm sample holder at 80 kg/m³ [Fig. 5.7(b)], and a 40 mm sample holder at 40 

kg/m³ [Fig. 5.7(c)]. The form of the HRTF changes for all impedance values is consistent with 

the discussion given in Section 5.2.1. The corresponding ILD changes (not shown but similar in 

form to those in Fig. 5.5) are a maximum for thicker hair sample and are in the order of 4 dB. 

These simulations are limited by the frequency range of the measured impedance data. 

However, the trends shown in Fig. 5.5 and the experimental results presented by Riederer 

(2005) indicate that the HRTF changes due to hair are further augmented at higher frequencies. 

 

FIGURE 5.7. Modelled decomposed changes in the right ear HRTF due to the addition of a hemispherical hair 

covering to a rigid spherical head model. The utilised impedance values correspond to human hair samples 

measured with varying sample thickness and bulk density, (a) 20 mm, 40 kg/m³, (b) 20 mm, 80 kg/m³, (c) 40 

mm, 40 kg/m³. 

 95



 

FIGURE 5.8. Modelled decomposed changes in the high frequency (3000 Hz) ITD due to the addition of a 

hemispherical hair covering to a rigid spherical head model. The utilised impedance values correspond to 

human hair samples measured with varying sample thickness and bulk density, (a) 20 mm, 40 kg/m³, (b) 20 

mm, 80 kg/m³, (c) 40 mm, 40 kg/m³. 

Given an ILD JND of approximately 1 dB (see discussion in Section 1.2.2), it can be concluded 

that the changes to the ILD due to hair are in excess of the noticeable thresholds, particularly for 

source locations near the interaural axis. 

 The corresponding high frequency ITD changes are shown in Fig. 5.8. For all 

impedance values, these changes are consistent with the discussion given in Section 5.2.3. 

Again, the changes are a maximum for the thicker sample, and are in the order 20 to 25 μs for 

source angles past 75°. These values are below the broadband ITD JND values discussed by 

Mossop and Culling (1998) (43 μs for a 400 μs reference ITD, 72 μs for a 600 μs reference, see 

Table 1.2). Whilst some studies have published ITD JND for low frequency pure tones near the 

interaural axis below 20 μs (e.g., Hershkowitz & Durlach 1969; Domnitz & Colburn 1977), it 

remains unlikely that the inclusion of hair will produce a discernable shift in source location. In 

combination, the overall changes to the timing and magnitude properties of the HRTF due to 

hair will most likely introduce subtle audible features of a spectral nature. This supposition is 

somewhat confirmed by localization testing completed by Riederer (2005) using mannequin 

HRTFs with various head treatments. Untrained listeners were able to perceive minor perceptual 

differences for large modifications to the head covering. Overall, the inclusion of the hair did 
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not improve localization performance (using non-individualized HRTF), although the 

performance with and without hair coverings was weakly dissimilar indicating that the hair may 

also introduce some diminutive localization cues. 

5.3 Experimental validation of the impedance scattering problem 

5.3.1 Experimental equipment and method 

To validate the locally reactive equivalent impedance parameter described in Chapter 2, the 

analytical derivation presented in Chapter 4, and the auditory cue changes described in the 

present chapter, a series of sphere scattering experiments were completed. These utilised a 

wooden sphere with an enlarged radius (0.124 m) to obtain HRTF measurements both with and 

without a covering of synthetic hair material. The sphere was constructed to allow enough space 

(including cable relief) for two approximately diametrically opposed internal ½" microphones, 

and was supported by a thin steel rod which allowed rotation. Measurements were taken from 

one internal microphone (BSWA Tech MA211) which was positioned flush with the outside of 

the sphere surface for all experiments. All measurements were taken at 5° increments of sphere 

rotation, starting with the internal microphone facing the frontal incident wave direction. The 

rotation angle was aligned using a laser level positioned at the base of the sound source (located 

approximately 3 metres from the sphere) in conjunction with degree markings on the rotating 

sphere stand. The experiments were taken within an anechoic environment, and exposed areas 

of the stand were covered with a thick layer of absorbent material to minimise additional 

reflections. 

 Two series of measurements were taken, starting with reference measurements of the 

rigid sphere. These were then repeated with the sphere hemispherically covered by the synthetic 

hair material discussed in Chapter 2. The hair material came attached to a thin fabric backing 

and the covering was constructed from several pieces of this sewn together to make the correct 

shape. Again, the covering was tailored circumspectly to maintain the overall distribution of the 

hair fibres, and so that it fitted neatly over the sphere surface without any significant 

deformation. A thin double-sided tape was used to adhere it securely. The hair line was elevated 

45° from the median axis, with the internal microphone located along the hair boundary 
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FIGURE 5.9. Experimental setup showing the wooden sphere with the synthetic hair covering. The 

microphone (ear) is set within the azimuth plane, offset from the frontal median axis by 90°. 

consistent with the alignment shown in Fig. 5.1. The hair covering was trimmed so that it did 

not cover the microphone as shown in Fig. 5.9.  

 For each test, impulse response measurements were obtained using MLS signals 

produced by the Brüel & Kjær DIRAC software and a Brüel & Kjær HP1001 unidirectional 

sound source. A sequence length of 214-1 with 10 averages and a sampling frequency of 48 kHz 

was used. To remove the effects of the imperfectly-anechoic measurement environment (the 

door surface was not properly treated), the impulse response peak onsets were located and the 

tails then truncated to 128 samples and windowed using the second half of a cosine-tapered 

(Tukey) window with a 25 % taper ratio. Each impulse response was then shortened to 256 

samples (with the timing information preserved) and converted to the frequency domain using a 

256 point FFT. Extraction of experimental ILD and ITD information was done in the same 

manner as the analytical predictions. 
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FIGURE 5.10. Decomposed contribution of the synthetic hair covering to the HRTF and ILD. The left panels 

show the experimental results and the right panels the corresponding analytical (modelled) results.  

 For each of the experimental tests, comparative analytical results were derived 

(analogous to those in Section 5.2) using the equivalent impedance of the synthetic hair 

covering (shown in Fig. 2.5 in Chapter 2). As the experimental setup only facilitated azimuthal 

measurements, comparison of median plane predictions was not possible. Both experimental 

and analytical results were processed for frequencies from 375 to 3000 Hz. This corresponds to 

the available range of impedance data. Due to the enlarged radius of the test sphere, the 

equivalent frequency range for a head radius of 8.75 cm is 530 to 4250 Hz. Results shown in the 

following section are not frequency scaled. 

5.3.2 Results for a hemispherical hair covering 

Figure 5.10 shows the decomposed contribution of the synthetic hair covering on the HRTF and 

ILD. The left panels show the experimental response and the right the corresponding analytical 

results. The main features of the experimental and analytical HRTF changes are in good 
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FIGURE 5.11. Comparison of experimental and analytical (modelled) ITD values at 3000 Hz. The left panel 

corresponds to the rigid sphere, the right panel the rigid sphere with a hemispherical covering of synthetic 

hair. 

agreement and are consistent with previous discussion. The principal differences occur for 

posterior source angles, where the experimental results illustrate a slightly decreased pressure 

magnitude and additional oscillatory behaviour (evident for posterior contralateral source 

angles). Consequently, the corresponding experimental and analytical results for the change in 

ILD also differ slightly for source angles past 90°. Predominantly, however, the analytical 

predictions account for the experimental changes. The variations may be attributed to slight 

inaccuracies in the utilised impedance characteristics of the hair covering, and experimental 

errors in maintaining exactly consistent rotation angles between tests with and without the hair 

covering (the angular alignments were positioned by hand). A comparison of analytical and 

experimental results for the high frequency ITD (3000 Hz) is shown in Fig. 5.11. For both the 

rigid sphere and the synthetic hair covering, the experimental and analytical results are in good 

agreement. For source angles near the interaural axis, the ITD is increased in the order of 30 to 

50 μs due to the addition of the hair covering. At low frequencies, the change to the ITD is 

negligible. 

 The synthetic hair sample utilised for the experimental comparison had a natural bulk 

density of approximately 30 kg/m³. This is at the mid to lower end of the pragmatic range 

expected for human subjects (as discussed in Sections 1.5.2 and 2.2.2). Utilising equivalent 

impedance values from denser or thicker hair samples yields even greater changes to the 

localisation cues. The form of these changes, however, remains the same, with the hair covering 
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producing asymmetrical changes to the interaural cues between source directions in the frontal 

and rear hemi-fields. Analytical comparisons with less formal experimental measurements using 

an additional synthetic hair covering (which was comparatively much thicker and denser) 

showed that the predicted cue changes tended to underestimate the measured results. This is 

most likely due to the inability of the locally reactive equivalent impedance parameter to 

completely encapsulate the wave processes through the hair material. 

5.4 The contribution of hair in relation to other peripheral features 

The contribution of hair to the auditory cues has thus far been discussed in relation to a single 

detached sphere with pinnae located on the interaural axis. Human subjects differ from this 

model in both head shape and pinna location. Additionally, the head is connected to other 

peripheral scattering bodies, for example the neck. It is important to examine whether the 

contribution of the hair covering remains consistent when these auxiliary features are included. 

The relative contributions of two additional anthropometric features are investigated in the 

subsequent sections. Firstly, the effect of offsetting the pinnae to better match their 

physiological location is assessed. Secondly, the effect of connecting a semi-infinite neck to the 

spherical head is discussed in relation to additional experiments. The stimulus of these 

investigations is not to provide a comprehensive discussion on the individual contributions of 

these ancillary features, but rather to study whether the contribution of the hair covering remains 

consistent and pertinent when they are included.  

5.4.1 Effect of pinna offset 

The location of the pinnae on an anthropometric head is commonly cited as being both 

downwards and backwards from the equivalent head centre. For an anthropometric head shape, 

the measurements discussed in Section 1.2.1 enable a relatively concise pinna position to be 

determined. However, when the head is modelled as a sphere, this becomes considerably more 

complex. The spherical shape does not necessarily provide an accurate fit to the head length, 

width, and height measurements in isolation. Examining the data shown in Table 1.1, the 

average ratio of auricular head height (B) to craniofacial head height (A) is 0.57. Assuming an 

8.75 cm sphere radius, this proportionally corresponds to a 1.33 cm (8.7°) downward vertical 
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FIGURE 5.12. Modelled contribution of the pinna offset and hair covering to the azimuthal HRTF and ILD. 

The left panels show the decomposed contribution of the pinna offset and hair covering relative to a rigid 

sphere with symmetric pinnae, and the right relative to a rigid sphere with offset pinnae. 

offset (where the Cartesian offset dimensions are stated with reference to a virtual sagittal plane 

adjacent to the sphere). This offset represents the correct proportional vertical offset if the 

complete facial profile is taken into consideration. However, customised sphere radii are 

typically more dependent on the head length and width than the overall height of the facial 

profile. Using the same anthropometric data, the average ratio of auricular head height (B) to 

head length (C) is 0.68. If the sphere is aligned with the upper head surface and the pinnae 

placed at their original location relative to the anthropometric head, this ratio yields a downward 

vertical offset of 3.12 cm (20.9°) which is significantly more. Depending on the use for the 

spherical HRTF data, a value between these would most likely be appropriate.  

 Examining the horizontal offset, the average ratio of head-ear depth (D) to head length 

(C) is 0.51. Proportionally, this corresponds to a forward horizontal offset of 0.23 cm (1.5°). If 

the sphere is aligned with the frontal head surface this becomes a backward horizontal offset of 
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FIGURE 5.13. Modelled contribution of the pinna offset and hair covering to the median HRTF. The left panel 

shows the decomposed contribution of the pinna offset and hair covering relative a rigid sphere with 

symmetric pinnae, and the right relative to a rigid sphere with offset pinnae. 

0.46 cm (3.0°). For a spherical approximation of the head, the location of the pinnae is much 

closer to the interaural axis in horizontal location than in vertical. These values are consistent 

with Algazi, Avendano & Duda  (2001a), who reported pinna offsets for use with spherical head 

models (based on a KEMAR mannequin) to be 0.5 cm backwards and 3 cm downwards of the 

interaural axis (assuming a sphere radius of 8.5 cm). 

 To investigate the relative effect of the pinna position on the HRTF, the pinnae were 

assumed here to be located 10° downward and 1.5° backward of the interaural axis. This is 

comparable to aligning the spherical head slightly upward and forward of the geometric centre 

of an anthropometric head. The impedance properties of the synthetic hair material were used to 

characterise the contribution of hair covering. Figure 5.12 illustrates the decomposed effect of 

the offset pinnae and hair covering relative to a rigid sphere with symmetric pinnae (left panels), 

and relative to a rigid sphere with offset pinnae (right panels). The contribution of the hair 

covering remains robust regardless of the pinna offset, and the HRTF and ILD asymmetries are 

still clearly evident. The changes to the ITD also remain robust, with asymmetrical increases to 

the high frequency ITD similar in form to those shown in Figs. 5.6 and 5.8. In the median plane 

(shown in Fig. 5.13), the decomposed perturbations due to the hair covering are also consistent; 

however, the variation introduced by the offset pinnae is considerably greater. Considering the 
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pinna offset and head asymmetries evident in an anthropometrically proportioned head, it is 

unlikely that hair introduces a useable cue in the median plane.  

5.4.2 Effect of the neck 

If the head is examined in isolation, the major adjoining physiological features are the pinnae, 

face, hair, and neck. The relatively small nature of the pinnae and facial features means they 

contribute little to the scattering properties of the head at lower frequencies (below 3 to 4 kHz). 

However, it is useful to investigate the perturbation of the auditory cues by the neck, 

particularly in relation to the contribution of hair. Although this has not previously been 

formally investigated, the expected changes may be considered intuitive. Anthropometric HRTF 

do not exhibit a strong posterior bright spot like those from spherical models, and a reduction of 

this feature would be expected. Examining the anthropometric data presented in Table 1.1, the 

average male neck radius (G) is 5.9 cm. For the standard sphere radius of 8.75 cm, this 

corresponds to a ratio of neck to sphere radius of 0.675.  

 To technically classify the effect of the neck, an additional series of HRTF 

measurements were completed analogous to those discussed in Section 5.3.1. In place of the 

rotating sphere stand, a 1.4 m long PVC pipe ‘neck’ was utilised, 8 cm in (outside) diameter 

with 1.2 cm thick walls (corresponding to a 0.65 neck to sphere radius ratio). Whilst such a long 

 

FIGURE 5.14. Diagram and picture of the experimental setup for the head, neck, and hair tests. The hair 

covers one hemisphere and is elevated 45°, and the sphere is supported by a PVC neck. 
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FIGURE 5.15. Experimentally measured contribution of the neck and hair covering to the azimuthal HRTF 

and ILD. The left panels show the decomposed contribution of the neck and the right panels the combined 

contribution of the neck  and hair, both relative to a rigid sphere. 

neck does not match human physiology, it was chosen in favour of a shorter length to eliminate 

the effects of end scattering on the response (which also do not occur in human HRTF). The 

internal radius of the neck was mitred so that the sphere sat flush within it. Impulse response 

measurements were repeated for the sphere and neck arrangement (shown in Fig. 5.14), both 

with the hair covering and without. Source angles were aligned using degree markings on the 

upper neck. Symmetric tests without hair were taken for rotation angles up to 180° and the data 

mirrored accordingly, asymmetric tests including hair were completed up to 360°.  

 The changes to the HRTF and ILD due to the presence of the neck are shown in the left 

panels Fig. 5.15. There is a clear reduction in the posterior bright spot, and consequently there is 

an increase in the ILD for source angles near the interaural axis. Physically, the addition of the 

neck disturbs a segment of the symmetrical wave path to the rear of the sphere. This 

proportionally reduces the effect of the posterior in-phase interference. For the sphere and neck 
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radius used in this study, the neck covers approximately 12 % of the sphere surface area and 

produces a bright spot decrease in the order of 2 dB. This decrease becomes more prominent 

with increasing frequency. The addition of the neck also provides small magnitude comb 

filtering effects. These are most significant for contralateral source angles and arise from the 

additional geometric symmetries provided by the arrangement of the cylindrical neck and 

spherical head. Additional spectral changes are also seen for ipsilateral angles. These are 

extremely similar in nature (although much smaller in magnitude) to the arch shaped notches 

provided by torso reflections using either ellipsoid or spherical models of the torso (Algazi et al. 

2002). 

 The changes due to the addition of both the neck and hair are shown in the right panels 

of Fig. 5.15. The modifications to both the HRTF and ILD are well explained by the individual 

contributions of the neck and hair previously discussed. A reduction in the contralateral bright 

spot and ancillary arch shaped notches can be seen due to the addition of the neck. The other 

asymmetrical HRTF changes are consistent with the discussion on the effect of the hair 

covering, both for ipsilateral and contralateral angles. The HRTF perturbations produced by the 

hair covering are of comparable magnitude to the neck, and in the anterior contralateral region 

they are significantly more. With regards to the ITD, the addition of the neck in isolation 

symmetrically reduces the overall value by up to 40 μs. The subsequent addition of the hair 

produces relative ITD changes similar to those already discussed. In combination, the addition 

of both the neck and hair still increases the ITD, but only by a smaller amount (up to 20 μs). 

5.5 Summary and conclusions 

This chapter utilises the analytical formulations and impedance characteristics discussed in 

previous chapters to investigate the effect of hair on the auditory localisation cues. The study 

serves to systematically model, describe, and explain the effect of hair on the auditory cues; a 

subject that has previously received little attention by the greater binaural community. The hair 

is shown to produce asymmetric perturbations to both the HRTF and interaural difference cues. 

In the azimuthal plane, the HRTF changes are characterized by two predominant features. 

Firstly, the ridges of decreased pressure adjacent to the contralateral bright spot become 
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asymmetrical, with the ridge noticeably more apparent on the anterior side. Secondly, for 

posterior ipsilateral source angles, there is a general decrease in the HRTF magnitude. This is a 

result of the increased absorption of the frontal surface seen by the source. Overall, the inclusion 

of a representative hair surface produces asymmetrical changes to the ILD and ITD in the order 

of 4 dB and 25 μs respectively (only frequencies up to 3 kHz are investigated due to the range 

of the available impedance data). These changes are further increased if impedance 

characteristics from the upper range of pragmatic human hair thicknesses and densities are used. 

The modifications remain robust regardless of the decomposition baseline (i.e., the inclusion of 

additional anthropometric features). In the azimuth plane, the addition of a cylindrical neck and 

the introduction of a pinna offset do not significantly influence the contribution from the hair. In 

the median plane, the HRTF changes introduced by the hair are similar in magnitude to those 

introduced by the sphere itself. However, the introduction of a pinna offset modifies the HRTF 

in this plane to a much greater extent. 

 The analytical results are experimentally validated using a series of azimuthal HRTF 

measurements from a sphere with and without a hemispherical hair covering. These results 

show a good agreement with analytical results for the same hair material. This mutually 

validates the use of the analytical formulation presented in Chapter 4 and the equivalent 

impedance parameters presented in Chapter 2 for modelling the acoustic contribution of human 

hair. The additional trends in equivalent impedance discussed in Chapter 2 subsequently allow 

simulation of the effects of hair for a wide range of individuals. It should be noted that it is not 

difficult to think of head and hair characteristics that are not well approximated by a sphere with 

a hemispherically divided boundary condition (e.g., people who are partially bald, or have thick 

beards, etc). However, for physical understanding it is favourable to make astute simplifying 

assumptions that enable analytical investigation, rather than attempt an exhaustive empirical 

study. As a sphere is only an approximation of the human head, a distribution of impedance that 

assimilates the general characteristics of the location of the hair is sufficient to investigate its 

contribution. In any case, for a large majority of people the boundary condition utilised here 

provides an adequate approximation. This boundary distribution may also be useful to simulate 

the contribution of other head coverings such as beanies (toques). Although such an addition 
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may perturb the natural protrusion of the pinnae, this is of little significance at lower 

frequencies. 

 The small magnitude of the cues produced by human hair (only the ILD changes are 

above JND thresholds) makes it unlikely that this topographical feature is significant in shaping 

the auditory percept. In combination, the overall changes to the timing and magnitude properties 

of the HRTF due to hair will most likely introduce subtle audible features, primarily of a 

spectral nature. Given the relative plasticity of the auditory system to adapt to linear cue 

transformations with short term training and complex transformations with long term training, 

the argument for including the effects of hair in auditory cue models is not strong. In contrast, 

however, for untrained listeners, even small perturbations to individualized HRTF can decrease 

localization accuracy within a virtual environment (see discussion in Section 1.2.3). The 

contribution from hair, in combination with other peripheral and detailed features, may thus be 

important for accurately maintaining the spatial cues that a listener ‘normally’ experiences. In 

relation to the use of spherical head models (particularly in isolation), the directional 

ambiguities created by the assumption of a uniform rigid boundary limits their practical use. In 

this regard, the asymmetries introduced by the hair covering may assist in the discrimination 

between sources positioned in the front and rear hemi-fields. This may be particularly useful in 

the absence of other high frequency cues or access to cue changes with head movement. Whilst 

this supposition requires validation using psycho-acoustic testing, the cue changes due to the 

addition of hair may be easily reproduced given the formulation and discussion presented here. 

In any case, the current study serves to clearly identify, quantify, and explicate the HRTF 

features that occur due to human hair.     
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Appendix: Alternate Solution to the Legendre Function Integral 

The solution presented by Hulme (1982) to the associated Legendre function integral expressed 

in Eq. (4.3) reformulates the problem using the associated Legendre differential equation and 

then utilises the special results of ( )m
nP μ  and its functional derivative for 0μ = . An alternate 

solution derived independently is presented here. Starting with the integral expressed in Eq. 

(4.3) for the case of , the associated Legendre functions can be expanded using Rodrigues’ 

formula for Legendre’s coefficients making the substitution 
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A general expression for integration by parts p  times can be written as: 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1

11 1
p

v pv v p p

v

f x g x f x g x f x g x dx
−

− − −= − + −
⎛ ⎞
⎜ ⎟
⎝ ⎠
∑∫ ∫ ,  (A2) 

where the  derivative is represented by thn ( ) ( )nf x  and the  integral by thn ( ) ( )nf x− . For n l≠ , 

it can be assumed without loss of generality that l . If Eq. n> (A1) is integrated by parts 

p l m= +  times, the remaining integral component vanishes and only the sum term remains: 
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The first derivative component can then be further expanded using Leibniz’ formula for 

multiple derivatives of a product: 
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 Eq. (A4) is to be evaluated over the intervals [ ]0,1  and [ ]1,0− . For n l≠  and 1μ = ± , 

the expression is zero as expected from the orthogonality of associated Legendre functions over 

the sphere surface. Therefore, it is only the solution for 0μ =  that is of interest. The integral 

results over the two intervals will thus be equal in magnitude but opposite in sign. After some 

considerable investigation, the general equation for the ths  derivative of the term 

( 21 ) p
μ− evaluated for 0μ =  is obtained as: 
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Letting: 

1 1s l m v= + − − ,   2s v q= − ,   3s n m q= + + , (A6) 

and substituting Eq. (A5) into Eq. (A4) for 0μ =  and l  gives the solution of the integral for 

the case of : 

n>

0l n m> ≥ ≥
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Some manipulation finally gives: 
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Although the explicit solution for  given in Eq. ,
m

n lT (A8) is only valid for , the 

initial assumption of l  is arbitrary and thus solutions of the integral for l  can be 

computed by . Using the properties of associated Legendre functions, results for negative 

order can be obtained by: 

0l n m> ≥ ≥

n> n<
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The closed form integral result obtained here utilises a alternate mathematical approach to that 

presented by Hulme (1982). Whilst the two solutions are significantly different in formation, 

they generate identical numerical results. This mutually validates both procedures.   

 The solution of the Legendre integrals expressed in Eq. (4.2) for the case of n l=  

shown in Eq. (4.6) can similarly be derived. Returning to Eq. (A1) now for , integration by 

parts  times forces the remaining integral component to vanish: 

n l=

1p n m= + +
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  (A10) 

Again, considering the required integration intervals, only the solution for 1μ = ±  is non-zero 

and the integration over the two intervals will be equal. The remainder of the evaluation will 

assume the interval [ ]0,1 . When 1μ = , the ( )1n m v+ − − derivative component in Eq. (A10) 

will be zero whilst a factor ( )21 μ−  remains. The only non-zero term in the sum is thus when 

: v n m= +
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Expanding using Leibniz’ formula for multiple derivatives of a product gives: 
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The highest power in ( 21
n

μ−  is 2nμ , thus the term will vanish for greater than  

differentiations. This yields the following inequalities: 

2n

 , (A13) 2n m q m q n m+ − ≤ → ≥ −

 .  (A14) 2n m q n q n m+ + ≤ → ≤ −

The only non-zero term of the sum term thus occurs when q n m= − , and Eq. (A12) now 

becomes: 
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where the derivative terms have the convenient result: 
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Solving the expression for the only unknown remaining integrand over the required interval and 

simplifying using properties of factorials for half integral values gives: 
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Combining these results yields the result for the complete integration: 
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Simplifying this result yields Eq. (4.6) as expected. 
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