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ABSTRACT 

This thesis investigates the relationship between demand functions and discrete choice 

models, the specific objective being to infer ordinary demand elasticities from estimated 

choice elasticities. A necessary intermediate step is to uncover the relationship between 

conditional demand systems whereby non-transport goods are pre-allocated and conditional 

share systems whereby transport goods are pre-allocated.  

A conditional share system is applicable to the demands for a set of competing alternatives 

where there is a constraint on the consumption quantity for the aggregate group demand. 

This describes the demand implications for a population of individuals making discrete 

choices. The inference is appropriate to a stand alone revealed and stated preference choice 

model, where the aggregated choice elasticities are used to extrapolate to market share 

elasticities. The missing component for measuring demand responses to be used in a policy 

application is the generation elasticity: the marginal increase or decrease in the volume of 

transport activity in response to a pricing decision. The thesis develops a generation elasticity 

that preserves the theoretical properties of demand elasticities. 

The application of the developed theory is suitable for settings where the transport group 

elasticity is not measured by the survey instrument. Stand alone revealed and stated 

preference surveys only measure the switching behaviour between modes. The complete 

relationship under weak separability is developed for the case where elasticity of demand for 

the transport group is known. Otherwise to implement the theory this thesis makes use of the 

theoretical properties of block-additive utility functions. Frisch’s money flexibility term is 

interpreted as the average elasticity of substitution for broad groups of commodities, 

including transport. Along with estimates of transport income elasticities the transport 

demand elasticity is computed by making an informed judgement on the magnitude of the 

Frisch money flexibility.  

The applied contribution of the thesis makes use of mode choice elasticities estimated for the 

1996 Independent Pricing and Regulatory Tribunal of New South Wales. Unconditional 

transport elasticities are arrived at by adding a between group substitution based on an 

informed value of Frisch’s money flexibility and income elasticities estimated using the 

confidential unit record files from the 1998-9 Household Expenditure Survey. 
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PREFACE – Glossary of Elasticity Expressions 

The thesis investigates the relationship between neo-classical conditional demand systems 

and discrete choice models through the lens of their elasticity relationships. A variety of 

elasticity measures are referred to throughout the thesis.  

Demand elasticities 

• 
i

j

j

i
ij q

p

p

x

∂
∂=e  is the Marshallian, ordinary elasticity of demand for the ith alternative 

with respect to the jth price, where xi is a demand function and qi is the quantity 
demanded for the ith  alternative expressed as some measurable quantity (say, 

vehicle kilometres). E is the JJ×  matrix of direct and cross ordinary demand 
elasticities. 

• 
( )

( )ii

j

j

ii
ij qp

p

p

xp

⋅∂
⋅∂=f  is the expenditure elasticity for the ith alternative with respect 

to the jth price. F = E + I is the JJ× matrix of direct and cross expenditure 
elasticities. 

• ijijij w eee* +=
 

is the Hicksian income compensated elasticity of demand, where wj 

is the proportion of income allocated to the jth good and ie is the income elasticity 

associated with the ith good .   
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Choice elasticities 

• 
in

jn

jn

in p

p π∂
π∂=ijnm   is the disaggregate choice elasticity with respect to price on the jth 

alternative faced by individual n and πin is the probability of individual n selecting 
the ith  alternative.  It is assumed that the choice elasticity is equal to the expected 

conditional share elasticity ijnm′  based on a fixed quantity of demand for the 

transport group.   

• 
i

j

j

i p

p π∂
π∂=ijm

 

is the aggregate choice elasticity of expected share, iπ , with respect to 

the price of mode j (the mean of the attribute distributed across all individuals). The 
aggregate choice elasticities are assumed to be estimates of the share elasticities 

ijm  and, because of the fixed quantity restriction, estimates of the conditional share 

elasticities ijm′ . 

Conditional elasticities 

• 
T

T
i

j

j

T
iT

ij

mq

p

p

x

∂
∂=e  is the conditional elasticity of demand for transport mode i with 

respect to the price of transport mode j ( i and j belong to group T) subject to a fixed 

budget allocation Tm to transport. Discussion is primarily based on transport 

elasticities; to simplify notation ije′ is used to indicate the conditional demand 

elasticity – unless there is a need to be explicit about which group is being referred 
to. 

• 
T

T
i

j

j

T
iT

ij

qq

p

p

x

∂
∂=m

 
is the conditional share elasticity of demand for transport mode i 

with respect to the price of transport mode j ( i and j belong to group T) subject to a 
fixed quantity of transport. The fixed quantity restriction means that the demand 
elasticities are equal to the elasticity of market share with respect to price. Where 

the transport context is assumed the simplified notation  ijm′  is used.  
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Income elasticities  

• 
i

i
i q

m

m

x

∂
∂=e  is the elasticity for the demand of good i with respect to the consumers 

total expenditure (i.e. budget).   

• ie′
i

T

T

T
i

q

m

m

x

∂
∂=  is the elasticity for the demand of good i with respect to the budget 

allocated to transport also known as the conditional income elasticity.  
  

• im′ = 
Tq

q

m

m

x

i

T

T

T
i

∂
∂

 is the conditional share elasticity for transport mode i with 

respect to money allocated to the transport sector subject to a fixed quantity of 
transport. This may describe the re-adjustment of shares if all transport prices move 
in proportion but the total transport consumption does not change.  

Share elasticities 

• 
i

j

j

i
ij s

p

p

s
m

∂
∂=  is the quantity share elasticity for the ith alternative with respect to the 

j th price, where si  is the demand for the ith  alternative expressed as a proportion of 

the demand for all alternatives within the choice set. M is the JJ×  matrix of direct 
and cross quantity share elasticities. It is assumed throughout that the aggregated 
choice elasticity matrix is an estimate of the quantity share matrix (or conditional 
share elasticities). Where the share elasticities are estimated by a discrete choice 
model the share elasticities are known as conditional share elasticities, which are the 
aggregated choice elasticities from a discrete choice model.   

• 
i

j

j

i
ij w

p

p

w
g

′∂
′∂=  is the expenditure (budget) share elasticity for the ith alternative with 

respect to the jth price, where wi  is the expenditure allocated to the ith  alternative 
expressed as a proportion of expenditure allocated to all alternatives within the 

choice set. G is the JJ×  matrix of direct and cross expenditure share elasticities.  
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Generation elasticities 

• T
j

j

T

j
q

p

p

q

∂
∂=η is the generation elasticity with respect to the jth price, where Tq  = 

q1+q 2 +…..+qJ is the aggregate demand for the group of commodities. Η is the JJ×  

matrix of generation elasticities formed by J repetitions of the row vector, η1, η 2,….., 

ηJ 

• 
T
j

j

T

j
m

p

p

m

∂
∂=ω is the generation elasticity with respect to the jth price, where Tm  = 

p1q1+p2q 2 +…..+pJqJ is the entire allocation of expenditure for the group of 

commodities . Ω is the JJ× matrix of generation elasticities formed by J repetitions 

of the row vector, ω1, ω 2,….., ωJ. 
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  Chapter 1

Introduction   . 

 

“But economics is not, in the end, much interested in the 
behaviour of single individuals… A study of individuals is 
only a means to the study of market demand.”  

Hicks (1946) 

This dissertation seeks to combine the strengths of discrete choice models with neo-

classical demand system estimation. Discrete choice models permit detailed 

characterisation of the alternatives and account for the heterogeneity among decision 

makers. The system of demand equations approach permits segmentation of effects into 

substitution and income components. This dissertation explores the similarities and the 

dissimilarities between the two modes of estimation as well as the relationship between the 

theories that underpin them. The objective is to understand market demand by studying the 

behaviour of individuals.  

The key purpose of surveying travellers' choice of travel mode is to quantify behaviourally 

meaningful relationships between the mode-choice and a set of explanatory variables. 

These relationships are useful for measuring sensitivity to policy which affects the level of 

modal attributes at the disaggregate level. However, when evaluating policy, decision-

makers are concerned with aggregate demands, because they affect public transport 

revenue, the environment and traffic congestion. The analyst is aware of the policy 

requirements for studies into the choices of individuals and reports aggregate summaries. 

Most importantly s/he will report a set of aggregated elasticities as a demand forecast tool 

for evaluation of policy.  

“A major innovation in the analysis of transport demand 
was the development of disaggregate travel demand 
models based on discrete choice analysis methods. … We 
are clearly concerned, however, with the forecasting of 
aggregate demands.” (Ben-Akiva and Lerman 1985,  p1).   
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The market effect of switching behaviour between modes is represented by an elasticity 

matrix for a conditional demand system. The theoretical derivation of these demand 

systems is random utility maximisation (RUM) which differs from the usual economists' 

theory of consumer behaviour primarily because of the type of data under analysis; an 

individual always chooses a single good (corner solution), and not portions of many goods. 

In each choice setting, a single alternative - including delaying travel and no travel - is 

chosen from a set of mutually exclusive and exhaustive possibilities (Louviere, Hensher 

and Swait 2000; Train 2003).  

An extension to the choice model, investigating consumer choices over time is the 

discrete/continuous demand model (Hanemann 1984). In such models, the consumer is 

assumed to simultaneously select one good from a group of substitutes and the quantity of 

that good to consume. Examples include brand choice (Chiang 1991), appliance choice and 

energy demand (Dubin and McFadden 1984) and subscription to and use of a service 

(Huang 2008). In the latter two examples, the choice component is an initial investment in a 

technology. Similar methods have been used to study automobile demand (Hensher 

Hensher, Smith, and Milthorpe et al. 1992; Train 1986) and, more recently, variations 

allowing for a large of number vehicle classifications have been developed (Bhat and Sen 

2006; Fang 2008). Each of these studies models the ownership and change-over of vehicles 

within a household as well as the kilometre usage of the vehicles. Whereas Hensher et al. 

(1992) maintained a four year panel, Train's (1986) study used a cross-sectional sample 

with a question about their usage and ownership of vehicles for the previous twelve 

months. 

While it is desirable to have inter-temporal observations, either as repeat choices or usage 

over time, some studies take a cross-section sample at a single point in time. These studies 

are usually performed with a single purpose in mind, for example, to estimate a matrix of 

direct and cross-price elasticities (Hensher and Raimond 1996).  The discussions and 

theories herein relate to such data and had their beginnings when working with the 

commuter segment of the Hensher and Raimond data (Taplin, Hensher and Smith 1999). 

The main finding was that the properties of choice models that hold at the individual level 

do not necessarily hold at the aggregate level. 
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The extension here is to infer conditional and unconditional ordinary demand functions 

from probability choice systems. Where conditional ordinary demand models estimate 

elasticities conditional on an income constraint, discrete choice models estimate elasticities 

subject to a fixed aggregate quantity constraint. The difference between the two approaches 

to demand modelling is presented as a decomposition of the price elasticities.  

 

1.1 MOTIVATION 

The intention of this work is to investigate the possibility of using discrete choice models 

along with conditional demand system estimation when studying the demand relationships 

for a group of closely competing commodities. There are three factors that motivate the 

thesis: 

Forecasting and behavioural parameters 

Planners of transportation facilities are concerned with reliable predictions of demand and 

trustworthy estimates of travellers’ responses to changes in characteristics of the service. 

Producing these two calculations is an objective of this thesis. However, the chosen 

methodology will have a significant impact on the numerical value of the estimates 

(particularly estimates of elasticities). The demand forecasts and the elasticity estimates are 

made at the extensive margin, where aggregate demand is the sum of individual choices 

and elasticities represent the proportion of individuals who switch from one alternative to 

another. 

The behavioural response of switching is restrictive in that it does not permit the possibility 

of buying a little more or a little less. This poses a serious problem to practitioners who rely 

on discrete choice models for policy analysis. The case in point is the transport authority 

which uses discrete choice price elasticity estimates for planning purposes. For example 

when setting prices on public modes, disregarding the possibility of individuals reducing 

their demand for travel – instead of switching – leads to results on public transport revenue 

streams that are misleading. A somewhat more serious illustration is induced demand, 

where improvements made to reduce congestion on a road network lead to an increased 

demand for travel.  
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Each example is essentially driven by the same behaviour: those individuals who do not 

switch do not necessarily behave exactly as before the implementation of the policy and 

those who do switch do necessarily complete the same activities by a different alternative.  

The scope of the thesis does not include any attempt to model induced demand. Such work 

would need to investigate the specific response of personal vehicle travel to changes in the 

built network – the impact of extra lane kilometres on the total vehicle kilometres 

undertaken by travellers. Goodwin (1996), Luk and Chung (1997), Litman (1999) and 

Noland and Lem (2002) provide useful reviews of methodologies applied to studying 

induced demand.  Nevertheless, this thesis does present a general framework that expands 

on choice between alternatives (such as destination choice) to include a generation effect 

(extra or reduced demand for travel).  

The Relationship between Choice Elasticities and Ordinary Demand Elasticities 

For the analyst wishing to make use of two disparate tools for demand analysis, an 

exposition of the difference between these two methods is needed. Additionally, the 

relationship between the two must be uncovered. In this thesis market elasticities are the 

medium used to explore the difference and determine the relationship between discrete 

choice models and demand system analysis. A large portion of the thesis investigates the 

properties of choice elasticities and demand elasticities.  

Quandt (1968) compared elasticities estimated by time series and those estimated by 

discrete choice. The difference, as shown by Quandt, between the two types of elasticities 

is that the mode choice elasticities are ordinary elasticities with a term to hold demand for 

both modes constant. This relationship is extended to the general case by Taplin (1982) and 

a useful decomposition of the price effect into choice and generation elasticities is 

developed. Chapter 5 investigates the relationship further. The main finding is that 

generation elasticities, under reasonable assumptions of separability, are an income effect. 

The main development is to identify Taplin’s (1982) solution as limited by the assumption 

that the conditional demand functions are homothetic. The extension of the decomposition 

of ordinary demand elasticities to incorporate the non-homothetic case is given. This result 

is in turn related to discrete choice models by examining choice models as conditional 

shares. An intuitive way of examining the relationship between choice and demand 



 

 - 5 - 

 

elasticities is to consider the former as income compensated elasticities where the 

compensation is sufficient to keep the level of transport demanded unchanged (Truong 

1981). The theory presented in Chapter 5 re-examines the relationship in terms of 

compensated elasticities.  

The purpose of establishing a relationship between the two types of elasticities is to permit 

comparisons between parameter estimates from the different modelling paradigms. 

Additionally, the relationships between choice and demand elasticities allow the researcher 

to estimate the generation elasticity without needing to collect expensive secondary data on 

long term travel behaviour. The application for this work is presented in Chapters 6 and 7, 

where a combined revealed and stated preference survey is augmented by household 

expenditure data to establish the choice, generation and ordinary demand elasticities.  

The Relationship between disaggregate probability models and conditional demand 
system estimation 

Strotz (1957) first published the application of separability to a two stage budgeting 

process. This is where the consumer sees the budget allocation in two-stages. Firstly, 

expenditure is allocated to broad groups, such as food, housing and transport. Secondly, the 

sector’s budget is allocated to products within the sector, such as meat, eggs and fish. The 

budgeting process need not be restricted to two levels. The notion of two-stage budgeting is 

useful for modelling groups of closely competing alternatives. It allows the analyst to 

investigate the factors that affect the demand for the goods under study without needing to 

be aware of the prices and consumptions of all other goods. Pollak (1969, 1971) introduced 

the analytically convenient conditional demand functions. This is where one part of the 

consumers demand is fixed or pre-allocated. A traditional conditional demand approach to 

studying budget allocation to transport alternatives is to investigate the 2nd stage budget 

allocation problem conditional on the 1st stage having already been determined. The 

consumer will have determined the amount of non-transport goods to consume at current 

prices and income. The study of demand for transport then proceeds on the condition that 

the allocation of money to each form of transport is the consumer’s decision on how to 

spend the money left over. In this way the first stage of the two stage budgeting process is 

left implicit and the analyst may take an in-depth account of how the consumer allocates his 

budget at the second stage. The use of conditional demands to investigate substitution 
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between closely competing goods remains an important tool in agricultural economics 

(Boonsaeng and Wohlgenant 2009; Muhammad and Hanson 2009) and for estimating fuel 

demand elasticities (Gundimeda and Köhlin 2008).  

The discrete choice model in a budget setting employs a reverse conditional demand 

approach. The analytical tool is a conditional indirect utility function separable in transport 

choice and other expenditure (McFadden 1981). That is to treat transport as the pre-

allocated good. The consumer is assumed to optimally choose the level of expenditure 

allocated to transport in order to meet the desired consumption of non-transport goods. The 

study of transport demand takes account of the way the consumer may optimally determine 

the budget allocated to the transport sector of consumption. This describes the 1st stage of 

the two-stage budgeting process.  The second stage – how the consumer allocates the 

remaining endowment – is left implicit. The analyst does not go on to measure demand 

functions for the non-transport sector of expenditure. However, there is evidence that 

transport expenditure affects spending behaviour on non-transport goods (Ma, Ailawadi,  

Gauri et al. 2011; Ferdous, Pinjari, Bhat et al. 2010). The demand system approach is often 

called conditional logit (after the elemental choice model, the multinomial logit) or more 

generally conditional choice model. The conditional choice model is used to estimate 

choice elasticities from revealed preference data (Koppelman, Sethi and Wen 2001) or 

combined stated and revealed preference data (Hensher, 2008).  

In the event that the consumer chooses a discrete transport alternative then the reverse-

conditional demand approach to demand measurement is to determine which transport 

alternative (and the level of expenditure allocated to this alternative) will be chosen in order 

to allocate expenditure on transport and non-transport optimally.   

To illustrate the market setting, the following section presents a model incorporating the 

marginal consumer. Marginal consumers are those with reservation prices in the 

neighbourhood of the current prices. They may be thought of as consumers who enter (exit) 

the market for a particular commodity if the price falls (rises).  However, in our setting, 

they are thought of as consumers who are induced to switch between varieties of the 

differentiated product. This is the discrete choice component of the problem. The consumer 

(whether they switch or not) may respond to price changes by buying a little more or a little 
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less of the product. This is the neo-classical component of the decision (i.e. permitting 

fractional consumption).  The behavioural model is based mainly on Novshek and 

Sonnenschein (1979). The discrete choice model in which consumers select one variant of 

the differentiated product (Rosen 1974; McFadden 1981) and the neo-classical demand 

model (Hicks and Allen 1934a and b; Slutsky 1915) are limiting cases.  

1.2 MARGINAL CONSUMERS 

The marginal consumer and reservation prices play an important role in micro-economic 

theory. Often these concepts are ignored in theoretical treatments as well as empirical 

inquiries into consumer demand. The Hicks-Allen-Slutsky approach to demand which 

applies the micro-economic theory of the individual to a population of demands assumes 

that the number of individuals is fixed. This is clearly not the case for many commodities as 

only a fraction of the population purchase these commodities. The proportion may rise or 

fall as the price decreases or increases. The rate of change of this proportion depends on the 

number of marginal consumers. A marginal consumer is any individual who has a 

reservation price in the neighbourhood of the current prices.    

In the situation where there is only one variety of a particular good the marginal consumer 

is an individual for whom a small change in price will cause a switch from in-the-market to 

not-in-the market, or vice-versa. For example if a consumer had a reservation price of $30 

for a pair of jeans selling currently at $31 they would not buy the item.  A price reduction 

of more than one dollar would be enough for the consumer to enter the jeans market. 

Equally, an improvement to the quality for which the consumer is willing to pay more than 

one dollar can also induce this consumer to enter the market. The marginal consumer 

discussed here would suppose that there is only one variety of jeans available for purchase 

or, at least, all other varieties are also beyond the consumer’s reservation price. In the 

situation where there is more than one variety, the marginal consumer may be a consumer 

whose valuation functions for two or more varieties are close. A small adjustment in price 

will induce a switch from the current variety to another. For mode of transport decisions, 

the aggregated choice elasticity is a measure of this response. However, the price change 

may also lead to some consumers adjusting the scale of their consumption.  
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The total response to a change in price may be decomposed into three effects (Novshek and 

Sonnenschein 1979):   

1. The aggregate substitution effect – with real income held constant an increase in 

the price of transport will cause consumers to substitute away from transport. This 

will only affect the individuals who currently choose the mode of transport for 

which the price is increased.  

2. The aggregate income effect – an increase in price of a mode of transport will 

reduce the real income for travellers by that mode. “Normally” this means that the 

consumer will need adjust expenditure shares on all consumption.  

3. The change in commodity effect or mode switching – an increase in the price of 

one mode will cause some consumers to change to an alternative mode. Provided 

the change in price is not extreme, only a small proportion of the population will 

change modes.  

The discrete choice model provides elasticity estimates for the third effect.  

1.2.1 The Market Demand Setting 

Consider a large population of consumers who choose between a finite number of modes of 

travel. While there is potential to consume a mixture of modes, almost all consumers 

choose just one. The level of demand for each transport alternative is completely divisible. 

This is accommodated in a travel setting by the choice of where to travel and how 

frequently. The unit measure of travel may well be personal travel kilometres. Each 

consumer also selects a quantity of a numeraire commodity z. An increase in the price for 

the current mode of choice will have potentially two effects. First the consumer may choose 

to continue travelling by their current mode, in which case the consumer’s demand is 

governed by the substitution between travel and the numeraire good as well as any income 

effect. Alternatively the consumer may switch his modal preference to an alternate mode. 

However, the quality weighted price for the new choice will be higher than for the existing 

mode choice. As before, the consumer will reconsider the allocation of expenditure 

between the numeraire good and travel.  
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The travel demand elasticities will differ from the mode-share elasticities in two important 

ways. Firstly the own-price demand elasticity is smaller1 (more negative) than the 

corresponding choice elasticity because it includes a price effect for those who do not 

switch. Secondly the cross-price demand elasticities are smaller (less positive) than the 

corresponding choice elasticities, because there is the potential for the travellers who do 

switch to also adjust their levels of travel demand. The cross-price elasticity cannot be less 

than zero, because the individuals who are travelling by modes which have not had a price 

change will continue to maintain their level of demand. Essentially, the increase in price on 

the current mode of choice leads to a higher cost of travel whether switching to an 

alternative mode or not.  

1.2.2 Distribution of Preferences 

The consumer chooses a bundle of goods which includes a numeraire commodity z and a 

variant of the differentiated product J. Let q(i) be the quantity of variant i∈J. Suppose there 

are only two variants of the differentiated product available i and j. The consumption 

bundle is (z, q(i), q(j)) where z, q are non-negative real numbers.  Figure 1.1 represents the 

preferences on an indifference diagram. The consumer selects a quantity of z, say, z’, z’’ 

etc. and a quantity of the differentiated product, say q(i)’ or  q(j)’’ etc. The indifference 

curve is made up by Ii and Ij each representing the indifference for the quantity of one 

variety of the differentiated product and the quantity z. The straight line indifferent curves 

between Ii and Ij reflect the ‘perfect substitute’ relationship between varieties. In traditional 

demand analysis, the slope of the line reflects the marginal rate of substitution between the 

two products.  

The shaded triangles represent the budget set conditional on the choice of product. In this 

diagram the linear budget constraint means that there exists some unit price for travel. We 

will think of this as out-of-pocket costs per kilometre. The point d* is the consumption 

                                                 

 

1 It is assumed that travel is not a Giffen good. The empirical exercise in this thesis finds positive 
income elasticities, which rules out the potential of travel to be a Giffen good on empirical grounds.   
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bundle representing the maximal obtainable utility for this budget setting. On the diagram 

the consumer is selecting alternative j with consumption bundle (z*,q*(i),0).  

 

If the price of mode j increases the consumer may respond in the following ways:  

1. Adjust spending on z only: The consumer absorbs the price increase for travel by 

forgoing non-travel consumption. The level of travel remains unchanged.  

2. Keep the level of demand for travel q* unchanged but change modes: The consumer 

re-evaluates the preference for mode j under the new price mix and decides that 

mode i represents better value.  

3. Adjust the level of travel on mode j as well as expenditure on z: This is the general 

Hicks-Allen-Slutsky price-demand relationship. The consumer reassesses their 

budget allocation between travel and non-travel consumption at the new price. 

4. Switch to mode i as well as adjust expenditure allocation to travel and non-travel 

consumption. 

The first price response indicates a fixed demand for travel. This represents the case where 

the conditional demand function (the condition being a fixed quantity of travel) is equal to 

q(j) 

z 

q(i) 

d*=(z*,q*(i),0) 

I i 

I j 

Figure 1.1 Indifference Diagram for Perfect Substitutes  
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the unconditional demand function. It is argued below that the equivalence depends on the 

income elasticity for travel being zero. The last two responses are more general in that they 

permit a change in consumption level for travel. The consumer may adjust other travel 

dimensions, such as destinations or frequencies of travel. In neo-classical economic terms 

these adjustments are represented by the reallocation of budgets to travel and non-travel 

consumption. The thesis presents a way in which this behaviour may be captured in 

conditional and unconditional elasticities. The theory differs from the traditional 

approaches to this topic because the conditional demand here is subject to a quantity 

constraint. In neo-classical literature (Pollak 1969) the conditional demands are subject to 

an expenditure constraint.  

1.2.3 Problem Statement 

The market demand setting illustrated in Figure 1.1 is ideal for the application of 

discrete/continuous choice models to be modelled at the level of the individual choice 

maker. In transport research the setting has been applied to vehicle ownership and usage 

(Hensher et al. 1992 and Train 1986) where the continuous part of the estimation is 

supported by vehicle usage data. Bhat and Sen (2006) relax the perfect substitution 

assumption, noting that households holding more than one vehicle may use different 

vehicles for different purposes. Their model analyses the holdings and use of multiple 

vehicle types by households, supported by annual vehicle mile estimates. Rajagopalan and 

Srinivasan (2008) study the correlates between social demographic variables, the joint 

mode choice and the mode expenditure decision. 

Kockelman and Krishnamurthy (2004) incorporate the mode choice (limited to private 

vehicle and other) into the discrete-continuous setting. They approach the problem by using 

a two stage estimation procedure where the prices of the alternatives are obtained in the 

discrete choice setting and passed on to the continuous model; their model uses a two-day 

trip diary to obtain levels of vehicle usage.  

While econometric models are available to study the demand setting, the data examined in 

this thesis did not include information on travel expenditure and therefore prevents the use 

of the discrete/continuous paradigm. However, this does provide the opportunity to 
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consider the demand for transport in a two-stage budgeting setting and investigate the 

relationship between mode choice and conditional demand. Conditional demands are 

formed when one part of the consumer’s consumption decision (say all other goods) is held 

constant and the analyst may study a small section of the consumer’s decision (transport) 

without including the relative prices of the unrelated goods (Pollak 1969). Conditional 

demands are examined in Chapter 4.  

Fixing a segment of the consumer’s budget is precisely the approach taken by the discrete 

choice modellers, except for one important difference: it is the quantity of travel that is held 

constant. McFadden’s (1981) micro-economic interpretation of the discrete choice model 

presents a conditional inverse demand (examined in Chapter 3) whereby the “price” of the 

discrete choice is a function of the quantity (the constant marginal utility of money 

assumption allows this quantity to be implicit; usually one). The inverse demand property 

of the discrete choice model has proved useful in measuring welfare impacts of changes to 

the transport conditions. This is done by calculating the price before and after a change (i.e. 

for generalised extreme value choice models the price of the discrete alternative is 

calculated by the log-sum). The inverse demand property also allows a simple calculation 

of the monetary value of a non-monetary attributes (e.g. the value of travel time savings). 

However, the choice elasticities revert to the quantity (share) being a function of market 

price. Because the choice model is conditional on a fixed quantity so are the elasticities. 

Choice models report conditional demand elasticities, but these are not the same as Pollak’s 

conditional elasticities because the conditions are not the same in each setting. Deriving 

unconditional demand elasticities from discrete choice models is the topic of Chapter 5. It 

turns out that Quandt’s (1968) relationship between binary mode choice elasticities and 

Taplin’s (1982) generalisation to the many case are only valid if the mode demands are 

conditionally homothetic. A detailed outline of the thesis is presented in Section 1.5. 

1.2.4 Summary of the Research Agenda 

Discrete choice models have been shown to provide appropriate representations of 

relationships between travel decisions, location decisions and the set of contextual and 

economic constraints. These models are then applied to obtain predictions of travel demand 

consequent on travel demand management (TDM) policies or other changes. Estimates of 
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policy effects are made within the behavioural setting of additive income random utility 

theory (AIRUM). Among other things, the AIRUM specification treats important 

constraints, such as income and time, as proxies for taste and not as constraints on travel 

behaviour. As a result forecasts are implemented sequentially. Important issues such as the 

interaction between mode choice and demand generation are not accounted for and 

elasticities have been conditional on fixed demand. 

Neo-classical micro-economists have also modelled the demand for closely competing 

goods. Price and income effects are estimated in two stages. A conditional demand function 

is used to determine substitution properties of a competing good conditional on allocation 

of a fixed budget to the group of goods. A composite demand function is used to analyse 

the consumption of the whole group of goods. The important difference between neo-

classical demand and discrete choice models is that the former treats the full effect of price 

by estimating conditional substitution and income effects as well as substitution and 

income effects for the composite good. 

The difficulty in analysing the full effects of price by discrete choice models is that the 

conditional demand estimation is constrained by a fixed quantity demanded. This is not the 

same as a budget constraint. The problem has been left at that.  

This project proposes the development of choice modelling for which the effect of income 

is explicit in the model’s output. Generalised logit will be developed to capture the 

diversity of travel choices and forecasts which include an estimate of demand generation. 
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1.3 TRAVEL BEHAVIOUR 

A behavioural model used for policy analysis contains essential detail about the problem 

for action to be taken. We do not expect the model to be explicit about every aspect of the 

behaviour it is meant to represent. When “no new intuitions emerge about the problem” a 

model for decision support is requisite (Phillips 1984). Requisite models have sufficient 

detail to allow confidence in the results, but are not so intricate as to obscure the 

interpretation of the results. For example, when setting fare levels, public transport 

authorities rely on estimates of traveller responses in order to examine policy outcomes 

such as revenues or traffic congestion (i.e. decrease or increase of car use). The decision 

maker is interested in an estimate of aggregate demand response that is a reliable reflection 

of the decisions made by the individuals affected by the policy.   

Discrete choice models (DCM) are the class of statistical models used to infer relationships 

between a discrete response variable and a vector of explanatory variables. The models can 

be used on a wide class of preference data, including preference ordering, scaled ratings, 

and choosing one or some from many (Louviere et al. 2000, pp 25-33). A discrete choice is 

where an individual selects one alternative given a finite set of alternatives. In a utility 

maximising framework the chosen alternative is the one which offers the highest level of 

satisfaction to the individual. The pure discrete choice model provides a description of 

aggregate demand when the total number of trips (choices) is fixed and the analysis can 

proceed as if the aggregate demand is the sum of individual choices.  This would describe a 

population of mostly full time car users and mostly full time public transport users, as in the 

commuting market. In the short term, at least, the nature and quantity of each trip is fixed. 

The effect of rising public transport fares is felt primarily at the margin where some 

individuals are switching from public to private transport.  

For discretionary travel neither the quantity nor the characteristics of the trips undertaken 

by the individual are set. The non-commuter will consider the type and location of activities 

to undertake as well as the frequency of participation in these activities. Each trip is 

interrelated, where the individual allocates both time and money budgets to activities linked 

together by trips (Bowman and Ben-Akiva 2001). While the aggregate demand for 

transport is the collection of the individual decisions, the richness of the consumer’s choice 
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set means that the full effect of a price change in any of the modal alternatives is not 

adequately explained by individuals switching between modes. The move from transport 

supply management to travel demand management has seen an increasing need for models 

of travel behaviour to capture a more complete picture of the household’s decision process 

(Kitamura and Fujii 1998). Here policy measures as diverse as flexible working weeks, 

telecommuting, parking restrictions or dedicated bus lanes rely on a very detailed 

understanding of travel behaviour. Pricing is just one of many policy instruments. 

However, it may be possible to analyse consumer responses to price changes, without the 

need for such detailed models, by adequately capturing the consumer’s decision process to 

a level of detail sufficient to estimate the change in market demand for transport. The 

essential behaviour in the non-commuter market is apparent at two levels. The consumer 

will evaluate the available mode alternatives for a given level of demand and at the same 

time the consumer will decide on the level of demand given the price of the chosen mode 

alternative. In a sense the consumer makes a decision of what to buy and how much to buy. 

This decision balances the utility derived from travel with the money left over for other 

forms of expenditure. 

In a mode choice setting the alternatives are perfect substitutes. Each may offer different 

levels of service, but their underlying function serves the same purpose. The price the 

consumer is willing to pay for a particular level of service is reflected in the rate of 

exchange between money (i.e. consumption of other goods) and the attributes offered by 

one or another mode. For the current market conditions, the consumer decides on this rate 

of exchange. This decision takes into account the value of the attributes as well as the value 

of other forms of expenditure. Distinct from other modal attributes, travel cost and travel 

time play unique roles in the consumer’s decision process. They reflect the amount of other 

activities, goods and services the consumer is willing to forgo in order to afford a particular 

mode. Their units of measure are freely exchangeable between one consumption activity 

and another, yet the individual has a limit to the total amount of each resource and therefore 

budgets between consumption activities. The focus is on the response to travel costs. 

If the price of travel increases the consumer will adjust the allocation of money to travel 

and other expenditure. It is convenient to decompose this adjustment into two components. 

First, they re-evaluate the relative positions of the modal alternatives in their utility 
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function. Assume they do this using the observed rate of exchange between money and the 

non-price attributes of the modes. In effect their value of money has not changed; later this 

is referred to as a constant marginal utility of money. At this point we may consider the 

total number of trips as fixed and the response in the market is the switching between 

modes. This represents the same market response as in the commuter market. Second, for 

those affected by the price change there is a higher price to bear for travel. In this case these 

consumers’ will need to recalculate how much money they will allocate to travel at the new 

price. While the consumer is free to make this readjustment in any way they see fit, two 

important cases are worth mentioning.  

1. The consumer may choose to continue to make the same trips as before the change. 

To pay for the additional travel cost the consumer will need to reduce expenditure 

on other consumption by an amount equal to the additional travel cost. This 

behaviour is described by a demand function where the elasticity for travel is zero 

and the cross-price elasticity for non-travel goods with respect to price of travel is 

minus one. If the consumer were to behave in this way, then the discrete choice 

model would provide an adequate representation of market demand. The only 

relevant behaviour is the switching between modes due to the price change. 

Importantly, the fixed demand assumption implies that the income elasticity of 

travel demand is also zero.  

2. The consumer may choose to continue to allocate the same amount of money to the 

consumption of travel as before the change. In effect they have constant demand for 

all other goods. This describes the situation where the elasticity of demand for travel 

is minus one and the cross-price elasticity with respect to travel price is zero. Think 

of this as the situation where the consumer has a fixed demand for non-travel 

consumption items.  

While neither situation may be an accurate representation of the consumer’s actual 

budgetary response, each plays an important role in models developed to capture a 

depiction of a consumer’s decision when detailed information is required about a small 

section of the consumer’s expenditure. The assumptions embodied in these restrictions on 

behaviour are non-limiting, because at any observation the consumer may reveal which 

variant of the discrete alternative is preferred as well as the level of demand. In doing so the 
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consumer reveals the budget allotment for travel and non-travel expenditure. However, the 

analysis of policy requires the model to estimate the changes in demand given changes in 

market conditions (e.g. price). It is important to recognise that the market response curves 

estimated by models of demand for a section of the consumer’s expenditure usually fall into 

situation 1 (McFadden 1981) or situation 2 (Pollak 1971). The demand functions are known 

as “conditional demand functions” (Pollak 1969) and are applicable where the consumer’s 

utility function is separable in transport and non-transport consumption. 

 

1.4 OVERVIEW OF THE MODELLING FRAMEWORK 

The main contribution of the thesis is to the theoretical relationships between conditional 

demand system estimation and the discrete choice model. However, a practical outcome of 

this research is to provide imputed demand elasticities from a stand alone revealed and 

stated preference mode choice inquiry. While discrete choice models provide other 

important model outputs – valuations of non-price attributes and welfare calculations – the 

results are often used to provide price elasticity estimates. The estimates are vital to policy 

analysis on decisions that affect revenue on the public transport alternatives. Ultimately the 

policy outcomes are affected by the change in demand for these alternatives, and not just 

the propensity to switch.  

The example used in this thesis comprises mode choice elasticities which are estimated 

using data sourced from the 1996 Independent Pricing and Regulatory Tribunal (IPART) of 

the New South Wales survey on public transport fare sensitivities within the Sydney region 

undertaken by the Institute of Transport Studies, Sydney University. A summary of these 

data is presented in Chapter 7 A full description of the sampling strategy and the stated 

preference design are available in the Inquiry into Public Transport Fares – IPART, 

Research Paper no.7 (Hensher and Raimond 1996). As this study involves method 

development it is important to have a test application based on well specified survey data.  
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A common cause of error is mis-specification of the respondent’s choice set. That problem 

has been avoided by basing the choice analysis on this particular survey data where the 

choice set faced by households was determined by each respondent specifying the mode 

actually used and also the mode that would be used if the first mode was unavailable.  

“ In the survey, travellers were asked to think about the 
last trip they had made. They were asked where they went, 
how they travelled and how much it cost. Then they were 
asked to describe another way they could have made that 
trip if their current mode was not available.” (Hensher and 
Raimond, 1996) 

 

Basing the choice set on the perception of the respondent in this way, regardless of how 

rational it might seem to an outsider, is clearly superior to the survey administrator 

determining the choice set. As a practical point, it is the commuter travel part of this data 

set that has previously been used for choice estimation whereas this study deals with all 

travel. 

In addition income elasticities for out-of-pocket transport expenses are established through 

the estimation of Engel curves. This second estimation activity makes use of the 

confidential unit record files from the 1998-9 Household Expenditure Survey (Pink 2007). 

A summary is presented in Chapter 6. These data are chosen because they are 

contemporaneous with the choice data used in the IPART study. The Engel curve is 

estimated using a Tobit regression equation, accounting for heteroscedacity (Greene 2008).  
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1.5 OUTLINE OF THESIS  

The thesis is organised as follows: 

Theoretical Development 

CHAPTER 2 reviews demand theory and draws attention to the main distinction between 

the micro-economic theory underpinning the discrete choice model and applied neo-

classical demand systems estimation. Neo-classical demand theory sees the consumer 

determining preferences for goods. Discrete choice models have taken advantage of quality 

adjusted prices to uncover preferences. By doing so the preferences are assumed to be 

formed over characteristics of goods and people are thought to choose goods for the 

services the goods perform. However, in a close study of Marshall’s (1920) wants 

(discussed in Section 2.3.1) there is evidence that neo-classical demand did not have its 

roots in a goods only model of consumer satisfaction. Marshall discusses the demand for 

goods as satisfying human activities. As part of an examination of neo-classical demand 

and the discrete choice model, Chapter 2 gives a discursive account of which (neo-

classical) theories discrete choice models draw upon to explain human consumption 

behaviour.  

CHAPTER 3 The focus of the study is the demand for a group of closely competing 

alternatives, specifically different transport modes. Investigation of this problem in detail 

requires that some structure is imposed on the utility function of the consumer so that, in 

theory at least, he or she behaves as if evaluating the prices and attributes of the transport 

modes alone. Two viewpoints of the same problem are presented. In the first, Section 3.2, a 

pre-allocation of the non-transport goods is made and the transport sector demands are 

subject to transport only budget constraint. This is the neo-classical conditional demand 

formulation Pollak (1969). The second, Section 3.3, describes the case where the pre-

allocated good is transport and transport demands are subject to a quantity constraint. In the 

deterministic demand literature the study of consumer behaviour makes use of the 

conditional inverse expenditure function (Rosen 1974; Neary and Roberts 1980). The 

discrete choice model is interpreted as the probabilistic analogue to conditional inverse 

demands. This implies that the choice elasticities are subject to the quantity constraint for 

transport. The two obverse settings of conditional demands lead to different constraints for 
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each matrix of elasticities. These differences are explained by the constraints on the 

respective fundamental matrices; Slutsky matrix for neo-classical conditional demands and 

the Zachary-Daly matrix for choice models. The two fundamental matrices are contrasted 

in Section 3.3.5. 

CHAPTER 4 reviews conditional demand systems and their application to two-stage 

budgeting. The usual way in which conditional demand functions are presented is at the 

second stage of a two-stage budgeting process. The relationship between conditional and 

unconditional elasticities is advanced by adding conditional demand functions at the first 

stage.     

CHAPTER 5 covers the theoretical component of imputing unconditional demand 

elasticities from choice estimates. In the transport research literature there has been a long 

history of examining the relationship between mode choice (share) elasticities and ordinary 

demand elasticities (Quandt 1968; Taplin 1982; Oum Waters and Yong 1992; Taplin 1997; 

Taplin and Smith 1998; Taplin et al. 1999; Oum 2000). Chapter 5 positions the implied 

relationship between share and demand elasticities when choice functions are treated as 

conditional demands. Two key findings are presented. First, Taplin’s (1982) relationship is 

correct if the choice functions are homothetic. However, the extension to considering a 

group elasticity (Oum et al. 1992) cannot be made unless there is a correction to the matrix 

of share elasticities. This correction is primarily due to the differences between the Slutsky 

and Zachary-Daly matrices of compensated adjustments to demand (see Section 3.3.5). 

Using less technical terms, neo-classical demand theory is based on the ratio of prices 

(Varian 1978) but in the discrete choice model it is the difference in prices that matters 

(Train 2003).  
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Application to Travel Behaviour 

In this second part of the thesis demand elasticities are imputed from a stand alone RP/SP 

discrete choice investigation into the Sydney urban travel market. The challenge is to make 

reliable inferences about the demand response in a setting of limited information. Estimated 

choice elasticities from a discrete choice model (Chapter 7) are combined with a transport 

group demand derived from household travel demand income elasticities (Chapter 6) and 

Frisch’s price flexibility.     

CHAPTER 6 Income Elasticities are estimated using the confidential unit record files 

from the 1998-9 Household Expenditure Survey (Pink 2007). The Tobit regression model is 

used to model the decision to travel and the intensity of travel for both travellers and non-

travellers during the survey period. The model is corrected for non-normality in the 

disturbances as well as for heteroscedacity. The elasticities are computed for three classes 

of incomes. The point estimates are used to derive the transport demand elasticity in an 

additively separable utility function by incorporating Frisch’s price flexibility. 

CHAPTER 7 Mode choice elasticities for all trips are estimated using the 1996 

Independent Pricing and Regulatory Tribunal (IPART) of New South Wales commissioned 

survey on public transport fare sensitivities within the Sydney region undertaken by the 

Institute of Transport Studies, Sydney University. Three modes are included in the study 

(rail, bus and private automobile) with travel by ferry being excluded. Unconditional 

transport elasticities are arrived at by adding a between group substitution effect to imputed 

conditional ordinary elasticities (i.e. application of the theory presented in Chapter 5).  The 

group substitution effect is applied to high, middle and low income groups to account for 

different income elasticities for transport.   

CHAPTER 8 summarises the main findings in the thesis and provides a discussion of 

alternate theoretical and applied approaches that may be adopted in further work on 

merging household expenditure data with investigations into mode choice.  
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1.6 CONTRIBUTION 

The central aim of this thesis is to establish a theoretically consistent method to impute 

demand elasticities from stand-alone RP/SP surveys. Specific contributions are: 

Theoretical: The relationship between mode choice elasticities, conditional demand 
elasticities and ordinary demand elasticities 

 

• The theory of choice relevant to the discrete choice model (Hensher, Louviere and 

Swait) is interpreted through much earlier works by Marshall (1920) on independent 

wants and Hicks and Allen’s (1934a and b) marginal rate of substitution (Section 2.5). 

• The explicit difference between the conditional Slutsky matrix (neo-classical demand) 

and the Zachary-Daly matrix (discrete choice model) is presented. This implies an 

identifiable difference in utility consistent matrices of conditional demand elasticities 

and choice elasticities (Section 3.3). 

• Taplin and Smith's (1998) expenditure share elasticity is generalised to the non-

homothetic case (Section 4.4.4) and this is shown to be equivalent to Carpentier and 

Guyomard's (2001) conditional demand elasticity (Section 4.4.4.2) for weakly separable 

utility functions. 

• Group demand elasticities conditional on fixed non-group expenditure have been shown 

to be equivalent to group elasticities which are conditional on fixed group quantity 

(such as trips). This positions the discrete choice model within the conditional demand 

literature (Section 5.2). 

• The decomposition of ordinary demand elasticities into conditional share elasticities and 

between group expenditure elasticities is derived, which parallels Pollak’s (1969) 

decomposition of neo-classical demand functions (Section 5.4). 
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• The Quandt-Taplin derivation of mode share or choice elasticities from ordinary 

demand elasticities, which is of little use in applied work, has been reversed so that 

demand elasticities can be validly derived from the widely estimated choice only 

elasticities. The original relationship cannot be reversed directly because its key matrix 

is singular. The Quandt-Taplin derivation of mode share or choice elasticities from 

ordinary demand elasticities has been shown to be correct for homothetic demands only.  

(Section 5.4.3) 

• The matrix of conditional demand elasticities has been shown to be derivable directly 

from the matrix of mode choice elasticities without knowledge of the ordinary demand 

elasticities. The derivation is reversible using the Quandt-Taplin relationship (Sections 

5.4.1 and 5.4.2). 

• The reversed relationship between mode share elasticities ijm′
 
and ordinary demand 

elasticities eij under the condition of weak separability is given by the following: 

( ) ( )  1w1www ijTjijTTjj
k

kjkijij eeWeeEmme ′−′′+′′+′+′−∑ ′′−′=  

 where WT is the proportion of income allocated to transport and jw′  is the proportion of 

WT allocated to the jth alternative, ji   and  ee ′′  are conditional income elasticities and ETT

 
is the own-price elasticity for the transport sector with respect a transport price index 

(Section 5.4.3).  

• In the absence of a transport sector own price elasticity (as in stand-alone RP/SP 

surveys)  the reversed relationship may be expressed in terms of ET , the income 

elasticity for transport out-of-pocket expenses, and the Frisch price flexibility, φ 

(Equation 5.29b in Section 5.4.3):                                                           

( )( ) iTTjjj
k

kjkijij 11www eEWemme ′−+φ′+′−∑ ′′−′=  
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• The term kj
Tk

kw m′∑ ′
∈

 in the preceding two equations, is an adjustment which has been 

derived to take account of the move from share elasticities conditional on fixed quantity 

to demand elasticities conditional on fixed expenditure. Furthermore, it restores the 

symmetry and adding-up properties of the conditional Slutsky matrix in the typical 

setting where choice models are based on price differences and demand functions are 

based on price ratios (Section 5.5.2). 

 

Applied Work: Inferring ordinary demand elasticitie s from a stand-alone RP/SP 
survey augmented by Household Expenditure Surveys 

• The income elasticity ET needed to estimate ordinary demand elasticities eij from mode 

share elasticities has been estimated independently. An inverse hyperbolic sine (IHS) 

Tobit regression on Bureau of Statistics confidential household unit record files gave an 

average income elasticity of demand for travel of 0.489, being the weighted average of 

0.711 for low income, 0.378 for middle income and 0.302 for high income 

 (Table 6.5 in Section 6.5.3) 

• Cross-price choice elasticities are reasonable approximations to cross-price demand 

elasticities, but consistently overestimate the volume of transport demanded by those 

switching to alternate modes. (Section 7.4) 

• The difference between own-price choice elasticities and own-price demand elasticities 

is greatest for travel by car (the dominant mode). The difference between choice and 

demand elasticities for travel by public transport alternatives may be large enough to 

affect policy analysis (Section 7.4) 
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• Alternative estimates of ordinary elasticities of demand for travel by the main modes 

throughout the day by three different non-linear estimators show a high degree of 

similarity. Three multinomial logit choice models are estimated: Segmented by income 

class, non-linear interaction between mode price and income and a translog functional 

form of residual income. The inferred demand elasticities are consistent across the three 

models as presented in Table 7.7 (shown below for convenience): 

 

 

Inferred Ordinary Demand Elasticities Probability Weighted 

 

 

With respect to the price of 

 Demand for  

Travel Mode 

TRAIN BUS CAR 

                       M7.2 MNL Segmented by income class 

 TRAIN -0.421 0.042 0.170 

 BUS 0.056 -0.508 0.352 

 CAR 0.059 0.031 -0.316 

                       M7.4 Non-linear income taste moderator 

 TRAIN -0.450 0.039 0.155 

 BUS 0.055 -0.504 0.347 

 CAR 0.055 0.027 -0.336 

                       M7.5 Non-linear utility: Translog 

 TRAIN -0.394 0.029 0.159 

 BUS 0.047 -0.478 0.282 

 CAR 0.057 0.020 -0.307 

   
A Reproduction of Table 7.7: Inferred Demand Elasticities for 

Selected Multinomial Logit Choice Models 
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  Chapter 2

Consumption Theory: A Microeconomic Perspective 

 

“Human wants and desires are countless in number and 
very various in kind: but they are generally limited and 
capable of being satisfied. The uncivilized man indeed has 
not many more than the brute animal; but every step in his 
progress upwards increases the variety of his needs 
together with the variety in his methods of satisfying them. 
He desires not merely larger quantities of the things he 
has been accustomed to consume, but better qualities of 
those things; he desires a greater choice of things, and 
things that will satisfy new wants growing up in him”. 
Principles of Economics (Marshall 1920). 

 

 

2.1 INTRODUCTION  

Modelling something as complex as human behaviour necessarily involves abstracting and 

focusing on key elements. This chapter presents an initial review of how this has been done 

in demand studies and also in choice analysis.  

The aim of the chapter is to introduce concepts and theories that will affect this study and 

provide a background to the discussions in the remaining chapters. The thesis is primarily 

concerned with the relationship between demand systems derived under the tenet of utility 

maximisation. On the one hand, models of demand that permit fractional consumption rates 

have been derived under the theory of deterministic utility maximisation and on the other 

hand discrete choice models have been derived under the theory of random utility 

maximisation. This chapter introduces both the deterministic utility theory (DUT) and the 

random utility theory (RUT); see Sections 2.2.1 and 2.2.2. It ranges over a number of 

different approaches. 
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Chapters 3-5 of the thesis examine the relationship between neo-classical demand and the 

discrete choice model at a theoretical level. The current chapter serves to present a view of 

consumption theory that will help frame the discussion in these later chapters. The main 

argument presented in this chapter is that neo-classical demand theory sees the consumer 

determining preferences for goods. However, in a close study of Marshall’s (1920) wants 

(Section 2.3.1) and the demand curve there is evidence that neo-classical demand did not 

have its roots in a goods only model of consumer satisfaction. Marshall discusses the 

demand for goods as satisfying human activities. In this way, he considers the services 

demanded by individuals that goods could provide. Section 2.4 presents a theory of quality. 

Early research on this topic (Gorman 1980; Houthakker 1952a; Lancaster 1966) examines 

quality in terms of attributes that may be consumed at fractional rates through the purchase 

of goods. Muth (1966) places an extra layer in the consumer’s decision process suggesting 

that the reason items are purchased is to supply some household function or activity. At this 

point a circularity is noted in the development of the micro-economic theory of 

consumption from the need to satisfy wants to the demand for goods – in their own right – 

and back to the demand for the services (wants) that the goods supply.  

Section 2.5 outlines the prevailing theory of the discrete choice maker. The consumer 

evaluates the service derived from purchasing the item and under certain conditions (see 

Section 2.5.2) one alternative being judged superior to others. Unlike quality in neo-

classical demand theory the consumer does not acquire the required service by consuming a 

combination of goods.     

In Section 2.6 the model of a population of discrete choice makers is presented. The 

observation of a more or less smooth market response to changes in the prices or attributes 

of goods requires a good deal of preference heterogeneity among the individuals who make 

up that market. The point was recognised as early as 1929 by Hotelling (1929) in his work 

on differentiated products. While the discrete choice model is based on the theory of 

individual choice, it examines these choices in the context of the population. The model 

accounts for choice variability as a composition of preference regularity (evaluations shared 

by the choice makers), observed heterogeneity (efforts by the modeller to explain choice 

variability) and unobserved heterogeneity (factors considered by the individual that are not 

explained by the model).  
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The thesis concerns itself with the relationship between neo-classical demand and discrete 

choice models. That the first body of research is characterised by the word demand and the 

second is characterised by the word choice is not mere semantics arising from the 

nomenclatures of the disciplines responsible for the theories. A distinction between the 

terms has a bearing on the relationship between the two theories and is considered in 

Section 2.6.2.  Chapter 3 examines the difference between fundamental matrices of neo-

classical demand and discrete choice models. Chapter 4 presents a detailed review of 

applied econometric models derived from neo-classical demand. In Chapter 5 a method for 

inferring demand elasticities from choice elasticity estimates is given. 

 

2.2 UTILITY MAXIMISATION  

2.2.1 Deterministic Utility Maximisation – Neoclassical Economic Theory of the 
Individual 

The micro-economist understands consumer behaviour as decision making by maximisation 

and hence emphasises ordering. The approach assumes that the consumer assigns a 

preference rating to each bundle within a set of possible consumption bundles, and then 

chooses the bundle that is most preferred. The principal tool for analysis is the 

representational theory of measurement (Houthakker 1950): A mapping of qualitative 

structures – defined by the composition of the bundles and the preference ordering used by 

the consumer – into a quantitative scale (representation).  

For the quantitative scale to offer a complete representation of preferences, the relations 

(preference comparisons between alternatives) are required to be reflexive (the relations 

apply to all pairs of bundles including the pair of a given bundle and itself), complete (any 

two bundles can be compared), transitive (if a is preferred to b and c is preferred to a, then 

c is also preferred to b) and connected2 (the universal set of alternatives can be portioned 

                                                 

 

2 This relation only applies to alternatives that are continuous: the set of alternatives is countable 
(denumerable), but not finite. 
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into indifference classes and there are no gaps between these classes; Debreu 1954). The 

representational theory permits analysis of consumer choices by way of a mathematical 

program. Consumer choice is an optimisation problem in which the consumer selects the 

consumption bundle which maximises the quantitative representation function (a utility 

function) subject to their budget constraint. The solution to the mathematical program is a 

unique set of demand functions3.  

The theory of the consumer summarised here is that of Hicks and Allen (1934a, b). In their 

approach they abandon the notion that the representational function (utility) is real or 

observable. This notion that utility is observable was held by the marginalists, Walras and 

Edgeworth and, most notably, by Marshall. Instead Hicks and Allen were encouraged by 

the contributions of Pareto (1971) on representing preferences by an ordinal utility 

function, for which total and marginal utility made little sense as these are values related to 

an undetermined function. They introduced the marginal rate of substitution between 

consumption goods as analogous to the ratio of two marginal utilities and the 

decomposition of price effects into substitution and income effects. This decomposition 

was already developed by Slutsky (1915) and, hence, is given the name “Slutsky 

decomposition”.   

The Hicks-Allen-Slutsky contributions to micro-economic theory (H-A-S) consolidated the 

marginalists’ (neo-classical) theory of value which had its beginnings fifty years 

beforehand. It is, even now, the standard economic theory for consumer behaviour. While 

not formulated to imply restrictions for empirical estimation, the results are important in 

applied demand analysis. Along with the contributions of Hotelling (1935) and Roy (1942), 

these conditions are well known. Barten (1977) summarises the implications of the neo-

classical demand theory for empirical inquiry. A brief outline of the demand analysis based 

on the H-A-S theory of the individual and the implied restriction on a system of demand 

                                                 

 

3 Appendix 2.1 Rational Choice and Demand presents a short account of the development of choice 
and demand functions from preference ordering. 
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equations is given in Section 2.3.2. From here on H-A-S will mean neo-classical demand 

theory.  

In H-A-S the continuity of preference means the theory is restricted to continuous goods 

and an (infinite but dense) consumption space; more specifically, convex budget sets within 

the consumption space. Before addressing the theory leading to the discrete choice 

approach to demand analysis, one further contribution to neo-classical demand theory needs 

attention.  

Samuelson's revealed preference approach to demand theory permits a less stringent 

dependence on axioms of choice, which is “freed from any vestigial traces of the utility 

concept” (Samuelson 1938, p 71). However, as Houthakker was to point out the revealed 

preference concept was not divorced from the utility function: “The ‘revealed preference’ 

and ‘utility function’…approaches to the theory of consumer’s behaviour are … formally 

the same” (Houthakker 1950, p 173). His conclusion was reached by extending 

Samuelson’s argument beyond the two-bundle consumption set. A semi-transitivity relation 

(later to be recast as the strong axiom of revealed preference) is needed to ensure that 

consistent choice behaviour is exercised for sets containing three or more consumption 

bundles.   

It was noted by Georgescu-Roegen (1954), that the theory of revealed preference is more 

suited to two-element sets than it is to budget constrained consumption sets. As an 

extension to Georgescu-Roegen’s observation, Arrow (1959) showed that the axioms of 

revealed preference hold over a larger range of sets (problems), remarking "Thus the choice 

functions defined by an ordering are defined for [budget sets], which include not only 

[goods bundles constrained by the linear budget constraint] but many others, including in 

particular two-element sets and in fact all finite sets." (Arrow 1959, p 122).  

Discrete choice is, of course, a specific case of Arrow’s revealed preference for general but 

finite sets, whereby a discrete alternative, say a ride by automobile, is chosen. The 

generality of the budget set (the set of alternatives available to the consumer) permits the 

study of demand where a discrete item is strictly preferred to other discrete items. If the 

decision protocol leading to this choice is consistent (adheres to the axioms of revealed 

preference), then the choices of the consumer may be studied via a utility maximisation 
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framework. Samuelson’s (1938) exposition of his theory concludes with the resultant 

demand properties being the same as those determined in the H-A-S approach.  

2.2.2 Probabilistic Choice Theory – Stochastic Theories of Utility Maximisation 

Deterministic utility theory, introduced above, assumes that the decision maker has perfect 

powers of discrimination and a great capacity to process information. Experimental 

psychologists criticised the deterministic utility theory on the grounds that individuals were 

exhibiting surprising departures from rationality (see Luce and Suppes 1965 for a review of 

empirical studies). A probabilistic theoretical model was put forward as an explanation for 

experimental evidence. Observations of apparently "irrational" choice (characterised by 

preference reversals in repeated trials) could be judged "rational" if an individual selects as 

if drawing from a probability distribution, i.e. Pj = Prob (j∈h(J) | j∈J), where J is a set of 

alternatives containing j and h(J) is the set of chosen alternatives. While the theory of 

probabilistic choice had its origins in mathematical psychology (e.g., Thurstone 1927; Luce 

1959; Tversky 1972), it had also been assumed by a number of economists (Quandt 1956; 

Georgescu-Roegen 1958; Block and Marschak 1960; McFadden 1981).  

Some argue that the intrinsically probabilistic behaviour of the individual is due to the 

difficulty in distinguishing between alternatives. The experimental origins of this theory 

were psychophysical4 where respondents attempted to identify the louder of two sounds, or 

the darker of two shades of grey. Should the difference between two (or more) alternatives 

be barely noticeable, the subject may select one alternative on some occasions and a 

different alternative on other occasions. In a consumer choice setting the alternative may be 

thought of as a collection of characteristics. Quandt (1956) argues that the probabilistic 

choice behaviour is attributable to failure to take into account one or more of the attributes 

on any one occasion or to the difficulty in maintaining consistent preference ratings (rates 

of substitution) over complex attributes. Quandt (1956, p 509) suggests that the degree of 

ignorance about one’s own preferences (their decision calculus) depends on the nature of 

                                                 

 

4 Psychophysics is the study of sensory response to physical stimuli.  
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the commodity as well as the opportunity to experiment with substitutes. His comments 

foreshadow two important elements of consumer behaviour decision models, namely 

involvement and learning.  

An alternative explanation of probabilistic behaviour is that the decision maker has a 

random preference ordering. On any choice occasion the consumer acts as if exercising a 

deterministic preference order (as in Section 2.2.1), however the preference order is chosen 

randomly from the set of all possible preference orders. The choice on any occasion is a 

realisation of which preference order is drawn. Block and Marschak (1960; theorem 3.1) 

show that the random preference may be equivalently represented by random utilities. 

Thurstone (1945) was first to put forward a theory of random utility by specifying normally 

distributed random variables to represent preferences. In this setting the utilities are 

assumed to be temporary realisations of preferences.  

Another way of thinking about random utility is to consider a population of choice makers 

with each individual making a choice from the same set of feasible alternatives. The 

fraction of individuals choosing a particular alternative can be thought of as a 

representative individual making probabilistic choices. In this way each individual is a 

deterministic utility maximiser and the distribution of preferences may be thought of as a 

random preference order, as discussed above. However, a model of individual choice is 

limited by imperfect information about each individual’s preferences and represents each 

individual as having a random preference order.  

 It is easy to see that if a collection of deterministic preference orders aggregate to a random 

preference order, then so too does a collection of stochastic preference orders; 

Bandyopadhyay, Dasgupta and Pattanaik (1999) show that this is the case for probabilistic 

demand observations. The assumption of individual random utility maximisers may be 

preferable to the classical theory of individual deterministic utility maximisation on the 

grounds “that it fits the same data as the conventional theory with weaker postulates” 

(McFadden 1981, p 205).  Furthermore, the proposition that each individual behaves as if 

maximising random utility (i.e. chooses different alternatives on two or more occasions 

when faced with the same choice set) is at the foundation of theories of choice in 

mathematical psychology (Thurstone 1927, Luce 1959, Tversky 1972).   
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A popular interpretation of probabilistic behaviour is that it results from a difference 

between the perfectly rational choice made by an individual and the imperfect observation 

of this choice made by the analyst (Manski 1977). The source of the difference may arise 

from unobserved (by the analyst) attributes of the alternatives, unobserved individual 

characteristics that determine taste, measurement errors made on the attributes or 

instrumental (proxy) variables included in the analysis. The differences are assumed to vary 

randomly (unsystematically) for the population of choice makers and the probabilistic 

component is included in the analysis of choice.  

Additionally, the selection of the choice set is important. Swait and Ben-Akiva (1986) 

jointly estimate the choice set as well as the probability of choice. Swait (2001) investigates 

attribute thresholds to decide whether an alternative is seriously considered by the 

consumer. The other way of dealing with choice set identification is to elicit the choice set 

from the respondent (Hensher and Raimond 1996). In this way it is known whether the 

alternative is a perceived real alternative or not. A further examination of probability choice 

systems is provided in Appendix 2.2. 

In this section the central role of utility measures in the theory of consumer behaviour has 

been discussed. In the first instance (Section 2.2.1) deterministic utility is presented as a 

preference representation function. The distinct advantage of being able to represent 

preferences by a real valued function is that the study of demand may proceed as a standard 

mathematical program. The solution properties of the mathematical program are the 

fundamentals of the Hicks-Allen-Slutsky demand theory. The program and solutions are 

presented in Section 2.3.2., Neo-classical theory of demand.  

 

However, before turning to the standard theory of consumer demand the contributions of 

Marshall5 (1920) are outlined in Section 2.3.1. In later discussions on the inclusion of 

                                                 

 

5 The first edition of Marshall’s Principles of Economics was published in 1890. The text used here is 
the 1956 reprint of the eighth edition published in 1920, from here on referenced as Marshall (1920). 
The page numbers change from edition to edition as they do for reprints. Page references are given for 
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quality in a theory of demand (Section 2.4) it is argued that Marshall’s theory on wants is 

somewhat more a predecessor of the discrete choice model than is that of Hicks-Allen-

Slutsky. Before that, a comparison of the two theories is presented in Section 2.3.    

 

2.3 DEMAND THEORY: A SELECTED HISTORY  

Economists have primarily been interested in demand. “The raison d’ệtre of the theory of 

choice as a chapter in economics is above all the simplification it brings to the theory of 

demand”, Georgescu-Roegen (1954, p157). This is due partly to the historical development 

of the discipline and partly to the contribution of demand analysis to the theory of value and 

exchange.  

There have been many contributors to the development of the demand function, from as 

early as King’s law published in 1696 on the inverse relationship between price and 

quantity (cited in Stigler 1954). However, it is reasonable to start with the consumer 

demand contributions of Marshall. It is an important introduction to a study of the 

relationship between discrete choice models and neo-classical demand theory, because the 

most commonly assumed microeconomic basis for the discrete choice problem is a 

situation where the income effect is negligible (McFadden 1981; Small and Rosen 1981). It 

has been argued that this may be a reasonable approximation to the consumer’s budget 

allocation decision on the grounds that expenditure on one commodity (i.e. out-of-pocket 

transport cost) is a small proportion of the consumer’s budget. This is the argument used by 

Marshall to allow his analysis to proceed using a constant marginal utility of income.  

  

                                                                                                                                                     

 

the 1956 reprint of the eighth edition. The reprint comes with a page number conversion for alternate 
editions and reprints.  
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2.3.1 The Demand Curve: Marshall  

Marshall (1920) argued that both the price of the commodity under review and the 

consumer’s income, m, were determinants of the quantity demanded, i.e., q = x(p,m), where 

x is the demand as a function of price p and monetary income. With a focus on demand in a 

partial equilibrium context, he assumes that other prices and the marginal utility of income 

remained constant.  

Marshall assumed that the demand function is monotonic over a realistic price domain  

(see Figure 2.1; the scale is unimportant, only the shape matters). The demand curve, DD ′ , 

is a locus of demand points for a commodity. It is a curve such that if from any point N a 

line is drawn perpendicular to OT, the segment OM represents the quantity demanded and 

MN represents the price which the purchasers are willing to pay for that quantity. 

The downward slope of demand curve DD ′  is credited to the diminishing marginal utility 

of the commodity with respect to q, the amount demanded.  However, to establish this 

Marshall assumed a constant marginal utility of money. This means that the scale on the 

vertical axis of Figure 2.1 may be multiplied by the constant λ (the marginal utility of 

money) without changing the shape of the curve DD ′  so that the scale on the vertical axis 

is the marginal utility derived from the good (see Green 1976; cf. Hicks 1946, p 26). 

Therefore, if the marginal utility of ownership is diminishing so too is the price an 

individual is willing to pay for an additional item. Inverting the arguments (demand is a 

function of price) we have .  

 

0pq  <∂∂
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Figure 2.1 The Negative Sloping Demand Curve Illustrating the Law of Demand.  
Source: Marshall (1920) Fig 2 p 99  

 

Hicks concludes that Marshall’s use of the constant utility of money must also mean that 

the demand for any item is invariant with respect to the income of the consumer. “…the 

consumer’s supply of money will not affect the marginal rate of substitution between money 

and any particular commodity X…Therefore, if his income increases, and the price of X 

remains constant, the price of X will still equal the marginal rate of substitution without 

any change in the amount of X bought.” (Hicks 1946, p 26).  If this is the case the amount 

of good X purchased is not affected by a change in income. This cannot possibly hold 

exactly for all commodities.  

Marshall (1920) was careful to point out that the marginal utility was decreasing with 

respect to income. “The richer a man becomes the less is  the utility of money to him; every 

increase in his resources increases the price which he is willing to pay for any given 

benefit.”  (p 81).  However, Marshall did not close the argument by entering his income 

effect (diminishing marginal utility of money with respect to wealth) into his analysis of 

price and consumption. His approach was to assume that the constant marginal utility of 

money was a reasonable approximation due to the small proportion of total budget each 

commodity commanded. “..we ought to take account of the fact that if he spent less on tea 

the marginal utility of money to him would be less than it is…but [this] may be neglected 

Price and Quantity relationship (law of demand)
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on the assumption, which underlies our whole reasoning, that his expenditure on any one 

thing, as, for instance, tea, is only a small part of his whole expenditure” (p 693). 

The logarithmic derivatives of Marshall’s demand functions are the total expenditure 

elasticities and price elasticities. As Marshall expresses his demand elasticities in the price 

of the good under study only, the price elasticities are measures of demand responsiveness 

to the good’s own price. This is known as the own-price elasticity. Furthermore, Marshall 

did not specify total expenditure elasticities in his analysis of demand. On other hand, he 

used income to explain the heterogeneity of choice behaviour:   

“The price which is so high relatively to the poor man as to be almost 
prohibitive, may be scarcely felt by the rich; the poor man, for instance, 
never tastes wine, but the very rich man may drink as much of it as he 
has a fancy for, without giving himself a thought of its cost. We shall 
therefore get the clearest notion of the law of the elasticity of demand by 
considering one class of society at a time”. (Marshall 1920, p 96) 

Here Marshall reveals that his elasticity measure shifts along the demand curve (Figure 2.1) 

due to a change in price. The change in demand due to a rise or fall in income was to be 

handled qualitatively; by examining the consumer’s price-demand relationship in his class 

of society.  In this way, Marshall expressed functions algebraically as a function of own 

prices and discursively as a function of own prices and income. However, it is 

commonplace to specify Marshall’s demand functions with total expenditure (income for 

short) and prices of all commodities. This is probably due to the way in which the 

economic discipline has reconciled Marshall’s work with the Hicks-Allen-Slutsky theory of 

demand.  
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The Marshallian demand elasticities are as follows: 

  

( )
m

mx i
i ln

,ln
e

∂
∂= p

       2-1a 

  

( )
j

i
ij p

mx

ln

,ln
e

∂
∂= p

    2-1b 

Where ei is the total expenditure elasticity; representing a proportional change of the 

demand for good i with respect to the consumer’s monetary budget. As the demand 

functions are dependent on all prices, p, the price elasticities (2-1b) may be further 

classified into own-price elasticities, where i=j, and cross-price elasticities otherwise. 

These price elasticities are uncompensated (see Section 2.3.2) and are sometimes referred to 

as uncompensated or ordinary  elasticities. Strictly speaking the demand functions are 

subject to a total amount of money allocated to consumption; however this is often equated 

to the total amount available for consumption, which is consumer’s income. The total 

expenditure elasticity is often referred to as the income elasticity.  

On a final note, Marshall’s theory of demand is stated in terms of the wants of individuals. 

Problematically, demands for such items as firewood, hats or watches are unable to be 

traded in fractional amounts and not every individual is “in the market” for such items 

during any given period. Marshall was of the opinion that the lumpiness of consumer items 

and the heterogeneity of tastes, present at the level of the individual, were smoothed out 

when observing the aggregated demand. In a sense he recognised choice behaviour of the 

individual, but disregarded its peculiarities due to his focus on aggregated demand 

properties6.  

  

                                                 

 

6 Marshall wrote: “In large markets then,…, the peculiarities in the wants of individuals will 
compensate one another in a comparatively regular gradation of total demand…Just as an unhealthy 
autumn increases the mortality of a large town, though many individuals are uninjured by it.”  
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2.3.2 Neoclassical Theory of Demand: Hicks-Allen-Slutsky 

In this Section a review of the standard micro-economic theory of demand is presented. The 

theory of the consumer provides a background for subsequent results from a system of 

demand equations. It provides the foundation for the expected relationships and testable 

propositions obtained from applied estimation (Section 2.7 on Applied Demand Modelling). 

However, a secondary reason for presenting the standard micro-economic theory of the 

consumer is that these relationships apply to budget constrained random utility 

maximisation and the system of applied equations related to discrete choice modelling.  

Assume the consumer is able to rank alternatives (consumption bundles) consistently; 

preferences are complete, reflexive, transitive and connected.   A utility function, u, is a real 

valued function to represent the preferences, where u is a utility function that maps 

consumption bundles X into the real line and for which for every ( ) ( )yuxu : Xyx ≥∈,  

whenever x R y . The relation R says x is at least as good as y.  The utility function is an 

ordinal representation of the consumer’s preference orderings and any monotonic 

transformation of u will not change these orderings.  The consumer’s choice may be stated 

as a mathematical program, maximise utility subject to the budget constraint: 

Max u(q) subject to ( ) { }00mXmB >≥≤∈=∈ pqpqqpq ,,|,      2-2 

Where q is a vector of quantities demanded by the consumer and B is the set of all quantity 

vectors the consumer can afford with income m at prices p. On the right hand side q≥0 

means that no negative quantities are demanded and p>0 means that all prices are positive.  

The utility function is said to have certain classical properties. First, it is continuous and 

repeatedly differentiable (at least to the second order). Denote the marginal utilities as 

( )n , . . . 2, 1i     quu ii ,=∂∂=  and the second derivatives as jiij qqu2u ∂∂∂= . Second, the 

marginal utilities are assumed to be everywhere positive, i.e., 0ui > . Lastly, the matrix of 

second derivatives, U = {uij} is assumed to be negative definite. This ensures that the 

constrained maximum problem (2-2) has a unique solution and also implies that the 

marginal utility for each good is diminishing with respect to its own quantity, i.e.,  0uii <  

(i.e Marshall’s conjecture). Problem (2-2) is solved by way of a Lagrangian: 
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The Lagrange function ( ) ( )pqq −λ+= muL  gives the first order conditions:  

 ( ) 0pu
q

L
ii

i

=−=
∂
∂ λ*q      and      0m

L =−=
λ∂

∂ *pq     2-3 

ui is the first derivative of u(q) with respect to qi.  

The marginal utility of total expenditure, λ, is effectively the shadow cost of the budget 

constraint. If the budget constraint is binding, then the consumer will prefer a choice set 

(demand bundle) that lies above the budget constraint. The marginal utility of expenditure 

then represents the increase in “satisfaction” that an extra small amount of money will 

afford. The solution vector q*  comprises the demand functions, i.e.,  

( ) ( ) ( ) ( ){ }mdmdmdm n21 ,,...,,,,,* ppppxq ==   2-4 

The vector of demands as functions of prices and income, i.e., ( )m,px ,  are the 

Marshallian, or ordinary, demand functions. The first order conditions of the problem 2-3 

places a number of restrictions on the demand functions. In elasticity form the restrictions 

are presented in Section 2.3.3. Substituting the solution back into the original problem gives 

the indirect utility function (introduced in Section 2.6.2): 

( ) ( ) ( ) ( )[ ]mxmxmxum n21 ,,...,,,,, pppp =ψ   2-5 

Consider the dual consumption problem, minimise the cost of consumption m=pq subject 

to u(q)≥u, for which the Lagrange function ( )( )qpq uuL −µ+=  gives the first order 

conditions ( ) 0up
q

L
ii

i
=µ−=

∂
∂

q  and ( ) 0uu
L

i =−=
µ∂

∂
q . The optimal consumption vector 

q depends upon prices and utility level u and the associated demand functions, 

( ) ( ) ( ) ( ){ }uhuhuhu n21 ,,...,,,,, pppphq ==    

The vector of demands as functions of prices and utility, i.e., ( )u,ph , are the Hicksian, or 

compensated, demand functions. Substituting the solution vector into the original 

expenditure minimisation problem yields the expenditure function: 

( ) ( ) muhpuc
k

kk =∑= ,, pp      2-6 
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The properties of the indirect utility and expenditure functions, presented in Appendix A2.3, 

lead to two key results in demand theory: (1) Roy’s identity and (2) Shephard’s lemma.   

2.3.2.1 Roy’s Identity and Shephard’s lemma  

The partial derivatives of the expenditure function with respect to price are the Hicksian 

demand functions (See Deaton and Muellbauer 1980, p 40 for a proof). 

 Shephard's Lemma:  
( ) ( ) ii

i
quph

p

uc =≡
∂

∂
,

,p
     

Differentiating with respect to pi with u held constant gives 0
p

c

mp ii

=
∂
∂

∂
ψ∂+

∂
ψ∂

 Substituting 

Shephard’s Lemma for the last factor (Deaton and Muellbauer 1980, p 41) gives:         

       

  Roy’s identity:     ( ) ii
i

qmx
mp

=≡
∂

ψ∂
∂

ψ∂− ,p     

The result yields Marshallian demand functions because the arguments of the indirect 

utility function are prices and total expenditure not prices and utility.  
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2.3.3 Demand Elasticities and Theoretically Implied Restrictions on Consumption 

The demand functions in neo-classical demand theory are dependent on the prices of all 

goods, setting this theory apart from Marshall’s. Any price change will cause a 

recalculation of all demand functions so that a new vector solution is obtained. The 

consumer moves from one state of equilibrium to another. This static approach to demand 

theory suggests some restrictions on the demand functions and elasticities (2-1). The 

derivation of these restrictions in a budget constrained utility maximising setting are 

developed by Barten (1964) using a fundamental matrix approach7 to arrive at three terms 

to formulate the price derivative of demand:  
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where λ is the marginal utility of total expenditure as in (2-3). The first two terms represent 

the substitution effect of a price change and the last term is the income effect.   

The first term in (2-7) represents the direct interaction of goods i and j in the utility 

function. The effect may be supplementary (λuij<0), independent (λuij=0) or 

complementary (λuij>0). The second term is a “general” substitution term, which 

“represents the fact that every good is competing for the consumer’s dollar” (Barten 1964, 

p3). Combining these two terms gives the Slutsky coefficient or compensated price 

derivative: 
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7 A complete discussion of Barten’s fundamental matrix approach is given in Appendix A2.4 
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Noting that the price elasticities are proportional changes, i.e., 
jj

ii

pp

qq

∂
∂

, there are three 

formulations of demand elasticities built on the terms in (2-7). The Frisch price elasticity is 

the elasticity of demand with respect to price holding the marginal utility of money 

constant8.  

Frisch Price Elasticity:   
i

jij
ij q

p
uλ=fe    2-9 

The Slutsky (compensated) elasticity adds the general substitution term to the Frisch price 

elasticity. In elasticity form this is  

Slutsky Price Elasticity:  jijijij w eeee f* φ−=    2-10 

where: wi = piqi/m is the share of total expenditure allocated to the ith good, ei is the income 

elasticity for commodity i and  

1

m

m
−










∂∂
=

λ
λφ /

is the inverse of the elasticity of the 

marginal utility of income or money flexibility. However, because the utility of income is an 

ordinal construct, so too is the marginal utility of income. It has been suggested that φ is a 

representation of the average elasticity of substitution between goods (Sato 1967, Powell 

1992). However, this interpretation relies on strong separability between goods; if 

preferences are additive and homothetic then Frisch’s price flexibility is the average 

elasticity of substitution between goods (Powell 1992). If the utility has constant-elasticities 

of substitution (CES) the own price elasticity is ( )1wiii +φ−φ=e  and the cross price 

elasticity is ( )1w jij +φ−=e . This illustrates the constant difference, φ,  between elasticities 

as noted by Koopmans and Uzuwa (1992). 

                                                 

 

8 The first term in (2-8) may be thought of as the price response when the consumer’s marginal utility 
of income is held constant. Appendix A2.5 provides a development of this interpretation due to Thomas 
(1987). The Frisch price elasticity corresponds to the  specific substitution term. 



 

 - 45 - 

 

To obtain ordinary demand elasticity the elasticity representation of the income effect is 

added to the compensated elasticity: 

Ordinary Demand Elasticity  ijjijijij ww eeeee f −φ−=   2-11 

The ordinary demand elasticities are subject to the following constraints:  

              Engel Aggregation 1w   ----     
n

1k
kk =∑

=
e     2-12a 

  Cournot Aggregation  0ww   ---- j

n

1k
kjk =+∑

=
e    2-12b 

  Homogeneity              0   ---- i

n

1k
ik =+∑

=
ee     2-12c 

 Symmetry                    ( ) ( )jijijijiji www   w----  eeee +=+  2-12d 

Negative own substitution 0w   ----  iiii <+ ee    2-12e 

The first two constraints result from the budget constraint. Engel aggregation states that any 

rise (fall) in total expenditure will be allocated to (extracted from) the purchase of 

marketable goods. Cournot aggregation states that the redistribution of expenditures 

resulting from a change in the price vector will not affect the total expenditure.  

Homogeneity is also known as the absence of monetary illusion, meaning the units in 

which prices and expenditure are expressed have no effect on purchases. The assumption is 

that the units of prices and total expenditure merely determine the budget constraint; they 

play no role in consumer’s perception of opportunity. This is most apparent when applying 

Samuelson’s Weak Axiom of Revealed Preference (WARP)9: a consumer choosing q0 at 

B(p,m) reveals q0 as at least as good as all other q ∈ B(p,m). Should prices and income be 

raised in the same proportion, say θ,  the linear budget constraint implies that the 

                                                 

 

9 The discussion is perhaps best described as an application of Houthakker’s Strong Axiom of 
Revealed Preference (SARP). However it is assumed that there are no ties for consumption bundles 
lying on the budget line (or the consumer’s preferences are strictly convex).  
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opportunities available to the consumer have not changed, i.e. B(p,m) = B(θp, θm), and the 

consumer may not then reveal some other q ∈ B(p,m) as strictly preferred to q0 given that 

he is facing the same budget set.  

Symmetry follows from the differentiability of the utility function. Recall ji
2

ij qquu ∂∂∂=  

is a second derivative of the utility function with respect to goods i and j. Young’s theorem 

states that if continuous derivatives exist the order of differentiation is not important,  

i.e. uij = uji.  

Negativity (2-12e) implies – all else being equal – a price rise for one commodity will not 

make the consumption of that commodity more attractive to the consumer. Furthermore, for 

goods that have non-negative expenditure elasticities ei, the demand for the good works in 

the opposite direction to price (i.e the uncompensated elasticity is negative). This 

Samuelson (1947) called the Fundamental Theory of Consumption: Any good (composite or 

singular) that is known to [never decrease] in demand when the budget alone rises must 

definitely shrink in demand when its price alone rises. The theorem relies on all else being 

equal. The generalised analogue, which does not require all goods to have non-negative 

income elasticities, is known as the law of demand.  

The restrictions on demand elasticities are a realisation of the restrictions on the Slutsky 

substitution terms (2-8). A fuller account of the Slutsky matrix as the fundamental matrix of 

demand is given in Appendix 2.6. 

2.3.4 Comparison of Marshall and Hicks-Allen-Slutsky 

In Hicks-Allen-Slutsky’s (H-A-S) neo-classical demand the individual’s utility is defined 

over all goods. The assumptions about consumer behaviour have had a lasting influence on 

the micro-economic theory of the consumer as well as a substantial influence on applied 

demand studies (see Section 2.7 for a brief review of applied demand modelling). The 

theory assumes two forms of consumption behaviour that are not present in Marshall. First, 

goods may be substituted for each other and there is a rate of substitution that is just enough 

to leave the consumer no better or worse off. “The marginal rate of any good for any other 

good X is defined as the quantity of good Y which would just compensate him for the loss of 

a marginal unit of X” (Hicks 1934, p55). The statement reveals Hicks’ approach to 
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consumption theory, in that he showed little interest in why the consumer would trade X for 

Y or why two goods may have a higher or lower rate of substitution. The point that Hicks 

has to make on the substitution between goods is that as the price for one good becomes 

greater relative to another good the marginal rate of substitution between the two goods 

becomes greater. Allen (1934, p200) provides a mathematical expression for this 

relationship, writing the marginal rate of substitution equal to the ratio of the prices of the 

goods. In Section 2.5.1 a behavioural interpretation of the increasing marginal rates of 

substitution is presented (2-16) which is more in line with Marshall’s theory of wants.  

Marshall viewed consumption of items as independent choices. Each (class of) good 

satisfied one need10. Rather than explaining consumption theory in terms of rates of 

substitution, Marshall indicated that the more a person owns of a particular good the less 

needy s/he is in terms of the want that the good satisfies. This he called the diminishing 

marginal utility of a good. The relationship between wants and consumption is covered in 

Sections 2.4 and 2.5 to follow.  

The second major influence of Hicks’ theory of demand was that the demand for a good 

may rise or fall relatively faster than for other goods with respect to his/her income. 

Marshall’s demand curve, which is a function of price only, needed an adjustment to 

include income as an argument, the implication being that price effects include both a 

substitution and an income effect, and the total effect of a price change is restricted by the 

consumer’s income (equation 2-12 a, b, c) and the marginal rates of substitution (2-12 d, e). 

Marshall recognised that income may influence the consumers’ demand schedules, yet did 

not include income elasticities in his demand functions. Instead he handled the differences 

between income groups through the use of market segmentation: “the clearest notion of the 

law of the elasticity of demand is obtained by considering one class of society at a time” 

(Marshall 1920, p87). The difference between the effect of income in Marshall’s theory of 

demand and that of Hicks is that the first thinks of the effect as a source of preference 

heterogeneity (between individuals) and the second as a result of the (within) individual’s 

                                                 

 

10 Marshall did raise the issue of substitution in two footnotes. See Section 2.5 for a further discussion. 
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allocation of budget to consumption of all goods. In Section 2.6 the discrete choice model is 

introduced, firstly as a choice function applicable to any situation where the choice set is a 

finite set of mutually exclusive alternatives, e.g. the choice of educational institute to 

attend, and secondly in the context of demand for marketable goods. In the latter case, 

discrete choice models allow income to enter as an explanatory variable reflecting 

preference heterogeneity, as in Marshall, or the model may include an income effect, as in 

Hicks.  

Detecting an income effect in a mode choice setting raises a further problem. If marginal 

rate of substitution between the demand for travel and money (other consumption) is not 

independent of income then it would suggest (assuming price is more important for lower 

income classes) that as income increases the consumer will travel more. That is as income 

increases so does the demand for travel. If this is found to be the case, say, by examining 

household expenditure (the latter part of this thesis), then the demand elasticity for travel 

with respect to its own price is not zero.  

The next Section reviews the role of quality in demand theory and Section 2.5 extends the 

review to present a contemporary micro-economic theory of the consumer to inform 

applied discrete choice studies. 
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2.4 QUALITY AND CHOICE 

Demand for marketable goods is a special case of a more general process of choice. Choice 

is selecting among a set of feasible alternatives. Often, this process is the division of the 

feasible alternatives into things desired (the choice set) and things not desired (the 

remainder). The implied choice process – how the division is made – and, therefore, the 

theories employed to explain this process, are influenced by how the consumer perceives 

the alternatives, what is desirable about each alternative and the decision process used to 

evaluate alternatives.  

In neo-classical demand the choice is made over consumption bundles ( )nj21 q,...,q,...,q,q

and the feasible set of alternatives is defined by non-negativity constraints (the consumer 

does not purchase negative quantities of any good) and the linear budget constraint. 

Lancaster (1966) views the consumer decision process as forming preferences over the 

attributes of goods and not goods per se. Earlier, Houthakker (1952a) discussed this 

problem in light of, then recent, empirical evidence (Houthakker 1952b; Theil 1952) that 

the quality of a good affects the quantity demanded. Houthakker (1960) relates the 

consumption of quantity and quality of a good using Roy’s Identity, whereby he introduces 

a quality price as an indicator of the total value obtained by consuming q units of good i.  

Gorman (1980) follows a similar line of thought to suggest a possible econometric model to 

estimate the relationship between quality and demand. In Lancaster, Gorman and 

Houthakker “quality” is a homogeneous property of the good, in that twice the consumption 

will produce twice the amount of the good’s attributes; “We can envisage [the properties of 

eggs] as vitamin A, vitamin B…” (Gorman 1980, p 843). However, Lancaster's theory of 

demand extends to the consumer using goods as inputs to produce characteristics over 

which his preferences are determined (e.g., heat, calories): “…consumption is an activity in 

which goods, singly or in combination, are inputs and in which the output is a collection of 

characteristics” (Lancaster 1966, p134). Rosen (1974) adapts the good’s characteristic 

approach to purchasing a differentiated product. The point of difference is that the price of 

the good is a function of the attributes of the good, yet the goods are indivisible: “two 6-

foot cars are not the same as a 12-foot car in length”  (Rosen 1974, p 38).   

The consumer is choosing a set of attributes offered on the market. Rosen dealt with market 

equilibrium in which the producer and consumer would negotiate a market price for the 
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collection of attributes on offer. However, it may be possible to review his main findings 

where the collection of attributes and market price is determined by the providers. Apart 

from the congestion created by travellers, much of the short term transport supply is 

determined exogenously, such as levels of infrastructure and public transport fares. 

Importantly the consumer’s offer curve is established over the budget remaining for other 

purchases and the qualities of the good:  

The expenditure a consumer is willing to pay for [a set of attributes] at 
given utility index and income is [defined by] a family of indifference 
surfaces relating [each attribute] with “money”. (Rosen 1974, p 38) 

The consumer derives utility from non-transport goods and must balance his expenditure 

power available for these goods alongside the desirability of transport speed and comfort. 

The quote from Rosen suggests that the marginal willingness to pay for an increase in a 

good’s quality is calculated as a trade-off between consumption of a composite good and 

the attribute under determination, not as a trade-off between the market price and the 

attribute.  

In addition Rosen discussed welfare impacts of a change in quality of a good due to a 

legislated quality standard. The main finding is that the change in welfare is calculated as 

the change in the implicit price (utility weighted price). The calculation of marginal 

willingness to pay and welfare calculations are the same as those used for discrete choice 

models. In the latter an expected value is calculated because the model only determines the 

choice of alternative up to a probability. For these reasons it is reasonable to think of 

Rosen’s theory of the consumer making decisions between quality and residual income as 

the deterministic equivalent of the “random utility maximiser” at the foundation of discrete 

choice models.  

In a population of consumers behaving as described by Rosen (1974), with preferences 

formed over attributes and demands for marketable goods, it is likely that not all 

individuals will choose the same item. One possible explanation for the variation in choice 

is the difference in utilisation each consumer makes of the choice components. The 

household acts as the producer of non-marketed goods by consuming marketed goods as 

inputs in its production process. The non-marketed goods are the uses the household makes 

of the product attributes. In Lancaster (1966), the aim of the household is to consume 
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attributes, as in heat and calories. In household production theories of the consumer 

(Becker 1965; Muth 1966) the household consumes the services provided by these 

attributes, as in warmth and nutrition. Muth (1966) adds one layer to the conversion of 

goods to the items demanded by the consumer. The goods themselves contain 

characteristics to be consumed and the consumer uses these characteristics to produce 

household wants, such as, shelter or to be entertained. In addition, Muth suggests that the 

acquisition of goods may be due to a composite demand for more than one household want: 

“Food eaten away from home provides both nourishment and entertainment”  

(Muth 1966, p 707).  It is evident that Marshall’s commentary on wants is comparable to 

that of Muth. “When [the individual’s] expenditure on food is extravagant it is more often 

to gratify the desires of hospitality and display than to indulge his own senses” (Marshall 

1920, p 73). The household production theory of consumption is at the base of the 

theoretical underpinnings of the discrete choice model. For example, the explanation of 

consumer choice given by Louviere, Hensher and Swait (2000) specifies services offered 

by goods-characteristics as the object of consumption. By services the authors refer to the 

perceptions of the benefits offered by the objective-characteristics contained within the 

good. Without full knowledge of the way in which households convert attributes into 

services it is impossible to distinguish the household production technologies from taste.  

The perceived benefits offered by the objective characteristics and the household 

production technology (the way in which the household converts objective characteristics 

into services) may be thought of as having the same role in choice. Each concept indicates 

the way in which the household (individual) examines the importance of the objective 

characteristics embodied in marketable goods. The choice variability due to different 

perceptions or household production technology may be difficult to measure by the analyst 

who uses objective characteristics to explain choice. This leads to the use of proxy 

variables (see Section 2.2.2) and the random utility model (Manski 1977). While the analyst 

may record the travel time by mode, the decision maker may evaluate the time lost in 

relation to an alternate activity; the nature and importance of this activity will affect the 

valuation of travel time. A similar argument may be appropriate for the use of out-of-

pocket costs. 
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2.4.1 Quality, Income and Out-of-Pocket Costs  

Encarnación (1990) details a theory to explain empirically observed substitution to superior 

quality items by affluent consumers. In terms of mode choice, Encarnacion’s result 

suggests that if the demand for transport is increasing with income then those on higher 

income will replace low quality alternatives, say travel on bus, with high quality 

alternatives, say using one’s own private vehicle. An assumption of Encarnación’s model is 

that the price of the alternative signals quality. This is also present in Houthakker’s (1952) 

and Theil’s (1952) treatment of consumption with quality indicators. A real difficulty arises 

when trying to measure this effect by observing mode choices. When limiting the focus to 

the out-of-pocket costs of a trip it is probable that the costs of all motorised modes (bus, 

train and car) are similar. The affordability of purchasing access to the mode is not 

considered. For the private vehicle alternative the price of having access to this mode is 

simply the investment in the car itself. Train is somewhat more complex; it is the cost of 

having access to the rail network. This may mean that the consumer needs to locate in a 

higher price residential zone or be willing to invest a greater amount of time in a trip to get 

to a far away station. Unless these capital costs are included in the mode choice data – they 

are usually not – it is unlikely that the income effect due to price will be detected.  

The problem is closely related to the time horizon of the expenditure on the discrete 

alternative. The payment for access to high quality alternatives, i.e., residential location 

choice or vehicle ownership, is a long term budgetary decision. For mode choice 

applications the budget horizon may be the income available for a particular day or even for 

a portion of the day when more than one trip is made. This leads to the problem of knowing 

how the consumer allocates portions of income to short periods of time. McConnell (1995) 

suggests that in the absence of an income effect (i.e. assuming a constant marginal utility of 

money) the period in which the income is allocated is unimportant. 

The following Section presents the contemporary theory of the consumer informing 

discrete choice studies. The theory, Section 2.5.1, is borrowed directly from Louviere, 

Hensher and Swait (2000). The subsequent discussion relates this theory to aspects of neo-

classical demand. Section 2.5.2 deals with the conditions in which a sector of consumption 

may be considered a discrete choice and this is contrasted with Muth’s household 

production theory of the consumer.  
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2.5 CHOICE BEHAVIOUR AND THE CONSUMPTION OF 
DISCRETE ITEMS 

2.5.1 Theory of Choice as given by Louviere, Hensher and Swait (2000) 

The consumer forms preferences over services (s) which are provided to the consumer by 

way of objective characteristics (t). The characteristics are purchased as bundles contained 

in marketable goods (G). The choice of good is the outcome of the evaluation of how 

important is a particular sk and how effective is the household at converting the objective 

characteristics tr into service sk . The consumer’s utility function is given by: 

   u = U(s1, s2, …, sk),      2-13 

  sk = fkr(tr)       2-14 

The individual calculates the level of service obtained by consuming goods on the market. 

The calculation is known by the individual up to a degree of certainty. The analyst does not 

know precisely how the individual arrives at this value: “the analyst is unable to peep into 

an individual decision maker’s head’” (Louviere et al. 2000, p5). The analyst is able to 

observe some components of the utility function, but not all. The utility function (2-13) 

from the analyst’s point of view is given as  

   u = U[ (so + suo)1, (so + suo)2, …, (so + suo)k ]    2-15 

where the subscripts o and uo refer to observed and unobserved components of the 

individual’s utility. The consumer acquires the desired services through the consumption of 

goods and needs to determine the units of objective characteristics per unit of the good. 

[The level of objective characteristics is what Gorman and Houthakker referred to when 

they discussed the quality of the good]. That is the rth characteristic is purchased at the rate 

of trj by purchasing quantities qj of good j. The marginal utility of the good is given as: 
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Equation 2-16 is a modified version of Louviere et al. (2000) equation on page 7. In words, 

the marginal utility of an additional quantity of the good is due to the increased total service 
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(sum across each explicit service) it offers. The level of service, in turn, is produced 

through the attainment of r objective characteristics which are supplied at the rate jrj qt ∂∂

when consuming good j.  Equation 2-16 provides some insight to the thoughts of Marshall 

(Section 2.3.1) and Hicks (Section 2.3.2). These insights are considered in the following 

discussion of the model of the consumer formulated by Louviere et al. (2000).  

2.5.1.1 Discussion 

Relationship to Marshall’s theory of wants: The law of diminishing marginal utility – 

“The marginal utility of a thing to anyone diminishes with every increase in the amount of 

it he already has.” (Marshall 1920, p 79) – is identified as the diminishing usefulness of the 

good in creating valued services. The utility derived from the consumption of good j is 

smaller once a substantial amount of the item is owned, because the satisfaction derived 

from the service approaches satiation (i.e.  0su 2
k

2 <∂∂ ) and the rate at which the objective 

characteristics can be converted into services may be diminished  (i.e.  0ts 2
rjk

2 <∂∂ ). The 

two factors work in combination. For example, the second glass of water offered to a thirsty 

person is worth less to the person because it is less effective at quenching their thirst and, 

therefore, the drinker doesn’t derive the same level of satisfaction from the additional glass.  

“If some ship-wrecked men, expecting to wait a year before they were rescued, 

had a  few pounds of … salt to divide between them, the salt would be … highly 

prized; because the marginal utility of an ounce of salt, when a person expects to 

get only a few of them in the year is [great]. But, under ordinary circumstances, 

the price of salt being low, every one buys so much of it that an additional pound 

would bring him little additional satisfaction: the total utility of salt to him is 

very great indeed, and yet its marginal utility is low”   (Marshall 1920, p 107). 

The diminishing marginal utility relationship will hold if either the level of satisfaction with 

respect to the level of service or the conversion of characteristics to service is diminishing. 

However, the two seem inextricably coupled because the user who is less appreciative of 

the additional services is less likely to make use of the services offered by the additional 

characteristics.  
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Relationship to Hicks’ marginal rate of substitution: The marginal utility of the good is 

not independent of the level of consumption of other goods. Were any other good to offer a 

subset or a complete supplement of the characteristics offered by good j, the marginal 

utility of good j would diminish with respect to the amount possessed of the supplementary 

goods. This contradicts Marshall’s argument that the marginal utility of a good is a function 

of that good alone. However, it does imply an independence (of the marginal utilities) 

between goods which have no objective characteristics in common. The point is at the 

centre of Muth’s (1966) development of utility functions separable in services rather than 

goods. Each household produces g unique services for which xi,g (meaning good i 

belonging to group g) are inputs. However, for goods which do share characteristics 

equation (2-16) offers a behavioural explanation for Hicks’ increasing marginal rate of 

substitution.   

Assume that there are two goods, xi and xj, and each has four objective characteristics (t1, 

…, t4),  contributing to four wanted services (s1, …, s4),  and, for simplicity there is a one-

to-one correspondence between each objective characteristic and each service. That is t1 

contributes to s1, t2 contributes to s2, etc. Both goods offer the same level of t1 and t2, but 

good i offers characteristic t3 and t4 at different levels to that of good j.  

The goods themselves are thought of as collections of attributes:  

( )4321i ttttx ′′= ,,, , ( )4321j ttttx ′′′′= ,,,  and u = U [(s1, s2, s3, s4 ) ]   2-17 

The consumer may get characteristics 1 and 2 at an equal rate from either good i or good j 

and, therefore, is indifferent between which good is consumed to satisfy these wants. On 

these dimensions the goods are perfect substitutes (see Figure 2.2a and discussion below). 

The decision on how much of good i and good j to consume depends on the marginal rate 

of substitution between s3 and s4.  In Figure 2.2b an indifference curve is drawn convex to 

the origin. This represents an interpretation of Hicks’ (1934) increasing marginal rates of 

substitution between goods, but the behavioural explanation is in terms of services 

demanded by the consumer. These cases are analysed in Section 2.5.2. 
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Figure 2.2a MRS for Xi and Xj given  
Shared Characteristics 

Figure 2.2b MRS for Quality 
Attributes of Alternatives for  

Xi and Xj 

 

 

Figure 2.3 The Discrete Choice of a Good Defined by  
Consumption of Quality Attributes 

2.5.2 Conditions for Discrete Choice  

If we were to think of the marginal rates of substitution in terms of goods only, as Hicks 

does, then the increasing marginal rate of substitution for convex preferences would lead to 

the consumer buying some of all products. However, in many situations the consumer will 

not purchase all products on the market. This is increasingly likely when goods are 

t3 

t4 

( )4321j ttttx ′′′′= ,,,  

( )4321i ttttx ′′= ,,,  
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xj = (t1, t2) 
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Indifference curves for t3 and t4 
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classified finely, as in differentiated products. The behavioural model of the consumer who 

demands services rather than goods (equations 2-13 and 2-14) helps to identify product 

classes where the consumer is likely to buy a single item rather than a collection of goods.  

Consider two products which share at least one objective characteristic. The characteristic 

is related to the primary service offered by these products. In the case of mode choice, the 

objective characteristic travel is the primary offering of the two modes. While each 

alternative may offer other characteristics, such as fast travel time, comfort or reliability, 

these are secondary to the prime purpose and may be thought of as the qualities of the good. 

In the preceding example t1 and t2 may well be thought of as the prime characteristics for 

two alternate airlines; t1 is the characteristic of travel for a person and t2 is the characteristic 

of delivering his/her luggage. The two airlines are perfectly substitutable on these two 

dimensions. The other dimensions (t3 and t4) may be thought of as the quality of the goods 

on offer. These may be onboard service (i.e. meal, seat, in-flight entertainment) and ease of 

check-in. In Figure 2.3 the collections (t1, t2) are perfect substitutes. The consumer is 

indifferent between any mixes of travel by airline A or B if the services offered by the 

airlines were otherwise equal. The marginal rates of substitution for characteristics t3 and t4 

represent the quality of the alternatives. In the example airline B occupies a higher position 

on the consumer’s preference ordering. In this case the consumer will always choose airline 

B when facing the same decision. This leads to a corner solution and the consumer only 

consumes one brand of airline. Where the connecting arrows touch the axes of the diagram 

on the left indicates the consumption of either airline A or airline B. The important point is 

that at least one dimension, which is to be considered the main function of the product, is 

offered by all variants and the other attributes represent the quality of the product. The 

quantity consumed is determined by the amount of income the consumer allocates to the 

consumption of air travel.   

The preceding discussion identifies the consumption of discrete items with differentiated 

products, such as a brand of running shoe, rather than “shoes”. In terms of selecting 

transport mode (travel) alternatives, the mode choice problem may be thought of as the 

demand for a transport alternative for a particular trip purpose, e.g., commuting or 

shopping.   
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2.5.3 Relationship to Muth’s Theory of Household Production and Marshall’s 
Independent Wants   

The outlined behaviour of the individual choice maker given in Section 2.5.2 assumes that 

preferences are formed over services or that the consumer has the utility function 2-13. The 

consumer may satisfy his/her wants by purchasing marketable commodities. That is, the 

consumer may produce the services demanded by using goods as inputs. Muth (1966) made 

the further assumption that the expenditure function for each service is homogeneous of 

degree one in its inputs. That is, if the prices of all goods contributing to the service were to 

double, the cost of reaching the same level of satisfaction would also double. Where a 

unique set of goods contribute to a service, the rates of substitutions between goods only 

depend on the rates of substitution in the production function to produce that good and 

these are independent of the levels consumption of goods that do not contribute to the 

service. This means that the utility function, having marketable goods as its arguments (in 

the neo-classical sense), is weakly separable11.  

By defining a single service to be produced by a collection of goods Muth’s household 

production function has many of the features indicated for the conditions needed for a 

discrete choice, in that the goods have in common a main use (prime objective 

characteristic) and varying qualities. Muth considers items such as ‘food’ and ‘housing’ and 

further classifications are made depending on the use of the good, such as fuel for cooking 

contributing to the production of food and fuel for heating contributing to housing. At some 

level of division Muth’s definition of service satisfies the conditions for discrete choice.  

Equations (2-18a) and (2-18b) pertain to a classification of household service that is not 

sufficiently disaggregated to warrant the definition of a discrete choice. The compensated 

cross-price elasticity,*eij , for two goods, each producing the same service is given as (Muth 

1966, Equation 2, p702): 

  *** Eee GGjijij w ′+′=      2-18a 

                                                 

 

11 Weak separability is discussed in Chapter 4. It implies that the marginal rate of substitution between 
two goods within a group is independent of the quantities bought of any non-related good.  
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where *eij′ is a conditional compensated price elasticity for goods in group G, the condition 

being that the amount of income allocated to the consumption of items used to produce the 

service is unchanged. It indicates that a rise in price of commodity j leads to a change in the 

least costly way to produce the service. The second term indicates that a rise in the price of 

good j means the production of the service G is more expensive relative to other services; 

∑=′
∈Gk

kkjjj xpxpw is the share of expenditure of good j within group G and E*
GG is the 

elasticity of demand for the aggregate collection of goods to produce the service with 

respect to its own price. Each of the conditional demand elasticities (first term on the right) 

and the group demand elasticities (second term on the right) is consistent with neo-classical 

demand. The restrictions (2-12) apply for both the conditional demand elasticities and the 

group demand elasticities. Equation (2-18a) may be written in terms of uncompensated 

elasticities, 

 
( )1w GGjijij +′+′= Eee

      2-18b 

Equation (2-18) is a central part of this thesis. The difference between ordinary 

(Marshallian) demand elasticities and mode choice elasticities may be expressed by an 

equation similar to (2-18). The derivation of the difference between demand and choice 

elasticities is the topic of Chapter 5.  

Marshall (1920) makes reference to the conversion of consumption into services12. His 

theory of independent wants arises because he was willing to discuss commodities at some 

level of aggregation – tea or tea and coffee. At some level of aggregation the elasticity of 

                                                 

 

12 Marshall used the term activities which were seen, by him, as a progression of higher achievement; 

“A man’s wants in the earliest stages of his development give rise to his activities, yet afterwards each 

new step upwards is to be regarded as the development of new activities giving rise to new wants, 

rather than new wants giving rise to new activities.”  (1920, p 73) This is taken to mean that once the 

subsistence levels of goods are acquired, further consumption is derived from the pursuit of new 

endeavours.  
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demand for the good is independent of the prices of other alternatives. While not specifying 

Muth’s relationship directly, it is clear that Marshall thought about the substitution between 

like products as well as the demand for the commodity group: “If we separated the demand 

for beef from that of mutton, and supposed the price of mutton was held constant, while that 

for beef was raised, then the demand for beef would become extremely elastic….[causing] 

many people to eat mutton to the almost entire exclusion of beef. But the demand schedule 

for all kinds of fresh meat taken together…shows only a moderate elasticity. And similar 

remarks apply to beet-root and cane-sugar.” (Marshall 1920, p 89)13. However, apart from 

the occasional footnote Marshall tended to discuss goods at the level where each good 

provided a single service (see Section 2.3.1 for Marshall’s thoughts on marginal utility of 

goods) and only the second term of Equation (2-18b)14 is considered. His equating of the 

marginal value to the price the consumer is willing to pay for an additional item may be 

thought of as the minimum cost to the consumer to produce the service provided by the 

good. This is related to Rosen’s implicit price function as being equal to the market price of 

the good. Further discussion on the role of the expenditure function in analysing quality 

appears in Section 3.3.1 and Appendix A3.1.2. 

 

  

                                                 

 

13 The less elastic demand for a collection of goods is discussed in the context of mode-specific price 
elasticities and market demand for travel (Oum et al. 1992). The overall elasticity for the group is 
lower than the average own-price elasticity on account of the substitution between modes (also see 
Taplin 1982, McFadden 1979 and Taplin et al. 1999). 

 

14 The conditional expenditure share is one and the elasticity for the good is ordinary not compensated. 
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2.6 MODELLING A POPULATION OF DISCRETE CHOICE 
MAKERS  

In the preceding section the theory of consumer choice has been introduced. It is assumed 

that the individual chooses the alternative which produces the required services at the least 

cost. In choice settings where the alternatives on offer are variants of the same product (i.e. 

offering the same main function) the consumer will choose only one variant.  

The market demand is assumed to be the aggregate of the discrete choices made by 

individuals within the population that defines the market. In conventional neo-classical 

analysis with a continuum of alternatives, it is often assumed that all individuals in a 

population have a common behaviour rule, except for purely random optimisation errors. 

“Market demand is pictured as the aggregate of a population of identical representative 

consumers, so that market demand is just individual demand writ large”  

(McFadden 1981, p 199).  In Section 2.5 the cost of producing a particular service is treated 

as being linearly homogeneous in the underlying prices of the relevant market goods. This 

represents Rosen’s (1974) implicit price of the alternative. In the case of discrete choice, if 

the cost of the currently chosen alternative doubles and, provided the consumer continues to 

choose that alternative, the cost to him/her has doubled. For individuals who do not choose 

the alternative for which the price has increased, there is no change in their cost for 

producing the service. It is wrong to think that the cost change has affected every individual 

in the same way and “systematic variations in aggregate choice among lumpy alternatives 

must reflect the individual choice at the extensive margin” (McFadden 1974, p 106).  

Observations on a population of choice makers reveal that not every person selects the 

same alternative. A householder may choose to drive a car to work each day and her 

neighbour may take the bus to the same location. Nearly identical items may be sold by 

storeowners whose doors are side by side but a particular customer will buy in only one 

store, while the second store is never visited. The situation might be entirely reversed if the 

second store were to offer the product at a sufficiently reduced price. A smooth market 

demand (i.e. a continuous function of price) is due to heterogeneous preferences as well as 

products that are sufficiently different to attract a market segment (Hotelling 1929; 

Anderson, Palma and Thisse 1992; McFadden 1979, 1981).  
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Choice variability exhibited in the population may be explained by the attributes of the 

alternatives, the perceptions (use) of the attributes and social-demographic variables. 

However, these factors may be observed or unobserved (Section 2.5.1). This may 

complicate the relationship between individual choice and market demand: "The framework 

of economic rationality and the associated assumption of utility maximisation allow the 

possibility that unobserved attributes of individuals (tastes, unmeasured attributes of the 

alternatives) may vary over a population in such a way that they obscure the implications 

of the individual model” (Louviere et al. 2000, p 35).  A model of market demand which is 

to be thought of as aggregating individual choice behaviour will need to explain in part the 

choice variability and at the same time reflect the choice variability that is not explained by 

the model. A starting point is to think of individuals’ utility functions as random variables 

(Section 2.2.2). The randomness of the utility functions may be thought of as truly random 

behaviour (Thurstone 1945; Quandt 1968; Luce 1959) or as the difference between the 

modeller’s information and that known by the individual (Manski 1977; 

Louviere et al.2000).  

2.6.1 The Discrete Choice Model 

The discrete choice model is based on the probabilistic choice theory introduced by Luce 

(1959) and developed by McFadden (1981) and others. The choice models are based on 

utility maximising behaviour of the individual n, who derives utility from choosing 

alternative j from a set of available alternatives J. The individual chooses the alternative 

with the highest utility (where utility has a one-to-one relation with preference order). As 

such the model of individual behaviour is equivalent to the deterministic model – 

alternative i is chosen if and only if Uin > Ujn for all j≠i. The utility includes an observed 

component which is a function of observed attributes ( na ) and social demographic 

variables ( nS ). The unobserved component, being a function of unobserved attributes (na′ )
 

and social demographic variables (nS′ ),  is defined as the difference between the observed 

component and the total utility and is fully general (Train 2003, p 19). The individual 

choice is made on balance in terms of differences, so that the probability that i is chosen 

(Louviere et al. 2000): 
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( ) ( ) ( ) ( ) ( )[ ]njnninninnjninnin S;aVS;aVS;aS;aJSai −≤′′ε−′′ε=π= Pr,,Pr  2-19 

The discrete choice model is not a model of demand (as in budget share models) but a 

model of choice. Equation (2-19) represents a probability choice system (see Appendix 

A2.2) where the decision maker’s choice is decisive.  

It is usual that the estimation of factors affecting an individual’s choice is modelled within 

the context of a population of choice makers. The modeller uses information on the 

population of choice makers to estimate behaviour regularity (common to all), observed 

preference heterogeneity (i.e. social variables as proxies) and unobserved heterogeneity. 

The latter two factors amount to choice variability.  

2.6.2 Consumer Discrete Choice Models for Marketable Goods 

Demand for marketable goods, such as travel, is a special case of choice where the 

consumer pays for the alternative and therefore must take account of the residual income 

available for other consumption. The class of discrete choice models applicable to 

consumption activities are known as conditional DCM’s (McFadden 1981; Hanemann 

1984). These models include the discrete/continuous demand model and the pure discrete 

choice in which the individual consumes a fixed quantity of the discrete alternative. The 

following presents a representative consumer approach to the pure discrete choice model 

(McFadden 1981; Anderson et al. 1992). The solution to a consumer’s maximising problem 

is given by the indirect utility function: 

( ) ( ) TTTTT

zq

TT qq  qp-mz  ;  zaU m S ; papV
T

=⋅≤ε+=ε ,,max,,,,
,

          2-20  

where the indirect utility function V  is a function of the price (pT) and qualitative 

attributes (aT) of the transport alternatives, the cost of purchasing z units of the composite 

commodity, and the social-economic variables (S), with m being reserved for the 

individual’s monetary budget. The consumer chooses the discrete alternative and quantity 

such that a sufficient level of income is available to purchase z units of non-transport 

goods. In mode choice studies the quantity chosen by the individual is left implicit and 

market shares are calibrated against travel counts or census statistics. The random 
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component of utility (ε) represents either the unobserved component of the individual’s 

utility or the distribution of tastes/decision rules throughout the population.  

On choosing the preferred mode the consumer has revealed his preference and has m-pi 

income remaining for expenditure on non-transport consumption, where pi is the price of 

the trip using mode i (the superscript T is dropped). Assume the consumer’s conditional 

indirect utility function is additive:   

( ) iii
T

i pqmU ε+β+−λ= a                                                     2-21 

where λ is a constant representing the marginal utility of money (interpreted in the same 

way as 2-7) and the β’s are weights reflecting the comparative importance of each attribute. 

Importantly (borrowing from neoclassical demand theory) λ is a function of income and all 

prices, including the price of the discrete alternative. This means that not only does a 

person’s income help explain their choice (i.e. preference heterogeneity), but their choice 

also reveals their marginal utility of income (Jara-Diaz and Videla 1989). Where two 

individuals with the same income face the same set of attributes, the one who chooses the 

more expensive discrete alternative reveals a lower marginal utility of income15. This is 

known as the income effect in discrete choice modelling. It is meant to represent the 

marginal willingness to pay for the quality attributes of the alternatives.  

2.6.3 Random Utility Maximisation 

The most common specification of the random utilities is by way of an additive random 

utility model (ARUM). The individual’s utility is decomposed into the sum of the observed 

utility component Vj and the unobserved utility component εj such that Uj = Vj + εj The 

probability choice system generated by ARUM is  

( ) ( )
( )ij  J1j  pp

ij  J1j  VV

jjjiii

jjiii

≠=ε+β+λ−≥ε+β−λ−=

≠=ε+≥ε+=νπ

,,...,,Pr

,,...,,Pr

aa
 2-22 

                                                 

 

15 In this context, income refers to the residual income available for consumption in the off-transport 
sector.  
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where the quality adjustment iaβ is the vector product of identified product attributes and 

corresponding unknown parameters.  

The probability choice system, PCS (discussed in Appendix A2.2) is made operational by 

making specific assumptions on the joint distribution of the unobserved components of the 

utility expression. Let εεεε = [ε1,…εi,…,εJ] be the vector of unobserved utilities and ( )εf  

denote the joint density function of the disturbance terms. The probability i is given by 

(Ben-Akiva and Lerman 1985, p 102): 

( ) ( )∫ ∫ ∫
∞

−∞=ε

ε+−

−∞=ε

ε+−

−∞=ε − εεε=νπ
i

i1i

1

iJi

J

VV VV

1. . .1JJi .  .  . dd,df ,,ε

  2-23 

where the sequence 1,2,…J does not include i. The integrand is specified for disturbances 

where { }Jji UU ∈= max  such that  ( ) { }( )J1j  UU jii ,...,,maxPr ===νπ . A derivation of the 

multinomial logit as generated by ARUM is given in Appendix A2.8.  
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2.7 APPLIED DEMAND MODELLING 

2.7.1 Demand Models 

Since Marshall’s analysis of markets in terms of supply and demand curves (Marshall 

1920, book 5) there have been efforts to estimate the demand curves empirically (see 

Stigler 1954 for a review of early applications of applied demand analysis). Early empirical 

studies focused on single equation models which pay little attention to the adding-up 

property of demand16 (Deaton and Muellbauer 1980, pp. 17-18).  Even so the use of these 

equations in empirical settings, such as for travel demand, is viewed as acceptable on the 

grounds that the good under study is only a small part of the consumer’s budget. The 

justification is much the same as Marshall used for ignoring the income effect of price 

changes (see Section 2.3.1).   

Schultz (1938) integrated some of the restrictions implied by theory (Section 2.3.3) into the 

statistical estimation of the demand curves. His approach considered the system of demand 

equations and thus foreshadowed the demand system estimation approach, which would 

enter mainstream applied economics in the 1960’s and 1970’s.  The estimation of complete 

demand systems, has its beginnings with Stone (1954b) who applied Klein and Rubin’s 

(1947) linear expenditure system (LES) to British demand data. While Stone (1954a) 

estimated price and income elasticities by way of single equation models, he made use of 

the Hicks-Allen-Slutsky theory to refine the equation’s specification. Earlier researchers 

(Pigou 1910, Leser 1941 and Frisch 1959) had used theoretically implied constraints to 

construct systems of demand and expenditure elasticities while making use of available 

data (see Section 2.7.5 on Imputing Elasticities).   

After Stone’s estimations were published researchers set out to specify less restrictive 

functional forms to represent the consumers’ preferences. Diewert (1971, 1974) pioneered 

the approach of approximating the (indirect) utility function with an appropriately specified 

                                                 

 

16 Furthermore the commonly used double-log (or log-log) equation does not satisfy integrability 

conditions (equations 2-12d and 2-12e)  and therefore cannot be derived from utility maximisation. 
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parametric function. The idea was to “[specify a function] that has enough parameters to 

be regarded as a reasonable approximation to whatever the true unknown function may be” 

(Deaton and Muellbauer 1980, p 74). The two functional forms that have been adopted 

most widely by applied economists are the “transcendental logarithmic utility function”, 

translog (Christensen, Jorgenson and Lau 1975) and the “almost ideal demand system”, 

AIDS (Deaton and Muellbauer 1980). Both these models have their roots in a class of 

demand models termed by Muellbauer (1975) as price independent generalised utility; for 

which the marginal utility is dependent on the level of income by way of a polynomial 

expression. In particular translog and AIDS belong to the PIGLog demand class, where the 

marginal utility of income is dependent on the log of income. Deaton and Muellbauer 

(1980) provide a review of major contributions to applied demand up to that time. 

While the demand models were meant to describe the behaviour of an individual consumer, 

they were mostly applied to aggregate data. This is particularly the case for the dynamic 

demand system known as the Rotterdam model. The Rotterdam model is typically applied 

to national per capita expenditure time series (Theil 1975). However, there is evidence that 

the theoretical restrictions (2-12) are rejected at these aggregate levels (Deaton and 

Muellbauer 1980). One likely explanation is the exclusion of household characteristics 

(Blundell 1988): “Without identification of [changes in household structures] over time, it 

is difficult to test theoretical hypotheses concerning pure price and income terms” (p 37). 

Blundell, Pashardes and Weber (1993)  support this finding using 15 years of household 

expenditure data; but they do concede that in making forecasts the aggregate model is not 

outperformed by the disaggregate models. The availability of household budget data (and in 

particular quasi-panel data sets) along with advances in econometric techniques has 

increased the use of micro-data to study demand (e.g., Lewbel and Pendakur 2009). The 

approach has also been extended to analysing household CO2 emissions by examining 

consumption patterns (Papathanasopoulou 2010). 

2.7.2 Tobit Regressions  

The applied work on household budget data is based on broad categories of goods (food, 

housing fuel, transport) where it is likely that most households will have a positive 

expenditure recorded in the survey period. For finer categories of goods, such as variants of 
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a differentiated product, expenditure is likely to have a null entry for many household 

expenditure records. This may be due to infrequent purchases of durable items or it may be 

a choice of the consumer not to purchase the item. Tobin (1958) proposed a censored 

regression model for data where there is a limiting value on the data (usually zero). 

Essentially, the model combines a discrete component to estimate the probability that the 

consumption of the product is zero or not and a continuous part to determine the level of 

consumption if the good is consumed. Tobin’s model is applied to a single good. A system 

of demand equations subject to a budget constraint was developed by Wales and Woodland 

(1983). In their approach they incorporated an instrumental variable for total expenditure 

and the expenditure share for each item is expressed as the share of the estimated total 

expenditure. Tobit regressions and their extensions are used in the study of vacation travel 

(Jang and Ham 2009), activity patterns (Meloni, Bez and Spissu 2009) and social exclusion 

(Liao 2006). Income elasticities for urban travel demand have been estimated using 

household budget surveys (Nolan 2003; Tserikas and Dimitriou 2008; Labeaga and Lopez 

1997). Tobit regressions are used to estimate the income elasticities for travel demand from 

sample expenditure shares from the 1998 Household Expenditure Survey (Pink 2007) in 

Chapter 6. 

2.7.3 Two-Stage Budgeting and Separability 

The demand models used to represent travel behaviour are founded in economic theory. 

According to this theory, the traveller chooses a mix of alternatives so as to maximise their 

utility. A demand expression will include the price of the transport alternative under study 

as well as the prices of closely competing alternatives. The traveller’s income also appears 

in demand equations, but according to economic theory this variable acts as a constraint, 

limiting the set of alternatives from which the consumer may choose. West and Williams 

(2004) estimate conditional demand elasticities for fuel consumption by imposing a 

separable utility structure for petrol expenditure, leisure and all other goods. Similarly, 

Romero-Jordán  del Río, Jorge-García et al. (2010) impose separability between fuel 

consumption and all other expenditure. Iootty, Pinto and Ebeling (2009) estimate 

conditional demand functions using AIDS for a variety of fuels.  
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Clearly, when examining a component of consumer behaviour, such as travel, the inclusion 

of prices of seemingly unrelated consumption goods, such as a particular item of clothing 

or a pound of rice, will pose such an unnecessary difficulty that the analysis may never 

proceed. The consumer may buckle also under the burden of this level of intricate 

knowledge should it require a review each time he selects a travel mode. Consequently 

travel behaviour analysts, and most likely consumers too, have proceeded to examine travel 

choices in relative isolation from other consumption activities. By doing so, they have 

incorporated separability in their studies. “Separability is about the structure we are to 

impose on our model: what to investigate in detail, what can be sketched in with broad 

strokes without violation to the facts”, Gorman (1987). The two-stage budgeting model is 

outlined in Chapter 4. 

Separability plays an important part in this thesis. The discrete choice models make use of a 

group-additive separable demand model whereby the demand for transport alternatives may 

be studied in relative isolation from other consumption decisions. The role of separability in 

applied demand is the topic of Chapter 4. Under the restricted utility specification the 

study of substitution patterns between alternatives may be undertaken by considering the 

prices of transport modes only. In applied economics the restricted demand systems are 

called conditional demand systems and are also covered in Chapter 4. The information that 

is passed from the conditional model (i.e. discrete choice models) to the total budgetary 

decision of the consumer is the residual income available to the consumer after the chosen 

mode is paid for. This is the income effect in choice models.  

2.7.4 Applied Discrete Choice Modelling 

The discrete choice model is introduced in Section 2.6.1. Here a review of a selection of 

applied work is given. 

Three seminal contributions have sought to incorporate the full micro-economic (H-A-S) 

theory of the individual into the theory of discrete choice. McFadden (1979, 1981) detailed 

conditions where the aggregation of individual choice can be viewed as a social surplus 

function, playing the same role as the ‘representative individual’. The theory leads to the 

generalised extreme value GEV class of discrete choice models. One feature of these 
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models is that they are derived from additive income random utility maximisation AIRUM. 

The second is due to Hanemann (1984) and Dubin and McFadden (1984) where the choice 

is not limited to an alternative but also to how much of that alternative is demanded, 

answering the question of not only which product to choose but “how much is consumed”. 

The third is due to Train and McFadden (1978) who incorporated both money and time 

constraints (consumption of goods and leisure) into the choice model, drawing on work 

from Becker (1965).  

The generalised extreme value (GEV) model represents a family of probability choice 

systems (PCS) consistent with random utility maximisation, under certain bounds, as 

derived by McFadden (1979, 1981). This family is a large class of models that include the 

multinomial logit and nested logit models.  

There is a wide range of GEV models applied to travel behaviour. The heteroscedastic 

extreme value, HEV (Bhat 1995) permits non-equal but independent distributions of the 

unobserved effects for each travel mode. In much the same way as the nested logit, NL, the 

cross nested logit CNL (McFadden 1979) partitions alternatives into a nested structure, 

however, each alternative belongs to more than one nest. The paired comparison logit, PCL 

(Chu 1989) is also a nested like structure in which each pair of alternatives belong to a 

single nest. The ordered generalised extreme value, OGEV (Small 1987;  Bhat 1998), is the 

same as the nested logit, except that the primary alternatives are ordered within nests (NL 

uses a MNL specification for the alternatives sharing the same branch). More recently, Wen 

and Koppelman (2001) and Swait (2001) formulated a general GEV structure. While Swait 

was concerned with generating the most likely choice set available to the individual, Wen 

and Koppelman developed the model to investigate flexible substitution patterns for the 

alternatives. Wen and Koppelman establish the generality of generalised nested logit, GNL, 

by deriving significant other GEV models from it. Reviews of the development and 

application of the advanced GEV models are found in Louviere et al. (2000), Train (2003) 

and Bhat (2003). 

Recent developments in discrete choice methods are creating the flexibility that permits 

investigation of the behavioural aspects of choice. Proposing a generalised discrete choice 

model, Walker and Ben-Akiva (2002) explore the inclusion of latent classes, latent 
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variables and flexible disturbances to the standard RUM specification of a discrete choice 

model. They apply various sub-models to an intercity mode choice data set; while they 

make no generalisations about the results, it is clear that the enhancements to the RUM 

model increased its explanatory power as well as offering some structure to the source of 

choice heterogeneity among the survey respondents. Recent examples in the transport 

literature include Yañez, Raveau, Rojas et al. (2009) and Olaru, Smith and Taplin (2011). 

2.7.4.1 Revealed and Stated Preference Choice Models 

Morikawa (1989) first used the method of rescaling stated preference data based on 

revealed choice to add external validity as well as to make use of its practicability in the 

forecasting of a new transport alternative.  Reported in Ben-Akiva and Morikawa (1990) 

the RP parameter estimates are enriched by SP data to overcome identification difficulties 

(sign and significance) faced when using RP data only. To simultaneously estimate choice 

models based on revealed and stated choices, Bradley and Daly (1992) and Hensher and 

Bradley (1993) make use of the Nested Logit model with two levels and two clusters of 

alternatives (See also Bradley and Daly 1997). This model assumes that each choice data 

source has the properties of multinomial logit but different scale parameters.  

Hensher (1998) relaxes the equal variance in the unobserved components of mode utilities 

and jointly analysed RP-SP data by using heteroscedastic extreme value logit models. 

Brownstone, Bunch and Train (2000) estimate a revealed and stated preference choice 

model using mixed-logit which accounted for error correlation due to “repeated choices”, 

preference heteroscedasticity and scaling difference. Bhat and Castelar (2002) improved the 

joint data analysis for mixed logit models by accommodating inter-alternative error 

structure, scale difference, unobserved heterogeneity, state dependence, and heterogeneity 

in the state dependence. The use of mixed logit models (either random parameter or error 

components) represented a significant advance in combining revealed and stated preference 

data because the choices made by each individual are treated as unique to that individual, 

i.e. correlation between the unobserved components of the utility is accommodated. 

Hensher (2008) and Hensher, Rose and Greene (2008) compare the results from an error 

components logit model and the nested logit technique.  
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2.7.5 Using Theory and Data: Imputing Elasticities 

On a final note, the method of imputing theoretically consistent demand elasticities is not 

without precedent. Leser (1941) seems to be the earliest example of the specification and 

estimation of a complete demand system. However, his estimates are more imputations 

through the use of preference independence on short data series. Frisch (1959) repeats the 

exercise on disaggregate commodity groupings; he too uses the notion of additive 

preference structures. Earlier Pigou (1910) showed that the ratio of own price elasticities is 

equal to the ratio of income elasticities where additive preferences and constant marginal 

utility of income are assumed; in effect, Pigou pointed out the highly restrictive price and 

income elasticity relationships under Marshall’s formulation of demand. In the spirit of 

these earlier researchers, Taplin (1980) imputed missing cross-elasticities in the air-

vacation travel market; theoretical properties were imposed on an aggregated demand 

elasticity matrix estimated by discrete choice methods (Taplin et al. 1999).   

The elasticity relationships between conditional and ordinary demand functions were 

explored by Edgerton (1997) and Carpentier and Guyomard (2001). These relationships are 

similar to the relationships between expenditure share and ordinary elasticities as 

investigated by Taplin (1997) and Taplin and Smith (1998).   Truong (1981) considered the 

difference between budget constrained choice elasticities and ordinary demand elasticities. 

The theoretical properties of price elasticity estimates made by discrete choice models and 

how these relate to the known properties of ordinary demand elasticities are substantial foci 

of this thesis. Chapter 4 provides the theoretical details and Chapter 5 sets out a way in 

which the properties help to make informed estimates of ordinary price elasticities from 

discrete choice models and household budget data. 
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2.8 CONCLUSION 

This chapter begins the investigation of the relationship between discrete choice models 

and neo-classical demand theories. Neo-classical demand is predominately concerned with 

the consumption of goods within the market. The consumer’s preferences are assumed to be 

formed over goods. The attributes and uses of the goods are implicit in the model. Discrete 

choice models make explicit the consumer’s preference for attributes of goods, yet leave 

the services the good supplies (i.e., wants) implicit (Section 2.5). In each model of demand 

the marginal rates of substitution are given for the arguments of the utility function. In neo-

classical demand the consumer is able to substitute one good for a fractional amount of 

another leaving his/her total satisfaction unchanged. In discrete choice models the 

consumer may convert quality attributes (e.g. travel time) for money and vice-versa at some 

rate without affecting his or her utility. Chapter 3 to follow contrasts the two formulations 

of conditional demands used in this thesis and Chapter 4 reviews the conditional demand 

functions under the conditions of weak separability. The discrete choice model may be 

thought of as a conditional demand system, with the major difference to traditional 

conditional demand being that the demands under analysis are those with a quantity 

constraint rather than all other goods being constrained. Chapter 5 presents the 

relationship between conditional demand systems (neo-classical) and discrete choice 

models in elasticity form.  

The choice model is particularly useful in the limited data context of stand alone revealed 

and stated preference studies. These studies are useful for investigating marginal 

willingness to pay, but are often used to report elasticities. The elasticity outputs are 

comparable to market share elasticities, where there is a fixed volume of travel. It has long 

been recognised that the aggregated choice elasticities are not the same as demand 

elasticities (Quandt 1968; Taplin 1982; Oum et al. 1992). The latter part of the thesis uses 

the theory developed in the first six chapters to suggest a way of inferring demand 

elasticities from revealed/stated preference surveys and extraneously obtained income 

elasticities. The current study estimates the income elasticities from a household 

expenditure survey. 
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  Chapter 3

 

Two Viewpoints of Conditional Demand 

 

“The question why the starting point in the modern 
analysis of market phenomena is not demand but choice 
may only seem idle. For in favour of taking demand as the 
fundamental concept, one may invoke the fact that 
demand, in contrast with choice, relates to two basic 
coordinates which constitute the primary concern of 
economists.” Georgescu-Roegen (1954) 

 

 

 

 

3.1 INTRODUCTION 

The basics of demand and choice theory required for the study have been outlined in broad 

terms in Chapter 2. The devices used to abstract and represent the key economic aspects of 

consumer behaviour have been noted. This chapter formalises the elements needed to make 

a practicable alignment and reconciliation of neo-classical demand theory and choice 

modelling. In doing this it revisits some of the assumptions already made by McFadden 

(1981, 2001) and others. 

The focus of the study is the demand for a group of closely competing alternatives, 

specifically different transport modes. Investigation of this problem in detail requires that 

some structure is imposed on the utility function of the consumer so that, in theory at least, 

he or she behaves as if evaluating the prices and attributes of the transport modes alone. 

Two viewpoints of the same problem are presented. In the first, Section 3.2, a pre-allocation 

of the non-transport goods is made and the transport sector demands are subject to a 
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transport only budget constraint. This is the neo-classical conditional demand formulation 

Pollak (1969). The conditional Slustky matrix is presented in Section 3.2.1 and the resulting 

restrictions on conditional demand elasticities are presented in Section 3.2.2. 

Section 3.3, examines conditional demands where the pre-allocated good is transport and 

transport demands are subject to a quantity constraint. The discrete choice model is 

interpreted as the probabilistic analogue to conditional inverse demands where there is 

more than one variant of the quality adjusted good or transport mode in the current setting 

(Section 3.3.2). The marginal willingness to pay and welfare calculations are formulated 

from the conditional inverse demand function (McFadden’s social surplus function). The 

demand elasticities are calculable from the direct conditional demand and are subject to the 

quantity constraint for transport. Making use of the correspondence between probability 

estimates and expected demand the conditional elasticities are shown to be equal to 

estimated choice elasticities.  

The two alternate settings (neo-classical and choice) of conditional demands lead to 

different constraints for each matrix of elasticities. These differences are explained by the 

constraints on the respective fundamental matrices; Slutsky matrix for neo-classical 

conditional demands and the Zachary-Daly matrix for choice models. The two fundamental 

matrices are contrasted in Section 3.3.5. 
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3.2 CONDITIONAL DEMANDS FROM NEO-CLASSICAL 
LITERATURE 

To examine the properties of demand functions and cross-price elasticities for closely 

competing goods, conditional demand functions may be used (Pollak 1971). The 

conditional demand functions allow the ordinary price elasticities to be decomposed into a 

function of prices of a group of goods and the quantities demanded of all remaining goods17 

(Pollak 1969). Consider an individual whose utility function is U(X), which is not 

necessarily separable. Goods x1, . . . , xn-1 are freely available on the market and the 

quantity (qn) of xn is pre-determined or possibly rationed. The nth good is said to be “pre-

allocated”. Importantly, if there is no real restriction on demand then the goods purchased 

by the consumer (i.e. the unconditional demands) are equal to the conditional demands by 

holding the pre-allocated good to the quantity demanded by the consumer at current prices. 

The conditional demand functions may be used as a convenient analytical tool to study a 

group of goods because the price of the pre-allocated good does not enter the equation 

(Deaton and Meullbauer 1980, p 111).    

Thus, traditional conditional demands study demands for the unrestricted sector of goods, 

not the demands for the goods that are held constant. The constraint on purchase is the 

residual income available for the consumption of the freely available goods after the pre-

allocated good is purchased. 

The conditional demand functions may also be defined with more than one good pre-

allocated. Assume the goods are arranged into two groups; Τ is the set of marketable 

(transport) goods and G is the set of pre-allocated (non-transport) goods.  

  

                                                 

 

17 Conditional demand systems are often associated with closely related goods, which form a separable 

sector in the consumer’s utility function. However, conditional demand systems may be constructed 

for any group of goods, which need not be closely related.  
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The utility maximising problem may be written as:  

( )
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where xT is the vector of marketable (transport) goods , Gq is the quantity vector of pre-

allocated (non-transport) goods  and is the vector of transport prices Tp .  The conditional 

demand functions are given by: 

( ) Gi   ,  ;m xq GTTT
ii ∉= qp ,     3-2 

where the superscript T denotes ‘belonging to the transport sector’. 

“In general the conditional demand function expresses the demand 
for a good available on the market as a function of three kinds of 
variables: the prices of all goods available of the market, total 
expenditure on these goods and quantities of pre-allocated goods” 
(Pollak 1971, p 424).  

In the context of transport studies, goods i∈T are transport modes and the qi,’s are the 

quantities of modal demands. The budget allocated to travel is mT. The non-transport goods 

are xG; let GGz xp ⋅= be the expenditure on these goods18. The Slutsky matrix for the 

conditional demand system has the same properties as the Slutsky matrix for the 

unconditional demands. However, integrability conditions for the discrete choice model, 

presented later in Section 3.3.4, are similar to the Slutsky conditions, but are not the same.   

  

                                                 

 

18  It is useful here to label the group of other expenditures using G because the discussion covers the 
possibility that there are more than two groups. PG is the vector of prices within group G. Additionally, 
PG refers to the group price index.  



 

 - 79 - 

 

3.2.1 Conditional Slutsky Matrix 

The Slutsky terms introduced in Section 2.3.3 provide the basis for the elasticity properties 

in (2-12). The same properties apply to the conditional demands, where the demand 

functions are in terms of transport prices and transport budget only. In Appendix 2.6 the 

properties of the Slutsky matrix are given for the consumer’s entire budget (i.e. the Slutsky 

terms are the second derivatives of the unconditional expenditure function). For conditional 

demands settings, the Slutsky terms are the second derivatives of the conditional 

expenditure function (i.e. given a pre-allocation of non-transport consumption). This means 

that there is an additional property (H'5 below) that there is no substitution between 

transport and the outside good, because the outside good is fixed. Let S  ́be the conditional 

Slutsky matrix for J transport alternatives,  
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having the following properties: 

H'1 Homogeneity The Hicksian demand functions h(p,u) are homogeneous of degree zero 

in prices:  0p
J

1j
ijj =∑ ′

=
s . This means that the ratio of transport prices is all that is 

required to determine conditional demand.  

H'2 Adding up. The total expenditure on transport equals the residual income, mT, available 

after the outside good is bought at the pre-allocated quantity. Given a price 

change the conditional functions must still satisfy the equality: 0p
J

1k
kjk =∑ ′

=
s . 

H'3 Symmetry. The conditional Slutsky substitution matrix is symmetric. jiij ss ′=′ .  

H'4 Negativity As with the unconditional Slutsky matrix, the conditional Slutsky matrix 

[ ]ijs′  is negative semi-definite. Let r  be a vector of size J having real number 

elements; the quadratic form is rT [ ]ijs  r ≤0.   From H1, if r  is proportional to the 

vector of transport prices then the inequality becomes an equality.  
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H'5  No substitution between the outside good and transport.  Due to the quantity of the 

outside good being pre-allocated, changes in conditional demands transport 

prices have no bearing on the quantities of the outside good. 

( )
0s

p

UC
s i

i
i GG ==

∂∂
∂= PP p

p,
, where C  is the conditional expenditure function in  

problem (3-1).  

The conditional demand approach has been used to study transport demand (Rolle 1997; 

Brännlund and Nordström 2004; Romero-Jordán et al. 2010).  

3.2.2 The Properties of a Matrix of Conditional Demand Elasticities  

In a conditional demand setting the restrictions on the J X J matrix of demand elasticities 

are the same as those given in (2-12) for the consumer’s entire budget, except the 

expenditure shares, jw′ , are the proportions of the transport budget and because these are 

given as conditional elasticities Engel’s aggregation does not apply:   

   Cournot Aggregation       -----    0w   
J

1k
kjk =∑ ′′

=

*e
 

   Homogeneity                   -----        0
J

1k
ik =∑ ′

=

*e
 

   Symmetry                         -----         ww jijiji
** ee ′′=′′  

Negative own substitution   -----        0   ii <′*e         3-4 

The conditional demand functions in elasticity form have the same properties as the 

demand elasticities for the full budget because the substitution between the transport modes 

and the pre-allocated good (i.e. all other forms of expenditure) is zero (H'5). Deriving the 

unconditional demand elasticities requires adding the between group substitution – named 

the money expenditure effect by Pollak (1969). The relationship between conditional 

demand elasticities and unconditional demand elasticities is the topic of Chapter 4.  

A goal in this thesis is to look at the obverse setting to the traditional conditional demands – 

the study of transport demands when the group of transport modes is the pre-allocated 

good. The demand setting is presented in the next section.  
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3.3 ALTERNATE VIEW OF CONDITIONAL DEMANDS WHERE 
THE TOTAL DEMAND FOR TRANSPORT IS HELD CONSTANT  

 

The conditional demand functions are derived from the utility maximising problem where 

transport is pre-allocated:  
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In the setting where there is only one variant of the pre-allocated good (1), the study of 

demands may proceed in two ways. Firstly, the pre-allocated good may be rationed in 

which case demand quantities for goods in group G are studied using the conditional 

demands presented in Section 3.2. Secondly, the corresponding conditional expenditure 

function (See Appendix A3.1.1 for a presentation of conditional expenditure functions and 

conditional inverse demands) may be used to arrive at conditional inverse demand 

functions whereby price is a function of quantity. Neary and Roberts (1980) investigate the 

properties of the second approach to arrive at a virtual price for good 1. The virtual price is 

the price for which the household would consume the rationed quantity  Tq when no 

constraint exists. In an unconstrained setting the virtual price is equal to the market price. 

Importantly, in this setting and in that of Section 3.2, there is no rationing of transport or 

non-transport goods. The conditional demands are tools for studying one sector of the 

consumer’s demands without having to measure the prices of all other goods.   

In addition, the virtual price may be thought of as the quality adjusted market price (see 

Appendix A3.1.2 for a discussion on quality adjusted conditional demands and, in 

particular, Equation (A3-6) on this point). This permits the study of monetary valuations of 

non-price product attributes (e.g. travel time) and welfare calculations for changes in the 

transport supply. However, the conditional demand elasticity (transport pre-allocated) in 

this setting is vacuous because the transport quantity is zero, i.e. 0pq 1i1 =∂∂ .  
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To extend the problem, the consumer may select one variant i among J alternatives of the 

pre-allocated transport good. Because the marginal analysis of consumer behaviour is not 

applicable to this discrete behaviour, a theory which involves a probabilistic notion of 

maximum utility is used. The analogous system of demand to that of the neo-classical 

demand system is a probability choice system PCS (Appendix A2.2) where the demands for 

each alternative are represented by a probability, π.  If the consumer is limited to the 

consumption of one alternative only, the corresponding PCS is decisive:      

PCS decisive:  πi = Prob(i | A), which reads as the probability that the indexed 

alternative i is chosen from the set of feasible alternatives A. Equally the probability 

choice system may be represented by the vector (A;π) = (1, 2,..i, …,J; π1, π2, … πi, 

… πJ) 

The next section examines the discrete choice model as a PCS generated by random utility 

maximisation (McFadden 1981). Given a fairly common assumption of separability 

between the discrete choice and all other forms of expenditure, this utility maximisation is 

shown to be equivalent to a cost minimisation process (i.e. Hicksian and Marshallian 

demands coincide). Having the most bearing on this study is that the discrete choice model 

is interpreted as the probabilistic analogue to the quality adjusted conditional demand.  

3.3.1 Probabilistic Conditional Demand Functions: Models of Discrete Choice 

Assume that the consumer forms preferences for non-travel goods q′ and for the qualities 

(a) of the modal alternatives. Also assume that the utility of the travel is separable19 from 

other consumption and the value of modal attributes is independent of the quantity of trips. 

The consumer’s maximisation problem is  

( ) ( )( ) qpaq
q

′⋅′+=+′′
′ i

T
i

T

iq 
pqm   s.t.       UqU

T
.max

,,   
3-6 

                                                 

 

19 Given that there are only two groups in the separable utility expression, weak separability has the 
same properties as strong or additive separability.  
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The problem can be solved using the two-stage budgeting process. The consumer chooses 

the quantity and quality of travel by mode; hence there is a budget allocation to the two 

groups (travel and other consumption). Given the selection of mode i, the consumer 

allocates expenditure, mpqm i
T ′=− , to non-travel consumption q′ . Allowing ( )ii U a=θ to 

represent the utility derived from modal attributes, the program may be written as:  

( )( ) qpqpq
q

′⋅′+=
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3-7 

The solutions to the inner maximisation problem are the Pollak conditional demand 

functions ( ) iqm;xq T ,,* ′′′=′ p . Substituting these back into the utility gives the conditional 

indirect utility function (conditional on mode choice as well as quantity of travel): 

( ) ( ) i
T

i
T

i
T

iii qpqm;Vq, im;p,V θ+−′′=′θ′ pp ,,    3-8 

Assume Gorman’s polar form for the indirect utility function for non-travel goods and that 

the marginal utility of money at prevailing prices is ( )p′λ=λ .  

The random utility model for  modal attributes and consumption of other goods is separable 

in income (McFadden 1981): 

( )

( )ii

ii

ipTqm

TqipTqmiV

ε+θ+λ−+λ=

ε+θ+




 −λ= .

     
3-9

 

As income enters V additively, the choice problem is adequately defined for the prices and 

the attributes of the alternatives without reference to demand for other goods. The expected 

maximum of the second term on the right hand side of equation (3-8) formulates the 

discrete choice problem. McFadden (1981) refers to the expected maximum as the social 

surplus function G (see Appendix A3.2): 

( ) ( ) 






 ε+θ+λ−=′
∈

s;  pExpqqsB; apG jjj
Jj

TT max,,,,p    3-10 

The choice probabilities are derived by the first derivative of the social surplus function 

with respect to the deterministic component of the modal utility. iii pv θ+λ−= : 
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To instantiate, the multinomial choice probabilities may be derived from the surplus 
function: 
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The first derivative of the surplus function (3-12) gives the multinomial choice probabilities  
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The convexity of V allows it to be inverted into a concave conditional expenditure function. 

 ( ) ( )s,q; JjUC vExpqum T
j

Jj

T ∈=






 −+λ=
∈

,,min a,p    3-14 

where U is the direct utility function and u is the utility derived from the choice of the 

discrete alternative and the allocation to non-discrete expenditure.  The expenditure 

function represents the least expected cost to the consumer to reach u conditional on Tq  

units of travel being purchased. Equation (3-14) is the probabilistic analogue to the 

conditional expenditure function (A3-7 in Appendix A3.1.2) for the consumption of one 

variant of a good embodying quality attributes.  

The welfare calculations that are given in terms of changes in consumer surplus  

(3-10) may equally be found by using the changes in the expenditure function (3-14),  

i.e., expenditure variation or compensated variations. “In economic terms, this is a case 

where Marshallian and Hicksian demand functions coincide and social aggregation of 

preferences is possible” (McFadden 2001, p 14). 
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3.3.1.1 Willingness to Pay and Welfare Calculations: 

1. The marginal willingness to pay is calculated for each alternative conditional on it 

being the chosen alternative:
λ

∂∂ ii aV
 . In transport studies this formulation is mostly 

used to evaluate values of travel time savings by mode 

 

2. Willingness to pay (consumer surplus): The welfare calculation are expressed in 

terms of the expected maximum utility (minimum cost)    
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For the multinomial choice model the expected maximum utilities are expressed in 

terms of the log-sum of modal utilities (3-12).  
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The discrete choice model is generated by a conditional inverse expenditure function 

formulated as an expected minimum cost (maximum utility) for the consumption of a 

discrete alternative. Choice modelling makes use of this formulation to obtain valuations of 

non-price attributes, such as travel time savings, and to calculate welfare impacts of 

changes to the transport system. In the deterministic setting the conditional demand 

elasticities do not apply because the quantity of the pre-allocated good (say, transport) is 

fixed. The probabilistic setting permits a variety of transport modes and the conditional 

elasticities measure the switching behaviour of the travellers. However, to study this 

behaviour the inverse demand model cannot apply, because it models price (expected 

maximum utility or expected minimum cost) as a function of quantity, Tq . To express 

choice elasticities in a conditional demand setting the direct demand formulation is needed. 

However, this will differ from the conditional demands presented in Section 3.2 because the 

pre-allocated good is transport, rather than all else. 
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3.3.2 Conditional Demands with Transport held constant, Conditional Share 
Elasticities and Choice Elasticities 

The discrete choice model applies at the disaggregate level where each individual n chooses 

a quantity of travel  Tnq  by one of the modes on offer. The actual quantity each person 

chooses is unknown in RP/SP mode surveys. These quantities are left implicit in the choice 

model, where it is assumed each traveller makes a single trip. However, these unknown 

quantities are important and are incorporated in the modelling process at the point of 

aggregating (Section 3.3.3 below). Here it is shown that the mode choice elasticities are 

unaffected by the quantity decision in a conditional demand setting. The conditional 

demand function for the consumption of mode i where the quantity of transport is pre-

allocated.  

( )( ) Ti   ,  ;m xq T
nnTn

T
inin ∈= qp ,    3-17 

In a discrete choice setting the consumer is assumed to buy only one variant of the transport 

alternatives and consume Tnq  units. However, an expected conditional demand may be 

generated by a random utility discrete choice model with systematic utilities given in modal 

prices ( ) { }jT p=p  and modal attributes ( ) { }jT a=a  and unobserved utility ( ) { }jT ε=ε : 

( ) ( ) ( )( ) ( )νπ= in
TT

nnTnTnTn
T
in qq;m,x ˆ,, εap    3-18 

In later chapters, the superscript T and the subscript (T) will be dropped from further 

formulations where it is obvious that the demands and arguments refer to transport 

alternatives only.  

In addition, an expected transport group expenditure may be given in terms of an expected 

market price index for the transport alternatives: 

( ) jn
Jj

jn
T
n

T
n pqm ∑ νπ=

∈
ˆ     3-19 
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Given that the individual may make more than one trip, the demand elasticity conditional 

on a fixed number of trips is given as  

( )[ ]
( )νπ∂

νπ∂=′
in

T
n

jn

jn

in
T
n

q

p

p

q

ˆ

ˆ
mijn     3-20 

The fixed quantity T
nq  factors out of the calculation and the conditional share elasticities 

are the choice elasticities generated by discrete choice models 

( )
( )νπ∂

νπ∂=
in

jn

jn

in p

p ˆ

ˆ
mijn      3-21 

3.3.3 Aggregation and Market Share Elasticities 

The constant marginal utility of money means an individual’s quantity of travel T
nq is 

implicit; the minimum generalised cost alternative does not depend on how much the 

consumer buys. Stand-alone revealed and stated preference surveys typically do not record 

the amount of travel undertaken by individuals. In practice T

n

T
n Qq =∑  is calibrated against 

existing population estimates (e.g., traffic counts or national accounts) and Tnq  is unknown. 

The share equation applied to regional studies is appropriately expressed as:    

( ) T

n
jnin

T
ni QJj  ;vvqS ∑ ∈>= Pr     3-22 

which is comparable to the standard formulation by assuming that there is Tnq equivalent 

individuals for each population member. That is each choice function is repeated Tnq  times 

and the total trips may be thought of as single trips made by a population of size TQN =* .  

An expanded account of aggregating in choice model settings is given in Appendix A3.3. 

The conditional demand function for discrete good i may be written as ( ) i
T

i SQX =y . The 

mode share elasticity measures the conditional demand responses by each individual and 

aggregates by way of equation (3-22) such that: 
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j

j∂
∂=     3-23 

Where jp  is the price for travel by mode j.  

Typically, demand studies assume that consumers face the same price. However, discrete 

choice models take advantage of the variety of trip attributes faced by consumers. Even 

with the coarsely graduated fares of public transit, there are many options. Added to this is 

the truly individual cost of service by the private car. For each service, respondents face a 

personalised cost which varies across the population. However, as with aggregate studies, 

demand and revenue evaluation of pricing policies must still be based on a representative 

price for each service. Aggregation methods for discrete choice models must take into 

account the individual costs. One way of managing the price index problem is to assume 

that there is a proportional change in the cost of travel by mode for all individuals. The 

appropriate market share elasticity is the probability weighted aggregate of individual 

choice elasticities (Ben-Akiva and Lerman 1985; cf. Equations A3-26 and A3-27, Appendix 

A3.3.2).   

The aggregate level shares add to one. This means that the quantity share weighted 

elasticities have the following adding up property (Taplin 1982):  

    
3-24 

This is closely related to Cournot aggregation, except now it is the quantity for the group 

that is the constraint, whereas the conditional ordinary demand elasticities are constrained 

by the group expenditure. In the next section the properties of a matrix of choice elasticities 

are examined by way of the Zachary-Daly matrix. There are two notable differences 

between the Zachary-Daly matrix and the conditional Slutsky matrix due to (1) the quantity 

constraint and (2) the choice probabilities being determined by price differences, rather 

than price ratios.  

3.3.4 The Zachary-Daly Matrix and the Properties of Choice Elasticities 

A probability choice system consistent with additive random utility maximisation has the 

properties set out in Section 3.3.4.1 (Williams 1977; Daly and Zachary 1978). These 

si m ij
i =1

J

∑ = 0
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properties apply to the translation invariant probability choice system (TPCS) which is the 

PCS corresponding to an AIRUM process with additive separability between the systematic 

utility component and the random utility component. The Zachary-Daly matrix given in 

equation (3-26) is derived from the second order derivatives of the conditional expenditure 

function20 (3-14): 

( ) ( ) jiji
T2

ij ppps,q; JjUCz ∂νπ∂=∂∂∈∂= ,,a,p    3-25 

The matrix of derivatives forms the Zachary Daly matrix: 
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   3-26 
Zachary-Daly Matrix 

 

3.3.4.1 Translational Invariance Probability Choice Systems and the Zachary Daly 

Matrix 

The translational invariance probability choice system refers to a random utility model of 

choice where the observed and unobserved utility components are additively separable (i.e. 

ARUM). The term translational invariance derives from TCPS-2 below which states that 

probabilities are unaffected by a constant added to each systematic utility vj. The properties 

are sourced from McFadden (1981), but Daly and Zachary (1978) state these properties as 

well. The labels in parenthesis are my own. 

                                                 

 

20 The derivative is in the strictest sense with respect to -vj (or generalised price). However, as price 
enters the utility expression additively there is no loss of generality. The market price is chosen 
because a central focus of this study is to compare choice elasticities with conditional demand 
elasticities.  
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TPCS-1:  (Adding up) The probability functions are continuous in { }jv=ν , defined on a 

budget set B and have the usual non-negative and adding-up properties of probabilities, 

i.e., ( ) ( ) 1     and  0
Ji

ii =∑ νπ≥νπ
∈

, this means: 

0z
Ji

ij =∑
∈

    3-27a 

TPCS-2: (Homogeneity) The probabilities are determined by the differences in costs (or 

utilities) and are not affected by constant added to each alternative’s cost. This is known 

as the translational invariance property of the PCS generated by ARUM, i.e., 

( ) ( ) ii νπ=κ+νπ . This implies:   

0z
Jj

ij =∑
∈

    3-27b.  

 

TPCS-3:  (Negativity) The limit of the probability for an infinitely large cost on one 

alternative is zero and the probability mass of the other alternatives is one, i.e., 

( ) ( )  1 and  0 iJ
v

i
v ii

=νπ=νπ −
−∞→−∞→

limlim . This implies that the Zachary-Daly matrix is 

negative definite: 

rT [ ]ijz  r <0 and r≠0     3-27c 

TPCS-4:  (Net substitutes) All mixed partial derivative of πi with respect to components of 

c other than ci exist and are non-positive, i.e., 
( ) ( )

( )
   0

c
i ≥

∂
ξπ∂

i

J

, where J is order of 

differentiation and (c)i is the vector of utilities belonging to the J alternatives not 

including i. This means that an increase in the cost for any set of alternatives other than i 

cannot diminish the probability that i is chosen.  

zij>0     3-27d 

Along with TCPS-3 this implies that the diagonal elements are less than zero (Negative 

own-substitution) 
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zii < 0     3-27e 

TCPS-5:  (Symmetry) the first order derivatives are symmetric,  

         jiij zz =      3-27f 

The properties of the translational invariant probability choice system place the following 

restrictions on a matrix of choice elasticities 

3.3.4.2 Restrictions on a Matrix of Choice Elasticities   

Adding-up      (TCPS 1)       ----------                0
J

1k
k =∑ ′π

=
ijm  

Homogeneity (TCPS 2) :    -----------                0p
J

1j
j =∑ ′

=
ijm . 

Symmetry       (TCPS 5):      -----------              jiij mm ′=′ ji ww     

(Taplin, Hensher and Smith 1999) 

Negative-own-substitution (TCPS 3&4) --       0 ≤′ijm  

Net-substitutes (TCPS 4)      ---------                0 ≥′ijm                                 3-28 

3.3.5 Examination of the Relationship between the Zachary-Daly Matrix and the 
Conditional Slutsky Matrix 

The adding-up properties (H'2 in Section 3.2.1 and TCPS1) differ due to the nature of the 

constraint on total consumption. In neo-classical demand it is the total expenditure that 

forms the constraint. In discrete choice models for a population of consumers it is a total 

quantity constraint. In addition, homogeneity (H'1) and translational invariance (TCPS 2) 

differ because in neo-classical demands it is the ratio of prices that matter, and in an 

ARUM it is the differences in prices that matter.  

These two points cloud the consistency between neo-classical demand functions and 

demand functions estimated from discrete choice models. Assume the utility function is 

formed over a group of substitutes and a composite commodity. If the prices of all goods 

were to double there would be no change in the compensated demand functions (H'1 

homogeneity). However, if the demand functions for the substitutes were modelled using a 
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discrete choice model then by translational invariance (TPCS-2) some consumers may 

switch between alternatives to take advantage of the price differences (i.e. the difference 

between the expensive alternatives and the less expensive alternatives has increased).  

The between group substitution terms for neo-classical conditional demands are zero, H'5. 

This allowed Pollak (1969) to decompose the ordinary demand into a conditional 

component and a monetary expenditure effect21. However, if the same formulations were 

used for conditional share elasticities (choice elasticities) an error will be made because the 

a quantity constraint is applied rather than a sectoral budget constraint. The Zachary-Daly 

matrix above is incomplete in the sense that the between group substitution terms are 

affected by a monetary accounting effect that is due to holding the quantity of transport 

constant. Thus there is an added property:  

TPCS-6 The second derivative of the conditional expenditure function (transport held 

constant) with respect to a transport price and the price of non-transport goods is 

not zero,
( )

Ppz
p

UC

Jk
kik

i

2









∑−=

∂∂
∂

∈
.

,

p
a,p

    
(See Appendix A3.4). 

In Appendix A3.4 the Zachary-Daly matrix is expanded to include the substitution between 

non-transport consumption and the transport modes; TPCS-6 is listed as Z-Full 2 (c.f. 

Equation 3-29) 

For most studies of choice behaviour this term is left unconsidered, because it simply 

indicates that if the prices of transport were to rise, by maintaining their level of travel the 

consumer would have less money to spend on other things. The way in which this affects 

the choice probabilities is called the income effect (Jara-Diaz and Videla 1989) and the way 

it affects the quantity of travel (i.e. budget allocated to travel) is the generation effect 

(Taplin 1982). It is important to this study because the exercise is to infer ordinary demand 

elasticities from choice elasticities. The monetary accounting effect will explain the 

                                                 

 

21 The monetary expenditure effect is the term given by Pollak to the effect a price change has on the budget 

allocated to the group of goods under study. 
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correction to the elasticity formulations due to moving from a quantity constraint to a 

budget constraint.  

The Full Zachary-Daly Matrix (3-29) is given as a partitioned matrix with four components. 

The upper left partition is the Zachary Daly matrix which has the estimates from a discrete 

choice model as its elements.  
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The elements in the upper right hand partition are the Slutsky terms for a compensated 

change in demand with respect to the price of the outside good (ZFull-2 in Appendix A3.4). 

These terms are not considered in models of discrete choice. However, in making 

comparisons between neo-classical demands and choice models, these elements take into 

account the adjustment for moving from models with price differences as their basis to 

models with price ratios as their basis. The elements in the lower left partition (ZFull-3 in 

Appendix A3.4) are the compensated demand derivatives with respect to mode prices. These 

elements represent the adjustment to the choice derivatives needed to compare models with 

transport quantity as its constraint (i.e. conditional share models) with models with 

transport budget as its constraint (i.e. conditional demand models). The last partition 

(ZFull-4 in Appendix A3.4) represents the compensated adjustment to the outside good with 

respect to its own-price conditional on the quantity of transport remaining constant. Taking 

into account all four partitions, the matrix ZF has the properties of the unconditional Slutsky 

ZFull-1, Zachary Daly terms ZFull-2, TPCS-6 

ZFull-3  
ZFull-4 
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matrix (Appendix A2.6). The derivation of the Full Zachary-Daly Matrix and its properties 

as well as a formal comparison of these with the Slutsky matrix properties are shown in 

Appendix A3.4.  

A distinctive difference between the conditional Slustky matrix and the Zachary-Daly 

matrix is in the substitution terms between the conditional demands and all other forms of 

expenditure (i.e. the outside row and column for each matrix). The conditional Slutsky 

matrix (3-3) has between group substitution terms equal to zero, but the Zachary-Daly 

matrix does not. The cause of the difference is which item of expenditure is held constant. 

In neo-classical demand, the quantity of all other goods is fixed and the conditional 

demands are subject to the income allocated to the group.  

In discrete choice modelling the volume of transport is fixed, meaning that there is a fixed 

income allocated to consumption of other goods. It is the reverse of the neo-classical 

conditional demand system. The non-zero outside rows and columns take this into account 

(see Appendix A3.4.1). If there is a price rise for a mode of travel, leaving the demand 

quantity fixed means that less income is available for all other expenditure. The non-zero 

terms in the last row are not substitution terms in the Hicks-Allen sense, but more a money 

accounting adjustment (ZFull-3). The non-zero terms in the last column are somewhat more 

involved. Consider the case where the budget is fixed for the composite good (all other 

expenditure) a decrease in its price means that more money is available for the transport 

group. Because the discrete choice model is based on price differences rather than price 

ratios this means that there is an adjustment in the demand shares. This bears a similarity to 

a conditional income elasticity. However, again it is also a money accounting adjustment. 

Perhaps this result is better explained from a converse standpoint. If there is a uniform 

percentage increase in the cost of all transport modes, then additional income is required to 

keep the level of demand for transport fixed. Unlike the scenario where a constant is added 

to each price, there is an adjustment to choice probability for mode i equal to 







∑−
∈Jk

kik pz . . 

This difference between the conditional Slutsky matrix and the Zachary-Daly matrix needs 

to be accounted for when inferring from elasticities based on one conditional demand 

standpoint to the other. The correction in elasticity terms is given in Chapter 5. 

 



 

 - 95 - 

 

3.4 CONCLUSION 

This chapter introduced two versions of conditional demand. The first is developed from 

neo-classical demand theory (Pollak 1969), whereby a pre-allocation of the non-transport 

goods is made and the transport sector demands are subject to a budget constraint. The 

conditional demands have the same properties as the Hicks-Allen-Slutsky demand 

functions for the consumer’s complete budget (Section 2.3.2). The matrix of conditional 

demand elasticities is constrained by the properties of the conditional Slutsky matrix 

(Section 3.2.1). Importantly, there is no substitution between conditional demands and the 

pre-allocated good. The effect of between group substitution is added to conditional 

demand elasticities to obtain the unconditional demand elasticities. This is the topic of 

Chapter 4: Conditional Demand Systems.  

To place the discrete choice model in the conditional demand literature an obverse 

viewpoint is needed. Instead of other goods being pre-allocated, the demand for the 

transport sector is pre-allocated. This is not unique to discrete choice modelling; a 

deterministic setting for rationed goods leads to the study of demand using a conditional 

inverse demand (i.e. price of the pre-allocated good is a function of the demand quantity). 

McFadden’s (1981) social surplus function is the probabilistic analogue to the conditional 

demand function and permits the valuation of non-price attributes (marginal willingness to 

pay) and welfare calculations for large changes to the transport system. However, the 

conditional demand elasticities need to be based on direct conditional demands, rather than 

inverse conditional demands. The elasticities based on a fixed total demand for transport 

are termed conditional share elasticities, because they represent the switching from one 

transport mode to another (i.e. the change in market share). These elasticities are most 

closely related to choice elasticity estimates. To uncover unconditional (ordinary) demand 

elasticities a between group substitution effect is added to the conditional share elasticities. 

This is the topic of Chapter 5: Inferring Demand Elasticities from Discrete Choice 

Estimates. However, the quantity constraint in the conditional share setting leads to 

different properties of the share elasticities from those of conditional demand elasticities 

(Section 3.3.4) as noted in the contrast between the Zachary-Daly matrix and the Slutsky 

matrix. It was noted in Section 3.3.5 that setting transport as the pre-allocated good does not 

intrude upon the H-A-S properties for the overall consumer’s utility maximising problem. 
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However a monetary substitution term is introduced which needs to be accounted for when 

moving from a quantity constraint with choices based on price differences to a budget 

constraint with demands based on price ratios. This term leads to a necessary correction to 

the choice elasticities when inferring theoretically consistent unconditional demand 

elasticities from choice elasticity estimates.  

Relationships between conditional demands, conditional shares and unconditional demands 

are examined through their elasticities. This necessarily means that a number of different 

elasticity specifications will be given in the coming chapters. A summary preview of the 

specifications in Chapters 4 and Chapter 5 is given in glossary of elasticity expressions in 

the preface to this thesis.  
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     Chapter 4

 

Conditional Demand Systems 

 

It would be nicer if the demand for Swiss cheese depended 
only on food prices and income, but this is not what 
separability implies. Instead separability implies that income 
and prices of goods outside the food category enter the 
demand functions for goods only through their effect on food.  
(Pollak 1971) 

 

4.1 INTRODUCTION 

The preceding chapters have set the stage for the main contributions. The elements 

presented in Chapter 3 now form the basis for the derivation of ordinary neo-classical 

demand elasticities from choice elasticities. The latter are estimated on the basis of a 

condition which is completely at variance with the condition imposed in neo-classical 

economic demand estimation. Throughout the thesis the relationship between the discrete 

choice model and applied demand studies is discussed. A part of this discussion is related 

to the theoretical developments in both the neo-classical demand literature and the discrete 

choice literature. Consistency with neo-classical economics (i.e. Hicks – Allen – Slutsky) 

requires the models to be system-wide by including the prices of all commodities as well as 

the consumer’s income, but it is not feasible to include the price of each marketable good in 

a demand study. As noted in previous chapters a practicable solution to this problem is to 

impose restrictions on the consumer’s maximising problem by way of a separable utility 

function for consumer preferences.  

The discrete choice model makes use of choice observations to construct a systematic 

utility expression from which behavioural outputs such as marginal willingness to pay, 

welfare impacts and aggregated choice elasticities may be estimated. These outputs are 

conditional on the quantity of travel demanded at current prices (both for transport and for 

non-transport goods) and income. Inferences on the economic impacts of changes to the 
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level of transport demand are based on the conditions imposed by the model. The price 

elasticities – which are the main focus of this thesis – are limited to switching between 

alternatives. For inferences to the total effect on demand, a model must include the full 

impact of a price change, both substitution and an income effects, on the way the consumer 

allocates money to transport and non-transport goods. The effect may be thought of as the 

upper stage of a two-stage budgeting process. In the first place the consumer decides on 

budget proportions to be allocated to areas (commodity groups) of expenditure and then 

allocates money to the specific commodities within each group. In the case of a group of 

differentiated products the second stage may be thought of as ‘which’ variant to choose. 

This chapter reviews the theory adopted in neo-classical demand literature that has been 

employed to investigate demand systems under two-stage budgeting. 

Thus, the aim is to discuss the approach to modelling consumer demand for closely related 

commodities as taken from the neo-classical demand literature. This leads into Chapter 5 

which examines the discrete choice approach commonly used in the study of closely 

competing transport alternatives. Each approach considers demand in a two-stage budget 

setting (Section 4.2). The first is the traditional conditional demand system (introduced in 

Section 3.2) and the second is a conditional demand with transport pre-allocated (Section 

3.3.1) of which the discrete choice model is the probabilistic analogue. The important 

contribution is that it should not matter which part of the consumer’s consumption is pre-

allocated (held constant for the purposes of studying demand), the unconditional demand 

elasticities are recoverable by examining the conditional within-group substitution and the 

between-groups substitution.  

Section 4.2 gives an overview of two-stage budgeting and weak separability. The 

implications of conditional demand are elaborated on in Section 4.3 and the theoretical 

restrictions on demand in a two stage budgeting setting are detailed. The elasticity 

decomposition of ordinary demand elasticities for the traditional conditional demand setting 

is presented in Section 4.4 and three approaches are outlined.  In Section 4.5 an example is 

used to illustrate the differences between the three elasticity decomposition approaches.  
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4.1.1 Traditional Conditional and Unconditional Elasticit ies  

The conditional demand system (Pollak 1969) describes demands for commodities given a 

pre-established expenditure allocated to the group. More accurately, the condition on 

demand is at the quantity of non-group items consumed and the expenditure allocated to the 

group is determined by the budget constraint.  

A key objective of this chapter is to provide the theoretical background to the partitioning 

of an ordinary elasticity of demand into the first stage (allocating money to groups) and 

second stage (conditional demand) price response. The decomposition is: 

Tji,     T
i

T
j

T
ijij ∈⋅ω+= eee     4-1 

The total price response (4-1) comprises: 

a “pure substitution effect” or a conditional demand response T
ije , being the 

conditional elasticity of demand for transport mode i with respect to the price of 

mode j – where i and j belong to group T. The total expenditure for group T, Tm , is 

fixed due to the pre-allocated quantity Gq , where G is all items not belonging to T, 

and;  

a “money expenditure effect”22 or group expenditure effect T
i

T
j e⋅ω  ; where 

jm
T
j Te=ω , is the elasticity of expenditure for group T with respect to the price of 

mode j. This is a measure of the consumer’s demand response at the first stage of 

the budgeting process (i.e. the money to allocate to each group). The conditional 

income elasticity, T
ie ,  represents the amount of an additional budget allocation to 

group T that would be apportioned to good i. 

Equation (4-1) is the elasticity representation of Pollak’s decomposition of cross price 

derivatives (Pollak 1969, p 65) and is the decomposition of ordinary demand elasticities 

                                                 

 

22 The “pure substitution effect” and the “money expenditure effect” were the terms used by Pollak 
(1969 p 66) to describe the conditional demand response and the group expenditure effect. 
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into traditional conditional demand and expenditure generation components. The result 

does not require any form of separability of the utility function. Taplin and Smith (1998) 

apply Equation (4-1) to a group of related holiday expenditure items. However, in this 

chapter the development of the elasticity decomposition is explored in the context of weak 

separability, whereby additional insight into the expenditure generation component is 

possible (Edgerton 1997; Carpentier and Guyomard 2001; cf. Section 4.4). Interestingly, 

neither study referred to Pollak nor did their results examine the elasticity decomposition 

from the starting point of Equation (4-1). In Section 4.4.1 it is shown that the result due to 

Carpentier and Guyomard (2001) may be arrived at by using Equation (4-1), which is a 

generalised version of the Taplin and Smith (1998) relationship between expenditure share 

elasticities and ordinary demand elasticities. 

 

4.2 SEPARABILITY AND TWO-STAGE BUDGETING  

As was noted in Section 2.7.3,  when examining a component of consumer behaviour, such 

as travel, the inclusion of prices of seemingly unrelated consumption goods, such as a 

particular item of clothing or a pound of rice, will pose such an unnecessary difficulty that 

the analysis may never proceed. Consequently travel behaviour analysts have usually 

examined the travel choices in relative isolation from other consumption activities. By 

doing so, they have incorporated separability in their studies. 

Separability partitions the total utility function into sub-groups. The marginal rate of 

substitution between goods within a group is assumed to be independent of the quantities 

demanded for goods not belonging to that group. For example, my substitution of bus 

patronage for train ridership is independent of any purchase of books. However, that is not 

to say that the consumption of books does not limit the amount of money available for 

travel. The idea was conceived independently by Leontief (1947) and Sono (1961) and it 

was Strotz (1957) who first published the application of separability to a two-stage 

budgeting process. First, the consumer is assumed to allocate expenditure to broad groups, 

such as food, housing and transport. Second, the sector’s budget is allocated to products 

within the sector, such as meat, eggs and fish. The budgeting process need not be restricted 

to two levels, as shown in Figure 4.1 and may contain more commodity groups, such as 
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entertainment, drink and tobacco and clothing. For illustration the composite commodity is 

limited to food and housing.   

The main implication of the “utility tree” for demand studies is that there is no specific 

substitution between goods on separate branches of the tree. The service provided by meat 

cannot be replaced by a greater consumption of train or vice-versa. The only interaction 

between such goods is through their competition for the consumer’s budget. The way in 

which the consumer evaluates the relative benefits of private and public transport is 

independent of whether more meat or more fish is consumed; all that matters is the amount 

of expenditure the consumer has allocated to transport.  

 

   Figure 4.1: The multi-stage budgeting process represented by a tree diagram 

 

4.2.1 Weak Separability and Two-Stage Budgeting  

Separability is both necessary and sufficient for the lowest stages (bottom of the tree) of a 

multi-stage budgeting process (Gorman 1970). The way in which the consumer organises 

expenditure on transport is a function of both the expenditure allocated to transport and 

transport prices. The demand functions may be concentrated on the group of commodities 

under study (e.g. transport alternatives) but the demand functions for transport are 

conditional on the level of consumption of non-transport goods and therefore the budget 

available for the transport decision. The term conditional demand function seems to have 

been first used by Pollak (1969), where one good, which may be a composite of many 
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goods23, is said to be “pre-allocated” (see Section 3.2). The income allocated to the 

transport sector is conditional on the quantity of the pre-allocated good.  

Suppose the quantity of the pre-allocated good is precisely equal to the quantity that would 

be demanded if the consumer were free to choose the amount – essentially the conditional 

demand specification has placed no additional limit to the consumer’s choice. An 

observation of this consumer’s demand is consistent with his total utility function. 

However, the demand curves are estimated as if the consumer has a fixed demand for non-

transport. The demand elasticities for transport are subject to a given budget for the current 

allocation of money to the transport sector. Should the price of one or more of the transport 

alternatives rise, the conditional demand model provides estimates of a re-adjustment of 

transport expenditures provided that the total expenditure on transport does not change. The 

conditional demand functions provide information on how the consumer may apportion his 

transport budget, but not the total response to a price change. The latter would need to 

include information about how the consumer assigns money to the broad groups of 

expenditure (i.e. the first stage of the two-stage budgeting process).  

The practical benefit of separable utility functions is that they reduce the quantity of 

information needed to study demand. In particular, they allow estimation of demands as 

functions of within-group prices and the budget allocated to the group. Two-stage 

budgeting provides a qualitatively reasonable theory of the way a consumer may go about 

purchasing decisions which is consistent with a separable utility function.  

Full development of conditional demand functions follows in Section 4.3. The price and 

income effects for two-stage budgeting as derived by Gorman (1970) are outlined in 

Section 4.3.1 and elasticity representations are provided in Section 4.3.2.  

 

                                                 

 

23 In Figure 4.1 the composite commodity comprises the non-transport sectors housing and food. 



 

 - 103 - 

 

4.3 CONDITIONAL DEMAND FUNCTIONS IN A WEAKLY 
SEPARABLE UTILITY SETTING 

Conditional demand functions, presented in Section 3.2, allow the ordinary price elasticities 

to be decomposed into a function of prices of a group of goods and the quantities demanded 

of all remaining goods (Pollak 1969). Goods x1, . . . , xn-1 are freely available on the market 

and the quantity (qn) of xn is pre-preallocated.  

4.3.1 Conditional Demand Systems under Weak Separability 

If the utility function is weakly separable, Pollak shows how the conditional demand 

formulation may be used to derive substitution patterns arising from the (between groups) 

marginal rates of substitution. We are considering the case where the transport alternatives 

may be purchased in any quantity and the other groups are pre-allocated. The utility 

function may be written as: 

( ) ( ) ( )[ ]   UUUU GGTT qxx ,=    4-2 

The utility maximising quantities ( )T
J

T
i

T
1

T qqq ,...,,...,=q are independent of the levels of the 

pre-allocated goods. The consumer has only to maximise the utility derived from transport, 

UT(xT), subject to the money available after affording the pre-allocated goods. The demand 

functions for the transport alternatives are dependent on the prices of the alternatives 

( ) ( ) ( )( )TJTiT1
T ppp ,...,,...,=p   and the conditional budget mT. The conditional demand 

functions for the transport alternatives are:  

( ) ( )[ ]GTTT
i

T
i  ; mmxmx qppp ,,, =     4-3 

The arguments for the conditional demand functions are the prices of the transport 

alternatives and the total expenditure on transport. “This result…means that the demand for 

a good in a branch (say [travel on bus]) can be expressed as a function of [transport] prices 

and total expenditure on [transport]. It would be nicer if the demand for [travel on bus] 

depended only on [transport] prices and income, but this is not what separability implies”  

(Pollak 1971, p 426, amended by adding the terms in the square brackets).   
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The conditional demand system describes demands for commodities given a pre-allocated 

quantity “at the quantity of non-transport items chosen” and the expenditure allocated to 

transport is determined by the budget constraint. Pollak’s (1969) decomposition of the price 

effect results in two components, the pure substitution effect and the monetary expenditure 

effect: 
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Under weak separability the price derivatives with respect to goods belonging to other 

sectors do not include a specific substitution effect:  

( ) ( )
TGj  ,  
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The “money expenditure effect” works at two levels. First the consumer adjusts spending 

on the transport sector (a group income effect) and, second the transport budget is allocated 

to the transport alternatives (conditional income effect).   
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The price effects on the demand for a transport alternative with respect to the change in the 

price for an outside good work through the expenditure allocated to transport.  

Equation (4-5) may be further decomposed into a substitution and income term (i.e. Slutsky 

decomposition).  
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where ∂&&  stands for an income compensated change (i.e. holding the level of utility 

constant).  

Taking the compensated term only, multiplying and dividing through by the derivative of 

the quantity qj with respect to a change in income allocated to group G, the Slutsky 

substitution term is given as 
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The factor in the bracket κTG is the between-group Slutsky substitution term (Gorman 

1970).  

The Slutsky substitution term for two goods in the transport group T includes a conditional 

Slutsky term (i.e. the specific substitution term):  

( )
Tji,    mq
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 ; mx T
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where 
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∂= qpqp ,,

s

 

is the conditional Slutsky substitution 

term (Section 3.2.1).  

The between group substitution terms κTG are compensated derivatives of expenditure on 

group T with respect to a proportional change of all prices within group G (Deaton and 

Muellbauer 1980 p129): 

∑
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∂=κ
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T
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The group expenditure effect may be decomposed into substitution and income terms 

(Gorman 1970, Deaton and Muellbauer 1980 p128):  
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The substitution terms are symmetric (4-12a), by way of the symmetry of the Slutsky terms 

sij and they sum to zero, i.e. having the adding up (4-12b) and homogeneity (4-12c) 

properties of the Slutsky matrix. 

   GTTG κ=κ      4-12a    

0
T

TG =∑ κ        4-12b 

 
0

G
TG =∑ κ      4-12c 

In summary, weak separability permits the study of demand for goods to focus on the 

“within-group” prices and the total expenditure allocated to the group. The prices of goods 

from outside the group only affect demand through their effect on the group expenditure. 

Similarly, the income effects on demand work through the expenditure allocation to the 

group. However, the expenditure allocated to groups (i.e. the first stage of two-stage-

budgeting) is dependent on the prices of goods in all groups (Gorman 1959).  

4.3.2 Additive Preferences for Broad Groups 

The allocation to commodity groups is solved by maximising the separable utility function 

subject to the overall budget constraint. The arguments of the utility function are the broad 

quantity indices. The problem identified by Gorman (1959) is that the price indices PR are 

conditional on the utilities for the groups which in turn depend on all prices p. A solution to 

all stages of a multi-stage budgeting process that relies on group prices and expenditure 

only requires the sub-utility functions to be (a) homothetic (i.e. the budget shares are 

independent of income allocated to the group) or (b) the sub-utilities are additively 

separable and each indirect sub utility function is of the Gorman generalised polar form.  
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Block additive utility refers to additively (strongly) separable utilities for broad commodity 

groups, e.g.  food, housing and transport in Figure 4.1: 

( ) ( ) ( ) ( )[ ]   UUUUU S
S

2
2

1
1 qqqq +++= ....    4-13 

The group elasticities are expressed in terms of broad quantity and price indices. The 

transport group elasticity is a function of the group income elasticity, ET, and Frisch’s 

(1959) money flexibility,  φ (Deaton and Muellbauer 1980): 

Own price     TTTTTTTT EWEEWEE −φ−φ=    4-14a 

          Cross-price  TGGTGTG EWEEWE −φ−=    4-14b 

where 
1

m

m
−










∂∂
=

λ
λφ / is the inverse of the elasticity of the marginal utility of 

income or money flexibility; the group own-price demand elasticity, the group 

income elasticity and the group expenditure shares are denoted using uppercase 

italic font; i.e.,  ETT, ET  and WT  , for the transport group. 

In the application (Chapter 7) demand elasticities are inferred by adding the transport 

group elasticity to the estimated choice elasticity. However, the transport group elasticity is 

unknown. The approach is to use estimated income elasticities (Chapter 6) along with a 

reasonable value for the Frisch parameter (reviewed below) in Equation (4-14). 

4.3.2.1 The Magnitude of the Frisch Term 

International demand studies (Clements and Theil 1996; Selvanathan 1993; Theil 1987) 

tend to reject Frisch’s conjecture that the money flexibility varies substantially and build a 

strong case for φ=-0.5.  Selvanathan (1993) reports an estimate of φ=-0.46 for Australia and 

a pooled result of φ=-0.45 for 15 OECD countries. Powell (1996) estimates φ=-0.43, for 

Australian demand and also reports estimates in the interval of -0.4 to -0.67 for experiments 

with U.S., Canadian, and Chilean consumption data. The average of the eight studies 

reviewed by Sato (1972) is -0.55. Theil (1987) obtains a value of φ=-0.53. These studies 

use broad categories for complete demand system estimation so that preference 



 

 - 108 - 

 

independence may be a reasonable assumption. An item of clothing does not make a good 

substitute for food, yet they both do compete for the consumer’s budget.  

On the other hand de-Janvry, Bieri and Nunez (1972) show evidence that the price 

flexibility does vary with income. Their evidence was partly obtained by an indirect 

calculation of φ; assuming a block additive utility, φ is calculated by solving  

Equation (4-14a) with estimates of own price elasticities and income elasticities for food. 

Even though the additive utility model implies that there is only one value of money 

flexibility φ,  Sato’s (1972) suggestion that minus φ may be thought of as  an average 

elasticity of substitution may have merit. The average elasticity of substitution is obtained 

by the expenditure share weighted sum of the Allen-Uzawa elasticities of substitution 

 w
i j

ijj φ−=∑∑ σ=σ  with  jiij eeφ−=σ (Sato 1972). Powell (1992) indicates that the average 

elasticity of substitution should be calculated by the marginal-share (the product of the 

expenditure share and the income elasticity). The result is that the average elasticity of 

substitution is equal to βφ− , where β is “close to unity in practice”  Powell (1992 p 175). 

This is a useful understanding of between group substitution when analysing just one 

segment of the consumer’s consumption decision.  

The next section reviews different approaches to decomposing total (unconditional) 

elasticities into pure substitution effects (conditional demand elasticity) and money 

expenditure effects (between group substitutions). Three papers are covered: Edgerton 

(1997), Taplin and Smith (1998) and Carpentier and Guyomard (2001). Even though 

Edgerton (1997) does not lead to the same result as the others it is included, because the 

formulation makes the same error as has persisted in the transport literature when 

discussing the difference between mode choice elasticities and ordinary demand elasticities.  
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4.4 CONDITIONAL AND UNCONDITIONAL ELASTICITIES 

To express the relationship between unconditional and conditional elasticities a starting 

point is the elasticity representation of the decomposition (4-4). The unconditional elasticity 

(ordinary demand elasticity) ije is the sum of the conditional demand elasticity and the 

group expenditure elasticity multiplied by the conditional income elasticity for the good 

under consideration.  
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where TGδ  , the Kronecker delta, is one if G=T and zero otherwise. Hence, the conditional 

demand elasticities only apply to the case where both i and j belong to the same group. The 

essence of this result was given in (4-1) as the elasticity decomposition for the traditional 

conditional demand elasticities. To simplify the notation from here on a prime is used to 

indicate transport conditional demands (meaning the superscript T is replaced by a prime). 

The following notation is introduced: 

ije′
 

conditional demand elasticity for transport mode i 
with respect to the price of transport mode j. 

ie′
 

The conditional income elasticity, meaning the 
elasticity of the conditional demand for transport 
mode i with respect to money, mT, allocated to the 
transport sector 

jω
 

The expenditure generation elasticity – the elasticity 
of the transport group expenditure mT with respect 
to the price of transport mode j. 

iw ′
 

The conditional expenditure share – the expenditure 
share of transport mode i in group expenditure mT 
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The following relationships apply: 

The conditional income elasticity   Tii Eee =′    

The conditional expenditure share  Tii ww W=′  

As before iiij  wand   , ee are the unconditional demand elasticity, the unconditional income 

elasticity and the expenditure on good i out of the consumer’s total expenditure. 

The relationship between conditional demand and ordinary demand elasticities when both i 

and j are modes belonging to the transport sector may be written as: 

ijijij eee ′⋅ω+′=
     4-16 

4.4.1 Section Outline 

The following sections outline and compare published results examining the relationship 

(4-16) under the condition of weak separability. The first, Edgerton (1997) captures the key 

elements of the relationship but fails to recognise that the effect on the group expenditure 

allocation (i.e. the first stage of two stage budgeting) is dependent on the income elasticity 

of the good for which the price has changed. Goods with larger income elasticities will 

cause the group expenditure to be more elastic. For reference the elasticity decomposition 

will be labelled Edgerton.  

The second result reviewed is due to Carpentier and Guyomard (2001) – labelled 

Carpentier and Guyomard – who made use of the theoretical properties of the between-

group substitution terms κTG to arrive at an expression for the elasticity decomposition (4-

16) under weak separability. Lastly, Taplin and Smith (1998) – Taplin and Smith —were 

not concerned with conditional demand elasticities, but with expenditure share elasticities 

which they used to investigate transport related substitutions between items that do not 

have the same physical attributes. Their result does not make use of the income elasticity 

term in (4-16) and may be thought of as the limiting case where the conditional demands 

are homothetic. However, it is shown here that a generalisation of Taplin and Smith 

Generalised is the same as Carpentier and Guyomard  if weak separability is assumed. The 
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result is shown here because it represents a different approach to the relationship between 

conditional and unconditional elasticities.  

4.4.2 Edgerton (1997) 

Edgerton’s (1997) paper applies the relationship between ordinary demand elasticities and 

expenditure elasticities 1  and   j,i if  jjjjijij +=≠= efef . The cross price elasticities are 

identical to the corresponding ordinary elasticities, but the own-price elasticity differs by 

1.0 from the corresponding ordinary elasticity (Henderson and Quandt 1971, p 27). In terms 

of broad groups, Edgerton factored the expenditure generation elasticity into an elasticity of 

the price index for a group with respect to an underlying price and a group expenditure 

elasticity,
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The expenditure generation elasticity is given as a group expenditure elasticity 

( )TGTGTG E+δ=ω     4-18 

where TGδ is one if T=G and zero otherwise. 

4.4.2.1  The Price Index PG 

The problem identified by Gorman (1959) is that the price index PG is conditional on the 

utilities for the groups UG which in turn depend on all prices p. If the group utility is 

homothetic then the price vector is independent of the level of utility and both stages of the 

two-stage budgeting process may be investigated using within group prices and the price 

index P. An approximation to the broad group allocation problem is made possible by 

assuming that the group price index is locally independent of the utility level (Deaton and 

Muellbauer 1980). The elasticity of the price index PG with respect to a within group price 

jp
 
may be reasonably approximated by the conditional expenditure for the good (Edgerton 

1997, Carpentier and Guyomard 2001):  
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    4-19
 

Substituting (4-19, 4-17 and 4-18) into (4-16), Edgerton arrives at the following 

relationship between conditional and unconditional elasticities (the prime indicates 

conditional demand): 

( ) Gj   T,i     w iTGTGjijTGij ∈∈′+δ′+′δ= eEee
  

4-20 

For the within-group case the solution using the simplified notation is 

Edgerton:    ( )   1 w iTTjijij eEee ′+′+′=
  

 4-21 

Edgerton’s result is correct under either of two circumstances: if all prices for the 

commodity sector move in proportion or if the sector is conditionally homothetic. 

However, if only one price changes, the result (4-21) does not take into account the income 

elasticity for the good for which the price changed. This will mean that symmetry is not 

preserved when calculating unconditional elasticities (Carpentier and Guyomard 2001). 

Unconditional elasticity calculations which preserve symmetry is the topic of the next 

section.  

4.4.3 Carpentier and Guyomard (2001) 

Carpentier and Guyomard (2001) re-examine the decomposition of ordinary demand 

elasticities for weakly separable utilities in order to preserve the properties of demand, i.e., 

the properties of homogeneity, adding-up, and symmetry. They note that the decomposition 

(4-20) violates the symmetry condition except where the sub-utility functions are 

homothetic.  

Their development makes use of the properties (4-12) of the between group Slutsky terms 

TGκ  and Shephard’s lemma (E5 in Appendix A2.3) for broad groups to show that: 

( ) G
T

GTTG PmHPP ∂∂=κ ,P     4-22 

where ( )mH ,P  are the Hicksian group demand functions.  
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This may be written in elasticity form: 

( ) *E.
,

. TG
TT

G
G

T
T

TTG mHP
P

mH
HP =

∂
∂=κ P

  4-23 

where *ETG is the income compensated elasticity of demand for group T with respect to a 

change in the price index of group G. 

By substituting (4-23) first into Equation (4-11) to obtain an expression for the change in 

transport expenditure with respect to a non-transport price and then into Pollak’s money 

expenditure effect, Equation (4-5), Carpentier and Guyomard arrive at the following 

expression:  
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The elasticity formulation for between-group effect is found by multiplying both sides of 

Equation (4-24) by  
i

j

x

p
: 

( ) TGj  T,i  , Ww iTGjTGjij ≠∈∈′−′′=′⋅ω eEeEe *

  

4-25 

Written as ordinary elasticities the relationship between conditional elasticities and 

unconditional elasticities 

( )[ ] TGj  T,i ,  WW w iTGjTGTGTGjijTGij ≠∈∈′−′++δ′+′δ= eEeEEee  

 4-26 

The term in the square brackets is the expenditure generation elasticity, which differs from 

Edgerton by recognising that the change in the group expenditure is affected by the income 

elasticity of the good for which the price changes.  Considering the case where both goods 

belong to the transport sector and using the simplified notation Equation (4-26) becomes:   

Carpentier and Guyomard   ( ) ( )  1w1w ijTTjijTTjijij eeEWeeEee ′−′′+′′+′+′=

 
4-27 
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4.4.4 Taplin and Smith (1998) 

This section first examines the relationship between expenditure share elasticities and 

ordinary demand elasticities. The results are useful to examine the relationship between 

conditional and unconditional demand elasticities in an alternate way to the developments 

shown earlier. The approach informs a method for bridging the gap between market share 

elasticities (as estimated by discrete choice models), conditional demand elasticities and 

ordinary demand elasticities – developed further in Chapter 5. In addition it shows the link 

between work in the transport literature (Taplin 1997; Taplin and Smith 1998) and the cited 

examples from agricultural economics (Edgerton 1997; Carpentier and Guyomard 2001).  

4.4.4.1 Expenditure Share and Ordinary elasticities 

Considering a group of commodities (i.e. transport alternatives for which the superscript T 

is assumed) an expenditure share elasticity is a measure of the change to the expenditure 

share of one of the commodities with respect to the price of any commodity within the 

group.   

j

i
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w
g

log

log

∂
′∂=

      4-28 

The corresponding ordinary elasticity (Taplin and Smith 1998) is expressed by:  

                           jijijij ge ω+δ−=      4-29 

where δij=1 if i = j and zero otherwise.  

The ordinary demand elasticities conditional on a budget constraint is given by  

ijijij g δε −=  . The matrix of demand elasticities has the adding up property of a matrix of 

ordinary demand elasticities, but symmetry and homogeneity are lost. The elasticity 

conditional on a fixed expenditure for the group and the conditional demand elasticity 

coincide when the conditional demands are homothetic.  

The second-stage or expenditure generation elasticity,  j
T

j pm loglog ∂∂=ω is the 

expenditure elasticity of demand for the group with respect to the price of j.  The main 
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result is that for any matrix of ordinary demand elasticities the expenditure generation 

elasticity may be calculated by 

jkj

J

1k
kj ww ′+∑ ′=ω

=
e

     4-30 

An alternate decomposition of ordinary demand elasticities may be arrived at by 

substituting (4-30) into Equation (4-1). 

Taplin and Smith Generalised ijkj

J

1k
kijij ww eeee ′







 ′+∑ ′+′=
=      

4-31 

Equation 4-31 is a general uncompensated elasticity decomposition result, corresponding to 

Pollak’s (1969) price derivative formulation. The elasticity result does not require any form 

of separability in the utility function. However, it is only useful if the unconditional 

elasticities are known. In Appendix A4.1 it is shown that if weak separability is assumed, 

then Taplin and Smith is the same as Carpentier and Guyomard. A summary is given 

below.  

4.4.4.2 Expenditure Generation Elasticities and Weak Separability 

Assuming transport is weakly separable from all else and making use of symmetry and 

homogeneity the group expenditure effect may be written as (see Appendix A4.1 Equation 

A4-14): 

 ( ) ( ) ijTTjjTTTTijij wWwWw eEeEEee ′′−′−′+′′=′ω   4-32 

Which may be rearranged and substituted into (4-31) to give the elasticity form given by 

Carpentier and Guyomard (2001; see 4-27). 

( ) ( )1w1w jiTTjijTTjijij −′′′+′+′′+′= eeEWeeEee    4-33 

A useful result arising from noting that (4-31) implies (4-27 or 4-33) if the group is weakly 

separable from all other expenditure is that the group demand elasticity ETT may be inferred 

from a matrix of own and cross price ordinary demand elasticities.  
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Substituting (4-33) into the expenditure generation elasticity (4-30) and noting that 

jkj

J

1k
k ww ′−=′∑ ′

=
e  (Cournot’s aggregation) and 1w k

J

1k
k =′∑ ′

=
e (Engel’s aggregation),:  
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  4-34 

The right hand expression (4-34) indicates that the sum of the J expenditure generation 

elasticities is equal to the group expenditure elasticity (ETT + 1): 

TT
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= ==    4-35 

The result offers insight into Edgerton’s (1997) decomposition of ordinary elasticities. If all 

prices vary proportionally the expenditure generation elasticity is (ETT + 1), but any single 

generation elasticity is modified by the income elasticity of the good for which the price 

changes as noted in Equation (4-34). This has implications for the interpretation of the 

group effects of price changes which are illustrated in the example given in Section 4.5. 

4.4.5 Homothetic Conditional Demands  

If the conditional demands are homothetic, the elasticity decomposition reduces to 

Marshallian (ordinary) elasticity           ( )TTjijij 1 w Eee +′+′=      4-36 

This is because the conditional income elasticities ji  and ee ′′  are equal to one. In this case the 

solutions by Edgerton (1997), Carpentier and Guyomard (2001) and the generalisation of 

Taplin and Smith (1998), given here, coincide. In particular, the matrix of expenditure 

share elasticities corresponds to the conditional demand matrix of elasticities. If the 

conditional demands are not homothetic, then the relationship derived by Taplin and Smith 

(1998) will generate a matrix of demand elasticities (by way of 4-29) subject to a fixed total 

expenditure (i.e. Cournot’s aggregation holds), but the properties of symmetry and 

homogeneity will be lost.  
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4.4.6 Block Additive Utility 

When there are only two groups considered in the analysis, in this case transport and all 

other expenditure, the between group substitutions (or factors of proportionality) are limited 

to one value,  κ=κ=κ GTTG . Because G is the aggregate of normal consumption items, 

such as food, and luxuries including household durables, the substitution term must be 

considered to be an average. Assuming the utility is block additive the average elasticity is 

close to the negative of Frisch’s money flexibility (see Section 4.3.2). The ordinary 

elasticities are found by substituting (4-14a) into (4-33): 

( )[ ] ( ) ijTTjijTTTTTTjijij 1Ww1WWw eeEeeEEEEee ′−′′+′+′−φ−φ′+′=  

 4-37 

The result only applies if transport is preference independent (additively separable) from all 

other forms of expenditure. However, there is a trade-off between having to study the 

complete demand of the consumer and the accuracy of the between group substitutions. It is 

not unreasonable to assume preference independence when no other information is 

available. Clements, Lan and Zho (2009) assume additive separability in their study of 

consumer vices, because there is little empirical evidence on the demand for illicit drugs.  
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4.4.7 Conclusion to Section 4.4 

This section has prepared the way towards inferring demand elasticities from choice 

elasticities, which constitute a special class of conditional elasticities. Three different 

approaches to examining the relationship between ordinary and conditional elasticities are 

reviewed. The Taplin and Smith (1998) approach is useful if the ordinary elasticities are 

known and the conditional elasticities are required. However, it is also shown here (the 

derivation is given in Appendix A4.1) that under weak separability the generalised Taplin 

and Smith approach is equivalent to the Carpentier and Guyomard (2001) approach and 

therefore may be used if the conditional demand elasticities are known and the ordinary 

demand elasticities are required. The Edgerton (1997) approach fails to take into account 

the income effect of the price change on the expenditure generation elasticity, overlooking 

an important component of the relationship between conditional and unconditional 

elasticities. When the demands are conditionally homothetic the three approaches are equal.  

In the next Section an example derived from vacation travel and accommodation (Taplin 

1997) is used to illustrate the difference between the three approaches. In particular, the 

error due to assuming that the difference between conditional expenditure share elasticities 

and ordinary elasticities only depend on the expenditure generation elasticity (i.e., Taplin 

and Smith 1998) and the error due to neglecting the income effect of the price change on 

the expenditure generation elasticity (i.e., Edgerton 1997) are highlighted.   
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4.5 EXAMPLE TO ILLUSTRATE THE DIFFERENCES BETWEEN 
THE THREE APPROACHES  

Table 4.1 is in two parts. The upper part contains ordinary elasticities based on Taplin 

(1997) for overseas and domestic vacation travel. The elasticity matrix has been 

constrained to satisfy symmetry, homogeneity and the Cournot condition (Taplin 1997, p 

185). The lower elasticity entries in Table 4.1 are imputed by each of the three methods 

outlined in Section 4.4. The elasticities listed first (neither bracketed nor in italic) are 

generated by applying Taplin and Smith Generalised, Equation (4-31). These are taken to 

be the benchmark results for comparison with the other methods. Furthermore, these results 

are formally equivalent to Carpentier and Guyomard, Equation (4-27), if transport is taken 

to be weakly separable. The next matrix of elasticities, in brackets, is derived by applying 

Equation (4-29), Taplin and Smith, not generalised. Edgerton elasticities, listed in italic, 

are computed by Equation (4-21). Finally, the conditional income elasticities in the lower 

part of Table 4.1 are formed by dividing each unconditional income elasticity (upper table) 

by the group income elasticity of 1.67.   

The inferred Taplin Smith Generalised conditional elasticities do not differ greatly from the 

unconditional elasticities because the vacation travel group includes net complements as 

well as net substitutes. Furthermore, the own price elasticity for the  vacation travel group 

is found by subtracting one from the total expenditure generation elasticity of -0.27, 

indicating the group is elastic (i.e., own price elasticity of less than -1). If the prices of all 

vacation related expenses were to increase by 10% the revenue within the sector would 

decrease by 2.7%. This means, in general, that the conditional own-price elasticities are 

smaller (less negative) than the unconditional ordinary elasticities. The conditional 

elasticities for less elastic travel groups, such as urban travel, will be more elastic than the 

unconditional own-price elasticities. A similar pattern is noted in the cross elasticities. The 

conditional cross elasticities for domestic travel expenditure items with respect to overseas 

travel and accommodation prices are more elastic than the unconditional cross elasticities. 

This is because the expenditure generation elasticities for these first two columns (at the 

bottom of Table 4.1) are negative.  

The results of Taplin and Smith (1998) using Equation (4-29) – written in brackets – differ 

from the conditional demand elasticities (i.e. using 4-31) because the expenditure 
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generation elasticities (4-30) represent the difference between ordinary demand elasticities 

and budget constrained elasticities. This method fails to multiply each expenditure elasticity 

by the conditional income elasticity for vacation expenditure i.  However, in this example 

failing to pre-multiply by income elasticities did not lead to large errors in the imputed 

elasticities. For the own price elasticities, the largest errors of 0.06 and 0.04 are for 

overseas flights and accommodation. This is substantially due to the relatively larger 

generation elasticities and to conditional income elasticities differing from one (1.25 and 

1.30 respectively). The errors for domestic related travel goods are small (between 0.00 and 

0.02).  

The Taplin and Smith (not generalised) budget constrained elasticities in brackets in the 

lower part of Table 4.1 exhibit the property of adding-up because the elasticities are 

conditional on a fixed budget for the group. However, these do not have the properties of 

homogeneity or symmetry. The departure from symmetry may be measured by computing 

symmetric below the diagonal cross-elasticities by applying Equation (2-12d) to the above 

the diagonal elasticities and comparing to the elasticities presented in the lower part of 

Table 4.1. On average the Taplin and Smith elasticities differed by 0.04 from the 

corresponding symmetric elasticities with a maximum departure from symmetry of 0.09. 

Not surprisingly the larger departures from symmetry were for the cross-elasticities with 

respect to overseas vacation related prices.  

The conditional elasticities in italics are calculated by Equation (4-21) Edgerton; these 

imputed elasticities are not symmetric (Carpentier and Guyomard 2001, p 226). The 

average departure from symmetry is 0.10 with the maximum being 0.22. This is a 

substantially larger departure from symmetry than the elasticity matrix calculated by Taplin 

and Smith. The differences between correct conditional elasticities and the Edgerton results 

are also larger. The average error for the Edgerton is 0.07, whereas the Taplin and Smith 

elasticities had an average error of 0.03. As with the Taplin and Smith matrix, the largest 

errors were for elasticities with respect to overseas vacation prices; 0.15 for air travel and 

0.10 for overseas hotel use. The results here indicate that a greater error will result from not 

recognising that the expenditure generation elasticity is dependent on the income elasticity 

for the good for which a price change occurs than from neglecting to correct for the income 

elasticity of the affected good. 
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Table 4.1 Derivation of Conditional Demand Elasticities from 
Ordinary Elasticities of Demand for Vacation Travel and 

Accommodation: Australia 
  Overseas 

Air    Fare 
Overseas 
Hotel 
Price 

Domestic Air    
Fare 

Domestic 
Hotel Price 

Car 
Operating 
Cost 

All   
Other 
Prices 

Income Elasticity Budget  Share 
% 

 Normal Demand Elasticities 

Overseas Vacation 
Air Trips:  

-1.69 -0.69 0.40 0.30 0.10 -0.50 2.1 1.101 

Overseas Hotel Use -1.28 -0.79 0.10 0.20 0.11 -0.52 2.2 0.604 

Domestic Vacation 
Air Trips 

1.76 0.25 -2.11 -0.90 0.14 -0.27 1.1 0.252 

Domestic Hotel Use 0.54 0.20 -0.36 -1.00 -0.14 -0.24 1.0 0.623 

Domestic Vacation 
Car Trips: 

0.52 0.28 0.17 -0.39 -1.12 -0.17 0.7 0.22 

All Other 0.01 0.00 0.00 0.00 0.00 -0.99 0.98 97.2 

 Conditional Demand  Elasticities conditional 
income elasticity 

Within 
Group budget 
Share % 

Overseas Vacation 
Air Trips 

-1.41a. -0.52 0.38 0.24 0.06   
(-1.46)b. (-0.55) (0.38) (0.25) (0.07) 1.25d. 39.3 

-1.56c. -0.62 0.43 0.37 0.13 
 
   

Overseas Hotel Use -0.98a. -0.61 0.09 0.14 0.06   
(-1.05)b. (-0.65) (0.09) (0.16) (0.07) 1.30d. 21.6 

-1.14c. -0.71 0.13 0.28 0.13 
 
   

Domestic Vacation 
Air Trips 

1.91a. 0.34 -2.12 -0.93 0.12 0.68d. 9.0 
(1.99)b. (0.38) (-2.12) (-0.95) (0.11) 

  
1.83c. 0.29 -2.09 -0.86 0.16 

 
   

Domestic Hotel Use 0.68a. 0.28 -0.37 -1.03 -0.16 0.60d. 22.2 
(0.77)b. (0.34) (-0.37) (-1.05) (-0.18) 

  
0.61c. 0.24 -0.34 -0.97 -0.13 

 
   

Domestic Vacation 
Car Trips  

0.61a. 0.34 0.17 -0.42 -1.13 0.43d. 7.9 
(0.74)b. (0.42) (0.16) (-0.44) (-1.15) 

0.56c. 0.31 0.18 -0.37 -1.11 
     Sum of Expenditure. 

Generation. Elasticities 
Expenditure 
Generation 
Elasticities 

-0.23 -0.14 0.01 0.05 0.03 -0.272 
 

a. Conditional demand elasticities calculated generalised Taplin and Smith (4-31) 
b. Taplin and Smith 1998 (not generalised) results are given in brackets. Add one to each elasticity on the diagonal 
to get the expenditure share elasticities. 
c. Edgerton 1997 estimates are presented in italics  
d. As shown here the row sum of the conditional price elasticities and income elasticities may not be exactly equal 
to zero due to rounding each value to two-decimal places 

Source: Ordinary Demand Elasticities (upper half of the table) based on Taplin (1997) 
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4.5.1 Expenditure Generation Elasticities 

In Table 4.2 the implied generation elasticities ( ) 1 w TTj E+′ for the vacation travel from 

Edgerton (Equation 4-21) are presented alongside Taplin and Smith generation elasticities. 

Edgerton’s generation elasticities underestimate the impact on expenditure of a price 

change on overseas vacation items. For example, if the price of air trips and overseas 

accommodation were to increase by 10%, then the fall in expenditure allocated to the 

vacation group is 3.6%. Edgerton’s expenditure elasticities indicate the change will only be 

1.7%. Furthermore, the positive cross elasticities between overseas and domestic vacation 

items indicate that as prices for the domestic goods rise, the overseas alternative becomes 

more attractive and the group wide expenditure will actually increase as people move to the 

more expensive option. The Edgerton generation elasticities are unable to model this sort of 

phenomenon because if the group elasticity is elastic (smaller than -1) then all generation 

elasticities are less than zero and greater than zero if the sector demand is inelastic.  

     
Table 4.2 Expenditure Generation Elasticities  

 Expenditure Generation Elasticities 
 Overseas 

Air    
Fare 

Overseas 
Hotel 
Price 

Domestic 
Air    
Fare 

Domestic 
Hotel 
Price 

Car 
Operating 
Cost 

Sum of Expenditure. 
Gen. Elasticities 

Group Demand 
Elasticity 

Taplin 
and Smith 

-0.23 -0.14 0.01 0.05 0.03  -0.27 -1.27 

Edgerton -0.11 -0.06 -0.02 -0.06 -0.02  
 

4.5.2 Group Demand Elasticity 

Taplin (1997) assumed the travel items to be weakly separable from all other goods and 

services with a weighted mean cross elasticity -0.4 with respect to an index of non-vacation 

travel prices. The own-price elasticity of demand for vacation travel of -1.27 is obtained by 

Equation (4-35). This is the only value for which the Taplin and Smith Generalised formula 

produces the same conditional elasticities as Carpentier and Guyomard because both 

derivations are based on the properties of the between group Slutsky terms. If the group is 

weakly separable, the cross price elasticities with respect to the price of the outside good 

may be written in terms of the factor of proportionality and the weighted average of the 

ordinary cross-price elasticities of  -0.4 is given as:  
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Substituting the given values for expenditure share 9720G .W =  and income elasticities

980  and  671 GT .E.E == , the between group substitution term is 0.76TG =κ , which may 

be thought of as the average substitution between goods (or substitution between transport 

and money). The implied Frisch money flexibility is 0.76−=φ . The group elasticity matrix 

is obtained by incorporating the constraints on demand functions (4-12). The matrix of 

group elasticities is given in Table 4.3.  

Table 4.3 Group Demand and Expenditure Share Elasticities 
 Price Index 

for 
vacationing  

All   
Other 
Prices 

 Income 
Elasticities 

Expenditure 
Shares% 

Holiday Travel 
and 
Accommodation 

-1.27 
(-.27)a. 

-0.4  1.67 2.8 

All Other Goods 0.01 -0.99 
(0.01) 

 0.98 97.2 

a. Expenditure elasticities formed by adding one to the own-price elasticities are given in the brackets 

 

The expenditure elasticities are formed by  1  , 1 GGGGTTTT +=+= EFEF  and the cross 

elasticities are left unchanged. The expenditure elasticities are measurements related to the 

decisions made at the first stage of the two stage budgeting process. For example, if prices 

of all goods were to increase by 10% this could be interpreted as a proportionate decrease 

in the consumer’s real income (assuming no income compensation is given).  The 

expenditure elasticities indicate a diversion of budget from the holiday related expenditure 

(-2.7%) to the purchase of other goods (+0.1%). This is not surprising as the vacation goods 

are luxuries with a group elasticity of 1.67 and the composite group is made up of luxuries 

and necessities     
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4.6 CONCLUSION 

Based on the assumption of a two-stage budget (Section 4.2) unconditional demand 

elasticities are derived from conditional demand elasticities and between group 

substitutions (Section 4.3). Edgerton (1997) and Carpentier and Guyomard (2001) base the 

derivation on conditional demand functions (Pollak 1969) under the assumption of weak 

separability. While Carpentier and Guyomard provide an appropriate correction, the 

Edgerton result is intuitive in that it examines the decomposition of the unconditional 

elasticity as the conditional component (Pollak called this the direct substitution) and the 

allocation of money to the group (the first stage of the two-stage budgeting process). Taplin 

and Smith (1998) examined the difference between expenditure share elasticities and 

unconditional elasticities. 

Where the groups of items are weakly separable and conditionally homothetic the result of 

all three studies converge. However, Taplin and Smith provide a general result in that weak 

separability is not necessary. The generalisation (4-31) provided in this chapter is 

applicable to any utility function (i.e. Pollak’s 1969 original discussion on conditional 

demand functions), but is impractical for applied work as the unconditional demand 

elasticities need to be known. This is the same problem encountered in deriving 

unconditional demand elasticities from quantity share elasticities or discrete choice 

estimates (Taplin 1982). Demonstrated in this chapter is that if weak separability is 

assumed the Taplin and Smith Generalised result is equal to the result of Carpentier and 

Guyomard (2001). This provides a promising way forward to studying the difference 

between mode share elasticities and unconditional demand elasticities in that a 

generalisation of Taplin’s (1982) result will lead to a way of imputing demand elasticities 

from choice elasticity estimates and knowledge of the transport group elasticity. This is the 

topic of Chapter 5.  
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  Chapter 5

Inferring Conditional and Ordinary Demand Elasticit ies 

from Discrete Choice Estimates  

 

Intuitively, one would expect mode-split elasticities to be 
derivable from a set of ordinary elasticities, because the 
latter embody the effects of substitution between modes as 
well as income effects and substitutability for other goods. 
But the derivation of mode-split elasticities from ordinary 
elasticities means a loss of information, since it uses only 
the inter-modal substitution component. It would therefore 
rarely be a useful exercise. 

(Taplin 1982) 

 

 

 

5.1 INTRODUCTION 

The final theoretical step is to infer unconditional demand elasticities from choice 

elasticities. In Chapter 4 the relationship between unconditional and conditional demand 

elasticities is detailed. A general result is the decomposition ijijij eee ′⋅ω+′= , indicating that 

the ordinary demand elasticity is the sum of the pure substitution effect  (expressed as the 

conditional demand elasticity ije′ ) and the monetary expenditure effect (expressed as the 

product of the group expenditure generation elasticity jω  and the conditional income 

elasticity ie′).   If the transport group is separable from other forms of expenditure, then it is 

possible to use an estimate of the group demand elasticity TTE to determine the group 

expenditure elasticity and in turn provide estimates of unconditional demand elasticities 

when only conditional demand elasticities are available.  
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It is the purpose of this chapter to show that a similar operation is possible when the 

starting point is the matrix of discrete choice elasticity estimates. The main result is that 

conditional demand elasticities may be computed directly from conditional share 

elasticities. From this point it is possible (again under the assumption of separability) to 

make use of the Chapter 4 results to impute unconditional (ordinary) demand elasticities. 

The result is applicable in limited data contexts such as a stand-alone mode choice study. In 

Section 5.2 it is acknowledged that in application the methods shown here should not 

replace econometrically sound discrete-continuous models. However, the latter rely on 

demand observations over an extended period of time. Stand alone mode choice studies 

provide a snapshot of transport choices and do not look into the amount of travel, which is 

usually based upon aggregate statistics.  

This study is not the first to examine the relationships between ordinary demand elasticities 

and share elasticities. A review of previous work in this area is given in Section 5.3.  

However, the theory is extended here to examine the relationship between conditional 

demand elasticities and conditional share elasticities. Conditional share elasticities 

represent the demand response where the quantity of the goods under study is fixed. The 

rationing of goods has typically led to the analysis of inverse demands “instead of 

exogenous prices determining endogenous quantities, here we have exogenous quantities 

determining endogenous (shadow) prices”. (Deaton and Muellbauer 1980 p114).  

The conditional inverse demand functions permit the examination of goods quality through 

the use of quality weighted prices (Rosen 1974).  McFadden (1981) extended this approach 

to examine a group of competing goods. The analysis of shadow prices (e.g. the log sum for 

generalised extreme value discrete choice models) and pricing of attributes (i.e. marginal 

willingness to pay) are essentially the same as in a deterministic setting, but using the 

expected maximum utility24. However, discrete choice models also permit examination of 

                                                 

 

24 The AIRUM discrete choice model may be specified as a maximum utility or a minimum cost function 

 (Chapter 3).  
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consumer switching behaviour in responses to price changes. The elasticity estimates are 

conditional on the fixed quantity of the transport good.  

This chapter parallels Chapter 4 in that it examines the relationship between conditional 

elasticities and unconditional elasticities, but here the focus is on the conditional share 

elasticities.  In Section 5.4 the decomposition of ordinary elasticities into conditional share 

and generation components is presented. This is essentially the same as Pollak (1969) 

except here the quantity of the goods under study is fixed. It is shown that conditional share 

elasticities may be derived from conditional demand elasticities25 (Section 5.4.1). This 

provides the basis for validating the later result (Section 5.4.2) showing that conditional 

demand elasticities (in the Pollak sense) may be computed from conditional share 

elasticities. The discrete choice model is shown to be a conditional demand system in a two 

stage budgeting process for which the conditional share elasticities are valid representations 

of choice responses and the transformation from conditional share elasticities to ordinary 

demand elasticities apply (Section 5.4.3).  

An alternate position is to think of the choice elasticities as compensated demand 

elasticities, where the compensation is given to keep the consumer at a constant level of 

transport demand before and after a price change (Section 5.5). The relationship between 

choice (compensated demand) and demand elasticities is the same as presented in Section 

5.4. The chapter concludes with an empirical illustration of the theoretical relationships 

presented in the chapter.  

In the next section a brief opening account of conditional share elasticities is given and put 

into the context of conditional demand systems as discussed in Chapter 4.  

 

  

                                                 

 

25 It must be noted that fixing a segment of the consumer’s budget is an analyst’s tool for studying 
substitution rates. The consumer may well behave in an unconditional way.  
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5.2 TRAVEL BEHAVIOUR BACKGROUND TO THE ELASTICITY 
DECOMPOSITION  

Demand studies based on disaggregate mode choice models take into account the market 

effect of switching behaviour between modes. This effect is represented by an elasticity 

matrix for a conditional share system. The theoretical derivation of these demand systems is 

random utility maximisation (RUM) which differs from the usual economists' theory of 

consumer behaviour primarily because of the type of data under analysis; an individual 

chooses a single good (corner solution), and not portions of many goods. In each choice 

setting, a single alternative - including delaying travel and no travel - is chosen from a set 

of mutually exclusive and exhaustive possibilities (cf., Louviere et al. 2000; Train 2003).  

However, the individual may choose on multiple occasions and on each occasion may 

demand a different level of the chosen alternative (quantity). In the case of mode choice, an 

individual's travel during the week is not confined to a single transport mode, nor on each 

occasion does the individual use precisely the same level of service (measured in 

kilometres or time).  Each type of behaviour is reflected in aggregate travel statistics (fare 

box collection, fuel consumption, rail passenger kilometres or levels of congestion). In this 

sense, estimation of a traveller’s demand function using disaggregate data requires repeated 

observations.  

Repeated choice is observable in panel data sets, such as scanner data (e.g., Allenby and 

Rossi 1991), surveys for an extended period (e.g., Axhausen 2002; Morey, Rowe and 

Watson 1993) or laboratory conditions (e.g., Simonson 1990). Studies of repeated choice 

exhibit non-stationary probabilities, due to a preference for product diversity (Simonson 

1990), non-homothetic preference due to quality variations26 (Allenby and Rossi 1991) or 

due to budgeting (Morey, Breffle and Greene 2001). For urban travel, repeated choice 

observations are obtained from a one day or a two-day trip diary. However, transport 

                                                 

 

26 The non-homothetic choice property is an income effect. A homothetic response would be to buy 
more of the same product if more money were available. The non-homothetic response would be to 
trade up to a superior product. In much the same way, if more income were available for travel, a 
homothetic response would be to demand more travel by the same mode. The alternative is to trade-up 
to a more comfortable travel mode.  
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researchers have made a case for longer periods of observation to investigate activity 

patterns and the interaction between mobility and the built environment. The Mobidrive 

data (Axhausen 2002) is collected over a six week period and is aimed at capturing the 

travel routines (daily, weekly and seasonally) of urban residents. However, “data sets 

suitable for such an expedition [understanding habitual choices of mode, destination and 

activities] are extremely rare and far apart” (Kitamura, Yamamoto, Susilo et al. 2006 p. 

260).    

Another class of model for investigating consumer choices over time is the 

discrete/continuous demand model (Hanemann 1984). In such models, the consumer is 

assumed to simultaneously select one good from a group of substitutes and the quantity of 

that good to consume. Examples include brand choice (Chiang 1991; Song and Chintagunta 

2007), appliance choice and energy demand (Dubin and McFadden 1984; Bento, Goulder, 

Jacobsen et al. 2009) and subscription to and use of a service (Madden, Bloch and Hensher 

1993; Economides, Seim and Viard 2008). In the latter two examples, the choice 

component is an initial investment in a technology. Similar methods have been used to 

study automobile demand (Hensher et al. 1992; Train 1986).  

Each of these last two studies models the ownership and changeover of vehicles within a 

household as well as the kilometre usage of the vehicles. Whereas Hensher et al. 

maintained a four year panel, Train's study used a cross-sectional sample with a question 

about usage and ownership of vehicles for the previous twelve months. 

While it is desirable to have inter-temporal observations, either as repeat choices or usage 

over time, other studies take a cross-section sample at a single point in time. These studies 

are usually performed with a single purpose; for example, to estimate a matrix of direct and 

cross-price elasticities (Hensher and Raimond 1996) or for investigating values of travel 

time savings or willingness to pay for transport improvements (e.g. Axhausen, Hess, König 

et al. 2008).  

The extension here is to infer conditional ordinary demand functions from probability 

choice systems. The method uses an expected expenditure for the group before and after a 

change in the price of one alternative. A between-group Slutsky substitution term (Section 

4.3.1) is added to the aggregated choice elasticities to obtain ordinary demand elasticities. 

The conditional ordinary demand elasticities are derived from the choice elasticities. This 
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allows the use of formulae presented in Chapter 4.  The set of conditional ordinary demand 

functions (presented in elasticity form) derived from the choice elasticities have the regular 

properties of Engel and Cournot aggregation, symmetry and homogeneity. The 

corresponding Slutsky matrix is negative-semi definite. It is not proposed that these 

relationships replace deep investigations into travel behaviour. However, the elasticity 

decomposition presented here provides a theoretically sound method to obtain generation 

elasticities when the data is limited to a stand-alone mode choice study.  

In the next section the current understanding of the relationships between disaggregate 

choice elasticities, mode share elasticities and ordinary demand elasticities is presented. 

The calculations, due to Taplin (1982), to infer market share elasticities from ordinary 

demand elasticities are presented. Unfortunately, the market share elasticities are not 

necessarily those derived by discrete choice models as noted by Oum et al. (1992). In 

Section 5.3.1 a two-stage budgeting understanding of choice models is presented noting that 

the choice elasticities are conditional share elasticities consequent on the first stage of the 

budgeting process. A decomposition of the ordinary elasticity (analogous to Pollak’s 

decomposition, Section 4.3) into a conditional share elasticity, a monetary expenditure 

effect and a quantity generation elasticity is presented in Section 5.4. The result is used as 

the basis for verifying that conditional demand elasticities may be derived from a matrix of 

conditional share elasticities (which is argued to be the matrix of estimated choice 

elasticities under the condition of weak separability). This is presented in Section 5.4.2.  
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5.3 RELATIONSHIP BETWEEN MODE CHOICE AND DEMAND 
ELASTICITIES: PREVIOUS WORK  

It has long been known that mode-choice studies estimate price elasticities based on a fixed 

volume of transport. These studies may be based on aggregate market shares or 

disaggregate choices by individuals. As previously noted, elasticities reported by mode-

choice studies differ from ordinary demand estimates because they do not take into account 

the change in the total volume of transport (Oum et al. 1992).  

The relationship between mode-share elasticities and ordinary demand elasticities has been 

examined by Quandt (1968) and Taplin (1982). These relationships are for aggregated 

choice elasticities. Oum et al. (1992) have reviewed the earlier work for transport 

elasticities. Their main conclusion is that where choice models do not include the no choice 

option the aggregated choice elasticities may be thought of as mode-share elasticities. In 

studies that do include the no choice option the aggregated elasticities may be thought of as 

ordinary demand elasticities. The interpretation may be relevant to choice settings where 

the participation is infrequent (such as vacation travel); in these settings the price elasticity 

includes a “reservation price effect”. This means that for some individuals the price of all 

the discrete alternatives may be inhibiting and a price response is whether or not to be in 

the market for the trip and which alternative to choose. However, for discretionary travel in 

urban environments the decision on whether to travel or not cannot be the whole quantity 

decision.  

In a mode choice setting the alternatives are perfect substitutes. Each may offer different 

levels of service, but their underlying function is to serve the same purpose. The price the 

consumer is willing to pay for a particular level of service is reflected in the rate of 

exchange between money (i.e. consumption of other goods) and the attributes offered by 

one or another mode.  

Distinct from other modal attributes, travel cost and travel time play unique roles in the 

consumer’s decision process. They reflect the amount of other activities, goods and services 

the consumer is willing to forgo to afford a particular mode. Money and time are freely 

exchangeable between one consumption activity and another, yet the individual has a limit 

to the total amount of each resource and therefore she budgets between consumption 

activities. The focus of this thesis is on the response to travel costs.  
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This section outlines the current status of research into the relationship between mode share 

and ordinary demand elasticities. To this point the mode share elasticities have been treated 

as the result of aggregating across choice elasticities. In the next section matrices of 

generalised share elasticities are discussed. Such a matrix is unconstrained, other than by 

the share weighted sum property.. On the other hand a matrix of mode choice elasticities is 

constrained by the properties of choice functions consistent with random utility 

maximisation, including symmetry (TPCS5; Section 3.3.4).  

5.3.1 Taplin’s Relationship 

The quantity of travel by mode i is represented by qi and the total travel by all modes is 

∑=
∈ )( modesJi

i
T qq  . Throughout this chapter both mode i and the price of mode j belong to the 

transport sector. The observed mode share of alternative i is 
T
i

i
q

q
s = . The mode share 

elasticity is given by: 

i

i
ij s

p

p

s
m

j

j∂
∂=     5-1 

The aggregate level shares add to one. This means that the quantity share weighted 

elasticities have the following adding up property    

    5-2 

This is closely related to Cournot aggregation, except now it is the quantity for the group 

that is the constraint, whereas the conditional ordinary demand elasticities are constrained 

by the group expenditure.  

Quandt (1968) compared elasticities estimated by time series and those estimated by 

discrete choice. The difference, as shown by Quandt, between these two types of elasticities 

is that the mode choice elasticities (discrete choice models) differ from ordinary elasticities 

(time series) by including a compensating term to hold demand for both modes constant. 

This relationship was extended to the general case by Taplin (1982).  

si m ij
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J
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The relationship between an ordinary elasticity eij and the corresponding share elasticity mij 

is: 

j

T

ijij
p

q
m

log

log
e

∂
∂+=     5-3 

The difference between the mode choice and the ordinary elasticity (i.e. the second term on 

the right) is the generation or second stage elasticity (Taplin 1982)27.   

                                                 

 

27 Taplin (1982) Derivation of ordinary elasticity decomposition: 

 The elasticity ijm of market shares 
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s =  may be written out in full using the formulation for the 
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Multiplying the outside factor through the bracket gives the ordinary elasticity of demand and a generation 

demand – being the elasticity of the group with respect to the price on mode j.  
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The generation component may be rewritten by noting that 
Tq  is the sum of the demands of all J modes 

belonging to T. The difference between choice and demand elasticities is summation of the demand 

elasticities with respect to price j pre-multiplied by each quantity share :  
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Formally, if Matrix S is formed by J repetitions of the row vector, s1, s2,….., sJ of trip shares 

of the J transport modes, I is the identity matrix and E the matrix of ordinary own-price and 

cross-price elasticities then the corresponding matrix M of quantity share elasticities, mij is 

found as follows:  

( )ESIM −=       5-4 

( ) ( )

ieach for  

identical) being S of rows (the ES

SEMEelement    The

j

J

1k
kjk

ijij

η=

∑=

=−

=
  

5-4a

 

Thus quantity generation elasticities, ηj  are added to share elasticities in column j of M to 

obtain the corresponding ordinary elasticity in E.   

Defining, { }J, .  .  . 1,i    H jij
JJ

=∀η=η=
×

 as the matrix of quantity generation elasticities the 

mode-share and ordinary elasticity relationship is    

E  =  M + H     5-5 

 

While it is possible to use Equation (5-4) to infer mode-share elasticities from ordinary 

elasticities, this results in a loss of information and would rarely be a useful exercise 

(Taplin 1982). To infer ordinary elasticities from mode share elasticities is not possible 

without information about the elasticity of aggregate demand for transport and the elasticity 

of the price index PT with respect to the price on, say, the jth mode (Oum et. al. 1992, Oum 

2000).  
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If travel were measured in quantities of one-trip or no trip at all, then, Oum et. al. (1992) 

argue, ordinary demand elasticities may be estimated by discrete choice models that include 

the social variables of individuals who do not travel. In this context, the current 

understanding of the relationship between disaggregate choice elasticities, mode share 

elasticities and ordinary demand elasticities is best represented by Figure 5.1 taken from  

Oum et. al. (1992) or  Oum (2000).  

The decomposition given in Figure 5.1 fails to recognise that a change in the quantity of 

transport demanded may also lead to an adjustment to the shares.  However it is not 

immediately obvious what the interpretation of an elasticity of the form T
i qs loglog ∂∂  

would be. In a two-stage budgeting process we could consider this to be related to the 

conditional income elasticity.  

 

Figure 5.1 A schematic of concepts and empirical approaches to 
estimation of transport demand elasticities  
Source: Oum, Waters and Yong 1992 p146 
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The quantity choice for transport is made at the first stage by selecting a monetary sum, mT 

allocated to transport at prevailing prices. In the traditional conditional demand theory the 

demand quantity for all other expenditure is held constant but here the pre-allocated sector 

is transport.  A price response may be decomposed into direct substitution effects and 

money expenditure effects, but some adjustment to terminology is needed to account for the 

fixed quantity of transport. The consumer will respond to a price change by substituting one 

transport mode for another. However, this will cause the expenditure allocated to the group 

to change and the money expenditure effect is conditional on the quantity constraint. This is 

different to a conditional income elasticity where the condition is a fixed budget for the 

group not a fixed quantity.  

However, an intermediate step is to examine the relationship between budget elasticities, 

when the quantity for the group is constrained, and conditional budget elasticities.  

Noting that the share elasticities are equal to the quantity constrained elasticities, the 

approach used by Taplin (1982), as shown in footnote 27 on page 133, is applied to the 

budget (income) elasticities for the group. Taking the differentiation of the quotient demand 

shares with respect to income allocated to the transport group, 
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Thus the conditional share elasticity is decomposed into a conditional income elasticity and 

a generation elasticity 
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Multiplying and dividing through the demand quantity qk for each elasticity in the 

generation component and noting that the sum of the demands for transport is the quantity 

index qT 
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Thus the conditional-share budget (income) elasticity may be inferred from conditional 

budget elasticities in much the same way as Taplin (1982) infers market share elasticities 

from ordinary elasticities. The result means that it is possible to infer a conditional-share 

budget elasticity from estimates made by conditional demand system models. However, as 

in the case with the price elasticity relationship (T-3) this does not aid the analysis when 

demand elasticities are the subject of the inference. However, the conditional budget 

elasticities are recoverable from conditional share budget elasticities by applying an 

equation similar to that used to impute expenditure generation elasticities (4-30).  

The following Equation (5-10) employs the algebraic trick of adding one to the conditional 

budget elasticity and subtracting it back. This is done by noting that the sum of the budget 

shares multiplied by the conditional budget elasticities equals one  

(Engel’s aggregation: 1w
J

1k
k =∑ ′′

=
ke  ): 

∑ ′′−+′=′
=
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kw1 kii eee      5-10 

Substituting (5-9) for the conditional budget elasticities to write the right hand side of (5-

10) in terms of conditional share budget elasticities 
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Noting that pre-multiplying the generation component by the budget shares leaves it 

unchanged (i.e. ∑ ′=∑ 







∑ ′′

== =

J

1k
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kk ssw kk ee ) , Equation (5-11) simplifies to: 
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1k
kki w1 mmei      5-12 

The two formulations (5-9) and (5-12) provide a way to impute the budget elasticities from 

one set of conditional demands to the other. Each has the adding up properties taken from 

the constraint on purchase. The budget share weighted sum of the conditional budget 

elasticities equals one (Engel’s aggregation) and the quantity share weighted sum of the 

conditional share budget elasticities equals zero. In Equation (5-12) the difference between 

the conditional budget elasticities and their conditional share counterparts is one and a 

correction for moving from expenditure shares to quantity shares applies. The next section 

generalises previous results and relates the findings between mode share elasticities and 

conditional elasticities. The starting point is that one part of the consumer’s allocation is 

held fixed. However, unlike conditional demands (Chapter 4) which hold all other 

expenditure constant resulting in conditional demands for transport, the conditional share 

elasticities are the result of holding the quantity of transport constant.  
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5.4 CONDITIONAL SHARE ELASTICITIES 

In Section 3.3 the direct conditional demand function for the consumption of mode i where 

the quantity of transport is pre-allocated is given as a function of transport prices and 

income (3-17) ( ) Ti   ,  ;m xq T
nn

T
n

T
inin ∈= qp , . In a discrete choice setting these were 

interpreted as conditional demands (3-18) ( ) ( )νπ= in
TT

nnnn
T
n

T
in qq;m,x ˆ,, εap , for which the 

conditional share elasticities are (3-20) 
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In this section the decomposition of the effect on the demand for transport alternative i of a 

change in the price of mode j is presented. The formulation follows Pollak’s (1969) 

decomposition, the difference being that in the two-stage budgeting the conditional 

demands are for transport held constant rather than all else. The total price effect is 

decomposed into a specific substitution term (or the conditional share effect), a monetary 

substitution (conditional on the quantity constraint rather than an expenditure constraint) 

and a change in the quantity of travel (or a demand generation effect): 
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where T
ix  is the conditional demand subject to the group quantity constraint.  

Taking 

 

( ) ( )νπ= iTT
TT

i qq;mx ˆ,p  as the expected conditional demand estimated from a 

discrete choice model the decomposition may be written as:  
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The total price effect in (5-14) may be thought of as a decomposition into switching 

between modes and a demand generation effect (i.e. the change in the total level of travel). 

In terms of elasticities, this may be written as  
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The elements of Equation (5-15) are explained below. 

5-15a) 
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mij   is conditional share elasticity, being equal to the mode 

choice elasticity. In expected terms it is the elasticity of the market share estimate 

( )νπiˆ  with respect to the price of mode j 
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m  is the conditional-share income elasticity and is most like 

the conditional income elasticity. The difference is that the condition is on the 

quantity for the transport group being held constant rather that the budget. This 

means that the adding up property is somewhat different to that of 2-12a (i.e. 

Engel’s aggregation):  The share weighted sum of the conditional share income 

elasticity is equal to zero, 0
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is the monetary expenditure generation elasticity and 

is no different to the monetary expenditure elasticity presented in Chapter 4. 
 

5-15d) 
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∂
∂=η  is the quantity generation elasticity and may be inferred from 

ordinary elasticities using Equation (5-4) 

Using the above notation the decomposition of an ordinary demand elasticity    

 ( ) jijijij ηmme +′ω+′=      5-16 
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Equation (5-16) generalises Taplin’s decomposition by allowing for non-homothetic 

conditional demands. If the system is conditionally homothetic, each conditional share 

budget elasticity is equal to zero (i.e. each conditional budget elasticity equals zero)  

and (5-16) reduces to (T-3) in footnote 27 on page 133.    The generalisation (5-16) is the 

conditional share analogue to the Taplin-Smith generalisation for conditional demand 

elasticities given in Chapter 4. 

5.4.1 Derivation of Conditional Share Elasticities from Conditional Demand 
Elasticities 

Earlier in the thesis, Equation (4-30), the expenditure generation elasticity is given as a 

function of ordinary demand elasticities and conditional expenditure shares. This in turn 

gave a general relationship between ordinary demand elasticities and conditional demand 

elasticities (4-31). In the previous section the relationship between conditional share and 

ordinary demand elasticities is shown to include expenditure generation and quantity 

generation elasticities. These are in terms of ordinary demand elasticities and conditional 

quantity shares so that in each relationship the ordinary demand elasticities need to be 

known.  

It is shown here that the relationship between conditional demand and conditional share 

elasticities does not need the generation elasticities; therefore the ordinary demand 

elasticities do not need to be known to derive one type of conditional elasticity from the 

other. First, the derivation of conditional share elasticities from estimated conditional 

demand elasticities is shown. Second, the derivation of conditional demand elasticities from 

conditional share elasticities is shown. The second derivation (Section 5.4.2) is central to 

the thesis in that the conditional share elasticities are equal to the choice elasticities 

estimated in a discrete choice model (see Section 3.3.2). 

To derive the conditional share elasticities from conditional demand elasticities start by 

substituting the budget elasticity relationship (5-9) into the elasticity decomposition (5-16): 
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Expand the brackets on the right and write the ordinary elasticity on the left in terms of a 

conditional elasticity and expenditure generation elasticity (i.e. substitute 4-31 into 5-17): 

j

J
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kkjijijijij s ηeemee +∑ ′ω−′ω+′=′ω+′

=
    5-18 

After simplifying ( ij e′ω  cancels out), substitute the quantity generation elasticity 

relationship (5-4a) into Equation (5-18): 

∑ ′+∑ ′′ω−′=′
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kkjijij ss eeme      5-19 

Once again write the ordinary demand elasticities in the summation on the far right as their 

conditional demand decomposition (4-31): 
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The term ∑ ′′ω
k

kkj s e cancels out of Equation (5-20) and after rearranging the conditional 

share elasticities are written as an expression that includes the conditional demand 

elasticities and the conditional quantity shares: 

∑ ′′+′=′
=

J

1k
kjkijij s eem               5-21 

The results given here demonstrate that it is possible to derive the conditional share 

elasticity matrix when the conditional demand elasticities are known. However, the main 

aim is to show that conditional demand elasticities are recoverable when only conditional 

share elasticities are available.  
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5.4.2 Derivation of Conditional Demand Elasticities from Conditional Share 
Elasticities 

The conditional demand elasticities may be derived from conditional share elasticities by  

( ) j

J

1k
kjkijij ww ′−∑ ′′−′=′

=
mme     5-22 

The difference between the conditional share elasticities and the conditional demand 

elasticities may be thought of as a conditional expenditure generation elasticity, which is 

the proportional change in the consumer’s expenditure on transport to keep the demand for 

transport constant after a change in one of the modal prices.  The proof of Equation (5-22) 

is made by showing that the expression on the right is the conditional demand elasticity.  

Substituting the decomposition of the ordinary demand elasticity into its conditional share 

and generations components (5-16) ijjijij mem ′ω−η−=′   into (5-22): 
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Given that the sum of the expenditure shares ∑ ′
=

J

1k
kw  equals one, the quantity generation 

elasticity cancels out of the equation. Simplifying the remaining terms: 
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Substituting Equation (4-30), for the expenditure generation elasticity 
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Noting that the conditional income elasticity (5-12) is ∑ ′′−′+=′
k

kkii w1 mme ,   

Equation (5-25) becomes:  

ijijij eee ′ω−=′
   5-26 

which is the conditional demand elasticity in terms of ordinary elasticities and the 

expenditure generation component (see Chapter 4 Equation 4-16). The difference between 

the conditional share elasticity and the conditional demand elasticity (5-22) is given as a 

type of expenditure generation elasticity (i.e. such that the expenditure for the group 

remains constant). The expression ( ) j

J

1k
kjk ww ′+∑ ′′

=
m  may be thought of as a conditional 

expenditure generation elasticity, jω′ , that  represents the additional budget allocated to the 

group in order to keep the total quantity fixed should the price of mode j increase (cf. 

unconditional jω  in Equation 5-15c). To derive the conditional demand elasticity (5-22) 

the conditional expenditure generation elasticity is subtracted from the conditional share 

elasticity.  This generation elasticity comprises two parts: firstly, jw′  adjusts for the change 

in expenditure should the traveller continue to consume the same amount of travel by mode 

j before and after the price change28. The other part accounts for the possibility of switching 

between modes. Applied to discrete choice models, the adjustment ( )∑ ′′
=

J

1k
kjkw m  may be 

thought of as a correction based on the switching behaviour estimated by the choice 

elasticities.   The applicability of this result to discrete choice models is discussed further in 

Section 5.5 where the conditional generation elasticity is interpreted as a Slutsky like 

compensation given to the consumer to leave the total consumption of transport unchanged 

after a price change. The next section takes the final step to establish the relationship 

                                                 

 

28 In a discrete choice modelling setting the choice of mode is only known up to a probability. Whilst 
the consumer may not choose mode j at the outset, the modelling exercise produces an expected mode 
share for each respondent. The expenditure share jw′  is proportional to πjpj. If the respondent is 

unlikely to choose mode j then the choice probability will be small and therefore so will the  
adjustment jw′ 



 

 - 145 - 

 

between conditional share elasticities and unconditional demand elasticities assuming a 

weakly separable utility structure.  

5.4.3 Ordinary Demand Elasticities  

It is not possible to compute unconditional elasticities from mode-share elasticities without 

additional information. If it is assumed that transport is weakly separable in the utility 

function one can use the results presented in Section 4.4. The additional information 

required is the transport group demand and income elasticity as well as transport’s 

expenditure share of the consumer’s total budget. 

The ordinary demand elasticity may be derived in two steps. First the conditional 

expenditure generation elasticity jω′ is subtracted from the conditional share elasticity to 

arrive at the conditional demand elasticity (i.e. 5-22). Second the unconditional expenditure 

generation elasticity multiplied by the conditional income elasticity, ie′ is added to the first 

result (i.e. 4-16):   
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5-27 

Under conditions of weak separability the ordinary demand elasticities may be inferred by 

substituting Equation (5-22) into (4-27). First the conditional demand elasticities are 

computed and second the between group substitution is added: 
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The mode share elasticities are aggregate elasticities from a discrete choice model (i.e. 

elasticities of conditional demand functions at the first stage of a two-stage budgeting 

process). The conditional income elasticities may be derived by Equation (5-12),

∑ ′−+′=′
k

kkii mw1me . To obtain unconditional elasticities an estimate of the elasticity of 

demand for travel is needed as well as the expenditure share for travel in the consumer’s 

total budget.  
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A further restriction is to consider that transport is additively separable from all other 

expenditure and that transport group demand elasticity may be imputed by reasonable 

values of Frisch’s money flexibility. Substitute 5-22 for ije′  in Equation (4-37) so that the 

unconditional demand elasticities are related to mode share elasticities by way of: 

( )[ ] ( ) ijTTjijTTTTTTjj
k

kjkijij 1w1www eeEWeeEWEEWEmme ′−′′+′+′−φ−φ′+






 ′−∑ ′′−′=

  
5-29a 

The equation simplifies to (5-29b) by noting that the unconditional income elasticity is 

given by  jTj eEe ′= : 

( )( ) iTTjjj
k

kjkijij 11www eEWemme ′−+φ′+′−∑ ′′−′=    5-29b 

If the conditional demand functions are homothetic (5-29) reduces to  

( )[ ] 1ww TTTTj
k

kjkijij EEWEmme φ+−φ′+∑ ′′−′=
   

5-30 

5.4.4 Conclusion to the Section 

In the course of the analysis of elasticities in Section 5.4 most attention is given to the 

relationship between conditional share elasticities and conditional demand elasticities. An 

important finding is that each type of conditional elasticity is derivable from the other 

without having to know the group demand elasticity. While the finding is self contained 

and could be used for applied work, an alternate way of looking at mode share elasticities 

conditional on fixed demand is as if the individual is given an income compensation to 

keep his level of demand constant. This approach was taken by Truong (1981, pp101-103) 

and his justification is intuitively appealing due to its likeness to the Slutsky equation, in 

which the demand response is partitioned into a substitution term and an income effect. The 

results are re-examined below in light of the conditional demand and conditional share 

relationships. 

In the following section the discrete choice model is presented in terms of a two-stage 

budgeting process. The resulting price elasticities are conditional as in Pollak’s conditional 

demand, except that the quantity constraint (i.e. the pre-allocated good) is on the demand 
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for transport rather than the demand for other things. Now the derivation of  

Equation (5-22), the relationship between conditional share elasticities and conditional 

demand elasticities, is made in terms of compensated conditional demands.  

 

5.5 THE DISCRETE CHOICE MODEL AS COMPENSATED 
DEMAND  

The main purpose of this section is to show that the premise of compensated demand where 

the compensation is given to keep the level of transport constant leads to the same elasticity 

result as that derived for conditional demands. The exposition provides an interpretation of 

the correction term ( )∑ ′′
=

J

1k
kjkw m  in the conditional expenditure generation elasticity that is 

relevant to choice models based on fixed quantities and price differences.  

Reviewing the discrete choice as a conditional share model (Section 3.3), the conditional 

demand function for the consumption of mode i where the quantity of transport is pre-

allocated is given in Equation (3-17), ( )( ) Ti   ,  ;m xq T
nnTn

T
inin ∈= qp , . In a discrete choice 

setting the consumer is assumed to buy only one variant of the transport alternatives and 

consume T
nq  units. The expected conditional demand may be generated by a random 

utility discrete choice model (3-18): 

( ) ( ) ( )( ) ( )νπ= in
TT

nnTnTnTn
T
in qq;m,x ˆ,, εap    5-31 

The expected transport group expenditure may be expressed in terms of an expected market 

price index for the transport alternatives (3-19): 

( ) jn
Jj

jn
T
n

T
n pqm ∑ νπ=

∈
ˆ     5-32 

At base prices and quantities (base probabilities in the case of discrete choice) the expected 

market price index for transport is ( )∑ νπ=
∈Jk

kkT pP ˆ
 

and ∑ ππ=′
∈Jk

kkjjj ppw is the jth 

conditional expenditure share.   
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5.5.1 The Slutsky Equation 

As previously noted, the difference between conditional demand systems (in the Pollak 

sense) and conditional share systems (in the discrete choice sense) is that the first is subject 

to a fixed budget for the transport group and the second is subject to a fixed quantity 

constraint. A way of interpreting this difference is to assume that the consumer is given a 

notional amount of money to maintain the level of transport activity (without affecting the 

quantity decision for the composite commodity). This describes Slutsky’s compensation 

equation, but only for a segment of the consumer’s budget. Pollak’s conditional demands 

are subjected to the transport budget constraint and the conditional shares (i.e. expected 

demand ( )νπ=




 ′ i

TT
i

TqTqm;px ˆ,, , ap
 

estimated by the discrete choice model) are 

compensated.  The Slutsky equation can be used to infer the conditional demand:  

     

jT

T
i

   fixed  travelof

    dCompensate
level  thekeep toj

T
i

 for Budget
fixed travelj

i q  
m

x
 

p

x

p

x

∂
∂−

∂
∂=

∂
′∂    5-33 

Truong (1981) used the conditional expenditure function to derive j
T

j qq π=
 
and, noting 

that the conditional elasticity for the group of transport alternatives is -1, his solution 

expressed as an elasticity is jijij w′−′=′ me . The difference between conditional elasticities 

and mode choice elasticities is the expenditure share (or the elasticity of the price index for 

transport with respect to one of the mode prices, 4-19).  The following is an update of this 

development accounting for the differences in matrix conditions of conditional demand and 

share elasticities. This difference stems from the difference in properties of the Zachary-

Daly matrix and the Slutsky matrix. We make use of the expected market price index for 

the group of transport alternatives 

Substituting the conditional demand (5-31) for T
ix  into the Slutsky equation and  noting 

that 
j

T

j p

m
q

∂
∂=  is the derivative of the minimum cost for transport with respect to price j 

needed to keep demand at the current level (Deaton and Muellbauer 1980, p 45): 



 

 - 149 - 

 

j

T

T

T

iT
iT

j

iT

j

i

p

m
   

m

q

m
q

p
q

p

x

∂
∂















∂
∂π+

∂
π∂−

∂
π∂=

∂
′∂

    5-34 

Expanding out the derivative of the group expenditure with respect to price j, (5-34) 

becomes: 
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The elasticity formulation is obtained by multiplying (5-35) through by T
ij xp  
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Simplifying: 
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The first bracket is the sum of the conditional share elasticity with respect to income 

(assumed zero for AIRUM discrete choice models) and the elasticity of conditional demand 

for the travel group with respect to the money allocated to travel,  (this is equal to one by 

construction, 1T =′E ). The second bracket is the sum of mode choice elasticities weighted 

by the conditional expenditure shares and the conditional expenditure share for the jth 

alternative. This is the conditional expenditure generation elasticity given in  

Equation (5-22) and in elasticity form Equation (5-37) may be written as: 









∑ ′+′′−′=′
∈Jk

jkjkijij ww mme     5-38 
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The result is the same as Truong’s (1981) but with the correction, ∑ ′′−
∈Jk

kjkw m , to account 

for the potential for the consumer to switch modes. Importantly the result is the same as 

given for the conditional share elasticities. That is discrete choice may be thought of as a 

conditional demand (where the quantity decision is made at the first stage of a two-stage 

budgeting process) and the generation elasticities are analogous to those used in neo-

classical demand to solve for unconditional demands. On the other hand, the discrete choice 

model may be thought of in terms of compensated demands where the compensation is 

such that the consumer may keep the same level of transport consumption before and after 

a price change. The choice elasticities may be viewed as representing income compensated 

conditional demand elasticities with the correction ∑ ′
k

kjjw m due to moving from 

elasticities based on a quantity constraint and price differences to elasticities based on an 

income constraint and price ratios.    

5.5.2 An Explanation of the Correction Term 

The additive in income random utility model AIRUM is conditionally homothetic. This 

implies that additional total income will not affect the choice probabilities (McFadden 

1981). However, the model also measures choice as a function of price differences rather 

than price ratios. If a constant is added to the price for each alternative the choice 

probabilities are unaffected (Train 2003). However, should all prices move in proportion to 

each other the choice probabilities adjust. This contrasts with the conditional expenditure 

shares in a conditionally homothetic demand system where prices changing in proportion 

leave the expenditure shares unaffected.   

In Section 3.3.5 the Slutsky and Zachary-Daly matrices are contrasted; while both are 

negative-semi definite the Slutsky Matrix has the price vector lying in its null-space 

(homogeneity and adding up conditions are subject to price ratios). This means that the row 

sums of the compensated conditional demand elasticities equal zero. However, the 

Zachary-Daly has the unit vector lying in its null-space (homogeneity and adding-up 

conditions are subject to price differences). If a constant is added to each mode price the 

choice probabilities (estimated by linear in price AIRUM choice models) do not change. If 

the prices of each alternative were to change in proportion, the choice probability estimates 
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would adjust because the differences are no longer the same. The adjustment may be 

computed by the row sum for each row of the choice elasticity matrix (see Homogeneity 

property of choice elasticity matrices 3-28).  

  
P Jk

jk
T

j
jPT

∑ ′−=
∂

π∂
=′

∈
m

log

log
m     5-39 

The symmetry property (3-28) of AIRUM choice elasticities (  w  w jijiji mm ′′=′′ ; also see 

Taplin et al. 1999) implies that the second term on the right hand side of Equation (5-22) is 

related to the adjustment in choice probabilities given a uniform percentage change in the 

prices of all alternatives:   

∑ ′′−=∑ ′′−=′′
∈∈ Jk

kjk
Jj

jkjjPj w  ww
T

mmm    5-40 

The interpretation of the AIRUM discrete choice model as a compensated demand 

(allowing for the consumer to maintain the quantity of transport demanded) gives the same 

result as (5-22), which implies a conditional demand setting for the discrete choice model.  

Relating the two results, the conditional demand elasticities are: 

( ) j

J

1k
kjkijjPjijij ww  1w

T
′−∑ ′−′=+′′−′=′

=
mmmme   5-41a 

The conditional income elasticities may also be interpreted in terms of moving from price 

differences to price ratios: 

∑ ′−+′=′
=

J

1k
kPkjPi TT

w1 mme     5-41b 

The conditional income elasticities should be treated with caution as these result primarily 

from moving from a model based on price differences influencing choice to a demand 

system where price ratios are the determinants of demand. If prices enter the choice model 

as logarithms (i.e., price ratios affect demand) the elasticity with respect to a proportional 

change in all prices is zero. In the example, Section 5.7, the conditional and unconditional 

elasticity matrices are derived from choice estimates. Where the choice model is AIRUM it 

may be better to present the “income” elasticities as marginal shares (i.e. the change in the 

expenditure share of the mode with respect to an additional dollar allocated to the transport 

group).  
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5.6 AGGREGATING ACROSS CHOICES  

The method of aggregation, reviewed in  Appendix A3.3 starts with a distribution h(y) of 

observable utility components, including prices and attributes of the alternatives as well as 

the social variables including income of individual n. The number of individuals choosing 

alternative i is the set of probability densities for which Ui is the maximum utility.   

( ) ( ) ( ) ( )∫=∫=
∈

=
y

UU
i d i N

j
Jj

i

yyyεεy h|Prdg
max

   5-42 

The share of travellers choosing alternative i is given by 

( ) ( ) NJj  ;NNS
n

njniii ∑ ∈<== ,, ccPry      5-43 

To calibrate the sample number of trips to the observed market two elements need to be 

accounted for. Firstly the number of individuals in the population and secondly the number 

of trips each population member takes. The choice model is calibrated against the count of 

trips, in which case the total trips may be thought of as the count of individuals each 

making a single trip where the size of the population is equal to the number of trips counted 

(estimated), i.e.  TN Q* = .  This is accommodated by assuming that for each individual in 

the sample there are Tnq equivalent individuals in the population and that each vector of 

characteristics yn is repeated T
nq  times in the vector y in Equation (5-42). The 

interpretation does not affect the aggregation methods discussed in Ben-Akiva and Lerman 

(1985), where the population (aggregate traffic) is said to be the count of individuals.  The 

change to the number of trips is a more realistic interpretation of the conversion from 

sample information to traffic aggregates.  

The share equation applied to regional studies is appropriately expressed as:    

( ) ( ) T

n
njni

T
nii Jj  ;qNNS QccPr ,,

** ∑ ∈<== y     5-44 

  



 

 - 153 - 

 

The conditional demand function for discrete good i may be written as 

( ) i
T

i SX Q=y .    5-45 

It is assumed in the discussion above that the sample is representative or appropriately 

weighted estimation techniques are applied (as in Manski and Lerman 1977 for MNL or 

Garrow, Koppelman and Nelson 2005 for NL).  

.  

5.6.1 Aggregating Choice and Demand Elasticities 

5.6.1.1 Inferring Ordinary Demand Elasticities 1 : Naïve Aggregation 

In this section two methods of aggregation are discussed. The first, naïve aggregation, 

represents the market by an average individual who is assigned the sample average of each 

explanatory variable. The elasticities are calculated as if the average individual was an 

observation in the sample. Equations (5-46) to (5-48) show the aggregation method using 

the sample average or naïve aggregation. 

Naïve aggregation of choice elasticities ----     
( )

jp

yi

log

|log
mij ∂

π∂=′    5-46 

The expected expenditure shares are calculated at the estimated probabilities for the 

average individual. These enter the formula for inferring conditional demand elasticities: 

( ) jkjknijij ww ′−′′−′=′ mme
  5-47 
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To impute the unconditional demand elasticities the transport group demand TTE  and 

income elasticity TE are needed. In the example presented in Section 5.7, the same group 

elasticities are assumed for each individual29 

( ) ( ) ijTjijijij 1 W w1w eeEeEee TTT ′−′′+′+′+′=   5-48 

Where conditional income elasticities are given by ∑ ′−+′=′
=

J

1k
kPkjPi TT

w1 mme  

5.6.1.2 Inferring ordinary demand elasticities 2: Probability weighted aggregation 

The probability weighted method computes choice elasticities, conditional demand 

elasticities and the ordinary demand elasticities at the individual level before aggregating. 

A summary of the computation procedure is given in Figure 5.2 below: 

Individual Elasticity Calculation Reported  

Aggregate Elasticity 

Choice Elasticity  

Estimated.  

The elasticities are based on the RP observation  

in the discrete choice model. 

 

∑π∑ ′π=′
==

N

1n
in

N

1q
ijninji mm

 

(5-49) 

 

 

Conditional Demand Elasticity  

                     
( ) jn

J

1k
kjnknijnijn ww ′−∑ ′′−′=′

=
mme

       

 

 

∑ π∑ ′π=′
==

N

1n
in

N

1n
ijnin eeij

 

(5-50) 

 

Unconditional Demand Elasticity
  

 

( ) ( ) injnTjninjnijnij 1 W w1we eeEeEe TTT ′−′′+′+′+′=  

 

∑ π∑ π=
==

N

1n
in

N

1n
ijninij ee

  
(5-51) 

 
Figure 5.2 Computations and Aggregation Method to Impute 

Ordinary Demand Elasticities from Choice Elasticity Estimates 

                                                 

 

29 The empirical example given in Chapter 7 assigns expenditure shares and group elasticities to high, 
middle and low income classes, based on a regression analysis on travel expenditure records.   
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Whilst the Naïve aggregation will be biased (Koppelman 1975) it is useful for illustrative 

purposes. The aggregated matrix of elasticities has the same properties as the elasticity 

matrix at the disaggregate level. Hence, the matrix of inferred conditional demand 

elasticities may be inspected to see if the properties (3-4) in Section 3.2.2. hold. The 

probability weighted aggregation method will not preserve the properties of symmetry, 

homogeneity and adding-up (Taplin et al. 1999). However, the probability weighted 

aggregated elasticities will be more indicative of actual market behaviour. The aggregated 

unconditional demand elasticities in Equation (5-51) include the transport demand elasticity 

TTE and income elasticity
 TE  which are constant across the sample30. However, the 

conditional income elasticities are calculated at the disaggregate level by Equation (5-41a) 

so that using the probability weighting strategy is necessary even for this last step.  

The next section makes use of data for high speed railway (Hensher 1997) supplied with 

the software LimDep (Greene 2007) to illustrate the imputation and aggregation methods.  

 

  

                                                 

 

30 In the application to urban travel demand elasticities given in Chapter 7 the transport demand and 
income elasticities are unique for each of three income classes. However, they do not vary across 
individuals within each class. 
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5.7 EMPIRICAL ILLUSTRATION 

To illustrate the method to infer ordinary elasticities from choice models, a multinomial 

choice models (MNL) is estimated for a revealed choice dataset containing mode choices 

for travel between Sydney, Canberra and Melbourne (See Louviere et al. 2000, p 154). 

There are 210 non-business travel observations and the choices available are air, train, bus, 

and car.  The explanatory variables are  

 d  – Terminal or depot waiting time for plane, train and bus 

 p  -  Cost of travel by mode (all modes) 

 t  -  Travel time by mode (all modes) 

 m –  Household income for a six month period 

g  –  Number of travellers in party (air only: an indicator variable Aδ =1 if 

mode utility refers to air).   

The systematic utility for estimation is: 

( ) ( ) gdt, gAdtiiiii                 pmASC1; pm,V βδ+β+β+−λ+=′− pa  5-52 

Which enters the MNL discrete choice model giving the probabilities:    

∑

=π
J

j

V

V

i
j

i

e

e     5-53 

 

The MNL elasticities are given in Table 5.1. 

Table 5.1 Multinomial Elasticities Functional Form for Models M5.1  
 

 Own Price Choice Elasticity 
Change in  iπ̂ with respect to pi 

Cross Price Choice 
Elasticity  
Change in  iπ̂ with 

respect to pj 

Income Elasticity   

 ( )iiii 1p π−⋅λ=′ ˆm  jjij p π⋅λ=′ ˆm
 

 Proportional change in 
all prices 
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As the exercise is an illustration of the method of inferring ordinary elasticities from 

probability choice estimates, the elasticities are first aggregated using the naïve aggregation 

method (Section 5.6.1.1). This means the properties of a matrix of choice elasticities are 

evident in the numerical values.  

The market elasticities are also aggregated using sample enumeration (Section 5.6.1.2) to 

represent the response to a proportionate change in modal costs for all individuals. As noted 

by Taplin et al. (1999) the expected theoretical properties for a representative individual 

interpretation of this matrix are lost. The adjustment method described by those authors is 

applied here. However, the present application uses sample shares and costs – rather than 

exogenous market values – making the adjustments small. The average absolute adjustment 

for the sixteen estimates is less than 0.002 and the largest change is 0.03 for the own-price 

elasticity by air.  

5.7.1.1 Quantity and Expenditure Shares 

The two alternate aggregation methods use different sample shares as inputs in elasticity 

calculations (Table 5.2). For the naïve aggregation method the market shares are taken to 

be the estimated probabilities for a representative individual having the sample’s average 

demographic and attribute values. The probability estimates along with the average price 

and calculated expenditure shares are shown on the left hand side of  

Table 5.2. Alternatively, the total expenditures on modes may be estimated at the sample 

level by multiplying the number of trips by the mode price. These expenditures form the 

basis for the expenditure share calculations which are used to infer ordinary demand 

elasticities using the probability weighted aggregation method. The sample proportions, 

total expenditures and expenditure shares are shown on the right hand side of Table 5.2.  
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Table 5.2 Market and Expenditure Shares  
 Probability and Expenditure Share Estimates for 

average individual M5.1 (naïve aggregation) 
Mode Shares and Expenditure Shares for Sample 

Mode 
 

Estimated 
Probability 
 

Average 
Price 

Expenditure Share 
for Average 
Individual  

Share of trips 
for sample 

Total Expenditure 
For sample 

Sample 
Expenditure 
Share 

Air 0.262 $85.25 45.8% 28% $        5,524 55.5% 
Train 0.315 $51.35 33.1% 30% $        1,010 10.1% 
Bus 0.112 $33.46 7.7% 14% $           954 9.6% 
Car 0.311 $21.00 13.4% 28% $        2,466 24.8% 
     $        9,954  

Source: Based on Greene (2007); clogit test data set supplied with 
LimDep/Nlogit software  

 

5.7.1.2 Group Elasticities 

To infer ordinary elasticities from aggregated mode choice elasticities an estimate for the 

elasticity of non-business travel with respect to price and with respect to income are 

needed. In this example a value of -0.6 is used as the price elasticity of demand for 

intercity travel . The value is not estimated, but taken as a reasonable value given reviews 

on intercity travel demand elasticities. Oum et al. (1992) indicate that the intercity rail 

demand elasticities range from -0.12 to -1.54, but the higher values may be due to 

competition with other modes. It is expected that the group demand elasticity will be lower 

than that of each mode as the competition between modes is not included in the measure. 

Taplin (1980) reports an elasticity for intercity vacation travel of -0.4 for car driving and -

2.1 for air travel. A value of 0.9 is used as the income elasticity of demand for intercity 

travel. Taplin (1980) suggests the income elasticity of demand for vacation travel is 0.7 for 

car driving and 1.1 for air travel. Bowyer and Hooper (1993) report income elasticities 

above one for travel by air and automobile and below one for rail and bus.  

The share of non-business intercity travel in the household’s total budget will most likely 

be small; a budget share of 1% has been used.  Assuming that inter-city travel is separable 

from other expenditure it is possible to use the restrictions on elasticities (Section 2.3.3) to 

determine the elasticity matrix for the two groups. Let all other expenditure be a Hicks  

aggregate commodity z. The price elasticities for the group are given in Equation (4-14), 
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rewritten below for convenience, have the assumed values resulting in an inter-group 

substitution φ=-0.663. The elasticity values are given in Table 5.3. 

Own price   ( ) TTTTTT 1W EEEE +φ−φ=      

Cross-price ( ) TzzTz 1W EEE +φ−=      

Table 5.3 Group Demand Elasticity Matrix 
 
 

  
Price of 
Intercity 
travel 

 
Price of 
Other 

 
Income 

Implied group 
substitution 

Intercity travel -0.600 -0.300 0.900 

-0.663 Other -0.004 -0.997 1.011 

Source: Assumed values for intercity travel demand elasticities (see 
text) 

5.7.1.3 Choice Elasticity Aggregation 

The Calculations for aggregated elasticities for the MNL choice models are presented 

below   (   ji   1ij ≠=δ , and zero otherwise) where lambda, the marginal utility of money, is 

the estimate on the price coefficient:  

 

M5.1   AIRUM MNL choice model  

Naïve aggregation ----     
( ) ( )[ ] jij

j
pyi

p

yi
|

log

|log
mij π−δλ−=

∂
π∂=′    (Table 5.5) 

Probability weighted ---- ( ) ( )∑ π∑ ′π=′
==

N

1n
n

N

1n
n yiyi |m|m nijij       (Table 5.6) 

The purpose of using two different aggregation methods is to investigate the effect each has 

on the imputation of ordinary demand elasticities. In the naïve method an aggregated choice 

elasticity enters the imputation formula (5-29) and the calculation is done once. In the 

probability weighted method of aggregation the choice elasticities, conditional demand 

elasticities and ordinary demand elasticities are calculated for each individual. The 
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probability weighted aggregation applies to each of the three types of elasticities (the 

formula above is for choice elasticities).  

5.7.2 Choice Modelling Results  

The parameter estimates and standard errors are given in Table 5.4. The estimates given 

here differ somewhat from those reported in Louviere et al. (2000) because the attribute 

examined by those authors was generalised cost, which is a function of in mode cost and 

travel time. The travel cost and travel time parameters have the expected sign and each is 

significant at the 5% level. The value of terminal waiting time is 2 to 3 times that of mode 

travel time. The group size parameter indicates that larger groups are less likely to fly.  

 
Table 5.4 MNL Choice Models for Melbourne, Sydney and Canberra 

corridor 
 M5.1 AIRUM 
Attribute Estimate  Z-value 

Cost (all) -0.018 (-2.61) 
Travel time (all) -0.004 (-4.93) 
Terminal time (not car) -0.101 (-9.61) 
Group size (air) -0.873 (-3.67) 
AIR ASC 6.809 (6.48) 
RAIL ASC 4.328 (8.69) 
BUS ASC 3.659 (7.55) 
Model Results:   

LL constants  -283.76 

LL model  -184.61 

Pseudo - R2  0.349 

Source: Based on Greene (2007); clogit test data set supplied with 
LimDep/Nlogit software 
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5.7.3 Naïve Aggregation  

The elasticity results with naïve aggregation are presented in Tables 5.5 a, b and c.. In 

Section 5.7.4 the probability weighted aggregation method is presented.  

The aggregated choice elasticities (naïve aggregation) are presented in Table 5.5a. Travel 

by air is the most elastic alternative and automobile is the least elastic. The cross elasticities 

are equal, due to the irrelevance of independent alternative property of MNL choice models 

(Ben-Akiva and Lerman 1985).  

Table 5.5a Choice Elasticity Estimates (Naïve Aggregation) 
 Mode Share elasticities Aggregated at Mean of 

the Sample 
With respect to the price of 

 

Demand 
for 

  

Travel 
Mode 

AIR TRAIN BUS CAR  
TjPm′

= 
Negative of 
Row Sum 

AIR -1.158 0.298 0.069 0.120 0.656 

TRAIN 0.411 -0.647 0.069 0.120 0.032 

BUS 0.411 0.298 -0.547 0.120 -0.298 

CAR 0.411 0.298 0.069 -0.266 -0.527 

 
 

Source: Derived from MNL M5.1 parameter estimates in Table5.4 

The share weighted sum property 0s
J

1k
k =∑ ′

=
ijm  and the symmetry property 

jiij mm ′=′ ji ww are satisfied. If each elasticity is divided by the average price for each mode 

listed in Table 5.2, then the row sum satisfies 0p
J

1j
j =∑ ′

=
ijm  . The row sums in Table 5.5a 

are not equal to zero indicating that a proportional change in prices (in the absence of an 

income effect) does not leave the probabilities unchanged; probability choice systems with 

additive random terms measure probabilities by way of the differences in prices rather than 

ratios.  
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The matrix of conditional ordinary elasticities (Table 5.5b) is derived using  

Equation (5-22) ( ) j

J

1k
kjkijij ww ′−∑ ′′−′=′

=
mme . This matrix has the property of Cournot 

aggregation which is shown by the expenditure share weighted sum of the conditional 

elasticities being equal to the negative of the expenditure shares (Column 4 in Table 5.2). 

Engel Aggregation may be interpreted as the sum of the marginal shares being equal to 

one31. The conditional elasticities are symmetric,( ) ( )jijijijiji wwww eeee ′′+′′=′′+′′ . 

Compensated elasticities are shown in brackets.  

Table 5.5b Matrix of Theoretically Derived Conditional and 
Conditional Compensated Demand Elasticities 

 Inferred Conditional Ordinary Elasticities 
(Compensated Elasticities below)     
 
With respect to the price of 

 

Demand for 
Travel Mode 

AIR TRAIN BUS CAR  Implied Marginal 
Shares 

AIR -1.309 -0.018 -0.030 -0.082  
0.676 

 (-0.650) (0.459) (0.081) (0.110)   

TRAIN 0.261 -0.964 -0.030 -0.082  
0.249 

 
(0.634) (-0.694) (0.033) (0.027) 

 
 

BUS 0.261 -0.018 -0.645 -0.082  
0.046 

 
(0.482) (0.143) (-0.608) (-0.017) 

 
 

CAR 0.261 -0.018 -0.030 -0.469  
0.029 

 
(0.378) (0.067) (-0.010) (-0.434) 

 
 

Cournot 
Aggregations 

-45.8% -33.2% -7.7% -13.4% 
 

 
Engel Aggregation 

(sum of marginal 
shares)=1 

 
Source: Derived from choice elasticities in Table 5.5a by applying 

Equation (5-22) 
  

                                                 

 

31 The marginal shares should be read as the elasticities of expenditure shares with respect to a 
proportional change to all mode prices.  
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When inferring conditional demand elasticities from choice models a conditional 

expenditure generation elasticity is subtracted from each choice elasticity, Equation (5-22). 

In Table 5.5b many of the cross-price conditional demand elasticities are less than zero, 

which at first seems concerning. However, whether the transport modes are net substitutes 

or complements is determined by the sign of the compensated elasticity, given in brackets 

in Table 5.5b.  Even though most cross-price elasticities are positive (i.e. transport modes 

are substitutes) the cross elasticities for bus and car are less than zero. This is most likely to 

be an artefact of using naïve aggregation where the generation elasticity is calculated at the 

sample average for modal attributes. In Section 5.7.4, the calculations of conditional 

demand elasticities are done at the disaggregate level.   

The unconditional elasticities presented in Table 5.5c are symmetric and both adding up 

properties are met. The implied income elasticities are due to the correction for moving 

from price differences to price ratios and the relative magnitudes between the modes are 

due largely to the price of travel faced by the respondents; air being the most expensive 

mode has the highest implied income elasticity. Other than between car and bus all the 

cross elasticities are positive. Application of Equation (4-35) produces the expected result.   

60w  
J

 1j
kj

J

1k
kTT .eE −=∑ ∑ ′=

= =     5-54 

The effect of including the group elasticity for transport is to make each ordinary elasticity 

smaller than the corresponding choice elasticity. The behavioural interpretation of the 

difference may be thought of as a reduction of trips by individual travel makers. Assuming 

the market for transport consists of   TN Q* = individuals a group demand elasticity of -0.6 

indicates that a rise in the price for transport will lead to a reduction in the size of the 

market. 

The operation presented here adjusts the choice elasticities to conform to the restrictions on 

a matrix of conditional demand elasticities. In the derived Slutsky matrix the imputation 

method preserves the theoretical properties of both the choice and conditional demand 

elasticities. In Table 5.5d the Zachary-Day matrix is presented with the conditional Slutsky 

matrix (The expected theoretical properties for each are presented in Sections 3.2.1 and 

3.3.4 and compared in Section 3.3.5).  
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Table 5.5c Inferred Ordinary Elasticities Based on Demand 

Elasticity for Non-Business Travel = -0.6 
 Inferred Ordinary Elasticities (Carpentier and Guyomard) 

 
With respect to the price of 

 

Demand 
for 

  

Travel 
Mode 

AIR TRAIN BUS CAR Other 
 

Implied Income 
Elasticities 

AIR -1.200 0.211 0.061 0.071 -0.426 1.283 

TRAIN 0.326 -0.834 0.018 0.008 -0.240 0.722 

BUS 0.303 0.059 -0.620 -0.025 -0.141 0.425 

CAR 0.287 0.022 -0.020 -0.435 -0.073 0.219 

Other -0.001 -0.002 -0.001 -0.001 -0.997 1.011 

Generation 
Elasticities 

-0.109 -0.177 -0.072 -0.104 
 

 
 
 

Source: Derived from Table 5.5b by applying Equation (4-37) 

 

Table 5.5d Zachary Daly and Slutsky Matrices 
 Estimated Zachary-Daly Matrixa.   

(inferred conditional Slutsky Matrix)a   
With respect to the price of 

Demand for  
Travel Mode AIR TRAIN BUS CAR 

AIR -0.3559 0.1519 0.0540 0.1500 

 (-0.1998) (0.2340) (0.0634) (0.1378) 

TRAIN 0.1519 -0.3972 0.0649 0.1803 

 (0.2340) (-0.4253) (0.0311) (0.0403) 

BUS 0.0540 0.0649 -0.1831 0.0641 

 (0.0634) (0.0311) (-0.2036) (-0.0092) 

CAR 0.1500 0.1803 0.0641 -0.3944 

 (0.1378) (0.0403) (-0.0092) (-0.6433) 

Source: Zachary Daly terms derived from Table 5.5a and conditional 
Slutsky terms derived from Table 5.5b 

a. values are multiplied by one hundred 
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Each matrix is negative semi definite and symmetric. The Zachary Daly matrix has its null 

plane in the vector of 1’s. This can be identified by the zero sum of row and column in the 

matrix. The Slutsky matrix has its null plane in the vector of prices (see Table 5.2). The 

sum of any row or column pre-multiplied by the price vector is zero32.  

In the next section an alternate method of aggregation is illustrated. The probability 

weighted aggregation method is preferred in the choice literature because it exhibits the 

least bias due to aggregation, provided the sample is representative. The following results 

suggest that it is advisable to calculate individual conditional and unconditional demand 

elasticities before aggregating.  

5.7.4 Probability Weighting  

Table 5.6a shows the elasticities from model M5.1, however the aggregation of the choice 

elasticities uses the probability weighted sum over individuals. The aggregated choice 

elasticity is given in Equation (5-49): 

 

Table 5.6a Probability Weighted Choice Elasticity Estimates 
  Mode Share elasticities Probability weighted 

average 
With respect to the price of 

 

Demand 
for 

 
  

 

Travel 
Mode 

AIR TRAIN BUS CAR  
TjPm′

= Negative 
of Row Sum 

AIR -0.718 0.130 0.059 0.072 
 0.456 

TRAIN 0.214 -0.373 0.052 0.062 
 0.049 

BUS 0.303 0.162 -0.350 0.079 
 -0.101 

CAR 0.323 0.187 0.065 -0.177 
 -0.461 

 
 

Source: Derived from parameter estimates for M5.1 and aggregated 
using Equation (5-49) 

                                                 

 

32 The figures in Table 5.5d are correct to four decimal places; the aggregation of rounding errors 
along with scaling by a factor of 100 may make it seem that this relationship is approximate. It isn’t.  
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The properties of equal cross elasticities for MNL is not maintained in probability weighted 

aggregation (see Ben-Akiva and Lerman 1984) and the cross choice elasticities in Table 

5.6a are not equal in each column (as in Table 5.5a). Symmetry at the aggregate level is 

not maintained (see Taplin et al. 1999) and this means that the resulting demand elasticities 

are not symmetric and also the adding-up properties (both Engel and Cournot) are not 

maintained in the conditional and unconditional elasticity matrices.   

Rather than basing the calculation of the conditional ordinary elasticities on the aggregated 

choice elasticities (as was done for naïve aggregation) each elasticity is computed at the 

individual level and then a probability weighted sum (Equation 5-50) is applied to the 

ordinary elasticities to arrive at Table 5.6b.  

 

Table 5.6b Theoretically Derived Conditional Demand Elasticities 
 Inferred Conditional Ordinary  Elasticities 

(Compensated Elasticities below)   
 
With respect to the price of 

 

Demand for 
Travel Mode AIR TRAIN BUS CAR 

Implied Conditional 
Income Elasticities 

AIR -0.944 -0.167 -0.055 -0.087 1.247 

 (-0.658) (0.534) (0.511) (0.482)  

TRAIN -0.087 -0.652 -0.062 -0.097 0.875 

 
(0.286) (-0.902) (0.079) (0.040)  

BUS 0.005 -0.131 -0.464 -0.080 0.604 

 
(0.159) (0.031) (-0.359) (0.010)  

CAR 0.002 -0.137 -0.050 -0.336 0.240 

 
(0.332) (0.041) (0.099) (-0.391)  

Cournot 
Aggregationa -55.5% -10.1% -9.6% -24.8%  

Source: Derived from the individual choice elasticities M5.1 and 
aggregated by way of Equation (5-50) 

a. The Cournot aggregates are equal to the negative of the 
expenditure shares calculated by summing over the 
expected expenditure for each individual as shown in the 
right hand side of Table 5.2.  

 

The Cournot aggregation reveals the sample expenditure shares given in the last column of 

Table 5.2. This is because probability weighted aggregation preserves the sample 
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(quantity) shares which in turn gives the sample expenditure shares when multiplied by the 

actual prices faced by respondents. While many of the conditional ordinary elasticities are 

less than zero, the compensated cross-elasticities (in brackets) are all positive. However, the 

theoretical properties for the matrix of aggregated elasticities are not maintained in the 

aggregation procedure. The sum of the marginal shares in Table 5.6b is not equal to one, 

indicating that Engel’s adding-up property does not hold exactly and the expenditure 

weighted sums for each column of the conditional ordinary elasticities are only 

approximately equal to the negative expenditure shares (i.e. Cournot’s adding up).  

Table 5.6c Inferred Ordinary Elasticities Based on Demand 
Elasticity for Non-business travel = -0.6 

Probability weighted aggregation  
 Inferred Ordinary Elasticities (Carpentier and Guyomard) 

 
With respect to the price of 

 

Demand 
for 

  

Travel 
Mode 

AIR TRAIN BUS CAR Other 
 

Implied Income 
Elasticities 

AIR -0.932 0.108 0.047 0.054 -0.374 1.122 

TRAIN 0.178 -0.697 0.009 0.002 -0.263 0.788 

BUS 0.239 0.044 -0.620 0.000 -0.180 0.539 

CAR 0.247 0.011 0.000 -0.399 -0.070 0.211 

Other -0.001 -0.001 -0.001 -0.003 -0.998 1.003 

Generation 
Elasticities -0.100 -0.170 -0.078 -0.099  

 

Source: Derived from the individual conditional demand elasticities 
and aggregated by way of Equation (5-51) 

 

 The matrix of ordinary elasticities is calculated by the probability weighted aggregation 

method. The reported elasticities in Table 5.6c are the probability weighted sums of the 

individual elasticities using Equation (5-51). 

The implied income elasticities are due to moving from measurements of consumer choices 

in price differences (AIRUM discrete choice model) to measures of price ratios. The 

income elasticity for Air is higher than the other modes on account of its price being the 

highest.  
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5.8 CONCLUSION 

 

The discrete choice model gives a probabilistic estimate for the alternative with the highest 

utility (least implicit cost).  The price the consumer is willing to pay for the attributes of the 

alternative is conditional on the quantity demanded (Rosen 1971). In this way the demand 

for the non-group items is determined by the budget constraint. As in the case of 

conditional demand systems these elasticities give conditional demand response 

estimates. This chapter (Section 5.4) generalised the derivation of conditional share 

elasticities estimated in a two-stage budgeting setting; which parallels the generalisation of 

Taplin and Smith (1998) given in Chapter 4 for conditional ordinary demand elasticities. 

The Quandt-Taplin derivation of mode share or choice elasticities from ordinary demand 

elasticities has been shown to be correct for homothetic demands only. However, the matrix 

of conditional demand elasticities has been shown to be derivable directly from the matrix 

of mode choice or conditional share elasticities without knowledge of the ordinary demand 

elasticities (Section 5.4.2). The derivation is reversible using a variant of the Quandt-Taplin 

relationship (Section 5.4.1).  

The discrete choice model is developed as a conditional demand system in Section 5.4, 

differing from the traditional conditional demands because transport, rather than all else, is 

the pre-allocated good. This implies that the choice elasticities may thought of as expected 

conditional share elasticities. However, a correction term 
kj

Tk
k mw ′′∑

∈

, provides an adjustment 

to take account of the move from share elasticities conditional on a fixed quantity to 

demand elasticities conditional on fixed expenditure. The term restores the properties of the 

conditional Slutsky matrix, symmetry and adding-up, in the typical setting where choice 

models are based on price differences and demand functions are based on price ratios 

(Section 5.5.2). 

An alternate way to view choice elasticities is as if the consumer is given an income 

compensation to keep the demand for transport at the same level after a price change. 

Under this assumption the derived conditional demand elasticities (Section 5.5.1) are shown 

to be the same as those derived from the conditional share elasticities as in Section 5.4.2.  
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The next step in inferring ordinary demand elasticities from discrete choice estimates 

involves group elasticities for transport.  The relationship between mode share elasticities 

ijm′
 
and ordinary demand elasticities eij under the condition of weak separability is given 

by Equation (5-28): 

( ) ( ) ijTTjijTTjj
k

kjkijij 1w   1 www eeEWeeEmme ′−′′+′′+′+′−∑ ′′−′=  

where all the conditional results (denoted by primes) are obtained from the discrete choice 

model. The group elasticity and expenditure share (given in upper case) need to be obtained 

from a separate source. In the empirical illustration given in this chapter (Section 5.7) the 

group demand and income elasticities are assumed. However, because there are only two 

groups, transport and all other, there is only one between group substitution term. This is 

similar to block-additive utility models (Section 4.3.2.) where between group terms are 

determined by the group income elasticity and Frisch’s flexibility value, φ. The main 

estimating Equation (5-29) for inferring ordinary elasticities from choice models is: 

( )[ ] ( ) ijTTjijTTTTTTjj
k

kjkijij 1Ww1WWwww eeEeeEEEEmme ′−′′+′+′−φ−φ′+






 ′−∑ ′′−′=  

The strong separability assumption simplifies the analysis somewhat by eliminating the 

need for the between group demand elasticity, but the transport income elasticity is still 

required. This cannot be sourced from a revealed and stated preference mode choice study.  

The remainder of the thesis presents a method for implementing the main estimating 

Equation (5-29) in an empirical setting. The mode choice elasticities are estimated using a 

survey to measure public transport fare sensitivities within the Sydney region undertaken 

by the Institute of Transport Studies, Sydney University (Hensher and Raimond 1996). The 

findings given in the empirical illustration in Section 5.7 suggest that probability weighted 

aggregation is a better way to maintain the integrity of the reported elasticities. A closed 

form choice model is used to obtain individual choice elasticities. The description of the 

empirical context and the modelling results are presented in Chapter 7.  

The Transport income elasticity estimates need to come from a second source.  The NSW 

component of the confidential unit record files from the 1998-9 Household Expenditure 
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Survey (Pink 2007) is chosen because it is the closest contemporary to the choice study. 

Tobit regression models are used to provide estimates of the income elasticities computed 

for three classes of income. Point estimates are used to derive the transport demand 

elasticity in an additively separable utility function by incorporating Frisch’s price 

flexibility. The description of the data and the modelling results are presented  

in Chapter 6.  

Finally the two modelling results are combined to infer ordinary demand elasticities. In 

Chapter 7 the ordinary demand elasticities are imputed by the probability weighted 

aggregation method. The sensitivities of the estimates of ordinary elasticities to 

specification of the traveller’s utility and to the value of Frisch are examined.   
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  Chapter 6

 

Modelling Part 1  

Estimating the Income Elasticity for Travel 

 

6.1 INTRODUCTION 

To this point the discussion has focused on the theoretical relationships between discrete 

choice models and micro-economic models of demand. The main conclusion is that under 

reasonable conditions of separability, mode choice estimates provide the basis for 

conditional demand functions where the condition is a fixed quantity of trips rather than a 

fixed budget for transport.   

The aim of the project is to provide a theoretical method to infer demand elasticities in a 

limited data setting. The method in spirit follows discrete/continuous travel demand studies 

(e.g. Train 1986 and Kockelman and Krishnamurthy 2004), however it is adapted to travel 

surveys that use only a stand-alone revealed and stated preference survey instrument. In this 

case the trip count or annual kilometres are not usually recorded for the respondent. In 

order to overcome the difficulty posed by limited data, a representative individual approach 

to the study of demand is employed. A test application using a variety of estimators was 

presented in Chapter 5. However, the transport group elasticity was assumed. This chapter 

presents a method of inferring a group elasticity value by obtaining estimates of transport 

income elasticities.  

The complete estimating system that has been derived in this study is Equation (5-29a) for 

additively separable utility: 

( )[ ] ( )
44444444444 344444444444 21

444 3444 21 ty separabili additivefor   

ijTTjijTTTTTTj

 

j
k

kjkijij

ij
ij

1w1www

e
e

eeEWeeEWEEWEmme

′ω′

′−′′+′+′−φ−φ′+′−∑ ′′−′=

 

6-1 
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The choice elasticity and conditional expenditure share are estimated from a discrete choice 

model and the conditional income elasticities are imputed from the choice model output by 

way of (5-12), ∑ ′−+′=′
k

kkii mw1me . This chapter deals with the estimation of ET which is 

crucial. This is covered by steps 2a. and 2b. in the following estimation scheme.   

1. The model of consumer demand for each individual is the conditional inverse 

demand function where the consumer’s virtual price is determined by the quantity 

demanded, being set to Tnq . The discrete choice model estimates the individual 

choice elasticities, which are thought of as conditional share elasticities. Applying 

the elasticity transformation presented in Chapter 5 a corresponding matrix of 

conditional demand elasticities is imputed. 

2. Under the assumption of separability between urban travel and all other forms of 

expenditure, the travel demanded is thought of as a single good. The quantity of 

travel is a function of its own price and the traveller’s income. The elasticity of 

travel demand with respect to travel price reflects the rates of substitution between 

travel and non-travel items. It would be the estimated elasticity of travel demand 

if the mode switching behaviour were ignored (i.e. if travel were aggregated to a 

single good). Using a direct utility approach (Barten 1964) the own-price effect is 

a function of money flexibility, the income elasticity for travel and the 

expenditure share of travel in the consumer’s total budget. The aim is to 

empirically estimate the demand elasticity components and combine these to 

provide an estimate of demand elasticities for Sydney travel. 

a. The expenditure share for out-of-pocket cost for the Sydney area is 

estimated at the mean of the sample expenditure shares from the 1998 

Household Expenditure Survey (Pink 2007).  

b.  The income elasticity of travel is estimated from the 1998 Household 

Expenditure Survey. The model follows Nolan (2003). A Tobit model 

for out-of-pocket expenditure on travel modes is used. 
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c. Frisch’s money flexibility is assumed to be approximately -0.5. However 

a range of values are tested in the computation of travel demand 

elasticities.   

As argued in Chapter 5 it is possible to impute conditional demand elasticities from 

conditional share elasticities (discrete choice estimates). These may in turn be augmented 

by an estimate of the elasticity of demand for the transport group in order to provide an 

ordinary elasticity. This chapter and Chapter 7 present the application of the main finding 

of Chapter 5 to an empirical setting, where a mode choice model can be estimated but no 

data exists on the market response to price changes on demand generation (i.e. the quantity 

of travel).  

The STEPS 

1) Mode choice elasticities are estimated using the data from 1996 IPART survey on 

public transport fare sensitivities in the Sydney region. Three modes are included in 

this study (rail, bus and private automobile) with travel by ferry being excluded. 

The description of the empirical context and the modelling results are presented in 

Chapter 7. The elasticity estimates are affected by the selection of discrete choice 

model and the way in which income is handled. 

2) Estimate Income Elasticities from the confidential unit record files from the  

1998-9 Household Expenditure Survey. The Tobit regression model is used to 

handle both travellers and non-travellers during the survey period. The model is 

corrected for non-normality in the disturbances as well as heteroscedacity. The 

elasticities are computed for three classes of income (low, middle and high).  

3) Derive unconditional direct and cross elasticities for transport modes bus, train 

and car in the Sydney market. This is done using the probability weighted 

aggregation method as demonstrated in Section 5.7. The choice elasticities for each 

individual are estimated using a discrete choice model. The conditional ordinary 

elasticities for each individual n is imputed by Equation (5-22): 

 
( ) jn

J

1k
kjnknijnijn ww ′−∑ ′′−′=′

=
mme

    6-2 
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The between group elasticity with respect to price of mode j for individual n 

belonging to income class C (low, middle or high) is added to the conditional 

demand elasticity to arrive at the unconditional demand elasticity. The between 

group elasticity is modified to include income class specific measures:  

( ) ( ) injnTCTCjninjnTTCjn 1w   1 w eeEWeeE ′−′′+′′+′   6-3 

In addition, the assumption of strong separability between travel and all other forms 

of expenditure means that the own price elasticity of demand for transport may be 

derived by way of an estimate of the group income elasticity for each income class 

as well as an assumed Frisch flexibility: 

( )1W TCTCTCTCTTC +φ−φ= EEEE
    

6-4 

where TCE is the income elasticity estimated in Step 2 and TCW  is the transport 

budget share for the income class. Equations (6-3) and (6-4) applied to high, middle 

and low income groups account for different demand generation elasticities due to 

different income elasticities for transport. The value of the Frisch flexibility value, 

φ, is discussed in Chapter 4 (Section 4.3.2.1) and in Section 6.6. 

The Tobit regression models are estimated using the 1998-99 Household Expenditure 

Survey which collected detailed information about the expenditure, income and household 

characteristics of a sample of 2,006 households throughout the state of NSW. Due to 

privacy restrictions the locations of households is limited to the state in which the 

household resides. In NSW 63% of the population reside in the Sydney statistical district 

and approximately 80% live in large urban areas near the coast (Aust. Bureau of Statistics 

2010). While the confidentialised unit record files (CURF) include over-sampling from 

regional NSW, the regressions and summary statistics reported here incorporate the 

Australian Bureau of Statistics sample weights and should reasonably reflect the Sydney 

market.  
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6.2 MODELS FOR THE INCOME ELASTICITY OF OUT-OF-
POCKET TRANSPORT EXPENSES 

The income elasticity to enter Equation (6-4) for the group demand elasticity is estimated 

using the transport expenditure share of out-of-pocket cost, estimated at the mean of the 

sample expenditure shares from the 1998 Household Expenditure Survey in N.S.W. As the 

estimation uses micro-data there are a number of non-travellers in the sample period – 

respondents with zero expenditure on bus, rail or private automobile. The censored 

regression model is appropriate for these data and has been adopted by transport 

researchers (Nolan 2003 and Thakuriah and Liao 2006).  

6.2.1 Income Elasticity Review 

Previous estimates of short run income elasticities for travel lie in the range of 0.35 to 0.55 

(Graham and Glaister 2004). Goodwin, Dargay and Hanly (2004) reviewed 175 elasticity 

estimates (only a portion of which included income elasticity estimates) and found that the 

short run elasticity estimates are smaller, 0.38, for dynamic estimation techniques than 

estimates using static equations, 0.47. Long-run elasticities are substantially higher, with 

estimates in the range of 1.1 to 1.3 (Graham and Glaister 2004). 

Archibald and Gillingham (1981) estimate the income elasticity of petrol consumption as 

0.55 for multiple car-owning households and 0.29 for single car-owning households. The 

income elasticities for vehicle usage are somewhat smaller 0.47 for multiple car-owning 

households and 0.23 for single car-owning households. These estimates correspond to the 

Goodwin et al. (2004) generalisation that income elasticities of usage are about 80% of the 

fuel-consumption income elasticity.  

The elasticity estimates presented in this thesis are static making use of consumption data 

(household expenditure data). Other authors to use similar estimation techniques are Nolan 

(2003) who estimates an average income elasticity of 0.51 for petrol expenditure in Ireland; 

Kayser (2000) gives an estimate of 0.49 for American households; Labeaga and Lopez 

(1997) using panel data from the Spanish household expenditure survey estimate the 

average income elasticity as 0.43.  

There is less evidence on income elasticities estimated for public transport use in an urban 

environment, Nolan (2003) being the exception. Her estimates of 0.67 for non car-owning 
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families and 1.72 for car-owning families are substantially higher than income elasticities 

for petrol consumption. In the model presented here the income elasticity is estimated for 

the travel group, rather than for each mode. As car use dominates the expenditure (82% 

expenditure share) the estimates will be comparable to fuel consumption elasticities. To 

accommodate the possibility of different income elasticities in non car-owning households 

(or public transport captured households) the income variable is interacted with these 

households (i.e. a demographic translation).  

6.2.2 Determinants of household Travel  

Household income is a major determinant of travel. However, earnings may include private 

investments or child maintenance payments which vary from year to year; households take 

these variations into account in assigning their budget to different areas of consumption. 

The total expenditure in a given period indicates the household budget for consumption in 

the period of study and is commonly used in household expenditure studies to estimate 

income elasticities (Nolan, 2003; Tserikas and Dimitriou, 2008 and Labeaga and Lopez 

1997). Kayser (2000) uses an 11-year average to smooth out annual fluctuations in year to 

year income.  The current study includes data from only one period and smoothing is not 

possible. Thakuriah and Liao (2006) argue that households that can afford higher travel 

expenses are able to access more sources of income. To handle the problem of endogeneity 

they use an income variable that only includes travel related sources.   

Apart from income, Nolan (2003) found that the numbers of adults and children contributed 

to higher expenditures on both public transport and car use. Additionally she found that 

having at least one employed adult increased the level of travel undertaken by the 

household. The age of the household head and their education level also affected the 

amount of travel. These factors are explored in Tserikas and Dimitriou (2008); while there 

is a less than clear relationship between education level and travel, the other factors are 

significant in their models. Other factors found to affect transport expenditures include 

dwelling type: households in apartments or semidetached housing tend to spend lower 

amounts on car travel and higher amounts on public transport. The dwelling type may be 

thought of as a proxy for housing density in the residential locality. The residential density 

is not available with the ABS household expenditure data and dwelling type is used as a 

proxy variable. 
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6.3 ECONOMETRIC MODELS  
There are a number of ways to model and the models discussed here take their lead from 

Nolan’s (2003) use of the heteroscedastic Tobit regression. The models and the differences 

between them are discussed next. 

6.3.1 Tobit Regression Models 

As noted in Section 2.7.2, Tobin (1958) proposed a model to deal with zero observations in 

consumption data. In general the Tobit regression model is used in situations where the 

dependent variable is censored. For consumption data this is usually at zero, meaning that 

negative consumption is not observed. The model permits incorporation of all observations 

including those censored at zero (Maddala 2001) and is widely used in the examination of 

micro-consumption data such as the household expenditure survey.  The model permits the 

use of a continuous latent variable for transport consumption *Tn which provides a 

representation for the observed but censored consumption nT such that: 

( ) ( )2
nnnnn 0                    sm σ+⋅β+⋅γ= ,N~εεfT*

   6-5 

     with 0 if     nnn >= ** TTT  ,   and    0 if       0 nn ≤= *TT  

Income, mn, may enter the regression non-linearly by way of a log-transformation (i.e. 

semi-log) or as a polynomial. Other social-demographic variables, sn, may affect the 

amount of travel. The parameters γ, β and σ are estimates of the model. The expected value 

of travel is equal to the probability that the latent variable is greater than zero multiplied by 

the expected value of T conditional on a value greater than zero (Greene 2008, p 871): 
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is the ratio of the probability density function, ϕ, to the cumulative distribution function, Φ, 

also known as the inverse Mills ratio. This is present in the regression analysis to take 

account of the selection bias due to censoring observations at zero. The Tobit model 

includes the restriction that the decision to travel or not will have the same parameter 

estimates as the decision on the amount of travel. 

6.3.2 Heteroscedacity 

For higher incomes it is possible that the error term in the Tobit regression has a higher 

variance. The presence of heteroscedastic errors in the Tobit regression leads to 

inconsistent maximum likelihood estimates and replacing σ with an estimate of variance for 

each observation provides the necessary generalisation (Greene 2008, p 876). This is 

incorporated in the estimation by modelling σ as a function of mn by way of 

( ) mnn ⋅ασ=σ exp where α is a parameter estimate (a vector of parameters if a non-linear 

form of income enters the model).  

6.3.2.1 Marginal Effects and income elasticity 

The marginal effects are adjusted for censoring in the data (Greene 2008). They are 

computed by multiplying the probability of the observation being non zero by the marginal 

effect for the regression on the latent variable *Tn (homoscedastic case). In the 

heteroscedastic model the effect of mn on the heteroscedastic term is included in the 

calculation: 
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where σ=σn  if the regression uses a homoscedastic error distribution and ( )nmf ′  is the 

first derivative of the functional form in which income enters the regression equation. 

( ) ( )⋅ν⋅Φ   and   are the CDF and PDF of the standard normal distribution, respectively. The 

income elasticity is given by  

[ ]
[ ] n

nnn

nnnn m
smE

msmE

,|T

,|T
ETn

∂∂=    6-8 

The elasticities are aggregated by numerical integration at the means of the independent 

variables for low, middle and high income classes. The procedure is outlined in  

Section 6.3.4. 

6.3.3 Correcting for Non-normal Disturbances 

The estimated Tobit coefficients are sensitive to the assumption that the error terms are 

normally distributed. If the errors are not normally distributed then the estimates are 

inconsistent (Greene 2008, p 880).  To correct for this, non-normal distributions may be 

estimated (Greene 2008) or a transformation of the dependent variable may be undertaken. 

Reynolds and Shonkwiler (1991) suggest that the Box-Cox transformation is inappropriate 

for censored regressions, because it is not defined for latent variable *Tn <0, and propose an 

inverse hyperbolic sine (IHS) transformation.  
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The transformation has been included in applied work on limited dependent variable 

estimation (Nolan 2003; Yen, Liu and Kolpin 1996). The Log-Likelihood function is 
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The likelihood function reduces to the heteroscedastic Tobit model as the inverse Mills 

ratio approaches zero, 0→θ . Both the transformed and the untransformed models nest 

their homoscedastic counterparts by restricting σ=σn . Likelihood ratio tests are carried 

out to test the restrictions on the models.  

6.3.4 Expected Travel Computation and Marginal Effects  

 The expected value for the inverse hyperbolic sine Tobit is the joint distribution of the 

probability that an observation is positive and the conditional travel expenditure mean for 

the positive observation. The IHS transformation means that there is no closed form 

solution to the expected travel and it must be computed by the integral: 
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As income enters the regression in a non-linear form, the computation of 6-11 at the mean 

of the sample will not accurately reflect the average consumption of travel. To account for 

this the expected levels of travel are computed for low, middle and high income classes.  
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The marginal effects on travel expenditure with respect to income also need to be evaluated 

numerically (Yen et al. 1996). This is done by calculating the change of the integral in the 

limit33 (i.e., 0dm → ). The formula is  

[ ] [ ] [ ]
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Where E1 and E2 are evaluated at points above ( dmmc + ) and below ( dmmc − ) the mean 

of income for class C, cm , and dm is a small adjustment.  The elasticity is calculated using 

Equation (6-8) at the sample means for low, middle and high income classes.  

  

                                                 

 

33 I would like to thank Professor Stephen Yen for helpful advice on calculating marginal effects.  
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6.4 HOUSEHOLD INCOME DATA  
 

For the 1998-99 Household Expenditure Survey (HES) participants recorded their 

expenditure over a two week period and data collection was spread over the financial year 

beginning July 1998 and ending June 1999 (Pink 2007). Of the 2,006 sample households in 

the state of New South Wales, 85.7% paid for travel on either public transport (bus and 

train only) or private vehicle. It is convenient from here on to refer to positive expenditure 

on these modes as travel and to households without recorded expenditure on these modes as 

did not travel. However, it is understood that these are terms of convenience as recording 

no expenditure is not the same as not travelling where non-paid alternatives exist.  

The summary statistics for the sample are presented in Table 6.1. These details are 

categorised into income, work, car ownership, household makeup and structure, 

information about the head of the household (or household reference person) and the 

dwelling. 

6.4.1 Income and Work 

For households undertaking travel the average weekly expenditure on paid transport was 

$33.35. As identified in the review of the literature (Section 7.3) household income is a key 

determinant on whether a household travels. The average income ($793) for households 

undertaking travel is significantly (t=9.50) higher than the average income for household 

who do not travel ($492). The average number of people with employment is higher for 

households undertaking travel (t=7.05).  

Car Ownership 

The average number of cars owned by a household undertaking travel is higher than the 

non travel segment, but for households that owned cars there is no significant difference 

(t1718 d.f.=1.15) between the travelling and non-travelling households. A key determinant on 

the decision to travel is vehicle ownership (χ2
1 d.f. = 110.7); 88.3% of dwellings with at 

least one car undertook travel, whereas only 64.5% of households without a car did.  
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6.4.2 Household Occupants 

The number of occupants in the household affect both the decision to travel and how much 

travel. On average the households with more than one adult are more likely to travel (χ2
1 d.f. 

= 99.94) and spend nearly twice as much on travel ($37.07) as households having a single 

adult ($19.44; t=11.77). Households without dependents (occupant under the age of 18) are 

less likely to travel  (χ2
1 d.f. = 22.78) and spend less on travel (t=6.83). The decision to 

travel for households with at least one occupant reporting a disability was not significantly 

different form the remaining households (χ2
1 d.f. = 0.33), but were likely to spend more on 

travel (t=2.46).  

6.4.3 Household Structure  

The ten categories of household type used by the Australian Bureau of Statistics are 

aggregated into the five classifications given in Table 6.1. The single occupant household 

are least likely to travel and spend least on travel. Single occupant households also have the 

lowest income. Among the household structures there is a significant difference between 

the decision to travel (χ2
4 d.f. = 98.84) and the travel expenditure (F4, 1714 = 50.46). Post-hoc 

tests indicate that the travel expenditures by couples with no children are not significantly 

different from single parent households and travel expenditures by traditional families are 

not significantly different to that of mixed households.  
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TABLE 6.1 Descriptive Statistics for the NSW sample of the  
Household Expenditure Survey 1998 

%of HH 

No Travel 

Expenditure 

Travel 

Expenditure 

Recorded  

EXTLGS Household Expenditure On 

Leisure, Goods and Services 

mean $491.62 $793.04 

DNWRK Number of people in 

employment for the household 

 

 

 

mean 0.83 1.31 

For Household that Recorded Travel 

Expenditure 

   

CAR OWNERSHIP 

 

 

 

%of HH 

 

No Travel 

Expenditure 

 

Travel 

Expenditure 

Recorded 

 

Household 

Income 

(EXTLGS) 

 

Expenditure on 

Transport 

(SUMEXPD) 

DCAR>=1 Household has at least on car 84.9% 11.7% 88.3% $825 $33.60 

DCAR=0   15.1% 35.5% 64.5% $556 $21.49 

DNCAR The number of cars owned by 

the household 

 

 

 

 

mean 0.97 1.47   

  HOUSEHOLD OCCUPANTS 

 

 

%of HH No Travel 

Expenditure 

Travel 

Expenditure 

Recorded 

Household 

Income 

(EXTLGS) 

Expenditure on 

Transport 

(SUMEXPD) 

ADULTS=1 Households with one 18+ 

occupant 

25.5% 27.4% 72.6% $454 $19.44 

ADULTS>1 Households with more than one 

18+ occupant  

74.5% 9.8% 90.2% $893 $37.07 

KIDS=0 Households without occupants < 

18  

60.4% 17.3% 82.7% $715 $29.62 

KIDS=1 Households with one occupant < 

18  

15.0% 10.6% 89.4% $940 $41.22 

KIDS>1 Households with more than one 

occupant <18  

24.6% 9.1% 90.9% $907 $36.82 

DNDIS=>1 The household has at least one 

person with a reported disability 

47.2% 13.8% 86.2% $722 $31.93 

DNDIS=0   

 

 

52.8% 14.7% 85.3% $858 $34.24 

  HOUSEHOLD STRUCTURE 

 

 

%of HH No Travel 

Expenditure 

Travel 

Expenditure 

Recorded 

Household 

Income 

(EXTLGS) 

Expenditure on 

Transport (SUMEXPD) 

HHSOLE Single occupant household 20.1% 28.5% 71.5% $433 $18.31 

HHCOUP Couple with no children 24.3% 14.5% 85.5% $705 $20.83 
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  HOUSEHOLD STRUCTURE 

(Continued) 

 

%of HH No Travel 

Expenditure 

Travel 

Expenditure 

Recorded 

Household 

Income 

(EXTLGS) 

Expenditure on 

Transport (SUMEXPD) 

HHFAM Couple with more than one child 36.6% 7.9% 92.1% $985 $41.57 

HHSING Single parent household 9.0% 15.5% 84.5% $854 $34.72 

HHMIX More than one family or shared 

household 

9.9% 7.5% 92.5% $1,049 $40.00 

  Household Survey Reference  

Person (Head of the Household) 

%of HH No Travel 

Expenditure 

Travel 

Expenditure 

Recorded 

Household 

Income 

(EXTLGS) 

Expenditure on 

Transport (SUMEXPD) 

HDSEX=F Gender of head of household 37.1% 12.4% 87.6% $713 $30.60 

HDSEX=M   62.9% 17.6% 82.4% $834 $34.27 

TWENTY Age of head of household (18 - 

30) 

13.1% 16.0% 84.0% $809 $32.20 

THIRTY5 Age of head of household (30-45) 35.4% 11.8% 88.2% $888 $35.06 

FIFTY Age of head of household (45-60) 27.5% 10.5% 89.5% $909 $40.54 

SIXTY Age of head of household (60+) 24.1% 21.3% 78.7% $502 $21.58 

HDEMP=1 Head of the household is 

employed 

68.4% 11.6% 88.4% $935 $38.18 

HDEMP=0   31.6% 20.0% 80.0% $483 $21.91 

  Dwelling Structure %of HH No Travel 

Expenditure 

Travel 

Expenditure 

Recorded 

Household 

Income 

(EXTLGS) 

Expenditure on 

Transport (SUMEXPD) 

HOUSE Dwelling is a separate house 79.7% 12.7% 87.3% $815 $34.58 

TERRACE Dwelling is a semi-detached row 

or terrace house 

7.1% 17.7% 82.3% $653 $28.03 

FLAT Dwelling is a unit in a single or 

multi-story complex 

13.1% 22.0% 78.0% $697 $26.31 

OWNDW Dwelling is owned or being paid 

off 

70.4% 12.1% 87.9% $825 $34.58 

DWGOVT Dwelling is rented from 

government housing agency 

4.8% 26.0% 74.0% $399 $21.95 

DWRENT Dwelling is rented privately 

(including no rental payment 

arrangements) 

24.8% 18.3% 81.7% $759 $30.10 
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6.4.4 Household Reference Person   

Households with a female at the head are more likely to travel (87.6%) than households 

with a male at the head (82.4%). However, their expenditure on travel ($30.6) is 11% less 

than male led households which may be in part due to the household incomes ($713 p.w.) 

being 15% lower. The age of the head of the household appears to influence the decision to 

travel and the decision on how much travel. Households with the head of household 

between the age of 45 and 60 tended to travel more (89.5%) and spend more on travel 

($40.54). Households having the head in employment were almost twice as likely to travel 

and of those households recording expenditure the households with an employed head spent 

nearly twice as much on travel.   

 

6.5 RESULTS 
Two heteroscedastic Tobit (untransformed) models were estimated initially to examine the 

variables of interest as well as to investigate whether income should enter the regression 

linearly or logarithmically.   The parameter estimates for the log income model (M6.1a) and 

the linear in income model (M6.1b) are given in Table 6.2. These models form the base on 

which to test the transformation to correct for non-normal disturbances (Section 6.5.3). The 

parameter estimates for the IHS Tobit model (M6.2a) that nests the log income Tobit 

(M6.1a) are given in Table 6.4. A simpler IHS heteroscedastic model (M6.2b) which is 

selected on the basis of parameter significance is also presented. It is this model which will 

provide the income elasticity estimates to augment the mode choice elasticity estimates that 

are presented in Chapter 7.   
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6.5.1 The Heteroscedastic (untransformed) Tobit Model   

The results in Table 6.2 indicate that income, employment and access to car positively 

influence the household’s expenditure on travel. The household structure and the number of 

adults are positively correlated so some care must be taken in interpreting the regression 

output. The number of dependents is not included in the regression because that led to 

multi-colinearity between household structure and their composition (number of adults and 

number of children). Firstly, it is evident that the number of adults affects travel 

expenditure (this is consistent with Nolan, 2003; Tserikas and Dimitriou, 2008 and Labeaga 

and Lopez 1997). The parameters for the household types are measured against the base 

structure Mixed Households which on average have a higher number of adults. For 

traditional families and single parent households the weekly expenditure is higher (taking 

into account the fewer adults) than the mixed households. This may be read as an indicator 

of the effect of children in these households.  

The gender of the head of household does not affect the weekly expenditure on travel but 

the age of the household head does. Where the household head is between 45-60 the 

household expends more on travel. There is no evidence that there is any difference 

between the other age groups.  

Households living in flats tend to spend less than those in other forms of dwelling; this 

could be an indicator of the activity accessibility in higher density areas. Interestingly, the 

higher the value of the dwelling the less a household spends on travel. This may be an 

indication of higher repayments or rents leaving less money for travel or that people trade 

off housing and transport cost when relocating  
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TABLE 6.2 Parameter Estimates and Standard Errors for 
Untransformed Heteroscedastic Tobit 

 Model M6.1a log income Model M6.1b Linear Income 

 Variable Parameter St. Err. P-Value Parameter St. Err. P-Value 

 Constant -65.312 9.4 0.000 -8.417 2.5 0.011 

Income Terms Income 10.407 9.8 0.000 0.017 8.0 0.000 

 Income 2 1.836 2.2 0.030 -0.00098
 

2.9 0.004 

 Income 3 - - - 0.000022 0.9 0.362 

 DPWORK 2.745 2.2 0.028 2.548 2.0 0.050 

Transport DCAR 7.454 4.7 0.000 7.370 4.5 0.000 

Access Terms DNCAR 1.053 1.2 0.231 0.974 1.1 0.278 

 CAR & PT 13.135 9.2 0.000 13.233 9.2 0.000 

 PTONLY -7.994 3.8 0.000 -8.872 3.9 0.000 

Household HDSEX=F -0.355 0.4 0.721 -0.533 0.5 0.612 

Characteristics ADULTS 5.003 4.7 0.000 5.178 4.6 0.000 

 HHMIX - Base  - Base  

 HHSOLE 2.712 1.7 0.091 2.914 1.7 0.083 

 HHFAM 4.160 2.7 0.008 3.754 2.4 0.017 

 HHSING 3.780 2.1 0.034 4.304 2.3 0.020 

 TWENTY - Base  - Base  

 SIXTY -0.022 0.0 0.991 0.350 0.2 0.869 

 FIFTY 3.956 2.3 0.021 4.148 2.2 0.028 

 THRTY5 1.039 0.7 0.513 1.509 0.9 0.366 

Description  FLAT -4.673 3.2 0.001 -5.093 3.3 0.001 

Of Dwelling TERRACE 3.194 1.5 0.130 3.963 1.9 0.063 

 RENT -2.431      1.8 0.066 -1.870 1.4 0.158 

 DWGOVT -2.264 1.1 0.228    

 DWVAL -0.009 2.8 0.006 -0.009 2.9 0.004 

  Heteroscedastic Correlates Heteroscedastic Correlates 

Variables  Income 0.3335 11.6 0.000 0.001 9.8 0.000 

 Income 2 -0.1833 6.4 0.000 -0.007 7.4 0.000 

 Income 3 - - - 0.002 3.6 0.000 

 ADULTS 0.0644 3.2 0.002 0.061 2.9 0.004 

 DNCAR 0.0959 6.0 0.000 0.095 5.9 0.000 

 Sigma 2.147 5.8 0.000 13.211 22.5 0.000 

FIT  LL0 -8572   -8572   

STATISTICS Tobit Rest χ2
20 d.f.=522   χ2

21 d.f.= 

511 

  

Test Nonnormality χ2
2 d.f.=117   χ2

2 d.f.=115   

 LL Fit -8011 χ2
23 d.f.  = 1122 -8021 χ2

25 d.f.  = 1102 

 ANOVA r2 0.342   0.268   

 AIC 8.012   8.024   
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6.5.2 Marginal Effects and Elasticities 

Model M6.1a offers the better fit to the data and the discussion below is based on its 

results. The marginal effects of the model and the income elasticities are discussed first; 

this is followed by a discussion of the testing of model assumptions.   

The marginal effects for the Tobit model are not equal to the parameter estimates in  

Table 6.2 because the marginal effects take into account the probability of travel (see 

Greene 2008). This means that the parameter estimates in Table 6.2 cannot be read as the 

marginal increase in expenditure. Taking into account the probability of travelling, the 

increase in household travel expenditure for an additional worker in the household 

(DPWORK) is 1.17 rather than the parameter estimate 2.745 in model M6.1a. The effect of 

car ownership is $6.64 additional weekly expenditure on travel and each additional car is 

$0.88 (note that the dependent variable is out-of-pocket fuel expenses, not the cost of 

owning the vehicle).  

The income elasticity of 0.51 (Table 6.3) is consistent with other studies employing 

censored regressions (Nolan, 2003; Tserikas and Dimitriou, 2008; Kayser 2000; Labeaga 

and Lopez 1997) as well as with reviews of fuel expenditure34 (Graham and Glaister 2004 

and Goodwin et al. 2004). Dividing the sample into three income classes, the income 

elasticity is diminishing with respect to income. For the low income group (<$500 p.w.) the 

income elasticity of 0.60 is higher than the other two classes see Table 6.3.  

TABLE 6.3 Expenditure Shares and Estimated Income Elasticities 
for Transport based on Model M6.1a 

Income Class Expenditure Share 
on Travel 

Income Elasticity 

Low Income <500pw.           0.047  0.602 

Middle income           0.041  0.471 

High Income > 1500 pw           0.029  0.413 

Weighted Average for 
income classes 

          0.042  0.507 

                                                 

 

34 Petrol is the dominant expenditure item for the transport group and therefore the income elasticities 

between fuel expenditure and transport expenditure are comparable. 
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This is reflected in the change in expenditure shares being smaller between low and middle 

income classes than (0.047 to 0.041) than the difference between middle and high income 

classes (0.041 to 0.029); indicating that for households with moderate incomes, transport 

only accounts for a small proportion of additional expenditure.   

 

6.5.3 IHS Heteroscedastic Tobit Models Inference 

The Likelihood ratio tests for the nested models are given in Table 6.4. The likelihood 

values (Tests 2 and 3) for the homoscedastic and the homoscedastic IHS tobit (the 

parameter estimates are not presented) are statistically different from the respective 

heteroscedastic models. The assumption of constant variance is rejected in favour of the 

heteroscedastic models which correct for the correlation between transport expenditure  

variance and income.   

 

TABLE 6.4 Likelihood Ratio Tests for restricted Tobit regression 
models. 

Test # Model Description LL Test Statistic 

 Tobit 

(results not shown) 

Homoscedastic 

Tobit 

-8146.4   

1 IHS Tobit 

(results not shown) 

Homoscedastic IHS 

Tobit 

-8006.1 IHS Tobit and   

Tobit 

χ2
1 d.f. = 80.6 

2 M6.1a  

(results in Table6.2) 

Heteroscedastic 

Tobit 

-8011.3 M6.1a and Tobit χ2
4 d.f. = 70.2 

3 M6.2a 

(results in Table6.6) 

 

Heteroscedastic IHS 

Tobit 

-7966.4 M6.2a and IHS 

Tobit 

χ2
1 d.f. = 79.4 

4   -7966.4 M6.2a and M6.1a χ2
1 d.f. = 90 

 

5 M6.2b 

(results in Table6.6) 

Best Model 

Heteroscedastic IHS 

Tobit 

-7971.2 M6.2b and M6.2a χ2
6 d.f. = 9.6

* 

* Not Significant at the 5% level 
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The IHS transformation proves to be statistically superior to the untransformed model both 

for the homoscedastic case (Test 1) and the heteroscedastic case (Test 4). The tests indicate 

the most general model M6.2a which allows for heteroscedastic errors and an 

unconstrained theta fits the data better than the constrained models.  The parameter values 

for models M6.1a and M6.2a cannot be compared directly (Reynolds and Shonkwiler 

1991). However, there is a high degree of comparability between the levels of significance 

in both models; the discussion given on the determinants of travel given in Section 7.5.1 

applies to the inverse hyperbolic sine (IHS) model. The age and the gender of the head of 

the household (HOH) do not significantly affect travel expenditure.    

In the Heteroscedastic IHS-Tobit (Table 6.6 M6.2b) the social demographic variables 

gender and age of household head are removed from the analysis, as are transport variables: 

number of cars and the indicator for households that use public transport only. The chosen 

model is not statistically different at the 5% of confidence to the full IHS Heteroscedastic 

Tobit (Test 5) indicating that the removed variables do not add a high degree of explanatory 

power. The parameter estimates and standard errors are given in Table 6.6. 
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The primary aim of the model is to obtain reasonable estimates of income elasticities for 

the Sydney travel market. Table 6.5 presents the unconditional means as calculated by 

Equation (6-11). The marginal effects are numerically approximated by Equation (6-12). 

The elasticities in Table 6.5 are evaluated at the sample means for low, middle and high 

income classes. The average for the group is calculated by a weighted average over the 

three classes. The income elasticities estimated by the IHS Tobit differ from those 

estimated by the untransformed heteroscedastic Tobit (Table 6.3).  The weighted average 

for the IHS Tobit estimates is less than that reported in Table 6.3. However, the difference 

is small and the comparisons made to income elasticities in the literature apply to the 

estimates in Table 6.5. The noticeable difference between the transformed and 

untransformed Tobit estimates is the spread between income classes. The IHS Tobit income 

elasticities have a greater range. 

TABLE 6.5 Estimates of Unconditional Travel Expenditure and 
Income Elasticities from IHS Tobit Regression M6.2b 

Income Class Expenditure 

Share on 

Travel 

Unconditional 

Mean Travel 

Expenditure 

Income 

Elasticity 

Low Income <500pw. 0.047 $12.32 0.711 

Middle income 0.041 $28.62 0.378 

High Income > 1500 pw 0.029 $46.04 0.302 

Weighted Average for 

income classes 

0.042 $24.67 0.489 

 

In the next section the income elasticities are used to infer demand elasticities under 

additive separability through the use of an appropriate Frisch parameter. The calculations 

are based on the income elasticities and budget shares reported in Table 6.5 and the 

sensitivity of the imputed elasticity is investigated for various assumptions on the Frisch 

money flexibility. 
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TABLE 6.6 Parameter Estimates and Standard Errors for IHS 
Heteroscedastic Tobit 

 
Model M6.2a Full IHS Heteroscedastic Tobit 

Model M6.2b Chosen Model: 

Heteroscedastic  IHS-Tobit 

 Variable Parameter St. Err. P-Value Parameter St. Err. P-Value 

 Constant -39.903 -9.42 0.000 -42.421 -11.878 0.000 

Income Terms INCOME 8.118 11.50 0.000 8.185 12.815 0.000 

 INCOME 2  0.955 2.00 0.045 0.852 1.856 0.063 

 DPWORK 0.408 1.73 0.084 2.478 3.140 0.002 

Transport DCAR 4.798 4.08 0.000 5.044 5.771 0.000 

Access Terms DNCAR 0.408 0.74 0.459 
   

 CAR & PT 10.060 10.44 0.000 9.951 10.709 0.000 

 PTONLY 1.209 0.95 0.343 
   

Household HDSEX=F -0.099 -0.14 0.890 
   

Characteristics ADULTS 3.359 5.41 0.000 3.583 6.229 0.000 

 HHSOLE 1.265 1.09 0.276 1.550 1.392 0.164 

 HHFAM 1.962 2.00 0.046 2.184 2.469 0.014 

 HHSING 1.860 1.47 0.142 1.735 1.611 0.107 

 SIXTY -0.874 -0.60 0.547 
   

 FIFTY 1.760 1.40 0.162 
   

 THRTY5 0.632 0.57 0.568 
   

Description  FLAT -3.633 -3.22 0.001 -3.659 -3.328 0.001 

Of Dwelling TERRACE 2.369 1.54 0.123 2.303 1.518 0.129 

 RENT -2.234 -2.30 0.022 -2.003 -2.224 0.026 

 DWGOVT -1.580 -0.95 0.341 

 DWVAL -0.009 -4.77 0.000 -0.009 -4.673 0.000 

 
 

   

 
 

Heteroscedastic Correlates Heteroscedastic Correlates 

Variables  INCOME 0.145 4.55 0.000 0.135 4.261 0.000 

 INCOME 2  -0.126 -3.66 0.000 -0.106 -3.160 0.002 

 ADULTS -0.032 -1.20 0.230 -0.030 -1.186 0.236 

 DNCAR 0.083 4.07 0.000 0.079 3.981 0.000 

 Sigma 5.705 5.207 0.000 6.049 5.214 0.000 

 Theta -0.025 11.2 0.000 -0.026 11.6 0.000 
FIT STATISTICS LL0 -8572   -8572   

 Tobit Rest 428   134   

Test Nonnormality 14.11   6.25   

 LL Fit -7973   -7971   

 ANOVA r2 0.385   0.387   

 AIC 7.344   7.459   

 BIC 7.417   7.512   
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6.6 INCOME ELASTICITIES AND INFERRED BETWEEN GROUP 
SUBSTITUTION 

    

The unconditional transport direct and cross elasticities for transport modes bus, train and 

car in the Sydney market are inferred by adding the between group elasticities to choice 

elasticity estimates. First, the individual conditional ordinary elasticity is imputed by 

jq
k

kjqkqijqijq ww ′−∑ ′′−′=′ mme  and the elasticity of group expenditure with respect to price 

of mode j  ( ) ( ) ijTjTijTTjjq 1wW   1 w eeEeeE ′−′′+′′+′=ω  is added to the conditional demand 

elasticity to arrive at the unconditional demand elasticity.  

Strong separability is assumed between travel and all other forms of expenditure. The own 

price elasticity of demand for transport may be derived by way of an estimate for the group 

income elasticity and an assumed Frisch flexibility term (6-2). 
 

 

As discussed in Section 4.3.2.1, there is a strong case for φ=-0.5. Research providing 

empirical evidence for a constant Frisch value report estimates between φ=-0.43  and  φ=-

0.53 (Selvanatan 1993;  Theil 1987; Clements and Theil 1996; Powell 1996). However, 

Bella and Rossi (1986) and Lluch et al. (1997) report findings in support of Frisch’s 

conjecture (Table 6). Bella and Rossi’s range of   -0.3 for the poorer regions of Italy to -0.7 

for the wealthier indicate that, while there is an increase in the (absolute) value of the 

Frisch flexibility term, it is far more confined than Frisch’s original conjecture (see below).    

More recently Clements (2008) reviewed price elasticities of separate products and found 

“On the basis of a large number of studies (of the order of several hundred) of the price-

sensitivity of consumption of broad commodities, price elasticities of demand are scattered 

around the value of minus one-half” (p 492). He attributes this to average price elasticity 

being approximately equal to Frisch’s flexibility of -0.5 and the average income elasticity 

of one. Smith, Abdoolakhan and Taplin (2010) made use of this result by inferring ordinary 

demand elasticities for new transport fuel technology uptakes in Australia, where market 

behaviour data is unavailable. Their method is based on the results given in Chapter 5, 

where choice elasticities, estimated using stated choice experiments are augmented by the 

elasticity of demand for petrol, being the dominant fuel in the market at this time. The 
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extension to their method applied here is that income elasticities are estimated from a 

separate data source rather than assuming the value to be equal to one.  

6.6.1 Frisch’s Conjecture on the Value of Money Flexibility 

In Table 6.7 the values for the flexibility term are those conjectured by Frisch (1959). 

There is no apparent empirical evidence on which he based these values other than the 

average value of -0.5 in which he used demand elasticity estimates for processed food, 

fresh food and long distance transport (including air travel). The other values seemingly are 

based on decreasing values of income elasticities with respect to income for most goods.  

 

Table 6.7 Frisch’s Notional Values of Money Flexibility   
Value Description  
φ = -0.1 For an extremely poor and apathetic part of the population 
φ = -0.25 For the slightly better off but still poor part of the population 
φ = -0.5 For the middle income bracket, “the median part” of the population 
φ = -1.4 For the better-off part of the population 
φ = -10 For the rich part of the population with ambitions towards “conspicuous 

consumption” 
Source: Frisch 1959, page 189 

 

To investigate the sensitivity of the demand elasticity to the choice of Frisch it is more 

appropriate to examine values in the range of –0.25 and -1.4 being for the middle classes in 

Table 6.6. These lower and middle value (≈-0.5) concur with Bella and Rossi (1986), but 

the upper value is too high. We shall also examine the results for Frisch’s conjecture over 

the range -0.3 for the lowest to -0.7 for the highest income class. 
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6.6.2 The Sensitivity of Inferred Transport Demand Elasticities to the Choice of 
Frisch Money Flexibility  

 

Under the assumption of strong separability between travel and all other forms of 

expenditure, the own price elasticity of demand for transport may be imputed by way of an 

assumed Frisch flexibility: 

( )1W TCTCTCTCTTC +φ−φ= EEEE
    

6-13 

where TCE is the income elasticity and TCW
 is the budget share for the transport sector by 

income class C. Table 6.8a and b investigates the sensitivity of the transport demand 

elasticity to the choice of Frisch money flexibility. The income elasticities are the point 

estimates for the three income classes reported in Table 6.5. 

After reviewing evidence Clements (2008) indicates that a value of minus ½ is a reasonable 

assumption for the money flexibility term and that it is constant for income classes. The 

imputed demand elasticities for transport given in the first column of Table 6.8a assume a 

flexibility of -0.5. An upper bound of -0.3 and a lower bound -0.7 are used to examine the 

sensitivity of the of the imputed demand elasticity with respect to φ. The weighted average 

demand elasticity is -0.253. The low income class is the most responsive to transport prices. 

This is because their income elasticity is higher than the other two classes. The demand 

elasticity varies with the Frisch term; a 40% increase (reduction) in the Frisch value to -0.3 

(-0.7) leads to a 37% reduction (increase) in the inferred elasticities for all classes. 

 

Table 6.8a Imputed Demand Elasticities for Transport: 
Sensitivity to the Value of Frisch parameter  

Income Class Frisch Base Value 
φ=-0.5 

Upper Bound  
φ=-0.3 

Lower  Bound 
φ=-0.7 

Low Income <500pw. -0.377 -0.240 -0.514 

Middle income -0.202 -0.127 -0.276 

High Income > 1500 pw -0.158 -0.099 -0.218 

Weighted Average  
for income classes 

-0.253 -0.160 -0.346 
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The inferred demand elasticities made under the assumption of part of Frisch’s conjecture 

are given in Table 6.8b. On the left the flexibility values correspond to the middle three 

income classes suggested by Frisch (1959). While the two lower income classes are implied 

to have approximately equal transport demand elasticities, the upper income class is twice 

as responsive. This would not make sense in the travel demand market especially given that 

the good is a necessity (income elasticity of less than one) for all income classes. The 

elasticity under discussion here is travel with respect to an underlying transport price and 

the types of behaviour include fewer and shorter trips in the short term or changing of 

vehicle stock or relocation in the long term. 

Using Bella and Rossi’s (1986) estimates for Frisch money flexibility, the resulting 

elasticity for each income class is approximately equal.  While the demand elasticities for 

the constant Frisch flexibility seem behaviourally more realistic, the range of flexibility 

terms suggested by Bella and Rossi give the conceivable result that all income classes are 

equally responsive to transport price.   

 

Table 6.8b Imputed Demand Elasticities for Transport: 
Frisch’s Money Flexibility Conjecture for a Limited  Range  

Income Class 

Frisch’s Conjecture:  
middle 3 income classifications 
 
Frisch               Elasticity . 

Frisch’s Conjecture:  
Bella and Rossi (1986) 
 
Frisch               Elasticity . 

Low Income <500pw. φ=-0.25 -0.205 φ=-0.30 -0.240 

Middle income φ=-0.50 -0.202 φ=-0.50 -0.202 

High Income > 1500 pw φ=-1.42 -0.436 φ=-0.70 -0.218 

Weighted Average  
for income classes φ=-0.52 -0.229 φ=-0.45 -0.216 
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6.7 CONCLUSION 

In this chapter the first part of the staged estimation procedure for inferring demand 

elasticities from choice models is presented. The income elasticity ET needed to estimate 

ordinary demand elasticities eij from mode share elasticities is estimated independently of 

the choice model. An inverse hyperbolic sine (IHS) Tobit regression on Bureau of Statistics 

confidential household unit record files (ABS, 2000) gave an average income elasticity of 

demand for travel of 0.489, being the weighted average of 0.711 for low income, 0.378 for 

middle income and 0.302 for high income (Table 6.5). The income elasticities are used to 

infer transport demand elasticities by Equation (6-13): ( )1W TCTCTCTCTTC +φ−φ= EEEE .  

For a Frisch value of -0.5, the average transport demand elasticity is -0.253, with the lower 

income class having an estimate two and a half times more elastic than the upper income 

class. Incorporating Frisch’s conjecture that the flexibility term decreases (becomes more 

negative) with income the average demand elasticity for transport is -0.216 (based on Bella 

and Rossi’s 1986 estimates). In such a scenario all income classes would have 

approximately the same estimated elasticity.  

In the next chapter mode choice elasticities are estimated using a survey on public transport 

fare sensitivities within the Sydney region. The two modelling results are combined to infer 

ordinary demand elasticities. In Section 7.6 the ordinary demand elasticities are imputed by 

the probability weighted aggregation method. The sensitivities of the estimates of ordinary 

elasticities to specification of the traveller’s utility and to the value of Frisch are examined.   
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  Chapter 7

 

Modelling Part 2  

Mode Choice Models and Choice and Demand Elasticities 

 

 

7.1 INTRODUCTION 

In Chapter 6 estimates of income elasticities have been made by way of IHS-Tobit 

regressions for the household expenditure data: confidential unit record files 1997-9 

Household Expenditure Survey (Pink 2007). Three point income elasticities (Table 6.5)  

for the low, moderate and high income classes are retained for the purposes of imputing a 

transport demand elasticity under the assumption of an additively separable utility function 

by incorporating Frisch’s price flexibility.  The inferred demand elasticities for the whole 

transport sector were presented in Section 6.6.  

This chapter takes the next step of estimating mode specific demand elasticities within the 

transport sector. Theoretically consistent demand elasticities are imputed in a limited data 

setting. The travel survey uses a stand alone revealed and stated preference survey 

instrument in which the trip counts or annual kilometres are not recorded for the 

respondents. Chapter 5 presented the theory behind and the steps to impute ordinary 

demand elasticities from conditional share elasticities or discrete choice estimates. The 

choice elasticities, expected expenditure shares and inferred conditional income elasticities 

are estimated from a stand alone RP-SP mode choice survey (see Section 7.4). The 

estimates provide the inputs to the first part of the complete estimating system (6-1): 

( )[ ] ( ) ijTTjijTTTTTTjj
k

kjkijij 1w1www eeEWeeEWEEWEmme ′−′′+′+′−φ−φ′+






 ′−∑ ′′−′=  
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The group expenditure shares and income elasticities estimates using the Household 

Expenditure Survey were presented in Chapter 6. Apart from the choice modelling 

exercise, this chapter also provides the results on the ordinary demand elasticities for a 

Frisch value of -0.5 and presents a sensitivity analysis on the ordinary demand elasticities 

with respect to the Frisch value. 

The choice model specification is used to investigate the role of income in determining 

choice elasticities. The models presented in Section 7.3 incorporate a non-linear marginal 

utility of money and an income effect (inclusion of non-linear price variable) to explain part 

of the preference heterogeneity observed in the data. The remainder of chapter is organised 

as follows: Section 7.2 discusses some issues related to incorporating the income effect in a 

choice model and a number of utility specification variants. Section 7.4 provides a brief 

description of the revealed and stated preference data collection for the inquiry into mode 

elasticities in the Sydney market (Hensher and Raimond 1996). Section 7.5 reports the 

estimates of multinomial logit models. These models are chosen to test significance of the 

income effect in the choice data. The marginal utilities of money, values of travel time 

savings and matrices of choice elasticities are presented in Section 7.6. In Section 7.7 the 

imputed ordinary demand elasticities are presented (for Frisch flexibility equal to -0.5) in 

two parts. Firstly, a discussion for the whole sample is given. This is followed by a closer 

look at income classes in Section 7.7.3. A sensitivity analysis of the ordinary demand 

elasticities with respect to the Frisch flexibility is given in Section 7.7.4. 

 

7.2 DISCRETE CHOICE MODELLING 

This section discusses the impact of preference heterogeneity on the specification of choice 

models. The main purpose is to investigate the way in which preference variability can be 

in part explained by a diminishing marginal utility of money. Preference heterogeneity may 

cause confounding of the income effect (Amador, González and Ortúzar 2008). Section 

7.2.1 reviews econometric methods to capture choice variability in discrete choice models. 

Three classes of techniques are reviewed:  a) the functional form of the systematic utility 

(V in),  b) taste variation captured by the marginal utilities (βn), and c) The substitution 

patterns or market segments as captured by the error structure (εin).  
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In Section 7.2.2  the income effect in a discrete choice model is presented. Primarily the 

inclusion of an income effect in choice models permits more accurate evaluations of policy 

measures, in particular the welfare impacts. However, the effect of income on choice may 

be of value in itself. That is the probability of selecting an alternative is influenced by the 

individual’s level of income. In this way the marginal behavioural outputs of choice 

elasticities and attribute valuations are moderated by the levels of income.  

7.2.1 Choice Variability and Preference Heterogeneity 

Choice variability may be modelled in a discrete choice setting by a number of methods. 

Non-linear in attributes functional forms of the deterministic utility (Vin) accounts for 

context heterogeneity in which the level of the attributes matter. For example the marginal 

values of time may differ for longer/shorter trips and not only depend on the time 

differences between modes but the available free time after work and commuting hours are 

accounted for (Smith 1999). The individual’s choice reveals the importance of the available 

time and money resources. For example an individual who chooses the cheaper of two 

alternatives reveals a higher marginal utility of income than another individual who chooses 

the more expensive of the two alternatives. The non-linear specification acts as a detector 

of income or time scarcity as playing a role in individual’s modal choice (Jara-Diaz and 

Videla 1989). The utility expression in the choice model is: 

( ) i
T
iii

2
i2cici VaVppU ε+=ε++β+β= ` .  Non-linear in cost utility expressions are used in the 

choice models presented in Section 7.3. The marginal disutility of cost is dependent on the 

actual price the individual pays. The detection of the income effect is expanded upon in 

Appendix A7.1.  

Preference heterogeneity may be introduced by analysis prescribed segmentation where 

segments are based on a-priori reasoning or a pre-estimation statistical technique, such as 

multi-dimensional clustering. A separate choice model is estimated for each group. Mode 

choice studies usually estimate one model for the commuter market and one model for the 

non-commuter market. This is an example of a-priori market segmentation. However it is 

possible that certain non-commuter trips, such as escorting children to school, may have 

more similarity to a commuting trip rather than to discretionary travel. Here the modeller’s 

belief about the appropriate segments may not necessarily coincide with the actual 
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segments. An obvious way to account for income dependent marginal disutility of price is 

to segment the sample into low, middle and high income groups and run separate choice 

models for each segment (Jara-Diaz and Videla 1989). Alternatively the analyst may use 

demographic transformations, whereby the cost parameter varies for different income 

classes (pre-determined by the analyst).  

Alternatively taste parameters may be interacted with one or more social characteristics, 

such that the marginal effects for individuals with different characteristics are moderated by 

the level of the social-demographic variable. For example researchers have included 

income as an interaction between the cost variable and income by dividing the cost attribute 

by an individual’s income (i.e. ( ) inin
n

in
pin V

m

p
U ε++β= a` ). The outcome is that marginal 

effects for the cost variable are greater for those with lower incomes. While this 

specification contains the essence of a diminishing marginal utility of income with respect 

to income, Viton (1985) suggests that the specification causes a violation of Roy’s identity. 

To maintain a correctly specified indirect utility function researchers have used a 

monotonic transformation of the residual income (income less the cost of the alternative). 

Demographic translations separate the taste parameter into a common term and an income 

specific term.  Amador et al. (2008) modify the cost parameter by adding an income class 

term: ( ) ( ) inininnclass incomepmpin VpU ε++δβ+β= a`, . 

7.2.2 Modelling the Income Effect in Choice Models 

An income effect in any model of choice or demand may be stated as diminishing marginal 

utility of income with respect to income. Discrete choice models based on AIRUM assume 

that the marginal utility of income is independent of price because it represents a negligible 

component of the consumer’s budget (Small and Rosen 1981). The inclusion of the income 

effect in a discrete choice model means the marginal utility of money λ is modelled as a 

function of both income and prices (Jara Diaz and Videla 1989, Amador et al. 2008). Viton 

(1984) argued that some modal choice utility specifications are not consistent with utility 

maximisation; a review of Viton’s argument is given in Appendix A7.2.  For Roy’s identity 

(Sheppard’s Lemma) to hold for the mode choice setting the following is true about the 

conditional indirect utility function (Small and Rosen 1981, Viton 1985):  
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( ) ( )i
i

T

T

T

i aVdm
p

V

q

1
dm

m

V
 i,,q ;  pmV ′+∫ ∫ ∂

∂−
∂

∂−=′pa,,   7-1 

A systematic utility in a mode choice setting with a continuous and quasi-convex function 

( )iTpqm −f  is consistent with Roy’s identity (See Appendix A7.2). The marginal utility of 

income may be computed directly35 by ( ) mpqm iT ∂−∂=λ f .  The marginal utility of 

income is decreasing in income and non-decreasing in price and concave: 0>λ  , 

0m ≤∂λ∂ . This leads to the following properties of  f 

Property  1 The consumer has sufficient income to cover the costs of transport 

and other consumption activities, i.e., ( ) 0pqm iT >>−    

Property  2 The marginal utility of income is equal to the marginal disutility of 

modal cost at current demandTq : ( ) ( ) 0pqpqm iTiT >∂−∂−=λ f . This 

represents the consistency condition for separable utility expressions in discrete 

choice models. It leads to nothing more than the marginal utility of modal prices 

being non-positive (Nunes et al. 1998).  

Property  3 The marginal utility of income is diminishing with respect to income 

( ) ( ) 0pqpqmm 2
iTiT

2 ≤∂−∂−=∂λ∂ f . If the expression holds at the equality 

then this indicates the absence of an income effect in the discrete choice model, 

i.e. the utility is linear in modal costs and income.  

Property  4 On a final note the marginal utility of income is a convex function 

with respect to income ( ) ( ) 0pqpqmm 3
iTiT

322 ≥∂−∂−=∂λ∂ f . This is not a 

necessary requirement of utility maximisation but the form has a long history in 

applied economics. Working (1943) established a model where budget shares 

were dependent on the logarithm of income. This is the price independent 

                                                 

 

35 The marginal utility of income is only measurable up to the normalisation chosen for the discrete choice 

model.  
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version used in the almost ideal demand system (AIDS) (Deaton and 

Muellbauer 1980a) and the basic translog function (Christenson et al. 1975). 

Working’s model indicates that necessities occupied a smaller proportion of 

budget and luxuries occupied a larger proportion of budget as income rises.  

Figure 7.1 shows three general shapes for the marginal utility (M.U.M.) of income. In each 

case the marginal utility is greater than zero and, therefore, the marginal disutility of modal 

price (M.U.P.) is less than zero. The constant marginal utility of income (i.e., 0m =∂λ∂ ) 

corresponds to the linear in cost indirect utility function in mode choice models. The 

linearly diminishing marginal utility of money (i.e., 0m22 =∂λ∂ ) is an often used form for 

modelling heterogeneity for aversion to higher prices.  

The convex marginal utility of income indicates mode costs are important to travellers on 

low incomes (as measured by utility), but this importance reduces rapidly for slightly 

higher incomes. While each income class has a lower marginal utility of income the 

differences between middle and higher income classes becomes less noticeable.   

The non-linear in price utility specification is consistent with micro-economic theory. The 

choice model having the marginal utility of price conditional on the respondent’s income is 

not being consistent with Roy’s identity. However, the model does produce the essence of 

the price income relationship, in that respondents with higher incomes are less responsive 

to price. In Appendix A7.3 it is shown that the income dependent marginal utilities preserve 

the micro-economic relationship that the marginal utility of price is equal to the negative 

value of the marginal utility of income. Hence such a representation may serve as a locally 

consistent utility expression. While a locally consistent utility specification provides better 

choice estimates, it is not appropriate to use these models to measure consumer welfare 

(Jara-Diaz and Videla 1990). This is because most measures of welfare involve large 

changes to the price of the alternative and the dependency of marginal utility on residual 

income (i.e. after the price is paid) is ignored. However, when examining demand 

elasticities this problem is not as substantive as the price changes are at the margin. 
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Figure 7.1 General Forms of the marginal utility of money (M.U.M) 
and marginal utility of price (M.U.P) estimated in discrete choice 

models 

 

7.2.3 Income as a Proxy for Taste 

A second way to include income in the modal utility expressions is to treat income as a 

taste moderator m* in which case  

( )( ) ( )iiTi VpqmmV a′+−λ= * .   7-2  

The marginal utility of income is constant but may depend on each consumer’s income. 

The choice probabilities are independent of income and it is usual to specify 7-2 without 

the inclusion of income, m. The example given by Viton (1984) is a special case whereby 

the mode price is divided by the income proxy and, assuming qT = 1, it is given by 

( ) ( ) CUp
m

V iii
T ++β= a

*
. For a recent application using this approach see Espino, Ortúzar 

and Román (2007). Another way of including income in a discrete choice modelling setting 

is to model the marginal utility of modal costs as a conditional mean in a mixed logit 

(random parameter) choice modelling exercise (see Hensher et al. 2005).  The parameter 



 

 - 206 - 

 

associated with travel costs is given as ( )   m  pmpmp νβββ +×+=| ; where the β’s are 

estimated in the choice model and ν  is a random variable with a mean of zero and a 

variance that is either estimated in the choice model or specified by the analyst. The 

distribution type of ν  is specified by the analyst; see Hensher et al. (2005) for a 

discussion on different distributional forms and Cirillo and Axhausen (2006) for an 

empirical example of the effect the distributional form has on the inferred value of travel 

time savings. Interacting the cost parameter with income models the distribution of 

preferences with respect to income, but not the income effect. It is argued in Appendix A7.3 

that this at least produces a local approximation to the income effect in choice modelling. 

Alternatively the interaction between a linear and a non-linear parameter for cost represents 

the income effect and offers an alternative to analyst prescribed segmentation. Models used 

to investigate the role of income in modelling preference heterogeneity are reviewed in 

Section 7.3. 

A related point on the difference between non-linear utility expressions and income 

dependent marginal utilities of price is whether a trip maker’s income can reliably be used 

as a proxy for taste. Taste may be viewed as the relative parameter values in a choice model 

between respondents (i.e. preference heterogeneity). One way of viewing this is to measure 

non-price valuations such as values of travel time savings.  The apparent differences in 

taste for demographic segments can sometimes be explained by the diminishing marginal 

utility of income (Amador et al 2008). Examining the goods-leisure trade-off model in a 

mode choice setting Jara-Diaz (1991) provides empirical evidence on the lack of a 

monotonic relationship between the relative importance of leisure time and residual 

income. However, for each of the four corridors studied in San-Diego the dependency of 

the marginal utility of price on income is significant: the non-linear Cobb-Douglas 

generalization to the expenditure rate model (Jara-Diaz and Ortuzar 1989) had trade-off 

parameter estimates greater than zero indicating that marginal utility of price is income 

dependent. 
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7.3 THE MULTINOMIAL LOGIT MODELS AND THE EFFECT OF 
INCOME AS A MODERATOR 

In this section a number of choice models are discussed. Each incorporates choice 

variability in a different way. Some include the income effect explicitly (i.e. non-linear 

transformation of the residual income entering the systematic utility expression) and others 

accommodate preference heterogeneity as a function of income (including scale 

transformations in the multinomial logit and mixed logit models). The purpose of this 

section is to investigate the robustness of the detection of the income effect using the 

various specifications considered in Section 7.2. The marginal utility of income is the 

negative of the cost parameter estimated in the discrete choice model. The main point is 

that a non-linear function of residual income, i.e. ( )iTpqm−f  is consistent with utility 

theory, however this requires some knowledge of the trip quantity which affects the 

respondent’s valuation of trips. Given that stand alone SP-RP surveys are typically based 

on a single trip, the use of income as a taste moderator is a local solution to the income 

effect (provided that a non-linear in cost parameter is specified). In Section 7.2.2 a number 

of variations were proposed. Jara-Diaz and Videla (1989) originally suggested segmenting 

the data by income classes (Model M7.2a on p. 210). Other variations include a linearly 

diminishing marginal utility of money, represented by model M7.3, and a non-linearly 

diminishing marginal utility of money model in which the linear in cost and non-linear in 

cost models are moderated by the log of income (Model M7.4). A non-linear utility translog 

expression. is also estimated M7.5.  

The basic specification of the systematic utilities for the revealed and stated preference data 

sets are given as: 

RP-Data 

( ) ( )
commutercommuter  vehiclesHousehold                                      

       pmASC1; pm,V

BBTTvC

itiiiii
T

βδ+βδ+βδ+
β+−+=′− tf,pa

 

SP-Data 

( ) ( )(
)  vehiclesHousehold     licencecar                                     

       pmASC1; pm,V

vClC

tiiSPiii
T

βδ+βδ+
β+−+µ=′− tf,pa
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where : m is the respondent’s income, pi is the price of mode i and ti is the door to door 

time of the trip by mode i. The variables “car licence”, indicating whether the respondent 

possesses a driving licence, and “household vehicles”, as a count of the number of vehicles 

owned by the household, are used to indicate the availability of a vehicle for the trip and 

only appear in the utility expression for car (i.e. δc is one if i is car and zero otherwise). The 

scale parameter is set to one for the RP data set allowing an estimate for the scale parameter 

µSP for the SP utilities. The variable “commuter” appears in the RP utilities to capture the 

increased potential to use non-private vehicle modes during peak travel times. 

For each of the variants of ( ) pm inn −f  the aim is to see how comparable the models are 

for different applications of choice variability to account for a non-constant marginal utility 

of money. The joint revealed and stated preference method uses the nested logit strategy 

(Bradley and Daly 1992; Hensher and Bradley 1993), by simultaneously estimating the RP 

and SP choice parameters allowing for different scale parameters for each set. The 

Multinomial logit probability choice systems are estimated, whereby unobserved utilities 

are independently and identically Gumbel distributed. The elasticities are based on revealed 

preference choice sets where the MNL probabilities are given for individual n, by the 

multinomial logit: 
∑

=π

j

RP
jn

RP
inRP

in
V

V

exp

exp
.   

The marginal utility of money λin is given by 
in

RP
in

p

V

∂
∂− , which in some models will depend 

on the income of the respondent as well as the price of the alternatives. The own price 

elasticity, given by  ( ) in
RP
ininiin p1 ⋅π−λ−=′ ˆm  and the cross price choice elasticity, 

jn
RP
jnjnijn pπλ=′ ˆm  are based on the RP choice set.   
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7.3.1 Linear in Income MNL and Analyst Prescribed Segmentation   

The Multinomial logit linear in price model assumes the marginal utility is the same for the 

whole population. The systematic utility is ( ) ( )ininn
T
in aVpmV ′+−λ−= . The marginal 

utility of income, l, does not vary over incomes or mode prices. The choice elasticities are 

( ) ininiin p1 π−λ−=′ ˆm  and jnjnijn pπλ=′ ˆm . 

M7.1 (model 7.1)  

nBBnTTnvCintinci
T
in commutercommuter  vehiclesHousehold        pASCV    βδ+βδ+βδ+β+β+= tRP

 

( )nvCnlCintinpiSP
T
in  vehiclesHousehold     licencecar       p ASCV   βδ+βδ+β+β+µ= tSP

 

The analyst prescribed segmented version of M7.1 uses low medium and high income 

classes. The systematic utility is,  

M7.1a        ( ) ( )inminnc
T
in aVpmV

n
*

* ′+β=  ,  

where m* is the taste moderator on the cost parameter through the use of household income 

class and for each class the estimating equations are the same as M7.1 above. Analyst 

prescribed segmentation permits taste heterogeneity for non-price modal attributes, such as 

travel time. A likelihood ratio test may be performed to infer whether the modal utilities 

differ between income classes (Ben-Akiva and Lerman 1985). Each segment is modelled as 

a linear in income MNL. This allows for flexibility in the non-price parameters as well as 

the estimates for marginal utility of income, but comes at the expense of using a smaller 

data set for each income class. The marginal utilities and elasticities have the same 

formulation as M7.1, but are class dependent, i.e. ( )*
nmMUI λ= .  
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7.3.2 Inclusion of the Income Effect (Jara-Diaz and Videla 1989) 

The non- linear in price variant of the MNL accommodates context heterogeneity in the 

model. The systematic utility is ( )in
2
incinc

T
in aVppV 2 `+β+β= .The marginal utility of 

income, ( )inccin p2 2β+β−=λ , and the elasticities, ( ) inininiin p1 π−⋅λ−=′ ˆm and 

jnjnjnijq pπ⋅λ=′ ˆm , depend on the price of the mode chosen.  

M7.2 (model 7.2)  

commutercommuter  vehiclesHousehold                      

    p  pASCV    

BBTTvC

int
2
incinci

T
in 2

βδ+βδ+βδ+
β+β+β+= tRP

 

(
) vehiclesHouseholdvClicencecar lC

it
2
iciciSP

T
in

                               

     p p ASCV   2

βδ+βδ+
β+β+β+µ= tSP

 

The significance of the cost squared parameter is a test of the income effect (Jara-Diaz and 

Videla 1989). The analyst prescribed segmented version of M7.2 uses low medium and 

high income classes where the marginal utility of income ( )inn pm ,*λ  may differ between 

classes due not only to a diminished (less negative) cost parameter, but also a smaller (less 

positive) cost squared parameter. The latter parameter relationship indicates that the income 

effect is less noticeable for higher income classes.  The estimating equations for each 

income class (M7.2a) are the same as M7.2. The marginal utilities and elasticities have the 

same formulation as in M7.2, but are dependent on the income class to which the 

respondent belongs.   

7.3.3 Interaction of Linear and Non-linear Cost Terms with Income  

Rather than running separate choice models for income classes an interaction term is 

included for both the linear cost and the cost-squared parameters in the choice model. This 

is most like the method chosen by Amador et al. (2008). However, instead of estimating a 

separate parameter for different income classes, M7.3 uses a linear interaction term with 

income such that the parameter for cost varies by income  m  cmc ×β+β . The model 

accounts for a linearly diminishing marginal utility of money (see Figure 7.1). In addition 
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the income effect is included in the model and the magnitude of the cost-squared parameter 

is linearly dependent on the respondent’s income such that the income effect is modelled 

as: ( ) imcc p m  2 22 ×β+β .  

The marginal utility of money is dependent on the respondent’s income as well as the cost 

of the chosen alternative.  

M7.3 (model 7.3)  

( ) ( )
commutercommuter  vehiclesHousehold                       

    pm  pmASCV    

BBTTvC

int
2
innmcciqncmci

T
in 22

βδ+βδ+βδ+

β+β+β+β+β+= tRP
 

( ) ( )(
) vehiclesHouseholdvC licencecar lC

int
2
inqmccinncmciSP

T
in

                             

     pm  pmASCV   22

βδ+βδ+

β+β+β+β+β+µ= tSP
 

The elasticities are dependent on the respondent’s income. If the estimate for cmβ is 

positive then higher income individuals will be less responsive to price changes. For the 

income effect to diminish with respect to income (Jara-Diaz and Videla 1989) the 

parameter estimate mc2β for the cost squared interaction term will need to be less than zero.  

In Section 7.2.2 it is suggested that marginal utility of money is a quasi-convex function 

with respect to income ( ) ( )   0pqpqmm 3
iTiT

322 ≥∂−∂−=∂λ∂ f . Quasi-convexity is 

satisfied by M7.3 at the equality. Model M7.4 is a choice model incorporating the income 

effect and models the diminishing marginal utility of money through the use of a convex 

function.   

M7.4 (model 7.4)  

( ) ( )
commutercommuter  vehiclesHousehold                       

    pm  pmASCV    

BBTTvC

int
2
inmmccinncmci

T
in 22

βδ+βδ+βδ+
β+β+β+β+β+= tloglogRP

 

( ) ( )(
) vehiclesHouseholdvClicencecar lC

int
2
innmccinncmciSP

T
in

                              

     pm  pmASCV   22

βδ+βδ+
β+β+β+β+β+µ= tloglogSP
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7.3.4 Non-linear Function: Translog 

While it is recognised that the data does not indicate the quantity of travel undertaken a 

reasonable assumption is that the time frame for the trip is one fifth of the day. A non-linear 

income specification of the utility function is added here to compare the result with the 

taste moderating models. The translog function was developed for expenditure share 

models like those discussed in Chapter 4 (Christensen et al. 1975). However, the utility 

specification has been adopted in the choice literature (Herriges and Kling 1999) to 

estimate models with non-constant marginal utilities of money. The utility for the transport 

alternatives is a non-linear function of the log of residual income: 

( ) ( ) ( )ininn
2

cinnc
T
in VpmpmV 2 a+−β+−β= loglog , where residual income is calculated as one 

fifth of daily household income.  

Models incorporating the income effect explicitly as non-linear transformations of residual 

income have posed problems for the researcher to calculate the welfare impacts of changes 

to non-price attributes (Morey, Sharma and Karlstrom 2003). However, the elasticities 

represent a marginal change in the cost variable and a non-constant marginal utility of 

money will not affect the results for small changes. Caution is need in using point 

elasticities to make demand forecasts for substantial changes in transport fares or fuel costs.  

M7.5 (model 7.5)  

( ) ( )
commutercommuter  vehiclesHousehold                       

    pmpmASCV    

BBTTvC

intinn
2

cinnci
T
in 2

βδ+βδ+βδ+
β+−β+−β+= tloglogRP

 

( ) ( )(
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intinn
2

cinnciSP
T
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     pmpmASCV   2

βδ+βδ+
β+−β+−β+µ= tloglogSP
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7.4 EMPIRICAL CONTEXT 

7.4.1 The Empirical Context: Survey Data  

The data for 1996 Sydney (IPART) survey was collected by Institute of Transport Studies, 

Sydney University. A full description of the sampling strategy and the stated preference 

design are available in the Inquiry into Public Transport Fares – IPART, Research Paper 

no.8 (Hensher and Raimond 1996). Further discussion of the data and results for the 

commuter market segment are given by Hensher (1998) and Taplinet al. (1999). In this 

section a summary of the survey methodology and related descriptive statistics are given. 

7.4.2 Sampling 

The survey sampled commuters and non-commuters within the Sydney Metropolitan Area, 

identifying both current behaviour and the potential to switch to an alternative mode and 

ticket combination under a range of alternate fares. The original sample size is 614 

individual trip makers, of which a sample of 463 completed records are used in this study. 

Half of these were commuter trips and half non-commuter trips.  Inner, middle and outer 

areas of Sydney were sampled in roughly equal proportions.  

A choice based sample was used to ensure that enough people who were currently choosing 

each of the alternatives modes/ticket types were sampled. The sampling frame was quota-

based, with individuals travelling on each of the public modes sampled in approximately 

equal proportions and those travelling by private vehicle in a somewhat higher proportion. 

The sampling frame did not capture sufficient ferry users and an on-board ferry survey was 

conducted (Hensher and Raimond 1996, p 8). However, ferry data is not included in this 

study. 

7.4.3 The Revealed Preference and Stated Preference Methodology 

The choice of mode and ticket type is estimated using a mixture of revealed preference 

(RP) and stated preference (SP) data. The revealed preference component of the survey 

reports the current mode choice made by the respondent. “In the survey, travellers were 

asked to think about the last trip they had made. They were asked where they went, how 

they travelled and how much it cost. Then they were asked to describe another way they 
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could have made that trip if their current mode was not available” (Hensher and Raimond 

1996, p 3).  

In the SP component of the survey the respondent was presented with hypothetical pricing 

scenarios for the public transport fares of the traveller’s current and alternate modes of 

travel. The alternate mode was the one stated by the respondent. The respondent was asked 

to state the preferred mode and ticket combination in each situation. The pricing scenarios 

presented ticket prices which varied from current levels to 50% above and below current 

levels. Different respondents were presented with different combinations of scenarios. 

“Scenarios were developed and presented in such a way that it was possible to determine, 

under any fare scenario within the 50% above and below range, how many people would 

travel with each ticket and on each mode, and to thus derive how sensitive people are to 

fare changes (elasticities)” (Hensher and Raimond 1996, p 3).  

The alternatives stated by respondents are presented in Table 7.1. Those who chose a 

public mode were likely to state private vehicle as their alternate mode. Very few 

respondents who actually use a public transport mode put forward the other public mode as 

their RP alternative.  

Table 7.1 Alternate Mode Stated by Respondents 

    Main Alternative 

Choice Car  Train Bus Total 

Car 0 75 148 223 

Train 99 0 26 125 

Bus 91 19 0 110 

Total 190 94 174 458 

                         Source: Hensher and Raimond (1996) 

 

  



 

 - 215 - 

 

7.4.4 Stated Preference Data 

The data used in this study are drawn from the combined revealed preference and stated 

preference survey into traveller’s mode and ticket choice. The main reason for using SP 

methods, for the study of fare elasticities, is that there are real and serious limitations to 

much RP data (Hensher and Raimond 1996, p 3). These limitations include the difficulty in 

identifying the choice set available to the individual, the lack of variability in the 

explanatory variables and multi-collinearity between the explanatory variables (Louviere et 

al. 2000).  Any or a combination of these problems may lead to incorrect inferences about 

behavioural parameter estimates, including theoretically inconsistent signs (Louviere et al. 

2000). Many of the problems associated with revealed preference data can be controlled in 

a stated preference experiment.  

7.4.5 Stated Choice 

The SP data recorded respondents’ choices between their current mode and the stated 

alternative mode under four different fare scenarios. Table 7.2 shows the stated choices 

made by all respondents in the experiment, organised by their current mode (RP). As there 

are four observations per respondent it is appropriate to present the stated choices as 

percentages.  

For most pricing options the respondents do not switch from their revealed preferred 

alternative. When switching does occur, public transport riders are more likely to substitute 

private vehicle for their current mode. When prices on the public mode are varied the 

respondents with car as their current mode are unlikely to switch to a public mode. Current 

car users switch to an alternate mode in only 6% of the choice scenarios; as calculated by 

the sum of percentages for train and bus in the first row of Table 7.2 which is divided by 

the marginal percentage of the current car users, 47%. In contrast public transport users are 

more sensitive to price changes, with respondents choosing an alternative mode on an 

average of 23% of occasions (20% for current rail users, calculated by 6%/30% in Table 

7.2, and 26% = 6%/23% for current bus riders). This in part may be due to the less price 

sensitive behaviour of car users and in part due to the design of the experiment which only 

varies prices on the public modes. Lastly, the public transport riders are more likely to 

switch to travel by car, than they are to move to the alternate public transport mode. 
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Table 7.2 Mode Option Selected in the Stated Choice Component of 
the Survey 

Current     Main Alternative 

Mode Car  Train Bus Total 

Car 42% 1% 2% 47% 

Train 5% 24% 1% 30% 

Bus 5% 1% 17% 23% 

Total 52% 28% 23% 100% 

                         Source: Hensher and Raimond (1996) 
 

7.4.6 Data Preparation 

The available data was for 458 respondents reporting either a commuter trip or a non-

commuter trip. However, as income played an important role in the modelling strategy used 

here, respondents without recorded income were removed from the sample. This left 376 

usable responses. Each respondent made one RP choice and 4 SP choices. The RP choices 

are repeated in the sample to balance the RP/SP mix – giving 8*376= 3008 observations. 

As explained in Chapter 6 the household expenditure survey data did not distinguish 

between commuter and non-commuter trips. This meant that it was difficult to determine 

the extent to which the estimated income elasticities, and therefore the transport group 

demand elasticity, pertained to commuting or non-commuting trips. While it would seem 

more likely that the generation elasticity would be relevant to the non-commuting market, 

this neglects the long term residential and work place location decisions that are embedded 

in the cross-sectional household expenditure data. It was decided to combine the 

commuting and non-commuting markets for this study. To combine the two markets it was 

necessary to collapse the data to mode choice, rather than mode-ticket class choice as there 

was not a one-to-one correspondence between tickets in the two classes (e.g. off-peak 

return only appeared in the non-commuter survey). The decision to collapse the survey to 

mode choice also allowed the study to concentrate on the difference between mode choice 

elasticities and mode demand elasticities.  

Using mode choice made no difference to the revealed preference part of the data, because 

respondents reported attributes on their current mode and attributes on an alternate mode. 
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To collapse the survey data to mode choice the following procedure was undertaken on the 

stated preference data: 

1) If the respondent selected their current mode-ticket as their choice in the stated 

preference scenario, then their alternate mode attributes corresponded to the SP 

alternative that matched their revealed preference alternate mode-ticket. 

2) If the respondent selected their alternate mode-ticket as their choice, then their SP 

alternate mode was recorded as their current RP mode-ticket choice. 

3) In the event that the respondent’s SP choice was other than the current mode-ticket 

or alternate mode-ticket, then the SP attributes for the chosen mode were retained and 

the alternate SP mode-ticket option that matched their RP indicated choice.    

The strategy is consistent with random utility theory as the SP choice reveals the preferred 

option when the alternative is present in the choice set. For example, if the respondent 

chooses a bus multiple-ticket when (current mode) car is present in the alternatives, the 

choice reveals the preference bus > car . This preference order holds despite a respondent 

having indicated bus single-ticket as the RP alternate mode.   The collapsing of the choice 

data maintains the integrity of random utility (Louviere et al. 2000). 
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7.5 MULTINOMIAL LOGIT MODELS DISCUSSION OF RESULTS 

The parameter estimates and asymptotic z-values for models M7.1 to M7.5 are given in 

Appendix A7.4, Table A7.1.  The main points of interest in this part are the non-linear cost 

terms and the evidence of an income effect. Table 7.3a presents the parameter estimates for 

the cost and time of travel by mode and the fit statistics for the analyst prescribed 

segmentation models (M7.1 and M7.2). Table 7.3b presents results for the income 

moderation of cost parameters (M7.3 and M7.4) and the non-linear utility model (M7.5).  

7.5.1 The Cost Parameter and the Model Fit Statistics 

Looking at the linear in cost model, M7.1 and M7.1a, the parameter estimates for cost and 

travel times have the expected signs.  When the data is segmented by income class, M7.1a, 

the parameter on the cost variable (opposite sign to the marginal utility of money) is 

increasingly smaller in absolute terms for progressively higher income classes. This is an 

indication that there is diminishing marginal utility of money, even though the income 

effect is not included in this model. The marginal utility of money and the values of travel 

time savings are discussed in more detail in Section 7.6.1. 

The presence of an income effect in the data is confirmed36 by a significant cost squared 

term in M7.2. The discrete choice models M7.2a to M7.5 are different methods of 

incorporating the income effect by incorporating preference heterogeneity with respect to 

income. Significant parameter estimates for non-linear cost (i.e. squared cost for the 

segmentation models, M7.2) or the interaction with income (M7.3 - M7.4) are indications of 

a diminishing marginal utility of residual income (i.e. after the mode is chosen and the fare 

is paid). To put it another way, the observed choice variability has less to do with the price 

of the alternative for higher incomes. Across all models there is consistency in this 

interpretation of the choice parameters.  

  

                                                 

 

36 i.e. The absence of an income effect is rejected at the 5% level.  
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Table 7.3a Segmentation Models M7.1 and M7.2 Parameter 
Estimates and Likelihood Statistics* 

Multinomial Logit Models 

Analyst Prescribed 

Segmentation 

Linear in cost MNL 
Non-linear in Cost MNL 

The income effect 

 
M7.1                    M7.1a – Income 

class 

M7.2                   M7.2a – Income 

class 

Variable 

 Modes 

affected All low mid High All low mid High 

linear Cost RP/SP all -0.356 -0.962 -0.271 -0.221 -0.581 -1.062 -0.526 -0.071 

Asymptotic Z Values in italics 

  

8.57  2.94 6.57 1.33 8.96 5.85 6.52 0.25 

Non-linear cost RP/SP all     0.045 0.064 0.041 -0.030 

Z-Value 

 

      5.67 4.38 4.30 0.53 

Linear Time (door to 

door) RP/SP auto -0.083 -0.094 -0.078 -0.105 -0.071 -0.058 -0.070 -0.108 

Z-Value   12.87  3.06 10.90 5.87 10.30 5.10 9.62 5.46 

Public-transport -0.044 -0.040 -0.052 -0.0652 -0.039 -0.028 -0.048 -0.045 

Z-Value 

 

 

  

12.69 3.50 12.21 4.81 10.46 5.32 10.24 4.22 

Model Fitting Statistics         

 

LL at model 

  

-1210.0 -133.0 -771.9 -223.3 -1197.0 -141.7 -686.4 -221.5 

LL at means   -1648.7 -211.3 -1131.8 -305.6 -1648.7 -211.3 -1131.8 -305.6 

McFadden's R
2
               0.2661 0.3705 0.3180 0.2694 0.2740 0.3292 0.3936 0.2752 

R2 Adjusted  0.2606 0.3279 0.3100 0.2399 0.2685 0.2866 0.3856 0.2457 

• 3008 observations of which 1504 are SP choice scenarios and 376 unique RP choice observations 
repeated four times each.  

 
Table 7.3b  Income Moderating and Translog Model (M7.3-M7.5)  

Parameter Estimates and Likelihood Statistics  
Multinomial Logit Models 

Moderated by income 
Interaction of cost parameters with income 

Non-linear utility 

expression 

 M7.3-linear                         M7.4 non-linear M7.5 Translog 

Variable 
Modes 

affected 
 

Inter. With 

Income 
 

Inter. With 

Income 
  

linear Cost RP/SP all -0.868 0.011 -1.831 0.333 9.782  

Asymptotic Z Values in italics 

  

8.57  7.11  4.93 3.47  

Non-linear cost RP/SP all 0.076 -0.001 0.209 -0.043 2.338  

Z-Value 

 

  4.32 2.335 3.46 2.83 7.36  

Linear Time (door to door) 

RP/SP auto -0.072  -0.072  -0.074  

Z-Value   10.20  10.20  11.52  

Public-transport -0.044  -0.040    

Z-Value 

 

 

  

10.41  10.40 

 

11.91  

Model Fitting Statistics        

 

LL at model 

  

-1192.4 

 

-1190.7  -1183.63  

LL at means   -1648.7 
 

-1648.7  -1648.7  

McFadden's R
2 

               0.2768  0.2778  0.2852  

R2 Adjusted  0.2695  0.2705  0.2745  
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7.5.2 Significance of the Squared Cost Term for the Upper Income Class 

In the segmented model M7.2a for each increasing income class the linear cost parameter is 

smaller in absolute value and the non-linear cost term also approaches zero. In the highest 

income class the cost squared parameter is negative and insignificant. A revised model is 

estimated that constrains the cost-squared parameter to zero for the upper income segment. 

As expected there is no significant difference between the constrained and unconstrained 

models (likelihood ratio statistic, χ2
1 = 0.22).   

A similar interpretation is given to the non-linear cost parameters as they interact with 

income in the taste-moderated models (M7.3 and M7.4). For example when exploring the 

parameter on the non-linear cost term, model M7.4 with a log-income interaction has for 

the highest income class (m = $150,000 per annum) a value equal to -0.005 (i.e. 

qcc m22 logβ+β = 0. 209 - 0.043*5.01). This means that respondents choosing lower cost 

alternatives have a lower marginal utility of residual income, which is not what the theory 

suggests. By restricting the interaction parameter between cost squared and income to -0.04 

the marginal utility of money is still convex for all income classes. The restricted model is 

not significantly different from the unrestricted model (Wald statistic, χ2
1 = 0.34). The 

choice elasticity estimates made by the restricted versions of M7.2a and M7.5 are given in 

Tables 7.5b and 7.5d respectively.  

7.5.3 Statistical Comparisons of the Choice Models 

The translog model (M7.5) is most like the non-linear interaction with income taste 

moderating model (M7.4). However, the two models are not the same as the marginal 

utility of money in M7.4 is a function of log(income), but the marginal utility of income  

for the translog model is dominated by the inverse of residual income (i.e. after taking the 

derivatives of the utility functions in M7.5). Caution is recommended in interpreting the 

results, because the data do not reveal the quantity of travel and one-fifth of daily income is 

arbitrarily selected to be the income available in the period of one trip. However, the results 

do offer a comparison of the marginal utility of money with results reported by the other 
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models.  This provides support to the robustness of modelling choice variability by 

including the respondent’s income in the modelling exercise. Graphs of the estimated 

marginal utilities of money for the different models are presented in Section 7.6.   

The remainder of this section investigates the models’ fit to the data – statistical inference 

results being presented in Table 7.4 – and draws conclusions on the appropriate 

specification of the systematic utility. 

The first two tests (likelihood ratio tests 1 and 2) in Table 7.4 investigate whether there is a 

difference in the preference structure between the income classes (i.e. is segmentation 

applicable). For both the linear in cost (M7.1) and the income effect model (M7.2) the 

segmentation strategy (i.e. M7.1a and M7.2a) produces statistically superior fits. However, 

the segmentations strategy does come at the expense of small samples for the low and high 

income classes. The substantially higher likelihoods for the segmentation strategies (M7.1a 

LL=-1,135 and M7.2a LL=-1,050, found by summing the likelihoods for the classes in 

Table 7.3a) indicate there is a degree of preference heterogeneity between income classes 

that is beyond the income effect.  

Test 3 in Table 7.4 indicates that there is an income effect present in the data (Jara-Diaz 

and Videla 1989). The classical model of the income effect, using segmentation with the 

inclusion of the non-linear cost variable, M7.2a, proves to be statistically a better fit than 

using income as a proxy for taste, M7.1a, as is shown in test 4.  

The interaction models (M7.3 and M7.4) represent alternate ways of modelling the income 

effect in choice data and are tested against the test-of-the-income-effect model M7.2. The 

linearly diminishing marginal utility of money is based on the income variable as a taste 

moderator for both cost and non-linear cost. Jara-Diaz and Videla (1989) surmised that the 

absolute values of these parameters would diminish with respect to income (Appendix 

A7.1). This is observed in the signs and the significance of the interaction variables; the 

demographic transformation model (linear interaction between cost and income) M7.3 

outperforms the cost-squared model M7.2 (likelihood ratio test 5). Models M7.3, M7.4 and 

M7.2a indicate that the marginal utility properties 1 – 3 (Section 7.2.2) are exhibited in the 

mode choice data.  

  



 

 - 222 - 

 

Table 7.4 Likelihood Ratio and Non-Nested Tests of Model 
Significance 

# Test Comparing models 

Statistic 

-2*(LL(1) -LL(2)) 

Or z-score 

deg. Freedom P(χ2
>Χ2

) 

1 Segmentation M7.1 with M7.1a 105.1 16 < 0.001 

2   M7.2 with M7.2a 294.8 18 < 0.001 

3 Income Effect M7.1 with M7.2 26.0 1 < 0.001 

4   M7.1a with M7.2a 215.8 3 < 0.001 

5 Diminishing M.U.M  M7.3 with M7.2 9.3 2 0.010 

   Z* statistic  ( )*zΦ  
6 Convex Diminishing 

MUM  M7.4 with M7.3 z*= -2.13 NA <0.05 

7 Non-linear utility model  M7.5 with M7.3 z*= -4.51 NA <0.001 

 

The question of whether the marginal utility of money is strictly convex may be tested by 

examining the likelihood values for the linear-interaction model and the convex (modelled 

as log of income) interaction model.  The models do not nest each other and the likelihood 

ratio test may not be used to determine if it is statistically a better fit to the data.  

Ben-Akiva and Lerman (1985, p172) outline a test developed by Horowitz (1983) to 

compare non-nested models by way of the difference between adjusted likelihood ratio 

indices (adjusted-pseudo r2) such that: 

( ) ( )[ ] ( )*Pr zKKzL2z
21

12
02

1
2
2 Φ=







 −+−−Φ≤>ρ−ρ    7-3 

Where: 
2
lρ  is the adjusted likelihood ratio index37 form model l=1,2.  

L0 is the log likelihood at the means  

K l  and K2 are the number of parameters in models l and 2 

Φ is the standard normal cumulative distribution function  

 

                                                 

 

37 This is not McFadden’s pseudo-r2 which has the null model at the current shares (i.e. Vin=ASCi), but 
is based on the log-likelihood at the means of the choice data (i.e. Vin=0). 

 



 

 - 223 - 

 

The probability that the difference between adjusted likelihood ratio index of the log-

interaction discrete choice model (M7.4) and that of the linear-interaction model (M7.3) is 

as large as the one observed is bounded by the standard normal cumulative distribution in 

Equation (7-3). The inclusion of a convex diminishing marginal utility of money is a test of 

marginal utility of money property 4 in Section 7.2.2. Model M7.4 provides a statistically 

stronger fit to the choice data than the linearly diminishing choice model M7.3 (Test 6). 

The probability that the difference between adjusted likelihood ratio index of the log-

interaction discrete choice model and that of the linear-interaction model is as large as the 

one observed is bounded by the standard normal cumulative distribution ratio indices are 

0.7861 for the log-interaction model and 0.7857 for the linear-interaction variable. The test 

statistic z*=-2.13 is significant at the 5% level.  

The final test examines whether the non-linear in income model (i.e. the translog utility) 

may strengthen the conclusion that the marginal utilities are convex and diminishing in 

income. The Horowitz test between the non-linear interaction model and the translog model 

(Test 7) provides evidence (z*=-4.51) that the non-linear model in residual income M7.5 

provides a statistically better fit to the data than the other choice heterogeneity strategies. 

However, without the knowledge of the actual quantity of travel and therefore the residual 

income for each household means that the results are taken with some caution. The next 

section deals with the marginal utility of money, values of travel time savings and travel 

cost elasticities.  
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7.6 BEHAVIOURAL OUTPUTS FROM THE CHOICE MODELS 

7.6.1 Marginal Utility of Money and Values of Time 

The average marginal utility of money ranges between 0.36 and 0.44 for all models and 

there is a good deal of consistency across the MNL models. The models which include the 

income effect (M7.2a, M7.3, M7.4 and M7.5) have higher average marginal utilities of 

money than the linear in cost models (M7.1 and M7.1a). The ranges of marginal utilities are 

reasonably consistent between the models which include the income effect and convex 

diminishing marginal utilities of money (M7.2a, M7.4 and M7.5). In Figures 7.2 to 7.4 the 

marginal utilities of money are plotted against household income for the segmented cost-

squared MNL, the log-income interaction MNL and the MNL choice model with a translog 

utility expression. The continuous line represents a polynomial (to the power of 4) best fit 

regression for the bivariate relationship. The segmentation model has a range of marginal 

utilities, from 0.88 for low incomes to 0.10 for high incomes. This is a larger range that the 

translog model which has a range of 0.78 for low incomes and 0.20 for high incomes. The 

non-linear interaction model appears to be of the same shape as the translog model, 

however the marginal utilities are higher than those of the translog model for middle and 

low incomes. 

The other discernable difference between the models is that the dispersion around the 

average (this is due to the non-linear cost term in each model) is substantially greater for 

the segmentation model.  All three models reveal a decreasing average marginal utility of 

money and the diminishing dispersion with respect to income reflect the theory presented 

by Jara-Diaz and Videla (1989). However, the effect is more noticeable for the translog and 

the log-income interaction model. On the face of the evidence the translog and the non-

linear model are behaviourally the same model – this is supported by a correlation 

coefficient of 0.997 between the estimated probabilities and a correlation coefficient of 

0.886 between the marginal utilities of money from the two models.   
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Figure 7.2 Marginal Utility of Money with Respect to Income 
estimated by segmented non-linear in income MNL 

 

 

The average value of travel time savings (VTTS) is in the range $11-$14 for travel by car 

and $6-$7.50 for travel on a public transport alternative. This represents approximately 

67% and 40% of the average person wage of $17.5 per hour38. Li, Hensher and Rose (2010) 

report similar values of travel time savings as a proportion of wage rate for in vehicle travel 

time. The values of travel time savings are presented in Tables 7.5a to 7.5d found in 

Section 7.6.2.  

                                                 

 

38 Based on the 1998 Household Expenditure survey average household annual income of $35,000. 
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Figure 7.3 Marginal Utility of Money with Respect to Income 

estimated by segmented non-linear in income MNL 

 

 

Figure 7.4 Marginal Utility of Money with Respect to Income 
estimated by MNL with a translog utility expression 
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7.6.2 Choice Elasticity Estimates  

The choice elasticities are consistent across the models estimated (Tables 7.5a to 7.5d). 

The own price choice elasticity in the translog estimation (Table 7.5d) for rail is -0.25, bus 

is -0.4 and car is -0.1. The higher choice elasticity for bus (compared to rail) is consistent 

with the higher out-of-pocket costs for this mode.  The own-price choice elasticity for car is 

smaller than the public transport elasticities because it is the dominant mode. The cross 

choice elasticities (Table 7.6) for public transport modes with respect to car out-of-pocket 

costs are the highest among the cross choice elasticity estimates because car is the dominant 

mode, reflecting the symmetry property of choice elasticity matrices. The cross elasticities 

between the two public transport modes are quite low (<0.1) due to a small proportion of 

the sample who elected the other public transport mode as their alternate mode (See Table 

7.2).  

The elasticities are consistent with previous work using the commuter segment of this data 

(Hensher 1998 and Taplin et al. 1999). The own-price choice elasticity for travel by rail is 

consistent with a later examination of the Sydney market undertaken by Booz&Co (2008) 

who report an own price elasticity of -0.29 for the rail market. The own-price choice 

elasticity for travel by car of -0.1 is comparable to other choice studies. The choice 

elasticity for car is less elastic than in reviews of travel demand elasticities (Goodwin et al. 

2004) who report -0.3 for short run and -0.6 for long run travel demand elasticities with 

respect to the cost of fuel. The difference between the choice elasticity estimates given here 

and the review of demand elasticity is expected as the choice elasticities do not possess the 

generation component. The incorporation of the generation elasticity completes this chapter 

and the results are presented in Section 7.7.  

The public transport elasticities are similar to reported elasticities either as choice or 

demand elasticities. This is in line with the finding of Smith et al. (2010) that the choice 

elasticities of items having small shares of a market do not differ greatly from the demand 

elasticities. Litman (2004) reviews public transport direct and cross elasticity evidence and 

suggests that the short run public transport elasticity is in the range of -0.2 to -0.5 and the 

long run fare elasticity is the range -0.6 to -0.9. The review of Australian evidence on 

public transport elasticities is within this range -0.29 for demand for bus with respect fare 
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and -0.35 for rail demand (Luk and Hepburn, 1993). Using the commuter segment of the 

present data, Hensher (1998) reports -0.22 for rail demand and -0.36 for bus demand for the 

dominated single-ticket markets. The TRACE (1999) project recommends an own price 

elasticity for vehicle use (km) as -0.29 and a cross-price elasticity of demand for public 

transport alternatives with respect to fuel costs of +0.13, which is also a demand elasticity 

rather than a choice elasticity. The cross choice elasticities for the public transport 

alternatives are somewhat higher than the value recommended by TRACE.  
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Table 7.5a Marginal Utilities of Money and Own Price Choice 
Elasticities for Linear In Cost Segmented by Income Class: M7.1a 

Marginal Utility and Valuations M7.1 M7.1a Segmented by Income  

  All Low Middle High 

Marginal Utility of Money Mean 0.356 0.962 0.271 0.221 

Value of Travel Time Savings Auto        Mean $13.99 $5.87 $17.15 $28.50 

 Public-trans    Mean $7.42 $2.49 $11.59 N.A. 

Own Price Choice Elasticities      

Train -0.213 -0.258 -0.180 -0.093 

Bus -0.363 -0.752 -0.313 -0.246 

Auto -0.083 -0.166 -0.079 -0.026 

 

 

 

Table 7.5b Marginal Utilities of Money and Own Price Choice 
Elasticities for Non-linear In Cost Segmented by Income Class: M7.2a 

Marginal Utility and Valuations M7.2 M7.2a Segmented 

  All Low Middle High 

Marginal Utility of Money Mean 0.436 0.836 0.413 0.153 

 St. Dev  0.107 0.121 0.052 0.015 

Value of Travel Time Savings Auto        Mean $10.66
39

 $3.98 $12.18 $49.50 

 St. Dev  $4.98 $0.76 $6.26 $16.95 

 Public-trans    Mean $5.85 $1.95 $8.38 N.A. 

 St. Dev  $2.73 $0.37 $4.30  

Own Price Choice Elasticities      

Train -0.285 -0.449 -0.313 -0.053 

Bus -0.433 -0.601 -0.433 -0.155 

Auto -0.107 -0.172 -0.103 -0.015 

 
  

                                                 

 

39 The figure does not include marginal utilities of money close to zero (i.e. <0.05).   
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Table 7.5c Marginal Utilities of Money and Own Price Choice 
Elasticities for Non-linear in Income Moderation of the Cost 

Parameter: (log income): M7.4 
Marginal Utility and Valuations   

  All Low Middle High 

Marginal Utility of Money Mean 0.433 0.748 0.424 0.245 

 St. Dev  0.168 0.095 0.084 0.073 

Value of Travel Time Savings Auto        Mean $11.53 $5.87 $10.61 $18.12 

 St. Dev  $4.44 $0.85 $2.25 $2.96 

 Public-trans    Mean $6.35 $3.24 $5.85 $9.99 

 St. Dev  $2.45 $0.47 $1.24 $1.63 

Own Choice Price Elasticities      

Train -0.271 -0.332 -0.260 -0.213 

Bus -0.437 -0.559 -0.433 -0.203 

Auto -0.102 -0.141 -0.103 -0.035 

 
 

 

 

 
Table 7.5d Marginal Utilities of Money and Own Price Choice 

Elasticities for Non-linear in Income Specification of the Systematic 
Utility (translog): M7.5 

Marginal Utility and Valuations     

  All Low Middle High 

Marginal Utility of Money Mean 0.405 0.663 0.402 0.204 

 St. Dev  0.138 0.019 0.073 0.025 

Value of Travel Time Savings Auto        Mean $12.19 $6.65 $11.32 $18.52 

 St. Dev  $4.12 $0.19 $2.00 $1.95 

 Public-trans    Mean $6.80 $3.72 $6.32 $10.33. 

 St. Dev  $2.29 $0.11 $1.12 $1.09 

Own Choice Price Elasticities      

Train -0.248 -0.292 -0.243 -0.192 

Bus -0.390 -0.482 -0.401 -0.189 

Auto -0.100 -0.127 -0.104 -0.035 
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7.6.3 Matrices of Choice Elasticities for Selected Models 

The segmented models (M7.1a and M7.2a) and the non-constant marginal utilities of 

income models (M7.4 and M7.5) indicate that the lower income markets are more elastic 

than higher income markets. The discussion from here on will focus on the non-linear in 

cost segmented model (M7.2a), the non-linear income as moderating variable on the cost 

parameters (M7.4) and the translog model (M7.5). The likelihood statistics of these models 

indicate better model representations of the survey data (see Table 7.4).  The matrices of 

mode choice elasticities for these models are presented in Table 7.6. 

Table 7.6  Multinomial Choice Elasticities for Selected Models 
 

Mode Share elasticities Probability Weighted Aggregate 

(aggregated across income classes) 

 

With respect to the price of 

 Demand for  

Travel Mode 

TRAIN BUS CAR 

                       M7.2a MNL Segmented by income class 

 TRAIN -0.285 0.058 0.228 

 BUS 0.073 -0.433 0.360 

 CAR 0.067 0.040 -0.107 

                       M7.4 Non-linear income taste moderator 

 TRAIN -0.271 0.060 0.211 

 BUS 0.076 -0.437 0.360 

 CAR 0.064 0.038 -0.102 

                       M7.5 Non-linear utility: Translog 

 TRAIN -0.248 0.050 0.197 

 BUS 0.070 -0.390 0.320 

 CAR 0.071 0.028 -0.100 

 

The average (whole sample) price elasticities for the two non-linear models (M7.4 and 

M7.5) are similar, with the segmented model (M7.2a) being slightly more elastic than the 

other two models. The symmetry property of the choice elasticities is lost due to 

aggregation (Taplin et al. 1999). It is particularly noticeable that the cross elasticity for 

travel by rail respect to cost of travelling by car is smaller than the corresponding cross 

elasticity of choice of bus with respect to car; whereas the order of magnitude is the other 

way for demand for car with respect to fares on these alternatives. This may be the result of 
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combining binary choices into a trinary choice elasticity matrix. A compounding effect is 

that the prices of bus tickets are considerably higher than the other two modes.  

The weighted sample (probability) share for bus is 0.13, but the expenditure share is 0.21. 

The cross elasticities between the public transport alternatives are low (less than 0.1), 

which reflects the small proportion of the sample (7.8%) indicating the other public 

transport option as their main alternative. This may be indicative of the limit in access to a 

rail alternative by many respondents due their residential location or the limit to a bus 

alternative when rail is the current mode. If binary mode choices are modelled, the public 

transport cross elasticity estimates for those who do not state bus and rail as their current 

mode and main alternative are zero. However, for some respondents it is possible that some 

access to both public transport modes is available. The high numbers of zero probabilities 

cause a downward bias in the cross elasticities and the elasticities presented here are at the 

lower bound.  

Contrasting the three non-linear in income MNL models, the segmented model has a 

greater range of choice elasticities across the income classes. This is due to the wider range 

of the marginal utility of money for the segmented model M7.2a. Using the rail own-price 

elasticity to exemplify, the segmented model has a slightly higher (absolute) value than the 

translog model for the total sample (-0.433 to -0.390), but a considerably lower elasticity 

for the upper income class (-0.053 to -0.189). The result, while not so dramatic, is similar 

for the other modes. The middle income classes have much the same estimates for all three 

models.  

A comparison to estimates in the literature was given in Section 7.6.2. A significant point is 

that the own price elasticities (particularly for car use with respect to income) tend to be 

less elastic in the choice estimates than in the reviews of demand elasticities. The correction 

outlined in Chapter 5 may be used to impute demand elasticities from the choice estimates. 

This is the topic of the next section. 
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7.7 UNCONDITIONAL ELASTICITIES 

To impute the ordinary demand elasticities the formulae presented in Chapter 5 are applied 

to the choice elasticity matrices. The aggregation method is the probability weighted 

aggregation method resented in Section 5.6.3 which is used because the aggregate choice 

elasticity matrix for car, bus and train is pieced together from the binary choices by 

respondents. An alternate method would be to calculate a representative individual choice 

elasticity matrix for each choice set (i.e. those with car and bus within their choice set) and 

impute conditional and ordinary elasticities for each of these binary choice elasticity 

matrices. However, this is introducing unnecessary aggregation when compared to 

computations made at the individual level.  

The generation component includes two parts, firstly the change in demand for transport 

due to a recalculation of the expenditure allocated to the travel sector (i.e. the first stage of 

two stage budgeting) which is approximately equal to  TTjj w E~ ′≅η  (ignoring the imputed 

conditional income elasticities). This is most like Taplin’s generation elasticity. The second 

part ∑ ′′−
k

kjkw m accounts for moving from price differences affecting travel decisions in the 

choice setting to price ratios affecting travel decisions as well as the having a quantity 

constraint in the choice setting and having an expenditure constraint (conditional demand 

functions) in the demand settings.   

The choice elasticities are computed at the level of the individual using the parameter 

results from models the choice models presented in Section 7.3.  The models presented in 

this section are limited M7.2a – segmentation by income class, M7.4 – interaction of the 

cost terms with income and M7.5 – the translog utility model. Each model exhibits non-

linear diminishing marginal utility of money with respect to income.  
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7.7.1 Imputing Ordinary Demand Elasticities from Choice Models: 
a Review of the Method 

The derivation of unconditional demand elasticities from choice elasticity estimates is 

presented in Sections 5.4.2 and 5.4.4. It is a two stage procedure. First conditional demand 

elasticities are computed as an intermediate step, by ( ) jn

J

1k
kjnknijnijn ww ′−∑ ′′−′=′

=
mme . The 

ordinary demand elasticities are then entered into the estimating Equation (6-1). The 

aggregation procedure is the probability weighted aggregation detailed in the example 

given in Section 5.6.1, where the aggregated choice elasticities, conditional demand 

elasticities and the unconditional demand elasticities are each computed at the level of the 

individual. The first two steps are as given in Chapter 5. The last step makes use of a 

Frisch value and the estimated transport expenditure shares and income elasticities for each 

class.  

A summary of the computation procedure is given below: 

 

Individual Elasticity Calculation Aggregate Elasticity 

(probability weighted) 

Choice Elasticity  

Estimated for the RP observation  

in the discrete choice model. 
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Figure 7.5 Computations and Aggregation Method to Impute 
Ordinary Demand Elasticities from Choice Elasticity Estimates 

Note: The subscript TC refers to the transport sector and the income class (C). 
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In the last step (deriving unconditional demand elasticities) 

( ) TCTCCTCTCCTTC 1W EEEE +φ−φ=  is largely determined by the respondent’s income 

elasticity estimated by the IHS-Tobit in Chapter 6. The estimates are segmented by income 

class C. The second determining parameter is the choice of the Frisch flexibility reviewed 

in Section 6.6.2. Firstly, the Frisch flexibility term is assumed to be constant for all income 

classes at the value of -0.5. The demand elasticity for the transport sector is -0.377 for 

respondents in the low income class, -0.202 for those in the middle income class and  

-0.158 for travellers with high income (see Table 6.8a). Secondly, the sensitivities of the 

demand elasticities to the choice of the Frisch flexibility term are examined. 

 

7.7.2 Examination of Unconditional Demand Elasticities for Frisch Flexibility Term 
Equal to -0.5   

This section is divided into two parts. First the conditional and unconditional demand 

elasticities are imputed for the entire sample. The results are shown for models M7.2a, 

M7.4 and M7.5. In the second part the elasticities by income class are examined for the 

translog model, M7.5.  

7.7.2.1 Unconditional Demand Elasticities for the Entire Sample  

The ordinary demand elasticities are shown in Table 7.7. The ordinary demands are more 

elastic than the choice functions. Taking the translog model, for the entire sample the public 

transport own price elasticities are on average 38% more elastic than the own price choice 

elasticities. This is close to Wardman’s (1998) meta analysis of public transport elasticities, 

in which he finds that off-peak demand elasticities are 36% more elastic than choice 

elasticities. However, the sample examined in this study includes peak and off-peak travel. 

The own-price demand elasticities for car travel exhibits a much greater change between 

choice and ordinary elasticities of approximately 200% (i.e. -0.1 for the choice elasticity 

and -0.3 for the demand elasticity). This is because in most markets – and in particular 

Australian cities – the automobile dominates the travel market and the difference between 

choice elasticities and demand elasticities is only substantial for the dominant alternatives. 

Smith et al. (2010) note this for an example in the emerging fuel markets.  
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Table 7.7   Ordinary Demand Elasticities for Selected Models: Based 

on Multinomial Logit Estimates 
 

Inferred Ordinary Demand Elasticities Probability Weighted 

 

 

With respect to the price of 

 Demand for  

Travel Mode 

TRAIN BUS CAR 

                       M7.2 MNL Segmented by income class 

 TRAIN -0.421 0.042 0.170 

 BUS 0.056 -0.508 0.352 

 CAR 0.059 0.031 -0.316 

                       M7.4 Non-linear income taste moderator 

 TRAIN -0.450 0.039 0.155 

 BUS 0.055 -0.504 0.347 

 CAR 0.055 0.027 -0.336 

                       M7.5 Non-linear utility: Translog 

 TRAIN -0.394 0.029 0.159 

 BUS 0.047 -0.478 0.282 

 CAR 0.057 0.020 -0.307 

 
The ordinary cross elasticities are smaller than the corresponding choice elasticities. This is 

because the ordinary elasticities take into account the reduced travel affected by a rise in 

the price of a transport alternative. One may think of this as reduction in the travel market. 

Alternatively, it may be thought of as reduced number of trips by individuals, change in 

destinations, or increase in trip chaining. The data is not detailed enough to identify the 

type of response made by the traveller and the generation elasticity is a summary measure. 

The reduction in travel applies only to those who are using the mode for which the price 

has changed. However, the choice model only identifies the choice of mode up to a 

probability estimate (allowing calibration to the population from the survey sample). The 

generation component is weighted by the probability of choice (by way of the expenditure 

share) meaning that larger generation elasticities apply to respondents with high probability 

estimates for that mode. This justifies the use of the probability weighted aggregation 

method as it preserves the individual calculations at each stage of the derivation. The 

second process is the correction for moving from price differences to price ratios. In 

general the difference between choice and demand elasticities is smaller for cross 

elasticities than it is for direct elasticities. Using the translog model to provide an example, 
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the average for the differences between the three direct elasticities is 0.15. However, the 

average for the differences between the six cross elasticities is 0.02. This supports 

Wardman’s (1997) claim that disaggregate models are suited to the estimation of cross-

elasticities, but not to estimation of direct demand elasticities.  In the following section the 

demand-choice elasticity relationship is studied with respect to income classes. To reduce 

the amount of data, only the translog model results are used.  

7.7.3 Unconditional Demand Elasticities for Income Classes  

The choice elasticities  by income class, given in Table 7.8 show that the lower income 

classes are more responsive to price variations as modelled by the inclusion of the income 

effect in the Translog model. This result extends to the inferred ordinary demand 

elasticities. Because the generation elasticity is greater for the low income class (-0.377) 

than the middle income class (-0.202) and the high income class (-0.158), the difference 

between demand elasticities across income groups is greater than the variation observed in 

the choice matrices. For example the difference of 0.081 (-0.401 and -0.482) for the bus 

direct choice elasticity between the low income group and the middle income groups is not 

as great as the difference between the corresponding demand elasticities (0.178).  

Interestingly, the cross elasticities for car with respect rail ticket fares are as high for the 

middle income class as they are for the lower income class. This is consistent with the 

market shares for rail within these classes. Respondents within the lower income class are 

more likely to choose public transport (32%) than those in the middle income class (29%) 

and among the public transport alternatives the lower income class respondent is more 

likely to choose bus (55%) than those in the middle income class (46%).  
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COMPARISON OF CHOICE AND DEMAND ELASTICITIES FOR 
INCOME CLASSES: M7.5 translog (choice elasticities on the left). 

Table 7.8a Whole Sample 

Choice Elasticities 
Imputed Ordinary  elasticities Probability 

Weighted Aggregate 

With respect to the price of With respect to the price of 

Travel 

Mode 

TRAIN BUS CAR  Travel 

Mode 

TRAIN BUS CAR 

TRAIN -0.248 0.050 0.197 TRAIN -0.394 0.029 0.159 

BUS 0.070 -0.390 0.320 BUS 0.047 -0.478 0.282 

CAR 0.071 0.028 -0.100 CAR 0.057 0.020 -0.307 

 
Table 7.8b Low Income Class 

Choice Elasticities 
Imputed Ordinary  elasticities Probability 

Weighted Aggregate 

With respect to the price of With respect to the price of 

Travel 

Mode 

TRAIN BUS CAR  Travel 

Mode 

TRAIN BUS CAR 

TRAIN -0.292 0.073 0.219 TRAIN -0.559 0.038 0.170 

BUS 0.065 -0.482 0.418 BUS 0.038 -0.635 0.345 

CAR 0.078 0.048 -0.127 CAR 0.064 0.028 -0.446 

 
Table 7.8c Middle Income Class 

Choice Elasticities 
Imputed Ordinary  elasticities Probability 

Weighted Aggregate 

With respect to the price of With respect to the price of 

Travel 

Mode 

TRAIN BUS CAR  Travel 

Mode 

TRAIN BUS CAR 

TRAIN -0.243 0.039 0.205 TRAIN -0.371 0.026 0.168 

BUS 0.073 -0.401 0.328 BUS 0.053 -0.457 0.299 

CAR 0.078 0.026 -0.104 CAR 0.062 0.020 -0.283 

 

Table 7.8d High Income Class 

Choice Elasticities 
Imputed Ordinary  elasticities Probability 

Weighted Aggregate 

With respect to the price of With respect to the price of 

Travel 

Mode 

TRAIN BUS CAR  Travel 

Mode 

TRAIN BUS CAR 

TRAIN -0.192 0.063 0.130 TRAIN -0.219 0.029 0.097 

BUS 0.065 -0.189 0.124 BUS 0.033 -0.311 0.097 

CAR 0.028 0.007 -0.035 CAR 0.021 0.004 -0.183 
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7.7.4 Sensitivity of Imputed Unconditional Elasticities to the Magnitude of Frisch’s 
Money Flexibility 

To investigate the sensitivity of the unconditional demand elasticities to the magnitude of 

the Frisch parameter, the range for the Frisch parameter is taken from the review given in 

Section 6.6.2. The unconditional demand elasticities are reported for an Upper Bound of  

φ=-0.3, a Lower Bound of φ=-0.7 and Bella and Rossi’s (1986) range for Frisch’s 

conjecture that the flexibility parameter decreases with income class. Taking the values 

from Tables 6.8a and 6.8b the resultant demand elasticities used in this sensitivity analysis 

are presented in Table 7.9.  

Table 7.9  Imputed Demand Elasticities for Transport: 
 Frisch’s money flexibility to be used in unconditional demand 

sensitivity analysis  
Income Class Frisch Base Value 

φ=-0.5 

Upper Bound  

φ=-0.3 

Lower  Bound 

φ=-0.7 

Bella and Rossi 

(1986) 

Low Income <500pw. -0.377 -0.240 -0.514 -0.240 

Middle income -0.202 -0.127 -0.276 -0.202 

High Income > 1500 pw -0.158 -0.099 -0.218 -0.218 

 

The unconditional demand elasticities by mode are presented in Table 7.10. Quite clearly 

the demand elasticities for the Upper Bound of φ=-0.3 are less elastic than for other 

magnitudes of Frisch’s flexibility. This is because the upper bound has the lowest between 

group substitution. The inverse relationship holds for the Lower Bound of φ=-0.7. The 

unconditional demand elasticities imputed by way of Frisch’s conjecture (Bella and Rossi’s 

range)  balance out to be close to the estimates based on the Frisch term equal to minus one 

half.   

The unconditional demand elasticities for car travel are more sensitive to the value of 

Frisch’s flexibility than the public transport modes because it has the highest share. 

However, this relationship needs to be treated with caution as the method converts the 

elasticities based on quantity shares measured in price differences to elasticities based on 

expenditure shares measured in price ratios. The correction term and conditional-share 

income elasticities are sensitive to relative prices between modes. The public transport out-

of-pocket costs are substantially higher than the out-of-pocket costs for car travel and 

relative sensitivity to Frisch is moderated by these cost differences.  
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TABLE 7.10 Sensitivity of imputed unconditional demand elasticities 

to the choice of the magnitude of Frisch’s money flexibility: Whole 
Sample 

 
Table 7.10a Frisch equals -0.5  
Imputed Ordinary  elasticities Probability 

Weighted Aggregate 

With respect to the price of 

 Travel 

Mode 

TRAIN BUS CAR 

TRAIN -0.394 0.029 0.159 

BUS 0.047 -0.478 0.282 

CAR 0.057 0.020 -0.307 

 
Table 7.10b Upper Bound Frisch equals -0.3  

Imputed Ordinary  elasticities Probability 

Weighted Aggregate 

With respect to the price of 

 Travel 

Mode 

TRAIN BUS CAR 

TRAIN -0.344 0.037 0.179 

BUS 0.055 -0.442 0.364 

CAR 0.062 0.026 -0.251 

 
Table 7.10a Lower Bound Frisch equals -0.7  

Imputed Ordinary  elasticities Probability 

Weighted Aggregate 

With respect to the price of 

 Travel 

Mode 

TRAIN BUS CAR 

TRAIN -0.444 0.021 0.139 

BUS 0.038 -0.515 0.199 

CAR 0.051 0.014 -0.363 

 
Table 7.10a Frisch’s Conjecture, Bella and Rossi’s (1986) range  

Imputed Ordinary  elasticities Probability 

Weighted Aggregate 

With respect to the price of 

 Travel 

Mode 

TRAIN BUS CAR 

TRAIN -0.377 0.032 0.162 

BUS 0.048 -0.468 0.305 

CAR 0.058 0.023 -0.296 
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7.8 CONCLUSION 

This chapter estimates mode specific demand elasticities within the transport sector in two 

parts. Firstly a stand alone revealed and stated preference survey sourced from the 1996 

Independent Pricing and Regulatory Tribunal (IPART) of New South Wales is used to 

estimate mode choice elasticities. Secondly the between group substitution effect is added 

to choice elasticities to arrive at imputed demand elasticities by way of the estimating 

Equation (6-1). 

A number of multinomial choice models are specified to account for the variety of methods 

to model the income effect in a choice model. These include segmentation by income class, 

scale transformations on the cost parameters and a non-linear function of residual income, 

i.e. ( )iTpqm−f . The modelling specifications were shown to be consistent with utility 

theory, whereby the income effect accounts for a diminishing marginal utility of income 

with respect to income (Property 3). Furthermore the data confirm that the marginal utility 

of money is consistent with Working’s (1943) conjecture that the marginal utility of money 

is convex (Property 4). The two properties were present in each of the models of preference 

heterogeneity considered (i.e., Models M7.2a, M7.4 and M7.5) as shown in Figures 7.2 to 

7.4. These models were shown to be statistically better representations of the data 

(Table7.4) than models which do not include the income effect  

(M7.1 and M7.1a) or model a linear diminishing marginal utility (M7.3). 

7.8.1 Mode Choice Results 

The average marginal utility of money ranges between 0.36 and 0.44 for all models and 

there is a good deal of consistency across the MNL models. The ranges of marginal utilities 

are reasonably consistent between the models of income effect (M7.2a, M7.4 and M7.5). 

The average value of travel time savings is in the range $11-$14 for travel by car and $6-

$7.50 for travel on a public transport alternative. The segmentation models reported very 

high values of travel time savings for the upper income class. This is a drawback of the 

segmentation strategy. The log-income moderator (M7.4) and non-linear (M7.5) choice 

models produced consistent estimates of the values of travel time savings: $11.53 per hour 

and $12.19 per hour respectively. The correspondences of the travel time savings were 
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consistent across income classes for these two models. The choice elasticities are also 

consistent across the models. The own price choice elasticity for rail is -0.25, for bus  -0.4 

and for car -0.1 (Table 7.6).  

7.8.2 Ordinary Demand Elasticities 

Ordinary elasticities are inferred by adding the between group substitution effect to choice 

elasticities. However the intermediate step of imputing conditional demand elasticities by 

way of Equation (5-22) is needed. The aggregation method is the probability weighted 

aggregation method as detailed in Figure 7.5.  The own-price demand elasticities 

incorporate the choice and generation elasticities and, therefore, are more elastic than the 

corresponding choice elasticities. The differences between modal choice and demand 

elasticities (size of the generation elasticities) are approximately: 0.15 for rail, 0.1 for bus 

and 0.21 for car.  

As with the choice elasticities the price responses represented by generation elasticities are 

inversely related to income. This is due to the higher transport income elasticities 

(estimated in Chapter 6) and transport expenditure shares for lower income households.  

The generation elasticity for travel by car with respect to its own price is: 0.32 for the low 

income class, 0.18 for the middle income class and 0.15 for the high income class. The 

generation component is sensitive to the magnitude of Frisch’s flexibility: higher (more 

negative) values give greater magnitudes of generation elasticities. Frisch’s conjecture 

(Bella and Rossi’s) range tends to even out the generation component across income 

classes. However, the average for the entire sample differs very little from choosing a 

Frisch flexibility value of -0.5.  
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  Chapter 8

Summary and Conclusions  

 

8.1 SUMMARY OF FINDINGS 

This dissertation has investigated the relationship between discrete choice models and  

neo-classical demand system estimation. The practical outcome is a method to infer 

ordinary demand elasticities from estimated choice elasticities. The motivation for this 

work falls into three categories (given here in reverse order compared with Chapter 1): 

8.1.1 The Relationship between disaggregate probability models and conditional 
demand system estimation 

The two conditional demand formulations presented in this thesis each had the same 

starting point: the consumer chose the quantity and mode of transport simultaneously 

taking into account the expenditure left over for the consumption of non-transport goods. 

The link between conditional demands and probability choice models was established in 

two parts. Firstly the relationship between conditional shares and conditional demands was 

derived and secondly the discrete choice model was represented as a conditional demand 

model. 

8.1.1.1 The Relationship between Conditional Shares and Conditional Demands 

The neo-classical representation of the consumer’s problem leads to a system of conditional 

demands (Chapter 4). The conditional demand system describes demands for commodities 

given a pre-allocated quantity “at the quantity of non-transport items chosen” and the 

expenditure allocated to transport is determined by the budget constraint. The 

decomposition of the price effect in Equation (4-4) has two components, the pure 

substitution effect and the monetary expenditure effect. The specific substitution nominally 

held the consumption of the outside good constant (i.e. conditional demand price effect) 
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and the monetary expenditure effect represented the allocation of money to the transport 

group (i.e. the first stage of two stage budgeting). 

The decomposition (4-4) is used to provide a general partitioning of an ordinary elasticity 

of demand into the first stage (allocating money to groups) and second stage (conditional 

demand) price response. The elasticity representation is a generalisation of Taplin and 

Smith (1998), where the unconditional elasticity ije
 
is the sum of the conditional demand 

elasticity ije′
 

and the product of an expenditure generation elasticity jω
 

and the 

conditional income elasticity ie′ : 

    Tji,     ijijij ∈′⋅ω+′= eee       8-1 

The second formulation of conditional demands results from a pre-allocation of transport 

rather than all else giving the quantity constrained conditional demands. The decomposition 

of the price effect is given in (5-13) is the analogue to Pollak’s (1969) decomposition for 

neo-classical conditional demands. The specific and monetary substitution terms differ 

from the neo-classical decomposition because of the different pre-allocation, hence the term 

conditional shares (the market share rather than the expenditure share). In addition a 

quantity generation effect is added to these two terms to account for the change in the 

transport quantity.  The elasticity representation of the decomposition is the sum of the 

conditional share elasticity ijm′ , the product of the expenditure generation elasticity jω

and the conditional share income elasticityim′ , and a quantity generation elasticity jη : 

 T  j , i     jijijij ∈+′⋅ω+′= ηmme     8-2 

The two elasticity decompositions (8-1 and 8-2) differ because the conditional elasticities 

are not the same. The neo-classical conditional elasticities are based on transport prices and 

the budget allocated to the transport sector, with the quantity of non-transport goods held 

constant. The conditional share elasticities are based on transport prices holding the 

quantity of transport constant. A difficulty with (8-2) is that the expenditure generation 

elasticity and the quantity generation elasticity are not revealed in models of conditional 

shares.  This is the same restriction suggested by Taplin (1982) and Taplin and Smith 

(1998) in that the more restrictive conditional elasticities may be imputed from the less 
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restrictive ordinary elasticities, but the reverse imputation is not possible without further 

information. It is shown in Chapter 5 that conditional demand elasticities may be 

computed from a matrix of conditional share elasticities: 

( ) j

J

1k
kjkijij ww ′−∑ ′′−′=′

=
mme       8-3 

The inference of conditional demand elasticities from conditional share elasticities only 

requires information from the conditional shares model. The elasticities are estimated from 

a choice model and the expenditure shares are estimated expected shares using the actual 

prices faced by the consumer and their estimated probabilities. However, to make this 

operational  disaggregate probability choice models needed to be interpreted as conditional 

share models such that the consumer’s choice function is conditional on the quantity of 

transport chosen at the first stage of a two-stage budgeting process. This is dealt with in 

Chapter 3.  

8.1.1.2 The Relationship between Conditional Shares and Discrete Choice Models 

To examine the relationship between choice elasticities and ordinary demand elasticities 

requires an intermediate formalisation between discrete choice models and conditional 

shares. The consumer’s maximisation problem is formulated in (3-6) for which the 

consumer forms preferences for goods q′and for the qualities (a) of the modal alternatives. 

The quantity decision is implicit in this formulation by assuming a separable utility 

function.   

( ) ( )( ) qpaq
q

′⋅′+=+′′
′ iTi

iq 
pqm   s.t.       UqU T

T

.max
,,

  
8-4 

The discrete choice model is introduces a random component to the utility for modal 

attributes in problem (8-4). The solution to the consumers problem is in terms of an 

expected maximum utility by way of  McFadden’s (1981) social surplus function (3-10) 

and the choice probabilities are derived by the first derivative of the social surplus function 

with respect to the deterministic component of the modal utility: Roy’s Identity, Equation  

(3-11). The expected conditional demands generated by a random utility discrete choice 

model are outlined in Equation (3-18):  
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( ) ( ) ( )( ) ( )νπ= in
TT

nnTnTnTn
T
in qq;m,x ˆ,, εap    8-5 

The choice elasticities ijnm  (3-21) were shown to be the same as the conditional share 

elasticities ijnm′  (3-20) and the relationships between conditional shares and conditional 

demands in Section 8.1.1.1 apply to choice estimates.  

 

8.1.2 The Relationship between Choice Elasticities and Ordinary Demand 
Elasticities  

It has long been held that mode choice elasticities differ from demand elasticities because 

they do not take into account the change in the total volume of transport (Oum et al.  1992). 

However, it is shown in this thesis that theoretically consistent demand elasticities and 

theoretically consistent choice elasticities also differ because the first is based on a budget 

constraint and the second is based on a quantity constraint. In addition most choice studies 

are based on price differences being the basis for choice, whereas demand studies measure 

choices based on price ratios. Comparisons of elasticities from two modelling paradigms 

must take into account the correction: 

•  ( )∑ ′′−
=

J

1k
kjkw m  

To infer unconditional elasticities Equation (8-3) is used to obtain conditional demand 

elasticities from mode choice elasticities and Equation (8-1), under weak separability, 

provides the between group elasticity: 

• ( ) ( )
4444444 34444444 21444 3444 21

tyseparabili  weak  assuming
1-8equation  in   

ijTTTjijTTj

3-8equation  in   

j
k

kjkijij

ijij

1Ww   1 www

ee

eeEEeeEmme

′ω′

′−′′+′′+′+′−∑ ′′−′=  

  

When there are only two groups considered in the analysis, in this case transport and all 

other expenditure, the between group substitutions (or factors of proportionality) are limited 

to one value. Because non-transport is the aggregate of all other consumption items, such as 

food, and luxuries including household durables, the substitution term must be considered 

to be an average. The transport group demand elasticity may be imputed by reasonable 
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values of Frisch’s money flexibility. Equation (5-29) simplifies the relationship between 

choice and demand elasticities by only requiring estimates of transport income elasticities 

and an empirically reviewed value of Frisch’s money flexibility, φ. This result is 

theoretically implied by additive separability of the utility function as assumed in the 

formulation of the consumer’s problem (8-4):   

( )[ ] ( )
44444444444 344444444444 21

444 3444 21

tyseparabili additive assuming
  3-8equation in    

ijTTjijTTTTTTj

3-8equation  in    

j
k

kjkijij

ij
ij

 1w1www

e
e

eeEWeeEWEEWEmme

′ω′

′−′′+′+′−φ−φ′+′−∑ ′′−′=

 8-6 

Equation (8-6) is the complete estimating system for the applied work presented in this 

thesis. The choice elasticities (conditional share elasticities) and conditional expenditure 

shares were estimated using a discrete choice model and the group income elasticities and 

group expenditure shares were estimated by way of a Tobit regression for transport 

expenditure obtained from a household expenditure survey.  

8.1.3 Forecasting and Behavioural Parameters 

The thesis interprets the choice model as a conditional demand system in which the amount 

of transport is pre-allocated.  Because the consumer only chooses one variant of the pre-

allocated good, marginal analysis of consumer behaviour is not applicable to this discrete 

behaviour. However, the discrete choice model expresses demands by way of a probability 

choice system where the demands for each alternative are represented by a probability, π.   

For estimating marginal willingness to pay and welfare impacts, modellers make use of the 

conditional inverse demand analogue quality adjusted conditional demands. However, for 

measuring market responses to price changes the direct demands (8-5) are used. The 

conditional share elasticities (3-20) are conditional on the fixed quantity of transport and 

therefore will underestimate the total effect of a price change. The thesis presents a 

practical way to infer unconditional demand elasticities from estimated choice elasticities 

using revealed and stated preference mode choice data. The empirical results from the 

application of (8-6) to a mode choice model using the 1996 Independent Pricing and 

Regulatory Tribunal (IPART) of the New South Wales survey on public transport fare 

sensitivities within the Sydney region and the estimation of income elasticities from 
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transport using the confidential unit record files from the 1998-9 Household Expenditure 

Survey (Pink 2007) is summarised in the next section. 

 

8.2 EMPIRICAL FINDINGS 

Applying the complete estimating system (8-6) to a mode choice study requires two 

separate empirical undertakings. The income elasticities for transport are estimated 

separately and combined with an empirically based value of Frisch money flexibility to 

arrive at an imputed value for the transport own-price elasticity (Chapter 6). The mode 

choice elasticities are estimated using MNL discrete choice models with non-linear utility 

expressions in modal prices and incomes. Lastly, the two estimates are combined to infer 

unconditional demand elasticities (Chapter 7).  

 

8.2.1 Estimating Income Elasticities for Transport 

To estimate the income elasticities for transport a Tobit model (Tobin 1958) is applied to 

expenditure data for NSW households. The final model included a model of 

heteroscedacity based on the household’s income (expenditure on all goods), the number of 

adults in the household and the number vehicles. To account for non-normality in the 

dependent variable (transport expenditure) an inverse hyperbolic transformation is applied 

(Nolan 2001; Yen et al. 1996). The inclusion of a model for heteroscedacity and the 

transformation of the independent variable proved to give a better fit to the data than 

models which left these out. The household’s income and vehicle ownership were 

significant determinants of transport expenditure. The social demographic variables that 

were significant were the number of adults and the household type (i.e. single parent) as 

well as the dwelling type and value. The income elasticities given in Table 6.5 have a 

weighted average of just under 0.5 (reproduced in Table 8.1).  
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Table  8.1 (Reproduction of Table 6.5)  
 Estimates of Unconditional 1998 Travel Expenditure and Income 

Elasticities from IHS Tobit Regression M6.2b 
Income Class Expenditure 

Share on 

Travel 

Unconditional 

Mean Travel 

Expenditure 

Income 

Elasticity 

Low Income <500pw. 0.047 $12.32 0.711 

Middle income 0.041 $28.62 0.378 

High Income > 1500 pw 0.029 $46.04 0.302 

Weighted Average for 

income classes 

0.042 $24.67 0.489 

 

A Frisch value of -0.5 is applied to Equation (4-14a) TTTTTTTT WW EEEEE −φ−φ= , to 

obtain imputed values of the own price elasticities for transport. The weighted average 

transport elasticity is -0.253. The range of elasticity values for three income classes is 

presented in Table 6.8a and reproduced in Table 8.2. 

Table 8.2 (Reproduction of Table 6.8a) 
 Imputed Demand Elasticities for Transport: 

 Sensitivity to Frisch Value  
Income Class Frisch Base Value 

φ=-0.5 
Upper Bound  
φ=-0.3 

Lower  Bound 
φ=-0.7 

Low Income <500pw. -0.377 -0.240 -0.514 

Middle income -0.202 -0.127 -0.276 

High Income > 1500 pw -0.158 -0.099 -0.218 

Weighted Average  
for income classes 

-0.253 -0.160 -0.346 

 

8.2.2 Mode Choice Models and Inferred Unconditional Demand Elasticities 

The main focus of the multinomial logit models is in estimating the choice elasticities by 

accommodating the possibility that lower income classes are more price responsive. A 

number of utility expressions were trialled. The 1996 survey data support a model which 

includes a non-linear marginal utility of money as well as a non-linear price expression (i.e. 

inclusion of the income effect). These models exhibit higher values to pay for travel time 

savings and lower (in magnitude) own-price elasticities for the higher income class. For 

example, the estimated values of travel time savings for the high income class are three 
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times as great for the high income class as those of the low income class when estimated 

using the translog utility expression (Table 7.5d). 

The choice elasticities estimates from each MNL choice model are reasonably consistent. 

These are given on the left hand side of Table 8.3. The difference between the direct choice 

elasticities and unconditional demand elasticities is greater than the differences between the 

two types of cross-elasticity. The dominant mode, car, has the greatest difference between 

direct choice and direct demand elasticities of approximately -0.2. However the differences 

of -0.15 for rail and -0.08 for bus are sufficiently substantial to affect policy. The difference 

between the mode choice cross elasticities and the ordinary demand cross elasticities are 

small. The average difference across all modes and models presented in Table 8.3 is 0.02.  

 
Table 8.3 Mode Choice Elasticities on the Left Compared to Demand 

Elasticities on the Right  
(a reproduction of Tables 7.6 and 7.7) 

                       M7.2 MNL Segmented by income class 

                                              Choice elasticities                               Demand Elasticities 

  
 

TRAIN BUS CAR TRAIN BUS CAR 

  TRAIN -0.285 0.058 0.228 -0.421 0.042 0.170 

  BUS 0.073 -0.433 0.360 0.056 -0.508 0.352 

  CAR 0.067 0.040 -0.107 0.059 0.031 -0.316 

                       M7.4 Non-linear income taste moderator 

                                              Choice elasticities                               Demand Elasticities 

  
 

TRAIN BUS CAR TRAIN BUS CAR 

  TRAIN -0.271 0.060 0.211 -0.450 0.039 0.155 

  BUS 0.076 -0.437 0.360 0.055 -0.504 0.347 

  CAR 0.064 0.038 -0.102 0.055 0.027 -0.336 

                       M7.5 Non-linear utility: Translog 

                                              Choice elasticities                               Demand Elasticities 

  
 

TRAIN BUS CAR TRAIN BUS CAR 

  TRAIN -0.248 0.050 0.197 -0.394 0.029 0.159 

  BUS 0.070 -0.390 0.320 0.047 -0.478 0.282 

  CAR 0.071 0.028 -0.100 0.057 0.020 -0.307 
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8.3 CONCLUSIONS 

The aim of the thesis has been to infer unconditional (ordinary) demand elasticities in a 

limited data setting. Stand alone revealed and stated preference surveys capture information 

about mode switching. However, without data on respondent’s consumption (vehicle 

kilometres or the number of trips over time) the reported elasticities are limited to a fixed 

quantity of travel. The path taken in this thesis is to investigate the relationship between 

mode choice conditional elasticities and neoclassical conditional demands. This 

relationship is established by undertaking the elasticity decomposition for ordinary 

elasticities into conditional share elasticities, expenditure generation elasticities and 

quantity generation elasticities. However, this relationship is not useful for inferring 

ordinary demand elasticities without knowing the quantity generation elasticities. To 

overcome this, a relationship between conditional share (choice) elasticities and conditional 

demand elasticities is derived. This in turn enables the adoption of verified relationships 

between conditional demand elasticities and unconditional ordinary elasticities.  

An additional problem for applied work in this study is that an empirical estimate of the 

demand elasticity for transport is not available. This is overcome through the use of 

additive separability and Frisch’s money flexibility (interpreted as average elasticity of 

substitution for all non-transport goods).  Along with an empirically based value of Frisch’s 

parameter, income elasticities estimated from a secondary source provide an estimate of the 

transport group demand elasticity. This is added to choice elasticities estimated from a 

stand alone mode choice model to impute the ordinary demand elasticities for the separate 

transport modes. 
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  APPENDIX  2.
Utility theory for Choice and Demand 

 

This appendix accompanies Chapter 2 of the thesis.  

 

 

   RATIONAL CHOICE AND DEMAND A2.1

An approach to the study of choices is to assume that the consumer is fully aware of the 

consequences of choosing an alternative and is able to order these consequences according to 

his preference79. In making his choice the consumer selects the alternative that is most 

preferred; this is rational choice. Technically: 

Rational choice Let X be the universal set of alternatives and A be a family of non-empty 

budget sets in X, with A ∈A being a budget situation. The consumer’s preferences are 

represented by a reflexive and transitive binary relation R “at least as good as” on X, known 

as the weak preference relation. The observed choice c(A) is said to be rationalised by a 

preference ordering if it is the set of R-maximal elements in A: 

( ) { } Ayy  x & Ax  xA ∈∀∈= ,Rc        for all A ∈A     A2-1 

Note, definition A2-1 describes decisive choice where only one element is chosen as well as 

indecisive choice where the choice set c(A) contains the top |c(A)| R-maximal elements in A. 

However, a strict preference cannot be formed on any two elements belonging to the choice 

set: if x, x` ∈ c(A), then x R x` and xR̀ x, effectively the two elements are equal (congruent) 

in the preference ordering (see Richter 1966, Arrow 1959).  

                                                 

 

79 In choice under uncertainty, the decision maker is assumed to have knowledge of the possible 
consequences of choosing an alternative and is able to attach a probability to each consequence being the 
one realised.  
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Linear orders If we have x R y and not y R x we say that x is strictly preferred to y; 

represented by a linear ordering on X. Strict preferences are represented by the non-reflexive 

and transitive P “better than”. The observed choice is rationalised by a strict (linear) ordering 

if the alternative chosen is the P-maximum element in A: 

( ) { } Ayy  x&A x xA ∈∀∈= ,Pc`     for all A ∈A    A2-2 

When referring to demand, the market conditions (i.e. the current prices of the alternatives) 

are important factors contributing to the consumer’s choice. Cournot (1838) suggested that 

demand must be studied in the context of trade. In Samuelson’s (1938) revealed preference 

approach to demand, the market conditions – prices and an income level – are given as the 

points of observation (choices). Hicks and Allen’s adaptation of indexing (ordinal utility 

functions) is principally concerned with deriving the functional properties of demand; “the 

first object of the analysis must inevitably be the ordinary demand curve” (Hicks and Allen 

1934, p65). The demand curve defines a relationship between the quantity of a good 

demanded and the market conditions faced by the consumer (see section 2.4). The quantity, 

qi, of a good is a continuous function, di, of the price vector p for all marketed goods and the 

monetary budget, m, available for consumption: ( )mxq ii ,p=     

As indicated by equation 2-4, demand is a system of these equations corresponding to the 

quantities of each commodity: 

  ( ) ( ) ( ) ( ){ }mxmxmxmx 221 ,,...,,,,, ppppq ==    A2-3 
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   PROBABILISTIC CHOICE SYSTEMS A2.2

In deterministic choice an alternative (or set of alternatives) is chosen by way of a choice 

function. If the choice is rationalised by preferences the chosen alternative(s) is weakly 

preferred to the remainder of the alternatives. To help with the following description of 

probability choice, define C as the choice set, being the set of alternatives that are chosen by 

way of the choice function (A2-1). If choice is decisive then C will only have one element. 

To define a probability choice system, let A be a family of non-empty finite budget sets in X 

and let A ∈A be a budget situation. It is quite suitable for the budget to be a finite set of 

quantity vectors {q0, q1, …, qJ}. However, the choice function described here does not 

extend to the dense budget sets B ∈ B; The choice function described here is for finite sets 

with J indexed alternatives, i.e. A={1, 2, .., i,  …, J}. The following definition is a definition 

of a probability choice system: 

PCS A probability choice system (PCS) is defined as a vector (A, C, π), where A is a set of 

available alternatives, C⊆A is the set of chosen alternatives and π is the probability that 

alternative A lies in C i.e. the alternative is chosen.  

As with deterministic choice the decisive choice system limits the choice function to contain 

one element.  Where C is a singleton, i.e., C = {i}, the probability choice system is defined:   

PCS decisive:  πi = Prob(i | A), which reads as the probability the indexed alternative i is 

chosen from the set of feasible alternatives A. Equally the probability choice system may be 

represented by the vector (A;π) = (1, 2,..i, …,J; π1, π2, … πi, … πJ) 

The type of probability choice system used to describe the discrete choice model is PCS 

decisive. However, it worth noting that the probability choice system as given above is not 

the only type of probability choice function found in the literature. Fishburn (1978) presents 

some alternate probabilistic choice (PC) functions.  

PC1   ( ) ( ) ( ){ }A a ,amax  is aifAaA jjii ∈∃∈= PrPrh  

PC2 ( ) ( ){ }A a 0, aifAaA iii ∈∃>∈= Prh  

PC3 ( ) ( ) ( ){ } [0,1] tA,a ,amax t aifAaA jjii ∈∈∃×>∈= PrPrh  
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PC1 resolves the probabilistic choice function into a deterministic choice function. Given a 

probabilistic choice system represented by (A; π), the alternative with the highest 

probability of being chosen (πi = πmax) is assumed to be chosen by the decision maker.  

It is obviously not the same as the PCS, but may be used by the analyst to compare 

predictions to actual observed choices. 

PC2 includes all alternatives with a non-zero probability of being chosen. It describes the 

relevant choice set with other alternatives that may belong to A being classified as 

irrelevant. This is important for discrete choice because it represents the set of 

alternatives offered to the individual by the analyst in a choice situation. It is, perhaps, 

by way of the definition of PC2 that the term choice set is used to describe the set of 

feasible alternatives, when budget set or set of available alternatives seems more 

appropriate. The set of alternatives presented to the respondent in a discrete choice 

setting (PCS) is the set of alternatives resulting from applying the choice function PC2. 

That is the analyst may make a pre-empirical inquiry determination of the more likely 

alternatives. However, it is impossible for the analyst to tell whether the choice set 

(PC2) is the same as the alternatives perceived by the choice maker.  

PC3: The choice set on offer is somewhat arbitrary and perhaps is best represented by PC3, 

which relies on a level of belief as to whether an individual may choose an alternative. 

When t is set close to zero the analyst is being careful to include the alternatives even 

with the remotest possibility of being chosen by the respondent. With larger t’s, the 

analyst runs the risk of not including all the real alternatives.  

The decision on how to define the choice set is critical to measuring the relationships 

between the set of attributes of the alternatives and choice. The effect is best illustrated by 

the decision to offer a non-motorized mode to every individual in a mode choice study. 

Furthermore excluding bicycle trips longer than, say, 7km may be reasonable for many 

individuals but not all, as is evident by some individuals riding distances longer than 7km. 

However to include bicycle for every individual will diminish the effect of travel time on 

choice – as the partial utility for an attribute is measured in terms of the difference between 

that attribute on one alternative as compared to another.    

The selection of the choice set for modelling consumer choice via a probability choice 

system is an important component for understanding choice. While first considered seriously 
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by Manski (1977), Swait and Ben-Akiva (1986) produced an operational model by jointly 

estimating an individual’s choice set as well as the choice of an alternative within that choice 

set. In a sense, they statistically specified t for each individual from within the study. Swait 

(2001) extends the notion of statistically specified choice sets by way of PC3 by studying the 

importance of thresholds for one or more attributes. He uses a variant of a generalised 

extreme value (GEV) discrete choice model to estimate the probability that a choice set is the 

one considered by the consumer and then, conditional on the choice set, which alternative is 

chosen. 

The other way of dealing with varying choice sets across the population is to include this in 

the design. Hensher and Raimond (1996) elicit the choice set from the respondent. In this 

way it is known whether the alternative is a perceived real alternative or not.   

To summarise, discrete choice models apply PCS to a set of alternatives known as the choice 

set. The choice set may be universal80, in which the probability of each alternative is greater 

than zero – no matter how unlikely. Alternatively the choice set may be specified as at least 

having a small probability that each alternative may be chosen. This may be done at the stage 

of the design – specified by the analyst with or without the confirmation from the individual 

– or it may be statistically estimated based on the observed choices (i.e. Swait and Ben-Akiva 

1986).  

  

                                                 

 

80 They have taken the blue box, haven’t they? The Angels have the phone box.For H&E forever.  
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   THE PROPERTIES OF THE INDIRECT UTILITY FUNCTION  A2.3
AND THE EXPENDITURE OR COST FUNCTION 

A2.3.1 Properties of the indirect utility function  

An indirect utility function consistent with utility maximisation has the following properties 

(see Varian 1978, p 121): 

 V1  ψ is continuous in all prices and income, 

V2  ψ is increasing in income and non-increasing in prices81, 

V3  ψ is quasi-convex in prices and 

V4  ψ is homogeneous of degree zero in prices and income.   

The inverse function of the indirect utility function is known as the expenditure function, 

which indicates the amount of expenditure needed to achieve utility u at current prices.  

The consumer’s maximising problem (equation 2-2 in Section 2.3.2) is to choose the 

optimum consumption given a total monetary outlay. The solution to this problem will afford 

some level of utility, u. The problem may be reformulated as the minimum outlay to achieve 

the level of utility u. This problem is known as the dual to the primary maximising problem. 

The solution to the primary and the dual is the same vector of quantities.  

Consider the dual consumption problem, minimise the cost of consumption m=pq subject to 

u(q)≥u, for which the Lagrange function ( ))(uuL qpq −µ+=  gives the fist order 

conditions ( ) 0up
q
L

ii
i

=µ−=
∂
∂

q  and ( ) 0uu
L

i =−=
µ∂

∂
q . The optimal consumption 

vector q* depends upon prices and utility level u and the associated demand functions  

( ) ( ) ( ) ( ){ }uhuhuhu 221 ,,...,,,,,* pppphq ==    A2-4 

                                                 

 

81 If the budget constraint is binding the indirect utility function is decreasing in at least one price. 
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The vector of demands as functions of prices and utility, i.e., ( )u,ph , are the Hicksian, or 

compensated, demand functions. Substituting the solution vector into the original expenditure 

minimisation problem yields the expenditure function: 

( ) ( ) muhpuc
k

kk =∑= ,, pp      A2-5 

A2.3.2 Properties of the expenditure function  

E1 Homogeneous of degree one in prices, i.e., ( ) ( )ucuc ,, pp θ=θ , where θ is a positive 

scalar;  

E2 Increasing in u, 
( )

0
u

uc >
∂

∂ ,p
, and non-decreasing in prices and increasing in at least one 

price, 
( )

0
p

uc

i

≥
∂

∂ ,p
; 

E3 Concave in prices: let "p)1('pp  and   10 λ−+λ=≤λ≤   the expenditure function is 

concave everywhere ( ) u),pc1u),pcu),pc "('(( λ−+λ≥ ; 

E4 continuous and twice differentiable ; 

E5 The partial derivatives of the expenditure function with respect to price are the Hicksian 

demand functions (Shephard's Lemma)
( ) ( ) ii

i

quph
p

uc =≡
∂

∂
,

,p
 

The Slutsky substitution sij terms are given as the compensated price derivative and may be 

derived from property E5 of the expenditure function. The second derivatives of the 

expenditure function are the compensated price derivatives, i.e. 
( ) ( ) ji

ji

2

ij puph
pp

uc ∂∂≡
∂∂

∂= ,
,

s
p

 . 

The properties of the Slutsky Matrix are presented in the Appendix A2.6. There is a 

corresponding matrix of derivatives for the discrete choice model (Zachary-Daly Matrix) 

which is introduced in Chapter 3.   

The continuity (E4) and monotonicity (E5) properties of the cost function imply that the 

inverse of the cost function exists. If the minimum cost of achieving utility level u* is m, 

then the maximum utility from income m is u*. The cost function and indirect utility function 

are inverses of each other  

a) ( )( ) mmc =ψ ,, pp        and         b) ( )( ) uuc =,, ppψ       A2-6                   



 

 -276- 

 

 

   BARTEN’S FUNDAMENTAL MATRIX: RESTRICTIONS ON A2.4
DEMAND IMPLIED BY UTILITY MAXIMISATION 

Barten (1964) detailed the restrictions on the solution to constrained utility maximising 

problem as a matrix. The findings related the endogenous variables q and λ to the changes in 

the exogenous variables p and m. The budget constraint gives the two adding-up restrictions, 

Engel’s and Cournot’s aggregations are, respectively:  

1
m

=
∂
∂q

p'  and  `
'

' q
p
q

p −=
∂
∂

    A2-7 

The solution to the mathematical program (equation 2-2 in Section 2.3.2) differentiated with 

respect to p and m gives the following: 

`` p
p

p
q

∂
λ∂+λ=

∂
∂

IU  and  p
q

mm
U

∂
∂=

∂
∂ λ

  A2-8 

The restrictions on the system of demand equations can be presented as a matrix equation. 

The following is Barten’s fundamental matrix of the theory of the consumer, after Barten 

(1964).  










−
λ

=








∂λ∂−∂λ∂−
∂∂∂∂










q`p

pqq

p

p

1

I0
       

m

m
    

0

U

`

`

`
   A2-9 
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On the left hand side of the equation, the endogenous variables are expressed as the marginal 

adjustments to changes in the exogenous variables. The solution to system (A2-9) makes 

explicit the restrictions on a set of demand equations as implied by utility maximisation: 

 a)      ( ) 11U
m

−−=
∂

λ∂
pp`           

b)        p
q 1U

mm
−

∂
λ∂=

∂
∂

       

c)    q
q

p mm ∂
λ∂−

∂
∂λ=

∂
λ∂

       

  d)     q`
qq`q

p
q

mmmm
U 1

∂
∂−

∂
∂

∂
∂

∂λ∂
λ−λ=

∂
∂ −         A2-10 

Equation (A2-10) gives the income (b) and price (d) derivatives of the demand functions. 

These derivatives are a function of all prices; except under strict conditions, referred to later 

as preference independence. Each may be written in its corresponding scalar form. 

 

j
j

iji pu
mm

q
∑∂

∂=
∂
∂ λ

                  i,j= 1, 2, … ,n  A2-11 

 
321

444 8444 76

effect  Income

j
i

effecton  Substituti

jiij

j

i q
m

q

m

q

m

q

m
u

p

q

∂
∂−

∂
∂

∂
∂

∂∂
−=

∂
∂

λ
λλ   i,j= 1, 2, … ,n  A2-12 

The price derivative of demand (A2-12) has three terms, the first two of which express the 

substitution effect of a price change.  The first term represents the direct interaction of goods 

I and j in the utility function. The effect may be a supplementary (uij<0), independent (uij=0) 

or complementary (uij>0). The second term is a “general” substitution term, which 

“represents the fact that every good is competing for the consumer’s dollar” (Barten 1964, 

p3). The last term in (A2-12) is the income effect.  

j
i

j

ijiij

constuj

i
ij q

m

q

p

q

m

q

m

q

m
u

p

q

∂
∂

+
∂
∂

=
∂
∂

∂
∂

∂λ∂
λ−λ=















∂
∂

=
=

s    A2-13 
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Equation (A2-13) is the Slutsky coefficient. The symmetry condition follows immediately by 

noting that if the utility function is continuous the Hessian U and its inverse U-1 is symmetric 

(Young’s Theorem), that is uij = uji and it follows that sij = sji. The own-price substitution 

effects are negative, i.e.,  

0
m

q

m
u

2
iii

ii <








∂
∂

∂λ∂
λ−λ=s    A2-14 

The inequality holds because each of λ and m∂∂λ  is greater than zero and, given that the 

diagonal elements of the utility Hessian (U) are negative, the diagonal elements of the 

inverse of the Hessian are less than zero. The negativity relation (A2-14) is often termed the 

fundamental theorem of consumption or the Law of Demand.  

Note that the scalar version of part (c) of (A2-10): 

j
j

j
q

mm

q

p ∂
λ∂−

∂
∂

λ=
∂

λ∂
    A2-15 
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   THE CONSTANT MARGINAL UTILITY OF MONEY AND A2.5
FRISCH PRICE ELASTICITIES 

Let’s suppose that instead of making a compensating payment to keep utility constant, the 
payment is made to keep the marginal utility of income, λ, constant. For a price change dpj 
and total expenditure change dm, the change in λ is (Thomas 1987): 

jj
j

j
j

dpq
mm

q
dm

m
dp

p
dm

m
d 









∂
λ∂+

∂
∂

λ−
∂

λ∂=
∂

λ∂+
∂

λ∂=λ   A2-16 

For λ to be held constant, i.e., dλ=0 the compensating payment required is  

jjj
j dpqdp

m

q

m
dm +

∂
∂

∂λ∂
λ=     A2-17 

Taking the total differential of the demand function  

dm
m

q
dp

p

q
dq

j
j

k k

j
j ∂

∂
+∑

∂
∂

=     A2-18 

Thus, if a consumer faces a price change for good j (keeping all other prices constant) and at 
the same time receives a compensating payment of income to keep the marginal utility of 
income at the same level as before the price change, then the change in demand for good j is 
given by: 
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Writing in terms of an infinitesimal change in pj  
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  A2-20 

where the last equality is based on equation (A2-13). Thus the ‘specific’ substitution term of 
a price change represents the effect on qi of a change in pj when the consumer is compensated 
in such a way as to leave the marginal utility of money unchanged. The corresponding price 
elasticity is the Frisch price elasticity (i.e. the elasticity of demand conditional on a constant 

marginal utility of money). The Frisch price elasticity, 
i

jij
ij q

p
uλ=fe ,  is  a measure of 

demand response by a consumer as if given a compensation to maintain the marginal utility 
of money. 
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  THE PROPERTIES OF DEMAND FUNCTIONS AND THE A2.6
SLUTSKY SUBSTITUTION MATRIX 

The Slutsky substitution given as the compensated price derivative may be derived from 

property E5 (Appendix A2.3) of the expenditure function. The second derivatives of the 

expenditure function are the compensated price derivatives, i.e.,  

( ) ( ) ijji
ji

2

puph
pp

uc
s,

, =∂∂≡
∂∂

∂ p
    A2-21 

The Slutsky substitution matrix is given by [ ]ijs . For n products [ ]ijs  is an n-by-n square 

matrix with the following properties (see Deaton and Muellbauer 1980, p 43).  

H1 Homogeneity The Hicksian demand functions h(p,u) are homogeneous of degree zero in 

prices, this follows from the homogeneity property of the cost function E1. If the cost 

function is homogeneous of degree 1 in prices, then its first derivatives (demand functions) 

are homogeneous of degree zero in prices. Applying Euler’s theorem:  0p
j

ijj =∑ s . This 

means that the ratio of prices is all that is required to determine demand.  

H2 Adding up. The total expenditure on items demanded is equal to the expenditure function, 

i.e., ( ) ( )** ,, ucuhp
k

kk pp =∑ . Given a price change the compensated demand functions 

must still satisfy the equality. Commodity aggregation may be represented by way of 

the price weighted sum of the Slutsky coefficients: 0p
k

kjk =∑ s .  

H3 Symmetry. The Slutsky substitution matrix is symmetric. The symmetry condition follows 

immediately by noting that if the cost function has continuous derivatives and by 

Young’s theorem the order of differentiation does not affect the result. 
( )

ji
ji

2

ij pp

uc
s

,
s =

∂∂
∂= p

. It is easy to see that if symmetry were to hold, then homogeneity 

(H1) would imply adding-up (H2) and vice-versa.82  

                                                 

 

82 Adding up and homogeneity do not imply symmetry. Succinctly, if H3, then H1⇔ H2.  
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H4 Negativity The concavity of the expenditure function E4 (assuming positive demands E2 

and continuity E3) implies the matrix [ ]ijs  is negative semidefinite. Let r  be any n 

vector; the quadratic form is rT [ ]ijs  r ≤0.   From H1, if r  is proportional to the price 

vector p then the inequality becomes an equality.    

H4 also implies, each principal sub-matrix83 is negative definite (see Anton and Rorres 

1987). The result is of interest to studies of a sector of commodity expenditures. If the 

demand functions for a particular sector of goods is subject to a budget constraint mT 

<< m, then H1- H4 also apply to this sector. This would hold regardless of the 

substitution rates between commodities within the sector and the commodities not 

inside the sector. To the best of my knowledge, the first author to suggest this 

property was Hotelling (1935). However, Pollak (1969 and 1971) was the first to 

explore the properties of such conditional demand functions. Conditional demands are 

introduced in Section 3.3 and are the principal topic of Chapter 4.  

Symmetry and Negativity are necessary and sufficient conditions for the demand functions to 

be consistent with utility maximisation. Homogeneity and adding-up are consistent with a 

utility maximiser who spends their entire income or, technically, the budget sets are defined 

such that m=pq. In all H1-H4 represent the integrability conditions for demand functions 

consistent with utility maximisation subject to a total outlay constraint.  

The Slutsky relationships apply to system wide demand studies. It is not possible to study the 

demand for every good in the market and test the results against the conditions H1-H4. 

Economists have used a system wide approach using broad commodity aggregates (e.g. 

transport, housing, food and clothing) or by imposing a separability structure on the utility 

function and studying closely competing goods.  

  

                                                 

 

83 A principal sub-matrix of A is a square matrix formed by t rows and t columns of adjacent elements of 
A with a diagonal element in the top left corner. The determinant for each principal sub-matrix is 
negative for t odd and positive for t even.  
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   DISCRETE CHOICE: IN A PURELY CHOICE SETTING  A2.7

Preferences may be formed over product attributes, even though the object of choice is the 

good. For example when choosing an airline ticket the consumer concerns himself with the 

price of the ticket, the departure time, the number of intermediate stopovers, the time of the 

flight, seat quality,  selection of meals and beverages, etc. However, an additional step needs 

to be made to get to the root of the consumer’s decision. He does, after all, desire the service 

these characteristics offer: comfort, convenience and price. In his decision making process he 

is seeking attributes to fulfil his needs, but in the end he consumes the airline ticket and 

therefore the trip. The theories relating product characteristics to goods for consumption were 

introduced in Section 2.4 and are developed in Section 3.3.1and Appendix A3.1.2. At present, 

it is enough to say that the consumer’s preference may be formed over attributes as well as 

goods.  

Consider the choice setting presented in Figure A2.1 and define the utility derived from 

choosing, say, alternative J as U(J). While the consumer will choose from the discrete 

alternatives, his preferences (represented by the utility functions), are formed over the 

attributes of these alternatives, such that: U(I) = f (vI , rI) ,  U(J) = f (vJ , rJ) , U(K) = f (vK , rK)  

represent the utility functions mapping the attribute values to a utility scale. The attributes 

can be thought of as the speed (v) and ride comfort (r) indexed by each alternative; I, J and K 

may refer to a trip made by car, train and bus respectively. The utility function reduces the 

vector of attributes to a scalar which is an indicator of the alternative’s attractiveness.  

 

 

 

r (comfort)
 

         v  (speed) 
 

O  
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If the consumer is rational (i.e. his choice is consistent with his preferences) then he will 

choose whichever alternative has the highest utility value, i.e., C({I, J, K}) = {y | f (vy, ry) = 

Max f (vy, ry) for all y , y ∈ {I, J, K}}. This represents the discrete choice problem using a 

compensatory (utility maximising) decision rule. Ben-Akiva and Lerman (1985) provide a 

succinct account of determining the marginal rates of substitution between attributes in a 

discrete choice setting. Their exposition makes use of a deterministic utility function defined 

over the objective characteristics of the alternatives (modes of travel).  The discussion to 

follow is an interpretation of their material.  

The utility function is increasing in its arguments that the consumer judges as desirable and 

decreasing in its arguments that the consumer judges as undesirable. Presently, speed and 

ride comfort are assumed to contribute positively to the valuation of a transport mode. That 

is, the consumer would prefer a mode that is moving him to his destination in a short time 

and in a comfortable way. For presentation convenience, assume the utility function is 

additive: 

U(I) = βV vI + βr rI ,  U(J) = βV vJ + βr rJ,  and U(K) = βV vK + βr rK  A2-22 

where, βV and βr represent the taste weights assigned to speed and comfort.  

For convenience, consider a transformation that is performed by dividing each parameter by 

βr. The ratio βV / βr is the marginal rate of substitution between speed and ride comfort; 

indicating the amount of speed the traveller is willing to forgo to get an extra unit of comfort. 

Alternative K is dominated by the other alternatives, because both  vK and rK are less than the 

corresponding attribute levels for the other two alternatives. Comparing I with J, alternative I 

is chosen if it has the larger utility: 

C({I, J, K}) =  {I} iff   β vI + rI ≥ β vJ + rJ     A2-23 

where, β = βV / βr is the MRS between speed and comfort. Starting at alternative I, it is 

possible to use the MRS to track a series of artificial, but indifferent, alternatives to I, until 

we get to an alternative that is either dominated by alternative J (i.e. having lower attribute 

values for both speed and comfort) or dominates alternative J ( i.e. having higher attribute 

values for both speed and comfort).  

In Figure A2.1 the arc IJ represents the slope of the line (β) when the consumer is indifferent 

between I and J, for which U(I) = U(J) and 
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If an observation were made such that I was chosen, this would imply a lower bound on the 

marginal rate of substitution β: 

JI

IJ0

vv

rr

−
−

=β≥β     A2-25 

If it were otherwise, the choice would be in violation of (A2-23). All marginal rates of 

substitution satisfying AA2-4 imply that utility of I is greater than J.  

The analyst is unable to observe the rates of substitution (the utility function) directly and 

must use the choice observations to estimate the parameter of substitution. The analyst may 

determine a “best fit” marginal rate of substitution from the observed choices. Figure A2.2 is 

taken from Ben-Akiva and Lerman (1985, p48) which itself appears to be a reproduction of 

the Beesley Graph (Beesley 1965). The figure displays a number of observed choices for a 

group of decision makers. The crosses represent the choice of alternative I and the dots 

represent the choice of alternative J. The line β represents the line giving the highest 

percentage of observations for which (A2-25) holds. In the example, the number choosing 

alternative I for which (A2-23) holds is 20 out of a possible 26 (and 20 out of a possible 26 

for alternative J).   

 
 

vI-vJ 

Figure A2.2 Graphical parameter determination  

Source: Ben-Akiva and Lerman 1985, p48 
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The line β does not perfectly segment the sample into those who choose I and those who 

choose J. The observations may be thought of as generated by a deterministic utility function 

with measurement error. However, on the diagram there are pairs of observations that are 

very close in the attribute space yet the first in the pair chooses I and the other chooses J. 

This means that different individuals behave differently, given the limits of the observation 

when facing the same decision. The observable fact is known as choice variability.  

The sources of choice variability as identified by Manski (1977) include measurement error, 

unobserved attributes and unobserved social demographic variables.  These help explain the 

difference between the observation on utility by an analyst and the utility formed by the 

individual. The choice variability may be explained by attributes of alternatives that matter to 

the individual but are not included in a model of choice. In Figure A2.2 the division of choice 

is based on the trade-off between speed and comfort. The individuals may also consider 

transport cost as part of their decision space. Additionally variability may be explained by 

measurement error or by the use of instrumental variables. Comfort is a perception variable 

and is difficult to measure using technical attributes of the alternatives. Lastly, variability 

may also be explained by preference heterogeneity. The dividing line in Figure A2.2 

represents an average trade-off for the sample of travellers. Each individual may have 

different rates of substitution between comfort and speed. Preference heterogeneity plays a 

significant role in this thesis. The applied part of the thesis discusses preference 

heterogeneity at greater length. In exploring the relationship between neoclassical demand 

and discrete choice models, the applied work focuses on individual preference variance due 

to income.  

Given the likelihood of choice variability, the best the analyst may hope for is a predictive 

probability that any individual chooses I or J. From this perspective, the probability that 

alternative I is chosen by an individual is equal to the probability that the utility U(I), is 

greater than or equal to the utility of J: ( ) ( ) ( )[ ]JUIUJIIP ≥= Pr,| . In this way, the analyst is 

specifying a probability choice system decisive as a model of consumer choices. However, 

the underlying utility model is random (see Section 2.6.3). A general, but additive, form of 

random utility is given as the sum of observable and unobservable components of the total 

utilities. 
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   THE MULTINOMIAL LOGIT PROBABILITY CHOICE SYSTEM A2.8

The MNL is generated as a random utility model where the each alternative’s unobserved 

utility is an identically and independently distributed Type-1 extreme value random 

variable84 (Holman and Marley; see Luce and Suppes 1965, p 338). The extreme value 

family have the limiting (n →∞) property as being the distribution of the maximum value 

among n continuous i.i.d. random variables. The derivation to follow closely follows that 

given in Ben-Akiva and Lerman (1985).  

The PCS decisive (A;π) = (1, 2,..i, …,J; π1, π2, … πi, … πJ) – see Appendix 2.2 – generated  
by  random utility may be written: ( )ij  J1j  VV ijjii ≠=ε−ε≥−=π ,,...,,Pr  for each i∈J. 

Assume that the systematic utilities are fixed and their difference is  jij VVk −= the 

probability i is selected over j is: 

( )ij  J1j  k ijji ≠=ε−ε≥=π ,,...,,Pr     A2-26 

Assume J=2 and each unobserved utility is i.i.d. Type 1 Extreme value, i.e., 

( ) ( )zz ee zf µ−µ−µ= exp. , where µ is a positive scale parameter inversely proportional to the 

standard deviation and z = εi - Vi. The difference between ε2 and ε1, z*, is a logistic 

distribution, i.e., ( ) ( )( )  e1e  z
2zz *** expf µ−µ− +µ= (Johnson and Kotz 1970). The probability i 

is chosen is the density of f(z*) for all values less than k2 = V1-V2 : 

 ( )( ) *** exp dze1e  
2k

-

2zz
∫ +µ
∞

µ−µ−     A2-27 

Integration yields  

12 VVk e1

1

e1

1
µ−µ− +

=
+

   A2-28 

Equation A2-28 is the binary logit discrete choice model.  

                                                 

 

84 The Type1 extreme value is also known as the Gumbel or double-exponential distribution. Type2 is 
named after Frèchet and type3 after Weibull. The Gumbel distribution may be obtained by respective log 
transformations of the other two. Because of this the Type1 extreme value often is named, simply, the 
extreme value distribution (see Johnson and Kotz (1970) for more detail).   
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The multinomial logit is obtained in the same way by noting that the maximum of 

independent type1 extreme value distributions is also a type1 extreme value distribution with 

a location parameter ∑
µ

µ
=

j

V je
1

V ln*  and scale parameter µ (Ben-Akiva and Lerman 1985, p 

105). The probability i is chosen from the set J reduces to the binary logit with k = Vi – V* 

where V* is the maximum utility of  j≠i∈J. Substituting into A2-28  to obtain  

∑

=











µ−∑+

=π
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µ

≠
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J
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1
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   A2-29 

The second equality is obtained by multiplying both the numerator and the denominator of 

the left hand side expression by iVeµ .  
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  APPENDIX  3.
 

This appendix accompanies Chapter 3 of the thesis.  

   THE DETERMINISTIC CONDITIONAL DEMAND FOR A A3.1
SINGLE VARIANT OF THE PRE-ALLOCATED GOOD 

A3.1.1 The conditional expenditure function and conditional inverse demands 

The conditional expenditure function is given by setting a restriction on the quantity for one 

or more goods (possibly being rationed goods). This is no different to the demand setting in  

Section 3.3.1, but in this context a bundle of transport modes, T, is pre-allocated, Tq :  

( ) ( )[ ]  qpqq  uq U;qupC T
1

T
1

TT
1 ⋅+=>′′⋅′

′
=′ ,,min,, qqp

q
;p   A3-1 

The conditional expenditure function has the properties E1-E5 (see Appendix A2.3.2) and is 

independent of the price for good T (Browning 1983). In this way it is possible to consider 

only the demands for the unrationed goods as the solutions to the first term in the conditional 
expenditure function:   ( ) ( )[ ]uq U;quC TT >′′⋅′

′
=′ ,min, qqp

q
;pl . The solutions are the 

compensated conditional demand functions: ( ) i
T

qi quq;h T =′′ ,, p .  

Instead of minimising (A3-1) with respect to q′, Neary and Roberts (1980) solve the problem 

with respect to rationed quantity1q, which yields the compensated inverse demand (i.e. price) 

function: 

( ) 11
1 qqU p ∂′∂= − ,* qλ      A3-2 

where 1−λ  is the marginal cost of utility (or the inverse of the marginal utility of money) and 
( ) 11 qqU ∂′∂ ,q is the change in the total utility given a change in the rationed amount of q1, 

which is positive or negative depending on whether the rationed quantity is less than or more 

than the amount the unconstrained consumer would choose. The virtual price *p is the price 

which would induce an unconstrained household to purchase the same quantity as the 

quantities given under rationing. This leads to the result that if the consumer is free to choose 

the q1 then the unconditional and the conditional cost functions are equal i.e. 

( ) ( ) upcqupC 111 ;p;p ′=′ ,,, * and therefore the shadow price is equal to the market price. 
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Conversely, the consumer will demand the rationed quantity 1q if the market prices were 

equal to the shadow prices gives (Chavas 1984): 

( ) ( ) 111q1111 quq;phpqupC
1

=′′=∂′∂ ,,,, *
,

* p;p
    A3-3 

In addition, the conditional demand functions apply to the good that is rationed as well as the 

unrationed goods, and (Neary and Roberts 1980) 

( ) ( ) *,,, 1111
1

1111 ppqqU pqqupC −=∂′∂λ−=∂′∂ − q;p   A3-4 

The conditional inverse demand is the basis for Rosen’s (1974) theoretical development of a 

consumer in a competitive market who forms preferences over quality attributes of a good. 

The market behaviour of the individual is conditional on a fixed level of demand for the 

differentiated product as well as a fixed marginal utility of money – being conditional on the 

consumer’s choice. The model of the consumer is the deterministic utility analogue to 

McFadden’s (1981) random utility theory of the individual presented in Section 3.3.1.  

A3.1.2 Quality Adjusted Conditional Expenditure Functions 

This section positions Rosen’s (1974) work in light of preceding discussions. It draws on the 

repackaging model by Fisher and Shell (1971).  

Consider the case where good 1 has a number of variants and introduce the quality indicator         

θ = v (a1, a2, ….an). A quality adjustment to good 1 is introduced into the consumer’s direct 

utility by applying a quality weight to the quantity. The may be done by scaling, i.e., 

( ) ( )( )qqUθqqU 11 ′θ=′ ,f,, *
 with a base-period quality index equal to one (Fisher and Shell 

1971). To relate the work on quality to McFadden’s (1981) discrete choice model the quality 

adjustment may enter the utility function as a translation, i.e. ( ) ( )( )qqUθqqU 11 ′θ−=′ ,f,, * . 

This has no bearing on the interpretation of the quality adjustment. At some reference period 

the utility derived from the attributes may be set to zero85, for which the consumer is willing 

                                                 

 

85 It is convenient here to specify an additive model (between market price and quality attributes), 
because it relates to the additive income random utility choice model, which is a more theoretically 
developed and applied discrete choice model than the multiplicative model.    
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to pay p1 per unit quantity. Fisher and Shell (1971) suggest that a change in the quality of 

good 1 may equally be represented by an appropriate adjustment to the price of good 1 

leaving the consumer at the same level of utility. This is represented by the expenditure 
function ( ) ( )u0;pcuθ;pc

1

θ
1 ,,,, pp ′=′ , θ

1p  is a quality adjusted price. At market equilibrium the 

utility adjusted price is equal to the market price (Rosen 1974). Given the consumer 

purchases quantity 1q the conditional expenditure function given for a quality adjusted price 

is ( ) ( ) ( )θ−+′=θ′ 11111 p qquCqu,pC ,,, ;p;p l . The quality adjusted price model implies 

(Fisher and Shell, 1971 lemma 5.1)  

λ
θ∂∂=θ∂∂ U

C      A3-5 

The additive in quality utility implies the marginal utility of a good may equally expressed as 

the marginal utility of the set of attributes available in the good, i.e., ( )( )qqVU 1 ′θ+= ,f  

1qUU ∂∂−=θ∂∂⇒ which means that the quality term may be thought of as a shadow price 

for  good 1 (see A3-4) giving the quality adjusted inverse demand   

λ
θ∂∂−=

λ
∂∂+=∂∂ U

p
qU

pqC 1
1

11     A3-6 

These results hold at the optimum choice of q1 by the consumer. Under conditions of perfect 

competition the market price is equal to shadow price and therefore value of the attributes for 

good 1 is equal to the price paid on the market Rosen (1974).  

Finally, if we take the conditional expenditure function for the quality adjusted model to be 

of the Gorman polar form:  

( ) ( ) ( ) ( )θ−⋅+′α+′γ=θ′ 1i111i pququ,pC pp;p ,,     A3-7 

the separability between the price of the quality adjusted good from other prices means that 

the γ is the inverse of the marginal utility of money, ( )p′γ
=λ 1

, and the conditional 

expenditure function may be inverted into the corresponding conditional indirect utility 

function:  

( ) ( ) ( )p;p ′α−θ+λ+λ=′θ 1111 p- qmqmpV ,,,    A3-8 
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Two behavioural outputs apply: 

1. Marginal willingness to pay: Equation 3-11 and 3-12 imply that the marginal 

valuation (i.e. marginal change in the cost function is equal to 
λ

θ∂∂V
 where  

( )p′γ
=λ 1

.   

 

2. Willingness to pay (consumer surplus): For policy reasons the researcher is often 

interested in the change in welfare associated with a particular policy. In transport this 

could be new transport infrastructure such as a city tunnel. The welfare calculation is 

used in the evaluation – to determine if the project benefits outweigh the project costs. 

The conditional cost function provides a way to convert the changes in travel 

conditions (i.e. travel time) or externalities (i.e. road safety) into a monetary value. The 

monetary equivalent is the change in the cost function for before and after the change.  

( ) ( ) ( ) ( )[ ]0
1i

1
1i1

0
1

1
1 ppqquCquC θ+−θ+⋅=θ′−θ′ ,,,, ;p;p  A3-9 

This may also be expressed as the change in the indirect utility function divided by 

the marginal utility of money i.e.  

 

( ) ( )[ ] ( ) ( )[ ]0
1i

1
1i11

0
11

1
1 pp qqmpVqmpV

1 θ+−θ+=′θ−′θ
λ

,,,,,, ;p;p     A3-10 

Each of these behavioural outputs has a probabilistic analogue corresponding item in discrete 

choice theory (Section 3.3.1). While these measures are not the focus of this research they are 

presented to illustrate the correspondence between the conditional inverse demand and the 

discrete choice model. Turning to elasticities, there is little that can be extracted from the 

conditional cost function because transport being pre-allocated and the conditional demand 

elasticity is zero, 0pq 1i1 =∂∂ .  
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   THE SOCIAL SURPLUS FUNCTION A3.2

For the purpose of aggregation, McFadden (1981, p 209) suggested that an individual 

(ignoring the subscript n) has the indirect utility function 

( ) ( )
( )

( )
( )p

pa
p

ap
′γ

′α−
′γ

−=′− ,
,, ii

T

i
T

i
pqm

pqmV     A3-11 

where, p` is the price vector of the non-discrete commodities. The functions γ( p`) and α( p`) 

are homogeneous of degree one, concave and non-decreasing in p′. Equation A3-11 is 

Gorman’s polar form (Gorman 1953) and has the properties V1-V4 (Appendix A2.3.1).  The 

probability that the consumer selects the alternative i is given by (cf: equation 3-11): 

( ) ( )













ε+β+−λ≥ε+β+−λ=π

∈≠ Jji
jjj

T
iii

T
i pqmpqm aa maxprob   A3-12 

The probabilities are generated by a discrete choice model. Utility is additive in income and 

therefore the consumer’s income does not affect the probabilities (i.e. λm cancels out of the 

expression A3-12). The probability choice system is said to be generated by an additive in 

income random utility maximisation (AIRUM) discrete choice model. The parameters λ 

and β in the utility expression Ui for the discrete choice model relate to Gorman’s Polar Form 

by way of the following equalities: ( )[ ] ( ) ( )ppap ′′=′= − γαβγλ ,i
1  and    .  

The probability choice system (A3-12) may be derived from the social indirect utility 

function (McFadden 1981):  

( )




















λ
β

+−+λ=′−
∈

s ; pExpqms;pmV j
j

Jj

T a
 ap max,,    A3-13 

The indirect utility function V has the properties of the indirect utility function. Continuity86 

V1 holds because of the continuity of εεεε, V is increasing in income and decreasing in prices87 

                                                 

 

86 For continuity there can be no ties in the utilities, i.e., Pr(Ui=Uj) = 0  
87 The price of the composite commodity, p0, is not explicit. However, λ may be thought as a function, 
homogeneous of degree one and is increasing in p0 and therefore V is decreasing in p0.   
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(i.e., V2),  the maximum of convex functions is convex and the expected value of a convex 

function is convex (i.e. V3 is satisfied) and is homogeneous of degree zero (V4)  in prices 

and income. The convexity of V allows it to be inverted into a concave conditional 

expenditure function. 

 ( )s,q; UC pExpqum Tj
j

Jj

T a,p
a

,min =




















λ
β

−+λ=
∈

   A3-14 

where U is the direct utility function and u is the utility derived from the choice of the 

discrete alternative and the allocation of to non-discrete expenditure. The expenditure 

function represents the least cost to the consumer to reach u. Equation (A3-14) is the 

population analogue to Rosen’s implicit price function, where 








−=

λ
β j

jpp
a

min*  is the least 

quality weighted price for the differentiated product. This result gives insight to the 

valuations of non-price attributes as well as the welfare calculations for given changes in any 

attributes. The social indirect utility function and the social cost function have the properties 

of the indirect utility function and the cost function given in Appendix A3.2. The ordinary 

demand function may be determined by Roy’s Identity and the Hicksian demand function 

may be determined by Shephard’s lemma.  

As income enters V  additively, the choice problem is adequately defined for the prices and 

the attributes of the alternatives without reference to demand for other goods. McFadden 

names the second term in equation A3-13 a social surplus function  

( )




















λ
β

+−=′
∈

s;  pExpqqsB; apG j
j

Jj

TT a
p max,,,,    A3-15 

This is the basis for welfare calculations using estimates of AIRUM discrete choice models. 

The expected maximum of independent type 1 extreme value distributions is given by 

∑=
j

V je
1

V µ

µ
ln* ; where µ is a scale parameter and may be set to one. This is the log-sum 

expression for welfare calculations based on the MNL discrete choice model (Small and 

Rosen 1981). The social surplus function may be thought of as the shadow price for the 

consumption of one good per individual.  
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The social indirect utility function and the social cost function may be rewritten as 

( ) ( )sB; apGms;mV ,,,, p ap ′+=− λ     A3-16 

( ) ( )sB; apGus; UC ,,,, pa,p ′−= λ     A3-17 

The welfare calculations that are often given in terms of changes in consumer surplus (i.e. 

A3-16) may equally be found by using the changes in the cost function (A3-17), i.e. 

expenditure variation or compensated variations. “In economic terms, this is a case where 

Marshallian and Hicksian demand functions coincide and social aggregation of preferences 

is possible” (McFadden 2001, p14). Whether using the cost function or indirect utility the 

welfare calculation given a price change on one of the alternatives is found by calculating the 

change in the surplus function G. This is due to the additive in income and constant marginal 

utility of money assumptions (see Varian 1978).   

Applying Roy’s Identity to the social indirect utility function and Shephard’s lemma to the 

social cost function leads to the same result: 

( ) ( ) ( )ξπ=∂∂−≡∂′∂−≡
∂∂
∂∂−=νπ i

T
ii

i
i

T qpCpsB; apG
mV

pV
q ,,,p   A3-18 

The discrete choice model derived under the assumption of AIRUM leads to the case where 

Hicksian demand functions and Marshallian (ordinary) demand functions coincide. “It 

should be noted that the utility structure (A3-15) yields choice probabilities that are 

independent of current income.” (McFadden 1981, p 210). The result primarily relies on the 

constant marginal utility of money, λ, which therefore cancels out in the expression for Roy’s 

identity.  
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   MODE SHARE AND AGGREGATION IN DISCRETE CHOICE A3.3
MODELS  

As way of an introduction to share elasticities a short review of the AIRUM choice model 

(Section 3.3.1) is given. McFadden (1981) derived a population choice model where 

individual Nn ≤  has an indirect utility function of Gorman’s polar form, 

 ( ) ( ){ } ( )pp ′γε+′α+−=  ,apm V inininn
i

n max     A3-19 

At market prices 0p′ the consumer chooses residual income ( )inn pm −  and a set of non-price 

attributes ina  given a marginal utility of income ( )01 p′= γλ ; inε  is unobserved and 

distributed over the population. This is contrasted with the traditional conditional demands as 

it describes the first stage of two stage budgeting (see Section 4.2).  

The additive in income specification makes the trade-off between attributes and residual 

income independent of income level (Rosen 1974) and the choice is made by minimising 

generalised cost ( ) inininin ap ε−β−λ=c .  The (probabilistic) demands are given by derivatives 

of the cost function (Sheppard’s Lema) or by application of Roy’s identity. 

 

A3.3.1 Standard formulation of market share 

The market level demand functions are calculated by aggregating across disaggregate choice 

functions estimated using a discrete choice model. Koppelman (1975) suggests a market 

level demand function or “aggregate prediction model” is comprised of three elements. 

First, the disaggregate choice model is a mapping of trip related and social variables into a 

probability choice system defined for each individual in the sample. In practice, this involves 

the estimation of the model’s parameters in a discrete choice modelling exercise. Second, the 

distribution of the explanatory variables for the population under investigation will determine 

the population shares and marginal effects for a given choice model. While it is possible that 

the distribution is known, it is more common that it is not. The distribution may be estimated 

by the sample data collected for the discrete choice model or it may be obtained from a 

secondary sample. Lastly, a specification of a market demand model requires an aggregation 

method. The three components are illustrated in Figure A3.1  
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Figure A3.1: Aggregated prediction model structure (Koppelman 1975, 

p 52) 

 

For simplicity, assume each individual has the same preference for the observed utility. In 

practice may be relaxed though estimating flexible discrete choice model. The market may be 

then thought of as a continuum of consumers with a distribution of preferences for the 

unobserved components of utility. There are sufficient consumers for εεεε to be continuous and 

each consumer purchases one variant of the discrete commodity. When there are N 

consumers in the population (market), the utilities are distributed according to the density 

function (Anderson, de Palma and Thisse 1992, p 70): 

( ) ( )εε fg N≡      A3-20  

where f(εεεε) has the same form as the probability density function chosen for the estimation of 

the discrete choice model and  ( ) N 
1 J

=∫ ∫ εε dg... . The aggregation equation indicates the total 

number of travellers in independent of modal attributes.  

Let y be the vector of observed prices and attributes of the alternatives as well as the social 

variables including income of individual n, ( ) m ,s ;cy nnnn ,,p= and ( ) yyy N21 ,...,,=y . The 

observed component of the utility is distributed h(y) throughout the population. The number 

of individuals choosing alternative i is the set of probability densities for which Ui is the 

maximum utility.   

Estimated Probabilistic 
Choice Functions 

Distribution of explanatory 
variables 

Aggregation 
Procedure 

Market 
Predictions 
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( ) ( ) ( ) ( )∫∫ ==
∈

=
y

UU

i d i N
j

Jj
i

yyyεεy h|Prdg
max

    A3-21 

The share of travellers choosing alternative i is given by 

( ) ( ) NJj  ;NNS
n

njniii ∑ ∈<== ,, ccPry    A3-22 

The mode share elasticity is given by: 

i

T

T
i

ij S

p

p

S
m

j

j
∂
∂=     A3-23 

Where T
j

P  is a price index for travel by mode j.  

Typically, demand studies assume that consumers face the same price. However, discrete 

choice models take advantage of the variety of trip attributes faced by consumers. Even with 

the coarsely graduated fares of public transit, there are many options. Added to this is the 

truly individual cost of service by the private car. For each service, respondents face a 

personalised cost which varied across the population. However, as with aggregate studies, 

demand and revenue evaluation of pricing policies must still be based on a representative 

price for each service. Aggregation methods for discrete choice models must take into 

account the individual costs. One way of managing the price index problem is to assume that 

there is a proportional change in the cost of travel by mode for all individuals (see equations 

A3-26 and A3-27).   

The aggregate level shares add to one. This means that the quantity share weighted 

elasticities have the following adding up property    

    
A3-24 

This is closely related to Cournot aggregation, except now it is the quantity for the group that 

is the constraint, whereas the conditional ordinary demand elasticities are constrained by the 

group expenditure.  

 

si m ij
i =1

J

∑ = 0
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A3.3.2 Elasticity Aggregation 

One aggregation procedure is for a uniform percentage change in price for the population 

(Ben-Akiva and Lerman 1985):   

( ) ( )

( )
( ) ( ) ( )

( )yx

yd yyi

yx

yd yp
p

yi

i

y
i

p

i

y jy
j

y

jy
∫ ϕ

=
∫ ∂

∂

=
π

h|Prh
|Pr

mij   A3-26 

In practice the market demand and the market demand elasticities are estimated from a finite 

survey population. The exact distribution of y is generally unknown. A variety of aggregation 

methods for limited knowledge on the population are discussed in Ben-Akiva and Lerman 

(1985). Their chapter on aggregation draws heavily on Koppelman’s PhD. thesis (1975) that 

primarily looked at the bias in share prediction and share sensitivities (marginal effects) for 

binary choice models.  

While there has been less attention given to the aggregation of individual elasticities, there is 

a general agreement that the probability weighted sum is the least biased. Calculating the 

population elasticity at the sample mean of y, carries the bias of the naïve aggregation 

method. Simply averaging the individual elasticities tends to overstate the marked sensitivity, 

because individuals have a near zero probability for an alternative will have a large 

individual elasticity. The probability weighted sum elasticity aggregation method is the same 

as the sample enumeration for shares. Provided the sample is representative of the population 

then the bias is due to sample effects and there is no aggregation bias (Ben-Akiva and 

Lerman 1985). However, it is worth remembering that the sampling bias (i.e. uncertainty 

about the choice parameters as well as the true distribution of y) will far outweigh the bias 

due to aggregation (see Koppelman 1975, p 310).  

While sample enumeration (hence probability weighted elasticity aggregation) is a popular 

method of aggregation. The aggregation method does not preserve the symmetry property 

exhibited at the individual level (Taplin, Hensher and Smith 1999).  The specification given 

for a uniform change in price will preserve symmetry at the population share. It corresponds 

to a method of aggregation offered by Taplin et. al. (1999), where an average cost is assigned 

to individuals at a post-estimation stage. “The point elasticities would then be evaluated at 

the assigned representative price. This would mean marginal probabilities with respect to 

indirect utilities being evaluated at the real costs faced by the traveller followed by a 
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contrived elasticity evaluation at the assigned representative price.” (Taplin et al. 1999  

p222)    

Where the sample used for the discrete choice model is a random sample of the population, 

the location and the shape of y can be estimated by the variables recorded for the sample. If a 

choice-based sample or other sample stratification is used then sampling factors are used to 

weight the observations. It is also possible to use secondary data, such as census data or 

transport centre data to measure the distribution of variables for the population to calibrate 

the choice model using a weighted likelihood function. Assuming one of the above sampling 

and weighting strategies has been undertaken the aggregated choice elasticities are given by 

one of the following sample enumeration strategies.  

( ) ( )∑ π∑ π=
==

N

1n
n

N

1n
n yiyi |m|m ijnij      -----  probability weighted elasticities A3-27 

The matrix of aggregated direct and cross choice elasticities with respect to price, is the 
estimate for the matrix of conditional mode-share elasticities, [ ]ij

JJ
mM ′=′

×
.  That is the choice 

elasticities estimates from an AIRUM discrete choice model are the expected mode share 

elasticities conditional on a utility maximisation at the first stage of a two-stage budgeting 

process.  
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   CONSISTENCY OF CHOICE MODELS WITH NEO-CLASSICAL A3.4
DEMAND  

To simplify the exposition, assume the non-discrete commodities form a Hicks composite 

commodity with price P. and the ‘price’ for the discrete item is quality weighted i.e. 

Ppc ii = .  Also, assume that the DCM is generalised extreme value. Giving  

( ) ( )[ ]
P

em
pmV

Ppj−−=− fln
,, ap

   
A3-28 

( ) ( )[ ]PpjePuUpC fln,, +=a,p     A3-29 

The price of the composite good is the same for all alternatives (and is assumed to be the 

same for all individuals). It therefore is a global scale parameter in the DCM and does not 

affect the choice probabilities. Using Shephard’s lemma, the demand functions for the 
discrete alternatives are given by the vector of probabilities  iπ  and  let  

jiij pz ∂∂= π  be the 

Zachary-Daly terms. The corresponding Zachary-Daly matrix [ ]Jijz ∈=Z  has the properties 

TCPS1-5.   

Also, note88 that ( )[ ]{ } Ppef
P Jj

jj
Ppj ∑ π−=−

∂
∂

∈

−ln . The conditional demand function for the 

composite good is given by Roy’s identity: 
P

pm

mV
PV

x Jj
jj

0

∑π−
=

∂
∂≡′ ∈ .  This may be interpreted as 

the quantity of good purchased at price P given the residual income after purchasing one unit 
of the discrete-alternative, ∑ π−

∈Jj
jj pm (here the expected market price index is used as the 

cost of purchasing one unit). The second term of the residual income may be thought of as 

the expected outlay on the discrete-choice good. The following makes use of these results.  

 

 

                                                 

 

88 This equation holds for the generalised extreme value discrete choice models. I am not sure if it is 

generalisable to all DCM’s including the probit.  
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A3.4.1 The Slutsky substitution terms 

ZFull 1. Within the group of discrete alternatives: The Slutsky term is given by the 
corresponding Zachary-Daly term Jijz ∈ .   

ZFull 2. Between the discrete item and the outside good, part 1: the Slutsky-like  

substitution between the ith alternative and the price of the non-discrete good, is given 

by 
( )

Ppz
p

UC

Jk
kik

i

2









∑−=

∂∂
∂

∈
.

,

p
a,p

   

ZFull 3. Between the discrete item and the outside good, part 2: The Slutsky-like 

substitution term for the demand for the outside good is  

( ) Ppz
PP

pz
PP

p

m

x

p

x

p

x

k

k

k

kkj

jjkkj

j
kk

j
p

0
j

j

0

uVj

0

∑

∑

∑
∂
∂

−

=

−=

π
+

π−−
=

π
+

π
=

∂
′∂π+

∂
′∂=

∂
′∂

 

ZFull 4. The own price substitution term for the non-discrete good  is given by 

2

Ji Jj
jiij

2
Jk

kk

2

Jk
kk

Ji Jj
jiij

uV

0

Pppz

P

pm

P

pmPppzP

P

x

/








∑ ∑=

∑ π−
+









∑ π−−









∑ ∑

=
∂

′∂

∈ ∈

∈∈∈ ∈

=  
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The Full Zachary- Daly matrix presented below has the properties of the Slutsky matrix.  
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∑−⋅⋅⋅

=

∈ ∈∈∈∈

∈

∈⋅⋅

∈

2

Ji Jj
jiij

Jk
kkJ

Jk
k2k

Jk
k1k

Jk
kJkJJ2J1J

Jk
kk2J22221

Jk
kk1J11211

F

PppzPpzPpzPpz

Ppzzzz

Ppzzzz

Ppzzzz

/.....

.

.

.

Z ..  

A3.4.2   ZF has the properties of the Slutsky Matrix 

H1 Homogeneity: multiplying any row of ZF by the vector of prices and summing over 

these terms gives 

0PpzPpz
Jk

kik
Jk

kik =







∑⋅−








∑

∈∈
..         A3-30 

H2 Adding up: multiplying any column of ZF by the vector of prices and summing over 

these terms gives  

0PpzPpz
Jk

kkj
Jk

kkj =







∑⋅−








∑

∈∈
..    A3-31 

The last row and the last column meet the conditions of H1 and H2 because  

 ( )∑=













∑ ∑ ∑
∈ ∈ j

k1kj
Ji Jj

jiij
k

pzpppz      A3-32 

H3 Symmetry: the symmetry of Z implies that ZF is also symmetric.  

H4 Negativity:  Let the prices of the discrete alternative be  J21 p ., . . p p ,,=p  and 

define a row vector J21 r ., . . r r ,,=r  also let r0 be the component of the vector  

0
F r ,rr =  corresponding to the non-discrete good X0 and for the purpose of 

clarity, let P=1. 
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For ZF to be negative semi-definite then 0FFF ≤rr Z . Using r , p and Z, as well as 

the partitioning shown in ZF it is possible to undertake the matrix multiplication by 

way of partitioned matrices and the inequality is  

0rrr T2
0

T
0

T
0

T ≤+−− pprpprrr ZZZZ    A3-33 

Factoring the expression and noting that BAAB α=α , where A and B are matrices 

and α is a scalar 

( ) ( ) 0rrr T
00

T
0 ≤−+− prpprr ZZ     A3-34 

 Using the matrix operation( ) ( ) ( ) ( )TTT BABCBAACBACBA −−−=−− , rewrite the above 

expression as: 

( ) ( ) ( ) ( ) 0rrrrrr T
0

T
0

T
0

T
0

T
00 ≤−−−+−− prpprpprpr ZZZ  

                                 ( ) ( ) 0rr T
00 ≤−−⇒ prpr Z                  A3-35 

As Z is negative semi-definite, the above inequality holds for an arbitrary vector r  and 

therefore so too does the negativity property of ZF.  
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  APPENDIX  4.
 

This appendix accompanies Chapter 4 of the thesis.  

   GENERALISATION OF TAPLIN AND SMITH FOR WEAKLY A4.1
SEPARABLE UTILITY FUNCTIONS 

 

Taplin and Smith (1998) may be generalised to include non-homothetic conditional demand 

by including the conditional income elasticity for the ith good.   

 

ij

J

1k
kjkij

i
jijij ww

m

q
eee

log

log
ee ′







 ′+′−=
′∂

∂+=′ ∑
=

ω
   A4-1 

In terms of compensated elasticities the relationship is: 

ijTj
Tk

kjkijij www eEeee * ′






 ′+−∑ ′−=′
∈     A4-2 

The following shows that the above generalisation under the assumption of weak separability 

gives the same result as Carpentier and Guyomard (2001).  

A4.1.1 Derivation of the Relationship between Conditional and Unconditional 
Elasticities under the Assumption of Weak Separability as given in Section 4.4.3 

The only concern here is the within-transport elasticities and not the cross-elasticities 

between groups. In addition the outside-goods are taken to be a composite commodity z. The 

exposition starts with the general case where there are more than two groups. 

Assume separability, the Slutsky term for two products belonging to different groups is  

 
GT    G,j   T,i ;    

m

x

m

x
G

G
i

T

T
i

TGij ≠∈∈
∂
∂

∂
∂κ=s

   A4-3 
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The unconditional compensated elasticity is therefore: 

( )
G
j

T
iT

TG
Gj

j

G

G

G
i

i

T

T

T
i

T
TG

G
jj

i

j
ijij

m
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q

m

m

x

q

m

m

x

mm

qp

q

p

ee

se*

κ′=

∂
∂⋅

∂
∂⋅κ⋅=

=

   A4-4

 

Assuming that the transport is weakly separable from other form of expenditure substitute (4-

23b), *ETG
T

TG m=κ , into A4-4: 

( )
G
j

T
iTGGjij w eeEe ** ′=

       A4-5 

The corresponding ordinary elasticity is  

( ) ij
G
j

T
iTGGjij ww eeeEe * −′=

     A4-6 

For any group G the sum of the j elasticities 

( )

iG
T
iTG

Gj
ji

Gj

G
jGj

T
iTG

Gj
ij

W

ww

eeE

eeeEe

*

*

−=

∑−∑ ′=∑
∈∈∈

   A4-7 

where the last equality is due to ( ) 1w
Rj

Rjj =′′∑
∈

e  (i.e. Engel’s aggregation).  

If the group G is considered to be a Hicksian aggregate (i.e. the prices of each good within 

the group remain in proportion), then the row sum of the elasticities (A4-7) is the elasticity of 

demand for good Ti ∈  with respect to the price index PG. Noting that T
iTi eEe = , the cross 

price elasticity for goods within group T with respect to broad aggregate price indices are 

proportional to the corresponding income elasticities, i.e.,  

( ) T
iTG

T
iTGTGiG W e.EeEEe * =−=

    A4-8 

Consider now the use of separable utility functions to examine transport elasticities only. All 

other goods are assumed to form a broad Hicksian aggregate, z. At the first stage of the 
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budgeting process the cross-price elasticity for Transport with respect to z is given by (A4-8)

iizTZ eeE ′= .  By way of homogeneity (or in terms of Slutsky substitutions, see equation 4-

15b): TTTTZ EEE −−=  . The cross-price elasticity for any transport alternative with respect to 

the price of the out-side good is  

( ) iTTTiz eEEe ′−−=       A4-9 

Substituting equation (A4-9) into the homogeneity restriction 0w iizi
Tk

k
Tk

ik =++∑−∑
∈∈

eeee* : 

( )

iTTiTT

iTiTTTiTT
Tk

ik

W

W

eEeE

eEeEEeEe*

′+′=

′−′++′=∑
∈

   A4-10 

To present the relationship between conditional and unconditional elasticities we make use of 

symmetry: 

∑

∑∑

∈

∈∈

′=

′=′

Tk
jkj

Tk
jkj

Tk
kjk

w

ww

*

**

e

ee

    A4-11 

From equation (A4-1) the ordinary demand elasticity is given by 

ijTj
Tk

kjkijijij www eEeeee * ′






 ′+−∑ ′+′=′ω+′
∈

 . Using the relationships (A4-10 and A4-11): 
 

ijTj
Tk

kjkij www eEee * ′






 ′+−∑ ′=′ω
∈     A4-12 

By symmetry (A4-11)  

( ) ijTTj
Tk

jkijij wWww eEeee * ′′−′−′′=′ ∑
∈

ω
   A4-13 

Substituting the homogeneity equations (A4-9 and A4-10): 

( ) ( ) ijTTjjTTTTijij wWwWw eEeEEee ′′−′−′+′′=′ω
  A4-14 
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Rearranging 

( ) ( )1Ww1w jiTTjijTTjij −′′′+′+′′=′ eeEeeEeω
  A4-15 

Hence:  

( ) ( )1Ww1w jiTTjijTTjijij −′′′+′+′′+′= eeEeeEee
   A4-16 

Which is the elasticity form given by Carpentier and Guyomard (2001; see 4-31). Therefore, 

under weak separability:  

( ) ( )1Ww1www jiTTjijTTjij

J

1k
kjk −′′′+′+′′=′







 ′+∑ ′
=

eeEeeEee
  A4-17 

And if the transport sector of the utility function is homothetic then: 

( )1www TTjj

J

1k
kjk +′=







 ′+∑ ′
=

Ee

  
A4-18 

Taplin and Smith’s (1998) expenditure decomposition into expenditure share and expenditure 

generation elasticity is the equivalent of Carpentier and Guyomard’s (2001) homothetic 

decomposition.   

  



 

 -309- 

 

  APPENDIX  7.
 

This appendix accompanies Chapter 7 of the thesis.  

 

A7.1  DETECTION OF THE INCOME EFFECT IN MODE CHOICE  
MODELS 

Jara-Diaz and Videla (1989) show an income effect is accommodated by the inclusion of a 

quadratic term in cost. In their paper, they also segment a mode-choice sample by income to 

investigate the differences in the marginal utility of income for income classes.  

Following Jara-Diaz and Videla, an individual with income m faces a discrete choice 

problem where the set of modal costs are {p1, …, pj, …, pJ} . On making the mode choice the 

person has  m-pd remaining income for the purchase of the other goods, pd is the cost of the 

chosen alternative. The value of this remaining income will be higher for those with lower 

incomes. This borrows directly from the diminishing marginal utility of income assumption. 

This represents the between income class component of a two part model of preference 

heterogeneity employed by the authors. They also point out that, all else being equal 

(including income and the attributes of the modes), individuals observed choosing a higher 

cost mode have a lower marginal utility of income than those choosing a cheaper mode. 

Hence, they specify a within income class preference heterogeneity.  

The critical point is the absolute cost of the chosen alternative is included in the individual’s 

trade-off between the modal attributes and the remaining purchasing power and loss of 

purchasing power is of more importance to individuals with a lower income. This may be 

contrasted with traditional models of mode choice which estimate the behavioural response 

to the difference between costs or relative costs. Jara-Diaz and Videla’s formal argument 

maybe summarised as follows: 

The maximum utility at prices p for the composite commodity and income m is given as 

( ) ( )ii
T

i UpqmV a+−= f . A Taylor series expansion is used to approximate the unknown 

function ( )i
Tpqm−f . Should a linear approximation of the change in Vi due to a loss in 

income, i.e. from m to i
Tpqm − ,  be sufficiently accurate, then the change in utility due to 

this loss in income is the approximately same for everybody. The level of income is not a 

factor in the choice of mode. The conditional indirect utility function for the choice is 
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( ) ( ) ( )ii
TT

i ,pVmVqi;pmV apa +=′− −,,,  and m does not enter the mode choice utility VT. 

The term ( )mV −  indicates the indirect utility for the non-transport sector. 

If the first order approximation to f is not sufficiently accurate, then it is an indication that the 

individual takes into account the loss in purchasing power when choosing a mode. The test of 

whether income does enter the mode choice is reduced to a test of whether higher order cost 

terms (they suggest to stop at the 2nd order) test significant in the mode choice model.  

Assuming 1qT = choice model as given by Jara-Diaz and Videla (1989) is:  

( ) i
T
iii

2
i2cici VaVppU ε+=ε++β+β= `   A7-1 

“If the coefficient of p2 is significant, the conditional 
indirect utility will be potentially a function of income; thus 
observations should stratified by income and one model 
should be run for each class.” (Jara-Diaz and Videla 1989 
p396).  

The model includes modal prices in the valuation of the marginal utility of money.  

Using A7-1 to solve for ( )mV − : ( ) ( ) Cm  pmV i2cc +β+β−=−  and the conditional indirect 

utility is: 

( ) ( ) CaUppmpV i
2
i2cici2cci ++β+β+β+β−=   A7-2 

The model does not include income in the mode choice utility VT. However, the modal prices 

are included in the valuation of residual income. This is Jara-Diaz and Videla’s main point. 

The marginal utility of money is dependent on the choice of mode. To accommodate the 

diminishing marginal utility of money assumption the authors propose modelling preference 

heterogeneity by way of segmenting by income class. Effectively: 

( ) ( ) ( )i
2
i2cic

T aVpmpmV `** +β+β=    A7-3 

Here income class is used as a taste moderator, and ( ) ( ) ( )( ) m  pmmpmV i2cci **, β+β−=− , 

giving a marginal utility that is a function of mode price and income class. Jara-Diaz and 

Videla (1989) combine context heterogeneity (mode prices affect marginal utilities) and 

analyst prescribed segmentation to include the income effect in a choice model. The marginal 
utility of income is a function of both income and price, i.e. ( )ipm *,λ . 
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A7.2   INCLUDING INCOME IN A CHOICE MODEL 

Viton (1985) argued that some modal choice utility specifications are not consistent with 

utility maximisation. The implicit specification of discrete choice models as given by Viton 

(c.f. Small and Rosen 1981) separates the indirect utility into the transport sector T
iV  which 

is dependent on the choice of mode and the non-transport sector, ( )mV − : 

( ) ( ) ( )ii
T

ii ,pmVmVi;pmV apa ,,, +=′− −    A7-4 

The following discussion is adapted from Viton (1985) who limits the demand setting to the 

consumption of one unit of the discrete alternative. However, it is not difficult to relax this 

assumption and the consumer may trade-off between income and modal attributes 

conditional on the quantity chosen by the consumer (This was the point made by Rosen 1981 

– see Chapter 2).  Assume the consumer who consumes quantity has the conditional indirect 

utility  

( ) ( ) ( )T
ii

T
i

TT
i q;,pmVqmVqi;pmV apa ,,,, +=′− −    A7-5 

where ( )Ti qi;pmV ,,, pa ′−  is the valuation of the modal attributes for one trip, conditional on 

the quantity of trips demanded.  Applying Roy’s identity  

( )( )
T

T
i

j
T

i q
mVmdV

pV
≡

∂∂+

∂∂−
−      A7-6 

and solving for  ( )mV − : 

( ) ∫ ∫ ∂
∂−

∂
∂−=− dm

p

V

q

1
dm

m

V
mV

i

T
i

T

T
i      A7-7 

Viton (1985) suggested the following to be consistent with utility maximisation:  

( ) ( )






 +β+β+= −
im

i
p

T
i Um

m

p
qmVV a

*
   A7-8 
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Where m* is a proxy variable for taste (specifically modelling heterogeneity on the marginal 

disutility of costs). Solving for ( )mV −  yields:  






 β+β− mq
m

m
m

T
p *

+C, where C is the 

constant of integration. Substituting this term back into modal utility function gives: 

( ) ( ) CUpqm
m

V ii
Tp

i ++−
β−

= a
*

    A7-9 

Because the utility function is linear in income (m rather than m*), the consumer’s income 

does not enter the mode choice problem89. The utility expression is consistent with the 

conditional indirect utility function as given by McFadden (1981) and Jara-Diaz and Videla 

(1989). The only difference being that a quantity has entered the expression. Note that the 

marginal utility of income in equation (A7-9) is the negative of the cost parameter estimated 

in the discrete choice model specifying utility (A7-8). The linear form means that the 

marginal utility of income is constant, however it is given different values at different income 

levels (i.e. m* is a taste moderator). On a final note, if Roy’s identity90 is applied to equation 

(A7-8) this would yield the demand equal to Tq . This would not be the case if m* was 

treated as income, which is Viton’s main point.  

A7.2.1 Non-linear utility expressions 

For Roy’s identity (Sheppard’s Lemma) to hold for the mode choice setting the following is 

true for the conditional indirect utility function (Small and Rosen 1981, Viton 1985):  

                                                 

 

89 Viton included income as an additive term in the utility expression for one mode in a binary choice 
setting. In this way he used a demographic translation; the propensity to choose one mode over the other 
increases (or decreases) with higher incomes. If income is included in all mode utilities then it would 
drop out of the mode choice problem. 

90 Similarly A7-8 may be inverted into the cost function 
( )( )

*

`

m

Vu
pqm

p

ii
iT β−

−+= a , which gives qT as 

the quantity demanded on the application of Shephard’s Lemma  
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( ) ( )i
i

T

T

T
T

i aVdm
p

V

q

1
dm

m

V
 i,,q ;  pmV ′+∫ ∫ ∂

∂−
∂

∂−=′pa,,    A7-10 

A systematic utility in a mode choice setting with a continuous and quasi-convex function 

( )i
Tpqm −f  is consistent with Roy’s identity. The AIRUM utility belongs to this class of 

model. Given the separability of income and modal price in VT the left integral equates to:  

    ( ) 1i
i

T

T

T

CVdm
p

V

q

1
dm

m

V +′+∫ ∂
∂−=∫ ∂

∂
a     A7-11 

where C1 is a constant of integration.  

Noting that 
m

V

p

V

q

1 T

i

T

T ∂
∂−=

∂
∂

: 

    ( ) ( ) CVCUpqmdm
m

V T
2iiT

T

+=++−=∫ ∂
∂

af   A7-12 

where C is the sum of the constants of integration C1 and C2. A non-linear function of 

residual income (money left for expenditure on non-transport goods) provides a utility 

consistent specification for which the marginal utility of money is a function of income and 

transport prices.  



 

 -314- 

 

A7.3  INCOME AS A PROXY FOR TASTE 

A general representation of the inclusion of income as a proxy for taste is  

  ( ) ( )ii
T

p
T
i VpqmV a′+β= *      A7-13 

The utility expression for the non-transport consumption, V-(m) may be obtained by applying 

Roy’s Identity, equation A7-7; 

( ) ( ) ( ) C    mmdm m q
q

1
mV pp

T
T

+×β−=β∫ ×−=− **   A7-14 

The conditional indirect utility is obtained by adding back T
iV  

( )( ) ( ) CVpq-mmV ii
T

pi +′+β−= a*     A7-15 

The marginal utility of income is equal to the negative of the estimated disutility of modal 

prices in the choice model. This value varies according to the consumer’s income. It is 

possible to think of the estimate as a local approximate to the marginal utility of money. The 

main difference between the non-linear in income expression (Appendix A7.2.1) and income 

as a proxy for taste is that for the former the marginal utility of income depends upon the 

modal price as well as income and for the latter the marginal utility of income depends upon 

income only. The dependence of the marginal utility of income on modal prices is the core 

point behind Jara-Diaz and Videla’s (1989) detection of an income effect. By including a 

squared term for modal prices the marginal disutility of modal prices is modelled as a 

function of price; without the inclusion of the squared term (or having the coefficient not 

statistically different from zero) the marginal disutility is constant.  
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A7.3.1 Linearly diminishing marginal utility  

The cost parameter may interacted with income to produce a linearly diminishing marginal 

utility of income with respect to income:     

      ( ) ( )ii
T

pmp
T
i aVpq  m  V ′+×β+β=     A7-16 

Income enters the mode choice utility expressions as a taste moderator and should be 

considered to be m* rather than m. However, if the technicality is ignored for the moment 

applying equation A7-7 to equation A7-16 gives the total conditional utility: 

       ( )i
2

pmi
T

ppi aU m
2

1
pqmV +β−β−β−=     A7-17 

The marginal utility of income is mmV pmpi β−β−=∂∂ , which is the negative to the 

marginal utility of mode prices in the modal utility expression.  

 

Inclusion of a non-linear function of income as a taste moderator 

Similarly, the taste moderator may be a non-linear function of m. Using Working’s log(m) 

specification, the conditions for the marginal utility of money properties 1 – 4 are satisfied. 

The utility specification for the choice model (ignoring the additive random component) is:  

( ) ( )ii
T

pmp
T
i aUpq  m  V +×β+β= log

    
A7-18
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Solving for Vi: 

( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )ipmi
T

p

ii
T

pmppmpi
T

pm

ii
T

pmppmp
1

i
T

pm

T

i

T

T

T

i

aVmmmpqm

aVpq  m  mmmmmpq

aVpq  m  dm m  dmmpq

Vdm
p

V

q

1
dm

m

V
V

′+−×β−−β−=

′+×β+β+−×β−β−β−=

′+×β+β+∫ ∫ ×β+β−β−=

+∫ ∫ ∂
∂−

∂
∂−=

−

log

logloglog

loglog

  

A7-19 

The marginal utility of money is the negative of the marginal utility of price for the 

alternative in VT 

i
T

pmpi pVmmV i ∂∂−=β−β−=∂∂ log     
A7-20 
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A7.5  CHOICE MODELLING RESULTS 

 
Table A7.1 Models M7.1 and M7.2 Segmentation Choice modelling 

Results  

 

Segmentation  Linear     Income  effect   

 

Variable 

 Modes 

affected 

 

M7.1 

All 

 

M7.1a Income Segments    

Low                 Mid               High 

M7.2 

All 

M7.2a Income Segments    

Low              Mid              High 

linear Cost RP/SP all -0.356 -0.962 -0.281 -0.221 -0.581 -1.062 -0.526 -0.081 

                  8.58  2.94 6.58 1.33 8.96 5.85 6.52 0.25 

Non-linear cost RP/SP all     0.045 0.064 0.041 -0.030 

       5.68 4.38 4.30 0.53 

Linear Time (door to 

door) auto -0.083 -0.094 -0.088 -0.105 -0.081 -0.058 -0.080 -0.108 

RP/SP                12.88  3.06 10.90 5.88 10.30 5.10 9.62 5.46 

 Public-trans -0.044 -0.040 -0.052 -0.042 -0.039 -0.028 -0.048 -0.045 

                12.69  3.50 12.21 4.81 10.46 5.32 10.24 4.22 

ASC Interaction  
       

Licence SP auto 2.081 8.338 0.982 12.943 1.600 2.404 0.863 16.235 

                  6.08  2.86 1.95 2.52 5.42 5.24 1.86 1.86 

Vehicles SP auto 1.424 4.056 1.238 1.805 1.036 1.184 0.995 2.248 

                  8.80  2.48 6.65 2.01 6.31 2.63 6.18 1.49 

Vehicles RP auto 1.050 2.243 1.103 -0.223 1.039 1.591 1.162 -0.212 

                       9.48  3.88 10.20 0.89 8.54 4.12 9.52 0.83 

Commute RP train -0.048 1.830 -0.211 0.888 0.014 1.063 -0.428 0.923 

                 0.16  1.10 0.81 1.31 0.05 1.39 1.20 1.39 

Commute RP bus 0.095 -2.509 -0.064 0.426 -0.140 -2.004 -0.088 0.462 

                 0.61  4.10 0.26 0.88 0.64 3.86 0.28 0.98 

Mode Specific Constants  
       

SP train 2.320 6.651 1.982 11.682 2.055 2.160 1.663 15.065 

                  6.32  2.18 3.69 2.11 5.55 2.94 3.69 1.56 

 bus 2.990 8.338 2.585 10.692 2.811 3.058 2.413 13.538 

                  8.98  2.86 4.93 2.19 8.83 4.81 5.31 1.64 

RP train 0.028 3.988 0.821 -0.823 -0.182 3.156 -0.488 -0.632 

                  0.06  1.99 1.53 0.59 0.39 2.45 0.91 0.54 

 bus 0.826 -1.051 1.984 -1.683 0.661 -0.924 1.510 -1.658 

                  1.84  0.88 4.22 1.91 1.51 0.90 2.93 1.63 

Scale Parameters      (θ RP=1)  
       

θ SP  all 0.634 0.292 0.686 0.318 2.480 1.000 0.826 0.256 

  Not equal to 1 6.51 8.50 4.49 6.50 0.888 Fixed 1.83 5.58 

 

LL at model 

  

-1210.0 -133.0 -881.9 -223.3 -1198.0 -141.8 -686.4 -221.5 

LL at means   -1648.8 -211.3 -1131.8 -305.6 -1648.8 -211.3 -1131.8 -305.6 

          

χ2
 likelihood Ratio 888.4 156.6 819.8 164.6 903.4 139.1 890.9 168.2 

McFadden's R
2       .

 0.2661 0.3805 0.3180 0.2694 0.2840 0.3292 0.3936 0.2852 

R
2
 Adjusted  0.2606 0.3289 0.3100 0.2399 0.2685 0.2866 0.3856 0.2458 
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Table A7.2 Models M7.3, M7.4 and M7.5 modifying the price 

parameter by income  
Segmentation  Linearly modified Non-linearly modified Non-linear 

 

Variable 

 Modes 

affected 

 

M7.3 linear income modification 

of price parameters 

M7.4 log income modification  

of price parameters M7.5 Translog 

linear Cost RP/SP all -0.868 0.011 -1.831 0.333 9.782 
   8.11 3.00 4.61 3.27 9.81 

Non-linear cost RP/SP all 0.086 -0.001 0.209 -0.043 2.338 
   4.32 2.34 4.03 3.23 8.09 

Linear Time (door to 

door) auto -0.082  -0.072  -0.074 
RP/SP   10.2  11.67  10.61 

 Public-trans -0.039  -0.040  -0.041 
   10.43  11.97  10.94 

ASC Interaction  
    

Licence SP auto 1.625  1.660  1.755 
   5.48  6.23  5.65 

Vehicles SP auto 1.046  1.056  1.126 
   6.36  7.39  6.88 

Vehicles RP auto 1.058  1.057  1.072 
  8.64  9.71  7.69 

Commute RP train -0.001  0.029  -0.014 
  0.54  0.10  -0.05 

Commute RP bus 0.201  0.235  0.181 
  0.91  1.06  0.82 

Mode Specific Constants  
    

SP train 2.116  2.168  2.245 
   5.68  6.22  5.82 

 bus 2.891  2.947  3.057 
   8.96  9.05  8.16 

RP train -0.186  -0.229  -0.146 
   0.4  0.53  -0.33 

 bus 0.618  0.580  0.675 
   1.42  1.40  1.54 

Scale Parameters      (θ RP=1)      

θ SP  all 0.891  0.786  0.7383 
  Not equal to 

1 2.40  2.86  3.51 
 

LL at model 

  

-1192.39  -1190.7  -1183.6 

LL at means   -1648.7  -1648.7  -1648.7 

χ2
 likelihood Ratio 888.4  916.1  903.4 

McFadden's R
2       .

 0.277  0.278  0.284 

 R
2
 Adjusted 0.271  0.272  0.277 

       



 

 

 


