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Abstract  

 

The onset of summer stratification in temperate lakes and reservoirs forces a de-

coupling of the hypolimnion from the epilimnion that is sustained by strong density 

gradients in the metalimnion. These strong gradients act as a barrier to the vertical 

transport of mass and scalars leading to bottom anoxia and subsequent nutrient release 

from the sediments. The stratification is intermittently overcome by turbulent mixing 

events that redistribute mass, heat, dissolved parameters and particulates in the vertical. 

The redistribution of ecological parameters then exerts some control over the ecological 

response of the lake. This dissertation is focused on the physics of deep vertical mixing 

that occurs beneath the well-mixed surface layer in stratified lakes and reservoirs. The 

overall aim is to improve the ability of numerical models to reproduce deep vertical 

mixing, thus providing better tools for water quality prediction and management.  

In the first part of this research the framework of a one-dimensional mixed-layer 

hydrodynamic model was used to construct a pseudo two-dimensional model that 

computes vertical fluxes generated by deep mixing processes. The parameterisations 

developed for the model were based on the relationship found between lake-wide 

vertical buoyancy flux and the first-order internal wave response of the lake to surface 

wind forcing. The ability of the model to reproduce the observed thermal structure in a 

range of lakes and reservoirs was greatly improved by incorporating an explicit 

turbulent benthic boundary layer routine. 

Although laterally-integrated models reproduce the net effect of turbulent mixing 

in a vertical sense, they fail to resolve the transient distribution of turbulent mixing 

events triggered by local flow properties defined at far smaller scales. Importantly, the 

distribution of events may promote tertiary motions and ecological niches. In the second 

part of the study a large body of microstructure data collected in Lake Kinneret, Israel, 

was used to show that the nature of turbulent mixing events varied considerably 

between the epilimnion, metalimnion, hypolimnion and benthic boundary layer, yet the 

turbulent scales of the events and the buoyancy flux they produced collapsed into 

functions of the local gradient Richardson number. It was found that the most intense 

events in the metalimnion were triggered by high-frequency waves generated near the 

surface that grew and imparted a strain on the metalimnion density field, which led to 

secondary instabilities with low gradient Richardson numbers.  

The microstructure observations suggest that the local gradient Richardson 

number could be used to parameterise vertical mixing in coarse-grid numerical models 
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of lakes and reservoirs. However, any effort to incorporate such parameterisations 

becomes meaningless without measures to reduce numerical diffusion, which often 

dominates over parameterised physical mixing. As a third part of the research, an 

explicit filtering tool was developed to negate numerical diffusion in a three-

dimensional hydrodynamic model. The adaptive filter ensured that temperature 

gradients in the metalimnion remained within bounds of the measured values and so the 

computation preserved the spectrum of internal wave motions that trigger diapycnal 

mixing events in the deeper reaches of a lake. The results showed that the ratio of 

physical to numerical diffusion is dictated by the character of the dominant internal 

wave motions.  
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1 Introduction 

Terrestrial water bodies form a vital environmental, economic and social resource 

across all landscapes and among all cultures that span the globe. As an environmental 

resource, natural lakes and wetlands provide the backdrop for complex ecological 

niches that support huge biodiversity and form a vital connection between land and sea. 

As an economic resource, both natural lakes and man-made reservoirs support local, 

national and global economies by providing freshwater for human consumption, 

agriculture, industry and tourism. At present, constructed reservoirs cover 

approximately 0.3% of continents and impact heavily on the natural hydrological cycle 

(Stra!kraba et al. 1993).  As a social resource, lakes and reservoirs support a unique 

lifestyle and serve as a location for numerous recreational activities. Natural lakes in 

particular, often provide a focal point for human activity and are highly valued for their 

aesthetic appeal and function.  

A rapidly expanding human population, global warming, and increased 

recognition of the importance of wetlands to ecosystem function has lead to mounting 

pressures on government bodies to implement sustainable management practices that 

balance the environmental, economic, and social function of lakes and reservoirs. 

Striking a sustainable balance requires a truly multidisciplinary approach, of which 

scientific research forms an integral part by providing a better understanding of lake 

physics and ecology that can be used to predict responses to anthropogenic pressures. 

Numerical tools designed to simulate the behaviour of lakes and reservoirs form a 

crucial part of this research as they provide a test platform for our understanding of the 

underlying physics and ecology and provide a mechanistic means of predicting the 

response of lakes and reservoirs to changing forcing conditions. 

In temperate climates, lakes and reservoirs undergo an annual cycle of thermal 

stratification creating a vertical thermal structure that is governed by a balance between  

solar heating at the surface, which increases the strength of stratification, and convective 

and wind mixing, which acts to erode the stratification. The onset of thermal 

stratification partitions the water column into the epilimnion and hypolimnion, which 

are separated by large stable temperature gradients in the metalimnion that act as a 

barrier to vertical mixing. During stratification horizontal transport rates are typically 

several orders of magnitude greater than vertical transport rates (Imboden 1990) which 

leads to lateral homogeneity. As a consequence, the distribution of heat, salt, and 

nutrients is to a large extent controlled by vertical flux mechanisms (Ostrovsky et al. 

1996; MacIntyre et al. 1999; Nishri et al. 2000). For example, stratification may 
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promote anoxia and nutrient release in the hypolimnion and mixing processes that 

overcome the barrier imposed by strong density gradients in the metalimnion can 

entrain hypolimnion water into the epilimnion and provide a nutrient supply to primary 

producers near the surface (Spigel and Imberger 1987; Eckert et al. 2002). Therefore, 

quantifying diapycnal mixing in stratified lakes is central to an improved understanding 

of lake ecology. 

Diapycnal mixing in the deeper reaches of a lake or reservoir is coupled with  

internal wave motions, forming a feedback loop whereby internal wave energy is 

radiated throughout a lake triggering mixing events that erode the stratification. As 

stratification erodes the internal wave motions are modified. The internal waves excite 

turbulent mixing events in the deeper regions of stratified water bodies that are typically 

partitioned into internal and boundary mixing events (Wüest et al. 1996; Gloor et al. 

2000; Yeates and Imberger 2003). The relative contributions from the interior and the 

boundary will depend on the lake topography and the mechanisms forcing the 

turbulence. In small to medium sized lakes, boundary mixing typically accounts for a 

far greater portion of the vertical flux (Goudsmit et al. 1997; Gloor et al. 2000; Yeates 

and Imberger 2003); however, in very large lakes the vast extent of the interior ensures 

that internal fluxes are significant (Wüest and Lorke 2003). 

Numerical models designed to simulate the physics of stratified lakes must 

therefore include routines to estimate diapycnal mixing in the interior and at the 

boundaries, both of which are typically subgrid-scale processes. To achieve this, models 

must first implement parameterisations of turbulent mixing that provide realistic 

predictions of diapycnal flux based on grid scale flow properties. Second, they must 

maintain the correct density structure over many internal wave periods if they are to 

reproduce the flow conditions that drive diapycnal mixing events. In this dissertation 

both issues were examined.  

In the first section (Chapter 2), the objective was to incorporate parameterisations 

of internal and boundary fluxes into a one-dimensional hydrodynamic model using a 

process-based description of the growth of a benthic boundary layer and observations of 

lake-wide average mixing in response to wind-forced basin-scale internal waves. The 

implementation of new algorithms was tested in a range of lakes over seasonal time 

scales and led to far more accurate computations of the thermal structure. In the second 

section (Chapter 3) microstructure data was used to seek relationships between turbulent 

mixing events and the stability of the local flow, given by the gradient Richardson 

number. The flow conditions were found to be a function of the location of the event in 
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relation to the thermal structure, but the turbulent parameters and eddy diffusivity 

collapsed into functions of the gradient Richardson number over the entire water 

column. The data were used to construct a parameterisation of diapycnal flux as a 

function of gradient Richardson number that may be adapted for use in numerical 

models. In the final section (Chapter 4) the objective was to address the issue of 

numerical diffusion introduced by advection schemes in environmental flow models. 

Simulations of a stratified lake showed that numerical diffusion leads to a rapid 

deterioration of model accuracy by eroding the simulated thermal structure and 

modifying the computed internal wave response, thus invalidating predictions of 

diapycnal mixing. An explicit pycnocline filter (Laval et al. 2003a) was applied to the 

computed thermal structure and a method developed to optimise the filter by 

assimilating observed thermal structures into the model. This leads to more accurate 

predictions of the thermal structure, internal wave field, and diapycnal fluxes. 
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2 Pseudo two-dimensional simulations of internal and boundary fluxes in 

stratified lakes and reservoirs. 

2.1 Abstract 

New mixing algorithms to model the vertical mixing processes in stratified lakes 

have been developed for the Dynamic Reservoir Simulations Model, DYRESM, and 

have been validated using five lakes of different size, shape and wind forcing 

characteristics. An analysis of temperature profiles from Lake Kinneret, Canning 

Reservoir, and Mundaring Reservoir was used to develop a strong inverse relationship 

between the lake number and lake-wide average vertical eddy diffusion coefficient. 

Analysis of microstructure data collected in Lake Kinneret using the portable flux 

profiler (PFP) suggests that the development of a turbulent benthic boundary layer 

(BBL) accounts for a large proportion of the lake-wide average vertical flux. A pseudo 

two-dimensional model with explicit BBL and internal fluxes was developed based on 

the Lake Kinneret field observations and similar investigations in the literature. A 

sensitivity analysis revealed that improvements in the ability of DYRESM to model the 

diverse range of lakes considered without user-calibration was attributable to a wind-

sheltering algorithm and a process-based description of BBL and internal fluxes. 

2.2 Introduction 

In stratified lakes and reservoirs horizontal transport rates are typically several 

orders of magnitude greater than vertical transport rates (Imboden 1990), which 

explains why most lakes are laterally homogenous but vertically stratified in 

temperature. In gross terms, the onset of thermal stratification partitions the water 

column into the epilimnion and hypolimnion separated by the metalimnion that acts as 

the region where the stratification imposes a control on the vertical fluxes (Nishri et al. 

2000). As a consequence the distribution of biogeochemical species, such as nutrients, 

dissolved oxygen and primary producers are controlled, to a large extent, by vertical 

flux mechanisms (MacIntyre 1998; MacIntyre et al. 1999).  

The one-dimensional (vertical) equation for the concentration of a scalar, s , in a 

water column is given by 
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where the term on the left-hand side is the rate of change of mean scalar concentration 

with time, Ss is a production/consumption term, ( )zsw !!"  the vertical advection term, 

S

M
K  the molecular diffusion coefficient, ( ) zsw !!" ''  the turbulent flux term, w’ the 

turbulent fluctuation of the vertical velocity, s’ the turbulent fluctuation of the scalar s 

and the other variables have their usual meaning. Advection and molecular diffusion 

may be neglected when s  is averaged over times that are large compared to the internal 

wave periods. The turbulent flux term may be rewritten as  

z
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KswJ
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"== '' ,      (2.2) 

where KZ is called the vertical turbulent eddy diffusion coefficient. With these 

simplifications Eq. 2.1 may be multiplied by A(z), the lake area at height z, and then 

integrated from the bottom to height z (Powell and Jassby 1974). For the case where s = 

!, the temperature of the water, this yields  
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where R  is the penetrative short-wave irradiance (production term), ch the specific heat, 

"  the water density, zm the maximum water depth and 
Z
K  the lake-wide average of KZ. 

The vertical temperature profiles required for Eq. 2.3 can be readily obtained with in-

situ thermistor chains or manual profiling instruments. 

Field estimates of 
Z

K made with Eq. 2.3 have been used in previous studies to test 

the theoretical relationship derived by Welander (1968), which is given by  

( )!"
#

= 2
NK

Z
,      (2.4) 

where N
2 is the buoyancy frequency, ( )( )zgN !!"= ##2 , # is a measure of the 

magnitude of the turbulence maintaining the turbulent vertical fluxes and $ is a 

coefficient related to the mode of turbulence generation. Welander (1968) postulated 

that for relationships of the form 1!
" NK

Z
 vertical fluxes were controlled by local 

shear generated turbulence. Examples of 1!
" NK

Z
 relationships have been observed in 

field investigations (Ward 1977; Romero et al. 1998). Other investigators argue that 

while this relationship may be valid in the metalimnion, a different relationship exists in 
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the hypolimnion (Jassby and Powell 1975). In summary the field investigations 

undertaken to date have drawn varied conclusions as to the value of $  (Imberger 1998).  

Ward (1977) used Eq. 2.3 to compile a series of 
Z
K  estimates ranging from 5 x 

10-7 to 10-4 m2 s-1 in lakes with surface areas that varied from 105 to 109 m2. Using data 

from these lakes Ward (1977) derived the empirical relationship  

)(
)(

0

zN

Ag
CzKZ = ,     (2.5) 

where g is the gravitational acceleration term, A0 the lake surface area and C a 

dimensionless empirical constant (= 4.9 x 10-12). The factor 
0
A  represents the surface 

length scale and is an estimate of the fetch length (Wüest and Lorke 2003).  

A more mechanistic scaling argument was advanced by Imberger (1989) who 

suggested that 
Z
K  should scale with LN

-1, where LN is the lake number, which quantifies 

the amplitude of basin-scale internal waves in response to surface wind forcing. The 

lake number is defined as (Imberger and Patterson 1990)  
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where zT is the thermocline height, zg the height of the centre of volume, 
*
u the surface 

shear velocity due to surface wind stresses, "o the surface density and St
 the Schmidt 

stability parameter, given by ! "=
mZ

gt dzzzAzzS
0

)()()( # . For LN < 1 there is 

sufficient wind stress at the lake surface to cause upwelling of the thermocline at the 

upwind reaches of the lake. Imberger (1989) used thermistor chain data from Canning 

Reservoir (Western Australia), Wellington Reservoir (Western Australia) and Lake 

Rotongia (New Zealand) to demonstrate the existence of a strong inverse relationship 

between LN and 
Z
K  values in the lake hypolimnion. For the range 10-1 < LN < 10 values 

of 
Z
K  in the hypolimnion were as high as 5 x 10-5 m2 s-1 and for the range 102 < LN < 

103 values of 
Z
K  in the hypolimnion decreased to below 10-6 m2 s-1. The relationship 

between values of 
Z
K  and LN was examined further by Romero et al. (1998) who 

applied Eq. 2.3 and Eq. 2.6 in the metalimnion of Mono Lake (California) to derive the 

empirical relationship  
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MacIntyre et al. (1999) further suggests that a time-series of LN could be used to 

determine the frequency of upwelling and thus predict the nutrient supply into the 

euphotic zone.  

In the extreme case of LN < 1 large scale upwelling at the boundaries dominates 

vertical mass fluxes between the hypolimnion and epilimnion and results in high values 

of 
Z
K  that are sustained by the upwelling. However, for LN > 1 the increase in values of 

Z
K  observed with decreasing LN is increasingly due to mixing in the interior of the lake. 

This is the result of the wind energy being distributed throughout the lake by basin-scale 

internal waves propagating throughout the lake (Imberger 1998). Our present 

knowledge suggests that basin-scale oscillations may dissipate energy in the interior and 

at the boundaries of a lake (Antenucci and Imberger 2001) or may decay into high-

frequency waves of varied modal structure that, in turn, energise small-scale internal 

and boundary mixing (Boegman et al. 2003; Wüest and Lorke 2003). The details of the 

energy distribution by the internal wave field depend on numerous processes. Perhaps 

the most important of these processes is the interaction between internal waves and the 

boundary, leading to the maintenance of a turbulent benthic boundary layer adjacent to 

the lake bottom (Lemckert et al. 2004). 

Turbulent boundary fluxes have been studied in the field and the laboratory 

(Fischer et al. 1979; Imberger and Ivey 1993; Wüest et al. 1996; Lemckert and Imberger 

1998) and these investigations have identified three key generating processes; (a) 

internal waves breaking and shoaling on a sloping shore, (b) mean flow across rough 

bottom sediments (Imberger 1998; Thorpe 1998) and (c) internal wave pumping. In the 

metalimnion, shoaling and breaking of internal waves is the dominant source of 

boundary turbulence (Imberger 1998) and the dissipation is maximum in places where 

the bottom slope is weakly supercritical (Eriksen 1985; De Silva et al. 1997). In the 

hypolimnion, shear induced by basin-scale vertical mode one internal oscillations is the 

dominant processes generating boundary turbulence (Gloor et al. 1994; Imberger 1998; 

Lemckert et al. 2004). The enhanced turbulent fluxes in the BBL are augmented, even 

dominated by gravitationally driven upslope convection (Imberger and Ivey 1993). 

Lastly, recent results from Nakayama and Imberger (in press) have shown that non-

linearity in the basin-scale wave motions may lead to an upslope/downslope residual 
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boundary current (wave pumping) as internal waves shoal on a sloping boundary. The 

actual boundary transport is thus the sum of these three mechanisms. 

In the interior region of a lake, away from the BBL, the mechanisms sustaining a 

vertical flux of mass and momentum, above molecular diffusion, include wave-wave 

and wave-shear instabilities leading to traumata, shear sustained turbulence, critical 

layer absorption, double diffusion, bores and hydraulic jumps (Imberger and Patterson 

1990). Experimental evidence obtained in Lake Kinneret demonstrated that turbulent 

mixing in the interior of the metalimnion was typically intermittent and the result of 

either traumata due to wave-wave interaction or more energetic shear mixing (Saggio 

and Imberger 2001).  

The lake-wide average vertical flux of scalar s below the epilimnion, T

Z
F , is 

therefore the sum of the vertical fluxes occurring through the BBL and vertical fluxes 

occurring through the lake interior, so that Eq. 2.2 may be generalised to 
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where I

Z
K  is the vertical eddy diffusion coefficient in the interior and acts over a cross-

sectional area AI, B

Z
K  is the BBL vertical eddy diffusion coefficient that acts over area  

A
B
 = A – A

I, G

Z
K  is the shear dispersion coefficient due to gravitational advection 

(Imberger and Ivey 1993) and Wp is net vertical flux due to wave pumping. We assume 

here, for simplicity, that the mean vertical gradients of scalar s, zs !! , are the same at 

the boundary as in the interior.  

The development of temperature microstructure instruments (Osborn and Cox 

1972; Osborn 1980; Imberger and Ivey 1991; Wüest et al. 1996), tracer techniques 

(Wüest et al. 1996; Goudsmit et al. 1997) and direct flux measurements (Imberger and 

Head 1994; Saggio and Imberger 2001) has allowed limnologists to determine values of 

I

Z
K  and the turbulent component B

Z
K  as a function of location and basin-scale wave 

amplitude and phase. Experimental observations from a range of stratified lakes (e.g. 

Etemad-Shahidi and Imberger 1997; Goudsmit et al. 1997; MacIntyre et al. 1999; 

Ravens et al. 2000) have shown that the relative importance of boundary and internal 

fluxes depends on the degree of wind forcing, the size and shape of the lake, and the 

degree of ambient stratification. The observations have consistently concluded that 



 10 

B

Z
K >

Z
K > I

Z
K  below the epilimnion. However, the ratio AI

:A is also a critical indicator 

when assessing the overall contribution to lake-wide average vertical fluxes from 

boundary and internal processes (Wüest and Lorke 2003).  

In the absence of experimental data that make it possible to quantify the 

contribution of G

Z
K and wave pumping in the BBL an approximation of vertical fluxes 

through the BBL, B

Z
F , may be derived by subtraction:  
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where the lake-wide vertical diffusion coefficient is determined from Eq. 2.3 and the 

internal flux contribution may be obtained directly from flux measurements in the 

interior. 

One-dimensional lake thermal models take advantage of the horizontal nature of 

the thermal structure during periods of low wind and only keep track of the vertical 

distribution of properties. These models evolved from the earliest forms that assumed 

molecular diffusion was the sole mechanism for the vertical distribution of surface heat 

fluxes (Dake and Harleman 1969), to more elaborate schemes that were based on 

exponentially decaying (with depth) effective vertical eddy diffusion coefficients. Orlob 

and Selna (1970) described such a model with an effective lake-wide average eddy 

diffusion coefficient that decayed exponentially from the lake surface to the depth of the 

seasonal thermocline. The model produced satisfactory simulations of the thermal 

structure in a stratified reservoir, but the authors recognised the need to include the 

influence of surface wind stresses, diurnal cooling and mixing properties in both the 

metalimnion and hypolimnion.  

Sundaram and Rehm (1973) described a model that determined a depth-dependent 

vertical eddy diffusion coefficient as the product of an eddy diffusion coefficient under 

neutral density conditions, 0

Z
K , and a gradient Richardson number, Rig, such that  

( ) 10
1

!
+= gZZ RiKK " ,     (2.10) 

where 
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N
Rig = ,      (2.11) 
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and ( )22
zUS !!=  is the mean vertical shear and % an empirical constant. To avoid the 

necessity for an explicit description of the mean shear structure Sundaram and Rehm 

(1973) assumed that the generation of TKE (Turbulent Kinetic Energy) in the upper 

portion of the water column could be parameterised using surface wind stress. The 

gradient Richardson number was therefore parameterised as 2

*

22
uNzRig = . The model 

successfully reproduced the seasonal changes in thermal structure observed in Cayuga 

Lake (New York).  

Models based on a TKE budget of the surface mixed layer (SML) were first put 

forward for oceanic modelling by Kraus and Turner (1967) and Denman (1973) and 

later adapted for application to lakes (e.g. Tucker and Green 1977). These models were 

based on the steady state integral for the TKE budget in a laterally homogeneous SML: 

DLksp
dt

dh
hg

dt

dh
Uuw !+!+="++ '

23

*

3

*
### ,   (2.12) 

where 
*
w  is the turbulent velocity scale due to convective overturn, &U the speed 

differential between the SML and hypolimnion, h the depth of the SML, 
0

' !!"= gg  

(where "0 is the reference density), 'L the leakage of TKE by radiation of internal 

waves into the hypolimnion and 'D the TKE dissipation by viscous forces. Parameters 

(p, (s and (k are efficiency coefficients associated with the TKE production terms on the 

left - convective mixing, wind stirring and shear production - that are balanced by the 

change in potential energy (i.e. work done), TKE leakage and TKE dissipation on the 

right. 

Tucker and Green (1977) modelled the depth of the SML by considering the TKE 

inputs from a fetch-dependent surface wave field, shear due to surface wind stresses and 

convective mixing. Unlike the earlier oceanic models Tucker and Green (1977) allowed 

'L to be non-zero and given by a vertical eddy diffusion coefficient model (Kullenberg  

1971)  

g

Z

RiN
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=  ,     (2.13) 

where c is an empirical constant and u is the surface wind speed. Like the model 

presented by Sundaram and Rehm (1973), Rig in this model was determined using an 
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empirical relationship dependent on known variables at the surface boundary that was 

given by 

( ) 212

*

222
255 uzkNRi bg ++!= ,    (2.14) 

where k is von Karman’s constant and zb the distance to the nearest boundary. The 

model was applied, by Tucker and Green (1977), to two lakes of greatly varied size, 

Lake Ontario with a surface area of approximately 1.8 x 1010 m2 and Llyn Cwellyn with 

a surface area of approximately 106 m2. Good comparison was obtained with field 

measurements, which was largely attributable to the fetch dependence of the SML 

model. 

The Dynamic Reservoir Simulation Model (DYRESM) (Imberger et al. 1978; 

Imberger and Patterson 1981) was similarly based on the vertically integrated TKE 

equation for the SML but allowed for explicit parameterisations of convective mixing, 

wind stirring, shear production and Kelvin-Helmholtz billowing induced changes. 

Hypolimnetic mixing was modelled using an effective vertical eddy diffusion 

coefficient parameterisation based on the closure assumption 2
5.0 NK

Z
!=  

(Weinstock 1978), where !  is the mean dissipation of TKE. This closure scheme was 

parameterised as ( ) ESPPzK
SWmbZ

+=
2

!  where zm is the total depth of the lake, PW 

the power introduced by wind stresses at the surface, PS the power introduced by stream 

inflow, E the potential energy of the stratification, S the depth-dependent stability 

parameter given by (zm/&"0)(d"/dz), and $b a coefficient dependent on the basin shape. 

To satisfy both the stratified (N2 > 0) and unstratified (N2 ! 0) case, the closure scheme 

in DYRESM was later updated by Imberger (1982) to use the expression proposed by 

Weinstock (1981), which is given by 

( )22

0

2
6.0

obZ
vkNK += !"  ,    (2.15) 

where $b  = 0.5,  k0 is the wave number of the energy bearing eddies and v0 the root 

mean square velocity at that wave number. The updated closure scheme was solved for 

two distinct regimes. First, when wind power was the dominant disturbance and second, 

when inflowing streams were the dominant disturbance. Imberger (1982) postulates that 

beneath the SML energy can only be distributed by internal wave propagation and in 

unstratified regions, where internal waves are not supported, dissipation rates will be 

small. To account for this ‘wave-guide’ effect imposed by the stratification the 
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dissipation rates in Eq. 2.15 were assumed to decay exponentially below the centroid of 

the N2 distribution. Imberger (1982) demonstrated that the updated version of DYRESM 

was capable of predicting the thermal characteristics on time-scales from minutes to 

years in Wellington Reservoir (Western Australia). To better simulate deep vertical 

fluxes in Mono Lake, California, Romero and Melack (1996) made $b in Eq. 2.15 

variable, such that e

Nb
aL

!
= 5.0" , and used coefficients a and e to calibrate DYRESM. 

An essential component of DYRESM was the implementation of a Lagrangian 

layer structure that allowed a focus on the parameterisation of physical processes rather 

than the numerical solution of the vertical advection-diffusion equation. The grid 

structure consisted of horizontal layers with uniform properties that shift up and down 

in response to volume changes beneath and adjust their thickness to suit the topography 

of the bathymetry. The result was a variable grid resolution controlled by the properties 

of the physical processes operating in the water column. Regions of energetic mixing, 

such as the SML, could be given a course grid structure, whereas regions of high 

temperature or salinity gradients, such as in the metalimnion, could be discretised with a 

fine grid structure. DYRESM thus had a conceptually simple architecture and achieved 

high computational efficiency. 

We begin this paper with a description of the lakes and reservoirs that have been 

used to develop a completely new DYRESM. We provide a brief description of the 

seasonal behaviour observed in the epilimnion, metalimnion and hypolimnion of the 

lakes considered, and use field data collected from the study sites to illustrate the key 

features of these regions. We then examine the relationship between 
Z
K  and LN that 

was observed in Lake Kinneret, Canning Reservoir, and Mundaring Reservoir and 

develop new closure algorithms that account separately for internal and BBL fluxes. 

Basin-wide microstructure casts taken in Lake Kinneret during the summers of 1997, 

1998, 1999 and 2001 are presented to illustrate internal and boundary mixing processes. 

An overview of the new parameterisations in the SML algorithm and deep mixing 

algorithm in DYRESM is presented along with only a brief outline of the model 

structure, which remained much the same as in earlier versions of DYRESM. Validation 

results are presented followed by a discussion of an extensive sensitivity analysis and of 

the ecological significance of the work presented.  
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2.3 Thermal characteristics of the study sites 

2.3.1 Study sites 

The sites selected for this study (Table 2.1) vary in size and shape as shown in 

Fig. 2.1. The annual thermal stratification (Fig. 2.2) and surface wind forcing (Fig. 2.3) 

varied in strength between the sites. Lake Constance (Fig. 2.1A), the largest of the 

lakes, is a monomictic natural freshwater lake located at a latitude of 47 oN between the 

borders of Germany, Switzerland and Austria (Maiss et al. 1994). Lake Constance 

consists of three distinct basins, which include the Obersee (the main basin), the 

Überlingersee (an appendix to the Obersee) and the Untersee, which is connected to the 

Obersee by a 5 km long narrow section of the Rhine River. Due to the isolation of the 

Untersee from the hydrodynamic processes taking place in the remainder of the lake the 

Untersee has been neglected in this study. The Obersee and Überlingersee have a 

combined surface area of approximately 4.8 x 108 m2, and a maximum depth of 253 m. 

Thermal stratification persists from March to October, during which peak temperatures 

of over 20 oC are observed in the epilimnion. Below the epilimnion is a thick 

metalimnion that is characterised by weak temperature gradients and a hypolimnion 

with temperatures of approximately 5 oC. Autumn storm events produce wind speeds in 

excess of 8 m s-1 that excite high amplitude (up to 20 m) internal wave seiches that 

upwell the metalimnion. Inflows into Lake Constance are predominantly from snowmelt 

from the surrounding mountains, occurring primarily from April until July. 

Mono Lake (Fig. 2.1B) is a monomictic naturally hypersaline lake in a closed 

basin that is located at the eastern base of the Sierra Nevada in California (38 oN) and 

has a maximum depth of 45 m and surface area of 1.7 x 108 m2 (Romero et al. 1998). 

Thermal stratification begins in late March and persists until November when, in low 

inflow years, the lake mixes and remains fully mixed until the following spring. During 

thermal stratification the epilimnion is approximately 10 m deep and characterised by 

temperatures of up to 23 oC. Temperature gradients in the metalimnion are typically 

greater than 1 oC m-1 and temperatures in the hypolimnion are less than 5 oC. Wind 

patterns over the lake are dominated by strong diurnal winds from the SSW, with a 

yearly average speed of 6 to 8 m s-1. During winter, storms with higher wind speeds are 

experienced. Sheltered regions are formed in the lee of two large islands within the lake, 

causing a distortion of the wind field across the lake surface. Surface inflows and 

groundwater enter Mono Lake as freshwater from snowmelt, setting up a strong salinity 
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stratification that plays a critical role in determining the mixing characteristics of the 

epilimnion during wet years. 

Lake Kinneret (Fig. 2.1C) in northern Israel is a monomictic natural freshwater 

lake, located at a latitude of 32 oN, with a maximum depth of 42 m and a surface area of 

1.68 x 108 m2 (Ostrovsky et al. 1996). Stratification persists from April to December 

and during mid-summer the epilimnion is about 15 m deep with a temperature of around 

30 oC. The epilimnion is separated from a weakly stratified hypolimnion, with an 

average temperature of approximately 16 oC, by a metalimnion with sharp temperature 

gradients that can exceed 1 oC m-1. During spring and summer regular afternoon 

westerly sea breezes of up to 15 m s-1 excite an internal wave field that is dominated by 

a 24-h period Kelvin wave, and a 12-h period Poincaré wave (Antenucci and Imberger 

2001). The Jordan River to the north dominates inflows into Lake Kinneret, however 

the volume of the flow is negligible during summer stratification. 

Crystal Lake (Fig. 2.1D) in northern Wisconsin (46 oN) is the smallest of the lakes 

with a surface area of 3.6 x 105 m2 and maximum depth of 20 m. Thermal stratification 

occurs from April to October and is characterised by surface temperatures of around 22 
oC separated from a hypolimnion with temperatures of less than 8 oC by a 5 m thick 

metalimnion. Wind speeds during stratification are rarely over 5 m s-1. Inflows entering 

the lake are dominated by precipitation with a small transient contribution from 

groundwater. During winter the lake is capped by ice of up to 0.6 m thick. 

Canning Reservoir in Western Australia (Fig. 2.1F) is a freshwater supply 

reservoir located at a latitude of 32 oS, has a maximum depth of 62 m at full supply 

volume and a surface area of approximately 6.2 x 106 m2 (Imberger and Patterson 

1990). From October to June the reservoir is strongly stratified and experiences typical 

summer wind patterns that are characterised by calm nights and mornings followed by 

afternoon westerly sea breezes of up to 10 m s-1. The epilimnion during summer is 

approximately 10 m deep and reaches temperatures of up to 25 oC. The metalimnion 

during this period is characterised by sharp temperature gradients of greater than 1 oC 

m-1 and hypolimnion temperatures are, on average, between 12 and 13 oC. Due to a mild 

climate in the SW region of Western Australia the bottom of Canning Reservoir can 

remain weakly stratified through winter and spring. Inflows into the reservoir are 

negligible during summer. 

Mundaring Reservoir (Fig. 2.1E) is a monomictic freshwater supply reservoir 

located 50 km north of Canning Reservoir, has a maximum depth of 42 m and surface 

area of approximately 8.1 x 106 m2 at full supply volume. Mundaring Reservoir 
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experiences similar stratification and the same climatic conditions as Canning 

Reservoir. However a new pump-back scheme was commissioned on March 21 2001, 

which acted as a de-stratifying mechanism in the vicinity of the dam. For this reason, 

comparisons of the thermal structure in this lake were confined to periods before March 

21 2001. 
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Table 2.1. Latitude (Lat.), maximum depth (DM) and surface area (AN), of the field sites. 

Lake Lat. DM (m) AN (m
2
) 

Lake Constance, Europe 47 0N 253 4.8 x 108 

Mono Lake, USA 38 0N 45 1.7 x 108 

Lake Kinneret, Israel 32 0N 42 1.68 x 108 

Crystal Lake, USA 46 0N 20 3.6 x 105 

Mundaring Reservoir, Western Australia  32 0S 42 8.1 x 106 

Canning Reservoir, Western Australia 32 0S 62 6.2 x 106 

 

 

 

Figure 2.1. Bathymetric maps of Lake Constance (A), Mono Lake (B), Lake Kinneret 
(C), Crystal Lake (D), Mundaring Reservoir (E), and Canning Reservoir (F). Shown to 
scale.  
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Figure 2.2. Temperature profiles for Lake Constance (A), Mono Lake (B), Lake 
Kinneret (C), Crystal Lake (D), Mundaring Reservoir (E) and Canning Reservoir (F). 
Shaded regions represent simulation periods in (A) to (E) and analysis periods in (E) 
and (F). The black markers on the top of each panel indicate the time at which the 
temperature profiles were recorded and the markers on the right-hand side indicate the 
depth of the temperature measurements. 
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Figure 2.3. Maximum daily wind speed at 10 m above the water surface for the 
simulation periods in Lake Constance (A), Mono Lake (B), Lake Kinneret (C), Crystal 
Lake (D) and Mundaring Reservoir (E) and for the analysis period in Canning Reservoir 
(F). 

2.3.2 Behaviour of the epilimnion 

Fig. 2.2 shows that in all the lakes, except for Mundaring (where the record was 

too short), an increase in the total heat flux at the surface during spring caused the 

epilimnion to undergo a period of continuous heating. From spring to summer the 
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surface heat fluxes maintain a net heating of the epilimnion and the turbulent mixing 

processes described by Eq. 2.12 act to distribute heat throughout the epilimnion. The 

amount of TKE available for mixing in the SML is governed by the strength of the 

surface wind-field, which, as shown by Fig. 2.3, varied between the lakes. For strongly 

forced lakes such as Lake Kinneret a deep SML develops. Over summer the net surface 

heat fluxes are balanced by entrainment of cooler fluid and thus epilimnion 

temperatures remain approximately constant. In autumn the surface heat fluxes became 

negative, initiating convective mixing which accelerated the deepening of the 

epilimnion. In monomictic lakes, such as Lake Kinneret (Fig. 2.2C), the epilimnion 

mixed to the bottom and vertical homogeneity persisted until net surface heat fluxes 

once again became positive in spring. For simplicity we have focused primarily on 

seasonal forcing characteristics and have presented only one example of the new 

DYRESM’s ability to mimic the diurnal variability in the epilimnion, as shown by Fig. 

2.4. 

 

 

Figure 2.4. Simulation of diurnal variation in surface temperatures of Lake Kinneret for 
a one week period from day 2000122 to day 2000129 (i.e., day 122 to 129 of year 
2000). Panel A is hourly resolution thermistor chain data from the centre of the lake and 
panel B is hourly DYRESM output. 
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2.3.3 Behaviour of the metalimnion 

The most prominent feature in the behaviour of the metalimnion is internal wave 

motion, which is considered ubiquitous in stratified lakes. Fig. 2.5A illustrates a typical 

example of internal wave activity in the metalimnion of a lake that was recorded using 

high-resolution thermistor chain data collected in the NW of Lake Kinneret. The 

dominant wave modes in this example have been identified (Antenucci and Imberger 

2001) as a 24-h period Kelvin wave and a 12-h period Poincaré wave. Superimposed on 

these low-frequency motions are high-frequency internal waves, as shown in Fig. 2.5B, 

which have been characterised by Boegman et al. (2003). Both the basin-scale and high-

frequency waves distribute energy and momentum throughout the lake and are thus 

responsible for the generation of TKE that maintains turbulent mixing beneath the SML. 

A full understanding of the energy cascade from basin-scale waves to high-frequency 

waves and ultimately turbulence is not complete, but the importance of the boundaries 

in determining the fate of internal wave energy has been shown (Imberger 1998). In the 

description that follows we have used the lake number to parameterise the amplitude of 

basin-scale internal waves and have assumed that turbulent boundary and internal 

mixing, generated by the action of either basin-scale or high-frequency waves, can be 

approximated by characterising the basin-scale wave-field. 
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Figure 2.5. Depths of the 19 to 22 oC isotherms recorded in the NW of Lake Kinneret 
between days 1999170 to 1999172 (A) and between 1800 and 1900 hrs on day 1999170 
(B), which is shown by the shaded region in panel A. 

2.3.4 Behaviour of the hypolimnion 

The response of the hypolimnion differs considerably between lakes, ranging 

from a gradually varying stratification in Crystal Lake (Fig. 2.2D) to an extremely weak 

stratification in Lake Kinneret (Fig. 2.2C). The hypolimnetic structure in Crystal Lake 

results from deep penetration of short-wave radiation, due to a low light extinction 

coefficient and a quiescent hypolimnion. In Lake Kinneret, however, a higher light 

extinction coefficient blocks radiation input into the hypolimnion and heat entering via 

turbulent fluxes from the metalimnion is rapidly distributed by deep mixing. DYRESM 

algorithms have been developed to parameterise processes governing hypolimnetic 

mixing and accurately simulate the range of intensities observed.  

2.4 Internal vertical eddy diffusion coefficient 

Direct measurements of I

Z
K , B

Z
K , N

2, and local mean shear, 

( ) ( )222
zVzUS !!+!!= , were collected by deploying the Portable Flux Profiler (PFP) 

(Head and Imberger  1994) in transects across Lake Kinneret during June-July of 1997, 

1998, 1999 and 2001 (Fig. 2.6). The epilimnion was typically 12 m deep and 

characterised by little to no stratification (N2 ~ 0) and a decay in both shear (10-1 to 10-3 
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s-2) and values of I

Z
K  (10-3 to 10-5 m2 s-1) from the surface down. The metalimnion spans 

from 12 to 20 m depth and was characterised by a peak in stratification ( 2

max
N  > 5 x 10-3 

s-2) and shear (S2 > 10-2 s-2) that was accompanied by I

Z
K  values of approximately 10-5 

m2 s-1. The hypolimnion extended from 20 m deep to 5 to 10 m above the bottom 

sediments and was characterised by weak stratification and shear with I

Z
K  values that 

seldom-exceeded 10-7 m2 s-1.  The BBL was approximately 5 m thick at 30 m depth (day 

2001176) and approximately 10 m thick at 40 m depth. In contrast to the low I

Z
K  values 

in the hypolimnion, B

Z
K  values in the BBL ranged from 10-7 m2 s-1 at the top of the BBL 

to greater than 10-3 m2 s-1 near the sediment boundary. Methodologies used to directly 

calculate eddy diffusivity values from PFP measurements were described in detail by 

Saggio and Imberger (2001). 

Saggio and Imberger (2001) postulated that I

Z
K  in the metalimnion could be 

determined using the relationship  

gM

I

Z

RiK

K 6.36
= ,       (2.16)  

where Rig is the gradient Richardson number given by Eq. 2.11 and KM is the molecular 

diffusion coefficient for heat. Fig. 2.6I-P illustrates the inverse relationship between I

Z
K  

and Rig observed in Lake Kinneret. Eq. 2.16 requires local estimates of shear to 

determine Rig and is therefore not suitable for application in DYRESM. However, field 

observations suggest that shear in the metalimnion is most active at 2

max
N (Fig. 2.6E-H) 

and thus the vertical profile of I

Z
K  below the SML should follow the form 

2

max

2

N

N

K

K

M

I

Z ! ,       (2.17) 

which reflects our current understanding that internal waves are bounded by 

stratification, which forms a ‘wave-guide’ where energy is available for turbulent 

mixing. In the weakly stratified to unstratified hypolimnion internal waves cannot 

persist, however bottom shear due to basin-scale oscillations can sustain BBL 

turbulence. 
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Figure 2.6. PFP casts from Lake Kinneret on days 1997174, 1998186, 1999180 and 
2001176 showing the buoyancy frequency, N

2 (A-D), mean shear 

( ( ) ( )222
zVzUS !!+!!= ) (E-H), gradient Richardson number, Rig (I-L), and internal 

vertical eddy diffusion coefficients, I

Z
K  (M-P). 
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2.5 Lake-wide average vertical eddy diffusion coefficient 

If we assume that mode one vertical seiches dominate the internal wave field, Eq. 

2.16 can be used to obtain the relationship for 
Z
K  in the metalimnion (Imberger 2004), 

given by 

NM

Z

L

C

K

K
= ,       (2.18)  

where C is an empirical coefficient. Data from Lake Kinneret, Canning Reservoir and 

Mundaring Reservoir were used to derive a value for C. Data from the other lakes had 

inadequate temporal resolution to allow for reasonable estimates of 
Z
K  and LN. 

Daily average 
Z
K  values were determined using Eq. 2.3 at a depth of 20 m in 

Lake Kinneret (days 2000005 to 2000270), 18 m in Mundaring Reservoir (days 

2001032 to 2001080) and 20 m in Canning Reservoir (days 1986309 to 1987046). 

Temperature profiles were smoothed using a 24-h moving average to remove internal 

wave signals. Daily average LN values were determined using Eq. 2.6 with smoothed 

temperature profiles and daily average values of 2

*
u , where ( ) 2

10

2

*
UCu

waD
!!= , CD is 

the surface drag coefficient, "a and "w the densities of the atmosphere and lake surface 

respectively and U10 the wind speed at 10 m above the water surface. The relationship 

between LN and 
Z
K  is illustrated by Fig. 2.7 and following Eq. 2.18 can be described by 

the expression  

NM

Z

LK

K 200
= ,       (2.19) 

PFP, thermistor chain and wind sensor data from Lake Kinneret, for five days 

between 2001171 and 2001179, were used to determine mean metalimnion I

Z
K  and 

daily LN values, as shown in Fig. 2.7. The data show that for the limited range of LN 

values observed 
Z
K  >> I

Z
K  (by up to two orders of magnitude), which indicates that 

BBL fluxes account for a large proportion of lake-wide vertical flux. Further I

Z
K  

estimates are required to determine how the relative magnitudes of 
Z
K  and I

Z
K  change 

over a large range of LN values. By using Eq. 2.17 to describe
Z
K , which assumes that 

boundary mixing is also most active in the wave-guide, Eq. 2.19 becomes the depth-

dependent expression 
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M

N

Z
K

NL

zN
zK

2

max

2 )(200
)( = .    (2.20) 

 

 

Figure 2.7. Log plot of mean daily 
Z
K verses LN for Lake Kinneret (circles), Canning 

Reservoir (triangles) and Mundaring Reservoir (crosses). The solid line shows the 
relationship given by Eq. 2.19. Mean I

Z
K  values from PFP casts taken during June-July 

2001 in Lake Kinneret are shown as filled circles. 

2.6 Benthic boundary layer 

During summer, temperature gradients at 20 m depth in Lake Kinneret are 

approximately 1 oC m-1, 
Z
K  values are typically 5 x 10-6 m2 s-1 (from Eq. 2.3), I

Z
K  

values are approximately 10-6 m2 s-1 (see Fig. 2.6) and BBL heights are approximately 6 

m (Lemckert et al. 2004). From bathymetry the ratio A
I
:A = 0.66 and using Eq. 2.9 

suggests that boundary fluxes account for over 86% of the lake-wide average vertical 

heat flux. 

If bottom shear is the dominant mechanism that generates boundary turbulence 

below the epilimnion, BBL growth can be described by balancing potential energy 

change due to BBL thickening with TKE generated via bottom shear (Fischer et al. 

1979; Lemckert et al. 2004): 
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,     (2.21) 

where *

k
C  (= 0.23) quantifies the efficiency of TKE generation, b

u
*

 is the bottom shear 

velocity, hb the BBL height, "b the BBL density and &" the density difference between 

the BBL and hypolimnion. Integrating Eq. 2.21 with respect to time gives an equation 

describing BBL entrainment, which can be written as 

t
N

uC
thtth

b

k

bb
!+=!+

2

3

*

*

33 6
)()( ,    (2.22) 

and was used by Lemckert et al. (2004) to accurately predict the growth of the BBL in 

Lake Kinneret over a 60 day period. Detrainment from the BBL can be modelled using 

a simple diffusion algorithm (Gloor et al. 2000; Lemckert et al. 2004) 

b

BBLb

h

K

dt

dh
!= ,      (2.23) 

where KBBL is the eddy diffusion coefficient at the top of the BBL.  

The hypolimnion of Lake Kinneret is characterised by an approximately 

exponentially decaying buoyancy frequency, from metalimnion values of N2 = 10-2 s-2 to 

values of N2 = 10-4 s-2 at the bottom. Daily iterations of Eq. 2.22 coupled with Eq. 2.23, 

suggest that BBL maintenance requires bottom shear velocities of greater than 3 x 10-4 

m s-1. For a typically low bottom drag coefficient of 2.0 x 10-3 (Lemckert et al. 2004), 

this equates to minimum bottom current speeds of approximately 7.0 x 10-3 m s-1. Field 

observations (C. Marti and J. Imberger, unpublished data) indicate that currents speeds 

in the hypolimnion exceed 7.0 x 10-3 m s-1.  

To partition lake-wide average vertical fluxes into internal and BBL contributions 

an algorithm was required that described the lateral characteristics of basin-scale 

internal seiches with amplitudes approximated by LN
-1. The Burger number, BN, which 

can be readily determined in DYRESM, provides a description of waves that evolve 

from simple seiches, and is given by  

LfcBN /= ,      (2.24) 

where c is the seiche phase speed, L the basin length scale and f the inertial frequency. 

Phase speed can be determined using the simple two-layer approximation 
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where "e is the epilimnion density, he the epilimnion thickness, hh the hypolimnion 

thickness and "h the hypolimnion density. 

Rotation is important for small values of BN and seiches evolve into Kelvin waves 

that track around the lake perimeter generating boundary turbulence (Antenucci and 

Imberger 2003). As BN increases rotation becomes less important and simple seiches 

persist as such, with more of the wave energy lost as internal turbulence. Combining Eq. 

2.9 and Eq. 2.20 and using BN and LN to partition vertical fluxes between the boundary 

and interior gives the following algorithm for fluxes through the BBL: 
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Equation 2.26 is valid for values of LN  > 1, but for LN ! 1 upwelling is expected in 

response to large amplitude internal seiches and therefore boundary fluxes dominate. 

For small amplitude seiches (high LN), boundary fluxes are less dominant and the 

algorithm predicts that a larger proportion of vertical flux occurs through the lake 

interior.  

To validate Eq. 2.26 field data collected in Lake Kinneret during June and July of 

2001 were used to estimate I

Z
K , which, following Eq. 2.26, can be given by the 

expression 2

max

22 )1)(tanh()(200)( NLLBzNKzK
NNNMest

I

Z
!= . Values of N2 and 2

max
N  

were determined from PFP casts made at a 30 m deep profiling station in the NW of 

Lake Kinneret and LN and BN were determined from thermistor chain and wind speed 

records at the centre of the lake. The estimated values of I

Z
K  were compared with 

values measured during the PFP casts, using the ratio
est

I

ZPFP

I

Z
zKzK )()( , as shown in 

Fig. 2.8A. As expected the ratio approaches one beneath the SML and above the BBL 

(i.e. between 12 and 18 m deep), which indicates that Eq. 2.26 provides an accurate 

description of fluxes in the metalimnion and hypolimnion. Mean I

Z
K  values measured 

between 15 and 18 m (Fig. 2.8B) decrease with increasing distance offshore and thus, 

from bathymetry, the I

Z
K  values measured in the NW of the lake may be up to 50% 

greater than the expected lateral average. Consequently, estimated values of I

Z
K , for 
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which a laterally homogeneous process was assumed, were typically lower than the 

measured values and therefore the mean of the ratio
est

I

ZPFP

I

Z
zKzK )()( was consistently 

greater than one, as shown in Fig. 2.8A. Multiple sets of synchronised PFP, thermistor 

chain and wind sensor data from numerous stations were not available to determine 

lateral averages of the ratio 
est

I

ZPFP

I

Z
zKzK )()( . 

 

 

Figure 2.8. Plot of the ratio 
est

I

ZPFP

I

Z
zKzK )()( , which is given by the expression 

)1)(tanh(200 22

max

2
!

NNMN

I

Z
LBNKNLK , versus depth (left panel, A). I

Z
K , 2

N  and 
2

max
N  were determined from PFP casts made in the NW of Lake Kinneret during 2001 

and daily mean LN and BN determined using thermistor chain and wind speed data 
recorded at the centre of the lake. The average ratio value within 1 m thick vertical bins 
is shown as shaded bars. The right panel (B) illustrates lateral variation in mean values 
of I

Z
K  between 15 and 18 m below the surface. Averages were calculated in 5 m 

contour bins ranging from 15 to 40 m. 

2.7 DYRESM 

2.7.1 Surface mixed layer algorithm 

TKE was introduced into the SML through convective mixing (KEconv), wind 

stirring (KEstir), and shear mixing (KEshear), using the parameterisations 

twAKE NNpconv != "

3

*1
#$ ,     (2.27) 
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where (p, (s  and (k are the aforementioned efficiency coefficients, ") the layer density, 

Ai the layer surface area, Mi the layer mass, Ui the layer speed and &t the model time-

step. Layers were indexed from i = 1 at the bottom to i = N at the surface. The turbulent 

velocity scale due to convective overturn, 
*
w , is given by (Imberger and Patterson 

1981) 
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where hi is the height of layer i and K is the final layer entrained into the SML during 

density stabilisation, which occurred at the beginning of each model time-step. 
*
u  is the 

surface shear velocity due to wind, and is given by 

( ) 2

* HwaD
UCu !!= ,     (2.31)  

where CD is the surface drag coefficient determined using the iterative procedure of 

Hicks (1975) and UH is the wind speed at height H above the lake surface measured at 

each time-step. Fringing topographical features reduce surface wind stresses near the 

lake boundaries and therefore the concept of an effective area, AE, was introduced to 

reduce AN in Eq. 2.28 such that 

)tanh(
C

N

NE

A

A
AA = ,     (2.32) 

where AC is the critical area and from Xenopoulos and Schindler (2001) is 

approximately 107 m2. Using AE the transfer of momentum from surface stress becomes 

N

E

N

V

tAu
tUttU

!
+=!+

2

*)()(  ,    (2.33) 

where VN is the volume of the SML receiving the momentum. UN was limited by 

allowing a maximum acceleration time of one-quarter the internal seiche period 

(Imberger and Patterson 1981), after which UN was re-set to zero. Momentum was 



 31 

conserved during layer deepening, and ultimately used to determine KEshear (Eq. 2.29) 

and bottom shear. 

During each time-step the SML routine calculated the potential energy required to 

mix layers N and N – 1, PEmix, which is given by the expression 

( ) ( ){ }
11

*

11 !!!! +!+= NNNNNNNmix MMMMgPE """ ,  (2.34) 

where *) is the centre of mass of layer i and the asterisk superscript indicates the 

combined layer property after mixing. For an unstable density profile where PEmix < 0, 

layers N and N - 1 were merged to form an updated SML with index N = N – 1 and this 

continued until PEmix " 0.  The sum of available TKE, given by KEavail = KEconv + KEstir, 

was then determined and if KEavail " PEmix deepening of the SML continued and with 

each layer entrainment KEavail was reduced by amount PEmix. When KEavail < PEmix for 

the first time, Eq. 2.33 was used to update UN and KEavail was augmented with KEshear. 

The condition KEavail " PEmix was then re-assessed and if met deepening would continue 

with KEavail augmented by KEshear at each layer interface. When KEavail < PEmix for the 

second time, mixing ceased and any remaining KEavail was carried forward for use in the 

next time step. If the routine encountered the bottom before the condition KEavail < PEmix 

was achieved the remaining energy was lost. 

2.7.2 Deep mixing algorithm 

To fit the DYRESM architecture Eq. 2.26 was parameterised as a volume 

exchange (with associated temperature and salinity), T

i
F , between two layers of 

thickness +  below the SML, which was determined as 
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and was partitioned into a BBL exchange, B

i
F , and an internal exchange, I

i
F , using the 

expression 
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Daily values of LN were determined using simulated density profiles and average 

daily wind stress determined from hourly wind data. BN was determined from latitude, 

simulated density profiles and a length scale of 
1!=

N
AL . The model included two 

deep mixing configurations. The first configuration used Eq. 2.35 to simulate lake-wide 

average volume exchanges between two layers, and the second used Eq. 2.36 to 

explicitly model internal and BBL exchanges. These configurations were referred to as 

one-dimensional deep mixing and pseudo two-dimensional deep mixing respectively.  

For the pseudo two-dimensional configuration BBL thickness was modelled using 

Eq. 2.22 and Eq. 2.23, where values of b
u
*

 were determined from the expression 
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where b

D
C  is the bottom drag coefficient and Ue the epilimnion current speed 

determined using Eq. 2.33. The first condition was obtained from conservation of 

volume in a rectangular basin and the second condition was implemented to prevent 

unrealistically large values of b
u
*

 when the epilimnion was thicker than half the total 

water depth. BBL growth rates were limited to a maximum of b
u
*

3.0 , as postulated by 

Spigel et al. (1986) for growth of a turbulent front into an unstratified environment. 

2.7.3 Model structure 

The layer structure in previous versions of DYRESM consisted of a Lagrangian 

vertical grid with user-specified maximum and minimum allowable layer thicknesses. 

While this framework remained essentially unchanged a pseudo two-dimensional BBL 

structure was implemented where each layer (i) consisted of a BBL cell (BCi) and an 

internal cell (ICi). At the start of each day, BBL thicknesses were updated and the BCi 

and ICi volumes were derived from the bathymetry. If the BBL thickness increased, 

water was entrained from the ICi into the BCi, and if BBL thickness decreased the 

entrainment was reversed. When layers were entrained into the SML the BBL thickness 

was fixed to zero and the volume in BCN was transferred into ICN. However, during 

splitting or merging of layers in response to grid changes the boundary cells and internal 

cells remained independent, communicating only with their adjacent counterparts. Thus 

the functional nature of the Lagrangian grid was unchanged and lateral gradients 

between internal and BBL cells were maintained. Inflow plumes were inserted with no 
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initial BBL volume and outflow and entrainment losses were partitioned between 

internal and BBL cells.   

Deep mixing volumes, B

i
F  and I

i
F , were transferred from BCi to BCi+1 and ICi to 

ICi+1 respectively, with the exception of layer N-1, where B

N
F

1!  was transferred into ICN. 

Exchanges of equal volume, but opposite direction, were made to mimic the upward and 

downward fluxes in turbulent mixing events and to conserve cell volumes, which 

prevented the need to alter layer structures after each exchange. If the volume of BCi 

was less than B

i
F  the remainder was directed through the neighbouring internal cells 

and vice versa, which ensured that the total exchange, T

i
F , was completed. 

The schematic outline of DYRESM remained essentially the same as earlier 

versions, with operations performed either daily or sub-daily in the order presented in 

Fig. 2.9. Some key changes were the sub-daily input of meteorological data, which were 

supplied (where available) at a temporal resolution equal to the model time-step (one 

hour), and the addition of algorithms to determine and update the properties of ICi and 

BCi. 
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Figure 2.9. Schematic flow chart of DYRESM showing the sequence of daily and sub-
daily model routines. Adapted from Gal et al. (2003). 

2.8 DYRESM simulations 

2.8.1 Set-up and results  

Site-specific forcing data, configuration parameters and initial conditions required 

by DYRESM are shown in Table 2.2, the generic parameters in Table 2.3 and model 

configurations in Table 2.4. Canning Reservoir was not used for DYRESM simulations 

due to the absence of required forcing data. For Crystal Lake, hourly resolution 

meteorological data were not available and therefore daily resolution data were used. 

Wind speeds from the north of Lake Constance were multiplied by a factor of 1.45 to 

achieve a better representation of wind speeds at the lake surface (Hornung, 2002). 

Long-wave radiation from Lake Kinneret was reduced by 12.5% to reconcile a 

consistent bias between simulated and observed water temperature and evaporation rates 

(Gal et al. 2003). In the absence of model routines for ice cover and geothermal heating 

the temperatures in Mono Lake were limited to a minimum of 2 oC, which allowed for 
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inter-annual simulations. Model output consisted of temperature profiles at 0800 hrs for 

each day of the simulation that were linearly interpolated to fit a 1 m resolution vertical 

grid. Simulations were conducted using the pseudo two-dimensional deep mixing 

model.  

Simulation results in Fig. 2.10 show that the model was able to reproduce the 

temperature stratification observed in each lake. The onset and erosion of stratification 

and the depth of the isotherms was accurately simulated for all simulation periods 

except in Mono Lake during 1992, when the thickness of the metalimnion was 

underestimated by up to 5 m. The development of strong unstable salinity stratification 

in Mono Lake during the summer of 1992 may have caused double diffusive salt 

fingering that broadened the metalimnion (Romero et al. 1998). This process was not 

modelled in DYRESM. 
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Table 2.2. Site-specific forcing data, configuration data and initial conditions required 
by DYRESM. 

Input variable Resolution Units 

Meteorological    

SW radiation Daily or time-step  W m-2 

LW radiation Daily or time-step  W m-2 

Air temperature Daily or time-step  oC 

Vapour pressure Daily or time-step  mb 

Wind speed Daily or time-step  m s-1 

Rainfall Daily or time-step  m 

Inflows   

Volume Daily volume m3 

Temperature Daily mean oC 

Salinity Daily mean pss 

Stream half angle Single value o 

Stream slope Single value o 

Drag coefficient Single value dimensionless 

Withdrawals   

Volume Daily volume m3 

Elevation above bottom Single value m 

Bathymetric   

Elevation above bottom Vertical profile < 5 m spacing m 

Surface area Vertical profile < 5 m spacing m2 

Crest elevation Single value m 

Configuration   

Start time (Ti) Single value yyyyddd 

Simulation length (T) Single value days 

Light extinction coeff. 

(Kd) 
Single value m-1 

Max. layer thick. (hMAX) Single value m 

Min. layer thick. (hMIN) Single value m 

Model time-step (&t) Single value seconds 

Latitude (Lat.) Single value o 

Initial conditions   

Temperature profile Single value oC 

Salinity profile Single value pss 
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Table 2.3. Generic model parameters required by DYRESM. 

Parameter Value(s)  Units Reference source 

Bulk aerodynamic momentum transport 

coefficient 
1.3 x 10-3  Stull (1988) 

Bottom drag coeff. (
b

D
C ) 2.0 x 10-3  Lemckert et al. (2004) 

Mean albedo of water 0.08  Patten et al. (1975) 

Emissivity of water surface 0.96  Imberger and Patterson (1981) 

Critical wind speed 3.00 m s-1 Spigel et al. (1986) 

Entrainment coefficient constant 5.0 x 10-2  Spigel et al. (1986) 

Shear production efficiency ((k) 0.06  Best fit to data. 

Potential energy mixing efficiency ((p) 0.20  Spigel et al. (1986) 

Wind stirring efficiency ((s) 0.40  Spigel et al. (1986) 

Effective surface area coefficient (AC) 1.0 x 107 m2 
Estimated from Xenopoulos and 

Schindler (2001) 

Vertical mixing coefficient (C) 200  Fig. 2.7. Eq. 2.19 

BBL diffusivity (KBBL) 1.0 x 10-5 m2 s-1 Fig. 2.6 

 

Table 2.4. DYRESM configurations for field sites. See Table 2.2 for parameter 
descriptions. 

Lake Ti T (days) Kd (m
-1

) hMAX (m) hMIN (m) &t (s) Met Res.  

Constance 1996128 197 0.35 3.0 1.0 3600 &t 

Mono 1991013 1373 0.6 3.0 1.0 3600 &t 

Kinneret 1997001 1364 0.5 3.0 1.0 3600 &t 

Crystal 1995123 179 0.27 3.0 1.0 3600 Daily 

Mundaring  2001032 48 0.2 3.0 1.0 3600 &t 
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Figure 2.10. Simulated temperature profiles for Lake Constance (A), Mono Lake (B), 
Lake Kinneret (C), Crystal Lake (D) and Mundaring Reservoir (E) using the pseudo 
two-dimensional deep mixing code. 

2.8.2 Sensitivity analysis 

The first part of the sensitivity analysis assessed the influence that coefficients (s 

and (k have on simulated SML depths. Model sensitivity was quantified by comparing 

the average difference between simulated and observed isotherm depths for coefficients 
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in the range 0 " (s " 1.0 and 0 " (k " 0.1. Isotherms were chosen from the top of the 

metalimnion as they provided the best indication of SML depth.  

The results in Fig. 2.11 illustrate that the influence of (s and (k varied among the 

lakes, with the greatest influence shown in Lake Kinneret where simulations varied 

from under-predicting SML depth for low (s and (k values to over-predicting for high 

(s and (k values. Within these extremes was a range of parameter settings that produced 

average discrepancies of less than 2 m. In Mono Lake and Mundaring Reservoir 

simulated SML depth was dependent on (s, with the use of high values (0.6 to 1) over-

predicting SML depths and the use of low values (0 to 0.2 in Mono Lake and 0 in 

Mundaring Reservoir) under-predicting SML depth. Model accuracy was independent 

of (s and (k in Lake Constance and Crystal Lake, as shown by the consistently good 

agreement between simulated and observed isotherm depths for all values of (s and (k. 

Coefficient values used for the initial simulations, (s = 0.4 and  (k = 0.06, produced 

results that agree favourably with the observed data.  

The second part of the sensitivity analysis compared the results obtained using 

model configurations without effective area (1), with effective area (2), with effective 

area and one-dimensional deep mixing (Eq. 2.35) (3) and with effective area and pseudo 

two-dimensional deep mixing (Eq. 2.36) (4). Using the same analysis technique as part 

one isotherms from the epi-, meta- and hypo-limnion were selected to assess the model 

performance, as illustrated in Fig. 2.12A-E. In addition the percentage of occurrences 

where the observed isotherm depth was greater than the simulated depth was determined 

(Fig. 2.12F-J) to gauge whether the model was underestimating or overestimating 

isotherm depths. For model configuration 1 only Lake Constance was accurately 

simulated. A lack of deep mixing was simulated in Mono Lake and Lake Kinneret, and 

an excess of surface mixing was simulated in Crystal Lake and Mundaring Reservoir. 

The addition of wind sheltering (configuration 2) reduced the large discrepancies shown 

in Mundaring Reservoir and Crystal Lake, but had negligible effect on Lake Constance, 

Mono Lake and Lake Kinneret. One-dimensional deep mixing (configuration 3) reduced 

the differences between observed and simulated isotherm depths in Lake Kinneret and 

Mono Lake, however the simulated isotherm depths became deeper than the observed. 

The effect of one-dimensional deep mixing on the other lakes was less significant. A 

model with pseudo two-dimensional deep mixing (configuration 4) produced good 

results for all of the lakes, with average differences between observed and simulated 

isotherm depths of less than 2.5 m (except for the Mundaring Reservoir 16 oC isotherm) 

and a decrease in the occurrence of persistent over- or under-mixing.  
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Figure 2.11. Results of the SML algorithm sensitivity analysis showing the mean 
absolute difference between the simulated and observed depths of a near-surface 
isotherm for mixing coefficients in the range 0 " (s " 1.0 and 0 " (k " 0.1. The plots are 
Lake Constance (A), Mono Lake (B), Lake Kinneret (C), Crystal Lake (D) and 
Mundaring Reservoir (E). 
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Figure 2.12. Simulation results of the four model configurations applied to Lake 
Constance (A), Mono Lake (B), Lake Kinneret (C), Crystal Lake (D) and Mundaring 
Reservoir (E). Panels on the left show the mean absolute difference between simulated 
and observed isotherm depths (A-E) and panels on the right show the percentage of 
profiles where the depth of the observed isotherm was greater that the simulated depth 
(F-J). The symbols indicate the four DYRESM configurations, 1 (triangles), 2 (circles), 
3 (diamonds) and 4 (crosses). 

 



 42 

2.9 Discussion 

2.9.1 Surface mixed layer 

The improved performance of the DYRESM SML routine is largely attributable 

to the inclusion of an effective surface area algorithm (Eq. 2.32) that reduced surface 

mixing in the smaller, more sheltered lakes. Eq. 2.32 provides a simple and effective 

means of parameterising sheltering based on total surface area, but care must be taken 

for lakes where sheltering is a strong function of wind direction. Such cases will need a 

more sophisticated algorithm. 

Part one of the sensitivity analysis demonstrated that accurate simulation of the 

SML depth was possible for a range of (s and (k values. In Lake Kinneret, which was 

strongly wind-forced, the combination of high (s values and low (k values, or vice 

versa, accurately reproduced observed SML depths. A simplified SML model that 

considers only the TKE produced through wind stirring (i.e. (k = 0 and (s # 0), which 

was first proposed by Kraus and Turner (1967), was used in the earliest version of 

DYRESM (Imberger et al. 1978). The second limiting case is a model that assumes 

TKE generated by mean internal shear is the only mechanism deepening the SML (i.e. 

(s = 0 and (k # 0). Such models were proposed by Pollard et al. (1973) and adapted to 

lakes by Sundaram and Rehm (1973). It is clear from the sensitivity studies that wind 

stirring, shear production and convection all contribute to the SML deepening and in 

particular the best simulations, which were achieved for (s = 0.4, (k = 0.06 and (p = 

0.2, revealed that simple single parameter models do not suffice. 

2.9.2 Deep mixing 

Two forms of deep mixing were examined in DYRESM configurations 3 and 4. 

One-dimensional deep mixing improved simulation results for Lake Kinneret and Mono 

Lake but did not significantly alter the simulation results for the other lakes. In both 

Mono Lake and Lake Kinneret, where simulation results were under-mixed for model 

configurations 1 and 2, the simulation results became over-mixed with the inclusion of 

the one-dimensional deep mixing model. During stratification LN values determined by 

DYRESM, shown in Fig. 2.13, were generally high for Lake Constance, Crystal Lake 

and Mundaring Reservoir and thus deep mixing was weak. In Mono Lake and Lake 

Kinneret, however, periods of low LN occurred during strong wind events and led to 

active deep mixing that improved the simulated thermal structures.  

In Mono Lake and Lake Kinneret, where deep mixing was important, using a 

model with explicit BBL and internal mixing (configuration 4) produced the best 
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predictions of thermal structure. Fig. 2.14 shows simulated BBL thicknesses for each 

lake. In Lake Constance, Crystal Lake and Mundaring Reservoir BBL thicknesses were 

less than 3 m and would have therefore played only a minor role in shaping the 

simulated thermal structures. In contrast, BBL thicknesses of 10 to 15 m were simulated 

in Mono Lake and Lake Kinneret, which suggests a much more active mixing role. 

Development of the BBL is these lakes differed considerably. 

During spring, maximum daily wind speeds above Mono Lake (Fig. 2.3) regularly 

peaked higher than 10 m s-1, which generated high epilimnion water speeds, Ue, and 

increased bottom shear. Weak stratification accompanied the high bottom shear and, 

following from Eq. 2.22, BBL growth proceeded rapidly. As stratification increased 

BBL growth became inhibited by the stratification but was periodically invigorated by 

strong wind events, such as that on day 1992176, and thus the temporal distribution of 

strong wind events was critical in determining the persistence of the BBL. For example, 

during spring 1993 a sequence of strong wind events in close succession generated a 

BBL of up to 15 m thick that slowly eroded over the proceeding four months. However 

during 1994 the same rapid succession of strong wind events was not experienced and 

as a consequence the BBL did not reach to same thickness and was not as long lasting. 

Surface-down winter mixing eroded any remaining BBL structure at the end of the 

stratification cycle. 

In contrast, BBL growth in Lake Kinneret was less sporadic and closely regulated 

by strong seasonal trends in the wind forcing. During spring, the rapid onset of 

stratification coupled with weak wind activity retarded BBL growth. Late in spring 

wind speeds increased and remained high, providing enough bottom shear to overcome 

the stratification and in response the BBL grew rapidly, reaching a thickness of nearly 

10 m at the lake bottom. As density gradients pushed deeper into the hypolimnion at the 

end of summer and wind speeds began to decrease, the BBL collapsed until winter 

mixing homogenised the water column. This pattern of BBL development was 

consistent between the years with the greatest thicknesses occurring in summer 1999 

when the lake experienced a prolonged period of strong wind forcing. Simulated BBL 

thicknesses agree well with those observed by Lemckert et al. (2004) and show the 

same decrease in thickness higher in the water column.  

Adding to the complexity associated with BBL growth is the variable form of the 

internal seiches that induce bottom shear. As stratification develops long-wave speeds 

become faster, which increases BN and increases the fraction of vertical flux simulated 

through the lake interior. As the stratification deepens later in summer, BN decreases, 
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and fluxes through the BBL are again dominant. Simulated BBL fluxes were therefore 

greatest during strong wind events that occurred either early or late in the stratification 

cycle. These processes were approximately in phase for Mono Lake, but out of phase in 

Lake Kinneret. Further investigation is required to determine if BBL activity peaks 

early and late in the Mono Lake stratification cycle.  

The extent to which deep mixing routines improve the simulated thermal 

structures of Mono Lake and Lake Kinneret has been demonstrated by the sensitivity 

analysis. This improvement can be attributed to two key processes not previously 

modelled in DYRESM. First, deep mixing distributes heat from the epilimnion into the 

hypolimnion and weakens the sharp density gradients associated with DYRESM 

configurations 1 and 2, thus decreasing PEmix and boosting the rate of SML deepening. 

Second, BBL mixing rapidly distributes heat entering the top of the hypolimnion, which 

re-sharpens the metalimnion density gradients and reduces the rate of SML deepening. 

The one-dimensional mixing model only had a parameterisation of the first processes, 

and consequently the simulation results in the lakes where deep mixing is important 

(Mono Lake and Lake Kinneret) were consistently over-mixed. The pseudo two-

dimensional deep mixing model not only provided a better representation of the first 

process, by partitioning deep fluxes between the interior and BBL, but also modelled 

the second process, which corrected the inaccuracies of the one-dimensional deep 

mixing model. 
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Figure 2.13. Simulated lake number values, LN, for Lake Constance (A), Mono Lake 
(B), Lake Kinneret (C), Crystal Lake (D) and Mundaring Reservoir (E). 
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Figure 2.14. Simulated BBL thickness for Lake Constance (A), Mono Lake (B), Lake 
Kinneret (C), Crystal Lake (D) and Mundaring Reservoir (E). The solid line represents 
the thickness at the deepest point in the lake and the dashed line represents thickness at 
200, 10, 10, 5 and 10 m above the deepest point respectively. 

2.9.3 Ecological significance 

During thermal stratification a nutrient gradient (nutricline) is often established 

across the metalimnion because intensified biomineralisation within the hypolimnion 

may lead to increases in nutrient concentrations in the hypolimnion. A second nutricline 
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may also form at the top of the BBL because of intensified biomineralisation within the 

BBL (Nishri et al. 2000). In simple terms, the development of a nutricline is initiated by 

the formation of dissolved oxygen gradients in response to the high oxygen demand of 

hypolimnetic suspensions and sediments and a decoupling of the hypolimnion from the 

oxygenated epilimnion. Hypolimnetic anoxia then promotes the rapid denitrification of 

nitrate and an accumulation of ammonium via sediment release and organic matter 

decomposition (Wetzel 1983; Eckert et al. 2002). The decrease in redox potential that 

accompanies anoxia at the sediment-water interface also triggers the release of 

sediment-bound phosphate (Mortimer 1971).  

If the attenuation of photosynthetically active radiation (PAR) restricts 

photosynthesis to the epilimnion (Reynolds 1998), primary producers must rely on 

nutrient fluxes from the stores below the nutricline to sustain their population growth 

(Ostrovsky et al. 1996; Spigel and Imberger 1987). Estimates of nutrient uptake and 

supply rates in a stratified lake have suggested that the time-scales of biogeochemical 

reactions in the epilimnion are much shorter (hours to weeks) than the time-scales of 

nutrient replenishment via vertical fluxes (100 days) (Eckert et al. 2002). This 

experimental evidence indicates that the rate at which vertical flux processes supply 

nutrients to the epilimnion limits the rate of primary production in stratified lakes. It is 

therefore essential that ecological models designed to predict primary production in 

stratified lakes have routines that simulate deep vertical mixing. 

2.10 Conclusions 

Field data were used to derive new mixing algorithms for DYRESM, which were 

validated using a range of lakes and reservoirs that varied in size, shape, forcing 

characteristics and strength of seasonal stratification. The first modification was the 

inclusion of a wind sheltering parameterisation that reduced over-deepening of the SML 

in the smaller lakes. The second modification was the explicit simulation of BBL and 

internal fluxes below the epilimnion using process-based parameterisations derived 

from a detailed analysis of the field data. The simulation results showed that the BBL 

and internal mixing led to significant improvements in the ability of the model to 

reproduce thermal structures observed in the lakes that experienced strong wind forcing. 

These modifications have produced a robust and flexible hydrodynamic model 

and have eliminated the need for user-calibration of the mixing parameters. When 

coupled with an ecological model the new deep mixing routines in DYRESM should 
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provide more accurate simulations of nutrient distribution and thus a better prediction of 

primary productivity. 
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3 Turbulent mixing intensity and its relationship to the gradient Richardson 

number in the water column of a stratified lake. 

3.1 Abstract 

Simultaneous velocity and temperature microstructure profiles were collected at a 

number of sites in Lake Kinneret during four summer field campaigns between 1997 

and 2001. The microstructure profiles were used to identify statistically stationary 

turbulent segments and the properties of the turbulence in these segments were 

analysed. Dissipation rates, buoyancy fluxes, turbulent length scales, and turbulent 

velocity scales differed between the epilimnion, metalimnion, hypolimnion, and the 

benthic boundary layer as did the distribution of events on a phase diagram of turbulent 

Froude number versus turbulent Reynolds numbers. However, the properties of a vast 

majority of turbulent events observed in all regions in the lake were functions of the 

gradient Richardson number, Rig, with a transition in behaviour at Rig = 0.0228. 

Dissipation rates showed a dependence on shear and buoyancy that was distinctly 

different to the dependence observed in the ocean, which suggests that a new 

parameterisation of shear-generated turbulence in a stratified lake is instructive. The 

relationships observed between turbulent properties and Rig were used to derive an 

approximation of the diapycnal diffusivity as a function of the gradient Richardson 

number that provides more accurate approximations of diapycnal mixing in stratified 

lakes compared with existing gradient Richardson number parameterisations developed 

in ocean literature. The derived relationship showed good agreement with diffusivity 

estimates made using an indirect method with low mixing efficiency. Intermittent 

periods of intense turbulent mixing in the metalimnion that were identified in the 

microstructure profiles were related to the high-frequency internal wave field. 

3.2 Introduction 

Quantifying diapycnal mixing in stratified lakes is central to an improved 

understanding of lake ecology as diapycnal exchange largely controls the distribution of 

dissolved and suspended substances that are vital to ecological cycles (Ostrovsky et al. 

1996; MacIntyre et al. 1999; Nishri et al. 2000). Mixing processes that overcome the 

barrier imposed by strong density gradients in the metalimnion of thermally stratified 

lakes produce diapycnal exchange of heat and nutrients that weakens the ambient 

stratification and supplies nutrients stored in the hypolimnion to primary producers in 

the epilimnion (Ostrovsky et al. 1996). A large body of work has focused on 

parameterisations of diapycnal mass exchange generated by turbulent mixing in 
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stratified oceans and lakes (for a review see Yeates and Imberger 2003). These 

parameterisations are often embedded in eddy diffusivity models used to interpret 

physical and ecological gradients observed in the field and as closure approximations in 

numerical models. Turbulent mixing in stratified lakes is typically partitioned into 

internal and boundary mixing (Wüest et al. 1996; MacIntyre et al. 1999; Gloor et al. 

2000) and depending on the lake topography and the mechanisms forcing turbulence, 

gravitational boundary fluxes induced by mixing in the benthic boundary layer may 

account for more than 80% of the lake-wide average diapycnal mass flux (Yeates and 

Imberger 2003). In this contribution we focus on turbulent mixing in the various regions 

of a stratified lake and refer the reader to Yeates and Imberger (2003) for a discussion of 

the mass flux in the benthic boundary layer.   

 Turbulent mixing is described by the equation for conservation of turbulent 

kinetic energy (TKE) (Ivey and Imberger 1991) 
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where t is time, xj is the three-dimensional coordinate axis (j = 1, 2, 3, and x3 is positive 

upwards), uj are the mean velocity components, " the mean density, uj’ the fluctuating 

velocity components, "’ the fluctuating density component, g the gravitational 

acceleration, , the rate of dissipation by viscous forces and the overbar represents an 

ensemble average. The sum of the terms on the left-hand side of Eq. 3.1 – rate of change 

of TKE, transport of TKE by turbulent fluctuations, rate of work by turbulent pressure 

fluctuations, advection of TKE by mean flow and the generation of TKE by shear, 

respectively – are balanced by buoyancy flux, ( )0 3
b g u! !" "= , and TKE dissipation 

rate, ,. For an ideal case of stationary and homogenous turbulence, the efficiency with 

which turbulent mixing converts mean flow kinetic energy into potential energy is given 

by the flux Richardson number Rif, expressed as 

f
Ri

b

b !
=

+
.     (3.2) 

The intensity of turbulent mixing in stratified flows is typically quantified by the 

diapycnal eddy diffusivity, -", which can be determined indirectly using estimates of 

dissipation rate and constant values of Rif, for example (Osborn 1980; Etemad-Shahidi 

and Imberger 2001) 
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where ( )( )2

0
N g z! != " # #  is the buoyancy frequency squared, "0  the reference 

density, z is positive upwards and .mix the so-called mixing efficiency. The dissipation 

rate , can be estimated by fitting the theoretical Batchelor spectra to temperature-

gradient spectra measured using microstructure probes (Luketina and Imberger 2001). 

Values of Rif seldom exceed 0.15 in geophysical flows so the inequality 2
0.2 N!" #$  

is often assumed in oceanographic and limnological research.  

Ivey and Imberger (1991) re-analysed data from grid and shear generated 

turbulence in stratified flows, collected by Stillinger et al. (1983), Itsweire et al. (1986), 

and Rohr et al. (1988), and related values of Rif observed in turbulent mixing events to 

the turbulent Froude number, Frt, and turbulent Reynolds number, Ret. Furthermore, 

Imberger and Ivey (1991) collected temperature microstructure in the field to 

demonstrate that the values of Frt and Ret vary greatly in natural flows and depend on 

the physics of the underlying processes. Thus, a wide range of Rif values may be 

expected in natural flows and the value of Rif used when indirectly estimating eddy 

diffusivities must be selected with caution. Due to the unsteady behaviour of forcing 

mechanisms in natural flows, the turbulent scales that define Frt and Ret are also a 

function of turbulence evolution time, as seen in laboratory experiments (Rohr et al. 

1988), numerical simulations (Holt et al. 1992) and from dimensional analysis 

(Imberger 1994). 

Recent experiments have introduced profiling instruments developed to 

simultaneously record high-resolution velocity, temperature and conductivity 

microstructure that can be used to determine the instantaneous turbulent buoyancy flux, 

( )0 3
b g u! !" "= , in the field. These direct measurements of buoyancy flux have shown 

that turbulent mixing events consist of simultaneous up-gradient (b < 0) and down-

gradient (b > 0) buoyancy fluxes that occur intermittently and may counteract each 

other to yield negligible net buoyancy flux (Huq and Britter 1995; Etemad-Shahidi and 

Imberger 2001). Direct estimates of buoyancy flux show that indirect estimates (e.g., 

Obsorn 1980) often overestimate the buoyancy flux produced by turbulent mixing 

because they do not account for up-gradient fluxes and ignore the time-dependent 

behaviour of Rif (Gargett and Moum 1995).  
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Numerous studies have attempted to relate turbulent buoyancy fluxes to local 

shear stability (e.g., Peters et al. 1988, Mack and Schoebelein 2004; Lozovatsky et al. 

2006), which may be parameterised with the gradient Richardson number 

2

g 2
Ri

N

S
= ,      (3.4) 

where ( ) ( )
2 22

1 2
S u z u z= ! ! + ! ! is the squared mean horizontal shear. The logic for 

this approach has been that parameterisations of turbulent flux in terms of Rig require 

input of only mean flow properties and thus eliminate the need to measure or simulate 

microstructure. Stability analysis (Miles 1961; Howard 1961), laboratory experiments 

(Rohr et al. 1988), field data (Peters et al. 1988; Saggio and Imberger 2001) and 

numerical studies (Holt et al. 1992) all suggest that shear-instabilities grow into 

turbulence when values of Rig fall below a critical value of approximately 0.25. 

However, weak turbulent mixing was observed for much higher gradient Richardson 

numbers at the ocean thermocline, probably because the measurements were taken after 

the flow had been modified from the initial shear instability that precipitated the 

turbulence (Mack and Schoebelien 2004).  

Although turbulence in the metalimnion of a stratified lake can originate from a 

diverse variety of mechanisms, such as wave-wave traumata, internal wave breaking, 

critical layer absorption, bores and hydraulic jumps (Imberger and Patterson 1990; Teoh 

et al. 1997), microstructure data collected in the metalimnion of a strongly stratified 

lake suggest that shear-driven turbulence initiated by unstable flow with local values of 

Rig < 0.25 is the most energetic form of turbulence in the metalimnion (Saggio and 

Imberger 2001).   

Here we examine turbulent mixing events generated by shear instabilities in a 

wind forced stratified lake. The study focuses determining whether parameterisations of 

turbulent properties can be developed based on background flow characteristics given 

by shear and buoyancy and if the parameterisations provide a reliable predicative tool 

for field and numerical studies. We first present an overview of the vertical patterns that 

emerge in the microstructure measurements of turbulent events and examine the 

characteristics of turbulent events in the epilimnion, metalimnion, hypolimnion, and 

benthic boundary layer. Relationships between the turbulent scales and the local shear 

stability given by the fine-scale gradient Richardson number are developed and a 

scheme to relate diapycnal diffusivity to the gradient Richardson number is then 

postulated based on the data collected here. This relationship is then compared to 
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similar schemes derived for ocean turbulence. The results of the turbulence analysis are 

put into context using recent findings from an accompanying internal wave study 

conducted on the same data set collected in Lake Kinneret (Gómez-Giraldo et al. 2008), 

hereafter referred to as GIAY, thus providing insight into the mechanisms driving 

intense bursts of turbulence observed in the lake interior. 

3.3 Field site and methodology 

3.3.1 Field site 

The site for the field study was Lake Kinneret (Fig. 3.1) in northern Israel (33 oN, 

36oE). Lake Kinneret is a natural, monomictic, freshwater lake with a surface area of 

approximately 1.68 x 108 m2 (Ostrovsky et al. 1996) and a maximum depth that 

fluctuates between 39 and 42 m. Temperature stratification is maintained by solar 

heating from March to December and an erosion of the stratification by wind mixing 

and convective overturns occurs in January. In summer, strong solar radiation input and 

calm mornings create a diurnal surface layer of several metres thick with temperatures 

of up to 30 oC that is rapidly mixed down to the seasonal thermocline by strong westerly 

afternoon sea breezes of up to 15 m s-1. The metalimnion (from 10 to 20 m deep) 

remains strongly stratified throughout summer and supports a diverse internal wave 

field that draws energy from momentum input by the wind (Gómez-Giraldo et al. 2006). 

Temperatures decrease from 18 oC at the base of the metalimnion to 16 oC deep in the 

hypolimnion. Salinity gradients are negligible. 

Previous studies in Lake Kinneret have shown that the internal wave field is 

dominated by a cyclonic vertical mode 1, horizontal mode 1 Kelvin wave with a natural 

period of 22.6 h that is forcibly reset by the 24-h period of the sea breeze (Gómez-

Giraldo et al. 2006). Vertical modes 1, 2, and 3, horizontal mode 1 Poincaré waves, with 

periods 10.5 to 20 h and high-frequency waves associated with a spectral energy peak 

just below the buoyancy frequency have also been identified (Antenucci and Imberger 

2001). The most recent study investigating basin-scale internal waves in Lake Kinneret 

suggests that the second most dominant internal wave signal is more complicated than 

initially reported and comprised of two counter-rotating vertical mode 1 Poincaré cells 

with a natural period of ~10.5 h (Gómez-Giraldo et al. 2006). A 5 to 10 m thick 

turbulent benthic boundary layer (BBL) coats the perimeter of the metalimnion and 

hypolimnion and is energized by shearing of baroclinic currents across the lake bed and 

locally focused internal wave interactions with the bed slope (Lemckert et al. 2004). 
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Figure 3.1. Bathymetry map of Lake Kinneret showing 5 m depth contours and the PFP 
profiling sites. The depth contours are defined for a total water depth of 42 m. 

3.3.2 Experimental 

Simultaneous profiles of temperature, conductivity, and velocity microstructure 

were collected during four summer field campaigns undertaken between June and 

August of 1997, 1998, 1999, and 2001. A total of 1325 microstructure profiles were 

collected by deploying the portable flux profiler (PFP) at a number of profiling sites 

throughout the lake (Fig. 3.1). Microstructure profiles collected in the first three 

summers were analysed by Saggio and Imberger (2001), who focussed on the 

metalimnion turbulence, and Lemckert et al. (2004), who analysed BBL processes using 

the data collected in 1997. Here, an additional 789 new microstructure profiles collected 

at sites Tf and T3 during June 2001 have been added to the existing data set forming a 

comprehensive set of microstructure profiles that encompass a wide range of flow 

conditions sampled at various locations around the lake and at all phases of the wind 
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and internal wave cycles. As part of the 2001 experiment an array of five Lake 

Diagnostic Systems (LDS) were moored near site T3 to record the wind field and 

internal wave climate analysed by GIAY. 

3.3.3 Portable flux profiler 

A detailed description of the PFP is given by Etemad-Shahidi and Imberger 

(2001) and a description of the processing methodology is given by Saggio and 

Imberger (2001). In brief, the PFP consists of a pair of orthogonally mounted two-

component laser-Doppler velocity sensors and two combined four-electrode 

conductivity and temperature sensors. The sensors sampled at a frequency of 100 Hz as 

the probe descended freely through the water column at ~0.1 m s-1, providing a vertical 

resolution of ~1 mm. The horizontal flow velocities were adjusted to account for the 

probe velocity by solving the equation for horizontal drag on the probe (Saggio and 

Imberger 2001). As a first processing step, raw temperature and conductivity signals 

were digitally sharpened and smoothed and then used to determine density profiles that 

were subtracted from monotonic density profiles to determine turbulent density 

fluctuations ("’) and Thorpe displacement lengths, LT. The values of LT were centred 

(Imberger and Boashash 1986; Saggio and Imberger 2001) and used as a filter scale to 

determine mean velocity profiles and resolve turbulent velocity fluctuations u’, v’, and 

w’ (i.e., u1
’
, u2

’
, u3

’ from Eq. 3.1). Filtering over the characteristic length scale of the 

overturns ensured that the background velocity profile did not in include velocities 

induced by the overturns themselves. Profiles of "’,  u’, v’, and w’ were then used to 

determine ensemble average flux terms w !" " , w u! !  and w v! ! and variances 2
w! , 

2
u! and 2

v! by integrating the velocity cospectra and autospectra (Saggio and Imberger 

2001) within statistically stationary segments identified along each microstructure 

profile. Stationary segments were identified using an autoregressive filter method 

described in detail by Imberger and Boashash (1986) and Imberger and Ivey (1991). A 

dissipation rate was determined in each segment by fitting the theoretical Batchelor 

spectrum to the temperature gradient spectra over the inertial-convective sub-range and 

subsequent high wave-number roll-off (Luketina and Imberger 2001). The Batchelor 

method for estimating dissipation rate was preferred over the shear dissipation method 

(Piccirillo and Van Atta 1997); previous PFP studies have shown that although both 

methods produce similar dissipation estimates for dissipation rates greater than 10-7 m2 

s-3, for small dissipation rates, shear dissipation estimates were systematically lower due 

to underlying isotropy assumptions and also contained greater error associated with very 
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small velocity fluctuations (Saggio and Imberger 2001). Moreover, Batchelor 

dissipation estimates are consistent with previous PFP investigations and a majority of 

lake and oceanographic measurements. Segments that yielded a dissipation rate of less 

than 10-10 m2 s-3 were discarded as they contained only weak gradient temperature 

signals that exceeded the sensor limitations.  

3.3.4 Lake diagnostic system 

During the 2001 experiment, the array of LDS’s moored near site T3 (array B in 

GIAY) consisted of thermistor chains that stretched from a surface float to the lake bed; 

wind speed and direction sensors were mounted 1.5 m above the float. The thermistors 

were spaced at 0.75 m intervals and measured temperature every 10 seconds to an 

accuracy of ±0.01 oC.  

3.4 Observations and data analysis 

3.4.1 Distribution of turbulent events 

To best illustrate the vertical patterns of turbulence in the data record we have 

constructed binned values of the mean flow properties (Fig. 3.2), turbulent energetics 

(Fig. 3.3) and turbulent scales (Fig. 3.4) derived from 2900 statistically stationary 

segments identified in the microstructure profiles between 30 and 40 m deep. 

Arithmetic means and the range between the 2.5 to 97.5 percentiles were determined for 

mean-flow variables N
2
, S

2
, and Rig (Fig. 3.2). Due to the lognormal distribution of 

turbulent variables (Etemad-Shahidi and Imberger 2001) both arithmetic and 

logarithmic means were determined for dissipation rate and buoyancy flux (Fig. 3.3), 

and turbulent velocity and length scales (Fig. 3.4). The turbulent scales are given by (a) 

turbulent velocity scale ( )
1 2

2 2 2
q w u v! ! != + + , (b) the Kolmogorov length scale, 

( )
1 4

3

K
L ! "= , (c) the characteristic turbulent length scale given by ! = rms(LT), and (d) 

the Ozmidov length scale, ( )
1 2

3

0
L N!= .  

Bin-averaged profiles of N2
, S

2
 and Rig (Fig. 3.2) show vertical variations of two 

orders of magnitude and variation within each bin of approximately one order of 

magnitude (as illustrated by the percentile margins). Buoyancy frequency squared 

increased from ~10-4 s-2 over the surface 10 m to a peak of ~2 # 10-3 s-2 between 14 and 

19 m depth, then decreased gradually below 19 m (Fig. 3.2a). Bin-averaged values of S2 

decayed exponentially from values near the surface of ~10-2 s-2 down to ~10-3 s-2 at 10 
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m below the surface and increased again to ~10-2 s-2 between 14 and 19 m depth (Fig. 

3.2b). Below the metalimnion, shear decreased rapidly to bin-averaged values of  S2 ~ 

10-4 s-2 over the bottom 10 m. Bin-averaged profiles of the gradient Richardson number 

show the water column was on average shear-unstable (Rig < 0.25) over the surface 12 

m and within the bottom 5 m (Fig. 3.2c). The bin-averaged gradient Richardson number 

profile shows a distinct decrease between 15 and 17 m, where the bin-average 

approached 0.25. 

Bin-averaged dissipation rates were highest near the surface and within 5 m of the 

bottom, with mean values greater than 10-6 m2 s-3 (Fig. 3.3a). Dissipation decreased to 

~10-8 m2 s-3 at 14 m depth and showed a local peak of ~10-7 m2 s-3 at 16 m depth, which 

followed a similar but reversed ‘bowing’ of the mean Rig profile (Fig. 3.2c).  Below 20 

m and above 5 m from the bottom, dissipation rates were lowest, with logarithmic mean 

values typically below 10-8 m2 s-3. Direct buoyancy flux estimates were grouped into 

down-gradient and up-gradient fluxes and treated separately (Fig. 3.3b-c), the 

significance which is explained in the discussion. Profiles of the mean buoyancy flux 

closely followed the shape the dissipation curve, with large values of up to 10-7 m2 s-3 

near the surface that decreased to below 10-8 m2 s-3 at 14 m depth. However, the 

buoyancy fluxes in the BBL remained low despite the large dissipation rates as the 

boundary layer was permanently well mixed. Both up-gradient and down-gradient 

buoyancy fluxes increased between 14 and 18 m, however, down-gradient fluxes were 

typically larger, with mean values approaching values observed near the surface. Local 

peaks also occurred between 20 and 22 m below the surface, with mean values of ~10-

9 m2 s-3. Arithmetic averages of dissipation and buoyancy flux where typically 1 to 2 

orders of magnitude greater than logarithmic averages, which illustrates that a small 

number of large turbulent events are critical to the mixing dynamics. This is particularly 

evident in the dissipation rates in the BBL and down-gradient fluxes buoyancy in the 

metalimnion. 

Binned values of turbulence characteristics show similar vertical structures to the 

mean flow and energetics (Fig. 3.4). Turbulent velocity scales were largest near the 

surface (q ~ 5 # 10-2 m s-1) and decreased until 14 m depth, below which a local peak 

was observed (Fig. 3.4a). Velocity scales were smallest between 18 and 19 m below the 

surface, with mean values less than 10-3 m s-1 that increased below 19 m depth to values 

of ~10-3 m s-1. In the bottom 5 m of the profile the mean of q increased to ~2 # 10-3 m s-

1, which was comparable to the logarithmic mean, which suggests consistently similar 

values of q in the BBL. The bin-averaged value of the Kolmogorov length scale varied 
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from 2 # 10-3 to 4 # 10-3 m over the depth of the lake, with the smallest values occurring 

near the surface (Fig. 3.4b). Bin-averaged Thorpe length scales were largest in the 

surface 10 m and in the bottom 5 m, having typical values in the range 0.01 to 1 m, and 

were smallest where the stratification was strongest between 12 and 20 m. The mean 

Ozmidov length scales were typically larger than the Thorpe scales in the surface 10 m 

and the bottom 5 m and had similar values between 10 and 30 m (Fig. 3.4d). 

Based on the characteristics of the mean profiles the water column was broadly 

divided into an epilimnion (from 0 to 10 m deep), metalimnion (from 10 to 20 m deep), 

hypolimnion (from 20 m to 5 m above the boundary) and benthic boundary layer (BBL) 

from the boundary to 5 m above the boundary. Although the arbitrarily defined 

boundaries between these regions may vary due to vertical excursions from internal 

wave motions, an approximate definition of these regimes now provides a basic 

framework upon which further analysis can be clearly described. 

 

Figure 3.2. Bin-averaged values and range of data between the 2.5 and 97.5 percentiles 
(shaded region) for (a) buoyancy frequency squared (N2), (b) shear (S2) and (c) gradient 
Richardson number (Rig). The dashed vertical line (panel c) indicates the Rig = 0.25 
boundary. 
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Figure 3.3. 1 m depth-bin logarithmic (dots) and arithmetic (sticks) averages for PFP 
measured values of (a) dissipation rate (,), (b) up-gradient buoyancy flux (U.G. b) and 
(c) down-gradient buoyancy flux (D.G. b). 

 

 

Figure 3.4. 1 m depth-bin logarithmic (dots) and arithmetic (sticks) averages for PFP 
measured values of (a) characteristic turbulent velocity scale (q), (b) Kolmogorov length 
scale (LK), (c) characteristic turbulent length scale (!), and (d) Ozmidov length scale 
(LO). 

3.4.2 Characteristics of turbulent events 

The characteristics of the turbulent mixing events can be summarised using the 

turbulent Reynolds number, Ret, turbulent Froude number, Frt and strain ratio, Fr$, 

which are given by (Ivey and Imberger 1991) 
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where N is the median value of the buoyancy frequency within a segment. The turbulent 

events were mapped onto turbulent phase diagrams of Frt versus Ret using the 

definitions of the epilimnion, metalimnion, hypolimnion and BBL to distinguish 

between the different regions of the lake (Fig. 3.5). Turbulent events can be broadly 

classified as active if Ret  $ 15 and Fr$  $ 3.9 (Ivey and Imberger 1991); for lower values 

of Ret turbulence is suppressed by viscosity, and for values of Fr$  < 3.9 turbulence is 

suppressed by both viscosity and buoyancy (Stillinger et al. 1983; Itsweire et al. 1993). 

There also exists a transition at Frt ~ 1, below which turbulence is affected by buoyancy 

and thus decays into internal wave motions. The pattern that the events form in Ret-Frt 

space was similar in the epilimnion, metalimnion, hypolimnion and BBL (Fig. 3.5, 

Table 3.1); however, the range of the Reynolds and Froude numbers and the distribution 

of events in the different regions of the phase diagram varied considerably. 

3.4.3 Epilimnion turbulence  

The epilimnion produced the largest portion of events with values of Fr$ $ 3.9 

(76%), of which a majority had values of Frt > 1 (66%) (Fig. 3.5a). This can be 

attributed to the excitation of energetic turbulence with large velocity scales (Fig. 3.4a) 

by the action of wind stress at the surface that acts on the weak stratification in the 

epilimnion. Turbulence of this nature is characteristic of inertia dominated turbulent 

events generated in externally forced flows (Imberger and Ivey 1991). Events in the 

epilimnion had length scales that were typically smaller than the Ozmidov scales (Fig. 

3.4c-d) as the events were not affected by the weak buoyancy forces in the epilimnion. 

Turbulence events generated by unstable convective motions due to diurnal heating and 

cooling were very rarely sampled as the profiling was almost exclusively performed in 

the afternoon when strong winds dominated the mixing regime near the surface. 
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3.4.4 Metalimnion turbulence  

The metalimnion had a smaller portion of events with values of Fr$ $ 3.9 (36%) 

compared with the epilimnion, owing to less energetic turbulence (Fig. 3.3a, 3.4a) due 

to its isolation from the sources of energetic turbulence near the surface and the far 

stronger buoyancy forces associated with strong stratification (Fig. 3.2a). The 

relationship between dissipation rate and buoyancy frequency in the metalimnion (Fig. 

3.6) was similar to that observed in the seasonal thermocline of the ocean (Gregg and 

Sanford 1988; Moum and Osborn 1986), which indicates that turbulence was most 

likely generated by internal wave motions (Gargett and Holloway 1984). In Lake 

Kinneret, however, the buoyancy frequency exceeded 5 # 10-2 s-1, a value considerably 

larger than encountered in the ocean, and for such large values there was a sharp decline 

in dissipation rates, presumably due to the suppression of turbulence by strong 

buoyancy forces. Turbulence may be triggered by internal waves in several ways. First, 

shear instabilities may grow until their energy containing overturn scales match the 

maximum scale set by buoyancy, which is given by LO (Gibson 1987; Rohr and Van 

Atta 1987; Imberger and Ivey 1991), and then collapse into turbulence with values of Frt 

~ 1, which accounted for approximately half of the observed metalimnion event with 

values of Fr$ $ 3.9. However, a majority of events in the metalimnion of Lake Kinneret 

are energised by a second mechanism in internal wave-wave traumata (Saggio and 

Imberger 2001), as first identified by McEwan (1973) and later documented by Teoh et 

al. (1997). Turbulence generated by internal wave-wave traumata is forced at very small 

scales and thus viscosity acts quickly to dampen the turbulent fluctuations leading to 

microstructure events with values of Frt > 1 and Fr$ < 3.9, which feature strongly in the 

distribution of metalimnion events in Ret-Frt space (~14%). A cluster of events was also 

observed with values of Ret ~ 100 and Frt ~ 10, which were consistent with the fine-

grained, highly dissipative turbulent events observed at the diurnal thermocline of lakes 

prior to shear build-up after wind events (Imberger and Ivey 1991). The authors suggest 

that these events were energized by downward-propagating internal wave modes 

generated near the lake surface. This mechanism was postulated by GIAY from 

evidence of secondary instabilities formed in response to straining of the metalimnion 

by high frequency internal wave modes generated by large-scale billowing near the 

surface. As described in the discussion, these secondary instabilities were infrequently 

observed but produced intense mixing events with turbulent signatures characterised by 

values of Frt ~ 10 and Ret ~ 100. The large arithmetic means of down-gradient 

buoyancy flux in the metalimnion (Fig. 3.3c) indicate that the metalimnion experienced 
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intermittent periods of turbulent mixing that produced large down-gradient buoyancy 

fluxes.  

3.4.5 Hypolimnion turbulence 

The distribution of hypolimnion events in Frt-Ret space (Fig. 3.5c) was 

remarkably similar to the distribution of events in the metalimnion, despite the clear 

differences in the vertical profiles of turbulent parameters (Fig. 3.4). However, there 

were less than half of the recorded numbers of events in the hypolimnion compared to 

the metalimnion owing to the weaker forcing. As in the metalimnion, buoyancy and 

viscosity forces dominated approximately 60% of the segments recorded, as indicated 

by the distribution of events with values of Fr$ < 3.9 (Table 3.1). The similarity in 

distribution suggests the force balance between inertia, buoyancy and viscosity in the 

hypolimnion and metalimnion was the same, but the magnitude of the inertia and 

buoyancy terms was approximately an order of magnitude less in the hypolimnion due 

to smaller amounts of energy available for dissipation and weaker stratification. In a 

closed-basin lake such as Lake Kinneret, only a small amount of energy is radiated into 

the hypolimnion by internal waves that leak out of the metalimnion, thus turbulent 

mixing is weak and intermittent and has characteristics similar to the internal wave 

environment in the metalimnion. 

3.4.6 Boundary turbulence 

Turbulent mixing events in the BBL were highly dissipative near the bottom, with 

dissipation rates in excess of 10-6 m2 s-3 (Fig. 3.3a), and small characteristic length 

scales (! ~ 3 # 10-1 m) compared to the Ozmidov length scale (Fig. 3.4c-d). This 

produced a Frt-Ret distribution similar to the wind forced epilimnion (Fig. 3.5d), with 

52% of events with values of Frg $ 3.9. Higher dissipation rates just above the boundary 

were most likely due to intense localised turbulence generated by internal wave 

breaking on the sloping boundary and between incident and reflected internal waves just 

above the boundary (Javam et al. 1999; Ivey et al. 2000), or by the suppression of 

turbulence further away from the boundary by strong buoyancy forces (Lemckert et al. 

2004). The large discrepancy between the arithmetic and logarithmic mean dissipation 

rate in the BBL (Fig. 3.3a) indicates that the BBL experienced intermittent periods of 

very intense turbulent activity that produced dissipate rates well above the ambient 

turbulent conditions. 
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3.4.7 Dependence of turbulence on shear and buoyancy 

Here we illustrate the relationship between turbulence and N2 and S2 and compare 

this to relationships observed in ocean data (see Gregg 1989; MacKinnon and Gregg 

2003; Gregg et al. 2003). The observed turbulent dissipation rate , has been averaged in 

one-fiftieth decade bins of N2 and S2 (Fig. 3.7a) and compared to two parameterisations 

based on the energy cascade from internal waves to shear and dissipation developed 

from ocean data; the Gregg-Henyey scaling (GH; Fig. 3.7b) and the MacKinnon-Gregg 

scaling (MG; Fig. 3.7c) previously compared by MacKinnon and Gregg (2003). The 

background dissipation used in the scaling arguments was the logarithmic mean of the 

profile dissipation, ,0 = 1.16 x 10-8 m2 s-3, and the background buoyancy frequency has 

a value of N0 = 10-2 s-1.  Dissipations rates observed in the surface and bottom 4 m were 

not included in the analysis. The Garrett-Munk shear coefficient was increased by two 

orders of magnitude to ensure that dissipation estimates made using the GH scaling 

covered the observed range of dissipation values in Lake Kinneret.  

Figure 3.7a suggests that the observed dissipation rates were distributed in N2
-S

2 

space with a dependence on both N2
 and S2 that was not consistent over the range of N2

 

and S2 observed. Dissipation decreased as S2 decreased and did so more dramatically for 

higher values of N2, however, high dissipation rates were maintained for S2 > 10-2 s-2 

and N2 > 10-4 s-2. Over the observed range of shear and stratification, neither the GH 

parameterisation (Fig. 3.7b), which suggests a greater and consistent dependence on S2, 

nor the MG parameterisation (Fig. 3.7c), which suggests a greater and consistent 

dependence on N2, accurately reproduced the observed dissipation. 

 

Table 3.1. Distribution of turbulent events on the Frt-Ret phase diagram (Fig. 3.5) 

Distribution (%) 
Regime Criteria 

Epi. Met. Hyp. BBL 

Viscosity and buoyancy dominated Fr$%< 3.9 23.6 62.2 60.5 33.3 

Inertia dominated 

 

Ret $ 15 

Frt $ 1 
66.2 23.6 25.6 51.5 

Buoyancy dominated 
Frt < 1 

Fr$ $ 3.9 
9.70 12.1 11.6 13.1 
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Figure 3.5. Turbulent phase diagram of turbulent Froude number (Frt) verus turbulent 
Reynolds number (Ret) for turbulent segments sampled in the (a) epilimnion, (b) 
metalimnion, (c) hypolimnion, and (d) BBL. The dashed horizontal line indicates Frt = 
1, the dashed vertical line indicates Ret = 15, and the dashed diagonal line indicates the 
boundary of the activity criterion of Fr$ = 3.9 (i.e., , = 15/N

2).  

 

Figure 3.6. Bin-averaged dissipation rates, ,bin, determined in one-tenth decade bins of 
N for turbulent segments observed in the metalimnion. Vertical bars illustrate the range 
between the 2.5 and 97.5 percentiles. The solid line represents the relationship observed 
by Gregg and Sanford (1988) and Moum and Osborn (1986) in the ocean thermocline 
and the broken line represents the relationship fitted to the observations. 
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Figure 3.7. Observed turbulent dissipation rate , determined from PFP-measured 
turbulent segments averaged in one-fiftieth decade bins of N2 and S2 compared to the 
Gregg-Henyey, MacKinnon-Gregg and Yeates-Imberger-Giraldo (developed herein) 
scaling. 

3.5 Gradient Richardson number 

Phase diagrams provide useful insight into the force balance and possible 

mechanisms generating turbulence and from previous work the flux Richardson number 

can be inferred from the location of an event in Ret-Frt space before indirect calculations 

of buoyancy flux are made (Imberger and Ivey 1991). However, the microstructure data 

used to classify turbulent events requires a massive effort to collect and remains, at best, 

a fragmented mosaic of the turbulent environment. In this section, we build the case for 

the gradient Richardson number as a variable against which the properties of turbulent 

events can be related and in doing so attempt to provide an improved parameterisation 

of turbulent properties in Lake Kinneret.  

Imberger (1994) used dimensional analysis to describe turbulent mixing of a 

simple uniform mean shear flow in a linearly thermally stratified fluid based on shear, S, 

buoyancy frequency, N, kinematic viscosity, %, molecular diffusivity of heat, -, growth 

time, t, and initial values of the turbulent velocity scale, q, and length scale, !. Functions 
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that describe the turbulent length scale, turbulent velocity scale, and dissipation rate can 

be expressed as   

( ) 1 g t t   Ri , , Pr , Fr (0), Re (0)p f St=l l ,    (3.8) 

( )2 g t tRi , , Pr ,Fr (0),Re (0)pq q f St= ,    (3.9) 

( )3 g t t  Ri , ,Pr ,Fr (0),Re (0)p f St! != ,    (3.10) 

where Frt(0) and Ret(0) are initial values of the turbulent Froude and Reynolds numbers 

and thus provide a first order approximation of the initial joint probability functions of 

velocity and density, which are unknown in field situations. Here the so-called primitive 

length, velocity and dissipation scales, given by ( )
1/ 2

p
N!=l , ( )

1/ 2

p
q N!= , and 

2
  

p
N! "= respectively, have been introduced through dimensional reasoning. 

Imberger (1994) used results from numerical simulations run by Holt et al. (1992) 

to derive appropriate functions for f1 and f3 as a function of the non-dimensional time 

variable St. The numerical results showed that for flows with a constant imposed Rig of 

less than 0.21 the terms / pl l and / p! ! exhibited unlimited growth. Such a strategy is 

not possible using the PFP data set as these data represent a snapshot of a turbulent 

event at an unknown time from the time of inception. However, in practice in the field, 

mixing resulting from turbulence may be expected to modify Rig during flow 

development and it is constructive to inquire whether there exist equilibrium 

relationships such that ( )1 gRip f=l l , ( )2 gRipq q f= , and ( )3 g Rip f! != , with associated 

relationships for Ret, Frt, and Fr$ that are independent of time. The motivation for this 

question is that there exist many empirical relationships to estimate eddy diffusion 

coefficient from Rig that have been successfully used in ocean, estuarine and lake 

modelling (Pacanowski and Philander 1981; Gregg 1987; Peters et al. 1988). Saggio 

and Imberger (2001) undertook a similar analysis but used Fr$ as the independent 

variable, at first ignoring the dependence on Rig, and then recasting the relationships in 

terms of Rig using the observed correlation between Rig and Fr$. Moreover, Saggio and 

Imberger (2001) limited their analysis to turbulent events in the metalimnion where the 

range of Rig
 values was restricted by weak forcing and strong stratification. Here we 

include data from the entire water column and use Rig as the sole independent variable; 
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the value of N2 used in the definition of Rig was obtained from the monotonized density 

profile and is thus always positive.  

To solve for functions f1, f2, and f3 the dependent variables of Fr$, / pq q , and Ret 

were selected as they showed the least scatter and offered the best definition of the 

required functions. Nonlinear optimisation using a least squares difference was 

performed to derive two relationships (for high and low values of Rig) that described 

each dependent variable Fr$, / pq q  and Ret as a function of Rig with a transition value of 

Rig where the behaviour of the variables changed.  Figures 3.8a-c show the relationships 

(Table 3.2) with a change in behaviour at Rig = 0.0228; a maximum number of 100 

iterations was prescribed for the optimisation so exact continuity between the regions of 

high and low Rig was not always achieved. Although the scatter in the figures was 

approximately two orders of magnitude for small values of Rig, and up to four orders of 

magnitude for high values of Rig, 95% confidence intervals around the fitted 

relationships typically ranged less than two orders of magnitude (Table 3.2). The large 

scatter that was observed, most notable for values of the strain ratio in BBL segments 

(Fig. 3.8a), indicated that mechanisms unrelated to mean shear contributed to the 

turbulence. 

Relationships for !/!p, !/L0 and Frt as a function of Rig (Table 3.2; Fig. 3.8d-f) 

follow from Eqs. 3.5 to 3.7 and offer an independent check on the validity of the above 

empirical relationships because they include variables that were measured 

independently from the first three. Generally the relationships described the bulk of the 

data, as shown by the rms differences between the observations and derived 

relationships (Table 3.2). A relationship between Frt and Ret was also derived from Eqs. 

3.5 and 3.6 to produce an empirical relationship to predict the shape of the turbulent 

phase diagram (Table 3.2; Fig. 3.9). The data suggest that the derived relationships 

provide a reasonable description of the behaviour of active turbulence; however, 

viscous-damped turbulence with large Frt values and small Ret values are not well 

represented. These events include fine-scale turbulence driven by wave-wave traumata 

that occurs predominantly in the metalimnion and hypolimnion and are not associated 

with local stability. The results indicate a weak dependence on Rig in the Taylor scaling, 

which is given by 0.37 1 3

g0.658Ri ( )q !"
= l . Etemad-Shahidi and Imberger (2001) 

observed a relationship of 1 31.3( )q != l in the thermocline of two stratified lakes, which 

suggests that the value of Rig was approximately 0.16, slightly below value of 0.25 

associated with triggering shear generated turbulence in a buoyancy dominated 
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environment such as the thermocline. The data examined here covers a wide range of 

flow conditions so the observed dependence the constant of proportionality in the 

Taylor scaling has on Rig may explain, in part, the differences reported in the literature 

(Peters et al. 1995).  However, these differences are difficult to interpret as the velocity 

and length scale definitions vary between investigations (Etemad-Shahidi and Imberger 

2001).   

The vertical eddy diffusion coefficient, given by ( ) 2

0
g w N!" ! ! #$ $= , can be 

derived from the expression 

( )
g t2

0

(Ri )Pr Re
g w

C
N

!

! "

# #
= ,    (3.11) 

where C(Rig) is the correlation function between the buoyancy flux and scaling q!N
2 

(Table 3.2), Pr = //- is the Prandlt number and the expression has been normalised 

using the molecular diffusion coefficient for heat, -.  

Substituting these relationships into Eq. 3.11 and using the relationship of Ret in 

Table 3.2 yields 
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g w'"'( )
"0#N

2
=

125Rig

$0.543
   for Rig < 0.0228

0.286Rig

$2.11
 for Rig % 0.0228
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' 
( 

) ( 
 ,  (3.12) 

which describes the up and down-gradient advective fluxes to within one and two orders 

of magnitude for the low and high Rig regimes, respectively (Table 3.2). The 

relationships in Eq. 3.12 were derived from simple dimensional analysis and then fitted 

to actual data so are independent of whether the fluxes are up or down-gradient and thus 

should be equally valid for segments with measured up-gradient fluxes and segments 

with measured down-gradient fluxes. This becomes apparent if one considers that the 

magnitude of the flux relates to the energetics of, and force balance within, the mixing 

event, which are functions of Rig. We show in the discussion that frequency of 

occurrence of down-gradient events as opposed to up-gradient events is also related to 

Rig. The observed agreement between Eq. 3.12 and direct estimates of eddy diffusivity 

from PFP data (Fig. 3.10) suggests that the relationships in Table 3.2 provide a 

foundation for the turbulent properties in wind-forced stratified lakes as a function of 

the gradient Richardson number.  
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Figure 3.7d shows the parameterisation for turbulent dissipation rate given by , = 

Fr$
202/  (Table 3.2) compared to the GH and MG parameterisations for oceanographic 

turbulence. The new parameterisation provides an improved description of the observed 

turbulent dissipation rates compared to the GH and MG parameterisations largely due to 

the shift in behaviour at Rig = 0.0228. For values of Rig < 0.0228, the new 

parameterisation estimates an increase in turbulence with increased stratification, which 

is also given by the MG parameterisation; however, for larger values of Rig the 

relationship is similar to the GH parameterisation, which predicts an inverse relationship 

between dissipation and stratification.  

Dissipation profiles were reconstructed using the new parameterisation , = 

Fr$
202/  (Table 3.2) and compared to the observed profiles. Three periods were selected 

for analysis from the PFP data: (a) 30 profiles collected at station Tf on day 1997177 

between 20:00 and 24:00; (b) 37 profiles collected at station T4 on day 1998184, 

between 06:00 and 12:00; and (c) 77 profiles collected at station T3 on day 2001179 

between 14:00 and 22:00. Figure 3.11 illustrates the average dissipation profiles 

determined using the Batchelor method and the Rig dependent parameterisation (Table 

3.2). The average dissipation profiles were determined by arithmetic averaging of 

diffusivity estimates in 0.5 m thick depth bins using turbulent patches observed in each 

profile during the selected periods. The 1997 period represents a night period during 

which the wind stress at the surface was low and hence the surface dissipation low. 

During the daylight sampling periods of 1998 and 2001 wind stress was greater and 

dissipation rates near the surface were higher. Dissipation rates in the metalimnion were 

typically lower, except in the 2001 record, which was characterised by dissipation rates 

in excess of 10-7 m2 s-3 at ~15 m deep. This was a particularly energetic internal wave 

period that is analysed in detail in the discussion below. The parameterisation accurately 

reproduces the characteristics of the dissipation profiles from the surface to the 

hypolimnion; however, estimates of dissipation in the BBL were consistently lower than 

observed despite the parameterisation reproducing the trend. This provides evidence 

that further suggests that unlike other regions of the lake, in the BBL mechanisms 

unrelated to the mean shear contributed significantly to the generation of turbulence. 
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Table 3.2. Turbulent properties as functions of gradient Richardson number, Rig. 

Fitted Variables Rig < 0.0228 Rig $ 0.0228 Fig. 
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Figure 3.8. Segment data and fitted empirical relationships against Rig (see Table 3.2) 
for (a) strain ratio (Fr$), (b) characteristic turbulent velocity normalised by the primitive 
velocity scale (q/qp) and (c) turbulent Reynolds number (Ret). Derived relationships 
against Rig (Table 3.2) shown for (d) characteristic turbulence length scale normalised 
by primitive length scale (!/!p), (e) characteristic turbulence length scale normalised by 
Ozmidov length scale (!/L0), and (f) turbulent Froude number (Frt). 
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Figure 3.9. Turbulence phase diagram showing the location of the measured segments in 
Ret-Frt space and the derived function shown as a solid line (see Table 3.2). 
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Figure 3.10. Comparison between the observed and derived values (Table 3.2) of the 
non-dimensional vertical eddy diffusion coefficient, given by b/-02, as a function of the 
gradient Richardson number, Rig (see Table 3.2). The figure has been split to illustrate 
the fits observed for both down-gradient (b > 0) and up-gradient (b < 0) buoyancy flux 
measurements. The solid line shows the relationships given by Eq. 3.12. 
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Figure 3.11. Profiles of average dissipation determined using the Batchelor method 
(PFP) and with new Rig parameterisation (YIG) for the periods (a) day 1997177, 20:00 
to 24:00 at station Tf; (b) day 1998184, 6:00 to 12:00 at station T4; and (c) day 
2001179, 14:00 to 22:00 at station T3. 

3.6 Discussion 

3.6.1 Diapycnal mixing  

Gregg (1998) paints an insightful picture of the distinction between advective and 

diapycnal fluxes that follows from the work of Winters and D’Asaro (1996). During 

rollup of a turbulent instability the advective fluxes are down-gradient, with heavy fluid 

moving up and light fluid moving down. These motions occur at the largest scales of the 

turbulence given by the Thorpe scale LT and during collapse the displaced parcels re-

stratify and advective fluxes become up-gradient as the displaced water parcels return to 

their position of neutral buoyancy. During re-stratification, molecular diffusion across 

the isopycnal surfaces at the smallest scales leads to a final state of rest that is 

characterised by a higher potential energy than the initial pre-mixed state. Here we do 

not have sufficient data to construct holistic depictions of mixing events but are limited 

to instantaneous measurements of advective fluxes, w!" " , occurring within a randomly 



 75 

sampled region of a turbulent event at a singe time in its evolution; the sign of w!" "  in 

the sampled region depends both on the evolutionary state of the turbulent event (Gregg 

1998) and on the location at which the probe pierced the mixing event (Lemckert et al. 

2004).  

To estimate the net buoyancy flux maintained by turbulent mixing we must treat 

the data as consisting of samples that when analysed together provide a summary the 

characteristics of a typical event. Table 3.2 illustrates the that energetics and scales of 

turbulent events can be parameterised as functions of Rig, but to derive an effective tool 

to predict diapycnal mixing rates we must now account for how the sign of the 

buoyancy flux changes. Figure 3.12 shows the fraction of up-gradient to down-gradient 

mixing events in one-tenth decade bins of Rig over the range of Rig values observed in 

the data. Bins consisting of less than 50 samples were omitted from the analysis to limit 

biasing. The observed trend in Figure 3.12 can be approximated using least squares 

fitting to yield FDG = 0.418Rig
-0.08, where FDG is the fraction of down-gradient events 

observed in each Rig bin. A relationship emerges whereby down-gradient buoyancy flux 

dominate (> 50% of events observed) in flow with Rig < 0.15, yet for values of Rig > 

0.15, up-gradient fluxes become more frequent than down-gradient fluxes. In other 

words this reflects what is well understood about turbulent events in stratified flows; 

when Rig is below a critical values of ~ 0.25 energy from the flow field feeds the 

development of overturns that have associated down-gradient advective fluxes. If Rig 

increases above the critical value, the energy supply is removed suppressing down-

gradient fluxes and buoyancy forces act to collapse the instabilities in the perturbed 

density field, producing up-gradient fluxes. Without prior knowledge of the increased 

molecular diffusion associated with density gradients apparent between perturbed water 

parcels that are re-stratifying we assume that the remaining fraction of up-gradient flux 

(1 – FDG) contributes to net diapycnal mixing at a molecular rate. The net down-gradient 

diapyncal diffusivity is therefore given by   

! 
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g w'#'( )
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1+52Rig

$0.62
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) ( 
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The relationship given by Eq. 3.13 (Fig. 3.13) was compared to the logarithmic 

average of eddy diffusivity determined using the indirect Osborn method (Eq. 3.3) 

observed in the same Rig bins. For a mixing efficiency of .mix = 0.05 the agreement 

between the estimates from both methods was excellent. This suggests that the average 
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mixing efficiency of the events observed in Lake Kinneret was less than the often-

assumed value of 0.2. For values of Rig > 0.2 the parameterisation estimates of net 

diapycnal diffusivity decrease to molecular, which is comparable to the canonical value 

of Rig > 0.25 for the cessation of shear instabilities. The relationship given by Eq. 3.13 

therefore provides a summary of diapycnal diffusivity as a function of Rig that appears 

to satisfy previous observations in stratified flows. The data also suggests, as do 

previous investigations (e.g., Gargett and Moum 1995), that the indirect methods over 

predict diapyncal diffusivity because they do not account for variation in the mixing 

efficiency and the role of competing up and down-gradient buoyancy fluxes.       

Lozovatsky et al. (2006) provides a very recent summary of -" (Rig) relationships 

developed in oceanography literature. The empirical relationships for locally generated 

turbulence based on the gradient Richardson number typically take the form  

0 g(1 Ri )  n!" " # $
= + ,     (3.14) 

where # and n and constants and -o a reference diffusivity under neutral conditions.  

Figure 3.13 illustrates one such relationship (Pacanowski and Philander 1981) 

developed for ocean turbulence (# = 5, n = 3) for -o = 1 # 10-4 m2 s-1, that is also 

comparable to the relationships of Peters et al. (1998) and Lozovatsky et al. (2006). The 

relationship given by Eq. 3.14 shows asymptotic behaviour for small Rig, so estimates 

of eddy diffusivity become increasing independent of Rig as Rig decreases. This occurs 

more-so for relationships that assume .mix grows with increasing Rig so that diffusivity 

estimates become almost independent of Rig for small values of Rig (Lozovatsky et al. 

2006). The microstructure measurements presented here show that direct measurements 

of buoyancy flux (Fig. 3.10) and estimates of net diapyncal diffusivity (Fig. 3.13) 

became less dependent on Rig as Rig decreased below ~0.02. However, the relationship 

for net diffusivity (Eq. 3.13) is more strongly dependent on Rig than Eq. 3.14 because 

the composition of events in terms of their sign was also related to Rig. The observed 

difference between the empirical relationships derived from ocean data and postulated 

here may arise partly due to different characteristics of the mechanisms forcing 

turbulence in stratified lakes compared to oceans, and the nature of the background 

flow. This was demonstrated by the inability of the GH and MG parameterisations 

(MacKinnon and Gregg 2003) to reproduce the observed relationship between 

dissipation and shear and stratification (Fig. 3.7). However, measurement scales of the 

instruments used to observe mean flow conditions and turbulent events in the ocean are 
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typically larger (up to an order of magnitude) than presented here. Further work is 

required to make a more formal comparison between the ocean and lake observations. 

Diapycnal diffusivity profiles were reconstructed using the new parameterisation 

given by Eq. 3.13 (Fig. 3.14) and compared to profiles determined using the Osborn 

method (Eq. 3.3), where .mix
 = 0.05 for the three periods a to c analysed above (see Fig. 

3.11). The average diffusivity profiles were determined by arithmetic averaging of the 

diffusivity estimates in 0.5 m thick depth bins using the turbulent patches observed in 

each profile during the selected periods. Both methods show similar vertical structure 

with high diffusivities near the surface and in the BBL, and local peaks in the 

metalimnion during the energetic internal wave period of 2001. Here, using a value of 

.mix = 0.05 for the Osborn method provides a good comparison between the estimates. 

Because each event provided only a snapshot of the turbulence at one time and the sign 

of the buoyancy flux was related to the time in the evolution of each event and location 

the event was pierced through, measured .mix showed large variability and meaningful 

comparisons with laboratory estimates were not permitted. Attempts to deduce mixing 

efficiency by tracking a single mixing event over its life span proved unsuccessful due 

to advection of events past the fixed sampling station and time lag between profiles. The 

discrepancy between the Osborn estimates of diapycnal diffusivity and estimates made 

using the new parameterisation developed herein was greatest in the BBL, perhaps 

highlighting the need for further investigation into the most appropriate 

parameterisation for diapycnal mixing in the BBL. 
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Figure 3.12 . Fraction of events that yielded a down-gradient buoyancy flux determined 
in one-tenth decade bins of Rig, and the relationship fitted to the data given by FDG = 
0.418Rig

-0.08. The broken vertical line illustrates Rig = 0.25. 

 

Figure 3.13 . Normalised diapycnal diffusivity as a function of Rig. Dashed line 
illustrates the relationship of Pacanowski and Philander (1981) (P&P) and the solid line 
is the relationship given by Eq. 3.13. Circles represent logarithmic average of eddy 
diffusivity in one-tenth decade bins of Rig derived using the Osborn method with .mix = 
0.05; vertical bars illustrate the percentiles encompassing 66% of the dissipation 
observations. 
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Figure 3.14 Profiles of average diffusivity determined in 0.5 m bins using the Osborn 
method (.mix = 0.05) and Rig parameterisation (Eq. 3.13) for the periods (a) day 
1997177, 20:00 to 24:00 at station Tf; (b) day 1998184, 6:00 to 12:00 at station T4; and 
(c) day 2001179, 14:00 to 22:00 at station T3. 

3.6.2 Energy flux path 

Imberger (1998) drew a conceptual picture of the energy flux path in a stratified 

lake whereby surface wind stress imparts momentum to the epilimnion and sets up a 

thermocline tilt that initiates various basin-scale seiches, Kelvin and Poincaré waves and 

forced gravity motions. A portion of the basin-scale wave energy is transferred to 

packets of soliton-like high frequency waves by nonlinear steepening of the basin scale 

waves in the lake interior (Horn et al. 2002) and shoaling of the basin scale waves 

where the metalimnion intersects the sloping boundaries of the lake (Boegman et al. 

2005). Other high frequency waves with frequencies approaching the buoyancy 

frequency are formed by shear instabilities, as described in some detail by Boegman et 

al. (2003) and by GIAY. Energy dissipation was postulated to occur via three broadly 

based mechanisms. First, by basin scale currents setting up a benthic boundary layer 

where bottom stresses are encountered (Gloor et al. 2000; Lemckert et al. 2004). 

Second, energy is dissipated when high frequency waves shoal and break on the 
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boundaries (Boegman et al. 2005; K. Nakayama and J. Imberger, unpubl.), and thirdly, 

dissipation occurs when shear generated high frequency waves break locally, dissipating 

their energy in the lake interior.  

Antenucci and Imberger (2001) suggested that these shear-generated high 

frequency waves do not necessarily derive their energy directly from basin-scale 

internal waves as there did not appear to be any observed correlation between the basin 

scale motion of the metalimnion and the generation of high frequency waves. The 

authors found that shear generated high frequency waves were correlated with wind 

stress at the lake surface so probably derived their energy from wind-induced shear 

instabilities in the epilimnion, much like the high frequency waves in the equatorial 

Pacific (Hebert et al. 1992; Moum et al. 1992). The data presented here shows that the 

epilimnion frequently contained turbulent events with large Reynolds numbers that may 

be capable of exciting high frequency modes. 

The work of GIAY provided evidence to suggest that high frequency internal 

waves in Lake Kinneret can be created by unstable modes growing whenever the mean 

basin-scale shear, generated directly by momentum introduced from the wind and by 

basin-scale internal wave motion, is sufficient to overcome the stabilizing effect of the 

stratification. Stability analysis (GIAY) showed that the fastest growing mode was 

generated by shear instabilities near the surface, which we shall refer to as primary 

instabilities. The authors postulated that the tail of these modes then strains the density 

profile in the metalimnion promoting secondary shear instabilities that trigger energetic 

small-scale turbulence over a region of low Rig in the metalimnion; the extent of the 

low-Rig region is set by the shape of the background density and shear profile. 

Therefore, high-frequency modes can extract energy from billowing motions in the 

epilimnion and then radiate into the metalimnion, where, combined with shear in the 

mean flow, they trigger turbulent mixing. 

By applying the stability analysis of GIAY to ambient flow conditions at site T3 

between 18:30 and 19:30 h on 28 June 2001 (day 2001179) for growth of the fastest 

growing modes, an initial vertical velocity perturbation at 4 m deep grows from 0.02 m 

s-1 to the observed maximum of 0.05 m s-1 over a period of 103 s. Assuming overturn 

scales near the surface approach 5 m (as suggested by segment 1 in Fig. 3.16c), the 

turbulent Reynolds number of these events reaches 2.5 # 105, which accounts for a very 

small portion of events observed in the epilimnion (Fig. 3.5a). After 103 seconds of 

growth, the strain exerted by the mode on the mean density field in the metalimnion is 

sufficient to reduce the gradient Richardson number below 0.25 over regions of the 
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metalimnion (Fig. 3.15c), particularly between 15 and 16 m, where a secondary shear 

instability can develop. This provides a possible mechanism for the generation of fine-

grained turbulent events in the metalimnion with high dissipation rates and large down-

gradient buoyancy fluxes (e.g., Fig. 3.16, Table 3.3, event 6). Event 6 shows a spectral 

energy peak at length scales of approximately 0.05 m and turbulent Froude numbers of 

order 10, which suggests that the broader scale straining of the vertical density profile 

reduced local buoyancy effects. Due to the small length scales at which the turbulence 

was forced, values of Ret were less than 2 # 102, despite the highly energetic nature of 

the turbulence.  

The remaining events of similar nature that appear on the turbulent phase diagram 

for the metalimnion (Fig. 3.5b), were examined. More than half of the metalimnion 

profiles recorded between 18:00 and 22:00 h on 28 June 2001 yielded segments of a 

similar nature. The events oscillated around the depth predicted from the stability 

analysis due to vertical displacements associated with the internal wave field. The only 

other series of similar events observed in the metalimnion was late on 22 June 1999 

(day 1999173), a period previously identified by Antenucci and Imberger (2001) as a 

striking example of high frequency internal wave activity. For a majority of the data, 

turbulent events in the metalimnion of Lake Kinneret remained weak, as observed by 

Saggio and Imberger (2001) and Etemad-Shahidi and Imberger (2001). Events may also 

be triggered by the growth of unstable modes in the metalimnion itself at approximately 

14.5 m below the surface (GIAY), which may explain segments of weak, buoyancy 

dominated turbulence observed around that depth (e.g., Table 3.3, Fig. 3.13, event 5). 

The compound effects of intermittent intense mixing events spread over the interior of 

the lake may provide a substantial flux term in the heat, energy and nutrient budgets. As 

in the ocean (Gregg et al. 2003) further research is required to better understand the link 

between internal waves and mixing in lakes, so as to improve the skill of numerical 

models. 
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Table 3.3. Properties of turbulent segments from PFP profile taken at 18:51 h on 28 
June 2001 (see Fig. 3.13). 

 

 

Figure 3.15 . Initial and final profiles of (a) density, (b) horizontal velocity and (c) 
gradient Richardson number after 103 s of growth of the high frequency internal wave 
mode identified by GIAY. 
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Figure 3.16 . (a) Location of turbulent segments (shaded and numbered regions) and Rig 

profile recorded in the metalimnion at site T3 at 18:51 h on 28 June 2001. (b) 
Displacements of the 16 to 26 oC isotherms recorded by the LDS at site T3 around the 
time of the PFP cast; the thick vertical line shows the exact time of the PFP cast.  (c) 
Turbulent velocity spectral density determined for segments; dotted, dashed and solid 
lines indicate spectra for segments observed in the epilimnion, metalimnion and below 
the metalimnion, respectively, and are numbered from the shallowest segment to 
deepest. 

3.7  Conclusions 

The properties of turbulent mixing events in a stratified lake can be grouped 

largely based on their vertical location relative to the thermal structure, as it is the 

location that dictates the mechanisms available to generate turbulence. Despite the 

observed diversity of mechanisms generating turbulent mixing events in stratified lakes 

the properties of the turbulence and the buoyancy flux maintained by the turbulence 

collapse into functions of the gradient Richardson number in all regions of the lake. 

These functions provide estimates of dissipation and diapycnal mixing rates based on 

the local flow properties captured by the gradient Richardson number and differ from 
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the relationships derived from ocean turbulence data.  Recent analysis of high frequency 

internal waves in Lake Kinneret (GIAY) suggests that one mechanism that leads to 

regions of low gradient Richardson numbers in the metalimnion are secondary 

instabilities induced by straining from wave modes generated near the surface. This 

mechanism triggers intense local turbulent mixing events that generate significant 

buoyancy fluxes in the interior of the metalimnion. Clearly, it is still necessary to look 

at all the possible mechanisms that may lead to lowering of the small-scale gradient 

Richardson number. 
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4 Thermistor chain data assimilation to improve hydrodynamic modelling skill 

in stratified lakes and reservoirs. 

4.1 Abstract 

Results from a three-dimensional hydrodynamic model of a stratified lake show 

that the computed structure of the pycnocline changed rapidly due to numerical 

diffusion, thus altering the vertical mixing dynamics and introducing a positive 

feedback that quickly drives model predictions off course. To negate the numerical 

diffusion a pycnocline filtering method is proposed that assimilates high-resolution 

thermistor chain data and adaptively adjusts to minimise the discrepancy between 

observed and computed temperatures. The adaptive pycnocline filter ensures that the 

computed temperature gradients in the metalimnion at the position of the thermistor 

chain remain within the bounds of the measured values so the computation preserves the 

spectrum of internal wave motions that trigger diapycnal mixing events in the deeper 

reaches of the lake. 

4.2 Introduction 

Diapycnal mixing plays a crucial role in the distribution of heat, salinity and 

nutrients in stratified lakes and reservoirs (MacIntyre et al. 1999; Yeates and Imberger 

2003) and is strongly coupled with internal wave motions. Mixing and internal waves 

form a feedback loop whereby internal waves radiate energy throughout a lake 

triggering mixing events that erode the stratification and in turn modify the internal 

wave motions. As a simple example, the celerity of a vertical mode one internal wave 

will decrease as metalimnion temperature gradients weaken via mixing. This then 

decreases the Rossby radius and in a sufficiently large lake the wave amplitude will 

increase towards the lake boundary where boundary shear and mixing increase 

(Antenucci and Imberger 2003). Numerical models designed to simulate the physics of 

stratified lakes must therefore provide realistic predictions of the density structure over 

many internal wave periods if they are to reproduce the flow conditions that drive 

diapycnal mixing events. Furthermore, diapycnal mixing triggered by internal waves 

plays a pivotal role in controlling the ecology of stratified lakes by facilitating the 

vertical transport of nutrients and particulates through the stable density gradients in the 

metalimnion (Ostrovsky et al. 1996; MacIntyre 1998; Nishri et al. 2000). The spatial 

and temporal distribution of these mixing events also promotes ecological patchiness if 

the local biogeochemical reaction rates outpace the rate of lateral mixing (Besiktepe et 

al. 2003); patchiness will in turn influence lake-wide primary productivity (I. Hillmer, 
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P. van Reenen, J. Imberger, and T. Zohary, unpubl.), thus accurate prediction of the 

spatial and temporal distribution of diapycnal mixing is necessary to simulate the long-

term water quality in seasonally stratified lakes. 

Turbulent events that sustain diapycnal fluxes are energised by mechanisms in the 

interior and at the boundaries of lakes. In the lake interior, turbulent mixing is generated 

by basin scale internal waves that trigger primary shear instabilities (Gregg 1987; Peters 

et al. 1988; Imberger and Patterson 1990) and interactions between internal waves and 

background shear (McEwan 1973; Teoh et al. 1997; Saggio and Imberger 2001). In 

addition, high frequency waves are generated that dissipate energy locally (Horn et al. 

2002; Boegman et al. 2005) or form secondary shear instabilities by straining the 

metalimnion density field (Imberger and Ivey 1991; Gómez-Giraldo et al. 2008). 

Mixing events in the interior of a stratified lake are typically weak and intermittent and 

only contribute significant buoyancy fluxes during isolated intense bursts that drive the 

long-term evolution of the stratification (Gregg 1987; Lamy et al. 2001; Saggio and 

Imberger 2001). At the boundaries, turbulent mixing is energized by internal waves that 

impinge and break on the sloping bed (Eriksen 1985; De Silva et al. 1997; Boegman et 

al. 2003) or force baroclinic currents along rough bed-slopes (Gloor et al. 1994; Thorpe 

1998; Lemckert et al. 2004). In addition, energetic mixing of fluid near sloping 

boundaries creates lateral density gradients between the boundary and the quiescent 

interior, driving gravitational boundary currents that contribute to the vertical transport 

of mass (Imberger and Ivey 1993). Typically, a far greater buoyancy flux is contributed 

by turbulent mixing and gravitational advection maintained in the benthic boundary 

layer, compared to the contribution from interior mixing (MacIntyre et al. 1999; Wüest 

and Lorke 2003; Yeates and Imberger 2003). 

Numerically, diapycnal mixing in environmental flow models is parameterised as 

a sub grid-scale process using resolved grid-scale flow properties. Estimates of 

diapycnal flux in early coarse-grid numerical models were made with simple user-

calibrated eddy diffusivities (Dake and Harleman 1969; Orlob and Selna 1970; 

Weinstock 1978); however, predetermined mixing models applied independently of 

time and space may cause significant error as they do not capture the variability in 

mixing observed in natural systems (Wang 2003). More complex higher-order turbulent 

closure schemes (Mellor and Yamamda 1982; Rodi 1987) are now applied, but most 

hinge on the assumption of near-isotropic turbulence in well mixed fluid with large 

Reynolds numbers, which is not strictly true for stratified environments because 

turbulence becomes increasingly anisotropic under the action of buoyancy forces 
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(Gargett and Holloway 1984; Gregg 1987; Yamazaki 1990). Therefore, parameterising 

the generation and decay of turbulence and mixing in vertically stratified water columns 

remains a major challenge (Luyten et al. 2002). As an alternative to implicit diffusion 

schemes, explicit turbulent kinetic energy (TKE) mixed layer algorithms that integrate 

TKE vertically over a surface mixed layer (SML) do not require assumptions regarding 

the turbulent fine-scale and have been successfully developed for oceans (Kraus and 

Turner 1967; Denman 1973) and lakes (Tucker and Green 1997; Imberger and Patterson 

1981; Spigel et al. 1986; Hodges et al. 2000; Yeates and Imberger 2003). Mixed layer 

models have the distinct physical advantage in applications with strong stratification 

because they reproduce very accurately the depth of the wind-mixed layer and thereby 

maintain the integrity of the thermocline structure and associated dynamics (Hodges et 

al. 2000). Schemes designed to estimate diapycnal eddy diffusivity as a function of the 

gradient Richardson number have been sought in ocean research (Pacanowski and 

Philander 1981; Peters et al. 1988; Lozovatsky et al. 2006) and in limnology 

applications (Saggio and Imberger 2001). Gradient Richardson number schemes are 

appealing as they can be readily adapted to numerical models that resolve the mean flow 

variables of current speed and stratification; however, up-scaling of mixing rates from 

the size of local shear instabilities to resolved grid-scale motions is non-trivial (A. 

Simanjuntak, J. Imberger, K. Nakayama, and T, Ishikawa, unpubl.). With the inclusion 

of dynamically refined grids to resolve flow properties in finer detail and non-

hydrostatic equations of motion, coarse-grid models are beginning to explicitly resolve 

the development of local shear instabilities (Botelho 2007). Full-domain simulations at 

such high resolutions are not yet practical and research to find the most appropriate 

parameterisations of diapycnal mixing in coarse grid models is ongoing (Lamy et al. 

2001; Ezer 2005). 

While improved parameterisations of the temporal and spatial dynamics of 

diapycnal mixing events aim to increase the skill of numerical models, any 

improvement becomes meaningless without countermeasures to negate diffusion and 

anti-diffusion introduced by numerical advection schemes. Numerical diffusion is 

introduced by the computed advection of density gradients through fixed grids using 

diffusive transport schemes that force a thickening of the density interface and an 

accumulation of model error (Hodges et al. 2000). This error can be quantified very 

effectively by measuring increased background potential energy incurred during 

advection (Laval et al. 2003a; Fringer et al. 2005; Hodges et al. 2006), when resolved 

fluid motions sweep isopycnals both vertically and horizontally through a fixed grid. 
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The vertical and horizontal advection of gradients through the model grid invariably 

leads to net vertical spreading of the relaxed isopycnals and an increase in the measured 

background potential energy (Griffies et al. 2000).  

In the opposite sense, numerical anti-diffusion is introduced by overly 

compressive transport schemes that decrease background potential energy during 

advection by sharpening computed density fronts. Numerical anti-diffusion introduced 

by higher-order differencing schemes designed to minimise numerical diffusion 

produces spurious spatial density oscillations near sharp density gradients that must then 

be controlled by clipping local extrema (Wang et al. 1988), applying higher resolution 

grids at additional computation cost (Lin and Falconer 1997) or limiting the magnitude 

of the higher-order terms in the advection scheme (Leonard and Niknafs 1990; Leonard 

1991). Total variation diminishing (TVD) schemes (Hirsch 1990; Wang 2001) are well 

suited to environmental flows as they minimise numerical diffusion and maintain 

density monotonicity (Gross et al. 1999); however compressive TVD schemes, such as 

Superbee, may artificially sharpen smooth gradients (Fringer et al. 2005). 

Whilst careful selection of an appropriate advection scheme may greatly reduce 

numerical diffusion or anti-diffusion, no existing schemes maintain background 

potential energy (Fringer et al. 2005). However, numerical error can be significantly 

reduced by adjusting the limiter in the formulation of the advection scheme so that the 

scheme switches between non-diffusive, when background potential energy increases 

during advection, and diffusive, when background potential energy decreases during 

advection (Fringer et al. 2005). In a conceptually similar, yet explicit approach, Laval et 

al. (2003a) minimised numerical diffusion using a first-order pycnocline sharpening 

filter that compressed computed temperature profiles after advection, thus reducing the 

change in background potential energy introduced by the advection scheme. These 

methods introduce additional computational cost by calculating the background 

potential energy, and more importantly, require a closed system in which mass fluxes 

into and out of the model domain do not alter the background potential energy. Their 

application to environmental flows where stratification persists and inflows rapidly 

adjust the background potential energy, such as estuaries, rivers and coastal oceans, is 

therefore limited. 

In this study we simulate the long-term hydrodynamics of a strongly stratified, 

wind forced lake with an energetic internal wave field using the Estuary Lake and 

Coastal Ocean Model (ELCOM) (Hodges et al. 2000). Numerical diffusion is negated 

using a pycnocline sharpening filter with a filtering length scale that is optimised by 
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comparing the computed temperature profiles to high resolution thermistor chain 

temperature profiles collected in the field. Simulation results show that the new filtering 

scheme leads to more accurate long-term computed temperature profiles and diapycnal 

mixing rates. In addition, the method provides a means to compensate for mixing 

processes not resolved by the current mixing parameterisations in ELCOM. Lastly, we 

explore the applicability of the new approach to real-time lake management systems. 

4.3 Methodology 

4.3.1 Lake Kinneret 

The study site for the numerical experiments was Lake Kinneret (Fig. 4.1) in 

northern Israel (33 oN, 36 oE). Lake Kinneret is a monomictic, freshwater lake with a 

maximum depth of 42 m and a surface area of 1.68 x 108 m2 at full supply volume 

(Ostrovsky et al. 1996). The lake stratifies from March to December, when solar heating 

and weak morning winds create a diurnal surface layer that is rapidly eroded by strong 

afternoon sea breezes. Throughout summer, a metalimnion between 10 m and 25 m 

deep separates the warm epilimnion water (up to 30 oC in mid-summer) from the cooler 

hypolimnion (~15 oC). The metalimnion supports an ensemble of internal waves excited 

by a strong diurnal wind cycle that contains motions over a broad frequency range from 

basin-scale motions with a period of ~24 h to high-frequency waves with frequencies 

approaching the limit of the buoyancy frequency (~100 s period) (Ou and Bennet 1979; 

Antenucci et al. 2000; Gómez-Giraldo et al. 2006). Small inflows occur predominantly 

as spring snowmelt delivered by the River Jordan to the north, but play a negligible role 

in the hydrodynamics of the lake during summer. The density structure of the lake is 

defined only by temperature stratification, as the salinity signature is negligible. 
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Figure 4.1. Bathymetric map of Lake Kinneret showing 5 m depth contours and the 
location of the Lake Diagnostic Systems (LDS) at sites T4, T3, T7, Tf and Tg. 

4.3.2 Lake diagnostic system 

The thermal structure and surface layer meteorology were collected in Lake 

Kinneret using in-situ Lake Diagnostic Systems (LDSs) moored at the sites shown in 

Figure 4.1. Each LDS consisted of a thermistor chain that stretched from an anchored 

surface float to the lakebed and housed thermistors spaced between 0.75 and 2 m apart. 

The spacing of the thermistors was smallest between the epilimnion and hypolimnion, 

where temperature gradients were strongest and the highest vertical resolution was 

desired. The LDS surface floats provided a platform upon which wind speed and 

direction sensors were mounted at 1.7 m above the surface. At site T4 the LDS also 

housed meteorological sensors that measured short-wave radiation, reflected and 

incoming long-wave radiation, air temperature, and relative humidity. Meteorological 
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and thermistor-chain data were logged every 20 seconds and the data were transferred 

every 4 to 6 hours via mobile telephone to a shore station for permanent storage. 

4.3.3 Estuary, Lake and Coastal Ocean Model 

The Estuary, Lake and Coastal Ocean Model (ELCOM) is a three-dimensional 

(3D) hydrodynamic model that solves for the Reynolds-averaged, hydrostatic, 

Boussinesq, Navier-Stokes and scalar transport equations. ELCOM has an eddy-

viscosity/diffusivity closure scheme for horizontal turbulence correlations and employs 

the ULTIMATE QUICKEST advection scheme for scalars. The ULTIMATE 

QUICKEST scheme has associated numerical diffusion (Laval et al. 2003a; Fringer et 

al. 2005). Vertical mixing is computed using an explicit turbulent kinetic energy budget 

closure scheme that is applied to each individual water column of the 3D flow matrix 

during each model time-step (Hodges et al. 2000). Turbulent kinetic energy is 

introduced at the surface through unstable density anomalies and stirring from surface 

wind stress and beneath the surface through shear between cell interfaces. The extent of 

mixing performed in a single model time-step is limited by a mixing time-scale, 

allowing for partial mixing of vertically adjacent cells (Laval et al. 2003b). Momentum 

is introduced into the water column by wind stress at the surface and is distributed 

vertically by the mixed-layer model. 

4.3.4 Filter scale optimisation 

Gradient smoothing introduced by numerical diffusion in ELCOM was negated by 

applying a three-point sharpening filter based on the inverse z-transform of a linear 

response to a Heaviside step function (Fozdar et al. 1985). The filtered value of series 

Sk, which is denoted by {Sk}, is given by 
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= , "z is the vertical grid spacing, and 1sh and 1sm are the 

sharpening and smoothing length scales respectively. Because the scalar advection 

scheme ULTIMATE QUICKEST is always mildly diffusive, no smoothing is required 

to correct the computed gradients and therefore 1sm = 0 and Eq. 4.1 becomes a 

sharpening filter. The sharpening filter was previously applied to temperature profiles 

computed every time-step by ELCOM and the value of the sharpening length scale was 

determined iteratively by minimising the increase in background potential energy 

produced by numerical diffusion during advection (Laval et al. 2003a). The filter was 
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designed to sweep down and then up each simulated water column, thus mimicking the 

bidirectionality of the numerical diffusion that leads to smoothing of the computed 

gradients. The filter scheme included an end-point limiter and a gradient preservation 

step to ensure the filtered density profile remained gravitationally stable and a uniform 

mass correction step that ensured mass conservation. The aim here is to apply the same 

sharpening filter but compute the best sharpening scale, 1sh, by minimising the 

difference between simulated and measured temperature profiles at a selected site in the 

simulated domain. The advantage of this methodology is that no assumptions are 

required about the external inputs or outputs of potential energy (for example, inflows 

and outflows) during advection. Here we assume that after filtering an arbitrary 

monotonic temperature profile using Eq. 4.1 with no sharpening scale (1sh = 0) and 1sm 

= L, the smoothed profile can be returned by applying the filter with scales 1sh = L and 

1sm = 0 (Laval et al. 2003a). Importantly, applying the filter to the smoothed profile with 

1sh > L will produce wavelike oscillatory extrema outside the valid temperature range.  

The filtering procedure followed the five steps described below, each of which 

was performed to determine optimised 1sh at arbitrary time tf. The steps were performed 

after every 6 hours (&tf = 6 h) of simulated time.  

4.3.5 Filter optimization steps. 

1. A relaxed field temperature profile F(tf) and ELCOM temperature profile E(tf) were 

calculated from temperature profiles measured and computed at station T4, 

respectively. Isotherm depth averaging over the period tf – 24 h to tf was used to 

compute the relaxed profiles. This ensured that diurnal and sub-diurnal internal 

wave oscillations were smoothed and therefore did not bias the comparison between 

computed and observed profiles performed in Step 3. An averaging period of 24 h 

was selected for this study as it matched the period of the vertical mode 1 Kelvin 

wave, which dominates the basin scale wave field observed in Lake Kinneret 

(Gómez-Giraldo et al. 2006). 

2. Profile E(tf) was smoothed using Eq. 4.1 to yield Esm(tf,1shE,,1smE), where  1shE = 0 

and 1smE  = 1sh(tf -&tf), i.e. the previous optimised sharpening length. Esm is an 

approximation of the mean un-sharpened ELCOM temperature profile computed in 

the previous &tf hours of simulation. Smoothing was performed by sweeping down 

then up the computed profile n times, where n is the number of model time-steps 

occurring in interval &tf. 
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3. F(tf) was iteratively smoothed to yield Fsm(tf,1shF, 1smF), where  1shF = 0 and 1smF lies 

in the range{0,0.2}, until the difference in pycnocline thickness between profiles Esm 

and Fsm was minimised (a maximum of  100 iterations was permitted). The 

thickness of the pycnocline was defined as the vertical distance between the 16 and 

22 oC isotherms, as this region of the water column contained sharp temperature 

gradients and was largely shielded from surface mixing processes. A nonlinear 

optimisation was used for the iteration in which the least squares difference between 

the pycnocline thicknesses was minimised. Given the aforementioned reversibility 

assumption, the optimised value of 1smF provided the best approximation of 1sh(tf) to 

be applied (using Eq. 4.1) during simulation of period tf  to tf  + &tf. The approach 

taken here of reversing the problem to find profile Fsm(tf) that matched Esm(tf) was 

favoured as iteratively sharpening Esm(tf) to match F(tf) produced oscillatory extrema 

that prevented accurate optimisation. If the pycnocline of profile E(tf) was thinner 

than that of profile F(tf), 1sh(tf) was set to zero to allow the diffusive nature of the 

advection scheme in ELCOM to reduce the difference. A simple energy balance 

between turbulent kinetic and potential energy can be used to approximate the upper 

boundary of the pycnocline specified in the analysis described above. Assuming 

surface mixing is primarily driven by wind stirring the thickness of the surface 

mixed layer, h, is given by 
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2  the surface shear velocity. The densities of air and water 

and the surface drag coefficient are approximated by "a ~ 1.2 kg m-3, "0 ~ 1000 kg 

m-3 and CD = 1.3 x 10-3, respectively. If a strong afternoon sea-breeze generates a 

wind velocity of U10 = 15 m s-1 10 m above Lake Kinneret that lasts for 6 h and acts 

on a weakly stratified surface layer with N2 = 10-5 s-2, the turbulent front generated 

by wind stirring will penetrate to a depth of approximately 18 m. The 22 oC 

isotherm, which was deeper than 18 m in the observed temperature profiles over the 

100 day simulation period (see Fig. 4.3), is therefore a suitable upper boundary for 

the pycnocline. A sharp temperature gradient was maintained from the 22 oC 

isotherm down to the 16 oC isotherm, which was used as the lower boundary of the 

pycnocline. 

4. The value of 1sh(tf) determined in Step 3 was adjusted to account for changes in the 

hydrodynamics of the lake expected over period tf to tf  + &tf . The reasoning and 

methodology for the adjustment are described below. 
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5. The optimised (Step 3) then adjusted (Step 4) value of 1sh was applied during each 

time-step in ELCOM using Eq. 4.1, where 1sm = 0, over simulation period tf to 

tf  + &tf. At time tf  + &tf the adjustment was performed again starting at Step 1 and 

time updated such that tf  = tf  + &tf.. 

4.3.6 Filter scale adjustment 

Numerical diffusion grows with increasing internal wave amplitude due to 

increased advection of pycnocline density gradients through the horizontal and vertical 

grid. Simulated periods of high internal wave activity will therefore require larger 

sharpening filter scales to correct for the additional numerical diffusion. In contrast, a 

period of weaker internal wave activity requires a smaller filter scale to avoid over-

sharpening of the pycnocline.  Following Fick’s Law, the eddy diffusivity associated 

with expansion of the pycnocline can be approximated by the expression (Hodges et al. 

2006) 
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where +(t) is the pycnocline thickness at time t and &+ is the change in pycnocline 

thickness over time &t. If we now assume that the pycnocline has a constant density 

gradient, Eq. 4.1 and Eq. 4.2 can be used to yield an expression for the diffusion 

reversed by the sharpening filter, which is given by 
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=  is the sharpening term and &z the vertical grid-scale used to resolve 

the pycnocline.  In Lake Kinneret, the structure of the stratification and dominance of 

the vertical mode 1 Kelvin wave suggests that ELCOM simulations will be diffusion-

dominated with a numerical diffusivity in the pycnocline approximated by the empirical 

relationship (Hodges et al. 2006) 
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where &x is the horizontal grid scale of the model and Ri is the gradient Richardson 

number associated with the first vertical mode internal wave with period T and 

wavelength L. As Ri cannot be readily determined from LDS data, we substitute Ri for 
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the lake number, LN, using the relationship Ri ~ LN
2 derived from dimensional reasoning 

(Imberger 2004). The lake number quantifies the amplitude of first vertical mode 

internal wave seiche in response to surface wind forcing and is given by (Imberger and 

Patterson, 1990; Yeates and Imberger 2003)  
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where zT is the height of the pycnocline, zg is the height of the centre of volume, zm is 

the total water height, u* is the surface shear velocity due to wind stresses over surface 

area A0, "0 is the surface density and St
 is the Schmidt stability parameter, given by 
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)()()( # . For large LN, gravitational stability dominates and the 

seiche amplitude is suppressed; for small LN, wind forcing dominates and a large 

amplitude seiche is generated. Equating Eq. 4.3 and Eq. 4.4 yields an expression for the 

filtering length scale required to sharpen the expected numerical diffusion in ELCOM 

that is given by  
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The behaviour of Eq. 4.6 was explored by considering the range &x = {100, 800} 

m, &z = {0.5, 3} m and &t = {100, 1000} s for values of LN = 1, 10 and 100 (Fig. 4.2a-

c).  For each case the pycnocline thickness was 5 m, the internal wave length was twice 

the basin diameter (L = 30 km) and an internal wave period of T = 24 h was assumed.  

Figure 4.2 shows that Eq. 4.6 is most sensitive to changes in the vertical grid resolution 

due to the mostly vertical excursion of the dominant internal seiche that advects the 

pycnocline. The expression is less sensitive to the model time-step and horizontal 

resolution. Periods of low LN require larger filtering scales to correct for increased levels 

of numerical diffusion associated with larger internal wave amplitudes.  

The grid dimensions used for the numerical simulations were &x = 400 m, &z = 1 

m and a time-step of &t = 360 s; applying these values to Eq. 4.6 over a range of LN  

from 1 to 100 yields the relationship used to adjust the optimised value of 1sh (Fig. 

4.2d). If the value of LN determined using the stratification and wind field measured for 

time tf to tf  - 24 was smaller than the value determined for time tf  - &tf  to tf  - &tf  - 24 

the optimised value of 1sh (tf) (determined from Steps 1 to 3) was increased by the 



 96 

change in 1sh yielded from Eq. 4.6 for a reduction in 24 h back-calculated LN over 

period &tf . Likewise, for an increase in the value of LN over the same period, the value 

of 1sh(tf) was decreased in the same manner. If numerical diffusion is the sole reason for 

model error, Eq. 4.6 provides a relationship to determine  1sh directly, and optimisation 

Steps 1 to 3 can be omitted; however, this approach then removes the interactive 

assimilation of LDS data into the model, which, as we demonstrate below, assists in 

correcting other model deficiencies. The adjustment made in Step 4 is secondary to the 

optimisation but, importantly, it ensures that our ability to forecast the strength of the 

internal wave environment using LN is built into the filter scale updates. 
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Figure 4.2. (a) Pycnocline filter sharpening scale 1sh as a function of horizontal grid 
scale &x,  (b) 1sh as a function of vertical grid scale &z and (c) 1sh as a function of model 
time-step &t for values of LN = 1 (solid line), 10 (dashed line) and 100 (dotted line). 
Open circles indicate the model configuration used for simulations. Panel (d) illustrates 
1sh as a function of LN for the model configuration shown and the values derived from 
the potential energy optimised (BPE) filter simulation. 

4.3.7 Numerical simulations  

Meteorological forcing time-series were constructed using 15-minute averaged 

data from LDS moored at sites T4 and T3 and two numerical experiments were 

conducted to assess the performance of the filtering method. The first experiment 

compared long term simulations from day 2005200 to day 2005300 performed using a 

range of filter configurations (Table 4.1). The configurations included (a) no sharpening 

filter, (b) a constant sharpening filter scale of 1sh = 0.13 m, (c) a background potential 

energy optimised filter scale (hereafter referred to as BPE filter), and (d) the thermistor-

chain data assimilation and LN-based scaling optimisation described above (hereafter 

referred to as TDA filter). Data from site T4 were used to initialise the simulations 

(using a 24 h average profile determined between days 2005199-200), to optimise the 

filter length scale and to compare the simulation output with the observations. No long-

term thermistor chain records were available at the remaining sites during 2005. 

The second experiment was conducted using a short-term data record collected 

between days 2001171 and 2001180 at multiple stations around the lake (Table 4.2).  In 
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this experiment, T3 was used as an alternative site for the TDA filter optimisation and 

the ELCOM results were compared to field measurements at all sites (Fig. 4.1). 

Temperature profiles from all sites were linearly interpolated to initialise the 

simulations. The configuration of ELCOM used in these experiments facilitated only a 

single sharpening scale that was applied over the full domain after advection in each 

model time-step. No attempt was made here to use multiple stations to determine 

laterally interpolated filter values; however, the results below demonstrate that this may 

be of value. In most environmental applications of 3D hydrodynamic models the 

availability of long-term validation and calibration data records at multiple sites is rare 

so the focus here is on assessing whether strategic positioning of a single monitoring 

station may provide a better data record used to improve model skill. 

A preliminarily assessment of the additional computation time associated with the 

BPE and TDA (&tf = 6 h, maximum of 100 iterations) methods was made. The BPE and 

TDA methods increased standard ELCOM simulation times by 189% and 

approximately 300-400% respectively. Unlike the BPE method, the current TDA code 

is developmental and not yet computationally optimised; therefore a significant 

reduction in the additional computation time is expected for an optimised TDA code. 

The additional computation time during TDA simulations will increase linearly with 

increased filter update frequency.  

4.4 Results 

4.4.1 Experiment 1 

Temperature recorded by the LDS at site T4 from the lake surface to 38 m depth 

between days 2005200 and 2005300 and the computed temperature fields from the same 

location for the first numerical experiment are illustrated in Figure 4.3. The temperature 

profiles show that strong temperature gradients persisted between 15 and 25 m below 

the surface, as temperatures decreased from ~26 oC at the base of the surface mixed 

layer to ~16 oC in the hypolimnion. Towards the end of the simulation period the 

stratification weakened as the season shifted from summer to autumn and deepening of 

the surface layer was accelerated by convective mixing (Fig. 4.3). These data provided 

an excellent test for the proposed algorithm as there was a wide range of average 

buoyancy frequency (10-5 < N2 < 10-3 s-2) observed through the pycnocline.  

Observed and computed isotherm depths in the metalimnion are summarised in 

Table 4.1 as the mean depth of observed and computed 16, 18, 20 and 22 oC isotherms 

determined from the time-averaged temperature profiles (Fig. 4.4). Evolution of the 
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metalimnetic depth is illustrated by the low-pass filtered (using a 7 day cut-off period) 

depth of the 20 oC isotherm (Fig. 4.5). Without a pycnocline filter (simulation a), 

numerical diffusion rapidly led to deepening of the metalimnion and weakening of the 

metalimnetic temperature gradients, which are telltale signs of numerical diffusion over 

long-term simulations in a stratified lake with forced internal wave motions (Beletsky 

2001). A constant pycnocline filter (simulation b) provided substantially improved 

computed temperature profiles but numerical diffusion remained significant. A larger 

constant sharpening scale of 1sh = 0.15 m was tested but led to an over-sharpened 

metalimnion and underestimated the deepening rate of the epilimnion. The simulation 

then became physically unreasonable due to the artificially sharp density gradients. The 

metalimnetic structure computed with the BPE filtering method (simulation c) closely 

matched the observed thermal gradients but led to a thinner and shallower metalimnion 

than observed; the simulated depths of the 16, 18, 20 and 22 oC isotherms were on 

average 0.3 m shallower than observed depths (Table 4.1). This suggests that ELCOM 

underestimated diapycnal mixing in the metalimnion. The metalimnion structure was 

most accurately reproduced by the TDA filter scheme (simulation d), which produced a 

mean isotherm depth difference between the observed and computed isotherms of less 

than 0.3 m, nearly a 10-fold reduction in the discrepancy between field observations and 

the unfiltered simulation. The time series of LN and 1sh shown in Figure 4.6 illustrate 

that the a TDA filter scale was typically ~0.03 m and only periodically increased to 

values between 0.13 m and 0.2 m after periods of low LN over which numerical 

diffusion increased. These TDA filter values were considerably different to the 

oscillations around higher values of 1sh ~ 0.14 m predicted by the BPE filter algorithm 

and predicted by the LN scaling (Fig. 4.2d). This suggests that during some periods of 

the simulation the optimised filter length decreased to improve the match between field 

and computed temperature profiles.  

A snapshot of the typical internal wave environment in Lake Kinneret, as 

modelled by ELCOM (see Hodges et al. 2000 and Gómez-Giraldo et al. 2006 for 

detailed comparisons), is shown in Figure 4.7, which illustrates the vertical 

displacement of the 21oC isotherm at 6 h intervals on day 2005210. The internal wave 

environment is clearly dominated by a ~24 h period vertical mode 1 counter-clockwise 

rotating Kelvin wave characterised by a maximum amplitude of more than 5 m around 

the lake perimeter and only small excursions of one to two metres in the centre of the 

lake (station T4). Despite the small excursions near T4 the observed energy distribution 

of the internal waves at station T4 during the 2005 simulations was matched closely by 
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ELCOM, as illustrated by the results of a spectral analysis of the time series of 

displacements of the 20 oC isotherm (Fig. 4.8). Dominant spectral peaks occurred at 

approximately 24 and 12 h periods due to the cyclonic Kelvin wave and anticyclonic 

Poincaré wave respectively (Antenucci et al. 2000). All four ELCOM simulations 

produced these spectral peaks but only the unfiltered and constant filter simulations 

reproduced a small peak at ~8 h shown in the measured data. Because the metalimnion 

structure was so poorly resolved by these simulations it is likely that these ~8 h peaks 

were produced by different mechanisms in the simulations than in the field, and not an 

improved representation of the observed internal wave field. Although the internal wave 

field in Lake Kinneret has been the focus of a number of published studies, the 

mechanism that generates the 8 h signal in the thermistor chain record is as yet 

unknown (Antenucci, pers. comm.). As expected, there is less energy in the higher 

frequency range of the computed spectra compared to the observed spectra as the coarse 

grid resolution and hydrostatic assumption inhibit the growth of waves with 

characteristics similar to the high frequency waves observed in Lake Kinneret 

(Boegman et al. 2003). High-frequency waves generated in the metalimnion of Lake 

Kinneret typically have periods ~200 s and wavelengths of the order of tens of metres 

(Gómez-Giraldo et al. 2008) and are therefore not resolved by ELCOM. The TDA filter 

simulation maintained more energy over a larger bandwidth, presumably due to more 

accurate reproduction of the metalimnion density gradients that maintain the bulk of the 

internal wave activity (see the smaller slope of the spectra at higher frequencies in 

comparison to the other simulations shown in Fig. 4.8). 
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Table 4.1. Experiment 1 results showing average depth and standard deviation of 
observed and simulated 16, 18, 20 and 22 oC isotherms between days 2005200 and 
2005300, the mean time-averaged eddy diffusivity determined from Eq. 4.2 (-) and the 
corresponding figure labels. The results are listed for the field data, (a)`control 
simulation with no filtering, (b) constant filter (1sh = 0.13 m), (c) background potential 
energy optimised filter (BPE filter), and (d) data-assimilation filtering approach (TDA 
filter), respectively. 

Isotherm Depth (m) 
Sim 

16 oC 18 oC 20 oC 22 oC 
  -  (m

2 s-1) Fig. 

Field 25.8 ± 0.970 22.5 ± 0.626 20.9 ± 0.584 19.7 ± 0.700 1.25 # 10-6 4.3 
LDS 

(a) No filter 32.6 ± 4.94 25.2 ± 1.78 22.3 ± 1.08 20.1 ± 0.753 3.98 # 10-6 4.3 a 
(b) Const 
filter  

28.5 ± 2.26 24.2 ± 1.13 21.9 ± 0.78 20.1 ± 0.665 2.03 # 10-6 4.3 b 

(c) BPE 
filter 

25.1 ± 0.472 22.4 ± 0.538 20.7 ± 0.448 19.5 ± 0.472 8.31 # 10-7 4.3 c 

(d) TDA 
filter 

25.3 ± 0.909 22.6 ± 0.679 21.1 ± 0.565 19.7 ± 0.533 1.02 # 10-6 4.3 d 

 

 



 102 

 

Figure 4.3. Temperature time-series from experiment 1 constructed using thermistor 
chain data collected by the LDS at site T4 between days 2005200 and 2005300 
compared to profiles computed using ELCOM with (a) no pycnocline filter, (b) a 
pycnocline filter with constant filter scale of 1sh = 0.13, (c) the BPE filtering scheme, 
and (d) the TDA filtering scheme. The contour intervals are 1 oC. 
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Figure 4.4. Time-averaged temperature profiles constructed from LDS data and 
computed temperature profiles from simulations (a) to (d) as Figure 4.3. 

 

 

Figure 4.5. Time-series of low-pass filtered 20 oC isotherm depth determined from LDS 
data and the computed temperature profiles from simulations (a) to (d) as Figure 4.3. 
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Figure 4.6. Time-series of lake number (top panel) and sharpening filter length scale 1sh 

(bottom panel) for the BPE filtering scheme (light line) and TDA filtering scheme (solid 
dots) over the 100 day simulation period defined by experiment 1. 

 

 

Figure 4.7. Three-dimensional depiction of internal wave field at 6 h intervals (a to d) as 
simulated by ELCOM during day 2005210. The panels show the bathymetric depth 
contours between 15 and 25 m deep, the location of the four LDS stations shown in 
Figure 1, and the depth of the surface defined by the simulated 21 oC isotherm. 
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Figure 4.8. Spectral density of the displacement of the 20 oC isotherm recorded by the 
LDS at site T4 between days 2005200 and 2005300 and computed using simulation 
configurations (a) to (d) as Figure 4.3. The vertical offset for each consecutive spectra is 
a factor of 10, starting at no offset for simulation (a). 

4.4.2 Experiment 2 

The results of the second experiment show that the TDA filtering scheme 

produced considerably different estimates of the filter length scale for station T3 

compared to station T4, as illustrated in Figure 4.9. The filter scale was fixed at 1sh = 

0.13 m for the first three days of the simulation to allow sufficient model spin-up. After 

the 3 days of spin-up, the filter scale optimised using T3 data remained at ~0.18 m until 

the last day of the simulation. In contrast, the filter scale optimised from temperature 

profiles recorded at T4 oscillated between values of ~0.03 and 0.16 m for most of the 

simulation period, which suggests that less filtering was required to reproduce the 

temperature structure observed at T4. Using T3 as the filtering reference produced more 

accurate metalimnion temperature gradients at T3, Tf and T7 and there was little 

difference between the simulations at site T4 (Table 4.2). More accurate simulations 

were produced at station Tg when T4 was used for filter scale optimisation. For a 

majority of stations, increased pycnocline sharpening using filter optimisation at T3 

produced more accurate simulation results, which suggests that numerical diffusion 
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varied laterally in keeping with the lateral variation in the amplitude of the dominant 

internal wave mode (Fig. 4.7).  

The internal wave spectra determined from oscillations of the 20 oC isotherm at 

site T7 are shown for the observed and computed temperature fields (Fig. 4.10). First, 

the spectra show the dominance of the internal wave field by the 24 h period wave, with 

a smaller contribution from the 12 h period wave in comparison with station T4 spectra 

(Fig. 4.8). Second, the use of station T3 for filter optimisation produced a larger peak in 

the computed spectra near a period of ~8 h, which was in closer agreement with the 

field data spectra. Excellent reproduction of internal waves at site T7 occurred during 

both simulations; however, the metalimnion remained thinner in the T3 filtered 

simulation due to the larger filter length scale (Fig. 4.11). 

Table 4.2. Experiment 2 results showing average depth and standard deviation of 
observed and simulated 16, 18, 20 and 22 oC isotherms between days 2001171 and 
2001180. The results are listed of each station with measurements from the field data, 
and computed output from the data-assimilation filtering approach (TDA) using 
temperature profiles from sites T3 and T4. 

Isotherm Depth (m)  
Station Sim 

16 oC 18 oC 20 oC 22 oC Fig. 

Field 32.7 ± 2.62 21.5 ±1.15 18.3 ± 0.80 16.4 ± 0.798  

T4 Filter 20.2 ± 0.00 20.1 ± 0.308 18.5 ± 1.16 16.8 ± 1.25  
T4 

T3 Filter 20.2 ± 0.00 20.0 ± 0.374 18.3 ± 1.07 16.6 ± 1.18  

Field 28.9 ± 0.379 20.5 ± 2.24 16.9 ± 1.69 13.7 ± 1.37  

T4 Filter 20.2 ± 0.00 19.7 ± 0.846 18.1 ± 1.43 16.5 ± 1.60  
T3 

T3 Filter 20.2 ± 0.00 19.6 ± 0.992 17.9 ± 1.42 16.3 ± 1.55  

Field 19.8 ± 0.624 18.8 ± 1.97 16.9 ± 2.58 15.3 ± 2.62  

T4 Filter 19.7 ± 1.08 19.1 ± 1.72 17.9 ± 2.41 16.2 ± 2.53  
Tf 

T3 Filter 19.7 ± 1.15 18.9 ± 1.84 17.6 ±2.45 16.1 ± 2.52  

Field 20.0 ± 0.370 19.8 ± 0.794 17.8 ± 1.48 16.1 ± 1.60  

T4 Filter 18.7 ± 0.07 18.6 ± 0.514 17.3 ± 1.66 16.0 ± 2.17  
Tg 

T3 Filter 18.7 ± 0.327 18.4 ± 0.836 17.1 ± 1.78 15.9 ± 2.18  

Field 19.8 ± 0.563 18.9 ± 1.612 17.4 ± 2.11 16.1 ± 2.33 4.11 

T4 Filter 19.6 ± 1.09 19.2 ± 1.55 17.6 ± 2.32 15.9 ± 2.50 4.11  
T7 

T3 Filter 19.6 ± 1.09 19.0 ± 1.71 17.4 ± 2.36 15.9 ± 2.56 4.11  
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Figure 4.9. Optimised filter length scale determined using TDA filter scheme with LDS 
data from sites T3 and T4 collected between days 2001171 and 2001180. 

 

 

Figure 4.10 . Spectral density of the displacement of the 20 oC isotherm recorded by the 
LDS at site T7 between days 2001171 and 2001180 and computed using the TDA filter 
optimisation at sites T3 and T4. 
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Figure 4.11 . Temperature time-series from experiment 2 constructed using thermistor 
chain data collected by the LDS at site T7 between days 2001171 and 2001180 
compared to profiles computed using ELCOM with the TDA filtering scheme applied at 
sites T3 and T4. 

4.5 Discussion 

4.5.1 Energy flux path 

The energy flux path below the surface mixed layer of a wind-forced stratified 

lake consists of three key linkages (Imberger 1998). First, energy from surface wind 

stress imparts momentum into the epilimnion that accelerates the epilimnion and 

initiates basin-scale seiches that are then modified by the cyclic nature of the wind-

forcing, bathymetric features, and Coriolis force to create an ensemble of forced and 

free basin-scale wave motions that radiate energy throughout the lake. Second, some of 

the energy in these waves is dissipated as shear-generated turbulence generated by 

large-scale baroclinic currents along the lake bed (Gloor et al. 2000; Lemckert et al. 

2004) or by shear instabilities in the lake interior (Saggio and Imberger 2001; Botelho 

and Imberger 2007). Through a third and more complex pathway, some of the energy in 

the basin-scale internal waves is transferred to higher frequency waves by nonlinear 
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wave steepening (Horn et al. 2002; Boegman et al. 2003). These waves may become 

unstable and break locally near the generation site, thus dissipating their energy locally, 

or they may travel away from the generation site and shoal and break at the lake 

boundaries (Boegman et al. 2005). High-frequency waves generated near the surface 

may also redistribute energy into the metalimnion, by generating secondary instabilities 

that trigger highly energetic turbulent mixing (Gómez-Giraldo et al. 2008).  

Of these energy pathways, coarse grid models can resolve the first pathway, 

provided they reproduce basin-scale baroclinic motions accurately. Contributions to 

diapycnal mixing from the second pathway can also be modelled using appropriate 

parameterisations to estimate turbulent mixing generated by internal and boundary 

shear. The long-term accuracy of the model will depend heavily on the ability of the 

model to maintain the correct stratification and internal wave motions that drive mixing. 

Parameterisation of the third pathway has not yet been addressed and in contradiction to 

mixing parameterisations that assume near-neutral flow and thus reduce turbulent 

mixing under the action of buoyancy, turbulent activity increases in the thermocline of 

lakes and oceans as a result of these unresolved internal wave-induced mechanisms 

(Luyten et al. 2002; Gregg et al. 2003). Recent work by Botelho and Imberger (2007) 

has shown that with a non-hydrostatic solution and sufficiently small grid scales, waves 

with frequencies nearing the buoyancy frequency in the metalimnion can be modelled in 

natural domains using ELCOM.  These features, coupled with event-scale 

parameterisations of diapycnal flux based on local flow stability in lakes, opens the 

possibility of resolving the small, yet locally important, contributions to overall 

buoyancy flux provided by the latter pathway. We show below that controlled 

numerical diffusion can provide a substitute for unresolved mixing processes until 

appropriate parameterisations are developed. 

4.5.2 Physical versus numerical diffusion 

The observed temperature structure was reproduced most accurately by ELCOM 

when the TDA filtering method was applied to negate numerical diffusion. Although the 

BPE filtering technique (Laval et al. 2003a) produced vastly more accurate simulation 

results than non-filtered simulations, the temperature gradients were sharper than the 

observed gradients and the metalimnion depths were shallower. Because this scheme 

explicitly removes only numerical diffusion incurred during advection the simulation 

provides a good test-case for the ELCOM mixing parameterisations. Diapycnal mixing 

was underestimated by the ELCOM mixing scheme. This can be demonstrated by 
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comparing the computed net eddy diffusivity (which includes both physical and 

numerical diffusion in the computed results) at site T4 to the physical eddy diffusivity 

measured at site T4. The eddy diffusivities, which were approximated using Eq. 4.2, are 

illustrated in Figure 4.12 and the mean diffusivities summarised in Table 4.1; these time 

series are comprised only of periods of observed pycnocline thickening. The thickness 

of the pycnocline was defined as the distance between the smoothed (over a 2 day 

moving average window) depth of the 16 and 22 oC isotherms. A 2 day moving average 

was sufficient to smooth the isotherm separation induced by higher mode internal 

waves, which in Lake Kinneret have periods of less than 24 h (Antenucci et al. 2000; 

Gómez-Giraldo et al. 2006). Observed eddy diffusivities measured in the pycnocline 

were ~1.25 # 10-6 m2 s-1 between days 2005200 to 2005300, which is comparable to the 

values determined from microstructure measurements collected in the pycnocline in the 

interior of Lake Kinneret during early summer, but lower than the lake-wide estimates 

of 5 # 10-6 m2 s-1 determined from the heat budget method at 20 m below the surface 

(Yeates and Imberger 2003). The higher lake-wide diffusivity observed in early summer 

results from increased BBL activity in early summer that occurs in response to a 

combination of increased wind forcing and resonance between the Kelvin wave and 

wind forcing (Antenucci and Imberger 2003). Resonance between wind and internal 

waves forces larger amplitude internal waves that lead to increased boundary mixing 

triggered by stronger bottom currents and increased internal mixing through elevated 

mean shear and the generation of high-frequency internal waves in the metalimnion. 

Fluid mixed at the boundaries may form a density current that intrudes into the 

hypolimnion beneath the pycnocline so that it does not influence on the structure of the 

pycnocline in the lake interior.  Heating of the hypolimnion from such intrusions will be 

reflected in eddy diffusivity estimates made using the budget method (Powell and 

Jassby 1974), but not in the estimates derived by applying Eq. 4.2 to density profiles 

collected near the centre of the lake.  

Computed mean eddy diffusivities in the lower metalimnion, which include the 

effects of both physical mixing, estimated from the ELCOM mixing parameterisation, 

and numerical diffusion, introduced by advection, were most accurate for the TDA filter 

simulation (Table 4.1). The unfiltered and constant filter simulations produced eddy 

diffusivities that were 4 and 2 times higher than the field estimates, respectively, due to 

excessive numerical diffusion. In contrast, the BPE optimised filter simulation produced 

a mean diffusivity that was 33% less than the observed diffusivity and the TDA filtering 

simulation produced diffusivities were 18% lower than estimates from observations. By 
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matching the observed and computed temperature profiles the TDA filter scheme 

ensured that simulated net diapycnal mixing rates were continually adjusted to better 

match the observed rates (Fig. 4.12) and therefore ELCOM was able to maintain density 

profiles that were consistent with field observations.  The variable behaviour of the 

optimised filter length over the course of the simulation may, in part, be due to the 

model compensating for periods of increased physical mixing that are not reproduced by 

ELCOM mixing parameterisations. Turbulent mixing may occur as intense bursts 

driven by nonlinear mechanisms (Gregg 1987; Saggio and Imberger 2001; Gómez-

Giraldo et al. 2008) that are not resolved by ELCOM.  

The relative contribution to net diffusion from numerical and physical diffusion 

can be examined through comparison of Eq. 4.4, where Ri ~ LN
2, to the relation for lake-

wide diapycnal eddy diffusivity determined in Lake Kinneret and given by -  = 

 200-m/LN (Yeates and Imberger 2003), where -m is the molecular diffusivity for heat. 

Figure 4.13 shows the ratio of numerical to physical diffusion over a range of LN values 

from 1 to 100. Both numerical and physical diffusion increase with decreasing LN due to 

larger amplitude internal waves, but for LN less than 10, physical diffusion is expected 

to be greater than numerical diffusion because of the excitation of the numerous 

mechanisms that contribute to turbulent mixing. Conversely, as values of LN increase 

beyond 10 the generation mechanisms for turbulence fade but numerical diffusion 

persists, for even the smallest motions in the metalimnion, and therefore becomes the 

dominant source of diffusion. This suggests that although an adjustment of the filter 

length based on LN is required to prevent over-sharpening of the pycnocline when 

internal wave activity subsides, a scheme based on LN scaling alone is insufficient 

unless all mechanisms driving physical mixing are accurately parameterised by the 

model. In the meantime, comparisons between the computed and measured profiles are 

required to derive an initial estimate of the filter scale to which the LN-based adjustment 

is then made. However, the results of the second experiment show that the site used to 

compare the field and model profiles leads to significantly different estimates of the 

filter length. 

 



 112 

 

Figure 4.12 . Time series of eddy diffusivity from experiment 1 determined at site T4 
using Eq. 4.2 for the LDS data and from ELCOM simulations (a) to (d) as Figure 4.3. 

 

 

Figure 4.13 . Ratio of numerical diffusivity (Eq. 4.4), to physical diffusivity, given by -  
= 200-m/LN  (Yeates and Imberger 2003), as a function of the lake number, LN. 

4.5.3 Lateral variability 

In stratified lakes the time scale for horizontal transport is typically far shorter 

than vertical transport time scales (Imboden 1990), so any change in the metalimnion 

temperature structure observed at a central site, such as T4 in Lake Kinneret, should be 

representative of the lake-wide mixing as lateral dispersion quickly communicates local 

density adjustments throughout the lake. This assumption becomes critical if monitoring 

stations moored in the deep reaches near the centre of large lakes are expected to 

provide information on the diapycnal mixing rates over the lake as a whole. However, 
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these sites are less exposed to boundary processes and feel lower amplitude internal 

waves due to Coriolis force that amplifies wave motions near the littoral zones. The 

results from experiment 2 suggest that in a numerical sense the rates of net mixing 

(physical and numerical) differ laterally and correct selection of profile locations used to 

assess model performance becomes important. The results show that larger filter scales 

were required to match the observed and computed temperature gradients at site T3 

compared to site T4. Previous field measurements in Lake Kinneret show that mixing in 

the metalimnion is more intense at site T3 than T4 (Yeates and Imberger 2003) due, in 

part, to shear formed at the crest of the passing Kelvin wave, a process that is resolved 

by ELCOM. Moreover, numerical diffusion at site T3 is expected to be greater due to 

larger internal wave amplitudes and the influence of numerical boundary mixing 

increased by the step structure of the ELCOM z-level grid (Ezer and Mellor 2004; Ezer 

2005). Therefore, critical sites for numerical diffusion coincide with the most intense 

sites of physical mixing and so optimising the filter performance using observations at 

T3 should provide an improved prediction of physical mixing rates, and in turn, a better 

prediction of the internal wave activity. The results of the second numerical experiment 

support this; however, longer simulations over periods when multiple sites are 

monitored are needed to confirm this.   

4.5.4 Practical applications: Real-time lake management systems 

We have shown that in lakes the vertical structure can be more accurately 

predicted by assimilating thermistor chain data into the model simulations to modify the 

diapycnal mixing rates and reduce the effect of numerical diffusion. It is, however, 

important to consider the dynamics of the lake and deploy in-situ instruments 

strategically so as to best capture the features that most influence diapycnal mixing 

rates. The method developed above has been demonstrated using retrospective data sets, 

yet the concept could be easily translated to real-time systems where a data stream from 

an in-situ LDS provides continuous meteorological boundary conditions required to 

force ELCOM and the temperature profiles required to assess model performance and 

optimise filter length.  

Although some advection schemes, such as the ULTIMATE QUICKEST scheme 

used here, have little numerical diffusion, simulated gradients in coarse grid 

environmental flow models will, over sufficient simulation periods, weaken and drive 

the model predictions off course. Here we show that in addition to the development of 

improved schemes and faster processors operating on finer grids, assimilation of 
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increasingly large amounts of real-time data into the model simulations provides an 

important measure of model performance and a means to maintain confidence in model 

now- and fore-casting. Continually maintaining the computed temperature within the 

bounds of the physical measurements at one or more strategic locations in the lake 

ensures that the extensive array of additional information generated by a process-driven 

model and not measured by in-situ instrumentation, such as current speeds, littoral 

upwelling (e.g. Fig. 4.7), and internal wave excited mixing events, is physically 

reasonable and fit to assist decision making. 

Similar optimisations to that presented here could be applied to other physical 

parameters such as surface flux, light extinction and surface drag coefficients, all of 

which influence the computed vertical temperature structure. 

4.6 Conclusions 

We have demonstrated that numerical diffusion very rapidly leads to smoothing of 

computed temperature gradients and the degradation of computed internal wave fields. 

However, numerical diffusion can be minimised and model skill greatly improved by 

applying a pycnocline sharpening filter that re-sharpens artificially smoothed density 

gradients. Observed temperature profiles were assimilated into the model during 

simulation and the discrepancy between computed and observed metalimnion 

temperature gradients was minimised by adjusting the filter length scale. The approach 

has two key features that make it highly applicable to a variety of environmental flows. 

First, it does not require prior assumptions about the background potential energy, 

which limits the applicability of internal correction techniques (e.g., Laval et al. 2003a; 

Fringer et al. 2005) to open boundary systems (e.g. marine, estuarine and high inflows 

in closed-basin lakes). Second, dynamic adjustment of the model corrected not only 

over-prediction of net diffusion but also under-prediction of physical diffusion by acting 

as a diffusion ‘tap’ that allowed numerical diffusion to compensate for unresolved 

diapycnal mixing processes. This ensured that over long simulation periods, the 

computed temperature profiles remained within the bounds of observed profiles and 

thus the hydrodynamics were well represented. 
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5 Conclusions 

Thermistor chain data were used to derive new generic diapycnal mixing 

algorithms for a one-dimensional numerical model that included a process-based 

parameterisation of the benthic boundary layer and lake-wide internal fluxes below the 

epilimnion. The model was validated using a range of lakes and reservoirs that varied in 

size, shape, forcing characteristics, and strength of seasonal stratification. The 

simulation results showed with the inclusion of the new parameterisations the ability of 

the model to reproduce the thermal structure of the lakes was greatly improved, 

eliminating the need for user-calibration of the mixing parameters.  

Microstructure data collected in Lake Kinneret during periods of strong 

stratification showed that the observed properties of turbulent mixing events differed 

between the epilimnion, hypolimnion, metalimnion, and benthic boundary layer. 

However, the properties of the turbulence and the buoyancy flux maintained by the 

turbulent events were functions of the gradient Richardson number in all regions of the 

lake. These functions were used to derive a relationship for diapycnal diffusivity based 

on the gradient Richardson number, which estimated diffusivities with lower mixing 

efficiencies than assumed in the literature. The data suggests that the gradient 

Richardson number decreased very rapidly in regions of the metalimnion strained by the 

tail of high frequency wave modes generated near the surface, triggering secondary 

instabilities and intense localised turbulence. 

The potential for improved parameterisations of local diapycnal fluxes identified 

in Chapter 3 cannot be realised without countermeasures to negate numerical diffusion, 

which rapidly deteriorates the simulated thermal stratification and internal wave field. 

Numerical diffusion can be negated and model skill greatly improved by applying a 

pycnocline sharpening filter that re-sharpens artificially smoothed density gradients. By 

assimilating temperature observations into the model during simulation the filter length 

scale can be optimised and the discrepancy between computed and observed 

metalimnion temperature gradients reduced so that internal wave motions are 

maintained. In addition, the method corrects under-prediction of physical diffusion by 

allowing numerical diffusion to compensate for unresolved diapycnal mixing processes. 

These unresolved mechanisms include, for example, the turbulent events generated by 

secondary instabilities in the metalimnion. Despite their observed intermittency, these 

events produce large local buoyancy fluxes that may make a significant contribution to 

the lake-wide interior flux.  
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When coupled with an ecological model the new deep mixing routines in the one-

dimensional model and improved long-term performance of the three-dimensional 

model should provide more accurate simulations of nutrient distribution and thus a 

better prediction of primary productivity in stratified lakes and reservoirs. Future work 

should focus on the parameterisation of unresolved mechanisms that trigger intense 

bursts of diapycnal mixing and thus increase local nutrient supply to the euphotic zone. 
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Abstract 

Field data were used to estimate the wavelength, phase speed, direction of 

propagation, frequency, and the vertical structure of high frequency internal waves observed 

on the crests of basin-scale waves of Lake Kinneret during periods of strong wind. Shear 

stability analysis indicates that these waves were generated by shear in the surface mixing 

layer. The characteristics of the high frequency internal waves changed within a wind event 

as the result of the evolution of the background flow conditions following the deepening of 

the surface layer and the propagation of the basin-scale internal waves. When the background 

conditions were appropriate, the vertical structure of the unstable mode was such that the 

perturbations generated visible sinuous internal waves that in turn, modified the density 

profile in the metalimnion in such a way that secondary shear instabilities were triggered. The 

high frequency internal waves were observed over larger distances, but poor coherence in 

temperature records from stations 200 m apart suggested that individual high frequency 

internal waves were dissipated locally; these waves are thus a local mechanism allowing 

energy to be drawn from the energized surface layer and transported to the metalimnion 

where it sustains turbulence. Part of the energy extracted from the surface layer was also 

returned to the mean flow in the metalimnion; high frequency internal waves are therefore 

also a source of momentum for the metalimnetic currents. The vertical excursions of the 

waves also indicate that they could potentially play a role in phytoplankton growth by 

significantly altering the light regime at relatively high frequencies.  
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Introduction 

 

Basin scale internal waves in stratified lakes have been widely studied because they 

redistribute the momentum and energy introduced by the wind at the surface of the lake 

(Mortimer 1974; Imberger 1998). High frequency internal waves have also been detected in 

stratified lakes (Mortimer et al. 1968; Thorpe et al. 1996) and are believed to contribute 

significantly to mixing (Imberger 1998). Several generation mechanisms have been suggested 

but they can be grouped in two distinct types. First, waves that evolve from hydraulic features 

such as basin scale waves impinging on boundaries, basin scale wave shoaling over sloping 

boundaries or basin scale waves simply steepening due to nonlinear effects (Hunkins and 

Fliegel 1973; Wiegand and Carmack 1986; Thorpe et al. 1996). These high frequency 

internal waves evolve into solitary waves and, as Boegman et al. (2003) have shown, they can 

transport energy over large distances, ultimately breaking when they shoal over a sloping 

bottom (Boegman et al. 2005). Generally these waves contribute little to mixing within the 

metalimnion in the interior of a lake. Second, there are sinusoidal waves that have their origin 

in shear instabilities (Hamblin 1977; Stevens 1999). Boegman et al. (2003) estimated that 

these waves dissipate over short distances by losing energy to the background flow, but these 

authors were unable to conclusively connect the local shear instabilities and the generated 

high frequency internal waves to the bursts of turbulence observed in the metalimnion. Even 

though the bulk of the vertical mass flux in a lake is via the benthic boundary layer 

(Goudsmit et al. 1997; Wüest et al. 2000; Saggio and Imberger 2001), it is still important to 

understand the mixing in the metalimnion of the lake’s interior as this not only transports 

mass, but also provides a rate of strain important for the bonding of chemical and biological 

particles. To evaluate the role of high frequency internal waves in mixing in the interior of 
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the lake, the generation mechanisms, the propagation characteristics, and the dissipation 

mechanisms need to be identified.  

High frequency internal waves in Lake Kinneret were first described by Antenucci 

and Imberger (2001). They showed that the activity of these waves was associated directly 

with the strength of the wind. The phase of the basin-scale Kelvin internal wave had a 

modulating effect producing, for similar wind conditions, stronger high frequency activity 

when the epilimnion was thinner. These observations suggested that high frequency internal 

waves were generated by shear in the surface layer induced by the wind. A linear stability 

analysis disclosed that unstable modes with large growth rates had, in fact, similar 

frequencies to those of the observed high frequency internal waves. Boegman et al. (2003) 

defined more precisely the characteristics of the shear-unstable modes associated with 

observations of high frequency internal waves in the crest of the basin-scale internal Kelvin 

wave during periods of strong wind. Boegman et al. (2003) also showed the existence of high 

frequency internal waves associated with shear in the thermocline generated by high vertical 

mode basin-scale internal waves, suggesting that the high frequency waves could also be 

generated by shear instabilities at this level.  

Shear instabilities have been widely investigated in order to explain the excitation of 

gravity waves and other phenomena in the ocean and the atmosphere. Most of the studies 

considered simplified two-dimensional profiles of background velocity and density. 

Relatively simple background profiles such as constant shear layer between constant velocity 

layers (Taylor 1931; Miles and Howard 1964; Lawrence et al. 1991) and hyperbolic tangent 

function (Drazin 1958; Thorpe 1973; Davis and Peltier 1976) have been studied and have 

provided an understanding of how the properties of shear unstable modes, such as 

wavelength, frequency, phase speed, and growth rate, are related to the background flow 

profiles. Solutions for these simplified profiles have also been used to suggest shear 



 6

instabilities as the generation mechanism for some waves observed in the atmosphere (e.g., 

Lalas and Einaudi 1976) and in the ocean (e.g., Woods 1968; Sutherland 1996). However, the 

onset of instability and the characteristics of the unstable modes are sensitive to details in the 

background density and velocity profiles (e.g., Howard and Maslowe 1973). In spite of this, 

very few stability analyses have been conducted using realistic background profiles in the 

atmosphere (De Baas and Driedonks 1985), the ocean (Sun et al. 1998), and lakes (Boegman 

et al. 2003). For all these cases, however, a rigorous comparison of the characteristics of the 

unstable modes and the internal waves has not been conducted due to limited availability of 

spatially distributed data to estimate the propagation characteristics of the observed waves.  

In order to capture adequate data to estimate frequency, wavelength, phase speed, 

direction of propagation, and vertical modal structure of high frequency internal waves 

observed in the crest of the internal Kelvin wave in Lake Kinneret, an array of five closely-

spaced high temporal resolution thermistor chains was deployed in a site of the lake were the 

activity of high frequency internal waves is strong. The estimates of the propagation 

characteristics of the high frequency internal waves obtained with the high temporal 

resolution data from the thermistor chains were then compared to the results of a shear 

stability analysis of the background density and velocity profiles, performed using the 

theoretical and numerical framework described in Boegman et al. (2003). From this 

comparison, we conclude that wind induced shear in the surface layer is the generation 

mechanism for the high frequency internal waves. By investigating the perturbations 

associated with the high frequency internal waves, we discovered that they energize the mean 

flow in the metalimnion and trigger turbulent events in the metalimnion through the 

generation of shear instabilities. The characteristics of the mixing patches observed in the 

metalimnion during the same field campaign are described in a companion paper by P. S. 

Yeates, J. Imberger, and A. Gómez-Giraldo (unpubl.) hereafter referred to as YIG. 
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Field site 

 

Lake Kinneret (Israel) is approximately 22 km long north-south and 15 km wide west-

east and had a maximum depth of about 39 m (Fig. 1) during the summer of 2001, when the 

field experiment was conducted. The lake is monomictic with a strong thermal summer 

stratification characterized by a thermocline located about 16 m deep and a temperature 

difference of up to 8°C across the metalimnion (Serruya 1975). Inflows, outflows, and 

density variations due to salinity have a negligible effect on the dynamics at this time of the 

year. A strong westerly breeze that reaches speeds of 15 m s-1 every afternoon excites a set of 

basin-scale internal waves that are observed consistently during summer (Serruya 1975; 

Antenucci et al. 2000; Gómez-Giraldo et al. 2006). The latter authors showed that the 

dominant natural mode is a vertical mode one, 22.6 h period Kelvin wave that propagates 

anti-clockwise around the entire lake. A second dominant Poincaré wave mode, with a period 

close to 10.5 h, is also observed and was shown by Gómez-Giraldo et al. (2006) to be 

characterized by two counter-rotating vertical mode one cells. These authors also showed that 

the dominant periodicities in the wind override the natural periods, shifting the observed 

periods to 24 and 12 h respectively. Vertical mode 2 and 3 Poincaré waves with periods close 

to 20 h have been detected in the northwestern region of the lake (Antenucci et al. 2000). 
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Field equipment 

 

An array of five closely spaced Lake Diagnostic Systems (LDSs) equipped with 

thermistor chains, forming both a small and a large triangle, was deployed at location B 

(Fig.1) to study the characteristics of the high frequency internal waves. The traditional one-

thermistor chain deployment does not allow estimating propagation characteristics of the 

wave like phase speed, direction of propagation and wavelength. The distances between 

stations were planned to be 9 m for the small triangle and 200 m for the larger triangle; the 

spacings were determined from wavelength estimates obtained by Boegman et al. (2003). 

Their relative location is presented in Fig. 1 and the actual distances and directions between 

the stations are listed in Table 1. All the stations located at B had thermistors from a depth of 

0.75 m and were spaced every 0.75 m to the bottom. The thermistors had a temperature 

accuracy of 0.01°C and a resolution of 0.001°C and were sampled every 10 s. 

Profiles of the background velocity and temperature microstructure were measured 

with a Portable Flux Profiler (PFP; Imberger and Head 1994) equipped with temperature 

sensors with a 0.001°C resolution and an orthogonal two-component laser Doppler 

velocimeter with a 0.001 m s-1 resolution. With a sampling frequency of 100 Hz and a fall 

velocity ~0.1 m s-1, the PFP sampled the water column at scales as small as 1 mm. The 

majority of PFP profiles were recorded near the centre of the large triangle (Fig. 1).  

 

Analysis methods: Linear stability analysis 

 

To investigate whether the high frequency internal waves in the crests of the internal 

Kelvin waves in Lake Kinneret originated from shear instabilities, as proposed initially by 
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Antenucci and Imberger (2001), we followed the methodology of Boegman et al. (2003) and 

estimated the growth rate of two-dimensional wave-like perturbations of the form 

 

 ! " ! " ! "# $ˆw x,z,t w z exp ik x ct% & '( ) *+ ,  (1) 

 

evolving in a background flow with buoyancy frequency ! "zN  and velocity ! "U z . 

r iˆ ˆ ˆw w iw( -  defines the vertical structure of the vertical velocity, k is the horizontal 

wavenumber, r ic c ic( -  is the complex phase speed, the horizontal coordinate x has been 

oriented in the direction of k (without loss of generality), z is the vertical coordinate defined 

positive upwards, and t is time. The resulting Taylor-Goldstein equation (see Boegman et al. 

2003) was solved numerically (Hogg et al. 2001). We specified zero vertical velocity at the 

surface and at the bottom as boundary conditions and investigated unstable modes with 

wavelengths 2( k. /  at 2-m intervals between 2 and 60 m. This range covers preliminary 

estimates (Boegman et al. 2003) of the wavelengths of the most unstable modes. Although 

the code can solve a generalized form of the Taylor-Goldstein equation that includes 

viscosity and diffusivity, the turbulence in the metalimnion of Lake Kinneret is triggered by 

the events we were seeking; their precursor was a laminar water column (Saggio and 

Imberger 2001) so viscosity and diffusion were neglected. Frequency and growth rate were 

calculated as (r rk c0  and (i ik c0  respectively. See Boegman et al. (2003) for a more 

detailed description of the linear stability analysis.  

The linear stability analysis was performed for each of the two-dimensional flows that 

result from projecting the three-dimensional flow onto 32 vertical planes with directions 

separated by 11.25°. The directional nature of the instabilities was then recovered by 

combining the solutions in wavenumber space. In this way, two-dimensional instabilities 
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were investigated for a three-dimensional flow. This is supported by the work of Smyth and 

Peltier (1990) who found that two-dimensional instabilities grow faster than primary three-

dimensional instabilities except for a small range of shear Reynolds and gradient Richardson 

numbers; in particular, for shear Reynolds numbers 300Re ( 1
23
4

. 2 is the jump of velocity 

across the shear layer, 3 is the shear layer thickness, and 4 is the kinematic viscosity of the 

fluid (4~1x10-6". We calculated Re along the shear layers of the observed flow and it was 

always much larger than 300. In the surface layer, for example, 25and 3 were of the order of 

6785m s-1 and 10m respectively, so Re was of the order of 2x106 and two-dimensional 

instabilities are expected to grow faster than three-dimensional instabilities. 

 

Observed background conditions 

 

The periodic westerly afternoon breeze acting over Lake Kinneret (Fig. 2a) excited an 

exceptionally regular pattern of basin-scale internal waves (Gómez-Giraldo et al. 2006) (Fig. 

2b). The largest component in the observed oscillations was the result of the near resonant 

interaction of the 22.6 h natural period Kelvin wave with the 24 h dominant periodicity in the 

wind forcing. At location B, the crest of the Kelvin wave was in phase with the wind so the 

thickness of the epilimnion always decreased when the wind was strongest, producing strong 

shear in the surface layer and pointing to shear instability as the generation mechanism for 

the high frequency internal waves riding on the crests of the Kelvin wave (Fig. 2b) 

(Antenucci and Imberger 2001). Figures 2c,d show magnified views of two high frequency 

events in the afternoons of days 179 and 182. The high frequency internal waves had 

amplitudes up to 1 m, were vertically coherent, and occurred in packets. Power spectra 

(Bendat and Piersol 1986) of the isotherm displacements, measured with all LDS’s, showed 
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that the dominant Eulerian frequency in the high frequency range was about 0.0056 Hz (180 s 

period), as illustrated in Fig. 3 for the 23°C isotherm at TB1. The power spectra of the 23°C 

isotherm vertical displacements at the other LDS stations were identical and the same 

frequency also dominated the high frequency oscillations of other isotherms throughout the 

water column. 

Miles (1961) and Howard (1961) defined a quantitative criterion for instability 

showing that small perturbations may grow, extracting energy from the background flow, 

only if the gradient Richardson number ! "22 0 25gRi N z .( 9 9 1U  somewhere in the water 

column. Figure 4 shows the regions of the water column where Rig falls below the critical 

value of 0.25 for the afternoon of day 179, when the high frequency internal wave activity 

was strong and the background conditions were continuously monitored with PFP casts. In 

the surface layer Rig dropped below the critical value (Fig. 4a) due to the east-directed shear 

introduced by the westerly wind (Fig. 4b) and because of the weak stratification. Rig also 

decreased below 0.25 in the strongly stratified metalimnion due to the strong shear associated 

with the north-south currents (Fig. 4b) generated by the high vertical mode basin-scale 

Poincaré waves described by Antenucci et al. (2000). One of the objectives of this analysis is 

to determine the region primarily responsible for the generation of the high frequency internal 

waves. 

 

Characteristics of the observed high frequency waves 

 

 Antenucci and Imberger (2001) documented that the high frequency waves appeared 

only sporadically. The 23°C isotherm vertical displacements series from all 5 stations was 

band pass filtered with a narrow filter around a frequency of 0.0056 Hz to identify in what 

periods the high frequency internal waves were present. Figure 5a shows that the waves were 
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generated at all 5 stations during the same periods, mainly when the wind was strong. This 

suggests that the generation mechanism had a spatial scale larger than 200 m. However, Figs. 

5b,c show that the wave packets were only similar for the stations in the small triangle, but 

they were less similar for the stations that formed the large triangle. This is a first indication 

that the waves were generated and dissipated locally over distances of the order of 100 m.  

Closer examination of Fig. 2a reveals that the strongest high frequency internal wave 

activity in the metalimnion was not concurrent with the maximum wind speed. Further, there 

was a delay of about 4 h between the start of the wind and the appearance of the high 

frequency internal waves in the metalimnion. This indicates that the background flow 

conditions, which were modulated by the passage of the basin-scale internal waves, had a 

strong effect on the generation of high frequency internal waves. Because the characteristics 

of the high frequency internal waves likely changed within a wind event following changes in 

the wind and in the background flow, we investigated the characteristics of these waves 

during three periods within the wind event observed in the afternoon of day 179. The start 

and end times of the periods and the number of casts during each period are presented in 

Table 2. Period 1500 was characterized by strong wind, very weak high frequency internal 

wave activity in the metalimnion and some deepening of the mixed layer. The maximum 

wind speed occurred during period 1630, which included the first PFP casts after the 

beginning of the high frequency internal wave activity. Period 1900 covered the maximum 

elevation of the metalimnion and strong high frequency internal wave activity. 

Spectral analysis of the 23°C isotherm displacements, shown in Fig. 6, indicates that 

there was no clear peak for period 1500, when the internal wave activity in the metalimnion 

was very weak. Power spectral density of the 27°C isotherm (also in Fig. 6) indicates that the 

more active surface mixing layer also lacked a dominant frequency for this period. During 

periods 1630 and 1900, the displacements in the metalimnion (23°C isotherm) were 
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dominated by oscillations with frequencies of 0.0058 and 0.0042 Hz (172 and 238 s) 

respectively. 

The propagation characteristics of the high frequency internal waves were estimated 

from a coherence and phase analysis (Bendat and Piersol 1986) of the 23°C isotherm 

displacement for the three stations in the small triangle. The results, presented in Table 3 for 

periods 1630 and 1900 (the lack of a confident peak prevents calculation for the period 1500), 

show that the high frequency internal wave properties changed within one wind event, with a 

decrease in frequency, wavelength and phase speed over time. The small coherence between 

the signals from the stations in the large triangle invalidates any results from the phase 

analysis applied to the large triangle and supports the conclusion of Boegman et al. (2003) 

that individual high frequency internal waves were generated and dissipated locally. This 

indicates that high frequency internal waves were observed over a large area in the 

metalimnion of the lake because they were generated over all that area. 

The vertical structure of the high frequency internal waves was extracted from the 

vertical velocity profiles measured with the PFP. Figure 7 shows representative profiles for 

each one of the three periods considered. It was not possible to isolate the motion due to the 

dominant high frequency internal waves summarized in Table 3, but we expect the vertical 

velocity profiles to be strongly correlated to these waves, as they dominated the isotherm 

response. The profile for period 1500 exhibited strong small-scale fluctuations above 5 m, 

i.e., in the surface mixing layer. There was a local maximum at 7 m depth and then the 

vertical velocity decreased rapidly below this level, being almost zero in the metalimnion. 

During the period 1630, there were also strong small-scale fluctuations above 5 m and the 

vertical velocity again decreased with depth, but there was a region with considerable vertical 

velocity between 13 and 20 m deep. In addition to the fluctuations in the top 5 meters, the 

vertical velocity profile for period 1900 exhibited an intermediate minimum at 15 m depth 
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and two local maxima above and below this level; the manifestation of the changes in the 

vertical velocity distribution on the isotherm displacement may be noted in Fig. 4b. 

 

Results of the stability analysis 

 

The background shear and density profiles required for the for the stability analysis 

were obtained for each one of the three periods by calculating mean isotherm depths and the 

corresponding isopycnal velocities from the PFP casts. In this way, the fluctuations in the 

individual profiles generated by the high frequency internal waves were smoothed out. The 

density and velocity in the top 3 or 4 meters, where PFP data was unavailable, were estimated 

by extending the upper measurements of density and shear to the surface. Figure 8 presents 

the density and velocity profiles, together with the associated gradient Richardson number 

(Rig) and direction of the shear. The evolution of the density profile in Fig. 8a shows a 

deepening of the diurnal thermocline from 5 m to 10 m between periods 1500 and 1630, in 

response to wind-induced mixing. Between periods 1630 and 1900, the entire stratification 

was lifted by the basin-scale internal waves. Figure 8b reveals that the velocity peak in the 

metalimnion became stronger and shifted toward the surface. There were two depths where 

the associated Rig decreased below 0.25; as the afternoon progressed, these regions became 

larger and moved closer together (Fig. 8d,e,f). The shallow region, in the surface layer, was 

produced by the gradient in the zonal component of the velocity due to the shear stress 

introduced by the wind at the surface of the lake. Consequently, the shear was directed to the 

east (Figs. 8d,e,f). The second, deeper region, in the metalimnion, was produced by the 

meridional shear in the metalimnion. This shear was directed to the north at the level where 

Rig was minimum, but varied between the northwest and the northeast over the low Rig region 

(Fig. 8d,e,f). We expect shear instabilities to have been generated in those two depth ranges 
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and, accordingly, unstable modes should have propagated predominantly along those two 

dominant directions. In principle, the mode with the fastest growth rate should be the one 

responsible for the observed high frequency internal waves. 

The averaged profiles were then interpolated to the nodes of a numerical grid using 

cubic splines and the Taylor-Goldstein equation was solved numerically as in Boegman et al. 

(2003). Grid sizes of 10, 5, and 2.5 cm were used for each period in order to investigate the 

sensitivity of the numerical code to the discretization. As an example, Fig. 9a shows the 

growth rate of unstable modes for direction 101.25° during the period 1500, as calculated 

with the 5 cm grid, and illustrates how the unstable modes were separated into four types 

according to their sensitivity to the numerical grid, the depth of their critical level, and the 

relationship of their growth rate with the wave number. Unstable modes A (Fig. 9a) were not 

sensitive to the grid size, their growth rate had a well-defined peak in the range of 

wavenumbers considered, and their critical level (where U equals cr) was located in the 

surface mixing layer. Unstable modes B did not have a defined growth rate peak in the range 

of wavenumbers considered, were sensitive to the grid size in some cases, and their critical 

level was located in the metalimnion. Unstable modes C were isolated, i.e., did not exist for 

neighbouring wavenumbers, and were very sensitive to the grid size. Unstable modes with 

small growth rates were classified as D and were not further considered. Unstable modes C 

were most likely a numerical version of the modes produced in the interface of homogenous 

layers, which were first studied by Taylor (1931) and called T-modes by Caulfield (1994); 

these unstable modes were the results of the numerical discretization. Numerical 

investigations directed at evaluating the code behaviour for simple shear and density profiles 

confirmed this limitation of the numerical scheme (Andy Hogg, pers. comm.). The character 

of the B modes was unclear; some could be numerical T-modes, as suggested by their 

sensitivity to the grid size; others, which were insensitive to the grid size, could have been 
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modes associated with thin regions of elevated shear so that the wavelength at which they 

reach the maximum growth rate was smaller than the shortest wavelength analysed (2 m) and 

no peak in growth rate was observed in the range of wavelengths considered. The thin shear 

regions that triggered these modes were probably generated by fluctuations in the background 

profiles that were not removed when smoothing the background conditions. These modes 

were an artificial consequence of the numerical approximation to the real background profiles 

and should be disregarded. A third possibility is that these modes were real; however, they 

could not be associated to the high frequency waves because their wavelength (~ 2 m) and 

frequency (~ 1:10-2 Hz) differed by a factor of about 10 from those of the observed high 

frequency internal waves. In what follows, we study further the characteristics of the A 

modes and compare them to those of the observed high frequency waves.  

Figure 10 shows that during the three periods considered the faster growing shear-

unstable perturbations were oriented along a direction between 90 and 135°, in good 

agreement with the estimated direction of propagation of the high frequency internal waves 

from the field measurements (Table 3). The faster growing modes for period 1500 were 

oriented along the direction 101.25°. The unstable A modes that most likely dominated due to 

their fast growth rates and their long wavelengths are identified in Fig. 9a; their complex 

vertical structure, ! "ŵ z , is presented in Fig. 9b-e and their propagation characteristics are 

presented in Table 4. Unfortunately, the propagation characteristics could not be inferred 

from the observed high frequency internal waves as the metalimnetic isotherm displacements 

were small during this period, but the vertical velocity profile agreed well with the PFP 

measurement (Fig. 7a); both exhibited a local maximum of vertical velocity at about 7 m 

deep and a rapid decay below that level. The critical level of these modes was located around 

4.7 m deep and the corresponding local minimum in amplitude and shift in phase associated 

with the critical level (De Baas and Driedonks 1985) were observed. 
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For period 1630, the faster growing unstable A modes were oriented along the 112.5° 

direction. The four modes with the highest growth rates are identified in Fig. 11a, their 

vertical structure is presented in Fig. 11b-e, and their propagation characteristics in Table 4. 

Both the propagation characteristics (Tables 3 and 4) and vertical structure (Figs. 11b-d and 

7b) agreed with the observations. The fastest growing modes for period 1900 were oriented 

along the 101.25° direction and are presented in Fig. 12. Modes I and II have a slightly larger 

growth rate, but the vertical velocities associated with them were very small below 10 meters. 

Modes III and IV have slightly smaller growth rate but they support vertical velocity 

perturbations to a depth of approximately 23 m. This, together with a closer match with the 

propagation characteristics of the observed high frequency internal waves, links mode IV 

with the fluctuations observed during this period. In addition, any reduction in the growth rate 

due to the viscous effects should be smaller for this mode than for modes I, II, and III due to 

its smaller frequency and larger wavelength. 

 

Perturbation kinetic energy  

 

We examined the flux of kinetic energy of the perturbations to investigate how these 

unstable modes participated in the energy flux path. At the scales of the perturbations 

generated by the unstable modes, dissipation is negligible and the vertical transport of kinetic 

energy is dominated by the work done by pressure. Therefore the perturbation kinetic energy 

(P.K.E.) equation becomes (Sun et al. 1998; Kundu and Cohen 2002)  
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where the overbars denote average over one horizontal wavelength. The terms on the right 

hand side are, from first to last, shear production, work done by gravity, and convergence of 

the vertical energy flux. The terms pandu %%% ,,;  are the horizontal velocity, density, and 

pressure perturbations due to the unstable mode and are given by 
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and U k> 0( *  is the Doppler shifted complex frequency. 

Figure 13 shows the terms on the right hand side of Eq. 2 for mode IV during the 

period 1900, with ŵ  from Fig. 12e, and c and k from Table 4. Clearly, kinetic energy is 

drained from the mean velocity field by shear production at the critical level, which is located 

in the surface mixing layer (Fig. 13b). Some of this energy was lost to potential energy (Fig. 

13c) and some was transported away from this level (Fig. 13d); some P.K.E. was transported 

to the region between 12 and 14 m (Fig. 13d) were it was transferred back to the mean flow 

(Fig. 13b), possibly energizing the strong currents observed in the metalimnion. A similar 

mechanism was proposed by Sutherland (1996) for the generation of the deep equatorial 
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undercurrents, with the difference that in that case the momentum is transported by free high 

frequency internal waves.  

 

Discussion 

 

Generation mechanism for high frequency internal waves - Close agreement between 

the characteristics of the observed high frequency internal waves and the shear-unstable 

modes confirmed that such waves were generated by shear instabilities. Despite the presence 

of a region with Rig below 0.25 in the metalimnion, the modes responsible for the high 

frequency internal waves were unstable to shear in the surface layer due to the wind-

generated stress as initially suggested by Antenucci and Imberger (2001). The initial 

numerical results of the linear and inviscid Taylor-Goldstein equation included some unstable 

B modes with growth rates higher than those of the unstable A modes associated with the 

high frequency internal waves (Fig. 9). Although they were candidates as a source of high 

frequency internal waves, there are several reasons why these modes did not dominate in the 

field observations over the A modes. Some B modes were a numerical version of the T-

modes (Caulfield 1994) or artificially generated by the limitations in our approximation to the 

real background conditions, as discussed above. In the case that these modes were real 

solutions of the Taylor-Goldstein equation, and assuming that the background profiles were 

properly smoothed, their small wavelength (~ 2 m) and high frequency (~ 1:10-2 Hz) were 

too different from those observed to be realistic candidates. The absence of visible 

oscillations related to the unstable B modes can be explained by two different mechanisms. 

First, due to their small wavelengths and high frequencies viscous effects may become 

important for these modes and reduce their growth rates, as argued by Boegman et al. (2003). 

Second, nonlinear numerical simulations carried out by Sutherland and Peltier (1994) 
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revealed that the vortices formed by the growth of unstable modes in a region of large N are 

rapidly strained leading to a cascade of vorticity to smaller scales. Turbulent patches centred 

at 14.5 m depth, which is at the critical level of the B modes predicted for period 1900, were 

observed (YIG). This suggests that, despite not being related to the observed high frequency 

internal waves, some of the unstable B modes were real. However, the turbulent events 

generated by the collapse of these modes had low dissipation rates and did not contribute 

significantly to the buoyancy flux in the metalimnion (YIG).   

We showed how the characteristics of the unstable modes changed during a typical 

wind event. Of particular interest is the evolution of local maxima of the vertical velocity in 

the metalimnion, away from their critical level. Although it is difficult to isolate their 

individual contributions for profiles like those observed in Lake Kinneret (Fig. 8), variations 

in N, (U-cr), and 2 2d U dz  influence the vertical structure of a given mode. For this reason, 

the use of simple analytical background profiles with constant density and velocity profiles 

away from the shear layer, suitable to understand basic aspects of shear unstable modes (e.g., 

Hazel 1972; Davis and Peltier 1976) and to explain radiation of internal waves away from the 

generation zone in the ocean (Sutherland 1996) and the atmosphere (Sutherland and Peltier 

1995), provides limited information about the vertical structure of the mode. Therefore, the 

simplified profiles are inadequate to predict the direct effects of the unstable mode far from 

the generation zone, like the presence of high frequency internal waves in the metalimnion of 

Lake Kinneret. We have shown that, despite modes being associated with shear in the surface 

mixing layer, the high frequency internal waves activity in the metalimnion was not observed 

from the start of the strong wind event, but required the evolution of the background profiles 

through the afternoon. Antenucci and Imberger (2001) noted that the amplitude of the basin 

scale internal waves and their phase, relative to the wind, modulated the generation of high 

frequency waves and suggested that this was a consequence of the modification to the 
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thickness of the surface layer and hence the mean shear. We can add now that it was also due 

to the changes in the entire background flow including the closer displacement of the 

metalimnion to the critical level of the unstable modes and the evolution of the velocity 

maximum observed in the metalimnion. 

 

Generation of secondary instabilities in the metalimnion - The vertical velocity 

profiles in Fig. 7 exhibit some small-scale fluctuations that are not directly related to the 

vertical structure of the unstable modes. Most of them were located in the top 5 m and can be 

associated to the stirring generated by the wind and the billowing generated by unstable 

modes with vertical structures confined to a thin vertical region near the surface. The 

fluctuations near the bottom can be associated with turbulence in the benthic boundary layer. 

Of particular interest are the fluctuations that the profile in Fig. 7c exhibits just below 15 m 

depth. They could not be generated by shear unstable modes, even those previously 

disregarded, because none of the modes had a critical level at this depth. In addition, the 

region in the metalimnion with minimum Rig values, where the B modes gained their energy 

from, was located above 15 m. This suggests yet a different generation mechanism for these 

particular velocity fluctuations, observed just below 15 m.  

Figure 14a shows the vertical velocity perturbation due to the unstable mode in Fig. 

12e after it has grown from an initial (arbitrary) maximum amplitude of 0.02 m s-1 at 4 m 

depth during 1000 s until it reached a maximum amplitude of 0.05 m s-1, which is close to the 

velocity measured by the PFP (Fig. 7c) at that level. Figures 14b,c show the associated 

density and horizontal velocity perturbations generated by this mode at this stage of growth 

(calculated with Eqs. 3, 4, and 5). The total density profile (Fig. 14d), obtained by 

superimposing the density perturbation and the background density, was just about to become 

statically unstable between 14.8 and 15.5 m depth. Beyond this time, convective instabilities 
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could develop creating the small-scale fluctuations observed in Fig 7a. Although the velocity 

gradient at that depth range decreased (Fig. 14e), Rig (Fig. 14f) dropped below the critical 

value of 0.25 when the perturbation was superimposed to the background flow, indicating 

that shear instabilities could develop before convective instabilities. 

YIG show that turbulent patches observed just below 15 m depth had high dissipation 

rates and produced large buoyancy fluxes. These events more likely resulted from collapsing 

secondary unstable modes triggered by the strain that the high frequency waves produced in 

the metalimnion. To explore this, several characteristics of the internal wave field are 

presented with some characteristics of the turbulence in the metalimnion for the afternoon of 

the four days with PFP measurements. Figure 15a presents the wind speed and Figs. 15 b,c,d 

present the modal amplitude of the along-shore velocity (south to north for the shoreline at 

location B) for the three gravest natural vertical modes of the basin scale internal waves. The 

natural vertical modes were solutions to the linear long internal wave equation for a non-

rotating system (LeBlond and Mysak 1978), given by 

 
! " ! " ! "

2 2

2 2 0m
m

m

d w z N z
w z

dz c
- (     (7) 

 

where wm and cm are the vertical velocity eigenfunction and the non-rotating wave phase-

speed of the internal wave mode m. To generate relaxed background profiles of ! "N z , a 

sliding 48 h moving average of isotherm displacement was applied. Horizontal velocity 

eigenfunctions, vm were then deduced from wm by invoking the continuity equation for the 

first 3 vertical natural modes, which were then least square fitted to the measured along-shore 

velocity to find the amplitudes of each natural mode ( mB ) that best satisfied the expression: 
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where v  is vertically averaged horizontal along-shore velocity. The fitting was confined to 

depths between 8 and 25 m below the surface to eliminate surface and bottom boundary 

effects. Figure 15e shows the time-series of scale-average power spectral density of high-

frequency waves in the metalimnion determined by calculating the weighted sum of the 

wavelet power (Torrence and Compo 1998) associated with oscillations of the 23°C isotherm 

with periods from 1 to 10 min. Mean metalimnion gradient Richardson numbers (Fig. 15f), 

dissipation rates (Fig. 15g) and buoyancy flux (Fig. 15h) were determined in the turbulence 

analysis of YIG in segments, or portions of segments, profiled between 10 and 20 m deep. 

Mean values of F5and b were weighted by segment length, assuming zero values outside the 

turbulent segments (adapted from Wüest et al. 2000).  

The results show that large mean buoyancy fluxes were only sustained in the 

metalimnion on day 179 between 18:00 h and 22:00 h (Fig. 15h), when wind-wave resonance 

excited a large amplitude Kelvin wave (Fig.15b), high frequency wave activity was intense 

(Fig. 15e), gradient Richardson numbers were low (Fig. 15f) and mean dissipation rates were 

high (Fig. 15g). The resonant behaviour of the Kelvin wave played a key role in the 

generation of high frequency internal waves by squeezing the epilimnion during upwelling of 

the metalimnion and increasing shear near the surface. The combination of high frequency 

internal waves (Fig. 15e) with the shear of the large amplitude basin-scale modes (Fig. 15 

b,d) trigger the turbulent events that generate active mixing in the metalimnion (Fig. 15h). 

The complex interaction of wind forcing, Kelvin wave resonance and metalimnion shear 

required to promote the generation of high frequency unstable modes that trigger secondary 

instabilities in the metalimnion may explain why these events were seldom observed. YIG 
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observed that more than half of the metalimnion profiles recorded between 18:00 and 22:00 

on 28 June 2001 yielded segments of similar nature with the only other series of similar 

events observed in the metalimnion occurring late on 22 June 1999 (day 1999173), a period 

previously identified by Antenucci and Imberger (2001) as a striking example of high 

frequency internal waves.  

Temperature profiles measured with the LDS did not reveal any statically unstable 

profile in the metalimnion that could have exposed the existence of the secondary 

instabilities. This is because the characteristic length scale of the overturns at that level was 

typically less than 0.10 m (YIG), far smaller than the 0.75 m separating two consecutive 

thermistors. Also, the size of the stationary bin used for the estimation of the turbulent 

properties in the water column, which indicates the size of the turbulent patches, was only 

about 0.40 m.  

 

Importance in overall metalimnetic mixing - Previous estimates by Boegman et al. 

(2003) and the loss of coherence over a distance of 200 m (the separation of the thermistor 

chains in the large triangle) indicates that the high frequency internal waves were generated 

and dissipated locally. The dissipation length scales, estimated as (D r iL c 0 , were 81 and 67 

m for unstable modes IV (those most likely responsible for the high frequency internal 

waves) during periods 1630 and 1900 respectively. This implies that the horizontal transport 

of energy by the high frequency internal waves was limited to a distance of the order of 

hundreds of meters. However, the high frequency waves were observed at all the stations 

considered in this study and over much of the area of the lake (see Antenucci and Imberger 

2001) because the wind forcing was essentially uniform over the lake (Gómez-Giraldo et al. 

2006). It is likely that the energy flux mechanisms described here were also active and 

generated an important potential energy flux over much of the horizontal extension of the 
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metalimnion because the structure of the basin-scale waves, the bathymetry, and the strength 

of the wind, i.e. all the components of the generation mechanism, varied over large horizontal 

scales.  

Although the intense turbulent events are intermittent (Saggio and Imberger 2001, 

YIG), Yeates and Imberger (2003) estimated that the potential energy flux through the 

metalimnion is about one quarter of that through the benthic boundary layer, so the 

contribution of the lake interior to overall mixing cannot be neglected. Turbulent patches 

generated by convective processes probably originated by traumata wave-wave interaction 

were also identified (Saggio and Imberger 2001; YIG) but produced a much smaller 

buoyancy flux despite being more frequent than those generated by shear.  

 

Implications for lake ecosystems – Whilst the mechanisms outlined above operate in 

the lake interior, and the bulk of the vertical mass flux in a lake is via the benthic boundary 

layer (Goudsmit et al. 1997; Wüest et al. 2000), there are still implications for these processes 

on aquatic ecosystems. Most strikingly, these motions can be responsible for vertical 

velocities in the metalimnion on the order of 2-5 cm s-1 (Fig. 7), two orders of magnitude 

higher than vertical velocities induced by basin-scale internal waves. The mechanical impact 

of this fast vertical movement on lake biota is currently unknown, and would require high 

spatial and temporal resolution biochemical experiments to determine. Secondly, the rapid 

vertical oscillations of the metalimnion will result in a strongly fluctuating light regime for 

any photosythetic organisms located at a particular depth, which due to the exponential decay 

of light with depth results in an asymmetric light dose. For example, for an amplitude of high 

frequency waves of 0.5 m at 10m depth (Fig. 2), a typical light extinction coefficient of 0.7 

m-1 and a typical Ik (the irradiance at the onset of light saturation) value of 60 GE m-2 s-1, the 
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light limitation for algal growth during the trough of the high frequency waves is two times 

greater than at the crest.  

Fluctuating light conditions exert significant influence on phytoplankton species 

competition (Wagner et al. 2006). Studies of the effect of fluctuating light unfortunately 

contain a spectral gap in the range of the processes described here, with light fluctuations of 

period less than 10 seconds, demonstrated to affect algal growth rates (Quéguiner and 

Legendre 1986); however, investigations on light fluctuations with periods of approximately 

1 hour are inconclusive and appear to be highly species-dependent (Litchman 2000; Wagner 

et al 2006). Studies into light fluctuations on the scales of minutes, and particularly when the 

fluctuations are asymmetric as in this case, remain to be conducted. Importantly for this 

study, the greatest effect of light fluctuations has been seen when they occurred around the 

transition from the limiting to the saturated part of the growth-irradiance curves for the 

particular phytoplankton of interest (Litchman 2000), implying that thermocline oscillations 

on the timescales investigated here could significantly affect algal populations as the 

thermocline is typically located approximately at the limit of light penetration.  

 

It was shown that in a stratified lake energy is extracted from the mean flow by shear 

instabilities in the surface layer, then transported by high frequency internal waves to the 

metalimnion where the straining due to the combination of these high frequency internal 

waves and the mean basin scale flow may lead to elevated levels of buoyancy flux through 

the excitation of secondary instabilities. In addition, part of the energy extracted from the 

surface layer is returned to the mean flow in the metalimnion providing a momentum input 

there. In this way the shear generated high frequency internal waves are responsible for a 

vertical transport of energy from the surface layer to the metalimnion and thus contribute 

significantly to the erosion of the stratification and to the horizontal advection. 
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Table 1. Characteristics of the configuration of the LDS array. 

Line Distance (m) Direction (°) 

TB1-TB2 9.1 211 

TB1-TB3 8.1 144 

TB2-TB3 9.6 83 

TB1-TB4 202 212 

TB1-TB5 195 143 

TB4-TB5 225 86 
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Table 2. Periods of analysis of the characteristics of the high frequency internal waves. The 

period name points to the middle time of the period covering several PFP casts. 

Period Time of first PFP 

cast 

Time of last PFP 

cast 

Number of PFP 

casts 

1500 14:39 15:40 12 

1630 16:08 17:05 11 

1900 18:39 19:35 11 
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Table 3. Characteristics of measured waves. H  is the direction of wave propagation.  

Coh2 I  (rad) 

Period 
r0  

(Hz) 
TB1-

TB2 

TB1-

TB3 

TB2-

TB3 

TB1-

TB2 

TB1-

TB3 

TB2-

TB3 

.  

(m) 

cr 

(m s-1) 

H  

(°) 

1630 0.0058 0.83 0.87 0.65 -0.024 1.844 2.014 24 0.14 120

1900 0.0042 0.94 0.80 0.74 0.101 2.537 2.316 19 0.08 124
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Figure captions. 

 

Figure 1. Map of Lake Kinneret. The filled circle at B indicates the location of the 5-LDS 

array. The inset sketches the relative location of the LDSs (filled circles), with distances and 

direction of the lines specified in Table 1. The cross near the centre of the large triangle 

indicates the approximate location of the PFP casts. The origin of the map coordinate system 

is situated at 35.51°N, 32.70°E. 

 

Figure 2. Wind and temperature observations at TB1. (a) Ten-minute average wind speed and 

direction. (b) Temperature contours at 2°C intervals; the bottom isotherm is 17°C. (c) and (d) 

Magnified views of shaded regions c and d in (panel b) with temperature contours at 1°C 

intervals; the bottom isotherm in both panels is 18°C. 

 

Figure 3. Power spectral density of 23°C isotherm vertical displacements at station TB1 for 

the entire length of the record. The vertical dotted lines indicate the periods of the dominant 

basin-scale (24 and 12 h) and high frequency waves (180 s), the vertical dashed line indicates 

the maximum buoyancy frequency, and the dashed lines near the bottom define confidence at 

the 95% level.  

 

Figure 4. (a) Regions with Richardson number smaller and larger than 0.25 are coloured in 

black and grey respectively. The white lines are isotherms at 2°C intervals. (b) Direction of 

the dominant shear (following the oceanographic convention). The white lines are isotherms 

at 2°C intervals. Small vertical lines at the top of each panel indicate the times at which the 

PFP casts were made, from which the Richardson number and shear were determined. 
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Figure 5. (a) 23°C isotherm vertical displacements band-pass filtered around 0.0056 Hz for 

the entire record period. (b) and (c) magnification for two periods of strong high frequency 

internal wave activity. Offset is 2 m. 

 

Figure 6. Power spectra of the 23°C isotherm displacements for periods 1500, 1630, and 

1900, and of the 27°C isotherm displacement for period 1500. Spectra have been smoothed in 

the frequency domain to increase confidence. The dashed lines near the bottom define 

confidence at the 95% level. 

 

Figure 7. Selected vertical velocity from PFP data for period (a) 1500, (b) 1630, and (c) 1900. 

Shaded areas indicate the extent of the metalimnion. 

 

Figure 8. Mean background profiles for the three periods where stability was investigated 

during day 179. (a) Density, (b) meridional (U0) and (c) zonal (U90) components of velocity. 

The depths where Rig < 0.25 during period 1500 are shaded in (d), with the colour of the 

shading indicating the direction along which the shear, calculated 

as 1 0 90tan dU dU
dz dz

H * J KJ K J K( L M L ML M
N O N ON O

, is maximum. (e) and (f) same as (panel d) for periods 1630 

and 1900 respectively. 

 

Figure 9. (a) Growth rate 0i of unstable modes for direction 101.25° (from north) during 

period 1500 as a function of wavenumber k. Type A modes have a well-defined peak in the 

growth rate in the range of wavenumbers considered and are insensitive to the grid size in the 

numerical solution of the Taylor-Goldstein equation. Type B modes do not have a well-

defined peak in the growth rate in the range of wavenumbers considered and are sometimes 
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sensitive to the grid size. Type C modes are isolated and sensitive to the grid size. Type D 

modes have small growth rates. I, II, III, and IV are the four unstable type A modes most 

likely responsible for the high frequency internal waves during period 1500 due to their fast 

growth rates and long wavelengths. (b), (c), (d), and (e) show the complex vertical structure 

of the unstable modes I, II, III, and IV in terms of relative amplitude (solid line) and phase 

(dashed line) as a function of depth. 

 

Figure 10.  Maximum growth rate of unstable modes in horizontal wavenumber space for (a) 

period 1500, (b) period 1630, and (c) period 1900. The panels are limited to the region –1 < 

k, l <1, where all the fastest growing modes are located. 

 

Figure 11. (a) Growth rate 0i of unstable type A modes for direction 112.5° during period 

1630 as a function of wavenumber. I, II, III, and IV are the four unstable type A modes with 

the fastest growth rates. (b), (c), (d), and (e) show the complex vertical structure of the 

unstable modes I, II, III, and IV in terms of relative amplitude (solid line) and phase (dashed 

line) as a function of depth. 

 

Figure 12. (a) Growth rate 0i of unstable modes type A for direction 101.25° during period 

1900 as a function of wavenumber. I, II, III, and IV are the four unstable type A modes most 

likely responsible for the high frequency internal waves during period 1900 due to their fast 

growth rates and long wavelengths. (b), (c), (d), and (e) show the complex vertical structure 

of the unstable modes I, II, III, and IV in terms of relative amplitude (solid line) and phase 

(dashed line) as a function of depth. 

 



 41

Figure 13. Terms in the kinetic energy equation for the unstable mode responsible for the 

high frequency oscillations during period 1900. (a) Complex vertical velocity (magnitude 

normalized to 1 in solid line and phase divided by / in dashed line). (b) Shear production of 

perturbation kinetic energy, (c) work done by gravity, and (d) vertical flux. Shear production, 

work done by gravity, and vertical flux are divided by the maximum shear production. The 

horizontal solid line indicates the critical level. 

 

Fig 14. (a) Vertical velocity due to the unstable mode IV in Fig. 12e after it has grown from 

an initial (arbitrary) maximum amplitude of 0.02 m s-1 at 4 m depth during 1000 s until it 

reached a maximum amplitude of 0.05 m s-1. (b) and (c) associated density and horizontal 

velocity perturbations. (d) Density profile without (dashed line) and with (solid line) the 

contribution of the internal wave. (e) Velocity profile without (dashed line) and with (solid 

line) the contribution of the internal wave. (f) Gradient Richardson number for the 

background flow (dashed line) and with the contribution of the internal wave (solid line). The 

vertical dotted line indicates Rig = 0.25. Only the region between 12 and 18 m deep is shown. 

The shaded area in all panels indicates the 14.8 to 15.5 m depth range. 

 

Figure 15. (a) wind speed. (b), (c), and (d) first, second, and third vertical natural mode 

amplitudes of the alongshore velocity. (e) scale-averaged wavelet power of 23°C isotherm 

displacement between periods 1 to 10 min. (f) mean metalimnion gradient Richardson 

number (shaded region is Rig < 0.25). (g) mean metalimnion dissipation rate. (h) mean 

metalimnion buoyancy flux. 
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Figure 1. Gómez-Giraldo et al. 
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Figure 2. Gómez-Giraldo et al. 
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Figure 3. Gómez-Giraldo et al. 
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Figure 4. Gómez-Giraldo et al. 
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Figure 5. Gómez-Giraldo et al. 
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Figure 6. Gómez-Giraldo et al. 
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Figure 7. Gómez-Giraldo et al. 
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Figure 8. Gómez-Giraldo et al. 
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Figure 9. Gómez-Giraldo et al. 
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Figure 10. Gómez-Giraldo et al. 
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Figure 11. Gómez-Giraldo et al.
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Figure 12.Gómez-Giraldo et al.
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Figure 13. Gómez-Giraldo et al.
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Figure 14. Gómez-Giraldo et al. 
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Figure 15. Gómez-Giraldo et al.   
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