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ABSTRACT 

The research carried out in this thesis has been concentrated on the numerical 

modelling of oscillatory flow around a circular cylinder. The main findings are listed as 

following: 

In Chapter 2, steady streaming induced by an oscillatory flow around a circular 

cylinder is investigated in the range of 2 ≤ KC ≤ 40. Six steady streaming patterns are 

detected corresponding to the six vortex shedding regimes in the range of KC numbers.  

In Chapter 3, steady streaming due to an oscillatory flow around a circular 

cylinder close to and sitting on a plane boundary is investigated. The parameters of flow 

investigated in this chapter include 2 ≤ KC ≤ 30. The structures of steady streaming are 

closely correlated to vortex shedding regimes. The gap to diameter ratio (e/D) has 

significant effect on steady streaming structure when e/D is smaller than 1.0.  

In Chapter 4, direct numerical simulation of sinusoidal oscillatory flow around a 

circular cylinder is carried out to study the Honji Instability. Numerical study is 

performed at a fixed KC number of 2 and a range of β numbers from 100 to 600. The 

position of each Honji vortex is stable in the range of 150 ≤ β ≤ 250, and interaction 

between Honji vortices are found in the range of 300 ≤ β ≤ 550. The mushroom spacing 

is only weakly dependent on β number but strongly correlates to the KC in β range of 

50 to 500. An empirical relationship between KC and mushroom spacing is proposed. 

In Chapter 5, oscillatory flow around a circular cylinder is simulated using a 

two-dimensional (2D) finite element model and a three-dimensional (3D) finite element 

model respectively at seven Keulegan Carpenter number KC values of 1, 2, 5, 10, 17.5, 

20 and 26.2. The numerical schemes used in the 2D and 3D models are identical. The 

purpose of this study is to investigate the feasibility of 2D models for simulating a 

seemingly 3D flow in terms of fundamental flow characteristics and hydrodynamic 

forces on the cylinder. The vortex structures predicted by the 2D model agree 

qualitatively with those by 3D model for the flow cases where strong correlations exist 

along the spanwise direction (e.g. KC = 10, 17.5 and 26.2). Three vortex shedding 

modes are reproduced by both 2D and 3D models at KC = 20, which is close to the 

critical KC between double-pair and three-pair regimes. The time histories of 

hydrodynamic force predicted by the two models agree with each other at KC = 20 from 

the mode-average point of view. The predicted Morison force coefficients by the 2D 
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model are found to be within 20% of those predicted using the 3D model for all the 

cases investigated in this study except the case with KC = 5, where strong three 

dimensionality is found. At KC = 5, the 2D results of flow structures and lift show 

significant differences from the corresponding 3D results due to the extremely strong 

3D effect.  

In Chapter 6, hydrodynamic forces exerting on a pipeline partially buried in a 

permeable seabed subjected to combined oscillatory flow and steady current are 

investigated. The Cp on the invert of the pipeline is linearly distributed under the 

assumption of isotropic and homogenous seabed. The normalized Morison force 

coefficients reduce almost linearly with the increase of embedment depth and KC has 

minor effect on the normalized Morison coefficients. The permeable seabed condition 

causes a slight increase of the inline force and has little effect on the lift force, 

compared with corresponding conditions in an impermeable bed.  

In chapter 7, hydrodynamic forces on a pipeline with uneven embedments on 

either side are investigated for a range of embedment depths and KC numbers. The flow 

structures around the pipeline are asymmetric due to the difference of seabed levels on 

the two sides of the pipeline. The degree of asymmetry increases with the increase of 

the difference of seabed levels on either side of the cylinder. Obvious difference exists 

between the hydrodynamic forces experienced by the pipeline in two succeeding halves 

of a period due to the asymmetric flow structure around the pipeline. The inline force 

and lift exerting on the pipeline are presented in the form of peak values and Fourier 

coefficients. The maximum error of the inline force and lift predicted by using sixth 

order Fourier series is about 4%. 
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1.1 

1 INTRODUCTION 

1.1 RESEARCH MOTIVATIONS 

Sinusoidally oscillatory flow around a circular cylinder has attracted great 

interests of scientists and engineers in fluid mechanics and offshore engineering. It is a 

classical fluid mechanic problem that is used to approximate interactions between 

waves and cylindrical offshore structures. The research about this topic can be traced 

back to 1851 (Stokes 1851). Since then, extensive research work has been carried to 

understand the features of hydrodynamic forces on the cylinder and flow structures 

around the cylinder (Sarpkaya and Isaacson, 1981; Sumer and Fredsøe, 1997).  

The first part of this thesis investigated steady streaming around a circular 

cylinder under relative high Keulegan-Carpenter (KC) number conditions. When a 

periodic oscillatory flow passes around a circular cylinder, the interaction between the 

flow and the cylinder leads to a non-zero period-averaged flow field around the 

cylinder, even if the mean velocity of the free stream oscillatory flow is zero. This 

phenomenon is referred to as steady streaming. Most of the early studies on steady 

streaming have been summarized in several review papers (Lighthill, 1978; Nyborg, 

1998; Riley, 2001). Most of the investigations were carried out under the condition of 

small amplitude and high-frequency oscillations. Recent research work shows the 

existence of steady streaming under high KC values conditions (Sumer and Fredsøe, 

2001; Liang and Cheng, 2005). However steady streaming has not been investigated 

systematically under high KC number conditions. This was the motivation of the first 

part of this thesis (Chapter 2 and Chapter 3). 

The second part of the thesis investigated Honji instability (Honji 1981; 

Sarpkaya 1986 and 2002, Zhang and Dalton 1999), which is characterized by 

mushroom-shaped vortex structures. Honji instability occurs during the transition from 

two-dimensional (2D) laminar oscillatory flow to turbulent flow. Although significant 

insights of Honji instability have been revealed through experimental and numerical 

studies, there remain a few aspects of Honji instability that have not been well 

understood. These aspects are identified as: 1) Detailed flow patterns and velocity 

magnitudes within Honji vortices; 2) The evolution process of Honji vortices; 3) Effect 

of KC number on the spacing of Honji vortices, and 4) Three-dimensional steady 

streaming structures. These aspects are examined in Chapter 4. 
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In the third part of the thesis, 2D and three-dimensional (3D) simulations of 

oscillatory flow around a circular cylinder are compared. The numerical schemes used 

in the 2D and 3D models are identical. Although the majority of oscillatory flows 

investigated previously are 3D in nature, the 2D models have successfully captured 

many features of the oscillatory flow (flow structure, hydrodynamic forces etc.). 

However there have not been enough systematic quantitative assessments of differences 

of numerical results obtained using 2D and 3D models. If the error induced by the 2D 

assumption could be evaluated, 2D model will remain a valuable tool for many 

applications given its huge advantage over 3D model in terms of computational costs. 

However, such evaluation is unavailable in literature. This part work aims at providing 

such an assessment and results are presented in Chapter 5. 

In the forth part of this thesis, some research work relevant to engineering 

applications is reported. A partially-buried pipeline subject to oscillatory flow is 

considered under permeable seabed conditions. Most of the previous work about 

partially-buried pipeline was carried out under impermeable seabed condition (DHI 

1981). However, the seabed is often found to be permeable in real life engineering 

projects. The seepage force induced by pore pressure around the invert of the pipeline is 

believed to have profound effects on the total hydrodynamic force acting on the 

pipeline. This effect has not been investigated before. Chapter 6 and Chapter 7 devoted 

to this issue.  

1.2 RESEARCH GOALS  

The research work presented in this thesis aims at: 

(1) Investigating the steady streaming pattern under high KC number conditions; 

(2) Improving the understanding of Honji instability; 

(3) Evaluating the feasibility of using a 2D model to simulate 3D oscillatory 

flow; 

(4) Solving practical engineering problems. 

1.3 METHODOLOGY  

The work presented in this thesis is based on a finite element model (Zhao et al. 

2007) that has been developed in a separate research project. The 2D version of the 
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finite element model is used in the work reported in Chapter 2, 3, 6 and 7. In this model, 

the governing equations are the 2D incompressible Reynolds-averaged Navier-Stokes 

equations and continuity equation with a k-ω turbulent closure (Wilcox 1994). The 

governing equations were discretized using a Galerkin finite element method. A 

streamline upwind scheme was applied to increase the numerical stability. The 3D 

version of the finite element model (Zhao et al. 2009) is employed in the work reported 

in Chapter 4 & 5.  

1.4 OUTLINE 

This thesis comprises eight chapters. The seven chapters following this 

introductory chapter are arranged as following: 

In Chapter 2, steady streaming around an isolated circular cylinder is 

investigated. 

In Chapter 3, steady streaming around a circular cylinder close to a plane 

boundary is simulated using the 2D finite element model. 

In Chapter 4, oscillatory flow around a circular cylinder and Honji instability are 

investigated based on the numerical results of the 3D finite element model. 

In Chapter 5, 2D and 3D numerical modellings of the oscillatory flow around a 

circular cylinder are compared to evaluate the error induced by the 2D simplification of 

the flow. 

In Chapter 6, 2D numerical modelling is carried out to calculate the 

hydrodynamic force of a pipeline partially buried in a plane, permeable seabed. 

In Chapter 7, 2D numerical modelling is carried out to calculate the 

hydrodynamic force of a pipeline partially buried in a permeable seabed, considering 

the effect of uneven embedment depth on either side of the pipeline. 

In Chapter 8, suggestions on future work are presented. 
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2 STEADY STREAMING AROUND A CIRCULAR 
CYLINDER IN AN OSCILLATORY FLOW 

ABSTRACT: Steady streaming induced by an oscillatory flow around a circular 

cylinder is investigated using a numerical method. Two-dimensional (2D) Reynolds-

averaged Navier−Stokes equations are solved using a finite element method with a k−ω 

turbulent model closure. The range of the Keulegan−Carpenter (KC) number 

investigated is between 2 and 40, which is substantially higher than those reported in 

literature related to steady streaming to date. A constant value of Stokes number (β) of 

196 is chosen in this study. The steady streaming structures, velocity distribution are 

analysed in detail. The characteristics of steady streaming are strongly related to the 

vortex shedding flow regimes. 

2.1 INTRODUCTION 

It is well understood that oscillatory flow around a circular cylinder is governed by: 

 Keulegan-Carpenter number (KC = UmT/D) and frequency number (β = D2/Tν), or 

alternatively Reynolds number (Re = KC×β = UmD/ν), where Um is the amplitude of 

oscillatory velocity, T is the period of velocity oscillation, D is the diameter of the 

cylinder, and ν is the kinematic viscosity of fluid. When a periodic oscillatory flow 

passes around a circular cylinder, the interaction between the flow and the cylinder 

leads to a non-zero period-averaged flow field around the cylinder, even if the mean 

velocity of the approaching periodic oscillatory flow is zero. This phenomenon is 

referred to as steady streaming (Schlichting, 1955; Riley, 1965; Stuart, 1966; Davidson 

and Riley, 1972), which has been of great interest in the area of acoustics and 

hydrodynamics. Steady streaming is also called acoustic streaming in acoustics. Most of 

the work on acoustic streaming since the early stage of the investigation has been 

summarized in several review papers (Lighthill, 1978; Nyborg, 1998; Riley, 2001). 

In the area of hydrodynamics, most of the previous research work was carried out 

under the condition of small amplitude and high-frequency oscillation. Analytic solution 

of steady streaming under the condition of small amplitude and high-frequency 

oscillation may be achievable (Holtsmark et al., 1954; Stuart, 1966; Wang, 1968), and 

in addition the steady streaming can be observed directly in experiments (Holtsmark et 

al., 1954; Yan et al., 1993; Kotas et al., 2006 and 2007).  
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For circular cylinder subjected to oscillatory flow, vortices are always formed on the 

lee side when boundary layer separation happens (Bearman et al., 1985; Williamson, 

1985; Obasaju et al., 1988; Justesen, 1991). When oscillatory flow reverses, the vortices 

sweep to the opposite side of the cylinder. It implies that steady streaming exists around 

the cylinder when the separation of boundary layer (formation of vortices) happens. 

This is because the vortices formed on one side of the cylinder in a half of flow period 

will not be cancelled during the process of calculating the steady streaming, which has 

been demonstrated by Badr et al. (1995) and Liang and Cheng (1996). 

Steady streaming has attracted some attention in offshore engineering where it is 

related to wave-structure interaction, sediment transport and scour around offshore 

structures. Sumer and Fredsøe (2000) and Sumer et al. (2005) found that the key 

mechanism of scour in front of breakwater is the action of steady streaming. Sumer and 

Fredsøe (2001) reported that steady streaming was the major flow mechanism for wave-

induced scour around a large vertical cylinder. Sediments stirred up by waves were 

carried away by steady streaming, leading to scour around the cylinder. Wybrow et al. 

(1996) studied the steady streaming generated around a circular cylinder close to a plane 

boundary in oscillatory flow by means of analytical and experimental methods, and 

found an indirect scouring process beneath the cylinder induced by the steady 

streaming. Liang and Cheng (2005) investigated the scour below a submarine pipeline 

induced by waves. Their numerical results showed the existence of steady streaming in 

the vicinity of the pipeline throughout the scour process (KC = 11, Re = 7000). All of 

these works indicate the existence of steady streaming around offshore structures 

subjected to large amplitude oscillatory flow (KC > 1).  

Extensive research about the oscillatory flows around an isolated circular cylinder in 

moderate to high KC condition has been carried out (Bearman et al., 1985; Williamson, 

1985; Obasaju et al., 1988; Justesen, 1991). In the research work carried out by 

Williamson (1985), two sets of experimental equipments were used. In the first set of 

equipment, a circular cylinder was fixed in oscillatory flow generated in a U-tube to 

measure the hydrodynamic force (0 < KC < 35, β = 730). In the second set of 

equipment, a circular cylinder was oscillated in still water. The flow structures were 

investigated by observing particles on free surface (0 < KC < 60, β = 255). Six flow 

regimes have been identified by Williamson (1985) based on the features of vortex 

shedding in the range of KC from 2 to 40: 

a. 2 < KC < 4, symmetric non-shedding regime; 
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b. 4 < KC < 7, asymmetric non-shedding regime; 

c. 7 < KC < 15, single pair regime; 

d. 15 < KC < 24, double pair regime; 

e. 24 < KC < 32, three pair regime; 

f. 32 < KC < 40, four pair regime.  

where shedding means vortex developed in the lee side of the cylinder detached from 

the cylinder, single pair regime means two vortices shed in each period of flow. 

Regimes d, e and f can be explained in the same way. These regimes have also been 

identified by Bearman et al. (1981) and Justesen (1991). The critical KC numbers 

change slightly with Re number (Sumer and Fredsøe, 1997).  

The flow visualization carried out by Williamson (1985) only showed the vortex 

motions on free surface, which can not reflect the 3D feature of oscillatory flow. It has 

been known that oscillatory flow around a circular cylinder is two dimensional only 

when KC number is smaller than a critical value, beyond which Honji instability (3D 

instability characterized by mushroom-shaped vortex structures) emerges (Honji, 1981; 

Hall, 1984; Sarpkaya, 1986). For example, Honji Instability was observed at KC = 1.0 

and β = 1500 by Sarpkaya (1986). Sarpkaya (2002) investigated the stability of 

oscillatory flow over a circular cylinder under high β (103 ~ 106) conditions. The critical 

KC (Kcr) for 2D stability was given as Kcr = 12.5β−0.4. Tatsuno and Bearman (1990) 

investigated a circular cylinder performing sinusoidal oscillations in a fluid at rest by 

means of flow visualization. The experiments were undertaken at 1.6 ≤ KC ≤15 and 5 

≤  β ≤ 160. Eight flow patterns were found. Most of the flow patterns showed 3D vortex 

structures in the spanwise direction of the cylinder. A few flow patterns observed by 

Tatsuno and Bearman (1990) have been reproduced by Nehari et al. (2004) and Elston 

et al. (2007) by means of 3D numerical simulation. The experimental investigations of 

3D oscillatory flow structures mentioned above were based on the photos taken in the 

experiments.  

Obasaju et al. (1988) measured the pressure correlation coefficient of a circular 

cylinder in oscillatory flow (β = 683 and 1597). The β number and KC number in the 

experiments of Obasaju et al. (1988) are substantially higher than the values used by 

Tatsuno and Bearman (1990). However it was surprisingly found that the correlation 

coefficients of KC = 10 and KC = 18 were near unity for a length up to 8 diameters of 

the cylinder. The result of KC = 26 also showed relative strong correlation. The near-
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unity correlation coefficient indicates that the 3D effect of these three cases is weak. But 

KC = 22 showed the poor correlation. For KC > 30, the correlation coefficient was not 

sensitive to KC and a correlation length of 4.65D was found. According to the results of 

Obasaju et al. (1988), the cases with KC in the middle range of a vortex shedding 

regime show strong correlation and weak 3D effect; for the cases with KC close to the 

critical values, which divide different vortex shedding regimes, show poor correlation 

and strong 3D effect.  

Although the flow is three-dimensional, the 2D numerical model is an efficient way 

for investigating the typical oscillatory flow structures when KC is in the middle range 

of each vortex shedding regime, where the three-dimensionality is weak. In this study, a 

2D finite element model is employed to simulate steady steaming around a circular 

cylinder subjected to oscillatory flow in the range of 2 ≤ KC ≤ 40 and β = 196. The 

steady streaming of KC = 3.5, 5, 10, 16, 26 and 33 are presented.  

2.2 MATHEMATICAL MODEL AND BOUNDARY CONDITIONS 

The governing equations for 2D oscillatory flow around a circular cylinder are the 

incompressible Reynolds-Averaged Navier-Stokes equations with a low Reynolds 

number k-ω turbulence model (Wilcox, 1994). The non-dimensional form of the 

Reynolds-averaged Navier-Stokes equations and the equation for k and ω are given as: 
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where xi (i = 1 and 2) is the Cartesian coordinate, ui is the velocity component in the xi 

direction, p is the pressure, t is time, k is the turbulent kinetic energy, ω is the specific 

dissipation of turbulent kinetic energy, Sij ( )//(5.0 ijji xuxu ∂∂+∂∂= ) is the mean stress 

tensor and kP  )/)//(( jiijjit xuxuxu ∂∂∂∂+∂∂=ν  is the turbulent kinetic energy 
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production rate. The eddy viscosity νt in the k-ω model is given by ωαν /*kt = . The 

model closure coefficients in Eqs. (2-3) – (2-4) are: 

)6/Re1/()6/Re40/1(*
TT ++=α  

1* ))(7.2/Re1/()7.2/Re10/1)(9/5( −++= aTTα  

])8/(Re1/[])8/(Re18/5)[100/9( 44*
TT ++=β  

40/3=β  

2/1* == σσ  

The governing equations are discretized by a Galerkin finite element method. Details of 

the numerical method can be found in Zhao et al. (2007). 

A rectangular computational domain is used for the computations carried out in this 

study. The flow oscillates in the horizontal (x) direction. The initial value of velocity 

components in the domain is set to zero and the initial value of turbulent quantities k 

and ω are specified as k = 0.0001Um
2 and ω=k/ν.  

The boundary conditions employed in the computation are described here. At the 

cylinder surface, the velocity and the turbulent kinetic energy k are specified as zero. 

The boundary condition of ω = 6ν/∆1
2 is specified at the first node away from the wall, 

where ∆1 is the thickness of the layer of mesh attached to the cylinder surface. 

Symmetric boundary condition (vertical velocity and gradients of other quantities are 

zero) is enforced at the top and bottom boundaries of the computation domain. The 

horizontal velocity component is specified as U = Umsin(2πt/T) and the gradients of the 

turbulence quantities in the horizontal direction are set at zero at the left and right 

boundaries. 

2.3 MODEL VALIDATION 

Although the present numerical model has been applied to steady flow past circular 

cylinders (Zhao et al., 2007), the model is also validated against the oscillatory flow 

around a circular cylinder in this study. As a constant value of β is used in this study (β 

= 196), Reynolds number is in the range of 392 ≤ Re ≤ 7840 corresponding to 2 ≤ KC ≤ 

40. The k-ω turbulence model is employed for cases with Re number larger than 500. 
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The Cartesian coordinate system is fixed at the centre of the circular cylinder and y-

axis is perpendicular to the oscillatory flow direction as shown in Fig. 2-1. A 

rectangular computation domain of 50D (D is the cylinder diameter) in length and 16D 

in width is used for simulating oscillatory flow around an isolated circular cylinder. Fig. 

2-2 shows typical finite element mesh near the cylinder. Structured four-node 

quadrilateral elements are used to discretize the domain. The cylinder perimeter is 

discretized by 160 nodes. The minimum element size in the radial direction next to the 

cylinder surface (∆1) is 0.001D.  

A mesh dependence study was carried out first. To ensure the computational 

accuracy in the boundary layer, ∆1 (non-dimensionalized as y+ = uf∆1/ν , where uf is the 

friction velocity at cylinder surface) is limited to be smaller than 2.5 (Wilcox, 1994). 

Friction velocity uf is defined as ρτ /wfu = , where τw is wall shear stress and ρ is the 

density of fluid. Wall shear stress is defined as ( ) 0/' =∂∂= rw ruμτ , where 'u is the 

velocity parallel to the wall, and μ is the dynamic viscosity and r is the distance to the 

wall. The maximum non-dimensional mesh size y+ for the KC = 40 case is 2.3. Further 

refinement of mesh does not result in substantially different results from those 

calculated using the mesh shown in Fig. 2-2. For cases with KC < 40, the y+ is smaller 

than 2.3 due to the reduction in Reynolds number. This can be theoretically proved. The 

definition of y+ can be rewritten as 10)/')(/1( Δ∂∂= =
+

rruvy  according to the 

definition of friction velocity and wall shear stress. For the mesh nodes located in the 

laminar sub-layer (y+ < 10), the following relationship can be derived: 

10 /')/'( Δ=∂∂ = uru r . Then y+ can be rearranged into the following 

format: Re' 1

DU
uy

m

Δ
=+ , in which 

mU
u'  represents the velocity gradient in the laminar 

sub-layer, which decreases with the decrease of Re number; a constant 
D

1Δ  of 0.001 is 

used in this work. So it is shown that y+ decreases with the decrease of Re. 

The comparison of the calculated force coefficients on the cylinder with the 

measured data (Obasaju et al., 1988) is shown in Fig. 2-3. The inline force (CF) and lift 

(CL) force coefficients are defined by 

22/1 m

x
F DU

FC
ρ

= , 22/1 m

y
L DU

F
C

ρ
=   (2-5)  
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Where Fx and Fy are the hydrodynamic force components acting on the cylinder in x and 

y directions, respectively. The numerical results show good agreement with the 

experimental data for all four KC values cases.  

The flow structures around the cylinder in this range of KC have been well 

understood in previous research work. Readers are referred to Williamson (1985) and 

Justesen (1991) for the details of the flow structures of each vortex shedding regime. 

The six vortex shedding regimes investigated in this study can be separated into two 

groups (Group one and Group two) according to the flow features. In Group one, which 

includes regimes a, b, c and e, the flow structures at two instants of half of a period 

phase difference are symmetric with respected to the y-axis. This feature is defined as 

half-period symmetry in this study. The vorticity contours of KC = 10 at two instants are 

given in Fig. 2-4 as an example of Group one. The filled dot on the sinusoidal curve at 

the top-right corner of each figure indicates the phase of the approaching velocity. Fig. 

2-4(a) and (b) correspond to the instant of the beginning of one period and reversal of 

flow, respectively. The solid contour curves represent the positive vorticity and the 

dashed ones represent negative vorticity in Fig. 2-4. The figures show the typical flow 

structure of transverse vortex street, which are symmetric with respect to the y-axis. 

In Group two, which includes regimes d and f, flow structures at two instants of half 

period apart are anti-symmetric with respect to the centre of the cylinder. This feature is 

named as half-period anti-symmetry. The vorticity contours of KC = 16 is given in Fig. 

2-5 to illustrate this common feature of Group two. This case belongs to regime d 

(double pair regime). The vortex shedding leads to two vortex streets in opposite 

directions. The angle between the vortex streets and the oscillatory direction is about 

45° as shown in Fig. 2-5. These two figures in Fig. 2-5 are anti-symmetric with respect 

to the centre of the cylinder. Both Fig. 2-4 and Fig. 2-5 show good agreement with the 

experimental observation of Williamson (1985).  

2.4 STEADY STREAMING 

The steady streaming velocity is obtained by averaging the oscillatory flow velocity 

over one flow period. In the following sections, the steady streaming flow structures at 

different vortex shedding regimes are examined. The simulated oscillatory flow 

structure is unstable as it may switch to its mirror-image modes. When this occurs, the 

steady streaming switches to its mirror-image mode correspondingly. The plane of the 
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“mirror” is y = 0. The switching of modes exists physically according to the 

experimental observation of Obasaju et al. (1988). The steady streaming structures 

discussed in this paper are obtained by time-averaging the velocity components of the 

20th period of the oscillatory flow.  

In this study, the steady streaming structures are examined by means of streamlines 

and contours of velocity amplitude. Fig. 2-6 shows the steady streaming structures of 

oscillatory flow with KC number corresponding to the six vortex shedding regimes 

mentioned previously. The magnitude of the steady streaming velocity is defined as 

Us= 22 vu + , where ( vu , ) is steady streaming velocity vector. Fig. 2-6 (a) shows the 

steady streaming of KC = 3.5 (vortex shedding regime a). The steady streaming pattern 

contains four small recirculating cells in the inner zone near the cylinder and four larger 

cells in the outer zone of the streaming. The structure of the steady streaming is 

symmetric with respect to both x-axis and y-axis. Badr et al. (1995) found the same 

structure for flow conditions of KC = 2 and 4 at Re = 1000. The simulated streaming 

structure is identical to the experimental results of Masakazu Tatsuno (1978) (Van Dyke 

1982) and analytical solution of Wang (1968). It should be noted that these 

experimental and analytical results mentioned above were obtained under low KC and 

low Re conditions. The flow conditions corresponding to the steady streaming structure 

observed by Masakazu Tatsuno (1978) (Van Dyke 1982) were KC = 0.54 and Re = 

12.7. The oscillatory flow around a circular cylinder investigated by Wang (1968) and 

Masakazu Tatsuno (1978) (Van Dyke 1982) was characterized  by unseparated creeping 

flow around the cylinder (Sumer and Fredsøe, 1997). The major feature of oscillatory 

flow calculated by Badr et al. (1995) (KC = 2 and 4 at Re = 1000) was symmetric non-

shedding vortices in the wake. This indicated that one steady streaming structure could 

correspond to more than one vortex shedding regimes. The velocity amplitude contours 

in Fig. 2-6 (a) show that the relative high velocity area overlaps with the inner zone, 

while the velocity amplitudes in the four large recirculating cells are smaller than 5% of 

Um. The cases with other KC number in vortex shedding regime a have the same steady 

streaming structure shown in Fig. 2-6 (a). 

Asymmetric steady streaming patterns with respect to the x-axis are observed for 

flows in the vortex shedding regime b (namely the asymmetric non-shedding regime). A 

typical steady streaming pattern observed in vortex shedding regime b is shown in Fig. 

2-6 (b) (KC = 5). This steady streaming pattern comprises of four small circulation cells 

near the cylinder surface surrounded by four larger cells, which is similar to that shown 
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in Fig. 2-6 (a).In Fig. 2-6 (b) that strong steady streaming exists in the inner cells. The 

two streaming jets generated by the four large cells flow outwards from the left and 

right sides of the cylinder. The steady streaming pattern shown in Fig. 2-6 (b) appears to 

be asymmetric with respect to the x-axis. For oscillatory flows in this vortex shedding 

regime, vortices generated on the top and bottom sides of the cylinder are different in 

size and strength. Similar flow features to those observed in this study have also been 

observed by Williamson (1985) in physical experiments. The asymmetry of these 

instantaneous flow structures leads to the asymmetric steady streaming pattern. 

With further increase of KC (KC > 7), vortex shedding starts to happen in oscillatory 

flow around the cylinder. The oscillatory flow structure of this vortex shedding regime 

was characterized by the transverse vortex street (Williamson 1985). All the vortices 

shed from one side of the cylinder and convect away in the direction perpendicular to 

the oscillatory direction as shown in Fig. 2-4. The steady streaming structure at KC = 10 

is shown in Fig. 2-6 (c) to represent vortex shedding regime c. The basic structure of the 

steady streaming consists of two small cells on the bottom side and two big cells on the 

top side. The streaming is symmetric with respect to the y-axis. A jet-like steady 

streaming structure upwards from the top of the cylinder corresponds to the transverse 

vortex street observed in this oscillatory flow. The high velocity area corresponds to the 

two big recirculating cells on the top side of the cylinder as shown in Fig. 2-6(c). This is 

because all vortex motions take place on the top side of the cylinder.  

Regime e is the last vortex shedding regime in Group one investigated in present 

work. Fig. 2-6 (e) shows the steady streaming of KC = 26 which represents a typical 

steady streaming pattern of this vortex shedding regime. Streamlines show that six 

recirculating cells exist around the cylinder. Steady streaming flows towards the 

cylinder from left and right sides of the cylinder and flows out from the top and bottom 

sides. Large streaming velocity is found in the two strips on the left and right sides of 

the cylinder in the oscillatory flow direction. The streamlines and amplitude contours 

shown in Fig. 2-6 (e) are not exactly symmetric with respect to the y-axis, although the 

major structure of the steady streaming is symmetric with respect to the y-axis. It is 

speculated that the slight asymmetry of the steady streaming structure observed in Fig. 

2-6 (e) is likely caused by nonlinear interactions of vortices shed from the cylinder. 

In vortex shedding regime d (double pair regime), the most obvious feature of flow 

field of the oscillatory flow is the diagonal vortex street (Williamson 1985). The present 
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numerical simulation captured this feature as shown in Fig. 2-5. The steady streaming 

structure of KC = 16 shown in Fig. 2-6 (d) is quite different from those of Group one. 

There are four big recirculating cells distributed around the cylinder in an anti-

symmetric pattern. Although instantaneous flow structure in vortex shedding regime f 

are different from those of regime d (Williamson 1985), the steady streaming structures 

in vortex shedding regimes f and d share simular features as depicted in Fig. 2-6 (f) and 

Fig. 2-6 (d). Both vortex shedding regimes (KC = 16 and KC = 33) belong to Group 

two. The contours in Fig. 2-6 (d) and (f) are also anti-symmetric.  

The following common features can be summarized from Fig. 2-6. The steady 

streaming structure of Group one (regimes a, b, c and e) is symmetric with respect to 

the y-axis, and that of Group two (regimes d and f) is anti-symmetric with respect to the 

centre of the cylinder.  

The steady-inline-force (Fsx) induced by the steady streaming is zero for all the 

cases calculated in present study, because the steady streaming structures shown in Fig. 

2-6 are symmetric with respect to the y-axis (Fig. 2-6 (a), (b), (c) and (e)) or anti-

symmetric with respect to the centre of the cylinder (Fig. 2-6 (d) and (f)). Non-zero 

steady-lift-force (Fsy) can be expected for Regimes b, c and e, because the 

corresponding steady streaming structures are neither symmetric with respect to the x-

axis, nor anti-symmetric with respect to the centre of the cylinder. The steady-lift-force 

for KC = 5, 10 and 26 are calculated and normalized by the maximum of the lift force 

(Fymax). Fsy/Fymax = 0.05, 0.1 and 0.04 are obtained corresponding to the three cases of 

KC = 5, 10 and 26. These results indicate steady force induced by steady streaming is 

weak compared with the total hydrodynamic force on the cylinder. 

The maximum of Us/Um are summarized in Fig. 2-7 for different values of KC 

number. The maximum value of Us/Um is about 0.25 at KC = 3.5, then this increases 

rapidly at KC = 5 and remains almost a constant value of around 0.5 for all other cases 

of KC > 5. 

The distributions of the circumferential velocity component (Uθ) of the steady 

streaming velocity along eight polar directions originating from the centre of the 

cylinder are shown in Fig. 2-8. The value of Uθ at locations of interests is calculated by 

interpolating the velocity on mesh nodes. The circumferential velocity in clockwise 

direction is defined as positive. The eight directions start from θ = 0, with a constant 

interval of π/4 with θ = 0 corresponding to the positive direction of the x-axis. The 
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quantity L shown in Fig. 2-8 and Fig. 2-9 is defined as the distance from a point in fluid 

to the centre of the cylinder. Fig. 2-8 (a) shows the results of the circumferential 

velocity component for KC = 3.5. The circumferential velocity component is zero along 

the direction of θ = 0, π/2, π and 3π/2 because the steady streaming is symmetric with 

respect to both x-axis and y-axis. Along the direction of θ = π/4, the circumferential 

velocity component changes sharply from 0 on the cylinder surface (L/D = 0.5) to about 

-0.25 at L/D = 0.51, and then increase to about 0.18 at L/D = 0.6, and then drops back to 

0 for L/D ≥ 1.0. Along the direction of θ = 5π/4, the circumferential velocity profile is 

similar to that of θ = π/4. The circumferential velocity profiles along the other two 

directions of θ = 3π/4 and 7π/4 are almost the mirror images of those θ = π/4 and θ = 

5π/4. The circumferential velocity profiles for KC = 5 are shown in Fig. 2-8 (b). The 

circumferential velocity is zero along the directions of θ=π/2 and 3π/2. This is expected 

because the streaming structure is asymmetric with respect to the x-axis. The maximum 

value of the circumferential velocity is about 0.5 at θ = 3π/4 and L/D = 0.6. The 

circumferential velocity profiles for KC = 10 (see Fig. 2-8 (c)) and KC = 26 (Fig. 2-8 

(e)) show similar features to those observed at KC = 5. The circumferential velocity 

profiles for KC = 16 and KC = 33 are shown in Fig. 2-8 (d) and Fig. 2-8 (f), 

respectively. Non-zero velocity is found in all of the eight directions. The 

circumferential velocity profiles along two directions with an angle difference of π have 

almost identical velocity profiles. This is because the streaming structures of these two 

cases are anti-symmetrical with respect to the centre of the cylinder. The maximum 

value of tangential velocity of about 0.5 is observed near the surface of the cylinder.  

The normal velocity (Ur) along ten concentric circles to the cylinder surface is 

shown in Fig. 2-9. Ur pointing outside of corresponding concentric circle is defined as 

positive. The ten concentric circles start from L/D = 1.0 with a constant interval of D/2 

Fig. 2-9 shows how the steady streaming flows through these concentric circles and the 

intensity in different directions. Fig. 2-9 (a) shows the results of the normal velocity 

component along 10 concentric circles for KC = 3.5. The steady streaming flows 

outwards in two main directions (θ = 0 and π). This is consistent with the observation 

from Fig. 2-6 (a). The maximum normal velocity along the circle of L/D = 1.0 is 0.1, 

and then drops to nearly zero for L/D ≥ 1.5. Steady streaming is confined near a small 

area around the cylinder. Fig. 2-9 (b) shows two intensive steady streaming jets flowing 

away from the cylinder in the directions of θ  = 1.05π and 1.95π. A jet-like steady 
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streaming structure is also found in Fig. 2-9 (c) in the direction of θ  = 0.5π, at L/D = 

1.0, and then the jet splits into two parts for L/D larger than 1.0 and the amplitude of 

normal velocity decreases with the increase of L. Similar results are also observed for 

other three cases of different KC number.  

2.5 CONCLUSIONS 

In this paper, oscillatory flow around a circular cylinder is investigated numerically 

using a finite element method. Steady streaming structures and streaming velocity 

distributions around the cylinder are discussed. The major steady streaming flow 

structures around the cylinder identified through the study are summarized as follows: 

1. The present numerical results show that steady streaming flow pattern 

correlates closely with oscillatory vortex shedding regimes. Six steady 

streaming patterns are found to correspond to the six oscillatory flow 

regimes; 

2. For flow regime a (2 < KC < 4), the steady streaming structure is found to be 

identical to that revealed through analytical analysis and physical tests. The 

streaming is comprised of four small inner cells and four large outer cells 

and is symmetric with respect to both x-axis and y-axis; 

3. The flow conditions examined in this study can be separated into two 

groups, namely Group one and Group two. For Group one flows, which 

include regimes a, b, c and e, the oscillatory flow structure around the 

cylinder is half-period symmetric and the steady streaming is symmetric with 

respect to y-axis. For Group two flows (regimes d and f), the oscillatory flow 

structures around the cylinder is half-period anti-symmetric and the steady 

streaming is anti-symmetric with respect to the cylinder centre; 

4. The maximum value of Us/Um is around 0.25 in regime a, increases to about 

0.5 in regime b and remains at about 0.5 for all of other regimes. 
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Fig. 2-1. Definition sketch. 

 

Fig. 2-2. Typical finite element mesh around a circular cylinder. 
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Fig. 2-3. Comparison of calculated force coefficients with experimental data (Obasaju et 

al., 1988). —, calculated CF; -----, calculated CL; □ measured CF; ∇ measured CL. 
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Fig. 2-4. Instantaneous vorticity contours for KC = 10 and β = 196 (The filled dot on the 
sinusoidal curve at the top-right corner of each figure indicates the phase of the 

approaching velocity. ωmin = -5 and ωmax = 5, where ωmin and ωmax are the minimum and 
maximum value of the vorticity, respectively). 

 

Fig. 2-5. Instantaneous vorticity contours for KC = 16 and β = 196 (The filled dot on the 

sinusoidal curve at the top-right corner of each figure indicates the phase of the 

approaching velocity. ωmin = -5 and ωmax = 5). 
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Fig. 2-6. Streamlines of steady streaming velocity and magnitude contours of steady 

streaming velocity (Us/Um) in six vortex shedding regimes. 
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Fig. 2-7. Variation of the maximum value of Us/Um with KC number. 
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Fig. 2-8. The variation of steady streaming velocity in the circumferential direction 

along eight different values of θ (see Fig. 1 for the definition of θ, the KC number each 

figure is KC = 3.5, 5, 10, 16, 26 and 33. L is the distance from a point in fluid to the 

centre of the cylinder and θ  = 0 corresponds to the positive direction of the x-axis). 
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(f) KC=33 
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Fig. 2-9. The distribution of velocity of steady streaming in normal direction (Ur/Um) 

along 10 concentric circles. 
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3 STEADY STREAMING AROUND A CIRCULAR 
CYLINDER NEAR A PLANE BOUNDARY DUE TO 

OSCILLATORY FLOW 

ABSTRACT: Steady streaming due to an oscillatory flow around a circular cylinder 

close to and sitting on a plane boundary is investigated numerically. Two-dimensional 

(2D) Reynolds-Averaged Navier-Stokes equations are solved using a finite element 

method (FEM) with a k-ω turbulent model. The flow direction is perpendicular to the 

axis of the cylinder. The steady streaming around a circular cylinder is investigated for 

Keulegan Carpenter (KC) number of 2 ≤ KC ≤ 30 with a constant value of Stokes 

number (β) of 196. The gap (between the cylinder and the plane boundary) to diameter 

ratio (e/D) investigated is in the range of 0.0 to 3.0. The steady streaming structures and 

velocity distribution around the cylinder are analysed in detail. The structures of steady 

streaming are closely correlated to KC regimes. The gap to diameter ratio (e/D) has a 

significant effect on the steady streaming structure when e/D < 1.0. The magnitude of 

the steady streaming velocity around the cylinder can be up to about 70% of the velocity 

amplitude of the oscillatory flow. One three-dimensional (3D) simulation (KC = 10, β = 

196 and e/D = ∞) is carried out to examine the effect of three-dimensionality of the flow 

on the steady streaming. Although strong 3D vortices are found around the cylinder, the 

steady streaming in a cross-section of the cylinder span is in good agreement with the 

2D results. 

3.1 INTRODUCTION 

Steady streaming is a flow phenomenon observed in oscillatory flow around a 

circular cylinder where a non-zero period-averaged flow field exists under sinusoidal 

approaching flow conditions. Such a non-zero mean flow is induced by the non-linear 

Reynolds stress in the unsteady boundary layer (Wang 1968). Oscillatory flow around a 

circular cylinder is governed by Keulegan-Carpenter number (KC = UmT/D) and Stokes 

number (β = D2/Tν), or alternatively Reynolds number (Re = KC·β = UmD/ν), where Um 

is the amplitude of oscillatory velocity, T is the period of velocity oscillation, D is the 

diameter of the cylinder, and ν is the kinematic viscosity of fluid. 

Extensive research work concerning steady streaming around a circular cylinder 

for small KC (KC < 1) has been carried out. Analytical work of steady streaming has 
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been published by Holtsmark et al. (1954), Stuart (1966) and Wang (1968). A sketch of 

steady streaming structure around an isolated cylinder under small oscillatory amplitude 

is depicted in Fig. 3-1 (Wang 1968), which consists of four small recirculating cells 

attached on the cylinder surface and four large ones further away from the cylinder. An 

impressive picture of such steady streaming taken from an experiment by Masakazu 

Tatsuno can be found in the book of van Dyke (1982). Review of previous work about 

steady streaming on small KC was given by Riley (1967) and Riley (2001).  

For larger KC (KC > 1), the flow field and force coefficients of an isolated 

cylinder in oscillatory flow have been well documented experimentally in the range of 0 

≤ KC ≤ 50 (Williamson 1985; Sarpkaya 1986; Obasaju et al. 1988; and Tatsuno et al. 

1990 etc). This topic has also been investigated with 2D numerical simulation by 

Justesen (1991) and Saghafian et al. (2003). Some 3D simulation results were presented 

at low KC and β number conditions (Zhang and Dalton 1999; Nehari et al. 2004 and 

Elston et al. 2006). A numerical investigation by Badr et al. (1995) demonstrated the 

existence of steady streaming under separated flow condition (KC = 2, 4, and Re = 

1000). An et al. (2009) studied the steady streaming around an isolated circular cylinder 

in the range of 2 ≤ KC ≤ 40 with a constant β of 196. Six typical steady streaming 

structures were found corresponding to the six vortex shedding regimes classified by 

Williamson (1985). 

Sumer et al. (1991) investigated the effect of a plane boundary on oscillatory flow 

around a circular cylinder in the range of 0 < KC < 60 utilising flow visualization, and 4 

< KC < 65 by pressure measurement. The gap-to-diameter ratio (e/D) has significant 

effect on the flow structure and hydrodynamic force coefficients. Wybrow et al. (1996) 

studied the steady streaming around a circular cylinder close to a plane boundary in 

oscillatory flow condition (KC ≤ 1) by means of analytical, computational and 

experimental methods. They indicated that steady streaming plays an important role for 

the sediment transport beneath the cylinder. Steady streaming produces a non-zero net 

sediment transport rate on mobile sandy bed, which is the main reason of scour around 

the cylinder. Liang et al. (2005) investigated the wave-induced scour below a submarine 

pipeline and reported the presence of steady streaming in the vicinity of the pipeline 

throughout the whole scour process (KC = 11, Re = 7000).  

The results of Wybrow et al. (1996) and Liang et al. (2005) indicated that the 

existence of steady streaming when the cylinder is located close to a plane boundary in 

oscillatory flow. However there is lack of systematic research work with regard to the 
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influence of the plane boundary on the steady streaming. This is the motivation of 

present work. In this study, the oscillatory flow around a circular cylinder close to a 

plane boundary is simulated using a 2D FEM model. This study covers the range of 2 ≤ 

KC ≤ 30, 0 ≤ e/D ≤ 3.0, with a constant β number of 196. The steady streaming around 

the cylinder is calculated by period-averaged method. The steady steaming structure and 

velocity distribution of steady streaming are analysed.  

The oscillatory flow examined in the present study is largely three-dimensional. 

Scandura et al. (2009) studied the oscillatory flow around a circular cylinder close to a 

plane boundary by 2D and 3D direct numerical simulation (DNS) of the Navier Stokes 

equations (KC = 10, Re = 200 and 500). Scandura et al. (2009) stated that the correlation 

of sectional forces increase with the decrease in e/D due to different reasons. At Re = 

200, the reduction of the gap leads to a reduction of 3D effects. At Re = 500, the 

reduction of the gap leads to the generation of a large number of 3D vortices with a 

wide range of spatial scales, which produces the homogenization of the flow structures 

along the spanwise direction. To examine the effect of 3D flow on steady streaming, a 

3D flow of KC = 10, β = 196 and e/D = ∞ is simulated in this study. The steady 

streaming structures in cross-sections of the cylinder are compared with the two 

dimensional result of KC = 10, β = 196 and e/D = 3.0.  

3.2 MATHENATICAL MODEL AND BOUNDARY CONDITIONS 

Fig. 3-2 shows the sketch of a circular cylinder in a sinusoidal oscillatory flow. A 

Cartesian coordinate system is fixed at the centre of the circular cylinder and y-axis is 

perpendicular to the oscillatory flow direction. 2D Reynolds-averaged Navier-Stokes 

(RANS) equations are solved with a low Reynolds number k-ω turbulence model 

closure (Wilcox 1994). The RANS equations and the equation of k and ω are solved 

using a streamline upwind finite element method. Details of the numerical model are not 

provided in the present thesis but can be found in Zhao et al. (2007). 

The boundary conditions employed in the computation are described. On the 

cylinder surface and the plane boundary, the velocity and the turbulent kinetic energy k 

are specified as zero. The boundary condition of ω at the first node away from the wall 

is specified by ω = 6ν/∆1
2, with ∆1 is the distance between the first node and the wall. 

This boundary condition for ω requires that the non-dimensional distance y+ = uf∆1/ν (uf 
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is the friction velocity at cylinder surface) is smaller than 2.5 (Wilcox 1994). Symmetric 

boundary conditions (vertical velocity and gradients of other quantities in the normal 

direction of the boundary are set as zero) are imposed at the top boundary. The vertical 

velocity component at the left and right boundary is specified as zero and the horizontal 

velocity component is specified as u(y, t) = U(y)sin(2πt/T), where T is the period of the 

oscillation, U (y) is calculated as: 
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where u* is the friction velocity and κ is the von Kármán constant ( = 0.42). The 

Reynolds number is defined based on the velocity at the level of the cylinder top, i. e. 

)5.0( DUUm = . Eq. (3-1) is the velocity distribution of fully-developed steady boundary 

layer flow. Eq. (3-1) is often used to specify the boundary condition for steady current. 

The boundary layer profile of oscillatory flow (or wave) is different from that of the 

steady current. One of the instinct differences is that there is phase difference between 

flow velocities at different depth of water. Therefore, the application of Eq. (3-1) will 

induce some error to the numerical results. In the simulation, the length of the 

computational domain is 50D and the cylinder is located at the centre of the domain in 

horizontal direction. Preliminary computation showed that the length of 50D is 

sufficient to allow the oscillatory boundary layer flow fully develop. Further increase in 

length does not change the velocity distribution at the centre of the domain. The 

gradients of the turbulence quantities in the horizontal direction are set to be zero at the 

left and right boundaries. The initial value of velocity in the domain is set zero and the 

initial values of turbulent quantities k and ω are specified as k = 0.0001Um
2and ω = k/ν. 

3.3 MODEL VALIDATION 

The convergence of the numerical results are examined under the flow condition 

of KC = 30, β = 196, which corresponds to the highest Re number of 5880 calculated in 

this study. The case with e/D of 0.2 is examined. A rectangular domain with 50D in 

width and 10D + e in height is employed. The cylinder is located in the middle of 

computational domain in the x-direction. Fig. 3-3 shows a typical finite element mesh 

near the cylinder (e/D = 0.2). Structured four-node quadrilateral elements are used. The 

cylinder perimeter is discretized by 160 nodes. The minimum element size in the radial 
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direction next to the cylinder surface is 0.001D. The flow oscillates in the horizontal (x) 

direction. The maximum non-dimensional mesh size y+ for this case is 2.3. The 

numerical results do not show substantial differences with further increase of the density 

of computational mesh. 

Although the present numerical model has been validated against both steady and 

oscillatory flows past an isolated circular cylinder (Zhao et al. 2007 and An et al. 2009), 

it is futher validated against available experimental data of oscillatory flow around a 

circular cylinder, especially for the cylinder close to a plane boundary. 

Firstly, the numerical model is validated against the experimental data of Dütsch et 

al. (1998) at KC = 5 and β = 20 (isolated cylinder, e/D = ∞). The flow of KC = 5, β = 20 

and e/D = ∞ is characterized by absolutly stable 2D flow (Tatsuno and Bearman 1990). 

The velocity distribution measured by Dütsch et al. (1998) has been broadly used to 

validate a variety of numerical models, such as finite volume model (Dütsch et al., 

1998), boundary element model (Uzunoğlu et al., 2001), immersed boundary method 

model (Choi et al., 2007; Wang et al., 2009), collocated finite volume embedding 

method (Ng 2009) and the present finite element model.  

The turbulent model is switched off to simulate this case of low Re number. The 

calculated velocity distribution at four sections (x/D = −0.6, 0.0, 0.6 and 1.2, t/T = 10.5) 

are compared with experimental results of Dütsch et al. (1998) in Fig. 3-4. The 

experimental data were recorded in a coordinate system fixed with still water, while the 

coordinate system employed in the present work is fixed with the cylinder. A coordinate 

transformation has been done before the numerical results are compared with the 

experimental data. Fig. 3-4 shows the numerical results agree with the experimental data 

reasonably well, but with some noticeable differences between numerical and 

experimental data. Similar differences were found in the numerical results of other 

numerical models mentioned in previous paragraph.  

Secondly, the calculated pressure distribution is compared with the data measured 

by Sumer et al. (1991) at KC = 10, Re= 1.0×105 and e/D = 0.2. For a case with such a 

high Re number, the computational mesh is refined. The minimum element size in the 

radial direction next to the cylinder surface is reduced to 0.0002D and 200 elements are 

used to discretize cylinder surface. The k-ω turbulent model is switched on. Fig. 3-5 

shows the comparison of the calculated and measured pressure coefficient distributions 
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along the cylinder surface at six instants in a half period of flow. The pressure 

coefficient is defined as Cp = (p-p0)/(ρUm
2/2), where p0 is pressure at the reference point 

(α = 0 on the cylinder surface, the definition of angle α is given in Fig. 3-5 (a).). A 

strong variation of Cp in this half period exists due to flow reversal and vortex shedding. 

Obvious difference between the numerical results and the experimental data exists in 

Fig. 3-5 (e), corresponding to the instant of flow reversal. The reason for this is unclear, 

although this may be due to many factors such as 3D effects, use of turbulence models 

and experimental uncertainties. The overall comparison between present numerical 

results and experimental results is considered to be satisfactory for engineering 

applications. 

Thirdly, the calculated lift coefficients of the cylinder are also compared with the 

experimental results of Sumer et al. (1991) as shown in Fig. 3-6. The lift coefficient is 

defined as CL = FL/(0.5ρDUm
2) while FL is the force component in the direction 

perpendicular to the plane boundary. From Fig. 3-6, that the overall agreement between 

numerical results and experimental data is reasonable, although there exist obvious 

differences. The measured time histories (Sumer et al. (1991)) are obvious aperiodic, 

which indicates variation of flow structures exist among different periods of flow. The 

calculated time histories of the lift show strong periodicity. 

Lastly, the simulated flow structure around the cylinder is compared with the 

experimental observation of Sumer et al. (1991). Fig. 3-7 shows the typical vorticity 

contours at six instants in a half period for KC = 10, β = 196 and e/D = 0.1. The vortices 

rotating in clockwise direction are defined as negative and plotted with dashed lines, 

and the vortices rotating in counter clockwise direction are defined as positive and 

plotted with solid lines. The vortex motion on the free stream side is examined firstly. 

At the beginning of this flow period (Fig. 3-7 (a)), a positive vortex is shed in previous 

period and an attached negative vortex are found on the left side of the cylinder (Fig. 

3-7 (a)). Both vortices are carried towards the right side of the cylinder by the flow. The 

attached negative vortex is swept over the cylinder and develops from the right side 

(Fig. 3-7 (b) ~ (e)). It is then shed from the cylinder at the instant of φ = 150° (Fig. 3-7 

(f)). In the gap side, a flat positive vortex is generated and grows up from the lower side 

of the cylinder due to a strong jet-like flow through the gap (Fig. 3-7 (b) and (c)). At the 

same time, the boundary layer on the plane boundary rolls up to from a negative vortex 

the in the gap. When the phase angle φ = 90°, the flat vortex generated from the lower 

side of the cylinder splits into two parts (Fig. 3-7 (d)). One part is convected away by 
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flow together with the negative vortex generated on the plane boundary, and the other 

part rolls up and attaches on the right side of the cylinder (Fig. 3-7 (e)). This vortex 

shedding process shown in Fig. 3-7 agrees qualitatively with the experimental 

observation of Sumer et al. (1991) (please see Fig. 21 (c) in Sumer et al. (1991) for 

comparison). 

3.4 STEADY STREAMING STRUCTURE 

Representative flow conditions corresponding to the following five vortex 

shedding regimes: a), 2 ≤ KC ≤ 4; b), 4 ≤ KC ≤ 7, c), 7 ≤ KC ≤ 15, d), 15 ≤ KC ≤ 24, 

and e), 24 ≤ KC ≤ 30 (classified by Williamson (1985) and Sumer et al. (1991)) are 

simulated in this study. Distinct flow features were found in each of the vortex shedding 

regimes (Williamson 1985 and Sumer et al. 1991). The steady streaming structures 

corresponding to five KC numbers (KC = 2, 5 10 16 and 26) within the five vortex 

shedding regimes are presented. For each KC number, the effect of e/D is investigated 

in the range of 0 ≤ e/D ≤ 3.0. A k-ω turbulence model is employed for cases with Re 

number larger than 500. Steady streaming velocity ( vu , ) is obtained by time-averaging 

flow velocity in the 20th flow period of each simulation, which can be calculated as: 
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The structures of steady streaming are represented by means of steady streaming 

streamlines and contours of steady streaming velocity magnitude Us, which is defined as 
2/122 )( vuU s += . 

3.4.1  2 ≤ KC ≤ 4  

In this range of KC numbers, the oscillatory flow around unbounded cylinder is 

characterized by symmetry with respect to the x-axis and attached (non-shedding) 

vortices (Williamson 1985). Fig. 3-8 shows the steady streaming structures at different 

e/D values (0 ≤ e/D ≤ 3.0). The amplitude of steady streaming is generally small (less 

than 10% of Um) in the far field of the cylinder. Therefore, the focus of investigation is 

the near field of the cylinder. For the case of e/D = 3.0 (Fig. 3-8 (a)), the basic structure 

of steady streaming is similar to that shown in Fig. 3-1. It is also nearly identical to the 

steady streaming structure around an unbounded cylinder in the same oscillatory flow 
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condition (An et al. 2009). The high velocity zone overlaps with the four inner 

recirculating cells. The four big cells generate two jet-like flows on the left and right 

sides of the cylinder. The steady streaming structure does not vary substantially in the 

range of 1.0 < e/D ≤3.0. This indicates the effect of the plane on the steady streaming 

around the cylinder is insignificant when the gap ratio is larger than one in this vortex 

shedding regime.  

When e/D is reduced to 1.0, two more recirculating cells are generated between 

the cylinder and the plane boundary (Fig. 3-8 (b)). At the same time, the two jet-like 

flows tilt towards the plane boundary. The distribution of contours of Us/Um around the 

cylinder changes only slightly for cases with e/D ≥ 0.5 (see Fig. 3-8 (a), (b) and (c)). 

With further decreasing of e/D, the magnitude of Us/Um in the gap jumps up sharply to 

0.4 at e/D = 0.2 (Fig. 3-8 (d)), and then to 0.6 at e/D = 0.1 (Fig. 3-8 (e)), while free 

stream side velocity just changes slightly. When the cylinder is mounted on the plane 

boundary (e/D = 0.0), only the four cells on the free stream side exist and the maximum 

value of Us/Um drops back to about 0.15. A common feature of all the steady streaming 

structures shown in Fig. 3-8 is symmetry with respect to the y-axis. This is because the 

oscillatory flow structures at two instants with a time difference of T/2 are symmetric 

with respect to the y-axis.  

3.4.2 4 ≤ KC ≤ 7  

In this range of KC, the flow around an isolated cylinder is characterized by 

asymmetric, non-shedding vortices (Williamson 1985). A group of typical results of this 

vortex shedding regime is given in Fig. 3-9 (KC = 5). For the cases with e/D ≥ 1.0, the 

structures of steady streaming are similar to that around an isolated cylinder under same 

flow conditions (An et al. 2009). The streamlines around the cylinder form four small 

recirculating cells attached to the cylinder surface and another four bigger ones in the 

outer area (Fig. 3-9 (a) and (b)). The effect of plane boundary on streaming structure 

becomes obvious when e/D < 1.0. The streaming structure becomes asymmetric with 

respect to the y-axis (Fig. 3-9 (c)), while the main structure of contours of Us is still 

symmetric in this case. The degree of asymmetry is further enhanced as e/D further 

decreases as shown in Fig. 3-9 (d) and (e). Instantaneous flow structures are examined 

to find out the reason for the asymmetry. Fig. 3-10 shows the typical vorticity contours 

of KC = 5 and e/D = 0.2 at four instants in the 15th period. The vorticity contours shown 

in Fig. 3-10 (a) and (c) (corresponding to the two instants of flow reversal in one period) 

are asymmetric with respect to y-axis. Similarly vorticity contours shown in Fig. 3-10 
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(b) and (d) are also asymmetric. The half-period asymmetry of flow structure is the 

reason for the asymmetry of steady streaming. The break-up of flow symmetry was also 

observed by Sumer et al. (1991). When e/D is reduced to zero, the steady streaming 

switches back to symmetry (Fig. 3-9 (f)). 

3.4.3 7 ≤ KC ≤ 15 

In the range of 7 ≤ KC ≤ 15, one vortex shedding cycle happens in each half a 

period of flow. At KC = 10, the vortices are shed from the same side of the cylinder for 

isolated cylinder and form a transverse vortex street (Williamson 1985). The transverse 

vortex street has also been found by Sumer et al. (1991) under the condition of cylinder 

in oscillatory flow and close to a plane boundary (e/D > 1.7).  

The steady streaming structures of KC = 10 with six e/D values are discussed here 

as an example of this vortex shedding regime. Fig. 3-11 (a) shows the steady streaming 

around a cylinder with e/D = 3.0. The steady streaming structure consists of two small 

recirculating cells attached on the top side of the cylinder and an intensive jet-like flow 

flowing out from the bottom side of the cylinder. Such a jet-like flow is induced by the 

transverse vortex street observed by Williamson (1985) and Sumer et al. (1991). 

Simular steady streaming structure has been observed in the numerical results of An et 

al. (2009). The strength of the jet-like flow decreases with the decrease of e/D. The 

plane boundary does not show obvious effects on the main structure of steady streaming 

in the range of e/D ≥ 1.5 as shown in Fig. 3-11 (a) and (b). When the cylinder is moved 

towards the plane boundary further, the size of the two cells on the top side of the 

cylinder increase gradually (see Fig. 3-11 (c) ~ (f)). This is because of the increase of 

vorticity on the free stream side. The location where the maximum value of Us/Um is 

observed switches to the free stream side from the gap side when e/D is reduced to 0.2. 

Again, all the steady streaming structures shown in Fig. 3-11 are symmetric with respect 

to y-axis. 

3.4.4 15 ≤ KC ≤ 24 

One of the most obvious features of flow around an isolated cylinder with KC 

number in this range is the diagonal vortex street (Williamson 1985 and Obasaju et al. 

1988). Two vortices shed in each half a period of flow and all the vortices shed from the 

cylinder are convected away in the direction of about 45º angle with respect to the flow 

direction. The oscillatory flow is asymmetric between two halves of a flow period. 
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Fig. 3-12 shows the features of steady streaming of the present KC regime. For 

e/D = 3.0 (Fig. 3-12 (a)), the steady streaming is asymmetric since there is no half-

period symmetry in the vortex motion (Williamson 1985 and Sumer et al. 1991). With 

the narrowing of the gap, the arrangement of recirculating cells around the cylinder 

changes gradually and the degree of asymmetry reduces (see Fig. 3-12 (b) ~ (d)). When 

e/D is reduced to 0.2, the steady streaming becomes symmetric as shown in Fig. 3-12 

(d). Steady streaming structure remains symmetric with further decrease of e/D (Fig. 

3-12 (e) and (f)). The streaming structures shown in Fig. 3-12 (d) ~ (f) are almost 

identical to those shown in Fig. 3-11 (d) ~ (f), correspondingly. 

3.4.5 24 ≤ KC ≤ 30 

In this vortex shedding regime, two more vortices shed from the free cylinder in 

each period and this regime is referred to as three-pair regime (Williamson 1985). Fig. 

3-13 shows the steady streaming structures of KC = 26 at six different values of e/D. All 

of the six figures in Fig. 3-13 contain four recirculating cells: two small cells in the gap 

side and two larger ones on the free stream side. The size of the two cells in the gap side 

is squeezed with the reducing of ratio of e/D. 

Based on the steady streaming structures show for different vortex shedding 

regimes, the streaming structure is not sensitive to KC in the range of 7 ≤ KC ≤ 30 when 

e/D < 0.2 (see Fig. 3-11 (d) ~ (f), Fig. 3-12 (d) ~ (f), and Fig. 3-13 (d) ~ (f)). 

3.5 STEADY STREAMING VELOCITY 

Fig. 3-14 summarizes the maximum values of Us (defined as Usmax) of each case 

calculated in this study. For the cases with KC = 2, the Usmax/Um increases dramatically 

from 0.16 to 0.6 when the cylinder is raised upwards by 0.1D from e/D =0 and then 

drops back to about 0.2 when e/D increases to 0.5. Due to the dramatic change of Usmax 

in the range of 0 < e/D <0.5, four more cases with KC = 2, e/D = 0.03, 0.07, 0.15 and 

0.3 were calculated. The sharp increase of Usmax/Um occures because the strong jet-like 

flow is generated on the gap side when the cylinder is elevated from the plane boundary 

by a small distance. The value of Usmax/Um stabilizes at 0.16 for cases with e/D ≥ 1.0. 

For the case with KC = 5 and e/D = 0.0, a value of Usmax/Um = 0.48 is found. The value 

of Usmax/Um reaches the peak value of 0.64 with e/D the increasing to 0.5. For a further 

increase of e/D, the value of Usmax/Um stabilizes at about 0.53. For cases with KC = 10, 

the value of Usmax/Um experiences a slight oscillation in the range of 0 ≤ e/D ≤ 1.0 and 

then stabilizes at about 0.5. For cases with KC = 16, the maximum value of Us/Um drops 
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from 0.71 to 0.5 when e/D increases from 0 to 1.0, and then no obvious change is 

observed. Identical trend is observed for the cases with KC = 26. For the five values of 

KC studied, the influence from e/D on the Usmax/Um is insigificant for e/D ≥ 1.5. 

The location of high steady streaming velocity is affected by KC and e/D. At KC = 

2, the high velocity zone is found close to the cylinder in each quarter of the cylinder 

surface when e/D > 0.5 (Fig. 3-8 (a), (b) and (c)), then the high velocity zone switches 

to the gap side at e/D = 0.2 and 0.1(Fig. 3-8 (d) and (e)). High velocity is found on the 

two shoulders when the cylinder is mounted on the plane boundary (Fig. 3-8 (f)). 

Similar features to those found at KC = 2 (Fig. 3-8) are also found at KC = 5, 16 and 26, 

but a high velocity zone is found only on the lower side of the cylinder at e/D = 3.0 and 

1.5, KC = 10 (Fig. 3-11 (a) and (b)), because the vortex shedding only happens on the 

lower side of the cylinder in these two cases.  

Fig. 3-15 shows the circumferential velocity (Uθ) against L/D at θ  = 45° and θ  = -

45°, where L represents the distance from a point to the centre of the cylinder. The sign 

of Uθ in clockwise direction is defined as positive. The positions of θ  = 45° and -45° 

are shown in Fig. 3-15 (a) and (b), respectively. Fig. 3-15 (a) shows the distribution of 

Uθ in the direction of θ = 45° of KC = 2 for five e/D values. The velocity profiles of the 

five cases almost collapse together. Indicating that e/D does not influence the 

distribution of Uθ  on the free stream side of the cylinder. While the peak value of Uθ at 

θ = -45° increases with the decrease of e/D in the range of 0.1 ≤ e/D ≤ 1.0 as shown in 

Fig. 3-15 (b). When the cylinder is mounted on the plane boundary (e/D = 0, results are 

not plotted here), the Uθ is close to zero at θ = -45°, and similar to that of e/D = 0.1 at 

θ  = 45°. 

For all the other results plotted in Fig. 3-15, a significant effect of gap ratio on the 

distribution of Uθ in the two directions is observed. The distribution of Uθ is not 

sensitive to the change of KC when e/D ≤ 0.2 and KC > 7. This agrees with the 

corresponding steady streaming structures shown in Fig. 3-11 , Fig. 3-12 , and Fig. 

3-13. 

Fig. 3-16 shows influence of KC and e/D on the normal velocity (Ur) along a 

concentric circle (L/D = 0.7) of the cylinder surface. Velocity flowing out of the 

concentric circle is defined as positive. For small KC (KC < 4), e/D only has effect on 

normal velocity distribution on the gap side (-π < θ  < 0) as shown in Fig. 3-16 (a). For 
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all the other four values of KC, e/D appears to have significant influence on the 

distribution of Ur on both the gap and free stream sides. The maximum value of Ur/Um 

happens at e/D = 0.1 except when KC = 10 (Fig. 3-16 (c)), where the maximum value of 

Ur/Um is observed at e/D = 3 corresponding to the strong jet-like flow (Fig. 3-11 (a)). 

3.6 THREE DIMENSIONAL EFFECT ON STEADY STREAMING 

It has been well known that the oscillatory flow remains 2D only under very low 

KC and low β conditions. Honji Instability, which is characterized by mushroom shape 

3D vortex structures, starts to emerge when KC exceeds a certain value as observed by 

Honji (1981), Sarpkaya (1986, 2002) and Tatsuno and Bearman (1990). Hall (1984) 

carried out a stability analysis of oscillatory flow around a circular cylinder for high β 

and found the critical KC (Kh) of the onset of Honji Instability can be calculated as: 

)21.01(788.5 25.025.0 ⋅⋅⋅⋅⋅⋅++= −− ββhK   (3-3) 

Recently, Sarpkaya (2002) found that 3D instability emerges before the Honji Instability 

happens. The critical KC for the onset of 3D instability (defined as Kcr) was given by 

Sarpkaya (2002) as: 

Kcr = 12.5β −2/5   (3-4) 

According to Eq. (3-4), Kcr = 1.51 corresponding to β = 196. So all the flows simulated 

in this work should be 3D if the effect of the plane boundary on three-dimensionality is 

ignored. Scandura et al. (2009) simulated oscillatory flow around a circular cylinder 

near a plane boundary at KC = 10, Re = 200 and 500, e/D = 0.25 ~ 1.5. Strong 3D effect 

was found around the cylinder although the Re numbers were relatively low. 

To examine the effect of 3D flow structures on steady streaming, a 3D simulation 

is carried out at KC = 10, β = 196 and e/D = ∞. The detailed of the 3D model can be 

found in Zhao et al. (2009). The 3D results are compared with the 2D results of KC = 

10, β = 196 and e/D =3.0. It has been demonstrated that, when the gap ratio is larger 

than 3, the effect of the plane boundary on the steady streaming around the cylinder is 

negligible.  

A cylinder of length of 12 diameters is used in the simulation. The centre of the 

coordinate system is located at the centre of the cylinder. The x-axis is parallel to the 

flow direction and the z-axis is along the spanwise direction. The steady streaming 

structures in the planes of z/D = -3.0, 0.0 and 3.0 are plotted in Fig. 3-17. Basic 
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structures of the streaming in the three diagrams are similar. Two recirculating cells 

sitting on the shoulders of the cylinder and a jet-like flow flowing out from the bottom 

side of the cylinder are similar to the 2D results discussed before. However, variation of 

the streaming structure in spanwise direction of the cylinder can be clearly seen. In Fig. 

3-17 (b) and (c) the streamlines above the cylinder bias to the right hand side of the 

cylinder.  

In the 3D model results, there is not exact repeatability of the flow structure 

between two successive flow periods. So, the steady streaming obtained by averaging 

flow over one flow period is different from that in the succeeding period. The steady 

streaming results shown in Fig. 3-17 only represent a snapshot of the 3D steady 

streaming process because of the aperiodic of the flow. It is expected that the steady 

streaming should converge to a constant value if it is calculated by averaging the flow 

over a long time scale. The time scale (Ts) dependence of the steady streaming are 

investigated. Fig. 3-18 shows the iso-surfaces of spanwise vorticity (ωz = ± 1.5) of the 

steady streaming calculated by different time scales (started from the 15th period). The 

structures of vorticity iso-surfaces by averaging velocity over 20T and 40T (Fig. 3-18 

(d) and (e)) are very close to each other. The steady streaming structures averaged over 

a time scale of 20T appear to be converged for KC = 10. Further increase of Ts does not 

result in significant difference on streaming structures. The flow structures in Fig. 3-18 

(d) and (e) show very weak variation along the spanwise direction. 

The convergence of the sectional steady streaming structure is examined. Fig. 3-19 

shows the steady streaming at the middle cross-section (z/D = 0) calculated by different 

Ts values. The steady streaming converges when Ts reaches 20T. The steady streaming 

structure shown in Fig. 3-19 is asymmetric with respect to the y-axis. This indicates that 

the structures of oscillatory flow in two succeeding halves of flow period are 

asymmetric with respect to the y-axis at the cross-section of z/D = 0.0. Similar 

convergence process can be found at other cross-sections. 

For KC = 10, although the flow is aperiodic, the major structure of steady 

streaming obtained by averaging the flow velocity over a long time scale varies little 

along the cylinder’s span-wise direction as shown in Fig. 3-18 (f). A converged steady 

streaming structure is achieved if the averaging time scale exceeds 20 flow periods. The 

converging time scale may be larger for some KC numbers, at which poor correlation of 

instantaneous flow structure along the spanwise direction was found, i. e. KC = 22 
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(Obasaju et al., 1991) and KC =20 (Zhao et al., 2009). At these KC values, because the 

flow structures within two successive periods differ from each other dramatically (Zhao 

et al., 2009), the 3D numerical simulation has to be run for an extreme long time to 

capture all the possible flow structures, however this is out of reach with currently 

available computational facility. 

3.7 CONCLUSIONS 

In this paper, RANS equations with a k-ω turbulent model are solved to simulate 

the oscillatory flow around a circular cylinder close to or sitting on a plane boundary by 

using finite element method. The major findings of this study can be summarized as 

following: 

(1) For KC number in the range of 2 ≤ KC ≤ 4, 7 ≤ KC ≤ 15 and 24 ≤ KC ≤ 30, the 

steady streaming structures are symmetric with respect to y-axis. In the range of 4 ≤ KC 

≤ 7, the streaming structure is symmetric except the gap range of 0 < e/D ≤ 0.5. In the 

range of 15 ≤ KC ≤ 24, the streaming structure are asymmetric for e/D > 0.2, and then 

switches to symmetric for e/D ≤ 0.2. 

(2) The steady streaming structure is not sensitive to the change of KC number in the 

range of 7 ≤ KC ≤ 30, when e/D ≤ 0.2. 

(3) For a certain KC number, significant effect of the plane boundary on the steady 

streaming structure is found when e/D ≤ 1.0. 

(4) The amplitude of velocity of steady streaming is up to about 70% of the amplitude 

of Um at KC = 10 and e/D = 0. The location of high steady streaming velocity is affected 

by the KC number and gap ratio.  

(5) The 3D results of KC = 10, β = 196 and e/D = ∞ show strong 3D flow structures 

around the cylinder. The variation of the direction of the jet-like flow happens along the 

z-axis direction due to the change of the position of vortex shedding. 

(6) The comparison between 2D and 3D results shows the 2D simulation captures the 

major features of the steady streaming.  
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oscillatory direction 

 

Fig. 3-1. Steady streaming around a circular cylinder in oscillatory flow under small 

oscillatory amplitude condition. 
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Fig. 3-2. Definition sketch of the oscillatory flow around a cylinder near a plane 

boundary. 

 

 

Fig. 3-3. Typical finite element mesh around cylinders (e/D = 0.2). 
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Fig. 3-4. Comparison of calculated the velocity components and the experimental data 

of Dütsch et al. (1998) at four cross-sections with constant x values (KC = 5 and Re = 

100, e/D = ∞, t/T = 10.5). 
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Fig. 3-5. The pressure distribution along the cylinder surface compared with the 

experimental results of Sumer et al. (1991). (Re = 1.0×105 and KC = 10, e/D = 0.2). 
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Fig. 3-6. Lift force coefficient compared with the experimental data (— numerical 

results; ○, experimental data (Sumer et al., 1991)). 
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Fig. 3-7. The vortex shedding process in half period of oscillatory flow (KC = 10, β = 

196 and e/D = 0.1). 
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Fig. 3-8. Steady streaming structures for KC = 2 and β = 196. 
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Fig. 3-9. Steady streaming structures for KC = 5 and β  = 196. 
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Fig. 3-10. Vorticity contours at four instants with a time interval of half 0.25T (KC = 5 

and e/D = 0.2). 



Numerical Modelling of Flow Characteristics…… 

3.26 

(a) e/D=3.0 
Us/Um: 

 

(b) e/D=1.5 
Us/Um: 

 

  (c) e/D=0.5 
Us/Um: 

 

(d) e/D=0.2 

Us/Um: 

 

(e) e/D=0.1 
Us/Um: 

 

(f) e/D=0.0 

Us/Um: 

 

Fig. 3-11. Steady streaming structures for KC = 10 and β = 196. 
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Fig. 3-12. Steady streaming structures for KC = 16 and β = 196. 
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Fig. 3-13. Steady streaming structures for KC = 26 and β = 196. 
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Fig. 3-14. The values of Usmax/Um at different KC numbers and gap to diameter ratio. 
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Fig. 3-15. The distribution of circumferential velocity (Uθ) of the steady streaming at 

θ  = 45° and θ  = -45°. 
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Fig. 3-16. The distribution of normal velocity (Ur) along a concentric circle of the 

cylinder surface. 
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(b) z/D=0.0 
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Fig. 3-17. The steady streaming structures calculated by the average of the 15 period at 
z/D = -3, 0 and 3 (KC = 10 and β = 196, e/D = ∞). 



Chapter 3 Steady streaming around a……   

3.31 

(a) Ts = T 
 

(b) Ts = 5T 

 

(c) Ts = 10T 

 

(d) Ts = 15T (e) Ts = 20T 

 

(f) Ts = 40T 

 

Fig. 3-18. The iso-surfaces of averaged spanwise vorticity (ωz = ± 1.5) calculated by 

different time intervals (Ts/T =1, 5, 10, 15, 20 and 40) at KC = 10 and β = 196, e/D = ∞. 
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(a) Ts = T 
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Fig. 3-19. The steady streaming structures at z/D = 0 calculated with different Ts values 
(KC = 10 and β = 196, e/D = ∞).
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4 DIRECT NUMERICAL SIMULATION OF 
OSCILLATORY FLOW AROUND A CIRCULAR 

CYLINDER AT LOW KC NUMBER 

ABSTRACT: Direct numerical simulation of sinusoidal oscillatory flow around a 

circular cylinder is carried out to study the Honji Instability. Three-dimensional (3D) 

Navier-Stokes equations are solved by finite element method. Numerical study is 

performed at KC = 2 and β ranging from 100 to 600 with an interval of 50. The 

generation and development of Honji vortices are discussed with the aid of flow 

visualization. It is discovered that the spacing between Honji vortices is only weakly 

dependent on β but strongly correlates to the KC in the range of 50 < β < 500. This is 

because the KC-related terms in the governing equation dominate the 3D features of the 

oscillatory flow. An empirical relationship between KC and the spacing between Honji 

vortices is proposed. The steady streaming phenomenon is also investigated. The 3D 

steady streaming structure within the Honji vortices is identified. For 300 ≤ β ≤ 600, the 

steady streaming is two-dimensional (2D) along the spanwise direction although the 

instantaneous flow structure is 3D and the pattern of the steady streaming is identical to 

that of the 2D oscillatory flow (KC =2 and β = 100). 

4.1 INTRODUCTION 

Sinusoidally oscillatory flow around a circular cylinder or a circular cylinder 

oscillating in a viscous fluid otherwise at rest has been of significant academic and 

practical interests. The flow represents an idealization of interaction between waves and 

cylindrical structures in the offshore engineering (Sarpkaya, 1986; Sumer & Fredsøe, 

1997). An oscillatory flow is defined as u(t) = Umsin(2πt/T), where Um is the velocity 

amplitude of oscillatory flow and T is the period of oscillatory flow. The flow 

characteristics around a circular cylinder subject to oscillatory flow are governed by two 

parameters: Keulegan-Carpenter number (KC) and Reynolds number (Re) or Frequency 

number (β) (Sarpkaya, 2005). These parameters are defined as 

DTUKC m /=   (4-1) 

ν/DURe m=   (4-2) 
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TDKCRe νβ // 2==   (4-3) 

 where D is the diameter of the cylinder, ν is the kinematic viscosity of fluid. 

Extensive experimental investigations and numerical simulations have been 

carried out to investigate the flow structures around and hydrodynamic forces acting on 

a cylinder for medium to high KC (O(1) ~ O(102)) (Maull & Milliner, 1978; Bearman el 

al., 1985; Williamson, 1985; Obasaju et al., 1988; Justesen 1991; Lin et al., 1996; 

Saghafian et al. 2003) due to their close relevance to engineering applications. Low KC 

conditions (KC < O(1)) have also attracted much attention due to the rich flow 

phenomena. Tatsuno & Bearman (1990) performed a flow visualization study of 

oscillatory flows in the range of 0 < KC < 15 and 0 < β < 150. Eight flow regimes 

(named as A*, A ~ G) were classified according to the features of the flow. The flow is 

3D in most of the regimes except for regime A* and A. Tatsuno & Bearman (1990) 

found that the wavelength of flow structures along the axial direction of the cylinder 

ranges from one to five cylinder diameters. There have been a few numerical 

simulations about the oscillatory flow. Some of the flow regimes observed by Tatsuno 

& Bearman (1990) were simulated by 2D numerical models (Iliadis & 

Anagnostopoulos, 1998; Dütsch et al., 1998 and Uzunoğlu et al., 2001) and 3D models 

(Nehari et al., 2004 and Elston et al., 2006; Scandura et al., 2009). 

The 3D instability in the form of mushroom structures (Honji vortices) occurs 

during the transition from 2D laminar oscillatory flow to turbulent flow at certain range 

of KC and β (Honji 1981; Sarpkaya 1986, 2002 and 2006). The existence of such 3D 

flow structures was attributed to the centrifugal forces induced by the curvature of the 

boundary layer around the cylinder (Hall 1984 & Sarpkaya 2002). This 3D instability 

was observed by Honji (1981) initially and was named as Honji instability by Sarpkaya 

(1986). In the experiments of Honji (1981), flow around an oscillatory cylinder was 

visualized by electrolytic precipitation method in the range of 70 < β < 700 and 0 < KC 

< 4. A zone, in which Honji vortices were observed, was specified in the KC-β plane. 

The flow with KC-β combination below the lower boundary of the specified zone 

remains to be absolute 2D while flow becomes chaotic and turbulent above the upper 

boundary of the specified zone. Hall (1984) carried out a stability analysis of oscillatory 

flow around a circular cylinder under the assumption of high  β and low KC. A 

functional relationship between the critical KC for flow regime transition and β was 

proposed: 
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)21.01(788.5 25.025.0 ⋅⋅⋅⋅⋅⋅++= −− ββhK   (4-4) 

where Kh represents a marginal KC separating a featureless 2D flow from an unstable 

region (vortex interactions, turbulence and separation) (Sarpkaya 2002). The 

relationship given by Eq. (4-4) agrees well with the lower boundary of the zone 

specified by Honji (1981) and was referred to as “Hall line” (Sarpkaya 2002).  

Enhanced understanding of Honji instability has been achieved through a series of 

studies by Sarpkaya. Sarpkaya (1986) discovered that the Honji vortices exist up to β ≈ 

5500 and the emergence of the Honji instability corresponds to the measured drag 

coefficient deviating from the theoretical predictions of Stokes (1851) and Wang 

(1968). Sarpkaya (2002) extended the investigation of onset of 3D instability to a much 

higher β  (103 to 1.4×106) and KC in the range of 0.02 ~ 1. Thorough flow visualization 

was performed and four regimes of flow in the KC-β plane were observed: stable, 

marginal, unstable and chaotic. Quasi-coherent structures were found before the Honji 

instability happens. The critical KC number for the onset of 3D instability (defined as 

Kcr) was given by Sarpkaya (2002) as: 

Kcr = 12.5β −2/5   (4-5) 

Sarpkaya (2006) observed oscillatory flow experimentally at β = 6815 and KC in the 

range of 0.6 to 5.0. This work shed light on the understanding of features of boundary 

layers of oscillatory flow under high Re number conditions.  

Honji instability has also been investigated using numerical methods. Several 3D 

studies about Honji instability have been presented thanks to the significant increase of 

computer power. Honji instability was first captured numerically by Zhang & Dalton 

(1999). They investigated 3D oscillatory flow with KC ranging from 1 to 4 at β  = 196. 

Their study reproduced the transition process from 2D laminar flow to 3D turbulent 

flow observed by Honji (1981). Elston et al. (2006) investigated symmetry-breaking 

instability of oscillatory flow around a circular cylinder in the ranges of 0 ≤ β ≤ 100 and 

0 ≤ KC ≤ 10 by Floquet (Barkley & Henderson, 1996) and DNS. Two fundamental 

types of symmetry-breaking instability were found: 2D and 3D instabilities. Honji 

instability was found to be a primarily 3D instability. Wu et al. (2007) analysed the 

effect of local dynamic process and structures (flow separation, vortices etc.) on the 

overall force on a circular cylinder. Numerical results of Honji instability structures at 



Numerical Modelling of Flow Characteristics…… 

4.4 

KC = 2 and β = 300 were presented, by means of 3D vorticity iso-surfaces and vorticity 

contours in sections passing the longitudinal axis of the cylinder.  

Although significant understanding about Honji instability has been achieved 

through experimental and numerical studies, there remain a few aspects of Honji 

instability that have not been well understood in the range of KC-β parameters 

investigated by Honji (1981). These aspects are identified as: 

1) Detailed flow structure within Honji vortices;  

2) The evolution process of Honji vortices; 

3) Effect of KC on the spacing between Honji vortices; 

4) Steady streaming structures around the cylinder when Honji instability 

happens. 

The present work focuses on the above four issues. A series of DNS simulations 

with KC = 2 and β ranging from 100 to 600 (with an interval of 50) are carried out to 

address these issues. This paper is organised as following: in §2, governing equations 

and the numerical model are introduced; in §3, the mesh dependency is examined; in §4, 

validation of the numerical model and the numerical results regarding to the four issues 

listed above are discussed in detail; in §5, conclusions of this work are drawn. 

4.2 GOVERNING EQUATIONS AND NUMERICAL METHOD 

In this study, a sinusoidal oscillatory flow around a fixed circular cylinder is 

simulated numerically. The governing equations are the non-dimensional Navier-Stokes 

equations and the continuity equation. The governing equations in Cartesian coordinate 

system xyz  (shown in Fig. 4-1) read: 
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0, =iiu    (4-7) 

where ui represents velocity component in the xi-direction, ),,(),,( 321 zyxxxx = , 

),,(),,( 321 wvuuuu = , the subscripts in tf ,  and if ,  represent the derivatives of f with 

respect to time t and xi respectively, and p is the pressure.  

The initial conditions for the problem are  
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ui (x, y, z) = 0 i = 1,2,3 (4-8). 

Non-slip boundary condition is given on surface of the cylinder. On the inlet 

boundary, velocity is specified as: 

)0,0),((),,( tUwvu =   (4-9). 

where the free stream velocity is given as: 

( )TtUtU m /2sin)( π=   (4-10). 

Periodic boundary condition is used on the two boundaries in the axial direction of 

the cylinder. Free slip boundary condition is implemented on two side boundaries. At 

the outflow boundary, the pressure is set to be zero and velocity gradients in the flow 

direction are set to zero.  

Petrov-Galerkin finite element method is employed for discretizing the Navier-

Stokes equations. In the Petrov-Galerkin formulation the standard Galerkin weighting 

functions are modified by adding a streamline upwind perturbation, which acts only in 

the flow direction (Brooks & Hughes, 1983; Kondo, 1994; Jester & Kallinderis, 2003). 

Details about the finite element discretization can be found in Zhao et al (2009). The 

parallel computing program code based on message passing interface (MPI) is 

developed for the calculations. 

4.3 MESH DEPENDENCE STUDY 

A rectangular prism surrounding a cylinder as shown Fig. 4-2 is taken as the 

computational domain in this study. The cylinder is located in the middle of the domain. 

The oscillatory flow approaches the cylinder along the x-axis direction. The density of 

computational mesh is determined through a mesh dependence study, which is carried 

out in two steps. First, the flow is simulated by a 2D model and the mesh in x-y plane is 

examined. Secondly, the effect of mesh resolution in spanwise direction is studied.  

4.3.1 2D mesh dependence study 

In the 2D mesh dependence study, four meshes are examined. The domain size and 

mesh density of each mesh are listed in Table 1. Fig. 4-2 (a) and Fig. 4-2 (b) show a full 

picture and a zoom-in view of Mesh3. Four-node quadrilateral elements are used in the 

whole domain. The cylinder perimeter is discretized by 96 nodes. The minimum 
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element size in the radial direction next to the cylinder surface is 0.001D. The total 

number of nodes is 6150. Similar mesh topologies are used in the other three meshes 

listed in Table 1.  

The mesh dependence study is carried out under the flow condition of KC = 2 and 

β = 300. The velocity distribution is examined first. The velocity components (u, v) in 

section of x/D = 0.6 are plotted in Fig. 4-3, in which the results calculated from the four 

meshes show good consistency. Further, the inline force (Fx) acting on the cylinder is 

examined. Fx is separated into drag and inertia parts based on Morison Equation 

(Morison et al., 1950): 

)(|)(|)(5.0 tUACtUtUDCF MDx ′+= ρρ   (4-11)  

where ρ is the fluid density, CD and CM are the drag and inertia coefficients 

respectively, A is the area of cylinder cross-section. In this study, CD and CM values are 

calculated by the Least-Square Method and results are listed in Table 1. It can be seen 

from Table 1 that the differences between the numerical results obtained using Mesh3 

and Mesh4 are minimal, although the total number of nodes in Mesh4 almost doubles 

that in Mesh3. Based on this, Mesh3 is chosen for the 3D mesh dependence study to 

reduce computational costs. 

4.3.2 3D mesh dependence study 

A typical 3D mesh is shown in Fig. 4-2 (c). Hexahedral elements are employed to 

discretize the 3D computational domain. The length of the cylinder (L) and the nodal 

resolution in spanwise direction are considered to be two important factors that affect 

the accuracy and efficiency of the 3D numerical simulations. The flow characteristics 

need to be considered in order to choose a suitable cylinder length that allows accurate 

simulation of flow with an affordable computational cost. It is understood that the 

spacing between Honji vortices is in the range of 0.5D ~ 0.7D for KC and β numbers 

investigated in the present work (Honji 1985). It is anticipated that the positions of 

Honji vortices are unstable at certain β values calculated here, although it has not been 

reported in previous studies of Honji (1981), Zhang & Dalton (1999) and Wu et al. 

(2007). In the present study, a length of four diameters is selected with an anticipation 

of simulating unstable Honji vortices. Six to eight Honji vortices are expected along the 

length of cylinder, depending on the value of β number. The number of nodal points per 
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unit length in the spanwise direction is defined as NZ. Three NZ values of 12, 18, and 24 

are examined. Table 2 shows the parameters of the three meshes studied here.  

The flow conditions for the 3D mesh dependence study are identical to those used in 

the 2D mesh dependence study (KC = 2 and β = 300). Honji vortices are observed in all 

results. The vortex structures calculated with the three different meshes show good 

convergence. Details of the vortex structures will be discussed in §4. The velocity 

distribution along the line of z/D = 0 and x/D = 0.6 based on the three meshes are 

compared in Fig.4-4. Insignificant difference is observed among the results. The 

calculated results of CD and CM based on the three meshes are shown in Table 2. Again 

only slight differences in CD and CM values are observed. However, the 3D results of CD 

and CM (see Table 2) are higher than the 2D results (see Table 1). This is because the 

flow simulated here (KC = 2 and β = 300) develops 3D instability which will be 

discussed in §4. 

The mesh dependence study demonstrates that the numerical results are insensitive 

to the mesh density in the span wise direction for the mesh resolutions in the three 

meshes listed in Table 2. To be conservative, Mesh 2 is selected for the rest of 3D 

simulations in the present study. 

4.4 NUMERICAL RESULTS 

4.4.1 Validation of the numerical model 

Firstly, the numerical model is validated by comparing the calculated velocity 

distribution with the experimental data of Dütsch et al. (1998) at KC = 5 and β = 20. 

The flow is characterized by the stable 2D flow around the cylinder. Dütsch et al. 

(1998) measured the velocity profiles using Laser Doppler Anemometry (LDA) and 

phase-averaged method. Fig. 4-5 shows the comparison of velocity distribution with 

experimental results of Dütsch et al. (1998) at four sections (x/D = −0.6, 0.0, 0.6 and 

1.2) at t/T = 10.5. It should be noted that the experimental results were recorded with a 

coordinate system fixed on the flume, while the coordinate system used in the present 

work is fixed on the cylinder. The coordinates used in the experimental data have been 

transformed in order to compare with the present numerical results. Fig. 4-5 shows that 

the numerical results generally agree well with the experimental data. However, 

noticeable difference between numerical and experimental results exists in Fig. 4-5. For 
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instance, in Fig. 4-5 (a), x/D = -0.6 and y/D = 0.6, the calculated result is about 15% 

smaller than the experimental data. Although the reason for these differences is unclear, 

the present numerical results are consistent with independently published numerical 

results of this case ( Dütsch et al., 1998; Uzunoğlu et al.,2001; Guilmineau et al., 2002 

and Choi et al., 2007). Fig. 4-6 shows that the comparison of the present numerical 

results with numerical results from other independent works (Dütsch et al. (1998), 

Guilmineau et al. (2002) and Choi et al. (2007)). The numerical results from different 

numerical models are consistent.  

Secondly, the force coefficients (CD and CM) of cases of KC = 2 and β = 100 ~ 600 

are compared with the experimental data of Bearman et al. (1985). Bearman et al. 

(1985) measured the hydrodynamic forces acting on a circular cylinder in oscillatory 

flow generated by a U-tube (0.1 < KC < 10, 196 < β < 1665). A part of the force 

coefficients given by Bearman et al. (1985) are plotted in Fig. 4-7 together with the 

present numerical results. The present numerical results show that both CD and CM 

decrease with the increase of β number at KC = 2. The numerical results are in fair 

agreement with the experimental data.  

Thirdly, the 2D nature of flow of KC = 2 and β = 100 is examined. According to the 

experimental observation of Honji (1981), three flow regimes exist in the range of flow 

parameters investigated here (KC = 2 and β = 100 ~ 600), which are the 2D flow (β < 

120), Honji instability (120 < β < 580) and turbulent flow (β > 580). Therefore the flow 

with KC = 2 and β = 100 is in the 2D flow regime. Numerical results show that flow 

remains 2D even after 100 periods of calculation. Fig. 4-8 shows the iso-surfaces of ωz 

of the flow at the instant of t/T = 100. No flow variation along the spanwise direction 

can be found. To further demonstrate the 2D nature of the flow, this flow is re-simulated 

with perturbed initial conditions. A fully developed 3D flow (KC = 2 and β = 200 at t/T 

= 75, shown in Fig. 4-10) simulated separately is employed as the initial condition for 

case of KC = 2 and β = 100. The flow is simulated for 100 periods once again. The 

temporal evolution of velocity component w (in the z-axis direction) along a straight 

line at a fixed phase of φ = π/2 (corresponding to the instant of the maximum free 

stream velocity) in each flow period is shown in Fig. 4-9. The position of the straight 

line is in the plane of x = 0.0 with y/D = 0.51. Fig. 4-9 shows that the three-

dimensionality of the flow introduced as the initial perturbation is totally filtered out 
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after about 10 periods of flow. The 2D nature of the flow is re-established after about 10 

periods of flow. 

4.4.2 Flow structure development 

Detailed flow structure development in the Honji instability regime (120 < β < 580) 

and turbulent flow regime (β > 580) are investigated. The focus of the investigation is 

on time evolution of Honji vortices.  

4.4.2.1 Honji instability  

Evolution of flow structures in the Honji instability regime is investigated by 

simulating the flow at a number of β values from 150 to 550. The numerical results 

show that the positions of Honji vortices are stable for flow cases of β = 150, 200 and 

250 and then become unstable for higher β (β = 300 ~ 550). These results are discussed 

below. 

A typical example of stable Honji vortices is presented in Fig. 4-10 (a) (KC = 2, 

β = 200), in which velocity vectors (v, w) and “streamlines” are used to visualize the 

flow structure in the y-z plane at the instant of t/T = 75. The “streamlines” are in the 

shape of mushrooms and each mushroom corresponds to one Honji vortex. Five Honji 

vortices of equal sizes are evenly distributed along the length of the cylinder in Fig. 

4-10 (a). This flow structure is in good agreement with the observation of Honji (1981) 

(see Fig. 4-10 (b)). The 3D vorticity iso-surfaces corresponding to the Fig. 4-10 (a) are 

given in Fig. 4-11. Fig. 4-11 (a) shows the iso-surfaces of ωx = ± 1, in which rib-like 

vortex structures are observed. Each pair of the rib-like structures correspond to one set 

of Honji vortices. Fig. 4-11 (a) also shows that the Honji vortices do not only exist in 

the plane of x = 0. At this instant, the Honji vortices cover about 50% of the 

circumference of the cylinder. The rib-like structures are staggered distributed on the 

two sides of the cylinder. The iso-surfaces of ωy ωz are also staggered distributed as 

shown in Fig. 4-11 (b) and (c). This feature has been observed by Honji (1985) and 

Tatsuno et al. (1990). 

Fig. 4-12 shows the temporal and spatial evolutions of instant velocity component 

w at φ = π/2 of each period along the line of y/D = 0.51 in the y-z plane for flow with β 

= 200. It can bee seen from Fig. 4-12 that the flow is 2D initially and the three-

dimensionality starts to develop from around the 50th period. The three-dimensionality 
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increases gradually and is fully developed after the 72th period. There exist five parallel 

strips (of dark to bright scales) when the flow is fully developed. Each one corresponds 

to one Honji vortex shown in Fig. 4-10 (a). The magnitude of w is about 5% of Um. 

The Honji vortices exist in the plane of x = 0 constantly. Sarpkaya (2002) 

investigated that how the Honji vortices sustain through observation of experimental 

results. Some numerical results are presented here to improve the understanding about 

the evolution of Honji vortices in one flow period. The evolution of one Honji vortex in 

half of a flow period is presented in Fig. 4-13. In the plane of x = 0, the flow in Honji 

vortices mainly rotates in the x-axis direction, Honji vortex is visualized using vorticity 

contours in the x-axis direction (ωx) and two “streamlines” representing the mushroom 

structure.. The solid lines correspond to the positive vorticity and the dashed lines 

correspond to the negative vorticity. The contours with value of ωx = 0 are specified. 

The increment between two adjacent contour lines is 0.25. Fig. 4-13 (a) corresponds to 

the beginning of the 80th period, in which the vorticity contours can be separated into 

two parts. The first part is the contours on the cylinder surface, which is induced by the 

velocity gradient in the boundary layer. The amplitude of the vorticity is about 1.03. 

The second part of the contours includes two contour-rotating vortices with amplitude 

of 1.98. It can be seen from Fig. 4-13 (a) shows that the vorticity on the cylinder surface 

is very weak, which explains why the stem of the mushroom could not be seen at this 

instant in the experiment of Sarpkaya (2002). As the increase of the ambient flow 

velocity, the amplitude of vorticity in the boundary layer increase dramatically to 6.51 

(Fig. 4-13 (b)), and that in the two contour-rotating vortices increases slightly to 1.9. 

The strong vorticity in the boundary layer transfers energy to the two counter-rotating 

vortices. As the ambient flow reaches the maximum velocity (Fig. 4-13 (c), t/T = 80.25), 

the vorticity in the boundary layer increases to the maximum value of 7.23. The 

vorticity amplitude in the two vortices increases to the maximum value of 3.24 

correspondingly. With the ramping down of the ambient fluid velocity, the vorticity 

intensity drops gradually as shown in Fig. 4-13 (d) and (e). At the flow reversal Fig. 

4-13 (e), the flow structure is identical to that at the beginning of a period of flow. In the 

next half of period of flow, the process observed in the previous half of flow period 

repeats. Clearly, the vorticity in the boundary layer provides the energy to sustain the 

Honji vortices. 

Temporal and spatial evolutions of Honji vortices are investigated at KC = 2 and β 

= 300. The instant velocity component w at φ = π/2 of each period along the line of y/D 
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= 0.51 in the y-z plane with x = 0.0 in the first 100 periods of the simulation are plotted 

in Fig. 4-14. The flow becomes 3D at approximately 30th flow period, which is earlier 

than that for β = 200. Seven strips (seven Honji vortices) exist in between Nc = 30 and 

Nc = 40. Within these 10 periods (from the 30th to the 40th), the seven strips are roughly 

parallel, indicating stable Honji vortices. With further development of the flow, the 

strips become unstable. For instance, at point A in Fig. 4-14, two strips merge together; 

at point B a new strip is generated.  

The merging of two strips corresponds to the merging of two Honji vortices. To 

demonstrate this, flow structure developments in the range of 0.3 < z/D < 1.7, 55 < Nc < 

58 (the rectangular zone marked by dashed line are shown in Fig. 4-14). In Fig. 4-15 (a) 

(t/T = 55.75), three Honji vortices are found (named as M1, M2 and M3 respectively) 

corresponding to the three strips cut across by the left boundary of the dashed rectangle. 

After half of a flow period (t/T = 56.25), the position of M1 remains unchanged, but the 

distance between M2 and M3 becomes smaller as shown in Fig. 4-15 (b). After another 

0.5T (t/T = 56.75), M1 remains at the same position. The negative vortex in M2 and the 

positive one in M3 cancel each other gradually, while the intensity of the other two 

vortices in M2 and M3 do not change significantly. The streamlines in M2 and M3 are 

not in the shape of mushrooms as shown in Fig. 4-15 (c). In Fig. 4-15 (d) and (e), the 

negative vortex in M2 and the positive one in M3 cancel each other completely and the 

two remained vortices form a new Honji vortex (M4). A similar process of merging of 

Honji vortices was observed by Sarpkaya (2002) under a much higher β number 

condition (β = 9956 and KC = 0.58).  

The generation of new strips in Fig. 4-14 corresponds to the generation of new 

Honji vortices. To demonstrate this, flow structure developments in the range of 0.3 < 

z/D < 1.7, 68 < Nc < 72 (the rectangular zone marked by solid line in Fig.4-14) are 

shown in Fig. 4-16. In Fig. 4-16 (a) two Honji vortices exist (N1 and N2). The distance 

between N1 and N2 is about 0.9D (Fig. 4-16 (a)), which is much larger than the average 

spacing between two Honji vortices. As the result, the boundary layer between the two 

Honji vortices becomes unstable and rolls up to form a new Honji vortex (N3) in 

between N1 and N2 as shown in Fig. 4-16 (b) ~ (d). The generation of a new Honji 

vortex corresponds to a new strip (see point B in Fig. 4-14). 

The Honji vortices still can be seen clearly for flows with higher β number within 

this flow regime, but the interactions between Honji vortices happen more frequently. 



Numerical Modelling of Flow Characteristics…… 

4.12 

These features can be found in Fig. 4-17, which depicts the evolution process of w for 

flow with KC = 2 and β  = 400. The magnitude of w is about 20% of Um which is much 

higher than those of flows with β ≤ 300, indicating the three-dimensionality increases 

with the increase of β number. 

4.4.2.2 Turbulent flow regime 

With further increase of the β value, the flow becomes chaotic and turbulent. 

According to the experimental observations of Honji (1981) and Sarpkaya (1986), the 

transition to turbulence happens at about β = 580 for KC number of 2. Fig. 4-18 depicts 

the temporal and spatial evolutions of instant velocity component w atφ = π/2 of each 

period along the line of y/D = 0.51 in the y-z plane with x = 0.0 in the first 100 periods 

for flow with KC = 2 and β = 600. The strips are much more complicated than those 

shown in Fig. 4-12, Fig. 4-14 and Fig. 4-17. Patterns of the strips appear to be irregular 

and dramatic changes of flow structures happen in between two succeeding periods of 

flow. The magnitude of w increases to about 50% of Um, showing strong 3D flow 

around the cylinder. 

Flow structures in the y-z plane with x = 0.0 for flow with KC = 2 and β = 600 are 

examined in order to understand the development of turbulent flow structure. Flow 

structures in the y-z plane with x = 0.0 in four successive periods of flow are presented 

in Fig. 4-19. Fig. 4-19 (a) represents the flow structure at the instant of t/T = 87.25. 

Some of the streamlines are still in the mushroom shape, while the vorticity contours are 

distributed differently from that of typical Honji vortex. Fig. 4-19 (b) shows the flow 

structures at the instant of t/T = 88.25. Although it is only one period apart between the 

instants represented by Figures 19 (a) and (b) respectively, the flow structure shown in 

Fig.4-19 (a) hardly correlates with the structure shown in Fig. 4-19 (b). This can also be 

observed from Figures 19 (c) and (d).  

4.4.2.3 Extent of Honji vortices around the cylinder 

It is understood that Honji vortices are 3D. They exist not only in the plane of x = 

0 but also in other planes that pass through the longitudinal axis of the cylinder (as 

shown in Fig. 4-11 (a)). The iso-surface of λ2 = -1 for the case of KC = 2 and β = 300 

(t/T = 42.0) is plotted in Fig. 4-20 (a) to visualize the 3D vortex structure. Parameter λ2 

is the second eigenvalue (negative) of the symmetric tensor D2 + Ω2, where D and Ω are 

the symmetric and the antisymmetric parts of the velocity gradient tensor, which 
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represents the vortex core locations (Jeong & Hussain 1995). A zoom-in view of the 

vortex core is given in Fig. 4-20 (b) from a different angle, in which three pairs of rib-

like vortex cores exist. Each pair of the vortices corresponds to one Honji vortex. It can 

be seen clearly that Honji vortices wrap around the cylinder parallel to the flow 

direction. At the left hand side of the cylinder (Fig. 4-20 (b)), the vortex structure 

underneath the rib-like vortex cores is induced by the vorticity along the axis direction 

of the cylinder.  

To quantify the range in which the Honji vortices exist around the cylinder, a new 

coordinate system (x'y'z') is defined as depicted in Fig. 4-21. The new coordinate system 

is able to rotate around z' axis. The rotation angle between the x-axis and the x'-axis is 

defined as α. The flow structures in the plane of y' = 0 with different α angles at KC = 

2, β = 300 and t/T = 42.0 are shown in Fig. 4-22. In Fig. 4-22 (a) (α = 0), nine regularly 

distributed singular points exist on the side of x' < 0, while no discernible flow 

structures occur on the side of x' > 0. In Fig. 4-22 (b) (α = 30°), six vortex-pairs exist on 

the side of x' < 0. However shapes of the vortex pairs are dissimilar to those of well-

defined Honji vortices observed previously. In Figures 22 (c), (d) and (e), Honji vortices 

are found on both sides of the cylinder. The regularly, staggered distributed Honji 

vortices (Figure4-11 (a)) are not observed in Fig. 4-22 (d) due to the change of positions 

of the Honji vortices. In Fig. 4-22 (f), the Honji vortices disappear. At this instant (t/T = 

42.0) the Honji vortices can be observed at about α = 45° (defined as αmin) and vanish at 

α = 145° (defined as αmax) on the side of y > 0. It is observed in the present study that 

the values of αmin and αmax change with the phase of the oscillatory flow. The variations 

of αmin, αmax and αmax−αmin in one of the flow periods are given in Fig. 4-23, in which 

the zone marked by the grey bands represents the extent of Honji vortices along the 

circumference of the cylinder. At the beginning of this flow period (t/T = 42.0), the 

Honji vortices are observed in the range of 45° < α < 145° (αmax−αmin = 100°), which 

means about 55% of the circumference of the cylinder is covered by Honji vortices. 

With the increase of free stream velocity, the value of αmax−αmin decreases quickly from 

100° to 20° in the range of 42.0 < t/T < 42.15, then stabilizes at about 20° in the range 

of 42.15 < t/T < 42.4, then increases to 100° dramatically before the flow reversal (t/T = 

42.5). In the next half of flow period, a reverse process is found. The oscillatory flow 

with Honji instability at other β numbers show similar features to that of Fig. 4-23.  
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4.4.3 The spacing between Honji vortices 

The spacing between Honji vortices (λ) is quantified in the range of 150 ≤ β ≤ 550 

in the present study. The flow structures in ten successive periods are examined to 

calculate the average of λ. The λ values measured from the numerical results are plotted 

against β number in Fig. 4-24, together with the experimental data of Honji (1981), 

Tatsuno & Bearman (1990), Bearman et al. (1992), Sarpkaya (2002) and the empirical 

relationship proposed by Sarpkaya (2002). The empirical relationship proposed by 

Sarpkaya (2002) reads 

2253 =× −βλ D   (4-12)  

Sarpkaya (2002) commented that this relationship represents the mean line 

through the data within the range of β values encountered. The present numerical 

results, together with the existing experimental data, appear to correlate well with the 

empirical relationship by Sarpkaya (2002) in the range of β number as shown in Fig. 

4-24.  

Close examination of the present numerical results and the existing experimental 

data found that λ  value correlates well with KC number in the β number range 

investigated in this study. To demonstrate this, the present numerical results are plotted 

in Fig. 4-25, together with the experimental results by Honji (1981) and Tatsuno & 

Bearman (1990), and empirical relationship by Sarpkaya (2002). The empirical 

relationship deviates considerably from the present numerical results as well as the 

experimental data in the range of β between 50 and 500. The numerical results and 

experimental results seem to suggest that λ  value is weakly dependent on β number but 

rather strongly related to KC number in the range of flow parameters shown in Fig. 

4-25. It is observed from Fig. 4-25 that the λ increases slightly with the increase of β 

value for KC = 3.77, 3.35 and 3.14, decreases gradually at KC = 2.51 and remain 

constant at KC = 2.09. The experimental data of Honji (1981) and the present numerical 

results show λ value decrease gradually and slightly with the increase of β value. The 

influence of KC number on λ value is more obvious in Fig. 4-25. For example, at β = 

100, λ value increases by 70% when KC is increased from 2.51 to 3.35. To quantify the 

effect of KC number on λ, the experimental data and the present numerical results are 

plotted in a λ-KC plane as shown in Fig. 4-26. The KC values of Bearman and 

Mackwood (1992) were derived from Eq. 4-4 based on the β values provided. It is seen 
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from Fig.4-26 that λ strongly correlates with KC number. A correlation relationship 

between λ and KC is found based on the date shown in Fig. 4-26 as: 

4/72.0 KCD =λ   (4-13) 

To understand the correlation between λ and KC number, the governing equation 

is re-examined. The non-dimensional governing Eq (4-6) is rearranged into the 

following format for the convenience of analysis: 
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is related to β number. The local acceleration term )(
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∂
∂  is irrelevant to both KC 

number and β number. The magnitudes of the C-P and the DI terms in Eq. (4-14) are 

calculated respectively. Fig. 4-27 shows the contours of magnitudes of C-P and DI 

terms in the plane of x = 0 (the phase of the oscillatory flow corresponding to the 

maximum free stream velocity). Through the comparison between the contours of DI 

and the C-P terms, the following features are found: 

• The magnitude of the C-P term is about 5, which is about 25 times higher 

than that of the DI term. This suggests that the flow governed by Eq. (4-

14) is strongly dependent on KC and weakly on β.  

• The DI term is almost uniformly distributed along the spanwise direction, 

while the C-P term shows strong variation along the spanwise direction 

and high correlation with the flow structure in this plane. 

• The DI term only affects the area close to the cylinder surface (0.05D from 

the cylinder surface), while the area affected by the C-P term is 

comparable with area where the Honji vortices exist. 

The features listed above demonstrate that 3D flow structures are dominated by 

the KC related term (C-P) and the DI term shows relative weak effect on the flow 
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structures in the range of oscillatory flow investigated here. This explains the strong 

correlation between λ and KC shown in Fig. 4-26.  

4.4.4 Steady streaming 

The nonlinear interaction between a periodic oscillatory flow and the cylinder 

leads to a non-zero averaged flow field around the cylinder, referred to as steady 

streaming. Most of the work on steady streaming has been summarized by Riley (2001). 

The steady streaming under low KC number (KC << 1) has been well understood. The 

analytical solution of steady streaming around a circular cylinder under low KC number 

condition has been found by Holtsmark et al. (1954), Stuart (1966) and Wang (1968). 

The averaged flow field of the cases simulated in the present study is calculated to 

investigate the corresponding steady streaming structures, especially when the Honji 

instability happens. 

A 2D oscillatory flow corresponds to a 2D steady streaming. It has been 

demonstrated that the flow is 2D for the case of KC = 2 and β = 100. Fig. 4-28 shows 

the steady streaming around the cylinder. The steady streaming patterns are 

characterized by four small recirculating cells that are attached to the cylinder and 

surrounded by four larger cells. The steady streaming is symmetric with respect to both 

x-axis and y-axis. The magnitude of the steady streaming velocity is about 10% of Um. 

The basic structure of the steady streaming shown in Fig. 4-28 is identical to that of the 

cases under low KC number conditions (Holtsmark et al., 1954 and Wang 1968). This 

implies that the result shown in Fig. 4-28 is a typical steady streaming structure around 

a circular cylinder in a 2D oscillatory flow.  

When the positions of Honji vortices are stable (β = 150, 200 and 250), the steady 

streaming can be calculated by the average over one flow period. The steady streaming 

of this flow regime is characterized by staggered distributed Honji vortices on two 

opposite sides of the cylinder. The results of KC = 2 and β = 200 are discussed here. 

The overall structure of steady streaming is shown in Fig. 4-29. The steady streaming is 

represented in terms of streamlines and the contours of the magnitude of the steady 

streaming velocity Us, which is defined as 222 wvuUs ++= , where ),,( wvu are the 

components of period-averaged velocity. In Fig. 4-29, evenly distributed Honji vortices 

are found in the plane of x = 0. In the plane of z = 0, a small circulating cell and a larger 

one exist in each quarter, which are similar to the steady streaming of the 2D case 
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shown in Fig. 4-28. Stream lines and velocity distribution of steady streaming in the 

plane of z = 0 of case of KC = 2 and β = 100. It can also be observed in Fig. 4-29 that 

the magnitude of Us is about 27% of Um in the small circulating cell, while the 

magnitude of Us in the Honji vortices is just about 5% of Um. In the plane of y = 0, the 

averaged flow directs away from the cylinder, corresponding to the large circulating cell 

shown in the plane of z =0. 

The steady streaming inside of one Honji vortex is examined. Fig. 4-30 shows the 

3D streamlines within one Honji vortex (KC = 2 and β = 200). The dashed line indicates 

the location where the streamlines start. Near the streamline start locations, all the 

streamlines creep on the cylinder surface, and then accumulate to one point on the 

crown of the cylinder, from where the streamlines eject outwards and form the stem of 

the mushroom. All the streamlines curl towards the cylinder and form the crown of the 

mushroom when they reach a height of about 0.3D. After that, the streamlines are 

separated into four parts and flow out in the oscillatory direction. Such a steady 

streaming structure can transport mass, energy and heat away from the local area of the 

cylinder surface continuously. This explains how the dye streaks formed in the 

experiments of Honji (1981) and Sarpkaya (1986). 

With further increase of β number, temporal variation of period-averaged flow 

field is observed since the position Honji vortices are unstable (β ≥ 300). The steady 

streaming can only be obtained by averaging the flow over a number (N) of flow 

periods, where N is large enough to sample all the possibilities of flow structures. The 

averaged flow fields of KC = 2 and β = 500 over different number of flow periods (N) 

are plotted in Fig. 4-31.The averaged flow structure in one period (Fig. 4-31 (a)) is 

similar to that of case of β = 200 (Fig. 4-31), although Honji vortices are distributed 

unevenly in the plane of x = 0. With the increase of the number of flow periods (N), the 

velocity amplitude in the plane of x = 0 decreases quickly, while that in the plane of y = 

0 and z = 0 do not change obviously (Fig. 4-31 (b) and (c)). When the number of flow 

periods is increased to about 40, the amplitude of Us/Um drops further to about 5% in the 

plane of x = 0, and all the Honji vortices disappear. The variation of flow structures 

along the axis of the cylinder is very weak according to the distribution of streamlines in 

the plane of y = 0. The streamlines in the plane of z = 0 are distributed in a similar 

pattern to the 2D case (Fig. 4-28). The flow structure of this averaged flow field (Fig. 

4-31 (d)) is mainly 2D along the longitudinal axis. With further increase of N value, the 
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flow structure in the averaged flow field does not change obviously (see Fig. 4-31 (e), 

where N = 80). In Fig. 4-31 (e), the streamlines in the plane of x = 0 and y = 0 are not 

plotted, so that the 2D feature can be seen clearly. For this case (β = 500), the steady 

streaming can be obtained by averaging the flow over at least 40 periods. It is expected 

the steady streaming will become purely 2D when N value is large enough. This is 

because the positions of Honji vortices change continuously along the cylinder surface 

and the 3D vortices cancel themselves over a long time averaging process. For case of β 

= 600, where the oscillatory flow transits to turbulent flow regime, the variation process 

of the averaged flow field is similar to that shown in Fig. 4-31. The steady streaming is 

also 2D. 

4.5 CONCLUSIONS 

Oscillatory flow around a circular cylinder at KC number of 2 and β number in the 

range of 100 to 600 is investigated numerically by solving the 3D Navier-Stokes 

equations. In this numerical model, finite element method is used to solve the governing 

equations. The results are summarized as following: 

(1) Three flow regimes observed by Honji (1981) are successfully captured by the 

present numerical model. They are characterized by a stable 2D flow structure, 

Honji Instability and turbulent flow, respectively. 

(2)  In the range of 150 ≤ β ≤ 250, the Honji vortices are evenly distributed along 

the cylinder in the plane of x = 0 and no interaction between Honji vortices is 

found. In the range of 300 ≤ β ≤ 550, the positions of Honji vortices are 

unstable. Amalgamation of two Honji vortices and generation of new Honji 

vortices are observed.  

(3) Evolution process of Honji vortices within one oscillatory flow period is 

revealed using the aid of flow vorticity contours and flow “streamlines” in the 

y-z plane with x = 0.0. 

(4) Honji vortices are found not only in the plane of x = 0.0. At the flow reversal, 

about 55% of the cylinder surface along circumference direction is covered by 

Honji vortices. With the increases of free stream velocity, the extent of the 

cylinder surface covered by Honji vortices reduces quickly to about 10%. 

(5) The three-dimensionality of the oscillatory flow increase with the increase of β 

number. The magnitude of velocity component w is about 5% of Um for cases 
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with β ≤ 300. In the range of 350 ≤ β ≤ 550, the magnitude w increases to 

about 25% of Um. When the flow transits to turbulence (β ≥ 600), the 

magnitude w increases to about 50% of Um 

(6) The spacing between Honji vortices (λ) is only weakly dependent on β number 

but correlates strongly with KC number in the range of β from 50 to 500. The 

effect of KC number on λ is quantified. A relationship between KC number 

and λ is proposed as λ/D = 0.2KC7/4. The available experimental data and the 

present numerical results correlate well with this relationship. The strong 

correlation between λ and KC shown by the experimental data and the present 

numerical results is supported by the numerical dimensional analysis. The 

examination of individual terms in the governing equation shows the KC-

related term dominates β related term. This explains the strong correlation 

between λ value and KC number observed in independent experimental data 

and the present numerical results. 

(7) Steady streaming is found around the cylinder. The steady streaming in the 2D 

regime has identical structure to that observed under low KC number 

condition. The 3D steady streaming is found when the positions of Honji 

vortices are stable. The steady streaming switches back to 2D when the Honji 

vortices become unstable. 
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Fig. 4-1. The basic coordinate system and computational domain.
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Fig. 4-2. Details of the computational mesh. a) The 2D mesh with b) a detailed zoom-in 

near the cylinder surface. (c) The 3D mesh. 
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Fig. 4-3. The velocity components a) u and b) v at streamwise location at x/D = 0.6, 

calculated using the four meshes list in Table 1 (KC = 2, β = 300 and t/T = 40.25). 

 

 

Fig. 4-4. The velocity components a) u, b) v and c) w at streamwise location at x/D = 0.6 

and  z = 0, calculated using the three meshes list in Table 4-2 (KC = 2, β = 300 and t/T = 

40.25). 
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Fig. 4-5. The velocity profile at four sections with constant x values. The numerical 

results are compared with the experimental data of Dütsch et al. (1998). 
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Fig. 4-6. The velocity profile at x/D = -0.6. The present numerical results are compared 

with other numerical results and the experimental data of Dütsch et al. (1998). 
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Fig. 4-7. The comparison between the numerical results of CD and CM and the 
experimental data of Bearman et. al (1985).  
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Fig. 4-8. The iso-surfaces of ωz for case of KC = 2, β = 100, and t/T = 100. 
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Fig. 4-9. The temporal and spatial evolution of instant velocity component w at φ = π/2 

of each period along the line of y/D = 0.51 and x = 0.0 (KC = 2, β = 100), Nc is the 

period number of the oscillatory flow. 
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Fig. 4-10. Honji vortices in plane x = 0. The direction of the oscillatory flow is 

perpendicular to the page. (a) Numerical result at t/T = 75, KC = 2, β = 200. (b), 

Experimental result of Honji (1981), KC = 2.07, β = 197, in reverse colour. 
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(a) ωx = ±1 (b) ωy= ±1

 

(c) ωz = ±1

 

Fig. 4-11. The vorticity iso-surfaces around the cylinder (t/T = 75, KC = 2 and β = 200). 

w/Um 
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Fig. 4-12. Temporal and spatial evolutions of instant velocity component w at t/T = 0.25 

of each period along the line of y/D = 0.51 in the y-z plane in the y-z plane with x = 0.0. 

(KC = 2 and β =200). 
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Fig. 4-13. Evolution procedure of one Honji vortex in a half period of oscillatory flow 

(KC = 2 and β = 200). The flow structures are presented by means of streamlines (red) 

and the contours of ωx., ∆ωx The maximum and the minimum value in each figure are 

listed as following: (a), ωx_min = -1.98, ωx_max = 1.94; (b), ωx_min = -6.43, ωx_max = 6.51; 

(c), ωx_min = -7.23, ωx_max = 7.18; (d), ωx_min = -6.40, ωx_max = 6.47; (e), ωx_min = -1.98, 

ωx_max = 1.93. 
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Fig. 4-14. Temporal and spatial evolutions of instant velocity component w at t/T = 0.25 

of each period along the line of y/D = 0.51 in the y-z plane with x = 0.0 (KC = 2 and β = 

300). 
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Fig. 4-15 The process of two Honji vortices merging. The flow structures are presented 
by streamlines (red) and the contours of ωx in the range of -2 to 2 (KC = 2 and β = 300).  
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Fig. 4-16. The process of a new Honji vortex is generated. The flow structures are 
presented by streamlines (red) and the contours of ωx in the range of -2 to 2 (KC = 2 and 
β = 300).  
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Fig. 4-17. Temporal and spatial evolutions of instant velocity component w at t/T = 0.25 

of each period along the line of y/D = 0.51 in the y-z plane with x = 0.0 (KC = 2 and β = 

400). 
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Fig. 4-18. Temporal and spatial evolutions of instant velocity component w at t/T = 0.25 

of each period along the line of y/D = 0.51 in the y-z plane with x = 0.0 (KC = 2 and β = 

600). 
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Fig. 4-19. The flow structure in the y-z plane with x = 0.0 for KC = 2 and β = 600. 
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Fig. 4-20. The iso-surface of λ2 = -1 (KC = 2, β = 300 and t/T = 42.0). 
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Fig. 4-21. The definition of x'y'z' coordinate system. The z-axis and the z'-axis are 
normal to page and pointing outside of the page, which are not shown in this figure. 
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(b) α = 30°
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(d) α = 90°
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(f) α = 150°

 

Fig. 4-22. The flow structures in 6 sections passing the longitudinal axis of the cylinder, 

t/T = 42.0, KC = 2 and β = 300. 
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Fig. 4-23. The variations of α1, α2 and α2-α1 in one period of flow. 
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Fig. 4-24. The spacing (λ) of Honji vortices verses β. 
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Fig. 4-25. The effects of KC and β number on spacing (λ) of Honji vortices. 
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Fig. 4-26. The spacing (λ) of Honji vortices verses KC. 

.
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(a) β = 200, contours of DI term 

(b) β = 200, contours of C-P term 

(c) β = 400, contours of DI term 

(d) β = 400, contours of C-P term 

(e) β = 600, contours of DI term 

(f) β = 600, contours of C-P term 

 

Fig. 4-27. The contours distribution of C-P term and DI term in the y-z plane with x = 
0.0 (the phase of the oscillatory flow corresponding to the maximum free stream 
velocity). 
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Fig. 4-28. Stream lines and velocity distribution of steady streaming in the plane of z = 

0 of case of KC = 2 and β = 100. 

Us: 

 

Fig. 4-29. The steady streaming structures in the plane of x = 0, y = 0 and z = 0 (KC = 2 
and β = 200). 

 

(a) 

 

Fig. 4-30. The 3D steady streaming structure represented by the streamlines (KC = 2 
and β = 200). 
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Fig. 4-31. The averaged flow field in the plane of x = 0, y = 0 and z = 0 calculated over 

different numbers of flow periods (N).  



Chapter 4 Direct numerical simulation of oscillatory ……   

4.41 

Table 4-1. The parameters of 2Dmeshes (∆1 is element size in the radial direction next to 

the cylinder surface. Nc is element number along the cylinder surface). 

Mesh No. Mesh1 Mesh2 Mesh3 Mesh4 

Domain 
size 

40D×20D 40D×20D 40D×20D 40D×20D 

Np 3980 4922 6150 12160 

Nc 60 72 96 120 

∆1/D 0.003 0.0015 0.001 0.00075 

CD 1.23 1.17 1.08 1.05 

CM 2.08 2.08 2.09 2.09 

Table 4-2. The parameters of 3D meshes (Np is the total nodes number in each 3D 

mesh; Nz is the nodal point number along spanwise direction in per unit length). 

Mesh No. Mesh1 Mesh2 Mesh3 

L/D 4 4 4 

Np 301350 448950 596550 

Nz 12 18 24 

CD 1.20 1.27 1.22 

CM 2.17 2.22 2.20 

λ/D 0.57 0.57 0.57 

 





   

5.1 

5 COMPARISON OF TWO-DIMENSIONAL AND THREE-
DIMENSIONAL SIMULATIONS OF OSCILLATORY 

FLOW AROUND A CIRCULAR CYLINDER 

ABSTRACT: Sinusoidal oscillatory flow around a circular cylinder are simulated using 

a two-dimensional (2D) finite element model and a three-dimensional (3D) finite 

element model respectively at a constant Reynolds number of 2000 and seven 

Keulegan-Carpenter (KC) numbers of 1, 2, 5, 10, 17.5, 20 and 26.2. The numerical 

schemes used in the 2D and 3D models are identical. The purpose of this study is to 

investigate the feasibility of 2D models for simulating a seemingly 3D flow in terms of 

fundamental flow characteristics and hydrodynamic forces on the cylinder. It is found 

that the vortex structures predicted by the 2D model agree qualitatively with those by 

3D model for the flow cases where strong correlations exist along the span-wise 

direction (e.g. KC = 10, 17.5 and 26.2). Three vortex shedding modes are reproduced by 

both 2D and 3D models at KC = 20, which is close to the critical KC number between 

double-pair and three-pair regimes. The time histories of hydrodynamic force predicted 

by the two models agree with each other at KC = 20 from the mode-average point of 

view. The predicted Morison force coefficients by the 2D model are found to be within 

20% of those predicted using the 3D model for all the cases investigated in this study 

except the case with KC = 5, where strong three dimensionality is found. At KC = 5, the 

2D results of flow structures and lift do not agree well with the corresponding 3D 

results due to the extremely strong 3D effect. 

5.1 INTRODUCTION 

The oscillatory flow around a circular cylinder or an oscillatory cylinder in still 

water otherwise at rest has been of significant interests to both research and engineering 

communities for many years due to its rich flow features and engineering relevance. The 
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oscillatory flow is often defined as U(t) = Umsin(2πt/T), where Um and T are the velocity 

amplitude and period of oscillatory flow, respectively. The oscillatory flow 

characteristics around a circular cylinder is governed by KC number ( DTUKC m /= ) 

and Reynolds number ( ν/DURe m= ) or Stokes number ( TDReKC νβ // 2== ), where 

D is the diameter of the cylinder, ν is the kinematic viscosity of fluid. 

Oscillatory flow around a circular cylinder involves many complicated flow 

phenomenon, such as boundary layer separation, vortex shedding, and flow reversal etc. 

The flow shows 3D effect under most of flow conditions. As a consequence, analytical 

solution about oscillatory flow around a circular cylinder can only be derived when the 

flow remains to be 2D, laminar and unseparated. Analytical solutions of inline force 

have been given by Stokes (1851) and Wang (1968) under the flow conditions 

mentioned above.  

Large amount of experimental investigations have been carried out and a brief 

summary of previous experimental works is given in Table 5-1Table 5-1. A summary of 

experimental investigations about oscillatory flow around a circular cylinder. The 

oscillatory flow remains to be 2D only for very small KC numbers. The onset of 3D 

flow structures were investigated by Honji (1981), Tatsuno and Bearman (1990) and 

Sarpkaya (2002). Sarpkaya (2002) proposed an equation for estimating the critical KC 

number: 

Kcr β2/5 = 12.5  (5-1) 

 where Kcr represents the critical KC number above which the oscillatory flow becomes 

3D. Fig. 5-1 shows the Kcr values determined by Eq. (5-1) and the data measured by 

Honji (1981) and Tatsuno and Bearman (1990).The data of Honji (1981) and Tatsuno 

and Bearman (1990) correlate reasonably well with the relationship represented by Eq. 

(5-1). Eight flow regimes were identified by Tatsuno and Bearman (1990) in the range 

of 0 < β < 150 and 0 < KC <15, named as A*, A, B, C, D, E, F and G. When the KC 

number is over Kcr, the 2D oscillatory flow switches to regime D for β < 30, to regime 

C for 30 < β < 50, and to Honji instability for 50 < β < 700 (Honji 1981; Tatsuno and 

Bearman, 1990). For higher β numbers, the 2D oscillatory flow switches to quasi-

coherent structures (Sarpkaya 2002). 

At moderate KC and β (or Re) numbers, boundary layers separate from the 

cylinder surface and roll up to form vortices in the lee side of the cylinder. The vortices 
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will be washed to the opposite side when flow reverses. Williamson (1985) visualized 

the flow structures around an oscillatory cylinder by means of particles on free surface 

(β = 255). Six vortex shedding regimes were found in the range of 1 < KC < 40. In the 

range of 1 < KC < 4, the vortex structures are symmetric with respect the plane passing 

through the longitudinal axis of the cylinder and parallel to the oscillatory direction. In 

the range of 4 < KC < 7, the vortices are still attached on the cylinder surface, but 

become asymmetric. Non-zero lift force was found due to the asymmetric vortex 

structures. With further increase of KC number, vortex shedding happens. Four regimes 

were defined based on the number of vortices shed in each flow period, which are 

single-pair regime (7 < KC < 15), double-pair regime (15 < KC < 24), three-pair regime 

(24 < KC < 32) and four-pair regime (32 < KC < 40). Williamson (1985) suggested that 

for higher KC numbers, the lift oscillations become less repeatable, indicating multiple 

vortex shedding regimes may co-exist. Obasaju (1988) measured the inline and lift 

forces of a circular cylinder in oscillatory flow. The flow structures switched from one 

mode to its mirror image mode, or switched to different vortex shedding regime. The 

time histories hydrodynamic forces were analysed by mode-average method. The force 

coefficients based on Morion equation were presented. Both KC number and β number 

were found to affect the force coefficients significantly. 

Extensive numerical simulations have been undertaken during the last three 

decades. Some of the numerical works are listed in Table 5-2. Most of the numerical 

simulations were carried out with a 2D flow model. The first comprehensive numerical 

simulation was presented by Justesen (1991). Detailed discussion about the force 

coefficients, flow structures, pressure distribution and time histories of forces were 

given in the range of 0.1 < KC < 26 and β = 196, 483 and 1035. The time histories of 

the lift forces showed that the simulations were terminated before the oscillatory flow 

was fully developed (see Fig. 31 in Justesen 1991). However this can be attributed to 

the limitation of the computer power given the era of the work was conducted. Iliadis 

and Anagnostopoulos (1998a and 1998b) simulated the flow in the range of KC = 0.1 ~ 

20 and β = 6 ~ 100. The numerical results show that the flow structures are aperiodic 

and switch between modes at some KC numbers.  

With the increase of Re number, the scales of turbulent structures reduced quickly. 

Direct numerical simulation (DNS) is still computationally expensive. Reynolds-

averaged Navier-Stokes equation with a turbulence closure is the feasible way to 
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simulate high Reynolds number oscillatory flow. Saghafian et al. (2003) simulated 

oscillatory flow at high β values (β = 1035 and 11240) by solving 2D RANS equations 

with a high order k-ε turbulent model. The calculated drag and lift coefficients agree 

with the experimental data well.  

3D numerical simulations improved the understanding of oscillatory flow. Honji 

instability (Honji 1981, Sarpkaya 1986 and 2002) was numerically captured by Zhang 

and Dalton (1999) and An et al. (2009), which is characterized by mushroom-shaped 

vortex structures distributed on the cylinder surface along the axis direction. Nehari et 

al. (2004) simulated two cases with (KC, β) = (6.5, 20) and (8.5, 20), corresponding to 

the regime D and F identified by Tatsuno and Bearman (1990). Elston et al. (2006) 

simulated oscillatory flow in the range of KC = 0 ~ 10, β = 0 ~ 100 and investigated the 

primary and secondary instabilities of oscillatory flow around a circular cylinder. For β 

< 50, the primary instability is 2D, which can be captured by 2D simulation, and for 50 

< β < 100, the primary instability of the oscillatory flow is 3D (Honji instability). 

Scandura et al. (2009) simulated the flow of KC = 10 and Re = 200 and 500 with 2D 

and 3D models considering the effect of a plane boundary. The three-dimensionality of 

the flow reduces with the decrease of the gap distance. Zhao and Cheng (2009) 

simulated the flow in the range of KC = 6.75 ~ 30 and a constant Re number of 2000. 

The 3D flow structures and mode-averaged traces of inline and lift force were 

presented. It was also found when the cylinder is inclined to the oscillatory direction 

(45°) the hydrodynamic forces follow the cosine law.  

Although the majority of oscillatory flows in the studies mentioned above are 3D, 

the 2D models have successfully captured many features of the oscillatory flow (flow 

structure, hydrodynamic forces etc.), at least at relative low KC and β numbers. If the 

error induced by the 2D assumption could be evaluated, 2D model will remain a 

valuable tool for many applications given its huge advantage over 3D model in terms of 

computational costs. However, such evaluation is unavailable in literature. The present 

study is motivated primarily by this issue. 

In this study, sinusoidal oscillatory flow past a circular cylinder is investigated by 

DNS at Re = 2000 and KC = 1, 2, 5, 10, 17.5, 20 and 26.2. 2D and 3D Navier-Stokes 

equations are solved by a Petrov-Galerkin finite element method.  
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5.2 NUMERICAL METHOD 

A definition sketch of 2D oscillatory flow and the circular cylinder is shown in 

Fig. 5-2 (a). The Cartesian coordinate system is fixed at the centre of the circular 

cylinder and y-axis is perpendicular to the oscillatory flow direction. For the 2D model, 

the oscillatory flow is governed by 2D Navier-Stokes equations given as: 

01
,,,, =−++ jjijjijti u

Re
puuu   (5-2) 

0, =iiu   (5-3) 

where ui represents velocity component in the xi-direction, ),(),( 21 yxxx = , 

),(),( 21 vuuu = , the subscripts in tf ,  and if ,  represent the derivatives of f with respect 

to time t and xi respectively, and p is the pressure.  

The initial conditions for the problem are  

ui (x, y) = 0  i = 1,2 (5-4) 

Non-slip boundary condition is given on surface of the cylinder. On the inlet 

boundary, velocity is specified as: 

)0),((),( tUvu =   (5-5)  

Free slip boundary condition is implemented on top and bottom boundaries. At the 

outflow boundary, the pressure is set to be zero.  

Petrov-Galerkin finite element method is employed for discretizing the Navier-

Stokes equations. In the Petrov-Galerkin formulation the standard Galerkin weighting 

functions are modified by adding a streamline upwind perturbation, which acts only in 

the flow direction (Brooks & Hughes, 1983; Kondo, 1994; Jester & Kallinderis, 2003).  

A rectangular computation domain of 60D in length and 40D in width is used for 

simulating oscillatory flow around an isolated circular cylinder. Fig. 5-3 shows typical 

finite element meshes near the cylinders. Structured four-node quadrilateral elements 

are used to discretize the domain. The cylinder perimeter is discretized by 80 nodes. The 

minimum element size in the radial direction next to the cylinder surface (∆1) is 0.001D. 

Such a value of ∆1, the non-dimensional mesh size y+ is smaller than 1 for the first layer 
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mesh away from the cylinder surface for all the flow simulated in present study. The y+ 

is defined as ν/1Δ=+
fuy , where uf is the friction velocity.  

Fig. 5-2 (b) shows the definition sketch of the 3D coordinated system and 

computational domain. Detail about the 3D model can be found in Zhao et al (2009). 

The 2D mesh is swept along the spanwise direction to generate the 3D mesh. At relative 

low KC numbers (KC = 1, 2 and 5), periodic 3D flow structures along the spanwise 

direction with wavelength of 0.5D to 1D might be observed according to Honji (1981) 

and Sarpkaya (1986). A cylinder length of 8D is used for these three KC numbers, 

which is long enough to observe the periodic flow structures if they exist. The element 

size in spanwise direction is 0.05D. Obasaju et al. (1988) investigated the correlation of 

the lift force of cylinder in oscillatory flow. A correlation length of 4.65D was obtained 

for KC = 22 and KC > 30. According to this correlation length (4.65D), a cylinder 

length of 19.6 D is chosen for KC = 10, 17.5, 20 and 26.5. The element size in spanwise 

direction is 0.1D. The computational domain is divided into hexahedron 8-node tri-

linear elements.  

5.3 NUMERICAL RESULTS 

5.3.1 KC = 1 

For KC = 1, 3D instability of flow around the cylinder is found. Fig. 5-4 shows the 

vorticity iso-surfaces of ωx = ± 0.5, ωy = ± 0.5 and ωz = ± 0.5 at the instant of t/T = 

30.25, which corresponds to the maximum free stream velocity. The vorticity 

components are defined as ωx = ∂w/∂y − ∂v/∂z, ωy = ∂u/∂z − ∂w/∂x and ωz =∂v/∂x − 

∂u/∂y. Regular vortex structures are distributed along the span-wise direction of the 

cylinder. The amplitudes of ωx ωy and ωz in the computational domain are 2.5, 1.5 and 

102, respectively. The relative amplitudes of the three vorticity components indicate the 

three-dimensionality of this case is weak. Fig. 5-5 shows a zoom-in view of the iso-

surfaces of ωz, in which the x-axis is perpendicular to the page and pointing into the 

page. Wave-shape periodic structures are found with a wave-length of 0.45D. The 

vortex structures in three planes of z/D = 1.15, 1.25 and 1.35 are examined (see Fig. 

5-6). The positions of three planes relative to the vorticity iso-surfaces are indicated by 

three horizontal lines in Fig. 5-5. In Fig. 5-6 (a) (z/D = 1.15), the vorticity contours of 

ωz tail down on the left and right sides of the cylinder, while the contours tail up in the 
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plane of z/D = 1.35 (see Fig. 5-6 (c)). The vorticity contours are symmetric with respect 

to the x-axis, which agrees well with the 2D simulation as shown in Fig. 5-6 (d).  

The inline and lift forces are examined here. The non-dimensional sectional force is 

defined as )2//()()( 2
mxF DUzFzC ρ= , )2//()()( 2

myL DUzFzC ρ= , where )(zFx and 

)(zFy are hydrodynamic force components in the x-axis and y-axis directions, 

respectively. As the amplitudes of ωx and ωy are much lower than that of ωz, the 

variation of inline forces along span-wise direction is negligible. Fig. 5-7 shows the 

comparison of inline forces calculated by 2D and 3D models. Good agreement between 

the results calculated by the two models can be found. The asymmetric vortex structures 

shown in Fig. 5-6 (a) and (c) induce non-zero lift force. However, it is detected that the 

amplitude of the sectional lift forces is three orders lower than that of inline forces. Zero 

lift forces are detected in the section of z/D = 1.25 and also in 2D simulation due to the 

symmetric vortex structures with respect to the x-axis. 

5.3.2 KC = 2 

Fig. 5-8 shows the vorticity iso-surfaces of ωx = ± 2, ωy = ± 2 and ωz = ± 2 at KC = 

2 at the instant of t/T = 20.25. In Fig. 5-8 (a) and (b), rib-like vortices (ωx and ωy) are 

found around the cylinder. The amplitudes of ωx, ωy and ωz are 54, 30 and 201. The 

strong vorticity in the x-axis and y-axis directions (ωx, ωy) cause the distortion of the 

spanwise vortices, as shown in Fig. 5-8 (c), where the span-wise vortices are presented 

in a chaotic format. The relative amplitudes of the three vorticity components and the 

chaotic vortex structures indicate that the flow is in turbulent flow regime. This is 

supported by the experimental observation of Sarpkaya (1986). According to Sarpkaya 

(1986), the critical β for turbulent flow is about 600 at KC = 2.  

The middle section flow structures are examined and the vorticity (ωz) contours are 

plotted in Fig. 5-9 (a). The main vortex structures are roughly symmetric with respect to 

the plane of y = 0, while some small-scale vortices exist around the cylinder. The small-

scale vortices are induced by the strong vorticity in the x- and y-axis directions. The 

boundary layer shown in Fig. 5-9 (a) is smooth and attached on the cylinder surface. It 

demonstrates that the boundary layer is still in laminar regime. Fig. 5-9 (b) shows the 

2D simulation result, which is strictly symmetric with respect to the plane of y = 0, 
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corresponding to zero lift force. The major vortex structures shown in Fig. 5-9 (a) and 

(b) resemble qualitatively.  

The variation of CF along the spanwise direction is still negligible, although the flow 

shows strong three-dimensionality. This is mainly because CF is still dominated by 

inertia component at this KC number. The span-averaged CF is compared with 2D 

simulation results as shown in Fig. 5-10 (a). The two curves overlap together. The 

small-scale vortices shown in Fig. 5-9 (a) induce low-amplitude sectional lift force. The 

lift forces in the section of z/D = 0.0 and 2.0 and the span-averaged lift force are plotted 

in Fig. 5-10 (b). The amplitude of sectional lift forces is about 0.2 and that of the span-

averaged lift is about 0.05. The amplitude of the sectional lift force is still two orders 

lower than that of the inline force. The 2D model gives zero lift as the flow structures is 

symmetric with respect to the x-axis. 

5.3.3 KC = 5 

Fig. 5-11 shows the vorticity iso-surfaces of ωx = ± 2, ωy = ± 2 and ωz = ± 2 at KC = 

5 at the instant of t/T = 20.25, where strong chaotic vortex structure are found. The 

developing process of flow structure in the middle section (z = 0) in half of a flow 

period is plotted in Fig. 5-12. The corresponding 2D results are plotted in Fig. 5-13. 

Following features are found in Fig. 5-12, 1), the vortices on the top side of the cylinder 

is obviously different from that on the bottom side; 2), all vortices sweep around the 

cylinder with oscillatory flow and no vortex shedding happens; 3), the small-scale 

vortices have strong intensity; 4), boundary layer separation is observed in Fig. 5-12 (c) 

and (d). These features are also found in the 2D results, except for the small-scale 

vortices which do not exist in 2D results. This KC number belongs to the asymmetric 

non-shedding regime (Williamson 1985).  

The inline and lift forces of this case are investigated here. The inline force shows 

strong periodic and minor variation along the spanwise direction. The sectional, span-

averaged lift forces are plotted in Fig. 5-14 together with the 2D result. The amplitude 

of the 2D result is slightly higher than that of the 3D results. The unbalanced vortices on 

the top and bottom sides of the cylinder (Fig. 5-12 and Fig. 5-13) lead to non-zero lift 

force acting on the cylinder. The lift force in the middle section (z = 0) are plotted in 

Fig. 5-14 (b). It shows an aperiodic, intermittent switching behaviour due to the strong 

three-dimensionality of the oscillatory flow. The span-averaged lift (Fig. 5-14 (b)) 

shows similar features but with lower amplitude, indicating strong variation of lift along 
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spanwise direction. The 2D lift force is plotted in Fig. 5-14 (d), which shows a strong 

quasi-periodic behaviour, with a second period of 25T. The amplitude is about 2.6, 

which is higher than the 3D results. 

The intermittent switching behaviour of the sectional lift force and the quasi-

periodic behaviour of the 2D results shown in Fig. 5-14 (b) and (d) is because the vortex 

structures with the same phase angle in different periods flap gradually. To examine this 

behaviour, a close look of the lift force in the middle section is plotted in Fig. 5-15. The 

lift force at the same phase angle but different periods corresponds to different values. 

For example at the phase of α = 3π/4, in the 18th, 19th and 20th period (t/T = 18.375, 

19.375 and 20.375), the lift corresponds to the troughs; in the 21st, 22nd and 23rd period 

(t/T = 21.375, 22.375 and 23.375), the lift corresponds to the peaks; in the 24th period, 

the lift force crosses zero; in the 25th to 26th period (t/T = 25.375 and 26.375), the lift 

switches back to troughs. The corresponding vorticity contours with phase angle of α = 

3π/4 are plotted in Fig. 5-16, where the flapping behaviour of vortex structures can be 

seen clearly. Fig. 5-16 (a) (t/T = 19.375), the vortex on the top side is developed more 

intensive than the one on the bottom side. In Fig. 5-16 (b) (t/T = 22.375), the vortex on 

the bottom side is obvious larger in size. In Fig. 5-16 (c) (t/T = 24.375), the vortices on 

both sides of the cylinder are developed with similar strength. So zero lift force is found 

in Fig. 5-15 corresponding to this instant. In Fig. 5-16 (d) the stronger vortex switches 

to the top side of the cylinder.  

The evolution process of the distribution of lift force along the span of the cylinder 

is presented in Fig. 5-17, which shows the 3D flow structures emerge in the 9th period 

and the three-dimensionality increase gradually. After the 11th period, strong variation 

of lift force along spanwise direction is found. The strong three-dimensionality of this 

case can also be observed in Fig. 5-17.  

5.3.4 KC = 10 

The numerical simulation predicted a critical KC number about 6 for vortex 

shedding regime and single-pair vortex shedding regime happens in 6 ≤ KC ≤ 14 at Re = 

2000. The results of KC = 10 are shown here, which corresponds to the transverse 

vortex street (Williamson 1985). Fig. 5-18 shows the 3D vorticity iso-surface with ωx = 

± 2, ωy = ± 2 and ωz = ± 2 at the instant of t/T = 15.25. Rib-like vortex structures are 

found again in 5-18 (a) and (b). In 5-18 (c), a vortex tube is found above the cylinder. 
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The vortex structure shows strong correlation along the spanwise direction of the 

cylinder. The three-dimensionality is much weaker than that of KC = 5 shown in Fig. 

5-11. The vortex shedding pattern is stable after the oscillatory flow is fully developed. 

It does not transit to other patterns. The vortex shedding process in the middle section (z 

= 0) are presented in Fig. 5-19 and the 2D results are shown in Fig. 5-20. Two vortices 

are shed in each period and all the vortices are shed from the top side of the cylinder. In 

the 2D simulation results, the vortex shedding process agrees with the 3D results 

quantitatively. It is observed that in Fig. 5-19 and Fig. 5-20 the vortex structures in two 

halves of the flow period are not symmetric with respect to the y-axis, although the free 

stream flow is sinusoidal oscillatory flow. More detail description about transverse 

vortex street can be found in Williamson (1985). 

Fig. 5-21 shows the sectional, span-averaged and 2D results of in-line and lift 

forces. The inline and lift forces in two succeeding half periods have different peak 

values. This is because the two vortices shed in one period have different strength as 

shown in Fig. 5-19 and Fig. 5-20. The 2D and 3D models give nearly identical results 

due to the three-dimensionality is relatively weak for KC = 10.  

Fig. 5-22 shows the evolution process of the lift force along the span of the cylinder. 

It shows strong correlation along the spanwise direction. Obasaju et al. (1988) measured 

the correlation coefficient of lift force on a circular cylinder in oscillatory flow. A 

correlation coefficient close to unity was found at KC = 10, indicating weak 3D effect. 

The distribution of lift force shown in Fig. 5-22 agrees with the experimental finding of 

Obasaju et al. (1988). Obasaju et al. (1988) also mentioned that the vortex shedding 

pattern could transit to its mirror-image pattern only when the flow was restarted or 

strong perturbation was applied.  

5.3.5 KC = 17.5 

The numerical models in present study predicted double-pair vortex shedding 

regime in the range of 15 ≤ KC ≤ 20. The results of KC = 17.5 are presented here as an 

example of this vortex shedding regime. Fig. 5-23 shows the vorticity iso-surfaces at the 

instant of t/T = 17.5. Rib-like vortex structures are also found in Fig. 5-23 (a) and (b). In 

Fig. 5-23 (c), the interface of positive and negative iso-surfaces is not a straight line, 

which indicates the direction of vortex motion change gradually at different z locations.  

The vortex shedding process in the middle section (z = 0) and the corresponding 2D 

results are presented in the Fig. 5-24 and Fig. 5-25 for the purpose of compression. The 
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detailed description about the vortex shedding process of this regime can be found in 

Williamson (1985), Justesen (1991) and Zhao et al. (2009). Fig. 5-24 shows the small-

scale vortices have strong intensity, while the main vortex structures are still match that 

of the corresponding 2D results shown in Fig. 5-25.  

The inline and lift results are presented in Fig. 5-26. The inline force in the middle 

section and span-averaged inline force nearly overlap together (Fig. 5-26 (a)), indicating 

weak variation of inline force along the span of the cylinder. In the first half of a period, 

the 2D result agrees well with the 3D results, while in the second half of a period, the 

negative peak is about 10% larger than the 3D results. In the two-pair vortex shedding 

regime, the frequency of the lift force is three times of that of the inline force as shown 

in Fig. 5-26 (b), where the two- and 3D results of lift forces show minor difference.  

Fig. 5-27 shows the developing process of lift distribution of the lift force along the 

span of the cylinder. Strong correlation of the lift force along the spanwise direction and 

strong periodicity are found.  

5.3.6 KC = 20 

KC = 20 is found to be close to the critical KC number between double-pair and 

three-pair vortex shedding regimes. The numerical results shows vortex shedding 

pattern switches between double-pair regime and three-pair regime, but the flow is 

dominated by double-pair regime. It is also found the vortex shedding pattern switches 

between one mode and its mirror image mode in double-pair regime.  

The iso-surfaces of vorticity at the instant of t/T = 15.25 are presented in Fig. 5-28. 

Obvious variation of vortex structures along spanwise direction can be found in Fig. 

5-28 (a) and (c). Such variation along the cylinder induces large phase difference of 

sectional lift forces at different z locations. Fig. 5-29 shows the time histories of inline 

and lift forces at two sections in five periods. Fig. 5-29 (a) shows the peaks of the 

sectional inline forces are different at these two locations. A small phase difference is 

also found between the two traces shown in Fig. 5-29 (a). The corresponding lift forces 

are shown in Fig. 5-29 (b). In is found the lift forces at these two locations are in 

opposite directions. In the 15th and 16th periods, the frequency of the lift forces is four 

times of that of the inline force, corresponding to the three-pair vortex shedding regime, 

and then the flow transits to two-pair vortex shedding regime according to the change of 

frequency. The vortex shedding process of three-pair regime will be presented in next 
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section. When the flow transits to two-pair regime, the amplitude of the lift forces 

increases dramatically. The transition between regimes happens intermittently.  

The sectional lift forces of this case at 20 z locations with a constant interval of 

0.096D were analysed by Zhao and Cheng (2009) by mode-average method (Obasaju et 

al., 1988). The 2D model calculated time histories of inline and lift forces are plotted in 

Fig. 5-30. The mode-averaged method is used to analyse the lift force and three modes 

are found. Mode 1 and mode 2 correspond to the double-pair regime, but the lift forces 

of these two modes are in opposite directions. Mode 2 is the mirror-image mode of 

mode 1. Mode 3 corresponds to the three-pair regime. Fig. 5-30 (b) show mode 1 is 

observed in the first 50 periods, and then transits to mode 3. After six periods, the flow 

transits to mode 2. The transitions among these three modes also happen intermittently. 

However the mode-transition frequency of the 2D results is much lower than that of the 

3D results. The direct comparison between the time histories does not provide much 

useful information. So the mode-averaged forces are compared as shown in Fig. 5-31. 

The two- and 3D results are generally in good agreement (Fig. 5-31 (a), (b) and (c)). 

The span-averaged results are depicted in Fig. 5-31 (d), which shows the amplitude is 

much lower than the mode-averaged results. This is because the two locations with lift 

forces in opposite directions will cancel each other during the span-averaging process 

(see Fig. 5-29 (b)).  

Fig. 5-32 shows the evolution process of the lift force along the spanwise direction. 

Some of the strap structures corresponding to the peaks or the troughs are not straight, 

indicating the variation of the phase of the lift force. Some of the straps do not run 

through the figure, indicating the change of the frequency of lift force and the 

corresponding vortex shedding regime.  

5.3.7 KC = 26.2 

In the range 21 ≤ KC ≤ 29, three-pair vortex shedding regime is observed according 

to present numerical simulations. The results of KC = 26.2 are presented here. The 

vorticity iso-surfaces at the instant of 17.25 are given in Fig. 5-33. The vorticity iso-

surfaces show relative strong correlation in spanwise direction. For this case, the 2D 

model captures the major vortex shedding process predicted by the 3D model (see Fig. 

5-34 and Fig. 5-35) and the hydrodynamic forces predicted by the two models show 

good agreement as shown in Fig. 5-36. The evolution process of the lift force (Fig. 

5-37) shown strong correlation of the lift force along spanwise direction.  
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5.3.8 Force coefficients 

The force coefficients derived from the 2D and 3D models are compared 

quantitatively. First, the drag coefficient (CD) and inertia coefficient (CM) are calculated 

based on the Morison equation given as: 

)()(
2
1)(

4
1 2 tutuDC

dt
tduCDF DMx ρρπ +=   (5-6) 

The least-square method is used to calculate the values of CD and CM.  Then the 

maximum and root-mean-square values of lift force (CLmax and CLrms) are examined. The 

calculated force coefficients are listed in Table 5-3. The difference between two- and 

3D results of CM is defined as  

DM

DMDM

C
CC

3_

3_2_ −
=δ   (5-7) 

The difference of other coefficients is defined in the same way. 

For KC = 1 and 2, the inertia coefficients are predict very well by the 2D model. 

The difference is just 0.2% and 2 %, respectively. At low KC number condition, the 

inline force is dominated by the inertia part, so the inline forces calculated by 2D and 

3D models agree with each other very well as shown in Fig. 5-7 and Fig. 5-10 (a). 

However the drag coefficients predicted by 2D model shows obvious difference to the 

3D results (δ = 8.79% and 12.95%, respectively), indicating the three-dimensionality of 

the flow has significant effect on the drag forces acting on the cylinder. The 3D flow 

around the cylinder induces oscillatory lift forces at KC = 1 and 2, however the 

amplitudes are much lower than that of the corresponding inline force. So the lift 

coefficients are neglected in present study.  

The strongest three-dimensionality of oscillatory flow among the cases 

simulated in this work is KC = 5. It is expected that the 2D model can not predict the 

force coefficient accurately. As shown in Table 5-3, the 2D model predicts the four 

force coefficients with difference of 8.91%, 19.97, 96.64% and 163.54%. Reasonable 

good agreement is found between two- and 3D results of force coefficients of cases of 

KC = 10, 17.5, 20 and 26.2. Generally, 2D model tends to over-predict the inertia 

coefficient (CM) and over-predict the drag coefficient (CD). 
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5.4 CONCLUSIONS 

Oscillating flow around a circular is investigated by solving the 2D and 3D Navier-

Stokes equations. Calculations are carried out for a constant Re value of 2000 and seven 

KC numbers of 1, 2, 5, 10, 17.5, 20 and 26.2. The results are summarized as follows: 

The flow of KC = 1 is in the laminar flow regime, although 3D flow is observed 

around the cylinder. The major features of sectional vortex structures are captured by 

the 2D model. The 3D flow structures induce oscillatory lift, but the amplitude is low. 

The inline force is predicted by the 2D model with high accuracy.  

The flow of KC = 2 is in the turbulent flow regime. Small-scale vortices are found in 

sectional flow structures. The vortex structures simulated by 2D model match the major 

sectional vortex structures. The lift force is still negligible due to the low amplitude. The 

inline force is well predicted by the 2D model.  

The flow of KC = 5 show the strongest three-dimensionality. The vortices on the 

two sides of the cylinder are developed with different strength, which induces non-zero 

lift force. The sectional lift forces show intermittent switching behaviour, which is 

because of the flapping of vortex structures at the same phase but different periods. 

Strong variation of flow structures along the spanwise direction is observed. The 

flapping behaviour of the vortex structures are also found in the 2D results in a quasi-

periodic manner. The amplitude of the lift force predicted by the 2D model is much 

higher than the 3D results. The 2D model predicts the inline force reasonably well. 

The flow of KC =10, 17.5 and 26.2 represents the single-pair, double-pair and three-

pair vortex shedding regimes. At these three KC numbers, the lift forces and spanwise 

vortex structures show relative strong correlation. The 2D model calculated flow 

structure agrees with the sectional flow structure quantitatively, and the two 

dimensional model predicts the inline and lift force well. 

KC = 20 is the critical KC number between double-pair regime and three-pair 

regime. Multiple vortex shedding modes coexist. The mode-average method is used to 

analyse the lift force. The 2D mode-averaged forces are in good agreement with the 3D 

mode-averaged results. 

The comparison between the two- and 3D results of force coefficients show the 2D 

model tends to under-predict the inertia coefficient and over-predict the drag coefficient 

in the range of cases simulated in present study.  
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Fig. 5-1. The cortical KC numbers, above which the oscillatory flow become three-

dimensional.  
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Fig. 5-2. The definition sketch of the computational domain. 
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Fig. 5-3. The 2D computational mesh around the cylinder. 

 (a) ω x 

 

 (b) ω y 

 

 (c) ω z 

 

Fig. 5-4. The vorticity iso-surfaces of ωx = ± 0.5, ωy = ± 0.5 and ωz = ± 0.5 at the instant 

of t/T = 30.25. The streamlines in the plane of z/D = -4.0 are plotted in (c) to indicate 

the flow direction. (KC = 1). 
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Fig. 5-5. The zoom-in view of ωz = ± 0.5 at the instant of t/T = 30.25. The x-axis is 
perpendicular to the page and pointing inside. 
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(d) two-dimensional result 

 

Fig. 5-6. The sectional and 2D vorticity contours (ωz) at t/T = 30.25 (KC = 1). 
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Fig. 5-7. The inline forces calculated by 2D and 3D models. 
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 (a) ω x 

 (b) ω y 

 (c) ω z 

 

Fig. 5-8. The vorticity iso-surfaces of ωx = ± 2, ωy = ± 2 and ωz = ± 2 at the instant of 

t/T = 20.25. The streamlines in the plane of z/D = -4.0 are plotted in (c) to indicate the 

flow direction (KC = 2). 
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Fig. 5-9. The vorticity contours calculated by 2D and 3D models (t/T = 0.25). 
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Fig. 5-10. The inline and lift forces calculated by 2D and 3D models at KC = 2. 
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Fig. 5-11. The vorticity iso-surfaces of ωx = ± 2, ωy = ± 2 and ωz = ± 2 at the instant of 

t/T = 20.25. The streamlines in the plane of z/D = -4 are plotted in (c) to indicate the 

flow direction (KC = 5). 
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Fig. 5-12. The sectional vorticity contours (ωz ) in the middle section (z = 0) at four 

instants in half of a flow period (KC = 5). 
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Fig. 5-13. The vorticity contours ωz (2D) at four instants in half of a flow period (KC = 

5). 
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Fig. 5-14. The comparison of sectional, span-averaged and 2D inline and lift forces of 

KC = 5. 
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Fig. 5-15. A zoom-in view of the sectional lift force (z = 0) at KC = 5. 
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Fig. 5-16. The sectional vorticity contours ωz in the plane of z = 0) at KC = 5. 

 

 

Fig. 5-17. The evolution process of the lift force along the spanwise direction at KC = 5. 
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(c) ω z 

 

Fig. 5-18. The vorticity iso-surfaces of ωx = ± 2, ωy = ± 2 and ωz = ± 2 at the instant of 

t/T = 15.25. The streamlines in the plane of z/D = -9.6 are plotted in (c) to indicate the 

flow direction  (KC = 10). 
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Fig. 5-19. The sectional vortex structures (ωz) of KC = 10 (z = 0). 
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Fig. 5-20. The 2D vortex structures (ωz) of KC = 10 (z = 0). 
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Fig. 5-21. The comparison of the 2D, sectional and span-averaged inline and lift forces 

at KC = 10. 

 

 

Fig. 5-22. The evolution process of the lift force along the spanwise direction at KC = 

10. 
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(a) ω x 

 

(b) ω y 

 

 

(c) ω z 

 

Fig. 5-23. The vorticity iso-surfaces of ωx = ± 2, ωy = ± 2 and ωz = ± 2 at the instant of 

t/T = 17.5. The streamlines in the plane of z/D = -9.6 are plotted in (c) to indicate the 

flow direction (KC = 17.5). 
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Fig. 5-24.The sectional vortex structures (ωz) of KC = 17.5 (z = 0).  
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Fig. 5-25. The 2D vortex structures (ωz) of KC = 17.5 (z = 0). 
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Fig. 5-26. The comparison of the 2D, sectional and span-averaged inline and lift forces 

at KC = 17.5. 

 

Fig. 5-27. The evolution process of the lift force along the spanwise direction at KC = 

17.5. 
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Fig. 5-28. The vorticity iso-surfaces of ωx = ± 2, ωy = ± 2 and ωz = ± 2 at the instant of 

t/T = 15.25. The streamlines in the plane of z/D = -9.6 are plotted in (c) to indicate the 

flow direction (KC =20). 
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Fig. 5-29. The time histories of sectional forces of KC = 20 (z/D = -4 and 4). 
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Fig. 5-30. The time histories of inline and lift forces of KC = 20 (2D simulation results). 
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Fig. 5-31. The comparison of the 2D, sectional and span-averaged inline and lift forces 

at KC = 20. 

 

Fig. 5-32. The evolution process of the lift force along the spanwise direction at KC = 

20. 
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Fig. 5-33. The vorticity iso-surfaces of ωx = ± 2, ωy = ± 2 and ωz = ± 2 at the instant of 

t/T = 17.25. The streamlines in the plane of z/D = -9.6 are plotted in (c) to indicate the 

flow direction ( KC = 26.2). 
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Fig. 5-34. The sectional vortex structures (ωz) of KC = 26.2 (z = 0). 
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Fig. 5-35. The 2D vortex structures (ωz) of KC = 26.2. 
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Fig. 5-36. The comparison of the 2D, sectional and span-averaged inline and lift forces 

at KC = 26.2. 

 

Fig. 5-37. The evolution process of the lift force along the spanwise direction at KC = 

26.2. 
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Authors 
(year) 

Experimental methods KC Re or β   Main results presented 

Chaplin(1988) Oscillatory cylinder in still water. 
Forces were measured by pressure 
transducers.  

6 ~ 20 Re = 2×104 ~ 
2.8×105 

The effect of Re numbers on 
the force coefficients 

Honji (1981) Oscillatory cylinder in still water. 
Flow was visualized by electrolytic 
precipitation method. 

0 ~ 4 β = 70 ~ 700 Honji instability 

Justesen 
(1989) 

Oscillatory cylinder in still water. 
Forces were measured by force 
transducers. 

1 ~ 16 Re =2.5×103  
~ 1.4×106 

The effect of Re number and 
surface roughness on the 
force coefficients.  

Maull and 
Milliner 
(1978) 

Oscillatory flow generated in U-tube. 
Forces were measured using strain 
gauges. 

0 ~ 30 β = 200 Force coefficients time 
histories of inline and lift, 
vorticity contours 

Obasaju et al. 
(1988) 

Oscillatory flow generated in U-tube. 
Forces were measured using strain 
gauges. Flow visualization by 
illuminated particles in fluid. 

2 ~ 40 β = 196 Force coefficients. Mode-
averaged inline and lift force. 
Correlation coefficients. 
Flow structures. Vortex 
shedding patterns. 

Okajima et al. 
(1997) 

Oscillatory flow generated in U-tube. 
Flow was visualized by polymer resin 
powder. Forces were measured by 
strain gauges. 

1 ~ 90 β = 95 and 
153 

Flow structures and force 
coefficients  

Sarpkaya 
(1986) 

Oscillatory flow generated in U-tube. 
Flow was visualized by electrolytic 
precipitation method. 

0.4 ~ 20 β = 1035, 
1380, 11240 

Force coefficients, Honji 
instability and separation 
position. 

Sarpkaya 
(2002) 

1) Oscillatory flow generated in U-
tube. 2) Oscillatory cylinder in still 
water. Flow was visualized by laser-
induced fluorescence. 

0.02 ~ 1 β = 103 ~ 
1.4×106 

Four flow patterns in KC-
β plane were identified, 
which are stable, marginal, 
unstable and chaotic.  

Sarpkaya 
(2006) 

Oscillatory flow generated in U-tube. 
Separation position was detected by 
differential-pressure probe and hot-
film sensors. Flow was visualized by 
laser-induced fluorescence.  

0.6 ~ 5 β = 6815 Flow structures and 
separation of the boundary 
layer. 

Forces were 
measured by 
pressure 
transducers. 

4 ~ 65 Re ~ 105 Sumer et al. 
(1991) 

Oscillatory 
cylinder in still 
water. 

Flow was visualized 
by illuminated 
aluminium power. 

0 ~ 60 Re ~ 103-104 

The effect of a plane 
boundary on oscillatory flow 
structures, pressure 
distributions and force 
coefficients. 

Tatsuno and 
Bearman 
(1990) 

Oscillatory cylinder in still water. 
Flow was visualized by electrolytic 
precipitation method and aluminium 
dust method.  

0 ~ 15 β = 0 ~ 160 Flow structures of eight flow 
regimes. The spacing of the 
coherent structures in 
spanwise direction. 

Oscillatory cylinder in still water. 
Flow visualization by particles on free 
surface. 

0 ~ 60 β = 255 Six vortex shedding regimes 
were identified. The critical 
KC numbers are 4, 7, 15, 24 
and 32 

Williamson 
(1985) 

Oscillatory flow generated in U-tube. 
Forces were measured using strain 
gauges. 

0 ~ 35 β = 730 The relationship between lift 
forces and vortex motion; 
Force coefficients 

Yang and 
Rockwell 
(2002, 2004) 

A surface piercing cylinder fixed in a 
wave tank. Flow was visualized by 
PIV system and shadowgraph. Forces 
were measured using strain gauges. 

4 ~ 22 β = 73 Vortex structures; force 
coefficients and time 
histories of hydrodynamic 
forces. 

Table 5-1. A summary of experimental investigations about oscillatory flow around a circular 
cylinder. 
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Authors (year) Governing 

Equations 
Numerical 
method  

KC Re or β   Main results presented 

An et al. (2009) 3D NS 
equation 

FEM 2 β = 100 ~ 
600 

Honji Instability 

Anagnostopoulos et 
al (2004) 

2D NS 
equation 

FEM 0.1 ~ 6 β = 50 Force coefficients and the 
blockage effect of the 
computational domain. 

Dütsch et al. (1998) 2D NS 
equation 

FVM 0.5 ~ 15 β = 35 Force coefficients, time 
histories of inline and lift, 
vorticity contours, velocity 
distribution 

Elston et al. (2006) 3D NS 
equation 

High-order 
sp-litting 
method 

0 ~ 10 β = 0 ~ 100 The primary and secondary 
instabilities of oscillatory flow 
around a circular cylinder 

Iliadis and . Anagno-
stopoulos (1998 a) 

2D NS 
equation 

FEM 0.1 ~ 15 β = 6 ~ 100 Force coefficients, time 
histories of inline and lift, 
vorticity contours.  

Iliadis and . Anagno-
stopoulos (1998 b) 

2D NS 
equation 

FEM 20 Re = 200 Force coefficients, time 
histories of inline and lift, 
vorticity contours.  

Justesen (1991) 2D NS 
equation 

FDM 0.1 ~ 26  β = 196, 483 
and 1035 

Force coefficients, time 
histories of inline and lift, 
vorticity contours 

Lin et al. (1996) 2D NS 
equations 

discrete 
vortex 
method 

1 ~ 36 β = 76 Force coefficients, time 
histories of inline and lift, 
vorticity contours 

Nehari et al. (2004) 2D and 3D NS 
equation 

FDM 6.5 and 
8.5 

β = 20 The effect of three-
dimensionality on the modes 
transition and dynamic loads. 

Saghafian et al. 
(2003) 

2D RANS 
equations with 
a k-ε turbulent 
model  

FVM 0.5 ~ 15 β = 1035 and 
11240 

Force coefficients time histories 
of inline and lift, vorticity 
contours 

Scandura et al. 
(2009) 

2D and 3D NS 
equation  

FDM 10 Re = 200 and 
500 

Force coefficients and two- and 
3D flow structures. 

Smith and Stansby 
(1991) 

2D NS 
equation 

random-
vortex 
method 

0.1 ~ 3 β = 483 and 
1035 

Force coefficient and flow 
structures.  

Uzunoğlu et al. 
(2001) 

2D NS 
equation 

Cell BEM 0.5 ~ 8 β = 35 Force coefficients, streakline 
patterns, velocity distribution, 
time histories of inline and lift. 

Wang and Dalton 
(1990) 

2D NS 
equation 

FDM 1 ~ 12 Re = 100~ 
3000 

Force coefficients, vorticity 
contours, streamlines and 
separation position 

Zhang and Dalton 
(1999) 

3D NS 
equation 

FDM 1 ~ 4 β = 196 Honji Instability 

Zhao and Cheng 
(2009) 

3D NS 
equation 

FEM 6.75 ~ 30 Re = 1000 Force coefficients, vorticity 
contours, 3D flow structures, 
effect of the attack angle  

Table 5-2. A summary of numerical simulation works about oscillatory flow around a circular 
cylinder. 
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CM CD CLmax CLrms KC 

2D 3D δ(%) 2D 3D δ(%) 2D 3D δ 2D 3D δ(%) 

1 2.035 2.031 0.20 0.879 0.808 8.79 0 0  0 0  

2 2.035 2.078 -
2.07 

0.811 0.718 12.95 0 0  0 0  

5 1.778 1.952 -
8.91 

1.503 1.274 17.97 2.542 1.362 86.64 0.730 0.277 163.54 

10 1.078 1.098 -
1.82 

2.193 2.235 -1.88 2.656 3.069 -
13.46 

1.335 1.582 -15.61 

17.5 1.222 1.298 -
5.86 

2.036 1.975 3.09 2.553 2.553 0.00 1.067 1.081 -1.30 

20 1.255 1.390 -
9.71 

1.830 1.809 1.16 1.857 1.970 -5.74 0.712 0.821 -13.28 

26 1.343 1.472 -
8.76 

1.668 1.667 0.06 1.670 1.495 11.71 0.677 0.652 3.83 

Table 5-3. The comparison of 2D and 3D results of force coefficients. 
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6 NUMERICAL SIMULATION OF A PARTIALLY-BURIED 
PIPELINE IN A PERMEABLE SEABED SUBJECT TO 

COMBINED OSCILLATORY FLOW AND STEADY 
CURRENT 

ABSTRACT: Hydrodynamic forces exerting on a pipeline partially buried in a 

permeable seabed subjected to combined oscillatory flow and steady current are 

investigated numerically. Two-dimensional (2D) Reynolds-Averaged Navier-Stokes 

equations with a k-ω turbulent model closure are solved to simulate the flow around the 

pipeline. Laplace equation is solved to calculate the pore pressure below the seabed with 

the simulated seabed hydrodynamic pressure as boundary conditions. The effect of the 

seepage flow on the fluid flow above the seabed is neglected. The numerical model is 

validated against the experimental data of a fully exposed pipeline resting on a plane 

boundary under various flow conditions. Then the flow with different embedment 

depth, steady current ratio and KC number is simulated. The pressure coefficient on the 

invert of the pipeline is linearly distributed under the assumption of isotropic and 

homogenous seabed. The amplitude of seepage velocity is much smaller than the 

amplitude of free stream velocity as expected. The normalized Morison inertia, drag and 

lift coefficients based on the corresponding force coefficients of a fully exposed pipeline 

are investigated. The normalized Morison force coefficients reduce almost linearly with 

the increase of embedment depth and KC number has minor effect on the normalized 

Morison coefficients. The permeable seabed condition causes a slight increase on the 

inline force and has little effect on the lift force, compared with corresponding 

conditions in an impermeable bed.  

6.1 INTRODUCTION 

Most of pipelines laid on erodible seabeds are found partially buried in the seabed 

after a period of time. Partial burial of a pipeline can be attributed either to installation 

stresses or to sediment transport processes around pipelines after installation. Pipeline 

embedment is beneficial to the stability of a pipeline as it reduces hydrodynamic forces 

acting on the pipeline and provides increased soil lateral resistance to the pipeline. 

Understanding of hydrodynamic force variation with pipeline embedment depth under 

different flow conditions is important for pipeline design. 
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Extensive research work on hydrodynamic forces and flow mechanisms around a 

pipeline (or a circular cylinder) subject to steady currents, waves and combined steady 

currents and waves. A comprehensive summary and review of the work was given by 

Sumer and Fredsøe (1997). In many of the work conducted so far wave-induced flows 

are often approximated by sinusoidal oscillatory flow and flows induced by the 

combination of currents and waves are simplified as linear addition of steady current Uc 

and sinusoidal oscillatory flow Umsin(2πt/T), where Um is the velocity amplitude of 

oscillatory flow, Uc is the steady current velocity and T is the period of oscillatory flow. 

The hydrodynamic forces on the pipeline are governed by a number of non-dimensional 

parameters such as Keulegan-Carpenter number (KC), Reynolds number (or 

alternatively Frequency number, β) and ratio of Uc and Um, defined as m = Uc/Um, in 

addition to other common parameters such as pipeline roughness and proximity to the 

seabed. The Keulegan-Carpenter number (KC), Reynolds number and Frequency 

number (β) are defined as 

DTUKC m /=   (6-1) 

ν/DURe m=   (6-2) 

TDKCRe νβ // 2==   (6-3) 

where D is the diameter of the pipeline, ν is the kinematic viscosity of fluid. 

So far, limited work has been done on hydrodynamic forces on and flow past a 

partially buried pipeline. Parker and Herbich (1978) carried out a series laboratory tests 

to measure wave forces on a partially buried pipeline, although the experimental data 

showed strong degree of scatter. Ismail et al. (1986) derived a relationship between 

wave force coefficients and embedment depth based on existing data of fully exposed 

pipelines, potential flow solutions and a few assumptions. DHI (1986), Jacobsen (1988), 

Jacobsen et al. (1989) measured hydrodynamic forces on pipelines partially buried in 

impermeable soil and exposed to combined wave and currents. The hydrodynamic 

forces acting on a partially buried pipeline were reduced substantially with the increase 

of e/D. For instance, for a pipeline with e/D = 0.4, drag and inertia coefficients were 

reduced by 60% and the lift coefficient was reduced by 30% (Jacobsen et al., 1989). The 

reduction of inline force was attributed to the reduction of exposure height and 

reduction of flow velocity above the pipeline, while the reduction of lift was attributed 
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only to the reduction of velocity above the pipeline (Jacobsen et al., 1989). Chiew 

(1990), Sumer et al. (2001) and Zang et al. (2009) investigated the mechanism of scour 

around partially embedded pipeline. It was demonstrated that the seepage flow through 

the seabed below a partially buried pipeline has significant effect on the onset of scour.  

Confusions exist in pipeline design practice on a recommendation in Det Norske 

Veritas (DNV) recent Recommend Practice DNV-RP-F109. DNV-RP-F109 

recommends a 30% vertical load reduction due to permeable seabed condition if the 

vertical load used in an analysis is based on load coefficients derived from the 

assumption of a non-permeable seabed. It was argued (DNV-RP-F109) that “a 

permeable seabed will allow flow in the seabed underneath the pipe and thus reduces 

the vertical load”. Scepticism about the validity of the recommendation exists because 

no reference was provided on this particular recommendation. It is speculated that the 

effect of flow through the seabed might have been overestimated since the flow velocity 

in the seabed is often a few magnitude smaller than the flow velocity above the seabed. 

In this study, combined oscillatory flow and steady current past a partially buried 

pipeline in sands is investigated numerically. The primary objectives of present work 

are to investigate hydrodynamic forces on a partially buried pipeline subject to 

combined oscillatory flow and steady current, and validate the DNV-RP-F109 

recommendation. The Reynolds-Averaged Navier-Stokes (RANS) equations are solved 

to simulate the combined flow above seabed with a k-ω turbulence closure. Since the 

present research is mainly concerned with sandy seabeds, it is assumed that the seabed 

is permeable and homogenous. Thus the flow inside the seabed is governed by Darcy’s 

law. Laplace equation is solved for the pore pressure in the soil with the pressure 

boundary conditions being determined from the flow simulation above the seabed. The 

effect of the seepage flow on the fluid flow above the seabed is neglected as it is 

expected that the seepage velocity at seabed is negligibly small. The embedment depth 

of the pipeline is in the range of 0.0 ≤ e/D ≤ 0.5. Simulations are carried out at five m 

values of 0.0, 0.25, 0.5, 0.75 and 1.0 and four KC values of 10, 20, 30 and 40. Re based 

on Um and diameter of pipeline is set at a constant of 3.0×105. It is assumed that the 

dependence of the present numerical results on Re is similar to their corresponding 

cases of flow around an isolated circular cylinder or a pipeline sitting on a plane wall for 

which such data are easily available (e.g. Sumer and Fredsoe 1997). Local flow 
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structure, pressure distribution and force coefficients are examined under those 

conditions. 

6.2 GOVERNING EQUATIONS AND NUMERICAL METHOD 

An illustrative sketch of flow over a partially buried pipeline with an embedment 

depth e is shown in Fig. 6-1. The 2D Cartesian coordinate system is fixed at the centre 

of the pipeline. The position of a point on the surface of pipeline is identified by angle 

α, which starts from the positive direction of x-axis and is defined as positive in 

counter-clockwise direction. 

The flow above the seabed is simulated by solving 2D RANS equations with a 

low-Reynolds-number k-ω turbulence model closure (Wilcox 1994). The RANS 

equations and the equation of k and ω are solved using a streamline upwind finite 

element method. Details of the turbulent flow model and boundary conditions can be 

found in Zhao et al. (2007).  

It is assumed that the seepage flow in the seabed is governed by Darcy’s law. 

Under the assumption of homogenous and isotropic seabed, the Darcy’s law is reduced 

to Laplace equation in terms of pore pressure as 

02
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=
∂
∂

+
∂
∂

y
p

x
p

  (6-4) 

The computational procedures for solving the governing equations are as follows: 

(1) The flow field above the seabed and hydrodynamic pressure acting on 

the exposed surface of the pipeline and the seabed are determined by 

solving the RANS equations.  

(2) The Laplace equation of pore pressure is solved with the calculated 

pressure from step (1) as the boundary conditions to obtain the pressure 

distribution on the invert of the pipeline.  

(3) Hydrodynamic forces acting on the partially buried pipeline is calculated 

by integrating the pressure distribution around the pipeline surface and 

the shear stress on the exposed part of the surface. 
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It should be noted that the effect of seepage flow velocity streaming out of the 

seabed on the external flow is ignored in the present study since the magnitude of 

the seepage velocity is expected to be small.  

6.3 VALIDATION OF THE NUMERICAL MODEL 

The numerical model is validated against the experimental data of steady currents, 

oscillatory flows and combined flows past a pipeline resting on an impermeable plane 

boundary. A computational domain of 80D in length 10D in height is discretized by 

four-node quadrilateral elements as shown in Fig. 6-2. The distance from the centre of 

the pipeline to the inlet boundary is 40D. In order to maintain good quality of 

computational mesh beneath the pipeline, the pipeline is deliberately placed above the 

plane boundary (seabed) by 0.005D in the simulation. The gap between the pipeline and 

seabed is blocked computationally at the position of x = 0.0 so zero flow passes through 

the gap. The total number of nodal points employed in the simulation is 24,036. High 

density of nodal points is distributed around the solid boundaries to ensure the accuracy 

of the solution. The pipeline perimeter is discretized by 200 nodal points and the 

minimum element size in the radial direction next to the pipeline surface is 0.0001D, 

which results in the maximum non-dimensional mesh size next to the solid surface y+ 

(defined by ν/Δ=+
fuy , with uf being the friction velocity and Δ the dimensional mesh 

size) less than 2. In this study, y+ ≤ 2 is chosen as a criterion for mesh convergence 

(Wilcox 1994). A non-dimensional time step of Um∆t/D = 0.001 is used in the 

calculation. 

The model is initially validated against steady flow around a pipeline on a rigid 

plane with Re = 4.8×104. Fig. 6-3 shows calculated streamlines and vorticity contours 

around the cylinder. Two small recirculating cells close the footing area and one large 

cell in the lee wake side are observed. This flow structure does not change with time 

once the wake flow of the pipeline is fully developed. This result agrees with the flow 

visualization of Bearman and Zdravkovich. (1978). The calculated distributions of 

pressure coefficient along the cylinder surface and on the plane boundary are plotted in 

Fig. 6-4 together with the measured data of Bearman and Zdravkovich (1978). The 

pressure coefficient is defined as Cp = (p−p∞)/(0.5ρDU2), where p∞ is the pressure at far 

field and U is amplitude of steady current, identical to that of Bearman and Zdravkovich 

(1978). The predicted  Cp agree well with the experiment results on the seabed surface 
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and the downstream half of the pipeline surface. There are noticeable differences 

between predicted Cp and that measured by Bearman and Zdravkovich (1978) on the 

upstream half of the pipeline surface with the maximum difference occurring at 

approximately 0.75π, where the measured Cp reaches to the minimum. The observed 

differences between predicted Cp and measured Cp occur mainly in the zone of adverse 

pressure gradient which is in the proximity of flow separation point (Jensen and Sumer 

1986). It is speculated that the discrepancy between predicted Cp and measured Cp by 

Bearman and Zdravkovich (1978) is partly attributed to the use of a two-equation 

turbulence model.  

Second validation case deals with oscillatory flow past a pipeline. Simulations are 

carried out for six KC values of 5, 8, 10, 12, 15 and 20 at a constant β value of 4800. Cx 

and Cy are defined as the normalized inline force (Fx) and lift (Fy), given as Cx = 

Fx/(0.5ρDUm
2) and Cy = Fy/(0.5ρDUm

2). The maximum lift coefficient Cymax is defined 

as the maximum value of Cy. CM and CD are the inertia and drag coefficients derived 

from Morison Equation (Morison et al, 1950) using the Least Square method. The non-

dimensional form Morison equation is given as: 

t
tuCDtutuDCF MDx d
)(d

4
|)(|)(

2
1 2ρπρ +=   (6-5) 

where u(t) is free stream velocity. The variations of CM, CD and Cymax with KC are 

plotted in Fig. 6-5 together with the experimental data of Sarpkaya (1979). The 

numerical model predicts the variations of force coefficients well. The normalized 

average difference (σ ) and maximum difference (σmax) between the predicted and 

measured force coefficients are detailed in Table 6-1. The calculated CD values are 

10.9% larger than the experimental data in average, and the Cymax values are 9.1% 

smaller than the experimental data on average. 

The third validation case involves combined currents and oscillatory flow around a 

pipeline for which experimental data are available (DHI 1986). Six flow cases of m = 

0.0, 0.2, 0.4, 0.6, 0.8 and 1.0 are calculated at KC = 15 and Re = UmD/ν = 2.0×105. 

Under the combined flow condition, the superimposed steady current breaks up the 

symmetry of oscillatory flow structure. The wake developed in the half periods with two 

flow components in same direction is much stronger than that developed in half of 

periods with opposite flow components. DHI (1986) demonstrated that the force 

coefficients are significantly affected by the current ratio. The variations of CM, CD and 
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CL with m are presented in Fig. 6-6 together with the experimental data of DHI (1986). 

The lift coefficient CL is derived from (DHI 1986): 

2)(
2
1 tuDCF Ly ρ=   (6-6) 

by Least Square method. It can be seen from Fig. 6-6 that CM, CD and CL decrease with 

the increase of m. The numerical simulation captures the major trends of force 

coefficient variation with m shown in the data of DHI (1986). The average difference 

and maximum difference between the numerical results and experimental data are given 

in Table 6-2. The predicted inertia coefficient is about 9% higher than the test results on 

average. Predicted drag and lift coefficients are about 12.9% and 11.4% lower than the 

test results on average respectively. 

Based on the validation results of the present model against three different types 

of flow around a pipeline, it can be concluded that the present numerical model is 

capable of predicting hydrodynamic forces with reasonable confidence. 

6.4 NMERICAL RESULTS 

The numerical model is then applied to simulate flow past a partially buried 

pipeline as shown in Fig. 6-1. The effects of e/D, KC and m on the hydrodynamic forces 

on the pipeline are investigated. Simulations are carried out with the following 

parameters:  m = 0.0, 0.25, 0.5, 0.75 and 1.0, KC = 10, 20, 30 and 40, e/D = 0.0, 0.05, 

0.1, 0.2, 0.4 and 0.5. Re is fixed at 3.0×105. A rectangular domain of 80D×10D for flow 

above the seabed and a semi-circle domain of diameter of 20D for flow in the soil are 

used. Fig. 6-7 shows the computational mesh around the pipeline for e/D = 0.2. 

Structured four-node quadrilateral elements are used in the present study. The buried 

pipe surface is discretized with 50 elements and the exposed part is discretized with 200 

elements. The nodal density of the mesh for the combined flow simulation in Fig. 6-7 is 

similar to that shown in Fig. 6-2. The total number of nodal points is between 25,000 

and 30,000 for different embedment depths. The flow around the pipeline is fully 

established after about five flow periods. All simulations in the present study are carried 

out for 20 flow periods. The numerical results are repeatable from one period of flow to 

the next period of flow once the flow is fully established.  
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6.4.1 Flow structure 

Flow structures around a partially buried pipeline in oscillatory are similar to the 

flow structure around a wall-mounted cylinder observed by Sumer et al. (1991). 

Vorticity contours around a partially buried pipeline with KC = 20, m = 0.0 and e/D = 

0.1 at discrete instants within a typical flow period are shown in Fig. 6-8 (a) ~ (j). Fig. 

6-8 (k) shows the variation of free stream velocity in the 10th period of flow 

corresponding to Fig. 6-8 (a) ~ (j). The positive vorticity (rotating in counter-clockwise 

direction) in Fig. 6-8  are plotted as solid lines and the negative vorticity (rotating in 

clockwise direction) are plotted as dashed lines. The vortex shedding process observed 

in Fig. 6-8 can be described as following. Vortex A in Fig. 6-8 (a) was shed in the 

previous period of the oscillatory flow. With the increase of flow velocity, vortex A is 

convected towards the right side of the pipeline, where vortex B is generated (Fig. 6-8 

(b) ~ (f)). The size of vortex B keeps growing until the flow reversal, and then it sheds 

from the cylinder. In the next half of the flow period, vortex B is convected to the left 

side of the cylinder and vortex C is developed there (f) ~ (j)).The flow structure in the 

second half of flow period is the mirror image of that observed in the first half of the 

flow period. The mirror plane is defined as the y-axis. This feature can be observed 

from any two figures with T/2 time difference in Fig. 6-8.  

Under combined flow conditions, the observed symmetric flow structures for m = 

0.0 disappear due to the addition of the steady current. However the vortex shedding 

process of cases with m ≤ 0.5 is similar to that observed under oscillatory flow condition 

as shown in Fig. 6-8. The vortex shedding process of KC = 20, e/D = 0.1 m = 0.5 are 

depicted in Fig. 6-9 (a) ~ (j) and Fig. 6-9 (k) shows free stream velocity corresponding 

to Fig. 6-9 (a) ~ (j). In the first half of the flow period (10.0 < t/T < 10.5), vortex A1 and 

A were shed in the previous period as shown in Fig. 6-9 (a)) and are convected to the 

right side of the cylinder (Fig. 6-9 (b) and (c)), vortex B is generated on the right side of 

the pipeline and sheds from the pipeline at flow reversal. In the next half of the flow 

period (10.5 < t/T < 11), vortex C is generated on the left side of the pipeline and shed at 

next reversal .In Fig. 6-9, the vortex B appears to be more intensive than vortex C and 

survived longer than vortex C. This is because the vortex B is generated by the sum of 

the steady current velocity and the oscillatory velocity while vortex C is generated by 

the difference of the steady current velocity and the oscillatory velocity. More obvious 

effect of the steady current on flow structures can be found with further increase of m 

value. Fig. 6-10 shows the vortex shedding process of KC = 20, e/D = 0.1 m = 1.0. In 
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Fig. 6-10 (a), vortex pair A+B has been generated in the previous period and are 

convected in the direction of steady flow. Vortex C is generated in the first half period, 

which is never convected to the left side of the pipeline (Fig. 6-10 (b) ~ (j)). This is 

because the free stream velocity is always from left to right. The vortex D, which is 

much weaker than vortex C, is generated in the second half of the flow period tilting 

upwards and slight to the left. Vortex C and D form a new vortex pair C+D which can 

be seen in Fig. 6-10 (h) ~ (j). 

6.4.2 Pressure distribution 

Pressure distribution around the pipeline surface is investigated in order to 

understand effect of vortex shedding on hydrodynamic forces on the pipeline. Fig. 6-11 

shows the evolution process of pressure distribution along the pipeline surface of KC = 

20, e/D = 0.1, m = 0.0, 0.5 and 1.0 at 10 instants corresponding to the vortex motion 

process shown in Fig. 6-8 ~ Fig. 6-10. The pressure coefficient is defined as 

)5.0/()( 2
mrp UppC ρ−= , where pr is the pressure at reference point of α = π on the 

surface of the pipeline as indicated in Fig. 6-10 (a). The pressure distributions of m = 

0.0 and m = 0.5 show minor difference because the flow structures of these two cases 

are similar (Fig. 6-8 and Fig. 6-9), while the pressure distribution of m = 1.0 is 

significantly different from those of m = 0.0 and m = 0.5 due to the distinct flow 

structures as shown in Fig. 6-10. For example, a sharp peak of negative pressure is 

found on the top of the cylinder (α = π/2) for case of m = 1.0 as shown in Fig. 6-11(c) 

and (d), while no such peak is found in the results of m = 0.0 and m = 0.5.  

To study the general features of Cp, averaged pressure distributions are discussed. 

To avoid major features of Cp being lost in averaging over a whole flow period, the 

pressure on the pipeline surface is averaged in the half of a flow period when oscillatory 

flow and steady current are in the same direction. Fig. 6-12 shows the half-period-

averaged Cp against α  in Cartesian coordinate system. Following features are observed. 

Firstly, the difference between the results with m = 0.0 and m = 0.5 is minor, indicating 

that the effect of steady current is weak when m < 0.5, which agrees with the features of 

flow structures and instantaneous pressure distribution. Secondly, the negative peak 

value of the averaged Cp on the pipe surface is found at about α = 0.5π (the top of the 

pipeline), which is triggered by strong velocity above the pipeline. Thirdly, the negative 

peak of the averaged Cp drops with the increase of embedment depth. This is because 
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the flow velocity above the cylinder decreases with the increase of e/D (Jacobsen et al, 

1989). Lastly, pressure distributions on the invert of the pipeline are approximately 

linear. This suggests that the solution of Laplace equation for pressure distribution along 

pipeline invert can be avoided under homogenous seabed conditions. The pressure along 

the invert of the pipeline can be obtained by interpolating the pressure at the upstream 

and downstream intersection points of the pipeline surface with the seabed. The half-

period-averaged pressure distributions of the other cases investigated in this study share 

similar features to those shown in Fig. 6-12 and will not be presented in this study. 

6.4.3 Seepage flow velocity. 

The seepage flow is laminar for sand grain sizes smaller than about 1mm and the 

seepage velocity can be calculated according to Darcy’s law given as (Soulsby 1997):  

i

P
Bi x

pKu
∂
∂

−=
ρν   (6-7) 

where uBi is the discharge of water per unit area in xi direction, ρ is the density of 

seepage flow and ν is the kinematic viscosity of pore fluid, KP is the specific 

permeability (m2). KP is given as (Sleath 1970): 

KP = 0.0011d50
2  (6-8) 

The velocity of seepage fluid flowing between the sand grains is calculated as ui = uBi/φ, 

where φ is the porosity of the porous medium. In the present study, the seepage velocity 

in the seabed is examined. It is assumed that d50 = 0.2 mm and φ = 0.4. Fig. 6-13 shows 

seepage velocity distribution and the pressure distribution around the pipeline (KC = 20, 

e/D = 0.2 and m = 0.0) at four instants within a flow period with a reference factor of 

5×10-7Um plotted in the right top corner. At the instant of t/T = 10.0 (Fig. 6-13 (a)), the 

inlet velocity is zero and the pressure difference between the inlet boundary and outflow 

boundary reaches the maximum value. The pressure on the left side of the pipeline is 

higher than that on the right side and the seepage fluid flows towards the right side of 

the pipeline along the invert part of the pipeline. The amplitude of seepage flow velocity 

close to the invert is about 2×10-7Um, which is substantially smaller than the amplitude 

of the combined oscillatory flow and steady current. The velocity amplitude of seepage 

fluid reduces gradually with the increase of the distance to the pipeline. Fig. 6-13 (b) 

shows the seepage velocity distribution at t/T = 10.25 which corresponds to the 

maximum inlet velocity and zero pressure difference between the inlet boundary and 
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outflow boundaries. However Fig. 6-13 (b) shows the pressure on the left side of the 

pipeline is still larger than that on the right side due to the disturbance of pipeline to 

local flow structures. The amplitude of seepage velocity is also about 2×10-7Um around 

the invert of the pipeline. Fig. 6-13 (c) and (d) show the seepage velocity distribution at 

t/T = 10.5 and 10.75. At these two instants, the high pressure switches to the right side 

of the pipeline and the seepage flow changes direction correspondingly. The seepage 

velocity of the other cases investigated in this work show similar features. The 

amplitude of the seepage flow is much smaller than the free stream velocity.  

6.4.4 Time histories of in-line force and lift 

Variations of inline force and lift with time are investigated. Fig. 6-14 shows the 

time history of Cx, together with the time history based on Morison equation. Variation 

of free stream velocity is also plotted in Fig. 6-14 for reference purpose. It can be seen 

from Fig. 6-14 (a) ~ (c) that the variations of inline force Cx are almost sinusoidal and 

are predicted well by Morison Equation at relatively small KC number of 10 for all flow 

ratios examined (m = 0.0, 0.5 and 1.0). At slightly higher KC = 20 with m = 0.0 (Fig. 

6-14 (d)), high frequency harmonics start to appear in the calculated Cx. The high 

frequency harmonics are believed to be induced by vortices sweeping over the pipeline 

at flow reversals (see Fig. 6-8 (b)). Although similar vortex motions also exist at KC = 

10 with m = 0.0 and 0.5, the vortices are relatively weak to result in obvious high 

frequency harmonics in the time history of Cx (Fig. 6-14 (a) and (b)). It is obvious from 

Fig. 6-14 (c) ~ (f) that Morison equation is unable to capture these high frequency 

harmonics in the time history of the inline force. This is because Morison equation is 

based on sinusoidal variation, while the variations shown in Fig. 6-14 (c) – (f) departs 

significantly from sinusoidal variations due to vortex shedding around the pipeline. The 

peak values of Cx are underpredicted about 15% by Morison equation. The worst fit of 

Morion predication is found for KC = 20 with m = 0.5 and e/D = 0.1 as shown in Fig. 

6-14 (e), where the negative peaks are under predicted by about 30%. The result of KC 

= 20, m = 1.0 and e/D = 0.1 is predicted reasonably well by Morison equation as shown 

in Fig. 6-14 (f).  

Variation of lift with time is also examined. Fig. 6-15 shows the calculated time 

history of Cy compared with the Cy predicted by Morion equation. The free stream 

velocity is also plotted. Under oscillatory flow conditions (Fig. 6-15 (a) and (d)), the 

Morison equation under-predicts the lift by about 20% and an obvious phase difference 
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exists between the calculated and predicted Cy. Peak lift values correspond to the peak 

free stream velocities based on Morison type equation (Eq.6-6), while the calculated 

results show peak lift values occur before the velocity reaches the peak values. So a 

phase difference exists. Under combined flow conditions (Fig. 6-15 (b), (c), (e) and (f)), 

the peak values of Cy in the half periods when oscillatory flow and steady current are in 

the opposite direction are significantly underpredicted by Eq. (6-6). This discrepancy is 

caused by the vortex shedding around the pipeline and effects of vortex shedding can 

not be reflected by Eq. (6-5) and Eq.(6-6).  

The horizontal force acting on the exposed part of the pipeline and that acting on 

the pipeline invert are examined separately. For this purpose Cxe and Cxb are defined as 

the inline force coefficient of the exposed part and invert of the pipeline, respectively. 

The value of Cxb is obtained by integrating the pore pressure along the invert of the 

pipeline, and value of Cxe is derived by Cxe = Cx - Cxb. It should be noted that Cxe is 

equivalent to the inline force coefficient of a pipeline partially buried in an impermeable 

seabed. The time histories of Cx, Cxe and Cxb of KC = 20, m = 0.0 and e/D = 0.05, 0.1, 

0.2, 0.4 and 0.5 are presented in Fig. 6-16. The following features are found: 1) the 

amplitude of Cx decreases with the increase of embedment depth due to the shelter 

effect of the seabed on the pipeline, 2) Cx, Cxe and Cxb are in phase and reach the 

maximum values at the same time, suggesting that the inline force under permeable 

seabed condition is larger than that under impermeable seabed condition, and 3) the 

amplitude of Cxb increases with embedment depth e/D.  

The amplitudes of Cxe and Cxb shown in Fig. 6-16 are listed in Table 6-3. The ratio 

of amplitudes of Cxb and Cx is defined as γ. From Table 6-3, the following relationship 

can be found: 

γ ≈ e/D  (6-9) 

Eq. (6-9) indicates that the contribution from the pore pressure to the total inline force 

roughly equals to the embedment ratio (e/D). According to Eq. (6-7), the Cx values 

obtained under impermeable seabed conditions can be used to estimate Cx values under 

permeable seabed conditions.  

6.4.5 Force coefficients from Morison equation 

The inertia, drag and lift coefficients of a fully exposed pipe sitting on the seabed, 

defined as CM0, CD0 and CL0, are presented in Fig. 6-17. Although the inertia force is 
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supposed to be independent of m value in principle as it is only related to the 

acceleration of flow according to Eq.(6-5), Fig. 6-17 (a) shows that the inertia 

coefficient decreases with the increase of m value. The existence of steady current 

affects the flow structures and pressure distribution around the pipeline significantly as 

discussed in this study. As the result, the inertia coefficient is influenced by m value. 

Similar features were found for the fully exposed pipeline mounted on a plane boundary 

(DHI 1986). Fig. 6-17 (b) and (c) show that the drag and lift coefficients also decrease 

with the increase of m value. CD0 and CL0 approach to the values in steady current 

gradually with the increase of m value. For pipeline in steady currents, CD0 = 0.8 and 

CL0 = 0.85 were measured by Zdravkovich (1985) and Jones (1971), which are 

substantially lower than their counterparts in oscillatory flows. This explains the 

decreasing trends of CD0 and CL0 with the increase of m value. 

Fig. 6-18 shows the inertia, drag and lift coefficients of partially buried pipelines 

subjected to oscillatory flow. The force coefficients are normalized using the 

corresponding force coefficients of a pipeline with zero embedment (CM0, CD0 and CL0). 

It appears that CM/CM0, CD/CD0 and CL/CL0 reduce linearly with the increase of 

embedment. Regression analysis of the three sets of data shown in Fig. 6-18 results in 

following empirical relationships: CM/CM0 = 1-0.943e/D, CD/CD0 = 1-0.884e/D and 

CL/CL0 = 1-0.959e/D.  

To evaluate the effect from different types of seabed condition on the force 

coefficients, a case with impermeable seabed condition was run. The configuration of 

the pipe is identical to that of Jacobsen et al (1988). The burial part of the pipe is cut off. 

The gap between the seabed and pipe (0.02D) is sealed in the middle to prevent water 

flowing through the gap. Impermeable condition is applied on the seabed. An oscillatory 

flow with KC = 20 is simulated. The numerical results of relative force coefficients are 

plotted in Fig. 6-18 together with the experimental data of Jacobsen et al. (1988). The 

numerical results of the relative force coefficients agree well with the data of Jacobsen 

et al. (1988). Fig. 6-18 (a) and (b) show the reductions of CM/CM0 and CD/CD0 are faster 

in impermeable seabed condition. This indicates that the practice of using a truncated 

pipeline to simulate a partially buried pipeline results in lower inertia and drag 

coefficients.  

The predicted relative lift coefficient compares well with that measured by 

Jacobsen (1988) as shown in Fig. 6-18 (c). This suggests that the test approach of using 
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a truncated pipeline cross section to simulate partially buried pipeline has insignificant 

effect on lift coefficient. It is also observed that the reduction of lift coefficient with the 

increase of embedment is gradual and approximately linear. No sudden reduction of lift 

coefficient is observed for the pipeline embedded in the permeable seabed. This 

contradicts the DNV-RP-F109 recommendation that lift on a pipeline laid on permeable 

seabed is subject to a 30% reduction. Caution should be exercised to apply this 

recommendation in design. 

The relative force coefficients of cases with m = 0.25 ~ 1.0 are presented in Fig. 

6-19 ~ Fig. Fig. 6-22. The trend of the reduction of relative force coefficient is similar 

to that observed at m = 0.0 shown in Fig. 6-15. The data are all fitted by straight lines in 

the form of 1+θ(e/D). The θ values of all the fitted lines are summarized in Fig. 6-23. 

The θ values for the lines fitting CM/CM0 and CD/CD0 are very close and increase slightly 

with the increases of m, while the β values for the lines fitting CL/CL0 are slightly 

smaller. 

6.5 CONCLUSIONS 

In this study, hydrodynamic forces and flow characteristics over a partially buried 

pipeline subject to combined oscillatory flow and steady current are investigated 

numerically. Two dimensional RANS equations are solved to simulate the flow above 

seabed and Laplace equation is solved to calculate the pore pressure in the seabed. The 

flow structure and the pressure distribution around the pipeline are discussed. The 

effects of KC number, steady current ratio and embedment depth on the force 

coefficients are discussed in detail. The conclusions derived from the present study can 

be summarized as follows: 

1. Under pure oscillatory conditions, one vortex is formed in the lee wake 

side of the pipeline in a half of the flow period and is washed over the 

pipeline in the remaining half of the flow period. The flow structures are 

half-period symmetric. Similar features of vortex motions are found for 

combined flow cases with m = 0.25 and 0.5 except that flow is no longer 

half-period symmetric. For combined flow with m =0.75 and 1.0, two 

vortices shed in each flow period are convected away in the steady current 

direction in the form of a vortex pair. 
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2. Under Darcy’s law, pressure distributions along the pipe surface buried in 

sediment are found to be linear. The gradient of pore pressure decreases 

with the increase of embedment depth. 

3. The amplitude of the seepage flow is about 2×10-7Um. The effect of 

seepage flow on the flow above the seabed is neglected in this study. 

4. The inline force coefficient of the exposed part of the pipeline (Cxe) and 

that of the invert (Cxb) can be separated when the pipeline partially buried 

in a plane seabed. Phase angles of Cx, Cxb and Cxb are found to be 

identical. The ratio of amplitude of Cxb and that of Cx roughly equals to 

the embedment ratio e/D.  

5. The present numerical results demonstrate that the permeable seabed 

underneath a partially buried pipeline increases the inline force, and 

shows insignificant effects on lift. This suggests that the existing test 

approach of using a truncated pipeline cross section to simulate partially 

buried pipeline underestimates the drag and inertia coefficients but has 

insignificant effect on lift coefficient.  

6. The inertia, drag and lift coefficients obtained from Morison equation 

decrease with the increase of embedment depth. The reduction of all of 

three coefficients appears to be linear with the increase of embedment 

depth.  

7. The validation results show that about 10% difference exists between the 

predicted force coefficients and the experimental data.  
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Fig. 6-1. An illustrative sketch of a partially buried pipeline subject to combined 

oscillatory flow and steady current. 

 

Fig. 6-2. The computational mesh around the pipeline (e/D = 0.0). 
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Fig. 6-3 .Flow structure around a circular cylinder mounted on a plane boundary in 

steady current (Re = 4.8×104). 
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Fig. 6-4. Pressure coefficient distribution. (a), Cp on a cylinder surface. (b), Cp on the 

plane boundary (Re = 4.8×104). 
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Fig. 6-5. Variation of inertia (CM), drag (CD) and maximum lift (Cymax) coefficients with 

KC number in pure oscillatory flow (β = 4800). 
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Fig. 6-6. Variation of inertia (CM), drag (CD) and maximum lift (CL) coefficients with 

current ratio (KC = 15, Re = 2.0 × 105). 
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Fig. 6-7. A typical computational mesh around a partially buried pipeline (e/D = 0.2). 
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Fig. 6-8. Evolution of vortex motions of e/D = 0.1, KC = 20, m = 0.0. 
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Fig. 6-9. Evolution of vortex motions of e/D = 0.1, KC = 20, m = 0.5. 
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Fig. 6-10. Evolution of vortex motions of e/D = 0.1, KC = 20, m = 1.0 
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Fig. 6-11. Evolution of instantaneous pressure distribution (KC = 20, e/D = 0.1, m = 

0.0, 0.5 and 1.0). 
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Fig. 6-12. Half-period-averaged pressure distribution along the pipeline surface. 
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Fig. 6-13. The pressure distribution around the pipeline and the velocity distribution of 

seepage velocity (KC = 20, e/D = 0.2 and m = 0.0). 
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Fig. 6-14. The comparison between the calculated Cx and Morion equation predicted Cx. 
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Fig. 6-15. The comparison between the calculated Cy and Morion equation predicted Cy. 
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Fig. 6-16. The time histories of Cx, Cxe and Cxb ( KC = 20, m = 0.0). 
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Fig. 6-17. The inertia, drag and lift coefficients of fully exposed pipeline (e/D = 0.0). 
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Fig. 6-18 .The effect of embedment on relative force coefficients (m = 0.0). 
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Fig. 6-19. The effect of embedment on relative force coefficients (m = 0.25). 
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Fig. 6-20. The effect of embedment on relative force coefficients (m = 0.5). 
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Fig. 6-21. The effect of embedment on relative force coefficients (m = 0.75). 
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Fig. 6-22. The effect of embedment on relative force coefficients (m = 1.0). 
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Fig. 6-23. Coefficient θ against steady flow ratio m (θ is the coefficient of line fitting 

the relative force coefficient shown in Fig. 6-18 ~ Fig. 6-22., all of the lines can be 

represented by 1+ θ (e/D)). 
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 σ  maxσ  

CM 3.6% 8.2% 

CD 10.9% 15.1% 

Cymax 9.1% 16.3% 

 

Table 6-1. The difference between the numerical calculation and experimental results of 

Sarpkaya (1979), σ  is the average difference and maxσ is the maximum value of the 

difference. 

 σ  maxσ  

CM 9.0% 13.3% 

CD 12.9% 18.1% 

CL 11.4% 15.9% 

 

Table 6-2. The difference between the numerical calculation and experimental results of 

DHI (1986), σ  is the average difference and maxσ is the maximum value of the 

difference. 

e/D amplitude of Cxb amplitude of Cxe amplitude of Cx γ 

0.05 0.104 2.31 2.414 0.043 

0.1 0.201 2.04 2.241 0.090 

0.2 0.356 1.67 2.026 0.175 

0.4 0.601 1.01 1.611 0.373 

0.5 0.662 0.712 1.374 0.481 

Table 6-3. The amplitude of Cxb,  Cxe and  Cx  of KC = 20 and m = 0.0. (γ is the ratio of 

amplitude of Cxb and amplitude of Cx). 
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7.1 

7 HYDRODYNAMIC FORCES ON A PIPELINE WITH UNEVEN 
EMBEDMENTS ON EITHER SIDE 

ABSTRACT: Hydrodynamic forces on a pipeline with uneven embedments on either side, subject 

to oscillatory flow, are investigated numerically. Two-dimensional Reynolds-Averaged Navier-

Stokes equations with a k-ω turbulent model are solved to simulate the flow in the fluid. It is 

assumed the seepage flow in the seabed is governed by Darcy’s law and Laplace equation is solved 

to calculate the pore pressure under the assumption of isotropic and homogenous seabed. The 

effects of embedment depths and KC numbers on the hydrodynamic force are investigated. The 

flow structure and pressure distribution around the pipeline are discussed. The inline force and lift 

exerting on the pipeline are presented in the form of peak values and Fourier coefficients. The flow 

structures around the pipeline are asymmetric due to the difference of seabed levels on the two sides 

of the pipeline. The degree of asymmetry increases with the increase of |e1-e2|/D. Obvious 

difference exists between the hydrodynamic forces experienced by the pipeline in two succeeding 

halves of a period due to the asymmetric flow structure around the pipeline. The peak values of 

inline force and lift reduce as e2/D increase for all values of e1 examined in this study. The 

maximum error of the inline force and lift predicted by using sixth order Fourier series is about 4%.  

7.1 INTRODUCTION 

Re-assessments of on-bottom stability of existing pipelines are often necessary to fulfil 

pipeline decommissioning and life extension requirements. Survey of existing pipelines found that 

most of the existing pipelines laid on erodible seabed are partially buried in the seabed due to 

various reasons. The degree of burial often varies along pipeline route as well as on either sides of 

the pipeline. Understanding of hydrodynamic forces on partially buried pipelines is important for 

on-bottom stability assessments of offshore pipelines. 

Studies have been carried out to investigate hydrodynamic forces acting on a partially buried 

pipeline induced by waves, currents and combined waves and currents (e.g. Herbich 1978; Ismail et 

al., 1986; Jacobsen 1988; Jacobsen et al., 1989). Jacobsen (1988) carried out a series model tests 

investigating hydrodynamic forces on sheltered marine pipelines. The sheltering effect was 

achieved by partial burial of the pipeline or placement of the pipeline in an open trench. The 

hydrodynamic forces acting on a partially buried pipeline were reduced substantially with the 

increase of embedment depth. For instance, for a pipeline with 40% embedment, drag and inertia 

coefficients were reduced by 60% and the lift coefficient was reduced by 30%. 
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In physical experiments, a partially burial pipeline is often simulated by truncating off the 

buried section of pipeline. For example, a truncated pipeline model was placed 3.0 mm above a 

solid plane floor and the middle of the gap was sealed to measure hydrodynamic forces on a 

partially buried pipeline in the tests of Jacobsen (1988). Such a test setup is likely more suitable for 

a pipeline embedded in an impermeable seabed than in a permeable seabed. In reality, erodible 

seabeds are often porous and permeable. The pore pressure induced by the seepage flow in the 

seabed has significant effect on the hydrodynamic exerting on the pipeline. An et al. (2009) 

numerically simulated hydrodynamic forces on a pipeline partially buried in a plane permeable 

seabed, subject to combined oscillatory flow and steady current. The effect of seepage flow on 

hydrodynamic forces on the invert part of the pipeline was considered by coupling the seepage flow 

solution with the simulation of flow above the seabed. The hydrodynamic force coefficients 

decrease with the increase of embedment depth. The reduction of the hydrodynamic coefficients 

appears to be linear with the increase of embedment depth. The permeable seabed has significant 

effect on horizontal force, while the effect on the lift is minor. 

Research studies carried out so far concerning hydrodynamic forces on a partially buried 

pipeline exclusively assumed that the seabed levels on the either side of the pipeline are identical. 

This is an idealized assumption. The experimental result of Chiew (1990) showed the profiles of 

seabed on the two sides of partially buried pipeline could be significantly different due to local 

scour and sediment transport. However, the hydrodynamics on a partially buried pipeline with 

uneven embedments on either side have not been well understood. This is the motivation of present 

work. 

Hydrodynamic forces on a partially buried pipeline with uneven embedments on either side of 

the pipeline are investigated in this study. A definition sketch of pipeline partially buried in an 

uneven seabed is shown in Fig. 7-1. The embedment depths on the two sides of the pipeline are 

defined as e1 and e2 respectively. The pipeline shown in Fig. 7-1 is subjected to a sinusoidal 

oscillatory flow which is defined as u(t) = Umsin(2πt/T), where Um is the velocity amplitude of 

oscillatory flow and T is the period of oscillatory flow. It has been well understood that an 

oscillatory flow around a submarine pipeline is mainly governed by Keulegan-Carpenter number 

(KC), Reynolds number (or alternatively Stokes number, β) and the embedment depth of the 

pipeline. These parameters are defined as: 

DTUKC m /=   (7-1) 

ν/DURe m=   (7-2) 
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TDKCRe νβ // 2==   (7-3) 

where D is the diameter of the pipeline, ν is the kinematic viscosity of fluid.  

The parameters investigated in this study include three KC numbers (10, 20 and 30), one Re 

number (3.0×105), two e1/D values (0.02 and 0.5) and five e2/D values (0.1, 0.3, 0.5, 0.8 and 0.98). 

The finite element model used by An et al. (2009) is employed in this study. Flow structures, 

pressure distributions and force coefficients on the pipeline are investigated. 

7.2 GOVERNING EQUATION AND MATHEMATICAL METHOD 

A Cartesian coordinate system is fixed at the centre of the pipeline as shown in Fig. 7-1. The 

position of a point on the surface of pipeline is identified by angle α, which starts from the positive 

direction of x-axis and rotates in counter-clockwise direction. 

2D Reynolds-Averaged Navier-Stokes (RANS) equations with a low-Reynolds-number k-ω 

turbulence model closure (Wilcox 1994) are employed to simulate the oscillatory flow. The RANS 

equations and the equation of k and ω are solved using a streamline upwind finite element method. 

Details of the turbulent flow model and boundary conditions can be found in Zhao et al. (2007).  

It is assumed the porous fluid is governed by Darcy’s law. Laplace equation is solved by finite 

element method to determine pore pressure in the soil. The Laplace equation is given as, 

02

2

2

2

=
∂
∂

+
∂
∂

y
p

x
p

  (7.4) 

At each computational time step, the flow field above the seabed is calculated firstly by solving the 

two dimensional RANS equations. Then the pressure distribution on the seabed is used as boundary 

conditions to solve the porous pressure in the seabed. Hydrodynamic forces acting on the partially 

buried pipeline is calculated by integrating the pressure distribution around the pipeline surface and 

the shear stress on the exposed part of the surface. An et al. (2009) demonstrated that the magnitude 

of seepage flow velocity is a few orders of magnitudes lower than that of the oscillatory flow above 

seabed. So the effect of seepage flow on the flow above the seabed is neglected here. 

7.3 NUERICAL RESULSTS 

The numerical model used in this study is judged to be suitable for the present simulation 

work based on the validation work reported by An et al. (2009). A computational domain of 60D in 
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length and 10D in height is chosen based on the domain size dependence study reported by An et al. 

(2009). The cylinder is located in the middle of the domain in the flow direction. A semi-circular 

domain of diameter of 20D is used for solving the Laplace equation in the seabed. The 

computational domain is discretized by structured 4-node quadrilateral elements as shown in Fig. 

7-2 (e1/D = 0.5 and e2/D = 0.3). The total number of mesh nodes for the computation mesh shown in 

Fig. 7-2 is 27,018. High density mesh is employed around the solid boundaries to ensure the 

accuracy of the boundary layer flow prediction. The exposed part of the pipe surface is discretized 

by 200 nodes and the minimum element size in the radial direction next to the pipeline surface is 

0.0001D. The buried part of the pipe surface is discretized by 100 elements. A non-dimensional 

time step of Um∆t/D = 0.001 is used in the calculation, with Um being the maximum of the flow 

velocity at the level of y/D = 0.5 (on the top of the cylinder). It was found from simulations that 

flow around the pipeline is fully developed after about 5 periods of flow simulation The simulation 

for each of the cases investigated in this study is terminated at the 20th period.  

7.3.1 Flow structure 

Sumer et al. (1991) investigated the effect of a plane boundary on a circular cylinder in 

oscillatory flow. The experimental results showed that the flow structures in two successive halves 

of flow period are symmetric to each other. This flow structure was referred to as half-period-

symmetric. The half-period-symmetric flow structure was also found for pipeline partially buried in 

a plane seabed and subjected to oscillatory flow (An et al., 2009). It is found in this study that the 

half-period symmetry flow structure breaks up due to the uneven seabed. Fig. 7-3, Fig. 7-4 and Fig. 

7-5 show the vorticity contours of flow for KC = 20 with e1/D = 0.02 and e2/D = 0.1, 0.5 and 0.98. 

Positive vortices (rotating in counter-clockwise direction) are plotted with solid line and negative 

vortices (rotating in clockwise direction) with dash line. In Fig. 7-3 (a) vortex A was shed in the 

previous period of flow and is being washed to the right side of the pipeline. Vortex B is developed 

in the first half of flow period (10.0 < t/T <10.5) and vortex C is developed in the second half of 

period (10.0 < t/T <10.5). Both of vortices B and C are shed at flow reversals. The flow structures in 

the first and the second half of period are nearly symmetric since the difference between e1 and e2.is 

small (|e1 - e2|/D = 8%). The degree of asymmetry of flow structures in two succeeding halves of 

flow period increases with the increase of the |e1 - e2|/D. The typical vorticity contours of KC = 20, 

e1/D = 0.02, and e2/D = 0.5 are presented in Fig. 7-4, in which the vortices shedding process is 

similar to that shown in Fig. 7-3. However the asymmetry of flow structures in the first and the 

second half periods of the flow are obvious. With further increase of embedment depth on the right 

side of the pipeline, the vortices generated from the right side of the pipeline become even smaller. 

The typical vorticity contours of KC = 20, e1/D = 0.02, and e2/D = 0.98 are presented in Fig. 7-5. 
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Vortex A in Fig. 7-5 (a) was shed in the previous half of period. It is swept over the pipeline after 

the flow reversal. Vortex B is formed at the right side of the pipeline as shown in Fig. 7-5 (b), and it 

is shed from pipeline shortly after it was generated. Vortex A and vortex B form a vortex pair and 

convect away towards the right side of the pipeline (Fig. 7-5 (c)). Then no obvious vortex structure 

exists around the pipeline until t/T = 10.7 (Fig. 7-5 (h)), when vortex C is developed on the left side 

of the pipeline in the succeeding half period. 

7.3.2 Pressure distribution 

Fig .7-6 shows the evolution process of pressure distribution on the pipeline surface of KC = 

20, e1/D = 0.02 with three e2/D values (0.1, 0.5 and 0.98), corresponding to the flow structures 

shown in Fig. 7-3, Fig. 7-4 and Fig. 7-5. The pressure coefficient is defined as 
25.0/)( mrp UppC ρ−= , where pr is the pressure at reference point with α = π on the pipeline 

surface. 

The following features are found in Fig. 7-6. Firstly, on the left side of the pipeline and below 

the reference point, the pressure distributions of these three cases are almost the same because of the 

identical geometry. On the other part of the pipe surface, the amplitude of pressure coefficient 

decreases with the increase of e2/D, mainly because of the reduction of the intensity of vortices as 

discussed in previous section. Secondly, the stagnation point, corresponding to the maximum value 

of Cp, switches to the right hand side of the pipeline before the flow reversal as shown in Fig. 

7-6(e), where t/T = 10.4. Similar phenomenon was reported by Sumer et al. (1991) for a cylinder in 

oscillatory flow and close to a plane boundary. Thirdly, for the case of e2/D = 0.98, the pressure on 

the invert part of the pipeline is nearly uniform. 

7.3.3 The in-line force and lift 

In this study, the horizontal and vertical components (Fx and Fy) of the total hydrodynamic 

force acting on the pipeline are normalized as: 

)5.0/( 2
mxx DUFC ρ=   (7-5) 

)5.0/( 2
myy DUFC ρ=   (7-6) 

where ρ is the density of the fluid. 

The effect of embedment depth on the time histories of Cx and Cy are examined. Fig. 7-7 

shows the calculated time histories of Cx and Cy of the three cases discussed in the previous two 
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sections. The following features are found here. Firstly, the amplitudes of Cx and Cy decrease with 

the increase of e2/D. This is because the shelter effect of the seabed on the pipeline increases with 

the increase of e2. Secondly, the peak values of Cx and Cy in the two succeeding half periods are 

different due to the asymmetric flow structures induced by the uneven seabed. Thirdly, high 

frequency oscillations are found in the time history of Cy (as shown in Fig. 7-7 (b)), which is due to 

the interaction between the vortices and the pipeline. For example, the first sharp peak value of Cy 

of e2/D. = 0.1 (Fig. 7-7 (b)) is induced by the vortex A shown in Fig. 7-3 (b) sweeping over the 

pipeline. There is no vortex being washed over the pipeline in the second half of the period for case 

of e1/D = 0.02, e2/D = 0.98, KC = 20 (see Fig. 7-5 (f)). So, no high frequency component is 

observed in the second half period of Cx and Cy of this case shown in Fig. 7-7. 

The peak values of Cx and Cy of a partially buried pipeline are defined as Cxm and Cym 

respectively. These peak values are presented in the form of Cxm/Cxm0 and Cym/Cym0, where Cxm0 and 

Cym0 are the peak values of Cx and Cy of a fully exposed pipeline (e1 = 0 and e2 = 0). Three cases 

with KC = 10, 20 and 30, e1 = 0 and e2 = 0 are calculated. Fig. 7-8 shows the comparison of 

computed Cxm0 and Cym0 with the experimental data by DHI (1986). The numerical results agree 

well with the experimental data. The difference between the numerical and experimental results is 

within 10% for the three KC numbers.  

Fig. 7-9 shows the variations of Cxm/Cxm0 and Cym/Cym0 with e2. The data connected by solid 

lines are the peak values in the first half of a flow period (flow goes from left to right), and the data 

connected by dashed lines are the peak values in the second half of a flow period (flow goes from 

right to left). A general trend found in Fig. 7-9 is that peak values of the inline force and lift reduce 

with the increase of e2. Fig. 7-9 (a) shows Cxm/Cxm0 of cases with e1/D = 0.02. The results of KC = 

20 and KC = 30 are approximately identical, while the results of KC = 10 show distinctive 

difference, especially for the peak values in the second half period. For the values of Cym/Cym0 

shown in Fig. 7-9 (b), the results of these three KC numbers show similar trend, which is the peak 

values in the first half period are larger than that in the second half period. The Cxm/Cxm0 values of 

cases with e1/D = 0.5 are plotted in Fig. 7-9 (c). Once again the results of KC = 10 are slightly 

different from that of KC = 20 and 30. Fig. 7-9 (d) shows Cym/Cym0 of the first half of period is 

relative smaller for e2/D = 0.1, while for e2/D ≥ 0.3, the values of Cym/Cym0 in the two halves of flow 

period are almost the same and reduce linearly. 

7.3.4 Fourier decomposition.  

Time histories of Cx and Cy are important for the dynamic design of submarine pipelines. 

Traditionally, the drag coefficient (CD), inertia coefficient (CM) and lift coefficient (CL) based on 
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Morison equations (Morison et al., 1950) are used to predict the time history of inline force and lift. 

The Morison equations are given as  

)(
4

|)(|)(
2
1 2 tUCDtUtUDCF MDx

&ρπρ +=   (7-7)  

)(
2
1 2 tUDCF Ly ρ=

  (7-8) 

These two equations have been broadly used in offshore engineering to predicate the wave 

loading on pipelines and other structures due to its clear physical meaning and simple format 

(Sarpkaya 1979, DHI 1986, Jacobsen 1988 and Jacobsen, et al. 1989). The capacity of Eq. (7-7) of 

predicting the inline force depends heavily on KC number. For KC < 4 (inertial dominated region), 

the error of the predicted force is small, while the prediction for higher KC number conditions is 

less satisfactory (Justesen 1989). Eq. (7-8) was often used to predict the lift force under the 

condition of pipeline mounted on a plane boundary (DHI 1986; Neill et al., 1998). The lift predicted 

by Eq. (7-8) has obvious error in magnitude, phase angel relative to the free stream velocity, 

especially when it is applied to combined oscillatory and steady flow (DHI 1986).  

Fourier decomposition was used (DHI 1986 and Fyfe et al. 1987) to analyse the inline and lift 

force of pipelines mounted on a plane boundary. It was demonstrated that the first to the fifth order 

Fourier coefficients made the most important contribution to the force, and the contribution of 

components of orders higher than fifth were negligible.  

In this study, the Fourier coefficients of all the cases calculated are given for more accurate 

prediction of hydrodynamic forces. The time history of Cx can be expended as Fourier series as 

following: 
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where AN and BN are the coefficients of the Fourier series, N is the order of Fourier series. The value 

of AN and BN are calculated according to the orthogonality of trigonometric function as:  
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then Eq. (7-9) can be rewritten in the form of amplitudes and phase angles as:  
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where CN = (AN
2+BN

2)0.5 and phase angle ΦN = tan-1(BN/AN). The Fourier coefficients of Cy can be 

calculated by the same way. 

Fig. 7-10 show the time history of Cx and Cy for KC = 20, e1/D = 0.02 and e1/D = 0.1 

compared with the results predicted by different orders (N) of Fourier coefficients. As expected, the 

accuracy increases with the increase of N. The results predicted with N = 2 and N = 4 show obvious 

difference from the calculated numerical results. The results predicted with N = 6 and N = 8 show 

satisfactory agreement with the numerical results. Errors of time histories predicted by Fourier 

coefficients are examined. The error of predicted inline force and lift are calculated as: 

∫∫ −=
T

x

T

xpxx tCtCC
00

d||d||ε   (7-13) 

∫∫ −=
T

y

T

ypyy tCtCC
00

d||d||ε   (7-14)  

where Cxp and Cyp are the predicted inline force and lift, respectively. The results are presented in 

Fig. 7-11, in which it can be seen that in the range of 2 ≤ N ≤ 15, εx and εy reduces quickly from 

10% to about 0.2%. With further increase of N, the reduction of error is slow. Similar features are 

found in the results of other cases calculated in this work.  

The accuracy and complexity of time histories predicted by Fourier coefficients increase at the 

same time with the increase of N. Too many orders coefficients make the Fourier decomposition 

method difficult for engineering applications. Fig. 7-11 shows that the Fourier series with N = 6 

predicts the inline force and lift with an error of about 4%. So the first six orders of coefficients are 

presented in the present work. 

The zero order components correspond to the average of Cx and Cy. The first order 

components, which have the same frequency as the oscillatory flow, are caused by the variation of 

the free stream velocity. The second order components have the same frequency as that of wake 

development, which reflect the effect of development of wakes on the hydrodynamic forces. Higher 

order components are attributed to the interaction between the vortices and pipeline. It is difficult to 

identify the physical meaning of the components with an order higher than two. 

When a pipeline is located on a plane boundary and subjected to oscillatory flow, all the even 

orders of amplitudes (C0, C2, ··· C2N) of Cx and all odd orders of amplitudes of (C1, C3, ··· C2N+1) of 

Cy are theoretically equal zero (DHI 1986). This feature also applies to the pipelines partially buried 
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in a plane seabed and subjected to oscillatory flow. Fig. 7-12 shows the variation of Fourier 

coefficients of Cx (e1/D = 0.02). Non-zero even orders amplitudes (C0, C2, C4 and C6) are found 

because of the uneven seabed. It is also found the even order amplitudes increase with the increase 

of seabed level difference (|e1-e2|/D). The odd order amplitudes (C1, C3 and C5) decrease with the 

increase of e2/D because of the increase of shelter effect of the seabed on the pipeline. The phase 

angles show strong degree of scatter. Fig. 7-13 shows the Fourier coefficients of Cy of cases (e1/D = 

0.02). The trends found in Fig. 7-13 are opposite to that found in Fig. 7-12. The odd order 

amplitudes (C1, C3 and C5) increase with the increase of seabed level difference, while the even 

orders of amplitudes (C0, C2, C4 and C6) decrease with the increase of e2/D due to the shelter effect 

of the seabed on the pipeline.  

Fig. 7-14 shows the Fourier coefficients of Cx of cases with e1/D = 0.5. The major feature of 

the odd orders of amplitudes (C1, C3 and C5) is to decrease with the increase of e2. This is the same 

as that shown in the corresponding figure of Fig. 7-12. The minimum of even orders of amplitudes 

is found at e2/D = 0.5. This is because at e2/D = 0.5, the seabed is a plane boundary (e1/D = 0.5), 

where the even order amplitudes are close to zero. Fig. 7-15 shows the Fourier coefficients of Cy of 

cases with e1/D = 0.5. The even orders of amplitudes (C0, C2, C4 and C6) decrease with the increase 

of e2/D. The odd order amplitudes (C1, C3 and C5) decrease with the increase of e2 for e2/D < 0.5, 

and then increase gradually with the increase of e2. 

7.4 CONCLUSIONS 

In this study, pipeline partially buried in an uneven seabed and subjected to oscillatory flow is 

simulated numerically. Two dimensional RANS equations and Laplace equation are solved to 

simulate flow around a partially buried pipeline. Flow structures around and pressure distributions 

on the pipeline are discussed. The extreme force coefficients are presented in a relative form based 

on the extreme force coefficients of a fully exposed pipeline. Then the inline force and lift are 

decomposed into Fourier series and the Fourier coefficients are presented. The major findings of the 

present study can be summarized as follows: 

1. Flow structures around the pipeline are asymmetric due to the difference of seabed 

levels on the two sides of the pipeline. The degree of asymmetry increases with the 

increase of |e1-e2|/D.  

2. Obvious difference exists between the hydrodynamic forces experienced by the 

pipeline in two succeeding halves of a period due to the asymmetric flow structure 
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around the pipeline. The peak values of inline force and lift reduce as e2/D increase for 

all values of e1 examined in this study.  

3. The inline and lift forces are presented in the form of Fourier series. Six orders of 

Fourier coefficients are given. Higher orders coefficients are negligible for 

engineering applications. The error in the predicted time series by sixth-order Fourier 

series is about 4%.  

4. For the inline force, the even order amplitudes (C2N) increases with the increase of 

Dee /|| 21 − , while the odd order amplitudes (C2N+1) decrease with the increase of 

e2/D. No obvious trend has been found for the phase angle (ΦN). 

5. For the lift, the odd order amplitudes (C2N+1) increases with the increase of 

Dee /|| 21 − , while the even order amplitudes (C2N) decrease with the increase of e2/D. 

No obvious trend was found for the phase angle (ΦN). 
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Fig. 7-1. Definition sketch of pipeline partially buried in an uneven seabed. 
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Fig. 7-2. Mesh around the pipeline (e1/D = 0.5 and e2/D = 0.3). 
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Fig. 7-3. Evolution of vortex motions of case of e1/D = 0.02, e2/D = 0.1, KC = 20. 
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Fig. 7-4. Evolution of vortex motions of case of e1/D = 0.02, e2/D = 0.5, KC = 20. 
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Fig. 7-5. Evolution of vortex motions of case of e1/D = 0.02, e2/D = 0.98, KC = 20. 
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Fig. 7-6. The pressure evolution of pressure distribution along the pipe surface (KC = 20, e1/D = 

0.02).
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Fig. 7-7. The time history of inline and lift forces (e1/D = 0.02, KC = 20). 
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Fig. 7-8. The peak values of inline and lift force fully exposed pipelines (e1/D = 0 and e2/D = 0). 
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Fig. 7-9. The relative peak values of inline and lift forces. 
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Fig. 7-10. The calculated time history of inline and lift force compared with the time histories 

predicted by Fourier coefficients (e1/D=0.02, e1/D = 0.1, KC = 20). 
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Fig. 7-11. The error of the inline force and lift predicted by Fourier coefficients (e1/D=0.02, 

e1/D=0.1, KC = 20). 
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Fig. 7-12. The Fourier coefficients of Cx of cases with e1/D = 0.02. 
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Fig. 7-13. The Fourier coefficients of Cy of cases with e1/D = 0.02.
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Fig. 7-14. The Fourier coefficients of Cx of cases with e1/D = 0.5. 
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Fig. 7-15. The Fourier coefficients of Cy of cases with e1/D = 0.5. 





 

8.1 

 

8 FUTURE WORK  

According to the research work carried out in this thesis, the following issues are 

recommended for future work: 

1) 3D steady streaming around a circular cylinder in oscillatory flow.  

It has been known the oscillatory flow around a circular cylinder remains to be 2D 

for very low KC number or very low b number. When the oscillatory flow transits to 

three-dimensional, the steady streaming will transits to 3D correspondingly. A few 

cases with thee-dimensional steady streaming have been presented in thesis (KC = 2 and 

KC =10), However a systematic investigation about 3D steaming is still missing. The 

3D finite element model used in Chapter 4 and Chapter 5 can be used to solve this issue. 

2) The effect of steady streaming on scour and sediment transport. 

Previous research work shows steady streaming has strong effect on scour and 

sediment transport around offshore structures. This issue can be solved by combined the 

finite element models with a scour model. 

3) The hydrodynamic forces on pipelines partially-buried in poro-elastic seabed. 

The research work in Chapter 6 and Chapter 7 was carried out based on the Darcy’s 

law, and the seabed was considered rigid. This model can be improved by considering 

the compressibility of soil and seepage fluid. This question can be solved by solving the 

consolidation equations. 
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