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Abstract

There are a variety of systems which form patterned states, in which one or

more of the order parameters describing the system are not uniform. Typ-

ically in these systems energies that favor uniformity of the order param-

eters and those favoring inhomogeneity compete leading to the formation

of stripes or bubbles, although more complex patterns have been observed.

Examples of pattern forming systems include superconducting and non-

superconducting phases in type I superconductors; chemical composition

in Langmuir Blodgett films; polarization in ferroelectric films; surface re-

construction in semi-conductor surfaces and the magnetization direction in

thin films. This thesis examines pattern formation in thin magnetic films

using Monte Carlo simulations. These magnetic systems are particularly

interesting due to the fine control of composition that is possible allowing

for the fabrication of films that closely match theoretical results obtained

from two dimensional models.

Using Monte Carlo statistics, the effects of varied temperature on two dif-

ferent pattern forming magnetic systems have been investigated. The first

consists of a spiral structure, referred to as a Skyrmion. Under the influence

of an external applied field these Skyrmions form a close-packed hexagonal

structure. It is shown that that a morphological description of this state in

terms of numbers of Skyrmions is more stable against thermal fluctuations

than measures of chiral structure. More specifically we have shown that the

phase transition out of the ordered hexagonal state is driven first by small

fluctuations of the Skyrmion profile and then by long spatial fluctuations.

The second spatial structure studied here is stripe formation. In thin films,

with strong anisotropy acting perpendicular to film surface, perpendicular

magnetization can form a regular series of stripes. In this system the way



that domain morphology is affected by changes in higher order anisotropy

terms, and by the inclusion of non-magnetic defects, is investigated. It is

found that the defects modify details of the phase transition. Specifically,

wall fluctuations are strongly modified, and the manner in which spins re-

orient depend strongly on defect density relative to anisotropy.

Monte Carlo solutions can be computationally intensive, particularly for

the systems studied here in which there are many degrees of freedom. In

order to perform such simulations a high performance implementation was

required. Much of this project comprised of creating new algorithms to

exploit the parallel execution possible on programmable GPU chips found

in modern graphics cards.
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Chapter 1

Preface

Beyond their utility in data storage systems, magnetic thin films can act as excellent

model systems for studying a myriad of general phenomena including phase transitions,

pattern formation, reduced dimensionality, and interface dynamics. This thesis focuses

on systems in which the magnetization forms regular non-uniform patterns at zero

temperature. During the course of this work custom computer code has been developed

by the author and subsequently applied to two pattern forming systems: alternating

stripe domains and chiral vortices known as Skyrmions. In the case of Skyrmions

we investigate the relationship between morphological and chiral measures of ordering

during the melting transition. In the case of stripes we investigate the ways that domain

morphology is affected by changes in higher order anisotropy terms and by the inclusion

of non magnetic defects. By providing an efficient simulation method this work opens

the way for future developments.

1.1 Motivation

While interesting in their own right, the motivation to investigate these particular pat-

terned systems arises in part from the historical interest in general two dimensional and

pattern forming systems. Although all real systems are truly three dimensional, there

exist a number of systems where the degrees of freedom are constrained due to internal

interactions, composition or shape. Often the dynamics in the constrained directions

are sufficiently uniform such that one or two dimensional descriptions are appropriate.

Examples of two dimensional systems include semi-conductor insulator hetero-junctions

1



1. PREFACE

(1), two dimensional crystals such as graphine (2, 3), thin films of super fluid helium

(4, 5), amphiphilic surface films (6) and ferromagnetic films. In the study of statistical

physics, one and two dimensional systems are an area of significant theoretical interest.

In particular the existence and nature of phase transitions in two dimension has been

a rich and sometimes contentious subject (7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17).

The conceptual interest in low dimensional systems stems largely from the fact that

often they fall between the upper and lower critical dimensions for a particular model.

For each model there will be a dimension above which the Ginzburg criterion (18) is

satisfied and the results of mean field theory become exact (19). The lower critical

dimension is the dimension below which long range order cannot form at finite temper-

ature. In low dimensions the lower dimensionality of the most general symmetry group,

R2 o O(2) or R o O(1), means that the effects of thermal fluctuations are enhanced

(12, 20, 21, 22) 1. For models with discrete symmetry (for example the Ising model)

phase transitions can occur for all dimensions d > 1 (19). For systems with contin-

uous symmetry thermal fluctuations can destroy order at lower temperatures and for

many cases phase transition can occur only for d > 2. It was originally thought that

reduced dimensionality suppresses spontaneous ordering at all non-zero temperatures

(12), however, these arguments were not in agreement with computer simulations and

higher order analytic expansions (7, 9). Careful scrutiny of these results led to the

discovery of divergences in the two dimensional XY model associated with the appear-

ance of topological excitations in the form of vortices (9, 23, 24). These results lead to

the BKT theory of melting (25, 26) and the general theory of phase transitions in the

absence of a broken symmetry (so called infinite order phase transitions). It is often

the dynamics of a model between these upper and lower dimensions that is of the most

interest, ordered phases are possible but mean theory is not exact. In particular the

appearance of ordering may depend greatly on the choice of field (15, 17) and the finite

dimensions of the system (27, 28).

The magnetic films considered here are sufficiently thin that magnetic ordering can be

considered constant across the film width. These magnetic thin films are particularly

interesting two dimensional systems due to the fine control of composition that is now

possible, (29) allowing of for the fabrication of films that closely match two dimen-

sional theories (30, 31, 32, 33). Beyond the significant theoretical interest, the creation

1Conceptually one imagines that there are less degrees of freedom able to absorb energy.
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1.2 Outline

of small scale magnetic structures and composite materials has been instrumental in

the miniaturization of many electronics products. Magnetic films are currently used

in radio frequency inductors (34, 35), microwave noise filters (36), DC/DC converters

(37, 38) and the the majority of non volatile storage media (39, 40, 41, 42). In the future

magnetic films present significant potential for future technologies (36, 37, 40, 41, 42).

There are a variety of systems which form patterned states, in which one or more of

the order parameters describing the system are not uniform (43, 44). Examples in-

clude stripes and bubbles, formed between superconducting and non-superconducting

phases in type I superconductors (45, 46); chemical composition in Langmuir Blodgett

films (47); polarization in ferroelectric films (48) and surface reconstruction in semi-

conductor surfaces (49). In these cases the dominant length scale of patterns varies

from hundreds of angstroms (49) to tens of micrometers (45, 46). These mixed states

represent an area of continued theoretical interest. Unlike conventional uniform states,

in which phase transitions are driven by fluctuations of microscopic elements around

their mean values, mixed states can support transitions driven by fluctuations in their

emergent structures. For thin magnetic materials structures in the magnetization have

been suggested as possible candidates for future data storage devices (50, 51).

1.2 Outline

In this thesis we describe the thermal evolution of Skyrmions and stripes. In order to

do so the connection between microscopic and macroscopic variables is established by

considering a weighted ensemble of microscopic states. There are only a small number

of models where this sum is exactly solvable1. For all other cases, including those we

study here, some series of approximations is necessary to gain insight into effects of

temperature. In addition to analytic approximations, much insight has been gained

through the use of computer simulation. In cases where the time varying evolution of a

system is not of interest, systems in equilibrium, one of the most widely used approxi-

mation techniques is importance sampling Monte Carlo (27, 52, 53, 54, 55, 56, 57, 58).

Here one uses pseudo-random numbers to generate an ensemble of micro-states repre-

sentative of those used in a hypothetical exact solution. Monte Carlo solutions can be

1A good summary of those models that are exactly solvable or for which a great deal of information
can be extracted using analytic techniques can be found in reference (19).

3



1. PREFACE

computationally intensive, particularly for systems with many degrees of freedom, and

a need exists for high performance implementations. In order to achieve rapid compu-

tation we developed code exploiting the emerging field of general purpose programing

on graphics processing units (GPGPU) to perform Monte Carlo simulations.

The thesis is presented in two parts. The results of our simulations are presented in a

style suitable for academic journals and form the bulk of the material in chapters 5 to 7.

Since these chapters are concise and self contained they assume knowledge of magnetic

modeling, statistical physics and the assumptions underlying Monte Carlo simulations.

In order to present the work at a level suitable for a general reader (and hence the level

appropriate for academic dissertation) the requisite background material is included in

the first part of the thesis, comprising chapters 2 to 4. In chapter 2 the models used to

describe thin films are introduced and the physical origin of the various energies that

exist in magnetic films is explained. A simple description of how competition between

these energies stabilize modulated phases is then given. Chapter 3 briefly describes

the formulation of statistical physics including the approximation of observables using

Monte Carlo Simulation. In particular, equations assumed in chapters 5 to 7 are de-

rived here. Chapter 4 discusses several factors integral to the implementation of Mote

Carlo, including a description of GPGPU programming. The second part of the thesis

consists of three articles 1:

Chapter 5 presents the paper ‘Melting of hexagonal Skyrmion states in chiral mag-

nets’, in which we investigate the melting of hexagonally packed Skyrmion Lattices.

Chapter 6 discusses the challenge associated with simulating systems with long range

interactions before presenting the paper ‘Monte Carlo Simulation of the Effects of

Higher Order Anisotropy on the Spin Reorientation Transition in the Two Dimensional

Heisenberg Model with Long Range Interactions’. In this paper we propose a stream

processing algorithm for computing Monte Carlo spin flips in systems with long range

interactions. This algorithm is used to investigate the effects of fourth order anisotropy

on phase transitions in a two dimensional striped system.

Chapter 7 presents the paper ‘Stripe Pinning and Reduction of In-plane Magnetic

Order due to Periodic Defects in Thin Magnetic Films’, where we simulate the effects

of including non-magnetic defects on the phase transitions in the striped system.

Each article is prefaced with a foreword describing how the contents relate to the overall

1Appendices to these article are collected in a single chapter directly preceding the reference list.

4



1.2 Outline

goals of the project. Finally we conclude the thesis in chapter 8 by summarizing the

project and offering concluding remarks before noting some of the limitations of the

current work and proposing future research directions made possible by the advances

in this thesis.
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Chapter 2

Models for Magnetic Materials

In this chapter we discuss the assumptions underlying the models used in chapters 5, 6

and 7. Having established the suitable description of the system we explain the physical

origin of the terms that appear in the Hamiltonians used through out the thesis. Finally

we explain how competition between these energy terms leads to pattern formation.

2.1 Magnetic Materials

In classical electromagnetism the magnetic field strength ~H represents the contribu-

tion to the Lorentz force between charged particles that are moving (59). Even in the

absence of electric current there are magnetic fields created by the orbital and spin an-

gular momentum of electrons in a solid. For the majority of materials these magnetic

fields cancel. However, in the presence of an external magnetic field these internal fields

can order, and the material becomes magnetically polarized. The magnetic polariza-

tion (magnetization) of a material ~M represents the density of magnetic dipoles in a

material. The relationship between ~H and ~M defines the magnetic flux ~B according to

~B = µ0( ~H + ~M). (2.1)

The response of a material to an applied magnetic field is known as the susceptibility χ,

~M = χ ~H. Most materials do not respond strongly to magnetic fields. These materials

are considered diamagnetic or paramagnetic. In diamagnetic materials electron spins

are compensated and in the presence of an externally applied field the orbital angular

7



2. MODELS FOR MAGNETIC MATERIALS

momentum of electrons creates magnetic moments that oppose the field (60). Diamag-

netic materials are characterized by very weak negative susceptibility. Paramagnetic

materials are those for which uncompensated spins are free to align in any direction.

In the presence of an applied field paramagnetic materials have very weak positive sus-

ceptibility.

Magnetic materials are those in which uncompensated electron spins exist and order-

ing of magnetic moments across many atomic sites is possible in the absence of an

applied field. The most well known magnetic materials are ferromagnetic materials, in

which an applied field leads to strong parallel magnetization that remains even after

the field is removed. In addition to ferromagnetic materials, a large variety of micro-

scopic magnetic orderings (60, 61, 62, 63, 64, 65) and long range spatial structures

(66, 67, 68, 69, 70, 71, 72, 73, 74) of the magnetization have been observed.

2.2 Phenomenological and Ab Initio Models

Typical solids can be described by a unit cell, consisting of various atomic sites, (not

necessarily of the same element) that are repeated to form a large lattice. In magnetic

materials the interactions between electrons lead to long range magnetic order across

many unit cells. The electrons in periodic crystals obey the laws of quantum mechanics

and are not confined to a single site or unit cell. In particular, as fermions, one expects

electrons to obey the Pauli exclusion principal (75) and a complete description would

be a series of occupation numbers of available energy eigenstates in the system. As

a many body problem, determining the form of energy eigenstates in such systems is

highly non-trivial. Despite this, a large variety of methods have been developed to

tackle many electron problems. These approaches range from simple approximations,

such as tight binding or nearly free electron models, to sophisticated techniques, such

as density functional theory (76, 77, 78) and Hartree-Fock theory (and its descendants)

(75, 79, 80). Such approaches can reasonably be described as ab initio (literally from

beginning), as they attempt to calculate the properties of a system from first principles.

These approaches are often highly technical and computationally intensive, especially

in the case of magnetic systems where we expect only a small number of the electrons

to contribute to magnetic ordering.

In many cases of interest however, a great deal of insight can be gained by considering

8



2.2 Phenomenological and Ab Initio Models

phenomenological formulations in which a description of the properties of individual

electrons is not required. In these cases the system is described by the vector field

~M(~x) (the magnetization) that represents the local density of uncompensated magnetic

dipoles in the material. The Hamiltonian is now a function of ~M(~x) rather than the

quantum state of the electrons. In the systems investigated in this thesis we will be

concerned with pattern formation and bulk properties of the magnetization and so a

phenomenological description of our system will be appropriate.

2.2.1 Lattice Models and the Low Temperature Approximation

The most general choice for ~M would be a general three vector ~M ∈ R3. In real systems

the finite number of electron spins means that the magnetization has a maximum

magnitude, the saturation magnetization Ms, which occurs when all magnetic spins

align. If we are interested in phases that are locally ferromagnetic then ~M can be

represented by a vector of fixed magnitude (the saturation magnetization). In this case

~M(~x) = Msŝ(~x) with ŝ(~x) a unit vector. This description is essentially a separation of

length and energy scales. The assumption is that the ferromagnetic exchange coupling

(discussed below in section 2.3.1) is sufficiently strong compared to the other energies

that, at low temperature and over a small volume V0 centered at ~x, fluctuations in the

magnetization are small enough that the state is saturated, this is the low temperature

approximation. Depending on the system being described ~si can be allowed various

symmetries; ~si ∈ S0 ∼= Z2 are referred to as Ising spins; ~si ∈ S1 as X − Y or planar

spins and ~si ∈ S2 as Heisenberg spins.

In order to perform computer simulations one must select some choice of basis to

represent ~M(~x). The simulations considered here use lattice models, in which a material

is represented by a space filling lattice. Letting i index the lattice, a vector ~Mi is

assigned to each lattice vertex to represent the magnetization. The implicit assumption

in changing from a continuum to a lattice model is that an average is taken over a

small volume, V0, centered at a lattice site i. This provides the theory with a so called

‘ultraviolet cutoff’, any structure in the field ~Mi on a length scale shorter than the

lattice spacing cannot be represented on the lattice. When making the low temperature

approximation this ultraviolet cutoff is compatible with our assumption of low energy

(long spatial period) fluctuations.

9
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2.3 Energies

Here we present an explanation of the various energy terms that will appear in the

models simulated. From this point onwards expressions given on cubic (or square)

lattices, will have vertices labeled by a single character (i = (ix, iy, iz) for cubic lattices

or i = (ix, iy) for square lattices).

2.3.1 Exchange Energy

The exchange energy arises from purely quantum mechanical considerations, it is a

manifestation of the Pauli exclusion principle. If one starts with two independent

particles, the solution to the combined Hamiltonian (neglecting any interaction) can

be written in terms of symmetric and anti-symmetric wave products of the individual

electrons. If one includes spin and considers a totally anti-symmetric product of wave

functions (antisymmetric since electrons are fermions (81)) perturbation theory can be

used to calculate the energy eigenfunctions. There will, in addition to the Coulomb

and overlap integral terms, be a term dependent on the relative spin quantum numbers

(75). As a result, in certain materials, it is energetically favorable for electrons in

specific orbitals of neighboring atoms to have the same spin direction. We can write

the effective energy as

EEX = J

∫
V

d3r (∇ ~M)2 (2.2)

where
∫
V d3r indicates integration over the whole sample. On the lattice this is written

EEX =
J

2

∑
〈i,j〉

~si · ~sj (2.3)

where we have used 〈...〉 to indicate that the some is taken only over nearest neighbors

and J is negative.

The energy terms present when modeling a material should be invariant under the

symmetry transformations of the underlying crystal group. Of particular interest here

will be the B20 crystal compounds. Several unit cells of a B20 compound are shown

in Fig. 2.1, where it is clear that there are no planes in which a reflection leaves the

crystal unchanged. Based purely on symmetry arguments Dzyaloshinsky determined

that, in the absence of inversion symmetry, expansions of the free energy should include

what were referred to as ‘mixed terms’ (82). Subsequently Moriya showed that when
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Figure 2.1: B20 crystal viewed from different directions. Clockwise from top left: [1,1,1]
direction, [1,0,0], [0,0,1],[0,1,0].

spin orbit coupling is included in exchange calculations the same mixed terms can be

derived (83) and that the terms cancelled in systems with inversion symmetry. These

terms define what is now known as the Dzyaloshinsky-Moriya coupling which can be

written

EDM = K

∫
V

d3r ~M · (∇× ~M). (2.4)

On a lattice these energy terms can be written (84)

EDM =
K

2

∑
i

(~si× (~si+x̂−~si−x̂) · x̂+~si× (~si+ŷ−~si−ŷ) · ŷ+~si× (~si+ẑ−~si−ẑ) · ẑ) (2.5)

where we have used the notation ~si+x̂ to represent the spin at the next vertex in the

positive x direction (with remaining directions addressed analogously).

2.3.2 Dipole Energy

Since V0 is small one can treat the magnetization at a vertex as a point dipole. Consider

the value of magnetization at two locations ~r1 and ~r2. Defining ~r12 = ~r1 − ~r2 then the

magnetic field at ~r1 due to the dipole at ~r2 is

~H(~r1) =
1

4πr3
12

(3 r̂12 · ~M(~r2)r̂12 − ~M(~r2)) (2.6)

11
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The total field at ~r1 due to interactions over the entire system is known as the demag-

netizing field ~HD(~r1) since it is responsible for the creation of domains in ferromagnetic

materials and reduces net surface charge. It is the integral over the magnetic volume,

~HD(~r1) =

∫
V

d3r1
1

4πr3
12

(3r̂12 · ~M(~r2)r̂12 − ~M(~r2)). (2.7)

The demagnetizing energy is then

ED =

∫
V

d3r ~HD(~r) · ~M(~r). (2.8)

For lattice systems we have

ED =
CD
2

∑
i,j

1

r3
ij

(~si · ~sj − 3~si · r̂ij~sj · r̂ij) (2.9)

where CD is a positive constant and ~rij is the vector from site i to site j

2.3.3 Symmetry Breaking Fields and Anisotropy

In some magnetic systems there will be a tendency for the spins to favor certain direc-

tions, due to symmetries of the crystal lattice, the shape of the system or an applied

external field. In the case of the B20 compounds the anisotropy terms consistent with

the crystal symmetries are (85, 86)

EAN =

∫
V

d3r
(
A1((M x)4 + (M y)4 + (M z)4) +A2((∂xM

x)2 + (∂yM
y)2 + (∂zM

z)2)
)

(2.10)

where we have introduced the notation ~M · α̂ = M α. On a lattice these energies are

(84)

EAN = A1

∑
i

(
(~s xi )4 + (~s yi )4 + (~s zi )4

)
+A2

∑
i

(
s xi s

x
i+x̂ + s yi s

y
i+ŷ + s zi s

z
i+ẑ

)
(2.11)

where the notation s xi represents ~si ·x̂. It is also possible to create magnetic materials in

which one direction of magnetization is favored. In thin films the competition between

surface effects and bulk anisotropy (87) can favor either in-plane or perpendicular align-

ment of the magnetization. In particular simulations of the striped system described in

chapters 6 and 7 were performed, in part, to gain insight into measurements in a cobalt
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platinum multilayer (88). Here, hybridization of the electron orbitals at the boundaries

results in a strong perpendicular anisotropy (89). Perpendicular anisotropy is described

by

EAN =

∫
V

d3r A4(M z)2 +A5(M z)4 +A6(M z)6 + ... (2.12)

which is discretized to

EAN =
∑
i

A4(~s zi )2 +A5(~s zi )4 +A6(~s zi )6 + ... (2.13)

As well as directions inherent in the system the spins can also interact with some

external field ~H giving the Zeeman energy

~EZ =

∫
V

d3r ~H · ~M (2.14)

or on the lattice

EZ =
∑
i

~H · ~si (2.15)

2.4 Pattern Formation

While the patterned forming systems mentioned in the introduction vary greatly in

physical composition and the length scales over which patterns form, they all arise

from competing length scales. In each case pattern formation stems from a competition

between energies favoring uniformity and those favoring spatial inhomogeneity (43, 45,

46, 47, 48, 49). In this section we explain how this competition between energies can

lead to the patterned magnetic structures that will be simulated in the thesis.

2.4.1 Magnetic Stripes

Chapters 6 and 7 present simulations of melting in a two dimensional striped system.

In this section we describe how striped domain states can arise from the competition

between dipole coupling and ferromagnetic exchange. To do this we consider a simple

model where the perpendicular anisotropy is sufficiently strong that magnetization is

constrained to point perpendicular to an infinite thin film. This model and subsequent

analysis is analogous to the system described by Kooy and Enz (90), where we assume

that a stripe phase exists in an infinite planar thin film of width D with alternating

13
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domains of width w. We wish to show that for certain ratio of exchange to dipole energy

the minimum energy configuration corresponds to a finite domain width. Take the film

to be in the x − y plane with stripes running parallel to the y direction. Provided

that the domain walls are sufficiently thin when compared to the stripe width they can

be treated as planes, they will have a characteristic energy per unit length in the y

direction. The configuration is show in Fig. 2.2. Averaging over some distance much

  

W

x

z

D

Figure 2.2: Simple model for stripes in a thin film of thickness D with stripe width w.

larger than w in the x direction, the wall energy due to ferromagnetic coupling can be

written

Hwall =
CD

w
. (2.16)

with C some constant that depends on the strength of exchange coupling and the spe-

cific wall profile. The lowest energy occurs when w tends to infinity, which corresponds

to an uniform state. The demagnetizing energy will depend on the demagnetizing field

created by the stripe structure. In order to calculate the demagnetizing field first note

that, in the absence of free currents, Ampere’s law allows for the definition of a scalar

potential U

∇× ~H = 0 =⇒ ~H = −∇U. (2.17)

In order to solve for U we make use of Gauss’s Law

∇ · ~B = µ0∇ · ( ~H + ~M) = 0 =⇒ ∇2U = ρM (2.18)

where we have defined ρM = ∇ · ~M . Since ~M points only in the z direction, ρM is zero

everywhere except at the film surface. The problem has been reduced to a situation

mathematically analogous to solving the electric scalar potential, for charge distribution

ρ, consisting of two planes of alternating charged sheets. Taking the Fourier expansion
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of a square wave, at the surfaces of the film we have

ρM =

{
± 4
πM

∑
n odd−1

n−1
2 cos

(
nπx
w

)
for z = ±D/2

0 otherwise
(2.19)

The magnetic boundary conditions (59) require ~H be continuous across the film bound-

ary, which is equivalent to U being continuous at the boundary. We also require

that the component of ~B perpendicular to the interface remain continuous. Since

~B = µ0(−∇U + ~M) inside the film and ~B = µ0(−∇U) outside the film,

lim
z→(±D/2)−

∇U · n̂∓ lim
z→(±D/2)+

∇U · n̂ = ~M · n̂. (2.20)

Using these boundary conditions equation 2.19 is substituted in equation 2.18 and U

can be found inside the film

U =
∑
n odd

an(−1)
n−1

2 cos
(nπx
w

)
sinh

(nπz
w

)
(2.21)

and

~HD · ẑ =
∑
n odd

an(
nπ

w
)(−1)

n−1
2 cos

(nπx
w

)
cosh

(nπz
w

)
(2.22)

with

an =
16Mw

n2π

(
sinh

(
nπD

2w

)
+ cosh

(
nπD

2w

))
. (2.23)

Letting a = D/(2w) the demagnetizing energy per unit length is then∫ w

−w

∫ D/2

−D/2
dxdz ~H. ~M =

∑
n odd

16M2D

aπ2n3
(−1)

n−1
2

sinhnπa

sinhnπa+ coshnπa
. (2.24)

In Fig. 2.3 we take all free parameters to be unity except for the wall energy per

unit length C which we take to be half. The ferromagnetic energy due to the presence

of the walls favors a uniform configuration (infinite stripe width). The dipole energy

favors the creation of walls due to the reduced demagnetizing energy of alternating

domains. If the strength of ferromagnetic exchange coupling is low compared to the

demagnetizing field then there is a stripe width which corresponds to a balance between

these two competing interactions.
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Figure 2.3: The competing energies as a function of stripe width w. The wall energy is
shown in blue, the dipole energy in red and total in yellow.

2.4.2 Skyrmions

Another example of a patterned state is the spiral or vortex structure known as Skyrmions,

which we consider in chapter 5. Proceeding in an manner analogous to the striped

configuration in the previous section we define a Skyrmion structure and then de-

scribe how the different energies compete. In two dimensions the competition between

Dzyaloshinsky-Moriya and ferromagnetic exchange coupling can lead to the formation

of a helical ground state in which the axes of helices are parallel to the plane (91). In

the presence of a sufficiently strong magnetic field, applied perpendicular to the plane,

helices form with their axes perpendicular to the plane increasing the area of spins

aligned with the field. In order to describe a single vortex with a perpendicular axis we

take the canonical spherical co-ordinates for ~M (i.e. the zenith angle is taken with re-

spect to the z axis). Away from an isolated Skyrmion the magnetization is a described

by a constant zenith angle θ = 0. Taking radial coordinates (ρ, ψ) for ~x a Skyrmion

can be described as a vortex in the azimuthal angle φ(ρ, ψ) = ψ − π/2 modulated by

a radial varying zenith angle θ(ρ, ψ) = θ(ρ) such that θ(0) = π and θ(R) = 0, here

R is the radius of the Skyrmion. Substituting this description into equations 2.2, 2.4

and 2.15, before integrating over ψ gives the energy of a Skyrmion. The profile θ(r)

depends on the competition of three terms. The ferromagnetic exchange is of the form

(92)

Ef = J(∂rθ)
2 +

1

r2
sin θ2 (2.25)

and favors uniform perpendicular alignment of the magnetization. The Dzyaloshinsky-Moriya

coupling is assumed to have a negative coefficient D < 0 (since we have considered a
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right handed spiral) and appears as

Edm = D∂rθ + 2D sin(θ) cos(θ). (2.26)

The first term favors a continuous decrease of θ with increasing r. Since the magnetiza-

tion has a trigonometric dependence on θ, this corresponds to a continuous spiraling of

M z. The second term favors θ = 3π/4. The Dzyaloshinsky-Moriya energy is responsible

for the breaking of inversion symmetry, any reflection corresponds to a transformation

of the Hamiltonian D → −D. The Zeeman energy favors alignment with the applied

field and has the form

Ez = H(cos(θ)− 1) (2.27)

The energy density of a Skyrmion is then Esk = (1/R2)(Ef + Edm + Ez). Esk can be

minimized numerically to give the profile for a single Skymion. For small values of D the

minimum energy occurs when R→∞ and θ = 0 corresponding to a uniform state. For

sufficiently strong Dzyaloshinsky-Moriya coupling the spiral structure is stabilized. In

these cases the Skyrmion represents the lowest possible energy density and the ground

state is formed of hexagonally close packed Skyrmions. An example configuration is

shown in Fig. 2.4.

Figure 2.4: Ground state Skyrmion profiles.
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Chapter 3

Statistical Physics and Monte

Carlo Simulations

In the previous section the origin of the various energies that contribute to the formation

of patterned states was discussed. In chapters 5, 6 and 7 we will be interested in the

effects of temperature on these patterned states. In order to simulate temperature

effects we will utilize Monte Carlo simulations. In chapters 6 and 7 an approximation

for calculating the dipole energy will be introduced to allow for rapid calculation in

systems with long range dipole coupling. As articles prepared for publication, these

chapters are concise and self contained. In particular sections 5.3, 6.3, 6.4 and 7.3

assume familiarity with the Metropolis algorithm (52, 53). In this chapter we do not

attempt to give an in-depth over view of statistical physics or Monte Carlo statistics,

rather we give a brief discussion of the construction of formulae presumed.

3.1 Ensemble Averages

The simulations presented in this thesis will be concerned primarily with approximating

expectation values using equation 3.4, here we give a brief explanation of its derivation.

The goal of statistical physics is to connect a microscopic description of a system to

the macroscopic thermodynamic quantities one measures. To begin, one assumes that

at any particular instant the state of the system is completely specified. Exactly what

this specified state is will depend on the description of the system; for a quantum

system a state is specified by the coefficients of some complete basis. For the magnetic

19



3. STATISTICAL PHYSICS AND MONTE CARLO SIMULATIONS

lattice models described in the previous chapter a state is specified by the direction

of each spin in the lattice. In order to avoid confusion one refers to these states as

micro-states, when specifying a system in terms of thermodynamic averages such as

pressure and temperature the term macro-state is usually used. Since energy must be

conserved, one initially focuses on states with the same energy. From the second law

of thermodynamics we know that the the entropy is an extensive variable (a variable

that is dependent on the system size) that is monotonically increasing in the absence

of external work on the system. This ensures that systems always move towards less

ordered states (93, 94). One postulates that the entropy depends on the total number

of micro-states with a given energy Ω. Let S = f(Ω), now consider the partition of the

system into two parts with entropy S1 = f(Ω1) and S2 = f(Ω2). Since entropy is an

extensive variable, S = S1 + S2. Now, to specify a state of the total system, one must

specify the state of each subsystem, this means that the total number of possible states

is Ω = Ω1Ω2. So f(Ω) = f(Ω1Ω2) = f(Ω1) + f(Ω2) which implies S = kB log Ω 1 where

kB is Boltzmann’s constant.

Practically, we will be interested in systems kept at constant temperature. Under the

constraint of fixed temperature it is possible that there is some energy exchanged with

the environment. To derive the probability of the system being in state φi with energy

Ei requires the the concept of a heat bath. A heat bath is some system so large that

it can transfer energy to and from some smaller system while remaining at a constant

temperature. If the small system of interest has energy E and the heat bath has energy

EB then the total energy of the system is ET = E + EB; ET must be constant but E

need not be. Then ΩT = Ω(E)ΩB(ET −E) Taking the implied meaning of Ω(E) as the

number of states with energy E. is the number of states available when the subsystem

of interest has energy E. The number of states which correspond to micro-states φi

(labeled Ωi for clarity) will be Ωi = 1×ΩB(ET −Ei). In order to evaluate ΩB(ET −Ei)

we use the Gibbs fundamental equation

1

kBT
=
∂SB
∂EB

=
∂ log(ΩB)

∂EB
, (3.1)

1We have used the third law of thermodynamics in addition to assuming that there is only one
micro-state available at absolute zero.

20



3.2 Phase Transitions and Order Parameters

and hence

ΩB = C exp

(
EB
kBT

)
= C exp

(
ET − E
kBT

)
. (3.2)

Next we make the assumption that every micro-state of the system is equally likely

(the Boltzmann Hypothesis), so that the probability of finding the subsystem in state

φi is simply the ratio:

Pi =
Ωi∑
j Ωj

=
C exp

(
ET−Ei
kBT

)
∑

j C exp
(
ET−Ej
kBT

) =
exp

(
−Ei
kBT

)
∑

j exp
(
−Ej
kBT

) (3.3)

Pi known as the Boltzmann probability. The quantity Z =
∑

i exp
(
−Ei
kBT

)
is known as

the partition function and describes the relative contributions of different micro-states

to macroscopic observables. For any observable O the expected value of O is 1

〈O〉 =

∑
i Ô[φi] exp

(
−Ei
kBT

)
Z

. (3.4)

Equation 3.4 is the equation that we will be interested in approximating using Monte

Carlo. In the next section we describe qualitatively which states contribute significantly

to this expectation value before explaining how this average can be approximated in

section 3.3.

3.2 Phase Transitions and Order Parameters

For many systems there exists a critical temperature Tc below which ordered micro-

states are dominant and above which disorder dominates. The act of moving between

the ordered low T system to the disordered high T system is known as a phase transi-

tion. In order to characterize the state of the system one often relies on the inherent

symmetries of a state. For example, a system with no inherent order has the most

general possible symmetry. In three dimensions the most general symmetry group is

that of all translations, rotations and reflections (R3 oO(3)). Ordered states are states

of a system with reduced symmetry. A ferromagnetic state with a spatially constant

magnetization is left unchanged only by rotations along axes and reflections in planes

1For a QM description O[φi] will be a quantum expectation value 〈φi|O|φi〉.
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parallel with this field. The symmetries of this state are reduced (to R3 o O(2)).

Only a relatively small number of micro-states φi will have broken symmetry. Ordered

macro-states occur only when ordered micro-states are favored energetically and T is

sufficiently small that higher energy states are suppressed in Eq. 3.4. For increasing T

the distribution of states becomes more uniform:

lim
T→∞

exp

(
−Ei
kBT

)
= 1. (3.5)

and the dependence on energy is reduced. In this case disordered states dominate

the statistics since they out number the relatively small number of ordered states. In

contrast for decreasing T the probability is dominated by

lim
T→0

∑
i Ô[φi] exp

(
−Ei
kBT

)
Z

= Ô[φ0] (3.6)

where φ0 is the ground state. At finite temperature the distribution will be dominated

by states that represent a balance between randomness and and low energy order. In

order to formally describe this concept one can rewrite the partition function as a sum

over the various energies available to the system, recalling that Ω(E) is the number of

states with energy E we have

Z =
∑
i

exp

(
−Ei
kBT

)
=
∑
E

exp Ω(E)

(
−E
kBT

)
=
∑
E

exp

(
−E + kBT log(Ω(E))

kBT

)
=
∑
E

exp

(
−(E − TS)

kBT

)
=
∑
E

exp

(
−F
kBT

)
(3.7)

where F = E−TS. We see that at finite temperature the dominant contribution to the

Boltzmann distribution is from states which minimize the the free energy F . Whenever

a symmetry is broken one needs to introduce a variable (sometimes many variables)

to describe the state of a system, this variable is known as an order parameter. For
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example, in an infinite ferromagnetic system the magnetization defines the directions

in which symmetry has been broken: Rotations only leave the system invariant if the

axis of rotation is parallel to the magnetization. Similarly reflections leave the system

invariant only if the reflection plane is parallel to the magnetization. By convention

one normally defines order parameters to be zero for disordered systems and non-zero

for ordered systems.

Phase transitions can be divided into two categories (19). In continuous phase transi-

tions (also known as second order phase transitions) the distance over which different

parts of the system are correlated diverges and the energy of the system changes con-

tinuously with temperature. Examples of second order phase transitions are the ferro-

magnetic, super-conducting and super-fluid phase transitions. First order transitions

are those in which the system absorbs or releases a finite amount of energy (known

as the latent heat) at constant temperature. In these cases the distance over which

different parts of the system are correlated remains finite, leading to a mixed phase in

which some parts of the system have undergone phase change while others have not.

First order phase transitions include the melting of solids and Bose-Einstein condensa-

tion. Aside from these two broad categories there are continuous ‘transitions’ that do

not involve the breaking of any symmetry but are instead marked by the appearance

of topological defects such as vortices, the most well known examples being the BKT

transition in two dimensional systems and quantum phase transitions in two dimen-

sional quantum gases

Close to the critical point one can define the reduced temperature t = T−Tc
Tc

, where Tc

is the critical temperature. For order parameter O the critical point exponent, γ, is

defined as (95, 96, 97).

γ = lim
t→0

log(O(t))

log(t)
. (3.8)

The interest in these exponents is both practical and theoretical. In experiment, suf-

ficiently near the critical point, the behavior of measurable quantities are often domi-

nated by power law terms, and log-log plots allow exponents to be easily determined.

For this reason, critical exponents are measurable quantities while the complete func-

tional dependence of order parameters may not be (98). Theoretically there exist

many relationships between exponents that are derived from purely thermodynamic or

statistical-mechanical arguments and are thus independent of the system being ana-
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lyzed (19, 98, 99), depending instead on dimensionality (of both the system and field)

and the symmetries broken by the phase transition. These critical exponents therefore

have great utility for classifying and testing statistical methods. In section 6.4 and

appendix A.4 we introduce a parallel algorithm for approximating equation 3.4. In

appendix A.5 the accuracy of this algorithm is checked using critical exponents. For

uniform states order parameters need not incorporate any spatial dependence and can

usually be defined as a function of the local spin state. Such parameters include the

magnetization and cone angle. For non-uniform ordered states some ingenuity is re-

quired to describe spatially periodic structure. Before continuing we describe briefly

the order parameters used to described patterning in chapters 5, 6 and 7.

3.2.1 Chiral Density

In chapter 5 we will need an order parameter to measure the appearance of Skyrmions.

As discussed in the previous chapter, Skyrmions are a localized structure consisting of

a vortex parallel to the sample plane superimposed with a reversal of the out-of-plane

magnetization. In order to measure this specific configuration we use the Skyrmion

charge density (91),

ρ =
−1

4π
~M · (∂x ~M × ∂y ~M). (3.9)

In order to explain how this definition captures the specific spiral structure of Skyrmions

we first consider two examples that return zero Skyrmion charge; an infinite two di-

mensional vortex defined as follows

~M =
1√

x2 + y2
(yx̂− xŷ) (3.10)

and a helix structure running along the x direction

~M = sin
( π
R

)
ŷ + cos

( π
R

)
ẑ. (3.11)

Both examples describe a vortex like structure. However the infinite vortex lacks the

magnetization reversal of the Skyrmion leaving ~M perpendicular to (∂x ~M×∂y ~M). The

the helix spirals in the wrong direction (the axis of the spiral is parallel to the plane)

giving (∂x ~M × ∂y ~M) = 0. In both these cases the Skyrmion charge is zero. Consider

instead an example Skyrmion structure: Taking ~M in spherical co-ordinates (with θ
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3.2 Phase Transitions and Order Parameters

the zenith and φ the azimuth) we can write

~M = arctan

(√
x2 + y2

R

)
θ̂ +

(
arctan

(y
x

)
− π

2

)
φ̂ (3.12)

which is equivalent to the Cartesian expression,

~M =
xy
√

y2

x2 + 1

R
√
x2 + y2

√
R2+x2+y2

R2

x̂−
√
x2 + y2

R
√

y2

x2 + 1
√

x2+y2

R2 + 1
ŷ +

1√
x2+y2

R2 + 1
ẑ (3.13)

In this case we find that

ρ =
2

4πR2

(
R2

R2 + x2 + y2

)3/2

(3.14)

Here we see that the definition of 3.9 gives a non-zero expression over the Skyrmion

and allows one to distinguish the Skyrmions from the helical, zero-field state or simple

vortices.

Although the simulations presented here are performed on a finite discrete lattice, where

the notion of topological charge becomes inconsistent, it important to understand how

equation 3.9 is defined in continuous systems. Generally ~M(x) is a map from R2 to S2.

There are, however, many cases when one wishes to restrict attention to states with

lim
|x|→∞

~M(x) = ~c (3.15)

for some constant vector ~c (this restriction ensures, for example, that the state under

consideration has finite exchange energy). Under this restriction ~M(x) is a map from

S2 to S2 1 and Q =
∫
ρdxdy is the degree of mapping of S2 into itself 2. Any two maps

into S2 of the same degree are homotopic (this is the Hopf theorem (102)) and so spin

configurations can be grouped into equivalence classes. Since the homotopy group of

S2 is isomorphic to the integers, one often describes the resulting states as containing

quasi-particles (the number of particles being equal to the mapping degree Q). It was

in this framework that Polyakov and Belavin described Skyrmion like structures as

1To see this consider the map that takes (X,Y ) in the plane to (x, y, z) on a sphere as follows:
(x, y, z) = (1 +X2 + Y 2)−1(2X, 2Y,−1 +X2 + Y 2) with all points at infinity mapped to (0, 0, 1).

2See chapter 3 in reference (100) for the one dimensional analogue of this example. For an expla-
nation of homotopy see, for example, section I of reference (101).
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3. STATISTICAL PHYSICS AND MONTE CARLO SIMULATIONS

discrete excitations above the ground state in a two dimensional isotropic ferromagnet

(103). Returning to the above example; integrating equation 3.9 and substituting in

the configuration described in equation 3.12 gives

QSkyrmion =

∫
ρdxdy = 1. (3.16)

In chapter 5 a discretized version of ρ will be used to assign a local charge density to

Skyrmion cores. Unlike the continuum case described above, one cannot consistently

discuss continuity in the lattice model used in our simulations. In addition, for the

system considered in this thesis, Skyrmions are not isolated excitations. Instead we

will be interested in a lattice of Skyrmions that make up the system’s ground state. In

the absence of these topological constraints, in chapter 5, the charge Q will be free to

take any real value.

Labeling equation 3.9 as a charge density leads one to draw analogy with the formation

of vortices in the two dimensional x−y model. In particular both structures are spatially

local and have an associated integer charge. However, the analogy is not exact and it is

worth emphasizing the difference between the two cases. A state in the two dimensional

x− y model is a continuous map M : R2 7→ S1. Take standard x− y coordinates on R2

and the canonical parameterization of S1 so that ~M(x, y) = cos(θ(x, y))x̂+sin(θ(x, y))ŷ.

Next consider the integration around a closed curve ∂C, using Stokes’ theorem, we have

∮
∂C

d~r · ∇θ =

∫ ∫
C

dxdy∇×∇θ = 0. (3.17)

Stokes’ theorem assumes that the function θ is defined everywhere. If we instead

consider a configuration that is not defined everywhere, Stokes’ theorem doesn’t apply.

For example, letting θ = arctan(−x/y) and C be the unit circle, we have that∮
∂C

d~r · ∇θ =

∫
dφ(− sin(φ)x̂+− cos(φ)ŷ) · (− sin(φ)x̂+− cos(φ)ŷ) = 2π. (3.18)

In general
∮
∂C d~r · ∇θ = 0 unless C contains a discontinuity in θ, in which case

∮
∂C d~r ·

∇θ = n2π (here we have used the continuity of M and the gradient theorem noting

that M(θ) = M(θ + 2πn) ). In this way we can define the charge of a vortex as

Qvortex =
1

2πNw

∮
∂C

d~r · ∇θ (3.19)
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where Nw is the winding number of ∂C around the vortex. This is the essential picture

of defects in the two dimensional x− y model, the charged ~M configurations are topo-

logically distinct from the charge free configurations. The charged cases exist when the

mapping is restricted to the punctuated plane M : R2/{pi} 7→ S1 (where pi are the

points where ~M is undefined). Here we see the distinction between the two dimensional

vortices and the Skyrmions. While both are restricted to integer values, if one were to

use Stokes’ theorem to define a charge density for the x-y model the resulting function

would be zero everywhere except at single points, the vortex cores. In contrast the

charge density described for Skyrmions has a spatial dependence.

3.2.2 Orientational Order

In chapters 6 and 7 we will require a measure of ordering of striped structures. For

stripes formed by alternating spins pointing in the positive and negative z direction

one can define the vertical and horizontal walls as the boundaries between spins with

different signed z components. In this way we can identify a spin ~si as being part of

a domain wall running in the x direction if 1 − sgn(szi s
z
i+ŷ) returns a non-zero result

(with a domain wall running in the y direction defined analogously). With this in mind

one can define the horizontal and vertical order parameters as follows (104, 105)

nv =
∑
i

1− sgn(~si · ~si+ŷ)

nh =
∑
i

1− sgn(~si · ~si+x̂).
(3.20)

If a state has a greater abundance of one wall direction over another we say that is

oriented, since switching the x and y directions would switch the values of nh and nv

(equivalently the we could say that the system is not symmetric under the transform

x→ y and y → x ). This allows for the definition of the orientational order parameter

O =

〈
|nh − nv|
nh + nv

〉
(3.21)

3.3 Monte Carlo Simulations

Here we discuss a method to approximate the statistical formulation of problems where

the ensemble of states is so large that direct computation is impractical. The Monte
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3. STATISTICAL PHYSICS AND MONTE CARLO SIMULATIONS

Carlo methods discussed below represents one of two families of approaches for analyz-

ing heat bath systems. Monte Carlo gives the ability to rapidly investigate the equilib-

rium properties, it cannot give an insight into thermal effects on time varying systems.

Rather it samples snap shots of the system from a pool of possible snap shots. The other

family of techniques, which can reasonably be described as heat bath coupling methods,

are used to understand dynamics. Theses methods start with the normal equations of

motion and then couple additional degrees of freedom to them. These additional de-

grees of freedom are used to model the effects of the heat bath. This family includes

deterministic methods such as the Nose-Hoover thermostat (106, 107, 108, 109) and

stochastic methods where equations of motion are coupled to a source of Brownian mo-

tion and integrated either numerically or using Fokker-Plank equation (110, 111, 112).

It might appear that, given a description of the micro-states and a Hamiltonian, one

could calculate any expectation value using Eq. 3.4. However, only the simplest cases

are exactly computable. Consider a lattice containing n Ising spins, the most direct

computational method would require calculation of all possible states of the system

along with the energy of each state. For a reasonably small system n = 1000 the num-

ber of states is 2100 ≈ 1.072× 10301. Even if one were to consider some symmetries of

the Hamiltonian to aid in computation, the essential problem remains, that increasing

the size of the system increases the number of states that must be computed by a factor

of 2n. Even for the small n = 1000 system the number of possible states is so massive

that any direct attempt to calculate every state is impossible. This analysis is an ex-

ample of classifying an algorithm according to time complexity and one would say that

solving the Ising problem in this way has an exponential time complexity. The general

classification of algorithms according to factors such as computability, time complexity

or the memory needed, is in itself a large field of computer science and there exist many

problems for which the deterministic methods of obtaining a solution are impractical.

Monte Carlo techniques are an extensive variety of techniques in which pseudo-random

numbers are use to generate approximate solutions to problems which might otherwise

be intractable. While Monte Carlo has become a broad term describing this large va-

riety of non-deterministic techniques, in what follows we will be concerned with the

original Markov chain approach to statistical mechanics. The approach was developed

by John von Neumann, Stanislaw Ulam, and Nicholas Metropolis (54, 113) initially to

simulate the effectiveness of radiation shielding.
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3.3 Monte Carlo Simulations

One approach to approximating expectation values according to Eq. 3.4 is to use only

a handful of the states included in the sum. Naively selecting a set of states at random

(call these states {ψj}) one could approxamate O by:

〈O〉 ≈

∑
{ψj} Ô[ψj ] exp

(
−Ej
kBT

)
∑
{ψj} exp

(
−Ej
kBT

) . (3.22)

This is known as simple sampling Monte Carlo. Such a method has a draw back, the

random set of states is unlikely to be representative of those states that will provide

the dominant contribution to the original expression Eq. 3.4. In the previous section it

was argued that the dominant contribution to the system comes from a subset of states

minimizing the free energy. Selecting states uniformly, one is not likely to encounter

the rare states that are ordered. It would be preferable if the set {ψj} were selected so

that the energies are distributed proportional to the Boltzmann probability. In order

to realize such a set one assumes that there exists a collection of states distributed

according to the Boltzmann distribution and then introduces subsequent states by

some Markov process (a process in which, given the current state, future and past

states are independent)1 in which subsequent states ψj and ψj+1 are constructed via

the transition probability PT (ψj → ψj+1). At equilibrium the probability of state ψj

generating state ψk must be equal to the probability of ψk generating state ψj , each

process must be equilibrated by its reverse process, formally known as the condition of

detailed balance (114); for states ψj and ψk

PjPT (ψj → ψk) = PkPT (ψk → ψj) (3.23)

which is usually arranged as

Pj
Pk

=
PT (ψk → ψj)

PT (ψj → ψk)
= exp

(
−(Hk −Hj)

kBT

)
(3.24)

Where Pj and Pk are the probability that an element in the last state in the Markov

process was ψj or ψk respectively. The above considerations do not completely specify

the form of PT (ψk → ψj), a popular choice is the Metropolis algorithm, in which a

1A discussion on Markov process can be found in any introductory text on Monte Carlo technique,
see for example the well known text by Binder and Heermann(55).
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potential state ψk is selected randomly and accepted according to the probability

PT (ψj → ψk) =

{
exp

(
−(Hk−Hj)

kBT

)
for (Hk −Hj) > 0

1 otherwise
(3.25)

The above algorithm assumes that a set of states already exists with the desired distri-

bution and that new states can be added using the Metropolis algorithm. In reality the

Markov chain (the collection of selected states) is started with a single state and hence

the states generated will not have the desired distribution. However, if a collection of

states has a higher average energy than the equilibrium collection the probability of

selecting states lower than the current average is increased. Similarly an average ensem-

ble energy lower than the equilibrium collection increases the probability of selecting

states with higher energy. Non-equilibrium ensembles will tend towards the transition

probability of the desired equilibrium ensembles. For this reason a number of states are

discarded when the algorithm is initiated to allow the system to equilibrate. Implicit in

the Metropolis formula is the assumption that potential states are selected uniformly.

As with the transition probability there are numerous methods for constructing new

states and the decision is based largely on the system being analyzed. In the case of

magnetic systems, the simplest and most common choice is the single spin flip (SSF)

in which a site i is selected at random and a new value for ~si is selected at random. It

might seem here that the principal of detailed balance has been violated (for example

one cannot get from one uniformly magnetized state to another with a single spin flip).

Additionally, if one were to perform two spin flips taking ψk → ψj → ψi then (provided

there are more than two spins) ψi will not be independent of ψk. For this reason one

usually takes N SSF’s, where N is the number of spins in the system to be one Monte

Carlo Step. Since saving a state and its associated order parameters can be computa-

tionally expensive, one often waits for several Monte Carlo steps between subsequent

elements of an ensemble. This ensures that the range of states sampled is representa-

tive of the Boltzmann distribution by allowing the system to explore a larger variety

of states. Equations 3.4 and 3.24 define what is known as importance sampling Monte

Carlo. Combining the choice of transition probability in equation 3.25 and the above

method for selecting new states, these formulae form the theoretical basis assumed in

the Monte Carlo simulations discussed in sections 5.3, 6.3, 6.4 and 7.3.
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Chapter 4

Implementation

While the Monte Carlo statistics described in the previous chapter give a theoretical

basis for approximating an ensemble there are several important factors that should be

considered when implementing such a scheme for computation.

4.1 Random Numbers

In describing the Metropolis algorithm above it was implicitly assumed there existed

a mechanism to generate a uniform distribution of random numbers; the Metropolis

algorithm can be thought of as a universal sampling algorithm that uses a uniform

distribution to sample a non-uniform distribution (the Boltzmann distribution).

Obtaining a truly random number relies on measuring some non-deterministic physical

process, such as thermal noise, radio active decay, the polarization of single photons

or chaotic semiconductor lasers (115, 116, 117, 118). Often these techniques are im-

practical for use in computer simulation due their to size, availability or the speed

at which they can produce output. For computer simulation one uses determinis-

tic algorithms that produce numbers which have some of the statistical properties of

truly random numbers required; so called pseudo-random number generators. Since

the algorithms are deterministic, various measures of how well pseudo-random number

generators perform have been developed. The choice of algorithm depends largely on

which measures of randomness are most important for the application being considered.

For the Metropolis algorithm the two features of importance will be periodicity and

uniformity. Periodicity is the number of random numbers that the algorithm produces
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before the same sequence begins again. There are various tests of uniformity, however

the k-distribution is usually considered the strongest (119)(120). The k-distribution

is defined as follows: Consider the output of one period of the algorithm; each num-

ber produced is truncated to n bits then a sub-distribution Sd of length k is selected.

There are 2nk possibilities for Sd, if each of these possibilities appears an equal number

of times in one period of the algorithm then it described as k-distributed to n-bit accu-

racy (119). For all the simulations included in this thesis we use the Mersenne Twister

algorithm, which has both a long period, 4.3× 106001, and is k-distributed to a 32-bit

accuracy for all 1 ≤ k ≤ 623 (120).

4.2 Convergence

Previously it was stated that a number of states is discarded when the Monte Carlo

algorithm is initiated to allow the system to equilibrate. Exactly how many states

need to be discarded will depend on the system in question. For example, in figure

4.1 the average energy per spin is shown for the system described in chapter 6. The

system has equilibrated once the average energy no longer depends on increasing Monte

Carlo steps (the average taken over states generated from between 200 and 300 steps

is approximately the same as the average taken over steps 300 to 400). Not every

system will take a smooth path to equilibrium. In order to help ensure that the system

is equilibrated rather than in a metastable configuration, one compares the results of

the same simulation with different random seeds (52). Some care must be taken since

different properties of a system can equilibrate at different rates. In figure 4.2 the

magnetization of every tenth state is shown for the same system described by figure

4.1. Notice that while the energy equilibrates quickly the magnetization takes several

thousand steps to reach equilibrium.

The number of steps require to equilibrate a system will depend greatly on the state

in which the simulation is initiated. Generally, ordered systems will require fewer

steps to equilibrate if initiated in the ground state. If the ground state is not known

from analytic considerations it can be obtained by annealing (cooling) the system from

high temperature. If one initializes the simulation with a random configuration and

performs Monte Carlo simulations with T = 0 the resulting state is not likely to be

the ground state since the zero temperature ensemble consists of only one state (the
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Figure 4.1: Convergence of the average energy per spin, black and gray dots represent
results from different seeds.

ground state). Although there may be a series of states linking the initial random state

to the ground state in which every distinct state selected will have lower energy than

all states previously selected, it is unlikely that a random selection of states will form

such a series, in general the system will be trapped in a local energy minimum. The

ground state can be approximated by starting with a random configuration and high

temperature and then performing Monte Carlo Steps while temperature is decreased.

In figures 4.3, the result of evolving the system described in chapter 5 from a random

configuration with T = 0 is shown. By slowly decreasing temperature over 106 steps a

far better approximation for the ground state is generated and is shown in figure 4.4.

4.3 GPU Computing

Even with efficient algorithms the statistical nature of Markov Chain Monte Carlo sim-

ulation ensures that these systems are computationally intensive (53). In chapter 6,

specific computational challengers associated with the systems treated in this thesis

will be discussed. Conventional computing can be described as single instruction single

data (SISD), a single processors execute instructions on designated memory locations

in a linear, sequential fashion. In order to overcome computationally challenging prob-

lems one can make use of parallel computing, where a large task is broken into smaller

independent tasks to be computed concurrently.

Parallel computing algorithms can be loosely classified as either multiple instruction
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Figure 4.2: Convergence of the magnetization, black and gray dots represent results from
different seeds.

multiple data (MIMD) or single instruction multiple data (SIMD). In MIMD paral-

lel processors can perform independent tasks on independent memory locations. In

contrast SIMD systems execute the same thread multiple times with each thread ad-

dressing different memory locations. While it might appear that the flexibility offered

by MIMD systems is preferable, SIMD systems can typically execute larger numbers

of threads. The fact that each thread is identical also means that, once written, SIMD

programs are easily scalable.

In this thesis we use graphics processing units (GPUs). GPUs are specialized computer

hardware optimized for generating graphics. Graphics processing inherently involves

parallel computing (121) and in order to render real time 3D graphics GPU chips can

execute thousands of identical simultaneous threads. GPUs therefore offer SIMD paral-

lel computing. By utilizing this parallel architecture it is possible to achieve significant

performance gains for certain problems. Although there are some early examples of

graphics hardware being utilized for non-graphics computations (122), the term GPU

generally refers to modern programmable chips. The first programmable GPUs ap-

peared in the late 1990’s and were programmed using openGL and DirectX 7. In 2003

Mark et al. developed Cg, a C like programming language for use on NVIDIA hardware

(123). While Cg allowed for high performance physics and engineering simulations to

be performed, writing programs was difficult since non-graphical operations still had to

be expressed in terms of graphical APIs (121). In 2006 NVIDIA released the Compute
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Figure 4.3: If the system is iniated randomly and then evolved at zero temperature the
resulting state will ‘freeze in’ some of the randomness from the initial configuration

Unified Device Architecture (CUDA) specification, which we use for all the simulations

discussed here. CUDA (and later openCL) consists of a series of extensions to the

standard C libraries that allow for portions of a C program to be executed in parallel

on a GPU. Despite the C like programming paradigm offered by modern GPUs it is

important to note that only certain problems are suitable for this sort of calculation.

Even when a task can be broken into identical sub-tasks there are several important

factors when deciding whether GPU computing will be beneficial.

Parallel algorithms are generally more complex than the equivalent sequential counter

parts. Programs often take longer to develop, for small tasks or single use applications

the increased development time might exceed the the reduction in computation time.

In particular, conventional step-through debugging is difficult for GPU applications.

The target memory is held in video RAM (VRAM) rather than the usual system RAM

and debugging must be performed using an emulator. For infrequent bugs that might

effect only a small fraction of the many simultaneously executed threads, sequentially

stepping through individual threads is incredibly time consuming.

The added complexity of parallel algorithms increases the computation time of a thread.

On GPUs the clock speed and memory bandwidth to system RAM is generally lower

than in conventional CPU computing. One of the main considerations for a parallel
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Figure 4.4: In contrast to figure 4.3 if the system is initialized the randomly and then the
evolved with temperature decreasing over 106 Monte Carlo steps then the resulting state
has a lower energy and is a better approximation for the ground state.

algorithm is whether enough threads can be run concurrently to compensate for any

efficiency losses due to parallelization. If a parallel implementation provides a faster

computation than an equivalent sequential implementation we say that it produces suf-

ficient throughput.

GPU’s are not designed for high precision operations and many operations are per-

formed with less than the IEEE recommended 0.5 uncertainty in the last place error.

Whether this low precision is important will depend largely on the application being

considered. It is worth noting, that while these considerations were certainly impor-

tant when the following simulations were being developed, at the time of writing these

considerations are becoming less important. There are currently available devices with

the same architecture as computer graphics cards that are purpose built for general

computation (despite providing general computational utility these devise are usually

still designated GPUs). These cards relax some of the formally restrictive consider-

ations that are normally associated with GPU computing. Notably these cards have

large 1 level one (L1) and level two (L2) cache (with the L2 being coherent across all

1large when compared to previous generations of GPU, but considerably smaller than the cache in
modern CPUs.
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cores) allowing for some degree of rapid communication between cores; half speed dou-

ble floating point precision is available and multiple distinct kernels can be launched

simultaneously. With these developments the distinctions between parallel programing

paradigms is becoming less clear. In chapter 6 we discuss in detail the algorithm we

use to parallelize the Monte Carlo spin flips.
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Chapter 5

Skyrmion Melting

Foreword to paper “Melting of hexagonal Skyrmion states

in chiral magnets”

Inspired by discussions with Jaques Ferrè related to observations of fluctuations near

the spin reorientation transition (these observations have been published recently (88)),

the goal of this research project was to investigate the effect of patterning on the ther-

mally dependent properties of magnetic thin films. Having decided to focus on Monte

Carlo simulation as the primary analysis tool, Monte Carlo code was prepared in For-

tran 95. We initially attempted to focus on the effects of defects on the low temperature

striped phase by restricting attention to an Ising model. While these early simulations

ran quickly we were not able to observe any pinning of stripe domains. In order to

create a simulation that more closely represented the systems of interest, we decided to

prepare a Heisenberg model. However the increased computational time required for

the continuum model meant that simulations were unlikely to equilibrate in an accept-

able time.

In order to perform simulations at an acceptable speed we investigated two possibilities

based on the hardware available at the time. The first was to parallelize the existing

Fortran simulation to run on a standard shared memory architecture. The second was

to rewrite the code to utilize GPU accelerated stream processing. In Monte Carlo sim-

ulation typical two dimensional system sizes occupy at most hundreds of kilobytes, but

the number of required floating point operations is large. For this reason we opted to
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pursue a stream processing simulation where the relatively low memory bandwidth1

and high number of possible threads available suited the nature of our problem.

Prior to our work, simulating spin models on GPU’s had received limited attention and

algorithms have focused on simulating the short range exchange coupling (57, 58, 124,

125). The computer simulation that was created for this project was built up in three

distinct phases. Firstly writing a simulation capable of treating short range interac-

tions. Then developing a parallel simulation capable of treating long range interactions

before modifying the resulting simulation to include defects. The three articles pre-

sented are based on results obtained from each stage of the development.

In order to simulate short range interactions we divided the system into finite size blocks

and performed a modified checker-board algorithm with period three rather than the

conventional two. This breaks the system into a greater number of sub-lattices but

ensures that threads do not simultaneously attempt to access the same memory loca-

tion. The algorithm used is essentially a degenerate version of the one used in the next

chapter and addressing algorithms can be found in the appendix. Periodic boundary

conditions were implemented using logic statements in order to further optimize perfor-

mance. Initially we tested the code by reproducing the critical properties of the Ising

model.

While developing the short ranged simulation, real space observation of magnetic

Skyrmions was accomplished by Yu et al. using electron microscopy (67). Using this

technique, real space observations of Skyrmions have been achieved in a variety of ma-

terials. Mathematically, Skyrmions appeared as one of the earliest known solutions to

a non-linear σ-model (126, 127) and were originally considered as a possible model for

baryons. Subsequently, Skyrmions have been observed indirectly in electron quantum

well systems (128, 129), liquid crystals (130) and Bose Einstein condensates (131). In

magnetic systems, Skyrmions were suggested as excitations above the ground state

by Polyakov et al. (103). Indirect evidence for magnetic Skyrmions was achieved by

considering line widths in electron paramagnetic resonance studies (132) and specific

heat studies (133) (in these cases the materials were actually anti-ferromagnetic and

the Skyrmions form in the Néel vector ~n). In the mid 1990s it was also suggested that

Skyrmions might exist as a stable magnetic texture (in B20 compounds) by Bogdanov

and Hubert (134) but evidence for this configuration had not been forthcoming before

1we refer here to the bandwidth between RAM and VRAM.
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the work of Yu et al.. Magnetic Skyrmions exist at low temperature and have a size

ranging from 20 nm (MnSi (135)) to 90 nm (FeCo0.5Si0.5 (67)), making them a good

candidate for the spin model under development. We decided to go beyond existing

GPU simulations and include Dzyaloshinsky-Moira coupling terms in order to simulate

the effect of temperature on Skyrmion formation. In this chapter we present the results

of this first short-range simulation.

The results of the three papers presented in this thesis focus largely on the theoretical

temperature evolution of two dimensional Hamiltonians (to be introduced in sections

5.3 and 6.5). It is worth emphasizing the difference in thickness between the real

systems addressed in these chapters. The real space measurement of Skyrmions by

TEM occurs in thin films with electro-transparent thicknesses between 15 and 20 nm

(67, 136)1. In this case the materials are sufficiently thick that one can use a bulk

Hamiltonian (effects at the surface extend to only a small number of atomic layers).

Recalling that the spins represent a volume of magnetic material, the two dimensional

approximation is acceptable provided the assumptions of section 2.2 are satisfied. In

contrast, calculations of the stripe forming system described in chapters 6 and 7 are

motivated by recent measurements on a Pt/Co/Pt multilayer, the magnetic Co layer

in this system is only 5 Å thick (88). Here the bulk Hamiltonian (containing only

demagnetizing and exchange energies) is not sufficient and additional terms describing

anisotropies arising from effects at the interface are required.

1In reference (67) specifics surrounding the sample measured are contained in the supplementary
materials.
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5.1 Abstract

Skyrmions are spiral structures observed in thin films of certain magnetic materials

(66). Of the phases allowed by the crystalline symmetries of these materials (84) only

the hexagonally packed phase (SCh) has been observed. Here the melting of the SCh

phase is investigated using Monte Carlo simulations. In addition to the usual measure

of Skyrmion density, chiral charge, a morphological measure is considered. In doing

so it is shown that the low temperature reduction in chiral charge is associated with a

change in Skyrmion profiles rather than Skyrmion destruction. At higher temperatures

the loss of six-fold symmetry is associated with the appearance of elongated Skyrmions

that disrupt the hexagonal packing.

5.2 Introduction

Following early work by Pauli a variety of non-linear sigma models were suggested as

models for baryons (137, 138, 139). One of the first soluble models was found by Skyrme

who considered rotational variables (127) and the resultant unit field spiral solitons are

referred to as Skyrmions. Two dimensional Skyrmions appeared as the fundamental

excitation from a spin polarized two dimensional electron gas. It was suggested that

defects could localize Skyrmions giving rise to the fractional quantum hall effect (QHE)

(140, 141, 142). Observations in GaAs quantum well systems using NMR (128) and

magnetoabsorption spectroscopy (129) confirmed the presence of quasi-particles with

charges consistent with theoretical predictions. More recently measurements have been

made in GaAs using NMR relaxation (143), spin wave absorption (144) and microwave

absorption (145), that are consistent with the presence of a predicted Skyrmion lattice

(146). Skyrmions were first proposed as a possible magnetic spin texture by Bogdanov

and Hubert who showed that Dzyaloshinskii-Morya exchange terms could lead to stabi-

lization of Skyrmion crystals in chiral magnets (134, 147, 148). Recently the real space

measurements of the two dimension analogue of these spiral structures has been made

at low temperature in thin films of Fe0.5Co0.5Si (66, 67) and close to room temperature

in FeGe(136). Along with the measurement of spin torque effects at very low current

densities (149), these measurements have ignited interest in Skyrmions as a possible

candidate for magnetic storage(50).
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In two dimensions Skyrmions exist as a vortex structure modulated by a changing per-

pendicular component. Consider a field of unit length ŝ(~x) with ~x two dimensional

and ŝ(~x) taking the usual polar representation1. Away from an isolated Skyrmion

the field is described by zenith angle θ = π. Taking radial coordinates (ρ, ψ) for ~x,

a Skyrmion can be described as a vortex in the azimuthal angle φ(ρ, ψ) = ψ − π/2
modulated by a radially varying zenith angle θ(ρ, ψ) = θ(ρ) such that θ(0) = 0 and

θ(R) = π. An example of close packed Skyrmions projected into the plane is shown in

figure 5.1 (c) where gray(black) arrows indicate spins with perpendicular component

that are pointing up(down). In order for such an excitation to be stable one requires

a Hamiltonian with either fourth order derivatives of the field (127) or terms lacking

inversion symmetry(134). Lack of inversion symmetry can be found in a variety of crys-

tal structures, in particular B20 crystal compounds with crystallographic point group

232, in which Dzyaloshinskii-Morya (DM) coupling is present. Yi (84) calculated the

T = 0 phase diagram as a function of external magnetic field and anisotropy for such

a two dimensional magnet using Monte-Carlo simulation. Five different states were

Figure 5.1: Projection of spins into the x-y plane, black arrows indicate that s zi > 0
while gray arrows indicate s zi < 0 A: Helix State; B: SC1 Skyrmion; C: SCh Skyrmion. ;
D: SC2 Skyrmion

identified: The high field saturated ferromagnetic phase, a helical state (figure 5.1(a))

1The zenith measured with respect to the z direction perpendicular to the plane.
2Using Hermann Mauguin notation.
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and three chiral states. The chiral crystal states were labeled according to their rota-

tional symmetries: SC1 (figure 5.1(b)) has a two-fold rotational symmetry, SC2 (figure

5.1(d)) shows a four-fold symmetry and SCh (figure 5.1 (c)) a six-fold symmetry1. In

what follows we restrict our attention the the SCh type Skyrmions.

Analytically the ground state properties of this two dimensional case have been stud-

ied using a Landau-Ginzburg formalism (92). The nature of the phase transition has

already been investigated using combinatorics (91). Here the authors considered the

striped helical state structure shown in figure 5.1 (a) as the ground state. In the pres-

ence of an external field perpendicular to the plane of the sample, one direction of

perpendicular magnetization is favored. Since the stripe period is fixed by the ratio of

Dzyaloshinskii-Morya and ferromagnetic exchange coupling, spins reverse inside stripes

anti-aligned with the field, breaking remaining anti-aligned areas into finite length

stripes. Unlike the one dimensional periodicity of the ground state (giving zero chiral

density) the ends of the terminating stripes form a ’meron’; a chiral half spiral. The

Skyrmion crystal state SCh show in figure 5.1(c) is the state with maximum possible

meron density. By considering the merons as particles with chiral charge, a free energy

can be written and a qualitatively correct B-T phase diagram produced. While the as-

sumptions of this model are reasonable at low temperature, the possibility of Skyrmion

profiles changing with temperature cannot be described. One expects, that as temper-

ature is increased, thermal fluctuations will dominate and the particle description will

no longer be valid.

Current Monte Carlo simulations have focused on obtaining phase diagrams, with

phases identified according to symmetry properties and chiral density (67, 84). As

a system with textured phase, close packed Skyrmions represent three types of or-

der: a net chiral charge, a six-fold symmetry and a net magnetization. Here we use

Monte Carlo simulations to investigate the melting of the SCh phase, focusing on the

mechanism through which these various orders are destroyed.

1This notation should not be confused with the notation some authors in which Skyrmion states
are labeled as either SkX or SkG refering to whether the SCh has formed a close packed crystal (SkX)
or are freely moving (SkG).
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5.3 Theory and Method

Typical magnetic Skyrmions have diameters of hundreds of angstroms and so atomic

scale modeling would be exceptionally demanding computationally. Instead we use a

discretized version of the phenomenological continuum model proposed by Bak and

Jensen (85), first introduced to explain observations of helical structure in MnSi (150,

151, 152) and FeGe (153), the model has since been adapted to a discrete lattice by Yi

(84) and we begin with their Hamiltonian. In two dimensions and in our notation, it

reads

E =− J/2
∑
〈i,j〉

~si · ~sj −K/2
∑
i

((~si × (~si+ax̂ − ~si−ax̂)) · x̂+ (~si × (~si+aŷ − ~si−aŷ)) · ŷ)

+
∑
i

~H · ~si +A1

∑
i

(
(~s xi )4 + (~s yi )4 + (~s zi )4

)
+A2

∑
i

(
s xi s

x
i+ax̂ + s yi s

y
i+aŷ

)
(5.1)

For brevity we use single subscripts to represent locations on a two dimensional square

lattice with lattice constant a. The ~si are dimensionless spins at the vertices of this

lattice representing the average magnetization of a small volume Vi = a×a× t centered

on vertex i, with t the thickness of the film. ~si+ax̂ and ~si−ax̂ represent the closest spins to

~si in the x direction (with analogous notation in the y direction) and
∑
〈i,j〉 indicates a

sum over all pairs of nearest neighbors. K is the strength of the Dzyaloshinskii-Morya

exchange coupling, the sign of which determines the handedness of the Skyrmions;

J is the strength of the isotropic exchange coupling; H is the strength of the applied

magnetic field and A1 and A2 are anisotropies. The ratio of exchange to Dzyaloshinskii-

Morya strength determines the periodicity of Skyrmion lattice as P = da where d is

(67, 84):

d = 2π

(
arctan

(
2
√

2K

4J +A2

))−1

. (5.2)

Since the computation time to complete a Monte Carlo step scales with the number

Parameter Value

K/J 2.45
A1/J 0.5
A2/J -0.25

Table 5.1: Parameters used in the Monte Carlo simulation.
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of spins, simulating large systems is typically associated with long computation times.

In order to decrease this computation time GPU parallel programming is employed.

The Hamiltonian includes only short range interactions so a parallel checkerboard type

algorithm similar to those described by Weigel and Yavorskii (57, 124) is used.

5.3.1 Ground State Packing

In order to relate the results of simulations performed on finite lattices to those expected

for infinite systems, one exploits scaling relations between a set of universal scaling func-

tions given as a function of an adjusted temperature L1/νT−1
c (T − Tc). For modulated

phases this involves selecting an appropriate order parameter and then selecting scaling

sizes restricted to multiples of some appropriate unit cell. Such a procedure has been

successful in calculating critical exponents for striped and anti-ferromagnetic Ising sys-

tems (154) (interestingly the resulting parameters do not belong to any known univer-

sality class). As a first step towards achieving a comparable framework for Skyrmions

we focus here on a qualitative description of the dynamics and describe how various

measures of the Skyrmion phase evolve. We also comment on the challenge of defining

a unit cell for phases with P6 symmetry.

For a hexagonal array with spacing d and axes in the [1, 0] and [1,
√

3] directions one

expects elements separated by vectors ±(d, 0), ±(d/2,
√

3/2) and ±(d/2,−
√

3/2) to

have the same value. On a square lattice ±(d/2,
√

3d/2) and ±(d/2,−
√

3d/2) are non

integer and hence don’t correspond to lattice sites. In order to select a value for d that

favors hexagonal packing we select the value of d for which ±(d, 0), ±(d/2,
√

3/2) and

±(d/2,−
√

3/2) are as close to integer values as possible. Considering sizes less than

ten (to keep computation times acceptable) the best choice is d = 6. This value has

been considered in previous simulations (67, 84). Parameters used are given in table

5.1, where dimensionless quantities are given by normalizing against J . In what follows

temperature and energy will be given as T = (kBT )/J and energy as E = E/J . The

magnetic field is fixed at H/J = 1.875 to ensure that at T = 0 the system forms close

packed Skyrmions. With this choice of parameters one lattice spacing in the discretized

model represents between 3 and 15 nm.

Some care should be taken when choosing the finite dimension (L) of the spin lattice

for these calculations. For Skyrmions the ground state is periodic, consisting of hexag-

onally close packed Skyrmions, hence the repeated unit cell of the crystal lattice is not
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square. In order to tile a pattern with six-fold symmetry one usually selects a unit cell

that is a parallelogram defined by the vectors v1 = (d, 0) and v2 = (d/2,
√

3d/2), where

d is the spacing between six-fold symmetry axes (in this case Skyrmion cores). The

resulting parallelogram is indicated in figure 5.2. This parallelogram unit cell is space

Figure 5.2: Left: Unit cells that span a plane with hexagonal symmetry; Right: the
dimensions of a rectangular unit cell that can be used to tile a finite system with periodic
boundary conditions.

filling and can be used to cover an infinite plane.

Our simulation uses a square lattice spanning a finite region with periodic boundary

conditions. In order to tile a space with periodicity in the x and y directions we select

a rectangle to act as the unit cell, also shown in figure 5.2. This unit cell is then a

rectangle with width d1 = d and height d2 =
√

3d. The above parameters for which

d = 6 correspond to a unit cell of dimensions 6 × 10.3923. If one picks a system size

with periodic boundary conditions and length as multiples of d, the resultant state will

be influenced in one direction by the forced periodicity. When deciding the system

size one should attempt to find a system size that is a multiple of d1 and d2. With d2

irrational this is not possible. Instead we consider the two lengths that define the unit

cell d1 = 6 and d2 = 6
√

3. In order to measure the amount of mismatch between the

system size L and the unit cell we define a function:

M(L, d1, d2) =min(L− d2bL/d2c, d2 − L+ d2bL/d2c)

+min(L− d1bL/d1c, d1 − L+ d1bL/d1c)
(5.3)

where each term in equation (5.3) is a measure of how far L is from an exact multiple

of d1 or d2. In the case of the hexagonal Skyrmion lattice where d2 is irrational and L

is restricted to be an integer, the minima are not known a priori. In order to select a
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reasonable size, M(L, 6, 6
√

3) was calculated for L ∈ [1, 100]. As shown in figure 5.3,

the minimum value is found to be L = 42.

Figure 5.3: Log plot of M(L, 6, 6
√

3) showing the minimum at L = 42. This minimum
corresponds to the tiling that best minimizes finite size effects introduced by periodic
boundary conditions.

5.3.2 Analysis

The close packed Skyrmion ground state consists of two types of order, a chiral charge

associated with the creation of spiral structures and a long range order associated with

the hexagonal packing. In addition to the Skyrmion crystal order the system has a net

magnetization in response to the applied magnetic field.

Two techniques are employed in order to measure the number of Skyrmions in a state.

The first is to consider the topological charge Q of a Skyrmion, which is the sum of the

local chiral charge over the area of a single Skyrmion (91). The charge density is the

discretized form of the continuum expression

χ =
1

4π

∫
d2x ~s · (∂x~s× ∂y~s) (5.4)

giving

χi =
1

4πa2
~si · ((~si+ax̂ − ~si−ax̂)× (~si+aŷ − ~si−aŷ)) (5.5)

The chiral charge is then χ = N−1
∑

i χi. We are aware of an earlier discretization of

chiral charge which we discuss in the appendix. In order to define the charge Q of a

Skyrmion, we calculate the total charge of the ground state and divide by the number of

Skyrmions. Assuming that the Skyrmion charge is constant with changing T and that

phase transition occurs via changing Skyrmion density (i.e destruction of Skyrmions)
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one could calculate the number of Skyrmions at any finite temperature by dividing the

total charge by Q. This method of counting Skyrmions assumes that the Skyrmion

charge remains constant (i.e that the Skyrmion profile is not temperature dependent).

In order to scrutinize this assumption we define a second measure of Skyrmion number

which does not assume constant charge. Since the core of a Skyrmion points against

the applied magnetic field one can binarize a state by applying Θ(1/2(~si.ẑ + 1) − Tr)
(Θ is the Heaviside Theta function), where Tr is some threshold between zero and one.

In doing so one identifies spins with ~si.ẑ anti-parallel to the magnetic field as Skyrmion

cores. One can then calculate the connected components of the resultant state. To

do this the eight nearest and next nearest neighbors to a given spin are considered

connected if they are equal. Counting the total number of connected components

gives a measure of the Skyrmion number. This measure of Skyrmion number assumes

Skyrmion cores align anti-parallel to the applied field. While both orientations carry

the same Dzyaloshinskii-Morya coupling energy, cores aligning with the field possess a

higher Zeeman energy cost (since the core occupies less area than the outside of the

Skyrmion), so a state of close packed Skyrmions oriented with cores aligned with the

field is not favored. The possibility of mixed cores (some parallel some anti-parallel)

has an energy cost due to exchange coupling at the boundary between Skyrmions. For

sufficiently strong two site anisotropy this can be overcome leading to the states shown

in figure 5.1(b) and 5.1(d) (84). The possibility of mixed cores may increase near the

transition, especially in finite systems or near defects, but was not observed in the

cases studied here. By comparing these two measures of Skyrmion number one can

distinguish between reduction of topological charge due to Skyrmion destruction and

alteration of Skyrmion profile.

In order to examine the long range order of a state the Fourier transform ~Sk =∑
j ~sj exp(ık · j) is taken. When the the system is close packed, |~Sk| will have six

satellite peaks corresponding to the hexagonal symmetry of the ground state.

5.4 Results

For each system size to be investigated the ground state is first calculated by starting

the system in a random configuration and then reducing the temperature to zero over

107 MC steps. The ground state for L = 42 is shown in figure 5.4 along with the
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intensity profile of the Fourier transform |~Sk|. By selecting the system size L to match

the dimensions of the rectangular unit cell described above, it is possible to fit an integer

number of unit cells into the square array. Here the Fourier transform shows a slight

deviation from a perfectly hexagonal packing, which we discuss in section 5.5. For

Figure 5.4: The ground state spin configuration (top) and the intensity of the Fourier
transform (bottom) showing peaks characteristic of the six-fold translational symmetry of
the hexagonal lattice.

finite temperature results the system is evaluated at a constant temperature starting

from the ground state with the first 107 MC steps disregarded to allow the system to

equilibrate. An ensemble of 100 states is calculated and 280 MC steps are taken between

subsequent states to ensure that each state is selected independently. In figure 5.5 four

order parameters of the system are shown; the magnetization Mz = |N−1
∑

i ~si · ẑ|;
the cone angle (θi − π/2)2; the chiral charge χ normalized against its ground state

value and the energy variance var(E). The persistence of the magnetic response at

temperatures greater than those required for the destruction of chiral order is seen

through the magnetization Mz and the cone angle. The loss of chiral structure occurs

around T = 3, but the elevated cone angle and magnetic order persist at approximately

T = 8. The energy variance is double-peaked indicating two broad transitions. At
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Figure 5.5: Clockwise from top left: The perpendicular magnetization, the chiral charge,
the cone angle and the energy variance.

high temperatures the entropy dominates and there is no order. Below T = 10 there

exists a region in which the cone angle increases from its high temperature value giving

rise to a non-zero magnetization. The external field ensures that as the temperature is

decreased the magnetization increases. The broad T = 10 peak in the energy variance

reflects the very gradual decay of magnetic response expected in the presence of an

applied field, magnetic order is a single site property and so it can persist at higher

temperatures with a symmetry breaking field. Below approximately T = 2.5 there is a

transition into the Skyrmion state characterized by the sharp increase in the strength

of the chiral charge. Since the creation of Skyrmions prevents the system reaching

saturation we note that the magnetization remains well below the saturation value.

5.4.1 Loss of Six-Fold Order

In order to examine the loss of long range order we focus on the low temperature regime.

In figure 5.6 the Skyrmion number is calculated using the total chiral charge and the

method of counting cores described previously. While the chiral measure is reduced at

all finite temperatures the number of reversed regions remains constant below about

T = 0.3. This suggests that the initial loss of chiral charge is due to thermal distortion

of the Skyrmion profiles rather than destruction of the Skyrmions themselves. In figure

5.7 an example state from ensembles at different temperatures is show along with |~Sk|,
between T = 0.1 and T = 2.5. At T = 0.4 the strong six-fold symmetry is compromised

with peaks beginning to smear together. At T = 0.5 the peaks have smeared into a
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Figure 5.6: Two measures of Skyrmion packing as a function of temperature: the con-
nected reversed components (gray circles) and the ratio of total chiral charge to the charge
of one Skyrmion in the ground state 〈χ〉/Q (black circles).

circle, indicating that while a dominant length scale still exists, sixfold translational

symmetry is lost. At this temperature one can simultaneously observe the appearance

of elongated regions of reversed magnetization. As temperature is further increased

any order in the perpendicular components of ~si is destroyed. An enlarged example of

a state at T = 0.5 is shown in figure 5.8. In addition to the perpendicular magnetic

order, in-plane magnetic order is shown as arrows. In addition to disrupting the close

packing of Skyrmions these extended structures also reduce the chiral density described

in equation 5.5. To illustrate this, in figure 5.9 the longest of extended regions shown

in figure 5.8 is replotted with information about perpendicular order omitted. Color

is used to indicate the areas of highest chiral density, blue represents areas of low

density and and red indicates areas of high density. Here only the ends of the structure

contribute significantly.

5.5 Effects of Distorted Packing

While the difficulty associated with finite size effects was minimized by considering the

dimensions of the ground state unit cells it is not possible to achieve perfect hexagonal

packing. In addition the presence of the low temperature (below T = 0.3) distortion

of Skyrmion profile and the appearance of elongated regions might indicate a change

of the dominant length scale. In order to investigate the effects of imperfect packing

several other comparable system sizes were investigated for T = 0.2 and T = 0.4. The

resulting energies are given in table 5.2, where it is seen that at finite temperature the
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Figure 5.7: The perpendicular components of ~si and the Fourier intensity |~Sk| near the
phase transition. Since the central (k = 0) Fourier peak will be significantly larger than
the satellite peaks at finite temperature, it is removed to give contrast. The Fourier plots
then have their colors scaled with green representing zeros and and red representing the
maximum value. Perpendicular components of ~si are colored according to the legend above.
Left column from top: T = 0.1, T = 0.2, T = 0.35, T = 0.4 Right column from top: T = 0.5,
T = 0.8, T = 1.2, T = 2.5.
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Figure 5.8: An example of the elongated structures associated with the destruction of long
range order at T = 0.5. Here the perpendicular components of the spins are represented by
color as in figure 5.7, in addition for spins parallel to the plane their direction is indicated
with arrows.

Figure 5.9: An example of the elongated structures associated with the destruction of
long range order at T = 0.5. Spins parallel to the plane have their direction indicated with
arrows. Areas of high chiral density are indicated in red.

change in energy due to finite size effects is not significant.

〈|~Sk|〉 was also calculated and the results are shown in figure 5.10. If the spacing

between Skyrmions or Skyrmion packing was to change with temperature, one expects

that a small increase in system size might alter the stability of six-fold ordering near
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L 〈E〉(T = 0.2) 〈E〉(T = 0.4)

39 -2.31898 -2.14408
42 -2.32090 -2.14087
45 -2.32448 -2.13814
48 -2.31905 -2.13881

Table 5.2: Ensemble energies for 〈E〉 at T = 0.2 and T = 0.4.

Figure 5.10: 〈|~Sk|〉 as a function of size for T = 0.2 (Top) and T = 0.4 (Bottom). The
plots are colored as in figure 5.7.

the phase transition. Systems with size L equal to 45 or 48 show the same general

trend in which the six-fold order is destroyed leaving peaks in the [1, 1] and [−1, 1]

directions. For L = 39 the system doesn’t form six-fold packing. This strong size effect

emphasizes the importance of judicious choice of system size. Even in the presence

of this strong size effect the L = 39 (and the two larger systems) displays the same

general morphological properties, a temperature driven reduction in Skrymion density

associated with the appearance of elongated structures. While the lack of atomic scale

modeling means that our theory is likely not valid exactly at the phase transition, the

qualitative description of the phase description given here is valid.

5.6 Conclusions and Comments

We have shown that since the chiral density changes smoothly over a large temperature

range, it does not capture all of the information about the melting process from the SCh

phase in chiral magnets. The Fourier intensity and the reversed connected components

of the system reveal a low temperature reduction in the chiral charge due to thermal

distortion of the Skyrmion profiles. At higher temperatures there is a sharp loss of

six-fold order associated with creation of elongated structures that disrupt ordering.
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Only the ends of these structures contribute to the chiral charge, further reducing the

chiral density. In addition it has been shown that the nature of hexagonal close packing

means that while any choice of simulation size will introduce finite size effects, judicious

choice of system size can help alleviate these effects.

Here the authors have limited the scope of investigation to a single choice of applied

field, however, the techniques presented might offer insight for a wide variety of fields.

Specifically, there is the possibility that at higher fields the relative strength
∑

i
~H.~si

might suppress the creation of extended regions of reversed magnetization. There ex-

ists also the possibility of analyzing the zero field ground state as stripes of alternating,

connected regions of perpendicular spins pointing in the positive and negative z direc-

tion, represented as Θ(1/2(±~si.ẑ + 1) − Tr). Similarly the SC1 and SC2 phase might

be analyzed as a checkerboard of alternating cores.

As discussed in section 5.3.1, parameters were chosen to provide Skyrmion diameters

on the order of tens of nanometers in order to correspond to observations of Skyrmion

orderings made on FeCoSi (∼90nm (66)) and FeGe (∼70nm (153)). Real space mea-

surements of chiral structures are performed using Lorentz TEM and quantitative phase

information is extracted by inverting the transport of intensity equation (66, 67, 155).

In this case calculating the Skyrmion density is analogous to the measure of counting

cores discussed in section 5.3.2. Chiral ordering is also associated with the anomalous

QHE (84, 156, 157) and so measurements of Skyrmion density based on hall conductiv-

ity are likely to measure the chiral charge, which we have discussed in figures 5.5 and

5.6. The differing densities calculated from Skyrmion counting and the chiral charge

may have important implications for the interpretation of QHE measurements on quasi-

two dimensional Skyrmion forming systems.

Small Skyrmion-like structures can exist close to the atomic scale (see for example

(158)), however, these are not described by our model. Instead, we model systems

that support Skyrmion textures on the length scales discussed above. These have di-

mensions of order tens of nanometers and it is therefore unlikely that isolated atomic

level defects will have significant effects. In real systems the influence of the underlying

lattice seems to be small (see for example (159)). We can not rule out the possibil-

ity of pinning of Skyrmion cores, however, which may be well localized. Defects that

lead to pinning could also break rotational symmetry. Rotational symmetry breaking

terms are included in our Hamiltonian (A1 and A2 anisotropy terms in equation (5.1)).
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Chapter 6

Simultaneous Flipping

Foreword to paper “Simultaneous Flipping and the Effects

of Fourth Order Anisotropy”

Having successfully parallelized short range interactions and simulated the Skyrmion

system described in the last chapter, we focused on efficiently computing the long range

dipole interaction. The dipole interaction favors the spacial inhomogeneity that leads

to the formation of the striped phases we wished to study. In order to introduce pe-

riodic boundary conditions we use a set of coordinates defined on an infinite series

of replicas and efficient calculation is achieved using a technique referred to as Ewald

summation which is detailed in appendix A.2. As an infinite range force, when dis-

cretized, the dipole interaction extends over all pairs of spins and hence represents a

large computational cost. One of the challenges of the project was finding a way to

efficiently compute the dipole interaction. In this paper we present the both an algo-

rithm for computing the dipole interaction and results from applying this algorithm to

a striped system in order to understand the effects of higher order anisotropy terms on

the transition between stripes and planar magnetized states.

Specifically, we study the affects of fourth order anisotropy terms on a ferromagnetic

stripe forming system. Since we have selected the material parameters in the same

region of the parameter space as previous simulations (104), some additional discus-

sion surrounding how these parameters relate to real systems is required. Due to the

relatively small size of the spin lattices that it is possible to simulate and the need to

have a reasonable number of stripes in the system, the range of possible stripe widths
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is quite limited (the stripe width should divide the finite system exactly so that the

ground state is not frustrated). Here the ratio of exchange to dipole coupling energy

is selected to allow for a stripe width of eight spins. When compared to real systems

(such as the one described by Ferré et al. (160)), where the stripes can span many

hundreds of nanometers, the simulated system represents a granular approximation in

which domain wall profiles cannot be resolved. Consistent with this interpretation, we

select the ratio of anisotropy and dipole coupling so that the ground state of the system

forms Ising-like stripes.

With material parameters selected to give the desired ground state, the article fo-

cuses on the functional form of the anisotropy and the extent to which the system

reorients, leading to the appearance of in-plane magnetic order. When describing the

re-orientation transition in terms of a free energy the effective co-efficient K2 of M2
z is

renormalized at finite temperature due to fluctuations in the state of the system. At

some temperature K2 is renormalized to zero and the system undergoes a second order

transition into the in-plane magnetic state. In the models used in this thesis the effect

of fluctuations are contained in the ensemble average taken over states and the extent

to which the system reorients (if at all) depends on the fixed ratio of dipole coupling

strength and perpendicular anisotropy. In previous work Whitehead et al. showed

that anisotropies large enough to create Ising-like stripes prevent a transition to a state

with saturated in-plane magnetization (104). In figure 6.12(I) we see that, with this

strong anisotropy, the appearance of magnetic order is associated with the continuous

reduction of the cone angle towards the paramagnetic limit, rather than a transition

where spins fall entirely in-plane. In this article we were interested in exploring the

parameter space of the Hamiltonian in order to simulate a system that forms Ising-like

stripes and undergoes a complete reorientation transition. To achieve this we consid-

ered two anisotropy profiles; one where there is little energy penalty to canting away

from the perpendicular state; and a profile with a local minimum of the energy (with

respect to cone angle) for the in-plane state.

Since this article was prepared in a format suitable for publication, we have avoided

using arrows to represent spin direction in figures in order to maintain readability when

figures are scaled down in publication. To supplement figures 6.7, 6.8 and 6.9 we have

included spin projections for the systems described here at selected temperatures in

appendix A.6.
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Finally a small point regarding terminology. When describing the symmetries of spins;

~si ∈ S0 ∼= Z2 are referred to as Ising spins and ~si ∈ S2 as Heisenberg spins. In the limit

of infinite perpendicular anisotropy favoring perpendicular alignment the Heisenberg

system is equivalent to an Ising system (the zenith angle must be 0 or π). When the

perpendicular anisotropy is sufficiently strong that, at low temperature, the system

forms stripes with minimal canting the state is often described as ‘Ising-like’ or as

forming ‘Ising-stripes’.
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6.1 Abstract

The strength of perpendicular anisotropy is known to drive the spin reorientation in

thin magnetic films. Here we consider the effect different order anisotropies have on two

phase transitions; the spin reorientation transition and the orientational order transi-

tion. We find that the relative magnitude of different order anisotropies can significantly

enhance or suppress the degree to which the system reorients. Specifically, Monte Carlo

simulations reveal significant changes in the cone angle and planar magnetization. In

order to facilitate rapid computation we have developed a stream processing technique,

suitable for use on GPU systems, for computing the transition probabilities in two

dimensional systems with dipole interactions.

6.2 Introduction

In two dimensions the effect of thermal fluctuations is enhanced. The number of possi-

ble symmetries is lower than in three dimensional systems and this reduced symmetry

means that there are fewer degrees of freedom to absorb energy (12, 20, 21). The dis-

covery of a divergence in the susceptibility in the XY model (9), caused by topological

excitations (23, 24), has meant that the existence and stability of spontaneous ordered

states in two dimensions has been a rich and often contentious (7, 8, 9, 10, 11, 12, 13,

14, 15, 16, 17) area of theoretical interest. In particular the dimensionality of the field

(17, 161), finite size effects (162) and anisotropies (163) can effect the phase diagram.

Two dimensional systems can be realized experimentally as thin (typically < 15 atomic

layer) magnetic films. By varying the composition and thickness of thin films a large

variety of magnetic properties have been obtained (29). It is possible to create films

which strongly favor either in-plane or perpendicular orientation of the magnetization

(164). The functional dependence of energy on perpendicular magnetization varies and

can be altered using ion beam irradiation (165, 166). In the presence of strong uni-axial

anisotropy favoring perpendicular alignment, the competition between the entropy fa-

vored in-plane magnetization and the energetically favored out-of-plane state can lead

to a temperature driven spin reorientation transition (SRT) (167, 168, 169). The nature

of this transition is known to be dependent on the relative strengths of different orders

of anisotropy (170, 171, 172). In these systems the ratio of long range dipole coupling

62



6.3 Theory

and short range exchange coupling can lead to the formation of striped domains of al-

ternating spin direction; either as the ground state (69, 173) or as a mechanism of spin

reversal (68). Films have been produced in which stripes observed running parallel with

a common orientation (68, 69, 70), as zig-zags between regular defects (174) or forming

complex patterns with no orientational order (69, 175). The width and mobility of

stripes depend on temperature (176). In particular these systems can display strong

thermal memory, in which the domain configuration depend on the rate of heating or

cooling (177, 178). Both the reorientation and stripe melting transitions have been

studied analytically (179, 180, 181, 182) and using Monte Carlo Simulation (104, 183).

Here we propose a technique in which energy differences arising from long range dipole

coupling are approximated. This approximation allows for computation to be paral-

lelized significantly thus reducing the computational time required. Having first exam-

ined the extent to which this approximation influences the results of simulation, the

method is applied to a two dimensional Heisenberg model where the effects of higher

order anisotropy are examined.

6.3 Theory

6.3.1 Dipole Coupling

Consider a thin ferromagnet, modeled as a two dimensional square lattice of Heisenberg

spins (~s ∈ S2). The spins experience a long range dipole interaction

HD =
CD
2

∑
n,m

1

r3
nm

(~sn · ~sm − 3~sn · r̂nm~sm · r̂nm). (6.1)

Where n and m represent vertices of the two dimensional lattice, ~rnm is the vector from

n to m and CD is a constant, CD = (M2µ0)/(4π).

In simulations periodic boundary conditions are used to approximate an infinite system.

The total system consists of a tiling of replicas. For simulation size L × L, spins

separated by vector ~G = (aL, bL) with a, b ∈ Z are identical. To compute the infinite

sum introduced by periodic boundary conditions a new set of coordinates is introduced;

~rnm = ~G+~ρnm. Here ~ρ restricted to ~ρ = (ρx, ρy), with ρx, ρy ∈ [0, L]. The dipole energy
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at a site n can then be written (taking the square lattice to be in the x− y plane),

Hn =
1

2
CD

∑
m6=n

∑
~G

sαns
β
m lim
r→0

∂α∂β
1∣∣∣~ρnm + ~G− ~r

∣∣∣
+ CD(sαn)2 lim

r→0
∂2
α

∑
~G6=0

1∣∣∣~G− ~r∣∣∣ ,
(6.2)

where sαn represents ~sn.α̂ and expressions are summed over repeated Greek indexes. In

order to achieve efficient computation
∑

~G limr→0 ∂α∂β
1

|~ρnm+ ~G−~r| can be calculated in

advance for all choices of n, m, α and β. Since the sum is slow to converge it can be

split into a short range real space term and a long range Fourier space term according

to the technique described by Harris (184) based on the analogous three dimensional

case developed by Ewald (185). Letting f(~r) =
∑

~G
1

|−~ρnm+ ~G+~r| one has f = fL + fS
1

fS(~r) =
∑
~G

1

|~r − ~ρnm + ~G|
erfc

(
|~r − ~ρnm + ~G|

2η

)
(6.3)

and

fL(~r) = 1/L2
∑
~k

h̃L(~k, z) exp(i2π~k · ~r) (6.4)

where

h̃L(~k, z) =
π

k
e−i

~k·~ρnm [ek|z−znm|erfc

(
|z − znm|

2η
+ kη

)
+e−k|z−znm|erfc

(
−|z − znm|

2η
+ kη

)
]

(6.5)

Despite the efficiency gained by pre-calculating the interactions and using this rapid

summation technique, the calculation of the dipole interaction is still computationally

intensive. In order to calculate the energy of a single spin in the system one must

calculate N = L2 interactions, when calculating the energy of a state of the system

CN2 interactions are required. For a moderate system size L = 64 this equates to 4096

interactions for a single spin and over 8× 106 for a single state.

1While our results take place in the x − y plane the general results given below contain znm and
are suitable for three dimensional systems that are infinite in two directions.
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6.3.2 Monte Carlo Simulation

When considering a system at finite temperature observable quantities O are calculated

as expectation values of the Boltzmann distribution:

〈O〉 =

∑
i Ô[φi] exp

(
−Hi
kBT

)
Z

(6.6)

In order to approximate the properties of this distribution a subset of possible states

is selected using a Markov chain Monte Carlo with transition function

PT (φj → φk) =

{
exp

(
−(Hk−Hj)

kBT

)
for (Hk −Hj) > 0

1 otherwise
(6.7)

Known as the metropolis algorithm (114), Eqn. (6.7) does not define a method for

selecting the prospective new state. There are numerous methods for constructing new

states and the decision is based largely on the system being analyzed. In the case of

magnetic systems, the simplest and most common choice is single spin flips. For a

system of size N one Monte Carlo step (MC step) requires N spin flips. Herein lies

the computational difficulty, in order to complete one MC step in a two dimensional

system one must calculate the energy of a single spin N = L2 times. If there is dipole

coupling present each energy calculation requires L2 interactions to be computed. In

order to compute MC steps more efficiently we present a stream processing algorithm

in section 6.4 that reduces this computational load.

6.4 GPU Parallel Programming and Simultaneous Flipping

In order to perform Monte Carlo simulations at an acceptable speed we make use

of a graphics processing unit (GPU). Most modern computing systems implement a

single instruction single data execution model. In contrast, some systems implement

a single instruction multiple data execution model, sometimes referred to as stream

processing. In stream processing a single function (kernel) is executed simultaneously

on a large number of different inputs (the stream), the execution of each input (thread)

is independent and there is no communication between threads (186). Here we present

a stream processing algorithm to perform rapid Monte Carlo simulations exploiting the

parallelism available in GPU cards. While our implementation makes use of GPUs it is
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not entirely accurate to say that GPU chips implement a steam processing architecture.

On modern GPUs each multiprocessor has a small level one cache (typically tens of

kilobytes) and a larger coherent level two cache (typically several hundred kilobytes).

It is possible to pause execution of identical threads until all threads have reached a

designated execution point, allowing one to avoid the race errors normally associated

with different parallel threads reading and writing from the same memory location. In

this sense the GPU chips are capable of limited communication between threads1. For

spin lattice models where interactions are limited to nearest or next nearest neighbor the

problem of implementing a parallel GPU algorithm has been examined previously and

several algorithms exist to distribute computation over single (57, 124, 125) or multiple

GPUs (58). In these cases multiple single spin flips can be performed simultaneously

(provided potential update sites are not nearest neighbors). In recent work, Campos

et al. (187) have approached the problem of long range coupling by parallelizing the

long range sum in three dimensions. Here we go beyond the work of Campos et al. and

focus on performing multiple simultaneous MC steps.

6.4.1 Algorithm

Here we describe a method for parallelizing MC simulations in the presence of dipole

coupling. A pseudo-code implementation of the algorithm is given in appendix A.4.

The algorithm depends on the size of the system L and two parameters that will be

defined below: l and P . For clarity of exposition, figures in this section will use a fixed

small system size L = 8 and the parameters l = 4 and P = 4 (l and P need not be

equal in general). When describing the algorithm we take the ‘host’ to indicate any

computation not performed on the GPU. Calculations run on host are implemented in

the normal serial fashion. We will refer to the GPU card as the ‘device’ and calculations

run on device are implemented as parallel operations and have access to device memory

(VRAM).

Initially the current state of the system is held in the device memory, either from

initialization or from the previous iteration of the algorithm. On the host, a site is

selected at random, in Fig. 6.1 this site is denoted by a blue circle numbered 1.

Additional sites are then selected at fixed multiples of l according to i = (al, bl) + i1 for

1Additionally some modern hardware allows for the simultaneous execution of a small number of
different kernels, making the distinction between execution models increasingly less clear.
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a, b ∈ [0, L/l]. These n = (L/l)2 values of i are the update sites and are represented in

Fig. 6.1 as circles numbered 2, 3 and 4. Next, for each site a new spin value is selected

at random as the potential new spin values. In Figs. 6.1, 6.3 and 6.4 these potential

new spin values are represented as diamonds. The location of the selected sites and the

potential new spin values are copied to the device memory.

The device then launches 2n threads to calculate nearest neighbor exchange coupling1.

The nearest neighbor spins accessed by these threads are indicated as gray boxes in

Fig. 6.1. Simultaneously the system launches 2Pn threads to calculate the dipole

  

1

3

22

24 23

121

21 21
22 22
23 23
23 24

Figure 6.1: An 8× 8 sample where in each square represents a spin site. Site 1 is chosen
at random. Update sites 2, 3 and 4 are selected at fixed distances from 1. In addition 4
alternative spin values are also generated (indicated here as diamonds) giving a total of
(2L2)/l2 = 8 energies that need to be calculated. Gray squares indicate nearest neighbor
sites used in calculation of short range interactions.

interactions. Each thread calculates the interaction between a spin at an update site

and spins in a vertical sub-section of the total system with width L/P . Fig. 6.2

presents a subset of these threads that calculate the interactions associated with a

single update site. When the above threads are complete all interactions have been

computed. For each of the n potential update sites the results of both the current spin

and the potential new spin are passed into a single thread. Each of the n new threads

calculates any single site energies (anisotropies and applied fields), then applies the

metropolis algorithm and updates the state accordingly(see Fig 6.3). In Fig. 6.4 all the

1Two threads per update site, to calculate the current energy and the energy of the potential new
spins
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Figure 6.2: The dipole interactions between update site 1 (blue circle) and the rest
of the system are parallelized into four threads which compute a sub set of the possible
interactions shown here as pink shaded squares. Simultaneously threads will be executing
the calculation of dipole coupling for the other seven spin values.

  

2Metropolis Algorithm 

21

21
?

Figure 6.3: One of the n simultaneous spin flipping threads. The original spin value and
the alternative spin value for site 1 each require five threads to compute all interactions.
One thread to calculate the short range interactions with gray squares in Fig. 6.1 (repre-
sented by a gray arrow) and P = 4 threads to calculate the dipole interactions with the
subsystems shown as pink squares in Fig. 6.2 (represented by pink arrows). The results
of the ten threads are then fed into a single thread that calculates the flipping probability
for update site 1.

threads executed in one iteration of the algorithm for the hypothetical small system

are displayed.
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31 2 43221 22 23 24

1 22 33 24

Figure 6.4: For each of the four current spins and each potential new spin the five threads
shown in Fig. 6.3 are computed and the results are fed into n = 4 threads that calculate
the flipping probability. One of the possible 2n possible resulting spin updates is shown.

6.4.2 Approximation

The algorithm presented here reduces the computation required by simultaneously ex-

ecuting P × (L/l) partial sums of size L/P . However in doing so an approximation has

been made. In Fig. 6.5, a single thread will compute the dipole interaction between
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Figure 6.5: The interactions calculated by two of simultaneously executed threads. On
the left site 2 interacts with a section of the system that contains site 1. On the right site
1 interacts with a section of the system that contains site 2.

a potential update site (blue circles in the figure) and a subset of the sample of width

L/P (pink). Some subsets will contain another potential update site (the interactions

of which are being processed simultaneously by another thread). If two spin updates

were computed without parallelization, there are four possibilities for the new state φi

given in Fig. 6.6: neither spin is flipped (φ0), the first spin flips (φ1), the second spin

69



6. SIMULTANEOUS FLIPPING

flips (φ2) or both spins flip (φ3). Denote the probability that the first spin flips as P1,

the probability that the second spin flips given the first spin has flipped as P12 and that

the second flips given the first spin is not flipped as P1̄2 . Then the probability that

the system finishes in state φ0, is P0 = ¬P1¬P1̄2, where we have used ¬P1 to denote

the probability that P1 does not occur (¬P1 = (1 − P1)). Similarly P1 = P1¬P12,

P2 = ¬P1P1̄2 and P3 = ¬P1P12. If the two spins don’t interact then P12 = P1̄2 and de-

pend only on the energies H0 and H2. In this case simultaneously updating sites gives

the same statistics as the conventional sequential flipping. If the spins do interact, as is

the case with long range coupling, then the above algorithm makes the approximation

P12 = PT (φ1 → φ3) ≈ PT (φ0 → φ2) or H3 −H1 ≈ H2 −H0.

  

P1

¬P1

P 1̄ 2

¬P 1̄ 2

P1 2

¬P1 2

ϕ3

ϕ1

ϕ2

ϕ0

Figure 6.6: The four possible states that result from two potential spin flips and the
associated probabilities.

In order to approximate the size of this error first denote original spin values as ~s1

and ~s2 and the potential new values as ~S1 and ~S2. Then φ0 = (~s1, ~s2), φ1 = (~S1, ~s2) ,

φ2 = (~s1, ~S2) and φ3 = (~S1, ~S2). Assuming that spins are not nearest neighbors then

the error ε12 = |H3 −H1 −H2 +H0| depends only on the dipole energy. The error is

ε12 =
CD
r3

12

|δ1 · δ2 − 3(δ1 · r̂12)(δ2 · r̂12)|

=
CD
r3

12

D.

(6.8)

where δ1 = ~s1− ~S1, δ2 = ~s2− ~S2 and D = |δ1 · δ2− 3(δ1 · r̂12)(δ2 · r̂12)|. We wish to find

the maximal values of D. There are two cases in which local maximums occur. The
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first case, which we shall refer to as the perpendicular case, is δ1 = ±δ2 = ±(0, 0, 2)

corresponding to D = 2. The second case, which we shall refer to as the planar case, is

δ1 = ±δ2 = ±2r̂12 corresponding to D = 4.

Here we have calculated the maximum error introduced by flipping two spins simultane-

ously. However, due to the periodic boundary conditions described in section 6.3.1 flip-

ping a spin also flips its image in each replica that makes up the infinite system. For the

perpendicular case each replica introduces an additional error εR = (2CD)/(|~G+~r12|3).

For the in-plane case the maximum D = 4 requires δ1 and δ2 to be parallel to the

vector connecting the updated spins, ~r12 + ~G, which will not be possible for all ~G. To

estimate the error for the in-plane case let

~r12 + ~G

|~r12 + ~G|
= (cos(γ), sin(γ), 0) (6.9)

then fixing the δ1 ‖ δi gives D = 1− 3 cos(γ)2. Since simultaneously flipped spins and

their replicas will exist in all possible directions we take the root mean squared average

with respect to γ giving D ≈ 2. Based on this argument, including all simulated spins,

we estimate the maximum error in H3 −H1 as

εTotal =
L2

l2

n∑
i=−n

n∑
j=−n

∑
G

CD

((il +Gx)2 + (jl +Gy)2)
3
2

(6.10)

The flipping probability will now be exp
(
−(Hk−Hj)

kBT
± εTotal

kBT

)
. This error places an up-

per bound on the error for an iteration of the algorithm spin flip, however, it does not

preclude the possibility of large errors accumulated over the multiple spin flips that will

be performed in simulation, typical simulations may involve tens of millions of single

spin flips. Notably the error depends on the value of l and selection of an appropri-

ate value should try to minimize the error as much as possible, however large values

of l reduce the parallelism. In the work below we consider the system size L = 64,

restricting the choice of l to 2,4,8,16 or 321. In order to keep the error in flipping

probability below 1% over the range of temperatures considered here we select, l = 32,

for C−1
D kBT = 0.1 (the small value of T considered) the error in the flipping probability

is approximately 0.21%. In contrast, the next smallest choice l = 16 corresponds to

10% error at C−1
D kBT = 0.1. In Appendix A.5 we present the results of simulating

1seleting l = 1 corresponds to flipping nearest neighbors and is therefore not considered
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the two dimensional Ising model with strong dipole interactions in order to attempt to

place an upper bound on the accumulated error. We find that, when compared with

conventional techniques, the algorithm produces a maximum error of around 8% on the

obtained critical values.

With any parallel algorithm one must ensure that the throughput is sufficient to over-

come any memory and instructional latencies introduced by the parallelization. For

the production runs below 64 × 4 = 256, threads are executed in parallel and the

GPU is far from being fully loaded. This raises the reasonable question as to whether

the GPU is experiencing sufficient throughput. In order to obtain some measure of

the improvement we compared the GPU simulation (Intel E5620 2.4GHz, Tesla C2050

with blocksize = 128) with the computation of the dipole sum implemented on the

CPU. We find that the GPU simulation performed around 12 times faster. While not

experiencing the huge improvement some algorithms have achieved, this performance

enhancement is still significant.

6.5 Fourth Order Anisotropies in the Heisenberg Model

In two dimensional magnetic systems the phase diagram depends on two ratios. The

first is the ratio of perpendicular anisotropy to dipole coupling. In two dimensions the

dipole energy favors in-plane ordering of spins at T = 0 (104, 183), however a sufficiently

strong perpendicular anisotropy can create a ground state with perpendicular spins. At

finite temperature the free energy F = E−TS is minimized and the higher entropy in-

plane state can become favored and the spin reorientation transition occurs. The other

ratio determining the possible phases of the system is exchange to dipole coupling. For

sufficiently strong dipole coupling the system forms stripes in the ground state, with

stronger dipole coupling favoring thinner stripes. The total energy for such a system is

given by

H = −J
2

∑
〈i,j〉

~si · ~sj +
∑
i

HA i

+
CD
2

∑
i,j

1

r3
ij

(~si · ~sj − 3~si · r̂ij~sj · r̂ij)
(6.11)
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Where HA i is the single site magnetic anisotropy. In the absence of stripes the spin

reorientation transition is known to depend on the higher order anisotropy terms (167,

168, 169). We are interested on the effect of varying the ratio of second to fourth order

anisotropy while keeping the anisotropic energy difference between the in-plane and

out-of-plane spins constant. The anisotropy is defined as

HA i = K((1− a)(~si · ẑ)2 + a(~si · ẑ)4) (6.12)

with K < 0 and a > −1. Here K represents the strength of the anisotropy and a

determines the ratio of fourth order to second order anisotropies. Theoretically the de-

pendence of spin orientation on higher order anisotropy has been studied as a function

of thickness (87) and temperature (188, 189). In these cases reorientation of spins is

modeled as a competition between competing anisotropy terms which depend on tem-

perature. In our simulations anisotropy is considered constant.

Previously the case of a = 0 and varying K has been examined by Whitehead et al.

(104). The broad thermal phase evolution, ordered stripes at low temperature followed

by in-plane magnetization followed by the paramagnetic transition, is reasonably well

understood (104, 182). The behavior near to the SRT is not well understood, experi-

ments performed on Pt/Co(0.5 nm)/Pt films by Bergeard et al. (160) have indicated

long time scale dynamics consisting of regions fluctuating between perpendicular stripes

and in plane magnetic order. The authors note that near to the SRT, quadratic cou-

pling alone is not sufficient to account for this mixed behavior. Using AC susceptibility

studies of striped phases in Fe/Ni films, Abu-Libdeh et al. (177, 178, 190) have also

indicated the presence of long timescale dynamics. By varying the order of anisotropy

we wish to investigate the nature of the phase transition between the striped and in

plane phases.

Here increasing the value of a suppresses states with canting. We consider three choices

of parameter a; a = −1 corresponding to a system that favors canting (F), a = 2 cor-

responding to a state with suppressed canting (S) and a = 0 corresponding to an

intermediate propensity for canting (I).

We understand this as follows. Consider the restoring force due to anisotropy expe-

rienced by a spin slightly canted away from perpendicular alignment. For the inter-

mediate case the restoring force is given by the derivative of energy with respect to
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zenith angle −∂θiHAi |θi=0 = −2K (with the same results for θi = π), so for a small

amount of canting away from the perpendicular alignment the change in energy is

∆HAi(θi) = 2Kθi. For the case of canting suppression we have −∂θiHAi |θi=0 = 0 and

so there is no force experienced for small spin canting. For the case of strong sup-

pression −∂θiHAi |θi=0 = −6K and the restoring force is three times stronger than the

equivalent quadratic anisotropy.

6.5.1 Results

Normalizing against the strength of the dipole coupling CD to give dimensionless pa-

rameters we define T = (kBT )/CD, J = J/CD and K = K/CD. The exchange coupling

was fixed at J = 8.9 giving a ground state with stripe width w = 8. The anisotropy

strength was fixed at K = 15.

The system is initialized in a perpendicular striped state and then an ensemble is gen-

erated using the above parallel Monte Carlo algorithm with parameters L = 64, P = 64

and l = 32. In order to examine the convergence properties we examine the results for

varied equilibrium times at temperatures where we expect the slowest relaxation; at

low temperatures and near the transition points. In almost all cases energy converges

rapidly, taking several hundred Monte Carlo steps. The morphological properties take

longer. Slow relaxation of stripe patterns has been observed in studies of Ising systems

(191). However, in our simulations we find that the in plane magnetization is the slow-

est converging measure, often taking several tens of thousands of steps to equilibrate.

There are however, two regions where equilibrium is significantly slower. The first is

near the sharp transition for the a = 2 case near T = 4. At T = 3.5 (just below the

transition) all parameters converge rapidly. At T = 4 (just above the transitions) the

energy is slow to converge, taking approximately 5 × 104 steps. In this case it takes

7.5 × 104 steps for the magnetization to reach convergence. The other region where

some care is needed is the a = −1 case at T = .5. Recalling −∂θiHAi |θi=0 = 0, spins

have the the ability to cant even at low temperatures and the system carries a net

magnetization. Since the system is initialized in a perpendicular state the relaxation

time required to form stripes is large, in this case we find that the system requires

approximately 1.25 ×105 steps to equilibrate. In appendix A.3 we give the results of

varied equilibrium times for these slowly converging temperatures. Here we have taken

a fairly coarse temperature spacing between simulations in order to explore the phase
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space of the system. If one were to attempt simulations closer to the transition points

it is likely that the required equilibrium time will increase, particularly for the a = 2

case where we have already observed a large increase in the required equilibrium time.

Once at equilibrium an additional 5× 104 steps are simulated with the state recorded

every 50 steps to form an ensemble. This ensures that the correlation between the same

spin in subsequent states of the ensemble is limited. Waiting 50 steps corresponds to

an average value of the time correlation 〈~si(t = to) · ~si(t = to + 50)〉 ≈ 0.5 at T = 4.

The ensemble size n = 1000 ensures that the standard error in the thermal averages of

order parameter O

SE〈O〉 =

(
〈O2〉 − 〈O〉2

n

)1/2

(6.13)

remains smaller than the errors due to the algorithm discussed in section 6.4. We also

calculate the errors using non-parametric jackknife re-sampling (192), in cases where

the error is larger than the plot points it is indicated on plots as error bars. One should

still be careful when interpreting the results. Re-sampling only gives the deviation

from calculated values due to finite ensemble size, it can give no information about the

cumulative error due to the algorithm discussed in section 6.4.2.

Example states for each value of a are given in figures 6.7, 6.8 and 6.9. For the case

of favored spin canting, a = −1, (Fig. 6.7) the system has stable stripes in the ground

state, but the perpendicular magnetization is not saturated. The in-plane components

display long range ordering. As temperature is increased the stripes display roughening,

and then bridging, leading to the eventual loss of orientational order. As temperature

is further increased the in-plane order breaks into domains, before the system enters

the high temperature paramagnetic phase.

For the intermediate case, a = 0 (Fig. 6.8) we observe perpendicular stripes at low T.

The boundaries of these stripes undergo roughening and eventual bridging, analogous

to the canting favored case, before orientational order is destroyed with increasing

temperature. Unlike the canting favored case we note the presence of increased canting

at the domain boundaries. Above this temperature we observe a mixed phase in which

perpendicular domains are interspersed with regions of in-plane magnetic order. As

temperature is further increased these domains become increasingly granular until the

system reaches the paramagnetic limit.

When canting is suppressed, a = 2, (Fig. 6.9) the system forms perpendicular stripes
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Figure 6.7: Example spin configurations for canting favored system(a = −1). Each state
is represented by three images, from left to right, showing the z,x and y components of
spins respectively. Left column from top T = 0.25, 1., 1.5, 2.0. Right column from top
T = 2.5, 3.5, 6, 10.

in the ground state. As the temperature is increased the walls undergo roughening

but not the bridging and gradual loss of orientational order displayed in the a = 0 and

a = −1 simulations. Instead the system undergoes a sudden transition into a state with

only small regions of perpendicular alignment remaining and strong in-plane order. As

temperature is increased we observe an increasing number perpendicular regions as the

in-plane order breaks into domains. At high temperature in-plane order is destroyed

as the system becomes paramagnetic.

In order to locate domain walls we define horizontal and vertical order parameters

based on those described by Whitehead et al. (104, 105)

nzv =
∑
i

1− sgn(szi s
z
i+ŷ)

nzh =
∑
i

1− sgn(szi s
z
i+x̂)

(6.14)

with analogous definitions for the x and y components of the spins. At low temperatures

when the systems are dominated by perpendicular alignment the density of perpendic-

ular domain boundaries is given by (nzv + nzh)/(4N). In Fig 6.10 we see that for the
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Figure 6.8: Example spin configurations for the intermediate case (a = 0). Left column
from top T = 0.5, 2, 2.5, 3. Right column from top T = 3.5, 4.5, 8, 10.

intermediate and canting favored states the wall density increases gradually with tem-

perature. This represents roughening and then the bridging before perpendicular order

is lost and the wall density tends to the T →∞ value of 1/2. In contrast, the canting

suppressed state undergoes far less roughening and the wall density remains small until

the system undergoes a sudden change into the high T state.

6.5.1.1 Orientational Order Transition

The orientational order is given by considering the ratio of horizontal and vertical

domain boundaries.

Oα =

〈
|nαh − nαv |
nαh + nαv

〉
(6.15)

for α ∈ {x, y, z}. In Eq. 7.2 we have defined separate order parameters for each

component rather than defining combined parameters nv =
∑

i 1 − ~si~si+ŷ and nh =∑
i 1 − ~si~si+x̂. This definition is robust against canting, meaning reduction in O due

to changing stripe morphology (such as coarsening or bending) can be distinguished

from changes in the cone angle. Consider the low T states shown in Fig. 6.7 and 6.9,

both states have stripes with no coarsening or bending and the definition given in Eq.

7.2 assigns the same order parameters to both states. In Fig. 7.3 this Oz is plotted
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Figure 6.9: Example spin configurations for the canting suppressed case (a = 2). Left
column from top T = 0.5, 1.5, 2.5, 3.25. Right column from top T = 3.5, 4, 6, 10.

for the three values of a. Ox and Oy were also calculated and were zero in all cases.

For higher a the stripes are stabilized at higher T. For perpendicular stripes, high a

values suppress small fluctuations at the stripe boundaries preventing the roughening

and eventual bridging that leads to a loss of orientational order.

6.5.1.2 Spin Reorientation Transition

When the spins are not entirely perpendicular to the plane it is possible for the system

to acquire in-plane ferromagnetic order. If we define Mx = 1/N
∑

i s
x
i and My =

1/N
∑

i s
y
i then the parallel magnetization is given by

M‖ = 〈(M2
x +M2

y )
1
2 〉. (6.16)

the appearance of non-zero ferromagnetic order is not inherently indicative of global

spin reorientation. Canted spins states and finite thickness domain walls can account

for significant magnetic order (104, 193). To measure the degree to which the spins

reorient as a function of temperature we introduce the cone angle η

η =
1

N

∑
i

√
(2/π)2〈(θi − π/2)2〉 (6.17)
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Figure 6.10: Total wall length for the canting favored a = −1 (F), intermediate a = 0
(I) and canting suppressed a = 2 (S) cases.

where θi is the zenith angle of spin ~si, θi = arccos(szi ) and we have normalized η so

that 0 ≤ η ≤ 1. In Fig. 6.12 η is shown as a function of T, along with the T → ∞
value η =

√
(2/π)2(1/4(π2 − 8)). Despite the energy difference between parallel and

perpendicular alignments remaining constant, the behavior varies dramatically with a.

For the canting favored case, a = −1, we see that by reducing the energy cost of canting

spins, the sample doesn’t experience a spin reorientation transition, instead it remains

canted for all temperatures. In Fig. 6.13 it is seen that this canting allows the sample

to have non-zero magnetic order at T = 0. The appearance of maximum magnetic

ordering at T = 0 is characteristic of weaker values of K < 13 and a = 0 (104). How-

ever in these cases, the low T parallel magnetization does not occur simultaneously

with orientational order. As T is increased the degree of canting remains practically

unchanged with the orientational order decreasing over the range of 1 < T < 2.5.
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Figure 6.11: The orientational order for favored canting a = −1 (F), intermediate canting
a = 0 (I) and suppressed canting a = 2 (S).

For the intermediate case, a = 0, we observe results consistent with those of White-

head et al. (104): a loss of orientational order over a small region, 1 < T < 3, in which

stripes also become slightly canted leading to a small in-plane magnetization. Above

this temperature the in-plane magnetization increases as η decreases, resulting in a

peak in-plane magnetization of M‖ ≈ .46 at T = 4.5. For T > 4.5 the a = 0 system

is identical to the a = −1 system, η slowly decreasing and magnetic order gradually

reduced to zero at T = 8.

For the spin suppressed state, a = 2, we observe the same perpendicular ground

state as in the a = 0 case. Unlike the previous cases the orientational order is stabilized
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Figure 6.12: η as a function of T for favored canting a = −1 (F), intermediate canting
a = 0 (I) and suppressed canting a = 2 (S). η = 1 indicates all spins point perpendicular
to the plane (~si.ẑ = ±1), η = 0 indicates all spins lie in-plane (~si.ẑ = 0). The red dashed
line represents the T →∞ value. The solid blue line represents (~si.ẑ = 1/

√
2).

up to T = 4, at which point the system undergoes a sharp transition to a parallel

ferromagnetic state. In Fig. 6.12 we see that η simultaneously undergoes a sharp

transition, representing the spin reorientation transition. Above T = 4 we observe a

gradual reduction in magnetic order until the system enters the paramagnetic state

above T = 8.
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Figure 6.13: M‖ as a function of T for favored canting a = −1 (F), intermediate canting
a = 0 (I) and suppressed canting a = 2 (S).

6.6 Fluctuations

In order to examine fluctuations near critical points we calculate the auto-correlation1,

σ2(X) = 〈(X − 〈X〉)2〉, (6.18)

of the three order parameters M‖, O
z and η, which we denote σ2

‖, σ
2
O and σ2

η respectively.

The small numerical values of these variances means that they are affected to a greater

extent by errors introduced by the simultaneous flipping.

In Fig. 7.14 we observe peaks in σ2
‖ associated with the loss of in-plane magnetization

1Here the auto-correlation gives a measure of the spread of calculated means in our ensem-
bles, it should not be confused with the mean self-correlation between two spins at different times
N−1 ∑

i ~si(t0).~si(t0 + ∆t).
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for each choice of a. In addition we observe a smaller peak at around T = 3 for the

intermediate, a = 0, case corresponding to the formation of in-plane magnetic order.

This low temperature peak is absent in the canting suppressed case due to the first order

nature of the phase transition. The sharp in-plane transition does not correspond to a

significant change in ferromagnetic ordering. In both the perpendicular striped phase

and in-plane ferromagnetic state the exchange energy is minimized for the majority

of spins. In the canting favored state the low T transition is absent since maximum

magnetic order occurs at the lowest temperature simulated T = 0.2.
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Figure 6.14: σ‖ as a function of T for favored canting a = −1 (F), intermediate canting
a = 0 (I) and suppressed canting a = 2 (S).

In Fig. 6.15 σ2
η is plotted for the three choices of a. For the canting favored case

the fluctuations are small, culminating in shallow peak at T = 5. This is consistent

with the nearly homogeneous cone angle. For the intermediate case the fluctuations

display a broad peak centered just below the minimum cone angle at T = 4. For the
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canting suppressed case there is a small peak corresponding to the initial reorientation

of the spins followed by a broad peak as the cone angle starts to approach the high

temperature average.

In Fig. 7.13 the fluctuations of Oz are plotted as a function of temperature. In each case

the variance forms a peak corresponding to the loss of orienational order. Increased

canting suppression corresponds to thinner peaks, as the transition occurs over a smaller

temperature range. We note also that the strength of the peak is smaller for the canting

suppressed case, due to the fact that only roughening occurs but not bridging.
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Figure 6.15: ση as a function of T for favored canting a = −1 (F), intermediate canting
a = 0 (I) and suppressed canting a = 2 (S).
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Figure 6.16: σO as a function of T for favored canting a = −1 (F), intermediate canting
a = 0 (I) and suppressed canting a = 2 (S).

6.7 Conclusions and Comments

Here we have examined the nature of stripe formation and spin reorientation in the

presence of strong perpendicular anisotropy. In order to do so we have proposed an

approximation that allows for a parallel algorithm for performing Monte Carlo simu-

lations in cases where there is long range coupling. We have argued that, since the

dipole coupling contributes with a r−3 dependence, for appropriate choice of algorithm

parameters the approximation is acceptable. This algorithm reduces significantly the

computation time associated with increased system size. The algorithm has been ap-

plied to the case of Ising spins in the presence of dipole coupling and shown to be

consistent with results obtained by conventional methods.

It is possible that further increases in computational efficiency might be gained through
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more efficient parallelization of the dipole sum. Furthermore the concept of simultane-

ous flipping might be particularly useful in three dimensions where the computational

issues are enhanced, the caveat of course being that care must be taken with parameter

choice since the number of simultaneous spins is greatly increased.

This technique has then been used to examine the effects of higher order anisotropy

in striped systems where we have shown that the anisotropy order can suppress or

enhance the SRT in cases with strong out-of-plane anisotropy.

When comparing our simulations to analytic results we note several discrepancies. Al-

though we were able to observe the coexistence of stripes and magnetic order, we did

not observe domain formation of the cone angle as suggested by Abanov (182). We also

did not observe any magnetic order due to correlations in the in-plane magnetization

of domain walls in the wall segments dividing stripes. Whitehead et al. also noted the

absence of such correlations (104), however, Yafet and Gyorgy have argued that cor-

relations between domain walls leading to ferromagnetic order are possible (193). The

discrepancy between analytic and computational results might largely be a result of

limited system size. In particular it is not possible to make a fine grained examination

of wall profiles in these small systems. The parallel algorithm presented here reduces

the computational cost of scaling system size. In the future it would be interesting to

use the algorithm to simulate far bigger systems, in which domain wall structure could

be more reasonably simulated, providing more insight into correlations that occur on

finer scales.
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Chapter 7

Periodic Defects

Foreword to paper ”Magnetic stripe domain pinning and

reduction of in-plane magnet order due to periodic defects

in thin magnetic films”

Having created a simulation capable of parallelizing Monte Carlo updates in the pres-

ence of long range dipole coupling, we modified the code to simulate the effects of

non-magnetic defects. The defects are included by introducing a binary array that re-

mains in the GPU memory for the duration of the simulation, energy calculations and

spin updates only occur on spins that contain a one. In this paper we describe effects

of non-magnetic defects on striped and in-plane magnetic phases.

In this paper we change notation slightly in order to make definitions involving multi-

indexed subscripts clearer, specifically equation 7.8; vectors will be denoted by bold

print rather than the arrow notation used in other chapters.

In the following paper, when considering random defects, we limit focus to temperatures

where the defect free system is not in a modulated phase. In the presence of random

defects the ground state of the system (if one exists) cannot be determined analytically.

It is likely that, in the presence of the random defects, the system becomes glassy; there

will by many distinct states with degenerate energy close to the ground state. Unlike

conventional systems, any Markov chain of states will have to pass through large local

energy maxima to move between these degenerate energy states. There are methods

available for treating systems of this type which we discuss in section 8.1.1 as possible

future enhancements to the method developed in the previous chapter.
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7. PERIODIC DEFECTS

7.1 Abstract

In thin magnetic films with strong perpendicular anisotropy and strong demagnetizing

field two ordered phases are possible. At low temperatures, perpendicularly oriented

magnetic domains form a striped pattern. As temperature is increased the system

can undergo a spin reorientation transition into a state with in-plane magnetization.

Here we present Monte Carlo simulations of such a magnetic film containing a periodic

array of non-magnetic vacancies. We find that the defects produce two effects. At

low temperatures the vacancies can take the place of a high energy spin and lower

the energy of a domain boundary. This results in pinning of the domain boundaries,

which stabilizes parallel orientation of stripes against thermal fluctuations. At higher

temperatures, when spins are canted, we find that vacancies produce a dilution effect

arising from the reduced demagnetizing field. The defects favor perpendicular spin

alignment and disrupt long range ordering of spin components parallel to the sample.

This increases cone angle and reduces in-plane correlations leading to a reduction in

the spontaneous magnetization.

7.2 Introduction

Quasi two dimensional ultra-thin magnetic films engender a large area of theoretical

and technical interest, due in part to the large variety of magnetic properties that can be

produced (29, 164) and their applications in data storage (194, 195). For a sufficiently

high ratio of dipole to exchange coupling strengths, the ground state of thin magnetic

films can consist of magnetic stripe domains (68, 69, 173). For films with a strong

perpendicular anisotropy a second phase transition is possible, in which spins reorient,

resulting in a non-zero magnetization parallel to the sample plane (167, 168, 169).

There are a number of lithographic techniques that can be used to create nanometer

scale magnetic structures (196, 197, 198, 199, 200, 201, 202, 203, 204). When compared

with isotropic films, periodic magnetic nano-structures have been shown to significantly

alter macroscopic properties such as anisotropy (205, 206), magneto-resistance (205),

coercive field (207, 208, 209) and spin reorientation temperature (88, 160).

On the micro scale, magnetic stripe domains can appear with long range orientational

order (68, 69, 70) or forming complex patterns (69, 175). Nano-scale patterning has

been used to create pinning sites for domain walls (88, 210, 211, 212, 213, 214). When
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the period of pinning sites is comparable to the natural stripe width, long range orien-

tational order can be stabilized (160, 174) .

Theoretically these quasi two dimensional systems have been studied with a variety

of methods. For two dimensional isotropic systems the problem of melting is reason-

ably well understood (215), in particular the spin reorientation transition (SRT) and

stripe melting have been studied analytically (179, 180, 181, 182) and with computer

simulation (104, 183, 216). Theoretically the problem of melting in two dimensional

systems has been considered for the case of particles with a periodic potential (217).

The pinning of domain walls has been explored for both random (218) and periodic

defects(219). Recently micro-magnetic computer simulations have explored the contri-

bution of periodic defects and edge effects to magnetic reversal and hysteresis (220).

Here we perform Monte Carlo simulations on a stripe forming magnetic system in order

to understand the effect of periodic non-magnetic defects on the thermally driven spin

reorientation and stripe melting transitions. At low temperatures these defects result in

pinning of the domain boundaries stabilizing parallel orientation of stripes against ther-

mal fluctuations. At higher temperatures, when spins are canted the defects produce a

dilution effect arising from the reduced demagnetizing field, leading to a reduction in

the spontaneous magnetization.

7.3 Method

The system is modeled as a two dimensional square array of Heisenberg spins si ∈ S2,

with lattice spacing α.

H =− J

2

∑
〈i,j〉

si · sj +K
∑
i

(szi )
2

+
CD
2

∑
i,j

1

r3
ij

(si · sj − 3si · r̂ijsj · r̂ij)

(7.1)

where i and j represent two dimensional indices, i = (ix, iy), s
z
i = si · ẑ and 〈. . . 〉 indi-

cates the sum extends only over nearest neighbors. J , K and CD represent the strength

of the exchange coupling, perpendicular anisotropy and dipole coupling respectively. In

order to introduce non-magnetic defects, some lattice sites are left empty. These defects

are arranged as a regular square array with spacing wd. The system is evaluated with
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Metropolis algorithm Monte Carlo. In order to remove edge effects, periodic bound-

ary conditions are introduced. After the change of co-ordinates rnm = G + ρn′m′

where ρn′m′ = (ρx, ρy) and ρx, ρy ∈ [0, L], dipole coupling is calculated over a series of

replicas of the original system (184, 185) the dipole interaction and Monte Carlo steps

are parallelized on a GPU using the stream processing method described in (216).

Non-magnetic sites si = 0 are not updated.

7.4 Results

In order to create a periodic array of defects we select a system size of L = 64α and de-

fect spacing wd = 8α. In real systems the width of stripes is of order tens of nanometers

(or more) and so our parameter choice inherently involves some degree of course grain-

ing. Here we select our parameters in order to simulate three distinct phases. With

increasing temperature we simulate a low temperature perpendicular striped phase, a

canted phase with a net in-plane magnetization and the high temperature paramagnetic

phase, an example of such a system is found in Pt/Co/Pt thin films (160). The ratio

of exchange to dipole coupling is selected to be J = J/CD = 8.9 giving a stripe width

of ws = 8α. In the absence of defects, the two dimensional Hamiltonian described in

equation 7.1 has been studied previously by Whitehead et al. (104) for varying K.

In these simulations it was shown that varying the ratio K = K/CD determines the

sequence of phases observed with increasing temperature. For K < 12 the system has

saturated in-plane magnetization at zero temperature and only a single phase transi-

tion can be observed (the paramagnetic transition at the Curie point). For intermediate

values 12 < K < 14, the system forms stripes as the ground state where the spins are

canted near the domain boundaries leading to finite magnetization at zero temperature.

Here we wish to examine a sequence of phases where the parallel magnetization is not

present at low temperature. For this reason we select K = 15 ensuring that the ground

state is not canted (si · ẑ = ±1).

At T = 0, when the system is ordered, we find that for the choice of parameters above,

the lowest energy occurs when domain boundaries pass through magnetic defects (this

minimizes the energy by replacing a high energy spin with a defect). The system is

initiated in the ground state and Monte Carlo ensembles are generated disregarding

initial states to allow the system to equilibrate. We we find that the equilibrium is
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generally quite rapid (of order 104 sweeps). However at temperatures where significant

magnetic ordering occurs equilibrium is slower. In these cases when the simulation

is performed increased equilibrium times of up to 105 sweeps are required. A further

5× 104 steps are taken with states recorded every 50 steps. Previously we determined

that 50 steps allowed sufficient independence between ensemble configurations (216).

In order to examine the effects of the defects results are included from an identical

simulation performed on a perfect lattice that we shall refer to as the isotropic case 1.

When describing results we will refer to the normalized temperature T = kBTC
−1
D . In

figure 7.1 sample states are shown for low temperatures near to where orientational or-

der is destroyed. In the absence of defects, as T is increased, the striped system initially

undergoes roughening at the stripe boundaries. The roughened domain boundaries are

associated with localized canting of the spins away from perpendicular alignment. As

temperature is further increased the system undergoes bridging between stripes that

leads to the destruction of long range orientational order. With the inclusion of defects

the same general trends occur: stripe roughening followed by bridging and eventual

destruction of long range order. However, the presence of defects stabilizes the striped

order at higher temperatures. In addition, differences in morphology are observed. In

the absence of defects the stripes display long wavelength undulations. In the presence

of defects walls are pinned. Instead of long wavelength bending, fluctuations exist as

roughening of the sections of wall between defects. Also, in contrast to the isotropic

case, we observe that this initial roughening of stripes is not associated with the ap-

pearance of canted spins. This reduced canting likely results from the dilution effect

discussed below in section 7.4.2.

In figure 7.2 the behavior of the two systems is shown at temperatures above the loss of

orientational order. In both cases the system forms regions with spins canted towards

in-plane alignment and the existence of long range order in the in-plane components.

While there is clear long range order of the in-plane components we note that the spins

do not lie completely in-plane. This due to the relatively strong anisotropy K required

for an Ising like ground state. Although spins do not reorient entirely, this state still has

the important feature of interest in real systems; the appearance of finite magnetization

above a temperature driven transition out of the striped state. For this reason we will

1Here the term isotropic refers to the virgin film being simulated. Since we have course grained the
system into a lattice our model has the lattice translational symmetry.
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Figure 7.1: Example of spin configurations near the loss of orientational order. Spins vales
are indicated according the color scale shown below, defects are colored black. Columns
from left to right: szi , sxi and syi followed by the same states in the presence of defects.
Rows from top to bottom: T = 1, T = 2.5, T = 3, T = 3.25 and T = 3.5.

refer to this transition as a spin reorientation transition. As temperature is increased

the systems become increasingly granular before reaching the paramagnetic limit.

7.4.1 Orientational Order Parameter

At low temperatures, configurations where domain boundaries include a defect reduce

the exchange energy by J (since the energetically unfavorable interaction across the

domain boundary is removed). This short range effect leads to boundaries being locally

pinned at defects. In order to analyze the loss of orientational order we locate vertical

and horizontal perpendicular domain walls by using nzh and nzv (104, 105, 216)

nzh =
1

2N

∑
i,j v.n.n

1− sgn(si · ẑ sj · ẑ)

nzv =
1

2N

∑
i,j h.n.n

1− sgn(si · ẑ sj · ẑ)

(7.2)
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Figure 7.2: Example of spin configurations at high temperature. Colors are used to
indicate spin values and the loation of defects as in figure 7.1. Columns from left to right:
szi , sxi and syi followed by the same states in the presence of defects. Rows from top to
bottom: T = 3.75 , T = 4.5 ,T = 7 and T = 10.

where v.n.n and h.n.n indicate that the sums should be taken over all pairs of spins

which are nearest neighbors in the horizontal and vertical directions respectively. The

orientational order is given by

Oz = 〈|nzh − nzv|/(nzh + nzv)〉 (7.3)

With the inclusion of defects the sums in equation 7.2 are restricted to run over all

pairs that are not defects.

In figure 7.3 Oz is plotted as a function of the normalized temperature T. At low T

both systems display a striped array with smooth boundaries corresponding to Oz = 1.

We observe that, while the transition profile is similar, the presence of defects increases

the transition temperature by approximately ∆T = 1/2.

7.4.2 In-Plane Magnetic Order

At high temperature when spins are no longer entirely perpendicular the system can

display net magnetization parallel to the system plane. Letting Mx = 1/N
∑

i s
x
i and
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Figure 7.3: Orientational Order Parameter as a function of T, black circles represent
the uniform system, while gray dots represent the system in the presence of defects. The
transition region is replotted with a finer T scale in the insert.

My = 1/N
∑

i s
y
i (with N = L2) , the in-plane magnetization is

M‖ = 〈(M2
x +M2

y )
1
2 〉. (7.4)

In-plane magnetic order can occur only when spins are canted away from the perpen-

dicular alignment, in order to measure the degree of canting we use the cone angle

η =

〈
1

N

∑
i

ηi

〉
with

ηi =
√

(2/π)2〈(θi − π/2)2〉

(7.5)

where θi is the zenith angle of the spin at site i. When calculating η and M‖ in the

presence of defects N is replaced with N ′ = N(w2
d − 1)/w2

d to account for the fact

that the defects don’t contribute to the averages. In addition to these two single site

order parameters, we calculate correlation functions between different spins. Taking θi

and φi as the zenith and azimuthal angles of si respectively, si.sj = cos(θi) cos(θj) +

sin(θi) sin(θj) cos(φi − φj). Since we are interested in plane ordering we calculate

Gij =

{
〈cos(φi − φj)〉 for si 6= 0 and sj 6= 0

0 otherwise.
(7.6)

This definition allows us to examine correlations of in-plane components independent

of zenith angles and allows us to compare the degree of correlation between systems
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with different mean cone angle 1. In order to calculate the correlation as a function of

distance we define

Gi(r) =
1

Nr

∑
j

Π((rij − r)/α)Gij (7.7)

Here Π is the Heaviside Pi function (Π(x) = Θ(x + 1/2)Θ(−x + 1/2)) and Nr is the

number of spins contained in the average Gi(r); Nr =
∑

i Π((rij − r)/α). Gi(r) is the

average correlation of the spin at site i with spins at a radius r from i. In a spatially

isotropic state one expects that Gi(r) should depend only on the separation between

spins. Here the inclusion of periodic defects breaks the isotropy. The correlation

between two spins separated by distance r will depend on the proximity of the spins to

a defect. We define the following average; letting n = (L/wd)

Gi(r) =
1

n2

∑
i′=1

Gi′(r) =
1

n2Nr

∑
i′=1

∑
j

Π((ri′j − r)/α)Gi′j

with

i′ = i+ wdax̂+ wdbŷ for a, b ∈ [1, n].

(7.8)

The meaning of this correlation function is elucidated in figure 7.4. Here Gi(r) cal-

culates the correlation between a fixed spin at site i and spins at some fixed distance

r. Since the system is not spatially isotropic we expect that Gi(r) will depend on i.

Gi(r) averages the Gi(r) over all sites with equivalent proximity to their closest defect.

In the absence of the symmetry breaking defects and in a uniform phase Gi(r) is not

dependent on i.

In figure 7.5 the parallel magnetization is shown as a function of temperature. Here

we see that in the presence of defects the magnetic ordering is suppressed, and that

the peak magnetization is reduced by around 20%. In figure 7.6 we see that the degree

of spin canting is reduced for 2 < T < 7, however this reduced spin canting is not

sufficient to account for the reduction in peak magnetization. Unlike the boundary

pinning discussed above, the suppression of magnetic order is a dilution effect, due to

1This definition is not well defined if one (or both) of the spins has zenith angle exactly 0 or π
(this is a problem in interpretation only, in simulations both angles always carry a numerical value).
For this reason the definition is probably not useful at low temperatures where the cone angle is large.
Here we apply G only to states where η < 1, ensuring any effects due to random values introduced
from perpendicular spins is likely negligible.
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Figure 7.4: Gi(r) calculates the average correlation between the spin at site i (red circle)
with all spins within a fixed radius (upper left gray circle). Spins separated by integer
combinations of the vectors wdx̂ wdŷ will have equivalent proximity to their nearest defect.
Gi(r) averages Gi(r) over these equivalent sites.
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Figure 7.5: Parallel magnetization as a function of T, black circles represent the uniform
system, while gray dots represent the system in the presence of defects.

the global reduction in magnetic spins. In order to understand how this occurs we con-

sider figure 7.7, where Gi(r) is plotted for T = 4.5, corresponding to the peak in-plane

magnetization temperature. In the isotropic system Gi has slow monotonic decay with

increasing distance between spins. For the non-isotropic system Gi is calculated for two

choices of i. The first choice is i as a nearest neighbor to a defect, in this case the

correlation is strongly reduced for all r. The other choice is i at maximum distance

from a defect, in this case the correlation is comparable to the isotropic case for small

distances. However the correlation strength decreases rapidly as r approaches r = 6α

(the location of the closest defects).

In addition to the reduction in correlation strength we observe a periodic structure in

both the defect cases due to the periodic defect lattice. This effect is particularly strong
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for the case when the Gi is calculated for i a maximum distance from defects, here cer-

tain values of r will correspond to the average including several defects simultaneously.

In order to gain a measure of the average effect of defects on magnetic correlation we

also simulated the system with randomly located defects at T = 4.5. For this case we

observe that Gi lies between the results for the ordered defects described above.

In order to understand this reduced magnetic order close to the defects we show the

spatial dependence of 〈ηi〉 in figure 7.8 where we see that, close to defects, spins have

a slightly increased average angle to the plane. Recalling that dipole coupling favors

in-plane alignments of spins (104, 183), we surmise that the increased cone angle is due

to the reduced dipole field near to the defects. The reduced dipole field increases the

effective anisotropy near to the defects, suppressing canting away from perpendicular

alignment. The increased η values reduce the size of the sin(θi) sin(θj) cos(φi − φj)

term in si.sj , effectively reducing the exchange coupling of the x and y components

of the spins, leading to the suppression of in-plane magnetization. In figure 7.9 this

dependence is shown with randomly located defects. We observe the same local in-

crease in cone angle near to defects. The effect is especially pronounced in the top left

of the figure, where we observe an accumulation of defects associated with a region of

significantly decreased canting.

When wd = 8 the average spacing between defects is large compared to the range of

the local canting effect. In figure 7.7 we noted that, far from defects, short range cor-

relations are comparable to those calculated for the isotropic system. In figures 7.10

and 7.11 we show the spacial dependence of 〈ηi〉 with an increased defect density at

T = 4.5. In the ordered case we have let wd = 4 and we see that the cone angle is no

longer correlated with defect location. In contrast, when the same number of defects

are randomly spaced as in figure 7.11, clustering leaves areas where the cone angle

remains small.

In figure 7.12 we plot Gi(r) for the high density defects. Unlike the low density case

Gi(r) is not dependent on proximity to the ordered defects. We note also that the clus-

tering effect means that the average short range correlation length is enhanced slightly

when the defects are disordered. In all cases with high defect density the correlation

length falls to zero at finite radius and so in-plane magnetization is strongly suppressed.

In Table 7.1 we give the cone angle and magnetization for the cases described here. By

calculating the standard deviation we estimate the maximum standard error in the
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magnetization results to be approximately 0.003. We note then that at T = 4.5 and for

low defect density the strength of the magnetic ordering is dependent on the density

rather than periodicity of the defects. With the inclusion of the higher defect density,

randomly spaced defects result in slightly higher in-plane magnetization.
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Figure 7.6: η as a function of T, black circles represent the uniform system, while gray
dots represent the system in the presence of defects.
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Figure 7.7: Gi as a function of r (given here in units of α) at T = 4.5 for i; as a nearest
neighbor to ordered defects (blue circles), i at a maximum distance from ordered defects
(red squares), in the presence of random defects (yellow diamonds) and for a defect free
case (green triangles).

7.4.3 Fluctuations

We now consider the effects of ordered low density defects on fluctuations as a function

of T. We calculate the autocorrelation function

σ2(X) = 〈(X − 〈X〉)2〉, (7.9)
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Figure 7.8: 〈ηi〉 in the presence of regularly spaced defects at T = 4.5, black squares
indicate defects and the value of ηi is indicated on the scale below.

Table 7.1: Comparison of the properties of isotropic system, ordered defects, and random
defects at T = 4.5.

System M‖ η

Isotropic 0.463 0.529
Low Density Defects 0.363 0.556
Low Density Random Defects 0.359 0.556
High Density Defects 0.064 0.622
High Density Random Defects 0.080 0.614

of the three order parameters M‖, O
z and η, which we denote σ2

‖, σ
2
O and σ2

η respectively.

In the following the small values of σ2 mean that the results are more susceptible to

uncertainty due to the finite ensemble size. In order to account for this uncertainty

we use jackknife re-sampling (192) to estimate this uncertainty. When larger than plot

points, the uncertainty is indicated with error bars. In figure 7.13 σ2
O is plotted as a

function of T, here we observe that the peak fluctuations occur at a higher temperature

in the presence of defects corresponding to the stabilization of the striped structure.

σ2
‖ as a function of T is plotted in figure 7.14. In both cases the fluctuations display

two peaks corresponding to the creation and destruction of in-plane order. The low

temperature peak is shifted towards higher T in the presence of defects.
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Figure 7.9: 〈ηi〉 in the presence of randomly spaced defects at T = 4.5, black squares
indicate defects and the value of ηi is indicated on the scale below.

In figure 7.15 σ2
η shows the same trend for both the patterned and isotropic cases, a

broad peak with maximum occurring at T = 4.5 corresponding to the peak in-plane

magnetic order.

7.5 Conclusions and Comments

Monte Carlo simulations have been used to investigate the effects of non-magnetic de-

fects on the stripe melting and spin reorientation transitions. These defects produce

two different effects. We have shown that the inclusion of non-magnetic defects with

spacing comparable to the natural stripe width affects the low temperature melting of

stripes by creating pinning sites for domain boundaries favoring parallel alignment of

stripes. At higher temperatures the two measures of the spin reorientation transition

(reduction of the cone angle and the appearance of in-plane magnetization) are reduced

with the inclusion of defects. By considering different arrangements and densities of

defects we argued that this higher temperature effect occurs due to a dilution of the

available spins. Specifically, that the spatially isolated reduction in demagnetizing field

acts as an effective anisotropy leading to a spatial dependence of cone angle. The

reduced cone angle in turn reduces the contribution of in-plane components to the ex-
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Figure 7.10: 〈ηi〉 in the presence of closely spaced defects at T = 4.5, black squares
indicate defects and the value of ηi is indicated on the scale below.

change energy and reduces correlation strength near to a defect.

Here we have restricted our attention to point defects. Recently Van de Wiele et al.

have performed a temperature independent micro-magnetic simulation of magnetiza-

tion reversal in a sample with square holes (220). Here the defects have dimensions

comparable to the spacing between defects. They find that the local shape anisotropy

of the holes significantly affects the reversal mechanism. In light of these calculations

it would be interesting in the future to consider the melting problem on larger lattices

where the effects of changing the size and shape of defects could be investigated.
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Figure 7.11: 〈ηi〉 in the presence of regularly spaced defects at T = 4.5, black squares
indicate defects and the value of ηi is indicated on the scale below.
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Figure 7.13: σ2
O as a function of T for the isotropic case (I) and the patterned case (P).
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Figure 7.14: σ2
‖ as a function of T for the isotropic case (I) and the patterned case (P).
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Figure 7.15: σ2
η as a function of T for the isotropic case (I) and the patterned case (P).
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Chapter 8

Conclusions and Future Direction

At the beginning of this project the potential use of GPU accelerated Monte Carlo

Simulations was a newly emerging field. Results in this area focused largely on algo-

rithm choice and performance benefits in systems where the phase transition was well

established using conventional techniques. We have built on these results extensively,

producing a simulation that is capable of treating various short range energies and

the inclusion of defects. Of particular importance we have described an approximation

that allows for parallelization of Monte Carlo steps in systems with dipole coupling. We

have discussed in some detail the errors arising from this approximation and performed

simulations on a system with strong dipole coupling in order to place an upper bound

on the errors introduced by the approximation.

This parallel computer simulation has been used to simulate two magnetic systems of

considerable current interest, Skyrmions and perpendicular stripes. In the Skyrmion

system we have investigated the melting transition of the close packed hexagonal ground

state. In particular we have shown that the morphological description of the the state

in terms of numbers of Skyrmions is more stable against thermal fluctuation than mea-

sures of chiral structure. More specifically we have shown that the phase transition

is driven first by small fluctuations of the Skyrmion profile and then by long spacial

fluctuations. In the striped system we have investigated the phase transition between

the striped and in-plane configurations and described the effects of varying anisotropy

and including non-magnetic defects. Again we find that in order to completely cap-

ture all information related to the various phase transitions multiple order parameters

are needed. In this case the nature of the phase transition varied. Specifically the
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extent to which walls fluctuated and the manner in which spin reoriented and ordered

magnetically depended strongly on anisotropy and defected density. In the cases con-

sidered here morphological information is required in order to completely specify the

state of the system and the manner in which phase transitions occur. This separates

the melting of patterned states from melting in uniform systems where the conventional

theory describes systems in terms of correlations between fluctuations at isolated sites.

In order to attempt to describe melting in these non-uniform systems the appearance

of spacial defects might lead one to consider some analogy to KT type transitions.

However, the existence of highly ordered states and with non-zero order parameters at

low temperatures and the fact that the spacial defects arise from fluctuations in these

structured states makes the analogy imprecise.

To conclude we consider some technical extensions to the simulations we have produced

before discussing the challenge of selecting appropriate order parameters and some of

the open questions pertaining to pattern forming systems. We then suggest a direction

for future theoretical understanding of phase transitions in modulated phases.

8.1 Extensions to the Simulation

8.1.1 Performance Enhancements

In order to increase the performance of this system it might be possible to further

parallelize the dipole sum used in chapter 6. Here the size of each sub-block that is

summed over scales linearly with size. For the small systems investigated here, further

parallelization might begin to create parallel slow down, where the increased overhead

required for increasingly complex addressing outweighs the benefits of increased par-

allelization. For larger systems the benefits of increased parallelization are increased.

This is especially true if one wishes to generalize the method of simultaneous flipping

to three dimensions where the number of interactions is increased significantly.

In addition, in chapter 6 when describing the GPU algorithm it was concluded that

GPU was far from being fully loaded. Our approach has the advantage that it allows

for significant parallelization when calculating energies, in order to further improve

performance one could combine this approach with parallel computation over different

temperatures. A possible application would be the extension of the system in chap-

ter 7, here we simulated only defect spacings commensurate with the stripe width at
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low temperatures. In this case the ground state could be determined analytically (the

defects and the stripes support the same dominant spacial frequency). However, if

one were to consider non-commensurate periodicity or random defects then is it likely

that the ground states will be highly degenerate. In cases where there are many de-

generate ground states it is not possible to explore a representative ensemble of states

with standard Monte Carlo simulation. In these cases the Markov chain between two

local minima of the free energy contains states with energies sufficiently large that the

number of steps required to move between minima becomes exponentially large. In

order to overcome this large simulation time one can perform parallel tempering in

glassy systems (221). Our method could be used in conjunction with parallel temper-

ing in order to examine these glassy systems which are likely a good candidate for GPU

parallelization.

8.1.2 Lattice Mismatch

One of the challenges faced in simulating Skyrmions was selecting system parameters

that allowed for a ground state with hexagonal symmetry to be represented by spins

on a square lattice. In section 5.3 we argued that a square system with dimensions of

L = 42 should reduce this mismatch. In section 5.5, when comparing results from com-

parable system sizes in figure 5.10 we found that the L = 45 and L = 48 systems also

formed strong hexagonal patterns. For L = 48 the Fourier peaks appear much closer to

a hexagon, however, analysis of the angles formed between peaks shows little variation.

It is also interesting to note that, although the L = 45 and the L = 39 states represent

a mis-match between the hexagonal unit cell and the system size, the L = 45 system

is closer to hexagonal symmetry when in the ground state. The fact that the ground

state energy is robust against finite size effects and that the core counting method of

calculating Skyrmion number is not reliant on exact Skyrmion profile or global ordering

suggests that the two stage melting process observed in simulation is likely also robust

against finite size effects. Further compounding the challenge of selecting a good sys-

tem size, the T = 0.4 results in figure 5.10 indicate the possibility that the appearance

of the elongated excitations we observed might disrupt the hexagonal lattice creating

a transient four-fold symmetry with Fourier peaks in the [1, 1] and [1,−1] directions.

In the future there are several avenues that could be explored for addressing this lattice

mismatch issue. The first, and simplest, method is to scale the system size significantly.
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In determining system sizes for the simulations presented here only sizes L < 100 were

considered. Extending the range of candidate system size to 200, for example, there is

another deeper minimum at L = 156 (assuming that the material parameters are kept

constant). At larger system sizes any mis-match between lattice and unit cell can be

absorbed by a larger number of Skyrmions. Additionally, increasing the granularity of

the model is likely to increase the degree to which the Skyrmions can form symmetric

close packed states (in either the hexagonal or square configurations) by increasing the

density of available Fourier components. We have performed a small number of sim-

ulations with larger system size and smaller mesh size, however, obtaining a uniform

ground state becomes increasingly challenging. With larger simulations Skyrmions can

form domains (the Skyrmion ground states are degenerate under translation and ro-

tation by π/2) and the required anneal time increases substantially. Another possible

approach to the lattice mismatch problem is to change the numerical value of the lat-

tice constant in one direction, effectively creating a rectangular lattice with dimensions

commensurate to the irrational dimensions of the Skyrmion unit cell. While this ap-

proach has the advantage that an integer number of unit cells can be mapped into the

finite system, it has the drawback that one of the two degenerate Skyrmion ground

states is favored. It would be interesting to see to what extent the results of these

different approaches agree.

8.1.3 Atomic Scale Skyrmions

The Skyrmion states in chapter 6 represent ordering involving hundreds of atomic

sites. In contrast there exist systems in which chiral ordering occurs at an atomic scale

(158). If the existing computer code could be modified to include the relevant energy

terms, then these systems would be an appropriate candidate to benefit from GPU

parallelization.

8.1.4 Patterning and Edge Effects

In chapter 7 we have explained the mechanism by which non-magnetic defects stabi-

lize orientational order in the stripes systems by replacing a spin in the high energy

domain wall. In Skyrmions the modulated state creates areas of locally high Zeeman

energy at the the Skyrmion cores. It would be interesting to explore to what extent,

if at all, non-magnetic defects are able to pin Skyrmion cores. In particular, since our
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simulations have shown that the energy cost of imperfectly packing Skyrmions is small,

there is a possibility to artificially create Skyrmions with different ground state order-

ings. Drawing analogy with the striped system in which localized structures with high

energy (domain walls) are pinned at a vacancy, it would be interesting to see whether

Skyrmion cores could be pinned on a defect. Practically this might have implications

for spin torque experiments, different Skyrmion packings represent differing chiral den-

sities (hexagonally close packed circles represent the densest possible packing), which

could ultimately be used to tune the chiral charge of a system.

Here our dipole computation is restricted to systems with infinite periodicity in both

planar directions. The addressing described in chapter 6 assumes only that there is an

interaction between two spins, the effects of the periodic boundary conditions are con-

tained in the pre-calculated Ewald summation. In principal these interactions could be

replaced with the results of a one dimensional periodic sum, or interactions that incor-

porate no periodicity. Combined with non-interacting spins used as defects in chapter

7 one could explore the effects forming stripes in restricted geometries. Of particular

interest might be simulated stripes with free boundaries in one direction in order to see

if free edges allow for the nucleation of stripes.

8.2 Potential Implications for the Theoretical Understand-

ing of Melting in Systems with Modulated Phases

8.2.1 Order Parameters and Scaling for Modulated Phases

As mentioned above the phase transitions from patterned states are not easily de-

scribed with conventional theories. While the qualitative properties can be explored

with existing techniques, a detailed understanding of the models used in sections 5 and

6 might require some additional tools. Consider a conventional phase transition out of

an isotropic state where the order parameter is the mean spin direction ~S0 = 1/N
∑

i ~si.

One defines a connected correlation function

G(2)
c = 〈~si · ~sj〉 − ~S0 · ~S0 (8.1)

which measures how strongly fluctuations are correlated between spins ~si and ~sj . For

spins with separation r we expect that away from the critical temperature G
(2)
c (r) ∝
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exp(r/ξ), where ξ is the correlation length. Close to the critical temperature the correla-

tions take a power law dependence G
(2)
c (r) ∝ r−(d−2+η) and correlation length diverges.

The general argument of finite size scaling analysis is that, in finite systems, rather than

diverging at the critical point ξ is restricted to be comparable with the system size.

This restriction allows one to compute a series of scaling relationships between order

parameters computed for different sized lattices and calculate exponents that are rele-

vant in an infinite system. This analysis assumes that below the critical temperature

the system can be described by fluctuations around some average state (this average

state is essentially the state used in mean field theory) and that correlations depend

only on separation. For the modulated phases it is likely that some spins experience

stronger fluctuations than others. In the striped system low temperature excitations

take the form of undulations and roughening at the boundaries between stripes before

bridging across stripes occurs with increasing temperature. For the Skyrmion system

excitations take the form of elongated spirals that deform the six-fold lattice.

Another related problem is defining an order parameter. Analysis of an ordered state

relies on the existence of an order parameter that captures the broken symmetry of

the phase. Consider the example of spins in a three dimensional space. The high

temperature (S0 = 0) phase is symmetric under rotations, translations and reflections

( R3 o O(3) ). In the low temperature phase (S0 6= 0) rotations and reflections are

restricted to simply rotations around any axis, and reflections in any plane, parallel to

S0, R3 oO(2) < R3 oO(3). In this case the definition of S0 as the order parameter is

obvious, it defines the only direction about which rotations and reflections can occur.

In the case of modulated phases the choice of order parameter is not always obvious.

The reduced symmetry group is more restrictive and several symmetries might be bro-

ken simultaneously. In particular the loss of full translational symmetry means that

appropriate order parameters must incorporate some spatial dependence.

In the case of Ising systems, some progress has been made by selecting order parameters

in which spacial dependence is accounted for by considering the the negative values of

spins in certain sub-lattices (154, 222) and critical exponents have been extracted. In

these cases striped phases with different periods have different critical exponents which

belong to no known universality class (154). It would be interesting in the future to see

if some spatially dependent order parameter could be defined for Skyrmions or canted

stripe phases, allowing them to be treated in a formalism analogous to those described
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above. Of particular interest would be whether these modulated phases belong to some

universality class that depends on the nature of the reduced spacial symmetry of the

ordered phases. For example both stripes and the zero field helical ground state of

the chiral system have the same translational symmetry (i.e periodic symmetry across

the stripes or spiral and full translational symmetry parallel to the stripes or spirals).

However the helical state lacks the reflection symmetry of the stripes. If one selects

an order parameter that accounts for only the translational symmetries of the helical

structure, it is natural to ask whether this order parameter has the same critical be-

havior as the staggered magnetization for stripes with the same period.

In the case that suitable order parameters and exponents can be found some care should

be taken as to their interpretation. Unlike uniformly ordered systems, patterned sys-

tems are not scale invariant near the transition point (below Tc the system still has

the restricted translational symmetry of the patterned state). In simulations where the

lattice represents a course grained representation of a reality, given the dependence of

critical properties on stripe width, it is not clear whether calculated values would be

physically meaningful or an artifact of simulation. Ultimately the correct approach is

likely to involve decreasing the grain size and re-normalizing the numerical parameters

in the lattice Hamiltonian as a function of temperature when approaching a transition

point. In this way one might be able to eliminate or at least reduce the effects of the

course grained approach. In this formalism one might compare simulations where the

number of stripes is varied rather than the total system size in order to obtain finite

scaling parameters.

8.2.2 Collective Excitations of Emergent Structures

In section 8.2.1 we discussed the challenge of defining order parameters that allow for

treatment of the system in a manner analogous to a traditional system with a uni-

form ground state. Another possible theoretical framework might involve considering

fundamental excitations of the emergent structures. Returning to the Skyrmion sys-

tem discussed in chapter 5, consider the low temperature plateau where the number of

Skyrmions remains constant (based on the core counting order parameter). In this low

temperature limit one imagines it is possible that the fundamental excitation above

the ground state might be small oscillations of the Skyrmion cores around their mean

position. While we have not attempted a dynamic treatment of this system, we observe
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that the static structure factor shows some features that are consistent with this exci-

tation. Around T = 0.3 the structure factor retains six peaks, however, these peaks are

less defined when compared to their T = 0 counter parts. If one thinks of this static

structure factor as averaging a dynamic structure factor over a time period longer than

the characteristic times of any dynamic excitations1 then the lack of definition could

represent an averaging of peak positions in time.

This possibility of oscillating cores and the reduced symmetry group of the ground

state discussed above potentially have implications for the types of quasi-particles one

is likely to observe. In systems where there is spontaneous symmetry breaking in the

ground state there exist scalar quasi-particles in the spectrum of possible excitations,

Goldstone modes. In addition to phonons, which are present in all crystalline solids,

magnetic systems support magnons (resulting from the broken rotational symmetry dis-

cussed in section 8.2.1). As discussed already, the Skyrmion system exhibits a rather

different set of symmetries and the resulting Goldstone boson is likely to be non-trivial.

One intriguing possibility is that the oscillating Skyrmion cores might form normal

modes (with the added complication that cores are able to deform). The work pre-

sented here does not attempt to definitively answer the question of whether this sort

of excitations exist, indeed the Markov chain equilibrium approach taken here would

probably not be the ideal tool to do so. In the future, the signature of such excitation

is likely to manifest itself in the specific heat or in neutron scattering simulation and

experiment.

1This would be consistent with the interpretation of a Markov chain of states representing snap
shots of the system separated in time
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Appendix

A.1 Comparison of Chiral Discretization

In our work here we have used a simple lattice derivative to evaluate the continuum

expression given in equation 5.4. Berg and Lüscher have defined an alternative dis-

cretization (223), in which the expression is given for a new set of sites equidistant

from original lattice vertexes. Denoting sites on this new lattice i∗ the definition is

χi∗ =
1

4π
(sign(~s1 · (~s2 × ~s3))A(~s1, ~s2, ~s3)− sign(~s1 · (~s3 × ~s4))A(~s1, ~s3, ~s4)) (A.2)

where ~s1,~s2,~s3 and ~s4 are the four spins adjacent to i∗ (in canonical order) andA(~s1, ~s2, ~s3)

is the area of the spherical triangle defined by its three arguments. In fig. A.1 we show

the results of calculating the chiral charge using the expressions in equations 5.5 and A.2

normalized against their ground state values. Here we observe that both discretization

schemes give qualitatively the same results.

A.2 Rapidly Convergent Sums

In order to efficiently approximate the infinite extent dipole coupling we first follow

the derivation of reference (56). For clarity, here Latin characters will be used to index

lattice position and Greek indices to denote components of vectors and matrices. We

start by noting;

∂α∂β
1∣∣∣~Rnm − ~r∣∣∣ =

3
(
~Rβnm + ~rβ

)(
~Rαnm + ~rα

)
∣∣∣~Rnm − ~r∣∣∣5 − δαβ∣∣∣~Rnm − ~r∣∣∣3 (A.3)
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Figure A.1: Comparison of the two discretization schemes for chiral charge.

we can write dipole energy at site n as

Hn =
1

2
CD

∑
m6=n

sαns
β
m lim
r→0

∂α∂β
1∣∣∣~Rnm − ~r∣∣∣ . (A.4)

In simulation, finite systems can lead to undesirable edge effects, in order to avoid such

artifacts an infinite system is constructed by tiling replicas of our system to form an

infinite lattice of sites. Any site outside the original finite lattice can then be associated

with one inside according to the notation in Fig. A.2, in which we have let ~G = L(g1, g2)

with L the length of the super cell and g1, g2 integers.

Hn =
1

2
CD

∑
m6=n

∑
~G

sαns
β
m lim
r→0

∂α∂β
1∣∣∣~rnm + ~G− ~r

∣∣∣ + CD(sαn)2 lim
r→0

∂2
α

∑
~G

1∣∣∣~rnn + ~G− ~r
∣∣∣

(A.5)

where we use
∑

~G to indicate a sum over g1, g2 and ~rnn = 0 by definition. The second

term can be determined by direct computation, although the sums are slowly converging

they need only be determined once (since the leading term is of order 10−6 for L = 64,

we take the first 40, 000 terms). In order to evaluate the remaining sum it is rewritten

in terms of two rapidly convergent sums. The formulation involves converting the sum

into an expression in reciprocal space and splitting it into two parts, one of which is

transformed back to real space. The original three dimensional technique was developed

by Ewald(185), this derivation was the inspiration for the analogous two dimensional
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Figure A.2: An infinite system is created by tiling the finite spin system used in compu-
tation. Taking the bottom left square to be the original cell, the dipole field experienced
by the spin of interest (indicated here as a red dot) depends on the the infinite number of

copies of the spin represented as a blue dot. We can replace ~Rnm with a sum ~rnm+ ~G, where
~rnm is the displacement from site n to the image of m inside the original cell (indicated

here as a blue arrow) and ~G translates to the correct replica in another cell (indicated here
as red arrows).

technique by Parry (224), a more modern explanation can be found in reference (184),

which we follow here. Our goal is to evaluate the sum (where we have used the symmetry

of G to rewrite to expression for positive ~r)

f(~r) =
∑
~G

1∣∣∣−~rnm + ~G+ ~r
∣∣∣ , (A.6)

let h(~r) = 1
|−~rnm+~r| . Then making use of the Poisson summation formula 1 one has the

expression

f(~r) =
∑
g1

∑
g2

h(~r + L(g1, g2, 0)) =
1

L2

∑
k1

∑
k2

h̃

(
k1

L
,
k2

L
, z

)
e2πi~k·~ρ (A.7)

Where tilde indicates a Fourier transform over the first two arguments, ~k is defined

as
(
k1
L ,

k2
L

)
and ~ρ = (x, y). Next we restrict our attention to h̃

(
k1
L ,

k2
L , z

)
, using the

1The formula is usually written
∑∞
n=−∞ f(n) =

∑∞
k=−∞ f̃(k), in the above we combine this with

the translational property of Fourier transforms; namely f̃(k + T ) = f̃(k + T )ei2πkt.

115



8. CONCLUSIONS AND FUTURE DIRECTION

translation property of Fourier transforms we have that:

h̃(~k, z) = 4π
e−k|z−znm|

2k
e−i

~k·~ρnm (A.8)

We then make use of the identity

1√
π

∫ ∞
0

dt e−at
2− b

t2 =
1

2
√
a
e−2
√

a
b (A.9)

and
∫ b
a =

∫ c
a +

∫ b
c to write

h̃(~k, z) = 4
√
πe−i

~k·~ρnm
[∫ η

0
+

∫ ∞
η

]
dt exp

(
−k2t2 − |z − znm|

2

4t2

)
. (A.10)

The
∫ η

0 dt term is referred to as the short-range term, while the remaining term is

referred to as the long-range term. The long-range term can be directly integrated to

give

h̃L(~k, z) =
π

k
e−i

~k·~ρnm
[
ek|z−znm|erfc

(
|z − znm|

2η
+ kη

)
+ e−k|z−znm|erfc

(
−|z − znm|

2η
+ kη

)]
(A.11)

where erfc(z) is the complementary error function1 and thus we can write (assuming the

implied definition of fL) fL(~r) = 1/L2
∑

~k
h̃L(~k, z) exp(i2π~k · ~ρ). In order to evaluate

the short-range term we start with fS(~r) = 1/L2
∑

~k
h̃S(~k, z) exp(i2π~k · ~ρ)

fS(~r) =
4
√
π

L2

∑
~k

e−i
~k·~ρnm

∫ η

0
dt exp

(
−k2t2 − |z − znm|

2

4t2

)
exp(i2π~k · ~ρ) (A.12)

then switching the order of summation and integration,

fS(~r) =
4
√
π

L2

∫ η

0
dt exp

(
−|z − znm|2

4t2

)∑
~k

exp(i2π~k · (~ρ− ~ρnm)) exp
(
−k2t2

)
(A.13)

We then use the Poisson summation formula (this time in the opposite direction),

fS(~r) = 4
√
π

∫ η

0
dt exp

(
−|z − znm|2

4t2

)∑
~G

exp
(
− |~ρ− ~ρnm+ ~G|2

4t2

)
4πt2

. (A.14)

1In the above we have assumed the definition erfc(z) ≡ 1 − erf(z) rather than erfc(z) ≡∫∞
z

dt exp(−t2) (the latter differs from the former by a factor of 2√
π

).
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Switching back to three vectors1

fS(~r) =
1√
π

∫ η

0
dt
∑
~G

exp
(
− |~r−~rnm+ ~G|2

4t2

)
t2

(A.15)

We can now perform the integration

fS(~r) =
∑
~G

1

|~r − ~rnm + ~G|
erfc

(
|~r − ~rnm + ~G|

2η

)
(A.16)

in doing so we can now replace f with the sum of two functions fS and fL. Both

fS and fL now contain the complementary error function which falls to zero rapidly

for large positive values of its argument. The nomenclature of short and long-range

terms should now be clear; the original sum has been replaced by one which converges

rapidly over nearby replicas, with the remaining longer range interactions contained in

the long-range term which is rapidly convergent in reciprocal space.

A.3 Convergence Measures

Here we give the results of calculating order parameters with variable equilibrium times

in tables A.1, A.2, A.3 and A.4 2. In each case the uncertainty is estimated by consid-

ering the standard error based on the standard deviation calculated from the longest

equilibrium time 3, this uncertainty is indicated in brackets at the top of each col-

umn. The system is considered equilibrated when values agree within the uncertainty

for three subsequent simulation times. For the a = −1 case at temperatures below

T = 1 the uncertainty due to finite ensemble size is smaller than the uncertainty intro-

duced from a single pass of the multiple spin flip algorithm (sample variance decreases

with temperature while the multiple spin flip error increases). In this cases we assume

convergence when the calculated values have converged to three significant figures.

1We have abused the notation slightly, replacing ~G = L(g1, g2) with ~G = L(g1, g2, 0).
2Here η is not normalized to unity as in the body text.
3Taking the uncertainty from small equilibrium times gives larger uncertainties since the ensembles

contain outliers where the system is still equilibrating.
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Table A.1: Convergence properties for T = 3.5.

a = −1 a = 0 a = 2

Equilibrium
Steps

M‖
(0.001)

O

(0.002)
η
(0.001)

M‖
(0.003)

O

(0.002)
η
(0.003)

M‖
(5 ×
10−4)

O

(0.004)
η
(0.001)

24,900 0.517 0.024 0.724 0.397 0.026 0.863 0.0092 0.582 1.646
50,000 0.518 0.023 0.724 0.400 0.026 0.862 0.0092 0.583 1.646
75,200 0.518 0.023 0.723 0.402 0.025 0.861 0.0091 0.584 1.647
100,000 0.517 0.025 0.723 0.400 0.027 0.861 0.0092 0.584 1.646

Table A.2: Convergence properties for T = 6

a = −1 a = 0 a = 2

Equilibrium
Steps

M‖
(0.006)

O

(0.001)
η
(0.001)

M‖
(0.009)

O (9×
10−4)

η
(0.002)

M‖
(0.002)

O (8×
10−4)

η
(0.002)

63,00 0.134 0.013 0.719 0.166 0.0121 0.704 0.533 0.0105 0.480
12,500 0.137 0.013 0.719 0.166 0.0121 0.704 0.532 0.0105 0.480
24,900 0.135 0.013 0.719 0.168 0.0120 0.704 0.532 0.0105 0.480
50,000 0.133 0.013 0.719 0.172 0.0120 0.703 0.532 0.0105 0.480

Table A.3: Convergence properties for T = 4

a = −1 a = 0 a = 2

Equilibrium
Steps

M‖
(0.002)

O

(0.002)
η
(0.001)

M‖
(0.003)

O

(0.001)
η
(0.003)

M‖
(7 ×
10−4)

O (8×
10−4)

η (8×
10−4)

3,200 0.480 0.018 0.708 0.455 0.016 0.740 0.6486 0.0099 0.4381
6,300 0.488 0.018 0.708 0.455 0.016 0.740 0.6576 0.0098 0.4235
12,500 0.495 0.017 0.708 0.454 0.016 0.740 0.6764 0.0098 0.3936
24,900 0.495 0.018 0.707 0.455 0.016 0.739 0.7159 0.0098 0.3310
50,000 0.496 0.018 0.708 0.454 0.016 0.740 0.8094 0.0099 0.1832
75,200 0.495 0.018 0.708 0.457 0.016 0.739 0.8141 0.0098 0.1762
100,000 0.495 0.019 0.707 0.457 0.016 0.738 0.8146 0.0096 0.1760
125,000 - - - - - - 0.8146 0.0099 0.1761
150,000 - - - - - - 0.8148 0.0106 0.1762
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Table A.4: Convergence properties for T = 0.5

a = −1 a = 0 a = 2

Equilibrium
Steps

M‖ O η M‖
(4 ×
10−4)

O (0) η (5×
10−4)

M‖
(1 ×
10−4)

O (0) η

24,900 - - - 0.0075 1 2.0180 0.0017 1 2.203
50,000 - - - 0.0076 1 2.0179 0.0017 1 2.203
75,200 - - - 0.0074 1 2.0177 0.0017 1 2.203
100,000 0.622 1 0.764 0.0076 1 2.0178 0.0017 1 2.203
125,000 0.625 1 0.764 - - - - - -
150,000 0.625 1 0.764 - - - - - -
175,000 0.625 1 0.764 - - - - - -

A.4 Pseudo-Code

In order to implement the parallel algorithm described requires addressing the potential

update sites and the subset of sites with which they interact as a function of the thread

identifier. Here we give the pseudo-code showing this addressing for the subsystems

described above. The state is initialized on the host memory and consists of two one di-

mensional arrays of size L2. These arrays store the azimuthal (φ) and zenith (θ) angles.

In what follows we will use ~sj to represent values of both φ and θ at some position j in

these arrays. A number of potential updates sites are selected to be separated horizon-

tally and vertically by a fixed number of sites which we denote l, i.e j = (al, bl) + j1 .

The interactions between array elements is calculated according to the algorithm below

in which blockIdx.x, blockDim.x and threadIdx.x are system integers that identify a

thread address. In the following a\b is defined as a\b = floor(a/b). For example 7\3 = 2

and 2× (7\3) + 7mod3 = 7.

ON HOST

S1 = Random Integer ∈ [1, l]

S2 = Random Integer ∈ [1, l]

N = L\l
for j = 1 ; j < N do

Select a series of new states:

θ[j] = Random Real ∈ [0, 2π]

φ[j] = Arccos(Random Real ∈ [−1, 1])

Copy all variables arrays to GPU
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end for

ON GPU: Exchange Interaction

Tid = blockIdx.x*blockDim.x + threadIdx.x;

if Tid ≤ L2\l2 then

Sx = S1 + l(TidmodN)

Sy = (S2 + l(Tid\N))

j = SyL+ Sx

calculate the exchange coupling between ~sj and its immediate neighbors

calculate the exchange coupling between (θ[j], φ[j]) and ~sj’s immediate

neighbors

end if

ON GPU: Dipole Interaction

Tid = blockIdx.x*blockDim.x + threadIdx.x

Sid = Tid\P
if Sid ≤ L2\l2 then

Sx = S1 + l(SidmodN)

Sy = (S2 + l(Sid\N))

j = SyL+ Sx

σ = (L+ 1)\P
ρ = ((L+ 1)modP )− 1

for k = −L\2 ; k ≤ L\2 do

for i = −L\2 + σTidmodP ) ; i < −L\2 + σ(TidmodP + 1) do

j′ = (((Sy + k)modL)L) + (Sx + i)modL

Calculate the dipole coupling between ~sj and ~sj′

Calculate the dipole coupling between (θ[j], φ[j]) and ~sj′

end for

end for

end if

ON GPU: Single Site Energies and Spin Flips

Tid = blockIdx.x*blockDim.x + threadIdx.x;

if Tid ≤ L2\l2 then

Sx = S1 + l(TidmodN)

Sy = (S2 + l(Tid\N))

j = SyL+ Sx

calculate anisotropy and Zeeman energies for ~sj
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calculate anisotropy and Zeeman energies (θ[j], φ[j])

replace ~sj with (θ[j], φ[j]) or ~sj according to the Boltzmann probability

end if

A.5 Dipole Ising Model

In section 6.4.2 it was argued that the error introduced by a single pass of the proposed

GPU algorithm is bounded. However this does not ensure that the error is not com-

pounded over a large number of passes leading to large systematic errors. In order to

investigate this possibility we consider the result of applying the algorithm when every

accepted spin update corresponds to a complete reversal: ~si = (0, 0, szi ) = (0, 0,±1).

We select the same algorithm parameters that are used in section 7.1: L = 64 and

l = 32. This corresponds to four simultaneous attempted spin flips for each cycle of the

algorithm. Since each site is restricted to only two states the energy can be written

H =
J

2

∑
〈i,j〉

sisj +
CD
2

∑
i,j

sisj
r3
ij

(A.17)

In the presence of a sufficiently strong dipole interaction the ground state of the sys-

tem will form a striped pattern of alternating spins. In order to ensure that dipole

coupling contributes significantly to the total energy (increasing the error) parameters

are selected such that J/CD = 1.7, which corresponds to the thinnest possible stable

stripe width h = 1. The order parameter for such a system is formed by consider-

ing a series of sub-lattices in the manner described by Binder and Landau (225). For

h = 1 the system is broken into four sub-lattices mλ, horizontal stripes are described

by mh = m1 +m2 −m3 −m4 and vertical stripes by mv = m1 +m4 −m3 −m2. The

order parameter is then the staggered magnetization mst = 〈(m2
h + m2

v)
1/2〉. In Fig.

A.3 this staggered magnetization is shown as a function of a normalized temperature

T = kBTC
−1
D . The staggered susceptibility χst = L2

kBT
(〈m2

st〉 − 〈mst〉2) is also calcu-

lated. By determining the location of the peak in Fig. A.4 the critical temperature of

the phase transition Tc can be determined, the result is shown in Table A.5. The peak

lacks the δ-like structure associated with a first order transition, instead displaying an

exponential decay consistent with a continuous phase transition (226, 227). This is

consistent with previous simulations with strong dipole coupling (228). In Fig. A.5
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Figure A.3: The staggered magnetization as a function of T showing the order disorder
transition.

we show the probability distribution of the average energy per spin for various tem-

peratures near the transition. At each temperature the distribution displays a single

turning point, this is also consistent with the expected continuous transition (228).

Near to the critical temperature the system displays critical behavior. After rescal-

ing temperature as t = L
1
ν |1 − T/Tc| one expects the following scaling relationships:
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Figure A.4: The staggered susceptibility as a function of T.
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Figure A.5: Probability distributions of energy near the critical point: T = .833 Blue
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A.5 Dipole Ising Model

mst = L−
β
νm0(t) and χst = L

γ
ν

t χ0(t), where m0(t) and χ0(t) are universal scaling func-

tions (19, 154). Close to the critical point, when |1− T/Tc| is small and L large, these

universal scaling functions are expected to show a power-law behavior m0(t) → Btβ

and χ0(t)→ At−γ . In order to extract parameters from simulation one usually makes

use of the universality of m0(t) and χ0(t) and simulates the system for a number of

different sizes before varying the parameters until the results of all simulations lie on

a single curve (154, 229). However, performing such analysis would not be a suitable

test of the algorithm, for any choice L < l there is no simultaneous flipping and hence

no approximation is being made. If one were to change the size of l to simulate smaller

systems the degree of approximation would be changed (the error will be increased for

decreasing l). Instead we use the value of the scaling constant ν calculated by Rastelli

et al. to rescale temperature and then use the power-law dependence of the system

near Tc to extract β and γ. A comparison of the critical properties is given in Table

A.5. The use of the GPU has introduced some error in the critical parameters of the

Table A.5: Various parameters calculated using the GPU algorithm and conventional
techniques (154)

Parameter GPU algorithm Conventional MC

Tc .85 .82
γ 1.62 1.75
β 0.08 0.08

system, the largest error being slightly less than 8%. Current generation GPU cards

use lower than the IEEE recommended precision on certain functions (notably trigono-

metric and exponential functions required here) (230, 231). In previous simulations of

the Heisenberg model discrepancy between CPU and GPU results of up to 5% have

been attributed to different levels of numerical precision (187). Since this previous

implementation did not use Ewald summation the number of floating point operations

performed on the GPU is larger than in our work. It is likely then that the error in-

troduced by our approximation is the largest source of discrepancy, indeed the errors

introduced in our work are larger than those described by Campos et al. .
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A.6 Planar Projections of Spin Ordering

Here we present selected graphs of the system described in chapter 6. Rather than

presenting the three components of the spins separately (as in figures 6.7, 6.8 and 6.9),

here we have taken a projection of the spins into the x − y plane and used color to

represent the direction of the perpendicular component.

Figure A.6: Example spin configurations for canting favored system(a = −1). Spins are
projected into the x−y plane, red spins have a positive perpendicular component and blue
spins have a negative perpendicular component. From top to bottom T = 0.5, 3.5, 6

124



A.6 Planar Projections of Spin Ordering

Figure A.7: Example spin configurations for the intermediate system(a = 0). Spins are
projected into the x−y plane, red spins have a positive perpendicular component and blue
spins have a negative perpendicular component. From top to bottom T = 0.5, 3, 4.5
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Figure A.8: Example spin configurations for the canting suppressed system(a = 2). Spins
are projected into the x− y plane, red spins have a positive perpendicular component and
blue spins have a negative perpendicular component. From top to bottom T = 0.5, 3.5, 4
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- Equilibrium Statistical Mechanics. Springer Series in

Solid-State Sciences. Springer-Verlag, 1983. 20

[95] B. Widom. Equation of State in the Neighbor-

hood of the Critical Point. The Journal of Chemical

Physics, 43(11):3898–3905, 1965. 23

[96] C Domb and D L Hunter. On the critical behaviour

of ferromagnets. Proceedings of the Physical Society,

86(5):1147, 1965. 23

[97] M. Vicentini Missoni. Equilibrium and Scaling in Fluids

and Magnets, 2. Academic Press. 23

[98] H. Eugene Stanley. Introduction to Phase Transitions

and Critical Phenomena. Oxford University Press, 1971.

23, 24

[99] Robert B. Griffiths. Ferromagnets and Simple Flu-

ids near the Critical Point: Some Thermody-

namic Inequalities. The Journal of Chemical Physics,

43(6):1958–1968, 1965. 24

[100] R. Rajaraman. Solitons and Instantons, Volume 15: An

Introduction to Solitons and Instantons in Quantum Field

Theory. Elsevier, Amsterdam, The Netherlands, 1982.

25

[101] J. Baez and J. Muniain. Series on Knots and Everything,

Volume 4: Guage Fields Knots and Gravity. World Sci-

entific, London, England, 1994. 25
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