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Abstract 

 

Internal waves redistribute energy and momentum in stratified lakes and 

constitute the path through which the energy that is introduced at the lake scale is 

cascaded down to the turbulent scales where mixing and dissipation take place. 

This research, based on intensive field data complemented with numerical 

simulations, covers several aspects of the energy flux path ranging from basin-

scale waves with periods of several hours to high frequency waves with periods of 

few minutes.  

It was found that, at the basin-scale level, the horizontal shape of the lake 

at the level of the metalimnion controls the period and modal structure of the 

basin-scale natural modes, conforming to the dispersion relationship of internal 

waves in circular basins. The sloping bottom, in turn, produces local 

intensification of the wave motion due to focusing of internal wave rays over 

near-critical slopes, providing hot spots for the degeneration of the basin-scale 

waves due to shear instabilities, nonlinear processes and dissipation. 

Different types of high-frequency phenomena were observed in a stratified 

lake under different forcing conditions. The identification of the generation 

mechanisms revealed how these waves extract energy from the mean flow and the 

basin-scale waves. The changes to the stratification show that such waves 

contribute to mixing in different ways. Consequently, each type of wave 

constitutes a different energy flux path from large-scale to small-scale motions to 

mixing in stratified lakes. First, periodic high frequency waves are generated by 

shear instabilities in the surface layer of the lake during strong wind periods. 

These waves produce active mixing in the surface layer but do not contribute 
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significantly to the horizontal transport of mass and energy because they dissipate 

before being able to propagate any distance. Second, periodic high frequency 

waves are also generated over topographic features that enhance the basin-scale 

wave induced shear. They contribute to localized mixing in the metalimnion and 

dissipate quickly. Third, internal solitary-like waves are generated by nonlinear 

processes at the crest of steepened basin-scale waves. These waves propagate 

large distances without generating significant mixing in the interior of the lake, 

and lose most of their energy when reflected at the sloping end of the lake, leading 

to mixing in the benthic boundary layer. Last, fronts with strong surface 

horizontal density gradient generated by full upwelling events develop into 

internal bores. According to its strength, a bore behaves as a gravity current, a 

non-breaking undular or a breaking undular bore, and may contribute actively to 

vertical mixing as it propagates.  

 Detailed field observations were used to develop a comprehensive 

description of an undocumented energy flux mechanism in which shear-

instabilities with significant amplitudes away from the generation level are 

produced in the surface layer due to the shear generated by the wind. The vertical 

structure of these instabilities is such that the growing wave-related fluctuations 

strain the density field in the metalimnion triggering secondary instabilities. These 

instabilities also transport energy vertically to the thermocline where they transfer 

energy back to the mean flow through interaction with the background shear. 
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Chapter 1 
 

Introduction 

 

1.1. Motivation 

Lakes are often thermally stratified due to the exchange of thermal energy 

with the atmosphere at the surface. The stirring generated by the wind produces 

mixing at the surface creating a homogeneous surface layer (the epilimnion). The 

colder water in the bottom of the lake (the hypolimnion) is also relatively 

homogeneous and is separated from the epilimnion by a thin layer with a strong 

density gradient (the metalimnion). The strong buoyancy in the metalimnion 

restricts vertical movement and this layer acts as a physical barrier that inhibits 

mixing between the surface and bottom waters, playing an important role in lake 

ecology. Primary production takes place in the epilimnion due to the presence of 

light and oxygen constantly supplied through the interaction with the atmosphere. 

However, the supply of nutrients to sustain primary production can be insufficient 

when the river inflows are reduced. In contrast, the hypolimnion is nutrient rich 

due to the breakdown of organic matter, but lacks light and oxygen. The regular 

supply of nutrients that is required to sustain primary productivity in the 

epilimnion can only come from mixing with hypolimnetic water if the surface 

inflows are significantly reduced, as is the case for most lakes in medium latitudes 

during summer (Ostrovsky et al. 1996; Wetzel 2001).   

To comprehend lake ecology it is then necessary to construct a clear 

picture of the distribution of the buoyancy flux (usually quantified indirectly by 

the associated dissipation of turbulent kinetic energy) and the path along which 

the energy becomes available at the turbulent scale (Imberger 1998). Energy is 
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introduced in the lake by the action of wind blowing over the lake surface. In 

addition to mixing the surface layer, the wind stress piles up the surface water at 

the downwind end of the lake, generating a longitudinal pressure gradient that, in 

turn, produces an opposite tilt of the metalimnion with upwelling of the 

hypolimnion at the upwind end of the lake (Mortimer 1974).  

When the wind stops, the relaxation of the longitudinal pressure gradient 

generated by the tilt of the metalimnion sets up periodic motions with 

characteristic lengths and periods defined by the stratification, the shape of the 

basin and, when the effects of the Earth’s rotation has an important effect, the 

Coriolis force (Imboden 1990). These are basin-scale internal waves, of which 

there are two types. The first are gravity waves, governed by a balance between 

gravity, Coriolis and inertia forces (Mortimer 1974). These waves dominate the 

spectra of isotherm displacement in stratified lakes and are widely documented 

(Lemmin 1987; Antenucci et al. 2000; Rueda et al. 2003). If the internal motions 

in the lake are unaffected by the Earth’s rotation, these waves are standing 

seiches; otherwise, they are of the Kelvin and Poincaré types. The second type of 

internal basin-scale waves are topographic waves, which are governed by the 

conservation of potential vorticity (Csanady 1976; Stocker and Hutter 1987). 

Basin-scale waves generate mixing along the bottom of the lake by 

sloshing (Taylor 1993) and by shear instabilities (Lemckert and Imberger 1998), 

although this only leads to exchange of epilimnetic and hypolimnetic masses of 

water at the locations where the metalimnion intercepts the bottom of the lake. To 

determine such locations, how often the metalimnion sweeps them and the relative 

strength of the wave-related currents, the periodicity and structure of the basin-

scale internal waves must be known. The structure of the basin-scale internal 
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waves also creates heterogeneity in processes such as resuspension of sediments 

(Fricker and Nepf 2000; Marti 2004) and the associated increase in productivity 

(Ostrovsky et al 1996; MacIntyre et al 1999). Analytical models with simple 

geometries that consider a layered stratification (Heaps and Ramsbottom 1966; 

Csanady 1967; Antenucci and Imberger 2001a) or a continuous vertical density 

profile (Csanady 1972; Monismith 1987) have been developed. They produce 

good estimates of the periods and the basic features of the waves, but are unable 

to reproduce any effects of an irregular basin shape and a sloping bottom. 

Numerical eigenvalue models have been used improve the estimates of the spatial 

structure of the internal basin-scale waves (Schwab 1977; Horn et al. 1986; 

Münnich 1996; Bäuerle 1998; Fricker and Nepf 2000) but none of them can 

consider the combined effect of irregular shape, continuous stratification, and 

Coriolis force. 

Smaller scale internal waves with periods of minutes are also ubiquitous in 

stratified lakes (Mortimer et al. 1968; Hamblin 1977; Thorpe et al 1996; Saggio 

and Imberger 1998; Antenucci and Imberger. 2001b) and are generated by 

phenomena that can be summarized as shear instabilities or nonlinear processes 

(Boegman et al. 2003). In some cases, the high-frequency waves get their energy 

directly from external forcing (Hamblin 1977; Farmer 1978; Antenucci and 

Imberger 2001b) but several field observations indicate that very often they 

extract energy from the basin-scale internal waves (Thorpe et al. 1996; Saggio and 

Imberger 1998; Stevens 1999). High-frequency internal waves generated by 

shear-instability are believed to propagate over short distances before they loss 

their energy, while those generated by nonlinear processes are believed to travel 

long distances without losing a significant amount of energy until they reach the 
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sides of the lake and break (Boegman et al. 2003), contributing to mixing in the 

benthic boundary layer. This points to a different participation of the different 

types of high frequency waves in the energy flux path in stratified lakes with 

shear-generated waves transferring energy from basin-scale motions to turbulence 

locally, and with solitary-like waves extracting energy from the basin-scale waves 

in one location and transferring it to turbulence in a remote location.  

The books by Drazin and Reid (1981) and Drazin and Johnson (1989) 

provide a good summary of the analytical theory of shear-instabilities and 

nonlinear evolution of waves, and the behaviour of high-frequency waves under 

controlled laboratory or numerical experiments is well known (Thorpe 1971; 

Hazel 1972; Horn et al. 2001; Vlasenko and Hutter 2002; Boegman et al 2005a). 

In the field, however, the description of the high-frequency waves is normally 

limited to some characteristics of the waves due to the lack of high spatial and 

temporal data resolution. 

 

1.2. Overview  

This thesis seeks to contribute to the understanding of the energy flux path 

in stratified lakes from basin-scale internal waves, through high frequency internal 

waves, to turbulence. It does not concentrate on quantification of energy fluxes, 

but rather on identifying the mechanisms responsible for them. The approach 

followed relies strongly on field measurements of temperature collected at a high-

frequency rate and simultaneously at several locations in the lake. The 

information extracted from the field data is complemented with numerical 

simulations to improve the spatial resolution. 
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Here, the vertical structure of all the types of internal waves considered is 

described in terms of modes in a continuously stratified medium, unless the 

description in terms of vertically propagating rays is specifically invoked. 

Chapter 2 investigates the influence of the bathymetry on the structure of 

basin-scale internal waves considering continuous stratification, Coriolis force 

and the real bathymetry of the lake. Two different effects of the bathymetry are 

studied: the effect of the horizontal shape and the effect of the sloping bottom. 

Chapter 3 describes observations made at one lake of several types of high 

frequency internal waves responding to different forcing and background 

conditions. The generation mechanisms of the high-frequency internal waves are 

identified as well as how the different waves contribute in different ways to the 

heterogeneous distribution of buoyancy flux in the lake. 

Data from a dense array of thermistor chains made possible the 

identification of a previously unobserved path of the energy flux in stratified 

basins. This path is described in Chapter 4, where the results of the field data 

analysis are compared to the results of the mechanistic model that guided their 

interpretation. 

The data for Chapters 2 and 4 were collected in Lake Kinneret, Israel. 

Some of the characteristics of the basin-scale and high-frequency waves in this 

lake had been reported over several years of research, but many questions 

remained open. The lake has special bathymetric and periodic forcing conditions 

that facilitates de study of both basin-scale and high-frequency internal waves. 

The data for Chapter 3 was collected in Lake Constance, Germany. Previous 

research on basin-scale waves in this lake pointed out the existence of high-

frequency internal waves, opening questions about their role in the energy flux 
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path. A sill was believed to play an important role in the generation of high-

frequency internal waves. Both lakes have been focus of extensive research over 

the years due to their importance for water supply and the fishing industry.  

A summary of the major findings of this work is provided in the 

conclusions together with some implications and suggestions for future work. 
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Chapter 2 
 

Spatial structure of the dominant basin-scale internal waves in  

Lake Kinneret 

 
 
2.1 Abstract 

 
Field data and numerical simulations were used to investigate the effects 

of basin shape, continuous stratification, and rotation on the three-dimensional 

structure of the dominant natural basin scale internal wave modes in Lake 

Kinneret, a stratified lake large enough so that the earth’s rotation influences the 

wave motion. The structure of the modes was inferred from power spectral 

density of measured and simulated isotherm vertical displacements and from 

rotary power spectral density of isopycnal velocities obtained from numerical 

simulations. The shape of the lake at the level of the thermocline, in conjunction 

with the dispersion relationship, determines the horizontal configuration of the 

natural modes. The dominant response to wind forcing was an azimuthal and 

vertical mode one Kelvin wave with a natural period of 22.6 h that propagated 

around the entire basin; the second most dominant response was a vertical mode 

one wave with a natural period close to 10.5 h and composed of two counter-

rotating Poincaré circular cells. The sloping bottom produced an intensification of 

vertical displacements and velocities over the slope due to focusing of waves rays 

after reflection at bottom slopes close to the critical angle. The amplitude of the 

observed oscillations was very sensitive to the phase of the wind relative to the 

existing waves; resonance was affected by the cessation time of the wind events 

because it defines the local forcing period and resets the phase of the observed 

oscillations. 
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2.2  Introduction 
 

Basin-scale internal waves are ubiquitous to stratified lakes and reservoirs 

and drive a variety of physical, chemical, and biological processes in such water 

bodies (Mortimer 1974). They possess most of the energy contained in the 

internal wave spectrum and play an important role in energizing both vertical 

mixing and horizontal dispersion. Vertical mixing at the metalimnion level erodes 

the natural barrier imposed by the stratification and facilitates primary production 

in the surface layer by incorporating nutrient-rich hypolimnetic waters (e.g., 

Ostrovsky et al. 1996) into the surface layer. Energy is transferred from the basin-

scale waves to turbulent mixing by sloshing and breaking of basin scale internal 

waves around the perimeter of the lake, by the increased shear in the interior of 

the lake or by the cascade of energy from the basin scale waves to high frequency 

internal waves that are generated either by non linear steepening or by shear 

instabilities (Imberger 1998; Boegman et al. 2003). Equally, basin scale internal 

waves, combined with the action of the surface wind induced currents, sustain 

horizontal dispersion via a host of mechanisms: pseudo-chaotic dispersion 

(Stocker and Imberger 2003a), horizontal shear dispersion (Stocker and Imberger 

2003b) and dispersion by synoptic eddies formed when internal Kelvin waves 

separate at headlands (Ivey and Maxworthy 1992). In addition, the oscillating 

motion over a lake bed generates resuspension and transport of sediments, 

nutrients, and contaminants (Gloor et al. 1994). An understanding of the temporal 

and spatial patterns of the basin-scale internal waves is therefore necessary to 

better quantify the above processes that, in turn, determine the success of any 

water quality investigation. 
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Observations of temperature or velocity fluctuations reveal that basin scale 

internal waves have characteristic dominant periods, even when generated by 

isolated wind events or by wind forcing with different periods (Lemmin 1987; 

Saggio and Imberger 1998). The observations also show that the oscillations form 

coherent structures along vertical profiles and horizontal transects with length 

scales of the order of the dimensions of the basin (Thorpe 1974; Münnich et al. 

1992; Hodges et al. 2000). This suggests that lakes are dynamical systems with 

natural (or free) modes of oscillations that have characteristic period and spatial 

structure and that a knowledge of the characteristics of these modes is crucial for 

understanding the baroclinic response of lakes to general forcing.  

When the relative importance of Coriolis to buoyancy forces is small, as in 

low-latitude or narrow lakes, natural modes are non-rotating seiches and when it 

is large, as in large lakes, the natural modes are rotating Kelvin and Poincaré 

waves (Mortimer 1974). In either case, the period and the spatial structure of the 

natural modes are also functions of the shape and the stratification of the lake. 

Analytical solutions for these functions have not been found for general 

bathymetries and only approximate solutions exist. Models with simple horizontal 

geometries (e.g., rectangular, circular, elliptical) and flat bottoms reproduce the 

periods well and give indications of the horizontal structure of the natural modes 

for layered (Heaps and Ramsbottom 1966; Csanady 1967; Antenucci and 

Imberger 2001a) or for continuous stratifications (Csanady 1972; Turner 1973; 

Monismith 1987), but reveal little as to the effect of an irregular basin shape or a 

sloping bottom. 

More elaborated numerical eigenvalue models allow mode determination 

considering a variable depth, but the stratification must be approximated by a 
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series of homogeneous layers (Schwab 1977; Salvadè et al. 1988; Bäuerle 1998). 

Such numerical schemes yield horizontal structure of the pycnocline 

displacements closer to those observed, but the vertical structure of the modes is 

poorly reproduced. In particular, the changes of wave number, energy density, and 

amplitude of the wave beam on reflection from a sloping bottom (Phillips 1966; 

Eriksen 1982; Dauxois and Young 1999) cannot be captured by this type of 

models.  

The structure of natural modes in a basin with a sloping bottom and a 

continuous stratification was studied numerically by Münnich (1996) and Fricker 

and Nepf (2000) for non-rotating, vertically two-dimensional basins with variable 

depth. They showed that the sloping bottom dramatically changes the spatial 

structure of the natural modes compared to those solutions obtained for a 

rectangular basin. Fricker and Nepf (2000) pointed out that an extension of their 

procedure to 3 dimensions would be difficult. 

Simulations with 3D hydrodynamic models can reveal features that can be 

attributed to the spatial structure of the natural modes of oscillation. Rueda et al. 

(2003) associated features in the horizontal distribution of the integrated potential 

and kinetic energy of the vertical mode one, basin scale waves in Lake Tahoe with 

major lake boundary irregularities. The difficulty in using 3D modelling to infer 

the shape and period of natural modes of oscillation is that, in general, it is 

difficult to isolate and interpret their characteristic features when the lake is 

constantly forced by an unsteady surface wind stress.  

In Lake Kinneret (Israel), 24 and 12-h-period signals dominate the power 

spectra of the observed isotherm displacement and horizontal velocity (Serruya 

1975; Ou and Bennett 1979; Antenucci et al. 2000). Serruya (1975) attributed the 
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existence of these periodic motions to the interaction of the periodic wind with a 

12-h natural period of oscillation, and documented the cyclonic rotation of the 24-

h-period component of the signal. Ou and Bennett (1979) described the 24-h-

period oscillation as a vertical and horizontal mode one (V1H1) Kelvin wave, and 

suggested that the 12-h-period motion was a non-rotating V1H1 seiche with a 

nodal line in the north-south direction. With the circular flat bottom basin model 

approximation (Csanady 1967), Antenucci et al. (2000) estimated the period of 

the natural internal modes in Lake Kinneret to be 22.5 and 12.2 hours and 

interpreted these as V1H1 cyclonic Kelvin and anticyclonic Poincaré waves 

respectively. The proximity to the periods observed in the field led them to 

suggest that these two waves were the dominant modes in the lake. In a later paper 

Antenucci and Imberger (2003) showed how these modes moved in and out of 

resonance with the 24-h wind forcing as the stratification changed over a seasonal 

time scale (I refer to resonance as the amplification of the motion that occurs 

when the period and spatial structure of the forcing coincide with those of one of 

the natural modes of the system, and not in the sense used by Maas and Lam 

(1995) who called a resonance the condition in which all wave rays close upon 

themselves after multiple reflections at the boundaries of the domain). The 

numerical simulations of Hodges et al. (2000) confirmed the rotational character 

of the 24-h component, but they attributed the 12-h component to a seiche across 

the EW axis of the lake with a small NS component. The conflicting results from 

these studies indicate that the 12-h component remains to be unequivocally 

characterized. Also, the dependence of the modal structure on the bathymetric 

shape, which is of critical importance in determining the bottom and metalimnetic 

shear stress distribution, remains to be determined. 
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To address these issues, a field campaign was undertaken during a typical 

summer stratification period. After describing the field campaign, we illustrate the 

effects of the horizontal shape and sloping bottom of the basin on the structure of 

the dominant natural modes by using spectral analysis of field data and results of 

complementary numerical simulations. We also estimate their natural periods and 

show that the wind resets the phase of the observed wave field, imposing the 

observed periods, and that the time of termination of the wind events is a very 

important parameter for the observed resonant interaction with the wave field. 

 

2.3  Field site 
 

Lake Kinneret is a warm, monomictic lake with the turnover occurring in 

late December or early January. The summer stratification is characterized by a 

thermocline 16-18 m deep and a temperature difference between the epilimnion 

and the hypolimnion of up to 8°C (Serruya 1975). The lake is approximately 22 

km long north-south and 15 km wide west-east and the maximum depth was about 

39 m during the summer of 2001, when the field experiment for this research was 

conducted (see Fig. 2.1). During the stratified condition, when internal wave 

activity is strongest, the dominant component of the wind forcing is a strong 

westerly breeze that blows every afternoon (Serruya 1975). Inflows, outflows, and 

density variation due to salinity have a negligible effect on the dynamics at this 

time of the year. 

 

2.4 Field equipment 

To record the internal waves activity, 10 Lake Diagnostic Systems (LDS), 

containing thermistor chains and wind velocity sensors, were deployed in Lake 
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Kinneret during the summer of 2001. Five of the LDS’s were located close 

together to identify the characteristics of short wavelength internal waves and the 

results from these chains will be described elsewhere; only data from one of these 

stations (Tv) is considered here. The location of the 6 LDS stations used for the 

present analysis is shown in Fig. 2.1 and details of their deployment are given in 

Table 2.1. The accuracy of the thermistors was 0.01°C (with resolution of 

0.001°C). Stations Ty (one of the stations close to Tv) and T9 also had full 

meteorological stations mounted 1.5 m above the water surface. 

 

2.5 Observed wind pattern 

Each day during the experiment, westerly winds started abruptly after 

midday, reached speeds up to 11 m s-1 that were maintained for 6 to 8 hours (Fig. 

2.2 a,b), similar to that observed previously by Serruya (1975). Power spectral 

density (PSD; Bendat and Piersol 1986) of the wind speed (Fig. 2.2c) reveals that, 

in addition to the dominant 24-h periodicity, the wind signal contained a 

secondary 12 h periodic component that had also been identified by Ou and 

Bennett (1979) and Antenucci and Imberger (2003) in previous field campaigns. 

The spatial variability of the wind field during the 2001 field experiment was 

documented by Laval et al. (2003b); the effects of the daily variations in the wind 

pattern are discussed below.  

 

2.6 Measured basin scale internal waves activity 

The isotherm displacements (Fig. 2.3) and the PSD of the vertical 

displacement of the 23°C isotherm (Fig.2.4), located in the middle of the 

metalimnion, show that a 24-h-period oscillation was dominant at all stations. 
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This oscillation had larger amplitude at the stations located along the 20 m depth 

contour (stations Tg, Tf, T7, and T9) and progressively smaller amplitude towards 

the interior of the lake (stations Tv and T4). The second largest spectral peak 

corresponds to a 12-h-period oscillation, which was larger at stations Tf, T9, and 

Tv and just significant at stations Tg, T7, and T4. The mean stratification in which 

these waves propagated was obtained by averaging the elevation of the isotherms 

at station T4 over 24 h from day 170.5 to 171.5 and is shown in Fig. 2.5 together 

with the corresponding buoyancy frequency profile. The buoyancy frequency was 

everywhere, even in the relatively well mixed epilimnion and hypolimnion, three 

orders of magnitude larger than the frequencies of the two dominant oscillatory 

motions (1×10-5 and 2×10-5 Hz). Therefore, the thermocline did not form a wave 

guide with turning levels and the corresponding wave rays could propagate in the 

entire lake from the surface to the bottom. The horizontal variation of the time 

averaged temperature profile and any associated consequences could not be 

investigated because the metalimnion intercepts the bottom of the lake at the 

location of the stations Tg, Tf, T9, and T7.  

 

2.6.1 Propagation 

The propagation of the 24 and 12-h-period waves along the perimeter of 

the basin was tracked by following their phase at the stations located along the 20 

m depth contour. To do so, the displacement of the 23°C isotherm at each of the 

stations (Fig. 2.6a) was band-pass filtered around 24 h (between 19.8 and 27.8 

hours; Fig.2.6b) and around 12 h (between 10.7 and 13.9 hours; Fig.2.6c) using a 

fourth order Butterworth filter. The crests of the 24-h-period signal is seen to 
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propagate cyclonically (anti-clockwise) with oscillations at Tg and T7, located at 

opposite ends of the basin, out of phase, a characteristic of a basin-long azimuthal 

mode 1 wave. By contrast the 12-h oscillation propagated anticyclonically 

(clockwise; Fig. 2.6c), but the oscillations were almost in phase at stations Tg and 

T7. This suggests that this oscillation did not correspond to a mono-cellular 

anticyclonic wave of the first azimuthal mode filling the entire basin, as 

postulated by Antenucci et al. (2000). It is possible that wave crests propagated 

along the transect T9-Tf-Tg while crests at T7 followed a disconnected path. A 

different line type is used in Fig. 2.6c to indicate that the propagation of wave 

crests between T7 and T9 was questionable. 

 

2.6.2 Azimuthal structure 

We studied the azimuthal structure of the dominant components of the 

wave field by looking at the evolution, over a period of 24 h, of the band-passed 

signals of the 23°C isotherm at the stations located along the 20-m depth contour. 

The evolution of the 24-h component (Fig. 2.7a) resembles the cyclonic 

propagation of an azimuthal mode 1 wave covering the entire basin. The 12-h 

component (Fig. 2.7c) appeared to be of an azimuthal mode 2 wave propagating 

anticyclonically around the basin with oscillations at stations Tg and T7 in phase. 

However, data recorded at 5 stations along a West-East transect in 1999 (not 

shown) suggest that the 12-h component was azimuthal mode one, as does the 

transect T9-Tf-Tg in Fig. 2.7c. This leads to the hypothesis that the structure of 

the 12-h oscillation was dominated by an azimuthal mode 1 cell in the main part 
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of the basin which did not reach the southern embayment of the basin where 

station T7 was located. 

 

2.6.3 Radial structure 

The phase along a radial transect defined by stations Tf, Tv, and T4 and 

the monotonic decrease of amplitude with distance from the shore (Fig. 2.7b, d) 

indicates that the two dominant components of the wave field were of the first 

radial mode. 

 

2.6.4 Vertical structure 

 The vertical modal structure of the 24 and 12-h-period oscillations was 

identified by calculating the phase of the vertical displacement over the depth of 

the thermistor chains. The 23°C isotherm was chosen as reference for the phase 

and the areas where the isotherms intersected the bottom, at any time, were 

excluded from the analysis. Fig.2.8 shows the results at those stations where the 

amplitude of both the 24 and 12-h oscillations were large enough to make the 

coherence and phase statistically significant. The small change in phase over the 

water column indicates that a vertical mode one dominated both periodic 

components. 

The cyclonic propagation of phase of the 24-h motion and its horizontal 

and vertical spatial structure suggests that the motion was a Kelvin wave with a 

vertical and horizontal mode one structure that extended over the whole basin, 

analogous to that for a circular (Antenucci et al. 2000) or elliptical (Antenucci and 

Imberger 2001a) basin shape; the bathymetry did not influence the modal 
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structure of this wave. In contrast, the bathymetry appeared to have a dramatic 

influence on the modal structure of the 12-h wave, the field data suggesting a 

vertical mode one wave with a horizontal structure with two cells. The first cell, in 

the main part of the basin, seems to have a radial and azimuthal mode one 

structure with anticyclonic propagation of phase; the structure of the second cell, 

located in the embayment in the south, could not be resolved with the field data, 

and was examined using three-dimensional numerical simulations. 

 

2.7 Numerical simulations 

We carried out numerical simulations with the Estuary and Lake Computer 

Model (ELCOM) to increase the spatial resolution of the temperature information 

and to derive the velocity field. Only a brief description of the model is given here 

and the reader is referred, for further details, to the original publications by 

Hodges et al. (2000). The model solves the 3D, hydrostatic, Boussinesq, 

Reynolds-averaged Navier-Stokes equations and scalar transport equations of 

potential temperature, salinity and tracers in a Z-coordinate system. Diffusion and 

advection are separated both for momentum and scalars and a mixing model, 

based on the integral solution of the turbulent kinetic energy equation, is used to 

estimate the vertical diffusive transport (Simanjuntak, M. A. pers. comm.). The 

model also includes a filter to control the numerical diffusion of potential energy 

(Laval et al. 2003a), so the stratification and the phase speed of the internal waves 

are not altered numerically over the simulation period. Heat and momentum 

exchange at the water surface was estimated by bulk transfer models (e.g., 

Amorocho and DeVries 1980; Imberger and Patterson 1981; Jacquet 1983), the 

transfer coefficient being corrected for the stability of the atmospheric boundary 
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layer (Hicks 1975). The surface energy fluxes are separated into a non-penetrating 

component introduced in the surface mixed layer, and a penetrating component 

introduced over one or more layers according to Beer’s law. Validations with 

temperature (Hodges et al. 2000; Laval et al. 2003a) and with velocity data 

(Marti, C pers. comm.) showed that ELCOM reproduces well the internal wave 

dynamics in Lake Kinneret. Before using the model to investigate the effect of the 

bathymetry on the structure of the natural modes, we tested its ability to reproduce 

the propagation and vertical structure of the dominant observed oscillations for 

the 2001 data set.  

 

2.7.1 Validation 

The bathymetry of the lake was discretized with a 400×400×1 m grid, and 

a time step of 450 s was used to satisfy the CFL stability condition for the internal 

motions. Short wave radiation, net radiation, air temperature and relative humidity 

inputs were averaged every 10 minutes from direct measurements taken every 10 

seconds at the meteorological station Ty. A 2D wind field was obtained through 

spatial linear interpolation of the records from the stations in and around the lake 

(see Fig. 2.1). More details about the interpolation of the spatially variable wind 

may be found in Laval et al. (2003b). The initial temperature profile is taken from 

Fig. 2.5a and is considered horizontally homogeneous over the lake. The spin-up 

time of the model was 2 days. 

The spectra in Fig.2.4 demonstrate that the model reproduced the 

concentration of energy at periods of 24 and 12 h. Figure2.9 shows the time series 

of the 23°C isotherm displacement and its band-pass filtered components at the 

six stations. It reveals that the model underestimated, by about 20%, the amplitude 
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of the 24-h component, but simulated well its phase, except at station T4 where 

the small amplitude of the oscillation made the coherence and phase analysis 

statistically not significant. We show below that the underestimation of the 

amplitude was due to artificial dissipation introduced by the no normal flow 

boundary condition applied on the step-like bottom discretization, and that this 

weakness of the model does not affect the phase and the modal structure of the 

simulated waves. The phase of the 12-h component was also well simulated at the 

stations away from the north-south axis (Tf, Tv, and T9) where the coherence and 

phase analysis were statistically significant. The ability of the model to reproduce 

their propagation around the basin is verified through an analysis of coherence 

and phase. The results are summarized in Table 2.2 and show that both periodic 

signals were coherent in the stations around the basin in the field measurements 

and also in the model results. The model results were also coherent with the field 

data at most of the stations. The cyclonic propagation of phase of the 24-h signal 

from Tg to T7 and anticyclonic propagation of phase for the 12-h signal from T9 

to Tg were reproduced well by the model, with relatively small differences of both 

components between the model and the field data. Model results were almost out 

of phase with field data at T4 but these results were statistically not significant. 

Excluding T4, the station where the biggest relative phase difference occurred for 

both signals was T7, the difference being 1.7 hours (7% of the observed period) 

for the 24-h signal and 2 h (17%) for the 12-h signal. 

The vertical structure of the model results was analysed by calculating the 

phase of the isotherm displacements over the depth of the simulation grid at 

locations equivalent to those of the thermistor chains. The results (Fig. 2.8) 

reproduced well the dominant vertical mode 1 structure of both periodic 
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components observed in the field data. Higher vertical modes might still be 

present in both the field data and the simulation results, but due to the smaller 

potential to kinetic energy ratio associated with these modes (Antenucci and 

Imberger 2001a) they did not contribute significantly to the isotherm 

displacement.  

 

2.7.2 Numerical damping in ELCOM 

To show that the extra damping in the ELCOM was due to the step 

bathymetry, we estimated the decay rate of the oscillations in the field and in the 

model and calculated the relative amplitude of resonant oscillations in two 

oscillating systems with the different decay rates. The decay rate in ELCOM was 

estimated by visually fitting a decaying exponential envelope curve to oscillations 

that follow the release of a tilted stratification in runs with different grid sizes. 

The associated e-folding times are compared in Table 2.3. The same procedure 

could not be applied to the field data as the lake was forced continuously by the 

wind before any decay could be evaluated. Instead, we determined the decay rate 

and the natural period of the Kelvin wave (the most energetic wave) by matching 

the 24-h band-pass filtered oscillation of the 23°C isotherm at Tv to the oscillation 

of a linear damped forced mass-spring system. This simple dynamic system 

describes the oscillations at a particular location of a lake without the complexity 

added by the spatial structure (Stocker and Imberger 2003a). The forcing, F, is 

given by the input of wind momentum approximated by 30-minute long uniform 

wind blocks. In turn, each constant wind block was considered as made up of a 

suddenly imposed steady wind event of infinite duration and an equal but negative 

wind event starting 30 minutes later. At a particular location in the basin, the 
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isotherm oscillation generated by every wind event (positive or negative) is given 

by: 

{ } ( )lag(t t )
i i lagx A F 1 cos (t t ) e H t−α −⎡ ⎤= − ω −⎣ ⎦  (2.1) 
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x is the displacement from the equilibrium position, t is the elapsed time from the 

start of the wind, c is the effective damping coefficient, the coefficient A and the 

phase  account for the spatial location and H is the unit step function. The 

parameter is the inverse of the e-folding time, 

lagt

α ω  is the damped natural 

frequency and  is the undamped natural frequency of the system. The 

displacement generated by the wind series is given by linear superposition: 
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where is the time of start of the i-th wind event and M is the total number of 

positive and negative wind events. The values of 

sit

α  and ω  were obtained by 

least-squared fitting X with the 24-h band pass filtered 23°C oscillation at station 

Tv. The 3.9-day decay time scale for the amplitude of the Kelvin wave, α , 

translates into an energy decay time scale of 2 d, which is about half that 

estimated by Antenucci and Imberger (2001a). This value is also well below the 

11.6 d estimated from the experimental results of Wake et al. (2005) in a 2-layer 

flat bottom circular basin with the Burger number and inertial period similar to 

that found in Lake Kinneret, where the transference of energy to smaller scales is 

limited by the absence of topographic features. From the natural frequency, , a ω
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natural period of 22.6 hours (see Table 2.3) was calculated for the free Kelvin 

wave. 

Using Eq. 2.2, we estimated 0ω , leading to an associated natural period in 

the absence of damping, , of 22.59 h. With 0T 0ω and the different decaying rates, 

we estimated  for several grid sizes; the associated periods (Table 2.3) reveal 

that the effect of the extra damping on the damped natural period was minor. 

Although the propagation speed of the simulated Kelvin wave depends on the grid 

size (Bennett 1977; Beletsky et al. 1997), the effect is practically eliminated if, as 

in all our simulations, the grid size is less than about one-fifth of the internal 

radius of deformation (Schwab and Beletsky 1998). 

ω

The resonant amplitude of the long-term oscillation excited by a harmonic 

force of amplitude  and frequencyFA Fω , given by: 

( )
0.521 2 2 2 2

F 0 F FB A m 4
−

− ⎡ ⎤= ω − ω + α ω⎢ ⎥⎣ ⎦
, (2.4) 

(Table 2.3) shows a 23% reduction of amplitude for the 400×400 grid when the 

forcing period is 24 h. This is representative of what is observed in Fig. 2.9, 

indicating that the smaller amplitude in the model is an effect of grid step 

damping. 

From the above we conclude that, despite numerical damping, the model 

provides a valuable tool to expand the characterization of the modal shape of the 

isotherm displacements that are induced by the dominant basin scale internal 

waves. 
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2.7.3 Basin with flat bottom and irregular horizontal shape 

We took the analytical solution for the Kelvin and Poincaré natural modes 

in a circular flat-bottom basin (Csanady 1967, 1972; Antenucci et al. 2000) as the 

starting point in our investigation of the effects of the irregular bathymetry on the 

shape of the natural modes. For elliptical basins, Antenucci and Imberger (2001a) 

demonstrated that azimuthal mode one Kelvin waves have maximum isotherm 

displacements where the radius of curvature of the basin is minimum and larger 

velocities where the radius of curvature is smaller. This behaviour is reversed for 

Poincaré waves. 

To look at the effect of the more irregular basin perimeter, we carried out a 

simulation in an idealized 30 m deep basin with flat bottom, the horizontal shape 

of the 15 m depth (mean depth of the thermocline) contour in Lake Kinneret at 

(Fig. 2.1) and the stratification of the top 30 m of the time-averaged temperature 

profile in Fig. 2.5a. A 400×400×1 m grid and a 450 s time step were used. The 

thermodynamic module in ELCOM was switched off and no wind forcing was 

applied, allowing the system to oscillate freely from an initial west-east tilt of the 

stratification. Temperature and horizontal velocity time series were recorded at 

every grid point and used to calculate isotherm displacements and isopycnal 

velocities time series. The power spectral density (PSD) and rotary power spectral 

density  (RPSD; Gonella 1972) of these time series were then calculated and used 

to identify spatial variations in the amplitude of the oscillations. The PSD and 

RPSD revealed dominant periodicities close to 23 and 10.5 hours for the vertical 

displacements and isopycnal velocity. Figure 2.10 shows the energies of the PSD 

of vertical displacement and of the RPSD of isopycnal velocities for isotherms in 

the epilimnion (26.5°C), metalimnion (23°C), and hypolimnion (17°C). The 23-h 
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signal has the characteristics of an azimuthal and vertical mode one wave: larger 

displacements toward the shore (Fig. 2.10a), especially in the metalimnion, and 

larger cyclonic velocity component in the epilimnion and hypolimnion with 

almost no motion in the metalimnion (Fig. 2.10b). The elongated shape of the lake 

produced an increase of the vertical displacement where the radius of curvature 

was minimum and an increase of the velocities where the radius of curvature was 

maximum, similar to that found for an elliptical basin by Antenucci and Imberger 

(2001a). The vertical displacement of the 10.5 h period wave was larger towards 

the perimeter, specially at three locations in the northwest, east and southwest 

(Fig. 2.10c), while two amphidroms were located in the middle of the basin and in 

the southern embayment. Figure 2.10d shows the difference between the 

anticyclonic and cyclonic components of the velocity at 10.5 hours. Positive 

values indicate anticyclonic (clockwise) rotation; negative values, cyclonic 

(anticlockwise) rotation. Two vertical mode one counter-rotating cells combined 

to make the horizontal structure. The first cell filled the main body of the basin 

and had a classic Poincaré type structure with velocity vectors rotating 

anticyclonically and the largest magnitude in the centre. In the second cell, located 

in the embayment in the south of the basin, the velocity vectors rotated 

cyclonically. The location of Station T7 in the southern cell (Figs. 2.1, 2.10d) thus 

explains why we did not observe a simple structure in the field data when 

investigating the propagation of phase around the entire basin. 

 

2.7.4 Lake bathymetry with variable depth 

To include the effect of the sloping bottom on the spatial structure of the 

natural modes of oscillation, we simulated the motion following an initial tilt of 



Spatial structure of basin-scale internal waves 25 

the stratification with the real bathymetry of the lake; all other simulation 

variables were kept the same. The energies of the PSD and RPSD at the dominant 

periods of 23 and 10.5 hours are presented in Fig. 2.11. All those areas where the 

isotherms intersected the bottom at any time were excluded from the PSD and 

RPSD plots so details of the structure close to the edges of the lake were lost. 

Despite this, some features still provide an insight of the effects of the sloping 

bottom on the structure of the natural modes. The 23-h-period wave had larger 

energy (PSD) of the 23°C isotherm displacements towards the north and south 

edges of the basin (Fig. 2.11a) similar to the flat bottom, irregular horizontal 

shape case. In the hypolimnion, in contrast to the small displacements observed 

for the flat bottom case, large vertical displacements occurred over the mild 

bottom slopes in the south and the west of the lake, revealing an intensification of 

the motion over the sloping bottom. In the hypolimnion (17°C isotherm), the 

cyclonic component of the RPSD of velocity at 23-h (Fig. 2.11b) was also larger 

toward the south and west. Intensification of the isotherm vertical displacement 

and isopycnal velocity over the sloping bottom also occurred for the 10.5-h-period 

wave (Fig. 2.11c,d). The circular Poincaré type structure of flat bottom basins 

with larger velocities in the middle of the cell was retained in the epilimnion 

(26.5°C isotherm). The two-cell structure of this mode was difficult to observe for 

the sloping bottom case because the resolution of the method, as mentioned 

above, was not sufficient close to the boundary. However, a vertical cross-section 

along the north-south axis of the lake (Fig. 2.12) shows the anticyclonic rotation 

of the velocity in the main part of the basin and the cyclonic rotation in the south 

end. The vertical mode one was maintained, but the surface that separates the two 

cells was tilted. 
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2.8 Interaction of the wind and the dominant natural modes 

The field observations reveal that the observed dominant periods in the 

isotherm displacement are the dominant periods in the forcing and not the period 

of the natural modes (Figs.2.2c and 2.4). We suggest that the observed oscillations 

result from the superposition of the free internal waves that are generated by 

successive wind events. Here, we illustrate how superposition of natural modes 

explains the effects of the daily changing wind pattern on the observed 

oscillations.  

 

2.8.1 Reset of the phase and modification of the period 

With each onset of the wind (Fig. 2.13a), epilimnetic water started to 

move to the southeast, the wind forcing it eastward and the Ekman transport 

turning the flow southward, creating upwelling in the Northwest between stations 

Tf and Tg (see also Ou and Bennett, 1979). At Tf, downwelling of the 23°C 

isotherm changed into upwelling with the onset of the wind on days 170 and 177; 

on days 171 and 173 to 176, the isotherm was already rising at the time of the 

onset of the wind, but the rate of upwelling increased when the wind started (Fig. 

2.13b). While the wind was pushing the surface water eastward, a thermocline 

slope across the basin was built with associated upwelling at Tf and downwelling 

at T7 (Fig. 2.13b,c), adding to the one set up by the existing wave field. 

Regardless of the phase of the preceding wave field, a new set of waves was 

released at the end of every wind event: strong downwelling at Tf and upwelling 

at T7 began when the wind fell below 5 m s-1 (Fig. 2.13b,c). The new set of waves 

released at the end of every wind event added to the waves already propagating 

around the lake and the combination appears as a reset of the phase of the 
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observed wave field and overrides the natural period of 22.6 h with the mean 

forcing period of 24 h. 

 

2.8.2 Resonance 

The effect of the temporal pattern of the wind on the wind-wave field 

interaction was investigated using extended records between days 169 – 205 (18 

June – 24 July) at stations Tg, Tf, and T7. We concentrated on the most energetic 

24-h signal. The parameters determining the amplitude of a forced oscillating 

system are the magnitude of the forcing, the forcing to natural periods ratio and 

the actual to critical damping coefficients ratio (Norton 1989). In general, lakes 

are under-damped oscillating systems (Mortimer 1974), for which the maximum 

resonant amplitude is reached when the forcing to natural periods ratio approaches 

1 (Norton 1989). The magnitude of the forcing is given by the input of momentum 

from the wind: 

 
e

s

t

t

1Im p dt= τ
ρ ∫  (2.5) 

where  

 D airC Uτ = ρ U  (2.6) 

 
is the shear stress over the water surface, and  are start and end times of the 

wind event,  is the water density, t is time, is a drag coefficient, is the air 

density and U is the east-component of the wind velocity at Tf. As a new set of 

waves is released at the end of each wind event, we considered the time from the 

end of the previous wind event to the end of the wind event under examination, 

Δt, as the local period of the forcing. The daily variability in the characteristics of 

st et

ρ DC airρ
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the wind forcing and amplitude and time of the peak of the 24-h signal at Tg, Tf, 

and T7 is presented in Fig. 2.14.  

At Tf, the amplitude was about 3 m (Fig. 2.14d) and the crests reached the 

station at around 20 h (Fig. 2.14e) for the period prior to day 190; after that date, 

the amplitude dropped to values around 1.2 m due to a decrease in the input of 

wind momentum (Fig. 2.14a), and the crest reached Tf at about 19 h as a direct 

result of the earlier termination of the wind events (Fig. 2.14b). On days 176, 187, 

and 188, Δt was close to the natural period of the Kelvin wave (Fig. 2.14c), so the 

wave being generated was in phase with the wave generated by the previous wind 

event and hence the amplitude of the internal waves increased (Fig. 2.14d). The 

strong winds on days 174, 175, 185, and 190 did not produce large amplitude of 

the internal wave because Δt was far from that required for resonance. 

The gradual positive phase shift of the wave crests (Fig. 2.14e) was the 

effect of the natural period of the wave being shorter than the average period of 

the wind and was accentuated when the momentum introduced by the wind was 

small as was the case on days 171 to 173. Events of strong wind momentum input 

generated a negative phase shift (days 174 to 176, 185 to 186), especially when 

the end of the wind event was delayed as on days 175 and 186. 

 

2.8.3 Spatial structure of the observed oscillations 

  The spatial structure of the internal wave oscillations observed under 

atmospheric forcing was extracted from the simulation used for the validation. 

The complete structure cannot be visualized because of the lack of resolution of 

our method close to the bottom, but the results permit the interpretation of the 

PSD and RPSD as a combination of the signatures of the vertical mode 1 natural 
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modes described above with other motions excited by the wind: The 24-h-period 

signal (Fig. 15a,b) shows elements of the free Kelvin wave (Fig. 2.11a,b) such as 

the larger displacements toward the north and south ends of the lake and the 

intensification of motion over the sloping bottom in the west. The strong vertical 

displacements observed in the epilimnion at the west and east ends on the lake is 

the signature of upwelling and downwelling at the ends of a surface layer 

circulation sustained while the wind was blowing. The 12-h-period signal (Fig. 

2.15c,d) showed strong currents and vertical displacements over the sloping 

bottom as in the 10.5-h-period natural mode (Fig. 2.11c,d). However, additional 

features in the PSD and RPSD structures suggest that other natural modes with 

periods close to 12 h were excited. The most noticeable one, a patch of high 

anticyclonic rotating velocities observed in the metalimnion (23°C isotherm) in 

the north of the basin suggests that the wind also excited a vertical mode 2 wave 

(Lighthill 1978). The existence of this mode is supported by the rotary spectra of 

velocity data collected close to the location of Tv in 1998 (Antenucci et al. 2000). 

The intensification of the velocity over the sloping bottom has, so far, been 

identified only from model results. We now show that the same slope interaction 

is seen in the field data by calculating the profile of RMS vertical displacements, 

, at station Tv (Fig. 2.16), located on the western slope. To do so, we 

calculated (following Fricker and Nepf 2000), at the elevation of each thermistor, 

the time series of temperature fluctuation with respect to the mean temperature 

profile in Figure 2.5 and band passed this at the dominant observed periods, 24 

and 12 h. Assuming that changes in temperature are due mainly to vertical 

displacement (i.e., assuming very small horizontal temperature gradients) the 

vertical displacement is give by: 

rmsς
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 (2.7) 

where is the RMS temperature fluctuation for the 24-h (j = 1) and 12-h (j = 

2) waves and 

j
rmsTΔ

T z∂ ∂ is the mean temperature vertical gradient. The surface mixed 

layer is excluded because the temperature fluctuations there are dominated by the 

heating/cooling diurnal cycle rather than by wave induced vertical motions. 

Clearly seen from Fig. 2.16 is the amplification of the vertical motion over the 

gently sloping western slope, which is reproduced by ELCOM reasonably well.  

 

2.9 Discussion 

Temperature data showed that, unlike the Kelvin wave, the 12-h 

component of the observed oscillations did not have the structure of a wave 

propagating around the entire basin, pointing to an effect of the irregular 

bathymetry. Two vertical mode one counter-rotating cells developed as the result 

of the plan shape of the basin. This conclusive result embraces previous evidence 

about the identity of the 12-h signal (Ou and Bennet 1979; Hodges et al. 2000; 

Antenucci et al. 2000).  

There is previous numerical evidence of internal Poincaré waves being 

locked to some features of the basin (e.g., Wang et al. 2000) and of internal 

natural modes with a multi-cellular horizontal structure (Schwab 1977; Lemmin et 

al. 2005); we offer here a dynamical explanation for their occurrence in terms of 

the dispersion relationships for circular basins developed by Antenucci and 

Imberger (2001a). The structure of the 21°C isopycnal velocity of the 10.5-h-

period wave (Fig. 2.17) shows circular cells with radii, r0, of 4800 and 3000 m 

separated by a no-flow across vertical cross-section. A layered model (Csanady 
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1982; Monismith 1985) with layer temperatures of 26.5, 21.5, and 16.5°C and 

depths of 12.5, 11.0, and 6.5 m gave a first vertical mode phase speed (c1) of 0.32 

m s-1. With f, the local inertia frequency, equal to 7.81×10-5 rad s-1, the first 

vertical mode Burger numbers (S1 = c1 r 0
-1 f-1) of the large and small cells were 

0.85 and 1.36 respectively. The ratio of the inertial period (22.3 h) to the natural 

period of this mode (10.5 h) was 2.1. Figure 2.18a shows that the waves in both 

cells satisfied the dispersion relationships for azimuthal mode 1 counter rotating 

Poincaré waves in circular basins. This results suggest that the horizontal structure 

of a natural mode has several rotating cells if circular (or elliptic) sub-basins 

holding rotating waves with the same period, vertical and azimuthal modes can 

geometrically fit into the shape of the basin at the level of the thermocline. Every 

cell holds a rotating wave as it were in an individual basin; the size of the basins 

being such that the periods of the waves in all the cells are the same. The ratio of 

the radii of the anticyclonic and cyclonic cells coexisting in the horizontal 

structure of a natural mode, calculated from the dispersion relationships, is thus a 

useful parameter to predict the existence of counter-rotating cells in a natural 

mode. The ratio for azimuthal mode 1 cells is presented in Fig. 2.18b as a function 

of the Burger number of the anticyclonic cell, which is always larger and should 

occupy the main area of a lake. 

Both vertical one natural modes showed a magnification of vertical 

displacements and velocities over the sloping bottom, similarly to what Münnich 

(1996) and Fricker and Nepf (2000) found for non-rotating seiches in two-

dimensional basins with variable depth. Fricker and Nepf (2000) showed that the 

magnification of currents and the location of a definite amplitude maximum 

somewhere over the middle of the slope depends on the structure of the 
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stratification, unlike the flat bottom case where the maximum of bed velocity is 

always located in the middle of the basin. In similar fashion, the maximum bed 

velocity in the 3D case is located away from the middle of the cell, where it would 

occur in a flat-bottom Poincaré wave (Csanady 1967; Antenucci et al. 2000). The 

amplification of the motion over the sloping bottom suggests that the common use 

of eigenfunctions calculated under the assumption of a flat bottom and negligible 

vertical bottom velocity (e.g., Monismith 1987; Münnich et al. 1992; Boehrer 

2000) should be applied with caution when estimating the vertical structure of the 

natural modes in lakes. 

The intensification of the motion over the sloping bottom may be the result 

of focusing of internal waves rays after reflection from the lake bed, which is 

larger if the bottom slope is close to the wave ray slope (the critical slope; Phillips 

1966; Dauxois and Young 1999). Despite the step-like structure representation of 

the bathymetry in ELCOM, the effects of focusing of the wave rays can be 

simulated, but limited to scales larger than the grid size; the magnitude of the 

local focusing is better simulated when the slope between bottom cells centres is 

similar to the real slope. 

The slope of the rays of the 10.5 h period wave at the bottom, sgb, may be 

estimated from the dispersion relationship for free propagating superinertial 

internal waves under rotation (LeBlond and Mysak 1978) as 

 
2 2

2
gb 2

b

s
N
ω −

= 2− ω
f  (2.8) 

where is the frequency of the natural mode and Nω b is the buoyancy frequency at 

the bottom of the water column. The interaction with the sloping boundary 

generates refraction of these waves but the slope of the rays remains unchanged 
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(LeBlond and Mysak 1978). The ray slope of the subinertial internal Kelvin wave 

cannot be described by Eq. 2.8. Rhines (1970) showed that, as for internal Kelvin 

waves propagating along a vertical and straight wall, the dispersion relationship of 

subinertial internal waves propagating along a wall tilted at any angle from the 

vertical is that of free internal waves in the absence of rotation. The inertial 

frequency, f, only influences the trapping of the motion to the wall. Based on 

these results, we estimated the slope of the rays of the Kelvin wave at the bottom 

from the dispersion relationship of free waves in the absence of rotation as      

 
2
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b

s
N

ω
= 2− ω

 (2.9) 

As seen from Figs. 2.19 and 2.11c,d, the ray slope was similar to the bottom slope 

close to the areas where intensification of the oscillations was observed in the 

west and, for the case of the 22.6-h Kelvin wave, in the south. Therefore, it is 

likely that the observed intensification over the slope was the signature of the 

propagation of wave rays that were strongly focused after reflection in the bottom. 

We based our analysis of the observed oscillations in terms of resonant 

interaction of the wind with the natural modes of the basin. Using geometrical 

tracing of wave rays, Maas and Lam (1995) showed that, in an inviscid 2D 

parabolic basin with constant buoyancy frequency wave rays do not close upon 

themselves and natural modes do not exist. Instead, for some frequencies (and 

their associated angles of propagation), focusing makes all the wave rays 

converge toward a fixed trajectory called an attractor where all the energy 

concentrates and coherent modes are no longer observed. For other frequencies, 

the focusing is balanced by defocusing and the rays do not converge toward an 

attractor but do not close either, producing what they defined as an infinite period 
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attractor where one ray fills the entire basin. These authors suggest that natural 

coherent seiching modes in sloping bottom basins are possible only for particular 

geometries.  

Their analysis relies on the geometric construction of the characteristics 

using the dispersion relationship for linear inviscid internal waves in a medium 

with constant buoyancy frequency, N, where the angle that the wave ray forms to 

the horizontal, , is maintained after reflection from a slope (Phillips 1966). If 

viscosity is considered, the resulting dispersion relationship is 

θ

  (2.10) 2 2 2 2i K N cos 0ω + ων − θ =

where is the kinematic viscosity and K is the magnitude of the wave vector 

(Kistovich and Chashechkin 1995). After reflection, changes in K must then be 

compensated with changes in θ , especially when focusing of the wave rays 

produces larger values of K. For low-period attractors, viscous diffusion then 

balances geometrical focusing of the rays and the motion concentrates in a shear 

layer around the attracting trajectory, as is shown numerically by Dintrans et al. 

(1999) and Rieutord et al. (2001). These authors also showed that regular coherent 

modes are recovered from the infinite-period attractors when viscous diffusion is 

taken into account.  

ν

Münnich (1996) found numerically a V1H1 natural mode in a parabolic 

basin for which Maas and Lam (1995) ruled out the existence of any natural 

mode. Although viscous diffusion was not considered explicitly in Münnich’s 

work, numerical diffusion may have had a similar effect to its physical 

counterpart, leading to the occurrence of natural modes. Besides viscous 

diffusion, nonlinear effects (Dauxois and Young 1999; Manders and Maas 2004) 

and the breakdown of the hydrostatic approximation (Maas 2001) can also 
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invalidate the conclusions in Maas and Lam (1995) about the non existence of 

coherent natural seiching modes. Our data and previous observations (e.g., Thorpe 

1974; Lemmin 1987; Münnich et al. 1992) suggests that natural modes of 

oscillations are ubiquitous in stratified lakes and focusing and defocusing of all 

internal wave rays must balance to produce wave rays that close upon themselves. 

Maas et al. (1997), Maas (2001) and Manders and Maas (2004) 

demonstrated in the laboratory the existence of shear layers around the predicted 

trajectory of a low-period attractor. We believe that they are not observed in 

stratified lakes for several reasons. First, the wind forcing is not a pure harmonic 

motion (or a simple combination of few pure harmonic motions) sustained for a 

high number of wave periods, as was always the case in the mentioned 

experiments. Second, the long forcing time necessary to generate a low-period 

attractor also indicates that they are highly dissipative and that it is very unlikely 

that they remain after the forcing ceases. This was observed by Boegman (pers. 

comm.), who noticed that forced interfacial modes generated by harmonically 

forcing a two-layer rectangular tank die much faster than a period of the gravest 

mode after the forcing stops. In addition, the long scale of the wind forcing at the 

lake surface creates over-specification of the boundary conditions (Maas and Lam 

1995) and destroys the attractor. Manders and Maas (2003) reported difficulties to 

observe attractors when a length scale is imposed by an oscillating paddle.  

We described the observed oscillations in Lake Kinneret as the 

superposition of internal natural modes generated by every wind event, on 

average, every 24 hours rather than as a harmonic forced internal wave with a 24-

hour period. This representation is more appropriate due to the wind pattern and 

was successful in explaining the changes in amplitude of the observed oscillations 
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in terms of the resonant interaction of the wind with the dominant natural mode of 

the basin.  

Degeneracy (several natural modes may have the same frequency) and 

denseness (internal natural modes frequencies may vary over a continuous range) 

(Münnich 1996) make the concept of natural modes fragile according to Maas and 

Lam (1995), but we argue that the concept is still valid because the spatial 

structure of the modes makes them clearly distinguishable and dictates which one 

of them is excited by a wind with a given horizontal structure. 

 

2.10 Conclusions 

The azimuthal and vertical mode one Kelvin wave previously identified in 

Lake Kinneret by Serruya (1975), Ou and Bennett (1979) and Antenucci et al. 

(2000) was shown to travel around the entire basin and to possess a natural period 

of 22.6 h, shorter than the observed periodicity of 24 h. The wave amplitude is 

intensified at the southern and northern extremities of the lake where the radius of 

curvature is smallest, in agreement with the numerical results of Schwab (1977) 

for a flat-bottomed Lake Ontario and the analytical solution for a flat bottom 

elliptical basin of Antenucci and Imberger (2001a). 

The second dominant internal mode was made up of two counter-rotating 

10.5-h-period Poincaré waves of the first vertical mode that meet the dispersion 

relationships for circular basins. Once again this wave was also phase adjusted 

each day by the wind forcing leading to a spectral peak close to 12 h. The basin 

shape was shown to have two influences on the wave motion. First, the plan shape 

determined, through the perimeter radius of curvature, the azimuthal Kelvin wave 

amplitude variations, smaller radii leading to an amplification of the amplitude. 
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By contrast, the effect on the 10.5-h period natural mode was to generate the two 

counter-rotating Poincaré cells. Second, a sloping bottom induced an 

amplification of the horizontal wave velocity over the slope similar to what has 

previously been predicted in vertical two-dimensional basins; this is likely 

produced by focusing of internal wave rays. In Lake Kinneret, gently sloping 

regions have larger bottom velocities and thus higher potential for sediment 

resuspension. We also showed that the elapsed time between the ends of two 

consecutive wind events determined whether resonance between the wind and 

wave motion occurred on a diurnal time scale. 
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Table 2.1.  Details of the deployment 

Station 
Deployment 

period 

Depth 

(m) 

Sampling 

interval (s) 
Depth of thermistors 

T4 01 Jan to 05 Jul 39.0 20 0.5 m and every 2 m from 2 m 

Tg 22 Apr to 20 Jul 19.9 10 every 0.75 m from 0.75 m 

Tf 22 Apr to 19 Jul 19.9 10 every 0.75 m from 0.75 m 

T7 22 Apr to 20 Jul 20.3 10 every 0.75 m from 0.75 m 

Tv 18 Jun to 02 Jul 29.5 10 every 0.75 m from 0.75 m 

T9 17 Jun to 02 Jul 20.2 10 every 0.75 m from 0.75 m 
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Table 2.2.  Results of coherence and phase for 23°C isotherm vertical displacement for field data and ELCOM results. Station Tf is selected as 

reference for zero phase when LDS or ELCOM results are analysed independently. When LDS and ELCOM results are compared, LDS data 

are taken as reference. 

LDS (compared with Tf) ELCOM (compared with Tf) LDS-ELCOM comparison 

Station Coh2

24 h 
Phase 
24 h 
(deg) 

Coh2

12 h 
Phase 
12 h 
(deg) 

Coh2 

24 h 
Phase 
24 h 
(deg) 

Coh2 

12 h 
Phase 
12 h 
(deg) 

Coh2

24 h 
Phase 
24 h 
(deg) 

Coh2

12 h 
Phase 
12 h 
(deg) 

Tg 1.00 -55 0.47 91 0.94 -31 0.88 131 0.89 4 0.18 24 
Tf 1.00 0 1.00 0 1.00 0 1.00 0 0.98 -19 0.99 -11 
T9 1.00 114 0.94 -111 0.81 136 0.98 -98 0.72 6 0.89 3 
T7 0.99 166 0.81 110 0.99 -151 0.95 -179 0.97 25 0.96 60 
Tv 0.98 -11 0.98 14 1.00 -2 0.99 -6 0.96 -10 0.97 -31 
T4 0.92 -40 0.93 -129 0.75 -179 0.92 103 0.72 -146 0.89 -134 
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Table 2.3.  Estimates of dissipation time scale, damped natural period, and 

resonant amplitude, obtained from the field data and from simulations with 

different grid size. vwall is the simulation in a basin with flat bottom and the 

horizontal shape of the perimeter of Lake Kinneret at the depth of the thermocline. 

The resonant amplitude was non-dimensionalized by the resonant amplitude 

estimated with the field parameters, BF. 

Case 1/α (day) T (h) B/BF

Field 3.9 22.61 1 

vwall 3.4 22.62 0.96 

100×100 m 2.8 22.63 0.89 

200×200 m 2.2 22.65 0.79 

400×400 m 2.1 22.65 0.77 
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Figure 2.1.  Bathymetry of Lake Kinneret. Filled and open dots indicate the 

locations of LDS and external wind stations. The dashed contour indicates the 

perimeter of the flat bottom basin used in one of the simulations. The origin of the 

map coordinate system is situated at 35.51°N, 32.70°E. 
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Figure 2.2  (a) Wind speed and (b) wind direction (meteorological convention) 

measured 1.5 m over the lake surface at station Tv. (c) Power spectral density of 

the wind speed in (a). 
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Figure 2.3.  Record of isotherm displacements. In each panel, the isotherms are 

26, 23, and 20 °C from top to bottom. Isotherm depths were determined through 

linear interpolation of temperature records at fixed depths. (a) Tg, (b) Tf, (c) T9, 

(d) T7, (e) Tv, and (f) T4. 
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Figure 2.4.  Power spectra of measured and simulated vertical displacement of the 

23°C isotherm. Spectra have been smoothed in the frequency domain to improve 

confidence. The two dotted lines near the bottom define confidence at the 95% 

level. Vertical dotted lines mark periods of 24 and 12 h. Offset is 3 logarithmic 

cycles.
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Figure 2.5.  (a) Mean temperature profile at station T4 for days 170.5 to 171.5 in 

2001. (b) Associated buoyancy frequency. 
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Figure 2.6.  (a) Depth of the 23°C isotherm displacements at stations along the 20 

m isobath (with 10 m offset). Vertical displacement band-passed around (b) 24 

hours (-10 m offset), and (c) 12 hours (-5 m offset). Dashed lines indicate the 

propagation of the crests of the band-passed signals and are replaced by dotted 

lines where the suggested propagation does not agree with an azimuthal mode one 

wave propagating around the whole basin. The filled circles toward the bottom of 

panels (b) and (c) are situated at times where there is a crest at station Tg and are 

plotted to illustrate the phase lag between stations Tg and T7. 
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Figure 2.7.  Temporal evolution of the 24-h component of the 23°C isotherm 

vertical displacement along the (a) azimuthal and (b) radial direction, and of the 

12-h period component along the (c) azimuthal and (d) radial direction. Solid lines 

suggest the isotherm displacements from equilibrium position (horizontal dash-dot 

lines) from data available at the stations (vertical dashed lines) and are replaced by 

dotted lines where the structure does not resemble an azimuthal mode one wave 

propagating around the whole basin. The numbers on the right of each panel 

indicate time from the first transect, which is at day 177.71 in panel (a) 177.82 in 

panel (b), at day 177.98 in panel (c) and at day 177.81 in panel (d). Each isotherm 

and its equilibrium position are offset by –6 m in panels (a) and (b) and by –4 m 

in panels (c) and (d). 
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Figure 2.8.  Profiles of coherence squared (solid line for field data and dashed line 

for ELCOM results), and phase (circles for field data and triangles for ELCOM 

results) of the vertical displacement of 24-h (a, b, and c) and 12-h (d, e, and f) 

period oscillations. Coherence and phase are relative to the 23°C isotherm. 
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Figure 2.10.  Dominant natural modes of a basin with the horizontal shape of lake 
Kinneret 15 m isobath, flat bottom, and continuous stratification. (a) Power 
spectra of isotherm displacement and (b) cyclonic component of the rotary power 
spectra of isopycnal velocity for the 23-h-period natural mode; (c) power spectra 
of isotherm displacement and (d) difference between the anticyclonic and cyclonic 
components of the rotary power spectra of isopycnal velocity for the 10.5-h-
period natural mode (white lines separate zones with opposite rotation). From top 
to bottom, the rows show results for the 26.5, 23, and 17°C isotherms, located in 
the epilimnion, metalimnion and hypolimnion respectively. The units of power 
spectra of vertical displacement are m2 Hz-1 and the units of rotary power spectra 
of isopycnal velocity are m2 s-2 Hz-1 
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Figure 2.11  Dominant natural modes of lake Kinneret. (a) Power spectra of 
isotherm displacement and (b) cyclonic component of the rotary power spectra of 
isopycnal velocity for the 23-h-period natural mode; (c) power spectra of isotherm 
displacement and (d) difference between the anticyclonic and cyclonic 
components of the rotary power spectra of isopycnal velocity for the 10.5-h-
period natural mode. From top to bottom, the rows show results for the 26.5, 23, 
and 17°C isotherms, located in the epilimnion, metalimnion, and hypolimnion 
respectively. The units of power spectra of vertical displacement are m2 Hz-1 and 
the units of rotary power spectra of isopycnal velocity are m2 s-2 Hz-1. The dotted 
and solid lines show the perimeter of the lake at the levels of the free surface and 
of the indicated isotherm 
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Figure 2.12.  Snapshots of the relevant component of the 10.5 h band-passed 

velocity along the north-south axis of Lake Kinneret. (a) and (c) show velocity 

perpendicular to the transect with positive values indicating velocities towards the 

east; (b) and (d), velocity along the transect with positive values indicating 

velocities towards the south. Solid white lines indicate zero velocity, dotted white 

lines show the position of the 10.5-h band-passed 23°C isotherm oscillation, and 

dashed white lines suggest the location of the boundary between the two counter-

rotating cells. 
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Figure 2.13.  (a) West-east component of the wind at Tv and depth of the 23°C at 

stations (b) Tf and (c) T7. Vertical dotted and dashed lines indicate, respectively, 

the start and the end of wind events. 
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Figure 2.14.  (a) Momentum input of the daily wind events, (b) temporal location 

of the daily wind events, (c) elapsed time between the ends of two consecutive 

daily wind events (the dashed line indicates Δt = 22.6 h), (d) amplitude of the 

Kelvin wave, and (e) time of arrival of the Kelvin wave crest. Amplitude and time 

of arrival of the wave crest are obtained by band-pass filtering around 24 h the 

23°C isotherm displacements . 
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Figure 2.15.  Lake Kinneret with measured forcing. (a) Power spectra of isotherm 

displacement and (b) cyclonic component of the rotary power spectra of isopycnal 

velocity at 24 h; c) power spectra of isotherm displacement and d) difference 

between the anticyclonic and cyclonic components of the rotary power spectra of 

isopycnal velocity at 12 h. From top to bottom, the rows show results for the 26.5, 

23, and 17°C isotherms, located in the epilimnion, metalimnion, and hypolimnion 

respectively. The units of power spectra of vertical displacement are m2 Hz-1 and 

the units of rotary power spectra of isopycnal velocity are m2 s-2 Hz-1. The dotted 

and solid lines show the perimeter of the lake at the levels of the free surface and 

of the indicated isotherm. 
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Figure 2.16.  RMS vertical displacement profile at station Tv calculated from 

measured and simulated temperature. Profiles are nondimensionalized by the 

RMS displacement at the most bottom thermistor. 
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Figure 2.18.  (a) Dispersion relationships of the two cells of the 10.5-h-period 

natural mode of a basin with the shape of lake Kinneret at the level of the 

thermocline, superimposed in the dispersion relationships derived by Antenucci 

and Imberger (2001a). The circle corresponds to the bigger cell in the middle and 

the diamond corresponds to the smaller cell in the south. (b) Dependence of the 

ratio of radii of the anticyclonic and cyclonic cells on the Burger number of the 

anticyclonic cell. The dot indicates the case of Lake Kinneret. 
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Figure 2.19.  Shaded areas indicate where the ratio of the bottom and critical 

slopes is between 1/1.5 and 1.5 for (a) the 22.6-h period Kelvin natural mode and 

(b) the 10.5-h period natural mode. The slope of the wave rays was calculated 

with Eqs. 2.8 and 2.9 with the value buoyancy frequency at the bottom taken from 

Fig. 2.5b. Dotted contours indicate the intersection of the 26.5, 23, and 17°C 

isotherms mean levels with the bottom of the lake. 
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Chapter 3 
 

Classes of high-frequency motions and their implications for 

mixing: observations from Lake Constance 

 

3.1 Abstract 

 Four different types of high-frequency motion were identified in Lake 

Constance from temperature field data. First, periodic high frequency waves, with 

periods between 4 and 13 min, were generated by shear instabilities in the surface 

layer of the lake during strong wind periods leading to active mixing in the 

surface layer. These waves did not contribute significantly to the horizontal 

transport of mass and energy because they dissipated before being able to 

propagate any significant distance. Second, waves with similar frequency were 

generated in the metalimnion over the Mainau sill by the basin-scale wave 

induced shear. Third, internal solitary waves with energy in Fourier components 

with periods between 13 min and 1.2 h were generated by nonlinear processes at 

the crest of steepened basin-scale waves. These waves propagated large distances 

without producing significant mixing until they reached the sloping end of the 

lake, where they dissipated producing mixing in the benthic boundary layer. 

Fourth, the strong horizontal density gradient generated by a full upwelling event 

developed in an internal bore that also carried energy in the 13-min to 1.2-h 

spectral band. Due to the different layer thickness ahead, the bore behaved as a 

buoyant surface plume in the north side of the main basin and as a non-breaking 

undular bore in the south; after interaction with the Mainau sill, the bore evolved 

into one of the breaking undular type. The internal bore contributed actively to 

vertical mixing as it propagated through the lake interior.  
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3.2 Introduction 

A thermal stratification of the water column supports internal oscillatory 

motions covering a wide range of spatial and temporal scales (Imberger 1998). 

Basin-scale internal waves, with spatial structure and period of oscillation linked 

to the size and shape of the basin, generate coherent motions in the entire basin. 

Waves of this scale are of two different types. First, internal gravity waves that are 

the result of a balance between gravity, Coriolis, and inertia forces (Mortimer 

1974). This type of waves generally dominates the spectra of isotherm 

displacement in stratified lakes and is widely documented. If the Earth’s rotation 

does not affect the internal motions in the lake, these waves are standing seiches; 

otherwise, they are of the Kelvin and Poincaré types the modal structure of which 

is determined by the basin shape. The second type of basin-scale internal waves, 

the topographic waves, are an oscillation governed by the conservation of 

potential vorticity; vertical vorticity stems are stretched when the water deepens 

and contracted when it shallows leading to a returning force. Although 

topographic waves can dominate the internal wave motions (Csanady 1976; 

Stocker and Hutter 1987), they are generally difficult to observe in a thermistor 

chain record due their small potential energy content and long period. 

If the sampling period is short enough, internal waves with frequency 

close to the maximum buoyancy frequency can be observed (see Antenucci and 

Imberger 2001b for a review). These waves are associated with shear instabilities 

generated by density currents (Hamblin 1977), metalimnetic jets (Boegman et al. 

2003), basin-scale internal waves (Stevens 1999) or the wind stress applied at the 

surface of the lake (Gómez-Giraldo et al. 2007). 
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Solitary waves, with a frequency that is small compared to that of the 

shear generated waves, but large compared to that of the basin scale waves, are 

also often observed in lakes when nonlinear effects are important. The 

nonlinearity may arise from the interaction of basin-scale waves with the 

bathymetry (Thorpe et al. 1996; Saggio and Imberger 1998), large amplitude of 

basin-scale waves (Thorpe et al. 1972; Boegman et al. 2005a), large horizontal 

density gradients as those generated by full upwelling (Monismith 1986) or by 

supercritical conditions that create an internal bore (Gan and Ingram 1992). 

Several observations of the propagation of internal surges in long lakes have been 

reported (Hunkins and Fliegel 1973; Farmer 1978; Mortimer and Horn 1982; 

Wiegand and Carmack 1986). In most of the cases, they were assumed to be 

generated by steepening of large amplitude basin scale waves but lack of data 

precluded any conclusion about the generation mechanism. 

All these internal waves are part of the energy flux path in stratified lakes 

and influence directly the spatial and temporal distribution of many transport 

processes. Hence, an understanding of the generation, propagation and dissipation 

of the internal waves is necessary to understand water quality processes in lakes 

and reservoirs. Most of the basin-scale internal waves are generated as a direct 

response to wind stresses acting on the surface of the lake and tilting the 

metalimnion (Mortimer 1974). These waves lose energy directly to mixing and 

dissipation in the benthic boundary layer as they slosh over the bottom roughness 

elements. They also transfer energy to the solitary-like waves generated by 

nonlinear steepening. These solitary waves are observed to propagate over long 

distances losing little energy as they propagate (Osborne and Burch 1980; Apel et 

al. 1985; Boegman et al. 2003). Solitary like waves dissipate most of their energy 
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(up to a 90-95%) on the reflection off the sloping boundaries of the lake 

(Helfrich1992; Michallet and Ivey 1999; Boegman et al. 2005b); the energy loss 

contributes to sustain the benthic boundary layer turbulence. 

Basin scale waves also lose energy directly through the formation of shear 

instabilities. Small perturbations grow when the background shear is enough to 

lower the gradient Richardson number below a critical threshold. The shear-

generated waves do not contribute significantly to horizontal transport of energy 

because they dissipate over short distances (Boegman et al. 2003). However, they 

are an important mechanism for vertical transport of energy and erosion of the 

stratification (Gómez-Giraldo et al. 2007). 

In Upper Lake Constance, basin-scale waves have been widely studied 

(see Appt et al. 2004 for a review). The lack of high-resolution sampling has 

prevented the observation of high frequency waves in the lake, but solitary waves 

and shear generated waves were foreshadowed because of the large amplitude of 

the basin-scale internal waves (Hutter et al. 1998) and the frequent strong wind 

events. Further, even though it is well known (Laval 2003; Marti 2004) that the 

wind is the main driver for the motions in a lake, the variability of the wind field 

over Lake Constance had not been studied previously and the modelling of the 

hydrodynamic motions has been based on simplifications and assumptions on the 

wind field (e.g. Hutter et al. 1998; Wang et al. 2000).  

A field campaign was conducted in the autumn of 2001 with two main 

objectives. First, to measure the spatial variations in the wind field and relate the 

basin-scale internal wave field and the dynamics of the lake to the wind field 

(Appt et al. 2004). Second, to investigate and describe the high frequency internal 

waves and relate these to the activity of basin-scale internal waves and to the wind 
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forcing events. To achieve this, temperature was recorded at a sampling rate of 10 

seconds at 8 locations throughout Lake Constance. The results from this work are 

presented here.   

 

3.3 Field site 

Lake Constance (Fig. 3.1) is an Alpine Lake used for drinking water 

supply, recreation, and commercial fishery. Dynamically, a shallow channel 

separates Upper Lake Constance, the larger part of Lake Constance, and the 

smaller and shallower Lower Lake Constance. The sill of Mainau, where the 

depth at the talweg reduces to 100 m, divides Upper Lake Constance into the main 

basin and Lake Überlingen. The main basin has maximum depth of 252 m, mean 

depth of 101m, maximum width of 14 km, mean width of 9.3 km, and a length of 

47 km. Lake Überlingen has maximum depth of 147 m, mean depth of 84 m, 

mean width of 2.3 km, and a length of 16 km.  Temperature is the dominant 

parameter in the seasonal density stratification, with salinity being important only 

when the temperature is close to 4°C (see Appt et al. 2004 for a review).  

 

3.4 Field equipment 

Eight Lake Diagnostic Systems (LDSs), each equipped with a 100-m-long 

thermistor chain, wind speed, and direction sensor were installed in Upper Lake 

Constance from 15 October to 17 November (days 288 to 321) of 2001. Five of 

the stations were located in the main basin, one on the sill of Mainau and the 

remaining two in Lake Überlingen (Fig. 3.1). Station s7 also had a full 

meteorological suite of sensors measuring relative air humidity, air temperature, 

incident short wave radiation, and total net radiation. The sampling rate was 10 or 
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30 s. Each thermistor chain had 51 thermistors with an accuracy of 0.01°C and a 

resolution of 0.001°C spaced 0.75 m for the top 30 m and then at increasing 

intervals from 1 m to 15 m at depth. A more detailed description of the equipment 

and a general overview of the data are given by Appt and Stumpp (2002) 

 

3.5 Methods  

Traditional Fourier methods are commonly used for the identification of 

dominant frequencies in temperature time series (Mortimer and Horn 1982; 

Lemmin 1987). However, they are not effective in identifying periodic 

components that appear intermittently in the signal, as is the case of high 

frequency internal waves in the 33-day continuous temperature record. In 

addition, phase information is lost with Fourier analysis. In order to keep the time 

frequency information of the intermittent contributions and investigate their time 

dependence to the wind forcing and to the phase of the basin-scale internal waves, 

we carried out instead a wavelet transform analysis (Kaiser 1994).  

The continuous wavelet transform of a discrete time series xn is defined as 

its convolution with a scaled and translated version of a normalized wavelet 

function ψ: 

 ( ) ( )1
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where N is the length of the series, δt is the sampling period, s is the wavelet 

scale, and * indicates the complex conjugate (Torrence and Compo 1998). We 

used a normalized Morlet wavelet: 
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where t is time and ωo is the nondimensional frequency. The scale s is related to 

the Fourier frequency f by: 

 
2

0 0

4

2

π
=

ω + + ω

sf  (3.3) 

 
(Torrence and Compo 1998). The wavelet power spectrum is defined as 

( ) 2
nW s (Torrence and Compo 1998). 

Fourier or wavelet transforms are traditionally applied to an isotherm 

displacements time series. The selection of the isotherm is subjective, but the 

isotherm in the middle of the thermocline is usually chosen. During the field 

campaign in Lake Constance, the relative position of the isotherms in the water 

column changed due the strong cooling experienced over the measurement period. 

Hence, instead of selecting an isotherm, we analysed the time frequency contents 

of the integrated potential energy, defined as 

 ( ) ( )
2

1

H

H

IPE t z,t g z dzρ= ∫ , (3.4) 

 
(Antenucci et al. 2000) where ρ is density, g is the gravitational acceleration and z 

the vertical coordinate increasing upwards. For integration over the entire water 

column H1 and H2 should be the elevations of the bottom and surface respectively. 

However, the LDSs only measured the top 100 m of the water column; hence the 

datum was set at the elevation of the most bottom thermistor, so H1 = 0 m and H2 

= 100 m.  

The information extracted from the field data was complemented with 

numerical simulations with the Estuary and Lake Computer Model (ELCOM) to 

investigate the propagation of a front developed after a full upwelling event. A 
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description of the model is presented by Hodges et al. (2000) and the specific 

validation for the basin-scale dynamics of Lake Constance was carried out by 

Appt et al. (2004). We used a hydrostatic version of the model and a relatively 

coarse horizontal grid (400 m x 400 m) so details of the evolution of nonlinear 

phenomena with large vertical velocities, such as the propagation of a density 

front (see below), could not be studied in detail. However, Appt et al. (2004) 

showed that the model reproduces well the time of arriving of the front to the LDS 

locations. 

 

3.6 Background stratification, forcing events, and basin-scale motions 

A complete description of the evolution of the stratification and a 

characterization of the basin-scale internal waves is given by Appt et al. (2004). 

Here we only present those aspects that are important to define the background 

conditions on which the high frequency internal waves were generated. 

During the experiment, the lake experienced a typical autumn cooling. 

Between days 288 and 310, the wind events were short and had maximum speeds 

ranging between 4 and 9 m s-1 (3.2a). During this period, the surface temperature 

dropped gradually from 15 to 12 °C (Fig. 3.2b). The thick metalimnion was 

located between 10 and 40 m deep with the maximum buoyancy frequency 

located at the top of the metalimnion and with a value close to 5.5×10-3 Hz (Fig. 

3.2c). A strong WSW wind of long duration, starting on day 310, resulted in a 

surface temperature drop to 10°C in only 3 days. The strong wind also caused 

deep mixing probably both by overturning and convective cooling of the water 

column and the buoyancy frequency reduced between days 313 and 315 to a value 

close to 1×10-3
 Hz. After this, the surface layer thickness was about 25 m and the 
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metalimnion was thinner with a weaker stratification than during the initial 

monitoring period. 

The dominant basin-scale internal wave was a vertical and azimuthal mode 

one Kelvin wave with a period around 90 h that propagated around the entire lake 

including Lake Überlingen (Bäuerle et al. 1998; Appt 2004). Poincaré waves were 

also part of the basin-scale internal wave field, but these waves had different 

dominant periods in different parts of the basin depending on the local width of 

the basin (Wang et al. 2000; Appt et al. 2004). 

 

3.7 High frequency waves. Prominent features 

We calculated the wavelet power spectra of the IPE to identify the 

dominant frequencies and plotted it together with the wind and the IPE to identify 

the most likely generation mechanism. Fig. 3.3 shows the results for station s2 for 

periods smaller than 6 hours; a log2 scale is used because it provides a good power 

resolution. Two features are evident; first, an increased power in the 4- to 13-min 

period band during periods of strong wind and second, an increase in power in the 

entire 13-min to 1.2-h period band after the crests of the IPE signal reached a 

magnitude larger than 4.826x107 kg m-2 on days 306.65 and 314.49. Weaker 

bursts of energy, covering a smaller period subrange, were observed in this period 

band in association with smaller crests of the IPE signal (e.g. days 294.7 and 310). 

This association with the crests of the IPE signal, which is a direct measure of the 

vertical mode 1 basin-scale internal waves amplitude, suggests that the features in 

this frequency band were generated by nonlinear processes. However, the two 

more energetic high frequency events observed at s2 on days 306.65 and 314.49 

had different generation mechanisms and different characteristics (see below). In 
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what follows, we describe the waves in the 4- to 13-min period band and the two 

dominant events in the 13-min to 1.2-h period band, that we will call events I and 

II. 

 

3.8 Waves with periods between 4 and 13 minutes 

Waves in this frequency band were excited whenever there was a strong 

wind event (days 294, 304.8, 313, and 315) indicating that they were generated by 

instabilities induced by the strong shear produced by the wind. On days 296 and 

300 the shear was provided by the vertical mode one Kelvin wave at the location 

of wave trough, which generates strong shear in the metalimnion (Antenucci et al. 

2000).  

Fig. 3.4a shows the waves with periods of minutes generated at s5 by the 

wind event of day 304.8. The waves were of the first vertical mode and the 

vertical displacements were larger in the base of the surface layer than in the 

stratified region. This suggests that these high frequency internal waves were 

generated by the shear induced by the wind in the surface layer similar to that 

observed at the crests of Kelvin waves in Lake Kinneret during strong wind 

conditions (Gómez-Giraldo et al. 2007). Fig. 3.4b shows the high frequency 

waves generated at the trough of the basin-scale waves at s3 on day 300. These 

waves were also of the first vertical mode and were observed throughout the 

metalimnion with larger amplitudes in the region of stronger stratification, i.e. at 

about 26 m depth. This is in agreement with waves generated by shear instabilities 

centred in the metalimnion (Stevens 1999). 

Time series of log2 of the wavelet power in the band 4- to 13-min were 

compared to those of wind speed and IPE for several stations around the lake, 
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with the purpose of identifying direct temporal and spatial dependencies. Fig. 3.5 

shows the data for day 304.8 and it is seen that the energy rose simultaneously at 

all stations through the entire lake in direct response to the wind forcing. The 

amount of energy fed into these waves varied depending on the local wind 

strength and on the relative phase of the wind and the basin-scale internal waves, 

as discussed by Antenucci and Imberger (2001b) and Gómez-Giraldo et al. 

(2007), but there is not a direct association of the generation of the high-frequency 

waves with any particular characteristic of the IPE signature. The waves 

generated by high shear associated with the basin-scale waves were localized and 

were only very energetic at s3 (Fig. 3.6), noticeable at s2 (Fig. 3.3c) and absent at 

the other stations. The wind was weak even at s3 (Fig. 3.6), indicating that the 

generation of these waves were not directly associated with the wind. The IPE 

signal (Fig. 3.6) did not present any feature suggesting a generation mechanism 

either. The fact that these waves were localized in an area around the sill of 

Mainau, points to a generation mechanism associated to a local effect of the 

bathymetry. It is likely that the shear induced by basin-scale internal waves was 

largest over the sill due to the local acceleration, so we used the velocity field 

calculated with ELCOM to explore this idea. The model was started on day 292 

with initial conditions, forcing and model parameters as described in Appt et al. 

(2004). Fig 3.7a shows the comparison between the model and field isotherm 

displacement at station s3 around the time the discussed waves were observed; 

clearly ELCOM reproduced well the basin scale motions and thus provided a 

meaningful estimate of the velocity field induced by the Kelvin waves. To 

evaluate whether the waves were generated by shear, we calculated the gradient 

Richardson number (Rig) from the model results and applied the correction 
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derived from Simanjuntak, M. A. (unpub.) to take in account the effect of a coarse 

scale being used for this estimation. Fig. 3.7b shows that, at s3, Rig dropped below 

the critical value of 0.25 around a depth of 26 m just before the trough of the 

Kelvin wave on day 300, making possible shear instabilities to develop. Strong 

activity of waves in this frequency range was also observed at s3 during the 

trough of the Kelvin wave well before the wind event on day 304.8 (Fig. 3.5) and 

was probably also generated by wave associated shear. 

There was no increase in the other high frequency bands at the time these 

shear waves were observed, indicating that the energy was introduced directly at 

this scale without cascading through the internal wave spectra. 

 

3.9 High frequency event I 

As seen in Fig. 3.3c, the wavelet estimate of the power spectral density 

was elevated at periods between 13 min and 1.2 h over the period between 306.5 

and 308 and was associated with an elevated IPE signal due to the large amplitude 

of the basin-scale internal Kelvin wave that resulted after the strong wind event on 

day 304. High frequency wave events like this one were not present before this 

period at the stations located in Lake Überlingen or the western end of the main 

basin, nor before day 313 for the other stations due to the lack of strong wind 

events. Station s10 was the only location that showed energy, although moderate, 

in this band (13 min to 1.2 h) from the beginning of the experiment. This was 

probably due to waves generated by the degeneration of the Poincaré waves that 

had a larger amplitude at this location (Appt et al. 2004).  

Fig. 3.8 shows the isotherm contours for this event as observed at s3. It 

reveals a leading vertical mode one solitary wave of depression (A) followed by a 
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smaller vertical mode one solitary wave (B) and a second vertical mode nonlinear 

wave (C). Fig. 3.9 shows the log2 of the wavelet power in the 13-min to 1.2-h 

band, together with the wind speed and the IPE for the stations in Lake 

Überlingen and the west end of the main basin. Clearly seen from this figure is the 

propagation of this train of waves from s5 to the end of Lake Überlingen at s1 and 

then propagating back after reflecting from the western boundary of the lake. The 

propagation was independent of the wind and, being vertical mode 1 waves, their 

speed was similar to that of the basin scale Kelvin wave and so it is not surprising 

that the solitary waves remained almost phase locked with the crest of the Kelvin 

wave. Fig. 3.10 shows the details of these high frequency waves and their wavelet 

power in the 4- to 13-min and 13-min to 1.2-h bands. The larger amplitudes of the 

leading solitary wave and the formation of an oscillatory tail suggest that the wave 

train gained energy while it travelled from s3 to s2 (Fig. 3.10a-b) probably due to 

further steepening of the basin scale wave between both stations (Horn et al. 

2000) (note that the amplitude of the basin-scale wave at s2 was larger than at s3). 

Note also that, due to a larger phase speed resulting from its larger amplitude, the 

leading solitary wave separated from the second solitary wave. The vertical mode 

two solitary wave, which is much slower, had been left behind and was not 

observed at s2. After s2 the leading solitary wave lost energy to the trailing waves 

as it propagated to s1 (Fig. 3.10b-c). This is the normal evolution of such a train 

of nonlinear waves (Horn et al. 2000). Most of the energy in the leading solitary 

wave and the trailing waves was lost in the reflection at the western end of the 

lake (Fig. 3.10d). A similar observation of high frequency waves following a 

steep front being dissipated after reflection at the end of Loch Ness was reported 

by Thorpe et al. (1972). The observed reduction of amplitude from Fig. 3.10c to 
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Fig. 3.10d was about 80%, which is similar to estimates obtained from the 

laboratory studies of Boegman et al. (2005b). The reflected solitary wave and 

trailing waves gained energy again, probably from the basin-scale Kelvin wave, 

on propagating from s1 to s2 and lost it again in the propagation to s3 (Fig. 3.10d-

f). A gap in the data at s5 prevents the investigation of propagation in that 

direction but the fact that the solitary waves were not observed at s6 (Fig. 3.9) 

indicates that their amplitude decreased drastically as they left Lake Überlingen 

and moved into the wider main basin. This is similar to that observed in Babine 

Lake by Farmer (1978). 

From the peaks in wavelet power in Fig. 3.9, the observed speed of 

propagation of the solitary wave between s3 and s2 was 0.27 m s-1. A simplified 

weakly nonlinear, 2-layer analytical model of internal solitary waves (Benney 

1966) allows estimating the phase speed of waves of finite amplitude as  

 0
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With top and bottom layer thicknesses, h1 and h2, of 15 and 85 m, mean 

temperatures of 12 and 7 °C ( 1ρ  and 2ρ  are the associated densities), and a = 7 

m, c is 0.28 m s-1, in good agreement with the observations. This is 12% faster 

than the linear phase speed of 0.25 m s-1. 

Closer inspection of Fig. 3.8 reveals that the passing of the solitary waves 

did not change significantly the separation between isotherms and did not change 
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the elevation of the isotherms in addition to the drop produced by the basin-scale 

waves. This indicates that the solitary waves did not create important mixing (and 

dissipation) in its propagation. 

Although the solitary waves were most frequently observed on the crest of 

the internal Kelvin wave in Lake Überlingen, they can also evolve from 

steepening of the basin-scale internal Poincaré waves in the main basin. Fig. 3.11 

shows the formation and evolution of a solitary wave as it propagated from s5 to 

s7, following the crest of the large amplitude Poincaré wave excited by the strong 

wind event of day 304 (Appt et al. 2004). 

 

3.10 High frequency event II 

This high frequency event followed a full upwelling event east of the sill 

of Mainau. A strong WSW wind event, with speeds reaching 12 m s-1 at 2.4 m 

height that started early on day 313 and continued for almost three days, created 

full upwelling in the north side of the main basin and east of the sill of Mainau. 

Appt et al. (2004) explained the upwelling close to the sill in terms of the water 

flow divergence created by the variable wind field and the difference in width of 

both sub-basins, but did not explain the upwelling in the north side of the main 

basin.  

For an elongated basin such as Lake Constance, a dominant longitudinal 

component of the wind sets up a longitudinal pressure gradient and the Coriolis 

force creates a transverse force that, in turn, is balanced by a transverse pressure 

gradient. A strong wind blowing along the major axes will produce upwelling at 

the upwind end of the lake or along the side on the left of the wind (in the 

northern hemisphere) depending on the ratio of the time scales that it takes to 
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produce the maximum longitudinal tilt and the time it takes for the transverse 

gradient to develop: 

 2
4

t

i

t BU W
T L

= = S  (3.6) 

 
where tt is the time required for the Coriolis force to produce lateral upwelling due 

to the transversal tilt of the stratification and Ti is the period of the gravest 

longitudinal seiche. Ti/4 is then the time that a constant wind takes to produce the 

maximum amplitude of the seiche (Spigel and Imberger 1980). W is the 

Wedderburn number, S is the Burger number, and L and B are the length and 

width of the basin. The derivation of U is presented in the appendix.  

If U is less than one, the upwelling occurs first along the long side of the 

lake at the left side of the wind (northern hemisphere); if it is larger than one, 

upwelling occurs first at the upwind end of the lake. The transverse component of 

the wind modifies only slightly the distance from the lateral shore to the front of 

the upwelling (Csanady 1977) and can be neglected. For the specific wind episode 

that is considered below, Appt el al. (2004) showed that the transversal 

acceleration due to the transverse wind was weaker than that due to the Coriolis 

force generated by the longitudinal wind. 

To estimate U, we approximated the thermal structure of Lake Constance 

prior to the strong wind event by two layers. The thickness and mean temperature 

were 20 m and 11.5°C for the top layer, and 80 m and 7°C for the bottom one. 

The length and mean width of the main basin (37 km and 9.3 km) were used for L 

and B respectively and f was set to 1.075x10-4 rad s-1. U was then 0.15, so 

upwelling should have developed first along the north side of the basin. This was 

effectively the situation described by Appt. et al. (2004) and reproduced by 
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ELCOM simulations (Fig. 3.12a). The upwelling structure was modified by the 

local bathymetry and the upwelling was intensified in the two areas to the right of 

the shorelines with the same orientation of the wind, probably due to a stronger 

offshore Ekman transport. Fig 3.12b shows the evolution of the upwelling under 

an almost constant SW wind. With time, the upwelling front near the north shore 

joined the upwelling produced in the southwest corner of the main basin. As the 

wind changed its direction to NW, the offshore Ekman transport from the shore 

next to s5 intensified and strong upwelling occurred in this area (Fig. 3.12c) 

despite the reduced wind speed. Then the wind became north-easterly and the 

Ekman transport was toward the north-west (Fig. 3.12d). The relaxation of the 

upwelling, following the weakening and change of direction of the wind on day 

313.7, did not show the cyclonic propagation characteristic of a Kelvin wave; the 

front of the warm water in the main basin moved toward the west end of the basin, 

while the front on the side of Lake Überlingen remained stationary (Figs. 3.12e,f). 

Csanady (1977) reported a similar observation in Lake Ontario and explained it, 

following Bennett (1973), in terms of the advection and phase speed of the waves 

being in the same (opposite) directions in the north (south) sides of the lake. In the 

case of the observations in Lake Constance, another plausible explanation is that 

the propagation of the front was forced by the wind as suggested by the horizontal 

convergence in surface transport observed in Figs. 3.12d-f.  

At s5 (Fig. 3.12 e), in the northern shore of the main basin, the warm water 

front propagated westward as a buoyant surface plume with a large head that 

induced isotherm drops as large as 90 m (Fig. 3.13 a). The large separation of the 

isotherms between 5 and 50 m depth and the abundant statically unstable 

stratification patches in the water column (Figs. 3.13a, 3.14a,b) indicate that 
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mixing was active. Strong shear in the leading edge of the front generated large 

billows like the one near the surface in day 313.745 and the one at mid-depth 

(from 20 to 65 m deep) at day 313.752 (Fig. 3.14a), and the turbulent core 

produced the large-scale mixing structure in Fig. 3.14b. These are all features of a 

buoyant surface plume like that described by Luketina and Imberger (1989). 

Before the passage of the plume, the entire depth was made of hypolimnetic 

water; after the passage of the 90 m deep plume head, the metalimnion was 

centred at around 40 m deep (Fig. 3.13a). High frequency waves were not evident 

in or behind the plume.  

The plume weakened in its propagation due to active mixing and, at s3, the 

isotherms drop was only about 30 m and less mixing was perceived (Figs. 3.13b 

and 3.14c). At s2, downstream of the sill, the front developed into an internal 

undular bore with an isolated deep excursion of the isotherms at the front followed 

by breaking nonlinear waves with a dominant period of about 19 min (0.013 day) 

and overturning features above the troughs (Figs. 3.13c and 3.14d). Note that I 

call it an undular bore if there is a two layer stratification ahead of the 

perturbation, and call it a surface buoyant plume if the water column is relatively 

well mixed ahead of the perturbation. Similar large collapsing undular bores have 

been observed in Knight Inlet (Farmer and Smith 1980). The bore in Lake 

Überlingen was followed by a long wake with abundant oscillations with vertical 

excursions of up to 15 m and with clear signals of shear instabilities. Fig. 3.14e, 

for instance, shows a group of billows in different stages of growth and 

overturning. The period of the oscillations in this part of the wake following the 

front was about 14 min (0.01 day). At s1, the wake had lost most of its energy and 

only a couple of solitary-like waves remained (Fig. 3.14f). The frontal face of the 
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leading waves had become more gently sloping and the rear front had steepened in 

the shoaling process to the point where a convective instability occurred. This 

behaviour was predicted by the numerical investigations of Vlasenko and Hutter 

(2002), and the laboratory experiments of Michallet and Ivey (1999). In addition 

to the generation of the bore downstream of the sill, the interaction of the front 

with the sill also produced reflection of part of the energy of the incident front. A 

secondary isotherm drop was observed at s5 on day 314.33 (Fig. 3.13e), 0.6 days 

after the passage of the incident front.  

In the southern side of the main basin, the westward propagating front had 

a different behaviour to that observed along the north shore. The front reached s6 

around day 314 (Fig. 3.12f) as a nonbreaking internal undular bore approximately 

20 m high and that extended until day 314.15 (Fig. 3.15a). This undular bore 

probably reflected from the surrounding sloping bottom and appear again at s6 on 

day 314.28 (Fig. 3.15b). The isotherm behaviour indicates that weak mixing and 

dissipation occurred within the bore, but the reduced amplitude of the reflected 

bore suggests that it lost a significant amount of energy on shoaling and reflection 

on the sloping bottom. The reflected bore was not identified in other LDSs but 

whether it dissipated before reaching them or simply followed a path that did not 

traverse them is an open question. 

The strong wind event responsible for the full upwelling in the west of the 

main basin also created large downwelling at the south-eastern end of the lake 

(measured at s10, not shown) and energized large amplitude Poincaré waves 

(Appt et al. 2004). Energy in the frequency band of the solitary waves was also 

detected in the IPE wavelet analysis while the amplitude of the Poincaré waves 
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was large, but a picture of the expected solitary waves was unclear due to the 

large spacing of the thermistors around 60 m, the thermocline depth at that time. 

 

3.11 Discussion 

We presented field observations from Lake Constance showing three 

different processes that put energy in the high frequency band: periodic waves 

generated by shear instability (either in the mixed layer or due to baroclinic shear 

in the metalimnion), nonlinear steepening of large amplitude basin-scale internal 

waves, and propagation of internal bores. Our observations provide evidence of 

the occurrence, in a stratified lake, of several processes studied in the laboratory 

or through numerical analysis, and provide valuable information in order to 

understand the energy flux path in stratified lakes. 

 

3.11.1 High-frequency waves generated by shear instability 

Results of previous investigations of wind induced shear instabilities 

(Gómez-Giraldo et al. 2007) indicate that part of the energy that they extract from 

the background flow is converted to potential energy through mixing following 

the billowing, and part of the energy can be transported vertically to a different 

level where the local conditions are such that the energy can be returned to the 

background flow or where a secondary instability can be triggered. Waves 

generated by this mechanism dissipate before they can travel any significant 

horizontal distance (Boegman et al. 2003; Gómez-Giraldo et al. 2007) so that their 

action is confined to local dissipation and vertical mixing.  

It was shown that shear instabilities in Lake Constance were also 

generated by the baroclinic shear associated with intensification, over the Mainau 
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sill, of the vertical shear of the vertical mode 1 basin-scale internal waves. Waves 

generated by interfacial shear have been observed in laboratory experiments 

(Thorpe 1968), in the ocean (Woods 1968), and stratified lakes (Stevens 1999). 

These waves also dissipate quickly and only contribute to localized vertical 

mixing.  

 

3.11.2 Solitary waves 

To verify that the solitary waves observed on day 306 resulted from 

nonlinear degeneration of the large amplitude basin-scale waves, we used the 

regime diagram of Horn et al. (2001). Simplifying the lake as a rectangular 150-m 

deep basin with the 9°C defining a two-layer stratification, the top layer is 20 m 

thick and the amplitude of the basin-scale wave on day 306 is 8 m. Hence, the 

values for amplitude ratio and the depth ratio are 0.4 and 0.13, respectively, and 

the regime diagram of Horn et al. (2001) predicts that the basin-scale waves are 

degenerated into solitary waves by nonlinear steepening. The sequence of vertical 

modes one and two solitary waves observed over the sill is generated by fission of 

nonlinear waves due to their interaction with topography and has been studied in 

the laboratory by Helfrich and Melville (1986) and numerically by Lamb (2002) 

and Vlasenko and Hutter (2002). The investigations of the later authors were in 

fact completed following three hypothetical paths over the sill of Mainau. Station 

s3 is in the path of a trajectory where they predicted transformation without 

disintegration of the solitary wave, but a different trajectory of the solitary wave 

before reaching s3 to that assumed by Vlasenko and Hutter (2002), different 

background conditions or different characteristics of the incident solitary wave 

may have produced the regime shift. It is likely that the topographic changes at the 
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sill also participated in the nonlinear evolution and transformation of the solitary 

waves. 

The solitary waves generated by nonlinear steepening and modified after 

interaction with the sill only change the stratification slightly as it passes through 

(see Fig. 3.8), indicating that this type of waves generate little dissipation and 

vertical mixing in the interior of the lake. Similar conclusions can be drawn from 

observations in other lakes (Thorpe et al. 1972; Hunkins and Fliegel 1973; Farmer 

1978; Wiegand and Carmack 1986) and in the ocean (Osborne and Burch 1980; 

Apel et al. 1985). In contrast, reflection at the boundaries causes lost of most of 

the energy in these waves. Significant loss of energy in solitary waves was also 

observed in Lake Pusiano by Boegman et al. (2005b) and the laboratory 

experiments of Helfrich (1992), Michallet and Ivey (1999) and Boegman et al. 

(2005b). The length scale of the small incident solitary waves observed at s1 is 

400 m and the length of the slope is about 5 km. For their small ratio, 0.08, the 

results of Michallet and Ivey (1995) predict the energy in the reflected waves to 

be as small as 10% of the energy in the incident waves, which is in agreement 

with our observations of the small energy in the reflected wave train. Similarly, 

the results of Boegman et al. (2005b) also predict reflection of only about 20% of 

the energy in the incident wave. 

 

3.11.3 Internal bore 

A highly nonlinear density distribution like that generated by the full 

upwelling event is inefficient for formation of basin-scale internal waves 

(Monismith 1986) and the basin-scale waves excited by this wind event were 

smaller than those excited by weaker wind events (see Appt et al. 2004). Our data 
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showed that, instead, it favoured the formation of an internal bore as predicted by 

the regime diagram of Horn et al. (2001) when the amplitude of the initial tilt of 

the stratification is larger than the upper layer thickness, as is the case for full 

upwelling. The bore, however, had a different structure in the north (s5) and south 

(s6) shores of the main basin and in Lake Überlingen (s2) that follows the regime 

classification for internal bores defined experimentally by Rottman and Simpson 

(1989) in terms of the strength of the bore, which is the ratio of the upstream (hu) 

to the downstream depth (hd) of the interface. Table 3.1 presents the surface layer 

thickness upstream and downstream of the bore, as observed at the three stations 

where the different types of bore were observed, the bore strength and the 

expected type of bore. According to Rottman and Simpson (1989) classification, a 

bore is undular and laminar for hu/hd < 2.3, is undular with turbulent mixing 

behind the crests for 2.3 < hu/hd < 3.5, and is a buoyant surface plume (or surface 

gravity current) for hu/hd > 3.5, which agrees well with our observations. The 

speed of the bore (U) and of the dissipation that it produces (E) can be estimated 

using the formulas derived by Klemp et al. (1997) based on two-layer hydraulics:  
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where ( )2 1g g 2ρ ρ ρ′ = −  is the reduced gravity, g is gravity, ρ is the mean 

density and H is the total flow depth. Despite controversy about the assumptions 

in the derivation, these formulas produce good estimates when the thermocline 
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depth is much smaller than the total depth. A crude estimation of the buoyancy 

flux (B) can be obtained by assuming a Richardson flux number  

 f
BRi

B E
=

+
 (3.9) 

 

of 0.20 as is usual in geophysical flows. The estimates of U, E, and B are also 

presented in Table 3.1 together with direct estimates of speed and buoyancy flux 

from field data (Uobs and BBobs). Uobs was estimated from the time of arrival of the 

bore at different stations and the distances between them; at s5, BobsB

)

 was estimated 

as 

  (3.10) ( 313 9 414 1obs . . obsE IPE IPE U= −

where the subindex of IPE indicates the time of measurement. At day 313.9 the 

mixed roller inside the head of the buoyant surface plume is passing s5; at day 

314.1 a profile well behind the roller, hence unaffected by the strong mixing, 

crosses s5 (Fig. 3.13a). The good agreement with our data supports the 

applicability of the classification of Rottman and Simpson (1989) and the 

analytical results of Klemp et al. (1997). It is interesting to note that the difference 

in the type of bore observed at s5 and s6 is an indirect effect of the Coriolis force 

that generated different downstream interface depths. 

There are several differences between the mechanisms involved in the 

generation of the breaking undular bore downstream of the sill with those lee 

waves observed in the atmosphere (e.g. Klemp and Lilly 1975) and in oceanic 

inlet sills (e.g. Farmer and Smith 1980).  First, the frontal flow is forced over the 

sill by the baroclinic pressure gradient and the velocity profile is likely to have a 

vertical structure that contributes to shear in the thermocline. Second, the density 

structure was already highly nonlinear before flowing over the sill. Third, the flow 
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changed quickly with the passage of the flow and the propagation of the front 

generated a propagating bore instead of a steady hydraulic jump downstream of 

the sill. Farmer and Smith (1980) showed that the qualitative response to the 

interaction with the sill is affected by the density structure and phase and strength 

of the tidal cycle. Such sensitivity to the background conditions is supported by 

the numerical investigations of Afanasyev and Peltier (2001) and Lamb (2004). 

Although our observations are qualitatively similar to those in the ocean and the 

atmosphere, it is likely that the differences in the generation can also alter the type 

of response, but further research is required. Lack of spatial resolution precluded a 

detailed description and understanding of the flow generated by the interaction of 

the front with the sill in Lake Constance but it is clear that it generated abundant 

mixing over the entire thermocline in Lake Überlingen.  

Field data (Farmer and Smith 1980) and numeric investigations (Lamb 

2004) have shown that separation of the boundary layer may occur downstream of 

the tip of the sill with coherent structures observed along the lee side. This 

phenomenon could also happen and produce mixing and resuspension along the 

bottom of Lake Überlingen but further research is needed to address this issue as 

our thermistor chains covered only the upper 100 m of the water column.  

It is a generalized idea that most of the mixing in the metalimnion of 

stratified lakes occurs in the benthic boundary layer (Imberger 1998), where the 

vertical mixing rates are at least one order of magnitude higher than in the interior 

of the lake (Goudsmit et al. 1997; MacIntyre et al. 1999). The mixing in the 

benthic boundary layer is generated by shoaling (Taylor 1993), shear-generated 

dissipation (Lemckert and Imberger 1998), and geometric focusing (Maas and 

Lam 1995; Gómez-Giraldo et al. 2006) of basin-scale internal waves, and by 
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breaking of high frequency internal waves at reflection on the boundaries (De 

Silva et al. 1997; Michallet and Ivey 1999). We showed evidence of such 

transport of energy to the benthic boundary layer by solitary waves, but the strong 

and quick mixing generated in the interior of the lake by the propagation of a front 

poses the question whether events of this type, although relatively infrequent, may 

have a more relevant influence in the evolution of the stratification and, as a 

consequence, in the ecology of stratified lakes.   

Beside the indirect effect on the ecology due to changes in stratification, 

solitary waves like those in event I may also play a direct role in the horizontal 

distribution of species in the lake as they can transport particles during 

propagation (Lamb 1997). Pineda (1999) showed that internal bores accumulate 

larvae and very likely transport it for long distances, so it is probable that 

propagation of fronts also contribute directly to the horizontal distribution of 

species in Lake Constance. 

 

3.12 Conclusions 

Three types of high-frequency motions are observed to contribute in 

different ways to the energy cascade from large to small scales in stratified lakes. 

First, high-frequency internal waves generated by shear instabilities dissipate 

quickly producing localized vertical mixing. Second, solitary waves generated by 

nonlinear steepening of basin-scale internal waves can travel long distances 

without losing energy significantly until they break at the boundaries, producing 

intensive mixing in the benthic boundary layer. Internal bores produce strong 

mixing as they propagate through the lake, contributing to sporadic mixing in the 

interior of the lake. 
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Appendix. Derivation of U 

For elongated basins where the dynamics are not affected by the Earth’s 

rotation, a longitudinal wind sets up a longitudinal tilt of the stratification. If the 

wind is strong enough the magnitude of the tilt is such that hypolimnetic reaches 

the surface at the upwind end of the lake. If the Earth’s rotation affects the 

dynamics, a transversal tilt of the stratification is produced by the Coriolis force 

and could lead to upwelling along the long side of the lake at the left of the wind 

(in the northern hemisphere). Assuming that upwelling occurs, and using scaling 

arguments, we derive below a criteria to estimate if upwelling happens first at the 

upwind end or along the long side of the lake. 
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Assume a rectangular lake with length L and width B and a two-layer stratification 

with density and velocity 1ρ  and  for the top layer, and 1u 2ρ  and  for the 

bottom layer. 

2u

In the transversal direction, the Coriolis force balances the transversal pressure 

gradient balance and we get 

 ( )1 2 1 1
1

0

2 21 h g hu f g
B B

ρ ρ
ρ

−
′= =  (3.11) 

As a first approximation, the velocity in the surface layer is given by: 

 ( )1 1 2
*

d u h
u

dt
=  (3.12) 

and, assuming h1 is constant,  

 
2
*

1
1

u tu
h

=  (3.13) 

Substituting Eq. 3.13 into Eq. 3.11 we have 

 
2

1
2
*

2g ht
u fB

′
=  (3.14) 

This is the time it takes the interface to surface at the long side of the lake due to 

the lateral tilting generated by the Coriolis force. The time it takes upwelling in 

the upwind end of the lake is 4iT (Spigel and Imberger 1980), where 

 1
2LT
c

=  (3.15) 

is the period of the fundamental mode and   

 

1
2

1 2

1 2

h hc g'
h h

⎛ ⎞
= ⎜ +⎝ ⎠

⎟  (3.16) 

is the phase speed of vertical mode one motions. The ratio of this two scales  
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2
1

2
1

4 2
4 *

g ' h ctU
T u fBL

= = = W S  (3.17) 

where 
2
1

2
′

=
*

g hW
u L

 is the Wedderburn number and 

2

=
cS Bf

is the Burger number, 

defines where upwelling happens first. If U>1, upwelling at the upwind end of the 

basin occurs first; if U<1, upwelling at the left side of the wind (in the northern 

hemisphere) occurs first. 
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Table 3.1. Characteristics of the internal bore generated after the full upwelling 

event. hu and hd are the upstream and downstream depths of the interface, hu/hd is 

the bore strength, Type is given by the regime defined by Rottman and Simpson 

(1989), U and E are analytical estimates of speed of the bore and dissipation 

generated by the bore, B is an estimate of buoyancy flux, Uobs is speed of the bore 

estimated from observations, and BBobs is the buoyancy flux estimated from 

observations. 

Station hu 
(m) 

hd 
(m) 

u

a

h
h
 

Type U 
(m s-1)

E 
(J m-1s-1) 

B 
(J m-1s-1) 

Uobs
(m s-1) 

Bobs
(Jm-1s-1) 

S5 40 0 ∞ Buoyant sur-
face plume 

0.26 179.9 44.9 0.22 51.2 

S2 30 10 3 Breaking 
undular 

0.18 13.3 3.3 0.22 - 

S6 40 30 1.3 Laminar 
undular 

0.15 0.4 0.1 - - 
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Figure 3.1.  Lake Constance (47°39’N, 9°18’E) bathymetry and location of Lake 

Diagnostic Systems with thermistor chains and wind sensors. (Original map 

courtesy of Martin Wessels). 
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Figure 3.2.  1-h averages of (a) wind speed (corrected to 10-m above the lake 

surface) and direction (meteorological convention), (b) isotherm contours (contour 

interval is 1.5°C and bottom contour is 6°C), and (c) buoyancy frequency at s7. 

The dots at the left of (b) and (c) indicate the depth of the thermistors.
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Figure 3.3.  (a) 10-min average of wind speed (solid line) and direction (dots) at 

s2, (b) 10-s time series of integrated potential energy at s2, and (c) wavelet power 

spectra of integrated potential energy at s2. 
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Figure 3.4.  Isotherm displacement showing high frequency internal waves (a) 

during strong wind at s5 and (b) during the passage of the Kelvin wave trough at 

s3. 
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Figure 3.5.  Wind speed (ws, dotted line), integrated potential energy (IPE, dashed 

line) and log2 of wavelet power of integrated potential energy in the 4- to 13-min 

band (WIPE1, solid line) for some of the stations between days 304 and 305.5. 

The variables were nondimensionalized as 16=ws ws , 

7

7 7
4.8252 10

4.8268 10 -4.8252 10
− ×

=
× ×

IPEIPE , and ( )
( )

log2(WIPE1)- 27.1
WIPE1=

41.2 -27.1
. The shaded 

area shows the period when high frequency waves were generated by shear 

introduced by the wind. 
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Figure 3.6.  Wind speed (ws, dotted line), integrated potential energy (IPE, dashed 

line) and log2 of wavelet power of integrated potential energy in the 4- to 13-min 

band (WIPE1, solid line) for some of the stations between days 299 and 300.5. 

The variables were nondimensionalized as 16=ws ws , 

7

7 7
4.8252 10

4.8268 10 -4.8252 10
− ×

=
× ×

IPEIPE , and ( )
( )

log2(WIPE1)- 27.1
WIPE1=

41.2 -27.1
. The shaded 

area shows the period when high frequency waves were generated by shear in the 

trough of the basin-scale waves. 
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Figure 3.7.  (a) Depth of the 9°C isotherm from field data (continuous line) and 

ELCOM simulation (dashed line) at s3 located over the sill of Mainau. (b) 

Regions in the time-depth plane with N larger than 0.002 Hz where the scaled Rig 

(see text for definition) was below the critical value of 0.25.  
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Figure 3.8.  0.5°C interval isotherm contours at s3 showing the fission of a 

solitary-like wave. A thick contour shows the 9°C isotherm. A and B are vertical 

mode 1 waves, C is a vertical mode 2 wave. The dots close to the vertical axes 

indicate the vertical distribution of thermistors. 
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Figure 3.9.  Wind speed (ws, dotted line), integrated potential energy (IPE, dashed 

line) and log2 of wavelet power of integrated potential energy in the 13-min to 

1.2-h band (WIPE2, solid line) for the stations in lake Überlingen and western end 

of the main basin. The variables were nondimensionalized as 16=ws ws , 

7

7 7
4.8252 10

4.8268 10 -4.8252 10
− ×

=
× ×

IPEIPE , and ( )
( )

log2(WIPE2)- 27.96
WIPE2=

42.7 -27.96
. The 

arrows show the propagation of the solitary waves. 
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Figure 3.10.  Isotherm displacements generated by the solitary waves (upper 

panels) and the wavelet power in the 13-min to 1.2-h band  (solid line, left axis) 

and in the 4- to 13-min band (dashed line, right axis) (lower panels). (a), (b), and 

(c) show the incident solitary waves from s3 to s1, and (d), (e), and (f) show the 

reflected solitary waves from s1 to s3. 
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Figure 3.11.  as Fig. 3.9 for stations s5 and s7. 
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Figure 3.13.  0.5°C interval isotherm contours showing the propagation of the 

warm front through (a) s5, (b) s3, (c) s2, and (d) s1. e) shows the front reflected 

from the sill as it passes s5. Shaded regions are magnified in Fig. 3.14. A thick 

contour shows the isotherm 8.5°C in (a) 7.25°C in (b), and 8°C in (c), (d), and (e). 

The dots close to the vertical axes indicate the vertical distribution of thermistors. 
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Figure 3.14.  Magnified views of shaded areas in Fig. 3.13. Isotherm contours 

every 0.5°C with a thicker contour showing the isotherm 8.25°C in (a), 8.5°C en 

(b), 7.25°C in (c), and 8°C in (d) (e), and (f). The dots close to the vertical axes 

indicate the vertical distribution of thermistors. Note that the panels have different 

scales.
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Figure 3.15.  Isotherms displacement showing an undular internal bore as it passes 

s6. (a) Incident bore, (b) reflected bore. The contour interval is 0.5°C and the thick 

contour is 8.5°C. The dots close to the vertical axes indicate the vertical 

distribution of thermistors. 
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Chapter 4 
 

Wind-shear Generated High-Frequency Internal Waves as 

Precursors to Mixing in Lake Kinneret. 

 

4.1 Abstract 

Field data were used to estimate the wavelength, phase speed, direction of 

propagation, frequency, and the vertical structure of high frequency internal 

waves observed on the crests of basin-scale waves of Lake Kinneret during 

periods of strong wind. Shear stability analysis indicates that these waves were 

generated by shear in the surface mixing layer. The characteristics of the high 

frequency internal waves changed within a wind event as the result of the 

evolution of the background flow conditions following the deepening of the 

surface layer and the propagation of the basin-scale internal waves. When the 

background conditions were appropriate, the vertical structure of the unstable 

mode was such that the perturbations generated visible sinuous internal waves that 

in turn, modified the density profile in the metalimnion in such a way that 

secondary shear instabilities were triggered. Poor coherence in temperature 

records from stations 200 m apart suggested that the high frequency internal 

waves were dissipated locally; these waves are thus a local mechanism allowing 

energy to be drawn from the energized surface layer and transported to the 

metalimnion where it sustains turbulence. Part of the energy extracted from the 

surface layer was also returned to the mean flow in the metalimnion, high 

frequency internal waves are therefore also a source of momentum for the 

metalimnetic currents. 
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4.2 Introduction 

Basin scale internal waves in stratified lakes have been widely studied 

because they redistribute the momentum and energy introduced by the wind at the 

surface of the lake (Mortimer 1974; Imberger 1998). High frequency internal 

waves have also been detected in stratified lakes (Mortimer et al. 1968; Thorpe et 

al. 1996) and are believed to contribute significantly to mixing (Imberger 1998). 

Several generation mechanisms have been suggested but they can be grouped in 

two distinct types. First, waves that evolve from hydraulic features such as basin 

scale waves impinging on boundaries, basin scale wave shoaling over sloping 

boundaries or basin scale waves simply steepening due to non linear effects 

(Hunkins and Fliegel 1973; Wiegand and Carmack 1986; Thorpe et al. 1996). 

These high frequency internal waves evolve into solitary waves and, as Boegman 

et al. (2003) have shown, they can transport energy over large distances, 

ultimately breaking when they shoal over a sloping bottom (Boegman et al. 

2005b). Generally these waves contribute little to mixing within the metalimnion 

in the interior of a lake. Second, there are sinusoidal waves that have their origin 

in shear instabilities (Hamblin 1977; Stevens 1999). Boegman et al. (2003) 

estimated that these waves dissipate over short distances by losing energy to the 

background flow, but these authors were unable to conclusively connect the local 

shear instabilities and the generated high frequency internal waves to the bursts of 

turbulence observed in the metalimnion. Even though it is now recognized that the 

bulk of the vertical mass flux in a lake is via the benthic boundary layer 

(Goudsmit et al. 1997; Wüest et al. 2000; Saggio and Imberger 2001), it is still 

important to understand the mixing in the metalimnion of the lake’s interior as 

this not only transports mass, but also provides a rate of strain important for the 



Shear generated high-frequency waves   109 

bonding of chemical and biological particles. To evaluate the role of high 

frequency internal waves in mixing in the interior of the lake, the generation 

mechanisms, the propagation characteristics, and the dissipation mechanisms need 

to be identified.  

High frequency internal waves in Lake Kinneret were first described by 

Antenucci and Imberger (2001b). They showed that the activity of these waves 

was associated directly with the strength of the wind. The phase of the basin-scale 

Kelvin internal wave had a modulating effect producing, for similar wind 

conditions, stronger high frequency activity when the epilimnion was thinner. 

These observations suggested that high frequency internal waves were generated 

by shear in the surface layer induced by the wind. A linear stability analysis 

disclosed that unstable modes with large growth rates had, in fact, similar 

frequencies to those of the observed high frequency internal waves. Boegman et 

al. (2003) defined more precisely the characteristics of the shear-unstable modes 

associated with observations of high frequency internal waves in the crest of the 

basin-scale internal Kelvin wave during periods of strong wind. Boegman et al. 

(2003) also showed the existence of high frequency internal waves associated with 

shear in the thermocline generated by high vertical mode basin-scale internal 

waves, suggesting that the high frequency waves could also be generated by shear 

instabilities at this level.  

Shear instabilities have been widely investigated in order to explain the 

excitation of gravity waves and other phenomena in the ocean and the atmosphere. 

Most of the studies considered simplified two-dimensional profiles of background 

velocity and density. Relatively simple background profiles such as constant shear 

layer between constant velocity layers (Taylor 1931; Miles and Howard 1964; 
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Lawrence et al. 1991) and hyperbolic tangent function (Drazin 1958; Thorpe 

1973; Davis and Peltier 1976) have been studied and have provided an 

understanding of how the properties of shear unstable modes, such as wavelength, 

frequency, phase speed, and growth rate, are related to the background flow 

profiles. Solutions for these simplified profiles have also been used to suggest 

shear instabilities as the generation mechanism for some waves observed in the 

atmosphere (e.g., Lalas and Einaudi 1976) and in the ocean (e.g., Woods 1968; 

Sutherland 1996). However, the onset of instability and the characteristics of the 

unstable modes are sensitive to details in the background density and velocity 

profiles (e.g., Howard and Maslowe 1973), but only few stability analyses have 

been conducted using realistic background profiles in the atmosphere (De Baas 

and Driedonks 1985), the ocean (Sun et al. 1998), and lakes (Boegman et al. 

2003). In all these cases, however, a rigorous comparison of the characteristics of 

the unstable modes and the internal waves has not been conducted due to limited 

availability of data to estimate the characteristics of the observed waves.  

In this paper, high spatial and temporal resolution field data are used to 

estimate the frequency, wavelength, phase speed, direction of propagation, and 

vertical modal structure of high frequency internal waves observed in the crest of 

the internal Kelvin wave in Lake Kinneret. These estimates are then compared to 

the results of a shear stability analysis of the background density and velocity 

profiles. From this comparison we conclude that wind induced shear in the surface 

layer is the generation mechanism for the high frequency internal waves. The 

energy transfer supported by the high frequency internal waves is then 

investigated in order to identify how these waves trigger mixing events in the 
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metalimnion. The characteristics of the mixing events are described by Yeates et 

al. (2007). 

 

4.3 Field site 

Lake Kinneret (Israel) is approximately 22 km long north-south and 15 km 

wide west-east and had a maximum depth of about 39 m (Fig. 4.1) during the 

summer of 2001, when the field experiment was conducted. The lake is 

monomictic with a strong thermal summer stratification characterized by a 

thermocline located about 16 m deep and a temperature difference of up to 8°C 

across the metalimnion (Serruya 1975). Inflows, outflows, and density variations 

due to salinity have a negligible effect on the dynamics at this time of the year. A 

strong westerly breeze that reaches speeds of 15 m s-1 every afternoon excites a 

set of basin-scale internal waves that are observed consistently during summer 

(Serruya 1975; Antenucci et al. 2000; Gómez-Giraldo et al. 2006a). The latter 

authors showed that the dominant natural mode is a vertical mode one, 22.6 h 

period Kelvin wave that propagates anti clockwise around the entire lake. A 

second dominant Poincaré wave mode, with a period close to 10.5 h, is also 

observed and was shown by Gómez-Giraldo et al. (2006a) to be characterized by 

two counter-rotating vertical mode one cells. These authors also showed that the 

dominant periodicities in the wind mask the natural periods, shifting the observed 

periods to 24 and 12 h respectively. Vertical mode 2 and 3 Poincaré waves with 

periods close to 20 h have been detected in the northwestern region of the lake 

(Antenucci et al. 2000). 
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4.4 Field equipment 

An array of five closely spaced Lake Diagnostic Systems (LDSs) equipped 

with thermistor chains, forming both a small and a large triangle, was deployed at 

location B (Fig.1) to study the characteristics of the high frequency internal 

waves. The distances between stations were planned to be 9 m for the small 

triangle and 200 m for the larger triangle; the spacings were determined from 

wavelength estimates obtained by Boegman et al. (2003). Their relative location is 

presented in Fig. 4.1 and the actual distances and directions between the stations 

are listed in Table 4.1. All the stations located at B had thermistors from a depth 

of 0.75 m and were spaced every 0.75 m to the bottom. The thermistors had a 

temperature accuracy of 0.01°C and a resolution of 0.001°C and were sampled 

every 10 s. 

Profiles of the background velocity and temperature microstructure were 

measured with a Portable Flux Profiler (PFP; Imberger and Head 1994) equipped 

with temperature sensors with a 0.001°C resolution and an orthogonal two-

component laser Doppler velocimeter with a 0.001 m s-1 resolution. With a 

sampling frequency of 100 Hz and a fall velocity ~0.1 m s-1, the PFP sampled the 

water column at scales as small as 1 mm. The majority of PFP profiles were 

recorded near the centre of the large triangle (Fig. 4.1).  

 

4.5 Analysis method: Linear stability analysis 

To investigate whether the high frequency internal waves in the crests of 

the internal Kelvin waves in Lake Kinneret originated from shear instabilities, as 

proposed by Antenucci and Imberger (2001b) and Boegman et al. (2003), we used 

the standard method to investigate the stability of sheared stratified media. A two-
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dimensional wave-like perturbation, characterized by a vertical velocity of the 

form  

 ( ) ( ) ( ){ }ˆw x,z,t w z exp ik x ct′ ⎡ ⎤= ℜ −⎣ ⎦  (4.1) 

is introduced into a two-dimensional linear, incompressible, inviscid, stratified 

shear flow with the Boussinesq and hydrostatic approximations, leading to the 

Taylor-Goldstein equation: 

 
( )

2
2

2 0zz
zz

UNŵ
U cU c

⎧ ⎫⎪ ˆk w⎪+ − − =⎨ −−⎪ ⎪⎩ ⎭
⎬

i

i

 (4.2) 

where  defines the vertical structure of the vertical velocity, k is the 

horizontal wavenumber, 

rˆ ˆ ˆw w iw= +

rc c ic= + is the complex phase speed, the horizontal 

coordinate x has been orientated in the direction of k (without loss of generality), z 

is the vertical coordinate defined positive upwards, t is time, 

( ) ( )( )1 2
0N z g z= − ρ ∂ρ ∂ is the buoyancy frequency, ( )U z is the background 

flow velocity, g is gravity, ( )zρ and 0ρ  are the ambient and a reference densities, 

and the subscripts indicate partial derivatives. For a known background density 

and velocity profile and specified values of k, this equation was solved for  and 

c, and then the frequency 

ŵ

=r k crω  and growth rate =i k ciω  were calculated. 

This model precludes three-dimensional primary instabilities that can grow from a 

three-dimensional flow, but this type of instabilities are not expected in 

geophysical flows because they are restricted to a very small region in the 

parameter space of the background conditions (Smyth and Peltier 1990). Hence 

we expect two-dimensional primary instabilities described by Eq. 4.1 to dominate.  
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We used the matrix eigenvalue method originally developed by Hogg et al. 

(2001), and modified by Boegman et al. (2003), to solve Eq. 4.2 numerically for 

velocity and density profiles obtained with the PFP. We specified zero vertical 

velocity at the surface (the rigid lid condition) and at the bottom as boundary 

conditions and searched for the complex phase speed, c, and the vertical velocity 

structure, , of unstable modes with wavelengths ŵ 2= kλ π  at 2-m intervals 

between 2 and 60 m. Although the code can solve a generalized form of the 

Taylor-Goldstein equation that includes viscosity and diffusivity, the turbulence in 

the metalimnion of Lake Kinneret is triggered by the events we were seeking; 

their precursor was a laminar water column (Saggio and Imberger 2001) so 

viscosity and diffusion could be neglected.   

To analyse the two-dimensional instabilities, the horizontal velocity 

profiles were projected onto 32 vertical planes with directions separated by 11.25° 

and Eq. 4.2 was solved for each plane. The directional nature of the instabilities 

was then recovered by combining the solutions in wavenumber space. 

 

4.6 Observed background conditions 

The periodic westerly afternoon breeze acting over lake Kinneret (Fig. 

4.2a) excited an exceptionally regular pattern of basin-scale internal waves 

(Gómez-Giraldo et al. 2006a) (Fig. 4.2b). The largest component in the observed 

oscillations was the result of the near resonant interaction of the 22.6 h natural 

period Kelvin wave with the 24 h dominant periodicity in the wind forcing. At 

location B, the crest of the Kelvin wave was in phase with the wind so the 

thickness of the epilimnion always decreased when the wind was strongest. This 

produced a strong shear in the surface layer, pointing to shear instability as the 
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generation mechanism for the high frequency internal waves riding on the crests 

of the Kelvin wave (Fig. 4.2b) (Antenucci and Imberger 2001b). Figures 4.2c,d 

show magnified views of two high frequency events in the afternoons of days 179 

and 182. The high frequency internal waves had amplitudes up to 1 m, were 

vertically coherent and occurred in packets. Power spectra (Bendat and Piersol 

1986) of the isotherm displacements, measured with all LDS’s, showed that the 

dominant Eulerian frequency in the high frequency range was about 0.0056 Hz 

(180 s period), as illustrated in Fig. 4.3 for the 23°C isotherm at TB1. The power 

spectra of the 23°C isotherm vertical displacements at the other LDS stations were 

identical and the same frequency also dominated the high frequency oscillations 

of other isotherms throughout the water column. 

Miles (1961) and Howard (1961) defined a quantitative criteria for 

instability showing that small perturbations may grow, extracting energy from the 

background flow, only if the gradient Richardson number 

( )22 0 25gRi N z .= ∂ ∂ <U  somewhere in the water column. Figure 4.4 shows the 

regions of the water column where Rig falls below the critical value of 0.25 for the 

afternoon of day 179, when the high frequency internal wave activity was strong 

and the background conditions were continuously monitored with PFP casts. In 

the surface layer Rig dropped below the critical value (Fig. 4.4a) due to the east-

directed shear introduced by the westerly wind (Fig. 4.4b) and because of the 

weak stratification. Rig also decreased below 0.25 in the strongly stratified 

metalimnion due to the strong shear associated with the north-south currents (Fig. 

4.4b) generated by the high vertical mode basin-scale Poincaré waves described 

by Antenucci et al. (2000). One of the objectives of this analysis is to determine 
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the region primarily responsible for the generation of the high frequency internal 

waves. 

 

4.7 Characteristics of the observed high frequency waves 

 Antenucci and Imberger (2001b) noticed that the high frequency waves 

appeared only sporadically. The 23°C isotherm vertical displacements series from 

all 5 stations was band pass filtered with a narrow filter around a frequency of 

0.0056 Hz to identify in what periods the high frequency internal waves were 

present. Figure 4.5a shows that the waves were generated at all 5 stations during 

the same periods, mainly when the wind was strong. This suggests that the 

generation mechanism had a spatial scale larger than 200 m. However, Figs. 

4.5b,c show that the wave packets were only similar for the stations in the small 

triangle, but they were less similar for the stations that formed the large triangle. 

This is a first indication that the waves were generated and dissipated locally over 

distances of the order of 100 m.  

The strongest high frequency internal wave activity in the metalimnion 

was not concurrent with the maximum wind speed. Further, there was a delay of 

about 4 h between the start of the wind and the appearance of the high frequency 

internal waves in the metalimnion. This indicates that the background flow 

conditions, which were modulated by the passage of the basin-scale internal 

waves, had a strong effect on the generation of high frequency internal waves. It 

was also likely that the characteristics of the high frequency internal waves 

changed within a wind event following changes in the wind and in the background 

flow, so we investigated the characteristics of these waves during three periods 

within the wind event observed in the afternoon of day 179. The start and end 
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times of the periods and the number of casts during each period are presented in 

(Table 4.2). Period 1500 was characterized by strong wind, very weak high 

frequency internal waves activity in the metalimnion and some deepening of the 

mixed layer. The maximum wind speed occurred during period 1630, which 

included the first PFP casts after the beginning of the high frequency internal 

wave activity. Period 1900 covered the maximum elevation of the metalimnion 

and strong high frequency internal wave activity. 

Spectral analysis of the 23°C isotherm displacements, shown in Fig. 4.6, 

indicates that there was not a clear peak for period 1500, when the internal wave 

activity in the metalimnion was very weak. Power spectral density of the 27°C 

isotherm (also in Fig. 4.6) indicates that the more active surface mixing layer also 

lacked a dominant frequency for this period. During periods 1630 and 1900, the 

displacements in the metalimnion were dominated by oscillations with frequencies 

of 0.0058 and 0.0042 Hz (172 and 238 s) respectively. 

The propagation characteristics of the high frequency internal waves were 

estimated from a coherence and phase analysis (Bendat and Piersol 1986) of the 

23°C isotherm displacement for the three stations in the small triangle. The 

results, presented in (Table 4.3) for periods1630 and 1900 (the lack of a confident 

peak prevents calculation for the period 1500), show that the high frequency 

internal waves properties changed within one wind event. The coherence between 

the signals from the stations in the large triangle was small, invalidating any 

results from the phase analysis applied to the large triangle and supporting the 

conclusions of Boegman et al. (2003), that the high frequency internal waves were 

generated and dissipated locally.  
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The vertical structure of the high frequency internal waves was extracted 

from the vertical velocity profiles measured with the PFP. Figure 4.7 shows 

representative profiles for each one of the three periods considered. It was not 

possible to isolate the motion due to the dominant high frequency internal waves 

summarized in (Table 4.3), but we expect the vertical velocity profiles to be 

strongly correlated to these waves, as they dominated the isotherm response. The 

profile for period 1500 exhibited strong small-scale fluctuations above 5 m, i.e., in 

the surface mixing layer. There was a local maximum at 7 m depth and then the 

vertical velocity decreased rapidly below this level, being almost zero in the 

metalimnion. During the period 1630, there were also strong small-scale 

fluctuations above 5 m and the vertical velocity again decreased with depth, but 

there was a region with considerable vertical velocity between 13 and 20 m deep. 

The vertical velocity profile for period 1900 exhibited, in addition to the 

fluctuations in the top 5 meters, an intermediate minimum at 15 m depth and two 

local maxima above and below this level; the manifestation of the changes in the 

vertical velocity distribution on the isotherm displacement may be noted in Fig. 

4.4b. 

 

4.8 Results of the stability analysis 
The background shear and density profiles required as input to Eq. 4.2 

were obtained, for each one of the three periods, by calculating mean isotherm 

depths and the corresponding isopycnal velocities from the PFP casts. In this way, 

the fluctuations in the individual profiles generated by the high frequency internal 

waves, were smoothed out. The density and velocity in the top 3 or 4 meters, 

where PFP data was unavailable, were estimated by extrapolating PFP data to the 
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surface. Figure 4.8 presents the density and velocity profiles, together with the 

associated gradient Richardson number (Rig) and direction of the shear. The 

evolution of the density profile in Figure 4.8a shows a deepening of the diurnal 

thermocline between periods 1500 and 1630, as a result of the wind-induced 

mixing. Between periods 1630 and 1900, the entire stratification was lifted by the 

basin-scale internal waves. Fig. 4.8b reveals that, in addition, the metalimnetic jet 

became stronger and shifted toward the surface. There were two depths where the 

associated Rig decreased below 0.25; as the afternoon progressed, these regions 

became larger and moved closer together (Fig. 4.8d,e,f). The shallow region, in 

the surface layer, was produced by the gradient in the zonal component of the 

velocity due to the shear stress introduced by the wind at the surface of the lake. 

Consequently, the shear was directed to the East (Fig. 4.8d,e,f). The second, 

deeper region, in the metalimnion, was produced by the meridional shear in the 

metalimnion. This shear was directed to the north at the level where Rig was 

minimum, but varied between the northwest and the northeast over the small Rig 

region (Fig. 4.8d,e,f). We expect shear instabilities to have been generated in 

those two depth ranges and, accordingly, unstable modes should have propagated 

predominantly along those two dominant directions. In principle, the mode with 

the fastest growth rate should be the one responsible for the observed high 

frequency internal waves. 

The averaged profiles were then interpolated to the nodes of the numerical 

grid using cubic splines and the Taylor-Goldstein equation was solved 

numerically as explained earlier. Ten, 5, and 2.5 cm grid sizes were used for each 

period in order to investigate the sensitivity of the numerical code to the 

discretization. As an example, Fig. 4.9a shows the growth rate of unstable modes 
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for direction 101.25° during the period 1500, as calculated with the 5 cm grid, and 

illustrates how the modes were separated into four types. Modes A (Fig. 4.9a) 

were not sensitive to the grid size, their growth rate had a well-defined peak in the 

range of wavenumbers considered, and their critical level (where U equals cr) was 

located in the surface mixing layer. Modes B did not have a defined growth rate 

peak in the range of wavenumbers considered, were sensitive to the grid size in 

some cases, and their critical level was located in the metalimnion. Modes C were 

isolated, i.e., did not exist for neighbouring wavenumbers, and were very sensitive 

to the grid size. Modes with small growth rates were classified as D and were not 

further considered. Modes C were most likely a numerical version of the modes 

produced in the interface of homogenous layers, which were first studied by 

Taylor (1931) and called T-modes by Caulfield (1994); these modes were the 

results of the numerical discretization. Numerical investigations directed to 

evaluating the code behaviour for simple shear and density profiles (Andy Hogg, 

pers. comm.) confirmed this limitation of the numerical scheme. The character of 

the B modes was unclear; some could be numerical T-modes, as suggested by 

their sensitivity to the grid size; others, insensitive to the grid size, could have 

been modes associated with thin regions of elevated shear so that the wavelength 

at which they reach the maximum growth rate was smaller than the shortest 

wavelength analyzed (2 m) and no peak in growth rate was observed in the range 

of wavelengths considered. The thin shear regions that generated these modes 

were probably generated by fluctuations in the background profiles that were not 

removed when smoothing the background conditions. These modes were an 

artificial consequence of the numerical approximation to the real background 

profiles and should be disregarded. A third possibility is that these modes were 
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real; however, they could not be associated to the high frequency waves because 

their wavelength (~ 2 m) and frequency (~ 1×10-2 Hz) differed by a factor of 

about 10 from those of the observed high frequency internal waves. In what 

follows, we study further the characteristics of the A modes and compare them to 

those of the observed high frequency waves.  

Figure 4.10 shows that, during the three periods considered, the faster 

growing shear-unstable perturbations were orientated along a direction between 

90 and 135°, in good agreement with the estimated direction of propagation of the 

high frequency internal waves (Table 4.3). The faster growing modes for period 

1500 orientated along the direction 101.25°. The modes that most likely 

dominated are identified in Fig. 4.9a; their vertical structure is presented in Fig. 

4.9b-e and their propagation characteristics are presented in (Table 4.4). 

Unfortunately, the propagation characteristics could not be inferred from the 

observed high frequency internal waves as the metalimnetic isotherm 

displacements were small, but the vertical velocity profile agreed well with the 

PFP measurement (Fig. 4.7a): both exhibited a local maximum of vertical velocity 

at about 7 m deep and a rapid decay below that level. The critical level of these 

modes was located around 4.7 m deep and the corresponding local minimum in 

amplitude and shift in phase associated with the critical level (De Baas and 

Driedonks 1985) were observed. 

For period 1630, the faster growing A modes were orientated along the 

112.5° direction. The four modes with the highest growth rates are identified in 

Fig. 4.11a; their vertical structure is presented in Fig. 4.11b-e, and their 

propagation characteristics in (Table 4.4). Both the propagation characteristics 

(Tables 4.3 and 4.4) and vertical structure (Figs. 4.11b-d and 4.7b) agreed with the 
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observations. The fastest growing modes for period 1900 orientated along the 

101.25° direction and are presented in Fig. 4.12. Modes I and II have a slightly 

larger growth rate, but the vertical velocities associated with them were very small 

below 10 meters. Modes III and IV have slightly smaller growth rate but they 

support vertical velocity perturbations to a depth of approximately 23 m. This, 

together with a closer match with the propagation characteristics of the observed 

high frequency internal waves links mode IV with the fluctuations observed 

during this period. In addition, any reduction in the growth rate due to the viscous 

effects should be smaller in this mode than in modes I, II, and III due to its 

smaller frequency and larger wavelength. 

 

4.9 Perturbation kinetic energy  

We examined the flux of kinetic energy of the perturbations to illustrate 

how these unstable modes participated in the energy flux path. Considering that 

dissipation is negligible at the scales of the perturbations and that the vertical 

transport of kinetic energy is dominated by the work done by pressure, the 

perturbation kinetic energy (P.K.E.) equation becomes (Sun et al. 1998; Kundu 

and Cohen 2002)  

 ( )
0 0

1′ ′ ′ ′ ′ ′= − − −zt z
gP.K .E u w U w p wρ
ρ ρ

 (4.3) 

where the angle brackets denote averages over one horizontal wavelength. The 

terms on the right hand side are, from first to last, shear production, work done by 

gravity, and convergence of the vertical energy flux. The terms u , , and p′ ′ ′ρ are 

the horizontal velocity, density, and pressure perturbations due to the unstable 

mode and are given by 
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[ ]( ) ( ) ( ) ( ) ( ){ }′ ′ ′ ⎡ ⎤ ⎡ ⎤= ℜ −⎣ ⎦ ⎣ ⎦ˆˆ ˆu , , p x,z,t u z , z , p z exp ik x ctρ ρ  (4.4) 
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and U kσ ω= −  is the Doppler shifted complex frequency. 

Figure 4.13 shows the terms on the right hand side of Eq. 4.3 for mode IV 

during the period 1900, with  from Fig. 4.12e, and c and k from Table 4.4. 

Clearly, kinetic energy is drained from the mean velocity field by shear 

production at the critical level, which is located in the surface mixing layer (Fig. 

4.13b). Some of this energy was lost to potential energy (Fig. 4.13c) and some 

was transported away from this level (Fig. 4.13d); some P.K.E. was transported to 

the region between 12 and 14 m (Fig. 4.13d) were it was transferred back to the 

mean flow (Fig. 4.13b). 

ŵ

 

4.10 Discussion 

Close agreement between the characteristics of the observed high 

frequency internal waves and the shear-unstable modes confirmed that such waves 

were generated by shear instabilities. Despite the presence of a region with Rig 

below 0.25 in the metalimnion, the modes responsible for the high frequency 

internal waves were unstable to shear in the surface layer due to the wind-

generated stress as initially suggested by Antenucci and Imberger (2001b). The 
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initial numerical results of the linear and inviscid Taylor-Goldstein equation 

included some B modes with growth rates higher than those of the modes A 

associated with the high frequency internal waves (Fig. 4.9). Although they were 

candidates as a source of high frequency internal waves, there are several reasons 

why these modes did not dominate in the field observations over the A modes. 

Some were a numerical version of the T-modes (Caulfield 1994) or artificially 

generated by the limitations in our approximation to the real background 

conditions as discussed above. In the case these modes were real solutions to Eq. 

4.2 and assuming that the background profiles were properly smoothed, their 

small wavelength (~ 2 m) and high frequency (~ 1×10-2 Hz) were too different 

from those observed to be realistic candidates. The absence of visible oscillations 

related to the B modes can be explained by two different mechanisms. First, 

viscous effects may become important for these modes due to their small 

wavelengths and high frequencies and reduce their growth rates. Boegman et al. 

(2003) showed that the inclusion a constant eddy viscosity in the generalized 

Taylor-Goldstein equation does not lead to good agreement with observations. 

However, these authors estimated that the dissipation rate overcomes the growth 

rate for modes with small wavelength and high frequency. Second, nonlinear 

numerical simulations carried out by Sutherland and Peltier (1994) revealed that 

the vortices formed by the growth of unstable modes in a region of large N are 

rapidly strained leading to a cascade of vorticity to smaller scales. A turbulent 

patch centred at 14.5 m depth, which is at the critical level of the B modes 

predicted for period 1900, is reported by Yeates et al. (2007). This suggests that, 

despite not being related to the observed high frequency internal waves, some of 

the B modes were real. However, the turbulent properties of the patch (Yeates et 
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al. 2007) indicate that the turbulent events originated by the collapse of these 

modes were not very intense and did not contribute significantly to the buoyancy 

flux. 

We showed how the characteristics of the unstable modes changed during 

a typical wind event. Of particular interest is the evolution of local maxima of the 

vertical velocity in the metalimnion, away from their critical level. The square 

root of the term inside the brackets in Eq. 4.2 can be interpreted as the complex 

vertical wavenumber of the unstable mode and this controls the vertical shape of 

the mode; its real component gives the decay rate of the amplitude of the mode 

with distance from the critical level and its imaginary component gives the 

waviness of the mode. Although it is difficult to isolate their individual 

contributions for profiles like those observed in Lake Kinneret (Fig. 3.8), 

variations in N, (U-cr), and 2d U dz2  influence the vertical structure of a given 

mode. For this reason, the use of simple analytical background profiles with 

constant density and velocity profiles away from the shear layer, suitable to 

understand basic aspects of shear unstable modes (e.g., Hazel 1972; Davis and 

Peltier 1976) and to explain radiation of internal waves away from the generation 

zone in the ocean (Sutherland 1996) and the atmosphere (Sutherland and Peltier 

1995), provides limited information about the vertical structure of the mode. 

Therefore, the simplified profiles are inadequate to predict the direct effects of the 

unstable mode far from the generation zone, like the presence of high frequency 

internal waves in the metalimnion of Lake Kinneret. We have shown that, despite 

modes being associated with shear in the surface mixing layer, the high frequency 

internal waves activity in the metalimnion was not observed from the start of the 

strong wind event, but required the evolution of the background profiles through 
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the afternoon. Antenucci and Imberger (2001b) noted that the amplitude of the 

basin scale internal waves and their phase, relative to the wind, modulated the 

generation of high frequency waves and he suggested that this was a consequence 

of the modification of the thickness of the surface layer and hence of the mean 

shear. We can add now that it was also due to the changes in the entire 

background flow including the closer displacement of the metalimnion to the 

critical level of the unstable modes and the evolution of the metalimnetic jet. 

 The vertical velocity profiles in Fig. 4.7 exhibit some small-scale 

fluctuations that are not directly related to the vertical structure of the unstable 

modes. Most of them were located in the top 5 meters and can be associated to the 

stirring generated by the wind and the billowing generated by unstable modes 

with vertical structures confined to a thin vertical region near the surface. The 

fluctuations near the bottom can be associated with turbulence in the benthic 

boundary layer. Of particular interest are the fluctuations that the profile in (Fig. 

4.7c) exhibits just below15 m depth. They could not be generated by shear 

unstable modes, even those previously disregarded, because none of the modes 

had a critical level at this depth. In addition, the region in the metalimnion with 

minimum Rig values, where the B modes gained their energy from, was located 

above 15 m. This suggests yet a different generation mechanism for these 

particular velocity fluctuations, observed just below 15 m.  

Figure 4.14a shows the vertical velocity perturbation due to the unstable 

mode in Fig. 4.12e after it has grown from an initial (arbitrary) maximum 

amplitude of 0.02 m s-1 at 4 m depth during 1000 s until it reached a maximum 

amplitude of 0.05 m s-1, which is close to the velocity measured by the PFP (Fig. 

4.7c) at that level. Figure 4.14b shows the associated density perturbation 
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generated by this mode at this stage of growth (calculated with Eqs. 4.4 and 4.6), 

and Fig. 4.14c shows the total density obtained superimposing the density 

perturbation in Fig. 4.14b on the background density in Fig. 4.8a. This last panel 

shows that the density profile is just about to become statically unstable between 

14.8 and 15 m depth. Beyond this time, convective instabilities can develop 

creating the small-scale fluctuations observed in Fig. 4.7c. However, Yeates et al. 

(2007) showed that the reduction in the density gradient at this depth reduces Rig 

to a level where the flow becomes shear unstable before the convective 

instabilities develop. These authors also show that the turbulent motion resulting 

from the collapse of these secondary unstable modes was very active and 

produced large buoyancy fluxes. 

Unlike the statically unstable profiles observed in the surface mixing layer, 

which provide evidence of the overturning of the large billows generated by the 

primary unstable modes, LDS data did not reveal any statically unstable profile in 

the metalimnion that could have exposed the existence of the secondary 

instabilities. This is because the characteristic length scale of the overturns at that 

level was approximately 0.05 m (Yeates et al. 2007), far smaller than the 0.75 m 

separating two consecutive thermistors. Also, the size of the stationary bin used 

for the estimation of the turbulent properties in the water column, which indicates 

the size of the turbulent patches, was only about 0.40 m.  

Figure 4.13c shows that there is no net change of perturbation potential 

energy around 15 m, but this does not contradict the suggested generation of a 

secondary instability.  This instability is triggered by the oscillations of the 

density field, while the calculation of the perturbation energy flux requires 

integration over a wavelength. The energy flux described by Fig. 4.13 can affect, 
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however, the mean flow by feeding the strong currents observed in the 

metalimnion. In fact, as pointed out by Yeates et al. (2007), the currents generated 

by the three gravest vertical basin-scale modes were not sufficient to explain the 

strong jet in the metalimnion. A similar mechanism was proposed by Sutherland 

(1996) for the generation of the deep equatorial undercurrents, with the difference 

that in that case the momentum is transported by free high frequency internal 

waves. 

The horizontal transport of energy by the high frequency internal waves is 

limited to a distance of the order of hundreds of meters (Boegman et al. 2003). 

They were observed at all the stations considered in this study because the 

structure of the basin-scale waves, the bathymetry and the strength of the wind 

vary over scales larger than the dimensions of the LDSs array. However, the loss 

of coherence over a distance of 200 m (the separation of the thermistor chains in 

the large triangle) indicates that the high frequency internal waves were generated 

and dissipated locally. The dissipation length scales, estimated as =D r iL c ω , 

were 81 and 67 m for modes IV (those most likely responsible for the high 

frequency internal waves) during periods 1630 and 1900 respectively. 

 

4.11 Conclusions 

It was shown that in a stratified lake energy is extracted from the mean 

flow by shear instabilities in the surface layer, then transported by high frequency 

internal waves to the metalimnion where the straining due to the combination of 

these high frequency internal waves and the mean basin scale flow may lead, as 

shown by Yeates et al. (2007), to elevated levels of dissipation through the 

excitation of secondary instabilities. In addition, part of the energy extracted from 
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the surface layer is returned to the mean flow in the metalimnion providing a 

momentum input there. In this way the shear generated high frequency internal 

waves are responsible for a vertical transport of energy from the surface layer to 

the metalimnion and thus contribute significantly to the erosion of the 

stratification and to the horizontal advection. This has important consequences for 

the energy flux in stratified lakes, but a quantification of such energy fluxes is still 

pending as well as a parameterization of these processes in coarse grid numerical 

models. 
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Table 4.1.  Characteristics of the configuration of the LDS array. 

Line Distance (m) Direction (°) 

TB1-TB2 9.1 211 

TB1-TB3 8.1 144 

TB2-TB3 9.6 83 

TB1-TB4 202 212 

TB1-TB5 195 143 

TB4-TB5 225 86 
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Table 4.2.  Periods of analysis of the characteristics of the high frequency internal 

waves. 

Period Time of first PFP 

cast 

Time of last PFP 

cast 

Number of PFP 

casts 

1500 14:39 15:40 12 

1630 16:08 17:05 11 

1900 18:39 19:35 11 
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Table 4.3.  Characteristics of measured waves. θ  is the direction of propagation.  

 
Coh2 ϕ  (rad) 

Period 
rω  

(Hz) 
TB1-

TB2 

TB1-

TB3 

TB2-

TB3 

TB1-

TB2 

TB1-

TB3 

TB2-

TB3 

λ  

(m)

cr

(m s-1) 

θ  

(°) 

1630 0.0058 0.83 0.87 0.65 -0.024 1.844 2.014 24 0.14 120 

1900 0.0042 0.94 0.80 0.74 0.101 2.537 2.316 19 0.08 124 
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 Period 1500 Period 1630 Period 1900 

Mode λ (m) rc (m s-1) rω (Hz) iω (rad s-1) λ (m) rc (m s-1) rω (Hz) iω (rad s-1) λ (m) rc (m s-1) rω (Hz) iω (rad s-1) 

I 20 0.16 0.0079 0.0037 18 0.13 0.0073 0.0016 12 0.08 0.0068 0.0014 

II 22 0.16 0.0073 0.0036 20 0.13 0.0066 0.0016 14 0.08 0.0059 0.0014 

III 24 0.16 0.0068 0.0033 22 0.13 0.0060 0.0016 16 0.08 0.0051 0.0013 

IV 26 0.16 0.0064 0.0030 24 0.13 0.0055 0.0016 18 0.08 0.0046 0.0012 

Table 4.4.  Propagation characteristics of the fastest growing modes of the three periods considered. = 2π kλ is the wavelength. 
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Figure 4.1.  Map of Lake Kinneret. The filled circle at B indicates the location of 

the 5-LDS array. The inset sketches the relative location of the LDSs (filled 

circles), with distances and direction of the lines specified in Table 4.1. The cross 

near the centre of the large triangle indicates the approximate location of the PFP 

casts. The origin of the map coordinate system is situated at 35.51°N, 32.70°E. 
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Figure 4.2.  Wind and temperature observations at TB1. (a) Ten-minute average 

wind speed and direction. (b) Temperature contours at 2°C intervals; the bottom 

isotherm is 17°C. (c) and (d) Magnified views of shaded regions c and d in (b) 

with temperature contours at 1°C intervals; the bottom isotherm in both panels is 

18°C. 
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Figure 4.3.  Power spectral density of 23°C isotherm vertical displacements at 

station TB1 for the entire length of the record. The vertical dotted lines indicate 

the periods of the dominant basin-scale (24 and 12 h) and high frequency waves 

(180 s), the vertical dashed line indicates the maximum buoyancy frequency, and 

the dashed lines near the bottom define confidence at the 95% level. 
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Figure 4.4.  (a) Regions with Richardson number smaller and larger than 0.25 are 

coloured in black and grey respectively. The white lines are isotherms at 2°C 

intervals. (b) Direction of the dominant shear (following the oceanographic 

convention). The white lines are isotherms at 2°C intervals. Small vertical lines at 

the top of each panel indicate the times at which the PFP casts were made, from 

which the Richardson number and shear were determined. 
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Figure 4.5.  (a) 23°C isotherm vertical displacements band-pass filtered around 

0.0056 Hz for the entire record period. (b) and (c) Magnification for two periods 

of strong high frequency internal wave activity. 
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Figure 4.6.  Power spectra of the 23°C isotherm displacements for periods 1500, 

1630, and 1900, and of the 27°C isotherm displacement for period 1500. Spectra 

have been smoothed in the frequency domain to increase confidence. The dashed 

lines near the bottom define confidence at the 95% level. 
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Figure 4.7.  Selected vertical velocity from PFP data for period (a) 1500, (b) 1630, 

and (c) 1900. Shaded areas indicate the extent of the metalimnion. 
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Figure 4.8.  Mean background profiles for the three periods were stability was 

investigated during day 179. (a) Density, (b) and (c) meridional (U0) and zonal 

(U90) components of velocity. (d) Shading indicates the direction of shear for 

period 1500 at those depths where Rig < 0.25. The direction was calculated 

as 1 0 9tan dU dU
dz dz

θ − ⎛ ⎞⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟⎜
⎝ ⎠ ⎝ ⎠⎝ ⎠

0
⎟ . (e) and (f) Same as (d) for periods 1630 and 

1900 respectively. 
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Figure 4.9.  (a) Growth rate of unstable modes for direction 101.25° during period 

1500. Modes A have a well-defined peak in the growth rate in the range of 

wavenumbers considered and are insensitive to the grid size in the numerical 

solution of the Taylor-Goldstein equation. Modes B do not have a well-defined 

peak in the growth rate in the range of wavenumbers considered and are 

sometimes sensitive to the grid size. Modes C are isolated and sensitive to the grid 

size. Modes D have small growth rates. (b), (c), (d), and (e) Vertical structure of 

the modes I, II, III, and IV in terms of relative amplitude (solid line) and phase 

(dashed line). 
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Figure 4.10.  Maximum growth rate of unstable modes in horizontal wavenumber 

space for (a) period 1500, (b) period 1630, and (c) period 1900. The panels are 

limited to the region –1 < k, l <1, where all the fastest growing modes are located.
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Figure 4.11.  (a) Growth rate of unstable modes type A for direction 112.5° during 

period 1630. (b), (c), (d), and (e) Vertical structure of the modes I, II, III, and IV 

in terms of relative amplitude (solid line) and phase (dashed line). 
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Figure 4.12.  (a) Growth rate of unstable modes type A for direction 101.25° 

during period 1900. (b), (c), (d), and (e) Vertical structure of the modes I, II, III, 

and IV in terms of relative amplitude (solid line) and phase (dashed line). 
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Figure 4.13.  Terms in the kinetic energy equation for the unstable mode 

responsible for the high frequency oscillations during period 1900. (a) Complex 

vertical velocity (magnitude normalized to 1 in solid line and phase divided by π 

in dashed line). (b) Shear production of perturbation kinetic energy, (c) work done 

by gravity, and (d) vertical flux. Shear production, work and vertical flux are 

divided by the maximum shear production. Horizontal solid line indicates the 

critical level. 
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Figure 4.14.  (a) Vertical velocity due to the unstable mode IV in Fig. 4.12e after 

it has grown from an initial (arbitrary) maximum amplitude of 0.02 m s-1 at 4 m 

depth during 1000 s until it reached a maximum amplitude of 0.05 m s-1. (b) 

Associated density perturbations. (c) Total density obtained by adding the 

background density in Fig. 4.8a and the density perturbation in Fig. 4.14b. 
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Chapter 5 
 

Conclusions 

 

5.1. Summary 

This thesis contributes to the understanding of the energy cascade in 

stratified lakes by identifying the effects of bathymetry on the structure of the 

basin’s natural internal modes, illustrating how several types of high-frequency 

internal waves contribute in different ways to the heterogeneous distribution of 

buoyancy flux, and by identifying an undocumented element in the energy flux 

path. 

In regards to basin-scale internal waves, this is the first study that 

considers the combined effects of continuous stratification and real basin shape to 

investigate the three-dimensional structure of the natural modes of oscillation in a 

basin where the Earth’s rotation influences the motion. It was found that, in 

addition to modulating the amplitude of azimuthal mode one natural modes 

around the perimeter, the horizontal shape of the basin at the level of the 

thermocline controls the generation of secondary cells in natural modes; natural 

modes have several cells if each cell satisfies the dispersion relationship for 

circular or elliptical basins. A quick prediction of the horizontal structure of 

natural modes with multiple cells in irregular basins can now be made from the 

dispersion relationship for circular or elliptical basins by fitting circles or ellipses 

of the right dimensions into the contour of the lake at the level of the thermocline. 

The sloping bottom produces localized intensification of the amplitude of 

the natural modes near the bed due to focusing of internal wave rays over near-

critical slopes. This result supports and extends what was previously proposed for 
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two-dimensional basins. The locations where the amplitude of the basin-scale 

internal waves is large are hot spots for the generation of processes, such as 

increased dissipation or transference of energy to high frequency waves, that take 

energy from the basin-scale waves to smaller scales. This intensification of the 

motion also affects directly the water quality due to a higher resuspension of 

sediments due to the increased shear over the bed. 

Chapter 3 provides field evidence that summarizes the different types of 

effects that high-frequency internal waves may have on mixing. Shear-generated 

high-frequency internal waves dissipate quickly, having only a local and 

immediate effect in vertical mixing. In contrast, solitary waves generated by 

steepening of basin-scale waves may travel long distances without generating 

significant mixing; they may experience fission at the interaction with a sill but 

only contribute significantly to mixing when they break at the end of the lake. 

Hence, they produce mixing far from the location where they are generated. 

Although the behaviour of an internal bore depends on its strength, in general, 

they are able to produce strong vertical mixing for long distances as they 

propagate. For a lake with frequent formation of internal bores, the generalized 

idea that mixing in the benthic boundary layer is much larger than at the interior 

of the lake needs to be reviewed. 

A major result of this research is the discovery of an unidentified 

mechanism that participates in two ways in the energy flux path. Shear introduced 

by the wind in the surface layer generates a shear-unstable mode with a vertical 

structure that produces vertical transport of the kinetic energy in the mode. Part of 

the energy returns back to the mean flow in the metalimnion due to the interaction 

with the shear generated by the basin-scale waves. The density fluctuations 
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associated with the unstable mode strain the density field in the metalimnion and 

trigger secondary instabilities. These secondary instabilities generate special 

turbulent events in the metalimnion (Yeates et al. 2007). Hence, the shear-

unstable mode extracts energy from the surface shear, produces localized mixing 

in the surface layer and in the metalimnion, and energizes a metalimnetic jet.  

 

5.2. Future work 

The technique I developed to investigate the spatial structure of basin-

scale internal waves has limitations. For instance, it is difficult to identify the 

signature of high vertical mode waves due to the initial condition utilized. In 

addition, the separation of modes when different modes have similar periods is 

not straightforward. An extension of the existing eigenvalue numerical models for 

two-dimensional basins with sloping bottom and continuous stratification to three 

dimensions becomes computationally expensive for the numerical techniques and 

computational power available. I think, however, that an eigenvalue numerical 

model to calculate the three-dimensional structure of the natural modes needs to 

be developed. The frequent improvements in computational power and numerical 

techniques will facilitate this. Such a model would be very useful to investigate 

which natural modes are favourably excited by winds with known period and 

spatial structure. 

The detailed calculation of the generation, propagation and dissipation of 

high frequency waves requires the utilization of non-hydrostatic models with high 

spatial and temporal resolution, which is computationally very expensive even for 

a small lake. An alternative to overcome this is to parameterize those processes 

for the different types of high-frequency waves into coarse grid models, which is 
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harder when the sink of wave energy is located away from the source. Another 

alternative is to use adaptable grid models able to refine the grid wherever is 

necessary to track a small-scale process. 
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