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ABSTRACT 

The scaled boundary finite element method is a novel computational method developed 

by Wolf and Song which reduces partial differential equations to a set of ordinary linear 

differential equations. The method, which is semi-analytical, is suitable for solving 

linear elliptic, parabolic and hyperbolic partial differential equations. The method has 

proved to be very efficient in solving various types of problems, including problems of 

potential flow and diffusion. The method out performs the finite element method when 

solving unbounded domain problems and problems involving stress singularities and 

discontinuities. 

The scaled boundary finite element method involves solution of a quadratic 

eigenproblem, the computational expense of which increases rapidly as the number of 

degrees of freedom increases. Consequently, to a greater extent than the finite element 

method, it is desirable to obtain solutions at a specified level of accuracy while using 

the minimum number of degrees of freedom necessary. In previous work, no systematic 

study had been performed so far into the use of elements of higher order, and no 

consideration made of p adaptivity.  This stimulated the investigation described in this 

thesis, which over three years developed: 1. Higher order elements; 2. p-hierarchical 

adaptivity approaches based on a conventional energy norm; 3. A new set of refinement 

criteria to drive the automatic mesh optimization using a projection-based interpolation 

technique; 4. A new approach to the treatment of concentrated loads applied anywhere 

in the problem domain, including on the side faces; 5. A Green’s function approach for 

accurate approximation of point-wise quantities, with the Green’s functions computed 

using fundamental solutions and the scaled boundary finite element method; and finally, 

6. Point-wise error estimation and a goal-oriented adaptive technique for the scaled 

boundary finite element method.  All of these new approaches developed enhance the 

effectiveness of the scaled boundary finite element method, permitting accurate 

solutions to be obtained with less computational effort than was previously necessary. 

Two techniques for generating the higher order shape functions are investigated. In the 

first, the spectral element approach is used, investigating Lagrange interpolation 

functions with nodes equally spaced or positioned at Gauss-Lobatto quadrature points. 

In the second, hierarchical polynomial shape functions are employed to add new 

degrees of freedom into the domain without changing the existing shape functions or 
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degrees of freedom. Higher-derivative based shape functions and the Lobatto 

polynomial shape functions are investigated. The Lobatto shape functions are chosen 

for use in the subsequent parts of the study. They are found to be effective for use in p-

adaptivity, since as the order of the polynomial increases, the condition number of the 

stiffness matrix does not deteriorate badly. The stability of the solution of the resulting 

system of linear equations is therefore maintained. It is shown that it is advantageous to 

use higher order elements, and solutions converge at higher rates using p refinement 

instead of h refinement. 

A p-hierarchical adaptive procedure based on the classical energy norm is proposed. 

The concept of reference solution, which is the solution of a fine mesh corresponding to 

a uniform refinement of the current mesh, is used to represent the unknown exact 

solution. The optimum mesh is obtained when each element contributes equally to the 

global error. The refinement criteria and the error estimator for driving the adaptive 

procedure are described and fully formulated for the scaled boundary finite element 

method. The effectivity index is employed to examine quality of the proposed error 

estimator. Numerical studies show that: higher order elements are highly efficient; the 

character of Lobatto shape functions may contribute to a slight ‘zigzag’ trend of the 

solution convergence; the effectivity index indicates that the proposed error estimator 

based on the classical energy norm works effectively and the reference solution is a 

high quality approximation of the exact solution; and the proposed p-hierarchical 

adaptive strategy works with efficiency.  

A new refinement criteria to drive automatic mesh optimization for the proposed p-

hierarchical adaptive strategy is developed. It is based on the steepest decent method 

and the projection-based interpolation technique. Two different approaches for 

recovering the projection-based solutions are studied. The first one is based on a finite 

element approach, while the second one is based on the formulation of the scaled 

boundary finite element method only. In 2D, derivatives of the Lobatto shape functions 

are the orthogonal Legendre polynomials. Projection of the reference solution onto the 

coarse mesh is obtained by simply dropping the highest order degrees of freedom. The 

efficiency of the new adaptive procedure is demonstrated and compared with that of the 

preceding procedure by examining the solution convergence.  

The current technique for solving concentrated loads is shown to contain problems 

which make it difficult to obtain the solution accurately. This study developed a new 
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technique to solve problems with concentrated loads in linear elastostatics with higher 

accuracy. By employing the concept of fundamental solutions for displacements and 

stresses, the solution is computed as the summation of a weighted (by the concentrated 

load) fundamental solution and a regular part. The singularity of the solution is 

modelled exactly by the weighted fundamental solution, and only the associated regular 

part, which enforces the boundary conditions of the domain onto the weighted 

fundamental solution, needs to be approximated in the solution space of the basic scaled 

boundary finite element method. Cases when the concentrated loads are in the interior 

of the domain, close to the boundary, on the boundary and on the side faces are 

discussed and treated. The boundary value problem to solve for the regular part is 

formulated and solved. Numerical studies show that the proposed technique achieves a 

good convergence rate and high accuracy for the approximated solution. The new 

approach is shown to be much simpler to implement and far more accurate than the 

current method for solving the concentrated load problem in the scaled boundary finite 

element method. 

The linear primal problem is described by the elliptic Lamé equation. Its point-wise 

solution is recovered by weighting the associated Green’s function by the input load, 

which is the right hand side linear functional of the governing differential equation. The 

technique is based on applying Betti’s theorem for the Lamé operator to represent the 

unknown quantity in terms of an integral employing the associated Green’s function. 

The dual problem for obtaining the Green’s function is formulated and solved using the 

concept of the fundamental solution. It is shown that the point-wise solution recovered 

from the proposed technique matches very well the solution of the equivalent primal 

problem. The stresses computed by the dual approach are shown to be significantly 

more accurate than those computed by solving the primal problem. 

Point-wise error estimation and goal-oriented adaptivity with respect to the point-wise 

quantity of interest are developed. A framework is developed showing that the error in 

the point-wise quantity of interest is equal to an inner product of the error in the solution 

of the primal problem and the error in the solution of the dual problem. The primal 

problem is solved normally using the basic scaled boundary finite element method. The 

dual problem is solved by the new technique using the fundamental solution. A 

guaranteed upper error bound based on the Cauchy-Schwarz inequality is derived. A 
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goal-oriented p-hierarchical adaptive procedure is proposed and implemented efficiently 

in the scaled boundary finite element method.  
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 1 

1 Introduction 

1.1 Background and motivation 

The scaled boundary finite element method is a novel computational method developed 

by Wolf and Song which reduces partial differential equations to a set of ordinary linear 

differential equations. The method, which is semi-analytical, is suitable for solving 

linear elliptic, parabolic and hyperbolic partial differential equations. Smooth solutions 

are obtained analytically in the radial direction, while solutions are obtained 

numerically around the circumferential direction in the normal finite element sense by 

introducing boundary discretisation and polynomial shape functions. The method 

combines the advantageous features of the finite element and boundary element 

methods. Like the finite element method, no fundamental solution is required, 

application to anisotropic material can be made without increase in complexity, singular 

integrals are avoided, symmetry of the results is automatically satisfied, and it is easy to 

deal with complex geometries and to handle the boundary conditions. Like the 

boundary element method the spatial dimension is reduced by one, and the data 

preparation and computational time is reduced since only the boundary need to be 

discretised, resulting in a large decrease in the total number of degrees of freedom. 

Since an analytical solution in the radial direction results, by utilizing the special 

features of the scaling centre the method allows the stress intensity factor at a crack tip 

to be obtained directly, and for unbounded domain, the boundary stress at infinity is 

included in the analytical solution. A sub-structuring technique allows advantage to be 

taken of the special properties of the scaling centre for problems involving more than 

one singular point and complex boundary restraints. The method has proved to be very 

efficient in solving various types of problems, including problems of potential flow and 

diffusion. The method out-performs the finite element method when solving unbounded 

domain problems and problems involving stress singularities.  

The scaled boundary finite element method involves solution of a quadratic 

eigenproblem, the computational expense of which increases rapidly as the number of 

degrees of freedom increases. Consequently, to a greater extent than the finite element 

method, it is desirable to obtain solutions at a specified level of accuracy while using 

the minimum number of degrees of freedom necessary. At the commencement of the 

work described in this thesis stress recovery and error estimation procedures for the 
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method had been developed, and an h-hierarchical adaptive procedure presented. Most 

previous work using the scaled boundary finite element method had employed linear or 

quadratic isoparametric elements, although cubic elements had been used occasionally.  

However, no systematic study had been performed so far into the use of elements of 

higher order, and no consideration made of p adaptivity. This stimulated the 

investigation described herein, which over three years developed higher order elements, 

a p adaptivity approach based on a conventional energy norm, projection-based error 

estimation techniques, a new approach to the inclusion of concentrated loads in the 

scaled boundary finite element method, a Green’s function approach for accurate 

approximation of local quantities, and finally goal-oriented adaptive techniques for the 

scaled boundary finite element method.  All of the approaches developed enhance the 

effectiveness of the scaled boundary finite element method, permitting accurate 

solutions to be obtained with less computational effort than was previously necessary.  

1.2 Outline 

The thesis commences with a literature review which outlines the development of the 

scaled boundary finite element method from its inception to the current time, and the 

uses to which it has been put.  This review shows that interest in and applications of the 

method are growing significantly.  From its initial development to model the unbounded 

domain in dynamic soil-structure interaction problems, the method has found significant 

application in fracture mechanics, due to its ability to represent crack tip singularities 

analytically, while the ability of the method to handle unbounded domains has led to its 

application in static and dynamic fluid problems.  It still continues to be applied to static 

and dynamic problems of soil structure interaction.  Advances in the theory of the 

method have also occurred, and these are reviewed in detail. 

This is followed by a chapter formulating the scaled boundary finite element method for 

two dimensional elastostatics to introduce the necessary principles. A virtual work 

approach to the formulation is taken and a modal interpretation of the solution 

procedure is addressed. The treatment of side face loads is extended to the case where 

the load is expressed as a power series of the radial scaled boundary coordinate.  The 

treatment of prescribed displacements, both specified on the discretised boundary and 

specified as a power series on the side faces, is detailed. These techniques are employed 

throughout the thesis. 
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New developments are presented in the following six chapters, which detail the various 

advances made while developing a p-hierarchical adaptivity approach for the scaled 

boundary finite element method. Each chapter starts with an individual abstract. Where 

necessary a general literature review with respect to the contents of the particular 

chapter is performed in an introduction section. Within each chapter the equations are 

numbered sequentially starting at 1. Figures are treated in the same way. This 

organization allows each sub-topic to appear as a complete and individual contribution 

to the study, rather than just a fragment in the whole development.   

Chapter 4 investigates the possibility of using higher order polynomial functions for the 

shape functions. Two techniques for generating the higher order shape functions are 

investigated. In the first, the spectral element approach is used, investigating Lagrange 

interpolation functions with nodes equally spaced or positioned at Gauss-Lobatto 

quadrature points. In the second, hierarchical polynomial shape functions are employed 

to add new degrees of freedom into the domain without changing the existing shape 

functions or degrees of freedom. Features of the two different types of hierarchical 

polynomials used in the study are discussed. The higher order derivative type is 

effective, but as the order of the polynomial increases, the condition number of the 

stiffness matrix deteriorates. Lobatto polynomials, the integrations of Legendre 

polynomials, are then introduced, improving the stability of the solution of the resulting 

system of linear equations. The study recommends using Lobatto hierarchical shape 

functions for hierarchical p-adaptivity. To check the accuracy of the proposed 

procedures, a plane strain problem for which an exact solution is available is employed. 

To demonstrate the effectiveness of the proposed procedures, further examples are also 

presented. The rates of convergence of these examples are compared with the 

corresponding rates of convergence achieved when uniform h refinement is used, 

allowing direct comparison of the computational cost of the two approaches. The results 

show that it is advantageous to use higher order elements, and that higher rates of 

convergence can be obtained using p refinement instead of h refinement. 

Chapter 5 develops a hierarchical p-adaptive procedure based on specifying a target for 

the classical energy norm of the error. Convergence of the whole field solution is 

examined via an error estimator for the global energy norm, which is similar to the 

recovery-based error estimator formulated for the hierarchical h-adaptivity in previous 

work. The difference is that rather than employing a stress recovery procedure to obtain 
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a “better” approximation to the exact stress field, the concept of reference solution is 

used to represent the unknown exact solution. For p-adaptivity, the coarse mesh is 

uniformly refined by increasing the shape function order by one with no spatial 

refinement. The solution resulting from the refined model is termed the reference 

solution, which is significantly better than the solution computed in the current coarse 

mesh. In comparison to the recovery-based error estimator, the advantage comes from 

the fact that by introducing the reference solution, the adaptivity no longer requires a 

stress recovery procedure to approximate the exact stress field.  Such procedures work 

well for shape functions of low order but not for shape functions of higher order. The 

error in the solution is driven towards the target through automatic mesh refinement, 

which is directed by a set of refinement criteria enforced on all elements in the mesh. 

Several examples are presented to examine the proposed techniques. Results from all 

examples show that the p-adaptive scheme yields solutions with high accuracy and high 

convergence rate.  

Chapter 6 develops new refinement criteria for the p-adaptive procedure based on the 

projection-based interpolation technique. These refinement criteria are local, and to 

construct them it is necessary to ‘project’ the fine solutions onto the coarse mesh. To do 

this, projection based interpolation technique are developed.  This allows the error 

decrease rate due to each element to be determined. The elements which need to be 

refined are selected by sorting the elements according to projected error decrease rate. 

These error quantities are formulated in terms of an appropriate scalar norm. This 

procedure is incorporated into the automatic mesh refinement procedure. A study into 

the use of projection-based interpolation with higher order hierarchical elements in the 

scaled boundary finite element method is undertaken. A traditional finite element based 

approach is investigated. This is done at the element level on each element locally to 

compute the element’s boundary modal projection-based displacements mode by mode 

from solving the discrete minimization problems. To recover the element projection- 

based displacement, the boundary modal solutions are weighted by the radial terms, and 

the element projection based displacement field is recovered as a summation of the 

modal contributions. Another two approaches are scaled boundary finite element based. 

Rather than dealing with each single element, these approaches deal with the super 

elements. In these the projection is implemented on either the modal participation 

constants or the boundary modal displacement matrix. The examples in chapter 5 are 
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revisited. This allows comparison between the performances of the two different p-

adaptive strategies to be made. The efficiency of the new approach is demonstrated.  

Chapter 7 develops a new technique to solve for the concentrated loads in the scaled 

boundary finite element method using the fundamental solutions for a point load in or 

on a half-space or a full-space. For simplicity the technique is demonstrated for two 

dimensional problems, but extension to 3D problems can be made straightforwardly 

using the corresponding 3D fundamental solutions. Any linear problem, which has 

existing fundamental solutions, is suitable for solution by this technique. The technique 

can be applied to almost any boundary, side face or body patch load case by employing 

a suitable type of quadrature to integrate the point load fundamental solution. The 

chapter presents an example to indicate the shortcomings of the current technique for 

solving problems containing concentrated loads. The same example solved with the new 

technique with much more satisfactory results. To evaluate the accuracy of the new 

technique, further examples are presented. Solutions are presented for a single point 

load in the interior of the domain, close to the boundary and on the boundary and for the 

case of multiple concentrated loads. Results show that the proposed technique achieves 

a good convergence rate and high accuracy for the approximated solution.  

Chapter 8 uses a similar technique to that developed in chapter 7 to compute a Green’s 

function with respect to a point-wise quantity of interest, and then recover that quantity 

from its integral representation. The appropriate Green’s function is formed as a 

summation of a known fundamental solution and an unknown regular part. The known 

fundamental solution is associated with the dual problem formulated for either a half-

space or a full-space. This formulation depends on the location of the quantity of 

interest relative to the boundary of the domain, as for the primal problem presented in 

chapter 7. The singularity of the Green’s function at the point of interest is then 

modelled exactly. Only the regular part of the Green’s function needs be approximated 

by the scaled boundary finite element method to apply the boundary conditions of the 

dual problem. The solution of the dual problem can then be recovered with no 

requirement for any averaging or regularization. Another advantage is that as only the 

regular part, which is normally a smooth function, needs to be approximated, the 

Green’s function is solved with higher accuracy than would otherwise be possible, and 

this accuracy is transferred to the accuracy of the quantity of interest. Examples are 
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presented demonstrating that for a given mesh the Green’s function approach gives 

higher accuracy of a point-wise quantity of interest than the primal approach. 

Chapter 9 derives a point-wise error estimation technique to evaluate the contribution of 

each element to the accuracy of the point-wise solution. This permits a goal-oriented 

hierarchical p-adaptive procedure to be developed, which allows the order of the 

elements in the mesh to be refined adaptively to attain a specified level of accuracy with 

respect to the point-wise quantity. Starting with the variational form of the elliptic 

problem, this chapter introduces the primal problem, the dual problem and their 

contributions to forming a basic framework for goal-oriented error estimation for 

adaptivity. For this study, the guaranteed upper error bound based on the Cauchy-

Schwarz inequality is adopted. A suitable adaptive mesh refinement process is 

developed. Instead of minimizing the error in the global energy norm, the process 

minimizes the error in the quantity of interest. The solution space is enriched if the 

relative error is higher than the specified tolerance. The optimum mesh is assumed to be 

one in which each elect contributes equally to the error at the point of interest, and this 

is used to form the refinement criteria. An example is employed to demonstrate the 

performance of the proposed point-wise error estimation and goal-oriented p-adaptivity 

techniques. Using this example the efficiency of refining the mesh using goal-oriented 

technique is compared with the other techniques developed in this thesis and shown to 

be an effective way of obtaining an accurate single quantity of interest at minimum 

computational cost.  

The thesis finishes with a conclusion summarising the key developments and findings 

achieved in this study. Avenues for further work in this area are proposed.  

1.3 Implementation details 

The techniques developed in this study were implemented by the candidate in Matlab. 

All numerical studies were performed using the Matlab code running on a desktop PC, 

and the graphics were also produced in Matlab. 

1.4 Financial support 

The candidate gratefully acknowledges partial financial support for this project through 

Australian Research Council Discovery Grant DP0452681. 
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2 Literature Review 

2.1 Overview 

This chapter reviews the body of literature relating to the scaled boundary finite element 

method, which was in its early days titled the consistent infinitesimal finite element cell 

method.  The chapter is broken into sections describing important groups of 

developments.  The first section details similar methods developed before the scaled 

boundary finite element method, together with developments which stimulated the 

creation of the method. The development of the method is reviewed in the second 

section. Other sections address applications of the method to dynamic soil-structure 

interaction problems, applications to fracture mechanics problems, applications to static 

geotechnical problems, and applications to hydraulic problems.  This literature review 

covers developments up until January 2006.  Although many of the advances were 

reported in conference papers prior to appearing in journal papers, as far as possible 

journal papers are cited here, as they are easier to obtain. 

2.2 Early approaches 

The scaled boundary finite element method was developed to model the unbounded soil 

domain in problems of dynamic soil-structure interaction.  However, there are a number 

of similar approaches which preceded its development.   

The method derives from two concepts, infinite substructuring and finite elements.  

These techniques appear to have been combined in various ways by several people 

independently.  Silvester et al. (1977) developed a technique called ballooning, in which 

the outer finite elements of a 2D region are converted into a single finite element cell by 

condensation of adjacent nodes.  An infinite series of these cells is generated by 

recursion, each cell geometrically similar to the previous one but larger.  Thatcher 

developed a similar infinite grid refinement technique, which results in an eigenvalue 

problem, applying it first to singularities in Laplace’s equation in a bounded domain 

(Thatcher 1975) and then to unbounded problems (Thatcher 1978).  Ying (1978) 

developed a similar infinite element technique which also resulted in an eigenvalue 

problem and permitted the calculation of stress intensity factors. 

Wolf was not aware of this work at the time the scaled boundary finite element method 

was developed (Wolf 2003).  However, he was aware of the work of Dasgupta (1982) 
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who developed a cloning approach to calculation of the dynamic stiffness matrix of an 

unbounded domain.  This method clones a finite element cell consisting of the elements 

on the outer boundary of a bounded domain, employing the static stiffness and mass 

matrices of the cell, and generates an approximation to the dynamic stiffness matrix of 

the entire domain. Wolf and Weber (1982) corrected a problem in the method related to 

the variation of the dimensionless frequency, but did not develop it any further at that 

time. 

2.3 Development of the method 

The scaled boundary finite element method was developed by Wolf and Song at EPFL 

in Switzerland during the 1990’s. The preliminary work which evolved into the scaled 

boundary finite element method (Wolf and Song 1994b) constructed a multi-cell 

cloning technique which relied on an iterative solution technique. This technique was 

similar to Dasgupta’s technique referred to above.   

Later in 1994 the first journal paper describing the scaled boundary finite element 

method, which was then titled the infinitesimal finite element cell method, appeared 

(Wolf and Song 1994a). In this work the limit as the width of the cloned finite element 

cell approached zero was taken to obtain the dynamic stiffness matrix of an unbounded 

domain. This was the key development which really defined the method and further 

developments followed quickly.  

Initially used to obtain the dynamic stiffness matrix of an unbounded domain, it was 

then used to obtain the unit-impulse response matrix of an unbounded domain (Wolf 

and Song 1995). In subsequent work the method became known as the consistent 

infinitesimal finite element cell method. The application of the method to the three-

dimensional scalar wave equation (Wolf and Song 1996b) and three-dimensional vector 

wave equation (Song and Wolf 1996b) were described, followed by application to the 

diffusion equation solved in an unbounded domain (Song and Wolf 1996a) and solution 

in the frequency domain (Wolf and Song 1996c).  Application of the method to static 

analysis of an unbounded domain was then described (Wolf and Song 1996d).  When 

applied to static problems, the method requires the solution of a quadratic eigenvalue 

problem 
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The method, including all of these developments and the calculation of crack tip stress 

intensity factors and incompressible elasticity, was then described in the book by Wolf 

and Song titled “Finite Element Modelling of Unbounded Media” (Wolf and Song 

1996a). This book was publicised widely.  The extension to incompressible unbounded 

domains, where the dilation wave velocity becomes infinite, was also described in a 

journal paper (Song and Wolf 1997b). 

The development of the equations through taking the limit as the finite element cell 

width went to zero later became known as the mechanically based derivation. This 

derivation was complex and difficult to understand for people not familiar with 

dynamics, as it was derived in dynamics and then generalised back to statics. However, 

Wolf and Song then discovered that by transforming the governing differential 

equations to a scaled boundary coordinate system (described in detail in the following 

chapter) and applying the weighted residual method, the same matrix equations were 

obtained as by taking the limit as the finite element cell width went to zero (Song and 

Wolf 1999b).  Since the derivation was simpler and did not rely on a finite element cell, 

the method was re-named the scaled boundary finite element method.  The new 

derivation was applied to obtain an analytical solution in the frequency domain (Song 

and Wolf 1998) and for the unit impulse response matrix (Wolf and Song 1998). The 

new derivation also allowed an approach to be developed for static body loads (Song 

and Wolf 1999a). 

The equations defining the method were still difficult to understand, and to try to 

improve things Wolf and Song published two ‘primer papers’ which described the 

weighted residual derivation step by step and included a simple example (Song and 

Wolf 2000; Wolf and Song 2000).  A further paper outlining the advantages of the 

method appeared (Wolf and Song 2001), and Song and Wolf applied the method to the 

calculation of stress intensity factors in anisotropic material (Song and Wolf 2002). 

Application of the method to calculation of dynamic displacements in unbounded 

domains was also described (Wolf 2002). 

In 2000 Deeks worked with Wolf in Switzerland, and together they developed a virtual 

work approach to the derivation of the scaled boundary finite element method equations 

(Deeks and Wolf 2002d). The advantage of this approach is that it parallels the simple 

derivation of the finite element method, and consequently may be more widely 

understood. A simple approach to side face loads and body loads was also presented in 
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this paper. The virtual work approach to the derivation of the scaled boundary equations 

is adopted in this thesis, and is presented in detail in the following chapter.  

Up until this point in time no concrete evidence had been presented illustrating that the 

method was more efficient than the finite element method.  The method had initially 

been developed for the dynamic analysis of unbounded domains, which cannot be 

handled by the finite element method, and so there was no basis on which a comparison 

could be made.  Once the method was applied to static analysis of bounded domains, a 

comparison was then possible.  However, because the solutions were different in nature, 

and the computational cost of solving the scaled boundary finite element equations was 

much greater than solving the finite element equations, comparison on a sensible basis 

was difficult.  Deeks and Wolf developed a method of stress recovery and error 

estimation (Deeks and Wolf 2002c) which allowed the quality of the solutions to be 

compared in terms of the energy norm of the estimated error. This also allowed an 

adaptive version of the method to be developed (Deeks and Wolf 2002a).  By treating 

the same problem using the adaptive scaled boundary finite element method and a 

similar adaptive finite element method and recording the computational cost of each to 

obtain a solution of specified accuracy, Deeks and Wolf (2002a) were able to show that 

the scaled boundary finite element method was indeed more efficient than the finite 

element method for problems involving stress singularities, discontinuities or 

unbounded domains. 

The existence of logarithmic solution modes in the scaled boundary finite element 

equations for plane problems, and their role in solving unbounded plane problems was 

identified by Deeks and Wolf (Deeks and Wolf 2002b; Deeks and Wolf 2003). Deeks 

used these logarithmic modes to solve plane problems involving two similar boundaries 

(Deeks 2002). A solution process for domains with prescribed displacements was 

developed (Deeks 2004).  This method will be used in the work described here, and is 

detailed in the following chapter. 

Song (2004) developed a matrix function solution for the scaled boundary finite element 

method.  The advantage of this method is that the solution is found in terms of 

orthogonal base functions. Since the base functions are orthogonal, it is possible to use a 

reduced set of the functions to solve a problem. This can lead to improved 

computational efficiency, since like in a structural dynamics problem, rather than 

solving the governing eigenvalue problem for all the functions, just the lowest few can 
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be found.  This has most benefit in unbounded problems where the near field is 

modelled using the finite element method, and the coupling with the finite element 

method dictates that a finer scaled boundary finite element model is used is necessary to 

achieve the level of accuracy required.  The matrix function solution has the advantage 

that the logarithmic modes come out naturally as part of the solution process. 

Deeks and Augarde (2005) developed a meshless version of the method.  This approach 

improves the level of continuity of the solution in the circumferential direction of the 

scaled boundary coordinate system.  In the work described here similar improved level 

of continuity is achieved by adopting larger elements with higher order shape functions. 

2.4 Applications to dynamic soil-structure interaction 

Since the scaled boundary finite element method was developed initially for modelling 

unbounded problems of dynamic soil-structure interaction, it is not surprising that this is 

one of the areas that it has found most application. Zhang et al. (1999) used the method 

to simulate the effect of the soil in such a problem. Wegner and Zhang (2001) also used 

it to compute the free vibration of a coupled soil-structure system. 

Ekevid and Wiberg (2002) used the method to simulate the ground response to high 

speed trains, while Yan et al. (2004) described coupling of the method with the finite 

element method for calculating soil-structure response in the time domain. Lehmann 

(2005) described a similar approach. 

2.5 Applications to fracture mechanics 

One of the advantages of the scaled boundary finite element method is its ability to 

represent stress singularities at the scaling centre analytically.  By locating the scaling 

centre at a crack tip, it is therefore possible to represent the crack tip singularity 

analytically and from this recover the stress intensity factor and other higher order terms 

in the Williams series expansion of the stress field at the crack tip. Consequently there 

has been a significant amount of work done in this area. 

Lindemann and Becker (2000; 2002) calculated stresses at the free edge of composite 

laminates using the method. Song and Wolf (2002) examined stress intensity factors in 

anisoptropic materials. Chidgzey and Deeks (2005) described the computation of stress 

intensity factors and higher order terms, showing good agreement with values obtained 
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by other more computationally expensive techniques. Song (2005) looked at 

logarithmic crack tip singularities and used a matrix function approach. 

Mittelstedt and Becker (2005a) looked at stress singularities in composite laminates, 

and also at three dimensional stress singularities (Mittelstedt and Becker 2005b).  

Muller et al. (2005) used the method to predict the direction of cracks emerging from 

notches at bi-material junctions, while Wigger et al. (2006) examined anisotropic 

interface corners. Song (2006) investigated thermal effects on singularities at multi-

material corners. 

2.6 Applications to geomechanics 

While the scaled boundary finite element method can be used to model dynamic soil-

structure interaction problems, it is also useful for modelling the unbounded soil domain 

statically. 

Doherty and Deeks (2003c) extended the method to allow for analysis on non-

homogeneous soil, where the shear modulus of the soil is assumed to vary according to 

a power function of the depth. This approach was then extended to general loading 

(Doherty and Deeks 2003b) and used to compute practical stiffness coefficients for 

design purposes (Doherty and Deeks 2003a).  All this analysis was performed using an 

axisymmetric unbounded domain, although the loading was general (a Fourier 

expansion was employed).  To allow for general foundation shapes while still 

maintaining the efficiency of the axisymmetric approach, the unbounded axisymmetric 

domain was coupled with a three dimensional finite element model of the near field 

(Doherty and Deeks 2004). 

The method was also coupled with axisymmetric shell analysis (Doherty, Houlsby et al. 

2005) to permit stiffness coefficients for skirted (caisson) foundations to be determined.  

An adaptive approach to moving the boundary between the near field (modelled using 

non-linear finite elements) and the far field (modelled using the linear scaled boundary 

finite element method) was also developed (Doherty and Deeks 2005). 

2.7 Applications to hydraulics 

In the fluids area, Deeks and Cheng (2003) applied the scaled boundary finite element 

method to the computation of potential flow around obstacles, and showed significant 



 13 

advantages over the boundary element method. Fan et al. (2005) applied the method to 

the dynamic fluid-structure using the scaled boundary finite element method to model 

the infinite water domain and the finite element method to model the structure.  

Li et al. solved the Helmholz equation using the scaled boundary finite element method, 

allowing computation the reflection and refraction of water waves around structures, 

and also extended the method to include parallel side faces (Li, Cheng et al. 2006a; Li, 

Cheng et al. 2006b). 

2.8 Conclusion 

In a little over a decade, the scaled boundary finite element method has become well 

established, and is finding practical application in several areas.  However, little 

attention has been paid to the finite element discretisation of the boundary and to issues 

of error estimation and adaptivity.  Although a meshless technique has been developed, 

most work has simply adopted isoparametric linear or quadratic elements following the 

usual finite element approach. A simple domain error estimator has been developed, but 

adaptivity has been limited to element subdivision (h-adaptivity). No systematic study 

has been performed of higher order elements, and no attempt has been made to develop 

a p-adaptive procedure. Also, the issue of concentrated loads has received very little 

attention. 
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3 The Scaled Boundary Finite Element Method 

3.1 Introduction 

This chapter derives the scaled boundary finite element method following the virtual 

work approach of Deeks and Wolf (2002d) and Deeks (2002).  The treatment of applied 

tractions on side faces is expanded to permit a power series representation of the side 

face traction, as this is necessary for use in the work described in subsequent chapters.  

While the extension to allow for this power series is simple, and the potential to do so 

was mentioned in the referenced paper, this chapter is the first time the extension has 

been included in the equations. The derivation also includes the approaches to 

prescribed boundary displacements described by Deeks (2004).  Some of the text and 

illustrations in this chapter are taken from a journal paper published by the candidate 

(Vu and Deeks 2006). 

The scaled boundary finite element method is reviewed here in the context of two-

dimensional elastostatics.  Extension to higher dimensions and other types of problems 

may be done easily (Song and Wolf 1996a; Wolf and Song 1996b; Deeks and Cheng 

2003).  The notation of Deeks and Wolf (2002d) has been adopted. 

The chapter commences with a brief overview of the concepts of the scaled boundary 

finite element method, and then formulates the method in full. 

3.2 Concept 

The well-known finite element method solves boundary value problems involving 

partial differential equations by finding an approximation to the solution in a space of 

piecewise continuous polynomial functions.  The problem domain is broken up into a 

finite number of small domains (discretisation), and the solution space over each 

domain is formed using polynomial shape functions.  The number of shape functions in 

each element is defined by the number of nodes the element contains.  Each shape 

function has unit value at one node and zero at all others.  The elements are connected 

at common nodes, and C0 continuity of the shape functions is preserved at the element 

boundaries since the nodal values of the solution become the unknowns in the solution 

method.  When the virtual work technique or another variational technique is applied, a 

set of linear equations in scalar unknowns (the value of the solution at the nodes) 



 15 

results.  This set of equations is easy to solve, but may require some time if there are a 

lot of unknowns.   

This method is extremely general, and has found widespread application in engineering 

science and engineering practice.  However, it does suffer from some shortcomings.  

The fact that the domain must be broken into a discrete number of elements causes 

problems for problems involving infinite domains.  The fact that the solution space 

consists of piecewise continuous polynomials means that the approximation of solutions 

containing singularities and discontinuities becomes difficult, and requires a very fine 

mesh in certain regions.  

The scaled boundary finite element method is a semi-analytical method which only 

requires discretisation of the boundary.  The boundary is scaled relative to a scaling 

centre, leading to a normalized radial coordinate system.  Instead of solving for nodal 

values as the finite element method does, the solution is found in terms of nodal 

functions of the radial coordinate.  Between the radial node lines the solution is 

interpolated with the shape functions.  Since the radial nodal functions are fully 

continuous in the radial direction, a higher quality solution is obtained than that 

obtained by the finite element method.  In addition, unbounded domains can be handled, 

since the radial nodal functions may extend to infinity.  Similarly, problems involving 

singularities and discontinuities at the scaling centre may be handled since the nodal 

functions may be singular at the scaling centre and may approach different limits at the 

scaling centre. 

3.3 Formulation 

Enforcing internal equilibrium in two-dimensional elastostatic leads to the governing 

differential equation 

[L]T {σ(x,y)} = {p(x,y)} (1) 

which applies at every point within the solution domain Ω.  Here [L] represents the 

linear operator relating the strains {ε(x,y)} to the displacement field {u(x,y)} 

{ε(x, y)} = [L] {u(x, y)} (2) 

while {p(x,y)} is the body load.  The strains are related to the stresses {σ(x,y)} by the 

elasticity matrix [D] as 
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{σ(x, y)} = [D] {ε(x, y)} (3) 

Definitions for the linear operator and the elasticity matrix for various elasticity 

problems, together with components of the displacement, strain and stress vectors are 

given in Appendix 3-1.  The governing differential Equation 1 is solved by applying the 

appropriate boundary conditions, which can be expressed as 

{u(s)} = {ū(s)}  on ΓD (4) 

where {ū(s)} are the displacements prescribed on the Dirichlet part of the boundary ΓD 

and 

{t(s)} = { t̄ (s)}  on  ΓN (5) 

where { t̄ (s)} are the prescribed tractions on the Neumann part of the boundary ΓN and s 

is a coordinate running around the total boundary Γ = ΓD ∪ ΓN . 

Introducing a virtual displacement field {δu(x, y)} and a corresponding virtual strain 

field 

{δε(x, y)} = [L] {δu(x, y)} (6) 

the virtual work principle can be expressed as 

⌡⌠
Ω

{δε(x, y)}T {σ(x, y)} dΩ  -   ⌡⌠
Γ

 {δu(s)}T {t(s)} ds  - ⌡⌠
Ω

 {δu(x,y)}T {p(x,y)} dΩ=  0 (7) 

The scaled boundary finite element method introduces a new set of coordinates, named 

the scaled boundary coordinate system. A defining curve S is scaled relating to a chosen 

scaling centre. A normalised radial coordinate ξ runs from the scaling centre (where it 

has a value of 0) towards the defining curve (where it has a value of unity). A 

circumferential coordinate s specifies the distance along the defining curve from a 

selected origin. In the most general case the domain is bounded by two scaled versions 

of the defining curve, together with two side faces if the defining curve is open (Fig. 1) 

(Deeks 2002).  However, most practical cases involve either a bounded domain 

containing the scaling centre, where the internal boundary is taken at the scaling centre 

(collapsing to a point) and the external boundary is taken at the defining curve (so that 

the domain is defined by 0≤ξ≤1, Fig. 2), or an unbounded domain not containing the 

scaling centre, where the external boundary is taken to infinity and the internal 
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boundary is taken at the defining curve (so that the domain is defined by 1≤ξ≤∞, Fig. 

3). 

 

 

Figure 1: Scaled boundary coordinate system and definition of boundaries 

The scaled boundary coordinates are related to the Cartesian coordinates by equations   

x = x0 + ξ xs(s) (8a) 

y = y0 + ξ ys(s) (8b) 

where the scaling centre is located at (x0, y0).  An approximate solution is sought in the 

form 

{u (ξ, s)} = ∑
i=1

n
 Ni(s) ui(ξ)  = [N(s)] {u(ξ)} (9) 

where [N(s)] represents the shape functions employed in the circumferential direction.  

In the conventional approach the functions {u(ξ)} represent analytically the variation in 

displacement along the node lines (the lines extending from the scaling centre through 

the nodes on the boundary).  When higher-order shape functions are used, a broader 

interpretation is necessary, and these functions are taken to represent analytically the 

variation in the value at each degree of freedom along the node lines (which is not 

necessarily the value of the displacement). The approximate strains {ε (ξ, s)} are related 

to the displacement by the linear operator [L], which, mapped into the scaled boundary 

coordinate system using conventional techniques can be expressed in the form 

 [L]  = [L1] 
∂
∂x  + [L2] 

∂
∂y  

ξ axis 

External boundary 
Se [ξ = ξe] 

 Scaling centre (x0, y0) 

Defining curve 
S  [ξ = 1] 

Typical scaled boundary 
finite element 

θ 

Side face s = s0

Side face  s = s1

Internal boundary 
Si [ξ = ξi] 

s axis 
 (xs(s), y s(s)) 
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  = [b1(s)] 
∂
∂ξ  +  

1
ξ  [b2(s)] 

∂
∂s  (10) 

where [b1(s)] and [b2(s)] are dependent only on the definition of the curve S.  The 

mapping of the linear operator and the construction of these matrices are described in 

Appendix 3-2.  With this mapping the stress field can be expressed in terms of the 

scaled boundary coordinate system in terms of the nodal displacement functions as 

{σ(ξ, s)} = [D] {ε(ξ, s)} = [D] [B1(s)] {u (ξ)}‚ξ  +  
1
ξ  [D] [B2(s)]{u (ξ)} (11) 

where the matrices [B1(s)] and [B2(s)] are related to the shape functions discretising the 

defining curve [N(s)] by the equations 

 [B1(s)] = [b1(s)][N(s)] (12) 

 [B2(s)] = [b2(s)][N(s)]‚s  (13) 

The virtual work field can also be expressed in the scaled boundary coordinate system, 

and the corresponding virtual displacement field is 

{δε(ξ, s)} = [L] {δu(ξ, s)} (14) 

Referring to Figure 1, the virtual work equation can be expressed in scaled boundary 

coordinates as 

⌡⌠
Ω

{δε(ξ, s)}T {σ(ξ, s)} dΩ - ⌡⌠
Si

 {δu(ξi, s)}T {t(ξi, s)} dsi  -   ⌡⌠
Se

 {δu(ξe, s)}T {t(ξe, s)} dse  -   

⌡⌠
ξi

ξe

 {δu(ξ, sl)}T {t(ξ, sl)} |J(sl)| dξ   -   ⌡⌠
ξi

ξe

 {δu(ξ, sr)}T {t(ξ, sr)} |J(sr)| dξ=  0 (15) 

Approximating the virtual displacement field in the same way as the solution field, 

which is the Galerkin approach, the virtual displacements and strains can be expressed 

in terms of nodal functions defined along the radial lines as 

{δu(ξ, s)} = [N(s)] {δu(ξ)} (16) 

{δε(ξ, s)} = [B1(s)] {δu(ξ)}‚ξ  +  
1
ξ [B2(s)] {δu(ξ)} (17) 

The infinitesimal domain area for integration converted to scaled boundary coordinates 

becomes 
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dΩ = |J(s)| ξ dξ ds (18) 

where |J(s)| is the Jacobian calculated at the defining curve, i.e. when ξ = 1, as defined 

in Appendix 3-2. Performing the area integrals in the first term in the virtual work 

equation using Greens theorem and making the necessary substitutions, the term 

becomes 

⌡⌠
Ω

{δε(ξ, s)}T {σ(ξ, s)} dΩ = ⌡⌠
S

{δu(ξ)}T [B1(s)]T[D] [B1(s)] ξ {u(ξ)}‚ξ |J(s)| ds
ξ=ξi

ξ=ξe
 

- ⌡⌠
S

⌡⌠
ξi

  ξe

{δu(ξ)}T [B1(s)]T[D] [B1(s)] {{u(ξ)}‚ξ + ξ {u(ξ)}‚ξξ} |J(s)| dξ ds 

+ ⌡⌠
S

{δu(ξ)}T [B1(s)]T[D] [B2(s)] {u(ξ)} |J(s)| ds
ξ=ξi

ξ=ξe
 

- ⌡⌠
S

⌡⌠
ξi

  ξe
{δu(ξ)}T [B1(s)]T[D] [B2(s)] {u(ξ)}‚ξ |J(s)| dξ ds 

+ ⌡⌠
S

⌡⌠
ξi

  ξe
{δu(ξ)}T [B2(s)]T[D] [B1(s)] {u(ξ)}‚ξ |J(s)| dξ ds 

+ ⌡⌠
S

⌡⌠
ξi

  ξe
{δu(ξ)}T [B2(s)]T[D] [B2(s)]  

1
ξ {u(ξ)} |J(s)|  dξ ds.................... (19) 

This equation can be expressed more concisely as 

⌡⌠
V

{δε(ξ, s)}T {σ(ξ, s)} dV = {δu(ξe)}
T { }ξe [E0] {u(ξe)}‚ξ + [E1]T {u(ξe)}  

-  {δu(ξi)}
T { }ξi [E0] {u(ξi)}‚ξ + [E1]T {u(ξi)}  

- ⌡
⌠

ξi

  ξe

{δu(ξ)}T 

⎩
⎨
⎧

⎭
⎬
⎫[E0]ξ{u(ξ)}‚ξξ+ [[Ε 0] + [E1]T - [E1]]{u(ξ)}‚ξ - [E2]

1
ξ{u(ξ)}   dξ 

  ........................................................................................ (20) 

where the following coefficient matrices have been introduced. 

[E0] = ⌡⌠
S

 [B1(s)]T[D][B1(s)] |J(s)| ds (21a) 

[E1] = ⌡⌠
S

 [B2(s)]T[D][B1(s)] |J(s)| ds (21b) 
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[E2] = ⌡⌠
S

 [B2(s)]T[D][B2(s)] |J(s)| ds (21c) 

The stiffness matrix for the finite element method is often expressed as 

[K] = ⌡⌠
Ω

 [B(x, y)]T[D][B(x, y)] dΩ (22) 

where Ω is the entire solution domain. However, the matrix is usually computed 

element by element and assembled. Equation 21 can be seen to be of similar form to 

Equation 22. The coefficient matrices are computed on the defining curve only.  The 

shape functions apply on the defining curve over each element. Consequently the three 

coefficient matrices defined in Equation 21 can also be computed one element at a time 

and assembled into global coefficient matrices in a procedure similar to that for the 

finite element method. However, the elements are one dimensional rather than two 

dimensional. 

Turning to the terms corresponding to the external work, the work done by the tractions 

applied to the external boundary is 

⌡⌠
Se

 {δu(ξe, s)}T {t(ξe, s)} dse   =  {δu(ξe)}T ⌡⌠
S

 [Ν(s)]T {t(ξe, s)} ξe ds  =  {δu(ξe)}T {Pe}

 (23) 

where {t(ξe, s)} are the applied tractions and {Pe} are the equivalent nodal forces on the 

external boundary, defined as 

{Pe} = ⌡⌠
S

 [Ν(s)]T {t(ξe, s)} ξe ds (24) 

This is similar to the finite element definition for equivalent nodal forces, and, like the 

coefficient matrices can be assembled in a similar way to the way the nodal force vector 

is computed in the finite element method (computation on each element and then 

assembly into a global force vector). 

Similarly the work done by the tractions applied on the external boundary {t(ξi, s)} is 

⌡⌠
Si

 {δu(ξi, s)}T {t(ξi, s)} dsi   =  {δu(ξi)}T ⌡⌠
S

 [Ν(s)]T {t(ξi, s)} ξi ds  =  {δu(ξi)}T {Pi}(25) 

with equivalent nodal forces 
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{Pi} = ⌡⌠
S

 [Ν(s)]T {t(ξi, s)} ξi ds (26) 

The remaining two terms in the virtual work equation (Eq. 15) relate to the external 

work done by the tractions acting on the side faces. These two terms can be combined 

as 

⌡⌠
ξi

ξe

 {δu(ξ)}{Ft(ξ)} dξ  (27) 

where the side face traction forces are defined as 

{Ft(ξ)} = [Ν(sl)]T {t(ξ, sl)} |J(sl)| + [Ν(sr)]T {t(ξ, sr)} |J(sr)| (28) 

In this equation {t(ξ, sl)} are the tractions acting on the left side face (located at a 

circumferential coordinate of sl) and {t(ξ, sr)} are the tractions acting on the left side 

face (located at a circumferential coordinate of sr). Equation 15 can then be expressed as 

{δu(ξe)}
T { }ξe [E0] {u(ξe)}‚ξ + [E1]T {u(ξe)}  - {δu(ξe)}

T {Pe} 

 - {δu(ξi)}
T { }ξi [E0] {u(ξi)}‚ξ + [E1]T {u(ξi)}  - {δu(ξi)}

T {Pi} 

  - 
⌡
⌠

ξi

  ξe

{δu(ξ)}T 

⎩
⎨
⎧

⎭
⎬
⎫

[E0]ξ{u(ξ)}‚ξξ + [[Ε0] + [E1]T - [E1]]{u(ξ)}‚ξ - [E2]
1
ξ{u(ξ)} + {Ft(ξ)}   dξ   

    = {0} (29) 

This virtual work statement is satisfied for all possible virtual displacement fields 

constructed using the shape functions [N(s)] in the circumferential direction if the 

equations 

{Pe} =  ξe [E0] {u(ξe)}‚ξ + [E1]T {u(ξe)}  (30) 

{Pi} =  - ξi [E0] {u(ξi)}‚ξ - [E1]T {u(ξi)}  (31) 

[E0]ξ2{u(ξ)}‚ξξ + [[Ε0] + [E1]T - [E1]]ξ{u(ξ)}‚ξ - [E2]{u(ξ)}  =  − ξ {Ft(ξ)} (32) 

are satisfied simultaneously. 

3.4 Solution procedure 

Equation 32 is a set of Euler-Cauchy differential equations.  If there are no side faces  
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applied, the equations are homogeneous with solutions in the form 

{uh(ξ)} = c1 ξ-λ1 {φ1} + c2 ξ-λ2 {φ2} + …   (33) 

where each term can be interpreted as a ‘mode of deformation’ which satisfies the 

governing equation.  The constants ci are determined so that the boundary conditions 

defined by Equations 30 and 31 are satisfied. For any mode i, {φi} can be interpreted as 

the modal values of the degrees of freedom at the node points on curve S, while λi is the 

modal scaling factor for the radial direction  

For each mode  

{u(ξ)} = ξ-λi {φi} (34) 

and, from Equation 30, the equilibrating equivalent forces are 

{qi} =  [[E1]T - λi [E0]] {φi}  (35) 

Substituting Equation 35 into Equation 32  

[ ]λi
2[E0] - λi[[E1]T - [E1]] - [E2]  {φi}  = {0} (36) 

This quadratic eigenproblem can be transformed to a linear eigenproblem using 

standard techniques, leading to 

⎣⎢
⎡

⎦⎥
⎤[E0]-1[E1]T -[E0]-1

[E1][E0]-1[E1]T - [E2] -[E1][E0]-1   
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫φ

q   =  λ  
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫φ

q   (37) 

Solutions of this eigenproblem span the solution spaces of both the bounded and the 

unbounded domains simultaneously, and solving the eigenproblem yields 2n modes, 

where n is the number of degrees of freedom. 

3.4.1 Bounded case  

For bounded domains (ξi=0 and ξe=1, Fig. 2), only the modes in which the 

displacements are finite at the scaling centre contribute to the solution. These modes 

have non-positive real components of λ. Extracting these n modal node values to form a 

n by n matrix [Φ], and substituting [Φ] in Equation 35 to obtain corresponding modal 

force vectors, a n by n nodal force matrix [Q] is formed. For any set of values {u} of 

degrees of freedom at the boundary nodes, the integration constants {c} giving the 

required combination of deformation nodes are 



{c} = [Φ]-1 {u} (38) 

The equivalent nodal forces required to cause these displacements are 

{P} = [Q]{c} = [Q][Φ]-1 {u} = [K] {u}  (39) 

and so the stiffness matrix of the bounded domain is 

[K] = [Q] [Φ]-1 (40) 

The equilibrium requirement becomes 

[K] {u} - {P} = {0} (41) 

The solution proceeds in the same manner as in standard finite element analysis. Given 

boundary conditions place constraints on subsets of {u} and {P}. The solution {u} from 

Equation 41 is substituted in Equation 39 to obtain the integration constants {c}. The 

displacement field is recovered as 

{u(ξ, s)}  = [N(s)] ∑
i=1

n

 ci ξ-λi {φi}  (42) 

Substituting Equation 42 into Equation 11, the stress field is obtained as 

{σ(ξ, s)} = [D] ∑
i=1

n

 ci ξ-λi-1 [-λi[B1(s)] + [B2(s)]]{φi}  (43) 

 

ξ axis 

 Scaling centre 

s axis a) b)

 Scaling centre 

Right side-face 

Left side-face 

 

Figure 2: Bounded domains without side faces (a) and with side faces (b) 

3.4.2 Unbounded case 

For unbounded domains (ξi=1 and ξe→∞, Fig. 3), only the modes in which the 

displacement tends to zero at the infinity participate in the solution. These modes have 
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non-negative real components of λ. These n modal node values are used to form the n 

by n displacement matrix [Φ], and Equation 31 is used to determine the equilibrating 

forces rather than Equation 30, reversing the sign of Equation 40.  In all other aspects 

the solution procedure is identical. 

 

 Scaling centre 

Left side-face 

Right side-face b)a) 
s axis 

ξ axis 

 Scaling centre 

 

Figure 3: Unbounded domains without side faces (a) and with side faces (b) 

3.5 Side face tractions 

Tractions on the discretised boundary can be handled in the usual finite element 

manner, that is, by computing the equivalent nodal forces by multiplying the shape 

functions with the distributed tractions and integrating.  However, tractions applied to 

the side faces must be treated in a different way. 

If the tractions on the side faces are non-zero, the Euler-Cauchy equations (Eq. 32) 

become non-homogeneous. The solution of a non-homogeneous differential equation 

can always be found as a combination of the general homogeneous solution and a 

particular solution related to the non-homogeneous term on the right hand side of the 

equation. As indicated above, the solution of the homogeneous equation can be 

interpreted as a linear combination of displacement modes. In previous work (Deeks 

and Wolf 2002d) consideration was made of side face tractions that varied as a power 

function of the radial coordinate in the form   

{Ft(ξ )} = ξt−1 {Ft
 } (44) 

Such tractions lead to a particular solution of the non-homogeneous equation which can 

be interpreted as a side face mode. This takes the form 

{ut(ξ)} = ξt {φt} (45) 

Substituting Equations 44 and 45 into Equation 32 leads to 
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[ ]t2[E0] + t[[E1]T - [E1]] - [E2]  {φt}   = −  {Ft} (46) 

Solving Equation 46 for the modal displacements at the defining curve leads to 

{φt}  =  [ ]t2[E0] + t[[E1]T - [E1]] - [E2] -1{−Ft} (47) 

Substitution into Equation 30 yields the equivalent nodal forces equilibrating the side 

face mode 

{qt} = [t[E0] + [E1]T] {φt} (48) 

This approach works as long as the power t is not an eigenvalue of Equation 37. If it is 

an integer value however, it may be such an eigenvalue.  Deeks and Wolf (2002d) 

recommend shifting the value slightly away from an integer in this case. 

For the work described in this thesis it is necessary to be able to treat general applied 

side face tractions, not just a single power function. To do this the above approach is 

extended by introducing a power series expansion for the applied tractions. It is well 

known that all continuous functions can be represented by a power series expansion. In 

this work the functions describing the variation of traction along the side faces will be 

continuous, and so an appropriate power series can always be found. Providing a 

sufficient number of terms are included, the resulting power series representation will 

be very accurate. 

The approach adopted here was to sample the function describing the side face tractions 

({t(ξ, sl)} and {t(ξ, sr)}) at a sufficiently large number of points, then fit a power series  

with a specified number of terms nt to these samples by a least square fit technique. The 

powers in the power series were shifted slightly away from integer values to avoid the 

problems of clashing with the eigenvalues of Equation 37, but for conciseness they will 

be indicated here as integers. After obtaining power series expansions for {t(ξ, sl)} and 

{t(ξ, sr)}, Equation 26 can be applied to obtain {Ft(ξ)} also as a power series in the 

form 

{Ft(ξ)}  = ∑
t=1

nt

 ξt−1 {Ft}  (49) 

Each term in this series generates a side face displacement mode, and these can be 

determined term by term using Equations 47 and 48.  The final solution then takes form 
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{u(ξ, s)}  = [N(s)]  
⎝⎜
⎜⎛

⎠⎟
⎟⎞∑

t=1

nt

 ξ-t {φt}  +  ∑
i=1

n

 ci ξ-λi {φi}   (50) 

At the boundary nodes the total displacements are 

{u} =  ∑
t=1

nt

 {φt} + [Φ]{c} (51) 

while the equivalent nodal forces are 

{P} = ∑
t=1

nt

 {qt}  + [Q]{c} (52) 

The integration constants can be related to the boundary nodal displacements by 

{c} = [Φ]-1 {{u} -  ∑
t=1

nt

 {φt} } (53) 

Equilibrium of the internal nodal forces with the external nodal forces on the boundary 

requires that 

 [Q] [Φ]-1 {{u} -  ∑
t=1

nt

 {φt} } = {P} - ∑
t=1

nt

 {qt}  (54) 

Moving the unknown nodal displacements to the left hand side and all the known 

quantities to the right hand side, this equation becomes 

 [K]{u} = {P} − ∑
t=1

nt

 {qt}  +  [K] ∑
t=1

nt

 {φt}  (55) 

where, as usual, 

 [K] = [Q] [Φ]-1 (56) 

Equation 55 can be solved for the nodal displacements in the usual way, and the 

integration constants calculated using Equation 53.  The stress field can finally be 

recovered as 

{σ(ξ, s)} = 

[D]
⎝⎜
⎜⎛

⎠⎟
⎟⎞∑

i=1

nt

 ci ξt−1 [t [B1(s)] + [B2(s)]]{φi} + ∑
i=1

n

 ci ξ-λi-1 [-λi[B1(s)] + [B2(s)]]{φi}    (57) 
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Although quite straightforward, this generalisation of the equations to treat side face 

tractions described by a power series has not been done before. 

3.6 Prescribed discretised boundary displacements 

If some of the displacements on the discretised boundary are prescribed (i.e. Dirichlet 

boundary conditions), Equation 41 must be partitioned before solution. Introducing a 

subscript u to indicate boundary degrees of freedom which are unconstrained, and 

subscript c to indicate those degrees of freedom which are constrained, Equation 41 can 

be re-written as 

⎣
⎢
⎡

⎦
⎥
⎤[Kuu] [Kuc]

[Kuc]T [Kcc]
 
⎩
⎨
⎧

⎭
⎬
⎫{uu}

{uc}
  =  

⎩
⎨
⎧

⎭
⎬
⎫{Pu}

{Pc}
 (58) 

here the section of the matrix indicated by [Kuu] relates the displacements at the 

unconstrained degrees of freedom to the forces at the unconstrained degrees of freedom, 

and so on.  The top section of the partitioned equation can be rearranged to solve for the 

unknown displacements on the discretised boundary as 

{uu} =  [Kuu]-1 { {Pu} - [Kuc]{uc} } (59) 

This is the approach used in the conventional finite element method. If desired the 

bottom portion of the equation could be used to find the reacting forces at the 

constrained boundary nodes. 

3.7 Prescribed side face displacements 

Because displacements along a side face are described analytically in the scaled 

boundary finite element method, the approach described above cannot be used directly. 

There is a single node associated with each side face, yet the prescribed displacements 

may vary along the side face. 

A method for treating side face displacements was presented by Deeks (2004). That 

method is summarised here. The nodal displacement functions are broken into a group 

of unconstrained nodal displacements, indicated with subscript u, and a group of 

constrained nodal displacements, which will only be those corresponding to the side 

faces.  Equations 30-32 can then be partitioned in a similar way to Equation 58, i.e. 
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⎣⎢
⎡

⎦⎥
⎤[Euu

0] [Euc
0]

[Euc
0]T [Ecc

0]  ξ2 
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫{uu(ξ)}‚ξξ

{uc(ξ)}‚ξξ
 

+ ⎣⎢
⎡

⎦⎥
⎤[[Euu

0]+[Euu
1]T-[Euu

1]] [[Euc
0]+[Euc

1]T-[Euc
1]]

[[Euc
0] +[Euc

1]T-[Euc
1]] T [[Ecc

0]+[Ecc
1]T-[Ecc

1]]  ξ 
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫{uu(ξ)}‚ξ

{uc(ξ)}‚ξ
   

-  ⎣⎢
⎡

⎦⎥
⎤[Euu

2] [Euc
2]

[Euc
2]T [Ecc

2]  
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫{uu(ξ)}

{uc(ξ)}  + ξ
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫{Ftu(ξ)}

{Ftc(ξ)}   = {0} (60) 

⎩
⎨
⎧

⎭
⎬
⎫{Pue}

{Pce}   =  ξe ⎣⎢
⎡

⎦⎥
⎤[Euu

0] [Euc
0]

[Euc
0]T [Ecc

0]  
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫{uu(ξe)}‚ξ

{uc(ξe)}‚ξ
  +   ⎣⎢

⎡
⎦⎥
⎤[Euu

1]T [Ecu
1]T

[Euc
1]T [Ecc

1]T  
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫{uu(ξe)}

{uc(ξe)}
 (61) 

⎩
⎨
⎧

⎭
⎬
⎫{Pui}

{Pci}   =  -ξi ⎣⎢
⎡

⎦⎥
⎤[Euu

0] [Euc
0]

[Euc
0]T [Ecc

0]  
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫{uu(ξi)}‚ξ

{uc(ξi)}‚ξ
  -   ⎣⎢

⎡
⎦⎥
⎤[Euu

1]T [Ecu
1]T

[Euc
1]T [Ecc

1]T  
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫{uu(ξi)}

{uc(ξi)}
 (62) 

Extracting the top portion of Equation 60 and assuming that both side faces are 

constrained so that there are no external side face tractions ({Ftu(ξ)} = 0), then moving 

the known terms to the right hand side, 

 [Euu
0]ξ2{uu(ξ)}‚ξξ + [[Euu

0] + [Euu
1]T - [Euu

1]]ξ{uu(ξ)}‚ξ - [Euu
2]{uu(ξ)} 

 = -[Euc
0]ξ2{uc(ξ)}‚ξξ - [[Euc

0] + [Euc
1]T - [Euc

1]]ξ{uc(ξ)}‚ξ + [Euc
2]{uc(ξ)} (63) 

Using p to indicate the terms in the prescribed displacements, as long as the prescribed 

displacement are defined by a continuous function, a power series expansion can be 

formed with np terms to represent it.  In the work described in this thesis the power 

series is constructed by sampling the prescribed displacement function at a sufficiently 

large number of points, and then fitting the power series using a least square approach. 

The powers are again shifted by a small amount from integer values to avoid clashes 

with the eigenvalues of the problem, but will be indicated as integers in the equations 

for simplicity. With these assumptions the constrained side face displacements may be 

represented by a power series in the form 

{uc(ξ)} = ∑
p=0

np−1
  ξp {φcp}  (64) 

Turning to the solution of Equation 63, as was done with side face tractions, the 

equation can be solved in homogenous form first. Removing the right hand side the 

equation becomes 

 [Euu
0]ξ2{uu(ξ)}‚ξξ + [[Euu

0] + [Euu
1]T - [Euu

1]]ξ{uu(ξ)}‚ξ - [Euu
2]{uu(ξ)} = {0} (65) 
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This equation is the same as Equation 32, except that it only involves the unconstrained 

nodal functions.  Consequently the homogeneous modes can be found by solving the 

quadratic eigenproblem  

[ ]λi
2[Euu

0] - λi[[Euu
1]T - [Euu

1]] - [Euu
2]  {φui}  = {0} (66) 

Considering the power series described by Equation 64, each term in the power series 

can be considered in turn, and a particular solution to Equation 65 found by substitution. 

Taking one term of the power series 

{uup(ξ)} = ξp  {φup} (67) 

substituting into Equation 63 and rearranging gives 

{φup} = [p2[Euu
0] - p[[Euu

1]T - [Euu
1]] - [Euu

2]]-1  [-p2[Euc
0] + p[[Euc

1]T - [Euc
1]] + [Euc

2]] {φci} 

 (68) 

Repeating this procedure for each mode, the final displacement field can be expressed 

as a linear combination of the homogeneous modes and the prescribed displacement 

modes. 

{u(ξ)}  = 
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫{uu(ξ)}

{uc(ξ)}   =   ∑
i=1

nu
  ci ξ-λi 

⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫{φui}

{0}   +   ∑
p=0

np−1
 ξp 

⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫{φup}

{φcp}
 (69) 

If the domain is bounded, Equation 69 is substituted into Equation 61, yielding 

⎩
⎨
⎧

⎭
⎬
⎫{Pue}

{Pce}   =  ∑
i=1

nu
  ci ⎩

⎨
⎧

⎭
⎬
⎫{qui}

{qci}   +   ∑
p=0

np−1
 
⎩
⎨
⎧

⎭
⎬
⎫{qup}

{qcp}   (70) 

where 

{qui} = [[Euu
1]T - λi [Euu

0]] {φupi} (71) 

{qci} = [[Euc
1]T - λi [Euc

0]T] {φupi} (72) 

{qupi} = [[Euu
1]T + pi [Euu

0]] {φupi} + [[Ecu
1]T + pi [Euc

0]] {φcpi} (73) 

{qupi} = [[Euc
1]T + pi [Euc

0]] {φupi} + [[Ecc
1]T + pi [Ecc

0]] {φcpi} (74) 

If the domain is unbounded, Equation 69 is instead substituted into Equation 62, 

reversing the signs. 
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From Equation 69 the displacements at the nodes on the boundary not associated with 

the constrained side faces are 

{uu} = [Φuu]{c} + ∑
i=0

np−1
 {φup}  (75) 

The equivalent nodal forces at the same degrees of freedom are 

{Pu} = [Quu]{c} + ∑
i=1

np
 {qupi}  (76) 

The integration constants can be related to the displacements at the unconstrained nodes 

by rearranging Equation 75 as 

{c} = [Φuu]-1 {{uu} -  ∑
i=1

np
 {φupi} } (77) 

Combining this equation with Equation 76 and rearranging yields 

 [Quu] [Φuu]-1 {{uu} -  ∑
i=1

np
 {φupi} } = {Pu} - ∑

i=1

np
 {qupi}  (78) 

This can be further simplified by moving all of the known quantities to the right hand 

side and introducing the stiffness matrix constructed relative to the unconstrained 

degrees of freedom, 

[Kuu] = [Quu] [Φuu]-1 (79) 

yielding 

 [Kuu]{uu} = {Pu}- ∑
p=0

np−1
 {qup}  + [Kuu]

⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫

∑
p=0

np−1
 {φui}   (80) 

These equations permit prescription of the side face displacements to any function that 

can be approximated as a power series in the form indicated by Equation 64. 

3.8 Conclusion 

This chapter developed the equations and solution procedures for the scaled boundary 

finite element method following the approach of Deeks and Wolf (2002d). Side face 

tractions were included, and the existing equation extended to allow side face tractions 
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to be expressed as a power series. An approach for including prescribed side face 

displacements was also described. Both these abilities are essential for the work 

described in this thesis. The solution process for the method involves solving a 

quadratic eigenproblem. This problem can be restated as a linear eigenvalue problem of 

twice the dimension. All eigenvalues and eigenvectors must be found and the resulting 

stiffness matrix is fully populated. This gives incentive to ensure that the maximum 

level of performance possible is achieved for a given number of degrees of freedom. 

The rest of this thesis will examine methods of achieving this. 
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Appendix 3-1 – Vector and Matrix Definitions for Plane Stress, Plane 
Strain and Axisymmetry 

This appendix follows Deeks and Wolf (2002). 

In the case of plane stress and plane strain, the displacement field has two components, 

displacement in the x-direction (ux) and displacement in the y-direction (uy). 

{u} = 
⎩
⎨
⎧

⎭
⎬
⎫ux

uy
  (1) 

Stress and strain have three independent components. 

{σ} = 
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫σx

σy

τxy

  (2) 

{ε} = 
⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫εx

εy

γxy

  (3) 

The linear operator relating strain and displacement is 

[L] = 

⎣
⎢
⎢
⎡

⎦
⎥
⎥
⎤∂

∂x 0

0
∂
∂y

∂
∂y

∂
∂x

  (4) 

The elasticity matrix for plane stress is 

[D] = 
E

1-ν2  

⎣
⎢
⎢
⎡

⎦
⎥
⎥
⎤1 ν 0

ν 1 0

0 0
1-ν
2

  (5) 

and for plane strain 

[D] = 
E

(1+ν)(1-2ν)  

⎣
⎢
⎢
⎡

⎦
⎥
⎥
⎤1-ν ν 0

ν 1-ν 0

0 0
(1-2ν)

2

  ( 5) 
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where E and ν are Young’s modulus and Poisson’s ratio respectively. 

In the case of axisymmetry (when both load and displacement are axisymmetric) the 

displacement field still has two components (in the r and z directions), but stress and 

strain have an additional component in the circumferential θ direction. 

{σ} = 

⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫

σr

σz

σθ

τrz

  (6) 

{ε} = 

⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫

εr

εz

εθ

γrz

  (7) 

The linear operator is 

[L] = 

⎣
⎢
⎢
⎢
⎡

⎦
⎥
⎥
⎥
⎤∂

∂r 0

0
∂
∂z

1
r 0

∂
∂z

∂
∂r

  (8) 

and the elasticity matrix is 

[D] = 
E

(1+ν)(1-2ν)  

⎣
⎢
⎢
⎡

⎦
⎥
⎥
⎤1-ν ν ν 0

ν 1-ν ν 0
ν ν 1-ν 0

0 0 0
(1-2ν)

2

  (9) 
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Appendix 3-2 – Transformation to the scaled boundary coordinate 
system 

This appendix follows Deeks and Wolf (2002). 

The scaling equations relating the Cartesian coordinate system to the scaled boundary 

coordinate system are 

x = x0 + ξ xs(s) (1a) 

y = y0 + ξ ys(s) (1b) 

Derivatives in the scaled boundary coordinate system can be related to derivatives in the 

Cartesian coordinate system using the Jacobian matrix. 

⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫

∂
∂ξ
∂
∂s

 = 

⎣⎢
⎢⎡

⎦⎥
⎥⎤

∂x
∂ξ

∂y
∂ξ

∂x
∂s 

∂y
∂s

 

⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫

∂
∂x
∂
∂y

 (2) 

Taking derivatives of equations ( 1) with respect to ξ and moving the ξ term to the left-

hand side 

⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫

∂
∂ξ

1
ξ 

∂
∂s

 = 
⎣
⎢
⎡

⎦
⎥
⎤xs(s) ys(s)

xs(s)‚s ys(s)‚s
 

⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫

∂
∂x
∂
∂y

 (3) 

Inverting yields 

⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫

∂
∂x
∂
∂y

 = 
1
|J| ⎣

⎢
⎡

⎦
⎥
⎤ys(s)‚s -ys(s)

-xs(s)‚s xs(s)
 

⎩⎪
⎨
⎪⎧

⎭⎪
⎬
⎪⎫

∂
∂ξ

1
ξ 

∂
∂s

 (4) 

where the Jacobian at the boundary (ξ=1) is 

|J| = xs(s) ys(s)‚s - ys(s) xs(s)‚s (5) 

For plane stress and plane strain problems the incremental “volume” is 

dV = |J| ξ dξ ds (6) 



 35 

If the linear operator is decomposed as 

[L] = [L1] 
∂
∂x  + [L2] 

∂
∂y  (7) 

using equation ( 4) yields 

[L]  = 
1
|J| ⎣⎢

⎡
⎦
⎥
⎤[L1] 

⎝
⎜
⎛

⎠
⎟
⎞ys(s)‚s 

∂
∂ξ - ys(s) 

1
ξ 

∂
∂s  + [L2] 

⎝
⎜
⎛

⎠
⎟
⎞-xs(s)‚s 

∂
∂ξ + xs(s) 

1
ξ 

∂
∂s    

 = [b1(s)] 
∂
∂ξ   + [b2 (s)] 

1
ξ ∂

∂s (8) 

where 

[b1(s)] = 
1
|J|  [ ][L1] ys(s)‚s - [L2] xs(s)‚s   (9) 

[b2(s)] = 
1
|J|  [ ]-[L1] ys(s) + [L2] xs(s)   (10) 

In the same way, for axisymmetric problems the scaling centre is limited to being on the 

axis of symmetry, and the scaling equations relating the cylindrical coordinate system to 

the scaled boundary coordinate system are 

r =ξ rs(s) (11a) 

z = z0 + ξ zs(s) (11b) 

In this case 

|J| = rs(s) zs(s)‚s - zs(s) rs(s)‚s (12) 

and 

dV = 2πr |J| ξ2 dξ ds (13) 

If the linear operator is decomposed as 

[L] = [L1] 
∂
∂r  + [L2] 

∂
∂z  + [L3] 

1
r  (14) 

then 
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[L] = [b1(s)] 
∂
∂ξ   + [b2 (s)] 

1
ξ ∂

∂s  + [b3 (s)] 
1
ξ   (15) 

where 

[b1(s)] = 
1
|J|  [ ][L1] zs(s)‚s - [L2] rs(s)‚s   (16) 

[b2(s)] = 
1
|J|  [ ]-[L1] zs(s) + [L2] rs(s)   (17) 

[b3(s)] = 
1

rs(s)  [L
3]  (18) 
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4 Higher-Order Shape Functions in the Scaled Boundary 

Finite Element Method  

Abstract 

The scaled boundary finite element method is a novel semi-analytical technique, whose 

versatility, accuracy and efficiency are not only equal to, but potentially better than the 

finite element method and the boundary element method for certain problems.  This 

chapter investigates the possibility of using higher-order polynomial functions for the 

shape functions. Two techniques for generating the higher-order shape functions are 

investigated. In the first, the spectral element approach is used with Lagrange 

interpolation functions.  In the second, hierarchical polynomial shape functions are 

employed to add new degrees of freedom into the domain without changing the existing 

ones, as in the p-version of the finite element method.  To check the accuracy of the 

proposed procedures, a plane strain problem for which an exact solution is available is 

employed. A more complex example involving three scaled boundary subdomains is 

also addressed. The rates of convergence of these examples under p-refinement are 

compared with the corresponding rates of convergence achieved when uniform h-

refinement is used, allowing direct comparison of the computational cost of the two 

approaches. The results show that it is advantageous to use higher-order elements, and 

that higher rates of convergence can be obtained using p-refinement instead of h-

refinement. 

Keywords:  spectral element method, p-version finite element method, scaled boundary 

finite element method, computational effort. 

4.1 Introduction 

The scaled boundary finite element method involves solution of a quadratic 

eigenproblem, the computational expense of which increases rapidly as the number of 

degrees of freedom increases. Consequently, to a greater extent than the finite element 

method, it is desirable to obtain solutions at a specified level of accuracy while using 

the minimum number of degrees of freedom necessary. A stress recovery and error 

estimation procedure for the method has been developed (Deeks and Wolf 2002c), and 

an h-hierarchical adaptive procedure presented (Deeks and Wolf 2002a). Most previous 
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work using the scaled boundary finite element method has employed linear or quadratic 

isoparametric elements, although cubic elements have been used occasionally (Song 

and Wolf 1997a).  However, no systematic study has been performed so far into the use 

of elements of higher order. 

When the finite element method is employed for continuum problems, use of elements 

of higher order than quadratic is seldom economical (Demkowicz et al. 2002).  Large 

elements of higher order with higher numbers of nodes significantly increase both the 

time taken to construct the element stiffness matrices (due to the increase in both 

dimension of matrices in the integrand and order of the integrand, which requires more 

integration sampling points) and the time taken to solve the system (as the bandwidth of 

the stiffness matrix is increased).  This increase in computation time is seldom 

compensated fully by the increase in accuracy obtained, and it is usually more efficient 

to employ additional quadratic elements to achieve the desired level of accuracy. 

However, the same arguments do not apply to the scaled boundary finite element 

method.  Firstly, the elements are one dimension smaller than the finite elements 

required to solve the same problem.  For a two-dimensional elastostatic problem, a 9-

noded quadratic finite element with 18 degrees of freedom becomes a 16-noded cubic 

finite element with 32 degrees of freedom, increasing the number of terms in the 

element stiffness matrix from 324 to 1024, while a 3-noded scaled boundary element 

with 6 degrees of freedom becomes a 4-noded cubic element with 8 degrees of freedom, 

and the number of terms in the coefficient matrices increases from 36 to 64.  Secondly, 

the domain stiffness matrix is always fully populated in the scaled boundary finite 

element method, and so increasing the size of the elements does not change the 

bandwidth of the stiffness matrix. Hence increasing the order of the elements only 

increases the computational effort by a small amount (the additional time required to 

compute the element coefficient matrices). Since the most computationally expensive 

part of the scaled boundary finite element solution process is solution of a quadratic 

eigenvalue problem, the accuracy of the method can potentially be increased for 

virtually no computational cost by increasing the order of the shape functions while 

keeping the global number of degrees of freedom constant.  

This chapter investigates the possibility of using higher-order polynomial functions to 

describe the shape functions in the scaled boundary finite element method. Enrichment 

of the solutions is obtained by improving the spectral approximation of the solution.  
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Two approaches are examined: the spectral element approach (Boyd 1989) with 

Lagrange shape functions interpolating between an increasing number of internal nodes; 

and the p-version finite element type approach (Babuska and Szabo 1991) where 

polynomial shape functions forming a hierarchical basis are employed to add new 

degrees of freedom into the domain without changing the existing ones. Two different 

types of polynomials are employed, higher-derivative-based shape functions 

(Demkowicz, Oden et al. 1989) and Lobatto polynomials (Babuska and Szabo 1991; 

Solin, Segeth et al. 2004). The latter type is introduced to improve the resulting system 

of linear equations, reducing deterioration of the coefficient matrix condition number. 

The chapter commences with a discussion of the features of the different types of 

polynomial shape functions used.  The implications of the various shape function bases 

on the condition numbers of the coefficient matrices formed in the scaled boundary 

finite element method are examined. To evaluate the accuracy of the higher-order shape 

functions, a plane strain problem for which an exact solution is available is employed. 

To further demonstrate the effectiveness of the proposed procedures, a more complex 

example is also presented. The results obtained using p-refinement are compared with 

those obtained using conventional h-refinement procedures to allow direct comparison 

in terms of accuracy and computational cost to be made. 

The contents of this chapter have appeared in the International Journal for Numerical 

Methods in Engineering (Vu and Deeks 2006). The figures and tables have been left in 

the format their appeared in that journal, and so are formatted a little bit differently from 

those appearing elsewhere in the thesis. 

4.2 Higher-order shape functions 

4.2.1 Lagrange shape functions 

All previous work using the scaled boundary finite-element method has employed 

Lagrange (Weisstein 1999a) shape functions up to order 3 with nodes equally spaced in 

the local element coordinate system.  The unknown variables are approximated and 

interpolated within each element. Each node in an element corresponds to a shape 

function which has unit value at that node and 0 at all other nodes.    

In the development that follows, a local coordinate η will be used to define the shape 

functions. Each element has its local coordinates ranging from −1 to +1.  Conventional 
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mapping techniques can be used to map η to s for use in the equations presented in 

Chapter 3.  For a 2-noded linear element, the nodes are located at local coordinates η0 = 

−1 and η1 = +1, and the Lagrange shape functions can be expressed simply as 

N0(η) = 1/2  (1 − η) (1a) 

N1(η) = 1/2 (1 + η) (1b) 

The Lagrange shape functions for a 3-noded element are quadratics. The three nodes are 

located at local coordinates η0 = −1, η1 = 0 and η2 = +1. The corresponding shape 

functions are 

N0(η) = −1/2 η (1 − η) (2a) 

N1(η) = (1 + η) (1 − η) (2b) 

N2(η) =  1/2 η (1 + η) (2c) 

In the general case, a one-dimensional Lagrange element of order p will have p+1 nodes 

(located at η0, η1, …, ηp), and the p+1 shape functions can be formulated as 

Ni(η) = ∏
j=0
j≠i

p

 
η − ηj

 ηi − ηj
           i = 0 … p  (3) 



 

 

Figure 1. Lagrange shape functions for an 8-noded (order 7) element: a) nodes equally spaced; b) nodes at 

Gauss-Lobatto quadrature points. 
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Figure 1a plots the Lagrange shape functions for p = 7 generated with the nodes equally 

spaced. When Lagrange shape functions are used, the degrees of freedom correspond 

directly to the displacements at the nodes.  As will be demonstrated later, use of these 

functions results in matrices that become poorly conditioned when p is large.  A set of 

shape functions which is much better behaved can be generated by positioning the 

internal nodes at the Gauss-Lobatto quadrature points (Maitre and Pourquier 1996) (Fig. 

1b).  This procedure has the added advantage that integration of the terms in the 

coefficient matrices using Gauss-Lobatto quadrature becomes straightforward.  (The 

Gauss-Lobatto quadrature points are listed in Appendix 4-1 for elements up to order 

10.)  However, whichever Lagrangian procedure is used, to increase the order of an 

element by one, an additional internal node must be inserted, and all other internal 

nodes repositioned.  The shape functions are all of order p, and the technique is often 

referred to as a spectral element approach (Boyd 1989).  

4.2.2 Hierarchical shape functions 

To avoid insertion and repositioning of nodes, an alternative procedure (employed in 

the p-version of the finite element method (Babuska and Szabo 1991) and p-adaptive 

finite element procedures (Demkowicz, Oden et al. 1989)) is to use hierarchical shape 

functions. In this procedure new degrees of freedom are added “on top” of the existing 

ones in a hierarchical manner, so that enriching the polynomial order from p to p+1 

within an element does not change the existing shape functions and existing degrees of 

freedom, but simply adds a new shape function and corresponding degree of freedom. 

Consequently an element of order p only has a single shape function of order p, while 

the rest of the shape functions are of lower order. Proceeding in this way conserves the 

original data structure, potentially saving time and computational effort in the data 

preparation and solution procedures. 

When using hierarchical shape functions, the new degrees of freedom can no longer be 

identified as actual nodal displacements. Depending on the type of hierarchical shape 

functions used, they are either values of some higher-order derivatives (or the linear 

combination of these derivatives) of the solution at certain point in the element, or 

simply constants weighting the additional shape functions, as alluded to in the 

description of the scaled boundary finite element method in Chapter 3.  It is common to 

adopt a 3-noded element with the displacements as degrees of freedom at the two end 

nodes (η=−1 and η = +1) and the additional degrees of freedom introduced at a single 
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internal node.  In this way it is possible to use a mesh containing elements of a variety 

of orders. 

4.2.3 Higher-derivative-based shape functions  

One approach to developing a set of hierarchical shape functions is to use the higher 

derivatives of the displacement at a central node as the additional degrees of freedom 

(Demkowicz, Oden et al. 1989). For an element of order p, the interpolation of 

displacements within the element becomes 

u(η) =  N0(η) u(η = −1)  +  N1(η) u(η = +1)  +  ∑
k=2

p

 Nk(η)  
∂ku
∂ηk(η = 0)  (4) 

where the shape functions are defined as 

N0(η) = 1/2  (1 − η) (5a) 

N1(η) = 1/2 (1 + η) (5b) 

Nk(η) =  1/k! (ηk − 1)   for k = 2, 4, 6 …       (5c) 

Nk(η) =  1/k! (ηk − η)   for k = 3, 5, 7 …       (5d) 

Figure 2 plots these shape functions up to p = 7.  As p increases, the shape functions 

corresponding to the even derivatives become very similar, as do those corresponding to 

the odd derivatives.  The magnitude of the shape functions also decreases, due to the 

factorial term in Equations 5c and 5d.  (In Fig. 2 the shape functions have been 

multiplied by this factorial to allow them all to be plotted at the same scale.)  This 

similarity in the shape functions leads to poor conditioning of the coefficient matrices, 

as will be demonstrated in the next section, and so this scheme can only be applied 

successfully for small p. 

 



 

Figure 2:  Shape functions for element of order 7 using derivatives at central node as degrees of freedom. 

 

Figure 3: Legendre polynomials up to order 6. 
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4.2.4 The Lobatto polynomials  

The Lobatto polynomials (Solin, Segeth et al. 2004) are obtained from the Legendre 

polynomials.  The Lobatto polynomials (Weisstein 1999b) are solutions of the Legendre 

differential equation, and may be defined recursively as 

L0(η) = 1 (6a) 

L1(η) = η (6b) 

Lk(η) =  
2k−1

k  η Lk−1(η)  −  
k−1

k  Lk−2(η)    for k = 2, 3, 4 …       (6c) 

These polynomials are orthogonal, satisfying 

⌡⌠
−1

1
Li(η) Lj(η) dη  =  

2
2i + 1 δij  (7) 

where δij is the Kronecker delta.  However, as shown in Figure 3, all these polynomials 

are non-zero at η = ±1, and so they cannot be used directly as hierarchical shape 

functions.  Nevertheless, substituting Equation 6a into Equation 7, it is clear that 

⌡⌠
−1

1
Li(η)dη  =  0   for i = 1, 2, …  (8) 

Consequently the polynomial functions 

nk(η)  =  ⌡⌠
−1

η
Lk−1(ζ)dζ   for k = 2, 3, …, p  (9) 

are zero at both η = −1 and η = +1.  To further improve the quality of these functions 

for use as shape functions, normalisation can be performed by dividing by ||Lk−1||2, 

where 

||Lk−1||2   =  ⌡⌠
−1

1
Lk−1(η) Lk−1 (η) dη  (10) 

resulting in a set of p−1 polynomial functions 
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Nk(η)  =  
1

 ||Lk−1||2
  ⌡⌠
−1

η
Lk−1(ζ)dζ   for k = 2, 3, …, p  (11) 

To construct an element of order p, p+1 shape functions are required, so this set is 

complemented with the two linear shape functions 

N0(η) = 1/2  (1 − η) (12a) 

N1(η) = 1/2 (1 + η) (12b) 

Equations 11 and 12 together define the Lobatto polynomials, a hierarchical set of 

polynomial functions leading to well-conditioned element stiffness matrices, ideal for 

use in higher-order finite element methods (Babuska and Szabo 1991; Solin, Segeth et 

al. 2004).  Appendix 4-2 lists the Lobatto polynomials up to order 10, and the first eight 

are plotted in Figure 4.   

Interpolation within an element is performed using the equation 

u(η) =  N0(η) u(−1)  +  N1(η) u(+1)  +  ∑
k=2

p
 Nk(η) ak-1  (13) 

where the coefficients ai (with i=1..p−1) are the internal degrees of freedom, but cannot 

be identified in isolation with a property of the displacement field.  In the scaled 

boundary finite element method they become analytical functions of the radial 

coordinate ξ. 



 

Figure 4: Lobatto polynomial shape functions for element of order p=7. 

4.3 Condition numbers in the scaled boundary finite element method 

When higher-order shape functions are employed in the finite element method, it is 

common to examine the condition numbers of the coefficient matrices generated 

(Maitre and Pourquier 1996; Melenk 2002).  Since the portion of an element stiffness 

matrix relating to the internal or ‘bubble’ degrees of freedom forms a diagonal block of 

the global stiffness matrix, the condition number of this block relative to the order of the 

shape functions employed is of interest.  Here the condition number referred to is the 

maximum eigenvalue of the matrix divided by the minimum eigenvalue.  Condition 

numbers close to one indicate the matrix represents a well-conditioned system of 

equations, while large condition numbers indicate a poorly conditioned (nearly singular) 

system of equations which is likely to lead to numerical errors in the solution process. 

In the scaled boundary finite element method the solution process has two stages.  In the 

first, the coefficient matrices [E0], [E1] and [E2] are assembled in a similar manner to 

the global stiffness matrix in the finite element method.  The quadratic eigenvalue 

problem is then transformed to a linear one using a process requiring computation of the 

inverse of [E0].   If this coefficient matrix is poorly conditioned, numerical difficulties 
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will be experienced during this stage, or during the calculation of the eigenvalues and 

eigenvectors.  The contributions of the internal degrees of freedom of a single scaled 

boundary finite element lead to a block diagonal in [E0] in the same way as the internal 

degrees of freedom in a conventional finite element lead to a block diagonal in the 

global stiffness matrix, and so it is of interest to examine the condition number of this 

block to determine the stability of this stage of the solution process. 

Once the eigenvalue problem has been solved, the second stage of the solution process 

requires inversion of the modal displacement matrix [Φ] to obtain the global stiffness 

matrix. This matrix is fully populated, and it is not possible to identify the contributions 

of individual elements.  Nevertheless, the accuracy of the method depends critically on 

the condition number of [Φ] when this solution process is used. However, it should be 

noted that if the Schur decomposition solution technique proposed by Song (2004) is 

employed, this is no longer a consideration.   

 

1 

1 

Scaling 
centre (4) 

(1) 

(3) 

(2) 

 

Figure 5.  A square domain modelled with four scaled boundary finite elements. 

To determine the effect of element shape function order on the relevant condition 

numbers, a simple square bounded elastostatic domain modelled with four scaled 

boundary elements (Fig. 5) is addressed.  Shape functions calculated by the Lagrangian 

approach using both equally spaced and Gauss-Lobatto nodal points are compared with 

shape functions calculated using the hierarchical approach with both higher-order 

derivatives of the central node and Lobatto polynomials.   
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Figure 6.  Condition number for diagonal block of [E0] associated with internal degrees of freedom. 

Figure 6 shows the effect of element order on the condition number of the contributions 

of the internal degrees of freedom of a single element to [E0].  The rapid deterioration of 

the condition number occurring when higher-derivative-based hierarchical shape 

functions are used is evident.  Such elements are obviously unsuited for use in a higher-

order scaled boundary finite element method.  The Lobatto functions are far better 

behaved, with the condition number increasing as O(p3).  Lagrange shape functions 

based on Gauss-Lobatto points provide a well behaved condition number increasing as 

O(p).  When evenly spaced nodal points are used, the condition number is satisfactory 

for low p, but poorly behaved for high p.  Overall, the best  performance is obtained by 

the spectral element approach with Gauss-Lobatto quadrature points, while the best 

performance for hierarchical shape functions is obtained by the Lobatto polynomials. 
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Figure 7.  Condition number for global modal displacement matrix [Φ]. 

Figure 7 plots the condition number of the modal displacement matrix against element 

order.  Dependence on polynomial order is much less smooth, since the spacing of the 

computed eigenvectors also has an effect, and the differences between the various 

approaches are less marked.  The higher-derivative-based hierarchical shape functions 

again exhibit the worst performance.  Lagrange shape functions based on the Gauss-

Lobatto points outperform those based on uniform node spacing for higher element 

order. 

This study indicates that the Lobatto polynomials are a good choice when hierarchical 

shape functions are desired, otherwise Lagrange shape functions based on the Gauss-

Lobatto points are the best choice.  Since the solution space spanned is the same in 

either case, the two approaches give identical results to within the numerical accuracy 

of the solution and integration procedures used. 

4.4 Convergence 

The convergence of the technique is examined by analysing the problem of a plane 

strain disk of infinite extent containing a hole of unit radius subjected to a unit uniaxial 

tensile stress (Fig. 8).  One quadrant of the problem is modelled, and a single element 

used to represent the boundary of the hole.  The exact solution for the stresses for this 

problem (Timoshenko and Goodier 1951) is 
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σxx = 1 − 
1
r2 ⎝⎜

⎛
⎠⎟
⎞3

2 cos 2θ + cos 4θ  + 
3
2  

1
r4 cos 4θ  (14a) 

σyy = − 
1
r2 ⎝⎜

⎛
⎠⎟
⎞1

2 cos 2θ − cos 4θ  − 
3
2  

1
r4 cos 4θ  (14b) 

τxy = − 
1
r2 ⎝⎜

⎛
⎠⎟
⎞1

2 sin 2θ + sin 4θ  + 
3
2  

1
r4 sin 4θ  (14c) 

where (r, θ) are the standard polar coordinates. 

The error in the approximate solution can be estimated by calculating the energy norm 

of the error and normalising it by the energy norm of the exact solution as 

η = 
||{σ(ξ, s)} − {σexact(ξ, s)} ||

Ω

 || {σ(ξ, s)} ||
Ω

  x 100% (15) 

where η is the error, Ω is the unbounded domain, 

|| {σ(ξ, s)} − {σexact(ξ, s)} ||Ω  =  
⎝⎜
⎛

⎠⎟
⎞⌡⌠

Ω

 {{σ(ξ,s)}−{σexact(ξ,s)}}T [D]-1{{σ(ξ,s)}−{σexact(ξ,s)}} dΩ ½  (16)  

is the energy norm of the error and 

|| {σexact(ξ, s)} ||Ω  =  
⎝
⎜
⎛

⎠
⎟
⎞⌡⌠

Ω

 {σexact(ξ,s)}T [D]-1{σexact(ξ,s)} dΩ ½  (17)  

is the energy norm of the exact solution. 

Figure 9 plots the convergence of the error against the number of degrees of freedom 

for two-noded linear elements using h-refinement, three-noded quadratic elements using 

h-refinement, and Lagrangian spectral elements using p-refinement.  The convergence 

under p-refinement was also computed using hierarchical Lobatto elements, but the 

same convergence curve obtained with the spectral elements was found, and so it is not 

plotted.  The rate of convergence under p-refinement is much more rapid than that 

under h-refinement.  Since most of the computational cost of the method is in solving 

the eigenvalue problem, particularly with high numbers of degrees of freedom, the 

computational cost of the method is directly related to the number of degrees of 

freedom.  The use of p-refinement is therefore computationally more efficient than the 

use of  h-refinement. 
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Figure 8.  Model for plane strain plate of infinite extent with circular hole subjected to uniaxial stress. 

 

 

Figure 9.  Convergence of infinite plate solution with various refinement methods. 

4.5 Further example 

Another example is included to further demonstrate the advantage of using p-refinement 

in the scaled boundary finite element method.  A flexible bearing block subjected to a 

uniformly distributed load is analysed (Fig. 10a).  Due to the symmetry of the problem, 

only half of the domain (indicated by the shading) need be modelled.  To fully exploit 

the special features of the scaled boundary finite-element method, this domain is broken 

1 

1 

Uniaxial 

stress = 1

Side 

Side 

(1) 

Scaling 

centre



into three subdomains, as illustrated in Figure 10b.  This permits a scaling centre to be 

positioned at the point at which the vertical stress is discontinuous, that is at the edge of 

the flexible bearing plate, along with two of the boundary points at which sharp corners 

are present.  The flexible bearing plate is modelled as a side-face with prescribed 

traction boundary conditions.  Other side-faces are used to allow traction free 

boundaries to be modelled with minimal error.  Since no exact solution is available with 

which to compare the approximate solutions, a solution obtained with a mesh 

constructed by subdividing the initial mesh and using elements of order 10 is employed 

as an ‘exact’ solution.  Equation 15 is then used to determine the error in each case.  

Convergence of the solution is shown in Figure 11.  Since the two methods of 

increasing the polynomial order of the scaled boundary finite elements lead to the same 

final answers (in the absence of numerical error), only a single convergence curve is 

plotted for p-refinement.  For comparison, convergence curves for h-refinement using 

both linear and quadratic elements are provided.  Even in this rather complex problem, 

excellent convergence is obtained by using p-refinement. 

 

p 

2a 

3a 

a) b) 

6a 
 

Figure 10 a) Layout for flexible bearing block; b) Initial scaled boundary finite element mesh with scaling 

centres of three subdomains. 
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Figure 11.  Convergence of flexible block solution with various refinement methods. 

4.6 Conclusion 

This chapter has addressed the use of higher-order shape functions in the scaled 

boundary finite element method.  Two approaches were examined.  In the spectral 

element approach, as the order of the element is increased, all shape functions within 

the element increase in order.  Lagrange shape functions were used, and these were 

found to lead to better condition numbers for the block diagonals of [E0] relating to the 

internal degree of freedom when the internal nodes were located at the Gauss-Lobatto 

quadrature points rather than at equal spacing.  In the hierarchical approach, as the order 

of an element is increased, an additional shape function of the new order is added to the 

element, but the existing shape functions remain as they were (at lower order).  

Hierarchical polynomials based on the higher-order derivatives at the centre of the 

element were found to lead to poor condition numbers at higher orders, while Lobatto 

polynomial shape functions generated better condition numbers for the block diagonals 

of [E0], although not as good as the spectral element approach.  However, both 

approaches generated the same final results when numerical error was avoided.  In 

comparison with h-refinement using conventional linear and quadratic scaled boundary 

finite elements, p-refinement was shown to produce a significantly higher rate of 

convergence.  Since the major cost of the scaled boundary finite element method is the 

cost of solving the quadratic eigenvalue problem, the small additional cost of employing 

higher-order elements is more than offset by this rapid convergence. 
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Appendix 4-1: Gauss-Lobatto Quadrature points 

This appendix follows Vu and Deeks (2006). 

For a one-dimensional element of order p with local coordinate η ranging from −1 to 1, 

the p+1 Gauss-Lobatto quadrature points are the roots of the polynomial (1−η)2 Lp′(η), 

where Lp(η) is the Legendre polynomial of order p (equation (6)) and the prime 

indicates differentiation with respect to η.  The values of these points are listed in Table 

A1 for elements up to order 10. 

 

p Gauss-Lobatto quadrature points 

1 ± 1      

2 ± 1 0     

3 ± 1 

± 

0.44721360     

4 ± 1 

± 

0.65465367 0    

5 ± 1 

± 

0.76505532

± 

0.28523152    

6 ± 1 

± 

0.83022390

± 

0.46884879 0   

7 ± 1 

± 

0.87174015

± 

0.59170018

± 

0.20929922   

8 ± 1 

± 

0.89975800

± 

0.67718628

± 

0.36311746 0  

9 ± 1 

± 

0.91953391

± 

0.73877387

± 

0.47792495

± 

0.16527896  

10 ± 1 

± 

0.93400143

± 

0.78448347

± 

0.56523533

± 

0.29575814 0 

 

Table 4-1:  Gauss-Lobatto quadrature points for elements up to polynomial order 10. 
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Appendix 4-2: Lobatto polynomials 

This appendix follows Vu and Deeks (2006). 

The Lobatto polynomials are defined.  In explicit form the first 11 resulting shape 

functions are 

N0 = 1/2 (1−η) 

N1 = 1/2 (1+ η) 

N2 = N0 N1 ( )−2 3/2   

N3 = N0 N1 ( )−2 5/2 η   

N4 = N0 N1 ( )−1/2 7/2 (5η2 − 1)   

N5 = N0 N1 ( )−1/2 9/2 (7η2 − 3) η   

N6 = N0 N1 ( )−1/4 11/2 (21η4 − 14η2 + 1)   

N7 = N0 N1 ( )−1/4 13/2 (33η4 − 30η2 + 5) η   

N8 = N0 N1 ( )−1/32 15/2 (429η6 − 495η4 + 135η2 − 5)   

N9 = N0 N1 ( )−1/32 17/2 (715η6 − 1001η4 + 385η2 − 35) η   

N10 = N0 N1 ( )−1/64 19/2 (2431η8 − 4004η6 + 2002η4 − 308η2 + 7)   
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5 A p-hierarchical adaptive procedure for the scaled 

boundary finite element method 

Abstract 

The scaled boundary finite element method models the linear elastostatics problem 

excellently and out-performs the finite element method (FEM) when solving problems 

involving unbounded domains or stress singularities. In previous work, an effective h-

hierarchical adaptive procedure was derived. The systematic study of higher order 

elements presented in the preceding chapter recommended using Lobatto shape 

functions in p- and hp- refinement for the method. This chapter describes a p-

hierarchical adaptive procedure based on minimising the classical energy norm of the 

error for the scaled boundary finite element method. The reference solution, which is 

the solution of the fine mesh formed by uniformly refining the current mesh, is used to 

represent the unknown exact solution. The optimum mesh is assumed to be obtained 

when each element contributes equally to the global error. The refinement criteria to 

identify elements for refinement and the energy norm based error estimator are 

described and formulated for the scaled boundary finite element method. The effectivity 

index is derived and used to examine quality of the proposed error estimator. An 

algorithm for implementing the proposed p-hierarchical adaptive procedure is 

developed. Numerical studies are performed on various bounded domain and 

unbounded domain problems. The results reflect a number of key points. Higher order 

elements are shown to be highly efficient. The symmetric/anti-symmetric characteristic 

of the Lobatto shape functions causes a slight zigzag trend of the convergence curve. 

The effectivity index indicates that the proposed error estimator based on the classical 

energy norm works effectively and that the reference solution employed is a high 

quality approximation of the exact solution. The proposed p-hierarchical adaptive 

strategy works efficiently. 

Keywords: scaled boundary finite element method, hierarchical Lobatto shape 

functions, reference solutions, refinement criteria, error estimator, p-hierarchical 

adaptivity.  
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5.1 Introduction 

As explained previously, the scaled boundary finite element method can out-perform 

the finite element method, especially when solving problems involving an unbounded 

domain or stress singularities. However, the computational expense is a troublesome 

matter if the number of degrees of freedom becomes too large, since the method 

involves the solution of a quadratic eigenproblem. The preceding chapter demonstrated 

that faster convergence could be obtained by increasing the order of the shape functions 

in the scaled boundary finite element method than by reducing the size of the elements. 

Clearly an adaptive procedure has the potential to minimize the computational cost of a 

given solution. Effective adaptivity relies on high quality error estimation. A stress 

recovery procedure to obtain error estimation and an effective h-hierarchical adaptive 

procedure (Deeks and Wolf 2002c; 2002a) have been developed for the scaled boundary 

finite element method. However, this study used h-refinement and only used shape 

functions of polynomial order 2. 

An alternative choice is to use p-refinement rather than h-refinement. The work 

described in the previous chapter has shown that when the scaled boundary finite 

element method is employed for continuum problems, use of higher order elements 

(p>2, where p represents the polynomial order of the shape functions) for this method 

incurs less extra computational expense than for the FEM due to the fact that the scaled 

boundary finite element method always discretises one spatial dimension less to model 

the same problem. Two approaches were examined: the spectral element approach with 

Lagrange shape functions interpolating for an increasing number of internal nodes, and 

a p-hierarchical approach where polynomial shape functions forming a hierarchical 

basis are employed to add new degrees of freedom into the domain without changing 

the existing ones. For each approach, different types of polynomial shape functions 

were discussed and compared. The study recommended using Lobatto hierarchical 

shape functions for p-adaptivity and hp-adaptivity and demonstrated that the scaled 

boundary finite-element method converged significantly faster under p-refinement than 

under h-refinement.  The goal of this chapter is to formulate a p-adaptive scheme for the 

scaled boundary finite element method to take advantage of this property. 

A p-hierarchical adaptive procedure based on the classical energy norm of the error in 

the solution is investigated in this chapter. Convergence of the whole field solution is 
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examined via an error estimator for the global energy norm, which is similar to the 

recovery-based error estimator formulated by Deeks and Wolf (2002c). The difference 

is that rather than employing a stress recovery procedure to obtain a “better” 

approximation to the exact stress field, the concept of reference solution is used to 

represent the unknown exact solution. For p-adaptivity, the coarse mesh is uniformly 

refined by increasing the shape function order by one with no spatial refinement 

(Demkowicz, Rachowicz et al. 2002; Solin, Segeth et al. 2004). The solution resulting 

from the refined model is termed the reference solution, which is significantly better 

than the solution computed in the current coarse mesh. In comparison to the recovery-

based error estimator, the advantage comes from the fact that by introducing the 

reference solution, the adaptivity no longer requires a stress recovery procedure to 

approximate the exact stress field.  Such recovery procedures work well for shape 

functions of low order but not for shape functions of higher order. 

The Lobatto hierarchical shape functions are employed to construct a domain of high 

order elements for the problem. The error in the solution is minimized through 

automatic mesh refinement, which is driven by a set of refinement criteria enforced on 

all elements in the mesh. The solution space is adaptively expanded to approximate the 

solution more accurately. The optimum mesh is assumed to be obtained when each 

element contributes equally to the global error (Babuska and Rheinboldt 1978; Deeks 

and Wolf 2002a). In each iteration, the specified tolerance is checked. If it is satisfied, 

the adaptive procedure stops. Otherwise, the refinement criteria are used to continue 

refining the mesh to prepare it for the next adaptive step.  Although the reference 

solution is more accurate than the solution on the optimal mesh, the optimal mesh is 

used to advance the adaptivity, since to proceed using the reference solution would 

simply result in uniform refinement. The procedure can be seen as taking one step 

forward then half a step back in order to proceed in the optimal refinement direction.   

To check the accuracy and efficiency of the proposed procedure, a plane strain problem 

for which an exact solution is available is employed. The effectivity index to assess 

quality of the error estimator is produced. To demonstrate the effectiveness of the 

proposed procedures, examples with unknown exact solution are also presented. Using 

the approximate discretisation error rather than using the true error as the error 

estimator can produce a zigzag convergence rather than a smooth monotonic curve. In 

high order elements constructed with Lobatto shape functions, this zigzag is
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also due to incremental increase in the order of the shape functions. The Lobatto shape 

function is symmetric when of even order and anti-symmetric when of odd order. 

Consequently adding symmetric degrees of freedom does not decrease the discrete error 

of a solution which is predominantly anti-symmetric as much as an anti-symmetric 

degree of freedom, and vice versa. Numerical studies illustrate this feature of the 

Lobatto shape functions.  

5.2 Error estimation using a reference solution 

When a problem has no known exact solution, which is generally the case for practical 

engineering problems, the error of the solution cannot be computed directly. Instead, a 

“better” approximation needs to be derived and used in place of the exact solution to 

approximate the error. In previous work, Deeks and Wolf (2002c; 2002a) conducted a 

brief review of the stress recovery procedures for the FEM. They chose to consider only 

recovery-based estimators and applied the superconvergent patch recovery technique, 

which was developed by Zienkiewicz and Zhu (1992a; 1992b), to recover the nodal 

stresses on the scaled boundary. This technique is based on the fact that there are 

“superconvergent points” in each element where the stresses converge at a similar rate 

to the displacement field. It has been shown that these points are located at the Gauss 

points (Zienkiewicz and Zhu 1992a). Consequently, by using the stresses at the Gauss 

points to recover the nodal stresses, and then, using the shape functions to interpolate 

these nodal stresses to recover the whole stress field, the superconvergence feature of 

the stresses at Gauss points is extended, leading to a complete superconvergent stress 

field. The differences between the raw field and the recovered field then indicate the 

amount of error existing in the current coarse mesh and form a reliable error estimator  

(Boroomand and Zienkiewicz 1999; Zienkiewicz, Boroomand et al. 1999) to drive the 

adaptivity.  

Unfortunately the same technique does not work so well for p-adaptivity. The patch 

recovery technique works by producing a smooth version of the raw stress field. For 

low order elements the derivative quantities are generally discontinuous across the 

element boundaries. A recovery procedure works on the assumption that the true stress 

field is actually smooth, and therefore the smoothed version is a better approximation 

than the raw one. The nature of h-adaptivity is such that the error measure automatically 

localizes as the mesh becomes finer. However, when using p-adaptivity, the elements 

are generally larger and the stress field within each element is smooth. The size of the 



patches for patch recovery do not change. Any recovery technique is likely to over-

smooth the actual solution, as stress concentrations may occur completely within a 

single element. 

Using the concept of a reference solution (Demkowicz, Rachowicz et al. 2002) 

eliminates the need for a stress recovery procedure, and can consequently lead to more 

robust algorithms for p-adaptivity.      

In order to act as a “better” approximation of the exact solution, the reference solution 

)},({ suref ξ  needs to be significantly closer to the exact solution )},({ su ξ  and of at least 

one order of accuracy better than the coarse mesh solution. For this study, )},({ suref ξ  is 

constructed using the method proposed by (Demkowicz, Rachowicz et al. 2002). In the 

case of p-adaptivity, the order of approximation p in each element of the current coarse 

mesh is uniformly increased by one order to ( )1+p  to yield a fine mesh. The reference 

solution is simply the solution )},({ su fine ξ  on the fine mesh. 

For 2D elastostatic problems, the scaled boundary finite element method is capable of 

giving a good approximation for the basic variable with a comparatively coarse mesh. 

Consequently, error indicators based on minimizing the error for the displacement field 

are generally not very efficient. Since the stress field { }),( sξσ  is often the quantity of 

interest in elastostatic problems, an error estimator based on the error in the stress field 

is chosen. The error of the current coarse mesh is computed as the energy norm of the 

difference between the fine mesh stress field { }),( sfine ξσ  and the coarse mesh stress 

field { ),( scoarse }ξσ . Referring to Equation 3.43, the point-wise stresses in the fine mesh 

are recovered by 

{ } [ ] [ ] [ ][ ]{∑ −− +−=
fine

ifine

n

ifinefinefineifineifinefine sBsBcDs ,
21

,
1

, )()(),( , φλξξσ λ }
=i 1

] }
i 1

   (1a) 

and those for the coarse mesh are recovered by 

{ } [ ] [ ] [ ][ {∑
=

−− +−=
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icoarse

n

icoarsecoarsecoarseicoarseicoarsecoarse sBsBcDs ,
21

,
1
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In the equations,  and  are the total DOFs appearing in the fine mesh and 

coarse mesh respectively. When the fine mesh is constructed by uniformly refining the 

coarse mesh by one order as detailed above,  is related to  by the equation  

finen coarsen

finen coarsen

nelnn coarsefine ×+= 2          (2) 

where  is number of elements in the mesh, and the 2 comes from the two degrees of 

freedom in the two-dimensional situation, displacement in the x direction and 

displacement in the y direction. 

nel

The energy norm of the stress field over a finite volume V represents a weighted root-

mean-square of the stresses, and is defined as 

{ } { } { } { } { }
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1
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⎠
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with  

dsdJdV ξξ=          (4) 

Hence, if the approximation of the point-wise stress error is defined as 

{ } { } { } { ),(),(),(),( * sssese coarsefine ξσξσξξ σσ −=≈ }     (5) 

the energy norm of the discretization error in the stress field is 

{ } { } { }
2

1

1 ),(][),(),( ⎟⎟
⎠

⎞
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⎝

⎛
= ∫ ∗−∗∗

V
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V
dVseDsese ξξξ σσσ

      (6) 

The error estimator is calculated as 

%100
)},({

)},({ *

×=∗

Vfine

V

s

se

ξσ

ξ
η

σ         (7) 

This error estimator is used to drive the adaptivity. If an error tolerance tol (0< tol <1) is 

specified, the adaptive procedure should refine the solution until the computed error 

estimator ∗η  is equal to or less than the target error, i.e. .  %100×≤∗ tolη
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5.3 Formulating the error estimator and refinement criteria to drive the 
p-adaptivity 

Having outlined the contribution of a reference solution in estimating the error of the 

approximated stress field, attention is now turned to formulating an error estimator and 

refinement criteria suitable to drive the p-adaptivity.  

5.3.1 Error estimator 

In each iteration of the adaptive process, the energy norm of the discrete difference 

between the stress fields of coarse mesh and fine mesh is computed. The relative energy 

norm in percentage terms (Eq. 7) is then formed to act as the robust error estimator. If it 

is less than the specified tolerance, the adaptive process will stop. Otherwise, the 

refinement criteria, which are detailed in the next section, are used to continue refining 

the mesh to prepare it for the next adaptive step.       

Considering Equation 1, { }),( sfine ξσ  and { }),( scoarse ξσ  share no common radial terms. 

Consequently, in order to integrate analytically in the radial direction, it is necessary to 

multiply out the terms inside the integral and express it as the summation of four sub-

integrals in the form 

( ){ } ( ){ } ( ){ }{ } [ ] ( ){ } ( ){ }{ }
2

1

1* ,,,,, ⎟⎟
⎠

⎞
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⎝

⎛
−−= ∫ − dVssDssse coarsefine

V

T
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        ( ) 2
1
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where 

1e =          (9a)  { } [ ] {∫ −

V
fine

T

fine dVsDs ),(),( 1 ξσξσ }

}

}

}

2e =       (9b)  { } [ ] {∫ −

V
coarse

T

fine dVsDs ),(),( 1 ξσξσ

=3e { } [ ] {∫ −

V
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T
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T
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Each of these four sub-integrals can be evaluated analytically in a similar way to that 

described by Deeks and Wolf (2002c) for calculating the energy norm of the difference 

between the raw stress field and the recovered stress field. The term  is computed 

solely from the fine mesh solution, while  is computed solely from the coarse mesh 

solution. However,  and  are equal and they include both the fine and coarse mesh 

solutions. The form of  is therefore more general and is detailed here. The other 

terms are calculated in like manner.  

1e

4e

2e 3e
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Substituting Equations 1a, 1b and 4 into Equation 9b, and multiplying out the terms, e2 

becomes   
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where  
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Integrating e2 partially in the radial direction,  
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The integration limits are substituted in to evaluate the radial integral term. The limits 

are either 00 =ξ  and 11 =ξ  for bounded domains or 10 =ξ  and ∞=1ξ  for unbounded 

domains. The real parts of λ  are all non-positive and all non-negative respectively. 

Hence, the radial integral equals  

 64 



jcoarseifinejcoarseifine

jcoarseifine

,,,,

11
1

,,

λλ
ξ

λλ

ξ

ξ

λλ

+
=⎥

⎦

⎤
⎢
⎣

⎡

−−
−− m

0

     (13) 

The upper and lower signs correspond to the bounded and unbounded domains 

respectively.  

During the calculation, the rigid body modes and modes for restrained side faces, which 

have eigenvalues 0=iλ , are left out. The boundary stresses for these modes are zero at 

all points, and therefore they do not contribute terms into the summation. This assures 

that the denominator in Equation 13 is always different from zero. Consequently, e2 can 

be expressed in the form 
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Employing the same procedure to evaluate the other integrals, ,  and  are then 

recovered by the equations  
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The energy norm for the stress field in the fine mesh 
Vfine s),(ξσ is equal to e1 when it 

is evaluated over the domain. Consequently, all terms in Equation 7 are known and the 

error estimator can be computed to drive the adaptivity.   
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5.3.2 Refinement criteria  

At this stage of the study, the refinement strategy follows closely that described in 

Deeks and Wolf (2002a) for an h-hierarchical adaptivity, with the necessary 

adjustments made to permit use of the reference solution in place of the solution 

recovered using the superconvergent patch recovery technique.  

The energy norm of the total error in stress field (Eq. 8) can be expressed as a 

summation of error contributions from all nel  elements in the domain 
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In this equation, ( ){ }
ielV

se ,* ξσ  is integrated normally by applying Equation 8 over the 

region modeled by element . iel

All elements which have error contributions larger than the average error are identified 

using the test 
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,
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A single refinement strategy (Demkowicz, Rachowicz et al. 2002; Solin, Segeth et al. 

2004) is adopted, in which the order of polynomial approximation in each element 

identified by Equation 17 is increased by one order only. In 2D problems with multiple 

domains, a rule is also enforced to set any common element’s order to the maximum of 

the orders required by the two adjacent subdomains.  

Based on this refinement strategy, a simple algorithm for computer implementation can 

be described by the following logic: 

Input  , , initial coarse mesh  tol 1=k k
coarseMesh

Solve for the stresses  k
coarseσ

Uniformly refine  to construct the fine mesh .  k
coarseMesh k

fineMesh

Solve for the stresses .  k
fineσ
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Compute the error estimator  k*η

If     %100×≤∗ tolkη

then  Stop 

elseif    %100* ×> tolkη

then  Determine elements for refinement. Store information in  karray

Read  and refine listed elements.  karray

Store the new optimal coarse mesh, set 1+= kk     

endif 

Go to line 2 

5.3.3 Effectivity index 

The quality of the error estimator can be measured by a parameter called the effectivity 

index. This is defined as the ratio of the error estimate and its corresponding exact error 

(Zienkiewicz and Zhu 1987). This definition is independent of the measure of error, and 

may be equally as well applied to a global error estimator or a local error estimator.  

When an analytical solution is available, the exact error in the numerical solutions may 

be determined. The error can be computed with respect to the solution at any point in 

the domain, or with respect to a region of the solution domain using the energy norm. 

In the case of a point-wise solution, the error estimate for the solution   in the 

coarse mesh equals to  

coarsesol

pt
coarse

pt
finept solsol −=*η         (18) 

The exact solution can be used in the place of the reference solution of the fine mesh to 

produce the exact error in the computed solution as 

pt
coarse

pt
exactpt solsol −=η         (19) 

The effectivity index for the point-wise error estimator ptθ  is a dimensionless value 

which is defined by the ratio 

pt

pt
pt η

η
θ

*

=           (20) 
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With this definition, a value of unity indicates a perfect match of the error estimator and 

the exact error. In the other words, convergence to unity shows that the error estimator 

is effective and reliable, and the faster the index converges to unity, the higher quality 

the error estimator is.  
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The point-wise error in the solution varies over the solution field. It is of interest in the 

general case to be able to examine the quality of the error estimator with respect to the 

accuracy of the solution over the solution domain. The effectivity index is formulated in 

a similar manner to that for point-wise error estimation with appropriate adjustments. 

The point-wise error is replaced by the corresponding global energy norm of the 

relevant stress error. The energy norm of the discretization error in the stress field 

( ){
V

se ,* ξσ  is presented previously in this chapter (Eq. 8). The energy norm of the 

exact error in the stress field is computed by replacing the fine mesh stresses with the 

exact stresses. Hence, when associated with the solution accuracy over a finite volume 

the effectivity index becomes  
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ξ
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σ

σ
=          (21) 

5.4 Numerical studies 

5.4.1 Quality of the higher order element solution  

The example introduced in Chapter 4 is employed again, since the exact solution is 

available. It is the plane strain plate of infinite extent containing a circular hole of unit 

radius and subjected to a unit uniaxial tensile stress (Fig. 1). Due to symmetry, only one 

quadrant of the problem needs to be modeled. A single high order element is used to 

model the circular arc. The two truncated boundaries are modeled by side faces with 

appropriate restraints to account for the compatibility between this quadrant and the 

remaining domain. This way of modelling allows this problem of infinite extent to be 

solved while taking advantage of the analytical nature of the scaled boundary finite 

element method in the radial directionξ . A target tolerance of 01.0=tol  is used. 



Uniaxial 

1

1 
Scaling Side face 

Uniaxial 

Side face 

B

A

 

Figure 1: A plane strain plate of infinite extent with circular hole of unit radius, loaded by unit uniaxial 

stress 

The higher order element produces very smooth stress contours. Contours of the normal 

stress in xx direction and the normal stress in yy direction obtained in each iteration up 

to the polynomial order  are presented in Figure 2. The mapping functions  

and  (Eqs. 3.8a, 3.8b) are taken as the first 

6=p )(sxs

)(sys p terms in the Taylor series for θsin  

and θcos  respectively. The plots reflect what is expected in that the solution is 

approximated better with increasing element order. The stress field with respect to the 

highest order of  is most accurate, and its contours closely coincide with the 

contours of the exact stress field.  

6=p
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Figure 2: Contour plots for normal stress in xx and yy direction for p=2 to p=6 for the plane strain infinite 

plate with a circular hole subjected to uniaxial tensile stress.  

Point-wise error in the solution is now examined. For convenience, convergence of the 

normal stress in xx direction at point B is considered. This location is chosen as it is the 

local maxima of the corresponding stress. Using formulae given in chapter 4, the exact 

stress is computed as 3 times the applied stress, taken here to have unit value. The 

solution is described in the Cartesian coordinate system and in dimensionless terms. 

The stress magnitude is plotted against the number of degrees of freedom in Figure 3. It 

can be observed that the point-wise stress, which is function of the first derivative of the 

basic variable, is approximated with remarkable accuracy using higher order element.  

From a low at order , the recovered stress  deviates from the exact solution by 

comparatively small amounts. It is noted that introducing a further shape function of 

odd polynomial order (i.e. when p is 3 or 5) reduces the true point-wise error more than 

introducing an even order shape function. For this specific location, the anti-symmetric 

odd order Lobatto shape functions contribute more to the solution than the symmetric 

even order Lobatto shape functions.   

3=p B
xxσ
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Figure 3: Accuracy of point-wise solution for the plane strain infinite plate with a circular hole subjected 

to uniaxial tensile stress.  

5.4.2 Quality of the error estimator 

Employing the same example, the exact solution may be used to demonstrate the 

effectiveness of the new error estimator.  

The estimates of the global energy norm of the stress error (%)*η  obtained by using the 

fine solution as the reference solution during uniform p-refinement (which is the same 

sequence obtained by adaptively refining the mesh by the proposed p-adaptive strategy 

in this case, as the domain is modelled with one element) are plotted in Figure 4 against 

the number of DOFs. After five iterations, (%)*η  rapidly decreases from 35.47% to 

0.12%  at a modest number of 14 degrees of freedom. The plot indicates an excellent 

convergence rate is obtained for this example. 

 

Figure 4: Convergence of the estimated error for the plane strain infinite plate with a circular hole 

subjected to uniaxial tensile stress.  
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With an analytical solution available, the exact stresses can be used in the place of the 

reference solution to produce the true errors for the approximated stresses. The 

numerator and the denominator of Equation 21, which are the estimated error and the 

actual error in global energy norm respectively, can then be recovered. The effectivity 

index is then computed from Equation 21, and is plotted in Figure 5 against number of 

DOF in the coarse solution. The faster the plot converges to value of 1, the better the 

quality of the error estimator. The remarkable convergence rate in Figure 5 indicates a 

high quality error estimator is formed by employing the reference solution.  

 

Figure 5: Effectivity index for the error estimator in global energy norm for the plane strain infinite plate 

with a circular hole subjected to uniaxial tensile stress.  
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5.4.3 Performance of the proposed p-adaptive strategy in solving problems without an 
exact solution 

In the first example, the reference solution is shown to be a good approximation of the 

exact solution for the purposes of error estimation. The proposed error estimator based 

on the classical energy norm and the reference solution is shown to work effectively. 

The next step is to evaluate the performance of the proposed p-adaptive strategy in 

terms of its efficiency. 

The problem of a plane stress square plate with a square hole under uniaxial tension is 

considered. The problem is illustrated in Figure 6. This is a popular benchmark example 

used to examine the performance of adaptive strategies in the finite element method. It 

has also been employed regularly in work done so far on adaptivity using the scaled 

boundary finite element method. Due to the symmetry, only one quarter of the problem 

is modeled as a single bounded domain. The scaling centre is located at the inside 

corner, where a corner singularity appears. The boundary is modeled by four elements, 

which are numbered anticlockwise starting from the top left, and two side faces. Data is 

specified in N and mm. The material constants are Young’s modulus 

, Poisson’s ratio 2250000 −= mmNE 3.0=ν . The target accuracy is tol = 0.01.  

20
00

 

1000 

a. b. 

Uniaxal 

 

Figure 6: Model for a problem of a plane stress square plate with a square hole under uniaxial tension 

Convergence of the error estimator is plotted against the number of DOFs in the mesh 

(Fig. 7). The very steep slope indicates a remarkable rate of convergence.  

 74 



 

Figure 7: Error estimates for uniform refinement and p-adaptive refinement for a plane stress square plate 

with a square hole under uniaxial tension.  

When solving this example using the scaled boundary finite element method, the corner 

singularity is modeled exactly by the scaling centre. The stress field is smooth in the 

circumferential direction. The error is low and spread quite evenly over the domain. 

This model illustrates the advantage of using the scaled boundary finite element method 

in solving problems involving stress singularities, but it is not an ideal problem for 

illustrating the adaptivity in the scaled boundary finite element method as there is no 

specific region of significant higher error in the domain for the adaptivity to work on. 

As a result, the adaptivity and the uniform refinement give similar rates for convergence 

in Figure 7. The adaptive procedure is slightly more efficient than a uniform refinement 

procedure at the end of the refinement process.  

5.4.4 Further example 

In the final example, a problem subjected to a patch load is considered. The load 

discontinuity creates a region with higher error concentration about it. This region will 

attract refinement when the mesh is optimized by the adaptive procedure. Consequently, 

the example is expected to show that the adaptive procedure out-performs uniform 

refinement in terms of computational efficiency. 

The example is a plane strain square plate under a vertical patch load on the top edge. It 

is modeled as a single bounded domain with two partially restrained side faces and eight 

high order elements equally spaced on the boundary. The scaling centre is located at the 

bottom left corner. The elements are numbered counter clockwise. Data is specified in 

N and mm. The material constants are Young’s modulus E = 250 000 N mm-2 and 
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Poisson’s ratio 3.0=ν . The target accuracy is tol = 0.01. The patch load is uniform and 

of magnitude -1 N/mm. The problem is illustrated in Figure 8. 

 

Side face 

1000 

Scaling  

Side face 

1000 

250 

Figure 8: Model of a plane strain square plate subjected to vertical patch load along its top edge 

The adaptive procedure is applied to reduce the error in solution by refining the mesh 

Convergence of the error estimates from the uniform refinement is also presented in the 

same graph for comparison. A much steeper slope for the case of adaptivity indicates its 

significantly higher rate of convergence to the exact solution. For a same number of 

DOFs, it is evident that adaptively. The adaptive error estimates are plotted against the 

number of DOFs in Figure 9. the adaptive approach can attain a much higher level of 

accuracy compared with using the uniform refinement 

 

Figure 9: Error estimates for uniform refinement and p-adaptive refinement for a plane strain square plate 

subjected to a vertical patch load.  
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The quality of the solution is significantly improved through the adaptivity. In Figure 9, 

this is illustrated by the rapid decrease of the error estimate. In the following Figure 10, 

this is confirmed graphically. The displacement field and normal stress field in the y 

direction of the refined mesh are plotted for each step of the adaptive procedure.  

Convergence of the solution is graphically demonstrated. For 2D elastostatics problems, 

the scaled boundary finite element method is capable of giving a good approximation 

for the displacement using a comparatively coarse mesh. The plot of the displacement 

field recovered from the refined mesh for the first iteration closely reflects the 

displacement field recovered in subsequent iterations. As can be seen from Figure 10, 

the displacement field approximated for the first refinement  is 

visually similar to the displacement field approximated for the last refinement 

.  

]2;2;2;2;2;2;2;2[=p

]6;6;4;3;2;2;2;2[=p

The solution improvement is observed more clearly in the stress field. The vertical 

normal stress contours gradually become smoother and more accurate after each 

refinement. The contour lines near the stress discontinuity on the top edge tend to bunch 

closer together after each iteration. Graphically, the stress contour for the stress field 

recovered from the last refinement is significantly improved, compared with that from 

the first refinement. Clearly the p-adaptive procedure developed has enhanced the 

effectiveness of the scaled boundary finite element method. 
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 a. Scaled displacement field   b. Vertical normal stress field 
 
 
Figure 10: Adaptive solution for the plane strain square plate with a stress discontinuity appearing on the 
top edge. a. Scaled displacement field. b. Vertical normal stress field 

 

5.5 Conclusion 

In order to implement p-adaptivity for the scaled boundary finite element method, this 

chapter developed a global energy norm error estimator based on the concept of a 

reference solution. The motivation behind this was that the type of recovery based error 

estimators commonly used in h-adaptivity do not work well for p-adaptivity, as they 

over-smooth the solution when the element size is large. 

This chapter used a fine mesh obtained by uniformly refining the current mesh by one 

order as the reference solution. An error estimator was then formed by calculating the 

energy norm of the difference between the current course mesh and the reference 

solution. The performance of this estimator was studied by examining the effectivity 

index. Rapid convergence of the effectivity index to unity indicated that the estimator 

was of high quality. 

Following development of the error estimator a p-adaptive strategy was adopted in 

which it was assumed that the optimum mesh was the one in which all elements 

contributed equally to the energy norm of the error. Implementation of this strategy and 

application to three example problems indicated that a significant increase in 

computational efficiency over uniform refinement could be obtained. 
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6 Projection-based interpolation for p-hierarchical 

adaptivity in the scaled boundary finite element method 

Abstract 

This chapter investigates the possibility of using a projection-based interpolation 

technique in the two-dimensional elastostatics scaled boundary finite element method. 

Two different approaches for recovering the projection-based solutions are studied. The 

first one is based on a finite element approach, while the second one is based on the 

formulation of the scaled boundary finite element method only. The chapter develops 

new refinement criteria, which are based on the steepest descent method and the 

projection-based interpolation technique, to drive automatic mesh optimization for the 

conventional energy norm based p-hierarchical adaptive strategy presented in chapter 5. 

Examples are provided to illustrate the accuracy and efficiency of the proposed adaptive 

procedure. Problems involving stress singularities and discontinuities are presented. The 

procedure converges at a remarkable rate.  

Keywords: The scaled boundary finite element method, hierarchical Lobatto shape 

functions, reference solutions, projection-based interpolation, refinement criteria, 

automatic mesh optimization, p-hierarchical adaptivity.  

6.1 Introduction 

In chapter 5, an efficient p-hierarchical adaptive procedure based on the classical energy 

norm has been proposed for the scaled boundary finite element method. The procedure 

uses the reference solution (Demkowicz, Rachowicz et al. 2002) to represent the 

unknown exact solution in constructing the error estimator. The refinement criteria used 

to identify elements for refining and the error estimator for driving the adaptive 

procedure were described and fully formulated for the scaled boundary finite element 

method. Following the idea presented by Babuska and Rheinboldt (1978) that the 

optimum mesh is one in which each element contributes equally to the global error, the 

refinement criteria identifies all the elements which contribute more to the energy norm 

of the error than the product of the specified tolerance and the average energy norm of 

the solution.  
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In this chapter, an alternative set of refinement criteria is investigated. The starting point 

of this approach comes from the interpretation of adaptive mesh optimization as a 

discrete steepest descent method. The steepest descent method is a technique for 

locating the nearest local minimum of a function iteratively by starting from an arbitrary 

point in the variable space and moving in small steps in the direction of maximum 

gradient of the function (Grana Drummond and Svaiter 2005; Weisstein 2006a). In the 

adaptive finite element technique, the target is to maximise the solution accuracy while 

minimising the cost. Following the idea of the steepest descent method, starting from an 

initial mesh a sequence of meshes is generated where the next refined mesh in the 

sequence is achieved by maximizing the decrease rate of the error in the solution for the 

current mesh, where rate of error decrease is measured with respect to the number of 

degrees of freedom (on the assumption that solution cost is proportional to the number 

of degrees of freedom).  

Automatic mesh optimization and hp-adaptivity based on reference solutions and the 

projection-based interpolation technique (Demkowicz, Rachowicz et al. 2002; Solin, 

Segeth et al. 2004) is an efficient procedure which adopts this approach. This technique 

is formulated to minimise the error in the derivative of the basic variable, i.e. the 

derivative of displacement in elastostatic problems. In this study of the two-dimensional 

scaled boundary finite element method, this technique is employed for p-adaptivity and 

partially modified in order to formulate equivalent refinement criteria based on the 

stress field, which is actually the combination of weighted derivatives of the 

displacement.  

To construct the reference solution, the current mesh is uniformly refined in shape 

function order by one with no spatial refinement. The solution resulting from this 

refined model is termed the reference solution, and has proved to be a high quality 

approximation of the exact solution (chapter 5). The error decrease rates are constructed 

by ‘projecting’ the reference solution onto the coarse mesh and comparing the projected 

solution with the reference solution. To do this, a projection-based interpolation 

technique is employed within each element.  The elements to be refined are selected by 

sorting the elements based on the contribution of the element to the projected error 

decrease and the estimated error magnitude. These error quantities are formulated in 

terms of the simple L2 norm. Incorporating this procedure appropriately into an 
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automatic mesh refinement procedure, the adaptive strategy is then capable of solving 

problems efficiently. 

In the finite element method, the reference solution and the projection-based 

interpolation technique have been adopted widely by various researchers to formulate 

refinement criteria and error estimator in the adaptivity process for various h- , p-, and 

hp- adaptive versions (Rachowicz, Oden et al. 1989; Babuska, Strouboulis et al. 1997; 

Demkowicz, Rachowicz et al. 2002; Solin, Segeth et al. 2004; Pardo and Demkowicz 

2006). Attempts have been made to quantify the error in quantities of interest such as 

the average value of the solution over a specified subdomain or the point-wise quantity 

of interest to form goal-oriented approaches for each of these adaptivity types (Solin 

and Demkowicz 2004; Paszynski, Demkowicz et al. 2005; Pardo, Torres-Verdín et al. 

2006). Such procedures have been shown to work reliably for one and two dimensional 

elastostatics problems, and straightforward extension to three dimensional problems can 

be made (Rachowicz, Pardo et al. 2004). Goal-oriented adaptivity is discussed in detail 

in chapter 9. 

This chapter develops adaptivity for the scaled boundary finite element method using 

projection-based interpolation techniques to determine the error decrease rates. In the 

scaled boundary finite element method, the solution is obtained analytically along the 

radial direction, requiring no discretisation in this direction. The boundary is discretised 

into a coarse mesh of higher-order elements and the solution is refined each iteration by 

increasing the order of the polynomial basis for selected elements. To choose these 

elements, at each iteration the reference solution is computed. A strategy is developed 

which refines the solution by advancing an adaptive maximization of the projection-

based error decrease rate. This action can be interpreted as applying the steepest descent 

method. 

A study into the construction of projection-based interpolation with higher order 

hierarchical elements in the scaled boundary finite element method is undertaken here. 

A traditional finite element based approach is investigated. This is done at the element 

level, computing each element’s boundary modal projection-based displacements mode 

by mode by solving the discrete minimization problems. To recover the element 

projection-based displacement, the boundary modal solutions are weighted by the radial 

terms, and the element projection-based displacement field is recovered as a summation 

of the modal contributions. Two further approaches investigated are scaled boundary 
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finite element based. Each is developed from the relationship that the boundary nodal 

displacement vector is the product of the integration constant vector and the boundary 

modal displacement matrix. Rather than dealing with each single element, these 

approaches deal with the super elements or sub-domains. The projection is implemented 

on either the modal participation constants or the boundary modal displacement matrix.  

The examples in chapter 5 are employed again in this chapter. Problems without an 

analytical solution are presented, including a plane stress square plate with a square hole 

under uniaxial tensile stress and a plane strain square block subjected to a vertical patch 

load on its top edge. Performing the numerical study on these same examples allows 

comparison between performances of the two different hierarchical p-adaptive 

strategies to be made. The quality of the error estimator based on the reference solution 

was proved in chapter 5. Consequently, the main task of the numerical study presented 

in this chapter is to examine the efficiency of the new adaptive procedure based on 

projection-based interpolation.  

This chapter commences with an introduction to the development of the projection-

based interpolation technique in the one-dimensional finite element method. The theory 

is extended to two-dimensional elastostatics problems solved using the scaled boundary 

finite element method. For the first time, the projection-based interpolation method is 

developed in full for the scaled boundary finite element method. It extends the standard 

nodal interpolation to hierarchical higher order elements, and plays an important role in 

constructing the refinement criteria for adaptivity. Various approaches to obtaining the 

projection-based solutions are addressed. The refinement criteria, which aim to 

maximize the decrease rate of the projection-based error in the reference solution, are 

detailed. A strategy to incorporate all these concepts in an automatic mesh refinement 

procedure for energy norm based p-hierarchical adaptivity is developed. Examples are 

provided demonstrating the accuracy and efficiency of the proposed procedure. 

6.2 Projection-based interpolation in the one-dimensional finite element 
method  

As discussed above, mesh optimisation can be achieved by employing the steepest 

descent method, which is the basis of the adaptive mesh refinement procedure. In the 

steepest descent method, a minimum is found by iteratively adding the weighted 

gradient to the current value. It is obvious that the steeper the gradient, the faster the 



convergence to the minimum. When applied to this study, this suggests that minimizing 

the discrete error in the solution can be achieved efficiently by advancing an adaptive 

maximization of the discrete error decrease rate. The error decrease rate is maximised at 

each iteration by only refining those elements whose refinement will lead to a 

significant reduction in the discrete error, since this gives the greatest ‘return’ for the 

additional degrees of freedom. These elements can be identified as those with the 

highest contribution to the discrete error decrease, and this can act as the refinement 

criteria. Note that the optimal solution would be obtained this way if only the element 

with the highest contribution to the error decrease was refined at each step. However, 

the repeated calculations would make this approach inefficient, and so it is usual to 

refine a selected group of elements which each contribute highly to the error decrease. 

To comply with the literature the new refined mesh generated at each adaptive iteration 

will be referred to as the optimal mesh. It is optimal in the sense that it produces the 

maximum error decrease rate possible for the number of degrees of freedom added. 

In order to select the elements to refine, it is necessary to compute the error decrease 

caused by refining each element separately. Although the contribution of each element 

to the energy norm of the difference between the coarse solution and the fine solution 

could be used as a guide (as in chapter 5), there is interaction between the element 

refinements. Also, if the method is extended to hp-adaptivity, it is not possible to 

evaluate the effect of competing h and p refinements. By projecting a reference solution 

onto the coarse mesh and the fine mesh, the contributions of each element to the error 

decrease are isolated. Where competing refinements are being examined, the reference 

solution can be projected onto the possible refinements of a particular element, and the 

contribution of each refinement possibility to the error decrease computed. This allows 

a choice to be made between competing refinements.  

Projection-based interpolation is a technique for finding the optimal representation of a 

given function that can be obtained by a particular discretised model. It is used to 

project the reference solution onto meshes under consideration. The reference solution 

 is used to replace the exact solution , since in general there is no exact 

solution available for problems of practical interest. In the case of p-adaptivity it is 

convenient to use the solution of a fine mesh in which every element has been increased 

by one order as the reference solution, so  = . To compute the error 

)(xuref )(xu

)(xuref )(xu fine
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decrease, the first step is to compute the projection-based interpolant of the fine solution 

on the (current) coarse mesh . )(_ xu coarsefine

The projection-based interpolant  has two main properties:  )(_ xu coarsefine

Locality:  is computed element by element using values of function  

over the element . This permits the contribution of each element to the error decrease 

to be computed element by element also. 

)(_ xu coarsefine )(xu fine

iel

Optimality: The residual between the function  and the projection-based 

interpolant  is minimum in an appropriate norm 

)(xu fine

)(_ xu coarsefine iel
.  

In the construction and recovery of the projection-based interpolants, the 1H -seminorm 

is used. For an arbitrary function , this semi-norm is defined as the integral of the 

square of the function derivative over the defined interval   

)(xy

xl

∫=
l

xiel
dxxyxy 2

, ))(()(
x

        (1a) 

Using the 1H -seminorm, a constrained minimization problem can be set up to solve for 

the projection-based interpolant as 
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where u(x) represents the exact solution and uproject(x) is the projected solution. 

Formulating locally on each element and using  instead of the exact solution 

, a discrete minimization problem is obtained as  
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The minimization is established for each element in the coarse mesh and solved to 

recover the local projection-based interpolant )(_ ηcoarsefineu , which is the fine solution 

optimally projected onto the element. Note that for a linear element the projection is 

simply defined by the values of the fine solution at the end nodes. For higher order 

elements the degrees of freedom at the internal node (at η=0) are determined in order to 

minimise the integral in Equation 1c. Details are given in the next section. 

The error decrease generated by refining any particular element iel  is  

( ) ( )
( ) ( )
( ) 2

_

22

_

22

_

ielcoarsefinefine

ielfinefineielcoarsefinefine

ielfineielcoarsefineiel

uu

uuuu

uuuuerr

−≅

−−−≅

−−−=Δ

      (2) 

Here the H1-seminorm is used. The first line of this equation calculates the norm of the 

true error between the exact solution and the fine solution projected to the coarse 

element, and subtracts the norm of the true error in the fine mesh present over the area 

of the coarse mesh. This gives the error decrease resulting when element iel is refined. 

However, the exact solution is not available, so in the second line it is approximated by 

the fine (reference) solution. This causes the last term to become zero, leading to the 

simplified expression on the final line. 

The refinement criteria are introduced to decide which elements should be refined to 

form the optimal mesh to use in the next step of the adaptive procedure. The idea is to 

select the elements which yield significant contributions to the global error decrease. 

Clearly this depends on how many degrees of freedom are to be introduced into the 

optimal mesh. Conventionally those elements where 

max3
1 errerriel Δ>Δ          (3) 

are refined (Demkowicz, Rachowicz et al. 2002), where maxerrΔ  is the maximum 

element error decrease in the mesh. Recently, Solin, Segeth et al. (2004) proposed an 

extra refinement criteria to account for the actual magnitude of the projection-based 

error appearing in the coarse solution to identify elements of high error magnitude, 

namely   
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aveiel errerr 10>           (4) 

where  is the average element projection-based error magnitude. This criteria will 

only be activated when a mesh contains a few elements of very high error decrease, 

which will distort the criteria given by Equation 3, and may result in only a few 

elements being refined. 

aveerr

As will be explained later in this chapter, the optimal interpolant of the reference 

solution on the fine mesh is simply the fine mesh solution. Consequently, the error 

decrease  coincides with the error magnitude. As a result, the refinement criteria 

specified in Equation 4 can also be described as 

ielerrΔ

aveiel errerr Δ>Δ 10          (5) 

It is clear from the above discussion that the projection-based interpolation technique 

plays an essential role in formulating the refinement criteria to drive the automatic mesh 

refinement in an adaptive strategy based on a steepest descent approach.   

6.3 Recovery of the projection-based interpolant in the one-dimensional 
finite element method  

The detailed procedure to project the reference solution  onto the coarse mesh is 

briefly described here for the one-dimensional finite element method. As mentioned 

previously, the projection can be done element by element by solving the discrete 

minimization problem given in Equation 1c. Here a single element is treated, and the 

local element coordinate η is used to indicate this. 

fineu

The projection-based interpolant )(_ ηcoarsefineu  is constructed as a sum of vertex and 

bubble interpolants.  

)()()( ___ ηηη b
coarsefine

v
coarsefinecoarsefine uuu +=                       (6)  

The vertex interpolant  is a linear function matching the interpolant to the 

function 

)(_ ηv
coarsefineu

)(ηfineu  at the end points η = 1± .  

)1()()1()()( 10_ ++−= finefine
v

coarsefine uNuNu ηηη                            (7) 
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The bubble interpolant  is expressed in terms of the bubble 

functions

)(_ ηb
coarsefineu

)(ηkN , .  pk ,...,3,2=

=)(_ ηb
coarsefineu ∑

p

kkN )( αη
=k 2

                   (8)  

The projection-based solution is fitted to )(ηfineu  by minimizing the integrated square of 

the derivative of the residual  
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Differentiating the left hand side of Equation 9 subsequently with respect to each 

variable kα  and setting the equation to zero, solving the discrete minimization problem 

is then equivalent to solving the system of )1( −p  linear algebraic equations  
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Substituting Equations 7 and 8 into Equation 10, then multiplying out and moving the 

known terms to the right hand side, Equation 10 becomes 
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)Assembling the terms ( )( ηη ,kN  into a vector and rewriting Equation 11a in matrix form  
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Equation 11b is solved for the unknown vector{ }b
coarsefine _α . The computed coefficients 

 are substituted in Equation 8 to recover . The projection-based 

interpolant 

{ b
coarsefine _α } )(_ ηb

coarsefineu

)(_ ηcoarsefineu is recovered using Equation 6. This procedure has been used in 

previous work (e.g. (Demkowicz, Rachowicz et al. 2002; Solin, Segeth et al. 2004)). 

For the one-dimensional case, the use of Lobatto polynomials as shape functions can 

simplify significantly the solution of the discrete minimization problem. If the Lobatto 

shape functions are used, their derivatives are orthogonal Legendre polynomials, i.e. 

they always satisfy 
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Consequently, if [  is the identity matrix ]I
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where  denotes a column vector of zeros. Substituting Equations 13 & 14 into 

Equation 11b, the equation is reduced to  

{ }0

{ } [ ]{ }b
fine

b
coarsefine uI }0{_ =α          (15) 

Equation 15 shows that when the Lobatto shape functions are used for the one-

dimensional case, the optimal projection of reference solution { }b
fineu  from the fine mesh 

back to the coarse mesh can be obtained by simply dropping the associated thp )1( +  

degree of freedom. When projecting the solution from the fine mesh back to the fine 



mesh, applying a similar derivation, the optimal projection of solutions { } is 

simply the fine mesh solution 

b
finefineu _

{ }b
fineu   itself.  

6.4 Recovery of the projection-based interpolant for the two-
dimensional scaled boundary finite element method  

6.4.1 Finite element approach  

This section introduces the concept of projection-based interpolation into the two-

dimensional scaled boundary finite element method, employing the approach which is 

used for the one-dimensional finite element method. The method is extended to the two-

dimensional scaled boundary finite element method very simply, with appropriate 

adjustments introduced to account for differences between two methods. This is feasible 

due to the semi-analytical nature of the scaled boundary finite element method. In the 

scaled boundary finite element method, an analytical solution is produced along the 

radial direction, while only the boundary is discretised, and the numerical solution is 

approximated along the circumferential direction in a finite element sense. The number 

of spatial dimensions is hence reduced by one. As a result, solving two-dimensional 

elastostatics problems by the scaled boundary finite element method is equivalent to 

solving one-dimensional problems by the finite element method.  

The finite element method interpolates the actual (end nodes) and internal (higher order) 

nodal displacements to approximate the solution{ }),( yxu . In the scaled boundary finite 

element method the nodal displacements are computed on the boundary for each mode i 

and then stored as an  column in matrix thi ][Φ . The interpolation can be done 

separately to recover the modal displacements on the boundary for each mode i as 

[ ]{ }ii sNsu φ)()}({ =          (16) 

The solution{ }),( su ξ  can be re-described in terms of  rather than{)}({ sui })(ξiu . The 

equation to recover { }),( su ξ  in the basic formulation is re-arranged to account for the 

appearance of the new terms  as  )}({ sui
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It should be noted that the introduction of does not change the conventional 

formulation of the method at all. However, different procedures for recovering

)}({ sui

{ }),( su ξ  

are required. The conventional formulation defines the radial modal displacements 

{ )( }ξiu . It then approximates solution { }),( su ξ  by using n shape functions  to 

interpolate these functions

[ ])(sNi

{ })(ξiu  in a finite element sense. In Equation 17, the 

interpolation is done at first to recover the boundary modal values . It is then 

scaled by  to vary it along the radial direction. The integration constants  are 

included afterwards to scale the contributions from the modes. The solution { }

)}({ sui

iλξ −
ic

),( su ξ  is 

recovered as a summation of these weighted contributions. 

When applying the concept of projection-based interpolation into the scaled boundary 

finite element method by extending the approach for the finite element method, the 

procedure needs to take into account the fact that in the scaled boundary finite element 

method, the solution is computed from the modal solutions (Eq. 17). The projection is 

still done locally for each single element, but it is now done mode by mode. Each 

boundary displacement mode { }ifine,φ  on the fine mesh is projected onto the coarse mesh 

to yield the boundary modal projection-based displacements { }icoarsefine ,_α . The concept 

of projecting by modes is illustrated in Figure 1. The arrows point out the relevant 

projections. 

      ( ){ }ηξ ,fineu   =            =  ∑
=

−
fine

ifine

n

ifineifine uc ,, )}({, ηξ λ

i 1

[ ]{ 1,1, )(1,

finefinefine Nc fine φηξ λ− }        +   … 

 

( ){ }ηξ ,_ coarsefineu  =  =∑ −
fine

ifine

n

icoarsefineifine uc ,_, )}({, ηξ λ

=i 1

[ ]{ }1,_1, )(1,

coarsefinecoarsefine Nc fine αηξ λ−  +  …   

         +     …        +           [ ]{ 2,2, )(2,

finefinefine Nc fine φηξ λ− } [ ]{ nfinefinenfine Nc nfine

,, )(, φηξ λ− }

}

       

 

[ ]{ 2,_2, )(2,

coarsefinecoarsefine Nc fine αηξ λ−  +    …        +  [ ]{ }ncoarsefinecoarsenfine Nc nfine

,_, )(, αηξ λ−  

Figure 1: Projecting the displacement from the fine mesh onto the coarse mesh mode by mode 
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As a result, in the finite element method one value of k corresponds to one unknown 

projection-based coefficient pkk ,...,3,2, =α  (Eq. 8) in the coefficient column vector 

; in the scaled boundary finite element method, one value of k will 

correspond to a row vector 

{ b
coarsefine _α }

,..1;,...,3,2},{ , fineik nipk ==α  in the coefficient array 

. In this notation, p is the highest order of shape functions in the coarse 

element, and  is the number of total modes in the fine mesh. 

{ b
coarsefine _α }

finen

The approach for the finite element method in the previous section is applied 

straightforwardly for Equation 16 to compute the boundary modal projection-based 

displacement vector { }icoarsefine ,_α . The discrete minimization problem, which is reduced 

to the matrix form in Equation 11b, is formulated in a like manner for each mode i as 

[ ] [ ] { } [ ] [ ] { }b
ifine

b
fine

Tb
coarse

b
icoarsefine

b
coarse

Tb
coarse dNNdNN ,

1

1
,,,_

1

1
,, )()()()( φηηηαηηη

ηηηη ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∫∫
−−

           (18) 

In this study, the Lobatto polynomials are used as shape functions for the scaled 

boundary finite element method. Consequently, the advantage obtained when using 

Lobatto shape functions to compute the projection-based interpolants for the finite 

element method in one dimension is maintained for the scaled boundary finite element 

method in two dimensions. This reduces Equation 18 to 

{ } { }[ ]{ }b
ifine

b
icoarsefine I ,,_ 0 φα =        (19) 

Equation 19 indicates that the projection-based solution can be obtained by simply 

dropping the terms which are associated with reduced DOFs from the fine solution. The 

boundary modal displacements of the end nodes are extracted from the column vector 

{ }ifine,φ . These terms are assembled as appropriate into { }b
icoarsefine ,_α  to form the column 

vector { }icoarsefine ,_α . The procedure is repeated for each mode. The projection-based 

displacement is then recovered as the summation of modal contributions using the 

formula described in Figure 1. 
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6.4.2 Scaled boundary, super element based approach 

As discussed previously in the introduction, there are also possible techniques for 

projecting the fine solution onto the coarse mesh based on the formulation of the scaled 

boundary finite element method only.  

In the formulation for the scaled boundary finite element method, the integration 

constants , the boundary modal displacement matrix { }c [ ]Φ  and the boundary 

displacement vector {  are related at super element level by the equation  }u

[ ]{ } { }uc =Φ                                 (20) 

This relationship indicates that in the scaled boundary finite element method, projecting 

the boundary solution { }fineu  of the fine mesh onto the coarse mesh can be done by 

projecting either [ ]fineΦ  or { }finec . The idea is illustrated in Figure 2 and Figure 3. 

{ } [ ]{ }finefinefine cu Φ=  

 

{ } [ ]{ }finecoarsefinecoarsefine cu __ Φ=  

Figure 2: Projecting the displacement from the fine mesh onto the coarse mesh by modifying the 

boundary modal displacement 

{ } [ ]{ }finefinefine cu Φ=  

 

{ } [ ]{ }coarsefinecoarsecoarsefine cu __ Φ=  

Figure 3: Projecting the displacement from the fine mesh onto the coarse mesh by modifying the 

integration constants 

If the projection-based vector { }coarsefineu _  is defined, the equation can be solved for either 

the unknown array [ ]coarsefine _Φ  or the unknown vector { }coarsefinec _ . This suggests two 

different approaches to recover the projection-based displacement field { }),(_ su coarsefine ξ  
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and the projection-based stress field { }),(_ scoarsefine ξσ  by using either [ ]coarsefine _Φ  or 

{ }coarsefinec _  in the recovery.  

In the first approach, [  is modified while keeping ]Φ { }c  unchanged. Array [ ]coarsefine _Φ  is 

computed by solving the equation described in Figure 2 

[ ] { }{ 1
__

−=Φ finecoarsefinecoarsefine cu }         (21) 

The second approach is to modify {  while keeping }c [ ]Φ  unchanged. Vector { }coarsefinec _  

can be found by solving the equation illustrated in Figure 3 

{ } [ ] { coarsefinecoarsecoarsefine uc _
1

_
−Φ= }       (22) 

For this case of pure p adaptivity with single refinement, the refinement happens by 

increasing the order  of the element  to )(ielp iel ( )1)( +ielp . Hence, the optimal 

refinement is the one order higher uniform refined mesh, and the optimal projection 

equals to the reference solution. Consequently, one way of defining vector { }coarsefineu _  is 

simply to drop all the ( ) nelielielp ..1,1)( =+  high order DOFs from vector { }fineu . 

Here, nel is the total number of elements inside the super element. In this study, Lobatto 

polynomials are used as high order shape functions. Defining { }coarsefineu _  in the way 

described above equates it with the projection-based vector { }coarsefineu _ , which is 

obtained when employing the finite element approach described above. The orthogonal 

derivative feature of Lobatto shape functions allows projection of { }fineu  in a similar 

way to yield the same answer. If another set of shape functions other than the Lobatto 

functions is used, the finite element single element based approach may no longer 

recover the same projection-based interpolants.   

For the first scaled boundary finite element method approach using array [ ]coarsefine _Φ  in 

the recovery process, the projection-based displacement field { }),(_ su coarsefine ξ  can be 

recovered using the equation  

{ } [ ] {∑ −=
fine

ifine

n

icoarsefineifinecoarsecoarsefine csNsu ,_,_
,)(),( φξξ λ }

=i 1

     (23) 
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The projection-based stress field { }),(_ scoarsefine ξσ  is therefore 

{ } [ ] [ ] [ ][ ]{ }∑
=

−− +−=
fine

ifine

n

icoarsefinecoarsecoarseifineifinecoarsefine sBsBcDs ,_
21

,
1

,_ )()(),( , φλξξσ λ

i 1

   (24) 

This approach allows the finite element single element based approach, which was 

described previously, to be viewed from a different perspective. Both of the approaches 

recover the same projection-based interpolants. However, the recovery now can be done 

directly at the super element level rather than at the single element level as before. In 

terms of forming the equations, this feature is advantageous in terms of programming 

the technique into the existing scaled boundary finite element method code. Equation 23 

and Equation 24 are in the same format as the equations for recovering the displacement 

and the stress in the basic scaled boundary finite element method formulation. In the 

other words, the projection-based displacement field and the projection-based stress 

field can be recovered with appropriate introduction of new terms into the conventional 

scaled boundary finite element method formulation. No change need be made to the 

original equations of the method.  

For the second approach, vector { }coarsefinec _  is used to recover the projection-based 

displacement field { }),(_ su coarsefine ξ . The field is then computed by the equation   

{ } [ ] { }∑ −=
coarse

icoarse

n

icoarseicoarsefinecoarsecoarsefine csNsu ,,__
,)(),( φξξ λ

=i 1

           (25) 

The projection-based stress { }),(_ scoarsefine ξσ  is recovered as 

{ } [ ] [ ] [ ][ ]{∑
=

−− +−=
coarse

icoarse
n

icoarsecoarsecoarseicoarseicoarsefinecoarsefine sBsBcDs ,
21

,
1

,__ )()(),( , φλξξσ λ }
i 1

  (26) 

Again, the feature of recovering the terms at the super element level keeps the equations 

in conventional form.  

Equations 23, 24, 25 and 26 are used when implementing the projection-based 

technique in the numerical examples in the scaled boundary finite element method.   
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6.5 Formulating the new refinement criteria for the scaled boundary 
finite element method 

The error estimator  developed in chapter 5, which is computed as the classical 

energy norm of relative error in the stress field, is still used to terminate the procedure. 

When the error estimator  is more than the specified tol value, the hierarchical p-

adaptive procedure continues maximizing the decrease rate of the projection-based error 

of the reference solution by adaptively refining the mesh. The new refinement criteria, 

which is based on the steepest descent method and the projection-based interpolation 

technique, replaces the old refinement criteria in driving the automatic mesh 

optimization. In the one dimensional finite element method, a norm formulated on the 

derivative of the displacement is used (Eq. 1a). In this study for the scaled boundary 

finite element method, the same refinement criteria are employed but a norm based on 

the stress field is used. This is feasible, as the stresses are combination of weighted 

derivatives of the displacements. Consequently, the square of energy norm is used in 

place of the square of 

∗η

∗η

normL −2 .  

The error decrease contributed by element iel described in Equation 3 becomes 

{ } { } 2

_ ),(),(
ielcoarsefinefineielerr ηξσηξσ −=Δ       (27) 

This is also the contribution of the element to the energy norm of the projection-based 

error magnitude,  

{ } { } 2

_ ),(),(
ielcoarsefinefineielerr ηξσηξσ −=       (28) 

From Equation 24, the term for which the norm is taken is    

{ } { }=− ),(),( _ ηξσηξσ coarsefinefine [ ] [ ] [ ][ ] {∑
=

−− +−
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ifine
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                                             [ ] [ ] [ ][ ]{ }∑
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Since the variation of the recovered stress field for fine mesh and the recovered 

projection-based stress field when projecting the fine mesh solution onto the coarse 

mesh is the same in the radial direction within each mode, the radial terms can be 

withdrawn from the subtraction as common terms, the expression can be simplified to 

{ } { }=− ),(),( _ ηξσηξσ coarsefinefine        (30) ( ){∑
=

−− Δ
fine

ifine

n

i
iifinec

1
,

1
,

, ηξ σ
λ }

where 
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           (31) 

Substituting Equation 30 into Equation 27 and multiplying out the summations, the 

energy norm of element discrete error becomes 
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           (32) 

The same argument made when formulating the terms in the error estimator presented 

in chapter 5 can be applied to evaluate the integral partially in radial direction. 

Similarly, leaving out the rigid modes and the modes for restrained side faces assures 

the denominator term ( jfineifine ,, λλ + ) is always different from zero. The expression in 

Equation 32 can be written in one form for both bounded domains and unbounded 

domains as  

{ } [ ] { }∑∑ ∫
= = −

− ΔΔ
+

=Δ
fine finen
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n

j
j
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i

jfineifine

jfineifine
iel dJD

cc
err

1 1

1

1
,

1
,

,,

,, )()( ηηη
λλ σσm    (33) 

The upper and lower signs apply to the bounded and unbounded cases respectively.  

When the projection based interpolants are recovered by modifying the integration 

constant {c}, it is clear that the term ielerrΔ  equates to square of the norm quantity 
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}( ){
V

se ,* ξσ  when it is evaluated over the domain region modeled by element iel , 

provided that in the formulation of ( ){ }
V

se ,* ξσ , the projected integration constant 

{ }coarsefinec _  is used in the place of the coarse mesh integration constant { . For 

details, the reader may refer back to the computation of 

}coarsec

( ){ }
V

se ,* ξσ  in chapter 5.   

Having formulated the expression for ielerrΔ  and , the refinement criteria with 

respect to the projection-based error decrease rate in Equation 3 (Demkowicz, 

Rachowicz et al. 2002) and that with respect to the projection-based error magnitude in 

Equation 5 (Solin, Segeth et al. 2004) can be implemented in the adaptive procedure.  

ielerr

6.6 The p-hierarchical adaptive algorithm 

The algorithm in chapter 5 is now modified to account for the new projection-based 

refinement criteria. It is defined as follows  

Input  , , initial coarse mesh  tol 1=k k
coarseMesh

Solve for the stresses  k
coarseσ

Uniformly refine  to construct the fine mesh .  k
coarseMesh k

fineMesh

Solve for the stresses .  k
fineσ

Project the fine mesh solution. Compute  k
coarsefine _σ

Compute the error estimator  k*η

If     %100×≤∗ tolkη

then  Stop 

elseif     %100* ×> tolkη

then  Compute  for each element in coarse mesh. k
ielerrΔ

Determine elements for refinement using Equation 3 and 5a. Element is refined 

if either of two conditions applied. Store information for refinement in .  karray

Read  and refine listed elements.  karray

Store the new optimal coarse mesh, set 1+= kk     

endif 

Go to line 2 



6.7 Examples 

In chapter 5, assessment of the effectivity index showed that the reference solution is a 

high quality approximation of the exact solution, and the energy norm based error 

estimator computed with it works effectively. When comparing the solution 

convergence rates, results from the numerical studies demonstrated that the proposed 

adaptive procedure in chapter 5 is more efficient than the uniform refinement, reducing 

the computational effort necessary to achieve a specified level of accuracy. 

Having developed new refinement criteria for the adaptive procedure in this chapter, it 

is necessary to evaluate its performance. In addition, it is also desirable to compare the 

relative efficiency of these two adaptive procedures. In order to make a comparison, the 

examples in chapter 5 are treated here by the new adaptive procedure. Two examples 

are employed, including the problem of a plane stress square plate with a square hole 

under uniaxial tensile stress. The other is the problem of a plane strain square block 

subjected to vertical patch load on its top edge. For each example, solution convergence 

rates obtained by using uniform refinement, by using the old p-adaptive procedure and 

by using the new p-adaptive procedure with the projection-based interpolation obtained 

in two different ways (projecting the modal displacement array [ ]fineΦ  and projecting 

the integration constant vector { }finec ) are examined. Convergence rates are plotted for a 

convenient comparison of the four different approaches. 

6.7.1 A plane stress problem  

The plane stress square plate with a square hole under uniaxial tension is considered. 

The problem is plotted again in Figure 4. One quarter of the problem is modeled as a 

single bounded domain with side faces. The scaling centre is located at the inside 

corner, where a corner singularity appears. The four elements are numbered 

anticlockwise starting from the top left. Data is specified in N and mm. The material 

constants are Young’s modulus and Poisson’s ratio 2250000 −= mmNE 3.0=ν . The 

target error is tol = 0.01.  
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Figure 4: Model for a problem of a plane stress square plate with a square hole under uniaxial tension 

Convergence of the solution with respect to the uniform refinement and three different 

adaptive approaches are plotted in Figure 5. The error estimator for each approach is 

plotted against the number of DOFs in the mesh. As can be seen from the plot, the new 

adaptive procedures yield significantly higher rates of convergence for this problem 

than the adaptive procedure presented in chapter 5. Projecting the reference solution by 

modifying the modal displacement array seems to be more efficient when the element 

orders are low. When the element orders increase, the plot indicates that both 

approaches recover to the same projection-based interpolants. Advancing the adaptive 

procedure reduces the distance between the reference solution and the recovered 

projection-based interpolant.  

The refinement criteria which attempts to distribute the error equally between the 

elements error (presented in chapter 5) appears not very efficient for adaptively refining 

the mesh in this case where the stress field is smooth and the error is low and quite even 

over the domain. In this plane stress problem, the scaled boundary finite element 

method models exactly the singularity of the inside corner point. The stress field is 

smooth in the circumferential direction. The error is low and spread quite evenly over 

the domain. There is no specific region of error concentration. Chapter 5 shows that 

using the error equal distribution refinement criteria for this problem is virtually no 

better than using uniform refinement. The new approach of refining the mesh by 

maximizing the decrease rate of the error proposed in this chapter is found to be a much 

better technique to identify the element necessary for refinement. New refinement 

criteria based on this strategy are shown to drive the mesh optimization remarkably 

well. 
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Figure 5: Error estimates from different techniques for the plane stress square plate with a square hole 

under uniaxial tension.  

6.7.2 A plane strain problem 

The problem is a plane strain square plate subjected to a vertical patch load on the top 

edge. It is modeled as a single bounded domain with two partially restrained side faces 

and eight high order elements equally spaced on the boundary. The scaling centre is 

located at the bottom left corner. The elements are numbered counter clockwise. Data is 

measured in N and mm. The material constants are Young’s modulus 

and Poisson’s ratio 2250000 −= mmNE 3.0=ν . The target error is tol = 0.01. The 

patch load is uniform and of magnitude mmN /1− .  

 

Side face 

1000 

Scaling  

Side face 

1000 
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Figure 6: Model of a plane strain square plate subjected to vertical patch load along its top edge 
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In this example, the load discontinuity which appears in the domain creates a region 

with higher error concentration about it. Chapter 5 showed that this region becomes the 

area for refinement, and the equal error distribution adaptive approach is significantly 

more efficient than the uniform refinement.  

Referring to Figure 7, at low levels of refinement both new criteria out-perform the 

equal  distribution technique. However, projecting the reference solution by modifying 

the modal displacement array is seen to be a more efficient approach to maximize the 

error decrease rate of the error. It leads to a much better convergence curve than the 

approach of projection by modifying the integration constants, as shown in Figure 7. 

The improvement obtained by employing the latter projection technique is good at first, 

but soon deteriorates. When examining the refinement process in detail, it is observed 

that projecting the reference solution by modifying the integration constants makes the 

adaptivity concentrate on refining the region where the load is applied, and doesn’t 

account for the error in the remaining region efficiently. In the plane stress example 

where the error is low and spread evenly, this adaptive approach seems to help direct 

the refinement into the region close to the input load. However, in the plane strain 

problem, it is noticed that although the two projection techniques produced the same 

level of convergence at first, after attaining a certain level of refinement the projection 

technique modifying the integration constants refines the elements about the load 

discontinuity only, and fails to identify the elements necessary for the refinement from 

the remaining region of low error concentration. This leads to a deterioration of the 

convergence, leading to a convergence rate of ~ 0 at higher numbers of DOFs.  

 

Figure 7: Error estimates from different techniques for the plane strain square plate with patch load 
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6.8 Conclusion 

This chapter develops a p-adaptive mesh optimization strategy for the scaled boundary 

finite element method based on the steepest descent method. The proposed procedure 

replaces the exact solution with a reference solution. This acts as a progressively 

improving approximation of the exact solution so that the discrete error of the 

approximated solution in the coarse mesh can be computed.  

In order to calculate the contribution of each element to the error decrease, a projection-

based interpolation technique is introduced. By projecting the reference solution to the 

current mesh, the error decrease can be calculated. Due to the feature of orthogonal 

derivatives, the Lobatto polynomials are found to simplify significantly the procedure of 

solving for the element discrete minimization problems necessary to find the modal 

projection-based interpolants on boundary for two-dimensional scaled boundary finite 

element method.  

For the first time, this chapter applies and develops projection-based interpolation 

techniques in full for the two-dimensional scaled boundary finite element method. The 

element discrete minimization problems forming part of the projection process are 

formulated and solved in a like manner to the FEM. Different approaches to recover the 

projection based interpolants are proposed and employed in implementing hierarchical 

p-adaptivity. 

The projection-based interpolation technique and the steepest descent method perform 

an important role in forming new criteria to drive the automatic mesh refinement. The 

optimum mesh is determined to maximize the rate of decrease of the error with respect 

to the number of degrees of freedom. Refinement criteria using the energy norm of the 

stress field are proposed and fully formulated for the two-dimensional scaled boundary 

finite element method. The performance of the error estimator is found to be excellent. 

New refinement criteria based on the projection-based interpolation are shown to be 

more effective than the equal error distribution refinement criteria presented in chapter 

5. Numerical studies indicate that constructing the projection-based interpolant by 

projecting the modal displacement array [ ]fineΦ  produces better convergence of the 

solution field than any of the other techniques. 
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7 Using fundamental solutions with the scaled boundary 

finite element method to solve problems with concentrated 

loads 

Abstract 

This chapter introduces a new technique for solving concentrated load problems using 

the scaled boundary finite element method. By employing fundamental solutions for the 

displacements and the stresses, the solution is computed as summation of a fundamental 

solution part and a regular part. The singularity of the solution is modelled exactly by 

the fundamental solution, and only the regular part, which enforces the boundary 

conditions of the domain onto the fundamental solution, needs to be approximated in 

the solution space of the basic scaled boundary finite element method. Examples are 

provided illustrating that the new approach is much simpler to implement and far more 

accurate than the current method for solving concentrated load problems using the 

scaled boundary finite element method. For simplification, the proposed technique is 

applied to 2D in this chapter but an extension to any linear problem, for which 

fundamental solutions exist, is straightforward. 

Keywords: scaled boundary finite element method, fundamental solution. 

7.1 Introduction 
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The scaled boundary finite element method models linear elastostatics problems 

excellently and out-performs the finite element method (FEM) when solving problems 

involving unbounded domains or stress singularities. Currently, the concentrated load 

case is solved by an approach developed by Wolf and Song (Song and Wolf 1999a; 

Wolf 2003). For elastostatics, the general solution of the non-homogeneous Euler-

Cauchy differential equation is found in the usual way. A concentrated load at location 

( 00 ,ηξ  is described by a body load function containing the product of two Dirac Delta 

functions, and is substituted into a general treatment of body load to obtain specific 

expressions for the displacement { })(ξu  and the nodal loads { }FR . Due to the presence 

of the Dirac Delta function in the radial direction, this approach yields two sub-

solutions { )( }ξu , one for points between the scaling centre and the scaled boundary at 



ξ0, and one for point between this scaled boundary and the actual boundary. This 

chapter shows that the technique contains problems which make it difficult to obtain the 

solution accurately, including 

• Failure to correctly map the Dirac delta function to the scaled boundary 

coordinates when specifying the load function. 

• In 2D problems both the bounded and unbounded domains contain two rigid 

body translational motions. Consequently the modal displacement matrix [ ]Φ  

contains repeated modes and is singular. Wolf and Song’s approach to 

concentrated loads requires inversion of [ ]Φ .  They fix the singularity by adding 

a very small quantity to the diagonal elements of [ ]2E . This modifies the true 

problem and creates potential numerical problems. 

• Numerical studies presented in this chapter show that the recovered solution 

field violates C1 and higher continuity around the scaled boundary defined by 

radial coordinate 0ξ . The two sub solutions split the displacement field into two 

distinct parts, whereas the correct solution should only show lack of higher order 

continuity at the load location itself. 

This chapter introduces a new technique to solve concentrated and patch load problems 

using the scaled boundary finite element method. For simplicity, only 2D problems and 

concentrated loads are considered. However, it should be noted that any linear problem 

which has existing fundamental solutions (such as patch loads where the fundamental 

solution can be obtained by integration of the point load solution), is suitable for 

solution by this technique. The fundamental solutions employed are those 

corresponding to the loads applied to the interior of a full-plane or applied at or near the 

surface of a half-plane. Consequently, an extension to 3D problems can be made 

straightforwardly using the corresponding 3D fundamental solutions. Furthermore, the 

technique can be applied to almost any boundary, side face or body patch load case. As 

long as these loads are smooth functions, they can be represented by an integral of the 

fundamental point load solutions. Depending on the nature of the load, a suitable type of 

quadrature, for example Gauss quadrature may be employed. These extensions are not 

dealt with here, and are left for future work on this fundamental solution technique.  
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A concentrated load P  can be represented by a body load function comprising two 

Dirac Delta functions to model a single point load of magnitude t a 

specified load location 

[ T
yx PPP =}{ a]

),( 00 ηξ  and a magnitude of zero on the remaining part of the 

domain (Song and Wolf 1999a; Wolf 2003). In one dimensional problems, such as 

beam bending, the singularity of the solution at the source point is removed easily by 

integration, and becomes a step in the shear force at that point after integration, and then 

a change in slope of the bending moment diagram.  The resulting displacement is 

continuous at the load point up to and including the second derivative. However, in two 

dimensional problems the stresses in all directions vary in proportion to 1−r , with r  

representing the distance between the source point and the point of interest. The 

solutions for both the displacements and stresses are singular at the source point and 

obviously no longer remain in the solution space. In order to apply numerical methods 

in the usual fashion, the solutions need to be regularized to bring them back into the 

solution space of the mesh being used. In the FEM, there are several regularizing 

techniques available. Most popular are attempts to average the load value over a 

comparative small neighbourhood. This can be done in a direct way (Bangerth and 

Rannacher 2003) or in a more complex way by multiplying the load value with a 

mollifier , which is a bell-shaped function characterized by an arbitrary radius 

parameter 

),( yxkε

ε  (Oden and Reddy 1976; Prudhomme and Oden 1999; Oden and 

Prudhomme 2001). Another approach is to remove the singularity by removing a small 

neighbourhood  (which is usually taken to be a circle of radius ),( 00 yxNε ε  about the 

source point) from the domain (Hartmann 1985; 1989; Grätsch and Hartmann 2003; 

Grätsch and Bathe 2005b).  

It is desirable to develop an approach which is capable of modelling the singularity in 

the solution as accurately as possible. In previous work, Deeks and Wolf (2002d) 

developed a basic virtual work formulation and modal interpretation for the scaled 

boundary finite element method to solve elastostatics problems. The development is 

analogous to that of the standard FEM. However, the same problem regarding 

singularity of concentrated load problems discussed above also applies to the solutions, 

and consequently the solution cannot be obtained accurately using the basic virtual 

work approach without being regularized. In the study presented here, the concept of a 

fundamental solution is introduced into the existing scaled boundary finite element 

method, as it models exactly the singular part of the solution. Due to the singularity 
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about the source point, a singular integral appears in the virtual work formulation. To 

deal with this, the scaled boundary finite element method formulation is applied 

normally over the punctured domain ),( 00 yxNεε −Ω=Ω , allowing the singular 

integral to then be defined as the limit of the regular integral when the radius ε  

approaches zero. The resulting limit is Cauchy’s principal value (Hartmann 1985).  

For two dimensions, the fundamental solution describes the displacement observed at an 

observation point in an infinite or semi-infinite plane when a unit concentrated force 

acts at a distant source point. There are several different formulae available to describe 

the fundamental solution, depending on the location of the concentrated load and the 

nature of the domain.  

The most widely used case is that of a full plane loaded in its interior, in which case the 

displacements are provided by the so-called Kelvin solution. The fundamental solution 

consists of a symmetric matrix, called the Somigliana matrix U  (Hartmann 1985; 

1989), in which the x and y displacements resulting when the unit load is in x direction 

forms the first row, and those for the unit load in y direction forms the second row. (The 

Somigliana matrix is presented later in this chapter). 

In the case of a half-plane where the source point is still in the interior but close to the 

boundary, a dipole image solution technique can be employed to obtain the fundamental 

solution (Telles and Brebbia 1981; Yang, Kelly et al. 1993). In this technique an extra 

image source, which is an image of the main source mirrored on the opposite side of the 

boundary, is included to cancel the boundary condition violations caused by the load 

singularity. The half plane fundamental solution consists of the summation of the Kevin 

solution with a complementary part, which is the contribution of the image source to the 

main solution. For the sake of simplicity, only the case of a straight boundary is 

considered in this study. For the reader who is interested in finding more information on 

this topic, a study to extend the dipole image technique to cover for case when the 

source point is near or on a curve boundary can be found in Wang, Sloan et al. (1998), 

and the references contained therein.  

When the source point is on the half-plane boundary, the fundamental solution is the 

called the Flamant solution when the point load is normal to the boundary, and the 

Cerruti solution when the point load is tangential to the boundary. These solutions can 
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be found in many textbooks and other related literature. This study uses the formulae 

detailed by Kachanov et al. (2003) and Bettess (1992).   

The concept of the fundamental solution is an essential part of the boundary element 

method (BEM) (Hartmann 1989). The fundamental solution forms the singular part of 

the Green’s functions necessary for the method (Roach 1970; Stakgold 1979; Roach 

1982; Melnikov 1995). A Green’s function describes the influence of a unit point load 

on a quantity of interest at a particular location as a function of the load position.  Such 

a Green’s function may be used to recover a particular local quantity of interest for any 

variation of load applied within the domain. A local quantity can be treated, such as the 

displacement or stress at a particular point in the domain. In any particular real problem, 

the local quantity is recovered by weighting the corresponding computed Green’s 

function by the input loading function, which is described by the right hand side linear 

functional of the governing differential equation.  

The problem of finding a Green’s function for a particular quantity is often referred to 

as the ‘dual’ problem, while the problem of finding a displacement or stress field caused 

by a particular load is called the ‘primal’ problem. It is often possible to find 

approximations to both the primal and dual problems using the same coefficient matrix, 

such as in the case of the elliptic problems (Oden and Reddy 1976; Prudhomme and 

Oden 1999; Oden and Prudhomme 2001). 

Recently, the Green’s function concept has been employed extensively in goal-oriented 

error estimation and adaptivity to investigate and minimize the error in the local 

quantity or quantities of interest. It has been shown that a much faster convergence of 

local quantities can be obtained on meshes of the same level of refinement when the 

Green’s function is broken into singular and regular parts than when averaging 

techniques are used to regularize the singularity (Grätsch and Hartmann 2003; Grätsch 

and Bathe 2005b; Grätsch and Hartmann 2005). The reason is that the fundamental 

solution already describes exactly the singular part of the Green’s function, and so no 

extreme mesh refinement is required around the point of interest to adequately represent 

the singularity. Solving the dual problem is reduced to solving a regular boundary value 

problem for the regular part of the Green’s function. If the solution is not polluted by 

other singularities, the regular part is normally a smooth function and can be 

approximated well on a comparatively coarse mesh.  The use of the Green’s function in 

goal-oriented adaptivity is addressed in more detail in Chapter 9. 
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The technique presented in this chapter was inspired by the way that the Green’s 

function may be computed from the fundamental solution, and the finite element 

method used only to solve for the regular part of the function. Here the same technique 

is used to find a solution over the whole domain for the primal problem, i.e. to produce 

the displacement field and the stress field due to concentrated or patch loads in the case 

of elastostatics problems, but with the regular part of the solution being obtained with 

the scaled boundary finite element method. For a single concentrated load the procedure 

proposed includes following steps. The domain of the unbounded or bounded problem 

is discretised normally using the scaled boundary finite element method. The 

fundamental solutions for the displacements and the stresses are weighted by the value 

of the concentrated load (and integrated in the case of a patch load). A boundary value 

problem (BVP) is formulated to solve for the regular part. The boundary values for this 

problem are those boundary values necessary to restore the actual boundary conditions 

of the primal problem in the presence of the weighted fundamental solutions. In this 

BVP, Dirichlet boundary conditions are applied on the discretised boundaries and/or the 

scaled boundary side faces where the original problem prescribes displacements, and 

are computed as the difference between any prescribed displacements in the original 

problem (often zero) and the displacements resulting along those boundaries due to the 

weighted fundamental solution. Neumann boundary conditions are computed along 

stress free discretised boundaries and side-faces as the tractions necessary to balance the 

traction generated by the weighted fundamental solutions for corresponding stress 

tensors. The regular part of the solution is computed normally in the solution space of 

the basic scaled boundary finite element model of the problem. The complete final 

solution is recovered as the summation of the weighted fundamental solution and the 

computed approximate regular part. Since the regular part does not need to represent 

singularities or step variations in the applied loading function, this approach is 

particularly efficient. 

This chapter commences with a brief review of the current technique used in the scaled 

boundary finite element method for solving concentrated body load problems. An 

example is presented indicating the shortcomings of this technique. The new technique 

is then explained and the fundamental solutions used in the technique are discussed. The 

incorporation of the new technique into the existing basic scaled boundary finite 

element method is explained. The same example solved with the old technique is solved 

again, with much more satisfactory results. To evaluate the accuracy of the new 



technique, further examples are presented. Solutions are presented for a single point 

load in the interior of the domain, close to the boundary and on the boundary. Results 

show that the proposed technique achieves a good convergence rate and high accuracy 

for the approximated solution. A further example shows that the technique can be 

applied to solve for multiple concentrated loads accurately and with few degrees of 

freedom.  

7.2 Solution derived by Wolf and Song 

This section briefly summarizes the technique developed by Song and Wolf (1999a) for 

solving two dimensional elastostatics problems with a single concentrated load in the 

interior of the problem domain, and reproduces their final equations. For detailed 

discussion the reader can refer to Song and Wolf (1999a) or Wolf (2003). 

When the 2D domain is loaded, the scaled boundary finite element equation for 

displacement is a non-homogeneous Euler-Cauchy differential equation of the form  

[ ] { } [ ] [ ] [ ]( ) { } [ ]{ } { } 0)()()()( 2
,

110
,

20 =+−+−+ ξξξξξξ ξξξ FuEuEEEuE T   (1a) 

If the domain is loaded only in the interior by a body load represented by a loading 

function with components in the Cartesian directions { })sp ,(ξ , { })(ξF  becomes  

{ } { })()( 2 ξξξ bFF =          (1b) 

where 

{ } ( )[ ] ( ){ }∫=
1

,)( dsJspNF Tb ξηξ
−1

}

       (1c) 

Song and Wolf (1999a) solve Equation 1a in its general form, i.e. for a general loading 

function { )sp ,(ξ , without making any assumptions regarding the form or continuity 

level of this loading function.  

For the bounded domain, the displacement field is recovered by the equation  

{ } [ ][ ] { } [ ][ ] ( ){ } [ ][ ] [ ][ ] ( ){ } τττξτττξξ
ξ

λλ

ξ

λλ dFAdFAcu iiii
22

0

1
1212

1
1

111)( ∫∫ −−−− Φ−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+Φ=  (2a) 
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The corresponding nodal loads are 

{ } [ ] [ ][ ]{ } τττ λ dFAAR iF )(22

1

0

11
22 ∫ −−−=       (2b) 

In a like manner, the displacement field for the unbounded domain is recovered as 

{ } [ ][ ] [ ][ ] ( ){ } [ ][ ] { } [ ][ ] ( ){ } ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−Φ+Φ= ∫∫ −−

∞
−− τττξτττξξ

ξ
λλ

ξ

λλ dFAcdFAu iiii
22

1

1
21212

1
11)(   (2c) 

The nodal loads for the unbounded domain become 

{ } [ ] [ ][ ]{ } τττ λ dFAAR iF )(12
1

11
12 ∫

∞
−−=        (2d) 

When applying this solution to the specific case of a concentrated load, Song and Wolf 

firstly define the concentrated load acting at location ( )00 , sξ  in terms of two Dirac 

Delta functions as 

{ } ( ) ( ){ }Psssp 00),( −−= δξξδξ        (3a) 

where Song and Wolf define 

{ } [ ] T
yx PPP =           (3b) 

as the concentrated load with its two components defined in the Cartesian coordinate 

system. (The over-bar has been introduced here for reasons which will become clear.) 

Equation 3 is substituted into Equation 1c and integration in the  direction with the 

shape functions is performed to obtain 

s

{ })(ξbF . { })(ξF  follows from Equation 1b as 

{ } [ ]{ }PNF 0
2

0 )()( ξξξδξ −=         (4) 

The expression for { })(ξF  in Equation 4 is then substituted in the general solution 

formulae to define particular solutions for the displacement { })(ξu  and the nodal loads 

{ }FR .  
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For a bounded domain, the displacement is obtained as  

{ } [ ][ ] { } [ ][ ][ ]{ }( ) 00120
5.0

0111
)2(5.0)( ξξξξξξξ λλ ≤+Φ= −−− forPNAcu ii ss   (5a) 

{ } [ ][ ] { } [ ][ ] [ ][ ][ ]{ }( ) 00220
5.0

012111
)2(5.0)( ξξξξξξξξ λλλ ≥Φ−Φ= −−−− forPNAcu iii ss (5b) 

with the compatible nodal loads 

{ } [ ] [ ][ ][ ]{ }PNAAR isF
0220

5.0
0

1
22

λξξ −−=       (5c) 

For an unbounded domain, the displacement is evaluated by equations 

{ } [ ][ ] [ ][ ][ ]{ } [ ][ ]{ }( ) 02120120
5.0

011
)2(5.0)( ξξξξξξξξ λλλ ≤Φ+Φ= −−− forcPNAu iii ss  (6a) 

{ } [ ][ ] { } [ ][ ][ ]{ }( ) 00220
5.0

0212
)2(5.0)( ξξξξξξξ λλ ≥−Φ= −−− forPNAcu ii ss   (6b) 

with the compatible nodal loads 

{ } [ ] [ ][ ][ ]{ }PNAAR isF
0120

5.0
0

1
12

λξξ−=        (6c) 

In terms of sign convention, the real parts of all iλ  are negative. 

In the investigation described here, it was found that the procedure described by Song 

and Wolf contains problems which compromise the solution accuracy seriously. 

The first problem is evidently an oversight by those authors, and relates to the 

magnitude of the applied load.  It is necessary that, when integrated over the problem 

domain in the Cartesian coordinate system, the applied loading function equals the 

magnitude of the applied point load, or in other words 

( ){ } ( ) ( ){ } {PdxdyPyyxxdxdyyxp =−−=∫∫
ΩΩ

00, δδ }     (7a) 

with  

{ } [ ] T
yx PPP =           (7b) 
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The incremental area in the Cartesian coordinates relates to that in the scaled boundary 

coordinates by the relation 

dsdJdxdy ξξ=          (8) 

Consequently, when concentrated load described by Equation 3 is integrated over the 

problem domain, Equation 7a becomes 

( ){ } ( ) ( ){ } { } ( ) 0000, ξξξδξξδξξξ sJPdsdJPssdsdJsp =−−=∫∫
ΩΩ

  (9) 

To ensure the correct magnitude of load is applied, comparing Equations 7a and 9, it is 

clear Song and Wolf’s approach needs to be corrected by specifying 

{ } { }
00 J

PP
ξ

=           (10) 

If this adjustment is applied, all of the other equations quoted above remain the same. 

When the eigenvalue problem for a 2D domain is solved, the rigid body modes appear 

twice. The full general solution to the scaled boundary equation in this case includes 

two logarithmic modes (Deeks and Wolf 2003). Unless these are included, the modal 

displacement matrix  becomes singular. However, the inverse of , which is 

referred to as the partition matrix 

[ ]Φ [ ]Φ

[ ]A , is required to find the displacements and the 

nodal loads, as can be seen in Equations 5a, 5b, 5c, 6a, 6b and 6c. Wolf and Song fixed 

the singularity by adding a very small number to the diagonal elements of [ ]2E , for 

example assuming [ ] [ ] 2
0

22 −+≈ sGrEE ε  (Wolf 2003). This makes [ ]2E  positive definite 

and solves the problem of matrix singularity, but it also modifies the true problem. The 

computed solution is no longer the true solution, only an approximation to it. The effect 

of this modification must be included and considered. The matrices become ill-

conditioned since [ ]2E  is almost singular.  Although this problem could be overcome 

by adopting the logarithmic mode approach of Deeks and Wolf (2003), this would 

complicate the solution process even further. The new approach developed in this 

chapter overcomes the problem without requiring the incorporation of logarithmic 

modes. 
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}In Wolf and Song’s approach, the displacements along the node lines { )(ξu  are 

described by two separate solutions, one for points between the scaling centre and the 

scaled boundary at the load location 0ξ , and the other for points between this scaled 

boundary and the actual boundary (Equations 5a, 5b, 6a, 6b). Numerical studies 

performed as part of this investigation showed that the recovered solution field is not 

smooth across the scaled boundary defined by radial coordinate 0ξ . 

7.2.1 An example solved by Wolf and Song’s approach 

A simple plane stress problem with roller supports is employed to evaluate the 

effectiveness of the approach (Fig. 1a). The bounded domain is modelled with side 

faces along the top surface and eight quadratic scaled boundary elements along the 

remaining boundary. Quantities are specified in N and mm. A concentrated load in the 

horizontal direction of 10001 == PP N is put at location (1625, 2500) in the Cartesian 

coordinate system, which coincides with the local element coordinates ( )0,5.0),( 00 =ηξ  

of the third element measured anticlockwise in the scaled boundary finite element mesh 

(Fig. 1b). The Young’s modulus is E = 50 000 Nmm-2, and Poisson’s ratio is 3.0=ν .  

1000

2000

1000
P=P1

a. b. 
 

Figure 1: A rectangular plane stress plate subjected to a horizontal concentrated load   

The problem is solved by the approach derived by Song and Wolf (1999a). The 

singularity in the modal displacement matrix [ ]Φ  is taken away by adding a small value 

to the diagonals of [ ]2E . This allows the eigenvalues for the rigid body modes to be 

shifted slightly away from zero and the eigenvectors in [ ]Φ  become independent. Wolf 



and Song suggested that a value between [ ] )(10 06 Ediag−  to [ ] )(10 010 Ediag−  should 

be used. For this example, a value of [ ] )(10 010 Ediag−  is adopted to modify [ ]2E . 

The deformation of the domain is plotted in Figure 2a. It can be clearly observed that 

the displacement field is divided into two parts sharing the common scaled boundary 

defined by 5.00 =ξ . Figure 2b shows the horizontal and vertical displacement along the 

element going through the point load. This solution has disadvantage of not being able 

to represent the singularity of the horizontal displacement at the source point.  

 

a. Exaggerated deformation of the rectangular plate subjected to horizontal concentrated load. 

 

b. Horizontal displacement and vertical displacement    

Figure 2: Displacement field of the rectangular plate.  

The problems appearing in this solution motivate the study described in this chapter, 

which develops a new technique that can yield accurate solutions for problems 

subjected to concentrated loads.  This new technique will be described in the following 

sections. 
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7.3 A boundary value problem  

In the sections which follow, the convention adopted by Hartmann (1985) is used.  This 

convention uses numerical subscripts to denote the three Cartesian directions (1 = x, 2 = 

y, 3 = z).  Where not subscripted, variable names may represent vector field quantities. 

First the 2D linear elastostatics problem is considered in detail. This problem can be 

either in the plane stress state 033 =σ  or the plane strain state 033 =ε .  

In the two-dimensional Cartesian coordinate system ),( 21 xxx = , the task is to use the 

numerical method to approximate the displacement field , which consists of two 

components corresponding to the coordinate directions, i.e. 

)(xu

Tuuxu },{)( = 21          (11) 

The domain 2R⊂Ω  with the Lipschitz boundary ND Γ+Γ=Γ  is considered to be 

subjected to some body load, denoted as ( )Ω∈ 2Lpi . The boundary conditions of the 

domain need to be incorporated into the numerical solution. They are described in terms 

of prescribed displacements  on the Dirichlet part of the boundary and prescribed 

surface tractions  on the Neumann part of the boundary, i.e. 

iu

it

ii uu =      on ;   DΓ

ijij tn =σ      on ;         (12) NΓ

The strain column vector is defined by the partial derivatives of the displacement field. 

Its three independent components are 

1,22,1122,2221,111 ;; uuuu +=== εεε       (13) 

where the subscript appearing after the comma indicates differentiation with respect to 

the coordinate direction indicated. 

The strains are related to the stresses by Hooke’s law. Consequently, the stress column 

vector also consists of three corresponding independent components. It can be 
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calculated by taking the product of the strain column vector and the material elasticity 

matrix [ ] .  matD

In the case of plane stress 

[ ]
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+

−
−

=

)1(2
100
011
011

ν

ν
ν

EDmat         (14a) 

and in the case of plane strain  

[ ]
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−
−

−

−+
=

2
)21(00

01
01

)21)(1( ν
νν

νν

νν
EDmat      (14b) 

The elastic material constants are 

=E Young’s modulus  

 Poisson’s ratio ν =

In the domain, if the unit normal vector to the boundary is defined as , the 

internal traction vector 

{ Tnnn 21,= }

{ }Tttt 21,=  on the boundary equals to the scalar product 

between  the stress tensor [ ]ijS σ=  and the unit normal vector . The 

components of the vector are  

{ Tnnn 21,= }

2221212

2121111

nnt
nnt

σσ
σσ

+=
+=

         (15) 

Stated in variational form, the task is to find a solution Vu ∈  that satisfies the equation  

Vvvlvua ∈∀= )(),(         (16) 

where V is the Sobolev space . )()( 11 Ω×Ω= HHV
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For any elliptic problem,  is a symmetric positive-definite bilinear form on 

.  forms an inner product on V  and it is observed that  also directly 

defines the familiar energy norm 

.),(.a

VV × .),(.a .),(.a

e
.  as 

),( vvav =
e

         (17) 

On the right hand side of Equation 16, the load l  is a linear functional, which defines 

the equivalent nodal forces  

∫∫ +=
S

i
V

ii dsvtdVvpvl )(         (18a) 

In the technique developed here, when the model problem is formulated to solve the 

regular part, the body load is . In this case the domain is subjected to boundary 

traction only, so 

0=p

∫=
S

ii dsvtvl )(           (18b) 

The solution u  can be approximated in the subspace , where  refers to the 

size of the elements and 

VV ph ⊂, h

p refers to the polynomial order of the shape functions. The 

domain is then defined by a union of all elements in the constructed mesh, which is 

assumed to exactly coincide with the described domain. In the scaled boundary method, 

the element is interpreted to be the triangular domain formed by the one-dimensional 

element on the boundary and the scaling centre (for bounded problems). Taking the 

weighting functions from the same space as the shape functions (the Galerkin 

approach), the discrete problem can be stated as  

ph
ph Vvvlvua ,

, )(),( ∈∀=        (19) 

7.4 The fundamental solution and its application in the new technique 

7.4.1 Fundamental solution  

When loading an infinite plane with a unit concentrated load located at a particular 

source point , the displacement field caused by the load is defined by the 

fundamental solution for displacement 

),( 21 xxx =

[ ]xg0 . The associated stress field is the 
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fundamental solution for stress [ ]xg1 . In this notation the subscript denotes the 

appropriate derivative of the primary solution variable, the displacement.  These 

solution functions are associated with the position of the source x , and they vary 

according to position of observation . Hence the point y x  is a parameter, while the 

observation point y  is the true variable for the functions. For example, [ ]xg0  is a 

function 

[ ] ( xygxg ,00 = )

) )

          (20) 

Usually fundamental solutions specify the exact solution for the unit force case 

. However this study deals with any concentrated load . For 

simplicity it is convenient to use the name fundamental solution to describe the basic 

fundamental solution weighted by the actual applied concentrated load 

( 1,1=P ( 21, PPP =

( )21, PPP =  

from this point forward.  

To illustrate the situation, Figure 3a shows a concentrated load  acting in the 

horizontal direction at a source point on the infinite plane. The source point is 

. The observation point 

1PP =

),( 21 xxx = ),( 21 yyy =  is a distance r  from the source point. 

At point y , the load causes displacements ( )xyU ,11  in horizontal direction and 

 in vertical direction. The three associated independent stresses are the normal 

stresses 

( xyU ,12 )
( )xyD ,111  and ( )xyD ,122 , and the shear stress ( )xyD ,112 . The internal stresses 

can be transferred to associated internal tractions ( )xyT ,11  and  by forming the 

product between the stress tensor and the normal vector (Eq. 15), where the point 

( xyT ,12 )
y  

belongs to the boundary of the actual problem domain which is cut out of the infinite 

plate. In this illustration, as the load acts in the horizontal direction, it is expected that 

the horizontal displacement ( )xyU ,11  contains a singularity at y=x and the vertical 

displacement  is bounded in . Figure 3b plots the two components 

 and  (Kelvin solution). 

( xyU ,12 )

) )
)(2 ΩC

( xyU ,11 ( xyU ,12 ( )xyU ,11  tends to infinity while ( )xyU ,12  

oscillates as the distance between x and y, designated as r , tends to zero. ( )xyU ,11  

becomes singular when .  0=r
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a. A horizontal concentrated load and its associated fundamental solutions 

 

 

b. Kelvin solution for horizontal concentrated load 

Figure 3: Fundamental solutions for a point load on a full plane. 

7.4.2 An illustration – The weighted Kelvin solution 

The fundamental solutions are evaluated by different sets of formulae depending on the 

location of the concentrated load within the domain. In the most common case, the 

domain is loaded in its interior. The basic displacements for the unit force are the 

Kelvin solution (Hartmann 1985; Hartmann 1989). Its components form a symmetric 

matrix, which is called the Somigliana matrix U. All the quantities of interest, the 

displacements, the stresses, and the tractions, are expressed as matrices.  All matrices 

consist of two rows. The expressions for the load in the horizontal direction forms the 

first row and those for the load in vertical direction forms the second row. For the load 

, the matrix for the displacements is  ( 21, PPP = )
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][ ),(),(
0

0
),( 2

0
1
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2

1 xygxyg
P

P
xyU ⎥
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⎤
⎢
⎣

⎡
=       (21) 

The matrix components are described by the expression 

( ) ⎥⎦
⎤

⎢⎣
⎡ +−

−
= jiij

i
ij rr

r
PxyU ,,1ln43

)1(8
),( δν

νπμ
     (22) 

xyr −=           (23) 

r
xyr

r
xyr 22

2
11

1 ,;, −
=

−
=         (24) 

Index  shows the direction of the concentrated load. Index i j  represents the 

displacement component of interest. ijδ  is the Kronecker delta (which is 1 for i=j and 0 

otherwise). r  defines the distance between the source point x  and the observation point 

y .  is the derivative of the distance with respect to i  direction.  ir,

In these solutions =
+

==
)1(2 ν

μ EG shear modulus, E  is Young’s modulus and ν  is 

the Poisson’s ratio.  The effective Poisson’s ratio ν  is taken to be ν if the domain is in a 

plane strain state and 
ν

νν
+

=
1

 if the domain is in a plane stress state 

The three associated fundamental solutions for stresses form the matrix D where 

[ ),(),(),(
0

0
),( 12

1
22
1

11
1

2

1 xygxygxyg
P

P
xyD ⎥

⎦

⎤
⎢
⎣
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= ]    (25) 

and where the matrix components are  

( )[ ]{ } ( )νπ
δδδν

−
+−+−−=

14
1,,,2,,,21),( kjikijikjjki

k
kij rrrrrr

r
PxyD   (26) 

In this case (the primal problem) a negative sign appears in the stress fundamental 

solution to preserve the sign convention, which is positive for tensile stress and negative 



for compressive stress.  (The negative sign does not appear in the dual problem, which 

will be discussed later in this thesis.) 

In these expressions the index  indicates the direction of the concentrated load and the 

indices  represent the corresponding stress indices. 

k

ij

The traction vectors at the point y  are computed by forming the scalar product between 

the stress tensor and the unit vector normal to the surface. The traction matrix is  
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The matrix components are 
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Other sets of fundamental solution include the solution obtained from the dipole image 

technique for points close to the boundary of a half-plane (Telles and Brebbia 1981; 

Yang, Kelly et al. 1993), and the Flamant solution (Bettess 1992; Kachanov, Shafiro et 

al. 2003) and Cerruti solutions (Kachanov, Shafiro et al. 2003) for loads normal and 

tangential to a half-plane applied at the boundary. Expressions for these solutions can be 

found in the references noted.   

7.4.3 The fundamental solution and its relationship to the regular part  

The solution of any particular problem of domain Ω  subjected to a concentrated load 

and certain boundary conditions can be computed as the superposition of an appropriate 

fundamental solution and a regular part. Consequently, the displacement field of the 

problem is computed as 

[ ] [ ] RuxgPxu += 0          (29a) 

and in similar manner, the stress field is computed as 

[ ] [ ]xgPx Rσσ += 1          (29b) 

 122 



The relation between the fundamental solution and the regular part can be described 

with reference to Figure 4. Figure 4a shows an infinite plate loaded under the 

concentrated load P . For this situation the displacement field and the stress field are 

defined by  and [ ]xgP 0 [ ]xgP 1  subsequently. Figure 4b shows the domain of a BVP 

with Dirichlet boundary conditions on the left hand side and bottom edges. Although 

the load is still the same as for the infinite plate, the displacement field and the stress 

field of the 2D BVP are different from [ ]xgP 0  and [ ]xgP 1  due to the effects of the 

enforced boundary conditions. The regular functions  and Ru Rσ  need to be added to 

 and  respectively to match the boundary values of these fundamental 

solutions with the appropriate values prescribed at the supports.  

[ ]xgP 0 [ ]xgP 1

In Figure 4, if the square plate is cut out of the infinite plate along the dashed line, to 

maintain the equilibrium along the imaginary cuts the external tractions need to be put 

in to balance the internal tractions which are caused by the stress field [ ]xgP 1  

evaluated on the internal boundary. For Neumann boundaries in the actual problem, the 

boundary condition for the regular part should be the prescribed boundary tractions (if 

there is any) subtract these external tractions. For the Dirichlet boundaries in the actual 

problem, the prescribed displacements need to balance [ ]xgP 0  along the restrained 

surfaces. In case the Dirichlet boundary conditions of the main problem have non-zero 

prescribed deformation, the prescribed displacement for the regular part is the 

difference between the actual prescribed displacement and . This discussion 

indicates the basic principles from which the BVP for finding the regular part can be 

formulated. If there are no other singularities polluting the problem, the regular part is a 

smooth function defined in , which can be found straightforwardly from the 

BVP without difficulty. 

[ ]xgP 0

)(2 ΩC

 

P P

a. b.

Figure 4: Infinite plate versus the boundary value problem 
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7.4.4 The fundamental solution and the new technique 

As the virtual work formulation of the scaled boundary finite element method is 

described in terms of integrals of the displacement function and its first derivatives, the 

displacement  must be a smooth function except at the scaling centre for the 

procedure to converge at an acceptable rate. A difficulty arises when the domain is 

subjected to concentrated loads, as the displacement functions contains singularities and 

no longer satisfies the necessary smoothness conditions.   

u

When the concept of the fundamental solution is employed, the singular part of the 

main solution is described by the fundamental solution. If the problem is not polluted by 

other singularities, such as those caused by re-entrant corners, the regular part of the 

main solution can be solved in the usual way by the scaled boundary finite element 

method. The final solution is then recovered by superposing the fundamental solution 

and the regular part. This principal forms the theoretical framework for the new 

technique. 

The task now is to formulate the BVP for the regular part and solve it approximately 

using the scaled boundary finite element method. The basic case of a single 

concentrated load is considered.  

From the previous discussion about the relationship between the fundamental solution 

and the regular part, the boundary conditions for the BVP are defined by the following 

two equations, assuming that only the concentrated load is present and there are no 

prescribed tractions on the Neumann boundaries: 

iij
i
R uUu =+  on ; DΓ

0=+ ij
i
R Tt  on .        (30) NΓ

The variational form of regular part of the problem is 

VvdsvTvua
S

ij
i
R ∈∀−= ∫ .),(        (31) 

which is formulated over the domain 2R⊂Ω . As usual the solution space V  is the 

Sobolev space . )()( 11 Ω×Ω= HHV
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The boundary conditions of the domain for the regular part of the solution are  

iij
i
R uUu +−=  on ; DΓ

ij
i
R Tt −=        on .        (32) NΓ

 

The exact solution of this BVP is usually not possible to find. Instead, an approximation 

 must be found in the sub space , where  refers to the size of the 

element and 

i
phRu ,; VV ph ⊂, h

p  refers to the polynomial order of the shape function. In this work the 

BVP is solved using the scaled boundary finite element method in the usual way. 

Although the fundamental solutions are evaluated by different sets of formulae 

depending on the location of the concentrated load in the domain, the basic procedures 

for formulating and solving the BVP for the regular part remain unchanged. In order to 

demonstrate the performance of the new technique in general, the performance of the 

new technique when applying various fundamental solution sets is examined later in 

this chapter, in the numerical examples section.  

7.4.5 Comparison 

Here the plane stress problem with roller supports (Fig. 1) is solved using the new 

technique. The mesh is reduced to four quadratic scaled boundary elements, rather than 

the eight quadratic elements used previously. The solutions for displacement field from 

both two approaches are plotted in Figure 5 for easy comparison. The plot shows that 

the new technique yields a much better approximation of the displacement field with a 

coarser mesh. The deformation spreads smoothly and continuously over the domain. 

Singularity at the source point is achieved. It is concluded that the new technique out-

performs the old technique.   
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Figure 5: Exaggerated displacement field produced by the old technique and the new technique for the 

rectangular plate subjected to a concentrated load. 

7.5 Convergence study 

In this section the convergence of a simple plane strain problem is examined with a 

single point load applied in various locations. This requires various sets of fundamental 

solutions to be used. p-refinement of the scaled boundary model is employed. Excellent 

rates of convergence are obtained. 

7.5.1 The plane strain problem 

The convergence of the new technique is examined by analysing the problem of a plane 

strain square plate. The plate is fixed along the left hand side and the bottom edges. In 
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the scaled boundary model the scaling centre is located at the top corner on the right. 

This arrangement forms a domain with two free side faces and a fixed discretised 

boundary. The discretised boundary is formulated with four spectral elements. A single 

concentrated load of unit value is subsequently applied at various locations to examine 

the performance of the new technique for each individual set of fundamental solutions. 

Data is specified in N and mm. The material constants used are: Young’s 

modulus and Poisson’s ratio 2250000 −= mmNE 3.0=ν . The problem is illustrated in 

Figure 6.  

The quality of the solution field needs to be examined to judge the performance of the 

new technique. In each example, the domain deformation and a contour plot of the 

stress component which is relevant to the direction of the point load are presented. The 

relative error in the approximation is described in terms of the scalar energy norm 

formed using the stress field. The discrete relative error is computed on a series of 

meshes with uniformly increased polynomial order to examine the convergence rate of 

the approximation. Since the Lobatto polynomials (chapter 4) are anti-symmetric for 

odd order and symmetric for even order and the problem is anti-symmetric, the odd 

order shape functions will contribute more to the solution than the even ones. This 

suggests that if the mesh starts with order 1=p , an increment of 2 be adopted and the 

mesh refined subsequently to 3=p , 5=p , 7=p  and so on. For convenience, the 

reference solution, which “better” approximates the exact solution, is defined by the 

next uniform refinement in this series.   

 

B

a.

1000 

A

b.

C

A = (702.5, -700) 

B = (500, 0) 

C = (500, -1) 

 

Figure 6: A plane strain plate subjected to a single concentrated load subsequently at various locations 
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7.5.2 Point load in the interior domain – Horizontal direction  

A horizontal concentrated load is applied at point A in Figure 6. The Kelvin solution for 

the load in x direction (described above) is employed to model the singular part of the 

displacement field. The associated fundamental solution for stresses in x direction and 

the corresponding tractions are also used, permitting the BVP for the regular part to be 

formulated. The solution is finalized by summing the relevant components of the Kelvin 

solution with the regular part approximated using the scaled boundary finite element 

method, as described above. The final displacement field is plotted in Figure 7a. Since 

the load is horizontal in this case the normal stress xxσ  is contoured in Figure 7b. Note 

that Matlab has some difficulty producing accurate contours in the vicinity of the 

singularity. The convergence of the energy norm of the error in the solution is plotted in 

Figure 9. It is observed that the solution converges rapidly and uniformly, and that with 

approximately 100 d.o.f. the error is around 1%. 

 

 

          a. Exaggerated displacement field     b. xxσ  contour plot 

Figure 7: Solution for the plane strain square plate subjected to a horizontal concentrated load at point 

(702.5,-700). a. Exaggerated displacement field. b. xxσ  contour plot. 

7.5.3 Point load in the interior domain – Vertical direction 

The single concentrated load is again located at point A, but is now applied in the 

positive y direction. As well as demonstrating the performance of the new technique in 

solving the problem of a domain subjected to a vertical point load in its interior, the 

comparison of this example with the previous one can reveal the effect of the boundary 

location on the rate of convergence. Since the load is directed in the y direction instead 
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of the x direction, the stresses vary most dramatically in the y direction. The normal 

stress in y direction is contoured. Since the source point A is located much further away 

from the horizontal side face than it is from the vertical side face, it is expected that the 

solution when the load at A is directed in the y direction will converge faster that that 

for the case where the load at A is directed in the x direction.   

The problem is formulated and solved in a like manner to that of the horizontal load. 

The only significant change is that the Kelvin solution for the load in y direction and its 

associated fundamental solutions for stresses and traction replace those for the load in x 

direction. The domain deformation is plotted in Figure 8a. The contour plot for the 

normal stress yyσ is plotted in Figure 8b. The convergence of the energy norm of the 

error in the solution is plotted in Figure 9, along with the convergence for the horizontal 

force described above.  

In both examples, excellent smoothness of the deformation and the stress contours is 

obtained, except at the source point, reflecting the good performance of the new 

technique in approximating the solution of the problem. This is the advantage of using 

the fundamental solution, which takes away the serious problem of encountering a very 

high error when attempting to approximate the singularity in the solution using 

polynomial shape functions, as the singular value can never be reached in any solution 

space made up of a finite number of such functions, no matter how much refinement is 

applied to the mesh. Results show that good convergence rates are achieved. As 

expected, when the disturbance on the boundary due to the singularity is reduced (in 

this case by changing the direction of the load), for any given level of model refinement 

the solution is obtained with less error in it. This is clearly illustrated by the 

convergence curves: the curve which corresponds to the load in y direction is below that 

for the case when the load is directed in x direction. 
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              a. Exaggerated displacement field      b. yyσ  contour plot 

Figure 8: Solution for the plane strain square plate subjected to a vertical concentrated load at point 

(702.5,-700). a. Exaggerated displacement field. b. yyσ  contour plot.  

 

Figure 9: Convergence of the energy norm of the error for the square plane strain plate subjected to a 

concentrated load in its interior, comparing the horizontal point load case and the vertical point load case. 

In the scaled boundary finite element method, concentrated loads acting on the side 

faces have not been treated before. In the current approach (Deeks and Wolf 2002d), the 

solution can be obtained only for distributions of side face load that can be modelled as 

a power function of the radial coordinate. Since any continuous function can be 

represented by a Taylor’s series, this limits the loads to be continuous functions of the 

radial coordinate. The new approach can handle the case when the side face load 

consists of one or more concentrated loads with a high level of accuracy, as will be 

illustrated in the following examples. Furthermore, referring to the discussion presented 

in the introduction section of this chapter, this shows that the new technique has the 
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potential to solve almost any type of discontinuous side face load distribution through 

integration of the fundamental solution. However, the formulation and implementation 

for loads other than concentrated is left for future work.  

7.5.4 Point load on the boundary – Solution of a domain subjected to a horizontal 
point load acting on the side face  

In this example, the horizontal concentrated load is applied at point B (Figure 6). Rather 

than employing the fundamental solution for the full plane, a half-plane solution is used, 

where the side face to which the load is applied becomes the boundary of the half-plane. 

Since the load acts tangential to this half-plane, the Cerruti solution (Kachanov, Shafiro 

et al. 2003) is employed as the fundamental solution.  

The deformation is plotted in Figure 10a while the normal stress xxσ  is contoured in 

Figure 10b. The accuracy of the solution is demonstrated by examining the convergence 

of the error in energy norm. The convergence achieved when increasing uniformly the 

polynomial order of the Lobatto shape functions is plotted in Figure 12.   

 

 a. Exaggerated displacement field   b. xxσ  contour plot. 

Figure 10: Solution for the plane strain square plate subjected to a side face concentrated load acting 

tangential at source point (500, 0). a. Exaggerated displacement field. b. xxσ  contour plot. 

7.5.5 Point load close to the boundary – Horizontal direction   

When the point load is located comparatively close to the boundary of the domain, the 

Kelvin solution generates rapidly varying Neumann and Dirichlet boundary conditions 

for the regular part of the solution in the vicinity of the load. This means that a higher 

degree of refinement of the mesh used to solve the regular part is required. However, 

this can be avoided by using the fundamental solution for a point load applied near the 

 131 



surface of a half-plane. Such a fundamental solution can be generated using the dipole 

image technique (Telles and Brebbia 1981), which introduces some extra 

complementary parts to eliminate the disturbance appearing in the Kelvin solution due 

to the singularity at the source point. The problem is solved in a similar way to the case 

when the point load is in the interior of the domain, but with the Kelvin solution 

replaced by the summation of the Kelvin solution and the complementary part to form 

the fundamental solution. For comparison purposes, the problem solved here is formed 

by moving the tangential point load on the boundary at point B vertically downward 

1mm into the domain interior. The new location of the source point is indicated by point 

C in Figure 6. The computed solution can be verified by comparison with the solution 

produced above using the Cerruti solution, since point C is extremely close to point B, 

with a difference of only 1mm in vertical coordinate. It is expected that the solutions 

obtained with the source point in these two locations should be almost coincident.   

The calculated displacement field is shown in Figure 11a and contours of the normal 

stress xxσ  are plotted in Figure 11b. The convergence of the solution is presented in 

Figure 12, which also shows the convergence rate obtained when the load is applied 

tangential to the boundary. Since the regular part of both problems is practically 

identical, there is no noticeable difference between the convergence rates, as expected. 

   

 a. Exaggerated displacement field   b. σxx contour plot 

Figure 11: Solution for the plane strain square plate subjected to a horizontal concentrated load extremely 

close to the boundary at source point (500, -1). a. Exaggerated displacement field. b. σxx contour plot. 
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Figure 12: Convergence for the solution of the square plane strain plate subjected to horizontal 

concentrated load, including comparison of the case with the point load acting tangential to the boundary 

and the case with the point load extremely close to the boundary.  

As expected, the solutions from the two examples vary from each other by very small 

values when comparing corresponding quantities. When graphed, the difference is 

hardly noticeable when the results for coincident pairs of points are compared. In terms 

of theory, it is expected that the solution for a point load applied at an interior point 

 of a half-plane approaches the solution for a point load applied on the half-

plane boundary at point  when . The purpose of verifying the solution 

implementation for these two examples is that the similarity in these results implies that 

the new technique works well for each individual set of half-plane fundamental 

solutions, and it describes the trend of the matching solutions accurately.  A similar 

solution verification process is now attempted for the case of the point load acting in the 

vertical direction. Details of this study are presented in following two sections.   

),( 1 dx −

)0,( 1x 0→d

7.5.6 Point load on the boundary – Solution of a domain subjected to a vertical point 
load normal to the side face  

When the concentrated load is applied in the vertical direction to the top face of the 

block at point B, the Flamant solution (Kachanov, Shafiro et al. 2003) is employed to 

describe the fundamental solution. To be compatible with the conventional direction of 

the point load in the Flamant problem, the vertical load is applied downwards in the 

negative y  direction.  

The final calculated solution is presented as follows: the displacement field is plotted in 

Figure 13a, the normal stress yyσ  is contoured in Figure 13b and the convergence of the 
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solution is graphed in Figure 15. The solution converges rapidly, satisfying the 

boundary conditions and showing the expected characteristics. 

 

 a. Exaggerated displacement field   b. σyy contour plot 

Figure 13: Solution for the plane strain square plate subjected to a side face concentrated load acting 

vertically downward at source point (500, 0). a. Exaggerated displacement field. b. σyy contour plot. 

7.5.7 Point load close to the boundary – Vertical direction   

As in the situation when the horizontal load is close to the boundary, when the vertical 

load is applied in the domain but close to the boundary the Kelvin solution leads to 

rapidly varying boundary conditions near the source point in the BVP for the regular 

part. Consequently it is better to use a half-plane fundamental solution. Here the 

problem with a concentrated load normal to the side face is modified by moving the 

source point 1mm downward to the position point C (Figure 6). The dipole image 

technique is employed in a similar manner to that described for the horizontal load in 

the last example. The disturbance near the boundary due to the singularity at source 

point is cancelled out by adding the complementary parts into the Kelvin solution.  

The solution is presented in a similar way to the previous examples: the displacement 

field is plotted in Figure 14a and the relevant stress component yyσ  is contoured in 

Figure 14b. The convergence rate of the solution is plotted in Figure 15 together with 

that for the case with the point load normal to the side face to allow comparison. As in 

the problems containing the horizontal load, close agreement between the two solutions 

is confirmed.   
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 a. Exaggerated displacement field   b. σyy contour plot 

Figure 14: Solution for the plane strain square plate subjected to a downward vertical concentrated load 

extremely close to the boundary at source point (500, -1). a. Exaggerated displacement field. b. yyσ  

contour plot. 

 

Figure 15: Convergence for the solution of the square plane strain plate subjected to a vertical 

concentrated load, including comparison of the case with the point load acting normal to the boundary 

and the case with the point load extremely close to the boundary.  

When looking at various convergence curves of the computed solutions for this square 

plane strain plate, it is observed that the solution converges at a rapid rate, and an error 

of around 3% is obtained when the mesh is refined to 122 degrees of freedom, which 

corresponds to a uniform polynomial order of 15 for 4 elements in the mesh.  
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7.6 A further example 

7.6.1 A plane stress problem – Multiple point loads  

This example extends the new technique to cover problems involving multiple 

concentrated loads. The basic idea comes from the fact that for the linear elastostatics 

problems, the load function on the right hand side of the virtual work equation (Eqs 18a, 

b) is restricted to be a linear functional. As a result, the solution of a problem subjected 

to multiple point loads is recovered by superposing the individual solutions caused by 

each point load acting alone. For the sake of simplicity, the principle of superposition is 

applied to the individual fundamental solutions to recover the fundamental solution for 

all the applied loads acting at once as the first step. After this the new technique can be 

applied normally, and only one BVP need be formulated to solve for the corresponding 

main regular part. Approaching the problem in this way saves time and work by 

reducing the number of BVPs that need to be formulated and solved.  

Although the fundamental solutions are available for the concentrated load acting in the 

direction which is parallel to either x axis or y axis only, in the case of a full-plane, or 

normal or tangential to the surface of a half-plane, by using the principle of 

superposition the fundamental solution corresponding to any inclined point load can be 

recovered. Firstly, the inclined point load is subdivided into x and y components or 

normal and tangential components as appropriate. The fundamental solutions of the 

components are then superposed to yield the appropriate fundamental solution for the 

inclined point load. 

In the previous examples, the ability of the new technique to calculate solutions for 

individual single point loads acting at any location in the domain was demonstrated. 

Taking into account the discussion above about the principle of superposition, it is clear 

that, by adding an extra step into the existing procedure to compute the main 

fundamental solution by superposing the contributions from all the individual 

quantities, a problem subjected to any combination of point loads acting in various 

arbitrary directions and at any location in the plane can be solved with the new 

technique.   

To demonstrate this ability, the benchmark problem of a plane stress square plate with a 

square hole in the middle is investigated. Due to the bisymmetry, only one quarter of 

the domain needs to be modelled. (It is noted that this implies the loading is also 



bisymmetric.) The quarter domain is subjected to a horizontal load of value 15 000 N at 

source point (1000, 500) and a vertical load of value 8000 N at source point (500, 600) 

(Fig. 16a). Roller supports are arranged at the cuts to enforce the symmetry constraints. 

The scaling centre is assigned at the inside corner to allow the singularity present at the 

re-entrant corner to be modelled accurately. The boundary is represented with six 

spectral elements which are ordered in the anti-clockwise direction (Fig. 16b).  

  

B 
A 

B 
A 

1000 

20
00

 

A = (1000, 500)

B = (500, 600) 

a. b. 

Figure 16: Model of a quarter of a plane stress square plate with a square hole in the middle. The domain 

subjected to different concentrated loads at A and at B 

After solving the problem described in Figure 16 by applying the technique described 

above, relevant data from the computed solution are extracted, including the 

displacement field, the normal stress xxσ  and the normal stress yyσ . The deformation of 

the domain and the stress contours are presented in Figures 17a, b and c respectively. 

The convergence of the solution obtained by uniformly increasing the order of the shape 

functions in all elements in the mesh is plotted in Figure 18. 

The results show that the new technique continues to produce good accuracy for this 

problem involving multiple concentrated loads. The deformation spreads smoothly over 

the domain except in the vicinity of the point loads. Smooth stress contours are obtained 

with a low order of the Lobatto shape functions.  

It should be noted that the convergence rate of the solution is very good in this example. 

The relative error in the energy norm rapidly reduces to less than 1% at the second mesh 

refinement. The L shaped domain problem is commonly used in the finite element 

literature for adaptivity because of the sharp singularity at the re-entrant corner.  In the 

scaled boundary finite element method, the singularity is represented analytically at the 
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scaling centre, and the solution is quite smooth in the circumferential direction. The 

advantage of the new technique is that it transfers the problem subjected to concentrated 

loads with several singular points into a simple BVP for the regular part. Consequently, 

when the regular part is smooth, problems like this example can be solved to a high 

level of accuracy with a comparatively coarse mesh.   

 

 a. Exaggerated displacement field 

        

  b. xxσ  contour plot        c. yyσ  contour plot 

Figure 17: Solution for the plane stress L plate subjected to multiple concentrated loads of value 15kN at 

point (1000, 500) and of value 8kN at point (500, 600). a. Exaggerated displacement field. b. xxσ  contour 

plot. c. yyσ  contour plot 
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Figure 18: Convergence of solution for the plane stress L plate subjected to concentrated loads of 15kN at 

point (1000, 500) and of 8kN at point (500, 600).   

7.7 Conclusion 

This chapter presents a new technique for solving 2D linear elastostatic problems 

subjected to concentrated loads using the concept of the fundamental solution. The 

solution for the problem is broken into a singular part which is obtained from the 

appropriate half- or full-plane fundamental solutions and a regular part which is 

approximated by the usual scaled boundary method. The BVP for solving the regular 

part is formulated from the fundamental solution. This chapter examined the various 

sets of fundamental solutions available. The results of the examples presented indicate 

the advantages of implementing the new technique in the scaled boundary finite element 

method. A solution with high accuracy is obtained when solving problems which have 

not previously been solved accurately, such as the problem with a concentrated body 

load in interior, and problems which have not previously been solved with the scaled 

boundary finite element method, such as the problem with a concentrated load acting on 

a side face.  

Theoretically it is possible to extend the new technique to treat the problems rather than 

the concentrated load case by employing integration and the principle of superposition 

to recover the corresponding fundamental solution for a certain load distribution. In 

addition, although this chapter covers the 2D case only, the new technique can be 

extended straightforwardly to problems in three dimensions where there are appropriate 

fundamental solutions existing. These extensions are proposed here but not 

implemented, and are left as topics for further work in the scaled boundary finite 

element method  
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8 Using the Green’s function in the scaled boundary finite 

element method to recover the point-wise solution in linear 

elastostatics problems  

Abstract 

This chapter describes a procedure to use Green’s function concept to recover point-

wise solutions for 2D linear elastostatics problems using the scaled boundary finite 

element method. The linear primal problem is described by the elliptic Lamé equation. 

The quantity of interest is recovered by weighting its associated Green’s function by the 

input load, which is the right hand side linear functional of the governing differential 

equation. The technique is based on applying Betti’s theorem for the Lamé operator to 

represent the unknown quantity in terms of an integral employing the associated 

Green’s function. The dual problem for obtaining the Green’s function is formulated 

and solved using the concept of the fundamental solution. Examples are provided to 

illustrate the approach. The point-wise solution recovered from the new technique is 

verified by the comparison with the solution of the equivalent primal problem. For 

simplicity the proposed technique is applied in 2D in this chapter, but extension to any 

linear problem for which fundamental solutions exist is straightforward. 

Keywords: scaled boundary finite element method, primal problem, dual problem, 

fundamental solution, Green’s function, point-wise solution, Lamé equation, Betti 

theorem.  

8.1 Introduction 

In recent years a new posteriori error estimation approach named goal-oriented 

adaptivity has been studied widely for elliptic boundary-value problems. A brief but 

useful literature review of recent work done on the topic can be found in Grätsch and 

Bathe (2005b). The main advantage of this technique is that it allows analysts to 

examine the behaviour of a selected quantity of interest economically. Rather than 

maximising the accuracy of the solution over the whole domain as measured by a global 

error norm such as the energy norm, the error in the quantity of interest is minimized 

only in selected regions of interest in the domain. The quantity can be the displacement, 

the stress, the derivatives of solution at a point in the domain, or the average of flow 



rate, displacement or stress over a patch of the domain and so on. The large variety of 

applications makes goal-oriented adaptivity important, and it has received much 

attention recently.    

As discussed in Chapter 7, a Green’s function describes the influence of a unit point 

load on a quantity of interest at a particular location as a function of the load position. 

The associated Green’s function can be used to calculate the quantity of interest directly 

by multiplying the approximated Green’s function by the applied loading function and 

integrating. The loading function is described by the right hand side linear functional of 

the governing differential equation (Grätsch and Hartmann 2003; Grätsch and Bathe 

2005a; Grätsch and Bathe 2005b; Grätsch and Hartmann 2005). The problem of finding 

the entire solution to this differential equation is called the primal problem. The 

associated problem formed from the corresponding adjoint operator is called the dual 

problem. The solution of the dual problem is the Green’s function for the quantity of 

interest. The error in the quantity of interest may be computed by forming an inner 

product between the error in the solution of the primal problem and the error in the 

solution of the dual problem. The contribution of the Green’s function in computing the 

quantity of interest and assessing its error indicates that solving the dual problem to 

approximate the Green’s function with as much accuracy as possible is a very important 

step in performing goal-oriented error adaptivity.  

If the value of the quantity of interest at a particular point is sought, the right hand side 

function of the dual problem (the equivalent ‘load’ function) involves a Dirac Delta 

function. If the FEM is used to solve this problem the singularity must be regularized by 

averaging it over a comparatively small neighbourhood. This can be done in a direct 

way by simply averaging it (Bangerth and Rannacher 2003) or in a more complex way 

by multiplying the source point value with a mollifier , which is a bell-shaped 

function characterized by an arbitrary radius parameter 

),( yxkε

ε  (Oden and Reddy 1976; 

Prudhomme and Oden 1999; Oden and Prudhomme 2001). In 2D, the averaging 

regularization moves the load function back to the solution space. It becomes a smooth 

linear functional integral. This technique is not applicable in the scaled boundary finite 

element method. Unlike the FEM, the scaled boundary finite element method uses the 

shape functions to interpolate the solution in the circumferential direction, but works 

analytically in the radial direction. As a result, in the final equation of the method, the 

global stiffness matrix is found with respect to the nodal degrees of freedom on the 
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boundary only. The way regularization is usually applied in the FEM requires interior 

nodal degrees of freedom to formulate the equivalent load function for the dual 

problem. This is not possible in the scaled boundary finite element method. An 

approach, similar to that used by Song and Wolf (1999a) to compute the solution of the 

primal problem for interior point loads, could be used, but this was shown in Chapter 7 

not to be very effective. 

The relationship between the fundamental solution and the Green’s function (Chapter 7) 

suggests another approach to treat the singularity in the equivalent load function of the 

dual problem, and consequently to solve the dual problem efficiently using the scaled 

boundary finite element method. The Green’s function can be formed as a summation of 

a known fundamental solution and an unknown regular part. The known fundamental 

solution is associated with the dual problem formulated for either a half-space or a full-

space. This formulation depends on the location of the quantity of interest relative to the 

boundary of the domain for the primal problem (Chapter 7). The singularity is then 

modelled exactly. Only the regular part of the Green’s function need be approximated 

by the scaled boundary finite element method to apply the boundary conditions of the 

dual problem. The solution of the dual problem can then be recovered with no 

requirement for any averaging or regularization. As only the regular part, which is 

normally a smooth function, needs to be approximated, the Green’s function is solved 

with higher accuracy than would otherwise be possible, and this accuracy is transferred 

to the accuracy of the quantity of interest. This approach of solving the dual problem for 

the Green’s function using the fundamental solution is adopted in this chapter.  

This chapter commences with formulation of a primal problem whose point-wise 

solution is of interest. The generalized linear 2D elastostatics problem, which is 

modelled in chapter 7, is redescribed in terms of the elliptic Lamé equation. The 

concept of a Green’s function is introduced. A discussion about the Green’s function 

and its contribution to Betti’s theorem for the Lamé operator follows. To approximate 

the Green’s function for the dual problem, it is split into a known fundamental solution 

and a regular part. The concept of the fundamental solution and formulation of the BVP 

to solve for the associated regular part is briefly described. Details regarding this stage 

are discussed in chapter 7. In the examples, the point-wise solution recovered using the 

new technique is verified by comparison with the relevant quantity obtained by solving 

the primal problem. The square plane stress plate with a square hole in the middle used 



in the previous chapter is employed. Various point-wise solutions including horizontal 

displacement , vertical displacement , normal stress in xxu yyu xx  direction xxσ , normal 

stress in yy  direction yyσ  and shear stress xyσ  are subsequently examined for a 

specified location. Two load cases of interior concentrated loads are considered.  

8.2 The primal problem 

The generalized 2D linear elastostatics problem, which is solved in chapter 7, is 

described in terms of the elliptic Lamé equation to permit easy application of Betti’s 

theorem in the next stage (Hartmann 1985; Hartmann 1989; Grätsch and Hartmann 

2003). 

The domain 2R⊂Ω  with the continuous Lipschitz boundary ND Γ+Γ=Γ  is subjected 

to body load . The boundary conditions of the domain need to be formulated 

into the numerical method. They are described in terms of prescribed displacement 

( )Ω∈ 2Lpi

iu , 

here assumed to be zero, and prescribed surface traction it , i.e. 

0=iu      on ;   DΓ

ijij tn =σ      on ;         (1a) NΓ

The elliptic Lamé equation is formulated to solve for the displacement field { }iuu =  

2,1,
21

: ,, ==
−

−−=− jipuuuL ijijjjijij ν
μμ      (1b) 

where [ ]ijLL =  is the Lamé operator and =
+

==
)1(2 ν

μ EG  the shear modulus. Here E  

is Young’s modulus and ν  is the Poisson’s ratio. If the domain is in a plane strain state, 

νν = , and if the domain is in a plane stress state,
ν

νν
+

=
1

. 

The strains are defined by the partial derivatives of the displacement field, and are 

related to the stresses by Hooke’s law. The internal traction vector on the boundary is 

formed by the scalar product between the stress tensor and the associated unit normal 
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vector. In order to solve the problem by a numerical method, it is expressed as an 

equivalent variational problem. 

8.3 The Green’s function  

Before applying the concept of Green’s function to recover various types of point-wise 

solutions for the linear elastostatics problem, its definition and features are introduced. 

The situation is illustrated in Figure 1.  

The fundamental solution (chapter 7) is presented in Figure 1a. When an infinite plane 

is subjected to a unit pair load )1,1(),( 21 == PPP  at a source point ),( 21 xxx = , the 

displacement field caused by the load is the fundamental solution for displacement 

. The stress field caused by the load is the fundamental solution for stress . 

These solution functions are associated with the position of source point 

[ ]xg0 [ ]xg1

x , and they 

vary according to position of the observation point y . The position of point x  acts as 

the parameter, while the observation point y  acts as the variable for the functions. 

In the case of a finite plate (Fig. 1b), the Green’s functions may be obtained by 

considering a unit pair load )1,1(),( 21 == PPP  acting on the finite plate whose 

Neumann and Dirichlet boundaries coincide with those of the corresponding primal 

problem illustrated in Figure 1c, but at which the prescribed stresses and displacements 

are zero. The deflection of the finite plate is equal to the Green’s function for 

displacement, which can be expressed as the sum of the Green’s function for an infinite 

plate and an additional regular part, [ ] [ ] RuxgxG += 00 . The Green’s function for stress 

may also be expressed as the sum of the corresponding Green’s function for an infinite 

plate and a regular part, [ ] [ ] RxgxG σ+= 11 . The regular part matches the boundary 

values of the Green’s function to the homogeneous Neumann and Dirichlet boundary 

conditions in each case. The concept of the fundamental solution is an essential part of 

formulating the Green’s functions. The fundamental solutions form the singular part of 

the Green’s functions in each case (Roach 1970; Stakgold 1979; Roach 1982; Hartmann 

1985; Hartmann 1989; Melnikov 1995).  

Recently, goal-oriented adaptivity has been investigated quite thoroughly for the FEM. 

The basic definition of the Green’s function has been extended to incorporate the error 

 when the quantity of interest is described as a linear functional )()( , eLuuL ph =−
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)(uL  of the solution. This generalized Green’s function with respect to  is the 

solution of the dual problem, and is often called the influence function as it indicates the 

influence of the residual in the primal problem  on . A study of the generalized 

Green’s function with respect to a quantity of interest, error estimation and goal-

oriented adaptivity to minimize the error in that quantity of interest, and how these 

concepts are incorporated into the scaled boundary finite element method are described 

in Chapter 9. 

)(eL

u
phR , )(eL

x1,y1

x2,y2

x = (x1,x2) 1

1 

a. 

x = (x1,x2) 1

1 

x2,y2

x1,y1

b. 

x = (x1,x2) 

x2,y2

x1,y1

c. 

p 

t 

 

Figure 1: Definition for the solution of the dual problem and the primal problem. a. Infinite plate with a 

unit point load – Fundamental solution. b. Finite plate with a unit point load – Basic Green’s function. c. 

The primal problem. 
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}Typically, a primal problem is subjected to some body load { ipp =  in the interior and 

external surface traction { }itt =  on NΓ  as described in Figure 1c. Under the influence 

of these loads, the domain deforms with the displacement field  and the stress { }iuu =



field { }ijσσ = . The scaled boundary finite element method can be used to solve such 

primal problems directly, as described in Chapter 3. The following section will describe 

how the Green’s function, in terms of its basic definition, is used in Betti’s theorem to 

yield an unknown point-wise solution of the 2D primal problem at a location 

 in the domain. The theorem is formulated on the Lamé operator and the 

pair of variables concerned is taken as the point-wise solution of interest and its 

associated Green’s function.  

),( 21 xxx =

8.4 Betti’s theorem 

In its simplest form, the basic idea can be explained simply using the illustration in 

Figure 2. In the domain, a load acting at point A, for example a horizontal load  

in this case, causes a displacement 

iA Pf =

iABu δ=  at point B. The reciprocal theorem states 

that if the domain is subjected to the same load iB Pf =  acting at point B, then the 

displacement it causes at point A is iBAu δ= . Thus the reciprocal external work 

 of two load cases  and  is the same, as  ntdisplacemeforce × Af Bf

0=− ufuf ABBBAA          (1) 

Equation 1 shows the formulation of Betti’s theorem  for a pair of 

displacements  and . The theorem states the balance of the reciprocal external 

work of two separate elastic states of a single domain.  

),( ABBA uuB

BAu ABu

Betti’s theorem will now be introduced in its appropriate form. 

 

x2,y2

x1,y1

x2,y2

x1,y1

A  uBA

uAB

B 

fA

fB

 A 

B 

Figure 2: Reciprocal external work examined at point A and point B of the domain 
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8.4.1 Virtual work formulation  

The virtual work formulation of the 2D linear elastostatics problem described in Figure 

2 leads to a final matrix stiffness equation which relates the nodal displacement vector 

and the nodal force vector  via the global stiffness matrixu f K   

fuK =           (2) 

Betti’s theorem is applied to the global stiffness matrix in the virtual work formulation.  

For the elliptic problem, the variational form ( ).,.a  is a symmetric positive-definite 

bilinear form on VV ×  (chapter 7). The global stiffness matrix K  therefore is 

symmetric and consequently equal to its adjoint matrix *K . Hence Betti’s theorem for a 

pair of vectors u  and u  is described as  

0),( =−=−= fufuuKuKuuuuB TTTT      (3) 

8.4.2 Differential operator 

From a mathematical point of view, the 2D linear elastostatics problem of Figure 2 is 

described by the elliptic Lamé equation via the differential Lamé operator. Appropriate 

adjustments can be made to Equation 3 to formulate Betti’s theorem for the Lamé 

operator. The variables of the elliptic Lamé equation are functions. Vectors  u  and u  

must be replaced with functions   and u u . The global stiffness matrix K  is replaced 

with the differential Lamé operator . Its adjoint operator is of identical form L LL =* . 

Instead of forming scalar products, Betti’s theorem is formulated over the domain by 

integrating the equation over the domain. Hence when the 2D problem is described 

using the differential Lamé operator, Betti’s theorem for a pair of functions  and u u  

becomes  

( ) ( )[ ] ( ) 0),( * =Ω−⋅−⋅−⋅+Ω⋅−= ∫∫∫
ΩΓΩ

duLudsutuuutduLuuuB    (4) 

In Equation 4,  is the traction at a point on the boundary. It is equal to the scalar 

product between the stress tensor  and the unit normal vector .   

Snt =

S n
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8.5 Integral representation of the point-wise solution  

Assume that the dual problem is formulated and solved for the Green’s function. In the 

Betti’s theorem representation, if  and u u  are replaced with the unknown solution of 

the primal problem and the solution of the dual problem respectively, then the solution 

of the primal problem can be found by using either Equation 3 or Equation 4. However, 

using Equation 3 is more restrictive, as the nodal force vector  must be computed. In 

contrast, when using Equation 4 the functions describing the applied body loads and 

boundary tractions can be used directly without treatment. The solution of the dual 

problem is the Green’s function with respect to the point-wise solution of interest. In 

addition to the basic displacement variable, it can be formed for a quantity involving 

derivatives of various orders such as the stresses (which are related to the first order 

derivatives of the displacement field). If Equation 3 is used, only the nodal 

displacement vector is treated, while Equation 4 can also account for unknown 

quantities other than the displacement. Another reason which makes it convenient to use 

Equation 4 is that integration is the central component of a numerical method. In such 

method, the integral is simply evaluated using some type of quadrature, for example the 

popular Gaussian quadrature. Equation 4 is employed to yield an integral representation 

of the point-wise solution of the primal problem.  

f

It should be noted that Betti’s theorem and the approach of representing the solution 

(the complete solution, not just a point-wise quantity) with an integral of the Green’s 

functions is employed widely in numerical studies. It forms the foundation of the 

boundary element method (BEM). Details of the formulation can be found in most 

textbooks describing the BEM, such as Hartmann (1989).  

In the FEM, an integral representation of the point-wise solution coming from Equation 

4 has been employed to find a local quantity in a linear problem (Grätsch and Hartmann 

2003). Following this, the point-wise error estimation and appropriate goal-oriented 

adaptivity has been incorporated in an existing FEM program efficiently (Grätsch and 

Hartmann 2005). 

Like primal problems containing a concentrated load, when the problem is in a domain 

of more than one dimension, the singularity of the Green’s function is no longer a jump 

happening only at the source point x  that can be removed easily by integration. The 

stresses vary according to the ratio 1−r , where r  is the distance between the source 
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point and the observation point  in the domain. The Green’s functions for the 

displacements and stresses become singular at the source point, and obviously no longer 

remain in the solution space 

y

)(2 ΩC . Due to the singularity about the source point, a 

singular integral appears in the formulation. To deal with this, Betti’s theorem is 

normally applied over the punctured domain ),( 00 yxNεε −Ω=Ω . The singular 

integral can then be defined as the limit of the regular integral when radius ε  

approaches zero. The limit is Cauchy’s principal value (Hartmann 1985). 

Evaluating Equation 4 for a pair of displacements ( )iGu 0, , Betti’s theorem yields 

[ ]

0)()(

)),(()(),()()(),(),(

0

0000

=Ω−⋅−

⋅−⋅+Ω⋅=

∫

∫∫

Ω

ΓΩ

dxyyu

dsxyGtyuxyGytdypxyGGuB

i

iiii

δ
     (5) 

In this equation  is the Dirac Delta function, which represents a spike in the 

 direction at point 

)(0 xyi −δ

ix x . 

Combining Equation 5 with the boundary conditions described in Equation 1, the 

unknown point-wise displacement of the primal problem is found in the form 

∫∫
ΓΩ

⋅+Ω⋅= dsytxyGdypxyGxu ii
i )(),()(),()( 00

N

N

     (6) 

Differentiating appropriately to obtain strains, then multiplying by the material property 

matrix to obtain stress, the integral representation of the unknown point-wise stress is 

found in a similar form as 

∫∫
ΓΩ

⋅+Ω⋅= dsytxyGdypxyGx ijij
ij )(),()(),()( 11σ      (7) 

In Equation 6 index  indicates the direction of the displacement of the Green’s 

function . In Equation 7, indices  are the stress indices. These are associated with 

the Green’s function . In the following section, which describes computing the 

Green’s functions and subsequently recovering the point-wise solution, the notation 

i

0G ij

ijG1
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employed for the fundamental solutions and the Green’s functions will be introduced in 

full and systemized.  

8.6 Approximation of the Green’s function 

It is desirable to approximate the Green’s function associated with the point-wise 

solution with high accuracy. If this can be achieved then the point-wise solution will be 

recovered efficiently from the relevant integral representation.   

Firstly, the Green’s function is split into a known fundamental solution and an unknown 

regular part  

),(),(),( 00 xyuxygxyG i
R

ii +=         (8a) 

 150 

11 R ),(),(),( xyxygxyG ijijij σ+=        (8b) 

The fundamental solutions were introduced in Chapter 7. Different sets of fundamental 

solutions depending on the location of the source point relative to the boundary were 

discussed, with corresponding numerical examples. The BVP for solving the regular 

part was formed and solved. The only difference between that procedure and the one 

used here is that in Chapter 7 what was called the “fundamental solution” is actually the 

basic fundamental solution weighted by the concentrated load ),( 21 PPP = . In order to 

apply that development to this chapter, it is necessary to set that weight to a unit, i.e. to 

replace  with  throughout the whole development. It should be 

noted that although the two chapters share the common step of using the fundamental 

solution and approximating the corresponding regular part, the procedure following this 

step is different. The purpose of Chapter 7 was to solve the primal problem in the 

presence of concentrated loads and to recover the whole field solution. The BVP was 

formulated for only the regular part associated with the displacement field, which acts 

as its basic variable. The regular part associated with the stress field did not come from 

a separate BVP. It was recovered normally as the solution for stress when solving the 

BVP associated with the displacement field.     

),( 21 PPP = )1,1(=P

In this chapter separate BVPs are formulated to solve for the Green’s functions for 

displacements and stresses. Although this may appear to involve more work, in any 

particular problem with a single quantity of interest only one Green’s function need be 



found. The BVPs to solve for  and  are briefly formulated here. 

Recovery of the Green’s functions using the fundamental solutions is discussed. More 

information on how the BVPs are developed, derived and implemented in the scaled 

boundary finite element method is provided in chapter 7.  

),( xyui
R ),( xyij

Rσ

The fundamental solutions for the displacements form the columns of the matrix 

. Horizontal displacements, , form the first column. Vertical 

displacements, , form the second column. For an element , index i  

indicates the direction of the unit load and index 

),( xyU ),(1
0 xyg

),(2
0 xyg ),( xyUij

j  represents the displacement 

component. It is easy to see that with this arrangement matrix  consists of two 

rows. The displacements caused by the load in the horizontal direction form the first 

row, and those caused by the load in vertical direction form the second row.   

),( xyU

⎥
⎦

⎤
⎢
⎣

⎡
==

2221

12112
0

1
0 )],(),([),(

UU
UU

xygxygxyU       (9) 

In a similar manner, the fundamental solutions for the stresses and the boundary 

tractions corresponding to the stresses are subsequently grouped in relevant matrices. 

For the matrices associated with the stresses, elements such as  or  

use the index  to indicate the direction of the unit load, while indices ij  indicate the 

stress component.  

),( xyDkij ),( xySkij

k

The three fundamental solutions for the three stress components form the columns of 

matrix D, so 

⎥
⎦

⎤
⎢
⎣

⎡
==

212222211

11212211112
1

22
1

11
1 )],(),(),([),(

DDD
DDD

xygxygxygxyD    (10) 

The tractions corresponding to the displacements  are contained in matrix 

 as 

),( xyU

),( xyT

⎥
⎦

⎤
⎢
⎣

⎡
==

2221

12112
0

1
0 )],(),([),(

TT
TT

xytxytxyT       (11) 

The tractions corresponding to the stresses  are contained in matrix as ),( xyD ),( xyS
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⎥
⎦

⎤
⎢
⎣

⎡
==

212222211

11212211112
1

22
1

11
1 )],(),(),([),(

SSS
SSS

xytxytxytxyS    (12) 

The boundary value problem (BVP) for solving the regular part is formulated by 

calculating the boundary tractions and prescribed boundary displacements needed to 

impose the necessary homogeneous Neumann and Dirichlet boundary conditions on the 

fundamental solution (chapter 7). In 2D, for a given point y  of the domain, there is a 

set of five different fundamental solutions corresponding to two displacement 

components and three stress components. Consequently it is possible to formulate five 

individual BVPs to solve for the five individual regular parts.  

By definition, the Green’s functions vanish on the Dirichlet boundary, and the tractions 

corresponding to the Green’s function vanish on the Neumann boundary, i.e.   

000 =+= ii
R

i guG  on DΓ ; 

( ) 000 =+= ii
R

i ttGt  on NΓ ;        (13) 

and 

0=+= ijijij guG 11 R D on Γ ; 

( ) 0=+= ijijij ttGt 11 R N on Γ ;        (14) 

Equations 13 and 14 describe the boundary conditions of the BVPs. They indicate that 

the regular part balances the corresponding fundamental solution on the boundary to 

restore the appropriate homogeneous boundary conditions.  

Hence in the case the quantity of interest is either the point-wise horizontal 

displacement or the point-wise vertical displacement, the variational form of the BVP 

for the regular part is  

Vvdsvtvua
S

ii
R ∈∀−= ∫ .),( 0        (15) 

The boundary conditions of the domain are  
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ii
R gu 0−=   on ; DΓ

ii
R tt 0−=  on ;         (16) NΓ

For case the quantity of interest is one of three stress components, the variational form 

of the BVP is  

Vvdsvtvua
S

ijij
R ∈∀−= ∫ .),( 1        (17) 

The boundary conditions of the domain become  

 153 

R 1 D

R 1 N

ijij gu −=    on ; Γ

ijij tt −=   on Γ ;        (18) 

The BVPs are formulated over the domain 2R⊂Ω . The solution space V  is the 

Sobolev space . However, rather than obtaining the exact solution, 

which is impossible in most of the cases, the scaled boundary finite element method 

approximates the solution in a sub space  for a solution domain formed using 

elements with polynomial shape functions. 

)()( 11 Ω×Ω= HHV

VV p ⊂

p refers to the order of the shape functions.  

Depending on which point-wise solution is of interest, one of the above five BVPs is 

formulated and solved. The Green’s function with respect to the quantity of interest is 

computed by superposing the fundamental solution and the approximated regular part. 

The point-wise solution is then recovered from either Equation 6 or Equation 7 as 

appropriate. 

In order to implement the procedure for formulating and solving the BVPs in the scaled 

boundary finite element method, the fundamental solutions and the corresponding 

tractions need to be programmed. Extra steps to describe the boundary conditions must 

also be included.    



8.7 Examples 

8.7.1 Quality of the Green’s functions computed by the proposed method 

The five Green’s functions, consisting of two displacement components and three stress 

components, are verified here by comparison with the solutions from the corresponding 

primal problems. The primal problems are solved by the new technique described in 

Chapter 7 using the fundamental solutions. Numerical studies described in Chapter 7 

showed that the new technique yields solutions of high accuracy and high convergence 

rate for the primal problem. It is expected that the solutions obtained from two different 

approaches, i.e. solving the primal problem and solving the corresponding dual 

problem, should recover the same final value at any particular point. This provides a 

way of examining indirectly the accuracy of the Green’s functions recovered from the 

technique proposed in this chapter. (In the following chapter a direct way of estimating 

the quality of the point-wise quantity will be developed, where a point-wise error 

estimator is derived and incorporated into goal-oriented adaptivity.)  

The example considered is a square plane stress plate with a square hole in the middle. 

The units employed are N and mm. The material constants are: Young’s 

modulus and Poisson’s ratio 2250000 −= mmNE 3.0=ν . Due to the symmetry, only 

one quarter of the domain is modelled. Roller supports are arranged at the cuts to 

provide the bi-axial symmetry. The scaling centre is assigned to the inside corner to 

treat the singularity of this sharp point. The boundary is represented by six polynomial 

elements which are ordered in anti clockwise direction. The problem is illustrated in 

Figure 3. 

B 

A 

B 

A 

1000 

20
00

 

A= (1000, 500) 

B = (500, 1000)

a. b.  
Figure 3: Model of a quarter of a plane stress square plate with a square hole in the middle. Unit 

concentrated loads are specified at either A or B depending whether the primal problem or the dual 

problem is solved 
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The primal problem is solved for two load cases: 1. a single horizontal unit concentrated 

load; and 2. a single vertical unit concentrated load. The load acts at point B (500, 

1000). Displacements and stresses are calculated and recorded for point A (1000, 500). 

It has been shown in chapter 7 that for this example, a relative error in the global energy 

norm of less than 1% is obtained with uniform refinement to 5=p  when the domain is 

subjected to multiple concentrated loads. To observe the convergence properties, this 

example is solved for uniform −p refinement, starting at p = 1 and proceeding to p = 

11 in steps of  2. This problem has no exact solution. The exact solution is represented 

by the dual solution when the mesh is uniformly refined with . The point-wise 

relative error estimate as a percentage is computed as 

18=p

%10018
,

18
,* ×

−
=

dualpt

p
ptdualpt

pt sol
solsol

η        (19) 

Five different dual problems for the five Green’s functions (two displacement 

components and three stress components) are defined and solved for the source point A. 

Solutions are calculated and recorded for the observation point B. In each of these 

Green’s function solutions, it is expected that the first component should equal the 

corresponding solution recorded at point A from the primal problem when the unit 

concentrated load is in the horizontal direction, and the second component should equal 

to that obtained when the unit concentrated load is in the vertical direction.   

For each of the five quantities, the associated solutions from the two approaches are 

paired for comparison in Figure 4 for the load in the x direction and in Figure 5 for the 

load in the y direction. The plots on the left hand side indicate convergence of the 

solution magnitude for the series of −p uniform refinements, while the plots on the 

right hand side show the corresponding convergence of the relative error estimates. The 

relative error estimate plots are truncated at a tolerance of 0.1% or at 5=p , whichever 

is more accurate. In terms of the magnitudes, comparatively small discrepancies 

between the two approaches are observed for small values of p, and these rapidly reduce 

as the element order p  increases. In all cases, the two set of solutions coincide after 

only a few mesh refinements and converge to a solution with high accuracy. The 

relative error estimates for the two sets of solutions show rapid convergence to high 

levels of accuracy. The solutions from the two different approaches match each other 

very well.  
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It is notable that the stresses computed by the dual approach are significantly more 

accurate than those computed by the primal approach. Consequently, if the quantity of 

interest is stress at a single point, the dual approach described in this chapter is an 

efficient way of obtaining the solution. 
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Figure 4: The first components of the Green’s functions, associated with the unit load in the x direction   
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Figure 5: The second components of the Green’s functions, associated with the unit load in the y direction   

8.8 Conclusion 

In this chapter point-wise solutions for linear elastostatics problems were calculated 

using Green’s functions obtained with the scaled boundary finite element method. This 

approach is based on applying the Betti’s theorem for the Lamé operator to represent 

the unknown quantity in terms of an integral employing the associated Green’s 

function. Five different Green’s functions, which are associated with the two 

displacement components and three stress components, were investigated.  

This chapter presented a new technique to solve for the Green’s functions with the 

scaled boundary finite element method using fundamental solutions. Due to the nature 

of a boundary method, this is the only approach by which these functions can be 

obtained with the scaled boundary finite element method, as averaging regularization 

can not be applied. The Green’s function is split into a known fundamental solution and 

a regular part. The regular part, which is usually a smooth function, can be 

approximated very accurately by solving a boundary value problem. The accuracy of 

the recovered Green’s functions consequently yields point-wise solutions with high 

accuracy and convergent rate. A numerical example was provided illustrating the 

quality of the recovered Green’s functions. This example demonstrated that the 

proposed dual approach is an efficient method of computing stresses at a single point. 
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9 Point-wise error estimation and goal-oriented p-

hierarchical adaptivity for the scaled boundary finite 

element method 

Abstract 

Point-wise error estimation and goal-oriented hierarchical p-adaptivity are investigated 

for incorporation in the scaled boundary finite element method. A framework is 

developed to show that the error in the quantity of interest equates to an inner product of 

the error in the solution of the primal problem and the error in the solution of the dual 

problem. The primal problem is solved normally using the basic scaled boundary finite 

element method. The Green’s function associated with the point-wise quantity of 

interest is split into a fundamental solution and an unknown regular part. The dual 

problem is solved by the technique presented in chapter 8. A guaranteed energy norm 

error upper bound based on the Cauchy-Schwarz inequality is derived. A goal-oriented 

p-hierarchical adaptive procedure is developed and implemented efficiently in the 

scaled boundary finite element method. The point-wise quantity of interest is computed 

from its integral representation using the associated Green’s function, as described in 

chapter 8. Since only the smooth regular part must be approximated, highly accurate 

approximation of the Green’s function is obtained and consequently very accurate 

point-wise quantity is recovered. For simplification, the proposed technique is applied 

to 2D in this chapter, but an extension to any linear elliptic problem for which 

fundamental solutions exist is straightforward.  

Keywords: scaled boundary finite element method, primal problem, dual problem, 

point-wise quantity of interest, fundamental solution, Green’s function, goal-oriented 

adaptivity, Cauchy-Schwarz inequality, energy norm, hierarchical p-adaptivity 

9.1 Introduction 

This chapter formulates a technique for incorporating goal-oriented p-adaptivity into the 

scaled boundary finite element method with a focus on point-wise quantities of interest.  

In chapter 5 and chapter 6, two p-adaptive strategies were developed for the scaled 

boundary finite element method. Estimate of the relative error for the stress field in 
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terms of the global energy norm was used to measure the level of accuracy in the 

numerical approximated solution obtained from the current mesh. Previous work on 

adaptivity for the scaled boundary finite element method by Deeks and Wolf (2002c) 

only considered use of a recovery-based error estimator, but in this thesis the reference 

solution (Demkowicz, Rachowicz et al. 2002) has been proved to act as a high quality 

approximation of the exact solution (chapter 5) for use in error estimation. It is used in 

the work reported here as it is more effective than having to employ an extra stress 

recovery technique, like in previous work. The optimum mesh is obtained by either 

distributing the global error norm equivalently over all elements in the domain (chapter 

5) or maximizing the decrease rate of the projection-based interpolation error appearing 

in the reference solution (chapter 6). In both approaches, the primal problem supplies all 

the required information, and there is no need to consider the dual problem, which is the 

adjoint of the primal problem. These adaptive strategies successfully reduce the global 

error of the numerical approximation throughout the whole field; however, they are 

unable to estimate and control the numerical error in a particular quantity of interest, 

such as the displacement or stress at a particular point in the domain.  

In recent years a new posteriori error estimation approach (termed goal-oriented error 

estimation) that provides error estimates and error bounds with respect to a quantity of 

interest has been studied widely, and has emerged as an alternative method of driving 

adaptivity for elliptic problems. A brief but effective literature review about the work 

done on the topic up to the current date can be found in Grätsch and Bathe (2005b). The 

new technique can be applied to any local or global quantity, providing that quantity 

can be described by a linear functional of the solution. The variety of applications that 

the technique can cover makes it an interesting research topic.  

A shared main step between all proposed methodologies for the goal-oriented adaptivity 

is the development of a basic framework which relates the residual in the primal 

problem, i.e. the error source of the problem, to the error in the quantity of interest. In 

order to do this, the dual problem must be solved to find the generalized Green’s 

function associated with the quantity of interest. This Green’s function supplies the 

necessary information to identify the influence of the residual on the error in the local 

quantity. A key point in establishing the goal-oriented error estimation is a relationship 

which specifies that the error in the quantity of interest is the inner product of the error 

in the solution of the primal problem and the error in the solution of the dual problem. 



With this basic framework as the starting point, various approaches for evaluating the 

error estimates and the error bounds have been investigated and implemented.   

If the point-wise quantity of interest is computed from an integral of the dual solution as 

described in chapter 8, a singularity appears in the dual solution, as in this case the dual 

solution is the basic Green’s function with respect to the quantity of interest. It is 

necessary to regularize the singular spike in the Green’s function at the point of interest 

to bring these dual solutions back into the solution space of the mesh being used. In the 

FEM, there are several regularizing techniques available. Most popular are attempts to 

average the equivalent load function in the dual problem over a comparatively small 

neighbourhood. This can be done in a direct way (Bangerth and Rannacher 2003; Solin, 

Segeth et al. 2004) or in a more complex way by multiplying the value with a mollifier 

, which is a bell-shaped function characterized by an arbitrary radius parameter ),( yxkε

ε  (Oden and Reddy 1976; Prudhomme and Oden 1999; Oden and Prudhomme 2001). 

Another approach is to remove the singularity by removing a small neighbourhood 

 (which is usually taken to be a circle of radius ),( 00 yxNε ε  about the source point) 

from the domain (Hartmann 1985; 1989; Grätsch and Hartmann 2003; 2005a; 2005b). 

For the scaled boundary finite element method, the second approach of removing the 

small neighbourhood  out of the problem domain is used in chapter 8 when 

deriving and evaluating the integral representation of the point-wise solution. The 

singularity is removed when the singular integral is replaced by limit of the regular 

integral over the punctured domain 

),( 00 yxNε

),( 00 yxNεε −Ω=Ω  when the radius ε  approaches 

zero. 

In this study, the accuracy of the Green’s function, which is the solution of the dual 

problem, defines the accuracy of the point-wise quantity, since the point-wise quantity 

is computed from the integral of its associated Green’s function. In addition, the basic 

framework, which is detailed later, also shows that the error in the quantity of interest is 

the inner product between the error in the solution of the primal problem and the error 

in the solution of the dual problem. In the other words, a very important step in the 

application of goal-oriented error estimation and adaptivity is to compute the Green’s 

function from the dual problem as accurately as possible.  

When the quantity of interest is a point-wise value in a 2D problem, the equivalent body 

load function of the dual problem is a Dirac Delta function relative to the point location. 
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In the FEM, one of the above averaging techniques can be employed to regularize the 

load function of the dual problem into a smooth linear functional to ensure that the 

virtual work formulation (with its integral-based nature) can be applied to solve the dual 

problem in the usual fashion (Oden and Reddy 1976; Prudhomme and Oden 1999; 

Oden and Prudhomme 2001; Bangerth and Rannacher 2003). Another approach is to 

use the fundamental solution. A high quality approximation of the Green’s function 

with respect to the point-wise quantity of interest can be found in this way (chapter 8). 

The Green’s function is split into a known fundamental solution and a regular part. 

Only the regular part is required to be approximated from a boundary value problem by 

the numerical method. This approach is referred to as the Green’s function 

decomposition method (GFD) in Grätsch and Hartmann (2005). The technique has been 

investigated widely for use in the FEM. Wang (1998) computed useful upper error 

bounds for the point-wise error in the solution derivatives when the points are located 

close to or on a curved boundary for the Laplace equation with Neumann boundary 

conditions. Cao (1999) extended the work to the potential flow problem and problems 

with Dirichlet boundary conditions. Grätsch and Hartmann (2003; 2005) investigated 

the case when the point is located a distance away of the boundary for the linear elliptic 

problems. The technique was shown to work with much higher efficiency than the 

averaging regularization technique, as the refinement is no longer required to 

concentrate highly on the point of interest to model the singularity there. A restriction is 

that the technique can only be applied to linear problems with fundamental solutions 

available.  

The manner in which the averaging techniques are applied in the FEM cannot be 

transferred directly into the scaled boundary finite element method, as the scaled 

boundary finite element method discretises one dimension less than required to solve 

the same problem in the FEM. Unlike the FEM, the scaled boundary finite element 

method uses the shape functions to interpolate the solution in the circumferential 

direction, but works analytically in the radial direction. As a result, in the final equation 

of the method, the global stiffness matrix is found with respect to the nodal degrees of 

freedom on the boundary only. However, regularization by averaging techniques in the 

manner employed in the FEM causes the interior nodal degrees of freedom to appear in 

the equivalent nodal load function on the right hand side of the dual problem. 

Consequently, it is not possible to solve the dual problem in the scaled boundary finite 
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element method by approaching the averaging in a FEM manner due to the boundary 

nature of the final equation in the scaled boundary finite element method.   

After regularizing by an averaging technique, the Dirac Delta load function can be 

treated as a body load function in the dual problem. The current technique for treatment 

of body load in the scaled boundary finite element method (Deeks and Wolf 2002d) can 

be considered, but it is also found difficult to apply. Treatment of a continuous body 

load rather than concentrated load was discussed in Deeks and Wolf (2002d), but the 

technique is restricted to cases where the patch load can be modeled as a power function 

of the radial coordinate, for example case of a constant or linearly varying distributed 

load. More complicated loadings must be expanded into a power series approximation. 

The linear functional obtained from an averaging technique cannot be represented in 

this form easily. In addition, the scaled boundary finite element method uses a scaled 

boundary coordinate system rather than the usual Cartesian coordinates. An average 

performed over a circular region using the conventional form of the mollifier does not 

match well with the scaled boundary coordinate system, and a more appropriate 

regularization function must be derived. Due to these difficulties, the averaging 

technique is not used in this study.    

Instead, the Dirac Delta load function is treated as a concentrated load. In previous 

work, the concentrated load case was solved by an approach developed by Wolf and 

Song (Wolf and Song 1996a; Song and Wolf 1999a). Chapter 7 showed that the 

technique contains certain problems, which make it difficult to obtain the solution 

accurately, and proposed an enhancement by using the GFD method. This approach was 

further investigated in chapter 8 to recover the Green’s function with respect to a point-

wise displacement or stress. Results from the numerical studies confirmed the quality of 

the recovered Green’s function by demonstrating a very good match between the dual 

solution and the corresponding two components in xx direction and yy direction 

recovered by solving two primal problems. The GFD based approach is employed here 

to solve the dual problem, and it is briefly discussed in this chapter. For full 

development and implementation, chapter 7 and chapter 8 should be referred to.    

Another important step is to derive suitable bounds for the error in the quantity of 

interest to form the refinement criteria for the goal-oriented adaptivity. Among several 

approaches for goal-oriented error estimation, this study investigates and follows the 

strategy of using energy norm based estimates. In previous chapters 4, 5, and 6, the 
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error estimator in terms of global energy norm was employed throughout all the p-

adaptive work. It is convenient that sections of the existing source code can be used to 

implement the new goal-oriented error estimation proposed in this chapter, leading to 

efficiency when programming. In the FEM, strategies based on energy norm estimates 

for goal-oriented error estimation were investigated. In the simplest form, the Cauchy-

Schwarz inequality is applied to the inner product of error contributions from the primal 

and the dual problems to yield a guaranteed error upper bound on the quantity absolute 

error (Grätsch and Hartmann 2003; Solin, Segeth et al. 2004; Grätsch and Bathe 2005a; 

Grätsch and Bathe 2005b; Grätsch and Hartmann 2005). Goal-oriented error estimation 

based on the Cauchy-Schwarz inequality generally produces an overestimation since the 

cancellation effect is eliminated over the domain (Adjerid and Salim 2005). More 

complicated techniques to establish tighter error bounds have been proposed. For 

example, Babuska I , Strouboulis et al. (1998) suggested another error representation 

using the parallelogram identity, which led to good lower bounds and upper bounds of 

the error for symmetric bilinear form elliptic problems. Prudhomme and Oden (1999), 

Oden and Prudhomme (2001) discussed this technique further, and proposed a modified 

version of the error representation by introducing a scaling factor to enhance its quality.  

In the present study, the error bound based on the Cauchy-Schwarz inequality is 

employed to define the element error contribution, and is subsequently examined with 

respect to the refinement criteria to identify the elements needing refinement. Defined 

in this way, the element error contributions may be overestimated. But despite this, 

these values contains valuable information determined in an element-wise manner to 

steer the mesh refinement. It is also important to remember that the overestimation is 

significantly reduced, as the error in the regular part problem is used rather than the 

error in the dual problem when the generalized Green’s function is computed from the 

GFD technique. The overestimation contributed by the singular part of the Green’s 

function is totally removed.     

The technique presented in this chapter is applied to 2D elastostatics problems which 

are governed by the elliptic partial differential equation, noting that it can be extended 

straightforwardly to any linear problem for which the fundamental solution available. 

Starting with the variational form of the elliptic problem, this chapter commences with 

an introduction of the primal problem, the dual problem and their roles in forming a 

basic framework for goal-oriented error estimation. The quantity of interest expressed in 



terms of a bounded linear functional of the displacement is briefly described for the 

general case, before focussing on the case of a point-wise quantity of interest. The GFD 

based approach to computing the dual solution is briefly mentioned. Energy norm based 

error bounds on the point-wise quantity of interest are addressed. A goal-oriented p-

adaptive process is proposed. The problem of a plane stress square plate with a square 

hole in the middle subjected to a uniform patch load on the domain boundary is 

considered. In chapter 8, the Green’s functions with respect to the point-wise 

displacements and stresses for this problem were computed using the GFD based 

approach. With the fundamental solution modelling the dual solution very well around 

the point of interest, the near field (close to the load) point-wise solution converges very 

rapidly. Consequently, this chapter focuses on point-wise quantity of interest at a point 

in the far field (away from the load). The displacement and the normal stress in the 

loading direction are examined in detail. The numerical study shows that the point-wise 

quantities of interest converge at a remarkable rate, much higher than the convergence 

rate of the whole field error measured by the global energy norm.  

9.2 The basic framework 

The primal problem is stated in its variational form. The domain 2R⊂Ω  with the 

Lipschitz boundary ND Γ+Γ=Γ  is considered. The task is to find a solution  that 

satisfies the equation  

Vu ∈

Vvvlvua ∈∀= )(),(         (1) 

where V is the Sobolev space of functions from  which are zero-valued 

on the Dirichlet part  of the boundary  

)()( 11 Ω×Ω HH

DΓ

{ }DvifvHHV Γ∈=Ω×Ω= 0);()( 11       (2) 

For any elliptic problem,  is a symmetric positive-definite bilinear form on 

.  forms an inner product on V  and it is observed that  also directly 

defines the familiar energy norm 

.),(.a

VV × .),(.a .),(.a

E
.  as 

),( vvav =
E

          (3) 
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On the right hand side of Equation 1, the load  is a linear functional, which defines the 

equivalent nodal forces  

l

∫∫ +Ω=
Ω S

dsvtdvpvl )(          (4) 

The solution u  can be approximated in the subspace , where h  refers to the 

size of the elements and 

VV ph ⊂,

p refers to the polynomial order of the shape functions 

(refinement in p  is the approach of this study). The domain is then defined as a union 

of all elements in the constructed mesh, which is assumed to coincide exactly with the 

specified domain. In the scaled boundary method, the element is interpreted to be the 

triangular domain formed by the one-dimensional element on the boundary and the 

scaling centre (for bounded problems). Taking the weighting functions from the same 

space as the shape functions (the Galerkin approach), the discrete problem can be stated 

as  

ph
ph Vvvlvua ,

, )(),( ∈∀=        (5) 

The approximated solution  is the best approximation of the exact solution  in the 

approximated solution space , which yields the orthogonality property for the error 

 as 

phu , u

phV ,

phuue ,−=

phVvvea ,0),( ∈∀=         (6) 

The source of numerical error in the primal problem is the difference between the exact 

problem in Equation 1 and the approximated problem in Equation 5. It is defined as the 

residual  where u
phR ,

),()(),(
),(),(),()(

,

,,,

vuavlvea
VvvuuavuavuavR

ph

phph
u

ph

−==

∈∀−=−=
    (7) 

The quantity of interest is usually defined by , which is a bounded linear 

functional 

)(uL

RVL →:  operating on the solution . Due to the linearity, the error in the 

quantity of interest becomes 

u
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)()()()( ,, eLuuLuLuLerror phph =−=−=       (8) 

The task of goal-oriented error estimation is to find a good estimate for the function 

. One approach is to relate  to the residual  using a linear functional  to 

show the influence of the residual on  such that  

)(eL )(eL u
phR , z

)(eL

)()( ,
u

phRzeL =          (9a) 
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zThe function , if it exists, is referred to as the influence function. It is actually the 

Green’s function with respect to the point-wise quantity of interest.  

It is easy to see that the vector space V  with the existence of an inner product  

and an energy norm 

).,.(a

E
.  in that space defines a familiar Hilbert space, which is 

consequently always a reflexive Banach space (Weisstein 2006b). Prudhomme (1999) 

based on this reflexive characteristic, rewrite the relationship in Equation 9a as   

)()( , zReL u
ph=          (9b) 

Equation 9b is the key relationship used to relate the error in the quantity of interest 

with the error in the primal problem and the solution  of an auxiliary problem. This 

auxiliary problem is usually referred to as the dual problem, and it is constructed from 

the adjoint of the primal problem. In the previous chapter of this study, the concept of 

dual problem was mentioned and the associated boundary value problem was solved. 

The Green’s function with respect to the point-wise quantity of interest was computed 

by a GFD based technique using the fundamental solution. However, the key role of the 

dual problem in constructing goal-oriented error estimation, and the derivation of the 

dual problem from its relationship with the primal problem has not been considered. 

These issues can now be addressed to fully establish the connections between all the 

components of the basic framework.  

z

From the relationship in Equation 7 and from the symmetry of , Equation 9b can 

be extended to   

).,.(a

),(),()()( , ezazeazReL u
ph ===        (10) 



 169 

z

z

The equality in Equation 10 indicates that the influence function  is the solution of the 

equation 

VvvLvza ∈∀= )(),(         (11) 

An approximation of  can be found in a similar manner to the approximate solution of 

the primal problem by solving the discrete problem 

ph
ph VvvLvza ,

, )(),( ∈∀=        (12) 

Equations 11 and 12 define the variational form of the dual problem. Clearly the primal 

problem and the dual problem are similar on the left hand side and differ only in the 

right hand side load functions. The reason is that for elliptic problems  is 

symmetric, and consequently identical for both the primal problem and its adjoint. In 

the implementation, it is advantageous in terms of programming and computational 

effort that the same stiffness matrix can be used for both the primal problem and the 

dual problem.  

).,.(a

If the numerical solution of the influence function in Equation 11 is , the 

numerical error in the influence function is simply 

ph
ph Vz ,

, ∈

phzz ,−=ε . Applying the 

orthogonality property for the error phzz ,−=ε  to the relationship specified by 

Equation 10, the error in the quantity of interest is expressed by the equation 

phVveaeaeL ,),(),()( ∈∀== εε       (13) 

Consequently the linear functional of the error is now equal to the inner product of the 

error in the primal problem solution and the error in the dual solution. Applying the 

orthogonality property and subsequently introducing the term  into the 

representation of  is necessary. This helps to cancel the singularity which may 

cause problems when applying an energy norm to the relationship in Equation 13 to 

derive an estimate or a bound for . 

ph
ph Vz ,

, ∈

)(eL

)(eL

Applying the same solution space  for both primal problem and dual problem, 

replacing  and employing the load representation in Equation 4 into Equation 10, 

phV ,

ue =



then the following new relationship, which yields an estimate for the quantity of interest 

, is obtained )( , phuL

dsztdzpzlzuauzauL ph
S

phphphphphphph ,,,,,,,, )(),(),()( ∫∫ +Ω====
Ω

  (14) 

Equation 14 indicates two equivalent ways of evaluating the quantity of interest in the 

approximated solution space  of the mesh being considered. The first one is the 

usual way of using the scaled boundary finite element method to solve both the primal 

problem and the dual problem and then forming the inner product for their 

corresponding solutions to yield the quantity . The second one is evaluate the 

integral representation of the quantity. The approximated solution of the dual problem is 

weighted by the load function of the primal problem. The product is integrated over the 

whole domain to yield the quantity . 

phV ,

)( , phuL

)( , phuL

Equation 14 and the derivation in chapter 8 propose to recover the point-wise quantity 

from an integral of the dual solution by using different approaches. In chapter 8, the 

integral representation of the point-wise solution for a problem described by the Lamé 

operator is established by applying Betti’s theorem to the solution of the primal problem 

and the solution of the dual problem. In this chapter, for the case of point-wise quantity 

of interest, the solution  in Equation 14 is the approximation of the basic Green’s 

function associated with the quantity of interest in the solution space . With this 

identity recognised, the integral in Equation 14 coincides with the integral 

representation previously established in chapter 8.  

phz ,

phV ,

Using the approximation of the appropriate Green’s function in the place of the 

influence function  in Equation 14, the point-wise displacement is recovered from 

the following integral representation 

phz ,
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∫∫
ΓΩ

⋅+Ω⋅= dsytxyGdypxyGxu ii
i )(),()(),()( 00      (15a) 

where  is the summation of  ),(0 xyGi

),(),(),( 00 xyuxygxyG i
R

ii +=        (15b) 



In a like manner, the integral representation of the point-wise stress is defined as 
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1

11 R

∫∫
ΓΩ

⋅+Ω⋅= dsytxyGdypxyGx ijij
ij )(),()(),()( 11σ      (16a) 

and  is the summation of ),( xyGij

),(),(),( xyxygxyG ijijij σ+=        (16b) 

In these equations, point x  is associated with the point-wise quantity of interest, and 

point y  is the observation point in the domain. In Equation 15, index  indicates the 

direction of the displacement of the Green’s function  associated with the 

displacement. In Equation 16, indices ij  are the stress indices. These are associated with 

the Green’s function . 

i

0G

ijG1

Chapter 8, which provided a full description of the Green’s function for the 

displacement and the Green’s function for the stress using the GFD based technique, 

can be referred to for more detail regarding the technique proposed in this chapter.     

9.3 Quantity of interest  

In general, a quantity of interest is described by a bounded linear functional of the 

solution . Integration is the foundation of the numerical methods employed here, 

and it is convenient if the quantity of interest is represented by an integral. For example, 

a possible quantity of interest, the average of the solution in the model problem over a 

small patch  of the domain, is described by the integral 

)(uL

εΩ

∫
ΩΩ

= dxxuxuL )()(1)( χ
ε

        (17) 

)(xχ  is the characteristic function of the patch domain εΩ , equal to 1 if εΩ∈x  and 0 

otherwise. In 2D, εΩ  is the area of εΩ . 

However, there are some specific cases where the quantity of interest cannot be 

characterized by a bounded linear functional, such as when the accuracy of solution at a 

given point  in the domain is considered, for example having 0x



)()()()( 00 xuxuxxuL =−= δ        (18) 

This Dirac Delta function can be regularized by taking a direct average over a small 

neighbourhood Ω∈),( 0 rxB , radius r , centre at  (Solin, Segeth et al. 2004) 0x

∫=
),(0

)(
),(

1)(
rxB

dxxu
rxB

uL
0

        (19) 

Another approach is to employ a mollifier (Oden and Reddy 1976) to obtain the smooth 

linear functional 

∫
Ω

−= dxxuxxkuL )()()( 0ε         (20) 

The infinitely smooth mollifier is defined as 
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The constant  satisfies the condition  
0,xCε

1)( 0 =−∫
Ω

dxxxkε          (21b) 

Defining the mollifier in the manner indicated above allows Equation 20 to converge to 

 when )( 0xu 0→ε . In the case where function  is a constant or a linear function in 

the neighbourhood , Equation 20 equates to  irrespective of the value 

of parameter 

)(xu

Ω∈),( 0 rxB )( 0xu

ε .  

In the FEM, after the Dirac Delta function is regularized by an averaging technique and 

represented by an equivalent smooth linear functional like either Equation 19 or 

Equation 20, an approximation of the Green’s function with respect to the point-wise 

quantity can be found by solving part of the relationship in Equation 14 in the usual 

fashion using the virtual work formulation. For demonstration, the expression in 

Equation 19 is used. However, it should be noted that the dual problem solution 

procedure, which is partly reviewed in following derivation, is applicable for any 
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averaging regularization technique being used. The purpose of the brief review is to 

show how the dual problem is solved in the FEM, and to point out why the averaging 

techniques cannot be used in the scaled boundary finite element method to treat the 

problem of the singularity arising when using the Dirac Delta function for the point-

wise quantity of interest in a FEM like manner.  

Extracting part of the relationship in Equation 14 to obtain the variational form for the 

dual problem considered in the solution space  of the mesh being used yields phV ,

)(),(),( ,,,,, phphphphph uLzuauza ==        (22) 

The FEM finds an approximation solution for  as a linear combination of  

products between the shape functions  and the nodal approximation  

)(xz n

)(xNi iZ

[ ]{ }ZxNZxNxz
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i
iiph )()()(

1
, == ∑

=

       (23) 

Using Equation 19 and Equation 23, and following the development for the virtual work 

equation in the FEM, Equation 22 finally becomes 

{ } [ ]{ } { } [ ]{ } { } { }PUUKZZKU TTT ==          (24) 

In this equation, [  is the global stiffness matrix   ]K

[ ] [ ] [ ][ ]dVxBDxBK
V

T )()(∫=         (25a) 

and {  is the equivalent nodal load vector, with each of its  components defined by  }P n

∫=
),(0

)(
),(

1

rxB
ii dxxN

rxB
P

0

        (25b) 

Equating the first term and the last terms in Equation 24, for any primal solution { }U  

the equation 

[ ]{ } { }PZK =           (26) 
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applies. The nodal solution vector {  is found by solving Equation 26. The dual 

solution field is recovered straightforwardly from appropriate formulae in the basic 

FEM formulation.  

}Z

In the FEM, the shape functions are used for both the xx  direction and the yy  

direction. Unlike the FEM, the scaled boundary finite element method uses the shape 

functions to approximate the solution in the circumferential direction , and computes 

the solution analytically in the radial direction  

s

ξ . An approximation solution for  

is found from the equation 

)(xz

[ ] ( ){ ξξ ZsNZsNxz
n

i
iiph )()()()(

1
, == ∑

=

}      (27) 

The unknown vector ( ){ }ξZ  consists of  analytical functions n ( )ξiZ , and the same 

shape function vector [  applies to all points along a circumferential curve of 

constant 

])(sN

ξ . As the shape functions only account for the variation in circumferential, 

when proceeding in the same manner as in the FEM, Equation 24 is valid only for 

boundary degrees of freedom, i.e. for 1=ξ . But the third term in the equation, the load 

function, which is the linear functional in Equation 19, is a function defined over a 

small circular region of varying ξ . Its evaluation requires contributions from the 

interior domain at points corresponding to radical coordinates with 1≠ξ  also. In terms 

of the scaled boundary coordinate system, one side of the final equation (Equation 26) 

is formed with respect to 1D (circumferential direction) while the other side is formed 

with respect to 2D (radial and circumferential directions). This incompatibility means 

the FEM manner of using the averaging technique to solve the dual problem is not 

applicable to the scaled boundary finite element method. 

9.4 The Green’s function decomposition technique  

Formulating and solving the dual problem is simple and straightforward in the FEM. In 

2D, the shape function  accounts for the variation in both the  (horizontal) and 

the  (vertical) directions. The nodal approximations are equal to the product of the 

inverse of the global stiffness matrix and the equivalent nodal force vector. An 

approximated solution is computed by using the shape functions to interpolate the nodal 

approximations. For elliptic problems, the global stiffness matrix is symmetric positive 

)(xN 1x

2x
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definite, and as a result it is used for solving both the primal problem and its adjoint 

(dual) problem. Hence, in the final equilibrium equation for solving the nodal 

approximation, the primal problem and the dual problem are different only for the left 

hand side. For the dual problem, the linear functional, which represents the quantity of 

interest, is formulated to form the right-hand side nodal force. In the case of point-wise 

quantity of interest, an averaging technique can be employed to regularize the Dirac 

Delta load function into a smooth linear functional to allow the dual problem solved in 

the usual manner.  

Unlike the FEM, the scaled boundary finite element method uses one dimension less 

than that required in the FEM to solve the same problem. This is the reason why the 

techniques proposed to solve the dual problem for the FEM sometimes cannot be 

applied equivalently in the scaled boundary finite element method. For example, in the 

case of point-wise quantity of interest, the dual solution obtained using the averaging 

technique as for the FEM is inapplicable, as discussed above. It should be noted that the 

difference in terms of number of involved dimensions also indirectly arise difficulties 

for the case when the quantity of interest can be represented by a linear functional of the 

primal solution. Due to the difference between two methods, the scaled boundary finite 

element method has to approach problems subjected to a body load function over a 

region of the domain in a different manner (Deeks and Wolf 2002d). The current 

technique is efficient for body loads of simple form only. It is in general not capable of 

treating the linear functional, which becomes the equivalent load function of the dual 

problem.   

Fortunately, the relationship to the boundary element method (BEM) suggests that the 

Green’s function corresponding to the point-wise quantity of interest can be computed 

by splitting it into a fundamental solution and an unknown regular part. This allows the 

spatial dimension for solving the dual problem reduced by one, and solving the dual 

problem is reduced to solving the regular part problem, which is a simple boundary 

value problem in the solution space specified by the mesh being used. In this sense the 

scaled boundary finite element method can be viewed as a modified version of the BEM 

which combines the theory of the FEM and the BEM into a single method. 

Consequently, solving for the Green’s function in the scaled boundary finite element 

method using the fundamental solution proceeds in a manner similar to the BEM.  



Grätsch (2003; 2005) implemented this technique in the FEM. It is referred to as the 

Green’s function decomposition (GFD) approach (Grätsch and Bathe 2005b; Grätsch 

and Hartmann 2005). It should be noted that in the FEM, the GFD is specifically used to 

solve for the point-wise quantity of interest. Grätsch (2005) showed that the GFD 

attains a specified level of accuracy with respect to a point-wise quantity of interest 

using a much smaller number of DOFs than required using the averaging technique, as 

it no longer requires concentration of refinement about the point of interest to 

approximate the singular part of the dual solution.  

In the work described here the GFD approach is employed to solve the dual problem for 

the scaled boundary finite element method. The development and implementation of 

this technique in the scaled boundary finite element method was detailed in chapter 8. 

In this study, the technique is demonstrated for the basic case when only a single point-

wise quantity of interest is considered.  

9.5 Error bound for the point-wise quantity of interest based on the 
Cauchy-Schwarz inequality 

The fine mesh is constructed by uniformly increasing the order of each element in the 

current coarse mesh by one order. The reference solution (Demkowicz, Rachowicz et al. 

2002), which is the solution in the fine mesh, is employed to act as a good 

approximation for the exact dual solution. From the relationship described by Equation 

13, the error in the point-wise quantity of interest is equal to the inner product of the 

error in the primal problem solution and the error in the dual solution. For displacement 

this is   

 176 

)

)

( coarsefine
i

coarse
i

fineii uuGGaxexe −−=≈ ,)()( ,0,0
*      (28a) 

Expressing the Green’s function in terms of a summation of the fundamental solution 

and the regular part, as indicated in Equation 15b, and noting that the fundamental 

solution is always the same, irrespective of the mesh being used, Equation 28a can be 

simplified to  

( coarsefine
i
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*       (28b) 



In order to proceed in this way, the regular part of the dual problem and the primal 

problem are solved using the same scaled boundary finite element mesh in each 

adaptive step.  

The Cauchy-Schwarz inequality is applied on Equation 28b to yield a guaranteed upper 

bound for the point-wise error as 

EcoarsefineE

i
coarseR

i
fineRi uuuuxe −−≤ ,,

* )(       (29) 

The upper bound is evaluated in terms of the familiar energy norm. The absolute of the 

discrete error estimate in the point-wise quantity is bounded by the energy norm of the 

estimate of the error in the primal problem weighted by the energy norm of the estimate 

of the error in the regular part of the dual problem.  

This procedure may be applied when considering any point-wise displacement quantity 

or point-wise stress quantity. The only difference is that when considering the error in 

the stress, the appropriate fundamental solution  is used in the place of the 

fundamental solution  in the formulation, and the boundary conditions for the 

solution of the regular part of the dual problem are formulated appropriately. 

ijG1

iG0

9.6 Goal-oriented p-hierarchical adaptivity  

To apply goal oriented adaptivity, it is necessary to identify which elements contribute 

most to the error in the quantity of interest. The upper bound for the discrete error in the 

point-wise quantity can be computed as a summation of element contributions by 

applying the Cauchy-Schwarz inequality to Equation 28b as  
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In order to process Equation 28a to express the error in the point-wise quantity with 

respect to the solution of the regular part of the dual problem rather than using the 

complete solution of the dual problem as in Equation 28b, it is necessary to use the 

corresponding integral representation (Eq. 15a, Eq. 16a) to recover the point-wise 

quantity of interest. Consequently, when the point-wise quantity is the displacement at 

the point x in the i direction, the error estimator is formed in percentage terms as 

 177 



finei

nel

iel
ieli

finei

i
i uxu

xex
,

1

*
,

,

*
* *100

)(
)(*100)(

∑
===

η
η       (31) 

where  is recovered from Equation 15a.  fineiu ,

The optimum mesh is obtained when the contributions to the error in the quantity of 

interest are distributed equally over the mesh. All elements, which have error 

contributions larger than the average error,  are identified using the refinement criteria 
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The algorithm for programming the adaptive procedure can be described as follows.  

9.6.1 The goal-oriented p-hierarchical adaptivity algorithm 

Input  , , initial coarse mesh  tol 1=k k
coarseMesh

Solve the primal problem for the stresses  and the regular part of the dual problem 

for the stresses  

k
coarseσ

k
coarseR,σ

Construct the fine mesh .  k
fineMesh

Solve the primal problem for the stresses  and the regular part of the dual problem 

for the stresses . Recover the point-wise quantity using Equation 15a or Equation 

16a.  

k
fineσ

k
fineR,σ

Compute element-wise upper bound  using Equation 30 k
ieli

*
,η

Compute the error estimator  using Equation 31 k*η

If     %100×≤∗ tolkη

then  Stop 

elseif      %100* ×> tolkη

then  Determine elements for refinement using Equation 32. Store information in 

 karray

Read  and refine listed elements.  karray

Store the new optimal coarse mesh, set 1+= kk     
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endif 

Go to line 2 

9.7 Example 

The example is a square plane stress plate with a square hole in the middle. The units 

employed are N and mm. The material constants are Young’s modulus 

 and Poisson’s ratio 2250000 −= mmNE 3.0=ν . Due to the symmetry, only one 

quarter of the domain is modelled. Roller supports are arranged at the cuts to provide 

the bi-axial symmetry. The scaling centre is assigned to the inside corner to treat the 

stress singularity present at this sharp point. The boundary is represented by twelve 

equally spaced polynomial elements which are ordered in the anticlockwise direction.  

In chapter 8, the quality of five different Green’s functions for this problem, associated 

with the displacements and the stresses at particular points, were verified by comparison 

with the solutions from the corresponding primal problems. Those Green’s functions 

recovered from the GFD based technique were shown to be highly accurate. It is 

notable that the Green’s functions for stresses computed by the dual approach are 

significantly more accurate than those computed by the primal approach. It is expected 

that if the quantity of interest is stress at a single point, that point-wise quantity will be 

efficiently recovered from its integral representation (Eq. 16a) using the associated 

Green’s function, which is the dual solution.  

In this chapter, a direct way of estimating the quality of the point-wise quantity has been 

developed. The point-wise error estimation was derived and incorporated into the goal-

oriented adaptivity. The example used in chapter 8 can be used to examine the 

performance of the proposed techniques. A uniform horizontal patch load is introduced 

on the boundary to form a smooth load function for the primal problem. This load is 

included to demonstrate how the point-wise solution can be recovered from its integral 

representation. Also with this load arrangement, a stress discontinuity appearing on the 

boundary will attract refinement and potentially shows the efficiency of the adaptive 

procedure over the uniform refinement.  

When using the GFD based technique for point-wise quantity of interest, the Green’s 

function at the observed point is singular. At this point, and in the close neighbourhood 

of this point, the fundamental solution is dominant, and consequently the corresponding 
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approximated Green’s function is very close to the exact Green’s function, irrespective 

of the accuracy of modelling the regular part. Consequently, using the Green’s function 

computed from the GFD based technique to recover quantities in the near field (close to 

the load) via the integral representation leads to very accurate solutions. It is of more 

interest to control the error in the far field, and particularly for point near an edge, 

where the inhomogeneous boundary conditions of the regular part of the dual problem 

dominate and consequently attract refinement. For this purpose, the accuracy of the 

point-wise solution at point A (1700, 300) is examined. The displacement and the 

normal stress in the loading direction are used for demonstration. 

The problem is illustrated in Figure 1. 

1000 

20
00

 

A = (1700, 300) 

A 

a. 

A 

b. 

500 

 

Figure 1: Model of a quarter of a plane stress square plate with a square hole in the middle. Boundary 

uniaxial uniform patch load is specified along the 3rd element. Accuracy of point-wise solution at A is 

considered.  

The accuracy of the whole field solution is first addressed to show the solution field 

behavior. The convergence of the whole field solution is described in Figure 2. The p-

hierarchical adaptive procedure based on minimising the classical energy norm of the 

whole field error, which was developed in chapter 5, is used to produce the error 

estimates. The error target for the adaptive procedure is a tolerance of . The 

refinement of the mesh follows the distribution of the maximum stresses which occurs 

about the load (element 3) and the stress discontinuity (about element 3 and element 4). 

The plot indicates a fast convergence of the solution over the whole domain with 

respect to the energy norm of the error in the stress field.   

01.0=tol
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Figure 2: Error estimates for classical energy norm based p-adaptive refinement for a plane stress square 

plate with a square hole under a uniaxial patch load. 

The numerical study in chapter 8 shows that the point-wise solution computed via the 

GFD technique converges at a remarkable rate. In order to investigate the convergence 

behaviour of the goal-oriented adaptive technique proposed in this chapter, this example 

targets a very small error tolerance of 0001.0=tol . The point-wise error estimates (Eq. 

31) are computed for the adapted meshes obtained by the global adaptive process 

illustrated in Figure 2 to allow a direct comparison between the convergence obtained 

from the goal-oriented approach and the global energy norm control approach. It is also 

necessary to examine the performance of the goal-oriented error estimation and 

adaptivity itself. For this purpose, the convergence of the point-wise solution from the 

goal-oriented adaptivity is compared with that from uniform refinement. The efficiency 

of the proposed goal-oriented adaptive procedure can then be verified.  

Convergence of the horizontal displacement at point A obtained using the different 

mesh refinement approaches is plotted in Figure 3.  

Refinement of the mesh using the goal-oriented approaches focuses about the stress 

discontinuity and the region where the point A is located. Figure 3 graphically shows 

that a much higher convergence rate for the point-wise quantity of interest is achieved 

when using the goal-oriented approach, compared with the classical global energy norm 

control technique. The latter technique refines the mesh to reduce the error of the whole 

solution field, but does not control the numerical error economically for a specific 

quantity of interest. The goal-oriented approach drives the refinement process with 
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respect to the accuracy of the quantity of interest only. Rather than recovering the 

displacement field or the stress field in the whole domain, this technique attempts to 

minimize the error in some regions of interest to control the error in the specific 

quantity. Consequently, a much smaller amount of refinement is required, which results 

in a decrease in the number of degrees of freedom necessary to achieve a specified 

tolerance for the quantity of interest.   

The associated Green’s function, which is computed from the GFD based technique, 

allows the point-wise displacement at A to be recovered with very high accuracy on a 

comparatively coarse mesh. The uniform refinement decreases the error in the solution 

rapidly. After a few iterations, the convergence rate produced from the goal-oriented 

adaptivity is slightly higher than that for the uniform refinement.     

 

Figure 3: Point-wise error estimates for the horizontal displacement at point A (1700, 300) of the plane 

stress square plate with a square hole under a uniaxial patch load. 

Convergence rates produced by the different mesh refinement approaches for the 

normal stress in horizontal at point A are plotted in Figure 4.  

The same trends evident in the convergence of the horizontal displacement are also 

observed. This is the advantage of using the GFD based technique. With the use of the 

associated analytical fundamental solution, the point-wise stress also converges at a 

remarkable rate. As can be seen from Figure 3 and Figure 4, the stress converges at a 

similar rate to the displacement. When controlling the accuracy of the point-wise stress, 

using the goal-oriented adaptive procedure is clearly more efficient than using uniform 

refinement. Figure 4 shows a much steeper slope for the convergence curve 
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corresponding to the goal-oriented adaptivity. Consequently, a given level of accuracy 

for the point-wise stress is obtained efficiently with a smaller number of degrees of 

freedom necessary.  

 

Figure 4: Point-wise error estimates for the normal stress in xx at point A (1700, 300) of the plane stress 

square plate with a square hole under a uniaxial patch load. 

9.8 Conclusion  

In chapter 8, a new technique to recover the Green’s function with respect to the point-

wise quantity based on the Green’s function decomposition method was developed. The 

Green’s function is split into a fundamental solution and a regular part, and only the 

smooth regular part is approximated in the solution space of the scaled boundary finite 

element mesh being used. This results in a very accurate approximation of the Green’s 

function. In the case of a point-wise quantity of interest, the associated Green’s function 

is also the solution of the dual problem.  This chapter employs the work in chapter 8 to 

develop point-wise error estimation and goal-oriented adaptivity for the scaled 

boundary finite element method. A basic framework relating the error in the quantity of 

interest with the residual in the primal problem by using the solution of dual problem is 

presented. The point-wise quantity of interest is approximated with high accuracy from 

the integral representation using the well-approximated Green’s function. The upper 

error bound in energy norm based on the Cauchy-Schwarz inequality is formed based 

on the error in the stress field of the regular part of the dual problem and the primal 

problem. An optimum mesh is achieved by distributing the contributions to the point-
 183 
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wise error equally over the elements in the domain. As the singularity in the dual 

solution with respect to the point-wise quantity is modelled exactly by the fundamental 

solution, the goal-oriented technique is significantly improved in terms of efficiency, 

since the refinement is no longer required to concentrate about the point of interest to 

catch the singularity in the Green’s function. Implementation of this strategy indicates 

that a remarkable convergence rate of the point-wise quantity of interest is obtained by 

using the proposed technique. 
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10 Conclusion 

10.1 Summary 

The study reported in this thesis developed several techniques which enhance the scaled 

boundary finite element method. The key advances relate to the development for the 

first time of p-adaptive approaches for the method. However, new techniques for the 

solution of problems containing concentrated point loads and for the recovery of 

accurate point-wise quantities through calculation of the corresponding Green’s 

function were also developed. 

The thesis commenced with an introduction to the topic, followed by a literature review 

detailing the development and advancement of the scaled boundary finite element 

method. The method itself was then formulated, including representation of side face 

tractions as a power series explicitly for the first time. 

The following chapter addressed the use of higher-order shape functions in the scaled 

boundary finite element method.  Two approaches were examined.  In the spectral 

element approach, as the order of the element is increased, all shape functions within 

the element increase in order.  Lagrange shape functions were used, and these were 

found to lead to better condition numbers for the block diagonals of [E0] relating to the 

internal degree of freedom when the internal nodes were located at the Gauss-Lobatto 

quadrature points rather than at equal spacing.  In the hierarchical approach, as the order 

of an element is increased, an additional shape function of the new order is added to the 

element, but the existing shape functions remain as they were (at lower order).  

Hierarchical polynomials based on the higher-order derivatives at the centre of the 

element were found to lead to poor condition numbers at higher orders, while Lobatto 

polynomial shape functions generated better condition numbers for the block diagonals 

of [E0], although not as good as the spectral element approach.  However, both 

approaches generated the same final results when numerical error was avoided.  In 

comparison with h-refinement using conventional linear and quadratic scaled boundary 

finite elements, p-refinement was shown to produce a significantly higher rate of 

convergence.  Since the major cost of the scaled boundary finite element method is the 

cost of solving the quadratic eigenvalue problem, the small additional cost of employing 

higher-order elements is more than offset by this rapid convergence. 
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The next chapter developed a global energy norm error estimator based on the concept 

of a reference solution. The motivation behind this was that the type of recovery based 

error estimators commonly used in h-adaptivity does not work well for p-adaptivity, as 

they over-smooth the solution when the element size is large. A fine mesh obtained by 

uniformly refining the current mesh by one order was used as the reference solution. An 

error estimator was then formed by calculating the energy norm of the difference 

between the current course mesh and the reference solution. The performance of this 

estimator was studied by examining the effectivity index. Rapid convergence of the 

effectivity index to unity indicated that the estimator was of high quality. Following 

development of the error estimator a p-adaptive strategy was adopted in which it was 

assumed that the optimum mesh was the one in which all elements contribute equally to 

the energy norm of the error. Implementation of this strategy and application to three 

example problems indicated that a significant increase in computational efficiency over 

uniform refinement could be obtained. 

In the next chapter a p-adaptive mesh optimization strategy for the scaled boundary 

finite element method based on the steepest descent method was developed. In order to 

calculate the contribution of each element to the error decrease, a projection-based 

interpolation technique was introduced. By projecting the reference solution to the 

current mesh, the error decrease could be calculated. Due to the feature of orthogonal 

derivatives, the Lobatto polynomials were found to simplify significantly the procedure 

of solving for the element discrete minimization problems necessary to find the modal 

projection-based interpolants on boundary for two-dimensional scaled boundary finite 

element method. For the first time, projection-based interpolation techniques were 

developed and applied for the two-dimensional scaled boundary finite element method. 

The element discrete minimization problems forming part of the projection process 

were formulated and solved in a similar manner to the FEM. Different approaches to 

recover the projection based interpolants were proposed and implemented in p-

hierarchical adaptivity. The projection-based interpolation technique and the steepest 

descent method were found to perform an important role in forming new criteria to 

drive the automatic mesh refinement. The optimum mesh was determined to maximize 

the rate of decrease of the error with respect to the number of degrees of freedom. 

Refinement criteria using the energy norm of the stress field were proposed and fully 

formulated for the two-dimensional scaled boundary finite element method. The 

performance of the error estimator was found to be excellent. New refinement criteria 



based on the projection-based interpolation were shown to be more effective than the 

equal error distribution refinement criteria. Numerical studies indicated that 

constructing the projection-based interpolant by projecting the modal displacement 

array [ ]fineΦ  produced better convergence of the solution field than any of the other 

techniques. 

The thesis then deviated from the topic of p-adaptivity, presenting a new technique for 

solving 2D linear elastostatic problems subjected to concentrated loads using the 

concept of the fundamental solution. The solution for the problem was broken into a 

singular part obtained from the appropriate half- or full-plane fundamental solutions and 

a regular part approximated by the usual scaled boundary method. The BVP for solving 

the regular part was formulated from the fundamental solution. The results of the 

examples presented indicated the advantages of implementing the new technique in the 

scaled boundary finite element method. A solution with high accuracy is obtained when 

solving problems which have not previously been solved accurately, such as the 

problem with a concentrated body load in interior, and problems which have not 

previously been solved with the scaled boundary finite element method, such as the 

problem with a concentrated load acting on a side face.  

Following this, point-wise solutions for linear elastostatics problems were calculated 

using Green’s functions obtained with the scaled boundary finite element method. This 

approach is based on applying the Betti’s theorem for the Lamé operator to represent 

the unknown quantity in terms of an integral employing the associated Green’s 

function. Five different Green’s functions, which are associated with the two 

displacement components and three stress components, were investigated. A new 

technique for solving for the Green’s functions with the scaled boundary finite element 

method using fundamental solutions was presented. Due to the nature of a boundary 

method, this is the only approach by which these functions can be obtained with the 

scaled boundary finite element method, as averaging regularization can not be applied. 

The Green’s function is split into a known fundamental solution and a regular part. The 

regular part, which is usually a smooth function, can be approximated very accurately 

by solving a boundary value problem. The accuracy of the recovered Green’s functions 

consequently yielded point-wise solutions with high accuracy and convergent rate. A 

numerical example was provided illustrating the quality of the recovered Green’s 
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functions. This example demonstrated that the proposed dual approach is an efficient 

method of computing stresses at a single point. 

Finally goal-oriented adaptivity was developed for the method. The Green’s function 

decomposition method was employed to develop point-wise error estimation and goal-

oriented adaptivity for the scaled boundary finite element method. A basic framework 

relating the error in the quantity of interest with the residual in the primal problem by 

using the solution of dual problem was presented. The point-wise quantity of interest 

was approximated with high accuracy from the integral representation. The upper error 

bound in energy norm based on the Cauchy Schwarz inequality was formed based on 

the error in the stress field of the regular part of the dual problem and the primal 

problem. An optimum mesh was achieved by distributing the contributions to the point-

wise error equally over the elements in the domain. Implementation of this strategy 

showed that an excellent convergence rate of the point-wise quantity of interest is 

obtained by using the proposed technique. 

10.2 Further work 

The study reported in this thesis has concentrated of p-adaptive techniques for two-

dimensional elastostatic problems. Further work possible in this area includes the 

development of hp-adaptive approaches, and extension to three dimensions. The 

techniques developed in this study can be utilised for these cases. 
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