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Abstract

In this dissertation we present a theoretical study of electron transport through

domain walls, with a particular focus on conductance properties, in order to un-

derstand various transport measurements that have been carried out recently on

ferromagnetic nanowires.

The starting point for our work is a ballistic treatment of transport through the

domain wall. In this case conduction electrons are generally only weakly reflected

by the domain wall, and the principal effect is a mixing of transmitted electron

spins between up and down states. For small spin-splitting of conductance electrons

the latter can be characterized by an appropriate adiabaticity parameter. We then

incorporate the effect of spin-dependent scattering in the regions adjacent to the

domain wall through a circuit model based on a generalization of the two-resistor

theory of Valet and Fert. Within this model we find that the domain wall gives rise to

an enhancement of resistance similar to the giant magnetoresistance effect found in

ferromagnetic multilayer systems. The effect is largest in the limit of an abrupt wall,

for which there is complete mistracking of spin, and decreases with increasing wall

width due to the reduction of spin mistracking. For reasonable physical parameter

values we find order-of-magnitude agreement with recent experiments.

Going beyond the assumption of ballistic transport, we then consider the more

realistic case of a domain wall subject to impurity scattering. A scattering matrix

formalism is used to calculate conductance through a disordered region with either

uniform magnetization or a domain wall. By combining either amplitudes or proba-

bilities we are able to study both coherent and incoherent transport properties. The

coherent case corresponds to elastic scattering by static defects, which is dominant

at low temperatures, while the incoherent case provides a phenomenological descrip-

tion of the inelastic scattering present in real physical systems at room temperature.
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It is found that scattering from impurities increases the amount of spin mistracking

of electrons travelling through a domain wall. This leads, in the incoherent case,

to a reduction of conductance through the domain wall as compared to a uniformly

magnetized region. In the coherent case, on the other hand, a reduction of weak

localization and spin-reversing reflection amplitudes combine to give a positive con-

tribution to domain wall conductance, which can lead to an overall enhancement of

conductance due to the domain wall in the diffusive regime. A reduction of universal

conductance fluctuations is found in a coherent disordered domain wall, which can

be attributed to a decorrelation between spin-mixing and spin-conserving scattering

amplitudes.

To treat the total effect of a disordered domain wall on the conductance of

a nanowire, we extend the scattering matrix approach to incorporate the regions

adjacent to the domain wall, thus providing a microscopic equivalent of the circuit

model studied for a ballistic wall. It is found that scattering in the adjacent regions

leads to an increase in domain wall magnetoconductance as compared to the effect

found by including only the scattering inside the wall. This increase is most dramatic

in the limit of narrow walls, but is also significant in the limit of wide walls.

Finally, we apply our model to calculate the spin-transfer torque exerted by a

spin-polarized current on a domain wall. Within the circuit model we find expres-

sions for the spin-transfer torque and corresponding domain wall velocity, ignoring

pinning effects.
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“If you didn’t mind wasting the best years of your youth,

graduate student life . . . was paradise.”

— Emanuel Derman
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Chapter 1

Introduction

“Conventional electronics has ignored the spin of the electron.”

— J. M. D. Coey

It is no exaggeration to say that the emerging field of spin electronics is having a

revolutionary impact on computer technology. Since the advent of the modern era

of computing around 50 years ago, the underlying technology has been based on the

existence of two distinct charge carriers: electrons and holes. The key innovation of

spin electronics is to use the intrinsic spin angular momentum of conduction elec-

trons to distinguish two species of charge carrier: those with spin “up” and “down”.

The birth of spin electronics could be said to have occurred with the discovery of

giant magnetoresistance in ferromagnetic multilayer systems in the late 1980s [1,2],

which demonstrated the potential for devices whose transport properties depend

on the spin of the conducting electrons. Since then, devices known as spin valves,

which are based on the giant magnetoresistance effect, have become the underly-

ing technology in the current generation of magnetic recording devices, driving a

phenomenal increase in memory storage capacity. A further major breakthrough

is expected to come in the form of MRAM (“Magnetic Random Access Memory”)

technology, which has the potential to fundamentally change the way memory is

used in computers.1

Interest in spin electronics has fuelled a huge research effort within the physics

1Reviews of spin electronics have recently been given by Gregg [3] and Petej and Gregg [4].
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2 Introduction

community, bringing together two disparate areas of research: magnetism and

mesoscopic physics. Magnetic systems display spin-dependent transport properties,

which is the key ingredient in spin electronics. Mesoscopic physics, on the other

hand, is concerned with systems intermediate between the atomic and macroscopic

scales, which is relevant for the current generation of spin-electronic devices. The

mesoscopic regime is characterized by the occurrence of phenomena related to the

underlying quantum-mechanical nature of electrons [5, 6]. In addition to practical

applications, the interplay between these two areas has led to a wealth of interesting

new physics at the fundamental level.

A particularly exciting prospect to emerge from this research concerns magnetic

domain walls. These are naturally occurring structures in ferromagnetic materials,

in which the magnetization orientation rotates between two different directions in

adjacent regions, or “domains”. In mesoscopic systems such as nanowires or thin

films, domain walls have been found to exhibit a number of interesting electron

transport properties. In particular, the presence of domain walls can enhance the

electrical resistance and, reciprocally, the application of a large current can cause

a domain wall to be displaced. These effects have aroused substantial interest due

to the potential applications in spin-electronic devices [7]. A frenetic research effort

is currently underway, aimed at understanding the underlying physical mechanisms

and harnessing them in useful devices.

In this thesis we study electron transport in ferromagnetic metallic nanowires,

i.e. wires with transverse dimensions on the order of nanometers or tens of nanome-

ters. At sufficiently low temperature, such systems belong to the realm of meso-

scopic physics and electron transport must therefore be described within a quantum-

mechanical approach. We consider in particular the electrical resistance of a domain

wall in a nanowire, with the goal of understanding the essential mechanisms under-

lying the experimentally observed phenomena.

In the remainder of this introductory chapter we present some general physical

background to establish the context for our work. We begin in Section 1.1 by de-

scribing briefly the magnetic structure of ferromagnetic systems and the properties

of domain walls. We then discuss some important concepts relating to electron trans-

port in ferromagnetic systems in Section 1.2. In Section 1.3 we present an overview

of the transport phenomena relating to domain walls that have been observed ex-

perimentally, before reviewing the existing theoretical literature in Section 1.4. In

Section 1.5 we describe the work carried out in this thesis and outline the layout of
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subsequent chapters.

1.1 Domain walls in ferromagnetic systems

The physical systems with which we will be concerned in this thesis are ferromagnetic

metals. Such systems are characterized by the possession of a spontaneous magnetic

moment below a certain temperature (known as the Curie temperature, TC). The

most commonly studied ferromagnetic metals are the 3d transition elements iron

(Fe), nickel (Ni), and cobalt (Co), and various alloys thereof, in particular permalloy

(NixFe1−x).

The phenomenon of ferromagnetism arises from the quantum-mechanical ex-

change interaction between electrons occupying unfilled orbitals (the 3d orbital in

the case of Fe, Ni, and Co), which tends to align their intrinsic spin magnetic

moment in the same direction [8]. This gives rise to a net magnetization ~M(~r)

throughout the system. The resulting magnetic structure is usually well described

within a coarse-grained “micromagnetic” approach, where ~M(~r) is assumed to be

a continuous quantity. The equations governing ~M(~r) are found by minimizing

the total energy of the magnetic system. In the absence of an externally applied

field, its principal components are the exchange, anisotropy, and magnetostatic en-

ergies. The exchange energy, characterized by the parameter A, is minimized when

adjacent spins are parallel; this tends to align all spins along the same direction.

On the other hand, the anisotropy energy, characterized by a constant K, tends

to align all spins along a magnetic “easy” axis (or plane) which is determined by

the crystal structure of the material. These two components favour the formation

throughout the material of a single magnetization aligned with the easy magnetic

direction. The magnetostatic energy, on the other hand, is related to the amount of

magnetic flux escaping the system, and is largest in a uniformly magnetized configu-

ration. Minimizing the total energy leads to the formation of “domains” of uniform

magnetization, which locally minimize the exchange and anistropy energies. These

domains are mutually oriented so as to “close” the magnetic flux within the system

and thus minimize the magnetostatic energy, as sketched in Figure 1.1.

In the regions connecting two adjacent domains, ~M(~r) rotates between the di-

rections in the two domains. These regions are known as domain walls. In the

simplest case, the total rotation is 180 degrees. The length scale of the rotation,
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referred to as the domain wall width, is on the order of λ ∼
√
A/K. This represents

a compromise between the influence of the exchange interaction (A), which tends

to align adjacent spins and thus elongate the region of rotation, and the anisotropy

energy (K), which penalizes regions where the magnetization is not aligned with the

easy axis and hence tends to shorten the region of rotation. Typical values for the

domain wall width are λ ' 40nm (Fe), λ ' 100nm (Ni), and λ ' 15nm (Co) [9].

In this thesis we consider the case of one-dimensional domain walls. Depending

on the geometry of the physical system, several types of one-dimensional domain wall

structure occur; these are sketched in Figure 1.2. In bulk systems, the lowest energy

configuration for the magnetization reversal is the Bloch wall (Figure 1.2a), in which

the magnetization rotates out of the plane defined by the magnetization direction

on either side of the wall and the direction normal to the wall. In two-dimensional

systems such as thin films, the Bloch wall profile incurs a cost in magnetostatic

energy due to the out-of-plane rotation. The energetically favourable profile in this

case is the Néel wall (Figure 1.2b), in which the magnetization reverses in the plane

of the film.

The physical geometry of interest in this work is that of nanowires, systems in

which two dimensions are restricted to a size on the scale of several tens of nanome-

ters. In such systems, the anisotropy axis is typically parallel to the axial direction

of the wire, leading to the formation of so-called “head-to-head” (or “tail-to-tail”)

walls (Figure 1.2c). An alternative wall structure in the case of nanowires is a vortex

profile, which may be two- or three-dimensional, depending on the wire geometry.

Micromagnetic simulations indicate that the head-to-head profile is favoured when

the transverse dimensions of the wire are below a certain limit (. 40nm for Co),

while for wires of larger diameter vortex walls are energetically favourable [10].

1.2 Transport in ferromagnetic systems

In this section we introduce some important concepts relating to electron transport

in ferromagnetic systems. We begin with a description of the sd model, which

provides a simplified description of band structure amenable to calculation. We

then discuss the two-resistor model for spin-dependent transport, which is widely

used in models of the giant magnetoresistance effect. Finally, we briefly describe

the anisotropic magnetoresistance effect, which is important to the understanding
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(a) Uniform (b) Multi-domain

Figure 1.1: Sketch of the magnetization orientation ~M(~r) in a sample
with (a) uniform magnetization and (b) a multi-domain configuration. In
(b) the magnetization is arranged into oppositely oriented domains together
with small closure domains near the boundaries, reducing the magnetic flux
escaping the sample and thereby lowering the magnetostatic energy.

(b) Néel

(a) Bloch

(c) Head-to-head

Figure 1.2: Sketch of the main types of 180◦ domain wall: (a) the Bloch
wall, occurring in bulk samples (the magnetization is shown rotating out of
the plane); (b) the Néel wall, occurring in thin films; and (c) the head-to-
head wall, occurring in nanowires.
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of experiments measuring domain wall transport properties.

1.2.1 Simplified band structure: the sd model

The electronic structure of transition metal ferromagnets is rather complicated, typ-

ically involving electrons from s, p and d bands, with hybridization and a spin-

dependent band structure. There exist approaches for calculating band structure

which can be extended to theories of transport (see Section 1.4.3). However, to

understand basic physical mechanisms it is usually desirable to work with the sim-

plest possible model which contains the necessary ingredients. For the problem of

transport in ferromagnetic systems, the sd model is the most commonly used theory

of this kind. Originally introduced by Mott [11], the sd model is now ubiquitous

in ferromagnetic transport models [3], including the majority of existing treatments

of domain wall transport (Section 1.4). In the following we describe the physical

assumptions underlying the sd model.

In the sd model, the electronic structure comprises two bands, of s and d type.

The d band contains electrons with large effective mass which contribute negligibly

to conductance. The exact form of the d band is therefore not directly relevant for

the treatment of transport. In particular, we do not make a distinction between

the case in which d states are localized on atomic sites and the one in which they

are delocalized, or itinerant. The important feature is that, with respect to some

quantization axis, the up and down spin sub-bands of the d band have a different

number of occupied states. This defines a “majority” and “minority” spin direction

and leads to the net magnetic moment of the ferromagnet, ~M(~r). The s band, on

the other hand, has a simple parabolic structure with low effective mass, and is

responsible for the conductance. The exchange interaction between electrons in the

s and d bands gives rise to the “sd exchange field” ~Hsd(~r) acting on the s electrons,

which is assumed to be parallel to ~M(~r). The band structure for the sd model is

illustrated schematically in Figure 1.3.

The magnetic moment of s electrons is determined by the operator ~µ = −µB~σ,

where µB is the Bohr magneton and ~σ the Pauli spin operator (defined in Eq. (2.4)).

The interaction of ~µ with ~Hsd(~r) gives rise to a spin-dependent potential energy

Vsd(~r) = −µ0~µ · ~Hsd(~r) =
∆

2
~σ · ~f(~r), (1.1)
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E

k

EF

∆/2

−∆/2

s

d

~M(~r)

Majority spin Minority spin

Figure 1.3: Sketch showing the spin-dependent band structure of the sd
model. The s band has a parabolic dispersion relation, with a spin-split
potential energy ∆ resulting from the sd exchange interaction. The d band
has a narrow form, with a significant difference in the number of up and down
states at the Fermi energy. The arrows denote the electron spin direction in
each sub-band with respect to the magnetization direction.

where ∆ is the spin-split energy gap between up and down s sub-bands and ~f(~r) is

a unit vector in the direction of ~Hsd(~r):

∆ = 2µ0µB| ~Hsd(~r)|, (1.2a)

~f(~r) = ~Hsd(~r)/| ~Hsd(~r)|. (1.2b)

In ferromagnetic materials the number of available d states at the Fermi energy

EF generally depends strongly on the spin direction. In real ferromagnetic systems,

the larger number of available states can be either in the majority or minority spin

direction. In the sd model, it is generally assumed that the minority sub-band has

more states at EF, which is represented in the form of the band structure sketched

in Figure 1.3. As we will discuss in the following sub-section, this leads to different

mean free paths, and hence resistivities, for each spin band, due to the different

cross-section for spin-conserving scattering of s electrons into the d band.
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1.2.2 Two-resistor model for spin-dependent transport

Conduction electrons in ferromagnetic systems are subject to scattering processes

which can be either spin-conserving (phonons, non-magnetic impurities) or spin-

reversing (magnons, magnetic impurities, spin-orbit scattering). The length scale

for spin-reversing scattering, the so-called spin diffusion length lsd, is generally much

larger than the spin-dependent mean free paths l± arising from spin-conserving

scattering of electrons in each spin sub-band. Transport over distances less than

lsd can therefore be well approximated by treating the up and down sub-bands as

contributing independently to the resistivity:

ρ =
1

(1/ρ+ + 1/ρ−)
. (1.3)

This assumption forms the basis of the so-called two-resistor, or two-current, model.

As mentioned at the end of the previous sub-section, in the sd model there are

more available d states at EF for the spin down sub-band than for the spin up

sub-band. Spin-conserving scattering events thus affect spin down electrons more

strongly as there is a greater cross-section for s electrons to be scattered into the d

band. We therefore have l+ > l− and hence ρ− > ρ+. This difference in resistivities

leads to a spin polarization for current flowing through a uniformly magnetized

region which can be characterized by

β =
I+ − I−
I+ + I−

=
ρ− − ρ+

ρ+ + ρ−
. (1.4)

In general the length scale at which quantum transport phenomena become im-

portant, the so-called phase coherence length Lφ, is significantly smaller than lsd. To

a good approximation the transport in each spin sub-band may therefore be treated

classically, and a spin-dependent chemical potential V± can be defined. The scatter-

ing between spin up and down directions ensures that over length scales much larger

than lsd the two potentials are equal, V+ = V−, for transport through a uniformly

magnetized region. In non-uniformly magnetized regions, such as an interface be-

tween oppositely magnetized regions (see below), it may be the case that V+ 6= V−

locally. The two potentials are then re-equilibriated over a length of order lsd, fol-

lowing an exponential relaxation. To a good approximation, this relaxation can be

replaced by a simplified picture in which the two spin channels are represented by
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spin-dependent resistances describing transport over a distance lsd, which are then

short-circuited, representing re-equilibriation of the two potentials.

An archetype application of the two-resistor model is the giant magnetoresistance

(GMR) effect in a ferromagnetic bilayer comprising two layers of length L > lsd, in

which the magnetization is either parallel or anti-parallel [12]. This conceptual

system represents a simplification of the experimentally realized trilayer systems

known as spin valves [13], in which two ferromagnetic layers are separated by a

non-magnetic metallic layer. The magnetic configuration and corresponding rep-

resentation in the two-resistor model are shown in Figure 1.4. In the anti-parallel

case (Figure 1.4b) electrons of spin σ experience a resistivity ρσ to the left of the

interface, but are transmitted across the interface with spin conserved and thus

experience resistivity ρ−σ. After a distance lsd on either side of the interface, the

two spin channels are re-equilibriated due to spin-reversing scattering. Therefore,

in order to compare the resistance of the two configurations, only the regions with a

distance lsd need to be taken into account. The circuits in Figure 1.4b describe this

region; the spin-dependent resistances over the length lsd are R± = ρ±lsd/A, where

A is the cross-sectional area.2 Combining the resistances gives

RP =
2R+R−

R+ + R−
, (parallel) (1.5a)

RAP =
R+ + R−

2
. (anti-parallel) (1.5b)

The relative increase in resistance of the anti-parallel configuration compared to the

parallel one is then

RAP − RP

RP

=
(R+ − R−)2

4R+R−
=

β2

1− β2
. (1.6)

It should be noted that this simple description does not take into account reflection

from the interface. This is generally appropriate since the fraction of total current

which is reflected by the interface is on the order of the spin-splitting ∆/EF, which

is small in comparison to Eq. (1.6).

Additional insight into the physical nature of the two-resistor approximation can

be gained by considering the anti-parallel bilayer configuration (Figure 1.4b). In a

2To avoid confusion with reflection probabilities, we write resistances in roman font throughout
this thesis.
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real ferromagnetic system subject to spin-flip scattering processes, the relaxation of

spin on either side of the interface takes the form of an exponential decay with char-

acteristic length on the order of lsd [12]. Each spin channel can be approximately

considered to be locally in equilibrium, meaning that a local spin-dependent electro-

chemical potential exists at each point in space. When a positive voltage is applied

from left to right across the anti-parallel bilayer, this leads to the spin-dependent

voltages V↑/↓ and corresponding currents I↑/↓. Away from the interface these relax

exponentially to the equilibrium values, with V↑ = V↓ and I↑ > I↓, as shown in Fig-

ure 1.5a. Here ↑, ↓ denote the fixed electron spin direction with respect to the +z

direction, i.e. parallel to the majority/minority spin direction on the left side of the

bilayer (indicated by red and blue arrows in Figure 1.4). In the two-resistor model,

the exponential decay is replaced by the linear variation shown in Figure 1.5b. The

spin-dependent voltages are exactly equal beyond a distance of lsd from the inter-

face between the two layers, while the spin-dependent currents are equal inside this

distance.

The two-resistor approximation forms the basis of our approach to treating spin-

dependent scattering in the regions adjacent to a domain wall, firstly in the circuit

model of Chapter 3, and again in the scattering approach of Chapter 5.

1.2.3 Anisotropic magnetoresistance

An important feature of transport in ferromagnetic systems is that the resistivity

depends on the orientation of the current, I, relative to the magnetization direction
~M(~r). It is generally (though not always) the case that ρ‖, the resistivity for I

parallel to ~M(~r), is greater than ρ⊥, the resistivity for I perpendicular to ~M(~r). The

relative difference between the two cases is called the anisotropic magnetoresistance

(AMR) [14,15]. For current at an arbitrary angle ϑ to ~M , the resistivity ρ(ϑ) is well

approximated by

ρ(ϑ) = ρ⊥sin2ϑ+ ρ‖cos2ϑ = ρ⊥ + (ρ‖ − ρ⊥) cos2ϑ. (1.7)

A general microscopic model to explain AMR has proved elusive; however, the

essential mechanism is known to be spin-orbit scattering of conduction electrons

from the ionic lattice and impurities [16].

The AMR effect plays an important role for experiments which attempt to mea-
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lsd lsd

R+ R−

R− R+

(b) Anti-parallel

lsd lsd

R+ R+

R− R−

(a) Parallel

Figure 1.4: Magnetic configuration and corresponding two-resistor model
representation for a GMR bilayer, for (a) parallel configuration and (b)
anti-parallel configuration. The arrows in the upper diagrams denote the
direction of ~M(~r), while those in the lower diagrams denote the conductance
electron spin directions in each resistor branch, with respect to the fixed
vertical direction. In both layers of (a) and the left layer of (b), red ≡
majority and blue ≡ minority, while in the right layer of (b) red ≡ minority
and blue ≡ majority.

z = lsdz = −lsd

V↑

V↓

I↑

I↓

(a) Exponential spin relaxation

z = lsdz = −lsd

V↑

V↓

I↑

I↓

(b) Two-resistor approximation

Figure 1.5: Diagrams comparing the spin-dependent voltages and currents
for the bilayer with anti-parallel configuration (Figure 1.4b, upper diagram)
in the case of (a) a realistic exponential relaxation of electron spin between
up and down channels, and (b) the approximation represented by the cor-
responding two-resistor model from the lower diagram in Figure 1.4b. The
subscript arrows denote the conduction electron spin following the same
convention as Figure 1.4.
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sure the resistance contribution of domain walls. Such experiments typically com-

pare the resistance of a sample in the demagnetized (multi-domain) configuration

with the uniform configuration obtained after application of a magnetic field. In

the multi-domain configuration the resistivity varies in each domain according to

the relative orientation of ~M(~r) and I, whereas in the uniform configuration it is

constant throughout the sample. There is thus a difference in resistance between

the two cases due to the AMR effect. In order to extract the resistance contribution

of domain walls it is necessary to take this AMR contribution into account.

1.3 Electron transport and domain walls: exper-

iments

We now review the experimentally observed phenomena relating to electron trans-

port through domain walls, which can be roughly grouped into three main categories.

The first concerns the effect of domain walls on electrical resistance; this was his-

torically the first aspect to be studied, as early as the 1960s, and has attracted

attention in the last decade in the context of spin electronics. We then consider

experiments which have been performed recently on ferromagnetic nanocontacts.

Here dramatic magnetoresistance effects are observed, which are attributed to the

presence of atomic-scale domain walls in the nanocontact. Finally, we consider the

phenomenon of current-induced domain wall motion, which has come to prominence

only in the last couple of years and offers exciting possibilities for technological ap-

plications.

1.3.1 Domain wall magnetoresistance

The possibility that domain walls contribute to the resistance of ferromagnetic ma-

terials was first suggested by a number of experiments in the 1960s and 1970s on

samples of single crystal Fe [17, 18] and polycrystalline Ni [19]. These experiments

measured the magnetoresistance of ferromagnetic materials, i.e. the difference be-

tween the resistance of the demagnetized multi-domain state and the uniformly

magnetized single-domain state obtained after application of an external field. It

was suggested that the observed negative magnetoresistance could be due in part

to a positive resistance contribution from the domain walls which are present in the
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multi-domain configuration but not in the uniform one. However, various other fac-

tors contribute to the difference in resistance between the uniform and multi-domain

configurations, most notably the AMR effect described above (Section 1.2.3), and

hence these early experiments were unable to isolate the contribution of domain

walls conclusively.

The discovery of giant magnetoresistance (GMR) in magnetic multilayers [1] and

its understanding in terms of spin-dependent scattering [12] prompted a renewal of

interest in transport through domain walls in the late 1990s, with the goal of deter-

mining whether GMR-like effects occur in domain walls. Experiments on Co and Ni

thin films (of thickness ∼30nm and other dimensions on the order of micrometers)

by Viret et al. [20] and Gregg et al. [21] succeeded in isolating the intrinsic resis-

tance due to domain walls from the AMR effect. They found strong evidence of an

enhancement to the film resistivity due to domain walls.

Subsequent experiments on micrometer-scale Fe wires [22], Ni nanowires [23], and

zig-zag Co micrometer-scale wires [24] reported negative contributions due to domain

walls. However, extensive measurements on Co thin films by Rüdiger et al. [25]

showed that the negative magnetoresistance effects observed in these experiments

were due to AMR rather than an intrinsic negative contribution from domain walls

[25,26].

A landmark experiment by Ebels et al. [27] measured the magnetoresistance of

Co nanowires containing a small number of domain walls. These wires were fabri-

cated with a roughly cylindrical form by electrodeposition, with typical diameters

on the order of 35nm. In wires with such small diameter, the reversal of magnetiza-

tion occurs entirely by propagation of domain walls from one end of the wire to the

other, rather than by reorientation of the magnetization inside the domains. This

has the important advantage of eliminating the AMR magnetoresistance contribu-

tion. The resulting curve of resistance as a function of magnetic field, reproduced

in Figure 1.6a, shows striking plateaux of increased resistance during the reversal

process, which correspond to the nucleation of domain walls in the wire. For larger

wires (diameter ∼50nm), there is a reorientation of domain magnetization, leading

to a negative AMR contribution with a signature “butterfly” pattern (Figure 1.6b).

In this case the domain wall contributions can still be seen in the occurrence of small

steps in the resistance as a function of applied field (labelled by Hp in Figure 1.6b).

Further experiments also found positive contributions. Measurements on poly-
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An enhancement of the resistance due to the presence of only one or two isolated domain walls is
clearly evidenced by transport measurements in 35 nm epitaxial Co wires, 20 mm long. The deduced
relative change in the resistivity is at least 1 order of magnitude larger than the one predicted from a
model based on the mixing of spin channels occurring over the length scale of the domain wall width
[P.M. Levy and S. Zhang, Phys. Rev. Lett. 79, 5110 (1997)]. This inconsistency can be resolved by
taking the effect of spin accumulation into account, which scales in the case of Co over the much larger
distance of the spin diffusion length.

PACS numbers: 73.50.–h, 73.61.–r, 75.60.Ch, 75.70.Pa

Spin accumulation [1,2] is known to be at the origin of
the giant magnetoresistance (GMR) observed in magnetic
multilayers in the CPP geometry (current perpendicular to
the plane) [2–4]. In recent efforts, this effect has also been
taken into account to describe spin injection devices, in
which the possibility of a magnetization reversal by means
of a spin polarized current [5] is explored. Common to
these devices is the magnetic/nonmagnetic/magnetic tri-
layer structure, where the nonmagnetic barrier thickness is
thinner than the spin diffusion length. Recently, an anal-
ogy was drawn between CPP-GMR magnetic multilayers
and homogeneous magnetic media, in which magnetic do-
main walls replace the nonmagnetic spacer layers [6,7]. It
was concluded [6–8] that domain walls give rise to a simi-
lar enhancement of the resistance as GMR multilayers in
the antiparallel configuration, due to themistracking effect,
where the transport electron spins lag behind in orientation
with respect to the local magnetization orientation inside
the domain wall. As a consequence of this mistracking
[8], spin channel mixing occurs which is considered to be
important only over the length scale of the domain wall
width dw . However, the close analogy to the CPP-GMR
configuration raises the question, whether due to the mis-
tracking, a spin accumulation effect should be taken into
account which relaxes over the much larger length scale of
the spin diffusion length.
Here, experimental evidence is provided for the first

time that spin accumulation should be considered in in-
terpreting the enhancement of the resistance due to the
presence of a well-defined and isolated domain wall. An
unambiguous enhancement of the resistance is obtained
from MR hysteresis loops of 35 nm Co wires, an example
of which is given in Fig. 1(a). Scaling the resistance
ratio DRw!Rsd ! 0.1% 0.3% to the domain wall width
dw"! 15 nm for Co# yields a resistivity ratio ofDrw!r !
100% 600%, much larger than observed in any other ex-
periment [6,7,9–11] and larger than the value of 2%–11%
predicted in [8]. In order to resolve this discrepancy, it is
proposed here that the domain wall width is not the rele-
vant length scale over which the spin channel mixing has to

be considered. Instead, spin accumulation at the domain
wall, which relaxes over the much larger distance of the
spin diffusion length (lsf ! 60 nm for Co at 77 K [4]) is
considered as the underlying mechanism and will be used
to explain the observed value of resistance enhancement.
Many experiments on the domain wall magnetoresis-

tance (DWMR) were performed for systems containing a
multiple domain structure, induced either by demagnetiza-
tion fields or specific magnetization procedures [6,9–14].
The underlying idea was to take advantage of the high
density of domain walls, assuming that the domain resis-
tance and the DW resistance form a network of series re-
sistors. However, in order to extract the contribution from

FIG. 1. MR hysteresis loops (at 77 K) for (a) a 35 nm and
(b) a 50 nm Co wire for a field applied parallel to the wire
axis. Hn and Hp indicate, respectively, the nucleation field and
the propagation field of domain walls. Rsd denotes the signal
level of the single domain wire, Rw the signal level of the wire
including n domain walls, and DRw ! Rw 2 Rsd.

0031-9007!00!84(5)!983(4)$15.00 © 2000 The American Physical Society 983

Figure 1.6: Resistance of Co nanowires as a function of applied field,
for wires with diameter (a) 35nm and (b) 50nm. In (a), the AMR effect is
suppressed, and the peaks in resistance coincide with the existence of domain
walls in the nanowire. In (b), the “butterfly” form is a signature of the AMR
effect, which is present due to the larger wire diameter. (Reproduced from
Ref. [27].)
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Figure 1.7: Resistance of FePd nanostructures as a function of applied
field, with current flow perpendicular to the domain walls. (Reproduced
from Ref. [28].)
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crystalline Co nanowires by Dumpich [29] found that when AMR effects were ac-

counted for, there was a residual positive contribution which was attributed to

domain walls. In a particularly elegant experiment, Danneau et al. [28] studied

the resistance of individual domain walls in epitaxial iron-palladium (FePd) nanos-

tructures, once again finding a positive contribution. The curve of resistance as a

function of applied field, reproduced in Figure 1.7, shows clear steps corresponding

to the disappearance of individual domain walls from the wire.

More recent experiments on domain wall magnetoresistance, which have focussed

on contriving structures in which the properties of domain walls can be manipulated,

have found further evidence that domain walls contribute positively to resistance

[30, 31, 32, 33, 34, 35, 36]. Positive domain wall magnetoresistance has also been

observed in magnetic semiconductors [37], where effects are larger due to the large

spin polarization [38,39].

The phenomemon of domain wall magnetoresistance is the primary subject ad-

dressed in this thesis, and we therefore present a detailed discussion of the existing

theoretical treatments separately in Section 1.4.

1.3.2 Ferromagnetic nanocontacts

Nanocontacts are structures consisting of only a few atoms which can be formed

between two much larger wires.3 They are extremely interesting from the point of

view of electron transport, as they exhibit conductance quantization, where steps

of the order of the fundamental conductance quantum e2/h are observed as the size

of the nanocontact is varied. Original experiments concentrated on non-magnetic

metals such as gold [40, 41, 42], in which both spin directions are degenerate and

conductance steps of 2e2/h occur.4 More recently, nanocontacts made with ferro-

magnetic metals such as Ni or Co have been studied. In this case, the two spin

directions are not degenerate and hence steps of e2/h are found to occur [44,45].

An intriguing effect observed in ferromagnetic nanocontacts is ballistic magne-

toresistance (BMR). This refers to the fractional change in resistance of the nanocon-

tact when the relative magnetization orientation in the adjacent wires is changed

from parallel to anti-parallel by an applied field. Effects ranging from the order of one

3The dimensions of the wires are typically on the scale of tens of nanometers to micrometers.
4A recent review of transport in non-magnetic nanocontacts is given in Ref. [43].
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hundred to ten thousand percent have been reported [46,47,48,49,50,51]. The effect

has been shown to be due partly to the phenomenon of magnetostriction, in which

the applied magnetic field changes the atomic structure of the nanocontact [52].

However, more recent experiments have found that even when magnetostriction-

related contributions are eliminated a large effect remains [53].

The BMR effect is believed to arise at least in part from the presence of atomic-

scale domain walls which form in the nanocontact when the magnetization directions

in the two adjacent wires are anti-parallel. Theoretically, Bruno [54] has predicted

that in nanoscale constrictions such as nanocontacts, the energetically favourable

domain wall structure has dimensions of the same order as the constriction itself.

Calculations within the sd model have shown that such narrow walls can block a

significant fraction of individual conductance channels [55,56,57,58,59,60,61]. The

effect is largest in the limit of an infinitely narrow contact (equivalent to an abrupt

domain wall), in which all majority spin channels with energy component perpen-

dicular to the wall below the s band splitting energy ∆ are completely blocked.

This leads to a BMR effect on the order of ∆/EF. For nanocontacts of non-zero

width, the effect is reduced due to the partial transmission with spin reversal of

those channels which are blocked for an abrupt wall, but is nevertheless significant

for realistic contact widths (' 0.5nm). Moreover, it has recently been argued that

for domain walls in nanoconstrictions the magnitude of the transverse component of

magnetization (out of the easy magnetic direction) is significantly reduced [62]. This

implies that even for contacts of non-zero width, the domain wall reflection would

be essentially equal to that of an abrupt wall, since all states below the splitting

energy would be completely reflected.

It should be noted that transport through nanocontacts depends strongly on

the transmission of individual conductance channels, which in turn are strongly

modified by the local atomic and magnetic structure. To obtain a quantitative

estimate of the channel-blocking mechanism in ferromagnetic nanocontacts, as well

as the extremely rich dependence of resistance on applied magnetic field observed

in Ref. [47], it is therefore necessary to adopt an ab initio approach in which the

electronic structure of the nanocontact is treated more realistically than in the sd

model. Such methods have previously been successfully applied to calculate the

conductance of non-magnetic contacts [43], and have recently begun to be applied

to the case of ferromagnetic nanocontacts [63, 64, 65, 66, 67]. However, the results

are not yet conclusive: Ref. [66], for example, finds BMR values for Ni nanocontacts
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in agreement with the results of Ref. [46] but not those in Ref. [53]. The subject

therefore remains very much open.

1.3.3 Current-induced domain wall motion

The effect of an electric current on a domain wall was first considered for bulk

materials in the 1970s. Berger [68, 69] and Carr [70] independently predicted a

“domain drag” effect in which the magnetic field created by current eddy loops which

form around the wall cause it to move in the direction of the current. The effect

was subsequently observed experimentally in bulk ferromagnets [71, 72]. Current-

induced domain wall displacement was also observed in permalloy films of thickness

∼300nm [73,74], where it was interpreted as arising from an S-shaped distortion of

the domain wall due to the circumferential magnetic field of the current. For systems

with one or more dimensions of size less than ∼100nm, the above mechanisms have

been found to be negligible, and domain wall displacement arises instead from an “sd

exchange torque” [75,76]. This torque is the back-action exerted on the domain wall

by the conduction electrons whose spin is reversed while traversing the wall. This

effect was interpreted as explaining the domain wall motion observed in experiments

on very thin permalloy films (of thickness 30–40nm) [77,78].

More recently, the surge of interest in spin-electronic systems has brought the

subject of current-induced domain wall motion to the forefront of experimental and

theoretical research. Experiments on permalloy spin valve structures [79, 80, 81],

nanowires [82, 83, 84], and ring structures [85], together with very recent experi-

ments on magnetic semiconductors [86], have demonstrated that domain walls can

be controllably displaced through application of spin-polarized currents. In general,

the threshold current densities for domain wall displacement are very large, on the

order of 1012A/m2, while the resulting velocity of domain wall is typically of the

order of several m/s [84].

Understanding the physics of current-induced domain wall motion has been the

goal of a number of recent theoretical works. The basic mechanism of spin transfer

in the adiabatic limit of wide walls had previously been proposed by Berger in the

1980s [75, 76]. Waintal and Viret [87] studied the spin-transfer torque exerted by

a current for a wall away from the adiabatic limit, and found that spin mistrack-

ing gives rise to a non-uniform, oscillatory torque component, which the authors

predicted could lead to deformation of the wall structure. Other recent models
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have aimed to develop a realistic treatment of the resulting magnetic dynamics.

Tatara and Kohno [88] developed a model combining a Kubo formula treatment

for conduction electrons with a Landau-Lifschitz-Gilbert (LLG) approach for the

magnetization dynamics. Interestingly, they found a threshold current even in the

absence of a domain wall pinning potential, however, their estimate of the wall ve-

locity was several orders of magnitude larger than experimentally measured values.

The LLG approach was also used by Li and Zhang [89,90], who considered spin wave

excitations. Thiaville et al. [91] carried out numerical micromagnetic calculations in

which the spin-transfer torque was included phenomenologically. Very recently, Ohe

and Kramer [92] have developed a model incorporating a fully quantum-mechanical

description of conduction electrons together with a numerical description of the

magnetization dynamics. Despite the impressive progress of recent theories, a full

quantitative understanding of experiments is still lacking, and this problem remains

a topic of significant activity.

1.4 Theories of domain wall magnetoresistance

In this section we survey the existing theoretical models relating to the electrical

resistance of domain walls, which was the subject of the experiments described

in Section 1.3.1. We will use the terms relative domain wall magnetoresistance,

∆R/R, and magnetoconductance, ∆G/G, to descrie the fractional difference between

resistance or conductance with and without a domain wall:

∆R

R
=

Rdw − Runi

Runi

, (1.8a)

∆G

G
=

Guni −Gdw

Guni

. (1.8b)

Here the suffixes “dw” and “uni” denote “domain wall” and “uniform” (without

domain wall) respectively. The adjective “relative” in this context is significant, as

it distinguishes from the quantities ∆R and ∆G, which have the dimensions of re-

sistance and conductance, and will be referred to simply as the “magnetoresistance”

and “magnetoconductance” respectively. We will use either the magnetoresistance

or magnetoconductance according to the context. Since conductance and resistance

are related by G = 1/R, Eqs. (1.8a) and (1.8b) differ only by the multiplicative

factor Runi/Rdw. Typically this ratio is close to unity, so the difference between the
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two quantities is not important. An exception to this is the case Rdw � Runi, which

occurs in experiments on nanocontacts (Section 1.3.2). In this case, the magnetore-

sistance defined by Eq. (1.8a) can be arbitrarily large, which has led to extremely

large reported values for magnetoresistance [49, 50]. Eq. (1.8b), on the other hand,

always gives values less than or equal to unity (i.e. 100%) [47].

In following sub-sections we distinguish between three principal approaches to the

problem. Firstly, Section 1.4.1 describes models which treat transport through the

domain wall as ballistic, i.e. free from impurity-related scattering. In this case the

only scattering of conduction electrons arises from the rotation of the magnetization

direction in the domain wall. In Section 1.4.2 we then consider approaches based on

the diffusive regime, in which the electron mean free path is less than the domain

wall length. The models described in both these sections are all based on some

variation of the sd model (Section 1.2.1); in Section 1.4.3 we discuss models based

on ab initio methods, which take into account realistic electronic band structures.

1.4.1 Ballistic approach

Motivated by the early experiments on Fe whiskers [17], Cabrera and Falicov carried

out one of the first theoretical studies of domain wall resistance properties [93, 94].

They considered two distinct scattering mechanisms: a paramagnetic potential bar-

rier effect arising from coupling of conduction electron spins to the internal magnetic

field of the ferromagnet, and a diamagnetic effect related to the cyclotron orbits of

conduction electrons. For the first mechanism [93], the domain wall represents a

spin-dependent potential which is non-uniform in the vicinity of the wall and thus

leads to scattering. The authors considered two limiting cases: firstly, for arbitrary

wall widths and small splitting between up and down sub-bands they found that the

wall potential gives only a negligible reflection which decreases exponentially with

wall width. Secondly, in the case of an abrupt wall, where the wall becomes a spin-

dependent potential step, it was found that scattering of electrons with longitudinal

energy on the order of the potential height can lead to a significant resistance effect.

In this case the wall resembles an abrupt interface between oppositely magnetized

regions, and for this system similar results have been obtained much more recently

in the context of giant magnetoresistance [95]. A number of more recent works have

also studied the scattering due to the domain wall potential [96, 56, 57, 58, 97, 87],

and in each have found similar results; for a narrow wall there may be significant
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reflection, but this decreases rapidly with increasing wall width.

For the second mechanism studied by Cabrera and Falicov5 [94], only the case

of an abrupt wall was considered; here it was found that the reversal of the mag-

netization direction on either side of the wall increases the distance travelled by

electrons following “zig-zag” cyclotron orbits, leading to an enhancement of resis-

tance. The authors found the second effect to be more significant than the first

in bulk samples, however, for nanoscale systems such as thin films or nanowires it

becomes negligible [20].

An alternative ballistic scattering mechanism was considered by Brataas et al.

[99]. Ignoring the reflection of electrons from the boundaries of the domain wall,

they concentrated instead on the effect of the wall curvature on the wavevector of

electrons inside the wall. Assuming a linear rotation of the magnetization near the

centre of the wall (equivalent to Eq. (2.22)), they found that the wavevectors inside

the wall become imaginary for states with low longitudinal energy (the necessary

conditions are given in Eqs. (2.25) and (2.26)). The corresponding electronic states

are thus evanescent in character and decay in amplitude during propagation through

the wall. The authors assumed complete reflection of these states and calculated

the corresponding magnetoresistance by integrating over all states. For realistic wall

widths the resulting values were extremely small, on the order of 0.0001–0.008%

depending on the material. We note that the assumption of complete reflection of

the evanescent states is not completely justified since, depending on the longitudinal

wavevector, the mode will not decay completely over the length of the wall. This

partial transmission would reduce even further the magnetoresistance effect arising

from this mechanism.

Vignale and Flatté [38] considered transport through ballistic domain walls in

magnetic semiconductors. Here, the Fermi energy may be on the order of the split-

ting energy, so that transmission is strongly energy-dependent. Going beyond the

regime of linear response, they showed that for large applied voltages this energy

dependence gives rise to a nonlinear current-voltage relation similar in principle to

that of a diode.

5A similar effect had been considered previously by Man’kov [98].
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1.4.2 Diffusive approach

The early work by Cabrera and Falicov [93] showed that the resistance arising from

ballistic domain walls of realistic widths is very small. However, the study of ballis-

tic transport yielded an understanding of electron transport through domain walls

which gives insight into the case of a diffusive wall. Viret et al. [20] proposed that an

electron moves through a domain wall by precessing about an axis which is tilted at

a fixed angle to the local magnetization direction in the wall.6 They used this “spin

mistracking” picture of ballistic transport as the basis of a phenomenological model

of diffusive transport through a domain wall, in which spin mistracking causes elec-

trons to experience a weighted combination of the spin up and down resistivities of a

uniformly magnetized ferromagnet. In the limit of a wide wall, they found a simple

formula for the relative magnetoresistance, which can be written in the notation of

this thesis as7

∆R

R
=

2β

(1− β)2

(
4

pF

)2

. (1.9)

Here β is the spin polarization defined in Eq. (1.4) and pF = 2m∆λ/π~2kF is a

dimensionless effective domain wall width (see Eq. (2.40b)).

Levy and Zhang [100] studied domain wall transport in the diffusive regime

using the Boltzmann equation approach to transport, working once again within

the assumption of a wide wall (to lowest order in 1/λ). They modelled diffusive

scattering by spin-dependent impurity scatterers, and treated both current parallel

and perpendicular to the domain wall. In the perpendicular case, which is of primary

interest to our work, their result for the magnetoresistance can be written in the

form

∆R

R
=

β2

1− β2

4

p2
F

(
3

5
+
√

1− β2

)
. (1.10)

It can be seen that this expression has the same dependence on pF as the result of

Viret et al. above (Eq. (1.9)). The Levy-Zhang model gives results in agreement

with the experiments in Refs. [20,21], and remains the most widely accepted model of

6This precessional motion was described more rigorously by Waintal and Viret [87], who calcu-
lated the appropriate scattering states for an electron in a domain wall.

7The result in Eq. (1.9) is for the region of the domain wall only; the formula given in Ref. [20]
actually considers the effect of the size of a complete domain, and thus multiplies Eq. (1.9) by
λ/δs, where δs is the domain size.
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domain wall scattering in the literature. Similar results were subsequently obtained

within the Kubo formula by Brataas et al. [101,99].

Further studies based on a semiclassical approach have examined other aspects

of the problem. S̆imánek [102] considered the effect of transverse spin accumulation

on domain wall resistance. In this effect, the spin mistracking of electrons scattered

by the domain wall results in a non-equilibrium distribution which shifts the local

spin-dependent chemical potentials and leads to an enhancement of resistance. An

approach based on a kinetic equation for the Wigner function was used to obtain

the magnetization density of the conduction electrons. In the diffusive regime, and

for realistic physical parameters, it was found that the spin accumulation effect is

several orders of magnitude smaller than the mechanism of Ref. [100]. However, it

was shown by Bergeret et al. [103], who carried out a similar calculation based on

a kinetic equation derived within the Keldysh formalism, that the kinetic equation

used in Ref. [102] contained an incorrect term which violates conservation of particle

number. In a more recent work [104], S̆imánek and Rebei extended the model of

Ref. [102] and found oscillations in the spin accumulation-induced resistance as a

function of wall width. These were predicted to become significant for the case of ge-

ometrically constrained domain walls. Finally, Dugaev et al. [105] studied a number

of properties relating to electrons in a domain wall, including spin and charge densi-

ties and conductivities, within a semiclassical approach including electron-electron

interactions.

A study by van Gorkom et al. [106] found that the non-collinearity of magnetiza-

tion inside a domain wall causes a local reduction in the exchange energy, leading to

a local reduction of the spin-splitting energy ∆. Depending on the relative mean free

paths for spin up and down electrons, this mechanism was shown to lead to either a

positive or negative change of resistance due to the domain wall. In particular, the

domain wall causes a reduction of resistance when l+ < l−.

The above-mentioned works are based on a classical approach to diffusive trans-

port, in which the phase of electrons is assumed to be completely randomized be-

tween successive scattering events. This is valid in the regime of weak disorder, where

kFlσ � 1. For stronger disorder, however, the so-called weak localization correction

arising from phase coherence, of order 1/kFlσ, becomes important [107]. Tatara

and Fukuyama [96,108] calculated the effect of a domain wall on the weak localiza-

tion in a ferromagnet with strong spin-independent disorder scattering. They found

that mistracking of conduction electron spin reduces the amount of spin-conserving
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back-scattering from impurities, leading to a suppression of weak localization in the

domain wall. Numerical calculations were later carried out which showed results

consistent with this effect [109]. The effect of domain walls on weak localization

was also treated by Lyanda-Geller et al. [110], who additionally considered electron-

electron interaction effects.

1.4.3 Ab initio approach

A number of calculations on domain wall magnetoresistance have gone beyond the

simplifying assumptions of the sd model and used so-called first principles, or ab

initio, methods. The advantage of such methods is that they incorporate a realistic

treatment of the electronic and magnetic structure of materials, and therefore offer

the potential for quantitative agreement with experiment. On the other hand, the

complexity of the resulting systems can obscure the physical insight provided by

simpler models. Moreover, ab initio methods necessarily involve rather complicated

calculational schemes which are computationally intensive. It is therefore not fea-

sible to carry out calculations on systems of realistic size, and instead an approach

in which the system is treated as an infinitely repeating lattice of small sub-units

is usually employed. This has the disadvantage that essentially non-periodic struc-

tures, such as domain walls or randomly positioned impurity atoms, are also treated

as infinitely repeating.

We have already mentioned in Section 1.3.2 the ab initio methods which have

been applied in recent years to the problem of transport in ferromagnetic nanocon-

tacts. For domain walls in general systems, the first ab initio treatment was carried

out by van Hoof et al. [111, 112]. In this work, an embedding Green’s function

technique, based on the linearized augmented plane-wave method within the local

spin-density approximation, was used to treat transport through ballistic domain

walls in pure Fe, Ni, and Co. In each case, the domain wall magnetoresistance was

found to be positive and enhanced by several orders of magnitude relative to results

obtained within the sd model. Nevertheless, the effect was still much smaller than

experimentally observed values.

Kudrnovský and co-workers considered domain wall magnetoresistance in Co

using a surface Green’s function approach based on the tight-binding linear muffin-

tin orbital method. For a ballistic domain wall [113] they found results in agreement

with Ref. [111]. They also considered the case of a domain wall containing either
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non-magnetic (Cu) and magnetic (Ni) impurities [114]. The magnetoresistance in

this case was found to resemble qualitatively the case without impurities, with a

maximum value for an abrupt wall which decreases rapidly with increasing width.

However, only wall thicknesses up to 10 monolayers were calculated, whereas for Co

domain walls should contain 72 monolayers [112]. In such narrow walls, the diffusive

regime is not attained, and therefore the physical situation for the disordered walls of

Ref. [114] is not equivalent to that of the diffusive models discussed in Section 1.4.2.

Similar calculations have been carried out for pure Fe by Yavorsky et al. [115], who

also found large magnetoresistance effects for abrupt walls.

1.5 This thesis

In this thesis we consider the problem of electron transport through domain walls

in ferromagnetic nanowires. In addition to their relevance to current experiments,

nanowires are an interesting system for the study of mesoscopic transport properties.

In particular, the constriction of the transverse geometry in nanowires leads to

the existence of well-defined conductance channels, which makes them a natural

candidate for the application of a quantum-mechanical transport theory.

We begin in Chapter 2 by introducing our theoretical model. We work within the

sdmodel (Section 1.2.1) and describe electron transport using the Landauer-Büttiker

formalism. For the domain wall we assume a linear rotation of the magnetization,

which permits simple closed form solutions for the electron states inside the wall.

We study the transmission and reflection properties of the resulting scattering states

describing transport through a ballistic domain wall. We then review the magneto-

conductance of a ballistic domain wall and describe the spin-dependent transmission

as a function of wall width, which gives rise to the important concept of adiabaticity

of domain wall transport.

In Chapter 3 we develop a simple circuit model in which the ballistic description

of a domain wall from Chapter 2 is supplemented with a classical treatment of the

spin-dependent scattering in the adjacent regions. In this model we find that spin

mistracking of electrons transmitted through the wall gives rise to an enhancement

of back-scattering in the regions adjacent to the wall, which is similar to the GMR

effect in a multilayer system.
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We go beyond the assumption of ballistic domain wall transport in Chapter 4,

where we consider domain walls subject to spin-dependent impurity scattering. We

develop a calculational scheme based on the combination of scattering matrices,

which allows us to consider both coherent and incoherent transport and treat regimes

from ballistic through to diffusive. We find that the effect of impurity scattering

varies according to whether transport is incoherent or coherent. In the incoherent

case, relevant for high temperatures and wide walls, the role of impurity scattering is

to enhance the resistance of a region containing a domain wall as compared to a uni-

formly magnetized region. In the coherent case, on the other hand, the domain wall

may reduce the resistance due to a suppression of coherence-related back-scattering

effects. We also observe a reduction of conductance fluctuations in the coherent case

due to the presence of a domain wall.

In Chapter 5 we extend our study of disordered domain walls to include the

regions adjacent to the wall, following a conceptually similar approach to the circuit

model from Chapter 3. In this case, however, scattering in the adjacent regions is

treated using the same scattering matrix formalism as inside the wall, leading to

a model which is more consistent than the circuit model. We find that scattering

in the adjacent regions significantly enhances the magnetoconductance effect of a

disordered domain wall, as compared to the intrinsic effect studied in Chapter 4.

Interestingly, this enhancement remains significant even for wide walls.

Finally, in Chapter 6 we consider the problem of spin-transfer torques and domain

wall motion. Returning to the circuit model from Chapter 3, we calculate the total

torque per unit current transferred from conduction electrons to the domain wall.

For realistic parameters we then estimate the resulting wall velocity in the absence

of pinning effects, obtaining a value significantly larger than that reported in recent

experiments. We suggest some possible reasons for this discrepancy.

In Chapter 7 we present our conclusions and discuss the outlook for future ex-

tensions of our work.
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Chapter 2

Transport through a ballistic

domain wall

“C’est en forgeant que l’on devient forgeron”

— French proverb

The starting point for the work in this thesis is the case of a domain wall in a

ballistic nanowire. In such a wire, the only scattering of conduction electrons arises

from their interaction with the rotating magnetization of the wall. This case has

previously been treated by a number of authors [93, 99, 112]; the approach taken

here follows most closely that of Refs. [58, 97].

We begin by establishing a theoretical framework which will form the basis of all

work in this thesis. In Section 2.1 we introduce the Landauer-Büttiker formalism

for conductance, before describing our model for electrons in a nanowire in Sec-

tion 2.2. We then go on to consider the physics of electron transport through a

ballistic domain wall. In Section 2.3 we calculate electron scattering states for a

ballistic wall and study their transmission and reflection properties. In Section 2.4

we describe two important aspects of transport through a ballistic domain wall,

namely, magnetoconductance and spin-dependent transmission.

27
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2.1 Landauer-Büttiker formalism for spin-

dependent transport

In this work we adopt the Landauer-Büttiker formalism to describe the conductance

of a quantum mechanical system. This approach, which is widely used in mesoscopic

physics,1 expresses the conductance in terms of the transmission properties of coher-

ent electron states in the conductor. As such, it is perfectly suited to the study of

conductance in mesoscopic systems, where effects relating to the underlying quantum

mechanical nature of electrons play a crucial role in determining conductance prop-

erties. The original Landauer formula was introduced by Landauer [117,118,119] to

treat localization effects in highly disordered one-dimensional wires. A generaliza-

tion of this formula, valid in the case of many conducting channels, was developed

by Büttiker et al. [120], and is now commonly referred to as the Landauer-Büttiker

formula.

In the Landauer-Büttiker approach, the physical system is conceptually decom-

posed into three distinct regions: the conductor, the leads, and the reservoirs. The

conductor is the actual system, such as a disordered wire segment, whose conduc-

tance properties are to be calculated. On either side of the conductor are perfect

leads, in which electrons leaving (or entering) the conductor propagate to (or from)

the reservoirs without reflection. The reservoirs represent the regions of the physical

system far from the conductor which are separately in thermal equilibrium with

electrochemical potentials µL and µR.

Throughout the part of the system comprising the conductor and leads, elec-

trons are assumed to occupy coherent quantum-mechanical states. In the leads,

these states can be classified into “channels” (or modes) determined by their spin

and transverse quantum number, which we denote generically as (σ, n) (we discuss

these in more detail in the next section). For a ballistic conductor (subject to no

scattering), electrons in each channel propagate from left to right and vice versa as

simple plane-waves (or more generally Bloch states). For a conductor with non-zero

scattering, electrons occupy scattering states describing the reflection and transmis-

sion of electrons incident on the conductor in a given channel (σ, n) from either the

left or right lead (we calculate these states for a domain wall in Section 2.3.2). By

comparing incident and scattered fluxes in these states, we find the transmission

1Pedagogical treatments of the Landauer-Büttiker formalism can be found in Datta [6] and
Akkermans and Montambaux [116].
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and reflection probabilities Tσ′n′;σn(E) and Rσ′n′;σn(E) (T ′
σ′n′;σn(E) and R′

σ′n′;σn(E))

for electrons incident on the conductor from the left (right) lead. These quantities

represent the probability for an electron with energy E incident on the conductor

in mode (σ, n) to be transmitted or reflected into mode (σ′, n′).

The electronic states in the leads and conductor are filled by electrons from

the corresponding reservoir. Thus, right-moving states in the left lead are filled by

electrons from the left reservoir, while left-moving states in the right lead are filled

by electrons from the right reservoir. Importantly, at zero temperature these states

are occupied only up to the Fermi level of the corresponding reservoir. When both

reservoirs have the same Fermi level EF, there is the same number of left- and right-

moving states in the conductor, and hence zero overall current. However, when an

electrochemical potential is applied across the system such that the Fermi level in

the left reservoir is increased to EF + ∆E, there is an non-zero overall current due

to the right-moving states with energy between EF and EF + ∆E. The current is

found by summing over the transmission probabilities of these right-moving states.

In the limit of small ∆E (the so-called “linear response” regime), and supposing

zero temperature, the above discussion leads to the Landauer-Büttiker formula for

the dimensionless conductance:

g =
G

e2/h
=
∑

σ,σ′=±

{
Nσ′∑
n′=1

Nσ∑
n=1

Tσ′n′;σn(EF)

}
. (2.1)

The sum is over the transmission probabilities Tσ′n′;σn(EF) between all incident and

transmitted channels which are open (i.e. occupied) at EF. The total number of such

channels with spin σ (defined with respect to the local magnetization orientation)

is written as Nσ.

For our later work it is also useful to define spin-dependent transmission and

reflection probabilities which are summed over all the transverse channels:

Ξσ′σ =

Nσ′∑
n′=1

Nσ∑
n=1

Ξσ′n′;σn(EF), (2.2a)

Ξσ =
∑
σ′=±

Ξσ′σ, (2.2b)

where Ξ = T,R, T ′, R′. Here Ξσ′σ is the total transmission or reflection between

spin sub-bands σ and σ′, while Ξσ is the total transmission or reflection (into either
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spin sub-band) for electrons incident with spin σ. In terms of these quantities, we

note that the total conductance can be written more compactly as

g = T+ + T−. (2.3)

2.2 Theoretical model of a ferromagnetic

nanowire

In this section we introduce our theoretical model for electrons in a nanowire. We

begin by supposing that the nanowire has an easy magnetic axis aligned with the

longitudinal wire axis, and define coordinates ~r = (~r⊥, z) such that the z axis is

aligned with this direction. We will consider in this chapter both two-dimensional

(2D) and three-dimensional (3D) geometries, so that the transverse coordinates in

the wire are either ~r⊥ = y (2D) or ~r⊥ = x, y (3D).2 We assume a simple rectangular

geometry for the wire cross-section, with dimensions Ly (2D) or Lx × Ly (3D). The

3D geometry is the physically relevant one, but the 2D case is more convenient

as it simplifies notation and numerical calculations. Moreover, we will see in this

chapter that results for a ballistic wall do not differ significantly between 2D and

3D, implying that the essential physics is identical in the two cases. In later chapters

(Chapters 4 and 5) we work only with the 2D case.

For the electronic structure of the nanowire we use the sd model introduced in

Section 1.2.1. In this approach, the interaction of conduction (s) electrons with the

magnetization (d band) gives rise to the potential energy Vsd(~r) = (∆/2)~σ · ~f(~r)

(Eq. (1.1)), where ∆ is the spin-split energy between up and down sub-bands and
~f(~r) is a unit vector in the direction of the magnetization (Eqs. (1.2)). In the fixed

z spin basis |±z〉, the elements of the Pauli spin operator ~σ are the 2× 2 matrices

σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

 . (2.4)

Since we work in the linear response regime, the back-action of the s electrons on

the d electrons is neglected for the calculation of the transport properties. We also

ignore the orbital interaction of s electrons with the magnetization, which is a good

2The 3D case corresponds to the wires in the experiment of Ref. [27], for example.
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Figure 2.1: Sketch showing the nanowire geometry used in this work. The z
axis is aligned with the longitudinal axis of the wire, which has cross-section
Lx×Ly (we show only the 3D geometry in this figure). The arrows represent
the magnetization direction, which is in the ±z direction as z → ±∞, and
rotates in the xz plane inside the domain wall (0 ≤ z ≤ λ).

approximation since this effect is small for nanoscale systems [20]. The effective

Hamiltonian for s electrons then reads3

H = − ~2

2m
∇2 + Vsd(~r). (2.5)

For a wire uniformly magnetized in the z direction we have ~f(~r) = (0, 0,−1)

for all ~r. When the wire contains a domain wall separating regions of opposite

magnetization along the z axis, we have ~f(~r) = (0, 0,−1) for z < 0 and ~f(~r) =

(0, 0, 1) for z > λ, with the length λ defining the wall region 0 ≤ z ≤ λ.

The magnetic configuration considered here corresponds to an axial magnetiza-

tion and therefore a domain wall of “head-to-head” type (see Section 1.1). However,

it should be noted that in our model the magnetic and kinetic terms are decoupled

and therefore the Hamiltonian in Eq. (2.5) would be unchanged if we were to rotate

the magnetization to an arbitrary direction with respect to the longitudinal wire

axis. Thus, in our model all three kinds of wall (Bloch, Néel, and head-to-head) are

equivalent from the point of view of conductance electrons. This would no longer

be the case if Lorentz or spin-orbit effects were taken into account.

For simplicity we assume a square well potential for the transverse confinement,

with infinite walls at y = 0, Ly (2D) or x = 0, Lx and y = 0, Ly (3D). In the leads on

either side of the domain wall, electrons occupy well-defined channels with transverse

3Throughout this work we set m = me for simplicity.
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wavefunction components

φn(~r⊥) =



√
2

Ly

sin

(
πnyy

Ly

)
, (2D)

2√
LxLy

sin

(
πnxx

Lx

)
sin

(
πnyy

Ly

)
. (3D)

(2.6)

We use the quantum number n to denote ny (2D) or nx, ny (3D), which are re-

stricted to positive integer values in each case. The corresponding transverse energy

component is

E⊥,n =
~2π2

2m
×



(
ny

Ly

)2

, (2D)[(
nx

Lx

)2

+

(
ny

Ly

)2
]
, (3D)

(2.7)

where we have decomposed the total energy of electron states into longitudinal and

transverse components:

E = Ez + E⊥,n. (2.8)

The longitudinal wavefunction components are characterized by a wavevector k

and spin eigenvalue σ = ±. The latter is defined with respect to the local direction

of ~f(~r), assumed to be constant in each lead. The corresponding dispersion relation

is

Ez =
~2k2

2m
− σ∆

2
. (2.9)

For transport at zero temperature, the relevant conduction states are those at the

Fermi energy, E = EF. With this constraint, the longitudinal energy is then specified

by the channel number n:

Ez,n = EF − E⊥,n. (2.10)

From here on, we will assume implicitly that states are at EF.
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We define the following wavevectors for conduction states at the Fermi energy:

kn =

√
2mEz,n

~2
, (2.11a)

k∆ =
√

2m∆/~2, (2.11b)

kσn =

√
k2

n +
σk2

∆

2
. (2.11c)

These are, respectively, the spin-independent wavevector for channel n, the wavevec-

tor corresponding to the spin-split energy ∆, and the spin-dependent wavevector

for channel n. In addition, we define spin-independent and spin-dependent Fermi

wavevectors:

kF =

√
2mEF

~2
, (2.12a)

kσ,F =

√
k2

F +
σk2

∆

2
. (2.12b)

These quantities are useful as they characterize the entire conduction band.

The number of propagating modes in each lead and for each spin sub-band, Nσ,

is given by the largest value of n for which kσn is real. In the limit of large transverse

size, we have

Nσ '


kσ,FLy

π
, (2D)

k2
σ,FLxLy

4π
. (3D)

(2.13)

The total wavefunctions in the leads, including both longitudinal and transverse

components, take the form of two-component spinors:

ψ≷
σn(~r) =

√
~

mvσn

e±ikσnzφn(y) |σ〉 , (2.14)

where ≷ denotes propagation to the right/left, and the spinor basis states |±〉 rep-

resent spin eigenstates parallel or anti-parallel to the local value of ~f(~r). The states

are normalized to unit flux, where the velocity factor for a plane-wave state is

vσn = ~kσn/m.

Defining the spin states |σ〉 with respect to the local magnetization direction
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Figure 2.2: Schematic illustration of the energy dispersion relation for elec-
tron states in a ferromagnetic nanowire with spin-split energy ∆. The curves
show E(k, n, σ) as a function of k for different transverse channels n, with
spin σ = + (left-hand side) or σ = − (right-hand side). The intersection of
these curves with the Fermi energy EF defines the wavevectors of conducting
states kσn. In the example shown the number of open (conducting) channels
of each spin at the Fermi energy is N+ = 6 (σ = +), and N− = 4 (σ = −).
The channels n = 5, 6 are thus only open in the σ = + sub-band.
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allows us to treat both of the leads (as well as the uniform case) within the same

notation. Inside the wall (0 ≤ z ≤ λ), the spin states |σ〉 depend on ~r, and hence the

relevant electron eigenstates are more complicated than those in Eq. (2.14). They

are described in detail in Section 2.3.

The parameters EF and ∆ characterize the structure of the parabolic s band in

the sd model, and must be chosen to approximate the spin polarization obtained

from band structure calculations. This approximation introduces considerable un-

certainty. We find in this thesis that the dependence on EF and ∆, as well as

the wall width λ, can be encapsulated in a dimensionless “effective” wall width pF

(Eq. (2.40b)). Throughout this work, we therefore fix EF = 10eV and ∆ = 0.1eV,

which correspond to reasonable parameter estimates for Co [121]. By varying λ, we

then obtain results which correspond to effective domain wall widths in arbitrary

materials.

As mentioned above, the Hamiltonian in Eq. (2.5) does not contain an orbital

magnetic term. It therefore obeys time reversal symmetry [122], leading to the

following general symmetry relations for the transmission and reflection probabilities

between channels (σ, n) and (σ′, n′):

Tσ′n′;σn = T ′
σn;σ′n′ , Rσ′n′;σn = Rσn;σ′n′ , R′

σ′n′;σn = R′
σn;σ′n′ . (2.15)

From these relations we obtain equivalent relations for the total spin-dependent

transmission and reflection (Eqs. (2.2)):

Tσ′σ = T ′
σσ′ , Rσ′σ = Rσσ′ , R′

σ′σ = R′
σσ′ . (2.16)

Eqs. (2.15–2.16) remain valid when an arbitrary time-independent potential (such

as the impurity potential to be considered in Chapter 4) is added to H.

2.3 Electronic states in a domain wall

We now study the electron scattering states for a ballistic domain wall. We begin

in Section 2.3.1 by selecting a form for ~f(~r) in the wall which has closed form basis

states. In Section 2.3.2 we calculate scattering states describing the transmission

and reflection of electrons incident on the wall. We then discuss the form of the re-

sulting transmission and reflection probabilities in the regimes of low (Section 2.3.3)
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and high (Section 2.3.4) longitudinal energy, comparing the exact solutions with

approximations valid in certain parameter regimes.

2.3.1 Basis states of domain wall

We consider a one-dimensional domain wall of tail-to-tail type (Section 1.1), in which

the magnetization rotates in the xz plane.4 For such a wall ~f(~r) can be written in

the form

~f(~r) ≡ ~f(z) = (sin θ(z), 0, −cos θ(z)), (2.17)

where we define θ(z) to be the angle between ~f(z) and the −z direction. The limiting

values of θ(z) as z → ±∞ are 0 and π, respectively.

In terms of θ(z), the spin-dependent potential in Eq. (2.5) can be written as

Vsd(~r) = −∆

2

cos θ(z) sin θ(z)

sin θ(z) −cos θ(z)

 . (2.18)

Within the xz plane, it is useful to define a rotated coordinate system x′z′ such

that the z′ axis is always in the direction of −~f(~r):

x′ = x cos θ(z) + z sin θ(z), z′ = −x sin θ(z) + z cos θ(z). (2.19)

The eigenstates of Vsd(~r) are the spin states with respect to the z′ axis, which we

write as |±〉. These are related to the fixed |±z〉 basis by the transformation

|±〉 = R[θ(z)] · |±z〉 , (2.20)

where

R[θ(z)] =

〈+z|+〉 〈+z|−〉

〈−z|+〉 〈−z|−〉

 =

 cos( θ(z)
2

) sin( θ(z)
2

)

−sin( θ(z)
2

) cos( θ(z)
2

)

 . (2.21)

In Ref. [97] it was shown that the electron transport properties of a domain wall

4Note that the magnetization vector is always three-dimensional, regardless of whether we are
working in the 2D or 3D wire geometry.
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Figure 2.3: Longitudinal and transverse components of the domain wall
profile, fz(z) and fx(z). The solid lines show the trigonometric profile used
in this thesis (Eq. (2.22)), while the dashed lines show the components of a
Bloch wall with equivalent width.

depend on its length and energy scales (λ and ∆) but are relatively insensitive to

the precise form of the function ~f(z). For mathematical convenience we therefore

assume in this work a trigonometric profile

θ(z) =


0 , z < 0 ,

πz

λ
, 0 ≤ z ≤ λ ,

π , z > λ ,

(2.22)

where λ is the width of the domain wall. In Figure 2.3 we illustrate the compo-

nents of the domain wall profile, fz(z) and fx(z), corresponding to Eq. (2.22). For

comparison, we also show the equivalent components for a domain wall with the

Bloch profile,5 which are found as a minimum energy configuration of the magnetic

structure in the thermodynamic limit [123].

In the region 0 ≤ z ≤ λ, the profile in Eq. (2.22) corresponds to a “spin spiral”

potential for which there exist closed form solutions to the Hamiltonian of Eq. (2.5)

[124,99]. Normalizing to unit flux, these can be written as

ψ̃≷
σn(~r) =

√
~

mṽσn

e±ik̃σnzφn(~r⊥) (|σ〉 ± iAσn |−σ〉) , (2.23)

5The Bloch wall profile has θ(z) = cos−1(−tanh(z/λ′ − 1/2)) for −∞ < z < ∞. To compare
this with Eq. (2.22), we choose parameters so that the integral of the transverse component,∫∞
−∞ fx(z)dz, is equal in each case. For the Bloch profile this yields λ′ = (2/π2)λ.
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where

k̃σn =

√
k2

n + k2
λ +

σ

2

√
k4

∆ + 16k2
λk

2
n, (2.24a)

Aσn = σ
2kλk̃σn

k̃2
σn + k2

λ − k2
−σn

, (2.24b)

ṽσn =
~k̃σn

m

(
1 + A2

σn − σ
2kλAσn

k̃σn

)
, (2.24c)

with kλ = π/2λ. It can be seen that the relation between the velocity ṽσn and

wavevector k̃σn is more complicated than for the uniform basis states in Eq. (2.14).

The number of propagating modes of each spin inside the domain wall region,

Ñσ, is given by the maximum value of n for which k̃σn is real-valued. Clearly, for this

to hold it is necessary that the corresponding uniform wavevector, kσn, also be real.

However, there are additional constraints which depend on the spin direction. For

the minority spin direction, it is found from Eq. (2.24a) that k̃−,n is only real-valued

when k−,n > kλ. Minority states with

0 < k−,n < kλ, (2.25)

are therefore evanescent, i.e. have imaginary k̃−,n, inside the domain wall. For the

majority spin direction, for very narrow walls satisfying k∆ <
√

8kλ, states with

wavevector in the range

0 < k+,n <
k∆√

2

(
1− k2

∆

8k2
λ

)
, (2.26)

have complex-valued k̃σn. The imaginary part is always positive, and hence the

corresponding states are also evanescent in character.

Eqs. (2.25–2.26) can be interpreted as defining “band gaps” analogous to those

arising from (spin-independent) periodic potentials in solid state physics [8]. As a

result of these gaps, we generally have Ñσ < Nσ in the limit of large transverse

dimensions. However, in practice the difference is not significant for parameter

values of interest. Moreover, in the work to be carried out in Chapters 4 and 5, where

we consider fixed transverse system sizes, the minimum longitudinal wavevector is

typically too large to satisfy either of Eqs. (2.25–2.26), and hence we have Ñσ = Nσ.

The form of the basis states ψ̃≷
σn(~r) can be understood in an intuitive way by
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considering their spin components with respect to the local magnetization direction.

The expectation value of each spin component defines an expectation spin direction

for the state. The unit vector in this direction, written here in the x′yz′ basis, is

given by

ψ̃≷
σn(~r)† ~σ ψ̃≷

σn(~r)

|ψ̃≷
σn(~r)† ~σ ψ̃≷

σn(~r)|
=

σ

1 + A2
σ

(
0, ±2Aσ, 1− A2

σ

)
, (2.27)

where the ± sign corresponds to the propagation direction ≷. We see from Eq. (2.27)

that ψ̃≷
σn(~r) represents an electron with spin vector canted from the σz′ direction by

an angle ±ωσ, where

ωσ = σ tan−1

(
2Aσ

1− A2
σ

)
. (2.28)

We will refer to this axis as Ω≷.

For an electron in the state ψ̃≷
σn(~r), there is thus a non-zero angle between its

spin and the effective field ~Hsd(z) (i.e. the −z′ direction). This leads to a torque on

the electron spin in the x′ direction, whose magnitude is such that the electron spin

remains at a constant angle relative to ~Hsd(z) throughout the wall (see Figure 2.6).

2.3.2 Scattering state solutions

To describe the scattering of electrons in the nanowire from the domain wall, we

consider the so-called scattering states constructed by matching an incident compo-

nent in one of the leads (z < 0 or z > λ) with basis states inside the wall region

(0 ≤ z ≤ λ) and scattered components in both leads (see, e.g. Ref. [122]). The

set of all scattering states forms a complete, orthonormal set of basis states for

the nanowire, analogously to the plane wave states in the uniformly magnetized

case [125].

For a ballistic domain wall, the scattering is due to the potential in the region

0 ≤ z ≤ λ (Eqs. (2.18) and (2.22)). Since Vsd(z) depends only on longitudinal

position z, it does not couple basis states with different transverse quantum number,

and hence

Tσ′n′;σn = Rσ′n′;σn = 0, for n′ 6= n. (2.29)
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However, because Vsd(z) contains off-diagonal spin components, it does couple up

and down spin components.

For an electron incident from the left lead (z < 0) in the mode (σ, n), we therefore

write the scattering state in terms of the basis states from Eqs. (2.14) and (2.23) as

Ψ>
σn(~r) =



ψ>
σn(~r) + rσn;σnψ

<
σn(~r) + r−σn;σnψ

<
−σn(~r) , z < 0 ,

γ>
σn;σnψ̃

>
σn(~r) + γ<

σn;σnψ̃
<
σn(~r)

+ γ>
−σn;σnψ̃

>
−σn(~r) + γ<

−σn;σnψ̃
<
−σn(~r) ,

0 ≤ z ≤ λ ,

tσn;σnψ
>
σn(~r) + t−σn;σnψ

>
−σn(~r) , z > λ .

(2.30)

The scattering amplitudes rσ′n;σn and tσ′n;σn, together with the coefficients γ≷
σ′n;σn,

are obtained by imposing continuity of Ψ>
σn(~r) and its first derivative at z = 0, λ.

This leads to an 8 × 8 system of linear equations, given in Appendix A.1.2 (Eqs.

A.4).

The corresponding scattering state for an electron incident from the right lead

(z > λ), Ψ<
σn(~r), may be defined in a similar way, with incident and reflected compo-

nents in the right lead and transmitted components in the left lead (z < 0). Because

of the symmetry of the domain wall, the corresponding scattering amplitudes, which

we write as t′σ′n;σn and r′σ′n′;σn, can be expressed in terms of tσ′n;σn and rσ′n;σn. For

an electron travelling from the right lead, the only difference in the wall profile is

that it has opposite chirality (i.e. the “handedness” of the rotation in the xz plane).

This leads to a sign change in the off-diagonal amplitudes, but does not change the

diagonal ones:

t′±σn;σn = ±t±σn;σn , r′±σn;σn = ±r±σn;σn . (2.31)

The scattering probabilities Tσ′n;σn and Rσ′n;σn are related to the amplitudes in

Eq. (2.30) according to

Tσ′n;σn = |tσ′n;σn|2 , Rσ′n;σn = |rσ′n;σn|2 . (2.32)

In the case of an abrupt wall, λ = 0, the scattering states in Eq. (2.30) are not

well-defined, since the intermediate region 0 ≤ z ≤ λ disappears. This is, of course,
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simply a technical problem, since the domain wall in this case is just a step barrier,

with transmission and reflection given by

Tσ′n;σn = δσ′,−σ
4k+,nk−,n

(k+,n + k−,n)2
, Rσ′n;σn = δσ′,σ

(
k+,n − k−,n

k+,n + k−,n

)2

. (2.33)

In the remainder of this section we study in some detail the transmission and

reflection probabilities for a ballistic wall. It is convenient to express these as a

function of the longitudinal energy renormalized to the splitting energy:

εn =
2Ez

∆
. (2.34)

We then write T
(1D)
σ′σ (εn) and R

(1D)
σ′σ (εn) in place of Tσ′n;σn and Rσ′n;σn; the label

(1D) is a reminder that these quantities are a function of longitudinal energy. The

advantage of this notation is that the transverse energy dependence is contained

in εn, which we can then treat as a continuous parameter without reference to a

particular transverse system size or channel number.

2.3.3 Domain wall transmission and reflection for small εn

We first consider the regime of low longitudinal energy −1 ≤ εn ≤ 1. This regime is

characterized by the fact that εn is of the same order of magnitude as the splitting

energy ∆, which means that the domain wall can lead to significant reflection. For

energies in the range −1 ≤ εn ≤ 1, only majority (σ = +) channels are open, so

there is no scattering into the minority (σ = −) spin channels:

T
(1D)
−+ (εn) = R

(1D)
−+ (εn) = 0, for −1 ≤ εn ≤ 1. (2.35)

In the limit of an abrupt wall, λ = 0, electrons are transmitted or reflected with

their spin conserved, so that the spin-reversing transmission and reflection are zero:

T (1D)
σσ (εn) = R

(1D)
−σσ(εn) = 0, for λ = 0. (2.36)

This result, together with Eq. (2.35), implies that the σ = + states below the barrier
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Figure 2.4: Transmission probability T
(1D)
++ (εn) in the regime of small

longitudinal energy, −1 ≤ εn ≤ 3, for several values of wall width λ. The
latter is characterized by the ratio kλ/k∆. In (a) wall widths ranging from
narrow through to wide are shown. In (b) the narrow wall is shown together
with the perturbation formula from Eq. (2.38) (crosses). In (c) the wide
wall case is shown for longitudinal energies in the range −1 ≤ εn ≤ 1, where
transmission is very close to unity and oscillations are observed.



Transport through a ballistic domain wall 43

0

0.5

1

R
(
1
D

)

σ
′
σ

(ε
n
)

R
(
1
D

)

σ
′
σ

(ε
n
)

1 1.5 2 2.5 3

λ = 0

R
(1D)

++ (εn)

R
(1D)

−− (εn)

R
(1D)

−+ (εn)

0

0.025

0.05

R
(
1
D

)

σ
′
σ

(ε
n
)

R
(
1
D

)

σ
′
σ

(ε
n
)

1 1.1 1.2 1.3 1.4 1.5

εnεn

0

0.002

1 2 3

0

10−4

2× 10−4

1 2 3

(b) kλ =
k∆

10

(a) kλ =
k∆

2

Figure 2.5: Reflection probability R
(1D)
σ′σ (εn) in the regime of small longi-

tudinal energy, εn & 1. Two values of wall width are shown: (a) kλ = k∆/2

and (b) kλ = k∆/10. In each case the inset shows R
(1D)
++ (εn) on an expanded

vertical scale. In (a), the coefficient R
(1D)
++ (εn) = R
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height are completely blocked by an abrupt wall:

R
(1D)
++ (εn) = 1, for λ = 0 and −1 ≤ εn ≤ 1. (2.37)

This reflection is the origin of the “channel-blocking” effect proposed in Refs. [56,

57,58].

For non-zero λ, transmission of σ = + states below εn = 1 becomes possible

due to coupling between spin channels inside the wall. The amount of transmission

increases with the wall width, as we illustrate in Figure 2.4a. In this context, the

relevant measure of wall width is with respect to the splitting energy, which can

be represented by the ratio kλ/k∆. For narrow walls (kλ = 2k∆ in the example of

Figure 2.4b), transmission is small, while for wide walls (kλ = k∆/10 in Figure 2.4c)

there is virtually complete transmission.

From the point of view of reflection, the regime of narrow walls is characterized

by the fact that the electron wavelength is much larger than the wall width, which

is equivalent to kσ � kλ. For this case, Gopar et al. [97] found an expansion for

T
(1D)
++ (εn) to lowest order in k+,n/kλ:

T
(1D)
++ (εn) =

(
k+,n

kλ

)2

×


1, −1 ≤ εn ≤ 1,(

k∆

k+,n + k−,n

)4

, εn > 1.
(2.38)

In Figure 2.4b, we show that this approximation is in good agreement with the exact

value in the case kλ = 2k∆, for energies in the range −1 ≤ εn ≤ 3. For wider walls,

Eq. (2.38) remains a good approximation for the initial slope of T
(1D)
++ (εn) in the re-

gion k+,n . kλ (i.e. εn close to −1). However, as λ increases this regime corresponds

to a vanishingly small range of energies, and therefore becomes irrelevant.

In the wide wall case, kλ � k∆, the transmission probability T
(1D)
++ (εn) becomes

very close to unity for εn < 1. Since T
(1D)
−+ (εn) = 0, the problem resembles qual-

itatively a one-dimensional square potential barrier of width λ. In this case, the

effective barrier height is not determined by the splitting energy ∆, but rather by

the steepness of the rotation of ~f(z), which is represented by the ratio kλ/k∆. From

such a potential barrier, one would expect to see an oscillatory component to the

transmission function, arising from interference between multiply scattered paths

between the two boundaries. In Figure 2.4c, we show a magnified view of T
(1D)
++ (εn)

near 1 in the region −1 ≤ εn ≤ 1, which clearly shows these oscillations.
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For energies above the barrier height, εn > 1, the situation is more complicated

since the σ = − channel is open and the probabilities T
(1D)
−+ (εn) and R

(1D)
−+ (εn) can be

non-zero. This is responsible, for example, for the decrease in T
(1D)
++ (εn) for εn > 1

which is seen in Figure 2.4a.

We will consider the properties of the domain wall transmission probabilities for

εn > 1 in the next sub-section, but for now it is interesting to consider the reflection,

as this is only significant for small εn. In Figure 2.5 we show R
(1D)
σ′σ (εn) for energies

in the range 1 ≤ εn ≤ 3, for narrow (kλ = k∆/2) and wide (kλ = k∆/10) walls.

For comparison, we also show the reflection coefficient R
(1D)
σσ (εn) for the case λ = 0

(Eq. (2.33)).

From Figure 2.5 it can be seen that the reflection decreases quite rapidly with

increasing εn, which is expected since for larger longitudinal energy the barrier energy

becomes less important. The reflection also decreases with increasing λ, as can be

seen by comparing Figures 2.5a and 2.5b. This is because, as mentioned above, the

relevant barrier height is determined by the ratio kλ/k∆. Additionally, it can be

seen that R
(1D)
++ (εn) is much smaller than R

(1D)
−− (εn), while R

(1D)
−+ (εn) is intermediate

between the two. To understand this, we note that for energies just above the barrier

height, ε & 1, the wavevector k−,n is very close to zero, while k+,n is relatively

much larger. Thus, for σ = − states at this energy, the domain wall represents a

much greater source of scattering than it does for σ = + states. This explains the

difference in magnitude between R
(1D)
++ (εn) and R

(1D)
−− (εn). The amplitude R

(1D)
−+ (εn),

meanwhile, is sensitive to both wavevectors k±, which is why it has magnitude

intermediate between R
(1D)
++ (εn) and R

(1D)
−− (εn).

We close our discussion of the low εn case by noting that the exact form of the

reflection functions in this regime depend significantly on the specific wall profile

we have chosen. In particular, the presence of well-defined boundaries at z = 0, λ is

responsible for the pronounced oscillatory features observed in Figures 2.4 and 2.5,

which are not found, for example, in the Bloch wall profile [97]. Nevertheless, the

results shown here demonstrate key features which are generic to all domain walls.

In particular, the reflection is only significant for small εn and is most important for

σ = + states in the region −1 ≤ εn ≤ 1 for small λ.
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2.3.4 Domain wall transmission for large εn

For longitudinal energies much larger than the splitting energy, εn � 1, we have

seen in the previous sub-section that the reflection from the domain wall becomes

negligible. The dominant effect of the domain wall in this regime is to rotate the spin

of transmitted electrons. This effect can be understood according to the following

simple argument, which is due to Viret et al. [20,87]. We consider a electron incident

from the left lead with majority spin (σ = +). Assuming reflection can be ignored,

at z = 0 the electron is scattered from the state ψ>
+,n(~r) into a combination of the

two states ψ̃>
+,n(~r) and ψ̃>

−,n(~r) as it enters the domain wall. As we showed at the

end of Section 2.3.1, these states have spin parallel and anti-parallel to the axis Ω>,

which is at an angle ω> to the z′ direction in the yz′ plane. Since the two states

have different wavevectors (k̃±,n), the resulting combination describes a spin state

precessing about the Ω> axis.6 Furthermore, because the spin of the electron is

parallel to the z′ direction as it enters the wall, its subsequent precessional motion

describes a cone at an angle ω> to the axis Ω> (see Figure 2.6). Upon reaching the

other side of the wall (z = λ), the spin of the transmitted electron is determined by

the phase in this precessional cycle at that point. An analogous situation holds for

an electron incident with minority spin (σ = −).

Within the approximation of complete transmission (i.e. setting rσ′n;σn and

γ<
σ′n;σn to zero in Eq. (2.30)), we can obtain a simple formula for the transmission

probabilities:

T
(1D)
−σσ (εn) ' 4A+,nA−,n

(1 + A+,nA−,n)2
sin2((k̃+,n − k̃−,n)λ/2), (2.39a)

T (1D)
σσ (εn) ' 1− T

(1D)
−σσ (εn). (2.39b)

This formula clearly shows the precessional nature of the transmission described

in the preceding paragraph. The length corresponding to a complete precession

cycle, the so-called “Larmor length”, is λL = 2π/(k̃+,n − k̃−,n).7 The ratio λ/λL =

(k̃+,n − k̃−,n)λ/2π then corresponds to the number of precession cycles completed

over the length of the wall.

It should be noted that the result in Eqs. (2.39) is not a controlled approximation

6This is analogous, for example, to the precession of an electron of spin |+x〉 in a wire uniformly
magnetized in the z direction.

7In a uniformly magnetized region, the equivalent length is 2π/(k+,n − k−,n).
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in powers of the parameters λ and ∆. However, for εn � 1 it is an excellent

approximation to the actual values, regardless of wall width.

In the limits of narrow and wide walls, rigorous expansions can be found for

T
(1D)
σ′σ (εn) in terms of the parameters

pn =
k2

∆

2knkλ

, (2.40a)

pF =
k2

∆

2kFkλ

. (2.40b)

These parameters characterize the effective “width” of the domain wall for an elec-

tron in transverse channel n (pn) and for the wire as a whole (pF), which is closely

related to the number of Larmor cycles completed in traversing the wall.8 For an

individual channel n, the adiabatic limit corresponds to pn � 1. As discussed in

Ref. [97], the degree of adiabaticity is channel-dependent; spin transport is more

adiabatic in channels with large n (and hence small kn) than in those with small n

(and large kn). The parameter pF permits a characterization of adiabaticity for the

conduction band as a whole; in the case of a wide wall we have pF � 1, and hence

pn � 1 for all channels.

The narrow and wide wall regimes are determined by the value of pn. Firstly, for

small pn the domain wall becomes effectively narrow and electrons are transmitted

without significant spin reversal. For arbitrary λ, this limit is attained for sufficiently

high εn. In this limit, Gopar et al. [97] calculated T
(1D)
σ′σ (εn) to O(p2

n) within the WKB

approximation:

T (1D)
σσ (εn) ' p2

n

4
, (2.41a)

T
(1D)
−σσ (εn) ' 1− p2

n

4
. (2.41b)

The opposite limit of large pn corresponds to an effectively wide wall, for which

the electron completes many Larmor cycles during its traversal. In this case, the

angle of the electron spin with respect to the axis Ω> is small and hence the dominant

transmission coefficient is T
(1D)
σσ (εn). The electron spin therefore follows closely the

local magnetization direction, with a small angle of deviation (dependent on the

precessional phase) referred to as “spin mistracking”. In the limit pn → ∞ the

8For εn large, we have pn ' 4λ/λL.
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mistracking angle goes to zero and we have T
(1D)
σσ (εn) → 1. This is referred to as the

“adiabatic limit”.

In the large pn limit we can find an asymptotic solution for T
(1D)
σ′σ (εn) to O(1/p2

n).

We assume that the ratios (k∆/kn)2 and kλ/kn are negligible, but that their ratio

(equal to 2p) is large. With these assumptions, the matching equations for the

scattering states (Eqs. (A.4)) can be solved to O(1/p2
n), yielding

T
(1D)
−σσ (εn) =

4

p2
n

sin2
(pnπ

4

)
, (2.42a)

T (1D)
σσ (εn) = 1− T

(1D)
−σσ (εn). (2.42b)

We note that a similar approximation was developed by Waintal and Viret [87],

who took an expansion in 1/λ rather than in 1/pn. This leads to a result with

non-zero reflection which is valid, in principle, for arbitrary longitudinal energies.

In practice, we have found the accuracy of Eq. (2.42) (in comparison to the exact

solution obtained numerically) to be roughly equivalent to that of Ref. [87], provided

εn > 1.

We now compare the various approximations described above with the exact

numerical solutions. In Figure 2.7 we plot T
(1D)
σ′σ (εn) as a function of εn over a

large range of longitudinal energies, for values of λ ranging from a relatively narrow

wall (kλ = k∆/5) through to a wide wall (kλ = k∆/50). It can be seen that the

transmission obtained under the assumption of zero reflection (Eqs. (2.39), shown

as crosses) is in excellent agreement with the exact formula (solid lines) except for

energies very close to the splitting energy. This is consistent with our observations in

the previous sub-section that the reflection is negligible except for small longitudinal

energies.

It can be seen from Figure 2.7 that, as a function of εn, the transport goes from

being adiabatic near εn = 1 (T
(1D)
σσ (εn) ' 1), to non-adiabatic for large εn � 1

(T
(1D)
−σσ (εn) ' 1). The range of energies over which the transport is adiabatic in-

creases with λ. For small λ (Figure 2.7a) this range is very limited and corresponds

to energies close to the splitting energy. In this case the large pn formula (Eqs. (2.42),

dotted lines) is not a good approximation, since the condition εn � 1 is not sat-

isfied. For larger λ (Figure 2.7b,c), the range of energies over which the transport

is adiabatic increases, and the large pn formula becomes a good approximation in

this region. Regardless of λ, we see that for sufficiently large εn the transmission
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y
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x′

Ω>

e−

ω>

Figure 2.6: Illustration of the precessional cone described by an electron
which is incident on a domain wall as a majority spin state (σ = +), and
traverses it as a combination of the basis states ψ̃>

±,n(~r). These states are
aligned along the axis Ω>, such that the spin of the combination precesses
around Ω> at the angle ω>.

reduces to the small pn perturbative form (Eqs. (2.41), dashed lines). In this case

the transport is non-adiabatic as the electron spin is almost unaffected by its passage

through the domain wall.

In Figure 2.8 we show T
(1D)
σ′σ (εF) for an electron with large longitudinal energy

(εn = 200), as a function of pn. We see clearly the transition from non-adiabatic

transport, for small pn, to adiabatic transport, for large pn. Since εn is large, the

reflection is negligible and hence the zero-reflection approximation of Eq. (2.39) is

in excellent agreement with the exact value for all pn. We can thus understand the

oscillations as arising from the Larmor precession of the electron spin. In particular,

the peaks in T
(1D)
σσ (εn) occur when the electron completes an integer number of cycles

in traversing the wall. From Eq. (2.39) this corresponds to (k̃+ − k̃−)λ = 2πi, for

i = 0, 1, 2, . . . For small and large pn, the perturbative and asymptotic solutions

(Eqs. (2.41) and (2.42) respectively) are also a good approximation.
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Figure 2.7: Transmission functions T
(1D)
σ′σ (εn) for a large range of longi-

tudinal energies. Various wall widths are shown, corresponding to regimes
from abrupt through to adiabatic. The asymptotic solutions from Ref. [97]
(Eqs. (2.41)) are shown in dashed lines.
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2.4 Conductance properties of a ballistic domain

wall

In this section we discuss the conductance properties of a ballistic domain wall.

In particular, we consider the magnetoconductance, which is determined by the

total reflection from the wall, and the total spin-dependent transmission, which is

determined by the spin mistracking of transmitted electrons.

To simplify the discussion, we consider the case in which the nanowire contains

a large number of open transverse channels. The sums in Eqs. (2.1) and (2.2a) can

then be replaced by an integral over the energy εn of the transmission functions

T
(1D)
σ′σ (εn) studied in Sections 2.3.3–2.3.4. We can then write

Tσ′σ = NσT σ′σ, (2.43)

where Nσ is given by Eq. (2.13) and T σ′σ represents the average transmission over

all longitudinal states, which is dependent on the dimensionality of the nanowire:

T σ′σ =


1

2
√
εF + σ

∫ 1

−σ

T
(1D)
σ′σ (εn)

dεn√
εF − εn

, (2D)

1

εF + σ

∫ 1

−σ

T
(1D)
σ′σ (εn)dεn. (3D)

(2.44)
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Here εF = 2EF/∆ is the Fermi energy relative to the splitting energy.

2.4.1 Ballistic domain wall magnetoconductance

We saw in Section 2.3.3 that a domain wall causes reflection of electrons in a ballistic

nanowire, which is most significant for channels with low longitudinal energy. The

conductance of the wire with a domain wall, gdw, is thus reduced with respect to

that of a uniformly magnetized region, guni = N+ + N−, for which all channels are

perfectly transmitted. To estimate the relative importance of this effect, we consider

the relative magnetoconductance, ∆g/g, defined in Eq. (1.8b).

For general λ we evaluate gdw by performing the integrals in Eq. (2.44) numeri-

cally. However, in the limiting case of an abrupt wall ∆g/g can be calculated exactly

to lowest order in 1/εF. We begin by replacing T
(1D)
−σσ (εn) by 1−R

(1D)
σσ (εn) (which is

valid for λ = 0) in Eq. (2.44). Substituting the result of Eq. (2.33), the integral over

R
(1D)
σσ (εn) can be evaluated in closed form, yielding a rather complicated expression.

Taking the lowest order term in 1/εF, we obtain the limiting results

(
∆g

g

)
λ=0

=


2

3

(
2

εF

)3/2 [
1 +O

(
1

εF

)]
, (2D)

4

3εF

[
1 +O

(
1

εF

)]
. (3D)

(2.45)

We note that the leading dependence of (∆g/g)λ=0 on εF in Eq. (2.45) is a factor

1/
√
εF smaller in 2D than in 3D. This difference arises from the behaviour of the

density of states, ∂Nσ/∂E: in 2D, ∂Nσ/∂E ∼ 1/
√
E, while in 3D, ∂Nσ/∂E is

independent of E. It follows that the number of channels with longitudinal energy

in the range −1 < εn < 1 decreases as 1/
√
εF in 2D while it is independent of εF

in 3D. Since these states are primarily responsible for the reflection from an abrupt

wall, it follows that ∆g/g has an extra factor of 1/
√
εF in 2D.

In Figure 2.9 we show ∆g/g, expressed as a fraction of (∆g/g)λ=0, as a function

of k∆/kλ. Results for both 2D (crosses) and 3D (lines) are shown. The Fermi

energy is εF = 200 in this calculation, so that essentially all states for which there

is appreciable reflection are included in the integrals of Eq. (2.44). In this case, the

ratio (∆g/g)/(∆g/g)λ=0 is independent of εF, and depends only on the ratio k∆/kλ.

From Figure 2.9 we see that ∆g/g decreases rather rapidly from its value at
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Figure 2.9: Relative magnetoconductance ∆g/g of a ballistic domain wall
as a function of wall width (represented by the ratio k∆/kλ with k∆ fixed).
The vertical axis is in units of the λ = 0 value, (∆g/g)λ=0, and both 2D
(crosses) and 3D (lines) cases are shown.

λ = 0 as λ increases. This is primarily because the σ = + states in the energy

range −1 < εn < 1 are transmitted with spin reversal when λ > 0, as we saw in

Section 2.3.3. For large λ, ∆g/g goes as 1/λ2, which is consistent with a result

found in Ref. [87]. The λ dependence in this region is, however, dependent on the

form of the domain wall. For a Bloch wall profile, which does not have well-defined

boundaries, the reflection is significantly reduced and there is an exponential decay

with wall width [93].

It is worth noting that the dependence on k∆/kλ is almost identical for the 2D

and 3D cases. This is because there is significant reflection only for small εn values

in the integrals of Eq. (2.44). In this range we have 1/
√
εF − εn ' 1/

√
εF − 1, and

hence the integrals in 2D and 3D are approximately equal.

2.4.2 Adiabaticity parameter for spin-dependent transmis-

sion

We now consider the total spin-dependent transmission probabilities Tσ′σ. In par-

ticular, we obtain a simple approximation for these quantities which will be very

useful for our work in the next chapter. The case of interest is that of small splitting,

εF � 1. In this case, the reflection probability is very small for most states above

εn = 1 and, to a good approximation, R
(1D)
σ′σ (εn) ' 0, as in Eqs. (2.39). We then
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have T
(1D)
++ (εn) ' T

(1D)
−− (εn). In addition, the contribution of the σ = + states in the

−1 < εn < 1 is at most of order 1/εF, and can therefore also be ignored to a good

approximation. In this approximation we then have N+ ' N−, which we will write

simply as N for the rest of this section.

With the above approximations we obtain a simple expression for Tσ′σ:

Tσσ = NP, T−σσ = N(1− P ), (2.46)

where

P = T−−, (2.47)

with T−− defined as in Eq. (2.44). Here P is a parameter characterizing the degree

of adiabaticity in the domain wall transmission; P = 0 corresponds to the abrupt

limit of no spin reversal, while P = 1 corresponds to the adiabatic limit of complete

spin reversal.

The adiabaticity parameter P permits a simple and intuitive characterization of

transport through a ballistic domain wall, which will be very useful for our work in

the following chapter. In Figure 2.10 we show P as a function of the dimension-

less wall width pF, for both 2D and 3D wires. We see that, as a function of pF,

P resembles qualitatively the one-dimensional transmission T
(1D)
σσ (εF) (Figure 2.8).

However, P increases more rapidly than T
(1D)
σσ (εF). This occurs because P repre-

sents an average including states with εn < εF, which are more adiabatic than the

ones with εn ∼ εF. We also note that the oscillatory peaks of P are spread out and

have maximum value slightly less than unity. This is because, for different εn, the

peaks in T
(1D)
σσ (εn) occur at different values of pn. Finally, the form of P is slightly

different in 2D and 3D. This is once again due to the different energy dependence of

the density of states; in 2D the relative number of states with low εn is lower than

in 3D, and hence the adiabaticity is reduced.

2.5 Conclusion for Chapter 2

In this chapter we introduced a theoretical model for the study of transport through

a domain wall in a nanowire, which will form the basis for the rest of the work in

this thesis. We also considered the special case of a ballistic domain wall, for which
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tion of the effective domain wall width pF for a ballistic domain wall in 2D
(crosses) and 3D (lines) nanowires. The Fermi energy is εF = 200.

there is no impurity scattering. In particular, we studied the magnetoconductance

and total spin-dependent transmission for such a wall.

For a ballistic domain wall, the magnetoconductance effect is due to reflection

of electrons from the wall. This reflection is only significant for electrons with

low longitudinal energy and for narrow walls, in which case the wall resembles a

potential step with height equal to the splitting energy ∆. For an abrupt wall,

electrons in the majority spin sub-band with longitudinal energy below the splitting

energy are completely reflected, leading to a magnetoconductance of order (∆/EF)3/2

(2D) or ∆/EF (3D), where EF is the Fermi energy. For wider walls, electrons with

longitudinal energies below the splitting height can be transmitted with spin reversal,

and the magnetoconductance is suppressed.

It should be noted that the reflection properties of a domain wall, in contrast to

the spin-dependent transmission, depend significantly on its geometric form. In our

model, we have assumed a linear rotation of the magnetization vector over a finite

region 0 ≤ z ≤ λ, which results in a spin-dependent potential with discontinuous

first derivative at the wall boundaries z = 0, λ. This leads to various features,

such as oscillations in the transmission of majority states below the splitting energy

and a pronounced reflection of states just above it, which are absent from models

in which the wall does not have well-defined boundaries. Therefore, although the

magnetoconductance of an abrupt wall (λ = 0) is independent of the profile, its

dependence on the wall width is not. In particular, the linear rotation model used
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in this work shows a 1/λ2 dependence, whereas in the case of a Bloch wall there is

an exponential decay with wall width [93].

For electrons with large longitudinal energy, the reflection from the domain wall

becomes negligible, and the most important effect is a rotation of the spin of trans-

mitted electrons. The degree of spin reversal, or adiabaticity, increases with the

effective wall width pn, and depends on the transverse channel number n. The adi-

abaticity of the domain wall for the system as a whole is characterized by the total

spin-dependent transmission probabilities Tσ′σ. When the spin-splitting energy is

small relative to the Fermi energy, these can be approximated by an adiabaticity pa-

rameter P . This approximation will be used in the next chapter to obtain intuitive

results within the domain wall circuit model.



Chapter 3

Domain wall circuit model

“The art of model-building is the exclusion of real but irrelevant

parts of the problem”

— P. W. Anderson

In this chapter we develop a circuit model for a domain wall in a nanowire

which combines the intrinsic transport properties of the wall with spin-dependent

scattering occurring in the regions on either side. In these adjacent regions, transport

of up and down electrons is treated using a generalization of the two-resistor model of

Valet and Fert [12], which was described in Section 1.2.2. This model has been used

to calculate the giant magnetoresistance (GMR) effect in multilayers and interfaces.

Because spin mistracking inside the domain wall mixes up and down spins, the

wall must be represented in the circuit model as a 4-terminal element connected

to spin-dependent resistances on either side. Our circuit model can be considered

as a specific case of a more general “magnetoelectronic circuit theory” for non-

homogeneous mesoscopic magnetic systems which has recently been developed [126,

127].

We begin in Section 3.1 by describing the physical basis of the circuit model.

In Section 3.2 we derive an expression for the circuit resistance in terms of general

domain wall conductance parameters. Within the assumption of a ballistic domain

wall with small spin-splitting, considered in Section 2.4.2, we calculate in Section 3.3

the relative magnetoresistance of the circuit in terms of the domain wall adiabaticity

parameter P . In Section 3.4 we compare the predictions of the circuit model with

57
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experimental results.

3.1 Physical description of circuit model

We begin our description of the domain wall circuit model by considering the par-

allel and anti-parallel configurations of the bilayer system described in Section 1.2.2

(see Figure 1.4), which can be regarded as two limiting cases of a ballistic wall. In

the abrupt wall limit, λ = 0, the domain wall is an interface between two oppositely

magnetized layers, corresponding to the anti-parallel configuration of Figure 1.4b.

In the adiabatic limit, λ → ∞, electron spins follow perfectly the local magnetiza-

tion direction and the situation resembles the parallel configuration of Figure 1.4a.

Of course, in the this case the assumption of ballistic transport through the domain

wall represents an idealization, since in real systems there is always diffusive scat-

tering. The physically relevant regime for domain walls in nanowires is generally

intermediate between the abrupt and adiabatic limits, in which spin mistracking

of electrons traversing the wall results in a mixing of up and down spin directions.

Such an intermediate case is beyond the scope of the circuits in Figure 1.4, and we

are thus led to a more general circuit which includes the spin-mixing behaviour of

the domain wall. As mentioned above, in our circuit model the latter is represented

as a 4-terminal circuit element, connecting incoming and outgoing currents of both

spin.

Figure 3.1 shows a sketch of the domain wall circuit model. The four-terminal

element representing the domain wall (DW) is connected to resistances Ra (a =

1, 2, 3, 4), which represent the diffusive spin-dependent transport occurring over the

spin diffusion length lsd on either side of the wall. With respect to a fixed quanti-

zation axis, electrons in terminals 1 and 4 have spin ~/2, while those in terminals

2 and 3 have spin −~/2. R1 and R4 are equal to the majority spin resistance R+,

while R2 and R3 are equal to the minority spin resistance R−. A key feature of the

circuit is that the potentials in spin up and spin down channels close to the wall, V1

and V2 (V3 and V4), are not necessarily equal. This allows the distribution of current

between the spin up and down channels to differ from that of a homogeneous wire,

giving rise to a GMR-like enhancement of resistance. In Figure 3.1 we have also

shown spin-independent resistances RL and RR representing the resistance in the

remainder of the nanowire, in which the two spin channels are equilibrated. Exper-



Domain wall circuit model 59

DW

1

2

3

4

V1

V2

V3

V4

R1

R2

R3

R4

VL VR RRRL

I1

I2

I3

I4

Figure 3.1: Domain wall circuit model: the wall is a 4-terminal circuit el-
ement connected to the spin-dependent resistances Ra (a = 1, 2, 3, 4), which
represent the spin-dependent transport over a length lsd on either side of
the wall. The resistors RL,R represent the resistance of the rest of the wire,
in which up and down spin channels are in equilibrium and which therefore
does not contribute to the magnetoresistance.

imentally fabricated nanowires typically have lengths on the order of micrometers,

and so in practice RR,RL � R±.

As mentioned in Section 1.2.2, the two-resistor model treats transport classically,

which is justified since the phase coherence length Lφ is much smaller than the

spin diffusion length lsd. To a good approximation, the classical resistance can be

described by the Drude formula, taking into account only elastic scattering processes

described by the spin-dependent mean free paths lσ [6]:

Rσ =
h

e2
lsd
Nσlσ

. (3.1)

In this formula, the spin dependence of Rσ arises from differences in both Nσ and lσ

between the two spin sub-bands. In our model it is assumed that N+ > N−, but both

l+ < l− and l+ > l− are possible. In reality, which of the latter pair of conditions is

fulfilled is determined by the material-dependent band structure, however, we will

assume l+ > l−, leading to R+ < R−. We generally assume that the difference

between N+ and N− is rather small, and hence in our model the difference between

l+ and l− is the dominant factor in determining the spin dependence of Rσ.
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3.2 Resistance of domain wall circuit

For the domain wall circuit in Figure 3.1, the currents and potentials at the wall

can be related by the multi-terminal Landauer-Büttiker formula [128,129,6]:

Ia =
∑
b6=a

Gab(Va − Vb), a, b = 1, 2, 3, 4. (3.2)

The parameters Gab are matrix elements of the domain wall conductance tensor

between terminals a and b.

We now use Eq. (3.2) to derive a general expression for the conductance of

the domain wall circuit, valid under two conditions. Firstly, we assume that time-

reversal symmetry holds, so that the conductance parameters satisfy Gab = Gba [6].

This condition is satisfied for the Hamiltonian of Eq. (2.5) since it contains no orbital

magnetic field term. Secondly, we assume that the spatial profile of the domain wall

is symmetric under simultaneous reversal of longitudinal direction and spin; this is

true for any spatially symmetric magnetization configuration, and in particular for

the trigonometric wall described by Eq. (2.22). When this condition is satisfied we

have the further equalities G12 = G43 and G13 = G42.

We begin by rewriting the current-voltage relation Eq. (3.2) in matrix form:
I1

I2

I3

I4

 =


G11 −G12 −G13 −G14

−G21 G22 −G23 −G24

−G31 −G32 G33 −G34

−G41 −G42 −G43 G44




V1

V2

V3

V4

 , (3.3)

where we define Gaa =
∑

b6=aGab. By Kirchhoff’s law, the terminal voltages Va are

related to the currents Ib by

V1 = VL − I1R1, V3 = VR − I3R3,

V2 = VL − I2R2, V4 = VR − I4R4,
(3.4)
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which allows us to rewrite Eq. (3.3) as
γ11 −γ12 −γ13 −γ14

−γ21 γ22 −γ23 −γ24

−γ31 −γ32 γ33 −γ34

−γ41 −γ42 −γ43 γ44




I1

I2

I3

I4

 = ∆V


G13 +G14

G23 +G24

−(G13 +G23)

−(G14 +G24)

 . (3.5)

Here we have defined γab = δab +GabRb and ∆V = VL − VR.

Current conservation implies that the sum of all currents entering the domain

wall must be zero, i.e. I1 + I2 + I3 + I4 = 0. This reduces the problem to a 3 × 3

matrix equation; changing variables to

x =
I1 + I2

2
, y =

I1 − I2
2

, z =
I3 − I4

2
, (3.6)

we have
(γ11 − γ12 + γ13 + γ14) (γ11 + γ12) (−γ13 + γ14)

(γ22 − γ21 + γ23 + γ24) (−γ22 − γ21) (−γ23 + γ24)

(γ33 + γ31 + γ32 − γ34) (γ31 − γ32) (−γ33 − γ34)




x

y

z



= ∆V


G13 +G14

G23 +G24

G31 +G32

 . (3.7)

Since R1 = R4 = R+ and R2 = R3 = R−, we also have

γ11 = γ44, γ14 = γ41, γ22 = γ33, γ23 = γ32,

γ12 = γ43, γ13 = γ42, γ21 = γ34, γ31 = γ24.
(3.8)

Substituting these relations into Eq. (3.7) and subtracting row 3 from row 2 we find

y = z, from which it follows that I1 = −I4 and I2 = −I3.1 We are thus left with a

1We remark that this could also be inferred directly from the symmetric form of the circuit.
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2× 2 system for x and y: (γ11 − γ12 + γ13 + γ14) (γ11 + γ12 − γ13 + γ14)

(γ22 − γ21 + γ23 + γ24) (−γ22 − γ21 − γ23 + γ24)

 x

y


= ∆V

 G13 +G14

G23 +G24

 . (3.9)

The total resistance between VL and VR is given by Rdw = ∆V/(I1+I2) = ∆V/2x.

Solving Eq. (3.9) for x, we obtain the desired expression for the circuit resistance:

Rdw =
1 + (Gut +Guf )R+ + (Gdt +Gdf )R− + 2(GutGdf +GdtGuf )R+R−

Gut +Gdt + (R+ + R−)(GutGdf +GdtGuf )
, (3.10)

where we define

Gut = G13 +G14, Gdt = G23 +G24,

Guf = G12 +G14, Gdf = G21 +G23.
(3.11)

Here Gut and Gdt represent the total left-to-right conductance for the incoming spin

up and down channels, while Guf and Gdf represent the total scattering (transmitted

or reflected) with spin reversal for the incoming spin up and down channels.

Eq. (3.10) is valid for arbitrary (symmetric) domain walls, since the dependence

on wall structure is contained in the parameters Gab. In the adiabatic and abrupt

limits, these take on simple values and our model reproduces the expected results.

On one hand, in the abrupt limit there is no spin reversal and hence only G13 and

G24 are non-zero. They can be calculated by summing the transmission function for

each conducting channel across the interface, which has a simple closed form [12].

In the adiabatic limit, on the other hand, there is complete spin tracking so that

G12 = G13 = G24 = 0 and only G14 and G23 are non-zero. Assuming ballistic

transport through the wall, we then have G14 = (e2/h)N+ and G23 = (e2/h)N−.

However, for a wall in the adiabatic limit the assumption λ . Lφ is unlikely to be

valid, and it is more reasonable to assume diffusive transport in each spin channel.

In this case we would take 1/G14 = (λ/lsd)R+ and 1/G23 = (λ/lsd)R−.2

2It should be noted that the assumption of complete adiabaticity becomes questionable for
diffusive transport through a domain wall, as we discuss in Chapter 4.
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3.3 Domain wall circuit magnetoresistance for

small splitting

In our circuit model, the presence of a domain wall affects the electronic transport

in a region of length 2lsd + λ. We let Rdw and Runi denote the resistance of this

region with, respectively, a domain wall and uniform magnetization. The relative

magnetoresistance due to the wall in a wire of total length Lwire and resistance Rwire

may then be defined by

∆R

R
=

Rdw − Runi

Rwire

=

(
2lsd + λ

Lwire

)
Rdw − Runi

Runi

. (3.12)

In the case of a ballistic domain wall for a system with small spin-splitting, we can

derive a particularly simple and insightful formula for the relative magnetoresistance

using the results of Section 2.4.2. There, we found that by assuming N+ ' N− ≡ N

and treating reflection as zero, the spin-dependent transmission can be described in

terms of the adiabaticity parameter P (Eqs. (2.46)–(2.47)). For the circuit model

conductance parameter, this approximation yields

G12 = 0, G13 = G24 =
1− P

r0
, G14 =

P

r0
, (3.13)

where

r0 =
h

Ne2
, (3.14)

is the ballistic contact resistance for each spin sub-band of the nanowire. This

approximation permits a considerable simplification of Eq. (3.10), which can now

be written as

Rdw =
r0(r0 + R+ + R−) + (r0(R+ + R−) + 4R+R−)P

2(r0 + (R+ + R−)P )
. (3.15)

We see that the total resistance depends only on the spin-dependent resistances R±,

the number of channels N (through r0) and the adiabaticity parameter P .

The resistance without wall, Runi, is simply the parallel combination of spin up

and down resistances. This can also be obtained from Eq. (3.15) by taking the limit
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P → 1, yielding

Runi =
(r0 + 2R+)(r0 + 2R−)

2(r0 + R+ + R−)
. (3.16)

Substituting Eqs. (3.15–3.16) into Eq. (3.12), we find

∆R

R
=

2lsd + λ

Lwire

(R+ − R−)2

(r0 + 2R+)(r0 + 2R−)
× 1− P

1 + αP
, (3.17)

where we define

α =
R+ + R−

r0
. (3.18)

This parameter represents the relative strength of the diffusive spin-dependent scat-

tering R± compared to the ballistic contact resistance r0. For realistic physical

parameters we typically have r0 � R±.

Eq. (3.17) expresses the relative magnetoresistance as a product of two terms

which depend on a small number of parameters. The first term corresponds to the

GMR for an abrupt interface [12], which in the case r0 � R± can be written in the

more familiar form (
∆R

R

)
P=0

' 2lsd + λ

Lwire

β2

1− β2
, (3.19)

where β is the spin polarization defined in Eq. (1.4).

The second term on the r.h.s. of Eq. (3.17) is a “reduction factor”, which depends

only on P and α and decreases from 1 to 0 as P goes from 0 to 1. The behaviour

of this term as a function of P is shown in Figure 3.2 for several values of α.

Between the abrupt (P = 0) and adiabatic (P = 1) limits, the magnetoresistance

decreases monotonically from the full GMR value to zero. The rate of this transition

is determined by α. Near P = 0, where the derivative is equal to −(1 +α), the rate

of reduction becomes steeper with increasing α. On the other hand, at P = 1 the

derivative is equal to −1/(1+α), and hence in this region the curve becomes flatter

with increasing α.

As we discuss in the next section, the values of α which may be estimated for re-

alistic experimental systems are fairly large (∼80 for the Co nanowires in Ref. [27]).

At the same time, values of P range from ∼0.25 for Co to ∼1 for Ni or permal-
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Figure 3.2: The reduction factor for the domain wall circuit magnetore-
sistance, from Eq. (3.17), for several values of α. The abrupt limit (P = 0)
corresponds to the maximum magnetoresistance, while in the adiabatic limit
(P = 1) the effect is zero.

loy. We may therefore say that the region of Figure 3.2 corresponding to realistic

physical systems is expected to be somewhere in the “tail” region. Here the magne-

toresistance is reduced by approximately an order of magnitude with respect to the

GMR (P = 0) value. It is, however, several orders larger than the magnetoresis-

tance predicted by a purely ballistic model, such as Ref. [97], where the resistance

is completely due to reflection of conduction electrons at the domain wall.

3.4 Comparison with experiment

We now compare the predictions of Eq. (3.17) to experiment. Ebels et al. [27]

investigated the magnetoresistance due to domain walls in Co nanowires of diameter

35nm and found contributions of 0.03% (based on the smallest resistance jump in

Figure 4 of Ref. [27]) due to single walls in wires of length Lwire ' 20µm and total

resistance Rwire = 1.4kΩ. Using standard material parameters for Co, lsd = 60nm

and β = 0.4, the authors in Ref. [27] used the interface GMR expression (the first

term on the right-hand side of Eq. (3.17)) to obtain a relative magnetoresistance

of 0.14%, which is in fact larger than the experimental value. However, we must

consider the reduction factor in Eq. (3.17) since the wall has a finite width. Assuming

reasonable parameters for the band structure, EF = 10eV and ∆ = 0.1eV, and

taking a domain wall width equal to the bulk value λ = 10nm, we find pF '
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0.5. The ballistic domain wall model then gives P ≈ 0.25 and α ' 80. These

values lead to a reduction of ∼0.036 from the abrupt (λ = 0) value and hence to a

relative magnetoresistance of 0.0050%, which is within an order of magnitude of the

experimental result of Ref. [27].

It is important to note that within a generic model such the one used here, a

more precise quantitative agreement with experiment is not feasible. This is due in

part to the substantial uncertainty in the parameters on which our circuit model

is based: R±, α, β and P (which depends on pF). Furthermore, in the case of

Ref. [27], a direct comparison is complicated by the fact that the experimental results

are strongly sample-dependent, and there is some uncertainty over the number of

domain walls which contribute to the magnetoresistance measured in the nanowires.

Thus, agreement to within an order of magnitude should be considered reasonable

in this context.

A related issue is that in nanowires of the type fabricated in Ref. [27], domain

walls tend to be pinned at local constrictions in which the wire cross-section may

be significantly reduced from its average value. This leads to two effects in our

model: firstly, there is an increase in r0, which is inversely proportional to the

number of conducting channels in the wall region and hence to the cross-sectional

area. Secondly, the presence of a constriction can cause a reduction in the wall

width (characterized by pF) from the bulk value [54], resulting in a reduction in the

adiabaticity, characterized by the parameter P . This is particularly important in

the intermediate regime where, as we saw in Chapter 2 (Figure 2.10), P is rather

sensitive to changes in pF. As an example, consider a constriction in which the

diameter and wall width are reduced by a factor of 2 in the experimental case of

Ref. [27]. The reduced wall width (pF → 2.5), gives an adiabaticity P ' 0.15 which

leads, in combination with the increased r0, to ∆R/R ' 0.03%, corresponding to

an increase of an order of magnitude with respect to the theoretical value without

constriction. The presence of a geometric constriction is thus an important factor

which can significantly increase the resistance of a domain wall.

Finally, we comment on several ways in which the circuit model suggests that

domain wall magnetoresistance may be enhanced, which is of interest for potential

technological applications. Firstly, the system size, Lwire, should be as small as

possible in order to maximize the relative contribution of the wall region to the total

resistance. The spin polarization of the material, represented by the parameter β in

our model, should be as large as possible since the effects are spin-dependent. To
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describe the effect of the domain wall itself, it is necesssary distinguish between wires

with very few conduction channels, in which blocking of conductance channels by the

wall can lead to significant effects [46, 56], and wires with many channels, in which

channel blocking is less important. The focus of our model is the latter situation,

where the most important factor is the adiabaticity of the electron transport through

the wall. For a large magnetoresistance effect the transport should be as non-

adiabatic as possible; as we saw in Chapter 2, the ideal conditions for this are a

narrow wall with a small exchange splitting energy. This situation is not commonly

attained in ordinary materials since the wall width depends inversely on the exchange

energy. However, in mesoscopic structures such as nanowires the wall structure

can be determined by geometric factors [54], which may offer new possibilities for

manipulating the wall adiabaticity.

3.5 Conclusion for Chapter 3

In this chapter we have presented a circuit model to describe electron transport

through domain walls in ferromagnetic nanowires. This model is a generalization of

the GMR two-resistor model taking into account the partial reversal of spin expe-

rienced by conduction electrons traversing the wall. In the circuit, the domain wall

is represented as a coherent 4-terminal device connected to classical spin-dependent

resistors. The circuit model is independent of the details of the transport through

the wall and is thus applicable to walls of arbitrary thickness, in which the transport

can be either ballistic or diffusive.

After deriving a general formula for the resistance of the domain wall circuit, we

considered the ballistic wall case introduced in Section 2.4.2. Here the domain wall

transmission is completely characterized by the adiabaticity parameter P , which

represents the proportion of reversal of conduction electron spins. Introducing some

physically sound assumptions, we derived a simple formula expressing the relative

magnetoresistance of a domain wall as a product of two components: a term cor-

responding to the GMR of an abrupt interface, and a reduction factor taking into

account the partial spin reversal due to the finite width of the wall. The circuit

model predicts a magnetoresistance effect which, although small relative to the in-

terface GMR, is nevertheless much larger the one predicted by a purely ballistic

model, and within an order of magnitude of experiment.
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In the circuit model we consider the most basic elements of the physical system in

order to highlight and study the fundamental and general features of the problem.

In particular, the spin-dependent transport in the regions adjacent to the wall is

represented by the phenomenological resistances R±. An advantage of this approach

is that the general results of the model are insensitive to the details of band structure.

It is possible that including a realistic band structure may significantly affect the

ballistic transport properties of the wall, as we discussed in Section 1.4.3. However,

the circuit model shows that the main source of resistance is not scattering from

the domain wall itself, but rather the spin-dependent scattering in the resistors on

either side of the wall. Thus, band structure may change the required adiabaticity

parameter, but we would expect the general predictions of this chapter to remain

valid.

The circuit model considered in this chapter represents the end of the road for our

ballistic treatment of the domain wall. The ballistic assumption is convenient but

of limited applicability to real experiments, particularly in systems with wide walls,

such as Ni and permalloy. In the next chapter we develop a model which incorporates

disorder scattering in the domain wall region and study the effects of disorder on

intrinsic transport through the wall. In Chapter 5 we again consider spin-dependent

scattering in the regions adjacent to the wall, for the case of a disordered wall.

The circuit model also allows consideration of the spin-transfer torque exerted

on the domain wall due to the back-action of the conduction electrons, from which

a simple estimate of the velocity of the resulting domain wall displacement can be

made. This will be discussed in Chapter 6.



Chapter 4

Transport through a disordered

domain wall: intrinsic properties

“Now it is a strange thing, but things that are good to have and

days that are good to spend are soon told about, and not much

to listen to; while things that are uncomfortable, palpitating,

and even gruesome, may make a good tale, and take a deal of

telling anyway.”

— J. R. R. Tolkien, The Hobbit

Our analysis in the preceding chapters has been based on the assumption of

ballistic transport through the domain wall. For systems typically studied in exper-

iment, however, this assumption is rarely valid; instead, scattering from impurities

and other sources leads to a finite mean free path which may be considerably smaller

than the wall width. It is therefore desirable to go beyond the assumption of ballistic

transport and consider the effect of impurity scattering inside the domain wall.

In this chapter we develop a model to study transport through a domain wall

subject to impurity scattering. We model the effect of impurities by a potential

comprised of an array of randomly distributed delta functions with spin-dependent

amplitudes. The conductance through this potential is calculated using a scattering

matrix formalism based on combining the scattering matrices of successive scatter-

ers, which allows both coherent and incoherent transport regimes to be studied.

69
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In this and the following chapter we restrict our attention to the case of a two-

dimensional nanowire, with dimensions Ly × Lz. The generalization to the three-

dimensional case is straightforward, but complicates the notation without adding

significant new physics. In this chapter, we consider transport only through the

domain wall region, which therefore constitutes the entire system of interest. We

thus have Lz = λ throughout this chapter.

The layout of this chapter is as follows. We begin in Section 4.1 by introducing

the delta function model for impurity scattering. In Section 4.2 we then describe

the scattering matrix formalism which we use to calculate the conductance. In this

section we also compare the incoherent and coherent transport regimes and consider

the special case of an incoherent, ballistic domain wall. In Section 4.3 we consider

some general features of transport through a disordered region which are a necessary

for our work in this chapter. In the remainder of the chapter we describe our results

for transport through a disordered domain wall, beginning in Section 4.4 with a

description of the spin-dependent transmission and reflection through a domain

wall as a function of disorder. In Section 4.5 we study the contrasting behaviour

of domain wall magnetoconductance in the coherent and incoherent regimes, while

in Section 4.6 we study the effect of the domain wall on conductance fluctuations

in the coherent regime. Finally, in Section 4.7 we consider the intrinsic relative

magnetoconductance for a disordered domain wall in the incoherent regime.

4.1 Delta function model of impurity scattering

In transition metal ferromagnets the elastic spin-conserving scattering of conduction

electrons arises from a variety of mechanisms, including impurities, defects, and

grain boundaries. The associated scattering rates depend on the underlying details

of band structure, and are in general strongly spin-dependent. In spite of this

complex situation, the strength of elastic scattering can be characterized by only

two parameters, namely, the spin-dependent elastic mean free paths l±. The precise

microscopic model leading to a given value of l± is then of minor importance. In

the sd model the spin dependence of lσ arises from two sources [4]: the intrinsic

spin dependence of the electron wavevectors kσn and a difference in the number

of available d states of each spin into which the conducting s electrons can be

scattered. The former effect is due to the spin-splitting of the s band, which makes



Transport through a disordered domain wall: intrinsic properties 71

k+,n > k−,n. Therefore, electrons with spin up are generally less strongly scattered

than those with spin down, which in the absence of other sources of spin dependence

leads to l+ > l−. However, since we work in the regime of small splitting, ∆ � EF,

this difference is rather small. The dominant contribution then comes from the

second source, scattering into the d band. The resulting spin dependence can lead

to l+ > l− or l+ < l− depending on the form of the up and down d sub-bands at the

Fermi energy. As stated in Section 1.2.1, we assume that the spin down d sub-band

has a greater number of states at EF than the spin up sub-band, which implies that

spin down electrons are the more strongly scattered ones, leading to l+ > l−.

To represent scattering processes, we consider the modified Hamiltonian

H = − ~2

2m
∇2 + Vsd(~r) + Vimp(~r), (4.1)

where Vsd(~r) (Eq. (1.1)) represents the effect of the magnetization and Vimp(~r) rep-

resents the scattering of s electrons by impurities. The degrees of freedom corre-

sponding to the d electrons are therefore not explicitly included and, in particular,

we ignore the possibility that electrons scattered into d states might not return to

the s band.

For simplicity, the potential Vimp(~r) is defined as a random array of delta func-

tions with spin-dependent amplitudes u±, where the orientations are defined with

respect the local magnetization direction. The delta function model is a convenient

phenomenological approach to impurity scattering which has been widely used in

spin-independent mesoscopic transport theories [130,131] as well as in ferromagnetic

systems [100, 96]. The spin dependence of scattering in the ferromagnet is deter-

mined by the ratio of up and down amplitudes, which we write as ρ = u−/u+. For

spin-dependent impurity scattering we take ρ > 1, corresponding to l+ > l−, which

is the case of primary physical interest. However, in order to relate our model to

previous works and more clearly understand aspects of the spin-dependent case, we

also consider spin-independent disorder, ρ = 1.

In the local spin basis, Vimp(~r) has up and down spin components

Vσ(~r) = uσ

Ni∑
α=1

δ(~r − ~rα), (4.2)

where Ni denotes the number of impurities, which are randomly distributed with
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positions ~rα in the area Ly × Lz. The impurity density is ni = Ni/LyLz. The total

impurity potential can be written as a sum of spin-independent and spin-dependent

terms:

Vimp(~r) =
V+(~r) + V−(~r)

2
1 +

V+(~r)− V−(~r)

2
~f(z) · ~σ. (4.3)

Alternatively, the potential can be written in a diagonal form

Vimp(~r) = R−1[θ(z)] ·

V+(~r) 0

0 V−(~r)

 ·R[θ(z)], (4.4)

where R[θ(z)] is the rotation matrix defined in Eq. (2.21).

As we show in Eqs. (4.11–4.12), transmission through the disorder potential can

be calculated by combining the scattering matrices (defined in Eq. (4.5)) of the

individual delta function scatterers located at ~rα together with matrices of phase

amplitudes describing the ballistic propagation between successive scatterers. The

latter contain all the dependence on the longitudinal component of the scatterer

position, zα, while the delta function scattering matrices depend only on the trans-

verse component, yα. We therefore write the scattering matrix for a delta function

scatterer located at ~rα as s(δ)(yα) (for the uniform case) and s̃(δ)(yα) (for the domain

wall). We describe the calculation of these scattering matrices in Appendix A.2 and

present solutions valid in the Born approximation in Appendix B.

4.1.1 Spin-dependent scattering from a single δ function

To understand the scattering from a delta function with spin-dependent amplitudes

uσ, it is useful to consider the total spin-dependent reflection for the uniform case,

R
(δ)
σσ . Figure 4.1 shows 〈R(δ)

σσ〉, the reflection averaged over transverse positions yα

of the scatterer, as a function of uσ for several values of ρ. For small uσ, we see

that 〈R(δ)
σσ〉 goes as u2

σ, which can also be seen directly from the Born approxima-

tion.1 The ratio of up to down back-scattering thus goes as ρ2 for small uσ. For

larger uσ, however, 〈R(δ)
σσ〉 is bounded above by 1, attaining this value in the limit

uσ → ∞. This occurs because a delta function scatterer can “block” at most one

channel, which can be understood intuitively by considering the delta function as

1For a single delta function, 〈R(δ)
σσ 〉 can be found from Eq. (B.8a) after setting Ni = 1 and

ni = 1/LyLz.
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Figure 4.1: Total spin-dependent reflection from a delta function scatterer

with spin-dependent amplitudes uσ in the uniformly magnetized case, 〈R(δ)
σσ〉

(averaged over transverse positions yα). Curves are shown as a function of
(u+/EF)2 for different values of the up/down scattering ratio ρ = u−/u+.
For ρ = 1 the only spin dependence of scattering is due to the small difference
between k+,n and k−,n, and hence 〈R(δ)

−−〉 ' 〈R
(δ)
++〉. For small uσ, 〈R(δ)

σσ〉 goes
as u2

σ (Eq. (B.8a)), while for large uσ it approaches a maximum value of
1. The particular system used in this calculation has Ly = 2nm, giving
N± = 10.

an obstacle in real space: since the delta function is narrower than a real-space

transverse channel (whose width is on the order of 1/kF), the maximum reflection

corresponds to one channel being completely blocked. The spin dependence of re-

flection is then dramatically reduced for large uσ. Since our goal in this work is a

model with spin-dependent scattering, we must therefore work in the regime of small

uσ. However, we cannot take uσ arbitrarily small, since decreasing uσ means that a

larger Nσ is required to achieve a given disorder density, leading to an increase in

computation time. In practice we have found u+ . EF/5 to be a useful compromise

for parameters in the range 1 ≤ ρ ≤ 2.

4.2 Scattering matrix approach for coherent and

incoherent transport

To calculate the transmission amplitudes and probabilities for the disordered domain

wall system, we use an approach based on combining the scattering matrices of all
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the scatterers in the system. This method was originally developed to treat transport

in spin-independent disordered systems by Cahay et al. [130].

Our composition of scattering matrices neglects the effect of evanescent modes,

which have imaginary wavevector and are assumed to decay between successive

scattering events. This approximation has been widely used in the so-called local

approach for the random matrix description of quasi-1D wires [132, 133, 134]. The

impressive success of random matrix theory in explaining the universal features

of quantum transport, as well as its agreement with numerical simulations and

microscopic theories, relies on the hypothesis of a quasi-1D geometry (Lz � Ly)

and weak scattering (l � δL � k−1
F , where δL is the size of the scattering blocks

used in the theory). In our case these two hypotheses are valid, since the mean

distance between scatterers is much larger than the Fermi wavelength.

For the problem of spin-dependent transport, the scattering matrix approach

offers several important advantages over the recursive Green’s function (RGF) tech-

nique. The latter is a standard tool in mesoscopic physics, which has been widely

used to treat coherent transport through disordered systems [135, 136],2 and has

been recently extended to spin-dependent problems [138,97]. Applied to the present

problem, the RGF technique calculates the phase-coherent conductance within a

tight-binding approximation for Eq. (4.1), where the rotating magnetization and

impurity potential are incorporated through spin-dependent on-site potential ener-

gies. Unlike the RGF technique, our scattering matrix approach allows conductance

to be calculated either coherently or incoherently, which is useful for identifying

and understanding phenomena arising from phase coherence. Additionally, because

scattering matrices are expressed in terms of local basis states, we are able to avoid

the coarse-grained discretization inherent in the tight-binding description of the do-

main wall magnetization. Finally, because only propagating states are included in

the scattering matrices, the computational effort required for a system with a given

number of conducting channels is significantly lower than with the RGF technique.

In the case of coherent transport through a disordered domain wall, we have verified

that results using the scattering matrix approach are in quantitative agreement with

those obtained using the RGF technique.3

The starting point for the description of our method is the concept of a scat-

2See also Ref. [137] and references therein.
3These calculations were carried out using a modified version of the standard RGF Fortran code

used in Ref. [136].
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tering matrix. For a given system, the scattering matrix relates incoming (ain, bin)

and outgoing (aout, bout) flux amplitudes from the left and right, as illustrated in

Figure 4.2, through

(
bout

aout

)
= s ·

(
ain

bin

)
=

t r′

r t′

 · (ain

bin

)
. (4.5)

Here t, r (t′, r′) are transmission and reflection matrices for particles incident from

the left (right). The elements of these sub-matrices are the scattering amplitudes

between individual modes (σ, n) and (σ′, n′), which we write generically as ξσ′n′;σn,

where ξ stands for one of t, r, t′, or r′. The dimension of these sub-matrices of s is

determined by the number of propagating modes of each spin on either side of the

scatterer.

We use a convention in which amplitudes and their matrices are denoted by lower-

case letters and the corresponding probabilities (given by the absolute square of the

amplitudes) by upper-case letters. We therefore use s to denote scattering matrices

containing amplitudes and S to denote the corresponding matrix of probabilities.

This convention differs from the standard notation, in which S denotes the scattering

matrix of amplitudes, but we adopt it here for notational consistency. The sub-

matrices of S are the transmission and reflection probability matrices T , R, T ′, and

R′. We refer to these matrices generically as Ξ, and the corresponding individual

probabilities as Ξσ′n′;σn = |ξσ′n′;σn|2, which is consistent with the notation introduced

in Chapter 2. We also continue to use the notation for sums of transmission and

reflection probabilities summed over transverse modes and spin, Ξσ′σ and Ξσ, which

were defined in Eqs. (2.2).

For two scatterers described by the individual matrices s1 and s2, the resultant

scattering matrix obtained by combining them in series is written as s12 = s1 ∗ s2,
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Figure 4.2: Schematic illustration of the scattering processes occurring
in our model of a disordered wire with (a) uniform magnetization and (b)
a domain wall. Above and below the wire are arrows indicating the mag-
netization direction, ~f(~r), as well as the scattering matrices describing the
transport through the wire in each case. The impurities are represented by
point scatterers randomly located at ~rα (α = 1, . . . , Ni), with correspond-
ing scattering matrices sα (uniform) and s̃α (domain wall). The matrices
qα and q̃α represent the ballistic propagation between successive scatterers,
while s̃(L,R) represent the scattering from the domain wall interfaces (case
(b) only). These matrices can be combined in a coherent or incoherent way
to give the total scattering matrix for the system (Eqs. (4.11) and (4.12)
respectively). The incident and scattered fluxes, ain, bin and aout, bout, are
also shown.
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where ∗ stands for the composition law4

t12 = t2 · (1− r′1 · r2)−1 · t1, (4.6a)

r12 = r1 + t′1 · r2 · (1− r′1 · r2)−1 · t1, (4.6b)

t′12 = t′1 · (1 + r2 · (1− r′1 · r2)−1 · r′1) · t′2, (4.6c)

r′12 = r′2 + t2 · (1− r′1 · r2)−1 · r′1 · t′2. (4.6d)

Here 1 denotes the identity matrix with the same number of rows as r′1 and the

same number of columns as r2. The application of this composition law to include

many scatterers forms the basis of our approach.

4.2.1 Coherent and incoherent transport through a disor-

dered region

In this chapter we are interested in the conductance through a disordered region

with either a domain wall or uniform magnetization. As we discussed in Section 4.1,

the effect of disorder is represented in our model by the potential Vimp(~r), which is

comprised of Ni delta function scatterers at randomly distributed positions ~rα. The

indices are ordered so that zα < zα+1 for α = 1, . . . , Ni.

Within the scattering matrix approach, the phase-coherent transmission from

z = 0 to λ is calculated by combining the scattering matrices of each delta function

scatterer with those for ballistic propagation between the scatterers. We denote

these matrices respectively by sα, qα for uniform magnetization, and s̃α, q̃α for a

domain wall. In the case of a domain wall, we also require scattering matrices s̃(L,R)

to describe the scattering at the interfaces between the domain wall and uniform

regions.

As we mentioned in Section 4.1, the scattering matrices sα (which we denoted

there s(δ)(yα)) are calculated from the equations given in Section A.2. The matrices

qα and q̃α contain the phase shifts acquired by electrons propagating ballistically

between scatterers at ~rα−1 and ~rα. For propagation over a general distance δz, these

4Despite their simpler composition law, we avoid working within the formalism of transfer
matrices since the associated matrix operations are numerically unstable for large numbers of
scatterers.
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matrices can be written as

q(δz) =

ϕ(δz) 0

0 ϕ(δz)

 , q̃(δz) =

ϕ̃(δz) 0

0 ϕ̃(δz)

 , (4.7)

where

[ϕ(δz)]σ′n′;σn = δσ′σδn′neikσnδz, [ϕ̃(δz)]σ′n′;σn = δσ′σδn′neik̃σnδz. (4.8)

We write the longitudinal propagation distances between scatterers as δzα = zα −
zα−1, where z1, . . . , zNi

are the longitudinal components of the impurity positions

and z0 = 0, zNi+1 = λ. We then have

qα = q(δzα), q̃α = q̃(δzα). (4.9)

In the domain wall model defined by Eq. (2.22), electrons incident from the left

at z = 0 or from the right at z = λ are scattered due to the change from uniform to

rotating magnetization. The scattering matrices for these interfaces, which we write

s̃(L) and s̃(R), can be calculated using the standard method of matching incident

and scattered wavefunction components. Since the domain wall potential is uniform

in the transverse direction (i.e. has no y dependence), the interface does not mix

different transverse modes. We thus have

ξ
(L,R)
σ′n′;σn = 0, for n′ 6= n, (4.10)

where ξ = t, r, t′, r′. The diagonal amplitudes ξ
(L,R)
σ′n;σn are determined by calculating

the appropriate scattering state solutions for states incident at the interface, leading

to 4×4 sets of linear equations which we present in Appendix A.1 (Eqs. (A.2–A.3)).

The total scattering matrices for coherent propagation through the disordered

region in the case of a domain wall and uniform magnetization can be written

respectively as

s(dw)
co = s̃(L) ∗ q̃1 ∗ s̃1 ∗ q̃2 ∗ · · · ∗ s̃Ni

∗ q̃Ni+1 ∗ s̃(R), (4.11a)

s(uni)
co = q1 ∗ s1 ∗ q2 ∗ · · · ∗ sNi

∗ qNi+1. (4.11b)

For the incoherent conductance, the phase coherence between successive scatter-
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ing events is assumed to be lost. The resulting scattering matrices for the domain

wall and uniform cases are obtained from the combination law of Eq. (4.6), but using

probabilities (Ξ) instead of amplitudes (ξ). We then write

S
(dw)
inc = S̃(L) ∗ S̃1 ∗ S̃2 ∗ · · · ∗ S̃Ni

∗ S̃(R), (4.12a)

S
(uni)
inc = S1 ∗ S2 ∗ · · · ∗ SNi

. (4.12b)

The matrices qα and q̃α do not appear in this case since they contain a pure phase

shift and the associated transmission probabilities are simply unity.

In the quasi-ballistic regime, the elastic mean free path is much larger than

the system size and only first-order scattering processes are important. For the

uniformly magnetized case, the incoherent and coherent conductances become equal

in this regime. In the diffusive regime, on the other hand, constructive interference of

time-reversed paths with identical starting and end points leads to an enhancement

of the coherent reflection known as weak localization [139]. For large disorder,

the coherent conductance enters the strongly localized regime, where conductance

decreases exponentially with length and the system becomes insulating [140]. By

constrast, the incoherent conductance scales like the classical Drude conductance

(g ∼ 1/L), even for arbitrarily large disorder.

A characteristic feature of phase coherence effects in the diffusive regime (such as

weak localization or conductance fluctuations) is their universality, or independence

of system size. This implies that their relative importance is largest for small system

sizes. In our model this is particularly significant since we are constrained to work

with system sizes that are smaller than typical systems on which experiments are

performed. Therefore, the relative importance of coherence effects appears overem-

phasized. On the other hand, the incoherent conductance scales with the system

size and our numerical results can be safely extrapolated to larger sizes. Addition-

ally, in the incoherent case the fluctuations of conductance decrease with increasing

disorder, which allows average quantities to be computed accurately with relatively

small numbers of samples.

A fundamental limitation with finite numerical models of coherent transport is

that, for a given system width (Lz) and impurity density (ni), there is a maximum

value of the system length (Lz) beyond which the system enters the strongly lo-

calized regime. However, if Lz is larger than the phase coherence length Lφ then

the localized behaviour obtained in the coherent model is not relevant. A compari-
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son between coherent and incoherent results permits us to determine those features

which are due to coherence and will disappear with increasing temperature. At non-

zero temperature the presence of phase-breaking scattering means that the relevant

regime for transport is intermediate between the coherent and incoherent limits.

It is in general very difficult to treat this regime, but by considering both coher-

ent and incoherent limits we are able to gain some insight into the behaviour of

experimentally relevant cases.

4.2.2 Special case: incoherent, ballistic domain wall

Before introducing disorder in the following section, we now briefly consider the case

of a disorder-free incoherent ballistic domain wall (Vimp(~r) = 0), which can be treated

by setting Ni = 0 in Eq. (4.12a) (incoherent case). The case of a coherent ballistic

wall, corresponding to Eq. (4.11a) with Ni = 0, has already been considered in

Chapter 2. An incoherent ballistic system represents an idealized scenario in which

electrons are subject to phase-breaking events that do not affect momentum [6]. As

such, it is a useful way to treat the effects of decoherence in mesoscopic transport.

In the case of a domain wall, it is important to understand the differences between

incoherent and coherent transmission in the ballistic case, as this gives insight into

effects which are also relevant for the disordered case.

To understand the incoherent ballistic case, we calculate the transmission coef-

ficients approximately in the wide wall case. Within the same approximation used

to derive asymptotic formulas for the transmission of a coherent ballistic wall in

the limit of large pn (Eqs. (2.42)), the transmission probabilities for an incoherent

ballistic wall are, to O(1/p2
n), given by

Tσn′;σn = δn′n

(
1− 2

p2
n

)
, (4.13a)

T−σn′;σn = δn′n
2

p2
n

. (4.13b)

Eqs. (4.13) differ from the coherent case of Eqs. (2.42) in that the oscillatory compo-

nent is suppressed. These oscillations arise from phase interference between up and

down wall basis state components comprising the electron scattering state, which

is suppressed in the incoherent case. This result implies that the oscillatory spin-

transfer torques predicted in Ref. [87] would be suppressed if transport were inco-
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herent.

In Figure 4.3 we show the exact total spin-dependent transmission probabilities

T++ and T−+ (defined in Eq. (2.2a)) as a function of pF, for both coherent and inco-

herent ballistic walls. The agreement with the asymptotic results from Eqs. (2.42)

and (4.13) is shown in the inset; it can be seen that these are accurate for moderate

to large pF values, but for small pF they diverge significantly. In the limit pF → 0,

the exact solutions show that the incoherent transmission goes to Nσ/2, which is

somewhat surprising since we expect complete mistracking (i.e. Tσσ = 0) in this

limit, as is observed for the coherent case. The origin of this result can be under-

stood as follows. By combining scattering matrices incoherently we are effectively

“measuring” the individual path taken by an electron going through the wall, so

that it is projected onto one of the right-moving wall basis states ψ̃>
±(~r). Since each

of these states comprises an equal weighting of local up and down components as

pF → 0, the incoherent combination must also yield an equal weighting. It is clear

that the incoherent result is unphysical for small pF, since there will always be some

non-zero distance over which transport is coherent. We therefore need to be careful

when interpreting the incoherent results for small pF.

4.3 Generalities of transport through a disor-

dered region

Before discussing our results for a disordered domain wall, we review in this section

some general aspects of the transport through a uniformly magnetized disordered

region. In addition to providing useful background for the domain wall case, the

uniform case is necessary for the calculation of magnetoconductance.

In the uniform case, the two spin sub-bands of conduction electrons are un-

coupled, so there is no spin mixing. All off-diagonal (in spin) transmission and

reflection amplitudes are therefore zero, i.e. ξ−σn′;σn = 0 for ξ = t, r, t′, r′. The to-

tal spin-dependent transmission and reflection probabilities (defined in Eqs. (2.2))

satisfy

Ξ
(uni)
−σσ = 0, Ξ(uni)

σ = Ξ(uni)
σσ , (4.14)

for Ξ = T,R, T ′, R′.
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Figure 4.3: Spin-dependent transmission per incoming channel, Tσ′σ/Nσ,
for a ballistic domain wall as a function of the dimensionless effective wall
width pF (bottom axis). For comparison, the corresponding actual wall
width λ for parameter values EF = 10eV and ∆ = 0.1eV is also shown
(top axis). The curves presented are for σ = +, with σ′ = ±σ, and are
indistinguishable from the corresponding ones for σ = − (for the parameter
values used). Solid and dashed lines indicate, respectively, coherent and
incoherent combination of scattering matrices. The actual wire width used
is Ly = 5nm, corresponding to N± = 25, but the curves are indistinguishable
from their form in the limit of large Ly. Inset: comparison of the asymptotic
solutions for Tσσ from Eqs. (2.42) and (4.13) (thick lines) with the exact
values (thin lines) over a larger range of pF.
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The conductance properties of the up and down sub-bands of the uniform system

are well described by random matrix theory [141, 132], whose expressions for the

average transmission and its moments are in good quantitative agreement with the

calculations performed with our model. In particular, for a system of length Lz, the

total transmission for spin sub-band σ in the incoherent case is given by

〈T (uni)
σ,inc 〉 = Nσ/(1 + Lz/lσ), (4.15)

where Nσ is the number of channels and lσ is the spin-dependent elastic mean free

path. Eq. (4.15) expresses the transmission as a series combination of the ballistic

contact transmission, Nσ, with the Drude conductance, Nσlσ/Lz. In the diffusive

regime, lσ � Lz, the Drude term dominates and 〈T (uni)
σ,inc 〉 displays an Ohmic 1/Lz

dependence. In the quasi-ballistic regime, lσ � Lz, Eq. (4.15) is only approxi-

mately correct, but is within several percent of the value obtained by a more precise

calculation [142].

For delta function scatterers in a two-dimensional quasi-1D geometry, the mean

free path lσ appearing in Eq. (4.15) is given by

lσ =
2~3vσ,F

mniu2
σ

, (4.16)

where vσ,F = ~kσ,F/m is the Fermi velocity in spin sub-band σ. This definition is a

factor of 2 larger than the two-dimensional form [143] since in a quasi-1D geometry

forward scattering processes do not reduce transmission [144].

The mean free path lσ can be interpreted intuitively as the typical distance trav-

elled by an electron of spin σ before undergoing a momentum randomizing scattering

event. However, it should be noted that such a conceptual scattering event does not

correspond to the scattering from an individual delta function scatterer in our model:

a region of length lσ typically contains a large number of individual scatterers.

The coherent transmission, 〈T (uni)
±,co 〉, is reduced with respect to 〈T (uni)

±,inc〉 by the

weak localization correction, which in a quasi-1D system has the limiting value

−1/3 in the diffusive regime Lz/lσ � 1 [141,132]. In our numerical calculations we

find good agreement with this value.
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4.4 Disorder-induced enhancement of spin mis-

tracking in domain wall

We first consider how the transport coefficients of a domain wall vary as a function

of disorder. It is most instructive to study the total spin-dependent transmission

and reflection, summed over all transverse channels and averaged over impurity

configurations, 〈T (dw)
σ′σ 〉 and 〈R(dw)

σ′σ 〉. In Figure 4.4 these quantities are shown for a

relatively wide wall (pF = 5) with spin-dependent disorder (ρ = 2) as a function of

disorder strength (1/l+ in units of 1/λ). Both coherent (Eq. (4.11a)) and incoherent

cases (Eq. (4.12a)) are shown.

At zero disorder, 1/l+ = 0, transport through the ballistic wall is highly adi-

abatic, so that 〈T (dw)
σσ 〉 � 〈T (dw)

−σσ 〉. With increasing disorder, the dominant trans-

mission coefficient, 〈T (dw)
σσ 〉, decreases quite rapidly, with a form similar to that of

the transmission in the uniform case, 〈T (uni)
σσ 〉 (Eq. (4.15)). Also, we observe that

〈T (dw)
−− 〉 decreases more rapidly than 〈T (dw)

++ 〉, since l− < l+. These initial decays

can be quantitatively described within the Born approximation (see Appendix B,

Eq. (B.10)).

The off-diagonal (in spin) coefficients 〈T (dw)
−σσ 〉 also exhibit a linear decrease with

1/l+ in the quasi-ballistic regime. However, for a relatively weak disorder (λ/l+ ' 1)

the behaviour of off-diagonal coefficients begins to differ considerably from that of

the diagonal ones. As we can see in the inset of the upper graph in Figure 4.4, the

negative slope of the coherent 〈T (dw)
−σσ 〉 levels off, and the incoherent 〈T (dw)

−σσ 〉 increases

with disorder.

In both cases (coherent and incoherent), the magnitude of 〈T (dw)
−σσ 〉 remains rela-

tively constant as a function of disorder. This means that the relative transmission

with spin mistracking, 〈T (dw)
−σσ 〉/(〈T

(dw)
σσ 〉+ 〈T (dw)

−σσ 〉), increases dramatically as a func-

tion of disorder. Furthermore, since 〈T (dw)
−− 〉 < 〈T (dw)

++ 〉 while 〈T (dw)
+− 〉 = 〈T (dw)

−+ 〉, the

proportion of transmission with mistracking is greater for the spin down than for the

spin up sub-band.

The case of spin-independent disorder, ρ = 1, is very similar to the spin-

dependent case just discussed, with the difference that 〈T (dw)
++ 〉 ' 〈T (dw)

−− 〉 and

〈R(dw)
++ 〉 ' 〈R(dw)

−− 〉. This is because in this case the only spin dependence of the

scattering arises from the small spin dependence of the wavevectors k̃σn.
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The preceding observations imply that the notion of adiabaticity which applies

for ballistic domain wall transport must be modified in the presence of disorder. In

particular, a wall which is highly adiabatic in the regime of ballistic transport becomes

less so in the presence of disorder. For spin-independent disorder, a similar result

was recently obtained in the context of transport through disordered wires in the

presence of inhomogeneous magnetic fields [145]. For spin-dependent disorder, the

reduction in adiabaticity depends on the spin direction, so the wall can no longer be

characterized by a single adiabaticity parameter as it was in the ballistic case [146].

The origin of the enhancement of mistracking with increasing disorder can be under-

stood intuitively as the cumulative effect of small amounts of mistracking acquired

in scattering from each individual delta function (see Eqs. (B.3b,d)). We illustrate

this important idea with a simple one-dimensional toy model in Appendix C.

Finally, we note several differences between the coherent and incoherent cases in

Figure 4.4. In the ballistic case, 1/l+ = 0, there is a small difference between 〈T (dw)
σ′σ,co〉

and 〈T (dw)
σ′σ,inc〉. This is due to suppression of the oscillatory component of the coherent

transmission, which was discussed in Section 4.2.2 and illustrated in Figure 4.3. This

difference may be positive or negative, depending on pF, and becomes increasingly

significant as pF → 0. The effect persists for small 1/l+, but disappears for larger

disorder since the phase information corresponding to the precessional component

is lost after many scattering events.

A second difference between the coherent and incoherent cases is that for large

disorder the scattering coefficients with mistracking, 〈T (dw)
−σσ 〉 and 〈R(dw)

−σσ 〉, are smaller

for the coherent case than for the incoherent one. The precise origin of this difference

is not clear, but we can eliminate several possible reasons. Firstly, by looking at

the equivalent curves for different values of pF, it is found that the difference has a

constant sign for all λ. This suggests that it cannot be explained by the suppression

of the precessional component of transmission in the incoherent case, as invoked in

the discussion of the previous paragraph. Furthermore, it is found that the difference

scales linearly with the number of channels Nσ (or equivalently Ly). It cannot,

therefore, be explained as a weak localization effect, which should be characterized

by a constant magnitude, independent of Ly.
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Figure 4.4: Spin-dependent domain wall transmission and reflection,
〈Tσ′σ〉 and 〈Rσ′σ〉, (normalized by the number of conducting modes per inci-
dent spin channel, Nσ) as a function of disorder, measured by 1/l+ (shown in
units of 1/λ). Coherent (solid lines) and incoherent (dashed lines) cases are
shown (the arrows connect corresponding values). The wall width is pF = 5,
which corresponds to a wide wall close to the adiabatic limit (Tσσ � T−σσ

for the ballistic wall at 1/l+ = 0). The parameters for the delta function
scatterers are u+ = EF/5 and ρ = 2, and the averages are performed using
NS = 2000 impurity configurations. The wire width is Ly = 10nm, leading
to N± = 51.
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4.5 Intrinsic domain wall magnetoconductance:

sign reversal in coherent case

We now consider the intrinsic domain wall magnetoconductance defined by

∆g = guni − gdw, (4.17)

where guni and gdw are the dimensionless conductance of uniform and domain wall re-

gions of equal length and identical impurity configuration, calculated using Eq. (2.1).

Note that ∆g differs from the relative magnetoconductance defined in Eq. (1.8b) as

it does not involve dividing by guni; this is more useful for the present section, since

coherence effects do not scale with system size. We will consider the relative mag-

netoconductance in Section 4.7. Where necessary, we will distinguish between ∆g

in the coherent and incoherent cases by writing ∆gco or ginc.

Assuming that we can contact the wall directly, the disorder-averaged 〈∆g〉 could

be associated with the change in the measured conductance when an external mag-

netic field along the z direction is applied in such a way as to destroy the domain

wall and arrive at a magnetically homogeneous configuration. Although they are

not of direct experimental relevance, we also define the differences in spin-dependent

transmission, ∆Tσ = T
(uni)
σ − T

(dw)
σ in order to guide our physical discussion. With

the above notations we obviously have ∆g = ∆T+ + ∆T−.

In Figure 4.5 we show the disorder-averaged 〈∆g〉 (thick lines, filled symbols) and

〈∆T±〉 (thin lines, empty symbols) as a function of disorder, for spin-independent

(ρ = 1) and spin-dependent (ρ = 2) disorder, in both coherent and incoherent cases.

In the spin-independent case (ρ = 1, Figure 4.5a), the main feature is a neg-

ative coherent magnetoconductance, which becomes positive and very small in the

incoherent regime. For the spin-dependent case (ρ = 2, Figure 4.5b) the negative

coherent magnetoconductance is obtained above a threshold disorder, and a posi-

tive 〈∆g〉 appears in the incoherent regime. Below we comment on the generality

of these basic findings, their relationship with previously found effects, and their

physical relevance.

A negative coherent magnetoconductance was predicted by Tatara and

Fukuyama [96, 108] for the case of spin-independent disorder, and interpreted as

a weak localization effect. Such an effect has, however, eluded experimental con-
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impurity configurations.
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firmation. The underlying reason for the putative reduction of weak localization

in a domain wall is a suppression of back-scattering processes which conserve spin.

That is, rσn′;σn is reduced due to the possibility of scattering into the opposite

spin channel, r−σn′;σn. Since weak localization stems from an enhancement of the

diagonal spin-conserving reflection amplitudes rσn;σn (coherent back-scattering), it

follows that the effect will be reduced in a domain wall as compared to a uniformly

magnetized region.

Our numerical results suggest that a suppression of weak localization by the

domain wall is indeed the dominant mechanism responsible for the coherent magne-

toconductance in the regime of large disorder. Firstly, the limiting value 〈∆gco〉 '
−0.1, obtained in the diffusive regime, is of the order of the quasi-1D weak local-

ization value of −1/3 for the uniform case [141, 132]. Furthermore, this limiting

value is approximately independent of system size (Ly and λ),5 which is a general

characteristic of coherence effects such as weak localization.

From the point of view of physically measurable effects, it is important to note

that the coherent magnetoconductance 〈∆gco〉 is characterized by relatively large

fluctuations. Indeed, in the diffusive regime ∆gco follows approximately a normal dis-

tribution with fluctuations characterized by
√

Var(∆gco) = (〈∆g2
co〉 − 〈∆gco〉2)1/2 '

0.3, as illustrated in Figure 4.6. For large disorder, the magnitude of these fluc-

tuations is independent of system size (Ly) and up/down scattering ratio (ρ),

and is related to the fluctuations of gdw and guni. We discuss aspects related to

conductance fluctuations in more detail in the following section. We notice that√
Var(∆gco) ' 3|〈∆gco〉| for large disorder. For an individual disorder configura-

tion, there is thus a significant probability for ∆gco to be positive as well as negative.

This could make it difficult for a negative 〈∆gco〉 to be detected experimentally be-

yond statistical uncertainty.

Another significant factor concerning 〈∆gco〉 is that in the case of spin-dependent

disorder it is positive for small disorder. The value of 1/l+ at which it changes sign

increases with the system width Ly. In our calculations, numerical constraints limit

us to systems containing on the order of 102 channels. However, the nanowires of

experiments such as Ref. [27] contain on the order of 104 channels. The region in

5In the limit λ →∞, the domain wall becomes perfectly adiabatic and 〈∆gco〉 should go to zero.
However, for the system sizes we are able to treat numerically, this limit corresponds to values of
λ much larger than the localization length (Nσlσ), for which the system is in the strongly localized
regime and is therefore not relevant for diffusive transport.
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which 〈∆gco〉 is negative would then correspond to an unrealistically large disorder,

particularly for the Co nanowires of Ref. [27], in which domain walls are relatively

narrow (λ ' 15nm). For materials with wider walls, such as Ni (λ ' 100nm),

the necessary density of impurity scatterers would be smaller, although it would be

more difficult to have phase coherence across the greater length of the wall. Thus,

to access the regime of negative 〈∆gco〉 experimentally it would be necessary to work

with very small, highly disordered nanowires at low temperature.

In the incoherent regime, the magnetoconductance 〈∆ginc〉 in the case of spin-

independent disorder is positive but extremely small (approximately two orders of

magnitude smaller than |〈∆T±,inc〉|). For spin-dependent disorder 〈∆ginc〉 is much

larger. Although not shown in Figure 4.5, we note that the incoherent quantities

scale linearly with increasing Ly, while for fixed 1/l+ they decrease with increasing

λ (see Figure 4.9).

The behaviour of 〈∆ginc〉 can be understood as a combination of spin mistracking

with spin-dependent scattering. As we saw in Section 4.4, successive scattering

events in the domain wall enhance spin mistracking. This means that the electron

is sensitive not only to the impurity potential associated with its incoming spin, but

also to the one with the opposite orientation. Since the scattering strengths are
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spin-dependent, this leads either to a reduction or enhancement of transmission

compared to the uniform case, according to the spin direction: 〈∆T+,inc〉 > 0 and

〈∆T−,inc〉 < 0. For spin-independent disorder, these differences are small and almost

equal in magnitude, so that 〈∆ginc〉 is negligibly small. For spin-dependent disorder,

however, we have |〈∆T+,inc〉| > |〈∆T−,inc〉|, which leads to a positive and much

larger value of 〈∆ginc〉. In this case there is thus a significant magnetoconductance

arising from an enhancement of back-scattering due to the exposure of electrons in

a superposition of spin states to spin-dependent scattering. This idea was used at a

phenomenological level in Ref. [20], where transport through a diffusive domain wall

in the almost adiabatic limit of small spin mistracking was described by a reduced

effective mean free path representing a weighted average between spin up and down

mean free paths.

In the ballistic limit, 1/l+ → 0, there is no impurity scattering inside the wall.

The back-scattering is then entirely due to reflection from the wall interfaces, which

is extremely weak. Both 〈∆gco〉 and 〈∆ginc〉 therefore become negligible in this limit.

In the diffusive regime (λ/l+ � 1), we believe that two primary mechanisms

explain the different behaviour of 〈∆gco〉 and 〈∆ginc〉. Firstly, the limiting value

of 〈∆gco〉 for large disorder appears to be due to a reduction of weak localization

by the domain wall, which does not apply in the incoherent case. Secondly, as

we discussed in Section 4.4, the transmission and reflection with spin mistracking,

〈T (dw)
−σσ,co〉 and 〈R(dw)

−σσ,co〉, are reduced in the coherent regime with respect to the

incoherent one. We propose that this leads to a suppression of the back-scattering

enhancement which is dominant in the incoherent domain wall. For large disorder,

the positive magnetoconductance present in the incoherent case is then cancelled out

in the coherent case, leaving only the negative component from the weak localization

reduction.

4.6 Reduction of universal conductance fluctua-

tions in domain wall

An important feature of quantum transport through diffusive coherent systems is

that the conductance fluctuations, (δg2)1/2 = Var(g)1/2, are universal, with a magni-

tude of order 1 (e2/h when dimensions are included) independent of the system size
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or mean free path [147]. For a spinless quasi-1D disordered system, the conductance

fluctuations have the value
√

2/15. In our model this applies to each spin sub-band

in the uniformly magnetized case, so that

(δ[T
(uni)
± ]2)1/2 =

√
2/15 . (4.18)

For a non-magnetic system (“nm”), there is no spin-splitting of the s band (which

would correspond to ∆ = 0 in our model) and the transport of up and down electrons

is identical. In that case we have T
(nm)
+ = T

(nm)
− and hence (δ[T

(nm)
+ + T

(nm)
− ]2)1/2 =

2(δ[T
(nm)
+ ]2)1/2. The conductance fluctuations are then

(δg2
nm)1/2 = 2(δ[T

(nm)
+ ]2)1/2 =

√
8/15 . (4.19)

In a ferromagnetic system (∆ 6= 0), on the other hand, the spin dependence of

the wavevectors kσn suppresses the correlation between T
(uni)
+ and T

(uni)
− . In this case

we have (δ[T
(uni)
+ +T

(uni)
− ]2)1/2 = (2δ[T

(uni)
+ ]2)1/2, so the conductance fluctuations are

reduced as compared to those of a non-magnetic system:

(δg2
uni)

1/2 = (2δ[T
(uni)
+ ]2)1/2 =

√
4/15 . (4.20)

This reduction due to non-degeneracy of spin states is directly analogous to the ex-

perimentally observed reduction of conductance fluctuations due to Zeeman splitting

in an applied magnetic field [132].

In Figure 4.7a we show the conductance fluctuations obtained from our model

in the uniform case, (δg2
uni)

1/2 and (δ[T
(uni)
± ]2)1/2, as a function of 1/l+. They are

in excellent agreement with the theoretical values from Eqs. (4.18) and (4.20) for

λ/l+ & 2.

Figure 4.7a also shows the conductance fluctuations for a domain wall region,

(δg2
dw)1/2, together with (δ[T

(dw)
± ]2)1/2. We see that the conductance fluctuations in

a disordered domain wall are reduced with respect to those of a uniformly magnetized

region. Moreover, the conductance fluctuations are no longer universal since a slow

decrease is observed as a function of 1/l+ in the diffusive regime.

This result can be understood as arising from statistical decorrelation between

the components of T
(dw)
σ . For the domain wall coefficients T

(dw)
σ′σ , we do not have a

way of estimating the fluctuations analogous to Eq. (4.18). However, we can make
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the hypothesis that the relative fluctuations for each component are the same as in

the uniform case:

(δ[T
(dw)
σ′σ ]2)1/2

〈T (dw)
σ′σ 〉

' (δ[T
(uni)
σ ]2)1/2

〈T (uni)
σ 〉

. (4.21)

Furthermore, we can expect that T
(dw)
σσ and T

(dw)
−σσ will be uncorrelated in the diffusive

regime, so that

(δ[T (dw)
σ ]2)1/2 ' (δ[T (dw)

σσ ]2 + δ[T
(dw)
−σσ ]2)1/2. (4.22)

Using the fact that 〈T (dw)
σ 〉 = 〈T (dw)

σσ 〉+ 〈T (dw)
−σσ 〉, Eqs. (4.21–4.22) then give

(δ[T (dw)
σ ]2)1/2 ' 〈T (dw)

σ 〉
〈T (uni)

σ 〉

(
1− 2〈T (dw)

σσ 〉〈T (dw)
−σσ 〉

〈T (dw)
σ 〉2

)1/2

(δ[T (uni)
σ ]2)1/2 . (4.23)

The first factor on the r.h.s. is approximately unity since 〈T (dw)
σ 〉 ' 〈T (uni)

σ 〉. We

then see that (δ[T
(dw)
σ ]2)1/2 is reduced with respect to (δ[T

(uni)
σ ]2)1/2 by the second

term on the r.h.s. of Eq. (4.23). This reduction factor is most important when the

two transmission coefficients 〈T (dw)
σσ 〉 and 〈T (dw)

−σσ 〉 are of similar magnitude, which is

the situation approached with increasing disorder.

In Figure 4.7b we compare the actual fluctuations (δ[T
(dw)
σ ]2)1/2 and (δ[T

(dw)
σ′σ ]2)1/2

with the corresponding predictions of Eq. (4.23). The two agree reasonably well

and, significantly, the approximate values reproduce the decreasing behaviour of

(δ[T
(dw)
σ ]2)1/2 for 1/l+ large. The simple hypotheses contained in Eqs. (4.21–4.22)

thus explain qualititatively the two essential features of (δ[T
(dw)
σ ]2)1/2, which are an

overall reduction with respect to (δ[T
(uni)
σ ]2)1/2 and a loss of universality represented

by a slow decrease with increasing disorder.

4.7 Non-monotonic λ-dependence of incoherent

relative magnetoconductance

We now consider the relative intrinsic domain wall magnetoconductance, (∆g/g)dw,

defined as in Eq. (1.8b). In this section we consider only the incoherent regime,

for which the conductance scales linearly with transverse system size. In this case,
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Figure 4.7: (a) Fluctuations of conductance, (δg2)1/2, (solid lines) and

spin-dependent transmission, (δT 2
+)1/2, (dashed lines) for a uniformly mag-

netized region (◦) and domain wall (4), in the case of spin-independent
disorder (ρ = 1). The fluctuations of spin-down transmission, (δT 2

−)1/2, are
not shown, but agree with (δT 2

+)1/2 to within the statistical error of the cal-
culation. The dotted horizontal lines indicate the theoretical values in the
uniform case, (δg2

uni)
1/2 =

√
4/15 and (δ[T

(uni)
± ]2)1/2 =

√
2/15, which are in

good agreement with our numerical results for λ/l+ & 2. (b) Fluctuations

of the spin-dependent domain wall transmission coefficients: (δ[T
(dw)
+ ]2)1/2

(4), (δ[T
(dw)
++ ]2)1/2 (+), and (δ[T

(dw)
−+ ]2)1/2 (×). The corresponding estimated

values, based on the approximation in Eqs. (4.21–4.23), are also shown (solid
lines). System parameters are pF = 5 and Ly = 10nm, with 3000 impurity
configurations.
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(∆g/g)dw is more useful than ∆g (discussed in Section 4.5) as it provides a relative

measure of the magnetoconductance effect, independent of system size.

In Figure 4.8 we plot 〈(∆g/g)dw〉 as a function of 1/l+ (in units of 1/λ). Various

domain wall widths (pF = 1, 5) and up/down scattering ratios (ρ = 2, 4) are shown.

We see that 〈(∆g/g)dw〉 is a monotonically increasing function of disorder. This

shows that the decreasing behaviour of 〈∆ginc〉 for large disorder is due simply to

the overall decrease in conductance with disorder. The monotonicity of 〈(∆g/g)dw〉
occurs because the amount of spin mistracking, and hence also the enhancement of

back-scattering, is proportional to the amount of impurity scattering, as we discussed

in Section 4.5. It can also be seen from Figure 4.8 that 〈(∆g/g)dw〉 increases with

ρ and decreases with pF, which is consistent with the explanation of the intrinsic

magnetoconductance given in Section 4.5.

We note that the models of Refs. [20] and [100] assume diffusive transport, so that

the results obtained therein correspond to the regime of large 1/l+ in Figure 4.8. The

magnetoconductance predicted in these works depends on the up/down scattering

ratio ρ, but is independent of l+ (provided it satisfies l+ � λ). This is consistent

with the levelling off of the curves in Figure 4.8 with increasing 1/l+, and suggests

that 〈(∆g/g)dw〉 approaches a finite limit for large disorder.

Figure 4.9 shows 〈(∆g/g)dw〉 as a function of wall width λ, for ρ = 2, 4 and

l+ = 10nm, 40nm. For large λ, we find a 1/λ dependence in agreement with Refs. [20]

and [100]. This can be understood because with increasing wall width the amount of

spin mistracking is reduced. In the limit λ→ 0, on the other hand, the domain wall

becomes an abrupt interface with no impurities and 〈(∆g/g)dw〉 becomes negligible.6

In between these two extreme cases, there must therefore be a maximum value of

〈(∆g/g)dw〉 at a finite value of λ. This value represents an optimum intermediate

situation: a wall which is wide enough to contain an appreciable amount of impurity

scattering, but narrow enough to cause significant spin mistracking. From Figure 4.9

it can be inferred that this value of λ decreases with increasing disorder (i.e. decreas-

ing lσ). On the other hand, the different values of ρ affect the overall magnitude of

〈(∆g/g)dw〉, but do not significantly change the position of its maximum value.

6As we saw in Section 2.4.1, when N+ > N− there is a small interface resistance due to
reflection of spin up electrons with longitudinal energy less than ∆/2, which gives rise to a relative
magnetoconductance ∆g/g ∼ ∆/EF [58, 97]. In the calculations of this chapter, this effect is
negligible since we have N+ = N−.
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the incoherent case. The different curves illustrate the dependence on wall
width (pF = 1, 5) and up/down scattering ratio (ρ = 2, 4). The arrows in-
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system parameters are as for Figure 4.4.
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4.8 Conclusion for Chapter 4

In this chapter we have studied spin-dependent electron transport through a domain

wall subject to impurity scattering. Using a novel numerical scattering matrix for-

malism, we considered a large range of impurity concentrations, corresponding to

transport regimes from ballistic through to diffusive. In addition, our approach al-

lowed us to consider spin-dependent impurity scattering, and to distinguish between

the fully coherent and fully incoherent transport regimes.

We have concentrated in this chapter on intrinsic effects stemming from the pres-

ence of impurities inside a domain wall, which causes electrons to be scattered both

with and without spin reversal. This leads to an enhancement of back-scattering

caused by exposure of electrons in a superposition of spin states to spin-dependent

scattering. In the incoherent regime this gives rise to a reduction of the intrinsic

domain wall conductance. The maximum reduction occurs at a disorder-dependent

value of the domain wall length.

In the phase-coherent regime, the relative amount of reflection with spin reversal

is reduced with respect to the incoherent regime. For large disorder, this acts to sup-

press the back-scattering enhancement observed in the incoherent case. Indeed, the

overall effect in this regime is an enhancement of transmission through the domain

wall. This can be understood as arising from a suppression of weak localization by

the domain wall, which is consistent with the findings of Ref. [96]. However, we

have pointed out several reasons why such a behaviour would be difficult to observe

experimentally.

The mesoscopic character of the transport in the coherent regime was underlined

by a study of the conductance fluctuations. For a domain wall it was found that

these are reduced with respect to the uniformly magnetized case, as a result of

decorrelation between the components of a given incoming spin state which are

transmitted with and without reversal of spin. Furthermore, in the diffusive regime

the sample-dependent fluctuations of the domain wall contribution to the resistance

can be significantly larger than the absolute value of its impurity-averaged value.

This should be kept in mind when experiments on individual samples approach the

coherent regime.

The approach developed in this chapter represents a significant advance in the

treatment of transport through a disordered domain wall. Previous numerical works
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based on random impurity configurations [109, 114] have been limited to much

smaller numbers of impurities and domain wall sizes, and have therefore only con-

sidered a small subset of physical regimes. With our model, on the other hand, we

have been able to study essentially all parameter regimes of interest.

The work of this chapter has yielded considerable insight into the nature of elec-

tron transport through a disordered domain wall. However, as we saw in Chapter 3,

to properly describe the total effect of a domain wall on conductance it is necessary

to incorporate the regions adjacent to the wall. Within the scattering matrix for-

malism developed in this chapter it is straightforward to make this generalization,

and we do this in the next chapter.



Chapter 5

Disordered domain wall in

nanowire: extrinsic effects

“And this is mine . . .my magnificent octopus.”

— Baldrick, Blackadder the Third

In this chapter we further develop our study of a disordered domain wall, which

was begun in the previous chapter. There, we focussed on intrinsic transport prop-

erties, i.e. effects arising from scattering inside the domain wall itself. We now turn

to extrinsic properties, those which are determined by scattering in the regions of

the wire on either side of the domain wall. We already know from our work with

the domain wall circuit model in Chapter 3 that scattering in these adjacent regions

gives rise to an important magnetoresistance effect when transport in the domain

wall itself is treated ballistically.

In Chapter 3, transport in the adjacent regions was treated using classical spin-

dependent resistors of length lsd, representing the finite length scale for relaxation

of the two spin directions. In this chapter we follow a similar approach; however,

in place of classical spin-dependent resistors, we treat scattering using the delta

function model developed in the previous chapter. The resulting model system is

illustrated in Figure 5.1.

The approach of this chapter differs from that of Chapter 3 in that the adjacent

regions are combined with the domain wall using the scattering matrix combina-

99
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tion formula (Eqs. (4.6)), rather than combining spin-dependent conductances using

Kirchhoff’s rules. In the limit l± � lsd, the difference between these two approaches

is not significant. However, the approach of this chapter has the advantage that it

remains valid in principle for any value of l±/lsd. It is also more consistent since

scattering inside and outside the domain wall is treated on an equal footing, i.e.

with delta function impurities. In addition, phase coherence lengths Lφ > λ could

be considered within this approach (although we have not done so).

As in Chapter 4, we treat the intrinsic conductance through the domain wall

in both coherent and incoherent cases. The whole system is always considered to

be incoherent. For the coherent domain wall we introduce a finite phase coherence

length equal to the wall width, Lφ = λ. The system is thus partitioned into phase-

coherent segments of length Lφ which are combined incoherently. For the incoherent

case, our approach assumes a vanishing Lφ, so no partitioning is necessary.

The physical system in Figure 5.1 has total length Lwire = 2lsd +λ. We will refer

to this system as “the wire” since, by assumption, the transport outside this region

is in equilibrium between the two spin channels and therefore does not contribute

to magnetoconductance effects. Our main interest will be the relative magnetocon-

ductance for the wire, (∆g/g)wire, defined as in Eq. (1.8b) using the conductances

of the wire with and without a domain wall.

This chapter is organized as follows. In Section 5.1 we study the magnetocon-

ductance of a disordered domain wall in a nanowire, with a particular emphasis on

understanding the effect of disorder. We then compare in Section 5.2 the total mag-

netoconductance with the intrinsic magnetoconductance studied in Section 4.7, in

order to understand the importance of scattering in the regions outside the domain

wall.

5.1 Domain wall magnetoconductance in a wire:

effect of disorder inside domain wall

In Figure 5.2 (thick lines) we show 〈(∆g/g)wire〉 as a function of domain wall width

λ for both coherent and incoherent cases. To illustrate the dependence on disorder,

two values of mean free path are shown (l+ = 10nm, 40nm). In all cases we fix
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λ lsdlsd

DW RIGHTLEFT

Figure 5.1: Illustration of the physical region considered in this chapter:
a domain wall of length λ surrounded by two uniformly magnetized regions
of length lsd. The latter represent the distance over which electrons prop-
agate before spin relaxation. The arrows indicate the local magnetization
direction.

ρ = 2 and lsd = 4l+;1 results for other values of these parameters are qualitatively

unchanged. For comparison with our work in Chapter 3, where the domain wall was

treated as ballistic, Figure 5.2 also shows the magnetoconductance for the equivalent

wire with no scatterers inside the domain wall (thin lines).

In the narrow wall limit, λ → 0, the coherent regime is the physically rele-

vant one. Figure 5.2a shows that the coherent 〈(∆g/g)wire〉 (solid lines) tends to

a maximum value as λ → 0. This is in contrast to the behaviour of the intrinsic

magnetoconductance studied in the previous chapter, which goes to zero in this

limit. From our work in Chapter 3, this result is expected since at λ = 0 the wall

corresponds to a GMR interface [12], for which there is complete mistracking of

spin. It is interesting to note, however, that for small but non-zero λ, 〈(∆g/g)wire〉
is reduced for a coherent wall with disorder (Figure 5.2a, thick lines) compared to a

ballistic wall (Figure 5.2, thin lines). Therefore, when scattering in the surrounding

regions is taken into account, the presence of disorder inside the wall reduces the

magnetoconductance effect of narrow domain walls.

In the incoherent regime, the magnetoconductance is significantly reduced with

respect to the coherent regime in the limit λ → 0. Furthermore, it is a non-

monotonic function of disorder in this limit, having a maximum value at a wall

width λ > 0. In fact, this behaviour is an artifact arising from the lack of complete

mistracking when λ → 0 for transmission through an incoherent wall, which we

discussed in Section 4.2.2. As we mentioned above, in this limit the coherent regime

describes the physical situation, so these effects are not physically relevant.

1For comparison, the parameters estimated in the experiment of Ref. [27] are l+ ' 10nm and
lsd ' 60nm.
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In the wide wall limit λ → ∞, the behaviour of 〈(∆g/g)wire〉 is qualitatively

similar to that of 〈(∆g/g)dw〉, considered in Section 4.7. The coherent magnetocon-

ductance is significantly reduced with respect to the incoherent one and becomes

negative for large λ (in Figure 5.2a this is most evident for l+ = 10nm). These

effects are due to the intrinsic properties of coherent transport through a disordered

domain wall which we discussed in Section 4.5.

For large λ the incoherent regime is the physically relevant one. In this case

the magnetoconductance decreases as 1/λ2, which is the same parametric behaviour

as the intrinsic case (Section 4.7). However, we will see in the next section that

this effect is larger in magnitude for 〈(∆g/g)wire〉 than for 〈(∆g/g)dw〉. Comparison

between the incoherent disordered wall (Figure 5.2b, thick lines) and an incoherent

ballistic wall (Figure 5.2b, thin lines) shows that the presence of disorder inside the

wall enhances the magnetoconductance effect in wide domain walls. This enhance-

ment has two causes. Firstly, for a disordered wall there is an intrinsic contribution

due to scattering from impurities inside the wall, which is absent in the case of a

ballistic wall. Secondly, the disordered wall gives rise to an enhanced spin mistrack-

ing (Section 4.4), leading to an increase in the GMR scattering in the surrounding

regions.

To our knowledge no experimental data exists comparing the conductance

through domain walls in wires with different amounts of disorder; the findings of

this section suggest that such a difference may be observable.

5.2 Enhancement of domain wall magnetocon-

ductance from extrinsic scattering

The total magnetoconductance of a wire containing a domain wall, (∆g/g)wire, arises

from scattering effects which may be classified as either intrinsic or extrinsic. In-

trinsic effects are those due to scattering occurring within the region of the domain

wall itself, and are characterized by the intrinsic magnetoconductance (∆g/g)dw

(Section 4.7). Extrinsic effects, on the other hand, occur in the regions adjacent to

the domain wall, and arise from a GMR-like enhancement of back-scattering due to

the spin mistracking of electrons scattered by the wall.

We now determine the relative importance of intrinsic and extrinsic effects in the



Disordered domain wall in nanowire: extrinsic effects 103

−0.01

0

0.01

0.02

0.03

〈(
∆

g
/
g
) w

ir
e
〉

〈(
∆

g
/
g
) w

ir
e
〉

0

0.01

0.02

0.03

〈(
∆

g
/
g
) w

ir
e
〉

〈(
∆

g
/
g
) w

ir
e
〉

0 20 40 60 80 100

λ (nm)λ (nm)

l+ = 10nm

l+ = 10nm (ball. dw)

l+ = 40nm

l+ = 40nm (ball. dw)

(b) Incoherent

(a) Coherent

0

0.1

0 10 20

Figure 5.2: Magnetoconductance of a domain wall in a nanowire,
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herent transport through the domain wall region. Two values of mean free
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magnetoconductance of a domain wall in a nanowire. In order to do this, we compare

(∆g/g)wire, which contains both intrinsic and extrinsic effects, with (∆g/g)dw, which

contains only intrinsic effects.

In the narrow wall limit, λ → 0, the amount of impurity scattering inside the

wall goes to zero, and hence 〈(∆g/g)dw〉 becomes negligible. On the other hand,

Figure 4.9 shows that, in the physically relevant case of coherent walls, 〈(∆g/g)wire〉
achieves its maximum value in this limit. It is therefore clear that for narrow walls,

extrinsic scattering effects are the dominant mechanism underlying the domain wall

magnetoconductance.

For general λ, however, the situation is more complicated. We saw in Section 4.7

that 〈(∆g/g)dw〉 is significant for disordered walls. At the same time, scattering

from impurities inside the wall enhances the spin mistracking of transmitted and

reflected electrons (Section 4.4), leading to extrinsic scattering. We therefore expect

both intrinsic and intrinsic effects to be significant in general. To determine the rel-

ative magnitude of the two, it is necessary to compare 〈(∆g/g)wire〉 and 〈(∆g/g)dw〉
quantitatively.

For this comparison it is necessary to “renormalize” (∆g/g)dw so that it describes

the same total system size as the wire, i.e. Lwire = 2lsd +λ. To do this, we calculate

separately the total conductances (summed over all spin and transverse channels) for

each of the three regions of the wire: the domain wall (gdw), and the two surrounding

regions (gleft and gright). Taking the incoherent combination of the three regions [6]

we then obtain a total conductance gint over the length of the wire:

1− gint

gint

=
1− gleft

gleft

+
1− gdw

gdw

+
1− gright

gright

. (5.1)

Combining conductances in this way is equivalent to making the assumption that the

two spin channels are equilibriated at the wall boundaries rather than at a distance

lsd from the wall.

By comparing gint with the conductance of a uniform region of length 2lsd +λ, we

calculate an “intrinsic” magnetoconductance (∆g/g)int. This quantity represents the

desired renormalization of (∆g/g)dw to the length Lwire. We note that when l+ � λ

this can be calculated approximately as

(∆g/g)int =
λ

2lsd + λ
(∆g/g)dw. (5.2)
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Figure 5.3: Ratio of incoherent wire and intrinsic domain wall magne-
toconductance, 〈(∆g/g)wire〉/〈(∆g/g)int〉, as a function of λ, for illustrative
values of l+ and lsd. The system parameters are ρ = 2 and Ly = 10nm.

In Figure 5.3 we show the ratio of 〈(∆g/g)wire〉 and 〈(∆g/g)int〉 as a function of λ

for several values of ρ and lsd, in the incoherent case. We see that the ratio is largest

in the limit of small λ. As we mentioned previously, this is because in this limit

〈(∆g/g)dw〉 becomes negligible while 〈(∆g/g)wire〉 becomes large. We note that the

ratios shown in Figure 5.3 apply to the incoherent regime. As we saw in Figure 5.2,

〈(∆g/g)wire〉 is much larger near λ = 0 for the coherent case than for the incoherent

one. Therefore, in the coherent case the corresponding enhancement of 〈(∆g/g)wire〉
with respect to 〈(∆g/g)int〉 will also be larger.

For large λ, Figure 5.3 shows the less obvious result that 〈(∆g/g)wire〉 is sub-

stantially larger than 〈(∆g/g)int〉 even for very wide walls (λ ' 200nm). The ratio

depends on the parameter values, and for those of Figure 5.3 it is between∼1.2 (small

lsd) and ∼2.2 (large lsd) at λ = 200nm. We thus see that extrinsic spin-dependent

scattering effects are quantitatively important for domain wall magnetoconductance,

even for wide walls. This is an important point, since the most widely accepted

existing models [20, 100, 96] consider conductance only through the region of the

wall, and hence ignore extrinsic effects.
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5.3 Conclusion for Chapter 5

The contribution of a disordered domain wall to the resistance of a nanowire is due

to two main mechanisms. The first is reflection of electrons from the domain wall

itself and impurities within the wall region; this is the “intrinsic” mechanism treated

in the previous chapter. The second, which was taken up in this chapter, is related

to spin-dependent scattering in the wire regions surrounding the domain wall. As a

result of spin mistracking of electrons transmitted and reflected by the domain wall,

spin-dependent scattering in the regions adjacent to the wall causes an enhancement

of resistance. This constitutes an “extrinsic” domain wall resistance effect which is

similar in nature to giant magnetoresistance and which we have previously studied,

for a ballistic domain wall, using the circuit model of Chapter 3.

As compared to the intrinsic domain wall resistance alone, the total resistance

due to a domain wall in a nanowire is significantly enhanced by the extrinsic scat-

tering. The enhancement is most dramatic for narrow walls, where the intrinsic

resistance becomes negligible. However, it remains important (a factor of 2 for

typical parameters) even for wide walls.

In the domain wall circuit model of Chapter 3 we found results in order-of-

magnitude agreement with a recent experiment [27]. The relevant regime for this

experiment is intermediate between the coherent and incoherent regimes, and corre-

sponds to domain walls far from the adiabatic limit of zero spin mistracking. In the

work of this and the previous chapter, we have found that the presence of disorder

inside the wall in this regime leads to a quantitative reduction of the magnetocon-

ductance effect as compared to the ballistic wall used in Ref. [146], but is still within

an order of magnitude of the experiment. This is acceptable given the uncertainties

over various physical parameters relevant for the experiment (such as the precise

value of the elastic mean free path). On the other hand, in the case of wide walls

in the incoherent transport regime, we have found that disorder enhances the mag-

netoconductance effect. This regime is relevant for experiments in materials such

as Ni and Fe. Our model should also be applicable to the understanding of recent

measurements of domain wall resistance in ferromagnetic semiconductors [148].

In both narrow and wide wall regimes, the results of this chapter show that

disorder inside and outside a domain wall leads to important effects in the magne-

toconductance. Since disorder is unavoidable in mesoscopic wires, this conclusion
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should be testable experimentally.
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Chapter 6

Spin-transfer torques and domain

wall motion

“The most exciting phrase to hear in science, the one that her-

alds new discoveries, is not Eureka! (I found it!) but rather,

‘hmm.... that’s funny....’”

— Isaac Asimov

As the final part of our study, we revisit in this chapter the ballistic domain

wall circuit model from Chapter 3 from the point of view of spin-transfer torques.

This is an appropriate note on which to conclude our work, since, as we noted in

Section 1.3.3, it is a topic of great interest at present, and therefore represents a

very promising direction for a future continuation of the work of this thesis.

The essential physics underlying spin-transfer torques is based on the fact that,

as we have seen in previous chapters, an electron traversing a domain wall undergoes

a reversal of its intrinsic spin vector, to an extent which depends on the width of

the wall. This reversal actually represents an exchange of angular momentum with

the magnetization of the wall. Since the total current incident on the wall is spin-

polarized, there is an overall transfer of angular momentum from the conduction

electrons to the domain wall. This gives rise to a torque on the domain wall which

can induce it to move. This effect was originally predicted by Berger [75, 149] and

has recently been observed in a number of experiments [79, 83,84].

In this chapter we first use the circuit model of Chapter 3 to derive an expression

109



110 Spin-transfer torques and domain wall motion

the total spin-transfer torque per unit current which is exerted on a domain wall

in Section 6.1. Substituting physically realistic parameter values, we then present

in Section 6.2 an estimate for the velocity of the resulting domain wall displace-

ment. We discuss potential reasons for the discrepancy between our estimation and

experimentally reported values in Section 6.3.

6.1 Spin-transfer torque in circuit model

The circuit model of Chapter 3 allows us to calculate the total torque exerted on a

domain wall by summing the total spin of incoming and outgoing current compo-

nents. Electrons in terminals 1 and 3 (see Figure 3.1) carry spin ~/2, while those in

terminals 2 and 4 carry spin −~/2. Since I4 = −I1 and I3 = −I2, there is a rate of

angular momentum transfer (~/e)(I1 − I2) into the domain wall. This is equivalent

to the following torque per unit current:

τ

I
=

~
e

I1 − I2
I1 + I2

. (6.1)

The ratio (I1 − I2)/(I1 + I2) can be found by taking the ratio x/y of the quantities

defined in Eq. (3.6), for which the solution is given by solving Eq. (3.9). Eq. (6.1)

then yields the general expression:

τ

I
=

~
e

(Gut −Gdt) + (R− −R+)(GutGdf +GdtGuf )

(Gut +Gdt) + (R+ +R−)(GutGdf +GdtGuf )
, (6.2)

with Gpq defined as in Eq. (3.11).

For a ballistic wall with small spin-splitting, we can use the results of Section 2.4.2

to obtain a more insightful expression for τ/I in terms of the adiabaticity parameter

P (Eq. (2.47)):

τ

I
=

~
e

αβ

1 + α

(
1− 1− P

1 + αP

)
, (6.3)

where α and β are defined in Eqs. (3.18) and (1.4) respectively.

The first term in Eq. (6.3) is the spin-transfer torque in the adiabatic limit P = 1,

corresponding to a complete transfer of spin to the domain wall. For r0 � R±, this
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reduces to (τ
I

)
P=1

=
~
e

αβ

1 + α
' ~β

e
, (6.4)

which corresponds to the result obtained by Berger [75].

The second term in Eq. (6.3) accounts for the fact that for P < 1 there is not a

complete transfer of spin to the wall. Note that it is exactly one minus the reduction

factor which appeared in the expression for magnetoresistance in Eq. (3.17), and was

illustrated for several values of α in Figure 3.2. In the abrupt (GMR) limit we have

P = 0 and hence τ/I = 0, which is expected since there is no spin reversal in this

case. We thus see that the phenomena of domain wall magnetoresistance and spin-

transfer torque are complementary, in the sense that one is most significant in the

abrupt limit, while the other is most significant in the adiabatic limit.

We note that in the circuit model, there is always a complete reversal of spin

over the length scale of the circuit (i.e. 2lsd + λ). Eq. (6.3) gives the proportion

of this which occurs in the domain wall itself. The remaining transfer occurs at

the ends of the circuit, where the up and down channels are abruptly equilibriated

(corresponding to the points VL, VR in the circuit diagram of Figure 3.1). This is,

of course, an unphysical situation, since the relaxation of spin occurs exponentially

and should be spread out over the length lsd. However, since we are only interested

in the torque acting in the domain wall region, this does not affect our results.

It is important to note that in a model considering an isolated ballistic wall (as in

Ref. [97]) the spin polarization of the current (and hence the resulting torque) would

be proportional to ∆/EF, and therefore very small. The inclusion of spin-dependent

resistances on both sides of the wall leads to a much larger difference between up

and down current components, and hence to a sizeable torque.

When the precessional nature of the conduction electron motion inside the wall

is taken into account it has been shown that, in addition to an overall component

perpendicular to the local magnetization direction, there is a spatially varying torque

component [87]. The former gives rise to motion of the domain wall, while the latter

tends to induce distortions in the wall profile. However, to a first approximation it

is reasonable to assume that the domain wall is “rigid” with respect to the torque

exerted by the conduction electrons, so that only the total torque exerted over the

domain wall length is relevant.
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6.2 Current-induced domain wall motion: com-

parison with experiment

If the energy associated with the domain wall is independent of its position along

the wire, i.e. there is no pinning potential, we can obtain a simple estimate for the

velocity of the wall motion resulting from the spin-transfer torque. Suppose the

torque τ acts on the wall for time ∆t. Then, in order to absorb the transferred

angular momentum ∆S = τ∆t, the wall must move by an amount ∆z = ∆S/ρSA,

where ρS denotes the angular momentum density (per unit volume) in the wire and

A is the cross-sectional area. ρS can be determined using ρS = MS~/µBg, where

the saturation magnetization MS and gyromagnetic ratio g are material-specific

parameters of the ferromagnet [150]. We thus have a simple formula for wall velocity

per unit current density:

vwall

I/A
=

1

ρS

τ

I
=

~β
ρSe

αP

1 + αP
. (6.5)

In a recent experiment, Yamaguchi and co-workers measured the displacement of

domain walls under the influence of current pulses of varying duration in permalloy

nanowires of cross-section 240nm × 10nm [84]. Assuming that the domain wall

moves at constant speed, they found an average domain wall velocity of 3m/s for

current pulses of density 1.2× 1012A/m2. To compare with Eq. (6.5), we note that

for permalloy the domain wall width is approximately λ ' 100nm, which gives an

adiabaticity P ' 1, i.e. essentially completely adiabatic. Substituting typical values

for the material parameters, β = 0.5, MS = 2 Tesla/µ0 and g = 2 [151], Eq. (6.5)

gives vwall ' 300m/s. This value is two orders of magnitude larger than experiment,

but is in agreement with another recent calculation [88].

Finally, we note that in order for the above argument to be consistent, the

constant speed of the wall, vwall, should be incorporated into the Hamiltonian of the

conduction electrons. The Schrödinger equation for electron states in a wire with a

wall moving at constant speed can be solved in the same way as for a stationary one

simply by changing to the reference frame of the wall. In this reference frame the

longitudinal wavevectors of the electron states will be Doppler-shifted. However, we

have just shown that the speed of the wall is small (∼300m/s for theory, ∼3m/s for

experiment) relative to the electron velocities, which for a Fermi energy of 10eV are
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on the order of 106m/s. The Doppler-shift is therefore negligible and the conduction

electron solutions for a moving wall are approximately the same as for a stationary

one.

6.3 Conclusion for Chapter 6

In this chapter we have used the circuit model to study the spin-transfer torque

exerted on a ballistic domain wall due to the back-action of conduction electrons in

a spin-polarized current. We obtained formulas for the torque and wall velocity per

unit current, valid within the assumption of no pinning forces on the wall.

The domain wall velocity predicted by our model is approximately two orders of

magnitude larger than the value reported in a recent experiment [84]. Our value is,

however, in good agreement with a recent theoretical result based on an alternative

approach [88]. This suggests that in real physical systems the efficiency with which

the spin angular momentum of the conduction electrons is transferred into motion

of the domain wall is limited by other mechanisms not contained in the present

theoretical descriptions.

Clearly, a severe limitation of our model is the assumption of no pinning forces,

which allows the domain wall to move without a transfer of energy. In practice,

domain walls in nanowires are usually pinned, and their displacement therefore

requires an input of energy. Such processes are beyond the linear response regime

on which our description of electron transport is based. However, it can be imagined

that in a more realistic treatment of the problem, the domain wall would move in

a series of “jumps” between successive pinning sites. To move the wall out of each

pinning site would require a certain input of energy and could dissipate angular

momentum, leading to a considerable slowing of the observed wall motion.

In Ref. [88] it was suggested that generation of spin waves in the magnetic struc-

ture could absorb angular momentum from the current. Spin waves are periodic

deformations of the magnetic structure, which in a quantum description are called

magnons, and each carry a unit ~ of angular momentum. Angular momentum could

be transferred to magnon modes rather than causing displacement of the wall. Ad-

ditionally, this may be related to the question of pinning just mentioned; it can be

imagined that the excitation of sufficiently many magnon modes would lead to a
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deformation of the magnetic structure which could contribute to the depinning of

the wall.

To resolve these questions and better understand the physics of current-induced

domain wall motion, we require a more realistic description of the magnetization

dynamics of the system, and its interaction with the conduction electrons. As we

have noted previously, it is a highly non-trivial problem to treat electrons respon-

sible for magnetization and conduction within a single description. Nevertheless,

some progress has been made through a phenomenonological approach combining

a micromagnetic description of the magnetic structure with a quantum description

of electron transport [88,89,90,92]. This approach has the advantage of permitting

insight into the important mechanisms of domain wall motion.



Chapter 7

Concluding remarks and outlook

“Quand à la fin d’une chanson

tu te retrouves à poil sans tes bottes,

il faut avoir de l’imagination

pour trouver une chute rigolote!”

— Renaud Séchan, “Laisse Béton”

7.1 Summary

In this thesis we have studied electron transport through domain walls in ferro-

magnetic nanowires. We have approached the problem from a mesoscopic point of

view, using the Landauer-Büttiker transport formalism which incorporates the fun-

damental quantum nature of electrons in confined metallic systems. To describe the

electronic and magnetic structure of ferromagnetic metals, we have adopted the sd

model, which is widely used in theories of ferromagnetic transport as it provides a

clear and intuitive description while retaining the essential physical features.

The work of this thesis consisted of two stages. The first involved a ballistic

description of transport through a domain wall and a classical treatment of the

surrounding regions of the wire; this was followed by a more general approach in-

corporating the effects of impurity scattering inside the wall.
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Ballistic approach: domain wall circuit model

As a first step, we considered the case of ballistic transport through the domain wall.

We assumed a simple linear rotation magnetization for the domain wall permitting

closed form solutions for the conduction electron states inside the domain wall. By

constructing scattering states which match to spin-polarized uniform plane waves

on either side of the wall, we calculated transmission and reflection amplitudes for

electrons incident on the domain wall. For a ballistic wall, the resulting reflection is

negligible except for walls very close to the abrupt limit.

The most interesting result to emerge from the ballistic treatment is related to

the spin-dependent transmission. Electrons travelling through a domain wall un-

dergo a precessional motion in which their spin follows the rotating magnetization

of the wall at a non-zero angle. This leads to electrons being transmitted with

spin in a combination of the local up and down directions, which is known as spin

mistracking. For individual electrons, the degree of mistracking depends on the rela-

tive value of the up-down spin-splitting energy, the wall width, and the longitudinal

energy of the electron. We showed that this dependence can be represented by an ef-

fective wall width, pn, where the integer n denotes the transverse mode (or channel)

occupied by the electron. Integrating the spin-dependent transmission probabilities

over all conduction electrons, we obtained an adiabaticity parameter characterizing

the average amount of spin mistracking for the domain wall.

The spin mistracking picture of domain wall transport formed the basis of our

domain wall circuit model. In this model, spin-dependent scattering in the re-

gions adjacent to the wall was represented phenomenologically using classical spin-

dependent resistors, while the ballistic wall was treated as a four-terminal circuit

element. Within this model we derived expressions for the domain wall magnetore-

sistance in terms of the adiabaticity parameter of the wall. Substituting reasonable

physical parameters, we found a result in agreement to within an order of magnitude

of a recent experiment.

We also applied the circuit model to calculate the spin-transfer torque exerted

on a domain wall by a spin-polarized current. We obtained a formula for the total

torque as well as the velocity of the resulting displacement of the domain wall, with

the assumption that pinning forces are negligible. Substituting realistic physical

parameters, we found velocities much larger than those reported in recent experi-

ments, but in agreement with other theories. We discussed some possible origins for
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this discrepancy.

Transport through a disordered domain wall

To provide a more realistic description of domain wall transport, we developed a

model incorporating impurity scattering inside the domain wall. We employed a

formalism in which the total transmission is calculated by combining scattering ma-

trices for the individual scatterers comprising the system. The impurity scatterers

were modelled as randomly distributed delta functions with spin-dependent ampli-

tudes, for which the scattering matrices, in both uniform and domain wall poten-

tials, can be evaluated in closed form. By combining either matrices of amplitudes

or probabilities, both coherent and incoherent transport regimes were studied.

We first considered the intrinsic transport properties of a disordered domain wall,

ignoring the regions on either side of the wall. The most striking effect of impurity

scattering is an enhancement of the spin mistracking of transmitted and reflected

electrons as compared to a ballistic wall. In the case of incoherent transport, we

found that this mistracking causes an enhancement of resistance in the domain wall

as compared to a uniformly magnetized region of equivalent size. For the relative

intrinsic domain wall magnetoconductance, we found a decreasing dependence on

wall width for wide walls, in agreement with existing theories. For narrow walls, the

magnetoconductance increases with wall width, and hence has a maximum value at

a finite wall width.

In the coherent case, the situation is more complicated: for weak impurity scat-

tering, the results are similar to the incoherent case, while for strong scattering,

effects related to phase coherence become important. In particular, there is a re-

duction of weak localization and suppression of spin-mixing scattering. This leads

to a reduction of back-scattering which can lead to a negative intrinsic domain wall

magnetoconductance. In addition to its effect on transmission, we found that the

domain wall reduces the conductance fluctuations in the coherent case, leading to a

loss of universality.

As our previous work with the circuit model showed for a ballistic wall, for a

complete description of domain wall transport it is necessary to incorporate the

regions of the wire adjacent to the wall. We therefore also considered the case

of a disordered domain wall surrounded by uniformly magnetized regions subject
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to spin-dependent impurity scattering. This system represents a generalization of

the circuit model to the case of a disordered wall. We found that scattering in the

regions adjacent to the wall significantly enhanced the magnetoconductance effect as

compared to the intrinsic scattering inside the domain wall. Furthermore, although

this enhancement is largest for narrow walls, where there is large mistracking and

little impurity scattering inside the wall, it also remains significant for wide walls.

This is a significant result, since existing theories do not take the regions surrounding

the domain wall into account.

7.2 Suggestions for experiment

We now comment briefly on several aspects of our work which it may be possible to

observe experimentally. Firstly, we saw in Chapters 4 and 5 that the amount of dis-

order scattering is a key determinant of domain wall magnetoresistance properties.

The dependence is non-trivial: the effect of increased disorder may be to reduce

magnetoresistance (narrow wall, coherent regime) or to enhance it (wide wall, inco-

herent regime). Nevertheless, the key point is that varying disorder scattering leads

to quantitative changes in magnetoresistance. Experimentally, the amount of scat-

tering can be controlled by adding impurities at varying concentrations. It would

therefore be interesting to perform measurements of domain wall magnetoresistance

in systems where the impurity concentration is varied while keeping other param-

eters (system geometry, temperature, etc) constant. For such an experiment the

lithography approach [152] would be ideal, as it allows for relatively clean samples

whose geometry can be well controlled. Wires fabricated by electrodeposition [27]

are less suitable, as this process inherently introduces a large amount of defects,

leading to large disorder.

A key finding of this thesis is that domain wall magnetoresistance is due to

both intrinsic (inside domain wall) and extrinsic (adjacent to domain wall) impurity

scattering. A test of this result may be possible experimentally by constructing

a nanowire with localized constrictions, or “notches”, where the transverse wire

dimension is reduced. Such notches act as pinning centres since the formation of

domain walls is energetically favourable [37]. If it were experimentally feasible to

fabricate a series of wires with an identical notch geometry, but with different levels

of impurities in the regions surrounding the notch, it may be possible to observe
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the influence of extrinsic scattering. In the case of strong impurity concentration in

the regions surrounding the notch, the results of Chapter 5 suggest that one should

expect large magnetoresistance effects. On the other hand, for clean samples there

would be much less scattering and the effect would be reduced.

Finally, we saw in Chapter 4 that the resistance associated with a domain wall

can vary dramatically according to whether the transport is coherent or incoherent.

Indeed, the sign of the domain wall magnetoconductance may become negative.

Furthermore, the presence of a domain wall reduces the magnitude of conductance

fluctuations. In order to observe this experimentally, it would be interesting to per-

form experimental measurements of domain wall resistance at very low temperature

in highly disordered samples. This does not correspond to the situation of typical

recent experiments, which may explain why such coherence-related phenonema have

not been reported.

7.3 Outlook and future perspectives

We conclude with a discussion of some possible improvements and extensions of the

work in this thesis.

Perhaps the most obvious, and severe, approximation in our work is the use of

the sd model to describe the electronic structure of a ferromagnetic metal. As we de-

scribed in Section 1.4.3, a number of works have tackled the problem of domain wall

transport using ab initio methods, which offer, in principle, a realistic description

of the electron structure. In practice, however, these methods are limited to rather

small system sizes, and are most useful for the case of domain walls in nanocontacts.

To treat domain walls in larger systems such as nanowires, whose dimensions are

on the order of tens of nanometers, ab initio methods must usually resort to a sort

of “supercell” approximation in which the system is made up of many repeating

sub-units. While this is acceptable as a description of perfectly ordered systems, it

is unsuitable for systems with disorder, as it does not provide sufficient randomness.

Therefore, conceding that ab initio methods may not yield a feasible alternative to

the sd model without a dramatic advance in computing power, improvements may

be envisaged at the phenomenological level. In particular, such an improvement

could be found by incorporating a more realistic Fermi surface for the s electrons,

while staying within the general framework of the sd model.
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In our model, the Hamiltonian for conduction electrons does not contain the

vector potential resulting from the orbital interaction with the magnetization. The

magnitude of this term is known to be small for systems with nanometer dimensions

[20], and therefore to a first approximation it is reasonable to ignore its effect.

Moreover, in the conceptual two-dimensional system considered in this work, we

can avoid the effect of the orbital term by assuming that the magnetization is in

the plane of the wire. Nevertheless, for a complete understanding of the problem it

would be desirable to understand the effect of the orbital term at the quantitative

level. For the coherence-related phenomena described in Sections 4.5 and 4.6 it may

actually be significant since, for example, the weak localization effect is known to

be suppressed by the orbital effect of a magnetic field [140]. On a technical level,

incorporating the orbital term would represent a significant complication, since new

basis states would need to be found for both uniform and domain wall regions. In the

uniform region, such solutions are known [6], but for the domain wall region no such

solutions have, to our knowledge, been found. An alternative approach which could

be used is the Recursive Green’s Function (RGF) method [135, 136, 137, 138, 97],

which allows an orbital field term to be included via the Peierls substitution.

The effect of electron-electron interactions also remains to be investigated. In the

sd model, the most important interaction is between the s and d sub-bands, which

we treated using an effective field. However, this approach ignores the back-action of

the s electrons on the d electrons, which could give rise to non-trivial dynamics such

as spin wave excitation. As we noted in Section 1.3.3, some recent works have begun

to address the interplay between s and d electrons, using a micromagnetic Landau-

Lifschitz-Gilbert description of the magnetization system. Further work is needed to

clearly understand this interaction and how it is affected by the presence of a domain

wall. We have also ignored many-body effects arising from the electron-electron

interaction within the s band, which has recently been treated in a strictly one

dimensional setting for the case of Luttinger liquids [153]. However, for nanowires

with diameter on the order of tens of nanometers, there are usually sufficiently many

conduction electrons for screening to suppress such correlation effects.

We have considered in this thesis only the simplest case of a one-dimensional

domain wall profile. However, it is known that two- and three-dimensional vortex

wall structures can occur in nanowires [10,84]. To our knowledge, transport in such

walls has never been considered explicitly. The technical difficulty of treating such

walls is that the corresponding spin-dependent potential does not allow separation of
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longitudinal and transverse components. Thus, even in the ballistic case, such a wall

would lead to mixing of transverse conductance channels, significantly complicating

the problem. To treat this case, a numerical method such as the RGF method

mentioned above would probably be necessary.

Our description of spin relaxation via spin-flip scattering in Chapters 3 and 5 was

based on the simplifying assumption of independent transport for the two spin sub-

bands over a length lsd, the spin-diffusion length, followed by abrupt re-equilibration.

Based on the success of the two-resistor model, we expect such a description to

be valid for our problem, however, this has not been verified quantitatively. In

our scattering matrix model, it would be straightforward to incorporate spin-flip

scattering using delta-function scatterers with off-diagonal (in spin space) matrix

elements, thereby providing a more realistic description of spin relaxation. This

would be a useful check on the validity of our approximate approach, and would

also permit the study of regimes in which spin-flip scattering occurs on a length

scale equivalent to that for spin-conserving scattering, which is of interest in certain

cases [154].

An important aspect of diffusive transport in ferromagnetic systems not included

in our model is the anisotropic magnetoresistance (AMR) effect. We saw in Sec-

tion 1.2.3 that AMR arising from the different orientation of domains in the uniform

and multi-domain cases is an important consideration for experiments seeking to

measure domain wall magnetoresistance. This effect can be accounted for in various

ways, such as by carrying out measurements in perpendicular directions [20]. How-

ever, there should also be an AMR effect arising from the rotating magnetization

direction inside the domain wall. As far as we are aware, this effect is not taken into

account in the analysis of experimental results, and has not been considered in any

existing theoretical works. A possible extension of our impurity scattering model

would be to introduce an anisotropy term in the delta-function scattering matrices,

which would enhance the component of scattering corresponding to the direction of

the magnetic hard axis.
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Appendix A

Calculation of scattering matrix

elements

The purpose of this appendix is to give the necessary formulas for the calculation of

the transmission and reflection amplitudes which comprise the scattering matrices

used in Chapters 4 and 5. In Section A.1 we present formulas for the scattering

matrices of the domain wall interfaces, together with the ballistic domain wall scat-

tering states used in Chapter 2. In Section A.2 we present formulas for the scattering

matrices of a delta function scatterer, in both uniform and domain wall regions.

A.1 Domain wall interfaces

A.1.1 Left and right interfaces

The elements of the scattering matrices of the domain wall interfaces, s̃(L,R), are

obtained as coefficients of scattering states constructed from the basis states of

Eqs. (2.14) and (2.23). For an electron of spin σ incident from the left on the left

wall interface at z = 0, for example, the relevant scattering state is

Ψ(L)>
σn (~r) =


ψ>

σn(~r) + r
(L)
σn;σnψ<

σn(~r) + r
(L)
−σn;σnψ

<
−σn(~r) , z < 0 ,

t
(L)
σn;σnψ>

σn(~r) + t
(L)
−σn;σnψ

>
σn(~r) , z > 0 .

(A.1)
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Note that the right wall interface at z = λ is ignored in constructing this state,

which is equivalent to assuming that the domain wall region extends to infinity as a

repeating spiral. Also, the coefficients corresponding to scattering between different

transverse modes, n′ 6= n, are zero, since the domain wall profile depends only on the

longitudinal coordinate. The corresponding scattering states for electrons incident

on the left interface from the right, Ψ
(L)<
σn (~r), and on the right interface from both

directions, Ψ
(R)≷
σn (~r), are constructed in a similar way.

The reflection and transmission amplitudes are found by imposing continuity of

Ψ
(L,R)≷
σn (~r) and ∂Ψ

(L,R)≷
σn (~r)/∂z at z = 0 (L) or z = λ (R). In this way, we obtain

4×4 sets of equations involving r̃
(L,R)
±σn;σn, t̃

(L,R)
±σn;σn and r̃

′(L,R)
±σn;σn, t̃

′(L,R)
±σn;σn. For r̃

(L)
σ′n;σn and

t̃
(L)
σ′n;σn these equations read (for clarity we omit the n and L labels):

1 + r̃σσ =

√
vσ

ṽσ

t̃σσ + iA−σ

√
vσ

ṽ−σ

t̃−σσ, (A.2a)√
vσ

v−σ

r̃−σσ = iAσ

√
vσ

ṽσ

t̃σσ +

√
vσ

ṽ−σ

t̃−σσ, (A.2b)

ikσ(1− r̃σσ) = i(k̃σ − σkλAσ)

√
vσ

ṽσ

t̃σσ − (σkλ + k̃−σA−σ)

√
vσ

ṽ−σ

t̃−σσ,

(A.2c)

−ik−σ

√
vσ

v−σ

r̃−σσ = (σkλ − k̃σAσ)

√
vσ

ṽσ

t̃σσ + i(k̃−σ + σkλA−σ)

√
vσ

ṽ−σ

t̃−σσ,

(A.2d)

while for r̃
′(L)
σ′n;σn and t̃

′(L)
σ′n;σn we have

1 + r̃′σσ + iA−σ

√
ṽσ

ṽ−σ

r̃′−σσ =

√
ṽσ

vσ

t̃′σσ, (A.3a)

−iAσ(1− r̃′σσ) +

√
ṽσ

ṽ−σ

r̃′−σσ =

√
ṽσ

v−σ

t̃′−σσ, (A.3b)

−i(k̃σ − σkλAσ)(1− r̃′σσ)− (σkλ + k̃−σA−σ)

√
ṽσ

v−σ

r̃′−σσ = −ikσ

√
ṽσ

vσ

t̃′σσ,

(A.3c)

(σkλ − k̃σAσ)(1 + r̃′σσ) + i(k̃−σ + σkλA−σ)

√
ṽσ

v−σ

r̃′−σσ = −ik−σ

√
ṽσ

v−σ

t̃′−σσ.

(A.3d)
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Because of the symmetry of the linear domain wall profile of Eq. (2.22), only the

equations for the elements of s̃(L) need be shown. The elements of s̃(R) can then be

found by solving Eqs. (A.2–A.3) after interchanging rσ′σ ↔ r′σ′σ, tσ′σ ↔ t′σ′σ and

replacing kλ → −kλ.

A.1.2 Ballistic domain wall

The transmission and reflection amplitudes corresponding to transport through a

ballistic domain wall can be obtained from the scattering states defined in Eq. (2.30).

Here there are 8 coefficients, corresponding to reflection and transmission into both

spin channels, in addition to left and right propagation in both spin channels inside

the wall region. The resulting 8 × 8 set of equations is (we omit the labels for the

transverse channel number n):

1 + rσσ = γ>
σσ + γ<

σσ + iA−σ(γ>
−σσ − γ<

−σσ) , (A.4a)√
kσ/k−σr−σσ = iAσ(γ>

σσ − γ<
σσ) + γ>

−σσ + γ<
−σσ , (A.4b)

ikσ(1− rσσ) = i(k̃σ − σkλAσ)(γ>
σσ − γ<

σσ)

− (σkλ + k̃−σA−σ)(γ>
−σσ + γ<

−σσ) , (A.4c)

−i
√
kσk−σr−σσ = (σkλ − k̃σAσ)(γ>

σσ + γ<
σσ)

+ i(k̃−σ + σkλA−σ)(γ>
−σσ − γ<

−σσ) , (A.4d)

ϕσtσσ = ϕ̃σγ
>
σσ + ϕ̃−1

σ γ<
σσ + iA−σ(ϕ̃−σγ

>
−σσ − ϕ̃−1

−σγ
<
−σσ) , (A.4e)

ϕ−σ

√
kσ/k−σt−σσ = iAσ(ϕ̃σγ

>
σσ − ϕ̃−1

σ γ<
σσ) + ϕ̃−σγ

>
−σσ + ϕ̃−1

−σγ
<
−σσ , (A.4f)

ikσϕσtσσ = i(k̃σ − σkλAσ)(ϕ̃σγ
>
σσ − ϕ̃−1

σ γ<
σσ)

− (σkλ + k̃−σA−σ)(ϕ̃−σγ
>
−σσ + ϕ̃−1

−σγ
<
−σσ) , (A.4g)

i
√
kσk−σϕ−σt−σσ = (σkλ − k̃σAσ)(ϕ̃σγ

>
σσ + ϕ̃−1

σ γ<
σσ)

+ i(k̃−σ + σkλA−σ)(ϕ̃−σγ
>
−σσ − ϕ̃−1

−σγ
<
−σσ) , (A.4h)

where we have introduced

ϕσ = eikσλ , ϕ̃σ = eik̃σλ . (A.5)

Alternatively, the scattering amplitudes for a ballistic wall can be found by using
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Eqs. (4.6) to combine the scattering matrices for each interface, s̃(L) and s̃(R), with

the matrix q̃(λ) for ballistic propagation from z = 0 to z = λ (Eq. (4.7)).

A.2 Delta function scatterer

We now consider the scattering matrices for a delta function scatterer located in

regions of uniform and rotating magnetization, s(δ)(yα) and s̃(δ)(yα). The potential

for a single delta function may be defined as:

Vδ(~r) = δ(~r − ~r0)

u+ 0

0 u−

 , (A.6)

where ~r0 denotes the position of the scatterer and u± are the spin-dependent ampli-

tudes with respect to the local spin basis.

A.2.1 Uniform region

The scattering matrix for a delta function located in a uniformly magnetized region,

s(δ)(yα), can be obtained using the result for a spin-independent delta function

potential. A detailed derivation is given in Ref. [130], so we simply quote the result:

t
(δ)
σ′n′;σn = t

′(δ)
σ′n′;σn = δσ′σ

[
M−1

σ

]
n′n

, (A.7a)

r
(δ)
σ′n′;σn = r

′(δ)
σ′n′;σn = t

(δ)
σ′n′;σn − δn′n, (A.7b)

where Mσ is an Nσ ×Nσ matrix with elements

[Mσ]n′n = δn′n +
iuσφn′(yα)φn(yα)

~√vσn′vσn

. (A.8)

It should be noted that in this solution, only the propagating modes (n ≤ Nσ)

are included. This is not strictly correct, since the delta function potential also

couples to evanescent modes (n > Nσ). However, the transmission and reflection

probabilities corresponding to these modes are zero, and hence their omission does

not change significantly the results for the propagating modes, provided the Fermi
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energy is not close to the opening of a conductance channel [155].

A.2.2 Domain wall region

For a delta function located inside a domain wall, the scattering matrix s̃(δ)(yα) is

more complicated than in the uniform case, since the domain wall basis states ψ̃σn(~r)

couple up and down spin components. In the following we derive a set of equations

permitting the calculation of s̃(δ)(yα).

We begin by defining the scattering state for an electron incident on the delta

function from the left:

Ψ̃(δ) >
σn (~r) =


ψ̃>

σn(~r) +
Ñσ∑

n′=1

∑
σ′=±

r̃
(δ)
σ′n′;σnψ̃

<
σ′n′(~r), z < z0,

Ñσ∑
n′=1

∑
σ′=±

t̃
(δ)
σ′n′;σnψ̃

>
σ′n′(~r), z > z0.

(A.9)

This scattering state differs from the ones in Eqs. (2.30) and (A.1) because it con-

tains scattered components in different transverse modes n′. There are therefore

Ñσ equations to be solved instead of 4 or 8. As for the delta function in a uniform

potential discussed above, it is convenient to write the solution as the inverse of a

matrix.

As usual, the wavefunction Ψ̃
(δ) >
σn (~r) must be continuous at z = z0. Equating the

components of Eq. (A.9) at z = z0 and using Eq. (2.23), we obtain the reflection

amplitudes in terms of the transmission amplitudes:

r̃
(δ)
σn′;σn =

1

1 + βn′

[
(1− βn′)(t̃

(δ)
σn′;σn − δn′n) + 2iAσ,n′ t̃

(δ)
−σn′;σn

]
, (A.10a)

r̃
(δ)
−σn′;σn =

1

1 + βn′

[
2iAσ,n′(t̃

(δ)
σn′;σn − δn′n) + (1− βn′)t̃

(δ)
−σn′;σn

]
, (A.10b)

where we have defined βn = AσnA−σn.

The presence of the delta function at ~r0 leads to a discontinuity in ∂Ψ̃
(δ) >
σn (~r)/∂z

at z = z0. Integrating the Hamiltonian corresponding to the potential Vδ(~r) over

z0− ε < z < z0 + ε and letting ε→ 0 we find the relation between the derivatives of
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each spin component of Ψ̃
(δ)
σn(~r):

∂

∂z
[Ψ̃(δ) >

σn (~r)]σ|z=z0+0 −
∂

∂z
[Ψ̃(δ) >

σn (~r)]σ|z=z0−0 =
2muσ

~2
δ(~r⊥ − ~r⊥,0)[Ψ̃

(δ) >
σn (~r)]σ|z=z0 .

(A.11)

Substituting Eq. (A.9) into this equation and using the results of Eqs. (A.10), we

obtain

Ñσ∑
n′=1

φn′(~r⊥)

[
2i

1 + βn′
(k̃σn′ + βn′ k̃−σn′)(τσn′;σn − δn′n)

− 2muσ

~2
δ(~r⊥ − ~r⊥,0)τσn′;σn

]
= 0, (A.12a)

Ñσ∑
n′=1

φn′(~r⊥)

[
2i

1 + βn′
(k̃−σn′ + βn′ k̃σn′)(τ−σn′;σn − iAσn′δn′n)

− 2mu−σ

~2
δ(~r⊥ − ~r⊥,0)τ−σn′;σn

]
= 0, (A.12b)

where we have defined

τσn′;σn = t̃
(δ)
σn′;σn + iA−σnt̃

(δ)
−σn′;σn, τ−σn′;σn = iAσnt̃

(δ)
σn′;σn + t̃

(δ)
−σn′;σn. (A.13)

We then multiply by φn′′(~r⊥), where n′′ is arbitrary, and integrate over ~r⊥, using the

orthonormality of the functions φn(~r⊥). After some simplification, making use of

the general relation f(n′)δn′′n′ = f(n′′)δn′′n′ for an arbitrary function f(n), we arrive

at the following relations:

Ñσ∑
n′=1

{
δn′′n′ −

muσ

i~2

(1 + βn′′)φn′(~r⊥,0)φn′′(~r⊥,0)

k̃σn′′ + βn′′ k̃−σn′′

}
τσn′;σn = δn′′n, (A.14a)

Ñσ∑
n′=1

{
δn′′n′ −

mu−σ

i~2

(1 + βn′′)φn′(~r⊥,0)φn′′(~r⊥,0)

k̃−σn′′ + βn′′ k̃σn′′

}
τ−σn′;σn = iAσn′′δn′′n, (A.14b)

Defining the Ñσ × Ñσ matrix[
M̃σ

]
n′n

= δn′n −
muσ

i~2

(1 + βn′)φn′(yα)φn(yα)

k̃σn′ + βn′ k̃−σn′
, (A.15)
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we see that Eqs. (A.14) are equivalent to

τσn′;σn =
[
M̃−1

σ

]
n′n

, (A.16a)

τ−σn′;σn = iAσn

[
M̃−1

−σ

]
n′n

. (A.16b)

We thus have the following definition for the amplitudes t̃
(δ)
σn′;σn and r̃σ′n′;σn:

t̃
(δ)
σn′;σn = t̃

′(δ)
σn′;σn =

√
ṽσn′

ṽσn

1

1 + βn′
(τσn′;σn − iA−σn′τ−σn′;σn) , (A.17a)

t̃
(δ)
−σn′;σn = −t̃′(δ)−σn′;σn =

√
ṽ−σn′

ṽσn

1

1 + βn′
(−iAσn′τσn′;σn + τ−σn′;σn) , (A.17b)

r̃
(δ)
σn′;σn = r̃

′(δ)
σn′;σn =

√
ṽσn′

ṽσn

1

1 + βn′
(τσn′;σn + iA−σn′τ−σn′;σn − (1− βn′)δn′n) ,

(A.17c)

r̃
(δ)
−σn′;σn = −r̃′(δ)−σn′;σn =

√
ṽ−σn′

ṽσn

1

1 + βn′
(iAσn′τσn′;σn + τ−σn′;σn − 2iAσn′δn′n) ,

(A.17d)

with τσ′n′;σn defined by Eqs. (A.16).

The amplitudes in Eqs. (A.7) and (A.17) determine the matrices s(δ)(yα) and

s̃(δ)(yα) that are composed numerically for each impurity configuration in order to

obtain the total transmission coefficients in various regimes.
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Appendix B

Perturbation theory for

conductance in weak disorder limit

In the limit of weak disorder, uσ → 0, transport through the impurity potential

Vimp(~r) (Eqs. (4.2–4.4)) can be treated within the Born approximation. This ap-

proach yields the scattering amplitudes to lowest order in uσ. In this appendix,

we begin by calculating the individual amplitudes and probabilities for scattering

from a disordered region in Section B.1. We then calculate in Section B.2 scatter-

ing coefficients for a domain wall, including the wall interfaces, within the large pF

approximation (introduced in Section 2.3.4). In Section B.3 we calculate the total

spin-dependent transmission, obtaining formulas which provide useful insight into

results obtained in Chapter 4. As in Chapter 4, we consider only the 2D case here.

B.1 Scattering amplitudes in Born approximation

For the scattering potential Vimp(~r) located in a uniformly magnetized region from

0 ≤ z ≤ λ, the Born approximation for the transmission and reflection amplitudes

t
(uni)
σ′n′;σn and r

(uni)
σ′n′;σn can be written in the form [122,130]

t
(uni)
σ′n′;σn = δσ′σδn′n −

i

~√vσ′n′vσn

∫
d~r ψ>†

σ′n′(~r)Vimp(~r)ψ
>
σn(~r), (B.1a)

r
(uni)
σ′n′;σn = − i

~√vσ′n′vσn

∫
d~r ψ<†

σ′n′(~r)Vimp(~r)ψ
>
σn(~r). (B.1b)
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Substituting Eq. (2.14) for the basis states ψ≷
σn(~r), this yields

t
(uni)
σ′n′;σn ' δσ′σeikσ′n′λ

{
δn′n −

iuσ

~√vσn′vσn

Ni∑
α=1

φn′(yα)φn(yα)ei(kσn−kσn′ )xα

}
,

(B.2a)

r
(uni)
σ′n′;σn ' −δσ′σ

iuσ

~√vσn′vσn

Ni∑
α=1

φn′(yα)φn(yα)ei(kσn′+kσn)xα . (B.2b)

For the scattering coefficients from the right, t
′(uni)
σ′n′;σn and r

′(uni)
σ′n′;σn, the equivalent

formulas are obtained by reversing the direction of propagation of the wavefunctions

(interchanging > and <).

In the case where Vimp(~r) is located inside a domain wall region, the equivalent

amplitudes t̃
(uni)
σ′n′;σn and r̃

(uni)
σ′n′;σn are calculated using Eqs. (B.1) with the spiral basis

functions ψ̃≷
σn(~r) (Eq. (2.23)) and velocities ṽσn (Eq. (2.24c)). The domain wall case

is more complicated than the uniform one because scattering from the wall interfaces

at z = 0, λ leads to mixing of up and down spin channels. It is most convenient

first to calculate amplitudes for transport through the disordered region 0 < z < λ,

not including the interfaces, which we write as t̃
(Ni×δ)
σ′n′;σn and r̃

(Ni×δ)
σ′n′;σn. Formally, these

coefficients correspond to a scenario in which the rotating potential θ(z) = πz/λ is

valid for all z, so that the asymptotic states are the domain wall basis states ψ̃≷
σn(~r).

Within the Born approximation, these amplitudes are given by

t̃
(Ni×δ)
σn′;σn ' eik̃σn′λ

{
δn′n −

i (uσ + u−σAσn′Aσn)

~
√
ṽσn′ ṽσn

Ni∑
α=1

φn′(yα)φn(yα)ei(k̃σn−k̃σn′ )xα

}
,

(B.3a)

t̃
(Ni×δ)
−σn′;σn ' eik̃−σn′λ

u−σAσn − uσA−σn′

~
√
ṽ−σn′ ṽσn

Ni∑
α=1

φn′(yα)φn(yα)ei(k̃σn−k̃−σn′ )xα , (B.3b)

r̃
(Ni×δ)
σn′;σn ' − i (uσ − u−σAσn′Aσn)

~
√
ṽσn′ ṽσn

Ni∑
α=1

φn′(yα)φn(yα)ei(k̃σn+k̃σn′ )xα , (B.3c)

r̃
(Ni×δ)
−σn′;σn ' u−σAσn + uσA−σn′

~
√
ṽσn′ ṽσn

Ni∑
α=1

φn′(yα)φn(yα)ei(k̃σn+k̃−σn′ )xα . (B.3d)

To calculate the average scattering probabilities, it is necessary to take the

squared magnitude of the quantities in Eqs. (B.2–B.3) and then average over the

impurity positions ~rα. Because the positions of different impurities are uncorrelated,
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the average of terms involving two different impurities are approximately a factor

1/kFLz smaller than those involving a single impurity. They are therefore negligible,

and the scattering is dominated by the single impurity scattering events [136].

We note that the diagonal transmission probabilities T
(uni)
σn;σn and T̃

(Ni×δ)
σn;σn , which

are equal to unity in the limit uσ = 0, cannot be calculated simply by taking the

absolute square of the amplitudes in Eqs. (B.2a) and (B.3a). This is due to the

presence of the factor δn′n, which means that the O(u2
σ) term in the amplitude (not

given in Eqs. (B.2a) and (B.3a)) also contributes an O(u2
σ) term in the corresponding

probability. It is therefore necessary either to calculate the amplitudes to O(u2
σ)

or, more conveniently, to use conservation of probability to express the diagonal

transmission in terms of the other probabilities.

With these considerations, we find the average probabilities in the uniform case

as follows:

〈R(uni)
σn′;σn〉 = niu

2
σ

Lz

Ly

(
1 + 1

2
δn′n
)

~2vσn′vσn

, (B.4a)

〈T (uni)
σn′;σn〉 = 〈R(uni)

σn′;σn〉, n′ 6= n, (B.4b)

〈T (uni)
σn;σn〉 = 1− niu

2
σ

Lz

Ly

Nσ∑
n′=1

2− 1
2
δn′n

~2vσn′vσn

. (B.4c)

In the domain wall case, the probabilities corresponding to the amplitudes in

Eqs. (B.3) are given by

〈R̃(Ni×δ)
σn′;σn 〉 =

niLz

Ly

1 + 1
2
δn′n

~2ṽσn′ ṽσn

(uσ − u−σAσn′Aσn)2 , (B.5a)

〈R̃(Ni×δ)
−σn′;σn〉 =

niLz

Ly

1 + 1
2
δn′n

~2ṽ−σn′ ṽσn

(u−σAσn + uσA−σn′)
2 , (B.5b)

〈T̃ (Ni×δ)
σn′;σn 〉 =

niLz

Ly

1 + 1
2
δn′n

~2ṽσn′ ṽσn

(uσ + u−σAσn′Aσn)2 , n′ 6= n, (B.5c)

〈T̃ (Ni×δ)
σn;σn 〉 = 1− 〈R̃(Ni×δ)

σn;σn 〉 −
Ñσ∑

n′=1,
n′ 6=n

[
〈R̃(Ni×δ)

σn′;σn 〉+ 〈T̃ (Ni×δ)
σn′;σn 〉

]

−
Ñ−σ∑
n′=1

[
〈R̃(Ni×δ)

−σn′;σn〉+ 〈T̃ (Ni×δ)
−σn′;σn〉

]
, (B.5d)

〈T̃ (Ni×δ)
−σn′;σn〉 =

niLz

Ly

1 + 1
2
δn′n

~2ṽ−σn′ ṽσn

(u−σAσn − uσA−σn′)
2 . (B.5e)
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B.2 Inclusion of wall interfaces in large pF limit

To calculate the transmission and reflection of a domain wall, it is necessary to

include the effect of scattering from the interfaces at z = 0, λ. This is non-trivial

in general, since reflection from the interfaces means that multiple paths through

the disordered region must be considered. In the coherent case, the situation is

further complicated by interference between scattering events in the forward and

time-reversed paths. A considerable simplification is achieved if we restrict our

attention to the case where the effective wall width, pF, is large. We developed

an asymptotic solution for this case in Section 2.3.4, which gives the domain wall

interface scattering amplitudes to O(1/p2
F):

r̃
(L,R)
σ′n′;σn = r̃

′(L,R)
σ′n′;σn = 0, (B.6a)

t̃
(L,R)
σn′;σn = t̃

′(L,R)
σn′;σn = δn′n

(
1− 1

2p2
n

)
, (B.6b)

t̃
(L,R)
−σn′;σn = −t̃′(L,R)

−σn′;σn = ∓δn′n
i

pn

. (B.6c)

Because reflection from the interfaces is zero in this approximation, the transmission

through the entire domain wall, including the interfaces in addition to the disordered

region, is found simply by multiplying the transmission of each part. Furthermore,

since the interface transmission is diagonal in transverse channel number, only in-

termediate spin states need to be summed over.

It is simplest to consider the incoherent case, where the probabilities are taken

before combining with the interfaces, since the results of Eqs. (B.4–B.5) can be used

directly. In particular, for the transmission and reflection probabilities from the left

we have

〈T̃ (dw)
σ′n′;σn〉 =

∑
σ1,σ2=±

T̃
(R)
σ′n′;σ1n′〈T̃

(Ni×δ)
σ1n′;σ2n〉T̃

(L)
σ2n;σn , (B.7a)

〈R̃(dw)
σ′n′;σn〉 =

∑
σ1,σ2=±

T̃
′(L)
σ′n′;σ1n′〈R̃

(Ni×δ)
σ1n′;σ2n〉T̃

(L)
σ2n;σn . (B.7b)

Using these equations, it is straightforward to obtain 〈T̃ (dw)
σ′n′;σn〉 and 〈R̃(dw)

σ′n′;σn〉 by

substituting Eqs. (B.5–B.6). However, the resulting expressions are rather long, so

we do not show them explicitly here.
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B.3 Results for total spin-dependent transmis-

sion

We now use the results of Sections B.1–B.2 to obtain some results relating to the

total spin-dependent transmission and reflection, Tσ′σ and Rσ′σ (Eq. (2.2a)). These

are found by summing the individual probabilities, Tσ′n′;σn and Rσ′n′;σn, over all n

and n′. It is convenient to express the result in terms of the mean free path lσ

(Eq. (4.16)).

We begin with the uniform case, for which we find

〈R(uni)
σ′σ 〉 = δσ′σ

π

2

NσLz

lσ
F1(Nσ), (B.8a)

〈T (uni)
σ′σ 〉 = Nσ − 〈R(uni)

σ′σ 〉, (B.8b)

where

F1(Nσ) =
kσ,FLy

πNσ

(
2

Ly

)2 Nσ∑
n′=1

Nσ∑
n=1

1 + 1
2
δn′n

kσnkσn′
. (B.9)

Here F1(Nσ) is a form factor which takes account of the finite number of channels

and reduces to unity in the limit Nσ →∞.

For the domain wall case, 〈T̃ (dw)
σ′σ 〉 and 〈R̃(dw)

σ′σ 〉 are found by summing over n and

n′ in Eqs. (B.7a), which yields rather cumbersome expressions. Within the large pF

approximation, these are simplified somewhat by noting that k+,F ' k−,F ' kF and

Ñ+ ' Ñ− ≡ N . Additionally, for large Ly we have N → kFLy/π.

Of particular interest is the transmission with spin mistracking, 〈T̃ (dw)
−σσ 〉, given

by

〈T̃ (dw)
−σσ 〉 =

2N

3p2
F

{
F2(N)− 6

π

Lz

l+

N

kFLy/π

[
ρ+

π2

8
(1 + ρ2)F3(N) +

(1 + ρ)2

8N

]}
,

(B.10)
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where

F2(N) =
3

2

[
1−

(
π

kFLy

)2
(N + 1)(2N + 1)

6

]
, (B.11)

F3(N) =
8

N2π2

N∑
n′=1

N∑
n=1

kn

kn′
. (B.12)

Here F2(N) and F3(N) are form factors which reduce to unity in the limit Ly →∞.

Eq. (B.10) shows that the initial slope of T̃
(dw)
−σσ as a function of 1/l+ is always

negative, which explains the behaviour shown in the inset of Figure 4.4.

The perturbative approach also permits useful insight into the spin-dependent

difference in transmission 〈∆Tσ〉. Here we find

〈∆Tσ〉 = −σ 4

π

ρ− 1

p2
F

NLz

l+

(
Nπ

kFLy

){
π2

8
F3(N) +

1

2N

}
. (B.13)

Eq. (B.13) shows that 〈∆Tσ〉 increases linearly with 1/l+ for weak disorder, with a

slope whose sign depends on σ. This explains the behaviour of 〈∆Tσ〉 observed in

Figure 4.5b.

Interestingly, the sum 〈∆T+〉 + 〈∆T−〉 in Eq. (B.13) is zero, implying that the

intrinsic magnetoconductance 〈∆g〉 is zero to first order in 1/l+. This is in agreement

with our numerical results for 〈∆g〉, which show a quadratic dependence on 1/l+ for

small disorder.

Finally, we point out that for spin-independent disorder, ρ = 1, Eq. (B.13)

predicts 〈∆Tσ〉 = 0. This is because in this case the only spin dependence of

scattering comes from the difference in the up and down wavevectors, which was

treated as zero in the approximation used to derive Eq. (B.13).



Appendix C

One-dimensional toy model for

spin mistracking

The results of Section 4.4 show that transport through a sequence of impurity scat-

terers in a domain wall leads to a relative increase of the spin-mixing transmission

and reflection coefficients, T−σσ and R−σσ. In this appendix we gain some insight into

this mechanism through a simple toy model which captures some essential features

of the problem. In particular, consider a one-dimensional sequence of idealized spin-

mixing scatterers for which there is zero reflection and for which the spin-dependent

transmission probabilities are

T = T ′ =

1− ε+ ε−

ε+ 1− ε−

 . (C.1)

Here ε± represent the off-diagonal scattering from a single scatterer, which is as-

sumed to be small (ε± � 1).

The absence of reflection allows us to calculate the total transmission through Ni

scatterers by taking the matrix product TNi .1 Diagonalizing T and taking powers

of the diagonal components, this can be evaluated as

TNi =
1

ε+ + ε−

 ε− + ε+χ
Ni ε−

(
1− χNi

)
ε+
(
1− χNi

)
ε+ + ε−χ

Ni

 , (C.2)

1This model is thus technically equivalent to the so-called Markov chains studied in probability
theory [156].
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where χ = 1− ε+ − ε−. In the limit of infinitely many scatterers this reduces to

T∞ =
1

ε+ + ε−

ε− ε−

ε+ ε+

 . (C.3)

We thus see that the spin-flip scattering, when accumulated over many events,

leads to a complete mixing of spin, with relative weightings determined by εσ/(ε+ +

ε−). In the special case of spin-independent scattering, ε+ = ε−, all matrix elements

in the r.h.s. of Eq. (C.3) are equal and hence, for a given incoming spin direction,

the transmission is mixed equally between both spin directions.

The transmission T∞ reproduces qualitatively the behaviour of the fractional

transmission from Section 4.4, i.e. Tσ′σ/(Tσσ + T−σσ). Obviously, the simplified

picture used here does not reproduce the actual results on a quantitative level.

However, the qualitative resemblance suggests that it captures an essential feature

of transmission through a disordered domain wall, namely, a spin-mixing effect which

accumulates (and saturates) over successive scattering events.



Appendix D

Colophon

This thesis was produced using the LATEX2ε typesetting system with the

hepthesis.cls package written by Andy Buckley (www.insectnation.org). Fig-

ures were produced with the PYX graphics package developed by Jörg Lehmann and

André Wobst (pyx.sourgeforge.net). The thesis and related files were written

using the vim text editor running on Mac OSX.
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[25] U. Rüdiger, J. Yu, L. Thomas, S. S. P. Parkin, and A. D. Kent, Magnetoresis-

tance, micromagnetism, and domain-wall scattering in epitaxial hcp Co films,

Phys. Rev. B 59, 11914 (1999).

[26] A. D. Kent, J. Yu, U. Rüdiger, and S. S. P. Parkin, Domain wall resistivity

in epitaxial thin film microstructures, J. Phys.: Condens. Matter 13, R461

(2001).

[27] U. Ebels, A. Radulescu, Y. Henry, L. Piraux, and K. Ounadjela, Spin Accu-

mulation and Domain Wall Magnetoresistance in 35nm Co Wires, Phys. Rev.

Lett. 84, 983 (2000).
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[104] E. S̆imánek and A. Rebei, Spin transport and resistance due to a Bloch wall,

Phys. Rev. B 71, 172405 (2005).
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[150] A. Hubert and R. Schäfer, Magnetic domains: the analysis of magnetic mi-

crostructures (Springer-Verlag, New York, 1998).

[151] R. Skomski and J. M. D. Coey, Permanent Magnetism (Institute of Physics

Publishing, Bristol, 1999).

[152] I. L. Prejbeanu, M. Viret, L. D. Buda, U. Ebels, and K. Ounadjela, Magne-

totransport measurements as a tool to probe the micromagnetic configurations

in epitaxial Co wires, J. Magn. Magn. Mater. 240, 27 (2002).

[153] R. G. Pereira and E. Miranda, Domain-wall scattering in an interacting one-

dimensional electron gas, Phys. Rev. B 69, 140402R (2004).

[154] D. Penn and M. Stiles, Spin transport for spin diffusion lengths comparable to

mean free paths, Phys. Rev. B 72, 212410 (2005).

[155] P. F. Bagwell, Evanescent modes and scattering in quasi-one-dimensional

wires, Phys. Rev. B 41, 10354 (1990).

[156] G. R. Grimmett and D. R. Stirzaker, Probability and random processes (Oxford

University Press, Oxford, 2004), 3rd ed.


	Introduction
	Domain walls in ferromagnetic systems
	Transport in ferromagnetic systems
	Simplified band structure: the sd model
	Two-resistor model for spin-dependent transport
	Anisotropic magnetoresistance

	Electron transport and domain walls: experiments
	Domain wall magnetoresistance
	Ferromagnetic nanocontacts
	Current-induced domain wall motion

	Theories of domain wall magnetoresistance
	Ballistic approach
	Diffusive approach
	Ab initio approach

	This thesis

	Transport through a ballistic domain wall
	Landauer-Büttiker formalism for spin-dependent transport
	Theoretical model of a ferromagnetic nanowire
	Electronic states in a domain wall
	Basis states of domain wall
	Scattering state solutions
	Domain wall transmission and reflection for small n
	Domain wall transmission for large n

	Conductance properties of a ballistic domain wall
	Ballistic domain wall magnetoconductance
	Adiabaticity parameter for spin-dependent transmission

	Conclusion for Chapter 2

	Domain wall circuit model
	Physical description of circuit model
	Resistance of domain wall circuit
	Domain wall circuit magnetoresistance for small splitting
	Comparison with experiment
	Conclusion for Chapter 3

	Transport through a disordered domain wall: intrinsic properties
	Delta function model of impurity scattering
	Spin-dependent scattering from a single  function

	Scattering matrix approach for coherent and incoherent transport
	Coherent and incoherent transport through a disordered region
	Special case: incoherent, ballistic domain wall

	Generalities of transport through a disordered region
	Disorder-induced enhancement of spin mistracking in domain wall
	Intrinsic domain wall magnetoconductance: sign reversal in coherent case
	Reduction of universal conductance fluctuations in domain wall
	Non-monotonic -dependence of incoherent relative magnetoconductance
	Conclusion for Chapter 4

	Disordered domain wall in nanowire: extrinsic effects
	Domain wall magnetoconductance in a wire: effect of disorder inside domain wall
	Enhancement of domain wall magnetoconductance from extrinsic scattering
	Conclusion for Chapter 5

	Spin-transfer torques and domain wall motion
	Spin-transfer torque in circuit model
	Current-induced domain wall motion: comparison with experiment
	Conclusion for Chapter 6

	Concluding remarks and outlook
	Summary
	Suggestions for experiment
	Outlook and future perspectives

	Calculation of scattering matrix elements
	Domain wall interfaces
	Left and right interfaces
	Ballistic domain wall

	Delta function scatterer
	Uniform region
	Domain wall region


	Perturbation theory for conductance in weak disorder limit
	Scattering amplitudes in Born approximation
	Inclusion of wall interfaces in large pF limit
	Results for total spin-dependent transmission

	One-dimensional toy model for spin mistracking
	Colophon
	Bibliography

