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Abstract

The transmission of digital information over a wireless communication channel gives

rise to a number of issues which can detract from the system performance. Propagation

effects such as multipath fading and intersymbol interference (ISI) can result in significant

performance degradation. Recent developments in the field of iterative detection have led

to a number of powerful strategies that can be effective in mitigating the detrimental

effects of wireless channels. In this thesis, iterative detection is considered for use in

two distinct areas of wireless communications. The first considers the iterative decoding

of concatenated block codes over slow flat fading wireless channels, while the second

considers the problem of detection for a coded communications system transmitting over

highly-dispersive frequency-selective wireless channels.

The iterative decoding of concatenated codes over slow flat fading channels with co-

herent signalling requires knowledge of the fading amplitudes, known as the channel state

information (CSI). The CSI is combined with statistical knowledge of the channel to form

channel reliability metrics for use in the iterative decoding algorithm. When the CSI is

unknown to the receiver, the existing literature suggests the use of simple approximations

to the channel reliability metric. However, these works generally consider low rate con-

catenated codes with strong error correcting capabilities. In some situations, the error

correcting capability of the channel code must be traded for other requirements, such as

higher spectral efficiency, lower end-to-end latency and lower hardware cost. It is shown

that when low complexity concatenated block codes with relatively weak error correcting

capabilities are employed, the use of the conventional channel reliability metrics results in

inadequate performance. This thesis presents a number of new channel reliability metrics

for use in iterative decoding for slow flat fading wireless channels when CSI is unavail-

able to the receiver. Specifically, the exact channel reliability metrics are derived for

the Rayleigh fading channel and the Nakagami-m fading channel when the parameter

m is an integer multiple of1/2. These exact metrics are also approximated using low

complexity cubic polynomials in order to simplify their implementation. Additionally, a

procedure for numerically approximating the channel reliability metric is presented for

the Nakagami-m fading channel, which can be used for any value of the parameterm. It
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is shown that the proposed metrics are suitable replacements for the conventional channel

reliability metrics. In particular, when the error correcting capabilities of the concatenated

code is weak, the conventional metrics are observed to fail, whereas the proposed metrics

are shown to perform well regardless of the error correcting capabilities of the code.

The effects of ISI caused by a frequency-selective wireless channel environment can

also be mitigated using iterative detection. When the channel can be viewed as a fi-

nite impulse response (FIR) filter, the state-of-the-art iterative receiver is the maximum

a posterioriprobability (MAP) based turbo equaliser. However, the complexity of this

receiver’s MAP equaliser increases exponentially with the length of the FIR channel.

Consequently, this scheme is restricted for use in systems where the channel length is

relatively short. In this thesis, the use of a channel shortening prefilter in conjunction

with the MAP-based turbo equaliser is considered in order to allow its use with arbitrarily

long channels. The prefilter shortens the effective channel, thereby reducing the number

of equaliser states. A consequence of channel shortening is that residual ISI appears at

the input to the turbo equaliser and the noise becomes coloured. In order to account for

the ensuing performance loss, two simple enhancements to the scheme are proposed. The

first is a feedback path which is used to cancel residual ISI, based on decisions from past

iterations. The second is the use of a carefully selected value for the variance of the noise

assumed by the MAP-based turbo equaliser. Simulations are performed over a number of

highly dispersive channels and it is shown that the proposed enhancements result in con-

siderable performance improvements. Moreover, these performance benefits are achieved

with very little additional complexity with respect to the unmodified channel shortened

turbo equaliser.
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Chapter 1

Introduction

Since its inception, the role of wireless communications in society has continuously

evolved. In its early years, wireless communications systems were primarily used by

government institutions such as the military. They were later deployed on a large scale

in mobile telephony networks. However, due to high cost and the awkward size of the

user terminals, the widespread use of mobile wireless telephony was initially limited to

mainly government and corporate users. Advances in wireless communications technol-

ogy, in particular those resulting in cost reduction and the miniaturisation of user termi-

nals, paved the way for networks of wireless communications systems to be deployed on

a global scale, for use by the mass consumer market. Today, wireless communications

systems are fundamental to the operation of many modern societies. Wireless communi-

cation continues to be one of the fastest growing segments of the global computing and

communications sector [1]. Furthermore, the demand for novel wireless communication

and information services continues to grow and it appears likely that wireless communi-

cations will remain a fundamental technology of the future.

Whether it be the improved access to well established technologies such as personal

communications; access to emerging technologies such as mobile multimedia; or the de-

velopment of industrial and military technologies such as wireless sensor networks; the

rapid progress of the development of these wireless technologies is in large part due to

vast improvements in modern signal processing techniques.

Major developments in recent years has seen significant improvements in channel

coding techniques. In particular, the introduction of turbo codes [2] in 1993 has had a sig-

nificant influence on the landscape of modern wireless communications. The turbo code,

a parallel concatenation of two recursive systematic convolutional (RSC) codes separated

by an interleaver, achieved a bit error rate (BER) performance within0.7 dB of the Shan-

non capacity limit. The success of the turbo code was not the channel code itself, but

the relatively low complexity with which it was decoded. Instead of optimally decoding
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this complicated code structure, the decoder employs a relatively simple, but powerful,

suboptimal iterative decoding strategy. The decoder exchanges soft probabilistic infor-

mation between two maximuma posterioriprobability (MAP) decoders - one for each

RSC code, in an iterative manner. As a result, the turbo coded system is able to achieve

near Shannon capacity performance at a complexity proportional to that of two relatively

low complexity MAP decoders.

The principles of turbo decoding have since been applied to the detection of numerous

other schemes which could be described as concatenated systems, including serial con-

catenated convolutional codes, concatenated block codes, trellis-coded modulation, joint

channel estimation and decoding, joint equalisation and decoding, joint source-channel

decoding, multiuser detection and space-time coding [3,4].

In this thesis, iterative detection techniques are applied to two distinct wireless com-

munications problems. The first problem considered is the iterative decoding of con-

catenated block codes transmitted over slow flat fading wireless communication chan-

nels, while the second addresses the problem of coded data communications over highly-

dispersive frequency-selective wireless communication channels.

Iterative decoding for flat fading channels

The iterative decoding of concatenated block and convolutional codes has been success-

fully applied to a number of channel environments, including the flat fading wireless

channel. In order to achieve the best possible BER performance in a flat fading wire-

less environment, perfect knowledge of the amplitude and phase of the fading process

is required. This information is combined with the soft-output values of the channel to

produce the so-called channel reliability metrics.

In systems which employ coherent modulations, it is often assumed that the fading

induced phase offsets can be perfectly recovered [5]. When knowledge of the fading am-

plitudes, known as channel state information (CSI) [6], is also available to the receiver,

the flat fading channel can be viewed as an additive white Gaussian noise (AWGN) chan-

nel conditioned on the known fading amplitudes [7]. In this case, the channel reliability

metrics are obtained by combining the received channel values with the CSI in a process

with linear complexity.

When CSI is not available to the receiver, there are a number of conventional ap-

proaches that are generally used to approximate the channel reliability metrics. If the

channel is correlated, then it may be possible to estimate the CSI using some type of

channel estimation technique. In this case, the channel reliability metrics are obtained us-

ing the estimated CSI, instead of the true fading amplitudes [8]. In certain cases, channel

estimation may be undesirable, for example when the channel exhibits little or no corre-
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lation. In these circumstances, the convention is to assume that all amplitude distortions

are equal to their mean, resulting in a linear approximation to the exact channel reliabil-

ity metric [7]. The performance of iterative receivers using these conventional channel

reliability metrics has been considered in a number of contributions. Performance re-

sults were reported for systems employing coherent binary phase shift keying (BPSK)

signalling over uncorrelated Rayleigh channels [6, 7], correlated Rayleigh channels [9]

and uncorrelated Rician channels [6, 10]. In general, the numerical results reported in

these works showed that the use of the conventional metrics resulted in a small perfor-

mance loss in comparison to the use of the channel reliability metric with perfect CSI.

The difference in performance observed, was approximately the same as the difference

in capacity between the channels considered, with and without CSI available. Conse-

quently, it has been assumed that the use of the conventional channel reliability metrics

resulted in a BER performance which is close to the best possible performance that could

be expected. However, in each of the aforementioned contributions, relatively low rate

concatenated convolutional codes which achieve their target BER performance at low

signal-to-noise ratio (SNR) have been used. Consequently, the literature appears to have

overlooked investigations into the subject matter for a range of concatenated codes, such

as low complexity and/or high rate concatenated codes.

Modern trends in personal communications and wireless computer networks place

a strong emphasis on achieving high bandwidth efficiency at extremely high data rates.

Moreover, modern end-user applications running over these radio links place additional

quality-of-service requirements on the system such as low latency, low error rate and low

jitter. If concatenated codes are to be used in these systems, then high-rate, low latency

codes might be considered. Under these conditions, a class of concatenated block codes

known as block turbo codes (BTCs) have been shown to perform favourably with respect

to concatenated convolutional codes [11,12].

The research presented in this thesis extends the existing literature on iterative decod-

ing for flat fading channels to include the performance of certain BTCs. In particular, an

emphasis has been placed on determining whether iterative decoding using the conven-

tional approximations to the channel reliability metric remain effective when high rate

BTCs of varying error correcting capabilities are employed, as opposed to powerful, low

rate concatenated convolutional codes. Additionally, emphasis has also been placed on

considering BTCs which maintain low latency.

In this thesis, the iterative decoding of high rate BTCs transmitted over Rayleigh and

Nakagami-m distributed flat fading channels has been considered. Specifically, the work

presented in this thesis considers the performance of high rate BTCs of varying error

correcting capabilities when different channel reliability metrics are used, both with and
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without receiver side knowledge of the CSI. For the case when CSI is not available at the

receiver, the exact channel reliability metrics are derived for the Rayleigh fading channel

and for the Nakagami-m fading channel, whenm is an integer multiple of1/2. Further-

more, low complexity cubic approximations to these exact metrics are derived. Addition-

ally, a method for obtaining a cubic polynomial representation of a numerical approxima-

tion to the channel reliability metric is also presented for the Nakagami-m fading channel

when the parameterm takes on values which are not necessarily an integer multiple of

1/2. The BER performance of the considered high rate BTCs using the proposed exact

and cubic representations of the channel reliability metric are then compared against the

conventional approaches to determining the channel reliability metric.

It is shown that when CSI is not available, the best performance is achieved when the

proposed exact channel reliability metric is employed. The performance using the cubic

approximations are also shown to perform close to the exact metric. It is also shown that

when a BTC with relatively strong error correcting capabilities is employed, the conven-

tional linear approximation to the channel reliability metric performs close to the exact

metric and its cubic approximation. This supports the view of the existing literature, that

the linear approximation is an adequate metric to use in iterative detection. However,

when a lower complexity BTC with weaker error correcting capabilities is employed, it

is shown that the use of the conventional linear approximation to the channel reliability

metric exhibits extremely poor performance. Consequently it is shown that, unlike the

exact metric and its cubic approximation, the BER performance using the conventional

linear approximation to the channel reliability metric is dependent on the error correcting

capabilities of the BTC.

Iterative detection for frequency-selective fading channels

When the delay spread of a wireless communication channel exceeds the transmission

symbol interval, the channel becomes frequency-selective and intersymbol interference

(ISI) occurs [13]. In many wireless communications systems, the time-varying nature of

the frequency-selective channel is observed to be static during the transmission of a block

of symbols. Such channels are referred to as block-invariant frequency-selective fading

channels and can be described by a finite-impulse-response (FIR) filter during each block-

invariant fading period. In this thesis, the problem of coded data communications over

highly dispersive block-invariant frequency-selective wireless channels is considered.

Capitalising on the remarkable performance of turbo codes, turbo equalisation was in-

troduced in [14] as an iterative joint equalisation and decoding technique that can achieve

near ISI free performance. This scheme exhibits near optimum performance with a com-

plexity significantly lower than the prohibitively complex receiver which performs opti-
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mum joint equalisation and decoding. The turbo equaliser treats the ISI channel as a rate-1

convolutional code, serially concatenated with an outer convolutional code. The receiver

consists of two soft-output Viterbi algorithm (SOVA) detectors, one acting as a soft-input

soft-output (SISO) equaliser and the other acting as a SISO decoder. The scheme utilises

the turbo principles [2], by iteratively exchanging soft-information between the two SOVA

detectors, improving the estimate of the unknown information sequence with each itera-

tion. In [15], the turbo equaliser was modified to implement SISO MAP detectors, in

place of the SOVA detectors, significantly improving the BER performance. Short of

implementing the generally intractable optimal detection solution, this MAP-based turbo

equaliser remains the state-of-the-art detection scheme for coded communications over

discrete-time FIR channels.

The MAP/SOVA-based turbo equalisers have substantial practical limitations in that

their complexity increases exponentially with the length of the channel memory and the

modulation order. Numerous reduced-complexity alternatives to the MAP/SOVA-based

turbo equalisers have been proposed in the literature which address these limitations.

In general, complexity reduction is achieved by replacing the iterative receiver’s SISO

equaliser with an alternative that is suitable for use over channels with long delay spreads

and/or higher order modulation schemes.

In this thesis, the use of a channel shortening prefilter in conjunction with the MAP-

based turbo equaliser is considered, in order to allow its use with arbitrarily long channel

impulse responses. Specifically, the work presented in this thesis focuses on ISI miti-

gation for highly-dispersive frequency-selective channels. It is shown that the channel

shortened turbo equaliser is a powerful iterative detection scheme, with relatively impres-

sive performance over the severe channels considered.

A consequence of the channel shortening process is that residual ISI appears at the

output of the prefilter and the noise becomes coloured. These effects contribute to con-

siderable performance penalties. In order to mitigate some of the losses incurred, two

novel enhancements to the channel shortened turbo equaliser are proposed. The first en-

hancement considers the use of a soft-decision feedback path, from the system’s SISO

decoder, in order to cancel part of the residual ISI. It is shown that the use of residual

ISI cancellation can improve the performance of the channel shortened turbo equaliser

without significantly adding to the system’s complexity. The second enhancement pro-

poses the use of carefully selected value for the variance of the AWGN, known as an SNR

mismatch. It is shown that the use of a carefully selected SNR mismatch value can result

in significant performance improvements without requiring any change to the structure of

the channel shortened turbo equaliser.
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1.1. THESIS STRUCTURE

The enhanced channel shortened turbo equaliser, which combines the benefits of

residual ISI cancellation and the use of a carefully selected SNR mismatch, is shown

to offer considerable performance benefits compared to the unmodified channel short-

ened turbo equaliser, while requiring very little additional computational complexity. The

proposed enhanced channel shortened turbo equaliser is shown to consistently outperform

the highly regarded linear minimum mean square error (MMSE) turbo equaliser [16] over

each of the highly frequency selective channels considered. Furthermore, the enhanced

channel shortened turbo equaliser is shown to perform remarkably close to the MAP-

based turbo equaliser, even outperforming this state-of-the-art receiver when complexity

is taken into account.

1.1 Thesis Structure

Chapter 2 provides an overview of the wireless communications environment, including

a mathematical description of the wireless communication channel. Under an assumption

of wide-sense stationarity and uncorrelated scatterers [17], two wireless fading channel

models are described: the slow flat fading channel and the block-invariant frequency-

selective fading channel. These channel models are considered in Chapters 4 and 5, re-

spectively.

Chapter 3 provides an overview of channel coding and the fundamental principles

behind iterative detection. Firstly, the principles of trellis-based data detection are de-

scribed. These principles set the premise for an overview of iterative detection which

is provided next. The turbo code and its associated iterative decoding strategy is then

introduced, along with the fundamental principles of turbo detection. Finally, the turbo

principles are applied to two detection schemes of interest in this thesis. The first is the

iterative decoding of BTCs, while the second is an iterative approach to joint equalisation

and decoding, i.e., turbo equalisation.

Chapter 4 considers the transmission of BTCs over flat fading channels, both with

and without CSI available to the receiver. This chapter is devoted to investigating the

performance of the iterative receiver using various implementations of the channel relia-

bility metrics. First, the exact channel reliability metric is derived for the case when CSI

is not available to the receiver for the Rayleigh fading channel. A cubic approximation

to this exact metric is then presented in order to reduce implementation complexity. The

performance of the BTC decoder is then investigated over both uncorrelated and corre-

lated Rayleigh fading channels, using the different channel reliability metrics. Here, per-

formance comparisons using the conventional implementations of the channel reliability

metric are also considered. Subsequently, the exact metric and its low complexity cubic
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1.1. THESIS STRUCTURE

approximation are derived for the Nakagami-m channels, whenm is an integer multiple

of 1/2. For other values ofm, a numerical method for approximating the exact channel

reliability metric is provided. The performance of the BTC decoder employing different

channel reliability metrics is investigated over uncorrelated Nakagami-m channels with

varying values ofm.

Chapter 5 addresses the problem of communicating coded data over block-invariant

frequency-selective fading channels. In order to allow the use of the powerful MAP-based

turbo equaliser for channels with arbitrarily long impulse responses, the use of a channel

shortening prefilter is considered. The resulting scheme is referred to as the channel short-

ened turbo equaliser. A number of well known candidate channel shortening prefilters are

investigated. In order to counter the effects of residual ISI, it is proposed to incorporate

residual ISI cancellation into the iterative receiver structure. Three methods for resid-

ual ISI cancellation are evaluated and compared through simulation. The simplest of

the three considered approaches to residual ISI cancellation is observed to offer the best

performance with only a slight increase in the receiver’s complexity. Consequently, this

method is nominated as a low complexity enhancement to the channel shortened turbo

equaliser. Receiver processing algorithms often require knowledge of the variance of the

noise in the channel. When a receiver assumes a noise variance other than the exact

value, an SNR mismatch [18] is said to have occurred. The effect of SNR mismatch on

the channel shortened turbo equaliser is investigated in detail and it is shown that by utilis-

ing a carefully selected SNR mismatch, significant performance benefits can be observed.

Further investigations are then presented in order to investigate the relationship between

residual ISI and coloured noise, and the observed benefits of SNR mismatch. Four hy-

pothetical simulation models are introduced in order to decouple the effects of residual

ISI and coloured noise and it is shown that the observed SNR mismatch phenomena is re-

lated to the residual ISI. An enhanced channel shortened turbo equaliser is then proposed,

which combines the benefits of residual ISI cancellation and the use of an appropriately

selected SNR mismatch. The proposed enhanced channel shortened turbo equaliser is

compared to a number of well known iterative joint equalisation and decoding schemes

from the literature, including the well respected linear MMSE turbo equaliser [16] and

the state-of-the-art MAP-based turbo equaliser [15].

The major findings and contributions from this thesis are summarised inChapter 6.

Additionally, a number of possible extensions to the work presented in this thesis are also

included in this concluding chapter.
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1.2. SUMMARY OF MAJOR CONTRIBUTIONS

1.2 Summary of Major Contributions

The main contributions of this thesis are now summarised. These contributions have been

made in two distinct areas: iterative decoding for flat fading channels and iterative detec-

tion for frequency-selective fading channels. The considered fields of study are related in

that they both fall under the wider topic of iterative detection based on turbo principles,

and the fact that both are areas of interest in wireless communications. To the best of the

author’s knowledge, these contributions have not been previously published.

Iterative decoding for flat fading channels

The contributions on this subject are presented in Chapter 4. While a number of other

important issues relating to iterative decoding for flat fading channels are also raised in

Chapter 4, the major contributions provided in this chapter are as follows:

• The exact channel reliability metric for the Rayleigh fading channel is derived for an

iterative receiver employing coherent BPSK signalling, without knowledge of the

CSI. This exact metric is then approximated by a low complexity cubic polynomial.

• The exact channel reliability metric for the Nakagami-m fading channel is derived

for an iterative receiver employing coherent BPSK signalling, without knowledge

of the CSI, for values ofm which are an integer multiple of1/2. This exact metric

is also approximated by a low complexity cubic polynomial.

• Numerical results are presented which show that the use of the derived exact chan-

nel reliability metric yields the best possible BER performance for an iteratively

decoded system without CSI, over the flat fading channels considered.

• It is also shown that the cubic approximation to the exact channel reliability metric

affords the system a performance close to the exact channel reliability metric at a

significantly lower complexity.

• Both the exact metric and its cubic approximation are shown to be robust, even

when channel codes with relatively weak error correcting capabilities are employed.

• It is shown through simulation that the conventional approximations to the chan-

nel reliability metric perform near to the exact metric when the error correcting

capabilities of the underlying BTC are relatively strong. However, these conven-

tional approximations to the channel reliability metric exhibit poor performance

when a lower complexity BTC with relatively weak error correcting capabilities is

employed.
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• In the case of the Nakagami-m fading channel, it is observed that as the fading con-

ditions increase in severity, which occurs asm becomes smaller, the performance

penalty due to the use of the conventional linear channel reliability metric is en-

hanced. On the other hand, the exact metric and its cubic approximation are shown

to be robust to both severe and moderate fading conditions.

• Finally, a numerical approximation to the channel reliability metric is provided for

use over any Nakagami-m fading channel, regardless of the value of the parame-

ter m. This numerically obtained metric is shown to exhibit performance benefits

similar to those provided by the cubic approximation to the exact metric.

Iterative detection for frequency-selective fading channels

The contributions on this subject are presented in Chapter 5. While a number of other

important issues relating to iterative detection for frequency-selective fading channels are

also raised in Chapter 5, the major contributions provided in this chapter are as follows:

• A number of channel shortening methods are considered as candidate prefilters for

channel shortened turbo equalisation. Specifically, the investigations consider the

use of a MMSE channel shortening prefilter, optimised according to either a unit-

tap constraint [19] or a unit-energy constraint [20], and the maximum shortening

SNR channel shortening prefilter [21]. The relative performances of the channel

shortened turbo equaliser, using each of the considered channel shortening prefilters

are compared over a variety of highly frequency-selective channels.

• A number of approaches to residual ISI cancellation are proposed and their relative

BER performances are evaluated. It is shown that if the prefilter and the cancella-

tion filter are designed according to a joint mean square error (MSE) cost function,

then the fact that the decision feedback is generally erroneous must be taken into

consideration; otherwise, the performance will be worse than if no residual ISI can-

cellation were performed. It is also shown that the best performance is achieved

when the channel shortening prefilter coefficients are computed independently to

the cancellation filter coefficients. Specifically, the best performance is observed

when the coefficients of the cancellation filter are directly set to the residual im-

pulse response. This latter scheme requires very little additional complexity with

respect to the channel shortened turbo equaliser without residual ISI cancellation.

• It is shown that an appropriately selected SNR mismatch enables a significant cod-

ing gain in the channel shortened turbo equaliser. Moreover, these performance

benefits are achieved without significantly adding to the complexity of the receiver.
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• In order to investigate the phenomena underlying the performance improvements

that are achieved using an appropriately selected SNR mismatch, four hypothetical

simulation models are proposed. These models are used to decouple the relation-

ships between residual ISI and coloured noise, and the observed SNR mismatch

phenomena. The results of the investigations conducted using the hypothetical sim-

ulation models show that both the residual ISI and the colouring of the noise, inde-

pendently result in a considerable performance penalty. It is shown that by inten-

tionally introducing a particular SNR mismatch, some of the penalty incurred as a

result of the residual ISI can be overcome. On the other hand, the performance loss

due to the colouring of the noise is shown to be insensitive to SNR mismatch and

cannot be improved by choosing an appropriate SNR mismatch.

• The enhanced channel shortened turbo equaliser is proposed, which combines the

benefits of residual ISI cancellation and the use of a carefully selected SNR mis-

match. This scheme is shown to offer considerable performance benefits to the

channel shortened turbo equaliser without significantly adding to its overall com-

putational complexity. Moreover, BER performance comparisons against a number

of well known turbo equalisers reveal that the proposed enhanced channel short-

ened turbo equaliser is a very attractive iterative receiver. In particular, this scheme

is favourable for use over highly frequency-selective channels.
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Chapter 2

Wireless Communication Channel

2.1 Introduction

The wireless communication channel is a complex and challenging propagation environ-

ment that can be characterised by various phenomena including multipath and shadowing.

In order to transmit data reliably across a wireless channel, there are many difficulties that

must be overcome. One of the greatest challenges is identifying the nature of a given wire-

less channel. In theory, the propagation of electromagnetic waves over a wireless com-

munication channel could be modelled precisely using electromagnetic field theory [22].

However, in practice this is mathematically complex and generally intractable. More-

over, a model from one propagation scenario, would generally not be applicable to other

propagation scenarios. In order to analyse the wireless communications environment and

engineer wireless communications systems, researchers have developed statistical mod-

els and characterisations for the various effects that can be observed. This has lead to a

range of statistical channel models, that are unique to different wireless propagation envi-

ronments. Detailed treatments of channel modelling and channel characterisation can be

found in standard textbooks, e.g., [13, 23, 24]. The purpose of this chapter is to provide

a brief overview of the wireless propagation environment and to describe the wireless

channel models that are considered in this thesis.

This chapter is organised as follows. A brief description of the small-scale and large-

scale fading phenomena is described in Section2.2. The characterisation of the wireless

fading channel is then provided in Section2.3. In Section2.4, a mathematical model

of the time-varying wireless communication channel is provided. This general model

is then used to describe two wireless communication channel models of interest in this

thesis: the slow flat fading channel model and the block-invariant frequency-selective

fading channel.

11
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2.2 Large-Scale and Small-Scale Fading

The propagation of a radio wave over a wireless channel is affected by numerous phenom-

ena including scattering, reflection, refraction, and diffraction [23]. As a consequence, the

received signal suffers from fluctuations in its amplitude, phase and angle of arrival. The

attenuation suffered by the received signal can be attributed to a combination of large-

scale (macro) and small-scale (micro) effects [25], collectively known as fading.

Large-scale fading describes the average statistics of the received signal due to the

physical medium between the receiver and transmitter. This includes prominent terrain

features (e.g., mountains, buildings, trees, etc.), weather conditions (e.g., rain, snow, fog,

etc.) and atmospheric effects (e.g., atmospheric refraction and diffraction). The receiver

is often hidden by terrain features, resulting in an effect called shadowing. Shadowing is

generally caused by relative changes in the location of large obstructions and can typically

be modelled by the log-normal distribution. One example of shadowing is when a mobile

unit moves behind a building or mountain. As it moves behind the obstacle, the received

signal level drops and then rises again as the mobile unit moves into the open once again.

Small-scale fading describes the changes in signal level that occur due to very small

changes in the propagation medium between the receiver and transmitter. Small-scale fad-

ing is caused by changes in phase, rather than attenuation. Slight changes in the spatial

separation between receiver and transmitter can cause rapid changes in the phase of the

received signal [23]. Multipath fading is one of the main contributors to small-scale fad-

ing. This phenomenon is caused by multiple reflected, scattered and diffracted versions

of the transmitted signal arriving at the receiver with varying delays and attenuations [5].

These received signals then combine constructively or destructively resulting in relatively

fast, short term signal variations.

The multipath fading phenomena can cause spreading of the transmitted signal in both

time and frequency. Each multipath is a replica version of the transmitted symbol. When

these multipaths arrive over a duration greater than a single symbol interval, then some of

these replica symbols interfere with neighbouring symbols causing ISI. The effect of this

is that the signal is spread in the time domain. Frequency spreading, or spectral broaden-

ing, is caused by the relative motion between the transmitter and receiver. This relative

motion causes each multipath wave to shift in frequency an amount that is proportional to

the relative velocity and spatial angle of arrival of the received waveform. Moreover, this

shift in frequency, known as the Doppler shift, can be either negative or positive depend-

ing on the direction of motion. As a result, numerous waves arrive with different Doppler

shifts, each with varying amplitudes and phases, causing the transmitted signal to spread

in the frequency domain.
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2.3 Characterisation of Fading Channels

In [17], Bello introduced a simple way to describe the characteristics of a class of ran-

domly time-variant linear channels, called wide-sense stationary uncorrelated scattering

(WSSUS) channels. A set of autocorrelation functions was derived, which lead to the

development of four channel correlation functions: the multipath intensity profile, the

Doppler spectrum, the spaced-frequency correlation function and the spaced-time cor-

relation function. These correlation functions can be used to characterise the nature of

WSSUS fading channels for all time and all frequencies [26]. Moreover, these correlation

functions can be used to describe four key characteristic parameters: the delay spreadTm,

the Doppler spreadBd, the coherence bandwidthBc and the coherence timeTc.

The channel correlation functions are briefly described in the next section. In the

sequel, the characteristic parameters are used to characterise the wireless channel as either

flat or frequency-selective and fast or slow fading channels, respectively.

2.3.1 Channel Correlation Functions

Time-spreading

The multipath intensity profile and the spaced-frequency correlation function can be used

to describe the time-spreading phenomenon observed in wireless fading channels. The

multipath intensity profile, denotedΦh(τ), is a function of the propagation delayτ , while

the spaced-frequency correlation function, denotedΦH(∆f), is a function of a frequency

shift ∆f . The two functions are related by the Fourier transform as follows

Φh(τ) =

∫ ∞

−∞
ΦH(∆f) exp (j2π∆fτ) d(∆f) (2.1)

ΦH(∆f) =

∫ ∞

−∞
Φh(τ) exp (−j2π∆fτ) dτ (2.2)

Figure2.1shows an example of a typical multipath intensity profileΦh(τ) and the corre-

sponding spaced-frequency correlation functionΦH(∆f).

The multipath intensity profileΦh(τ), sometimes known as the delay-power profile,

describes the magnitude of the powers of all significant multipaths that arrive at the re-

ceiver as a function of the delaysτ with which they arrive. The delay spreadTm, also

known as the excess delay, is defined as the received multipath with the largest delay,

excluding any paths with power below some predefined threshold [26].

The spaced-frequency correlation functionΦH(∆f) provides a frequency domain de-

scription of the time-spreading phenomenon. This function describes the correlation be-
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Figure 2.1: An example: (a) Multipath intensity profileΦh(τ); (b) Spaced-frequency
correlation functionΦH(∆f). This figure is based on [26, Fig. 7].

tween received multipath signals that are spaced in frequency by some frequency separa-

tion ∆f . The related characteristic parameter, the coherence bandwidthBc, describes the

interval of frequencies over which the attenuation due to the channel is relatively equal

and for which the phase is approximately linear. The coherence bandwidthBc is inversely

proportional to the excess delayTm, i.e.,

Bc ≈ 1

Tm

(2.3)

Frequency-spreading

The spaced-time correlation function and the Doppler power spectrum are functions that

describe the frequency-spreading phenomenon observed by the wireless channel. Specif-

ically, these functions provide information about the fading caused by the relative motion

between the transmitter and receiver, or due to the movement of objects within the prop-

agation medium. The spaced-time correlation function, denotedΦH(∆t), is a function of

a time shift∆t. Here, the time shift∆t typically represents a difference in observation

time, e.g.,∆t = t2 − t1, wheret1 andt2 denote two distinct time instances, respectively.

The Doppler power spectrum, denotedΦD(υ), is a function of the Doppler frequencyυ.

The spaced-time correlation functionΦH(∆t) and the Doppler power spectrumΦD(υ)

are also related by the Fourier transform:

ΦH(∆t) =

∫ ∞

−∞
ΦD(υ) exp (−j2πυ∆t) d(∆t) (2.4)

ΦD(υ) =

∫ ∞

−∞
ΦH(∆t) exp (j2πυ∆t) d(υ) (2.5)
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An example of a typical spaced-time correlation functionΦH(∆t) and its corresponding

Doppler power spectrumΦD(υ) are presented in Figure2.2.
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c d
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Figure 2.2: An example: (a) Spaced-time correlation functionΦH(∆t); (b) Doppler
power spectrumΦD(υ). This figure is based on [26, Fig. 7].

In general, the spaced-time correlation functionΦH(∆t) describes the extent to which

there is correlation between a channels response to a sinusoid at two different time in-

stances, separated by∆t [26]. The related characteristic parameter, the coherence time

Tc, is a statistical measure that represents the duration of time that the channel can be

considered to be time-invariant.

The frequency domain representation of the frequency-spreading phenomenon is pro-

vided by the Doppler power spectrumΦD(υ) of the channel. This function describes

the spectral broadening of the channel due to the motion in the propagation environment.

Specifically, when a receiver is moving with a relative velocityvr with respect to the trans-

mitter, then a signal transmitted at a carrier frequencyfc is observed to shift in frequency

an amount, with a maximum valuefd given by

fd =
vrfc

c
(2.6)

wherec = 3 × 108 (metres per second) is the speed of light. The Doppler spreadBd

is a parameter which describes the interval of Doppler frequenciesυ for which Doppler

power spectrum is non-zero. Hence, the Doppler spreadBd can be expressed as

Bd = 2fd (2.7)
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The Doppler spreadBd is inversely proportional to the coherence timeTc, i.e.,

Tc ≈ 1

Bd

(2.8)

2.3.2 Fading Channel Characterisation

When a transmitted signal is modulated onto a pulse waveform of durationTs, then the

bandwidthBs that this pulse occupies is approximately equal to1/Ts. It turns out that the

characterisation of the WSSUS fading channel depends on the relationship between these

system parameters, i.e., the symbol periodTs and the transmission bandwidthBs, and the

characteristic parameters of the channel, i.e., the delay spreadTm, the Doppler spreadBd,

the coherence bandwidthBc and the coherence time,Tc. Specifically, the fading channel

can be characterised by two types of fading based on the delay spreadTm: flat fading and

frequency-selective fading; and two types of fading based on the Doppler spreadBd: fast

fading and slow fading. Figure2.3, summarises the relationship between these different

parameters and the type of fading observed by the wireless communications system. The

relationship between the parameters in this figure and the subsequent characterisation of

the channel is described in the sequel.

Note that the distinction between flat and frequency-selective fading channels is im-

portant for the design of a communications systems operating over these channels. In

particular, this characteristic determines whether or not an ISI mitigation technique is

needed. Similarly, the distinction between slow and fast fading channels influences a

number of important decisions, such as whether a coherent or noncoherent demodula-

tion scheme should be employed. Some issues relating to the subject of coherent versus

noncoherent demodulation are discussed in more detail in Section2.3.3.

Flat and frequency-selective fading

When the excess delayTm is much less than the signalling intervalTs (i.e., Tm <<

Ts), then all paths arrive within a single signalling time slot. In this case the coherence

bandwidthBc is much greater than the signal bandwidthBs (i.e., Bc >> Bs). Hence,

the attenuation and phase shift due to fading will be approximately equal throughout all

frequency components of the signal. In this circumstance, the signal is said to undergo

frequency non-selective or flat fading.

When the coherence bandwidthBc is less than the signal bandwidthBs (i.e., Bc <

Bs), then different frequency components of the transmitted signal undergo varying lev-

els of attenuation and varying changes in phase. In this case, the signal is said to undergo

frequency-selective fading. Consider the effect in the time domain. Each transmitted
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Figure 2.3: Fading characteristics as a function of: (a) the symbol periodTs; (b) the
signal bandwidthBs. This figure is based on [23, Fig. 5.14].
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symbol is expected to be received in a designated interval of durationTs. However, since

the excess delayTm ≈ 1/Bc is greater than the signalling intervalTs ≈ 1/Bs, then those

paths that have a delay greater thanTs will arrive in an interval reserved for another sym-

bol, resulting in ISI. In many cases, it is the ISI and not the noise that is the fundamental

limitation on system performance. To summarise, flat fading occurs if the following con-

ditions are met:

Tm << Ts (2.9)

Bc >> Bs (2.10)

Whereas, frequency-selective fading occurs if the following conditions are met:

Tm > Ts (2.11)

Bc < Bs (2.12)

Slow and fast fading

If the coherence time is less than the signalling interval (i.e.,Tc < Ts), then the channel

varies during the transmission of each modulated symbol. This type of rapid variation of

signal amplitude and phase is referred to as fast fading. Equivalently, this scenario occurs

when the Doppler spreadBd is greater than the signal bandwidthBs (i.e., Bd > Bs).

Hence, fast fading occurs if the following conditions are met:

Tc < Ts (2.13)

Bd > Bs (2.14)

On the other hand, if the coherence time is much greater than the signalling interval

(i.e., Tc >> Ts), then the channel is relatively time-invariant during the transmission

of each modulated symbol. While the channel may change over time, the attenuation

and phase changes over a relatively long period of time resulting in slow fading. In the

frequency domain, slow fading occurs when the Doppler spreadBd is much less than

the signal bandwidthBs (i.e., Bd << Bs). Hence, slow fading occurs if the following

conditions are met:

Tc >> Ts (2.15)

Bd << Bs (2.16)

Block-invariant fading, or simply block fading, is a type of slow fading that occurs
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when the coherence time is greater than a block of sayN signalling intervals (i.e.,Tc >

NTs). In this type of channel, the change in attenuation and phase can be assumed to be

static during the transmission of an entire block of symbols. In the frequency domain, this

type of block-invariant fading implies that the signal bandwidthBs is much greater than

N times the Doppler spread, (i.e.,Bs >> NBd).

2.3.3 Phase Fluctuations

In a wireless communications environment, the transmitted electromagnetic signal arrives

at the receiver with unknown carrier phase shifts. These carrier phase shifts may be due

to a number of factors including fading phenomena, propagation delays, the mobility of

one or both transmitter and receiver, and ambiguity or instability of frequency-conversion

oscillators within the communicating devices [27].

In many wireless communications systems, the unknown phase shifts can remain sta-

ble for relatively long periods of time. In such cases it may be possible to track the fading

induced phase offsets using a phase-locked loop, allowing the coherent detection of the

transmitted sequence. Even if the phase information is unknown in the beginning, the

correlation of the channel can be used to track phase shifts and communication can occur

coherently thereafter. In most cases, analysis of systems employing coherent modula-

tions assume “ideal” detection, where the phase effects caused by fading are perfectly

corrected [5]. This case represents an extreme that is not always held true in practice.

Nevertheless, this scenario is representative of a number of practical situations, where

the channel coherence timeTc can span hundreds or thousands of data symbols. In such

cases, coherent detection can be performed, possibly with the aid of channel estimation

techniques. Here, channel estimation typically involves transmitting additional pilot tones

or pilot symbols in order to track and estimate the time-varying channel, e.g., see [28].

In many situations, the stability of the phase shifts is not sufficient to perform co-

herent detection with high accuracy. In these cases, the correlation between the fading

coefficients over time cannot be reliably exploited and estimating the carrier phase shifts

is difficult. This scenario often arises in systems which have highly mobile communi-

cating devices which induce severe Doppler spreading or in systems which operate in

high-frequency spectrums where oscillator noise is high [27]. In these circumstances,

noncoherent detection or differential detection can be employed. These detection tech-

niques are generally of lower computational complexity than coherent detection, but this

is often achieved with a significant SNR penalty. Nevertheless, these forms of detection

have been widely employed in practical wireless communications systems, including the

Global System for Mobile Communications (GSM) and BluetoothR© [27].
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2.4 Modelling Wireless Fading Channels

The wireless communication channel represents the physical medium that exists between

the transmitter and receiver. The channel model is a mathematical model that describes

the input-output relationship of electromagnetic signals that travel through this commu-

nication channel, from transmitter to receiver.

Consider the effects of the communication channel on a transmitted band-pass signal

xbp(t), which is restricted to lie within a signalling bandwidthBs, centred on some carrier

frequencyfc. It is convenient to describe the wireless channel in terms of a generalised

complex low-pass equivalent model. This allows the characterisation and analysis of the

communications system, independent of the carrier frequencyfc. The band-pass signal

xbp(t) can be expressed in terms of its complex low-pass equivalent signalx(t) as

xbp(t) = Re
{
x(t)ej2πfct

}
(2.17)

whereRe {·} denotes the real part of the argument. Here, the low-pass equivalent signal

x(t) occupies a signalling bandwidth ofBs and is centred at the zero frequency, i.e.,

f = 0, wheref denotes the frequency.

The low-pass equivalent wireless communications system model considered is given

in Figure2.4.

Figure 2.4: Mathematical model for the low-pass equivalent wireless communications
system.

Here, the signalr(t) is the response of the channel to the input signalx(t), while the

received signaly(t) represents the output of the time-varying wireless communication

channel model, which includes the complex AWGN componentv(t). The time-varying

channel impulse responseh(t, τ) is a function of two variables, the time variablet and the

propagation delayτ . The channel impulse responseh(t, τ) represents the response of the

channel at timet to an impulse transmitted at timet− τ [13].

Due to the reflection, refraction and scattering of the transmitted signal, it is assumed

that multiple paths arrive at the receiver. Each replica version of the transmitted signal ar-
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rives with different delays and attenuations. Hence, the signal which arrives at the receiver

is a random, time-varying sum of electromagnetic waves each with different delays, am-

plitudes, phases and angles of arrival. The received band-pass signal, exclusive of noise,

can be expressed asrbp(t), given by

rbp(t) =
∑

n

an(t)xbp(t− τn(t)) (2.18)

wherean(t) represents the real-valued attenuation of the fading observed by thenth mul-

tipath signal andτn(t) is the delay of thenth multipath signal. The signalrbp(t) can be

written in terms of the low-pass equivalent signalx(t) by substituting (2.17) into (2.18),

which gives

rbp(t) = Re

{[∑
n

an(t)e−j2πfcτn(t)x(t− τn(t))

]
ej2πfct

}
(2.19)

Noting that a band-pass signal is given by the real part of its low-pass equivalent signal,

the low-pass equivalent signalr(t) is given by

r(t) =
∑

n

an(t)e−jθn(t)x(t− τn(t)) (2.20)

whereθn(t) = 2πfcτn(t).

It is observed that the received signalr(t) consists of a sum of a number of delayed

versions of the transmitted signalx(t), each attenuated by a time-varying complex signal

with amplitudean(t) and phaseθn(t). Note that in general, significant dynamic changes

in the propagation environment are required for the amplitudesan(t) to significantly im-

pact the received signal. However, small changes in the delayτn(t) can cause significant

rotations in the phaseθn(t). For example, a change of1/(2fc) in τn(t), will result in a

phase rotation ofπ radians. It is these changes in phaseθn(t), that primarily contributes

to the small-scale multipath fading described in Section2.2.

Noting that the signalr(t) is the low-pass response to the signalx(t), it follows that

the time-varying low-pass equivalent channel impulse responseh(t, τ) can be expressed

mathematically as [13]

h(t, τ) =
∑

n

an(t)e−jθn(t)δ(τ − τn(t)) (2.21)

whereδ(·) denotes the Dirac delta function. The low-pass equivalent signalr(t) can be
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expressed in terms of the channel impulse responseh(t, τ) as

r(t) =

∫ ∞

−∞
h(t, τ)x(t− τ)dτ (2.22)

In general, the signalr(t) is subject to further distortion before it can be processed by the

receiver. This distortion, often attributed to thermal noise caused by the internal electron-

ics of the receiver, is modelled as an AWGN process with power spectral density given

by

Φvv(f) = N0/2 (2.23)

whereN0/2 is the double-sided noise power spectral density with units of Watts per Hertz

(W/Hz). The low-pass equivalent model for the noisev(t) is assumed to be circularly

symmetric complex Gaussian noise. Here, the real and imaginary parts ofv(t) are each

assumed to be independent zero mean Gaussian random variables with varianceσ2
V =

N0/2.

By including the additive noise component, the low-pass equivalent mathematical

model for the received signaly(t) at the output of the wireless communication channel

model can be expressed as

y(t) =

∫ ∞

−∞
h(t, τ)x(t− τ)dτ + v(t) (2.24)

Throughout this thesis two types of fading channels are employed. In Chapter4 the

slow flat fading channel is considered, while the block-invariant frequency-selective fad-

ing is considered in Chapter5. These models are now described.

2.4.1 Slow Flat Fading Channels

In this scenario, it is assumed that the channel variations change slowly with time and the

fading can be regarded as constant and flat during each signalling interval. The equivalent

low-pass channel impulse response can be represented as [29]

h(t, τ) = a(t)e−jθ(t)δ(τ) (2.25)

wherea(t) represents the time-varying magnitude of the received envelope andθ(t) is its

time-varying phase.
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The time-varying magnitudea(t) of the received envelope, which is the summation

over all received multipaths [26], can be expressed as

a(t) =

∣∣∣∣∣
∑

n

an(t)e−jθn(t)

∣∣∣∣∣ (2.26)

while the time-varying phaseθ(t) can be expressed as

θ(t) = arctan




Im

{ ∑
an(t)e−jθn(t)

n

}

Re

{ ∑
an(t)e−jθn(t)

n

}




(2.27)

wherearctan(·) denotes the trigonometric inverse tangent function, andRe{·} andIm{·}
denote the real and imaginary parts of a complex argument, respectively.

Fig 2.5shows a general system model for a slow flat fading channel.

Figure 2.5: Flat fading channel model.

Substituting (2.25) into (2.24), the received low-pass equivalent signaly(t) at the out-

put of the channel, is given by

y(t) =

∫ ∞

−∞
a(t)e−jθ(t)δ(τ)x(t− τ)dτ + v(t)

= a(t)e−jθ(t)

∫ ∞

−∞
δ(τ)x(t− τ)dτ + v(t)

= a(t)e−jθ(t)x(t) + v(t)

(2.28)

where the following property [30] of the Dirac delta function has been used:

∫ ∞

−∞
δ(τ)f(T − τ)dτ = f(T ) (2.29)

The received signal is sampled at uniformly spaced points in time, producing a sequence
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of received channel samples. In this thesis, symbol-spaced sampling is considered, there-

fore the received signaly(t) is sampled with a sampling period equal to the symbol period

Ts. Assuming perfect symbol timing and carrier recovery, thekth received sampleyk can

be expressed as

yk = y(kTs) = ake
jθkxk + vk (2.30)

whereak = a(kTs), θk = θ(kTs) andvk = v(kTs). Let the fading amplitudesak be mod-

elled by a random variableA, and let the phase samplesθk be modelled by the random

variableΘ. Here, the distributions ofA andΘ depend on the characteristics of the prop-

agation channel being investigated. Often, the random variableΘ is assumed to obey a

uniform distribution in the interval[0, 2π]. The samplesvk can be described by a complex

Gaussian distributed random variableV , with independent real and imaginary parts, each

having a probability density function (PDF) given by

pV (v) =
1

σV

√
2π

exp

(−v2

2σ2
V

)
(2.31)

whereσ2
V = N0/2.

In this thesis, two types of flat fading environments are considered, with the random

variableA described by either the Rayleigh distribution or the Nakagami-m distribution.

Rayleigh fading

Frequently the wireless communication channel will contain no line-of-sight (LOS) com-

ponent in the propagation path. When the number of scatterers that contribute to the

received signal becomes large, the central limit theorem can be invoked and the channel

impulse response can be modelled as a complex Gaussian process. Here, the channel

impulse response is assumed to consist of two quadrature components, each being uncor-

related Gaussian random processes with zero mean and varianceσ2
A [13]. The envelope

of such a process at any instant in time has a Rayleigh distribution. Hence, the amplitude

of the random variableA has a PDF given by [13]

pA(a) =

{
a

σ2
A

exp
(
−a2

2σ2
A

)
a ≥ 0

0 a < 0
(2.32)

Nakagami-m fading

In many wireless communications systems, the Rayleigh distribution has been shown to

sufficiently describe the short-term signal fading. However, in the case of high variability
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of the radio channel, it can be observed that signal fading may occur much more severely

compared to Rayleigh fading. For example, Nakagami has conducted a measurement

campaign for long-distance radio communication links and encountered exactly this type

of severe signal fading [31]. The related fading distribution is known as Nakagami or

m distribution while the fading as such is referred to as Nakagami-m fading. Here, the

parameterm is the inverse of the normalised variance of the fading process. Hence, large

m values indicate strong coherent components in the resolvable path while smallm values

indicate purely diffuse scattering. The Nakagami-m PDF is given by [13]

pA(a) =

{
2

Γ(m)

(
m
Ω

)m
a2m−1exp

(−m
Ω

a2
)

a ≥ 0

0 a < 0
(2.33)

whereΩ is the mean fading power,m is the Nakagami parameter andΓ(·) represents the

Gamma function given by

Γ(x) =

∫ ∞

0

tx−1e−xdx (2.34)

The Nakagami-m distribution, which has two parametersΩ andm, provides more

flexibility and accuracy in matching the observed channel statistics compared with the

Rayleigh distribution, which has the one parameterσ2
A [13]. Moreover, in [32] and [33],

the Nakagami-m distribution was shown to be the best fit for the channel statistics of

urban radio channels. It is noted that the Nakagami-m distribution includes the Rayleigh

distribution as a special case, whenm = 1. Furthermore, the Nakagami distribution

can also be used to approximate the Rician and Log-normal distributions. The worst-

case Nakagami fading occurs whenm = 0.5. This special case represents the one-sided

Gaussian distribution. Hence, the Nakagami distribution constitutes a generic formulation

of short-term signal fading with conventional distributions included as special cases.

2.4.2 Block-Invariant Frequency-Selective Fading Channels

The frequency-selective channel model specified by the time-varying channel impulse

responseh(t, τ), which was given by (2.21), is often too complicated for analysis [34]. A

simple, yet efficient model that can be used to represent the frequency-selective wireless

channel is the tapped delay line model. According to the sampling theorem, the low-pass

equivalent signalx(t) can be expressed as [13]

x(t) =
∞∑

n=−∞
x

(
n

Bs

)
sinc

[
πBs

(
t− n

Bs

)]
(2.35)
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where the sinc functionsinc(·) is defined in terms of the sine functionsin(·) as [13]

sinc(t) =
sin(πt)

πt
(2.36)

In (2.35), it is assumed that the signalx(t) is sampled at the Nyquist rateBs = 1/Ts.

Substituting (2.35) into (2.22), the low-pass equivalent noiseless received signalr(t)

can be expressed as [25]

r(t) =
∞∑

n=−∞
hn(t)x(t− nTs) (2.37)

where

hn(t) =

∫ ∞

−∞
h(t, τ)sinc [π/Ts(τ − nTs)] dτ (2.38)

Since the time spreading of all multipath signals is restricted toTm, the channel can be

truncated to a maximum ofLh discrete multipaths given by

Lh = bTm/Tsc+ 1 (2.39)

whereb·c takes the integer part of its argument. The truncated low-pass equivalent re-

ceived signal can therefore be expressed as

y(t) =

Lh−1∑
n=0

hn(t)x(t− nTs) + v(t) (2.40)

Hence, it is observed the time-varying frequency-selective channelh(t, τ) can be mod-

elled as a tapped delay line with tap spacingTs and tap coefficientshn(t) given by (2.38).

The tapped delay line model can be simplified even further using a number of different

approximations and assumptions [25]. In general, the modelling involves representing

each time-varying tap weighthn(t) by a random process. For example, eachhn(t) may

be assumed to be an independent slow flat fading Rayleigh or Nakagami-m channel, as

described in Section2.4.1.

In this thesis, a block-invariant frequency-selective fading scenario is considered.

Here, movement and other changes to the propagation medium are assumed to be rel-

atively infrequent, resulting in channel variations that change slowly with time, such that

the fading can be regarded as constant during the transmission of a block of symbols. Dur-

ing each block-invariant fading period, the attenuation and phase associated with thenth

resolvable multipath is considered to be constant and the time dependance can be dropped,
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i.e., hn(t) = hn, for n ∈ {0, 1, . . . , Lh − 1}. Hence, during each block-invariant fading

period, the block-invariant frequency-selective channel can be described by aTs-spaced,

discrete-time FIR filterh given by

h = [h0, h1, . . . , hLh−1]
T (2.41)

Sampling the complex low-pass equivalent signaly(t), given in (2.40), at the Nyquist

rate1/Ts, thekth received sampleyk can be expressed as

yk = y(kTs) =

Lh−1∑
n=0

hnxk−n + vk (2.42)

wherexk−n = x(kTs − nTs) are symbols from some modulation constellation andvk =

v(kTs) are samples from a complex AWGN process with independent real and imaginary

parts, each having zero mean and varianceσ2
V = N0/2. Figure2.6shows the input-output

relationship of the low-pass equivalent channel modelled as an FIR filter.

Figure 2.6: FIR representation of the frequency-selective fading channel.

Note that the tapped delay line model can be represented by a similar diagram to Fig-

ure2.6. Instead, the model would include time-varying taps, with the constant coefficients

hn, replaced by the time-varying random processeshn(t).

It is noted that the considered discrete-time FIR channel model can be used to rep-

resent a wide variety of communication channel models, including telephone channels,

magnetic recording channels and of course block-invariant frequency-selective wireless

fading channels. Hence, the work presented in the thesis can be applied to a number of

non-wireless communications systems. In Chapter5, investigations are carried out over

four discrete-time FIR channel models that are representative of severe fading scenarios.
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The first is the5-tap Proakis C channel [13], while the other three represent the worst

(dispersive) channels of lengths5, 7 and9 respectively.

Proakis C channel

Typically, the performance of different communications systems are compared against

one another, using Monte-Carlo simulation over benchmark test channels. Here, perfor-

mance measures such as the BER with respect to the energy-per-bit to noise ratio (Eb/N0)

are compared. In [13], Proakis presented the channel impulse responses of three discrete-

time telephone channels of varying quality. These channels were subsequently dubbed

the Proakis A, Proakis B and Proakis C channels, respectively. The Proakis A channel

represented a typical “good-quality” channel, while the Proakis B and Proakis C chan-

nels were3-tap and5-tap channels respectively, which represented telephone channels

with severe intersymbol interference. Although designed as representative models for

telephone lines, these Proakis channels have since been used as benchmark test channels

for a wide variety of communications systems, including systems proposed for wireless

communications [35–37].

In this thesis, simulation results are presented using the5-tap Proakis C channel, which

is the most difficult to equalise of the three Proakis channels. The Proakis C channel has

channel coefficients given by

h = [0.227, 0.460, 0.688, 0.460, 0.227]T (2.43)

The magnitude and phase spectra of the Proakis C channel are plotted against the nor-

malised angular frequencyω in Figs. 2.7 and 2.8, respectively. Here, the bandwidth

occupied by the channel is defined for the normalised angular frequencies in the range

−π ≤ ω ≤ π. Note that the magnitude and phase responses presented only display the

positive normalised angular frequency range.

Minimum distance channels

In [38], it was shown that for any given channel with fixed length and fixed energy, the

worst possible realisation of the channel in terms of maximum-likelihood sequence de-

tection (MLSD) performance, is that which results in the minimum Euclidean distance

between two noise free channel output sequences. The authors described a method for

computing the coefficients of these channels, which are referred to as minimum distance

channels [39], and presented realisations of these channels for lengthsLh up to10. In this

thesis, minimum distance channels of lengthLh = 5, 7 and9 are considered, with the

coefficients of the selected channels given in Table2.1. The three considered minimum
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Figure 2.7: Magnitude response for the Proakis C channel.
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Figure 2.8: Phase response for the Proakis C channel.

Table 2.1: Minimum distance channels.

Channel LengthLh Channel impulse responseh

5 h = [0.29, 0.50, 0.58, 0.50, 0.29]T

7 h = [0.19, 0.35, 0.46, 0.50, 0.46, 0.35, 0.19]T

9 h = [0.14, 0.26, 0.36, 0.43, 0.45, 0.43, 0.36, 0.26, 0.14]T

distance channels are referred throughout this thesis as the MDC-5, MDC-7 and MDC-9,

respectively. By considering these worst-case channels, the performance of the systems

proposed in this thesis are investigated under the worst possible realisations of any wire-

less communication channels, with these respective channel lengthsLh. The magnitude

and phase spectra of these channels are plotted against the normalised angular frequency

ω in Figs.2.9(a)-(c) and Figs.2.10(a)-(c), respectively.
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Figure 2.9: Magnitude responses for the minimum distance
channels of [38]. The magnitude responses are given for the
(a) MDC-5; (b) MDC-7; (c) MDC-9.
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Figure 2.10: Phase responses for the minimum distance chan-
nels of [38]. The phase responses are given for the (a) MDC-5;
(b) MDC-7; (c) MDC-9.
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Chapter 3

Channel Coding and Iterative Detection

3.1 Introduction

Iterative detection is a powerful solution to a number of joint detection problems. In

particular, iterative detection has been shown to offer substantial performance benefits for

communications systems employing concatenated channel codes and for communications

systems requiring both channel coding and channel equalisation. Both of these iterative

detection problems are studied in the ensuing chapters of this thesis. The purpose of this

chapter is to provide a brief introduction to channel coding and to describe the general

principles and applications of iterative detection.

The chapter is structured as follows. In Section3.2.1, an overview of digital commu-

nications is presented, followed by a short historical perspective on channel coding and

a brief description of the channel coding theorem. In Section3.3, a framework for the

detection of a discrete-time finite-state Markov sequence observed in memoryless noise

is presented. This general framework is then modified in order to describe the decod-

ing of convolutional and linear block codes and the equalisation of an FIR channel. In

Section3.4, the principles of iterative detection are described in terms of the original

turbo code [2] and two iterative detection problems of interest in this thesis: block turbo

codes [40], which are considered in Chapter 4, and turbo equalisation [14, 15], which is

considered in Chapter 5.

3.2 Fundamentals

3.2.1 Overview of Digital Communications

The primary function of a digital communications system is the transmission of digitised

information over a communication channel. In Figure3.1, a typical digital communica-
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tions system is presented, where an information source generates a message to be trans-

mitted to some data sink. In order for the data sink to reliably receive the original message,

it is beneficial to transform the original message into some form that can withstand the

impairments caused by the communication channel. At the receiver, the transformation

must be reversed leading to an estimate of the original message. The purpose of each of

the subsystems in Figure3.1are now described. Note that the symbolsΠc andΠ−1
c have

been used to denote a channel interleaver and deinterleaver, respectively.

Information
Source

Source
Coding

Channel
Coding

Symbol
Mapping

Modulation

Data
Sink

Source
Decoding

Channel
Decoding

Symbol
Demapping

Demodulation

Channel

Figure 3.1: A general digital communications system model.

Source coding and decoding

Source coding involves efficiently representing an information source by a sequence of

symbols from some finite alphabet. The information source may be analog (e.g., speech)

or discrete (e.g., an optical or magnetic disk). In either case, the information source is

digitised in order for it to be transmitted over the channel. In the case of an analog source,

this is done by a process called analog-to-digital conversion.

In its original form, the digitised source message contains unnecessary redundancy.

The source encoder converts the message into a more efficient form by eliminating the

redundancy. Here, the digitised source message is mapped to a sequence of source coded

symbols. At the receiver, the source decoder uses reverse mapping to provide an estimate

of the original message to the data sink.

Channel coding and decoding

The purpose of channel coding is to add redundancy to the source coded message in an

intelligent manner, so that the impairments and distortion caused by the channel can be

overcome. The channel encoder is characterised by the code rateR, which represents

the ratio of the length of the source coded message to the length of the channel coded

message, known as the codeword. At the receiver side, the channel decoder uses the
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redundancy incorporated into the codeword and attempts to reverse any errors caused by

the communication channel. This process, called decoding, results in an estimate of the

original source coded message.

Channel interleaving and deinterleaving

Most channel coding schemes are designed under the assumption that the communication

channel is memoryless. However, channel codes are frequently required in systems where

this is not the case. A technique called interleaving can be used to transform a correlated

sequence of symbols into a relatively uncorrelated one. It does this by rearranging the

order of the input sequence using some one-to-one mapping. A reverse mapping process

called deinterleaving, which rearranges an interleaved sequence into its original order, is

executed at the receiver.

The effectiveness of the interleaving process depends on the size and structure of the

interleaver. The structure is important in ensuring the interleaved sequence is uncorre-

lated, while larger interleavers are able to perform this function more effectively [6]. The

choice of interleaver size and structure may impact upon the system’s complexity. More-

over, large interleavers can significantly increase the end-to-end communication latency.

In Figure3.1, the interleaver is said to perform bit interleaving, since it permutes a

sequence of binary symbols. In some cases, the interleaver is placed after the symbol

mapper, and the deinterleaver before symbol demapper. In this case, the interleaver is

said to perform symbol interleaving.

Mapping and demapping

The signal bearing the coded information is generally transmitted over the communication

channel using some form of carrier modulation. Each carrier modulation scheme has

an associated modulation constellation, which represents the set of all possible low-pass

equivalent symbols that can be transmitted. For illustrative purposes, the channel encoder

has been assumed to generate binary code bits. The symbol mapper separates the bit

sequence into groups ofκ-bits, with each group mapped to one of2κ possible symbols.

In this case, the modulation scheme may be referred to as2κ-ary modulation. Symbol

demapping is simply the reverse mapping process, where a2κ-ary symbol is mapped to a

sequence ofκ-bits.

Modulation and demodulation

The resulting sequence of2κ-ary symbols are modulated onto a train of2κ-ary analog

waveforms. These waveforms are first filtered using a low-pass, pulse-shaping filter, in
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order to contain the information bearing signal to within a specified bandwidth. The

waveforms are subsequently translated to some specified carrier frequency. Hence, the

transmitted waveforms are restricted to lie within some predefined band of frequencies,

cantered on the carrier frequency. At the receiver side, the demodulator performs de-

tection of the analog signal at the output of the channel. After reverse translation of

the carrier modulated signal, the resulting signal is passed through a low-pass, matched-

filter. The cascade of the pulse-shaping filter and matched-filter are designed to satisfy the

Nyquist condition, by sampling the signal at a rate higher than the Nyquist rate and then

representing the received symbol by some digital value. Here, the Nyquist rate is defined

as the minimum sampling rate for which a signal can be reconstructed from its samples.

Typically, sampling is performed once per symbol interval. Note that as an alternative,

the matched filter may be replaced with a correlator.

Communication channel

The communication channel represents a model of the distortion the modulated signal

undergoes during transmission over some physical medium. In practice, it is convenient

to include the effects of additive interference such as thermal noise in the channel model.

In the case of frequency-selective channels, such as those described in Section2.4.2,

an additional equalisation process may be required in order to mitigate the effects of ISI.

The equaliser block has been omitted from the block diagram in Figure3.1, as it can be

included at numerous points in the digital communications system. It is often included

after the demodulator, however it is possible to include equalisation as part of the decoding

process, or as a pre-equaliser on the transmitter side, when the channel coefficients are

knowna priori at the transmitter.

Soft-decision signal processing

In the digital communications system described, the transmitted signal is an analog rep-

resentation of a digital signal. The received analog signal is sampled and a digital rep-

resentation of this signal is made at the output of the demodulator. In the most basic

communications system, hard decisions are made on each received2κ-ary symbol, which

is then mapped through the symbol demapper to a sequence ofκ-bits and passed to the

next block in the receiver processing chain. However, improved results can be achieved

by deferring a final decision on which sequence of symbols were actually transmitted to

a later stage. Instead of making a hard decision, a quantised digital representation of each

received symbol can be made. For example, instead of a binary representation of each

symbol, a floating-point quantisation of the received signal’s amplitude and/or phase is
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provided. These soft decisions, contain reliability information on the underlying deci-

sion, which can be utilised by subsequent blocks in the receiver processing chain. From

an information-theoretical perspective, it has been shown that a soft-decision system has

a higher capacity than a corresponding hard-decision system. This capacity difference is

approximately2 dB at low SNR [41].

In this thesis, SISO algorithms are employed where possible in order to defer hard

decisions to the latest possible stage. As their name suggests, SISO algorithms accept

soft information at their inputs as well as providing soft information at their outputs.

3.2.2 Historical Perspective on Channel Coding

In 1948, Claude Shannon published a landmark paper [42] which introduced the concept

of channel coding. He showed that channel coding can be used to maintain arbitrarily low

error rates over noisy channels. Shannon identified fundamental capacity limits that can

be achieved with the use of channel coding. Ever since, countless research efforts have

been devoted to developing coding schemes that can approach these limits.

The first practical channel codes were single error correcting codes, developed by

Richard Hamming [43]. Hamming codes were to be the first of many in a class of channel

codes known as block codes. Essentially, block codes add redundancy to finite length

data sequences in order to accentuate their uniqueness so they may withstand a certain

degree of disturbance, e.g., noise [44]. A rich mathematical theory of block codes now

exists, much of it based on block codes that were discovered shortly after the Hamming

code. Some of the more notable contributions to early block coding theory include: the

Golay code [45], developed by Marcel Golay in 1949; Bose-Chaudhuri-Hocquenghem

(BCH) codes, developed independently by Hocquenghem [46] in 1959 and Bose and

Chaudhuri [47, 48] in 1960; and Reed and Solomon (RS) codes [49], a generalisation of

BCH codes based on non-binary algebraic theory.

An alternative class of channel codes known as convolutional codes [50] were devel-

oped in 1955 by Elias. Instead of operating on fixed size data sequences, convolutional

codes operate on input sequences of arbitrary length. The convolutional code introduces

memory into the encoder using linear shift registers and it is through this mechanism that

redundancy is included in the codeword.

In the years proceeding Shannon’s theorisation of the channel capacity limit, numer-

ous other channel coding schemes were proposed, for examples see [44]. However, the

ability to approach Shannon’s capacity limit in a practical manner proved to be a diffi-

cult task. Specifically, the problem of decoding complexity was shown to be the major

limitation in achieving near capacity performance [51]. For example, it was known that
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the maximum-likelihood (ML) decoding of a convolutional code could be accomplished

using a tree-search algorithm. However, the complexity of such an algorithm is expo-

nential in the length of the input sequence [52]. Early works in decoding convolutional

codes using suboptimal techniques included [53–56]. In 1967, Andrew Viterbi developed

an algorithm for decoding convolutional codes with a complexity that was exponential

in the memory of the convolutional encoder [57]. Viterbi showed that the convolutional

encoder could be described by a finite state machine (FSM), with an associated state-

transition diagram. By extending the state-transition diagram over time, Viterbi described

the convolutional code by a trellis. The resulting trellis-based decoding algorithm, known

as the Viterbi algorithm, was later shown to be optimal in terms of the ML criterion [58].

The Viterbi algorithm was soon adapted to a variety of detection problems of interest.

In [59], G. David Forney, Jr. implemented the Viterbi algorithm as a method for equalis-

ing discrete-time FIR channels and in [58], Forney considered the Viterbi algorithm as a

general technique for the MLSD of a finite-state Markov process observed at the output

of a discrete memoryless channel.

Note that detection is a general term that includes both channel decoding and channel

equalisation as special cases. In this thesis, the term detection is employed unless the

specific task of decoding or equalisation is being considered, in which case these latter

terms subsume the former.

In 1974, Bahl, Cocke, Jelinek, and Raviv [60] considered the MAP decoding of both

convolutional and linear block codes. This algorithm, known as the BCJR algorithm, is

a trellis-based algorithm that can be generalised to perform symbol-wise MAP detection

of a finite-state Markov process observed at the output of a discrete memoryless channel.

Like the Viterbi algorithm, the complexity of the BCJR algorithm is proportional to the

memory of the encoder rather than the length of the input sequence.

In 1993, Berrou, Glavieux and Thitimajshima used a modified implementation of the

BCJR algorithm in their decoding of turbo codes [2]. This landmark discovery performed

within 0.7 dB of the Shannon capacity limit, at a complexity proportional to two BCJR

decoders. The turbo code consisted of two RSC codes, concatenated in parallel and sepa-

rated by an interleaver. The turbo decoder consisted of two SISO BCJR decoders, one for

each RSC code. Analogous to the turbo-feedback principle used in certain motor vehicle

engines, the turbo decoder operates by iteratively exchanging soft-information between

the two SISO decoders. The impressive performance of turbo codes sparked new interest

in the field of channel coding and iterative detection based on the turbo principles have

since become a widely researched field. The principles and applications of turbo-like

iterative detection form the basis of the work presented in this thesis.
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3.2.3 The Channel Coding Theorem

In his 1995 Shannon Lectureon channel coding, G. David Forney, Jr. said “Our field

has a rather remarkable history, in that it sprang almost fully fledged from the brow of

one individual” [51]. He was of course referring to Claude Shannon, and his work in

developing the channel coding theorem.

The channel coding theorem states that information can be reliably communicated

over any memoryless channel with an arbitrarily small probability of error, provided that

the code rateR is less than the channel capacityC, i.e.,R < C. Shannon did not provide

any practical coding schemes to achieve this capacity, and it has only been in last two

decades that the coding community has been able to approach this capacity limit.

In order to define channel capacity in information theoretic terms, the concept of mu-

tual information is introduced. Mutual information quantifies the amount of information

that two random variables have in common. The mutual information between a continu-

ous random variableX with PDFpX(x) and a continuous random variableY with PDF

pY (y) is given by [13]

I(x, y) =

∫ ∫
pX,Y (x, y) log

pX,Y (x, y)

pX(x) pY (y)
dx dy (3.1)

wherepX,Y (x, y) is the joint PDF ofX andY . Note that if the random variablesX andY

were discrete instead of continuous, then the integrals would be replaced by summations.

In order to compute the mutual informationI(x, y), some type of distribution must be

assumed for both the inputx and the outputy of the channel. As an example, consider

the memoryless, continuous-input, continuous-output AWGN channel, where bothX and

Y are Gaussian distributed random variables. Furthermore, assuming that the average

energy-per-symbol is given byEs and that the noise has zero mean and varianceN0/2,

the mutual information betweenX andY can be expressed as [34]

I(x, y) ≤ 1

2
log2

(
1 +

2Es

N0

)
(3.2)

The channel capacityC is the mutual informationI(x, y) between a channel’s inputx and

outputy, maximised over all possible input distributionspX(x) [13]

C = max
pX(x)

{
I(x, y)

}
(3.3)
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Hence, the channel capacity of a continuous-input, continuous-output AWGN channel

is given by

C = =
1

2
log2

(
1 +

2Es

N0

)
(3.4)

3.3 Non-Iterative Data Detection

This section is devoted to presenting a framework for the detection of a data sequence that

drives a discrete-time finite-state Markov process whose outputs are observed in memory-

less noise. This general framework provides for a uniform treatment of a large number of

detection problems that frequently occur in communications engineering including, but

not limited to: channel coding, channel equalisation, demodulation and multi-user detec-

tion. Each of these detection problems is similar, in that they each contain a transmitter-

side process that can be represented as discrete-time finite-state Markov process, which

can be described as an FSM. The FSMs can in-turn be represented by trellis diagrams and

their detection can be performed using efficient trellis-based detection schemes.

3.3.1 Generic FSM Model

The FSMs considered in this thesis are single-input multiple-output systems that can be

described as discrete-time finite-state Markov processes. Specifically, it is assumed that

the FSM accepts1 input and producesn parallel outputs per discrete-time instantk. In

addition, the FSM is characterised by a memory parameter, denotedν. The memoryν is

related to the number of states that describe the FSM. In the sequel, it will be shown that

the FSM model considered in this section can be used to describe linear convolutional

codes, linear block codes and discrete-time FIR channels.

In this thesis, an FSM is a model that describes the behaviour of a system which is

composed of a finite number of states, transitions and associated outputs. In general,

the changes in the state of the FSM are driven by input symbolsuk from some finite

alphabetU , which are presented to the FSM at discrete-time instantsk. Each change

in state is then associated with a particular state-transition and associated with outputs

from some finite alphabetC. More generally, the FSM can be considered to be composed

of two underlying processes. An observable output process and a non-observable state

process [61]. Moreover, both of these processes are governed by the FSM’s current state

and its discrete-time input.

At any discrete-time instantk, the FSM can be described by some statesk ∈ S, where

S denotes the set of finite states. For simplicity, it is assumed that the state-process runs
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from time k = 0 to time k = Ls and that the first states0 and the last statesLs are

both known. Consequently, the set of all statessk which were transitioned within the

state process constitutes a state sequence{s0, s1, . . . , sLs−1, sLs}. Let each statesk be

composed of aν-tuple of symbols from the alphabetU . Let theν-tuple representation of

the statesk be expressed as

sk =
(
u(1), . . . , u(ν)

)
(3.5)

whereu(i) ∈ U , for i ∈ {1, . . . , ν}. That is, the symbolu(i) denotes the value of the

ith element of theν-tuple representation of the statesk. Note that the symbolsu(i) have

been assumed to be drawn from the same alphabet from which the data symbolsuk were

drawn. The cardinality of the state setS is given by|S| = |U|ν .

At each discrete-time instantk, the FSM accepts a|U|-ary input symboluk, and pro-

duces at its outputn parallel outputs, denotedck = [ck,1, . . . , ck,n]T , whereck,i ∈ C, for

i ∈ {1, . . . , n}. Note that the input-output relationship of the system has been assumed to

be on the same time scale, i.e., thekth input to the system produces thekth output (vector)

of the system. Both the output vectorck, and the next statesk+1, can be computed as

deterministic functions of the current statesk and the current inputuk. Let the FSM be

represented by the characteristic functions

ck = fo (sk, uk) (3.6)

sk+1 = fns (sk, uk) (3.7)

wherefo (·) andfns (·), are the FSM’s output and next state functions, respectively. These

functions will be described by example later in this section.

Since, the underlying process is Markov, the probability of being in statesk+1 at time

k+1, depends only on the probability of being in statesk at timek. This can be expressed

mathematically as

Pr (sk+1|sk, sk−1, . . . , s0) = Pr (sk+1|sk) (3.8)

Note that each transition from some statesk to the statesk+1, is associated with a single

transition probabilityPr (sk+1|sk), which may be time-varying or time-invariant depend-

ing on the underlying state process [58].
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State, state-transition and trellis diagrams of the FSM

The structure of the FSM can be displayed graphically as a directed graph, called a state

diagram. The state diagram shows all possible transitions between the states in the state

setS. Transitions are marked on the state diagram using unidirectional arrows, called

branches. Each branch connects two states in a unidirectional manner and indicates that

the FSM can transition between the two connected states according to the direction of the

arrow. Figure3.2 shows an example of a partial state diagram consisting of at least two

states, denotedA andB. The figure indicates a valid state-transition exists between state

A and stateB. Each state has two branches representing transitions to the state and two

branches representing transitions from the state. The use of two types of arrows, namely

dashed and solid line arrows, indicates each state-transition is associated with a binary

input symbol, e.g, a dashed line may associate a state-transition with the inputuk = 0,

while a solid line may associate the state-transition with the inputuk = 1.

BA

Figure 3.2: A partial state diagram consisting of at least two statesA andB.

The branch connections at two consecutive time instancesk andk+1 can be presented

in an equivalent state-transition diagram. The branches of a state-transition diagram rep-

resent all possible changes in state, which can occur as the FSM transitions between time

k and timek + 1. Unfolding the state-transition diagram over all discrete-time intervals

k ∈ {0, 1, . . . , Ls} results in the trellis diagram. The state and state-transition diagrams

of FSMs and their resulting trellises are described by example in the sequel.

Trellis termination

In this thesis, it is assumed that both the first and last states,s0 andsLs, are known and

equal to the all-zero state. In order for the trellis to end in a known state, a trellis termi-

nation procedure is generally required. Here, the inputs to the FSM are controlled long

enough for the entire memory contents of the FSM to be driven to a known state. The

time required for trellis termination is generally equal the memoryν of the FSM. In this

case, the length of the input sequence, denotedLu, and the length of the state sequence,

which is given byLs + 1, are related byLs = Lu + ν.
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Note that each unique path through the trellis corresponds to a unique state sequence

{s0, s1, . . . , sLs−1, sLs}, a unique input sequenceu = [u0, u1, . . . , uLu−1]
T and a unique

output sequencec =
[
cT

0 , cT
1 , . . . , cT

Ls−1

]T
. Hence, the trellis diagram describes the com-

plete input-output relationship of the FSM as well as all possible state sequences.

3.3.2 The General Detection Problem

The generic FSM is shown in Figure3.3 as a part of a typical communication chain.

The channel is modelled as a memoryless channel, which can be described by its input

alphabetC, its output alphabetY and a set of transition probabilitiesPr(y|c) for each

c ∈ C. In the sequel, the memoryless channel will be realised as an AWGN channel.

The purpose of the detector is to estimate the original data sequenceu from the observed

noisy channel outputsy based on knowledge of the FSM and statistical knowledge of the

channel.

Information
Source FSM

Data
SimkDetector

Memoryless
Channel

Figure 3.3: Block diagram of a system whose deterministic FSM outputs are distorted by
a memoryless channel.

In general, the FSM may consist of a cascade of a number of individual FSMs and/or

other deterministic mapping processes, provided that the overall system can be described

by an FSM [52]. For example, the FSM may represent the cascade of a convolutional

code and a BPSK symbol mapper. As described in the previous section, the data symbol

uk is passed to the FSM which produces the output vectorck. The FSM output symbols

ck are then transmitted across the memoryless channel producing the observable channel

outputsyk = [yk,1, . . . , yk,n]T , whereyk,i ∈ Y, for i ∈ {1, . . . , n}, whereY is a finite

alphabet of real or complex numbers.

Consider a system in which an input sequenceu of lengthLu is passed through the

FSM, resulting in a FSM output sequencec of lengthLc. Subsequently, the FSM output

sequencec is transmitted over the memoryless channel to produce an observed sequence

y, also of lengthLc. The general detection problem for this system is therefore to perform

some decision̂u, in order to determine which input sequenceu was transmitted, given the

observationy. Two important decision rules, each optimum under different criteria, can

be obtained by the maximisation of so-calleda posterioriprobabilities. These decision

rules are known as the MAP sequence decision criterion and the MAP symbol decision

criteria, respectively. The former is optimal in terms of the sequence error rate, while the
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latter is optimal in terms of symbol/bit error rate. Note that the MAP sequence detection

rule is referred to as a criterion, since it can be viewed as a single decisionû, on the

sequence of input symbolsu. On the other hand, the MAP symbol decision rules is

referred to as a criteria, since it can be viewed as a set of rules for the decisionsûk, which

are performed for each of the input symbolsuk [52].

MAP sequence detection

MAP sequence detection produces the decision sequenceû, which maximises thea poste-

riori probability that the sequenceu was transmitted, given the sequencey was observed.

The decision rule for MAP sequence detection can be expressed mathematically as

û = arg max
u

{
Pr (u|y)

}
(3.9)

Using Bayes’ rule, thea posterioriprobabilities can be expressed as

Pr (u|y) =
py,u (y,u)

py(y)
=

py|u (y|u) Pr(u)

py(y)
(3.10)

wherepy,u(y,u) is the joint PDF of the observed sequencey and the input sequenceu,

Pr(u) is thea priori probabilities ofu, py|u (y|u) is the PDF of the observed sequence

y, conditioned on the sequenceu, andpy(y) is the PDF of the observed sequencey. As

the maximisation operation is independent of the PDFpy(y) of the observed sequencey,

the MAP sequence decision rule can be expressed as

û = arg max
u

{
py|u (y|u) Pr(u)

}
(3.11)

ML sequence detection

Note that when thea priori probabilities are unknown or of equal probability, the MAP

sequence decision criterion in (3.11) reduces to the ML sequence decision criterion. Omit-

ting thea priori probabilities, the ML decision rule for the sequenceû can be expressed

as

û = arg max
u

{
py|u (y|u)

}
(3.12)
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Note that the term ML stems from the fact that the criterion maximises a conditional

probabilitypy|x(y|u), which is often referred to as the likelihood term.

MAP symbol detection

An alternative strategy to performing a decisionû on the entire sequenceu of input sym-

bols, is to perform symbol-wise decisionsûk for each of the input symbolsuk. Under

the MAP symbol decision criteria, the task is to maximise thea posterioriprobability

of the input symboluk, given the observed sequencey, for each discrete-time instant

k ∈ {0, 1, . . . , Lu − 1}. The decision rule for MAP symbol detection of the symbolûk

can be expressed as

ûk = arg max
u ∈ U

{
pu|y (uk = u|y)

}

= arg max
u ∈ U





∑
py|u (y|u) Pr(u)

u ∈ ULu

uk = u





(3.13)

where the summation is performed over all input vectorsu from the vector spaceULu ,

such thatuk = u. Note that once again the termpy(y) has been omitted from (3.13) since

it has no influence on the outcome of the decision.

3.3.3 Trellis-Based Detection

In general, the optimal detection of the sequenceu from the observed sequencey, in

terms of any of the MAP/ML decision criteria presented in (3.11), (3.12) and (3.13), is

computationally prohibitive. In the worst case, a full-search is required resulting in a

complexity which is exponential in the length of the input sequenceLu, i.e.,O (|U|Lu
)

[52], whereO (·) denotes the order of complexity.

Fortunately, the inherent structure of the FSM and the statistical properties of the

memoryless channel can be exploited in order to perform optimal detection at a complex-

ity that is independent of the input sequence lengthLu. The cascade of the information

source and the FSM can be represented by a discrete-time finite-state Markov source. The

resulting system model then describes a discrete-time finite-state Markov source whose

outputs are then observed in memoryless noise. This model describes a well known detec-

tion problem which can be solved using a number of computationally efficient techniques.

Some of the more well known solutions to this detection problem are noted below.
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The BCJR algorithm

The optimal technique, in terms of the BER, for estimating the outputsc of a Markov

process is the MAP symbol detection algorithm [60]. Hence, the SISO variant of the

BCJR algorithm [2], can be used to perform detection of the FSM output sequence ob-

served in memoryless noise, such that the resulting performance is optimum in terms of

the BER. Note that some authors refer to the SISO variant of the MAP detection algorithm

as ana posterioriprobability (APP) detector, rather than a MAP detector.

The Log-MAP algorithm

As noted in [62], the SISO BCJR algorithm has numerical representations problems that

cause technical difficulties in its implementation. The Log-MAP algorithm, developed in

[62], is an optimal MAP symbol detection algorithm which overcomes these difficulties.

That is, the Log-MAP algorithm is mathematically equivalent to the BCJR algorithm, but

the former algorithm avoids certain implementation problems that can affect the practical

performance of the latter algorithm. Moreover, the Log-MAP algorithm is implemented

in the logarithmic domain at a reduced complexity with respect to the BCJR algorithm.

The Max-Log-MAP algorithm

The Max-Log-MAP algorithm [63] is a suboptimal implementation of the MAP symbol

detection algorithm. That is, it is not a “true” MAP algorithm. Also implemented in

the logarithmic domain, the complexity of the Max-Log-MAP algorithm is slightly lower

than the Log-MAP algorithm. However, this is obtained with some performance penalty.

The SOVA algorithm

The soft-output Viterbi algorithm (SOVA) [64] is another frequently considered solution

to the detection problem at hand. The SOVA detector is a Viterbi detector which has been

modified to take into accounta priori information as well as producing soft-outputs in

the form of log-likelihood ratios (LLRs) as opposed to hard decisions. The SOVA offers

the lowest computational complexity of the four algorithms discussed here. However, this

algorithm also has the worst performance of the four. Like the Max-Log-MAP algorithm,

the SOVA is not a true MAP algorithm either.
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3.3.4 Practical FSMs for Iterative Detection

There are a number of important digital communications subsystems that can be repre-

sented as FSMs. In this section, the generic FSM system presented in Section3.3.1 is

used to describe the binary linear convolutional code, the binary linear block code and the

discrete-time FIR channel. Here, only a rudimentary discussion of the FSM and trellis

representations of these systems is provided. For a detailed treatment of these subjects,

the reader is referred to [13,65] and the references therein.

Binary convolutional codes

A binary convolutional codeC, is typically described in terms of its total number of

parallel inputs, its total number of parallel outputs, and its memory. The family of convo-

lutional codes considered in this thesis, can be described as(n, 1, ν)-convolutional codes.

Where,n andν represent the number of parallel outputs and the memory of the FSM, re-

spectively. In convolutional coding literatureν is also referred to as the constraint length

of the convolutional code [65]. Note that generalisation to a multiple input multiple output

convolutional code is relatively straightforward, e.g., see [13].

The(n, 1, ν)-convolutional code is considered to have a code rateR = 1/n. However,

it is noted that once trellis termination is taken into account the overall code rate is slightly

lower than this.

The input symboluk to the FSM and its associated output vectorck are binary. Hence,

the setsU and C are both defined overGF(2), whereGF(·) denotes the Galois field

[13]. The FSM of the convolutional code can be implemented via aν-stage linear shift

register. This structure consist ofν memory units called registers, each holding one of the

ν elements of the statesk, i.e.,u(i) ∈ {0, 1}, for i ∈ {1, . . . , ν}. In this case the symbol

u(i) represents the binary value which is stored in theith register of the linear shift register.

The registers are combined with adders and multipliers that operate overGF(2).

When a transition from statesk to sk+1 occurs, the value of the bit stored inu(1) is

“shifted” to the next register to becomeu(2), which is in-turn shifted to becomeu(3) and

so on. The value of the bit in the last registeru(ν), cannot be shifted forward and is

discarded. The input data bituk associated with the state-transition is stored in the first

register asu(1). The next statesk+1 is then given by a shifted version of the previous state

sk, combined with the current inputuk. At any given discrete-time instantk, the next state

of the convolutional code can be expressed as theν-tuple

sk+1 = fns (sk, uk) = (uk, uk−1, . . . , uk−ν+1) (3.14)

Each convolutional codeC is associated with a generator matrixG, which describes the

45



3.3. NON-ITERATIVE DATA DETECTION

connections in the convolutional code’s linear shift register. The generator matrixG can

be expressed as

G = [g1(D), . . . ,gn(D)] (3.15)

wheregl(D) is known as thelth generator polynomial and can be expressed as

gl(D) = g
(0)
l + g

(1)
l D + g

(2)
l D2 + . . . + g

(ν)
l Dν (3.16)

Here,D is called an intermediate and can be considered to be a delay operator [6]. Each

generator polynomial is usually described by an octal number, which when converted to

a binary sequence, specifies the connections in the linear shift register for each of the

n binary outputsck,l, for l ∈ {1, . . . , n}. Using modulo-2 arithmetic, thelth output at

discrete-timek is computed in terms of the current statesk and the current inputuk as

ck,l = fo (sk, uk) = g
(0)
l uk +

ν∑
i=1

g
(i)
l uk−i (3.17)

Example 3.1.Consider a(2, 1, 2)-convolutional codeC overGF(2) defined by the gen-

erator matrixG = [5oct 7oct], where5oct = (101) and7oct = (111).

Figure3.4shows an example of the considered(2, 1, 2)-convolutional encoder, repre-

sented by a linear shift register.

Figure 3.4: 2-stage binary shift register for the(2, 1, 2)-convolutional code, with genera-
tor polynomialsg0(D) = 5oct andg1(D) = 7oct.

Figures3.5(a)and3.5(b)show the state diagram and the state-transition diagram, re-

spectively, for the considered example. In each of the figures, a solid line is used to

denote an input bit corresponding touk = 1, whereas a dashed line denotes an input bit
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corresponding touk = 0. Furthermore, each branch has been labelled with the output

corresponding to that particular state-transition, i.e., the values ofck = [ck,1, ck,2]
T cor-

responding to a particular state-transition. The trellis representation of this convolutional

code is given in Figure3.5(c). Here, it is assumed that the trellis starts and ends in the

all-zero states, i.e.,s0 = sLs = (00).
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Figure 3.5: Representation of a(2, 1, 2)-convolutional code. (a) State diagram; (b) State-
transition diagram; (c) Trellis diagram.
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Binary linear block codes

A binary linear block codeC, consisting of2K unique codewords, each of lengthN , is

typically described as an(N,K,Dmin) block code. Here,K represents the number of data

bits that are required to encode each data sequenceu to the codewordc of lengthN . The

parameterDmin represents the minimum Hamming distance of the codeC. The Hamming

distance is equal to the number of elements by which any two codewords inC differ. The

minimum Hamming distanceDmin, is therefore given by the smallest Hamming distance

that exists in the codeC. Note that in the generic FSM presented in Section3.3.1, K = Lu

andN = Ls. The considered binary linear block code can be described as a single-input

single-output FSM, i.e.,n = 1, with memoryν = N − K. Moreover, since the inputs

and outputs of the FSM are binary, the setsU andC are both defined overGF(2).

The binary linear block codeC can be described in terms of either its generator matrix

G or its parity check matrixP. In this section, the binary linear block codeC is described

by its parity check matrixP, which can be expressed as

P = [p1,p2, . . . ,pN ] (3.18)

wherepj is a lengthN−K column vector. The parity-check matrixP is anN×(N−K)

matrix whose rows are said to generate the orthogonal complement of the linear block

codeC [66]. As a consequence, each valid codewordc, satisfies the parity check equation

PTc = 0(N−K)×1 (3.19)

where0i×j denotes the(i× j)-zeros matrix.

Linear block codes were first represented by a trellis structure in [60]. Later, a mini-

mum trellis representation of linear block codes was presented in [67]. A minimal trellis

for a given linear block codeC is the trellis which describes the code using a minimum

number of states at each discrete-time intervalk = {0, 1, . . . , N}. In [68], the soft-

decision ML decoding of linear block codes based on the so-called syndrome trellis was

considered. The syndrome trellis is a minimum trellis which can be constructed using the

parity check matrixP of the codeC.

A syndrome trellis for an(N,K,Dmin) binary linear block codeC can be described

as follows. Letc = [c0, c1, . . . , cLc−1]
T be a codeword ofC. Additionally, letsk denote

an equivalentν-element vector representation of the statesk, expressed as

sk ≡ sk = [u(1), . . . , u(ν)]T (3.20)

whereu(i) ∈ GF(2), for i ∈ {1, . . . , ν}. Here, the binary symbolsu(i) represent the
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values that are stored in the memory registers of the FSM of the linear block code. The

vectorsk is known as a partial syndrome of the codeC [69]. At discrete-time intervals

k ∈ {0, 1, . . . , N − 1}, the next partial syndromesk+1 can be recursively updated using

the current inputuk and the current partial syndromesk, which can be expressed as

sk+1 = sk + ck+1pk+1 (3.21)

where

ck+1 =

{
1 Pr (sk+1|sk) > 0

0 Pr (sk+1|sk) = 0
(3.22)

Here, the code bitck+1 is only defined when there exists a non-zero transition probability

between the two statessk andsk+1. By observing thatsk+1 ≡ sk+1 it is straightforward

to see that (3.21) also describes the next state equationsk+1 = fns (sk, uk) of the binary

linear block code. Note that the final statesN ≡ sN , is given by

sN ≡
N∑

l=0

clpl = Pc (3.23)

which is the parity check equation expressed in (3.19). Hence, the trellis of the linear

block code in this form ends in the all zero state, i.e.,u(i) = 0, for i ∈ {1, . . . , ν}.
The syndrome trellis of an(N, K, Dmin) binary linear block code consists of one

unique path through the trellis for each codeword ofC. All branches and nodes of the

trellis which do not form part of a path that ends in the all-zero state, as described by

(3.23), are eliminated.

Example 3.2.:Consider an(N,N − 1, 2) single-parity-check (SPC) codeC overGF(2)

defined by the parity check matrix

P = 1N×1 (3.24)

where1i×j denotes the(i× j)-ones matrix. Note that the SPC code has been selected for

this illustrative example since it is used extensively throughout Chapter 4.

The SPC code represents one of the simplest linear block codes, consisting of only

two states,S = {0, 1}. The state and state-transition diagrams for the(N,N − 1, 2)-SPC

code are shown in Figures3.6(a)and3.6(b), respectively, while the trellis representation

is shown in Figure3.6(c). In each of the figures, a solid line is used to denote an input

bit corresponding touk = 1, whereas a dashed line denotes an input bit corresponding
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to uk = 0. The branch labels denote the binary output corresponding to a particular

state-transition.
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Figure 3.6: Representation of an(N,N − 1, 2)-SPC code. (a) State diagram; (b) State-
transition diagram; (c) Trellis diagram.

Note that in the considered example, the SPC code has a time-invariant trellis. In

general, linear block codes have time-varying trellises. Consequently, the state and state-

transition diagrams of linear block codes are generally not specified since they change at

different time instancesk. In such cases, it is usually only the trellis which is specified.

Here, the resulting trellis structure varies at different stages of the trellis.

The discrete-time finite-impulse response channel

Consider the input-output relationship of a discrete-time FIR channel. Suppose a se-

quence of2κ-ary modulated symbolsxk is transmitted over the discrete-time FIR channel

h = [h0, h1, . . . , hLh−1]
T , to produce a sequence of output symbolsrk given by

rk =

Lh−1∑

l=0

hlxk−l (3.25)

Figure3.7, shows the FIR channel implemented as a non-binary linear shift-register.
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Figure 3.7: A discrete-time FIR channel implemented as a linear shift-register.

The considered discrete-time FIR channel can be described as an FSM [70], with

memoryν = Lh − 1. The FSM representation of the FIR channel is similar to the

convolutional code considered previously. In fact, the system can be treated as a unity rate

(1, 1, Lh − 1)-convolutional code. Instead of binary input symbolsuk, the FIR channel

inputs are the non-binary symbolsxk, wherexk comes from some2κ-ary modulation

constellation. Furthermore, instead of the binary output symbolck, the FSM presents at

its output the non-binary symbolrk ∈ R, whereR is a finite alphabet of real or complex

numbers.

The statesk of the FSM representation of the channel is given by an(Lh− 1)-tuple of

symbols from the2κ-ary modulation constellation. Specifically, the statesk is the memory

of the previousLh − 1 transmitted symbols, which can be expressed as

sk = (xk−1, xk−2, . . . , xk−Lh+1) (3.26)

Hence, the cardinality of the state set is equal to|S| = 2κ·(Lh−1).

The characteristic equations for the FSM of the discrete-time FIR channel, for each

discrete-timek, are given by

rk = fo (sk, xk) =

Lh−1∑

l=0

hlxk−l (3.27)

sk+1 = fns (sk, xk) = (xk, xk−1, . . . , xk−Lh
) (3.28)

Example 3.3. Consider anLh = 2 tap ISI channel with coefficientsh = [h0, h1]
T .

Moreover, assume that BPSK modulation is employed and that the modulated symbols
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xk are from the alphabet{−1, +1}. The state setS for this example consists of two

states,S = {−1, +1}.
The state, state-transition and trellis diagrams for the considered ISI channel are

shown in Figures3.8(a), 3.8(b) and3.8(c), respectively. Here, a solid line denotes in-

put symbol corresponding toxk = +1, whereas a dashed line denotes the input symbol

corresponding toxk = −1. In the considered example the output symbolsrk are from the

setR = {−h0 − h1,−h0 + h1, +h0 − h1, +h0 + h1}. For simplicity, the branch labels,

which are from the setR have been omitted from the respective figures.

-1 +1

(a)

-1

+1

-1

+1

(b)

-1

+1

-1

+1

(c)

Figure 3.8: Representation of anLh = 2 tap FIR channel. (a) State diagram; (b) State-
transition diagram; (c) Trellis diagram.

3.4 Joint Detection of Concatenated Systems

Modern wireless communications systems incorporate a number of different system func-

tionalities into their transmitter and receiver architectures. In addition to the basic com-

munications system functionalities described in Section3.2.1, e.g., source and channel

coding, modulation, equalisation etc., a number of other system functionalities may be

required. For example, additional functionalities may include, multiuser detection [71],

automatic repeat request (ARQ) packet retransmission [72], spatial diversity [73], and

channel estimation [28]. In general, the practical approach to designing systems which

incorporate multiple functionalities is to include them as separate subsystems, which are
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optimised independently within the constraints of the overall system. However, as noted

in [74], recent results from communication and information theory suggest that joint op-

timisation of a number of different components of a communications system can lead to

considerable performance improvements. This section is devoted to describing the joint

detection of an input sequence, to a system which can be expressed as a concatenated

group of interconnected subsystems. Of particular interest, is the joint decoding of con-

catenated channel codes and the joint equalisation and decoding of a channel code which

is transmitted over an ISI channel.

3.4.1 Concatenation Systems

A concatenated system refers to a system which comprises of a concatenated group of

interconnected of subsystems. These subsystems may be any one of a number of possible

systems, including an FSM (e.g., a channel code, a discrete-time FIR channel, etc.) or

some type of mapping system (e.g., an interleaver, a BPSK symbol mapper, etc.).

The purpose of treating a cascade of subsystems as a concatenated system is so that the

overall detection of an input sequence, to the cascade of subsystems, can be optimised in a

joint manner. Often, a joint optimised approach can yield significant benefits compared to

a system employing a cascade of individual detectors which are optimised independently.

Recently, a number of concatenated systems have found favour, including: concatenated

channel codes [75], joint equalisation and decoding [14], joint source and channel coding

[76], joint coding and modulation [77, 78], joint channel estimation and decoding [8],

channel coding with spatial and temporal diversity [73], joint multiuser detection and

decoding [71], and joint coding and ARQ protocols [72]. In this thesis, two types of

concatenated systems are of interest: concatenated channel codes, or simply concatenated

codes, and joint equalisation and decoding.

Concatenated codes were first introduced in 1960 by Forney [75]. Although, his initial

interests were primarily theoretical [51], concatenated codes have since been implemented

in systems that required high coding gains, e.g., deep-space communications. However,

due to their cost, which was mainly incurred at the receiver side, the widespread use of

concatenated codes in digital communications systems was rather limited. Recently, the

invention of turbo codes [2] has resulted in renewed interest in the subject.

The concept of code concatenation is rather simple; two or more constituent chan-

nel codes are combined to form a larger code. Since the performance of a channel code

is closely related to its minimum distance, the objective of code concatenation is essen-

tially to increase the minimum distance of the larger concatenated code, with respect to

its constituent codes. More generally, the performance of a channel code can be charac-
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terised by its weight distribution [13], which describes the distribution of the Hamming

weights of the codewords which make up the code. Specifically, channel codes with a

high proportion of low-weight codewords should be avoided.

The use of an interleaver between constituent codes, e.g., as was considered in [79],

has long been established as a standard ingredient in the “classical” concatenated code

[80]. More recently, the use of an interleaver between constituent codes has been shown

to reduce the number of low-weight codewords in parallel concatenated convolutional

codes through a process called “spectral thinning” [81]. In fact, interleaving can poten-

tially provide even greater benefits for serial concatenated convolutional codes [80]. Sim-

ilarly, interleavers improve the minimum distance properties of concatenated block codes.

Moreover, in a basic parallel or serial concatenated block code an interleaver appears in

the very structure of the code, e.g., see [11].

In this thesis, interleavers are employed between the constituent subsystems of all

concatenated systems considered. While it is noted that the choice of interleaver is an

important design parameter, which can result in a significant gain in SNR [80], this is

beyond the scope of this thesis and only commonly referenced interleavers such as the

uniform block interleaver and the random interleaver [82] are considered.

3.4.2 Optimum Detection of Concatenated Systems

Consider a concatenated system which maps the data sequenceu to the concatenated out-

put sequencec. As discussed in Section3.3, the optimum detection of the data sequence

u, has a computational complexity which is generally exponential in the sequence length

Lu. If the concatenated system can be described by a single FSM with a state setS, then

the optimal detection of the data sequenceu can be accomplished using a trellis-based

detection scheme with a computational complexity which is proportional to the cardinal-

ity |S| of the state setS. However, the representation of the system as a single FSM is no

trivial task. Moreover, the number of states|S| is generally large for most systems of prac-

tical interest. Suppose a serial or parallel concatenated system is comprised of two FSMs

with state setsS1 andS2, respectively. When there is no separating interleaver between

the two FSMs, the concatenated system can be viewed as a single FSM whose state setS
has an upper bound on its cardinality given by|S| ≤ |S1| × |S2| [52]. Hence, even when

the concatenated system is composed of constituent FSMs with relatively small state sets,

the number of states in the FSM of the concatenated system can be prohibitively large.

The inclusion of an interleaver between the constituent FSMs, exacerbates the com-

plexity of the concatenated system even further. Depending on the size and construction

of the interleaver, the representation of the concatenated system by a single FSM can be
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extremely complicated, and in general, the optimal detection of the data sequenceu is

prohibitively complex.

In [83] it was shown that a parallel concatenated convolutional code implementing a

row-column interleaver could be described by a single FSM, and in turn be represented

by a so-called “super-trellis”. In general, the super-trellis construction is only feasible

when the interleaver consists of only a handful of columns and only a small number of

rows. Moreover, the super-trellis has a relatively high number of states, even when the

memory of the constituent convolutional codes of the parallel concatenated convolutional

code is relatively low. When the interleaver structure is generalised to a larger, more

practical size or when the memory of the constituent codes is increased, the number of

states rapidly increases to prohibitive levels. It was suggested in [83], that an upper bound

for the number of states of an FSM representation of a parallel concatenated convolutional

code consisting of two identical RSC codes with memoryν, using a simple row-column

interleaver of sizeLu, is given byO (
2(ν·Lu)/2

)
, whereLu is the length of the information

sequenceu. This complexity is comparable to that of a full-search algorithm and is clearly

impractical.

In [84], a similar super-trellis structure was presented for the serial concatenation

of a convolutional code and a discrete-time FIR channel. In this case, the super-trellis

representation of the concatenated system is only practical using a low memory con-

stituent convolutional code, a low memory channel and when the channel interleaver was

restricted to employing only a few columns. The complexity once again increased to

prohibitive levels when any of these parameters were increased.

As discussed earlier, concatenated systems benefit significantly from interleaving.

Moreover, it is generally assumed that non-trivial interleavers are implemented, i.e., in-

terleavers with an arbitrary number of columns and rows. Hence, for practical purposes

the optimal detection of the concatenated systems is prohibitively complex, even when

the memory of the constituent subsystems are relatively low.

3.4.3 Suboptimum Detection of Concatenated Systems

It was shown in [2], that a parallel concatenated convolutional code performed within

0.7 dB of the Shannon capacity limit of the AWGN channel, using a suboptimal decoding

algorithm with complexity comparable to that of two convolutional decoders. Although

this outstanding error rate performance can be attributed to the error correcting properties

of the parallel concatenated convolutional code, the main contribution of this work was

not the code, but rather the manner in which it was decoded. The receiver employed two

SISO decoders, one for each of the parallel concatenated convolutional codes’ constituent
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encoders, each performing MAP symbol detection on the received sequence. Soft prob-

abilistic information was passed between the SISO decoders in an iterative manner, with

each iteration increasing the reliability of the estimated data sequence.

This powerful iterative detection technique has since been applied to numerous other

concatenated systems, including serial concatenated convolutional codes [85], parallel

concatenated block codes [11], serial concatenated block codes [40] and convolutional

codes concatenated with discrete-time FIR channels [14]. In the sequel, some notable

iterative detection schemes are described: the original turbo code, the block turbo code

and the turbo equaliser.

3.4.4 Turbo Codes

Traditionally, a “turbo code” refers to a parallel concatenated convolutional code which is

decoded using soft probabilistic iterative decoding. Convolutional turbo codes are widely

regarded as the catalyst for much of the recent literature on modern iterative detection

schemes. The material presented in this section is used as a means to describe the so-

called turbo principles. These general principles are relevant to a number of turbo-like

iterative detection schemes. Two such examples, the decoding of concatenated block

codes and turbo equalisation, are described in Sections3.4.5and3.4.6, respectively.

The discrete-time block diagram for a convolutional turbo coded system is presented

in Figure3.9. For convenience, BPSK modulation is considered and it is assumed that the

transmitted symbols are corrupted by AWGN. Here, the data bitsuk are encoded to form

symbols from the concatenated codeword, denotedck. These symbols are then modulated

using a one-to-one mapping to BPSK modulated symbolsxk. The modulated symbols are

then transmitted over the channel to produce the received symbolsyk, given by

yk = xk + vk (3.29)

wherevk are assumed to be AWGN with zero mean and varianceσ2
V = N0/2. The

received symbolsyk are then passed to the turbo decoder, which in turn produces an

estimatêuk of the original data symbolsuk.

Turbo code structure

The turbo code is formed by the parallel concatenation of two constituent RSC encoders,

separated by an interleaverΠ. Figure3.10shows the block diagram of such a turbo en-

coder, where the constituent RSC encoders are labelled Encoder 1 and Encoder 2, respec-

tively. The multiple-input single-output block on the right of the diagram, labelled with
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Turbo
Encoder

BPSK
Mapping

Turbo
Decoder

Figure 3.9: Block diagram of a turbo code transmitted over an AWGN channel with
BPSK signalling.

a dashed right-facing arrow, represents a multiplexer. This system takes multiple-input

streams and multiplexes them into a single-output stream.

Encoder 1

Encoder 2

Figure 3.10: A turbo encoder.

Let the corresponding RSC codes,C(1) and C(2), be described by the parameters

(n(1), 1, ν(1)) and (n(2), 1, ν(2)), respectively. Here, the parameters(n(i), 1, ν(i)) denote

that theith constituent RSC code takes one input bit and producesn(i) output bits per

discrete-time instantk, and that the encoder can be described by an FSM with memory

ν(i). Since an RSC encoder is systematic, the output corresponding to the first of the

n(i) output bits is equal to the input bit. The remainingn(i) − 1 outputs are known as

the parity bits. Letp(i)
k be the(n(i) − 1)-length vector of parity bits from theith en-

coder. Note that in Figure3.10, only the parity bitsp(i)
k , for i ∈ {1, 2}, are shown as

the outputs of the encoders. At the output of the multiplexer, the convolutional turbo

encoder presents the turbo code symbolsck. Note that the input symbolsuk are de-

fined for k ∈ {0, 1, . . . , Lu − 1}, whereas the turbo code symbolsck are defined for

k ∈ {0, 1, . . . , Lc − 1}. The relationship betweenLu andLc is explained in the sequel.

The encoding operation proceeds in parallel. In the first parallel process, the data

bits uk are presented to Encoder 1, producing the(n(1) − 1)-length vector of parity bits

p
(1)
k . In the second parallel process, the interleaved data bitsũk are passed to Encoder 2,

which produces the(n(2) − 1)-length vector of parity bitsp(2)
k . In general, an additional

process known as tail termination is also conducted in order to improve the turbo decoding

process [86]. Typically, this process results in additional parity bits being produced.
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Let the vectorsp(1) andp(2) represent the sequences of all parity bits produced by

Encoders 1 and 2, respectively. The four binary valued sequencesu, p(1), ũ andp(2),

collectively represent the complete sequence of outputs from both constituent encoders.

However, it is unnecessary to transmit both the data sequenceu and its interleaved coun-

terpartũ. Instead, a concatenated codeword is transmitted, given by

c =
[
uT ,

(
p(1)

)T
,
(
p(2)

)T
]T

(3.30)

Note that this representation of the codewordc is in systematic form since the firstK el-

ements of the codeword are equal to the input sequenceu. For convenience, the elements

of the codewordc are represented as

c = [c0, c1, . . . , cLc−1]
T (3.31)

where

Lc =
(
n(1) + n(2) − 1

)× Lu (3.32)

Here, it can be observed thatci = ui, for 0 ≤ i ≤ K−1, while for i ≥ K, the code bitsci

represent parity bits produced by one of the two encoders. The lengthLc of the codeword

c may be slightly higher if a tail termination procedure is employed [86].

The codewordc is passed through the BPSK mapper to produce the modulated symbol

vectorx given by

x = [x0, x1, . . . , xLc−1]
T (3.33)

which is subsequently subjected to AWGN to produce the observed symbol sequencey

given by

y = [y0, y1, . . . , yLc−1]
T (3.34)

The turbo principles

In the sequel, it will be shown that the turbo decoder consists of two constituent SISO

decoders, one for each constituent RSC encoder. The so-called turbo principles are based

on the concept of exchanging soft extrinsic information between these SISO decoders.

The concept of extrinsic information and other mathematical preliminaries of iterative

turbo decoding are now described. A general diagram of a SISO component decoder for a

parallel concatenated turbo code is shown in Figure3.11. The soft-inputs and soft-outputs
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of this device are described in the sequel.

SISO
Decoder

Figure 3.11: A general diagram of a SISO decoder.

In order to simplify the passing of soft information between the SISO decoders, the

concept of LLRs was introduced [2]. The LLR of a binary symbol is defined as the natural

logarithm of the probability of that symbol taking its two possible values [65], i.e.,uk = 1

or uk = 0. The LLR of thekth input symboluk, is called thea priori LLR of uk, and is

given by

Λ(uk) = ln

[
Pr(uk = 1)

Pr(uk = 0)

]
(3.35)

The sequence ofa priori LLRs Λ(uk) form one of the soft inputs to the SISO decoder.

In addition, the SISO decoder is provided with the soft-output values of the channel

Λ(yk|ck), known as the channel reliability metrics throughout this thesis. Let the map-

ping between coded symbolsck and BPSK modulated symbolsxk, be given byxk =√
Es(2ck − 1). Note that an alternative mapping could also be used, whereby the code

bit ck = 0 is mapped to the symbolxk =
√

Es and the code bitck = 1 is mapped to the

symbolxk = −√Es [11]. Due to the one-to-one relationship between the code bitsck

and the modulated BPSK symbolsxk, the channel reliability metric can be expressed as

Λ(yk|ck) ≡ Λ(yk|xk) = ln
pY |X(y|xk = +

√
Es)

pY |X(y|xk = −√Es)
(3.36)

wherepY |S(yk|xk = ±√Es) is the conditional probability of the received sampleyk given

the symbolxk = ±√Es was transmitted. For an AWGN channel, the channel reliability

metric can be expressed as [87]

Λ(yk|xk) = Λc · yk (3.37)

whereΛc is called the reliability value, which is given by

Λc =
4
√

Es

N0

(3.38)
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The purpose of the SISO decoder is to utilise the soft channel information, provided by

the channel reliability metricsΛ(yk|xk), and the knowna priori LLRs Λ(uk), to produce

soft estimates of the original data symbolsuk. The SISO decoder presents thea posteriori

LLR Λ(uk|y) of the data bituk at its output, which can be expressed as

Λ(uk|y) = ln

[
pU,Y (uk = +1,y)

pU,Y (uk = −1,y)

]
(3.39)

One of the most important concepts in turbo decoding, is the concept of extrinsic

information. In general, extrinsic information represents information about a particular

symbol from some symbol sequence, which is provided by known channel anda priori

information of other symbols in the symbol sequence. The extrinsic information asso-

ciated with a bituk, is that information which is provided by some FSM, e.g., the RSC

encoder, based on the known channel anda priori information [65]. The extrinsic infor-

mation arises due to the fact that each input symboluk influences some portion of the

FSM output sequence. Hence, the known channel anda priori information, provided

specifically aboutuk, provides extrinsic information that is spread across a number of

neighbouring FSM output symbols. The extrinsic LLRΛe(uk) then represents the cu-

mulative extrinsic information aboutuk provided by all neighbouring bits in the output

sequence, which provide extrinsic information foruk. Thea priori LLR Λ(uk) and the

channel reliability metricΛ(yk|uk) for the data symboluk, are the only soft-inputs to the

SISO decoder which directly provide information about the data symboluk. Hence, the

so-called extrinsic LLRΛe(uk) can be calculated as [11]

Λe(uk) = Λ(uk|y)− Λ(uk)− Λ(yk|uk) (3.40)

In the turbo code presented in Figure3.10, the extrinsic LLRΛe(uk) represents indirect

information onuk due to a particular codeC(i), i ∈ {1, 2}. In turbo decoding, the ex-

trinsic LLRs produced by a particular SISO decoder are interleaved or deinterleaved and

presented asa priori LLRs to the alternate SISO decoder. It is this exchange of soft extrin-

sic information between SISO decoders that represents the most fundamental principle of

turbo decoding.

Turbo decoder

Figure3.12, shows the general block diagram of a convolutional turbo decoder. Once

againΠ denotes the interleaver, which was also present in the turbo encoder, whileΠ−1

denotes the corresponding deinterleaver. The single-input multiple-output block in the

upper left portion of the diagram, labelled with a dashed left-facing arrow, represents a
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demultiplexer. The demultiplexer reverses the operation performed by the multiplexer

within the encoder. Due to the one-to-one mapping between the concatenated code bitsck

and the modulated symbolsxk, the received sequence of symbolsyk consists of channel

observations corresponding to binary inputsuk and the two sequences of parity bits,p
(1)
k

andp
(2)
k . The purpose of the demultiplexer is to separate its input stream into output

streams corresponding to each of these three sequences.

-

-

-

-

SISO
Decoder 1

SISO
Decoder 2

Figure 3.12: Block diagram of a turbo decoder. This figure is based on [65, Fig. 5.10].

The structure of the turbo decoder somewhat mirrors its turbo encoder counterpart.

Each of the constituent encoders are replaced by their corresponding SISO decoders.

Here, SISO Decoder 1 performs trellis-based decoding of the convolutional codeC(1),

while SISO Decoder 2 performs trellis-based decoding of the convolutional codeC(2).

Note that the SISO decoders in Figure3.12appear to differ from the general SISO de-

coder described in Figure3.11. For convenience, the second input to the SISO decoder,

which had corresponded to information provided by the channel about the code bitsck,

has been split into two separate inputs: the first representing information provided by the

channel about the data bitsuk in the codeword, and the second representing information

provided by the channel about the parity bitsp
(·)
k in the codeword.

In Figure3.12, the received symbolsyk are first multiplied by the reliability value

Λc to produce the channel reliability metricsΛ(yk|xk). The channel reliability metrics

are then passed to the demultiplexer. As can be observed in the figure, the demultiplexer

separates the sequence of channel reliability metricsΛ(yk|xk) into three output sequences.

The upper output of the demultiplexer represent the channel reliability metrics for the

systematic bitsΛ(yk|uk). The middle and lower outputs represent the channel reliability

metrics corresponding to the parity bits from Encoder 1 and Encoder 2, respectively. For

convenience, the labels of the channel reliability metrics of the parity bits have not been

included in Figure3.12. The hard decision block has also been omitted from Figure3.12

in order to simplify its presentation. The iterative procedure for decoding of convolutional
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turbo codes has been summarised in Procedure 3.1 below. Without loss of generality,

SISO Decoder 1 is activated first.

Procedure 3.1: Iterative Decoding of Convolutional Turbo Codes

Step 1: Compute the channel reliability metricsΛ(yk|xk) by multiplying each received

symbolyk by the reliability valueΛc. Initially, the a priori LLRs Λ(uk) are un-

known and hence set to zero.

Step 2: Activate SISO Decoder 1. This SISO decoder accepts as its inputs thea pri-

ori LLRs Λ(uk) for the data bitsuk, as well as those channel reliability metrics

Λ(yk|xk) which correspond to the data bitsuk and the parity bitsp(1)
k .

(a) Compute thea posterioriLLRs Λ(uk|y) for the data bitsuk.

(b) Compute the extrinsic LLRsΛe(uk) corresponding to the data bitsuk by sub-

tracting thea priori LLRs Λ(uk) and the systematic channel reliability met-

rics Λ(yk|uk) from thea posterioriLLRs Λ(uk|y). Here, the extrinsic LLRs

Λe(uk) represent new information, about the data bitsuk, which is provided

by the codeC(1).

Step 3: Interleave the extrinsic LLRsΛe(uk) to form a sequence ofa priori LLRs Λ(ũk).

Step 4: Activate SISO Decoder 2. This SISO decoder accepts as its inputs thea priori

LLRs Λ(ũk) for the interleaved data bits̃uk, as well as those channel reliability

metricsΛ(yk|xk) which correspond to the interleaved data bitsũk and the parity

bitsp
(2)
k .

(a) Compute thea posterioriLLRs Λ(ũk|y) corresponding to the interleaved data

bits ũk.

(b) Compute the extrinsic LLRsΛe(ũk) corresponding to the interleaved data bits

ũk by subtracting thea priori LLRs Λ(ũk) and the interleaved systematic

channel reliability metricsΛ(yk|ũk) from thea posterioriLLRs Λ(ũk|y). In

this case, the extrinsic LLRsΛe(ũk) represent new information, about the in-

terleaved data bits̃uk, which is provided by the codeC(2).

Step 5: Evaluate the stop criterion: If the stop criterion has been reached, then go to

Step 6. Otherwise, if the stop criterion has not been reached, then deinterleave

the extrinsic LLRsΛe(ũk) to form a sequence ofa priori LLRs Λ(uk). Pass this

sequence ofa priori LLRs to SISO Decoder 1 and then go toStep 2.
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Step 6: Deinterleave the sequence ofa posterioriLLRs Λ(ũk|y) and pass the reordered

sequence to a decision device. The decision device then outputs estimatesûk of the

original data symbolsuk.

Step 7: End of procedure.

3.4.5 Block Turbo Codes

A block turbo code (BTC) is a concatenated block code which is decoded using iterative

decoding techniques. Both parallel and serial concatenated block codes can be used to

represent BTCs. A product code, originally introduced in [88], represents the serially

concatenated variant of a concatenated block code, while a product code that is iteratively

decoded is often referred to as a turbo product code (TPC).

The discrete-time block diagram for a block turbo coded system is presented in Fig-

ure 3.13. For convenience, BPSK modulation is considered and it is assumed that the

transmitted symbols are corrupted by AWGN. The general description of this system

model is similar to the description of the discrete-time convolutional turbo coded sys-

tem, provided in Section3.4.4. The difference being the convolutional turbo encoder and

decoder are replaced with a BTC encoder and decoder, respectively. The BTC encoder

and decoder are described below.

BTC
Encoder

BPSK
Mapping

BTC
Decoder

Figure 3.13: Block diagram of a BTC transmitted over an AWGN channel with BPSK
signalling.

BTC structure

Let C(1) andC(2) be two systematic linear block codes, which have parameters given by

(N (1), K(1), D
(1)
min) and(N (2), K(2), D

(1)
min), respectively. Here,K(1) andK(2) represent the

number data bits that are encoded by the respective constituent codes to produce code-

words of lengthN (1) andN (2), respectively. The parameterD
(i)
min, i ∈ {1, 2} represents

the minimum Hamming distance of the code.

A two-dimensional serial concatenated block code can be obtained by first arranging

K = K(1) × K(2) information bits in an array ofK(1) columns andK(2) rows. The

K(2) rows are then encoded horizontally using the codeC(1) and subsequently allN (1)
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columns are encoded vertically using the codeC(2). The resulting serial concatenated

block code has lengthN = N (1) × N (2). The structure of the serial concatenated block

code can be presented graphically, as in Figure3.14(a). Note that the encoding operation

Checks on columns

Checks
on

rows

Checks
on

checks

Information
Bits

(a)

Checks on columns

Checks
on

rows

Information
Bits

(b)

Figure 3.14: Codeword structure: (a) Serial concatenated block code; (b) Parallel con-
catenated block code.

incorporates “checks-on-checks” by encoding the columns corresponding to the parity

bits of the horizontal encoding operation [65]. If the columns corresponding to the parity

bits were not encoded, i.e., if the “checks-on-checks” were omitted, then the resulting

structure would form a parallel concatenated block code. The structure of the parallel

concatenated block code is presented in Figure3.14(b).

Due to their superior minimum distance properties [89], serial concatenated block

codes are employed in this thesis. Moreover, these serial concatenated block codes will be

decoded using iterative decoding principles in the sequel. Hence, throughout the remain-

der of this thesis, the term BTC will be used solely to denote a serial concatenated block

code. The BTC encoder is presented in Figure3.15, which consists of two constituent

block encoders, separated by an interleaverΠ. In the figure, the two block encoders have

been labelled as the Inner Encoder and Outer Encoder, respectively

Outer
Encoder

Inner
Encoder

Figure 3.15: Block diagram of a BTC encoder.

Consider the horizontal-vertical encoding process in terms of the BTC encoder dia-

gram in Figure3.15. The binary input sequenceu = [u0, u1, . . . , uK−1]
T is passed to the
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Outer Encoder. Consecutive groups ofK(1) bits are encoded to constituent codewords

of lengthN (1) from the outer codeC(1). Here, each constituent codeword corresponds

to a row from the BTC structure in Figure3.14(a). A total of K(2) input sequences, one

for each row, are encoded resulting in the cumulative outer codeword, which is denoted

c(1) =
[
c
(1)
0 , c

(1)
1 , . . . , c

(1)

K(2)×N(1)−1

]T

. The outer codewordc(1) is then passed through a

row-column interleaver withK(2) rows andN (1) columns. Consecutive groups ofK(2)

bits from the interleaved outer codeword, denotedc̃(1), are then encoded to constituent

codewords of lengthN (2) using the inner codeC(2). Here, each constituent codeword cor-

responds to a column from the BTC structure in Figure3.14(a). The resulting sequence

of N (1) constituent codewords forms the concatenated codewordc = [c0, c1, . . . , cN−1]
T .

Note that the concatenated codeword could be referred to as the inner codeword instead,

and the code bitsck denotedc(2)
k . However, this notation is unnecessary and cumbersome.

Moreover, as can be observed in Figure3.13, the purpose of the BTC encoder is to map

the input data symbolsuk to the concatenated code bitsck. The mapping of theK data

symbolsuk through the concatenated BTC encoder, the BPSK modulator and the AWGN

channel, can be represented by the following set of equations:

u = [u0, u1, . . . , uK−1]
T (3.41)

c = [c0, c1, . . . , cN−1]
T (3.42)

x = [x0, x1, . . . , xN−1]
T (3.43)

y = [y0, y1, . . . , yN−1]
T (3.44)

BTC decoding

Figure3.16, shows the general block diagram of the BTC decoder. The BTC decoder

consists of an Inner Decoder and an Outer Decoder, which implement the SISO decoders

corresponding to the Inner Encoder and Outer Encoder, respectively.

BTC decoding can be described in terms of a horizontal and vertical decoding process.

Once the entire sequence of symbolsyk have been received, they are arranged into a

structure ofN (1) columns andN (2) rows corresponding to the original block code. Each of

theN (1) columns are then decoded vertically, using the Inner Decoder. The firstK(2) rows

are then decoded horizontally, using the Outer Decoder. Soft-information is exchanged

between the SISO decoders over successive iterations until a stop criterion is reached.

After the final iteration, a hard decision is made on the received codeword by taking the

sign of the most recenta posteriorioutput. Note that the hard decision device has been

omitted from Figure3.16in order to simplify its presentation. The iterative procedure for

decoding of BTCs has been summarised in Procedure 3.2 below.
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-

-

-

-

Innder
Decoder

Outer
Decoder

Figure 3.16: Block diagram of a BTC decoder.

Procedure 3.2: Iterative Decoding of Block Turbo Codes

Step 1: Arrange the received symbolsyk into a structure ofN (1) columns andN (2) rows

corresponding to the original block code. Multiply each elementyk within this

block structure by the reliability valueΛc to yield a block of channel reliability

metrics which correspond to the original block code. Initially, thea priori LLRs

Λ(c
(1)
k ) for the outer code bits are unknown and hence set to zero.

Step 2: Activate the Inner Decoder. Here, the Inner Decoder accepts as its inputs the

a priori LLRs Λ(c̃
(1)
k ) for the interleaved outer code bitsc̃(1)

k and the channel relia-

bility metricsΛ(yk|ck) for the concatenated code bitsck.

(a) Decode each of theN (1) columns of the concatenated block structure, to pro-

duce thea posterioriLLRs Λ(c̃
(1)
k |y) for the interleaved outer code bitsc̃(1)

k .

(b) Compute the extrinsic LLRsΛe(c̃
(1)
k ) corresponding to interleaved outer code

bits c̃
(1)
k by subtracting thea priori LLRs Λ(c̃

(1)
k ) and the channel reliability

metricsΛ(yk|ck) from thea posterioriLLRs Λ(c̃
(1)
k |y). Here, the extrinsic

LLRs Λe(c̃
(1)
k ) represent new information, about the interleaved outer code

bits c̃
(1)
k , which is provided by the inner codeC(2).

Step 3: Deinterleave the extrinsic LLRsΛe(c̃
(1)
k ) to form a sequence ofa priori LLRs

Λ(c
(1)
k ) for the outer code bitsc(1)

k .

Step 4: Activate the Outer Decoder. Here, the Outer Decoder accepts as its inputs the

a priori LLRs Λ(c
(1)
k ) for the outer code bitsc(1)

k and the channel reliability metrics

Λ(yk|c(1)
k ) for the outer code bitsc(1)

k . Note that the latter sequence of LLRs can be

obtained by deinterleaving the firstK(2)×N (1) elements of the sequence of channel

reliability metricsΛ(yk|ck).
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(a) Decode the firstK(2) rows of the concatenated block structure, to produce the

a posterioriLLRs Λ(c
(1)
k |y) for the outer code bitsc(1)

k .

(b) Compute the extrinsic LLRsΛe(c
(1)
k ) corresponding to outer code bitsc(1)

k

by subtracting thea priori LLRs Λ(c
(1)
k ) and the channel reliability metrics

Λ(yk|c(1)
k ) from the a posteriori LLRs Λ(c

(1)
k |y). Here, the extrinsic LLRs

Λe(c
(1)
k ) represent new information, about the outer code bitsc

(1)
k , which is

provided by the outer codeC(1).

Step 5: Evaluate the stop criterion: If the stop criterion has been reached, then go to

Step 6. Otherwise, if the stop criterion has not been reached, then interleave the

extrinsic LLRsΛe(c
(1)
k ) to form a sequence ofa priori LLRs Λ(c̃

(1)
k ). Pass this

sequence ofa priori LLRs to the Inner Decoder and then go toStep 2.

Step 6: Pass the sequence ofa posterioriLLRs Λ(uk|y) which correspond to the system-

atic bitsuk to a decision device. The decision device then outputs estimatesûk of

the original data symbolsuk.

Step 7: End of procedure.

3.4.6 Turbo Equalisation

The problem of equalisation and decoding for coded communications over a discrete-

time FIR channel is now considered. The general block diagram for this communications

system is presented in Figure3.17. For simplicity, BPSK modulated signalling is consid-

ered. The data bitsuk are encoded to the code bitsck and subsequently mapped to BPSK

modulated symbolsxk. These symbols are then interleaved and the resulting sequence

of BPSK modulated symbols̃xk are transmitted over the FIR channel and subjected to

AWGN. Here, it is assumed that the AWGN noise samplesvk are from an independent

and identically distributed Gaussian distribution with zero mean and varianceσ2
V = N0/2.

The observed symbolsyk are then equalised and decoded resulting in the decision sym-

bolsûk.

Channel
Encoder

BPSK
Mapping

Equalisation
& Decoding

Discrete-time
FIR Channel

Figure 3.17: Block diagram for the transmission of coded data over a discrete-time FIR
channel with AWGN.
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As discussed in Section3.3.4, the discrete-time FIR channel can be treated as a rate-1

convolutional code and represented by an FSM. Hence, the cascade of channel encoder,

symbol mapper and the channel impulse response can be considered to be the serial con-

catenation of a channel code and a discrete-time FIR channel, separated by an interleaver.

As noted earlier, the optimal detection of this concatenated system is prohibitively

complex for most systems of practical interest. The traditional suboptimal approach to

this problem first employs some type of ISI mitigation technique, e.g., MLSD, linear

equalisation or decision feedback equalisation (DFE), followed by a channel decoder.

However, this approach often leads to poor performance, particularly when the channel is

highly-dispersive [15].

In [14], Douillard et al. applied the principles of turbo detection to the problem, re-

sulting in a joint equalisation and decoding approach known as turbo equalisation. This

system employed an iterative receiver consisting of a SISO decoder and a SISO equaliser,

each implementing the SOVA algorithm. In [15], this turbo equaliser was modified to

implement the BCJR algorithm as its SISO detectors, significantly improving the BER

performance. In this thesis, the latter system is referred to as MAP-based turbo equal-

isation, in order to distinguish it from other joint equalisation and decoding techniques

that are also given the name turbo equalisation, but do not employ the MAP-based de-

tectors. Short of implementing the generally intractable optimal detection solution, the

MAP-based turbo equaliser remains the state-of-the-art detection scheme for coded com-

munications over discrete-time FIR channels.

The iterative receiver structure of the turbo equaliser is presented in Figure3.18. The

turbo equaliser consists of a SISO equaliser and a SISO decoder, separated by interleavers.

Here, the SISO equaliser performs trellis based equalisation of the transmitted symbol se-

quencẽxk, while the SISO decoder performs trellis-based decoding of the input sequence

uk. Note that in the majority of turbo equalisation literature, a convolutional code is em-

ployed as the encoder.

-

-

SISO
Equaliser

SISO
Decoder

= 0

Figure 3.18: Block diagram of a turbo equaliser. This figure is based on [15, Fig. 3].
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In the figure, both SISO detectors have two input ports, one corresponding to thea pri-

ori information and the other corresponding to the channel information. Observe that in

the turbo equaliser, thea priori information is not passed to the SISO Decoder in the

same way as the convolutional and block turbo decoders. Instead, thea priori informa-

tion is combined with the soft channel information and passed to the SISO Decoder as

combined channel anda priori LLRs, denotedΛc,a(ck) [15]. Since thea priori input port

to the SISO decoder is not required, it may be disconnected. Equivalently, the input LLRs

Λ(uk) can be permanently set to zero as has been shown in the figure.

Iterative detection proceeds in a similar manner to the BTC decoder, with soft infor-

mation being passed between the two SISO detectors. The iterative detection procedure,

often referred to as turbo equalisation, has been summarised in Procedure 3.3 below.

Procedure 3.3: Turbo Equalisation

Step 1: Initially, the a priori LLRs Λ(xk) for the modulated symbolsxk are unknown

and hence set to zero.

Step 2: Activate the SISO Equaliser. Here, the SISO Equaliser accepts as its inputs the

received symbolsyk and thea priori LLRs Λ(x̃k) for the interleaved modulated

symbolsx̃k.

(a) Compute thea posterioriLLRs Λ(x̃k|yk) for the interleaved modulated sym-

bolsx̃k.

(b) Compute combined channel and extrinsic LLRsΛc,e(x̃k) by subtracting the

a priori LLRs Λ(x̃k), from thea posterioriLLRs Λ(x̃k|y). Since only the

a priori information is removed, the resulting sequence of LLRs contains both

the channel information and the extrinsic information which is provided by the

memory of the FIR channel.

Step 3: Deinterleave the combined channel and extrinsic LLRsΛc,e(x̃k) to form a se-

quence of combined channel anda priori LLRs Λc,a(ck). Note the one-to-one rela-

tionship betweenck andxk has been used here.

Step 4: Activate the SISO Decoder. Here, the SISO Decoder accepts as its inputs the

combined channel anda priori LLRs Λc,a(ck).

(a) Compute thea posterioriLLRs Λ(ck|yk) for the code bitsck.

(b) Compute the extrinsic LLRsΛe(ck) by subtracting the SISO decoder’s input

LLRs from its outputa posterioriLLRs Λ(ck|yk). This subtraction results in

the isolated extrinsic LLRsΛe(ck). That is, only the extrinsic information due

to the memory of the channel code remains after the subtraction.
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Step 5: Evaluate the stop criterion: If the stop criterion has been reached, then go to

Step 6. Otherwise, if the stop criterion has not been reached, then interleave the

extrinsic LLRsΛe(ck) to form a sequence ofa priori LLRsΛ(x̃k) for the interleaved

modulated symbols̃xk. Pass this sequence ofa priori LLRs to the SISO Equaliser

and then go toStep 2.

Step 6: Pass the sequence ofa posterioriLLRs Λ(uk|y) which correspond to the system-

atic bitsuk to a decision device. The decision device then outputs estimatesûk of

the original data symbolsuk. Note that this latter procedure has been omitted from

Figure3.18, in order to simplify its presentation.

Step 7: End of procedure.
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Chapter 4

Iterative Decoding for Flat Fading

Channels

4.1 Introduction

The use of Shannon capacity approaching channel codes for future wireless communi-

cations technologies is an exciting prospect. However, there are many aspects of system

design that need to be taken into account before such schemes may be deemed appropri-

ate for use in practical systems. For instance, the demands of a wireless communications

system can place significant restrictions on its design, including limitations on the under-

lying channel coding scheme. The suitability of a particular iterative decoding scheme

for a wireless communications system is therefore determined by a number of factors in-

cluding, bandwidth efficiency, end-to-end latency and implementation complexity. In this

chapter, emphasis has been placed on high rate BTCs as candidate channel codes for wire-

less communications systems. In particular, special attention is given to BTCs which can

be implemented with relatively small block sizes and which only require a small number

of iterations in order to minimise end-to-end latency.

In this chapter, the iterative decoding of BTCs transmitted over flat fading channels

using coherent BPSK signalling is considered. In order to perform its function effec-

tively, the BTC decoder relies on accurate soft-channel information known as the channel

reliability metrics. When the values of the fading amplitudes, collectively known as the

channel state information (CSI) [6], are known to the receiver the flat fading channel can

be viewed as an AWGN channel conditioned on the known fading amplitudes [7]. Con-

sequently, the channel reliability metrics are obtained by combining the received channel

values with the CSI in a process with linear complexity. When the CSI is unknown to

the receiver, the conventional approach to computing the channel reliability metric is to
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assume some alternative value for the fading amplitudes in place of the CSI. In general,

there exists two conventional approaches to determining the channel reliability metrics.

One approach is to exploit the correlation in the channel and perform channel estimation

in order to estimate the unknown CSI. In this case, the channel reliability metrics are

computed using the estimated CSI in place of the perfect CSI. Alternatively, the values of

the individual fading amplitudes can each be assumed to be equal to the mean fading am-

plitude [7]. Consequently, the latter channel reliability metric, which does not require any

channel estimation, can be viewed as a linear approximation to the true channel reliability

metric.

This chapter is devoted to the development of new channel reliability metrics for var-

ious wireless flat fading channels, when CSI is unknown to the receiver. That is, the de-

velopment of new channel reliability metrics that can be used in place of both the channel

reliability metric with estimated CSI and the linear approximation to the channel relia-

bility metric. The proposed channel reliability metrics are considered for use over the

Rayleigh and Nakagami-m fading channels described in Section2.4.1.

While a number of other important issues relating to iterative decoding over the flat

Rayleigh and Nakagami-m fading channels will also be considered, the major contribu-

tions of this chapter are as follows:

• The derivation of the exact channel reliability metric for the Rayleigh fading

channel; and the provision of a cubic approximation to this exact metric.

The use of the proposed exact channel reliability metric affords the considered sys-

tem the best possible BER performance for an iteratively decoded system without

CSI, over the Rayleigh fading channel with coherent BPSK signalling. This perfor-

mance is achieved regardless of the error correcting capabilities of the underlying

channel code. It is shown through simulation that the conventional approximations

to the channel reliability metric perform near to the exact metric when the error

correcting capabilities of the underlying BTC are relatively strong. However, these

conventional approximations to the channel reliability metric exhibit poor perfor-

mance when a BTC with relatively weak error correcting capabilities is employed.

The cubic approximation to the exact metric is a low complexity alternative to this

exact channel reliability metric, affording the system a performance near to the

exact channel reliability metric at a complexity comparable to the aforementioned

conventional approaches. Furthermore, the use of the cubic approximation results

in strong BER performance, even when channel codes with relatively low error

correcting capabilities are employed.
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• The derivation of the exact channel reliability metric for the Nakagami-m fad-

ing channel, for values ofm which are an integer multiple of 1/2; and the

provision of cubic approximations to the derived exact metrics.

As in the case of the Rayleigh fading channel, the exact metric affords the con-

sidered system the best possible BER performance when CSI is unavailable to the

receiver. Once again, the cubic approximation offers performance close to the exact

metric at a lower complexity. In general, the use of the conventional linear approx-

imation to the channel reliability metric results in an performance penalty when a

BTC with relatively weak error correcting capabilities is employed. Moreover, as

the Nakagami-m fading conditions increase in severity, which occurs asm becomes

smaller, the performance penalty suffered by the BTC with weak error correcting

capabilities is exacerbated. On the other hand, the exact metric and its cubic ap-

proximation are shown to be robust to both severe and moderate fading conditions.

• A numerical approximation to the channel reliability metric is provided for

the Nakagami-m fading channel, which can be implemented for any value of

the parameterm.

Nakagami-m fading conditions can occur for values ofm that are not necessarily

integer multiples of1/2. In view of this, a numerical approach to approximating

the channel reliability metric is developed, which can be implemented for any value

of the parameterm. Simulation results are included which support the validity of

the numerically obtained approximation to the channel reliability metric.

This chapter is organised as follows. Some background and motivation for the contri-

butions presented in this chapter is provided in Section4.2. A system model for the trans-

mission of BTCs over the slow flat fading wireless channel is presented in Section4.3.

The conventional channel reliability metrics that are used when knowledge of the CSI is

both available and unavailable at the receiver are also described. In Section4.4, the exact

channel reliability metric is derived for the case when the fading is Rayleigh distributed

and when CSI is unavailable at the receiver. A low complexity approximation to this

exact channel reliability metric is then provided. Simulation results are then presented

comparing BER performance when the various channel reliability metrics are employed

over both uncorrelated and correlated Rayleigh fading channels. In Section4.5, the inves-

tigations are subsequently extended to include the flat Nakagami-m fading channel. The

exact channel reliability metrics and their low complexity approximations are presented

for the case of Nakagami-m fading wherem is an integer multiple of1/2. A numerical

approach to approximating the exact channel reliability metric is also described, which

can be implemented for any value of the parameterm. The performance comparisons of
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different channel reliability metric schemes are also conducted for various uncorrelated

Nakagami-m channels. Finally, the chapter summary is provided in Section4.6.

4.2 Background and Motivation

4.2.1 Design Considerations

Selecting an appropriate channel code for a wireless communications system is a decision

that is affected by a number of factors. The decision often involves trading off one or more

desirable properties for others, in order to satisfy the most important requirements of the

system. Various properties can be traded off including complexity, bandwidth efficiency,

power efficiency and communications delay (end-to-end latency).

There are often external factors which restrict the suitability of a channel code to a

particular wireless communications system. There may be limited spectrum available

for the system; there may be interference from other communications systems; and the

available spectrum may need to be shared amongst a large number of users.

In addition, one or both of the communicating devices may impose further limita-

tions on possible design choices. For example, the wireless communications device may

be battery operated or grid connected, affecting how much transmit power and receiver

processing power can be consumed during each communiqué; the device may have con-

straints on its physical size and weight, affecting its antenna size, the number of antennas

that can be used and device’s battery capacity; it may be fixed or mobile, affecting the

likely channel conditions; and there may be limitations on how much the market will be

willing to pay for the device given its application.

Cost is another important design consideration that factors into the choice of all com-

munications systems. Cost is generally related to the complexity of implementing hard-

ware, which encompasses a number of factors including equipment cost and power con-

sumption. However, unlike performance measures such as coding gain or the performance

with respect to channel capacity, implementation complexity is difficult to quantify. The

simple reason for this is that two hardware solutions to the same system will likely differ

in characteristics such as power consumption, gate count (number of transistors), silicon

area and heat dissipation.

The intended applications, for which the communications system will be used, im-

pose further constraints on the system design. Collectively these constraints are often

classified as the quality-of-service requirements of a system. These requirements specify

performance characteristics that must be supported, including, the minimum data rate, the

maximum end-to-end latency and the worst-case error rate. Applications such as voice
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telephony are sensitive to end-to-end latency, but can endure higher error rates. Other

applications such as data transfer are less sensitive to latency, but require lower error

rates. Many systems must support both voice and data applications, placing limitations

on both latency and error rate. Modern multimedia applications have exacerbated the re-

quirements and limitations of many future wireless communications systems, as both low

latency and low error rates must be supported at very high data rates.

When iterative decoding of a concatenated code is considered for a wireless com-

munications system, various decisions can be made in order to accommodate the most

important design constraints. The end-to-end latency is affected by interleaver depth and

the number of decoding iterations, therefore the choice of concatenated code must take

into account both of these factors; power efficiency is primarily related to the systems

performance with respect to the channel capacity; hardware cost is generally related to

computational complexity, which in turn, is generally proportional to the memory of the

constituent encoders; while bandwidth efficiency is largely determined by the choice of

modulation scheme and the code rate of the concatenated code.

In a system which employs iterative decoding, bandwidth efficiency can typically be

obtained at the expense of power efficiency and/or computational complexity. Both block

and convolutional concatenated codes achieve better performance when the interleaver

size is large and many decoder iterations are permitted. However, in practice the in-

terleaver size and the number of iterations allowed is limited by the quality-of-service

requirements of the system, which can have a significant impact on the systems per-

formance. In order to achieve Shannon’s capacity it is well known that long random

codes are required [51]. In [90], Shannon formulated the sphere-packing bound (SPB)

which considers the effect of block length and code rate on capacity. The SPB represents

the performance that can be achieved by a theoretical (perfect) spherical code over the

continuous-input AWGN channel. In [91], Dolinar et al. reformulated the SPB into a

normalised form for the analysis of turbo codes. The authors presented SPBs for varying

code rates and information block sizes. The results show that in order to achieve a nomi-

nated BER, the energy-per-bit to noise ratio required increases as the code rate increases

and as the information block size decreases. Thus for small block sizes, the attainable

capacity can be considerably less than the theoretical capacity for the given code rate.

Concatenated convolutional codes offer excellent BER performance when the code

rateR is low. In [91], it was shown that for low code rates (R < 1/2), parallel concate-

nated convolutional codes perform near to the SPB even for small block sizes. However,

in order to achieve higher code rates puncturing is required, resulting in a considerable

degradation in performance. Dual-binary parallel concatenated convolutional codes [92]

(not considered in this thesis) have been shown to perform near the SPB for higher code
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rates (R > 1/2) at the expense of higher computational complexity. In [11], it was shown

that for code rates higher than2/3, selected BTCs perform better than binary parallel con-

catenated convolutional codes over AWGN channels. For very high code rates (R > 0.8),

concatenated block codes also offer some considerable advantages over dual-binary con-

catenated convolutional codes. They offer very low error floors, a problem that is difficult

to overcome in their concatenated convolutional counterparts; they can be implemented

with lower complexity decoders; they be implemented efficiently into hardware, oper-

ating at throughputs of hundreds of megabits per second (Mbps) as opposed to tens of

Mbps; they often converge after fewer iterations resulting in lower computational latency;

and they can be designed to suit to small interleaver sizes by selecting small constituent

codes [12].

Overall, BTCs are highly suited to applications that have low latency and high code

rate requirements. Moreover, the decoding complexity of the iterative decoder can be

maintained at reasonable levels and hardware can be implemented at very high speeds if

necessary.

In the sequel, two types of BTCs are considered. The first, referred to as the SPC BTC,

consists of two SPC codes separated by a row-column interleaver. Due to the simplicity of

the constituent codes, the SPC BTC encoder and decoder can be implemented with very

low implementation complexity. The second BTC considered is implemented with BCH

constituent codes and is referred to as the BCH BTC. The BCH BTC offers considerable

performance improvements with respect to the SPC BTC. However, the BCH constituent

encoder and decoder require considerably higher implementation complexities than their

SPC counterparts. Hence, the BCH BTC is a much higher complexity system.

4.2.2 Channel State Information

The iterative decoding of convolutional and block turbo codes transmitted over an AWGN

channel using BPSK signalling was described in Section3.4.5. Recall, the channel reli-

ability metrics are obtained by multiplying the received symbolsyk with the so-called

reliability valueΛc, which is a function of the energy-per-symbolEs and the one-sided

noise power spectral densityN0.

When transmitting over slow flat fading channels, the channel reliability metrics must

be modified to take into account the multiplicative complex fading that is exerted on each

transmitted symbol. When the values of the complex fading are known to the receiver, it

turns out that the channel reliability metrics are similar to that of the AWGN channel, but

with an additional multiplication by the complex conjugate of the known fading values,

by which each of the respective received symbols were distorted. In this thesis, perfectly
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coherent signalling is considered. Consequently, it is assumed the fading induced phase

offset is known to the receiver. This is a common assumption which is often made when

analysing systems that assume coherent modulations [5]. Hence, when the CSI is known

to the receiver, the channel reliability metric is similar to those of an AWGN channel, but

with an additional multiplication by the known fading amplitudes.

Numerous works have been presented on the iterative decoding of concatenated codes

over flat fading time-varying wireless channels with coherent detection [6–8, 93–95].

Analysis is often performed under the assumption that the noise process is AWGN with

zero mean and some known variance, and that the receiver has precise knowledge of the

CSI. The assumption of perfect knowledge of the CSI represents an ideal scenario that is

often studied in the literature in order to determine how well a system is able to perform

under ideal circumstances. However, in general, the values of the CSI are not known to

the receiver and must be estimated. Alteratively, the receiver must be designed such that

it can operate without CSI.

The subject of channel estimation for turbo codes transmitted over Rayleigh fading

channels has been considered in a number of contributions [8, 9, 95–97]. In [95], the

authors suggested performing channel estimation with the aid of pilot symbol assisted

modulation (PSAM) prior to the iterative decoder. Joint iterative channel estimation and

decoding was proposed by Valenti and Woerner in [97]. In this work PSAM based channel

estimates of the complex fading values are made prior to the first decoding iteration. Sub-

sequently, these channel estimates are updated at each iteration using improved estimates

of the transmitted symbol sequence.

In [8], Valenti and Woerner implemented a joint channel estimation and decoding

scheme with the assumption of perfectly coherent BPSK signalling. Simulation results

were presented using channel reliability metrics with estimated CSI for a convolutional

turbo coded system. The method was shown to achieve good results without the use of

pilot symbols for a range of normalised fade ratesfdTs. Here, the normalised fade rate

fdTs is given by the product of the maximum Doppler shiftfd and the symbol periodTs.

The channel capacity of an uncorrelated Rayleigh fading channel with coherent BPSK

signalling was considered by Hall and Wilson in [7]. The authors showed that when CSI

is absent at the receiver, channel capacity is achieved at an SNR that is approximately

1 dB less than the SNR required to achieve channel capacity with perfect CSI is available

at the receiver. This difference in capacity was observed for a range of code rates, with

the difference in capacity reducing slightly as the code rate increased. The authors went

on to demonstrate that this difference in performance was observed both analytically and

through simulation for low rate convolutional turbo codes with coherent BPSK signalling

over the uncorrelated Rayleigh fading channel. The results suggested that for systems
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employing coherent BPSK signalling without CSI, it is possible to achieve a BER perfor-

mance approximately1 dB from that achieved with perfect CSI. The BER performance

of the considered turbo codes were compared both with and without CSI present at the

receiver. It was noted that without CSI, the channel reliability metric used in the decod-

ing process had no closed form and an alternative linear approximation was considered

instead. The simulation results showed that the difference in performance between the

system with perfect CSI and without CSI was approximately1 dB. Consequently, it ap-

peared that the linear approximation to the channel reliability metric was achieving close

to the best possible performance that could be expected, given that CSI was not available

at the receiver. However, as will be shown in the sequel, this observation does not hold in

all circumstances.

4.3 Channel Reliability Metrics for Flat Fading Channels

4.3.1 System Model

The mathematical representation of the slow flat fading channel model was introduced in

Section 2 and the distributions of two commonly considered fading environments were

presented: the Rayleigh and Nakagami-m fading environments, respectively.

In this chapter, the performance of high rate BTCs transmitted over these flat fading

channels is investigated. The block diagram for the considered communications system is

shown in Figure4.1. Here, the data symbolsuk are encoded to the code bitsck through the

BTC encoder, as described in Section3.4.5. Each code bitck is then mapped to a baseband

representation of a BPSK modulated symbolxk =
√

Es(2ck − 1). The sequence of mod-

ulated symbolsxk are then passed through a random channel interleaver, denotedΠc and

transmitted over the channel. In keeping with the theme that end-to-end latency should

be minimal, the channel interleaver depth is assumed to be equal to the codeword length.

At the receiver, the corresponding channel deinterleaverΠ−1
c , reorders the received sym-

bols sequence yielding the received sequence of symbolsyk. The received symbolsyk are

passed to the BTC decoder which then performs iterative decoding until a desired stop

criterion is met. Hard decisions, on the most recenta posteriori information, are then

presented as the decision symbolsûk. The cascade of the interleaver, the channel and the

deinterleaver (enclosed in a dashed box), attempts to transform a correlated channel into

an uncorrelated one. If perfect interleaving were possible, then the BTC decoder would

observe an uncorrelated channel. In practice, the interleaving process is usually imper-

fect, resulting in an observed channel with some memory. This affects the optimality of

the SISO decoders within the BTC decoder, as they assume a memoryless channel.
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BTC
Encoder

BTC
Decoderc

BPSK
Mapping c

Figure 4.1: Block diagram of a BTC transmitted over a slow flat fading channel in the
presence of AWGN with coherent BPSK signalling.

The discrete-time channel model introduced in Section2.4.1is considered. It is as-

sumed that coherent detection is performed at the receiver, which completely recovers all

carrier phase shifts that occur during transmission. Assuming perfect symbol timing, the

kth received sample can be expressed as

yk = akxk + vk (4.1)

whereak represents the discrete fading amplitudes, drawn from some random variable

A and the noise samplesvk can be described by a Gaussian distributed random variable

V with zero mean and varianceσ2
V = N0/2. For simplicity, the discrete-time indexk is

dropped throughout the remainder of this chapter. The well known PDF of the random

variableV is given by

pV (v) =
1

σV

√
2π

exp

(−v2

2σ2
V

)
(4.2)

Let X be an random variable representing the transmitted symbol. Here,X takes on

valuesx ∈ {−√Es, +
√

Es}. Given thatX takes on antipodal binary symbols which

occur with equal probability, then the PDF ofX can be expressed as

pX(x) =
1

2
δ
(
x−

√
Es

)
+

1

2
δ
(
x +

√
Es

)
(4.3)

whereδ(·) denotes the Dirac delta function. It is assumed that the fading, noise, and

source processes represented byA, V , andX, respectively, are statistically independent.

Two scenarios are considered: when perfect CSI is available, that is when the values of

the fading amplitudesa are known perfectly at the receiver, and when CSI is not available

at the receiver.

Perfect channel state information

When perfect CSI is available at the receiver, the flat fading channel can be treated as

an AWGN channel conditioned on the known fading amplitudes. The channel reliability
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metricΛ(y|x), for a receiver with perfect CSI, can be expressed as

Λ (y|x) = ln

[
pY |X

(
y|x = +

√
Es, a

)

pY |X
(
y|x = −√Es, a

)
]

=
4
√

Es

N0

· a · y
(4.4)

Here, it is observed that the PDFpY |X
(
y|x = ±√Es, a

)
is conditionally Gaussian with

meanµV = ±a
√

Es and varianceσ2
V = N0/2 [7].

The iterative decoder is therefore similar to that presented in Figure3.16 for the

AWGN channel. The only difference between that receiver and the iterative decoder for

the considered flat fading channel with perfect CSI is that the reliability valueΛc is now

given by

Λc =
4
√

Es

N0

· a (4.5)

Note that in some turbo coding literature, the reliability value appears asΛc = 4aEs/N0.

In such cases, one of two assumptions has been made. It has either been assumed that

x = ±1 and henceEs = 1. Or alternatively, whenx = ±√Es then it has been assumed

that all received symbolsy are scaled by1/
√

Es prior to decoding [87].

Conventions for unknown channel state information

When CSI is not available at the receiver, i.e, the fading amplitudesa are unknown to

the receiver, the conventional approach is to assume that all individual fading amplitudes

are each equal to the mean of the random variable from which they were drawn, i.e.,

each fading amplitudea is assumed to be given bya = E{A}, whereE{·} denotes

the expectation operator. In this case, the resulting linear approximation to the channel

reliability metric is given by

Λ (y|x) =
4
√

Es

N0

· E{A} · y (4.6)

Alternatively, one may estimate the fading values by some channel estimation scheme.

Using the technique proposed in [8], the estimates of the fading amplitudes, denotedâ,

can be obtained by passing the absolute values of the received channel outputs, i.e.,|y|,
through an FIR channel estimation filter. Hence, when channel estimation is performed,
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the channel reliability metric with estimated CSI can be expressed as

Λ (y|x) =
4
√

Es

N0

· â · y (4.7)

Note that in [8], a number of different channel estimation filters were considered and it

was determined that a Hamming filter provided a good tradeoff between complexity and

performance.

4.4 Iterative Decoding for Rayleigh Distributed Flat

Fading Channels

In this section, the iterative decoding of BTCs transmitted over slow flat Rayleigh fading

channels using coherent BPSK signalling is considered. The Rayleigh fading channel

model describes a relatively severe flat fading scenario. In particular, this model is com-

monly used to describe wireless multipath fading scenarios where there exists no direct

line-of-sight between transmitter and receiver. As explained in Chapter 2, the received

signal is assumed to consist of a large number of scattered and reflected radio waves. By

invoking the central limit theorem, it can be assumed that the fading amplitudesa can be

described by the Rayleigh distribution, with a PDF given by [13]

pA(a) =

{
1

σ2
A

a exp
(
−a2

2σ2
A

)
a ≥ 0

0 a < 0
(4.8)

whereσ2
A is the time-average power of the fading amplitudes. Note that the work pre-

sented in this section is based on research and results published by Shaheem et al. in [98].

4.4.1 Derivation of the Exact Channel Reliability Metric

The derivation of the exact channel reliability metric for the Rayleigh fading channel

is now presented. Note that a similar result to the derivation provided in this section

was presented by Hagenauer in [99]. In that work, the author derived the exact channel

reliability metric for use within a Viterbi decoder for the decoding of convolutional codes.

While the original publication considered the normalised Rayleigh fading channel, the

exact channel reliability metric presented in this thesis is derived for the general Rayleigh

fading channel. Hence, when the fading is represented by the normalised Rayleigh fading

distribution, the metric derived in this thesis reduces to the special case presented in [99].

Consequently, the derivation presented in the sequel can be viewed as a generalisation of
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the metric presented in [99]. Moreover, the work presented here considers the application

of the exact channel reliability metric to iterative decoding schemes, rather than to the

non-iterative decoding of convolutional codes, as was considered by Hagenauer. To some

extent the work presented in this section of the thesis revisits an area of research that

was touched on in [99] and applied to convolutional turbo codes in [7]. Specifically,

it was stated in both of these works that the exact channel reliability metric could be

approximated by a simple linear approximation without any considerable performance

penalty. It is this assumption which is challenged in this chapter of this thesis.

Recall, the channel reliability metricΛ (y|x) can be expressed as

Λ (y|x) = ln

[
pY |X

(
y|x = +

√
Es

)

pY |X
(
y|x = −√Es

)
]

(4.9)

which is a the ratio of the conditional PDFpY |X (y|x) for x = ±√Es.

In the sequel, the conditional PDFpY |X (y|x) will be derived for the system model

described in Figure4.1, for a Rayleigh fading channel with unknown CSI at the receiver.

Consider the random variableY of the received symbolsy as a function of the three

statistically independent random variablesA, X, andV :

Y = AX + V

= Z + V
(4.10)

whereZ is a new random variable given byZ = AX. Here, the random variableZ

describes the transmitted symbolsx after being subjected to multiplicative fading by the

symbolsa. Assuming that the random variablesV andZ are statistically independent, the

marginal PDF ofY is given by

pY (y) =

∫ ∞

−∞
pZ,V (z, y − z)dz

=

∫ ∞

−∞
pV (y − z|z)pZ(z)dz

=

∫ ∞

−∞
pV (y − z)pZ(z)dz

(4.11)
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Similarly, the marginal PDF of the faded transmitted symbolsZ can be obtained as-

suming thatX andA are statistically independent as

pZ(z) =

∫ ∞

−∞

1

|x|pX,A

(
x,

z

x

)
dx

=

∫ ∞

−∞

1

|x|pX

(
x

∣∣∣z
x

)
pA

(z

x

)
dx

=

∫ ∞

−∞

1

|x|pX(x)pA

(z

x

)
dx

(4.12)

Substituting (4.3) into (4.12), the marginal PDFpZ(z) becomes

pZ(z) =

∫ ∞

−∞

1

|x|pA

(z

x

) 1

2

[
δ(x−

√
Es) + δ(x +

√
Es)

]
dx

=
1

2|√Es|

[
pA

(
z√
Es

)
+ pA

( −z√
Es

)] (4.13)

Substituting (4.13) into (4.11), the marginal PDFpY (y) becomes

pY (y) =

∫ ∞

−∞
pV (y − z)

1

2|√Es|

[
pA

(
z√
Es

)
+ pA

( −z√
Es

)]
dz (4.14)

Noting the discrete outcomes of the source process, the marginal PDFpY (y) of the re-

ceived symbolsy can also be expressed as

pY (y) = pY |X (y|x1) pX (x1) + pY |X (y|x2) pX (x2)

=
1

2
pY |X (y|x1) +

1

2
pY |X (y|x2)

(4.15)

wherex1 =
√

Es andx2 = −√Es. Given (4.14) and (4.15), it is then straightforward to

show that the conditional probabilitypY |X(y|x) of the received sampley, given that the

symbolx was transmitted, can be expressed as

pY |X(y|x) =
1

x

∫ ∞

−∞
pV (y − z)pA

( z

x

)
dz, x > 0 (4.16)

pY |X(y|x) =
1

|x|
∫ ∞

−∞
pV (y + z)pA

(
z

|x|
)

dz, x < 0 (4.17)

Substituting (4.2) and (4.8) into (4.16) and (4.17), the conditional PDFpY |X(y|x) can be
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expressed as

pY |X(y|x) = γ

∫ ∞

0

z exp
(−α2z2 + βz

)
dz (4.18)

where

α =

√
1

2x2σ2
A

+
1

2σ2
V

(4.19)

β =

{
+ y

σ2
V

x > 0

− y
σ2

V
x < 0

(4.20)

γ =
1

σ2
Ax2σV

√
2π

exp

(−y2

2σ2
V

)
(4.21)

Hence, the problem of solving for the conditional PDFpY |X(y|x) reduces to solving for

the integral in (4.18). Without loss of generality, consider the case ofx > 0. Let I1 denote

the integral in (4.18), that is

I1 =

∫ ∞

0

z exp
(−α2z2 + βz

)
dz (4.22)

Simplification of (4.22) is carried out using the following integral transform [100, p. 140,

eq. (19)]

∫
zn exp

(−α2z2 + βz
)
dz

=
1

αn+1
exp

(
β2

4α2

) n∑
i=0

(
n

i

)(
β

2α

)n−i ∫
tiexp

(−t2
)
dt

(4.23)

where

t = α z − β

2α
(4.24)

Substitutingn = 1, and integrating over the range[0,∞), (4.22) can be expressed as

I1 =

∫ ∞

0

z exp
(−α2z2 + βz

)
dz

=
1

α2
exp

(
β2

4α2

) [(
β

2α

) ∫ ∞

− β
2α

exp
(−t2

)
dt +

∫ ∞

− β
2α

t exp
(−t2

)
dt

] (4.25)

where the limits on the right-hand-side of (4.25) have been transformed using (4.24).
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Let I2(0) represent the definite integral

I2(0) =

∫ ∞

− β
2α

exp(−t2)dt (4.26)

which can be simplified using the following integral transform [100, p. 139, eq. (1)]

∫ z

0

exp(−c2z2)dz =

√
π

2c
erf(cx) (4.27)

whereerf(·) denotes the error function. The simplification of (4.26) is as follows

I2(0) =

∫ ∞

− β
2α

exp(−t2)dt

=

∫ ∞

0

exp(−t2)dt−
∫ − β

2α

0

exp(−t2)dt

=

√
π

2

[
1− erf

(
− β

2α

)]

=

√
π

2
erfc

(
− β

2α

)

(4.28)

whereerfc(·) = 1− erf(·) denotes the complementary error function.

Next, letI2(1) represent the definite integral

I2(1) =

∫ ∞

− β
2α

t exp
(−t2

)
dt (4.29)

This equation can be simplified using the integral transform [100, p. 140, eq. (7)]

∫
z exp(−cz2)dz = − 1

2c
exp(−cx2) (4.30)

By integrating (4.30) over the range[− β
2α

,∞), I2(1) can be expressed as

I2(1) =

∫ ∞

− β
2α

t exp
(−t2

)
dt

=
1

2
exp(− β2

4α2
)

(4.31)

Substituting (4.28) and (4.31) into (4.25) gives

I1 =
1

α2
exp

(
β2

4α2

) [(
β

2α

) √
π

2
erfc

(
− β

2α

)
+

1

2
exp(− β2

4α2
)

]
(4.32)
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Hence, the conditional PDFpY |X(y|x) can be expressed as

pY |X(y|x) =
γ

2α2

[
1 +

√
π

(
β

2α

)
exp

(
β2

4α2

)
erfc

(
− β

2α

)]
(4.33)

The similar derivation can be performed forx < 0. It turns out that the results differ only

in the following ratio

β

2α
= +

y σA x

σV

√
2σ2

V + 2x2σ2
A

, +λ, x > 0 (4.34)

β

2α
= − y σA |x|

σV

√
2σ2

V + 2x2σ2
A

, −λ, x < 0 (4.35)

Therefore, the channel reliability metricΛ (y|x), given by (4.9), can be expressed as the

ratio of the PDF given by (4.33) for x = ±√Es.

Substitutingx = +
√

Es andx = −√Es, into (4.34) and (4.35), respectively, the

exact channel reliability metricΛ (y|x) for the flat Rayleigh fading channel with coherent

BPSK signalling, without the presence of CSI, is given by

Λ (y|x) = ln
1 +

√
πλ exp(λ2)erfc(−λ)

1−√πλ exp(λ2)erfc(λ)
(4.36)

where

λ =
σA

√
Es

σV

√
2σ2

V + 2Esσ2
A

· y (4.37)

4.4.2 Approximation to the Exact Channel Reliability Metric

The exact channel reliability metric given by (4.36) is a rather complicated function of

λ with no known closed form [7]. Moreover, the practical implementation of this metric

requires a lookup table to compute the complimentary error function termerfc(·). In [99],

it was noted through numerical evaluation, that the function was linear in the range of

interest for the considered application. Accordingly, it became the convention from this

point onwards, to use the linear approximation given by (4.6). Alteratively, the fading

amplitudes can be estimated and the channel reliability metric with estimated CSI, given

by (4.7), can be used instead. In the sequel, an alternative approximation to the exact

channel reliability metric is considered.

It has been observed that the exact channel reliability metric can be accurately approx-

imated by a polynomial function ofλ. A channel reliability metric of±15, corresponds

to the conditional probability,pY |X(y|x = ±√Es) = 0.9999997. As negligible infor-
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mation can be obtained about the transmitted symbol beyond this range, the useful range

of received valuesy, are those which result in channel reliability metric values inside the

range±15.

Using the MMSE criterion the exact metrics can be approximated for channel relia-

bility metric valuesΛ(y|x) in the range of0 to 15, by a cubic polynomial. Note that since

the exact channel reliability metric is an odd function, the cubic approximation is also

the best MMSE fit in the range−15 to 0. The cubic approximation to the exact channel

reliability metric, obtained using the MMSE criterion, can be expressed as

Λ(y|x) = 0.09250λ3 + 0.18207λ2 + 3.41645λ + 0.01744 (4.38)

whereλ is given by (4.37).

In Figure 4.2, the exact channel reliability metric and its cubic approximation are

plotted against theλ axis, for metric valuesΛ(y|x) in the range−15 to 15.
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Figure 4.2: Exact channel reliability metrics versus a cubic approximation for the flat
Rayleigh fading channel.

It can be observed from Figure4.2, that the cubic approximate given by (4.38) is in

very good agreement with the exact channel reliability metric in (4.36) over the considered

range of channel reliability metric values, i.e., forΛ(y|x) ∈ [−15, 15].
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Relationship between channel code characteristics and the channel reliability metric

Both the error correcting capabilities of a channel code and its code rateR can influence

the channel reliability metric required for its decoding. Specifically, these characteristics

can influence the specific realisation of the channel reliability metric, expressed in (4.36),

by affecting the variables for which the parameterλ is dependent.

For a given realisation of the energy-per-symbolEs, the time-average powerσ2
A of

the Rayleigh fading and the varianceσ2
V of the AWGN, the parameterλ is a constant

multiplied by the received valuey. The energy-per-symbolEs is related to the energy-

per-bitEb and the code rateR by Es = REb and the noise varianceσ2
V is related to the

one-sided power spectral densityN0 by σ2
V = N0/2. Hence, for a particular time-average

fading powerσ2
A, the channel reliability metric is given by the received valuey multiplied

by a constant term, which is a function of the energy-per-bit to noise ratioEb/N0 and

the code rateR. Consequently, at any givenEb/N0 value, a high rate channel code will

observe a slightly different realisation of the channel reliability metric than a low rate

channel code.

Furthermore, channel codes with strong error correcting capabilities are generally able

to achieve specific BER targets at significantly lowerEb/N0 values, than channel codes

with relatively weak error correcting capabilities. Consequently, at a particular desired

BER, two channel codes with the same code rateR, but with different error correcting

capabilities, will employ different realisations of the channel reliability metric due to the

differences in requiredEb/N0 to achieve the nominated BER.

Channel reliability metrics as mapping functions

The channel reliability metric is essentially a function which maps each received sample

y to a channel reliability metricΛ(y|x). For an uncorrelated Rayleigh fading channel,

the difference between the conventional linear approximate metric given by (4.6), the

exact metric given by (4.36) and the proposed cubic approximate metric given by (4.38)

is the manner in which each maps the received symboly to the channel reliability metric

Λ(y|x). In the sequel, these three channel reliability metrics are compared graphically, by

example, as functions of the received symboly. For comparison purposes, the different

channel reliability metrics are compared at fixed realisations ofEb/N0, R, andσ2
A. Two

different code rates,R = 1/3 andR = 4/5, and two differentEb/N0 values, of1 dB

and15 dB, are considered in the comparisons. Here, the lower code rate,R = 1/3, is

representative of low rate codes such as the original turbo code [2]. The higher code rate,

R = 4/5, is representative of the high rate BTCs considered in this thesis. In [7], it was

observed that a rateR = 1/3 convolutional turbo code achieved a BER of10−5 over a
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normalised uncorrelated Rayleigh fading channel atEb/N0 ≈ 1 dB. Hence, the lower

Eb/N0 value of 1 dB is representative of a channel code with strong error correcting

capabilities, which achieves its desired BER relatively near to the Shannon limit. On the

other hand, the higher value,Eb/N0 = 15 dB, is representative of a weaker code, e.g.,

when BER performance is traded off in order to reduce complexity.

Without loss of generality, a normalised Rayleigh fading channel has been considered.

Note that for the normalised Rayleigh fading channel, the mean fading amplitude is given

by E{A} = 0.8862 [7] and the time-average fading powerσ2
A = 1/2.

Example 4.1:Consider the channel reliability metrics required for the iterative decoding

of block or convolutional turbo codes with code rateR = 1/3.

Figure4.3shows comparisons of the different channel reliability metrics as functions

of the received valuesy. In the figure, a rateR = 1/3 code is considered atEb/N0 values

of 1 dB and15 dB.
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Figure 4.3: Comparison of channel reliability metrics as functions of the received value
y atEb/N0 values of1 dB and15 dB, and assuming a code rate ofR = 1/3.

It can be seen from Figure4.3, that the exact channel reliability metric and its cubic

approximation are indistinguishable at bothEb/N0 values considered. AtEb/N0 = 1 dB,

it can be observed that the linear approximation of the channel reliability metric for the

rateR = 1/3 code is a relatively good match for the exact metric. This supports the
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results and assumptions made in [7], which led to the convention of using the linear ap-

proximation when CSI is unavailable at the receiver.

When theEb/N0 is increased to15 dB, the linear approximation is no longer an ad-

equate approximation to the exact metric. Specifically, it can be observed that the linear

approximation is an overconfident estimate of the exact metric. That is, every received

valuey is mapped to a channel reliability metric value that has a greater magnitude than

it should have. Hence, there is a clear contrast in the suitability of the linear approximate

metric for the high and lowEb/N0 values considered. Specifically, the conventional linear

approximation is not a good match to the exact metric at highEb/N0.

Example 4.2:Consider the channel reliability metrics required for the iterative decoding

of block or convolutional turbo codes with code rateR = 4/5.

In Figure 4.4, a similar comparison of the different channel reliability metrics are

presented for the normalised Rayleigh fading channel. Once againEb/N0 values of1 dB

and15 dB considered. However, in this case a more bandwidth efficient code rate of

R = 4/5 is considered.
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Figure 4.4: Comparison of channel reliability metrics as functions of the received value
y atEb/N0 values of1 dB and15 dB, and assuming a code rate ofR = 4/5.

As in the previous example, it can be observed that the exact metric and the cubic

approximation are indistinguishable at bothEb/N0 values considered. AtEb/N0 = 1 dB

and a code rate ofR = 4/5 code, the linear approximation diverges from the exact metric.
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Note that the exact metric is still quite linear, which suggests an alternative linear approx-

imation may still suffice for this scenario. Moreover, the difference in mapping between

the conventional metric and the exact metric still appears to be minor in this case.

When theEb/N0 is increased to15 dB, the linear approximation diverges from the

exact metric. Once again, the linear approximation is an inadequate approximation to the

exact metric at highEb/N0. As in the case for the rate1/3 code atEb/N0 = 15 dB, the

linear approximation results in an overconfident estimate of the channel reliability metric.

Practical implications

In general, the results of both Figures4.3 and 4.4, suggest that the inaccuracy of the

linear approximation increases as the code rateR and/or the energy-per-bit to noise ratio

Eb/N0 increases. Consider the impact of these observations on practical channel coding

scenarios. Powerful turbo coding schemes are often able to obtain desired BERs at low

Eb/N0 values. There is little difference between the three channel reliability metrics at

Eb/N0 = 1 dB. Hence, one may expect that the receiver performance over an uncorrelated

Rayleigh fading channel atEb/N0 = 1 dB, will be similar regardless of which of the

three channel reliability metrics are used. On the other hand, when weaker turbo coding

schemes are employed, for example in order to reduce computational complexity, these

desired BERs are sometimes achieved at much higherEb/N0 values. While the cubic

approximation remains a good match to the exact metric atEb/N0 = 15 dB, the linear

approximate metric is no longer a good match. In this scenario, one might expect some

performance penalty to be observed when the linear approximation is employed. This

effect is investigated by simulation in the sequel by considering a high rate BTC which

achieves a BER of10−5 at anEb/N0 value that exceeds15 dB, when transmitted over an

uncorrelated Rayleigh fading channel using coherent BPSK signalling.

4.4.3 Numerical Results for the Uncorrelated Rayleigh Fading

Channel

The effect of various channel reliability metrics on the performance of the uncorrelated

Rayleigh fading channel has been investigated using Monte-Carlo simulation. By un-

correlated it is implied that perfect channel interleaving has been performed. As noted in

Section4.3, this assumes that the transmission of the modulated BPSK symbolsx through

the cascade of the channel interleaverΠc, the multiplicative fading channel and the chan-

nel deinterleaverΠ−1
c (see Figure4.1), results in a sequence of channel outputsy which

are uncorrelated. For simplicity, the energy per symbol is given byEs = 1 and the channel

is the normalised Rayleigh fading channel withσ2
A = 1/2.
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BER performance comparison for the(10, 9)2 SPC BTC

In Figure4.5, the simulations are conducted using the relatively low complexity(10, 9)2

SPC BTC. This rateR = 0.81 BTC consists of two(10, 9) SPC component codes sepa-

rated by a row-column interleaver. The decoding of each component code is carried out

using the trellis-based MAP decoder defined in [101]. The number of iterations is limited

to two as suggested in [102]. Here, each iteration consists of one horizontal plus one

vertical decoding of each component code.
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Figure 4.5: Comparison of(10, 9)2 SPC BTC performance over an uncorrelated Rayleigh
fading channel using different channel reliability metrics.

As shown in Figure4.5, the best BER performance for the SPC BTC is attained when

perfect CSI is available at the receiver. When no CSI is available, the linear approxima-

tion incurs significant performance degradation at high SNR and eventually approaches

the uncoded case. The performance curve with the linear approximation shows that as

Eb/N0 exceeds15 dB, the performance degrades rapidly. On the other hand, the exact

channel reliability metric resulted in a performance degradation of only1.1 dB at a BER

of 10−5 relative to the performance with perfect CSI. The channel capacity of a rate0.81

code without CSI is achieved at an SNR that is approximately1 dB less than the same

code at capacity with perfect CSI [7]. This difference is consistent with the difference in

performance observed by the BTC employing the exact metric, with respect to the BTC

with perfect CSI. This suggests the performance using the exact metric is near the best

92



4.4. ITERATIVE DECODING FOR RAYLEIGH DISTRIBUTED FLAT FADING CHANNELS

that is achievable for the considered scenario. The cubic approximation given by (4.38),

results in an almost identical BER performance to the exact metric. Hence, the considered

SPC BTC benefits significantly, by using the cubic approximation instead of the linear ap-

proximation when no CSI is available. In this particular case, a performance improvement

of approximately26 dB is achieved with minimal increase in decoder complexity.

BER performance comparison for the(63, 57)2 BCH BTC

In Figure4.6, the simulations are repeated using a(63, 57)2 BCH BTC. This rateR = 0.82

BTC consists of two(63, 57) BCH component codes separated by a row-column inter-

leaver. This BTC represents a relatively powerful channel code with strong error correct-

ing capabilities. Although of a similar code rate to the(10, 9)2 SPC BTC, the(63, 57)2

BCH BTC is able to achieve considerably better BER performance. Note however, that

the coding gain achieved by the BCH BTC is obtained at the cost of a substantially higher

computational complexity than the SPC BTC. In the simulations, the decoding of each

component code is carried out using the Log-MAP implementation of the BCJR algo-

rithm [62], where the number of iterations are limited to four. Once again, an iteration

consists of one horizontal plus one vertical decoding of each component code.
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Figure 4.6: Comparison of(63, 57)2 BCH BTC performance over an uncorrelated
Rayleigh fading channel using different channel reliability metrics.
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In Figure4.6, the best performance is again attained when perfect CSI is available

at the receiver. When CSI is not available, the performance of the receivers employing

the conventional linear approximation, the exact metric and the cubic approximation to

the exact metric, are all tightly grouped. The performance of the linear approximation to

the channel reliability metric is slightly inferior at a BER of10−5, approximately0.2 dB

from the exact metric, but this difference is marginal. Once again there is a difference of

approximately1.1 dB between the receiver with the exact metric and with perfect CSI.

4.4.4 Numerical Results for the Correlated Rayleigh Fading

Channels

In the previous section, it was assumed that perfect interleaving was performed resulting

in a Rayleigh fading channel which was memoryless. This enables the SISO decoders,

within the iterative BTC receiver structure, to perform optimal MAP decoding of their

respective component block codes. The assumption of perfect interleaving allows the ef-

fects on performance due to the multiplicative fading, which is exerted on the transmitted

signal, to be isolated. Consequently, the perfectly interleaved system represents an im-

portant model which can be used for performance evaluation of a Rayleigh distributed flat

fading channel, that is independent on the relative correlation that may be observed in the

channel.

In wireless communications systems where there is relative motion between the trans-

mitter and receiver, or when objects in the wireless propagation medium are moving, the

sequence of received channel symbols are usually correlated. While interleaving can be

employed in an effort to minimise the effect of correlated fading, this process is generally

imperfect. The effectiveness of the interleaver is related to the interleaver depth, which is

limited by the size of the frame to be transmitted [12]. In this thesis, it is assumed that the

channel interleaver is equal to the length of the BTC. This assumption is imposed in order

to minimise end-to-end latency. Consequently, the effectiveness of the channel interleaver

is likely to be hindered for the considered BTCs, due to their relatively short codeword

lengths.

In the sequel, the extent to which the performance of the considered system is af-

fected by correlated Rayleigh fading channels is investigated by simulation. In the simu-

lations, the correlated Rayleigh fading amplitudes have been simulated using Jakes’ sum-

of-sinusoids method [103] with128 sinusoids. Jakes’ model, also known as the dense

scatterer model is frequently used to describe the correlation properties of wireless chan-

nels that are typically observed in land mobile environments. Jakes’ model has a spaced-
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time correlation functionΦH(∆t) given by [104]

ΦH(∆t) = J0 (2πfd|∆t|) (4.39)

whereJ0(·) denotes the zeroth-order Bessel function of the first kind. Here,fd denotes

the maximum Doppler shift and∆t represents a time interval. The related Doppler power

spectrumΦD(υ) is given by [104]

ΦD(υ) =
1

πfd

√
1− (υ/fd)2

, |υ| ≤ fd (4.40)

whereυ denotes the Doppler frequency.

BER performance comparison for the(10, 9)2 SPC BTC

In the sequel, numerical results are presented which compare the performance of the

(10, 9)2 SPC BTC using different channel reliability metrics over a number of different

correlated Rayleigh fading channels. In order to investigate a range of fading scenarios,

ranging from medium to severe, a spread of normalised fade ratesfdTs have been se-

lected. Specifically, simulations are performed over correlated Rayleigh fading channels

with normalised fade ratesfdTs of 0.1, 0.01 and0.001 respectively. These are the same

normalised fade rates considered in [7]. Note that a high normalised fade ratefdTs cor-

responds to high relative velocity between transmitter and receiver. This subsequently,

corresponds to a relatively uncorrelated channel. That is, a high speed mobile wireless

communications system, in which the channel has a high normalised fade ratefdTs, re-

sults in a channel that is relatively uncorrelated. On the other hand, a slow speed mobile

system, with a relatively low normalised fade ratefdTs, results in a channel that is highly

correlated.

As in the case of the uncorrelated Rayleigh fading channel considered in the previ-

ous section, the BER performance of the(10, 9)2 SPC BTC is compared using the exact

channel reliability metric, the proposed cubic approximation to the exact metric and the

conventional linear approximation, which assumes the CSI is given by the mean fading

amplitude. Additionally, the channel reliability metric with estimated CSI is considered,

i.e., the channel reliability metric given by (4.7). In this case, the correlation in the chan-

nel is exploited in order to estimate the CSI prior to detection. In the numerical results

which follow, the channel reliability metric with estimated CSI, employs a32-tap Ham-

ming filter as suggested in [8] in order to estimate the CSI.

The BER performance of the(10, 9)2 SPC BTC obtained over correlated Rayleigh fad-

ing channels with normalised fade rates offdTs = 0.1, 0.01 and0.001 using the different
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channel reliability metrics are shown in Figures4.7(a), 4.7(b), and4.7(c), respectively.

Here, the decoding of each component SPC code is carried out using the trellis-based

MAP decoder defined in [101], where the number of iterations are limited to two.

The simulation results confirm that the best performance over all correlated fading

channels considered is attained when perfect CSI is available at the receiver. The use

of the exact metric results in SNR penalties of approximately0.5, 0.6 and0.7 dB, with

respect to the performance with perfect CSI, over the channels with normalised fade rates

of fdTs = 0.1, 0.01 and0.001, respectively. Note that these SNR penalties are relatively

small. Furthermore, use of the cubic approximation to the exact metric performs near to

the exact metric in all cases. In each of the considered fading scenarios, the BTC decoder

which employs the conventional linear approximation to the channel reliability metric

performs close to the exact metric at low SNR. However, at high SNR, an error floor is

observed and the receiver’s performance diverges towards the uncoded case.

The performance of the BTC decoder with estimated CSI has varying performances

over the normalised fade ratesfdTs considered. At the low normalised fade rate offdTs =

0.001, the performance was marginally better than performance with the exact channel

reliability metric. At the higher normalised fade rate offdTs = 0.01, the performance

with channel estimation and the performance using the exact channel reliability metric

were similar at most SNR values of interest. However, at a BER of10−5, the receiver

using exact metric outperformed the receiver with estimated CSI by approximately1 dB.

At the highest normalised fade rate offdTs = 0.1, the system employing the channel

reliability metric with estimated CSI performed poorly. It was observed to reach an error

floor at high SNR and diverged to the uncoded performance in a similar manner to the

system using the linear approximation to the channel reliability metric.

Effect of variations in the normalised fade rate

In general, the achievable performance of the SPC BTC degrades as the normalised fade

rate decreases. That is, the performance with perfect CSI and using the exact channel

reliability metric degrades as the correlation in the channel increases. For example, at

a low normalised fade rate offdTs = 0.001, there is approximately9 dB between the

performance of the receiver employing perfect CSI and the uncoded case. Compare this

with a difference of approximately27 dB for the uncorrelated channel considered in Sec-

tion 4.4.3. As the normalised fade ratefdTs increases, the relative correlation in the

channel reduces. Consequently, the performance with perfect CSI improves along with

the BER performances using the exact metric and the cubic approximation. However, at

the same time the performance of the considered SPC BTC with estimated CSI becomes
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Figure 4.7: Comparison of(10, 9)2 SPC BTC performance over the correlated Rayleigh
fading channel using different channel reliability metrics, with normalised fade rates of

(a)fdTs = 0.1; (b) fdTs = 0.01; (c) fdTs = 0.001.
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less effective. Figure4.8 summarises this behaviour. The figure shows the performance

(10, 9)2 SPC BTC over correlated Rayleigh fading channels with varying normalised fade

ratesfdTs using the channel estimation technique described in [8]. Note that no attempt

has been made to vary the channel estimation filter or its parameters as this is beyond the

scope of this thesis.
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Figure 4.8: Comparison of(10, 9)2 SPC BTC performance over the correlated Rayleigh
fading channel using the channel reliability metric with estimated CSI, with varying nor-

malised fade ratesfdTs.

When the normalised fade ratefdTs ≤ 0.01, there is no observable error floor for the

range of BERs considered in Figure4.8. Moreover, as was observed in Figures4.7(b)and

4.7(c), respectively, the BER curves perform similarly to the performance with the exact

channel reliability metric. However, at high normalised fade ratesfdTs > 0.01, an error

floor is observed and the BER curves shape off toward the uncoded performance. More-

over, the BER at which the error floor levels off, becomes higher as the high normalised

fade ratefdTs increases. Hence, the performance penalty for using channel reliability

metric with estimated CSI worsens as the normalised fade ratefdTs increases.

In general, it is observed that the considered channel estimation technique relies on

a relatively low value for the normalised fade ratefdTs in order to perform adequately.

Moreover, even when the normalised fade ratefdTs is low, the performance using both the

exact metric and cubic approximation perform close to, or better than, the system with es-

timated CSI. Thus, in comparison to the considered channel estimation scheme, suggested
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in [8], the cubic approximation to the channel reliability metric appears to be a favourable

solution for a wide range of correlated Rayleigh fading channels, with normalised fade

rates ranging from moderate to severe. Moreover, this favourable performance is achieved

without the additional complexity and latency associated with performing channel estima-

tion.

4.4.5 Discussion

In [7], the authors investigated the BER performance of a rateR = 1/3 convolutional

turbo code which was transmitted over the uncorrelated normalised Rayleigh fading chan-

nel using coherent BPSK signalling, both with and without CSI available to the receiver.

It was observed that the BER performance of the receiver using the linear approximation

to the channel reliability metric was approximately1 dB from the same receiver’s per-

formance when perfect CSI was available. This result suggested the receiver using the

conventional linear approximation to the channel reliability metric was performing close

to its potential. Similarly, the impressive performance results reported in [8], suggested

that a channel reliability metric with estimated CSI is a suitable option for iterative de-

coding of convolutional turbo codes when the channel is correlated. However, it has been

shown in this chapter, that both the linear approximation to the channel reliability met-

ric and the channel reliability metric with estimated CSI have their limitations. A brief

discussion of some of these limitations of the conventional metrics are now provided.

Limitations of the linear approximation to the channel reliability metric

In Section4.4.3, the use of different channel reliability metrics has been considered for

use in the iterative decoding of BTCs which have been transmitted over the normalised

uncorrelated Rayleigh fading channel using coherent BPSK signalling. The results of

the simulations conducted using the relatively powerful(63, 57)2 BCH BTC support the

premise that a system using the conventional linear approximation to the channel relia-

bility metric performs close to the best performance that is attainable. That is, that the

receiver appears to suffer negligible performance penalty when the linear approximation

to the channel reliability metric is used in place of the exact channel reliability metric.

Although the proposed exact channel reliability metric and its cubic approximation both

exhibit slightly better performance than the conventional linear approximation, the differ-

ence in performance is negligible.

However, when a low-complexity(10, 9)2 SPC BTC is employed in the system, the re-

sults differ greatly from those observed for the(63, 57)2 BCH BTC and those reported for

the rateR = 1/3 convolutional turbo code in [7]. In the case of the SPC BTC, the receiver
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performs poorly over the uncorrelated Rayleigh channel when the linear approximation

to the channel reliability metric is employed. Specifically, an error floor is observed and

the receiver’s performance eventually approaches the uncoded performance. This result

is in contrast to the performance of the receiver that employs the exact channel reliability

metric, where the BER performance is approximately1 dB from the system with perfect

CSI. A similar BER performance to that of the exact channel reliability metric is achieved

when the proposed cubic approximation to the exact metric is employed.

These observations suggest that the linear approximation to the channel reliability

metric cannot be used in all circumstances. In particular, when the BTC scheme is se-

lected such that BER performance is traded for lower complexity, the linear approxima-

tion to the channel reliability metric is clearly not always adequate. On the other hand,

the exact channel reliability metric exhibits excellent performance regardless of the error

correcting capabilities of the BTC. Moreover, the impressive match between the exact

channel reliability metric and its cubic approximation, suggests that the performance gap,

with respect to the perfect CSI case, can be maintained with a complexity that is little

more than that of the conventional linear approximation to the channel reliability metric.

Limitations of the channel reliability metric with estimated CSI

The investigation of BTCs transmitted over the normalised Rayleigh fading channel us-

ing coherent BPSK signalling has been extended to include correlated channels in Sec-

tion 4.4.3.

The performance of the(10, 9)2 SPC BTC using a channel reliability metric with

estimated CSI was observed to have varying results depending on the normalised fade rate

fdTs of the channel. At the lowest normalised fade rate considered,fdTs = 0.001, which

corresponds to a relatively slow relative velocity between the transmitter and receiver,

the channel reliability metric with estimated CSI is observed to perform similarly to the

exact metric. However, it is observed that as the normalised fade ratefdTs increases,

the performance of the receiver using the channel reliability metric with estimated CSI

is observed to deteriorate significantly. At the highest normalised fade rate considered,

fdTs = 0.1, the performance of the receiver using the channel reliability metric with

estimated CSI is observed to exhibit a higher error floor than the linear approximation to

the channel reliability metric.

In contrast, the exact metric and its cubic approximation were both observed to exhibit

excellent performance at all normalised fade ratesfdTs considered. Both metrics achieved

BER performances close to the perfect CSI case over each of the correlated Rayleigh

fading channels considered.
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4.5 Iterative Decoding for Nakagami-m Distributed Flat

Fading Channels

In flat fading wireless communications environments, the short term signal fading can

often be described by the Rayleigh fading distribution. However, the variability of the

radio channel may occur much more severely compared to the Rayleigh fading. The

Nakagami-m fading distribution can often provide more accurate descriptions of the radio

channel under these severe fading conditions [31–33]. In particular, when the Nakagami

fading parameterm is in the range0.5 ≤ m < 1. In view of the design of a robust

radio link within the context of the design of a wireless communications system, it is

desirable to ensure satisfactory quality not only for Rayleigh fading conditions but also

for environments with more severe fading characteristics.

In this section, the iterative decoding of BTCs transmitted over slow flat Nakagami-m

fading channels using coherent BPSK signalling is considered. The Nakagami-m fading

channel model has been shown to be a good fit to empirical fading data [13]. Through the

parameterm, this model can describe fading conditions ranging from severe to moderate.

Here, small values ofm, e.g.,m ≤ 1, indicate severe fading, while large values ofm

describe moderate to weak fading conditions. The PDF of the Nakagami-m channel is

given by [13]

pA(a) =

{
2

Γ(m)

(
m
Ω

)m
a2m−1exp

(−m
Ω

a2
)

a ≥ 0

0 a < 0
(4.41)

whereΩ is the mean fading power andm is the Nakagami parameter.

Note that Nakagami-m fading withm = 1 is a special case which represents Rayleigh

fading, where the time-average Rayleigh fading powerσ2
A is related byΩ = 2σ2

A. Con-

sequently, the contributions presented in this section can be viewed as a generalisation of

the work presented in Section4.4, with the Rayleigh fading channel as a special case.

The work presented in this section is based on research and results published in [105]

by Shaheem et al.

4.5.1 Derivation of the Exact Channel Reliability Metric

Recall, the channel reliability metricΛ (y|x), given by (4.9), is computed as the natural

logarithm of the ratio of the conditional PDFpY |X (y|x), for x = ±√Es. In the sequel,

the conditional PDFpY |X (y|x) will be derived for the Nakagami-m fading channel with

unknown CSI at the receiver.

The derivation of the exact channel reliability metric for the Nakagami-m fading chan-
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nel proceeds in a similar manner to that of the exact channel reliability metric for the

Rayleigh fading channel. The random variableY is once again considered to be a func-

tion of the three statistically independent random variablesA, X, andV , which can be

expressed once more as

Y = Z + V (4.42)

whereZ = AX. Using the same derivation described by (4.11)-(4.15), the conditional

probabilitypY |X(y|x) of the received sampley, given that the symbolx was transmitted,

can be expressed as

pY |X(y|x) =
1

x

∫ ∞

−∞
pV (y − z)pA

( z

x

)
dz, x > 0 (4.43)

pY |X(y|x) =
1

|x|
∫ ∞

−∞
pV (y + z)pA

(
z

|x|
)

dz, x < 0 (4.44)

Substituting (4.2) and (4.41) into (4.43) and (4.44), the conditional PDFpY |X(y|x) can be

expressed as

pY |X(y|x) = γ

∫ ∞

0

z2m−1 exp
(−α2z2 + βz

)
dz (4.45)

where

α =

√
m

x2Ω
+

1

2σ2
V

(4.46)

β =

{
+ y

σ2
V

x > 0

− y
σ2

V
x < 0

(4.47)

γ =
2

σV

√
2πx2m−1|x|Γ(m)

(m

Ω

)m

exp

(−y2

2σ2
V

)
(4.48)

Without loss of generality, consider the case ofx > 0. Let I1 denote the integral in (4.45),

that is

I1 =

∫ ∞

0

z2m−1 exp
(−α2z2 + βz

)
dz (4.49)
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Simplification of (4.49) is carried out using the following integral transform [100, p.

140, eq. (19)]

∫
zn exp

(−α2z2 + βz
)
dz

=
1

αn+1
exp

(
β2

4α2

) n∑
i=0

(
n

i

) (
β

2α

)n−i ∫
tiexp

(−t2
)
dt

(4.50)

wheret = α z − β/(2α). Substitutingn = 2m− 1 and integrating over the range[0,∞),

(4.49) can be expressed as

I1 =
1

α2m
exp

(
β2

4α2

) 2m−1∑
i=0

(
2m− 1

i

)(
β

2α

)2m−1−i ∫ ∞

− β
2α

ti exp
(−t2

)
dt (4.51)

Note that the summation in (4.51) requires an integer value for2m−1. Therefore this par-

ticular integral table can be used when the Nakagami parameterm satisfies the following

condition:

m =
l

2
, l∈Z+ (4.52)

whereZ+ denotes the set of positive integers. Hence,m must be an integer multiple of

1/2.

Let I2(i) be a new function representing the definite integral

I2(i) =

∫ ∞

− β
2α

ti exp(−t2)dt (4.53)

Substituting (4.53) into (4.51), I1 can be expressed in terms of the three componentsI2(0),

I2(2i), andI2(2i + 1) with respect to the indices0, 2i, and2i + 1, respectively, as

I1 =
1

α2m
exp

(
β2

4α2

) 


(
β

2α

)2m−1

I2(0)

+

b 2m−1
2

c∑
i=1

(
2m− 1

2i

)(
β

2α

)2m−1−2i

I2(2i)

+

b 2m−2
2

c∑
i=0

(
2m− 1

2i + 1

)(
β

2α

)2m−2−2i

I2(2i + 1)




(4.54)

wherebxc is the integer part ofx.
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The componentI2(0), which was simplified in (4.28), is repeated for convenience as

I2(0) =

√
π

2
erfc

(
− β

2α

)
(4.55)

In order to simplifyI2(2i), the following integral transform defined in [100, p. 139, eq.

(5)] can be used:

∫
t2i exp(−c2t2)dt =

√
π(2i− 1)!!

2i+1c2i+1
erf(ct)

− t2i−1 exp(−c2t2)(2i− 1)!!

2c2

i−1∑
j=0

1

2j(2i− 2j − 1)!!(ct)2j

(4.56)

wheren!! is the double factorial defined by

n!! =





n× (n− 2) . . . 5× 3× 1, n > 0, odd

n× (n− 2) . . . 6× 4× 2, n > 0, even

1, n = −1, 0

(4.57)

Evaluating (4.56) for c = 1 over the range[− β
2α

,∞), leads to the following expression

I2(2i) =

∫ ∞

− β
2α

t2ie−t2dt

=

(
− β

2α

)2i−1

exp

[
−

(
β

2α

)2
]

(2i− 1)!!

2

i−1∑
j=0

1

2j(2i− 2j − 1)!!
(

β
2α

)2j

= −1

2

(
β

2α

)2i−1

exp

[
−

(
β

2α

)2
]

(2i− 1)!!
i−1∑
j=0

1

2j(2i− 2j − 1)!!
(

β
2α

)2j

+

√
π(2i− 1)!!

2i+1
erfc

(
− β

2α

)

(4.58)

Similarly, in order to simplifyI2(2i+1), the following integral transform defined in [100,

p. 140, eq. (6)] can be used:

∫
t2i+1 exp(−ct2)dt = −t2i exp(−ct2)

2c

i∑
j=0

i!

(i− j)! cj t2j
(4.59)
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Again, evaluating this integral forc = 1 in the range[− β
2α

,∞) gives

I2(2i + 1) =

∫ ∞

− β
2α

t2i+1e−t2dt

=
1

2

(
β

2α

)2i

exp

[
−

(
β

2α

)2
]

i∑
j=0

i!

(i− j)!
(

β
2α

)2j

(4.60)

The similar derivation can be performed forx < 0. Once again, it turns out that the results

differ only in the following ratio

β

2α
= +

√
2Ωx2

2σV

√
2mσ2

V + x2Ω
· y , +λ, x > 0 (4.61)

β

2α
= −

√
2Ωx2

2σV

√
2mσ2

V + x2Ω
· y , −λ, x < 0 (4.62)

The expressions for (4.55), (4.58) and (4.60) can be used to provide an expression for

the conditional PDFpY |X(y|x). This conditional PDF, expressed as a function ofλ, is

given by

pY |X(y|x) =
γ

2α2m




√

πλ2m−1 exp
(
λ2

)
erfc(−λ)

×

1+

b 2m−1
2

c∑
i=1

(
2m− 1

2i

)
(2i− 1)!!

2i
λ−2i




+

b 2m−1
2

c∑
i=1

(
2m− 1

2i

)
(2i− 1)!!

i−1∑
j=0

λ2m−2j−2

2j(2i− 2j − 1)!!

+

b 2m−2
2

c∑
i=0

(
2m− 1

2i + 1

) i∑
j=0

i! λ2m−2j−2

(i− j)!





(4.63)

In Table4.1, the exact channel reliability metricΛ(y|x) has been expressed as a function

of the parameterλ for m = 1/2, 1, and3/2 .

4.5.2 Approximation to the Exact Channel Reliability Metric

It is observed that the exact channel reliability metrics for the Nakagami-m fading chan-

nels can be accurately approximated by polynomial functions. Using the same approach

considered in Section4.4.2, the exact metrics are approximated for channel reliability

metric valuesΛ(y|x) in the range of0 to 15 by a cubic polynomial, using the MMSE
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Table 4.1: The exact channel reliability metric for differentm values.

m Λ(y|x)

1
2

ln erfc(−λ)
erfc(λ)

1 ln 1+
√

πλ exp(λ2)erfc(−λ)
1−√πλ exp(λ2)erfc(λ)

3
2

ln
λ+
√

π( 1
2
+λ2) exp(λ2)erfc(−λ)

−λ+
√

π exp(λ2)erfc(λ)

Table 4.2: Polynomial coefficients for the cubic approximation of the channel reliability
metric for differentm values.

m k3 k2 k1 k0

1
2

0.07759 0.37918 1.94393 0.04980

1 0.09250 0.18207 3.41645 0.01744

3
2

0.09402 0.10174 4.44814 0.00797

10 0.05250 0.00081 12.4920 9.3×10−6

criterion. The cubic approximation is also the best MMSE fit in the range−15 to 0,

since the exact channel reliability metric is an odd function. Let the general form of the

approximated channel reliability metric be expressed as

Λ(y|x) = k3λ
3 + k2λ

2 + k1λ + k0 (4.64)

The polynomial coefficients{k3, k2, k1, k0} are presented in Table4.2 for m = 1/2, 1,

3/2 and10. For the samem values, the exact channel reliability metrics are plotted against

the cubic approximations for metric valuesΛ(y|x) in the range−15 to 15 in Figure4.9.

Note that asm increases, the channel reliability metrics become increasingly linear.

It is known that form >> 1, the Nakagami-m distribution approximates a Rician dis-

tribution [5]. This suggests that as the line-of-sight component becomes stronger, the

exact channel reliability metric can be better approximated by a linear metric such as the

conventional metric given by (4.6).
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Figure 4.9: Exact channel reliability metrics versus cubic approximation withm =
1/2, 1, 3/2 and10.

4.5.3 Numerical Results for the Uncorrelated Nakagami-m Fading

Channel

The effect of the various channel reliability metrics on the performance of BTCs over

uncorrelated Nakagami-m fading channels withm = 1/2, 1, and3/2 has been obtained

using computer simulations. Note that the results presented here for the Nakagami-m

fading channel withm = 1, are identical to those presented in Section4.4.3. They are

repeated here to assist in general discussion.

BER performance comparison for the(10, 9)2 SPC BTC

Figure4.10shows a comparison of the performance of the(10, 9)2 SPC BTC when the

linear approximation to the channel reliability metric is employed against the performance

of uncoded BPSK, for each of the considered Nakagami-m channels. In all cases the lin-

ear approximation incurs significant performance degradation at high SNR and eventually

approaches the uncoded case.

The BER performance of the(10, 9)2 SPC BTC obtained over Nakagami-m chan-

nels withm = 1/2, 1, and3/2 using different channel reliability metrics are shown in

Figures4.11(a)-(c). The decoding of each component SPC code is carried out using the
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Figure 4.10: Performance of the linear approximation with the(10, 9)2 SPC BTC, com-
pared to uncoded coherent BPSK performance over Nakagami-m channels withm = 1/2,

1, and3/2.

trellis-based MAP decoder defined in [101], where the number of iterations are limited to

two.

The best performance over all the Nakagami-m fading channels considered is attained

when perfect CSI is available at the receiver. When no CSI is available, the exact channel

reliability metric resulted in a performance degradation of up to2 dB. For the Nakagami-

m channels withm = 1 and3/2, the BER performances obtained using the cubic ap-

proximation and the exact metric are nearly identical, while a performance loss of0.5 dB

is incurred at a BER of10−3 with the cubic approximation, for the case whenm = 1/2.

At low SNR, the performance using the linear approximation follows very closely with

the exact metric for all the channel models considered. However, at higher SNR, the

performance of the linear approximation reaches an error floor and diverges towards the

uncoded case.

The performance degradation using the channel reliability metrics with no CSI is pre-

sented in Table4.3with respect to the performance with perfect CSI. These results show

that by using the cubic approximation instead of the linear approximation when no CSI is

available, a significant increase in performance can be achieved with minimal increase in

decoder complexity for the channel models considered.
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Figure 4.11: Comparison of(10, 9)2 SPC BTC performance using different channel re-
liability metrics over Nakagami-m fading channels, for: (a)m = 1/2; (b) m = 1; (c)

m = 3/2.
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Table 4.3: Performance degradation with respect to perfect CSI metric.

m BER exact metric cubic approx. linear approx.

1
2

10−3 1.78dB 2.39dB 26.74dB

1 10−5 1.13dB 1.19dB 27.5dB

3
2

3× 10−7 1dB 1dB 25dB

BER performance comparison for the(63, 57)2 BCH BTC

The similar simulations were also performed using the(63, 57)2 BCH BTC over the

same uncorrelated Nakagami-m channels considered above. The BER performance of

the(63, 57)2 BCH BTC obtained over the uncorrelated Nakagami-m channels withm =

1/2, 1, and3/2 using different channel reliability metrics are shown in Figure4.12. The

decoding of each component BCH code is carried out using the Log-MAP implementation

of the BCJR algorithm, where the number of iterations are limited to four.
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Figure 4.12: Comparison of(63, 57)2 BCH BTC performance over uncorrelated
Nakagami-m fading channels withm = 1/2, 1, and3/2, using different channel reli-

ability metrics.
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In all cases, the best performance is achieved when perfect CSI is available at the

receiver. When CSI is not available, the performance of the conventional linear approxi-

mation, the exact metric and its cubic approximation, are all tightly grouped over all the

channels considered. While the BER performance using the linear approximate metric

is slightly inferior to the performance with both the exact metric and the cubic approx-

imation at a BER of10−5, the difference is only slight. Hence, there appears to be no

significant penalty for employing the conventional linear approximation when the more

powerful (63, 57)2 BCH BTC is employed. These results suggest that for block codes

with relatively strong error correcting capabilities, such as the considered BCH BTC, the

benefits of the proposed channel reliability metrics are minimal compared to the conven-

tional approach.

4.5.4 Numerically Approximated Channel Reliability Metric

In Section4.5.1, the exact channel reliability metric was derived for the Nakagami-m

fading channel when the parameterm is an integer multiple of1/2. However, many

wireless fading environments may be best described by other values of the parameterm.

Moreover, the simulation results presented in the previous sections suggest that the use of

the channel reliability metric is likely to be most critical for smallm values, such as those

in the range1/2 ≤ m ≤ 1. An exact channel reliability metric has not yet been derived

for non-integer multiples of1/2. However, the performance of the cubic approximation to

the exact metric form = 1/2, 1 and3/2 suggests that a cubic polynomial approximation

to the channel reliability metric, may perform close to the exact metric for values of the

parameterm of interest.

The key to deriving the exact channel reliability metric in Section4.5.1, was that the

integral in the conditional likelihoodpY |X(y|x) could be simplified using an integral trans-

form, provided the parameterm was an integer multiple of1/2. In the sequel, numerical

integration is employed in order to solve this integral for any value of the parameterm.

Recall, the conditional likelihoodpY |X(y|x) is given by

pY |X(y|x) = γ

∫ ∞

0

z2m−1 exp
(−α2z2 + βz

)
dz (4.65)

whereα, β andγ are given by (4.46), (4.47) and (4.48), respectively. Moreover, recall

thatβ takes on two values depending on whetherx is positive or negative.

There are a number of methods of numerical integration that can be found in the liter-

ature, e.g., see [106]. Due to its simplicity, the Newton-Cotes method has been selected

for use in this thesis. Named after their inventors, Sir Isaac Newton and Roger Cotes, the
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Newton-Cotes method involves breaking the original integral into smaller equally-spaced

integrals, and then solving each smaller problem using geometrical approximations. Let

f(z) be the integrand ofpY |X(y|x) in (4.65), i.e.,

f(z) = z2m−1 exp
(−α2z2 + βz

)
(4.66)

The task at hand is then to obtain the numerical solution to the integral off(z) over the

range[0,∞). This integral, called an improper integral, can be expressed as

∫ ∞

0

f(z)dz = lim
zN→∞

∫ zN

0

f(z)dz (4.67)

In practice, the upper limitzN is chosen as some large number in the range[0,∞), such

that f(z) ≈ 0, ∀z > zN . The range ofz for which f(z) is approximately non-zero can

then be divided up intoN +1 equally spaced pointszi = i ·∆z, for i = 0, 1, . . . , N . Here,

∆z = zN/N represents the separation between consecutive points. Using the trapezoid

rule, the integral off(z) over the range[0,∞) is given by [106]

∫ ∞

0

f(z)dz ≈
N∑

i=1

f(zi−1) + f(zi)

2
·∆z (4.68)

The accuracy of this approximation depends on the size of the separation parameter∆z.

The smaller∆z, the more accurate the approximation. However, the increased accuracy

comes at a cost of increased computational time.

The channel reliability metric, which can be expressed as

Λ (y|x) = ln
[
pY |X

(
y|x = +

√
Es

)]
− ln

[
pY |X

(
y|x = −

√
Es

)]
(4.69)

can be obtained by substituting the channel parametersσ2
V , Ω and m into (4.46) and

(4.47), respectively, and then numerically evaluating the integrals in (4.69) for the cases

x = +
√

Es andx = −√Es, respectively.

Recall, the exact channel reliability metric was expressed as a function of the parame-

terλ, which was given by

λ =

√
2ΩEs

2σV

√
2mσ2

V + EsΩ
· y (4.70)

For a given Nakagami-m fading scenario, the energy-per-symbolEs and the Nakagami

parametersm andΩ are constant. However, the noise varianceσ2
V can theoretically take

on an infinite number of possible values. One might then assume, that the numerical in-
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tegration will need to be performed at each individualEs/N0 level for which the system

operates. However, it turns out that for theEs/N0 values of interest, the numerically com-

puted channel reliability metric curves are approximately the same, regardless of the value

of the noise varianceσ2
V . This observation supports the fact that the channel reliability

metric could be derived exactly whenm was an integer multiple of1/2. Indeed, the nu-

merical integration approach considered in this section could also be used to approximate

the metric at these same values ofm.

A numerical method for approximating the channel reliability metric is presented in

Procedure 4.1. In order to maintain consistency with the cubic approximations to the

channel reliability metrics made in Section4.5.2, the following constraints have been

imposed in Procedure 4.1: Firstly, the final approximation is made in terms of a cubic

polynomial function of the parameterλ; Secondly, the approximation is performed at

values of the channel reliability metricΛ(y|x) corresponding to the range0 to 15. Since

the channel reliability metric is an odd function, the resulting cubic polynomial is the

MMSE fit for channel reliability metric values in the range−15 to 15.

The numerical method described by Procedure 4.1 generates a cubic approximation

to the channel reliability metric for Nakagami-m fading with a particular realisation of

the parametersm andΩ and for an arbitrary value ofEs/N0. The cubic polynomials

obtained in Section4.5.2, were the polynomials whose coefficients resulted in the MMSE

fit to a set of exact channel reliability metric valuesΛ(y|x), that were evaluated at equally

spaced points on theλ axis. In Procedure 4.1, the cubic polynomial is the MMSE fit to

a numerical representation of the channel reliability metricΛ(y|x), obtained at equally

spaced points on theλ axis. Note that in both cases, the smaller the step parameter∆λ,

i.e., the separation between points on theλ axis, the more accurate the resulting cubic

approximation.

Procedure 4.1: Numerically Approximating the Channel Reliability Metric

Step 1: Choose some value ofEs/N0, e.g., forEs/N0 = 0 dB, and compute the corre-

sponding value ofσ2
V . Additionally, initialise the counter toj = 0 and choose a

value for the step parameter∆λ.

Step 2: The estimated channel reliability metric value, denotedΛ̂(y|x), evaluated at the

valueλ = j ·∆λ, can be obtained as follows:

(a) Setλ = j ·∆λ.

(b) Computeα according to (4.46).

(c) Computeβ = 2αλ, with x = +
√

Es, then calculatepY |X(y|x = +
√

Es) using

numerical integration according to (4.68).
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(d) Computeβ = −2αλ, with x = −√Es, then calculatepY |X(y|x = −√Es)

using numerical integration according to (4.68).

(e) Take the natural logarithm of the result of the second numerical integration

(from Step 2(d)) and subtract it from the natural logarithm of the result of the

first numerical integration (fromStep 2(c)).

(f) Store the resulting estimated channel reliability metric value asΛ̂(y|x), corre-

sponding to the parameterλ = j ·∆λ.

Step 3: If the estimated channel reliability metric valuêΛ(y|x) is greater than15, then

go toStep 4, otherwise incrementj by one and go toStep 2.

Step 4: Approximate the stored sequence of estimated channel reliability metric values

Λ̂(y|x) as a cubic polynomial, according to the MMSE criterion.

Step 5: End of procedure.

4.5.5 Numerical Results for the Uncorrelated Nakagami-m Fading

Channel for m = 0.65

In general, the simulation of Nakagami-m fading requires an approximation to the inverse

cumulative distribution function [13]. In [107], the authors presented a method for simu-

lating Nakagami-m fading for several values of the Nakagami-m parameter. The smallest

parameter considered in [107], which corresponds to the most severe fading conditions

of those tested, was for a Nakagami parameterm = 0.65. In this section, the BER per-

formance of the SPC BTC using the numerically approximated channel reliability metric

is evaluated through simulation over the Nakagami-0.65 channel. Using the numerical

method described above, the cubic approximation to the channel reliability metric can be

expressed as

Λ(y|x) = 0.0857λ3 + 0.2958λ2 + 2.4614λ + 0.0398 (4.71)

BER performance comparison for the(10, 9)2 SPC BTC

The BER performance of the(10, 9)2 SPC BTC, using the numerically approximated

channel reliability metric is presented in Figure4.13over the uncorrelated Nakagami-0.65

channel. Here, the BER performance with perfect CSI and the conventional metric are

also presented, along with the uncoded case. The decoding of each component SPC code

is carried out using the trellis-based MAP decoder defined in [101], where the number of

iterations are limited to two.
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Figure 4.13: Comparison of(10, 9)2 SPC BTC performance over Nakagami-0.65 fading
channel using different channel reliability metrics.

The benchmark performance is again achieved when perfect CSI is available at the

receiver. When no CSI is available, the performance with the conventional channel reli-

ability metric was observed to reach an error floor and deteriorated to the uncoded case.

On the other hand, the performance with the numerically approximated channel reliability

was approximately1.5 dB from the performance with perfect CSI. This result is consistent

with the performance degradation observed by the exact and cubic approximate metrics

in previous examples, in particular for the casem = 1/2. Hence, it appears that the nu-

merically approximated channel reliability metric is performing close to what would be

expected of the exact channel reliability metric when CSI is unavailable to the receiver.

Additional numerical results, presented in AppendixA, reveal that the numerically

approximated channel reliability metric is indeed a close match to the exact channel re-

liability metric and its cubic approximation, for Nakagami-m fading when the parameter

m is given by1/2, 1 and3/2. Note the simulations for the(63, 57)2 BCH BTC have

been omitted for the uncorrelated Nakagami-0.65 channel since it has already been estab-

lished that linear approximation performs adequately using this BTC over Nakagami-m

channels with similarm values (i.e., for bothm = 1/2 andm = 1).
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4.5.6 Discussion

In Section4.5.3, numerical results were presented showing the performance of the BCH

BTC and the SPC BTC over the uncorrelated Nakagami-m fading channel, for values of

the parameterm which are an integer multiple of1/2. The reported findings were similar

to those reported in Section4.4.3 for the uncorrelated Rayleigh fading channel. It has

been observed that when a channel coding scheme with relatively strong error correcting

capabilities is employed, the conventional linear complexity approximation to the exact

metric is acceptable for use when CSI is not available at the receiver. This is due to the

fact that only a slight performance penalty is observed with respect to the exact metric

and its cubic approximation. However, when a BTC with relatively weak error correcting

capabilities is employed, such as the considered SPC BTC, the receiver employing the

linear approximation performs poorly. In contrast, the proposed exact channel reliability

metrics and their cubic approximations performed well regardless of the error correcting

capabilities of the channel code.

It was also demonstrated in Section4.5.3, that the relative performance penalty for

using the linear approximation to the channel reliability metric, increases as the fading

conditions become more severe, in particular for small values of the parameterm, e.g.,

m ≤ 3/2. That is, the more severe the fading conditions, the less suitable the linear

approximation to the channel reliability metric becomes. It is noted that the observed

limitations of the linear approximate metric diminish as the parameterm increases. This

is due to the fact that the BER level at which the linear approximation observes an error

floor becomes lower asm increases. Nevertheless, it has been demonstrated that the linear

approximation is ineffective for the considered SPC BTC, when the Nakagami parameter

m is relatively small.

An exact metric for Nakagami-m fading whenm is not an integer multiple of1/2

has yet to be derived. Moreover, an exact solution to this problem may not even be

possible. However, a numerically derived cubic approximation for this case was observed

to perform well. The numerically obtained cubic approximation to the channel reliability

metric achieved a BER performance similar to what was expected of the exact metric.

Since the cubic approximation represents a good alternative for practical implementation,

the numerical approach to estimating this metric compensates for the lack of availability

of the exact metric. Moreover, the results have shown that the conventional linear metric

is most severely affected by values of the parameterm in the range1/2 ≤ m ≤ 3/2.

Hence, the numerically approximated metric offers a practical solution to wireless fading

scenarios that can be described by Nakagami-m fading with values of the parameterm in

this range.
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4.6 Summary

In this chapter, the performance of BTCs transmitted over Rayleigh and Nakagami-m fad-

ing channels with coherent BPSK signalling has been investigated. Specifically, the BER

performance of the BTCs with different channel reliability metrics were compared both

with and without CSI present at the receiver. When perfect CSI is available, the channel

reliability metric is obtained by viewing the flat fading channel as an AWGN channel

conditioned on the known CSI. The channel reliability metric with perfect CSI is known

to be mathematically optimal provided the channel is memoryless. In the case where CSI

is unavailable to the receiver, convention dictates the use of suboptimal approximations to

the channel reliability metric. However, it was shown that these conventional approaches

do not always lead to satisfactory results.

The exact channel reliability metric for the Rayleigh and Nakagami-m fading chan-

nels were derived, the latter for the case where the parameterm was an integer multiple

of 1/2. Low-complexity cubic approximations to these exact metrics were also presented.

The performance of two high rate BTCs employing the different channel reliability met-

rics was investigated through Monte-Carlo simulation. The BTCs considered in the sim-

ulations were the(10, 9)2 SPC BTC and the BCH(63, 57)2 BTC. Both BTCs have code

rates of approximatelyR ≈ 4/5. Moreover, these BTCs can be implemented with modest

block sizes and require few iterations in their decoding.

Simulations were conducted over the uncorrelated Rayleigh fading channel and un-

correlated Nakagami-m fading channels form = 1/2 and3/2. The results confirmed

that the best performance is observed when perfect CSI is available. When CSI was not

available and the channel was uncorrelated, performance penalties of between1 and2 dB

were observed with respect to the performance with perfect CSI. Here, the best perfor-

mance was always obtained when the exact channel reliability metric was employed at

the receiver. The performance with the cubic approximation to the exact metric also per-

formed well, either performing equal to, or very near to, the exact metric in all cases.

The performance of the linear approximation varied considerably, depending on the er-

ror correcting capabilities of the code. When the BCH(63, 57)2 BTC is employed, the

linear approximation performed close to the exact metric over all channels considered.

However, when the(10, 9)2 SPC BTC was employed, it was observed that the use of the

conventional linear approximation resulted in an error floor at high SNR. This error floor

eventually resulted in the BER performance diverging to the uncoded case, disabling the

effectiveness of the channel code entirely.

Simulations were also conducted over correlated Rayleigh fading channels with nor-

malised fade ratesfdTs of 0.1, 0.01 and0.001, respectively. The BER performance com-
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parisons were conducted using the(10, 9)2 SPC BTC, with the various channel reliability

metrics. In addition to the conventional linear approximation to the exact metric, the chan-

nel reliability metric with estimated CSI was also considered. This approach represented

the alternative convention for use over correlated channels with ideal coherent detection.

In this latter case, channel estimation was performed based on the correlation observed in

the received sequence of channel outputs. The performance of the receiver with the exact

metric was between0.5 and0.7 dB from the perfect CSI performance. The cubic approxi-

mation once again performed near to the exact metric. The performance of the considered

SPC BTC using the conventional linear approximation to the channel reliability metric

performed poorly. Error floors were observed at all normalised fade rates considered and

the BER performances eventually approached the uncoded cases. For correlated channels

with low normalised fade ratesfdTs the performance of the considered SPC BTC us-

ing the channel reliability metric with estimated CSI performed relatively well, achieving

slightly better performance than the exact metric. However, as the normalised fade rates

fdTs increased, the performance of the receiver using the channel reliability metric with

estimated CSI deteriorated. At a normalised fade rate offdTs = 0.1, the performance

with estimated CSI was worse than the conventional linear approximation, approaching

the uncoded performance with a higher error floor. This poor performance, achieved us-

ing estimated CSI, is due to the inadequacy of the considered channel estimation scheme

when the normalised fade rate was relatively high. Further numerical results confirmed

this behaviour and showed that as the normalised fade rate offdTs increased, the perfor-

mance with estimated CSI deteriorated and a higher error floor was observed.

In addition to the exact channel reliability metric, which was derived for Nakagami-

m fading channels whenm was an integer multiple of1/2, a numerical method was

presented for approximating the exact channel reliability metric for Nakagami-m fading

channels for all values of the parameterm. Simulations were conducted over the uncor-

related Nakagami-0.65 channel using the(10, 9)2 SPC BTC. The numerically computed

cubic approximation performed near to the perfect CSI result. The results suggested that

the numerically approximated channel reliability metric exhibits performance which is

close to the exact channel reliability metric for the considered example. This has been

confirmed by additional simulations which compared the performance of the numerically

approximated channel reliability metric against the exact metric and its cubic approxima-

tion for Nakagami-m fading when the parameterm is given by1/2, 1 and3/2.
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Chapter 5

Iterative Detection for Highly

Frequency-Selective Fading Channels

5.1 Introduction

Broadband communication signals often experience severe frequency-selective fading

when propagating through the wireless medium. Receivers which employ iterative joint

equalisation and decoding strategies have been shown to be extremely effective in mitigat-

ing the effects of ISI caused by these types of wireless channels. These iterative receivers,

often referred to as turbo equalisers, attempt to achieve near optimum performance at a

reasonable complexity. The most effective of the so-called turbo equalisers is the MAP-

based turbo equaliser described in Section3.4.6. However, the computational complexity

of this scheme’s SISO MAP equaliser increases exponentially with the length of the chan-

nel impulse response. Consequently, the practicality of the MAP-based turbo equaliser is

limited to channels with a relatively short delay spread.

In this chapter, the channel shortened turbo equaliser is considered as a reduced-

complexity alternative to the MAP-based turbo equaliser. The channel shortened turbo

equaliser includes the MAP-based turbo equaliser as a part of its receiver structure. How-

ever, the scheme also employs a channel shortening prefilter, which is placed prior to the

MAP-based turbo equaliser, in order to shorten the effective length of the channel. Con-

sequently, the MAP-based turbo equaliser operates on a reduced number of states and

complexity reduction is achieved.

A consequence of the channel shortening process is that residual ISI appears at the

output of the prefilter and the noise becomes coloured. As a result, the SISO equaliser,

within the MAP-based turbo equaliser’s substructure, cannot perform optimum symbol-

wise MAP equalisation and some performance penalty is incurred. In order to mitigate the
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effects of residual ISI and coloured noise, two novel enhancements to the channel short-

ened turbo equaliser are proposed. The first of the proposed enhancements is to introduce

residual ISI cancellation into the structure of the channel shortened turbo equaliser. Here,

soft-decisions provided by the SISO decoder are passed back through a cancellation filter

and subtracted from the output of the channel shortening prefilter. The second of the pro-

posed enhancements requires no modification to the channel shortened turbo equaliser’s

structure. Rather, a carefully selected SNR mismatch (to be defined later) is employed

which effectively alters the variance of the AWGN, assumed by the receiver’s SISO MAP

equaliser. It is shown that this simple enhancement results in a considerable coding gain

and recovers some of the penalty incurred as a result of residual ISI.

The enhanced channel shortened turbo equaliser, which combines the benefits of resid-

ual ISI cancellation and the use of a carefully selected SNR mismatch, is shown to offer

considerable performance benefits compared to the unmodified channel shortened turbo

equaliser. Moreover, this improvement is achieved with very little additional computa-

tional complexity. In the sequel, numerical results are presented which show that both the

enhanced and unmodified channel shortened turbo equalisers achieve excellent BER per-

formance with respect to the MAP-based turbo equaliser for a variety of highly frequency-

selective channels.

While a number of other important issues relating to iterative joint equalisation and

decoding over highly frequency-selective fading channels will also be considered, the

major contributions of this chapter are as follows:

• A number of channel shortening methods are considered as candidate pre-

filters for channel shortened turbo equalisation.

The relative performances of the considered channel shortening methods are com-

pared over a variety of highly frequency-selective channels. The MMSE channel

shortening prefilter, based on a unit-energy constraint, is shown to be the most effec-

tive candidate prefilter. Consequently, this scheme is selected for use in the channel

shortened turbo equalisers considered in this thesis.

• A number of approaches to residual ISI cancellation are proposed and their

relative BER performances are evaluated.

The most effective of the considered approaches is shown to offer considerable

performance benefits to the system, while only slightly increasing the receiver’s

complexity. Consequently, it is proposed that this approach be used as the first of

two enhancements to the channel shortened turbo equaliser.
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• It is shown that an appropriately selected SNR mismatch enables a significant

coding gain without requiring any modification to the receiver structure.

By simply using a carefully selected value for the variance of the noise assumed

by the MAP-based turbo equaliser, the BER performance of the channel shortened

turbo equaliser can be considerably enhanced. Hence, it is proposed that the use of a

selected SNR mismatch be used as a second enhancement to the channel shortened

turbo equaliser.

• It is shown that the performance benefits achieved by the use of a carefully se-

lected SNR mismatch are related to the residual ISI and not the coloured noise.

An investigation is conducted into the phenomena underlying the performance ben-

efits achieved by the use of an appropriately selected SNR mismatch. Four hypo-

thetical simulation models are introduced in order to decouple the effects of resid-

ual ISI and coloured noise on the observed SNR mismatch phenomena. Numerical

results are presented which show that both residual ISI and the colouring of the

noise, caused by the channel shortening process, independently result in consider-

able performance penalties. Moreover, it is shown that by intentionally introducing

a particular SNR mismatch, some of the penalty incurred as a result of the residual

ISI can be overcome. On the other hand, it is shown that the performance loss due to

the colouring of the noise is insensitive to SNR mismatch and cannot be improved

by choosing an appropriate SNR mismatch.

• The enhanced channel shortened turbo equaliser is proposed, which combines

the benefits of residual ISI cancellation and the use of a carefully selected SNR

mismatch.

The enhanced channel shortened turbo equaliser is shown to offer considerable per-

formance benefits to the channel shortened turbo equaliser without significantly

adding to its overall computational complexity. Numerical results are presented

comparing the proposed enhanced channel shortened turbo equaliser with three well

known turbo equalisers: the MAP-based turbo equaliser, representing the state-of-

the-art; the linear MMSE turbo equaliser [16], one of the best performing alterna-

tives to the MAP-based turbo equaliser; and the IC-based turbo equaliser [108], one

of the simplest and lowest complexity turbo equalisers. Simulations over the highly-

dispersive Proakis C channel, and several worst-case minimum distance channels,

show that both the unmodified and enhanced channel shortened turbo equalisers

consistently outperform the linear MMSE turbo equaliser and the IC-based turbo

equaliser, and perform comparably to the MAP-based turbo equaliser. Moreover,
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when complexity is taken into account, both the unmodified and enhanced chan-

nel shortened turbo equalisers are observed to outperform the MAP-based turbo

equaliser under certain conditions.

This chapter is organised as follows. First, some background and motivation is pro-

vided in Section5.2. In Section5.3, the channel shortened turbo equaliser is described

and several candidate channel shortening prefilters are introduced. The channel shortened

turbo equaliser is then modified to include a feedback path for cancellation of residual ISI

in Section5.4. In Section5.5, the concept of SNR mismatch is introduced and its effect

on channel shortened turbo equalisation is investigated. The effects of SNR mismatch,

in relation to residual ISI and coloured noise, are investigated in Section5.6. Subse-

quently, the two proposed enhancements, residual ISI cancellation and the use of an SNR

mismatch, are combined in Section5.7 to form the proposed enhanced channel short-

ened turbo equaliser. The enhanced channel shortened turbo equaliser, along with the

unmodified version, are then compared to a number of relevant turbo equalisers from the

literature. A complexity analysis is also undertaken in this section. Finally, the chapter is

summarised in Section5.8.

5.2 Background and Motivation

In this chapter, the problem of receiver design for data transmission in the presence of

severe ISI and AWGN is investigated. Specifically, the scenario when both the channel

impulse response and the variance of the AWGN are known to the receiver is considered.

The traditional approach to this problem is to first process the observed data sequence

using some type of ISI mitigation technique to account for the effects of the channel,

e.g., MLSD or DFE, while channel coding is used to mitigate the effects of the AWGN.

However, this disjoint processing methodology often leads to poor performance. On the

other hand, the optimum detection of the data sequence, which involves non-iterative joint

processing of the equalisation and decoding steps, is computationally prohibitive.

Turbo equalisation is an iterative joint equalisation and decoding technique, which

is inspired by the turbo principles. The block diagram for the general turbo equaliser is

shown in Figure5.1. Here, the general turbo equaliser consists of a SISO equaliser and a

SISO decoder separated by an interleaver. The detection process then proceeds iteratively

with soft information exchanged between the two SISO detectors.

As discussed in Section3.4.6, the turbo equaliser was first introduced in [14], where

the SISO detectors were implemented using SOVA detectors. The MAP-based turbo

equaliser was then developed in [15], by replacing the SOVA detectors used in [14],
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with superior MAP/Log-MAP detectors. Short of implementing the generally intractable

optimal detection solution, the MAP-based turbo equaliser remains the state-of-the art

detection scheme for coded communications over discrete-time FIR channels.

SISO
Equaliser

SISO
Decoder

Figure 5.1: Block diagram of a general turbo equaliser.

In [16, 108–122], numerous iterative joint equalisation and decoding schemes have

been proposed which address the major limitation of the MAP/SOVA-based turbo equalis-

ers, which is that their complexity increases exponentially with the length of the channel

memory. In each of the proposed schemes, and indeed in the approach proposed in this

thesis, complexity reduction is achieved by implementing the SISO equaliser within the

iterative receiver structure, with a reduced-complexity alternative to the MAP, Log-MAP

or SOVA equalisers.

Trellis-based algorithms

In [109–114], a number of turbo equalisers are presented, where the SISO equaliser has

been implemented using trellis-based algorithms that have been modified in order to

limit their complexity to practical levels. In general, there are two classes of reduced-

complexity trellis-based algorithms which can be employed. The first is based on the

family of reduced-state sequence detection (RSSD) schemes [123–125], while the second

is based on performing a reduced-search on the original full-state trellis [126].

In general, RSSD schemes use the first few taps of the channel impulse response to

define an alternate FSM representation of the channel in terms of a reduced state set.

The residual ISI, contained in the channel taps which have been ignored, is then cancelled

using DFE techniques. Consequently, RSSD-based algorithms rely heavily on the channel

impulse response having dominant taps at the beginning of the channel impulse response.

When the channel impulse response does not contain sufficient energy in the truncated

channel impulse response, the minimum Euclidean distance between paths in the trellis

becomes unacceptably low resulting in severe performance degradation.
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Reduced-search trellis-based algorithms operate by performing a limited search of

the original full-state trellis of the FIR channel, i.e., no state-reduction is performed. In

reduced-search algorithms, a subset of all possible paths through the full-state trellis are

explored. Unlike the reduced-state algorithms, the reduced-search algorithms such as

the T-BCJR and M-BCJR [126] benefit from preserving the signal energy contained in

the original channel impulse response. However, the decisions that are made by these

algorithms, to discard unlikely paths in the trellis, cause a bias in the soft-output. Con-

sequently, the convergence of the iterative detection process is negatively affected as a

result of this bias [112]. Reduced-search algorithms are generally effective over a rela-

tively large subset of ISI channels. However, they often exhibit poor performance when

the state reduction ratio is low [114]. Here, the state reduction ratio refers to the ratio

of the size of the reduced state set to the full state set. Hence, when very long channels

are shortened to acceptable levels of complexity, reduced-search based turbo equalisation

schemes tend to perform poorly.

Interference cancellation

In [108,115–117], the SISO equaliser is implemented using a low complexity interference

canceller (IC). The IC-based turbo equaliser consists of two low complexity linear filters:

a matched-filter and a cancellation filter. The received symbol sequence is passed through

the matched-filter. The IC then uses soft-decisions from the SISO decoder, from the pre-

vious iteration, to cancel the residual ISI from the output of the matched-filter. In the

first iteration, the IC-based turbo equaliser employs a traditional equalisation technique

such as a linear equaliser [108] or a DFE [118]. The IC-based turbo equaliser achieves

excellent performance for a wide variety of channels [108]. However, performance is less

than impressive over difficult-to-equalise, highly dispersive channels [115,118]. The per-

formance can be improved over these channels by employing MLSD in the first iteration

to improve the quality of the feedback used in interference cancellation [115]. However,

this solution is once again only suitable for channels with relatively short memory.

MMSE-based algorithms

A MMSE filter based approach to turbo equalisation was considered by Tüchler et al.

in [16]. Here, the authors proposed a number of different implementations of the SISO

equaliser, based on using a linear equaliser or a DFE, optimised according to the MMSE

criterion. It was observed that the best performance was achieved by the so-called linear

MMSE turbo equaliser. This scheme employs a time-varying linear MMSE equaliser,

where the equaliser coefficients are updated for each transmitted symbol, based on soft-
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information provided by the SISO decoder. The linear MMSE turbo equaliser achieved a

BER performance comparable to the MAP-based turbo equaliser, while generally provid-

ing large savings in complexity. However, due to the need for a matrix inversion for each

transmitted symbol, in each iteration, the complexity of the linear MMSE turbo equaliser

is overly prohibitive. In fact, in some scenarios the complexity of the linear MMSE turbo

equaliser can exceed the complexity of the MAP/SOVA-based turbo equalisers [122]. A

number of reduced-complexity alternatives to the linear MMSE turbo equaliser have since

been proposed [16, 119–122]. In general, each of these approaches attempt to achieve

performance similar to the linear MMSE turbo equaliser, but with reduced complexity.

Consequently, the performance of each of these schemes are generally inferior to, or at

best equal to, the linear MMSE turbo equaliser.

Channel shortening

Another approach that can be used in order to reduce complexity is to shorten the length

of the channel impulse response using a prefilter prior to a MAP/SOVA equaliser. In this

case, the SISO equaliser in Figure5.1is composed of the cascade of a channel shortening

prefilter and a SISO MAP/SOVA equaliser. The process of channel shortening reduces the

number of states required to implement the MAP/SOVA equaliser. In general, the channel

shortening prefilter is only used during the first iteration. In subsequent iterations, the soft-

information from the SISO decoder is passed directly to the SISO equaliser. In essence,

the prefilter is called prior to the first iteration, and the MAP/SOVA-based turbo equaliser

operates as per-usual thereafter.

Numerous approaches to channel shortening have been proposed in the literature

[19–21, 127], ranging from direct memory truncation [21] to approaching a desired im-

pulse response according to the MMSE criterion [19]. In the sequel, some of the more

noteworthy of these channel shortening methods are evaluated as candidate prefilters for

channel shortened turbo equalisation.

The use of channel shortened turbo equalisers is rather limited in the literature. In

[128], the authors considered the use of channel shortened turbo equalisation for multiple-

input multiple-output (MIMO) channels. Hence, this system can be employed as a solu-

tion to the channel model considered in this chapter for the special case of one receive

and one transmit antenna. Similarly, in [129] a channel shortened turbo equaliser was

presented, where the channel shortening prefiltering was undertaken in the frequency-

domain. In this thesis, only time-domain approaches to channel shortening prefiltering

are considered. However, in the conclusions presented in Chapter6, it is suggested that

the findings and results presented in this thesis could be extended to frequency-domain

approaches such as was considered in [129].
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5.3 Channel Shortened Turbo Equalisation

5.3.1 System Model

Throughout the remainder of this chapter, the following notational conventions are em-

ployed: The(j × j)-identity matrix is denotedIj, while0i×j and1i×j denote the(i× j)-

zeros and ones matrices, respectively. Furthermore,diag(·), denotes a diagonal matrix

whose diagonal contains the elements given in the argument.

Convolutional
Encoder

BPSK
Mapping

Equalisation
& Decoding

Discrete-time
FIR Channel

Figure 5.2: Block diagram of a convolutional code transmitted over a discrete-time FIR
channel with BPSK signalling.

A block diagram of the considered system model is given in Figure5.2. The source

releases binary data symbolsuk at discrete-time instantsk. Sequences of information

bits are encoded using a convolutional code of rateR to form encoded bitsck. Each bit

ck is then mapped to BPSK symbolsxk = ±√Es, whereEs is the transmitted energy

per symbol, and is related to the energy per bitEb and code rateR by Es = REb. The

sequence of modulated symbolsxk are interleaved. Each symbolx̃k in the interleaved

sequence is then transmitted over the channel.

Let the ISI channel be described by the discrete-time FIR filterh, given by

h = [h0, h1, . . . , hLh−1]
T (5.1)

whereLh denotes the channel length.

The received baseband signalyk sampled at discrete-time instantk can then be ex-

pressed as

yk =

Lh−1∑

l=0

hlxk−l + vk (5.2)

wherehl denotes thelth coefficient of the FIR channel and the noise symbolsvk are

assumed to be AWGN with zero mean and varianceσ2
V .

The input-output relationship of the system over a blockyk of Lw consecutive channel

outputs can be expressed in vector-matrix notation as follows:

yk = Hxk + vk (5.3)
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whereH is an Lw × (Lw + Lh − 1) Toeplitz matrix with its first column equal to

[h0, 0, . . . , 0]T and its first row equal to[h0, h1, . . . , hLh−1, 0, . . . , 0]. Here, the parameter

Lw is an arbitrary positive integer, which will be used to denote the prefilter length in the

sequel. Also, the following column vectors have been introduced for convenience:

yk = [yk, yk−1, . . . , yk−Lw+1]
T (5.4)

xk = [xk, xk−1, . . . , xk−Lw−Lh+2]
T (5.5)

vk = [vk, vk−1, . . . , vk−Lw+1]
T (5.6)

5.3.2 The Channel Shortened Turbo Equaliser

In this thesis, it is proposed to perform equalisation and decoding using a channel short-

ened turbo equaliser, consisting of a channel shortening prefilter followed by a MAP-

based turbo equaliser. The channel shortened turbo equaliser can be obtained from the

turbo equaliser structure presented in Figure5.1 by implementing the SISO equaliser as

the cascade of a channel shortening prefilter followed by a MAP/Log-MAP equaliser.

The SISO decoder is then implemented with a MAP/Log-MAP convolutional decoder.

A block diagram of the proposed channel shortened turbo equaliser is presented in Fig-

ure 5.3. Note that the channel shortening prefilter appears prior to the iterative receiver

structure, which is in fact the MAP-based turbo equaliser. In order to simplify the block

diagram, the labels describing the soft information that is exchanged within the MAP-

based turbo equaliser are omitted. The reader is referred to Section3.4.6for a detailed

explanation of the operation of this substructure.

-

-

SISO
Equalizer

SISO
Decoder

Shortening
Prefilter

Figure 5.3: Block diagram of the channel shortened turbo equaliser.

The received channel outputsyk are passed through the channel shortening prefilterw

of lengthLw. The discrete prefilter outputszk can be expressed as

zk = wHHxk + wHvk (5.7)
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where (·)H denotes the Hermitian transpose of(·). The prefilter outputszk are then

processed by a MAP-based turbo equaliser, which produces an estimate of the sequence

of transmitted symbols. For convenience, the process of performing hard decisions has

been omitted from the block diagram.

The basic idea of channel shortening is that one can design some prefilterw, which

when placed in cascade with the original channel impulse responseh results in a new

channel impulse response of reduced length, sayLd < Lh. In practice, perfect channel

shortening is generally not possible, resulting in an effective channel impulse response

he that has non-zero coefficients outside the desiredLd consecutive shortened channel

coefficients. The cascade of the channelh and the prefilterw produces a channel with an

effective impulse responsehe, of lengthLw + Lh − 1, given by

he = HHw (5.8)

Note that there areLw + Lh − Ld possible positions that one can choose a window of

Ld consecutive channel coefficients (i.e., the shortened channel coefficients) from the

effective channel impulse responsehe. Hence, there is a certain degree of freedom in

designing the channel shortening prefilterw in order to effectively shorten the channel.

Let ∆ be the relative delay parameter defined according to:

∆ : 0 ≤ ∆ ≤ Lw + Lh − Ld − 1 (5.9)

Here, the relative delay parameter∆ is used to choose the coefficients of the shortened

channel coefficients from the effective channel impulse responsehe. Ideally, the rela-

tive delay parameter∆ determines which coefficients of the effective channel impulse

responsehe have the largest concentration of energy. Note that the choice of the desired

delay parameter∆ is one of the main computational burdens of channel shortening pre-

filter design [130].

Let hs be the shortened channel impulse response, given by

hs = diag
([

01×∆ 11×Ld
01×(Lw+Lh−Ld−∆−1)

]T
)

he (5.10)

wherehs consists ofLd consecutive non-zero coefficients, surrounded by a total ofLw +

Lh−1−Ld zero valued coefficients. The non-zero coefficients inhs will be the coefficients

corresponding to the non-zero elements of the diagonal matrix.
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As noted earlier, the channel shortening operation is generally imperfect, resulting in

some non-zero residual impulse responsehr, given by

hr = he− hs (5.11)

It is the convolution of the sequence of modulated symbolsxk with this residual impulse

responsehr that gives rise to residual ISI resulting in some performance penalty.

Noting the relationship between (5.7), (5.8) and (5.11), the output of the prefilterzk

can be expressed as

zk = hH
s xk + hH

r xk + wHvk (5.12)

In (5.12), the first term is the shortened ISI term, while the second term represents the

residual ISI. The third term is the result of passing an AWGN sequence through the pre-

filter, resulting in a coloured noise term which has a Gaussian distribution with zero mean

and variance equal toσ2
V ||w||2, where|| · || is the Euclidean norm of the argument. Defin-

ing the additive interference plus noise term as

ηk = hH
r xk + wHvk (5.13)

the output of the shortening prefilter can be written as

zk = hH
s xk + ηk (5.14)

It is assumed that the BPSK symbols in the vectorxk are independent and identically

distributed and that vectorsxk andvk are statistically independent. Hence, the variance

of the interference plus noise termηk can be expressed as

σ2
η = Es||hr||2 + σ2

V ||w||2 (5.15)

Complexity reduction

In the proposed channel shortening turbo equaliser, complexity reduction with respect to

the MAP-based turbo equaliser, is attained in the MAP equaliser. This is due to the short-

ening of the FIR channelh of lengthLh to the lengthLd. As a result, the MAP equaliser

has an order of complexityO (
2Ld−1

)
as opposed toO (

2Lh−1
)
, whereLd < Lh andO (·)

denotes the order of magnitude. An order of magnitudeO (L2
w) of additional complexity

must be added to account for the complexity of computing the prefilter coefficients [130].

However, in general the filter coefficients need only be computed each time the channel

coefficientsh or the noise varianceσ2
V changes. Although complexity reduction is gener-
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ally achieved, it is noted that the MAP equaliser within the iterative structure is no longer

optimal since the interference plus noise termη is no longer AWGN. A more comprehen-

sive treatment of computational complexity issues is provided later in the chapter.

5.3.3 Channel Shortening Prefilter Design

In the sequel, several alternative methods of channel shortening are considered as candi-

date prefilters for the channel shortened turbo equaliser. In general, the purpose of the

channel shortening prefilterw is to generate a shortened channel impulse responsehs,

whoseLd non-zero coefficients approximate some desired impulse responsed. The de-

sired impulse responsed is a vector of lengthLd, representing the desired coefficients of

the shortened channel impulse response. Note that the desired impulse responsed is not

necessarily an exact match to the obtained shortened channel coefficients. Consequently,

the coefficients ofd are generally not equal to the non-zero coefficients of the shortened

channel impulse responsehs.

MMSE channel shortening prefilter design

In [131], it was noted that many of the prominent approaches to channel shortening can be

described in terms of the MMSE channel shortening optimisation problem. This optimi-

sation problem can be visualised using the block diagram shown in Figure5.4. Here, the

modulated symbolsxk are input to the FIR channelh, which is subsequently subjected to

AWGN vk and passed to the prefilterw. The resulting sequence of prefilter outputszk are

described by (5.14). In addition, a virtual path, indicated by the dashed line, is included in

the block diagram. This virtual path is not present in the block diagram of the communi-

cations system, but rather, is included in order to describe the optimisation problem. The

virtual path shows the modulated symbolsxk, being passed to a delay block, which de-

lays the modulated symbols by∆ discrete time samples. The delayed modulated symbols

xk−∆ are then passed to the desired impulse responsed. The symbols from the virtual

path are then subtracted from the prefilter outputszk, resulting in a sequence of errorsεk.

The MMSE channel shortening problem is then to design the prefilterw and the desired

impulse responsed, such that the errorsεk are minimised according to the MSE criterion,

for 0 ≤ ∆ ≤ Lw + Lh − Ld − 1. In general, the optimal choice of the delay parameter

∆ can be found via a global search over all possible delays [130]. Finding more efficient

methods of choosing the delay parameter is a research topic in itself, e.g., see [130], and

is beyond the scope of this thesis.

The finite-length MMSE channel shortening prefilter was first proposed by Falconer

and Magee in [19], based on the so-called unit-tap constraint. This solution was pre-
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Figure 5.4: The MMSE channel shortening problem.

sented in a generalised framework by Al-Dhahir and Cioffi in [20], who also provided an

improved solution to the channel shortening problem, by considering a unit-energy con-

straint. In the sequel, MMSE channel shortening based on the unit-tap or unit-energy con-

straints are abbreviated as MMSE-UTC or MMSE-UEC, respectively. Both the MMSE-

UTC and MMSE-UEC channel shortening prefilters are described below, based on Al-

Dhahir and Cioffi’s unified approach.

For a given delay parameter∆, the errorεk can be expressed as

εk = hH
d xk − zk

= hH
d xk −

(
wHHxk + wHvk

) (5.16)

wherehd is the zero-padded desired impulse response given by

hd =
[
01×∆ d 01×(Lw+Lh−Ld−∆−1)

]T
(5.17)

The MSE cost functionJ can be expressed as

J = E
[|εk|2

]

= E
{[

hH
d xk −

(
wHHxk + wHvk

)] [
xH

k hd −
(
xH

k HHw + vH
k w

)]}

= E
{
hH

d xkx
H
k hd − hH

d xkx
H
k HHw − hH

d xkv
H
k w

−wHHxkx
H
k hd −wHvkx

H
k hd + wHHxkx

H
k HHw

+ wHHxkv
H
k w + wHvkx

H
k HHw + wHvkv

H
k w

}

(5.18)

Assuming both the symbol vectorxk and the noise vectorvk are statistically independent,

the MSE cost functionJ can be expressed as [20]

J = hH
d Rxxhd − hH

d Rxyw −wHRyxhd + wHRyyw (5.19)
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where

Rxx = E
{
xkx

H
k

}
= ILw+Lh−1 (5.20)

Rxy = E
{
xkx

H
k

}
HH = HH (5.21)

Ryx = HE
{
xkx

H
k

}
= H (5.22)

Ryy = HE
{
xkx

H
k

}
HH + E

{
vkv

H
k

}
= HHH + σ2

V ILw (5.23)

Note that in order to simplify the expressions (5.20)-(5.23) it has been assumed that

E[v∗kvk] = σ2
V and E[x∗kxk] = σ2

X , where for simplicity it has been assumedσ2
X =

Es = 1.

Differentiating (5.19) with respect to the prefilter coefficientsw leads to:

∂J

∂w
= −2Ryxhd + 2Ryyw = 0 (5.24)

Hence, the prefilter coefficientsw can be expressed as

w = R−1
yy Ryxhd (5.25)

Substituting (5.22) and (5.23) into (5.25), the channel shortening prefilter coefficientsw

can be expressed as

w =
(
HHH + σ2

V ILw

)−1
Hhd (5.26)

Hence, the coefficients of the channel shortening prefilterw can be obtained in terms of

the varianceσ2
V of the AWGN, the known coefficients of the channelh and the coefficients

of the desired impulse responsed, which are to be determined within the optimisation

problem.

Substitution of (5.26) into (5.19) leads to a quadratic expression for the MSE cost

functionJ given by [20]

J = hH
d Rx/yhd (5.27)

whereRx/y is a correlation matrix defined as

Rx/y = ILw+Lh−1 −HH
(
HHH + σ2

V ILw

)−1
H (5.28)

The optimisation problem is then to find realisations of both the channel shortening

prefilterw and the desired impulse responsed, which minimise the MSE cost function
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J given by (5.27). There are a number of techniques that can be used to solve this joint

optimisation problem [19,20,132]. In general, each of these schemes proceed by placing

a constraint on the channel shortening prefilterw and/or the desired impulse responsed,

in order to avoid the trivial solution:

w = 0Lw×1 (5.29)

d = 0Ld×1 (5.30)

Unit-tap constraint

The finite-length MMSE channel shortening prefilter was first proposed by Falconer and

Magee in [19]. This scheme considered a unit-tap constraint on the desired impulse re-

sponsed. This constraint requires that the following condition is met:

dT ei = 1 (5.31)

whereei is theith unit vector, i.e., the vector consisting of zeros in all positions except for

the ith position, which is set to1. Note that the value of the indexi is to be determined

within the optimisation problem.

Following the derivation of the MMSE-UTC channel shortening prefilter described

in [20], let R∆ be anLd × Ld matrix given by the positive-definite matrix

R∆ =
[
0Ld×∆ ILd

0Ld×(Lw+Lh−Ld−∆−1)

]
Rx/y




0∆×Ld

ILd

0(Lw+Lh−Ld−∆−1)×Ld


 (5.32)

The MSE cost functionJ in (5.27) can be rearranged in terms ofR∆ andd, and subse-

quently be expressed as

J = dHR∆d (5.33)

To minimise the MSEJ subject to the unit-tap constraint, the following Lagrangian is

formed [20]:

LUTC (d, λ) = dHR∆d + λ
(
dT ei − 1

)
(5.34)
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Differentiating the LagrangianLUTC(d, λ) with respect to the coefficients of the desired

impulse responsed and setting the result to the all-zeros vector0Ld×1 leads to:

∂LUTC (d, λ)

∂d
= 2R∆d + λei = 0Ld×1 (5.35)

The optimal coefficients of the desired impulse responsed are then given by [20]

d =
R−1

∆ eiopt

R−1
∆ (iopt, iopt)

(5.36)

where

iopt = arg max
{
R−1

∆ (i, i)
}

0 ≤ i < Ld

(5.37)

Substituting (5.36) into (5.33), the MSE functionJ is minimised at a MMSEJMMSE given

by

JMMSE =
1

R−1
∆ (iopt, iopt)

(5.38)

The expression for the zero-padded desired impulse responsehd, given in (5.17), can then

be obtained in terms of the unit-tap constraint solution to the desired impulse responsed

given by (5.36). Substituting this result into (5.26) then gives the MMSE-UTC solution

to the channel shortening prefilterw.

Unit-energy constraint

In [20], Al-Dhahir and Cioffi proposed a unit-energy constraint on the desired impulse

responsed. This constraint can be expressed as

dHd = 1 (5.39)

Under this unit-energy constraint, the Lagrangian given in (5.34) can instead be expressed

as [20]

LUEC (d, λ) = dHR∆d + λ
(
dTd− 1

)
(5.40)
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Differentiating the LagrangianLUEC(d, λ) with respect to the coefficients of the desired

impulse responsed and setting the result to the all-zeros vector0Ld×1, leads to the fol-

lowing expression [20]:

R∆d = λd (5.41)

Hence, the coefficients of the desired impulse responsed, optimised according to the unit-

energy constraint, are given by the solution to a well known eigenproblem [20]. Keeping

in mind the unit-energy constraint given by (5.39), the MSE cost functionJ in (5.27) can

be rearranged in terms ofR∆ andd, to be expressed as

J = dHR∆d

= λdHd

= λ

(5.42)

Hence, in view of (5.42), the MMSE solution is obtained at the minimum eigenvalue

λmin of the positive-definite matrixR∆ and the optimum desired impulse responsed is

given by the eigenvector corresponding toλmin. The MMSE-UEC solution to the channel

shortening prefilterw can then be obtained by computing the zero-padded desired impulse

response vectorhd, according to the unit-energy constraint solution to the desired impulse

responsed, and substituting the result into (5.26).

Note that it was shown in [20], that the MMSE-UEC solution obtains a smaller MMSE

than the MMSE-UTC solution. Consequently, the MMSE-UEC is expected to exhibit

superior performance.

Other constraints on the MMSE

A number of other constraints have been considered in order to avoid the trivial solution

described by (5.29) and (5.30). In [132], Ysbaert et al. considered the following variants

of the unit-energy constraint:

bTRxxb = 1 (5.43)

wTRyyw = 1 (5.44)

bTRxxb = 1 and wTRyyw = 1 (5.45)

It was shown that each of the considered unit-energy constraints result in the same reali-

sation of the channel shortening prefilter coefficientsw, up to a scaling factor.

In this thesis, it is assumed that autocorrelation matrixRxx is given by an identity ma-
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trix, as was noted by (5.20). Consequently, the constraint given by (5.43) reduces to the

unit-energy constraint given in (5.39). Hence, channel shortening prefilters based on any

of the constraints considered in [132] result in the same channel shortening prefilterw de-

scribed by the MMSE-UEC approach proposed in [20], up to a scaling factor. Moreover,

each of the three methods will result in the same performance [132].

MSSNR channel shortening

The maximum shortening SNR (MSSNR) approach to channel shortening was proposed

by Melsa et al. [21]. This MSSNR approach is based purely on shortening the channel

impulse responseh, without regard to the noise. Consequently, the MSSNR approach

can be viewed as a zero-forcing approach [131] as opposed to the MMSE approaches that

have been discussed previously.

The MSSNR solution can be expressed as the solution to the maximisation of a gen-

eralised Rayleigh quotient [131]. DefiningΓ as an(Lw +Lh−1)×Ld windowing matrix

given by

Γ =
[
0Ld×∆ ILd

0Ld×(Lw+Lh−Ld−∆−1)

]T
(5.46)

The prefilter coefficientsw can be obtained by computing the solution to the following

optimisation problem [131]

w† = arg max
wHBw

wHAw
(5.47)

w

where

A = H
(
ILw − ΓΓH

)
HH (5.48)

and

B = HΓΓHHH (5.49)

Here, bothA andB are symmetric and positive semi-definite matrixes [133], which have

been presented using notation introduced in [134].

Assuming thatA is invertible, thenA can be decomposed using Cholesky Decompo-

sition into [133]

A = QΛQT =
(
Q
√

Λ
)(√

ΛQT
)

=
√

A
√

A
T

(5.50)
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whereΛ is a diagonal matrix whose values are the eigenvalues ofA and the columns of

the matrixQ are the eigenvectors ofA. Let C be a matrix defined by

C =
(√

A
)−1

B
(√

A
T
)−1

(5.51)

The optimal coefficients of the channel shortening prefilterw, based on the MSSNR so-

lution, can be expressed as [133]

w =
(√

A
T
)−1

lmax (5.52)

wherelmax is the unit-length eigenvector ofC, which corresponds to the maximum eigen-

valueλmax.

Note that in the original MSSNR solution [21], the authors considered minimising

wHAw, subject to the constraintwHBw = 1. The formulation presented above, which

was first considered in [133], maximiseswHBw, subject to the constraintwHAw = 1.

This latter approach is preferred since this solution is more robust. Specifically, it can be

verified thatA is always positive definite and that
(√

A
)−1

always exists [133].

Other channel shortening approaches

Much of the recent literature on channel shortening focuses on applications to multicar-

rier modulation schemes such as digital subscriber line (DSL) technology and orthog-

onal frequency division multiplexing (OFDM). These multicarrier systems operate by

modulating data onto multiple carrier frequencies using the fast Fourier transform (FFT)

and its inverse. Specifically, the real part of the inverse FFT forms a multicarrier sym-

bol. In order to transmit these multicarrier symbols over frequency-selective channels,

the symbol must first be periodically extended using a cyclic prefix [131]. In order to

effectively perform equalisation in a multicarrier system, the length of the channel im-

pulse response must not exceed the length of the cyclic prefix. When this constraint is

not met, multicarrier systems often employ channel shortening to force this condition.

Typically, channel shortening prefilters for multicarrier based systems are referred to as

time-domain equalisers (TDE). There are a number of channel shortening prefilters that

have been derived specifically for use in multicarrier systems. Many of the well known

channel shortening prefilters attempt to maximise the total bit rate across the set of all

multiple-carriers in use. Well known channel shortening prefilters that fall into this cat-

egory include the bit rate maximising TDE [135], the maximum data rate TDE [136],

the maximum bit rate method [127], the maximum geometric SNR method [137], the

minimum ISI method [127] and per-tone equalisation [138].
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In the single-carrier scenario considered in this thesis, the bit rate maximising tech-

niques are inappropriate solutions to the channel shortening problem considered, as there

is only one carrier in use. Consequently, these channel shortening approaches have not

been considered as candidate prefilters for the channel shortened turbo equaliser.

5.3.4 Simulation Model

Throughout this chapter, numerical results have been obtained via Monte-Carlo simu-

lation using the Mathworks SimulinkR© platform. Simulations are performed using the

highly-dispersive channel models described in Section2.4.2. Consistent simulation set-

tings are maintained throughout the numerical results presented in this chapter. The main

simulation settings are summarised in Table5.1and described below.

In all simulations, MAP-based detectors are implemented using the Log-MAP al-

gorithm [62]. As noted in the system model presented in Figure5.1, each of the con-

sidered communications systems employ BPSK modulation. All simulations have been

performed using a convolutional code with generator polynomials represented byG =

[23 35] in octal form. Note that the performance of this convolutional code over the

AWGN channel represents the achievable performance when all ISI has been removed.

The BER performance curve for this case is presented in numerous figures throughout this

chapter, where it is labelled Coded AWGN. The MAP-based turbo equaliser represents the

benchmark performance. If possible, the performance of the MAP-based turbo equaliser

is provided for comparison, where it is labelled MAP-based TEQ. For convenience the

channel shortened turbo equaliser has been abbreviated to CS-TEQ in the figures pre-

sented throughout this chapter. All simulated channel shortening prefilters are of length

Lw = 31 and shorten the channel to a lengthLd = 3. As a consequence, the MAP

equaliser operates on a trellis with2Ld−1 = 4 states. The delay parameter∆ is chosen by

global search. It is noted that as the channel lengthLh and the filter lengthLw increase,

the choice of delay parameter becomes one of the main computational burdens of channel

shortening prefilter design [130]. The BER performance results for all iterative receivers

considered in this thesis are presented after six iterations. Finally, all simulations employ

random channel interleavers/deinterleavers of size4096 and consequently the length of

the convolutional codeword isN = 4096.

5.3.5 Numerical Results

The performance of the channel shortening turbo equaliser with different channel short-

ening prefilters is now presented. Three candidate channel shortening prefilters have been
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Table 5.1: General simulation parameters and settings.

Simulation Parameter Simulation Setting

Modulation Scheme BPSK

Octal Generator Polynomial G = [23 35]

Code RateR 1/2

SISO Detectors Log-MAP

Interleaver Type Random

Interleaver Size 4096

Number of Iterations 6

Desired Impulse Response LengthLd 3

Prefilter LengthLw 31

considered: the MMSE-UTC prefilter, the MMSE-UEC prefilter and the MSSNR pre-

filter.

Figure 5.5 shows the performance of the considered schemes when operating over

the highly-dispersive Proakis C channel of lengthLh = 5. Similarly, BER performance

comparisons are performed over the minimum distance channels MDC-5, MDC-7 and

MDC-9 channels in Figure5.6. In each of the figures, the coded AWGN performance has

been included. Furthermore, the performance of the MAP-based turbo equaliser has also

been included for the lengthLh = 5 channels. In the case of the MDC-7 and MDC-9

channels the MAP-based turbo equaliser has been omitted due to complexity constraints.

The results from Figures5.5 and5.6 show that the best performance is achieved us-

ing the MMSE-UEC channel shortening prefilter. The next best performance is generally

achieved using the MMSE-UTC channel shortening prefilter, while the BER performance

using the MSSNR approach generally exhibits the worst performance of the considered

candidate channel shortening prefilters. Although, it is noted that over the MDC-9 chan-

nel, the use of the MMSE-UTC prefilter results in a severe error floor at highEb/N0.

Consequently, the MSSNR approach exhibits superior performance to the MMSE-UTC

approach over the MDC-9 channel at these highEb/N0 values.

For the lengthLh = 5 channels, the Proakis C and MDC-5 channels, the MMSE-

UEC based channel shortened turbo equaliser is observed to perform quite well with re-

spect to the MAP-based turbo equaliser. Using the MMSE-UEC prefilter, the channel

shortened turbo equaliser achieves a BER performance approximately1.3 dB and2.5 dB

139



5.3. CHANNEL SHORTENED TURBO EQUALISATION

0 1 2 3 4 5 6 7 8 9 10
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

E
b
/N

0
 (dB)

B
E

R

 

 

Coded AWGN
MAP−based TEQ
CS−TEQ, MMSE−UTC
CS−TEQ, MMSE−UEC
CS−TEQ, MSSNR

Figure 5.5: BER performance comparison of the channel shortened turbo equaliser with
different channel shortening prefilters over the Proakis C channel.
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Figure 5.6: BER performance comparison of the channel shortened turbo equaliser with
different channel shortening prefilters over the MDC-5, MDC-7 and MDC-9 channels.
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from the Proakis C and MDC-5 channels, respectively. It will be shown in the sequel

that these results are reasonably impressive when compared to a number of well known

reduced-complexity turbo equalisers from the literature, including the linear MMSE turbo

equaliser [16].

The fact that the MMSE-UEC channel shortening prefilter outperforms the MMSE-

UTC prefilter is not surprising since it was shown in [20], that the MMSE-UEC solution

achieves a lower MMSE than the MMSE-UTC solution. Note that the SNR penalty ob-

served by the MSSNR prefilter, with respect to the two MMSE-based schemes, dimin-

ishes at higher SNR. This result is also consistent with the expected behaviour since the

MSSNR prefilter is known to converge to the MMSE-UEC solution at high SNR [134].

This relationship is analogous to that of a linear zero-forcing equaliser and a linear MMSE

equaliser, which also converge at high SNR [13].

In the results of the simulations conducted over the MDC-9 channel, error floors are

observed for each of the candidate channel shortening prefilters considered. Further sim-

ulations, not presented in this thesis, reveal that increasing the prefilter lengthLw, can

yield in a coding gain which can mitigate the observed effects of the error floor. However,

increasing the prefilter lengthLw significantly increases the complexity of computing the

coefficients of the prefilterw, which is quadratic in the prefilter lengthLw.

The numerical results presented above suggest that the MMSE channel shortening

prefilter, optimised according to the unit-energy constraint, is the best choice of candidate

prefilter for channel shortened turbo equalisation over the types of channels considered

in this thesis. Consequently, this prefilter has been selected for use in the remainder of

this thesis. For brevity, the considered iterative receiver is referred only as the chan-

nel shortened turbo equaliser, without reference to the fact that the system employs the

MMSE-UEC channel shortening prefilter.

5.4 Channel Shortened Turbo Equalisation With

Interference Cancellation

5.4.1 Filter Design With Interference Cancellation

As noted earlier, the IC-based turbo equaliser [108, 115–117] is perhaps the simplest of

all iterative receivers that fall under the category of reduced-complexity turbo equalisa-

tion. The SISO equaliser is an IC, consisting of a matched-filter and a cancellation filter.

The received symbol sequence is passed through the matched-filter with a decision de-

lay corresponding to the central coefficient of the matched-filter response. Soft decisions

on the transmitted symbol sequence, based on thea posteriori LLRs from the previ-
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ous iteration, are passed through the cancellation filter and subtracted from the output

of the matched-filter. In the original design of the SISO equaliser of the IC-based turbo

equaliser [108, 116], the matched-filter and cancellation filter are optimised according to

a joint MSE cost function. However, this approach assumes perfect decisions are pro-

vided to the cancellation filter. Since this assumption is generally false, the proposed IC

is suboptimal [117]. In [139, 140], Trajkovic et al. reformulated the problem to take into

account the fact that soft-decisions from pervious iterations are generally erroneous. The

resulting scheme was shown to offer considerable performance benefits to the IC-based

turbo equaliser.

Due to the iterative nature of the channel shortened turbo equaliser, softa posteriori

information is available from previous iterations for all but the first iteration. In this

section, a modification to the channel shortened turbo equaliser structure is proposed,

whereby a feedback path is included in the receiver. Here, soft-decisions from previous

iterations are used to cancel the residual ISI at the output of the prefilter in a manner

similar to that of the IC-based turbo equaliser. To the best of the author’s knowledge, the

proposed inclusion of residual ISI cancellation to the channel shortened turbo equaliser is

an original contribution.

-

-

SISO
Equalizer

SISO
Decoder

-

Shortening
Prefilter

Cancellation
Filter

Figure 5.7: Block diagram of the channel shortened turbo equaliser with residual ISI
cancellation.

The block diagram of the proposed channel shortened turbo equaliser with residual

ISI cancellation is shown in Figure5.7. The symbolszk represents the inputs to the MAP

equaliser. Thea posterioriLLRs from the output of the SISO decoder are passed through

an interleaver and subsequently a soft-decision device [141]. The soft-decision sequence

x̂k is passed through a cancellation filterb, thereby producing estimates of the residual

ISI. These estimates are then subtracted from the prefilter outputs to produce the MAP

equaliser inputszk, which can be expressed as

zk = hH
s xk + hH

r xk + wHvk − bH x̂k (5.53)
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where

x̂k = [x̂k, x̂k−1, . . . , x̂k−Lw−Lh+2]
T (5.54)

In this thesis, three alternative approaches to filter design have been considered.

• Channel shortened turbo equalisation with erroneous interference cancella-

tion:

In this system, the prefilterw and the cancellation filterb are designed according

to a joint MSE cost function, with erroneous decision feedback taken into consid-

eration. This scheme proceeds in a similar manner to [139,140].

• Channel shortened turbo equalisation with suboptimal interference cancella-

tion:

Here, the prefilterw and the cancellation filterb are also designed according to a

joint MSE cost function. However, this scheme makes an idealistic assumption that

perfect decisions are available to the cancellation filter. This assumption is unreal-

istic in practice, leading to a suboptimal realisation of the prefilter. This scheme is

analogous to the IC-based turbo equaliser [108, 116], which also assumes perfect

decision are available from the SISO decoder when designing the coefficients of the

interference canceller.

• Channel shortened turbo equalisation with direct interference cancellation:

In this case, a relatively simple implementation of the system is considered. Here,

the cancellation filterb is directly set to the coefficients of the residual impulse

responsehr.

Channel shortened turbo equalisation with erroneous interference cancellation

The block diagram for the MMSE channel shortening problem with residual ISI cancel-

lation is shown in Figure5.8. This block diagram is similar to that of the MMSE channel

shortening problem (without residual ISI cancellation) presented in Figure5.4. However,

in this case an additional path showing the residual ISI cancellation based on the decision

symbolsx̂k is included. Here, the decision symbolsx̂k are passed through the cancella-

tion filter b and subtracted from the outputssk of the prefilterw. A virtual path, indicated

by the dashed line, is included in the block diagram. The delayed modulated symbols

xk−∆ are passed to the desired impulse responsed. The symbols from the virtual path are

then subtracted from the outputszk, which in this case are given by (5.53). The MMSE

channel shortening problem is therefore to design the prefilterw, the cancellation filter
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b and the desired impulse responsed, such that the errorsεk are minimised according to

the MSE criterion, for0 ≤ ∆ ≤ Lw + Lh − Ld − 1.

Figure 5.8: The MMSE channel shortening problem with residual ISI cancellation.

Note that the proposed solution to this optimisation problem, detailed in this section

and in AppendixB, is largely based on a derivation presented by Trajkovic et al. in

[139,140]. However, some key differences exist between the derivation proposed here and

that of Trajkovic et al. Specifically, the derivations in [139, 140] were presented for the

linear equaliser and DFE, as opposed to the channel shortening prefilter. Consequently,

the outputs of the filter structure are passed directly to a SISO decoder, rather than to a

SISO equaliser as is proposed in this thesis (see Figure5.7). Essentially, the derivation

presented here represents a generalisation of the solution proposed by Trajkovic et al.,

with applications to the channel shortened turbo equaliser.

The derivation of the channel shortened turbo equalisation with erroneous interference

cancellation is now described. Recall, the zero-padded desired impulse response vector

hd contained the coefficients of the desired impulse responsed, surrounded by zero co-

efficients. Specifically, for a given delay∆, the zero-padded desired impulse responsehd

was defined as

hd =
[
01×∆ d 01×(Lw+Lh−Ld−∆−1)

]T
(5.55)

Hence, for a given delay∆, the errorεk can be expressed as

εk = hH
d xk −

(
wHHxk + wHvk − bHxk + bHek

)
(5.56)
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whereek = xk − x̂k. The MSE cost functionJ can be expressed as

J = E
[|εk|2

]

= E
{[

hH
d xk −

(
wHHxk + wHvk − bHxk + bHek

)]

× [
xH

k hd −
(
xH

k HHw + vH
k w − xH

k b + eH
k b

)]}
(5.57)

In order to compute the coefficients of the prefilterw and the cancellation filterb such

that the cost functionJ is minimised, the partial derivatives∂J/∂w and∂J/∂b must be

identically zero [142]. In AppendixB, it is shown that the prefilterw is given by

w =

(
HUHH

U +
σ2

e

1 + σ2
e

HDHH
D + σ2

V ILw

)−1

HUhd (5.58)

and the cancellation filterb is given by

b =
1

1 + σ2
e

HH
Dw (5.59)

where

HU = H diag
([

01×∆ 11×Ld
01×(Lw+Lh−Ld−∆−1)

]T
)

(5.60)

and

HD = H−HU (5.61)

Note that the trivial case where the desired impulse responsed = [1] and the delay pa-

rameter∆ = b(Lw + Lh − 1)/2c, the derived prefilter and cancellation filter coefficients

reduce to the IC-based turbo equaliser solution presented in [139, 140]. Within the pro-

posed channel shortened turbo equaliser, this special case is avoided, since the resulting

solution would have no use for the receiver’s MAP equaliser.

Substitution of (5.58) and (5.59) into the MSE cost functionJ yields the following

expression

J = hH
d Rx/yhd (5.62)

whereRx/y has been defined as (see AppendixB)

Rx/y = ILw+Lh−1 −HH
U

(
HUHH

U +
σ2

e

1 + σ2
e

HDHH
D + σ2

V I

)−1

HU (5.63)
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Following the unit-energy constraint approach of [20], where the desired impulse response

d is constrained according to (5.39), the MSE cost function can be expressed as quadratic

function ofd as follows

J = dHR∆d (5.64)

whereR∆ is theLd × Ld positive-definite matrix, given by

R∆ =
[
0Ld×∆ ILd

0Ld×(Lw+Lh−Ld−∆−1)

]
Rx/y




0∆×Ld

ILd

0(Lw+Lh−Ld−∆−1)×Ld


 (5.65)

Hence, the coefficients of the desired impulse responsed are given by the solution to the

well known eigenproblem [20]

R∆d = λd (5.66)

where the MMSE solution is obtained at the minimum eigenvalueλmin of the positive-

definite matrixR∆ and the optimum desired impulse responsed is given by the corre-

sponding eigenvector.

The inputs to the SISO equaliserzk, for the channel shortening turbo equaliser with

erroneous interference cancellation, can be expressed as

zk = hH
s xk + ηk (5.67)

where the interference plus noise term is defined as

ηk = hH
r xk − bH x̂k + wHvk

= hH
r xk − bH (xk − ek) + wHvk

=
(
hH

r − bH
)
xk + bHek + wHvk

(5.68)

Assuming that the use of the channel interleaver results in perfect randomness of its out-

puts, the decision errors can be considered to be independent and identically distributed

with zero mean [115]. Then, the variance of the interference plus noise termηk can be

expressed as

σ2
η = Es||hr − b||2 + σ2

e ||b||2 + σ2
V ||w||2 (5.69)
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Note that in the first iteration of the iterative detection algorithm soft-decisions are not

available and consequently the unmodified channel shortened turbo equaliser is employed.

In the considered channel shortened turbo equaliser with erroneous interference can-

cellation, the desired impulse responsed, the prefilterw and the cancellation filterb,

must each be computed every time the variance of the errorσ2
e changes. Since, this is

likely to occur after every iteration, the proposed channel shortened turbo equaliser with

erroneous interference cancellation has a relatively high computational complexity with

respect to the unmodified channel shortened turbo equaliser. Moreover, this scheme re-

lies on knowledge of the error varianceσ2
e , which is generally unknown. In practice this

parameter would need to be estimated after each iteration.

Channel shortened turbo equalisation with suboptimal interference cancellation

In this scenario, the MMSE channel shortening problem, described in Figure5.8, is to

design the prefilterw and the cancellation filterb, such that the MSE between the output

zk and the output of the desired impulse responsed is minimised. However, unlike the

previous scenario it will be assumed that perfect decisions are available to the cancellation

filter. Since, this assumption is not held true in practice, the resulting scheme is subop-

timal. It is straightforward to show that the solution to this MSE optimisation problem,

is similar to the solution in the previous section, with the only difference being that the

variance of the errorσ2
e = 0.

Hence, the prefilter coefficientsw are given by

w =
(
HUHH

U + σ2
V ILw

)−1
HUhd (5.70)

and the cancellation filter coefficientsb are given by

b = HH
Dw (5.71)

such that the coefficients of the desired impulse responsed are given by the solution to

the eigenproblem

R∆d = λd (5.72)

whereR∆ is given by

R∆ =
[
0Ld×∆ ILd

0Ld×(Lw+Lh−Ld−∆−1)

]
Rx/y




0∆×Ld

ILd

0(Lw+Lh−Ld−∆−1)×Ld


 (5.73)
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and

Rx/y = ILw+Lh−1 −HH
U

(
HUHH

U + σ2
V I

)−1
HU (5.74)

The MMSE solution is obtained at the minimum eigenvalueλmin of the positive-definite

matrix R∆ and the optimum desired impulse responsed is given by the corresponding

eigenvector.

The inputs to the SISO equaliserzk, for the channel shortened turbo equaliser with

suboptimal interference cancellation, can be expressed as

zk = hH
s xk + ηk (5.75)

where the interference plus noise term is defined as

ηk = hH
r xk − bHxk + wHvk (5.76)

As before, assuming perfect randomness of the channel interleaver, the decision errors

are considered to be independent and identically distributed with zero mean [115]. The

variance of the interference plus noise termηk can be expressed as

σ2
η = Es||hr − b||2 + σ2

V ||w||2 (5.77)

As with the previous system, the unmodified channel shortened turbo equaliser is imple-

mented in the first iteration of the iterative detection algorithm.

Channel shortened turbo equalisation with direct interference cancellation

In this realisation of the system, the coefficients of the cancellation filter are simply set

to the coefficients of the residual impulse response, i.e.,b = hr. These coefficients are

computed when the non-zero coefficients of the shortened channel impulse responsehs

are determined. Hence, the overall modification to the system requires little additional

signal processing compared to the unmodified channel shortened turbo equaliser.

In this scheme, the inputs to the SISO equaliser can be expressed as

zk = hH
s xk + ηk (5.78)

where the interference plus noise term is defined as

ηk = hH
r (xk − x̂k) + wHvk = hH

r ek + wHvk (5.79)
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Perfect randomness of the channel interleaver is assumed and the decision errors are con-

sidered to be independent and identically distributed with zero mean [115]. The variance

of the interference plus noise term can be expressed as

σ2
η = σ2

e ||hr||2 + σ2
V ||w||2 (5.80)

Note that the noise variance termσ2
η depends on the variance of the estimation error

σ2
e , which is generally unknown. In the first iteration of the iterative detection algorithm,

the unmodified channel shortened turbo equaliser is employed and hence it is assumed

that σ2
e = Es. In subsequent iterations it is assumed thatσ2

e = 0. Hence, unlike the

channel shortened turbo equaliser with erroneous interference cancellation, no idealistic

assumptions about knowledge of the error varianceσ2
e have been made in this system.

5.4.2 Numerical Results

The BER performance of the proposed channel shortened turbo equalisers with resid-

ual ISI cancellation are now compared through simulation. For convenience, the chan-

nel shortening turbo equaliser schemes employing erroneous interference cancellation,

suboptimal interference cancellation and direct interference cancellation are labelled CS-

TEQ EIC, CS-TEQ SIC and CS-TEQ DIC, respectively. The general simulation settings

are provided in Table5.1. Note that in the case of the channel shortened turbo equaliser

with erroneous interference cancellation, the error varianceσ2
e is computed at each itera-

tion using a genius observer. In order to ascertain the improvements achieved by the use

of residual ISI cancellation, the BER performance of the unmodified channel shortened

turbo equaliser has also been included in each of the simulation results which follow.

Figure5.9 shows the performance comparison over the highly-dispersive Proakis C

channel of lengthLh = 5, while the BER performances over the MDC-5, MDC-7 and

MDC-9 are compared in Figures5.10, 5.11 and5.12, respectively. The coded AWGN

performance is included in all figures. For the lengthLh = 5 channels, the performance

of the MAP-based turbo equaliser has also been included.

The channel shortened turbo equaliser with direct interference cancellation (CS-TEQ

DIC) is observed to outperform the two alternatives, for each of the channels considered.

Although, it is noted that the channel shortened turbo equaliser with erroneous interfer-

ence cancellation (CS-TEQ EIC) follows closely in all cases. Subsequently, the next best

performance is achieved by the unmodified channel shortened turbo equaliser (CS-TEQ).

The worst performance was obtained by the channel shortened turbo equaliser with sub-

optimal interference cancellation (CS-TEQ SIC).
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Figure 5.9: BER performance comparison of the proposed channel shortened turbo
equalisers with and without residual ISI cancellation over the Proakis C channel.
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Figure 5.10: BER performance comparison of the proposed channel shortened turbo
equalisers with and without residual ISI cancellation over the MDC-5 channel.
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Figure 5.11: BER performance comparison of the proposed channel shortened turbo
equalisers with and without residual ISI cancellation over the MDC-7 channel.
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Figure 5.12: BER performance comparison of the proposed channel shortened turbo
equalisers with and without residual ISI cancellation over the MDC-9 channel.
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Over the Proakis C channel, the channel shortened turbo equaliser with direct inter-

ference cancellation yielded performance improvements of0.25 dB, with respect to the

unmodified channel shortened turbo equaliser at a BER of10−5. Thus, the performance

penalty with respect to the MAP-based turbo equaliser is reduced to approximately1 dB.

Similarly, over the MDC-5 channel (Figure5.10), the system with direct interference can-

cellation performed approximately0.35 dB better than the unmodified system at a BER

of 10−5, reducing the performance penalty with respect to the MAP-based turbo equaliser

to approximately2.1 dB. For the MDC-7 and MDC-9 channels (Figures5.11and5.12,

respectively), the MAP-based turbo equaliser has not been simulated for reasons of com-

putational complexity. The performance improvements attained by channel shortened

turbo equaliser with direct interference cancellation is approximately1.2 dB and4 dB for

the MDC-7 and MDC-9 channels, respectively, in comparison to the unmodified channel

shortened turbo equaliser at a BER of10−5. Note also that for the MDC-9, the slight error

floor observed in the unmodified channel shortened turbo equaliser cannot be observed in

the BER performance curves of any of the schemes employing residual ISI cancellation.

5.4.3 Discussion

It has been shown that both the prefilterw and the cancellation filterb, can be designed

according to a joint MSE cost function on the MAP equaliser inputszk. However, if the

variance of the feedback errorσ2
e is not taken into account, the BER performance is invari-

ably worse than the performance of the unmodified channel shortened turbo equaliser, i.e.,

the performance without residual ISI cancellation. Taking into account the error variance

in the formulation of the joint optimisation of these filters provides some performance

improvements with respect to the unmodified channel shortened turbo equaliser. How-

ever, this approach requires perfect knowledge of the error varianceσ2
e . Investigations

into the effect of incorrect knowledge ofσ2
e has not been considered, but some perfor-

mance degradation is expected. Moreover, the coefficients of both the prefilterw and the

cancellation filterb must be recomputed with each iteration, substantially increasing the

computational complexity of this system with respect to the others.

The most promising result is that the simple direct interference cancellation approach

exhibits superior BER performance to all others. In each of the simulation results pre-

sented, an improvement is observed compared to the unmodified channel shortened turbo

equaliser. Moreover, this performance improvement is achieved with very little addi-

tional computation complexity. Consequently, residual ISI cancellation using the direct

interference cancellation approach appears to be a very promising addition to future turbo

equalisers, which employ channel shortening.
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In the case of the MDC-9 channel, the observable error floor is eliminated. It has been

noted in additional simulations, not presented in this thesis, that the error floor can be

overcome by increasing the prefilter lengthLw. However, this increases computational

complexity and is undesirable. The fact that direct residual ISI cancellation removes the

observed error floor, without substantially adding to the overall complexity of the system

presents an interesting development. Instead of using residual ISI cancellation as a tool for

improving BER performance, it may be considered a tool for complexity reduction in the

prefilter. Future work, could therefore include an investigation into the effect of reducing

the prefilter lengthLw, with and without direct interference cancellation. One could then

determine a desirable tradeoff between prefilter complexity and BER performance.

5.5 Channel Shortened Turbo Equalisation With SNR

Mismatch

In the previous section, it was observed that a BER performance improvement could be

achieved by modifying the structure of the channel shortened turbo equaliser in order to

exploit soft-decisions provided by the SISO decoder after each iteration. In this section,

an alternative approach to improving the BER performance is presented which requires

no modification to the channel shortened turbo equaliser structure. Specifically, the use of

a mismatched SNR for the purpose obtaining a coding gain is considered. A mismatched

SNR represents the use of an SNR which is offset from the true SNR, within the signal

processing of the receiver [18]. The numerical value of this offset is referred to as the

SNR mismatch and is measured in decibels.

Iterative receivers which employ MAP/Log-MAP detectors require knowledge of the

variance of the AWGN in their implementation. However, the variance of the AWGN is

not always known. The use of a particular value for the variance other than the exact value

relates to the concept of SNR mismatch. An SNR mismatch of0 dB, corresponds to the

use of the true variance, while all other SNR mismatch values indicate that an incorrect

noise variance is assumed in the receiver processing.

The effect of SNR mismatch on iterative detection schemes was first studied in [18,

143] where the detrimental effect of erroneous SNR estimation on the performance of

turbo codes was considered. It was shown that the best performance was achieved when

the exact value of the noise variance was used in receiver processing, while other values

resulted in some performance penalty. The performance penalty increased as the SNR

mismatch increased, to the extent that the receiver became completely ineffective at large

SNR mismatch values.
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Intuitively, it may be assumed that the optimal performance of any system will be

achieved when there is no SNR mismatch. However, numerical results reported in a

number of works [144–148] suggest that this is not always the case. In each of the afore-

mentioned contributions, figures are presented which show that in some cases the best

performance is achieved at non-zero SNR mismatch values.

In [144], it was shown that serial concatenated convolutional codes are more sensitive

to SNR mismatch than parallel concatenated convolutional codes. Curiously it was noted

that there existed a particular SNR mismatch, between−0.5 to −1.0 dB from the true

variance of the AWGN (0 dB mismatch), for which the serial concatenated convolutional

codes performance actually improved.

In [145], the authors considered the effect of SNR mismatch in low-density parity-

check codes (LDPCs) over magnetic recording channels equalised to a partial response

target. While a poor choice of SNR mismatch resulted in poor receiver performance,

there existed a range of non-zero SNR mismatch values which significantly improved the

BER performance. It was shown that both Monte-Carlo simulation and density evolution1

could be used to find the best choice of SNR mismatch values for the considered magnetic

recording channels. Moreover, the authors showed that both colouring of the noise and

non-Gaussian noise, each caused an SNR mismatch independently.

In [146], it was observed that the effect of SNR mismatch on the IC-based turbo

equaliser was affected by the memory length of the convolutional encoder and the sever-

ity/dispersiveness of the channel. Specifically, over the Proakis B channel [13] the re-

ceiver was shown to be relatively insensitive to SNR mismatch when an RSC with a

generator matrix ofG = [1, 7/5] was considered. However, the BER performance of an

RSC with generator matrixG = [1, 177/133] over the same channel, was shown to be

considerably improved with an SNR mismatch of approximately−8 dB, with respect to

a 0 dB SNR mismatch. Similarly, when the RSC with generator matrixG = [1, 7/5]

was employed over the highly-dispersive Proakis C channel, the BER performance was

improved with an SNR mismatch of approximately−8 dB, with respect to a0 dB SNR

mismatch.

The SNR mismatch for the MAP-based turbo equaliser was addressed in [147, 148].

The results show that for a severe channel and medium interleaver size, the best perfor-

mance was obtained without SNR mismatch. However, in [148] it can be observed that

for a relatively small interleaver size, an SNR mismatch of−2 dB achieved the best BER

performance over the Proakis C channel. This observation was not highlighted in the

paper itself.

1A technique introduced in [149] used to analyse the asymptotic performance of ensembles of LDPCs.
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5.5.1 SNR Mismatch

The SISO MAP equaliser operates on the assumption that the transmitted sequence was

distorted by some known discrete-time FIR channel and then subjected to AWGN with

some known variance. In the case of the MAP-based turbo equaliser, the discrete-time

FIR channel is given byh and the variance of the AWGN is given byσ2
V . Here,σ2

V is

determined by theEb/N0 (in dB) at the output of the FIR channelh, which is given by

Eb/N0 = 10 log10

(
Es||h||2
2Rσ2

V

)
(5.81)

This can be rearranged as

σ2
V =

Es||h||2
2R

10−
1
10

Eb/N0 (5.82)

In the case of the proposed channel shortened turbo equaliser, the discrete-time FIR chan-

nel is assumed to be theLd non-zero coefficients of the shortened channel impulse re-

sponsehs, while an AWGN variance ofσ2
η given by (5.15) is assumed.

Let σ2
eq be the value of the variance of the AWGN that is assumed by the MAP

equaliser. Whenσ2
eq is not equal to the actual variance of the noise, then an SNR mis-

match is said to have occurred. A0 dB SNR mismatch refers to the case where there is

no such mismatch, i.e., when the exact variance is both available and used by the MAP

equaliser. An SNR mismatch of4(Eb/N0) (in dB), with respect to a0 dB SNR mismatch,

results in an equivalent variance

σ2
eq = σ2

0dB × 10−
1
10
4(Eb/N0) (5.83)

where

σ2
0dB =

{
σ2

V

σ2
η

MAP-based turbo equaliser

Channel shortened turbo equaliser
(5.84)

Note that a positive SNR mismatch value corresponds to the use of a lower SNR, while a

negative SNR mismatch value corresponds to the use of a higher SNR.
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5.5.2 Numerical Results

The effect of SNR mismatch on the channel shortened turbo equaliser is investigated

through Monte-Carlo simulation. The general simulation parameters are given in Ta-

ble5.1.

Figure5.13shows the BER performance of the channel shortened turbo equaliser over

the Proakis C channel after six iterations with an SNR mismatch ranging from−6 dB to

6 dB. Four SNR mismatch curves are presented atEb/N0 values ranging between5.0 dB

and6.5 dB.
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Figure 5.13: Effect of SNR mismatch on BER performance of the channel shortened
turbo equaliser over the Proakis C channel.

In Figure 5.14, similar curves are presented for the considered minimum distance

channels. In the figure, the BER performances of the channel shortened turbo equaliser is

shown after six iterations with SNR mismatch values ranging from−6 dB and6 dB. The

SNR mismatch curves are presented atEb/N0 values of8, 14 and20 dB for the MDC-

5, MDC-7 and MDC-9 channels, respectively. Here, the values ofEb/N0 selected for

Figure5.14were chosen so that the channel shortened turbo equaliser achieved a similar

range of BERs over each of the considered minimum distance channels.

In all simulations performed, it is observed that a negative SNR mismatch significantly

improves the BER performance of the channel shortened turbo equaliser. The simulation

results show that for the considered desired impulse response lengthLd = 3, the best
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Figure 5.14: Effect of SNR mismatch on BER performance of the channel shortened
turbo equaliser over the MDC-5, MDC-7 and MDC-9 channels atEb/N0 values of8, 14

and20 dB, respectively.

performance is observed with a negative SNR mismatch of approximately−3 dB.

Note that the MAP-based turbo equaliser exhibits its best performance at a0 dB SNR

mismatch for the considered block size of4096. This result was presented in [148] and

has been confirmed by simulation. For brevity, these results are not repeated in this thesis.

BER performance results

In this section, the performance benefits of using a carefully selected SNR mismatch are

quantified for each of the channels considered in this chapter. In the numerical results

presented above, it was observed that the channel shortened turbo equaliser exhibited

its best performance with an SNR mismatch of approximately−3 dB, for each of the

channels considered. Hence, in the numerical results which follow, the BER performance

of the channel shortened turbo equaliser is compared using an SNR mismatch value of

−3 dB and an SNR mismatch of0 dB.

The BER performance comparing the two implementations of the channel shortened

turbo equaliser are compared in Figure5.15over the Proakis C channel. Here, the general

simulation parameters are defined in Table5.1. Also shown in the figure is the perfor-

mance of the MAP-based turbo equaliser (MAP-based TEQ) and the performance of the

considered convolutional code over an AWGN channel (Coded AWGN).
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Figure 5.15: BER performance comparison of the channel shortened turbo equaliser over
the Proakis C channel with SNR mismatches of0 dB and−3 dB.
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Figure 5.16: BER performance comparison of the channel shortened turbo equaliser over
the MDC-5, MDC-7 and MDC-9 channels with SNR mismatches of0 dB and−3 dB.

The simulation results show that the channel shortened turbo equaliser can realise a
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coding gain simply by choosing a carefully selected value of the variance of the interfer-

ence plus noise term in the MAP equaliser. Over the Proakis C channel the performance

benefits amount to a coding gain of approximately0.5 dB, at a BER of10−5. Significantly,

this performance improvement is obtained without any modification to the structure of the

channel shortened turbo equaliser.

The similar BER performance comparisons are performed over the MDC-5, MDC-7

and MDC-9 in Figure5.16. As before, due to complexity constraints, the performance of

the MAP-based turbo equaliser is only presented for comparison over the MDC-5 channel.

The use of a carefully selected SNR mismatch results in a coding gain for each of the

minimum distance channels considered. Specifically, at a BER of10−5, an SNR mismatch

of −3 dB resulted in a coding gain of approximately0.5 dB for the MDC-5 channel, and

a coding gain of approximately0.8 dB for the MDC-7 channel. At a BER of10−4, an

SNR mismatch of−3 dB yielded a performance improvement of approximately0.75 dB

for the MDC-9 channel. However, this gain diminished at higher SNR.

5.5.3 Discussion

It has been observed that by replacing the value of the varianceσ2
η used by the MAP

equaliser with a carefully selected alternative, the BER performance of the channel short-

ened turbo equaliser can be improved by up to two decades without any increase inEb/N0.

Alternatively, this performance improvement can be viewed as a coding gain, i.e., the re-

ceiver is able to achieve a target BER at a reducedEb/N0.

The performance benefits achieved by the appropriate selection of an SNR mismatch

requires no modification to the original channel shortening turbo equaliser structure.

However, choosing the ideal SNR mismatch will likely require some additional signal

processing. At this stage no analytical methods for computing the ideal SNR mismatch

have been found. As such, this topic remains an area of interest for future research. In

the meantime, the ideal SNR mismatch could be computed by Monte-Carlo simulation as

suggested in [145]. Even simpler alternatives may also exist. For example, in each of the

four channels that have been investigated, the channel shortened turbo equaliser had an

ideal SNR mismatch of−3 dB under the simulation settings considered. This suggests

that channels with similar properties may share similar ideal SNR mismatch values.

159



5.6. A STUDY OF THE SNR MISMATCH PHENOMENA

5.6 A Study of the SNR Mismatch Phenomena

This section is devoted to investigating the relationship between residual ISI and coloured

noise and the SNR mismatch phenomena observed in the previous section. That is the

phenomena whereby the performance of the channel shortened turbo equaliser is im-

proved by the use of a carefully selected SNR mismatch. The work presented in this

section is based on research and results published in [150] by Shaheem et al.

In order to study the extent by which the colouring of the noise and the residual

ISI induced by the channel shortening prefilter influence the performance of the consid-

ered channel shortened turbo equaliser scheme, four different simulation models for the

channel-equaliser chain have been considered (see Figure5.17). For fair comparison be-

tween the different simulation models the signal-to-interference plus noise ratio (SINR) is

introduced. The SINR facilitates the comparison of each of the models with reference to

the input to each respective models’ MAP-based turbo equaliser substructure. As will be

discussed in the sequel, there is a one-to-one relationship between the SNR, specifically

the related energy-per-bit to noise ratioEb/N0, and the SINR.

The four hypothetical simulation models presented in Figure5.17(a)-(d) are now de-

scribed:

• Model A: The system model in Figure5.3has been re-arranged to form simulation

model A. Note that the performance of this model and the original system are iden-

tical with both coloured noise and residual ISI present. Thus, the input to the turbo

equaliser is given by

zk = hH
s x + hH

r x + wHv (5.85)

and the corresponding SINR can be calculated as

SINR = 10 log10

(
Es||hs||2

2R (Es||hr||2+σ2
V ||w||2)

)
(5.86)

• Model B: This model is used to simulate the system when only the coloured noise

is present, i.e. presuming perfect cancellation of residual ISI. In this case, the input

to the turbo equaliser is given by

zk = hH
s x + wHv (5.87)

while the SINR degenerates to an SNR due to the absence of residual ISI and is

obtained as

SINR = 10 log10

(
Es||hs||2

2Rσ2
V ||w||2

)
(5.88)

160



5.6. A STUDY OF THE SNR MISMATCH PHENOMENA

Note that (5.86) and (5.88) are consistent with one another sincehr is effectively

equal to an all-zeros vector in the case of the latter.

• Model C: Simulation model C is used to examine the system when residual ISI

is present but the noise samplesv̂k are modelled as AWGN with varianceσ2bV =

σ2
V ||w||2. Then, the input to the turbo equaliser is expressed as

zk = hH
s x + hH

r x + v̂k (5.89)

and the related SINR is given by (5.86).

• Model D: Finally, model D is used to simulate the system when the noise samples

v̂k are assumed as AWGN with varianceσ2bV = σ2
V ||w||2 and no residual ISI is

present. Here, the input to the turbo equaliser can be written as

zk = hH
s x + v̂k (5.90)

and the related SINR is given by (5.88).

It can be observed that the SINR, given by either (5.86) or (5.88), is a function of

the shortened channel impulse responsehs, the residual impulse responsehr, the channel

shortening prefilterw, the energy-per-symbolEs, the code rateR and the variance of the

AWGN σ2
V = N0/2. It can be noted from Section5.3, that each of these parameters have a

deterministic relationship, for a given energy-per-bit to noise ratioEb/N0 and for a given

channel impulse responseh. Hence, there is a one-to-one relationship between theEb/N0,

the related SNR, and the SINR for a given realisation of the channelh. Consequently,

there is a direct relationship between the effect of SNR mismatch and the effect of SINR

mismatch, with the latter being the subject of this chapter.

161



5.6. A STUDY OF THE SNR MISMATCH PHENOMENA

MAP-based Turbo Equaliser
Shortened
Channel SISO

Equaliser
SISO

Decoder

Residual ISI

Prefilter
AWGN

(a)

MAP-based Turbo Equaliser
Shortened
Channel SISO

Equaliser
SISO

Decoder

Prefilter
AWGN

(b)

MAP-based Turbo Equaliser
Shortened
Channel SISO

Equaliser
SISO

Decoder

Residual ISI

AWGN

(c)

MAP-based Turbo Equaliser
Shortened
Channel SISO

Equaliser
SISO

Decoder

AWGN

(d)

Figure 5.17: Simulation model: (a) Coloured noise and residual ISI; (b) Coloured noise
only; (c) AWGN and residual ISI; (d) AWGN only.
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5.6.1 Numerical Results

The performance of the four hypothetical turbo equaliser scenarios is studied over the

Proakis C channel using the simulation parameters presented in Table5.1. Figure5.18

shows the BER performance that was obtained for the four simulations models A to D as

a function of the SINR. The figure also shows the BER performance for the benchmark

scenario when the considered convolutional code is used on an AWGN channel.
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Figure 5.18: BER performance of the four simulation models.

The results obtained for model D confirm that perfect shortening of the channel re-

moves the highly-dispersive nature of the original channel. As such, superior BER per-

formance is achieved compared to the other models as the turbo equaliser easily removes

most of the ISI with a few iterations in the presence of the remaining AWGN. In contrast,

when the noise to the MAP-based turbo equaliser is coloured, as is the case with model B,

a significant SINR penalty of approximately2.75 dB is incurred at a BER of10−5 com-

pared to model D. It is also interesting to note that the slopes of the BER performance

curves for models B and D in the waterfall region follow approximately the slope of the

benchmark case (Coded AWGN). On the other hand, if residual ISI is added to the AWGN

channel as in model C, the performance degradation in terms of SINR compared to the

idealistic model D is in the order of only approximately1 dB at a BER of10−5.

Concerning a comparison of these models with model A, which comprises of residual

ISI and coloured noise, it can be observed that performance improvement for the low
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SINR region (below6 dB) may be obtained by removing the ISI while for the high SINR

region (above6 dB) removing the colouring would be more beneficial. More generally,

the results show that the considered MAP-based turbo equaliser offers BER performance

with a steep waterfall region when only residual ISI has to be processed while a not as

steep waterfall region is observed when the equaliser has to cope with coloured noise.

Effect of SINR mismatch

The effect of SINR mismatch on the hypothetical simulation models is now considered.

Let σ2
SINR be the variance of a nominal SINR termSINR (in dB), given by

σ2
SINR =

Es||h||2
2R

10−
1
10

SINR (5.91)

A receiver using an SINR mismatch of∆(SINR) (in dB) has an equivalent SINR,

SINReq, with respect to this nominalSINR given by

SINReq = SINR + ∆(SINR) (5.92)

Hence, the equivalent variance of the interference at this SINR mismatch is given by

σ2
eq = σ2

SINR × 10−
1
10

∆(SINR) (5.93)

Figures5.19-5.22 illustrate the impact that an SINR mismatch has on the BER per-

formance of the four considered models. It is noted that the nominal SINR (4.5, 5.0, 5.5,

6.0 dB) is used as the parameter of the curves (see also Figure5.18) while the abscissa

depicts the SINR mismatch.

As can be seen from Figures5.20and5.22, BER performance is relatively insensitive

with respect to SINR mismatch for most of the considered nominal SINRs when resid-

ual ISI is absent from the respective simulation models. In contrast, the scenario repre-

sented by simulation models A and C, which both contain residual ISI, achieve significant

BER performance improvements by choosing a suitable SINR mismatch. For example,

in model C, at the nominal SINR of6 dB, an improved BER of10−5 can be obtained for

an SINR mismatch of−2 dB compared to a BER of approximately2 · 10−3 for an SINR

mismatch of0 dB. When residual ISI is present (models A and C), the best performance

is achieved with a negative SINR mismatch of approximately−3 dB to−2 dB. This ap-

pears to be the same regardless of whether the noise is coloured or AWGN, although the

best SINR mismatch seems to more negatively skewed when the noise is coloured. This

characteristic is more pronounced at lower nominal SINR values. Here, models A and C
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are more sensitive to SINR mismatch underestimation than overestimation with reference

to an SINR offset of−3 dB.

5.6.2 Discussion

Conceptually, the results indicate that some of the performance penalty incurred as a result

of residual ISI, approximately0.5 dB at a BER of10−5, can be overcome by a carefully

selected SINR mismatch. Consequently, the BER performance of model A, which is

equivalent to the system model shown in Figure5.3, can be significantly improved by

choosing an SINR mismatch, say−2 dB for the considered numerical example, without

increasing the complexity of the prefilter or the MAP-based turbo equaliser. On the other

hand, the coloured noise does not appear to be affected too strongly by an SINR mismatch.

It is also observed that at low SINR, it appears to be the residual ISI which contributes

most to the performance loss incurred as a result of the detrimental effects of the channel

shortening prefilter. However, at slightly higher SINR the biggest contributor to perfor-

mance loss appears to be the colouring of the noise. Moreover, since some performance

loss can be overcome with the use of a carefully selected SINR mismatch, which only

occurs when residual ISI is present, one might concentrate on alleviating some of the

detrimental affects caused by the colouring of the noise rather than the residual ISI.
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Figure 5.19: Effect of SINR mismatch on BER performance of simulation model A
(residual ISI and coloured noise).
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Figure 5.20: Effect of SINR mismatch on BER performance of simulation model B
(coloured noise only).
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Figure 5.21: Effect of SINR mismatch on BER performance of simulation model C
(residual ISI and AWGN).
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Figure 5.22: Effect of SINR mismatch on BER performance of simulation model D
(AWGN only).
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5.7 Enhanced Channel Shortened Turbo Equalisation

In previous sections of this chapter, two enhancements to the channel shortened turbo

equaliser have been suggested. The use of a feedback path to cancel residual ISI based

on soft-decisions from previous iterations and the use of a carefully selected SNR mis-

match to improve system performance. The turbo equaliser which utilises both of these

modifications is referred to as the enhanced channel shortened turbo equaliser.

The enhanced channel shortened turbo equaliser will employ direct interference can-

cellation as it is the simplest of the proposed residual ISI cancellation schemes and offers

the best BER performance. Moreover, the SNR mismatch of the enhanced channel short-

ened turbo equaliser will be chosen by numerical evaluation.

This section is devoted to conducting performance comparisons between the enhanced

channel shortened turbo equaliser and three important iterative receivers: the state-of-

the-art MAP-based turbo equaliser; the linear MMSE turbo equaliser [16], one of the

best performing reduced-complexity turbo equalisers in the literature; and the IC-based

turbo equaliser, one of the simplest and lowest complexity turbo equalisers. Performance

comparison will also be provided for the unmodified channel shortened turbo equaliser,

which is a powerful reduced-complexity turbo equaliser in its own right. Note that the

work presented in this section is based on research and results presented by Shaheem et

al. in [151].

5.7.1 Determining the SNR Mismatch

The choice of SNR mismatch for the enhanced channel shortened turbo equaliser has been

evaluated by simulation for each of the considered channels. The simulation settings are

given in Table5.1. Figure5.23 shows the BER performance of the channel shortened

turbo equaliser with direct interference cancellation over the Proakis C channel. The

BER performance is presented atEb/N0 = 6.5 dB, for SNR mismatches between−6 dB

and6 dB. The BER performance of the unmodified channel shortened turbo equaliser is

also presented at the sameEb/N0. Recall that in the case of the channel shortened turbo

equaliser with direct interference cancellation, it was assumed from the second iteration

onwards that the decisions from previous iterations were perfect and hence,σ2
e = 0. As a

special case, the performance when the estimation errorσ2
e is calculated at each iteration

using a genius observer is also considered. This value is plotted in Figure5.23at an SNR

mismatch of∆(Eb/N0) = 0 dB, where it is labelled CS-TEQ DIC, genius observer.

In both of the channel shortening turbo equaliser schemes considered, it can be ob-

served that significant performance improvements can be achieved in the region of SNR

mismatches between−4 dB and−2 dB. The best performance is achieved at an SNR
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Figure 5.23: Effect of SNR mismatch on BER performance of the channel shortened
turbo equaliser over the Proakis C channel, with and without residual ISI cancellation, at

Eb/N0 = 6.5 dB.

mismatch of−3 dB in both cases. Note also that the receiver with the genius observer is

outperformed by the same receiver for a range of SNR mismatch values. Hence, the per-

formance improvement is not due to the lack of precise knowledge of the error variance

σ2
e .

In Section5.6, it was shown that the improvement in BER performance using non-

zero SINR mismatch values was only observed when residual ISI is present. One might

therefore expect that the related SNR mismatch effect would diminish as residual ISI was

removed from the input to the SISO equaliser. However, the results show no horizontal

shift in the shape of the SNR mismatch curve of the receiver with direct interference

cancellation with respect to the unmodified receiver.

Similar simulations were performed to determine the SNR mismatch curves for the

channel shortened turbo equaliser with direct interference cancellation over the MDC-5,

MDC-7 and MDC-9 channels. It was determined that, for a desired impulse response

length ofLd = 3, the best choice of SNR mismatch was−3 dB for each of the considered

minimum distance channels.
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5.7.2 Numerical Results

The BER performance comparison of the considered turbo equalisers is now presented.

Figure5.24shows the BER performance comparison of the considered schemes over the

highly-dispersive Proakis C channel of lengthLh = 5. Similarly, BER performance com-

parisons are performed over the MDC-5, MDC-7 and MDC-9 in Figures5.25, 5.26and

5.27, respectively. In each of the figures, the performance of the unmodified and en-

hanced channel shortened turbo equalisers are presented, where the latter employs direct

interference cancellation and uses an SNR mismatch of−3 dB. Their BER performances

are compared to the linear MMSE turbo equaliser, the IC-based turbo equaliser and the

coded AWGN performance. The performance of the MAP-based turbo equaliser is also

presented for the Proakis C and MDC-5 channels, respectively. In the case of the MDC-7

and MDC-9 channels the MAP-based turbo equaliser has been omitted due to complexity

constraints. The general simulation settings are given in Table5.1. In the case of the

linear MMSE turbo equaliser, the filter structure within the linear MMSE turbo equaliser

is implemented using the same number of filter coefficients as the channel shortening pre-

filter, i.e., Lw = 31. The IC-based turbo equaliser requires the use of a traditional ISI

mitigation technique such as a linear equaliser or DFE in the first iteration. Here, the

DFE has been employed for simulations over the Proakis C channel. The DFE performed

poorly over the minimum distance channels and hence the linear equaliser was employed

for these channels. In the simulations, the DFE is implemented withLw = 31 forward

filter coefficients andLh − 1 = 4 feedback coefficients, as suggested in [16]. The linear

equaliser is implemented withLw = 31 filter coefficients.

The simulation results presented in Figure5.24show that the IC-based turbo equaliser

performs poorly over the highly-dispersive Proakis C channel. Although only6 iterations

have been performed, the IC-based turbo equaliser does not improve with additional it-

erations. As expected, the benchmark performance is achieved by the MAP-based turbo

equaliser. After6 iterations, the linear MMSE turbo equaliser is approximately2 dB

from the MAP-based turbo equaliser at a BER of10−5. The performance of the unmod-

ified channel shortened turbo equaliser is approximately1.3 dB from the MAP-based

turbo equaliser at a BER of10−5. This performance is considerably better than the lin-

ear MMSE turbo equaliser. The performance of the enhanced channel shortened turbo

equaliser improves by approximately0.65 dB with respect to the unmodified system at a

BER of10−5. This BER performance is within0.7 dB of the MAP-based turbo equaliser.

In the case of the three minimum distance channels, the IC-based turbo equaliser

is observed to have the worst BER performance of the considered systems. Over the

MDC-5 channel, the linear MMSE turbo equaliser outperforms the unmodified channel
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Figure 5.24: BER performance comparison of various turbo equalisers over the Proakis
C channel.
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Figure 5.25: BER performance comparison of various turbo equalisers over the MDC-5
channel.
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Figure 5.26: BER performance comparison of various turbo equalisers over the MDC-7
channel.
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Figure 5.27: BER performance comparison of various turbo equalisers over the MDC-9
channel.
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shortened turbo equaliser at low SNR, however at high SNR the performance degrades.

At a BER of 10−5 the linear MMSE turbo equaliser is observed to have a performance

penalty of approximately0.5 dB with respect to the unmodified channel shortened turbo

equaliser and1.3 dB with respect to the enhanced channel shortened turbo equaliser. The

best performance is observed by the MAP-based turbo equaliser, which performs1.8 dB

better than the enhanced channel shortened turbo equaliser at a BER of10−5. Note that the

BER curve of the linear MMSE turbo equaliser is observed to briefly change its shape at

Eb/N0 ≈ 8.5 dB. This phenomenon appears to be related to the choice of interleaver size,

which in the example is4096 symbols. In AppendixC, the simulation results presented in

Figure5.25are repeated using the same simulation parameters, except for the interleaver

size, which is set to32768 as suggested in [16]. Under these simulation settings, the

irregular deviation in the BER curve is no longer observed.

Over the MDC-7 channel the linear MMSE turbo equaliser achieves a similar BER

performance to the unmodified channel shortened turbo equaliser at a BER of10−5. The

enhanced channel shortened turbo equaliser outperforms both of these systems by approx-

imately1.5 dB at a BER of10−5.

Finally, over the MDC-9 channel, the linear MMSE turbo equaliser outperforms the

unmodified channel shortened turbo equaliser by approximately3.5 dB at a BER of10−5.

However, the best performance is still observed by the enhanced channel shortened turbo

equaliser which outperforms the linear MMSE turbo equaliser by approximately2 dB at

a BER of10−5.

Some additional numerical results have also been presented in AppendixD. In this

appendix, the various turbo equalisers are compared over a highly-dispersive realisation

of a microwave channel of lengthLh = 45. These results are indicative of a difficult to

equalise wireless channel with a very long delay spread. The results from this appendix

are consistent with the results presented above in that both the enhanced and unmodified

channel shortened turbo equalisers outperform the linear MMSE turbo equaliser, which

in turn outperforms the IC-based turbo equaliser.

5.7.3 Complexity Analysis

The implementation complexity of an iterative receiver is roughly given by the sum of the

complexities of its SISO detectors. The total number of required operations that must be

performed is approximately equal to the total number of operations required by each of

these SISO detectors multiplied by the number of iterations employed.

In this section, the complexity of the enhanced and unmodified channel shortened

turbo equalisers are compared to the MAP-based turbo equaliser and the linear MMSE
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Table 5.2: Initialisation complexity of various turbo equalisers.

Turbo Equaliser MAC operations

MAP-based Not applicable

Channel shortened (MMSE prefilter)(2
3
L3

d + L2
w + LwLd)N∆ + 2LdL

2
w

Linear MMSE (L2
w + Lw)N∆ + 2L2

w

turbo equaliser. The IC-based turbo equaliser has been excluded from the complexity

analysis due to its poor performance for the channels considered in this chapter. It is

noted that the complexity of the IC-based turbo equaliser is considerably lower than the

other turbo equalisers considered here.

In the complexity analysis which follows, computational cost will be described in

terms of real multiply-and-accumulate (MAC) operations. Note that due to variations

in the practical implementation of the different designs, the number of MAC operations

stated in the sequel are only approximations.

As noted earlier, the complexity of computing the coefficients of the channel shorten-

ing prefilterw is affected by the need to find the optimum delay parameter∆. Likewise,

the SISO equaliser within the linear MMSE turbo equaliser is also affected by the need

to optimise with respect to the delay parameter∆. For the purpose of this complexity

analysis, it is assumed that both systems determine the optimum delay by means of a

global search. For notational convenience, letN∆ represent the maximum number of

delays∆ that can be considered during a global search. The complexity of determining

the optimum delay using global search has been included in the initialisation complexity.

Table5.2 describes the initialisation complexity of each of the considered turbo equalis-

ers. The stated complexity of the MMSE channel shortening prefilter is based on results

reported in [152]. Here, the channel shortening solution considered is for the exact com-

putation of the MMSE-UEC channel shortening prefilter. Lower complexity solutions

are also possible based on so-called approximate or heuristic methods. However, these

have not been considered in this thesis. Note that the prefilter coefficientsw need only be

computed each time the channel coefficientsh, or the noise varianceσ2
V changes. In the

present analysis, it is assumed that the prefilter coefficients are updated once per transmit-

ted block of symbols.

Table5.3describes the number of MAC operations required, per transmitted symbol,

per iteration, by the various algorithms which make up the turbo equalisers under con-

sideration. Here, the complexities of the Log-MAP detectors has been taken from [116],

while the complexity of the linear MMSE equaliser was taken from [16]. The number
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Table 5.3: Complexity per transmitted symbol per iteration of different algorithms (as-
sumes BPSK modulation).

Algorithm MAC operations

Log-MAP decoder 58 · 2ν − 19

Log-MAP equaliser 54 · 2Lh−1 − 19

Log-MAP equaliser (after prefiltering) 54 · 2Ld−1 − 19

Linear MMSE equaliser 24L2
w + 6L2

h + 12Lh − 14Lw

of MAC operations required by the linear MMSE equaliser is noted for the second and

subsequent iterations of this iterative receiver. During the first iteration, a time-invariant

linear MMSE equaliser is employed and the computation of these filter coefficients have

been included in the initialisation complexity, as described in Table5.2. For simplicity,

the complexity of performing digital filtering has been assumed to be negligible. Conse-

quently, the computational complexity of the enhanced and unmodified channel shortened

turbo equalisers are considered to be the same for the purposes of this analysis.

A complexity comparison

Numerical results are now presented comparing the complexity of the SISO equalisers

of the various turbo equalisers, using the simulation parameters described in Table5.1.

The complexities of the considered SISO equalisers are tabulated in Table5.4for channel

lengths ofLh = 5, 7 and9, as have been considered throughout this chapter. Here, the

SISO equaliser of a channel shortened turbo equaliser is the cascade of a channel shorten-

ing prefilter and the Log-MAP equaliser. For each channel lengthLh, Table5.4describes

the number of MAC operations that are required by each of the considered SISO equalis-

ers, per transmitted symbol, per iteration, averaged over six iterations. Here, averaging

is undertaken in order to distribute the initialisation complexity required for the chan-

nel shortening turbo equaliser and the linear MMSE turbo equaliser. The complexities

presented in Table5.4 reveal that the linear MMSE equaliser is of considerably higher

computational complexity than the other SISO equalisers over all channel lengths con-

sidered. The complexity of the Log-MAP equaliser, with channel shortening prefiltering,

exhibits the lowest complexity. The results show that SISO equaliser of the MAP-based

turbo equaliser is approximately4, 16 and64 times higher than that of the channel short-

ened turbo equaliser with MMSE prefiltering, for channels of lengthLh = 5, 7 and9,

respectively. Moreover, the channel shortened turbo equaliser allows the flexibility to im-
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Table 5.4: Number of required MAC operations, per transmitted symbol, per iteration for
various turbo equalisers.

Turbo Equaliser Lh = 5 Lh = 7 Lh = 9

Log-MAP equaliser 845 3437 13805

MMSE prefilter+ Log-MAP equaliser 199 199 199

Linear MMSE equaliser 19035 19175 19355

plement the Log-MAP equaliser with reasonable complexity, and then shorten the channel

accordingly. Consequently, one can essentially use the MAP-based turbo equaliser with

arbitrary long channels.

The simulation parameters selected for the linear MMSE turbo equaliser were chosen

in order to achieve good BER performance, rather than efficient implementation. It is

possible to reduce the computational load of this scheme by reducing the length of the

linear MMSE equaliser. For example, by considering a filter length of15 instead of31,

the complexity of the linear MMSE equaliser would decrease by a factor of4. In this

case, the complexity of the linear MMSE equaliser would still be higher than that of the

Log-MAP equaliser of the MAP-based turbo equaliser for channels of lengthLh = 5 and

7. However, the Log-MAP equaliser would exhibit the highest complexity for channels

of lengthLh = 9

Note that the complexities reported in Table5.4, relate to the computational complex-

ity and not necessarily the implementation complexity, e.g., the cost of implementing the

algorithm on a circuit board. This is due to the fact that some algorithms can be translated

into hardware circuitry more easily than others, by exploiting iterative processing or the

reuse of circuitry. For example, the prohibitive computational complexity of the linear

MMSE equaliser does not necessarily translate to a prohibitive implementation complex-

ity. This is due to the fact that most of the computational complexity of the linear MMSE

equaliser is incurred during the repetitive computation of a matrix inverse. On the other

hand, the cost of implementing the MAP equaliser becomes prohibitive asLh increases.

In this case, the implementation complexity is closely related to the computational com-

plexity, since there is significantly less opportunity for reuse of hardware circuitry.

A performance-complexity comparison

The implementation complexity of an iterative receiver is relatively independent to the

number of iterations performed due to the ability to reuse of hardware circuitry. However,
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in most practical communications systems, there is generally some limit to the number of

computations which may be performed before the latency caused by computational delay

becomes excessive. Any proposed receiver which requires a computational complexity

exceeding this limit would be deemed impractical and avoided. Under this criterion, it

is possible that an iterative receiver may be appropriate for use, provided the number

of iterations performed is limited to some maximum value. In order to compare turbo

equalisers based on this idea, it is convenient to view the performance-complexity tradeoff

of the different schemes.

A graphical representation of the performance-complexity of selected turbo equalis-

ers is now presented, using the approach considered in [122, Fig. 2]. The performance-

complexity comparison is made for both the enhanced and unmodified channel short-

ened turbo equalisers and the MAP-based turbo equaliser. Here, the linear MMSE turbo

equaliser is omitted due to its high complexity. Figure5.28, shows the performance-

complexity comparison of the considered turbo equalisers over the Proakis C channel.

Each of the figures displays the number of MAC operations required, per transmitted

symbol, by the different turbo equaliser structures, in order that they achieve a BER of

10−3.
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Figure 5.28: Performance-complexity tradeoff for various turbo equalisers over the
Proakis C channel, in order to achieve a BER of10−3.

The results of the performance-complexity plot shows that the MAP-based turbo

equaliser exhibited the best BER performance. However, when complexity is taken into
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account, the enhanced and unmodified channel shortened turbo equalisers can be observed

to outperform the MAP-based turbo equaliser. Specifically, the enhanced and unmodified

channel shortened turbo equalisers perform favourably when the number of MAC op-

erations, per transmitted symbol, is limited to approximately4808 operations and3630

operations, respectively.

5.7.4 Discussion

The unmodified channel shortened turbo equaliser has been shown to be highly effec-

tive in mitigating the effects of ISI in the most severe discrete-time ISI channels. While

a performance penalty with respect to the MAP-based turbo equaliser still exists, the

proposed receiver is able to operate on channels with arbitrarily channel lengths. This

achievement is not possible with the MAP-based turbo equaliser. Moreover, the chan-

nel shortened turbo equaliser is observed to outperform the MAP-based turbo equaliser

over the Proakis C channel when complexity limitations are taken into account. The en-

hanced channel shortened turbo equaliser offers significant improvements compared to

the unmodified channel shortened turbo equaliser with very little increase in complexity.

The proposed enhancements significantly reduce the performance penalty with respect to

the MAP-based turbo equaliser. Moreover, these enhancements were observed to extend

the limits of complexity for which the channel shortened turbo equaliser outperforms the

MAP-based turbo equaliser over the Proakis C channel when complexity is taken into

account.

As expected, both realisations of the channel shortened turbo equaliser outperformed

the IC-based turbo equaliser, which is known to perform poorly in highly frequency-

selective channels [115, 118]. Both the unmodified and enhanced channel shortened

turbo equalisers were also observed to consistently outperform the highly regarded lin-

ear MMSE turbo equaliser over all but the MDC-9 channel. Over the MDC-9 channel,

which represents the worst-case9-tap channel, the linear MMSE turbo equaliser outper-

formed the unmodified channel shortened turbo equaliser at a BER of10−5. However,

the enhanced channel shortened turbo equaliser still outperformed this result by a consid-

erable margin. Therefore, the results of the performance comparisons against the linear

MMSE turbo equaliser are impressive, since this receiver is known to exhibit excellent

performance over highly frequency-selective channels [16,153].

The linear MMSE turbo equaliser represents one of the best turbo receivers in the

literature that fall into the category of reduced-complexity turbo equalisers. However, as

could be observed in the complexity analysis presented in Section5.7.3, the linear MMSE

turbo equaliser is not always of reduced-complexity with respect to the MAP-based turbo
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equaliser. A number of turbo equalisers have been proposed as reduced-complexity alter-

natives to the linear MMSE turbo equaliser [16,119–122]. These receivers aim to achieve

the performance of the linear MMSE turbo equaliser, but at reduced complexity. In gen-

eral, these reduced-complexity alternatives to the linear MMSE turbo equaliser exhibit

inferior BER performance to the linear MMSE turbo equaliser after the same number of

iterations. Consequently, these receivers will also generally exhibit inferior BER perfor-

mance to the enhanced channel shortened turbo equaliser, and in most cases the unmodi-

fied channel shortened turbo equaliser over the highly-dispersive channels considered in

this chapter.

5.8 Summary

In this chapter, the use of a channel shortening prefilter in conjunction with a turbo

equaliser has been considered. This receiver structure can be deployed with channels

of arbitrarily long impulse responses, as the prefilter shortens the length of the channel

such that the outcome can be processed by a MAP-based turbo equaliser of reasonable

complexity. The proposed scheme was considered in the context of coded detection over

highly frequency-selective fading channels. To this end, the highly-dispersive Proakis C

channel and the worst-case minimum distance channels [38] of lengths5, 7 and9 were

considered.

A number of popular channel shortening approaches were investigated as possible

candidate prefilters for use in the proposed channel shortened turbo equaliser. The meth-

ods considered included the MMSE-UTC prefilter [19], the MMSE-UEC prefilter [20]

and the MSSNR prefilter [21]. Numerical results were presented which revealed that,

for the channels considered, the best performance was achieved using the MMSE-UEC

channel shortening prefilter.

The channel shortening prefilter causes the interference at the input to the MAP-based

turbo equaliser to be comprised of coloured noise and residual ISI. In an attempt to over-

come these impairments, the channel shortened turbo equaliser was modified to accept

soft-decisions from the output of the SISO decoder in order to cancel residual ISI at the

prefilter outputs. Three methods of residual ISI cancellation were investigated. Two of the

methods involved the redesign of the prefilter coefficients in combination with the cancel-

lation filter coefficients according to a joint MMSE cost function. The first of these meth-

ods took into account that the decisions fed back from previous iterations are generally

erroneous, while the other incorrectly assumed the decisions to be perfect, resulting in a

suboptimal filter design. The suboptimal scheme failed and performed worse than the un-

modified channel shortened turbo equaliser. The scheme that took into account erroneous
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decision feedback, improved the performance of the channel shortened turbo equaliser

with respect to the unmodified channel shortened turbo equaliser. However, this improve-

ment was obtained at the expense of additional computational complexity. Moreover, the

scheme that assumes erroneous decision feedback makes an unrealistic assumption that

the variance of the error in the decision feedback is known precisely. Finally, a third

scheme was presented for channel shortened turbo equalisation with residual ISI cancel-

lation. This scheme directly employed the residual of the channel impulse response as its

cancellation filter. Since, this residual impulse response is already known, this scheme

essentially incurs only the additional complexity required to pass soft-decisions from the

SISO decoder through the cancellation filter. Moreover, the performance of this scheme

outperformed all other schemes considered. As a consequence, this scheme, dubbed the

channel shortened turbo equaliser with direct interference cancellation, was proposed as

an enhancement to the channel shortened turbo equaliser structure.

The effect of SNR mismatch within the SISO equaliser of the channel shortened turbo

equaliser was then investigated. It was shown that there exists a region of non-zero SNR

mismatch values for which the receiver performance actually improved. The performance

benefits of SNR mismatch can be easily exploited, provided the best choice of SNR mis-

match can be computed. By simply replacing the value of the variance of the AWGN

assumed by the MAP equaliser with the mismatched value, the receiver performance is

considerably improved. Moreover, this performance improvement is achieved without

altering the structure of the unmodified channel shortened turbo equaliser.

The impact of coloured noise and residual ISI on the overall BER performance of

channel shortened turbo equalisation was studied using four scenarios: with coloured

Gaussian noise and residual ISI; with coloured Gaussian noise only; with AWGN and

residual ISI; and with AWGN only. Here, the BER performances were compared against

the SINR, a measure with a one-to-one relationship with the SNR. The numerical re-

sults indicate that the residual ISI caused by imperfect channel shortening may cause

considerable performance loss. However, by intentionally introducing a particular SINR

mismatch, some of the penalty incurred can be overcome. The numerical results also

show that the performance loss due to the colouring of the noise through the prefilter is

insensitive to SINR mismatch.

Finally, the two proposed enhancements to the channel shortened turbo equaliser were

combined to form the enhanced channel shortened turbo equaliser. This scheme was

shown to offer considerable performance benefits compared to the unmodified scheme,

with only a minor increase in its complexity. The proposed schemes were compared to

the linear MMSE turbo equaliser, the IC-based turbo equaliser and the state-of-the art

MAP-based turbo equaliser. Both the unmodified and enhanced channel shortened turbo
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equalisers considerably outperformed the IC-based turbo equaliser over each of the chan-

nels considered. Similarly, both the unmodified and enhanced channel shortened turbo

equalisers were observed to outperform the linear MMSE turbo equaliser over most chan-

nels considered. Only over the9-tap minimum distance channel, did the linear MMSE

turbo equaliser outperform the unmodified channel shortened turbo equaliser. However,

the enhanced channel shortened turbo equaliser still managed to achieve a significant cod-

ing gain over the linear MMSE turbo equaliser for this channel.

Additionally, both the unmodified and enhanced channel shortened turbo equalisers

exhibited relatively impressive performance when compared to the MAP-based turbo

equaliser over the5-tap Proakis C and MDC-5 channels. When complexity was taken

into account, the unmodified channel shortened turbo equaliser was observed to outper-

form the MAP-based turbo equaliser over the Proakis C channel when certain upper lim-

its were imposed on computational complexity. Moreover, the proposed enhancements

were observed to extend the limits on complexity for which the channel shortened turbo

equaliser outperformed the MAP-based turbo equaliser over the Proakis C channel.

The simulation results presented in this chapter have demonstrated that both the un-

modified and enhanced channel shortened turbo equalisers are powerful alternatives to the

MAP-based turbo equaliser that can be employed over channels with arbitrarily lengths.

The enhanced channel shortened turbo equaliser is of particular interest, since it improves

the performance of the unmodified system, with only a minor increase in complexity.
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Chapter 6

Conclusions

Wireless communications continues to be an integral part of modern society. Due to the

ever increasing demands on wireless communications systems, it is important to continue

to develop efficient and effective means to communicate over the wireless channel. Re-

cently, one of the more promising developments has been the introduction of iterative

detection techniques based on the turbo principles.

In this thesis, iterative detection has been considered for application to two distinct ar-

eas in wireless communications. Firstly, the iterative decoding of concatenated codes for

use over slow Rayleigh and Nakagami-m flat fading channels was considered. Secondly,

a novel approach to iterative joint equalisation and decoding for a system which transmits

coded data over block-invariant frequency-selective fading channels was presented.

A summary of the main findings and contributions of this thesis are presented below.

This is followed by a discussion of some possible extensions that could be considered, in

order to further develop some of the ideas presented in this thesis.

6.1 Summary of Major Findings and Contributions

Iterative decoding for flat fading channels

In Chapter 4, the iterative decoding of block turbo codes (BTCs) over flat fading wire-

less communication channels was considered. In particular, this chapter focussed on the

performance of BTCs when different channel reliability metrics were used, both with and

without receiver side knowledge of the channel state information (CSI). When the CSI

is unknown to the receiver, convention dictates the use of some simple approximation to

the channel reliability metric. This approximation is based on substituting the CSI for

some alternative values, by either estimating the CSI or by assuming that all CSI values

are equal to their mean. Numerical results have been reported in the literature, which
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show that the use of the conventional approximations to the channel reliability metric re-

sult in a small but acceptable performance loss. However, these works have generally

assumed the use of powerful, low rate concatenated convolutional codes. Consequently,

the literature appears to have overlooked investigations into the use of other types of con-

catenated codes. For example, concatenated codes that offer higher spectral efficiency,

lower latency or lower hardware cost.

Two high rate and relatively low latency BTCs were considered in Chapter 4: the

SPC BTC and the BCH BTC. The SPC BTC can be implemented with relatively low

hardware cost, owing to the simplicity of the SPC encoder and decoder. However, due

to the simplistic nature of this channel code, the SPC BTC exhibits relatively weak error

correcting capabilities. On the other hand, the BCH BTC exhibits relatively strong error

correcting capabilities. However, the performance benefits of the BCH BTC are achieved

with a substantially higher computational complexity with respect to the SPC BTC.

Armed with these high rate BTCs, of varying complexity, use of the conventional

channel reliability metrics were evaluated for a number of wireless fading scenarios. First,

the exact channel reliability metric was derived for the Rayleigh fading channel with un-

known CSI. A low complexity cubic approximation to this exact channel reliability metric

was also provided. Simulations were then reported over both uncorrelated and correlated

Rayleigh fading channels, comparing the performance of the receiver using the proposed

channel reliability metrics as well as the aforementioned conventional approximations.

Over the uncorrelated Rayleigh fading channel, the receivers which employed the

exact metric exhibited strong performance, achieving a BER performance close to that

achieved when perfect CSI is available. This performance was achieved for both the pow-

erful BCH BTC and the weaker SPC BTC. The use of the proposed cubic approximation

to the exact metric resulted in a BER performance close to the exact metric, suggesting

this cubic approximation was an excellent match to the exact channel reliability metric.

The use of the linear approximation to the channel reliability metric, where the CSI were

all assumed equal to their mean, exhibited mixed results for the two BTCs considered.

When the powerful BCH BTC was used, the conventional metric performed well, achiev-

ing a BER performance which was only slightly inferior to the cubic approximation. How-

ever, when the low complexity SPC BTC was employed, the BER performance using the

conventional linear approximation to the channel reliability metric was extremely poor.

An error floor was observed and the BER performance curve deviated toward the uncoded

case.

Simulations were also conducted over a number of correlated fading channels using

the SPC BTC. Here, varying normalised fade rates were considered, representing levels

of correlation ranging from moderate to severe. The exact metric was observed to per-
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form well in all cases, suffering only a small performance penalty with respect to the

receiver with perfect CSI. The cubic approximation exhibited performance close to the

exact metric, again showing that the two metrics were well matched. The use of the linear

approximation, where the CSI are assumed equal to their mean, resulted in an error floor

that diverged toward the uncoded case. The channel reliability metric with estimated CSI

was also considered. This scheme employs a low complexity channel estimation scheme

to produce estimates of the CSI. For highly correlated channels, the channel reliability

metric with estimated CSI was shown to perform well, marginally outperforming the pro-

posed exact metric and its cubic approximation in some circumstances. However, as the

correlation in the channel decreased, this metric performed poorly. In the extreme case,

representative of a high speed wireless system, the channel reliability metric with esti-

mated CSI exhibited the worst performance of all the metrics considered.

The exact channel reliability metric for the Nakagami-m fading channel was then de-

rived for values ofm which are an integer multiple of1/2. The cubic approximation to

this exact metric was also presented. As in the case of the Rayleigh fading channel, it

was shown that the exact channel reliability metric affords the block turbo coded system

the best possible BER performance when CSI is unavailable to the receiver. The cubic

approximation again achieved a performance close to the exact metric at a lower com-

plexity. The use of the conventional linear approximation to the channel reliability metric

also achieved a BER performance close to the exact metric when the more powerful BCH

BTC was employed. However, when the low complexity SPC BTC was considered, the

use of this linear approximation resulted in significant performance penalties, with error

floors observed for the severe Nakagami-m conditions simulated.

Nakagami-m fading conditions may occur for values of the parameterm that are not

necessarily integer multiples of1/2. A numerical approximation to the channel reliability

metric for the Nakagami-m fading channel was presented for these scenarios. This nu-

merical method can be used for any value of the parameterm. Simulation results were

presented which showed that the numerically obtained channel reliability metric exhibited

strong performance.

In conclusion, the channel reliability metrics proposed in Chapter 4 were shown to

exhibit excellent performance when used by both the powerful BCH BTC and the weaker

SPC BTC. This suggests that these metrics are effective, regardless of the error correcting

capabilities of the underlying turbo code and independently to the relative correlation in

the channel. On the other hand, the failure of the conventional approximations to the

channel reliability metric, in certain circumstances, clearly shows that these approaches

are not suitable in all conditions.
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Iterative detection for frequency-selective fading channels

In Chapter 5, the use of a channel shortening prefilter prior to the MAP-based turbo

equaliser was considered, in order to allow its use over arbitrarily long channels. A num-

ber of well known approaches to channel shortening were considered for the prefilter and

it was shown that shortening the channel according to an MMSE cost function based on

the unit-energy constraint provided the best solution.

The focus then shifted to enhancing the performance of the channel shortened turbo

equaliser using low cost techniques. In particular, efforts were made to reduce the effects

of residual ISI and coloured noise, both of which appear at the output of the prefilter as a

consequence of the channel shortening process.

It was proposed to cancel the residual ISI using soft-decisions from the system’s SISO

decoder during each iteration of the detection process. Three methods for channel short-

ened turbo equalisation with residual ISI cancellation were considered and compared.

In the first method considered, referred to as channel shortened turbo equalisation with

erroneous interference cancellation, the prefilter and cancellation filter were designed ac-

cording to a joint MSE cost function, with erroneous decision feedback taken into con-

sideration. The second method, referred to as channel shortened turbo equalisation with

suboptimal interference cancellation, was similar to the first. The prefilter and cancella-

tion filter were designed according to a joint MSE cost function. However, in this case

it was incorrectly assumed that perfect decisions are available to the cancellation filter,

leading to a suboptimal realisation of the prefilter and cancellation filter coefficients. Fi-

nally, the third method, referred to as the channel shortened turbo equaliser with direct

interference cancellation, considered a straightforward implementation of the system. In

this scheme, the coefficients of the cancellation filter were set to the coefficients of the

residual impulse response, which were readily computed.

Simulation results revealed that the joint optimisation of the prefilter and cancellation

filter was only effective when erroneous decision feedback was taken into consideration.

When perfect decision feedback was assumed, the channel shortened turbo equalisation

with suboptimal interference cancellation performed worse than the unmodified channel

shortened turbo equaliser. The channel shortened turbo equaliser with erroneous inter-

ference cancellation improved on the performance of the unmodified channel shortened

turbo equaliser. However, this scheme was considerably more complex due to the need

to recompute the filter coefficients with each iteration. In addition, this scheme assumed

knowledge of the variance of the decision feedback error, which is generally unknown.

Finally, it was observed that the channel shortened turbo equaliser with direct interference

cancellation exhibited the best performance. Moreover, this scheme required very little

additional complexity compared to the unmodified channel shortened turbo equaliser.
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The effect of SNR mismatch on the channel shortened turbo equaliser was then in-

vestigated. It was shown that when the considered receiver assumed a carefully selected

SNR mismatch value, significant performance improvements could be achieved without

requiring any modification to the receiver structure.

Four hypothetical simulation models were then introduced in order to decouple the

effects of residual ISI and coloured noise. Investigations were conducted, using the four

simulation models, in order to compare the effects of residual ISI and coloured noise

with respect to an SINR mismatch. The results revealed that some of the performance

penalty incurred as a result of residual ISI can be overcome by using a carefully selected

SINR mismatch. On the other hand, the coloured noise does not appear to be affected

too by the use of an SINR mismatch. The results of these investigations reveal that the

SNR mismatch phenomena, which has a one-to-one relationship to the SINR mismatch

phenomena, is related to the residual ISI and not the coloured noise.

Finally, the benefits of both residual ISI cancellation and the use of a carefully selected

SNR mismatch were combined to form the enhanced channel shortened turbo equaliser.

The enhanced and unmodified channel shorted turbo equalisers were compared with some

well known turbo equalisers from the literature. Simulation results revealed that both

the enhanced and unmodified systems exhibited strong performance over a number of

highly dispersive frequency-selective channels. Notably, the enhanced channel shortened

turbo equaliser was observed to consistently outperform the powerful linear MMSE turbo

equaliser [16] over all of the channels considered. Furthermore, the BER performance

of the enhanced channel shortened turbo equaliser was remarkably close to that of the

MAP-based turbo equaliser. Moreover, when complexity was taken into account, both

the unmodified and enhanced channel shortened turbo equalisers were actually observed

to outperform the MAP-based turbo equaliser.

6.2 Suggested Extensions

A list of possible extensions to the contributions presented in this thesis is provided below.

6.2.1 Iterative Decoding for Flat Fading Channels

The work presented in Chapter 4 has provided new insights into an area of research that

was seemingly complete. As such, the research presented in this chapter has closed a

gap that was missing from the literature. One possible extension to the work presented in

Chapter 4 is as follows.
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Derivation of the exact channel reliability metric for Nakagami-m fading, wherem

is not an integer multiple of 1/2

In this thesis, the exact channel reliability metric for Nakagami-m fading was derived for

values ofm which are an integer multiple of1/2. Additionally, the numerically approx-

imated channel reliability metric was proposed for Nakagami-m fading for values ofm

which are not an integer multiple of1/2. An extension to the work presented in Chapter 4

could include the derivation of the exact channel reliability metric Nakagami-m fading

for values ofm that are not an integer multiple of1/2.

6.2.2 Iterative Detection for Frequency-Selective Fading Channels

The work presented in Chapter 5 addressed part of a wider problem that is still very

much an active area of research. Moreover, the channel shortened turbo equaliser solution

considered in this thesis has received surprisingly little attention in the wider literature.

Consequently, there are several possible extensions to the proposed work that could be

undertaken in the future. Some of these possible extensions are listed below.

Convergence analysis of the channel shortened turbo equaliser

An extension to the work presented in this thesis is to consider an analytical approach to

evaluating the behaviour of the channel shortened turbo equaliser. Most analysis of turbo

equalisation is based on the use of extrinsic information transfer (EXIT) charts. Here, the

term analysis is used loosely since this approach is based on simulations. The EXIT chart

of the channel shortened turbo equaliser would provide a visualisation of the exchange of

extrinsic information between the receiver’s SISO equaliser and its SISO decoder. This

would also provide insight into the turbo equaliser’s convergence. Moreover, the EXIT

chart analysis would be a useful tool in comparing a number of different turbo equalisers,

from an information theoretic point of view.

Alternatively, a semi-analytical approach to the convergence of the MAP-based turbo

equaliser has also been considered in [154]. Hence, a further extension that could be

considered is to investigate the convergence of the channel shortened turbo equaliser using

the semi-analytical approach proposed in [154].

Analytical method for computing the optimal SNR mismatch

The use of an appropriately selected SNR mismatch was shown to offer considerable per-

formance benefits, without the need to modify the structure of the channel shortened turbo
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equaliser. In this thesis, it has been proposed to choose the SNR mismatch using numer-

ical evaluation. However, it is desirable to develop an analytical method for computing

the optimal SNR mismatch. This, in turn, could also shed new light into the underlying

causes of the SNR mismatch phenomena.

Extension to higher order modulations

In this thesis, the channel shortened turbo equaliser was investigated for the case of BPSK

modulated signalling. However, the extension of this system to higher order modulations

such as quadrature amplitude modulation (QAM) or phase-shift keying (PSK) modulation

is relatively straight forward. In order to perform channel shortened turbo equalisation on

such a system, the system’s MAP-based turbo equaliser must be modified to accommodate

the higher order signalling [65].

Using the framework presented in Section5.3, the mechanisms are already in place to

evaluate the channel shortened turbo equaliser for an arbitrary modulation constellation,

provided the MAP-based turbo equaliser substructure is suitably modified. Similarly, all

three methods for channel shortened turbo equalisation with residual ISI cancellation,

considered in Section5.4, can be evaluated for the modified receiver structure. Addition-

ally, the investigations into the effect of SNR mismatch on the channel shortened turbo

equaliser for higher order modulations could also be conducted using the same method-

ology as was described in Section5.5. Hence, an enhanced channel shortened turbo

equaliser which is suitable for arbitrary modulation constellations can easily be investi-

gated using the approaches presented in Chapter 5.

Extension to multiple-input multiple-output systems

Channel shortened turbo equalisation for MIMO systems was proposed in [128]. The

scheme was shown to be an effective solution to the problem of coded communications

over frequency-selective MIMO channels. An extension to the work presented in this

thesis could therefore be to consider the enhanced channel shorted turbo equaliser as

a solution to this problem. Specifically, it could be investigated whether the inclusion

of a soft-decision feedback path for the cancellation of residual ISI and the use of an

SNR mismatch could improve the channel shortened turbo equaliser for MIMO channels

considered in [128].

Frequency-domain channel shortened turbo equalisation

Recently, single-carrier wireless communications systems with frequency-domain equal-

isation (FDE) have become the focus of much attention [155, 156]. In particular, single-

189



6.2. SUGGESTED EXTENSIONS

carrier systems with FDE have been shown to be favourable for use in conjunction with,

or as a replacement to, multicarrier schemes such as OFDM [156,157]. Moreover, single-

carrier systems with FDE systems have recently been considered for implementation in

a number of IEEE wireless communications standards, including IEEE 802.16 (Wireless

Metropolitan Area Network) [157, 158] and IEEE 802.20 (Mobile Broadband Wireless

Access) [159].

In general, the single-carrier FDE paradigm considers disjoint processing of the equal-

isation and decoding steps. However, just as with single-carrier systems implementing

time-domain equalisation, significant improvements can be obtained by considering an

iterative joint equalisation and decoding approach. A channel shortened turbo equaliser

with frequency domain channel shortening was recently considered in [129]. The pro-

posed system is similar to the channel shortened turbo equaliser presented in Chapter 5,

except that the channel shortening process is conducted in the frequency domain. When

the required number of prefilter coefficients becomes large, the frequency-domain ap-

proach can offer considerable savings in computational complexity compared to its time-

domain counterpart.

Both time- and frequency-domain channel shortening cause residual ISI and coloured

noise to appear at the input to the MAP-based turbo equaliser. Hence, future work could

consider the inclusion of both residual ISI cancellation and the use of a carefully selected

SNR mismatch as possible enhancements to the frequency domain channel shortened

turbo equaliser proposed in [129].
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Appendix A

Comparison of Numerically

Approximated Channel Reliability

Metric With Exact and Cubic

Approximate Metrics

In this appendix, the numerically approximated channel reliability metric is compared to

the exact channel reliability metric and its cubic approximation for Nakagami-m fading

when the parameterm is given by1/2, 1 and3/2. These values of the Nakagami parame-

ter are chosen in order for the exact channel reliability metric and its cubic approximation

to be realised.

Using the numerical approach described by Procedure 4.1, the numerically approxi-

mated channel reliability metrics can be calculated and expressed as cubic polynomials.

Let the general form of the numerically approximated channel reliability metric be ex-

pressed as

Λ(y|x) = k3λ
3 + k2λ

2 + k1λ + k0 (A.1)

The polynomial coefficients{k3, k2, k1, k0} are presented in TableA.1 for m = 1/2, 1

and3/2.
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Table A.1: Polynomial coefficients for the numerically approximated channel reliability
metric for differentm values.

m k3 k2 k1 k0

1
2

0.0775 0.3803 1.9354 0.0499

1 0.0925 0.1821 3.4165 0.0174

3
2

0.0940 0.1017 4.4481 0.0080

For the samem values, the numerically approximated channel reliability metrics are

plotted against the exact channel reliability metrics and their cubic approximations for

metric valuesΛ(y|x) in the range−15 to 15 in FigureA.1.
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Figure A.1: Exact channel reliability metrics versus cubic approximation withm =
1/2, 1, 3/2 and10.

In each case, the numerical approximation to the channel reliability metric, the ex-

act metric and its cubic approximation are indistinguishable from each other in the range

of metric valuesΛ(y|x) considered. The results suggest that all three metrics are close

matches for one another. Moreover, the results show that an accurate cubic polynomial

approximation to the exact channel reliability metric can be obtained in one of two ways.

First, by deriving the exact metric and subsequently performing a MMSE cubic approx-
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imation to this metric, as was described in Section4.5.2. Alternatively, a numerical ap-

proximation to the exact metric can be performed using the numerical approach described

by Procedure 4.1. The BER performance using the numerically approximated metric is

evaluated in the sequel.

BER performance comparison for the(10, 9)2 SPC BTC

The BER performance of the(10, 9)2 SPC BTC obtained over Nakagami-m channels with

m = 1/2, 1, and3/2 using the numerically approximated channel reliability metric, the

exact channel reliability metric and its cubic approximation are shown in FigureA.2. The

decoding of each component SPC code is carried out using the trellis-based MAP decoder

defined in [101], where the number of iterations are limited to two.
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Figure A.2: Comparison of(10, 9)2 SPC BTC performance using the numerically ap-
proximated channel reliability metric, the exact metric and its cubic approximation over

Nakagami-m fading channels when the parameterm is given by1/2, 1 and3/2.

The numerical results confirm that the use of the numerically approximated channel

reliability metrics result in BER performances which are comparable to the cubic approx-

imations to the exact metrics. Furthermore, both of these approximate metrics perform

close to the exact channel reliability metrics in all cases considered.
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Appendix B

Optimisation of Prefilter and

Cancellation Filter with Perfect

Knowledge of Error Variance

Let ΓU andΓD be two tall(Lw + Lh− 1)× (Lw + Lh− 1) windowing matrices given by

ΓU = diag
([

01×∆ 11×Ld
01×(Lw+Lh−Ld−∆−1)

]T
)

(B.1)

ΓD = ILw+Lh−1 − ΓU (B.2)

Furthermore, letHU andHD be two convolution matrices given by

HU = HΓU (B.3)

HD = HΓD (B.4)

Note that

H = HU + HD (B.5)

The prefilterw attempts to push the energy of the effective channel impulse response

into coefficients of the zero-padded desired impulse responsehd, which correspond to the

non-zero columns ofΓU. Hence, by definition the following equality holds

hd = ΓUhd (B.6)
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Since the purpose of the cancellation filterb, is to cancel residual ISI not contained in this

region, the following constraint is placed on the cancellation filter:

b = ΓDb (B.7)

This will ensure that only those terms corresponding to the residual ISI are cancelled.

Substituting (B.5) into (5.3), the vector of received channel outputsyk can be expressed

as

yk = HUxk + HDxk + vk (B.8)

Rearranging (5.7) in terms of (B.8), and noting thatek = xk − x̂k, the MAP equaliser

inputszk can be expressed as

zk = wHHUxk + wHHDxk + wHvk − bHxk + bHek (B.9)

Hence, the errorεk at the input to the turbo equaliser is given by

εk = hH
d xk − zk

= hH
d xk −

(
wHHUxk + wHHDxk + wHvk − bHxk + bHek

) (B.10)
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The MSE cost function for this problem can be expressed as

J = E
[|εk|2

]

= E
[(

hH
d xk −wHHUxk −wHHDxk −wHvk + bHxk − bHek

)
(
xH

k hd − xH
k HH

U w − xH
k HH

Dw − vH
k w + xH

k b− eH
k b

)]

= hH
d E

[
xkx

H
k

]
hd − hH

d E
[
xkx

H
k

]
HH

U w − hH
d E

[
xkx

H
k

]
HH

Dw

− hH
d E

[
xkv

H
k

]
w + hH

d E
[
xkx

H
k

]
b− hH

d E
[
xke

H
k

]
b

−wHHUE
[
xkx

H
k

]
hd + wHHUE

[
xkx

H
k

]
HH

U w + wHHUE
[
xkx

H
k

]
HH

Dw

+ wHHUE
[
xkv

H
k

]
w −wHHUE

[
xkx

H
k

]
b + wHHUE

[
xke

H
k

]
b

−wHHDE
[
xkx

H
k

]
hd + wHHDE

[
xkx

H
k

]
HH

U w

+ wHHDE
[
xkx

H
k

]
HH

Dw + wHHDE
[
xkv

H
k

]
w −wHHDE

[
xkx

H
k

]
b

+ wHHDE
[
xke

H
k

]
b−wHE

[
vkx

H
k

]
hd + wHE

[
vkx

H
k

]
HH

U w

+ wHE
[
vkx

H
k

]
HH

Dw + wHE
[
vkv

H
k

]
w −wHE

[
vkx

H
k

]
b

+ wHE
[
vke

H
k

]
b + bHE

[
xkx

H
k

]
hd − bHE

[
xkx

H
k

]
HH

U w

− bHE
[
xkx

H
k

]
HH

Dw − bHE
[
xkv

H
k

]
w + bHE

[
xkx

H
k

]
b

− bHE
[
xke

H
k

]
b− bHE

[
ekx

H
k

]
hd + bHE

[
ekx

H
k

]
HH

U w

+ bHE
[
ekx

H
k

]
HH

Dw + bHE
[
ekv

H
k

]
w − bHE

[
ekx

H
k

]
b + bHE

[
eke

H
k

]
b

(B.11)

It is assumed that the vector of transmitted symbolsxk, the AWGN vectorvk and the

error vectorek, are each independent and identically distributed. Hence, the MSE cost

functionJ simplifies to

J = hH
d hd − hH

d HH
U w − hH

d HH
Dw + hH

d b−wHHUhd

+ wHHUHH
U w + wHHUHH

Dw −wHHUb−wHHDhd

+ wHHDHH
U w + wHHDHH

Dw −wHHDb + σ2
V wHw

+ bHhd − bHHH
U w − bHHH

Dw + bHb + σ2
eb

Hb

(B.12)

Note the following observations

hH
d b = hH

d ΓU
HΓDb = 0 (B.13)

HUb = HΓUΓDb = 0Lw×1 (B.14)

HDhd = HΓDΓUhd = 0Lw×1 (B.15)

HUHH
D = HΓUΓD

HHH = 0Lw×Lw (B.16)

HDHH
U = HΓDΓU

HHH = 0Lw×Lw (B.17)
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Substituting (B.13)-(B.17) into (B.12), the MSE cost functionJ can be expressed as

J = hH
d hd − hH

d HH
U w −wHHUhd + wHHUHH

U w

+ wHHDHH
Dw −wHHDb + σ2

V wHw − bHHH
Dw + bHb + σ2

eb
Hb

(B.18)

Differentiating the cost functionJ with respect to the cancellation filterb and setting the

result to zero gives the following expression

∂J

∂b
= 2b− 2HH

Dw + 2σ2
eb = 0(Lw+Lh−1)×1 (B.19)

Rearranging (B.19), the cancellation filter coefficientsb can be expressed as

b =
1

1 + σ2
e

HH
Dw (B.20)

Similarly, differentiating the cost functionJ with respect to the prefilter coefficientsw

and setting the result to zero gives the following expression

∂J

∂w
= 2HUHH

U w + 2HDHH
Dw + 2σ2

V w − 2HUhd − 2HDb = 0Lw×1 (B.21)

Substituting (B.20) into (B.21) and rearranging, the prefilter coefficientsw can be ex-

pressed as

w =

(
HUHH

U +
σ2

e

1 + σ2
e

HDHH
D + σ2

V ILw

)−1

HUhd (B.22)

Hence, the prefilter coefficientsw and the cancellation filter coefficientsb can be ex-

pressed in terms of the vectorhd.

Let Rw be the inverse matrix in (B.22), i.e.,

Rw =

(
HUHH

U +
σ2

e

1 + σ2
e

HDHH
D + σ2

V I

)−1

(B.23)
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Substituting (B.20) and (B.22) into (B.18), the MSE cost function can be expressed as

J = hH
d hd − hH

d HH
U RwHUhd − hH

d HH
U RH

w HUhd + hH
d HH

U RH
w HUHH

U RwHUhd

+ hH
d HH

U RH
w HDHH

DRwHUhd − 1

1 + σ2
e

hH
d HH

U RH
w HDHH

DRwHUhd

+ σ2
V hH

d HH
U RH

w RwHUhd − 1

1 + σ2
e

hH
d HH

U RH
w HDHH

DRwHUhd

+
1

(1 + σ2
e)

2
hH

d HH
U RH

w HDHH
DRwHUhd +

σ2
e

(1 + σ2
e)

2
hH

d HH
U RH

w HDHH
DRwHUhd

= hH
d

[
ILw+Lh−1 −HH

U RwHU −HH
U RH

w HU + HH
U RH

w HUHH
U RwHU

+HH
U RH

w HDHH
DRwHU − 1

1 + σ2
e

HH
U RH

w HDHH
DRwHU + σ2

V HH
U RH

w RwHU

− 1

1 + σ2
e

HH
U RH

w HDHH
DRwHU +

1

(1 + σ2
e)

2
HH

U RH
w HDHH

DRwHU

+
σ2

e

(1 + σ2
e)

2
HH

U RH
w HDHH

DRwHU

]
hd

= hH
d

[
ILw+Lh−1 −HH

U RwHU −HH
U RH

w HU + HH
U RH

w HUHH
U RwHU

+
σ2

e

1 + σ2
e

HH
U RH

w HDHH
DRwHU + σ2

V HH
U RH

w RwHU

]
hd

= hH
d

[
ILw+Lh−1 −HH

U RwHU −HH
U RH

w HU

+HH
U RH

w

(
HUHH

U +
σ2

e

1 + σ2
e

HDHH
D + σ2

V ILw

)
RwHU

]
hd

= hH
d Rx/yhd

(B.24)

where the matrixRx/y is given by

Rx/y =

[
ILw+Lh−1 −HH

U

(
HUHH

U +
σ2

e

1 + σ2
e

HDHH
D + σ2

V I

)−1

HU

]
(B.25)

Following the unit-energy constraint approach of [20], the desired impulse responsed is

defined, such thatdTd = 1. The MSE cost function in (B.24) can be expressed as

J = dHR∆d (B.26)
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whereR∆ is theLd × Ld positive-definite matrix, given by

R∆ =
[
0Ld×∆ ILd

0Ld×(Lw+Lh−Ld−∆−1)

]
Rx/y




0∆×Ld

ILd

0(Lw+Lh−Ld−∆−1)×Ld


 (B.27)

Hence, the coefficients of the desired impulse responsed are given by the solution to the

well known eigenproblem [20]

R∆d = λd (B.28)

where the MMSE solution is obtained at the minimum eigenvalueλmin of the positive-

definite matrixR∆ and the optimum desired impulse responsed is the corresponding

eigenvector.

202



Appendix C

Additional Numerical Results for the

5-tap Minimum-Distance Channel

In Figure5.25of Section5.7, numerical results were reported comparing the performance

of a number of turbo equalisers over the MDC-5 channel. In the figure, the BER perfor-

mance curve of the linear MMSE turbo equaliser can be observed to change its shape

at Eb/N0 ≈ 8.5 dB. In this appendix, numerical results are presented that show that this

unusual change in shape can be mitigated by increasing the size of the channel interleaver.

The BER performance of a number of turbo equalisers over the MDC-5 channel are

presented in FigureC.1. The figure shows performance comparisons of the enhanced and

unmodified channel shortened turbo equalisers, the MAP-based turbo equaliser and the

linear MMSE turbo equaliser. As before, the enhanced channel shortened turbo equaliser

uses an SNR mismatch of−3 dB. The general simulation settings are given in Table5.1,

except for the channel interleaver size, which is increased from4096 to 32768. This

size of interleaver was considered in [16] and is often used when performing simulations

with the linear MMSE turbo equaliser. The filter structure within the linear MMSE turbo

equaliser is implemented withN = 31 filter coefficients.

The results of the simulations are similar to those that were observed in Figure5.25.

Once again the benchmark performance is achieved by the MAP-based turbo equaliser.

After 6 iterations, the linear MMSE turbo equaliser is approximately2.3 dB from the

MAP-based turbo equaliser at a BER of10−5. The linear MMSE turbo equaliser is ob-

served to outperform the unmodified channel shortened turbo equaliser at high BERs.

However, the unmodified channel shortened turbo equaliser and the linear MMSE turbo

equaliser are observed to have similar performance at a BER of10−5, with the difference

between the two being only0.1 dB. The performance of the enhanced channel shortened

turbo equaliser is approximately1.6 dB from the MAP-based turbo equaliser at a BER
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Figure C.1: BER performance comparison of various turbo equalisers over the MDC-5
channel, using a large interleaver.

of 10−5. This is a performance improvement of approximately0.7 dB with respect to the

unmodified channel shortened turbo equaliser.
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Appendix D

Numerical Results for the45-tap

Microwave Channel

This appendix is devoted to providing additional numerical results, which were omitted

from Chapter 5. Specifically, numerical results are presented for a highly dispersive real-

isation of a microwave channel obtained from [160]. Following the approach considered

in [122], a 45-tap section of this channel is considered, corresponding to the channel

samples98 to 142.

The simulations over the45-tap microwave channel are used to provide performance

comparisons between the enhanced and unmodified channel shortened turbo equalisers,

the linear MMSE turbo equaliser and the IC-based turbo equaliser. Due to complex-

ity constraints, it is not possible to provide simulation results for the MAP-based turbo

equaliser. Additional numerical results, not presented here, revealed that the optimum

performance the enhanced channel shortened turbo equaliser was achieved at a0 dB SNR

mismatch, i.e., the true variance of the AWGN must be assumed by the system’s MAP

equaliser. Hence, the enhanced channel shortened turbo equaliser benefits only from the

residual ISI cancellation.

The BER performance comparison of the considered turbo equalisers, over the con-

sidered45-tap microwave channel, is presented in FigureD.1. The coded AWGN perfor-

mance is also included in the figure to represent the ISI free case. The general simulation

settings are given in Table5.1. In the case of the linear MMSE turbo equaliser, the filter

structure within the linear MMSE turbo equaliser is again implemented withN = 31

filter coefficients. The IC-based turbo equaliser employs a31-tap linear equaliser during

its first iteration.

The simulation results presented in FigureD.1 show that the IC-based turbo equaliser

exhibits the worst performance of the considered turbo equalisers. The linear MMSE
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Figure D.1: BER performance comparison of various turbo equalisers over a highly-
dispersive45-tap microwave channel.

turbo equaliser is approximately2.75 dB from the ISI free performance at a BER of

10−5. The performance of the unmodified channel shortened turbo equaliser is approx-

imately 1.5 dB from the ISI free performance at a BER of10−5. This performance is

approximately1.25 dB better than the linear MMSE turbo equaliser. The enhanced chan-

nel shortened turbo equaliser outperforms its unmodified counterpart by approximately

0.75 dB at a BER of10−5. This BER performance is approximately0.8 dB from the

performance of the considered convolutional code over an AWGN channel.
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