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Abstract

There are an enormous number of physical phenomenons in this world that

appear to behave randomly but are not random: such as the bouncing ball

in a pinball machine or a physical device called the Galton board; a rock or

any object rolling or sliding down a mountainside or slope. This thesis inves-

tigates whether or not one can predict the further dynamics of such systems.

We formulate five Galton board models, also known as quincunx, and two

ski slope models. The discussion includes a brief description of the systems,

the important physical processes, the assumptions employed, the derivation

of the governing equations, and a comparison between the quincunx mod-

els and the ski-slope models. The quincunx models are converted into maps,

called quincunx maps, that enable a straight-forward analysis of the symbolic

dynamics of the maps. While Galton and others suggested that a small ball

falling through a quincunx would exhibits random walk; the results of the

symbolic dynamics analysis demonstrate that this is not the case. Regarding

our final aim of forecasting, we consider five examples of model-system pairs

and study how well the more sophisticated model(system) can be forecasted

with a simpler model. In reality one often faces the problem that the state

of a system is effected by noise. To test the performance of our models, we

apply the gradient descent of indeterminism (GDI) shadowing filter to the

quincunx models and the ski slope models. We investigate the quality of the

estimated states and their usability for forecasting. Quite surprising is that

there are unexpected cases in which the better state estimates gives worse

forecast than the worse state estimates. But the GDI shadowing filter can

successfully be applied to the quincunx models and the ski slope models only

with slight modification, that is, by introducing the adaptive step-size to

ensure the convergence of indeterminism. Finally, a very simple method is

proposed to determine the states of the quincunx models from just the knowl-

edge of the pin hits and the time of the impacts. The method is implemented

along with the modified GDI shadowing filter.

ii



Contents

1 Introduction 1

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Historical background . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Basic terminology . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.4 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

I Modelling Galton boards and ski slopes 9

2 The quincunx models 11

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Previous studies and related problems . . . . . . . . . . . . . . 14

2.3 Modelling Galton board . . . . . . . . . . . . . . . . . . . . . 16

2.3.1 Free falling of ball between pins . . . . . . . . . . . . . 17

2.3.2 Impact on a pin . . . . . . . . . . . . . . . . . . . . . . 18

2.3.3 Coefficient of restitution . . . . . . . . . . . . . . . . . 20

2.3.4 Rebound velocity . . . . . . . . . . . . . . . . . . . . . 24

2.3.5 Stick, slip and roll of ball on a pin . . . . . . . . . . . . 26

2.4 Five quincunx models . . . . . . . . . . . . . . . . . . . . . . . 30

2.5 The algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.6 The limitations of the models . . . . . . . . . . . . . . . . . . 32

2.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3 The ski-slope models 37

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37



iv Contents

3.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3 Formulation of the models . . . . . . . . . . . . . . . . . . . . 38

3.4 The equations of motion . . . . . . . . . . . . . . . . . . . . . 42

3.4.1 Derivation of the governing equations . . . . . . . . . . 42

3.4.2 The governing equations . . . . . . . . . . . . . . . . . 43

3.4.3 Are the two models identical? . . . . . . . . . . . . . . 44

3.5 Comparison between the ski-slope and

quincunx models . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.6 The limitations of the ski-slope models . . . . . . . . . . . . . 48

3.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

II Investigating the quincunx models as maps 51

4 The investigation of quincunx models using maps 53

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.2 Symbolic dynamics . . . . . . . . . . . . . . . . . . . . . . . . 54

4.3 The quincunx maps . . . . . . . . . . . . . . . . . . . . . . . . 55

4.4 Experiments: Results and discussions . . . . . . . . . . . . . . 57

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5 Forecasting model against model 75

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.2 Experiments: Results and discussions . . . . . . . . . . . . . . 75

5.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

III State estimation and forecasting using shadow-
ing filter 85

6 The gradient descent of indeterminism shadowing filter 87

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

6.2 Conceptual background . . . . . . . . . . . . . . . . . . . . . . 88

6.3 Shadowing filter by gradient descent of indeterminism . . . . . 89

6.4 Approaches to computing the adjoint product . . . . . . . . . 92

iv



Contents v

6.4.1 Direct numerical approximation . . . . . . . . . . . . . 93

6.4.2 Analytic and semi-analytic calculations . . . . . . . . . 93

6.4.3 λI-approximation . . . . . . . . . . . . . . . . . . . . . 93

6.5 Definitions of measured quantities . . . . . . . . . . . . . . . . 95

6.6 The implemented algorithm . . . . . . . . . . . . . . . . . . . 95

6.7 The windowing test . . . . . . . . . . . . . . . . . . . . . . . . 96

6.8 State estimation: Results and discussions . . . . . . . . . . . . 98

6.9 Forecasting . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.10 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

7 Adaptive step-size for a shadowing filter 107

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

7.2 Why do we need adaptive step-size? . . . . . . . . . . . . . . . 108

7.3 The implementation . . . . . . . . . . . . . . . . . . . . . . . 109

7.3.1 Choice of adaptive factor . . . . . . . . . . . . . . . . . 109

7.3.2 The initial step-size . . . . . . . . . . . . . . . . . . . . 111

7.4 Results and discussions: Adaptive step-size versus fixed step-size111

7.4.1 State estimation . . . . . . . . . . . . . . . . . . . . . . 111

7.4.2 Sequential state estimation . . . . . . . . . . . . . . . . 114

7.4.3 Quincunx model . . . . . . . . . . . . . . . . . . . . . 114

7.4.4 Ski-slope model . . . . . . . . . . . . . . . . . . . . . . 115

7.4.5 Forecasting . . . . . . . . . . . . . . . . . . . . . . . . 115

7.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

8 Determining the states of a quincunx model 121

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

8.2 Application to a quincunx model . . . . . . . . . . . . . . . . 121

8.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

9 Conclusion 127

9.1 Summary of results . . . . . . . . . . . . . . . . . . . . . . . . 127

9.2 List of new ideas, results and contributions . . . . . . . . . . . 129

Appendices 133

v





Acknowledgement

I would like to express my gratitude to all those who gave me all the help to

complete this thesis. First and foremost, I am deeply indebted to my super-

visors, Kevin Judd and Thomas Stemler, for their time, effort and patience

in providing the guidance, encouragement and enthusiasm during the chal-

lenging course of this degree. I should also take this opportunity to gratefully

acknowledge all the supporting staffs in the University of Western Australia

for their assistance throughout my study, either directly or indirectly.

I am heartily thankful to my family, especially my parents, for their end-

less support, patience and prayers through all these years. Not to forget, my

beloved wife, Sali.

This thesis would not have been possible without the scholarship from

the Malaysian Government, under the Ministry of Higher Education.

It is a pleasure to thank all my friends in Perth for their friendship and

helping hands which made my stay in Perth more enjoyable, meaningful and

memorable.

Lastly, I offer my regards and blessings to all of those who supported me

in any respect during the completion of the project.

Thank you all!





Chapter 1

Introduction

1.1 Introduction

According to Edward Lorenz in his book The Essence of Chaos [34], the

term chaos refers to processes that are not random but look random, that

is, the systems that appear to proceed according to chance even though

their behaviors is in fact determined by deterministic dynamical laws. Some

examples of such processes are the bouncing ball in a pinball machine, the

tumbling of a rock on a mountainside, or the breaking of waves on an ocean

shore. Further investigation on the long term behaviour of such systems will

unveil the presence of recurrence patterns, which are in contradiction with

the random assumption. In this thesis, we will study two systems that look

random but are not random, namely the bouncing ball in Galton board and

an object sliding down a ski slope.

The organization of this chapter is as follows. The following section pro-

vides some historical background of Galton board. Section 1.3 offers some

definitions of basic terminologies and concepts that will be used in the re-

mainder of this thesis. The final section outlines the content of the thesis,

and gives a brief introduction to each chapter.
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1.2 Historical background

Francis Galton (1822-1911) was an explorer, geneticist, meteorologist and

statistician. He was not a mathematician. He used experiments and me-

chanical devices to illustrate principles and as tools to gain insights. One

of his most significant works is the book Natural Inheritance [14], which

provides foundations for some important principles in statistics.

A Galton board is a device invented by Galton, that consists of a vertical

board with rows of pins, and a funnel. Physically, a Galton board looks like

a pinball machine, although the pins or obstacles in a pinball machine can be

arranged in any formation. A more complete description of a Galton board

will be provided in Chapter 2. A Galton board was constructed in 1873 and

was first publicly demonstrated at the Royal Institute in February 1874 [45].

It is now part of the Galton Collection at the University College London

(UCL) Museum. In earlier experiments with the Galton Board, the funnel

was filled with beans, pillets or millet grains [31]. Therefore, it was formerly

known as a bean machine, but today it is usually referred to as a Galton board

or a quincunx. Nowadays quincunx usually can be found in museum exhibits

of science and technology. It is often a classroom and textbook demonstration

of probability theory, Brownian motion and statistical mechanics [21].

In Galton’s own words (the following quotes are from Natural Inheri-

tance), when “lead shot is dropped into the device it scampers deviously down

through the pins in a curious and interesting way; each of them darting a

step to the right or left, as the case may be, every time it strikes a pin.”

One original purpose of this device is to illustrate the Law of dispersion,

or central limit theorem, in that the cascade of shot issuing from the fun-

nel broadens as it descends, and when collected at the compartments at the

base, approximates a Binomial or Normal distribution. Galton explains this

as follows:

The principle on which the action of the apparatus depends is, that

a number of small and independent accidents befall each shot in

its career. In rare cases, a long run of luck continues to favour

the course of a particular shot towards either outside place, but in

2
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the large majority of instances the number of accidents that cause

Deviation to the right, balance in a greater or less degree those

that cause Deviation to the left. Therefore most of the shot finds

its way into the compartments that are situated near a perpendic-

ular line drawn from the outlet of the funnel, and the Frequency

with which shots stray to different distances to the right or the left

of that line diminishes in a much faster ratio than those distances

increase.

Many modern statisticians view the quincunx in a similar way. The internet

abounds with so called simulations of the quincunx that are not simulations

of the mechanical device, but simply simulations of a Binomial process or

random walk. However, some recent studies have indicated that the Galton

board is not an example of a random walk, but is better described as a

nonlinear dynamical system which exhibits chaotic behaviour [23, 31, 35, 42].

The discussion of the Galton board not as a random walk will be discussed

in Section 4.4, where numerical simulations of all models show that nowhere

in the parameter range of reasonably realistic parameters is the behaviour of

the models consistent with the independence assumption.

1.3 Basic terminology

Chaos can occur in a mathematical dynamical system which is determin-

istic, is recurrent, and exhibit sensitive dependence on its initial states or

conditions. Chaos describes a system that is predictable in principle, but

unpredictable in practice. In other words, although the system follows de-

terministic rules, its time evolution appears random. Chaos is the property

that characterises a dynamical system for which most orbits exhibit sensi-

tive dependence. Sensitive dependence is the rapid, exponential-on-average,

separation of the trajectories of nearby states with time.

A dynamical system is completely defined by a state and an evolution

operator, which takes the state at some time to the state at a future time.

The system, in contrast to a model as defined later, can be identified as the

3



4 Chapter 1. Introduction

thing under study or being forecast. The details of the system are unknown,

except in a perfect model scenario. The system can be thought of as reality.

It is not necessary that the system can be expressed in a closed mathematical

form.

In random or stochastic dynamics, the future state is not entirely de-

termined by the current state. A typical, classic example that often serves

as a paradigm of randomness is a coin tossing. In this system, knowing

the outcome of the previous toss will not improve one’s chances of guessing

the outcome of the next toss correctly. In a deterministic system, only one

thing can happen next, that is, its evolution is governed exactly by a set of

equations. In other words, randomness implies a lack of determinism.

A linear system is a system in which alterations in an initial state will

result in proportional alterations in any subsequent state. A nonlinear sys-

tem is a system in which alterations in an initial state need not produce

proportional alterations in subsequent states.

A model is a representation or approximation of mathematical dynami-

cal system under study. In practice the model is always imperfect, and an

approximation of the system. The model is usually implemented as a contin-

uous flow, or a discrete time map of state space. A mathematical dynamical

system is of interest due to its own dynamics or the fact that its dynamics

are reminiscent of those of a physical system.

A variable of a system is a feature that can vary as time progresses. A

state is a point in state space that completely defines the current condition of

the system or model. Parameters are quantities in our models that represent

and define certain characteristics of the system modelled and are generally

held fixed as the model state evolves.

The state space is the set of all possible states of a dynamical system,

in which each point in the space completely specifies the state, or condition,

of a dynamical system. That is, each state of the system corresponds to a

unique point in the state space. Phase space is a hypothetical space having

as many dimensions as the number of variables needed to specify a state of

a given dynamical system. The coordinates of a point in phase space are a

set of simultaneous values of the variables.

4
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The perfect model scenario (PMS) is the unrealisable situation where the

model and system are identical as dynamical systems, that is, the system

being observed has known dynamics. In this scenario there is a truth, which

when known, allows the model to provide a perfect forecast of all future

states of the system. The PMS arises when the model we are using admits

the same mathematical structure as the system that generates the observa-

tions. A useful mathematical trick is to use a model in hand to generate the

artificial data, and then pretend to forget that we have done so and analyse

the artificial data using our model and tools. We may not know the true

state nor the value of the model parameter but there is a set of such values

that are ’correct. Outside pure mathematics, the perfect model scenario is

a fiction. Arguably, there is no perfect model for any physical dynamical

system. [38, 41].

A map is a dynamical system whose variables are defined only for discrete

values of time. A mapping is often governed by a set of difference equations.

A flow is a dynamical system in which time is continuous. A flow is often

governed by a set of differential equations.

Noise on a measurement is a source of random observational uncertainty.

The idea is that there is a true value we are trying to measure, and re-

peated attempts provide numbers that are close to it but not exact. Noise

of measurements is what we blame for the inaccuracy or inexactness of our

measurements or observations of the state of the system. Dynamical noise,

which is intrinsic to the system, is anything that interferes with the sys-

tem, changing its future behaviour from that of the deterministic part of the

model. A mathematical model of noise is used in the attempt to account

for whatever is cast as real noise. Observational uncertainty is measurement

error, that is, uncertainties due to the inexactness of any observation of the

state of the system.

Data assimilation or state estimation is a process that obtains a state of a

model from observations of the system. The observations may be incomplete

or inaccurate. An analysis is a state of the model obtained by assimilation

of observational data into the model. In the perfect model scenario it is an

estimate of truth. Otherwise, it is just a state that is hoped will provide

5
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good forecasts.

An orbit or a trajectory is a temporal sequence of states of the model that

evolve one into next, usually, either continuously in time, or as states equally

spaced in time. In the study of dynamical system, an orbit or trajectory

is a collection of points related by the evolution function of the dynamical

system. For discrete dynamical system, the orbits are sequences, for contin-

uous dynamical system the orbits are curves. A pseudo-orbit is a discrete

temporal sequence of states that is almost, but not quite, a trajectory, that

is, each state almost evolves, or maps, into the next state. A periodic orbit

is an orbit that exactly repeats its past behaviour after the passage of a fixed

interval of time. The period is the number of iterations or the interval of time

between successive repetitions of a state in a periodic orbit. A nonperiodic

orbit is an orbit where any sufficiently close repetition of a past state is of

temporary duration; an orbit that is neither periodic nor almost periodic.

Shadowing is often defined as a relationship between two perfectly known

models with slightly different dynamics, where one can prove that one of

the models will have some trajectory that stays near a given trajectory of

the other model. A dynamical system may also be said to shadow a set of

observations when it can produce a trajectory that might well have given rise

to those observations given the expected observational noise; a shadow is a

trajectory that is consistent with both the noise model and the observations.

A shadowing trajectory is a temporal sequence of states that are a trajec-

tory and remain close to some target sequence of states, usually a sequence of

analyses. A shadowing pseudo-orbit is a temporal sequence of states that are

a pseudo-orbit and remain close to some target sequence of states, usually a

sequence of analyses.

1.4 Outline

In Part I of this thesis, we begin with the formulation of five quincunx models

and two ski-slope models. The models will be used in the later experiments.

In Chapter 2, the main aim is to construct plausible models of a Galton

board with reasonably realistic assumptions about all the important physical

6
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processes. We introduce five models of a physical device called that is the

original Galton board. We provide a brief description of the device and a

literature review from previous studies of Galton boards and related physical

systems. The important physical processes involved in the simulations are

discussed. We define five models of Galton board, called quincunx models,

that are of increasing complexity. The assumptions employed and the deriva-

tion of the governing equations for each model are provided. We highlight

the differences, present algorithms implemented to simulate the models and

outline the limitations of the five models.

In Chapter 3, we discuss two continuous, low dimensional ski-slope mod-

els that have been introduced by Lorenz [34]. We develop the two models

including the assumptions employed and the derivation of the governing equa-

tions for each model. We compare the ski-slope models and the quincunx

models in Chapter 2, focussing on some of the similarities and differences

between them. We conclude the chapter by discussing some limitations of

the ski-slope models.

In Part II of this thesis, we investigate the quincunx models as maps. In

Chapter 4, the quincunx models are converted into three-dimensional and

four-dimensional maps, called quincunx maps, that is, discrete-time deter-

ministic dynamical systems. After a short overview on the symbolic dy-

namics, we employ a straight-forward analysis of symbolic dynamics of the

quincunx maps to establish that the Galton board displays chaos, rather

than random or stochastic behavior. We present our results and give some

examples of periodic orbits for Model 1 and Model 2.

In Chapter 5, our aim is to address the following issues. Using the as-

sumption that the more complex models can act as the system and the less

complex models as the forecasting model, we perform ’twin-experiments’ by

considering a number of system-model pairs to study how well can this type

of complex system (more sophisticated model) be forecast with an imperfect

model (simpler model). Another aim of this chapter is to investigate whether

the different models have significantly different behaviour.

In Part III of this thesis, we investigate the state estimation and fore-

casting of the quincunx models and two ski-slope models using a shadowing

7
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filter.

In Chapter 6, we present an application of the gradient descent of inde-

terminism (GDI) shadowing filter to the quincunx models and the ski-slope

models. We introduce a shadowing filter using GDI and discuss its important

features. The results of the application of the filter to the quincunx models

and the ski-slope models are presented and discussed. We study the quality

and assess the performance of the estimated states and their usability for

forecasting. We investigate in particular the unexpected rare cases in which

the GDI shadowing filter does not give better forecasts.

The motivation of this chapter is to see if a GDI shadowing filter can

successfully be applied to the quincunx models and the ski-slope models. We

are only concerned with the perfect model scenario, that is, the system under

study has known dynamics, that are identical to the model. We restrict our

attention to deterministic models, that is, the models whose dynamics do

not involve any random elements, and only observations are influenced by

random effects, or measurement noise.

Chapter 7 introduces adaptive step-size to the GDI shadowing filter. The

new adaptive step-size approach is designed to ensure convergence of in-

determinism during each iteration. We also discuss some analysis of the

performance of GDI shadowing filter using adaptive step-size and a compar-

ison with the performance of GDI shadowing filter using fixed step-size. We

present several simulations that show the improvement of shadowing filter

by using adaptive step-size.

In Chapter 8, we introduce a method to determine the states of the quin-

cunx models and the ski-slope model without full state observations. The

method is implemented along with the shadowing filter using GDI with adap-

tive step-size, which has been discussed in the Chapter 7. We discuss the

application of the method to one of the quincunx models. Limitations of the

method are also discussed.

8
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Chapter 2

The quincunx models

2.1 Introduction

In this chapter, we introduce five models of a physical device called the

Galton board. In the first section we provide a brief description of the device.

Section 2.2 is a literature review from previous studies of Galton boards and

related physical systems. The important physical processes involved in the

simulations are discussed in Section 2.3. We define five models of Galton

board that are of increasing complexity. The assumptions employed and the

derivation of the governing equations for each model are given. We highlight

the differences between these models and the models discussed in Section

2.2. Finally, we present an algorithm implemented to simulate the models

and outline the limitations of the five models.

The main aim of this chapter is to formulate plausible models of Galton

board with reasonably realistic assumptions about all the important physical

processes.

What is a Galton board?

Galton board, also referred to as quincunx, is a mechanical device which con-

sists of two parallel, vertical planes, between which are many horizontal rows

of equally spaced pins, pegs, nails, or scatterers with alternate, interleaved

rows offset by half the pin spacing. The pins are arranged on a board in a
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hexagonal array or staggered order; see Figure 2.1 and 2.2. Figure 2.1 shows

the schematic drawings of the Galton board, which can be found in his book,

Natural Inheritance [14]. Figure 2.2 shows a photo of the original device.

In the middle of the top of the machine there is a funnel into which small

lead balls are poured, and at the bottom a row of narrow rectangular bins

or compartments to collect the balls. The Galton board is now part of the

Galton Collection at the University College London (UCL) Museum. More

information on Galton board can be in found in the literature [6, 14, 32, 46].

Figure 2.1: The Galton board as illustrated by Galton in Natural Inheritance
[14].

12



2.1. Introduction 13

Figure 2.2: The original Galton board. The instructions for the use of the
Galton board were written by Galton above and to the right of the device.

13
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2.2 Previous studies and related problems

In this section we present some of other studies that are related to Galton

board. We will not explicitly treat these possible applications in this thesis.

We offer them only as motivation and background for studying the Galton

board. We present a brief review on several previous quincunx models which

have been developed.

Bouncing-ball

The bouncing-ball problem, in which a ball collides inelastically with a si-

nusoidally moving table, is an example of discrete dynamical system [16]. It

is regarded as one of the simplest physical systems that can produce chaotic

motion [49]. The problem which has been studied extensively [7, 8, 9], has

an element in common with the Galton board problem, in that it involves

inelastic collisions of balls between the free flights of balls.

Lorentz gas

The Lorentz gas, is similar to a purely elastic, infinite Galton board when

gravity is absent. Moreover, numerical simulations of the Galton board has

previously been employed as models of percolation and transport phenomena

[21, 36]. These models are not what we intend to do as we are only interested

in the ball bouncing down in Galton board, which will not happen without

gravity.

Previous quincunx models

There are a number of publications on quincunx models, which are con-

structed for different purposes. This section provides brief discussion of these

models.

Impact is a complex phenomenon that occurs when two or more bodies

collide with each other. We consider an impact as consisting of a phase

where the shape of each body is deformed, and a phase where the shape of

14
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each body is completely or partially restored. A typical way of modelling an

impact is using a coefficient of restitution.

The coefficient of restitution e is a measure (expressed as a real number

between 0 and 1) of the elasticity of the collision between the ball and the

pins. The closer e is to 0 the more inelastic the collision is. In general, there

are two components of restitution, namely the normal and the tangential

coefficient of restitution, denoted as eN and eT respectively. The idea of

restitution will be discussed in detail in Section 2.3. In all quincunx models,

the collisions between the balls and the pins are considered instantaneous.

Arthur and Howard (1993) studied theoretically the phase flow and sta-

tistical structure of the Galton board systems [35]. The collisions between

the ball and the pins are assumed to be inelastic and is quantified by the co-

efficient of restitution in the normal direction to the pin surface which takes

the values between 0 and 1, and eT = 0.

Bruno, Calvo and Ippoloto, (2003) investigated Galton boards using phys-

ical experiments with polystyrene balls and numerical simulations [4]. The

collisions are considered to be inelastic with normal and tangential restitu-

tion coefficients. They assumed eN = 0.8 and 0 < eT < 1. For simplicity,

they did not take into account the rotation of the balls.

Kozlov and Mitrofanova (2003) studied the properties of the balls’ dis-

tribution over the compartments of the Galton board. They investigated

the dependency of the variance of this distribution on three parameters: the

coefficient of the restitution; the pin’s radius; the variance of the normal

distribution of the initial condition [31].

Judd (2007) assumed that the collisions between pins and ball are inelas-

tic, and ignored rotational motion of the ball [23]. It is assumed that if the

magnitude of the incident velocity is too low, a ball will stick to the pin then

roll off without slipping. The dynamics of this model will be discussed in

detail later in this chapter.

Chernov and Dolgopyat(2008) considered the collisions as totally elastic

and neglected the spin of the ball [5]. In their model, the pins are convex

obstacles (pins) positioned periodically on the board and satisfying the finite

horizon condition, that is, the ball cannot move in any direction indefinitely

15
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Table 2.1: A summary of the assumptions employed in the previous quincunx
models. Note that the radius refers to the combined radius of ball and pin.
COR means coefficient of restitution. The bracket [,] indicate the interval of
values considered.

Arthur et al. Bruno et al. Kozlov et al. Judd
(1993) (2003) (2003) (2007)

Collision Inelastic Inelastic Inelastic Inelastic

Dimension 2 2 2 2

COR (eN) [0, 1] [0, 1] [0.1, 1] [0.4, 0.8]

COR (eT ) 1 [0, 1] 1 [0.4, 0.8]

Radius 0.25 [0.2, 0.3] [0.1, 1.5] [0.2, 0.3]

Stick No No No Yes
and roll

Spin No No No No

without meeting a pin.

There are some other similarities between these models, namely the as-

sumption that Galton board can be modelled as a two-dimensional model

and that there is no rotational motion of balls. Table 2.1 summarises the

similarities and differences in terms of the assumptions that have been used

in the formulation of these models. Chernov’s model is not included in the

table as it was too simple and unrealistic.

2.3 Modelling Galton board

This section offers a detailed description of the characteristics and assump-

tions of the quincunx models used in this thesis. Three main phases need to

be considered: free falling of ball between pins; the ball’s impact and rebound

16



2.3. Modelling Galton board 17

on a pin; stick, slip and roll of ball on a pin.

Our models will be formulated based on Galton’s descriptions and pho-

tographs of the device that can be found in his book [14] and Figure 2.2.

In the description of the original Galton board, Galton states that there is

about a quarter of an inch between the front glass sheet and the back board.

In the models, the front glass sheet and the back board are assumed to be

frictionless. The lead ball Galton used appears to be only slightly smaller

than the gap between the planes. Therefore, we neglect the three-dimensional

structure and consider dynamics in a two-dimensional plane, similar to the

models which have been discussed in the previous section.

The pins of the Galton board are arranged in horizontal rows with pins

equally spaced a distance H apart, rows spaced a distance V apart vertically,

and every other row offset horizontally by H/2. Each pin then has four

neighbours, the five pins to form a cross arrangement called quincunx, like

the dots on the five face of a dice.

Galton appears to choose V/H = 1, and H and V around half an inch.

Therefore, throughout this thesis, we use H = 1.27 cm and H = V .

The lead ball is assumed to be spherical and the pins are assumed to be

cylindrical. Therefore, the impact between a ball and pin occurs when the

centre of the ball is a distance R from the centre of a pin, that is, R is the

combined radius of lead ball and pin. In the original Galton board, R is

approximately around 0.25 cm. In this study, the range 0.2 ≤ R ≤ 0.3. will

be considered.

The impacts between the lead ball and the pin are assumed to be instanta-

neous but inelastic. It is assumed that there is no air resistance, or retarding

from impacts with the vertical walls, and vertical gravitational acceleration

g = 981 cm/s2.

2.3.1 Free falling of ball between pins

On the Galton board, we introduce an orthogonal coordinate system with

the x-axis horizontal and the y-axis vertical as shown in Figure 2.3. Let

(x(t), y(t)) represents the position of the centre of mass of a ball in the plane

17



18 Chapter 2. The quincunx models

of the Galton board at the time t. The motion of the lead ball, or the

translation of the centre of the ball in free falling, obeys Newton’s second

law of motion. The fall of the ball is governed by

d2

dt2
(x(t), y(t)) = (0,−g) (2.1)

Solving the equations by integration, the motion of the ball can be analyti-

cally described by

(x(t), y(t)) = (x0 + vx(0)t, y0 + vy(0)t−
1

2
gt2) (2.2)

with the instantaneous velocity

(vx(t), vy(t)) =
d

dt
(x(t), y(t)) = (vx(0), vy(0)− gt) (2.3)

where (x0, y0) is the initial position of the centre of the ball at t = 0 and

(vx(0), vy(0)) is the initial velocity. Each of the velocity components refers

to the velocity of the ball’s centre of mass. Note that the vertical position,

y(t) is expressed by a quadratic form, which implies that the free flight of

the centre of the ball traces a parabolic curve as shown in Figure 2.3.

2.3.2 Impact on a pin

If a pin is situated at (p, q), then impact occurs when

(x(t)− p)2 + (y(t)− q)2 = R2. (2.4)

Note that Eq. (2.4) is quartic in t, and can be solved by closed formulae to

find the time of impact t∗. The incident velocity can then be computed using

Eq. (2.3).

The further motion of the ball will be investigated using the following

method. Firstly, a coordinate system fixed to the pin is introduced. The

origin is at the impact point and its axes are the tangential axis T and the

normal axis N to the surface of the pin at the point as shown in Figure 2.4.

18



2.3. Modelling Galton board 19

Figure 2.3: An example of motion of a ball that traces a parabolic curve. N
and T are the normal and tangential axis to the contact point, respectively,
and θ is the angle from the horizontal through the centre of the pin (p, q) to
the contact point. R is the combined radius of the ball and the pin.

19
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The incident velocity is defined with respect to this coordinate system by the

following relation,

vN = vx cos θ − vy sin θ,

vT = vx sin θ + vy cos θ,

where vN is the normal velocity and vT is the tangential velocity. Next, the

formula to compute the rebound velocity is considered. Finally, the system is

returned to its original orientation coordinate system and the time of impact

is reset to 0. This method is repeated for the following impacts until the ball

exits the device.

2.3.3 Coefficient of restitution

The coefficient of restitution, denoted here by e, is a non-dimensional param-

eter that characterises the amount of energy dissipation due to the change of

shape (deformation and restitution). It ranges from zero to unity. A value

of e = 1, corresponds to totally elastic collision where the ball’s energy does

not change. The other extreme case, e = 0, corresponds to totally inelastic

impact for which the ball sticks to the pin.

Various models for e have been proposed [1, 2]. In this section, we discuss

three proposed models for e that will be used in the formulation of our

quincunx models.

Restitution Model 1: Newton’s Model

The first model had its origins in the work of Newton [47]. He defined the

coefficient of restitution as a constant given by

e = −v′N
vN

(2.5)

where v′N and vN are the normal rebound and incident velocities, respectively.

It is important to highlight that Newton’s model is only defined in terms of

the normal velocity. He suggested that e is independent of the size and the

relative colliding speed of materials. However, it should be pointed out that

20



2.3. Modelling Galton board 21

Figure 2.4: A ball colliding with a pin. An incident velocity v with incidence
angle ϕ from the normal axis at the contact point z is scattered off a pin.
The rebound velocity v’ make an angle ϕ′ relative to the normal axis. The
angle θ is the angle from the horizontal through the centre of the pin (p, q)
to the contact point z.

21



22 Chapter 2. The quincunx models

some authors use the magnitude of the velocity instead of normal velocity

but their definitions are correct as stated because they consider only the case

of head-on collisions between two spheres.

Restitution Model 2: Coefficient of normal and tangential restitu-

tion

Some authors have considered that the deformation and restitution phase of

the colliding materials can also occur during the impact in the tangential

direction. A second model is derived from this assumption. The normal and

tangential coefficients of restitution are defined as constants

eN = −v′N
vN

, (2.6)

eT =
v′T
vT

, (2.7)

where v′T and vT are the tangential component of the rebound and incident

velocities, respectively [9]. Once again, this is assuming that the restitution

is independent of collision speed.

Restitution Model 3: Incident velocity dependent coefficient of

restitution

Since the introduction of e in the classical experiment by Newton in 1687,

e had been believed to be a material constant. As a result, many impact

experiments were carried out to measure e of various materials. In general,

however, experimental studies show that e is not a constant but depends on

the impact velocity [15, ?, 48]. Hodgkinson carried out impact experiments

of various kinds of materials and measured e against some impact velocities

[?]. Goldsmith, in his text book [15], showed the dependence of e on the im-

pact velocity for various materials. Generally, e decreases as impact velocity

increases. Figure 2.5 shows the coefficient of restitution as a function of in-

cident velocity for spheres of the same size and different materials [15]. Note

that the velocity is given in feet/second. Lead balls were used in a Galton’s

quincunx. To simplify our numerical simulations, the normal coefficient of

22



2.3. Modelling Galton board 23

Figure 2.5: A graph of coefficient of restitution as a function of incident
speed for colliding objects with same size and different materials. 1Foot =
30.48 cm. Source: Goldsmith Goldsmith [15].
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restitution is approximated by fitting a curve to the experimental data from

the graph; we obtain a good fit with

eN(vN) = 0.2 +
0.7

(1 + 3
2
vN)

. (2.8)

In this model, the tangential coefficient of restitution eT is the same as Eq.

(2.7), as in Restitution Model 2. The physical unit for (vN is cm/s. The Eq.

(2.8) is the result of this thesis.

More detailed discussion on coefficient of restitution can be in found in

the literature [1, 2, 15, ?, 40, 48]. However, to the best of our knowledge,

there is no model in the literature that consider the assumption of having an

inelastic collision e << 1.

2.3.4 Rebound velocity

Previous quincunx models we have discussed all assumed that there is no

rotational motion of the ball. However, influence of the angular velocity on

the trajectory of the ball is significant as it represents the rotational energy

term in the principle of conservation of energy.

The computation of the rebound velocity depends on the model of the

coefficient of restitution used and whether the rotational motion is taken into

account or not. The following four models will be used in the computation

of the ball’s rebound velocity.

Rebound Model 1: Restitution Model 1 without rotational motion

The physics assumptions imply that when a ball impacts a stationary pin

the rebound velocity of the ball makes the same angle with the normal at

the contact point as the incident velocity (ϕ = ϕ′ as shown in Figure 2.3). If

t∗ is the time of an impact, z = (x(t∗), y(t∗))T , v = (vx(t
∗), vy(t

∗))T , and the

impact is at the pin whose centre is r = (p, q)T , then it can be shown [23]

that the rebound velocity is

v´ = e
(
v − 2

(z − r)Tv

(z − r)T (z − r)
(z − r)

)
, (2.9)
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2.3. Modelling Galton board 25

or in the normal-tangential coordinate system

v′N = −evN = −e(vx cos θ − vy sin θ), (2.10)

v′T = evT = e(vx sin θ + vy cos θ). (2.11)

Rebound Model 2: Restitution Model 2 without rotational motion

Substituting Restitution Model 2 into Eq. (2.9), the normal and tangential

rebound velocity of the ball is

v′N = −eNvN = −eN(vx cos θ − vy sin θ), (2.12)

v′T = eTvT = eT (vx sin θ + vy cos θ). (2.13)

Rebound Model 3: Restitution Model 2 with rotational motion

The following derivation follows the work of Cross [9]. Let ω and ω′ be the

incident and rebound angular velocity, respectively. In theory, the friction

force f acting on the ball results in a change in its tangential velocity, vT

and its angular velocity, given respectively, by

f = −m
dvT
dt

, (2.14)

fRb = −I
dω

dt
, (2.15)

where m is the ball mass, Rb is the ball radius, I = αmR2
b is the moment of

inertia of the ball about its center of mass and α =
2

5
(for a solid sphere).

By integrating Eqs. (2.14) and (2.15) with respect to time, and assuming

that the normal reaction force on the ball acts through its center of mass,

we obtain using conservation of angular momentum about the contact point

that

Iω +mRbvT = Iω′ +mRbv
′
T . (2.16)

25
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Note that since the rotational motion is taken into account, the definition of

the tangential coefficient of restitution eT is

eT =
v′T −Rbω

′

vT −Rbω
. (2.17)

Then by solving Eqs. (2.6), (2.16) and (2.17) simultaneously, it can be shown

that the rebound normal, tangential and angular velocity are given respec-

tively, by

v′N = −eNvN , (2.18)

v′T =
(1− eTα)vT

(1 + α)
+

α(1 + eT )Rbω
′

(1 + α)
, (2.19)

ω′ =
α− eT
1 + α

ω +
1 + eT
1 + α

vTω

Rb

. (2.20)

In our simulation of Model 3, Model 4 and Model 5, the ball radius Rb is

assumed to be 0.1 cm smaller than the combined radius of the ball and the

pin, that is Rb = R − 0.1. Although the collision is assumed to be inelastic,

the magnitude of the changes of the balls’ form are ignorable. Therefore, in

our experiment, the radius of the pin is fixed to 0.1 while the ball radius is

fixed to Rb.

Rebound Model 4: Restitution Model 3 with rotational motion

In this model, the computation of the rebound velocity is given by Eqs.

(2.18)-(2.20), but the term for the coefficient of normal restitution, eN in Eq.

(2.18) is substituted by Eq. (2.8).

2.3.5 Stick, slip and roll of ball on a pin

Another important element in the modelling of the impact phase is the cri-

terion or the condition used to establish whether the ball rebounds, or sticks

and rolls, or slips after the impact with the pin. Inelastic collision can result

in the lead ball bouncing repeatedly on a pin with exponentially decreasing

velocity. It will be assumed that if a sticking condition is satisfied, then the
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Figure 2.6: A ball on a pin, where f is the friction force, N is the reaction
force and ω is the angular velocity. Rb and Rp are the ball and pin radius,
respectively.
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ball sticks to pin, and rolls. Consequently, the following important issues

need to addressed: sticking conditions; rolling phase and separation velocity.

Sticking conditions

In this study, the following two models for sticking condition will be consid-

ered:

Sticking Model 1: The magnitude of rebound velocity (the speed of the

ball after rebounding)is less than a threshold value S = 10−3 cm/s, following

Judd [23].

|v´| < 10−3 cm/s. (2.21)

Sticking Model 2: We introduce a more realistic condition as the second

condition, that is, the magnitude of the normal rebound velocity (the normal

component of the ball’s speed after rebounding)is less than S.

|v′N | < 10−3 cm/s. (2.22)

This condition is more realistic than the previous condition in Sticking Model

1 because the ball will stick to a pin if its speed (that is, the magnitude of

normal component of the rebound velocity) when bouncing on the pin is

sufficiently low.

Rolling phase

If a ball sticks to a pin, there are two models that will be considered for

rolling and separation phase:

Rolling Model 1: The ball sticks to the pin and rolls without slipping,

until it separates.

If the angle θ0 is the angle from the horizontal through the centre of the

pin (p, q) to the sticking point (x(t∗), y(t∗)) = R(cos(θ0), sin(θ0)) and if it

is assumed that the ball rolls without slipping and leaves the pin when the
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reaction force N = 0 (see Figure 2.6), then it can be shown [43] that the

point of separation occurs at the angle θs where

sin(θs) =
10

17
sin(θ0) (2.23)

and speed Vs which is given by

V 2
s =

10

17
gR sin(θ0). (2.24)

The separation velocity is given by

Vs(sin(θs),− cos(θs)) (2.25)

being tangent to the pin at the final point of contact

(xs, ys) = R(cos(θs), sin(θs)). (2.26)

The details of the derivations of the formula are given in the Appendix.

Rolling Model 2: The ball sticks to the pin, slides and then roll on the pin

until it separates.

The frictional force acts on the ball in the direction opposite to the motion

of the ball’s centre of mass, given by

f = µmg cos(θ) (2.27)

as indicated in Figure 2.6, where µ is the coefficient of sliding friction for lead.

We chose µ = 0.2, as given in the standard Coefficient of Friction Table (can

be found in engineering handbook [11]).

As sliding friction acts to reduce the horizontal velocity vT , it is assumed

that the ball would commence rolling if at some point the condition Rpθ̇ =

Rbω is satisfied, where Rp is the pin radius [7]. Newton’s law in this situation

requires that the torque Iω̇ = fRb [19]. By solving these two equations we
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obtain the angle where the ball starts rolling, θr, given by

θ̇2 = −10g

7R
(sin(θr)− sin(θ0)). (2.28)

The separation velocity is given by Eq. (2.25) as in Rolling Model 1, where

θ0 = θr.

If the condition Rpθ̇ = Rbω is not satisfied, then the ball will slide on

the pin until it separates. By substituting Eq. (2.27) into Eq. (3) in the

Appendix, it can be shown that the point of separation occurs at the angle

θs where

θ̇2 =
2(µ− 1)g

R
(sin(θs)− sin(θ0)). (2.29)

The algorithm for Rolling Model 2 can be summarised as follows:

1. Compute θ0, θr and θs.

2. If θ0 < π/2 and θr < θs, or, θ0 > π/2 and θr > θs, then the ball

will slide until it separates. Compute the separation velocity using Eq.

(2.29).

3. If θ0 < π/2 and θr > θs, or, θ0 > π/2 and θr < θs, then the ball

will roll after initial period of sliding, until it separates. Compute the

separation velocity using Eq. (2.25) as in Rolling Model 1.

2.4 Five quincunx models

Model 1 is a modification of Judd’s model [23]. The only adjustment is,

we choose V = 1.27 cm as it appears that this is the correct value, based

on a photograph of the original Galton board in Figure 2.2. Apart from

that, all assumptions from Judd’s model such as no rotational motion, no air

resistance, stick and roll without slipping, are employed in Model 1. The five

models are of increasing complexity, formulated by a combination of different

restitution, rebound, sticking and rolling models. For example, Model 2

uses Restitution Model 2 and Sticking Model 2, Model 3 introduces angular

velocity, Model 4 employs Rolling Model 2 and Model 5 introduces a velocity
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Table 2.2: A summary of the assumptions of five introduced quincunx mod-
els.

Model 1 2 3 4 5

Restitution Model 1 2 2 2 3

Spin No No Yes Yes Yes

Rebound Model 1 2 3 3 4

Sticking Model 1 2 2 2 2

Rolling Model 1 1 1 2 2

dependent coefficient of restitution. Table 2.2 and Table 2.7 summarise the

five models in terms of the assumptions used and the governing equations.

2.5 The algorithm

Numerical simulation of the models with the assumptions given in Section

2.3 is straightforward for a finite set of pins with centres (pi, qi). Figure 2.8

shows the steps in calculating the trajectory of a ball in a quincunx model.

Iteration of the following algorithm is sufficient:

1. Given (x0, y0) and (vx(0), vy(0)) compute the real zeros of the quartic

polynomial Eq. (2.4) for (p, q) = (pi, qi) for each i, where the index i

refers to the pin index. Let t∗i be the smallest real and positive solution,

setting t∗i = ∞ if no real and positive zeros. If t∗i = ∞ for all i, then

the ball has exited at the bottom of the device.

2. Let t∗ = mini t
∗
i . Compute the rebound velocity by using the ap-

propriate rebound model and (p, q) = (pi, qi) for which the minimum

t∗ occurs. If the magnitude of the rebound velocity (or the normal

component of the rebound velocity, depending on which sticking con-

dition is used), then set (vx(0), vy(0)) to the rebound velocity and
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Figure 2.7: A summary of the equations of five introduced models.

(x0, y0) = (x(t∗), y(t∗)) from Eq. (2.2).

3. If the sticking condition is satisfied, the ball sticks and rolls, in which

case use Eq. (2.23) and Eq. (2.24) to compute (x0, y0) = (xs, ys) and

(vx(0), vy(0)) = vs.

Figure 2.9 shows a typical simulation of Model 1, computed numerically

using the above algorithm.

2.6 The limitations of the models

Every model is imperfect. No matter how good the assumptions used in the

modelling process are, the model will never duplicate the real system. In this

section, we highlight some of the shortcomings of the introduced five models.

A major limitation of our quincunx models is that the dynamics of the

models is considered in a two-dimensional plane. It should be pointed out

that friction with the glass and wooden plate cannot be totally avoided,

especially after collisions with not perfectly two-dimensional obstacles [4].
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Figure 2.8: The flow chart to show the processes involved in computing a
trajectory of a ball in a quincunx model.
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Figure 2.9: Simulated ball paths of Model 1 with H = V = 1.27 cm, the
combined radius of ball and pin R = 0.26 cm and the coefficient of restitution,
e = 0.4. The circle represent the combined radius of lead ball and pin and
the line represent the paths of the ball’s centre of mass.
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A minor limitation of the models is that we have neglected the effect of air

resistance in the formulation of the five models. It is believed that, for short

flight time, the magnitude of air resistance to be very small and negligible.

Moreover, an accurate measurement of the air resistance is expected to be a

very difficult task [12].

2.7 Conclusion

In this chapter, five quincunx models that are of increasing complexity have

been introduced. Despite the fact that there are some limitations such as

the ignorance of the friction with the glass and the wooden plate, and the

absence of air resistance, we believe that these models are plausible with

reasonably realistic assumptions about all the important physical processes.

The five models that have been introduced in this chapter will be studied

in the remainder of this thesis. For example, the investigation of the chaotic

properties of the models using symbolic maps are discussed in Chapter 4.

The discussion on the state estimation and forecasting aspects of these five

models using a shadowing filter are provided in Chapter 6.
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Chapter 3

The ski-slope models

3.1 Introduction

The previous chapter developed five models for the quincunx device, which

is a discrete low dimensional nonlinear dynamical system. In this chapter,

we discuss two continuous, low dimensional ski-slope models that have been

introduced by Lorenz [34]. In the first section we provide some literature

review. We develop the two models including the assumptions employed

and derive the governing equations for each model. We then make some

comparison between the ski-slope models and the quincunx models of the

previous chapter and underline some of the similarities and differences be-

tween them. We conclude this chapter by discussing some limitations of the

ski-slope models.

3.2 Background

To the best of our knowledge, there have been only two studies investigating

the motion of a skier on a ski-slope. The two published results are discussed

in the following paragraphs.

Lorenz may have been the first to model the motion of skiers on ski-

slopes. In his book, The Essence of Chaos, he introduces the ski-slope model

[34], where he considers the motion of sled and board on a ski-slope. He
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formulated the governing equations of motion, and discussed the assumptions

employed in the modelling process. He presented some discussions on several

chaotic properties of the ski-slope, including several common features of a

low dimensional nonlinear dynamical system such as the bifurcations and

the attractor of the system.

Egger [13] presented a microscopic model where the humps are assumed

to be generated by the action of individual skiers and the tracks of the skiers

are modified by the humps in a nonlinear process. The model reproduces

many of the observed features of mogul fields, in particular, regular patterns

which do not occur in a linear version of the model. He demonstrated that

the generation of regular hump patterns at ski slopes can be achieved with

a model of relatively low complexity. In his model, a skier is able to keep

his course against gravity and to make turns. Mini humps and holes are

generated at every turn which then evolve into regular hump patterns.

Lorenz was more interested in chaotic motion on slopes with prescribed

regular hump patterns but not in the formation of these moguls while in

Egger’s model, humps are generated by the action of many individual skiers

which in turn affect the tracks of the skiers.

3.3 Formulation of the models

We reproduce the Lorenz’s model, in which the focus is on the motion of

a board sliding down a ski-slope. To simplify our mathematical model, we

will employ some assumptions. As have been described by Lorenz [34], the

motion of a board on a ski slope is considered as a scattering by smoothly

rounded moguls. It is assumed that the ski slope has plenty of round moguls.

The moguls are assumed to be physically similar and are uniformly spaced.

Unlike in Egger’s model, we ignore that the humps are generated and altered

by the action of the skiers. We instead will prescribe a fixed topography for

the mogul. Figure 3.1 shows an example of a real-world ski slope and Figure

3.2 shows an oblique view of a cross section of a ski slope. Both figures are

taken from Lorenz [34].

It is assumed that the motion of the board will be governed by the action
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Figure 3.1: Moguls of a real-world ski slope. (Source: Lorenz [34]).
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Figure 3.2: A schematic oblique view of the ski-slope model.

of three forces. The first force is the gravity force which is directed vertically

downward. The second force is the friction force, which directed against

the velocity. The third force is the force that the slope exerts against the

board, which directed normal to the slope’s surface(that is, right angles to

the slope), and opposing the effect of gravity to just the extent needed to

keep the board sliding instead of sticking to the slope or taking off into the

air [34]. The forces diagram is shown in Figure 3.3

For convenience, we choose an oversimplified law of friction, by letting

the resistance be directly proportional to the speed of the board, that is,

increasing the speed will increase the resistance at an identical rate. We

define the damping time as the ratio of the speed to the rate at which friction

is slowing the speed; and its reciprocal is the coefficient of friction. It will

be convenient to let the damping time be constant. Hence, the coefficient of

friction is a constant too.

We assume that all other forces such as air resistance can be neglected

because it is unlikely to have much qualitative effect on the motion of the

board.
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Figure 3.3: A forces diagram. Note that the direction of arrows represent
the direction of the forces, but the length of the arrows does not represent
the magnitudes of the forces. The triangle represents the cross-section of the
slope.
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3.4 The equations of motion

3.4.1 Derivation of the governing equations

The following derivation follows Lorenz [34]. The equations describing the

motion of a board on a ski-slope follow from the Newton’s Second Law of

Motion: the board’s acceleration is equal to the sum of the forces acting on

the board, per unit mass. Suppose X, Y, Z are the downslope, cross-slope,

and normal (to the slope) distances, respectively, U, V,W are velocity com-

ponents in the downslope, cross-slope and normal (to the slope) directions,

respectively, r is the coefficient of friction, and H(X,Y ) is the height of the

slope above some horizontal reference plane. The distances are measured in

metres while the velocities are measured in metres/second. The equations of

motion of the board are then

dX

dt
= U, (3.1a)

dY

dt
= V, (3.1b)

dZ

dt
= W, (3.1c)

dU

dt
= −F

∂H

∂X
− rU, (3.1d)

dV

dt
= −F

∂H

∂Y
− rV, (3.1e)

dW

dt
= −Mg + F − rW, (3.1f)

where M is the mass ratio of skier over board (in Section 3.4.2 onwards, we

take M = 1), F is the vertical component of the force of the slope against

the board and g is the acceleration of gravity,g = 9.81m/s2. Since

Z = H(X,Y ), (3.2)

on the slope, it follows that

W = U
∂H

∂X
+ V

∂H

∂Y
, (3.3)
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and

dW

dt
= −∂H

∂X

(
F
∂H

∂X
+ rU

)
− ∂H

∂Y

(
F
∂H

∂Y
+ rV

)
+

(
∂2H

∂X2
U2 + 2

∂2H

∂X∂Y
UV +

∂2H

∂X2
V 2

)
, (3.4)

eliminating W and
dW

dt
, gives

F =
g + ∂2H

∂X2U
2 + 2 ∂2H

∂X∂Y
UV + ∂2H

∂X2V
2

1 +
(
∂H
∂X

)2
+
(
∂H
∂Y

)2 . (3.5)

3.4.2 The governing equations

We now define a four-dimensional ski-slope model as follows. Suppose r is

chosen to be r−1 = 2s, and H(X, Y ) is given by

H = −aX − b cos(pX) cos(qY ). (3.6)

To be specific we choose in our numerical computation that 2π/p = 10.0m,

2π/q = 4.0m , a = 0.25m and b = 0.5m. Note that h, the height of a moguls

above a neighbouring pit is 2b. From Eqs. (3.1)-(3.5) it follows that Eq.

(3.1) can be reduced to the following set of governing equations of motion:

dX

dt
= U, (3.7a)

dY

dt
= V, (3.7b)

dU

dt
= −F

∂H

∂X
− rU, (3.7c)

dV

dt
= −F

∂H

∂Y
− rV, (3.7d)

The four-dimensional ski-slope model can be converted into a three-dimensional

model, by dividing the expressions for the time derivatives of Y, U and V in
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44 Chapter 3. The ski-slope models

Eqs. (3.7b)– (3.7d) by U :

dY

dX
=

V

U
, (3.8a)

dU

dX
= −F

U

∂H

∂X
− r, (3.8b)

dV

dX
= −F

U

∂H

∂Y
− rV

U
. (3.8c)

Note that in this three-dimensional ski-slope model, X acts as the indepen-

dent variable. Figure 3.4 shows twenty typical simulated paths, computed

numerically using the Eqs. (3.7a)–(3.7d) above.

3.4.3 Are the two models identical?

As noted before, the governing equations of motion for the three-dimensional

model are obtained by dividing the governing equations of motion for the the

four-dimensional model by the horizontal velocity U . It is therefore required

that U ̸= 0, which implies that the motion of a board in the three-dimensional

model has no turning points. That is, in the four-dimensional model, a skier

may go uphill but this cannot be allowed to happen in the three-dimensional

model as going uphill implies that the skier will have to turn downhill at

some points.

The three-dimensional model is almost equivalent to the four-dimensional

model, except that the three-dimensional model is only for the cases where

the board moves continually down the slope. This excludes, for example,

situations where the board becomes trapped in a pit.

3.5 Comparison between the ski-slope and

quincunx models

What are the similarities and differences between the ski-slope models and

the quincunx models in Chapter 2? This section will address this question.

A quincunx model is a map, that is, a dynamical system whose variables

are defined only for discrete values of time, while a ski-slope is a flow, that
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Figure 3.4: Twenty typical simulated paths, computed numerically using the
Eqs. (3.7a)–(3.7d), where the diamonds represent the centre of the moguls.
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46 Chapter 3. The ski-slope models

is, a dynamical system whose variables are defined for continuously varying

values of time and is governed by a set of differential equations. Note also

that the numerical integration of an ordinary differential equations implies a

discretisation in time of the system, making it arguably a map.

The moguls or humps in a ski-slope model can be considered to be like

the pins in the quincunx models, but the presence of the moguls or humps

will not provide the same effect as the pins in the quincunx models. Unlike a

Galton board, a ski slope has no obstacle to block any board sliding down it,

that is, the board may slide over the top of a mogul. Therefore, the moguls

do not play the role of obstacles like the pins in the Galton board. To see

the difference, refer to Figure 3.5 and Figure 3.6.

One noticeable contrasting feature between them is that when a skier

approaching a hump straight ahead, he can move over the top, as shown

Figure 3.5 (in the rectangle) and not rebounding like the lead ball in a Galton

board. However, in the four-dimensional model, a skier approaching a hump

obliquely can be deflected similar to a lead ball bouncing off a pin although

the angle of deflection may not be identical.

It can be shown that in the limit of the moguls becomung taller, steeper,

and norrower, they begin to resemble the pins of the quincunx. Thus in

some kind of limit the ski-slope approaches the behaviour of Model 1 of

quincunx. Like the quincunx model, the ski-slope models are not mathe-

matically bounded since X and Y may increase without limit. They can be

converted into compact dynamical systems, which will be discussed in Chap-

ter 4. A compact system is dynamical system in which every orbit posseses a

limit set, that is, a set that is approached by an orbit, and does not contain

a smaller set approached by the orbit.

Finally, the ski-slope models, like the quincunx models, would have to be

infinitely long, (conceptually if not physically) to provide a perfect example

of chaos. This is because the chaotic behaviour ceases after the last pin

is struck (for quincunx models) or after the last mogul or hump (for ski-

slope models). In an infinitely long model, any change in direction of the

ball (quincunx models) or the board (ski-slope models) say a millionth of a

degree would then have the opportunity to amplify beyond ten degrees.
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Figure 3.5: Example of a trajectory of the ski-slope model.
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Figure 3.6: Example of a trajectory of the quincunx model.
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3.6 The limitations of the ski-slope models

In this section, we discuss several limitations of the introduced models. Be-

sides the air resistance mentioned in Section 3.3, which have been discussed

briefly in Section 2.6, there are at least a couple more possible refinements

that can be done to further improve the models.

Firstly, the ski-slope model would be more realistic if the friction force

were made to be proportional to the force of the slope against the board.

For example, when the board is nearly taking off, presumably because it is

shooting over a mogul, the frictional effect will be greatly reduced. The as-

sumption that the force of friction is proportional to velocity is convenient,

but is quite controversial due to its oversimplicity. In has been shown that

in some experiments, that it is a plausible assumption, at least as an approx-

imation [3].

Another noticeable limitation of the models is that they do not deal with

sliding objects of various sizes and shapes. Therefore, if a skier sliding down

a slope using a slightly longer board, will not give any difference in terms of

the trajectory. We treat the board as if it is a single particle, and disregard

the flexibility of the real boards and the variability of their orientations.

Lastly, as have been noted in Section 3.4.3, the three dimensional model

describes the cases where the skier goes downhill only.

3.7 Conclusion

In this chapter, we have introduced a three-dimensional and a four-dimensional

continuous time nonlinear dynamical ski-slope models. One important differ-

ence between these two models is that the three-dimensional model describes

the cases where the skier goes downhill only. In general, the ski-slope models,

can be regarded as the continuous or smoother versions of the quincunx mod-

els, which have been developed in the previous chapter. Finally we indicated

how these models might be improved, such as by taking into account the sizes

and the physical dimensions of the sliding object (board) and assuming the

friction force to be proportional to the force of the slope against the board.
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Both ski-slope models which have been introduced in this chapter will be

discussed in the remainder of this thesis. For example, Chapter 4 will discuss

the investigation on the chaotic properties of the models by using symbolic

dynamics. The models will be used in Chapter 6 to examine the performance

of a GDI shadowing filter in flows.
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Chapter 4

The investigation of quincunx

models using maps

4.1 Introduction

In Chapter 2, we have constructed five deterministic models of the Galton

board of increasing complexity, using Galton’s original device as a guide for

our parameters. One advantage we have over Galton is that it is now easy

to construct a plausible computer simulation and we can simulate a variety

of physical properties without constructing a physical device[23, 31].

In this chapter, we convert the quincunx models into three-dimensional

and four-dimensional maps, called a quincunx map. Without making de-

tailed analysis of the dynamics and bifurcations of the quincunx map, we

employ a straight-forward analysis of symbolic dynamics to the quincunx

maps. Symbolic dynamics is used (over bifurcation or traditional analysis)

to distinguish between deterministic and stochastic trajectories since it eas-

ily unveils the presence of recurrence patterns which do not occur in random

time series.

The aim of this chapter is to establish that the Galton board displays

chaos, rather than random or stochastic behavior. This is important as the

direction of this thesis is state estimation and forecasting. Recent studies

show that the dynamics of a system can be exploited to make better predic-
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tions and forecasts [22, 24, 26, 27, 29].

The organization of the chapter is as follows. In Section 4.2, we provide a

brief overview of symbolic dynamics: its history and literature, applications,

and basic definitions, concepts and examples. We then define the quincunx

map. The results of the simulations of the quincunx maps for all models are

presented and discussed. Some examples of stable periodic orbits for Model

1 and Model 2 are provided.

4.2 Symbolic dynamics

Symbolic dynamics is a powerful tool to analyse dynamical systems. The

idea is as follows. Consider a point following a trajectory in a space. Divide

the space into a finite number of partitions. Each partition is associated by

a different symbol. We obtain a symbolic trajectory by writing down the

sequence of symbols corresponding to the successive partitions visited by the

point in its orbit. This idea can be explained in the following example. The

most complete description of a map like

xn+1 = f(xn) (4.1)

where x ∈ [0, 1], would require the knowledge of the entire set xi, i = 0, 1, . . .

for all possible initial choices of x0. Using symbolic dynamics, we divide the

space, that is the interval [0, 1] into several partitions and label each partition

each partition by a symbol say, A, B, and so on. Replacing each number xi

by the symbol of the partition which it visits, every set xi will become a

sequence of symbols. It is clear that different sets of xi may correspond to

one and the same sequence of symbols. [18]

In 1938, Morse and Hudland, in their paper [37], describes the subject of

symbolic dynamics as follows.

The method used in the study of recurrence and transitivity fre-

quently combine classical differential analysis with a more abstract

symbolic analysis. This involves a characterization of the ordi-

nary dynamical trajectory such that the properties of recurrence
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and transitivity of the dynamical trajectory are reflected in anal-

ogous properties of its symbolic trajectory.

Although symbolic dynamics evolved as a tool to analyse general dynam-

ical systems, the techniques and ideas have found significant applications in

data storage and transmission [33], and a variety of continuous systems such

as hyperbolic diffeomorphism and maps of an interval [51].

The idea of symbolic dynamics is most powerful when the partition is

chosen to be a generating partition, that is, when the assignment of the

symbol sequence to trajectories is almost always unique [20]. However, the

method we use here does not uniquely define a path as it would with a

generating partition. An example will be provided in the next section.

4.3 The quincunx maps

To analyse the quincunx we do not need to simulate of complete Galton

board as in Figure 2.1. We can convert the quincunx device into a compact

dynamical system. This technique has been employed before by Judd [23].

Consider five pins arranged in a quincunx cross pattern, with the pins centred

at (−H/2, 0), (H/2, 0), (0,−V ), (−H/2,−2V ), (H/2,−2V ), and a rectan-

gular box with corners at the centres of the four outer pins, as illustrated in

Figure 4.1. The idea is to follow a ball through this box and if the ball exits

the box, then reposition it on the opposite boundary. The formulation of

this map requires only a slight modification of the algorithm given in Section

2.5. Simply compute the times when x(t) = H/2, x(t) = −H/2, y(t) = 0

and y(t) = −2V . If any of these times occur before an impact with any

pin, then this means the ball exits the box and we should reset x(t) or y(t)

appropriately.

We define a three-dimensional discrete-time dynamical system as follows.

Suppose x is the horizontal position, y is the vertical position, u is the hor-

izontal velocity and v is the vertical velocity. The state is (x, u, v), where

|x| < H/2 − R and v < 0, which is taken to be the initial state position

and velocity of a ball on the top boundary of the box (y = 0). Then follow
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Figure 4.1: A quincunx map.
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the ball, repositioning when necessary, if it exits through the vertical side

or top of the box, until it exits through the bottom of the box. The new

state is taken from the position and velocity at its exit. We need to take into

consideration that the ball may exit upward through the top of the box; in

which we reposition but do not consider the next exit from the bottom as a

state change, because a state change only occurs when the ball descends to

a lower level. We call the three-dimensional discrete-time dynamical system

defined above as the quincunx map. Note that for Model 3, Model 4 and

Model 5, the quincunx maps will be four-dimensional dynamical system be-

cause these models take into account the angular velocity w. Note that the

ski-slope models can also be converted into ski-slope maps using a similar

modification as given above, but replacing the pins with the mogul tops.

The quincunx map allows quick and compact analysis of a quincunx de-

vice. Consider labelling states of the quincunx map according to the number

of times a shot path passes through a side-wall or not as it descends from

the top to exit at the bottom of the box. The label is an integer: 0 if the

shot path does not pass through a side wall, otherwise the label is the sum

of the integers, +1 for each time the shot path passes through the right wall,

and −1 for each time the shot path passes through the left wall. Therefore,

a trajectory gives a sequence of symbols. However, the sequence we use here

does not uniquely define a path as it would with a generating partition. For

example, a symbol sequence 0 may represent at least two type of trajectories;

a shot that passes through the left wall and then passes through the right

wall after colliding with another pin (in which the symbol is -1 + 1 = 0), like

Figure 4.4, or a shot that does not pass through a side wall (in which the

symbol is 0) like Figure 4.5.

4.4 Experiments: Results and discussions

Table 4.2 shows the parameter values used in the experiments. Figure 4.3

shows an example of a stable periodic orbit that occurs for Model 1 where

e = 0.42 and R = 0.21 cm. The stable periodic orbit passes through the

right wall and then passes through the left wall after colliding with another
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Figure 4.2: A summary of the parameter values in the experiment.

pin. According to the symbolic dynamics we introduced it is a type 0 orbit.

Figure 4.4 shows an example of periodic orbit that occurs for Model 2 where

eN = 0.43, eT = 0.2 and R = 0.26 cm. The periodic orbit passes through the

left wall and then passes through the right wall after colliding with another

pin. It is another example of a type 0 orbit. Figure 4.5 is an example

of periodic orbit that occurs for Model 2 where eN = 0.45, eT = 0.2 and

R = 0.21 cm. The periodic orbit descends to a lower level without passing

through the side of the box. It is also a type 0 orbit. Figure 4.6 shows

an example of periodic orbit that occurs for Model 1, where e = 0.49 and

R = 0.27 cm. The periodic orbit passes through the left side of the box

and passes through the left side of the box again after bouncing on another

pin. According to the symbolic dynamics we introduced it is a type -2 orbit.

Figure 4.7 shows an example of periodic orbit that occur for Model 1, where

e = 0.49 and R = 0.29 cm. The periodic orbit passes through the left side

of the box and passes through the left side of the box again after bouncing

on another pin. It is another example of a type -2 orbit. In general, the

quincunx map has complex dynamics. There are varieties of stable periodic

orbits, which can display multiple impacts and ricocheting between pins, and

vertical motion with, or without, passing through the side walls.

Note that in this experiment, we do not consider the distribution in bins

at the bottom of the device, like Galton did in his experiment. As stated pre-

viously, our aim is to establish if random walk is a good model for quincunx.
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Figure 4.3: Here is shown an example of a periodic orbit that occur for Model
1 where e = 0.42 and R = 0.21 cm. The periodic orbit passes through the
right wall and then passes through the left wall after colliding with another
pin. According to the symbolic dynamics we introduced it is a type 0 orbit.
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Figure 4.4: Here is shown an example of a periodic orbit that occur for Model
2 where eN = 0.43, eT = 0.2 and R = 0.26 cm. The periodic orbit passes
through the left wall and then passes through the right wall after colliding
with another pin. According to the symbolic dynamics we introduced it is a
type 0 orbit.
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Figure 4.5: Here is shown an example of a periodic orbit that occur for Model
2 where eN = 0.45, eT = 0.2 and R = 0.21 cm. The periodic orbit descends
to a lower level without passing through the side of the box. According to
the symbolic dynamics we introduced it is a type 0 orbit.
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Figure 4.6: Here is shown an example of a periodic orbit that occur for Model
1, where e = 0.49 and R = 0.27 cm. The periodic orbit passes through the
left side of the box and passes through the left side of the box again after
bouncing on another pin. According to the symbolic dynamics we introduced
it is a type -2 orbit.
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Figure 4.7: Here is shown an example of a periodic orbit that occur for Model
1, where e = 0.49 and R = 0.29 cm. The periodic orbit passes through the
left side of the box and passes through the left side of the box again after
bouncing on another pin. According to the symbolic dynamics we introduced
it is a type -2 orbit.
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The importance of using the symbol sequence here is to note that under the

Binomial random assumption, (the assumption that shot paths involve inde-

pendent left or right motions), then half of the symbols in any sequence are

expected to be zeros, that is, the fraction of zeros equals to 0.5. This can

be explained as the following. Under random walk assumption, when a ball

enters the box, it goes to the right or left of centre pin with probability 0.5.

Those that go to the left of centre pin go to the right or left of the bottom

left pin with probability 0.5; those that go to the right pin go to the right or

left of the bottom right pin with probability 0.5. Therefore, the probability

of -1 is 0.25, the probability of +1 is 0.25 and the probability of 0 is 0.5.

Figure 4.8 illustrates this explanation.

Figure 4.8: The probability of the direction of a ball entering a box, under
random walk assumption. The dotted rectangle represents the box.

Figures 4.9 – 4.12 shows the computed fraction of zeros in symbols se-

quences for various R and e values, for the first four models. Figure 4.13

shows computed fraction of zeros in symbols sequences for various R val-
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Figure 4.9: Fraction of zeros in symbolic sequences versus coefficient of resti-
tution e for various ball-pin radii R for Model 1. In each case calculated
from a sequence of 1000 symbols, where the initial state was (x, u, v) =
(H/2−R/4, 0, 0) with the first 100 symbols ignored to avoid transients. The
thick horizontal line at 0.5 indicates the expected fraction of zeros under
the Binomial Random assumption, the thin horizontal lines represent the
2σ deviations from the expected 0.5 value, and the dashed horizontal lines
represent the 3σ deviations from the expected 0.5 value.
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Figure 4.10: Fraction of zeros in symbolic sequences versus normal coefficient
of restitution eN for various ball-pin radii R for Model 2. Recall that Model
2 is similar to Model 1, except that it assumes two component of restitution.
In each case calculated from a sequence of 1000 symbols, where the initial
state was (x, u, v) = (H/2 − R/4, 0, 0) with the first 100 symbols ignored
to avoid transients. The thick horizontal line at 0.5 indicates the expected
fraction of zeros under the Binomial Random assumption, the thin horizontal
lines represent the 2σ deviations from the expected 0.5 value, and the dashed
horizontal lines represent the 3σ deviations from the expected 0.5 value.
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Figure 4.11: Fraction of zeros in symbolic sequences versus normal coefficient
of restitution eN for various ball-pin radii R for Model 3. Recall that Model
3 is similar to Model 2, except that it takes spin into consideration. In each
case calculated from a sequence of 1000 symbols, where the initial state was
(x, u, v, w) = (H/2−R/4, 0, 0, 0) with the first 100 symbols ignored to avoid
transients. The thick horizontal line at 0.5 indicates the expected fraction
of zeros under the Binomial Random assumption, the thin horizontal lines
represent the 2σ deviations from the expected 0.5 value, and the dashed
horizontal lines represent the 3σ deviations from the expected 0.5 value.
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Figure 4.12: Fraction of zeros in symbolic sequences versus normal coefficient
of restitution eN for various ball-pin radii R for Model 4. Recall that Model
4 is similar to Model 3, except that it assumes that the ball may roll if it
sticks. In each case calculated from a sequence of 1000 symbols, where the
initial state was (x, u, v, w) = (H/2−R/4, 0, 0, 0) with the first 100 symbols
ignored to avoid transients. The thick horizontal line at 0.5 indicates the
expected fraction of zeros under the Binomial Random assumption, the thin
horizontal lines represent the 2σ deviations from the expected 0.5 value, and
the dashed horizontal lines represent the 3σ deviations from the expected 0.5
value.
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Figure 4.13: Fraction of zeros in symbolic sequences versus R for Model
5. Recall that Model 5 is similar to Model 4, except that it assumes the
restitution is dependent on the incident velocity. In each case calculated
from a sequence of 1000 symbols, where the initial state was (x, u, v, w) =
(H/2 − R/4, 0, 0, 0) with the first 100 symbols ignored to avoid transients.
The thick horizontal line at 0.5 indicates the expected fraction of zeros under
the Binomial Random assumption, the thin horizontal lines represent the
2σ deviations from the expected 0.5 value, and the dashed horizontal lines
represent the 3σ deviations from the expected 0.5 value.
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ues for Model 5. (Remember that the coefficient of restitution for Model

5 is velocity dependent). In each case fraction of zeros are calculated from

a sequence of 1000 symbols, where the initial state was (x, u, v) = (H/2 −
R/4, 0, 0) with the first 100 symbols ignored to avoid transients. (Note that

the calculation of the error bars in the Figures 4.9 – 4.12 is not done due

to some computational restrictions.) The horizontal line at 0.5 indicates the

expected fraction of zeros under the Binomial Random assumption, as as-

sumed by Galton and other many modern statisticians. When the fraction

is 0 or 1 the quincunx map has a stable periodic orbit similar to those shown

in Figure 4.6. In Figure 4.9 and Figure 4.10 we can see that these periodic

behaviours punctuate parameters ranges where the fraction of zeros is non-

integer, which may correspond to longer or more complex periodic orbits or

chaotic behaviours. The results are consistent with the idea of sensitivity

to initial conditions. This is a typical behaviour of nonlinear deterministic

systems that exhibit chaos [23].

The expected variability of the mean of 0.5 for the random walk can

be computed form well established theory. The random walk has a binomial

sequence with zero having probability p = 0.5. Therefore, the expected value

of the fraction of zeros in 1000 trials (n = 1000) is (n ∗ p)/n = 0.5, and the

standard deviation of the fraction is σ =
√

np(1− p)/n = 0.016. It can be

observed from the figures that the results demonstrate that in most cases, the

fraction of zeros is less than 0.5, that is, the distribution of observed symbols

is not consistent with a Binomial Random assumption. It is also important to

point out that most fractions of zeros calculated are well outside the 2σ and

3σ regions. Simulations of the models show that nowhere in the parameter

range of reasonably realistic parameters is the behaviour of the quincunx

maps consistent with the Binomial Random assumptions.

As stated before, under the Binomial random assumption, that is, the

assumption that shot paths involve independent left or right motions, then

the fraction of zeros should be around 0.5. A fraction less than 0.5 implies a

Platykurtic distribution that is broader than Binomial or Gaussian, while a

fraction higher than 0.5 implies a Leptokurtic distribution, that is a peaked

distribution(Refer Figure 4.14). Photographs of Galton’s original quincunx
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and other similar modern Galton board which can be found nowadays, ap-

pear to obtain Platykurtic distributions [23]. Results of the simulation for

all models suggest that the Platykurtic distribution is the more common be-

haviour of the quincunx in the parameter ranges we have considered, which

we believe are the closest to the original Galton board.

Figure 4.14: A .

It can also be noted from inspection of the paths in the Figure 2.9 that

the simulation of the quincunx is not well approximated by a sequence of

independent left and right decisions. For example, there are some paths that

fall through several levels of pins without striking any pins like Figure 4.15,

while other shot paths bounce horizontally between pins at the same level

like Figure 4.16.

4.5 Conclusion

In this chapter, we have addressed the question of whether quincunx be-

haves as assumed by Galton and many modern statisticians that successive
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Figure 4.15: A shot that falls through several levels of pins without striking
any pins.

72



4.5. Conclusion 73

−6 −4 −2 0 2 4 6

−8

−7

−6

−5

−4

−3

−2

−1

0

Figure 4.16: A shot that bounces horizontally between pins at the same level.

impacts of the falling shot are well approximated as a random walk, with

independent accidents. We investigated this by considering numerical sim-

ulation of all quincunx models and employing a straight-forward analysis of

symbolic dynamics of the quincunx map. Simulations of the models show

that nowhere in the parameter range of reasonably realistic parameters is

the behaviour of the quincunx maps consistent with the assumptions of an

independence assumption. In contrast our results demonstrate that in most

cases, the distribution of observed symbols is not consistent with an indepen-

dence assumption. It is found that the quincunx map has a variety of stable

periodic orbits. Therefore, we conclude that the ball follows a deterministic

trajectory rather than performs a random walk. That is, a quincunx typi-

cally does not behave according to Galton’s view that the path of the shot is

not approximated by independent accidents. Although quantitatively similar

results were obtained in the work of Judd [23], the quincunx maps studied

in this thesis are more sophisticated and closer to reality. This confirms the

hypothesis that the details of the deterministic models of the Galton board
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are not essential for demonstrating deviations from the statistical models.

Therefore, we expect that this conclusion would not change even if a more

complex model would be employed, for example, by taking into consideration

retardation from impacts with the vertical side walls of the device.

The role of the nonlinear dynamics must be considered carefully before

making prediction or forecasting nonlinear dynamical systems [23]. For ex-

ample, there is interest in Kalman filters, various Bayesian methods and

other statistical techniques in state estimation and forecasting, which is the

next direction of this thesis. However, recent findings [22, 24, 26, 27, 29] in-

dicate that there is advantage in exploiting the dynamics for making better

predictions and forecasts.

Finally, observe that on the basis of Figures 4.9 – 4.13, Models 3,4 and

5 give similar zero fractions, Model 2 is slightly different, while Model 1 is

somewhere in between. The observations motivate the further study in the

next chapter and the selection of five system-model pairs to be considered in

the chapter.

74



Chapter 5

Forecasting model against

model

5.1 Introduction

In Chapter 2, we have formulated five different quincunx models with in-

creasing complexity, where each model has a set of different submodels such

as Restitution Model, Rebound Model, and so on. In this chapter, our aim is

to address the following issues. Using the assumption that the more complex

model is the system and the less complex model is the forecasting model,

we consider a number of system-model pairs to study how well can this type

of complex system (more sophisticated model) be forecast with an imperfect

model (simpler model). Another aim of this chapter is to investigate whether

the different models have significantly different behaviour.

5.2 Experiments: Results and discussions

As stated above, one of our aims in this chapter is to study the contribution

of each submodel (Recall different submodels introduced in Chapter 2). Since

there are five quincunx models, it means there are ten possible combination

of system-model pairs. However, we will discuss only five pairs. The pairs

are Model 1 - Model 2, Model 2 - Model 3, Model 3 - Model 4, and Model 4 -
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Model 5. The physics based reasoning behind the selection of these five pairs

is to investigate the significance of the submodels that form the models.

That is, any differences in the results can be attributed to the submodels

that distinguish the two models. For example, we consider Model 1 and

Model 2 pairs to investigate the contribution of Restitution Model 2 and

Sticking Model 2, and so on. We also consider Model 1 and Model 5 pair to

investigate how well can the least complex model predict the most complex

model. In these experiments, we used quincunx maps to generate 100 one-

step prediction points with the parameter values eN = 0.4, eT = 0.2 and

R = 0.25 cm. To measure the differences between the models and systems

quantitatively, we define the imperfection error, or the prediction error as

the the differences between prediction and the target, at each time over 100

times. In the following figures, the magnitude of the error is represented by

the length of the lines linking the prediction to the target.

Figure 5.1 shows the one-step prediction error between Model 2 and Model

1. Generally, Model 1 is a good predictor of Model 2, but there are regions

where it is not. Recall from Chapter 2 that the differences between Model 1

and Model 2 are the rebound, the sticking and the restitution model. This

shows the importance of having two components of restitution coefficient.

The smaller vertical coefficient of restitution in Model 2 causes the ball to

bounce lower and slower than in Model 1. Numerical investigation indicates

that the maximum imperfection error is 39.99 and the average error is 7.11.

Figure 5.2 shows the one-step prediction error between Model 3 and Model

2. It can be observed from the figure that Model 2 is not a good predictor of

Model 3. The maximum imperfection error is 387.41 and the average error

is 116.92. The differences between Model 2 and Model 3 are the rebound

model and the presence of angular velocity. The results show the significance

of taking angular velocity or spin into consideration. Some energy of the ball

in Model 3 is converted to the rotational energy and hence make the ball

behaves differently.

Figure 5.3 shows the one-step prediction error between Model 4 and Model

3. Generally, Model 3 is a good predictor of Model 4. The figure shows that

there are not much difference except at a very few points. This is expected,
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Figure 5.1: The figure shows the one-step prediction errors for Model 1,
against Model 2. The ’+’ are 100 points of the prediction and the ’o’ are the
target. The lines show the prediction error by linking the prediction to the
target. The number of lines shows the number of errors, while the magnitude
of the lines shows the magnitude of the errors. This figure has very few lines,
this implies that Model 1 is a good predictor of Model 2.
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Figure 5.2: The figure shows the one-step prediction errors for Model 2,
against Model 3. The ’+’ are 100 points of the prediction and the ’o’ are the
target. The lines show the prediction error by linking the prediction to the
target. The number of lines shows the number of errors, while the magnitude
of the lines shows the magnitude of the errors. The difficulty to read this
figure (because there are so many lines) implies that Model 2 is not a good
predictor of Model 3.
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Figure 5.3: The figure shows the one-step prediction errors for Model 3,
against Model 4. The ’+’ are 100 points of the prediction and the ’o’ are the
target. The lines show the prediction error by linking the prediction to the
target. The number of lines shows the number of errors, while the magnitude
of the lines shows the magnitude of the errors. This figure has very few lines,
this implies that Model 3 is a good predictor of Model 4.
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as the error will only occur if the ball rolls on the pin as the only difference

between Model 3 and Model 4 is the rolling model. However, the maximum

imperfection error is 51.09 and the average error is 6.11. This shows that

although the error does not occur frequently, it yields relatively large error

when the error occurs.

Figure 5.4 shows the one-step prediction error between Model 5 and Model

4. It can be observed in the figure that Model 4 is not a good predictor of

Model 5. The differences between these two models are the restitution model

and the rebound model. The maximum imperfection error is 398.22 and the

average error is 40.34. This shows the significance of taking into consideration

velocity dependent coefficient of restitution.

Figure 5.5 shows the one-step prediction error between Model 5 and Model

1. Obviously, it can be observed in the figure that Model 1 is not a good

predictor of Model 5. The maximum imperfection error is 403.41 and the

average error is 133.04. Since there are too many differences submodels

between these two models, the sources of the imperfection error are not clear.

Table 5.6 is a summary of the five system-pairs that have been studied in

this chapter, the physics based reasoning (to investigate the significance of

the differences), and the results.

5.3 Conclusion

In this chapter, we have investigated how well can the more complicated

model be predicted by the less complicated model. We consider five model-

system pairs, where the more complex model acts as the system and the less

complex model acts as the forecasting model. As have been expected, in most

cases, the less complex model is not a good predictor of the more complex

model, except for Model 1 - Model 2 and Model 3 - Model 4 pairs. The

pairs that break this pattern imply that the consideration or the inclusion of

the more sophisticated submodels in more complex model is not significant,

especially if one’s goal is to make predictions and forecasts. The results in

this chapter also confirms the significance of taking spin into consideration,

the restitution, rebound, sticking and rolling models in the formulation of
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Figure 5.4: The figure shows the one-step prediction errors for Model 4,
against Model 5. The ’+’ are 100 points of the prediction and the ’o’ are the
target. The lines show the prediction error by linking the prediction to the
target. The number of lines shows the number of errors, while the magnitude
of the lines shows the magnitude of the errors. The difficulty to read this
figure (because there are so many lines) implies that Model 4 is not a good
predictor of Model 5.
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Figure 5.5: The figure shows the one-step prediction errors for Model 1,
against Model 5. The ’+’ are 100 points of the prediction and the ’o’ are the
target. The lines show the prediction error by linking the prediction to the
target. The number of lines shows the number of errors, while the magnitude
of the lines shows the magnitude of the errors. The difficulty to read this
figure (because there are so many lines) implies that Model 1 is not a good
predictor of Model 5.
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Figure 5.6: A summary of the results of the five system-model pairs.
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the quincunx models.
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forecasting using shadowing

filter





Chapter 6

The gradient descent of

indeterminism shadowing filter

6.1 Introduction

In this chapter, we present the application of a shadowing filter to the quin-

cunx models and the ski-slope models. In the first section we introduce a

shadowing filter using gradient descent of a quantity called indeterminism

and discuss its important features. The results of the application of the al-

gorithm on the quincunx models and the ski-slope models are presented and

discussed. We study the quality and assess the performance of the estimated

states and their usability for forecasting. We investigate in particular the un-

expected rare cases in which the better state estimates gives worse forecast

than the worse state estimates.

The motivation of this research is to see if gradient descent of indeter-

minism (GDI) shadowing filter can successfully be applied to the quincunx

models and the ski-slope models. We are only concerned with the perfect

model scenario, that is, the system under study has known dynamics, identi-

cal to the model. We restrict our attention to deterministic models, that is,

the models whose dynamics do not involve any random elements, and only

observations are influenced by measurement noise.
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6.2 Conceptual background

A dynamical system can be described by a set of quantities (the state vari-

ables) and a set of governing equations that describe how the quantities

vary as time progresses (the dynamics). While the system represents real-

ity, a model is a mathematical or computer representation, or approximation

of the system under investigation. The process of turning observations of

the system into a model state is called state estimation[44]. It is a well-

established technique in control theory, signal processing and operational

weather forecasting. The term data assimilation is often used to describe the

similar process in an imperfect model scenario, where the model and system

are different.

In recent years, there are a number of techniques have been developed

for finding shadowing trajectories [10, 17, 30, 50] and state estimation [27]

of the nonlinear dynamical systems. One method that recently has proven

to be very powerful is the GDI shadowing filter. Gradient descent is an

optimisation technique that minimises a quantity by moving continuously

in the direction of steepest descent [24]. The aim of the GDI shadowing

filter is to find a shadowing trajectory, that is, a temporal sequence of states

that are a trajectory of the model and remain in close proximity to, or are

consistent with the observations, or measurements of the system. The term

filter is often applied to any method or device that processes incoming signals

or other data, in such a way as to reduce or eliminate noise, often for the

purpose of forecasting the next observation.

Shadowing trajectories have been recognised as an important technique

for assessing the quality and the reliability of forecasting models and nu-

merically computed trajectories of chaotic systems [28]. Shadowing plays an

important role in the theory of indistinguishable states [26, 27], which is a

new approach to state estimation, ensemble and probabilistic forecasting.
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6.3 Shadowing filter by gradient descent of

indeterminism

Consider a discrete-time dynamical system for which there is a d-dimensional

model given by zi+1 = f(zi). Given a sequence of observations S = (s1, s2, . . . , sn),

a shadowing trajectory of S is defined as a sequence of states Z = (z1, z2, . . . , zn)

such that Z is a trajectory of our model f and Z shadows S: for Z to be a

trajectory requires zi+1 = f(zi), for 1, 2, . . . , n − 1; and for Z to shadow S

requires that distances ||si − zi||, for i = 1, 2, . . . , n, are small relative to a

level of noise. Figure 6.1 shows a schematic representation of shadowing.

Figure 6.1: Schematic of shadowing. The red dots represent observations si,
or the states to shadow. The arrows and open dots represent the mappings
f(zi) = zi+1. The green dots represent a shadowing trajectory of states zi,
these are connected by a green line to represent that they are a trajectory,
so each zi+1 = f(zi). The large circles represent the bound on the distance
||si − zi||.

We assume the measurement noise to be additive and independent Gaus-

sian random variates with mean 0 and variance σ2 on each component. There-

fore,

si = ci + ξi (6.1)

where the true trajectory is C = (c1, c2, . . . , cn), and the ξi are noise realisa-

tions.

A straight-forward method of implementing a shadowing filter is using
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gradient descent of indeterminism [26, 44]. For any sequence of states Z we

define the mean squared indeterminism function I : Rnd → R by

I(Z) =
1

n− 1

n∑
i=1

||zi+1 − f(zi)||2 (6.2)

Note that this scalar function is a measure of the average mismatch between

states and forecasts. Therefore, it measures how far a sequence of states is

from being a trajectory. A sequence of states will be a trajectory if and only

if the indeterminism is zero. The squared norm ||.||2 used in Eq. (6.2) is

arbitrary and can be replaced by any appropriate metric [44].

If one wants to find a shadowing trajectory Z from given noisy observa-

tions S, the indeterminism can be used. Starting from I(S) ̸= 0 (for the

observation s the indeterminism I(S) is almost surely non-zero), gradient

descent can be used to minimise I. The gradient descent method then fol-

lows the steepest descent of the gradient of I(z) down to a minimum where

I(z) = 0. This is equivalent to solving the following differential equations

dz

dτ
= −∇I(z(τ)), (6.3)

where z(0) = S, τ is the time interval (or sampling frequency) and in the

limit of τ → ∞ we obtain a shadowing trajectory.

It can be shown that the GDI method always converges to a trajectory

of the model [39], that is, as I(Z) converges monotonically to zero, then

Z converges to a trajectory of the f . A more detailed discussion of the

properties of this method called GDI shadowing filter can be found in [24,

26, 44].

While Eq. (6.3) can be solved using by various methods, we used a fixed

step Euler integration method as it is more straightforward. Letting Zm =
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(z1,m, z2,m, . . . , zn,m), where z0 = S, Eq. (6.3) is reduced to the iteration

zi,m+1 = zi,m − 2∆

n− 1
×


−A(zi,m)(zi+1,m − f(zi,m)), i = 1

zi,m − f(zi−1,m)

−A(zi,m)(zi+1,m − f(zi,m)), 1 < i < n

zi,m − f(zi−1,m), i = n

(6.4)

where the subscript m is the iteration number, ∆ is an suitably chosen step

size and A(z) is the adjoint of f (transpose of the J(z)) evaluated at z. J(z)

is the Jacobian of f at z, defined as

Jij(z) =
dfi
dzj

. (6.5)

The algorithm may work for arbitrary positive choices of 2∆/(n− 1) smaller

than 1. The principal test to determine ∆ is by observing the convergence of

the indeterminism Im = I(Zm), which should be strictly decreasing, as the

reason GDI shadowing filter is used is to minimise Im. Larger values of ∆

tend to give faster convergence, but tend to increase the possibility of failure,

that is, the indeterminism will not be strictly decreasing.

It is important to understand how the iterative GDI shadowing filter

achieves its results. Observe in Eq. (6.4) that the state zi,m, for 1 < i < n, is

perturbed by two terms, zi,m − f(zi−1,m) and A(zi,m)(zi+1,m − f(zi,m)). The

first term is the mismatch between the forecast f(zi−1,m) at the state zi,m;

this perturbation moves zi,m so that it is better forecasted by zi−1,m. The

second term is the mismatch zi+1,m− f(zi,m) propagates through the adjoint

A(zi,m); this perturbation moves zi,m to better forecast zi+1,m. Therefore,

the first term propagates mismatch information forward along the state se-

quence, while the second term propagates mismatch information backward.

With successive iterations the mismatch information propagates forward and

backward (into the future and into the past) along the entire length of the

state sequence, and converge to a sequence of states that balances the re-

quirements of all states. Note that the last state i = n receives information

from the past only, while the first state i = 1 receives information from the
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future only [44].

With this method, discrete time models can be solved directly. For con-

tinuous dynamical systems or flows of the general form ż = F (z)), we will

assume that the observations are made with a constant sampling frequency

τ . Therefore, our task is now reduced to finding a map f for the flow. Given

a sequence of observations S = (s1, s2, . . . , sn), we will apply the GDI shad-

owing filter to find z(t) of ż = F (z), such that Z = (z(0), z(τ), . . . , z(n−1)τ)

shadow S. This can be done by integrating ż = F (z), with z(0) = x, for a

time interval τ to obtain a map f(z) = z(τ). Suppose z(t), 0 ≤ t ≤ τ , is the

solution, an adjoint product can be computed by solving the homogeneous

differential equation

du

dt
= J(z(τ − t))Tu, u(0) = v (6.6)

and the adjoint product is given by u(τ).

We solve Eq. (6.6) by Euler integration. Solve ż = F (z) with z(0) = zi

to get a sequence of intermediate states z̃j = z(jτ/w) for j = 0, 1, . . . , w,

then compute

uj+1 = uj +
τ

w
J((z̃w−j)

T )uj, u0 = υ (6.7)

for j = 0, 1, . . . , w− 1. The approximation of the required adjoint product is

given by uj.

6.4 Approaches to computing the adjoint prod-

uct

There are a number of different approaches for computing an adjoint product

A(zi)v. Each method has its advantages and disadvantages, and is appro-

priate in different circumstances, depending on the nature of the system.

Therefore, careful consideration should be made to choose which method is

most appropriate to the system of interest. Although numerical approxima-

tion is one of the approaches to compute the adjoint product, we do not use it

as it is usually the least efficient method. We used the following approaches
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to compute the adjoint product of the quincunx model and the ski-slope

model. This section is a summary of [44].

6.4.1 Direct numerical approximation

Given that the map f can be computed, then its Jacobian can be computed

by numerical differentiation. Note that the adjoint product A(zi)v, is not a

directional derivative, so the entire Jacobian must be computed and trans-

posed. This is not a very efficient method of computing adjoint products,

except for low-dimensional systems. A combination of this method and the

λI-approximation method (will be discussed later in this section) will be used

in the application of the GDI shadowing filter on the quincunx models.

6.4.2 Analytic and semi-analytic calculations

If an analytic expression for the Jacobian J(z) of the vector field F (z) is

known, then one can either solve Eq. (6.6) numerically using Runge Kutta

integration or use Euler integration as in Eq. (6.7). Equivalent or similar

results can be obtained when algorithmic differentiation is used to compute

the Jacobian J(z), or the adjoint of the numerical approximation of the map

f(z). These are generally the most efficient methods for computing adjoint

products. This method is used in the application of the GDI shadowing filter

on the ski-slope models.

6.4.3 λI-approximation

Computing the adjoint, or the derivative of the system dynamics for low-

dimensional systems is usually not a problem, but computing the derivative

for high-dimensional systems such as weather forecasting models, is very

difficult or even impossible. As a solution, Judd et al. [28] show that GDI

shadowing filters are surprisingly robust. If the adjoint A is substituted by

an approximation of the derivative, then it can be shown that convergence to

a shadowing trajectory can still be achieved. The approximation can be poor

or extreme, for example, setting A = λI where I is the identity matrix and
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λ is scalar, this is called the λI approximation. Therefore, one may be able

to obtain shadowing trajectory with limited, or even no, adjoint information,

especially for high-dimensional systems. The robustness results from the fact

that there are other descent directions that attain shadowing trajectories; one

only needs to descend the gradient of indeterminism and does not necessarily

have to take the direction of the steepest descent.

Figure 6.2: Schematic representation of gradient descent with alternative
descent. The (red) dot in the middle represents the set of trajectories in
Rnd , that is, where I(z) = 0. The thin loops represent the level sets of I(z).
The thicker (black) arrow represents the path of the steepest descent from an
initial position, whereas the thinner (blue) arrow represents the descent path,
which is not the steepest descent path, but at least descend to a trajectory.

To understand the λI-approximation better it is helpful to consider the

algorithm in more geometric terms, similar to the way we understand the

iterative GDI shadowing filter in the earlier parts of this section. Consider

Eq. (6.4) with A(zi) replaced by λI. It has been noted that all but the

first and last zi have two sources of correction: a forward correction in the

direction of the mismatch in indeterminism zi − f(zi−1), and a backward

correction in the direction zi+1−f(zi), which is the mismatch in determinism

at the next point zi+1. The λI substitution applies a simple scaling to the

backward correction, where as the original gradient descent Eq. (6.4) scales
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and rotates this vector by projecting onto the adjoint A(zi).

It has been shown that for operational weather forecasting model an

adjoint based on dry-air processes is sufficient for a GDI shadowing filter

[24, 25]. At the most extreme, the absurd-looking approximation A(zi)v =

0.5v, was effective for a 1500-dimensional quasi-geostrophic atmospheric cir-

culation model for which no adjoint was available [28].

6.5 Definitions of measured quantities

For our investigations, we need to define some measurements to assess the

performance of the GDI shadowing filter. The quality of the estimated

states Zm are investigated by measuring how close Zm is to being a trajec-

tory, that is, its indeterminism Im, and the final state mismatch magnitude,

In,m = ||zn,m − f(zn−1,m)||. We measure the distance between the estimated

states Z and the true trajectory C = (c1, c2, . . . , cn), by the root mean square

error of states

Em =

√√√√ 1

n

n∑
i=1

||zi+1 − ci||2 (6.8)

and the last point error En,m = ||zn,m − cn||. We measure the usability of

our state estimate for forecasting, by defining separation time, or shadowing

time, which is the largest lead time for which the forecast error remain less

than some threshold.

Tm = max
{
T : ||cn+t − f t(zm,n)|| < 2σ,∀0 ≤ t ≤ T

}
(6.9)

6.6 The implemented algorithm

For quincunx models, we compute the adjoint product by using a combina-

tion of direct numerical approximation and λI-approximation method. The

computation of the adjoint product requires some truncation because there

could be problem in computing adjoint with grazing collisions. Such colli-

sions will cause problems in computing the adjoint product using numerical
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differentiation because it will give a very large value of Jacobian elements,

as the changes of the velocities of the ball (before and after) are very small.

The computation of the adjoint product are as described in the follow-

ing. Firstly, we take the adjoint A as 0.5I, where I is the identity matrix.

We compute the Jacobian, J by using numerical differentiation, that is, by

adding small perturbations in each coordinate direction. Then J is trans-

posed. Finally, any element of J ′ which is greater than a truncation threshold

T will be truncated and substituted by the corresponding element in A. The

computation can be expressed in the following equation

Ai,j =


Ji,j, if |Ji,j| < T

0.5, i = j

0, otherwise

(6.10)

What is the suitable value for the truncation threshold T? T can be any

small number less than 1. We have considered some values of T and we found

by experiment that a value of 0.5 generally provides good convergence. A

smaller T will truncate most elements of A, while a greater A may allow

some elements that will cause instabilities.

As has been noted in Section 6.4.2, the adjoint product for ski-slope

models are computed using analytic approximation.

6.7 The windowing test

Before applying our shadowing filter, there are a number of principle ad-

justable parameters to be determined. When applying shadowing filters to

maps the adjustable parameters are the optimal length n of the observation

sequence S and the number of iterations m to achieve convergence. For flows

the integration interval τ and the optimal number of steps for adjoint com-

putations w are also adjustable parameters. Furthermore, suitable values of

these parameters depend on properties of the system ż = F (z).

We obtained the optimal values of these parameters using the window-

ing test [44]. It is a basic method to find optimal or appropriate values of
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parameters for shadowing filters. The windowing test proceeds by applying

a shadowing filter on increasing length windows of a long data sequence to

observe the convergence with different parameter settings.

The algorithm to apply the windowing test is as follows. Given a long

sequence of observations SN = (s1, . . . , sN), apply the shadowing filter to

the length n subsequences Sn = (sN−n+1, . . . , sN), for 2 ≤ n ≤ N , to obtain

state sequences Zm,n = (zN−n+1,m,n, . . . , zN,m,n). As n is increased compare

the corresponding states Zm,n to those of Zm,p for 2 ≤ p < n. That is,

compute the distances Dj,p,n = zN−j,m,p − zN−j,m,n, for 0 ≤ j < p, observe

the convergence of the zN−j,m,p to zN−j,m,n. The value p where zN−j,m,p and

zN−j,m,n are the nearest or almost identical gives the optimal length of the

observations sequence n.

In perfect model scenario, one can create artificial observations from a

computed trajectory using suitable assumptions about observations error and

compute the difference between the state estimates Zm,n and the true tra-

jectory states C = (c1, c2, . . . , cN). A suitable value of m can be selected

by observing the convergence with m of the Zm,n relative to the errors from

truth.

On the other hand, the windowing test can be applied even in imperfect

model scenario, that is, without knowing the true states, which is the case in

reality. A suitable value of m can be chosen by considering the convergence

with m of the Zm,p relative to its difference from Zm,n.

Figure 6.3 illustrates an application of the windowing test to data from

the four-dimensional ski-slope model. Figure 6.3(a) shows the logarithm of

the distances Dj,p,n as a function of the position and Figure 6.3(b) shows the

logarithm of the error from the truth as a function of n. Note that there is

no value p where zN−j,m,p and zN−j,m,n are the nearest or almost identical.

The results of our experiment for larger values of N and n show that there is

no significant difference to the figure. Therefore, we conclude that to obtain

convergence for a 10 point trajectory, n = 10 is required. The values for

other parameters are as the following: m = 100, 2∆/(n− 1) = 0.1, w = 20,

and τ = 1s.
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Figure 6.3: (a) The logarithm of the distances Dj,p,n as a function of the
position. (b) The logarithm of the error from the truth as a function of n.

6.8 State estimation: Results and discussions

Our experiment investigations that we are about to report show that the

basic GDI shadowing filter works for the ski-slope model, but is not effective

for the quincunx model. The problems encountered with quincunx models

require improvements in the basic GDI shadowing filter algorithm, which is

discussed in the next chapter.

The quincunx model

To assess the performance of the GDI shadowing filter for the quincunx

model, we applied the filter to the quincunx Model 4 when R = 0.26, eN =

0.49, and eT = 0.2. We computed average values of Im, In,m, Em and En,m

for the observations (our artificial data) where 2∆/(n − 1) = 0.1, m = 50,

and σ = 0.05, 0.1 and 0.2. Small Gaussian errors of observations are used

(although the noise size relative to the pin spacing are quite large) because

large errors could be a problem with the ball bouncing the wrong way. For
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example, a ball that hit near the top of a pin and bounces to the right of the

pin might bounce to the left if large noise are added to the point of impact.

Figure 6.4 shows the average value of Im, In,m, Em and En,m for 50 tra-

jectories plotted as a function of the number of iteration m.
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Figure 6.4: The average value of Im, In,m, Em and En,m as a function of the
number of iteration m for quincunx Model 4.

It is found that basic GDI shadowing filter with selected step-size, does

not work for quincunx model. The solution to this problem will be discussed

Chapter 7. The figure shows that the filter provides around 10% reduction

of In,m and 2.5% reduction of En,m. However, it can be clearly observed in

the figure that the GDI shadowing filter is unstable, that is, average value of

Im reaches a minimum at around m = 5 and starts to increases beyond that,

for all of the three noise levels. Furthermore, Em increases as the number of

iterations increase. This should not happen and shows that the selection of
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the value for step-size is not correct. We attempt to address this failure by

repeating the experiment using smaller step-size, that is 2∆/(n− 1) = 0.05.

However, we found that the GDI shadowing filter is still unstable and still

fails with this step-size value, that is, Im and Em still increase, although not

until m > 5. Note that the percentiles for figure is not included due to the

computational restrictions.

The results showed and discussed in Figure 6.4 are qualitatively similar

for different model parameter values. This robustness to changes in the values

of the model parameters imply that Model 4 is in the dynamical regime that

is difficult to predict.

The ski-slope model

To demonstrate the quality of the GDI shadowing filter to the ski-slope

model, we consider 100 different trajectories of the four-dimensional ski-

slope model, which are generated using different initial conditions. Every

trajectory has 10 points. We test the iterative GDI shadowing filter where

2∆/(n− 1) = 0.1 for observation data having three different noise strengths

σ = 0.1, 0.2 and 0.3. Figure 6.5 shows the average Im, Em, In,m,and En,m as

a function of the number of iterations m.

The filter gives around an order of magnitude reduction of In,m and Im,

for all of the three noise levels. However, it can be clearly observed in the

figure that the GDI shadowing filter is unstable and fails to provide the

convergence, that is, Em increases as m increases, while En,m decreases for

the first few iterations and then begin to increase as m increases. The similar

convergence problem which has been observed in the quincunx model for Im

and Em can also be observed in the ski-slope model for Em and En,m. Again,

this convergence issue requires some modification to the filter, which will be

addressed in the next chapter.

Observe also in Figure 6.5 that, on average, In,m < Im. This feature is

a consequence of the limited information available to the final state of the

sequence. The final state zm,n only has to make adjustments to mismatches

on one side, whereas a state in the middle of the sequence has to make
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Figure 6.5: The average value of Im, In,m, Em, and En,m,versus number of
iterations m, for four-dimensional ski-slope model.
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adjustments to mismatches on both sides, which is usually harder to achieve

and requires more iterations to converge, and hence In,m < Im.

6.9 Forecasting

We now consider the quality of forecasts. Recall that we defined the sepa-

ration time Tm as the maximum time for which the forecast error remains

less than a threshold of 2σ. It is useful to compare Tm, for m > 0 with the

value T0, that is, the forecast from the raw unfiltered observation. Using the

same data as the previous subsection, we computed the average value of Tm

for the four-dimensional ski-slope model, which are plotted as a function of

the number of iterations in Figure 6.6. There are two main points that can

be observed from the figure. First, the shadowing filter provides improved or

longer separation time, sometimes more than two units. This is because the

forecast using the state estimates (the noise-reduced trajectory) will remain

close to the future state of the true trajectory longer than the observations

(noisy trajectory). Second, note from the figure that the average separation

time is not strictly increasing, for all three noise levels, for example, there are

a number of spikes in the average separation time. The spiking phenomenon

observed in the figure is generally attributed to forecast trajectories being

deflected to the wrong side of a hump on the ski slope that is directly in the

path of the skier. For all noise levels, there can be situation where better

estimated states (the ones with smaller error) give worse forecast than the

worse estimated states. Investigations show us that this rare case only hap-

pens if the trajectory forecasted by the better estimated states happen to be

deflected the wrong side of a hump. On average, such cases happen 26 times,

out of 100 sequences tried. An example of such unavoidable phenomena is

illustrated in Figure 6.7. The black (thick) trajectory is the truth, the red

(solid) trajectory is the trajectory forecasted using state estimates after fifth

iteration and the blue (dashed) trajectory is the forecasted trajectory using

seventh iteration. Note that the hump at (−20,−55) is the one that cause

the problem. Therefore, we conclude that the phenomenon does not indi-

cate the failure of the shadowing filter to obtain better estimate, but rather
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merely a consequence of the tendency of a skier to be deflected the wrong

side of a hump.

6.10 Conclusion

A shadowing filter using GDI has been applied to the quincunx model the

ski-slope model. The quality of state estimates and forecasts are discussed

in this chapter. One main problem is that the GDI shadowing filter fails to

provide stability to the convergence of the indeterminism and the error of the

quincunx Model 4, and the root mean square error and the last point error of

the four-dimensional ski-slope model. We will propose a simple solution to

this problem, that is by employing adaptive step-size, which will be discussed

in detail in the next chapter.

There is an unexpected results with the quality of forecasts for the ski-

slope model. There are cases where the improved or better state estimates do

not improve the quality of forecasts. After further investigations, we found

out that this phenomenon occurs due to the existence of the moguls which

change the direction of the skier and hence reduce the separation time.
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Chapter 7

Adaptive step-size for a

shadowing filter

7.1 Introduction

This chapter introduces adaptive step-size to the GDI shadowing filter. The

new adaptive step-size approach is designed to ensure the convergence of

indeterminism during each iteration. We discuss some analysis of the per-

formance of GDI shadowing filter using adaptive step-size and a compari-

son with the performance of GDI shadowing filter using fixed step-size. We

present several simulations that show the improvement of shadowing filter

by using adaptive step-size.

One of the simplest methods that can be proposed is scaling the step-size

by the gradient vector, that is, divide ∆ by ||∂I
∂z

||. The method provides a

more uniform rate of convergence, almost linear convergence. However, it has

been shown that this simple adaptive step-size scheme excited instabilities

in the jet-stream of the atmosphere when applied to a weather model [24],

and other schemes should be considered.
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7.2 Why do we need adaptive step-size?

It is common feature of iterative optimization algorithms that there is a

trade-off between the amount of computation and the accuracy of results.

There is also often a trade-off between the stability of the algorithm and

the rate of convergence. Recall the discussion on the algorithm of the GDI

shadowing filter, a fixed step-size ∆ is used in the iteration (see Eq. (6.4)).

The choice of ∆ results in a trade-off between the stability and the rate of

convergence; generally a small value is used to ensure stability, at the price

of a slow rate of convergence. The principle criteria of determining the value

of the step-size is by observing the convergence of the indeterminism, which

must always be decreasing.

Note that when a gradient descent problem is implemented as an ordi-

nary differential equation (ODE) as in Eq. (6.4), then the rate of convergence

can be slow because this ODE is a stiff equation [24]. There is no univer-

sally accepted definition of stiffness. Some people attempt to understand

stiffness by examining the behaviour of fixed step size solutions of systems of

ODE with constant coefficients. The eigenvalues of the Jacobian matrix com-

pletely characterize the stability of the system in this case. Loosely defining,

a stiff equation is a differential equation for which certain numerical meth-

ods for solving the equation are numerically unstable, unless the step-size

is taken to be extremely small. The gradient descent problem, Eq. (6.4),

is inheritly stiff, because the linearizations of the models have modes with

small eigenvalues that may later become unstable. These potential instabil-

ities in shadowing algorithms would result in poor quality of solutions, or

worse, failure of convergence [24]. Furthermore, since I(z) in Eq. (6.2) is

defined by a quadratic form, the rate of convergence will slow as the solution

is approached. We propose to employ adaptive step-sizes to overcome these

difficulties.

GDI can fail if the step size is too large, but is slow if step-size is too

small. Failure here means that the indeterminism does not decrease when a

step is taken. It is not necessarily a good idea to choose the largest step that

results in a decrease of indeterminism, but certainly if a step size does not
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cause a decrease, when a smaller step size does, then the step size should be

reduced. This is the idea behind the approach implemented here.

7.3 The implementation

The essential idea is to adapt the step-size based on the convergence of the

indeterminism to maintain a high rate of convergence without compromising

the stability. That is, the need to reduce the step-size is based on the com-

parison between the indeterminism of the current and the previous iteration.

If it appears that the current indeterminism is greater than or equal to the

indeterminism in the previous iteration, then the step-size is reduced by a

factor k in the next iteration and the state estimates of the previous itera-

tion are filtered again but using a new reduced value of the step-size. On the

other hand, if the indeterminism decreases, the step-size remains unchanged

for the next iteration.

The adaptive step-size can be implemented by the following algorithm:

1. Set the initial state estimates, Z0 = S and the initial step-size ∆0.

Compute the initial indeterminism I0 = I(Z0). Then set the number

of iteration, m = 1.

2. Apply GDI shadowing filter to obtain Zm using Zm−1 and ∆m−1. Com-

pute the indeterminism Im = I(Zm). If Im ≥ Im−1, then divide ∆m

by a factor k and set m = m− 1, the state estimates Zm = Zm−1 and

Im = Im−1. If Im < Im−1 then set m = m+ 1 and ∆m = ∆m−1.

3. Repeat Step 2 for 100 number of iteration.

The flowchart in Figure 7.1 summarises the algorithm.

7.3.1 Choice of adaptive factor

If the step-size is divided by a factor k when the indeterminism increases,

then what is the optimal or appropriate value for k? Although we initially

considered several values of k, we found by experiment that there was no
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Figure 7.1: The flow chart to show the steps involved in a GDI shadowing
filter with adaptive step-size
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significant difference in any of them. It appears that the algorithm works for

any positive choices of k greater than 1. Our results suggest that, in most

cases, a value of 2 will provide good solutions. Therefore, we use k = 2 in the

following experiments. If k >> 1 then there is no progress to convergence,

because step becomes too small too quickly, hence k should not be too large.

7.3.2 The initial step-size

Since the step-size is varied throughout the iteration, what is the optimal

value for the initial step-size ∆0? The convergence is ensured, that is, the

indeterminism will always be decreasing or at least in the worst case, non-

increasing. The only concern is the speed of the convergence. Although

the GDI shadowing filter using adaptive step-size may work for arbitrary

positive choices of 2∆0/(n − 1) less than 1, we find that a value around

2∆0/(n− 1) = 0.1 generally gives the fastest rate of convergence.

7.4 Results and discussions: Adaptive step-

size versus fixed step-size

7.4.1 State estimation

Quincunx model

To investigate the performance of the GDI shadowing filter using adaptive

step-size, we computed the average values for Im, Em, In,m and En,m using

the same initial observation data as the previous chapter. The results for

quincunx Model 4 are plotted in Figure 7.2. Observe in Figure 7.2a and

7.2c that adaptive step-size works whereas the fixed step-size fails. Using

adaptive step-size (AS), Im is strictly decreasing for all noise levels, and Em

is not increasing. In Figure 7.2b and 7.2d, the adaptive step-size performs

slightly better than the fixed step-size. Figure 7.2e shows the average value

of the term 2∆/(n − 1) as the number of iteration m increases. Note that,

on average, big step-sizes are used in the first ten iterations, and smaller
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Figure 7.2: The average values of (a) Im, (b) Em, (c) In,m and (d) En,m, as
a function of the number of iteration, m with noise level,σ = 0.1, 0.2 and
0.3, k = 0.5, and the initial step-size, 2∆/(n− 1) = 0.1, for Quincunx Model
4, using the same data used in the previous chapter. The average value of
Im, Em, In,m and En,m from Figure 6.3 is replotted for comparison. e) The
average value of the term 2∆/(n− 1) as a function of m.

step-sizes are used beyond that.

Ski-slope model

Figure 7.3 shows the average value of Im, Em, In,m, En,m and the term

2∆/(n − 1) as a function of m, for σ = 0.05, 0, 1 and 0.2, where the same

data from the experiment in the previous chapter are used.

It can be clearly observed from the Figure 7.3 that, using adaptive step-

size, the average value of all four quantities decreases as the number of GDI

iterative steps, m increases. Also observe in Figure 7.3 that using adaptive

step-size, after m = 100 iterations, Im and In,m are reduced slightly more
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Figure 7.3: The average value of Im, Em, In,m, En,m and the term 2∆/(n−1)
as a function of m, for σ = 0.05, 0, 1 and 0.2, m = 100, k = 0.5, and the
2∆0/(n − 1) = 0.1, for ski-slope model, using the same data used in the
previous chapter. The average value of Im, Em, In,m and En,m from Figure
6.4 is replotted for comparison.
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than the fixed step-size. Em decreased by a factor of about 1/3, and En,m

decreased by about 1/4. There is a slower rate of decrease after around

10 iterations, with almost the same shape of decrease for all three noise

levels. This feature can be understood as follows. Typically, in the first 10

iterations of the shadowing filter algorithm using adaptive step-size, the big

step-sizes removes large mismatches from the states that are caused by large

observational errors and in the following iterations the algorithm is adjusting

states using smaller step-sizes, to achieve convergence to a trajectory.

7.4.2 Sequential state estimation

Operational weather forecasters typically create new state estimates every 6,

12 or 24 hours as new observations arrive. This process is also termed as

sequential state estimation [44]. Traditional filters only combine the most

recent state estimate with the most recent observation. A shadowing filter,

obtains a shadowing trajectory, therefore the filter has to be applied sequen-

tially. Suppose that from a sequence of observations S = (s1, s2, . . . , sn) and

shadowing filter obtain state estimates Zm = (z1,m, z2,m, . . . , zn,m). When

a new observation sn+1 is obtained, the filter is applied again to find new

state estimates Zm that extend one step further into the future. This can

be applied by initialising with Z0 = (s2, s3, . . . , sn+1), or reusing the current

states estimates such as by initialising the filter with Z0 = (z2, . . . , zn, sn+1).

In this section, we consider two methods: the reset method that uses raw

unfiltered observations only, and the reuse method which reuses the previous

estimated states combined with the newly arriving observation.

7.4.3 Quincunx model

Figure 7.4 shows the average values of Im, In,m, Em and En,m, plotted as

a function of the number of GDI iterative steps m. The average values

of all four quantities were less for the reuse method. It appears that the

better performance of the reuse method can be explained using convergence

properties of the iterative GDI shadowing filter. The observation that most

of the observational noise is removed in the first ten iterations, with latter
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iterates refining Zm toward being a trajectory. This implies that in the

reuse method most of the states in Zm, will be close to being a trajectory,

with only the last state zn,m having a large observational noise component.

Consequently, in the reuse method most states are either adjusting to the

new information being propagated back from the new observation zn,m, or

states are adjusting toward being a trajectory.

In the reset method every state has to remove the observational noise

component before making adjustments toward achieving a trajectory, and so

states are generally not as far advanced in convergence to a trajectory as in

the reuse method. This figure shows the decrease in m of the average values

of our four quality measures for the reuse method, compared to the fully

completed application of the reset method with m = 100. We observe that

the quality measures for the reuse method are better on average than the

reset method in less than 100 iterations.

7.4.4 Ski-slope model

Figure 7.5 shows the corresponding results when these methods are applied

to the ski-slope model. The figure shows for the average values of Im, In,m,

Em and En,m as a function of m, computed over 100 time series. Both

methods applied to the ski-slope model show similar performance like in the

application with the quincunx model. As expected, the reuse method gives

better results. It starts with an already reduced indeterminism and hence

reaches smaller levels of the four quantities Im, In,m, Em and En,m after less

number of iterations. Observe in Figure 7.5 that after 100 iterations using

reuse method, Im decreased by a factor of 1/2, In,m decreased by 3/4, Em

decreased by 1/4 and En,m decreased by 1/3.

7.4.5 Forecasting

Figure 7.6 shows the average separation time Tm as a function of the number

of iterations m, for adaptive step-size, using the same data used in the ex-

periment for the ski-slope model in the previous chapter. For reference, the

average value of Tm for fixed step-size, from Figure 6.6 is replotted. Observe
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Figure 7.4: The average value of (a) Im, (b) In,m, (c) Em and (d) En,m as a
function of the number of iterations m for quincunx Model 4.
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Figure 7.6: The average separation time Tm as a function of number of iter-
ations m, for adaptive step-size, using the same data used in the experiment
for the ski-slope model in the previous chapter. The average value of Tm for
fixed step-size, from Figure 6.6 is replotted for comparison.

in the figure that AS performs better than FS for all noise levels. This can

be explained by the better performance of AS in reducing the average value

of Im, In,m, Em and En,m, compared to FS. However, the spike phenomenon

still occurs even when we employ AS, because as previously explained this is

an unavoidable property of the system.
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7.5 Conclusion

A new approach in selecting the step-size has been introduced. Our approach

is to adapt the step-size sequence in the gradient descent algorithm so as to

reduce the indeterminism at each iteration. It is designed to eliminate the

uncertainty in selection of the optimal value for step-size parameter, and to

increase the speed of convergence without compromising the stability.

In this chapter, it has been demonstrated that AS was significantly better

than FS. Although a bigger step-size will generally give faster convergence

but the possibility of failure is higher, that is, the convergence of the inde-

terminism may not be strictly decreasing.

The adaptive step-size will guarantee the average value of Im and Em to

be strictly decreasing, or at least non-increasing. Although fixed step-size

in some cases has a faster initial convergence, it is eventually surpassed by

adaptive step-size. It has been shown that the adaptive step-size performs

better than fixed step-size. This step-size is important to ensure successful

application of GDI shadowing filter and hopefully will further enhance the

performance of the original shadowing filter.

There are some limitations of this method which can be further improved

in the future. There are a variety of possible methods to adapt the step-size,

but the approach proposed in this chapter is an example of a simple and

straightforward method.
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Chapter 8

Determining the states of a

quincunx model

8.1 Introduction

In this chapter, we propose a method to determine the states of the quincunx

models from the knowledge of just the pin collisions and the time of the

collisions. The method can be used to provide initial state estimates to

be used with the GDI shadowing filter with adaptive step-size, which has

been discussed in the previous chapter. The motivation of this chapter is to

develop a method which can be used with GDI shadowing filter to determine

the states of the quincunx models when the observations is incomplete, that

is, one or more variables are not available. We discuss the application of the

method to Quincunx Model 4. Limitations of the method are also discussed

in the conclusion.

8.2 Application to a quincunx model

Suppose the pins hits pi (the coordinate of the centre of the pin) and the

time of impact ti are known, where i represents the collision number, that

is, 1 ≤ i ≤ n. Note that we only know which pin is hit and not where. The

states of the model are assumed unknown. The states are the position of
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the collision point, the horizontal velocity ui, the vertical velocity vi and the

spin of the ball wi. The position is represented by an angle θi, that is the

position on the pin surface where the i -th impact occurs, measured from the

horizontal through the centre of the pin pi to the collision point, as defined

in Chapter 2. The relation between the position of the collision point and θi

is given by the following equations,

xi = pi,x +R cos(θi) (8.1)

yi = pi,y +R sin(θi) (8.2)

where (pi,x, pi,y) is the coordinate of the centre of the pins where the impact

occurs. The unit of θi is radians.

Our task is to determine the unknown states S = (s1, s2, . . . , sn) where

si = (θi, ui, vi, wi). The method can be implemented as the following algo-

rithm:

1. We begin with the assumption that the lead ball is dropped from the

top of the box and is initially at rest. For i = 1, generate a number

(sayM) of possible first one-impact trajectories, all starting at from the

same initial vertical position y0 = 0, initial horizontal velocity u0 = 0,

initial vertical velocity v0 = 0 and initial spin of the ball w0 = 0, but at

initial horizontal positions spaced 0.01 cm apart, from x = −0.005M

to x = 0.005M .

2. From the generated trajectories, select the states of the trajectory that

has the same pin hit with the first known pin hit, p1 as s1. If there are

more than one trajectory with identical pin hit, select the trajectory

that has the time of impact with the least difference from the first

known time of impact, t1.

3. For i = 2, similar to Step 1, generate a number (say N) of one-impact

trajectories using u1, v1 and w1 in Step 2 as the initial conditions. The

initial position is equally spaced at 0.01 radian intervals, varied from

Θ2 − 0.005N to Θ2 + 0.005N , where Θ is an angle in radian. Then

repeat Step 2 to determine s2.
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4. Repeat Step 3 until i = n, that is, to determine the states of the model

for the remaining impacts.

5. Finally, apply the shadowing filter using GDI with adaptive step-size

as discussed in Chapter 7, to S to obtain better state estimates.

The flowchart in Figure 8.1 summarises the algorithm.

So how do we find the optimal value for parameters M , N and Θ?. In,

general, the bigger values of M and N the more effective the method, that

is, the states will be determined more accurately as it will consider more

possible trajectories. However, it will require more simulation time. In our

experiments, we found that the following values are sufficient to achieve sat-

isfactory results: M = 100 and N = 100. It is also important to note that

although only θi is varied in this method, we believe it can be replaced with

other variables. The reason of our selection is because in our previous exper-

iments, we believe that the behaviour of the shot path depend sensitively to

the point of impact, although we do not attempt to conclusively claim that

it is actually the most dominant variable. Note that the essential idea in all

these five steps is to find the free flight trajectory that hits the correct pins

and has smallest difference from the known time of impact. Mathematically,

it is equivalent to solving the following problem

min
θ

t∗i − ti(θ),

To investigate the performance of the method, it is applied to quincunx

Model 4. We used 50 random trajectories, with at least four impacts, where

eN = 0.49, eT = 0.2 and R = 0.26 cm. Figure 8.2 shows the average value

of the four quantities Im, Em, In,m and En,m for the number of iterations,

m ≤ 40.

There are three features revealed in Figure 8.2 that should be observed.

First, the average value of all four quantities decrease monotonically as the

number of iteration increases. Second, the shadowing filter provides around

5% reduction after 40 iterations, for all four quantities. Finally, it can also

be observed from the figure that for all four quantities, the first ten iterations

123



124 Chapter 8. Determining the states of a quincunx model

Figure 8.1: The flow chart to show the processes involved in the method.
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Figure 8.2: The average value of Im, Em, In,m and En,m as a function of the
number of iterations m. We used 50 random trajectories of Model 4, with at
least four impacts, where eN = 0.49, eT = 0.2 and R = 0.26 cm.
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reduces most of the error. All these features are the properties of the GDI

shadowing filter that has been discussed in the previous two chapters.

8.3 Conclusion

In this chapter, a method to determine the trajectory of a quincunx model

with limited information has been proposed. It is assumed that the only

available information is knowledge of the pin collisions and the time of im-

pact. It is important to highlight that the time of impact is required because

without it, there can be many possible trajectories with identical pin hits.

Consequently, the proposed method can still work without the time of im-

pact, if other variables that involve time such as the velocity are available.

The method is very simple and can easily be applied. It enables us to

guess the unknown states of the quincunx model, that are the position of the

collision point, the horizontal and the vertical velocity of the ball and the

spin of the ball. The final states estimates are obtained using the GDI shad-

owing filter with adaptive step-size which has been discussed in the previous

chapter.

The method is applied to quincunx Model 4 and the average value of inde-

terminism, mismatch, mean square error, and last point error are plotted to

show the performance of the method. Furthermore, it can be concluded that

the minimal information required to find shadowing trajectories for quincunx

model are the pin hits and the times of impact.

The limitation of the introduced method is that we have only investigated

the application of this method on the perfect model scenario. Some further

works still need to be done to extend the application of this method to the

imperfect model scenario. Admittedly,the results presented in this chapter

only deal to the type of models studied in this thesis, but it is hoped that

these results will generalise to other types of dynamical models.
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Chapter 9

Conclusion

9.1 Summary of results

In Chapter 2, we have introduced five quincunx models that are of increasing

complexity. The formulation of these models takes into consideration all

plausible assumptions about the important physical processes in a quincunx

such as the coefficient of restitution and the angular velocity of the ball. In

general, the models are more complex than the previous models that can be

found in the literature.

In Chapter 3, a three-dimensional and a four-dimensional continuous time

nonlinear dynamical ski-slope models have been introduced. One important

difference between these two models is that the three-dimensional model

describes the cases where the skier goes downhill only. In general, the ski-

slope models, can be regarded as the continuous or smoother versions of the

quincunx models.

In Chapter 4, we have addressed the question of whether a quincunx be-

haves as assumed by Galton and many modern statisticians that successive

impacts of the falling shot are well approximated as a random walk, with

independent accidents. We investigated this by considering numerical sim-

ulation of all quincunx models and employing a straight-forward analysis of

symbolic dynamics of the quincunx map. Our results show that nowhere

in the range of reasonably realistic parameters is the behaviour of the quin-
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cunx maps consistent with the independence assumption. In most cases, the

distribution of observed symbols is not consistent with an independence as-

sumption. It is also found that the quincunx map has a variety of stable

periodic orbits.

In Chapter 5, we have investigated how well a more complicated model

be predicted by a less complicated model. We consider five model-system

pairs, where the more complex models acts as the system and the less com-

plex model acts as the forecasting model. As have been expected, in most

cases, the results show that the less complex model is not a good predictor

of the more complex model, except for Model 1 - Model 2 and Model 3 -

Model 4 pairs. Our results also confirm the significance of taking spin into

consideration, the restitution, rebound, sticking and rolling models in the

formulation of the quincunx models.

In Chapter 6, a shadowing filter using GDI has been applied to the quin-

cunx Model 4 and the ski-slope model and the quality of state estimates and

forecasts are discussed. The results reveal one main problem, that is, the

GDI shadowing filter fails to provide stability to the convergence of the inde-

terminism and the error of the quincunx Model 4, and the root mean square

error and the last point error of the four-dimensional ski-slope model. There

is also an unexpected result with the quality of forecasts for the ski-slope

model, that is, there are cases where the improved or better state estimates

do not improve the quality of forecasts. We found out that this phenomenon

occurs due to the existence of the moguls which change the direction of the

skier and hence reduce the separation time.

In Chapter 7, we have introduced a new approach in selecting the step-

size as a solution to the convergence problem reported in Chapter 6. Our

approach is to adapt the step-size sequence in the a gradient descent algo-

rithm so as to reduce the indeterminism at each iteration. It is designed

to eliminate the uncertainty in selection of the optimal value for step-size

parameter, and to increase the speed of convergence without compromising

the stability. It has been shown that the adaptive step-size performs better

than fixed step-size. The adaptive step-size will guarantee the average value

of Im and Em to be strictly decreasing, or at least, non-increasing. Although
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fixed step-size in some cases has a faster initial convergence, it is eventually

surpassed by the adaptive step-size. It is known that for the cases where

a large, fixed step-size does not work, a smaller step-size will guarantee the

convergence of the indeterminism. However, the GDI shadowing filter with

adaptive step-size will provide better convergence of the indeterminism, after

the same number of iterations.

In Chapter 8, we have proposed a method to determine the trajectory

of a quincunx model with limited information, for example, when the only

available information is the knowledge of the pin collisions and the time of

impact. It is important to highlight that the time of impact is required

because without it, there can be many possible trajectories with identical

pin hits. The proposed method can still work without the time of impact,

if other variables that involve time such as the velocity, are available. The

method is very simple and can easily be applied. It enables us to guess the

unknown states of the quincunx model, that are the position of the collision

point, the horizontal and the vertical velocity of the ball and the spin of

the ball. Furthermore, from our results we can conclude that the minimal

information required to find shadowing trajectories for quincunx model are

the pin hits and the time of impact.

9.2 List of new ideas, results and contribu-

tions

The new ideas, results and contributions of this thesis can be summarized as

follows:

• Chapter 2: The introduction and construction of five quincunx mod-

els with increasing complexity. These models are more complex than

previous models that can be found in the literature.

• Chapter 4: The application of symbolic dynamics to the quincunx mod-

els to establish that the newly introduced quincunx models are better

modeled as nonlinear deterministic models, rather than stochastic.
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• Chapter 5: The investigation of the behaviour of the quincunx mod-

els as maps. The chapter also address one of our research questions:

how well can this complex system (quincunx) can be forecast with an

imperfect model.

• Chapter 6: The application of basic GDI shadowing filter to the quin-

cunx and ski-slope models for state estimation and forecasting. There is

an unexpected result that in some cases, for ski-slope models, the worse

state estimates provide better forecast than the better state estimates.

• Chapter 7: The introduction of an adaptive step-size in the shadowing

filter to overcome the stability problem when using fixed step-size. It

is found that the modified GDI shadowing filter can be successfully

applied to the quincunx and ski slope models.

• Chapter 8: The introduction of a method to determine the states of a

quincunx model with just the knowledge of the pin hits and the time of

impact. This chapter also answer one of our research questions: what

is the minimal information required to find shadowing trajectories for

quincunx model
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Appendix A1: The computation of the separation point

and velocity

Figure 1: A ball on a pin, where f is the friction force, N is the reaction force
and ω is the angular velocity

Let the xy plane be chosen so that the centre of the pin be the origin

O (see Figure 1). Let the position of the centre of mass C of the ball be

measured by angle θ and suppose that the position vector of this center of

mass C with respect to O is r. A ball of radius a and mass m sticks on a

pin of radius b, and r1 and θ1 are unit vectors as indicated in Figure 1.

Resolving the weight W = −mgj into components in directions r1 and
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θ1, using dot-product rules, we have

W = (W · r1)r1 + (W · θ1)θ1
= (−mgj · r1)r1 + (−mgj · θ1)θ1
= (−mg sin(θ))r1 −mg cos(θ)θ1 (1)

The reaction force N and the frictional force f are N = Nr, f = fθ1. Ex-

pressing the angular acceleration in polar coordinates, we have

F = ma

= m[(r̈ − r)θ̇2r1 + (rθ̈ + 2ṙθ̇)θ1] (2)

and using the principle of linear momentum, we have

F = W +N+ f

= (N −mg sin(θ))r1 + (f −mg cos(θ))θ1 (3)

from which, by equating the equations, we obtain

m((r̈ − r)θ̇2) = N −mg sin(θ)

m(rθ̈ + 2ṙθ̇) = f −mg cos(θ). (4)

Since r = a+ b (the distance of C from O), these equations become

−m(a+ b)θ̇2 = N −mg sin(θ)

m(a+ b)θ̈ = f −mg cos(θ). (5)

Note that although the ball’s form might change in each collision (because

the collision is assumed inelastic), the radius is assumed constant because the

changes are too small and ignorable. We now apply the principle of angular

momentum. The total external torque of all forces Λ about the centre of

mass C is (Since W and C pass through C),

Λ = (−ar1)× f = (−ar1)× (fθ1) = −afk. (6)
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Also, the angular acceleration of the ball about C is

α = − d2

dt2
(ϕ+ φ) = −(ϕ̈+ φ̈)k. (7)

Since there is only rolling and no slipping if follows that arc AP equals arc

BP or bϕ = aφ. Then ϕ = π/2− θ and φ = (b/a)(π/2− θ) so that

α = −(ϕ̈+ φ̈)k = −(−θ̈ +
b

a
θ̈)k =

(
a+ b

a

)
θ̈k. (8)

Since the moment of inertia of the ball about the horizontal axis of rotation

through C is I = 2
5
ma2 we have, by the principle of angular momentum

Λ = Iα,

−afk =
2

5
ma2

(
a+ b

a

)
θ̈k,

f =
2

5
m(a+ b)θ̈. (9)

Using this value of f in Eq. (4) we find

θ̈ = − 5g

7R
cos(θ). (10)

Multiplying both sides by θ̇ and integrating, we find after using the fact that

θ̇ = 0 at t = 0

θ̇2 =
10g

7R
(sin(θ0)− sin(θ)) (11)

using Eq. (10) in Eq. (4), we find

N −mg sin(θ) = −mR

(
10g

7R
(sin(θ0)− sin(θ))

)
. (12)

Then the ball leaves the pin where the reaction force N = 0, that is

sin(θs) =
10

17
sin(θ0). (13)
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Substituting speed V = θ̇r in Eq. (10), we find the separation speed Vs as

V 2
s =

10

7
gR sin(θ0) (14)
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