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Abstract

The process of selective withdrawal has, over many years, been used as an effective

tool for extraction of water of particular quality from stratified reservoirs. While

the formation and steady-state theory of selective withdrawal in a stratified fluid

at rest has been extensively studied, little is known how vertical displacements of

stratification due to long internal waves affect the water quality of the outflows.

The first part of this study investigates the effect of basin-scale internal waves on

the water quality parameters in Lake Burragorang, a large water supply reservoir

for the city of Sydney, Australia. It is shown from field observations how the

steady-state formulation of selective withdrawal can be used to predict the outflow

water quality in reservoirs where internal waves are present, with a temperature

prediction accuracy within 0.2 oC.

A finite-difference inverse method has been developed to analyse the tracer

fields collected during the field campaign. This technique enables calculation of

two components of velocity and the vertical eddy diffusivity from time-dependent

distributions of the tracer fields. The second part of the study presents the theory

and application of the inverse methods in lakes, highlighting the effect of increas-

ing the complexity of the model on the results of the inversion, followed by a

discussion of optimal time scales for applying inverse method and limitations of

the technique.

In order to explain fluctuations in water quality parameters of the outflows,

such as turbidity, it is important to know not only the stratification conditions in

front to the offtake, but also to understand the dynamics of suspended particles

in the upper reaches of the reservoir. In the third part of this study, transport

and settling of suspended particles was investigated in the Wollondilly arm of

Lake Burragorang by combination of direct and inverse methods. The inverse

method was modified to enable the separation of advective and diffusive transport

of suspended particles from Stokes settling controlled by gravity, yielding two-

dimensional fields of particle velocities and settling fluxes in the upper reaches

of the reservoir. These estimates are compared to the direct measurements of

sedimentation fluxes made by the sediment traps and LISST-100.
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Doctor of Philosophy at the Centre for Water Research, the University of Western

Australia. The thesis is presented as a collection of three papers, with the Intro-

duction (Chapter 1) setting up the context of the study and linking the individual

publications. Each chapter is stand-alone manuscript, which includes abstract,

literature review, results, discussion and bibliography.

Chapter 2 has been published at the Journal of Hydraulic Engineering (ASCE)

as Anohin, V. V., Imberger, J., Romero, J. R., and Ivey G. N (2006)“Effect of

long internal waves on the quality of water withdrawn from a stratified reservoir”,

J. Hydr. Engrg., 132(11):1134-1145. The work in this chapter is my own, though

carried out under the supervision of Jörg Imberger, Greg Ivey and Jose Romero.

Chapter 3 has been submitted to the Journal of Geophysical Research (JGR-

Oceans) as “Estimating net transport and mixing using a time-dependent inverse

method” by Anohin, V. V., Imberger, J., Ivey G. N. and Romero, J. R. The finite-

differences inverse method described in this chapter is based on previous work of

Fiadeiro and Veronis (1984). The method has been further developed to include

the unsteady term, which allowed inversion of velocities and mixing coefficients

from time-varying tracer distributions. The work in this chapter is wholly my

own, though valuable contributions came from the co-authors and the reviewers

of the manuscript.

Chapter 4 has been submitted to the Journal of Hydraulic Engineering (ASCE),

as Anohin, V. V., Imberger, J., and Romero, J. R. “Sedimentation fluxes of sus-

pended particles obtained by direct and inverse methods”. This work extends the

methodology presented in Chapter (3) to allow multiple tracer transects to be used

as an input into inverse method. It also presents a new inverse method, which

resolves settling/resuspension rates of suspended particles from time-varying tur-

bidity data. The work in this chapter is wholly my own, although important

contributions came from my supervisors Jörg Imberger and Greg Ivey.
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1CHAPTER 1

Introduction

Water is the most important commodity on our planet. It covers two-thirds of

its surface and is crucial for the survival of Earth’s ecosystems: serving as a

medium for transport and redistribution of energy and substances, controlling the

climate through the hydrologic cycles, and constituting a large part of all living

organisms (Wetzel, 2001). Although it seems we have abundant water resources,

fresh water on land accounts for only about 1% of the total amount, with 98%

of this water contained in the deep underground aquifers (Fetter, 1994). With

the rapid population growth and the economic development observed in the past

40 years, sustainable management of water resources became crucial in achieving

a reliable water supply for our ever-more demanding society (Vörösmarty et al.,

2000; Pimentel et al., 1999).

In many parts of the world, surface waters are the primary source of water

supply for the population. On land, fresh surface water is found in glaciers, rivers,

streams, wetlands, lakes and reservoirs. Reservoirs, or man-made lakes, have long

been used as a way of securing the water supply in areas where strong seasonal and

interannual fluctuations in precipitation and river runoff are observed. Reservoirs

are used for irrigation, drinking water supply, power generation, flood protection

and recreational purposes (Fischer et al., 1979), and they are also important for

the maintenance of bird and wildlife populations. This thesis addresses several

aspects important to lake and reservoir functionality.

An important characteristic of lakes and reservoirs at a temperate climate is

the annual cycle of thermal stratification. In the warmer months of the year,

heat input from solar radiation and higher air temperatures lead to temperature

stratification of the water column. A warm well-mixed surface layer (epilimnion)

overlies a colder hypolimnion; these two layers are separated by the thermocline, a

region of strong vertical density gradients (Imberger, 1998). Density stratification

inhibits vertical motion in the water column, damping vertical eddies and turbu-

lence, while allowing for horizontal flows (Imberger and Patterson, 1990). This

phenomenon has been widely used by reservoir managers to extract water of par-

ticular quality from stratified reservoirs, a process known as selective withdrawal

(Imberger, 1980). A sudden opening of a sink in a linearly stratified fluid initiates

an infinite number of shear waves (Pao and Kao, 1974), also called columninar

disturbances (McEwan and Baines, 1974), which propagate upstream, leaving in

their wake a flow towards the sink in a layer of finite thickness δ. Although the for-
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mation and steady-state theory of selective withdrawal in stagnant stratification

has been studied extensively (see, for example Yih (1958); Imberger et al. (1976);

Monismith et al. (1986) for a line sink, and Lawrence and Imberger (1979); Ivey

and Blake (1985) for a point sink), little is known about the behavior of the

withdrawal layer in lakes where vertical oscillation of stratification is observed.

Stratification is also able to support internal waves, these were first observed

in lakes by Wedderburn (1907). These waves, induced by surface wind stress or

gravitationally unstable density gradients, are responsible for basin-scale transfer

of energy, vertical oscillations of the thermal stratification (Mortimer, 1974; Moni-

smith, 1985; Imberger, 1994), mixing in the lake interior (Saggio and Imberger,

2001) and energy dissipation in the turbulent benthic boundary layer (MacIntyre

et al., 1999; Wüest et al., 2000; Boegman et al., 2005). Chapter 2 of this thesis

seeks to quantify the effect of basin-scale internal seiches on the quality of water ex-

tracted from a stratified reservoir. Steady-state formulae for selective withdrawal

are applied to field data collected in Lake Burragorang, linking the seasonal fluc-

tuations in the water quality parameters of the extracted water (temperature and

turbidity) to the internal wave dynamics. The results from the long-term study

are then examined in detail over one week of an outflow experiment conducted in

the reservoir in November 2002.

Understanding of flow patterns and flux paths in reservoirs is important for

predictions of primary production, suspended particles dynamics and nutrient

recycling (Imberger, 1998). In order to resolve flow patterns evident from the

temporal development of biogeochemical distributions in Lake Burragorang, a

simple inverse method was developed. Inverse methods have been widely used in

oceanography to obtain large scale oceanic transport (Wunsch, 1978; Pierce and

Joyce, 1988; Wunsch, 1996), mixing (Tziperman, 1988; Tziperman and Hecht,

1988; Matear, 1993), and nutrient transports (Ganachaud and Wunsch, 2002)

from sparse hydrographic data.

In the present study we were more interested in basin-scale flows in strat-

ified lakes, such as due to internal waves or the wind shear on the air-water

interface (Imberger, 2001). A time-dependent modification of the inverse method

by Fiadeiro and Veronis (1984) and Lee and Veronis (1989) was developed to re-

solve velocities and vertical mixing coefficients from the time-varying tracer fields.

Transects of temperature, conductivity, dissolved oxygen, turbidity and Chl-A flu-

orescence measured with high spatial and temporal resolution in a 5 km stretch



Chapter 1. Introduction 3

of the reservoir adjacent to the dam wall were used as input tracers. Chapter 3

discusses the assumptions made in the inverse method, analyses input tracers and

examines the effect of increased complexity of the method on the outcome of the

inversion; the results are compared to the direct measurements.

Many parameters, such as dissolved oxygen, pH, salinity, turbidity and nutri-

ents, are important for water quality management in stratified reservoirs (Wetzel,

2001). These water quality parameters determine the chemistry and biology of

the surface waters, affecting aquatic plants (phytoplankton, macrophytes, various

algae groups) and animals (zooplankton, fish). Of particular interest in this work

is turbidity, an optical measurement of concentrations of suspended particles in

the water column (Sadar, 2002). Elevated concentrations of suspended particles

in the water column reduce light penetration depth and algae growth (Lind et al.,

1992), affect fish populations (Vogel and Beauchamp, 1999) and suppress growth

of benthic macrophytes (Herb and Stefan, 2006). Direct measurements of resus-

pension, transport and settling of suspended particles in lakes is a challenging

task (Bloesch, 1995). Suspended loadings in the water column are measured by

optical transmisometers, which rely on the light backscatter of attenuation by

the particles, acoustic methods based on eco-sounding (Gartner, 2002), sediment

traps (Kozerski, 1994), and others described in (Bloesch, 1994).

Chapter 4 of this thesis compares three methods, which were used to quantify

transport and settling of suspended particles. The study focuses on a Wollondilly

arm of Lake Burragorang, a region of the reservoir where problems with water

quality due to increased concentrations of suspended solids have been reported

(Romero and Imberger, 2003). Sediment traps data are compared to estimates

of sediment fluxes obtained from volumetric concentrations of individual particle

sizes. Both methods assume quiescent ambient environment and steady supply

of suspended particles, not taking into account advective and diffusive fluxes.

In order to predict flux paths, vertical velocities and settling fluxes of suspended

particles in Lake Burragorang, a new inverse method is developed. First, following

methodology of Kelly and Strub (1992), we extend the inverse method presented

in Chapter 3 to allow for multiple tracer transects to be used as an input. Settling

velocities of suspended particles are obtained from time-varying distributions of

turbidity concentrations, while advective and diffusive transport are calculated

from four conservative tracers. Lastly, settling fluxes calculated from the inverse

method are compared to direct measurements by sediment traps. These methods

provide a powerful tool enabling better understanding of particle dynamics in lakes
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and the processes affecting water quality and ecological dynamics of stratified

water bodies.
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Effect of Long Internal Waves on the Quality of Water

Withdrawn from a Stratified Reservoir †‡

2.1 Abstract

The properties of water withdrawn from a stratified reservoir are investigated

in a field study conducted in Lake Burragorang, Australia. It is shown that tem-

perature and turbidity fluctuations of the extracted water are directly correlated

to the vertical displacement of the thermal structure of the reservoir immediately

in front of the offtake and the thickness of the selective withdrawal layer. Scal-

ing of the unsteady withdrawal revealed that the timescale associated with the

formation of selective withdrawal is an order of magnitude smaller than the typ-

ical period of the internal wave. This means the withdrawal layer is acting as a

filter, extracting water of a particular quality as it is swept past the outlet by

the internal seiches; the steady-state theory of the selective withdrawal can be

used to predict outflow temperature fluctuations in reservoirs where long internal

waves are present. To correctly interpret other outflow water parameters, such as

turbidity or dissolved oxygen, it is important not only to know the stratification

conditions in front of the offtake, but also to understand the local flow dynamics

in the lower reaches of the reservoir.

CE Database keywords: Water supply; Water quality; Reservoir operation;

Internal waves.

2.2 Introduction

Selective withdrawal has, over the last 30 years, been widely proposed as an

effective tool for extracting water of particular quality from water supply reser-

voirs (Wunderlich and Elder, 1968). Withdrawal from a stagnant stratified fluid

initiates flows toward the offtake in a thin layer of finite thickness, a phenom-

enon known as selective withdrawal (Imberger, 1980). The process of selective

withdrawal relies on the temperature stratification inhibiting vertical motion in

the water column, damping turbulence and preventing large scale mixing, but

†Centre for Water Research reference ED-1684
‡Article published in the Journal of Hydraulic Engineering, as Anohin, V. V., Imberger, J.,

Romero, J. R., and Ivey G. N. “Effect of long internal waves on the quality of water withdrawn

from a stratified reservoir”, J. Hydraul. Eng., 132(11):1134-1145.
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allowing horizontal flows [see Imberger and Patterson (1990) for a comprehensive

review]. The theory of selective withdrawal, in both 2D and 3D configurations,

has developed in two distinct directions; the first considers flow dynamics in a

linearly stratified fluid, while the second investigates the drawdown of the upper

layers in a discretely layered stratification.

For a linear stratification, the study of the dynamics of steady state withdrawal

was first presented by Yih (1958), who showed that, at sufficiently low Froude

numbers, the withdrawal of fluid from a stratified reservoir leads to horizontal

motion toward the sink at the level of the offtake. Pao and Kao (1974) first

described the mechanism responsible for the formation of a selective withdrawal

layer. These authors showed that horizontally propagating columnar disturbances,

also called shear waves (McEwan and Baines, 1974), which initiated after a sudden

opening of the sink, were responsible for the establishment of flow toward the

intake in a layer of finite thickness δ. Shear waves propagate upstream with speed

ci = NH/nπ, N being the buoyancy frequency, H the total depth of the reservoir,

and n the vertical mode number of the wave; in this case, sink is located at the

bottom of the reservoir. Imberger (1972) showed how the steady-state thickness

close to the line sink (for an offtake extending over the total width of the reservoir)

was given by an inertia-buoyancy balance, and that far from the sink by a viscous

buoyancy balance, the length scale of the transition region being q3/2N−1/2ν−1, q

in this case being the discharge per unit width and ν the kinematic viscosity.

The theory for a line sink was further developed by Imberger et al. (1976),

who explained the effect of a vertical upstream boundary on shear wave behavior

and the subsequent formation of a selective withdrawal layer. They suggested

a classification of the flow, based on the balance of dominant forces, with the

transition parameter R = qNL2ν−2 used to differentiate between possible regimes,

where L is the horizontal length scale. If R > 1, an inertia and buoyancy balance

dominates, forming a withdrawal layer of constant thickness δ = 4(qN−1)1/2. For

R < 1, a number of regimes exist where viscous and diffusive forces are balanced

by buoyancy, with the thickness of the layer being defined by δ = 5.5(νLN−1)1/3,

i.e. growing with distance proportional to L1/3.

Most of the offtake structures are point sinks, rather than line sinks, as pointed

out by Fischer et al. (1979). Recognising this, Lawrence and Imberger (1979)

considered the unsteady dynamics of the selective withdrawal from a point sink,

discovering that the flow is established by cylindrical shear waves rather than two-
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dimensional waves as observed for line sinks. For a radially symmetric geometry,

selective withdrawal layers reach a steady state over some distance L on a timescale

defined by T ∼ LQ−1/3N−2/3. In a series of experiments, these authors showed

that, after reaching a steady state, the layer thickness in an inertia-buoyancy

regime was given by

δ = c3(QN
−1)1/3 (2.1)

where c3=withdrawal coefficient and Q=total discharge.

Axisymmetric withdrawal from a point sink was further investigated by Ivey

and Blake (1985), who suggested a transition parameter S = (Q2Nν−3)1/15 to

differentiate between the flow regimes, S being the three-dimensional counterpart

to R. For S > 3, the inertia-buoyancy regime governs the flow, forming a layer

of constant thickness δ given by Eq. (2.1). Comparing previous studies and their

own experimental data, Ivey and Blake (1985) showed that c3 = 1.42 in Eq. (2.1)

yielded the best results for layer thickness δ in the inertia-buoyancy regime. For

S < 3, the viscous and diffusive forces balance buoyancy, and the thickness of the

withdrawal layer was shown to be given by

δ = 2.1(νQN−2)1/5 (2.2)

such that the radial expansion exactly balances the vertical layer expansion, yield-

ing a layer thickness δ independent of the distance from the sink.

Flow dynamics in a two-layered stratification were first studied by Craya

(1949). The author examined the drawdown of water from the upper layer into a

line sink positioned in the lower layer, suggesting the use of a Froude number to

define the critical discharge at which the drawdown occurs. Craya (1949) defined

the critical Froude number as FC = Q(g′d5)−1/2, where d distance between the

center of the outlet and the layer interface; g′ modified acceleration due to gravity

defined as g′ = g(ρ2 − ρ1)/ρ2; and ρ1 and ρ2 density of water in the upper and

lower layers, respectively.

In a recent article, Wood (2001) summarised the existing theory for both

line and point sink cases, showing that the ratio of discharges from a multiple-

layered stratification is determined by the density difference between the layers,

the location of a virtual control relative to the sink, and a total discharge Q at the

valve. Selective withdrawal from reservoirs with a diffuse interface, a transitional

case between linear and layered stratification, is well covered in a review article

by Imberger (1980), where it is shown that fluid residing in the diffuse layer will

be drawn down before the main interface is drawn into the outflow.
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In all these studies, the theory of selective withdrawal has been developed un-

der the assumption that the vertically stratified ambient fluid is stationary relative

to the offtake. However, water is seldom stagnant in a reservoir. Internal waves

initiated as a response to external forcing, such as by wind or riverine inflows,

oscillate the water column vertically over depths that may be an appreciable frac-

tion of the total reservoir depth (e.g., Saggio and Imberger 1998). Such internal

waves are characterised by periodic vertical displacements of the isotherms and

associated horizontal periodic currents (Spigel and Imberger, 1980).

The dynamics of internal waves in stratified reservoirs have been extensively

studied in numerous publications (see Fischer et al. 1979; Imberger and Patterson

1990 for reviews). After a wind starts over a lake, the upper layers of the water

column are accelerated downwind, resulting, at the upwind end, in an upward tilt

of the lakes water surface and a downward tilt of the isotherms. Long surface

waves with a fundamental period of TS = 2LR(gH)−1/2, where LR=length of the

reservoir and H=total depth, develop after the wind stops; the time for the surface

to reach the maximum tilt is given by TS/4 (Spigel and Imberger, 1980).

The wind stress also initiates a near-surface circulation in the upper layer of the

water column (epilimnion), which in turn leads to the tilting of the thermocline,

with downward migration of the epilimnetic water at the downwind end of the

reservoir (e.g., Spigel and Imberger 1980; Monismith 1985; Stevens and Imberger

1996). The fundamental period of the basin-scale internal wave is given by Ti =

2LR(g′h1h2/H)−1/2, h1 and h2 giving the heights of the upper and lower layers,

respectively (Spigel and Imberger, 1980).

To quantify the response of a reservoir to a surface wind stress, Imberger and

Patterson (1990) introduced a parameter that determines the balance of disturbing

and stabilising moments in a stratified water body, called the Lake number. The

Lake number, valid for arbitrary stratification, was defined by Imberger (1998) as

LN =
St(H − hT )

u2
∗
A

3/2
0 (H − hV )

(2.3)

where A0=surface area of the lake; hT =seasonal thermocline depth in meters

above the bottom; hV =height to the center of volume; and u∗=water shear veloc-

ity. The stability of the lake St is given by

St =
g

ρ0

∫ H

0

(hV − z)ρ(z)A(z)dz (2.4)

A small Lake number (LN < 3) indicates that the lakes center of gravity is
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displaced under the destabilising influence of the wind, leading to an increasing

degree of upwelling of hypolimnetic water. Periods of low LN are characterised

by vertical mode 1 tilting of the thermocline (Stevens and Imberger 1996), strong

mixing in the interior of the lake (Imberger, 1998), and increased benthic boundary

layer activity (Saggio and Imberger, 1998). LN > 3 describes calm conditions or

the presence of internal waves with relatively small amplitudes such that there is

no upwelling of hypolimnetic waters; we use LN to determine the degree to which

basin-scale internal waves have developed under the presence of wind.

A Wedderburn number, a simplified version of LN in two-layered stratifica-

tion, is defined by the relation W = g′h2
1u∗

−2L−1, where h1=mixed-layer depth

(Spigel and Imberger, 1980). The modal composition of the internal waves can

be identified from the magnitudes of the lake and Wedderburn numbers (Stevens

and Imberger, 1996). A first mode response (V1) is characterised by a small W

and a small LN , and second mode response (V2) is determined by a small W and

large LN (Imberger and Patterson, 1990).

To date, there has been little study of the effect of basin-scale internal waves

on the dynamics of selective withdrawal. In this paper we use results from a field

study to investigate how seiching due to long internal waves can change the quality

parameters of the water withdrawn from a stratified lake. On a seasonal scale,

fluctuations in temperature and turbidity of withdrawn water are compared to the

internal wave dynamics. Steady-state formulas of selective withdrawal are used to

obtain layer thickness in the reservoir where density stratification is unsteady due

to internal wave activity; the results are compared to measured water quality data.

The interaction of long internal waves and selective withdrawal is studied in detail

on one particular seiching event, where the lake hydrodynamics is assessed using

direct and inverse methods, followed by the interpretation of observed fluctuations

of the water quality.

2.3 Study area and instrumentation

The field site was Lake Burragorang, a long (57 km) canyon-shaped narrow

reservoir, located in New South Wales, Australia (Fig. 2.1). The reservoir is used

as the primary source of drinking water for the city of Sydney, providing up to

80% of its demand. The lake has three main basins: (1) a main canyon, which is

straight, deep (85 m), narrow (0.41 km) with a steep-sided basin stretching in the

northeasterly direction over 15 km; (2) the Wollondilly Arm, which has a mildly
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Figure 2.1: Bathymetry of Lake Burragorang and zoomed-up section of main canyon with

LDS station (∆) and F-probe transect location (dots)

sloping bottom and a maximum depth of 60 m; and (3) Coxs Arm, adjoining the

main canyon at the junction from the northwest.

Lake Burragorang is a warm monomictic reservoir, with periods of strong ther-

mal stratification from September to May, followed by a winter period from June

to September, when the water column is fully mixed. In some years, cold inflows

maintain the stratification over the winter and the water column remains strat-

ified throughout the year (Romero and Imberger, 1999). An important feature

influencing the dynamics of the main canyon and the Wollondilly Arm is the effect

of “wind funneling” where the wind, trapped by steep sidewalls, follows the di-

rection of the canyon. This phenomenon leads to preferential wind patterns, with

southwesterly winds (down the canyon) causing downwelling at the dam wall, and

northeasterly winds leading to upwelling. Romero and Imberger (1999) present a

detailed description of the seasonal meteorological forcing and the behavior of the

major inflows into Lake Burragorang. Rotational effects may be neglected in the

reservoir, as the internal Rossby radius Ri, defined as the ratio of internal wave

phase speed ci to the inertial frequency f (Kundu, 1990), is approximately 4 km,

exceeding the width of the lake (typically 1 km).

An outflow experiment on Lake Burragorang was conducted from November

5-9, 2002. The objective of the experiment was to understand the influence of

wind-generated basin-scale internal waves on the quality of the extracted water.

The water withdrawal outlets, approximated as vertical line sinks, are located at

the dam wall at three depths: Outlet 1: 18.5-26 m, Outlet 2: 40.5-48 m, Outlet 3:

48-55.5 m, all values below Full Supply Level. During normal operation, the two
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deeper outlets are open, extracting water from the hypolimnion, and the upper

outlet remains closed.

Sensors to measure temperature, conductivity, turbidity, and pH are perma-

nently installed inside the main outflow pipelines, recording water quality para-

meters of the extracted water at 15 min intervals. The water is thoroughly mixed

in the pipelines before reaching the water quality sensors as a result of the intake

geometry and high Reynolds number in the mains. In this study, we analyse data

from only two temperature and two turbidity sensors, installed in the mains of

the hypolimnetic outlets. Monthly calibration of the sensors showed that both

turbidity sensors were offset by approximately 0.4 ftu, which overestimated the

actual turbidity by 40%; the temperature sensors had an accuracy of ±0.1 ◦C .

A lake diagnostic system (LDS) was permanently moored 3.5 km upstream

from the dam wall, collecting meteorological data (wind speed and direction, solar

radiation, net long wave radiation, humidity, and air temperature) and water

temperatures at 10 s intervals. The thermistor chain (T-chain) measured the

water temperature to an accuracy of 0.01◦ C with a resolution of 0.001◦ C, with

sensors spaced at 0.75 m in the upper 30 m of the water column, increasing to 25

m in the hypolimnion.

A fine scale profiler (F-probe) and portable flux profiler (PFP) were deployed

during the experiment. The F-probe, described by Fozdar et al. (1985), was

deployed in a free falling mode, sampling pressure, temperature, conductivity,

turbidity, dissolved oxygen, and chlorophyll-a at a frequency of 50 Hz, on average

obtaining one sample every 1 cm. A differential global positioning system (GPS)

unit was used to determine the position of each profiling station with an accuracy

of 510 m. Data from the F-probe were analysed and corrected for response time

of the individual sensors and salinity was derived from temperature, conductivity,

and pressure (Fozdar et al., 1985). The locations of the individual F-probe profiles

in the main canyon are represented with dots in Fig. 2.1.

Microstructure and flow velocity were measured directly at fixed stations us-

ing the portable flux profiler (Imberger and Head, 1994). The instrument was

deployed in free falling mode, collecting temperature, conductivity, and three com-

ponents of velocity at a frequency of 100 Hz, enabling a resolution of one sample

per mm, as described by Lemckert et al. (2004). Horizontal velocities measured

in the main canyon were resolved into longitudinal and transverse components

of flow. Information about horizontal velocities in the upper layers of the water
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column was independently derived from the trajectories of the Lagrangian GPS

drifters (Johnson et al., 2003) that were deployed daily 1.5 km upstream from the

dam at depths of 7, 12, and 18 m below the surface.

2.4 Results and Discussion

2.4.1 Seasonal time scale: Internal waves

The seasonal variation of wind speed and direction over the lake is shown in

Fig. 2.2a. In response to this forcing, basin-scale seiches were generated at the

thermocline. These waves were clearly identifiable in the thermocline area after

storm events (Fig. 2.2b, numbered arrows), increasing in frequency of occurrence

and amplitude during the periods of weak stratification in the autumn and spring

(Wiegand and Carmack, 1986). One way of quantifying the internal wave activity

is to use the Lake number (Fig. 2.2c). The surface wind stress u∗ was derived

from the LDS meteorological records (Stevens and Imberger, 1996), and water

density was calculated from T-chain temperatures (UNESCO, 1981). To capture

the total momentum input by the wind, the square of u∗ was averaged to 6 h

intervals (Stevens and Lawrence, 1997), which is the minimum duration of a wind

event leading to formation of horizontal baroclinic gradients.

The long-term LDS records and the water quality parameters of the water ex-

tracted from the hypolimnetic outlets (Fig. 2.2d,e) were compared to see whether

any correlation existed between internal wave activity and properties of the water

withdrawn from the offtake.

Summer and autumn of the year 2002 (Days 80-151 in Fig. 2.2b) were char-

acterised by strong thermal stratification, with the surface layer temperatures

reaching 24◦ C. The increased stratification led to decreased internal wave ac-

tivity, waves reaching only 13 m in height, and the dominant wave period being

on average (Fig. 2.2b). The Lake number, as seen in Fig. 2.2c, remained high

throughout summer, rarely dropping below 10.

The vertical stratification was characterised by three distinct layers: (1) the

epilimnion, with warm and clear water in the upper 20 m of the water column; (2)

the thermocline, with the strongest density gradient between 20 and 30 m depths;

and (3) the hypolimnion, with cold and turbid water at depth below 30 m. A

benthic nephloid layer was permanently present in the lake at 60 - 80 m depths.

The nephloid layer consisted mostly of inorganic particles 5 - 10 µm in diameter
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(Romero, unpubl. data), yielding settling velocities of 2–8 m day−1.

Later in the year the epilimnion started cooling due to a net heat loss, on

average losing 1◦ C every 10 days (Fig. 2.2b). Weaker stratification led to an

increased basin-scale seiche amplitude. The internal waves had a fundamental

period of approximately 4 days (events (1), (2), and (3); see numbered arrows in

Fig. 2.2b) and were observed after strong southwesterly winds causing the warm

surface layer water to reach the depths of the outlets. The first such event, (1),

was observed on Day 140 (May 20), when the thermocline reached a depth of 35

m, 2 m below the upper limit of the withdrawal layer (will be discussed below).

The Lake number dropped from 40 to a value of around 4, accompanied by an

increase in the outflow temperatures of 0.5◦ C (Fig. 2.2d). The outflow turbidity

values rose from 1.1 to 1.6 ftu with a time lag of approximately 12 h, corresponding

to the time of strongest upwelling of cold turbid hypolimnetic waters at the dam

wall (Fig. 2.2e).

At the beginning of winter (Day 152 onwards), strong fluctuations in outflow

temperature and turbidity levels were observed much more frequently. The strat-

ification was still able to support a relatively thin selective withdrawal of 25 m

and basin-scale internal waves with a dominant period of 90 h. Weaker density

gradients led to increased mixing and stronger interaction between the surface

and hypolimnetic waters. By Day 155 (June 4), the seasonal thermocline reached

a depth of 35 m (Fig. 2.2b). Wind events (2) on Day 161 (June 9) and (3) of

Days 162165 (June 1214) initiated basin-scale seiches with amplitudes of around

15 m. The downward motion of the thermocline at the dam wall resulted in a rise

of outflow temperatures of 2.5◦ C (Fig. 2.2d); the Lake number dropped from 30

to 3. After 12-18 h, the internal seiche started to rise, lifting cold turbid hypolim-

netic water into the offtake, which led to an increase in the outflows turbidity

from 1.3 to 1.7 ftu.

Just prior to overturn on Day 190 (July 9) the outflow temperature reached a

maximum of 14.5◦ C; this was accompanied by low turbidity values (Fig. 2.2d,e).

For a short period, clean warm epilimnetic water was drawn into the outlets.

Following the overturn, the temperature of the outflows continued to decrease

until the beginning of August, dropping to 13◦ C; high turbidity values were

recorded throughout this period (Fig. 2.2e).

During spring (Day 244 onwards), increased air temperature and solar radia-

tion led to a positive heat flux at the surface that reestablished a weak stratifi-
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cation. Increased stability of the water column was indicated by higher values of

the Lake number, with LN > 10 being reached on Day 257. The first significant

internal wave event in spring (event (7) in Fig. 2.2b) was observed on day 260

(Sept. 17). The thermocline briefly reached a depth of 40 m, bringing warm sur-

face layer water to the withdrawal outlets. Outflow temperature responded with

a 1.5◦ C increase, LN . The turbidity values increased from 1 to 1.6 ftu with a

delay of 12 h, implying that uprising cold turbid hypolimnetic water was drawn

into the offtake. On Day 297 (October 24), this was repeated (event 10), with

outflow temperature peaking at 14◦ C and turbidity values rising the next day

from 1 to 1.5 ftu.

The last strong internal wave event (11) in the year 2002 occurred during the

week of the outflow experiment, between Days 307 (November 3) and 313 (Novem-

ber 9). Strong winds initiated a 15 m trough to crest internal wave displacement

at the dam wall; the outflow temperatures responded with a rise of 0.4◦ C. In-

creased turbidity values were recorded the next day, rising from 1 to 1.4 ftu, and

the Lake number plunged from 15 to a low of 0.2 (Fig. 2.2c).

The origin of fluctuations in the temperature of the extracted water can be

determined by comparing the timing of occurrence of the major internal wave

events (Fig. 2.2b) and the observed rapid variations in outflow temperature (Fig.

2.2d). It is clear from these that there is a direct correlation between downwelling

of the thermocline near the dam wall and the increase in outflow temperatures.

The mechanism of this interaction will be discussed hereafter.

2.4.2 Seasonal time scale: Selective withdrawal

Water was continuously extracted from deep hypolimnetic outlets (depths in-

dicated by the horizontal dashed lines in Fig. 2.2b), with the combined flow rate

through outlets 2 and 3 ranging from 10 to 25 m3s−1. In order to apply the

axisymmetric withdrawal theory (Ivey and Blake, 1985) to the vertical line sink,

for the geometry of the offtakes installed in Lake Burragorang, we approximate

outlets as an “equivalent distributed point sink.” This concept, developed by

Lawrence and Imberger (1979), is based on the experimental observations that, in

the proximity of an offtake, the layer rapidly converges toward the sink, forming a

radial flow at a distance L, approximately equal to the layer thickness δ (Imberger,

1980), as schematically presented in Fig. 2.3.

We postulate that point-sink Eqs. (2.1) and (2.2) will be applicable for cal-
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Figure 2.3: Geometry of vertical line sink, point A showing approximate location of “effective

point sink” behind offtake

culation of layer thickness from a vertical line sink of vertical extend hS where

the calculated layer thickness exceeds the vertical dimensions of the outlet, i.e.

δ > hS, a situation illustrated in Fig. 2.3. For Lake Burragorang, hS corresponds

to the vertical extent of 15 m for outlets 2 and 3. The layer will reach a con-

stant thickness exceeding the vertical dimension of the offtake after some distance

L ∼ δ. The geometry of the effective point sink is conceptualised as a sink shifted

to the left by half the height of the offtake screen 1/2 hS (point A in Fig. 2.3).

Problems with this assumption would arise only when the vertical dimensions of

the screen exceed the calculated layer thickness, in which case the concept of the

“equivalent distributed point sink” is not applicable.

To predict the dynamics of selective withdrawal, we also need to test if the

steady-state theory for a point sink (Ivey and Blake, 1985) is applicable for es-

timation of the withdrawal layer thickness in reservoirs in which internal waves

appear to violate the assumption of a steady stratification. In the inertia-buoyancy

regime, selective withdrawal reaches a steady state in time TW ∼ LQ−1/3N−2/3,

with L traditionally being defined as the total length of the reservoir LR (e.g.,

Spigel and Farrant 1984; Ivey and Blake 1985). Experimental data (Lawrence and

Imberger, 1979) indicate that cylindrical shear waves move out from the sink to

establish a layer of constant thickness already at a distance L ∼ δ, i.e., steady

state as seen by an observer at a distance of order δ from the virtual point sink,

as opposed to an observer at the far upstream end of the reservoir.

As far as the quality of withdrawn water is concerned, the timescale for the

establishment of selective withdrawal TW can be defined as the time a shear wave,

with vertical scale δ, takes to travel over a distance L ∼ δ. In this case, selec-

tive withdrawal is determined by the withdrawal of water from the vicinity of the

offtake, at depths set by the boundaries of layer thickness δ, rather than the with-
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drawal of fluid from a withdrawal envelope over the entire length of the reservoir

LR. Using the conditions during the outflow experiment as an example (described

in detail in the following section), it is estimated that, for a typical buoyancy fre-

quency N ∼ 3× 10−3 s−1 (Fig. 2.4) and discharge Q ∼ 23 m3s−1 (Fig. 2.5a), the

layer will already form at a distance of L ∼ δ ∼ 28 m, yielding a set up time of

TW ∼ 8 min.

By comparison, the analysis of isotherm displacements for the year 2002 reveals

that in Lake Burragorang the typical internal wave period Ti lies between 72 and

96 h, much longer than the selective withdrawal setup time. The temperature of

the extractedwater should thus be determined by the actual temperature of the

water swept past the outlet by the internal waves when integrated over the steady-

state withdrawal layer thickness δ. As the stratification is displaced vertically

under the influence of the basin-scale seiche, the new shear waves will propagate

out progressively, setting up a selective withdrawal layer which will converge to

a constant thickness δ at a distance L ∼ δ, providing an inertial control for the

water entering the outlet.

To verify the conclusion about the inertial control provided by the stratifica-

tion, the measured outflow temperatures (two pipeline sensors, Fig. 2.2d) were

compared with the temperature obtained by integrating the T-chain data over

the calculated, time varying, withdrawal layer thickness. This was done itera-

tively (see Fischer et al. 1979), as the buoyancy frequency had to be averaged

over the selective withdrawal layer thickness, which itself depended on the buoy-

ancy frequency.
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Numbered arrows in Fig. 2.5c correspond to internal wave events highlighted in Fig. 2.2b

An initial estimate was obtained by assuming that δ was equal to vertical

dimensions of two lower withdrawal outlets, δ ∼ 15m. The buoyancy frequency N

was calculated from the T-chain temperature data and averaged over the depths of

the withdrawal layer. This was used to verify the selective withdrawal layer regime;

throughout the whole period it was found that there was an inertia-buoyancy

balance, with the transition parameter S (Ivey and Blake, 1985) remaining high

(Fig. 2.5a). A new thickness of the withdrawal layer was calculated with Eq.

(2.1) from the buoyancy frequency NN (averaged over δ) and discharge Q (Fig.

2.5a). The new value of δ was then used in the next step of iteration to calculate

a new depth-averaged N and a new thickness of the withdrawal layer. Four steps

of iteration were sufficient to reach the stable layer thickness, shown in 2.5b.

One of the major assumptions in this calculation of δ was that the buoyancy

frequency N was taken as an average value calculated over the depths of the layer.

In reality, N varied considerably over the depth of the layer (Fig. 2.4). The use

of a depth-averaged buoyancy frequency is in practice sufficient, because in the

inertia-buoyancy regime, δ is only weakly dependent on the buoyancy frequency

N−1/3 (Ivey and Blake, 1985).

Fig. 2.5c shows measured outflow temperature data for the year 2002 superim-
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posed on the temperatures predicted as described earlier. Clearly there are large

and often rapid short-term variations in outflow temperatures, as can be clearly

seen in the complex temperature response in the time series in Fig. 2.5c. Despite

this, the figure indicates a very good match between the calculated and measured

temperature records, with the accuracy of prediction being within ± 0.2◦ C. The

temperature of the extracted water is determined by the steady-state thickness

of the withdrawal layer δ and the slow vertical oscillations of the isotherms along

the offtake, induced by the internal wave activity (compare seiching events in Fig.

2.2b and corresponding numbered arrows in Fig. 2.5c). The selective withdrawal

process thus acts as a filter, extracting water from the proximity of the sink as it

is swept past the withdrawal outlets by internal wave motion.

In summary, the data shows that, on a seasonal scale, basin-scale internal

waves have a strong effect on the temperature of the outflows. The water quality

parameters shown in Fig. 2.2d (temperature) and Fig. 2.2e (turbidity) indicate a

good correlation, but they also exhibit variations that may be attributed to the

upstream boundary conditions and the dynamics of the horizontal currents often

associated with internal seiches. In the next section, we look at the results from

a detailed field experiment designed to identify the processes affecting the quality

of the extracted water.

2.4.3 Event time scale: Outflow field experiment

An intensive outflow experiment was conducted over five days, starting on Day

309 (November 5, 2002), and finishing on Day 313 (November 9, 2002), with the

objective of investigating the effect of basin-scale seiches on the quality parameters

of the extracted water. The section of the reservoir studied during the experiment

was a 5 km stretch of the basin near the dam wall. The study area can be described

as a rectangular domain (80m×400m×5000m), with the vertical no-flow boundary

on the northeastern side (dam wall) and the open boundary on the southwestern

side (Fig. 2.1). Over the time of the experiment, the stratification did not change

much and could be approximated by three layers: (1) an epilimnion extending to

810 m; (2) a thermocline region with a strong temperature gradient between 10

and 15 m; and (3) a weakly stratified hypolimnion with N ∼ 3 × 10−3 s−1 (Fig.

2.4).

Two field teams collected information on the spatial and temporal development

of the flow field and tracer distribution within the main basin. Measurements of
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horizontal velocities with depth were obtained from the PFP profiles, while depth-

restricted horizontal velocities were derived from the GPS position of Lagrangian

drifters. In order to obtain unaliased data, the F-probe transects had to be com-

pleted in less than about 2 h; therefore, the profiles on Days 311 and 312 were

collected only in the upper 50 m of the water column.

Strong, persistent southwesterly winds (Fig. 2.6a, grey shaded areas) led to

downward motion of the thermocline at the dam wall, setting up an interface

displacement over the whole length of the reservoir. After the wind stopped,

the horizontal baroclinic gradients led to development of a basin-scale internal

wave with a fundamental period of 96 h (Fig. 2.6b), the frequency determined by

spectral analysis of isopycnal displacements for 14◦ C and 15◦ C isotherms. The

dam acted as a vertical boundary, constraining propagation of the basin-scale

waves and leading to formation of the standing seiches in front of the dam wall.

A daily northeasterly sea breeze was frequently observed in the area. The wind

usually started at midday, reaching its peak by the late afternoon and stopping

by midnight (see Fig. 2.6a, days 310, 311). The stratification responded to the
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sea breeze by weak upwelling at the dam wall, followed by downward motion after

the wind had ceased (Fig. 2.6b).

The hypolimnetic withdrawal played a minor role in the overall reservoir dy-

namics. The two lower outlets were permanently open between depths of 33 and

48 m, on average extracting water at a total rate of 23 m3s−1. The selective

withdrawal was governed by an inertia-buoyancy balance (Fig. 2.6a), with the

estimated layer thickness δ ranging between 23 and 32 m (Fig. 2.6b).

Selective withdrawal was not detected by direct measurements; therefore, only

theoretical values of the layer thickness and the water quality parameters measured

by sensors in the outflow pipes were used for analysis of the quality fluctuations of

the extracted water. The theoretical layer thickness δ always exceeded the vertical

dimensions of the vertical line sink hS, supporting the conceptualisation of the

offtake as a “distributed point sink.” Prior to the experiment, the temperature of

the outflows remained constant at 13.2◦ C, the turbidity values averaged 1.4 ftu

[Fig. 2.6(d and e)].

Initiation phase of internal wave (day 308-309)

A strong southwesterly wind commenced at around 1100 hrs on Day 308, and

by 1600 hrs reached a maximum speed of 10 ms−1 (Fig. 2.6a). The wind event

had a duration close to 13 h, long enough (Spigel and Imberger 1980) to cause a

deepening of the thermocline at the dam wall from 12 to 27 m (Fig. 2.6b). The

Lake number reflected the thermocline dynamics, dropping below 0.2 on Day 308

(Fig. 2.6c).

After the thermocline started to deepen on Day 308, outflow temperatures

steadily increased, reaching a maximum of 13.7◦ C by midnight of Day 309, the

time the internal seiche was at its lowest position [Figs. 2.6(b and d)]. At the

same time, a low turbidity layer, observed at 2040 m depths, was drawn into the

withdrawal layer envelope, forcing turbidity values to drop to their lowest value

of 1 ftu (Fig. 2.6e).

Upward phase of internal wave (day 309-310.3)

The southwesterly wind ceased after midnight of Day 309 (Fig. 2.6a). The

lake responded to the baroclinic pressure gradient, setting off a basin-scale internal

seiche. The thermocline rose throughout Day 309, reaching its shallowest depth of

12 m by 0400 hrs of the next morning (Fig. 2.6b). Analysis based on the Lake and
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depth. Negative values correspond to longitudinal velocities toward dam wall. On (a) Day
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near LDS; (c) Day 311, Station 1 located 550 m upstream (seven profiles); (d) Station 2 with

nine profiles 340 m upstream; and (e) Day 312, 10 profiles 550 m from dam wall. Estimated

boundaries of withdrawal layer (Fig. 2.5) are shown by thick gray lines

Wedderburn numbers (Stevens and Imberger, 1996) revealed that both first- and

second-mode waves were present (both numbers declined, yet W was much lower

than LN , Fig. 2.6c, W not shown). PFP data also suggested that higher mode

waves were active in the surface layer and the area of the thermocline (positive

velocities in the surface layer and two counter flowing layers in the metalimnion,

Fig. 2.7a).

Drifter movement supported the PFP measurements. After deployment on

Day 309, all drifters went upstream, with the 12 and 18 m drogues traveling at

approximately 0.04 ms−1 (Figs. 2.7a and 2.8c). The currents in the area of the

thermocline were restricted by weak flows near the surface and a no-flow region

below the thermocline (see midnight day 310, Fig. 2.8c).

At the upward phase of the internal wave, outflow temperatures dropped to a

minimum of 13◦ C by 0430 hrs on Day 310, the time of the highest upwelling of

hypolimnetic waters at the dam wall. The rising internal wave lifted cold, turbid

water to the depths of the withdrawal layer, causing temperatures to decrease and

turbidity to increase to 1.5 ftu on the early morning of Day 310 (Fig. 2.6d and

e).

Downward phase of internal wave (310.3-312)
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Drogues were deployed daily at 7, 12, and 18 m depths 1.5 km from the dam; negative values

correspond to longitudinal velocities toward dam wall

The thermocline started to deepen again after midnight of Day 310. The

consistent downward motion of the isotherms, driven by the internal seiche, was

modified by the lakes response to the daily sea breeze. The horizontal velocities

consisted of two components: (1) surface layer currents with a period of 24 h,

introduced daily by the sea breeze (Fig. 2.8a and c) and (2) the baroclinic veloc-

ities, resulting from a relaxation of the seasonal thermocline under the influence

of the internal seiche.

The deeper layers of the reservoirs were strongly influenced by the descending

stratification. F-probe profiles taken on Day 310 revealed a deep horizontal gra-

dient in both oxygen and turbidity (Fig. 2.9). A pool of clear, well-oxygenated

water was permanently present near the dam wall, with a turbidity front detected

about 1,000 m upstream from the dam. The turbidity front was advected by the

near-bottom currents (compare turbidity isopleths in Figs. 2.9a and b), contribut-

ing to variations of turbidity and oxygen at the outlet via horizontal advection

accompanied by vertical movement of water as the internal wave was reflected

from the dam wall.

On Day 311 two counterflowing layers were detected in the hypolimnion by

the PFP, a somewhat unexpected phenomenon, considering that initially the lower

layer was assumed to behave as one body. Time-averaged profiles showed peaks

of negative velocities between 25 and 40 m, counterbalanced by flow away from

the dam wall in the deeper layer (Fig. 2.7 c and d), explaining the origin of

near-bottom gradients of oxygen and turbidity (Fig. 2.9).
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Figure 2.9: F-probe transects of deep hypolimnion collected on Day 310: (a) morning; (b)

afternoon transects. Dark contour plot in background is turbidity (ftu), temperature isotherms

are plotted in white. Dam wall is approximately 230 m to left side of plot

A strong southwesterly wind started after midnight of Day 312 and surface

layer circulation became the dominant process determining the flow dynamics in

the lake. Strong currents toward the dam were observed in the upper 10 m of

the water column (Figs. 2.7e, 2.8c), resetting the internal seiche and leading to a

weak downwelling at the dam (Fig. 2.6b).

Throughout the downward phase, the outflow temperatures gradually increased

from 13◦ C to a maximum of 13.5◦ C, recorded on the early morning of Day 312

(Fig. 2.6d). This trend is consistent with the seiche dynamics, the lowest position

of the thermocline corresponding to the peak of the outflow temperatures. The

turbidity values continuously declined from Day 310 onwards, returning to 1 ftu

by late afternoon of Day 312 (Fig. 2.6e).

2.4.4 Flow dynamics determined by inverse methods

As shown in the previous section, the nature of the flow field was complex

and highly time dependent over the period of the outflow experiment. To define

the two-dimensional picture of the flow, an inverse method was applied to the F-

probe tracer data collected in the 5 km section of the main basin adjacent to the

dam wall, yielding horizontal and vertical velocities. The two-dimensional inverse
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method presented by Fiadeiro and Veronis (1984) was adopted and modified to

invert the differential form of the convection-diffusion equation, given by

∂Cj

∂t
+ u

∂Cj

∂x
+ w

∂Cj

∂z
= κz

∂2Cj

∂z2
(2.5)

The inverse method, fully described in (Fiadeiro and Veronis 1984 and Anohin

et al. 2006), resolves time-averaged flow between two F-probe transects collected at

the same location with the time interval ∆Tinv. Specifically, we retain an unsteady

term and allow ∆x to vary in space, where Cj=tracer concentrations of the j− th

tracer, t=time, and u and w=longitudinal and vertical velocities, respectively.

The vertical diffusion coefficient κz was assumed to be constant with depth at

10−5 m2s−1, the mean value derived from the PFP microstructure measurements.

The horizontal diffusion term was much smaller than the advection term and was

neglected. Five tracers obtained with the F-probe (temperature, salinity, dissolved

oxygen, turbidity, and fluorescence) were assumed to be conservative over the time

the transect of 11 stations was completed (∼2 h) and used as input data for the

model, creating an overdetermined system for the unknown velocities u and w.

High spatial (in vertical) and temporal resolution of the tracer data allowed us

to obtain a large number of inversions between the transects, only three of which

are presented here. The temporal distributions of the transects are indicated by

the thick horizontal bars in Fig. 2.6, the first transect as a point on the left-hand

side of the bar, the second transect as a point on the right-hand side. These time-

averaged results were then interpreted by comparing the inverse estimates with

velocities obtained by direct observations (e.g., PFP and drogues measurements).

Afternoon F-probe transects of Days 310 and 311 were used to invert Run 1;

the time interval between the transects was 26 h (Fig. 2.10). The currents initiated



30 Chapter 2. Internal waves and selective withdrawal

0.1 m/s

D
ep

th
 (

m
)

Horizontal velocities 1338 hours day 310 - 1256 hours day 313

13

14
15

19
20

-80

-70

-60

-50

-40

-30

-20

-10

0

0.001 m/s

Vertical velocities 1338 hours day 310 - 1256 hours day 313

20

15

13

0 500 1000 1500 2000 2500 3000 3500 4000 4500
Distance, (m)

D
ep

th
 (

m
)

-80

-70

-60

-50

-40

-30

-20

-10

0

a)

b)

Figure 2.11: (a) Same as Fig. 2.10, Run 2; (b) vertical velocities, positive values correspond

to upward flux, Day 310313, ∆Tinv=71.3 h

by internal wave motion dominated the flow field. The hypolimnion acted as a

two-layered system, with the layer between 15 and 30 m depths flowing toward the

dam wall, the magnitude of velocities close to the values measured with the PFP

(Figs. 2.7c and d). Information about the deeper layers was restricted to 50 m,

the maximum depth of the F-probe profiling on Days 311 and 312, although the

lower hypolimnetic layer was still identifiable between 30 and 50 m, with negative

velocities reaching 0.01-0.02 ms−1.

Run 2 was inverted from transects of Day 310 and the afternoon of Day 313,

covering three days of the experiment (Fig. 2.11). Only the tracer fields of

temperature and dissolved oxygen were used for this inversion. It is important

to note that both transects were collected over the total depth of the reservoir.

The results of the run show a hypolimnetic layer between 15 and 30 m flowing

toward the dam wall, and a deeper layer between 30 and 85 m moving up the

canyon. Velocities in the lower layer increased between 75 and 85 m depths 2

km upstream of the dam (Fig. 2.11a), possibly resulting from the narrowing of

the talweg in this section of the canyon. These near-bottom currents were also

identifiable from the turbidity front development on Day 310 (Fig. 2.9a and b).

In fact, the velocities obtained from the temporal development of the turbidity

isopleths can be considered to be a simple form of the inverse method, where only
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Figure 2.12: Same as Fig. 2.10, Run 3, Day 312313, ∆Tinv=26.6 h

one tracer was used as an input.

Surface layer circulation, identified on Day 312 (Fig. 2.7e), was not evident

in Run 1 and only weakly present in Run 2; therefore, transects collected on

Days 312 and 313 (∆Tinv = 26 hrs) were chosen to resolve these currents. The

inverse method successfully reproduced surface layer circulation, with longitudinal

velocities matching PFP data in direction and magnitude (Fig. 2.12, compared

to Fig. 2.7e). Hypolimnetic layers, detected at the downward phase of the basin-

scale seiche, were absent on Days 312 and 313. Weak positive flows were identified

in the hypolimnion below 22 m, the process not detected by PFP measurements

on Day 312 (Fig. 2.7e), but possibly active in the reservoir on Day 313.

2.4.5 Modal decomposition

The modal structure of the hypolimnetic currents can be identified by standard

decomposition of the vertical density profiles into a set of internal modes (Csanady,

1982). The density fluctuations were solved for eigenvectors from the equations

of motion in a continuously stratified fluid, assuming inviscid, Boussinesq fluid in

the absence of rotation (Kundu, 1990). Time-varying density profiles ρ(z, t) and

buoyancy frequency N(z, t) were derived from the T-chain temperature data as

described previously. To allow direct comparison of modal decomposition with

the results of the inverse method, the density profile ρ̄(z) was calculated as an

average of all T-chain vertical profiles over 71.3 h, corresponding to the timing of

the F-probe transects of Run 2 (Fig. 2.11), the only available run with velocity

estimates over the total depth of the reservoir.

The eigenvectors of relative vertical displacements wi(z) of the first 10 vertical

modes were resolved from the T-chain data, and the relative horizontal velocity
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ui(z) was derived from wi(z) using conservation of mass (Wiegand and Chamber-

lain, 1987). To identify the contribution of individual modes, eigenvectors wi(z)

and ui(z) were fitted to the inverse velocity profile using the simple linear least

squares model uinv(z) =
∑

aiui(z), where ai=unknown amplitudes of the i − th

mode, their relative magnitude reflecting the contribution of the mode to the to-

tal signal. Vertical mode two [denoted as (V2)] was the dominant mode at the

downward phase of the seiche, contributing 1/3 of the signal, followed by (V1)

and higher modes; see Fig. 2.13b. The comparison of velocities for Run 1, in-

verted from Days 310311 with ∆Tinv= 25.7 hours (Fig. 2.10), to the results of

the eigenfunction analysis (not shown here) confirmed this conclusion, with (V2)

dominating the signal at 42%, (V3) yielded 12%, and (V1) only 10%.

In summary, the combination of direct flow measurements, velocity estimates

by inverse methods, and modal analysis of T-chain data revealed that during the

field experiment the motion in the reservoir was mostly initiated by basin-scale

standing waves of (V1) and (V2) modes, with other modes contributing on a

smaller scale.

2.5 Conclusions

This study has shown that the combined effect of basin-scale internal waves,

selective withdrawal, and the presence of a benthic nephloid layer determine the

water quality of extracted water. On a seasonal scale, vertical displacement of the

stratification by standing internal waves was responsible for observed fluctuations
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in temperature of the withdrawn water, as selective withdrawal extracted water

swept by the standing waves past the offtake from depths limited by the thickness

of the layer δ. It was shown that the steady-state formulas of selective withdrawal

from a point sink were applicable for estimation of withdrawal layer thickness in

the reservoir, even with large and rapid fluctuations in isotherm depths due to

internal wave activity, with an accuracy of temperature prediction within ±0.2◦

C.

The interaction of long internal waves and the selective withdrawal layer was

studied in detail during the outflow experiment in November 2002. The exper-

iment revealed that the basin-scale internal waves were the dominant process

determining the temperature and turbidity fluctuations of the hypolimnetic with-

drawal. The highest outflow temperatures corresponded with downwelling at the

dam wall, followed by the minimum temperatures on the following day corre-

sponding to the upwelling of cold and turbid hypolimnetic waters at the outlet.

Wind-driven circulation observed in the surface layer had little or no effect on the

temperature of the extracted water.

To correctly predict other water parameters of the outflows, such as turbidity

or dissolved oxygen, it is important not only to know the stratification conditions

in front of the offtake, for example, the vertical temperature gradient, but also

to understand the local flow dynamics in the lower reaches of the reservoir. The

turbidity of the outflows was determined by the vertical oscillations of the stratifi-

cation due to internal waves, horizontal currents associated with these waves, and

the presence of the benthic nephloid layer. In particular, currents associated with

the internal seiche advected the nephloid layer along the lake bottom, while rising

stratification lifted cold turbid water to the depths of the selective withdrawal

layer, leading to the observed increase in turbidity values.

The Lake number can be used as an effective tool for the prediction of whether

or not fluctuations in the quality of extracted water will occur. It was shown

that high values of LN correspond to periods of low internal wave activity and

small fluctuations of the quality parameters of the outflows. A low Lake number

represents a period of relatively low water column stability, strong internal wave

activity, and hence high probability of fluctuations in the quality of extracted

water.
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2.6 Notation

The following symbols are used in this paper:

A0 = lake surface area;

Az = lake area at depth z;

Cj = tracer concentrations of j − th tracer;

ci = wave speed;

f = Coreolis parameter;

FC = critical Froude number;

H = total depth of the lake;

hi = depth of i-th layer;

hS = height of the withdrawal screen;

hT = height from the bottom to the seasonal thermocline;

hV = height from the bottom to the centre of volume;

L = arbitrary length scale;

LN = Lake number;

LR = total length of the lake;

N = buoyancy frequency;

Q = total discharge;

q = partial discharge;

R = selective withdrawal parameter for 2-D case;

S = selective withdrawal parameter for 3-D case;

St = Stability of the lake;

Ti (TS) = period of baroclinic (barotropic) wave;

TW = time scale of establishment of selective withdrawal;

∆Tinv = time between the transects the inverse method;

u = horizontal velocity;

ui(z) = horizontal velocity eigenvectors;

u∗ = water shear velocity;

w = vertical velocity;

wi(z) = vertical velocity eigenvectors;

δ = thickness of the withdrawal layer;

κz = vertical diffusion coefficient;

ν = kinematic viscosity;

ρi = fluid density for i-th layer;

ρ0 = a reference density.
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Estimating net transport and mixing using a

time-dependent inverse method †‡

3.1 Abstract

A finite-difference inverse method was applied to time-dependent two-dimensional

tracer fields from a long narrow water supply reservoir to obtain time-averaged

estimates of horizontal and vertical velocities and vertical eddy diffusivities. By

comparison to direct measurements, the inverse method successfully resolved the

complex flow field observed in the lake due to the combined action of basin-scale

internal wave oscillations and wind-driven surface layer currents. To avoid alias-

ing in the method, the time interval between the transects had to be long enough

for the advective/diffusive processes to induce measurable changes in tracer dis-

tributions (order of hours), but smaller than the natural time scales of variability

of the hydrodynamic processes active in the lake (order of days). To resolve flows

observed during the intensive field experiment in Lake Burragorang, the pairs of

transects had to be contained within a half-period of the internal seiche (i.e. 48

hours), the best results obtained from inversions with ∆tinv ∼ 22-28 hours.

3.2 Introduction

Inverse methods, originally introduced by Wunsch (1978), have received a lot

of attention over the last thirty years, becoming an integral part of data analysis

in ocean ‘inverse’ models. These methods have been used to quantify large-scale

ocean circulation (Wunsch, 1978, 1984), mixing (Tziperman and Hecht, 1988;

Matear, 1993), and ventilation and production rates (Ganachaud and Wunsch,

2002).

Ocean inverse models, based on simplified conservation of momentum and

species equations, usually assume hydrostatic equilibrium, quasi-geostrophic force

balance, conservation of mass and steady-state transport of tracers (Wunsch,

1978). These inverse models often include information on the distributions of

various tracers (England and Maier-Reimer, 2001), hydrographic and acoustic

†Centre for Water Research reference ED-1683
‡Article submitted to the Journal of Geophysical Research (JGR-Oceans), as Anohin, V.

V., Imberger, J., Ivey G. N. and Romero, J. R. “Estimating net transport and mixing using a

time-dependent inverse method”



40 Chapter 3. Transport and mixing by time-dependent inverse method

measurements of velocity (Joyce et al., 1986) and a-priori information about the

flow fields and boundary conditions (Nakano et al., 1994). Ocean ’box’ inverse

models usually rely on the integrals of tracer distributions and assume steady-

state oceanic flows (Wunsch and Minster, 1982). Information from tracers with

known boundary conditions and well-resolved spatial gradients is used to force

these models; in addition, velocities can be set at the boundaries (Wunsch, 1996).

In this formulation the inverse method relies solely on the spatial and temporal

gradients of time-varying tracer distributions.

Temperature and salinity serve as traditional tracer inputs (Wunsch, 1978).

Observations of introduced chemical tracers, such as tritium-helium-3 pair, chlo-

rofluorocarbons, radiocarbon, and new measurements of naturally occurring nu-

trients, such as phosphate, nitrate, silicate and dissolved oxygen have also become

available over the last decade (Wunsch, 1988; England and Maier-Reimer, 2001).

The system of linear equations arising from multiple tracer fields can be solved by a

number of techniques such as Singular Value Decomposition (Menke, 1984), Gen-

eral Least Squares, (Press et al., 1992), Spatial Smoothing and Cross-Validation

(McIntosh and Veronis, 1993) and others that are listed in Wunsch (1985).

An alternative to ocean inverse models that use integrals of tracer gradients

are inverse models with finite-differencing. Fiadeiro and Veronis (1984) presented

a simple inverse model based on finite-differencing of the advection-diffusion and

conservation of mass equations, solving for the two components of velocity. Lee

and Veronis (1989) extended the model of Fiadeiro and Veronis (1984) resolving

both velocities and mixing coefficients from two-dimensional tracer fields. The

model yielded realistic estimates of mixing coefficients provided the flows were

simple, but performed poorly with a complex flow field.

Although the forward problem of predicting tracer distributions from initial

conditions has been studied extensively (see, for example (Wunsch, 1987, 1988,

2002)), inverse methods that are able to resolve velocities and mixing coefficients

from time-varying tracer fields have received relatively little attention in the liter-

ature. Ostrovskii and Peterbarg (1997) considered a time-dependent modification

of inverse method of Fiadeiro and Veronis (1984), which used Maximum Likelihood

Estimator to resolve velocities and diffusion coefficients from tracer distributions.

The authors found that ML estimator predicted accurate diffusivities in the range

where induced velocities were small compared to the diffusive term (i.e. Péclet

number was small), yielding good results even if the number of observations in
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time and space was limited.

In the present study we are interested in basin scale time-dependent flows

in stratified lakes (Imberger, 2001) where the flows are predominantly due to

internal waves and gravitational motions. A field experiment was designed to gain

a comprehensive data set to test the robustness and predictability of a simple

inverse method. Tracer fields were measured with high spatial and temporal

resolution along two-dimensional vertical transects and then inverted to obtain

average velocities and vertical mixing coefficients with a resolution of 500 meters

in the horizontal and 1 meter in the vertical. Our goal was to test the ability of

a finite-difference inverse method to resolve lake-scale non-stationary flow from

time-varying tracer distributions. In this study, three variations of a simple time-

dependent inverse method were tested on inversions with different time intervals.

The results are compared with direct measurements of flow and mixing fields.

3.3 Study Site and Instrumentation

Lake Burragorang is a long narrow Y-shaped reservoir located in New South

Wales, Australia. The reservoir extends 60 km in length, is 1-2 km wide, and has

a depth of 85 m near the dam wall (Fig. 3.1). A field experiment was conducted

in the lake in November 2002 in a reach of the lake in front of the dam wall where

the velocity field was a combination of the flow due to vertical mode one internal

basin scale seiche and a withdrawal layer flow due to the water offtake. A detailed

description of the experiment and analysis of the meteorological conditions and

the flow field are presented in Anohin et al. (2005).

A fine scale profiler (F-probe, Imberger and Head (1994)) was deployed daily

in free-falling mode along a 5 km transect. The profiler was equipped with temper-

ature, conductivity, dissolved oxygen, turbidity, and Chl-A fluorescence sensors.

The F-probe sampled at a frequency of 50 Hz while descending at a rate of 0.5

ms−1, thus yielding a vertical resolution of approximately 0.01 m (see Table 3.1

for sensors specifications). The signals were digitally enhanced as described by

Fozdar et al. (1985) in order to match the sensor responses and avoid spiking in

the quantities derived from multiple signals. The transect of the main canyon con-

sisted of eleven vertical profiles (at profiling stations shown with dots in Fig. 3.1)

starting 230 m from the dam. The distance between stations ranged between 230-

500 m. The position of each profile was determined with a differential GPS unit

that had an accuracy of approximately 5 m. Each longitudinal transect required
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Figure 3.1: Bathymetry of Lake Burragorang, with (∆) pointing to LDS station, (•) are the

F-probe, (�) the the PFP stations

approximately 1-1.5 hours to complete, yielding quasi-synoptic two-dimensional

snapshot of the five tracers. The tracer profiles were averaged over 1 m segments

in the vertical. On Julian days 311 and 312 the sampling was restricted to the

upper 50 m, so inversions are limited over this depth.

A portable flux profiler (PFP) was deployed simultaneously to the F-probe

at two fixed stations (Fig. 3.1), providing direct measurements of velocities and

turbulence properties of the water column. The free-falling instrument sampled

temperature, conductivity, pressure and three components of velocities relative

to the probe at a frequency of 100 Hz, yielding approximately one reading every

0.001 m (see, for example, Imberger and Head, 1994; Lemckert et al., 2004). The

temperature and conductivity data were filtered and sharpened to avoid salinity

and density spiking (Fozdar et al., 1985) and the density ρ(z) was derived from

the temperature and salinity using the standard UNESCO equations.

The relative horizontal velocities obtained with the PFP were firstly decom-

posed into N-S and W-E components, then aligned with the direction of the main

canyon, yielding longitudinal and transversal velocities (Lemckert et al., 2004).

Turbulent velocity fluctuations u′, v′ and w′ were then calculated by low-pass

filtering the individual velocity components and subtracting the resulting mean

velocities from the measured data (Lemckert et al., 2004). A similar technique

was applied to the vertical density profiles. The buoyancy frequency (N) was

determined from the mean vertical density gradient using N 2 = −(g/ρ0)(dρ̄/dz),
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where g is acceleration due to gravity, and ρ0 a reference density.

PFP data provided estimates of vertical eddy diffusivity κz, which was cal-

culated directly from the buoyancy flux b and buoyancy frequency N , using

κz = −bN−2. The turbulent buoyancy flux b = −g(ρ′w′)/ρ0 and mean density

gradient dρ̄/dz were calculated directly from statistically stationary segments by

integration over the centered displacement scale of the turbulent overturns (Im-

berger and Ivey, 1991). The method predicted both positive and negative mixing

coefficients, this phenomenon is discussed elsewhere (Saggio and Imberger, 2001).

Here we present only the net κz, which were corrected for the gradient Richardson

number Rg. The correction accounted for two distinct mixing regimes based on

the buoyancy flux b and buoyancy frequency N from PFP measurements, as sug-

gested by Yeates et al. (2006). These authors suggested two regimes: at Rg ≤ 0.14

κz = 5.92 × 10−4κmR
−7
g ; otherwise, κz = 210κmR

−1/2
g , where κm is the molecular

diffusivity of heat at 1.4 × 10−7 m2s−1.

3.4 Methods

The finite-difference inverse method described in this study follows that of

Fiadeiro and Veronis (1984) and Lee and Veronis (1989). The inverse method is

based on the two-dimensional advection-diffusion equation, that states:

∂C

∂t
+ u

∂C

∂x
+ w

∂C

∂z
= κz

∂2C

∂z2
± S (3.1)
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where C is the tracer concentration, u and w are the horizontal and vertical

velocity components, κz is the vertical eddy diffusivity and S is a sink/source

term. Conservation of volume is achieved by expressing the velocities in terms of

streamfunction ψ, so that u ≡ ∂ψ/∂z and w ≡ −∂ψ/∂x, (Roache, 1972). The

horizontal diffusion term Kx(∂
2C/∂x2) calculated from the temperature gradients

was one order of magnitude smaller than the horizontal advection term (based on

horizontal diffusivity Kx of 1 m2s−1 and a mean velocity u of 0.05 ms−1) and thus

neglected. Transverse transport fluxes across the lake were also neglected, as the

narrow bathymetry of the lake favored a two-dimensional structure of the flows.

This conclusion was supported by direct PFP velocity measurements and the

results of inversions of cross-channel transects, which showed negligible transverse

flows (not shown in this study).

The discretization of the advection-diffusion equation (3.1) is based on forward

differencing in time and central differencing in space (FTCS scheme), Roache

(1972). The spatial concentration gradients, in the advective and diffusive terms,

are calculated from the tracer transect collected at time t1, and assumed to remain

constant over the time interval ∆tinv.

Discretization of equation (3.1) yields a system of linear equations of the form

Ax = b, where the sparse matrix A includes the spatial gradients derived from

the first tracer transect, vector b contains the unsteady term defined as the rate

of change of tracer concentrations over the time interval ∆tinv, while x are the

unknown streamfunctions ψ and the vertical eddy diffusivities κz. On a grid

network shown in Fig. 3.3, a finite-difference formulation of equation (3.1) is
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given by:

(

Ct
ij+1 − Ct

i−1j

)

n
ψi−1j +

(

Ct
i−1j − Ct

ij−1

)

n
ψi−1j−1

+
(

Ct
i+1j − Ct

ij+1

)

n
ψij +

(

Ct
ij−1 − Ct
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)

n
ψij−1

+
2∆x

∆z

(

2Ct
ij − Ct

ij+1 − Ct
ij−1

)

n
κz(ij) =

−
2∆x∆z

∆tinv

(

Ct+1
ij − Ct

ij

)

n
(3.2)

where Ct
n are the concentrations of n − th tracer at time t, ∆z is the vertical

grid spacing, ∆x is the horizontal distance between the individual profiles. The

x coordinate in equation (3.2) corresponds to longitudinal direction, while z rep-

resents vertical coordinate. A number of alternative discretization schemes were

also tested, such as the Dufort-Frankel leapfrog scheme (Roache, 1972), and the

centered in time and space differencing (CTCS) for the advective term and Dufort-

Frankel scheme for the diffusive term, (Fletcher, 1988). Out of these schemes,

FTCS, which had only a first order accuracy in time and second-order accuracy

in space (Hu, 1990), performed best and was adopted for this study.

Singular Value Decomposition (SVD) (Wiggins, 1972) was used to solve the

system of linear equations (see Appendix 1 for detail). Singular values smaller

than 10−6 were set to zero in order to reduce noise and roundoff errors (Press

et al., 1992). When solving for eddy diffusivities, the system of linear equation was

inverted by the least squares with inequalities included so that κz ≥ 0. The scaling

of the input equations and adding weights to unknowns was also investigated

(Wunsch, 1978; McIntosh and Rintoul, 1997), but led to results that were much

noisier than those with unscaled data, possibly due to magnification of noise in

some of the patchy tracers (e.g. fluorescence or turbidity). Error bounds were

derived from the error covariance matrices using an algorithm adopted from Press

et al. (1992), with details given in Appendix 1.

3.5 Results and Discussion

3.5.1 Direct measurements: Transport and mixing

Detailed description of the hydrodynamic processes which governed the trans-

port and mixing of tracers during the experiment, is presented in Anohin et al.

(2005). In this study we limit discussion to the direct measurements of flow and

mixing made by the PFP and F-probe.
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Figure 3.4: (a) are time-averaged profiles of horizontal velocity plotted vs. depth, data col-

lected by PFP on day 311. Negative velocities correspond to flow towards the dam wall; gray

horizontal lines are the isotherms. Eddy diffusivities κz vs. depth are plotted in (b); vertical

dotted line shows molecular diffusivity of heat. (c) and (d) are the same as above, collected on

day 312.

The morning of day 311 was calm and sunny, which led to a formation of a

diurnal surface layer and build up of stratification (Fig. 3.2b). Six PFP profiles

acquired in the afternoon at a fixed location 340 m upstream from the dam were

averaged to one plot (Fig. 3.4a). The north-easterly wind of day 311 initiated

near-surface currents, accompanied by a counterflowing layer in the thermocline

(Fig. 3.4a). Below the thermocline (in hypolimnion), two layers were detected:

the upper layer (20-40 m) flowed toward the dam wall, balanced by the currents

identifiable in the lower layer between 40-80 m. The horizontal velocities measured

by PFP are likely to be underestimated, as the processing algorithm did not

account for the slow vehicle motion induced by the ambient flows. No turbulence

was detected by the PFP in the uppermost 10 m of the water column (Fig. 3.4b);

in the deeper layers κz averaged 1 × 10−5 m2s−1.

On day 312, a total of 6 vertical profiles were collected from the PFP station,

located ca. 600 m from the dam wall. A strong south-westerly wind began shortly

after midnight of day 312 (Fig. 3.2a), reversing currents in the surface layer and

causing further deepening of the thermocline at the dam wall (Fig. 3.2b). By the

late afternoon, the velocity in the surface layer had reached -0.1 ms−1, and were

counterbalanced by a weak flow in the thermocline (Fig. 3.4c). Strong shear-
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driven mixing was observed in the upper 12 m of water column; in the seasonal

thermocline eddy diffusivity estimates were scattered over a range of 10−4 ÷ 10−6

m2s−1, while below 25 m the residual motion of the internal seiche contributed to

increased hypolimnetic mixing (Fig. 3.4d).

3.5.2 Ascertaining tracer conservation

To resolve the velocity fields and the vertical mixing coefficients we used tem-

perature, dissolved oxygen, turbidity and Chl-A fluorescence as the input tracers,

discarding salinity because its variations were too weak to be measured accurately.

Typical distributions of tracer fields are presented in Fig. 3.5; these deep (85 m)

F-probe transects were collected on the afternoons of days 310 and 313 in the 5

km stretch of the main basin adjacent to the dam wall (Fig. 3.1). The changes in

tracer concentrations contained in the unsteady term were influenced by interior

sources and boundary fluxes, which contributed to the sink/source term. In this

study, this term was omitted from equation (3.1), all tracers were assumed to be

conservative over the period of measurements; this assumption is verified below.

Temperature: Between days 310 and 313 the horizontal and vertical advection

induced by a descending basin-scale internal seiche with the fundamental period

of 96 hours was the dominant mechanism altering the temperature distributions in

the study domain (Anohin et al., 2005). At the depths of the seasonal thermocline

(10-20 m), the water temperature was observed to rise at a rate of +1.3◦C day−1,

a change evident both from the LDS data (Fig. 3.2b) and F-probe data (Fig.

3.5a). By contrast, the combined effect of in-coming solar radiation, evaporation

and heat conduction (Anohin et al., 2005) led to a net heating on near-surface

layers of about +0.07◦C day−1. Heat input induced by the boundary fluxes was

small compared to the variability observed in the thermocline (see Table 3.1),

implying advection was responsible for most of the observed changes in water

temperature.

Dissolved Oxygen: In the surface layer (upper 10 m) oxygen concentrations

were altered by the boundary fluxes across the air-water interface (approx. ±0.01

mg/l day−1), and biological production and respiration at a rate of +0.005 mg/l

day−1 (see Romero et al. (2004) for details). The strongest observed changes in

dissolved oxygen concentrations averaged about +0.3 mg/l day−1 in the thermo-

cline (Fig. 3.5b), coinciding with the region of the internal wave activity (Fig.

3.2b). Romero et al. (2004) showed that in the deeper layers (50-80 m depths),
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Figure 3.5: F-Probe tracer transects used as input for run R3 (will be presented later). Tracer

transects on plots (i) were collected on day 310, on plots (ii) on day 313. Vertical dashed lines

in (di) indicate positions of the individual F-probe profiles, the dam wall is located 230 m to

the left from the first profile.

decomposition of organics in resuspended sediments (Fig. 5c) may be expected

to lead to oxygen depletion at a rate of -0.02 mg/l day−1, rates calculated from

the average concentrations of organic matter of 1 mg/l and oxygen decomposition

rate of -0.02 day−1. The boundary fluxes across the air-water interface and the

estimated rates of production/decomposition of dissolved oxygen were too small

to explain the observed rates of change of 0.3 mg/l day−1, thus dissolved oxygen

again acted as a conservative tracer over the short period considered here.

Turbidity: In the reach of the reservoir near the dam wall the turbidity values

were low throughout the water column, averaging 0.5-2 ftu (Fig. 3.5c). The

largest changes in turbidity concentrations occurred at 50-70 m depths, averaging

about ±0.13 mg/l day−1 (note that 1 ftu in Fig. 3.5c is roughly equivalent to

1.1 mg/l of particles, a ratio derived from 223 water quality samples with an r2

of 0.83). The turbidity was a subject to advection by the near-bottom currents

and Stokes settling of suspended particles. It was estimated that the turbidity

was settling at a rate of 0.1-0.25 m day−1, assuming Stokes settling of organic

particles of 5-10 µm diameter with densities of ρs ∼ 1050 kg m−3 (J. Romero,
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Table 3.1: F-probe tracers available for use in the inverse model

Tracer Tempe- Dissolv. Turbi- Chl-a

rature Oxygen dity Fluorec.

Units ◦C mg/l ftu µg/l

Sensor accuracy 0.01 0.1 0.1±3% 0.1±3%

Sensor resolution 0.0003 0.01 0.015 0.015

Total rate of change

of tracer, [units day−1] 1.3 0.3 ±0.13 0.4

Depths of max. observed

rate of change, [m] 10-20 10-20 50-70 10-20

Rate of change from

source/sink,[units day−1] +0.07 −0.02 ±0.02 0.0

sediment trap measurements, unpubl. data). For an average concentration of 1

mg/l, settling yielded an estimated net particle loss of -0.02 mg/l day−1, a value

more than 15% of the observed rate of change (Table 3.1), making turbidity the

tracer that most strongly violates the assumption of conservation.

Chlorophyll A: Chl-A fluorescence had mid-depth maxima in the thermocline

at 10-20 m (Fig. 3.5d), with freshwater diatoms the dominant algal group (Romero

et al., 2004). The strongest changes in Chl-A concentrations averaged 0.4 µg/l

day−1, coinciding with the depths of internal wave activity. The water quality

sampling during the experiment showed no significant growth of mean Chl-A con-

centrations [J. Romero and P. Hackney, unpubl. data]. This implies that the

tracer distributions were predominantly altered by the advection, therefore Chl-A

fluorescence was assumed to be a conservative tracer at time scales used in the

inversions.

3.5.3 Results: Inverse methods

By inverting selected tracer transects, we seek to illustrate flow reversal due

to the combined action of basin-scale internal wave oscillations on days 310-311

(Fig. 3.4a) and wind-driven surface layer currents on day 312 (Fig. 3.4c). For

this purpose, two pairs of F-probe transects were chosen: afternoon transects

from days 310 and 311 (transects are shown as dots in Fig. 3.2b, the inversion

hereafter is referred to as run R1); and the transects collected on days 312 and 313

(hereafter run R5). Source/sink term S for all tracers was set to zero as discussed
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above. Three variations of the inverse method were tested in this study. Initially,

we assumed the vertical diffusive flux to be zero, with the advective transport

balancing the unsteady term; secondly, tracer transects were inverted with vertical

diffusivity set to a constant κz = 10−5 m2s−1 throughout the entire study domain;

finally, diffusivities were obtained alongside with the streamfunction as part of the

solution.

Inversion with zero diffusivity

Run R1. This run covered the time interval of 26 hours between transects of

days 310 and 311 (Fig. 3.6), resolving time-averaged horizontal (a) and vertical

(b) velocities. In Figure 3.6, the velocity profiles were located near the LDS,

3.5 km upstream from the dam wall, with the isotherms from the initial F-probe

transect shown in the background. Statistical uncertainties, plotted as gray bars,

were calculated from the covariance matrices (Press et al., 1992), corresponding

to standard deviations as ±2σ (95% confidence interval). The time-averaged

horizontal velocities measured by the PFP on day 311 (Fig. 3.4a) 340 m from the

dam are plotted in (a) as crosses.

The inverse method identified strong currents in the thermocline and the up-

per hypolimnion (10-35 m), horizontal velocity peaking at 0.05 ms−1 (Fig. 3.6a.

A direct comparison between the inverse method results and the PFP measure-

ments of day 311 (Fig. 3.4a) is difficult due the differences in the location of the

stations and the short time interval over which the PFP data were averaged (Fig.

3.2b). Vertical velocities, in Fig. 3.6b, were characterized by a downward vertical

advection at 20-50 m depths, the inversion yielding w of (0.5 − 1)×10−4 ms−1.

The inverse solution yielded a good fit in the upper 30 m (gray horizontal bars in

Fig. 3.6a,b). The statistical uncertainty increased slightly between 30 to 40 m;

these depths coincided with the region of weak tracer gradients (Fig. 3.5i).

Run R5. This inversion resolved velocities for the period covering morning of

day 312 and the early afternoon of day 313, averaging 26 hours (Fig. 3.7). In

the surface layer (upper 10 m of the water column) horizontal velocities reached

0.08 ms−1, with the counterflowing layer identified at 10-12 m (Fig. 3.7a). The

velocity profiles predicted by the inverse method were remarkably similar, both

in direction and magnitude, to the wind-driven currents detected by the PFP on

the afternoon of day 312 (Fig. 3.7a). Vertical velocities were the highest between

10-30 m (Fig. 3.7b); these depths matched the region of the strongest downward

migration of the isotherms on days 312-313 identifiable in the LDS data (Fig.
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Figure 3.6: Effect of increasing the complexity of the inverse model, results of run R1. (a) and

(b) are profiles of horizontal and vertical velocities, respectively, inverted by an inverse model

with κz set to 0, along with the estimated errors (gray shaded bars); the profiles are located near

the LDS. (c) and (d) are the same velocity profiles, inverted with constant κz = 10−5 m2s−1.

(e) and (f) are velocities with κz is set as a variable.
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Figure 3.7: As in Fig. 3.6, results of run R5.

3.2b).

Inversion with a constant mixing coefficient

In the next step, a scaled diffusive term was included in the inverse method,

with the depth-independent mixing coefficient taken as 10−5 m2s−1. This value

of κz roughly corresponds to the mean eddy diffusivity derived from the direct

PFP measurements of days 311 and 312 (Fig. 3.4b, d). After addition of the

diffusive term, the same pairs of tracer transects (runs R1 and R5) were inverted.

The results are plotted in 3.6 and 3.7, with horizontal velocities shown in (c) and

vertical velocities in (d). The addition of a scaled diffusive term barely affected

the estimates of advective transport; the new velocities were almost identical to
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Figure 3.8: a) are vertical profiles of eddy diffusivities measured by the PFP (�) on day 311

(Fig. 3.4b) and the estimates of κz predicted by the inverse method at a station near the LDS

(◦) for tun R1; the equations are solved by the least squares with inequalities included (κz ≥ 0).

(b) are the PFP data of day 312 (Fig. 3.4d) and κz inverted in run R5, two vertical profiles

located near the LDS are shown.

those obtained by the inverse solution with zero diffusion. For R1, the velocity

profiles were slightly noisier in the upper 10 m (Fig. 3.6a, c); for R5, both methods

produced nearly identical results.

Inversion with a floating vertical mixing coefficient

Lastly, the inverse solution was run with both streamfunction and eddy dif-

fusivity fields determined as part of the solution. For the same number of input

equations, the number of unknowns almost doubled, making the inverse problem

more ill-conditioned. Plots (e) and (f) show the vertical profiles of horizontal and

vertical velocities for run R1 (Fig. 3.6) and run R5 (Fig. 3.7), and the estimates

of eddy diffusivity are presented in (Fig. 3.8a,b).

While the velocities obtained by the model with variable κz were similar to

the results of the inversions with fixed diffusivity (compare, for example Fig. 3.6c

and 3.6e), there was considerably more scatter in the transport estimates when

the diffusivity was a free parameter. The uncertainties of the velocity estimates

almost doubled for both runs (Figs. 3.6e,f and 3.7e,f), particularly in the deeper

regions of the reservoir where stratification was weak.

Figure (3.8) compares the vertical eddy diffusivities solved by the least squares

with included inequalities (κz ≥ 0) and κz directly measured by the PFP. Vertical

profiles of eddy diffusivities for run R1 and the PFP estimates of day 311 are

plotted in Fig. 3.8a, profiles of κz for R5 and PFP data of day 312 in Fig. 3.8b.
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For both runs, mixing coefficients obtained by inverse method ranged between

10−6 to 10−4 m2s−1 (Fig. 3.8). Low κz values suggest that transport of tracers

in the lake was dominated by the advective processes. At time scales used in

the inversion the transport of tracers by the mixing processes was significantly

smaller than advective transport, the conclusion supported by high uncertainty

associated with inversion of mixing coefficients.

The shape of the profiles suggests that mixing was predominantly shear-driven,

with a region of strong horizontal velocities in R1 (at z∼20 m, Fig. 3.6e) coinciding

with depths of the largest eddy diffusivities (Fig. 3.8a). Similarly, inversion of run

R5 produced elevated eddy diffusivities in the surface layer (Fig. 3.8b), coinciding

with the region of high κz detected by the PFP on day 312 in the uppermost 10

m of the water column.

In summary, an inverse method based on the temporal development of tracer

fields was able to resolve the advective transport with high accuracy. Modifications

of the inverse methods, in which the diffusive term was absent or set to a constant

value yielded very similar results. Adding the eddy diffusivities to the list of

unknowns led to increased scatter in the velocity and a reduction in accuracy.

Both runs presented above were inverted from transects separated by 26 hours,

and in the next section we examine the effect of varying the time interval on the

outcome of the inversion.

3.5.4 Effect of varying the time step

The choice of optimal time interval ∆tinv plays an important role in the out-

come of the inversion. In the previous section, pairs of transects for both runs

were separated by 26 hours. Here we present three additional inversions, with

time lags between the transects ranging from 45.3 hours (run R2), to 71.3 hours

(run R3) and down to 3.9 hours (run R4). The period of the inversions is shown

in Fig. 3.2b by the horizontal dashed lines, the line lengths corresponding to the

time interval between the transect pairs.

In Figure 3.9, two-dimensional fields of horizontal velocities for individual runs

are plotted on the left panels, the vertical velocities not shown. The eddy diffu-

sivities κz were combined in a simple plot from nine vertical profiles (right panels,

Fig. 3.9), as we were more interested in the magnitudes and variation of κz with

depth, not in an exact location of a particular mixing event in the study domain.



3.5. Results and Discussion 55

R2

Run R2, start 1338pm day 310, end 1055am day 312

a)

13

15

19

13

14

18

20

� -50

� -40

� -30

� -20

� -10

0

D
ep

th
 (

m
)

b)

13

15

19

14

R4

Run R4, start 1055am day 312, end 1449pm day 312

e)

13

14

19

13

14

18

� -50

� -40

� -30

� -20

� -10

0

D
ep

th
 (

m
)

f)

13

14
16

20

19

R3

Run R3, start 1338am day 310, end 1256pm day 313

c)

Distance (m) 

13

20

14
16

13

17
20

14

0 1000 2000 3000 4000

� -70

� -60

� -50

� -40

� -30

� -20

� -10

0

Eddy diffusivity k
z
, m 2s�-1 

D
ep

th
 (

m
)

d)

10
�-7

10
�-6

10
�-5

10
�-4

10
�-3

13

15

20

10
-7

10
-6

10
-5

10
-4

10
-3

0.12ms
-1

0.12ms
-1

0.33ms
-1

Figure 3.9: Inverse method results, runs R2-R4: (a) plots are horizontal velocities vs. depth,

the first velocity profile on the LHS located approximately 730 m from the dam wall, time-

averaged temperature field is in the background. (b) are eddy diffusivity estimates vs. depth,

all 9 vertical profiles plotted together

R2 covered a period of 45 hours, from the afternoon transect of day 310 to

the morning transect of day 312 (Fig. 3.9a, b). The inverse method resolved

hypolimnetic currents as detected by the PFP on day 311 between 20-50 m (Fig.

3.4a). The estimates of eddy diffusivities ranged from 10−6 to 10−4 m2s−1 (Fig.

3.9b), with low κz values corresponding to a quiescent region identified by the

PFP on day 311 in the surface layer (Fig. 3.4b). The highest eddy diffusivities

were detected at the base of the seasonal thermocline (15-22 m), evident both in

the PFP and the inverse results (Figs. 3.4b and 3.9b).

In the run R3, we increased the time interval between the input transects to

71.3 hours. Deep (85 m) F-probe tracer transects of days 310 and 313 (Fig. 3.5i, ii)
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were used as an input; the inversion of these transects yielded velocities and mixing

coefficients over the entire depth of the reservoir (Fig. 3.9c,d). The horizontal

velocities were very similar to the results of R1 and R2, with the hypolimnetic

flows of day 311 identifiable between 15-25 m (Fig. 3.4a). Weak currents were

predicted in the surface layer (Fig. 3.9c), which appeared similar but weaker to

the flows seen on day 312 (Fig. 3.4c).

R4 was inverted over the shortest time interval, only 3.9 hours separating

morning and afternoon transects of day 312 (Fig. 3.9e,f). The inverse method

resolved currents detected in the surface layer on day 312 (Fig. 3.4a), with velocity

profiles remarkably similar in shape to the results of R5 (Fig. 3.7e). In comparison

to the time-averaged PFP measurements of day 312 (Fig. 3.4c), the horizontal

velocities were overestimated by a factor of six (Figs. 3.9e). The inversion showed

elevated mixing coefficients in the surface layer and lower values in the thermocline

(Figs. 3.9f), similar to the PFP results on day 312 (Fig. 3.4c).

The results of the inversions R1, R2 and R3 are remarkably similar, and the

same can be said about runs R4 and R5. If one was to solve a direct problem of

predicting tracer concentrations after time interval ∆tinv, the advection-diffusion

equation (3.1) could be rewritten as follows:

Ct2
i = Ct1

i +
[

κz(∇2C)t1 − u(∇C)t1
]

∆tinv (3.3)

In this calculation, two major assumptions have to be made: firstly, spatial

tracer gradients (∇C) and (∇2C) calculated at time t1 will remain constant over

the time interval ∆tinv and, secondly, the velocity and mixing coefficients are

constant.

Similarly, when solving the inverse problem x = b/A, the spatial gradients

forming the sparse matrix A are calculated from the first tracer transect (for runs

R1, R2, R3 - afternoon F-probe transect of day 310, for R4 and R5 - morning

transect of day 312). The vector x, which contains unknown streamfunctions

(velocities) and mixing coefficients, is obtained by time-averaging the cumulative

transport of tracers (incorporated in the unsteady term b) over the time interval

∆tinv . As a result, inversions with similar initial conditions (initial tracer concen-

trations Ct1
i and the spatial tracer gradients contained in the sparse matrix A),

will yield similar velocities and mixing coefficients, as the only factors that will

differ in these inversions are the time interval ∆tinv and the tracer concentration
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at the final time C t2
i .

In the formulation presented in this study, the inverse method assumes that the

spatial tracer gradients calculated at time t1 remain constant over the time interval

of the inversion ∆tinv. The inverse method will yield accurate predictions of flow

fields and mixing coefficients as long as the spatial tracer gradients remain constant

and the velocities do not change direction. When applying inverse method to the

real data, one has to consider two limiting factors. When the time interval between

the transect pairs is small (order of hours), the advective/diffusive processes in

the domain will not have enough time to induce observable changes in tracer

concentrations. In this way, the measurement errors (sensor resolution, accuracy

of GPS in obtaining exact station locations) and noise in the tracer data will have

a strong effect on the unsteady term, decreasing the accuracy of the inversion.

As a result, in the runs with small ∆tinv the inverse method tend to overestimate

velocities (e.g. R4 and other short-term inversions not shown in this study).

As the time lag between the transects increases, the inverse method runs into

the problem of excessive time-averaging of the velocity fields. For the inversions

extending over a few days (R2, R3) the velocities associated with the in-lake

processes with characteristic timescales shorter in duration than ∆tinv (mostly

wind-driven currents), appeared smaller compared to the direct velocity measure-

ments or the inversions with shorter time intervals. For example, surface layer

currents of day 312 (Fig. 3.4c), were well resolved by one-day run R5 (Fig. 3.7e),

but appeared much weaker in three-day inversion R3 (Fig. 3.9c).

Moreover, if the process we are trying to resolve is periodic, the solution will

run into the problem of aliasing, and the predicted velocity field can lead to

misleading and even wrong conclusions. This phenomenon is best explained by

examining Fig. 3.10. In this figure, water temperatures measured by the LDS

between 10-20 m (Fig. 3.2b) were averaged to a mean value over the depth and

plotted against time (dotted line). Between days 308 and 314, the seiching of

long internal wave with the fundamental period of 96 hours (Fig. 3.10) induced

periodic currents in the water column (Anohin et al., 2005), velocity field changing

direction every 2 days.

In order to avoid aliasing, pairs of the transects used for the inversions must

be contained within half-period of the internal seiche (i.e. day 309-310.5 or 310.5-

313). This condition was weakly violated in inversions which included the transect

collected on the afternoon of day 313 (runs R3 and R5), as by this time the internal
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LDS T-Chain data. Gray horizontal lines show all available F-probe transects, horizontal black

lines highlight temporal intervals used for individual inversions (runs R1-R5).

wave started to rise (Fig. 3.10), reversing the hypolimnetic currents and leading

a weak aliasing in the velocity signal. The runs with ∆tinv ranging between 12-30

hours yielded the best results, satisfying natural time scales of the oscillatory flows

induced by basin-scale seiching or the wind-driven currents. Inversions with the

time interval larger than two days (R2 and R3) ran into the problem of aliasing

of the velocity signal caused by the reversal of flows associated with the internal

seiche and excessive averaging of the time-varying flows.

3.6 Conclusions

The main purpose of this study was to demonstrate the ability of a robust

finite-differencing inverse method to resolve velocities and mixing coefficients from

temporal development of tracer distributions collected in a stratified lake. The

inverse model, based on the advection-diffusion and conservation of mass equa-

tions, was applied to discretized tracer transects of temperature, dissolved oxygen,

turbidity and Chl-A fluorescence. It was shown that at time scales used in the

inverse method the tracers were near conservative, with the contribution of ad-

vective transport greatly exceeding changes due to the source/sink term.

Three modifications on the inverse method were tested. First, the equations

were inverted for advective transport only, with the diffusive term set to zero.

Second, vertical mixing was parameterized by a constant eddy diffusivity set at

10−5 m2s−1. Lastly, both advective and diffusive transports were resolved, with
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the eddy diffusivity obtained as part of the solution. The inverse method which

assumed a constant eddy diffusivity κz of 10−5 m2s−1 produced the most accurate

estimates of horizontal and vertical velocities, the results consistent with in-situ

velocity measurements. Adding mixing coefficients as an unknown variable in-

creased scatter and uncertainties of velocity estimates. Eddy diffusivities resolved

by the inversion were comparable in magnitude to the direct PFP measurements,

depths of elevated κz coinciding with the regions of high shear.

Two limiting time scales must be considered when inverting time-dependent

tracer fields. If the input transects are separated by small time intervals (∆tinv

order of hours), the noise in the tracer data and measurement errors become

important; the inverse method tends to overestimate the velocities. The natural

time scales of the hydrodynamic processes active in the study domain set an upper

bound for the inversion interval ∆tinv. If the time interval between the transects

is long (∆tinv order of days) the inverse method will excessively time-average the

velocities and mixing coefficients, yielding unrealistically smooth flows. Moreover,

if the hydrodynamic pocess one attempts to resolve is periodic, the time interval

between the tracer transects should not exceed the half-period of the process one

attempts to resolve.

Inverse methods presented in this study resolved two-dimensional flows in a

stratified reservoir. The number of tracers was limited by the availability of sen-

sors on the vertical profiler and the presence of detectable tracer gradients. Ex-

tension of the inverse methods to an unsteady, fully three-dimensional case, with

transverse fluxes and horizontal diffusivities is the next challenge that will require

improvements to numerical methodologies. Further, this will require tools that

provide higher temporal and spatial resolution of input data into inverse meth-

ods, as for example from autonomous vertical profilers (Seagliders, Rudnick et al.

2004). These numerical and field data acquisition advancements would greatly

increase the applicability of inverse modeling methods.

3.7 Appendix I: Estimating the uncertainties

SVD is the preferred method of solving linear equations (Wunsch, 1978), as

theoretically it can resolve any system of linear equations (Press et al., 1992). The

only disadvantage of SVD is that it requires a lot of computational power and is

thus significantly slower than other methods.
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In brief, SVD decomposes a matrix of coefficients A into three matrices so that

A = UW−1V T , Lawson and Hanson (1974). U and V are orthonormal matrices

(their inverses are equal to their transposes), W is a sparse diagonal matrix with

positive or zero values wi along the diagonal (called singular values). We reduced

noise in the solution by replacing small singular values with zeros; in our case,

the cutoff k was given by 10−6 (Matear, 1993), so that the solution is given by

x = VW−1
k UT b. A number of useful properties can be extracted from matrices

U and V . The model resolution matrix, which shows if the unknowns resolved

independently, can be obtained from diagonals of Rm = V V T . If parameters are

resolved independently, the multiplication yields an identity matrix. Diagonal

values of the data resolution matrix Rd = UUT reveal if all observational data are

contributing to the solution (Wunsch, 1978).

To determine the error bars, we followed the algorithm suggested by (Press

et al., 1992). First, we calculate the covariance of the errors, so that:

Cov(i, j) =

M
∑

k=1

w−2
k,kVikV jk (3.4)

Then, calculate the reduced Chi-squared χ2:

χ2 = ||Ax− b||2/(N −M) (3.5)

here N is number of equations, and M is number of unknowns.

Lastly, estimate the uncertainty of the solution, defined as 2σi (95% confidence

interval), where σi is the standard deviation of the i−th unknown. We neglect off-

diagonal covariances (Press et al., 1992), assuming that the measurement errors

are normally distributed.

σ(i) =
√

χ2diag(Cov[i, i]) (3.6)
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Sedimentation fluxes of suspended

particles obtained by direct and inverse methods † ‡

4.1 Abstract

Three methods were evaluated to measure the transport and settling of sus-

pended particles in a stratified lake consisting of a combination of direct and

inverse methods. Settling fluxes were measured by sediment traps at two fixed

stations. Settling fluxes were also calculated from volumetric concentrations of

32 particle sizes measured by a particle profiler (LISST-100). The method as-

sumed steady supply of particles and Stokes settling in quiescent ambient envi-

ronment, yielding settling fluxes on a basin-wide scale. The results were compared

to settling fluxes measured with sediment traps, showing very good agreement.

An inverse method based on the finite-difference form of the advection-diffusion

equation was used to resolve turbidity flux paths, water velocities and vertical

eddy diffusion coefficients from time-dependent distributions of natural tracers.

Vertical profiles of temperature, salinity, dissolved oxygen, turbidity and Chl-A

fluorescence were acquired along a 26 km transect. Initially, four tracers (not tur-

bidity) were solved for velocities and mixing coefficients by the inverse method.

The velocities and mixing coefficients were then substituted into the advection-

diffusion equation for turbidity, that after inversion yielded the time-averaged

vertical velocities of suspended particles. While sediment traps and LISST-100

data yielded similar patterns, the inverse method underestimated the settling

fluxes. The direct and inverse methods discussed in this study provide a means

to estimate spatial patterns of particle transport and settling, that can be used to

better understand the processes affecting water quality and ecological dynamics

in standing water bodies.

4.2 Introduction

The resuspension, transport and settling of suspended particles play an im-

portant role in ecological dynamics in inland standing waters and the processes

driving water quality fluctuations (Bloesch, 1995). Suspended particles, both or-

†Centre for Water Research reference ED-1685
‡Article has been submitted to the Journal of Hydraulic Engineering (ASCE), as Anohin, V.

V., Imberger, J., and Romero, J. R. ‘Sedimentation fluxes of suspended particles obtained by

direct and inverse methods”
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ganic and inorganic, are the primary causes of turbidity, usually defined as the

optical measurement of back scatter of incident light (Sadar, 2002). Elevated

concentrations of suspended solids can have detrimental effects on lake’s ecol-

ogy, altering the light attenuation in the water column, affecting algal growth

(Somlyódy and Koncsos, 1991; Lind et al., 1992) and fish (Vogel and Beauchamp,

1999), suppressing development of benthic macrophytes (Madsen et al., 2001),

transporting pathogens (Brookes et al., 2004) and, if used for drinking purposes,

leading to higher costs of water treatment.

A number of methods have been developed to quantify the concentrations

and settling rates of suspended particles in lakes. These include optical methods

measuring light backscatter in the water (Sadar, 2004), optical transmisometers

relying on the measurements of light attenuation by the suspended particles (Pier-

son and Weyhenmeyer, 1994), acoustic methods that measure sound scatter and

or attenuation (Gartner, 2002), sediment traps recording time-averaged water col-

umn particle fluxes (Kozerski, 1994; Peterson et al., 2005) and many others (see

Bloesch 1994). A new instrument (LISST-100, by Sequoia Scientific) based on

a laser diffraction technique has become available in recent years (Agrawal and

Pottsmith, 2000). The instrument enables in-situ measurements of particle size

distributions and, simultaneously, volumetric concentrations of the individual par-

ticle size classes (Mikkelsen and Pejrup, 2001). Particle settling velocities can be

directly measured by in-situ videocameras (Fennessy and Dyer, 1996), yielding a

relationship between the particle size and its settling rates, although these mea-

surements are often limited to fixed depths and locations in the water column.

Mass flux models can be used to predict changes in suspended particle concen-

trations given knowledge of the hydrodynamic forcing and the local distributions of

suspended particles. Although such numerical models have been successfully used

in a number of studies to quantify particle resuspension, transport and settling

(Weilenmann et al., 1989; Vlag, 1992; Hamilton and Mitchell, 1996; Weyhenmeyer

et al., 1997), these models need detailed measurements of site-specific properties

of the sediment and the suspended particles to accurately predict settling in the

water column and the critical shear stress at the water-sediment interface.

One of the major difficulties in the determination of resuspension and sedi-

mentation rates of suspended particles is that advection and vertical mixing often

dominate the transport and separating these processes from Stokes settling is dif-

ficult. Inverse methods can be utilised to separate the effect of hydrodynamics
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from resuspension and settling of the suspended particles. Inverse methods have

been widely used in oceanography to predict transport (Wunsch, 1978, 1996) and

mixing ((Tziperman, 1988) from hydrographic data (see review of Wunsch 1996).

Anohin et al. (2006) presented a finite-difference inverse method that resolved

two-dimensional velocity fields and vertical mixing coefficients from time-varying

tracer distributions. Inversions of two-dimensional transects of natural tracers

successfully resolved hypolimnetic currents induced by internal wave motions and

wind-driven flows in the surface layer, showing good agreement with the direct

measurements.

Inverse methods were utilized to resolve vertical velocities of suspended parti-

cles from the measurements of natural tracers obtained by high-resolution vertical

profilers. We used an inverse method for predicting vertical particle velocities from

time-varying distributions of turbidity on the basin scale. First, advective and dif-

fusive transport was estimated from time-dependent distributions of temperature,

salinity, dissolved oxygen and Chl-A fluorescence with a modified version of the

inverse method described by Anohin et al. (2006). These hydrodynamic estimates

then served as inputs to the advection-diffusion equation for turbidity, that, after

inversion, yielded domain-scale vertical velocity estimates of suspended particles.

Lastly, settling fluxes were calculated from vertical velocities and compared to

sediment trap data and fluxes calculated from the LISST-100 measurements.

4.3 Materials and Methods

4.3.1 Inverse methods and velocity fields

The inverse method in this study extends the methodology of Fiadeiro and

Veronis (1984) and Anohin et al. (2006). The method resolves velocities and

vertical eddy diffusivities from time-varying tracer distributions by inverting the

advection-diffusion and the conservation of volume equations. Two-dimensional

transects of temperature, salinity, dissolved oxygen and Chl-A fluorescence (here-

after termed ‘base’ tracers) were used as inputs. The simplified advection-diffusion

equation is given by:

∂C

∂t
+ u

∂C

∂x
+ w

∂C

∂z
− κz

∂2C

∂z2
= ±S (4.1)

where C are the tracer concentrations, u and w are the horizontal and vertical

velocities, respectively, κz are the eddy diffusivities and ±S is the sink/source

term. Following Fiadeiro and Veronis (1984), the velocities were expressed as
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Figure 4.1: Numerical grid with indices used for finite differencing of the advection-diffusion

equation (4.1).

streamfunction gradients: u = ∂ψ/∂z and w = −∂ψ/∂x, which satisfy conser-

vation of volume. ‘Base’ tracers were shown to be conservative over the time

interval typically used in the inversion (12-30 hours, Anohin et al. 2006), hence

the sink/source term was omitted from equation (4.1) when inverting these tracers

for hydrodynamic variables.

The discretisation algorithm used in the inversion and two modifications of the

inverse method are presented in Appendix I. The system of linear equations arising

from ’base’ tracers was solved for the streamfunctions and eddy diffusivities, which

was then used to predict vertical velocities of suspended particles from turbidity

as described below.

4.3.2 Inverse methods and vertical velocities of suspended particles

Having obtained the transport and mixing estimates from four ‘base’ tracers

(temperature, salinity, dissolved oxygen and Chl-A fluorescence), vertical veloc-

ities of suspended particles were readily calculated from the turbidity transects.

Whereas ‘base’ tracers were conservative at time scales typically used in the in-

version, the source/sink component in equation (4.1) for turbidity averaged 15-25

% of the observed rate of change (Anohin et al., 2006), which was attributed to

the particle dynamics. A simple balance between settling and resuspension of

suspended particles and the sink/source term Sturb is given by:

ws
∂C

∂z turb
= Sturb =

∂C

∂t turb
+ u

∂C

∂x turb
+ w

∂C

∂z turb
− κz

∂2C

∂z2 turb
(4.2)

where C are turbidity concentrations, and ws are vertical velocities of suspended

particles, which can take on both positive and negative signs.



4.3. Materials and Methods 69

In order to calculate the sink/source term Sturb for turbidity, streamfunctions

and vertical eddy diffusivities, obtained from the inversion of the ‘base’ tracers,

were substituted into the advection-diffusion equation for turbidity. A number of

assumptions had to be made to calculate vertical velocities of suspended particles

from time-varying distributions of turbidity fields. First, the method assumed

that the velocities (u, w) and vertical eddy diffusivities (κz), which modified the

concentrations of the ‘base’ tracers were identical to the hydrodynamic processes

that altered the turbidity concentrations. Hence, it was then possible to separate

the contribution of advective and diffusive transport of turbidity from the changes

induced by the suspended particles settling and resuspension. The method also

assumed the source/sink term in the advection-diffusion equation for turbidity

resulted mostly from resuspension and Stokes settling of suspended particles, thus

neglecting lateral advection and errors due to finite-differencing of the tracer fields.

The system of linear equations Ax = b for turbidity were solved with both the

‘two-transect’ method described in Anohin et al. (2006) and the ‘n-transect’ in-

verse method presented in the Appendix I. The sparse matrix of coefficients A was

calculated from the vertical gradients of turbidity concentrations at time t, vector

b includes the known advective, diffusive and unsteady terms and x containes the

unknown vertical velocities of suspended particles ws. After discretisation onto a

grid as shown in Fig. 4.1, equation (4.2) could be expressed in the form:

(ws)ij

[

Ct
ij−1 − Ct

ij+1

2∆z

]

turb

= (Si,j)turb (4.3)

The system of linear equations were then solved using the SVD method (Press

et al., 1992), yielding two-dimensional time-averaged vertical velocities of sus-

pended particles.

4.3.3 Study area and instrumentation

Lake Burragorang is a large water supply reservoir for the city of Sydney,

Australia. The morphology of the reservoir is narrow, elongated and dendritic,

and covers an area of 75 km2. It is approximately 40 km long, 1-3 km wide,

and has a mean depth of 60 m. Lake Burragorang has three main regions: the

Wollondilly arm is relatively wide (2-3 km), with a gently sloping bottom and a

maximum depth of 60 m; the Cox arm adjoining from the north-west, and a deep

(60-80 m) steep-sided main basin, with the dam impounding the reservoir from

the north-easterly end (Fig. 4.2). A field study was conducted in Oct-Nov. 2002
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stations (�), sediment traps (◦), and the Wollondilly thermistor Chain (*).

to investigate spatial gradients of water quality in the lake, where one of the goals

was to focus on the dynamics of turbid fronts often observed in the Wollondilly

arm.

Water temperature profiles, wind speed and wind direction were measured at

30-min. intervals in the centre of the Wollondilly Arm (Fig. 4.2). Sediment traps

with aspect ratios of 6 (tubes 0.1 m in diameter and a height of 0.6 m) were

deployed at two stations and several depths as shown in Fig. 4.3. At station

ST1 sediment traps were placed at 15m and 25m depths below the water surface;

at station ST2 sediment traps were deployed at 22m, 37 m and 47m (Fig. 4.3).

The sediment traps were collected every 3-4 days, yielding time-averaged particle

settling fluxes at the specified depths and locations. Concurrently with the sed-

iment traps retrieval, water samples were collected, providing concentrations of

total suspended solids (TSS) in the water column.

A free-falling profiler (F-probe), described in detail by Imberger and Head

(1994), was deployed daily at seventeen stations along a 26 km transect in the

Wollondilly arm (stations IB1-IB17 in Fig. 4.3). The instrument was equipped

with sensors for pressure (depth), temperature, conductivity, dissolved oxygen,

turbidity and Chl-A fluorescence (see specifications in Table 4.1). The F-probe

profiles were post-processed using filters described in Fozdar et al. (1985) to correct

for lags in the response time of the sensors. Salinity was derived from temperature

and conductivity signals. The turbidity was recorded by a nephelometer sensor



4.3. Materials and Methods 71

0 5 10 15 20 25
Accumulated Distance, km

D
ep

th
 (

m
)

-50

-40

-30

-20

-10

PFP station

F-probe 
and LISST 
stations

T-Chain

Sediment traps

IB1 IB17IB5 IB15IB10 IB12ST1 ST2

Figure 4.3: Schematic of the longitudinal transect through the Wollondilly arm with locations

of F-probe and LISST profiles from stations IB1-IB17 (• at surface and dashed lines through

the water column), the T-Chain (*), PFP stations (�), and sediment traps at ST1 and ST2 (◦

locations of sediment traps along double line).

HB185 (Chelsea instruments), which utilised a light scatterance technique to ob-

tain the measurements. The F-probe sampled at a frequency of 50 Hz at a descent

rate of 0.4 ms−1 that yielded a vertical resolution of 0.01m. Station depths ranged

from 3m at IB1 near the confluence with Wollondilly River to 52 m at IB17 near

the confluence with the main basin (Fig. 4.3). Each transect took approximately

2.5 hours to collect, which yielded a quasi-synoptic two-dimensional snapshot of

the four base tracers and turbidity. F-probe data were then averaged over 1m

vertical segments for input to the inverse method that yielded five tracer matrices

each [17 × 50] in size.

Concurrently, a LISST-100 particle profiler measured two-dimensional tran-

sects of particle spectra, mean grain sizes (Dm) and volumetric concentrations

(VC) of suspended particulates in 32 bin sizes (Mikkelsen and Pejrup, 2001). The

measured particle volume concentrations were subdivided into eight particle bin

sizes, their midpoints logarithmically spaced at 1.77, 3.44, 6.66, 12.91, 25.04, 48.56

F-probe Sensor Units Accuracy Resolution Range

Depth m 0.01% 4.8×10−6 0-130

Temperature oC 0.01 0.0003 0-35

Conductivity S/m 0.001 1.6×10−8 0-6

Dissolved Oxygen ml/l 0.1 0.01 0-15

Turbidity ftu 0.1+3% 0.015 0.04-100

Chl-A Fluorom. µg/l 0.1+3% 0.015 0-100

Table 4.1: Specifications of the F-probe sensors
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station. b) Isotherms at the Wollondilly T-Chain with horizontal shaded areas illustrating

periods of PFP profiling; the dots showing the timing when transects used in the inversion were

collected and the dashed line the time interval for the inversion ∆Tinv .

and 94.17 and 196.36 µm.

A Portable Flux Profiler (PFP) was deployed on day 303 at a station near

IB6 (Fig. 4.2), recording water column velocities and turbulence properties. The

instrument specifications and the algorithms used for data processing are described

by Lemckert et al. (2004). Horizontal velocities measured by the PFP were aligned

with the direction of the Wollondilly arm, the vertical eddy diffusivities derived

directly from the buoyancy flux and the buoyancy frequency, and corrected for

gradient Richardson number Rg as described by Yeates et al. (2006).

4.4 Results

4.4.1 Conditions during the study period

The thermal structure of the water column in the Wollondilly arm is shown

in Fig. 4.4b. The seasonal thermocline was located between 12-15 m; moderate

amplitude internal waves through the thermocline (2-3 m) were present on days

304 and 305 excited by strong south-westerly winds (Fig. 4.4b). The more normal

condition was a diurnal north-easterly sea breeze, increasing in the early afternoon

and ceasing by the midnight (days 302, 303, 306, Fig. 4.4a).

Tracer distributions acquired by the F-probe on days 303 (left panels, Fig.

4.5) and day 304 (right panels, Fig. 4.5) were characterised by a one-dimensional

thermal structure (Fig. 4.5a), and two-dimensional variations in dissolved oxygen

(Fig. 4.5b), turbidity (Fig. 4.5c), Chl-A fluorescence (Fig. 4.5d), and salinity (not
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shown). Elevated turbidity levels were observed in the upper reaches of the lake

and in the benthic nephloid layer that extended 10 m above the sediment-water

interface over the transects (Fig. 4.5c). The horizontal turbidity gradients in Fig.

4.5c were most likely a result of local sediment resuspension in lake’s shallows,

which was triggered by shear associated with wind-induced internal waves (Evans,

1994). The riverine inflows can also lead to formation of horizontal turbidity

gradients in Lake Burragorang (Romero and Imberger, 2003; Brookes et al., 2004),

but was not the case here as inflows discharge was negligible at this time.

A persistent turbid frontal structure was observed to propagate above the

thermocline at a depth of 12-17 m on day 303. The turbidity concentrations were

the highest at the intrusion lift-off point approximately 7 km from the beginning

of the transect, but extended nearly 10 km into the reservoir (Fig. 4.5c, day 303).

PFP identified two counterflowing layers on day 303: in the surface layer wind-
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driven currents transported water up-reservoir towards the shallow regions, while

below 12 m the water was moving down-reservoir with a speed of approximately

0.03 ms−1 (Fig. 4.6a). By day 304 turbidity concentrations decreased, with the

strongest changes observed at the intrusion lift-off point (Fig. 4.5c). The leading

edge of the turbidity tongue moved down-reservoir by approximately 4 km and

sharpened over the one day. Lateral transport of turbid water from the shoreline

led to increased turbidity concentrations in the surface layer over the first 5 km of

the transect; the thickness of the benthic nephloid layer had also increased (Fig.

4.5c, day 304).

The particle fluxes recorded by the sediment traps are summarised in Table 4.2.

Most of the suspended solids were of organic origin, contributing up to 90% of the

total particle flux (Fig. 4.7). Percent of organic matter was higher in the shallow

regions (Table 4.2), which was consistent with the spatial distributions of Chl-A

fluorescence measured by the F-probe (Fig. 4.5d). The highest particle fluxes

were recorded at station ST1, near the lift-off point of the turbidity intrusion,

ranging from 10-18 g day−1m−2 on days 302-305 to 28-31 g day−1m−2 on days

305-309 (Fig. 4.7). At station ST2 much further down-reservoir the sediment flux

was substantially lower, 3-7 g day−1m−2. Sediment traps results were consistent

with turbidity measurements made by the F-probe, which detected elevated levels

of turbidity in the lake’s upper reaches and low concentrations in the pelagic zone

(Fig. 4.5c).

The transects of volumetric concentrations (VC) of eight selected particle bin

sizes acquired by LISST-100 are shown in Fig. 4.8. Only 10 vertical profiles

were collected on day 303 because of instrument failure (IB1-IB10, Fig. 4.3),
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Figure 4.7: Sediment flux estimates from the sediment trap data at stations ST1 and ST2

over period of 3.1 days (from day 302 to day 305) and 4.1 days (from day 305 to day 309).

thus limiting the study domain to 11 km. At the turbidity intrusion lift-off point

the VC concentrations were the highest for all particle sizes except the smallest

bin (1.77µm), which had the maxima in the upper 3-5 m of the water column

(Fig. 4.8). Particles with diameters ranging from 43 to 100µm contributed up to

70% of the total particulates in the water column, while larger particle diameters

(120-196 µm) showed a smaller peak on the distribution curve (Fig. 4.9). LISST

transect of day 306, which extended to all profiling stations (IB1-IB17), revealed

similar patterns in distributions of particle volumetric concentrations (not shown).

The instrument identified elevated VCs in the shallow regions, at the turbidity

lift-off point and in the benthic boundary layer, while concentrations significantly

decreased in a pelagic zone farther in-lake.

To calculate particle settling velocities and the sedimentation fluxes per unit

Dates of deployment Units 302 to 305 305 to 309

Stations ST1 ST2 ST1 ST2

Length of deployment days 2.8 2.8 4.1 4.1

Depth from the surface m 15 25 22 37 47 15 25 22 37 47

Approx. ambient TSS mg/l 3.0 3.0 1.1 1.1 1.5 3.3 3.3 1.1 1.1 1.5

% of organic SS, sed.tr. % 85 90 77 84 78 91 93 83 86 86

SS flux per day, sed.tr. g/d/m2 9.6 18.2 7.3 3.6 4.8 28.7 31.4 3.3 3.3 4.9

SS flux per day, LISST g/d/m2 12.9 11.6 - - - 18.5 12.5 3.1 3.2 6.7

SS flux per day, inverse g/d/m2 5.2 2.1 - - - - - - - -

Table 4.2: Comparison of suspended solids fluxes measured by sediment traps and settling

fluxes estimated from LISST-100 data and inverse methods
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Figure 4.8: Volumetric concentrations of suspended particles acquired by the LISST-100 on

day 303, averages of VCs over 8 particle bin sizes are shown. Note only 10 vertical profiles

(stations IB1-IB10) were collected.
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area from volumetric concentrations measured by LISST-100 we needed to know

the particle densities. The relationship between particle size and its density can

vary depending on particle composition (ratio of organic to inorganic components),

porosity, floc shape and water content (Droppo et al., 1997; Droppo, 2001). Al-

though no direct measurements linking the particle diameter Dm and mean ef-

fective density were available for Lake Burragorang, we know from the sediment

traps that most of the particles were of organic origin (Fig. 4.7), so the effec-

tive density contrasts by the ratio of particle and the water density should center

around 50-200 kg m−3, as discussed in Weilenmann et al. (1989). In this study we

used a ratio derived by Mikkelsen and Pejrup (2001) from direct measurements

of LISST-100 and total suspended solids (TSS) concentrations, the relationship is

shown in Fig. 4.10.

The estimated mean effective density ∆ρ of individual particle sizes ranged

between 60 and 330 kg m−3 (Fig. 4.10). These values were used to calculate the

mean settling velocities wst
s for individual particle sizes from Stokes Law:

wst
s =

D2
m∆ρg

18µ
(4.4)

here Dm is individual particle diameter (m), ∆ρ = (ρp − ρw) is a mean effective

density defined as the difference between particle and water density ρp and ρw,

respectively (Fig. 4.10), g is the acceleration due to gravity (ms−2), and µ is the

dynamic viscosity of water (kg m−1s−1). The mean Stokes settling velocity ranged

between -5-10 m day−1 (Fig. 4.10), based on a mean particle diameter of 45-75

µm (Fig. 4.8).
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from Mikkelsen and Pejrup (2001) and Stokes settling velocity vs. particle diameter Dm (◦).
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Figure 4.11: Settling fluxes of suspended particles, total flux per day, (g/day/m2), calculated

from the LISST-100 transects acquired on day 303.

Having determined the mean settling velocities, the suspended load fluxes for

individual particle sizes were computed by assuming a steady-state supply of the

particles and Stokes settling (Kozerski, 1994). The total suspended solids flux

SSt
flux for all 32 bin sizes was calculated as the sum of the mean effective den-

sity ∆ρi multiplied by their respective VC concentrations and the corresponding

settling velocities wst
s , so that:

SSt
flux =

bins
∑

i=1

∆ρi(V C)i(w
st
s )i (4.5)

Sedimentation fluxes calculated from LISST-100 measurements of day 303 by

equation (4.5) are shown in Fig. 4.11. The largest sedimentation rates were

predicted in the upper reaches of the reservoir, at the turbidity intrusion lift-

off point, and in the benthic boundary layer, which extended 5-10 m above the

sediment-water interface (Fig. 4.11). LISST-100 estimates showed a very good

agreement with the sediment fluxes measured directly by the sediment traps. Both

methods identified a strong reduction in sediment deposition rates between lake’s

shallow regions and deep pelagic zone, the values dropping from 12-30 g day−1m−2

at station ST1 to an average of 3-5 g day−1m−2 at station ST2 (Table 4.2).

4.4.2 Inverse methods results

Initially, two F-probe transects which included only the ‘base’ tracers collected

on the morning of day 303 and on the afternoon of day 304 were inverted with the

‘two-transect’ method, eddy diffusivity set to a constant value of 10−5 m2s−1. The

inversion resolved the velocity field, but performed poorly if the mixing coefficients
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Figure 4.12: Vertical velocities of suspended particles (color background) and two-dimensional

transport (plotted as black arrows) from the ‘n-transect’ inverse method from ‘base’ tracers of

four transects collected on morning and afternoons of days 303 and 304. Downward particle

velocities are negative. Gray vertical lines denote locations of sediment traps with depths shown

as black dots.

were specified as variables to be determined as part of the solution (see discussion

in Anohin et al. (2006)). To achieve more accurate results, we applied the ‘n-

transect’ method to the ‘base’ tracers of four transects collected on days 303

and 304 with the eddy diffusivity set as a free parameter. The improvement in

the accuracy of the velocities and the vertical eddy diffusivities resulted in the

‘n-transect’ inverse method being selected for this study.

The inversion of ‘base’ tracers identified three distinct features in the velocity

field (Fig. 4.12, black arrows). In the shallow region up to 7 km, a clockwise

vertical eddy was detected. Farther downstream of this vertical eddy the wind-

driven surface layer currents of 0.05 ms−1 were counterbalanced by weak return

flows through the thermocline. Lastly, hypolimnetic flows with speeds of 0.01-0.03

ms−1 were predicted in the near-bottom region at approximately 20 km. Although

good agreement between the direct velocity measurements and inverse estimates

was reported by Anohin et al. (2006) for the inversions obtained in the main

basin, a direct comparison of the PFP data and inverse velocity profiles in the

Wollondilly arm was difficult, as the time intervals in the inversion (∆Tinv ∼ 30

hrs) significantly exceeded the duration of PFP profiling on day 303 (∆t ∼ 5 hrs,

Fig. 4.4).

Eddy diffusivities resolved by the inverse method ranged between 10−4 to 10−6

m2s−1 and were similar to the available PFP microstructure measurements of day

303 (Fig. 4.13). Approximately 20% of the vertical eddy diffusivities predicted
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by the inverse method were negative, as the SVD solver was not constrained by

inequalities. Inversions by the method of Least Squares, which included inequali-

ties (κz > 0, Press et al. 1992), produced all-positive mixing coefficients, but led

to unreasonably high scatter in the velocities. As a result, the unconstrained SVD

was selected as a solver, and negative eddy diffusivities were set to the molecular

diffusivity of heat.

The advective and diffusive transport estimates obtained from the ‘base’ trac-

ers were substituted in the advection-diffusion equation (4.2) for turbidity, which

allowed calculation of the sink/source term. A new system of linear equations

Ax = b was formed from equation (4.3), where the vertical turbidity gradients

in matrix A were derived from four transect pairs collected on days 303 and 304,

and the source/sink was given by the total rate of change of turbidity minus the

advective and diffusive terms. The equations were inverted by the unconstrained

SVD for the vertical velocities of suspended particles ws, which could take on both

positive and negative values.

Figure 4.12 shows the vertical velocities of suspended particles (colour back-

ground) resolved by the inverse method from turbidity data. The predicted values

ranged between -8 to +6 m day−1, with a region of strong downward (negative)

velocities identified at the lift-off point of the turbidity intrusion; this feature was

consistent with the decline in turbidity concentrations at this location between

days 303 and 304 (Fig. 4.5c). Negative velocities were also predicted 10-15 km in-

lake between 7-10 m depths, which coincided with the sharpening of the turbidity
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Figure 4.14: Settling fluxes of suspended particles, total flux per day, (g/day/m2), calculated

from the inverse method results and the LISST-100 transects acquired on day 303, only 11 km

are shown.

intrusion (Fig. 4.5c). Settling velocities were higher in the upper reaches of the

reservoir, averaging -4 to -6 m day−1 (Fig. 4.12). Because of lower turbidity in the

lake’s pelagic zone (Fig. 4.5c), at station ST2 settling velocities were significantly

lower, the inversion yielding the velocities of -0.5-1 m day−1.

A region of upward (positive) particle velocities was identified by the inverse

method in the deep hypolimnion at a transect distance of 20 km (Fig. 4.12). This

region coincided with high up-reservoir horizontal velocities obtained from the in-

version of ’base’ tracers (Fig. 4.12, black arrows). The ‘apparent’ upward fluxes of

turbidity were indicative of a source of suspended particles, likely by resuspension

at the sediment-water interface by internal wave activity (Gloor et al., 1994) or

the upward transport of suspended particles in the benthic boundary layer.

The results of the inverse method yielded another estimate of sedimentation

fluxes. Net vertical velocities of suspended particles ws were inverted from the

turbidity distributions; the concentrations of suspended particles were calculated

from the volumetric concentrations in 32 particle bin sizes available from LISST-

100 transect of day 303 (Fig. 4.8) and the mean effective densities of suspended

particles ∆ρi (Fig. 4.10). The settling fluxes were derived from the following

equation:

SSinv
flux = ws

bins
∑

i=1

∆ρi(V C)i (4.6)

Figure 4.14 shows the settling fluxes calculated from the results of the inverse

method. A region of downward fluxes was predicted in lake’s shallows and at
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the turbidity intrusion lift-off point. At ST1 the settling fluxes averaged 3-8 g

day−1m−2, a significant reduction if compared to the sediment traps data and

LISST measurements based on Stokes Law (Table 4.2). One of the main advan-

tages of the inverse method is the ability to resolve upward particle fluxes. Such

regions were identified 2 km from the start of the transect and in the upper 7 m

of the water column at distances of 5-10 km along the transect (Fig. 4.14). These

upward particle fluxes were indicative of sediment resuspension by the horizontal

velocities detected by the inverse method in the upper reaches of the reservoir

(Fig. 4.12) or were induced by the lateral transport of suspended particles from

the lake’s boundaries.

4.5 Discussion

Three methods were used in this study to resolve vertical velocities and settling

fluxes of suspended particles. The advantage of sediment traps is the relative

ease of measurements by weighing the accumulated material to yield accurate

estimates of total suspended solids fluxes per unit area. However, extrapolation

of sedimentation fluxes and settling velocities of suspended particles to basin scale

is difficult with sediment traps because of the need to deploy a large number of

vertical series of traps (Evans, 1994). Moreover, fluxes measured at near-bottom

regions are likely to be overestimated due to effect of ‘particle trapping’ (Kozerski,

1994), which confounds separation of ‘primary’ and ‘secondary’ sedimentation

rates (Bloesch, 1994).

Settling velocities and sedimentation fluxes were derived from volumetric con-

centrations of suspended particles measured by the LISST-100 profiler. To cal-

culate settling velocities from Stokes equation, mean effective densities of indi-

vidual particle sizes had to be estimated. The method assumes Stokes settling

of suspended particles in quiescent ambient environment and a steady supply of

particles, yielding a two-dimensional transect of particle fluxes. The method was

successfully applied to transects collected by LISST-100 profiler, yielding a very

good agreement with the setting rates measured directly by the sediment traps.

One of the major deficiencies of these techniques is that neither of the methods

can resolve the processes of advective or diffusive transport of suspended solids by

currents and turbulent eddies always present in natural standing water bodies.

Flux paths and vertical velocities of suspended particles can be obtained by

inverse methods from time-varying distributions of natural tracers. Particle veloc-
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ities are obtained by inversion of unsteady term (minus the advective and diffusive

transport of turbidity known from ‘base’ tracers) and turbidity vertical gradients.

The method assumes that the flow field is dominantly two-dimensional and all

residuals in the advection-diffusion equation for turbidity are induced by settling

and resuspension of suspended particles, thus limiting the application range to

narrow reservoirs where lateral transport is negligible.

One of the deficiencies of the inverse method was the application of turbid-

ity measurements as a surrogate for the concentrations of suspended particles.

Turbidity sensors rely on optical measurements of the attenuation/backscatter of

incident light, which is altered by the interaction with the suspended particles in

the water column. The accuracy of turbidity measurements can vary depending

on size of the particles, floc shape and its composition, and many other parame-

ters described in Sadar (2002). Mass-related concentrations of suspended matter,

preferably subdivided into individual particle size bins, could better represent the

mechanisms of particle settling and resuspension, and would be preferable for

use in the inverse method. For example, LIIST-100 measurements could be used

instead of turbidity, significantly improving the results of the inversions.

Despite these shortcomings, the inverse method has a number of advantages

compared to the conventional techniques used to quantify transport and settling

of suspended particles in standing waters. Unlike numerical models (Weilenmann

et al., 1989; Hamilton and Mitchell, 1996), it relies on movement of natural tracers

to make predictions about transport and settling of suspended particles. These

measurements are readily obtainable with fine-scale vertical profilers; the num-

ber of available tracers is limited only by the measurement of natural tracers

from reliable sensors. Unlike sediment traps and in-situ videocameras, which are

confined to the fixed depths and locations, inverse methods can resolve vertical

velocities and settling fluxes of suspended particles on a basin-wide scale. The

inverse method results, in combination with sediment traps data and information

available from LISST-100 profilers, provide a means to estimate spatial patterns

of particle transport and settling, which can be used to better understand the

processes affecting water quality and ecological dynamics in standing water bod-

ies.
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4.6 Conclusions

Sediment fluxes and vertical velocities of suspended particles were investigated

in a stratified reservoir by direct and inverse methods. Sediment trap measure-

ments at two fixed locations were compared with particle settling velocities calcu-

lated from known concentrations of suspended matter. In the latter method, vol-

umetric concentrations of suspended particles acquired by the LISST-100 profiler

were converted to basin-scale sedimentation fluxes for comparison. The method

assumed Stokes settling of particles in quiescent ambient environment, neglecting

processes of particle advective and diffusive transports and sediment resuspension.

The mean effective densities of particles were determined from the literature data.

The two methods yielded very similar results, identifying elevated settling fluxes

in lake’s shallows and in the benthic nepheloid layer, with sedimentation rates

ranging between 3 to 30 g day−1m−2.

The inverse method, a novel technique based on the inversion of advection-

diffusion and conservation of mass equations, was applied to time-varying dis-

tributions of natural tracers. The inverse method predicted downward fluxes in

the shallow reaches of the reservoir; a region of upward transport of suspended

particles was identified in the deep hypolimnion, which coincided with depths of

near-bottom currents evident from the inversion of ‘base’ tracers. Settling fluxes

were derived from the inverse method results and the concentrations of suspended

particles determined from LISST-100 data and these results generally showed a

lower settling flux than the more traditional methods, but the method was ham-

pered by the uncertainty between the turbidity measurements and the particle

concentrations.

Compared to traditional methods used to measure sedimentation rates in lakes,

the inverse method has the advantage of being able to resolve spatial flux pat-

terns. Applying the inverse method to different particle size fraction collected

by LISST-100 profiler is the next logical step towards perfecting this method. In

combination with the conventional methods, inverse methods can provide a pow-

erful tool enabling better understanding of the processes affecting water quality

and ecological dynamics in standing water bodies.



4.7. Appendix I 85

4.7 Appendix I

4.7.1 Inverse method based on one pair of tracer transects

In the method presented by Anohin et al. (2006), two tracer transects collected

over a time interval ∆tinv served as inputs for the inversion (Fig. 4.15a). Each

transect included k number of ‘base’ tracers collected at the fixed stations in the

study domain. The inverse method assumes two-dimensional flow, and vertical

mixing characterised by vertical eddy diffusivities. Horizontal diffusion was small

in comparison with advective transport, and thus was neglected (Anohin et al.,

2006). After discretisation onto a grid (Fig. 4.1) and application of the forward

in time and centered in space (FTCS) numerical scheme (Roache, 1972), the

advection-diffusion equation (4.1) reads as follows:
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(4.7)

here Ct
k are the concentrations of k − th tracer at time t, ∆z is the vertical grid

spacing, ∆xi is the varying horizontal distance between the adjacent profiles, with

ddxi given by (∆xi + ∆xi+1)/2. In this formulation, ∆x can vary in space, but

∆z is constant. Equation (4.7) can be easily simplified to a formulation for a

constant-grid geometry presented by Fiadeiro and Veronis (1984).

Discretised equation (4.7) is a system of linear equations Ax = b, where tracer

gradients in the square brackets (derived from the transect collected at the time t)

constitute a sparse matrix of coefficients A, the unsteady term on the right-hand

side yields the vector b, and x incorporates the unknown streamfunction values

ψ and eddy diffusivities κz. For k tracer matrices with dimensions k×[n×m]

the method yields k×[(n-2)×(m-2)] equations and [(n-1)×(m-1)+(n-2)×(m-2)]

unknowns. The system of linear equations Ax = b is then inverted for stream-
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Figure 4.15: Schematic of two inverse methods where a) is an inversion from two input

transects collected at time t1 and t2, and b) is the ‘n-transect’ inverse method.

functions and eddy diffusivities using Singular Value Decomposition (SVD), with

singular values below 10−6 set to zero in order to reduce noise and round-off errors

(Press et al., 1992).

4.7.2 Inverse method based on multiple pairs of the tracer transects

The ‘two-transect’ inverse method described above was extended to allow mul-

tiple transects to be used as inputs for each inversion (Fig. 4.15b, hereafter referred

to as the ‘n-transect’ inverse method). Our development of ‘n-transect’ method

followed the example of Kelly and Strub (1992), who used multiple images of

sea surface temperature to invert the advection-diffusion equation for two com-

ponents of surface velocities. These authors concluded that the addition of new

images qualitatively improved the estimates of surface velocities, as the system

became more overdetermined and the regions with weak tracer gradients were

better resolved.

To add new information to the inversion, the ‘n-transect’ method assumes that

the velocities and mixing coefficients are constant over the time interval between

the first (t1) and last (tn) transects (Fig. 4.15b), which is analogous to the ‘two-

transect’ method (Fig. 4.15a). New pairs of tracer transects are formed from

the available transects collected between t1 and tn (for example, t1 and t3, t2 and

tn, etc) without violating the assumption of constant flow and mixing parameters

between the initial (t1) and the final (tn) transects.

After discretising the transect pairs with equation (4.7), the equations from

each of the individual transect pairs are added to the system of linear equa-
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tions Ax = b. As a result, n transects yield
∑

(n − 1) combinations of transect

pairs, so that for k tracer matrices with dimensions [n×m] it is possible to obtain
∑

(n − 1) × k×[(n-2)×(m-2)] equations for the same number [(n-1)×(m-1)+(n-

2)×(m-2)] of unknowns. Not all possible combinations of tracer transects are used

in the inversion. To improve accuracy and avoid problems with inversions over

small time intervals reported by Anohin et al. (2006), we selected transect pairs

separated by similar ∆tinv, so that the coefficients in the equations were derived

over similar time intervals between the transects (usually ∆tinv of 20-30 hours).

The new, larger system of linear equations is solved for the streamfunctions and

eddy diffusivities, which are than used to predict vertical velocities of suspended

particles from turbidity as described above.
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4.8 Notation

The following symbols are used in this paper:

A = sparse matrix of coefficients;

b = vector of known coefficients;

C = tracer concentrations;

Dm = particle diameter;

ddx = mean horizontal distance between two adjacent profiles

g = acceleration due to gravity;

k = number of tracer matrices;

m = number of available measurement points in vertical;

µ = dynamic viscosity of water;

n = a number of available profiles in a transect;

S = source or sink term in the advection-diffusion equation;

SSflux
t = total suspended solid flux;

ψ(x, z) = streamfunction values;

tn = the time the n-th transect was collected;

∆t = time interval;

∆Tinv = time between the transects the inverse method;

u = horizontal velocity;

w = vertical velocity;

ws = vertical velocity of suspended particle from the inverse method;

wst
s = mean settling velocity of suspended particle from Stokes Law;

κz = vertical diffusion coefficient;

ρw = water density;

ρp = particle density;

∆ρ = mean effective density of suspended particles;

V C = volumetric concentrations of suspended particles;

x = vector of unknowns;

∆x = varying horizontal distance between the adjacent profiles;

∆z = vertical grid spacing.
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Conclusions

This study investigated the effect of basin scale internal waves, selective with-

drawal and settling of suspended particles on the water quality in a stratified

reservoir. Inverse methods were used to quantify water transport, mixing and

suspended particles settling in Lake Burragorang, a large drinking water reservoir

for the city of Sydney, Australia.

The first part of this thesis contributed to the understanding of the effect basin

scale internal waves have on the water quality in Lake Burragorang. On a seasonal

scale, it was shown that vertical oscillations of density stratification induced by

basin-scale internal waves were responsible for most of the variability in temper-

ature of the withdrawn water. As the water is swept by the standing internal

seiches past the hypolimnetic offtakes, the selective withdrawal layer adjusts its

thickness to the stratification conditions in front of the offtake; in this case the

length scale of layer formation is proportional to the thickness of the withdrawal

layer δ, not the total length of the reservoir L. The comparison of measured water

temperature and values calculated from the thermistor chain data using steady

state theory of selective withdrawal yielded an excellent agreement, the accuracy

of temperature predictions being within ±0.2 oC. The results of this study clearly

showed that steady-state formulation of selective withdrawal can be used to pre-

dict temperature of the withdrawn water in reservoirs where density stratification

is unsteady due to internal wave activity.

An intensive field experiment was conducted in Lake Burragorang in November

2002 with the objective of investigating the interaction of long internal waves

and selective withdrawal in greater detail. The section of the reservoir studied

during the experiment was a 5 km stretch of the main basin near the dam wall.

Horizontal currents induced by the basin-scale internal seiches were responsible for

the establishment of horizontal gradients of dissolved oxygen and turbidity in this

section of the reservoir. The analysis of turbidity records of the extracted water

suggested that to correctly predict other water parameters of the outflows, such

as turbidity or dissolved oxygen, it is important not only to know the temperature

stratification conditions in front of the offtake, but also to understand the local

flow dynamics in the lower reaches of the reservoir. For example, it was shown

that during the uprising phase of the internal wave horizontal currents associated

with the internal seiche advected the benthic nephloid layer towards the offtake,

while rising stratification lifted cold turbid water to the depths of the selective
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withdrawal layer, leading to the observed increase in turbidity values.

In order to resolve velocities and mixing coefficients in the lower reaches of

the reservoir, a simple inverse method based on the advection-diffusion and con-

servation of mass equations was developed. The method enabled quantification

of horizontal and vertical transport and mixing in the water column from time-

varying distributions of tracer fields. Two-dimensional distributions of natural

tracers were used as an input for the inverse method. These tracers, collected by

the F-probe, included temperature, salinity, dissolved oxygen, turbidity and Chl-

A fluorescence. It was shown that at time scales used in the inversion (order of

days) the tracers were near-conservative, changes in tracer concentrations mostly

induced by the advective transport.

Several modifications of the inverse method were tested in this study. First,

the diffusive term was set to zero (κz = 0), and the system of linear equations was

inverted for streamfunctions (velocities) only. Second, vertical eddy diffusivities

were set to a constant value of κz = 10−5 m2s−1. Lastly, both streamfunctions

(velocities) and vertical eddy diffusivities were solved as part of the solution. The

inverse method that assumed constant eddy diffusivities yielded the most accu-

rate estimates of horizontal and vertical velocities; these were consistent with

the direct measurements made by Portable Flux Profiler (PFP). For inversions

that included both streamfunction and eddy diffusivity as unknowns, velocity es-

timates were significantly noisier, the uncertainty of solution also increased. This

was attributed to the increased importance of the diffusive transport and the

shortcomings of the second-order differentiation of the diffusive term. Neverthe-

less, vertical eddy diffusivities resolved by the inverse method agreed well with

the direct PFP measurements; in order to avoid negative eddy diffusivities in the

inverse estimates the solver had to be constrained by inequalities (κz > 0).

Two limiting time scales must be considered when inverting time-varying dis-

tributions of the tracer fields. If the time interval between the transects is too

short (∆tinv of hours), noise in the tracer data and measurement error play a

dominant role in the unsteady term, and the inverse method may also overesti-

mate the velocity magnitudes. On the other hand, if the time interval between

the transects is too long (∆tinv order of days), the inverse method tends to ex-

cessively time-average the velocities and mixing coefficients, smoothing the flow

patterns. Moreover, in order to avoid aliasing in the predicted velocities, the time

interval between the transects should take into account natural time scales of the



Chapter 5. Conclusions 95

processes one attempts to resolve. To resolve flows observed during the intensive

field experiment in Lake Burragorang, the pairs of transects had to be contained

within a half-period of the internal seiche (i.e. 48 hours), the best results obtained

from inversions with ∆tinv ∼ 22-28 hours.

Lastly, three methods were used to quantify flux paths, vertical velocities and

sediment fluxes of suspended particles in Wollondilly arm of Lake Burragorang.

Settling fluxes calculated from volumetric concentrations of suspended particles

measured by LISST-100 were in good agreement with data obtained from sedi-

ment traps. Strong settling fluxes were predicted in the shallow reaches of the

reservoir and at the lift-off point of the turbidity intrusion, settling fluxes ranged

between 10-30 g day−1m−2. F-probe profiles of temperature, salinity, dissolved

oxygen, turbidity and Chl-A fluorescence acquired along a 26 km transect served

as an input for the inverse methods. The inverse method presented in Chapter 3

was modified to allow multiple tracer transects to be used as an input, significantly

improving the velocity and vertical eddy diffusivity estimates. Initially, four near-

conservative ‘base’ tracers were used to solve for hydrodynamics: the inversion

yielded two-dimensional fields of streamfunctions (velocities) and vertical eddy

diffusivities. These estimates were then substituted into the advection-diffusion

equation for turbidity, which determined the turbidity sink/source term. A new

method was formulated, resolving basin-wide settling velocities of suspended par-

ticles from time-varying distributions of turbidity fields. Inverse method identified

a region of upward flux of suspended particles in the deep hypolimnion, depths

coinciding with the near-bottom currents predicted from the ‘base’ tracers, which

is indicative of particle resuspension.

This study has contributed to our knowledge of reservoir dynamics, although

further work is needed to investigate the effect of high-frequency internal waves

on the formation and development of the selective withdrawal layer. It would also

be desirable to test the inverse method on the transects of volumetric concentra-

tions of suspended particles, which would yield size-related vertical velocities of

suspended particles.


