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ABSTRACT 

The thesis is devoted to the development of new algorithms for estimation 

of system frequency, power system phasors and transmission line fault location 

in the context of power system protection and control. 

A z-transform signal model combined with a nonlinear post-filtering 

scheme to estimate the operating frequency in a power system is first developed 

in the thesis. The signal model parameters are identified by an optimisation 

method in which the error between the model output and the actual signal that 

represents a voltage or current in the power system is minimised. The form and 

the structure of the signal model do not require iterations in the optimisation 

process for parameter identification. The system operating frequency is directly 

evaluated from the model parameters. Effects of noise and any frequency 

components other than the operating or supply-frequency on the accuracy are 

countered very effectively by applying a median post-filtering on the time 

series representing the frequency estimates derived from the model. Extensive 

simulation studies and comparisons with previously-published frequency 

estimation techniques confirm the high performance of the method developed 

in the thesis in terms of accuracy and time delay. 

With respect to power system phasor estimation, a method is developed 

based on waveform interpolation in the discrete time-domain to counter the 

spectral leakage errors arising in forming, by discrete Fourier transform (DFT), 

the supply frequency phasors representing power system voltages and currents 

when there are system frequency deviations from the nominal value. The 

interpolation scheme allows DFT evaluation to be performed with a time 

window length which is exactly equal to the fundamental period of the voltage 

or current waveform. Comparative studies presented in the thesis confirm the 

improvements achieved by the method proposed over other previously-

published techniques in terms of accuracy and computing time.  
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 With the availability of accurate operating frequency and phasor estimates, 

an optimal fault location method based on multi-conductor distributed-

parameter line model is developed. The method is a general one which is 

applicable to any transmission line configurations, including multi-terminal 

lines. The fault location method is based on the minimisation of an objective 

function in which the fault distance is a variable. The objective function is 

formed from combining the phase-variable distributed-parameter equations of 

individual line sections from the fault point to the line terminals. The multi-

variable minimisation leads to high accuracy and robustness of the fault 

location algorithm in which any voltage/current measurement errors, including 

sampling time synchronisation errors, are represented in the estimation 

procedure as variables in addition to the fault distance. Extensive simulation 

studies are performed to verify that the method developed is highly accurate 

and robust. 

The thesis is supported by two international publications of which the 

candidate is a joint author.  
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LIST OF PRINCIPAL SYMBOLS      

SYMBOLS USED IN FREQUENCY AND PHASORS ESTIMATIONS IN 

CHAPTERS 2-4 

t    continuous time variable 

( )y t  power system voltage/current in continuous time 

domain 

η    spectral leakage coefficient 

)(kX    DFT/FFT calculation for the frequency component thk

K  constant representing the linear relationship between 

and fΔ η  

n    discrete time variable 

)(nX    DFT/FFT calculation at time step n  

N    DFT window length 

0f    nominal fundamental frequency 

fΔ    frequency deviation 

( )y n    power system voltage/current in discrete time domain 

)(nx    vector of state parameter at step  n

)(nH  state matrix linearly relating the measurement to the state 

vector at step  n

)(nv    measurement error /noise component 

tΔ    sampling time interval 

( )( )⋅xh  nonlinear function relating the measurement to the state 

vector  )(nx

1f    fundamental frequency/supply frequency 
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( )nY  product of the input signal and demodulated signal at time 

step  n

( )nU  composite signal formed from the signal   sampled at 

time steps 

( )nY

( )1n + or andn ( )1n −  

)(/ 11 tAA  amplitude/time-varying amplitude of the waveform 

fundamental component 

)(1 nA  discrete time-varying amplitude of the waveform 

fundamental component 

)(nφ    instantaneous phase at time step n  

( )ncφ    phase noise at time step  n

αV ,    βV α , β  components of the voltages after αβ transformation 

aV , ,   three-phase voltages bV cV

)(/ 11 tθθ  phase angle/time-varying phase angle of the waveform 

fundamental component 

)(1 nθ  discrete time-varying phase angle of the waveform 

fundamental component 

αβV  complex signal combined with as real and imaginary 

parts 

αV βV

B    RMS value of the amplitude of the line voltage waveform 

( )nZ    demodulated signal with known nominal frequency 

1ω    fundamental angular frequency 

0ω    nominal fundamental angular frequency 

)(1 tf   continuous time-dependent fundamental frequency 

)(1 nf   discrete time-dependent fundamental frequency 

φ̂    phase output/estimate in section 2.7 
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ω̂    angular frequency output/estimate in section 2.7 

mV    amplitude of the three phase voltages  

sT    αβ  transformation matrix 

vT    rotating matrix for dq transformation 

fK    gain of the loop filter 

pK    gain of the PI (proportional-integral) filter 

pT    time constant of the PI (proportional-integral) filter 

s    Laplace transform operator 

dV ,    ,  components of the voltages after transformation qV d q dq

( )tks    in-phase amplitude 

( )tkc    quadrature-phase amplitude 

E    error function  

μ   diagonal matrix of regulating constants which control the 

rate of convergence of the steepest-decent method 

sμ , cμ , fμ   positive diagonal elements in matrix μ  

kf    frequency of the kth signal component   

sf    sampling frequency 

k    signal component identifier 

kA    amplitude of the kth component of the signal 

kθ    phase angle of the kth component of the signal 

kω    angular frequency of the kth component of the signal 

lb    coefficients of the polynomial equations 

( )nυ    voltage waveform in discrete time-domain 

 vi



( )nV0  time-dependent amplitude of decaying DC component in 

the voltage waveform 

( )nVk  time-dependent amplitude of fundamental and harmonic 

component in the voltage waveform 

)(nτ    time-dependent time constant for decaying DC component 

)(1 nω    time-dependent fundamental frequency 

i    iterative step 

( )( )nF x   vector function for solving parameter vector  ( )nx

J    Jacobian matrix 

+J    pseudo-inverse of Jacobian matrix 

)(ntj    row of the complete Jacobian matrix thn

λ    forgetting factor 

)(nλ    iterative forgetting factor at the iteration thn

)(nR    sum of the residual error absolute values at the iteration thn

( )g    tuning function for defining the iterative forgetting factor 

0λ    tuning parameter defining the tuning function 

0R    tuning parameter defining the tuning function 

( )zH    frequency response of FIR filter in section 2.10 

r     the length of FIR filter; 

f̂    estimated frequency 

z    z-transform operator 

m    number of signal components 

M    2m, order of the z-plane signal model 

( )Y z    z-transform of  ( )y n

( )N z    numerator of   ( )Y z

 vii



( )H z    denominator of in section 3.2.2 ( )Y z

kz  the kth root with positive argument of the polynomial 

equation H(z)=0 

kα  attenuation coefficient of signal amplitude for each 

frequency component 

( )sy n  discrete-time signal obtained from data acquisition 

system(DAS) 

1J +    number of linear equations used in LMS estimation 

P    LMS estimation matrix with the dimension of  ( )1J M+ ×

tP    transpose of matrix P  

+P    pseudo-inverse of matrix P  

Q    LMS estimation vector with dimension  1J +

tQ    transpose of vector Q  

b   M-dimensional vector of bl’s coefficients 

bt   transpose of vector b 

medf    median-filtering frequency estimate 

p    median filter window length 

τ    time constant for DC component  

u    unit step function 

0a    Fourier series coefficient for DC component 

ka  real part of Fourier series coefficient for frequency 

component 

thk

kb  imaginary part of Fourier series coefficient for frequency 

component 

thk

0c    complex Fourier series coefficient for DC component ( 0a= ) 

 viii



kc  complex Fourier series coefficient for the frequency 

component 

thk

T    fundamental time period 

δ  fraction part of DFT analysis data window length to 

compensate spectral leakage error 

L  DFT analysis data window length included with an integer 

part of and a fraction part N δ  

an /  random discrete time step  bn

af /  varying operating system frequency at time step /  bf an bn

( )s t    impulse response of the ideal interpolation filter 

( )nβ    initial phase angle at time step 0=n  

 

SYMBOLS USED IN FAULT LOCATION ESTIMATION IN CHAPTERS 5-7 

d  the ratio of the distance from S-end of the line to the fault 

in km to the total line length in km 

lZ  total line impedance lZ between terminals S and R of the 

line 

SZ / RZ  source impedance at terminals S –end/ R -end 

SV /  voltage at terminals S –end/R -end RV

SI / RI  current flowing from S –end/R -end 

fR  fault resistance  

fI  fault current 

FV  voltage at fault point 

cba VVV ,,  three phase-to-earth voltages in section 5.2.1.1 

cba III ,,  currents in three phases 

 ix



resI  residual current 

0I  zero sequence current  

lmZ  common inter-phase mutual impedance per unit length 

between phase-pairs 

1Z  positive-phase-sequence line impedance 

fSZ   measured fault impedance at sending end of the line 

SIΔ  change of the current at sending end 

plI  pre-fault load current 

Sd  current distribution factor 

Sn  circuit loading factor 

β  angle of   Sd

γ  angle of  Sn

1k , ,  complex functions of local-end voltage, current, and 

source impedances 

2k 3k

'β  correction angle 

M / N      matrices used for LMS algorithm in section 5.2.2.1 

j       index of each line section of the line in section 5.2.2.1 

fA fB fC fD  faulted line section in Π equivalent lumped-parameter 

model 

SA SB SC SD  ABCD constants of unfaulted sections between sending 

end and the faulted line section 

RA RB RC RD  ABCD constants of unfaulted sections between receiving 

end and the faulted line section 

jZ / jY  series impedance matrix/shunt admittance matrix for 

each section j of the line 

 x



fZ / fy  matrices of the series impedance of the faulted section 

fd  fractional distance from the beginning of section 

( ) f
ABCD to the point of fault 

1F , , ,  the complex coefficients of the equation (5.28) 2F 3F 4F

R / L  matrices of line resistance and inductance 

( )tSV /  vectors of phase voltages ( )tRV

( )tSI /   voltage current and differences between two ends and ( )tRI S

R -end 

( )tVΔ /  voltage current and differences between two ends and ( )tIΔ S

R -end 

( )S nV /   vectors of phase voltages at time step ( )R nV sn f  

( )S nI /  vectors of currents at time step ( )R nI sn f  

( )nVΔ /  voltage current and differences between two ends and ( )nIΔ S

R -end at time step sn f  

)(nψ  function defined as in the equation of (5.39) 

u  unit matrix 

SV /   vectors of phase-to-earth voltages at the sending-end, S, 

and receiving-end, R, of the transmission line 

RV

SI  /   vectors of the line currents at S- and R-end RI

α  attenuation constant 

pυ  propagation speed of the travelling wave 

0Z  Surge Impedance 

),( txV  voltage of the travelling wave along the transmission line 

),( txI  current of the travelling wave along the transmission line 

 xi



( )w pF x tυ−   travelling wave in the forward direction at any distance x  

from one end of the line nominated for reference 

( )w pB x tυ+   travelling wave in the backward direction at any distance 

x  from one end of the line nominated for reference 

Sd /  distances of two ends to the fault point on the line Rd

( )1 1S SV I / ( )1 1R RV I  the first arrivals of the transient waves at the terminals at 

time instants ,  St1 Rt1

( )' '
1 1S SV I / ( )' '

1 1R RV I  reflections of the transient waves travel back to the fault 

point at time instants ,  St2 Rt2

A B C D  ABCD matrices for distributed-parameter line model 

Z /Y  series-path impedance/shunt-path admittance matrix 

eT  matrix of the eigenvectors of  ZY

iT  matrix of the eigenvectors of YZ  

2λ  diagonal matrix of eigenvalues of ZY  

pZ  phase-variable surge impedance matrix 

pY  phase-variable surge admittance matrix 

l  total length of transmission line 

x  unknown fault distance to be calculated, in km 

FSV /  vectors of the voltages at the fault point  FRV

BA /  constants  in single-phase equations (5.50) and (5.51) BA /

SA / RA , /  two-port matrices having 3×3 dimensions and 

representing series impedance and shunt admittance in 

three-phase distribution line model  

SB RB

G /C  matrices of line conductance and capacitance per unit 

length 

 xii



τ  wave travelling time in section 5.4 

δ  phase error 

'
RV /  vectors of the voltage and current phasors synchronised 

with  and 

'
RI

SV SI  by using phase angle error correction 

S / R /T  three terminals of the three-terminal transmission lines 

/T TV I  vectors of the line currents at  T-end 

J  junction point of the three-terminal transmission lines 

( )S
JV / ( )R

JV / ( )T
JV  voltages at junction point J 

1 1/A B , 2 2/A B , 3 3/A B   /A B  matrices formed for circuits S-J, R-J and T-J of the 

three terminal lines 

1ε / 2ε / 3ε  norm values of the difference of the voltages at the 

junction ponit J 

11 / DC , ,   matrices calculated for circuits S-J, R-J and T-J 22 / DC 33 / DC DC /

1l / /  lengths of the three circuits 2l 3l

abcZ /  three-phase series-path impedance/ shunt-path 

admittance matrix 

abcY

SZ /  equivalent source impedances at S- /R-end of the line RZ

 difference of phase angles between S-end and R-end 

1δ /  phase errors between R- /T-end and S-end 2δ
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CHAPTER  1 

  
Introduction 

 

 
 
1.1   Background  

Online measurements of operating frequency and phasors that represent 

the supply-frequency components of power system voltages and currents play 

an essential role in power systems operation, control and protection. Some of 

the key applications of measured operating frequency are in frequency control 

and automatic generation control (AGC), and security control in relation to 

under-frequency load shedding. Accurate estimation of the system operating 

frequency is also required in forming voltage and current phasors by phasor 

measurement units (PMUs). In turn, the phasors obtained from the PMUs are 

used in a wide range of applications which include wide-area protection and 

emergency control (WAPEC) [1]. The challenges which are encountered in 

online frequency and phasor estimation arise from a number of factors in 

combination. The estimation algorithm must be sufficiently robust to provide 
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accurate outputs in dynamic operating condition in which there is system 

frequency variation, and in the presence of harmonic distortions, DC offset and 

noise. Another important factor to be considered is the computing time 

requirement of the signal processing algorithm.  

The research reported in the thesis, therefore, has a focus on the 

development of new system frequency and phasor estimation techniques for 

addressing the problems encountered in the present methods. 

While there are numerous applications in control and protection of the 

frequency and phasor estimations based on the new techniques, the thesis will 

investigate a particular application in which fault location in transmission lines 

is determined.  

 

1.2  Objectives  

In the above context of the research, the thesis has the following key 

objectives: 

(i) to develop a method for fast and accurate estimation of power system 

frequency 

(ii) to develop a method for fast, accurate and robust estimation of the power 

system phasors  

(iii) to develop an accurate method of fault location estimation on transmission 

line, drawing on the power system phasors determined by the technique 

developed in (ii). 
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1.3    Outline of the Thesis  

The thesis is organised in eight main chapters. The objectives and outline of 

the thesis are described in the first chapter.  

In Chapter 2, a general overview of the previously-reported methods of 

power system frequency and phasors estimation is presented. The 

performances of those methods in terms of their accuracy, robustness and 

computing time requirement are discussed and their deficiencies are identified. 

In Chapter 3, a fast and accurate method of supply frequency estimation is 

developed. The new method is based on a z-transform signal model for 

representing the waveform used in conjunction with the nonlinear median 

filtering technique. 

Chapter 4 presents a fast and accurate method of power system phasor 

estimation.  Drawing on the accurate frequency estimation obtained from the 

technique developed in Chapter 3, a modified discrete Fourier transform (DFT) 

will be developed in which the DFT analysis window is synchronised with the 

operating frequency, and a time-domain interpolation technique is used to 

remove the spectral leakage errors encountered in the conventional fixed-

window DFT when there is system frequency deviation. 

 In Chapter 5, a detailed review of previously-published papers on existing 

fault location algorithms is given. The issues related to the accuracy of fault 

location estimation by the algorithm will be identified.  
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Drawing on the accurate phasor estimation obtained by the methods 

reported in Chapters 3 and 4, Chapter 6 will develop an accurate and robust 

fault location algorithm for transmission lines. The algorithm is based on a 

multi-conductor distributed-parameter model of transmission lines used in 

conjunction with an optimisation technique by which the fault location is 

estimated with high accuracy and robustness. 

The new fault location method developed in Chapter 6 will be applied to 

representative transmission line configurations including the three-terminal 

transmission line. The results and performance of the method in comparison 

with an existing technique will be presented in Chapter 7. 

 The overall conclusion in Chapter 8 summarises the main features and 

achievements of the research reported in the thesis. Future research work is also 

suggested and included in the conclusion. 

 

1.4   Contributions of the thesis  

 Specially, the thesis has made the following three contributions: 

(a) Development of a new method of power system operating frequency 

estimation based on the z-plane signal model combined with the median 

filtering technique where the model parameters are optimally estimated 

by a non-iterative algorithm. High-speed and accuracy are achieved by the 

method. 
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(b) Development of a modified DFT algorithm based on the DFT window 

which is synchronised with the system frequency combined with a time-

domain linear interpolation scheme for supply frequency phasor 

estimation. Spectral leakage error does not arise in the modified DFT 

developed in the thesis. 

(c) Development of an optimal fault location algorithm using multi-end data 

and based on a multi-conductor distributed-parameter line model together 

with the technique for compensating synchronisation error. High 

performance in terms of accuracy and robustness is achieved in the new 

algorithm which uses the optimisation technique. 

The thesis is supported by the two following publications: 

1. Nguyen, T.T. and Li, X.J.: ‘Application of a z-transform signal model and 

median filtering for power system frequency and phasor measurements’, 

IET Gener., Transm. Distrib., 2007, 1, (1), pp.72-79. 

2. Nguyen, T.T. and Li, X.J.: ‘A Fast and accurate method for estimating 

power systems phasors using DFT with interpolation’, IEEE Power 

Engineering Society General Meeting, Montréal, Québec, Canada, 18-22nd 

June, 2006. 

For reference, the above publications are included in Appendix II. 
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CHAPTER 2 

 

Review of Phasor and 
Frequency Estimation Algorithms 

 

 

 

2.1   Introduction 

In the context of online estimation of power system frequency and/or 

phasors, there have been numerous methods previously published in the 

literature. The challenge encountered in the estimation arises from a number of 

factors in combination. The estimation algorithm must be sufficiently robust to 

provide accurate outputs in dynamic operating condition in which there is 

system frequency variation, and in the presence of harmonic distortions, DC 

offset and noise. Another important factor to be considered is the computing 

time requirement of the signal processing algorithm.  

This chapter will review the previously published methods in relation to 

their accuracy, robustness and computing time requirement. 
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2.2   Zero-crossing Technique 

Some of the earliest and simplest technique for power frequency 

measurement is that based on tracking the zero-crossings of voltage or current 

waveforms [2]. However, the accuracy of the method is significantly impaired 

by the presence of noise, harmonic distortions and unidirectional component in 

the power system waveforms. In an attempt to counter the deficiencies inherent 

in the conventional zero-crossing technique, a modified zero-crossing method 

was developed in [2] where the power system waveform is represented by a 

polynomial in the time-domain: 

∑
=

=
M

l

l
l tbty

0
)(        (2.1) 

In (2.1), t  is the independent time variable, and  coefficients are to be 

identified using the waveform samples. Least mean square technique was 

proposed for the purpose of forming . The time instant at which the zero 

crossing occurs is to be determined by solving for the roots of the polynomial 

function in (2.1). 

sbl
'

sbl
'

Although the modified zero-crossing method performs well in steady-state 

condition, its performance will deteriorate if there are switching transient in the 

waveform. The deterioration in the performance can last up to 30 cycles 

following the transient [2] as the polynomial approximation cannot represent 
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accurately the discontinuities and high-frequency oscillations in the transient 

waveform. 

 

2.3   Use of the Fourier Transform Spectral Leakage 

In [3], the FFT calculation is carried out with a fixed data window length 

which is determined at the nominal frequency. The deviation in the supply 

frequency is formed  from the leakage coefficient, η , defined as: 

)1( )1()( 
12

0

XXkX
N

k
⎥
⎦

⎤
⎢
⎣

⎡
−= ∑

−

=

η       (2.2) 

In (2.2), is the FFT result for the component, and  corresponds to 

the fundamental component.  

)(kX thk 1=k

 With linear approximation, the magnitude of the frequency deviation is 

given in: 

f K ηΔ = ⋅        (2.3) 

in which  depends on the window length and nominal frequency.  K

 A separate calculation is required to determine the sign of the frequency 

deviation, based on the result of the integration of the waveform multiplied by 

the cosine function defined at the nominal fundamental frequency. 

 Obviously, the method will not perform well if there are harmonics and 

noise in the waveform which cause in (2.2) to be non-zero for . Band-)(kX 1≠k
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pass filter was proposed to enhance the performance. However, with a finite 

bandwidth (for example, 30Hz as used in [3]), there is always a possibility that 

non-fundamental frequency components will exist in the filtered waveform, 

which will lead to errors in using (2.2). Furthermore, the method does not have 

sufficient sensitivity to frequency deviation [4].  

 

2.4   Recursive Discrete Fourier Transform 

Based on a power system waveform with the fundamental frequency 

component only, the supply frequency phasor calculation by DFT with the time 

steps referred to the time origin is a constant one if there is no frequency 

deviation, and the DFT data window length in terms of sampling time intervals 

is exactly equal to the waveform period. This property gives:  

)1()( −= nXnX        (2.4) 

In (2.4), and are the phasors calculated at time steps n and )(nX )1( −nX )1( −n  

respectively. 

 However, when there is frequency deviation, the relationship in (2.4) is not 

valid if the DFT data window length is kept fixed at the value determined using 

the nominal power frequency. Here, the phasor at the operating frequency 

calculated by DFT at time step  is given approximately by [4]: n

( )
n

Nf
fj

Nf
f

f
f

f
n

ff e
N

XX
π

π

π 2

0

0

0

00 sin
sin Δ

Δ

Δ

Δ+ ⋅=       (2.5) 
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In (2.5), 0f is the nominal frequency; fΔ  the frequency deviation; N  the DFT 

window length; the phasor
0f

X , the phasor at the nominal frequency (i.e. for the 

waveform at the nominal frequency), is a constant, and is the phasor for 

the waveform with frequency deviation 

( )n
ffX Δ+0

fΔ evaluated at time step . n

Based on the approximate relationship in (2.5), the deviation in system 

frequency is determined from the phase change of the rotating phasor ( )n
ffX Δ+0
. 

In [4], a recursive method was developed to calculate the supply frequency 

phasor for successive time steps so that full DFT calculations are avoided. 

This leads to savings in computing time. 

( )n
ffX Δ+0

The key disadvantage of the method is that harmonics and noise are not 

taken into account. The basis for the frequency measurement is that of the 

waveform with the fundamental frequency component only in steady-state 

operating condition. 

 

2.5   Kalman Filtering  

 In [5], a waveform with the fundamental frequency component only is 

postulated, and it is assumed that both the in-phase and quardrature-phase 

component with respect to the nominal frequency are time-varying. This leads 

to the following linear signal model with two state variables corresponding to 

the in-phase and quardrature-phase components:  
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( ) ( ) ( ) ( )nvnnny += xH       (2.6) 

In (2.6), is the signal sample at time step n  obtained from measurements; 

is the state vector at step n  having 2 elements which are the in-phase and 

quardrature-phase components; 

( )y n

( )nx

( )nv  is the vector of measurement error; 

is the state matrix of dimension 1×2 which is derived from the postulated 

signal model, and has the following form: 

( )nH

( ) ( ) ( )[ ]tnftnfn Δ⋅Δ⋅= 00 2sin-    2cos ππH     (2.7) 

 Standard linear Kalman filtering technique is then applied to estimate 

recursively the state vector, using the estimate obtained in previous time step. 

The key step is to form the Kalman filtering gain which requires the model for 

the measurement error . The Kalman filter gain is calculated by minimizing 

the covariance of error of the estimate for the state vector. The Kalman filter 

gain is also used in conjunction with the measurement for updating the 

estimates for the state vector and the error covariance of the estimated state 

vector. The error covariance is needed to calculate the gain at the next time step.  

( )v n

 If the phase of the waveform is constant, then the rate of change of the 

phase angle formed from the elements of the state vector is linearly related to 

the frequency deviation. The phasor at the fundamental frequency is given 

directly by the state vector. 

 Also in [4], the signal model is extended to include the frequency deviation 

directly in terms of a state variable in addition to those that represent the in-
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phase and quardrature-phase components with respect to the actual operating 

frequency. It is still assumed that the waveform has the fundamental frequency 

component only. However, the assumption that the phase of the waveform is 

constant is not required in the extended model. 

 The signal model is now nonlinear, and has the following form in terms of 

the state variables: 

( ) ( )( ) ( )nvnhny += x       (2.8) 

In (2.8), is the state vector of 3 elements at time step n  and is the 

nonlinear function of vector

( )nx ( )( nh x )

( )nx , derived from the waveform model. 

 The steps for estimating the state vector are similar to those in the two-state 

variable case. However, to form the optimal Kalman filter gain, it is required to 

linearise the nonlinear signal model in (2.8). This includes the calculation of the 

partial derivatives of the nonlinear function ( )( )nh x  with respect to . ( )nx

 The phasor and power frequency are then given directly by the elements of 

the state vector. As the method is based on the waveform with the fundamental 

frequency only, its performance when there are harmonics in the waveform will 

be impaired. Furthermore, the performance also depends on the postulated 

parameters related measurement error and covariance of the error in state 

vector estimation. 
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2.6   Demodulation Technique  

Drawing on the technique used in communications, demodulation method 

was reported in [2,6] for operating frequency estimation. In [2], the waveform 

included fundamental frequency, harmonics and noise components is 

postulated. The signal is multiplied by a complex exponential signal, which is 

composed of a sine signal and cosine signal with known frequency , say 

nominal frequency. Two new signals carrying two components of different 

frequencies,  and

0f

01 ff + 01 ff − . The high frequency component  (01 ff + 02 f≈ ) is 

filtered out by using a low-pass filter, or band-stop filter. The remaining 

components comprise the frequency deviation to be estimated and the noise. If 

it is assumed that the noise level is low, the filtered signal at discrete time step 

 can be approximated and expressed in a complex form as follows: n

( ) ( ) ( )( nnj ceAnY φφ +≅
2

1 )        (2.9) 

where is the amplitude of the waveform fundamental component;  1A ( )nφ  is 

the phase angle of the waveform at time step n ; ( )ncφ  is phase noise. The 

complex signal in (2.9) is used for estimating the frequency deviation by the 

following procedure.  

 A composite signal is formed from the signal in (2.9) at time steps 

and( 1n + ) ( )1n − : 
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( ) ( ) ( )1U n Y n Y n∗ 1= + ⋅ −        (2.10) 

In (2.10), * denotes the complex conjugate operation. The phase of the signal 

waveform is related to the phase of the composite signal in (2.10) approximately 

by:  

( ) ( ) ( )( )
( )( )nU
nUnn

Re
Imarctan11 ≅−−+ φφ      (2.11) 

Therefore, the frequency deviation from the nominal frequency, , is related 

to the change in the phase of the waveform by: 

( )nfΔ

( ) ( ) ( )( 1
4

sff n n nφ φ
π

Δ = ⋅ + − − )1      (2.12) 

In (2.12), sf  is the sampling frequency. 

 Combining (2.11) and (2.12) gives the frequency deviation in terms of the 

phase of the composite signal: 

( ) ( )( )
( )( )

Im
arctan

4 Re
s

U nff n
U nπ

Δ = ⋅       (2.13) 

Reference [2] presents a traditional demodulation method for frequency 

estimation. As there is a double-frequency component, the accuracy and the 

speed of the frequency estimation can be often limited because of the filtering 

requirement. To avoid this problem, a new demodulation of two complex 

signals to estimate frequency was proposed in [6] where the double-frequency 

component is avoided.  
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In [6], the concept of 0αβ -transform is adopted. However, only α and 

β components are used in this application. The three-phase voltages sampled at 

discrete time are transformed into: n

( )
( )

( )
( )
( )⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
⋅⎥
⎦

⎤
⎢
⎣

⎡
−
−−

⋅=⎥
⎦

⎤
⎢
⎣

⎡

nV
nV
nV

nV
nV

c

b

a

2
3

2
3

2
1

2
1

0
1

3
2

β

α       (2.14) 

On assuming that the three phase voltages ,  and are balanced, and 

there are no harmonics. The 

aV bV cV

α  and β  components are given by:  

( ) ( )( )ntBnV n 11cos θωα +=        (2.15) 

( ) ( )( )ntBnV n 11sin θωβ +=        (2.16) 

In (2.15) and (2.16), B is RMS value of the line voltage waveform; 1ω is the 

fundamental angular frequency, and 1θ  is the phase angle in phase ”a”. 

 A complex signal is then formed from the α and β components: 

( ) ( ) ( )njVnVnV βααβ +=        (2.17) 

or: 

( ) ( )( )ntj nBenV 11 θω
αβ

+=         (2.18) 

Modulating the signal in (2.18) by ( ) ntjenZ 0ω−= where 0ω is the nominal 

fundamental frequency gives: 

( ) ( ) ( )[ ]ntj neAnY 101
1

θωω +−=        (2.19) 
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In (2.19), the result does not have the double frequency component, and there is 

no need to filter out that component. Similar to the method in [2], a composite 

signal is formed from at time steps n and( )nY ( )1Y n − at time step ( ) : 1n −

( ) ( ) ( )* 1U n Y n Y n= ⋅ −       (2.20) 

Operating frequency for the input signal can then be determined by the phase 

of the composite signal ( )U n : 

( ) ( )( )
( )( )nU
nUffnf s

Re
Imarctan

201 ⋅+≈
π

     (2.21) 

The key disadvantage is that the method loses its accuracy either for noisy 

signals [6, 7] or when the input signal contains a large amount of negative phase 

sequence component during asymmetrical fault period [6]. To improve the 

performance in the medium and high level noise or waveform with harmonics 

environment, filtering is still needed. 

 

2.7   Phase-locked Loop (PLL) Technique 

 Conventional phase-locked loop technique for power frequency estimation 

has been reported in [7, 8]. In [7], a block diagram of the three phase PLL 

system is given by Fig.2.1. The principle is that of estimating the phase of the 

input signal by a feedback control loop, and then using the relationship 

between the frequency and phase expressed by time-domain integration to 
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VCO Loop filter 

derive the operating frequency. The technique assumes that fundamental 

components of the three phase voltages are balanced and expressed 

as . By using the )]120cos(),120cos(,cos[],,[ oo +−= φφφ mmmcba VVVVVV αβ   

transformation matrix sT : 

1 1
2 2

3 3
2 2

12
3 0sT

− −⎡ ⎤
= ⎢ ⎥

−⎣ ⎦
        (2.22)  

The stationary reference frame voltages expressed in terms of  α  and β  

components can be obtained: 

      (2.23) ⎥
⎦

⎤
⎢
⎣

⎡
−

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
⋅=⎥

⎦

⎤
⎢
⎣

⎡
φ
φ

β

α

sin
cos

m

c

b

a

s V
V
V
V

T
V
V

αV , in (2.23) are then transformed  to dq components in the synchronous 

reference frame by using the PLL output : 

βV

φ̂

t
v

t
dq VVTVV ],[)ˆ(],[ βαφ ⋅=       (2.24) 

    ST  
av  
bv  
cv  

vα vβ

( )ˆeT φ  

( )fK s  1
s

 
φ̂ω̂

dv

qv  

Fig.2.1. Block diagram of three phase system 
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where is the rotating matrix given by: vT

         (2.25) ⎥
⎦

⎤
⎢
⎣

⎡ −
=

φφ
φφφ ˆcosˆsin

ˆsinˆcos)ˆ(vT

On using (2.23) and (2.25) in (2.24), the desired voltage component for 

inputting into the PLL loop filter of Fig.2.1 is derived as: 

dV

)ˆsin( φφ −= md VV         (2.26) 

In Fig.2.1, a proportional-integral (PI) type loop filter combined with a 

voltage-controlled oscillator (VCO) is used to obtain the value of  for forming 

the feedback voltage as shown in (2.26). The angular frequency of the PLL 

system is related to the loop filter input by: 

φ̂

dV

)ˆsin(ˆ φφω −⋅= mf VK       (2.27) 

In (2.27), denotes the gain of the loop filter, which is designed to be: fK

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
⋅=

p

p
pf sT

sT
KsK

1
)(      (2.28) 

where and are the gain and time constant of the PI (proportional-integral) 

filter;  Laplace transform operator. 

pK pT

s

The VCO output gives the phase estimation which is related to the 

frequency by: 

dt
dφω

ˆ
ˆ =          (2.29) 
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If the phase difference in (2.27) is assumed to be very small,  can be 

approximated as   , and the input to the PLL can be interpreted as the 

phase error given by . 

)ˆ( φφ −

)ˆ( φφ −

)ˆ( φφ −

 With integral control, the PLL system can regulate the phase error to be 

zero in steady state, so that the value of is identical to the actual value of φ̂ φ , 

and therefore the operating frequency can be tracked.  

 The traditional three-phase PLL assumes that the three phase voltages are 

balanced. Its performance will be impaired, depending on the level of 

unbalance in the system. Another disadvantage is the use of total phase in 

estimating the frequency.  Any phase change due to change in the operating 

condition will affect the accuracy of the frequency estimation. More recently, 

the traditional PLL has been modified to separate the total phase into two 

components: 1tω where 1ω is the fundamental angular frequency, and 1θ , which 

is the phase component at 0t = . Only the first component (i.e. 1tω ) is used for 

frequency estimation. Furthermore, there is no need to assume balanced 

voltages as in the traditional PLL technique. The modified PLL, often referred 

to as quadrature phase-locked loop (QPLL), uses any phase voltage waveform 

for frequency and magnitude estimation.  

The principle of the QPLL is that of estimating the fundamental component 

of the waveform expressed in terms of frequency, magnitude and phase (at time 

), based on real-time minimisation of the difference between the postulated 0t =
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fundamental frequency component and the total waveform. First-order 

steepest-descent method is adopted without rigorous mathematical analysis, for 

the minimisation. The key steps used for implementing the QPLL are given in 

the following: 

 The input signal to the QPLL, in general, includes the fundamental 

frequency component, harmonic components and noise: 

( )y t

( ) ( ) ( ) ( )tvtkAtyty
k

kk +++= ∑
≠1

11 sin θω      (2.30) 

In (2.30), the fundamental frequency component of the signal is 

( ) ( )θω += tAty 11 sin ; / and 1A kA 1θ / kθ  the amplitudes and the phase angles of 

the fundamental/harmonic components; k  the order of harmonics; ω  the 

varying operating system frequency ( )1 0ω ω= + tωΔ ; where 0ω is the nominal 

angular frequency, and ( )tωΔ is the time-dependent frequency deviation; ( )tv  

the noise component. Using three-state time-varying variables, in-phase 

amplitude ( )tks and quardrature-phase amplitude ( )tkc , and frequency deviation 

( )tωΔ , the fundamental component may be rewritten as: 

( ) ( ) ( ) ( ) ( )ttkttkty cs φφ sinsin1 +=      (2.31) 

In (2.31), . Defining the parameter vector( ) ( )( ζζωωφ dt
t

∫ Δ+=
 

0 0 ) [ ]ωΔ= ,, cs kkx , 

the fundamental frequency component can be expressed as . An 

optimisation procedure by which the difference between  and the input 

( xty ,1 )

)( xty ,1
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signal  is minimised has been developed in [8] to identify or estimate the 

parameter vector 

( )y t

x . The magnitude, phase and frequency deviation of the 

fundamental component in the input signal are then given by vector x . The 

optimisation technique used is that of the first-order steepest-descent method 

applied to error function formed from the square of the difference between the 

total input signal and the fundamental component in the time-domain, which is 

expressed in: 

( ) ( ) ( )[ ] ( )tetytytE ,,, 22
1 xxx =−=      (2.32) 

The parameter vector is found by minimising the error function in (2.32). The 

method in [7] adopts the steepest-descent method in a continuous form which 

uses the gradient of the error function: 

x

       ( ) ( )[ ]
( )t

tE
dt

td
x
xμx

∂
∂

−=
,       (2.33) 

In (2.33), μ  is a diagonal matrix of regulating constants which control the rate 

of convergence of the steepest-decent method.  

 On expanding (2.33) and forming the gradient vector in terms of the 

elements of the parameter vector: 

( )

( )

( )

( )
( )
( )

( ) ( )( )

0 0 sin
2  0 0 cos

0 0 cos sin

s

c

dk t
dt s

dk t
cdt

d t
f s cdt

t
e t t

k t k tω

μ φ
μ φ

μ φΔ

⎡ ⎤

φ

⎡ ⎤⎡ ⎤− −⎢ ⎥ ⎢ ⎥⎢ ⎥= − × −⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥− − +⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦

 (2.34) 
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where the positive elements( sμ , cμ , fμ ) of the diagonal matrix in (2.34) are the 

regulating constants of the algorithm. The three state variables 

andcs kk , ωΔ determined from (2.34) provide the estimates of the supply 

frequency phasor and frequency deviation. 

 The performance of the QPLL is compromised by a number of factors 

which include the dependence of steady-state accuracy on the rate of 

convergence. A faster convergence is accompanied by a larger steady-state error. 

As the error minimisation in QPLL technique is based on the difference 

between actual signal waveform and fundamental frequency component only, 

its accuracy will be impaired when there are DC offset component, higher level 

harmonics and noise existing in the waveform. Also, a significant time delay is 

encountered when there are step variations of operating frequency [8]. The 

choice of appropriate filters for reducing frequency components other than the 

fundamental components, transient dc component and subharmonics is critical 

to the method [8].  

 

2.8   Adaptive RLS and LMS Algorithms 

In [9], adaptive schemes based on the Recursive Least Squares (RLS) and 

Least Mean Squares (LMS) algorithms for tracking voltage phasor and local 

frequency are presented. 
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Assuming that, after prefiltering, the power system waveform can be 

represented by the fundamental component and noise as follows, in the discrete 

time domain: 

( ) ( ) ( )( ) ( )1 1sin 2y n A n f n t n v nπ β= ⋅ Δ + +      (2.35) 

In (2.35), f is the system operating frequency; ( )1A n the amplitude; ( )nβ the 

phase at time step ; the sampling time interval, and the noise. 0n = tΔ ( )v n

If the frequency deviation from the nominal fundamental frequency 0f  

is fΔ , the signal ( )y n can be expressed as: 

( ) ( ) ( )( ) ( )1 0 1sin 2y n A n f n t n v nπ θ= ⋅ Δ + +     (2.36) 

in which 

( ) ( )1 2n f n tθ π β= ⋅Δ ⋅ Δ + n       (2.37) 

 The objective is to estimate ( )1A n and ( )1 nθ . From , the frequency 

deviation 

( )1 nθ

fΔ  can be estimated, using (2.37) at time steps n and , and 

assuming the phase is constant: 

( 1−n )

( )nβ

( ) ( )1 1 11
2

n n
f

t
θ θ

π
− −

Δ =
Δ

      (2.38) 

 A linear scheme was developed in [9] to estimate online and( )1A n ( )1 nθ . 

This requires the linearisation of the signal in (2.36) around the current 

estimates for ( )1A n and ( )1 nθ . The total square error over a specified time period 
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between the linearised signal model output and the actual signal is then 

minimised to identify the signal parameters ( )1A n and . Linear signal 

processing techniques [10,11] were adopted in [9] for the online parameter 

identification purpose. 

( )1 nθ

 The two algorithms described in [9] were proven suitable for fast 

estimation of phasor and frequency deviation. However, waveforms with DC 

offset, several harmonics and subharmonic frequency components can lead to 

excessive computing time requirement if higher-order model is used for 

achieving accuracy. Otherwise, there is a need to use band-pass filter together 

with a pre-filtering of raw data for attenuating all other frequency components 

apart from the fundamental. Another disadvantage of the method is that of the 

use of numerical differentiation for forming system frequency. The procedure is 

prone to large error due to noise amplification arising from differentiation, and 

further filtering is required to operate on the frequency estimation, and/or the 

phase change arising from the change in operating condition.  

 

2.9   Newton-type Algorithms 

Newton-type algorithms have been reported in [12, 13] for voltage phasor 

and system frequency estimation. In comparison to the commonly used pure 

sinusoidal model, the Newton-type algorithm is based on the extended model 

postulated includes an exponential component, integer harmonics and noise. 
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The model adopted is a highly nonlinear function with unknown frequency. 

Compared with the RLS and LMS in previous section, the signal model is 

described as: 

( ) ( )( ) ( )

( )( ) ( ) ( ) ( )( )
0 1

1

sin ( ) ( )
n t m

n
k k

k

n h n v n

h n V n e V n k n nτ

υ

ω θ
Δ

−

=

⎧ ⎫= +
⎪ ⎪
⎨ ⎬

= + +⎪ ⎪
⎩ ⎭

∑

x

x
   (2.39) 

where is number of harmonic components. The parameter vector is given by: m

[ ]0 1 1 1( ) ( ), ( ), ( ), ( ), , ( ), ( ), , ( ) T
kn V n n n V n V n n nτ ω θ θ=x L L k

3

  (2.40) 

The number of model parameters is 2m + . The parameter vector in (2.40) 

is time-dependent. A time window of a chosen length is used for estimating the 

parameter vector. It is assumed that within the window, the parameter vector 

remains constant. For compactness, we use 

( )nx

x to denote the parameter vector 

applicable within the selected time window. The parameter vector can be 

calculated in an iterative way by solving the following vector equation 

assuming is neglected:  ( )v n

( )( ) ( )( ) ( ) 0F n h n nυ= − =x x       (2.41) 

Newton’s method is proposed in [12] to solve the nonlinear equation system in 

(2.41). Linearising (2.41) about ( )ix where i denotes the Newton’s iterative step 

gives: 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )i i i iF F i+ Δ ≈ + Δx x x J x x     (2.42)  
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In (2.42), ( )( iJ x )

)

is the Jacobian matrix of vector function . By setting the 

LHS of (2.42) to zero, the solution at step 

( )xF

( 1i +  is: 

[ ])( )()()1( iii xhυJxx −+= ++       (2.43) 

In (2.43), υ  is the measurement vector, and ( )( ih x )  is the vector of the nonlinear 

function values formed from (2.39) for sampling time instants n within the time window. 

Where is referred to as a left pseudo-inverse of Jacobian matrix J . Pseudo-

inverse is used since there can be more equations of the form in (2.41) than 

number of parameters in the estimation.  

+J

The solution at each step gives in (2.43) requires the inverse or pseudo-

inverse of the Jacobian matrix ( )( i )xJ , which is time-consuming for online 

application, particularly for high-order model. In [13], a modified Newton’s 

scheme is used for avoiding the explicit inversion or pseudo-inversion of the 

complete Jacobian matrix. The inversion is achieved recursively in the time 

domain, using the result obtained from the previous time step. At time step , 

the parameter estimation is given in:  

n

[ ]))1(()()()()1()( −−+−= nnnnnn xhυjpxx     (2.44) 

1 ( 1) ( ) ( ) ( 1)( ) ( 1)
( ) ( 1) ( )

t

t

n n n nn n
n n nλ λ

⎡ ⎤−
= − −

−
⎢ ⎥+ −⎣ ⎦

P j j PP P
j P j

   (2.45) 

( )t nj is the (corresponding to time step m ) row of the complete Jacobian 

matrix; 

thn

λ is the pre-selected forgetting factor, which affects the quality of 

estimation. To improve the performance of the method, the scheme in [13] 
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proposed a new forgetting factor which is tuned iteratively. Based on many 

simulations, a heuristic technique was developed to give: 

( ) ( ) 0( )
0 0 0 0( ) , , ( ) 1 R n Rn g R R n eλ λ λ λ −= = + −       (2.46) 

where ( )nλ and ( )R n are the forgetting factor and the sum of the residual error 

absolute values at the iteration; thn 0λ and 0R are the tuning parameters defining 

the tuning function . ( )0 0, , ( )g R R nλ

 Although the recursive Newton-type algorithm led to improvement in 

terms of computing time, it is still sensitive to the initial guess of model 

parameters, and the quality of estimation depends on the choice of the 

forgetting factor, and the tuning parameter. The tuning of the forgetting factor 

in (2.46) is based on a heuristic technique, which does not guarantee high-

quality estimation or convergence in general application.  

 

2.10   Iterative Orthogonal FIR Filtering Technique 

 In [14], a voltage signal waveform with fundamental frequency component, 

harmonics component and noise is considered. The technique adopted in [14] is 

using two orthogonal FIR filters to extract real and imaginary parts of the 

fundamental frequency component of the signal so that the influence caused by 

harmonics components can be eliminated and the noise effect is minimised.    

 The frequency response of the filter is described as: 
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( )
1

0

r
k

k
k

H z a z
−

−

=

= ∑        (2.47) 

In (2.47), r  is the length of the filter; are the real-valued coefficients.  For 

the purpose of extracting the real part and imaginary part of the fundamental 

frequency component, the magnitude of the frequency response at the 

fundamental frequency is unity and, zero at DC and harmonic frequencies. The 

phase shift at all frequencies should be zero for the filter extracting the real part, 

while, for that which extracts the imaginary part, the phase shift is 90° at the 

fundamental frequency, and zero at DC and harmonic frequencies.  

sak '

 The FIR filters are designed in the frequency-domain, with specified 

response at DC, fundamental frequency and harmonic frequencies. Based on 

the specified frequency responses, a set of frequency-domain equations is 

formed for estimating the filter coefficients  in the transfer function in (2.47).  'ka s

 Multiplying the filter coefficients obtained in the design with the 

corresponding samples of the voltage signal, the real and imaginary parts of the 

fundamental frequency component at time step n are obtained. With data 

window moving to next step ( )1+n , the real and imaginary parts at time step 

are also obtained. Then the phase difference between the voltage phasor 

at time step n and at time step

( 1+n )

( )1+n  can be estimated by using the real and 

imaginary part of the voltage phasor corresponding to  data window and 

 data window as follows: 

thn

( )thn 1+
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⎡
+−+
+−+

=−+
1ImIm1ReRe
1ReIm1ImRearctan)()1(

nVnVnVnV
nVnVnVnVnn φφ   (2.50) 

Thus, the estimated frequency is given as: 

)2())()1((ˆ
sfnnf πφφ −+=       (2.51) 

However, due to various errors, the estimated frequency may not equal the 

fundamental frequency , which is assumed for designing the FIR filter. To 

improve the accuracy of frequency estimation, an iterative procedure is then 

followed: use the latest frequency estimate 

0f

( )if obtained from (2.51) as the 

fundamental frequency to design a new filter; calculate the new phase 

difference by using (2.50) and estimate the new frequency by using (2.51); check 

if the new estimated frequency ( )1i

f
+

is equal to the previous frequency for 

designing the filter, ( )if . If it is, the estimated frequency is the fundamental 

frequency of the signal; otherwise, go back to design the next new filter by 

using the new estimated frequency ( )1if + .  

In generally, this procedure is used to provide better accuracy by refining 

the frequency estimate several times for each data window.  The problem is a 

large computational burden due to the multiplication and minimisation, are 

required during designing the filter [14] and number of iterations. Furthermore, 

the method does not take into account in the FIR filter design non-integer 

harmonics and/or subharmonics together with the transient DC component. 

Depending on the levels of these components, significant errors can arise in the 

operating frequency estimation. 
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2.11   Conclusion 

 Earlier methods for supply frequency and/or phasor estimation have 

drawn on a simplified signal model in which only the fundamental frequency 

component is represented. These methods can lead to substantial errors, 

particularly if they are used for frequency/phasor estimation of waveforms in 

power system at present. The extensive application of power electronic systems 

leads to power system waveforms with high levels of harmonics, including 

non-integer harmonics and subharmonics. 

 With the availability of high-speed and low-cost computing systems, more 

recent frequency/phasor estimation techniques are based on more accurate 

signal models where harmonics are taken into account. These methods should 

lead to improved performance as indicated in the review given in sections     

2.2-2.10. However, all of these methods assume integer harmonics only. In 

many practical situations including those in transient operating condition, the 

assumption is not valid, and significant errors can be encountered in the 

estimation, as discussed in the review. 

 Given the state of the art, further development and advance are still 

required to fulfil the practical need at present for a robust, accurate and fast 

method of supply frequency and phasor estimation. In subsequent chapters 3 

and 4, new methods are developed to address the issues arising from the 
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operation of modern power systems which give rise to waveform distortions 

hitherto not being encountered. 
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CHAPTER  3 

 

Power System Frequency Estimation Based on  
z-transform Signal Model and Median Filtering 

 

 

 

3.1 Introduction 

The review in Chapter 2 has identified a number of important issues 

encountered in supply frequency estimation for online applications in power 

systems. In this chapter, a new method of frequency estimation will be 

developed by which the drawbacks or deficiencies in the previously-published 

techniques are eliminated. The starting point of the method proposed is that of 

postulating a waveform model in terms of a sum of components with different 

frequencies which are not necessarily integer multiples of the supply frequency. 

The new method eliminates the problems associated with the nonlinear 

iterative techniques by decomposing the supply frequency estimation 

procedure into two key steps. In the first step, the waveform model is 

transformed into a linear difference equation in the discrete time-domain. Using 
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successive waveform samples obtained from the data acquisition system (DAS), 

a linear optimal algorithm is developed for identifying the coefficients of the 

difference equation. There is no requirement for time-consuming iterations in 

the coefficient identification process. The problems in relation to initial guess of 

parameters and convergence, therefore, do not arise.  

The supply frequency estimation is achieved in the second step of the new 

method. The time-domain model expressed in terms of the difference equation 

with known coefficients is transformed to that in the z-plane in the form of a 

rational function. The roots of the denominator polynomial of the z-plane 

rational function give the individual frequencies, including the supply 

frequency. To enhance the accuracy of the method and reduce errors arising 

from noise and any possible mismatches between the postulated model and the 

actual signal, a nonlinear post-filtering scheme based on a median filter is used 

for operating on the frequency estimates. Although median filtering has been 

used extensively in signal and image processing [15], the literature on the 

research and application of median filtering in power systems is rather limited 

[16]. The use of median filtering offers advantages over traditional linear low-

pass filtering schemes which have previously been applied for improving the 

accuracy of frequency estimations [4,6,7,9,12]. Bad data corresponding to poor 

frequency estimates is identified and ignored by median filtering. In contrast, 

the output of a linear filter is calculated from a linear combination of data 

samples, including bad data. Another advantage is that there is no need to 
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specify the cut-off frequency in median filtering. To determine the cut-off 

frequency as needed in the linear low-pass filtering for providing good 

performance in all of the credible operating conditions is a difficult, if not 

impossible, task. 

The non-iterative signal model parameters identification procedure 

combined with median filtering which operates on the time-series output 

derived from the model parameters provides a fast and reliable method for 

system frequency estimation, which is suitable for online applications. With 

accurate system frequency estimation, the calculation of phasors representing 

system voltages or currents is achieved with high accuracy. For example, the 

discrete Fourier transform (DFT) can be applied to form phasors without 

spectral leakage errors when the DFT data window is synchronised with the 

system frequency [17].  

The method developed is tested with a wide range of waveforms including 

those with noise, time-dependent amplitude and/or supply frequency, 

harmonic, subharmonic and noninteger harmonic frequency components. A 

comparative study confirms the high accuracy and short time delay achieved by 

the new method. 
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3.2 z-transform Signal Model Derivation 

3.2.1    Sinusoidal Signal 

To illustrate the key principle involved in the model derivation, the initial 

case considered is that of a signal representing power system voltage/current 

waveform that has only one frequency component (i.e., the supply frequency): 

)sin()( 111 θω += tAty                                (3.1) 

In (3.1),  and  are the signal amplitude and phase angle respectively; t  is 

the continuous time variable, and the angular frequency 

1A 1θ

11 2 f πω = where is 

the supply frequency.  

1f

Following sampling and A/D conversion by the data acquisition system, 

the time-domain signal in (3.1) is represented in the discrete form:  

)sin()( 111 θω +Δ= tnAny                       (3.2) 

In (3.2),  is the sampling time interval; n is the discrete time variable. The 

sampling frequency is

tΔ

tf s Δ= 1 . 

The signal samples at time steps ( )1−n  and ( )2−n  are given respectively in: 

))1(sin()1( 111 θω +Δ−=− tnAny      (3.3) 

))2(sin()2( 111 θω +Δ−=− tnAny      (3.4) 

Following the elimination of signal parameters  and 1A 1θ , a recursive equation 

is obtained, from (3.2)−(3.4): 
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0)2()1())cos(2()( 1 =−+−⋅Δ− nynytny ω     (3.5) 

In this case of a signal with only one frequency component, the coefficient in the 

discrete time-domain equation in (3.5) can be used directly to obtain the system 

frequency. However, in a general case with multiple frequency components, for 

example, waveforms with harmonics, the relationship amongst frequencies and 

coefficients in the time-domain equation is not a simple one. Using z-transform 

together with known time-domain equation coefficients will allow the 

frequencies to be determined directly and systematically, irrespective of the 

number of frequencies involved.  

It is proposed to transform to the z-plane the linear discrete-time domain 

equation in (3.5). If  is the z-transform of , then the z-transform of 

is , and that of 

)(zY )(ny

)1( −ny )1()(1 −+⋅− yzYz )2( −ny is , 

with and being initial conditions. The operator  is equivalent to 

the time delay in the time domain of 

)2()1()( 12 −+−⋅+⋅ −− yyzzYz

)1(−y )2(−y 1−z

tΔ , and corresponds to a time delay of 

. On this basis, the z-transform of (3.5) is: 

2−z

tΔ2

0)2()1()1()()()cos(2)( 121
1 =−+−+⋅−+⋅+⋅⋅Δ− −−− yyzyzYzzYztzY ω  (3.6) 

or 

)(
)()(

1

1

zH
zNzY =                  (3.7) 

In (3.7): 

)2()1()1()( 1
1 −−−−⋅−−= − yyzyzN     (3.8) 
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and 

21
11 )cos(21)( −− +⋅Δ−= zztzH ω      (3.9) 

( )zY  in (3.7) represents the signal model in the z-plane.  

The roots of the polynomial equation 0)(1 =zH  are: 

               (3.10) tjez Δ= 1
1

ω

and 

                                                                (3.11) tjez Δ−= 1
2

ω

For real-valued signal, the roots are in the form of complex conjugate pairs. 

From (3.10), the system frequency, , is given by: 1f

t
z Argf
Δ⋅

=
π2

)( 1
1           (3.12) 

The system frequency is obtained from the arguments of the roots of the z-

plane polynomial  in the denominator of the z-transform model 

representing signal .  

)(1 zH

( )ny

3.2.2    Multiple Frequency Sinusoids  

 Drawing on the result in section 3.2.1 for a signal with one frequency 

component, the z-transform model together with its characteristics for a signal 

with multiple frequency components will be derived in this section.  
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In the discrete time-domain, a signal comprising m  sinusoids is expressed 

in: 

∑
=

+Δ=
m

k
kkk tnAny

1
)sin()( θω      (3.13) 

In (3.13), ,kA kθ and kω are the amplitude, phase angle and angular frequency of 

the component of the signal respectively. thk

Similar to the case of a single sinusoid of section 3.2.1, there is a linear 

discrete-time equation of the form in (3.5) in terms of  and signal samples at 

time steps previous to . For one sinusoid, there are two parameters, which are 

the signal amplitude and phase angle. Therefore, two previous samples 

)(ny

n

)1( −ny  

and are required as shown in (3.3) and (3.4) to derive the linear discrete 

time-domain equation.  For m  sinusoids, there are  parameters representing 

amplitudes  and phase angles

)2( −ny

m2

sAk ' sk 'θ  of individual sinusoids. Therefore, 

previous samples ym2 )(,),2(),1  ( Mny  nyn − − −L  where are required 

for eliminating and 

mM 2=

sAk ' sk 'θ in forming the linear discrete time-domain 

equation: 

0)()(
1

=−⋅+∑
=

M

l
l lnybny      (3.14) 

Equation (3.14) will be used, as shown in section 3.2.1 for identifying 

coefficients  for from signal samples in the time domain. If 

 is the z-transform of signal , then the z-transform of (3.14) is given in: 

sbl ' Ml  , ,2 ,1 L=

)(zY )(ny
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)()()( zNzYzH =⋅       (3.15) 

In (3.15):  

∑
=

−+=
M

l

l
l zbzH

1

1)(       (3.16) 

and  is the z-plane polynomial representing the initial conditions. )(zN

From (3.15): 

)(
)()(

zH
zNzY =         (3.17) 

It is required to show that the arguments of the roots of  give the 

frequencies of individual components of the signal.  

0)( =zH

Defining, for each component in (3.13): 

, m, , kkkkk tnAny L21)sin()( =+Δ=     θω     (3.18) 

Using the result in section 3.2.1, the z-transform of each component of 

the signal in (3.13) is: 

)(nyk

)(
)(

)(
zH
zN

zY
k

k
k =                     (3.19) 

Drawing on (3.8) and (3.9), polynomials and in (3.19) are: )(zNk )(zH k

)2()1()1()( 1 −−−−⋅−−= −
kkkk yyzyzN     (3.20) 

and 

21)cos(21)( −− +⋅Δ−= zztzH kk ω      (3.21) 
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Similar to the case in section 3.2.1, the arguments of the roots of 0)( =zH k  

give the frequency of the component of the signal. From the linearity property, 

the z-transform of the signal in (3.13) is: )(ny

∑
=

=
m

k
k zYzY

1

)()(         (3.22) 

Using (3.19) in (3.22) gives: 

∑
=

=
m

k k

k

zH
zN

zY
1 )(

)(
)(         (3.23) 

The summation form in (3.23) can be rearranged to: 

∏

∑ ∏

=

=
≠
= ⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

= m

k
k

m

j

m

ji
i

ij

zH

zHzN

zY

1

1 1

)(

)()(

)(      (3.24) 

From (3.17) and (3.24): 

∏
=

=
m

k
k zHzH

1

)()(        (3.25) 

Equation (3.25) confirms that the roots of polynomial are those of 

the  with 

)(zH

)(zH k m,,, k  L21= . Therefore, the arguments of the roots of in 

(3.16), which are derived from the samples of signal  , will give in (3.26) the 

individual frequencies of the signal components: 

)(zH

)(ny

  
2

)(
t

zArg
f k

k Δ⋅
=

π
             (3.26) 
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In (3.26), is the root with positive argument of the polynomial [18]. 

This important property will be drawn on in section 3.3.3 for deriving the 

supply frequency estimation algorithm. 

kz thk )(zH

3.2.3    Waveforms with Damped Oscillations 

Although the case of pure sinusoids has been considered, the results 

obtained are extended in a straightforward manner to signals with one or more 

components, the amplitudes of which are exponential functions of time.  A 

signal component of this form is given in: 

)sin()( kk
t

kk teAty k θωα +⋅⋅= −       (3.27) 

The discrete time-domain form for the component in (3.27) is: 

)sin()( kk
tn

kk tneAny k θωα +Δ⋅⋅= Δ−      (3.28) 

Using two previous samples )1( −nyk and for eliminating 

parameters and 

)2( −nyk

kA kθ leads to the following linear discrete time-domain 

equation: 

0)2()1()cos(2)( 2 =−⋅+−⋅Δ⋅− Δ−Δ− nyenyteny k
t

kk
t

k
kk αα ω   (3.29) 

The z-transform of (3.29) is: 

)()()()cos(2)( 221 zNzYzezYztezY kk
t

kk
t

k
kk =⋅⋅+⋅⋅Δ⋅− −Δ−−Δ− αα ω  (3.30) 

The initial conditions are reflected in in (3.30). )(zNk

From (3.30): 

   41



)()()( zNzYzH kkk =⋅        (3.31) 

in which: 

221)cos(21)( −Δ−−Δ− ⋅+⋅Δ⋅−= zeztezH t
k

t
k

kk αα ω    (3.32) 

The roots of  are: 0)( =zH k

tjt kk eez ΔΔ− ⋅= ωα
1         (3.33) 

and  

tjt kk eez Δ−Δ− ⋅= ωα
2         (3.34) 

The argument of the root in (3.33) or (3.34) gives the frequency of the signal 

component. 

The z-transform of the signal component, , is, from (3.31): )(nyk

)(
)(

)(
zH
zN

zY
k

k
k =              (3.35) 

The results given in (3.29)-(3.35) confirm that the only difference between 

the case of pure sinusoids and that with damped sinusoidal functions is that the 

magnitudes of the roots associated with the damped sinusoidal functions are 

less than 1 (for 0>kα ), whereas, the root magnitudes are 1 for pure sinusoids. 

3.2.4    General Expression of Signal Waveforms 

So far, a general expression of the signal waveform in discrete time-domain 

can be summarized in the following form:  
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∑
=

Δ− +Δ⋅⋅=
m

k
kk

tn
k tneAny k

1

)sin()( θωα                                      (3.36)  

For any time step  previous to , the signal sample l n )( lny −  is, from (3.36): 

∑
=

Δ−− +Δ−⋅⋅=−
m

k
kk

tln
k tln eAlny k

1

)( ))(sin()( θωα         (3.37) 

There are 2m equations of the form in (3.37) for  successive time steps 

previous to n . Similar to the case of multiple-frequency sinusoids in section 

3.2.2, to eliminate parameters  and 

m2

sAk ' sk 'θ  for mk  , ,2 ,1 L= , using these  

equations, equation (3.14) will be used for identifying coefficients  for 

. In this case, are nonlinear functions of attenuation constants 

m2

sbl '

Ml  , ,2 ,1 L= sbl '

sk 'α and angular frequencies sk 'ω for mk  , ,2 ,1 L= .  

In z-plane, the z-transform of )( lny − is . Therefore, 

the z-transform of (3.14) is: 

jl
l

j

l zjyzYz +−

=

− ∑ −+⋅
1

)()(

0)()()(
1 1

=⎥
⎦

⎤
⎢
⎣

⎡
−+⋅+∑ ∑

=

+−

=

−
M

l

jl
l

j

l
l zjyzYzbzY                      (3.38) 

Forming the z-plane rational function of (3.17), and are represented 

by the following equations respectively: 

)(zN )(zH

∑ ∑
= =

+−
⎥
⎦

⎤
⎢
⎣

⎡
−−=

M

l

l

j

jl
l zjybzN

1 1

)()(                                       (3.39) 

and  
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∑
=

−⋅+=
M

l

l
l zbzH

1

1)(                                                      (3.40) 

The roots of , which will give the frequencies of individual signal 

components, are derived as: 

)(zH

                                         (3.41) tjt
k

kk eez ΔΔ− ⋅= ωα

and                                                  

tjt
k

kk eez Δ−Δ− ⋅= ωα*                     (3.42) 

The frequency of the  signal component related to the argument of the root 

is then obtained by using (3.26). 

thk thk

3.2.5    Discussion 

The signal model developed is a general one which can include multiple 

frequency components. Unlike other previous methods, there are no 

assumptions in the model in relation to frequency values. The frequencies in the 

signal can take any arbitrary values. Subharmonics and noninteger harmonics 

present no difficulty to the model. Any transient components such as DC offset 

and oscillations with damped amplitude are directly represented. The linear 

discrete time-domain equation in (3.14) is in a general form which is valid for 

any combination of sinusoidal functions, damped oscillations and DC offset. It 

provides the basis on which the model parameters are identified, using signal 

samples at successive sampling time instants. Interpreting the model in the z-

plane allows the signal frequencies to be determined from the roots of the z-
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plane polynomial, the coefficients of which are calculated from the time-domain 

signal samples. 

Unlike other previous methods, such as that described by the Yule-Walker 

equations [19], the signal model described in (3.27) does not assume any 

knowledge of the noise or disturbance in the signal. In general, it is not possible 

to have a priori knowledge of noise or disturbance in power system waveforms. 

To reduce bad data due to noise or disturbance which gives poor frequency 

estimation, the method proposed in the paper uses median filtering technique 

described in section 3.4 instead of modelling noise in the signal. 

 

3.3 System Frequency Estimation Algorithm 

3.3.1    General 

The algorithm comprises two parts. In the first part, it is required to estimate 

the coefficients of the linear discrete time-domain equation in 

(3.14). The second part will form the system frequency by solving for the roots 

of the polynomial the coefficients of which are   determined in the first part. 

)   Mlsbl ,,2,1(' L=

sbl '

3.3.2    Coefficients of the Difference Equation 

Equation (3.14) is rearranged into the following form: 

∑
=

−⋅−=
M

l
l lnybny

1
)()(                       (3.43) 
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Applying the difference equation in (3.43) to the discrete-time signal 

which is obtained from the data acquisition system (DAS) leads to: )(nys

∑
=

−⋅−=
M

l
sls lnybny

1

)()(                       (3.44) 

At least M equations of the form in (3.44) are required for determining 

M unknown variables in . The equations are formed from using successive 

samples of the signal. However, with noise superimposed on the signal and/or 

when the model order chosen is not exactly equal to that of the signal, the 

accuracy in estimating  can be affected if exactly 

sbl '

sbl ' M  equations are used. In 

practice, to enhance the accuracy, the number of equations is selected to be 

greater than the number of unknown variables . Least mean square (LMS) 

method is then used for estimating the variables. On applying (3.44) for 

successive time steps: 

sbl '

                                                    (3.45) ∑
=

−⋅−=
M

l
sls lnybny

1

)()(

                                           (3.46) ∑
=

−−⋅−=−
M

l
sls lnybny

1
)1()1(

                                            (3.46) ∑
=

−−⋅−=−
M

l
sls lnybny

1

)2()2(

M                                                                                        

                                            (3.48) ∑
=

−−⋅−=−
M

l
sls jlnybjny

1

)()(

                                                                   M  

∑
=

−−⋅−=−
M

l
sls JlnybLny

1
)()(                    (3.49) 
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J in (3.49) is chosen such that 1−> MJ . 

On assembling (3.45)-(3.49) into a vector/matrix form: 

QbP =⋅                       (3.50) 

In (3.50): 

⎥
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⎥
⎥
⎥
⎥
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⎢
⎢
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)1()3()2(
)()2()1(

JMny

jMny

Jny

jny
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Mnynyny
Mnynyny

s
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s

s

s

sss

sss

M

L

L

MM

MMM

L

L

P      (3.51) 

( )M
t bbbb L321=b                        (3.52) 

( ))()2()1()( Jnynynyny ssss
t −−−= LQ          (3.53) 

 As the dimension of matrix P  in (3.51) is MJ ×+ )1( with , the 

inverse of  does not exist. The unknown vector b  is determined by 

minimising the error function defined in: 

MJ >+ )1(

P

)()(E t QbPQbP −⋅−⋅=                (3.54) 

Minimising E  in (3.54) based on the solution of 0=∂∂ bE leads to: 

QPb ⋅= +                    (3.55) 

In (3.55): 

tt PPPP ⋅⋅= −+ 1)(                  (3.56) 
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Matrix +P in (3.56) is referred to as the pseudo-inverse of matrix . Unlike 

previous publications, the LMS method of the form used in the present paper 

does not require any iteration, and the problem of convergence does not arise.  

P

The solution for parameter vector b  is written in a symbolic form in (3.55) 

and (3.56). In practice, a more efficient method for determining  is achieved by 

solving the linear equation system , using, for example, the 

Gauss elimination method. 

b

QPbPP ⋅t ⋅=⋅ t)(

3.3.3    Determination of System Frequency 

 Using the results of the modelling and analysis in section 3.2, the individual 

frequencies of the signal components are obtained from the roots of the 

following equation: 

∑
=

− =⋅+
M

k

l
l zb

1

01                                   (3.57) 

The coefficients  in (3.57) are identified by applying the procedure 

developed in section 3.2. 

sbl '

 Equation (3.57) is rearranged into the following polynomial form in z: 

∑
=

− =⋅+
M

l

lM
l

M zbz
1

0                          (3.58) 

Standard algorithm, such as that based on the calculations of the eigenvalues 

of the companion matrix formed from coefficients , can be used for solving 

the polynomial equation of the form in (3.58). Solutions for the roots of (3.58) 

sbl '
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are achieved without the convergence problem encountered in previously-

published iterative methods of frequency estimation. 

The roots of (3.58) which have real coefficients appear in complex conjugate 

pairs. Using the roots with positive arguments, the frequency of the signal 

component, , is given in: 

thk

kf

t
zArgf k

k Δπ ⋅
=

2
)(                   (3.59) 

In (3.59),  is the  root of (3.58) with the positive argument. kz thk

Amongst the set of frequencies determined from (3.59), the frequency that is 

closest to the nominal supply frequency is selected as the system operating 

frequency. 

 

3.4 Median Filtering 

 Due to the effects of noise and/or the signal model order selected being not 

exactly the same as the order of the actual signal, which is not known, it is 

possible that the operating frequency estimates, using the procedure developed 

in section 3.3, have errors. 

 Investigations based on simulation indicate that the errors are time-

dependent in the form of irregular oscillations. This suggests that the use of 

digital low-pass filter operating on the time series which represents the system 

frequency estimates would enhance the accuracy. The application of traditional 
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linear low-pass filters has been proposed in previous methods of frequency 

estimation. However, there are a number of issues in relation to the use of linear 

post-filtering. There is no reliable method for determining the cut-off frequency 

required for optimal performance in different operating conditions, including 

those in transient operating modes. It is not clear whether a single low-pass 

filter or a number of low-pass filters with individual cut-off frequencies would 

be required. Furthermore, the linear digital low-pass filter calculates its output 

using a linear combination of the data samples in the input time series. Due to 

errors, many of the samples used in the calculation are those with poor data. 

The linear low-pass filter does not have the capability of discriminating against 

poor data samples. Against this background, the present paper proposes the 

application of a nonlinear filtering scheme, the median filter system [15], for 

post-filtering the frequency estimates obtained by the procedure of section 3.3. 

The use of median filtering removes the deficiencies inherent in the linear 

filtering scheme. Median filtering provides low-pass function, without the 

disadvantages associated with the linear filter.  

A brief review of median filter is introduced in this section. For the 

standard median filter, a data window that spans points is moved 

across the entire time series. The output value of the filter is the median of the 

set of samples in the window. If 

)12( +N

)}({ 1 ⋅f is the time series representing the system 

operating frequencies estimated from the algorithm developed in section 3.4, 

the post-filtered frequency output time series, )}({ ⋅medf , is formed in: 
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{ }   , )(,),(),()( 111 Nn fn fn-Nfmediannfmed += LL                          (3.60) 

If  n  is the time step counter, which starts from 1, then the median filter first 

output will be at time step p , where p  is the length of the filter window, which 

is .The time delay at the start is, therefore, )12( N + tp Δ⋅ . 

 

3.5 Simulation Test 

3.5.1   Initial Case 

 The power system waveform in the initial test study is a pure sinusoidal 

function given by )2sin( 111 θπ +⋅⋅ tfA   where  is the system operating 

frequency. The nominal frequency is 50Hz. The sampling frequency is 1kHz 

corresponding to the sampling time interval, ∆t, of 1ms. The sampling 

frequency of 1kHz will also be used in the remaining study cases. The data 

window length for estimating the parameters of the z-plane signal model is 

chosen to be 10, with the signal model order being 2 in this initial case. Different 

operating frequencies in the range [45Hz-55Hz] and initial phase angles are 

used in the test. 

1f

 All of the frequency estimations in the test give the accurate results, 

without any errors. In this case, there is no need for median post-filtering for 

enhancing the accuracy of the estimations. 
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3.5.2   Power System Waveform with Distortion 

 The ideal power system waveform in the initial test of section 3.5.1 is now 

augmented with harmonics, interharmonics, subharmonics and a dc offset 

transient component. The function describing the waveform is given in: 

)2.0(

)172sin(05.0)132sin(05.0
)27)6.0(2sin(001.0)74)5.0(2sin(001.0
)87)4.4(2sin(001.0)60)4.3(2sin(001.0

)4232sin(02.0
))(2sin()()(

05.0)2.0(
11

11

11

1

111

−⋅+

⋅⋅+⋅⋅+
°+⋅⋅+°+⋅⋅+
°+⋅⋅+°+⋅⋅+

°+⋅⋅+
+⋅⋅⋅=

−− tue

tftf
tftf
tftf

tf
ttftAty

t

ππ
ππ
ππ

π
θπ

          (3.61) 

The operating frequency  is 48Hz. The amplitude and phase angle of the 

fundamental component in (3.61) prior to the disturbance at 0.2 second which 

leads to the dc offset transient are, respectively: 

1f

  p.u.tA  1)(1 =    (for t < 0.2 second)   (3.62) 

   °= 26.138)(1 tθ      (for t < 0.2 second)       (3.63) 

After the disturbance, the amplitude and phase angle of the fundamental 

component in (3.61) become, respectively:  

..2.1)(1 uptA  =   (for t ≥  0.2 second)   (3.64) 

°= 56.77)(1 tθ   (for t ≥  0.2 second)   (3.65) 

It is taken that the analogue anti-aliasing filter of the data acquisition 

system (DAS) is an eighth-order Butterworth filter with a cut-off frequency of 

300Hz. The filtering operation is simulated digitally with a sampling frequency 
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of 5000Hz. The filter output is then resampled with a sampling frequency of 

1000Hz, i.e. a sampling time interval of 1ms. The frequency estimation based on 

the proposed method is applied to the filter output signal with the sampling 

time interval of 1ms. 

In general, a high-order signal model will give better frequency estimation. 

However, this might require long computing time and large data window for 

the estimation, which is not appropriate for online applications. Therefore, the 

present research which is in the context of real time applications adopts a 

relatively low signal model order, on the basis that the possible errors arising 

from the discrepancy between the actual signal order and the postulated order 

for frequency estimation are substantially removed by the median filtering 

scheme. A postulated model order corresponding to 5 frequency components is 

adopted in this test case. The number of samples in each of the data window is 

20, which corresponds to a time duration of 20ms. The length of the median 

filter is 21 data samples. 

The result of the frequency estimation is shown in Fig.3.1 over a time 

duration of 1.0 second. The maximum initial error as indicated in the response 

of Fig.3.1 is about 0.052% or 0.025Hz over the initial transient response period 

of about 16ms. However, in steady-state operation, the maximum error 

incurred is only about 0.0012% or 0.0005Hz.  

To check whether the practical anti-aliasing filter has any adverse effect on 

the frequency estimation, the waveform described in (3.61) is modified where 
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the 13th and 17th harmonics are removed, and the frequency estimation is then 

applied to the modified signal. The modified waveform is sampled with the 

sampling frequency of 1000Hz. The maximum initial error is about 0.058% or 

0.028 Hz. The maximum steady-state error is about 0.0024% or 0.0011 Hz. The 

results confirm that with the low-pass filter cut-off frequency of 300Hz and the 

Nyquist frequency of 500Hz, there is a sufficient margin in reducing the levels 

of frequency components beyond the Nyquist frequency so that aliasing errors 

which might have an impact on the performance of the algorithm proposed are 

largely removed. Actually, the results indicate that the performance is slightly 

improved with the use of the anti-aliasing low-pass filter when the filter cut-off 

frequency is sufficiently below the Nyquist frequency. The performance of the 

new method is also compared in Fig.3.1 with that based on the demodulation 

technique [6]. In the comparative study, the waveform in (3.61) is adopted 

Fig. 3.1：Frequency estimates for power system 
waveform with distortion 
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together with the anti-aliasing filter having the cut-off frequency of 300Hz. The 

comparison indicates that the new method has a much higher accuracy.  The 

maximum initial error encountered in the demodulation technique can be up to 

about 1.44%. In steady-state operation, the maximum error is reduced to about 

0.032% which is still much larger than that incurred in the new method.  

3.5.3   Performance for Waveform with Noise 

 The power system waveform in this study is a sinusoidal function 

contaminated with noise. Zero-mean white Gaussian noise with SNR in the 

range from 40dB to 80dB is used in the performance study. In Fig.3.2 is shown 

the errors in frequency estimation over the SNR range for different operating 

frequencies. The data window length and the median filter length are the same 

as those in section 3.5.2, where with median filter length of 21 points. 

Fig. 3.2: Maximum error in frequency estimates for the 
waveform with noise 
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Similar to the study in section 3.5.2, a low signal model order (up to 5) has 

been adopted in the estimation. The result given in Fig.3.2 is that when the 

model order is 3. Maximum error as indicated in Fig.2 is about 0.428% when the 

operating frequency is 40Hz and a low SNR of 40dB. However, for typical 

frequency deviations and SNR, the errors are much lower.  

The frequency estimation methods based on linear FIR digital filters and 

iterative schemes [14,20] published previously gave a maximum error of up to 

about 1.4% for waveforms in a similar noise environment. This comparison 

indicates the high performance of the new method in relation to waveforms 

with noise.  

In general, the performance of the new method in an environment with noise 

will increase if the data window length used in the frequency estimation is 

increased. However, this will lead to increases in computing time and delay in 

the estimation. Depending on the computing system capability and application, 

an optimal data window length can be determined to achieve the best noise 

performance offered by the method proposed. 

3.5.4   Transient Waveforms 

3.5.4.1   Time-dependent Amplitude 

 In this test study, the amplitude of the fundamental component of the 

waveform is augmented by an exponential function of time. The waveform also 

contains the 3rd and 5th harmonics as given in: 
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                        (3.66) 

The fundamental frequency is 50Hz. The time constant 1f τ  in (3.66) is 50ms. 

The data window length and median filter length are 20 and 21 respectively, as 

in the case study in section 3.5.2. The signal model order used in the frequency 

estimation is 6. 

 The result of the frequency estimation by the new method is shown in Fig. 

3.3. The maximum transient error in the initial period due to the addition of the 

exponential component is about 0.022% or 0.0108Hz. This is substantially less 

than the error of about 3% or 1.5 Hz incurred by the demodulation technique. 

The transient error encountered in the new method subsides in a very short 

time duration of about 6ms. The steady-state error as indicated in the response 

in Fig.3.3 is nearly zero, in comparison with a maximum error of about 0.04% or 

0.02Hz in the demodulation technique.  

Fig.3.3：Frequency estimates for transient waveform 
with time-dependent amplitude 
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3.5.4.2   Supply Frequency Variation 

The previous test cases have considered a fixed value of the supply 

frequency. In the present study, investigation of the performance of the new 

method when the supply frequency varies continuously with time is carried out. 

The waveform is now described by the following function: 

noisettf
ttfety t

+°+⋅⋅+
°+⋅⋅+= −

)48)(32sin(02.0
)30)(2sin()1()(

1

1

π
πτ

                                       (3.67) 

The time constant τ in (3.67) is 50ms, and the noise has SNR of 60dB. The time-

dependent supply frequency  f (t) in (3.67) is: )(1 tf

)22sin(250)(1 ttf ⋅⋅−= π                                                    (3.68) 

In (3.68), the nominal frequency of 50Hz is modulated by a sinusoidal function 

with a frequency of 2Hz and amplitude equal to 2. In addition to supply 

frequency variation, the amplitude of the fundamental component in the 

waveform in (3.68) is also time-varying in terms of an exponential function. 

Apart from the fundamental component, the waveform also contains the third 

harmonic and noise.  

The signal model used is 5 in the investigation, and the moving data 

window has a length of 25 samples. The median filter length is 19 as in the 

previous case. 

The responses in Fig.3.4 which show the frequency estimation and 

comparison with the actual frequency variation given by (3.68) confirm the high 
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accuracy of the new method with a short time delay, even when the 

instantaneous frequency varies continuously with time. The time delay 

encountered is about 20ms. The frequency variation obtained from the 

estimation procedure is almost a translation of the actual frequency variation, as 

given in Fig.3.4.  

Fig. 3.4：Frequency estimates for transient waveform with time-
dependent amplitude and frequency 

 

3.5.4.3   Step Change in Supply Frequency  

 In this test study, the power system waveform is a sinusoidal function. 

However, there is a step change in the supply frequency from 50Hz to 52Hz at 

time ms with respect to the time origin of Fig.3.5. The responses in Fig.3.5 

indicate a time delay of about 10ms in the frequency estimation when the data 

window length is 10 samples. The time delay depends on the length of the data 

window used in the estimation. Typically, if a nominal window length of 20 

50t =
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samples is used, the time delay encountered would be 20ms, following an 

abrupt change in system frequency. However, the time delay of the new 

method is significantly less than that of the demodulation technique which is 

about 60ms as indicated in Fig.3.5. Furthermore, there are transient errors with 

a maximum value of about 0.2Hz or 0.4% in the demodulation method as 

confirmed in Fig.3.5. 

Fig. 3.5:  Frequency estimates for the waveform with  
a frequency step change 

 

3.5.4.4   Frequency Estimation for a Power System Waveform  

 In Fig.3.6 is shown the current waveform in phase “a” of a 220kV 

transmission line of 200km in length obtained from the simulation of a power 

system with a phase“a”-to-earth fault at the middle of the transmission line. 

The fault occurs at 100ms with respect to the time origin in Fig.3.6. The 

waveform has been filtered with a low-pass anti-aliasing filter, and then 

sampled at sampling frequency of 1000Hz. The system operating frequency is 
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50Hz. In Fig.3.7 is shown the error of the supply frequency estimation using the 

proposed method applied to the waveform in Fig.3.6. With data window length 

of 20 data points and the median filter length of 21 data points, the maximum 

transient error is about 0.078%, and the steady-state error is almost zero. 

 

 

Fig.3.7: Error in frequency estimation for the power system waveform 
in Fig.3.6 

Fig.3.6：Current waveform extracted from a power system to be tested 

   61



3.6 Conclusion 

The z-plane signal model which results in a non-iterative scheme for model 

par

ency 

 dow length of one 

  

ameter identification, and is combined with the median filtering technique 

leads to a new method of power system operating frequency estimation which 

has been developed and presented in this chapter. Numerous synthesised 

waveforms which represent a wide range of credible operating conditions in a 

power system have been used for testing and evaluating the performance of the 

new method in terms of its accuracy, time delay and robustness. From these test 

studies, the following key advantages of the new method are summarised: 

 High accuracy. The new method achieves high accuracy in frequ

estimation, even in the presence of noise and other frequency components. 

The high accuracy has also been confirmed in many comparative studies 

with other previously-published techniques and results. 

Short time delay. For a typical setting of the data win

nominal supply frequency cycle, the maximum time delay encountered is 

about one cycle in the cases of abrupt change of system frequency or 

continuous variation of system frequency. Previously-published method 

leads to a much longer time delay as confirmed in the comparative study. 

Low model order. From the test studies, it is indicated that a relatively low

signal model order is sufficient for achieving adequate accuracy for 

practical applications. A typical model order corresponding to 5 frequency 
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components should be adequate. This is due to the benefit of median 

filtering which removes substantially any possible errors arising from the 

discrepancy between the postulated order and the actual signal order.  

Elimination of convergence problem. The convergence problem, inclu ding 

ate supply 

freq

 

that of converging to a local minimum, encountered in previously-

published iterative techniques does not arise in the new method. 

The accurate operating frequency estimate is able to allow accur

uency phasor measurements to be obtained. In the following chapter, the 

DFT algorithm modified with an interpolation scheme for phasor measurement 

will be presented.  With accurate system frequency estimation, the calculation 

of phasors representing system voltages or currents will be achieved with high 

accuracy and spectral leakage errors are removed.  
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CHAPTER  4 

 

Power System Phasor Measurement  
Based on Improved DFT Method 

 

 

 
4.1 Introduction 

Although there have been some previously-proposed methods, as 

identified in the review in Chapter 2, for simultaneous estimation of system 

operating frequency and phasor, the estimation methods are nonlinear, which 

require iterative algorithms. This can cause convergence problem and possible 

local minima. 

The discrete Fourier transform (DFT) provides a non-iterative method for 

phasor estimation if the supply frequency is known. There is no convergence 

problem in using the DFT algorithm. However, the DFT algorithm has a 

limitation that accurate phasor estimation is achieved only when the sampling 

frequency is an integer multiple of the supply frequency, i.e. the number of 

waveform samples in one fundamental period is an integer. For a given 
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sampling frequency, this requirement is not satisfied in the cases where there 

are variations in the system operating frequency. Spectral leakage error will 

arise in these situations [3,21]. Various methods for reducing leakage errors 

have been previously published. Windowing techniques have been proposed 

and used [22]. However, a proper choice of the window to be used is essential. 

According to [23], an indiscriminate choice of a window can increase rather 

than decrease the leakage. Reference [24] also indicates that when a high degree 

of accuracy is desired, the window DFT methods prove to be unsatisfactory. It 

has been proposed in [25] to increase the window length in DFT evaluation for 

countering spectral leakage effect. However, this would increase computational 

time, and may not be suitable for real-time application. Interpolation in the 

frequency-domain following DFT evaluations has been reported in [24] for 

reducing leakage errors in the context of measurements for radar detection. The 

method requires DFT window length well beyond the supply frequency cycle 

or at least 2 DFT evaluations for use in frequency-domain interpolations. For 

phasor estimations in real-time applications in power systems, the computing 

time and/or time delays incurred by the method can be prohibitive. 

Also in the context of using the DFT for supply frequency phasor 

estimation, adaptive sampling frequency or re-sampling schemes have been 

proposed in [26, 27] for countering leakage errors when operating frequency 

varies from the nominal value. The schemes involve online adjustment of the 

sampling time interval or additional computation required in the re-sampling 
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process. A procedure using fixed sampling interval and variable DFT window 

length has been reported in [28]. However, the procedure is applicable only for 

discrete fundamental frequencies. An error will occur in the DFT results for 

other fundamental frequencies [28]. 

 Drawing on the accurate frequency estimation obtained using the 

procedure in Chapter 3, this chapter develops a DFT-based phasor calculation 

scheme where the spectral leakage errors are removed. The scheme is derived 

from a time-domain interpolation scheme by which the DFT analysis window 

will always coincide with the fundamental period corresponding to the system 

operating frequency. This eliminates spectral leakage errors arising from system 

frequency deviations. From the information on the system operating frequency 

which has been determined by frequency estimation or tracking procedures 

[2,6,29,30], the required DFT analysis data window length is formed. The 

window is equal in length to the fundamental period given by the inverse of 

system frequency. Interpolation using the available data samples of the 

discrete-time series representing the waveform to be analyzed then allows the 

value of the waveform at the end of each fundamental period or the DFT 

analysis window to be formed. DFT evaluation in the form of numerical 

integration over the analysis window length is performed to determine the 

supply frequency phasors that represents the waveform within that window. 

Different interpolation schemes are investigated in the paper in relation to their 

performance in terms of accuracy. The schemes examined include linear 
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interpolator and those of higher orders. 

The comparative studies presented in the chapter indicate that the time-

domain interpolation method proposed offer advantages in terms of computing 

time and accuracy over other previously-published techniques. The 

interpolation technique in the time-domain is very effective for suppressing 

leakage errors whilst the additional computing time imposed on DFT 

evaluation is minimal.   

 

4.2 Conventional Discrete Fourier Transform 

The discrete Fourier transform (DFT) is the most commonly-used algorithm 

for the purpose of evaluating the supply frequency phasors required in power 

system protection and control applications. Although the FFT (fast Fourier 

transform) can also be used for the purpose, it does not offer any advantage in 

terms of computing time when only one frequency component needs to be 

evaluated. Furthermore, the use of the FFT imposes a restriction on the number 

of samples required for the data window. In this section, conventional Discrete 

Fourier Transform (DFT) algorithm for phasor estimation is introduced.  

The Fourier series representation of a periodic voltage/current waveform, 

denoted by  where t is the continuous time variable, in a power system is 

given in: 

( )ty

0 1
1 1

( ) cos( ) sin( )
m m

k k
k k

y t a a k t b k t1ω ω
= =

= + +∑ ∑                 (4.1) 
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where the Fourier series coefficients are 

∫=
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In (4.1) - (4.4), T  is the time period of ( )ty ; 1ω  is the fundamental angular 

frequency; is the harmonic number fork 1,2,3, ,k m= L , where m  is the highest 

harmonic in the waveform. If this waveform is sampled at a sampling 

frequency  , through a digital data acquisition system, a series of samples 

from voltage/current waveforms at a uniform time 

interval   

Sf

( ){ } ( Nnny ),2,1,0  = ,L

sft 1=Δ  is recorded in the time period T . 

Assuming  data samples are included in the waveform with fundamental 

time period 

N

T , the integrals in (4.2)-(4.4) are then approximated by summations 

in the form of: 
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The fundamental time-period,T  and the number of data samples N are related 

to the sampling time interval, tΔ , by 

tNT Δ=                                                        (4.8) 

The summations in (4.5)-(4.7) are based on the numerical integration of 

(4.2)-(4.4) where individual integrands are approximated to have constant 

values in the time interval ( )[ ]ttn ΔΔ− n  ,1 . The constant values are those of the 

integrands at the sampling time instant ( ) tn Δ−1 . 

The real form of the Fourier series relations in (4.1)-(4.7) is often expressed 

more compactly, using complex functions and variables based on Euler’s 

formula: 

( ) 1jk t
k

k

y t c e ω
∞

= −∞

= ∑                                            (4.9) 

The general form in (4.9) allows any number of harmonics to be included. 

The coefficient  in (4.9) can be found as follows, kc

     ( ) 1
 

 0

1 T jk t
kc y t e

T
ω−= ∫ dt                               (4.10) 

kc  is also called 'complex amplitude spectrum'. The coefficients are related to 

those in the real form of the series by 

                       00 ac =                                                         (4.11) 

    ( ) ∞=−= ,...,3,2,1 ,
2
1 kjbac kkk                 (4.12) 
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∗
− = kk cc                                                    (4.13) 

where  denotes the complex conjugate. In particular, must be real. ∗ 0c

In the discrete form of Fourier transform (DFT),  in (4.12) is obtained 

from a combination of (4.6) and (4.7): 

kc

( ) N
knjN

n
kk eky

N
jba

π21

0

2 −−

=
∑=−                          (4.14) 

Fourier coefficient  forms an infinite sequence , which is called the 

spectrum of the periodic function 

kc −∞
∞+)( kc

( )ky . Let kc  denotes the magnitude, and 

the argument. We can always write the coefficients in polar form as kφ

kj
kk ecc φ=                                                  (4.15) 

Then the magnitudes and phase angles of individual harmonic components are 

based on the evaluation of (4.14). In particular, for 1=k , magnitude and phase 

angle of the fundamental frequency component of the sampled sequence ( )ky  

are evaluated using (4.14). 

The conventional DFT in the above is applicable only when (4.8) is valid, i.e. 

when there is an integer number of sampling time intervals in the fundamental 

period.  
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4.3 Variable DFT Window Length 

When the sampling frequency,  , is an integer multiple of the supply 

frequency, 

sf

1f  , the number of samples in one fundamental period, N , is an 

integer: 

tTN Δ= /                                                 (4.16) 

where 11T = f .  Equation (4.16) can be rewritten as: 

1

1

1/
1/

s

s

f fN
f f

= =                                         (4.17) 

For instance, if the supply frequency in nominal operation is 50Hz, then there 

are 20501000 ==N  data samples in a fundamental period when the sampling 

frequency is 1kHz. The DFT analysis window is equal to the fundamental 

period of 20ms which is given by the inverse of the operating frequency. In this 

case, the relationships in (4.16) and (4.17) are satisfied. 

A DFT evaluation based on (4.14) then gives, with high accuracy, the 

amplitudes and phases of the components to which sampled data relates at 

frequencies which are integer multiplies of the supply frequency. 

However, for a given sampling frequency, the integer relationships in (4.16) 

and (4.17) are no longer valid when there are deviations in the system operating 

frequency. In general, when there are system frequency deviations, the 

relationships in (4.16) and (4.17) become: 
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L s                                          (4.19) 

In (4.18) and (4.19), N  is an integer, and δ  is the fraction part, i.e. 10 <≤ δ .  

in (4.19) denotes the data window length required in DFT analysis. For example, 

if the operating frequency 

L

1f is 48Hz rather than the nominal value of 50Hz and 

the sampling frequency is 1kHz, then the DFT analysis window length (in terms 

of the number of sampling time intervals) should be 8333.20481000 ==L  if 

spectral leakage error is to be avoided. In this case, the noninteger relations in 

(4.18) and (4.19) are required, where 20=N  and the fraction part 8333.0=δ . 

The DFT in (4.14) based on a fixed window length equal to an integer number 

of sampling time intervals no longer provides accurate phasor estimation. 

Spectral leakage errors would arise if (4.14) is used for phasor calculation.  

In the present work, it is proposed to counter the leakage error by 

synchronize the DFT analysis window with the fundamental period of the 

waveform, which is variable when the system operating frequency varies from 

its nominal value. In the method, the conventional DFT in (4.14) will be 

modified to have variable window length which can include the fraction part of 

the sampling time interval. The data window in the modified DFT analysis is 

given by the inverse of the operating frequency, which is determined from the 

system frequency estimation procedure [2,6,29,30]. 
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In Fig.4.1 are shown in a graphical form, variable window lengths for 

different operating frequencies. For example, if at the discrete time , the 

operating frequency is  which has the nominal value, the DFT window length 

is

an

af

NffL asa == . In this case, the fraction part 0=δ , and there are integer 

number of samples in the DFT window. At another discrete time  , the system 

operating frequency changes to  which deviates from the nominal value. 

Now the DFT window length is given by

bn

bf

δ+== NffL bsb , where 0≠δ . In this 

case, the DFT window length has a noninteger number of data samples. In this 

way, a moving DFT window of variable length is formed for each instant.  

Lb 

fb fa 

x(k) 

 

As L contains the fraction part ( )10  <≤ δδ , there is a need to form the value 

of the discrete-time waveform at ( ) tN Δ+  δ  for use in the integration in (4.10) 

over ( )[ tN Δ+    ,0 ]δ . For convenience, the starting time for each DFT window is 

La 

k 0 kb 

N

δ 

ka

Supply frequency 

Fig.4.1: Variable window length with different supply frequencies 
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reset to zero. One possibility is to assume ( ) ( )NyNy =+δ . However, this may 

not provide sufficient accuracy. Another option is to set ( ) (0yNy =+ )δ , based 

on waveform periodicity assumption. However, the waveform may have non-

periodic component such as the DC component in the form of an exponential 

function of time. This can cause significant error in estimating the value of the 

waveform at ( )δ+Ny . To achieve high accuracy in general cases, the paper 

proposes a method based on interpolation to estimate the waveform value at 

( ) tN Δ+  δ . 

In [27], a re-sampling process based on interpolation has been used for 

countering the leakage errors arising from supply frequency deviations. 

However, the process needs changes in the sampling rate, and interpolation 

being applied to all of the data samples in the DFT analysis window. On the 

other hand, the method proposed in the present paper has a fixed sampling 

frequency, and requires only one data sample to be formed from interpolation 

for each DFT analysis window. Interpolation error is then confined to only one 

sample formed at the end of the DFT analysis window, and the amount of 

computation is less than that in [27] as the re-sampling operation is not required 

in the method proposed. 
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4.4 Interpolation Schemes 

With anti-aliasing low-pass filter in the data acquisition system having cut-

off frequency 2sf≤  where  is the sampling frequency, the discrete-time 

signal  represents a band-limited waveform of power systems 

voltage/current. On this basis, it is possible to reconstruct a continuous-time 

signal , for any time , from the discrete-time form  by operating an 

interpolation low-pass filter with the cut-off frequency of 

sf

( )ny

( )ty t ( )ny

2sf≤  on signal ( )ny . 

The ideal interpolation filter has the impulse response in the time-domain, ( )s t  

which has infinite duration: 

sinc( )( ) sf ts t
t

π ⋅
=

Δ
                                           (4.20) 

in which ( ) ( )sinc sins s sf t f tπ π⋅ = ⋅ ⋅ f tπ . 

The time convolution of ( )s t  and ( )ny  allows the value of  at any time 

 to be formed [18]: 

( )ty

t

[ ]( ) ( ) sinc ( )s
n

y t y n f t n tπ
∞

=−∞

= ⋅ ⋅ − Δ∑                  (4.21) 

Particularly, in the present application, it is required to form ( )tNy Δ+ )( δ or, 

for briefness in the notation, )( δ+Ny , using (4.21): 

   [( ) ( ) sinc ( )s
k

]y N y k f N kδ π δ
∞

=−∞

+ = ⋅ ⋅ + − Δ∑ t          (4.22) 
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In practice, it is not feasible to calculate the summation in (4.22) for the 

infinite domain [ . Approximation must be used in forming]∞∞− , ( )y N δ+ . A 

number of options are available for approximating ( )y N δ+ . One of them is to 

truncate the (sinc )sf tπ ⋅  function. Other techniques approximate the ( )sinc sf tπ ⋅  

function by using finite-duration interpolation function. For example, the linear 

interpolation scheme can be interpreted in terms of the triangular interpolation 

function in time interval [ ]tt ΔΔ− , . Time convolution of the triangular 

interpolation function and signal ( )ky  gives the value of the signal at time 

( ) TN Δ+δ  as required. However, it is more straightforward to illustrate the 

linear interpolation in a graphical form as that shown in Fig.4.2.  

 

In the scheme, the waveform is taken to vary linearly between tNΔ  and 

 as shown in Fig.4.2. On this basis, the waveform sample ( ) tN Δ+1 ( )δ+Ny  is 

given by: 

(N+1) (N+δ )

x(k) 

0 1 

One DFT Data Analysis Window 

x(N) 

 x(N+

N

k 

δ ) 

x(N+1) 

Fig.4.2: A linear interpolation scheme by using the last two 
successive data samples 
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[ tNtN
tNtN

NyNyNyNy Δ−Δ+
Δ−Δ+

]−+
+=+ )(

)1(
)()1()()( δδ         (4.23) 

or   

  δδ ⋅−++=+ ))()1(()()( NyNyNyNy                        (4.24) 

In general, higher-order polynomials used in interpolation [31] can be 

considered in the present application. However, the use of complicated 

interpolation schemes which involve many samples in the calculation for 

achieving higher accuracy needs to be balanced against the approximation 

adopted in the numerical integration in forming the DFT where the integrands 

are taken to be constant or varying linearly between two consecutive sampling 

time instants. 

 

4.5 Modified DFT 

4.5.1   Numerical Integration Scheme 

In this section, numerical computation of (4.10) with sample data using 

Newton-Cotes quadrature integration is presented. A natural choice to compute 

the integral for the Fourier series coefficients from the discrete time samples 

would be the trapezoidal or Simpson's rule. These methods are the preferred 

choice, because they evaluate integrals of functions available only at discrete 

points [32]. 
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The trapezoidal rule is simpler to implement in comparison with the 

Simpson’s rule. Many test cases carried out in the paper have indicated that the 

improvement in accuracy by the Simpson’s rule is minimal, particularly when 

the trapezoidal rule with end correction is used. Therefore, in the present work, 

the trapezoidal rule is adopted for numerical integration of (4.10). 

The trapezoidal rule approximation to the integral of a function ( )xf  over 

the interval [ ]ba, is: 

  ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

Δ
≈ ∑∫

−

=
j

N

j
n

b

a
fffxdxxf

1

1
0

 

 
2

2
                          (4.25) 

where  and  , aff =0 bn ff = ( ) nabx −=Δ . 

It is possible to obtain an improved integration technique by taking an error 

term into account in (4.25) [32]: 

 ( ) ( ) ( ) ( )[ ]afbfxfffxdxxf j

N

j
n

b

a
'

12
2

2
'

21

1
0

 

 
−

Δ
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++

Δ
≈ ∑∫

−

=

  (4.26) 

In (4.26),  ( )af ′  and   are derivatives of  ( )bf ′ ( )xf  with respect to  x  at   and  

 respectively.  

a

b

Equation (4.26) is referred to as the trapezoidal rule with end correction 

which comes from the fact that the correction is based on the difference of 

function derivatives at the ends of the interval. With this correction, equation 

(4.26) turns out to be essentially a fourth-order trapezoidal method [32]. 
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4.5.2   DFT Evaluation 

With the fundamental period ( ) tNT Δ+= δ , the Fourier series integral in 

(4.10) is expressed in, for the fundamental component: 

( ) ( )1
  ( )

1  0  

1 N t N tj t j t

N t
c y t e dt y t e

T
δωΔ + Δ−

Δ
1 dtω−⎡ ⎤= +⎢ ⎥⎣ ⎦∫ ∫          (4.27) 

Based on the trapezoidal rule of integration with end correction, the first 

integral on the RHS of (4.27) can be calculated numerically using (4.26): 

( ) 1

1 1

1 1 1

 

 0

1

1

( 1)

1

1 (0) ( ) 2 ( )
2

( ) ( 1) (1) (0)  
12

N t j t

N
j N t j n t

n

j N t j N t j t

y t e dt
T

t y y N e y n e
T

t y N e y N e y e x

ω

ω ω

ω ω ω

Δ −

−
− Δ − Δ

=

− Δ − − Δ − Δ

⎧ Δ ⎡ ⎤≈ + +⎨ ⎢ ⎥⎣ ⎦⎩
Δ ⎫⎡ ⎤− − − + − ⎬⎣ ⎦ ⎭

∫

∑   (4.28) 

Finite difference is used in (4.28) for forming the time derivatives of 1( ) j ty t e ω− at 

0 and  as required for end correction in the trapezoidal rule of integration. tNΔ

The second integral on the RHS of (4.27) is also evaluated numerically 

using the trapezoidal rule of integration: 

( ) 1 1
 ( ) ( )

 

1 ( ) ( )
2  

N t
1j t j N t

N t

ty t e dt y N e y N e
T T

δ ω ω δ j N tωδ δ
+ Δ − − + Δ

Δ

− ΔΔ ⋅ ⎡ ⎤≈ + +⎣ ⎦∫    (4.29) 

Substituting the value of ( )δ+Ny  in (24) obtained from linear interpolation 

into (4.29) gives: 

( )

( )( )

1

1 1

 ( )

 

( )

1

( ) ( 1) ( ) ( )
2 

N t j t

N t

j N t j N t

y t e dt
T

t y N y N y N e y N e
T

δ ω

ω δ ωδ δ

+ Δ −

Δ

− + Δ − ΔΔ ⋅ ⎡ ⎤≈ + + − ⋅ +⎣ ⎦

∫
    (4.30) 
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On combining (4.28) and (4.30), the Fourier series coefficient 1c  for each 

complete fundamental period is given by: 

( )( )

1 1

1 1 1

1 1

1

1
1

( 1)

( )

1 (0) ( ) 2 ( )
2

( ) ( 1) (1) (0)  
12

( ) ( 1) ( ) ( )  
2

N
j N t j k t

n

j N t j N t j t

j N t j N t

tc y y N e y n e
T

t y N e y N e y e y

t y N y N y N e y N e

ω ω

ω ω ω

ω δ ωδ δ

−
− Δ − Δ

=

− Δ − − Δ − Δ

− + Δ − Δ

⎧Δ ⎡ ⎤= + +⎨ ⎢ ⎥⎣ ⎦⎩
Δ ⎡ ⎤− − − + −⎣ ⎦

Δ ⋅ ⎫⎡ ⎤+ + + − ⋅ + ⎬⎣ ⎦ ⎭

∑

  (4.31) 

Equation (4.31) gives an accurate computation of Fourier coefficient integral 

whether or not there are integer numbers of data samples in each complete 

fundamental period. Based on (4.31), the phasor of the voltage/current 

waveform ( )ty  is estimated in the proposed method. 

In comparison with the conventional DFT in section ІІ which has a fixed 

window length of integer number of sampling time intervals, the modified DFT 

in (4.31) requires only a minimal amount of additional computation. The 

effectiveness in suppressing leakage error of the modified DFT where window 

length is variable and synchronized to the system operating frequency will be 

illustrated in the next section. 

 

4.6 Test Studies  

The initial study is based on the simulated power signal waveform ( )ty  

given by the function ( )1cos 2 f tπ θ⋅ ⋅ + , where 1f is the system frequency and θ  

is the initial phase equal to 50° in the test. The sampling frequency  is 1000Hz sf
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which gives the sampling time interval Δt = 1ms. The nominal system frequency 

is 50Hz. When the operating frequency has the nominal value, there are 20 

samples per cycle, i.e. . 20=N

For a system frequency 1 48f =  Hz, i.e. a deviation of −2Hz with respect to 

the nominal value of 50Hz, the conventional DFT gives errors of 1% and 8° for 

amplitude and phase estimation, while the proposed modified DFT method 

produces the low errors of 0.009% and 0.04° respectively.  

In order to further demonstrate the effectiveness in suppressing leakage 

error of the proposed modified DFT method, power system waveforms 

distorted by noise and harmonics will be considered in the following section. 

For this purpose, a comparative study is also developed. In each simulation 

test, an often-used method called windowed interpolated FFT (WIFFT) is 

simulated and compared with the proposed method. The phasor measurement 

by the WIFFT is carried out via interpolation of the FFT of the digitized signal 

[24]. The WIFFT data window length is chosen to be 128 samples, which 

satisfies the requirement of FFT in terms of window length. Larger WIFFT 

window length will also be considered in the investigation in section 4.6.3. Both 

the estimation accuracy and the computing time/delay time of the proposed 

method and the WIFFT are compared in the following sections. 

In addition to the WIFFT, the method based on variable DFT window 

length [28] will be also considered in the comparative study. 
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4.6.1   Accuracy in Relation to Frequency Deviation 

First, the performances of the proposed method and the WIFFT are 

compared when the supply frequency varies in the range of [45Hz, 55Hz], 

which gives a variable fundamental time period in the range of [18.1818ms, 

22.2222ms]. The waveform has constant amplitude of 1.0 pu and initial phase 

angle of 50°. The phasor estimates based on one single data window are 

illustrated in Fig.4.3, which indicates that the maximum magnitude and phase 

errors in the modified DFT method of the present paper are about 0.03% and 

0.1° respectively, whilst the maximum errors of the WIFFT estimation are 0.8% 

and 4° respectively. The discontinuity at about 48.7Hz in the phase angle 

response obtained by the WIFFT method is due to the low resolution of the 

method when the data window length is not sufficiently large. The 

discontinuity almost disappears when the window length is increased to 1024 

samples in the investigation presented in section 4.6.4. 

The performance of the new method is also compared in Fig.4.3 with that of 

the technique based on variable DFT window length reported in [28]. For the set 

of discrete-fundamental frequencies which correspond to integer numbers of 

samples in individual DFT windows, the accuracy of the technique in [28] is the 

same as that of the new method. However, the accuracy of the technique in [28] 

deteriorates as the fundamental frequencies deviate from those discrete values. 

The discontinuities observed in Fig.4.3 in relation to the technique in [28] are 

due to the changes in the DFT window lengths which are determined from 
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those defined by the discrete frequencies and nearest to the required window 

lengths. 

 

 

In general, the errors vary as the DFT analysis window moves when real-

time phasor estimations are required. In the following, the time-dependent 

errors in the phasor estimations are quantified, using the waveform with an 

operating frequency of 48Hz, amplitude of 1.0 pu and initial phase angle of 50°. 
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(b)Fig.4.3: Comparison of phasor estimations when supply
frequency varies from 45Hz to 55Hz. 
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In Fig.4.4, the accuracies of the proposed method and the WIFFT technique are 

compared over the time duration of 350ms.  

 

 
1.008 

 

 

 

 

 

The comparison confirms the high accuracy achieved with the new method. 

The maximum errors of the proposed method are only 0.09% in amplitude 

estimates and 0.04° in phase estimates, whilst for the WIFFT method, much 

larger errors are incurred, which are up to 0.6% and 4° respectively.  
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For presentation purpose, the phase angle obtained from the DFT results 

based on (4.31) has been adjusted so that the phase is referred to the time origin 

of Fig.4.4. This phase angle adjustment procedure will also be applied to the 

subsequent results.     

The time delay in WIFFT, as shown in Fig.4.4 is 128ms. That for the 

proposed method is about 20ms only.      

 
4.6.2   Accuracy In Relation to Waveform Distortion 

Further simulation test on the accuracy of phasor estimates when power 

system waveforms are distorted by noise and multiple harmonics, even 

interharmonics and subharmonics, are examined in this section.  

Interharmonics and subharmonics are those which are not integer multiples 

of the supply frequency, the existence of which can severely deteriorate the 

power quality. The off-nominal frequency of 48Hz is chosen again as the supply 

frequency in the present investigation. The fundamental time period is equal to 

a noninteger number of sampling time intervals, which is 20.8333ms. The 

fundamental component has an amplitude of 1.0 pu and initial phase angle of 

50°. 

Fig.4.5 depicts a comparison of phasor estimations when 1% noise 

component, 1% 3rd and 5th harmonics and 1% , interharmonic and  

subharmonic are included in the waveform with 48Hz supply frequency.  

f4.3 f5.0
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The comparison in Fig.4.5 confirms that the proposed method offers better 

accuracy than the WIFFT. The maximum errors incurred in the proposed 

method are 0.4% and 0.15° in amplitude and phase angle respectively, whilst 

those of the WIFFT are 0.8% and 4°. 
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4.6.3   Accuracy in Relation to Time-dependent Frequency Variation 

The comparison of amplitude estimations shown in Fig.4.6 is for the case of 

a time-dependent frequency given by a ramp with a rate of change of 

+10Hz/sec during a time-duration of 500ms. The function for the frequency 

variation is expressed as t1050+ . The amplitude of the waveform has a constant 

value of 1.0 pu. The technique based on [28] is compared with the proposed 

method, which indicates a larger maximum error of nearly 5% for the former, 

while that of the proposed method is only about 0.25%.  

 

4.6.4   Computing Time and Time Delay 

Apart from the improved accuracy, the proposed method uses data 

windows which are much shorter than those required in the WIFFT. The high 

errors, particularly in phase estimation, of the WIFFT can be reduced, by 
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Fig.4.6: Comparison of amplitude estimations when 
supply frequency increases at a rate of 10Hz/sec. 
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increasing substantially the data window. For example, by increasing the 

WIFFT data window length to 1024 samples, the accuracy achieved is 

comparable to that of the proposed method, in relation to the studies presented 

in sections 4.5.1 and 4.5.2 In comparison, the data window required in the 

proposed method is typically in the range from 19 to 21 samples when 

operating frequency is within the band [48Hz, 52Hz]. This implies that the 

modified DFT method proposed in the paper offers high accuracy in supply 

frequency phasor estimation with high speed in computation and short time 

delay. The maximum time delay in the proposed method is about 20ms in 

comparison with 1024ms incurred in the WIFFT, if comparable accuracies are to 

be achieved with the latter.  

These maximum time delays occur in the initial period, i.e. during the first 

sliding window. However, the delays would give indications of transient 

response times likely encountered in phasor estimations for time-varying 

waveforms during power system dynamic operation. In principle, larger data 

windows lead to larger delays in transient responses. The transient response 

times have practical implications. For example, it is generally acknowledged 

that a larger data window leads to more time delay in protection response.  

4.6.5   Higher-Order Interpolation 

Cubic spline interpolation and piecewise cubic Hermite interpolation 

schemes [31] were also considered and compared with linear interpolation. The 

estimation results by using these high-order interpolation schemes are quite 
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similar to that by using linear interpolator. However, considerably longer 

computing time and more complexity are needed in the higher-order 

interpolation schemes, whilst improvement in accuracy is minimal. The linear 

interpolation is, therefore, adopted in the chapter. 

 

4.7 Conclusion 

Drawing on the availability of the power system operating frequency 

obtained from fast frequency estimation techniques, the chapter has developed 

a modified DFT algorithm where the conventional DFT is augmented by a time-

domain linear interpolation scheme operating on the waveform the supply 

frequency phasor of which is to be evaluated. The additional amount of 

computation required in the modified DFT is minimal. However, it is very 

effective in countering spectral leakage errors arising from system frequency 

deviations, as confirmed in the test studies presented in the chapter. 

Comparative studies reported in the chapter have also confirmed that the 

modified DFT based on time-domain interpolation offers significant advantages 

over the method using frequency-domain interpolation in terms of time delay 

and computing time required in phasor estimation. The modified DFT 

developed is suitable for real-time applications where supply frequency 

phasors are required. 
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CHAPTER  5 

 

Review of Fault Location Methods  
for Transmission Lines 

 

 

 

5.1 Introduction 

Fast and accurate fault location on power transmission and distribution lines 

is very valuable for the utilities to repair the faulted line and restore the service. 

Whilst very fast response time is required of protection function, the emphasis 

is that of high accuracy for fault location function. The response time for fault 

location is not as critical as that for protection.  

 The several factors that could affect the accuracy of the fault location 

algorithms /techniques include  the combined effect of the load current and 

fault resistance, inaccurate fault type identification, influence of the mutual 

coupling among the phase conductors, uncertainty about the line parameters, 

insufficient accuracy of the line model (i.e., untransposed/transposed), 

measurement errors and unbalanced line parameters. 
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 To improve the fault location estimate, a variety of fault location algorithms 

have been developed and continuously improved. Generally, fault location 

methods are classified into the following types: 

 supply frequency impedance-based models and methods 

 travelling wave methods 

 radar-based reflectometry  methods 

 fault distance calculation based on distributed-parameter line model. 

 This chapter will review and assess the performance of the previous 

methods in relation to their accuracy and robustness in different fault operating 

conditions. 

 

5.2 Impedance–based Fault Location Methods 

 Impedance-based fault location methods are based on calculation of the 

measured impedance (or apparent impedance) using voltage and current 

phasors at the fundamental frequency. The fundamental-frequency phasors are 

determined by the data measured from either one end or both ends of the 

faulted transmission line. Therefore, the impedance-based methods can be 

classified into two types: one-end method and two-end method. Once fault type 

is detected, the impedance algorithm can be applied to calculate the impedance 

from the local terminal to the fault point. Knowing the impedance per km of the 
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transmission line between S and R , the corresponding distance in km to the 

fault point can be determined.  

 The algorithms can be described by considering the system in Fig.5.1(a) 

with a fault at point F  on the transmission line. A single-phase model of the 

system is given in Fig.5.1(b). A fault with fault resistance fR  is on the 

homogeneous line with total line impedance lZ between terminals S and R . The 

fault distance is represented by the fraction d , defined as the ratio of the 

distance from terminal S to the fault in km to the total line length in km. The 

terminal source impedances are SZ and RZ . The currents flowing from both 

ends, SI and RI , contribute to the total fault current fI . The voltage at terminals 

,S R  and the fault point are denoted as ,  and , respectively. SV RV FV

S R  
SV  RV  

d d1

FV

−

SI RI

(a) system configuration 
(b) circuit model 

Fig.5.1:  System configuration and circuit model  

SV  RV  
ldZ lZd )1( −FVSI  RI

SZ RZ  
fRfI
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S  R  
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F

F
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 Based on the transmission line model showed in Fig.5.1(b), both one-end 

and two-end impedance-based algorithms of fault location will be reviewed in 

the following sections.  

5.2.1    One-end Data Algorithms 

 It is known that one-end impedance-based fault locators calculate the 

measured impedance to fault with the use of data from local end only. Such 

methods use a simple algorithm and do not require communication channels 

and remote data. Due to its practicality and simplicity, it is commonly adopted 

in most digital protective relays.  

5.2.1.1    Simple Impedance Algorithm 

The simplest way to estimate fault impedance is using a set of simple 

impedance equations [33] based on the assumption that the fault resistance 

is zero. The positive-phase-sequence line impedance is used to estimate the 

measured impedance to the fault point. To execute this algorithm, the phase-to-

earth voltages and currents in each phase must be measured. Assuming that the 

faulted transmission line is an homogeneous line, the equations with respect to 

fault types are given in Table 5.1. 

fR

Table 5.1:  Equations of Simple Impedance algorithm  

Phase a to earth fault ( )1ZZIIV lmresaa ⋅+  
Phase b to earth fault ( )1ZZIIV lmresbb ⋅+  
Phase c to earth fault ( )1ZZIIV lmrescc ⋅+  

Phase a-b or a-b-e fault ( ) ( )baba IIVV −−  
Phase b-c or b-c-e fault ( ) ( )cbcb IIVV −−  
Phase c-a or c-a-e fault ( ) ( )acac IIVV −−  

Phase a-b-c fault any of the above three equations 
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In Table 5.1, are phase-to-earth voltages;  are currents in 

each phase; is the common inter-phase mutual impedance per unit length 

between phase-pairs; is the positive-phase-sequence line impedance ; is 

residual current and equal to the sum of currents in phases ,b and .  

cba VVV ,, cba III ,,

lmZ

1Z resI

a c

 The errors that influence accuracy of this algorithm can be caused by 

several factors. The main source of error is that arises from fault resistance 

either between conductors in phase faults or between conductors and earth in 

earth faults, which has not been taken into account in the algorithm. The fault 

resistance may be caused by the arc resistance between the fault point and the 

ground, and also may be caused by the resistance in any additional paths to 

ground [34]. The precise value of the fault resistance is difficult to determine, 

particularly with the uncertainty in the earth resistivity modelling. 

As shown in Fig.5.1, the measured impedance at local terminal, say 

terminal , the terminal voltage  with respect to the fault point m can be 

written: 

S SV

      (5.1)  ffSlS IRIdZV +=

Divided (5.1) by the measured current SI , the impedance to the fault measured 

at terminal ,  is given by: S fSZ  

S

f
fl

S

S
fS I

I
RdZ

I
V

Z +==       (5.2) 

   94



The second item of right side of the equation (5.2) contains a ratio of the fault 

current fI  and the current measured at the local end . In fact in (5.2), the fault 

resistance value itself is not a complete guide to the implication of fault 

resistance in protection response. It is scaled by the ratio

SI

Sf II .  is a real 

value but 

fR

is complex and so the product Sf II Sff IIR contributes both to the 

real part and to the imaginary part of the impedance. If the angle of the ratio of 

the two currents is zero, the imaginary part will be zero. In this particular case, 

the pre-fault load current will be zero or is in phase with the local current  

[35]; otherwise, the imaginary components can produce a reactance error due to 

the nonzero angle of the ratio.  If the change of the current at terminal  caused 

by the fault is defined as 

SIplI

S

 ,  (5.2) can then be rewritten as: plSS III −=Δ

SS
fl

S

S
fS nd

RdZ
I
V

Z 1
+==       (5.3) 

where  

RSl

Rl

f

S
SS ZZZ

ZZd
I
I

dd
++
+−

=
Δ

=∠=
)1(

β      (5.4) 

SplS

S
SS III

I
nn

−
=

Δ
=∠=

1
1γ       (5.5) 

Substituting the expressions for  and in (5.4) and (5.5) into (5.3), and re-

arranging lead to: 

Sd Sn

RSl

Rl

S
fSlS

ZZZ
ZZd

I
RIdZV

++
+−

Δ
+=

)1(
       (5.6) 
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Equation (5.6) has two unknown variables, fR and . A quadratic equation is 

derived from (5.6): 

d

0321
2 =−+− fRkkdkd       (5.7) 

where , , are complex functions of local-end voltage, current, and source 

impedances. The source impedances are preset as the setting parameters 

without considering the influence of transient condition.  

1k 2k 3k

 The complex equation (5.7) is then separated into two real equations, each 

of which has two unknown variables, d and fR . Solving the two equations 

gives values of d and .  fR

However, it is very hard to obtain the accurate source impedances at two 

ends due to transmission line switching or generation variations. The error will 

be then introduced error into the fault location estimation by using the above 

assumption on system source impedance.  

From (5.3)-(5.5), a combination of the current distribution factor, , and 

the circuit loading factor, , determines the angles of the ratios and leads to 

the reactance error.  On the one hand, the line and system impedances  

have an influence on . If the system is homogeneous (i.e. angles of  

are the same), then the angle of , 

Sd

Sn

RSl ZZZ ,,

Sd RSl ZZZ ,,

Sd β ,  will be zero. If there is a pre-fault power 

flow in the line, the angle of , Sn γ , will not be zero. On the other hand, if the 

   96



magnitude of the fault current at local end  is much greater than that of the 

pre-fault load current , the angle 

SI

plI γ  will approach zero [35].  

 Hence, it can be drawn that the error of the measured impedance caused by 

the fault resistance is determined by the pre-fault load current, fault current and 

the system and line impedance parameters. 

 Apart from the error caused by the fault resistance, some other factors also 

affect the accuracy of fault location for using simple impedance equations, such 

as, inaccurate fault type detection [35], the effect of the transient components 

rather than only fundamental-frequency components of the fault signal 

considered, unbalanced transmission line parameters, capacitance effects in 

long transmission line and measurement errors etc.  

5.2.1.2    Simple Reactance Algorithm 

 To reduce the error caused by the fault resistance and load current, one of 

the earliest algorithms, the simple reactance algorithm, is presented in [33]. The 

aim of this algorithm is to eliminate the effect of the second term in (5.1), f fR I . 

To achieve this, only the reactance component of the measured impedance is 

measured by taking the imaginary part of the measured impedance in (5.2) and 

neglecting the real part of the measured impedance . Then the per unit fault 

distance is solved by: 

fSZ  

d

( )
( )l

SS

Z
IV

d
Im

Im
=        (5.8) 
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The error is zero if the fault resistance is zero, or fI and are in phase. 

Therefore, the algorithm is suitable for a fault with a low resistance. For a high 

fault resistance, the reactance effect may introduce considerable error [35].    

SI

5.2.1.3    Takagi Algorithm and Its Improvements 

Another simple algorithm, called Takagi algorithm [36, 37], takes pre-fault 

load current into account to eliminate the effects of fault resistance, .  fR

 Still beginning with (5.1), the difference between the fault current and the 

pre-fault load current, , is introduced and multiplied with all the terms of 

the equation. The imaginary part of the resultant equation derived from (5.1) is: 

SIΔ

( ) ( ) ( )( )∗∗∗ Δ⋅++Δ⋅=Δ⋅ SRSfSSlSS IIIRIIZdIV ImImIm    (5.9) 

where ∗  denotes the complex conjugate. The second term of right side of (5.9) is 

nearly zero when the fault current is much greater than the pre-fault current. 

When it is the case, the per unit fault distance to the fault is: 

( )
( )∗

∗

Δ⋅

Δ⋅
=

SSl

SS

IIZ
IV

d
Im
Im

       (5.10) 

Actually, the second term on the RHS of (5.9) which was neglected can be 

expressed in terms of the current distribution factor, . Based on the method 

proposed in [38], the following relationship has been derived in [35]: 

Sd

( ) ( ) ( )SfSSlSS dRIIZdIV 1ImImIm +Δ⋅=Δ⋅ ∗∗     (5.11) 
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( Sd1Im )The imaginary part of the current distribution factor in (5.11), , is nearly 

zero if the system is homogeneous. In this case, the angle β  of is zero. In 

other words, this method is accurate only if the difference in the line current 

between the fault and the pre-fault conditions is in phase with the nodal fault 

current at the fault point [35]. Otherwise, the error is proportional to the fault 

resistance and sin

Sd

β . According to (5.4), the angle of the current distribution, β , 

is a varying value determined by the per unit distance,  and the system source 

impedances,  and . Therefore, in (5.11), there are two unknown variables 

and to be solved, assuming that the system impedances  and  are 

known. A similar way to that, has been already provided in section 5.2.1.1 by 

using (5.6) and (5.7). In that case, the fault distance can be accurately calculated 

without requiring the assumption of homogeneous system. However, the error 

will be introduced if the source impedances are presumed constant without 

considering the effect of transient condition.  

d

RZSZ

RZd SZfR

 So far, the improvements on Takagi algorithm need to use pre- and post-

fault currents and post-fault voltages at one end of the line. While another 

algorithm, named modified Takagi algorithm [35] or zero sequence current 

compensation algorithm, does not require pre-fault currents. It assumes that the 

current distribution factor in the negative sequence is a real number [35]. Zero 

sequence current 0I for the line-to-earth faults is used rather than the change of 

currents, . To compensate the reactance error, an angle correction process SIΔ
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[39] is also introduced when the source impedances are known. The correction 

is based on the estimation of the phase shift between the total fault current at 

local end of the line and the fault current through the fault resistance. Equation 

(5.10) is modified, using the zero-phase-sequence current in the case of a phase-

to-earth fault, to give the per-unit fault distance [35, 40]: 

( )
( )'

'

0

0

3Im
3Im

β

β

j
Sl

j
S

eIIZ
eIV

d
−∗

−∗

⋅⋅

⋅⋅
=       (5.12) 

In this manner, the error caused by the fault resistance is neutralised. The 

angle  related to the zero phase sequence depends on the per unit distance to 

the fault point and also on the line and system impedances. It can be derived as 

follows: 

fR

'β
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=β   (5.13) 

Although this algorithm is the most accurate one among all of the one-end fault 

location algorithms [41], the assumption in setting  may lead to approximate 

estimation only.  

'β

5.2.2    Two-end Data Algorithms 

It is necessary that one-end data algorithms include certain assumptions 

with respect to the source impedances, fault resistance, pre-fault load current 

and other factors leading to approximate results. While two-end data 
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algorithms using dada from both ends of the line provide more accurate way to 

calculate the fault distance by reducing or eliminating the effects of those 

factors. Besides, there is no need to detect the fault type, and the fault type does 

not influence the accuracy of fault location estimation. Therefore, positive-

sequence components are often used rather than those in the zero-sequence. 

Thus, the adverse effects of zero-sequence are eliminated [35]. 

As shown in Fig.5.1, different from the one-end data algorithms, the two-

end data algorithms measured voltage and current quantities from both the 

local end and the remote end, S and R . To introduce the principle of two-end 

fault location estimation, by using the voltages/currents measured at two ends, 

and / and , the voltage at fault point can be expressed as the 

following equations: 

RV RISV SI

F S lV V dZ IS= −        (5.14) 

( )1F R lV V d Z I= − − R       (5.15) 

Equations (5.10) and (5.11) provide a widely-used relationship of the voltages 

and currents between these two ends for various two-end fault location 

algorithms.  

Nowadays, distance relays that include synchronised phasor measurement 

capabilities are becoming popular, especially on extra-high-voltage systems [42].  

IEEE has also established the standard of synchronised phasors for power 

system [43]. Given the present trend, a review of two-end data fault location 

   101



algorithms in terms of phasors of the measured quantities, i.e., 

synchronised/unsynchronised phasors is presented in the subsequent sections. 

5.2.2.1    Synchronised Two-end Algorithms 

 The most direct way to calculate the fault distance is to use the voltage and 

current relationships in the positive-phase-sequence as shown in (5.14) and 

(5.15) by forming the difference between them. The unknown voltage at the 

fault point can be eliminated and gives per unit distance to fault, d  [44]: 

( )
RS

RlRS

II
IZVV

d
+

+−
=        (5.16) 

Equation (5.16) is applicable for all types of faults if digital impedance relays are 

available to provide appropriate voltages and currents. However, (5.16) can 

provide the accurate estimates only if the phase angles of the voltages/currents 

at both the two ends are known on a common reference, that is, the phasors at 

terminals and S R are synchronised.  Furthermore, this method uses the simple 

and basic lumped line model, neglecting the shunt capacitance of the line.  

 Another algorithm proposed in [45] uses three-phase impedance matrix to 

model the transmission line shown in Fig.5.1. It is assumed that the three-phase 

voltages and currents at local end and remote end are synchronously measured. 

Equations (5.14) and (5.15) can be rewritten as: 

[ ] [ ] [ ] [ ]F S l Sabc abc abc abcV V d Z I= − ⋅       (5.17) 

[ ] [ ] ( ) [ ] [ ]1F R l Rabc abc abc abcV V d Z I= − − ⋅      (5.18) 
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[ ]F abcVwhere represents three-phase voltage at the fault point; [ ]  and 

are three-phase voltages at two ends; 

abcSV

[ ]abcSI[ ]abcRV  and  denote three-

phase currents at two ends. Subtracting (5.17) from (5.18) gives: 

[ ]abcSI

[ ] [ ]( ) [ ] [ ] [ ] [ ] [ ]( )abcRabcSabclabcRabclabcRabcS IIZdIZVV +⋅=+−   (5.19) 

Defining LHS and RHS of (5.19), respectively: 

[ ] [ ] [ ] [ ]

[ ] [ ] [ ]( ) ( )     cbaj IIZ

IZVV

cbai
iRiSjilj

cbai
iRjiljRjSj

,,
,,

,,

=+=

+−=

∑

∑

=

=

                      N

M
 (5.20) 

Using the definitions in (5.20), equation (5.19) can be rewritten as: 

NM ⋅= d         (5.21) 

Using the least-squares method, (5.21) can be solved to give: 

( ) MNNN ttd 1−
=        (5.22) 

tNwhere  is the conjugate transpose of .  N

 The algorithm proposed in [34] uses the phase-variable ABCD constants to 

model the transmission line, and derives the equations used for the fault 

location estimation. The whole transmission line together with the fault is 

represented by three sections in cascade as shown in Fig.5.2.  

 

sASA SB
SC SD

sAfA fB
fC fD

sARA RB

SI RI  

SV  RV
RC RD

Fig.5.2:  General lumped ABCD form used in fault location 
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In Fig.5.2, a Π -equivalent lumped parameter model is used to represent 

each line section. The ( block represents all unfaulted line sections 

between the sending end and the faulted section. Similarly, the ( block 

represents all unfaulted line sections between the receiving end and the faulted 

line section.  The unfaulted sections 

)

)

SABCD

RABCD

( )SABCD and ( )RABCD may represent any 

number of individual line sections in cascade, depending on the requirement of 

the model. For each section j , the series impedance matrix and shunt 

admittance matrix  are converted into ABCD form: 

jZ

Y j

( )

( ) ( )
( )

2

2 2

2

j j j

j j

j j j j j

j j j

= +

=

= +

= +

A u Z Y

B Z

C Y Y Z Y

D Y Z u

      (5.23) 

Where  is unit matrix. u

While the faulted section is modelled as a T-equivalent circuit (neglecting 

the effect of the shunt admittance of the line section), the ABCD constants for 

this model have the form of: 

( )

( )

1

1

f f f f

f f f f f f

f f

f f f f

d

d d

d

f

= +

= + −

=

= + −

A u Z y

B Z Z y Z

C y

D u y Z

     (5.24) 
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where , fZ fy represent the matrices of the series impedance of the faulted 

section, and conductance at the fault point; fd is the fractional distance from the 

beginning of section ( ) f
ABCD to the point of fault. 

 The relationship for general ABCD lumped-parameter network formed 

with synchronised input vectors , and output vectors, , can be written 

as: 

SV SI RV RI

S

S R

⎡ ⎤ R⎡ ⎤⎡ ⎤
= ⋅⎢ ⎥ ⎢ ⎥⎢ ⎥
⎣ ⎦ ⎣ ⎦⎣ ⎦

V VA B
I IC D

       (5.25) 

In (5.25):  

f fS S R R

f fS S R R

⎡ ⎤⎡ ⎤ ⎡ ⎤⎡ ⎤
= ⋅ ⋅⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥

⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦

A BA B A BA B
C DC D C DC D

    (5.26) 

The top partition of (5.25) can be rewritten as:  

0R R S+ − =AV BI V       (5.27) 

The vector/matrix equation in (5.27) contains unknown variables expressed in 

terms of , and2
f fd yf fd y fy . To simplify the solution procedure, it is proposed 

to reduce (5.27) to a scalar equation by retaining the faulted phase. This leads to 

the following scalar equation with unknown variables in fd and the fault-path 

resistance, : fR

2
1 2 3 4( , ) 0f f f f fF R d R F d F d F F= + + + =       (5.28) 

   105



where , , and are the complex coefficients of the equation. Since the 

coefficients are complex and both 

1F 2F 3F 4F

and fRfd  are real, two real equations, one for 

the real part, the other for the imaginary part of (5.28) can be formed. The 

Newton’s method can be used to solve the two nonlinear equations for 

and .  fRfd

 The synchronised two-end data algorithm proposed in [34] offers some 

advantages over one-end algorithm, such as, not sensitive to source impedance, 

fault resistance, and pre-fault load current. However, the method uses a 

lumped-parameter line model which requires the assumption of the faulted line 

section location. Furthermore, synchronised data at the two ends of the line is 

assumed and used in the fault location estimation. Without considering 

compensation of synchronous timing error, unacceptable errors in fault location 

estimates could be produced [34].  

 A time-domain technique for fault location estimation using synchronised 

measurements is proposed in [46]. A lumped-parameter transmission line 

model which discounts the shunt-path admittance is used. Synchronised data 

samples of voltages and currents at both ends of the line are assumed to be 

available. The three-phase transmission line with a fault shown in Fig.5.3 can be 

represented in time-domain.  

S  R
( )tVS  ( )tVR  

( )tI S  ( )tI R  

( )tI f

F

Fig.5.3:  Time-domain representation of a transmission line with a fault 
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The current and voltage differences between two ends S and R in the 

continuous time-domain can be written as: 

( ) ( ) ( )ttt RS III +=Δ          (5.29) 

( ) ( ) ( ) ( ) ( )
⎥⎦
⎤

⎢⎣
⎡ ++−=Δ

dt
tdtttt R

RRS
ILRIVVV     (5.30) 

where , , and( )tSV ( )tSI( )tRV ( )tRI are vectors of phase voltages and currents; 

and R L are matrices of line resistance and inductance. 

( )tIΔ ( )tVΔ In normal operating condition, the vectors of , are equal to zero, 

that is: 

( ) 0=Δ tI          (5.31) 

( ) 0tΔ =V          (5.32) 

If the line is faulted, (5.29) and (5.30) are rewritten as: 

( ) ( ) ( ) ( )tttt fRS IIII =+=Δ         (5.33) 

( ) ( ) ( )f
f

d t
t d t

dt
⎡ ⎤

Δ = +⎢ ⎥
⎣ ⎦

I
V RI L        (5.34) 

Substituting in (5.33) into (5.34), the fault current can be eliminated and 

(5.34) is rearranged as: 

( )f tI

( ) ( ) ( ) 0dt d t t
dt

⎡Δ − Δ + Δ =⎢⎣ ⎦
V R I L I ⎤

⎥      (5.35) 
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Converting (5.29) and (5.30) into the discrete time-domain, using the finite 

difference method based on backward difference for forming the time 

derivative, leads to: 

( ) ( ) ( )S Rn nΔ = +I I I n          (5.36) 

( ) ( ) ( ) ( ) ( ) ( )( )1S R R s R Rn n n n f n n⎡ ⎤Δ = − + + ⋅ − −⎣ ⎦V V V RI L I I  (5.37) 

where , , ,( )S nV ( )R nV ( )S nI ( )R nI are voltage and current vectors sampled 

synchronously at time instant is the sampling frequency.  sn f sf;

Using the same approximation as above for the current derivative, equation 

(5.35) can be changed into the discrete-time domain form: 

( ) ( ) ( ) ( )( )[ ] 01 =−Δ−Δ⋅+Δ−Δ nnfndn s IILIRV     (5.38) 

Defining function as : )(nψ

( ) ( ) ( )( )1)( −Δ−Δ+Δ= nnfnn s IILIRψ      (5.39) 

Equation (5.38) will be rewritten as: 

( ) 0)( =⋅−Δ ndn ψV         (5.40) 

Hence in (5.38), only per unit distance to the fault point, , is unknown and has 

to be determined. If ( sampling time instants are adopted for fault location 

estimation, there will be 3  scalar equations in unknown fault distance d as 

equation set (5.38) can only be formed starting from

d

1G + )

G

2n = , using the backward 

difference. For the system of these equations, it is an over-determined vector 
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equation. The most suitable way to find d is to apply the least square method. 

The best result of can be obtained as: d

( ) ( )

( ) ( )

1

2
1

2

G
t

n
G

t

n

n n
d

n n

+

=
+

=

− Δ ⋅
=

⋅

∑

∑

V ψ

ψ ψ
      (5.39) 

This method requires a fault detection procedure. There are a number of 

sources of errors in the method. The use of finite difference in estimating the 

current derivative can lead to significant error if there are high frequency 

components in the transients, and the sampling frequency is low. It is possible 

to have errors in synchronising the data at ends of the line. Furthermore, the 

lumped-parameter line model which discounts the line capacitance can cause 

significant errors for a long transmission line.  In view of this deficiency, the 

technique proposed in [46] is also extended to include the distributed-

parameter transmission line model, which will be discussed later in section 5.4, 

particularly the application of transmission line distributed model for 

developing fault location algorithms.  

5.2.2.2    Unsynchronised Two-end Algorithms 

There are two main techniques for handling unsynchronised data in the 

two-end algorithms.  

In the first technique, the time error in synchronising the data acquisition at 

the ends of the transmission line is represented as a phase difference, or 

synchronisation angle at the supply frequency [47]. This phase difference 
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together with the distance from the fault to the line end is then solved, using the 

unsynchronised voltage and current phasors. Positive-phase-sequence line 

model is used in the fault location estimation. Scalar equation of the form 

similar to (5.14) and (5.15) is derived from the model which leads to the 

algorithm for estimating the phase difference and the distance to the fault. 

The second technique for handling unsynchronised data at the two ends is 

that based on the use of magnitudes of the currents at the line terminals in 

deriving the equation for determining the fault distance [48]. In the technique, 

negative-phase sequence currents are used, in the context of locating 

unbalanced faults. The disadvantages of the method include the use of lumped- 

parameter model and requiring the knowledge of the source impedances.  

5.2.3    Advantages of Two-end Algorithms over One-end Algorithms 

 In general, two-end algorithms have some advantages over one-terminal 

algorithms in terms of the following factors [35]: 

 Fault resistance and load flow have no effect 

 Outside system has no effect 

 Mutual coupling has no effect 

 Fault type detection/identification is not needed 

 Pre-fault data is not needed 

 Fault-path resistance can be calculated 
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5.3 Travelling Wave-based Methods 

With the recent improvements in data acquisition systems, communication 

systems and the availability of GPS timing synchronisation systems, there have 

been some renewed research interests in the use of travelling wave-based 

methods for fault location. The main objective is to achieve a faster and more 

accurate fault location which does not depend on system and transmission line 

parameters, and fault resistance. The proposal for the application of the 

travelling wave methods has been based on these perceived benefits. 

5.3.1    Theory of Travelling Wave on Power Lines  

Faults, switching operation and lightning are the most common events to 

cause travelling waves (or surges) on power lines. Travelling waves on 

overhead power lines travel at the speed of light ( km/sec), and consist of 

a voltage wave and a current wave, which are related through the Surge 

Impedance of the line, . The general solutions of travelling wave equation in 

the form of differential equations [49] can describe the propagation of the 

current and voltage waves along the transmission line in terms of a forward 

and backward travelling wave as given:  

5103×

0Z

( ) ( ) ( ) ( ), exp w p w pV x t t F x t B x tα υ υ⎡ ⎤= − ⋅ ⋅ − + +⎣ ⎦     (5.40) 

( ) ( ) ( ) ( ), exp   w p w p OI x t t F x t B x t Zα υ υ⎡ ⎤= − ⋅ ⋅ − − +⎣ ⎦    (5.41) 
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where α is the attenuation; if α =0, these waves in (5.40) are unattenuated ones 

with a propagation speed of ( )w pF x tυ−. pυ  represents a wave travelling in the 

forward direction, and ( )w pB x tυ+  is the backward wave at any distance x  from 

one end of the line nominated for reference. 

If there is no discontinuity along the transmission line, there is no reflection 

when voltage and current are input at end S  of the line in Fig.5.4. In this case, 

there is no backward propagation. The voltage and current at any point X  are 

then determined by the forward wave only. Based on (5.40) and (5.41), the 

following relation applies, based on forward waves: 

( ) ( )0,V x t Z I x t= ⋅ ,        (5.42) 

For practical purpose, 0Z can be considered as a pure resistance with a value of 

200~400 ohms, mainly depending on the operating voltage of the line.   

 

However, if there is a discontinuity on the transmission line such as a short-

circuit fault, there will be a reflected wave travelling from the fault location to 

, and the time for the reflected wave to arrive at  is S S px υ where x is the fault 

distance measured from ; S pυ  is the propagation speed. 

S  
),0( tVS  

),0( tI S
X),( txI

x

Fig.5.4:  A transmission line without discontinuity 
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The detection of the reflected waves forms the basis for fault location 

methods using travelling waves. 

5.3.2    Travelling wave-based Fault Location Method [50] 

 The overhead line fault locators can be classified into four types, identified 

by A, B, C and D [50,51], based on their modes of operation.  

Types A and D do not include any pulse generating circuitry but rely on 

the fault to produce one or more travelling wave transients from which the fault 

location can be determined.  

 Type A is chosen by most researchers for fault location method. It is a 

single–end method which measures the time required for the fault-generated 

travelling wave to travel from the bus bar to the fault and back. It is assumed 

that the effective impedances at the line terminals are lower than the line surge 

impedance so that a significant part of the energy is reflected back along the 

fault line to the fault point. The fault arc is assumed to remain existed for a long 

period of the time, and also presents a very low resistance so that any waves 

which arrive at the fault point are totally reflected. By the above assumptions, 

the transients arising from either end of the line can be analysed to determine 

the fault location. A lattice diagram based on travelling wave for a fault on the 

transmission line is given in Fig.5.5. 
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Fig.5.5: Lattice diagram showing travelling waves 
 

As shown in Fig.5.5, the fault-generated transient waves travel from the 

fault point to and , two ends of the line, with a propagation speed of F RS pυ . 

It is assumed that the first arrivals of the transient waves at the terminals 

are ,  at time instants , . The reflections of the transient 

waves 

( )1 1S SV I (1 1R RV I ) St1 Rt1

( )' '
1 1S SV I ( )' '

1 1R RV I,  travel back to the fault point and then are reflected the 

second time from the fault point to line ends S  and R  at time instants , . 

The distance to the fault from each end of the line can be calculated using the 

following equations: 

St2 Rt2

( SS
p

S ttd 122
−= )υ

       (5.43) 

( RR
p

R ttd 122
−= )υ

       (5.44) 

where and are the distances of two ends to the fault point.  Sd Rd
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However, the assumption of total reflection at the fault point cannot be 

always satisfied. In some cases, the fault arc may extinguish before the 

reflection arrives at the fault point. It is difficult to analyse the transients under 

these conditions.  

 References [52, 53] report the application of type D system which has been 

successfully developed and applied to an ehv network with an error of no more 

than 0.3km. Different from one-end method of type A, type D method is a two-

end method which detects the times of only the first arrival of the fault 

generated transients at each end of the line using both time synchronisation and 

a means of transmitting the time measurements from the two ends to a common 

data processing location so that the fault position can be determined [51]. The 

two arrival times can be used to calculate the distance to the fault in accordance 

with: 

( ) 22 11 RSpS ttd −+= υl        (5.45) 

( ) 22 11 SRpR ttd −+= υl        (5.46) 

where is the total length of the line.  l

The existence of the fault arc for an extended time period is no longer 

important. Similarly, the assumption of the total reflection at the line terminals 

is not required. Using type D to locate the fault can take advantage of GPS 

(Global Positioning System), which provide time synchronisation with high 

accuracies. The communication required in Type D fault locator does not have 
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to be ‘on-line’. Therefore, any convenient channel including microwave, optical 

fibre or SCADA network can be used. 

 Nowadays, a new type E mode is also included in travelling wave fault 

location system. Type E is a one-end mode and uses transients produced by 

circuit-breaker operations. The method is equivalent to the well established 

Impulse Current Method of fault location widely used on underground cables. 

Type E can be used to locate permanent faults, including open circuit 

conductors where little or no fault current flows, and additionally can be used 

to measure the electrical length of healthy lines [51]. 

Still in the broad category of travelling wave methods, type B and C fault 

location systems uses signals or pulses which are generated separately by 

external signal- or pulse-generating circuits. In section 5.5, a detailed review of 

the radar-based reflectometry methods will be given.  

 In general, the accuracy of travelling wave methods for fault location relies 

on the accurate timing information. Although the practical results have shown 

its accurate performance, several factors can produce adverse influence on the 

accuracy. Wave detection error is a main concern. If many transients and /or 

reflected transients occur at the same time, especially in the case of lightning 

strikes, it would be difficult to distinguish which transient was associated with 

which fault, and this can lead to significant errors. Besides, stronger buses at the 

ends of the line which tend to damped voltage transients, or when the faults 

near to the buses or for those faults occurring at near zero voltage inception 
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angles, the difficulties will also arises. For two-end travelling wave-based 

method, small amount of uncertainty in GPS system would also influence on 

the accuracy of travelling method [35].  

 Another disadvantage of the travelling-wave method is the requirement of 

a very high sampling frequency (for example, 200MHz) to achieve a high or 

acceptable resolution in fault location. This requires data acquisition systems 

(DAS) separate from those used in transmission line protection. On the other 

hand, the supply-frequency impedance-based methods discussed in section 5.2 

use data available in the DAS for the transmission line protection system. 

 Among the above methods described in sections 5.2 and 5.3, those 

travelling wave-based methods often have difficulties in the use of capacitor 

voltage transformers, which are generally incapable of passing the necessary 

high frequency phenomena [54].  

 

5.4 Distributed-parameter Line Model-based Method 

Reference [54] proposes a fault location algorithm based on distributed-

parameter line model. If Fig.5.4 is shown with a single-phase fault on the 

distributed-parameter line with a total length of l , the post-fault voltages 

across the fault at distance x from end can be expressed in terms of the 

voltages and currents  and measured at the each end of the line: 

S

RS VV / RS II /
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Receiving EndSending End 
S  

 
( ) ( )0cosh sinhF SV x V Zλ= − Sx Iλ      (5.47) 

( )( ) ( )( )0cosh sinhF RV x V Zλ λ= − − −l Rx Il    (5.48) 

where is the surge impedance and 0Z λ is the line propagation constant given 

by YZZ =0  and ZY=λ , respectively, where Z is the line series impedance 

and Y is the line shunt admittance impedance per unit length. By equating (5.47) 

and (5.48), the unknown variable  can be eliminated to obtain a direct 

formula for the fault distance: 

FV

( )1[tanh ]x B A λ−= −        (5.49) 

 where  

( ) ( ) SRR IZVIZA 00 sinhcosh +−= ll λλ ;     (5.50) 

 ( ) ( ) SRR VIZVB −−= ll λλ sinhcosh 0       (5.51) 

Equation (5.49) requires only known line parameters, i.e., Z and Y , and 

voltage/current phasors.  It can be concluded that any fault location estimates 

calculated by using (5.49) are independent of both the fault impedance and the 

system source impedance. Besides, this algorithm is based on distributed-

R  

SI RI

SV  RV  

FV

Fault Point
F

x

l x = l  0x =  

Fig.5.4: Single-phase faulted transmission line based on 
distributed line model 
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parameter line model that inherently includes the effect of shunt capacitance, 

suitable for long transmissions application. 

This method can be directly applied to a three-phase line. Similar equations 

to those of (5.47) and (5.48) can be written in terms of the following matrix form 

to represent the relationships of phasors between sending-end and receiving-

end: 

F S S S S= ⋅ − ⋅V A V B I

R

 (5.52) 

F R R R= ⋅ − ⋅V A V B I  (5.53) 

[ ], ,  T
F Fa Fb FcV V V=V [ ], ,  T

S Sa Sb ScV V V=V [ ], ,  T
R Ra Rb RcV V V=VWhere , and . The two-

port matrices , and ,  have SA SB RA RB 33×  dimensions, expressed in terms of the 

line parameters, which are the series impedance matrix Z and shunt admittance 

matrixY .  

The solution of above three-phase line equations would become easy to 

obtain by transforming the coupled equations to decoupled/independent 

equations. The decoupled equations can then be solved as if they were single-

phase equations. This can be done using the commonly-used theory of natural 

modal and matrix function theory [54]. If the lines are presumed to be perfectly 

transposed or balanced [55, 56], such transformation is easily achieved by 

symmetrical components method.  

However, for many unbalanced lines or untransposed lines, a modal 

transformation analysis by using the theory of natural modes that is general 
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may be needed. The matrices of untransposed lines in the phase-variable form 

of natural phases can be diagonalised by transformation to modal parameters 

derived from eigenvalue/eigenvector theory. The three-phase line application 

of modal transformation theory will be described in details later in Chapter 6. 

The method involves finding the matrix of the eigenvectors of the product 

of , say , and the product of YZ , say . In this way, the voltages and 

currents from each end will be transformed to corresponding modal voltage 

and current quantities: 

ZY eT iT

1
1 2 3[ , , ] T

Sm S S S e SV V V −= = ⋅V T V    (5.54) 
1

1 2 3[ , , ] T
Sm S S S i SI I I −= = ⋅I T I    (5.55) 

where subscript m  denotes modal quantities, i.e., modes 1, 2 and 3. For each 

modal quantity, there is an equation pair of the single-phase form of (5.57) and 

(5.58). Thus there are three pairs of such equations corresponding to mode 1, 2 

and 3 for a single-circuit three-phase line. Choosing any one or more mode, a 

pair of equation can be used to estimate the fault location by equating the 

equations in the pair in the way similar to a single-phase case, which gives: 

( )1[tanh ]m m m
x B A λ−= −       (5.56) 

where  

( ) ( )cosh sinhm m m Rm m Rm m SmA Z I Vλ λ= −l l Z I+      (5.57) 

( ) ( )cosh sinhm m Rm m m Rm SmB V Z I Vλ λ= −l l −      (5.58) 
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In equation (5.57) and (5.58), ,mZ mλ  are modal surge impedance and modal 

propagation constant for any modal component. They can be calculated from 

the line impedance matrix  and shunt admittance matrixY . Z

 It is noted that if the perfect line transposition is assumed, the two 

eigenvector matrices  and are equal. In [54], a special form of the voltage 

and current eigenvector matrices is used for fault location: 

eT iT

1 1 1
1 0 2
1 1 1

e i

⎡ ⎤
⎢ ⎥= = −⎢ ⎥

−⎢ ⎥⎣ ⎦

T T         (5.59) 

The use of actual eigenvector matrix leads to negligible error in fault location. 

Previous study reported in [54] indicates that the error will increase if the 

approximate matrix in (5.59) is used for an untransposed transmission line. 

Depending on the fault distance, the error can be significant and unacceptable.  

 Unlike the methods using a direct formula given in (5.56) to estimate the 

fault location, reference [55] uses an optimisation technique to minimise the 

objective function as shown: 

( ) ( )
, ,

( ) FS FRi
i a b c

obj x
=

= −
i∑ V V  (5.60) 

However, only balanced/transposed line is used in [55] so that symmetrical 

components method is chosen to perform modal transformation.  

 Back to the lumped-parameter line model application in section 5.2.2.1, the 

technique proposed in [46] for the application on long transmission line is also 
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developed in [57]. In the case of long transmission line model, two linear partial 

differential equations are used to describe the relationship between the phase 

voltages and currents: 

t
txtx

x
tx

∂
∂

−−=
∂

∂ ),(),(),( ILRIV       (5.61) 

t
txtx

x
tx

∂
∂

−−=
∂

∂ ),(),(),( VCGVI      (5.62) 

where ,R L ,G and are matrices of line resistance, inductance , conductance 

and capacitance per unit length; 

C

x  is the distance between the point x and the 

end. For a lossless single-phase long transmission given in Fig.5.5, equations 

(5.71) and (5.72) become:  

S

t
txIL

x
txV

∂
∂

−=
∂

∂ ),(),(        (5.63) 

t
txVC

x
txI

∂
∂

−=
∂

∂ ),(),(        (5.64) 

If the line is considered homogeneous, equations (5.63) and (5.64) can be solved 

to relate the voltages and currents of the two ends of the line: 

[ ] [0 1( ) ( ) ( ) ( ) ( )
2 2S R R R R
ZV t I t I t V t V t ]τ τ τ= − − + + − + +τ   (5.65) 

Fig.5.5:  Time-domain unfaulted single-phase transmission line 

( )tVS  ( )tVR  

( )tI S  ( )tI R  
S  R

( )tI xX

( )tVx
x

l
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[ ] [ ]
0

1 1( ) ( ) ( ) ( ) ( )
2 2S R R R RI t I t I t V t V t

Z
τ τ τ= − − + + − − − +τ   (5.66) 

where is the surge impedance and is the wave travelling time defined as: 0Z τ

CLZ =0         (5.67) 

LCl=τ         (5.68) 

In the case of three-phase line application, the previously-mentioned modal 

transformation is applied into decouple (5.61) and (5.62). This leads to 

Bergeron’s equations application for the three-phase line. Only mode-1 signals 

are considered to define the fault location algorithm for the long line [57].  

 Based on the form of the voltage solution in (5.65), a minimisation 

technique has been developed to derive the distance from the sending end to 

the fault location [57]. 

 This algorithm for long transmission line involves some additional 

computations when compared with that for the short lines [57]. Besides, using 

an approximation method to obtain the solution will influence the accuracy of 

fault location estimation. As this algorithm uses synchronised data in the time-

domain, it is not possible to compensate for the time synchronisation error. This 

can influence adversely the performance of the method. Furthermore, the line 

resistance is discounted in the model. The effect of resistance is an important 

one, giving that there are high frequency components in the transients 

generated by the fault.  

   123



 

5.5 Radar-based Reflectometry  Methods 

Another fault location method based on distributed-parameter line model 

and modal transformation analysis is proposed in [58,59]. Unlike the passive 

remote sensing methods as described above, an active remote sensing scheme 

proposed in [58] that use the power-line-carrier (PLC) equipment to transmit a 

direct-sequence waveform down a faulted EHV line and to receive reflected 

waveform from the fault discontinuity. The waveform transmitted for ranging 

is a direct-sequence spread-spectrum signal, also described as biphase shift-

keyed (BPSK) where a periodic code that jumps in a noise-like manner between 

+1 and -1 [58]. The BPSK signal is band-limited by a lowpass filter (LPF) first 

and then multiplied by a sinewave with the carrier frequency . Therefore, the 

direct- sequence BPSK signal will be transmitted with a bandwidth of   ( , 

defined as a chip rate) centred on . The reflected sequence from the fault is 

then received at the transmitter, following a time delay corresponding to the 

distance between the transmitter and the fault location. A fault location 

algorithm based on the monitoring of the reflected sequence together with their 

delays has been reported in [58]. 

0f

cR2 cR

0f

 The method has an advantage over type A and B travelling-wave method 

in that the dependence on the availability of distinct travelling-wave 

components generated from the fault is eliminated. However, external signal 
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generating circuits together with transmitter and receiver are needed. 

Reflections from discontinuities not due to fault might represent some problems, 

and the algorithm needs to take into account, for any specific application, the 

known locations of discontinuities in the transmission line, such as 

transpositions. 

 

5.6 Conclusion 

The extensive review of fault location methods previously published in the 

literature has identified the key deficiencies or disadvantages associated with 

the methods.  

The impedance method using one-end data which is suitable for distance 

protection purpose does not provide sufficient accuracy for fault location 

requirement. The inherent error in the lumped-parameter transmission line 

model used in most of the impedance methods for fault location severely limits 

the accuracy even if two-end data is used. More recent methods proposed the 

use of distributed-parameter model combined with two-end data for fault 

location. This offers the scope for significantly improving the accuracy in fault 

location. However, a number of issues need to be addressed before the 

distributed-parameter model-based method can be considered for practical 

application. The issue include those arising from untransposed transmission 

lines and multi-terminal transmission circuits. 
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 Although it is attractive in principle, the travelling-wave-based fault 

location techniques previously proposed which use voltage/current waves 

generated from the fault still have a number of problems, even with improved 

data acquisition systems and communication systems at present. The principal 

limitation is that the travelling-wave content in transient voltage/current can be 

substantially damped and not distinct in many fault operating conditions. This 

will impair the performance of the methods based on the travelling waves. 

 The use of separate circuits for generating signals and pulses for fault 

location, although addressing the issue of the absence of distinct travelling 

waves in the passive methods, can still encounter practical problems when 

there are points of discontinuity in the transmission line which are not due to 

faults. Furthermore, the requirement of separate signal-generators, transmitters 

and receivers leads to higher cost in fault location system. 

 Against the above background, the next chapter will develop a new fault 

location method which addresses the issues identified in the existing or 

previously-proposed techniques. 

 

 

 

 

 

 

   126



 

CHAPTER  6 

 

Optimisation Algorithm for 
Fault Location Based on  

Distributed-Parameter Line Model  
and Synchronisation Technique 

 

 

 
6.1 Introduction 

A review of various algorithms for fault location has been made in Chapter 

5. It can be concluded that a two-end data method is generally superior to one-

end data methods. A distributed-parameter line model is best suitable for long 

transmission line. With the advance of modern communication technique and 

the increasing practicality of GPS equipment, synchronisation technique can 

provide fault location estimation with a highly accurate result. Even when there 

is synchronisation error, there is a compensation technique in the frequency-

domain which maintains the high accuracy of the fault location estimation. 

Based on the above background, a fault location method for transmission 

line based on three-phase distributed-parameter line model is proposed in this 
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chapter. Modal transformation analysis is applied to decouple three-phase 

relationship between phase variables into single-phase uncoupled relationship 

represented by modal variables. An eigenvector theory is used to find the 

eigenvalue of the product of line series impedance and admittance matrices 

which leads to a solution of three-phase matrices equations. Because 

eigenvector transformation matrices are dependent on the impedance and 

admittance matrices, they can represent the real characteristics of line geometry. 

Therefore, the error arising from the algorithm itself is eliminated when 

accurate information on the line parameters of the untransposed line can be 

provided to estimate fault location. The assumption of fully transposed line is 

not needed anymore. The fault location estimation is then followed by an 

optimisation method. Synchronisation error compensation is included by 

introducing a phase shift between the two ends of the line. The estimated fault 

location and the phase shift can be simultaneously obtained through the 

optimisation method.   

The proposed algorithm is also extended for locating fault in three-terminal 

lines. Data from different ends are communicated to each other. One of the ends, 

for example, the local end is used as the reference. Synchronisation errors are 

then represented by the phase shifts between the other two ends and the local 

end. The fault location and the two phase shifts are simultaneously estimated 

by using the optimisation method to solve the matrix equations in the phase-

variable form.  
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 Extensive simulations under a range of system and fault conditions have 

been carried out to quantify the accuracy and robustness of the proposed 

method. Following the simulation tests on a two-terminal line model using both 

synchronised and unsynchronised data, extension to a three-terminal line 

model is performed including the case with synchronisation errors. The results 

confirm the high performance of the proposed method. 

 

6.2 Three-phase Distributed-Parameter Line Model 

Based on the transmission line model in Fig.6.1, Appendix I derives the 

following relationship for the transmission line terminal voltages and currents: 

 SR

SR

− ⎡ ⎤⎡ ⎤ ⎡ ⎤
= ⎢ ⎥⎢ ⎥ ⎢ ⎥− −⎣ ⎦⎣ ⎦ ⎣ ⎦

VV A B
II C D

      (6.1) 

for: 

1( )e e
−=A T cosh λ Tl        (6.2) 

       (6.3) 1( )P i i
−=B Z T sinh λ Tl

       (6.4) 1( )P e e
−=C Y T sinh λ Tl

1( )i i
−=D Tcosh λ Tl        (6.5) 

Receiving End Sending End 
RS  

SI  RI  SV  RV  

l

Fig.6.1:  Single-circuit three-phase unfaulted transmission line 
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In (6.1), and  are vectors of phase-to-earth voltages at the sending-end 

and receiving-end 

RVSV

S respectively: R

[ ]ScSbSa
t

S VVV ,,=V        (6.6) 

[ ]RcRbRa
t

R VVV ,,=V       (6.7) 

where the subscripts a , b and identify phases “a”, “b” and “c” respectively. c

 Similarly,  and  in (6.1) are the transmission line currents at S and RISI R  

respectively: 

[ ]ScSbSa
t

S III ,,=I        (6.8) 

[ ]RcRbRa
t

R III ,,=I        (6.9) 

If and Z Y are the series-path impedance matrix and shunt-path admittance 

matrix per unit length of the line in the phase-variable form, then: 

=matrix of the eigenvectors of  eT ZY

=matrix of the eigenvectors of YZ  iT

=diagonal matrix of eigenvalues of  ZY2λ

in (6.3) is the phase-variable surge impedance matrix given in: pZ

ZTλTZ 11 −−= eep        (6.10) 

pY in (6.4) is formed from the inverse of , which is referred to as the phase-

variable surge admittance matrix.  

pZ
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The relationship in (6. 1) is valid for any frequency. However, in the context 

of the preset application, the relationship in (6.1) is applied to the supply 

frequency. 

 

6.3 Optimisation Technique for Fault Location  

6.3.1   Synchronised Data  

Through the two-port vector/matrix equation (6.1), the proposed fault 

location algorithm is based on the voltage constraint obtained from the line 

model in Fig.6.2 where the fault-point voltage  calculated by using sending-

end voltages/currents  is equal to the voltage  also at the fault point 

obtained from the receiving-end voltages/currents .  

FSV

Receiving End Sending End 
S  

/S SV I FRV

/R RV I

It is assumed that the phasors from both the sending-end S and receiving-

end R are synchronised. With reference to Fig.6.2, for a fault in the line between 

R  

SI RI

SV  RV  

FSV

FRV

Fault Point
F

x

l x = l  0x =  

Fig.6.2:  Single-circuit three-phase faulted transmission line 
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the -end and the S R -end, the vectors of calculated voltages at the fault point 

can be expressed as: 

( ) ( )FS S Sx x= −V A V B I  (6.11) 

RRFR xx IBVAV )()( −−−= ll  (6.12) 

Where  

[ ], , t
FS FSa FSb FScV V V=V  (6.13) 

[ ], , t
FR FRa FRb FRcV V V=V  (6.14) 

xand is the unknown fault distance to be calculated.  The total length of the line 

is .  l

 Unlike the conventional method [54], in which a direct formula to calculate 

the unknown per unit fault distance x  by using both two ends of three-phase 

voltages and currents. In the proposed algorithm, an optimisation method has 

been carried on to obtain the fault distance x . Ideally, the voltages at the fault 

point  and  should be equal, i.e. FRVFSV

FS FR=V V  (6.15) 

However, the ideal equation in (6.15) is not achieved in practice due to a 

number of reasons which include errors in the voltage and current 

measurements at S and R , time synchronisation errors and transmission line 

parameter calculation errors. Therefore, instead of solving the ideal equation in 

(6.15) as in [54] for the fault distance, the preset work will estimate the fault 

distance by minimising the difference between  and , using an FRVFSV

 132



established optimisation procedure. To achieve this purpose, the objective 

function to be minimised is formed in the following, in terms of the square of 

the magnitude of the phasor  :  FRFS VV −

2)( FRFSxobj VV −=  (6.16) 

or, in the form of three-phase voltages:  

2

,,
)( ∑

=

−==
cbai

FRiFSi VVxobj  (6.17) 

The optimisation problem formed in (6.17) has only one variable in fault 

distance x . A number of minimisation algorithms, including the quadratic 

programming technique, are available for solving efficiently the problem. 

x A good initial value for the fault distance can be obtained by applying the 

measured impedance formulae used in the distance protection. The initial value 

should be less than the line length if the fault has not been extinguished within 

the time window adopted for forming the voltage and current phasor used in 

fault location estimation. If this is not the case, particularly for a transitory fault, 

earlier time window needs to be selected and used for estimating fault location. 

 The availability of GPS in conjunction with the Phasor Measurement Unit 

(PMU) and digital relays allow the realisation of the described method for fault 

location purpose in practical power system operation. However, the error of 

synchronisation may not be avoidable. When it is the case, the error of 
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synchronisation should be considered and included in the fault location 

algorithms. 

6.3.2   Unsynchronised Data 

If the voltage and current phasors at S -end and R -end are not 

synchronised, there is a time difference between the phasors at S  and those at 

R which are formed from the unsynchronised data samples at the two ends. 

The time difference is then interpreted in terms of a phase error at the supply 

frequency. If  and  are the voltage and current phasors calculated by DFT 

analysis of the data samples at 

RV RI

R , the corrected phasors at R to be used in 

conjunction with the phasors at  for fault location estimation are, with S δ being 

the phase error: 

' j
R R e δ= ⋅V V   (6.18) 

' j
R R e δ= ⋅I I  (6.19) 

In (6.18) and (6.19),  and are synchronised voltage and current phasors 

synchronised with  and 

'
RV '

RI

SV SI after phase angle error correction. Using  and 

 in (6.11) and (6.12), two modified equations representing the relationship of 

unsynchronised phasors between the two ends of the line are given by: 

'
RV

'
RI

( ) ( )FS S Sx x= −V A V B I  (6.20) 

( ) ( )[ ] δj
RRFR exx ⋅−−−= IBVAV ll  (6.21) 

There are two unknown variables in (6.20) and (6.21) to be calculated. 

Using the minimisation method, the objective function is modified as: 
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2),( FRFSxobj VV −=δ  (6.22) 

or, in the three-phase form: 

2

,,
),( ∑

=

−=
cbai

FRiFSi VVxobj δ  (6.23) 

Minimising ( , )obj x δ in (6.23) with respect to x  and δ , the per unit fault 

distance and phase angle error are calculated at the same time.  

Equations (6.20) and (6.21) are a set of general equations for fault location 

estimation. The voltage and current data utilised in (6.20) and (6.21) either can 

be synchronised or unsynchronised data. In the case of using synchronised data, 

δ is equal to zero.  

 

6.4 Fault Location for Three-end Transmission Line 

Fault location for three-terminal transmission lines is a direct extension of  

the two-terminal case. If the synchronised phasors can be provided from all 

three terminals of the transmission lines, it will be straightforward to estimate 

the location of faults occurring on any circuit of the three-terminal lines using 

the two-terminal fault location method proposed in section 6.3. 

 For three-terminal lines, fault location algorithm will have two steps: first, 

the faulted circuit has to be identified; then, the location of the fault on that 

circuit is estimated.  
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6.4.1   Faulted Circuit Identification  

In Fig.6.3, different faults on each of the three circuits of a three-terminal 

line are shown.  

Fig.6.3: Three-terminal transmission line with faults on different circuits 
(a) Fault on S-J circuit; (b) Fault on R-J circuit; (c) Fault on T-J circuit 
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J J J JI V V I( ) S

FS FJV V

S RSI  RI  

SV RV  

TV
T

TI

fR
x2

F

(b) 
2l  

J ( )T
JV
( )T
JI

( ) ( ) ( ) ( ) S S R R
J J J JI V V I ( )R

FJ FRV V

S  RSI  RI

SV RV  

TV
T

TI
fR

x3

F

(c) 

3l  

J ( )T
JV
( )T
JI

( ) ( ) ( ) ( ) S S R R
J J J JI V V I

( )T
FJ

FT

V
V

According to (6.20), the voltages at junction point can be calculated by voltage 

and current phasors measured from three ends, -, 

J

-, and T -end:  RS
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( ) ( ) ( )1 1 1 1
S

J S= −V A V Bl l SI       (6.24) 

( ) ( ) ( )2 2 2 2
R

J R= −V A V Bl l RI      (6.25) 

( ) ( ) ( )3 3 1 3
T

J T= −V A V Bl l TI       (6.26) 

In (6.24)-(6.26), ( )S
JV ( )R

JV ( )T
JV, ,  represent voltages at junction point J ; , 

 and  are voltage/current phasors measured from S-, R-, and T-end; 

/S SV I

/R RV I /T TV I

1 1/A B , 2 2/A B , 3 / 3A B  denote /A B  matrices formed for circuits S-J, R-J and T-J; 

, and are total lengths of circuits S-J, R-J and T-J,  respectively. 1l 2l 3l

If the fault is on circuit S-J, ( )R
JV ( )T

JVand , the values of voltages at junction 

point J calculated using  and  of the two remaining unfaulted 

circuits R-J and T-J, respectively, should be very close. Therefore, the value of 

/R RV I /T TV I

( ) ( )T
J

R
J VV − ( ) ( ) 510−<− T

J
R

J VV should be very small, say  .  In other words, the 

faulted circuit can be detected by observing the difference of the voltages at the 

junction point estimated from information on the other two healthy  circuits. An 

alternative way to detect the faulted circuit is to find the minimum value 

among three following norm values, which are defined as and :   , 3ε1ε 2ε

( ) ( )
1ε=− T

J
R

J VV  (6.27) 

( ) ( )
2ε=− T

J
S

J VV  (6.28) 

( ) ( )
3ε=− R

J
S

J VV  (6.29) 

 

By finding the minimum of },,{ 321 εεε , the two unfaulted circuits will be 

confirmed, and this leads to the identification of the faulted circuit. This is a 
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more reliable method of faulted circuit identification, as it is more robust with 

respect to measurement errors and there is no need for pre-specifying a 

tolerance.  

6.4.2   Fault Location Using Two-end Synchronised Data 

The fault on any circuit of the three-terminal transmission line system is 

treated as a two-end line, one of which is the local end, and the other is junction 

point J. The voltage at point J and the fault current flowing from point J to fault 

point F are estimated using the distributed model of either of the two healthy 

lines. Once the information from both the local end junction point J is available, 

the proposed two-end fault location method is then applied to the faulted 

circuit. In this way, the three-terminal transmission line model is converted into 

three two-end line models to locate fault on the individual circuits.  

With reference of Fig.6.3, the procedure for fault location estimation on 

each circuit will be expressed using the following equations: 

(i) For fault on circuit S-J: 

To estimate fault distance , the objective function to be minimised is given 

by: 

1x

2)(
1)( S

FJFSxobj VV −=  (6.30) 

where 

 (6.31) SSFS xx IBVAV )()( 1111 −=

( ) ( ) ( )
1 1 1 1 1 1( ) ( )S R

FJ J Jx x= − − −V A V B Il l S

Sx

    (6.32) 

or       (6.33) ( ) ( ) ( )
1 1 1 1 1 1( ) ( )S T

FJ J Jx= − − −V A V B Il l
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In (6.32) and (6.33): 

( ) ( ) ( )(S R
J J J= − + )TI I I  (6.34) 
( )

2 2 2 2( ) ( )R
J R= − RI C V D Il l  (6.35) 
( )

3 3 3 3( ) ( )T
J T= − TI C V D Il l  (6.36) 

and ,  have been given in (6.25) and (6.26). )(R
JV )(T

JV

(ii) For fault on circuit R-J: 

To estimate fault distance , the objective function to be minimised is 

given by: 

2x

2)(
2 )( R

FJFRxobj VV −=  (6.37) 

where 

 (6.38) RRFR xx IBVAV )()( 2222 −=

( ) ( ) ( )
2 2 2 2 2 2( ) ( )R S

FJ J Jx x= − − −V A V B Il l R

Rx

)T

    (6.39) 

or        (6.40) ( ) ( ) ( )
2 2 2 2 2 2( ) ( )R T

FJ J Jx= − − −V A V B Il l

In (6.39) and (6.40): 

( ) ( ) ( )(R S
J J J= − +I I I  (6.41) 
( )

1 1 1 1( ) ( )S
J S= − SI C V D Il l  (6.42) 
( )

3 3 3 3( ) ( )T
J T= − TI C V D Il l  (6.43) 

and ,  have been given in (6.24) and (6.26). )(S
JV )(T

JV

(iii) For fault on circuit T-J: 

To estimate fault distance , minimising the objective function given by: 3x
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2)(
3 )( T

FJFTxobj VV −=  (6.44) 

where 

TTFT xx IBVAV )()( 3333 −=  (6.45) 
( ) ( ) ( )

3 3 3 3 3 3( ) ( )T S
FJ J Jx x= − − −V A V B Il l T

Tx

)R

   (6.46) 

or     (6.47) ( ) ( ) ( )
3 3 3 3 3 3( ) ( )T R

FJ J Jx= − − −V A V B Il l

In (6.46) and (6.47): 

( ) ( ) ( )(T S
J J J= − +I I I  (6.48) 
( )

1 1 1 1( ) ( )S
J S= − SI C V D Il l  (6.49) 
( )

2 2 2 2( ) ( )R
J R= − RI C V D Il l  (6.50) 

and ,  have been given in (6.24) and (6.25). )(S
JV )(R

JV

In (6.35)-(6.36), (6.42)-(6.43) and (6.49)-(6.50), , and  

denote  matrices calculated for circuits S-J, R-J and T-J. 

33 / DC11 / DC 22 / DC

DC /

6.4.3   Fault Location Using Three-end Unsynchronised Data 

By nominating the voltage and current phasors at S-end to be the phase 

reference, the synchronisation errors for the voltages and currents phasors at R-

end and T-end can be defined by  and1δ 2δ , respectively. Thus, the corrected 

voltage/current phasors at R-end and T-end are represented by /   

and / , respectively. Therefore, the fault location estimation for 

fault on each circuit using unsynchronised data can be summarised in a similar 

1δj
R e⋅V 1δj

R e⋅I

2δj
T e⋅V 2δj

T e⋅I
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way to that using synchronised data except that the number of variables in the 

minimisation increases to 3. 

Depending on the magnitudes of the phase errors, they can have some 

influence on the procedure for identifying the faulted circuit developed in 

section 6.4.1. If the phase errors are of low order, the procedure can still be 

applied reliably, without modification. However, with large phase errors, the 

procedure should be modified by using the differences of the phasor 

magnitudes as described in the following: 

The minimum of the following three differences is to be found, for 

identifying the faulted circuit: 

( ) ( )
1

, ,

R T
Ji Ji

i a b c

ε
=

− =∑ V V  (6.51) 

( ) ( )
2

, ,

S T
Ji Ji

i a b c

ε
=

− =∑ V V  (6.52) 

( ) ( )
3

, ,

S R
Ji Ji

i a b c

ε
=

− =∑ V V  (6.53) 

(i) For fault on circuit S-J: 

The form of the objective functions is the same as that in (6.30). However, in 

addition to the fault distance , there are two more variables and 1x 1δ 2δ  related 

to synchronisation errors amongst the three ends. Therefore, the objective 

function to be minimised is now expressed in: 

2( )
1 1 2( , , ) S

FS FJobj x δ δ = −V V  (6.54) 
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FSV and are the same as those given in (6.31)-(6.33). The current in 

(6.31)-(6.33) is replaced by unsynchronised phasors from R- and T-end: 

)(S
JI( )S

FJV

( ) ( )( ) ( R TS
J J J= − + )I I I  (6.55) 

1( )
2 2 2 2( ) ( ) 1j jR

J R Re eδ δ= ⋅ − ⋅I C V D Il l  (6.56) 

2( )
3 3 3 3( ) ( )jT

J T Te 2jeδ δ= ⋅ − ⋅I C V D Il l  (6.57) 

and / previously given in (6.25) and (6.26) are then rewritten as: )(R
JV )(T

JV

11 )()( 2222
)( δδ j

R
j

R
R

J ee ⋅−⋅= IBVAV ll    (6.58) 

22 )()( 3333
)( δδ j

T
j

T
T

J ee ⋅−⋅= IBVAV ll     (6.59) 

(ii) For fault on circuit R-J: 

The objective function used for fault location on circuit R-J is revised by 

considering synchronised error: 

2( )
2 1 2( , , ) R

FR FJobj x δ δ = −V V  (6.60) 

where 

11 )()( 2222
δδ j

R
j

RFR exex ⋅−⋅= IBVAV  (6.61) 
( ) ( ) ( )

2 2 2 2 2 2( ) ( )R S
FJ J Jx x= − − −V A V B Il l R

R

   (6.62) 

or       (6.63) ( ) ( ) ( )
2 2 2 2 2 2( ) ( )R T

FJ J Jx x= − − −V A V B Il l

In (6.62) and (6.63): 

( ) ( )( ) ( S TR
J J= − + )JI I I  (6.64) 
( )

1 1 1 1( ) ( )S
J S= − SI C V D Il l  (6.65) 

2( )
3 3 3 3( ) ( )jT

J T Te 2jeδ δ= ⋅ − ⋅I C V D Il l  (6.66) 
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and for , : )(S
JV )(T

JV

SS
S

J IBVAV )()( 1111
)( ll −=       (6.67) 

22 )()( 3333
)( δδ j

T
j

T
T

J ee ⋅−⋅= IBVAV ll    (6.68) 

(iii) For fault on circuit T-J: 

The objective function is given by: 

2( )
3 1 2( , , ) T

FT FJobj x δ δ = −V V  (6.69) 

where 

22 )()( 3333
δδ j

T
j

TFT exex ⋅−⋅= IBVAV  (6.70) 
( ) ( ) ( )

3 3 3 3 3 3( ) ( )T S
FJ J Jx x= − − −V A V B Il l T

Tx

   (6.71) 

or        (6.72) ( ) ( ) ( )
3 3 3 3 3 3( ) ( )T R

FJ J Jx= − − −V A V B Il l

In (6.71) and (6.72): 

( ) ( )( ) ( S RT
J J= − + )JI I I  (6.73) 
( )

1 1 1 1( ) ( )S
J S= − SI C V D Il l  (6.74) 

1( )
2 2 2 2( ) ( )jR

J R Re 1jeδ δ= ⋅ − ⋅I C V D Il l  (6.75) 

and for , : )(S
JV )(R

JV

SS
S

J IBVAV )()( 1111
)( ll −=       (6.76) 

11 )()( 2222
)( δδ j

R
j

R
R

J ee ⋅−⋅= IBVAV ll    (6.77) 
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6.5 Conclusion 

A new accurate method of fault location, with several advantages over 

previously-published fault location methods, has been presented in this chapter.   

Using a distributed-parameter line model and phase-variable matrix equation 

sets is suitable for fault location on untransposed lines, which were previously 

often avoided by approximation based on perfectly transposed line and using a 

symmetrical sequence transformation matrix, or by using some special form of 

eigenvector matrices [54]. The high accuracy will be verified by extensive 

studies cases simulated and tested in a wide range of fault operating conditions 

the following chapter. With synchronisation error correction, this proposed 

method will ensure high accuracy in even the case of unsynchronised data. 

More practically, the proposed method has been also applied into multi-

terminal transmission lines, and its performance will also be examined in this 

case.  
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CHAPTER  8 

  
Overall Conclusion 

 

 
 
8.1 Contributions  

The research reported in the thesis has led to a number of advances in the 

field related to power systems control and protection. Specifically, new 

algorithms have been developed for power system frequency and phasor 

estimation and transmission line fault location. The individual achievements 

are summarised in the followings: 

In relation to system frequency estimation, the research for the first time 

applies successfully the nonlinear median filtering technique which, when 

combined with a z-transform model having a low order for representing the 

power system waveform, leads to a high-speed algorithm with high accuracy as 

required in practical application. The overall algorithm is non-iterative, and 
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does not assume any relations among the frequency components. Convergence 

problem, therefore, does not arise in the algorithm developed.  

The next advance made by the research addresses the fundamental issue of 

spectral leakage errors encountered in the conventional DFT method when 

applied to estimate the supply-frequency phasors from power system 

waveforms in the operating condition of system frequency deviation.  Based on 

the principle that the spectral leakage error is eliminated by synchronising the 

DFT window length with the operating frequency, the research develops a 

modified DFT method where the evaluation of the Fourier series in the 

continuous time-domain form is achieved by numerical integration combined 

with a linear interpolation scheme. The effectiveness of the modified DFT 

method developed in eliminating leakage errors has been verified by many test 

studies and evaluations, using a wide range of power system waveforms 

encountered in practice.  

The third advance made in the research relates to the development of a 

new fault location algorithm for transmission lines. The objective of achieving 

high accuracy required of fault location has been achieved with the algorithm. 

The algorithm development has drawn on the two key techniques which are 

applied in combination for the first time. The first technique is the use of a 

multi-conductor distributed-parameter model of transmission lines in the 

frequency domain, which is highly accurate and applicable to any line length. 

The second is the application of an optimisation approach to fault location 
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estimation. It is this approach that provides robustness and reliability in the 

estimation, given that there are always uncertainty and errors in transmission 

line parameters, phasor measurements and synchronisation in data sampling at 

different ends of a transmission line. Many test studies applied to various 

transmission lines have confirmed that very high accuracy was achieved by the 

new fault location algorithm. 

 

8.2 Future Work  

 The investigation in section 7.2.8 of Chapter 7 indicates that the fault 

location error of up to about ±0.72% of the total line length can be encountered, 

depending on the magnitudes of errors in phasor measurements, including 

those caused by current and voltage transducers errors. It is suggested here that 

future work based on the optimisation method developed in Chapter 6 can be 

undertaken where the phasor measurements errors are to be represented as 

variables which will be estimated simultaneously with the fault location. The 

optimal multi-variable estimation technique would reduce the dependence of 

fault location estimation accuracy on the magnitudes of errors in the hardware 

used for transmission line voltage and current measurements.  

Another proposal for future research work is that of extending the optimal 

fault location procedure developed in Chapter 6 to transmission lines with 

series compensation, including thyristor-controlled series compensators [62-64]. 
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The transmission lines usually are untransposed due to effects of 

parameters aging, asymmetry of the lines, etc. The matrices of untransposed 

lines can be decoupled with transformations to modal parameters derived from 

eigenvalue/eigenvector theory.  

For a specific small element of the three-phase transmission line section of 

Δx we have the following ordinary differential equations in the compact form: 

d -
d x

=
V Z I         (AI.1) 

d -
d x

=
I Y V         (AI.2) 

Where, the notions V  and I are functions of distance x and angular frequency ω, 

i.e. ( , )x ωV  and ( , )x ωI . andV I  are (3 by 1) vectors corresponding to the 

phasors of phase-to-ground voltage and current at fundamental frequency. 

Equation (AI.3) and (AI.4) give the matrix forms of V and I : 

[ ]T
a b cV V V=V        (AI.3) 

[ ]T
a b cI I I=I         (AI.4) 

Z  and Y in equations (AI.1) and (AI.2) can be written in the form of : 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

lcclcblca

lbclbblba

laclablaa

ZZZ
ZZZ
ZZZ

Z        (AI.5) 

aa ab ac

ba bb bc

ca cb cc

Y Y Y
Y Y Y
Y Y Y

− −⎡ ⎤
⎢ ⎥= − −⎢ ⎥
− −⎢ ⎥⎣ ⎦

Y       (AI.6) 

Z  and Y  in (AI.1) and (AI.2) are the per unit length series impedance and the 

shunt admittance matrices (3 by 3), respectively, which are evaluated at angular 

frequency ω. The corresponding diagonal elements refer to the self-
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impedances/admittances, whereas the others refer to the mutual-

impedances/admittances. Appendix presents a detailed derivation of Z and Y .  

For a transmission line with uniform parameter distribution, matrices  and Z Y  

are independent of the distance x.  

 Equations (AI.1) and (AI.2) is differentiated and combined to two normal 

second-order differential equations: 

2

2

d
d x

=
V Z Y V         (AI.7) 

2

2

d
d x

=
I Y Z I         (AI.8) 

As both Z  and Y are full and symmetrical always, the products ZY and YZ are 

full and have a relationship of [ ]T=Y Z Z Y . To simplify the analysis, equations 

(AI.7) and (AI.8) may be rewritten as follows: 

2

2

d
d x

=
V S V         (AI.9) 

  
2

2

d
d

T

x
=

I S I         (AI.10) 

Where 
aa ab ac

ba bb bc

ca cb cc

⎡ ⎤
⎢ ⎥= = ⎢ ⎥
⎢ ⎥⎣ ⎦

P P P
S ZY P P P

P P P
 

 In general, S will not be a diagonal matrix, which means that there is no 

direct solution to equation (AI.9) and (AI.10). The main difficulty in solving the 

three-phase problem is due to the fact that second order rates of changes of 

voltage/current in each phase are a function of the voltages/currents in all 

phases. For example, the first row of equation (AI.9) is of the form: 
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2

2

d
d

a
aa a ab b ac c

V S V S V S V
x

= + +        (AI.11) 

Therefore, an elimination process known as modal transformation is introduced. 

The solution of equations (AI.7) and (AI.8) is based on a linear 

transformation of voltage and subsequent manipulation, by transforming the 

three coupled equations into the three decoupled equations, so that second-

order differential relationships involve diagonal matrices only. Mutual effects 

are thus eliminated, making a direct solution possible. 

To achieve this, modal transformation matrices which diagonalise the 

and , new sets of postulated or derived voltage and current variables 

called the modal variables, and

Y Z Z Y

mV mI , are introduced through the use of modal 

transformation matrices. The actual phase variables, V and I , are related to the 

modal variables by the equations: 

e m=V T V        (AI.12) 

i m=I T I         (AI.13) 

where is the voltage modal decomposition matrix, and is the current 

modal decomposition matrix. For 

eT iT

0)det( ≠eT  and 0)det( ≠iT : 

VTV 1−= em        (AI.14) 

ITI 1−= im        (AI.15) 

 Substitution of equations (AI.12) and (AI.13) into (AI.7) and (AI.8) yields: 

2
1

2

d (
d

m
e ex
−=

V T Z Y T V) m        (AI.16) 
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2
1

2

d (
d

m
i ix
−=

I T Y Z T I) m

i

      (AI.17) 

To remove interaction in the new variables, it is necessary that  

and  are diagonal matrices described as the equations (AI.18) and 

(AI.19): 

1
e e
−T Z Y T

1
i
−T Y Z T

{ }1 2 2 2 2
1 2 3λ diag λ ,  λ ,  λe e

− = =T ZYT     (AI.18) 

{ }1 2 2 2 2
1 2 3λ diag λ ,  λ ,  λi i

− = =T YZT     (AI.19) 

When ,  are the matrices of eigenvectors of the matrix products , 

and are its eigenvalues, equation (AI.18) is satisfied. Taken in this 

sense, is referred to as the eigenvector transformation matrix for voltage 

variables. Similarly,  is defined as the eigenvector transformation matrix for 

current variables (It is noted that if both Z  and are symmetrical, the 

eigenvalues of Z Y  and would be the same, having the relationship of 

eT iT Z Y

YZ 2 2
1 2λ ,  λ ,  λ2

3

eT

iT

Y

Y Z

[ ]T=Y Z Z Y .)   can be related to  in the following manner: eT iT

1T
e i

−=T T                                (AI.20) 

Therefore, we have the decoupled equations in a modal form:  

 m
m

x
VV 2

2

2

λ
d

d
=         (AI.21) 

m
m

x
II 2

2

2

λ
d

d
=         (AI.22) 

We now identify the variables to which transformation is made using: 

[ ] [ ]1 2 3, ,T
m V V V=V        (AI.23) 

[ ] [ ]1 2 3, ,T
m I I I=I        (AI.24) 
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To solve equations (AI.21) and (AI.22), consider that xmV  and xmI  are 

vectors of modal voltages and currents respectively at a point on the line 

distance x  from the end designated as the sending-end, and  and SmV SmI  are the 

vectors of modal voltages and currents at the end. Hence, the solutions of (AI.21) 

and (AI.22) yield: 

( ) (λ ) (λ )m Sm mx x x Sm= −V cosh V Z sinh I     (AI.25) 

( ) (λ ) (λ )m Sm mx x x Sm= −I cosh I Y sinh V      (AI.26) 

Where  is defined as the matrix of modal surge impedances.  

is also a diagonal matrix: 

- 1 1λm e
−=Z T Z iT mZ

1 2 3diag( , , )m Z Z Z=Z        (AI.27) 

 and . The  and  matrices in equations (AI.25) and 

(AI.26) are the functional matrices: 

[ ] 1−= mm ZY )(λxcosh )λ( xsinh

1 2(λ )  diag{cosh(λ ),  cosh(λ ),  cosh(λ )}3x x x=cosh x

3

   (AI.28) 

1 2(λ ) diag{sinh(λ ) ,s inh(λ ) ,s inh(λ )}x x x=sinh x    (AI.29) 

 Turning back to phase-variables form, equations (AI.25) and (AI.26) in modal 

form can be transformed by using the transformation relationships of equations 

(AI.14) and (AI.15) and gives: 

{ } { } simesee xxx ITsinhZTVTcoshTV  )λ(  )λ(  )( 11 −− −=    (AI.25) 

{ } { } semisii xxx VTsinhZTITcoshTI  )λ(  )λ(  )( 111 −−− −=    (AI.26) 
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RV and RI denote vectors of phase-voltage and current variables at the receiving-

end respectively, then: 

{ } { }1(λ ) (λ )  R e e S e m i
−= −V T cosh T V T Z sinh T Il 1

S
−l    (AI.27) 

{ } { }1 1(λ ) (λ )R i i S i m e
− − −= −I Tcosh T I T Z sinh T Vl 1

Sl    (AI.28) 

It is often helpful to achieve a further form of these by using: 

{ } { }1 1(λ ) λ )R e e S e m i i i
− −⎡ ⎤= − ⎣ ⎦V T cosh T V T Z T Tsinh T Il l 1( S

−    (AI.27) 

{ } { }1 1(λ ) λ )  R i i S e m i e el l− −⎡ ⎤= − ⎣ ⎦
1( S

−I Tcosh T V T Z T T sinh T V    (AI.28) 

The main purpose of this further form is to identify the phase-variable surge 

impedance matrix  , where: PZ

1−= imeP TZTZ         (AI.29) 

Denoting the inverse of this by : pY

[ ] 1 1 1
P P i m

−
e

− −= =Y Z T Z T        (AI.30) 

Equations (AI.27) and (AI.28) re-arrange to the two-port form: 

  SR

SR

− ⎡ ⎤⎡ ⎤ ⎡ ⎤
= ⎢ ⎥⎢ ⎥ ⎢ ⎥− −⎣ ⎦⎣ ⎦ ⎣ ⎦

VV A B
II C D

      (AI.30) 

for: 

1(λ )e e
−=A T cosh Tl       (AI.31) 

1(λ )P i i
−=B Z T sinh Tl       (AI.32) 
1(λ )P e e

−=C Y T sinh Tl       (AI.33) 
1(λ )i i

−=D Tcosh Tl       (AI.34) 
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Application of a z-transform signal model and
median filtering for power system frequency and
phasor measurements

T.T. Nguyen and X.J. Li

Abstract: A z-transform signal model that when combined with a nonlinear post-filtering scheme is
able to estimate the operating frequency and voltage/current phasors in a power system is
developed. The signal model parameters are identified by an optimisation method in which the
error between the model output and the actual signal that represents a voltage or current in the
power system is minimised. The form and structure of the signal model do not require iterations in
the optimisation process for parameter identification. The system operating frequency is directly
evaluated from the model parameters. Noise effects and possible mismatches between the model
and the actual signal are countered very effectively by applying a median post-filtering process
to the time series representing the frequency estimates derived from the model. Extensive
simulation studies and comparisons with existing frequency estimation techniques confirm the high
performance of the proposed method in terms of accuracy and time delay. The accurate estimation
of the operating frequency, achieved by the proposed method, allows voltage and/or current
phasors in power systems to be measured or determined more precisely.

List of principal symbols

A signal waveform amplitude
Ak amplitude of the kth component of the signal
A least-mean-square estimation matrix with the

dimension of (L+1)�M
At transpose of matrix A
A+ pseudo-inverse of matrix A
b M-dimensional vector of bl coefficients
bt transpose of vector b
B least-mean-square estimation vector with dimen-

sion L+1
Bt transpose of vector B
bl coefficients of the polynomial equations
f fundamental frequency
fk frequency of the kth signal component
fmed post-filtered frequency estimate
fs sampling frequency
f (t) time-dependent supply frequency
H(z) denominator of Y(z)
k signal component identifier
L+1 number of linear equations used in least-mean-

square estimation
m number of signal components
M 2m, order of the z-plane signal model
n discrete time variable
N(z) numerator of Y(z)

P median filter window length
t continuous time variable
Dt sampling time interval
u unit step function
y(n) power system voltage/current in the discrete time

domain
ys(n) discrete time signal obtained from the data

acquisition system
y(t) power system voltage/current in the continuous

time domain
Y(z) z-transform of y(n)
z z-transform operator
zk the kth root with positive argument of the

polynomial equation H(z)¼ 0
ak attenuation coefficient of signal amplitude for each

frequency component
y signal waveform phase angle
yk phase angle of the kth component of the signal
o fundamental angular frequency
ok angular frequency of the kth component of the

signal

1 Introduction

The online measurement of the operating frequency and the
phasors that represent the frequency components of the
supply voltage and current in a power system plays an
essential role in power system operation, control and
protection. Some of the key applications of the measured
operating frequency are in frequency control and automatic
generation control, and security control in relation to
under-frequency load shedding. Accurate estimation of the
system operating frequency is also required in forming
voltage and current phasors by phasor measurement unitsE-mail: tam@ee.uwa.edu.au
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(PMUs). In turn, the phasors obtained from the PMUs are
used in a wide range of applications which include wide-
area protection and emergency control [1]. The challenges
encountered in online frequency and phasor estimation arise
from a number of factors in combination. The estimation
algorithm must be sufficiently robust to provide accurate
outputs in dynamic operating conditions in which there is
system frequency variation, and in the presence of harmonic
distortions, DC offset and noise. Another important factor
to be considered is the computing time requirement of the
signal processing algorithm.

There have been numerous methods proposed in the
literature to estimate the operating frequency and/or
phasors [2–11]. Most of the methods, particularly the more
recent ones, provide estimations of the power system
waveform parameters including the supply frequency by
using postulated models to represent the waveform [4–11].
The simplest model that has been adopted contains only
one frequency component, i.e. the supply frequency [4–8].
The consequence is that the performance of these
techniques will deteriorate for actual waveforms which are
distorted by harmonics, noninteger harmonics and transient
components. Separately, there has been active research with
the aim of taking into account waveform distortions in
estimating the supply frequency [4–8, 10, 11]. The main
approach is that of using filters to attenuate frequency
components other than the supply frequency. The dis-
advantage is that the approach does not take into account
the noninteger harmonics or subharmonics. Terzija [9]
proposed more detailed waveform models which include
directly harmonic components. The method uses iterative
schemes such as a Newton-type algorithm to identify the
model parameters which are the supply frequency, ampli-
tudes and phase angles of the components [9]. A method
proposed using this approach is very attractive in principle.
However, there remain a number of important issues which
need to be addressed prior to practical applications. The
models are assumed to have only integer harmonics, whilst
in practice, the actual waveform often has noninteger
harmonics or even subharmonics, particularly when there is
a wide range of nonlinear loads based on power electronic
systems at present. The computing time requirement of the
iterative methods can be excessive, and they may not
be suitable for online applications if high-order models are
used to achieve the required accuracy. Furthermore, the
convergence of the methods is sensitive to the initial guess
of the model parameter values, i.e. there is no guarantee of
convergence.

Against the above background, we develop a method for
system frequency estimation. The objective is to address
the issues encountered in the previous techniques using
detailed waveform models. The starting point of the
proposed method is that of postulating a waveform model
in terms of a sum of components with different frequencies
which are not necessarily integer multiples of the supply
frequency. The proposed method eliminates the problems
associated with the nonlinear iterative techniques by
decomposing the supply frequency estimation procedure
into two key steps. In the first step, the waveform model
is transformed into a linear difference equation in the
discrete time domain. Using successive waveform samples
obtained from the data acquisition system (DAS), a linear
optimal algorithm is developed that is able to identify the
coefficients of the difference equation. There is no
requirement for time-consuming iterations in the coefficient
identification process. The problems associated with the
initial guess of parameter values and convergence, therefore,
do not arise.

The supply frequency estimation is achieved in the second
step of the proposed method. The time domain model,
expressed in terms of a difference equation with known
coefficients, is transformed to that in the z-plane in the form
of a rational function. The roots of the denominator
polynomial of the z-plane rational function give the
individual frequencies, including the supply frequency. To
enhance the accuracy of the method and reduce errors
arising from noise and any possible mismatches between the
postulated model and the actual signal, a nonlinear post-
filtering scheme based on a median filter is used for
operating on the frequency estimates. Although median
filtering has been used extensively in signal and image
processing [12], the literature on the research and applica-
tion of median filtering in power systems is rather limited
[13]. The use of median filtering offers advantages over
those linear low-pass filtering schemes that have been
previously applied to improve the accuracy of frequency
estimations [3, 5–8]. Bad data corresponding to poor
frequency estimates is identified and ignored by median
filtering. In contrast, the output of a linear filter is calculated
from a linear combination of data samples, including bad
data. Another advantage is that there is no need to specify
the cut-off frequency in median filtering. To determine the
cut-off frequency as needed in the linear low-pass filtering to
provide a good performance in all credible operating
conditions is a difficult, if not impossible, task.

The noniterative procedure for identifying signal model
parameters combined with median filtering which operates
on the time series output derived from the model
parameters provides a fast and reliable method for system
frequency estimation, which is suitable for online applica-
tions. With accurate system frequency estimation, the
calculation of phasors representing system voltages or
currents is achieved with a high accuracy. For example, the
discrete Fourier transform (DFT) can be applied to form
phasors without spectral leakage errors when the DFT data
window is synchronised with the system frequency [14].

The developed method is tested with a wide range of
waveforms including those with noise, time-dependent
amplitude and/or supply frequency, harmonic, subharmo-
nic and noninteger harmonic frequency components. The
performance of the method is compared with those of other
previous frequency estimation techniques. The comparative
study confirms the high accuracy and short time delay
achieved by the proposed method.

2 Z-Transform signal model

2.1 Model derivation
The general time domain function which describes a power
system voltage/current waveform is given by, when there
are m signal components in the waveform:

yðtÞ ¼
Xm

k¼1
Ak expð�aktÞ sinðokt þ ykÞ ð1Þ

where, t is the continuous time variable, y(t) denotes the
time domain function, ok and yk are the angular frequency
and initial phase angle of the kth signal component, the
damped or time-dependent amplitude of the kth component
is given by Ak expð�aktÞ where ak is the attenuation
coefficient and Ak is the amplitude at time t¼ 0. In the case
of a pure sinusoidal component, ak is equal to zero, when
ok¼ 0, the kth component represents a transient DC signal
in the form of an exponential function.

Following sampling and A/D conversion by the DAS,
the time domain signal in (1) is represented in the
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discrete form:

yðnÞ ¼
Xm

k¼1
Ak exp ð�aknDtÞ sinðoknDt þ ykÞ ð2Þ

where Dt is the sampling time interval and n is the discrete
time variable. The sampling frequency is fs ¼ 1=Dt.

For any time step i previous to n, the signal sample
y(n� i) is, from (2):

yðn� iÞ ¼
Xm

k¼1
Ak exp ð�akðn� iÞDtÞ sinðokðn� iÞDt þ ykÞ

ð3Þ
There are 2m equations in the form of (3) for the 2m
successive time steps previous to n. On eliminating the Ak

and yk for k ¼ 1; 2; . . . ;m, using these 2m equations, the
following linear recursive relationship in the discrete time
domain is obtained:

yðnÞ þ
XM
l¼1

bl � yðn� lÞ ¼ 0 ð4Þ

In (4), M¼ 2m, and the bl for l ¼ 1; 2; . . . ;M are nonlinear
functions of the attenuation constants ak and angular
frequencies ok for k ¼ 1; 2; . . . ;m.

It is now proposed to transform to the z-plane the time
domain difference equation in (4). If Y(z) is the z-transform
of y(n), then the z-transform of y(n� l ) is z�lY ðzÞþPl

j¼1 yð�jÞz�lþj. Therefore, the z-transform of (4) is:

Y ðzÞ þ
XM
l¼1

bl z�lY ðzÞ þ
Xl

j¼1
yð�jÞz�lþj

" #
¼ 0 ð5Þ

On rearranging (5), the waveform described by (1) is
modelled by the following z-plane rational function:

Y ðzÞ ¼ NðzÞ
HðzÞ ð6Þ

In (6)

NðzÞ ¼ �
XM
l¼1

bl

Xl

j¼1
yð�jÞz�lþj

" #
ð7Þ

and

HðzÞ ¼ 1þ
XM
l¼1

blz�l ð8Þ

The frequencies of individual signal components are related
to the roots of the denominator polynomial H(z) in (8) [15].
This important property will be drawn on in Section 3 when
deriving the supply frequency estimation algorithm. In
general, the roots of H(z) are given in conjugate pairs when
the bl coefficients are real:

zk ¼ expð�akDtÞ expðjokDtÞ ð9Þ
and

z�k ¼ expð�akDtÞ expð�jokDtÞ for k ¼ 1; 2; . . . ;m ð10Þ
The frequency of the kth signal component is then related to
the argument of the kth root:

fk ¼
argðzkÞ
2pDt

ð11Þ

2.2 Discussion
The developed signal model is a general model which can
include multiple frequency components. Unlike existing
methods, there are no assumptions in the model in relation
to frequency values. The frequencies in the signal can take

any value. Subharmonics and noninteger harmonics present
no difficulty to the model. Any transient components such
as DC offset and oscillations with damped amplitude are
directly included. The linear discrete time-domain equation
in (4) is of a general form which is valid for any
combination of sinusoidal functions, damped oscillations
and DC offset. It provides the basis on which the model
parameters are identified, using signal samples at successive
sampling time instants. Interpreting the model in the z-plane
allows the signal frequencies to be determined from the
roots of the z-plane polynomial, the coefficients of which
are calculated from the time domain signal samples.

Unlike existing methods, such as that described by the
Yule-Walker equations [16], the signal model described in
(4) does not assume any knowledge of the noise or
disturbance in the signal. In general, it is not possible to
have a priori knowledge of noise or disturbance in power
system waveforms. To reduce bad data due to noise or
disturbance which gives poor frequency estimation, our
proposed method uses a median filtering technique
described in Section 4 instead of modelling noise in the
signal.

3 Frequency estimation algorithm

3.1 General
The algorithm consists of two parts. In the first part the bl

coefficients ðl ¼ 1; 2; . . . ;MÞ of the linear discrete time-
domain equation in (4) are estimated. The second part
calculates the system frequency by solving for the roots of
the polynomial equation where coefficients are the bl values
determined in the first part.

3.2 Coefficients of the difference equation
Equation (4) is rearranged into the following form:

yðnÞ ¼ �
XM
l¼1

bl � yðn� lÞ ð12Þ

Applying the difference equation in (12) to the discrete time
signal ys(n) which is obtained from the DAS leads to:

ysðnÞ ¼ �
XM
l¼1

bl � ysðn� lÞ ð13Þ

At least M equations in the form of (13) are required to
determine the M unknown variables in bl. The equations are
formed by using successive samples of the signal. However,
with noise superimposed on the signal and/or when the
chosen model order is not exactly equal to that of the signal,
the accuracy in estimating the bl values can be affected if
exactly M equations are used. In practice, to enhance the
accuracy, the number of equations is selected to be greater
than the number of unknown bl variables. A least mean
square (LMS) method is then used to estimate the variables.
On applying (13) for successive time steps:

ysðnÞ ¼ �
XM
l¼1

bl � ysðn� lÞ ð14Þ

ysðn� 1Þ ¼ �
XM
l¼1

bl � ysðn� l� 1Þ ð15Þ
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ysðn� 2Þ ¼ �
PM
l¼1

bl � ysðn� l� 2Þ

..

.

ð16Þ

ysðn� jÞ ¼ �
PM
l¼1

bl � ysðn� l� jÞ

..

.

ð17Þ

ysðn� LÞ ¼ �
XM
l¼1

bl � ysðn� l� LÞ ð18Þ

The L in (18) is chosen such that L4M� 1.
On assembling (14)–(18) into a vector/matrix form:

Ab ¼ B ð19Þ
In (19)

A ¼

�ysðn� 1Þ �ysðn� 2Þ . . . �ysðn�MÞ

�ysðn� 2Þ �ysðn� 3Þ . . . �ysðn�M � 1Þ
..
. ..

. ..
.

�ysðn� 1� jÞ
..
.

�ysðn� 1� LÞ

�ysðn� 2� jÞ
..
.

�ysðn� 2� LÞ

. . .

. . .

�ysðn�M � jÞ
..
.

�ysðn�M � LÞ

2
6666666664

3
7777777775

ð20Þ

bt ¼ b1 b2 b3 . . . bMð Þ ð21Þ

Bt ¼ ysðnÞ ysðn� 1Þ ysðn� 2Þ . . . ysðn� LÞð Þ
ð22Þ

As the dimension of matrix A in (20) is ðLþ 1Þ �M with
ðLþ 1Þ4M , the inverse of A does not exist. The unknown
vector b is determined by minimising the error function
defined in:

E ¼ ðAb� BÞtðAb� BÞ ð23Þ
Minimising E in (23) based on the solution of @E=@b ¼ 0
leads to:

b ¼ AþB ð24Þ
In (24)

Aþ ¼ ðAtAÞ�1At ð25Þ
Matrix A+ in (25) is referred to as the pseudo-inverse of
matrix A. Unlike previous publications, the LMSmethod of
the form used in the present study does not require any
iteration, and the problem of convergence does not arise.

The solution for parameter vector b is written in a
symbolic form in (24) and (25). In practice, a more-efficient
method for determining b is achieved by solving the linear
equation system ðAtAÞ � b ¼ AtB, using, for example, the
Gauss elimination method.

3.3 Determination of system frequency
Using the results of the modelling and analysis presented in
Section 2.1, the individual frequencies of the signal
components are obtained from the roots of the following
equation:

1þ
XM
k¼1

bl � z�l ¼ 0 ð26Þ

The bl coefficients in (26) are identified by applying the
procedure developed in Section 3.2. Equation (26) is

rearranged into the following polynomial form in z:

zM þ
XM
l¼1

bl � zM�l ¼ 0 ð27Þ

A standard algorithm, such as that based on the calculation
of the eigenvalues of the companion matrix formed from
the bl coefficients, can be used to solve a polynomial
equation in the form of (27). Solutions for the roots of (27)
are achieved without the convergence problem associated
with existing iterative methods for frequency estimation
being encountered.

The roots of (27) with real coefficients appear in complex
conjugate pairs. Using the roots with positive arguments,
the frequency of the kth signal component, fk, is given by:

fk ¼
argðzkÞ
2pDt

ð28Þ

where, zk is the kth root of (27) with a positive argument.
Among the set of frequencies determined from (28), the

frequency that is closest to the nominal supply frequency
values is selected as the system operating frequency.

4 Median filtering

Due to noise effects and/or the selected model signal order
not being exactly the same as the order of the actual signal,
which is unknown, it is possible that the operating
frequency estimates, obtained using the procedure devel-
oped in Section 3, are in error.

Simulation investigations indicate that the errors are time
dependent and have the form of irregular oscillations. This
suggests that the use of a digital low-pass filter operating on
the time series representing the system frequency estimates
would enhance the accuracy. The application of traditional
linear low-pass filters has been proposed in the existing
methods for frequency estimation. However, there are a
number of issues in relation to the use of linear post-filtering
processes. There is no reliable method to determine the cut-
off frequency required for optimal performance in different
operating conditions, including those in transient operating
modes. It is not clear whether a single low-pass filter or a
number of low-pass filters with individual cut-off frequen-
cies would be required. Furthermore, a linear digital low-
pass filter calculates its output using a linear combination of
the data samples in the input time series. Due to errors,
many of the samples used in the calculation contain poor
data. The linear low-pass filter does not have the capability
to discriminate against poor data samples. Against this
background, we propose the application of a nonlinear
filtering scheme, the median filter system [12], for post-
filtering the frequency estimates obtained by the procedure
of Section 3. The use of median filtering removes the
deficiencies inherent in the linear filtering scheme. Median
filtering provides a low-pass function, without the dis-
advantages associated with a linear filter.

A brief review of median filters is introduced in this
Section. For the standard median filter, a data window that
spans (2N+1) points is moved across the entire time series.
The output value of the filter is the median of the set of
samples in the window. If ff ð�Þg is the time series that
represents the system operating frequencies estimated from
the algorithm developed in Section 3, the post-filtered
frequency output time series, ffmedð�Þg, is formed in:

fmedðkÞ ¼ median f ðk � NÞ; . . . ; f ðkÞ; . . . ; f ðk þ NÞf g
ð29Þ
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If n is the time step counter, which starts from one, then the
median filter’s first output will be at time step P, where P is
the length of the filter window, which is (2N+1). The time
delay at the start is therefore PDt.

5 Simulation tests

5.1 Initial Case
The power system waveform in the initial test study is a
pure sinusoidal function given by A sinð2pft þ yÞ where f
is the system operating frequency. The nominal frequency is
50Hz. The sampling frequency is 1kHz which corresponds
to a sampling time interval, Dt, of 1ms. A sampling
frequency of 1kHz will be used in all of the considered
cases. The data window length used to estimate the
parameters of the z-plane signal model is chosen to be
equal to ten, with the signal model order being equal to two
in this initial case. Different operating frequencies in
the range [45–55Hz] and initial phase angles are used
in the test.

All of the frequency estimations in the test give the
accurate results, without any errors. In this case, there is no
need for median post-filtering to enhance the accuracy of
the estimations.

5.2 Power system waveform with distortion
The ideal power system waveform in the initial test
of Section 5.1 is now augmented with harmonics,
interharmonics, subharmonics and a DC offset transient
component. The function describing the waveform is
given by:

yðtÞ ¼ AðtÞ sinð2p� f � t þ yðtÞÞ
þ 0:02 sinð2p� 3f � t þ 42�Þ
þ 0:001 sinð2p� ð3:4Þf � t þ 60�Þ
þ 0:001 sinð2p� ð4:4Þf � t þ 87�Þ
þ 0:001 sinð2p� ð0:5Þf � t þ 74�Þ
þ 0:001 sinð2p� ð0:6Þf � t þ 27�Þ
þ 0:05 sinð2p� 13f � tÞ þ 0:05 sinð2p� 17f � tÞ
þ expð�ðt � 0:2Þ=0:05Þuðt � 0:2Þ ð30Þ

The operating frequency f is 48Hz. The amplitude and
phase angle of the fundamental component in (30) prior to
the disturbance at 0.2 s which leads to the DC offset
transient are, respectively:

AðtÞ ¼ 1 p:u: ðfor to0:2 sÞ ð31Þ

yðtÞ ¼ 138:26� ðfor to0:2 sÞ ð32Þ
After the disturbance, the amplitude and phase angle of the
fundamental component in (30) become, respectively:

AðtÞ ¼ 1:2 p:u: ðfor t � 0:2 sÞ ð33Þ

yðtÞ ¼ 77:56� ðfor t � 0:2 sÞ ð34Þ
It is assumed that the analogue anti-aliasing filter of the
DAS is an eighth-order Butterworth filter with a cut-off
frequency of 300Hz. The filtering operation is simulated
digitally with a sampling frequency of 5000Hz. The
filter output is then resampled with a sampling frequency
of 1000Hz, i.e. a sampling time interval of 1ms. The
frequency estimation based on the proposed method is
applied to the filter output signal with a sampling time
interval of 1ms.

In general, a high-order signal model will give a better
frequency estimation. However, this might require a long
computing time and a large data window for the estimation,

which is not appropriate for online applications. Therefore,
this study which is in the context of real-time applications
adopts a relatively low model signal order, on the basis that
the possible errors arising from the discrepancy between the
actual signal order and the postulated order for frequency
estimation are substantially removed by the median filtering
scheme. A postulated model signal order corresponding to
five frequency components is adopted in this test case. The
number of samples in each of the data window is 20, which
corresponds to a time duration of 20ms. The length of the
median filter is 21 data samples.

The results for the frequency estimation are shown in
Fig. 1 over a time duration of 1 s. The maximum initial
error as indicated in the response of Fig. 1 is about 0.052%
or 0.025Hz over the initial transient response period of
about 16ms. However, in steady-state operation, the
maximum error incurred is only about 0.0012% or
0.0005Hz.

To check whether the practical anti-aliasing filter has any
adverse affect on the frequency estimation, the waveform
described in (30) is modified with the 13th and 17th
harmonics being removed, and the frequency estimation is
then applied to the modified signal. The modified waveform
is sampled with a sampling frequency of 1000Hz. The
maximum initial error is about 0.058% or 0.028Hz. The
maximum steady-state error is about 0.0024% or
0.0011Hz. These results confirm that with a low-pass filter
cut-off frequency of 300Hz and a Nyquist frequency of
500Hz, there is a sufficient margin to reduce the levels of
the frequency components beyond the Nyquist frequency so
that aliasing errors which might have an impact on the
performance of the proposed algorithm can be largely
removed. Actually, the results indicate that the performance
is slightly improved with the use of the anti-aliasing low-
pass filter when the filter cut-off frequency is sufficiently
below the Nyquist frequency. The performance of our
proposed method is also compared in Fig. 1 with that based
on the demodulation technique [5]. In the comparative
study, the waveform in (30) is adopted together with an
anti-aliasing filter with a cut-off frequency of 300Hz. The
comparison indicates that our proposed method has a much
higher accuracy. The maximum initial error encountered in
the demodulation technique can be up to about 1.44%. In
steady-state operation, the maximum error is reduced to
about 0.032% which is still much larger than that incurred
by our proposed method.
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Fig. 1 Frequency estimates for a power system waveform with
distortion
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5.3 Performance for a waveform
containing noise
The power system waveform used in this study is a
sinusoidal function contaminated with noise. Zero-mean
white Gaussian noise with a signal-to-noise ratio (SNR) in
the range from 40 to 80dB is used in the performance study.
In Fig. 2 we show the frequency estimation errors over the
standard SNR range for different operating frequencies.
The data window length and the median filter length are the
same as those in Section 5.2, with a median filter length of
21 points.

Similar to the study in Section 5.2, a low signal model
order (up to five) was adopted in the estimation. The results
given in Fig. 2 were obtained for model signal order of
three. The maximum error as indicated in Fig. 2 is about
0.428% at an operating frequency of 40Hz with a low SNR
of 40dB. However, for typical frequency deviations and
SNRs, the errors are much lower.

The frequency estimation methods based on linear FIR
digital filters and iterative schemes published previously in
[10] and [11] gave a maximum error of up to about 1.4% for
waveforms in a similar noise environment. This comparison
indicates the high performance of our proposed method in
relation to waveforms with noise.

In general, the performance of our proposed method in an
environment with noise will improve if the data window
length used in the frequency estimation is increased. How-
ever, this will lead to increases in the computing time and
delays in the estimation. Depending on the computing system
capability and application, an optimal data window length
can be determined to achieve the best noise performance
that can be obtained using the proposed method.

5.4 Transient waveforms

5.4.1 Time-dependent amplitude: In this test
study, the amplitude of the fundamental component of
the waveform is augmented by an exponential time
function. The waveform also contains the third and fifth
harmonics as given by:

yðtÞ ¼ð1þ expð�ðt � 0:05Þ=tÞuðt � 0:05ÞÞ
� sinð2p� f � t þ 30�Þ
þ 0:01 sinð2p� 3f � t þ 42�Þ
þ 0:01 sinð2p� 5f � t þ 58�Þ ð35Þ

The order of the fundamental frequency f is 50Hz. The
value of the time constant t in (35) is 50ms. The data
window length and median filter length are 20 and 21
respectively, as in the case study discussed in Section 5.2.
The model signal order used in the frequency estimation
is six.

The results for the frequency estimation obtained using
our proposed method is shown in Fig. 3a. The maximum
transient error in the initial period due to the addition of the
exponential component is about 0.022% or 0.0108Hz. This
is substantially less than the error of about 3% or 1.5Hz
incurred by the demodulation technique. The transient error
encountered in our proposed method subsides in a very
short time duration of about 6ms. The steady-state error as
indicated in the response in Fig. 3a is nearly zero, in
comparison with a maximum error of about 0.04% or
0.02Hz in the demodulation technique.

5.4.2 Supply frequency variation: The previous
test cases have considered a fixed value of the
supply frequency. In the present study, investigation
of the performance of our proposed method when the
supply frequency varies continuously with time is
carried out. The waveform is now described by the
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following function:

yðtÞ ¼ð1þ expð�t=tÞÞ sinð2p� f ðtÞ � t þ 30�Þ
þ 0:02 sinð2p� 3f ðtÞ � t þ 48�Þ þ noise ð36Þ

The time constant t in (36) has a value of 50ms, and the
noise has an SNR of 60dB. The time-dependent supply
frequency f (t) in (36) is:

f ðtÞ ¼ 50� 2 sinð2p� 2� tÞ ð37Þ
In (37), the nominal frequency of 50Hz is modulated by a
sinusoidal function with a frequency of 2Hz and an
amplitude equal to two. In addition to supply frequency
variation, the amplitude of the fundamental component of
the waveform in (36) is also time varying which can be
expressed in terms of an exponential function. Apart from
the fundamental component, the waveform also contains
the third harmonic and noise.

The model signal order used in the investigation is five,
and the moving data window has a length of 25 samples.
The median filter length is 21 as in the previous case.

The responses in Fig. 3b which show the frequency
estimation and comparison with the actual frequency
variation given by (37) confirm the high accuracy of our
proposed method with a short time delay, even when the
instantaneous frequency varies continuously with time. The
time delay encountered is about 26ms. The frequency
variation obtained from the estimation procedure is almost
a translation of the actual frequency variation, as shown in
Fig. 3b.

5.4.3 A step change in the supply frequency:
In this test study, the power system waveform is a sinusoidal
function. However, there is a step change in the supply
frequency from 50 to 52Hz at time t¼ 50ms with respect to
the time origin of Fig. 4. The responses in Fig. 4 indicate a
time delay of about 10ms in the frequency estimation when
the data window length is ten samples. The time delay
depends on the length of the data window used in the
estimation. Typically, if a nominal window length of 20
samples is used, the time delay encountered would be 20ms,
following an abrupt change in system frequency. However,
the time delay obtained using our proposed method is
significantly less than that of the demodulation technique
which is about 60ms as indicated in Fig. 4. Furthermore,
there are transient errors with a maximum value of about
0.2Hz or 0.4% in the demodulation method as confirmed
in Fig. 4.

5.4.4 Frequency estimation for a power
system waveform: In Fig. 5a we show the current
waveform for phase a of a 220kV transmission line that is
200km in length obtained from a simulation of a power
system with a phase-a-to-earth fault at the middle of the
transmission line. The fault occurs at 100ms with respect to
the time origin in Fig. 5a. The waveform was filtered with a
low-pass anti-aliasing filter, and then sampled at a sampling
frequency of 1000Hz. The system operating frequency is
50Hz. In Fig. 5b we show the error of the supply frequency
estimation using the proposed method applied to the
waveform in Fig. 5a. With a data window length of 20 data
points and a median filter length of 21 data points, the
maximum transient error is about 0.078%, and the steady-
state error is almost zero.

6 Phasor estimation

At present, the DFT technique is extensively used in supply
frequency phasor estimation in many practical applications
including protection and control. A principal concern with
the use of the DFT method is the leakage errors
encountered when the system operating frequency deviates
from the nominal value. The accurate operating frequency
estimate achieved by our proposed method will lead to a
DFT evaluation scheme in which leakage errors are
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eliminated. In the scheme, the DFT window length is
synchronised with the actual operating frequency, and time
domain interpolation is used to form the values of the
sampled waveform at times that do not coincide with
the sampling time instants. DFT calculation by numerical
integration over the fundamental period which is the inverse
of the actual operating frequency, using waveform data
samples and those from interpolation, will avoid the
problem of leakage errors [14].

7 Conclusions

A z-plane signal model which results in a noniterative
scheme for model parameter identification, and when
combined with the median filtering technique allows power
system operating frequency estimation has been presented.
The method directly takes into account any noninteger
harmonics and subharmonics. Numerous synthesised wave-
forms that represent a wide range of credible operating
conditions in a power system have been used to test and
evaluate the performance of the proposed method in terms
of its accuracy, time delay and robustness. The following
key advantages of the proposed method are highlighted.
The proposed method achieves a high accuracy in frequency
estimation, even in the presence of noise and other frequency
components. This was confirmed in comparative studies
with other existing techniques. Also, for a typical setting of
the data window length of one nominal supply frequency
cycle, the maximum time delay encountered is about one
cycle in the cases of an abrupt change in system frequency or
continuous variation of system frequency. Currently existing
methods have a much longer time delay as also confirmed in
the comparative studies. In addition from the test studies, it
is clear that a relatively low model signal order is sufficient
to achieve an adequate accuracy for practical applications.
A typical model order corresponding to five frequency
components should be adequate. This is due to the benefits
of median filtering which substantially removes any possible
errors arising from the discrepancy between the postulated
order and the actual signal order. Finally we note that the
convergence problem, including that of converging to a local
minimum, encountered in existing iterative techniques does
not arise in the proposed method.

An accurate operating frequency estimate will also allow
accurate supply frequency phasor measurements by the
DFT method modified with an interpolation scheme which
largely removes leakage errors.
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Abstract—The paper develops a method based on waveform 

interpolation in the discrete time-domain to counter the spectral 
leakage errors arising in forming, by discrete Fourier transform 
(DFT), the supply frequency phasors representing power system 
voltages and currents when there are system frequency 
deviations from the nominal value. The interpolation scheme 
allows DFT evaluation to be performed with a time window 
length which is exactly equal to the fundamental period of the 
voltage or current waveform. The applications of the method 
developed include numerical protection where supply frequency 
phasors are required and synchronized phasor measurements for 
control functions in power systems. Comparative studies 
presented in the paper confirm the improvements achieved by 
the method proposed over other previously-published techniques 
in terms of accuracy and computing time.  
 

Index Terms—Discrete Fourier Transform (DFT), Phasor 
measurement, Interpolation, Leakage error. 

I.  INTRODUCTION 
NLINE evaluation of supply frequency phasors which 
represent power systems voltage and/or current 

waveforms has many practical and important applications. 
Most of numerical protection systems at present depend on the 
estimation in real time of power systems phasors at the 
fundamental frequency for their functions and operation. 
More recently, synchronized phasor measurements have been 
used for power system control, including wide area protection 
and emergency control [1].  

The discrete Fourier transform (DFT) is the most 
commonly-used algorithm for the purpose of evaluating the 
supply frequency phasors required in the above applications. 
Although the FFT (fast Fourier transform) can also be used 
for the purpose, it does not offer any advantage in terms of 
computing time when only one frequency component needs to 
be evaluated. Furthermore, the use of the FFT imposes a 
restriction on the number of samples required for the data 
window.  

The DFT algorithm provides phasor estimation with high 
accuracy when the sampling frequency is an integer multiple 
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of the supply frequency, i.e. the number of waveform samples 
in one fundamental period is an integer. For a given sampling 
frequency, this requirement is not satisfied in the cases where 
there are variations in the system operating frequency. 
Spectral leakage error will arise in these situations [2], [3]. 
Various methods for reducing leakage errors have been 
previously published. Windowing techniques have been 
proposed and used [4]. However, a proper choice of the 
window to be used is essential. According to [5], an 
indiscriminate choice of a window can increase rather than 
decrease the leakage. Reference [6] also indicates that when a 
high degree of accuracy is desired, the window DFT methods 
prove to be unsatisfactory. It has been proposed in [7] to 
increase the window length in DFT evaluation for countering 
spectral leakage effect. However, this would increase 
computational time, and may not be suitable for real-time 
application. Interpolation in the frequency-domain following 
DFT evaluations has been reported in [6] for reducing leakage 
errors in the context of measurements for radar detection. The 
method requires DFT window length well beyond the supply 
frequency cycle or at least 2 DFT evaluations for use in 
frequency-domain interpolations. For phasor estimations in 
real-time applications in power systems, the computing time 
and/or time delays incurred by the method can be prohibitive. 

Also in the context of using the DFT for supply frequency 
phasor estimation, adaptive sampling frequency or re-
sampling schemes have been proposed in [8, 9] for countering 
leakage errors when operating frequency varies from the 
nominal value. The schemes involve online adjustment of the 
sampling time interval or additional computation required in 
the re-sampling process. A procedure using fixed sampling 
interval and variable DFT window length has been reported in 
[10]. However, the procedure is applicable only for discrete 
fundamental frequencies. An error will occur in the DFT 
results for other fundamental frequencies [10]. 

The objective of the present paper is to develop a time-
domain interpolation scheme by which the DFT analysis 
window will always coincide with the fundamental period 
corresponding to the system operating frequency. This 
eliminates spectral leakage errors arising from system 
frequency deviations. From the information on the system 
operating frequency which has been determined by frequency 
estimation or tracking procedures [11]-[14], the required DFT 
analysis data window length is formed. The window is equal 
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in length to the fundamental period given by the inverse of 
system frequency. Interpolation using the available data 
samples of the discrete-time series representing the waveform 
to be analyzed then allows the value of the waveform at the 
end of each fundamental period or the DFT analysis window 
to be formed. DFT evaluation in the form of numerical 
integration over the analysis window length is performed to 
determine the supply frequency phasors that represents the 
waveform within that window. Different interpolation 
schemes are investigated in the paper in relation to their 
performance in terms of accuracy. The schemes examined 
include linear interpolator and those of higher orders. 

The comparative studies presented in the paper indicate 
that the time-domain interpolation method proposed offer 
advantages in terms of computing time and accuracy over 
other previously-published techniques. The interpolation 
technique in the time-domain is very effective for suppressing 
leakage errors whilst the additional computing time imposed 
on DFT evaluation is minimal.   

II.  CONVENTIONAL DFT
The Fourier series representation of a periodic 

voltage/current waveform, denoted by x(t) where t is the 
continuous time variable, in a power system is given in: 
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In (1) - (4), T is the time period of x(t); 0 is the fundamental 
angular frequency; n is the harmonic number for n=2,3,…,M,
where M is the highest harmonic in the waveform. If this 
waveform is sampled at a sampling frequency fs , through a 
digital data acquisition system, a series of samples {x(k)}
(k=0,1,2,…,N) from voltage/current waveforms at a uniform time 
interval     t = 1/fs  is recorded in the time period T.

Assuming N data samples are included in the waveform 
with fundamental time period T, the integrals in (2)-(4) are 
then approximated by summations in the form of: 

kx
N

a
N

k

1

0
0

1             (5) 

N
nkkx

N
a

N

k
n

2cos2 1

0

       (6) 

N
nkkx

N
b

N

k
n

2sin2 1

0

        (7) 

The fundamental time-period, T, and the number of data 
samples N are related to the sampling time interval, t, by 

tNT                                                        (8) 

The summations in (5)-(7) are based on the numerical 
integration of (2)-(4) where individual integrands are 
approximated to have constant values in the time interval     
[(k 1) t, k t]. The constant values are those of the integrands 
at the sampling time instant (k 1) t.

The real form of the Fourier series relations in (1)-(7) is 
often expressed more compactly, using complex functions and 
variables based on Euler’s formula: 
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The general form in (9) allows any number of harmonics to be 
included. 

The coefficient cn in (9) can be found as follows, 
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cn is also called 'complex amplitude spectrum'. The 
coefficients are related to those in the real form of the series 
by 
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where  denotes the complex conjugate. In particular, c0 must 
be real. 

In the discrete form of Fourier transform (DFT), cn in (12) 
is obtained from a combination of (6) and (7): 

N
nkjN

k
nn ekx

N
jba

21

0

2                        (14) 

Fourier coefficient cn forms an infinite sequence )( nc ,
which is called the spectrum of the periodic function x(k). Let 

cn denotes the magnitude, and n the argument. We can 
always write the coefficients in polar form as 

nj
nn ecc                                                  (15) 

Then the magnitudes and phase angles of individual harmonic 
components are based on the evaluation of (14). In particular, 
for n=1, magnitude and phase angle of the fundamental 
frequency component of the sampled sequence x(k) are 
evaluated using (14). 
 The conventional DFT in the above is applicable only when 
(8) is valid, i.e. when there is an integer number of sampling 
time intervals in the fundamental period.  

III.  VARIABLE WINDOW LENGTH

When the sampling frequency,  fs , is an integer multiple of 
the supply frequency, f , the number of samples in one 
fundamental period, N , is an integer: 

tTN /                                               (16) 
where T =1/ f.  Equation (16) can be rewritten as: 
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For instance, if the supply frequency in nominal operation is 
50Hz, then there are N = 1000/50 = 20 data samples in a 
fundamental period when the sampling frequency is 1kHz. 
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The DFT analysis window is equal to the fundamental period 
of 20ms which is given by the inverse of the operating 
frequency. In this case, the relationships in (16) and (17) are 
satisfied. 

A DFT evaluation based on (14) then gives, with high 
accuracy, the amplitudes and phases of the components to 
which sampled data relates at frequencies which are integer 
multiplies of the supply frequency. 

However, for a given sampling frequency, the integer 
relationships in (16) and (17) are no longer valid when there 
are deviations in the system operating frequency. In general, 
when there are system frequency deviations, the relationships 
in (16) and (17) become: 

N
t

T                                       (18) 

N
f
f
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In (18) and (19), N is an integer, and is the fraction part, i.e. 
0 <1. L in (19) denotes the data window length required in 
DFT analysis. For example, if the operating frequency  f  is 
48Hz rather than the nominal value of 50Hz and the sampling 
frequency is 1kHz, then the DFT analysis window length (in 
terms of the number of sampling time intervals) should be L
=1000/48=20.8333 if spectral leakage error is to be avoided. 
In this case, the noninteger relations in (18) and (19) are 
required, where N = 20 and the fraction part  = 0.8333. The 
DFT in (14) based on a fixed window length equal to an 
integer number of sampling time intervals no longer provides 
accurate phasor estimation. Spectral leakage errors would 
arise if (14) is used for phasor calculation.

In the present work, it is proposed to counter the leakage 
error by synchronize the DFT analysis window with the 
fundamental period of the waveform, which is variable when 
the system operating frequency varies from its nominal value. 
In the method, the conventional DFT in (14) will be modified 
to have variable window length which can include the fraction 
part of the sampling time interval. The data window in the 
modified DFT analysis is given by the inverse of the operating 
frequency, which is determined from the system frequency 
estimation procedure [11]-[14]. 

In Fig.1 are shown in a graphical form variable window 
lengths for different operating frequencies. For example, if at 
the discrete time ka , the operating frequency is  fa  which has 
the nominal value, the DFT window length is La = fs / fa = N .
In this case, the fraction part  = 0, and there are integer 
number of samples in the DFT window. At another discrete 
time kb , the system operating frequency changes to fb which 
deviates from the nominal value. Now the DFT window 
length is given by  Lb = fs / fb = N + , where  0. In this 
case, the DFT window length has a noninteger number of data 
samples. In this way, a moving DFT window of variable 
length is formed for each instant.  

Fig. 1. Variable window length with different supply frequencies. 

As L contains the fraction part (0 < 1), there is a need 
to form the value of the discrete-time waveform at (N+ ) t for
use in the integration in (10) over [0,(N+ ) t]. For 
convenience, the starting time for each DFT window is reset 
to zero. One possibility is to assume x(N+ )=x(N). However, 
this may not provide sufficient accuracy. Another option is to 
set x(N+ )=x(0), based on waveform periodicity assumption. 
However, the waveform may have non-periodic component 
such as the DC component in the form of an exponential 
function of time. This can cause significant error in estimating 
the value of the waveform at x(N+ ). To achieve high 
accuracy in general cases, the paper proposes a method based 
on interpolation to estimate the waveform value at (N+ ) t.

In [9], a re-sampling process based on interpolation has 
been used for countering the leakage errors arising from 
supply frequency deviations. However, the process needs 
changes in the sampling rate, and interpolation being applied 
to all of the data samples in the DFT analysis window. On the 
other hand, the method proposed in the present paper has a 
fixed sampling frequency, and requires only one data sample 
to be formed from interpolation for each DFT analysis 
window. Interpolation error is then confined to only one 
sample formed at the end of the DFT analysis window, and 
the amount of computation is less than that in [9] as the re-
sampling operation is not required in the method proposed. 

IV.  INTERPOLATION SCHEMES

With anti-aliasing low-pass filter in the data acquisition 
system having cut-off frequency fs /2 where fs is the 
sampling frequency, the discrete-time signal x(k) represents a 
band-limited waveform of power systems voltage/current. On 
this basis, it is possible to reconstruct a continuous-time signal
x(t), for any time t , from the discrete-time form x(k) by 
operating an interpolation low-pass filter with the cut-off 
frequency of   fs/2 on signal x(k). The ideal interpolation filter 
has the impulse response in the time-domain, h(t) , which has 
infinite duration: 

t
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)(                                           (20) 

in which sinc(  fs t) = sin(  fs t)/(  fs t).
The time convolution of h(t) and x(k) allows the value of

x(t) at any time t  to be formed [15]: 
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Particularly, in the present application, it is required to 
form tNx )( or, for briefness in the notation, )(Nx ,
using (21): 

k
s tkNfkxNx )(sinc)()(        (22) 

In practice, it is not feasible to calculate the summation in 
(22) for the infinite domain [ , ]. Approximation must be 
used in forming x(N+ ). A number of options are available for 
approximating x(N+ ). One of them is to truncate the 
sinc( fst) function. Other techniques approximate the 
sinc( fst) function by using finite-duration interpolation 
function. For example, the linear interpolation scheme can be 
interpreted in terms of the triangular interpolation function in 
time interval [ t, t]. Time convolution of the triangular 
interpolation function and signal x(k) gives the value of the 
signal at time (N+ ) t as required. However, it is more 
straightforward to illustrate the linear interpolation in a 
graphical form as that shown in Fig.2.  

In the scheme, the waveform is taken to vary linearly 
between N t and (N+1) t  as shown in Fig.2. On this basis, 
the waveform sample x(N+ ) is given by: 

tNTN
tNtN

NxNxNxNx )(
)1(

)()1()()(       (23) 

or NxNxNxNx ))()1(()()(                       (24) 
In general, higher-order polynomials used in interpolation 

[16] can be considered in the present application. However, 
the use of complicated interpolation schemes which involve 
many samples in the calculation for achieving higher accuracy 
needs to be balanced against the approximation adopted in the 
numerical integration in forming the DFT where the 
integrands are taken to be constant or varying linearly 
between two consecutive sampling time instants. 

Fig. 2.  A linear interpolation scheme by using the last two successive data 
samples. 

V.  MODIFIED DFT

A.  Numerical Integration Scheme 
In this section, numerical computation of (10) with sample 

data using Newton-Cotes quadrature integration is presented. 
A natural choice to compute the integral for the Fourier series 
coefficients from the discrete time samples would be the 

trapezoidal or Simpson's rule. These methods are the preferred 
choice, because they evaluate integrals of functions available 
only at discrete points [17]. 

The trapezoidal rule is simpler to implement in comparison 
with the Simpson’s rule. Many test cases carried out in the 
paper have indicated that the improvement in accuracy by the 
Simpson’s rule is minimal, particularly when the trapezoidal 
rule with end correction is used. Therefore, in the present 
work, the trapezoidal rule is adopted for numerical integration 
of (10). 

The trapezoidal rule approximation to the integral of a 
function f (y) over the interval [a, b] is: 

j

N

j
n

b

a
fffydyyf

1

1
0 2

2
                           (25) 

where aff0  and bn ff , naby .
It is possible to obtain an improved integration technique 

by taking an error term into account in (25) [17]: 

afbfyfffydyyf j

N

j
n

b

a
'

12
2

2
'

21

1
0

(26)
In (26), f (a)  and f (b) are derivatives of f (y)  with respect 
to  y  at a  and b  respectively.

Equation (26) is referred to as the trapezoidal rule with end 
correction which comes from the fact that the correction is 
based on the difference of function derivatives at the ends of 
the interval. With this correction, equation (26) turns out to be 
essentially a fourth-order trapezoidal method [17]. 

B.  DFT Evaluation 
With the fundamental period T = (N + ) t ,  the Fourier 

series integral in (10) is expressed in, for the fundamental 
component: 

dtetxdtetx
T

c tjtN

tN

tjtN
00

)

0
1

1 (
       (27) 

Based on the trapezoidal rule of integration with end 
correction, the first integral on the RHS of (27) can be 
calculated numerically using (26): 

)0()1()1()(
12

)(2)()0(
2

1

1

000

00

0

)1(

1

1

0

xexeNxeNxt

ekxeNxxt
T

dtetx
T

tjtNjtNj

N

k

tkjtNj

tjtN

(28)
Finite difference is used in (28) for forming the time 
derivatives of tjnetx 0)( at 0 and N t as required for end 
correction in the trapezoidal rule of integration. 

 The second integral on the RHS of (27) is also evaluated 
numerically using the trapezoidal rule of integration: 

tNjtNj

tjtN

tN

eNxeNx
T

t

dtetx
T

00

0

)()(
2

1

)(

)(

      (29) 

(N+1)(N+ )

x(k)

0 1

N

… … 

k

x(N+1)

x(N)

x(N+ )
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Substituting the value of x(N+ ) in (24) obtained from 
linear interpolation into (29) gives: 

tNjtNj

tjtN

tN

eNxeNxNxNx
T

t

dtetx
T

00

0

)()()1()(
2

1

)(

)(

    (30) 
On combining (28) and (30), the Fourier series coefficient 

c1 for each complete fundamental period is given by: 

tNjtNj

tjtNjtNj

N

k

tkjtNj

eNxeNxNxNxt

xexeNxeNxt

ekxeNxxt
T

c

00

000

00

)()()1()(
2

)0()1()1()(
12

)(2)()0(
2

1

)(

)1(

1

1
1

(31)
Equation (31) gives an accurate computation of Fourier 
coefficient integral whether or not there are integer numbers 
of data samples in each complete fundamental period. Based 
on (31), the phasor of the voltage/current waveform x(t) is 
estimated in the proposed method. 
 In comparison with the conventional DFT in section 
which has a fixed window length of integer number of 
sampling time intervals, the modified DFT in (31) requires 
only a minimal amount of additional computation. The 
effectiveness in suppressing leakage error of the modified 
DFT where window length is variable and synchronized to the 
system operating frequency will be illustrated in the next 
section. 

VI.  TEST STUDIES

The initial study is based on the simulated power signal 
waveform  x(t) given by the function cos(2  f t+ ) , where f
is the system frequency and    is the initial phase equal to 50° 
in the test. The sampling frequency fs is 1000Hz which gives 
the sampling time interval t = 1ms. The nominal system 
frequency is 50Hz. When the operating frequency has the 
nominal value, there are 20 samples per cycle, i.e. N = 20. 

For a system frequency f = 48Hz, i.e. a deviation of 2Hz
with respect to the nominal value of 50Hz, the conventional 
DFT gives errors of  1%  and  8° for amplitude and phase 
estimation, while the proposed modified DFT method 
produces the low errors of 0.09% and 0.04° respectively.  

In order to further demonstrate the effectiveness in 
suppressing leakage error of the proposed modified DFT 
method, power system waveforms distorted by noise and 
harmonics will be considered in the following section. 

For this purpose, a comparative study is also developed. In 
each simulation test, an often-used method called windowed 
interpolated FFT (WIFFT) is simulated and compared with the 
proposed method. The phasor measurement by the WIFFT is 
carried out via interpolation of the FFT of the digitized signal 
[6]. The WIFFT data window length is chosen to be 128 
samples, which satisfies the requirement of FFT in terms of 
window length. Larger WIFFT window length will also be 
considered in the investigation in section VI.C. Both the 

estimation accuracy and the computing time/delay time of the 
proposed method and the WIFFT are compared in the 
following sections. 

In addition to the WIFFT, the method based on variable 
DFT window length [10] will be also considered in the 
comparative study. 

A.  Accuracy in Relation to Frequency Deviation 
First, the performances of the proposed method and the 

WIFFT are compared when the supply frequency varies in the 
range of [45Hz, 55Hz], which gives a variable fundamental 
time period in the range of [18.1818ms, 22.2222ms]. The 
waveform has a constant amplitude of 1.0 pu and initial phase 
angle of 50°. The phasor estimates based on one single data 
window are illustrated in Fig.3, which indicates that the 
maximum magnitude and phase errors in the modified DFT 
method of the present paper are about 0.03% and 0.1° 
respectively, whilst the maximum errors of the WIFFT 
estimation are 0.8% and 4° respectively. The discontinuity at 
about 48.7Hz in the phase angle response obtained by the 
WIFFT method is due to the low resolution of the method 
when the data window length is not sufficiently large. The 
discontinuity almost disappears when the window length is 
increased to 1024 samples in the investigation presented in 
section VI.D. 

The performance of the new method is also compared in 
Fig.3 with that of the technique based on variable DFT 
window length reported in [10]. For the set of discrete-
fundamental frequencies which correspond to integer numbers 
of samples in individual DFT windows, the accuracy of the 
technique in [10] is the same as that of the new method. 
However, the accuracy of the technique in [10] deteriorates as 
the fundamental frequencies deviate from those discrete 
values. The discontinuities observed in Fig.3 in relation to the 
technique in [10] are due to the changes in the DFT window 
lengths which are determined from those defined by the 
discrete frequencies and nearest to the required window 
lengths. 

In general, the errors vary as the DFT analysis window 
moves when real-time phasor estimations are required. In the 
following, the time-dependent errors in the phasor estimations 
are quantified, using the waveform with an operating 
frequency of 48Hz, amplitude of 1.0 pu and initial phase angle 
of 50°. In Fig.4, the accuracies of the proposed method and 
the WIFFT technique are compared over the time duration of 
350ms. The comparison confirms the high accuracy achieved 
with the new method. The maximum errors of the proposed 
method are only 0.09% in amplitude estimates and 0.04° in 
phase estimates, whilst for the WIFFT method, much larger 
errors are incurred, which are up to 0.6% and 4° respectively.  

For presentation purpose, the phase angle obtained from 
the DFT results based on (31) has been adjusted so that the 
phase is referred to the time origin of Fig.4. This phase angle 
adjustment procedure will also be applied to the subsequent 
results.

The time delay in WIFFT, as shown in Fig.4 is 128ms. 
That for the proposed method is about 20ms only.      
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Fig. 3. Comparison of phasor estimations when supply frequency varies from 
45Hz to 55Hz. 

Fig. 4. Comparison of phasor estimations when supply frequency is 48Hz. 

B.  Accuracy In Relation to Waveform Distortion 
Further simulation test on the accuracy of phasor estimates 

when power system waveforms are distorted by noise and 
multiple harmonics, even interharmonics and subharmonics, 
are examined in this section.  

Interharmonics and subharmonics are those which are not 
integer multiples of the supply frequency, the existence of 
which can severely deteriorate the power quality. The off-
nominal frequency of 48Hz is chosen again as the supply 
frequency in the present investigation. The fundamental time 
period is equal to a noninteger number of sampling time 
intervals, which is 20.8333ms. The fundamental component 
has an amplitude of 1.0 pu and initial phase angle of 50°. 

Fig.5 depicts a comparison of phasor estimations when 1% 
noise component, 1% 3rd and 5th  harmonics and  1% 3.4*f,
interharmonic and 0.5*f subharmonic are included in the 
waveform with  48Hz  supply frequency.  

The comparison in Fig.5 confirms that the proposed 
method offers better accuracy than the WIFFT. The maximum 
errors incurred in the proposed method are 0.4% and 0.15° in 
amplitude and phase angle respectively, whilst those of the 
WIFFT are 0.8% and 4°. 

Fig. 5. Comparison of phasor estimations when supply frequency is 48Hz
with 1% noise, 1% 3rd and 5th harmonics and 0.1% 3.4*f interharmonic and 
0.5*f subharmonic. 

C.  Accuracy in Relation to Time-dependent Frequency 
Variation 

The comparison of amplitude estimations shown in Fig.6 is 
for the case of a time-dependent frequency given by a ramp 
with a rate of change of +10Hz/sec during a time duration of 
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500ms. The function for the frequency variation is expressed 
as 50+10t. The amplitude of the waveform has a constant 
value of 1.0 pu. The technique based on [10] is compared with 
the proposed method, which indicates a larger maximum error 
of nearly 5% for the former, while that of the proposed 
method is only about 0.25%.  

Fig. 6. Comparison of amplitude estimations when supply frequency 
increases  at a rate of 10Hz/sec.    

D.  Computing Time and Time Delay 
Apart from the improved accuracy, the proposed method 

uses data windows which are much shorter than those required 
in the WIFFT. The high errors, particularly in phase 
estimation, of the WIFFT can be reduced, by increasing 
substantially the data window. For example, by increasing the 
WIFFT data window length to 1024 samples, the accuracy 
achieved is comparable to that of the proposed method, in 
relation to the studies presented in sections V .A and B. In 
comparison, the data window required in the proposed method 
is typically in the range from 19 to 21 samples when operating 
frequency is within the band [48Hz, 52Hz]. This implies that 
the modified DFT method proposed in the paper offers high 
accuracy in supply frequency phasor estimation with high 
speed in computation and short time delay. The maximum 
time delay in the proposed method is about 20ms in 
comparison with 1024ms incurred in the WIFFT, if 
comparable accuracies are to be achieved with the latter.

These maximum time delays occur in the initial period, i.e. 
during the first sliding window. However, the delays would 
give indications of transient response times likely encountered 
in phasor estimations for time-varying waveforms during 
power system dynamic operation. In principle, larger data 
windows lead to larger delays in transient responses. The 
transient response times have practical implications. For 
example, it is generally acknowledged that a larger data 
window leads to more time delay in protection response.  

E.  Higher-Order Interpolation 
For this paper, cubic spline interpolation and piecewise 

cubic Hermite interpolation schemes [16] were also 
considered and compared with linear interpolation. The 
estimation results by using these high-order interpolation 
schemes are quite similar to that by using linear interpolator. 
However, considerably longer computing time and more 

complexity are needed in the higher-order interpolation 
schemes, whilst improvement in accuracy is minimal. The 
linear interpolation is, therefore, adopted in the paper. 

VII.  CONCLUSION

Drawing on the availability of the power system operating 
frequency obtained from fast frequency estimation techniques, 
the paper has developed a modified DFT algorithm where the 
conventional DFT is augmented by a time-domain linear 
interpolation scheme operating on the waveform the supply 
frequency phasor of which is to be evaluated. The additional 
amount of computation required in the modified DFT is 
minimal. However, it is very effective in countering spectral 
leakage errors arising from system frequency deviations, as 
confirmed in the test studies presented in the paper. 
Comparative studies reported in the paper have also confirmed 
that the modified DFT based on time-domain interpolation 
offers significant advantages over the method using 
frequency-domain interpolation in terms of time delay and 
computing time required in phasor estimation. The modified 
DFT developed is suitable for real-time applications where 
supply frequency phasors are required. 
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