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Abstract 
 

Medical imaging is an important tool in modern image guided surgery systems that help 

the surgeon localize with precision the target and therefore improve the clinical outcome 

of surgery. During a surgical intervention, a soft organ changes its shape and position, 

making the usage of pre-operative trajectory planning impossible. The trajectory must 

be updated so it corresponds to the new position and shape of the organ, information 

that can be partially obtained using lower quality intra-operative images.   

The intra-operative images must be registered to the high-resolution pre-operative 

images in order to match the features in the two image sets. The registration process 

must be very fast, as the computations are done intra-operative, as well as very accurate. 

Registration of soft tissue is much more difficult than rigid registration, as it requires 

knowledge about local deformations.    

The computing of the soft tissue deformations is done using a biomechanical model.  

This model is constructed based on the high resolution pre-operative images and is 

updated using displacements recovered from the lower quality intra-operative images. 

The deformed shape of the organ is then computed using the Finite Element Method. 

The motivation for this thesis is the need to find the best mathematical methods for 

performing these computations. The following aspects of the Finite Element Method are 

considered: formulation used, time integration method, elements used in the mesh, 

steady state solution methods and contacts. In order to ensure the accuracy of the 

results, the developed algorithms must handle nonlinear material models, nearly 

incompressible materials, large deformations and geometric nonlinearities. As an 

application example, the proposed algorithms are combined in order to simulate the 

brain shift during surgery. 

The Total Lagrangian formulation of the Finite Element Method, where all variables are 

referred to the un-deformed state of the system, was found to be the most appropriate 

for fast simulations as many quantities involved in the computation are constant and 

therefore can be pre-computed. It also offers benefits in implementing the hyper-elastic 

constitutive laws usually used for defining soft tissue behaviour. 

The explicit time integration method offered the best results in terms of speed, as it does 

not require any solution of large systems of equations and allows straightforward 
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treatment of nonlinearities. However, the method is only conditionally stable, and 

therefore the time stepping must be controlled in order to ensure convergence. 

In order to meet the real time requirements low order under-integrated elements, such as 

the linear tetrahedron and the under-integrated linear hexahedron, are used in the mesh. 

These elements are very simple but they also pose some numerical problems. The linear 

tetrahedron becomes very stiff in case of nearly incompressible materials (volumetric 

locking) and the under-integrated linear hexahedron has zero energy modes (hourglass 

modes) because of the one-point spatial integration scheme used. Improved algorithms 

for handling volumetric locking and hourglass control are presented. 

Different methods for computing the steady state solution are evaluated. The methods 

that obtain the solution by solving a large system of nonlinear equations (such as the 

Newton-Raphson methods) were found to be inappropriate for real time computation. 

The best performing method was found to be Dynamic Relaxation, which uses explicit 

time integration and artificial damping in order to obtain the steady state solution. New 

methods for selecting the best parameters for Dynamic Relaxation in case of nonlinear 

problems are presented. A new termination criterion that takes into account the desired 

displacement accuracy is proposed. 

For performing brain shift computations the interaction between the brain and the skull 

must be consider. A very fast algorithm for handling this interaction as a frictionless 

sliding contact is presented.  

When all the proposed algorithms are combined, brain shift simulations can be 

performed in less than a minute on a personal computer for models having more than 

50,000 degrees of freedom, involving nonlinear material models, geometric 

nonlinearities and contacts.  

Graphics Processing Units (GPUs) offer high parallel computation power at a relatively 

low cost. A parallel implementation of the developed algorithms on the GPU leads to 

over 20 times increase in the computation speed, eliminating many constrains related to 

the number of elements in the mesh.  
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CHAPTER 1 1

Chapter 1: Introduction 
__________________________________________________________________ 

 

1. Background and Motivation 

Mathematical modelling and computer simulation have proved tremendously successful 

in engineering. Computational mechanics has enabled technological developments in 

virtually every area of our lives. One of the greatest challenges for mechanists is to 

extend the success of computational mechanics to fields outside traditional engineering, 

in particular to biology, biomedical sciences, and medicine [1]. By extending the 

surgeon's ability to plan and carry out surgical interventions more accurately and with 

less trauma, Computer-Integrated Surgery (CIS) systems could help to improve clinical 

outcomes and the efficiency of health care delivery. CIS systems could have a similar 

impact on surgery to that long since realised in Computer-Integrated Manufacturing 

(CIM).  

These systems can use augmented reality to guide the surgeon and improve his 

performance during surgery. The existing imaging technology, such as MRI, provides 

good quality pre-operative images that can be used in such systems. These images can 

be analysed and registered on the real organs so that the surgeon can visualize the 

targeted area while the procedure is progressing. In some cases the organs change their 

shape and position during surgery, and therefore the pre-operative images must be 

updated to the intra-operative situation (for example, in case of neurosurgery, the brain 

“shifts” after the opening of the skull, and therefore the tumour would also change its 

location). Biomechanical models can be used to simulate these changes and update the 

pre-operative images. The computations must be done accurately and very fast, as the 

model must be updated intra-operatively. 

Another area where fast computational algorithms are required is surgical simulation 

systems that provide visual and haptic feedback to the surgeon. Various haptic 

interfaces for medical simulation are especially useful for training surgeons for 

minimally invasive procedures (laparoscopy/interventional radiology) and remote 

surgery using tele-operators. These systems must compute the interaction force between 

the robotic tool and the tissue and provide it to the surgeon at frequencies of at least 500 

Hz [2]. 
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Biomechanical models used for solving the registration and haptic feedback problems 

are usually simplified in order to decrease the computational effort, e.g. they consider 

only infinitesimal deformations and/or linear material laws. These simplifications have 

a great influence on the accuracy of the obtained results in a finite element analysis, 

inducing significant errors [3-5]. Biological tissue behaviour can be described in general 

using nonlinear hyper-elastic or hyper-visco-elastic models [6]. Therefore the solution 

method must be able to handle large deformations and nonlinear material models.  

The motivation for this thesis is the need to develop fast computational algorithms and 

solution methods that can be used for solving soft tissue deformation problems using 

complex biomechanical models. The problem of intra-operative brain shift computation 

and a possible solution method using a biomechanical model is presented in this 

chapter. This problem is used as an example in order to identify possible improvement 

areas in the computational algorithms and solution methods used. 

2. Brain shift computation  

One of the main characteristics of many modern therapeutic technologies (such as 

focused radiation, lesion generation and robotic surgery) is that they have extremely 

localised areas of therapeutic effect. As a result, they have to be applied precisely in 

relation to the patient’s current (i.e. intra-operative) anatomy, directly over the specific 

location of anatomic or functional abnormality [7]. Nakali and Speltzer list the 

“accurate localisation of the target” as the first principle in modern neurosurgical 

approaches [8]. 

As only pre-operative anatomy of the patient is known precisely from medical images 

(usually Magnetic Resonance Images - MRI), it is now recognised that the ability to 

predict soft organ deformation (and therefore intra-operative anatomy) during the 

operation is the main problem in performing reliable surgery on soft organs. In the case 

of image-guided neurosurgery it is very important to be able to predict the effect of 

procedures on the position of pathologies and critical healthy areas in the brain (Fig. 1). 

If displacements within the brain can be computed during the operation, they can be 

used to warp pre-operative high-quality MR images so that they represent the current, 

intra-operative configuration of the brain.  
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Figure 1. Comparison of the tumour surface determined from images acquired pre-

operatively ( ) with the one determined from the images acquired intra-

operatively after craniotomy ( ). The surfaces are super-imposed on the 

intra-operative image, after rigid registration has been performed. Deformation of 

the brain surface ( ) is clearly visible near the craniotomy area. Intra-

operative displacements of over 20mm were reported in medical literature [9]. 

Surfaces were determined from the images provided by Department of Surgery, 

Brigham and Women’s Hospital (Harvard Medical School, Boston, Massachusetts, 

USA).  

The brain shift computation problem involves large deformations, non-linear material 

properties and non-linear boundary conditions as well as the difficult issue of generating 

patient-specific computational models. However, it is different from a usual simulation 

problem in two important ways: the need for accurate computations of the displacement 

field only, accuracy of stress computations is not required; and the computations must 

be conducted intra-operatively, which practically means that the results should be 

available to an operating surgeon in less than one minute [10-13].  

3. Biomechanical models. Challenges in obtaining the 

solution. 

Many researchers have proposed the use of physical models (based on solid and/or fluid 

mechanics) to compute the deformation field during brain shift. Some of these models 

are driven by externally applied forces (pressure, gravity) [14] that try to simulate the 
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loading conditions, while other are driven by displacements/forces evaluated based on 

intra-operative images or using external devices [10, 13, 15-22]. The Finite Element 

Method (FEM) [23] is in most cases the method of choice for finding the solution. 

The registration algorithms based on physical models have become more and more 

accepted in the registration community as they eliminate one of the main problems of 

the pure image based registration algorithms – the prediction of physically plausible 

deformations, especially in case of large deformations [24]. 

One possible model for solving the brain shift problem is presented in Fig. 2. This 

research is not focused on the biomechanical model itself. The model is presented only 

as an example and there will be no validation or debate about the appropriateness of this 

model. It should be possible to use the investigated algorithms and solution methods for 

any other biomechanical model. 

The biomechanical model is constructed starting from high resolution pre-operative 

images. These images are segmented in order to identify the different tissues 

(parenchyma, tumour, ventricle and skull) and a mesh is obtained based on the 

segmentation. The physical behaviour of these tissues is described using different 

material laws and the tissue deformation and interaction is described using 

mathematical models. These mathematical models (equations of motion) are then 

integrated using numerical methods in order to obtain a solution.  

The movement is driven by the deformation of the exposed surface of the brain in the 

craniotomy area, which can be recovered during the surgery [22, 25].  This also implies 

that the solution of the mathematical model must be obtained intra-operatively.  

The segmentation is normally done using semi-automatic algorithms in the pre-

operative stage. This can be time consuming, as many slices of the brain have to be 

segmented, and expert knowledge is needed in order to identify different structures.  
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Figure 2. Brain shift computation using a biomechanical model 

Because of the computation time requirement, the mesh must be constructed using low 

order elements that are not computationally intensive, such as the linear tetrahedron or 

the linear under-integrated hexahedron. The standard formulation of the linear 

tetrahedral element exhibits artificial stiffening, referred to in the literature as 

volumetric locking [26] when used for incompressible (or almost incompressible) 

continua such as brain and other soft tissues. To reduce locking special countermeasures 

must be employed and therefore hexahedral elements are preferred when modelling the 

behaviour of soft organs. Unfortunately there are no algorithms for automatic 

hexahedral mesh generation, and therefore, in order to automate the simulation process, 

mixed meshes (having both hexahedral and tetrahedral elements) with predominantly 

hexahedral elements are the most convenient. The meshing is also done in the pre-

operative stage. 

Biological tissue behaviour can be described in general using nonlinear hyper-elastic or 

hyper-visco-elastic models [6]. Soft tissue, such as brain, is also treated as an almost 

incompressible material. The material properties for the tissues involved in constructing 
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a bio-mechanical model should be patient specific in order to obtain the best results. 

Average properties are not sufficient for patient-specific computations of stresses and 

reaction forces because of the very large variability inherent to biological materials. 

This is clearly demonstrated in the biomechanics literature [27-30]. Unfortunately, 

despite recent progress in elastography using ultrasound [31] and magnetic resonance 

[32, 33], reliable methods of measuring patient-specific properties of the brain are not 

yet available.  

Two types of problems can occur in a soft tissue deformation simulation: steady state 

problems and transient analysis problems. In a steady state problem only the final shape 

of the deformed object must be determined (for example the computation of brain shift). 

In transient analysis problems the time evolution of some parameters (deformation, 

forces) are important (for example needle insertion or surgical simulators). For each 

type of problem there are specific methods that can be used for obtaining the solution 

[26, 34-37].  

4. Possible areas of improvement. Thesis objectives. 

One of the most important part of the presented brain shift computation method is the 

obtaining of the numerical solution, as it has to be done very fast (intra-operatively) and 

with sufficient accuracy. The following possible areas of improvement in the numerical 

solution algorithms have been considered: 

o the finite element formulation used 

o the element formulation 

o the solution method 

o the material interaction (contacts) 

o the termination criteria 

Various spatial discretisation schemes are possible while using the finite element 

method [38]. The algorithms implemented in the great majority of commercial finite 

element programs use the Updated Lagrangian formulation, where all variables are 

referred to the current (i.e. from the end of the previous time step) configuration of the 

system (Ansys [39], ABAQUS [40], ADINA [41], LS-DYNA [42], etc.). The advantage 

of this approach is the simplicity of incremental strain description and low internal 
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memory requirements. The disadvantage is that all derivatives with respect to spatial 

coordinates must be recomputed in each time step, because the reference configuration 

is changing. In the Total Lagrangian formulation all variables are referred to the original 

configuration of the system. The decisive advantage of this formulation is that all 

derivatives with respect to spatial coordinates are calculated with respect to the original 

configuration and therefore can be pre-computed. Therefore part of the computations 

involved in obtaining a solution can be transferred to the pre-operative stage. 

As shown before, the linear tetrahedron and the linear under-integrated hexahedron are 

the preferred elements for real time deformation computations.  Unfortunately, the 

standard formulation of the linear tetrahedral element exhibits artificial stiffening 

(volumetric locking) when used for incompressible (or almost incompressible) continua, 

while the under-integrated hexahedral elements require the use of an hourglass control 

algorithm in order to eliminate the instabilities, known as zero energy modes, which 

arise from the one-point integration [43]. Special algorithms for handling these 

behaviours must be implemented in order to guarantee the accuracy of the results. 

To obtain the steady state solution, one must integrate the equations of motion. This 

integration can be done either using static analysis methods (such as the Newton-

Raphson iterations) or by integrating in the time domain. The integration of equilibrium 

equations in the time domain can be done using either implicit or explicit methods [26, 

44, 45]. Because only the final static equilibrium is needed (and not the time history of 

the solution), the accuracy of the time response of the system is not important. The most 

important thing is the accuracy of the steady state solution and the rate of convergence 

to that state. Therefore, the equations that describe the time response of the system can 

be altered so that the convergence to the steady state is improved. 

The simulation of interactions between different materials can be very time consuming. 

Commercial finite element software usually offers many contact algorithm types, each 

of them having many configuration parameters. The best contact algorithm for the given 

problem and a chosen solution method must be therefore identified and improved. 

In order for any solution method to be effective, realistic criteria must be used for the 

termination of the iterative solution process. At the end of every iteration the obtained 

solution must be checked to see whether it has converged within preset tolerances. If the 

convergence tolerances are too loose, inaccurate results are obtained, and if the 
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tolerances are too tight, much computational effort is spent to obtain needless accuracy 

[26].    

The objective of the thesis is to improve/develop and evaluate computational algorithms 

and solution methods appropriate for solving soft tissue surgical simulation problems 

using biomechanical models and the finite element method. The possible areas of 

improvement identified in this section are investigated and new or improved algorithms 

are proposed and evaluated for each area.    

5. Thesis overview 

This thesis is organized as a collection of papers published (Chapters 2, 3, 4, 6, 8, 9) or 

submitted for publication (Chapters 7, 10) in different international journals, plus one 

chapter consisting of unpublished work (Chapter 5). The chapters loosely correspond to 

the different areas of improvement of the numerical solution methods identified in the 

previous section. 

Chapter 2 (Paper 1) - Total Lagrangian Explicit Dynamics Finite Element Algorithm 

for Computing Soft Tissue Deformation  

This paper proposes an efficient numerical algorithm for computing deformations of 

soft tissues (such as the brain, liver, kidney etc.), with applications to real time surgical 

simulation.  

The Total Lagrangian Explicit Dynamics (TLED) algorithm is based on the finite 

element method using the Total Lagrangian formulation, where stresses and strains are 

measured with respect to the original configuration. This choice allows for pre-

computing of most spatial derivatives before the commencement of the time-stepping 

procedure. Explicit time integration is used, which eliminates the need for iterative 

equation solving during the time stepping procedure. The algorithm is capable of 

handling both geometric and material non-linearities. 

 Stability analysis of the algorithm suggests that due to the much lower stiffness of very 

soft tissues than that of typical engineering materials, integration time steps a few orders 

of magnitude larger than those typically used in engineering simulations are possible.  

The algorithms accuracy for large strain non-linear elastic behaviour was validated 

using the reputable commercial software package ABAQUS [46]. The implementation 

of the algorithm allows the computation of a step for a 6000-element 6741-node 
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hexahedral mesh in about 16 ms on a standard 3.2 GHz Pentium 4 system using 

Windows XP operating system.  

Chapter 3 (Paper 2) – An Efficient Hourglass Control Implementation for the 

Uniform Strain Hexahedron Using the Total Lagrangian Formulation 

The paper presents an efficient implementation of the perturbation hourglass control 

method proposed by Flanagan and Belytschko [43] for the uniform strain hexahedron. 

The implementation uses the Total Lagrangian formulation and takes into consideration 

large deformations and rigid body motions. By using the Total Lagrangian formulation 

most of the necessary components for calculating the hourglass forces can be pre-

computed, leading to a significant reduction of the additional computation time required 

for hourglass control.  

The influence of the hourglass control mechanism on the simulation results is clearly 

visible in the presented examples. In order to assess the accuracy of the computation 

results, they were compared with the results obtained using mixed formulation fully 

integrated elements and the commercial finite element software (ABAQUS). A very 

good agreement of the results was obtained. 

The under-integrated hexahedral element using perturbation based stiffness hourglass 

control is almost five times more computationally efficient in the Total Lagrangian 

framework than in the Updated Lagrangian framework. 

Chapter 4 (Paper 3) - Non-locking Tetrahedral Finite Element for Surgical 

Simulation 

The paper extends the average nodal pressure (ANP) tetrahedral element proposed by 

Bonet and Burton [47] for better handling of multiple material interfaces. This improved 

formulation handles all the elements of the mesh in the same manner (regardless of the 

fact they may be at an interface between materials) and therefore the use of different 

materials and the implementation in an existing finite element code can be made 

without difficulties.  

The new formulation is easy to integrate and use in an existing code, requiring 

minimum modifications. The performance of the proposed improved ANP (IANP) 

element is evaluated using the TLED algorithm (presented in Chapter 2) against the 
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standard tetrahedral element and the ANP element. The IANP element offered the best 

performance both in terms of displacements and reaction forces.  

In an explicit code, the critical time step value for the ANP element is double compared 

to the critical time step for the standard locking tetrahedron in the one-dimensional case 

[48]. A similar behaviour is observed for the ANP and IANP elements in the three-

dimensional simulations. This means that higher values for the time step in an explicit 

simulation using a mixed mesh can be used, as the tetrahedral elements are usually the 

ones that impose the value of the critical time step. A higher critical time step leads to a 

reduction of the overall computation time. 

Chapter 5 – Static solution methods for non-rigid organ registration 

This chapter consists of an evaluation of different static solution methods for solving 

non-rigid organ registration problems. By combining the Newton iterations with the 

iterative methods for solving linear systems of equations the so called composite 

methods are obtained. Combinations of the different static solution methods (Newton-

Raphson, quasi-Newton) with different solvers (direct, iterative) are evaluated in this 

chapter in order to find the best performing combination. 

A method is described for choosing the best iterative method for a given problem. From 

the different available implementations of iterative methods for solving linear systems 

of equations, the JCG (Jacobi iterations using Conjugate Gradient acceleration) method 

offers the best performances in terms of computation time and convergence properties 

for the studied examples.  

The composite methods converge in the same number of iterations as the full Newton-

Raphson methods, but are much more efficient from the computational point of view. 

The modified Newton methods need more iterations than the full Newton methods but 

can lead to a decrease in the computation time, although they are not as good as the 

composite methods. The convergence behaviour of these methods is also not very good, 

as the solution is sometimes diverging.  

The composite Newton-JCG method decreased the computation time more than 3 times 

for the studied problems. It converged in the same number of iterations as the full 

Newton method, with similar accuracy of the computed results. It also proved very 

robust with respect to the specified number of JCG iterations. 
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Based on the convergence properties of the full Newton-Raphson method and   

composite Newton-JCG method, a very good approximation of the maximum 

computation error can be computed using a convergence factor. This error 

approximation can then be integrated into a convergence criterion in order to ensure the 

desired accuracy of the computations. We proposed the usage of two convergence 

criteria: one that can ensure the convergence between different load steps and one that 

ensures the accuracy of the results. The last criterion is applied only at the end of the 

last load step. This ensures that no time is lost computing intermediate results at higher 

that needed accuracy.  

Chapter 6 (Paper 4) - Computation of intra-operative brain shift using dynamic 

relaxation 

This paper proposes the use of Dynamic Relaxation (DR) in the context of the Total 

Lagrangian formulation for finding the deformed state of a nonlinear finite element 

problem. The main characteristics of the proposed method are: fast convergence, 

computational efficiency and the possibility to control the accuracy of the results. These 

characteristics make it an ideal method for solving image registration problems using 

bio-mechanical models. 

The efficiency of the method derives from the fact that many quantities involved in the 

computation of the nodal forces are constant and can be pre-computed. The formula 

used for computing the nodal forces leads to an approximately three times decrease in 

the computation time compared with the classical approach presented in the first paper 

[49]. One of the main parameters of the DR algorithm, the lower eigenvalue, can be pre-

computed during the pre-operative stage. A termination criterion is proposed, based on 

the convergence properties of the method, which can offer an indication about the 

absolute accuracy of the results. 

The presented simulation results confirm the accuracy and computational efficiency of 

the solution method. The accuracy is proven by comparing the results obtained using 

our method with the results obtained using the static solver of the commercial finite 

element code Abaqus and “gold standard” elements that can handle almost 

incompressible materials. The efficiency of the method is shown by measuring the 

computation time for a relatively complex simulation of a brain shift where we use 

different material types and properties for the component parts of the brain (brain tissue, 

tumour, ventricles), different element types (hexahedrons, tetrahedrons) and contacts 
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between brain and skull. Even for such a complex model (more than 36000 degrees of 

freedom) the brain shift simulation can be run in tens of seconds on a normal PC.  

Because of the explicit character of the algorithm, the computation time increases 

linearly with the number of elements in the mesh. 

Although the study is done in the context of the Finite Element Method, most results 

can also be applied in other cases when the deformed state of a large system of 

differential equations must be obtained (e.g. mesh-less methods).  

Chapter 7 (Paper 5) – An adaptive Dynamic Relaxation method for solving nonlinear 

finite element problems. Application to brain shift estimation. 

In the previous paper [50] the Dynamic Relaxation (DR) method, combined with the 

Total Lagrangian formulation of the Finite Element method, was used for computing 

intra-operative organ deformations. As shown in that paper, the DR method includes a 

number of iteration parameters which must be estimated. These parameters are 

especially hard to estimate for a nonlinear problem, as their optimal values (which 

ensure the fastest convergence rate) change during the iteration process. In the previous 

paper a separate simulation was performed in order to estimate the value of one of the 

parameters (the minimum eigenvalue A0). When the loading is not known in advance (as 

it is the case of the proposed application - intra-operative organ deformations), the 

estimation is done using an estimated value of the load, which might not lead to the 

optimum value of the iteration parameter.  

A simple and efficient method of estimating the value of the minimum eigenvalue 

during the iteration process is presented in this paper. As the iterations progress, the 

estimated minimum eigenvalue converges fast to its optimal value. This leads to a very 

efficient, completely adaptive DR procedure, while eliminating the need for separate 

simulations for parameter estimation.  

The proposed estimation method involves only vectors, preserving the computational 

advantages of an explicit method. These features make the proposed DR a perfect 

candidate for parallel implementation on a Graphics Processing Unit (GPU), which 

offers very high computation power at a low cost. A GPU implementation of the 

method leads to more than an order of magnitude improvement in the computation 

speed compared to the equivalent CPU implementation. 
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Chapter 8 (Paper 6) - Realistic and Efficient Brain-Skull Interaction Model for Brain 

Shift Computation 

This paper presents a very simple and efficient contact algorithm that can be used for 

simulating the brain-skull interaction in a biomechanical model, when combined with an 

explicit solution algorithm – Dynamic Relaxation (DR). 

The surface representing the skull is considered rigid and therefore it can be analyzed 

pre-operatively and many quantities needed for handling the contact can be pre-

computed. No parameters are needed for defining the contact (contact thickness, 

stiffness, etc.), as it only imposes kinematic restrictions on the movement of the brain 

nodes. The brain nodes are prevented from penetrating the skull, but they can slide 

along or separate from it. 

By imposing only kinematic restrictions, no contact forces need to be computed. 

Although the contact forces can be extracted from the strains occurring in the brain 

elements, they are not of interest in this application. The absence of any forces applied 

on the brain surface leads to a smaller influence of the material constitutive model 

parameters on the simulation results.   

The skull surface is considered to be a C0 triangular mesh, as this leads to a fast method 

for detecting penetration. If quadrilateral elements were present in this mesh, they can 

easily be split into two triangular elements. Because this surface is not smooth, it can be 

argued that high frequency vibrations will be introduced in the solution. In commercial 

codes such vibrations are handled using contact damping or by smoothing the surface 

(see [42]). The DR solution algorithm naturally damps all the high frequency vibrations 

[51], therefore no additional effort is needed for handling these vibrations. 

Combining Dynamic Relaxation with this contact implementation, a brain shift 

simulation can be performed in less than a minute on a normal PC, for a model having 

over 50000 degrees of freedom.  

Chapter 9 (Paper 7) - Suite of finite element algorithms for accurate computation of 

soft tissue deformation for surgical simulation 

An overview of the previously developed algorithms and their combination in different 

surgical simulation models are presented and validated in this paper. The basic concept 

behind these algorithms is the use of the Total Lagrangian formulation for solving finite 
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element problems. The presented algorithms cover issues related to time integration, 

hourglassing, volumetric locking and contacts. They allow the use of fully nonlinear 

problem formulation, accounting for large deformations, rigid body motions and 

material nonlinearities. 

Explicit time integration is the preferred method for performing real time simulations. 

The treatment of nonlinearities is straightforward, without the need for any iteration. 

Even if the method is only conditionally stable, the material properties of biological soft 

tissues make possible the use of much larger time steps compared with other 

engineering applications. Nevertheless, in the case of very large deformations or high 

deformation speeds, some elements can become highly distorted, leading to a reduction 

of the critical time step. In such a case, monitoring of the critical time step is required 

and the simulation time step must be automatically adjusted (if a time accurate solution 

is needed) or the mass of the distorted elements can be scaled (if only the steady state 

solution is sought). On a dual core PC this can be done in a separate thread leading to 

only a slight increase in the computation time.   

The simulation examples confirm the speed and accuracy of the presented algorithms. 

The accuracy of the results is demonstrated by comparing them with the results of 

similar simulations done using much more complex elements and contact algorithms in 

the commercial finite element software Abaqus and LS-DYNA. Good agreement 

(differences in displacement of an order of 0.2 mm) with the commercial finite element 

software results was obtained. 

Chapter 10 (Paper 8) – Real-Time Nonlinear Finite Element Computations on GPU - 

Application to Neurosurgical Simulation 

In the past years there has been an increased interest in using the power of graphics 

processing units (GPUs), with their parallel architecture, for general purpose 

computations. Before the introduction of the Compute Unified Device Architecture 

(CUDA) by NVIDIA, general purpose computations on GPUs (GPGPU) were done by 

recasting the computations in graphic terms and using the graphics pipeline [52], 

therefore a scientific or general-purpose computation often requires a concerted effort 

by experts in both computer graphics and in the particular scientific or engineering 

domain. With the introduction of CUDA, in November 2006, NVIDIA proposed a new 

parallel programming model and instruction set for their GPUs that can be used for 

performing general purpose computations. CUDA comes with a software environment 
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that allows developers to use C as a high level programming language. CUDA also 

exposes the internal architecture of the GPU and allows direct access to its internal 

resources.   

This paper presents a CUDA implementation of a suite of nonlinear Finite Element 

algorithms for brain shift computation. The implementation can handle areas with 

different non-linear materials, different element types (linear hexahedron with hourglass 

control, linear tetrahedron and non-locking tetrahedron) and contacts between brain and 

skull. 

The GPU implementation performs the computations more then 20 times faster than an 

equivalent CPU implementation, using a GPU with compute capability 1.0 (having 128 

cores). Models with an increased number of elements can be used to solve brain shift 

problems within the time constrain of the operating room. This also simplifies the task 

of meshing such models, as the limitation on the number of elements in the model is 

almost removed.   

The evolution of GPU hardware allows these performances to be enhanced even more. 

The latest devices, with compute capability 1.3, have more cores (240 on Tesla C1060), 

double the number of registers, support for double-precision floating-point numbers and 

concurrent kernel execution with memory transfers between host and device.  

Chapter 11 – Conclusions 

The last chapter presents a summary of the main findings taken from the previous 

chapters and ends with a list of general conclusions drawn from the work presented in 

this thesis. 
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Chapter 2: Total Lagrangian explicit dynamics finite 
element algorithm for computing soft tissue 

deformation 
__________________________________________________________________ 

Karol Miller, Grand Joldes, Dane Lance and Adam Wittek  

Communications in Numerical Methods in Engineering 2007; 23: 121-134 

 

Summary 

We propose an efficient numerical algorithm for computing deformations of ‘very’ soft 

tissues (such as the brain, liver, kidney etc.), with applications to real time surgical 

simulation. The algorithm is based on the finite element method using the total 

Lagrangian formulation, where stresses and strains are measured with respect to the 

original configuration. This choice allows for pre-computing of most spatial derivatives 

before the commencement of the time-stepping procedure.  

We used explicit time integration that eliminated the need for iterative equation solving 

during the time-stepping procedure. The algorithm is capable of handling both 

geometric and material non-linearities. The total Lagrangian explicit dynamics (TLED) 

algorithm using eight-noded hexahedral under-integrated elements requires 

approximately 35% fewer floating-point operations per element, per time step than the 

updated Lagrangian explicit algorithm using the same elements. 

Stability analysis of the algorithm suggests that due to much lower stiffness of very soft 

tissues than that of typical engineering materials, integration time steps a few order of 

magnitude larger than what is typically used in engineering simulations are possible. 

Numerical examples confirm the accuracy and efficiency of the proposed TLED 

algorithm. 

Keywords: surgical simulation; soft tissues; finite element method; explicit time 

integration; total Lagrangian formulation 
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1.  Introduction 

There is wide international concern about the cost of meeting rising expectations for 

health care, particularly if large numbers of people require currently expensive 

procedures such as brain surgery.  Costs can be reduced by using improved machinery 

to help surgeons perform these procedures quickly and accurately, with minimal side 

effects. A novel partnership between surgeons and machines, made possible by 

advances in computing and engineering technology, could overcome many of the 

limitations of traditional surgery. By extending the surgeons' ability to plan and carry 

out surgical interventions more accurately and with less trauma, computer-integrated 

surgery (CIS) systems could help to improve clinical outcomes and the efficiency of 

health care delivery. CIS systems could have a similar impact on surgery to that long 

since realized in computer-integrated manufacturing (CIM).  

Mathematical modeling and computer simulation have proved tremendously successful 

in engineering. Computational mechanics has enabled technological developments in 

virtually every area of our lives. One of the greatest challenges for mechanists is to 

extend the success of computational mechanics to fields outside traditional engineering, 

in particular to biology, biomedical sciences, and medicine [1].  

The goal of surgical simulation research is to model and simulate deformable materials 

for applications requiring real-time interaction. Medical applications for this include 

simulation-based training, skills assessment and operation planning.  A surgical 

simulator must predict the deformation field within the organ, so that it can be displayed 

to the user, and the internal forces (stresses), so that reaction forces acting on surgical 

tools can be computed and conveyed to the user through haptic feedback.  

For computational efficiency reasons most researchers in the surgical simulation 

community use mathematical models based on linear elasticity that allow pre-

computation of solutions (Green’s functions). These models are incapable of providing 

realistic predictions of finite deformations of the tissue, because the deformations are 

assumed to be infinitesimal. Linearity of the material response is also assumed. 

Consequently, in such models the principle of superposition holds. However, years of 

experience accumulated by researchers working on the theory of elasticity and the finite 

element method have shown that the principle of superposition cannot be used for 

systems undergoing large deformations. In the 1970s, when non-linear finite element 
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procedures were under development, many examples of inadequacy of linear theory 

were published, see e.g. References [2-4]. 

Zhuang [5] was probably the first to use updated Lagrangian explicit dynamics for real 

time deformable object simulation. Picinbono et. al [6] used a similar algorithm, 

however their implementation of non-linear materials and viscoelasticity was, in our 

opinion, inferior to what is available within commercial packages, such as LS Dyna [7]. 

Papers [5, 6] used meshes built of linear tetrahedral, however they did not discuss 

problems related to volumetric locking. Also Szekely et al. [8] used explicit dynamics 

algorithms. Unfortunately, the details of their methods are not given in the publication. 

The efficient finite element algorithm, accounting for both geometric and material non-

linearities, that alleviates the problems mentioned above, is presented in the next 

section. In Section 3, we present three computational examples. Section 4 contains 

discussion and conclusions. 

2. Methods 

2.1. Total Lagrangian formulation of the finite element method 

Various spatial discretisation schemes are possible while using the finite element 

method [9]. The great majority (if not all) of commercial finite element programs use 

the updated Lagrangian formulation, where all variables are referred to the current (i.e. 

from the end of the previous time step) configuration of the system (Ansys [10], 

ABAQUS [11], ADINA [12], LS Dyna [13]). Therefore, Cauchy stress and Almansi (or 

logarithmic) strain are used. The advantage of this approach is the simplicity of 

incremental strain description. The disadvantage is that all derivatives with respect to 

spatial coordinates must be recomputed in each time step, because the reference 

configuration is changing. The reason for this choice is historical – at the time of solver 

development the memory was expensive and caused more problems than actual speed of 

computations.  

The first key idea in the finite element algorithm development is to use the total 

Lagrangian formulation of finite element method, where all variables are referred to the 

original configuration of the system. Second-Piola Kirchoff stress and Green strain are 

used. The disadvantage of this approach is the complicated description of finite strains 

resulting from the so-called initial displacement effect. However, the decisive advantage 
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is that all derivatives with respect to spatial coordinates are calculated with respect to 

original configuration and therefore can be precomputed. Also, as rotation-invariant 

second Piola-Kirchoff stress is used, the necessity to rotate (Cauchy) incremental 

stresses before addition, present in updated Lagrangian formulation, is eliminated. 

Therefore, the proposed algorithm performs significantly fewer mathematical operations 

in each time step. 

2.2. Explicit time integration of discretized equations of motion 

The present study focuses on computing the deformation field and internal forces 

(stresses) within a soft organ during surgical procedure.  This requires application of an 

efficient numerical scheme when integrating equations of equilibrium (or dynamics) in 

time domain. Such integration can be done using either implicit or explicit methods [14-

16]. In implicit methods, the equations of dynamics are combined with the time 

integration operator, and the displacements are found directly. In explicit methods, on 

the other hand, at first the accelerations are determined from the equations of dynamics 

and then integrated to obtain the displacements.  

The most commonly used implicit integration methods, such as the Newmarks’ constant 

acceleration method, are unconditionally stable [9]. This implies that their time step is 

limited only by the convergence/accuracy considerations.  However, the implicit 

methods require solution of set of non-linear algebraic equations at each time step. 

Furthermore, iterations need to be performed for each time step of implicit integration to 

control the error and prevent divergence. Therefore, the number of numerical operations 

per each time step can be three orders of magnitude larger than for explicit integration 

[14]. Thus, “the advantage of implicit method for three-dimensional (transient) 

problems becomes marginal ” [9]. 

On the other hand, in explicit methods, such as a central difference method, treatment of 

non-linearities is very straightforward and no iterations are required. The global system 

of discretised equations of motion to be solved at each time step is:  

nnnn Ru)K(uuM =⋅+&&  (1) 

where u is a vector of nodal displacements, M is a mass matrix, K is a stiffness matrix 

non-linearly dependent on the deformation (because geometrically non-linear 
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procedure, suitable for computing large deformations, is used), and R is a vector of 

nodal (active) forces.  

Using the central difference integration scheme we obtain: 

nnnnnn ututuu &&&
2
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where Bn
T is the strain–displacement matrix at step n and V(i) is the ith element volume.  

The non-linear properties of the tissue are accounted for in the constitutive model (see 

e.g. References [17-21] for the brain, References [22-24] for liver and kidney) and 

included in the calculation of nodal reaction forces F. We used lumped (diagonalized) 

mass matrix M that multiplies the unknown 1nu + .  This rendered Equation (5) an 

explicit formula for the unknown 1nu + . Equations (4) and (5) imply that computations 

are done at the element level eliminating the need for assembling the stiffness matrix K 

of the entire model. Thus, computational cost of each time step and internal memory 

requirements are substantially smaller for explicit than implicit integration. It is worth 

noting that there is no need for iterations anywhere in the algorithm. This feature makes 

the proposed algorithm suitable for real time applications. 

However, the explicit methods are only conditionally stable. Normally a severe 

restriction on the time step size has to be included in order to receive satisfactory 

simulation results. For example, in car crash simulations conducted with explicit solvers 

the time step is usually in the order of magnitude of microseconds or even tenths of 

microseconds [25, 26]. 

The critical time step is equal to the smallest characteristic length Le of an element in 

the mesh divided by the dilatational wave speed c [7, 14, 27]: 
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c

L
∆t e≤  

(6) 

For the eight-noded hexahedral element, the characteristic length is   

Le = V

Amax

,  
(7) 

where  Amax is the area of the element’s largest face and V is the element’s volume.  

Stiffness of very soft tissue is very low [19]: e.g. stiffness of the brain is about eight 

orders of magnitude lower than that of steel. Since the maximum time step allowed for 

stability is (roughly speaking) inversely proportional to the square root of Young’s 

modulus divided by the mass density, it is possible to conduct simulations of brain 

deformation with much longer time steps than in typical dynamic simulations in 

engineering.  

2.3. Description of TLED finite element algorithm 

 

Pre-computation stage: 

1. Load mesh and boundary conditions. 

2. For each element compute the determinant of the Jacobian det(J), spatial 

derivatives of shape functions h∂  and linear (constant) strain-displacement 

matrices, 00 L

t B  (notation of Reference [15] is used, where the left superscript 

represents the current time and the left subscript represents the time of the 

reference configuration - 0 when total Lagrangian formulation is used). 

3. Compute and diagonalize (constant) mass matrix 0M. 

Initialization: 

1. Initialize nodal displacement 0u0u == ∆− t,0 , apply load for the first time step: 

forces or/and prescribed displacements: )()()( tRR kk

i

t ∆→∆ or/and  

)()( tdu k

i

t ∆→∆  
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Time stepping: 

Loop over elements:  

1. Take element nodal displacements from the previous time step. 

2. Compute deformation gradient Xt
0 . 

3. Calculate full strain-displacement matrix  

Ttktkt

LL
XBB 0

)(
0

)(
0 0

=  (8) 

 This matrix accounts for initial displacement effect. 

4. Compute 2nd Piola-Kirchoff stress (vector) S
~

0
t  at integration points.  

5. Compute element nodal reaction forces  

VdtT
L

t

V

mt 0
00

)( ~ˆ
0

SBF ∫=  (9) 

 using Gaussian quadrature. 

Making a (time) step: 

1. Obtain net nodal reaction forces at time t, Ft . 

2. Explicitly compute displacements using central difference formula  

)()()(
2

)( 2)( k
i

ttk
i

tk
i

t
i

tt

k

ktt uuFR
M

t
u

i

∆−∆+ −+−∆=  
(10) 

 where Mk is a diagonal entry in kth row of the diagonalized mass matrix, Ri is an 

 external nodal force, and ∆t is the time step. 

3. Apply load for the next step: )()()( ttRR kk

i

tt ∆+→∆+ or/and  

)()( ttdu k

i

tt ∆+→∆+ . 

As can be seen, there is no need for solution of coupled equations anywhere in the 

algorithm. Computationally most expensive parts of the algorithm are the evaluation of 

the full strain-displacement matrix (Point 3 of the loop over elements) and of second 

Piola-Kirchoff stresses (Point 4 of the loop over elements). These computations must be 
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conducted at every integration point. That is why to achieve high computational 

efficiency under-integrated elements should be used. For 3D problems the most efficient 

elements are eight-noded hexahedra with a single integration point (for an excellent 

description of the implementation of this element see LS Dyna Manual [7]). For this 

element the integral (9) can be simply evaluated as: 

)det(
~

8ˆ 0
00

)( JSBF tT
L

tmt =  (11) 

As, for stability reasons, rather small time steps are used, the strain-displacement matrix 

does not change much during a few time steps. Our experience shows that it is sufficient 

to update it every about 10 time steps. This leads to substantial computational efficiency 

improvement. 

Accurate evaluation of stresses at integration points is essential for precise prediction of 

internal forces within the organ and computation of reaction forces acting on surgical 

tools. Therefore, appropriate constitutive models need to be applied. In case of 

hyperelastic models the second Piola-Kirchoff stress can be evaluated as a derivative of 

the energy function with respect to Green strain. When hyper-viscoelastic models, such 

as the Ogden-based one developed for the brain in Reference [19], are selected, an 

efficient recursive scheme should be implemented. The implementation method is 

explained in detail in Reference [28]. 

3. Results 

3.1. Stability analysis 

Stability analysis of explicit integration schemes is very well developed for sets of 

linear differential equations [29]. Most of the results are approximately valid for non-

linear analysis as well. Nevertheless, we have conducted numerical experiments to 

ascertain the stability limits of the proposed algorithm.  

We used 10cm side cube meshed by 1000 eigth-nodes, single-integration-point 

hexahedra for the test problem, as it makes defining boundary conditions and generating 

hexahedral meshes simple and has similar dimensions to a human brain. No hourglass 

control was used. The cube is deformed by constraining one face, whilst the opposite 

face is displaced. The boundary conditions are: constrained face: 0=∆=∆=∆ zyx ; 

displaced face: 0=∆=∆ zx , )(tdy =∆  (Figure 1). Mass density of 1000 kg/m3 and 
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Neo-Hookean material model with Young’s modulus in undeformed state equal to 3000 

Pa and Poisson’s ratio 0.49, which is approximately representative for the human brain, 

were used. The speed of sound in the bulk material is, therefore, approximately 7 m/s. 

For a mesh with 10 cubic elements per side, the critical time step, as predicted by a 

linear theory [29] is:  

s
c

L
tcrit  0013.0≈=∆  

To obtain experimental verification of this prediction we computed the displacement of 

all nodes with varying time steps. Above the critical time step the displacement 

increased dramatically as the algorithm lost stability, Figure 2. Figure 3 shows the axial 

force during axial elongation of the cube computed with the time step size very close to 

the critical time step. Oscillations in the force can be seen as the algorithm becomes 

unstable. 

 

Figure 1. Constrained Elongation of a Cube 

 

Figure 2. Logarithm of net nodal displacement with time step for 10 elements per 

side mesh 
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Figure 3. Force versus time showing the onset of oscillations due to time step 

nearing the critical time step 

Therefore, it should be ensured that the time step does not exceed the critical time step 

predicted by the linear theory. 

3.2. Numerical examples 

In all numerical examples hexahedral meshes with and without hourglass control were 

used. The hourglass control algorithm uses artificial stiffness to treat the zero energy 

modes of the under-integrated hexahedral elements, as described in Reference [30]. 

Results obtained with the proposed algorithm programmed in C [31] were compared to 

the ones obtained with ABAQUS Standard Version 6.5-1 finite element analysis 

package [11].  

The computed deformed shape of the object was compared with the one obtained using 

ABAQUS Static. The computed time evolution of the reaction force in one node was 

compared with the one obtained using ABAQUS Dynamic/Implicit. In both cases 

default parameters of the ABAQUS solver were used. A Neo-Hookean material model 

with Young’s modulus in undeformed state equal to 3000 Pa, Poisson’s ratio 0.49 and 

mass density of 1000 kg/m3 was considered in all cases. A fully integrated eight-noded 

linear brick, hybrid, constant pressure element was used in ABAQUS. The maximum 

displacement was 0.02 m in all cases and was applied using a loading curve given by: 

32)61510()( ttttd +−=  (12) 

where t is the relative time (varying from 0 to 1). 
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3.2.1 Extension and compression of a cylinder 

The cylinder is deformed by constraining one face, whilst the opposite face is displaced. 

The boundary conditions are: constrained face: 0=∆=∆=∆ zyx ; displaced face: 

0=∆=∆ yx ,  )(tdz =∆ . The displacements are presented for a line of nodes found at 

the intersection of the plane y = 0 with the lateral surface of the cylinder. The reaction 

forces are presented for the node found in the middle of the displaced face, Figure 4. 

The results obtained with the proposed total Lagrangian explicit dynamics algorithm 

(TLED) are essentially the same as those obtained with ABAQUS indicating the 

appropriateness of the developed methods. It is also clear that hourglass control is 

necessary to maintain the accuracy. Therefore, in the remaining examples hourglass 

control was used.   

3.2.2 Simple shear of a cube 

The cube is deformed by constraining one face, whilst the opposite face is displaced. 

The boundary conditions are: constrained face: 0=∆=∆=∆ zyx ; displaced face: 

0=∆=∆ zy ,  )(tdx =∆ . The displacements are presented for a line of nodes found at 

the intersection of the plane y = 0.05 with the lateral surface of the cube. They agree 

well with those computed with ABAQUS Static. The reaction forces are presented for 

the node found in the middle of the displaced face, Figure 5.  

3.2.3 Indentation of an ellipsoid 

The ellipsoid is deformed by constraining the lower half, whilst four nodes are displaced 

in the z-direction. This is a rough approximation of indentation of the brain [32]. The 

boundary conditions are: constrained nodes: 0=∆=∆=∆ zyx ; displaced nodes: 

0=∆=∆ yx ,  )(tdz =∆ . The displacements are presented for a line of nodes found at 

the intersection of the plane y = 0 with the surface of the ellipsoid. The reaction forces 

are presented for one of the displaced nodes, Figure 6.  
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Figure 4. Extension and compression of a cylinder 
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Figure 5. Simple shear of a cube 

 

Figure 6. Indentation of an ellipsoid 
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3.2.4 Influence of strain-displacement matrix update frequency 

The strain-displacement matrix was updated at different number of time-step intervals 

for the ellipsoid indentation experiment and the obtained displacements, reaction forces 

and average step time were compared. The average time step was obtained by dividing 

the total computation time by the number of steps (1000 in this case). The hourglass 

control algorithm takes about 5.9 ms each step (using a standard 3.2 GHz Pentium 4 

computer). The nodal displacements are presented for the node marked with a cross in 

the middle line displacements (Figure 7). The reaction forces are presented for one of 

the displaced nodes. 

From these results it can be seen that the strain-displacement matrix can be updated at 

time step intervals greater that 10, but the improvement in computation time for a 

greater update interval is minimum and the accuracy of the results starts to decrease 

(Table 1).   

 

Figure 7. Influence of strain-displacement matrix update frequency 
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Detailed comparison of floating point operation count per element, per time step shows 

that in time steps when the strain-displacement matrix is updated the number of floating 

point operations per element for our algorithm is 53 lower than in the explicit dynamics 

algorithm using updated Lagrangian formulation (as described in Reference [15]). In 

time steps when the strain-displacement matrix is not updated there are 773 fewer 

operations. As the strain-displacement matrix needs to be updated every about 10 time 

steps significant computational savings are evident. The average (over 10 time steps) 

number of floating point operations per time step is approximately 35% lower in the 

proposed algorithm as compared to the one based on the updated Lagrangian 

formulation. 

Table 1. Influence of strain-displacement matrix update frequency on computation time 

Update frequency (steps) Average step time (ms) 

1 22.6 

5 16.5 

10 15.7 

20 15.4 

 

4. Discussion and conclusions 

We presented an efficient algorithm based on the total Lagrangian formulation of the 

finite element method combined with explicit time integration. The TLED algorithm is 

capable of handling geometric and material non-linearities. 

The algorithm’s accuracy for large strain non-linear elastic behavior was validated using 

a reputable commercial software ABAQUS [11]. The average number of floating-point 

operations per element per time step is 35% lower than for the similar implementation 

of the algorithm based on updated Lagrangian formulation. 

Our implementation of the algorithm allows the computation of a step for a 6000-

element 6741-node hexahedral mesh in about 16 ms on a standard 3.2 GHz Pentium 4 

system using Windows XP operating system. As our results indicate that time steps as 

large as of 0.001 s are indeed possible, the algorithm constitutes a step towards a real-



CHAPTER 2 36 

time surgical simulation. Additional advantageous features of the explicit dynamics 

algorithm is that the computations are conducted at the element level and therefore the 

algorithm can be easily parallelized. 

In Reference [33] we used the mesh of about 15 000 hexahedra to compute the 

craniotomy-induced brain shift for application in image-guided surgery. Regardless of 

improvements in calculation speed proposed in this paper, real-time computations of 

meshes of such size will require much faster computational hardware.  

A number of challenges must be met before CIS based on computational biomechanical 

models can become as widely used as CIM systems are now. As we deal with individual 

patients, methods to produce patient-specific models quickly and reliably must be 

improved. Substantial progress in automatic meshing methods is required. 

Implementation of algorithms for parallel computations on networks of processors, and 

harnessing the computational power of graphics processing units provide a challenge for 

coming years. 
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Chapter 3: An efficient hourglass control implementa-
tion for the uniform strain hexahedron using the Total 

Lagrangian formulation 
__________________________________________________________________ 

Grand Roman Joldes, Adam Wittek and Karol Miller  

Communications in Numerical Methods in Engineering 2008; 24: 1315–1323 

 

Summary 

The under-integrated hexahedron is one of the best candidates for use in real time sur-

gical simulations, because of its computational efficiency. This element requires a very 

efficient method of controlling the zero energy (hourglass) modes that arise from one-

point integration. An efficient implementation of the perturbation hourglass control me-

thod proposed by Flanagan and Belytschko for the uniform strain hexahedron is pre-

sented. The implementation uses the Total Lagrangian formulation and takes into con-

sideration large deformations and rigid body motions. By using the Total Lagrangian 

formulation most of the necessary components for calculating the hourglass forces can 

be pre-computed, leading to a significant reduction of the additional computation time 

required for hourglass control. The performance evaluation results show the very good 

accuracy and computational efficiency of the presented algorithm.  

 

Keywords: hourglass control; Total Lagrangian formulation; uniform strain hexahe-

dron; surgical simulation 
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1. Introduction 

Speed is the main requirement from a finite element model used for surgical simulation. 

This requirement led many researchers to use linear elastic models, because these mod-

els allow to increase the computation speed by applying techniques such as superposi-

tion [1] or static condensation [2-4]. In [5] it is shown that a good material model is cru-

cial for making accurate predictions on tissue deformations and Picinbono et al. [6] and 

Wittek et al. [7] demonstrate the shortcoming of linear elasticity when rigid body mo-

tions are present. As tissue deformations during surgery are large and material proper-

ties of biological tissues are highly nonlinear [8-11], we can draw the conclusion that 

nonlinear material laws and nonlinear finite element models should be used in order to 

have accurate results. 

In a previous paper we presented a very efficient Total Lagrangian Explicit Dynamics 

(TLED) algorithm for computing soft tissue deformations, with application to real time 

surgical simulation [12]. This algorithm can be used for nonlinear models with any ma-

terial law or element type.  We demonstrated that the Total Lagrangian formulation has 

advantages over the Updated Lagrangian formulation from the computational point of 

view. This algorithm is capable of computing a time step in 16 ms for a mesh having 

6000 elements and 6741 nodes on a standard Pentium 4. It is clear that improvements in 

the algorithm and computing hardware can make real time computations possible.    

This paper presents algorithmic improvements related to hourglass control. In order to 

meet the speed requirements, the finite element models must use computationally inex-

pensive low order elements such as the linear under-integrated hexahedron or the linear 

tetrahedron. The single integration point first order hexahedral finite elements can also 

be used with materials having high Poisson’s ratio because they do not exhibit volume-

tric locking [13]. But these elements also require the use of an hourglass control algo-

rithm in order to eliminate the zero energy modes that arise from one-point integration 

[14]. We will show that the Total Lagrangian formulation is recommended from the 

point of view of efficient hourglass control implementation, as many quantities involved 

can be pre-computed. 

One of the earliest and most popular hourglass control algorithms that is currently avail-

able in many commercial software finite element packages (ABAQUS [15], LS-DYNA 

[16]) is the one proposed by Flanagan and Belytschko [14], also known as the perturba-
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tion hourglass control. This method is applicable for hexahedral elements with arbitrary 

geometry used for the simulation of large deformations (including rigid body motions).  

Several other algorithms were proposed for hourglass control. Liu et al. [17] proposed 

the usage of stabilization matrices for hourglass control in the so-called physical stabili-

zation method. The algorithm required the storage of 36 hourglass stresses in addition to 

the single-point stresses and the resulting stabilization forces causes the element to ex-

perience volumetric and shear locking [18].  

Belytschko and Bindeman [19] proposed an assumed strain stabilization method  and 

Puso [18] combined the physical stabilization method with the assumed strain method 

in order to obtain an efficient enhanced assumed strain physically stabilized element. 

These methods provide an improved behavior of the element in bending- dominated 

problems. However, the stability of these methods cannot be guaranteed for general de-

formation states and arbitrarily shaped elements [20]. The enhanced strain physically 

stabilized element is also available in the commercial finite element codes [15, 16]. 

In the context of large deformations, rigid body motions and arbitrarily shaped ele-

ments, the perturbation hourglass control is the most computationally efficient of the 

presented hourglass control methods. The increased performance of the enhanced as-

sumed strain hourglass control methods in bending-dominated problems is of little im-

portance in surgical simulation. 

The remainder of the paper is organized as follows. The improved algorithm for the 

computation of hourglass control forces is presented in Section 2. Performance of the 

algorithm is assessed using two numerical simulations in Section 3. Discussions and the 

conclusions are presented in Section 4. 

2. Computation of hourglass control forces 

The notation from [13], also used in our previous paper [12], is used, where the left su-

perscript represents the current time and the left subscript represents the time of the ref-

erence configuration, which is 0 when Total Lagrangian formulation is used. 

Based on the relations presented in [14], the following quantities can be defined with re-

spect to the original configuration (using indicial notation): 

• The mean shape functions derivatives, for the uniform strain hexahedron 
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∫==
V iI

Ii
iI dVh

VV
B

h ,0,0

1 , I = 1..8, i = 1..3 (1) 

where the B-matrix and the element volume V are computed as presented in  [14].  

• The hourglass shape vectors 

αααααγ JJiiIIJJiIiII xhxB
V

Γ−Γ=Γ−Γ= 0
,0

0
0

1 , α = 1..4, I = 1..8 (2) 

where ГIα are the constant hourglass base vectors and 0xJi are the initial nodal 

coordinates (see [14]). 

• The hourglass nodal velocities 

αα γ IIi
t

i
t uq 000

8

1
&& =  (3) 

where 0
tuIi are the nodal displacements with regard to the original configuration. 

• The hourglass resistance for the artificial stiffness is given in terms of the 

maximum stiffness of the element Kmax 

i
t

i
t qKQ αα κ 0max0 ⋅⋅=  (4) 

where κ is a user-defined stiffness parameter. 

• The contribution of the hourglass resistance to the nodal forces 

αα γ Ii
tHg

Ii
t Qf 000

8

1=  (5) 

For a lumped mass matrix in which the mass is distributed equally among the 8 nodes 

(usually used in an explicit analysis), the maximum stiffness is related to the maximum 

element frequency ωmax by  

2
maxmax 8

ωρV
K =  (6) 

where ρ is the density. 

An estimate of the maximum element frequency is used, as given in [21] 
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2/1
max gcD ⋅≤ω  (7) 

where cD is the dilatational wave velocity in the material and g is the geometrical 

parameter. In the case of a hexahedron with arbitrary configuration, g is given in [14] as 

iIiI
IiIi hh

V
BB

g ,0,02 88 ==  (8) 

When the Lame material parameters λ and µ are known, the dilatational wave velocity 

can be expressed as 

ρ
µλ 2+=Dc  (9) 

From the above relations it can be seen that the mean shape function derivatives and the 

hourglass shape vectors are constant when they are defined with respect to the initial 

configuration and can be pre-computed. A further simplification can be obtained by 

integrating (3) with zero initial conditions for displacements and hourglass nodal 

displacements 

0and  0 00 == i
t

Ii
t qu α  (10) 

The zero initial conditions are obtained from the fact that when the nodal displacements 

0
tuIi are zero, the hourglass nodal displacements 0

tqαj are also zero, and therefore no 

hourglass resistance force is present. After integration we obtain 

αα γ IIi
t

i
t uq 000

8

1=  (11) 

If we use the following notation 

8
maxK

k
⋅= κ  (12) 

and replace (4), (11) and (12) in (5), the hourglass resistance forces will become 

αα γγ IJJi
tHg

Ii
t ukf 0000 =  (13) 

Written in matrix form, relation (13) becomes 
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uγγF tTHgt k 0000 =  (14) 

where Y is the matrix of hourglass shape vectors and u is the matrix of displacements. 

In (14) all the involved quantities, except the displacements, are constant and can be 

pre-computed. Therefore, the computation of the hourglass control forces in a Total 

Lagrangian framework becomes very efficient, requiring only 360 floating point 

operations per element. An estimation of the number of operations required for 

implementing the same algorithm (relations 1-14) in an Updated Lagrangian framework 

is given in Table I. When the Total Lagrangian formulation is used instead of Updated 

Lagrangian, the number of floating point operations per element reduces by a factor 

larger than 4. 

Table I. Number of floating point operations per element required for the 

implementation of the proposed hourglass control algorithm when using different 

formulations. 

Formulation Total Lagrangian Updated Lagrangian 

Number of floating point operations 360 1585 

 

3. Performance evaluation 

In order to assess the performances of the proposed hourglass control mechanism, its 

implementation was included in the TLED  algorithm presented in [12]. This algorithm 

was used to conduct two numerical experiments, which include large deformations, 

rigid body motions and elements with arbitrary geometry: indentation of an ellipsoid 

(that coarsely resembles the brain) and deformation of a column. 

In both the experiments the loading was imposed by displacing selected nodes on the 

surface. The displacements were applied using a smooth loading curve given by: 

32
max )61510()( tttdtd ⋅+−⋅=  (15) 

where t is the relative time (varying from 0 to 1). 

The simulation results were compared with the results obtained using the commercial 

finite element software ABAQUS [22]. Fully integrated linear hexahedra, hybrid 
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displacement-pressure formulation, were used in ABAQUS. Because these elements do 

not exhibit hourglassing or volumetric locking in case of almost incompressible 

materials, the obtained results were considered as the “golden standard” for comparison.  

The results were obtained using the implicit solver with the default configuration. 

3.1. Indentation of an ellipsoid  

We presented an ellipsoid indentation experiment in our previous paper [12], used for 

assessing the accuracy of the TLED algorithm. A similar experiment is presented here, 

but this time we used the asymmetric loading and much larger deformations in order to 

excite the hourglass modes of the elements. If no hourglass control is used, the 

simulation leads to very unrealistic results. 

The ellipsoid presented in Figure 1 was deformed by constraining a part of the lower 

surface ( 0=∆=∆=∆ zyx ) and displacing selected nodes from the upper surface 

( )( ,0 ,0 tdzyx z=∆=∆=∆ ), with maximum displacements of 0.04 m in the z direction. 

The mesh was constructed using Altair HyperMesh [23] and has 2535 nodes and 2200 

elements with arbitrary geometry.  

A Neo-Hookean almost incompressible material model was used, having the 

mechanical properties similar to those of the brain (mass density of 1000 kg/m3, 

Young’s modulus in undeformed state equal to 3000 Pa and Poisson’s ratio 0.49). 

The comparison of displacements of nodes located on the surface and in the plane y = 0 

is presented in Figure 2. 

 

Figure 1. Indentation of an ellipsoid – undeformed shape (a) and deformed shape (b). 
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Figure 2. Indentation of an ellipsoid – middle line displacements. 

3.2. Deformation of a column 

This experiment was artificially designed to compound difficulties associated with 

hourglass control: large deformations, bending and rigid body motions. A column 

having a height of 1 m and a square section with the side size 0.1 m was meshed using 

hexahedral elements (Figure 3(a)). The mesh has 496 nodes and 270 elements. The 

material properties were the same as those used in the previous experiment. 

The deformation was imposed by constraining the lower face ( 0=∆=∆=∆ zyx ) and 

displacing the upper face ( )( ,0 ),( tdzytdx zx =∆=∆=∆ ), with maximum displacements 

of 0.5 m in the x direction and 0.3 m in the z direction.   

The deformed shape obtained using the TLED algorithm is presented in Figure 3(b) for 

the case when under-integrated hexahedral elements with no hourglass control are used. 

The influence of the presented hourglass control mechanism can be clearly seen in 

Figure 3(c). 

The comparison of displacements of a line of nodes from the side of the column (in the 

plane y = 0) is presented in Figure 4.  
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Figure 3.  Deformation of a column - undeformed shape (a), deformed shape with 

no hourglass control (b) and deformed shape with successful hourglass control (c). 

 

Figure 4.  Deformation of a column – middle line displacements. 

Very good agreement between the results obtained using the under-integrated elements 

with the presented hourglass control and the fully integrated linear hexahedra with 

hybrid displacement-pressure formulation can be observed. The displacement maximum 

relative error, defined as the ratio between the maximum displacement difference and 

the imposed displacement, was 0.34% in case of the ellipsoid indentation and 1.4% in 

case of column deformation. This demonstrates the good accuracy of the elements using 

the proposed hourglass control mechanism.  

Table II presents the computation time required for running one time step in an explicit 

analysis when using different hourglass control mechanisms in the Total Lagrangian 

and Updated Lagrangian frameworks. The ellipsoid indentation simulation was used for 

time measurement. The presented hourglass control method was compared with two 

other methods available in ABAQUS Explicit. The first is basically the same 

perturbation-based stiffness hourglass control, but implemented in the Updated 
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Lagrangian framework. The second is an enhanced assumed strain hourglass control 

method. A fixed time step and no output requests were used in order to eliminate other 

influences on the computation time. Because the usage of Total Lagrangian or Updated 

Lagrangian does not influence the critical time step [13], the same step size and number 

of steps can be used for all analyses and we can compare the computation time required 

for only one time step.  

The simulation results demonstrate the computational efficiency of the under-integrated 

hexahedral element with perturbation based stiffness hourglass control in case of Total 

Lagrangian framework. They also demonstrate the known fact that the enhanced 

assumed strain hourglass control is more computationally expensive than the 

perturbation based stiffness hourglass control.  

Table II.  Computation time required for running one time step using under-integrated 

hexahedra with different hourglass control methods and different frameworks (ellipsoid 

indentation simulation - 2535 nodes and 2200 elements) 

 Perturbation based stiffness  

Hourglass control 

method 

Total Lagrangian 

framework 

Updated Lagrangian 

framework 

Enhanced assumed 

strain, Updated 

Lagrangian framework 

Software used TLED ABAQUS Explicit ABAQUS Explicit 

Computation time (ms) 2.1 10.6 13.7 

  

4. Conclusions  

A very efficient implementation of the stiffness-based hourglass control mechanism 

described in [14] in the case of a Total Lagrangian computational framework is 

presented in this paper. By referring all the components necessary for computing the 

hourglass control forces to the original configuration, they can be pre-computed and 

therefore only a few operations are required at every time step for the hourglass control 

mechanism.  

The influence of the hourglass control mechanism on the simulation results is clearly 

visible. In order to assess the accuracy of the computation results, they were compared 
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with the results obtained using mixed formulation fully integrated elements and the 

commercial finite element software (ABAQUS). A very good agreement of the results 

was obtained. 

Our under-integrated hexahedral element using perturbation-based stiffness hourglass 

control is almost five times more computationally efficient in the Total Lagrangian 

framework than in the Updated Lagrangian framework. This demonstrates the need to 

consider the Total Lagrangian framework for real time surgical simulations.  
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Chapter 4: Non-locking tetrahedral finite element for 
surgical simulation  

__________________________________________________________________ 

Grand Roman Joldes, Adam Wittek and Karol Miller  

Communications in Numerical Methods in Engineering 2009; 25(7): 827-836 

 

Summary 

To obtain a very fast solution for finite element models used in surgical simulations, 

low order elements, such as the linear tetrahedron or the linear under-integrated 

hexahedron, must be used. Automatic hexahedral mesh generation for complex 

geometries remains a challenging problem, and therefore tetrahedral or mixed meshes 

are often necessary. Unfortunately, the standard formulation of the linear tetrahedral 

element exhibits volumetric locking in case of almost incompressible materials. In this 

paper, we extend the average nodal pressure (ANP) tetrahedral element proposed by 

Bonet and Burton for a better handling of multiple material interfaces. The new 

formulation can handle multiple materials in a uniform way with better accuracy, while 

requiring only a small additional computation effort. We discuss some implementation 

issues and show how easy an existing Total Lagrangian Explicit Dynamics algorithm 

can be modified in order to support the new element formulation. The performance 

evaluation of the new element shows the clear improvement in reaction forces and 

displacements predictions compared with the ANP element in case of models consisting 

of multiple materials. 

 

Keywords:  non-locking tetrahedron; surgical simulation; soft tissues; Total Lagrangian 

formulation 
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1. Introduction 

Finite element models needed in surgical simulation must be both fast and accurate. In 

order to be fast, they must use low order elements that are not computationally 

intensive, such as the linear tetrahedron or the linear under-integrated hexahedron. In 

order to be accurate, the generated mesh should approximate well the real geometry so 

that the boundary conditions can be imposed accurately. Many algorithms are now 

available for fast and accurate automatic mesh generation using tetrahedral elements, 

but not for automatic hexahedral mesh generation [1-3]. Therefore, in order to automate 

the simulation process, tetrahedral or mixed meshes are more convenient. 

Unfortunately, the standard formulation of the tetrahedral element exhibits volumetric 

locking, especially in case of soft tissues such as the brain, which are modeled as almost 

incompressible materials [4-10].  

A number of improved linear tetrahedral elements were proposed by different authors 

[11-14]. The average nodal pressure (ANP) tetrahedral element proposed by Bonet and 

Burton in [11] is computationally inexpensive and provides much better results for 

nearly incompressible materials than the standard tetrahedral element. Nevertheless, one 

problem with the ANP element and its implementation in a finite element code is the 

handling of interfaces between different materials. In this paper, we extend the 

formulation of the ANP element so that all elements in a mesh are treated in a similar 

way, requiring no special handling of the interface elements.  

When organs such as the brain are meshed using a mixed mesh, most of the tetrahedral 

elements are situated at the interface between the different parts of the brain (ventricle, 

tumor, white matter, gray matter), as these irregular sections are harder to mesh using 

only hexahedral elements. Therefore, the correct handling of the interface between 

different materials is very important. 

We will show how this element formulation can be easily programmed in an existing 

finite element code [15] and present a deformation example that proves the increased 

performances of this element over the standard linear tetrahedron and the ANP 

elements.  

The paper is organized as follows: the new element formulation is presented in Section 

2; the integration in an existing finite element code is presented in Section 3; a 



CHAPTER 4 57

computational example demonstrates the efficiency of the improved element in Section 

4; and the conclusions are presented in Section 5.  

2. Improved ANP Element Formulation 

2.1. Existing ANP Formulation 

We will start the development of the improved ANP (IANP) element by briefly 

presenting the standard ANP formulation developed in [11]. The volume attached to a 

node a is computed by adding the contributions from elements e = 1,…, ma surrounding 

the node a: 
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The Jacobian over an element e is the ratio between the current and initial element 

volumes, and also represents the volumetric part of the deformation gradient F as:  
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The isochoric component of the deformation gradient is therefore given by:  

FF 3/1ˆ −= J  (3) 

The existence of a total elastic energy function is assumed, given as:  

∫+∫ Ψ=∫ Ψ=Π VVV dVJUdVdV )()ˆ(ˆ)()( FFx
 

(4) 

where Ψ is the strain energy density function with an isochoric component Ψ̂  and a 

volumetric component U. The volumetric component U can only be a function of the 

volumetric ratio J, with the simplest and most commonly used form incorporating the 

bulk modulus κ of the material:  

2)1(
2

)( −= JJU
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(5) 

The element pressure is defined as: 
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The volumetric virtual work for the standard linear tetrahedron is expressed as: 
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where δv are the virtual velocities and m is the number of elements in the mesh.  

The volumetric components of the element internal nodal forces can be derived from the 

volumetric virtual work as: 

)()()()( e
a

eee
vol vp NT ∇=  (8) 

with Na the shape functions of the element.  

The ANP formulation is obtained by assuming that the volume ratio J remains constant 

over the volume attached to each node, therefore, reducing the number of 

incompressibility constraints. The average nodal volumetric ratio is defined in terms of 

the current and initial nodal volumes, given by (1), as: 

a
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and the volumetric strain energy is approximated by summing the contribution of all the 

n nodes in the mesh: 
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If only one material is considered, the average nodal pressure can be defined as: 
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By differentiating the volumetric strain energy given by (10) in the direction of the 

virtual velocities, the volumetric internal virtual work is obtained as: 
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Therefore, the average element pressure can be defined as: 
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The difference between the ANP element and the standard linear tetrahedral element is 

the usage of the average element pressure (13) instead of the element pressure (6) in the 

expression of the volumetric internal virtual work (and therefore in the computation of 

the volumetric components of the internal nodal forces). 

In case of multiple material interfaces, the nodal pressure can not be computed using 

(11), as it is not clear what bulk modulus κ should be used. For each material type i 

converging at node a, a different nodal volume is defined as: 
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where ma
(i) represents the number of elements of material type i sharing node a.  A 

different nodal pressure is then evaluated for each material as: 
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aa
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(15) 

When the pressures are averaged over an element, only those corresponding to the same 

element material are used.  

2.2. IANP Formulation 

The different treatment of elements having different material types at the interface 

nodes leads to:  

• implementation problems, as not all elements in the mesh are treated in the same 

manner; 

• a weaker enforcement of the incompressibility constraints for the nodes belonging to 

material interfaces (the elements of different material type are treated separately). 
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We will now demonstrate how both these problems can be eliminated. We start with the 

definition of the volumetric strain energy for one of the nodes a belonging to an 

interface between multiple materials: 
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(16) 

where ka represents the number of different material types converging to node a. 

Instead of considering different nodal pressure for the different material types, as given 

by (15), we will make the assumption that the nodal pressure is constant over the nodal 

volume. This assumption derives from the relation that exists between pressure and 

stress (p = -σii/3) [16] and from the fact that at the interface between two different 

materials the stress in the materials should be the same.  

Therefore, the nodal pressure for such a node is expressed as: 
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This can be transformed to: 
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The volumetric internal virtual work for node a is given by: 
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By replacing (14) in (19), and considering, from [12], that: 
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we obtain: 
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Comparing (21) with (12) we observe that the volumetric internal virtual work for node 

a is computed in the same manner, and therefore the element pressure will be defined by 

relation (13). The only difference between the standard ANP element and the improved 

ANP element consists in the computation of nodal pressure. 

In case of a node surrounded by elements made of the same material, the nodal pressure 

given by (18) can be reduced to: 
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and the pressure for the standard ANP element is obtained. Therefore, the standard and 

the improved ANP elements behave differently only for elements situated at an interface 

between different materials.   

3. Implementation Considerations 

3.1. The modified deformation gradient 

The only difference between the (standard or improved) ANP element and the linear 

tetrahedral element consists in the way the pressure is computed. The internal forces 

derived from the isochoric component of the strain energy are the same for all these 

elements. These forces depend only on the isochoric part of the deformation gradient. 

The volumetric components of the internal forces depend on the element pressure, as 

given by (8), while the element pressure depends only on the volumetric part of the 

deformation gradient (6).  

We consider an existing implementation for a linear tetrahedral element, with the 

internal forces computed based on the volumetric and isochoric components of the 

deformation gradient. In order to obtain the internal forces corresponding to the ANP 

elements, the volumetric part of the deformation gradient can be modified in such a way 

that the desired pressure (corresponding to the ANP elements) is obtained. This 

pressure, given by (13), can therefore be replaced in (6) to obtain the modified 

volumetric part for the deformation gradient: 
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The modified deformation gradient: 
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has the same isochoric part as the deformation gradient of the element, but the 

volumetric part is modified in such a way that the pressure computed from it will 

correspond to the ANP element.  

The computation of the internal nodal forces (or stiffness matrix) can now be done in 

the usual manner, but using the modified deformation gradient instead of the normal 
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deformation gradient for defining the strains. In this way, the existing material law 

implementation can be used, as demonstrated in the next section. 

It is worth noting that if the standard ANP element is used, the modified volumetric part 

for the deformation gradient becomes, after replacing in (23) the average element 

pressure from (13) and the average nodal pressure from (11): 
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Therefore, the computation of pressure is no longer needed for such an implementation. 

3.2. Integration in the Total Lagrangian Explicit Dynamic (TLED) 

Algorithm 

The TLED algorithm is a very efficient explicit algorithm based on the Total 

Lagrangian formulation that can be used for surgical simulation. The basic algorithm is 

presented in [17].  The modified algorithm that can use the IANP element presented in 

this paper is presented bellow. The additional steps required are marked with a (+). 

Pre-computation stage: 

1. Load mesh and boundary conditions. 

2. For each element, compute the determinant of the Jacobian det(J) and the spatial 

derivatives of shape functions ∂h (notation from [18] is used, where the left 

superscript represents the current time and the left subscript represents the time 

of the reference configuration - 0 when Total Lagrangian formulation is used).  

3. Compute the diagonal (constant) mass matrix 0M.  

4. (+) Compute the initial volumes associated with each node Va using (1).   

Initialization: 

1. Initialize nodal displacement 0u0u == ∆− t,0 , apply load for the first time step: 

forces or/and prescribed displacements:  )()()( tRR kk
i

t ∆←∆  or/and  )()( tdu k
i

t ∆←∆ . 

Time stepping: 

 

Loop over elements:  
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1. Take element nodal displacements from the previous time step. 

2. Compute deformation gradient Xt
0 and its determinant J. 

3. (+) Compute current element pressure using (6). 

(+) Compute nodal pressure using (18).     

Loop over elements:  

1. (+) Compute the average nodal pressure using (13). 

2. (+) Compute the modified deformation gradient using (23) and (24). 

3. Compute the 2nd Piola-Kirchoff stress (vector) S
t
0  using the given material law 

(based on the modified deformation gradient). 

4. Compute the element nodal reaction forces using Gaussian quadrature. 

Making a (time) step: 

1. Obtain net nodal reaction forces at time t, tT. 

2. Explicitly compute displacements using central difference formula  
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where Mk is a diagonal entry in kth row of the diagonalized mass matrix, Ri is an 

external nodal force, and ∆t is the time step. 

3.   Apply load for next step: )()()( ttRR kk
i

tt ∆+←∆+  or/and  )()( ttdu k
i

tt ∆+←∆+ . 

 

The needed modifications are easy to implement and do not require major changes in 

the existing algorithm. The performances of the modified algorithm are presented in the 

next section. 
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4. Simulation Results 

Because the only difference between the IANP element proposed in this paper and the 

standard ANP element consists in the way interfaces between different materials are 

handled, we designed a simulation experiment that highlights these differences. We 

considered a cylinder with a diameter of 0.1 m and a height of 0.2 m made out of 

alternating sections with two different material properties, as shown in Table I. We used 

a neo-Hookean material model for both materials.   

Half of the nodes on the upper face of the cylinder were displaced in order to create a 

complex deformation field at the different material interfaces (Figure 1(a)). 

Table I. Material properties. 

Property Material 1 Material 2 

Young’s modulus E (Pa) 3 000 30 000 

Poisson ratio ν 0.49 0.48 

Density ρ (kg/m3) 1 000 1 000 

 

Using the cylinder geometry, we created a hexahedral mesh (13161 nodes and 12000 

elements) and a tetrahedral mesh (11153 nodes and 60030 elements). The behavior of 

the following elements was compared: 

1. Fully integrated linear hexahedra, with selectively reduced integration of the 

volumetric term (Hexa), which should offer a benchmark solution [19]; 

2. Standard ANP;  

3. IANP, as developed in this paper;  

4. Linear standard tetrahedron (Tetra). 
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Figure 1. Deformation of a cylinder made out of section with different material 

properties: (a) the un-deformed configuration and the nodal displacements applied. 

The color bars show the difference in positions of the surface nodes, in mm, 

between models using hexahedral elements and models using: (b) locking 

tetrahedral elements; (c) ANP elements; and (d) IANP elements. 

All the computations were done using the TLED algorithm. Based on the displacement 

differences presented in Figure 1, we note the fact that the usage of standard locking 

tetrahedral elements can lead to errors of up to 3.8 mm in the deformation field. The use 

of ANP elements reduces the maximum error to 2.3 mm, whereas the use of IANP 

elements leads to a maximum error of 1.5 mm (all errors are considered relative to the 

results of the model that uses Hexa elements). 
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Figure 2. Reaction forces on the displaced face: (a) in the y direction and (b) in the 

z direction. 

The reaction forces computed on the displaced face are presented in Figure 2. The 

results obtained using the IANP elements are the closest to the benchmark results given 

by the Hexa elements. Therefore, the IANP elements offer the best performances both 

in terms of displacements and reaction forces. 

5. Discussions and Conclusions 

An improvement of the ANP element is presented in this paper. This improved 

formulation handles all the elements of the mesh in the same manner (regardless of the 

fact they may be at an interface between materials) and therefore the use of different 

materials and the implementation in an existing finite element code can be made 

without difficulties.  

The performance of the proposed IANP element is evaluated using the TLED algorithm 

against the standard tetrahedral element and the ANP element. The IANP element 

offered the best performances both in terms of displacements and reaction forces.  

In an explicit code, the critical time step value for the ANP element is double compared 

with the critical time step for the standard locking tetrahedron in the one-dimensional 

case [20]. We observed a similar behavior for the ANP and IANP elements in the three-

dimensional simulations. This means that we can use higher values for the time step in 

an explicit simulation using a mixed mesh, as the tetrahedral elements are usually the 

ones that impose the value of the critical time step. A higher critical time step leads to a 

reduction of the overall computation time. 
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Chapter 5: Static solution methods for non-rigid organ 
registration 

__________________________________________________________________ 

 

Summary 

This chapter consists of an evaluation of different static solution methods for solving 

non-rigid organ registration problems. By combining the Newton iterations with the 

iterative methods for solving linear systems of equations the so called composite 

methods are obtained. Combinations of the different static solution methods (Newton-

Raphson, quasi-Newton) with different solvers (direct, iterative) are evaluated in order 

to find the best performing combination. A method is described for choosing the best 

iterative method for a given problem.  

Based on the convergence properties of the full Newton-Raphson method and   

composite Newton-JCG method, a very good approximation of the maximum 

computation error can be computed using a convergence factor. This error 

approximation can then be integrated into a convergence criterion in order to ensure the 

desired accuracy of the computations. We proposed the usage of two convergence 

criteria: one that can ensure the convergence between different load steps and one that 

ensures the accuracy of the results. The last criterion is applied only at the end of the 

last load step. This ensures that no time is lost computing intermediate results at higher 

that needed accuracy. 
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1. Introduction 

This chapter will address different methods for reducing the computation cost and 

ensuring the accuracy of the computed results when a bio-mechanical model is used for 

non-rigid soft tissue registration. 

As presented in [1], the non-rigid organ registration can be formulated as a 

displacement-zero traction continuum mechanics problem that can be solved using the 

finite element method. Only the static solution methods will be considered here. 

When a displacement-zero traction formulation is used for describing the mechanical 

problem, the external nodal loads are determined only by the geometrical boundary 

conditions. These boundary conditions can fall in one of the following categories: 

a. Fixed nodes – for these nodes the displacements are 0 on some directions. 

b. Displaced nodes – prescribed displacements are imposed on these nodes. 

c. Contacts – the most complicated to model. These are not considered in this 

chapter. Any existing contact handling method can also be used with the 

solution methods presented in this chapter. 

 The following data are supposed to be known: 

• Pre-operative data: initial geometry, the mesh, contact surfaces, material laws, 

fixed and displaced nodes; 

• Intra-operative data: the displacements that must be applied on the displaced 

nodes. 

The analysis must provide the displacements of all the nodes within a pre-set accuracy. 

The accuracy of the computed results can be assessed by estimating the error based on 

the properties of the solution method chosen. Anyhow, the error estimation is not easy 

to do in the general case, but it can be done for particular cases, when the solution 

method has certain properties [2]. 
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1.1. Basic solution method 

The Total Lagrangian formulation of finite element method is used, where all variables 

are referred to the original configuration of the system. Second-Piola Kirchoff stress and 

Green strain are used. The advantage of this formulation is that all derivatives with 

respect to spatial coordinates are calculated with respect to original configuration and 

therefore can be pre-computed [3]. 

The static solution of a nonlinear analysis is described by the nonlinear system of 

equations: 

  R(U) – F(U) = 0        (1)  

where R is the vector of externally applied nodal loads and F is the vector of nodal 

point forces. Both R and F depend nonlinearly on the vector of nodal point 

displacements U.  

The most frequently used schemes for the solution of (1) are the Newton-Raphson 

iterative methods [3-5], in which we solve for i = 1,2,3… 

  dRi-1 = Ri-1-Fi-1       (2) 

  Ki-1dUi = dRi-1        (3) 

  Ui = Ui-1+dUi        (4) 

Initial conditions: U0 = U0 F0 = F0     (5) 

Where  

  
1

)(1

−=

−

∂
−∂=

iUU

i

U
RF

K        (6) 

is the current tangent stiffness matrix. 

These equations are obtained from a Taylor series expansion of the system of equations 

about the conditions at iteration i-1. In each iteration an out of balance load vector is 

computed in (2), which leads to an increment in displacements given by (3). The 

iterations are continued until an appropriate convergence criterion is satisfied. 
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1.2. Static condensation 

The purpose of the analysis is to compute the nodal displacements. These can be 

partitioned into unknown displacements and known displacements (the displacements of 

the fixed and displaced nodes). The known displacements are the only ones that produce 

external nodal loads. If the “a” index is used for the unknown displacements and the “c” 

index for the known displacements, equations (2) and (3) can be rewritten as follows: 
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In (8) ∆Uc
i-1 is known, so only ∆Ua

i-1 must be computed. This can be done by 

condensing out ∆Uc
i-1 from (8): 

  11111 −−−−− ∆−=∆ i
c

i
ac

i
a

i
a

i
aa UKFUK       (9) 

The partitions of the current tangent stiffness matrix involved in (9) are given by: 
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The equations describing the full Newton-Rapson iterations can therefore be rewritten 

as: 

  111 −−− =∆ i
ac

i
a

i
aa FUK        (12) 

  11 −− ∆+= i
a

i
a

i
a UUU        (13) 

where only the unknown displacements must be computed. The following notation was 

used for the residual forces: 

  1111 −−−− ∆−= i
c

i
ac

i
a

i
ac UKFF        (14) 

Because the nodal point forces can be computed as the sum of the element nodal forces, 

the tangent stiffness matrix can be computed in the same way. When the element 



CHAPTER 5 75

tangent stiffness matrices are assembled in order to obtain the system tangent stiffness 

matrix given by (10), the quantity given by (14) can be also assembled by eliminating 

the known displacements at element level. 

The static condensation of the known displacements has the following advantages [3]: 

a. Reduces the size of the equation system 

b. Reduces the storage space required for the assemblage of the tangent stiffness 

matrix 

c. Improves the condition number of the system matrix – this improvement is more 

significant in case of a displacement-zero traction problem because not only the 

displacements corresponding to the fixed nodes are condensed out, but also 

those corresponding to the displaced nodes.  

The Newton-Raphson method has the property that if the current solution iterate is 

sufficiently close to the solution and if the tangent stiffness matrix does not change 

abruptly, one can expect rapid (quadratic) convergence [2, 6].  

1.3. Alternative solution methods 

The major computation cost per iteration for the full Newton-Raphson method lies in 

finding the solution of the linear system of equations (12), which implies the 

computation and factorization of the tangent stiffness matrix.  Modifications of the 

method have been proposed that try to reduce this cost [3]: 

• The modified Newton-Raphson iteration - the tangent stiffness matrix is 

computed and factorized only at accepted equilibrium configurations (not at the 

beginning of each iteration) ; 

• Quasi-Newton methods – the inverse of the tangent stiffness matrix is updated 

between iterations. 

Because the material models for soft tissues are only mildly nonlinear (hyper-elastic or 

hyper-visco-elastic models [7]), the tangent stiffness matrix does not change abruptly, 

and therefore the modified Newton-Raphson iteration method is a good alternative for 

reducing the computation time. 
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The tangent stiffness matrix is a sparse, symmetric banded matrix. This has major 

implications for the way it is stored and handled, in order to fit in the core memory 

(RAM) of the computer. The inverse of a sparse banded matrix does not share the same 

properties, being a full matrix. Even for a few thousands degrees of freedom, such a 

matrix is too big to fit into the core memory, and requires special algorithms for 

handling it using backup memory (hard drive). The attempt to overcome this problem 

by using a sparse approximate inverse (SPAI) of the matrix [8] failed, as the 

computation time for obtaining the SPAI was too high for the method to be effective. 

Therefore the quasi-Newton methods were not considered a viable alternative for very 

fast computations.   

2. Proposed solution methods 

As mentioned before, the major computation cost per iteration for the Newton-Raphson 

method lies in solving the linear system of equations (12). Nevertheless, the solution of 

this system of equations provides only an update for the solution of the non-linear 

system, and therefore it does not need to be very exact. 

An approximate solution for the linear system of equations (12) can be obtained using 

an iterative method. Because the tangent stiffness matrix is symmetric and positive 

definite [3], the convergence conditions for different iterative methods are met and 

convergence can be guaranteed [9]. 

By combining the Newton iterations with the iterative methods for solving linear 

systems of equations the so called composite methods are obtained. An example of such 

a method is the m-step Newton-SOR process, in which one step of the Newton iteration 

is combined with m secondary iterations of the SOR (Successive Over Relaxation) 

method. The theory describing these methods and their convergence properties can be 

found in [6]. The number of secondary iterations, mk, can vary between different 

Newton iterations k, and if limk→∞mk = +∞, the rate of convergence of these methods is 

super-linear. 

2.1. Improving the convergence using line search 

For any Newton iterations, the convergence of the method can be improved by using the 

line search procedures [10, 11]. By integrating this procedure into a composite method, 

the algorithm for executing one iteration step becomes: 
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• Compute the tangent stiffness matrix Kaa
i-1and the residual forces Fac

i-1; 

• Obtain an approximate solution for the linear equation system   

   111 −−− =∆ i
ac

i
a

i
aa FUK       (15) 

by performing mi iterations using the chosen iterative method;  

• Update the displacements using: 

   11 −− ∆⋅+= i
a

i
a

i
a UUU β       (16) 

where β is determined so that the projection of the residual force on the search 

direction is made zero: 

   01 =∆ −i
a

i
ac UF , with )( 11 −− ∆⋅+= i

a
i

aac
i

ac UUFF β ;   (17) 

Equation (17) is obtained by imposing that the norm of the residual is minimized on the 

search direction: 
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β i
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     (18) 

The step size β is computed by solving the nonlinear equation (17). This equation can be 

solved using Brent’s root finding algorithm that combines the bisection method, the 

secant method and inverse quadratic interpolation [12]. Finding β to a high accuracy is 

not efficient, and therefore only an inexact line search is performed, where the number 

of iterations in the root finding algorithm is limited. Also, the interval in which β can 

vary is defined. In the implementation this interval is restricted to [0.2, 1]. 

2.2. Implementation 

In order to assess the performances of the composite methods, the following methods 

were implemented: 

• The Newton-Raphson method 

• The modified Newton method 

• Several composite Newton methods 
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The implementation uses the MUMPS direct solver (sequential version) [13] to solve 

the linear system of equations (12) for the Newton-Raphson and modified Newton 

methods. This is one of the best direct solvers available, as shown by the results of this 

comparison report [14].  

The solution process was divided in two stages, keeping in mind the application 

requirements for these algorithms: 

• Analysis – this can be done pre-operatively, so it is not time critical. During this 

stages the following steps are taken: 

o Compute and reserve the necessary memory – the degrees of freedom 

(DOFs) are reordered so that the memory requirement for the tangent 

stiffness matrix is reduced. This reordering is done using the reverse 

Cuthill-McKee algorithm [15-17]. 

o Elements generation in memory 

o Association between element local DOFs and the global DOFs 

o Marking of the DOFs that must be condensed out for each element 

o The initial volume and shape functions derivatives are computed for each 

element 

o The best iterative method is chosen based on the initial tangent stiffness 

matrix (only for the composite methods) 

• Solution – this is the time critical part of the method, so the computation time 

performances will be measured. This stage consists in the implementation of the 

different Newton iterative methods, having the following steps: 

o Application of node displacements 

o Computation of the tangent stiffness matrix and residual forces 

o Computation of displacements variation (eq. 15-17) 

o Convergence criteria assessment 
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In commercial software the solution step also contains a self-adaptive procedure that 

chooses the load steps size, because this is the only method to ensure that the starting 

point is close enough to the solution so that the convergence criteria are met [3]. The 

convergence criteria are very hard to assess in practice, but usually divergence is very 

quickly detected in the iterations [2] and the load step size can be modified, for example 

as proposed in [4]. Our implementation is much simpler, as it is made for comparison 

purposes only, therefore the size of the load steps can only be configured by specifying 

the number of equal load steps to be used.  

For the implementation of the composite Newton methods, the following iterative 

solvers, available on the public domain, were considered: 

• From the Iterative Methods Library (IML++) [18, 19] package, written using 

templates in C++ on top of SparseLib++[20, 21]: 

o Conjugate Gradient (CG) with diagonal preconditioning 

o Conjugate Gradient (CG) with incomplete Cholesky (IC) preconditioning 

• From ITPACK 2C - A FORTRAN Package for Solving Large Sparse Linear 

Systems by Adaptive Accelerated Iterative Methods [22, 23]: 

o Jacobi using Conjugate Gradient (CG) acceleration (JCG) 

o Jacobi using Chebyshev (Semi-Iteration) acceleration (JSI) 

o Successive Over Relaxation (SOR) 

o Symmetric SOR using  CG acceleration (SSORCG) 

o Symmetric SOR using  Chebyshev acceleration (SSORSI) 

3. Numerical experiments 

Two test problems were considered in order to compare the performances of the 

composite Newton methods with those of the Newton-Raphson and modified Newton 

methods: compression of a cylinder and deformation of an ellipsoid. The size of the 

meshes is in the range of 0.1 – 0.2 meters, close to the sizes of soft organs such as brain.  

Both meshes consists of hexahedral elements and were generated using Hypermesh 

(Figure 1). We used a Neo-Hookean material, with properties similar to those of the 
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human brain [24]  (Young’s modulus in un-deformed state equal to 3000 Pa, Poisson’s 

ratio 0.49 and mass density of 1000 kg/m3) and fully integrated hexahedrons with 

selectively reduced integration of the volumetric term, as these elements perform better 

in case of almost incompressible materials [25]. 

 

Figure 1. The un-deformed and deformed meshes for a) Cylinder b) Ellipsoid. All 

dimensions are in meters. 

The boundary conditions were specified as follows: 

• Fixed nodes ( 0=∆=∆=∆ zyx ) on the lower surface of the body 

• Displaced nodes ( 0=∆=∆ yx , dz =∆ ) on an upper surface of the body, with the 

maximum displacement d=0.03 m. 

In both cases the displacements were applied in only one load step. 
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3.1. Choosing the best iterative method 

In the analysis step, when the initial tangent stiffness matrix is computed and the initial 

load step can be applied, a first linear system of equation of type (15) is obtained. One 

of the characteristics of the iterative methods is that their performances are problem 

specific [9, 22], and therefore one can try to choose the best method for the problem that 

must be solved. 

A particularity of the displacement-zero traction problems that we study is that the 

structure of the tangent stiffness matrix does not change during the Newton iteration 

process, and also the values are not expected to change drastically, as the material laws 

are only mildly non-linear. Therefore, by selecting the best iterative method for the 

initial system of equations, we can expect also a good behavior for the remaining 

Newton iterations. 

If we rewrite the initial system of equations as: 

   FKU =        (19) 

we can study the convergence of an iterative solver by computing the decrease in the 

relative residual with the number of iterations. Because we are also interested in the 

solution time for the solver, we can also study the variation of the relative residual over 

computation time. The relative residual is given by: 

   
2

2

F

FKU
r i

i

−
=        (20) 

where Ui is the approximate solution of system (19) after performing i iterations of the 

iterative solver. 

By plotting the computation time versus number of iterations we can see that for each 

solver the computation time per iteration is almost constant (there are differences 

mainly because of the time measurement precision), but some solvers have a higher 

computation time per iteration than others (Figure 2). This is true especially for the CG 

solvers and can be partly explained by the fact that these solvers were implemented in a 

high level language (C++) and did not use any optimized Sparse Basic Linear Algebra 

Subprograms (SBLAS) routines. 
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Figure 2. Computation time for different iterative methods a) Cylinder b) Ellipsoid 

 

Figure 3. Relative error versus computation time for different iterative methods    

a) Cylinder b) Ellipsoid 

 

Figure 4. Relative error versus number of iterations for different iterative methods 

a) Cylinder b) Ellipsoid 
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From the plot of relative error versus computation time we can select the best iterative 

method for the considered problem (Figure 3). If we consider the best computation time 

in order to get a relative residual of less that 0.1%, we can see that the JCG solver is the 

best choice for the cylinder compression and the SSORSI solver is the best choice for 

the ellipsoid deformation problem (even if its performances were the worst for the other 

problem). 

Another configuration parameter that must be considered is the number of iterations that 

must be performed in order to get an approximate solution to (19). This decision can be 

made by studying the variation of the relative residual versus the number of iterations 

for the chosen iterative method (Figure 4). We can see that all the iterative methods 

considered have an asymptotic convergence towards the solution. The convergence rate 

is very good in the first iterations, where the truncation errors dominate the solution, but 

finally decreases as the computational error becomes the dominant part of the solution, 

until further iterations do not give any further improvement in accuracy [2]. By studying 

the curves, we can make a selection of the number of iterations that provides the best 

convergence rate. For example, we can select 150 iterations for cylinder compression 

using JCG and 120 iterations for ellipsoid deformation using SSORSI. We can see that 

this number of iterations not only ensure a good convergence rate, but also a relative 

residual of less than 0.02%.      

3.2. Convergence criteria 

There are three convergence criteria usually presented in the finite element literature: 

based on displacements, on residual forces or on internal energy [3, 5]. 

When displacements are used, the convergence criteria can be written as: 

   DLimi
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      (21) 

This requires that the displacement variation at the end of the iteration be within a 

certain tolerance of the true displacement solution, where the true displacement solution 

is approximated with the displacement at the end of the iteration.  

The convergence criteria based on residual forces requires that out-of-balance load 

vector be within a preset tolerance of the original load increment, and can be written as: 
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The third criterion combines the previous two, and compares the increment in internal 

energy during the iteration (the amount of work done by the out-of-balance loads on the 

displacement increments) to the initial internal energy increment: 
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The main problem is to choose the tolerances εDLim, εFLim or εELim that ensures that the 

solution has converged within the desired accuracy. If the tolerances are too loose the 

error in the computed solution will be too high and if the tolerances are very small, the 

iterations might never converge or the computational cost will be too high.    

We will investigate the relation between these tolerances and the absolute computation 

error. We considered that an approximation of the real solution is obtained after a high 

number of full Newton-Raphson iterations (100) therefore we can compute an 

approximation of the real maximum absolute error after each iteration as: 

    
∞

−= 100
a

i
a

i UUErr       (24) 

By plotting the absolute error given by (24) against the number of iterations for the two 

analyzed problems (Figure 5) we can see that in both cases the solution is converging 

asymptotically, but the convergence is faster for the cylinder compression problem than 

for the ellipsoid deformation problem. For the last iterations there is little improvement 

in the solution accuracy, therefore the solution approximation must be very close to the 

real solution.  

The variation of the quantities εiD, εiF and εiE with the absolute error can now be 

analyzed for the two problems when the Newton-Raphson iterations are used – see 

Figure 6-7. From these graphs one can see that there is a non-linear relation between the 

convergence tolerances (21-23) and the absolute error obtained; also, for different 

problems there is a big difference between the values of the convergence tolerances that 

ensures the same absolute error. This makes the selection of the convergence tolerances 

very difficult.  
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Figure 5. Absolute error variation versus the number of iterations 

 

Figure 6. Displacements and force convergence tolerance versus absolute error 

 

Figure 7. Energy convergence tolerance versus absolute error 
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Figure 8. Convergence factor variation during the iteration process 

In [4] a proposal is made to use a convergence criteria based on a convergence factor. 

Starting from their proposal, a convergence factor can be defined as: 
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It is easy to show, using the properties of norms, that if the iteration is converging 

asymptotically (qi<1) and the convergence factor for the future iterations does not 

exceed the current convergence factor, then  
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where U*
a= U∞

a is the real solution. However, by studying the variation of the 

convergence factor (Figure 8) one can see that the conditions are not met, because the 

convergence factor is not decreasing, but very slowly increasing with the number of 

iterations, and therefore (26) does not hold. A comparison of the right hand side of (26) 

with the absolute error (24) (Figure 9.a) shows that (26) under-estimates the absolute 

error. Therefore, a correction can be applied to the error estimation (26), obtaining the 

corrected error estimation as: 
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a)      b) 

Figure 9. Error estimation (a) and corrected error estimation (b) 

Figure 9.b shows that (27) is a very good estimate of the absolute error for both 

problems when the Newton-Raphson iterations are used (after the convergence factor 

stabilizes). Therefore, a useful convergence criterion is: 

   AbsErrEstErr i ≤       (28) 

where AbsErr is the maximum error allowed for the computation results. In case of 

medical imaging, the image resolution obtained using MRI have the accuracy of around 

1 mm, therefore we can ask that the computation accuracy (AbsErr) to be in the range of 

[0.1, 1] mm. 

In the following paragraphs a study is made to see whether (28) can be used as a 

convergence criterion in case of modified and composite Newton methods. For the 

modified Newton method, the variation of the convergence factor (25) with the number 

of iterations is presented in Figure 10.a and the corrected error estimate (27) is 

compared with the actual error in Figure 10.b. The tangent stiffness matrix is updated 

every 4 iterations for the cylinder compression problem but the analysis did not 

converge in case of the ellipsoid deformation problem. To ensure the convergence, the 

maximum displacement size had to be reduced to 0.02 m and the tangent stiffness 

matrix had to be updated every 3 iterations. After the value of the convergence factor 

stabilizes, the corrected error estimate is very close to the actual error. Nevertheless, it 

takes more iterations for the convergence factor to stabilize and afterwards its variation 

is not as smooth as in case of full Newton-Raphson method.   
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a)      b) 

Figure 10. Convergence factor variation (a) and corrected error estimation (b) for 

the modified Newton method 

 

a)      b) 

Figure 11. Convergence factor variation (a) and corrected error estimation (b) for 

the composite Newton-JCG and Newton-SSORSI methods 

In case of the composite Newton methods, when solving the selected problems using the 

iterative methods and the number of iterations identified in 7.1 we obtain the variation 

of the convergence factor presented in Figure 11.a. It seems that the convergence factor 

does not stabilize in case of the ellipsoid deformation, when SSORSI method is used. 

This also leads to a bad approximation of the error, as presented in Figure 11.b. 

Therefore we tried to change the iterative method used, and selected the next best 

iterative method, JCG, with 250 iterations (see 7.1). In this case the convergence factor 

has the expected variation and the error estimate can be done using (28) – Figure 12. 
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a)      b) 

Figure 12. Convergence factor variation (a) and corrected error estimation (b) for 

the composite Newton-JCG method (ellipsoid deformation) 

Based on the previous analysis, two convergence criteria should be used when the static 

solution of a finite element problem is computed. The first criterion is looser, and must 

ensure that the solution remains convergent between 2 load steps – we chose the 

residual forces convergence criterion (22). The second criterion is based on (28) and 

ensures that the provided solution is within required error limits. This criterion only 

applies on the last load step, after the first convergence condition has been met (this 

should also ensure that the convergence factor has stabilized its value, fact that must be 

checked during the iteration process). 

By using this approach we allow the solution to advance faster from one load step to the 

next, but do not stop the iterations until the required precision is obtained.   

3.3. Computation time 

For both the analyzed problems we choose the residual forces convergence tolerance 

εFLim=0.005 and we require that the maximum computation error in any direction should 

be less than 0.5 mm. That means that the absolute error limit in (28) would be (in the 

worse case scenario, as this is a limit of error along the axes): 

   4-2.88e
3

0005.0 ==AbsErr        (29) 

When the modified Newton method is used, the tangent stiffness matrix is updated 

every 4 iterations. For the composite Newton methods the JCG iterative method is used, 

with 250 iterations for the ellipsoid deformation problem and 150 iterations for the 

cylinder compression problem. Line search is used with maximum 5 search iterations. 
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The mesh properties are presented in Table 1. 

 Table 1. Mesh properties 

Mesh Elements Nodes Equations 

Cylinder 6000 6741 18297 

Ellipsoid 2200 2535 7260 

 

The computation time is presented in Table 2. The maximum error in any direction is 

computed after the last iteration, n, as: 

    
2

100max i
n

i
i

PPError −=      (30) 

where Pi
n is the position of node i after iteration n. The maximum error along the axis – 

Err - is computed using (24). 

In case of the ellipsoid deformation problem the modified Newton method did not 

converge. The composite Newton-JCG method with only 150 JCG iterations was used 

to solve the ellipsoid deformation problem. 

  Table 2. Computation time and maximum error 

Problem Method Iterations Time 
[s] 

Err 
[mm] 

Error 
[mm] 

Cylinder 

compression 

Full Newton-Raphson 9 66.2 0.26 0.27 

Modified Newton 11 30.9 0.27 0.28 

Composite Newton-JCG 9 21.3 0.26 0.27 

Ellipsoid 

deformation 

Full Newton-Raphson 27 57.0 0.31 0.35 

Modified Newton - - - - 

Composite Newton-JCG 27 28.7 0.32 0.34 

Composite Newton-JCG – 

150 JCG iterations 

27 22.5 0.31 0.35 
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The composite methods converge in the same number of iterations as the full Newton-

Raphson methods, but are much more efficient from the computational point of view, 

reducing the computation time up to 3 times for the studied problems. 

The modified Newton methods need more iterations than the full Newton methods but 

can lead to a decrease in the computation time, although they are not as good as the 

composite methods. Also the convergence behavior is not very good, as sometimes 

these methods diverge.  

The composite Newton-JCG method is very robust, its convergence remaining the same 

for the ellipsoid deformation problem when the number of JCG iterations was reduced 

from 250 to 150. 

The proposed convergence criteria proved to be very efficient, as the obtained error was 

always below the imposed limit (0.5 mm). 

To prove the good performances of the direct solver used in the implementation of the 

full Newton-Raphson method (MUMPS), the solution to the cylinder compression 

problem was computed using static analysis with the direct solver in the commercial 

finite element program ABAQUS [25]. This program performed 4 iterations in 34 

seconds, therefore having a computation speed comparable with the speed of the solver 

used (8.5 s/iteration compared to 7.3 s/iteration).  

4. Discussions and conclusions 

The composite Newton methods can be used for solving the nonlinear system of 

equations obtained from a finite element model that describes the deformation of a soft 

organ.  

A method was described for choosing the best iterative method for a given problem. 

From the different available implementations of iterative methods for solving linear 

systems of equations, the JCG method offered the best performances in terms of 

computation time and convergence properties for the studied examples.  

Based on the convergence properties of the full Newton-Raphson method and   

composite Newton-JCG method, a very good approximation of the maximum 

computation error can be computed using a convergence factor. This error 

approximation can then be integrated into a convergence criterion in order to ensure the 

desired accuracy of the computations.  
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Two convergence criteria can be used to check the convergence of the solution: one that 

can ensure the convergence between different load steps and one that ensures the 

accuracy of the results. The last criterion is applied only at the end of the last load step. 

This ensures that no time is lost computing intermediate results to higher that needed 

accuracy.  

The composite Newton-JCG method decreased the computation time more than 3 times 

for the studied problems. It converged in the same number of iterations as the full 

Newton method, with similar accuracy of the computed results. It also proved very 

robust with respect to the configured number of JCG iterations. 

The studied problems had a number of elements which allowed the storage of the 

stiffness matrix in the core memory (RAM) of the computer. For problems with many 

more degrees of freedom, the matrix must be stored using backup memory (hard drive), 

greatly influencing the computation speed.  
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Abstract 

Many researchers have proposed the use of biomechanical models for high accuracy 

soft organ non-rigid image registration, but one main problem in using comprehensive 

models is the long computation time required to obtain the solution. In this paper, we 

propose to use the Total Lagrangian formulation of the Finite Element method together 

with Dynamic Relaxation for computing intra-operative organ deformations. We study 

the best ways of estimating the parameters involved and we propose a termination 

criteria that can be used in order to obtain fast results with prescribed accuracy. The 

simulation results prove the accuracy and computational efficiency of the method, even 

in cases involving large deformations, nonlinear materials and contacts.  

 

 

Keywords: Non-rigid image registration; Biomechanical models; Dynamic relaxation; 

Eigenvalue estimation 
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1. Introduction 

Many techniques used in neurosurgery have an extremely localized area of therapeutic 

effect. A surgeon must apply these techniques precisely in relation to current (i.e. intra-

operative) patient’s anatomy, directly over specific location of anatomic or functional 

abnormality. Image-guided intervention systems can help the surgeon in achieving this 

goal, improving the clinical outcome of surgery [1]. Nakaji and Speltzer list the 

“accurate localization of the target” as the first principle in modern neurosurgical 

approaches [2]. 

As only the pre-operative anatomy of the patient is known precisely from medical 

images (usually MRI), it is now recognized that the ability to predict soft organ 

deformation during the operation is the main problem in performing reliable surgery on 

soft organs.  

We are particularly interested in problems arising in image-guided neurosurgery. In this 

context it is very important to be able to predict the effect of certain procedures on the 

position of pathologies and critical healthy areas in the brain. The most typical example 

is the prediction of a displacement field within the brain after opening the skull (so 

called “brain shift” estimation). A neurosurgeon is interested only in the final, deformed 

position of the brain. The time-accurate path along which this final state has been 

reached is of no interest. Therefore, there is a need for an algorithm that would allow a 

very fast convergence to the deformed state at a cost of loss of accuracy along the path.  

Most researchers in the surgical simulation community use mathematical models based 

on linear elasticity because of their computational efficiency [3-10]. These models are 

not capable of providing realistic predictions of finite deformations of the tissue because 

only very small deformations are considered and the material is assumed to have a 

linear response [11-13]. An efficient finite element algorithm that accounts for both 

geometric and material nonlinearities is needed.  

For close-to-real-time intra-operative applications very high computational efficiencies 

are required. Highly nonlinear 3D finite element models with about 50,000 degrees of 

freedom need to be solved in less than one minute [14-16].  

In the next Section we propose the use of Dynamic Relaxation for finding the deformed 

state for a finite element problem and examine how the parameters involved can be 

evaluated. We also present a new way of estimating the accuracy of the results. In 
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Section 3 we present computational examples and Section 4 contains discussion and 

conclusions. 

2. Methods 

2.1. Finite element equations 

The general equation of motion for a nonlinear system, obtained after the finite element 

discretisation of the momentum conservation equation, can be written as [17]: 

fP(q)qM =+⋅ &&  (1) 

where M is the mass matrix, q is the displacement vector, P is the vector of internal 

nodal forces and f is the vector of externally applied forces (volumetric forces, surface 

forces, nodal forces as well as forces derived from contacts). The superimposed dot 

represents time derivative. 

The deformed state solution is obtained when the acceleration is zero, and therefore, it is 

defined by the equation: 

fP(q) =  (2) 

In general the relation between nodal forces and displacements in strongly nonlinear 

because of a combination of different factors: large deformations, material law and 

contacts.    

2.2. Dynamic Relaxation solution algorithm 

The basic Dynamic Relaxation (DR) algorithm is presented in [18]. The main ideas are 

the inclusion of a mass proportional damping in Eq. (1) that will increase the 

convergence speed towards the deformed state and the solving of the obtained damped 

equation using the central difference method (explicit integration).  

After the inclusion of a mass proportional damping, Eq. (1) becomes 

fP(q)qMqM =+⋅⋅+⋅ &&& c  (3) 

where c is the damping coefficient. 
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The following central difference expressions are used for the temporal derivatives 

hh nnnnnn /)(       /)( 2/12/112/1 −+−− −=−= qqqqqq &&&&&  

2/)( 2/12/1 −+ −= nnn qqq &&&  

(4) 

(5) 

where h is a fixed time increment, n indicates the nth time increment and the 

superimposed dot represents time derivative. By applying these relations to the damped 

equation of motion (3), the equation that describes the iterations in terms of 

displacements becomes: 

))(()( 111 nnnnn qPfMqqqq −+−+= −−+ αβ  (6) 

ch)ch)/((,       chh +−=+= 22)2/(2 2 βα  (7) 

The iterative method defined by Eq. (6) is explicit as long as the mass matrix is 

diagonal. As the mass matrix does not influence the deformed state solution, given by 

Eq. (2), a lumped mass matrix can be used that maximizes the convergence of the 

method.  

In [18] the convergence of the DR algorithm is studied for linear structural mechanics 

equations, when the nodal forces can be written as 

qKP(q) ⋅=  (8) 

with K being the stiffness matrix.  

We extend this study to the nonlinear case. We propose to use the linearization of the 

nodal forces obtained by expanding them in a Taylor series and keeping the first two 

terms: 

)()( knkkn qqKqP)P(q −⋅+=  (9) 

where qk is a point close to qn and Kk is the tangent stiffness matrix evaluated at point 

qk. 

By replacing (9) in (6), we obtain the equation that advances to a new iteration for a 

nonlinear problem as: 
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nnnnn Aqbqqqq ααβ −+−+= −+ )( 11
 (10) 

with  

kkkk KMAqKqPfMb 11           ))(( −− =+−=  (11) 

It is worth noting that, even if Eq. (10) has the same form as in the linear case, the point 

qk is not fixed during the iteration process (as it must be close to qn in order for the 

Taylor series expansion to be accurate) and therefore, the tangent stiffness matrix (and 

matrix A) changes.  

The error after the nth iteration is defined as: 

 *qqe −= nn
 (12) 

where q* is the solution. Substituting (12) in (10) gives the error equation (valid only 

close to the solution): 

)( 11 −+ −+−= nnnnn eeAeee βα  (13) 

and by assuming that 

nn eκe ⋅=+1
 (14) 

the following relation is obtained for computing the eigenvalues κ of matrix κ:   

0)1(2 =+−+− βκαβκ A  (15) 

where A denotes any eigenvalue of matrix A. 

The fastest convergence is obtained for the smallest possible spectral radius ρ = |κ|. The 

optimum convergence condition is obtained when: 

mA
A02/1 21** −≈== βρ κ  (16) 

max/2/2 ω=≈ mAh  (17) 
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00 22 ω=≈ Ac  (18) 

where A0 and Am are the minimum and maximum eigenvalues of matrix A and 

therefore, ω0 and ωmax are the lowest and highest circular frequencies of the un-damped 

equation of motion [18].  

Because matrix A changes in the nonlinear case, the optimum DR parameters for the 

beginning of the deformation are usually different from the optimum parameters needed 

close to the steady state solution. Anyhow, none of these parameters are easy to 

calculate, as we will show in the following sections. Therefore, we propose to estimate 

the optimum DR parameters corresponding to the steady state solution in the 

initialization step and then use the estimated values for performing the iterations.    

The algorithm we propose for computing the deformed state for a nonlinear problem 

using DR can be summarized as follows: 

 a) Initialization: 

• q0 = 0; q1 = 0;  

• Choose Am and compute the mass matrix so that spectral radius ρ is minimized. 

The same Am value and the same mass matrix are used for estimating the 

minimum eigenvalue A0 (see Sections 2.4, 2.5). 

• Compute the iteration parameters α and β using (7) with h and c given by (17) 

and (18). 

 b) For every iteration step: 

• Compute the nodal forces corresponding to the current displacements, P(qn) (by 

assembling the elements’ nodal forces) (see Section 2.6). 

• Compute next displacement vector using (6). 

• Check convergence criteria and finish analysis if they are met (see Section 2.7). 

• Check the maximum eigenvalue of each element and change the mass matrix if 

needed (see Section 2.4). 
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The initialization step can be done pre-operatively and therefore, we are interested in 

pre-computing as many parameters as possible in this step. Because the iterative 

solution is obtained intra-operatively, the computation process must be very efficient. 

The computation of the optimum convergence parameters and the other parts of the 

algorithm are presented in the following sub-sections. 

2.3. The effect of eigenvalue estimation on convergence 

For the computation of the optimum convergence parameters the maximum and 

minimum eigenvalues of matrix A must be known. Unfortunately these eigenvalues are 

not easy to compute and can only be approximated. In this section we present a new 

study of the way eigenvalue estimation influences the convergence speed. We use the 

following procedure:  

• We consider the real range of eigenvalues for matrix A to be known. 

• We make an estimation of the minimum and maximum eigenvalues. 

• The parameters h and c are computed based on the estimated eigenvalues. 

• The modulus of the eigenvalues of κ is computed using (15) and represented 

against the real range of eigenvalues for matrix A. 

For the figures presented in this section we assumed a small range of eigenvalues 

(condition number) for matrix A in order to obtain more clear graphs. In reality the 

range of eigenvalues is orders of magnitude higher.   

Fig. 1a shows that under-estimating the minimum eigenvalue A0 leads to an increase of 

the spectral radius ρ and therefore, a decrease in convergence speed. The over-

estimation of A0 leads to a decrease of the modulus of all eigenvalues |κ| except for a 

very narrow range of small eigenvalues. It is important to note that |κ| will never have 

absolute values higher than 1 because of the minimum eigenvalue estimation and 

therefore, this estimation can not lead to the divergence of (6). 

 Fig. 1b shows that over-estimating the maximum eigenvalue Am has the same effect as 

the under-estimating of A0. It also demonstrates that even a small under-estimation of 

Am can lead to some of the eigenvalues of matrix κ having modulus higher than 1 and 

therefore, to the divergence of (6). 
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Figure 1. Influence of the minimum (a) and maximum (b) eigenvalue estimation 

on the convergence (only one eigenvalue is estimated, the other is assumed to be 

known). The modulus of the eigenvalues for matrix κ is represented against the real 

range of eigenvalues for matrix A. 

To ensure convergence, it is critical that the maximum eigenvalue Am is over-estimated, 

even if this will lead to a decreased convergence speed. If, at the same time, the 

minimum eigenvalue A0 is under-estimated, uniform convergence will be obtained for 

all eigenvalues, with a further decrease in convergence speed. If A0 is over-estimated 

then it is possible to increase the convergence speed for all eigenvalues except a very 

narrow range of small eigenvalues (Fig. 2).  
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Figure 2. Influence of eigenvalue estimations on the convergence (the estimation 

error for the minimum and maximum eigenvalues is shown in the legend). The 

modulus of the eigenvalues for matrix κ is represented against the real range of 

eigenvalues for matrix A. 

2.4. Maximum eigenvalue Am. The mass matrix 

Using the Rayleigh quotient, it has been demonstrated that the maximum eigenvalue of 

an assembled finite element mesh is bounded by the maximum eigenvalue of any of the 

elements in the mesh [17]:  

)(max e

e
m Max

A λ≤  (19) 

Therefore an estimation of the maximum eigenvalue can be obtained by estimating the 

maximum eigenvalue of each element in the mesh. Such estimations for different 

element types are presented in [19].  

In the case of a nonlinear problem the maximum eigenvalue changes during the 

simulation as the geometry of the elements changes and therefore, it must be estimated 

after every iteration step.   

Because the mass matrix has no influence on the deformed state (see Eq. 2), a fictitious 

mass matrix that improves the convergence rate can be used. The mass matrix can be 

chosen such that it reduces the condition number of matrix A, leading to a decrease in 

the spectral radius ρ (see Eq. 16).  
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In order to reduce the condition number we propose to align the maximum eigenvalue 

of all elements in the mesh to the same value by changing the density of each element. 

By doing this we can still use (19) for estimating the maximum eigenvalue and the 

condition number is at least preserved and generally decreased, as shown in [18]. 

The process we propose for selecting the maximum eigenvalue and the mass matrix is 

as follows: 

• At the beginning of the simulation we select a value for the maximum 

eigenvalue Am and modify the density of each element so that all elements have 

the same maximum eigenvalue: 

m
e Ac
Max

⋅= 1λ  (20) 

 where c1 < 1 is a safety factor;  

• During the simulation the maximum eigenvalue of all elements is monitored at 

each time step. If 

m
e Ac
Max

⋅≥ 2λ  (21) 

 then the density of the corresponding element is changed so that relation (20) 

 holds. The factor c2 is chosen so that c1 < c2 < 1. 

This process guarantees that the selected maximum eigenvalue Am is an over-estimation 

of the actual maximum eigenvalue during the simulation, therefore, ensuring the 

convergence.   

2.5. Estimation of the minimum eigenvalue A0 

Estimating the minimum eigenvalue is a difficult problem, especially in the case of 

nonlinear problems, where an adaptive procedure should be used in order to obtain the 

optimum convergence parameters. An overview of the procedures proposed by different 

authors in the context of DR (including an adaptive one) is presented in [18].  

The adaptive method proposed in [18] is based on Rayleigh’s quotient and the use of a 

local diagonal stiffness matrix. The elements of this matrix are computed using finite 
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differences which can be difficult to do for degrees of freedom which have very small 

displacement variation. 

To eliminate these problems we propose to estimate the minimum eigenvalue in the pre-

processing stage using an estimation of the actual loading that will be applied intra-

operatively. Although the optimum convergence parameters may not be obtained, this 

reduces the computational effort for each iteration step. By performing more iterations 

in the same time interval the overall efficiency of the algorithm may be increased. 

The minimum eigenvalue computation is done using the procedure presented in [20] by 

selecting an initial estimation and then calculating a series of approximations of the 

dominant eigenvalue: 

inf

1
inf

1

−

+

−

−
=

nn

nn

DR qq

qq
κ  (22) 

When κDR converges to an almost constant value then the minimum eigenvalue is 

computed from (15): 

DR

DRDRA
ακ

βκβκ ++−−= )1(2

0  (23) 

This eigenvalue corresponds to the steady state solution obtained using the estimated 

loading. 

2.6. Computation of nodal forces 

One of the key ideas in the finite element algorithms development was to use the Total 

Lagrangian (TL) formulation of the finite element method in which all variables are 

referred to the original configuration of the system [21]. Second-Piola Kirchoff stress 

and Green strain are used. The decisive advantage of this formulation is that all 

derivatives with respect to spatial coordinates are calculated with respect to original 

configuration and therefore, can be pre-computed. The proposed stress and strain 

measures are appropriate for handling geometric nonlinearities (finite deformations) 

[17].  



CHAPTER 6 106 

The fact that many quantities involved in the computation of nodal forces can be pre-

computed leads to a significant decrease in the computational effort. As DR is an 

explicit method most of the computation time is spent on computing the nodal forces. 

Therefore, it is important to perform these computations as fast as possible.  

The basic TL formulation is presented in [21, 22]. We use single-point integration for 

all the elements in the mesh (improved linear tetrahedrons [23] and under-integrated 

linear hexahedrons) for computational efficiency. Therefore, the nodal forces for each 

element are computed as: 

0000int0 Vttt ⋅⋅⋅= BSXP  (24) 

where according to the notations used in [17], the left superscript represents the current 

time, the left subscript represents the time of the reference configuration, Pint is the 

matrix of nodal forces, B0 is the matrix of shape function derivatives, S is the second 

Piola Kirchoff stress matrix, X is the deformation gradient and V0 is the initial volume. 

In (24), the matrix of shape function derivatives B0 and the initial volume V0 are 

constant and therefore, can be pre-computed. 

The under-integrated linear hexahedron exhibits zero energy deformation modes 

(hourglass) because of the one point integration. The hourglass modes can be controlled 

by calculating hourglass forces that oppose the hourglass deformation modes. We have 

shown in [24] that the hourglass control forces for each element can be computed (in 

matrix form) as: 

qγγP tTHgt k 0000 ⋅⋅⋅=  (25) 

where k is a constant that depends on the element geometry and material properties, 0Y 

is the matrix of hourglass shape vectors and q is the matrix of current displacements. In 

(25) all quantities except q are constant and can be pre-computed which makes the 

hourglass control mechanism very efficient. 

Because biological tissue behavior can be described in general using hyper-elastic or 

hyper-visco-elastic models [25] the usage of the TL formulation also leads to a 

simplification of material law implementation as these material models can be easily 

described using a relation between the second Piola Kirchoff stress and the deformation 

gradient [17]. 
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2.7. Termination criteria 

One very important aspect of any FEM algorithm is the termination criterion used. If the 

criterion is too coarse, then the solution might be too inaccurate and if the criterion is 

too tight, then time is lost in unnecessary computations.  

The usual criteria used by FEM software are based on residual forces, displacements or 

energy. None of these criteria gives any information about the absolute error in the 

solution and selecting any of these termination criteria is very difficult. 

We propose a new termination criterion that gives information about the absolute error 

in the solution, particularly suited for our solution method. Because DR iterations lead 

to a strong reduction of the high frequencies, the displacement vector will oscillate 

around the solution vector with a frequency that converges towards the smallest 

oscillation frequency. That implies that the error vector e will converge toward the 

eigenvector corresponding to the lowest eigenvalue. Therefore, we can make the 

following approximation:  

nn A eeA ⋅≈⋅ 0  (26) 

By substituting (26) in (13), and considering relations (14) and (15) we obtain: 

( )**1 qqqq −⋅≈−+ nn ρ  (27) 

Therefore, after each iteration step the error is reduced by a ratio equal with ρ. We can 

now obtain an approximation of the absolute error in the solution by applying the 

infinity norm to relation (27): 

( )
∞

+

∞

+

∞∞

+ −+−⋅≤−⋅≈− nnnnn qqqqqqqq 111 *** ρρ  (28) 

∞

+

∞

+ −
−

≤− nnn qqqq 11

1
*

ρ
ρ

 (29) 

This convergence criterion gives an approximation of the absolute error based on the 

displacement variation norm from the current iteration. 
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3. Simulation results 

The purpose of this section is to assess the accuracy, speed and convergence properties 

of the proposed algorithms for complex biomechanical models. We are not interested 

here in validating the models used. Partial validation of the model we use for the brain 

shift simulation was performed in previous papers with very promising results [16, 26, 

27].    

Due to its strong resemblance to an explicit procedure the proposed solution method 

was implemented in C by modifying the Total Lagrangian Explicit Dynamics algorithm 

we presented in [21]. All simulations were done on a standard 3 GHz Intel® Core™ 

Duo CPU system using Windows XP operating system. 

3.1. Deformation of an ellipsoid 

We use this example to demonstrate the accuracy of our method. For an ellipsoid having 

approximately the size of the brain, we fixed some of the nodes and displaced a few 

other nodes in order to simulate deformation similar to what happens in the case of a 

brain shift. The mesh was created using hexahedral elements and has 2200 elements and 

2535 nodes. We used an almost incompressible, nonlinear (Neo-Hookean) material 

model and a large displacement value (2 cm). In our implementation the displacement 

was applied using a smooth loading curve over 500 iteration steps and a large number of 

steps (10,000) were executed afterwards in order to obtain the deformed state.  

3.1.1 Parameter initialization 

In the initialization stage we chose h = 0.001 (corresponding to Am = 4,000,000) and 

made an estimation of the lower eigenvalue A0 = 1000. We then performed a simulation 

using an estimation of the displacements (which we chose to be half of the real 

displacements) applied over 1000 iteration steps. The variation of the dominant 

eigenvalue given by (22) is presented in Fig. 3a. We can therefore estimate the 

dominant eigenvalue κDR = 0.9982 which leads to the real value of the lower eigenvalue 

A0 ≈ 110. 

In Fig. 3b we present the dominant eigenvalue estimation obtained if we make an initial 

estimation of the lower eigenvalue A0 = 10 (under-estimation). We can see that in this 

case the dominant eigenvalue estimation does not converge to a constant value, as the 

displacement vector tends to oscillate around the deformed state (because of insufficient 
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damping). In such a case we can increase the initial estimation of A0 and repeat the 

simulation. This will lead to a faster damping of the high frequencies, as discussed in 

Section 2.3, and a convergence of (22) towards the dominant eigenvalue. Performing 

multiple simulations in order to find good estimations of the parameters is not a 

problem, as this step can be entirely done pre-operatively. 

 

Figure 3. Dominant eigenvalue estimation starting from an over-estimated (a) and 

an under-estimated (b) initial lower eigenvalue.  

3.1.2 Deformed state computation 

We performed the displacement computation first by using our algorithm and second by 

using a well known commercial finite element package – Abaqus [28].   
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Figure 4. Absolute difference in nodal positions between our algorithm and 

Abaqus are colour coded. Dimensions are in meters. 

For computational efficiency we use under-integrated hexahedral elements with the 

hourglass control implemented based on the relations presented in [24]. In Abaqus we 

used hybrid hexahedral elements, which are the “gold standard” elements for almost 

incompressible materials. We used the static solver with the default configuration and 

assumed that the Abaqus simulation provides the accurate results.  

The distribution of the error (absolute difference in nodal position between the two 

simulations) is presented in Fig. 4. The maximum error magnitude of 0.6 mm is 

obtained at the edge of the displaced area and it is mainly an artifact of using under-

integrated elements. Nevertheless the average error is 0.025 mm which demonstrates 

that our simulation results are more than acceptable. Our algorithm performed 1000 

steps in 1.2 s, with the resulting accuracy better than 0.1 mm. The Abaqus static solver 

performed four iterations in 8 s.    

The error estimation based on (29) is presented in Fig. 5. As the iteration number 

increases the estimation is getting closer to the real error value. The estimated error is 

higher than the real one, therefore ensuring the desired accuracy. 
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Figure 5. Error estimation (in meters) for the ellipsoid deformation immediately 

after the loading was applied (a) and after 2000 steps (b).  

3.2. Simulation of a brain shift 

A more complex simulation is presented here to demonstrate the computational 

efficiency of the proposed algorithm. A human brain consisting of healthy brain tissue, 

a tumor and ventricles is enclosed inside the skull. The different parts of the brain are 

modeled using almost incompressible nonlinear materials (Neo-Hookean) with different 

properties (for the ventricle the Poisson’s ratio was assumed to be low in order to 

account for any fluid leakage). The material model is consistent with our previous work 

on brain material properties [29-31]. 
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Figure 6. The mesh used for the brain shift simulation (only the left half of the 

brain and skull meshes is shown). 

The brain is meshed using mainly hexahedral elements but also includes some improved 

tetrahedral elements [23]. The mesh has 12,182 elements and 13,209 nodes (Fig. 6). The 

skull is meshed using 3960 triangular elements. We assume that the initial geometry is 

known from high quality pre-operative MRI images and we simulate the brain shift by 

applying displacements on the area of the brain visible during craniotomy, where the 

displacements can be measured intra-operatively (using a laser range scanner [32] or a 

stereo vision system [33]). We extracted the required displacements from available 

intra-operative MRI images. A very similar model has been used in previous papers for 

brain shift estimation [16, 26, 27].  

We assume the skull to be rigid and the interaction between the brain and the skull as a 

frictionless finite sliding contact. Because our algorithm has the property of attenuating 

the high frequency vibrations in the solution, we can implement this contact as a 

computationally very efficient kinematic constraint for the brain nodes (any brain node 

that penetrates the skull surface is brought back on the surface). All external brain nodes 

except the displaced ones are included in the contact definition. A detailed description 

of the contact algorithm used is presented in [34]. 
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3.2.1 Parameter initialization 

The initialization procedure was performed in the same manner as in the previous 

experiment. The variation of the dominant eigenvalue is presented in Fig. 7. The highly 

nonlinear behavior of this problem (especially the inclusion of contacts) leads to a lot of 

oscillations in the graph, but it finally converges towards a constant value. We estimated 

a dominant eigenvalue of κDR = 0.9991 which leads to the real value of the lower 

eigenvalue A0 ≈ 56. 

 

Figure 7. Dominant eigenvalue estimation for the brain shift simulation. 

3.2.2 Deformed state computation 

Similar to the ellipsoid deformation simulation the displacements were imposed using a 

smooth loading curve and the deformed state was obtained by executing a large number 

of steps (10,000). The error in nodal position is presented in Fig. 8.  

The accuracy of neurosurgery is not better than 1 mm [1]. Voxel size in high quality 

pre-operative MR images is usually of similar magnitude. Even after 1000 iterations 

(from which 500 were used for the displacements application) the accuracy of the 

results is sufficient for image registration, being one order of magnitude higher than the 

accuracy of any features extracted from the image. By performing 1000 iterations more 

the accuracy is increased by almost three orders of magnitude. The computation time 

needed for 1000 iterations (on a simple desktop computer) is less than 17 s.  
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Figure 8. Absolute nodal position error distribution after 1000 iterations (a) and 

after 2000 iterations (includes the image of the kull) (b). Dimensions are in meters. 

In the previous papers where this model has been used the steady state solution was 

found with the commercial finite element solver LS-DYNA [35]. The displacements 

obtained were very similar, but each iteration step took more than two times longer in 

LS-DYNA compared with our algorithms. In the same time, LS-DYNA required more 

iteration steps to reach the steady state solution, a complete simulation taking about 5 

min.  

The last step of the algorithm (maximum eigenvalue control) can be done in parallel 

with the rest of the computations by using double buffering of the displacements and 

mass vectors. This also means that the checking of the maximum eigenvalue will fall 

one iteration behind the main algorithm, but this can easily be handled by decreasing the 

value of the safety factor c2 (see section 2.4). This was implemented by using multi-

threading and therefore, taking advantage of the fact that the processor we used had two 
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cores. The computation time for the brain deformation simulation was reduced to less 

than 9 s for 1000 iterations.  

The error estimation is shown in Fig. 9. We notice that in the first stages of the 

simulation the error estimation is not very accurate. This happens because of the 

strongly nonlinear character of the problem and the assumptions that we made during 

the derivation of relation (29), mainly the fact that the structure oscillates in the lowest 

vibration mode. The error estimation becomes more accurate as the number of iterations 

increases and it converges toward the real error value. It is also higher than the real error 

and therefore, guarantees the imposed accuracy when used as a termination criterion.  

 

Figure 9. Error estimation (in meters) for the brain shift simulation. 

4. Discussion and conclusions 

In this paper, we propose to use Dynamic Relaxation in the context of the Total 

Lagrangian formulation for finding the deformed state of a nonlinear finite element 

problem. The main characteristics of the proposed method are: fast convergence, 

computational efficiency and the possibility to control the accuracy of the results. These 

characteristics make it an ideal method for solving image registration problems using 

bio-mechanical models. 

The efficiency of the method derives from the fact that many quantities involved in the 

computation of the nodal forces are constant and can be pre-computed. We propose that 
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one of the main parameters of the DR algorithm, the lower eigenvalue A0, can be pre-

computed during the pre-operative stage. We also propose a termination criterion based 

on the convergence properties of this method which can offer an indication about the 

absolute accuracy of the results. 

We present simulation results that confirm the accuracy and computational efficiency of 

our solution method. The accuracy is proven by comparing for a given problem the 

results obtained using our method with the results obtained using the static solver of the 

commercial finite element code Abaqus and “gold standard” elements that can handle 

almost incompressible materials. The efficiency of the method is shown by measuring 

the computation time for a relatively complex simulation of a brain shift where we use 

different material types and properties for the component parts of the brain (brain tissue, 

tumor, ventricles), different element types (hexahedrons, tetrahedrons) and contacts 

between brain and skull. Even for such a complex model (more than 36,000 degrees of 

freedom) the brain shift simulation can be run in tens of seconds on a normal PC.  

Because of the explicit character of the algorithm, the computation time increases 

linearly with the number of elements in the mesh. 

Although this study is done in the context of the Finite Element Method, most results 

can also be applied in other cases when the deformed state of a large system of 

differential equations must be obtained (e.g. mesh-less methods). The computational 

efficiency of this method will allow researchers to use more comprehensive bio-

mechanical models for image registration, leading to an increase in registration 

accuracy. 
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Abstract 

Dynamic Relaxation is an explicit method that can be used for computing the steady 

state solution for a discretised continuum mechanics problem. The convergence speed 

of the method depends on the accurate estimation of the parameters involved, which is 

especially difficult for nonlinear problems.  In this paper we propose a completely 

adaptive Dynamic Relaxation method in which the parameters are updated during the 

iteration process, converging to their optimal values. We use the proposed method for 

computing intra-operative organ deformations using non-linear finite element models 

involving large deformations, nonlinear materials and contacts. The simulation results 

prove the accuracy and computational efficiency of the method. The proposed method is 

also very well suited for GPU implementation. 

 

 

Keywords: adaptive dynamic relaxation; eigenvalue estimation; non-rigid image 

registration; biomechanical models; GPU implementation 
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1. Introduction 

Dynamic Relaxation (DR) is an explicit iterative method for obtaining the steady state 

solution. It can be used for finding the deformed state for a discretised continuum 

mechanics problem. The method relies on the introduction of an artificial mass 

dependent damping term in the equation of motion, which attenuates the oscillations in 

the transient response, increasing the convergence towards the steady state solution. 

The DR method is especially attractive for highly nonlinear problems (including both 

geometric and material nonlinearities) solved using the finite element method. Because 

of its explicit nature there is no need for solving large systems of equations. All 

quantities can be treated as vectors, reducing the implementation complexity and the 

memory requirements. Although the number of iterations to obtain convergence may be 

quite large, the computation cost for each iteration is very low, making it a very 

efficient solution method for nonlinear problems.  

A detailed overview of the DR method, including its history and a proposal for an 

adaptive version can be found in [1]. The DR method has been used successfully for 

solving a diversity of problems, ranging from form-finding [2], wrinkling [3, 4] and 

large deflection analysis [5] to atomic structures simulation [6] and character 

recognition [7]. 

In one of our previous papers [8] we proposed to use the DR method, combined with the 

Total Lagrangian formulation of the Finite Element method, for computing intra-

operative organ deformations. As shown in that paper, the DR method includes a 

number of iteration parameters which must be estimated. These parameters are 

especially hard to estimate for a nonlinear problem, as their optimal values (which 

ensure the fastest convergence rate) change during the iteration process. In our previous 

paper we proposed to perform a separate simulation in order to estimate the value of one 

of the parameters (the minimum eigenvalue A0). When the loading is not known in 

advance (as it is the case of the proposed application - intra-operative organ 

deformations), the estimation is done using an estimated value of the load, which might 

not lead to the optimum value of the iteration parameter.  

In this paper we propose a simple and efficient method of estimating the value of the 

minimum eigenvalue during the iteration process. As the iterations progress, the 

estimated minimum eigenvalue converges fast to its optimal value. This leads to a very 
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efficient DR procedure, while eliminating the need for separate simulations for 

parameter estimation. The proposed estimation method involves only vectors, 

preserving the computational advantages of an explicit method. These features make the 

proposed DR a perfect candidate for parallel implementation on a Graphics Processing 

Unit (GPU), which offers very high computation power at a low cost. 

We revisit the computational examples presented in [8] and apply the proposed adaptive 

method to compute brain shift estimations using non-linear biomechanical models. The 

simulations prove the high computational efficiency of the adaptive method. A GPU 

implementation of the method leads to more than an order of magnitude improvement in 

the computation speed compared to the equivalent CPU implementation. 

In the next Section we present the basic Dynamic Relaxation procedure and identify the 

parameters involved. We present the adaptive procedure for estimating these parameters 

and discuss the use of a termination criteria based on the convergence properties of the 

proposed DR method. In Section 3 we present computational examples and Section 4 

contains discussion and conclusions. 

2. Methods 

2.1. Dynamic Relaxation solution algorithm 

The general equation of motion for a nonlinear system, obtained after the finite element 

discretisation of the momentum conservation equation, can be written as [9]: 

fP(q)qM =+⋅ &&  (1) 

where M is the mass matrix, q is the displacement vector, P is the vector of internal 

nodal forces and f is the vector of externally applied forces (volumetric forces, surface 

forces, nodal forces as well as forces derived from contacts). The superimposed dot 

represents time derivative. In general the relation between nodal forces and 

displacements in strongly nonlinear because of a combination of different factors: large 

deformations, material law and contacts.    

The deformed state solution is obtained when the acceleration is zero, and therefore it is 

defined by the equation: 

fP(q) =  (2) 
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The basic Dynamic Relaxation (DR) algorithm is presented in [1]. The main ideas are 

the inclusion of a mass proportional damping in eqn. (1) that will increase the 

convergence speed towards the deformed state and the solving of the obtained damped 

equation using the central difference method (explicit integration).  

After the inclusion of a mass proportional damping, eqn. (1) becomes 

fP(q)qMqM =+⋅⋅+⋅ &&& c  (3) 

where c is the damping coefficient. 

By applying the central difference integration to the damped equation of motion (3), the 

equation that describes the iterations in terms of displacements becomes [8]: 

))(()( 111 nnnnn qPfMqqqq −+−+= −−+ αβ  (4) 

ch)ch)/((,       chh +−=+= 22)2/(2 2 βα  (5) 

where h is a fixed time increment and n indicates the nth time increment.  

The iterative method defined by eqn. (4) is explicit as long as the mass matrix is 

diagonal. As the mass matrix does not influence the deformed state solution, given by 

eqn. (2), a specially selected lumped mass matrix can be used that maximizes the 

convergence of the method.  

In [1] the convergence of the DR algorithm is studied for linear structural mechanics 

equations, when the nodal forces can be written as 

qKP(q) ⋅=  (6) 

with K being the stiffness matrix.  

We extended this study to the nonlinear case in [8], by using the linearization of the 

nodal forces obtained by expanding them in a Taylor series and keeping the first 2 

terms: 

)()( knkkn qqKqP)P(q −⋅+=  (7) 
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where qk is a point close to qn and Kk is the tangent stiffness matrix evaluated at point 

qk. 

By replacing eqn. (7) in eqn. (4), we obtained the equation that advances to a new 

iteration for a nonlinear problem as: 

nnnnn Aqbqqqq ααβ −+−+= −+ )( 11
 (8) 

with  

kkkk KMAqKqPfMb 11           ))(( −− =+−=  (9) 

Equation (8) has the same form as in the linear case, however the point qk is not fixed 

during the iteration process (as it must be close to qn in order for the Taylor series 

expansion to be accurate) and therefore the tangent stiffness matrix (and matrix A) 

changes.  

The error after the nth iteration is defined as: 

 *qqe −= nn
 (10) 

where q* is the solution. Substituting eqn. (10) in eqn. (8) gives the error equation 

(valid only close to the solution): 

)( 11 −+ −+−= nnnnn eeAeee βα  (11) 

and by assuming that 

nn eκe ⋅=+1
 (12) 

the following relation is obtained for computing the eigenvalues κ of matrix κ:   

0)1(2 =+−+− βκαβκ A  (13) 

where A denotes any eigenvalue of matrix A. 

The fastest convergence is obtained for the smallest possible spectral radius ρ=|κ|. The 

optimum convergence condition is obtained when: 
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mA
A02/1 21** −≈== βρ κ  (14) 

max/2/2 ω=≈ mAh  (15) 

00 22 ω=≈ Ac  (16) 

where A0 and Am are the minimum and maximum eigenvalues of matrix A and therefore 

ω0 and ωmax are the lowest and highest circular frequencies of the un-damped equation 

of motion [1].  

Because matrix A changes in the nonlinear case, the optimum DR parameters for the 

beginning of the deformation are usually different from the optimum parameters needed 

close to the steady state solution. An algorithm for estimating the maximum eigenvalue 

Am is presented in [8]. The algorithm uses mass scaling to align the maximum 

eigenvalues of all the elements in the mesh. This leads to a mass matrix that improves 

the convergence rate by reducing the condition number of matrix A, leading to a 

decrease in the spectral radius ρ (see eqn. 14). It also ensures the convergence of the 

method, by guaranteeing that the estimated maximum eigenvalue Am is an over-

estimation of the actual maximum eigenvalue during the simulation.   

An algorithm for estimating the minimum eigenvalue A0 is presented next. 

2.2. Estimation of the minimum eigenvalue A0 

Estimating the minimum eigenvalue is a difficult problem, especially in the case of 

nonlinear problems, where an adaptive procedure should be used in order to obtain the 

optimum convergence parameters. An overview of the procedures proposed by different 

authors in the context of DR (including an adaptive one) is presented in [1].  

The adaptive method proposed in [1] is based on Rayleigh’s quotient and the use of a 

local diagonal stiffness matrix. The elements of this matrix are computed using finite 

differences, which can be very difficult to do for degrees of freedom which have small 

displacement variation. 

In our previous paper [8] we proposed to estimate the minimum eigenvalue using the 

procedure presented in [10], by doing an additional simulation using an estimated 
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loading (as for our application the loading was not known in advance). Because the 

loading was only estimated, the computed minimum eigenvalue could be different from 

the optimum one.  

In this section we propose a new adaptive method for computing the minimum 

eigenvalue, which is also based on Rayleigh’s quotient, but does not have the 

shortcomings of the method proposed in [1].  

We consider a change of variable: 

knn qqz −=  (17) 

where qk is the point used for linearization of the nodal forces in eqn. (7). The linearized 

nodal forces can therefore be expressed as: 

nkkn zKqP)P(q ⋅+= )(  (18) 

and the linearized equation of motion will become, by replacing equations (17) and (18) 

in eqn. (1): 

)P(qfzKzM kk −=⋅+⋅ &&  (19) 

We can now rely on eqn. (19) to estimate A0 using Rayleigh’s quotient and the current 

value of the displacements: 

nTn

nkTn

A
Mzz

zKz
)(
)(

0 ≤  (20) 

We consider the right hand side of eqn. (20) as an estimate of the minimum eigenvalue. 

Using equations (17) and (18), this estimate becomes: 
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where qk is a fix point that must be close to qn. We will choose the solution from a 

previous iteration as qk, and this point will be updated after a number of steps in order 

to keep it close to the current solution qn. No additional information (such as estimates 

of the stiffness matrix) is required and only vector operations are performed (as M is a 

diagonal lumped mass matrix). 
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During the iterative DR procedure the high frequencies are damped out and the system 

will eventually oscillate on its lowest frequency, therefore eqn. (21) will converge 

towards the minimum eigenvalue. This estimation process, combined with our 

parameter selection process, leads to an increased convergence rate, because it always 

offers an over-estimation of the minimum eigenvalue. The higher the over-estimation of 

the minimum eigenvalue, the higher the reduction of the high frequency vibrations (see 

[8]), and therefore eqn. (21) will convergence faster towards the real minimum 

eigenvalue. 

2.3. Termination criteria 

In [8] we proposed a new termination criterion that gives information about the absolute 

error in the solution, based on the convergence properties of the DR solution method. 

We can obtain an approximation of the absolute error in the solution as: 
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Therefore, the convergence criteria can be defined as: 

ε
ρ

ρ ≤−
− ∞

+ nn qq 1

1
 (23) 

where ε is the imposed absolute accuracy. This convergence criterion gives an 

approximation of the absolute error based on the displacement variation norm from the 

current iteration. 

Because our parameter estimation procedures over-estimate the maximum eigenvalue 

Am and under-estimate the minimum eigenvalue A0, the value of the computed spectral 

radius ρc we can use in eqn. (23) is lower than the real value of the spectral radius (see 

eqn. 14), and this can lead to an early termination of the iteration process. Therefore, we 

use in eqn. (23) a corrected value of the computed spectral radius: 

)1(* ccco ρςρρ −+=  (24) 

where ζ is a correction parameter between 0 and 1, defining the maximum under-

estimation error for the spectral radius ρ. In our simulations we use ζ = 0.2.  
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2.4. The complete algorithm 

Considering the previous discussion, a basic algorithm for computing the steady state 

solution using the adaptive DR method can be written as: 

a) Initialization: 

• q0 = 0; q1 = 0;  

• Choose Am and scale element densities using the procedure presented in [8]. 

Assemble the mass matrix. 

• Choose an initial value for A0 and compute the iteration parameters based on 

equations (5), (15) and (16). This initial value must be very low, in order to lead 

to a low value of the damping coefficient (see eqn. 16) and therefore to allow the 

deformation to propagate inside the body during the load application stage. 

b) Load application stage: 

For each iteration step: 

• Compute the nodal forces corresponding to the current displacements (by 

assembling the elements’ nodal forces) 

• Compute next displacement vector using eqn. (4) 

• Check the maximum eigenvalue of each element and reform the mass matrix if 

needed 

• Apply the next load step and enforce constrains (such as contacts). The loads are 

applied using a smooth loading curve. 

At the end of the load stage: save qk and P(qk) 

c) Relaxation stage: 

Increase the value for A0 and re-compute the iteration parameters. This will lead to a 

strong attenuation of high frequency oscillations in the solution. 

For each iteration step: 

• Compute the nodal forces corresponding to the current displacements  
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• Compute next displacement vector using eqn. (4) 

• Enforce constrains (contacts) 

• Check convergence criteria (using eqns. 23 and 24) and finish analysis if met 

• Estimate A0 using eqn. (21) 

• Update qk = qn and P(qk) = P(qn) if a configured number of steps have been 

executed since the last update 

• Check the maximum eigenvalue of each element and reform the mass matrix if 

needed 

• Re-compute iteration parameters based on equations (5), (15) and (16). 

3. Simulation results 

In this section we will revisit the computation examples presented in [8] in order to 

assess the convergence properties and efficiency of the proposed method for complex 

biomechanical models.   

The two examples presented here are from the field of image-guided neurosurgery. In 

this context it is very important to be able to predict the effect of certain surgical 

procedures on the position of pathologies and critical healthy areas in the brain. The 

most typical example is the prediction of a displacement field within the brain after 

opening the skull (so called “brain shift” estimation). A neurosurgeon is interested only 

in the final, deformed position of the brain. Therefore, there is a need for an algorithm 

that would allow a very fast convergence to the deformed state. The deformation field 

computed using a biomechanical model of the brain, having the movement of the 

exposed brain surface as the prescribed load, can be used to update high accuracy pre-

operative anatomy extracted from 3D images (usually MRI) to the intra-operative state. 

The computation must be done intra-operatively; therefore it is subject to stringent time 

constrains, which practically means that the results should be available to an operating 

surgeon in less than one minute [11-14]. The actual deformation computation should 

take only a fraction of this time, as there are other activities that need to be done 

beforehand (such as the acquisition of the deformed brain surface in the area of 

craniotomy and the registration of this surface with its pre-operative position, leading to 
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the extraction of displacements that are used for driving the deformation of the model) 

[14]. 

The biomechanical models used for such a simulation are complex, including different 

element types, nonlinear almost incompressible materials, large deformations and 

contacts [15-18]. Therefore, DR seems the perfect candidate for finding static solution 

for such a problem. 

3.1. Deformation of an ellipsoid 

For an ellipsoid having approximately the size of the brain, we fixed some of the nodes 

and displaced a few other nodes in order to simulate deformation similar to what 

happens in the case of a brain shift. The mesh was created using hexahedral elements 

and has 2200 elements and 2535 nodes. We used an almost incompressible, nonlinear 

(Neo-Hookean) material model and a large displacement value (2 cm). In our 

implementation the displacement was applied over 500 iteration steps and a large 

number of steps (10000) were executed afterwards in order to obtain the deformed state.  

Similar to the procedure followed in [8], we chose h = 0.001 (corresponding to Am = 

4000000). The value of the lower eigenvalue obtained in [8], based on an additional 

simulation, was A0 ≈ 110, corresponding to the optimal value for the spectral radius ρ* 

= 0.9895 (from eqn. 14).  

The variation of the spectral radius computed based on the adaptive estimation of the 

minimum eigenvalue, as presented in this paper, is shown in Figure 1. During the load 

application stage, the spectral radius is ρ = 0.999, corresponding to a low value for the 

damping coefficient. During the relaxation stage of the simulation, the computed value 

of the spectral radius converges steadily towards the optimal value. The computed value 

is always smaller than the optimal value, demonstrating that the estimated value for the 

minimum eigenvalue A0 is higher than the actual value (from equation 14), which is 

consistent with eqn. (20). The update of the linearization parameter qk and the 

corresponding nodal force vector (needed for the estimation of the lower eigenvalue in 

eqn. 21) is done every 200 iteration steps, being marked in Figure 1 by small jumps in 

the graph. 
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Figure 1. The variation of the spectral radius computed based on the adaptive 

estimation of the minimum eigenvalue for the ellipsoid deformation experiment. 

 

Figure 2. Distribution of error after 1000 iteration steps for the ellipsoid 

deformation experiment, presented in color code. All dimensions are in meters. 

The distribution of the error (absolute difference in nodal position between the 

simulation results and the deformed state) after 1000 iteration steps is presented in 

Figure 2. The maximum error magnitude is around 0.06 mm. The error estimation based 

on eqn. (23) is compared with the real error in Figure 3. It is clear that the termination 

criteria does not offer a good estimation of the error at the beginning of the relaxation 

stage (after 500 iteration steps), as there is a big difference between the estimated value 

of the spectral radius and its true value. As the iteration number increases the error 

estimation is getting closer to the real error value (Figure 3.b). Therefore, the 

termination criteria should be used only after the estimated value of the spectral radius 
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reaches a steady value (for example after 1100 iterations for this case, based on Figure 

1). This can be checked during the iteration process. 

 

Figure 3. Comparison of the real error with the error estimation based on the 

displacement variation norm for the ellipsoid deformation experiment a) Over the 

relaxation period b) Detail for the last 500 iterations. 

3.2. Simulation of a brain shift 

A more complex simulation is presented here to demonstrate the computational 

efficiency of the proposed algorithm for highly nonlinear models. We use the same 

model as in [8], but we present it here again for completeness. A human brain consisting 

of healthy brain tissue, a tumor and ventricles is enclosed inside the skull. The different 

parts of the brain are modeled using nonlinear materials (Neo-Hookean) with different 

properties (Table 1). The material model is consistent with our previous work on brain 

material properties [19-21]. 

 Table 1. Material properties for different parts of the brain 

Brain part Density 

(kg/m3) 

Young’s modulus 

(Pa) 

Poisson’s ratio 

Brain 1000 2500 0.49 

Tumor 1000 7500 0.49 

Ventricle 1000 100 0.1 
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The brain is meshed using mainly hexahedral elements but also includes some improved 

tetrahedral elements [22]. The mesh has 12182 elements and 13209 nodes (Figure 4). 

The skull is meshed using 3960 triangular elements. We assume that the initial 

geometry is known from high quality pre-operative MRI images and we simulate the 

brain shift by applying displacements on the area of the brain visible during craniotomy, 

where the displacements can be measured intra-operatively (using a laser range scanner 

[23] or a stereo vision system [24]). We extracted the required displacements from 

available intra-operative MRI images. A very similar model has been used in previous 

papers for brain shift estimation [14, 25, 26].  

 

Figure 4. The mesh used for the brain shift simulation (only part of the mesh is 

shown). 

The skull is assumed rigid and the interaction between the brain and the skull as a 

frictionless finite sliding contact. Because DR has the property of attenuating the high 

frequency vibrations in the solution, we can implement this contact as a computationally 

efficient kinematic constraint for the brain nodes (any brain node that penetrates the 

skull surface is brought back on the surface). All external brain nodes except the 

displaced ones are included in the contact definition. A detailed description of the 

contact algorithm used is presented in [18]. 

Similar to the ellipsoid deformation simulation, the deformed state was obtained by 

executing a large number of steps (10000). Because of the strong nonlinearity induced 

by the contact algorithm, the load (prescribed displacements) was applied over 1000 

iteration steps.   
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Figure 5. The variation of the spectral radius computed based on the adaptive 

estimation of the minimum eigenvalue for the brain shift experiment 

The computed value of the spectral radius, based on the proposed minimum eigenvalue 

estimation method, is presented in Figure 5. Because the movement of the brain surface 

nodes on the triangular mesh defining the skull is not smooth (a node can get trapped in 

a corner between triangles and then suddenly jump to a new position), the spectral 

radius estimation is not smooth over a large number of relaxation iterations. Therefore, 

we implemented a very simple updating algorithm: we check the computed spectral 

radius value against the value from the previous iteration; if the difference is small (less 

than 10E-4) for a number of successive iterations (we configured this number to 20), 

then we use this value in our computations, otherwise the value of the used spectral 

radius is not changed. The obtained spectral radius value is then used in equations (14) - 

(16) to compute the next iteration parameters. The used spectral radius value is 

presented in Figure 5. 

Similar to the previous experiment, the termination criteria can be trusted only after the 

computed value for the spectral radius starts to stabilize (around 2300 iterations). 

Nevertheless, even after the spectral radius stabilizes, there are a number of iterations 

for which the estimated error is much smaller than the real error (Figure 6.b), which can 

lead to an early termination of the computations.   We studied in more detail what 

happens after 2400 iterations. The real error value is 2.08E-5 m, while the estimated 

error value is 7.8E-6 m. A distribution of the real error for all degrees of freedom 
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(DOFs) in the model is presented in Figure 7.b. It can be seen that the real error value is 

determined by only one DOF, while the vast majority of DOFs have an error smaller 

than the estimated value. This behaviour is also an artefact of the contact algorithm, the 

node for which the maximum error is obtained being one of the nodes from the brain 

surface, as seen in Figure 7.a. The real error, computed using the infinity norm, is 

influenced by the outliers in the solution. The estimated error, based on eqn. 22, is not 

influenced by these outliers, and it represents better the overall accuracy of the solution. 

 

Figure 6. Comparison of the real error with the error estimation based on the 

displacement variation norm for the brain shift experiment a) Over the relaxation 

period b) Detail for the last 1000 iterations. 

 

Figure 7. Distribution of error after 2400 iteration steps for the brain shift 

experiment, presented a) in color code and b) as a histogram. All dimensions are in 

meters. 
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The proposed algorithm was implemented in C by modifying the Total Lagrangian 

Explicit Dynamics algorithm we presented in [27]. All simulations were done on a 

standard 3 GHz Intel® Core™ Duo CPU system using Windows XP operating system. 

Our implementation can perform 2000 iterations in 35s for the brain shift simulation, 

using a single CPU.  

We also implemented the algorithm on GPU. We transferred all the computationally 

intensive parts of the algorithm (element force computation, displacement vector 

computation, contact handling, parallel reduction – including infinity norm computation 

and scalar product of vectors) to the GPU, to take advantage of its massive parallelism. 

We implemented the GPU code using NVIDIA’s Compute Unified Device Architecture 

(CUDA) [28] and the code was run on a NVIDIA Tesla C870 computing board, which 

has 16 multiprocessors with eight scalar processor cores each and single-precision 

floating point operations. A detailed description of the implementation can be found in 

[29]. The GPU implementation performs 2000 iterations of the brain shift simulation in 

1.8s, offering real time computation capabilities. The use of single-precision floating-

point numbers on the GPU does not have an impact on the convergence and accuracy of 

our solution method. This is a consequence of using the Total Lagrangian formulation, 

which does not exhibit accumulation of errors during the time stepping procedure. 

4. Discussion and conclusions 

In this paper we propose a fully adaptive Dynamic Relaxation procedure in the context 

of the Total Lagrangian formulation for finding the deformed state of a nonlinear finite 

element problem. The proposed method offers fast convergence, computational 

efficiency and the possibility to control the accuracy of the results. These characteristics 

make it an ideal method for solving image registration problems using bio-mechanical 

models. 

In our previous paper [8] we estimated the value of the  lower eigenvalue A0 during the 

pre-processing stage, by performing a supplementary simulation. In this paper we 

propose a new adaptive procedure for estimating this parameter, eliminating the need 

for any supplementary simulation. The two methods can be also combined in order to 

improve the convergence of the algorithm.  
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We adapt the termination criterion proposed in [8] to our new parameter estimation 

procedure. The termination criteria offers an indication about the absolute accuracy of 

the results based on the convergence properties of the method. 

We present simulation results that confirm the convergence and computational 

efficiency of our adaptive method for highly nonlinear models. A GPU implementation 

of the algorithm can perform complex brain shift simulations in less than 2s. 
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Abstract 

In this paper we propose a very efficient contact implementation for modeling the brain-

skull interaction. This contact algorithm is specially designed for our Dynamic Relaxa-

tion solution method for solving soft-tissue registration problems. It makes possible the 

use of complex biomechanical models which include different nonlinear materials, large 

deformations and contacts for image registration. The computational examples prove 

the accuracy and the computational efficiency of our methods. For a model having more 

than 50000 degrees of freedom, a complete simulation can be done in less than a minute 

on a standard personal computer. 
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1. Introduction 

Brain deformation during surgery – commonly known as brain shift - is the primary mo-

tivation for this study. Deformations within the brain due to brain shift are difficult to 

monitor in real time as high resolution intra-operative MRI still remains a research ra-

ther than a clinical tool. These unknown changes in the location and shape of the brain 

and associated anatomy present the neurosurgeon with challenges and barriers to safe 

successful surgery. The “accurate localization of target” has been listed as the first prin-

ciple in modern neurosurgical procedures [1] and this project aims to make accurate lo-

calization of targets more achievable. 

Surgery related brain deformations occur for a number of reasons – loss of fluid during 

a craniotomy, brain edema or physiologic changes [2, 3]. Deformations of up to 10 mm 

are common in nearly all neurosurgical cranial procedures [4] and can be up to 25 mm 

in some cases [5]. These deformations make surgery difficult as the neurosurgeon is 

usually unable to track them using high quality intra-operative medical images. The 

surgeon may see that the surface of the brain collapsed by 10 mm, but they will not be 

able to predict the deformation within the brain due to this collapse. 

The resolution of intra-operative images is much lower than the one of pre-operative 

images, thus registration of the accurate pre-operative images to the intra-operative state 

is required for a complete and accurate visualization. A registration method that leads to 

physically plausible deformation estimates is the computation of the intra-operative 

brain deformations using a biomechanical model. Such a method treats brain shift as a 

solid mechanics problem. 

The context of neurosurgery provides a number of constraints for a useful computation 

of brain deformation. Predominately the two most important constraints are short com-

putation time and high accuracy. The computation time must be very short, so that up-

dates to the model – from intra-operative measuring and imaging – can be immediately 

shown to the surgeon.  

If only partial information about the brain surface can be obtained intra-operatively (i.e. 

only in the area of craniotomy), the deformation problem can not be solved accurately 

without considering the interaction between the brain and the skull for the remaining of 

the surface.  



CHAPTER 8 145

This paper is organized as follows: the problem of brain-skull interaction is analyzed in 

the next section, the resulting contact algorithm implementation is presented in Section 

3, simulation results are presented in Section 4 and the last section contains some dis-

cussions and conclusions.  

2. Problem Formulation 

2.1. Registration As A Solid Mechanics Problem 

The process of matching images of the same anatomy in differing modalities or resolu-

tions is termed registration [6]. When the anatomy imaged is rigid (e.g. skeletal struc-

ture) only rigid registration is required, which is a simple process of mapping points be-

tween two coordinate systems. When the anatomy deforms – as is the case for the brain 

– more advanced non-rigid registration techniques are required.  

Non-rigid registration is required for image-guided surgical procedures, where high res-

olution pre-operative images are warped to the configuration of lower quality intra-

operative images. This has traditionally been achieved through applying image distor-

tion or transformation algorithms to warp images ([7-9]). These methods work well 

when differences between images are not too large, however the plausibility of the solu-

tion can not be guaranteed with purely image based warping. When registering the finite 

deformations it is instead suggested to consider the registration process as a solid me-

chanics problem, to produce a solution based on the established principles of continuum 

mechanics. 

The use of biomechanical models was proposed by many researchers. When appropriate 

nonlinear models and solution methods are used, good registration results are obtained 

even in case of finite deformations [10-12]. 

2.2. Interaction Modeling For The Brain-Skull Interface 

There are three membranes: dura mater, the arachnoid and pia mater between the brain 

and skull. The subarachnoid space (SAS) contains cerebrospinal fluid (CSF). This com-

plex structure is presented in Fig. 1 (edited from [13]). During craniotomy CSF can leak 

freely from the subarachnoid space, creating a gap between the brain and the skull [12]. 

As the Young’s modulus of the skull bone is several orders of magnitude greater than 

that of the brain tissue we can treat the skull as a rigid body. Therefore it is sufficient to 
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model the brain-skull interaction as a contact between a deformable continuum (the 

brain) and a rigid body (the skull).  

Some authors have tried to model the brain-skull interaction as a sliding contact with no 

separation, in which the nodes on the brain surface can move only tangentially to the 

skull surface [14]. In such case the brain can not move towards the skull or separate 

from it. Considering the anatomical structure of the brain-skull interface and based on 

comparisons between pre-operative and intra-operative MRI images, we consider this is 

not an appropriate approach. 

Other authors have applied displacements over the entire surface of the brain, to match 

the deformation of the surface to the intra-operative images [15, 16]. Although this is a 

realistic approach from the modelling point of view, the problem of obtaining the dis-

placements of the entire brain surface intra-operatively remains.  

 

Figure 1. The structure of the brain-skull interface, adapted from [13] 

The following assumptions are made in order to simplify the contact problem: 

• If the skull is considered rigid and fixed, then deformation of this body is irrele-

vant. Only consideration of brain deformation is required. 

• As lubrication is present, friction is low and sliding of the brain on the skull oc-

curs – frictionless contact conditions are the simplest representation of sliding 

contact.  
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• Separation of brain from skull is allowed. 

• Only the deformation of the brain is of interest for registration purposes – thus 

the contact force is not specifically of interest. The brain deformation is formu-

lated as a “displacement – zero traction problem”, as only displacement con-

strains are prescribed and no surface tractions are applied. This leads to a smaller 

influence of the material constitutive model on the simulation results [17]. 

When selecting the best contact formulation we must also consider the solution method 

used for solving the finite element problem. We use Dynamic Relaxation [18] for find-

ing the deformed state of our biomechanical model. This is an explicit method in which 

the position of the brain nodes is updated at every time step.    

The simplest contact formulation for the brain-skull interaction, that accounts for the 

points discussed above, would be a finite sliding, frictionless contact between a deform-

able object (the brain) and a rigid surface (the skull). This can be implemented as a ki-

nematic constraint type of contact that does not require the computation of any contact 

forces at the interface. A similar approach was proposed in [19], but no details are given 

regarding the contact algorithm and the simulations are performed using a commercial 

software (Abaqus). 

There are many interaction (contact) handling algorithms available in commercial soft-

ware, but there are some problems in using them: a large number of parameters (that in-

fluence the contact behaviour and the accuracy of the results) and long computation 

time. The contact algorithm we present has no configuration parameters (does not re-

quire the computing of contact forces) and is very fast, with the speed almost independ-

ent of the mesh density for the skull surface. 

The main parts of the contact algorithm are: detection of nodes on the brain surface 

(also called the slave surface) which have penetrated the skull surface (master surface) 

and the displacement of each slave node that has penetrated the master surface to the 

closest point on the master surface. 
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3. Contact Algorithm Implementation 

3.1. Detecting Penetration 

The surfaces of the anatomical structures of segmented brain images are typically dis-

cretized using triangles; therefore we consider the skull surface as a triangular mesh. We 

will call each triangle surface a “face”, the vertices - “nodes” and the triangle sides - 

“edges”.  

We base our penetration detection algorithm on the closest master node (nearest neigh-

bor) approach [20]. The basic algorithm is as follows: 

- For each slave node P: 

• Find the closest master node C (global search) 

• Check the faces and edges surrounding C for penetration (local search) 

 To improve the computation speed, the global search phase is usually implemented us-

ing bucket sort [20]. A good description of this searching algorithm is given in [21]. In 

our implementation the size of the buckets used for the global search is different in the 

three directions. For each direction, this size is given by half of the maximum size of all 

master edge projections on that direction. This ensures that the number of nodes in each 

bucket is minimal while there are no buckets for which a closest node can not be found.  

The next step (local search), for a slave node P, aims at finding the closest node R on 

the master surface, on the faces or edges surrounding node C (Fig. 2). Once the closest 

point on the master surface is identified, the penetration is detected by checking the sign 

of the scalar product RP·n, with n the inside normal to the master surface in R. For an 

edge or a node the normal is defined as the sum of the normal vectors of adjacent faces.    

Consider a triangular face T that contains node C, and the projection R of slave node P 

on the face (Fig. 2.a). If R is outside the triangle T, the face is discarded, otherwise the 

distance to the face is [PR]. In order to improve the speed of the search, only the faces 

for which CP·b > 0 are checked, with b being the bisector of angle C in triangle T.   

When P projects outside triangle T, it can project on one of the adjacent triangles or it 

can project on the common edge between two adjacent triangles, as shown in Fig. 2.b 
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(seen along the common edge). Therefore all the edges containing the closest master 

node C must also be checked.  

 

Figure 2. Local search a) Penetration of a face b) Penetration of an edge c) Pene-

tration of a face that is not connected to the closest node 

Another possibility is that the node does not project inside any of the edges either and 

the closest node itself is the closest point on the master surface.      

In most of the cases, the basic tests presented above are sufficient for identifying the 

closest point on the master surface. Nevertheless, there are also special cases that must 

be considered, when the closest point on the master surface is not on the faces and edges 

adjacent to C. A simple case is presented in Fig. 2.c for a two-dimensional situation. In 

a tri-dimensional setting the situation is more complex and such cases are more likely to 

occur even without having such sharp corners. 

In commercial software this problem is solved by searching for the closest face or edge 

on the master surface instead of searching for the closest master node [20]. This search 

is time consuming even if bucket sort is used. Therefore our proposal for handling these 

special cases is to make an analysis of the master surface and identify, for each node C, 

all the faces and edges that are possible to be penetrated by a slave node P in the case C 

is the closest master node to P. This analysis is done based on geometrical considera-

tions as explained in the next section. The identified faces and edges are kept in a list for 

each master node C and they are checked in addition to the faces and edges that contain 

C when the local search is performed.  
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In some cases the slave node P is too far from the closest master node C to penetrate any 

face or edge that contains C. If d is the maximum penetration possible in any given time 

step and 

222 rdCP +>  (1) 

then the basic tests are skipped and only the additional tests are done. In the above rela-

tion r is the radius of influence of node C, being equal with the maximum length of all 

master surface edges containing C.    

3.2. Finding additional edges and faces that must be checked 

Consider an edge AB and a node on the master surface C (Fig. 3.a). We must check if it 

is possible for a slave node to be closer to C than to A or B but to have penetrated AB. 

In triangle ABC, the location of nodes that are closer to C than to A and B (R) is deli-

mited by the lines OP and ON, where O is the center of the circumscribed circle and P 

and N are the middle of edges AC and BC. In space, R is delimited by two planes per-

pendicular on ABC and containing OP and ON respectively. The following tests are 

made for edge any edge AB that does not contain C and is not part of the same master 

triangle as C: 

• If [CM] < [AM] or ([CM] > [AM] and [OM] < d) then AB is added to the list for 

node C. These conditions are equivalent to the edge AB crossing or being very 

close (less than d) to R. 

 

Figure 3. Detection of additional edges (a) and triangles (b) to check for node C 

For a node C and a face T1T2T3 on the master surface, the location of nodes that are 

closer to C than to T1, T2 or T3 (R) is delimited by 3 planes Pi which are perpendicular 

at the midpoint Mi to segments CTi (i = 1,2,3). These planes all contain point O which is 
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the center of the sphere circumscribed to the tetrahedron CT1T2T3. G1, G2, G3 and R are 

the projections of O to the faces of this tetrahedron (Fig. 3.b). 

If n is the normal to the face pointing in the direction of C, we build the points D1, D2 

and D3 by displacing T1, T2 and T3 in the direction of n by distance d. We name E1, E2 

and E3 the middle of the edges of the triangle D1D2D3 and with O1 the center of the cir-

cumscribed circle for the same triangle. The following tests are made for each master 

triangle T1T2T3 which does not have C as a node: 

• It is easy to show that if [CR] > 2*[T1R] then R can not intersect the interior of 

the triangle T1T2T3, and therefore the face is discarded 

• Consider the set of points S = { D1, D2, D3, E1, E2, E3, O1}. O1 is included in S on-

ly if it is in the interior of triangle D1D2D3. If any of these points is on the same 

side of all three planes Pi as C then the face is added to the list of additional faces 

to check for node C. From the geometry, these tests are equivalent to: 

M iS·M iC > 0,   i = 1,2,3 (2) 

with S being any point from S.  

When the relation between nodes and edges or faces from the master surface is studied, 

bucket sort is used for decreasing the computation time. The edges are organized in 

buckets based on their middle point and the size of the buckets in all three directions is 

equal with half of the maximum edge length. The faces are organized in buckets based 

on the centers of their circumscribed circles and the size of the buckets is given by the 

maximum radius of these circles.  

3.3. The complete algorithm 

The basic contact algorithm is as follows: 

1. Preprocessing stage: 

• Study master surface and create lists with additional edges and faces to check 

for each master node; 

• Pre-compute all dimensions related to the master surface that are needed in the 

local search stage (such as normal directions, lengths, bisectors, etc.) 
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• Distribute master nodes into buckets;  

2. At the end of each Dynamic Relaxation step, for each slave node P: 

• Identify the bucket containing P and search for the closest master node C in that 

bucket and all the surrounding buckets;  

• Find the closest point on the master surface, R, by searching the master edges 

and faces that contain C and the additional master edges and faces related to node 

C 

• Check for penetration, using the normal to the master surface in R; 

• If penetration is detected, move the slave node P to the point R    

4. Simulation results 

In order to assess the performance of the algorithm we performed simulations using our 

implementation of the contact algorithm (combined with Dynamic Relaxation as a solu-

tion method)  and the commercial software package LS-Dyna [20] and compared the re-

sults.  

The same loading conditions and material models were used in both cases. The loading 

consisted in displacements applied to the nodes from the craniotomy area using a 

smooth loading curve. Neo-Hookean material models were used for the brain tissue and 

for the tumor and a linear elastic model was used for the ventricles. In order to obtain 

the steady state solution, the oscillations were damped away using both mass and stiff-

ness proportional damping in LS-Dyna.    

In a first experiment, we displaced an ellipsoid (made of a nonlinear Neo-Hookean ma-

terial) with the approximate size of a brain inside another ellipsoid simulating the skull. 

The maximum displacement applied was 40 mm. The average difference in the nodal 

displacement field between our simulation and the LS-Dyna simulation was less than 

0.12 mm (Fig. 4.a).   

In another experiment we performed the registration of a patient specific brain shift. LS-

Dyna simulations for this case have been done previously and the results were found to 

agree well with the real deformations [11]. We performed the same simulations using 
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Dynamic Relaxation and our contact algorithm. The average difference in the nodal dis-

placement field was less than 0.2 mm (Fig. 4.b).  

For a master surface consisting of 1993 nodes and 3960 triangular faces and a slave sur-

face having 1749 nodes, the computation time dedicated to the contact handling for 

1000 time steps is about 3.2 s on a standard 3 GHz Intel® Core™ Duo CPU system. 

 

Figure 4. Displacement differences (in millimeters) between our results and LS-

Dyna simulations are presented using color codes. The transparent mesh is the 

master contact surface. 

It is worth noting that if we refine the master surface and increase the number of trian-

gles 4 times (to 15840), the computation time for 1000 time steps increases to 3.8 s. 

Therefore the computation time is almost independent of the number of triangles on the 

master surface. This happens because we use bucket sort with the bucket size depending 

on the dimensions of the triangles belonging to the master surface. 

For the brain shift simulation a mesh with 16710 nodes and 15050 elements was used. 

The computation time for 1000 time steps was about 12 s and less than 3000 time steps 

are needed to reach the steady state solution. Therefore we need less than one minute for 

a complete brain shift simulation. 
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5. Discussion and conclusions 

We presented in this paper a very simple and efficient contact algorithm that can be 

used for simulating the brain-skull interaction in a biomechanical model, when com-

bined with an explicit solution algorithm – Dynamic Relaxation. 

The surface representing the skull is considered rigid and therefore it can be analyzed 

pre-operatively and many quantities needed for handling the contact can be pre-

computed. No parameters are needed for defining the contact (contact thickness, stiff-

ness, etc.), as it only imposes kinematic restrictions on the movement of the brain nodes. 

The brain nodes are prevented from penetrating the skull, but they can slide along or 

separate from it. 

By imposing only kinematic restrictions, no contact forces need to be computed. Al-

though the contact forces can be extracted from the strains occurring in the brain ele-

ments, they are not of interest in our application. The absence of any forces applied on 

the brain surface leads to a smaller influence of the material constitutive model parame-

ters on the simulation results.   

The skull surface is considered to be a C0 triangular mesh, as this leads to a fast method 

for detecting penetration. If quadrilateral elements were present in this mesh, they can 

easily be split into two triangular elements. Because this surface is not smooth, it can be 

argued that high frequency vibrations will be introduced in the solution. In commercial 

codes such vibrations are handled using contact damping or by smoothing the surface 

(see [20]). Our solution algorithm naturally damps all the high frequency vibrations 

[18], therefore no additional effort is needed for handling these vibrations. 

Combining Dynamic Relaxation with this contact implementation we can perform a 

brain shift simulation in less than a minute on a normal PC, for a model having over 

50000 degrees of freedom. Therefore, we are one step closer to intra-operative brain 

shift simulation.         
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Chapter 9: Suite of finite element algorithms for 
accurate computation of soft tissue deformation for 

surgical simulation 
__________________________________________________________________ 
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Abstract 

Real time computation of soft tissue deformation is important for the use of augmented 

reality devices and for providing haptic feedback during operation or surgeon training. 

This requires algorithms that are fast, accurate and can handle material nonlinearities 

and large deformations. A set of such algorithms is presented in this paper, starting with 

the finite element formulation and the integration scheme used and addressing common 

problems such as hourglass control and locking. The computation examples presented 

prove that by using these algorithms, real time computations become possible without 

sacrificing the accuracy of the results. For a brain model having more than 7000 degrees 

of freedom, we computed the reaction forces due to indentation with frequency of 

around 1000 Hz using a standard dual core PC. Similarly, we conducted simulation of 

brain shift using a model with more than 50,000 degrees of freedom in less than one 

minute. The speed benefits of our models result from combining the Total Lagrangian 

formulation with explicit time integration and low order finite elements. 

 

Keywords:  Real time computations; Total Lagrangian formulation; Explicit time inte-

gration; Non-locking tetrahedron; Hourglass control; Contact algorithm 
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1. Introduction 

Systems using augmented reality for image guided surgery are important tools that can 

help surgeons improve the accuracy and limit the adverse effects of surgery. The exist-

ing imaging technology, such as MRI, provides good quality pre-operative images that 

can be used in such systems. These images can be analysed and registered on the real 

organs so that the surgeon can visualize the targeted area while the procedure is pro-

gressing.  

Another area where fast computational algorithms are required is surgical simulation 

systems that provide visual and haptic feedback to the surgeon. Various haptic inter-

faces for medical simulation are especially useful for training surgeons for minimally 

invasive procedures (laparoscopy/interventional radiology) and remote surgery using 

tele-operators. These systems must compute the interaction force between the robotic 

tool and the tissue and provide it to the surgeon at frequencies of at least 500 Hz [1]. 

Biomechanical models are used for solving the haptic feedback problems, but many of 

these models are simplified in order to decrease the computational effort, e.g. they con-

sider only infinitesimal deformations and/or linear material laws. These simplifications 

have a great influence on the accuracy of the obtained results in a finite element analy-

sis, inducing significant errors [2-4]. Biological tissues behaviour can be described in 

general using hyper-elastic or hyper-visco-elastic models [5]. Therefore the solution 

method must be able to handle large deformations and nonlinear material models.  

There are three ways the computation time can be reduced: by improving the algo-

rithms, by using faster hardware or by using parallel computing. We will concentrate on 

the first method, as the use of faster hardware is limited by the existing technology and 

the use of parallel computing leads to more complex and more expensive hardware and 

software systems.  

The paper is organized as follows: the proposed algorithms are presented in Section 2, 

computational examples that demonstrate the efficiency and accuracy of these algo-

rithms are shown in Section 3 and the conclusions are presented in Section 4.  

2. Finite element algorithms 

When designing a finite element solution method there are many aspects that must be 

considered, such as the formulation used (Total or Updated Lagrangian), time integra-
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tion scheme and the type of elements used for constructing the mesh. We will discuss 

these aspects in this section.         

2.1. Integration of the equations of continuum mechanics 

Various spatial discretization schemes are possible while using the finite element 

method [6]. The algorithms implemented in the great majority of commercial finite 

element programs use the Updated Lagrangian formulation, where all variables are re-

ferred to the current (i.e. from the end of the previous time step) configuration of the 

system (Ansys [7], ABAQUS [8], ADINA [9], LS-DYNA [10], etc.). The advantage of 

this approach is the simplicity of incremental strain description and low internal mem-

ory requirements. The disadvantage is that all derivatives with respect to spatial coordi-

nates must be recomputed in each time step, because the reference configuration is 

changing. The reason for the popularity of Updated Lagrangian formulation seems to be 

historical – at the time of development of commercial finite elements solvers in the 

1980s, computer memory was expensive. The internal memory cost is no longer a pro-

hibitive factor so in developing our finite element algorithms we used the Total Lagran-

gian formulation, where all variables are referred to the original configuration of the 

system. We also use Second-Piola Kirchoff stress and Green. The decisive advantage of 

this formulation is that all derivatives with respect to spatial coordinates are calculated 

with respect to the original configuration and therefore can be pre-computed. The pro-

posed stress and strain measures are appropriate for handling geometric nonlinearities 

(finite deformations).  

The use of Total Lagrangian explicit integration for simulating physically realistic de-

formations was also proposed in [11].  A method for decreasing the computation time 

when using non-linear elasticity was presented in [12], but it only works for tetrahedral 

meshes and special elastic material laws. 

Because biological tissue behaviour can be described in general using hyper-elastic or 

hyper-visco-elastic models [5], the use of the Total Lagrangian formulation also leads to 

a simplification of material law implementation as these material models can be easily 

described using the deformation gradient. The stress is evaluated at each integration 

point based on the strains and any constitutive material model can be used, including 

time dependent material laws. 
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The integration of equilibrium equations in the time domain can be done using either 

implicit or explicit methods [13-15]. The most commonly used implicit integration 

methods, such as Newmark’s constant acceleration method, are unconditionally stable. 

This implies that their time step is limited only by the accuracy considerations.  How-

ever, the implicit methods require solution of set of non-linear algebraic equations at 

each time step. Furthermore, iterations need to be performed for each time step of im-

plicit integration to control the error and prevent divergence. Therefore, the number of 

numerical operations per each time step can be three orders of magnitude larger than for 

explicit integration [13].  

On the other hand, in explicit methods, such as the central difference method, treatment 

of nonlinearities is very straightforward and no iterations are required. By using a 

lumped (diagonal) mass matrix, the equations of motion can be decoupled and no sys-

tem of equations must be solved. Computations are done at the element level eliminat-

ing the need for assembling the stiffness matrix of the entire model. Thus, computa-

tional cost of each time step and internal memory requirements are substantially smaller 

for explicit than for implicit integration. There is no need for iterations anywhere in the 

algorithm. These features make explicit integration suitable for real time applications. 

However, the explicit methods are only conditionally stable. Normally a severe restric-

tion on the time step size has to be included in order to receive satisfactory simulation 

results. Stiffness of soft tissue is very low [16-19]: e.g. stiffness of brain is about eight 

orders of magnitude lower than that of common engineering materials such as steel. 

Since the maximum time step allowed for stability is (roughly speaking) inversely pro-

portional to the square root of Young’s modulus divided by the mass density [10], it is 

possible to conduct simulations of brain deformation with much longer time steps than 

in typical dynamic simulations in engineering, which was confirmed in our previous 

simulation of brain shift using the commercial finite element solver LS-DYNA [20, 21]. 

Therefore, when developing the suite of finite element algorithms for computation of 

soft tissue deformation, we combined Total Lagrange formulation with explicit time in-

tegration.  

A detailed description of the Total Lagrange Explicit Dynamics [TLED] algorithm is 

presented in [22]. The main benefits of the TLED algorithm are: 

• allows pre-computing of many variables involved (e.q. derivatives with respect 

to spatial coordinates, hourglass control parameters), 
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• no accumulation of errors – increase stability for quasistatic solutions, 

• Second-Piola Kirchoff stress and Green strain are used – appropriate for han-

dling geometric non-linearities, 

• easy implementation of the material law for hyper-elastic materials using the de-

formation gradient, 

• straightforward treatment of non-linearities, 

• no iterations required for a time step, 

• no systems of equations need to be solved, 

• low computational cost for each time step, 

• low internal memory requirements. 

2.2. Computation grid: elements used in the finite element mesh 

Because of the computation time requirement, the mesh must be constructed using low 

order elements that are not computationally intensive, such as the linear tetrahedron or 

the linear under-integrated hexahedron. The standard formulation of the linear tetrahe-

dral element exhibits artificial stiffening, referred to in the literature as volumetric lock-

ing [14] when used for incompressible (or almost incompressible) continua such as 

brain and other soft tissues. To reduce locking special countermeasures must be em-

ployed and therefore hexahedral elements are preferred when modelling the behaviour 

of soft organs. 

Many algorithms are now available for fast and accurate automatic mesh generation us-

ing tetrahedral elements, but not for automatic hexahedral mesh generation [23-25]. 

Some template based meshing algorithms can be used for meshing different organs us-

ing hexahedrons [26-28], but these types of algorithms only work for healthy organs. In 

case of severe pathologies (such as a brain tumour), such algorithms can not be used, as 

the shape, size and position of the pathology is unpredictable. This is one reason why 

many authors proposed the use of tetrahedral meshes for their models [29-33]. In order 

to automate the simulation process, mixed meshes (having both hexahedral and tetrahe-

dral elements) with predominantly hexahedral elements are the most convenient. 
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The under-integrated hexahedral elements require the use of an hourglass control algo-

rithm in order to eliminate the instabilities, known as zero energy modes, which arise 

from the one-point integration [34]. Special algorithms for handling hourglass control 

for the hexahedral elements must be implemented. 

2.3. Hourglass control 

The use of one point quadrature schemes for stress integration results in certain defor-

mation modes remaining stressless. These modes are called kinematic, or zero energy, 

modes in the literature and hourglass modes for the hexahedron and quadrilateral in the 

finite element literature [14] - because of the deformation patterns they produce in a 

mesh (Fig. 1a).     

 

Figure 1. Compression of a hexahedron meshed with under-integrated elements  

a) Without hourglass control b) With successful hourglass control  

The hourglass modes can be controlled by calculating hourglass forces that oppose the 

hourglass deformation modes.  One of the most popular and powerful hourglass control 

algorithms, that is currently available in many commercial software finite element pack-

ages, is the one proposed in [34]. This method is applicable for hexahedral and quadri-

lateral elements with arbitrary geometry undergoing large deformations. The result of 

applying this hourglass control mechanism can be clearly seen in Fig. 1b. 

Starting from the algorithm proposed by Flanagan and Belytschko we proved that the 

Total Lagrangian formulation is also recommended from the point of view of efficient 

hourglass control implementation, as many quantities involved can be pre-computed. 

We have shown in [35] that the hourglass control forces for each element can be com-

puted (in matrix form) as: 
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uγγF tTHgt k 0000 =  (1) 

where k is a constant that depends on the element geometry and material properties, Y is 

the matrix of hourglass shape vectors and u is the matrix of current displacements. The 

notation from [14] is used, where the left superscript represents the current time and the 

left subscript represents the time of the reference configuration, which is 0 for Total La-

grangian. In Eq. (1) all quantities except u are constant and can be pre-computed, mak-

ing the hourglass control mechanism very efficient from the computational point of 

view.  

The effectiveness of the hourglass control mechanism summarized in Eq. (1) can be 

clearly seen in Fig. 1b. 

 Table 1. Mean, standard deviation and maximum values of the error in nodal 

 position (applied displacement was 1, initial hexahedron height was 3) 

Model Mean Standard deviation Maximum 

Without hourglass control 0.028 0.015 0.055 

With hourglass control 0.006 0.004 0.014 

 

In Table 1 we present the mean, standard deviation and maximum values of the error in 

nodal position computed using the two models (with and without hourglass control) 

when compared with a “gold standard” solution obtained using fully integrated elements 

in Abaqus. The introduction of hourglass control leads to a visible reduction of the er-

ror, with the maximum error reduced from 5.5% to 1.4% of the applied displacement.  

2.4. Non-locking tetrahedral elements 

In modelling of incompressible continua, artificial stiffening (often referred to as volu-

metric locking) afflicts many standard elements including the linear tetrahedral element. 

This phenomenon occurs also for nearly incompressible materials and therefore intro-

ducing slight compressibility does not solve the problem. 

By examining the two-dimensional case from Fig. 2, adapted from [36], we can see that 

the incompressibility constrain applied to elements 1 and 2 make the displacement of 

node a impossible (ua = 0). An analysis of the rest of the mesh can be done to conclude 
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that, regardless of the magnitude of the loading, every node in the mesh must have zero 

displacements in order to enforce the incompressibility constrains.  

 

Figure 2. Mesh for which incompressibility dictates zero displacements. Adapted 

from [36].  

A number of improved linear tetrahedral elements with anti-locking features have been 

proposed by different authors [37-40]. The average nodal pressure (ANP) tetrahedral 

element proposed in [37] is computationally inexpensive and provides much better re-

sults for nearly incompressible materials compared to the standard tetrahedral element. 

Nevertheless, one shortcoming of the ANP element and its implementation in a finite 

element code is the handling of interfaces between different materials. We extended the 

formulation of the ANP element so that all elements in a mesh are treated in a similar 

way, requiring no special handling of the interface elements.  

The ANP element defined in [37] is obtained by assuming that the volume ratio J re-

mains constant over the volume attached to each node (instead of each element), there-

fore reducing the number of incompressibility constraints. The nodal volume ratio for a 

node a is defined in terms of current and initial nodal volumes as: 

a

a
a V

v
J =  (2) 

If only one material is considered, the average nodal pressure can be defined as: 

)1( −= aa Jp κ  (3) 

The resulting element has the same deviatoric component of the strain energy as the 

standard tetrahedral element and a modified volumetric component. The modified 
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volumetric component of the strain energy is computed in such a way that the element 

pressure for an element e is given as the average of the nodal pressures for the nodes be-

longing to that element: 

∑=
=
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4
1

a

e
a

e
pp  (4) 

In case of multiple material interfaces, the nodal pressure cannot be computed using (3), 

as it is not clear what bulk modulus κ should be used. For each material type i converg-

ing at node a, a different nodal volume is defined as: 
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where ma
(i) represents the number of elements of material type i sharing node a. A dif-

ferent nodal pressure is then evaluated for each material as: 

)1( )()()( −= iii

aa
Jp κ  (6) 

When the pressures are averaged over an element, only those corresponding to the same 

element material are used.  

The different treatment of elements having different material types at the interface 

nodes leads to:  

• implementation problems, as not all elements in the mesh are treated in the same 

manner, 

• a weaker enforcement of the incompressibility constraints for the nodes belonging to 

material interfaces (the elements of different material type are treated separately). 

Instead of considering different nodal pressure for different material types (as given by 

(6)) we make the assumption that the nodal pressure is constant over the nodal volume. 

This assumption derives from the relation that exists between pressure and stress (p =-

σii/3) [36] and from the fact that at the interface between two different materials the 

stress in the materials should be the same. Starting from this assumption, we demon-

strated in [41] that the nodal pressure should be computed as: 
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where ma is the number of elements surrounding node a. The element pressure is com-

puted afterwards in the same manner as for the standard ANP element, using (4). 

In case of a node surrounded by elements made of the same material, the nodal pressure 

given by (7) reduces to (3). Therefore, the standard ANP element and the improved 

ANP element proposed by us behave differently only for elements situated at an inter-

face between different materials. 

Regarding the implementation, the ANP element only modifies the deviatoric compo-

nent of the strain energy of the standard tetrahedral element, which in turn depends only 

on the volumetric part of the deformation gradient. Therefore we can obtain the desired 

behaviour of the ANP element by modifying the volumetric part of the deformation 

gradient of the standard tetrahedral element (the element Jacobian).  

We compute the element Jacobian, required so that the element pressure (as given by 4) 

for the ANP element is obtained, using the following formula: 

1
)(

)(
+=

κ

e
e p

J  (8) 

Because the element Jacobian is equal to the determinant of the element deformation 

gradient, we define a modified deformation gradient that has the same isochoric part as 

the normal deformation gradient, but the volumetric part is modified so that its determi-

nant (and therefore the volumetric deformation) is equal to the required element Jaco-

bian: 

( ) ( ) )det(     , )(3/1)(
3/1)()(

XXX ==
− eeee

JJJ  (9) 

The computation of the nodal forces (or stiffness matrix) can now be done in the usual 

manner, but using the modified deformation gradient instead of the normal deformation 

gradient for defining the strains. This way any existing material law implementation can 

be used.  
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2.5. Modelling of interactions between different organs: contact al-

gorithm 

Many simulations require the treatment of interactions between different parts of the 

model. In order to handle the brain-skull interaction we developed a very efficient algo-

rithm that treats this interaction as a finite sliding, frictionless contact between a de-

formable object (the brain) and a rigid surface (the skull). The contact type was chosen 

based on the anatomical properties of the brain-skull interface. The brain is surrounded 

by cerebrospinal-fluid (CSF) inside the skull and we considered that a complete CSF 

drainage takes place after craniotomy, allowing the brain to enter into contact and easily 

slide along the skull [42, 43].   

Unlike contacts in commercial finite element solvers (e.g. Abaqus, LS-DYNA), our 

contact algorithm has no configuration parameters (as it only imposes kinematic restric-

tions on the movement of the brain surface nodes) and is very fast, with the speed al-

most independent of the mesh density for the skull surface. 

The main parts of the contact algorithm are: detection of nodes on the brain surface 

(also called the slave surface) which have penetrated the skull surface (master surface) 

and the displacement of each slave node that has penetrated the master surface to the 

closest point on the master surface. 

The surfaces of the anatomical structures of segmented brain images are typically dis-

cretised using triangles; therefore we consider the skull surface as a triangular mesh. We 

will call each triangle surface a “face”, the vertices - “nodes” and the triangle sides - 

“edges”.  

We base our penetration detection algorithm on the closest master node (nearest 

neighbour) approach [10]. The basic algorithm is as follows: 

- For each slave node P: 

• Find the closest master node C (global search) 

• Check the faces and edges surrounding C for penetration (local search) 

To improve the computation speed, following [10], we implemented the global search 

phase using bucket sort. A good description of this searching algorithm is given in [44]. 

In our implementation the size of the buckets used for the global search is different in 
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the three directions, being given in each direction by half of the maximum size of the 

projections of all master edges on that direction. This ensures that the number of nodes 

in each bucket is minimal while there are no buckets for which a closest node cannot be 

found.  

The next step (local search) aims at finding for each slave node P the closest node R (on 

the master surface) on the faces or edges surrounding node C. Once the closest point on 

the master surface is identified, the penetration is detected by checking the sign of the 

scalar product RP·n, with n the inside normal to the master surface in R. For an edge or 

a node the normal is defined as the sum of the normal vectors of adjacent faces.    

In most of the cases, the basic tests presented above are sufficient for identifying the 

closest point on the master surface. Nevertheless, there are also special cases that must 

be considered, when the closest point on the master surface is not on the faces and edges 

adjacent to C. In commercial software this problem is solved by searching for the clos-

est face or edge on the master surface instead of searching for the closest master node 

[10]. This search is time consuming even if bucket sort is used. Therefore our proposal 

for handling these special cases is to make an analysis of the master surface and identify 

for each node C all the faces and edges that can be penetrated by a slave node P in the 

case C is the closest master node to P. This analysis is done based on geometrical con-

siderations and is not detailed in this paper. A detailed description of this analysis is 

presented in [45]. The identified faces and edges are kept in a list for each master node 

C and are checked in addition to the faces and edges that contain C when the local 

search is performed. Because the master surface is rigid this analysis can be done pre-

operatively, greatly reducing the contact computation time during the intra-operative 

simulation.  

3. Validation of the developed algorithms 

The accuracy and reliability of the new algorithms is best assessed against existing, 

verified numerical procedures implemented in commercial finite element packages. 

Validation by modelling of an actual surgery may be compromised by many unknowns 

(e.g. patient-specific geometry, boundary conditions and material properties) involved 

in such a simulation. Therefore, we applied our algorithms in two simulations, a brain 

indentation and a brain shift, and compared the results with those obtained using the 

commercial solvers Abaqus and LS-DYNA. 
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The main focus of the brain indentation simulation was to verify the developed algo-

rithms in terms of their accuracy in predicting reaction forces. The mesh we used had 

2428 nodes and 2059 elements (2023 under-integrated hexahedron and 36 improved tet-

rahedral elements in the indentation area - see Fig. 3). The results obtained using our al-

gorithms were compared with those obtained using the commercial software package 

Abaqus. We selected the Abaqus package as it is regarded as one of the most accurate 

and reliable packages for predicting stresses in nonlinear continua.  

The indentation was simulated by displacing 4 nodes in the direction normal to the brain 

surface by 20 mm using a smooth loading curve. An almost incompressible non-linear 

neo-Hookean material was used for the brain tissue (mass density of 1000 kg/m3, 

Young’s modulus in un-deformed state equal to 3000 Pa and Poisson’s ratio 0.49) and a 

compressible neo-Hookean material for the ventricle (mass density of 1000 kg/m3, 

Young’s modulus in un-deformed state equal to 100 Pa and Poisson’s ratio 0.1). The 

same constraints as in [46] were used and brain symmetry was assumed.  

In Abaqus we used fully integrated mixed formulation elements for the mesh, which are 

the “gold standard” elements in case of almost incompressible materials simulations [8]. 

We used the implicit solver with the default configuration. 

 

Figure 3. Simulation of brain indentation – the mixed mesh is deformed by dis-

placing 4 nodes. The colour code represents the differences in nodal displacements 

compared to the Abaqus simulation. Dimensions are in mm. 
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Figure 4. Computed displacements (a) and reaction forces (b) using Abaqus im-

plicit solver and our algorithms 

Computations were performed on a standard 3 GHz Intel® Core™ Duo CPU system us-

ing Windows XP operating system. The simulation consisted of 2000 time steps and 

took less than 2s using our TLED method, giving a force feedback frequency of about 

1000 Hz. The Abaqus implicit simulation performed 100 time steps in about 3 min. 

There is very good agreement between the results obtained using our software and the 

results from the Abaqus simulation, in cases of both displacements and reaction forces 

(Fig. 4) – the displaced profiles almost overlap and the maximum relative error in reac-

tion forces is 2.5%. The difference in nodal displacements between the two simulations 

(in mm) has a mean value of 0.02, a standard deviation of 0.03 and a maximum value of 

0.92. The distribution of this difference on the brain surface is presented in Figure 3, 

where one can notice that the maximum error is obtained close to the area where the de-

formation is applied (being the result of high element distortion).  

In another experiment we performed the registration of a patient specific brain shift. LS-

DYNA simulations for this case have been done previously and the results were found 

to agree well with the MRI derived deformations [47]. The mesh was obtained from a 

pre-operative MRI and was deformed by applying displacements recovered in the area 

of the craniotomy from the intra-operative MRI image. The LS-DYNA simulation was 

altered by eliminating the self contact on the brain surface (between cerebellum and 

cerebrum), as this contact is not handled by our algorithm, but the changes to the model 

had little effect on the simulation results as the cerebellum is only loosely coupled to the 

rest of the brain through the brain stem. We performed the same simulations using our 

contact algorithm and TLED with mass proportional damping added in order to obtain 

the steady state solution. The difference in the nodal displacement field has a mean 
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value of 0.4 mm, a standard deviation of 0.2 mm and a maximum value of 1.2 mm (in-

cluding the nodes on the cerebellum) (Fig. 5).  

 

Figure 5. Brain shift simulation – difference between the TLED and LS-DYNA re-

sults. The transparent mesh represents the master contact surface. The colour code 

represents the differences in nodal displacements between the two simulations. All 

dimensions are in mm. 

 Table 2. Observed and computed centres of gravity displacements for ventricles and 

 tumour [mm] 

Model Ventricles Tumour 

∆X ∆Y ∆Z ∆X ∆Y ∆Z 

Intra-operative MRI 3.4 0.2 1.7 5.5 -0.2 1.7 

LS-DYNA 2.7 -0.2 2.3 5.6 -0.7 2.5 

TLED 3.2 -0.3 2.2 5.7 -0.8 2.5 

 

The results presented in Table 2 show the very good agreement between the centre of 

gravity displacements obtained using LS-DYNA and our algorithms (maximum 0.5 mm 

difference). The computed deformations are also very close to the ones extracted from 

the intra-operative MRI considering that the accuracy of determining the MRI based de-



CHAPTER 9 174 

formations is limited by the voxel size in the MRI images used (in this case 0.85 mm x 

0.85 mm x 2.5 mm). 

In Fig. 6 the results of the two simulations are compared with the intra-operative MRI 

for three transverse sections through the brain. We notice the good agreement between 

the simulation results in these cross sections. The differences between the computed and 

MRI derived intra-operative cross sections are also very small, but these differences are 

influenced by other errors (e.g. segmentation differences between pre- and intra-

operative MRI images).   

The used mesh had 16,710 nodes and 15,050 elements. The computation time for 1000 

time steps was about 12 s and less than 3,000 time steps were needed to reach the steady 

state solution. Therefore we need less than one minute for a complete brain shift simula-

tion. For the same number of time steps, our simulation is at least 2 times faster than the 

LS-DYNA simulation. 

 

 

 

Figure 6. Brain shift simulation – comparison between the simulation results and 

the intra-operative MRI. The cutting sections are perpendicular to the superiorly 
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pointing axis, with 0 on the brain’s most superior vertex, at distances of a) -45.5 

mm b) -50.5 mm and c) -55.5 mm. Grid lines are 5 mm apart. 

For a master surface consisting of 1993 nodes and 3960 triangular faces and a slave sur-

face having 1749 nodes, the computation time dedicated to the contact handling for 

1000 time steps is about 3.2 s. If we refine the master surface and increase the number 

of triangles 4 times (to 15,840), the computation time for 1000 time steps increases to 

3.8 s. Therefore, the contacts computation time is almost independent of the number of 

triangles on the master surface. 

4. Conclusions 

In this paper we presented a suite of finite element algorithms that can be used for accu-

rate and fast computation of soft tissue deformation for surgical simulation. The basic 

concept behind these algorithms is the use of the Total Lagrangian formulation for solv-

ing finite element problems. The presented algorithms cover issues related to time inte-

gration, hourglassing, volumetric locking and contacts. We use fully nonlinear formula-

tion, accounting for large deformations, rigid body motions and material nonlinearities. 

Explicit time integration is the preferred method for performing real time simulations. 

The treatment of nonlinearities is straightforward, without the need for any iterations. 

Even if the method is only conditionally stable, the material properties of biological soft 

tissues make possible the use of much larger time steps compared with other engineer-

ing applications. Nevertheless, in the case of very large deformations or high deforma-

tion speeds, some elements can become highly distorted, leading to a reduction of the 

critical time step. In such a case, monitoring of the critical time step is required and the 

simulation time step must be automatically adjusted (if a time accurate solution is 

needed) or the mass of the distorted elements can be scaled (if only the steady state so-

lution is sought). On a dual core PC this can be done in a separate thread leading to only 

a slight increase in the computation time.   

A very efficient hourglass control implementation is proposed for the under-integrated 

hexahedral element. Having only one integration point, this element is very inexpensive 

from the computational point of view, being a perfect candidate for real time surgical 

simulations. The possibility to use this type of element and the improved tetrahedral 

element in mix meshes is a step towards complete automated patient specific surgical 

simulation. 
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An improved version of the average nodal pressure tetrahedral element was developed. 

This improved formulation handles all the elements of the mesh in the same manner (in-

cluding elements at an interface between materials) and therefore the use of different 

materials and the implementation in an existing finite element code can be made with-

out difficulties. 

We developed a very simple and efficient contact algorithm that can be used for simu-

lating the brain-skull interaction. Because the skull is modelled as a rigid surface, it can 

be analyzed pre-operatively and many quantities needed for handling the contact can be 

pre-computed. No parameters are needed for defining the contact (contact thickness, 

stiffness, etc.) as it only imposes kinematic restrictions on the movement of the brain 

nodes. Such contact algorithm is needed for intra-operative brain shift simulations when 

only limited information about the brain surface deformation can be obtained from the 

craniotomy area.   

The simulation examples confirm the speed and accuracy of the presented algorithms. 

We could compute reaction forces at frequencies of 1000 Hz for a mesh having more 

than 2000 hexahedral elements and perform a full brain shift simulation in less than a 

minute for a model having more than 50,000 degrees of freedom on a simple PC work-

station.  The accuracy of our results was demonstrated by comparing them with the re-

sults of similar simulations done using much more complex elements and contact algo-

rithms in the commercial finite element software Abaqus and LS-DYNA. Good 

agreement (differences in displacement of an order of 0.2 mm) with the commercial fi-

nite element software results was obtained. 
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Abstract  

Application of biomechanical modeling techniques in the area of medical image 

analysis and surgical simulation implies two conflicting requirements: accurate results 

and high solution speeds. Accurate results can be obtained only by using appropriate 

models and solution algorithms. In our previous papers we have presented algorithms 

and solution methods for performing accurate nonlinear finite element analysis of brain 

shift (which includes mixed mesh, different non-linear material models, finite 

deformations and brain-skull contacts) in less than a minute on a personal computer for 

models having up to 50.000 degrees of freedom. In this paper we present an 

implementation of our algorithms on a Graphics Processing Unit (GPU) using the new 

NVIDIA Compute Unified Device Architecture (CUDA) which leads to more than 20 

times increase in the computation speed. This makes possible the use of meshes with 

more elements, which better represent the geometry, are easier to generate, and provide 

more accurate results.    

 

 

Keywords: non-rigid image registration; biomechanical models; dynamic relaxation; 

Graphics Processing Unit; CUDA 
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1. Introduction 

The objective of our work is to significantly increase the efficacy and efficiency of 

image-guided neurosurgery by including realistic computation of brain deformations, 

based on a fully non-linear biomechanical model, in a system to improve intra-operative 

visualisation, navigation and monitoring.  The system will create an augmented reality 

visualisation of the intra-operative configuration of the patient’s brain merged with high 

resolution pre-operative imaging data, including diffusion tensor imaging and functional 

magnetic resonance imaging, in order to better localise the tumour and critical healthy 

tissues.     

The focus of this paper is on problems arising in image-guided neurosurgery. In this 

context it is very important to be able to predict the effect of certain procedures on the 

position of pathologies and critical healthy areas in the brain. The most typical example 

is the prediction of a displacement field within the brain after opening the skull (so 

called “brain shift” estimation). A neurosurgeon is interested in the final, deformed 

position of the brain. The displacement field within the brain predicted by a 

biomechanical model can be used to morph high quality preoperative images (usually 

MRI) in order to show the current (intra-operative) position of the brain components. 

The computation must be done intra-operatively; therefore it is subject to stringent time 

constrains, which practically means that the results should be available to an operating 

surgeon in less than one minute [1-4]. The actual deformation computation should take 

only a fraction of this time, as there are other activities that need to be done beforehand 

(such as the acquisition of the deformed brain surface in the area of craniotomy and the 

registration of this surface with its pre-operative position, leading to the extraction of 

displacements that are used for driving the deformation of the model) [4]. 

Some of our previous work focused on developing efficient and accurate solution 

algorithms for nonlinear finite element models. In [5] we have shown how the Total 

Lagrangian formulation can be combined with explicit integration in order to obtain a 

very efficient time stepping algorithm. Because of their numerical efficiency, the linear 

tetrahedron and the linear under-integrated hexahedron are the preferred elements when 

constructing the mesh. We developed fast algorithms for handling the numerical 

problems associated with these elements: an anti-hourglassing algorithm for the linear 

under-integrated hexahedron is presented in [6] and a non-locking linear tetrahedron 

element is developed in [7]. We also developed an algorithm for handling the brain 

skull interaction (contact) in [8]. Combining all these algorithms and using dynamic 
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relaxation for the computation of the steady state solution, we have been able to perform 

brain shift simulations on standard 3 GHz dual-core personal computer in less than a 

minute for models having up to 50.000 degrees of freedom [9].   

One of the main problems in the development of a biomechanical model is the 

generation of the mesh. Many algorithms are now available for fast and accurate 

automatic mesh generation using tetrahedral elements, but not for automatic hexahedral 

mesh generation [10-12]. Some template based meshing algorithms can be used for 

meshing different organs using hexahedrons [13-15], but these types of algorithms only 

work for healthy organs. In case of severe pathologies (such as a brain tumour), such 

algorithms can not be used, as the shape, size and position of the pathology is 

unpredictable. This is one reason why many authors proposed the use of tetrahedral 

meshes for their models [1, 2, 16-18]. In order to automate the simulation process, 

mixed meshes (having both hexahedral and tetrahedral elements) with predominantly 

hexahedral elements are the most convenient.  

For the same number of nodes, a tetrahedral mesh has about five times more elements 

than a hexahedral one. It is therefore desirable to mesh as much of the volume as 

possible using hexahedral elements, in order to reduce the computational effort. This, 

combined with a limit on the number of elements in the mesh, usually means manual 

intervention during the meshing process, which makes meshing difficult and time 

consuming.  

The possibility to use meshes with increased number of elements has several 

advantages: increased percentage of the volume can be meshed using hexahedral 

elements, better representation of the geometry, more accurate results, and easier mesh 

generation. This unfortunately leads to an increased computational time, which means 

we can no longer satisfy the time constrains associated with surgery using such models. 

As the algorithms we developed are already very efficient and the CPU does not offer 

sufficient computation power and memory bandwidth to solve this problem, we turned 

our attention to parallel computations on GPUs. GPUs offer high computation power 

and increased memory bandwidth at a relatively low cost. 

In the past years there has been an increased interest in using the power of graphics 

processing units (GPUs), with their parallel architecture, for general purpose 

computations. Before the introduction of CUDA, general purpose computations on 

GPUs (GPGPU) were done by recasting the computations in graphic terms and using 
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the graphics pipeline [19], therefore a scientific or general-purpose computation often 

requires a concerted effort by experts in both computer graphics and in the particular 

scientific or engineering domain. With the introduction of CUDA, in November 2006, 

NVIDIA proposed a new parallel programming model and instruction set for their 

GPUs that can be used for performing general purpose computations. CUDA comes 

with a software environment that allows developers to use C as a high level 

programming language. CUDA also exposes the internal architecture of the GPU and 

allows direct access to its internal resources.   

An implementation of our basic nonlinear Total Lagrangian Explicit Dinamics 

algorithm using the GPGPU framework (the graphics pipeline) has been presented in 

[20]. The implementation shows up to 16 times speed gains compared with the 

corresponding CPU implementation, but it has several limitations: it can only handle 

linear locking tetrahedrons, a single material type, and no contacts, has no time step 

control and does not compute the steady state solution.   

In this paper we use CUDA to implement a suite of nonlinear Finite Element algorithms 

for brain shift computation. The implementation can handle areas with different non-

linear materials, different element types (linear hexahedron with hourglass control, 

linear tetrahedron and non-locking tetrahedron) and contacts between brain and skull. 

We present CUDA and the related terminology in Section 2. The finite element 

algorithm, as implemented on CPU, is presented in Section 3. In Section 4 we discuss 

the way the data-parallel parts of the algorithm can be transferred and executed on a 

GPU using CUDA in order to improve the computation efficiency. A performance 

evaluation is done in Section 5 and discussions and conclusions are presented in Section 

6. 

2. NVIDIA CUDA – A General Purpose Parallel Computi ng 

Architecture 

The detailed presentation of CUDA is available in the Programming Guide provided by 

NVIDIA [21]. In this section we only present some of the main characteristics and 

terminology related to CUDA. 

The GPU has a highly parallel, multithreaded, many core processor architecture. This is 

well suited for problems that can be expressed as data-parallel computations with high 

arithmetic intensity, where the same program is executed on many data elements in 
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parallel. CUDA is a general purpose parallel computing architecture that allows the 

development of application software that transparently scales with the number of 

processor cores in the GPU. It achieves this scalability by using three key abstractions - 

a hierarchy of thread groups, shared memory and barrier synchronization – that are 

exposed to the programmer as a minimal set of language extensions. These abstractions 

guide the programmer to partition the problem into coarse sub-problems that can be 

solved independently in parallel and then into smaller pieces that can be solved 

cooperatively in parallel.  

The code executed on GPU is called a kernel. When a kernel is invoked (from the 

CPU), it is executed N times in parallel by N different CUDA threads (N is specified 

during the kernel invocation). Threads are organized into a grid of blocks, with each 

block identified by a block index, while each thread within the block is identified by a 

thread index. Threads within a block can cooperate among themselves by sharing data 

through some shared memory and synchronizing their execution to coordinate memory 

accesses. The number of threads per block is restricted by the limited memory and 

register resources of a processor core.  

Thread blocks are required to execute independently, therefore they can not cooperate 

among themselves. 

CUDA threads may access data from different memory spaces during their execution: 

local, shared, global, constant, and texture memory. The local memory is private for 

each thread and has the lifetime of the thread. The shared memory is visible to all 

threads in a thread block and has the lifetime of the block. The global, constant, and 

texture memory are visible to all threads and are persistent across kernel launches by the 

same application. The constant and texture memory are read only and cached for faster 

access. 

The CPU running the program that launches the kernels is called the host, while the 

GPU acts as a coprocessor running the CUDA threads, called the device. The host and 

the device maintain their own DRAM, referred as the host memory and the device 

memory (global, constant, and texture memory are implemented in the device memory). 

Each device has a compute capability identified by a major revision number and a minor 

revision number. The minor revision number corresponds to incremental improvements 

to the core architecture, ranging from support for atomic operations in global memory 
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(compute capability 1.1) to support for double-precision floating-point numbers 

(compute capability 1.3). We performed our computations on a NVIDIA Tesla C870 

computing board, which has compute capability 1.0. It has 16 multiprocessors with 

eight scalar processor cores each and single-precision floating point operations. 

The CUDA architecture is built around a scalable array of multithreaded streaming 

processors. The threads of a thread block execute concurrently on one multiprocessor, in 

groups of 32 parallel threads called warps. Individual threads in a warp start together at 

the same program address but are otherwise free to branch and execute independently. 

Full efficiency is realized when all threads in a warp agree on their execution path, 

otherwise the different branches in a warp are executed serially. The number of blocks a 

multiprocessor can process at once depends on how many registers per thread and how 

much shared memory per block are required for a given kernel.     

Because of the hardware implementation, there are a series of performance guidelines 

that must be observed when programming a GPU using CUDA. The most important 

ones refer to: memory transfers between host and device, memory latency when 

accessing global and local memory, global memory access pattern (to ensure that 

memory accesses by threads of a half-warp can be coalesced into a single memory 

transaction), shared memory access patterns (to avoid memory bank conflicts), and 

execution configuration (number of threads per block and number of thread blocks 

specified for a kernel launch). The details on these guidelines are included in the CUDA 

Programming Guide and should be observed during the software implementation in 

order to obtain maximum performance.  

3. The Finite Element Algorithms for Brain Shift 

Computation 

In this section we present the main algorithms used for solving the finite element 

problem. This is not an exhaustive presentation, as the details can be found in our 

previous papers [5-9, 22, 23]. 

3.1. Integration of the equations of continuum mechanics 

Various spatial discretization schemes are possible while using the finite element 

method [24]. In the development of our finite element algorithms we used the Total 

Lagrangian formulation, where all variables are referred to the original configuration of 
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the system. We use Second-Piola Kirchoff stress and Green-Lagrange strains, which are 

appropriate for handling geometric nonlinearities (finite deformations).  

The integration of equilibrium equations in the time domain is done using explicit 

methods [25]. By using a lumped (diagonal) mass matrix, the equations of motion can 

be decoupled and no system of equations must be solved. Computations are done at the 

element level eliminating the need for assembling the stiffness matrix of the entire 

model.  

A detailed description of the Total Lagrange Explicit Dynamics [TLED] algorithm is 

presented in [5]. The main benefits of the TLED algorithm are: 

• allows pre-computing of many variables involved (e.q. derivatives with respect 

to spatial coordinates, hourglass control parameters), 

• no accumulation of errors – increase stability for quasistatic solutions, 

• Second-Piola Kirchoff stress and Green strain are used – appropriate for 

handling geometric non-linearities, 

• easy implementation of the material law for hyper-elastic materials using the 

deformation gradient, 

• straightforward treatment of non-linearities, 

• no iterations required for a time step, 

• no system of equations needs to be solved, 

• low computational cost for each time step, 

• low internal memory requirements. 

3.2. Computation grid: elements used in the finite element mesh 

Because of the computation time requirement, the mesh must be constructed using low 

order elements that are not computationally intensive, such as the linear tetrahedron or 

the linear under-integrated hexahedron. The standard formulation of the linear 

tetrahedral element exhibits artificial stiffening, referred to in the literature as 

volumetric locking [25] when used for incompressible (or almost incompressible) 
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continua such as brain and other soft tissues. To reduce locking special countermeasures 

must be employed and therefore hexahedral elements are preferred when modelling the 

behaviour of soft organs. 

The under-integrated hexahedral elements require the use of an hourglass control 

algorithm in order to eliminate the instabilities, known as zero energy modes, which 

arise from the one-point integration [26]. Special algorithms for handling hourglass 

control for the hexahedral elements must be implemented. 

3.3. Hourglass control 

Starting from the algorithm proposed by Flanagan and Belytschko we proved that the 

Total Lagrangian formulation is also recommended from the point of view of efficient 

hourglass control implementation, as many quantities involved can be pre-computed. 

We have shown in [6] that the hourglass control forces for each element can be 

computed (in matrix form) as: 

uγγF tTHgt k 0000 =  (1) 

where k is a constant that depends on the element geometry and material properties, Y is 

the matrix of hourglass shape vectors and u is the matrix of current displacements. The 

notation from [25] is used, where the left superscript represents the current time and the 

left subscript represents the time of the reference configuration, which is 0 for Total 

Lagrangian. In Equation (1) all quantities except u are constant and can be pre-

computed, making the hourglass control mechanism very efficient from the 

computational point of view.  

3.4. Non-locking tetrahedral elements 

In modelling of incompressible continua, artificial stiffening (often referred to as 

volumetric locking) afflicts many standard elements including the linear tetrahedral 

element. This phenomenon occurs also for nearly incompressible materials and 

therefore introducing slight compressibility does not solve the problem 

A number of improved linear tetrahedral elements with anti-locking features have been 

proposed by different authors [27-30]. The average nodal pressure (ANP) tetrahedral 

element proposed in [27] is computationally inexpensive and provides much better 

results for nearly incompressible materials compared to the standard tetrahedral 

element. Nevertheless, one shortcoming of the ANP element and its implementation in a 
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finite element code is the handling of interfaces between different materials. We 

extended the formulation of the ANP element so that all elements in a mesh are treated 

in a similar way, requiring no special handling of the interface elements.  

The ANP element has the same deviatoric component of the strain energy as the 

standard tetrahedral element and a modified volumetric component. The modified 

volumetric component of the strain energy is computed in such a way that the element 

pressure for an element e is given as the average of the nodal pressures for the nodes 

belonging to that element: 
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A weakness of the standard ANP element is that it treats different materials separately. 

Instead of considering different nodal pressure for different material types we make the 

assumption that the nodal pressure is constant over the nodal volume. This assumption 

derives from the relation that exists between pressure and stress (p =-σii/3) [31] and 

from the fact that at the interface between two different materials the stress in the 

materials should be the same. Starting from this assumption, we demonstrated in [7] that 

the nodal pressure should be computed as: 
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where ma is the number of elements surrounding node a. The element pressure is 

computed afterwards in the same manner as for the standard ANP element, using (2). 

We will call this element the improved average nodal pressure (IANP) tetrahedral 

element. 

3.5. Computation of nodal forces 

Because we use single-point integration for all the elements in the mesh (linear 

tetrahedrons and under-integrated linear hexahedrons) for computational efficiency, the 

nodal forces for each element are computed as: 

0000int0 Vttt ⋅⋅⋅= BSXP  
(4) 
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where Pint is the matrix of nodal forces, B0 is the matrix of shape function derivatives, S 

is the second Piola Kirchoff stress matrix, X is the deformation gradient and V0 is the 

initial volume. The matrix of shape function derivatives B0 and the initial volume V0 are 

constant and therefore are pre-computed. The stress matrix is computed based on the 

deformation gradient, using the considered material law (we use the Neo-Hookean 

material law in our computations). 

3.6. Modeling of interactions between different organs: contact 

algorithm 

Many simulations require the treatment of interactions between different parts of the 

model. In order to handle the brain-skull interaction we developed a very efficient 

algorithm that treats this interaction as a finite sliding, frictionless contact between a 

deformable object (the brain) and a rigid surface (the skull). The contact type was 

chosen based on the anatomical properties of the brain-skull interface.  

The main parts of the contact algorithm are: detection of nodes on the brain surface 

(also called the slave surface) which have penetrated the skull surface (master surface) 

and the displacement of each slave node that has penetrated the master surface to the 

closest point on the master surface. 

The surfaces of the anatomical structures of segmented brain images are typically 

discretised using triangles; therefore we consider the skull surface as a triangular mesh. 

We will call each triangle surface a “face”, the vertices - “nodes” and the triangle sides - 

“edges”.  

We base our penetration detection algorithm on the closest master node (nearest 

neighbour) approach [32]. The basic algorithm is as follows: 

- For each slave node P: 

• Find the closest master node C (global search) 

• Check the faces and edges surrounding C for penetration (local search) 

• Check additional faces and edges that might be penetrated by P (identified in 

the master surface analysis stage - because the master surface is rigid this 

analysis can be done pre-operatively)  
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To improve the computation speed, following [32], we implemented the global search 

phase using bucket sort. A detailed description of this searching algorithm is given in 

[33].  

3.7. Dynamic Relaxation 

The basic Dynamic Relaxation (DR) algorithm is presented in [34]. The main ideas are 

the inclusion of a mass proportional damping in the equation of motion that will 

increase the convergence speed towards the deformed state and the solving of the 

obtained damped equation using the central difference method (explicit integration).  

After including the derivatives defined by the central difference method in the damped 

equation of motion, the equation that describes the iterations in terms of displacements 

becomes: 

))(()( 111 nnnnn qPfMqqqq −+−+= −−+ αβ  (5) 

ch)ch)/((,       chh +−=+= 22)2/(2 2 βα  (6) 

where h is a fixed time increment, n indicates the nth time increment, c is the damping 

coefficient, M is the mass matrix, q is the displacement vector, P is the vector of 

internal nodal forces and f is the vector of externally applied forces (volumetric forces, 

surface forces, nodal forces as well as forces derived from contacts). . 

The iterative method defined by Equation (5) is explicit as long as the mass matrix is 

diagonal. As the mass matrix does not influence the deformed state solution, a lumped 

mass matrix can be used that maximizes the convergence of the method.  

One very important aspect of any FEM algorithm is the termination criterion used. If the 

criterion is too coarse, then the solution might be too inaccurate and if the criterion is 

too tight, then time is lost in unnecessary computations. In [23] we propose a new 

termination criterion that gives information about the absolute error in the solution, 

particularly suited for our solution method 
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, where ρ is the spectral radius of a matrix representing the reduction in error and δ is 

the imposed accuracy. This convergence criterion gives an approximation of the 

absolute error based on the displacement variation norm from the current iteration. 

The parameters ρ, c and h are computed to maximize the rate of convergence to the 

steady state solution. The algorithms for computing these parameters are presented in 

[23]. 

3.8. The Complete Algorithm 

The algorithm we propose for computing the deformed state using DR can be 

summarized as follows: 

a) Initialization: 

• q0 = 0; q1 = 0;  

• Compute parameters ρ, c, h and the mass matrix M  that provide maximum 

convergence rate; 

• Pre-compute all other needed quantities (shape functions, hourglass shape 

vectors, initial volumes, …); 

b) For every iteration step: 

1) Apply current loading (nodal displacements, external forces) 

2) Compute the nodal forces corresponding to the current displacements, P(qn): 

o For each non-locking tetra in the mesh: 

� Compute the element pressure 

o For each node in the mesh: 

� Compute the nodal pressure (corresponding to the non-locking 

tetra elements) using (3) 

o For each element in the mesh: 

� Compute the deformation gradient 
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� If the element is a non-locking tetra, compute the average 

element pressure using (2) and modify the deformation gradient  

� Compute the nodal forces using (4) 

� If the element is an under-integrated hexahedron, add the 

hourglass control forces given by (1) 

� Add the nodal forces to the global nodal force vector P 

3) For each node in the mesh: 

o Compute next displacement vector using (5) 

4) For each slave node: 

o Check for penetration of master surface and move the node if penetration 

is detected. 

5) Compute displacement variation norm, check convergence criteria and finish 

analysis if met, using (7) 

6) For each element in the mesh: 

o Check the maximum eigenvalue and change the mass matrix if needed 

(mass scaling, to ensure convergence).  

The initialization step can be done pre-operatively and therefore we are interested in 

pre-computing as many parameters as possible in this step. Because the iterative 

solution is obtained intra-operatively, the computation process must be very efficient. 

4.    GPU Implementation using CUDA 

When transforming an application to run on a GPU, first we have to identify the data-

parallel parts of it. In our case, we are interested in speeding the iteration process (part b 

of the program), which has to be performed intra-operatively. The most obvious data-

parallel parts of this code are the ones described above using phrases such as “for each 

element: …” or “for each node: …”, as each element or node can be seen as a data 

structure on which the computations are made. Therefore, the first kernels (code that 

should be run on the GPU) we identify are presented in Table 1. 
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 Table 1. Identified kernels and the data they operate on  

Kernel’s function Data structure to operate on: 

Compute element pressure Non-locking tetra elements 

Compute nodal pressure (Eq. 3) Mesh nodes 

Compute nodal forces (Eq. 4) Non-locking tetra elements 

Compute nodal forces (Eq. 4) Linear tetra element 

Compute nodal forces (Eq. 1, 4) Under-integrated hexahedral element 

Compute new displacements (Eq. 5) Mesh nodes 

Enforce contacts (Section 3.6) Slave nodes 

 

As discussed in Section 2, there are some performance guidelines that must be 

considered when transferring the code on the GPU. One very important aspect is to 

minimize the data transfer between host and device, as these transfers are relatively 

slow. A second aspect is to minimize the number of kernels that are used, as each kernel 

invocation implies a small hardware and software overhead. Taking this into 

consideration, we took the following measures to increase the speed of the 

implementation: 

• Re-organize portions of the code: the computation of maximum eigenvalue (step 

6), that is done for each element in the mesh, is done differently for each 

element type. We moved this code, for each different element type, at the 

beginning of the kernels that compute the nodal forces. This way we eliminated 

the need for another three kernel invocations in step 6. 

• Minimize data transfers between host and device: 

o Application of loads (step 1), which is done for each (loaded) node, has 

been moved to the end of the kernel that computes the new 

displacements. The loads applied are saved on the device memory, and 

only a parameter specifying the percentage of the load that should be 

applied in the next step is passed as a parameter to the kernel. 
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o The computation of the displacement variation norm (step 5) is done on 

the GPU. This avoids the transfer of the complete nodal displacements 

vector to the CPU at each time step, as only the final norm needs to be 

transferred.  This computation is, in fact, a reduction problem, and can 

not be solved using just one kernel invocation (because the thread blocks 

can not synchronize their execution). Therefore, in our implementation, 

the reduction is started in the kernel that computes the new 

displacements, where a binary tree reduction is done in each block of 

threads and the partial results are saved in memory. The final step of the 

reduction is done in the first block of a kernel that computes the nodal 

forces, where sequential and parallel reduction are combined to obtain 

the final result. The guidelines from the NVIDIA paper “Optimizing 

Parallel Reduction in CUDA”, which comes with the CUDA 

development kit, were followed when implementing the reduction 

algorithm. 

o All the information needed for the computations is transferred to the 

GPU in the initialization stage (pre-operatively). 

Another point that must be considered when transferring code to the GPU is that scatter 

operations can not be safely done on the GPU (because of the parallel nature of the 

execution, two threads might try to write the some memory location). Unless the GPU 

supports atomic read-modify-write operations, all scatter operations must be avoided. 

Such operations are needed in our code during the assembly of the nodal force vector or 

the mass vector. The solution to this problem is to transform the scatter operations into 

gather operations. For example, in case of the nodal force vector computation, the nodal 

forces computed for each element are saved in the device memory and the assembly of 

the force vector is done, for each node, in the kernel that computes the new 

displacements.  

An important difference between the CPU and GPU code is data organization. While on 

a CPU the data is usually grouped together in structures or classes, in the GPU memory 

the data must be re-organized in order to obtain maximum memory access 

performances. The data organization and alignment must ensure coalesced memory 

access as much as possible, especially for memory writes. During memory reads, 
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whenever coalesced access is not possible (for example in case of gather operations) the 

memory is accessed using textures.    

The complete algorithm for computing the steady state solution using the GPU looks as 

follows: 

a) Initialization: 

• q0 = 0; q1 = 0;  

• Compute parameters ρ, c, h and the mass matrix M  that provide maximum 

convergence rate; 

• Pre-compute all other needed quantities (shape functions, hourglass shape 

vectors, initial volumes, …); 

• Transfer all needed data to the GPU memory 

b) For every iteration step: 

1) Compute the nodal forces corresponding to the current displacements, P(qn): 

o Run the kernel that computes the element pressure 

o Run the kernel that computes the nodal pressure  

o For each element type: 

� Run the kernel that computes the nodal forces and saves them in 

the GPU memory. These kernels also checks the maximum 

eigenvalue and changes the mass of the element if needed (the 

mass is saved in the GPU memory). One of the kernels finalizes 

the reduction of the displacement variation norm. 

2) Read the displacement variation norm from the GPU. 

3) Compute next displacement vector: 

o Run the kernel that computes the next displacements. This kernel 

assembles the force vector and mass matrix, computes the new 

displacements using (5) and applies the load for the next time step. It also 
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computes the displacement variation norm and performs its reduction at 

block level, saving the intermediate results in the GPU memory. 

4) Run the kernel that enforces the contacts. 

5) Check convergence criteria and finish analysis if met, using (7) 

c) Read final displacements from the GPU. 

d) Clean up GPU memory. 

Our implementation allows the use of different materials for different parts of the brain. 

Nevertheless, in our application, we use only one material law (Neo-Hookean). 

Therefore, the use of different materials is implemented quite easily by saving the 

different material coefficients in the constant device memory and accessing them for 

each element based on an index that identifies the material associated with that element. 

When choosing the execution configuration, based on the advice given in the 

programming guide, the number of threads per block should be a multiple of 64. This 

number is limited by the resources available on the GPU (registers, shared memory) and 

should allow enough registers for each thread so that no variables are placed in the local 

memory (because of the high latency of local memory access). 

5. Performance evaluation 

We evaluated the performance of the GPU implementation by performing several 

simulations and comparing the results with our best CPU implementation of the same 

algorithms. The purpose of first three simulations is to evaluate the different parts of the 

algorithm specific to different element types. In these simulations we deformed a 

cylinder meshed with a different element type for each simulation and compared the 

speed and accuracy of the results against the CPU computations. We used a soft, almost 

incompressible Neo-Hookean material model for all simulations. The applied 

displacements were 20% of the undeformed height of the cylinder. We performed 3000 

time steps for each simulation. 

From our experiments we can conclude that the computations performed using the GPU 

can be orders of magnitude faster than the ones on CPU (Table 2). On the CPU, the 

computation time varies almost linearly with the number of elements. The relative GPU 

performance increases with the number of elements. This happens because the 
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computation time, when the GPU is used, can be split into two components: an almost 

constant component, given by the operations performed on the CPU (program control, 

kernel invocations, data transfer between host and device) and a variable component 

(computations performed on the GPU – varies almost linearly with the number of 

elements). When a low number of elements are used, the constant component represents 

a significant part of the computation time, degrading the relative performance.  

 Table 2. Computation times for GPU and CPU for different element types 

Deformation No. of 

elements 

Type of 

elements 

Computation time (s) Speed up (x) 

CPU GPU 

Compression 48000 Hexahedron 172 5.3 32.4 

Extension 290000 IANP tetra 1769 17.1 103.4 

Shear 290000 Linear tetra 1614 12.6 128 

 

The GPU we used supports only single-precision floating point numbers. The latest 

generation of GPUs from NVIDIA has support for double-precision floating point 

numbers, but the operations in double precision are around 8 times slower than the 

operations in single precision, and the memory transfers are 2 times slower. Because we 

use the Total Lagrangian formulation, there is no accumulation of errors taking place 

from one time step to another. This is one very important advantage over the Updated 

Lagrangian formulation, and it allows us to use single precision when performing the 

computations. In order to assess how the precision of floating point operations impacts 

on the convergence of the algorithm, we counted the number of steps needed to reach a 

given accuracy (imposed using the convergence criteria) on both GPU and CPU. From 

the results (Table 3) we can see that performing the operations in single precision does 

not have a high impact on convergence for the accuracy usually required in our 

simulations (we used an imposed accuracy δ = 10E-4).  Nevertheless, if the imposed 

accuracy is chosen too small, the computation error could become a significant part of 

the displacement variation norm evaluation (Equation 7), and the convergence criteria 

might never be satisfied. The maximum difference in nodal displacements between 

GPU and CPU results was 1.41E-4, which is within the limits set by the imposed 

accuracy (it should be less than 2 δ). The repartition of the displacement difference over 

the mesh is presented in Figure 1. 
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 Table 3. Number of steps required for convergence on GPU and CPU for an 

 imposed accuracy (δ = 10E-4) 

Deformation No. of 

elements 

Type of 

elements 

No. of steps Difference in 

displacements (Max/Mean) CPU GPU 

Compression 48000 Hexahedron 1457 1250 1.28E-5 / 6.85E-6 

Extension 290000 ANP tetra 3276 3257 1.41E-4 / 7.8E-5 

Shear 290000 Linear tetra 1908 1910 3.03E-5 / 1.8E-5 

 

 

Figure 1. Deformation of a cylinder: a) Compression; b) Extension; c) Shear. The 

color codes represent the difference in nodal displacements between the GPU and 

CPU results for an imposed accuracy δ = 10E-4. All dimensions are in meters. 

In the next experiment we performed a brain shift simulation using a biomechanical 

model. A human brain consisting of healthy brain tissue, a tumor and ventricles is 

enclosed inside the skull (Figure 2). The different parts of the brain (parenchyma, 

tumor, and ventricle) are modeled using almost incompressible nonlinear materials 
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(Neo-Hookean) with different properties, as presented in Table 4 (for the ventricle the 

Poisson’s ratio was assumed to be low in order to account for any fluid leakage). The 

material model is consistent with our previous work on brain material properties [35-

37].  

 Table 4. Material properties for different parts of the brain 

Brain part Density 

(kg/m3) 

Young’s modulus 

(Pa) 

Poisson’s ratio 

Brain 1000 2500 0.49 

Tumor 1000 7500 0.49 

Ventricle 1000 100 0.1 

 

 

Figure 2. The mesh used for the brain shift simulation (only the left half of the 

brain and skull meshes is shown). 

The brain is meshed using all three types of elements we considered (hexahedral 

elements, linear tetrahedral and improved tetrahedral elements). We also performed the 

simulations on a refined mesh to assess the performance of the algorithms on meshes 

with higher number of elements. The structure of these two meshes is presented in 

Table 5. We assume that the initial geometry is known from high quality pre-operative 

MRI images and we simulate the brain shift by applying displacements on the area of 

the brain visible during craniotomy, where the displacements can be measured intra-
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operatively (using a laser range scanner [38] or a stereo vision system [39]). We 

extracted the required displacements from available intra-operative MRI images. The 

maximum applied displacement was 10 mm. A very similar model has been used in 

previous papers for brain shift estimation [4, 40, 41].  

 Table 5. Structure of the meshes used 

Mesh Number 

of nodes 

Number of elements Skull 

Hexa Linear 

tetras 

ANP 

tetras 

Total 

elements 

Number 

of nodes 

Number 

of tria . 

Original  12693 10596 4831 1398 16825 1993 3960 

Refined 95669 84768 32439 8085 125292 7945 15840 

 

We assume the skull to be rigid and the interaction between the brain and the skull as a 

frictionless finite sliding contact. All external brain nodes except the displaced ones are 

included in the contact definition. 

 Table 6.  Computation results for brain shift simulation 

Mesh No. of steps required for 

convergence (δ = 10E-4) 

Run time for 

3000 steps (s) 

Speed 

up (x) 

Difference in 

displacements 

(Max/Mean) CPU GPU CPU GPU 

Original  1887 2103 79.7 3.54 22.5 1.04E-4 / 8.98E-6 

Refined 3120 3091 543.4 19.95 27.2 4.56E-5 / 2.02E-5 

 

The computation results for the CPU and GPU simulations are presented in Table 6. 

The simulations need around 2000 steps for the original mesh and 3000 steps for the 

refined mesh to reach the steady state with sub-millimeter accuracy (δ = 10E-4 meters). 

This shows that the convergence rate of the solution decreases with the decrease of the 

element size, which is a characteristic of the dynamic relaxation solution method. This 

is one more reason why the computations can no longer be performed in real time on a 

CPU for an increased number of elements.     
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The speed-ups increase with the number of elements in the mesh, but are not as large as 

in the case of cylinder deformation experiments. This happens because the combination 

of three types of elements in the same mesh, plus contacts, leads to a higher number of 

kernel invocations at each time step, which increases the constant component of the 

computation time on GPU. The difference between the CPU and the GPU in the nodal 

displacement values and the number of steps required for convergence shows that using 

single-precision floating-point numbers on GPU does not have a significant impact on 

the results.  

 

Figure 3. Brain shift simulation – comparison between the simulation results and 

the intra-operative MRI. The cutting sections are perpendicular to the superiorly 

pointing axis, with 0 on the brain’s most superior vertex, at distances of a) -

45.5mm b) -50.5 mm and c) -55.5 mm. Grid lines are 5 mm apart. 

In this paper we do not wish to make a validation of the model used, but to demonstrate 

the efficiency of our algorithms. Partial validation of the model was performed in 

previous papers with very promising results [4, 40, 41]. A typical comparison between 

the deformation computed using our algorithms, the deformation computed using a 

commercial software package (LS-Dyna), and the deformation extracted from the intra-

operative MRI is presented in Figure 3. The presented algorithms can, in principle, be 
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used with any other finite element model that requires the computation of a steady state 

solution. 

6. Discussions and conclusions 

Intra-operative computation of the brain shift using bio-mechanical models can be used 

to register high-quality pre-operative images to the intra-operative position. This can be 

considered as a finite element problem for which the steady state solution needs to be 

found. We have developed algorithms and solution methods that allow us to use 

complex bio-mechanical models (which include geometric and material nonlinearities, 

finite deformations and contacts) to solve such a problem. These methods allow us to 

find a solution within the intra-operative constrains of surgery (less than a minute) for 

models having up to 50000 degrees of freedom on a personal computer.  

GPUs offer high parallel computing power at a low cost. With the release of CUDA, 

developing general purpose computations on GPU has become much easier. As the 

internal organization of the GPU is revealed, the programmer can take full advantage of 

the GPU’s computational power. We use CUDA to transfer the data-parallel parts of our 

computations to the GPU. Our implementation allows us to perform computations more 

then 20 times faster than on the CPU using a GPU with compute capability 1.0 (having 

16 multiprocessors). We can now use models with an increased number of elements to 

solve brain shift problems within the time constrain of the operating room. This also 

simplifies the task of meshing such models, as the limitation on the number of elements 

in the model is almost removed.   

The use of single-precision floating-point numbers on the GPU does not have a 

significant impact on the convergence and accuracy of our solution method. This 

happens because we use the Total Lagrangian formulation, which does not exhibit 

accumulation of errors during the time stepping procedure. 

The evolution of GPU hardware allows these performances to be enhanced even more. 

The latest devices, with compute capability 1.3, have more multiprocessors (30 on Tesla 

C1060), double the number of registers, support for double-precision floating-point 

numbers and concurrent kernel execution with memory transfers between host and 

device. These devices are also easier to program, as some of the restrictions on the 

coalescing of memory transfers have been removed.    
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Chapter 11: Conclusions 
__________________________________________________________________ 

 

This chapter presents a summary of the main findings taken from the previous chapters 

of the thesis and ends with a list of general conclusions drawn from the work presented 

in this thesis. 

1. Summary of findings 

i. The main findings from Chapter 2  (Paper 1) are: 

• The paper proposes an efficient numerical algorithm for computing deformations 

of soft tissues (such as the brain, liver, kidney etc.), with applications to real time 

surgical simulation.  

• The Total Lagrangian Explicit Dynamics (TLED) algorithm is based on the finite 

element method using the Total Lagrangian formulation, where stresses and 

strains are measured with respect to the original configuration. This choice allows 

for pre-computing of most spatial derivatives before the commencement of the 

time-stepping procedure. Explicit time integration is used, which eliminates the 

need for iterative equation solving during the time stepping procedure. The 

algorithm is capable of handling both geometric and material non-linearities. 

•  Stability analysis of the algorithm suggests that due to much lower stiffness of 

very soft tissues than that of typical engineering materials, integration time steps a 

few order of magnitude larger than what is typically used in engineering 

simulations are possible.  

• The algorithm’s accuracy for large strain non-linear elastic behaviour was 

validated using a reputable commercial software ABAQUS. The average number 

of floating-point operations per element per time step is 35% lower than for the 

similar implementation of the algorithm based on the updated Lagrangian 

formulation. 

• Our implementation of the algorithm allows the computation of a step for a 6000-

element 6741-node hexahedral mesh in about 16 ms on a standard 3.2 GHz 

Pentium 4 system using Windows XP operating system. As our results indicate 
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that time steps as large as of 0.001 s are indeed possible, the algorithm constitutes 

a step towards a real-time surgical simulation. Additional advantageous features of 

the explicit dynamics algorithm is that the computations are conducted at the 

element level and therefore the algorithm can be easily parallelized. 

• In our previous work we used meshes of about 15000 hexahedra to compute the 

craniotomy-induced brain shift for application in image-guided surgery. 

Regardless of improvements in calculation speed proposed in this paper, real-time 

computations for meshes of such size will require much faster computational 

hardware. 

ii. The main findings from Chapter 3 (Paper 2) are: 

• The paper presents an efficient implementation of the perturbation hourglass 

control method proposed by Flanagan and Belytschko for the uniform strain 

hexahedron. The implementation uses the Total Lagrangian formulation and takes 

into consideration large deformations and rigid body motions.  

• By using the Total Lagrangian formulation most of the necessary components for 

calculating the hourglass forces can be pre-computed, leading to a significant 

reduction of the additional computation time required for hourglass control.  

• The under-integrated hexahedral element using perturbation based stiffness 

hourglass control is almost five times more computationally efficient in the Total 

Lagrangian framework than in the Updated Lagrangian framework. 

iii. The main findings from Chapter 4 (Paper 3) are: 

• The paper presents an extension for the average nodal pressure (ANP) tetrahedral 

element proposed by Bonet and Burton. The proposed element offers a better 

handling of multiple material interfaces.  

• The new formulation is easy to integrate and use in an existing code, requiring 

minimum modifications. The performance of the proposed IANP element is 

evaluated using the TLED algorithm (presented in Chapter 2) against the standard 

tetrahedral element and the ANP element. The IANP element offered the best 

performances both in terms of displacements and reaction forces.  
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• In an explicit code, the critical time step value for the ANP element is double 

compared to the critical time step for the standard locking tetrahedron in the one-

dimensional case. A similar behaviour is observed for the ANP and IANP 

elements in the three-dimensional simulations. This means that higher values for 

the time step in an explicit simulation using a mixed mesh can be used, as the 

tetrahedral elements are usually the ones that impose the value of the critical time 

step. A higher critical time step leads to a reduction of the overall computation 

time. 

iv. The main findings from Chapter 5 are: 

• The chapter consists of an evaluation of different static solution methods for 

solving non-rigid organ registration problems. By combining the Newton 

iterations with the iterative methods for solving linear systems of equations the so 

called composite methods are obtained. Combinations of the different static 

solution methods (Newton-Raphson, quasi-Newton) with different solvers (direct, 

iterative) are evaluated in order to find the best performing combination. 

• A method is described for choosing the best iterative method for a given problem. 

From the different available implementations of iterative methods for solving 

linear systems of equations, the JCG (Jacobi iterations using Conjugate Gradient 

acceleration) method offers the best performances in terms of computation time 

and convergence properties for the studied examples.  

• The composite methods converge in the same number of iterations as the full 

Newton-Raphson methods, but are much more efficient from the computational 

point of view. 

• The modified Newton methods need more iterations than the full Newton methods 

but can lead to a decrease in the computation time, although they are not as good 

as the composite methods. The convergence behaviour of these methods is also 

not very good, as the solution is sometimes diverging.  

• The composite Newton-JCG method decreased the computation time more than 3 

times for the studied problems. It converged in the same number of iterations as 

the full Newton method, with similar accuracy of the computed results. It also 

proved very robust with respect to the configured number of JCG iterations. 



CHAPTER 11 214 

• Based on the convergence properties of the full Newton-Raphson method and   

composite Newton-JCG method, a good approximation of the maximum 

computation error can be computed using a convergence factor. This error 

approximation can then be integrated into a convergence criterion in order to 

ensure the desired accuracy of the computations.  

v. The main findings from Chapter 6 (Paper 4) are: 

• This paper proposes the use of Dynamic Relaxation (DR) in the context of the 

Total Lagrangian formulation for finding the deformed state of a nonlinear finite 

element problem. The main characteristics of the proposed method are: fast 

convergence, computational efficiency and the possibility to control the accuracy 

of the results.  

• The efficiency of the method derives from the fact that many quantities involved 

in the computation of the nodal forces are constant and can be pre-computed. The 

formula used for computing the nodal forces leads to approximately three times 

decrease in the computation time compared with the classical approach presented 

in the first paper.  

• One of the main parameters of the DR algorithm, the lower eigenvalue, can be pre-

computed during the pre-operative stage.  

• A termination criterion is proposed, based on the convergence properties of the 

method, which can offer an indication about the absolute accuracy of the results. 

• Because of the explicit character of the algorithm, the computation time increases 

linearly with the number of elements in the mesh. 

vi. The main findings from Chapter 7 (Paper 5) are: 

• A simple and efficient method of estimating the value of the minimum eigenvalue 

during the iteration process of Dynamic Relaxation (DR) is presented in this 

paper. As the iterations progress, the estimated minimum eigenvalue converges 

fast to its optimal value. This leads to a very efficient, completely adaptive DR 

procedure, while eliminating the need for separate simulations for parameter 

estimation, as required in the previous paper.  
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• The proposed estimation method involves only vectors, preserving the 

computational advantages of an explicit method. These features make the 

proposed DR a perfect candidate for parallel implementation on a Graphics 

Processing Unit (GPU), which offers very high computation power at a low cost.  

• A GPU implementation of the method leads to more than an order of magnitude 

improvement in the computation speed compared to the equivalent CPU 

implementation. 

vii. The main findings from Chapter 8 (Paper 6) are: 

• This paper presents a very simple and efficient contact algorithm that can be used 

for simulating the brain-skull interaction in a biomechanical model, when 

combined with the Dynamic Relaxation (DR) explicit solution algorithm. 

• The surface representing the skull is considered rigid and therefore it can be 

analyzed pre-operatively and many quantities needed for handling the contact can 

be pre-computed.  

• No parameters are needed for defining the contact (contact thickness, stiffness, 

etc.), as it only imposes kinematic restrictions on the movement of the brain nodes. 

The brain nodes are prevented from penetrating the skull, but they can slide along 

or separate from it. 

• By imposing only kinematic restrictions, no contact forces need to be computed. 

The absence of any forces applied on the brain surface leads to a smaller influence 

of the material constitutive model parameters on the simulation results.   

• The skull surface is considered to be a C0 triangular mesh, as this leads to a fast 

method for detecting penetration. Because this surface is not smooth, it can be 

argued that high frequency vibrations will be introduced in the solution. The DR 

solution algorithm naturally damps all the high frequency vibrations, therefore no 

additional effort is needed for handling these vibrations. 

viii. The main findings from Chapter 9 (Paper 7) are: 

• An overview of the previous algorithms and their combination in different surgical 

simulation models are presented and validated in this paper.  
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• The simulation examples confirm the speed and accuracy of the developed 

algorithms. The accuracy of the results is demonstrated by comparing them with 

the results of similar simulations done using much more complex elements and 

contact algorithms in the commercial finite element software Abaqus and LS-

DYNA. Good agreement with the commercial finite element software results was 

obtained (differences in displacement of less than 0.2 mm). 

ix. The main findings from Chapter 10 (Paper 8) are: 

• This paper presents a GPU implementation of a suite of nonlinear Finite Element 

algorithms for brain shift computation. The implementation can handle areas with 

different non-linear materials, different element types (linear hexahedron with 

hourglass control, linear tetrahedron and non-locking tetrahedron) and contacts 

between brain and skull. 

• The GPU implementation performs the computations more then 20 times faster 

than the equivalent CPU implementation, using a GPU with compute capability 

1.0 (having 128 cores).  

• The evolution of GPU hardware allows these performances to be enhanced even 

more. The latest devices, with compute capability 1.3, have more cores (240 on 

Tesla C1060), double the number of registers, support for double-precision 

floating-point numbers and concurrent kernel execution with memory transfers 

between host and device. 

• Models with an increased number of elements can be used to solve brain shift 

problems within the time constrain of the operating room. This also simplifies the 

task of meshing such models, as the limitation on the number of elements in the 

model is almost removed.   

2. Conclusions 

This thesis developed and evaluated computational algorithms and solution methods 

appropriate for solving soft tissue surgical simulation problems using biomechanical 

models and the finite element method. The developed algorithms touched all the areas 

of improvement identified in the first chapter: 
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- the finite element formulation used: the Total Lagrangian formulation proved to 

have advantages over the Updated Lagrangian formulation in obtaining a fast 

solution method; 

- the element formulation: efficient hourglass control method for the under-integrated 

hexahedron and simple treatment of material interfaces for the non-locking 

tetrahedral element were developed; 

- the solution method: although some improvements are possible, the static solution 

methods did not offer a real alternative for real-time computation; the developed 

fully adaptive Dynamic Relaxation method is very fast and can be easily 

implemented on parallel computers or GPUs; 

- the material interaction: an efficient contact algorithm has been developed for the 

brain-skull interaction; 

- the termination criteria: the absolute accuracy of the results can be evaluated using 

the proposed termination criteria based on the convergence properties of the solution 

method. 

By using an efficient GPU implementation of the developed algorithms, the solution of 

biomechanical models describing brain shift estimation problems can be solved 

accurately within the real time constrains of the operating room (in a few seconds).  

Although developed in the context of the finite element method, many of the algorithms 

described can also be used together with meshless methods. The meshless methods can 

offer an alternative for solving very large organ deformation problems, for which the 

finite element method can not easily be used. 
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