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ABSTRACT 

Modelers of travel behavior are increasingly incorporating travelers’ responses to uncertain 

conditions by including a representation of attitudes towards risk. The approach is particularly 

relevant to commuting behavior where travelers face travel time variability due to congestion, 

competition for parking spaces or the possibility of overcrowded public transport services. This 

thesis investigates individuals’ risk attitudes in daily commuting choices of mode and departure 

time, the specific objective being to explore the relationship between risk attitude and risk 

parameter alpha in random utility theory. The typical interpretation of risk attitudes and risk 

parameters with Arrow-Pratt Constant Relative Risk Aversion is consistent when employing 

deterministic utility theory. However, this is not the case with random utility theory, widely applied 

in discrete choice modeling to analyses individual preferences. 

This research extends the definition of risk attitude from difference in choice probabilities to 

difference in systematic utilities between a ‘safe’ alternative and a ‘risky’ alternative in a random 

utility setting. A theoretical analysis of the relationships between risk attitude and the Arrow-Pratt 

constant relative risk aversion indicator is then undertaken, under two different definitions of a 

‘safe’ choice: second order stochastic dominance and minimum variance.  

When a ‘safe’ alternative is defined as the second order stochastically dominant alternative, 

interpreting risk in a mode choice setting does not have a one-to-one correspondence with the sign 

or the magnitude of the risk parameter  A remedial model, the contextual utility model, is 

expected to improve the understanding of an individual’s risk attitude, but the applicability is 

constrained by the number of possible outcomes.  

Assuming no first-order stochastic dominance, the alternative with the smallest variance is defined 

as the ‘safe’ alternative. In most cases there is a one-to-one correspondence between risk attitude 

and risk indicator. However, the inferred risk attitude based on the sign of the risk parameter is 

contextually dependent on the relationship between the expected values of the random attribute in 

the ‘safe’ and the ‘risky’ alternatives. The ‘two-alpha’ model developed in this thesis largely 

reflects a reversal in the interpretation of risk attitude with respect to the sign of  and thus 

improves the accuracy of risk attitude interpretation.  

Two risk modelling remedies are applied to a mode and time departure stated preference survey in 

Perth, Western Australia. Empirical results suggest improvements resulting from two possible 

approaches in interpreting individuals’ risk tolerant attitudes towards car travel time variation. 

Parking availability at railway stations and crowding on public transport are two important 

uncertainty factors to constrain commuters’ willingness to travel. 

Park-and-ride (PnR) users’ actual commuting experience and habits, shown in a revealed choice 

survey, have a positive influence on their preferences expressed in the stated choice survey, while 

car drivers’ current travel experience does not significantly influence their choices in the stated 

choice survey. Respondents display consistent risk attitudes when choosing their most preferred and 

least preferred alternatives. 
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Chapter 1 Introduction 

Modellers of travel behaviour are increasingly incorporating traveller response to uncertain 

conditions in discrete choice modelling (DCM) by including a representation of attitudes 

towards risk (De Palma & Picard 2005; Hensher, Greene & Li 2011). The approach is 

particularly relevant to commuting behaviour when travellers face travel time variability due 

to congestion. To date, risk attitudes are addressed in two ways in DCM. 

The first is based on a measure of variance (Jackson & Jucker 1982; Noland & Polak 2002; 

Senna 1994), whereby an individual is considered to display a risk averse attitude if she/he 

tends to choose alternatives with lower variability. The utility function 

𝑈 = 𝛼𝐸(𝑡) + 𝜏𝑉(𝑡) proposed by Jackson and Jucker (1982) accounts for average travel time 

𝐸(𝑡) and travel time variation 𝑉(𝑡). A negative coefficient 𝜏 is to be interpreted as individual 

revealing an aversion to risk. This model extends to scheduling risk, whereby respondents 

attach a disutility to the probability that they will be late (or early) to an appointment.  

The second group of models adopt variants of expected utility as proposed in economics (Hu, 

Sivakumar & Polak 2012; De Palma & Picard 2005).  Expected utility is formed over the 

expected value of a risk profile such that  𝑈 = 𝐸𝑢(∑ 𝑝𝑖𝑥𝑖𝑖 ) where the profile is a set of 

probabilities, 𝑝𝑖 and outcomes, 𝑥𝑖 (von Neumann & Morgenstern, 1947). The transformation 

function 𝑢 is a measure of risk attitude and can be applied to the outcomes directly such 

that 𝑈 = (∑ 𝑝𝑖𝑢(𝑥𝑖)𝑖 ). In applications, inferences on risk attitudes are based on estimated risk 

parameters associated with the curvature of  𝑈. It is important to note that such inferences 

rest on the theory as it was developed under the assumption of deterministic or non-stochastic 

utility.  
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The interpretation of a risk attitude parameter in the stochastic utility theory (SUT) is not 

straightforward. Wilcox (2011) demonstrated that inferring an individual’s attitude to risk 

based on the magnitude and the sign of a risk parameter is erroneous. The finding is of 

particular importance to modellers of discrete choice as the underlying theory is random 

utility theory (RUT) and, as pointed out by McFadden, RUT is operationally equivalent to 

SUT  (McFadden & Richter 1990).  

The purpose of this thesis is to demonstrate the limits on inferring risk attitudes from 

estimated risk parameters and to propose estimation techniques that aim to restore a 

relationship between the parameter and the risk attitude.       

The following sections present the decision-making theory of risks and address motivations 

for this research in greater detail.  

1.1 Decision making under uncertainty and risk attitudes explanations 

This section addresses the development of decision-making theories under uncertainty and 

their application to choice. Secondly, the importance of theoretically clarifying the 

relationship between the risk attitude and the risk parameter in random (stochastic) utility 

theory is outlined. 

1.1.1 Decision making under uncertainty 

Since the middle of last century, a considerable amount of research has been undertaken to 

develop new decision-making theories that accommodate patterns of choice under risk 

conditions. From its inception, the expected utility theory (EUT) has provided a useful 

approach to incorporate uncertainty, based on the assumption that the expected value is 

obtained by multiplying all possible outcomes by their probabilities (von Neumann & 

Morgenstern, 1947). Yet, despite its popularity, the independence axiom of EUT is violated 
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by two types of effects: a) common consequence effects (inconsistency in two choice 

experiments, one of which is obtained from another by eliminating a probability from both 

prospects); and b) common ratio effects (inconsistency in two choice experiments, one of 

which is obtained from another by multiplying the probabilities of both prospects by a ratio, 

Allais 1953).  

A number of utility theories have been developed to address and explain individual choices 

which do not adhere to EUT. In the context of the utility maximisation decision rule, theories 

which have improved the EUT cover the mean-variance utility (Marschak 1950), stochastic 

utility theory (Luce 1959), prospect utility theory (Kahneman & Tversky 1979) and rank-

dependent expected utility theory (Quiggin 1982). Apart from utility maximisation, other 

decision rules have been proposed. These include: regret theory (Bell 1982; Loomes & 

Sugden 1982), similarity theory (Rubinstein 1988) and learning theory (Gilboa & Schmeidler 

1995).  

The econometric model of RUT provides a powerful mechanism to analyse individual 

preferences based on discrete outcomes. The theory of random utility estimates the 

probability of choosing an alternative considering the utility maximisation decision rule: the 

probability being determined by an affine structure of utility difference between alternatives 

(McFadden 1974). On the other hand, the stochastic SUT interprets the violations of an 

individual’s consistent behaviour as the influence of unobserved random errors on the utility 

function (Harless & Camerer 1994) and the individual choice can be better described as a 

probability (Luce 1959). Operationally, SUT is consistent with RUT in discrete choice 

modelling, although theoretical discrepancies between these two theories exist (McFadden & 

Richter 1990). Their operational consistency enables one to apply the interpretation of the 

SUT risk parameter to RUT. 
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1.1.2 Interpreting the Risk Attitude Parameter in a Random Utility Application 

Undoubtedly, the Arrow-Pratt constant relative risk aversion (CRRA) parameter 𝑟(𝑥) =

−𝑢′′(𝑥) 𝑢′(𝑥)⁄  (Pratt 1964) in determining an individual’s risk attitude and 

decreasing/increasing risk aversion using the sign and magnitude of the parameter, has been 

influential in the deterministic utility-based models. More recently, incorporating a 

representation of risk attitude in travel behaviour analysis, Hensher, Greene & Li (2011) 

suggested that car drivers with a positive parameter in route choice display a risk seeking 

attitude, which was confirmed by Zhou et al. (2014), in situations where car commuters were 

confronted with travel time losses. In deterministic utility, the risk attitude has been fully 

explored and its interpretation is clear (e.g., risk averse individuals choose the ‘safe’ 

alternatives (Pratt 1964)), although risk attitudes may change when facing gains and losses 

(see reviews by Starmer (2000)). 

The scholarly work presented above is based on the judgement of the sign of risk parameter 

in the context of DUT. In the context of SUT, risk averse attitude equates to a higher 

probability of choosing the ‘safe’ alternative compared to choices made by the risk neutral 

(seeking) individual (Hilton 1989). Recent research by Wilcox (2011) addressed the context-

dependent interpretation of risk attitude in SUT. His research is based on an economic 

experiment where a monetary attribute between two risky prospects has identical expected 

values. However, only limited research has been done to explore the application and 

interpretation of risk attitude in RUT similar and compatible to SUT. For a more general non-

mean-preserving-spread pair in risk prospects, the relationship between risk attitude and risk 

parameter has not been fully examined and determining an individual’s attitude (risk seeking 

or risk averse) based on the sign of risk indicator may lead to incorrect inferences.  
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The definition of risk attitude is closely related to the distinction between the ‘risky’ and ‘safe’ 

alternatives. ‘Safe’ alternatives have four plausible definitions which cover: “less noise”, risk 

averter’s preference, “less weight in the tails”, and lower variance. It has been shown that 

these four definitions are consistent when the ‘safe’ and ‘risky’ profiles have the same 

expected values (Rothschild & Stiglitz 1970). However, if the random variables have non-

identical expected values across alternatives, inconsistencies may appear among different 

definitions, which increase the complexity of capturing the relationships between risk 

attitudes and risk parameters. 

1.2 Motivation for the Research 

This section will broadly discuss the risk associated with travel modes and its influence on 

determining commuters’ daily choices of mode and departure time.  

1.2.1 Risks in a Park-and-Ride Setting  

PnR is increasingly viewed as an attractive transport mode because it combines the efficiency 

of a mass transit system with the flexibility of car (Holguín-Veras et al. 2012; Khandker, 

Mahmoud & Coleman 2013; Farhan & Murray 2008). Parking availability at a transit station 

is an important indicator influencing commuters’ preference for boarding at that station 

(Chakour & Eluru 2014; Khandker, Mahmoud & Coleman 2013) or for choosing PnR as a 

travel mode (Debrezion, Pels & Rietveld 2009). In many stated preference inquiries into PnR 

choices, researchers have conveyed information on parking availability by showing the total 

number of parking bays (capacity) provided at the station (Mahmoud et al. 2014). However, 

this total number fails to capture the competition for bays and that an earlier arrival has a 

greater chance of securing a parking bay. Other researchers preferred to apply a search time 

for parking (Bos et al. 2003; Bos & Molin 2006). The search time for a parking bay will most 

likely be inversely related to the available PnR supply, but it does not explicitly communicate 
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availability. A revealed preference survey conducted in 2013 has been used to determine this 

profile. However, few researchers have focused on the significant associations between 

parking availability and arrival time. Thus, examining risk in this setting is both needed and 

timely. 

1.2.2 Other Uncertainties Affecting Mode Choice  

In terms of other risks during commuting, travel time variation on the road has always been 

viewed as a key factor constraining individual willingness/choice to drive. With the mean-

variance model, the negative parameter associated with travel time variation indicates a risk 

averse attitude (Senna 1994), while Noland and Small (1995) suggested that individuals are 

more concerned about travel time reliability than the average travel time. However, the mean-

variance model has been challenged with respect to its biases and irrational interpretation, 

given its assumption of normal distribution of risk profiles (De Palma & Picard 2005). 

Alternatively, the expected utility-based models could capture individual attitudes towards 

travel time variation. More recently, incorporating a representation of risk attitude in travel 

behaviour analysis, Hensher, Greene and Li (2011) suggested that car drivers with the 

positive parameter in route choice display a risk seeking attitude, which was confirmed by 

Zhou et al. (2014) and Xu and Zhou (2011), in situations when car commuters were 

confronted with travel time losses.   

Recent research identifies multiple sources of uncertainty, for example, (Hensher, Rose & 

Collins 2011; Polydoropoulou & Ben-Akiva 2001) suggested crowding (time spent standing 

in the vehicle, during the ride, and crowded/uncrowded carriage) as a significant indicator to 

mirror commuter sense of comfort when using public transport, which affects their 

preferences and mode choice. Increased crowding needs to be incorporated in choice models 

as an uncertainty associated with the public transport alternative. 
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1.3 Objectives of the Research 

It is crucial to achieve a better understanding of commuter behaviour, i.e. their mode and 

departure time choices and their risk attitudes in relation to uncertainties in daily travel. 

Scholars and practitioners have borrowed from economic research and incorporated variants 

of non-expected utility into discrete choice models, such as the adoption of the Arrow-Pratt 

CRRA indicator. However, recent studies in econometrics (Wilcox 2011) reveal that a direct 

translation of economic risk models to stochastic utility theories with a mean-preserving-

spread pair is not straightforward and that the interpretation of risk attitude does not have a 

one-to-one correspondence with the sign or the magnitude of the risk attitude indicator.  

In stated preference (SP) surveys, maintaining a mean-preserving-spread (identical expected 

values of the ‘risky’ attribute) across alternatives may lead to the dominance of one 

alternative or it may not reflect the actual situations (e.g. the tolled road has shorter and more 

reliable travel time than the non-tolled road, and departing during an off-peak hour is 

associated with lower traffic congestion than during the peak). Furthermore, the relationship 

between the risk attitude and the risk parameter in stochastic (random) utility theory, when 

relaxing the condition of mean-preserving-spread pair, has not been fully examined.  

For the above reasons, this thesis aims to capture commuters’ choices of departure time and 

transport mode in the context of risks. The key components of the research are: 

 To theoretically explore the relationship of risk attitude with the risk indicator 

parameter within the (stochastic) RUT, when the profiles of a ‘risky’ attribute 

(probabilities associated with outcomes) across alternatives are not mean-preserving-

spread pairs. 
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 To theoretically propose possible remedies to improve the interpretation of risk 

attitudes in discrete choice modelling which involves the ‘risky’ attribute without 

constraints of identical expected values in ‘risky’ and ‘safe’ prospects. 

 To empirically analyse the way in which uncertainty influences travel choices, in 

terms of the complexity of joint choices of main mode, access mode and departure 

time, using SP data.  

 To empirically test and justify the conclusions proposed in the theoretical analysis by 

applying a number of remedies to a mode and departure time SP survey, where the car 

travel time variability is presented as the ‘risky’ attribute.    

 To uncover the relationship between revealed preference (RP) and SP data, in the 

context of risk, and to improve the accuracy of model estimation when pooling the 

two data sets. 

 To examine the consistency of risk attitudes when individuals are choosing the most 

preferred and least preferred options when considering uncertainty in commuting 

conditions.   

1.4 Contributions of the Thesis 

The motivation of this thesis is to fully understand commuter preferences for mode and 

departure time bundles in the context of uncertainty. The sources of risk and uncertainty 

explored in this research include: car travel time variability, crowding on public transport and 

uncertain parking availability at railway stations. Recent scholarly work in econometrics 

(Wilcox 2012) has shown that the interpretation of risk attitude is inconclusive and highly 

context dependent, when using stochastic utility theory, with identical expected values for the 

risk profiles. The context refers to ‘risky’ profiles which include outcomes and probabilities, 
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and this thesis mainly addresses the context of car travel time variation. However, when 

trying to mimic real travel situations using SP surveys, the mean-preserving-spread condition 

for the ‘risky’ attribute is not always feasible.  

This research theoretically explores the relationship between risk averse/seeking attitudes and 

Arrow-Pratt’s CRRA indicator in the context of different definitions of ‘risky’ and ‘safe’ 

alternatives. Analytical results attest to the complexity of interpreting the risk parameter and 

alert the analyst to the ‘violation’ of the previously applied one-to-one correspondence 

between sign and attitude. To the best of the author’s knowledge, this is the first theoretical 

development aiming to explore the interpretation of the risk parameter using risk attitudes in 

a RUT framework, when choosing from alternatives with a non-mean-preserving-spread 

‘risky’ attribute. 

A number of enhancements and/or corrections are suggested for incorporation in utility 

models, and are then applied to a mode and departure time state-of-the-art survey. The 

comparison of model performance indicates the superiority of the newly proposed utility 

models in providing more accurate estimation of risk parameter and a better understanding of 

commuter attitudes towards risk.   

1.4.1 Theoretical Contributions 

The theoretical contributions of the thesis centre on the relevance of the stochastic risk 

attitude choice axiom (Wilcox, 2011) in discrete choice applications: 

Stochastic risk attitude choice axiom: All else being equal, a stochastically more risk 

averse agent is more likely to choose a ‘safe’ alternative than a stochastically less risk averse 

agent.   

Specifically the thesis examines the random utility equivalence to stochastic risk attitude 

choice axiom whereby the risk attitude is uncovered by choice observation through the 
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estimated differences between utilities – and therefore the choice probabilities – between the 

‘safe’ alternative and the ‘risky’ alternative (Section 3.1.1).  

Risk Aversion in a Random Utility Setting:   

 All else being equal, a risk attitude is inferred to be the difference in systematic utilities 

between a ‘safe’ and ‘risky’ alternative as judged by an agent a compared to the 

corresponding difference as judged by an abstract agent c who holds a risk neutral 

position. The comparison is represented by: 

 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = [𝑢(𝑥𝑎𝑖𝑟) − 𝑢(𝑥𝑎𝑗𝑟)] − [𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)] . 

where 𝑢(𝑥𝑎𝑖𝑟) − 𝑢(𝑥𝑎𝑗𝑟) is the difference in systematic utilities for the ‘safe’ alternative i 

and the ‘risky’ alternative j, given that at least one attribute,  𝑥𝑟, is random. In a random 

utility setting the definition of the attitudes ‘risk averse’ is such that 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 < 0 and 

‘risk seeking’ is  𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 > 0 (Section 3.1.2). 

 Transitivity: an agent is said to be stochastically more risk averse (SMRA) if the 

difference between systematic utilities for a ‘safe’ and a ‘risky’ alternative is smaller than 

the difference for a stochastically less risk averse (SLRA) agent, such that (Section 3.1.2): 

 𝑢(𝑥𝑎1𝑖𝑟) − 𝑢(𝑥𝑎1𝑗𝑟) < 𝑢(𝑥𝑎2𝑖𝑟) − 𝑢(𝑥𝑎2𝑗𝑟)⋯⋯ < 𝑢(𝑥𝑎𝑛𝑖𝑟) − 𝑢(𝑥𝑎𝑛𝑗𝑟)          

This implies the 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 inequalities hold for any two risk positions.  

The Arrow-Pratt Risk Parameter  

The thesis examines the relationship between the risk parameter  and the stochastic risk 

attitude under two different definitions of a ‘safe’ choice: second order of stochastic 

dominance and minimum variance (Sections 3.3 and 3.4).  

 The Arrow-Pratt model of risk attitude -- constant relative risk aversion -- includes a risk 

parameter  that has a one-to-one correspondence to risk attitude. However, in a random 

utility setting it is the difference between systematic utilities that determine a choice 
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 Wilcox’s context utility transformation applies to a limited range of attribute 

combinations. In choice contexts that are representative of experienced modal attributes, 

Wilcox’s transformation is shown to improve the interoperability of 𝛼 as an indicator of 

risk attitude but not fully resolve the issue of non-monotonicity.  

Case2: Assuming no 1
st
 order stochastic dominance, the alternative with the smallest 

variance is the ‘safe’ alternative:  

 In most cases there is a one-to-one correspondence between 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 and 𝛼. However, 

the inferred risk attitude based on the sign of 𝛼 is context dependent: 

If the expected value of the random attribute for the ‘safe’ (lower variance) alternative is 

less than (<) the expected value for the ‘risky’ alternative, then a negative risk parameter 

corresponds to a risk averse position. However, if the expected value for the ‘safe’ 

alternative is greater than (>) that of the ‘risky’ alternative, a negative risk parameter, 

corresponds to a risk seeking position (Sections 3.4.2 and 3.4.3).  

 Special cases (i.e., combinations of attributes) exist where the one-to-one correspondence 

between 𝛼 and risk attitude is not maintained. However, these choice settings involve 

unusual combinations of attributes, unlikely to be experienced in a mode choice setting 

(Section 3.4.4.1). 

 The estimation of two 𝛼’s is proposed as a modelling remedy to the reverse sign of 𝛼 

depending on the relative magnitudes of the expected value of the ‘risky’ and ‘safe’ 

alternatives. It is noted that this is only applicable if there are two alternatives with a 

random attribute. Furthermore, it is shown, that even if there are only two alternatives 

having a random attribute, the remedy does not fully resolve the issue of interoperability.     

 Mean-preserving spread choice tasks will preserve the interpretation of the sign of 

indicator 𝛼 but will not meet the stochastic risk attitude choice axiom (Section 3.4.2).  
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 The general finding of the context dependent risk attitude parameter applies to discrete 

and continuous random attributes (Sections 3.3.4.2 and 3.4.4.2).  

1.4.2 Survey Design 

 To incorporate the PnR alternative and to account for parking availability at the station, 

the experimental design included time of departure, access mode and main mode choice 

dimensions (Section 4.1). 

 SP experiments were conditioned on respondent perception of variability in their travel 

conditions collected in their RP travel diaries. Efficient designs conditioned on the 

respondents’ current trip attributes were optimised using a genetic algorithm (Section 

4.2).  

1.4.3 Empirical Findings 

 Revealed preference data reported travel variability in car travel time, chance of finding a 

parking bay at railway station, and crowding on bus and train (Section 5.3.2.1).  

 Statistical RP results indicate that car travel time variation is conditional on departure 

time, while the combination of departure time, parking demand and parking supply at 

railway stations is important for parking availability. Crowding of the train carriages is 

highly associated with departure time, as well as with the boarding station (Section 

5.3.2.2).  

 Compared with the classical extended expected utility mixed logit model, the ‘two alpha 

model’, which groups choice tasks into two categories by comparing the relationship of 

expected values of random attribute between ‘risky’ and ‘safe’ alternative, significantly 

improves the model fit. The contextual utility model (Wilcox 2012) does not provide a 

better model fitness, due to its constraints on the number of outcomes in the application 

(Section 6.2.2).  
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 An estimate of risk attitude in the ‘two alpha model’ indicates the risk seeking attitudes of 

respondents, in terms of car travel time variations (Section 6.2.2).  

 PnR commuters are likely to insist on their current transport mode in the stated choices, 

due to the persistence of habits and inertia (Section 7.3). 

 Compared with the normalising scale parameter of RP data, the less than one estimated 

scale parameter of the SP data suggests more noise in the SP survey (Section 7.3). 

 Commuters are willing to pay $11.70 to secure a parking bay at a railway station.  

 The parking availability attribute (expressed as probability of finding a parking spot) is 

relative inelastic. In other words, a 10% increase in parking spaces leads to a 0.6% 

increase in the probability of choosing PnR mode, keeping all else equal (Section 7.4). 

 There are no significant differences in the sequence of choosing ‘Best’ and ‘Worst’ 

options when respondents were asked to provide the most preferred and the least 

preferred options per choice task (Section 8.2.2.1). 

 Respondents have asymmetric tastes towards early/late departure time and they display 

consistently risk tolerant attitudes to car travel time variations when making the best and 

the worst choice decisions (Section 8.2.2.2). 

1.5 Structure of the Thesis 

The thesis is organised as follows: 

Chapter 1 briefly introduces the research context and the latest developments in stochastic 

utility theory, highlighting the limitations of interpreting risk attitude with a risk parameter in 

discrete choice modelling. 

Chapter 2 investigates individual preferences for transport mode and departure time, 

emphasising the demand forecasting and pricing scheme of PnR. This chapter then reviews 
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the state-of-the-art in choice theory and the development of experimental designs. Since the 

translation of economic risk models to stochastic (random) theories of utility identification is 

context-dependent, the importance of theoretically capturing the relationship between risk 

attitude and risk parameter to fully understand individual preferences when facing risk is 

acknowledged in this chapter.  

After identification of the inconclusive interpretation of risk attitude using the risk parameter, 

Chapter 3 begins with an analysis of risk averse and risk seeking attitudes in the context of 

DCM. The chapter pays particular attention to the theoretical analysis of the relationship 

between risk attitude and Arrow-Pratt’s CRRA indicator for different definitions of ‘risky’ 

and ‘safe’ alternatives, which are from the perspective of a risk-averse respondent. The 

distinction between ‘risky’ and ‘safe’ alternatives is difficult and inconsistent due to the 

relaxation of the mean-preserving-spread pairs. Then, a number of remedies are proposed to 

provide a better interpretation of the risk parameters in discrete choice models.    

Chapter 4 introduces the conceptual development and research framework of the ‘risky 

choice’ in this thesis, emphasising the reasons for exploiting discrete choice modelling, which 

incorporate the expected utility in investigating risk. Then the survey design methods and 

survey implementation are discussed. The RP and pivoted SP surveys, employed for data 

collection, are detailed next. To measure respondents’ reaction towards risks during daily 

commuting, the ‘risky’ attributes of car travel time variation, crowding on public transport 

and parking availability at railways stations were presented in both RP and SP surveys.   

Chapter 5 reports on the descriptive analysis and modelling estimation for the RP survey 

conducted in Perth between September and November 2013, to explore commuter preference 

for various travel modes in uncertain conditions. Then the willingness-to-pay in the context 

of risk was estimated. 
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Chapter 6 serves as the main chapter to examine the theoretical development and remedies 

proposed in Chapter 3 with SP survey data, pivoted on the RP survey and collected in Perth 

in March 2014. Through employing alternate model specifications within the EUT, a 

traditional utility function with constant relative risk aversion indicator, rank-dependent 

utility theory, contextual utility theory, and the utility function with different risk parameters 

according to contexts, this chapter systematically compares the model performance in 

understanding individuals’ behaviour when facing risks. It also highlights the benefits of 

applying correction elements to the expected utility formulations to interpret commuter 

attitudes towards risk. 

The RP and SP data sources are jointly used in model estimation in Chapter 7. The 

incorporation of revealed preference data minimises biases in parameter estimation, which 

may be introduced by the hypothetical stated surveys. In addition, to reflect travellers’ 

attitudes towards risk, this chapter also identifies the scale difference and state dependence 

across different data sources. With pooled RP and SP data, willingness-to-pay and elasticity 

for parking availability are then calibrated.     

As the SP survey asked respondents to provide the Best and Worst choices in the context of 

risk, Chapter 8 explores whether individuals behaved consistently when choosing their most 

preferred and least preferred alternatives, or whether they used different decision rules, 

considering the existence of scale difference and preference asymmetries.     

The theoretical and empirical findings of this research are concluded in Chapter 9, stressing 

the context-dependent interpretation of risk attitude with risk parameter in stochastic 

(random) utility theory, when the profiles of risk attribute are non-mean-preserving-spread 

pairs. For future research, a number of changes to experimental designs and conceptual 
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modelling are introduced, which may allow for a one-to-one correspondence with the sign 

and the magnitude of the risk parameter.  
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Chapter 2 Literature Review 

This section begins with a comprehensive discussion of the development of risk and 

uncertainty theories. Then, Section 2.2 discusses the choices including train station, access 

mode, as well as travel mode choice. Section 2.3 mainly focuses on the literature associated 

with the attributes of PnR. The remainder of this chapter discusses departure time choices, as 

well as how departure time affects/interconnects with different transport modes. Theoretical 

discrete choice models are summarised in Section 2.5, followed by the introduction of survey 

design and data pooling. Finally, each section of the literature review is summarised and the 

perceived gaps in the literature clearly identified. 

2.1 Risk and Uncertainty 

Since the 1950s, substantial research has been conducted world-wide in the fields of 

psychology (Kahneman & Tversky 1979), economics (Quiggin 1992; von Neumann & 

Morgenstern, 1947; Sugden 2004) and other applied areas (e.g. agriculture, transport etc.), to 

address decision theories which accommodate individual choices in the context of risk and 

uncertainty.  

The distinction between risk and uncertainty lies in the precision or ambiguity of probabilities 

associated with outcomes (Knight 1921). Risk refers to circumstances where the decision 

maker can measure the randomness (by assigning mathematical probabilities), while 

uncertainty would not be quantifiable. This section firstly provides a detailed discussion of 

choice under risk, followed by a brief introduction of choice under uncertainty. The adoption 

of theories of risk in the transport research area is then discussed, also including a special 

section on measurement of risk attitudes. 
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2.1.1 Utility Theories under Risk and Uncertainty 

Firstly proposed by von Neumann and Morgenstern (1947), expected utility theory (EUT) is 

the most popular theory capturing individuals’ decision rules under risk/uncertainty. The 

fundamental tenet is that a rational decision maker chooses the alternative with the highest 

utility, which accounts for all possible outcomes and probabilities. Despite its popularity 

though, the independence axiom of the EUT is violated by regularities of common 

consequence
2

 and common ratio
3

 effects, as pointed out by Allais (1953). Similarly, 

Kahneman and Tversky (1979)’s well-designed experiments indicated that participants 

display contrasting preferences across choice problems, which could not be covered by either 

RUT or EUT.   

Their proposed EUT was further developed to address the above criticism. Whereas several 

changes were to theories (Kahneman & Tversky 1979; Quiggin 1992), others suggested 

operational improvements, such as adding the noise component in the utility function 

(Loomes & Sugden 1995; Ballinger & Wilcox 1997; Hey & Orme 1994). The first group is 

known as the deterministic theories, while the latter is stochastic and assumes preferences are 

random, rather than perfectly predictable.  

The majority of theories concerning choices under risk are deterministic utility theories, 

which suggests that individuals’ deterministic preferences imply deterministic choices. 

However, experimental data have failed to match this theory. The discrepancy between 

deterministic preferences and stochastic choices is attributed to unobserved errors in the 

decision-making procedure, originally proposed by Fechner (1966).  

                                                 
2
 Common consequence refers to violating the independence rule, which refers to indifference between two 

simple lotteries L1 and L2, but preference for L1 when comparing it with a mix of L1 and L2. 
3
 Common ratio refers to lotteries where the ratio of probabilities remains the same (e.g., 98% chance and 0.98% 

chance are obtained by division with 100, which is the common factor). 
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Additionally, experiments in economics mainly exploit monetary values/incentives to 

demonstrate outcomes in choices, whereas in transport, travel cost is only one of the many 

important attributes traded-off when travellers make choice decisions (i.e., other factors 

include travel time, comfort, reliability, etc.). 

The following sub-sections briefly introduce two parallel branches of theoretical development 

in understanding individuals’ decision rules when facing risks.  

2.1.1.1 Deterministic utility theories of risk 

To address the common violations of the EUT and improve the prediction of human 

behaviour in the context of risk, many theoretical developments have been proposed: 

I. Utility theory with mean, variance and skewness 

To mitigate the common consequence and common ratio effects, utility of a prospect is 

described as a function of the mean and variance of its outcomes (Marschak 1950). Further, 

Allais and Hagen (1979) proposed that this prospective utility should incorporate the 

skewness of the distribution of the outcomes (the third moment of utility), in addition to 

expected values (the first moment) and variance of its consequences (the second moment). 

This is similar to the disappointment theory proposed by Loomes and Sugden (1986). The 

disappointment utility 𝑣(𝑝) is defined as: 

         𝑣(𝑝) = ∑ 𝑝𝑖[𝑢(𝑥𝑖) + 𝐷(𝑢(𝑥𝑖) − �̅�)]𝑖                                                                          (2.1)    

where 𝑝𝑖  is the probability of consequence 𝑥𝑖  and 𝐷(. )  is a non-decreasing function to 

capture the deviation between utility of consequence 𝑥𝑖  and expected utility �̅� . Three 

polynomial functions were examined. If 𝐷(𝑧) = 𝑎𝑧 for all 𝑧, function 2.1 degenerates to the 

expected utility form, while for 𝐷(𝑧) = 𝑎𝑧2, function 2.1 converts into the mean-variance 

model. Finally, if 𝐷(𝑧) = 𝑎𝑧3 , then the disappointment utility 𝑣(𝑝)  captures the mean 



 

 

22 

 

skewness of the distribution of consequence utility. The mean symmetric function 2.1 was 

further developed by Machina (1982) and Sarin and Weber (1993), with the exponential form 

for deviations of consuquence 𝑥𝑖 from expected values to accommodate risk attitudes, as well 

as the skewness of distribution. If expected utility implies linear and parallel indifference 

curves, in the classical Marschak-Machina model, deviations of consequence 𝑥𝑖  from the 

expected values are interpreted as non-linear indifference curves, accommodating both the 

common consequence and common ratio effects (Machina 1982).                                                                              

II. Utility theories with decision weights 

Alternatively, to relax the limitations of EUT, weighted utility theory has been proposed. 

Evidence indicates that individuals have apparently subjective and biased attitudes to 

objective probabilities (Starmer 2000). Firstly proposed by Edwards (1955), the subjective 

expected value of a prospect was presented as 𝑣(𝑝) = ∑ 𝑤𝑖𝑢(𝑥𝑖)𝑖 , where 𝑤𝑖 represents the 

decision weight i. The outcomes 𝑥𝑖 were used as influential factors in determining weights in 

utility function 𝑣(𝑝) = ∑ 𝑝𝑖𝑢(𝑥𝑖)𝑖 [𝑤(𝑥𝑖) ∑ 𝑝𝑖𝑤(𝑥𝑖)𝑖⁄ ], where 𝑤(. ) is the weight attached to 

the consequence 𝑥𝑖 (Chew 1983; Fishburn 1983).  

On the other hand, the decision weights wi associated with each outcome xi are then 

determined by probability weighting functions 𝑣(𝑝) = ∑ 𝜋(𝑝𝑖)𝑢(𝑥𝑖)𝑖 , which subjectively 

transform probabilities 𝑝𝑖 into weights (Handa 1977). The above model was challenged as it 

contravened the strict monotonicity of 𝑣(𝑝) due to the curvature of 𝜋(𝑝𝑖). This was initially 

noted by Fishburn (1978), in the case of a lottery/gamble
4
 of option A (𝑥, 1) and option B 

(𝑥, 𝑝; 𝑥 + 휀, 1 − 𝑝) with 휀 > 0. The functional form of 𝜋(𝑝𝑖) may lead to the situation that 

𝜋(𝑝) + 𝜋(1 − 𝑝) < 1 when 𝜋(. ) is convex, therefore option A will be less preferred even 

though it stochastically dominates the option B (first-order). One distinctive improvement of 

                                                 
4
 In terms of notation, (x1, p1; x2, p2) denotes a lottery or gambling situation where the outcome x1 occurs with 

the probability p1 and the outcome x2 occurs with the probability p2 = 1-p1. 
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probability weighting is the rank-dependent expected utility proposed by Quiggin (1982). The 

decision weights 𝑤𝑖 are defined as: 

𝑤𝑖 = 𝜋(𝑝𝑖 + ⋯+ 𝑝𝑛) − 𝜋(𝑝𝑖+1 + ⋯+ 𝑝𝑛)            𝑖 = 1,⋯ , 𝑛 − 1                                   (2.2) 

𝑤𝑖 = 𝜋(𝑝𝑛)                                                                                 (2.3) 

Functions 2.2 and 2.3 imply that the decision weights 𝑤𝑖 sum to unity, which ensures the 

monotonicity of utility 𝑣(𝑝). In the case of 𝜋(𝑝𝑖) = 𝑝𝑖, the rank-dependent expected utility 

theory degenerates to the EUT. 

Scholars proposed an inverted S-shaped probability weighting function for 𝜋(𝑝), indicating 

that 𝜋(𝑝)  is concave when 𝑝  is a small probability, while convex when 𝑝  equals larger 

probabilities (Kahneman & Tversky 1979; Tversky & Kahneman 1992). The convexity of 

𝜋(𝑝) was also interpreted for risk aversion attitudes (Yaari 1987).  

A series of weighting functions have been proposed to represent the decision maker’s 

assessment of probabilities: linear 𝜋(𝑝) = 𝑝, power 𝜋(𝑝) = 𝑝𝑟 , Goldstein-Einhorn 𝜋(𝑝) =

𝑠𝑝𝑟

𝑠𝑝𝑟+(1−𝑝)𝑟
, Tversky-Kahneman 𝜋(𝑝) =

𝑝𝑟

(𝑝𝑟+(1−𝑝)𝑟)(
1

𝑟⁄ )
, Wu-Gonzalez  𝜋(𝑝) =

𝑝𝑟

[𝑝𝑟+(1−𝑝)𝑟]𝑠
 , 

PrelecI 𝜋(𝑝) = 𝑒−(−𝑙𝑛𝑝)𝑟  and PrelecII 𝜋(𝑝) = 𝑒−𝑠(−𝑙𝑛𝑝)𝑟 , where 𝑝  is the objective 

probability, 𝑟 and 𝑠 are two parameters for weighting (see Stott 2006; Starmer 2000). 

III. Prospect theory 

Prospect theory (PT) was proposed to treat risk attitudes differently when individuals are 

faced with gains and losses (which are relative to a reference point), as well as the biased 

perception of the large and small probabilities (Kahneman & Tversky 1979). PT has then 

been extended to any number of outcomes, associated with cumulative weights in cumulative 

prospect theory (CPT) (Tversky & Kahneman 1992). As indicated, the PT addresses the 
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importance of reference points, which distinguish the gains from losses. Most economists 

interpreted gains and losses from gambling in relation to the reference point as levels of 

assets/targets (Fiegenbaum & Thomas 1988).  

Properties of prospect theory include: 1) a tendency to risk seeking when losses are involved, 

and risk averse attitudes towards gains; 2) a utility function steeper in the losses domain than 

in the gains domain; and 3) overestimation of the low values of probabilities, while 

underestimation of the high values of probabilities (Kahneman & Tversky 1979). 

IV. Theories with different decision rules 

The following theories assume that an individual’s preference is described by other decision 

rules, apart from utility-maximisation. Regret theory (RT) proposes that an individual is 

concerned not only with the outcome of the chosen alternative, but also with the foregone 

outcomes, as a feeling of regret is experienced if one of the non-chosen alternatives would 

perform better (Loomes & Sugden 1982; Bell 1982). Additionally, RT violates the transitivity 

axiom from the expected utility theory, because it allows for the cyclical preference (𝐴1 ≤

𝐴2, 𝐴2 ≤ 𝐴3 and 𝐴3 ≤ 𝐴1) to occur in choices sets with more than three options (Loomes & 

Sugden 1982; Fishburn 1989).  

Finally, Rubinstein (1988)’s similarity theory (ST) argues that people actually use a sequence 

of heuristics, which includes the judgement of stochastic dominance and the comparison of 

similarity in probabilities and outcomes between two alternatives. Consistent with RT, ST 

focuses on the pairwise differences and it also violates the transitivity property of a 

deterministic theory in decision-making. Prior knowledge from past cases also assists 

respondents to make decisions in similar problems (Gilboa & Schmeidler 1995).  
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2.1.1.2 Stochastic utility theories of risk 

Although the models discussed so far assist researchers to understand individuals’ behaviour 

in the context of risk, each theory has limitations in interpreting specific observations, made 

especially in repeated experiments (Starmer 2000). A new line of investigation, stochastic 

utility theory (SUT) emerged in the 1950s suggesting that the violations of EUT are mainly 

due to unobserved random errors (Harless & Camerer 1994).  

The framework of stochastic theories embeds deterministic utility theories (DUT) as specific 

cases (Hey & Orme 1994). In the context of the stochastic utility theorem, Luce (1959) 

proposed that individual choice behaviour is better described as a probability, which is 

determined by the affine structure of utility differences among alternatives. In a binary choice 

between 𝑎  and 𝑏 , the probability of choosing alternative 𝑎  equals the probability of the 

deterministic utility of choice 𝑎  being larger than the utility of alternative 𝑏 : 𝑃𝑎 =

𝑃(𝑣(𝑎) − 𝑣(𝑏) > 0)  (Wilcox 2008). The remainder of the section will discuss major 

stochastic models. 

Fechner’s model, also known as the strong utility model, was proposed to address the 

difference of utilities between two alternatives (Fechner 1966). By assuming the existence of 

an increasing function 𝐹 with 𝐹(0) =
1

2
 and 𝐹(𝑥) = 1 − 𝐹(−𝑥), the probability of choosing 

alternative 𝑎  over alternative 𝑏  is: 𝑃𝑎 = 𝐹(𝜆[𝑣(𝑎) − 𝑣(𝑏)]) , where  𝜆  indicates the scale 

parameter and 𝑣(𝑎) is the lottery value transformed by the deterministic utility theories (e.g. 

EUT, rank-dependent theory). Luce (1959) exploited natural logarithms to replace the lottery 

value transformation, which requires strictly positive values of 𝑣(. ). The family of Luce 

models also presents the probability in the form of: 
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𝑃𝑎 =
exp[𝜆𝑣(𝑎)]

exp[𝜆𝑣(𝑎)]+exp[𝜆𝑣(𝑏)]
, which was later proposed by McKelvey and Palfrey (1995). 

Econometrically, strong utility models are homoscedastic models. Hey and Orme (1994) 

developed a model where the error component is drawn from a normal distribution centred at 

zero, N (0, σ), while Blavatskyy (2007) changed the N distribution to a truncated N 

distribution. 

Proposed by Loomes and Sugden (1995), the random preference model concentrates on the 

randomness of the deterministic element in SUT, by assuming that each individual/subject 

has a distribution of preference for outcomes. When facing a single choice problem, the 

individual randomly draws one preference parameter from her/his preference bundle and 

makes the decision accordingly. The random preference model combined with rank-

dependent theory provides a better understanding of risky choices, compared with the 

Fechner models (Loomes, Moffatt & Sugden 2002). Results estimated from a random 

preference model incorporated with EUT also indicated the limitation of the RP model to 

capture the violations of dominance between choices (Loomes & Sugden 1998).  

Harless and Camerer (1994) proposed a constant error model by adding “trembles”
5
 in the 

utility functions. This model assumes that individuals have consistent preference in repeated 

observations, but “trembles” occur as a choice variability mechanism. However, this constant 

error model fails to interpret the data in the experiment conducted by Loomes and Sugden 

(1998).    

The above models are homoscedastic, with the errors being identically and independently 

distributed across observations. However, this assumption of error structure may not hold 

when real data is analysed (Harless & Camerer 1994). Hey (1995) proposed three 

heteroscedastic models, where the standard deviations of error are exponential functions for 

                                                 
5
 A “tremble hand” refers to a fixed probability of choosing an undesirable option from time to time. 
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dwell time, value difference and decision difficulty. The standard deviations of residuals are 

also formulated with value difference, outcome number and cumulative probability 

distribution functions by Buschena and Zilberman (2000). 

In general, the probability of choosing alternative 𝑎 over alternative 𝑏 in the observation 𝑚 

can be written as: 𝑃𝑎𝑚 = 𝐹 (
𝜆[𝑣(𝑎𝑚)−𝑣(𝑏𝑚)]

𝑑𝑚
) , where 𝑑𝑚  is the measurement of distance 

between alternatives 𝑎 and 𝑏, and it represents the standard deviation of the errors. Another 

“wandering” vector model exploits ∑ ([𝑣(𝑎𝑚𝑍) − 𝑣(𝑏𝑚𝑍)]
2)𝐼

𝑧=1
1 2⁄

as the measurement of 𝑑𝑚 

and the advantage of this treatment is that it does not incorporate extra parameters into the 

model (De Soete & Carroll 1983). Alternatively, a contextual utility model (CUT) with 

heteroscedastic error structure was proposed with the following expression of 𝑑𝑚 =

𝑣(ℎ𝑚
𝑚𝑎𝑥) − 𝑣(ℎ𝑚

𝑚𝑖𝑛) , where ℎ𝑚
𝑚𝑎𝑥  and ℎ𝑚

𝑚𝑖𝑛  denote the maximum and minimum possible 

outcomes for the observation 𝑚 (Wilcox 2011). Econometrically, the standard deviation of 

error in the “wandering” vector model is proportional to the value difference between every 

pair of prospects, while 𝑑𝑚 in the contextual utility model is the affine transformation of the 

range of outcome utilities for the observation 𝑚.  

Blavatskyy and Pogrebna (2010) selected seven decision theories and embedded each 

decision rule in stochastic choice models which cover “tremble”, Fechner and RUT models. 

They concluded that a Fechner model of heteroscedastic truncated errors and a RUT model, 

combined with all decision theories, provide best description of the data.  

2.1.1.3 Utility theories of uncertainty 

The DUT and SUT address individuals’ choices when probabilities of outcomes are 

considered to be known. However, these theories need to be developed for choices when no 

objective probabilities are provided. On the basis of von Neumann-Morgenstern’s EUT, 
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Savage (1954) introduced an analytical framework, which defines subjective probabilities, a 

utility-maximising decision rule and a set of axioms of preference transitivity, continuity, 

ordering and independence. Savage’s subjective EUT was challenged by the experiment 

known as the Ellsberg paradox, which suggests the existence of additivity in subjective 

probabilities (Ellsberg 1961). Similarly to the utility theories about choices under risk 

conditions, to improve Savage’s subjective EUT, Choquet (1954) proposed using the non-

additive probability function. This theory was axiomatised in terms of independence 

(Schmeidler 1989) and relaxation of the utility maximisation (Gilboa & Schmeidler 1995; 

Sarin & Wakker 1992). Additionally, prospect theory is applied to understand individuals’ 

choices under ambiguity (Wakker 2010).  

2.1.2 Applying Utility Theories of Risk in Transport  

In transport, considerable research has been undertaken to explore the risks affecting daily 

travel (Senna 1994; Small, Winston & Yan 2005; Hensher, Greene & Li 2011) and deal with 

day-to-day travel time variation and crowding on transit. Compared to the sole monetary 

incentives used in economics experiments, in transport at least two attributes are traded-off: 

travel cost and travel time, which represent two major concerns for commuters. Discrete 

choice models, incorporating deterministic utility theories of risk, are popular in analysing 

commuter preference towards risk, as well as the traditional trade-off between cost and travel 

time.  

Discrete choice models are estimated on the basis of RUT, including deterministic values of 

attributes (e.g. time, cost) and error components, a structure that has similarities to SUT. 

However, currently, the analysis and interpretation of risk parameter is based on the 

conclusions obtained from the DUT, as discussed below. 
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2.1.2.1 Mean - variance utility functions 

Noland and Small (1995) used the expected travel cost to analyse individual choices of 

departure time on congested roads, showing that commuters are more concerned about travel 

time reliability than about travel time duration. Using the mean-variance model to describe 

travel time in the context of risk, Senna (1994) argued that travel time variation is an 

important factor influencing drivers’ willingness to travel. However, the weakness of this 

approach may includes its biases and irrational interpretation due to the assumption of the 

normal distribution of risk profiles (De Palma & Picard 2005), and the violations of 

rationality as the dominant alternative associated with sufficiently large and negative 

parameter for variance may still be predicted to be chosen (Chorus, Walker & Ben-Akiva 

2010).  

2.1.2.2 Utility functions within advanced EUT  

Apart from adding expected utility function in choice models, some advanced deterministic 

utility functions have been applied to explore the influence of traveller’s risk attitudes 

affecting travel choices decisions (De Palma & Picard 2005; Hensher, Greene & Li 2011; Li, 

Tirachini & Hensher 2012). Based on a route choice survey conducted in Paris, De Palma and 

Picard (2005) found that transit users, blue collar workers and people with business 

appointments have a stronger aversion towards risk. Conversely, results obtained from data 

collected in Sydney, suggest risk prone attitudes of car drivers (Hensher, Greene & Li 2011). 

2.1.2.3 Prospect theory   

The key question raised when applying (cumulative) prospect theory is how to endogenously 

determine the reference point value, because a commuter’s prospect of a route is highly 

dependent on it (Avineri & Prashker 2004; Avineri 2006). The reader is referred to reviews 

by Ramos, Daamen and Hoogendoorn (2014), which clearly highlight the issue. 
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In the absence of approaches available to investigate the value of the reference point, several 

researchers used the average travel time to evaluate the gains or losses experienced by 

travellers with respect to travel time reliability (Avineri & Prashker 2004; Avineri 2006). 

Others, such as Jou et al. (2008), set the preferred arrival time or Xu and Zhou (2011) 

considered commuters’ reserve of travel time as the reference points in route choices, as they 

ensure the expected on-time arrival at the destination. 

Estimated parameters associated with weighting functions indicate that individuals 

underweight/underestimate the higher probabilities, while they overweight/overestimate the 

small chances (Avineri 2006; Avineri & Prashker 2004; Camerer & Ho 1994; Wu & 

Gonzalez 1996; Xu & Zhou 2011). Also, commuters are risk averse when facing gains and 

risk seeking when dealing with losses (Zhou et al. 2014; Gao, Frejinger & Ben-Akiva 2010), 

which is consistent with the results from Kahneman and Tversky (1979). 

2.1.2.4 Regret theory and random utility maximisation 

Regret theory has been developed in the fields of economics and psychology and widely 

applied in marketing, yet the applications in transport are relatively recent and limited 

(Ramos, Daamen & Hoogendoorn 2014). To capture the unobserved error/disturbance in the 

decision-making process, the random regret minimisation model was developed. This model 

combines regret theory with RUT (Chorus 2008b) to explore individual preferences around 

‘risky’ travel choices. Chorus (2012a) compared the commonalities and differences between 

regret theory (RT) and random minimisation model (RRM) in dealing with ‘riskless’ and 

‘risky’ choice context. RRM has been applied to analyse the “balances of regrets” in a risky 

travel choice context (Chorus 2014), while RT combined with regret aversion and risk 

aversion explores the risk attitudes towards ‘risky’ route choices (Chorus 2012b).      
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In a traffic calming scheme context, Boeri, Scarpa and Chorus (2014) found that the mixture 

of random regret and random utility maximisation outperformed the individual models, 

estimated with the SP data. Similarly, a hybrid model allows for some attributes to be 

assessed by the regret-minimisation rule and others by the utility-maximisation rule, 

providing a better understanding of individual heterogeneity on processing special attributes 

(Chorus, Rose & Hensher 2013). These two hybrid models account for respondents’ different 

decision-marking procedures in the “riskless” choice context. 

2.1.3 Measurement and Interpretation of Risk Attitudes 

Behaviourally, a risk attitude indicates how an individual converts objective values to 

expected outcomes in a lottery situation, asset evaluation, or insurance (Pratt 1964). The 

metric function 𝑟(𝑥) = −𝑢′′(𝑥) 𝑢′(𝑥)⁄                           (2.4) 

is commonly used to define the absolute risk attitude 𝑟(𝑥), while 

𝑟(𝑥) = −𝑥𝑢′′(𝑥) 𝑢′(𝑥)⁄                    (2.5) 

is the measurement of relative risk attitude, where 𝑢′(𝑥) and 𝑢′′(𝑥) are the first and second 

derivatives of the utility function 𝑢(𝑥) (Pratt 1964).  

In the framework of EUT and extended-EUT, risk attitude is used as an indicator to describe 

the shape of utility function underlying an individual’s choices; consequently, the terms ‘risk 

seeking’ and ‘risk aversion’ refer to the convexity and concavity of the utility functions 

(Weber, Blais & Betz 2002; Kahneman & Tversky 1979; Tversky & Kahneman 1992).  

2.1.3.1 Measurement of risk attitudes 

Generally, three main approaches are applied to analyse individuals’ risk attitudes: 1) the 

parameter associated with the variance term; 2) the weighting parameter of probability; and 
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3) the rescaled parameter of outcomes. Allais and Hagen’s mean-variance model provides an 

example of connecting the utility theory with risk attitudes, suggesting that the parameter 

associated with variance indicates risk aversion (Allais & Hagen 1979). In terms of 

probability, the convexity of the probability weighting function is interpreted as risk aversion 

in the dual theory (Yaari 1987), which is the special case of rank-dependent theory.  

Constant absolute risk aversion (CARA) with exponential function 𝑣(𝑥) = (1 − 𝑒−𝛼𝑥) 𝛼⁄  

and CRRA with power function 𝑣(𝑥) = 𝑥𝛼 , where 𝛼  represents the risk attitude, are two 

main approaches measuring individuals’ transformation of monetary values into utility 

indices. Tversky and Kahneman (1992) exploited the power function in cumulative prospect 

utility theory to analyse respondent risk attitude towards gains and losses measured in 

monetary incentives: a risk parameter 𝛼 < 1 indicates risk aversion for gains and risk seeking 

for losses (higher probabilities). Conversely, 𝛼 > 1 indicates risk seeking for gains and risk 

aversion for losses (low probabilities). Holt and Laury (2002) tested the hybrid power-

exponential utility function to capture the increasing relative and decreasing absolute risk 

aversion using experiments with hypothetical and real incentives. Holt and Laury (2002) 

learned that respondent behaviour is sharply more risk averse when real payoffs are scaled 

up, compared with the case of scaling up hypothetical incentives. Wakker (2008) found that 

the power specification model delivers a better model fit compared to the exponential 

function. 

Notwithstanding the benefit of the above relationship in measuring risk attitudes in the DUT, 

to assist in understanding individual behaviours under risk a stochastic approach is required. 

As shown by Wilcox (2008; 2011), when the choice under risk conditions is stochastic, the 

relationship between the measurement of risk and the risk attitudes is unclear and highly 

dependent on the outcome.  
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2.1.3.2 Interpretation of risk attitudes in transport 

In travel behaviour studies, commuter attitude to risk is used to rescale important travel 

attribute values (i.e. travel time in route choice studies) in the utility function (De Palma & 

Picard 2005; Hu, Sivakumar & Polak 2012; Hensher, Greene & Li 2011). CRRA model 

(power specification) is widely used in analysing individual behaviour (Hensher, Greene & 

Li 2011; Hu, Sivakumar & Polak 2012). Some scholars also accommodate the exponential 

specification (CARA) model to rescale pay-offs in the utility functions (Avineri & Prashker 

2004). The interpretation of risk attitude in transport is consistent with the interpretation from 

deterministic utility in economics (as discussed in Section 2.1.2).  

To sum up, although in transport the measurement of risk attitude has been commonly 

undertaken to analyse commuter choices in the context of risk, the relationship between the 

risk attitude indicator and the risk attitude has not been fully interpreted in the stochastic 

utility theory. This is particularly relevant in transport, given that travel choices involve 

trade-offs between many attributes. Moreover, in situations where only one attribute is 

considered, stochastic dominance occurs with choices under risk. For example, in SP surveys, 

tolled road choices offer faster travel time and lower travel time variation, compared with the 

non-tolled routes, which have slower travel time and higher travel time variability (Hensher, 

Greene & Li 2011). Therefore, in the context of DCM with at least two attributes, one of 

which is associated with risk, the interpretation of risk attitude has not been investigated as 

yet, nor the consistency with findings from one-attribute experiments.  

2.2 Mode Choice Determinants for Travel by Train 

This section mainly focuses on three crucial issues related to choice of train as a travel mode: 

i.e. the modal choice, the choice of railway station for boarding, and the choice of access 
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mode to the railway station. These three dimensions are relevant for policies aimed at 

encouraging a wider uptake of public transport. 

2.2.1 Choice of Transport Modes Including Train 

Research shows that commuters using train as their main travel mode are more concerned 

about waiting time, access, and egress time (Habib, Day & Miller 2009; Tsamboulas, Golias 

& Vlahoyannis 1992; Debrezion, Pels & Rietveld 2009) than with in-vehicle travel time and 

the cost/fare. Habib, Day and Miller (2009) and Bhatta and Larsen (2011) found that long 

transfer times and multiple transfers were important barriers, discouraging commuters to 

switch from car to public transport. Compared with in-vehicle travel time, waiting time has a 

stronger impact on commuter preference for transit (Habib, Day & Miller 2009). Recent 

research also argues that crowding (indicator mirroring commuters’ sense of comfort during 

travel) highly affects the preference for train (Hensher, Rose & Collins 2011; Tirachini, 

Hensher & Rose 2014; Li & Hensher 2011).  

In contrast, for car drivers, travel costs, travel time and travel time variation are viewed as the 

major factors influencing mode choice (Noland & Polak 2002; Shiftan et al. 2003; Li, 

Hensher & Rose 2010; Hensher, Greene & Li 2011). Shiftan et al. (2003) indicated that 

parking search time and walking from the parking area to the station or to the destination 

have significant negative relationships with the utility function for PnR users, however many 

scholars ignored these two variables or treated them as part of the in-vehicle travel time. 

When comparing car and train, each unit of time spent in the car is perceived to be more 

‘valuable’ than the time spent while riding in the public transport (Habib, Day & Miller 

2009). 

In regard to socioeconomic variables, commuters with higher incomes prefer to drive rather 

than use public transport (Hensher 2008; Hensher & Rose 2007; De Jong et al. 2003). 
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Women are more likely to use the car as their main transport mode, whereas men commonly 

use public transport (Bhatta & Larsen 2011; Zaman & Habib 2011); the difference is 

probably due to the sense of safety perceived by women when travelling by private car. 

Middle-aged commuters are inclined to drive more, perhaps because of their family 

obligations, whereas financial and mobility restrictions cause the elderly and young to use 

more public transport or share driving (Bhatta & Larsen 2011; Shiftan et al. 2003; 

Tsamboulas, Golias & Vlahoyannis 1992; Hensher & King 2001; Cirillo & Axhausen 2006). 

Employment status also affects commuters’ transport mode choices: part-time workers prefer 

cars much more than full-time employees, mainly due to their flexible working hours (Zaman 

& Habib 2011; O'Fallon, Sullivan & Hensher 2004). Habib, Day and Miller (2009) argued 

that full-time employees have more ability to own and control the use of a household’s 

vehicles, thus have stronger preference to drive and use PnR. The number of cars per 

household is also a significant predictor of mode choice, with a positive effect on the choice 

of car and PnR, but negative on the use of bus (Debrezion, Pels & Rietveld 2009; Habib, Day 

& Miller 2009).  

2.2.2 Choice of Railway Stations 

Railway station choice is typically considered jointly with the choice of access mode for 

train, due to the interconnection and sequence between these two choices (Fan, Miller & 

Badoe 1993; Debrezion, Pels & Rietveld 2009; Chakour & Eluru 2014). Chakour and Eluru 

(2014) analysed data collected in Montreal and found that workers with rigid working 

schedules are more likely to sequence these decisions, firstly selecting the access mode, then 

the station; while individuals who live far from stations and have early departure times, or 

those with more flexible schedules, put station choice as the priority consideration. 
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Two types of attribute potentially determine train users’ preference for railway stations, one 

is associated with station accessibility and the other is related to station amenities (Debrezion, 

Pels & Rietveld 2009; Cirillo & Axhausen 2006; Mahmoud et al. 2014). Yet, although access 

travel time and distance from household to the chosen station are found to be key 

determinants affecting commuter choices, there is substantial statistical evidence indicating 

that approximately half of the passengers do not board at the nearest railway station (Chakour 

& Eluru 2014; Debrezion, Pels & Rietveld 2009; Debrezion, Pels & Rietveld 2007). This is 

mainly because commuters treat other attributes associated with station amenities, such as 

parking availability, parking fare and service frequency, as equal, if not more important 

factors than access for station choice. An early study conducted by Kastrenakes (1988) in 

New Jersey to estimate railway demand, concluded that apart from access time, high 

frequency of service boosts the attractiveness of a station as the boarding station. Moreover, 

the number of transfers and the in-vehicle time have significant negative effects on the station 

choice (Fan, Miller & Badoe 1993; Debrezion, Pels & Rietveld 2009; Chakour & Eluru 2014; 

Wardman 2001). Recently, with the increasing popularity of PnR, parking availability and 

parking fares at railway stations have become important indicators affecting train users’ 

choice of station (Debrezion, Pels & Rietveld 2007; Givoni & Rietveld 2014; Chakour & 

Eluru 2014). Higher parking inventory provided at a train station attract more train users to 

board, while paid parking bays may cause PnR riders to shift to other departure stations, 

which provide free parking or more parking facilities (Polydoropoulou & Ben-Akiva 2001; 

Khandker, Mahmoud & Coleman 2013; Chakour & Eluru 2014). 

Related to this, security and amenity at PnR facilities have a marginal influence on travellers’ 

choices of PnR (Shiftan et al. 2003; Hendricks & Outwater 1998; Polydoropoulou & Ben-

Akiva 2001; Hensher & Rose 2007; Chakour & Eluru 2014; Givoni & Rietveld 2014; 

Wardman 2001; Bos et al. 2003). PnR is further discussed in Section 2.3.  
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2.2.3 Choices of Access Mode to Train 

As PnR is the main focus of this research, this section deals with choice of access mode to the 

railway station. Access cost shows a significantly negative effect on determining the access 

mode (Tsamboulas, Golias & Vlahoyannis 1992; Hole 2004; Fan, Miller & Badoe 1993). 

Access time and/or distance also substantially affect commuter preference for using active or 

motorised modes or transit to get access to railway stations (Debrezion, Pels & Rietveld 

2009, 2007; Chakour & Eluru 2014). Distance is an especially important variable 

constraining commuters’ willingness to walk. Debrezion, Pels and Rietveld (2009) found that 

commuters are reluctant to walk to the rail station if the distance is greater than 1.1 km.  

Similarly, in the context of bicycle as active access mode to train station, higher quality of 

bicycle facilities (which includes safe bicycle ‘cages’ and bicycle parking facilities) increases 

the likelihood of using a bicycle to access transit (Givoni & Rietveld 2014; Debrezion, Pels & 

Rietveld 2009).  

Among access mode choices, men are more likely to choose bus and active transport access 

to the train station, while women are more likely to be dropped-off. Car ownership has 

positive effect on choosing PnR or kiss-and-ride as access modes (Chakour & Eluru 2014), 

which shows consistency with common findings from mode choice studies. Due to its 

significant effect on access mode choice, trip purpose has been incorporated in numerous 

studies, mostly as a blocking element to group respondents in SP surveys (Tsamboulas, 

Golias & Vlahoyannis 1992; Debrezion, Pels & Rietveld 2009; Hensher & Rose 2007).  

2.2.4 Policy Implications 

To encourage commuters to shift from private motorised modes to transit and its 

combinations such as PnR, several policies have been proposed, incorporating both 



 

 

38 

 

incentives and deterrents or penalties. They are commonly known in the literature as the 

“carrot and stick” measures. The most common and straightforward policies to discourage car 

use is to implement more intense parking control in the central business district (CBD) and to 

adopt extensive road pricing (Parkhurst 1995). On the other hand, increasing quality of public 

transport services and improving accessibility to train stations reduces traveller disutility of 

the door-to-door experience, especially the access/egress, waiting and transfer times. These 

reductions represent effective methods to enhance the attractiveness of train travel, making it 

a real and competitive alternative to car driving (Parkhurst 1995; Chakour & Eluru 2014). 

Moreover, a direct way to increase commuter willingness to use PnR is to decrease parking 

fees at stations and increase the provision of PnR facilities (Hounsell, Shrestha & Piao 2011; 

Bos & Molin 2006). Bos and Molin (2006) compared the two types of policies mentioned 

above and argued that in regard to PnR patronage, the “stick” measures (making the car less 

appealing through longer travel times, as well as higher parking costs at the destination) 

outperformed the efficiency of “carrot” measures (by decreasing PnR parking cost and 

parking search time), which increase PnR attractiveness.  

2.3 Relevant Literature on PnR 

In many cities in North America, Europe, and Australia, there has been an increased interest 

in the use of PnR in recent years. PnR is currently seen as an attractive transit option because 

it combines the efficiency of a mass transit system with the flexibility of the car (Holguin-

Veras et al. 2012; Mahmoud et al. 2014; Farhan & Murray 2008). This section mainly 

focuses on the review of the literature relevant to the research questions on PnR presented in 

Section 1.2 (uncertainty in travel conditions and risk attitudes when considering PnR, given 

limited parking capacity) and the methodology associated with investigating the choice of 
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PnR. Attributes or factors shown to be influential for choice of PnR are described in detail in 

this section. 

2.3.1 Demand for PnR Facilities 

The academic literature on PnR mainly focuses on estimating the supply and the demand for 

PnR facilities. From the supply perspective, the location and price of PnR facilities are major 

topics; the demand for PnR, on the other hand, is discussed mainly in terms of access, 

catchment area, or reasons for using PnR (Wang, Yang & Lindsey 2004; Yushimito, Aros-

Vera & Reilly 2012; Hendricks & Outwater 1998; Bos et al. 2004). In the context of Perth, 

PnR locations around railway stations have been established on the basis of catchment areas, 

increasing in size with the distance from the CBD and being correlated with the local network 

of feeder buses (more information is provided in Chapter 4). Although the supply side of 

parking significantly impacts individual preference for mode (Delbosc & Young 2017), this 

research assumes PnR supply as fixed and mainly focuses on capturing the latent demand for 

PnR facilities and estimate the PnR user willingness-to-pay for secure parking bays.  

2.3.1.1 Main research methods used to investigate PnR demand and pricing 

Two groups of models are commonly applied in demand estimation and pricing of PnR: one 

group includes discrete choice models (Bos et al. 2004; Mahmoud et al. 2014) and the other 

traffic assignment models (García & Marín 2002; Hendricks & Outwater 1998; Horner & 

Groves 2007; Wang, Yang & Lindsey 2004). Although both have successfully provided 

answers for understanding demand and the response to pricing, there are several key 

differences between them.  

Firstly, DCM concentrates on traveller preferences and behaviour related to PnR and assists 

in forecasting the likelihood of PnR use at the population level, as well as in simulating the 
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switching behaviours in response to policy changes (Bos & Molin 2006; Hole 2004; 

Debrezion, Pels & Rietveld 2009; Parkhurst 1995; Young, Thompson & Taylor 1991). The 

traffic models focus on how many PnR users are generated and assigned to different parking 

areas, within the constraints of traffic assignment equilibrium in the whole road network. 

Therefore they are key in understanding spatio-temporal patterns of PnR use and their impact 

at the network level (Wang, Yang & Lindsey 2004).  

Secondly, demand estimation of PnR by DCM heavily relies on individuals’ preferences for 

PnR as an access mode, hence demand is a function of the PnR attributes (Bos et al. 2004; 

Hole 2004; Mahmoud et al. 2014). Quantifying the effects of attribute levels on travellers’ 

choices assist policy makers to devise and implement new measures. On the other hand, using 

traffic assignment models is useful to forecast PnR impacts on the road traffic both at the city 

level and the local level. Traffic models rely on the estimation of origin-destination matrices 

and allocate/assign trips by a particular mode to routes, outputting traffic flows on the 

network (Yushimito, Aros-Vera & Reilly 2012; Li et al. 2007). The mode choice is indicative 

of the market share of PnR, and the congestion conditions from the traffic assignment feed 

back into the previous steps of the traditional transport models: generation, distribution and 

mode choice (Ortúzar & Willumsen 2011). Finally, whereas discrete choice models assume 

that individuals derive utility/satisfaction from attributes and choose alternatives which 

maximise utility (Hendricks & Outwater 1998), the traffic assignment models use a different 

objective function, that is minimising the overall costs and/or travel time for the entire 

transport system (Yushimito, Aros-Vera & Reilly 2012; Wang, Yang & Lindsey 2004). The 

choice models may be applied to jointly analyse individuals’ preference for PnR as the main 

mode of travel together with the boarding station and/or the departure time. Most models 

included multinomial logit formulations (Hendricks & Outwater 1998; Hole 2004; Mahmoud 
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et al. 2014) or nested logit structures (Shiftan et al. 2003). Further discussion about the 

family of discrete choice models is provided in Section 2.5.  

This thesis applies discrete choice models to understand the main determinants of choosing 

PnR in Perth, considering three sources of risk/uncertainty: travel time variability, parking 

availability and crowding.  

2.3.2 PnR Attributes 

Parking availability and parking charges are usually treated as two important indicators 

affecting individuals’ preference for PnR, together with the choice of a railway station 

(Chakour & Eluru 2014; Kastrenakes 1988; Khandker, Mahmoud & Coleman 2013), or with 

the choice of the main transport mode (Ortúzar 1983; Debrezion, Pels & Rietveld 2009; 

Shiftan et al. 2003) 

Parking availability refers to the parking capacity at railway stations and it has been measured 

either as the number of parking bays available at the station, or as the time spent by a driver 

to find a parking bay (Bos & Molin 2006; Bos et al. 2003; Polydoropoulou & Ben-Akiva 

2001). If parking supply is plentiful, the search and parking time are reduced; however, if the 

parking bays are scarce, it is difficult to quickly find a parking bay, if at all. In this research 

parking capacity was used to represent parking availability. The main motivations were to 

maintain the orthogonality between attributes and for ease of presentation. However, the 

number of parking bays available at the railway station is not deterministic and it fluctuates 

depending on the arrival time. Thus, simply using the overall number of parking bays at a 

train station is not enough to describe the dynamics of parking availability. Additionally, 

from a traveller’s perspective, the main concern is the possibility of securing a parking bay 

(free or paid) at the station, rather than the overall supply of PnR, even if larger parking areas 

indicate a higher chance of finding a bay. Bos et al. (2003) found that the opportunity of 
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finding a parking bay is an important attribute affecting the PnR ridership. They asked 

respondents in the Netherlands to rank the importance of each factor influencing PnR choice, 

in a rather demanding survey (in terms of cognitive effort). Thus, in the follow-up stated 

preference survey for PnR patronage, the attribute reflecting the chance of finding a parking 

bay, was not presented in the choice task (Bos & Molin 2006; Bos et al. 2003). 

Less developed in the literature is the departure time in the context of PnR. Given that 

departure time for PnR commuters determines their chance of finding a parking bay, the 

choice of PnR as an access mode for public transport should to be jointly examined with 

departure time. 

In many cities, PnR has been presented as a more sustainable mobility solution, therefore the 

supply of free parking bays at the railway station is an incentive for commuters to shift from 

car to PnR, and hence greater use of public transport. Consequently, paying for parking may 

be a significant factor limiting commuters’ willingness to choose PnR (Bos & Molin 2006; 

Polydoropoulou & Ben-Akiva 2001; Mahmoud et al. 2014) and is sometimes seen as 

inconsistent with the promotion of PnR as a more attractive alternative and an aid in 

alleviating congestion. Yet, a survey conducted in Greater Vancouver, Canada, Khandker, 

Mahmoud and Coleman (2013) found that increasing parking charges is more likely to shift 

current PnR users to take a train using other access modes, rather than revert back to car. 

2.4 Departure Time 

A commuter’s choice of departure time substantially affects travel time and travel time 

reliability, as shown by Lam & Small (2001). Departure time choices have been previously 

considered jointly with the choice of modes (Arnott, de Palma & Lindsey 1990; Hess et al. 

2007a; Hess et al. 2007b; Bhat 1998a) or routes (Bajwa et al. 2008; Lam & Small 2001; Yan, 

Small & Sullivan 2002). Some researchers considered departure times as discrete alternatives 
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and thus exploited discrete choice models to analyse commuter preference (Bhat 1998b; Bhat 

1998a; Bajwa et al. 2008; De Jong et al. 2003), while others combined models which treat 

departure time as continuous with discrete choice models to capture commuters’ multi-

dimensional choices (Ozbay & Yanmaz-Tuzel 2008; Bhat & Steed 2002; Lemp, Kockelman 

& Damien 2010; Habib, Day & Miller 2009). The following sections present examples of 

how departure time choices are treated in the literature (continous or discrete) and how they 

were combined with other choices (modes, routes, destinations). 

2.4.1 Departure Time: Discrete or Continuous 

In transport, time is generally considered as a continuous variable (e.g., travel time, access 

time, waiting time) (Habib, Day & Miller 2009; Tsamboulas, Golias & Vlahoyannis 1992; 

Debrezion, Pels & Rietveld 2009; Hensher 2001) representing durations. However, departure 

times represent points in the time continuum. Usually, commuters determine departure time 

as a distinct option from what they usually do (i.e. leaving home half an hour earlier or later), 

which means that departure time may be considered as a discrete variable. De Jong et al. 

(2003) suggested that for longer time periods (more than 10 min) change from the usual 

departure time, discrete choice models are suitable. 

2.4.1.1 Discrete departure time 

When treating departure time as discrete, the common concern is how to empirically split the 

continuous time-of-day into discrete time intervals in order to present them in choice 

scenarios in surveys, as well as to analyse them in the DCM. The next important question is 

how to specify the covariance structure (correlations among choice sets) in departure time 

choice models, given the violations of the assumption of independence of irrelevant 

alternatives (IIA).  
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For non-commuting trips, which are expected to have a higher temporal flexibility (shopping, 

social and recreational activities), researchers commonly divide the time-of-day into five to 

six periods (early morning, AM peak, off-peak in the morning, off-peak in the afternoon, PM 

peak, and evening/night) to examine whether respondents are more likely to shift departure 

time or to change the transport modes and routes (Bhat 1998b; Steed & Bhat 2000; Zeid, 

Rossi & Gardner 2006). Unlike discretionary activities, the options of departure times for 

morning commuting trips are usually pivoted closely to the observed departure times. 

Relatively small shifts (15-30 minutes) are considered and they are labelled as “earlier” and 

“later” alternatives (Hess et al. 2007a; De Jong et al. 2003; Bajwa et al. 2008; Jou et al. 

2008). Another dimension considered in the choice of departure time is the travel time for the 

return trip in the afternoon/evening, especially if the time spent at the destination is 

deterministic (Yan, Small & Sullivan 2002; Burris & Pendyala 2002; Bhat 1998a; Hess et al. 

2007a).    

To fully connect the departure time choice with the impacts of congestion and uncertainty in 

the journey time, equilibrium-scheduling theory has been combined with discrete choice 

theories to simulate traveller decision processes (De Jong et al. 2003; Small 1982; Hess et al. 

2007b; Noland & Small 1995). Scholars translated the equilibrium-scheduling theory into 

trade-offs between travel time and earlier or later arrival at destination (De Jong et al. 2003; 

Small 1982; Hess et al. 2007b), which is consistent with the tenets of discrete choice models.    

Early endeavours to analyse commuter choices for departure time were reported by Small 

(1982) and Hendrickson & Plank (1984), who applied multinomial logit (MNL) models. To 

further address the correlations among alternatives, generalised extreme value (GEV) models, 

mainly nested logit (NL) (Yan, Small & Sullivan 2002), cross-nested logit (CNL) (Lemp, 

Kockelman & Damien 2010), and ordered generalised extreme value (OGEV) (Bhat 1998b) 

models have been adopted for departure time choices. The results indicated, unsurprisingly, 



 

 

45 

 

that GEV models outperform the MNL models. More recently, computational advances 

enabled the development of mixed MNLs, especially error components, used to examine the 

flexible substitution patterns of time-of-day options (Bhat 1998a; Hess et al. 2007b; De Jong 

et al. 2003). Using an example from Tokyo, Bajwa et al. (2008) concluded that the mixed NL 

and mixed MNL models provide a better understanding of individual preferences for mode 

and departure times, due to the correlation and tastes heterogeneity inherited in mixed logit 

models. 

2.4.1.2 Continuous departure time 

In the past decades, scholars increasingly started to incorporate continuous components into 

discrete choice models, acknowledging that departure time intervals are a simplification and 

that departure time is fluid and strongly interconnected with the choice of modes and routes 

(Lemp, Kockelman & Damien 2010; Habib, Day & Miller 2009). Still, many models are 

using finite discrete periods, thus failing to treat time in a perfectly continuous manner.  

To overcome the limitation of discrete intervals for departure time, Hess et al. (2007a) 

applied normal distributed error component in an MNL model, to capture commuter 

preference for the continuous morning departure time and discrete transport mode. 

Alternatively, sinusoidal functions were used to subdivide departure time into short periods 

(30 minutes) and continuous utility functions were introduced to recognise the continuity of 

time in the context of tour timing (Zeid, Rossi & Gardner 2006; Popuri, Ben-Akiva & 

Proussaloglou 2008). Other scholars however, combined the utility function with a 

continuous hazard function, which models the probability of departing from home within a 

specified period from 𝑡  to 𝑡 + ℎ, with ℎ asymptotically tending towards zero. Proportional 

hazard models and accelerated time hazard models were adapted to accommodate time-

varying covariates of departure time (Wang 1996; Habib, Day & Miller 2009; Gadda, 
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Kockelman & Damien 2009; Lee & Timmermans 2007; Bhat & Steed 2002). Bhat (2003) 

captured the unobserved heterogeneity and propensity to accelerate the activity duration in a 

hazard model by using a gamma Γ mixing distribution, and concluded that unobserved 

factors, such as inherent individual characteristics, as well as household circumstances, 

influence departure time choices for travellers in Texas. This is consistent with the results 

obtained by Lee and Timmermans (2007) and Gadda, Kockelman and Damien (2009), 

although they used latent class segmentation in the hazard models. 

An alternative to modelling continuous departure time with discrete choice models is the 

application of equilibrium-scheduling theory proposed by Vickrey (1969). Vickrey (1969) 

assumed a single bottleneck on the road, to determine the equilibrium between the demand of 

traffic flow passing through the bottleneck and the supply. Other scholars developed the 

simple bottleneck model into a dynamic user equilibrium to analyse traveller choice among 

multiple routes connecting a single origin and destination pair, assuming that commuters 

choose the route that minimises travel time (Mahmassani & Herman 1984; Arnott, de Palma 

& Lindsey 1990; Ben-Akiva, De Palma & Kanaroglou 1986; Huang & Lam 2002; Yang & 

Huang 1997). The dynamic single origin and destination equilibrium model has been further 

expanded and applied to a large scale transport network (Lam et al. 2006; Li, Huang & Lam 

2012). Alternatively, value of reliability (Fosgerau & Kalstrom 2010) and value of travel time 

variance (Fosgerau & Engelson 2011) were explored in the context of scheduling preferences 

by deriving the time cost of uncertain travel situations.  

2.4.2 Joint Decisions on Departure Time, Mode, and Route 

As mentioned above, this section mainly discusses the choice of departure time associated 

with the choice of transport mode and with the choice of route.  
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2.4.2.1 Choice of departure time and transport mode 

For the joint choice of departure time and mode, the common approach is to build a 

hierarchical structure to simulate traveller decision processes, considering at the upper level 

the mode choice, then at the lower level the departure time choice (Habib, Day & Miller 

2009; Bhat 1998b; Bajwa et al. 2008). Other researchers applied the mixed logit (ML) model 

to capture traveller preference for shifting mode or shifting departure time (Hess et al. 2007a; 

Hess et al. 2007b; De Jong et al. 2003). 

Using data collected in three studies (APRIL London, Dutch National Model System, and 

PRISM West Mildlands, UK) Hess and colleagues found that for discretionary purposes 

(leisure, shopping and other social activities) travellers were more likely to switch departure 

time than to change modes. Similar results were also obtained for commuters and business 

travellers in the Dutch and West Mildlands studies, while London commuters were more 

willing to change their travel mode than the departure time (Hess et al. 2007b; Hess et al. 

2007a). Travel cost was not a strong enough factor to persuade commuters to change their 

departure time, while arrival time at the destination played a more important role than travel 

time in the choice of departure time (De Jong et al. 2003; Hess et al. 2007b; Steed & Bhat 

2000). For PnR users the constraints of limited parking are critical for departure time choice. 

PnR users are keen to depart home earlier than commuters using other modes if parking is 

scarce, conversely commuters prefer to depart later than usual if they are certain a parking 

bay is secured (Habib, Day & Miller 2009). Transit workers have the tendency to depart 

earlier than car users, because of the lower flexibility of public transport (Habib, Day & 

Miller 2009; De Jong et al. 2003).  
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2.4.2.2 Choices of departure time and route 

Departure time is highly dependent on the road congestion conditions (Yan, Small & Sullivan 

2002; Bajwa et al. 2008). Individual preferences for the best combinations of routes and 

departure time alternatives means that road congestion could be alleviated, since the 

allocations to different routes and/or earlier (later) departing times are based on the 

assumption that car drivers trade-off between departure time, reliability, delays, and in-

vehicle travel time (Arnott, de Palma & Lindsey 1990; Burris & Pendyala 2002; Ozbay & 

Yanmaz-Tuzel 2008). 

A survey conducted in New Jersey indicated that commuters have an increasing tendency to 

adjust their departure schedule to secure travel time reliability, rather than change routes 

(Ozbay & Yanmaz-Tuzel 2008). On the contrary, with the data collected in San Luis Obispo, 

Yan, Small and Sullivan (2002) concluded that individuals are more likely to change routes 

than departure time. The difference probably is due to the location and the value of toll on the 

examined tolled routes. The availability of flexible working schedule increases the 

probability of car drivers to favour free roads or roads with toll discounts (Burris & Pendyala 

2002; Ozbay & Yanmaz-Tuzel 2008). Females and middle-aged individuals displayed a 

considerably higher likelihood to use the tolled roads; this could be explained by a greater 

number of family engagements/responsibilities, which require more reliable travel times (and 

tolled roads guarantee higher travel time reliability) (Yan, Small & Sullivan 2002). 

Employees and individuals within households with higher incomes are more concerned about 

the travel time reliability than toll payments on the roads (Ozbay & Yanmaz-Tuzel 2008; 

Burris & Pendyala 2002).  
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2.4.2.3 Choice of departure time 

In general, commuters prefer to leave earlier from home/origin, since the penalties for delays/ 

later arrivals are substantially larger than the disutility of early arrivals at the destinations 

(Small 1982; De Jong et al. 2003; Zeid, Rossi & Gardner 2006). Full-time employees 

particularly prefer to depart earlier than the part-time and unemployed individuals. They are 

also more likely to pursue social or shopping activities during the evening periods, due to 

their work schedule constraints (Khandker, Mahmoud & Coleman 2013; Steed & Bhat 2000; 

Lemp, Kockelman & Damien 2010). Older individuals, males and students are more likely to 

choose earlier departure times (Habib, Day & Miller 2009; De Jong et al. 2003; Bajwa et al. 

2008; Lemp, Kockelman & Damien 2010). Compared to females and younger employees, 

travellers from larger households tend to depart later due to their family commitments (drop-

off children, spouses, domestic chores, etc.) (Habib, Day & Miller 2009). 

For travellers making decisions about shopping times, it is seniors who are less likely to 

participate in the evening period, during which high income individuals and households with 

young children tend to shop (Bhat 1998b; Steed & Bhat 2000; Bhat & Steed 2002). 

2.5 Brief review of Discrete Choice Models 

This section reviews the family of discrete choice models, from the basic MNL model (and 

three strict assumptions) to more advanced choice models, which relax one or more of those 

assumptions. 

2.5.1 Multinomial Logit (MNL) Model and Its Assumptions 

The theoretical development of discrete choice models is linked to Daniel McFadden who 

built up the connection between the utility theory and the choice behaviours, considering a 
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RUT model with non-deterministic error. One of the first discrete choice models applied in 

transport was for estimating the urban travel demand in San Francisco (McFadden 1974).  

The MNL model has been the workhorse of discrete choice models for its closed form 

solution. However, it has three strict assumptions: (i) homogeneity of parameters associated 

with attributes; (ii) independence of observed alternatives; and (iii) independent and identical 

distribution of error component 휀 with same variance 𝜎2 (Louviere, Hensher & Swait 2000; 

Ben-Akiva & Lerman 1985; Hensher, Rose & Greene 2005). To relax these three 

assumptions, different choice models were developed in the past decades. They are discussed 

in the following sections. 

2.5.2 Discrete Choice Models Relaxing Homogeneity 

Unobserved heterogeneity mainly originates from individuals’ decision-protocols, preference 

fluctuation, socio-demographic and psychological differences (Gopimatj 1997). Various 

options were tested to capture individual potential taste variation: segmentation, 

incorporating socio-demographics and psychological indicators in the utility functions, and 

applying advanced choice models.  

A typical example of segmentation is the latent class model (LCM), which allocates the 

population into several classes with likelihoods based on class membership models. 

Assignment criterion functions may include socio-demographics, attitudinal indicators, and 

their combination or even unobserved decision rules (Greene & Hensher 2003; Kamakura & 

Russell 1989).  

Another approach to solve the biased parameter estimation due to heterogeneity is to interact 

the parameter with social-demographic attributes (Yan, Small & Sullivan 2002; Shiftan et al. 

2003). More recently, attitudinal and psychological traits/constructs were added to the utility 
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functions to incorporate the role of attitudes and norms in shaping individual preferences. 

Beck, Rose and Hensher (2013) found that combining attitudinal factors with latent classes 

(indicating respondent environmentally friendly attitudes) is crucial to understand preference 

variation in vehicle choices. Risk attitudes were incorporated in mixed logit (ML) models as 

the “scale” indicator, to further explain commuters’ different preferences for travel time on 

toll and free roads in Australia (Li, Tirachini & Hensher 2012; Hensher & Li 2012; Hensher, 

Greene & Li 2011). 

Some other advanced models are introduced in Section 2.5.4 as they relax all three 

assumptions of MNL. 

2.5.3 Relaxing the Independent Identically Distributed (IID) and Independence of 

Irrelevant Alternatives (IIA) Assumptions 

The family of MNL models, assuming that all alternatives are independent and without 

correlation in unobserved factors, also with the error components being Gumbel distributed 

and sharing identical variance, performs badly under certain conditions. The classical 

example is the pattern of substitution and demand shift when adding a new alternative, which 

is identical or very similar to an existing one (e.g., the blue bus - red bus problem or the route 

choice) (Koppelman & Wen 1998; Carrasco & Ortúzar 2002). In the blue and red bus case, 

the probability to choose one of three modes (car, blue bus, and red bus) is 1/3, when in fact, 

considering that commuters do not care about the colour of the bus, the probability of 

choosing one of the buses should be 0.25. The unrealistic response is due to the IIA 

assumption, which fails to take into account that the buses are very similar, and in fact perfect 

substitutes.  

The heteroscedastic logit model, the generalised extreme value model, the multinomial probit 

model, the scaled MNL and other advanced models have been developed to address the IID 
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and IIA assumptions. Herein, it is worth mentioning that the violation of the IID can be 

behaviourally thought of as a relaxation of IIA, since the covariance of unobserved 

component of the utility and the difference of cross-elasticities lie across the alternatives.  

Bhat (2003) divided choice models, which relaxed the IID assumption, into two classes: 1) 

the heteroscedastic models with the relaxation of identical distribution; and 2) the 

Generalised Extreme Value models, relaxing the assumption of independent distribution. 

An advanced heteroscedastic model is the heteroscedastic extreme value (HEV) model, 

which allows different variations of error components and flexible cross-elasticity across 

alternatives. Empirical results certify the superiority of HEV compared to MNL and NL 

models (Bhat 1995). The HEV was further extended to multiple discrete-continuous extreme 

value (MDCEV) model, which was applied to jointly capture household choices for vehicle 

types in San Francisco, as well as their annual mileage (Bhat & Sen 2006; Bhat 2008). 

The best-known example of a GEV is the NL model, firstly proposed by Williams (1977). 

The inclusive value, lying in the range of 0 to 1, is used to indicate the scale differences 

between upper and lower nests in the hierachical structure of the tree. The NL model allows 

for substitution within nests, but the alternatives among nests are assumed to meet the IIA 

assumption. There are other types of NL models, which further relax the correlations across 

all alternatives: e.g., the crossed-nested logit (CNL) model or the ordered GEV model 

(OGEV). CNL does not limit an alternative to be exclusively allocated to one nest (Vovsha 

1997). The OGEV allows the analysts to capture the covariance of error components between 

each pair of adjacent alternatives, which are naturally ordered, using socio-demographic 

variables as determinants (Small 1987). Finally, the MNL-OGEV model, combining MNL 

with ordered GEV, is targeted at solving the multi-dimensional nature of choices such as joint 

choices of transport mode and departure time (Small 1987; Bhat 1998b). 
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Multinomial probit model (MPM) is another option to relax the IID condition. MPM assumes 

unobserved components across alternatives to be normally distributed, which allows for a 

general covariance structure of error components (Bunch 1991; Carlos 1979). However, the 

popularity of MPM was limited because of its computational difficulties, while GEV models 

are easily solved with elegant closed-form functions. 

The scale parameter has been widely exploited to capture respondent unobserved contextual 

heterogeneity, as it accommodates covariance and difference in error components across 

alternatives. Recently, researchers proposed combining scale parameters with preference 

parameters to improve the model fitness (Greene & Hensher 2010; Louviere et al. 2008). 

However, it is increasingly challenging to discriminate reported heterogeneity (accounted for 

by the scale parameter variations), resulting from attitudes and how the survey is conducted, 

from individuals’ actual taste differences (Greene & Hensher 2010; Collins & Rose 2013; 

Hess & Stathopoulos 2013; Louviere et al. 2008). To shed light on this argument, thoroughly 

and completely, the generalised multinomial, which combined mix MNL with scale MNL 

model, was proposed by Keane (2006) and operationalised by Fiebig et al. (2010) to identify 

scale and taste heterogeneity separately. However, the generalised MNL has been challenged 

when applied to jointly capture the scale and taste heterogeneity, the separation of which is 

technically impossible (Hess & Rose 2012). 

2.5.4 Advanced Choice Models Relaxing Homogeneity, IIA and IID Assumptions  

The advanced discrete choice models mentioned in the previous sections are restrictive, since 

they only partially relax the three assumptions of the MNL, either allowing for preference 

heterogeneity or relaxing the IID. More recent choice models, which enable analysts to 

capture participants’ preference heterogeneity, as well as provide flexible cross-elasticity 

across alternatives, are discussed in this section. 
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The mixed logit (ML) model allows for taste heterogeneity to be captured using the random 

coefficient structure and relaxes the IID assumption by making allowance for a flexible error 

component structure (Revelt & Train 1998; Hensher & Greene 2003). There are also some 

combinations of ML models with other choice models exploiting the benefits of each type of 

model included. Greene and Hensher (2013) proposed the latent class mixed multinomial 

logit (LCMML) model, which allows for preference heterogeneity among classes, as well as 

within each class. A similar model was also developed to capture respondent taste 

heterogeneity of attended and non-attended attributes, certain combinations of which are 

presented in classes (Collins 2012). By combining scaled logit and mixed logit, a higher 

flexibility and better model fitness are achieved; the generalised mixed logit (GML) accounts 

for the stochastic scale, taste heterogeneity and the latent interconnections between them 

(Louviere et al. 2008).    

2.6 Survey Design 

This section mainly discusses the design of RP and SP surveys, both of which help to capture 

respondent preferences for PnR as a commuting mode, using discrete choice models. Issues 

arising from treatment of data collected from the surveys are also presented. This section 

begins with an overview of the two types of surveys, as well as the benefits of combining 

them. This is followed by a brief introduction of methods exploited in experimental designs 

of SP survey, within which the treatment of Best and Worst data is addressed. 

2.6.1 Revealed Preference vs Stated Preference Surveys 

Revealed preference (RP) and stated preference (SP) surveys are two popular survey methods 

to collect choice data. SP designs provide the opportunity to examine respondents’ 

preferences in hypothetical situations (Louviere, Hensher & Swait 2000), whereas RP data 
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reflects respondents’ actual choices in real situations (Adamowicz, Louviere & Williams 

1994).  

The RP surveys represent an unbiased way to estimate real market shares, because they rely 

on observing/eliciting respondents’ behaviour in real situations (Hensher & Bradley 1993; 

Earnhart 2001). However, RP could only test the preference for existing alternatives and it is 

difficult for analysts to obtain adequate information about unchosen alternatives or new 

alternatives (Hensher 2008; Hensher & Rose 2007; Stinson & Bhat 2003) .  

Through systematic manipulation of attributes and attribute levels within the alternatives 

present in the choice tasks, SP surveys provide modellers with information on respondents’ 

preferences for various options or bundles of products/service, even if they are not present in 

reality (Louviere & Hensher 1983; Carson et al. 1994). SP enriches our understanding on 

behaviour by comparing a number of hypothetical choice tasks for various alternatives 

(Stinson & Bhat 2003). Even more, respondents’ latent demand for new alternatives could 

also be tested (Hensher & Rose 2007; Hensher & Rose 2011; Brownstone, Bunch & Train 

2000; Morikawa 1994). However, the SP survey raises questions about whether preferences 

are translated into behaviour, which means large standard errors, due to hypothesised 

attribute values (Earnhart 2001; Adamowicz, Louviere & Williams 1994) and repeated 

observations (Hensher, Rose & Greene 2008). On the other hand, inference from the attribute 

levels and other choice determinants are the main issues for SP surveys. 

As mentioned, both types of survey have their own advantages and disadvantages. The 

combination of a RP and SP survey can exploit the strengths and compensate for the 

weakness of each method, thus it is common practice to combine RP and SP surveys to 

capture respondent preferences for various alternatives (Polydoropoulou & Ben-Akiva 2001; 

Hensher 2008; Adamowicz, Louviere & Williams 1994; Hensher & Bradley 1993).  
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From a psychological perspective, availability and familiarity represent heuristics or mental 

shortcuts for an individual to use as decision rules when making the choice (Tversky & 

Kahneman 1974). In order to minimise the cognitive biases and to improve design efficiency, 

there has been a move from combining RP and SP data sets in modelling towards tailoring SP 

design for respondents, based on the actual data collected from RP surveys (Rose et al. 2008; 

Brownstone, Bunch & Train 2000).  

2.6.2 Combining RP and SP Data in Choice Models 

Pooling RP and SP surveys helped analysts to enrich the data and the modelling, which 

enabled further understanding of choice behaviour (Adamowicz, Louviere & Williams 1994; 

Morikawa 1989; Hensher, Rose & Greene 2008; Hensher & Bradley 1993). This section 

mainly addresses two traditional concerns arising when combining two data sets; one is how 

to accommodate scale difference and variance of error components associated with RP and 

SP utility functions, the other one is how to reflect potential correlations between RP and SP 

responses from the same respondent, considering familiar experiences and impacts of habit or 

inertia. Recently, one arising concern about combining RP and SP data is how to identify 

generic coefficients between RP and SP datasets and its influence on the scale between two 

data sets (Cherchi & Ortúzar 2011). 

2.6.2.1 Scale difference  

Treatment of relative scale parameters 𝜇𝑠𝑝 𝜇𝑟𝑝⁄  (assuming 𝜇𝑟𝑝 normalised to one) jointly with 

the attributes (Adamowicz, Louviere & Williams 1994; Polydoropoulou & Ben-Akiva 2001) 

or/and the identification of variance of stochastic components 휀 in utility functions associated 

with SP and RP data (Hensher, Rose & Greene 2008; Morikawa 1989) have been well 

documented in the literature. Theoretically, the SP and RP data are highly interconnected, and 
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the scale parameter 𝜇  is inversely proportional to the variance of the error component 휀 , 

conditional on the EV1 distribution.  

Within the MNL models, scale parameters (ratios) have been added into either attributes or 

unobserved effects of utility functions, to enable the observed components of the utility 

functions associated with SP data to equal the components with RP data (Morikawa 1989; 

Ben-Akiva & Morikawa 1990). SP data was iteratively rescaled to maximise the likelihood of 

jointly estimated models by means of mathematical efforts such as the grid search 

(Adamowicz, Louviere & Williams 1994) and pairwise comparisons (Swait & Louviere 

1993). Later, hierarchical NL models were widely exploited to capture differences of scales 

and unobserved variances between SP and RP data sources by means of assigning data in two 

parallel nested structures (Espino, Ortúzar & Román 2007; Dissanayake & Morikawa 2010; 

Polydoropoulou & Ben-Akiva 2001; Hensher & Bradley 1993). However, the essence of 

nesting is to accommodate variance and covariance among alternatives (McFadden 1978). 

Yet, NL fails to address the repeated observations obtained in SP surveys and the 

heterogeneity of individual preferences (Hensher 2008; Bhat & Castelar 2002; Brownstone, 

Bunch & Train 2000). A flexible structure, ML, has been exploited to solve the difficulty in 

combining SP and RP data as it allows for the scale difference and correlations between 

alternatives (Bhat & Castelar 2002). 

Significant results regarding the scale parameter ratio and improved model fitness highlight 

the importance of identifying and recognising the scale difference between SP and RP data 

sources (Morikawa 1989; Dissanayake & Morikawa 2010; Morikawa 1994; Ben-Akiva & 

Morikawa 1990). Researchers concluded that a scale parameter value <1 (scale coefficient of 

RP data set to 1) is indicative of the higher noise contained in the SP data (Espino, Ortúzar & 

Román 2007; van Cranenburgh, Chorus & van Wee 2014; Brownstone, Bunch & Train 

2000); however, this was not always the case, as shown by the scale parameter estimates 
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predicted by Hensher and Bradley (1993) and Polydoropoulou and Ben-Akiva (2001). The 

dissimilarity is probably due to the differences in survey design and administration. 

2.6.2.2 State or reference dependence 

In addition to different scaling parameters and correlations among alternatives, state or 

reference dependence has been defined and analysed to understand the potential influence of 

the respondent’s current choice on answering hypothetical stated choice tasks (Bhat & 

Castelar 2002). The current choice may have a positive or negative influence on the utility of 

the same alternative in a SP survey. The stated preference responses depend on the 

individual’s prior experiences, her/his habits, and the ability to learn from survey scenarios 

(Bhat & Castelar 2002; Hensher 2008).  

The simplest treatment to account for the actual choice is to use an inertia dummy variable in 

the SP MNL model to represent the actual RP choice (Morikawa 1994). Many 

methodological advances enabled unobserved or observed heterogeneity in preferences in the 

discrete choice models to be accommodated. Observed heterogeneity is captured by 

interacting RP choice dummy variable with the individual’s socio-demographic attributes in 

the SP utility function (Brownstone et al. 1996). On the other hand, unobserved heterogeneity 

of SP may be captured by treating the parameter that indicates the individual specific state 

dependence influence, as the random term with a specific distribution in the ML model 

(Hensher 2008; Hensher, Rose & Greene 2008; Bhat & Castelar 2002).  

A significant positive sign of the state dependence coefficient indicates that respondents are 

more prone to choose the current transport mode in the stated choice tasks because of habits 

and inertia Morikawa (1994). This is partially consistent with the results from Bhat and 

Castelar (2002), who concluded that 58% of individuals are persistent in their daily mode 

choices despite variation of SP effects. The effect seems to have diminished over years, 
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perhaps due to enhancements in the SP designs, and no statistically significant influences of 

revealed choice on stated choice were found in the estimates from travel data sources 

collected in Australia (Hensher, Rose & Greene 2008). 

2.6.2.3 Generic and specific coefficients 

In addition to the scale difference and state dependence, one open question is how to identify 

the generic and specific coefficients when pooling SP and RP data. Furthermore, the 

identification of generic and specific coefficients may influence the estimation of scale 

parameter of two dataset (Cherchi & Ortúzar 2011).  This paper concluded that applying 

generic parameters for both sets to make predictions is reasonable when the utility functions 

are same across RP and SP data. However, inconsistency of parameter estimates between SP 

and RP environment may occur when some attributes appear in SP utility functions alone.   

2.6.3 Experimental Design in SP Surveys 

Mathematically, an experimental design is viewed as nothing more than a matrix of values 

for combining attributes, which are shown to respondents in scenarios (although some 

attribute values may be presented using codes in the matrix - to simplify calculations - they 

are translated to actual values in the choice task). The columns and rows of the matrix 

represent attribute levels of alternative(s) among all scenarios and all attribute values of the 

alternatives are usually displayed in a scenario (Hensher, Rose & Collins 2011; Rose & 

Bliemer 2008; Rose & Bliemer 2009). The assignment of attribute values is determined by 

the underlying experimental design. A full factorial design includes all possible combinations 

of different attribute levels, as well as all possible effects in choice tasks. In practice, it is 

unrealistic to use full factorial designed surveys, because of the extremely large number of 

choice tasks in the design, which cannot be covered by the sampled respondents. Therefore, 
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most researchers exploit fractional factorial designs, which consists of a subset of scenarios 

from the full factorial design (Rose & Bliemer 2009).  

Compared to a random selection of scenarios from the full factorial design, a systematic 

selection enables analysts to capture information from a certain number of choice tasks more 

efficiently, with fewer respondents. Orthogonal designs (Louviere & Hensher 1983) and 

efficient designs (Rose & Bliemer 2008) represent the main types of fractional factorial 

design methods applied in transport research. There are also some other specific design 

approaches, applied to certain situations: optimal orthogonal design (Street, Burgess & 

Louviere 2005), and availability designs (Louviere & Woodworth 1983; Rose, Louviere & 

Bliemer 2013). However, different experimental design strategies have their own design 

principles, and their specific advantages and disadvantages. Details of the main stated choice 

experimental design approaches applied in this research are discussed in the following 

section.  

2.6.3.1 Orthogonal designs 

Conceptually, the aim of orthogonal design is to minimise the correlations between attributes 

in the choice experiment (Louviere & Woodworth 1983). With this design, analysts are able 

to capture the independent influence of each attribute on respondent preference. However, the 

orthogonal designs lose efficiency, as their main focus is minimising correlations among 

attributes, rather than standard errors (Rose & Bliemer 2008). Additionally, orthogonal 

designs allow for the existence of dominant alternatives in choice tasks, which fail to provide 

valuable information on the trade-offs made by respondents, when choosing their best option. 
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2.6.3.2 Efficient designs 

Compared with the orthogonal design, an efficient design aims to improve the statistical 

efficiency by minimising the standard errors of the model parameters. This, in turn, ensures 

higher reliability of the parameters with a smaller sample size (the value of the asymptotic t-

ratio, which tests the significance of the null hypothesis that the estimated coefficient has a 

zero value, is maximised) (Bliemer, Rose & Hensher 2009; Rose & Bliemer 2009). 

Furthermore, efficient designs allow for building up the links connecting the choice model 

with the choice experiment, an aspect that is ignored by orthogonal designs (Rose et al. 

2008). This connection enables analysts to choose the most appropriate conceptual model and 

deliver efficient parameter estimates through optimal or efficient experimental designs.  

Theoretically, experimental designs need to match the models in data analysis. However, 

generating these designs for complex models is computationally intensive and often 

analytically intractable (Bliemer, Rose & Hensher 2009; Bliemer & Rose 2010). Researchers 

found that using the MNL model for generating experiments delivers robust performance 

with trivial efficiency loss, in the case of model misspecification (Bliemer, Rose & Hensher 

2009; Bliemer & Rose 2010), but with substantial gains in computational time.  

2.6.4 Best and Worst Choices and Scaling 

Traditionally, researchers applied three approaches to collecting data about respondents’ 

preferences using SP experiments. The first approach is to ask respondents to choose the 

most (or least) preferred alternative out of a finite and mutually exclusive choice set. This is 

called the ‘pick one’ choice approach (Hess et al. 2007a; Li & Hensher 2011; Beck, Rose & 

Hensher 2013; Bliemer, Rose & van Blokland 2009; Louviere & Timmermans 1990) and the 

commonly used response mechanism, as it reflects participants’ most natural response. 
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However, ‘pick one’ choice provides limited information to the analyst and fails to precisely 

address attribute impacts and variation of attributes levels (Flynn et al. 2007).  

Another choice mechanism is to rank (rate) all the options (or to choose best and worst, then 

second best and second worst, where the latter choice instrument is conceptually similar to 

ranking) (Louviere et al. 2008; Hensher & Li 2012; Rose et al. 2008). This ‘ranking choices’ 

approach offers sufficient information for each choice task, but at the expense of increasing 

respondents’ cognitive burden, which may limit the reliability of responses.  

Compared with the above two approaches, a choice task in which respondents are asked to 

select both ‘best’ and ‘worst’ options balances the information sufficiency and cognitive 

burden on respondents (Finn & Louviere 1992; Louviere et al. 2008). This choice response 

approach has recently become standard in stated choice experiments (Flynn et al. 2007; 

Louviere et al. 2013). Empirical work undertaken by Collins (2013) showed that ‘best-worst’ 

designs outperformed the ranking method.  

The ‘Best’ and ‘Worst’ response mechanism has been exploited in three types of surveys 

(Rose 2014): type 1 is to choose the most preferred and least preferred alternatives from a set 

of alternatives (Louviere et al. 2013), shown only with their own names (mode, brand, etc.) 

without any attributes associated; type 2 is to ask respondents to consider the most important 

and least important attributes combined with changed attribute values (Flynn et al. 2007; Finn 

& Louviere 1992; Rose 2014); type 3 survey is when alternatives are presented with a 

number of attributes and attribute levels and respondents are asked to choose the ‘best’ and 

‘worst’ alternatives in the survey (Rose & Hensher 2014). Recent studies combined the 

second and third type of surveys to enrich the data collection efforts (Franco et al. 2014; 

Balbontin, Ortúzar & Swait 2014). 
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Recognising that the decision rules applied by respondents when choosing their ‘best’ and 

‘worst’ options are varied, numerous model types have been tested/estimated with ‘best’ and 

‘worst’ data. Many scholars assume an individual treats a pair of ‘best’ and ‘worst‘ options as 

a single alternative and thus chooses the option with the maximum difference across pairs 

(Louviere et al. 2013; Marley, Flynn & Louviere 2008; Marley & Louviere 2005). The 

simultaneous treatment of the two options (‘best’ and ‘worst’) as one alternative violates the 

IIA assumption due to the high interactions among new alternatives (Flynn et al. 2007). 

Alternatively, the choice process may be considered sequential, indicating that individuals 

might choose the ‘best’ option first, followed by the ‘worst’ option; or choose the least 

important stimulus first (‘worst’), then the most important one (‘best’ alternative) (Collins & 

Rose 2011).  

The two choice processes can raise concerns about behavioural preference asymmetries 

(Rose 2014; Balbontin, Ortúzar & Swait 2014) and scale heterogeneity/error variation (Rose 

2014) when pooling ‘best’ and ‘worst’ data. Significant difference of scale parameters and 

error components associated with ‘best’ and ‘worst’ data have been captured (Collins & Rose 

2013; Rose 2014); results also illustrate the dissimilarity in magnitude of the coefficients for 

attributes in the ‘best’ and ‘worst’ options (Rose 2014; Balbontin, Ortúzar & Swait 2014).  

2.7 Conclusion 

Considerable studies have examined commuter choices or joint choices for route, departure 

time and transport mode with access mode using DCM, with many insights obtained. There 

has been a greater interest in the use of PnR in recent years, considered an appealing 

alternative with which to tackle road congestion (Holguin-Veras et al. 2012; Mahmoud et al. 

2014; Farhan & Murray 2008). Apart from the traditional attributes of time and cost, parking 

availability has been increasingly investigated to indicate the parking capacity at railway 



 

 

64 

 

stations. However, most of the research uses the number of parking spaces provided at the 

station to describe this attribute and ignores the fact that the number of parking bays available 

at the railway station fluctuates depending on the time-of-day, as well as on the parking 

competition from other PnR users. Thus choice of PnR as an access needs to be studied 

jointly with departure time, yet, few studies have investigated this to date.  

Advanced choice models have been developed by scholars to allow substitutions of 

alternatives and heterogeneous tastes to be explored, which provide the effective tools to 

analyse covariance among departure time choices and to capture PnR users’ various 

preferences for parking facilities. 

In terms of survey design and data collection, joint RP survey and SP surveys enable richer 

and more reliable data to be obtained (Polydoropoulou & Ben-Akiva 2001; Adamowicz, 

Louviere & Williams 1994; Hensher & Bradley 1993; Brownstone, Bunch & Train 2000). 

The scale difference and stated dependence have been explored when SP data is interacted 

with individual actual choice.  

To trade-off between information sufficiency and cognitive burden on respondents, ‘best’ and 

‘worst’ has been proposed as a new paradigm in stated preference data collection (Flynn et al. 

2007; Louviere et al. 2013; Finn & Louviere 1992). When pooling ‘best’ and ‘worst’ data, 

scale difference and preference asymmetries emerge, which need to be further explored to 

understand individual decision processes and preferences.  

Compared to the deterministic utility theory, SUT provides better insights into interpreting 

individual’s inconsistent choices, for example, in economists’ lottery-choice experiments. 

However, the relationship between the risk measurement and the risk attitudes in the 

stochastic utility functions is unclear. Especially, for discrete choice modelling, which 
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captures trade-offs among attributes, the interpretation of risk attitude indicator needs further 

examination.    

Substantial research has been dedicated to combining utility theories of risk with RUT to 

analyse travel time variation on road networks (Hensher, Greene & Li 2011; Li, Tirachini & 

Hensher 2012; Jou et al. 2008). However, using risk to represent the variation of finding a 

parking bay has not been done. As to main theories related to risk, EUT has been widely 

exploited, although it fails to explore individuals’ heterogeneous attitudes towards risks and 

how individuals transform the objective probabilities into subjective probabilities. This 

weakness of EUT is addressed by the (cumulative) expected theory. This thesis applies the 

extended expected utility theory (EEUT) to examine PnR decisions (and estimate weighting 

functions) in the context of parking risks. 

In terms of prospect theory used in the transport field, the main concerns are how to 

determine the reference point in the model and how the different reference points impact on 

the parameter estimations and model fit.  Especially, with the combination of RP and SP data, 

the application of positioning an individual’s actual data, collected in the RP survey as the 

reference point to evaluate the gains or losses when analysing stated preference data, has not 

been considered. 

Regret theory (RT) has limited application in analysing commuter behaviours in transport. 

Derived from RT theory, random regret minimisation has been considered as one alternative 

of RUM to analyse an individual’s information processing strategy and decision rules. 

Current work has mainly focused on capturing how different decision rules (RRM, RUM or a 

hybrid one) accommodate individual behaviour in choice models with identical data sources 

(Hensher, Greene & Chorus 2013; Chorus, Rose & Hensher 2013). A latent class model 

where individual classes exploit a different decision paradigm has been recently developed to 
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analyse the mixture of behavioural process and to distinguish heterogeneity between taste and 

decision rules (Hess, Stathopoulos & Daly 2012; Boeri, Scarpa & Chorus 2014). The 

significant superiority of models mixing different decision paradigms models over models 

based on single choice processes, in terms of model fitness and behavioural insights, moves 

the frontier of choice modelling towards a more realistic and comprehensive understanding of 

individual behaviour in the transport context, thus opens a promising area for future research 

work. 
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Chapter 3 Risk Attitudes in Discrete Choice Modelling 

 

Modellers of travel behaviour are increasingly incorporating traveller responses to uncertain 

conditions in DCM by including a representation of attitudes towards risk (De Palma & 

Picard 2005; Hensher, Greene & Li 2011). The approach is particularly relevant to 

commuting behaviour when travellers face travel time variability due to congestion. To date, 

risk attitudes are addressed in two ways in DCM:  

1) The first is based on a measure of variance (Noland & Polak 2002), whereby an 

individual is considered to display a risk averse attitude if she/he tends to choose 

alternatives with lower variability (i.e., a negative parameter on the variance attribute). 

This model extends to scheduling risk, whereby respondents attach a disutility to the 

probability that they will be late (or early) to an appointment.  

2) The second group of models adopts variants of extended EUT used in research in 

economics (Hu, Sivakumar & Polak 2012; De Palma & Picard 2005). The transport 

literature has focussed on the Arrow-Pratt constant relative risk aversion, along with 

Kahneman-Tversky probability perception weights or with the rank-dependent utility 

structure.  

These two approaches to representing risk attitudes are adopted from a deterministic utility 

theory perspective, suggesting that individuals’ deterministic preferences imply deterministic 

choices. However, the econometric literature indicates that the violation of EUT is more 

likely due to the unobserved random errors, rather than the deterministic extended-EUT (Hey 

& Orme 1994). Blavatskyy (2007) applied stochastic expected utility theory (SEUT) to 

address the well-documented paradoxes of common consequence and common ratio effects 

(Allais 1953), as well as the four-fold risk attitudes patterns respondents present when faced 
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with gains and losses (Kahneman & Tversky 1979). The addition of noise in a utility function 

provides a better understanding of respondent behaviour under risk, as it allows for the 

existence of unobserved factors, which may influence individual preference. Luce (1959) 

firstly proposed describing an individual’s choice behaviour as a probability, determined by 

the affine structure of utility differences among alternatives, rather than as a deterministic 

outcome (chosen or non-chosen). 

Meanwhile, RUT has been widely applied in many fields to analyse trade-offs. Technically, 

DCM is operationally equivalent to SUT, although these two are theoretically different from 

each other
6
 (McFadden & Richter 1990). A detailed study in econometrics revealed that a 

direct translation of economic risk models to stochastic (random) theories of utility is not 

straightforward and that the interpretation of the risk parameter is context dependent (Wilcox 

2011). The finding also implies that the sign and the magnitude of the risk parameter do not 

necessarily map to clear risk seeking or risk aversion attitudes.  

Econometric developments in SUT concentrate on lotteries, with payoff as the sole attribute. 

The analysis by Wilcox (2011) is specifically based on the mean preserving spread case, 

where two alternatives have identical expected values, but different variances. The ‘risky’ 

alternative has a larger spread (more weight in the tails) compared to the ‘safe’ alternative. 

For practical transport problems this is a limiting feature, because choices refer to trade-offs 

between many attributes. For example mode, departure time, or route choices presented in SP 

surveys consider time, costs, comfort, availability of parking, etc. These scenarios usually do 

not meet the assumption of mean-preserving-spread and the definition of risk alternative may 

also be inconsistent. As the interpretation of risk attitudes in a mode choice setting, as well as 

                                                 
6
 Utility functions of both theories include an error component. Discrete choice theory is based on the 

assumption that individuals have stochastic choices, while stochastic utility theory assumes respondents have 

stochastic preferences. 
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the existence of context dependent risk parameters in non-mean-preserving-spread pairs have 

not been fully examined, this research fills an important gap. 

Following the lead from recent research into SUT, this chapter provides a definition of 

stochastic risk attitudes within DCM and clarifies the distinction between ‘safe’ and ‘risky’ 

alternatives. These are followed by analytical interpretations of risk attitudes measurement 

with risk attitudes. Results indicate the existence of several domains, where the conventional 

interpretation of risk parameters is unfitting, invalidates traditional inferences.    

3.1 Risk Seeking and Risk Aversion in RUT 

This section firstly distinguishes between the stochastically risk averse and stochastically risk 

seeking attitudes, which are expressed as probability differences between choosing a ‘risky’ 

vs a ‘safe’ alternative. Probability difference is then transformed into utility difference across 

alternatives by an affine structure. 

3.1.1 Defining Stochastically Risk Averse and Risk Seeking 

Classical economics defines risk attitude as a descriptive label for the curvature of the utility 

functions underlying individual choices, which measures how an individual transforms 

possible outcomes to utilities (see, for example, the review by Weber, Blais & Betz 2002). 

For the payoffs, the utility curve is convex if respondents are risk seeking and concave if 

respondents are risk averse. The curvature of utility function is determined by comparison 

with a linear benchmark, which is the representation of risk neutral.  

Assuming alternative 𝑖 is the ‘safe’ (safest) alternative, while alternative 𝑗 is the ‘risky’ (or 

riskiest) one, using the SUT Wilcox (2011) proposed the following definition of 

stochastically more risk averse (SMRA) attitude as:  
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Agent a is stochastically more risk averse than agent b iff 𝑃𝑎𝑖 > 𝑃𝑏𝑖  

where 𝑃𝑖  is the probability of the agent choosing the ‘safe’ alternative 𝑖  (from the mean-

preserving-spread pair). Similarly, the definition for stochastically more risk seeking (SMRS) 

would indicate an agent who chooses the ‘risky’ alternative j. 

With the definition of SMRA, we can order n agents on their decreasing order of the risk 

averse attitude using the sequence:  

            𝑃𝑎1𝑖
> 𝑃𝑎2𝑖

> 𝑃𝑎3𝑖
⋯⋯ > 𝑃𝑎𝑛𝑖

                (3.1) 

where agent 𝑎1𝑖 displays the most risk averse and agent 𝑎𝑛𝑖 the least risk averse attitude. If we 

assume that the risk averse attitude of agent n infinitely approaches the risk neutral, then the 

definition of SMRA approaches the definition of stochastically risk averse (SRA).  

Agent a is stochastically risk averse if she/he is more (less) likely to choose a ‘safe’ (‘risky’) 

alternative than agent c, benchmarked as a risk neutral person (keeping all else equal). 

Therefore, 

            𝑃𝑎𝑖 > 𝑃𝑐𝑖 or 𝑃𝑎𝑗 < 𝑃𝑐𝑗                                                                       (3.2) 

The same argument applies to a risk seeking definition whereby, everything else being equal, 

an agent d is stochastically risk seeking if she/he is less (more) likely to choose a ‘safe’ 

(‘risky’) alternative, compared to agent c, benchmarked as a risk neutral person. This is 

written as: 

            𝑃𝑑𝑖 < 𝑃𝑐𝑖 or 𝑃𝑑𝑗 > 𝑃𝑐𝑗                                                                (3.3) 

The positions are transitive in that   

             𝑃𝑎𝑖 > 𝑃𝑐𝑖 > 𝑃𝑑𝑖 or 𝑃𝑎𝑗 < 𝑃𝑐𝑗 < 𝑃𝑑𝑗                                                         (3.4) 
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where agents a, d, and c demonstrate risk averse, risk seeking and risk neutral behaviours.   

Extending the binary choice to multiple alternatives, in which case more than one ‘safe’ (or 

‘risky’) alternative exists in choice sets, by way of induction, the definition could be 

expanded to: 

Agent a is stochastically risk averse if she/he has a greater (lower) probability of 

choosing the safest (riskiest) of all alternatives, compared to a risk neutral agent c 

(ceteris paribus), in which case function 3.2 applies.  

The same line of reasoning may be applied when identifying a risk seeking or tolerant agent 

(3.3).  

For ease of presentation, the analysis in this chapter uses the following assumptions: 

1. The differences among agents a, c, and d are solely due to their risk attitudes, i.e. 𝛽𝑎 =

𝛽𝑐 = 𝛽𝑑, which indicates taste homogeneity for all attributes, across agents.  

To remove the influence of different tastes, this chapter mainly focuses on capturing how risk 

attitudes affect individual preferences within a travel mode and departure time choice setting. 

2. Rather than using payoffs, as in economics, this research examines individual responses 

towards travel time, which represent a loss, rather than a gain
7
. Thus, the interpretation of the 

curvature of utility functions with respect to risk attitudes should be reversed. 

3. In terms of risk attitudes, the indicator 𝛼, ∈ (−∞,+∞), 𝛼 ≠ 1 is applied in the analysis 

and interpreted. Mathematically, when risk attitude indicator 𝛼 approaches +∞, the difference 

between the ‘safe’ and ‘risky’ alternative approaches zero after scaling by 𝛼, indicating that 

the probability of choosing the ‘safe’ or the ‘risky’ alternative is close to 50%. On the other 

                                                 
7
 The analysis could be converted in travel time savings, however travel times are preferred here, as they are 

consistent with the information shown to respondents (and compared by respondents) in the SP designs used in 

transport studies. 
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hand, when 𝛼 approaches -∞, the outcome 𝑥𝑟 transformed by 𝛼, tends to ∞, and the sign of 

the utility difference between the ‘safe’ and ‘risky’ alternatives is unclear, being highly 

dependent on the outcomes presented in the profiles. 

4. The attribute with uncertainty 𝑥𝑟, in both ‘safe’ and ‘risky’ alternatives, represents daily 

commuting time, which varies across respondents. The commuting time is at least five 

minutes, in which case 𝑥𝑟 ≥ 5. 

3.1.2 Utility Structure Incorporating Risk Attitudes   

RUT describes the decision mechanism of utility maximisation and the unobserved error 

component associated with utility. In general, the domain of RUT covers linear and non-

linear in-parameter functions of observed utility, summation and multiplication of error 

components (Fosgerau & Bierlaire 2009). For demonstration purposes, the following analysis 

employs the simplest formulation, which is expressed as a linear in parameters observed 

component plus the error component.  

In the RUT framework, the utility assigned by individual 𝑛 to alternative 𝑘 consists of the 

observed component 𝑉𝑛𝑘 and the unobserved component 휀𝑛𝑘, which is assumed to follow a 

certain probability distribution.  

𝑈𝑛𝑘 = 𝑉𝑛𝑘 + 휀𝑛𝑘 = ∑ 𝛽𝑛𝑘𝑙𝑥𝑛𝑘𝑙
𝐿
𝑙=1 + 휀𝑛𝑘                                   (3.5) 

The observed component part 𝑉𝑛𝑘  is a function of the attributes associated with the 

alternatives and of the decision maker’s characteristics. Considering that parameters 𝛽𝑛𝑙 

represent tastes of attributes  𝑥𝑙  and separating risk attributes from other observed utility 

components, we can rewrite function 3.5 as: 

𝑈𝑛𝑘 = 𝑉𝑛𝑘 + 휀𝑛𝑘 = 𝛽𝑛𝑘𝑟𝑢(𝑥𝑛𝑘𝑟) + ∑ 𝛽𝑛𝑘𝑙𝑥𝑛𝑘𝑙
𝐿
𝑙=2 + 휀𝑛𝑘                  (3.6) 
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where 𝑥𝑛𝑘𝑟 is the ‘risky’ attribute, expressed as a set of possible outcomes (associated with 

probabilities) and  𝛽𝑛𝑘𝑟  is the associated taste parameter. Based on the risk attitude, the 

attribute value 𝑥𝑛𝑘𝑟 is then transformed into a utility term 𝑢(𝑥𝑛𝑘𝑟). 

The probability of choosing one alternative is determined by utility difference between 

alternatives in the choice sets, with the probability functions given by:  

𝑃𝑛𝑖 = Prob(휀𝑛𝑗 − 휀𝑛𝑖 < 𝑉𝑛𝑖 − 𝑉𝑛𝑗  ∀𝑗 ≠ 𝑖) 

                                                      = ∫ 𝐼 (휀𝑛𝑗 − 휀𝑛𝑖 < 𝑉𝑛𝑖 − 𝑉𝑛𝑗  ∀𝑗 ≠ 𝑖)𝑓(휀𝑛)𝑑휀𝑛        (3.7) 

where 𝑓(휀𝑛) is the joint density of the random errors vector 휀𝑛 = 〈휀𝑛1, ⋯ , 휀𝑛𝑗〉 and 𝐼(∙) is the 

indicator function, equalling 1 when the expression is true and 0 otherwise (Train 2003). 

As assumed before:  

                                 𝑃𝑎𝑖 > 𝑃𝑐𝑖 ↔ 𝑉𝑎𝑖 − 𝑉𝑎𝑗 > 𝑉𝑐𝑖 − 𝑉𝑐𝑗 ∀𝑗 ≠ 𝑖                                     (3.8a) 

                                𝑃𝑑𝑖 < 𝑃𝑐𝑖 ↔ 𝑉𝑑𝑖 − 𝑉𝑑𝑗 < 𝑉𝑐𝑖 − 𝑉𝑐𝑗 ∀𝑗 ≠ 𝑖                                      (3.8b) 

The two expressions 3.8 signal that the definition of risk averse (seeking) is further extended 

to the differences between the observed components (V-difference) in the systematic utility in 

each pair. In other words, agent a is stochastically risk averse if her/his V-difference between 

the ‘safe’ and ‘risky’ alternatives is larger than agent c’s V-difference for the same profile. 

Specifically, with function 3.6, we can further rewrite function 3.8a as: 

            𝑃𝑎𝑖 > 𝑃𝑐𝑖 ↔ 𝑉𝑎𝑖 − 𝑉𝑎𝑗 > 𝑉𝑐𝑖 − 𝑉𝑐𝑗                                                ∀𝑗 ≠ 𝑖 

                            ↔ 𝛽𝑎𝑟𝑢(𝑥𝑎𝑖𝑟) + ∑ 𝛽𝑎𝑖𝑙𝑥𝑎𝑖𝑙
𝐿
𝑙=2 − (𝛽𝑎𝑟𝑢(𝑥𝑎𝑗𝑟) + ∑ 𝛽𝑎𝑗𝑙𝑥𝑎𝑗𝑙

𝐿
𝑙=2 ) >

𝛽𝑐𝑟𝑢(𝑥𝑐𝑖𝑟) + ∑ 𝛽𝑐𝑖𝑙𝑥𝑐𝑖𝑙
𝐿
𝑙=2 − (𝛽𝑐𝑟𝑢(𝑥𝑐𝑗𝑟) + ∑ 𝛽𝑐𝑗𝑙𝑥𝑐𝑗𝑙

𝐿
𝑙=2 )                     ∀𝑗 ≠ 𝑖                 (3.9) 

Assuming taste homogeneity (𝛽𝑎 = 𝛽𝑐), four terms cancel out: 
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(∑ 𝛽𝑎𝑖𝑙𝑥𝑎𝑖𝑙
𝐿
𝑙=2 , (∑ 𝛽𝑎𝑗𝑙𝑥𝑎𝑗𝑙

𝐿
𝑙=2 ), ∑ 𝛽𝑐𝑖𝑙𝑥𝑐𝑖𝑙

𝐿
𝑙=2 , (∑ 𝛽𝑐𝑗𝑙𝑥𝑐𝑗𝑙

𝐿
𝑙=2 )),  

and the difference between utilities represents the attitude to risk presented in 𝑢(𝑥𝑐𝑖𝑟) , 

including the parameter associated with risk attribute 𝛽𝑟 . This function (3.9) can be 

simplified as: 

            𝑃𝑎𝑖 > 𝑃𝑐𝑖 ↔ 𝑉𝑎𝑖 − 𝑉𝑎𝑗 > 𝑉𝑐𝑖 − 𝑉𝑐𝑗                                                     ∀𝑗 ≠ 𝑖 

       ↔ 𝛽𝑟 (𝑢(𝑥𝑎𝑖𝑟) − 𝑢(𝑥𝑎𝑗𝑟)) > 𝛽𝑟 (𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟))      ∀𝑗 ≠ 𝑖          (3.10) 

    

As 𝛽𝑟 is the parameter indicating commuter preference for travel time, thus 𝛽𝑟 < 0, finally, 

we have: 

          𝑢(𝑥𝑎𝑖𝑟) − 𝑢(𝑥𝑎𝑗𝑟) < 𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)                         ∀𝑗 ≠ 𝑖                    

     ↔ [𝑢(𝑥𝑎𝑖𝑟) − 𝑢(𝑥𝑎𝑗𝑟)] − [𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)] < 0                                                       (3.11) 

If, for simplicity, we assume 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = [𝑢(𝑥𝑎𝑖𝑟) − 𝑢(𝑥𝑎𝑗𝑟)] − [𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)] in the 

analysis, function 3.11 is rewritten as 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 < 0 , which indicates that agent a is 

stochastically risk averse if the utility difference of risk attribute associated with the ‘risky’ 

and ‘safe’ alternatives, transformed by agent a, is smaller than the utility difference of the 

same attribute with the same pair transformed by a risk neutral agent c, everything else being 

equal. In other words, a risk averse individual contracts/diminishes the differences between 

the ‘risky’ and ‘safe’ alternatives with the risk attitude parameter 𝛼. 

If we have n risk averse agents, descending by their risk averse attitudes, 𝑃𝑎1𝑖
> 𝑃𝑎2𝑖

⋯⋯ >

𝑃𝑎𝑛𝑖
, considering negative taste parameter 𝛽𝑟, we further obtain: 
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 𝑢(𝑥𝑎1𝑖𝑟) − 𝑢(𝑥𝑎1𝑗𝑟) < 𝑢(𝑥𝑎2𝑖𝑟) − 𝑢(𝑥𝑎2𝑗𝑟)⋯⋯ < 𝑢(𝑥𝑎𝑛𝑖𝑟) − 𝑢(𝑥𝑎𝑛𝑗𝑟)                    (3.12) 

Consistent with 3.11, expression 3.12 suggests that the higher the risk aversion, the larger the 

contraction of the difference in utilities between the ‘risky’ and ‘safe’ alternatives. 

Conversely, for the risk seeking process, whereby the agent d is stochastically risk seeking or 

tolerant, the utility difference of the ‘risky’ attribute between the ‘risky’ and ‘safe’ 

alternatives transformed by the agent d is larger than the utility difference of the same 

attribute between the same alternatives transformed by a risk neutral individual agent c (all 

else being equal and noting that the travel time preference parameter 𝛽𝑟 is negative). This can 

be written as:  

            𝑃𝑑𝑖 < 𝑃𝑐𝑖 ↔ 𝑢(𝑥𝑑𝑖𝑟) − 𝑢(𝑥𝑑𝑗𝑟) > 𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)                  ∀𝑗 ≠ 𝑖                     

                            ↔ 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = [𝑢(𝑥𝑑𝑖𝑟) − 𝑢(𝑥𝑑𝑗𝑟)] − [𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)] > 0       (3.13) 

Upon the definition of stochastically risk averse and risk seeking expressed in 3.11 and 3.13, 

and assuming that the preference for the risk attribute is negative (𝛽𝑟 < 0), the risk averse 

(seeking) attitude is determined by contracted (expanded) transformation of the difference of 

possible outcomes between the ‘safe’ alternatives 𝑖  and ‘risky’ alternatives 𝑗  (𝑗 ∈ 𝑘) , 

compared with the expected value difference.  

As the transformation for the risk neutral attitude is linear: 

[𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)] = 𝑘(𝑥𝑐𝑖𝑟 − 𝑥𝑐𝑗𝑟). If 𝑘 > 0, the difference 𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟) is negative, 

otherwise positive. 

Hence, different from the mean-preserving-spread approach, the relationship between the 

expected values for the risk attribute in the ‘safe’ (𝑖) and ‘risky’ (𝑗) alternatives is unclear, 

i.e. 𝐸(𝑥𝑖𝑟) − 𝐸(𝑥𝑗𝑟) > 0 or it may be <0. The above analysis is based on the assumption that 
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the utility differences for a risk neutral agent c, 𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟) > 0  or k <0. When 

𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟) < 0 , or k > 0, the conclusions about risk attitudes with expanding or 

contracting influence on utility difference would reverse. In other words, the relationship of 

risk parameter with risk attitudes is context dependent, rather than a one-to-one 

correspondence. 

3.1.3 Measurement of Risk Attitude 

The Arrow-Pratt measure of risk aversion measurement 𝑟(𝑥) = −𝑢′′(𝑥) 𝑢′(𝑥)⁄  is a general 

function that can be applied across different utility expressions. When 𝑟(𝑥) is a function of 

outcome 𝑥, rather than a constant value, 𝑟∗(𝑥) = 𝑥𝑟(𝑥) is introduced as relative risk aversion 

measurement (Pratt 1964). This is deemed to be more realistic, as decision makers may judge 

the risky outcomes on the basis of their current assets. Compared with the constant absolute 

risk aversion (CARA), constant relative risk aversion (CRRA) is commonly applied in 

solving practical problems for its computational convenience (Holt & Laury 2002). Choice 

modelling literature in transport commonly assumes a power specification 
𝑥1−𝛼

1−𝛼
 as the utility 

expression, where 𝑥 is the outcome transformed by the risk attitude indicator 𝛼 (Hensher, 

Greene & Li 2011; Zhou et al. 2014).   

Alternatively, Allais and Hagen’s mean-variance model suggests that the negative parameter 

associated with variance indicates risk aversion (Allais & Hagen 1979). However, the mean-

variance model may induce severe biases and generate irrational interpretation of the 

individual behaviour if the random variable violates the assumption of normal distribution 

(De Palma & Picard 2005).  
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In terms of probability weighting, this research uses rank-dependent expected utility, as it 

ensures all weighted probabilities 𝑤𝑖 to sum up to 1. The decision weights 𝑤𝑖 are defined as 

(Quiggin 1982): 

            {
𝑤𝑖 = 𝜋(𝑝𝑖 + ⋯+ 𝑝𝑛) − 𝜋(𝑝𝑖+1 + ⋯+ 𝑝𝑛)

𝑤𝑖 = 𝜋(𝑝𝑛)
  with  𝑖 = 1,⋯ , 𝑛 − 1                                

(3.14)               

where 𝜋(∙)  is the weighting function of probability 𝑝𝑖 . Function 3.14 ensures the 

monotonicity of utility by allowing decision weights to sum to unity. For the sake of 

simplicity, all individuals are assumed to have a generic weighting function 𝜋(∙). In terms of 

𝜋(∙), the linear, power, Tversky-Kahnman and Prelec I probability weighting functions may 

be used to capture individual perceptual transformation of probabilities. 

In this research, the utility expression of random variable 𝑥𝑟, which includes outcomes and 

their associated probabilities, is written as: 

                                                  𝑢(𝑥𝑟) = ∑ 𝑤(𝑝𝑛)
𝑥𝑛

1−𝛼

1−𝛼
𝑁
𝑛=1                                                (3.15) 

Also, this research assumes that the risk parameter only exists in the outcome-transformed 

expression, in which case 𝛼 appears only in the function 
𝑥1−𝛼

1−𝛼
. Accordingly, for risk attitude 

measurement:   

             𝑟(𝑥) = −𝑥𝑈′′(𝑥) 𝑈′(𝑥) = −𝑥(−𝛼𝑥−1−𝛼) 𝑥−𝛼⁄⁄ = 𝛼                                         (3.16) 

3.1.4 Risk Attitude Specifications 

As discussed in Section 3.1.2, agent a is stochastically risk averse if the utility difference of 

risk attribute 𝑥𝑟 transformed by agent a is smaller than the difference between ‘risky’ and 



 

 

78 

 

‘safe’ alternatives, transformed by a risk neutral agent c, when the risk attribute 𝑥𝑟 represents 

a loss (car travel time), keeping everything else equal (see 3.11).  

                                      𝑢(𝑥𝑎𝑖𝑟) − 𝑢(𝑥𝑎𝑗𝑟) < 𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)           ∀𝑗 ≠ 𝑖              (3.17) 

Utility 𝑢(𝑥𝑟) is:     𝑢(𝑥𝑟) = ∑ 𝑤(𝑝𝑛)
𝑥𝑛

1−𝛼

1−𝛼
𝑁
𝑛=1 = 𝐸{𝑢(𝑥𝑛)}                                            (3.18) 

For the risk neutral agent c, 𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟) = 𝐸(𝑥𝑐𝑖𝑟) − 𝐸(𝑥𝑐𝑗𝑟). Thus, substituting the 

expression of 𝑢(𝑥𝑟) into inequation 3.17, leads to: 

∑ 𝑤(𝑝𝑖𝑛)
𝑥𝑖𝑟𝑛

1−𝛼

1−𝛼
𝑁
𝑛=1 − ∑ 𝑤(𝑝𝑗𝑛)

𝑥𝑗𝑟𝑛
1−𝛼

1−𝛼
𝑁
𝑛=1 < ∑ 𝑤(𝑝𝑖𝑛)𝑥𝑖𝑟𝑛

𝑁
𝑛=1 − ∑ 𝑤(𝑝𝑗𝑛)𝑥𝑗𝑟𝑛

𝑁
𝑛=1       

                                                                                                                  (3.19) 

Similarly, agent d is stochastically more risk seeking than the benchmarked risk neutral agent 

c, if 

∑ 𝑤(𝑝𝑖𝑛)
𝑥𝑖𝑟𝑛

1−𝛼

1−𝛼
𝑁
𝑛=1 − ∑ 𝑤(𝑝𝑗𝑛)

𝑥𝑗𝑟𝑛
1−𝛼

1−𝛼
𝑁
𝑛=1 > ∑ 𝑤(𝑝𝑖𝑛)𝑥𝑖𝑟𝑛

𝑁
𝑛=1 − ∑ 𝑤(𝑝𝑗𝑛)𝑥𝑗𝑟𝑛

𝑁
𝑛=1   

(3.20) 

Functions 3.19 and 3.20 indicate that expanding or contracting the utility value difference 

between ‘risky’ and ‘safe’ alternatives, transformed by an agent, compared to risk neutrality, 

determines an individual’s risk attitude. 

If we define the discrete probability distribution 𝑋𝑖𝑟 (𝑥𝑖𝑟1 , 𝑝𝑖1 ; 𝑥𝑖𝑟2 , 𝑝𝑖2 ;⋯ ; 𝑥𝑖𝑟𝑁 , 𝑝𝑖𝑁 ) for 

the ‘safe’ alternative 𝑖 and 𝑋𝑗𝑟 (𝑥𝑗𝑟1 , 𝑝𝑗1 ; 𝑥𝑗𝑟2 , 𝑝𝑗2 ;⋯ ; 𝑥𝑗𝑟𝑁 , 𝑝𝑗𝑁 ) for the ‘risky’ alternative 

𝑗, we assume there is a new outcome bundle 𝑥′
𝑟𝑛 , with 𝑀 (𝑀 ≤ 2𝑁) outcomes, covering 

both (𝑥𝑖𝑟1 ; 𝑥𝑖𝑟2 ;⋯ ; 𝑥𝑖𝑟𝑁 )  and (𝑥𝑗𝑟1 ; 𝑥𝑗𝑟2 ;⋯ ; 𝑥𝑗𝑟𝑁 ) . If the values of 𝑥𝑖𝑡𝑛 are ordered 

ascending 𝑥𝑗𝑟1 < 𝑥𝑖𝑟1 < ⋯ < 𝑥𝑖𝑟𝑁 < 𝑥𝑗𝑟𝑁 ,  the ‘safe’ profile becomes 𝑥′
𝑖𝑟  
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(𝑥𝑗𝑟1 , 0; 𝑥𝑖𝑟1 , 𝑝𝑖1 ; 𝑥𝑖𝑟2 , 𝑝𝑖2 ; 𝑥𝑗𝑟2 , 0;⋯ ; 𝑥𝑖𝑟𝑁 , 𝑝𝑖𝑁 , 𝑥𝑗𝑟𝑁 , 0), with 0 probabilities for 𝑥𝑗𝑟 values, 

while the ‘risky’ profile 𝑥′
𝑗𝑟  is (𝑥𝑗𝑟1 , 𝑝𝑗1 ; 𝑥𝑖𝑟1 , 0; 𝑥𝑖𝑟2 , 0; 𝑥𝑗𝑟2 , 𝑝𝑗2 ;⋯ ; 𝑥𝑖𝑡𝑁 , 0; 𝑥𝑗𝑡𝑁 , 𝑝𝑗𝑁 ) . 

As technically, 𝑥′
𝑖𝑟 = 𝑥𝑖𝑟 and 𝑥′

𝑗𝑟 = 𝑥𝑗𝑟 . 𝑥′
𝑖𝑟  and 𝑥′

𝑗𝑟  have identical outcomes 𝑥𝑀
′ , but 

associated with different probabilities.  

Thus 3.19 and 3.20 become: 

∑ 𝑤(𝑝𝑖𝑛) (
𝑥′

𝑟𝑛
1−𝛼

1−𝛼
− 𝑥′

𝑟𝑛)
𝑀
𝑛=1 − ∑ 𝑤(𝑝𝑗𝑛) (

𝑥′
𝑟𝑛

1−𝛼

1−𝛼
− 𝑥′

𝑟𝑛)
𝑀
𝑛=1 < 0     (∀𝑗 ≠ 𝑖)      (3.21) 

for risk averse agents and  

∑ 𝑤(𝑝𝑖𝑛) (
𝑥′

𝑟𝑛
1−𝛼

1−𝛼
− 𝑥′

𝑟𝑛)
𝑀
𝑛=1 − ∑ 𝑤(𝑝𝑗𝑛) (

𝑥′
𝑟𝑛

1−𝛼

1−𝛼
− 𝑥′

𝑟𝑛)
𝑀
𝑛=1 > 0     (∀𝑗 ≠ 𝑖)      (3.22) 

for risk seeking or tolerant agents. 

 

3.2 Distinction between ‘Risky’ and ‘Safe’ Alternatives 

Four definitions of ‘risky’ and ‘safe’ choice have been proposed (see Rothschild & Stiglitz 

1970): 

 Definition1: The random variable in the ‘risky’ choice 𝑗 equals the random variable in 

the ‘safe’ choice 𝑖 plus some noise; 

 Definition 2: A risk ‘avoider’ prefers the ‘safe’ alternative 𝑖 to the ‘risky’ alternative 𝑗; 

 Definition 3: The random variable in the ‘risky’ choice 𝑗 has heavier tails than the 

variable in the ‘safe’ choice 𝑖; 

 Definition 4: The random variable in the ‘risky’ choice 𝑗 has a greater variance than 

the variable in the ‘safe’ choice 𝑖. 

The second definition provides a choice outcome based on economic theory and concepts, 

while the other three focus on properties of the probability distributions. Definition 2 
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especially fits the case where the preference for the ‘safe’ alternative 𝑖 is apparent for the risk 

avoiding agent (e.g. second-order stochastic dominance). Variance (definition 4) has been 

widely applied to define the ‘risky’ and ‘safe’ alternatives in binary choices (Holt & Laury 

2002; Sugden 2004). Additionally, lower probabilities for the extreme outcomes, but larger 

probability for the middle outcome (definition 3) define the safer alternative in the three-

outcome alternative pairs (Wilcox 2008).  

Rothschild and Stiglitz (1970) proved the equivalence of the four definitions when the 

random variable in ‘safe’ choice 𝑖  and ‘risky’ choice 𝑗  meets the mean-preserving spread 

condition. However, if the random variables have non-identical expected values for the ‘safe’ 

and ‘risky’ alternatives 𝑖 and 𝑗, inconsistency may appear across different definitions (see the 

counter example provided in Tables 3.1 and 3.2). 

Table 3.1 Example of daily car travel time options with fast, usual and slow travel times 

Options Travel time Probability of 

occurrence 

Expected 

value 

Variance 

Option a: Fast travel 16 min 2 days out of 10 20.2 8.16 

Usual travel 20 min 6 days out of 10 

Slow travel 25 min 2 days out of 10 

Option b: Fast travel 10 min 1 day out of 10 16 24 

Usual travel 15 min 8 days out of 10 

Slow travel 30 min 1 day out of 10 

 

Using different definitions of ‘risky’ and ‘safe’ alternatives, Table 3.2 defines the Options a 

and b from Table 3.1 as follows.    
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This research is mainly examining the definitions 4 (variance) and 2 (the preference of risk 

‘avoider’) to determine the ‘risky’ or ‘safe’ alternative. These definitions are relevant to the 

PnR case study. 

3.3 Interpreting α when a ‘Safe’ Alternative is Defined as Second-Order 

Stochastically Dominant 

This section briefly introduces the concept of second-order stochastic dominance and its 

conditions, then it provides an analytical proof for the interpretation of the risk parameter α in 

relation to risk attitudes. 

3.3.1 Properties of Second-Order Stochastic Dominance 

The second-order (second-degree) stochastic dominance allows parts of the cumulative 

density function to be above the dominated curve, but the area above must be smaller than the 

area below the other cumulative distribution (Hadar & Russell 1969). The condition that 

attribute 𝑥 in alternative 𝑚 is second-order stochastically dominant over the same attribute in 

alternative 𝑛 is further written as (Hadar & Russell 1969): 

∫ 𝐺(𝑦)𝑑𝑦
𝑥𝑚

𝑥1
≤ ∫ 𝐹(𝑦)𝑑𝑦

𝑥𝑛

𝑥1
                                                   (3.23) 

where 𝐺(𝑦) and 𝐹(𝑦) are cumulative distribution functions of 𝑥  in the dominant and the 

dominated alternatives. 

Function 3.23 indicates the general property of cumulative distribution function in second-

order stochastic dominance. For discrete outcomes: 

                     ∑ 𝐺(𝑥𝑟)∆𝑥𝑟
𝑙
𝑟=1 ≤ ∑ 𝐹(𝑥𝑟)∆𝑥𝑟

𝑙
𝑟=1              for all  𝑙 < 𝑛              (3.24) 

where ∆𝑥𝑖 = 𝑥𝑖+1 − 𝑥𝑖 
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In terms of the expected value (EV) associated with payoffs, the mean of the second-order 

stochastic dominant distribution is no less than the EV for the dominated alternative (Hadar 

& Russell 1969). Intuitively, from a risk averse perspective, the second-order stochastic 

dominance alternative means preference for alternative m, with the G function, as the gains 

fully compensate for the losses. Thus, when choosing payoffs between two alternatives 𝑚 

and 𝑛, risk-averse individuals would consider the alternative 𝑚, with the higher expected 

value, as the ‘safe’ alternative. 

However, in RUT, the utility is derived as the sum of products between parameters and 

attribute values; when α is negative, the dominant alternative 𝑚 is less likely to be preferred 

by risk ‘avoiders’. In practice, this means that when choosing a transport mode, individuals 

with risk averse attitudes prefer the option with lower expected travel time, keeping all else 

equal. In this case, the non-dominant alternative 𝑛 is considered the ‘safe’ choice for risk 

‘avoiders’. 

3.3.2 Analytical Interpretation of the Second-Order Stochastic Pairs 

As presented in Section 3.1.4, an agent a is stochastically risk averse/seeking if the utility 

difference between the ‘safe’ and ‘risky’ alternatives is contracting/expanding.  

Assuming ℎ(𝑥) =
𝑥1−𝛼

1−𝛼
− 𝑥, the expression 3.21 is simplified as: 

∑ 𝑤(𝑝𝑖𝑛)
𝑀
𝑛=1 ℎ(𝑥′

𝑟𝑛) − ∑ 𝑤(𝑝𝑗𝑛)ℎ(𝑥
′
𝑟𝑛)

𝑀
𝑛=1 < 0             (3.25) 

where 𝑥′
𝑟𝑛  is the a new outcome bundle, with 𝑀 (𝑀 ≤ 2𝑁)  outcomes covering both 

(𝑥𝑖𝑟1 ; 𝑥𝑖𝑟2 ;⋯ ; 𝑥𝑖𝑟𝑁 ) and (𝑥𝑗𝑟1 ; 𝑥𝑗𝑟2 ;⋯ ; 𝑥𝑗𝑟𝑁 ). 

Using the mean-value theorem twice, Hadar and Russell (1969) proposed that (more details 

in Appendix A3.1): 
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𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = ∑ 𝑤(𝑝𝑖𝑛)
𝑀

𝑛=1
ℎ(𝑥′

𝑟𝑛) − ∑ 𝑤(𝑝𝑗𝑛)ℎ(𝑥
′
𝑟𝑛)

𝑀

𝑛=1
 

              = −ℎ′(𝑥∗
𝑟(𝑀−1))∑ [𝐹(𝑥′

𝑟𝑛) − 𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛
𝑀−1
𝑛=1 + ∑ ℎ"(𝑥∗

𝑟𝑠)∆𝑥𝑟𝑠
𝑀−2
𝑠=1 ∑ [𝐹(𝑥′

𝑟𝑛) −𝑀−1
𝑛=𝑠

  𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛                                                                                               (3.26) 

with 𝑥∗
𝑟𝑛  a point between 𝑥′

𝑟(𝑛+1)  and 𝑥′
𝑟𝑛  and ∆𝑥′

𝑟𝑛 = 𝑥′
𝑟(𝑛+1) − 𝑥′

𝑟𝑛; and 𝑥∗
𝑟𝑠  a point 

between 𝑥𝑟(𝑠+1)  and 𝑥𝑟𝑠  , and ∆𝑥𝑟𝑠 = 𝑥𝑟(𝑠+1) − 𝑥𝑟𝑠 . 𝐹(∙) and 𝐺(∙) represent the cumulative 

density functions of attribute 𝑥′
𝑟𝑛 in the ‘safe’ and ‘risky’ alternatives. 

Therefore, an agent a is stochastically risk averse compared to the benchmarked risk neutral 

agent c, if 

ℎ′(𝑥∗
𝑟(𝑀−1))∑ [𝐹(𝑥′

𝑟𝑛) − 𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛
𝑀−1
𝑛=1 − ∑ ℎ"(𝑥∗

𝑟𝑠)∆𝑥𝑟𝑠
𝑀−2
𝑠=1 ∑ [𝐹(𝑥′

𝑟𝑛) − 𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛
𝑀−1
𝑛=𝑠 > 0  

(3.27) 

Similarly, an agent d is stochastically risk seeking compared to the benchmarked risk neutral 

agent c, if 

ℎ′(𝑥∗
𝑟(𝑀−1))∑ [𝐹(𝑥′

𝑟𝑛) − 𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛
𝑀−1
𝑛=1 − ∑ ℎ"(𝑥∗

𝑟𝑠)∆𝑥𝑟𝑠
𝑀−2
𝑠=1 ∑ [𝐹(𝑥′

𝑟𝑛) − 𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛
𝑀−1
𝑛=𝑠 < 0  

(3.28) 

Under the property of second-order stochastic dominance, we have: 

     ∑ 𝐺(𝑥𝑟)∆𝑥𝑟
𝑙
𝑟=1 ≤ ∑ 𝐹(𝑥𝑟)∆𝑥𝑟

𝑙
𝑟=1              for all  𝑙 < 𝑛         (3.29) 

Additionally, given the function ℎ(𝑥) =
𝑥1−𝛼

1−𝛼
− 𝑥, the first and second derivatives of h with 

respect to x are: 

  
 ∂ℎ(𝑥)

∂𝑥
= 𝑥−𝛼 − 1;                 If 𝛼 < 0, 

∂ℎ(𝑥)

∂𝑥
> 0 and if 𝛼 > 0, 

∂ℎ(𝑥)

∂𝑥
< 0   



 

 

85 

 

 
∂2ℎ(𝑥)

∂𝑥2
= −𝛼𝑥−𝛼−1 ;              If 𝛼 < 0, 

∂2ℎ(𝑥)

∂𝑥2
> 0 and if 𝛼 > 0, 

∂2ℎ(𝑥)

∂𝑥2
< 0                     (3.30) 

As a result, if 𝛼 < 0, the first part of function 3.26 is <0, while the second part is > 0. The 

reverse occurs if 𝛼 > 0.  

Therefore, the overall sign of function 3.26 depends on the difference in magnitude between 

the two terms, which are function of 𝛼, as well as of the decision context defined by the 

distributions of possible outcomes. 

If agent a or agent d are approaching risk neutrality, indicating 𝛼 → 0, function 3.26 is equal 

to zero. Assuming there may exist another 𝛼  (𝛼 ≠ 1, 𝛼 ≠ 0 ), where function 3.26 = 0, and 

that the possible range of values for 𝛼  is highly determined by the context (i.e., it varies 

among different combinations of outcomes and probabilities), two important boundaries 

exist. These boundaries, 0 and 𝛼 , delineate the negativity or positivity of function 3.23 and 

thus the risk averse or risk seeking attitudes of individuals.  

To determine the monotonicity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 in function 3.26, the first-order derivative of 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 in terms of 𝛼 is: 

𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼
= 𝑥∗

𝑟(𝑀−1)
−𝛼𝑙𝑛𝑥∗

𝑟(𝑀−1) ∑[𝐹(𝑥′
𝑟𝑛) − 𝐺(𝑥′

𝑟𝑛)]∆𝑥′
𝑟𝑛

𝑀−1

𝑛=1

+ 

                         ∑ 𝑥∗
𝑟𝑠

−𝛼−1(𝛼𝑙𝑛𝑥∗
𝑟𝑠 − 1)∆𝑥∗

𝑟𝑠
𝑀−2
𝑠=1 ∑ [𝐹(𝑥′

𝑟𝑛) −  𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛
𝑀−1
𝑛=𝑠     (3.31) 

In terms of positivity/negativity of the first-order derivative of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 in terms of 𝛼, as 

expressed in function 3.31
8
, the first term is positive, while the sign of the second term is 

inconclusive, especially because the daily commuting time is assumed longer than 5 min, 

𝑥𝑟𝑠 > 5 . Thus, when 𝛼 ≥
1

𝑙𝑛5
≈ 0.62 , the second term is positive and 

𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼
> 0 , 

                                                 
8
 By applying the mean-value theorem, the number of points in the sum (discrete probability distribution) 

decreases by 1. 
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suggesting 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  is monotonically increasing with 𝛼 . However, when 𝛼 < 0.62, the 

sign is equivocal and there are combinations of 𝐹(𝑥′
𝑟𝑛), 𝐺(𝑥′

𝑟𝑛), 𝑥′
𝑟𝑛  and 𝛼  leading to 

𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼
> 0, although this is context-dependent.  

If for all 𝛼 values (𝛼 ∈ 𝑅, 𝛼 ≠ 1), 
𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼
 is always positive for the combinations of 𝑥′

𝑟𝑛 

in the ‘risky’ and ‘safe’ alternatives, we conclude that 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  is a monotonic increasing 

function with 𝛼. However, in other situations, when the distributions of 𝐹(𝑥′
𝑟𝑛) and 𝐺(𝑥′

𝑟𝑛), 

result in an inconclusive sign for 
𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼
 , the monotonicity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  on 𝛼  is 

unclear. 

Interestingly, the value of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 approaches the difference of expected values between 

‘safe’ and ‘risky’ alternatives when 𝛼 approaches +∞. This is because if 𝛼 is large enough, an 

individual assumed to be extremely risk seeking would ignore the differences between the 

‘safe’ and ‘risky’ alternatives. Thus the utility difference between these two alternatives, 

transformed by the risk seeking individual, is equivalent to zero and the value of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 

is reduced to: 

∑ 𝑤(𝑝𝑗𝑛)𝑥
′
𝑟𝑛

𝑀
𝑛=1 − ∑ 𝑤(𝑝𝑖𝑛)𝑥

′
𝑟𝑛

𝑀
𝑛=1 = 𝐸(𝑋𝑐𝑗𝑟) − 𝐸(𝑋𝑐𝑖𝑟) > 0                                   (3.32) 

One property of second-order stochastic dominance is that the expected value of the ‘safe’ 

alternative is no larger than that of the ‘risky’ alternative, thus 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is always > 0. 

When 𝛼  changes from 0.62  to +∞, the 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  value is monotonically increasing and 

infinitely approaching the upper bound 𝐸(𝑥𝑐𝑗𝑟) − 𝐸(𝑥𝑐𝑖𝑟), no matter whether the 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 

is a monotonic or non-monotonic function of 𝛼.  
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The following two sections mainly focus on the first-order and second-order derivatives 

analysis. For ease of presentation, the analysis of the relationships between ℎ′(𝑥∗
𝑟(𝑀−1)), 

ℎ"(𝑥∗
𝑟𝑠), and α is provided in Appendix A3.2. 

3.3.3. 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 is Monotonically Increasing with 𝜶  

If for all 𝛼  values, conditions satisfy 
𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼
= 𝑥∗

𝑟(𝑀−1)
−𝛼𝑙𝑛𝑥∗

𝑟(𝑀−1) ∑ [𝐹(𝑥′
𝑟𝑛) −𝑀−1

𝑛=1

𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛 + ∑ 𝑥∗
𝑟𝑠

−𝛼−1(𝛼𝑙𝑛𝑥∗
𝑟𝑠 − 1)∆𝑥∗

𝑟𝑠
𝑀−2
𝑠=1 ∑ [𝐹(𝑥′

𝑟𝑛) −  𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛
𝑀−1
𝑛=𝑠 >0  

                     (3.33)  

then we conclude that 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is monotonically increasing on 𝛼. The expression indicates 

that there is only one point where function 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  crosses the horizontal axis, which 

represents the risk neutral attitude and separates risk averse from risk seeking. Herein, it is 

worth recalling that 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  is a monotonic increasing function on 𝛼 , in which case 

𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼
> 0. This is because its derivative  

𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼
 is always positive when 𝛼 ≥ 0.62. 

With regard to the definition of an abstract risk neutral agent c with 𝛼 = 0, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 0 

as there is no utility difference of risk attribute transformed. According to the monotonicity of 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒, when 𝛼 > 0, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 > 0 while if 𝛼 < 0, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 < 0. The relationship 

between 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  between an agent who has risk averse/seeking attitudes and a risk-

neutral agent and the change of 𝛼  value is presented in Figure 3.1a. Figure 3.1b further 

explores the relationship of risk attitude with 𝛼 value when only one boundary 𝛼 = 0 exists. 
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Figure 3.1a Relationship of α and 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 when 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 is a monotonic increasing function 

on α (second-order stochastic dominant alternative is considered ‘safe’) 

 

Figure 3.1b Interpretation of risk attitude when 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is a monotonic increasing function on 𝛼 

(second-order stochastic dominant alternative is considered ‘safe’) 

As shown in Table 3.1a, the 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 measures the utility difference between the ‘safe’ 

and ‘risky’ alternatives, transformed between individuals with various risk attitudes, as 

compared to risk neutrality. When 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 equals zero, agents a and d behave more like 

the risk neutral agent c. An individual is stochastically risk averse if 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 < 0, in which 

case 𝛼 < 0, while an individual is stochastically risk seeking if 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 > 0, and 𝛼 > 0.   

This conclusion is further explained in Figure 3.1b, where 𝛼 = 0 is the risk neutral boundary 

distinguishing risk seeking and risk averse attitudes. An individual is risk seeking for 𝛼 < 0 
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(suggesting a contraction of the utility difference) and is risk averse if 𝛼 > 0 (expansion of 

the difference). 

3.3.4 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 Non-Monotonic on 𝜶     

When the monotonicity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  on 𝛼  is unclear, the second-order derivative of 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 in terms of 𝛼 (provided in function 3.24) is used to determine the curvature of 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒. 

𝜕𝑅2
𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼2
= −𝑥∗

𝑟(𝑀−1)
−𝛼𝑙𝑛2𝑥∗

𝑟(𝑀−1) ∑[𝐹(𝑥′
𝑟𝑛) − 𝐺(𝑥′

𝑟𝑛)]∆𝑥′
𝑟𝑛

𝑀−1

𝑛=1

+ 

∑ 𝑥∗
𝑟𝑠

−𝛼−1𝑙𝑛𝑥∗
𝑟𝑠(2 − 𝛼𝑙𝑛𝑥∗

𝑟𝑠)∆𝑟𝑠
𝑀−2
𝑠=1 ∑ [𝐹(𝑥′

𝑟𝑛) − 𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛
𝑀−1
𝑛=𝑠     (3.34) 

When 2 − 𝛼𝑙𝑛𝑥∗
𝑟𝑠 < 0  (𝛼 > 1.25  when 𝑥∗

𝑟𝑠 > 5 ), 
𝜕𝑅2

𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼2 < 0 , suggesting that the 

first-order derivative 
𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼
 is monotonically decreasing on 𝛼  and 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  has one 

point of maximum value. This is inconsistent with the conclusions in Section 3.3.2, where 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is monotonically increasing if 𝛼 is in the range from 0.62 to +∞. The constraints 

of the second-order stochastic dominance are considered the reason for the inconsistency.  

This suggests that if the sign of second-order derivatives of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  in terms of 𝛼  is 

conclusive, it can only be > 0. However, when the sign of 
𝜕𝑅2

𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼2  is inconclusive, the 

curvature/convexity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is hard to determine. 

3.3.4.1 The first-order derivative of 𝐑𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐜𝐞 in terms of 𝛂 is monotonically increasing  

As discussed, if the sign of 
𝜕𝑅2

𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼2  can be unequivocally determined (> 0), there is one 

point of minimum value of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒.  
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When 𝛼 is equal to zero, all 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 curves pass through the zero point. The economic 

explanation is that there is no difference in utility functions for the same attribute transformed 

by two individuals who have identical risk neutral attitudes and judge the risk attribute 

according to the expected values. The point 𝛼 = 0 is not the minimum point of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒. 

This is because if the minimum point 𝑅∗
𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 0 , 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  is always above the 

horizontal axis, indicating a risk seeking attitude. Therefore, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  fails to capture 

respondent risk attitudes, which is the special case for first-order stochastic dominance. 

Secondly, the positive 
𝜕𝑅2

𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼2  indicates the existence of the minimum value 

𝑅∗
𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒, when 𝛼 = 𝛼∗. This minimum value (< 0) may appear when 𝛼∗ < 0 or 𝛼∗ > 0, 

dependent on the context. It is worth noting that 𝛼∗ < 0.62, as 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is monotonically 

increasing when 𝛼 moves from the value 0.62 to +∞. 

Lastly, after the point 𝛼∗ , the 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  curve climbs up to the upper bound 𝐸(𝑥𝑗𝑟) −

𝐸(𝑥𝑖𝑟), which is always positive due to the second-order stochastic dominance. Thus when 𝛼 

changes from 𝛼∗ to +∞, there is a value 𝛼 , which satisfies 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|�̃� = 0.  

Therefore, there are two 𝛼 values that make 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 0. Individuals are risk averse if 

𝛼 ∈ (0, 𝛼 ) or (𝛼 , 0) , and then risk seeking when  𝛼 ∈ (−∞,𝛼 )  or (−∞, 0] , as shown in 

Figures 3.2 and 3.3.  
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3.3.4.2 The first-order derivative of 𝐑𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐜𝐞 in terms of 𝛂 is non-monotonic 

When the sign of the second-order derivative of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 in terms of 𝛼 is equivocal, the 

main features of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 curve cannot be easily captured through an analytical solution.  

3.3.4.3 Extension to continuous distribution of profiles 

The above analysis also applies to the cases where the cumulative distribution functions for 

the second-order stochastic dominance pair are continuous. In terms of the discrete outcomes, 

there is no constraint on the number that can be displayed in the surveys.  

3.4 Interpreting α when the ‘Safe’ Alternative Has Lower Variance 

Another commonly applied approach for defining the ‘risky’ and ‘safe’ alternatives is using 

variance (definition 4); the ‘safe’ alternative is associated with less variance (Holt & Laury 

2002). The following analysis distinguishes the ‘safe’ and ‘risky’ alternatives based on 

standard deviations. Mathematical relationships between the risk indicator α, the risk attitude, 

mean and standard deviations are then discussed. 

3.4.1 Analytical Interpretation of α  

It was discussed, in Section 3.1.4, that an agent is stochastically risk averse/seeking if the 

utility difference between the ‘risky’ and ‘safe’ alternatives transformed by the agent is 

smaller/larger than the difference transformed by a risk neutral agent c, keeping all else equal.  

Let us set 𝑥𝑟 = �̅�𝑟 + �̃�𝑟, where �̅�𝑟 is the expected value of the ‘risky’ attribute 𝑥𝑟 and �̃�𝑟 is 

the deviation with 𝐸(�̃�𝑟) = 0 and variance 𝜎𝑧𝑟
2 . 

Thus 𝑢(𝑥𝑟) (3.18) could be written as: 

 𝑢(𝑥𝑟) = 𝐸{𝑢(𝑥𝑛)} = 𝐸{𝑢(�̅�𝑟 + �̃�𝑟)} 
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Using only the first three terms of a Taylor expansion of 𝑢(�̅�𝑟 + �̃�𝑟) around �̅�𝑟, 𝑢(𝑥𝑟) can be 

written as: 

𝑢(𝑥𝑟) = 𝐸{𝑢(�̅�𝑟 + �̃�𝑟)} = 𝐸 [𝑢(�̅�𝑟) + �̃�𝑟𝑢
′(�̅�𝑟) +

1

2
�̃�𝑟

2𝑢′′(�̅�𝑟)] + 𝑜(�̃�𝑟
3)    

                                        = 𝑢(�̅�𝑟) +
1

2
𝜎𝑧𝑟

2 𝑢′′(�̅�𝑟) + 𝑜(𝜎𝑧𝑟
2 )                                               (3.35) 

As discussed, an individual a is risk averse if  

𝑢(𝑥𝑎𝑖𝑟) − 𝑢(𝑥𝑎𝑗𝑟) < 𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)           ∀𝑗 ≠ 𝑖              (3.11) 

and an individual d is risk seeking if  

𝑢(𝑥𝑑𝑖𝑟) − 𝑢(𝑥𝑑𝑗𝑟) > 𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)           ∀𝑗 ≠ 𝑖              (3.13) 

Substituting the expression of 𝑢(𝑥𝑟) provided in 3.31 into expressions 3.11 and 3.13, we 

obtain: 

𝑢(�̅�𝑖𝑟) +
1

2
𝜎𝑧𝑖𝑟

2 𝑢′′(�̅�𝑖𝑟) + 𝑜(𝜎𝑧𝑖𝑟
2 ) − [𝑢(�̅�𝑗𝑟) +

1

2
𝜎𝑧𝑗𝑟

2 𝑢′′(�̅�𝑗𝑟) + 𝑜 (𝜎𝑧𝑗𝑟
2 )] < 𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)   

(3.36a) 

𝑢(�̅�𝑖𝑟) +
1

2
𝜎𝑧𝑖𝑟

2 𝑢′′(�̅�𝑖𝑟) + 𝑜(𝜎𝑧𝑖𝑟
2 ) − [𝑢(�̅�𝑗𝑟) +

1

2
𝜎𝑧𝑗𝑟

2 𝑢′′(�̅�𝑗𝑟) + 𝑜 (𝜎𝑧𝑗𝑟
2 )] > 𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)   

(3.36b) 

For the risk neutral individual c, 𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟) = �̅�𝑖𝑟 − �̅�𝑗𝑟. For simplicity, if we assume 

that the ‘risky’ attribute 𝑥𝑟  does not vary substantially, the higher order terms 𝑜(𝜎𝑧
2) are 

closely approaching 0 and the left side of expressions 3.36a and b can be written as:  

𝑢(�̅�𝑖𝑟) +
1

2
𝜎𝑧𝑖𝑟

2 𝑢′′(�̅�𝑖𝑟) + 𝑜(𝜎𝑧𝑖𝑟
2 ) − [𝑢(�̅�𝑗𝑟) +

1

2
𝜎𝑧𝑗𝑟

2 𝑢′′(�̅�𝑗𝑟) + 𝑜 (𝜎𝑧𝑗𝑟
2 )] ≈ 

                      [𝑢(�̅�𝑖𝑟) +
1

2
𝜎𝑧𝑖𝑟

2 𝑢′′(�̅�𝑖𝑟)] − [𝑢(�̅�𝑗𝑟) +
1

2
𝜎𝑧𝑗𝑟

2 𝑢′′(�̅�𝑗𝑟)]    (3.37) 
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Inequalities 3.36 are then further simplified as: 

[𝑢(�̅�𝑖𝑟) +
1

2
𝜎𝑧𝑖𝑟

2 𝑢′′(�̅�𝑖𝑟)] − [𝑢(�̅�𝑗𝑟) +
1

2
𝜎𝑧𝑗𝑟

2 𝑢′′(�̅�𝑗𝑟)] <  or > �̅�𝑖𝑟 − �̅�𝑗𝑟,                        (3.38) 

which indicate that risk averse/seeking individuals are more prone to contract/expand the 

utility difference, compared with a risk neutral individual c.  

Expression 3.38 is also equal to:          

[𝑢(�̅�𝑖𝑟) − �̅�𝑖𝑟 +
1

2
𝜎𝑧𝑖𝑟

2 𝑢′′(�̅�𝑖𝑟)] − [𝑢(�̅�𝑗𝑟) − �̅�𝑗𝑟 +
1

2
𝜎𝑧𝑗𝑟

2 𝑢′′(�̅�𝑗𝑟)] < 0 or >  0                     (3.39) 

where  𝑢(�̅�𝑟) =
�̅�𝑟

1−𝛼

1−𝛼
 and 𝑢′′(�̅�𝑟) = −𝛼�̅�𝑟

−𝛼−1 

Before any further analysis, some clarification of the definitions and assumptions applied in 

this section is required. 

1. As defined before, option 𝑖 is considered ‘safe’, while option 𝑗 is ‘risky’, thus with a larger 

variance; hence 𝜎𝑧𝑗𝑟

2 > 𝜎𝑧𝑖𝑟

2 . 

2. The practical context (daily commuting) means that the variance is constrained to a certain 

range. 

3. To enable consistent interpretations, 𝛼 ∈ (−∞,+∞), 𝛼 ≠ 1 when analysing the mean and 

variance pairs. 

3.4.2 Analysis when Variance Distinguishes between Alternatives 

As discussed in Section 3.3, an individual’s risk attitude depends on the positivity or 

negativity of function 3.39. When it is negative, the condition satisfies the definition of a 

stochastically risk averse agent, whereas a positive result indicates the agent’s stochastically 

risk seeking attitude. 
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The easiest case is the mean-preserving spread pair where �̅�𝑖𝑟 = �̅�𝑗𝑟 , thus function 3.35 is 

simplified as: 

[𝑢(�̅�𝑖𝑟) − �̅�𝑖𝑟 +
1

2
𝜎𝑧𝑖𝑟

2 𝑢′′(�̅�𝑖𝑟)] − [𝑢(�̅�𝑗𝑟) − �̅�𝑗𝑟 +
1

2
𝜎𝑧𝑗𝑟

2 𝑢′′(�̅�𝑗𝑟)] =
1

2
𝑢′′(�̅�𝑟) (𝜎𝑧𝑖𝑟

2 − 𝜎𝑧𝑗𝑟

2 ) =

−
1

2
𝛼�̅�𝑟

−𝛼−1 (𝜎𝑧𝑖𝑟

2 − 𝜎𝑧𝑗𝑟

2 ) < 0 or >  0                                                                              (3.40) 

where �̅�𝑖𝑟 = �̅�𝑗𝑟 = �̅�𝑟 , the definition of ‘safe’ alternative suggests 𝜎𝑧𝑖𝑟

2 < 𝜎𝑧𝑗𝑟

2 , thus when 𝛼 >

0, function 3.40 is positive, suggesting individuals are risk seeking while if 𝛼 < 0, function 

3.40 is negative, indicating individuals’ risk averse attitudes. 

To explore the monotonicity of expression 3.40 on 𝛼 , we denote 𝑓(𝑥, 𝜎𝑧) = 𝑢(𝑥) − 𝑥 +

1

2
𝜎𝑧

2𝑢′′(𝑥), so 3.40 is further written as 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 𝑓(�̅�𝑖𝑟 , 𝜎𝑧𝑖𝑟
) − 𝑓 (�̅�𝑗𝑟 , 𝜎𝑧𝑗𝑟

).  

An individual is risk averse if and only if 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 𝑓(�̅�𝑖𝑟 , 𝜎𝑧𝑖𝑟
) − 𝑓 (�̅�𝑗𝑟 , 𝜎𝑧𝑗𝑟

) < 0 , 

while risk seeking if and only if 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 𝑓(�̅�𝑖𝑟 , 𝜎𝑧𝑖𝑟
) − 𝑓 (�̅�𝑗𝑟 , 𝜎𝑧𝑗𝑟

) > 0. If the sign of 

the derivative 
𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼
=

𝜕𝑓(�̅�𝑖𝑟,𝜎𝑧𝑖𝑟
)

𝜕𝛼
−

𝜕𝑓(�̅�𝑗𝑟,𝜎𝑧𝑗𝑟
)

𝜕𝛼
 can be clearly determined, the 

interpretation of the relationship between the risk attitude and the risk parameter 𝛼  is 

conclusive.   

To compare the two terms 
𝜕𝑓(�̅�𝑖𝑟,𝜎𝑧𝑖𝑟

)

𝜕𝛼
 and 

𝜕𝑓(�̅�𝑗𝑟,𝜎𝑧𝑗𝑟
)

𝜕𝛼
, it is useful to solve the first order partial 

derivative 
𝜕𝑓(�̅�𝑟,𝜎𝑧𝑟)

𝜕𝛼
 with respect to 𝑥, i.e., the second order partial derivative of 𝑓(�̅�𝑟 , 𝜎𝑧𝑟

) in 

terms of 𝑥 and 𝛼, 
𝜕𝑓(�̅�𝑟,𝜎𝑧𝑟)

𝜕𝛼𝜕𝑥
.  

To simplify the calculations, we remove the difference in variance between the ‘safe’ 𝑖 and 

‘risky’ 𝑗  alternatives by assuming 𝜎𝑧𝑟
2 =

1

2
(𝜎𝑧𝑖𝑟

2 + 𝜎𝑧𝑗𝑟

2 ) , thus 𝜎𝑧𝑖𝑟

2 < 𝜎𝑧𝑟
2 < 𝜎𝑧𝑗𝑟

2 . Then the 
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relationship among 𝜎𝑧𝑖𝑟

2 , 𝜎𝑧𝑟
2  and 𝜎𝑧𝑗𝑟

2  helps to further determine the conditions satisfying the 

monotonicity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  on 𝛼  value (for details, please refer to Appendix 3.4.1). 

Specifically, if 
𝜕𝑓(�̅�𝑟,𝜎𝑧𝑟)

𝜕𝛼𝜕𝑥
< 0 (when �̅�𝑖𝑟 > �̅�𝑗𝑟 ), we conclude that 

𝜕𝑓(�̅�𝑖𝑟,𝜎𝑧𝑖𝑟
)

𝜕𝛼
−

𝜕𝑓(�̅�𝑗𝑟,𝜎𝑧𝑗𝑟
)

𝜕𝛼
<

0, suggesting that 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is a monotonically decreasing function on 𝛼. The monotonicity 

of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 reverses if 
𝜕𝑓(�̅�𝑟,𝜎𝑧𝑟)

𝜕𝛼𝜕𝑥
> 0. 

The first derivative of 𝑓(𝑥, 𝜎𝑧) = 𝑢(𝑥) − 𝑥 +
1

2
𝜎𝑧

2𝑢′′(𝑥) in terms of 𝛼 is:  

𝜕𝑓(𝑥,𝜎𝑧)

𝜕𝛼
=

𝜕𝑢(𝑥)

𝜕𝛼
+

1

2
𝜎𝑧

2 𝜕𝑢′′(𝑥)

𝜕𝛼
=

𝑥1−𝛼[1−(1−𝛼)𝑙𝑛𝑥]

(1−𝛼)2
+

1

2
𝜎𝑧

2𝑥−1−𝛼(𝛼𝑙𝑛𝑥 − 1)  (3.41) 

which is derived with respect to α, in order to determine the monotonicity of 𝑓(�̅�𝑖𝑟 , 𝜎𝑧𝑖𝑟
) −

𝑓 (�̅�𝑗𝑟 , 𝜎𝑧𝑗𝑟
) on 𝛼: 

𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼
≈

𝜕2𝑓(𝑥,𝜎𝑧)

𝜕𝛼𝜕𝑥
= 𝑥−𝛼−2 {

1

2
𝜎𝑧

2[−𝛼2𝑙𝑛𝑥 + 𝛼(2 − 𝑙𝑛𝑥) + 1]−𝑥2𝑙𝑛𝑥}  (3.42) 

Adopting the following notation: 

ℎ(𝛼) =
1

2
𝜎𝑧

2[−𝛼2𝑙𝑛𝑥 + 𝛼(2 − 𝑙𝑛𝑥) + 1],       (3.43) 

ℎ(𝛼)  is a quadratic function on 𝛼  with the maximum value ℎ(𝛼)|𝑚𝑎𝑥 =
1

2
𝜎𝑧

2 [1 +

(2−𝑙𝑛𝑥)2

4𝑙𝑛𝑥
] > 0 if 𝑥 > 5 (more details are provided in Appendix 3.3.1).  

As 𝑥−𝛼−2 > 0 and considering 
𝜕2𝑓(𝑥,𝜎𝑧)

𝜕𝛼𝜕𝑥
= 𝑥−𝛼−2[−𝑥2𝑙𝑛𝑥 + 𝑘(𝛼)], the sign of  

𝜕2𝑓(𝑥,𝜎𝑧)

𝜕𝛼𝜕𝑥
 is 

determined by ℎ(𝛼)−𝑥2𝑙𝑛𝑥. 
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and 𝛼 . More analysis is required to determine the convexity/concavity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 =

𝑓(�̅�𝑖𝑟 , 𝜎𝑧𝑖𝑟
) − 𝑓 (�̅�𝑗𝑟 , 𝜎𝑧𝑗𝑟

). 

From the above analysis, it can be concluded that: 

- The inconclusive sign of the first-order derivative of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 with respect to 𝛼 leads to 

the non-monotonic increasing/decreasing property of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒. Thus, the interpretation of 

the risk attitude with regard to 𝛼  is unclear and highly dependent on the context of the 

attribute (i.e., means and variances for the ‘safe’ and ‘risky’ alternatives). 

- The analysis highlights the importance of the relationship between �̅�𝑖𝑟 and �̅�𝑗𝑟 . Different 

relationships between them could lead to reversed interpretation of risk attitudes using the 

same 𝛼 values.  

The following section focuses on the (non-)monotonicity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 on 𝛼. Two situations, 

where the expected value of the ‘safe’ alternative is larger than the expected value of the 

‘risky’ alternative (i.e. �̅�𝑖𝑟 > �̅�𝑗𝑟), and the opposite (�̅�𝑖𝑟 < �̅�𝑗𝑟), are explored. 

3.4.3 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆  is Monotonic on 𝜶 

Considering a pair of ‘safe’ and ‘risky’ alternatives i and j, with (�̅�𝑖𝑟 , 𝜎𝑧𝑖𝑟

2 ) and(�̅�𝑗𝑟 , 𝜎𝑧𝑗𝑟

2 ) and 

satisfying 
𝜕2𝑓(𝑥,𝜎𝑧)

𝜕𝛼𝜕𝑥
< 0  (on the condition that 𝑥2𝑙𝑛𝑥 ≥ 𝑘(𝛼)|𝑚𝑎𝑥),  we conclude that 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  (function 3.40) is monotonic on 𝛼 . The monotonic increasing or decreasing 

property of the 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  function is dictated by the relationship between �̅�𝑖𝑟 and �̅�𝑗𝑟. 
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For simplicity, the following analysis is based on the assumption
10

 that the variances for both 

the ‘safe’ and ‘risky’ alternatives are normalised to 𝜎𝑧𝑟
2 , which is the average of 𝜎𝑧𝑖𝑟

2  and 𝜎𝑧𝑗𝑟

2 . 

In reality, the relationship between variances satisfies the relation 𝜎𝑧𝑖𝑟

2 < 𝜎𝑧𝑟
2 < 𝜎𝑧𝑗𝑟

2 . When 

�̅�𝑖𝑟 < �̅�𝑗𝑟 , the monotonicity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  on 𝛼  is clear. However, when �̅�𝑖𝑟 > �̅�𝑗𝑟 ,  the 

monotonicity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙  on  𝛼  is inconclusive and context-dependent, and the 

combination of 𝜎𝑧𝑖𝑟

2 , 𝜎𝑧𝑗𝑟

2 , �̅�𝑖𝑟, �̅�𝑗𝑟 and 𝛼 is further constrained to a smaller range in order to 

interpret the outcomes (further details are provided in Appendix 3.4.1). 

3.4.3.1 Case 1 : �̅�𝒊𝒓 > �̅�𝒋𝒓 

If the expected value of the ‘safe’ alternative is larger than the expected value of the ‘risky’ 

alternative, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  is monotonically decreasing with 𝛼 . Only one boundary exists, 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 0  when 𝛼 = 0.  Hence, when 𝛼 > 0 , 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 < 0  suggesting individuals 

are risk averse, while if 𝛼 < 0, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 > 0, indicating individuals are risk seeking. The 

relationships between 𝛼 value and 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒, as well as risk attitudes are depicted in Figures 

3.5a and 3.5b. 

                                                 
10

 The approach adopted here is to sequentially compare differences in expected values, then compare standard 

deviations, rather than a simultaneous analysis. 
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Figure 3.5a Relationship between α and 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 if 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 is monotonic on α (�̅�𝒊𝒓 > �̅�𝒋𝒓 and 

the ‘safe’ alternative has a smaller variance) 

 

Figure 3.5b Interpretation of risk attitude if 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is monotonic on 𝛼 (�̅�𝑖𝑟 > �̅�𝑗𝑟 and the ‘safe’ 

alternative has a smaller variance) 

3.4.3.2 Case 2 : �̅�𝒊𝒓 ≤ �̅�𝒋𝒓 

When the reverse situation occurs, i.e., the expected value of the ‘safe’ alternative is smaller 

than the expected value of the ‘risky’ alternative, 
𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝜕𝛼
> 0, suggesting that 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 

is increasing monotonically with 𝛼 . The conclusions are the opposite, in the sense that 
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individuals are risk seeking when 𝛼 > 0, and risk averse when 𝛼 < 0 (presented in Figures 

3.6a and 3.6b). 

In the case of �̅�𝑖𝑟 = �̅�𝑗𝑟, Section 3.4.2 concludes that individuals are risk seeking if 𝛼 is 

positive while risk averse when 𝛼 is negative.

 

Figure 3.6a Relationship between α and 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 if 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 is monotonic on α (�̅�𝒊𝒓 ≤ �̅�𝒋𝒓 and 

the ‘safe’ alternative has lower variance) 

 

 

Figure 3.6b Interpretation of risk attitude if 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 is monotonic on 𝜶 (�̅�𝒊𝒓 ≤ �̅�𝒋𝒓 and the ‘safe’ 

alternative has lower variance)  
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The conclusion is that when 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is monotonic with respect to 𝛼, the interpretation of 

the risk attitude indicator is consistent with the traditional relationship between risk attitudes 

and 𝛼 values, based on the mean preserving spread cases.  

3.4.4 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 is a Non-monotonic Function on 𝜶 

If the positivity/negativity of the first-order derivative of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  with respect to 𝛼  is 

inconclusive, the relationship of 𝛼 with risk attitude cannot be determined. Following the 

same methodological approach, the second-order derivative of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  with 𝛼  is 

approximated as: 

𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒
2

𝜕𝛼2 ≈
𝜕3𝑓(𝑥,𝜎𝑧)

𝜕𝛼2𝜕𝑥
= 𝑥−𝛼−2 {𝑥2𝑙𝑛2𝑥 +

1

2
𝜎𝑧

2[𝛼2𝑙𝑛2𝑥 − 𝛼𝑙𝑛𝑥(4 − 𝑙𝑛𝑥) + 2 − 2𝑙𝑛𝑥]}  

(3.44) 

The sign of function 3.44 is determined by the component in the brackets 𝑥2𝑙𝑛2𝑥 +

1

2
𝜎𝑧

2[𝛼2𝑙𝑛2𝑥 − 𝛼𝑙𝑛𝑥(4 − 𝑙𝑛𝑥) + 2 − 2𝑙𝑛𝑥] as 𝑥−𝛼−2 is always positive. 

Assuming 𝑡(𝛼) =
1

2
𝜎𝑧

2[𝛼2𝑙𝑛2𝑥 − 𝛼𝑙𝑛𝑥(4 − 𝑙𝑛𝑥) + 2 − 2𝑙𝑛𝑥] , 𝑡(𝛼) is a quadratic function 

in 𝛼. The minimum value of function 𝑡(𝛼) is 
1

2
𝜎𝑧

2 [2(1 − 𝑙𝑛𝑥) −
(4−𝑙𝑛𝑥)2

4
] when 𝛼 =

2

𝑙𝑛𝑥
−

1

2
  

(for details, please see Appendix 3.3.2).  

Although the minimum value of function 𝑡(𝛼)  < 0, it is possible for 𝑥2𝑙𝑛2𝑥 + 𝑡(𝛼)  to 

become positive for the whole domain of definition of 𝛼(s) (see Figure 3.7b). However, for 

some cases (the combination of 𝜎𝑧𝑖𝑟

2 , 𝜎𝑧𝑗𝑟

2 , �̅�𝑖𝑟 and �̅�𝑗𝑟), when 𝛼 ∈ (𝛼1, 𝛼2), 
𝜕3𝑓(𝑥,𝜎𝑧)

𝜕𝛼2𝜕𝑥
 < 0, while 

when 𝛼 ∈ (−∞,𝛼1) or (𝛼2, +∞), the second-order derivative of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 with respect to 𝛼 

is positive, as shown in Figure 3.7a. 
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More details are provided in the following section for each case. 

Consistent with the presentation in Section 3.4.3, the above analysis is also based on the 

assumption that the variances for both ‘safe’ and ‘risky’ alternatives are equal and normalised 

to 𝜎𝑧𝑟
2 , representing the average of 𝜎𝑧𝑖𝑟

2  and 𝜎𝑧𝑗𝑟

2 . However, the actual relationship of variances 

𝜎𝑧𝑟
2 , 𝜎𝑧𝑖𝑟

2  and 𝜎𝑧𝑗𝑟

2  satisfies 𝜎𝑧𝑖𝑟

2 < 𝜎𝑧𝑟
2 < 𝜎𝑧𝑗𝑟

2 . Therefore, when �̅�𝑖𝑟 < �̅�𝑗𝑟, the monotonicity of 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  with 𝛼  is consistent with the case where 𝜎𝑧𝑟
2  is applied. But if �̅�𝑖𝑟 > �̅�𝑗𝑟 , the 

monotonicity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 on 𝛼 is inconclusive and context-dependent. Monotonicity 

requires a combination of conditions (smaller ranges for average, variances, and 𝛼) for (𝜎𝑧𝑖𝑟

2 , 

𝜎𝑧𝑗𝑟

2 , �̅�𝑖𝑟, �̅�𝑗𝑟 and 𝛼) to achieve definite outcomes (see Appendix A3.4.2).  

3.4.4.1 Monotonic first-order derivative of 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆  

A simpler case for the monotonicity of the first-order derivative of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 on 𝛼 is shown 

in Figure 3.8b. The expected values and standard deviations of attribute 𝑥 should meet the 

following two conditions: 𝑥2𝑙𝑛𝑥 −
1

2
𝜎𝑧

2 [1 +
(2−𝑙𝑛𝑥)2

4𝑙𝑛𝑥
] < 0 ∩ 𝑥2𝑙𝑛2𝑥 + 

1

2
𝜎𝑧

2 [2(1 − 𝑙𝑛𝑥) −

(4−𝑙𝑛𝑥)2

4
] > 0. 

Figure 3.7a 𝒙𝟐𝒍𝒏𝟐𝒙 + 𝒕(𝜶) ‘crossing’ the 

horizontal axis 

Fig 3.7b 𝑥2𝑙𝑛2𝑥 + 𝑡(𝛼) ‘above’ horizontal axis 
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When 
𝜕3𝑓(𝑥,𝜎𝑧)

𝜕𝛼2𝜕𝑥
> 0 for all 𝛼values, 

𝜕2[𝑓(�̅�𝑖𝑟,𝜎𝑧𝑟)−𝑓(�̅�𝑗𝑟,𝜎𝑧𝑟)]

𝜕𝛼2  is monotonically increasing with 𝑥, 

(regardless of the relation between variances). The concavity or convexity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 on 

𝛼 is highly dependent on the relationship of the expected value of attribute 𝑥 in the ‘safe’ and 

‘risky’ alternatives. The following conclusions are drawn before undertaking a separate 

analysis of the expected values (�̅�𝑖𝑟 > �̅�𝑗𝑟 or �̅�𝑖𝑟 < �̅�𝑗𝑟). 

 Firstly, all 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  curves pass through the origin when 𝛼 = 0 (risk neutrality), 

thus there is no difference in the scaled attribute value 𝑥 between a risk averse a, or 

seeking d, individual and the abstract individual c. However, when excluding the first-

order stochastic dominance cases, 𝛼 = 0 is not the point in which case 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 

achieves extreme value. If 𝛼 = 0, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 0 is the maximum or minimum point, 

and the overall 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 curve is either above or below the horizontal axis. The 

constant positive/negative value of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  indicate individuals’ consistent risk 

seeking/averse attitude when 𝛼  moves from −∞  to +∞ . Technically, the risk 

indicator 𝛼 fails to uniquely capture an individual’s risk attitude. 

 Secondly, the difference of attribute 𝑥𝑟  between the ‘safe’ and ‘risky’ alternatives 

approaches zero after scaling by 𝛼 (+∞) , suggesting that an individual with an 

extreme risk seeking attitude does not differentiate the uncertainty present in the ‘safe’ 

and ‘risky’ alternatives, choosing each alternative with equal chance (probability of 

0.5). Thus, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 𝐸(𝑥𝑗𝑟) − 𝐸(𝑥𝑖𝑟). The positivity/negativity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is 

then determined by the relationship of expected value of attribute 𝑥 between the ‘safe’ 

and ‘risky’ alternatives. 
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I. When �̅�𝑖𝑟 > �̅�𝑗𝑟 

If 
𝜕3𝑓(𝑥,𝜎𝑧)

𝜕𝛼2𝜕𝑥
> 0  for all 𝛼  values, 

𝜕2[𝑓(�̅�𝑖𝑟,𝜎𝑧𝑟)−𝑓(�̅�𝑗𝑟,𝜎𝑧𝑟)]

𝜕𝛼2
 is monotonically increasing with 𝑥 

(ignoring 𝜎2
𝑧𝑖𝑟

< 𝜎2
𝑧𝑗𝑟

). When �̅�𝑖𝑟 > �̅�𝑗𝑟 , 
𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

2

𝜕𝛼2  > 0, for 𝛼 ∈ (−∞,+∞). The positie 

second-order derivative of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  in terms of 𝛼  indicates the convexity of function 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  and there is only one point 𝛼∗  with the corresponding minimum value 

𝑅∗
𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒.   

As discussed, the point 𝛼∗does not coincide with the point where 𝛼 = 0, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 0. 

This suggests that 𝑅∗
𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  at the point 𝛼∗  is negative. Furthermore, when 𝛼  is 

approaching +∞, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is determined by the difference of expected value of attribute 𝑥 

between the ‘risky’ and ‘safe’ alternatives. In the context of �̅�𝑖𝑟 > �̅�𝑗𝑟 , 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 < 0 if 

𝛼 → +∞.  

Due to the existence of the point 𝛼∗ (with the minimum value of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒) and the positive 

second-order derivative of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  in terms of 𝛼 , when 𝛼 < 𝛼∗ , 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  is 

monotonically decreasing with 𝛼;  conversely, when 𝛼 > 𝛼∗ , 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  is monotonically 

increasing with 𝛼  (see Figure 3.8a). Additionally, when 𝛼 > 𝛼∗ , 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  is always 

negative, suggesting there is only one point of intersection of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 with the horizontal 

axis. Thus 𝛼 = 0 is the risk neutral boundary to separate risk seeking and risk averse attitudes 

(Figure 3.8b). 
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Figure 3.8b Interpretation of risk attitude if 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 has the minimum value (the ‘safe’ alternative 

has lower variance and �̅�𝑖𝑟 > �̅�𝑗𝑟) 

 

II. When �̅�𝑖𝑟 < �̅�𝑗𝑟 

As discussed, 
𝜕2[𝑓(�̅�𝑖𝑟,𝜎𝑧𝑟)−𝑓(�̅�𝑗𝑟,𝜎𝑧𝑟)]

𝜕𝛼2  is monotonically increasing with 𝑥  (ignoring 𝜎2
𝑧𝑖𝑟

<

𝜎2
𝑧𝑗𝑟

) . In the case of �̅�𝑖𝑟 < �̅�𝑗𝑟 , 
𝜕2[𝑓(�̅�𝑖𝑟,𝜎𝑧𝑟)−𝑓(�̅�𝑗𝑟,𝜎𝑧𝑟)]

𝜕𝛼2
< 0 , suggesting the second-order 

derivatives of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 in terms of 𝛼 is negative, and the curve 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is concave with 

the point 𝑅∗
𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

′
 as the maximum value when 𝛼 = 𝛼∗′. 

Figure 3.8a Relationship between α and 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 if 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 has the minimum value (the ‘safe’ 

alternative has lower variance and �̅�𝒊𝒓 > �̅�𝒋𝒓) 
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The 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 curve passes through the point 𝛼 = 0, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 0, then climbs up to the 

point 𝑅∗
𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

′
, followed by a decreasing trend to approach �̅�𝑗𝑟 − �̅�𝑖𝑟, which is above the 

horizontal axis. Similar to the case where �̅�𝑖𝑟 > �̅�𝑗𝑟, 𝛼∗′ is an important feature in Figure 3.9a 

to distinguish the monotonically increasing and decreasing parts of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒. Moreover, 

𝛼 = 0 is the risk neutral boundary to separate risk seeking and risk averse attitudes (Figure 

3.9b). 

 

Figure 3.9a Relationship between α and 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 if 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 has the maximum value (the ‘safe’ 

alternative has lower variance and �̅�𝒊𝒓 ≤ �̅�𝒋𝒓) 

 

Figure 3.9b Interpretation of risk attitude if 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 has the maximum value (the ‘safe’ alternative 

has lower variance and �̅�𝑖𝑟 ≤ �̅�𝑗𝑟) 
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The points of extrema in Figures 3.8a and 3.9a, show that the interpretation of risk attitude is 

inconsistent (although 𝛼 = 0 is still the boundary separating the risk seeking from risk averse 

attitudes, as indicated in Figures 3.8b and 3.9b). Taking the case of Figure 3.9a for example, 

the maximum point appears when 𝛼∗′ ≈ 0.4. If we arbitrarily choose two values for two 

individuals a and e, 𝛼 𝑎 = 0.5  and 𝛼 𝑒 = 0.3 , we can interpret both individuals as 

stochastically risk seeking respondents, however, we cannot conclude that a is stochastically 

more risk seeking than e, based on the risk indicator 𝛼. This is because interpretation of the 

relationship between risk attitude and 𝛼 value is inconsistent and context-dependent. This 

finding is matching the conclusions from Wilcox (2011) based on mean-preserving-spread 

pairs. The difference between the results presented in this thesis (Figures 3.8a and 3.9a) and 

Wilcox (2011) lies on the assumption of the relationships between the expected values for the 

‘safe’ and ‘risky’ attributes.  

3.4.4.2 The first-order derivative of 𝐑𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐜𝐞 in terms of 𝛂 is non-monotonic 

If the sign of the second-order derivative of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  with respect to 𝛼  cannot be 

determined, the concavity and convexity of the curve 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 are context-dependent, thus 

the interpretation is inconclusive.  

In this section, the interpretation of risk attitudes is based on mean and variance conditions 

for the alternatives from the choice tasks, hence the conclusions are general, irrespective of 

the distributions of ‘risky’ attribute in the ‘safe’ and ‘risky’ alternatives being continuous or 

discrete.   
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3.5 Constraints of Context Utility Theory 

Context Utility Theory (CUT) was firstly proposed as an effective remedy to examine the 

stochastically more risk averse in the context of mean-preserving-spread pairs (Wilcox 2011). 

The probability of choosing the ‘safe’ alternative 𝑖 by individual 𝑛 is: 

𝑃𝑛𝑖 = 𝐻 (𝜆
∑𝑤𝑛𝑖𝑢𝑛𝑖−∑𝑤𝑛𝑗𝑢𝑛𝑗

𝑢𝑛(𝑥𝑚𝑎𝑥)−𝑢𝑛(𝑥𝑚𝑖𝑛)
)                                                (3.45) 

where 𝐻 is the cumulative distribution function of the error component, usually assumed to 

follow the standard normal or logistic distributions; 𝜆 is the scale parameter which has an 

inverse relationship with the noise/variance; 𝑤𝑛  is the rank-dependent perception 

transformation of probability for individual n; and 𝑢𝑛 is the rescaled utility for each attribute 

value. The denominator in the brackets measures the utility difference of the largest attribute 

value and the smallest. 

In CUT, a contextual unit range transformation (suggested by the denominator of function 

3.45) is applied to limit the influence of context. As shown by this research, the context is a 

major influence on determining the relationship of risk attitude with α. Wilcox (2011) argued 

that CUT maintains the invariant choice probability when the proportional (additive) context 

shifts, given a CRRA/CARA utility structure and mean-preserving-spread pairs.  

Using Wilcox (2011), the utility difference 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  between risk averse (a) and risk 

neutral (c) individuals can be rewritten using CUT as:  

𝑅′
𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒(𝑥) =

𝑢(𝑋𝑎𝑖)−𝑢(𝑋𝑎𝑗)

𝑢(𝑥′
𝑎|𝑚𝑎𝑥)−𝑢(𝑥′

𝑎|𝑚𝑖𝑛)
−

𝑢(𝑋𝑐𝑖)−𝑢(𝑋𝑐𝑗)

𝑢(𝑥′
𝑐|𝑚𝑎𝑥)−𝑢(𝑥′

𝑐|𝑚𝑖𝑛)
                         (3.46)                                     

where  𝑥′
𝑎|𝑚𝑎𝑥  and 𝑥′

𝑎|𝑚𝑖𝑛  represents the largest (maximum) and smallest (minimum) 

attribute value in the bundle 𝑥′
𝑟𝑛 , which has 𝑀 (𝑀 ≤ 2𝑁) outcomes, fully covering both 
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(𝑥𝑖𝑟1 ; 𝑥𝑖𝑟2 ;⋯ ; 𝑥𝑖𝑟𝑁 )  and (𝑥𝑗𝑟1 ; 𝑥𝑗𝑟2 ;⋯ ; 𝑥𝑗𝑟𝑁 )  and following the order 𝑥′
𝑟1 < 𝑥′

𝑟2 ⋯ <

𝑥′
𝑟𝑀. 

The analysis above showed that an agent a/d is stochastically risk averse/seeking if the utility 

difference of 𝑥𝑟 between the ‘risky’ and ‘safe’ alternatives, transformed by the agent is 

smaller/larger than the same pair transformed by a risk neutral agent c. In other words, a is 

risk averse if 
𝑢(𝑋𝑎𝑖)−𝑢(𝑋𝑎𝑗)

𝑢(𝑥′
𝑎|𝑚𝑎𝑥)−𝑢(𝑥′

𝑎|𝑚𝑖𝑛)
<

𝑢(𝑋𝑐𝑖)−𝑢(𝑋𝑐𝑗)

𝑢(𝑥′
𝑐|𝑚𝑎𝑥)−𝑢(𝑥′

𝑐|𝑚𝑖𝑛)
 and d is risk seeking if 

𝑢(𝑋𝑑𝑖)−𝑢(𝑋𝑑𝑗)

𝑢(𝑥′
𝑑|𝑚𝑎𝑥)−𝑢(𝑥′

𝑑|𝑚𝑖𝑛)
>

𝑢(𝑋𝑐𝑖)−𝑢(𝑋𝑐𝑗)

𝑢(𝑥′
𝑐|𝑚𝑎𝑥)−𝑢(𝑥′

𝑐|𝑚𝑖𝑛)
. 

In terms of 
𝑢(𝑋𝑖)−𝑢(𝑋𝑗)

𝑢(𝑥′
|𝑚𝑎𝑥)−𝑢(𝑥′

|𝑚𝑖𝑛)
, considering the assumption of the new outcome bundle 𝑥′

𝑟𝑛 

we obtain: 

𝑢(𝑋𝑖)−𝑢(𝑋𝑗)

𝑢(𝑥′
|𝑚𝑎𝑥)−𝑢(𝑥′

|𝑚𝑖𝑛)
=

∑ 𝑤(𝑝𝑖𝑘 )
𝑀
𝑘=1 𝑢(𝑥′

𝑟𝑘)−∑ 𝑤(𝑝𝑗𝑘 )
𝑀
𝑘=1 𝑢(𝑥′

𝑟𝑘)

𝑢(𝑥′
𝑟𝑀)−𝑢(𝑥′

𝑟1)
  

                                 =
∑ [𝑤(𝑝𝑖𝑘 )−𝑤(𝑝𝑗𝑘 )]

𝑀
𝑘=1 𝑢(𝑥′

𝑟𝑘)

𝑢(𝑥′
𝑟𝑀)−𝑢(𝑥′

𝑟1)
                                                        (3.47) 

Since ∑ 𝑤(𝑝𝑖𝑘 )
𝑀
𝑘=1 = ∑ 𝑤(𝑝𝑗𝑘 )

𝑀
𝑘=1 = 1 , 𝑤(𝑝𝑖1 ) − 𝑤(𝑝𝑗1 ) = −∑ [𝑤(𝑝𝑖𝑘 ) − 𝑤(𝑝𝑗𝑘 )]

𝑀
𝑘=2 , 

thus function 3.47 can be further written as: 

𝑢(𝑋𝑖)−𝑢(𝑋𝑗)

𝑢(𝑥′
|𝑚𝑎𝑥)−𝑢(𝑥′

|𝑚𝑖𝑛)
=

−∑ [𝑤(𝑝𝑖𝑘 )−𝑤(𝑝𝑗𝑘 )]
𝑀
𝑘=2 𝑢(𝑥′

𝑟1)+∑ [𝑤(𝑝𝑖𝑘 )−𝑤(𝑝𝑗𝑘 )]
𝑀
𝑘=2 𝑢(𝑥′

𝑟𝑘)

𝑢(𝑥′
𝑟𝑀)−𝑢(𝑥′

𝑟1)
  

=
∑ [𝑤(𝑝𝑖𝑘 )−𝑤(𝑝𝑗𝑘 )]

𝑀
𝑘=2 [𝑢(𝑥′

𝑟𝑘)−𝑢(𝑥′
𝑟1)]

𝑢(𝑥′
𝑟𝑀)−𝑢(𝑥′

𝑟1)
=  

[𝑤(𝑝𝑖2 )−𝑤(𝑝𝑗2 )][𝑢(𝑥′
𝑟2)−𝑢(𝑥′

𝑟1)]+[𝑤(𝑝𝑖3 )−𝑤(𝑝𝑗3 )][𝑢(𝑥′
𝑟3)−𝑢(𝑥′

𝑟1)]+⋯+[𝑤(𝑝𝑖𝑀 )−𝑤(𝑝𝑗𝑀 )][𝑢(𝑥′
𝑟𝑀)−𝑢(𝑥′

𝑟1)]

𝑢(𝑥′
𝑟𝑀)−𝑢(𝑥′

𝑟1)
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= [𝑤(𝑝𝑖2 ) − 𝑤(𝑝𝑗2 )]
𝑢(𝑥′

𝑟2)−𝑢(𝑥′
𝑟1)

𝑢(𝑥′
𝑟𝑀)−𝑢(𝑥′

𝑟1)
+ [𝑤(𝑝𝑖3 ) − 𝑤(𝑝𝑗3 )]

𝑢(𝑥′
𝑟3)−𝑢(𝑥′

𝑟1)

𝑢(𝑥′
𝑟𝑀)−𝑢(𝑥′

𝑟1)
+ ⋯+ [𝑤(𝑝𝑖𝑀 ) −

𝑤(𝑝𝑗𝑀 )]           (3.48) 

As indicated by 3.48, 
𝑢(𝑋𝑖)−𝑢(𝑋𝑗)

𝑢(𝑥′
|𝑚𝑎𝑥)−𝑢(𝑥′

|𝑚𝑖𝑛)
 is a monotonic function of 

𝑢(𝑥′
𝑟𝑘)−𝑢(𝑥′

𝑟1)

𝑢(𝑥′
𝑟𝑀)−𝑢(𝑥′

𝑟1)
. Therefore, 

the increasing or decreasing monotonicity is highly dependent on the positivity/negativity of  

𝑤(𝑝𝑖𝑘 ) − 𝑤(𝑝𝑗𝑘 ).  

A special case is when 𝑘 = 3 , 
𝑢(𝑋𝑖)−𝑢(𝑋𝑗)

𝑢(𝑥′
|𝑚𝑎𝑥)−𝑢(𝑥′

|𝑚𝑖𝑛)
= [𝑤(𝑝𝑖2 ) − 𝑤(𝑝𝑗2 )]

𝑢(𝑥′
𝑟2)−𝑢(𝑥′

𝑟1)

𝑢(𝑥′
𝑟3)−𝑢(𝑥′

𝑟1)
+

[𝑤(𝑝𝑖3 ) − 𝑤(𝑝𝑗3 )].  

An individual a is risk averse when 
𝑢(𝑋𝑎𝑖)−𝑢(𝑋𝑎𝑗)

𝑢(𝑥′
𝑎|𝑚𝑎𝑥)−𝑢(𝑥′

𝑎|𝑚𝑖𝑛)
<

𝑢(𝑋𝑐𝑖)−𝑢(𝑋𝑐𝑗)

𝑢(𝑥′
𝑐|𝑚𝑎𝑥)−𝑢(𝑥′

𝑐|𝑚𝑖𝑛)
 , which 

suggests 
𝑢(𝑥′

𝑎𝑟2)−𝑢(𝑥′
𝑎𝑟1)

𝑢(𝑥′
𝑎𝑟3)−𝑢(𝑥′

𝑎𝑟1)
<

𝑢(𝑥′
𝑐𝑟2)−𝑢(𝑥′

𝑐𝑟1)

𝑢(𝑥′
𝑐𝑟3)−𝑢(𝑥′

𝑐𝑟1)
  for all 𝑥′

𝑟1, 𝑥′
𝑟2 and 𝑥′

𝑟3 with 𝑥′
𝑟1 < 𝑥′

𝑟2 <

𝑥′
𝑟3, on the assumption that 𝑤(𝑝𝑖2 ) − 𝑤(𝑝𝑗2 ) > 0 (the ‘safe’ alternative has less variance 

than the ‘risky’ alternative). According to the Risk-averse theorem proposed by Pratt (1964), 

individuals are risk averse if five
11

 conditions are equivalent: 

(1) 𝑟(𝑎|𝑥) ≥ 𝑟(𝑐|𝑥) for all 𝑥, where 𝑟(𝑥) is the general risk attitude indicator; 

⋯  

(5) 
𝑢(𝑎𝑦)−𝑢(𝑎𝑥)

𝑢(𝑎𝑤)−𝑢(𝑎𝑣)
<

𝑢(𝑐𝑦)−𝑢(𝑐𝑥)

𝑢(𝑐𝑤)−𝑢(𝑐𝑣)
 for all 𝑣, 𝑤, 𝑥 and 𝑦 with 𝑣 < 𝑤 ≤ 𝑥 < 𝑦. 

From condition 1, an individual a is risk averse compared with a risk neutral individual c, if 

𝑟(𝑎|𝑥) ≥ 𝑟(𝑐|𝑥). The above analysis also suggests that a is risk averse if 
𝑢(𝑥′

𝑎𝑟2)−𝑢(𝑥′
𝑎𝑟1)

𝑢(𝑥′
𝑎𝑟3)−𝑢(𝑥′

𝑎𝑟1)
<

𝑢(𝑥′
𝑐𝑟2)−𝑢(𝑥′

𝑐𝑟1)

𝑢(𝑥′
𝑐𝑟3)−𝑢(𝑥′

𝑐𝑟1)
, which is equivalent to 

𝑢(𝑥′
𝑎𝑟3)−𝑢(𝑥′

𝑎𝑟1)

𝑢(𝑥′
𝑎𝑟2)−𝑢(𝑥′

𝑎𝑟1)
>

𝑢(𝑥′
𝑐𝑟3)−𝑢(𝑥′

𝑐𝑟1)

𝑢(𝑥′
𝑐𝑟2)−𝑢(𝑥′

𝑐𝑟1)
. Compared with 

                                                 
11

 Only two out of the five conditions are relevant here, so b-d are not further discussed. 
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2. When defining the ‘risky’ alternative as having higher variance, it is useful to 

consider two risk parameters (‘two-alpha’ risk model) to distinguish between choice 

tasks with different relationships of expected values between ‘risky’ and ‘safe’ 

alternatives (�̅�𝑖𝑟 < �̅�𝑗𝑟 or �̅�𝑖𝑟 > �̅�𝑗𝑟 ). According to the analysis in Section 3.4, this 

approach should improve the fit to the data, however, the interpretation of risk attitude 

is still context-dependent when the 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is non-monotonic with 𝛼. 

3. As discussed, CUT does not always solve the context-dependent problem.  When the 

number of outcomes across ‘risky’ and ‘safe’ profiles is no more than three, the CUT 

model is an effective tool to remove the influence of context under certain conditions. 

Otherwise, the relationship between 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 and risk parameter is unclear and the 

interpretation of 𝛼 is still dependent on the context. 

3.7 Conclusions and Discussion 

This chapter mainly focuses on interpreting the relationship between the risk attitude and the 

α indicator in the context of discrete choice modelling.  

In terms of stochastic choice and random utility under risk, more stochastically risk 

averse/seeking attitudes are defined as choices: individuals are more/less likely to choose the 

‘safe’ alternative, compared to the abstract risk neutral individual. 

Under this definition, a stochastically risk averse/seeking attitude is further extended to 

whether the utility difference between two alternatives with lower and higher variance is 

contracted/expanded, compared with the gap between their two expected values. The 

probability weighting proposed by Quiggin (1982) and a power specification of CRRA (Pratt 

1964) are applied in this research to capture individual perception of risk and transformation 

of probabilities and risk attribute values. 
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Drawing on the four definitions of ‘risk’ and ‘safe’ alternatives presented by Rothschild and 

Stiglitz (1970), when the mean-preserving-spread is not satisfied, these definitions are 

inconsistent. This research uses two definitions: less variance and the risk ‘avoider’s 

preference, to distinguish the ‘risky’ and ‘safe’ alternatives in the analysis. 

For each definition, most combinations of ‘risky’ and ‘safe’ profiles offer a conclusive 

relationship between the risk attitude and 𝛼. However, for some cases, the interpretation of 𝛼 

is context-dependent and thus inconclusive. More specifically, in the definition of risk 

‘avoider’ the ‘safe’ alternative is preferred, so there may exist another value 𝛼 ̃(𝛼 ̃ < 0.62) 

for which the utility difference 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 = 0; thus when 𝛼 ∈ (0, 𝛼 ̃) or (𝛼 ̃, 0), individuals 

are risk averse, otherwise risk seeking. Similarly, when the alternative with higher variance of 

the ‘risky’ attribute is treated as the ‘risky’ alternative, the interpretation of 𝛼 value as more 

stochastically risk seeking or averse is not always clear, when 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is non-monotonic 

on 𝛼. 

Current analysis mainly focuses on three outcomes associated with probabilities per 

alternative (six outcomes per choice task), but similar conclusions are applicable where the 

distribution of outcomes has more discrete values or is continuous.  

Determining whether an individual is risk averse/seeking based on the sign and value of α 

may lead to incorrect inferences, which represents a considerable barrier for analysts to 

understand individual behaviours in the context of risk. The straightforward remedy is to 

examine the relationship of risk attitude and α for each profile, which may be time-

consuming and operationally impractical. The second approach broadly classifies the choice 

tasks and applies a ‘two-alpha’ mixed logit model to capture the different relationships 

between the expected values of the ‘risky’ and ‘safe’ alternatives. This shows an 

improvement to fit of the data and rejects the null hypothesis that the interpretation of the 𝛼 
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in CRRA is context independent. Another option is to apply the CUT model to rescaling the 

attribute values to provide consistent interpretation of risk attitude; still, this it not without its 

issues. In the following chapters the last two remedies are exploited to analyse the empirical 

data.     
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Chapter 4 Conceptual Development and Experimental Design in 

the Context of Risk 

Chapter 2 presented transport research that identified stochastic traffic situations, such as 

day-to-day travel time variation (Noland & Polak 2002), congestion, and crowding on public 

transport vehicles (Li & Hensher 2013b). The Arrow-Pratt’s CARA/CRRA indicators have 

been widely applied to interpret individual behaviour in uncertain situations (when facing risk) 

and the interpretation of the risk parameter is mainly based on the conclusions from DUT.  

Discrete choice modelling provides analysts the opportunity to explore individual preferences 

and trade-offs when making decisions, and their evaluations of the attributes characterising 

the alternatives or options available to them. At the core of DCM lies RUT, and each utility 

function includes a deterministic component and a stochastic error. RUT is consistent with 

SUT (McFadden & Richter 1990), however, the interpretation of risk attitude in SUT is 

highly dependent on the context and the relationship between risk attitude and risk parameter 

is not a simple one-to-one correspondence (Wilcox 2011). Sections 3.3 and 3.4 conclude the 

context-dependent relationship between risk attitude and the risk parameter in RUT.   

As already indicated, ‘risk’ during the commuting trips is highly determined by the departure 

time. For car drivers, there is a strong dependence between the departure time and congestion 

experienced on the road. Crowding on public transport is substantially higher during peak 

hours. Finally, PnR commuters face a different source of risk related to their departure time: 

the chance of finding a parking bay. In Perth, this chance decreases to zero after 7am. Thus, 

the choices of transport and access mode are strongly interconnected with the departure time. 

This chapter discusses the theoretical relationship between risk attitude and risk indicator, 

further applied to explore individual behaviour with respect to the joint choices of departure 
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We may think of commuters as having a preferred departure time that balances their activities 

at home, their travel and their work commitments. The traveller may prefer to travel earlier or 

later than their usual departure time to fit in with a public transport schedule or to avoid 

heavy congestion. However, there are constraints. They cannot depart too late because they 

may not arrive in time at the destination, missing the opening time or a scheduled activity, 

appointment or meeting. Usually, PnR commuters choose to depart much earlier, in order to 

be certain they find a parking bay.  

When making the decision to commute by train, travellers also make a decision about the 

access mode: PnR, kiss-and-ride (KnR), active modes (WnR) or bus (BnR). For those 

choosing to park then ride, the choice between paid PnR, on-the-street parking, or even 

changing boarding station and switching to another mode (if no parking is available) is 

largely determined by the competition for parking spaces. This highlights the interaction 

between departure time choice and the attributes of the travel modes. 

Since the first development by McFadden (1974) in building up the connection between 

utility theory and choice behaviour in RUT, discrete choice models have been successfully 

used in transport to explore commuter preferences and forecast travel demand. DCM has 

evolved and matured in the last few decades from the simplest model (MNL model, see 

function 4.1) to more sophisticated models, by relaxing the assumptions of taste 

homogeneity, IID error component, and IIA (Louviere, Hensher & Swait 2000; Ben-Akiva & 

Lerman 1985; Hensher, Rose & Greene 2005). 

RUT poses that the utility associated by individual 𝑛 to alternative 𝑖, described by 𝑘 attributes 

𝑥𝑛𝑖𝑘 can be expressed as:   
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𝑈𝑛𝑖 = 𝑉𝑛𝑖 + 휀𝑛𝑖 = ∑𝛽𝑛𝑖𝑘𝑥𝑛𝑖𝑘

𝐾

𝑘=1

+ 휀𝑛𝑖 

(4.1) 

where 𝛽𝑛𝑖𝑘  is the taste parameter of individual 𝑛  for attribute 𝑥𝑛𝑖𝑘  of alternative 𝑖  in the 

observed utility 𝑉𝑛𝑖  and 휀𝑛𝑖  is the unobserved component, assumed to follow an extreme 

value type I distribution.  

In the MNL model (McFadden 1974), the probability of respondent 𝑛 choosing alternative 𝑖 

is calculated as:  

𝑃𝑖𝑛 =
𝑒𝑥𝑝(𝑉𝑛𝑖)

∑ 𝑒𝑥𝑝(𝑉𝑛𝑗)
𝐽
𝑗=1

 
 (4.2) 

To relax the MNL assumptions, a flexible choice model, ML (mixed logit model, or random 

parameters model) was proposed to capture taste heterogeneity, as well as correlations of 

alternatives. This is done by using an efficient random structure (Revelt & Train 1998; 

Hensher & Greene 2003). 

𝛽𝑛𝑘 = �̅�𝑘 + 𝛾𝑘𝑧𝑛𝑘                                                          (4.3) 

𝑃𝑖𝑛 = ∫
𝑒𝑥𝑝(𝛽𝑛𝑋𝑖𝑛)

∑ 𝑒𝑥𝑝(𝛽𝑛𝑋𝑗𝑛)𝑗𝜖𝑐𝑛

𝑓(𝛽𝑛|𝜃)𝑑𝛽𝑛                                   (4.4) 

where 𝛽𝑛𝑘  is the taste parameter for individual 𝑛  and attribute 𝑘  (varying across the 

population). The random parameter has a fixed part �̅�𝑘, and an individual-specific part, (the 

product of the standard deviation parameter 𝛾𝑘 and the random draw 𝑧𝑛𝑘), following some 

underlying distribution. The probability of individual 𝑛  choosing alternative 𝑖  is now 

determined by the integral of parameter 𝛽𝑛 associated with attribute value 𝑋𝑖𝑛. 𝜃 represents 

the density of the distribution.  
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DCM enables analysts to capture individual preferences for each attribute and then to 

estimate the consumer demand via probabilities of choosing alternatives. The explanatory 

variables included in discrete choice model (attributes of alternatives where uncertainty is 

present and socio-demographics
12

) provide a better understanding of commuter behaviour 

when facing ‘risks’, which is the central objective of this research.  

4.2 Application of the Economic Risk Model to DCM 

As presented in Chapter 2, decision theories addressing individuals’ preferences when facing 

risk and uncertainty have been well developed in the field of economics, psychology and 

other applied disciplines. The fundamental EUT proposed by von Neumann and Morgenstern 

(1947) considered the outcomes for prospects multiplied by their probabilities, but it failed to 

explain paradoxes such as the ‘Common consequence’ and ‘Common ratio effects’. More 

advanced DUT models (Kahneman & Tversky 1979; Tversky & Kahneman 1992; Quiggin 

1982) and a new branch of stochastic utility (Loomes & Sugden 1995; Ballinger & Wilcox 

1997; Hey & Orme 1994) have been developed to improve the interpretation of individuals’ 

preferences in the context of risk.  

When the Arrow-Pratt’s CARA/CRRA indicators (Pratt 1964), 𝑟(𝑥) = −𝑢′′(𝑥) 𝑢′(𝑥)⁄  or 

𝑟(𝑥) = −𝑥𝑢′′(𝑥) 𝑢′(𝑥),⁄  are applied to measure how individuals transform monetary values 

to utility, the direct translation of economic risk models in DUT is straightforward and the 

relationship of risk attitude with the risk parameter is beyond question. Also, applying RUT 

in DCM warrants the analysis of risk attitude in SUT. However, the interpretation of risk 

attitude indicator in relation to the individual’s risk attitude is inconclusive. While in the 

mean-preserving-spread pair, the positive/negative Arrow-Pratt risk attitude indicator 

suggests a risk averse/seeking attitude; a relation between a stochastically more risk averse 

                                                 
12

 DCM utility functions may also include attitudes to travel and transport modes, but they are not considered in 

this research. 
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aim of this research is to theoretically interpret the context-dependent relationships of the risk 

attitude in relation to Arrow-Pratt’s risk attitude indicator within RUT, then to offer a number 

of ‘remedies’/adjustments to a mode and time departure discrete choice model. Utility 

functions, including two perceptual transformations of probability and outcomes, were tested 

against classic risk parameters (a linear function in EUT and a traditional relative risk 

aversion measurement). Specifically, this research applied rank-dependent expected utility 

and tested different weighting functions (linear, power, Tversky-Kahnman and Prelec I). In 

terms of risk, CRRA with special enhancements was used, as deemed more suitable and 

computationally more convenient compared to CARA (Hensher et al. 2011; Holt & Laury 

2002).  

The DCM model developed in this research combines a model of risk and measurement of 

probabilities for uncertain situations. Using SP data, it provides the opportunity to examine 

whether the new conditions for risk parameters improve the understanding of the individual’s 

risk behaviour, when the interpretation of risk indicator is highly determined by the choice 

context. 

After the theoretical developments presented in Chapter 3, an investigation of the utility 

functions used in the research guided the experimental design and data collection. An RP 

survey was conducted prior to the SP and delivered the initial attribute values to pivot the SP 

experimental design (more details are given in Section 4.3). The data analysis was undertaken 

considering both RP and SP data sets, to enable data enrichment and minimise biases from 

hypothetical choice scenarios.     

The DCM applied in this research is non-linear mixed logit model (as illustrated in Figure 

4.2), aiming to identify whether risk plays a significant role in commuter travel choice. 

Travel cost and travel time characterise all transport and access modes. Travel time on the 
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road is subject to congestion and varies from hour to hour, day to day and season to season. 

Crowding on public transport and parking availability at railway stations are determined by 

departure time, as well as other travellers’ commuting decisions, and has a day-to-day 

variation. This research focuses on risk attitudes captured for car travel time variations. 

Income, age, gender and employment status were explored as generic socio-demographic 

variables for all alternatives. As car availability and family commitment also play a role in 

establishing the feasible choice sets, they were accounted for in the models.  

EUT and extended-EUT have been widely applied in transport research to examine risk 

(Senna 1994; Noland & Small 1995; Gao, Frejinger & Ben-Akiva 2010; Hensher, Greene & 

Li 2011; Masiero & Hensher 2011). Here, EUT and extended-EUT functions are tested as 

benchmark models. Then, appropriately defined extended-EUT functions that include the 

new measurement of risk attitude are considered to investigate whether ‘remedies’ provide a 

better understanding of commuter attitudes towards variations in travel time by car. 

Typically, the utility functions for travel alternatives include cost and time. In the context of 

PnR compared to other commuting options, these attributes are associated with departure 

time for car, PnR, train with other access modes (KnR, BnR, WnR), and bus only. Therefore, 

the utility functions 𝑈, accounting for risk and uncertainty, are presented below: 

𝑈𝑡,𝑐𝑎𝑟 = 𝛽𝑡 [∑ 𝑤(𝑝𝑡𝑖)
3

𝑖=1
𝑢(𝑥𝑡𝑖)] + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑐𝑥𝑠𝑑𝑐 +𝛽𝑡𝑥𝑡 + 휀𝑐 

(4.5a) 

𝑈𝑡,𝑃𝑛𝑅=𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐾𝑛𝑅𝑥𝑠𝑑𝐾𝑛𝑅 +𝛽𝑡𝑥𝑡 + 휀𝐾𝑛𝑅 + 𝛽𝑝𝑐 [∑ 𝑤(𝑝𝑝𝑐𝑖)
3

𝑖=1
𝑢(𝑥𝑝𝑐𝑖)] 

(4.5b) 

𝑈𝑡,𝐾𝑛𝑅 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐾𝑛𝑅𝑥𝑠𝑑𝐾𝑛𝑅 +𝛽𝑡𝑥𝑡 + 휀𝐾𝑛𝑅 
(4.5c) 
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𝑈𝑡,𝐵𝑛𝑅 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐵𝑛𝑅𝑥𝑠𝑑𝐵𝑛𝑅 +𝛽𝑡𝑥𝑡 + 휀𝐵𝑛𝑅 
(4.5d) 

𝑈𝑡,𝑊𝑛𝑅 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑊𝑛𝑅𝑥𝑠𝑑𝑊𝑛𝑅 +𝛽𝑡𝑥𝑡 + 휀𝑊𝑛𝑅 
(4.5e) 

𝑈𝑡,𝑏𝑢𝑠 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐵𝑥𝑠𝑑𝐵+𝛽𝑡𝑥𝑡 +휀𝑏𝑢𝑠, (4.5f) 

where 𝛽 represents estimated parameters, 𝑈𝑡,𝑖  is the utility function for a departure time 𝑡, 

considering the transport and access mode i; variables 𝑥𝑠  are attributes of the commuting 

travel alternative; 𝑥𝑠𝑑  are socio-demographic characteristics of the respondents; 𝑥𝑠  is the 

travel time; 𝑥𝑠 is a dummy for departure time; and 휀𝑖 represents the error term.  

𝛽𝑡, 𝛽𝑠 and 𝛽𝑠𝑑 represent estimated parameters for attributes without uncertainty (e.g., dummy 

departure time, travel cost), and socio-demographic attributes. 𝛽𝑐𝑟𝑜𝑤𝑑  represents estimated 

the parameter for crowding, 𝑥𝑒𝑥𝑝𝑠 is the expected travel time disutility in crowded conditions 

(probability of crowding multiplied by duration of the trip), and 𝑥𝑝𝑐𝑖 the expected parking 

cost for PnR.  

𝑤(𝑝𝑖) is the weighting function of probability 𝑝𝑖, while 𝑢(𝑥𝑖) is the utility function of ‘risky’ 

attribute 𝑥𝑖  (car travel time 𝑥𝑡𝑖) transformed by attitudes. When using EUT, 𝑤(𝑝) = p and 

𝑢(𝑥𝑡) is the attribute value of car travel time 𝑥𝑡𝑖. But this changes with extended-EUT, where 

transformations of risk attribute value and probability are applied. As already mentioned, this 

research employs the CRRA function, 𝑣(𝑥) = 𝑥1−𝛼 (1 − 𝛼)⁄ ,  shown as appropriate by 

previous scholarly work (Hensher, Greene & Li 2011; Avineri 2006; Wakker 2008). It also 

considers the rank-dependent expected utility (weighting probability) models using the 

Tversky-Kahneman probability weighting function 𝑤(𝑝) =
𝑝𝛾

(𝑝𝛾+(1−𝑝)𝛾)(
1

𝛾⁄ )
 , where α and γ 

represent the risk attitude and the weighting parameter (Tversky & Kahneman 1992). Parking 

availability is measured as expected parking cost, where 𝑤(𝑝𝑝𝑐𝑖) = 𝑝𝑝𝑐𝑖 and 𝑢(𝑥𝑝𝑐𝑖) = 𝑥𝑝𝑐𝑖. 
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4.3 Experimental Design and Data Collection  

The practical problem is capturing commuter preferences between PnR and other transport 

modes under risk. Given the multiple dimensions of choice (main mode, access, departure 

time), the main concerns in designing the experiments for this research were to capture 

respondents’ reference conditions and decreasing their cognitive burden. This meant finding 

efficient combinations to present the ‘risky’ commuting situations, based on respondents’ 

experiences without lengthening the survey instruments. This section discusses the approach 

adopted for data collection, offering a brief summary of RP and SP data. 

4.3.1 RP and SP Surveys  

RP and SP surveys are two successful methods employed in transport research to collect 

choice data. However, given the merits and shortcomings of both survey types, the current 

direction in modelling is to combine both RP and SP data. This has been successfully applied 

in transport research and the most important challenge has been to estimate the scale 

difference between the two data sets (Adamowicz, Louviere & Williams 1994; Hensher & 

Bradley 1993; Bhat & Castelar 2002).  

In order to minimise the cognitive bias and to improve the design efficiency, there has been a 

move from simply combining RP and SP data sets in a model, towards tailoring SP designs 

for each sampled respondent, using the data collected from RP survey (Rose et al. 2008). 

This is beneficial because, as shown by research in psychology, individuals use availability 

and familiarity as short-cuts when making choices (Tversky & Kahneman 1974). Thus, it is 

better to design SP surveys that are realistic and close to each respondent’s actual choice 

context (Carson et al. 1994).  
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(maximising the value of asymptotic t-ratios through minimising standard errors) and builds 

up the links connecting the experiments and the models.  

The MNL model has been successfully applied in designing efficient experiments, due of its 

practical efficiency and robustness (Bliemer, Rose & Hensher 2009; Bliemer & Rose 2010). 

For this reason, MNL was also used here as the model underlying the design. Given the 

sensitivity of designs to priors, Bayesian designs (assuming distributions of prior parameters 

�̂� rather than point estimates), ensure that designs are more robust in relation to variations 

and misspecification, which means that the efficiency loss due to the under/over estimation of 

prior parameters is decreased (Bliemer, Rose & Hensher 2009; Kessels, Jones & Goos 2011). 

The designs used here assumed �̂� to be normally distributed e.g. 𝛽~𝑁(0.1, 0.152).  

To generate attribute levels centred on RP data, the common practice is to vary each level of 

the attribute around the value associated with actual data, by percentages; for example, -25%, 

0% and +25% may be the set used for three attribute levels, or -25%, -12.5%, 0%, 12.5% and 

25% for five levels (Rose & Bliemer 2008; Hensher, Rose & Collins 2011). Here, to fully 

capture respondent reaction towards the change of attribute levels, adaptive levels of all 

factors used either the bundle -25%, 0% and +25% or the bundle -50%, 0% and 50%.  

In the SP survey design, respondents were allocated into 48 classes obtained by combining 

the different transport mode (car, PnR, bus only, BnR, KnR, WnR), two categories of travel 

time (long or short), working schedule (flexible or non-flexible), and departure time (peak 

hour or off-peak). For people with non-flexible working schedules, the change in departure 

time was considered infeasible and they were only asked to make choices among transport 

modes. For commuters with flexible working time, the survey was designed to explore their 

preference for changing departure time and/or travel mode. The assumption that non-flexible 

commuters cannot freely choose their departure time and that commuters with flexible 
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schedule have this option was made in order to simplify the survey and the analysis, although 

research indicates that workers with flexible working schedules are unwilling to delay their 

arrival time (Thorhauge, Cherchi & Rich 2016).    

Consequently, 48 Bayesian efficient experiment designs were implemented by centring on 

the data from the RP survey. Each SP survey included six choice profiles and individuals 

were invited to indicate their most preferred and least preferred alternatives in each choice 

scenario. Figure 4.4 displays an example of a scenario for car drivers with flexible working 

schedules, who depart during peak hour. Their usual one-way commuting time is around 20 

minutes, which is considered a short trip. 

 

 

 

 

 

 

 

 

 

Figure 4.4 Example of SP scenario for car drivers 
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4.3.3 Inclusion of Risk in RP and SP Surveys 

To measure respondent reactions to risk in commuting situations, the descriptions of 

uncertainty in both RP and SP surveys referred to travel time variation, crowding, and 

parking availability at the railway stations.  

4.3.3.1 Description of risk in the RP survey 

In the RP survey, questions about usual travel time, fast travel time, slow travel time, as well 

as number of days they occurred during the last 20 trips were included to capture the travel 

time variation for car driver and car passengers. Public transport users were asked to indicate 

how many times they had a seat on the train/bus and how many days they experienced 

crowding (people standing crammed together) during their last 20 trips. Additionally, PnR 

users were required to answer how many days they parked the car at the paid parking bays 

and how many days they found free parking bays during their last 20 trips.   

4.3.3.2 Design of Risk Prospects in SP Survey 

To deliver the concept of travel uncertainty in stated preference experiments, two dimensions 

are involved: a frequency or probability of occurrence and a magnitude attribute (travel time 

for car, parking cost for PnR). The approach of presenting car travel time reliability varies 

considerably across studies in the world. The verbal description of travel time associated with 

probabilities of occurrence has been popularly applied (Small et al. 1999, Hensher, Greene & 

Li 2011), while vertical bars indicating free-flow, slow traffic and stopping were used by 

Hensher (2001) in a stated survey conducted in New Zealand. Bates et al. (2001) provided a 

circular, clock-face presentation of travel time variations in their SP survey in UK. In terms 

of various representations of ‘risky’ travel times, a pilot study using face-to-face interviews 
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compared different presentation formats and recommended the verbal description as the most 

efficient for surveys (Tseng et al. 2009).   

In the PnR case, risk is assumed to be present in all transport modes. Car travel variation is 

expressed by fast, usual and slow travel times, associated with various probabilities of 

occurrence. Crowding is defined as the chance of finding a seat and the chance that people 

are standing around ‘crammed’. In terms of parking availability at the railway stations, this is 

presented as a set of probabilities of finding free parking, paid parking, or no available bays. 

A verbal presentation of ‘risk’ was included for all three sources of variability in daily 

commuting in the SP experiments.   

There is a trade-off between design efficiency and practical difficulty, and complicated utility 

functions, including risk attitudes and probability weighting, may assist analysts to increase 

design efficiency, but at the expense of computational difficulty and longer durations for 

generating them. Therefore, simpler formulations are often preferred. In designing the SP 

experiments, this research considered the fundamental expected utility function combined 

with MNL, ignoring the risk attitudes and weighting transformations.     

4.3.4 Survey Deployment 

Two mail-out household RP and SP surveys were conducted in the catchment areas of seven 

train stations in Perth, Western Australia, in 2013-2014.  

The capital of Western Australia is a city of 2.6 million residents, spread more than 150km 

along the coastal line of the Indian Ocean; with a radial rail network of five corridors and 71 

stations. The East-West lines were built in late 19th century (heritage lines), the North line 

opened in 1992, and the South line in 2007. Public transport represents less than 15% in 

modal share, but numerous planning initiatives to curb urban sprawl and create transit 



 

 

134 

 

oriented developments (TOD) around (mainly new) numerous train stations are expected to 

change the modal split in the future.  

The mail-out RP survey was conducted from September to November 2013. Households 

living in extended catchment areas of the selected railway stations (up to 10-12 km) were 

invited to participate in the survey. The catchment areas were split into three travel zones (0-

3km, 3-6km, >6km), with the aim to capture various access modes to the station (walking and 

cycling, feeder buses, driving or being dropped-off). The stations were selected considering 

two factors: PnR services/facilities provided by station and population density in the station 

catchment.  

Seven hundred and fifty-five responses were collected from this survey and 625 included 

valid data for analysis. The follow-up SP survey was conducted in Mar 2014, as a mail-out 

sent to the respondents from the RP survey. The response rate dropped in the SP survey and 

only 215 commuters responded, from which 171 completed all scenarios, indicating both 

their Best and Worst options.     

4.4 Conclusions  

This chapter describes the research framework, covering the research methodology (the 

theories applied) and the data collection. A key contribution of this work is to identify the 

role played by risk in commuter travel choices, thus, the combination of risk theory with 

DCM, and the presentation of risk in the survey design represent the focus.  

Commuters face stochastic traffic situations during daily travel, which are highly dependent 

on departure time, thus the choice of transport mode, access mode and departure time are 

interconnected. DCM has been successfully employed as a useful tool to analyse individual 

behaviour, as it captures respondent taste preferences for each attribute and assists in 
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forecasting demand. Although this research identifies three sources of uncertainty (car travel 

time variation, crowding on public transport and uncertainty of finding a parking bay at 

railway stations), the major concern is about car travel time variation. 

To examine commuter attitudes towards travel risks, EEUT is adopted to measure risks 

associated with probabilities. However, a direct translation of economic risk models to RUT 

is not straightforward and the interpretation of the risk parameter is context dependent. After 

describing analytically the relationship between the risk parameter and the risk attitude in 

DCM, a number of ‘remedies’ or adjustments are proposed and applied to analyse the data 

collected from a mode and time departure SP survey.  

In terms of data collection, this research relied on an RP survey to design a customised SP 

survey, anchored on individual’s daily commuting experiences. In both surveys, respondents 

answered questions including ‘risky’ attributes and made commuting choices in the context 

of risk.      
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Chapter 5 Uncertainty and Risk Attitudes Using RP Data 

Analysis in this chapter is based on the RP data collected in 2013, using a survey designed to 

investigate the role of PnR in the urban landscape of a low-density city such as Perth.  

This chapter starts by presenting the methodology applied, then details the survey instrument 

and data collection process. This is followed by the empirical results of model estimation, 

including willingness-to-pay and elasticities of attributes associated with uncertainty. The 

chapter concludes with findings from the work and discusses modelling and policy 

implications. 

5.1 Research Methodology 

As already discussed in Chapters 2 and 3, EUT, proposed by von Neumann and Morgenstern 

(1947), is one of the most popular theories capturing individuals’ decision rules (Ramos, 

Daamen & Hoogendoorn 2014), for its tenets/assumptions: 1) rational decision maker, with 

perfect knowledge, evaluating all alternatives and choosing the one with the highest expected 

utility; and 2) utility incorporating all possible ‘risky’ outcomes and probabilities.  

When uncertainty is not accounted for, the utility functions of the seven travel modes (car, 

park-and-ride, kiss-and-ride, bus-and-ride, walk-and-ride, bus, active travel) can be written as 

in Equations 5.1-5.5.  

𝑈𝑡,𝑐𝑎𝑟 = 𝛽𝑡𝑥𝑡 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑐𝑥𝑠𝑑𝑐 
(5.1) 

𝑈𝑡,𝑃𝑛𝑅 = 𝛽𝑝𝑐𝑥𝑝𝑐 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑃𝑛𝑅𝑥𝑠𝑑𝑃𝑛𝑅 
(5.2) 

𝑈𝑡,𝐾𝑛𝑅 = ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐾𝑛𝑅𝑥𝑠𝑑𝐾𝑛𝑅 (5.3a) 
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𝑈𝑡,𝐵𝑛𝑅 = ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐵𝑛𝑅𝑥𝑠𝑑𝐵𝑛𝑅 (5.3b) 

𝑈𝑡,𝑊𝑛𝑅 = ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑊𝑛𝑅𝑥𝑠𝑑𝑊𝑛𝑅 
(5.3c) 

𝑈𝑡,𝑏𝑢𝑠 = ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐵𝑥𝑠𝑑𝐵 
(5.4) 

𝑈𝑡,𝑎𝑐𝑡𝑖𝑣𝑒 = 𝛽𝑠𝑥𝑠  (5.5) 

The functions include attributes of the commuting travel alternatives, 𝑥𝑠 (e.g., travel time, 

distance, cost), and the socio-demographic characteristics of the respondents, 𝑥𝑠𝑑 (e.g., car 

availability and family commitments for car and PnR alternatives, gender for car alternative, 

trip flexibility for the public transport alternatives).  

In the absence of uncertainty, the car travel time attribute 𝑥𝑡 is equal to the usual car travel 

time and the parking cost is defined as a step function, with a value of $0 if the traveller 

departs from the train station before 7:30 am, otherwise $2.  

When accounting for uncertainty, the utility functions are re-written as functions 5.6 to 5.10. 

𝑈𝑡,𝑐𝑎𝑟 = 𝛽𝑡 [∑ 𝑤(𝑝𝑡𝑖)
3

𝑖=1
𝑣(𝑥𝑡𝑖)] + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑐𝑥𝑠𝑑𝑐 

(5.6) 

𝑈𝑡,𝑃𝑛𝑅 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑝𝑐[∑ 𝑤(𝑝𝑝𝑐𝑖)
2

𝑖=1
𝑣(𝑥𝑝𝑐𝑖)] + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑃𝑛𝑅𝑥𝑠𝑑𝑃𝑛𝑅 

(5.7) 

𝑈𝑡,𝐾𝑛𝑅 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐾𝑛𝑅𝑥𝑠𝑑𝐾𝑛𝑅 (5.8a) 

𝑈𝑡,𝐵𝑛𝑅 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐵𝑛𝑅𝑥𝑠𝑑𝐵𝑛𝑅 (5.8b) 

𝑈𝑡,𝑊𝑛𝑅 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑇𝑥𝑠𝑑𝑇 
(5.8c) 

𝑈𝑡,𝑏𝑢𝑠 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐵𝑥𝑠𝑑𝐵 
(5.9) 

𝑈𝑡,𝑎𝑐𝑡𝑖𝑣𝑒 = 𝛽𝑠𝑥𝑠  (5.10) 
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Where 𝛽𝑡, 𝛽𝑝𝑐 and 𝛽𝑐𝑟𝑜𝑤𝑑  represent parameters for uncertain travel time, parking and 

crowding and 𝑥𝑒𝑥𝑝𝑠 is the expected crowded travel time. For EUT with the ignorance of risk 

attitude, 𝑤(𝑝) is equal to probability 𝑝𝑡𝑖 for car and to parking probability 𝑝𝑝𝑐𝑖 for PnR. 

5.2 Survey Design  

In the RP, questions about usual, fast, and slow travel time, and their frequency of occurrence 

during the last 20 commuting trips from home to work or education were included to 

summarise travel experiences of car drivers and car passengers. Public transport users were 

asked to indicate how many days they had seats on the train and how many days the train was 

crowded during their last 20 commuting trips departing from home. PnR commuters were 

asked how many days they parked the car in the paid parking area and how many times they 

found free parking bays during their last 20 trips
13

.   

Additionally, some detailed travel information about the most recent trip was collected. To 

simplify the survey, we assumed that the access time (house to garage or on-street parking) 

and egress time (car park at the destination to workplace) are trivial and therefore not 

included. Specifically, PnR commuters also provided information about parking area around 

the railway station (free bays, paid bays or off-street parking).  

5.2.1 Survey Administration 

As indicated in Section 4.3, the RP household survey was conducted in September 2013 in 

the catchment of seven train stations with PnR facilities in Perth, WA. Residents living within 

the catchment of railways station have the potential to use PnR mode, hence they were 

targeted as potential respondents. From the sampling frame, 6,888 households were randomly 

selected and invited to participate in the survey. Letters of recruitment, as well as 

                                                 
13

 When the survey was conducted in September 2013, free parking bays were available at railway stations. 

Then the authority changed all free parking bays to $2 paid parking bays on July 1, 2014. 
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questionnaires, were delivered from September 2013 to November 2013. During the 

following five months, 755 participants replied to the RP survey, 625 of which provided valid 

answers. The response rate was 12.53%. 

5.2.2 Data Preparation 

Information on the most recent commute has been used to generate the choice set and 

condition/infer the attribute levels of an individual’s potential non-chosen alternatives. To 

realistically impute the non-chosen options, two approaches were applied. One was to use 

two online information search tools, Google Maps (www.google.com.au/maps) and 

Transperth Journey Planner (www.transperth.wa.gov.au) by entering the departure time and 

the origin and destination addresses. The alternative way was to refer to data from other 

respondents, who have similar departure times, origins, and destinations.   

The imputation of non-chosen alternatives in choice sets is expected to partly reduce the data 

quality, as the imputed options may not necessarily mirror the perceived alternatives of 

respondents, their attributes and attributes levels. Furthermore, manipulated non-chosen 

choice data fails to provide adequate information on the variation or uncertainty present in 

non-chosen alternatives, as it occurs in real life (Hu, Sivakumar & Polak 2012). Therefore, 

unintended influence of data from imputed non-chosen alternatives in an RP survey partially 

accounts for insignificant results of parameter estimation in the model. More details about the 

shortcomings of RP data in model estimation are discussed in Section 5.4.  

5.3 Descriptive Analysis of RP Data 

Brief descriptive statistics are presented below, comparing the sampled respondents with the 

population of Perth (Census 2011 data - Australian Bureau of Statistics). Socio-demographic 
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As shown in Figure 5.2, middle-aged respondents (from 35 to 64 years old) were over-

sampled, while the young and the senior groups were under-sampled. Similarly, more 

households with high incomes ($2,000-$2,499/week) participated in the survey compared to 

the low-income families ($400-$999/week). The biased sampling of respondents in terms of 

age and household income may reflect the interest of the participants in the survey – daily 

commuters with work/study purposes, residing in the vicinity of train stations – in transport 

matters. 

 

 

 

 

 

 

 

For the distribution of transport mode (Figure 5.4), the main differences between the 

population and survey sample lie between the car drivers and train users. The substantially 

lower share of car use in the sample (66.2% vs 80.1%) and higher train ridership (19.5% 

compared to 9.8%) are due to the targeted respondents, residing in the catchment area of the 

train stations. Thus, the deliberate oversampling of the important travel alternatives is a 

feature of this research, an approach that has been used previously by scholars such as Ben-

Akiva and Lerman (1985) and Cosslett (1981). 

Figure 5.4 Mode of travel to work/education 
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5.3.2 Descriptive Analysis of Attributes Associated with Uncertainty 

The data capturing the uncertainty during daily commuting is described in two stages in this 

section: firstly the descriptive analysis of car travel time is presented, parking availability at 

railway stations and crowding on public transport; then, the association between departure 

time and uncertainty is explored using multivariate analysis of variance (MANOVA).  

5.3.2.1 Description of travel time, crowding, and parking 

Descriptive analysis results of car travel time, crowding and parking availability during 

commuting are presented in Figures 5.5 to 5.9. As an exemplification only, this section 

presents usual travel times by car equal to 20 minutes.  

 

Figure 5.5 Car travel time variation (fast, usual and slow travel time with probabilities of occurrence) 

for a 20-min trip during peak hour 

In Figure 5.5, the horizontal axis represents the travel time per trip and the vertical axis the 

frequency of travel times experienced during the last 20 trips. Each ‘triangular line’ shows 

the data of an individual respondent. The bold red line represents the variation around the 

travel time, which is 20 min in Figure 5.5.  
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While 151 train commuters reported days of seating and standing ‘crammed’ on the train, 

only 54 PnR users responded to the questions about the parking availability at the railway 

stations. 

Statistical results indicate a substantial variation of car travel time, crowding on the train, as 

well as parking availability. As expected, compared to the pre-peak or after-peak periods, 

commuters experienced greater uncertainty during peak hour.  

5.3.2.2 Uncertainty by time-of-day 

MANOVA is a dependence technique widely applied to compare mean differences of 

multiple dependent variables upon several groups of independent discrete variables, allowing 

for the existence of correlations and interactions among the dependent variables (Pallant 

2013). Here, it is used to capture the associations between travel conditions and uncertainty 

with travel mode, as well as with the time-of-day, indicating whether there are significant 

differences in travel time variability across travel modes and times of day. It is also applied to 

assess significant differences in crowding and parking availability by time-of-day. 

Tables 5.1 and 5.2 consider departure time allocated into four groups: earlier than 7:00 am, 

7:00 am to 8:00 am, 8:00 am to 9:00 am, and later than 9:00 am. All multivariate tests 

(Pillai’s trace, Wilks’ lambda, Hotelling’s trace, and Roy’s largest root) indicated significant 

differences across the four time periods (all four multivariate tests have p <0.001). 
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Table 5.1 Relations between departure time and travel time variation 

Source Dependent Variable F Sig. 

Corrected Model 

Distance travelled (km) 17.528 .000 

Travel time variation (min) 3.031 .029 

Intercept 

Distance travelled (km) 713.135 .000 

Travel time variation (min) 339.579 .000 

Departure time 

Distance travelled (km)  .000 

Travel time variation (min)  .029 

 

The results shown in Table 5.1 indicate that car drivers experience significant fluctuation of 

travel time, conditional on their departure time. Even more significant is the relationship 

between time-of-day and trip distance, which confirms the anecdotal evidence that long-

distance travellers depart earlier than short-distance travellers.  

For public transport, crowding of the train carriages is also associated with departure time, as 

well as with the station where the commuter is boarding (marginally significant in Table 5.2). 

This reflects the actual situation in Perth, where the AM peak starts quite early and at certain 

stations, such as Warwick, Murdoch, Joondalup, there is a high volume of boardings during 

the AM peak. 

 

 

 

 

17.528 

3.031 
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Table 5.2 Relations between departure time, station and crowding 

Source Dependent Variable F Sig. 

Corrected Model 

Days of getting a seat 2.318 .003 

Days of people standing crammed together 1.847 .024 

Intercept 

Days of getting a seat 148.138 .000 

Days of people standing crammed together 62.455 .000 

Departure time 

Days of getting a seat  .049 

Days of people standing crammed together  .058 

Station 

Days of getting a seat  .014 

Days of people standing crammed together  .048 

 

Commuters starting their trip before the peak period are more likely to get a seat and have 

fewer people standing. Similarly, at some stations, further away from the city, one is more 

likely to find a seat and see fewer passengers standing. However, the combination of 

departure time and station does not significantly distinguish crowding conditions by time-of-

day, probably due to the high frequency of services at peak hour (the non-significant 

interaction is not shown here). One example is the terminal train station, Midland, where 

commuters are more likely to have a seat during peak hour compared with the off-peak hour.  

When examining parking availability, departure times (Table 5.3) represent only two periods: 

earlier than 7:30 am and from 7:30 am to 8:30 am, which are the pre-peak hour and peak hour 

respectively. The exclusion of later departure times is because there are no available parking 

bays after 8:30 am, as PnR space at a railway station has little turnover. 

Table 5.3 Relations between departure time, railway station and parking availability 

3.085 

2.903 

2.774 

2.190 
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Source Dependent Variable F Sig. 

Corrected Model 

Free parking 4.233 .001 

Parking variability 2.560 .020 

Intercept 

Free parking 108.593 .000 

Parking variability 8.650 .006 

Station 

Free parking  .004 

Parking variability 1.887 .122 

Departure time * Station 

Free parking  .014 

Parking variability  .012 

 

Departure time alone does not significantly differentiate the chance of finding a parking bay, 

because the probability of free parking is highly affected by the railway station (as illustrated 

by the test value of 4.369 with sig-value 0.004 in Table 5.3). The combination of departure 

time and railway station is important for parking availability. For all railway stations, 

respondents who departed later in the morning reported a lower chance to secure a parking 

bay at the station. Those arriving before 7:30 am were fairly certain of getting a parking spot, 

while others ran the risk of being unable to find a parking bay. Again this depended on the 

supply of PnR bays at various stations. 

5.4 DCM Analysis in the Context of Uncertainty 

To assess the influence of uncertainty on commuter preferences of travel mode, EUT was 

incorporated in discrete choice models for the data analysis. Model results, as well as 

estimates of willingness-to-pay and elasticities, are discussed and interpreted in this section. 

Extended-EUT models and the ‘remedy’ EUT models are not employed in analysing RP data.   

4.369 

3.667 

3.791 
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In terms of the model estimation presented in this chapter (Chapter 5) and the following three 

chapters (Chapter 6 to Chapter 8), RP and SP data are used and combined to estimate 

different models. This is due to the limited number of data observations compared against the 

complexity of the non-linear model structures. Given the addition of non-linear effects by 

means of risk aversion parameters, there is a risk of overfitting when estimating the models. 

5.4.1 Model Results 

Several discrete choice models were estimated. The results given in Table 5.4 include two 

MNL models and one ML model.  

The base MNL does not incorporate travel uncertainty, and it represents the deterministic 

benchmark (it uses only usual travel time, usual parking cost and ignores crowding on public 

transport). The second MNL model (EUT) includes a pre-calculation of expected travel time 

and parking costs, based on the objective attribute values presented in the survey. The ML 

model (EUT) allows for taste heterogeneity in the expected values for respondents. 
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Table 5.4 Estimations by MNL with and without risk and ML with risk using RP data 

*The alternative specific constant for active modes (walking and cycling) is considered = 0. 

** PT is public transport including bus, train; PnR also include dropped-off or kiss-and-ride (KnR), feeder bus 

(BnR), and cycling and walking (WnR) access modes. 

 

Variable 

MNL without 

risk 

MNL with risk 

(EUT) 

ML without 

risk 

ML with risk 

(EUT) 

Est t Est t Est t Est t 

Mean for Random parameters   

Car usual travel time -0.053 -3.78 ____ ____ -0.056 -3.70 ____ ____ 

Expected car travel time ____ ____ -0.047 -3.62 ____ ____ -0.048 -3.41 

PnR cost  -0.152 -0.78 ____ ____ -0.163 -0.79 ____ ____ 

Expected PnR cost ____ ____ -0.514 -3.69 ____ ____ -0.517 -3.69 

Standard Deviations for random parameters   

Usual/Expected car travel time ____ ____ ____ ____ 0.028 2.24 0.027 2.28 

Non-random parameters   

Constant for Car* 0.581 1.06 0.458 0.83 0.596 1.02 0.486 0.83 

Constant for PnR* -1.215 -1.57 -0.397 -0.50 -1.189 -1.47 -0.375 -0.46 

Constant for KnR* -1.987 -2.71 -1.655 -2.25 -1.889 -2.49 -1.569 2.07 

Constant for WnR*  0.303 0.42 0.571 0.78 0.527 0.70 0.766 1.00 

Constant for BnR*  0.183 0.25 0.507 0.68 0.312 0.41 0.616 0.80 

Constant for Bus* 0.763 1.04 1.077 1.45 0.091 1.20 1.211 1.57 

Travel cost  -0.359 -13.27 -0.361 -13.33 -0.393 -10.17 -0.397 -10.14 

Access time for PT, PnR** -0.070 -4.19 -0.069 -4.11 -0.073 -4.24 -0.071 -4.14 

In-vehicle travel time for PT, PnR** -0.041 -3.97 -0.040 -3.76 0.045 -4.07 -0.044 -3.91 

Waiting time for PT, PnR** -0.021 -0.96 -0.023 -1.04 -0.021 -0.97 -0.022 -0.99 

Crowding on PT, PnR** ____ ____ -0.013 -0.68 ____ ____ -0.01 -0.52 

Travel time for active modes -0.087 -6.71 -0.087 -6.70 -0.092 -6.68 -0.092 -6.65 

Later departure time (after 7:30 am) 

for PnR  

-0.595 -1.28 -0.711 -1.43 -0.625 -1.31 -0.737 -1.45 

Socio-demographic features   

Car availability (car and PnR)   1.717 5.01 1.787 5.18 1.828 4.80 1.895 5.01 

Family commitments (car and PnR) 0.846 2.06 0.948 2.20 0.859 2.01 0.980 2.16 

Gender (Female) (car) 0.352 2.10 0.333 1.97 0.406 2.17 0.394 2.08 

Work vs study (PT, PnR) -1.123 -2.12 -1.351 -2.48 -1.304 -2.27 -1.514 -2.57 

No. of observations 625 

Information Criterion: AIC/N 1.331 1.288 1.333 1.289 

Log-likelihood -398.01 -383.48 -396.53 -381.97 

𝑷𝒔𝒆𝒖𝒅𝒐 𝑹 𝟐 0.422 0.443 0.424 0.445 
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Empirical results indicate that by adding uncertainty in the model, the model fit improved; 

but more importantly, the explanatory power of the model was enhanced. Although crowding 

is not statistically significant, the existence of uncertainty around travel time and parking 

availability has an impact on daily commuting.  

The market share for all transport modes, as indicated by their alternative specific constants, 

shows that KnR (train with drop-off as access mode) is the least preferred option for the 

commuters in this sample. This may be explained by its requirement to coordinate times 

between family members. The magnitude of the alternative specific constant for car confirms 

its dominance as a travel mode in Perth, also highlighted in the journey-to-work from Census 

2011 data (http://www.abs.gov.au/census).  

In terms of uncertainty, ETT and parking availability are key determinants affecting drivers’ 

preference for car travel. The random parameter model also captured the significant taste 

heterogeneity among car drivers. The results showed a negative relationship between parking 

availability (parking costs) and PnRs’ utility function. Moreover, the estimated parameter for 

expected parking cost at railway stations is much higher than parameters for train fare and car 

parking cost at destination, which implies that parking availability at railway station is an 

important attribute constraining commuters’ willingness to use PnR. There is no significant 

taste variation for parking availability, but this is due to the single observation per respondent 

provided by the RP data and the less-dominant market share of PnR in Perth. Crowding on 

public transport has not been found significant in choosing public transport, but this result is 

possibly due to the inability of a RP survey to capture crowding conditions on non-chosen 

alternatives and the relatively less crowded public transport compared to other capital cities 

in Australia or around the world. 
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For public transport users, access time, in-vehicle travel time, and waiting time potentially 

determine commuter preference for train and bus. A similar conclusion applies to travel time 

by active modes. Parking cost at destination and public transport fare decrease the utility for 

all non-active transport alternatives. Car availability and family commitments increase the 

chance of choosing car as a travel mode, as well as an access mode. Women use cars more 

than men, which may reflect a combination of perceived safety and the need to juggle many 

activities on the way to work and back. Work versus education and age also affect commuter 

choices for transport mode in Perth. Residents living in the catchment area of stations with 

high competition/demand for PnR are less likely to choose PnR, if they are unable to depart 

from home during the pre-peak hour.  

5.4.2 Willingness-to-Pay (WTP) 

Given the limitations of directly interpreting parameters from choice models, willingness-to-

pay is a widespread indicator to capture commuter trade-offs between time and cost. The 

general formula to calculate the value of travel time is the ratio of the utility derivative with 

respect to time and cost:  

𝑊𝑇𝑃 =
𝜕𝑈

𝜕𝑡

𝜕𝑈

𝜕𝑐
⁄  

 (5.1) 

If 𝑡  and 𝑐  are non-random attributes, 𝑊𝑇𝑃 = 𝛽𝑡 𝛽𝑐⁄ , where 𝛽𝑡  and 𝛽𝑐  are the parameters 

associated with travel time and travel cost. Otherwise, simulation is needed to calculate the 

average time values for random parameters. Table 5.5 presents the travel time valuations, 

calculated for the three choice models given in Table 5.4 above. 
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Table 5.5 Willingness-to-pay for time of car, public transport and active modes (AUD/hour) 

 WTP for 

travel time 

of car 

WTP for in-

vehicle time of 

PT and PnR 

WTP for 

access time of 

PT and PnR 

WTP for travel 

time of active 

modes 

Mean S.E Mean S.E Mean S.E Mean S.E 

MNL without risk 8.87  0.041 6.89  0.029 11.73  0.048 14.56  0.038 

MNL with risk 7.83 0.038 6.69 0.030 11.54 0.048 14.50 0.037 

ML without risk 8.46 0.040 6.92 0.028 11.09 0.046 14.07 0.036 

ML with risk 7.29 0.037 6.64 0.029 10.76 0.045 13.85 0.035 

*PT includes bus, and train; PnR also includes KnR, BnR, and WnR access modes 

ANOVA tests suggest there are no significant differences in the willingness-to-pay for car 

travel time, PT in-vehicle travel time, access time and active mode travel time. The commuter 

willingness-to-pay for car travel time savings (6-10 AUD) has values similar to Hensher 

(2001) who used data collected in New Zealand, but is lower than the values estimated by 

Hensher, Greene and Li (2011) and Asensio and Matas (2008) with data from SP surveys 

conducted in Australia and Spain.  

Similarly, the values of time savings for public transport are consistent with Hollander 

(2006), but lower than Batley and Ibáñez (2012), who used SP data in UK. The difference is 

probably due to different survey designs, survey administration, and scales of SP and RP 

data. The valuation of waiting time was not possible in this study, as the RP data presented 

insufficient variation.  

The comparison of the willingness-to-pay for time savings in car, public transport and active 

modes illustrate that one minute spent on active modes is valued more highly than in 

motorised modes. This reflects both the physical energy and effort required, but also the 

health benefits of active travel. Interestingly, public transport commuters’ higher valuation of 

access time compared to the in-vehicle time reveals the disutility associated with the time 

required to reach the main travel mode.  
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5.4.3 Elasticities for Uncertainty 

Elasticity is another key behavioural output of discrete choice models, showing the dynamic 

correlations between the changes of probability of choosing specific alternatives and changes 

in their attribute levels. Here, the focus is only on the elasticities of attributes associated with 

uncertainty.  

Generally, the elasticity is calculated as 𝐸𝑥𝑖𝑘

𝑝𝑗 =
𝜕𝑝𝑗

𝜕𝑥𝑖𝑘
×

𝑥𝑖𝑘

𝑝𝑗
               (5.2) 

where 𝑝𝑗  is the probability of choosing alternative 𝑗 and 𝑥𝑖𝑘  is the value of attribute 𝑘 for 

alternative 𝑖. When 𝑖 = 𝑗, the elasticity is called direct and when 𝑖 ≠ 𝑗, we refer to it as cross-

elasticity. For the non-linear ML model, the direct and cross-elasticities of car travel times 

were calculated as: 

𝐸𝑥𝑡𝑞

𝑝𝑐𝑎𝑟 = ∑ 𝛽𝑡𝑤(𝑝𝑡𝑖_𝑞)𝑥𝑡𝑖_𝑞
1−𝛼(1 − 𝑝𝑐𝑎𝑟_𝑞)

3

𝑖=1
 

(5.3) 

𝐸𝑥𝑡𝑞

𝑝𝑜𝑡ℎ𝑒𝑟𝑠 = ∑ 𝛽𝑡𝑤(𝑝𝑡𝑖_𝑞)𝑥𝑡𝑖_𝑞
1−𝛼𝑝𝑐𝑎𝑟_𝑞

3

𝑖=1
 

(5.4) 

𝛽𝑡 is the parameter of car travel time, 𝑝𝑐𝑎𝑟_𝑞 is the probability of individual 𝑞 to choose the 

car alternative, 𝑤(𝑝𝑡𝑖_𝑞) is the weighting function of probabilities associated with slow, usual 

and fast travel time; 𝑥𝑡𝑖_𝑞
1−𝛼 is the rescaled value of fast, usual and slow travel times 𝑥𝑡𝑖 with 

risk attitudes 1 − 𝛼 of respondent 𝑞.  

After calculating the elasticities for each respondent in the ML model, individual elasticities 

were aggregated by probability weighted sample enumeration.  

The aggregated car travel time direct elasticity was calculated as: 

 𝐸𝑥𝑡

𝑝𝑐𝑎𝑟̅̅ ̅̅ ̅̅ ̅
= (∑ �̃�𝑐𝑎𝑟_𝑞𝐸𝑥𝑡

𝑝𝑐𝑎𝑟𝑄
𝑞=1 ) ∑ �̃�𝑐𝑎𝑟_𝑞

𝑄
𝑞=1⁄                 (5.5)  
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and the cross-elasticity as 

𝐸𝑥𝑡

𝑝𝑜𝑡ℎ𝑒𝑟𝑠̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
= (∑ �̃�𝑜𝑡ℎ𝑒𝑟𝑠_𝑞𝐸𝑥𝑡

𝑝𝑜𝑡ℎ𝑒𝑟𝑠𝑄
𝑞=1 ) ∑ �̃�𝑜𝑡ℎ𝑒𝑟𝑠_𝑞

𝑄
𝑞=1⁄                              (5.6) 

�̃�𝑐𝑎𝑟_𝑞 is the estimated probability of individual 𝑞 choosing car or �̃�𝑜𝑡ℎ𝑒𝑟𝑠_𝑞 for other transport 

modes. 

Excluding the benchmarking model, MNL without uncertainty, elasticities of car travel time 

and parking cost for the models are shown in Table 5.6.  

The results show consistency of the direct and cross-elasticities of car travel time and parking 

cost at railway stations, among all logit models. As expected, an increase in car travel time 

decreases the probabilities of choosing car as main transport mode and induces modal shifts 

to public transport and active travel. Similar explanation applies to parking cost for PnR. 

Table 5.6 Elasticities of car travel time and parking cost at railway stations 

Attribute Car 
Train with access modes 

Bus Cycle Walk 
PnR KnR WnR  BnR 

Car travel 

time 

MNL with risk -0.126 0.312 0.257 0.156 0.216 0.174 0.182 0.086 

ML -0.125 0.301 0.262 0.161 0.221 0.167 0.186 0.084 

Parking cost 

for PnR 

MNL with risk 0.008 -0.169 0.063 0.033 0.056 0.04 0.027 0.002 

ML 0.008 -0.171 0.067 0.034 0.059 0.041 0.028 0.002 

 

The attributes associated with uncertainty are relatively inelastic. In other words, a 10% 

increase of parking cost at railway station, on average, leads to less than 2% reduction in the 

probability of choosing PnR mode (1.69%), keeping all other factors constant.    

5.5 Discussion and Conclusion 

This chapter investigates commuters’ preference for various transport modes in the context of 

travel uncertainty based on RP data. A combination of models, incorporating EUT, captured 
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the role of travel time variation, crowding on public transport, and parking availability for 

PnR, in mode choice. 

Results from Perth indicate a significant influence of uncertainty on travellers’ mode choices 

for daily commuting, despite failing to capture travellers’ attitudes towards crowding. This 

may be due to the shortcoming of RP data in providing adequate information for non-chosen 

alternatives, combined with the local context.  

Empirical evidence confirms that PnR users need to arrive early (during pre-peak hour) at the 

railway station, in order to secure a parking bay. In other words, the limited provision of 

parking bays at railway stations constraints commuters’ willingness to choose PnR as the 

main mode when departing after 7:30am. Thus, more parking space at railway stations is 

likely to induce mode shifts for individuals who prefer to commute in the peak hour. Finally, 

values of access time savings, higher than the car travel time savings, indicate that improving 

the accessibility of railway stations helps public transport become a competitive substitute for 

car travel. 

Although RP data presents the actual travel decisions, it fails to allow for enough variation in 

attribute values and ‘risky’ outcomes, which is the strength of SP surveys. Additionally, the 

RP survey does not capture individual shifts in mode and departure time when traffic and 

parking situations change, which can also be modelled with hypothetical SP surveys. Chapter 

7 focuses on pooling RP and SP data to better model commuter attitudes towards uncertainty 

and understand potential shifts in terms of mode and time-of-day. 
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Chapter 6 Uncertainty and Risk Attitudes for ‘Best’ Choices 

Using SP Data 

Results indicated in this chapter are analysed upon the best choices chosen by respondents in 

the stated preference (SP) survey, designed to explore the way uncertainty and risk attitudes 

influence commuter’s preferences and choices of departure time and transport mode. Three 

key research questions are discussed in this chapter: 

 Analysing how commuters trade-off between day-to-day car travel time variations and more 

precise public transport travel time as well as travel costs; and also exploring other sources of 

uncertainty in the mode choice setting, such as parking availability at railway stations (when 

using PnR) and crowding on public transport. 

 Based on the theoretical analysis of the connections between risk attitude indicators and risk 

attitudes in the context of choice modelling (Chapter 3), this chapter presents an estimation 

and interpretation of risk attitude indicators using ‘Best’ choice data collected from an SP 

survey, which allows for non-identical mean values of uncertain attributes in the risky and 

safe alternatives. The risk-related models include a context utility transformation mode 

(firstly proposed by Wilcox (2011) and a ‘two-alpha’ risk model, which are consistent with 

the remedies in Chapter 3.    

The organisation of this chapter is as follows. First, design and administration of SP survey 

are briefly introduced. The next section discusses how risk and uncertainty influence 

commuters’ preferences by involving risk attitudes. This analysis is followed by a discussion 

of results and conclusions.  
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6.1 SP Survey Design and Data Collection 

The SP survey was designed on the basis of travel data collected from a previous RP survey 

with an efficiency design (Rose & Bliemer 2008). SP survey was conducted as a mail-out to 

the households residing in the catchment area of seven selected railway stations and which 

participated in the RP survey. In total, 215 complete responses were received for the SP 

survey. 

6.1.1 Design of the SP Survey 

As already mentioned in Section 4.3.2 of Chapter 4, the stated preference (SP) survey was 

anchored on the data collected in the RP survey. The respondent’s current transport mode 

along with its attributes captured from the RP survey, was always included in the scenarios. 

In order to deliver the pivoted design survey to households who have completed the RP 

survey, special codes were attached to the survey for tracking purpose. 

With a computer aided personal interview (CAPI) system, the SP design could be pivoted 

exactly on the respondent’s travel experience almost ‘on the fly’, as done by scholars at the 

University of Sydney (Rose et al. 2008; Hensher, Rose & Collins 2011); however this is not 

feasible for a mailed survey. Due to time and computational resources, in this research, the 

SP survey was ‘manually’ designed after receiving the collected RP data.  

Within each choice task, respondents were requested to choose their most preferred, ‘Best’, 

option and the least preferred, ‘Worst’, option among four alternatives. In this chapter, the 

analysis focuses on the ‘Best’ choice, when exploring uncertainty and risk attitudes. More 

details about the analysis of ‘Worst’ choice and the combination of both, ‘Best’ and ‘Worst’, 

choices are provided in the next chapter. 
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6.1.2 Conducting the Household SP Survey 

A customised SP survey was distributed to each respondent according to the following 

criteria or conditions:  

 Flexibility of each respondent’s working schedule, which determined whether the choice 

sets included both departure time choices and mode choices, or only mode choice;  

 Usual departure time (pre-peak, peak hour or after-peak), highly correlated with the levels 

of travel time uncertainty associated with each transport mode;  

 In-vehicle travel time, either for car driver or for public transport, to generate broad 

bundles/groups of choice tasks, to accommodate each respondent’s daily commute as 

closely as possible.  

Invitation letters and paper surveys were sent to the 670 RP participating households, offering 

two options for completion: the paper survey they have received or an online survey. For the 

online survey, respondents could log into the survey website 

https://www.surveymonkey.com/s/PnR HH SP with an individual code, then they were 

automatically allocated to the tailored survey.  The household SP survey was conducted from 

April 2014 to Oct 2014, including the survey itself and a reminder. The total number of 

completed surveys was 215, from which 84 were collected via online survey and 131 on 

paper. The response rate was 32.1%.  

6.2 Analysis of ‘Best’ Choice in the Context of Uncertainty and Risk  

This section explains the discrete choice model with extended EUT used in this research, as 

well as presenting results of parameter estimation. Then individuals’ risk attitudes are 

interpreted and analysed upon the estimation of risk attitude indicator, based on the theory 

proposed in Chapter 4.   
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6.2.1 Methodology  

Subjective EUT refers to two perceptual transformations made by the decision maker. First, 

the relative pay-offs (i.e. travel time in mode choice studies) are rescaled according to 

traveller’s attitude to risk. Second, the decision maker assesses uncertainty through one or 

more judgement heuristics.  

Here, EUT incorporating the rescaled risk attitude value and the perceptually transformed 

probabilities, is applied to incorporate the travel time variation as part of the utility function 

of car. As mentioned in Chapter 4, the constant relative risk aversion (CRRA) function 

𝑈 = 𝑥(1−𝛼) (1 − 𝛼)⁄  is used in this research to model the connection of risk attitude with 

expected utility; CRRA has been widely employed in behaviour analysis (Hensher, Greene & 

Li 2011; Avineri 2006; Wakker 2008).  

Rank-dependent expected utility proposed by Quiggin (1982) is employed due to its success 

in allowing for weighting probabilities  𝑤𝑖 to  sum up to unity. Chapter 2 presented the most 

common weighting functions proposed by scholars to represent the decision maker’s 

assessment of uncertainty: linear, power, Goldstein-Einhorn, Tversky-Kahnman, Wu-

Gonzalez, Prelec I and II. This research employs the Tversky-Kahnman probability weighting 

function incorporated in Rank-dependent expected utility, as preliminary analysis suggests a 

better model fit of this function.     

As previously indicated, three sources of uncertainty in daily commuting were considered: 

travel time variation, parking availability at a railway station, and crowding in the train 

carriages. Parking availability was modelled as expected parking cost, calculated as a sum of 

three parts: the first two parts represent combinations of probabilities with costs of free and 

paid parking; the third part relates to the case of no available parking bays, which is added as 

the probability of occurrence multiplied by a $10 penalty. This penalty was derived from 
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average expenses when no parking bays are available and commuters have either to change 

mode (e.g. drive directly to the destination and pay for parking or return home to change to 

KnR or BnR) or to seek nearby parking. Searching for parking outside of the PnR area takes 

energy and time and incurs a high risk of being fined, when parked illegally.  

Crowding on public transport is included as expected standing time during the trip, measured 

as the product of in-vehicle travel time and probability of finding no seat.    

The observed utility functions for alternatives were presented in Section 4.2, however, in this 

chapter they specifically include early and late departure time: 

𝑉𝑡,𝑐𝑎𝑟 = 𝛽𝑡 [∑ 𝑤(𝑝𝑡𝑖)
3

𝑖=1
𝑣(𝑥𝑡𝑖)] + 𝛽𝑒_𝑑𝑒𝑝𝑥𝑒_𝑑𝑒𝑝 + 𝛽𝑙_𝑑𝑒𝑝𝑥𝑙_𝑑𝑒𝑝 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑐𝑥𝑠𝑑𝑐 

(6.1) 

𝑉𝑡,𝑃𝑛𝑅 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑝𝑐𝑥𝑝𝑐 + 𝛽𝑒_𝑑𝑒𝑝𝑥𝑒_𝑑𝑒𝑝 + 𝛽𝑙_𝑑𝑒𝑝𝑥𝑙_𝑑𝑒𝑝 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑃𝑛𝑅𝑥𝑠𝑑𝑃𝑛𝑅 (6.2) 

𝑉𝑡,𝐾𝑛𝑅 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑒_𝑑𝑒𝑝𝑥𝑒_𝑑𝑒𝑝 + 𝛽𝑙_𝑑𝑒𝑝𝑥𝑙_𝑑𝑒𝑝 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐾𝑛𝑅𝑥𝑠𝑑𝐾𝑛𝑅 (6.3a) 

𝑉𝑡,𝐵𝑛𝑅 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑒_𝑑𝑒𝑝𝑥𝑒_𝑑𝑒𝑝 + 𝛽𝑙_𝑑𝑒𝑝𝑥𝑙_𝑑𝑒𝑝 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐵𝑛𝑅𝑥𝑠𝑑𝐵𝑛𝑅 (6.3b) 

𝑉𝑡,𝑊𝑛𝑅 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑒_𝑑𝑒𝑝𝑥𝑒_𝑑𝑒𝑝 + 𝛽𝑙_𝑑𝑒𝑝𝑥𝑙_𝑑𝑒𝑝 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑊𝑛𝑅𝑥𝑠𝑑𝑊𝑛𝑅 (6.3c) 

𝑉𝑡,𝑏𝑢𝑠 = 𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑒_𝑑𝑒𝑝𝑥𝑒_𝑑𝑒𝑝 + 𝛽𝑙_𝑑𝑒𝑝𝑥𝑙_𝑑𝑒𝑝 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐵𝑢𝑠𝑥𝑠𝑑𝐵𝑢𝑠 (6.4) 

where 𝑤(𝑝) represents a non-linear weighting function of travel time probability 𝑝𝑡𝑖 for car; 

𝑣(𝑥𝑡) is a rescaled attribute value of car travel time 𝑥𝑡𝑖; 𝑥𝑝𝑐 is the expected parking cost for 

PnR, and 𝑥𝑒𝑥𝑝𝑠  is the expected travel time in crowded conditions on train or bus. The 

variables 𝑥𝑠 are attributes of the commuting travel alternatives without uncertainty, and 𝑥𝑠𝑑 

are socio-demographic characteristics of respondents for each transport mode. Early and late 

departure times, 𝑥𝑒_𝑑𝑒𝑝 and 𝑥𝑙_𝑑𝑒𝑝 are pivoted on the respondent’s RP departure time. In the 

alternative with usual departure time, both 𝑥𝑒_𝑑𝑒𝑝  and 𝑥𝑙_𝑑𝑒𝑝  are zero. Similarly, for 
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commuters with non-flexible working schedules, both 𝑥𝑒𝑎𝑟𝑙𝑦_𝑑𝑒𝑝 = 0  and 𝑥𝑙𝑎𝑡𝑒_𝑑𝑒𝑝 = 0 . 

𝛽𝑡, 𝛽𝑒_𝑑𝑒𝑝, 𝛽𝑙_𝑑𝑒𝑝, 𝛽𝑠, 𝛽𝑠𝑑, 𝛽𝑐𝑟𝑜𝑤𝑑, 𝛽𝑝𝑐 represent estimated parameters.  

The unobserved components of utility functions are assumed to be independently distributed 

following an extreme value (EV) distribution.  

As indicated in Chapter 3, the interpretation of risk attitude indicator 𝛼 is highly determined 

by the combination of probability 𝑝  and car travel time 𝑥  across the ‘safe’ and ‘risky’ 

alternatives. Before data analysis, the 1,271 observations available were separated into two 

groups to feed into the fourth model presented in Table 6.1. The separation of data depends 

on expected values between ‘risky’ and ‘safe’ alternatives (the ‘risky’ alternative being 

defined with larger variance).  

6.2.2 Analysis and Results 

With the inclusion of a pre-calculation of expected travel time, parking costs for PnR and 

crowding, based on the objective attribute values presented in the survey, the ML model 

captures the influence of uncertainty on commuter preference. It also allows for heterogeneity 

in the values associated with expected travel times and costs, as well as accounting for the 

panel nature of multiple SP observations for each respondent. Three non-linear mixed logit 

(ML) models (model 2 to model 4) incorporated different settings for the risk attitude 

parameter 𝛼 , as presented in Table 6.1. These three models also used a rank-dependent 

expected utility 𝑤(𝑝) of Tversky-Kahnman weighting probability. The classical extended 

expected utility (model 2) applies a power specification 
𝑥1−𝛼

1−𝛼
 of the utility expression in 

modelling risk attitude. Model 3 employs the Wilcox (2011) context utility transformation of 

uncertain attribute levels and model 4 classifies choice tasks with the relationship of expected 

values between the ‘risky’ and ‘safe’ alternatives and a ‘two-alpha’ ML model is then 



 

 

163 

 

estimated. Model 3 and model 4 are two remedies of extended expect utility proposed in 

Chapter 2.  
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Table 6.1 Parameter estimation for non-linear ML models with different treatment of risk attitudes 

Variable 

ML model 1 

(expected utility) 

ML model 2 (Classical 

extended expected 

utility) 

ML  model 3 (Wilcox 

Context Utility remedy of 

extended expected utility) 

ML model 4 (‘two-alpha’ 

remedy of extended 

expected utility) 

Est t Est t Est t Est t 

Risk and Judgement Parameters 

Risk aversion to car travel time α1  ____ ____ 
0.819 8.33 0.451 5.44 

-0.171 -2.92 

Risk aversion to car travel time α2  ____ ____ 0.112 2.76 

Probability weighting γ* ____ ____ 0.911 6.26 0.569 2.99 0.901 0.11 

Mean for Random Parameters 

Expected car travel time -0.114 -7.38 -0.777 -3.13 -0.502 3.61 -0.068 -3.50 

Expected cost for PnR  -0.361 -6.85 -0.510 -4.42 -0.247 6.12 -0.343 -7.26 

Standard Deviations for Random parameters 

Expected car travel time 0.109 10.14 0.280 4.23 0.471 4.26 0.099 4.23 

Expected cost for PnR 0.258 7.47 0.430 5.20 0.011 0.21 0.269 7.84 

Non-Random Parameters 

Constant for Car** -0.757 -1.44 4.475 1.10 0.992 1.41 -0.557 -1.39 

Constant for PnR -2.579 -6.91 -3.461 -10.92 -1.557 -5.75 -2.822 -10.94 

Travel cost ($)  -0.211 -8.92 -0.217 -11.07 -0.256 -11.68 -0.234 -11.61 

Access time for PT*** -0.073 -6.14 -0.047 -5.35 -0.202 -3.71 -0.039 -4.23 

In-vehicle travel time for PT -0.062 -10.48 -0.047 -13.93 -0.030 -4.70 
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* t- value of probability weighting parameter γ tests the difference between estimation and 1; Significant parameter estimates at 0.05 level are presented in boldface font. 

**Alternative specific constant for WnR = 0;  

*** PT is public transport including bus, PnR, KnR, BnR, and WnR;  

****Senior people represent the reference category. 

Variable 

ML model 1 

(expected utility) 

ML model 2 (Classical 

extended expected 

utility) 

ML  model 3 (Wilcox 

Context Utility remedy of 

extended expected utility) 

ML model 4 (‘two-alpha’ 

remedy of extended 

expected utility) 

Est t Est t Est t Est t 

Waiting time for PT 0.017 1.05 0.021 1.47   0.006 0.56 

Crowding on PT -0.037 -3.94 -0.018 -2.28 -0.020 -3.08 -0.019 -2.12 

Early departure time for PnR 0.944 1.91 -0.620 -6.34 -0.476 -5.27 0.678 2.43 

Late departure time for  PnR -1.691 -1.64 -1.581 -11.79 -1.093 -8.34 -2.319 -2.42 

Early departure time (other than PnR) -0.533 -3.31 0.992 3.73 0.987 3.83 -0.503 -5.19 

Late departure time (other than  PnR ) -1.366 -6.79 -2.423 -0.72 -1.510 -1.05 -1.523 -11.23 

Socio-demographic Characteristics 

Car availability for car and PnR   1.123 6.01 1.609 9.01 0.760 4.61 1.105 8.56 

Gender (Female) for car 0.535 3.32 0.921 7.43 0.224 1.22 0.262 2.00 

Age (young)  for car and PnR**** 1.868 3.45 2.546 5.78 1.970 4.99 1.746 5.45 

Age (middle) for car and PnR   1.918 6.36 2.300 9.35 1.500 6.57 1.895 8.95 

No. of Observations 1,272 

Information Criterion: AIC/N 2.000 1.950 1.973 1.906 

Log-likelihood -1,252.06 -1,217.96 -1,231.58 -1,188.24 

𝑷𝒔𝒆𝒖𝒅𝒐 𝑹 𝟐 0.251 0.271 0.263 0.289 
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Empirical results indicate that by adding extended expected utility in the model, the model fit 

improves, and more importantly, the explanatory power of the model is enhanced. Compared 

to the Classical EEUT mixed logit model, Model 4 (the ‘two-alpha’ remedy ML model) 

improves the model fit, while the Wilcox Context Utility remedy ML model does not, which 

is probably because the latter ignores the differences between times across waiting, in-vehicle 

and access/egress trip segments involved when using public transport.  

As the expected travel time parameter is negative, the estimate of the risk attitude parameter 

α (0.819) in Model 2 would indicate commuters’ preference for the ‘risky’ alternative (car 

driving). The magnitude of α suggests a strong risk-seeking attitude, which seems unrealistic. 

Model 3 shows an improvement in estimating α, with its value 0.451, which is more sensible. 

However, the Wilcox Context Utility remedy in the ML model (Model 3) does not always fit 

the non-mean-preserving-spread risky profiles. Statistically significant risk aversion 

parameters in Model 4, with  𝛼1 < 0, in one group and 0 < 𝛼2 < 1  in another, suggest that 

travellers are risk tolerant towards car travel time in daily commuting. This is consistent with 

risk seeking results given by Hensher, Greene and Li (2011) and Li and Hensher (2012). The 

relatively similar and small magnitudes for α, |𝛼| < 0.2 , suggest marginal risk seeking 

attitudes of respondents. Behaviourally, the signs and values of α imply that travellers 

experience and accept the existence of travel time variation in their daily commuting. The 

reason for a commuter risk tendency, at least in this geographical setting, is explained by the 

acceptable travel delays on congested roads and the few penalties for late arrivals. 

Estimates from Tversky-Kahneman 𝑤(𝑝) =
𝑝𝑟

(𝑝𝑟+(1−𝑝)𝑟)(
1

𝑟⁄ )
 functions indicate that 

respondents are more likely to slightly overweight the outcomes with lower probabilities and 

underweight the outcomes with higher probabilities. This was also found by Tversky and 

Kahneman (1992) and Hensher, Greene and Li (2011).  
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To conclude, the uncertainties associated with car travel time, parking availability for PnR, 

and crowding on public transport are important factors affecting commuter modal choices. 

Findings of uncertainty associated with travel time on the road are consistent with the results 

obtained by Li, Hensher and Rose (2010) or Noland and Polak (2002). Results also show 

individual heterogeneity in expected car travel time and expected parking cost at the railway 

stations.  

Travel cost plays a negative role in commuter transport mode choices. Time spent getting 

access to railway station and bus stop and travelling on the train carriage are important 

factors constraining a commuter’s willingness to travel by public transport. However, 

estimates for waiting time are positive and marginally significant in the models, which 

indicate that waiting on the platform or at bus stop is not considered as a displeasing 

experience. This is probably because the service frequency of public transport in Perth, along 

the railway corridors, is satisfying and/or commuters are able to manage the waiting time to 

efficiently undertake personal activities.  

With the exception of PnR users, commuters are less prone to shift departure time, as early 

and late departures require changes in their scheduled daily activities. Moreover, commuters 

are more reluctant to depart late than early.  

On the other hand, commuters using PnR prefer to depart early to increase their chance to 

secure a parking bay at the railway station. Commuters who have a car available during the 

working day are inclined to use it as the access mode to the railway station. Driving to the 

destination is the priority option for women, perhaps reflecting their multiple activities to 

accommodate during the day (both work and personal) and concerns about personal safety, 

when travelling at late hours. Compared with the young and the middle-aged, seniors in Perth 

prefer to use public transport.  
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6.3 Conclusions 

Using only the ‘Best’ choice data collected from the customised SP survey conducted in 2014 

in Perth, this chapter reported results on the way respondents trade-off attributes when 

making choices for commuting in the context of travel uncertainty, and how commuters 

transform attribute values and probabilities of occurrence with risk attitudes and judgement 

heuristics.  

In the estimation results, travel time variation and uncertain parking costs at railway stations 

were important determinants of commuters’ choices of modes and departure time. Yet, the 

crowding on public transport was not highly significant. Advanced models also showed 

substantially heterogeneous parameters for travel time variation for car and expected parking 

cost for PnR.  

This chapter also examined two possible approaches to analyse risk in context dependent 

choice tasks. The first is to apply Wilcox’s (2011) context-utility transformation to the 

attribute levels in the choice set. This is an improvement, but not a feasible solution for travel 

behaviour analysis, where the choice tasks are far more complex than Wilcox’s monetary 

gambles. The second approach ‘two-alpha’ ML model which broadly classifies the choice 

tasks into two groups based on the relationship of expected values in ‘risky’ and ‘safe’ 

profiles is then estimated. This model shows an improvement in goodness-of-fit and rejects 

the null hypothesis that the interpretation of 𝛼 in CRRA is context independent. Empirical 

results suggest that Perth residents are moderately risk seekers, therefore accepting the travel 

time variations due to congestion conditions. Additionally, commuters from this sample were 

more likely to over-weight outcomes with lower probabilities and under-weight outcomes 

with higher frequencies. 
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Chapter 7 Combining RP and SP Data to Analyse Commuting 

Decisions in the Context of Risk and Uncertainty    

Chapter 6 discusses the application of the improved risk-related models to analyse individuals’ 

risk attitude with the best choice data from SP survey. While the estimate from SP data is 

sometimes challenged as it may not reflect respondent actual preference in the current 

situation due to hypothesised attribute values (Earnhart 2001; Adamowicz, Louviere & 

Williams 1994) and repeated observations (Hensher, Rose & Greene 2008). To compensate 

the weakness for SP survey and provide a better understanding of commuter actual choice in 

reality, this chapter jointly uses RP and SP data sources in the model estimation. 

 

The potential modelling difficulties associated with pooling the two data sources are the 

estimation of scale difference and the state dependence. The former is concerned with the 

accommodation of scale difference and/or variance of error components for both RP and SP 

alternatives, while the latter refers to accounting for potential correlations between RP and SP 

responses provided by the same respondent, in the light of familiar experiences and inertial 

impacts.  

Although RP data captures respondents’ actual preferences, it fails to capture commuters’ 

attitudes towards risk and their heuristics when judging probabilities, mainly due to its 

shortcoming in providing enough variation of the attributes associated with uncertainty. 

However, models built on SP data, incorporating subjectively weighted probabilities and 

attitudes towards risky outcomes, allow for further understanding of respondent behaviour to 

choices in the context of uncertainty, but they are challenged by biases due to hypothesised 

attribute values. The combination of RP and SP survey, which benefits from the strength and 
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compensates for the weakness of each survey, provides an efficient and corrective approach 

to interpret commuters’ preference when facing uncertainty.   

This chapter also uses joint RP and SP data to improve the analysis of respondent attitudes 

towards risk, accounting for the scale differences between RP and SP data, as well as for the 

potential influence of the respondent’s actual choice on stated choices in the hypothetical 

context. The rest of this chapter introduces the model, identifying scale differences and state 

dependence across different data sources, followed by the empirical application and 

estimations, ending with findings and conclusions.      

7.1 Methodology 

When pooling RP and SP data, scale differences (Adamowicz, Louviere & Williams 1994; 

Morikawa 1989; Morikawa 1994; Hensher & Bradley 1993) and state dependence (potential 

influence of RP data on SP data) (Hensher 2008; Bhat & Castelar 2002) represent two main 

concerns for modellers. They are described below in this section, which also explains the 

extended EUT, exploring commuters’ conceptual transformation of information on travel 

uncertainty.  

7.1.1 Scale Differences 

NL (Polydoropoulou & Ben-Akiva 2001; Hensher & Bradley 1993) and ML models 

(Hensher, Rose & Greene 2008) have been widely adopted to capture the scale differences 

between RP and SP data, by setting the scale of one of the data sources equal to 1. By 

allocating two data sources to two parallel branches, the NL model captures different scale 

parameters through the inclusive values at the upper level of each branch.  

In NL, the general utility functions of joint RP and SP alternatives are: 
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𝑈𝑗
𝑅𝑃 = 𝑉𝑗

𝑅𝑃 + 휀𝑗
𝑅𝑃 = 𝜇𝑅𝑃(𝛽𝑋𝑗

𝑅𝑃 + 𝛼𝑌𝑗
𝑅𝑃 + 휀𝑗

𝑅𝑃)                                                                (7.1) 

𝑈𝑗
𝑆𝑃 = 𝑉𝑗

𝑆𝑃 + 𝛿𝑗
𝑆𝑃 = 𝛾𝑆𝑃(𝛽𝑋𝑗

𝑆𝑃 + 𝜃𝑍𝑗
𝑆𝑃 + 𝛿𝑗

𝑆𝑃)                                                                 (7.2) 

where 𝛽, 𝛼 and 𝜃 are estimated parameter, 𝑋𝑗
𝑅𝑃 and 𝑋𝑗

𝑆𝑃 are common attributes for alternative 

j in both RP and SP data sets, and 𝑌𝑗
𝑅𝑃 and 𝑍𝑗

𝑆𝑃 are attributes specific to RP or SP data sets.  

휀𝑗
𝑅𝑃  and 𝛿𝑗

𝑆𝑃  are error components to the designated data set.  𝜇𝑅𝑃  and 𝛾𝑆𝑃  are scale 

parameters that cannot be estimated separately, instead their ratio 𝜇𝑅𝑃 𝛾𝑆𝑃⁄ , representing the 

scale difference of the two data sources, is determined. Usually, for simplicity, the scale 

parameter of RP data 𝛾𝑆𝑃 is normalised to 1.  

Whereas NL model identifies the differences in SP and RP scale parameters, it fails to 

accommodate potential correlations among observations due to repeated choice tasks from 

the same respondent in SP survey. Additionally, estimation of joint RP and SP data by NL 

model cannot capture taste heterogeneity and scale parameter variation, which points to 

another class of models, the ML models.   

The utility function 𝑈𝑗𝑛  of alternative 𝑗  for individual 𝑛  in the ML model with scale 

parameter is given by McFadden and Train (2000) and Revelt and Train (1998): 

𝑈𝑗𝑛 = 𝜎𝑛 ∑ (�̅�𝑘 + 𝛾𝑘𝑧𝑗𝑛𝑘)𝑋𝑗𝑛𝑘
𝐾
𝑘=1 + 휀𝑗𝑛                                                                               (7.3)        

where 𝜎𝑛 is the scale parameter and 휀𝑗𝑛 represents the unobserved error component. The taste 

parameter for individual 𝑛 considering the attribute 𝑘 in alternative 𝑗 is given by the mean �̅�𝑘, 

standard deviation parameter 𝛾𝑘  and random draw 𝑧𝑗𝑛𝑘,  following some underlying 

distribution. The generalised ML model allows the scale parameter to be random with the 

mean equal to 1 (Fiebig et al. 2010). The probability of choosing alternative 𝑗 is similar to an 

MNL model, except the integral functions for the random parameters. 
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The scale parameter between RP and SP data is given by (Hensher 2008): 

𝜎𝑟𝑝/𝑠𝑝 = (1 − 𝑘𝑟𝑝)𝜎 + 𝑘𝑟𝑝                                                                                                  (7.4) 

where 𝜎𝑟𝑝/𝑠𝑝 is the scale parameter for RP or SP data, 𝑘𝑟𝑝 is an adjustment factor which 

equals 1 for RP data and equals 0 for SP data. Thus 𝜎𝑟𝑝 = 1 and 𝜎𝑠𝑝 = 𝜎. 

Here, the ML model allows for individual heterogeneity in taste parameters and scale 

variations across RP-SP data, which supports the argument for separately identifying these 

two components in the model (Hess & Rose 2012; Hess & Stathopoulos 2013). To avoid 

computational issues, this chapter addresses taste heterogeneity using the assumption of non-

random scale parameter in the ML model.  

7.1.2 State Dependence 

State dependence reflects the potential effects of actual experiences and habits on stated 

choices and has been recognised as an influential determinant in choice models (Morikawa 

1994; Bhat & Castelar 2002; Hensher, Rose & Greene 2008). 

SP survey used in this research has been pivoted on actual travel information collected from 

the prior RP survey. The respondent’s actual mode of travel and departure time appears in 

each choice task, which enables the capture of state dependence influence in the SP survey.  

Typically, state dependence is defined as (Bhat & Castelar 2002): 

𝜗𝑆𝑃 = (1 − 𝑘𝑟𝑝)𝜗                                                                                                                 (7.5) 

where 𝜗𝑆𝑃 is the state dependence parameter of SP data, 𝑘𝑟𝑝 is an adjustment factor equal to 

1 for RP data and to 0 for SP data. Technically, the state preference attribute is a dummy 

variable and the parameter 𝜗𝑆𝑃 can be specified as fixed or random.  
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7.1.3 Model Specification 

Treatment of the three uncertainties (car travel time, parking availability, and crowding) in 

the joint RP-SP model is consistent with previous chapters. The expected car travel time is 

calculated by multiplying the weighted probability 𝑤(𝑝) =
𝑝𝛾

(𝑝𝛾+(1−𝑝)𝛾)(
1

𝛾⁄ )
  by the rescaled 

outcome 𝑣(𝑥𝑖) = 𝑥𝑖
(1−𝛼) (1 − 𝛼)⁄ . Parameters γ and α indicate the probability weighting and 

the risk attitude. The risk-adjusted expected parking cost is applied to model parking 

availability and crowding on public transport is calculated as the product of probability of 

standing during the ride and the in-vehicle travel time. 

After incorporating the scale and state dependence indicators, the utility functions for mode 

and departure time from Chapters 4 and 6, have been rewritten as: 

For RP Data  

𝑈𝑟,𝑡,𝑐𝑎𝑟 = 𝜆𝑟 {𝛽𝑡 [∑ 𝑤(𝑝𝑡𝑖)
3

𝑖=1
𝑣(𝑥𝑡𝑖)] + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑐𝑥𝑠𝑑𝑐} + 휀𝑟,𝑡,𝑐𝑎𝑟 (7.6) 

𝑈𝑟,𝑡,𝑃𝑛𝑅 = 𝜆𝑟 {𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑝𝑐𝑥𝑝𝑐 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑃𝑛𝑅𝑥𝑠𝑑𝑃𝑛𝑅} + 휀𝑟,𝑡,𝑝𝑛𝑟 (7.7) 

𝑈𝑟,𝑡,𝐾𝑛𝑅 = 𝜆𝑟 {𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐾𝑛𝑅𝑥𝑠𝑑𝐾𝑛𝑅} + 휀𝑟,𝑡,𝑘𝑛𝑟 (7.8a) 

𝑈𝑟,𝑡,𝐵𝑛𝑅 = 𝜆𝑟 {𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐵𝑛𝑅𝑥𝑠𝑑𝐵𝑛𝑅} + 휀𝑟,𝑡,𝑏𝑛𝑟 (7.8b) 

𝑈𝑟,𝑡,𝑊𝑛𝑅 = 𝜆𝑟 {𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑊𝑛𝑅𝑥𝑠𝑑𝑊𝑛𝑅} + 휀𝑟,𝑡,𝑤𝑛𝑟 (7.8c) 

𝑈𝑟,𝑡,𝑏𝑢𝑠 = 𝜆𝑟 {𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐵𝑢𝑠𝑥𝑠𝑑𝐵} + 휀𝑟,𝑡,𝑏𝑢𝑠 (7.9) 
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For SP Data 

𝑈𝑠,𝑡,𝑐𝑎𝑟 = 𝜆𝑠 {𝛽𝑡 [∑ 𝑤(𝑝𝑡𝑖)
3

𝑖=1
𝑣(𝑥𝑡𝑖)] + 𝛽𝑒_𝑑𝑒𝑝𝑥𝑒_𝑑𝑒𝑝 + 𝛽𝑙_𝑑𝑒𝑝𝑥𝑙_𝑑𝑒𝑝 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑐𝑥𝑠𝑑𝑐 + 𝛽𝑑_𝑐𝑎𝑟𝑥𝑑_𝑐𝑎𝑟} + 휀𝑠,𝑡,𝑐𝑎𝑟 (7.10) 

𝑈𝑠,𝑡,𝑃𝑛𝑅 = 𝜆𝑠 {𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑝𝑐𝑥𝑝𝑐 + 𝛽𝑒_𝑑𝑒𝑝𝑥𝑒_𝑑𝑒𝑝 + 𝛽𝑙_𝑑𝑒𝑝𝑥𝑙_𝑑𝑒𝑝 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑃𝑛𝑅𝑥𝑠𝑑𝑃𝑛𝑅 + 𝛽𝑑_𝑝𝑛𝑟𝑥𝑑_𝑃𝑛𝑅} + 휀𝑠,𝑡,𝑃𝑛𝑅 (7.11) 

𝑈𝑠,𝑡,𝐾𝑛𝑅 = 𝜆𝑠 {𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑒_𝑑𝑒𝑝𝑥𝑒_𝑑𝑒𝑝 + 𝛽𝑙_𝑑𝑒𝑝𝑥𝑙_𝑑𝑒𝑝 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐾𝑛𝑅𝑥𝑠𝑑𝐾𝑛𝑅} + 휀𝑠,𝑡,𝐾𝑛𝑅 (7.12a) 

𝑈𝑠,𝑡,𝐵𝑛𝑅 = 𝜆𝑠 {𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑒_𝑑𝑒𝑝𝑥𝑒_𝑑𝑒𝑝 + 𝛽𝑙_𝑑𝑒𝑝𝑥𝑙_𝑑𝑒𝑝 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑏𝑛𝑅𝑥𝑠𝑑𝑏𝑛𝑅} + 휀𝑠,𝑡,𝐵𝑛𝑅 (7.12b) 

𝑈𝑠,𝑡,𝑊𝑛𝑅 = 𝜆𝑠 {𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑒_𝑑𝑒𝑝𝑥𝑒_𝑑𝑒𝑝 + 𝛽𝑙_𝑑𝑒𝑝𝑥𝑙_𝑑𝑒𝑝 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝑤𝑛𝑅𝑥𝑠𝑑𝑤𝑛𝑅} + 휀𝑠,𝑡,𝑊𝑛𝑅 (7.12c) 

𝑈𝑠,𝑡,𝑏𝑢𝑠 = 𝜆𝑠 {𝛽𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑒_𝑑𝑒𝑝𝑥𝑒_𝑑𝑒𝑝 + 𝛽𝑙_𝑑𝑒𝑝𝑥𝑙_𝑑𝑒𝑝 + ∑𝛽𝑠𝑥𝑠 +∑𝛽𝑠𝑑𝐵𝑢𝑠𝑥𝑠𝑑𝐵} + 휀𝑠,𝑡,𝑏𝑢𝑠 (7.13) 

In these functions, 𝑥 represents attribute values in the RP and SP data, 𝑤(𝑝) is a weighting 

function, and 𝑣(𝑥𝑡) is the expected utility for car travel time 𝑥𝑡. When using EUT, 𝑤(𝑝) is 

equal to probability 𝑝𝑡𝑖  for car and 𝑣(𝑥𝑡) is the attribute value of car travel time 𝑥𝑡𝑖 . In 

EEUT, 𝑤(𝑝) is a non-linear weighting function of probability 𝑝𝑡𝑖 for car with 𝑣(𝑥𝑡) being a 

non-linear adjustment of the attribute value. 

Variables 𝑥𝑠 are non-random attributes of travel alternatives and 𝑥𝑠𝑑 are socio-demographic 

characteristics of respondents. 𝜆𝑟 and 𝜆𝑠 are scale parameters associated with RP and SP data. 

Here, we assume respondents have consistent preferences in their actual and stated situations, 

thus 𝛽 parameters are not differentiated between RP and SP data. 휀 represents the unobserved 

error components associated with each alternative, all assumed to follow GEV type 

distributions.  

Unlike the utility functions used in analysing the RP data, early and late departure times, 

denoted by 𝑥𝑒_𝑑𝑒𝑝 and 𝑥𝑙_𝑑𝑒𝑝 and pivoted on the respondent’s revealed preference departure 

time, were added in the functions 7.10 to 7.13. Additionally, the utility functions of SP data 

also include the state dependence attributes 𝑥𝑑_𝑐𝑎𝑟 and 𝑥𝑑_𝑝𝑛𝑟 for car and PnR, exploring the 

influence of the current mode on stated preference. 
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7.2 Number of Observations, RP-SP 

Chapters 4 and 5 described in detail the two surveys, with the SP survey designed on the 

basis of data collected from the RP survey and delivered to the participants who responded to 

the prior RP survey. This enables the estimation of the scale difference and state dependence 

parameters, pairing the RP and SP surveys by respondent. 

As indicated before, 765 valid RP responses were received, and 215 from the SP survey. In 

the SP survey, each respondent was asked to complete six choice tasks, providing the ‘Best’ 

and ‘Worst’ options in combinations of four labelled alternatives. To ensure consistency in 

RP and SP data sources, only ‘Best’ choice data from the SP survey was included in the RP-

SP estimation. In total, 1,272 observations of ‘Best’ choice in SP survey were used. In terms 

of RP, 25 out of the 215 respondents failed to provide sufficient information (mainly 

destinations due to self-employed work or no available public transport during their departure 

times), thus the RP choice set was difficult to determine. Data used for analysis in this 

chapter has 1,462 observations, including 1,272 observations from the SP survey and 190 

observations from the RP survey. 

7.3 Analysis and Results 

Results shown in Table 7.1 are based on combined RP and SP data. The base MNL model 

estimated all parameters by simply pooling the two data sources. The NL model captured the 

different scale parameters between RP and SP data. The ML model accounted for state 

dependence in the model and also allowed for heterogeneity of coefficients associated with 

travel uncertainty, as well as accounting for the panel nature of multiple SP observations for 

each respondent. The first non-linear ML model incorporates scale difference and state 

dependence, in addition to taste heterogeneity. Models 1 to 4 in Table 7.1 applied EUT to 
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describe the uncertain car travel time and parking availability. The second non-linear ML 

(model 5 in Table 7.1) used EEUT, with ∑𝑤(𝑝𝑖) 𝑣(𝑥𝑖) for travel time uncertainty, where 

𝑤(𝑝𝑖) =
𝑝𝑖

𝛾

(𝑝𝑖
𝛾+(1−𝑝𝑖)

𝛾)(
1

𝛾⁄ )
 captured the perceptual adjustment of probability and 𝑣(𝑥𝑖) =

𝑥𝑖
(1−𝛼) (1 − 𝛼)⁄  the transformation of travel time. 

As before, observations from both RP and SP data were allocated into two groups with regard 

to the relationship of travel times in the ‘risky’ and ‘safe’ alternatives. In group 1, 

respondents are risk averse if 𝛼 ∈ (0,1) and risk tolerant if 𝛼 < 0, while the interpretation of 

parameter 𝛼 with risk attitude reverses in group 2.  

By its nature, car travel time largely varied over population in the RP survey, which limited 

the applicability of contextual utility model which transforms and standardises the range of 

similar outcomes. Thus the estimates of CUT are not provided in Table 7.1.   
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Table 7.1 Parameter estimations for MNL, NL, ML and Non-linear ML with and without risk attitude transformation and probability weighting using RP and 

SP data 

Variable 

MNL 

(Model 1) 

NL 

(Model 2) 

ML 

(Model 3) 

Non-linear ML 

(Model 4) 

Non-linear ML using 

EEUT (Model 5) 

Est. t-ratio Est. t- ratio Est. t- ratio Est. t- ratio Est. t- ratio 

Risk attitude parameters 

Risk aversion to car travel time α1  __ __ __ __ __ __ __ __ -0.072 -1.16 

Risk aversion to car travel time α2 __ __ __ __ __ __ __ __ 0.029 0.57 

Probability weighting γ* __ __ __ __ __ __ __ __ 0.640 1.04 

Mean for Random parameters 

Expected car travel time -0.024 -4.62 -0.070 -7.11 -0.058 -4.07 -0.061 -3.12 -0.062 -3.27 

Expected cost for PnR  -0.160 -6.34 -0.321 -5.78 -0.475 -6.08 -0.622 -5.83 -0.571 -5.86 

State dependence for car** __ __ __ __ -0.343 -0.82 0.018 0.03 -0.460 -0.81 

State dependence for PnR __ __ __ __ 2.423 2.87 3.948 2.72 3.071 2.42 

Standard Deviations for random parameters 

Expected car travel time __ __ __ __ 0.088 8.48 1.101 7.85 0.091 5.38 

Expected cost for PnR __ __ __ __ 0.409 6.54 0.551 5.92 0.472 5.67 

State dependence for car __ __ __ __ 3.374 7.23 5.311 7.25 4.063 6.05 

State dependence for PnR __ __ __ __ 2.416 2.92 4.339 2.88 3.772 2.98 

Non-random parameters 

Constant for Car*** -0.154 -0.53 -0.469 -0.95 0.762 1.41 -0.083 -0.16 0.466 0.75 

Constant for PnR -2.106 -8.79 -3.229 -6.75 -2.615 -6.04 -2.752 -7.09 -2.853 -6.55 

Travel cost ($)  -0.201 -13.77 -0.315 -10.64 -0.308 -11.77 -0.411 -11.15 -0.348 -11.20 

Access time for  PT**** -0.018 -2.34 -0.016 -1.22 -0.029 -3.02 -0.041 -3.18 -0.032 -3.40 
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Notes: Significant parameter estimates at 0.05 level are presented in boldface font. 

* t-value of probability weighting parameter γ tests the difference from  value 1. 

** State dependence parameters for train with other access modes than PnR are equal to 0. 

*** Alternative specific constant for train with other access modes (exclude PnR) is 0. 

**** PT is public transport including bus, PnR, KnR, BnR, and WnR. 

***** Senior people represent the reference category.  

****** Scale parameter for RP data is normalised to 1.0 and t-values test the significance of differences from value 1. 

Variable 
MNL 

(Model 1) 

NL 

(Model 2) 

ML 

(Model 3) 

Non-linear ML 

(Model 4) 

Non-linear ML using 

EEUT (Model 5) 

 Est. t-ratio Est. t- ratio Est. t- ratio Est. t- ratio Est. t- ratio 

In-vehicle travel time for PT -0.032 -8.00 -0.046 -5.53 -0.039 -8.05 -0.056 -8.14 -0.038 -8.37 

Waiting time for  PT 0.027 2.31 0.039 1.81 0.011 0.75 0.014 0.70 0.009 0.62 

Crowding on PT -0.010 -1.56 -0.017 -1.36 -0.015 -1.75 -0.024 -1.99 -0.018 -2.12 

Early departure time (other than PnR) -0.765 -5.42 -1.397 -4.43 -0.561 -3.30 -0.879 -3.58 -0.713 -3.60 

Late departure time (other than PnR) -1.261 -6.89 -2.391 -5.27 -1.512 -6.77 -2.242 -6.87 -1.811 -6.82 

Early departure time for PnR 0.843 2.41 1.616 2.36 -0.136 -0.17 -0.272 -0.21 -0.062 -0.06 

Late departure time for  PnR -1.734 -1.70 -3.511 -1.73 -2.776 -1.94 -3.628 -1.72 -2.841 -1.65 

Car availability for car and PnR   0.967 7.85 1.816 5.93 1.489 6.34 1.973 6.60 1.730 6.48 

Gender (Female) for car 0.139 2.15 0.257 2.18 0.238 1.16 0.227 0.83 0.227 0.81 

Age (young) for car and PnR***** 1.612 4.73 2.352 4.15 1.820 2.99 2.721 3.54 2.385 3.47 

Age (middle) for car and PnR  1.588 8.61 2.500 7.18 1.880 5.35 2.792 6.37 2.429 5.83 

Scale Parameter for RP and SP data****** 

RP data __ __ 1.0 __ __ __ 1.0 __ 1.0 __ 

SP data __ __ 0.514 8.23 __ __ 0.669 3.41 0.834 1.51 

No. of observations 1,462 

Information Criterion: AIC/N 2.229 2.220 1.829 1.820 1.816 

Log-likelihood -1,612.745 -1,605.153 -1,313.879 -1,307.475 -1,304.515 

𝑷𝒔𝒆𝒖𝒅𝒐 𝑹 𝟐 0.160 0.164 0.316 0.319 0.321 
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Table 7.1 shows that the inclusion of scale difference and of the state dependence 

significantly improves model fitness when pooling RP-SP data. Moreover, model 5, which 

applies EEUT, sheds additional light on understanding respondent conceptual adjustment of 

travel time and probability of occurrence.    

By normalising the RP scale parameter to 1, the estimate from SP data (<1) implies more 

error noise existing in the SP survey, which is consistent with results from Brownstone, 

Bunch and Train (2000) and Espino, Ortúzar and Román (2007). The significant and positive 

state dependence parameter for PnR, illustrating persistence of habits and inertia, suggests 

that PnR commuters are more prone to choose their current transport mode, with which they 

are familiar. Conversely, the potential effect of car users’ actual experience on choosing car 

as the most preferred alternative in SP survey is unclear.  

ML also captures the substantial taste heterogeneity of state dependence for car and PnR 

across respondents.  

Additionally, significant parameters with expected signs for travel time variation and parking 

space availability, and to a lesser extent crowding on public transport, demonstrate the 

importance of uncertain attributes in choosing the mode of travel and departure time. Taste 

parameters vary considerably among respondents, as shown by their statistically significant 

standard deviation parameters. Other non-random coefficients combined with travel attributes 

have the expected signs, with the exception of waiting time on the train platform or bus stop, 

although most estimates show insignificant difference from zero. Commuters other than PnR 

users are more likely to keep their usual departure time; changing this potentially means 

change in the daily routine, which is considered unfavourable and increases the disutility. On 

the other hand, PnR commuters are reluctant to depart later and incur higher risks of no 

available parking bays. 
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Similarly to the findings obtained in Chapters 5 and 6, commuters with available cars during 

working time are more prone to use a car as main mode or access mode. Women prefer to 

drive a car than use public transport due to both a need to fulfil multiple chores and for travel 

safety at some times of day. The young and the middle-aged are more inclined to use a car, in 

contrast to seniors. 

Commuters are marginally risk tolerant to travel time variation, illustrated by the negative 

sign of risk attitude indicator 𝛼 in group 1 and positive in group 2. The signs are consistent 

with the results in Chapters 3, 4 and 6, while the insignificant estimates are probably due to 

the inclusion of RP data, which does not provide enough information on daily car travel time 

variation. Parameters of probability weighting are not significantly different from 1, 

indicating the symmetric assessment of probabilities.  

7.4 Willingness-to-Pay and Elasticity of Parking availability for Park-and-

Ride 

Parking availability at a railway station is considered an important factor influencing 

commuters’ willingness to choose PnR as a travel mode (Debrezion, Pels & Rietveld 2009) 

or to board at that station (Chakour & Eluru 2014; Khandker, Mahmoud & Coleman 2013). 

Expected parking cost, which accounts for the combination of parking costs and probabilities 

of occurrence in the survey, has been applied in previous discussions. This section employs 

the non-parking probability as an indicator of parking availability to examine commuter 

preference for PnR. 

Once again, willingness-to-pay and choice elasticity, two widespread behavioural outputs of 

discrete choice models, are compared across models. Willingness-to-pay examines commuter 

trade-off between cost and parking availability, while elasticity measures the dynamic 
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relationship between the changes in probability of no parking and the changes in probability 

of choosing PnR. More details about willingness-to-pay and elasticity were discussed in 

Section 5.4.3. 

To address parking availability in the model, this section simplifies car travel time variation 

by using expected travel time. Table 7.2 presents willingness-to-pay to secure a parking bay 

at railway station and elasticity for parking availability in an ML model (Model estimations 

are available in Table A7-1, Appendix 7). 

Table 7.2 Willingness-to-pay for parking availability (to avoid no parking situations) and Train 

Choice Elasticities 

Attribute 
Willingness-to-

pay 

($) 

Elasticity of Train Choice with Respect to: 

Car 
Train with respect to access 

modes Bus 

PnR KnR WnR  BnR 

Parking 

availability 

MNL  4.5 0.036 -0.179 0.032 0.033 0.034 0.037 

ML 11.7 0.062 -0.060 0.014 0.009 0.022 0.028 

 

The interpretation of results in Table 7.2 is how much commuters are willing to pay to avoid 

the situation where no parking bays left at railway station. Results suggest that respondents 

are willing to pay more than the current charge ($2) to reduce the uncertainty in finding 

parking. Argument may arise as the willingness-to-pay for available parking is high; the 

value also measures the potential penalty and expenses resulted from no available parking.   

The results also show direct and cross-elasticities of the parking availability attribute for 

MNL and ML models. As the parking availability is measured by the probability of finding 

no parking bays at railway station, a negative direct elasticity suggests that an increase in the 

uncertainty of parking decreases commuters’ willingness to choose PnR as main transport 
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mode. Travellers are more likely to shift to other transport modes if few available parking 

bays are left, indicated by the positive cross-elasticities. 

The parking availability attribute is inelastic. In other words, the provision of more parking 

bays (10% increase) would result in a relative smaller increase (0.6% in ML and 1.79% in 

MNL) in the probability of commuters choosing PnR, keeping all else equal.  

7.5 Using Joint RP-SP Data and Prospect Utility Theory  

The key question arising from prospect theory is regards to how to determine the reference 

point value. 

 In this research, two reference points have been exploited for each individual respondent; 

one was to identify the usual car travel time, free parking at the station, and seating on public 

transport as the reference values; and the other was to compare the values of uncertain 

attributes presented in the SP survey with those collected in RP survey, and coded as gains or 

losses.  

However, estimates from models with different reference points do not significantly show the 

expected signs in terms of travel time and parking cost savings or increases. This is probably 

due to the setting of reference points. Future research will explore more about commuters’ 

behaviour and attitudes towards losses and gains in travel. 

7.6 Findings and Conclusions 

Pooling data collected from RP and SP surveys, this chapter focuses not only on the treatment 

of scale difference and state dependence, but also on the combination of methodologies of 

choice models and risk and uncertainty. Empirical results indicate more error variance in SP 

data, compared with revealed preference data. The actual experience and habits of PnR users, 
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shown in the RP survey, have a positive influence on their preferences expressed in the SP 

survey, while the car drivers’ current travel experience does not significantly influence their 

choices in the SP survey.  

When combining the two sources of data, the risk attitude and the perceptual transformation 

of probabilities of the respondents remained unclear, due to insufficient travel time variation 

in the RP data. This suggests that in future research, RP surveys will need to be developed by 

specifically asking respondents about potential alternatives to their currently used mode, thus 

providing more accurate data for model estimation. To measure respondents’ willingness-to-

pay to decrease the uncertainty in parking at railway stations, Section 7.4 employs the 

probability of no available parking as an indicator of parking availability. Results suggest a 

high value of willingness-to-pay to secure parking and relative inelasticity of the parking 

availability attribute. 

To further understand the influence of risk and uncertainty on commuter preferences for 

travel, prospect theory has been incorporated into choice modelling. Results are inconsistent 

with our expectations in regard to signs, although different reference points have been 

examined. Future work will pay more attention to determining the reference points and to the 

analysis of respondents’ preference with respect to uncertainty when faced with gains and 

losses.  
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Chapter 8  ‘Best’ and ‘Worst’ Choices in the Context of Risk and 

Uncertainty 

So far, all empirical analysis about commuter travel preferences and risk attitudes is based on 

individuals’ ‘Best’ choices in RP and SP surveys. The ‘Best’ and ‘Worst’ mechanism has 

increasingly been adopted as a popular choice response approach for surveys, as it captures 

more information about respondent preferences, while reducing the cognitive burden of 

completing the tasks (Louviere et al. 2013; Finn & Louviere 1992; Flynn et al. 2007; Scarpa 

et al. 2011). However, the basis of the analysis is that respondents are using the same process 

to identify the ‘Best’ and the ‘Worst’ alternatives. The scale difference between the two data 

sets for ‘Best’ and ‘Worst’ has been acknowledged (Collins & Rose 2011; Rose 2014), but it 

may be that respondents also display behavioural preference asymmetries when judging 

which alternative is the ‘Best’ and which is the ‘Worst’ (Balbontin, Ortúzar & Swait 2014). 

When pooling ‘Best’ and ‘Worst’ data, before even analysing scale difference and taste 

asymmetries, the first concern is recognising the sequence adopted in choosing the ‘Best’ and 

‘Worst’ alternatives. This is because different choice procedures may result in different  scale 

and preferences (Collins & Rose 2011; Rose 2014).  

Other scholars have proposed that an individual treats a pair of ‘Best’ and ‘Worst’ options as 

a ‘single’ alternative (Marley & Louviere 2005; Marley, Flynn & Louviere 2008). Yet, the 

approach has been challenged for its complexity in data treatment and the violation of IIA 

assumption due to the high interactions among the integrated alternatives.  

Drawing on Collins & Rose (2011), Rose (2014) and Balbontin, Ortúzar & Swait (2014), this 

chapter adopts the view that the ‘Best’ and ‘Worst’ choices are separated. Consequently, the 

chapter will first explore whether the sequence of ‘Best-Worst’ choices matters in the 
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understanding of respondent preferences, followed by capturing scale parameter and taste 

asymmetries across ‘Best’ and ‘Worst’ data.  

Here, the difference between scale difference of ‘Best-Worst’ data and ‘Best-Worst’ scaling 

(Finn & Louviere 1992) needs to be clarified. ‘Best-Worst’ data, exploited in this chapter, 

indicates the inconsistency of scale parameters associated with ‘Best’ and ‘Worst’ choice data 

(Collins & Rose 2011; Scarpa et al. 2011; Balbontin, Ortúzar & Swait 2014), while ‘Best-

Worst’ scaling has been widely used as a measurement to identify the relative importance of 

factors influencing consumer choice behaviour (Louviere et al. 2013; Flynn et al. 2007).  

As indicated in former chapters, travel uncertainty and traveller attitudes towards risk play 

important roles in affecting commuter preferences for mode and departure time. In this 

context, SP surveys designed to better understand respondent preferences with respect to 

travel time variation have been conducted (Hensher, Greene & Li 2011; Li & Hensher 2013a; 

Noland & Polak 2002). However, measurements of scale differences and of taste 

heterogeneity when pooling data, in the context of risk and uncertainty, have not been fully 

investigated. Moreover, when considering uncertainty in commuting conditions, another 

concern is whether travellers transform probabilities of occurrence and expected outcomes in 

different ways, when they are making choices for the ‘Best’ and ‘Worst’ options.  

This chapter starts with a section on the econometric model forms that are used (logit models 

incorporating EUT, EEUT and remedied EEUT functions for risks), and then presents a brief 

description of the data setup for the ‘Best-Worst’ choices. Empirical results of separated 

‘Best’ and ‘Worst’ data sets are presented to show the existence of scale difference and taste 

asymmetries, then further explored when pooled. The final part delivers discussions and 

conclusions. 
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8.1 Econometric Model 

This section mainly discusses choice sequence and scale differences, as well as taste 

asymmetries, occurring when pooling ‘Best’ and ‘Worst’ choice data. The incorporation of 

EUT, EEUT and remedied EEUT into choice modelling theory assists in the capture of 

individuals’ attitudes towards risk when choosing the most preferred and least preferred 

options.  

8.1.1 Different Choice Sequences 

When faced with a ‘Best-Worst’ choice task, an argument and challenge is whether 

respondents choose the most preferred and least preferred alternatives sequentially or 

simultaneously. This has implications for the number of alternatives analysed in the choice 

sets: the former has a decreasing number of alternatives after one choice is made/considered 

and then eliminated, while the latter always has full choice sets. Sequential choice also brings 

another question regarding the order of choice, either ‘Best’ then ‘Worst’, or ‘Worst’ then 

‘Best’. 

I. ‘Best-Worst’ sequential procedure 

Under the ‘Best-Worst’ sequential procedure, respondents are assumed to choose their ‘Best’ 

choice among 𝑁  alternatives, and then choose their ‘Worst’ considering the 𝑁 − 1 

alternatives left after eliminating the ‘Best’ option. Thus the probability of choosing the 

‘Best’ alternative 𝑖, followed by choosing the ‘Worst’ alternative 𝑗 is given by: 

𝑃(𝑖, 𝑗) = 𝑃𝑏𝑒𝑠𝑡(𝑖) × 𝑃𝑤𝑜𝑟𝑠𝑡(𝑗) =
𝑒𝜆𝑏 ∑  𝛽𝑏𝑥𝑏𝑖

∑ 𝑒𝜆𝑏 ∑  𝛽𝑏𝑥𝑏𝑖𝑁
𝑛=1

×
𝑒𝜆𝑤 ∑  𝛽𝑤𝑥𝑤𝑗

∑ 𝑒𝜆𝑤 ∑  𝛽𝑤𝑥𝑤𝑗𝑁
𝑛=1,𝑛≠𝑖

 
(8.1) 

where 𝑃𝑏𝑒𝑠𝑡(𝑖) and 𝑃𝑤𝑜𝑟𝑠𝑡(𝑗) are probabilities of choosing alternative 𝑖 and alternative 𝑗; 𝜆𝑎 

and 𝜆𝑏 are scale parameters, while 𝛽𝑎 and 𝛽𝑏 are coefficients associated with each choice; 𝑥 
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is the attribute value in each alternative. More details about the scale parameter, coefficients 

and parameters are provided in Section 8.1.2. 

II. ‘Worst-Best’ sequential procedure 

Similarly, in the ‘Worst-Best’ sequential model, respondents choose first their ‘Worst’ option 

𝑗 from the full choice set, and then they choose the ‘Best’ alternative 𝑖 from the remaining 

𝑁 − 1 alternatives. The probability of ‘Worst-Best’ sequential process is written as: 

𝑃(𝑗, 𝑖) = 𝑃𝑤𝑜𝑟𝑠𝑡(𝑗) × 𝑃𝑏𝑒𝑠𝑡(𝑖) =
𝑒𝜆𝑤 ∑  𝛽𝑤𝑥𝑤𝑗

∑ 𝑒𝜆𝑤 ∑  𝛽𝑤𝑥𝑤𝑗𝑁
𝑛=1

×
𝑒𝜆𝑏 ∑  𝛽𝑏𝑥𝑏𝑖

∑ 𝑒𝜆𝑏 ∑  𝛽𝑏𝑥𝑏𝑖𝑁
𝑛=1,𝑛≠𝑖

 
(8.2) 

Similarly, the parameters indications are as for (8.1). 

 III. ‘Best’ and ‘Worst’ choice simultaneously 

When respondents simultaneously choose ‘Best’ and ‘Worst’, these choices are assumed to 

be made from 𝑁  alternatives. The probability of choosing the ‘Best’ i and ‘Worst’ 𝑗 

alternatives is: 

𝑃(𝑖, 𝑗) = 𝑃𝑏𝑒𝑠𝑡(𝑖) × 𝑃𝑤𝑜𝑟𝑠𝑡(𝑗) =
𝑒𝜆𝑏 ∑  𝛽𝑏𝑥𝑏𝑖

∑ 𝑒𝜆𝑏 ∑  𝛽𝑏𝑥𝑏𝑖𝑁
𝑛=1

×
𝑒𝜆𝑤 ∑  𝛽𝑤𝑥𝑤𝑗

∑ 𝑒𝜆𝑤 ∑  𝛽𝑤𝑥𝑤𝑗𝑁
𝑛=1

 
(8.3) 

where both choice sets are identical, including 𝑁 alternatives. For parameter indications, the 

reader is referred to formula 8.1. 

8.1.2 Scale Difference and Taste Asymmetries  

When pooling ‘Best’ and ‘Worst’ data, two main concerns in choice modelling are scale 

difference and preference asymmetries, which can be captured in the following models: 
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𝑈𝑏,𝑖,𝑛 = 𝜆𝑏 ∑𝛽𝑏,𝑖,𝑛𝑥𝑏,𝑖,𝑛 + 휀𝑏,𝑖,𝑛 
(8.4) 

𝑈𝑤,𝑖,𝑛 = 𝜆𝑤 ∑𝛽𝑤,𝑖,𝑛𝑥𝑤,𝑖,𝑛 + 휀𝑤,𝑖,𝑛 
(8.5) 

where 𝑈𝑏,𝑖,𝑛  and 𝑈𝑤,𝑖,𝑛 are utility functions for ‘Best’/‘Worst’ alternative 𝑖 for individual 𝑛 

with the error component 휀𝑏,𝑖,𝑛 and 휀𝑤,𝑖,𝑛; 𝜆𝑏 and 𝜆𝑤 are scale parameters of the two data sets 

while 𝛽𝑏,𝑖,𝑛 and 𝛽𝑤,𝑖,𝑛 indicate individual 𝑛’s different taste parameters for ‘Best’ and ‘Worst’ 

alternatives. For ease of calculation, one of the scale parameters is usually normalised to the 

value 1. Here, the scale parameter for ‘Best’ choice data 𝜆𝑏 is fixed to be equal to 1. In all 

utility functions, 𝑥  represents the attribute value associated with the ‘Best’ and ‘Worst’ 

alternative 𝑖 for individual 𝑛.  

The scale parameter is inversely related to the error variance of the choice model, indicated 

by 𝜆 = √
𝜋2

6𝜎2, where 𝜆 and 𝜎 are the scale parameter and the standard deviation of the error 

component (McFadden 1974). In other words, the dissimilarity of scale parameters indicates 

different variation of error components associated with the ‘Best’ and ‘Worst’ data (Swait & 

Louviere 1993). 

Especially when treating the ‘Worst’ data, the analysis is based on the assumption that the 

attribute value of the least preferred alternative 𝑖 is the mirror image (negative) of the value 

for the ‘Best’ alternative 𝑖  (Rose 2014; Collins & Rose 2011), such that 𝑥𝑏,𝑖,𝑛 = −𝑥𝑤,𝑖,𝑛 . 

When multiplied by the preference parameter 𝛽𝑤,𝑖,𝑛 in the utility function, this amounts to 

𝛽𝑤,𝑖,𝑛𝑥𝑤,𝑖,𝑛 = −𝛽𝑤,𝑖,𝑛𝑥𝑏,𝑖,𝑛. Hence, the alternative with the highest utility in the ‘Best’ choice 

becomes the least likely to be chosen as the ‘Worst’, assuming that respondents make choices 

that maximise their utilities. Behaviourally, the reversed sign of ‘Worst’ data indicates that 
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the individual’s most preferred factor in one alternative is likely to lose its attractiveness 

when a respondent is asked to choose the ‘Worst’ choice.   

When estimating models with both ‘Best’ and ‘Worst’ data, we mainly examine the following 

constraints and assumptions: 

 If 𝜆𝑏 = 𝜆𝑤  and 𝛽𝑏,𝑖 ≠ 𝛽𝑤,𝑖 , the individual displays taste asymmetry for the same 

attribute across ‘Best’ and ‘Worst’ choices, conditional on the identical scale 

parameters; 

 If 𝜆𝑏 ≠ 𝜆𝑤 and 𝛽𝑏,𝑖 = 𝛽𝑤,𝑖, each respondent has identical taste for the same attribute 

when facing ‘Best’ and ‘Worst’ choices; the only difference is the inter-respondent 

scale heterogeneity, which may result from survey instrument, treatment errors, etc.; 

 If 𝜆𝑏 ≠ 𝜆𝑤 , and 𝛽𝑏,𝑖 ≠ 𝛽𝑤,𝑖 , individuals have both scale differences and preference 

asymmetries.  

Each condition is then jointly considered with risk and uncertainty and further elaborated in 

Section 8.2.3. 

8.1.3 Model Specifications  

Consistent with the analysis adopted in previous chapters in terms of uncertainty during daily 

commuting, three sources of uncertainty proposed in this chapter are: travel time variation for 

car, parking availability for PnR, and crowding on public transport.  

Specifically, car travel time variation is described by three travel times, fast, usual and slow, 

each associated with probabilities indicated in the RP survey by frequency of occurrence 

during the last 20 days. Moreover, the probability weighting formula and rescaled outcome 

function with risk attitudes from extended expected utility theory (EEUT) are adopted, which 

leads to a utility function written as: 
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𝐸𝐸𝑈𝑇(𝑈) = ∑ 𝑤(𝑝𝑖)
𝑛

𝑖=1
𝑣(𝑥𝑖) 

(8.6) 

where 𝑤(𝑝𝑖)and 𝑣(𝑥𝑖) represent the non-linear weighted probability and rescaled expected 

value respectively. Two modified EEUT models (‘two-alpha’ models and Wilcox’s CUT) are 

also employed to examine the effectiveness of the two remedies in improving the 

interpretations of risk attitudes with the risk indicator values. The ‘two-alpha’ EEUT model 

categorises choice task into two groups based on the relationship of expected values between 

the ‘risky’ and ‘safe’ alternatives, while the Wilcox’s CUT transformation model reduces the 

context influences by adjusting the EEUT with the utility difference between the largest 

attribute value and the smallest. Parking availability is modelled as a risk-adjusted cost, 

incorporating free parking, paid parking cost, and additional monetary penalty if no available 

parking is found. Finally, crowding on public transport is determined as a discomfort factor, 

modelled by multiplying the probability of standing on the train/bus by the duration of the 

trip.  

Therefore, combining EEUT and two remedied EEUT discrete choice models with different 

scale parameters and taste heterogeneities of ‘Best’ and ‘Worst’ data, brings the proposed 

mode and departure time utility functions of the six travel modes to: 

Best data: 

𝑈𝑏,𝑡,𝑐𝑎𝑟 = 𝜆𝑏 {𝛽𝑏𝑡 [∑ 𝑤(𝑝𝑏𝑡𝑖)
3

𝑖=1
𝑣(𝑥𝑏𝑡𝑖)] + 𝛽𝑏𝑒_𝑑𝑒𝑝𝑥𝑏𝑒_𝑑𝑒𝑝 + 𝛽𝑏𝑙_𝑑𝑒𝑝𝑥𝑏𝑙_𝑑𝑒𝑝 + ∑𝛽𝑏𝑠𝑥𝑏𝑠 +∑𝛽𝑏𝑠𝑑𝑐𝑥𝑏𝑠𝑑𝑐} + 휀𝑏,𝑡,𝑐𝑎𝑟 (8.7) 

𝑈𝑏,𝑡,𝑝𝑛𝑟 = 𝜆𝑏 {𝛽𝑏𝑐𝑟𝑜𝑤𝑑𝑥𝑏𝑒𝑥𝑝𝑠 + 𝛽𝑏𝑝𝑐𝑥𝑏𝑝𝑐 + 𝛽𝑏𝑒_𝑑𝑒𝑝𝑥𝑏𝑒_𝑑𝑒𝑝 + 𝛽𝑏𝑙_𝑑𝑒𝑝𝑥𝑏𝑙_𝑑𝑒𝑝 + ∑𝛽𝑏𝑠𝑥𝑏𝑠 +∑𝛽𝑏𝑠𝑑𝑃𝑛𝑅𝑥𝑏𝑠𝑑𝑃𝑛𝑅} + 휀𝑏,𝑡,𝑝𝑛𝑟 (8.8) 

𝑈𝑏,𝑡,𝑘𝑛𝑟 = 𝜆𝑏 {𝛽𝑏𝑐𝑟𝑜𝑤𝑑𝑥𝑏𝑒𝑥𝑝𝑠 + 𝛽𝑏𝑒_𝑑𝑒𝑝𝑥𝑏𝑒_𝑑𝑒𝑝 + 𝛽𝑏𝑙_𝑑𝑒𝑝𝑥𝑏𝑙_𝑑𝑒𝑝 + ∑𝛽𝑏𝑠𝑥𝑏𝑠 +∑𝛽𝑏𝑠𝑑𝐾𝑛𝑅𝑥𝑏𝑠𝑑𝐾𝑛𝑅} + 휀𝑏,𝑡,𝑘𝑛𝑟 (8.9a) 

𝑈𝑏,𝑡,𝑏𝑛𝑟 = 𝜆𝑏 {𝛽𝑏𝑐𝑟𝑜𝑤𝑑𝑥𝑏𝑒𝑥𝑝𝑠 + 𝛽𝑏𝑒_𝑑𝑒𝑝𝑥𝑏𝑒_𝑑𝑒𝑝 + 𝛽𝑏𝑙_𝑑𝑒𝑝𝑥𝑏𝑙_𝑑𝑒𝑝 + ∑𝛽𝑏𝑠𝑥𝑏𝑠 +∑𝛽𝑏𝑠𝑑𝑏𝑛𝑅𝑥𝑏𝑠𝑑𝑏𝑛𝑅} + 휀𝑏,𝑡,𝑏𝑛𝑟 (8.9b) 
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𝑈𝑏,𝑡,𝑤𝑛𝑟 = 𝜆𝑏 {𝛽𝑏𝑐𝑟𝑜𝑤𝑑𝑥𝑏𝑒𝑥𝑝𝑠 + 𝛽𝑏𝑒_𝑑𝑒𝑝𝑥𝑏𝑒_𝑑𝑒𝑝 + 𝛽𝑏𝑙_𝑑𝑒𝑝𝑥𝑏𝑙_𝑑𝑒𝑝 + ∑𝛽𝑏𝑠𝑥𝑏𝑠 +∑𝛽𝑏𝑠𝑑𝑤𝑛𝑅𝑥𝑏𝑠𝑑𝑤𝑛𝑅} + 휀𝑏,𝑡,𝑤𝑛𝑟 (8.9c) 

𝑈𝑏,𝑡,𝑏𝑢𝑠 = 𝜆𝑏 {𝛽𝑏𝑐𝑟𝑜𝑤𝑑𝑥𝑏𝑒𝑥𝑝𝑠 + 𝛽𝑏𝑒_𝑑𝑒𝑝𝑥𝑏𝑒_𝑑𝑒𝑝 + 𝛽𝑏𝑙_𝑑𝑒𝑝𝑥𝑏𝑙_𝑑𝑒𝑝 + ∑𝛽𝑏𝑠𝑥𝑏𝑠 +∑𝛽𝑏𝑠𝑑𝐵𝑢𝑠𝑥𝑏𝑠𝑑𝐵𝑢𝑠} + 휀𝑏,𝑡,𝑏𝑢𝑠 (8.10) 

Worst data: 

𝑈𝑤,𝑡,𝑐𝑎𝑟 = 𝜆𝑤 {𝛽𝑤𝑡 [∑ 𝑤(𝑝𝑤𝑡𝑖)
3

𝑖=1
𝑣(𝑥𝑤𝑡𝑖)] + 𝛽𝑤𝑒_𝑑𝑒𝑝𝑥𝑤𝑒_𝑑𝑒𝑝 + 𝛽𝑤𝑙_𝑑𝑒𝑝𝑥𝑤𝑙_𝑑𝑒𝑝 + ∑𝛽𝑤𝑠𝑥𝑤𝑠 +∑𝛽𝑤𝑠𝑑𝑐𝑥𝑤𝑠𝑑𝑐} + 휀𝑤,𝑡,𝑐𝑎𝑟 (8.11) 

𝑈𝑤,𝑡,𝑝𝑛𝑟 = 𝜆𝑤 {𝛽𝑤𝑐𝑟𝑜𝑤𝑑𝑥𝑤𝑒𝑥𝑝𝑠 + 𝛽𝑤𝑝𝑐𝑥𝑤𝑝𝑐 + 𝛽𝑤𝑒_𝑑𝑒𝑝𝑥𝑤𝑒_𝑑𝑒𝑝 + 𝛽𝑤𝑙_𝑑𝑒𝑝𝑥𝑤𝑙_𝑑𝑒𝑝 + ∑𝛽𝑤𝑠𝑥𝑤𝑠 +∑𝛽𝑤𝑠𝑑𝑃𝑛𝑅𝑥𝑤𝑠𝑑𝑃𝑛𝑅} + 휀𝑤,𝑡,𝑝𝑛𝑟 (8.12) 

𝑈𝑤,𝑡,𝑘𝑛𝑟 = 𝜆𝑤 {𝛽𝑤𝑐𝑟𝑜𝑤𝑑𝑥𝑤𝑒𝑥𝑝𝑠 + 𝛽𝑤𝑒_𝑑𝑒𝑝𝑥𝑤𝑒_𝑑𝑒𝑝 + 𝛽𝑤𝑙_𝑑𝑒𝑝𝑥𝑤𝑙_𝑑𝑒𝑝 + ∑𝛽𝑤𝑠𝑥𝑤𝑠 +∑𝛽𝑤𝑠𝑑𝐾𝑛𝑅𝑥𝑤𝑠𝑑𝐾𝑛𝑅} + 휀𝑤,𝑡,𝑘𝑛𝑟 (8.13a) 

𝑈𝑤,𝑡,𝑏𝑛𝑟 = 𝜆𝑤 {𝛽𝑤𝑐𝑟𝑜𝑤𝑑𝑥𝑤𝑒𝑥𝑝𝑠 + 𝛽𝑤𝑒_𝑑𝑒𝑝𝑥𝑤𝑒_𝑑𝑒𝑝 + 𝛽𝑤𝑙_𝑑𝑒𝑝𝑥𝑤𝑙_𝑑𝑒𝑝 + ∑𝛽𝑤𝑠𝑥𝑤𝑠 +∑𝛽𝑤𝑠𝑑𝑏𝑛𝑅𝑥𝑤𝑠𝑑𝑏𝑛𝑅} + 휀𝑤,𝑡,𝑏𝑛𝑟  (8.13b) 

𝑈𝑤,𝑡,𝑤𝑛𝑟 = 𝜆𝑤 {𝛽𝑤𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑤𝑒_𝑑𝑒𝑝𝑥𝑤𝑒_𝑑𝑒𝑝 + 𝛽𝑤𝑙_𝑑𝑒𝑝𝑥𝑤𝑙_𝑑𝑒𝑝 + ∑𝛽𝑤𝑠𝑥𝑤𝑠 +∑𝛽𝑤𝑠𝑑𝑤𝑛𝑅𝑥𝑤𝑠𝑑𝑤𝑛𝑅} + 휀𝑤,𝑡,𝑤𝑛𝑟 (8.13c) 

𝑈𝑤,𝑡,𝑏𝑢𝑠 = 𝜆𝑤 {𝛽𝑤𝑐𝑟𝑜𝑤𝑑𝑥𝑒𝑥𝑝𝑠 + 𝛽𝑤𝑒_𝑑𝑒𝑝𝑥𝑤𝑒_𝑑𝑒𝑝 + 𝛽𝑤𝑙_𝑑𝑒𝑝𝑥𝑤𝑙_𝑑𝑒𝑝 + ∑𝛽𝑤𝑠𝑥𝑤𝑠 +∑𝛽𝑤𝑠𝑑𝐵𝑢𝑠𝑥𝑤𝑠𝑑𝐵𝑢𝑠} + 휀𝑤,𝑡,𝑏𝑢𝑠 (8.14) 

Where attributes 𝑥𝑏  and 𝑥𝑤  represent attribute values in the ‘Best’ and ‘Worst’ utility 

functions, assuming that 𝑥𝑏 = −𝑥𝑤. 𝑤(𝑝) represents the weighting function, while 𝑣(𝑥𝑡) is 

expected utility for car travel time 𝑥𝑡. When using the EUT, 𝑤(𝑝) is equal to probability 𝑝𝑡𝑖 

for car, and 𝑣(𝑥𝑡) is the attribute value of car travel time 𝑥𝑡𝑖. For the EEUT, 𝑤(𝑝) represents 

a non-linear weighting function of probability 𝑝𝑡𝑖 for car and 𝑣(𝑥𝑡) is a non-linear adjustment 

of the attribute value.   

The variables 𝑥𝑠  are non-random attributes of travel alternatives and 𝑥𝑠𝑑  are socio-

demographic characteristics of respondents. Early and late departure times, expressed by 

𝑥𝑒_𝑑𝑒𝑝 and 𝑥𝑙_𝑑𝑒𝑝 respectively, are pivoted on the respondent’s RP departure time. 𝜆𝑏 and 𝜆𝑤 

are scale parameters associated with the ‘Best’ and ‘Worst’ data, and 𝛽𝑏 and 𝛽𝑤 parameters 
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are differentiated for the two data sets. 휀s are the unobserved error components associated 

with each alternative, all assumed to follow a GEV-type distribution.  

Taking the sequential ‘Best’ then ‘Worst’ choice process as an example, the probability of 

choosing the ‘Best’ alternative 𝑖, followed by choosing the ‘Worst’ alternative 𝑗 within the 

choice set 𝑠 (see 8.1) is given as: 

𝑃(𝑖, 𝑗) = 𝑃𝑏𝑒𝑠𝑡(𝑖) × 𝑃𝑤𝑜𝑟𝑠𝑡(𝑗) =
𝑒𝜆𝑏 ∑  𝛽𝑏𝑥𝑏𝑖

∑ 𝑒𝜆𝑏 ∑  𝛽𝑏𝑥𝑏𝑖𝑠
𝑛=1

×
𝑒−𝜆𝑤 ∑𝛽𝑤𝑥𝑏𝑗

∑ 𝑒−𝜆𝑤 ∑𝛽𝑤𝑥𝑏𝑗𝑠
𝑛=1,𝑛≠𝑖

    
(8.15) 

where 𝑃𝑏𝑒𝑠𝑡(𝑖) and 𝑃𝑤𝑜𝑟𝑠𝑡(𝑗) are probabilities of choosing alternative 𝑖 and alternative 𝑗. 𝜆𝑏 

and 𝜆𝑤 are scale parameters, and 𝛽𝑏 and 𝛽𝑤 are coefficients associated with each choice. 𝑥 is 

the attribute value in each alternative. The utility functions of alternatives are given in 8.7 to 

8.14.  

Similarly, the probability of choosing first the ‘Worst’ alternative 𝑗, followed by choosing the 

‘Best’ alternative 𝑖 from the choice set 𝑠 (see 8.2) is given as: 

𝑃(𝑗, 𝑖) = 𝑃𝑤𝑜𝑟𝑠𝑡(𝑗) × 𝑃𝑏𝑒𝑠𝑡(𝑖) = =
𝑒−𝜆𝑤 ∑𝛽𝑤𝑥𝑏𝑗

∑ 𝑒−𝜆𝑤 ∑𝛽𝑤𝑥𝑏𝑗𝑠
𝑛=1

×
𝑒𝜆𝑏 ∑  𝛽𝑏𝑥𝑏𝑖

∑ 𝑒𝜆𝑏 ∑  𝛽𝑏𝑥𝑏𝑖𝑠
𝑛=1,𝑛≠𝑗

   
(8.16) 

If respondents choose ‘Best’ and ‘Worst’ simultaneously, the probability is expressed as: 

𝑃(𝑗, 𝑖) = 𝑃𝑏𝑒𝑠𝑡(𝑖) × 𝑃𝑤𝑜𝑟𝑠𝑡(𝑗) = =
𝑒𝜆𝑏 ∑  𝛽𝑏𝑥𝑏𝑖

∑ 𝑒𝜆𝑏 ∑  𝛽𝑏𝑥𝑏𝑖𝑠
𝑛=1

×
𝑒−𝜆𝑤 ∑𝛽𝑤𝑥𝑏𝑗

∑ 𝑒−𝜆𝑤 ∑𝛽𝑤𝑥𝑏𝑗𝑠
𝑛=1

   
(8.17) 

The reader is referred to the (8.3) expression of the probability. 

 

8.2 Data Analysis 

Details of the SP survey design and data collection were presented in Sections 4.3, Chapter 4, 

and 6.2 in Chapter 6. In total, 215 commuters responded to both RP and SP surveys, 171 of 
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whom completed the scenarios with ‘Best’ and ‘Worst’ choices. The analysis presented in 

this chapter is based on these 171 respondents, concentrating on the following research 

questions:  

 Are there any scale differences and taste asymmetries when analysing ‘Best’ and 

‘Worst’ data separately? If no, we can simply pool the data together for further 

analyses; 

 Otherwise, the next question would be which decision process (sequential ‘Best-

Worst’, sequential ‘Worst-Best’, simultaneous ‘Best and Worst’) commuters are most 

likely to apply? 

 The final question is whether commuters have consistent risk attitudes when making 

‘Best’ and ‘Worst’ choices? 

Upon determining the most preferred decision procedure, respondents’ inconsistent taste 

parameters are explored, including the influence of scale difference between ‘Best’ and 

‘Worst’ data. Moreover, respondents’ different transformations of outcomes and probability 

of occurrence when choosing most preferred and least preferred options are also investigated.   

8.2.1 Separate Analysis of ‘Best’ and ‘Worst’ Data 

Results in Table 8.1 suggest the existence of taste asymmetries associated with attributes in 

choice models under the assumption of utility maximisation with ‘Best’ and ‘Worst’ data 

analysed separately. The basic MNL model, which does not incorporate travel uncertainty, 

provides a benchmark for further comparisons. With the inclusion of a pre-calculation of 

expected travel time, parking costs for PnR and crowding, the ML model captures the 

influence of uncertainty on commuter preferences, as well as individual taste heterogeneity in 

attributes associated with uncertainty. As before, the non-linear ML models estimate 

parameters associated with risk attitude and subjective assessment of probabilities 
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(weighting), with the probability weighting function 𝑤(𝑝) =
𝑝𝛾

(𝑝𝛾+(1−𝑝)𝛾)(
1

𝛾⁄ )
 and outcome 

rescaling function 𝑣(𝑥𝑖) = 𝑥𝑖
(1−𝛼) (1 − 𝛼)⁄ . The Wilcox CUT model and ‘two-alpha’ model 

are employed to provide separate interpretations of risk attitudes for both ‘Best’ and ‘Worst’ 

choice data. 
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Table 8.1 Parameter estimates for ML, CUT and Two alpha EEUT non-linear ML Model using ‘Best’ and ‘Worst’ data analysed separately 

Variable ML model 1  

(expected utility) 

  Non-linear ML model 2 

 (Wilcox CUT) 

  Non-linear ML model 3 

‘two-alpha’ EEUT 
‘Best’ Choice ‘Worst’ Choice ‘Best’ Choice ‘Worst’ Choice ‘Best’ Choice ‘Worst’ Choice 

Est. t-ratio Est. t- ratio Est. t- ratio Est. t- ratio Est. t- ratio Est. t- ratio 

Risk and Judgement Parameters 

Risk aversion to car travel time α1  ___ ___ ___ ___ -0.474 -2.92 0.599 4.91 -0.143 -2.27 -0.098 -1.51 

Risk aversion to car travel time α2  ___ ___ ___ ___ 0.106 2.57 0.168 3.62 

Probability weighting γ* ___ ___ ___ ___ 0.921 0.098 1.209 1.52 0.935 0.06 0.565 1.27 

Mean for Random parameters 

Expected car travel time -0.104 -4.85 0.027 0.94 -0.823 -1.85 -12.37 -1.90 -0.077 -3.08 -0.013 -0.99 

Expected cost for PnR  -0.572 -5.52 -0.143 -2.02 -0.479 -6.81 -0.188 -6.45 -0.382 -6.48 -0.152 -4.63 

Standard Deviations for random parameters 

Expected car travel time 0.133 8.16 0.216 0.133 0.449 1.02 16.716 7.82 0.098 3.52 0.124 2.91 

Expected cost for PnR 0.498 6.11 0.532 0.498 0.081 1.35 0.184 7.64 0.290 6.60 0.217 8.22 

Non-random parameters 

Constant for Car** -0.060 -0.08 -0.458 -0.56 -0.089 -0.23 0.169 0.24 -0.631 -1.36 -0.524 -0.89 

Constant for PnR -2.654 -5.04 0.029 0.05 -2.038 -6.48 0.168 0.46 -2.661 -8.87 0.364 0.89 

Travel cost ($)  -0.233 -7.97 -0.266 -7.44 -0.231 -10.60 -0.248 -7.23 -0.223 -10.45 -0.228 -6.80 

Crowding on PT -0.020 -2.09 -0.010 -1.01 -0.029 -4.39 -0.013 -1.82 -0.025 -2.57 -0.009 -1.09 
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Notes: Significant parameter estimates at 0.05 level are presented in boldface font;  

* t-value of probability weighting parameter γ tests the difference from value 1;  

**Alternative specific constant for WnR is zero;  

*** PT is public transport including bus, PnR, KnR, BnR, and WnR;  

**** Senior people represent the reference category.  

Variable ML model 1  
(expected utility) 

  Non-linear ML model 2 
 (Wilcox CUT) 

  Non-linear ML model 3 
‘two-alpha’ EEUT 

‘Best’ Choice ‘Worst’ Choice ‘Best’ Choice ‘Worst’ Choice ‘Best’ Choice ‘Worst’ Choice 

Est. t-ratio Est. t- ratio Est. t- ratio Est. t- ratio Est. t- ratio Est. t- ratio 

Access time for PT*** -0.061 -4.76 -0.038 -3.01 -0.271 -1.55 -14.075 -2.25 -0.047 -4.50 -0.027 -2.48 

In-vehicle travel time for PT -0.044 -5.36 -0.040 -4.90 -0.032 -4.62 -0.022 -3.90 

Waiting time for PT 0.002 0.13 0.021 1.08 -0.003 -0.27 0.007 0.57 

Early departure time (other than PnR) -0.491 -2.83 0.408 1.48 -0.472 -4.78 0.518 2.18 -0.487 -4.87 0.417 1.57 

Late departure time (other than PnR) -1.513 -6.39 -0.135 -0.53 -1.339 -9.10 0.085 0.58 -1.504 -10.50 0.060 0.41 

Early departure time for PnR 0.549 1.03 -2.174 -3.18 0.843 2.68 -1.320 -2.51 0.456 1.55 -1.828 -3.30 

Late departure time for PnR -3.078 -1.90 0.552 0.45 -1.501 -0.70 0.675 1.91 -1.878 -1.96 0.944 2.44 

Car availability for car and PnR   1.355 4.63 0.550 2.53 1.008 6.74 0.702 6.69 1.110 7.20 0.691 6.05 

Gender (Female) for car 0.259 1.12 0.530 1.64 0.411 4.44 0.329 2.38 0.085 0.60 0.330 2.69 

Age (young) for car and PnR**** 1.061 1.57 -0.448 -0.62 0.875 2.28 0.560 1.12 1.365 3.61 0.510 1.07 

Age (middle) for car and PnR  1.771 4.17 0.375 0.76 1.526 6.10 0.582 1.77 1.758 7.01 0.581 1.69 

No. of observations 1,026 

Information Criterion: AIC/N 2.016 1.984 2.076 2.107 2.012 2.118 

Log-likelihood -1,014.44 -997.97 -1045.97 -1061.74 -1,009.36 -1,063.54 

𝑷𝒔𝒆𝒖𝒅𝒐 𝑹𝟐  0.271 0.296 0.248 0.251 0.274 0.250 
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The majority of estimates in Table 8.1 have the expected signs, with the exception of 

expected car travel time in ML with ‘Worst’ data, as well as waiting time estimates, most of 

which are not significantly different from zero.  

As expected, car travel time variation, parking availability as adjusted cost and crowding are 

significant uncertain attributes negatively influencing commuter choices for car, PnR and 

public transport. When faced with uncertainty, travellers display significant variation in their 

taste parameters, as indicated by ML and non-linear ML models. Especially, through the 

application of EEUT, more information about individual attitudes towards risk has been 

captured.  

Although the probability weighting γ is non-significant, the risk attitude indicator 𝛼 in the 

‘two-alpha’ model estimated across ‘Best’ and ‘Worst’ data sets, has distinct values: negative 

in group 1 and positive in group 2, suggesting commuters’ risk tolerant attitudes when 

choosing their most preferred and least preferred alternatives. The risk parameter estimated 

from ‘Best’ and ‘Worst’ data in contextual utility ML model (Model 2) have opposite signs. 

Caution is needed in interpreting risk attitudes although the application of the CUT 

transformation in removing the influence of context is conditional on the number of possible 

outcomes in prospects in choice tasks.   

The consistent subjective probability transformations estimated from ‘Best’ and ‘Worst’ data 

indicate that commuters tend to marginally overweight the lower probabilities and 

underweight the higher probabilities when making choices in the context of uncertainty.  

Findings on the disutility of changing departure time for commuters and the preference for 

car of women and younger travellers are similar to the models presented in the previous 

chapters. 
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As indicated in the three models in Table 8.1, significant differences of parameter estimates 

emerge when analysing ‘Best’ and ‘Worst’ data separately, with more significant parameters 

obtained with the ‘Best’ data. Technically, coefficients associated with attributes are the 

combination of scale and taste parameters, as shown in the utility functions 8.7 to 8.14. To 

distinguish the influence of scale difference and the effects of taste asymmetry, parameters 

estimated with the ‘Best’ and ‘Worst’ data are also presented in Figures 8.1 to 8.3. 

In all three charts (Figure 8.1 to Figure 8.3), a red diamond represents a parameter estimate 

using ‘Best’ or ‘Worst’ data, shown on the vertical and horizontal axes. The purple solid line 

is used as the ‘best-fit’ line, drawn in search of the direction of any association between 

‘Best’ and ‘Worst’ estimates. In other words, the purple solid line approximates the scale 

differences across ‘Best-Worst’ choice data. The blue dashed line is the benchmark line 

assuming non-existence of scale differences. 

 

 

 

 

 

 

Figure 8.1 ‘Best’ and ‘Worst’ estimates in model 1, ML 
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Figure 8.2 ‘Best’ and ‘Worst’ estimates in model 2, CUT non-linear ML 

The deviations of the purple line from the blue dashed line are indicative of scale differences 

in all three models, but more so in the ML models. 

 

 

 

 

 

 

 

Alternative specific constants in ‘Best’ and ‘Worst’ models are differentiated when pooling 

‘Best-Worst’ choice data, as one alternative cannot be at the same time the most preferred 

and the least preferred. As shown in Figures 8.1 to 8.3, parameters for late and early 

departure times for commuters others than PnR, as well as late departure time for PnR, which 

Figure 8.3 ‘Best’ and ‘Worst’ estimates in model 3, ‘two-alpha’ non-linear ML 
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appear in the second and the fourth quadrants, are the main concerns for analyst, as they have 

opposite signs. In terms of early departure time for PnR, one of the estimates of ‘Best’ and 

‘Worst’ choice data in each model is not significantly different from 0, thus not convincing 

evidence of asymmetry across ‘Best’ and ‘Worst’ data. 

Separated analysis of ‘Best’ and ‘Worst’ data suggests the existence of individual taste 

variation and asymmetries when pooling ‘Best’ and ‘Worst’ data sets. Parameters associated 

with early/late departure time for commuters except PnR users, late departure time for PnR 

users, as well as alternative specific parameters are selected to be free across the models. 

Alternatively, ‘Best’ and ‘Worst’ data could have been analysed using the random regret logit 

models, as done by Hensher, Greene and Chorus (2011), Chorus (2008a), and Chorus, Rose 

and Hensher (2013). These models assume that individuals aim to minimise regrets, rather 

than maximise utilities. However, Hensher, Chorus and their colleagues have not shown 

significant improvement in understanding respondent preferences in transport mode and 

departure time using the random logit models with ‘Best’ and ‘Worst’ data. 

8.2.2 Joint Analysis of ‘Best’ and ‘Worst’ Data 

Separate analysis of ‘Best’ and ‘Worst’ data indicates the existence of individual taste 

variation and of asymmetries when choosing ‘Best’ and ‘Worst’ options in a choice task. For 

pooling ‘Best’ and ‘Worst’ data, the decision process is first decided, then the scale parameter 

and different taste parameters of specific attributes are incorporated in the models, to provide 

a comprehensive understanding of an individual’s behavioural preference for choosing the 

most preferred and least preferred options.  
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8.2.2.1 Decision process for ‘Best’ and ‘Worst’ choices 

Section 8.1 has already pointed out the two distinct directions of analysis, either treating a 

pair of ‘Best’ and ‘Worst’ options as a single alternative (Marley & Louviere 2005; Marley, 

Flynn & Louviere 2008), or as separate decisions. The latter direction was adopted in this 

research. The assumption that remains to be tested is whether respondents choose ‘Best’ and 

‘Worst’ options sequentially (Collins & Rose 2011; Scarpa, Thiene & Train 2008) or 

simultaneously. This question raises the concerns about scaling difference and error variation 

(Collins & Rose 2011; Rose 2014), as well as behavioural preference asymmetries 

(Balbontin, Ortúzar & Swait 2014; Giergiczny et al. 2013).  

Results given in Table 8.2 are based on different ‘Best-Worst’ decision structures. MNL is 

used as the benchmark without considering scale difference. Non-linear ML model estimates 

scale parameters across ‘Best’ and ‘Worst’ choice data. It also allows for individual taste 

heterogeneity and the panel nature of multiple SP observations for each respondent. To 

simplify the estimation, EUT is incorporated into choice models without considering risk 

attitudes and probability weighting. Additionally, results in Table 8.2 are on the assumption 

of taste symmetries across ‘Best-Worst’ data. To further compare the differences among 

these three decision structures, the willingness-to-pay measures are then calculated and 

displayed in Table 8.3, in terms of monetary values of travel times and crowding.  
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Table 8.2 Parameter Estimates for MNL and non-linear ML models using different ‘Best-Worst’ decision sequences 

Variable 

‘Best-Worst’ sequentially ‘Worst-Best’ sequentially ‘Best-Worst‘ simultaneously 

MNL  
(Model 1) 

ML (Model 2) 
MNL  

(Model 3) 
ML (Model 4) 

MNL  
(Model 5) 

ML (Model 6) 

Est. t-ratio Est. t-ratio Est. t-ratio Est. t-ratio Est. t-ratio Est. t-ratio 

Mean for Random parameters 

Expected car travel time -0.018 -4.03 -0.040 -3.20 -0.018 -4.10 -0.092 -5.68 -0.020 -4.72 0.018 2.19 

Expected cost for PnR  -0.157 -7.89 -0.252 -9.96 -0.155 -7.83 -0.246 -9.20 -0.170 -8.69 -0.194 -8.15 

Standard Deviations for random parameters 

Expected car travel time ___ ___ 0.116 11.76 ___ ___ 0.172 11.84 ___ ___ 0.140 12.75 

Expected cost for PnR ___ ___ 0.103 7.14 ___ ___ 0.097 6.74 ___ ___ 0.127 10.03 

Non-random parameters 

Constant for Car*  Best  -0.508 -1.91 0.518 3.03 -0.087 -0.34 -1.283 -3.47 -0.209 -0.86 0.445 3.00 

Worst  0.956 3.42 -1.427 -5.26 0.464 1.76 0.026 0.08 0.500 1.97 -1.027 -4.48 

Constant for PnR Best -1.581 -7.36 -0.769 -5.24 -1.366 -7.04 0.478 2.18 -1.404 -7.45 -0.496 -3.82 

Worst  0.955 4.18 -0.110 -0.53 0.743 3.64 -1.259 -6.84 0.830 4.15 0.024 0.12 

Travel cost ($) -0.143 -11.00 -0.157 -10.05 -0.143 -10.78 -0.221 -12.40 -0.156 -12.35 -0.169 -12.13 

Access time for PT** -0.030 -4.32 -0.025 -3.23 -0.031 -4.36 -0.047 -5.53 -0.034 -4.91 -0.026 -4.10 

In-vehicle travel time for PT -0.029 -8.87 -0.016 -5.13 -0.029 -9.05 -0.035 -10.33 -0.033 -10.27 -0.016 -5.81 

Waiting time for PT 0.018 1.77 0.032 3.23 0.146 1.42 0.005 0.46 0.021 2.08 0.027 3.20 

Crowding on PT -0.002 -0.38 -0.001 -0.11 -0.003 -0.51 -0.015 -2.59 -0.001 -0.22 -0.001 -0.16 
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Notes: Significant parameter estimates at 0.05 level are presented in boldface font;  

*Alternative specific constant for WnR is zero;  

** PT is public transport including bus, PnR, KnR, BnR, and WnR;  

*** Senior people represent the reference category;  

****Scale parameter for ‘Best‘ choice data is normalised to 1.0 and t-value tests the significant difference from value 1. 

Variable 

‘Best-Worst’ sequentially ‘Worst-Best’ sequentially ‘Best-Worst‘ simultaneously 

MNL  
(Model 1) 

ML (Model 2) 
MNL  

(Model 3) 
ML (Model 4) 

MNL  
(Model 5) 

ML (Model 6) 

Est. t-ratio Est. t-ratio Est. t-ratio Est. t-ratio Est. t-ratio Est. t-ratio 

Early departure time (other than PnR) 0.010 0.09 0.013 0.13 -0.120 -1.09 -0.162 -1.84 -0.020 -0.18 -0.043 -0.50 

Late departure time (other than PnR) -0.149 -1.34 -0.781 -7.36 -0.370 -3.34 -0.777 -7.96 -0.321 -2.90 -0.597 -7.25 

Early departure time for PnR 0.346 1.02 -0.160 -0.88 0.325 0.96 -0.138 -0.61 0.348 1.07 -0.109 -0.63 

Late departure time for PnR -0.031 -0.10 0.182 0.56 -0.119 -0.38 -0.328 -1.00 -0.059 -0.19 -0.021 -0.07 

Car availability for car and PnR  0.594 6.80 0.482 6.32 0.650 7.32 0.693 7.96 0.713 8.32 0.447 5.37 

Gender (Female) for car 0.163 3.00 0.388 3.37 0.207 3.71 0.205 1.63 0.197 3.76 0.366 4.16 

Age (young) for car and PnR*** 1.028 3.65 0.431 1.52 -0.323 -1.40 0.110 0.66 -0.193 -0.87 -0.002 -0.01 

Age (middle) for car and PnR  1.157 6.88 0.652 4.24 0.799 5.74 0.608 4.55 0.882 6.62 0.291 2.23 

Scale parameter**** ___ ___ 0.925 0.09 ___ ___ 0.869 1.84 ___ ___ 1.143 1.45 

No. of observations 2,052 

Information Criterion: AIC/N 2.272 2.066 2.264 1.963 2.501 2.190 

Log-likelihood -2,312.51 -2,096.66 -2,304.21 -1,991.31 -2,547.48 -2,224.15 

𝑷𝒔𝒆𝒖𝒅𝒐 𝑹𝟐  0.078 0.164 0.081 0.205 0.093 0.208 
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Although the original source of data is identical across the three decision processes, treatment 

of the choice procedure in three distinct specified orders provides slightly different data sets, 

thus marginal differences of log-likelihood values exist across models. Consistent scale 

parameter estimates displayed in Table 8.2, indicate no significant scale difference across 

procedures of choosing ‘Best-Worst’ sequentially, ‘Worst-Best’ sequentially, and ‘Best-

Worst’ simultaneously. Moreover, scale parameter estimates λ from models 2 and 6 are not 

significantly different from 1, suggesting no significant difference in the scales between 

‘Best’ and ‘Worst’ data, when the procedure orders ‘Best-Worst’ sequentially and ‘Best-

Worst’ simultaneously. Nevertheless, the scale parameter in model 4 is marginally 

significant, which indicates more error variance in the ‘Worst’ choice data, compared with 

the ‘Best’ choice data. Negligible differences in model fitness and scale indicate consistent 

results across different decision procedures.   

Most estimates in Table 8.2 have the expected signs, with the exception of car travel time in 

the non-linear ML model using ‘Best’ and ‘Worst’ simultaneously. Further interpretation of 

the parameter estimates is offered in Section 8.3.1. 

Willingness-to-pay (WTP) measures were derived using the models from Table 8.2. Whereas 

WTP is consistent across the three decision making procedures using the MNL model, slight 

differences can be observed in the ML models, for car travel time, access time and in-vehicle 

time for public transport, due to the different data treatments. Especially, the WTP for car 

travel time is different among ‘Best-Worst’ sequentially, ‘Worst-Best’ sequentially, and 

‘Best-Worst’ simultaneously in the ML estimation. The variation between $6.39 and $24.98 

is probably due to the random parameter associated with the car travel time. 
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Table 8.3 Willingness-to-pay measures travel time, access time and in-vehicle time 

Data Set 

Willingness-to-pay (AUD/h) 

Car Travel time PT Access Time PT In-vehicle Time 

MNL ML MNL ML MNL ML 

‘Best-Worst’ sequentially 7.55 15.29 12.59 9.55 12.17 6.11 

‘Worst-Best’ sequentially 7.55 24.98 13.01 12.76 12.17 9.50 

‘Best-Worst’ simultaneously 7.69 6.39 13.08 9.23 12.69 5.68 

 

Consistent WTP results further confirm the lack of significant differences between ‘Best’ and 

‘Worst’ data settings. In other words, assumed sequences of choosing the ‘Best’ and ‘Worst’ 

alternatives do not play a significant role in expressing preferences for commuter mode 

choice.  

8.2.2.2 Incorporating taste asymmetries and scale difference across ‘Best’ and ‘Worst’ data  

Results in Section 8.2.2.1 suggest trivial effects of alternative choice sequences on 

understanding respondent preferences for mode and departure time. Analysis in this section is 

based on the assumption that respondents choose the ‘Best’ option first, then the ‘Worst’ 

option.  

Compared with the ‘two-alpha’ EEUT model, the CUT model does not provide a better 

understanding of respondent risk attitudes as reflected in their choices of ‘best’ and ‘worst’ 

options (Section 8.2.1 and Table 8.1). Thus the ‘two-alpha’ EEUT model is employed in this 

section to allow for the capture of attitudes towards risk. 

Table 8.4 indicates the parameter estimations of ‘Best’ and ‘Worst’ pooled data set, using ML 

and non-linear ML models. The first ML model (Model 1) is again presented as a benchmark 

capturing individual taste heterogeneity towards uncertainty. The second ML model allows 
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for asymmetric preferences for some specific attributes, while Model 3 also accounts for 

scale difference. Models 1 to 3 employ the expected car travel time with the assumption of 

respondents’ risk neutral attitudes. The last non-linear ML model (model 4) incorporates 

‘two-alpha’ EEUT for car travel time, which captures respondent attitudes towards risk. 

Preliminary results in Table 8.1 suggested that respondents in this sample slightly 

overweighted small probabilities and underweighted large probabilities. For computational 

convenience and simplicity, the linear weighting function 𝑤(𝑝) = 𝑝 is exploited in model 4 

presented in Table 8.4. All the above models are estimated with a pre-calculation of PnR 

expected parking costs, based on the objective attribute values presented in the survey. 

As before, in both ‘Best’ and ‘Worst’ data sets, all observations were grouped into two 

classes, when estimating Model 4. Individuals are considered risk seeking if 𝛼 < 0 and risk 

averse if 0 < 𝛼 < 1 in group 1, while individuals are risk seeking if 0 < 𝛼 < 1 and risk 

averse if 𝛼 < 0 in group 2. 
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Table 8.4 Parameter Estimates for ML models with and without scale (S), taste asymmetries (TA), risk attitude transformation (RAT) for ‘Best’ and ‘Worst’ 

data 

Variable  ML model 1 (without 

S, TA & RAT) 

ML model 2 (without 

S & RAT with TA)  

ML model 3  (with 

S & TA without 

RAT) 

Non-linear ML model 4 

(With S, TA & ‘two-alpha’ 

RAT) 
Est. t- ratio Est. t- ratio Est. t- ratio Est. t- ratio 

Risk attitudes parameters  

Risk aversion to car travel time α1 __ __ __ __ __ __ -0.076 -1.73 

Risk aversion to car travel time α2 __ __ __ __ __ __ 0.121 3.30 

Mean for Random parameters 

Expected car travel time -0.064 -2.54 -0.042 -2.97 -0.062 -4.39 -0.052 -3.74 

Expected cost for PnR  -0.291 -6.56 -0.266 -6.38 -0.248 -6.16 -0.269 -6.34 

Standard Deviations for random parameters 

Expected car travel time 0.188 10.18 0.157 9.77 0.152 9.73 0.140 10.03 

Expected cost for PnR 0.365 8.31 0.327 8.36 0.313 8.50 0.326 8.37 

Non-random parameters 

Constant for Car* Best  -0.049 -0.09 1.387 2.69 0.161 0.33 -0.049 -0.10 

Worst -0.974 -1.72 -2.065 -3.67 -0.995 -1.73 -0.726 -1.40 

Constant for PnR Best  -1.752 -4.88 -0.931 -2.72 -1.526 -4.53 -1.583 -4.54 

Worst 0.618 1.68 -0.440 -1.24 0.404 1.06 0.343 0.95 

Travel cost ($)  -0.247 -11.21 -0.206 -9.51 -0.208 -9.91 -0.208 -9.56 

Access time for PT** -0.050 -5.63 -0.002 -0.24 -0.044 -5.14 -0.038 -5.26 

In-vehicle travel time for PT -0.046 -11.03 -0.0003 -0.33 -0.041 -10.09 -0.032 -10.30 

Waiting time for PT 0.015 1.17 0.017 1.47 0.013 1.05 0.009 0.83 

Crowding on PT -0.013 -2.01 0.002 0.33 -0.015 -2.29 -0.013 -2.47 

Early departure time 

(other than PnR) 

Best -0.141 -1.00 -0.318 -1.84 -0.404 -2.35 -0.407 -2.38 

Worst 0.744 2.77 0.526 2.09 0.480 1.79 
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Notes: Significant parameter estimates at 0.05 level are presented in boldface font;  

*Alternative specific constant for WnR is zero;  

** PT is public transport including bus, PnR, KnR, BnR, and WnR;  

*** Senior people represent the reference category;  

****Scale parameter for ‘Best’ choice data is normalised to 1.0 and t-value tests the significant difference from value 1. 

Variable ML model 1 (without 

S, TA & RAT) 

ML model 2 (without 

S & RAT with TA)  

ML model 3  (with 

S & TA without 

RAT) 

Non-linear ML model 4 

(With S, TA & ‘two-alpha’ 

RAT) 

Est. t- ratio Est. t- ratio Est. t- ratio Est. t- ratio 

Late departure time 

(other than PnR) 

Best -0.843 -5.40 -1.402 -6.04 1.489 -6.40 -1.462 -6.30 

Worst 0.142 0.60 -0.038 -0.17 -0.059 -0.24 

Early departure time for PnR 0.007 0.02 0.223 0.55 -0.195 -0.47 -0.161 -0.38 

Late departure time for 

PnR 

Best -0.572 -0.73 -2.513 -1.87 -2.100 -1.62 -2.117 -1.57 

Worst -0.121 -0.13 0.361 0.40 0.312 0.31 

Car availability for car and PnR  0.766 4.61 0.681 4.39 0.612 4.12 0.656 4.06 

Gender (Female) for car 0.526 1.83 0.452 2.15 0.449 2.23 0.475 2.22 

Age (young) for car and PnR*** 0.487 0.96 0.303 0.59 0.341 0.72 0.433 0.86 

Age (middle) for car and PnR  1.113 3.58 0.970 3.25 0.939 3.22 0.964 3.23 

Scale Parameter for ‘Best’ and ‘Worst’ data**** 

Best __ __ __ __ 1.0 __ 1.0 __ 

Worst __ __ __ __ 1.105 0.87 1.045 0.40 

No. of observations 2,052 

Information Criterion: AIC/N 1.932 1.885 1.831 1.820 

Log-likelihood -1,961.39 -1,910.03 -1,854.66 -1,843.11 

𝑹𝟐 0.205 0.226 0.249 0.253 
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The inclusion of scale parameter and taste asymmetries provides a better interpretation of 

respondents’ inconsistent preferences for the most preferred and least preferred alternatives, 

which is evidenced by the increasing log-likelihood values from model 1 to model 4 in Table 

8.4. Moreover, the specification of risk attitude indicator in model 4 enhances the explanatory 

power in understanding commuter attitude towards travel uncertainty.  

As indicated in Table 8.4, scale parameters across ‘Best’ and ‘Worst’ data are not 

significantly different from 1, suggesting that scale difference does not play an important role 

in interpreting respondent behaviour when pooling ‘Best’ and ‘Worst’ choice data.  

As expected, car travel time and expected parking cost at railway station significantly 

influence commuters preference for car and PnR, while crowding on train and bus plays a 

marginal role in constraining a traveller’s willingness to use public transport. Models also 

capture respondents’ significant variation in taste parameters associated with uncertainty 

during commuting. Most of the non-random parameters in Table 8.4 have the expected signs, 

except for waiting time. 

As mentioned, survey scenarios were grouped in two categories, conditional on different 

relationships between α and the risk attitudes. Parameters of risk attitude towards car travel 

time are significantly negative in group 1 and significantly positive in group 2, suggesting 

respondents’ consistent risk tolerant attitudes across scenarios.  

When choosing their most preferred alternative, commuters other than PnR users are less 

inclined to shift their current departure time, if this may result in loss of punctuality. PnR 

commuters are more reluctant to depart late, as this increases the probability of finding no 

parking bays. An exception occurs with the positive estimate of early departure time using 

‘Worst’ choice data, which indicates respondents are persisting on choosing their usual mode 

when changing to early departure time. This continuous selection of the current mode is less 
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obvious with ‘Worst’ data, when changing to a late departure time. The interpretation of other 

parameters in Table 8.4 is similar to that for parameters presented in Table 8.1 in Section 

8.2.1.  

8.3 Findings and Conclusions 

When conducting the 2014 PnR SP survey in Perth, all respondents were asked to provide 

both ‘Best’ and ‘Worst’ options among four alternatives. This chapter concludes the analysis 

undertaken for this dissertation by incorporating EUT into discrete choice modelling to 

address two research questions: one is whether scale difference and taste asymmetries apply 

when pooling ‘Best’ and ‘Worst’ choice data; the other is how respondents display attitudes 

towards risk and uncertainty in daily commuting when choosing the most preferred and least 

preferred alternatives. 

Results indicate that the sequence of choosing ‘Best’ and ‘Worst’ options does not influence 

model estimation. With the assumption of ‘Best’ then ‘Worst’, there are no significant 

differences between ‘Best’ and ‘Worst’ data sets, while respondents do have different taste 

preferences towards changing departure time across ‘Best’ and ‘Worst’ choices. 

When pooling ‘Best’ and ‘Worst’ data, free parameters associated with early/late departure 

times indicate partially asymmetric tastes. Commuters display consistently risk tolerant 

attitudes towards car travel time variation, which implies they accept and prefer this 

reasonably ‘risky’ alternative during daily commuting. Some attributes significant in the 

selection of the ‘Best’ option appear to be irrelevant when choosing the ‘Worst’.  

In future research, stated experiments will be developed to further understand respondents’ 

inconsistent preferences between ‘Best’ and ‘Worst’ choices, using a systematic approach to 

capture partial rankings. A design for ‘Best’ and then the ‘Next-best’ could be compared to 
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‘Best-Worst’ and ‘Worst’ and ‘Next-worst’. A computer-aided survey instrument would 

allow for observation of the order in which alternatives are selected, as well as the dwell time 

between selections.  

The current study has explored scale differences and taste asymmetries in ‘Best-Worst’ 

choice data under the assumption of utility maximisation. Further research should also 

explore the possibility that choice makers apply different decision rules when choosing their 

‘Best’ and ‘Worst’ options. 
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Chapter 9 Conclusions and Contributions 

9.1 Summary of Theoretical Findings  

This research has examined appropriateness of the risk parameter 𝛼 to infer risk attitudes 

from stated choice experiments. The theoretical analysis highlights the contextual nature of 

an interpretation of 𝛼 as an indicator of risk position and examines this relationship under 

different rules to identify a ‘risky’ and a ‘safe’ alternative – the relative variances and second 

order stochastic dominance. Two possible approaches are proposed to improve model fit by 

accounting for the contextual relationship between 𝛼 and risk attitude due to the attribute 

levels and probabilities presented to the respondent. The theoretical implications of such a 

relationship are presented using in a mode and time departure survey.  

Heading Theoretical Contributions 

1) Extending the definition of stochastically risk averse/seeking to relationship of utilities 

between ‘risky’ and ‘safe’ alternatives in RUT 

This research applies the definition of SMRA, which is expressed by the relationship of 

probabilities of choosing the ‘safe’ alternative between two agents (Wilcox 2011) to the 

utility differences of a ‘risky’ attribute in ‘safe’ and ‘risky’ alternatives transformed between 

two agents. By introducing 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  which is equal to [𝑢(𝑥𝑎𝑖𝑟) − 𝑢(𝑥𝑎𝑗𝑟)] −

[𝑢(𝑥𝑐𝑖𝑟) − 𝑢(𝑥𝑐𝑗𝑟)], where 𝑢(𝑥𝑎𝑖𝑟)  is the utility of attribute 𝑥𝑟  in the ‘safe’ alternative 𝑖 

transformed by agent a, the risk averse is then mathematically expressed as 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 < 0. 

Behaviourally, a ‘risk avoider’ individual is more likely to reduce the utility difference of the 

‘risky’ attribute between the ‘risky’ and ‘safe’ alternatives. Conversely, the agent is 

stochastically risk seeking if the transformed utility difference of risk attribute associated 
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with the ‘risky’ and ‘safe’ alternatives is larger than the utility difference of the same attribute 

with the same pair transformed by a risk neutral agent, everything else being equal, in which 

case 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 > 0. 

This finding can be further extended to the definition of SMRA. An agent is stochastically 

more risk averse if he (she) contracts the difference between systematic utilities for a ‘safe’ 

and a ‘risky’ alternative more than the difference for a less risk averse agent, which is 

expressed as: 

𝑢(𝑥𝑎1𝑖𝑟) − 𝑢(𝑥𝑎1𝑗𝑟) < 𝑢(𝑥𝑎2𝑖𝑟) − 𝑢(𝑥𝑎2𝑗𝑟)⋯⋯ < 𝑢(𝑥𝑎𝑛𝑖𝑟) − 𝑢(𝑥𝑎𝑛𝑗𝑟) 

2) Applying different definitions of a ‘safe’ alternative   

Using a simple example, Section 3.2 examines the inconsistency of general definitions of a 

safe alternative if the mean-preserving spread condition is not satisfied. The relationship 

between  and 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is analysed under two definitions of a ‘safe’ alternative: 2
nd

 order 

stochastic dominance and smaller variance.  

3) The two-to-one correspondence between  and 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒    

In deterministic utility theory, a risk parameter responds to a level of risk attitude, and the 

interpretation of  is straightforward. However, in RUT (which is consistent with SUT), the 

choice probability is determined by the systematic utility difference across alternatives. This 

thesis demonstrates that a risk attitude may be associated with two corresponding risk 

parameters  within different definitions of a ‘safe’ alternative.  

 

 

 





 

 

218 

 

 

 

 

 

 

 
 

Figure 9.2a Relationship of α and 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 (2
nd

 order 

stochastically dominant alternative considered ‘safe’)-e.g. 2 

Figure 9.2b Interpretation of risk attitude (2
nd

 order 

stochastically dominant alternative is considered ‘safe’)-e.g. 2 

 

5) Theoretically demonstrating the conditions for applying a CUT model  

The CUT model is applicable for the mean-preserving spread pairs in monetary games, as 

shown by Wilcox (2011). This research (Section 3.5) shows that, if the condition of mean-

preserving spread is not satisfied, the model’s applicability is constrained by the number of 

possible outcomes across prospects. When there are no more than three different outcomes in 

the ‘safe’ and ‘risky’ profiles, CUT model provides a better understanding of individual risk 

attitudes. However, when the number of outcomes exceeds three, the one-to-one 

correspondence between risk attitude and risk parameter 𝛼  may not apply (see Figures 9.3 to 

Figures 9.6, originally from Section 3.5).  

 

 

 

 

 
Figure 9.4  Case 1: Relationship of α and 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 

after Wilcox transformation 

 

Figure 9.3 Case 1: Relationship of α and 

𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 without Wilcox transformation 
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Figure 9.5 (same as 9.2a) Case 2: Relationship of α 

and 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 without Wilcox transformation 

Figure 9.6 Case 2: Relationship of α and 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 

after Wilcox transformation 

When assuming no 1
st
 order stochastic dominance and the ‘safe’ alternative has the 

smallest variance 

6) Relationship between 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  and 𝛼  is highly dependent on the relationship of 

expected value between the ‘safe’ and the ‘risky’ alternatives 

In most combinations of choice task and attribute, the relationship between  𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 and 

𝛼 is one-to-one correspondence, suggesting that risk attitude can be judged by the sign of risk 

parameter 𝛼. This research explores the interpretation of risk attitude with respect to the sign 

of 𝛼 as being highly dependent on the relationship between expected value of the ‘safe’ and 

the ‘risky’ alternatives. In other words, in the case of the expected value of the random 

attribute in the ‘safe’ alternative �̅�𝑠𝑎𝑓𝑒 being smaller than the expected value in the ‘risky’ 

alternative �̅�𝑟𝑖𝑠𝑘𝑦 , where �̅�𝑠𝑎𝑓𝑒 < �̅�𝑟𝑖𝑠𝑘𝑦 , the positive risk parameter 𝛼  implies that the 

individual has a risk seeking attitude (Figure 9.7). However, if the relationship of expected 

value between the ‘safe’ and ‘risky’ alternative reverses, in which case �̅�𝑠𝑎𝑓𝑒 > �̅�𝑟𝑖𝑠𝑘𝑦, and 

the positive risk parameter 𝛼 corresponds to a risk averse attitude (Figure 9.8). 
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Importantly, as shown in Figures 9.7 and 9.8, although the interpretation of risk attitudes may 

reverse when the relationship of expected values changes, the 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 is monotonic with 

respect to 𝛼, which indicates more risk averse/seeking attitudes of agents can be based on the 

magnitude of risk parameter 𝛼.  

 

 

Figure 9.7a Relationship between 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 and  α   

(�̅�𝒊𝒓 ≤ �̅�𝒋𝒓 and the ‘safe’ alternative has lower variance) 

Figure 9.7b Interpretation of risk attitude (�̅�𝐢𝐫 ≤
�̅�𝐣𝐫 and the ‘safe’ alternative has lower variance) 

Figure 9.8a Relationship between 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆  and  α   

( �̅�𝒊𝒓 > �̅�𝒋𝒓)  and the ‘safe’ alternative has a smaller 

variance) 

Figure 9.8b Interpretation of risk attitude (�̅�𝑖𝑟 >
�̅�𝑗𝑟  and the ‘safe’ alternative has a smaller 

variance) 
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7) Interpretation of stochastically more risk averse is context dependent 

When the function 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  is not monotonic with respect to parameter 𝛼,  the 

interpretation of the α value in terms of more stochastically risk averse and seeking is not 

always conclusive due to the existence of a turning point (see Figure 9.9 and Figure 9.10). 

This is consistent with the conclusions from Wilcox (2011).  

The non-one-to-one correspondence between 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  and 𝛼  applies in some special 

combinations of choice task and attributes.  However, these combinations are less likely to be 

experienced in daily commuting or to appear in a mode choice setting. 

 
Figure 9.9 Relationship between α and 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆  

(�̅�𝒊𝒓 > �̅�𝒋𝒓) 

Figure 9.10 Relationship between α and 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆  

(�̅�𝒊𝒓 ≤ �̅�𝒋𝒓) 

 

8) Proposing a modelling remedy to improve the interpretation of risk attitude  

In most cases, the one-to-one correspondence between 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  and 𝛼 is maintained when 

the ‘safe’ alternative is defined as having a smaller variance. However, the interpretation of 

risk attitude may reverse if the relationship of expected value of the random attributes 

between ‘safe’ and ‘risky’ prospects changes.  

A straightforward remedy is to categorise choice tasks into two groups, based on their 

expected values for the ‘risky’ and ‘safe’ alternatives (𝑥̅̅̅𝑠𝑎𝑓𝑒 < �̅�𝑟𝑖𝑠𝑘𝑦 and �̅�𝑠𝑎𝑓𝑒 > �̅�𝑟𝑖𝑠𝑘𝑦). 
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The remedy is expected to largely reflect the reversed interpretation of risk attitude on the 

sign of 𝛼, thus to improve the accuracy of risk attitude interpretation.  

9.2 Empirical Contributions 

9) Demonstrating the correspondence between travel variability and time-of-day in daily 

commuting  

Data from the RP survey confirms the car travel time variation during daily commuting, the  

uncertainty around finding a parking bay at railway station, and the varied crowding on bus 

and train. Statistical results from MANOVA indicate a high association between car travel 

time variation and departure time. Moreover, parking availability and crowding are 

significantly correlated to the time-of-day, as well as to the boarding station. 

10) Using dynamic parking availability to indicate uncertain parking at railway station 

Starting from a static capacity definition (supply of parking bays at the railway stations), this 

research extended the definition to a dynamic parking availability to capture the uncertainty 

of finding a parking bay. The modelling applied the expected parking cost, which includes 

the potential cost (penalty) if no available bays are left, to measure the parking availability. 

11) Highlighting the benefits of incorporating sources of uncertainty into daily commuting   

Empirical results indicate travel time variation and uncertain parking availability at railway 

station are important factors constraining commuter choice of modes and departure times. 

Crowding on public transport is not always significant, probably due to the relatively less 

crowded public transport in Perth. 

12) The improvement due to remedied models in interpreting risk attitude 
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This research examines two possible approaches to analyse risk attitudes in context 

dependent stated choice tasks. Table 9.1 presents the classical EEUT model, the EEUT model 

with contextual utility transformation, and the one with two separated alphas. 
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Table 9.1 Estimate of the risk attitude parameter in three different models (reproduction of Table 6.1) 

Variable ML1 (Classical 

EEUT) 

ML 2 (Contextual 

Utility EEUT) 

ML 3 (‘two-

alpha’ EEUT) 

Est t Est t Est t 

Risk aversion to car travel time 𝛼1 
0.819 8.33 0.451 5.44 

-0.171 2.92 

Risk aversion to car travel time α2  0.112 2.76 

Information Criterion: AIC/N 1.950 1.973 1.906 

Log-likelihood -1,217.96 -1,231.58 -1,188.24 

𝑅2 0.271 0.263 0.289 

A risk parameter value of 0.819 in the classical EEUT model is generally interpreted as a 

strong risk seeking attitude, which seems unrealistic. The non-one-to-one correspondence 

between risk attitude and risk indicator suggests that determining individuals’ risk attitudes 

by solely relying on the sign and magnitude of the risk parameter can lead to incorrect 

inferences. Wilcox’s (2011) CUT transformation shows an improvement in estimating α, with 

its value 0.451, which is more sensible. However, it is not a feasible solution for travel 

behaviour analysis, where the choice tasks are far more complex than Wilcox’s monetary 

gambles; also the mean-preserving condition is not satisfied. Significant estimates of two 

alpha values in the third model suggest that travellers are marginally risk seeking towards car 

travel time in daily commuting. The ‘two-alpha’ model also improves the model fit. 

 

13) Examining the scale difference, state dependence and risk attitudes when pooling RP and 

SP data 

This research highlights the benefits of incorporating scale difference and state dependence 

into the model to significantly improve model fitness when pooling RP-SP data. PnR users 

are less likely to change the choice of mode in the SP survey, due to their persistence of 

habits. As expected, the less than one scale parameter in SP data suggests more noise in the 
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SP survey, when the scale of RP is normalised to 1. Commuters are marginally risk tolerant 

to travel time variation, illustrated by the ‘two-alpha’ model, but the insignificant estimates 

are probably due to the inclusion of RP data, which limits the information on daily car travel 

time variation. 

14) Calibrating willingness-to-pay and elasticities of parking for PnR 

Section 7.4 employs probability of no parking as the indicator of parking availability in the 

model to calculate respondents’ willingness-to-pay to secure a parking bay at a railway 

station. Model estimates suggest that commuters are willing to spend $11.70 to avoid the 

situation where there are no parking bays left. This value is much higher than the current 

parking charge as it captures individual’s reluctance to risk the potential penalty and expenses 

due to the parking uncertainty. The choice probability with respect to parking availability is 

inelastic, suggesting more provision of parking bays may result in marginal increases of 

mode shifts to PnR. 

15) Testing the consistency of parameter estimates when ‘Best’ and ‘Worst’ choice SP data 

are combined  

This research applied a stated choice enquiry to elicit individuals’ most preferred (‘Best’) and 

least preferred (‘Worst’) options. It was found that the decision rules and choice sequence did 

not show significant differences in the model results; there are asymmetric tastes/preferences 

for early and late departure time across ‘Best-Worst’ data; and respondents are consistently 

risk tolerant when choosing their ‘Best’ and ‘Worst’ alternatives. 

9.3 Relevance to the Choice Modelling Community and Further Research 

Conventionally, travel time savings represent an important element in cost-benefit analysis 

for transport investment decisions. However, commuters also benefit from the reduction of 
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travel time variation.  Hence, the benefits of reliability improvements need to be accounted 

for in assessment of transport infrastructure proposals. The evidence provided by this 

research reinforces the merit of a careful consideration of interpreting risk attitudes via the 

estimated risk parameter and the discussions herein provide useful directions for ongoing 

research into the measurement of willingness-to-pay for travel time reliability.  The analysis 

of risk attitudes and the measurement issues may also contribute to applied research in other 

domains, such as health, agriculture, behavioural economics and finance. 

As with any work, limitations are present, but they represent opportunities for future research. 

Current research theoretically shows that direct translation of economic risk models to 

stochastic (random) theories of utility is not straightforward and that the interpretation of the 

risk parameter ( 𝛼 ) is context dependent. Two remedial models, the contextual utility 

transformation model (Wilcox 2011) and the ‘two-alpha’ model, deal with the influence of 

contexts and provide better interpretation of risk attitudes. However, in some special cases 

where the one-to-one correspondence between risk attitude and risk indicator is not 

maintained, the remedies do not fully resolve the issue. Future research may further examine 

the non-monotonic relationship between 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  and 𝛼  and propose an even better 

remedy model to solve the non-monotonicity.  

Further, this thesis examined the extent that one can preserve the inferable one-to-one 

correspondence between an individual’s risk attitude and the estimated risk parameter, which 

may guide the design of SP surveys: 

Simple Route Choice: The combination of tasks that present the least difficulty for 

inferences is where each alternative has the same expected value. In economic theory of 

choice under uncertainty this is known as a mean-preserving spread. In the route choice 

context this means two routes have the same expected travel time, but may differ in travel 
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time variability. This condition could be more widely adopted, given that different expected 

travel times present complications for interpreting the estimated risk parameters.  

Travel time variability in more realistic settings: A Wilcox transformation is applicable 

when three outcomes (travel times) are equal across the alternatives. The design may include 

combinations of probabilities that vary over alternatives and choice tasks. Whilst this is 

limiting in terms of the context where it may be explored, some realistic travel route 

combinations are envisaged: for example, a route could be slower, but present less travel time 

variability.  

Challenges: some travel choice contexts (e.g. choice of toll/non-toll road, choice of departure 

time and choice of mode) do not lend themselves to mean-preserving spreads or to situations 

when the choice task shares the same levels across all alternatives. This research suggests that 

context dependent risk parameters could be estimated (i.e. estimate more than one α) but 

concludes that further research is needed on the relationship between complex choice settings 

and the interpretation of the risk parameter as a measure of risk attitude. 

Although this research extended parking availability and crowding definitions, more work 

could be done in teasing out these uncertain attributes of public transport modes (for example, 

dynamic formulations by time-of-day). 

Due to the limited number of data observations to model the non-linear effects by means of 

risk aversion parameter, all sample observations were used for model estimation, without the 

possibility to retain a holdout sample for validation. Also, the complex model structure has 

the risk of over-fitting, suggesting the model may closely fit to a particular set of data, but fail 

to display the same effects with additional data or lose the reliability in forecasting. Thus 

replication/validation is a critical step for future research, which means replication with 

newly collected data.    
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Appendices  

Appendix 3.  Relationship between 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 and risk parameter 𝜶 

This appendix accompanies Chapter 3 of the thesis. 

 

A3.1 The application of Mean-value Theorem in  𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆  of the second-order 

stochastic pairs 

Using the mean-value theorem, the following is obtained: 

ℎ(𝑥𝑟𝑛) = ℎ(𝑥𝑟𝑚) − ∑ ℎ′(𝑥∗
𝑟)∆𝑥𝑟

𝑚−1
𝑟=𝑛                𝑛 = 1,2,⋯ ,𝑚 − 1 

where 𝑥𝑟 is a point between 𝑥𝑟+1 and 𝑥𝑟 such that the relation holds and ∆𝑥𝑟 = 𝑥𝑟+1 − 𝑥𝑟 

Thus:    ∑ 𝑤(𝑝𝑖𝑛)
6
𝑛=1 ℎ(𝑥𝑟𝑛) − ∑ 𝑤(𝑝𝑗𝑛)ℎ(𝑥𝑟𝑛)

6
𝑛=1  

         = ∑ ℎ(𝑥𝑟𝑛)[𝑤(𝑝𝑖𝑛) − 𝑤(𝑝𝑗𝑛)]
6
𝑛=1   

         = ∑ [ℎ(𝑥𝑟𝑚) − ∑ ℎ′(𝑥∗
𝑟)∆𝑥𝑟

𝑚−1
𝑟=𝑛 ][𝑤(𝑝𝑖𝑛) − 𝑤(𝑝𝑗𝑛)]

6
𝑛=1   

         = −∑ ℎ′(𝑥∗
𝑟)∆𝑥𝑟

𝑚−1
𝑟=1 [𝐺(𝑥𝑟) − 𝐹(𝑥𝑟)]                                                                  (A3-1)                                       

Again, using the mean-value theorem for ℎ′(𝑥∗
𝑟): 

ℎ′(𝑥∗
𝑟) = ℎ′(𝑥𝑤−1) − ∑ ℎ"(𝑥∗

𝑠)∆𝑥𝑠
𝑤−2
𝑠=𝑟            𝑟 = 1,2,⋯𝑤 − 2                 

where 𝑥∗
𝑠 is a point between 𝑥𝑠+1 and 𝑥𝑠 and ∆𝑥𝑠 = 𝑥𝑠+1 − 𝑥𝑠 

Substituting function ℎ′(𝑥∗
𝑟) into (A-1) leads to: 

    ∑ 𝑤(𝑝𝑖𝑛)
6
𝑛=1 ℎ(𝑥′

𝑟𝑛) − ∑ 𝑤(𝑝𝑗𝑛)ℎ(𝑥
′
𝑟𝑛)

6
𝑛=1  

= −∑ ℎ′(𝑥∗
𝑟)∆𝑥𝑟

𝑚−1
𝑟=1 [𝐺(𝑥𝑟) − 𝐹(𝑥𝑟)]  
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= −∑ [ℎ′(𝑥∗
𝑤−1) − ∑ ℎ"(𝑥𝑠)∆𝑥𝑠

𝑤−2
𝑠=𝑟 ]∆𝑥′

𝑟
𝑚−1
𝑟=1 [𝐺(𝑥𝑟) − 𝐹(𝑥𝑟)]  

= −ℎ′(𝑥∗
𝑤−1)∑ ∆𝑥𝑟

𝑚−1
𝑟=1 [𝐺(𝑥𝑟) − 𝐹(𝑥𝑟)] + ∑ ℎ"(𝑥∗

𝑠)∆𝑥𝑤−2
𝑠=𝑟 ∑ ∆𝑥𝑟

𝑚−1
𝑟=1 [𝐺(𝑥𝑟) − 𝐹(𝑥𝑟)]  

(A3-2)                                       
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A3.2 The relationships between 𝒉′(𝒙), 𝒉"(𝒙) and α 

If only one boundary 𝛼 = 0  exists, indicating that if and only if 𝛼 = 0  satisfies =

−ℎ′(𝑥∗
𝑤−1)∑ ∆𝑥𝑟

𝑚−1
𝑟=1 [𝐺(𝑥𝑟) − 𝐹(𝑥𝑟)] + ∑ ℎ"(𝑥∗

𝑠)∆𝑥𝑤−2
𝑠=𝑟 ∑ ∆𝑥𝑟

𝑚−1
𝑟=1 [𝐺(𝑥𝑟) − 𝐹(𝑥𝑟)] = 0  for 

𝛼 ∈ 𝑅, 𝛼 ≠ 1, the relationship of 𝛼 with risk attitudes can be interpreted as follows. 

For simplicity, let us define: 

𝑧(𝑥, 𝛼) =
ℎ′(𝑥)

ℎ"(𝑥)
=

𝑥−𝛼−1

−𝛼𝑥−𝛼−1 =
𝑥𝛼+1−𝑥

𝛼
  

𝜕𝑧(𝑥,𝛼)

𝜕𝛼
=

𝑥[1+𝑥𝛼(𝛼𝑙𝑛𝑥−1)]

𝛼2      ∀𝛼 ∈ 𝑅, 𝛼 ≠ 0                                               (A3-3) 

The sign of function (A3-3) is determined by 1 + 𝑥𝛼(𝛼𝑙𝑛𝑥 − 1) as 
𝑥

𝛼2 > 0 , which is the 

monotonic decreasing function of 𝛼(𝛼 < 0) and monotonic increasing function of 𝛼(𝛼 > 0). 

The minimisation of 1 + 𝑥𝛼(𝛼𝑙𝑛𝑥 − 1)  occurs when 𝛼  approaches 0 , that is 𝑙𝑖𝑚𝛼→0 1 +

𝑥𝛼(𝛼𝑙𝑛𝑥 − 1) = 0. Therefore: 

𝜕𝑧(𝑥,𝛼)

𝜕𝛼
=

𝑥[1+𝑥𝛼(𝛼𝑙𝑛𝑥−1)]

𝛼2 > 0  

It is worth noting that 𝑥∗
𝑟𝑠 < 𝑥𝑟(𝑀−1) , therefore the magnitude of ℎ′(𝑥𝑟(𝑀−1)) with ℎ"(𝑥∗

𝑟𝑠) 

cannot be directly compared. Instead the relationship of ℎ′(𝑥∗
𝑟(𝑀−1)) with ℎ"(𝑥∗

𝑟(𝑀−1)) could 

be assessed, using the monotonicity of ℎ"(𝑥), to compare ℎ"(𝑥𝑟(𝑀−1)) and ℎ"(𝑥∗
𝑟𝑠). 

𝜕ℎ"(𝑥)

𝜕𝑥
= 𝛼(𝛼 + 1)𝑥−𝛼−2               (A3-4) 

ℎ"(𝑥) is a monotonic increasing function of 𝑥 if 𝛼 > 0 or 𝛼 < −1 and monotonic decreasing 

function of 𝑥 if −1 < 𝛼 < 0. 
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With the monotonic increasing property of 𝑧(𝑥, 𝛼) , when 𝛼 > 0 , 𝑧(𝑥, 𝛼) > 𝑧(𝑥, 0) , 

suggesting that the magnitude of 
ℎ′(𝑥)

ℎ"(𝑥)
 is larger than the case when 𝛼 = 0 . Additionally, 

𝛼 = 0  satisfies −ℎ′ (
𝑟(𝑀−1)

)∑ [𝐹(𝑥′
𝑟𝑛) − 𝐺(𝑥′

𝑟𝑛)]∆𝑥′
𝑟𝑛

𝑀−1
𝑛=1 + ∑ ℎ"(

𝑟𝑠
)∆

𝑟𝑠
𝑀−2
𝑠=1 ∑ [𝐹(𝑥′

𝑟𝑛) −𝑀−1
𝑛=𝑠

𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛 = 0 . Thus if 𝛼 > 0 ,  ℎ′(𝑥)  is more dominant than ℎ"(𝑥)  which is also the 

monotonic increasing function of 𝑥, indicating ℎ′ (
𝑟(𝑀−1)) is more dominant than ℎ"(

𝑟𝑠
). 

Therefore the first component −ℎ′ (
𝑟(𝑀−1)

)∑ [𝐹(𝑥′
𝑟𝑛) − 𝐺(𝑥′

𝑟𝑛)]∆𝑥′
𝑟𝑛

𝑀−1
𝑛=1  is more likely to 

dominant over the second component ∑ ℎ"(
𝑟𝑠
)∆

𝑟𝑠
𝑀−2
𝑠=1 ∑ [𝐹(𝑥′

𝑟𝑛) − 𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛
𝑀−1
𝑛=𝑠 . 

When 𝛼 > 0, it can then be concluded: 

−ℎ′ (
𝑟(𝑀−1)

)∑ [𝐹(𝑥′
𝑟𝑛) − 𝐺(𝑥′

𝑟𝑛)]∆𝑥′
𝑟𝑛

𝑀−1
𝑛=1 + ∑ ℎ"(

𝑟𝑠
)∆

𝑟𝑠
𝑀−2
𝑠=1 ∑ [𝐹(𝑥′

𝑟𝑛) − 𝐺(𝑥′
𝑟𝑛)]∆𝑥′

𝑟𝑛
𝑀−1
𝑛=𝑠 > 0  

(A3.5) 

Suggesting that under the context of only one boundary 𝛼 = 0  existed, agent D is 

stochastically risk seeking than the benchmarked risk neutral agent C, if 𝛼 > 0. 

However, in terms of the case when 𝛼 < 0 , the above analysis does not apply as the 

monotony of ℎ"(𝑥) is inconclusive. With the only one boundary 𝛼 = 0 which separate risk 

seeking and risk averse, we conclude that when 𝛼 < 0, individuals are stochastically risk 

averse. 

When two boundaries exist, similar analysis of 𝑧(𝑥, 𝛼) =
ℎ′(𝑥)

ℎ"(𝑥)
 applies for individuals’ 

stochastically risk seeking attitudes when 𝛼 > 𝛼  if 𝛼 > 0 or 𝛼 > 0 if 𝛼 < 0.  
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A3.3 Monotonicity of 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 on 𝜶 when the ‘Safe’ Alternative Has Lower Variance 

A3.3.1 Analysis of the sign of the First-order derivative of 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 on 𝜶 

 

We assume function 𝑧(𝛼) = −𝛼2𝑙𝑛𝑥 + 𝛼(2 − 𝑙𝑛𝑥) + 1  is the quadratic function with 

regards to 𝛼, thus the first and second-order derivative of 𝑧(𝛼) with 𝑧(𝛼) is:  

𝜕𝑧(𝛼)

𝜕𝛼
= −2𝛼𝑙𝑛𝑥 + 2 + 𝑙𝑛𝑥  

𝜕𝑧2(𝛼)

𝜕𝛼2
= −2𝑙𝑛𝑥 < 0 as 𝑥 > 5  

(A3.6) 

The negative 
𝜕𝑧2(𝛼)

𝜕𝛼2  suggests the concavity of function 𝑧(𝛼) in terms of 𝛼. 

When 
𝜕𝑧(𝛼)

𝜕𝛼
= 0 , 𝛼 =

2−𝑙𝑛𝑥

2𝑙𝑛𝑥
, which satisfies the maximum value of function 𝑧(𝛼) . By 

substituting 𝛼 =
2+𝑙𝑛𝑥

2𝑙𝑛𝑥
 into function 𝑧(𝛼), we further obtain: 

𝑧(𝛼)|𝑚𝑎𝑥 = 1 +
(2−𝑙𝑛𝑥)2

4𝑙𝑛𝑥
            (A3.7) 

A3.3.2 Analysis of the sign of the Second-order derivative of 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 on 𝜶 

We assume function ℎ(𝛼) = 𝛼2𝑙𝑛2𝑥 − 𝛼𝑙𝑛𝑥(4 − 𝑙𝑛𝑥) + 2 − 2𝑙𝑛𝑥 is the quadratic function 

with regards to 𝛼, thus the first and second-order derivative of ℎ(𝛼) with ℎ(𝛼) is  

𝜕ℎ(𝛼)

𝜕𝛼
= 2𝛼𝑙𝑛2𝑥 − 𝑙𝑛2𝑥 − 4𝑙𝑛𝑥  

𝜕ℎ2(𝛼)

𝜕𝛼2 = 2𝑙𝑛2𝑥 > 0  

(A3.8) 
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The positive 
𝜕ℎ2(𝛼)

𝜕𝛼2
 suggests the convexity of function ℎ(𝛼). 

When 
𝜕ℎ(𝛼)

𝜕𝛼
= 0, 𝛼 = −

1

2
+

2

𝑙𝑛𝑥
, which satisfies the minimum value of function ℎ(𝛼).When 

substituting 𝛼 = −
1

2
+

2

𝑙𝑛𝑥
 into function ℎ(𝛼), we further get: 

ℎ(𝛼)|𝑚𝑖𝑛 = 2(1 − 𝑙𝑛𝑥) −
(4−𝑙𝑛𝑥)2

4
     (A3.9) 

In terms of ℎ(𝛼)|𝑚𝑖𝑛, 𝑙𝑛𝑥 > 1 as 𝑥 > 5, thus ℎ(𝛼)|𝑚𝑖𝑛 < 0. 

 

  



 

 

247 

 

A3.4 Difference between 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆|𝒂𝒔𝒔𝒖𝒎𝒆𝒅  and 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆|𝒂𝒄𝒕𝒖𝒂𝒍  when the ‘Safe’ 

Alternative Has Lower Variance 

A3.4.1 If  𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆  is Monotonic on 𝜶 

As discussed,  
𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑

𝜕𝛼
< 0 when �̅�𝑖𝑟 > �̅�𝑗𝑟 while 

𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑

𝜕𝛼
> 0 when 

�̅�𝑖𝑟 < �̅�𝑗𝑟 which is conditional on 𝑥2𝑙𝑛𝑥 ≥ 𝑡(𝛼)|𝑚𝑎𝑥 =
1

2
𝜎𝑧

2 [1 +
(2+𝑙𝑛𝑥)2

4𝑙𝑛𝑥
] and 𝜎𝑧𝑟

2 =

1

2
(𝜎𝑧𝑖𝑟

2 + 𝜎𝑧𝑗𝑟

2 ), suggesting  

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 = 𝑓(�̅�𝑖𝑟 , 𝜎𝑧𝑖𝑟
) − 𝑓 (�̅�𝑗𝑟 , 𝜎𝑧𝑗𝑟

)  

              = [(
�̅�𝑖𝑟

1−𝛼

1−𝛼
− �̅�𝑖𝑟) −

1

2
𝜎𝑧𝑟

2 𝛼�̅�𝑖𝑟
−1−𝛼] − [(

�̅�𝑗𝑟
1−𝛼

1−𝛼
− �̅�𝑗𝑟) −

1

2
𝜎𝑧𝑟

2 𝛼�̅�𝑗𝑟
−1−𝛼]        (A3.10)                      

In reality, without the assumption of identical standard deviations, we have  

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 = 𝑓(�̅�𝑖𝑟 , 𝜎𝑧𝑖𝑟
) − 𝑓 (�̅�𝑗𝑟 , 𝜎𝑧𝑗𝑟

)  

                = [(
�̅�𝑖𝑟

1−𝛼

1−𝛼
− �̅�𝑖𝑟) −

1

2
𝜎𝑧𝑖𝑟

2 𝛼�̅�𝑖𝑟
−1−𝛼] − [(

�̅�𝑗𝑟
1−𝛼

1−𝛼
− �̅�𝑗𝑟) −

1

2
𝜎𝑧𝑗𝑟

2 𝛼�̅�𝑗𝑟
−1−𝛼]   (A3.11) 

Under the assumption 𝜎𝑧𝑖𝑟

2 < 𝜎𝑧𝑟
2 < 𝜎𝑧𝑗𝑟

2 , when 𝛼 > 0 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 = [(
�̅�𝑖𝑟

1−𝛼

1−𝛼
− �̅�𝑖𝑟) −

1

2
𝜎𝑧𝑖𝑟

2 𝛼�̅�𝑖𝑟
−1−𝛼] − [(

�̅�𝑗𝑟
1−𝛼

1−𝛼
− �̅�𝑗𝑟) −

1

2
𝜎𝑧𝑗𝑟

2 𝛼�̅�𝑗𝑟
−1−𝛼]  

                              > [(
�̅�𝑖𝑟

1−𝛼

1−𝛼
− �̅�𝑖𝑟) −

1

2
𝜎𝑧𝑟

2 𝛼�̅�𝑖𝑟
−1−𝛼] − [(

�̅�𝑗𝑟
1−𝛼

1−𝛼
− �̅�𝑗𝑟) −

1

2
𝜎𝑧𝑟

2 𝛼�̅�𝑗𝑟
−1−𝛼] 

                              = 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑      (A3.12) 

when 𝛼 < 0 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 = [(
�̅�𝑖𝑟

1−𝛼

1−𝛼
− �̅�𝑖𝑟) −

1

2
𝜎𝑧𝑖𝑟

2 𝛼�̅�𝑖𝑟
−1−𝛼] − [(

�̅�𝑗𝑟
1−𝛼

1−𝛼
− �̅�𝑗𝑟) −

1

2
𝜎𝑧𝑗𝑟

2 𝛼�̅�𝑗𝑟
−1−𝛼]  
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                              < [(
�̅�𝑖𝑟

1−𝛼

1−𝛼
− �̅�𝑖𝑟) −

1

2
𝜎𝑧𝑟

2 𝛼�̅�𝑖𝑟
−1−𝛼] − [(

�̅�𝑗𝑟
1−𝛼

1−𝛼
− �̅�𝑗𝑟) −

1

2
𝜎𝑧𝑟

2 𝛼�̅�𝑗𝑟
−1−𝛼] 

                            = 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑      (A3.13) 

Firstly, in the context of �̅�𝑖𝑟 > �̅�𝑗𝑟 , when 𝛼 > 0  and, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 < 0 , however, 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 > 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 , thus the sign of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙  is not 

determined. Similar analysis and conclusion also apply to the case where 𝛼 < 0 and �̅�𝑖𝑟 >

�̅�𝑗𝑟 . To fulfil the requirement of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 ’s monotonicity, more constrains are 

needed on 𝜎𝑧𝑖𝑟

2 , 𝜎𝑧𝑗𝑟

2 , �̅�𝑖𝑟, �̅�𝑗𝑟 and 𝛼. 

Secondly, in the context of �̅�𝑖𝑟 < �̅�𝑗𝑟, it has been concluded that when 𝛼 > 0, 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 > 0 while if 𝛼 < 0, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 < 0. As discussed before, 𝛼 > 0 

suggests 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 > 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑, thus 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 > 0. Similarly, 

when 𝛼 < 0, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 < 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 < 0. This indicates the monotonicity 

of  𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 on 𝛼 is consistent with the monotonicity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 in terms 

of 𝛼. 
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A3.4.2 If 𝑹𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 is a Non-monotonic Function on 𝜶 

As discussed in Section 3.4.4.4,  
𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

2

𝜕𝛼2 > 0 when �̅�𝑖𝑟 > �̅�𝑗𝑟 while 
𝜕𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

2

𝜕𝛼2 < 0 when 

�̅�𝑖𝑟 < �̅�𝑗𝑟, which is conditional on 𝑥2𝑙𝑛𝑥 −
1

2
𝜎𝑧

2 [1 +
(2+𝑙𝑛𝑥)2

4𝑙𝑛𝑥
] < 0, 𝑥2𝑙𝑛2𝑥 +

1

2
𝜎𝑧

2 [2 −

(4+𝑙𝑛𝑥)2

4
] > 0 and 𝜎𝑧𝑟

2 =
1

2
(𝜎𝑧𝑖𝑟

2 + 𝜎𝑧𝑗𝑟

2 ). Function of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 is written as: 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 = 𝑓(�̅�𝑖𝑟 , 𝜎𝑧𝑖𝑟
) − 𝑓 (�̅�𝑗𝑟 , 𝜎𝑧𝑗𝑟

)  

                 = [(
�̅�𝑖𝑟

1−𝛼

1−𝛼
− �̅�𝑖𝑟) −

1

2
𝜎𝑧𝑟

2 𝛼�̅�𝑖𝑟
−1−𝛼] − [(

�̅�𝑗𝑟
1−𝛼

1−𝛼
− �̅�𝑗𝑟) −

1

2
𝜎𝑧𝑟

2 𝛼�̅�𝑗𝑟
−1−𝛼]     (A3.14)                           

In reality, without the assumption of identical standard deviations, we have  

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 = 𝑓(�̅�𝑖𝑟 , 𝜎𝑧𝑖𝑟
) − 𝑓 (�̅�𝑗𝑟 , 𝜎𝑧𝑗𝑟

)  

                = [(
�̅�𝑖𝑟

1−𝛼

1−𝛼
− �̅�𝑖𝑟) −

1

2
𝜎𝑧𝑖𝑟

2 𝛼�̅�𝑖𝑟
−1−𝛼] − [(

�̅�𝑗𝑟
1−𝛼

1−𝛼
− �̅�𝑗𝑟) −

1

2
𝜎𝑧𝑗𝑟

2 𝛼�̅�𝑗𝑟
−1−𝛼]    (A3.15) 

As discussed in Appendix A3.4.1, under the assumption of 𝜎𝑧𝑖𝑟

2 < 𝜎𝑧𝑟
2 < 𝜎𝑧𝑗𝑟

2 ,  

when 𝛼 > 0, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 > 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 

when 𝛼 < 0, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 < 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 

As discussed, although function 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 is non-monotonic function in terms of 𝛼 

with one point of reflection, the positivity and negativity of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 is conclusive 

in the context of  �̅�𝑖𝑟 < �̅�𝑗𝑟  and �̅�𝑖𝑟 > �̅�𝑗𝑟 , which is similar to the results obtained when 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 is monotonic function in terms of 𝛼. Thus the positivity and negativity of  

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 is similar as the one in Appendix A3.4.1. 

Firstly, in the context of �̅�𝑖𝑟 > �̅�𝑗𝑟, the sign of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 is not determined.  
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Secondly, in the context of �̅�𝑖𝑟 < �̅�𝑗𝑟: 

When 𝛼 > 0, 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 > 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 > 0 and if 𝛼 < 0, 

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 < 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 < 0, suggesting the monotonicity of  

𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑐𝑡𝑢𝑎𝑙 on 𝛼 is consistent with the one of 𝑅𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒|𝑎𝑠𝑠𝑢𝑚𝑒𝑑 in terms of 𝛼.  
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Appendix 7 Estimation for Parking Availability with RP and SP 

This appendix accompanies Chapter 7 of the thesis. 

 

 

Table A7-1 Parameter estimation for MNL and Mixed logit for parking availability 

Variable MNL ML 

Est. t-ratio Est. t-ratio 

Mean for Random parameters 

Expected car travel time -0.020 -2.69 -0.084 -3.77 

Parking availability  -1.134 -4.30 -4.251 -4.47 

Standard Deviations for random parameters 

Expected car travel time ____ ____ 0.178 8.42 

Parking availability  ____ ____ 4.562 5.23 

Non-random parameters 

State dependence for car* 0.164 0.72 -2.199 -4.04 

State dependence for PnR 2.794 7.30 2.265 4.09 

Constant for Car** -1.104 -3.57 0.277 0.49 

Constant for PnR -2.837 -11.57 -3.705 -9.22 

Travel cost ($)  -0.252 -12.05 -0.362 -10.90 

Access time for PT** -0.030 -2.95 -0.035 -2.94 

In-vehicle travel time for PT -0.041 -7.42 -0.054 -8.13 

Waiting time for PT 0.008 0.53 0.011 0.56 

Crowding on PT -0.019 -1.97 -0.024 -2.08 

Early departure time for PnR 0.214 0.40 0.580 0.79 

Late departure time for  PnR -4.370 -2.85 -4.346 -2.46 

Early departure time (other than PnR) -1.145 -5.44 -0.760 -3.15 

Late departure time (other than  PnR ) -1.938 -7.13 -2.162 -6.77 



 

 

252 

 

 

 

 

*State dependence parameters for train with other access modes than PnR are equal to 0. 

**Alternative specific constant for train with other access modes (exclude PnR) is 0. 

***Senior people represent the reference category.  

****Scale parameter for RP data is normalised to 1.0 and t-values test the significance of differences from value 

1, the parameter value 0.669 was the result estimated by non-linear ML model presented in Table 7.1.   

Car availability for car and PnR   1.704 8.74 2.702 7.44 

Gender (Female) for car 0.175 1.88 0.405 1.53 

Age (young)  for car and PnR*** 2.776 8.17 2.866 5.50 

Age (middle) for car and PnR   2.293 8.08 2.772 6.07 

Scale parameter**** 0.669 

No. of observations 1462 

Information Criterion: AIC/N 2.188 1.914 

Log-likelihood -1,580.52 -1,377.44 

𝑹𝟐 0.181 0.286 




