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Abstract 

The power system state estimator uses the data acquired from the system to 

deduce the complex voltages at the system’s buses. The conventional state estimator 

solves the set of the measurements using an iterative weighted least-squares (WLS) 

approach which is a type of nonlinear regression. Statistically, this iterative state 

estimator is sensitive to erroneous measurements, which means that small noises within 

the measurements may create significant deviations from the true values of the state 

variables. In this case, the state estimator becomes ill-conditioned and results in an 

inaccurate state estimation solution or even no solution at all. Technically, the inclusion 

of the distribution systems in the state estimation with the radial feeders of high R/X 

ratio and the inclusion of the phasor measurement units (PMUs) yield new challenges to 

the state estimation.   

This thesis reports the reasons beyond ill-conditioning, the factors which affect 

the quality of the state estimation solution, the assessment metrics, and the bad data in 

the measurement set. Comparative studies of the alternative solution methods that 

address the ill-conditioned state estimator are also provided. However, due to the dual 

nature of the state estimation which on the one hand, is a computer-aided application 

and, on the other hand, is based on the meters available in the power systems, the 

responsibility of enhancing the state estimation should be shared between the utilities, 

the operator and the programmers. This thesis investigates the problem of enhancing the 

performance state estimation in power systems by developing statistical and meter-

based methodologies and utilising the state-of-the-art statistical studies and measuring 

technologies. However, a third approach, which is a combination of analytical and 

meter placement methodologies, is also proposed in this thesis for achieving a 

comprehensive analytical-technical solution to the problem of enhancing the state 

estimation.  

The mathematical or the statistical methodologies prevent the drawbacks of the 

numerical characteristics of the conventional WLS state estimator. In this context, a new 

regularisation approach is developed to improve the performance of the state estimator 

and to overcome the problem of ill-conditioning considering the impact of the high R/X 

ratios.  



 

ix 

On the other hand, the meter-based methodologies are targeted toward 

enhancing the state estimation quality by utilising additional meters such as 

conventional power meters and/or PMUs. Three different optimisation techniques are 

used for the selection of the strategic locations of the meters. In addition to this, a new 

optimal placement method is proposed to allocate the PMUs in the power systems using 

a new metaheuristic river formation dynamics (RFD) technique. A modified version of 

the RFD is introduced which can be adapted to the structure of the power system 

networks. Secondly, an incremental PMU placement method is proposed for responding 

to the utility choices to consider the existence of the conventional meters in the system 

and to avoid the collinearities with the new PMUs. Thus, the proposed incremental 

algorithm assigns a limited number of PMUs to the system based on the analysis of 

variance inflation factors that reveal the sources of multicollinearities among the 

measurements. Thirdly, a comprehensive placement algorithm is developed by 

considering the presence of multicollinearity and high-leverage points in the 

measurements along with the numerical response of the conventional and the linear state 

estimator. The comprehensive study employs the cuckoo optimisation search for the 

selection of the optimal locations.  

The effectiveness of these methodologies is evaluated by simulation tests using 

the transmission systems and distribution system networks. Further, the improvements 

of the state estimation are compared with the existing studies, and promising 

enhancements are shown. 
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Chapter 1 Introduction 

1.1 Power Systems Monitoring: an Overview 

Wide-area monitoring of power systems is one of the most significant research 

fields due to the increased complexity of the interconnected power networks, the smart 

grids, and the advent of new advanced sensors and measuring devices. Therefore, the 

modern power systems require higher levels of secure and reliable power applications 

for monitoring and controlling the power systems. Even though computer-based 

systems are utilised in the energy control centres to minimise the risks of systems 

failure, cascade blackouts have still occurred, like that of the North-East American 

power network in 2003 [1]. The development of telecommunications such supervisory 

control and data acquisition (SCADA) systems and computer-based power applications 

contributed to the establishment of energy management systems (EMS) at the control 

centres of power systems [2], [3]. The essential power applications of EMS include the 

power system state estimation that was proposed by Fred Schweppes [4].  

Conventional power systems contain three main stages: generation, 

transmission, and distribution systems. These management systems are equipped with 

numerous measuring devices and sensors that are installed widely in the generation, 

transmission and distribution systems. The EMS processes the received measurements 

using an iterative operation of SE to find the voltage magnitudes and phase angles for 

each substation in a power system [4], [5]. These voltages are, subsequently, employed 

to determine the operating conditions of the power system. Due to the importance of 

this security decision, the quality of the SE solution should be maintained within 

acceptable limits [5]. The coordination among the different applications in the EMS 

replaced the function of the traditional power system operator that had the responsibility 

to ensure economic operation of the system and to assess the security in the case of 

equipment failure and possible occurrence of transmission line outages [6]. Figure 1.1 

summarises the control actions for different states of the power systems, which, in turn, 

are based on the results of the state estimation. The flowchart shown in Figure 1.1 starts 

with receiving the required measurements and ends with maintaining a normal and 

secure state using the available power applications in the EMS such as the contingency 

analysis and the optimal power-flow (OPF) [3]. There are two main paths in the 

procedure of security assessment, the mainstream (green-coloured) that is directed to the 
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ultimate goal of a normal and secure state, while the lateral branches (yellow-coloured) 

are related to the abnormal and insecure states. The main operating security states of a 

power system and the relevant control decisions are: 

• Normal and secure 

• Normal, but insecure  

• Emergency state  

• Restorative state  

Thus, the power system state estimation is the fundamental operation of 

monitoring and control activities in energy control centres.  

Measurements 
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Prevention 
Action

State Estimation 

Emergency 
State 

Restorative 
State 
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Contingency Analysis 
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NoNo
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Figure 1.1. Functional diagram of the static security assessment  

Based on the estimated states, subsequent actions are taken at the control centre. 

On the other hand, the function of the state estimation is not only that of introducing the 

state estimation solution; rather it includes [4], [5]: 
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1. Topology processing: It gathers the status data from the circuit breakers and 

switches placed in the whole power system to configure the diagram of the 

system network.  

2. Observability analysis: It ensures whether the unique state estimation solution 

can be achieved or not, with the available set of measurements. If the system is 

not observable, it identifies the unobservable branches and the observable 

islands in the system. The conventional measurement set includes real-time 

measurements, virtual measurements and pseudo-measurements [5]. 

3. State estimation solution: It provides an estimate for the states of the power 

system by processing the available set of measurements and the network model. 

The estimated state vector includes the complex voltages of all the system’s 

buses. 

4. Bad data processing: It detects the bad data in the measurements, identifies the 

bad data, and processes or eliminates the bad data [7-10]. 

5. Parameter estimation: It identifies the most likely parameters in the network. 

These functions are integrated into the state estimation software of the EMS at 

the control centre. An accurate real-time network model is crucial for proper 

functioning of the energy market and for the operators to detect insecure states 

related to the system and to assign the corrective control action appropriately.   

The above functions imply many challenges and research tasks that evaluate the 

integration and the coordination of the different functions and requirements of the state 

estimation. In this thesis, some recent measuring technologies and statistical analysis 

methods are employed to enhance the performance of the state estimator and the 

accuracy of the state estimation solution. 

The primary purpose of this chapter is to present the functional role of the state 

estimator in the EMS and the main challenges that face the state estimation in modern 

power systems. Further, contributions and the outlines of the thesis are also presented in 

this chapter.  
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1.2 Research Challenges and Motivations 

This section is devoted to demonstrating the technical and numerical challenges 

of the power systems that influence the performance of the state estimator and the 

quality of the state estimation solution, which is the motivation of this thesis.   

Figure 1.2 describes, in brief, the main stages of the state estimation and 

indicates the main challenges that are associated with the power system state estimation 

of modern power systems.  Measurement-based and statistical problems and thus, utility 

decisions and operator actions should be carried out to obtain a reliable state estimator.  
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Figure 1.2. The main factions and process of the power system state estimation 

 
Figure 1.2 reveals the hybrid nature of the state estimation process that is based 

on monitoring infrastructure of the power systems, utilities, operator’s efforts, control 

actions, and planning studies. However, although the EMS has been utilised for few 

decades, utilities had not been enforced to employ highly accurate real-time meters and 

the latest data analysis applications [11].  
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The following subsection briefly introduces the key challenges while the 

relevant problem formulations are discussed in the next chapters. Based on the research 

investigations, the key challenges for obtaining a high-performance state estimator can 

be classified into two categories as follows: 

1.2.1 Challenges in the Measuring Infrastructure 

(Utility Side) 

   Although the state estimation is a software-package in the EMS, the data to be 

processed using a regression procedure for estimating the system’s state is produced by 

physical meters that are deployed in the substations and power lines of the power 

systems. Hence, the adequacy, diversity and accuracy of the measuring and 

telecommunication systems are the primary features to be assessed for evaluating the 

performance of the state estimation.  An inappropriate measurement set is likely to 

affect the convergence of the state estimation solution and deteriorate the accuracy of 

the estimated states. 

The motivations related to measurement infrastructure of the state estimation 

have the following key challenges:  

1.2.1.1 Measurement adequacy and system’s observability  

The minimum number of existing measurements in a power system should be 

sufficient to make the system completely observable and for the proper operation of the 

state estimator. However, this is a necessary but not a sufficient condition as a reliable 

state estimator requires more measurements to cover the potential problems of meter 

failure and line outages [12-14]. Hence, there should be a measurement redundancy. 

The measurement redundancy is achieved when the ratio of the available measurement 

to the number of the state variable is larger than unity. This redundancy is necessary 

because the measurements are sometimes grossly in error or unavailable owing to 

malfunctions in the data-gathering systems. Redundant real-time measurements are also 

crucial for the process of detecting and eliminating the bad data. When the observability 

is incomplete, the state estimator must be extended to include the unobservable pockets 

of the system through utilising pseudo-measurements that are based on historical data. 

The accuracy of the pseudo-measurements may be questionable when not updated 

regularly to reflect current conditions of the system.  
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In performing state estimation for an unobservable part of the network, it is 

possible to corrupt the states estimated from telemetry data. Nevertheless, the 

challenges are related to the low accuracy of the pseudo-measurements and the problem 

of rising linear dependency among the redundant measurements. The measurement 

redundancy may distort the state estimation solution when more than one meter 

provides the same measurements where there are repeated measurements, i.e. when 

measuring the same quantity more than once [15], [16]. The other challenge, which is 

related to the state estimation of distribution systems, is that of measurement deficiency. 

The distribution grids usually depend on the meters of current magnitudes (the ampere 

measurements), and therefore, there is a lack of power measurements in the distribution 

system [14], [17], [18]. Therefore, intensive studies are still required into enhancing the 

performance of the state estimation in the distribution systems.  

On the other hand, after employing the PMUs for the state estimation, the 

redundancy of the satellite communication channels became part of the adequacy 

calculation as those channels might be limited in many cases [19], [20]. This drove the 

research compass to address the availability of the phasor measurements that is 

subjected to a deficiency in the communication channels. Hence, additional constraints 

need to be considered in the fitness function of the placement algorithms. 

 

1.2.1.2 Measurement consistency  

Statistically, the measurement consistency is associated with the ratio of the 

numbers of unknowns (the state variables to be estimated) to the number of 

observations (the measurements). Hence, the estimation problem can be 

underdetermined, exactly determined or overdetermined if the number of the 

measurements is less than, the same as, or larger than the state variables, respectively 

[21], [22]. However, the predominant nature of the power system state estimation is to 

be overdetermined as utilities tend to install meters frequently for serving other 

applications such as power system protections. Nonetheless, this subsection discusses 

the physical consistency of the meters and the measurement sets, i.e., the infrastructure 

of the state estimator.  

Apart from the measurement adequacy, even though the existing meters could 

be sufficient to achieve an observable and solvable state estimator, the available meters 
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and their measurements differ from each other in many ways that include but are not 

limited to:  

1. Different types of real-time inputs: the state estimator uses data and status 

information. The on/off status of switching devices such as the circuit breakers 

and transformer taps determine the network configuration. The analog data in 

the form of Megawatt and Megavar flows and injections are monitored in the 

system’s lines and buses every few seconds [3], [4].  

2. Different measuring technologies: the measurement set of the state estimation 

includes conventional real-time meters, PMUs and different communication 

channels and historical data [23], [24]. The disparity amongst metering 

technologies includes telecommunications as the transmission of the data can be 

achieved using SCADA systems or using the GPS in the case of the phasor 

measurements [13], [25].  

3. The different accuracy of the measurements: The collected measurements 

contain highly accurate measurements such as the phasor measurements and the 

virtual measurements along with pseudo-measurements that are based on 

untrusted historical data [26]. Hence, different weight factors must be assigned 

to the individual measurements in the measurement set [26], [27].  

4. Different estimation approaches: the inclusion of the phasor measurements has 

inspired the use of nonconventional state estimation solution methods such as 

linear state estimation that is based on the phasor measurements solely and the 

hybrid state estimator that employs both the conventional power meters and the 

PMUs [28-30].   

5. Uneven deployment of the meters: most of the power systems contain buses and 

lines containing more meters than other buses and lines in the system which 

yields numerical problems that affect the solvability of the state estimator [31]. 

Moreover, the common meter placements methods tend to install new meters in 

the buses that have more branches/lines [31-33]. However, this affects the 

distribution of the meters in the system while unnecessary for enhancing the 

state estimation. 
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1.2.1.3 Meters quality and diversity  

In addition to the measurement sufficiency that is required to achieve a complete 

observability and solvable state estimator, and the measurement consistency that is 

necessary for avoiding numerical stability problems, the diversity is also necessary to 

support the estimation of both the voltage magnitudes and the phase angles [34], [35]. A 

diverse set of power measurements and voltage measurements is required for estimating 

both voltage magnitudes and phase angles at the same level of accuracy and avoiding 

repetition of the measurements that may create numerical problems [36], [37]. However, 

the numerical problems that emerge from inappropriate measurements set range from 

the presence of collinear measurements [36], high-influential [16] and bad 

measurements to the problem of rank deficiency of the Jacobian matrix [38]. Those 

data-based problems deteriorate the numerical stability of the power system state 

estimator and can result in ill-conditioned state estimators.    

On the other hand, the distribution systems have a problem with the similarity of 

the available meters as most of the available measurements are ampere-measurements 

that are produced by current meters [34], [35]. The distribution grids lack power meters 

that support the estimation of the phase angles. However, researchers have tried to 

modify the behaviour of the ampere measurements [39]. 

The dependence of the distribution system on the ampere measurements and the 

paucity of conventional power meters and PMUs lead to significant problems to the 

numerical stability, the convergence of the state estimator and unreliable phase angles 

estimates [9], [17]. Nevertheless, there is still a research gap in the configuration of the 

meters in the power systems. In this thesis, the terminology of meter configuration 

refers to the types, numbers, and locations of the meters that produce the measurement 

set of the state estimation.  

1.2.1.4 Bad data analysis 

The process of bad data detection (BDD), identification, and elimination is 

mainly associated with the operator’s efforts as it is a post-estimation process based on 

the quality of the estimated states [7], [10]. Nevertheless, preparing the sufficient 

measurement redundancy with reasonable accuracy and the strategic allocation of the 

meters dramatically influences the decisions of the power systems’ operator. Hence, few 

strategic buses should have local redundancy; otherwise, incremental meters need to be 
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utilised. However, with the advent of Smart Grids, the bad data processing became 

necessary not only for detecting bad data but also for preventing security attacks [40]. 

The security attack by injecting false data is one of the common challenges in the 

operation of smart grids [11].  

This thesis aims to intensively examine the detection methods of the bad data, 

discover the relationships between the high-influential and collinear measurements, and 

develop technical and analytical solutions to facilitate the elimination of the bad data. 

1.2.1.5 The configuration of power system networks 

An incorrect network topology is one of the sources for an unreliable state 

estimation [23], [41]. The power system state estimator is based on network 

configurations that represent the true status of the system and is assumed to be correct. 

However, due to events that produce incorrect topology, the state estimation solution 

may not converge, or yield grossly inaccurate states. The error in topology may stem 

from: (1) incorrect statuses of circuit breakers and switching device, which may be 

caused by loss of telemetry or, (2) error in the primitive network model [23].  

On the other hand, distribution systems have largely extended and converted 

from being passive systems that are modelled only as load to be active networks with 

distributed generation (DG). Furthermore, the availability of advanced sensors and 

meters in modern distribution systems along with the expansion of distribution systems 

has led to the development of the distribution management system (DMS) with similar 

functionality as the EMS [39], [42]. In a similar manner to that of the EMS, the 

monitoring and control decisions of the DMS are supported by the Distribution 

Automation System (DAS) which offers connections with substations, feeders, circuit 

breakers, and capacitor banks [39]. However, the initiative of the smart grids is the main 

motivation to improve the applications of the state estimation of the distribution systems 

[30], [42], [43]. Nevertheless, the configuration of the transmission systems is different 

to that of the distributions systems. The transmission systems are ring-shaped networks 

with balanced three-phase loads and three-phase balanced loads with bulk generation 

units. Whereas, the distribution system has the following predominant characteristics 

[30], [42]: 

1. The radial configuration of the power distribution networks 

2. The high R/X ratio of the power feeders 
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3. Limited power measurements (low redundancy) 

4. Unbalance loading with existing single- and double-phase loads 

5. Sparse and uneven incorporation of DGs (different types and sizes of DGs are 

used largely with the presence of many traditional passive distribution systems). 

However, there is no conventional bulk generation at the distribution side. 

The above characteristics are challenging for many power applications such as 

load-flow studies and the coordination of protective equipment. Nevertheless, there is 

still a research gap as the early state estimation studies were applied to the transmission 

systems. The studies of state estimation of distribution systems have just been published 

in the 1990s [43], [44]. Most literature of distribution system state estimation adopts 

techniques that were developed for load-flow of radial systems to the state estimation 

despite the measurement Jacobian matrix of the state estimator is different to that of the 

load-flow studies (such as Newton-Raphson) [43], [45]. Therefore, research gaps exist 

regarding the measurement paucity, the radial configuration, and the effect of R/X ratio 

on the performance of the state estimator. However, more details and formulation of the 

above issues are presented in the following chapters.  

1.2.2 Statistical and Data Analysis Challenges 

(Operator Side) 

1.2.2.1 Operator-monitor challenges at the control centre 

The operator and the programmers must work together at the EMS and DMS, to 

manage the collected data and the state estimation packages to perform a reliable state 

estimation by implementing post-processing operations such as [3], [13]:  

• Detecting bad data and applying protective actions against security attacks 

(which became a challenging task after the extension of the power systems), 

together with increasing cybersecurity against potential malfunctions of the 

communications. 

• Developing new solution methods of state estimation to be used for different 

situations such as ill-conditioning or incomplete observability. 

• Updating the historical and forecasted data that is used in the measurement set. 
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• Planning studies regarding the meter placement strategies (including the PMUs) 

based on analytical tests to the statistical nature of the available measurements. 

That means identifying the sources of collinear measurements and detecting the 

high-influential points. 

• Maintenance and repairing schedules of the measuring devices and the 

communication means. 

1.2.2.2 Metrics of Quality of State Estimator Solution 

The assessment of the current state of the network and the accuracy of security 

analysis and market functions depends highly on the quality of the state estimator 

solution. The quality of an SE solution is typically measured using one or more of the 

following indices [16], [27], [46], [47]:  

• Difference between the estimated and telemetry measurements (i.e. 

measurement residuals).  

• Difference between estimated and true values (i.e., estimation residuals). 

• Convergence rate of the state estimator.  

• The condition number that measures the numerical sensitivity of the state 

estimator and indicates the ill-conditioning problem, if existent.  

On the other hand, the values of these indices depend upon many factors that are 

discussed in the previous subsection such as the measurement availability, quality, and 

redundancy and the model of the power system network. More detailed information 

about the operator efforts to improve the assessment criteria is explained in the next 

chapters. 

1.3 Thesis Objectives and Contributions 

The main objectives of this thesis target investigating the grounds of state 

estimation challenges, providing the researchers and the utilities new perspective of the 

characteristics of state estimation and developing new methodologies to address the 

challenges. Hence, the main contribution of this thesis is to achieve the above tasks, in 

two main stages—the investigation and reviewing stage and the implementation stage. 
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The first stage of achieving the thesis’ goals contains intensive investigations to 

the numerical characteristics of the state estimation within the scope of recent 

monitoring technologies, the latest artificial intelligence techniques, and the modern 

statistical analysis methodologies. The approach of the first stage is to “stand on the 

shoulders of giants” to gain a better view and to review the existing methodologies of 

the power system state estimation. This approach is inspired by the path Fred 

Schweppes had followed in [4] when adopting non-linear regression algorithms (new at 

that time) of statistics’ giants [48-50] for solving the problem of estimation in power 

systems. Likewise, the analytical research of this thesis covered the tasks:  

1. The factors that affect the numerical stability of the state estimator and the 

quality of the state estimation solution have been investigated and classified 

based on the nature of the problem and the available research gaps. This analysis 

includes revising the existing criteria for measuring the numerical stability of the 

state estimator and the accuracy of the estimated states. Moreover, the research 

gaps relevant to the problem statement were explored to facilitate applying new 

solution methods and assessment metrics. The different reasons behind ill-

conditioning and the criteria for identifying ill-conditioned state estimators are 

investigated along with the feasible mathematical and technical solutions to 

propose the practical solutions. Furthermore, the impact of the radial 

configuration of the distribution systems and the problem of meter placement 

(including the PMUs) are also reviewed from the state estimation perspectives in 

order to facilitate developing an effective meter placement algorithm. 

2. The mutual effect of the methodologies on the state estimation is investigated, 

and a comprehensive study approach is presented. Hence, the hidden effect of 

the meter placement and collinear measurements and the hidden cross effect 

between collinearity and the high-influential measurements are revised in the 

contexts of the latest statistical theories.  

The Venn diagram of Figure 1.3 summarises the outcomes of the first stage in 

the hierarchical functional scheme. However, in addition to the main blocks of the 

diagram, the thesis also concerns the common regions that point out the mutual 

relationships and the interference between different numerical and technological 

challenges. 
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Figure 1.3. Venn diagram for the main challenges of enhancing the state estimation 

The concepts are shown in Figure 1.3 ranging from the base—where utility 

efforts are required to manage the measurements and the correct network model to the 

peak—where the operator’s efforts at the control centres are crucial along with the 

programmers and data analysts. 

The second stage of this research is to assign suitable actions to the challenges 

after acquiring the detailed view to the horizons of the potential solutions. Proposing 

and implementing new methodologies and techniques to enhance the state estimation is 

the approach of the second stage of this research.  The contribution of this thesis 
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includes the following methodologies and techniques that have been developed by the 

researcher to achieve the research aims: 

1. A comparative study has been implemented and published [51] to review and 

evaluate the existing solution methods of state estimation. The comparative 

study [51] tested five solution methods (including the conventional state 

estimation approach) with different operating conditions to explore the response 

of the conventional solution methods [52], [53] in the case of ill-conditioning 

and the presence of high R/X ratios for the power system feeders.  

2. Based on the comparative study of the state estimation solution methods, a new 

solution method using a regularisation algorithm is developed for enhancing the 

response of the state estimator, in particular, the ill-conditioned state estimator. 

The proposed regularisation algorithm responds to the adverse effect of the high 

R/X ratios and the bad convergence rate caused by the high rate of virtual 

measurements and solves the ill-conditioning problem without manipulating the 

available measurement set. 

3. A review study was implemented [54] for investigating the existing studies of 

PMU placement. The review study reflects the requirements of the state 

estimation. Unlike the previous reviews, the proposed review study aims to 

classify the previous studies of PMU placement according to the objectives and 

the constraints that are considered in those studies. The previous studies that 

review the optimal PMU placement techniques focused on the methodologies 

employed to obtain the optimal; locations and number of the PMUs.  

4. Developing a new metaheuristic intelligent technique [55], which is the 

optimisation using the river formation dynamics (RFD) for finding the optimal 

placement of the PMUs. The modified version of the RFD technique is used for 

the first time in the power system applications [56]. 

5. Adopting a financial analysis technique for detecting and solving the numerical 

problems caused by the existing measurements or the new meters installed in the 

system for increasing the measurement redundancy [57]. Particularly, the 

problem of multicollinearity among the measurements the affects the numerical 

stability and even the solvability of the state estimator. A modified version of a 

statistical method which resembles that of financial inflation analysis is 
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proposed to select the locations for the PMUs to be installed in without creating 

new collinearities. The incremental meter placement algorithm is based on the 

so-called variance-decomposition proportions to identify the candidate list of the 

host buses.  

6. Developing a comprehensive study that combines the conventional meter and 

PMUs in a unified meter placement algorithm and provides a solution to both 

the multicollinearity and the high-leverage points simultaneously. The proposed 

methodology also uses the cuckoo search optimisation for selecting the optimal 

locations of the incremental meters. 

 

1.4 Thesis Outline  

Most of this thesis is based on manuscripts of published or currently under 

review papers. However, Chapter 1 and Chapter 2 introduce the theoretical and the 

mathematical review to the power system state estimation while the rest of the chapters 

(Chapters 3, 4, 5, and 6) present the proposed solution methods to the different 

challenges in regards to enhancing of the state estimator performance. An overview of 

the rest of the chapters is as follows: 

Chapter 2 provides a broad overview of modern power systems and the EMS 

applications including the state estimation. The mathematical background of the 

problems relevant to the implementation of the state estimation is provided and 

discussed in detail. Important concepts such as the observability, meter placement and 

bad data detection are explored as a preface to the next chapters. Moreover, comparative 

studies for testing the alternative solution methods of ill-conditioned state estimator are 

presented in Chapter 2 along with testing the impact of the high R/X ratios of the 

distribution feeders.  

Chapter 3 presents a new regularisation approach for solving ill-conditioned 

state estimators. The regularised state estimation solution is implemented by 

manipulating the coefficient matrix of the state estimator. The regularisation algorithm 

is achieved by adding very small value (a regularisation parameter) to adjust the effect 

of the inappropriate measurement set and the impact of the high R/X ratio. Hence, the 

proposed method can be applied to the distribution system state estimation, and 

therefore the regularisation method is tested using two distribution test systems.  
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Chapter 4 presents a novel optimal PMU placement technique that is based on a 

metaheuristic algorithm that is used for the first time in the power systems. A modified 

version of the river formation dynamics (RFD) is utilised to implement an optimal 

placement method that is adjustable to the redundancy level and thus the contingency 

cases. Thus, choosing the optimal PMUs configuration (that includes the optimal 

locations and the minimal numbers of the proposed PMUs) can turn the system to be 

observable (fully monitored by PMUs), and providing high-accurate measurements set 

to the state estimator. The simulation tests compare the results with that of the previous 

placement algorithms and also check the performance of the state estimation is tested 

based on a linear state estimation. 

Chapter 5 contains two main parts. The first part is to evaluate the existing 

optimal placement studies of PMUs, including the one proposed in Chapter 4, in the 

context of the state estimation performance. Chapter 5 shows that most of the optimal 

placement methods seek the observability as the sole objective of their placement 

algorithm. Therefore, the second part of Chapter 5 proposes a new placement method 

that avoids the problems of the existing placement methods and responds to the 

requirement of the performance of the state estimator. Hence, a financial analysis that 

resembles the inflation analysis is adopted to compromise the available measurements 

set with the additional PMUs. The main goal of Chapter 5 is to address the problem of 

collinearity in the measurement set that affects the accuracy and solvability of the state 

estimator.  

Chapter 6 proposes a novel comprehensive meter placement that includes both 

the conventional power meters and the PMUs. The new placement method proposes an 

incremental meter placement that responds efficiently to the monitoring requirements 

and can significantly improve the performance of the state estimation with minimal 

meters (including the PMUs). The proposed placement method utilises the discrete 

cuckoo search optimisation for selecting the optimal locations of the incremental 

meters. A metaheuristic approach that considers both measurement-based and 

statistical-based problems such as the multicollinearity and the presence of high-

influential measurements leverage point is implemented for enhancing the performance 

of the power system state estimation. The benefits for bad data analysis will be included 

in this research as the proposed method can facilitate the bad data detection and reduce 

the number of bad measurements without sacrificing the measurement redundancy.  
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Chapter 7 concludes the thesis contributions by summarising the findings of the 

research and outlines the possible future works.  
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Chapter 2 Power System State 

Estimator 

This chapter presents the mathematical background of the concepts related to the 

state estimation. The techniques delivered in this chapter provide an estimate of the 

system state and a quantative measure of the quality of the estimation before its use for 

online security assessment. The presentation of the problems discussed in this chapter is 

divided broadly into four parts. The first part introduces the concept of the power 

system state estimation and the mathematical formulation of the conventional state 

estimator and its observability. Then, the characteristics of the measurement set, the 

phasor measurements, and the state estimation using the PMUs are provided in Sections 

2.7 and 2.8. Thirdly, the criteria for assessing the performance of the state estimation 

solution, the bad data processing, the ill-conditioning problem and the alternative 

solution methods are discussed in Sections 2.10 and 2.11. The fourth part of the chapter 

provides comparative studies that explore the characteristics of the main solution 

methods and the effect of the R/X ratio on the state estimator with the relevant 

discussion and the summary of the chapter.  

2.1 Introduction 

Nowadays, power systems are one of the most critical of infrastructures so that 

their security and reliability play a key role in national developments. Power system 

state estimation is an essential part of the core module of the security analysis system in 

energy control centres. Hence, power system state estimation has been incorporated in 

the packages of the EMS. Even though the main function of the state estimator is to 

provide the best guess of the state of the power system, it is functionally involved in 

most of the power applications in the energy control centres. Figure 2.1 demonstrates 

the coordination among the different applications of the EMS at the control centres. 

Thus, the EMS has efficiently replaced the functions of the traditional power system 

operator of ensuring economic operation and assessing the security of the system in the 

case of equipment failure and transmission line outages, which is shown as a subsystem 

of the data acquisition and state estimation (the lower block in Figure 2.1). 
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Figure 2.1. Diagram of the EMS functions 

Figure 2.1 shows that the state estimation is the key operator of other monitoring 

and control activities (not only the decision of normal/emergency operation). The 

interconnected power applications shown in Figure 2.1 should benefit from recent 

technologies in measuring devices and sensors (e.g. PMUs) as well as the 

mathematical/statistical criteria of the horizontal and vertical scopes of the problem. 

However, Figure 2.1 includes the conventional power system state estimator that is 

based on the SCADA system. 
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2.2 Why State Estimation? 

It is essential to estimate the existing state of power systems before applying any 

control action.  However, before the advent of the state estimation the power system 

operator had responsibility for most of the real-time control centre functions. The actual 

events faced by the operator were occasionally unexpected and had not been included in 

the planning cases. The operator used to depend on a large number of load-flow results . 

However, in practice, the telemetry measurements cannot satisfy the requirements of 

conventional load-flow studies mainly due to the following reasons [2], [58], [4]: 

• The input to the conventional load-flow programs are confined to the injection 

powers (𝑃𝑖𝑛𝑗 and 𝑄𝑖𝑛𝑗) at load buses and 𝑃𝑖𝑛𝑗 and the voltage magnitude |𝑉| at 

voltage-controlled buses. If only one of these measurements is unavailable , the 

load-flow solution can not provide the required solution, which means the state 

of the system will be missing. In practice, the availability of the measurements is 

not restricted to the requirements of the load-flow studies. 

• The normal situation in power systems is that are more measured quantities than 

the unknown state variables. The deployment of the available meters in the 

power system is not restricted to the requirements of the load-flow studies as 

there could be many meters at few buses in the system, while on the other hand, 

no—or only a few—meters in other buses. The additional measured quantities 

include the real and reactive power-flows in the transmission lines of the power 

system. In the context of the load-flow applications, the ‘extra’ measurements 

are ‘useless’. In contrast, in the context of the state estimation, the extra 

measurements which are called ‘redundant’ measurements involved functionally 

in enhancing the state estimation observability and reliability.  

• The imperfections of the available measurements and the gross error can turn the 

load-flow results to be ineffective.  

On the other hand, it is neither economic nor technically feasible to install real-

time measuring devices at every bus of the system to measure all the electric quantities 

required for the activities of power systems’ operation and control [14].  

The above limitations motivated researchers to develop an alternative power 

application that is more efficient and less selective in dealing with the available 
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measurements of the real power systems. Therefore, the power system state estimation 

has been developed to use the available set of measurements to estimate the power 

system state as accurately as possible [27]. When a measurement set in a power system 

is sufficient to provide a unique solution to the state estimation problem, then the 

system is declared to be observable [59]. 

 

2.3 Meters and Measurement Systems 

In addition to accomplishing an observable power system and solvable state 

estimator, the configuration of the available measurement set is crucial to the accuracy 

of the state variables, and the stability and the convergence rate of the state estimator 

[54], [60]. The conventional state estimation collects telemetry real-time measurements 

for implementing the state estimation that is supposed to reflect the true state of the 

power system. However, for maintaining complete observability with a reasonable 

redundancy, the state estimator may be equipped with unmeasurable quantities, (non-

real-time measurements) which include [61], [47]: 

• The virtual measurements that are based on the network constraints. The passive 

buses that have zero power injections with no load and no generation are 

examples of this type of non-real-time measurements. The zero-power injections 

are highly accurate measurements and can even be used as error-free 

measurements. Hence, the weight factors assigned to those measurements are 

very high. However, this might misleads the identification of the critical 

measurements and the BDD processing. 

• The pseudo-measurements are the second alternative type of measurements used 

in state estimation. The pseudo-measurements are based on historical data such 

as the forecasted loads and the scheduled generation. Hence, the weight factors 

of the pseudo-measurements are the lowest among the measurement sets. 

However, the pseudo-measurements are necessary in the cases of unobservable 

pockets present in the system due to the lack of real-time measurements.   

The communication system is required for connecting the control centre with the 

different meters in the power systems. The SCADA system plays the major role, so far, 

in gathering the measurements via the remote terminal units (RTUs) and transmitting 

them to the control centres [-]. However, the intelligent electronic devices (IEDs) are 
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directly connected to the control centres without using the RTUs. These IEDs are 

microprocessor-based devices with smart sensing and measuring functions [4], [62], 

[63]. Figure 2.2 illustrates the structure of the measurement system that supports the 

power system state estimation [62], [63].  

EMS in the 
Control Center

R
TU

R
TUIE
D

R
TU

 Meters

SCADA (Sending End)

Communication Networks

 

Figure 2.2. The measurements coordinated with the RTU-SCADA system 

The real-time measurements used for power system state estimation can be 

classified into two main categories based on the measuring technologies: the 

measurements of the SCADA system and the synchronised phasor measurements from 

PMUs. The conventional meters connect to the SCADA system via RTUs at the 

substation, whereas, the PMUs are connected to the EMS via GPS [64]. 

The real-time measurements that are known as conventional measurements are 

provided by meters rather than the PMUs. The conventional measurements include the 

active/reactive power injections measurements, active/reactive power flow 

measurements, voltage magnitude measurements, and current magnitudes 

measurements, if available, in addition to the tap position of the transformer which 

estimates the network topology. Thus, the entire list of the measurements can be utilised 

for power system state estimation which consists of conventional real-time 

measurements, synchronised phasor measurements, zero-injection measurements, and 

pseudo-measurements.  
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The modern state estimation relies on the PMUs due to their ability to measure 

both the voltage magnitudes, the phase angles, and the current flow of all the incident 

branches with a relatively high speed (around one microsecond) and sufficient accuracy 

[26]. The significant feature of the high precision time references is provided by the 

Global Positioning System (GPS). Figure 2.3 shows the synchronised measurements of 

the different substations to a common reference with a common clock (the global clock) 

[26], [65]. Instead of the RTUs, the synchronised phasor measurements are gathered at 

the substation using the phasor data concentrator (PDC). However, the relatively high 

cost of PMUs limits their deployment. Therefore, the dominant situation is to use hybrid 

schemes containing both RTUs and PMUs for efficient meters configuration [20], [66].  

 

Figure 2.3. The synchronisation between substations using the PMUs and the GPS 

 

2.4 Formulation of the State Estimator 

The operation of the power system state estimation contains pre and post-

processing steps. The pre-estimation step is to prepare the telemetry and non-telemetry 

measurements and the real model of the power network.  The post-estimation process 

includes the assessment of the state vector accuracy, bad data analysis and rechecking 

the observability of the system. 

In the context of nonlinear regression, if there are 𝑚 observations that form the 

(𝑚 × 1) observation/measurement vector, 𝑦 that contains noises or an error vector 𝑒, 

the state estimation implemented to deduce the statistical relationship between the 

nonlinear set of measurements and the state variables needed is [67], [68]: 

𝑦𝑖 = 𝑓𝑖(𝑥) + 𝑒,     𝑖 = 1, 2, . . . , 𝑚 , (𝑚 > 𝑛) 
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where x is the estimated response vector and 𝑓(𝑥) is a nonlinear function that is related 

the observations with the unknown state variables. However, the final regression 

solution using the normal equations (NE) is given as [68]:  

�̂� = (𝐹𝑇𝐹)𝐹𝑇𝑦 

where �̂� is the estimated response (the unknowns or the state variables) 

          Likewise, if the following data vectors are available for a power system of 𝑁 

buses [4], [5]: 

            𝑧 is (𝑚 × 1) measurements vector 

     𝑥 is (𝑛 × 1) unknown vector 

     𝑒 is (𝑚 × 1) error vector 

where  𝑛 = 2𝑁 − 1 the state vector that includes the voltage magnitudes |𝑉| (expect 

that of the reference bus) and all the phase angles 𝜃. Then, the state variables can be 

estimated by the following measurement equation [3]: 

𝑧 = [

𝑧1
𝑧2
⋮
𝑧𝑚

] =  [

ℎ1(𝑥1, 𝑥2, … , 𝑥𝑛 )

ℎ2(𝑥1, 𝑥2, … , 𝑥𝑛 )
⋮

ℎ𝑚(𝑥1, 𝑥2, … , 𝑥𝑛 )

] + [

𝑒1
𝑒2
⋮
𝑒𝑚

] = ℎ(𝑥) + 𝑒 

 

where ℎ𝑖(𝑥) is a nonlinear function relating the state vector x to the ith measurements.  

The above equation can be rewritten for the ith measurement as follows:  

𝑧𝑖 = ℎ𝑖(𝑥) + 𝑒𝑖                                                    (2.1) 

where the errors are assumed to be uncorrelated and normally distributed. Hence, (2.1) 

can be rewritten to express the measurement residuals as follows: 

 𝑟𝑖 = 𝑧𝑖− ℎ𝑖(𝑥)                                                     (2.2) 

Then, the objective function is based on minimising the difference between the 

estimated state vector and the measured values, i.e. obtaining minimum residuals. For 

this purpose, the weighted sum of squares of the residuals should be implemented for 

the whole set of 𝑚 measurement [38]. Thus, the state estimate �̂� is defined to be the 

value of 𝑥 which minimises:  
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𝐽(𝑥) =∑
[𝑧𝑖 –  ℎ𝑖(𝑥)]

2

𝜎𝑖
2

𝑚

𝑖=1

 

   or  

𝐽(𝑥) = [𝑧𝑖 – ℎ𝑖(𝑥)]
𝑇𝑅−1[𝑧𝑖 – ℎ𝑖(𝑥)]                                     (2.3) 

where 𝑅−1 is the reciprocal of the measurement variances (𝜎2) which are also 

represented by the weights assigned to each measurement. High weighting factors are 

associated with the accurate measurements of small variance, and the low weights are 

assigned for the measurements of low accuracy. Hence, the values of the diagonal 

elements are given as: 𝑅 = 𝑑𝑖𝑎𝑔{𝜎1
2, 𝜎2

2, . . . , 𝜎𝑚
2   } 

The solution of (2.3) is called the weighted least-squares (WLS) estimator for 𝑥 

and it must satisfy the following first-order optimality function [9]:  

𝜕𝐽(𝑥) 𝜕𝑥 = 0⇒ 𝐻𝑇(𝑥) 𝑅−1 [𝑧 – ℎ(𝑥)] = 0 ⁄                         (2.4) 

where 𝐻𝑖𝑗(𝑥) = 𝜕ℎ𝑖 (𝑥) 𝜕𝑥𝑗⁄  is the (𝑚 × 𝑛) measurement Jacobian matrix and 𝐻𝑇(𝑥) 

is the transpose of the Jacobian. The measurement Jacobian matrix of the state 

estimation is different from that of the Newton-Raphson load-flow method. The 

Jacobian matrix is composite of submatrices corresponding to the different 

measurement types incorporated in the measurement set [3]. More details regarding the 

construction of the Jacobian matrix of state estimation are provided in Appendix A. 

The goal is to obtain the state vector �̂� that minimises 𝐽(𝑥) and satisfies (2.4). 

The most effective approach to do so is to implement an iterative Newton-Raphson 

(NR) process. Since ℎ(𝑥) is a nonlinear function, the convergence of the NR neglects 

the terms of second-order derivations of ℎ(𝑥) using the Taylor series expansion. Thus, 

the linear system comprising n equations must be solved iteratively via the normal 

equations (NE) approach. The NE of the WLS estimator for the kth iteration is as 

follows [69]: 

𝐻𝑇(𝑥)𝑊𝐻𝑥 ∆𝑥
𝑘 = 𝐻𝑇(𝑥) 𝑅−1 [𝑧 – ℎ(𝑥𝑘)] 

𝐺(𝑥𝑘)∆𝑥𝑘 = 𝐻𝑇(𝑥) 𝑅−1 [𝑧  – ℎ(𝑥𝑘)]                                 (2.5) 
𝐺(𝑥𝑘)∆𝑥𝑘 = 𝐻𝑇(𝑥) 𝑅−1 ∆𝑧𝑘                                       (2.6) 

 
where 𝐺(𝑥𝑘) = 𝐻𝑇(𝑥)𝑅−1𝐻(𝑥) is the gain matrix of the NE, ∆𝑧𝑘 = 𝑧  – ℎ(𝑥𝑘) is the 

measurements residual of the kth iteration, and 𝑥𝑘 = 𝑥𝑘−1 + ∆𝑥𝑘 is the increment of the 
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state vector at the kth iteration. Then, the state vector is updated after solving the 

equation system to be 𝑥𝑘+1 = 𝑥𝑘 + ∆𝑥𝑘. For simplicity, the symbols 𝐻 and 𝐺 are used 

to refer to the Jacobian and gain matrix respectively. 

The gain matrix is a square, symmetrical, sparse matrix and a positive definite if 

the H matrix is of full rank. Additionally, for an observable system with sufficient 

measurement sets the gain matrix should be positive definite and symmetrical [69], 

[70].  

2.5 Algorithm of the Conventional State 

Estimation  

Based on the above derivations, the main steps of solving the WLS state 

estimator by the NE approach are as follow [2], [51]: 

1. Prepare the measurement set and the corresponding weighting factors. 

2. Initialize state vector 𝑥 = 𝑥0 with the flat start profile where all voltages 

magnitudes are equal to unity  and the phase angles are (θ = 0o). Set iteration 

counter to k=0. 

3. Construct the Jacobian matrix, 𝐻 (See Appendix A). 

4. Compute the gain matrix 𝐺(𝑥𝑘) . 

5. Calculate the right-hand side of (2.5). 

6. Decompose 𝐺(𝑥𝑘) using Cholesky triangular factorisation (See Appendix B). 

7. Solve (2.5) for ∆𝑥𝑘 using the forward/backward substitutions (See Appendix B). 

8. Check the convergence rate, if (max|∆𝑥𝑘| ≤ 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 𝑟𝑎𝑡𝑒), stop; otherwise, 

continue.  

9. Update the state vector (𝑥𝑘+1 = 𝑥𝑘 + ∆𝑥𝑘) and the iteration counter (k=k+1) 

and return to step 3. 

The above procedure is repeated until the minimum error is achieved or reaches 

the maximum iteration assigned to the state estimation solution. However, for 

illustrative purposes, the flowchart of Figure 2.4 depicts the procedure of solving the 

state estimation including the formulation of the Jacobian matrix (See Appendix A for 

the Jacobian formulation). 
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Figure 2.4. The power system state estimation solution 
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2.6 Power System Observability 

The function of the power system state estimation is related to the wide-area 

monitoring, which, in turn, concerns the complete observability of the power system. If 

the power system is observable, the state variables can be estimated, and the system is 

considered fully monitored. However, if the existing measurement set is sufficient to 

provide a unique estimation solution for the state estimator, the power system will be 

declared as an observable system [9]. Otherwise, the state estimator power system could 

be unsolvable [71]. Hence, the power system observability is based on the configuration 

of the meters, which is related to the meters numbers, types, and locations.  

In the context of the state estimation, there are two types of observability: the 

numerical observability and the topological observability. The numerical observability 

is associated with the numerical status of the state estimator, particularly, the rank of the 

Jacobian matrix.  If the Jacobian matrix is a rank deficient, it will be singular and non-

invertible, and thereby, the WLS estimator will be unsolvable. The numerical 

observability is achieved when the rank of the Jacobian is full and equals the number of 

the state variables (𝑅𝑎𝑛𝑘(𝐻) = 𝑛) [6], [61]. However, the measurement sufficiency 

may require redundant measurements for assuring the observability in the situation of 

line outages and meter failures. In the context of the power system state estimation, the 

measurement redundancy is divided into global redundancy and local redundancy. 

Global redundancy is the ratio of the total measurements (m) to the number of the state 

variables (n), i.e., the global redundancy is (m/n) [13]. Whereas, the local redundancy 

refers to the number of measurements associated with each bus (e.g. three 

measurements per bus). The local redundancy in the most connected buses may 

facilitate the elimination of the bad data which enhances the quality of the state 

estimation [61].  Nevertheless, the measurements redundancy has its adverse effects that 

are discussed in the following sections and chapters.   

The method of achieving numerical observability requires building the complete 

Jacobian matrix and examining its rank every time the measurement set is changed. 

Therefore, the recent state estimation studies replaced the numerical observability test 

with a topological methodology [23], [72]. The topological observability is a graph-

based method to check whether the system is completely observable without building 

the Jacobian. In the topological observability, the power system is represented by a tree 
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with vertices (buses) and edges (lines) such that it forms a graph of 𝐺(𝑁, 𝐵) [73]. In this 

method, all the nodes and the branches of the system should be reached by, at least, one 

meter. In this strategy, the buses that are highly connected are more important than the 

terminal buses that have one branch only. However, this cannot reflect the statistical 

behaviour of the WLS estimator, or the configuration of the realistic meter. However, 

this is a necessary but not a sufficient condition.  

2.7 State Estimation using Synchronised Phasor 

Measurements 

Like many power applications, power system state estimation can benefit from 

the advent of advanced technologies such as synchronised phasor measurements. Hence, 

state estimation techniques are modified to utilise the data of the PMUs for developing a 

robust state estimator. However, the PMUs directly measure the system state instead of 

estimating it. Hence, the inclusion of the measurements of PMUs in the state estimator 

for improving the quality of the state estimation seems to be a reasonable idea [20]. 

Nevertheless, the essential function of the power system state estimation remains 

estimating the state ( not calculating it).  

The pioneer articles [20], [28] introduced the theory behind the linear state 

estimation that utilises synchronised phasor measurements. Later, many researchers 

[30], [42] presented the fusing of the measurements of the PMUs in state estimation 

such as including the single-phase and three-phase linear state estimation. However, this 

thesis considers only the balanced three-phase state estimation.             

 The following subsections present two techniques that include phasor 

measurements in static state estimation: the PMU-based state estimation (the linear state 

estimator) and the inclusion of both the traditional meters and the PMUs using a hybrid 

state estimator.  

2.7.1 Inclusion of Phasor Measurements in a Hybrid 

State Estimator 

The aim of this section is to enhance the output of the WLS state estimator by 

mixing the measurements of the PMUs with the measurement set of the traditional 

meters. The inclusion of the PMU current and voltage phasor with the conventional 
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SCADA measurements are achieved in this section by a non-sequential, pre-processing 

hybrid state estimation. 

This first approach of integrating the PMUs in the power system state estimator 

is to mix the traditional measurements with complex voltage and current phasors and 

then proceeding with the conventional iterative state estimation solution. Unlike the 

linear state estimator, the voltages and currents can be considered, in the hybrid state 

estimator, either in polar or rectangular form. Moreover, the hybrid state estimator is an 

iterative and nonlinear process. However, the difference between the hybrid state 

estimator and the conventional is the formulation of the Jacobian matrix that is based on 

a mixed measurement vector. 

The measurement set composites two sub-sets, one represents the telemetered 

measurements of the SCADA system and the second subset belongs to the PMU 

measurements. 

[�̈�] = [
𝑧𝑐
𝑧𝑝
] =

[
 
 
 
 
𝑧𝑐
𝑉𝑟
𝑉𝑗
𝐼𝑟
𝐼𝑗 ]
 
 
 
 

                                                   (2.7) 

𝑧𝑐 =

[
 
 
 
 
𝑃𝑖𝑛𝑗
𝑄𝑖𝑛𝑗
𝑃𝑓𝑙𝑜𝑤
𝑄𝑓𝑙𝑜𝑤]

 
 
 
 

 

𝑧𝑝 = [

𝑉𝑟
𝑉𝑖
𝐼𝑟
𝐼𝑖

] 

where 𝑧𝑐 contains the traditional measurement set and 𝑧𝑝 represents the phasor 

measurements produced by the PMUs. However, in the hybrid state estimator approach 

the sub-sets 𝑧𝑐 and 𝑧𝑝 are augmented in one measurement vector, �̈� as shown in (2.7). 

The subscripts 𝑟 and 𝑖 refers to the real and imaginary components of the phasor 

measurements, respectively. Although the phasor measurements are in rectangular form, 

the final state vector of the hybrid state estimator is in polar form. However, the 

corresponding state estimation algorithm starts with:  
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[
𝑧𝑐
𝑧𝑝
] = [

ℎ𝑐(𝑥)
ℎ𝑝(𝑥)

] + [
𝑒𝑐
𝑒𝑝
]                                          (2.8) 

where ℎ𝑐(𝑥) and ℎ𝑝(𝑥) are the non-linear functions which relate the state vector to the 

conventional measurement vector 𝑧𝑐 and the phasor measurements 𝑧𝑝 respectively. 

Likewise, 𝑒𝑐 and 𝑒𝑝 stand for the error vector of conventional measurements and phasor 

measurements, respectively. However, the phasor measurements are supposed to be 

highly accurate with very small error (error-free approach is followed in the next 

section). Therefore, the weight matrix assigns two different sets of weight factors to the 

measurement set as follows:  

�̈� = [
𝑊𝑐 0
0 𝑊𝑝

] 

where 𝑊𝑐 and 𝑊𝑝 represent the error covariance matrices of conventional measurements 

and phasor measurements, respectively. The weight matrix is the same as the 

measurements error covariance matrix 𝑅−1. In a similar way, the measurement Jacobian 

matrix is constructed as follows:  

[�̈�] = [
𝐻𝑐(𝑥)
𝐻𝑝(𝑥)

] = [

𝜕ℎ𝑐(𝑥)

𝜕𝑥
𝜕ℎ𝑝(𝑥)

𝜕𝑥

] 

Thus, the WLS state estimator is solved for the state vector x as shown:  

𝑥𝑘+1 = 𝑥𝑘[�̈�(𝑥𝑘)]
−1
�̈�𝑇(𝑥𝑘)�̈� [�̈�𝑖– ℎ̈𝑖(𝑥

𝑘)] 
�̈�(𝑥𝑘)∆𝑥𝑘 = �̈�𝑇(𝑥𝑘) �̈� [�̈�𝑖– ℎ̈𝑖(𝑥

𝑘)] 
where the hybrid gain matrix is, 

[�̈�(𝑥𝑘)]
−1
= [(𝐻𝑐

𝑇(𝑥)𝑊𝑐 𝐻𝑐(𝑥)) + (𝐻𝑝
𝑇(𝑥)𝑊𝑝 𝐻𝑝(𝑥))]

−1
                (2.9) 

or simply,  

�̈�−1 = (�̈�𝑇�̈��̈�)
−1 

With this, the hybrid state estimator algorithm can be implemented in the same 

manner as the conventional state estimator. However, updating the algorithm of state 

estimation in real-world implementation may require much effort to reflect all the 

necessary changes.  
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2.7.2 PMU-based Linear State Estimation 

Many methods have been proposed to integrate phasor measurements, basically 

the measurements of the direct phase angles, into the conventional WLS state estimator. 

The PMUs became preferable over the traditional SCADA measurements due to its 

time-stamped synchronised measurement of complex voltages with high accuracy and 

high transmitting rate. Therefore, the presence of sufficient PMUs can facilitate the 

linear non-iterative state estimation.     

Hence, the necessary assumptions are that each bus in the power system is 

observed by at least one PMU and the phasor measurements are error-free. The matrix 

formulation of linear state estimation (LSE) starts with the following expression that 

implies an error-free measurement system:   

�̇� = �̇�𝑥                                                      (2.10) 
where �̇� represent the phasor measurements and �̇� is the Jacobian of the phasor 

measurements. The measurement vector, and thus the state vector are expressed using 

rectangular form such that:  

[�̇�] = [
�̇�𝑟
�̇�𝑖
] 

where the �̇�𝑟 and �̇�𝑖 are the real and imaginary parts of the measurements which 

includes the follwing measurements corresponding to the complex voltages and currents 

of the power system: 

[�̇�] = [

𝑉𝑟
𝑉𝑗
𝐼𝑟
𝐼𝑖

]

𝑃𝑀𝑈

 

 

[�̇�] = [

𝐻11 0

0
𝐻31
𝐻41

𝐻22
𝐻32
𝐻42

] 

 

(See Appendix A for more details about the Jacobian matrix). Likewise, the real and 

imaginary parts of the state vector and the PMU-based measurement vector are as 

follows:   



 

33 

[�̂�] = [
𝑣𝑟
𝑣𝑗
] 

The above formulation is satisfactory as dealing with the complex quantities in 

MATLAB is straightforward.  Thus, the state vector is obtained in a similar manner to 

the conventional WLS state estimator but using a one iteration process: 

[𝑥] = [(�̇� 𝑅−1�̇�)
−1
�̇�𝑅−1] [�̇�]                                      (2.11) 

The inversion of the new gain matrix in the above expression is solved readily using a 

pseudo-inverse. On the other hand, the covariance matrix appears in the SE solution if 

the measurements contain errors.  

2.8 Placement of the Meters 

The power system state estimator uses the available measurements for deducing 

the power system state as accurately as possible [3]. Until the advent of the PMUs, the 

measurement set provided by traditional power meters were connected with SCADA 

system. However, the conventional measurements are less accurate, but cheaper than the 

PMUs.  

Due to the importance of the configuration of the meters, meter placement 

studies tend to find the minimal set of measurements that make the power system 

observable. However, this tendency has deviated towards PMU deployment after the 

development of the first prototype in 1988 [26] where the recent studies are titled as 

‘PMUs placement’ instead of ‘meter placement’ due to several reasons. Firstly, the 

PMUs cost much more than the conventional power meters [65]. In addition to the cost 

of the PMU devices, the cost of the installation, the satellite communication channels, 

and the maintenance put a burden on the total cost of the configuration of the meter that 

is based on the phasor measurements. Therefore, it is not feasible to use these expensive 

devices everywhere within the distribution system. Presently, the employment of the 

PMUs is justifiable only in the high voltage (HV) and extra-high voltage (EHV) 

transmission systems since they have relatively limited, but significant substations 

connecting large-scale networks [11]-[13]. Therefore, most of the traditional studies of 

PMU placement are applied to transmission systems and most of the placement 

techniques are implemented using standard transmission systems such as the IEEE 30-

bus and IEEE 118-bus systems. However, since the distribution system has specific 

requirements and its configuration, different strategies should be followed for PMU 
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placement in the distribution system. Otherwise, the traditional methods that have been 

implemented for the balanced ring-shaped HV transmission systems would be 

inaccurate if they are applied to a modern distribution system with different 

characteristics. 

Recent PMU placement studies use heuristic methods and artificial intelligence 

(AI) techniques such as Integer Linear Programming (ILP), Genetic Algorithm (GA), 

Particle Swarm Optimization (PSO), and Ant Colony Optimisation (ACO) to solve the 

PMU placement problem. This solution is achieved by finding the optimal numbers and 

locations of PMUs with reducing the computational time required by the traditional 

methods [17], [33], [32], [71]. However, it is necessary to develop a new method that 

considers the main features of the distribution system which includes the radial 

configuration, the existence of DGs, and unbalanced loads. However, the state 

estimation studies need to focus on the objectives of the PMU placement techniques 

instead of the techniques used for achieving the optimal locations of the PMUs. It is 

stated in the previous sections that state estimation is a multifunctional application as it 

is responsible for the network topology, the observability, the bad data processing, and 

the state variables. Hence, in addition to the observability, more requirements and 

objectives must be considered to take advantages of powerful measuring devices such as 

the PMUs. Therefore, the PMU placement strategies for the high performance of power 

system state estimator should be a multi-objective and consider the research gaps. 

However, like most of the pioneer state estimation studies, the available PMU 

placement methods have two problems:  

• Most of the existing PMU placement methods are implemented on transmission 

systems before they are adapted to the distribution networks with marginal or no 

modifications. 

• Most of the optimal placement studies [74] , [54] concern only one objective 

which is the observability of the system.  

2.9 Quality of the State Estimation Solution 

Obtaining the state vector is not an ultimate goal of the power system state 

estimation. The numerical stability of the state estimator, the quality of the state vector, 

and the bad data detection are crucial factors to obtain a reliable state estimator for other 
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power applications in the EMS. The term ‘quality’ of the state estimation, in this thesis, 

refers mainly to two indexes: the numerical stability of the state estimator and the 

accuracy of the state variables, which, in turn, is related to the measurement residuals. 

Thus, developing a stable and well-conditioned state estimator, accurate state variables, 

and processing the bad data in the measurements are the goals of enhancing the 

performance of the state estimation. The following subsections present the existing 

evaluation criteria of the state estimation. 

2.9.1 Measurement Residuals and the Accuracy of the 

State Estimation  

The state vector produced from the state estimation solution must be as accurate 

as the real state of the power system. However, in reality, the true state of the power 

systems cannot be known even when great care is taken to ensure accuracy. The 

unavoidable random errors in the collected measurements and the imperfect 

communication channels distort, more or less, the results of the physically operating 

systems. Hence, repeated measurements of the same quantity can reveal certain 

statistical properties from which the true value can be estimated. In the context of the 

WLS estimator, the repeated measurements refer to the local redundancy. The 

measurement types, whether conventional power meter or PMUs influence the accuracy 

level of the state variables. On the other hand, existing redundant measurements assist 

the state estimator to replace the bad data with relatively more accurate measurements. 

However, the assessment of the state estimator’s accuracy is based on two residuals: the 

measurement residuals and the estimated states residuals. Each type of the residuals is 

associated with different variances, and hence, it is improved in a different manner (the 

utility efforts and the operator efforts). Recalling one iteration NE from the previous 

section:  

∆�̂� = 𝐺(𝑥)−1𝐻𝑇 𝑅−1 ∆𝑧                                             (2.12) 

∆𝑧 = 𝑧 − ℎ(𝑥) is the residual vector 

𝐻 is the Jacobian of ℎ(𝑥) 

𝑅−1 = 𝑑𝑖𝑎𝑔( 𝜎2) is the inverse of the measurement covariance matrix 

𝐺 = 𝐻𝑇𝑅 𝐻 is the gain matrix 
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The following assumptions are made regarding the statistical properties of the 

measurement errors: 

• Unbiased errors—the measurement errors are normally distributed, and the mean 

value of e is equal to zero: 

𝐸(𝑒𝑖) = 0 

where 𝐸(. ) stands for the expected value. 

• Uncorrelated errors—the errors are independent, and hence, the covariance of 

the different errors is equal to zero, whereas the weighted variance of errors is 

constant: 

𝐸(𝑒𝑖𝑒𝑖) = {
 𝜎2, 𝑖 = 𝑗
0  ,          𝑖 ≠ 𝑗

 

or 

𝐶𝑜𝑣(𝑒) = 𝐸[𝑒𝑒𝑇] = 𝑅 = 𝑑𝑖𝑎𝑔{𝜎1
2, 𝜎2

2, . . . , 𝜎𝑚
2   } 

Based on (2.10), the vector of m measurements from the estimated model is: 

∆�̂� = 𝐻∆�̂� = (𝐻𝑇𝑅 𝐻)−1𝐻𝑇𝑅−1∆𝑧 

= 𝑇∆𝑧                            (2.13)                                                    

where 𝑇 is the projection matrix that is also known as the Hat matrix because it adds a 

‘hat’ on the measurement vector 𝑧. Thus, the ith measurement residual becomes (𝑒𝑖 =

𝑧𝑖 − �̂�𝑖), so that the vector of residuals is: 

𝑟 = ∆𝑧 − ∆�̂� = ∆𝑧 − 𝐻∆�̂� 

𝑟 = (𝐼 − 𝑇)∆𝑧                                                (2.14) 

= 𝑆 ∆𝑧 

= 𝑆 𝑒                                                         (2.15) 
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where 𝑆 is known as the residual sensitivity matrix. Hat matrix and  𝐼 − 𝑇 are 

idempotent; i.e., 𝑇𝑇𝑇 = 𝑇. Therefore, the variances of the least-squares residuals will 

be: 

𝑣𝑎𝑟 (𝑒) = 𝑟 = 𝑅 =  (𝐼 − 𝑇) (𝐼 − 𝑇)𝑇 𝜎2 = (𝐼 − 𝑇) 𝜎2 

𝑣𝑎𝑟 (𝑒) = 𝑆 𝜎2  

Likewise: 

𝑣𝑎𝑟(∆�̂�) = 𝑇 𝜎2 

So that the variance of �̂�𝑖 = 𝜏𝑖 𝜎
2, where the value 𝜏𝑖 indicates the influence of 

the ith measurement as follows: 

𝜏𝑖 = ℎ𝑖
𝑇(𝐻𝑇𝑅−1 𝐻)−1ℎ𝑖 

The off-diagonal entries of the Hat matrix indicate the local measurement 

redundancy at the specific bus if the element is nonzero.  

On the other hand, the SE variances represent the difference between the 

estimated states and the true states. Hence, the estimation accuracy can be represented 

using the variances of the SE errors as [16], [46], [75]:  

𝐶𝑜𝑣(�̂�) = 𝐸[(𝑥𝑡 − 𝑥𝑒)(𝑥𝑡 − 𝑥𝑒)𝑇] 

= (𝐻𝑇𝑅 𝐻)−1                                                 (2.16) 

= 𝐺−1 

where 𝑥𝑡 and 𝑥𝑒 stand for the true and the estimated states respectively. Thus, the SE 

covariance-variance is the inverse of the gain matrix whereas, the state estimation 

variances that indicate the accuracy of the estimates are given by the diagonal entries as 

follows [46], [47], [75]: 

𝑆𝐸𝑣𝑎𝑟 = 𝑑𝑖𝑎𝑔(𝐺
−1)                                          (2.17) 

It is clear from (2.17) that more accurate state estimator results in smaller state 

estimation variances. However, Table 2.1 summarises the metrics of the state estimation 

quality.  
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Table 2.1. Summary of the residual covariance matrices 

Term Statement  Expression of Covariance matrices 

𝑒 = 𝑧 − ℎ(𝑥) (measured - true)z 𝑅 

�̂�𝑥 = 𝑥 − 𝑥 (true - estimated)x 𝐺−1 = (𝐻𝑇𝑅−1𝐻)−1  

�̂�𝑧 = 𝑧 − �̂� (measured - estimated)z 𝑆 = (𝐼 − 𝐻𝐺−1𝐻𝑇𝑅−1) 

where 𝑥 = 𝐺−1𝐻𝑇𝑅−1𝑧  and the diagonal elements are the error variances 

 

2.9.2 Bad Data Detection and Identification  

Another important process for assuring the quality of the state estimation is the 

detection and elimination of the bad data in the measurements. If a measurement is 

grossly erroneous or ‘bad’, it should be detected and identified for excluding it from the 

estimation operation. Otherwise, the estimated state of the power system will be 

corrupted and yield inaccurate results. Moreover, the bad data in modern power systems 

might be due to a security attack that injects bad measurements to disrupt the decisions 

of the power system operator. 

The bad data processing includes bad data detection, bad data identification 

(BDD), and removing or replacing the measurements responsible for bad data if it is 

applicable. The conventional method of detecting the bad data is based on the 

measurement residuals as the large residuals refer to inaccurate measurements [8], [9]. 

The procedure of the BDD starts from (2.15) as the mean of the measurement is [3]:  

𝐸(𝑟) = 𝐸(𝑆. 𝑒) = 𝑆. 𝐸(𝑒) = 0 

Then, the covariance of the measurement residuals can be represented as: 

𝐶𝑜𝑣(𝑟) = 𝐸([𝑟 𝑟𝑇)] 

= 𝑆. 𝐸[𝑒 𝑒𝑇]. 𝑆𝑇 

Ω = 𝑆. 𝑅                                                       (2.18) 

The off-diagonal entries of the residual covariance matrix Ω identify the strong 

and weak interactions among the measurements. However, the diagonal entries that 

indicate residual of the ith measurement are the important elements for identifying the 

bad data. Firstly, the amount of the residual is used to decide whether the measurement 
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is suspected to be bad data that deteriorate the estimation accuracy and reliability [8]. 

Then, the largest normalised residual that is given in (2.12) is used to identify the bad 

data. The normalised value is obtained for ith measurement by dividing its absolute 

value by the corresponding diagonal elements as follows: 

𝑟𝑖
𝑁 =

|𝑟𝑖|

√Ω𝑖𝑖
=

|𝑟𝑖|

√𝑅𝑖𝑖𝑆𝑖𝑖
                                                 (2.19) 

The values of the normalised residuals are normally distributed and vary 

between zero and unity, i.e., 𝑟𝑖
𝑁~𝑁(0,1). The largest values that exceed a threshold 

value correspond to the bad data [-]. Conventionally, the selection of the threshold or 

cut-off value is subjective and based on the desired level of detection sensitivity. 

Similar identification procedures can be applied to multiple bad data as long as the bad 

measurements are not correlated. The main steps of the bad data detection and 

identification of single and non-interacting multiple bad data are: 

1. Solve the WLS state estimator according to the formulas of Section 2.4. 

2. Determine the normalised residuals based on (2.12) and identifying the largest 

normalised residual. 

3. If 𝑟𝑘
𝑁 > 𝑐 where c is identification threshold, the kth measurement will be 

suspected as bad data. Here, c is a small integer number (e.g. 3.0). 

4. Eliminate the kth measurement from the measurement set. Then repeat the 

procedure.  

5. The non-interacting multiple bad data is associated with 𝑆𝑖𝑘 close to zero, which 

implies that there is no or little correlation between the measurement errors. 

Based on the above steps, the measurements belong to on the exclusive sets, 

critical (or essential) and redundant (or noncritical) as shown in the following categories 

[7], [13]: 

• Critical measurements: A critical measurement is one whose elimination from 

the measurement set results in an unobservable system. The element of the 

residual covariance matrix Ω, corresponding to a critical measurement equals 

zero. Moreover, the measurement residual of a critical measurement will always 

be zero. 
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• Redundant measurements: A redundant measurement is a measurement which is 

not critical. Only redundant measurements may have nonzero measurement 

residuals. 

• Critical pair: Two redundant measurements whose simultaneous removal from 

the measurement set makes the system unobservable (i.e., each measurement of 

the pair is not critical itself). 

• Critical mc-tuple: A critical mc-tuple contains mc redundant measurements, 

where removal of all of them makes the system unobservable. None of the mc 

measurements belongs to a critical tuple of a lower order. Furthermore, the 

critical mc -tuple is associated with linearly dependent measurements. Hence, 

Chapter 5 and Chapter 6 investigate the statistical issues relevant to the 

conventional definition of the critical measurements and the bad data in state 

estimation. 

2.9.3 Numerical Stability and Ill-conditioning Problem 

Another important difference between the load-flow and the state estimation 

problems is the numerical conditioning of the solution equation. The algorithm for 

solving the WLS estimator using the NE is an iterative process which implies the 

repetition of building the Jacobian matrix, the gain matrix, and the inversion of the gain 

matrix. Therefore, significant deviations in the state vector may arise if the WLS 

estimator is highly sensitive to the erroneous input data. The accuracy of the collected 

state variables would be affected by the behaviour of the unstable estimator. The NE of 

(2.6) is vulnerable to be ill-conditioned (or ill-posed) and hence there is no guarantee for 

obtaining a reliable state vector. The decision whether a matrix-based system is well-

conditioned can be taken based on the value of the condition number. This condition 

number is a measure numerical stability and sensitivity of the system. The condition 

number of the WLS estimator is calculated as follows [27], [51], [76], [77]:  

𝑘(𝐺) = ‖𝐺‖. ‖𝐺−1‖                                             (2.20) 

where ‖𝐺‖ is the 2-norm of the gain matrix. 

The condition number is close to one for a well-conditioned matrix; whereas, it 

tends to infinity for matrices approaching the singularity and hence, the state estimator 

will be unsolvable. For 𝑘 values between unity and infinity, the system could be 

unstable or explicitly ill-conditioned with an unreliable solution [76]. The more singular 
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a matrix is, the more ill-conditioned its associated system will be. However, the ground 

of numerical instability of the state estimation is related to following conditions that can 

create ill-conditioning problems [3], [51]: 

1. If the measurements set has a high number of injection power measurements, the 

number of the non-zero entries increases which affects the sparsity of the gain 

matrix.  It has been noticed that the injection measurements create fillings in the 

Jacobian matrix and thereby, in the gain matrix, which makes it denser. 

2. The weighting factors of the virtual measurements that are required to increase 

the measurements redundancy are extremely high as the virtual measurements are 

supposed to be highly accurate. The improper weights badly influence the 

numerical stability of the state estimator. 

3. The presence of long lines and short lines on the same bus (lines with different 

impedance) might deteriorate the Jacobian matrix and the stability of the power 

system estimator. 

4. Modern distribution systems have a few features that may cause ill-conditioning:  

• The high R/X ratio of the distribution feeders is one of the main reasons for 

the deterioration of the diagonal entries of the Jacobian matrix. This situation 

is common in the distribution systems; whereas, the diagonal entries of the 

transmission system estimator dominates the gain matrix. The configuration 

of the distribution feeder results in lower reactances than that associated with 

the HV transmission lines. Thus, the R/X ratio of the distribution systems is 

higher than that of the HV transmission systems (generally it is larger than 

unity) [44]. The consequences include the deterioration of the diagonal 

elements in the Jacobian matrix which is supposed to be dominant in the 

transmission line case.  

• The limitation of power measurements in the distribution systems yields the 

dependence on current measurements (ampere measurements). The current 

measurements cannot support the estimation of the phase angles and also, are 

not compatible with the decoupled state estimator. Furthermore, ampere 

measurements might result in a problem of a non-unique solution when they 

are used in the case of a flat start as the partial derivative will be zero [78]. 

The measurement sets in the distribution system are limited due to the current 

measurements being distributed widely across feeders and loads whereas the 

active and reactive power measuring devices are usually installed in 
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substations. Therefore, ammeters measuring the current magnitude only are 

the dominant measurement devices. This limitation affects the performance of 

SE due to the following difficulties: 

i. Current measurements could be ineffective during flat start (voltages 

equal to 1 p.u. and angles equal to zero) of the state estimation process 

because it results in an undefined or a null Jacobian matrix which 

corresponds to an ill-conditioned Jacobian. Hence, observability analysis 

should be based on the calculations performed at other locations [34], 

[79]. 

ii. Poor information about the phase angle due to the absence of power 

measurements. Accordingly, this creates two different solutions for the 

angle (a positive and a negative one) which leads to a non-unique state 

estimation solution [35].  

However, the existing studies can be divided into two categories:  

1. The first approach is to work with a modified Newton-Raphson (NR) method 

which could be more suitable for distribution system requirements. 

Consequently, this mitigates the divergence problem of the Jacobian matrix [80].  

2. The second approach is to use an unconventional state estimation in the form of 

a linear non-iterative state estimator [30]. This method is currently under 

development. Since linear SE is a non-iterative process, it avoids the problem of 

a divergent solution or an undefined Jacobian matrix. However, this solution 

sacrifices the state estimation accuracy [42].  

2.10 Solution Methods of Ill-Conditioned State 

Estimator 

Many alternative algorithms [51], [81] are developed for solving the power 

system state estimator in such ways that address the potential ill-conditioning problem 

that is associated with the conventional NE approach. However, most of the early 

solution methods [82] were devoted to ill-conditioning of load flow studies, which have 

different characteristics and different Jacobian to that of the state estimation. In the 

1980s, several researchers initiated a group of algorithms to solve the ill-conditioned 

state estimators. The first group of the alternative solution methods can be considered as 

the conventional approaches that became prototypes to the subsequent solution 



 

43 

methods. The alternative solution methods aim to prevent ill-conditioning or, at least, to 

alleviate its adverse effects. Simply, the alternative state estimation methodologies 

enhance the performance of the SE solution either by avoiding the gain matrix and its 

inversion or treating the virtual measurements in a way that have no disruption to the 

Jacobian matrix. 

A brief description of the features of four methods of state estimation solution 

with comparative studies is presented in the next subsections.  

2.10.1 Solution by the Orthogonal Factorisation 

The orthogonal factorisation is one of the early conventional techniques for 

solving the ill-conditioning in state estimation. This method avoids direct inversion of 

the gain matrix [83], [52], [84]. It is simply named as the QR method since it factorises 

the Jacobian matrix into two orthogonal matrices, 𝑄 and 𝑅. The main steps of solving 

the state estimator using the orthogonal factorisation method are as follows [83], [52], 

[84]: 

1. Construct the Jacobian matrix 𝐻 and  decompose it to 𝐻 = 𝑄 𝑅 where; 𝑄 is an 

(𝑚 ×𝑚) orthogonal matrix, R is an (𝑚 × 𝑛) upper triangular matrix.  

2. Factorise 𝐻 for obtaining 𝑄𝑇𝐻 = 𝑅. Then, partitioning both 𝑄 and R for reducing 

the factorisation as: 

𝐻𝑥 = [𝑄𝑛 𝑄0] [
𝑈
0
] =   𝑄𝑛 𝑈  →   𝑄𝑛

𝑇𝐻𝑥 = 𝑈 

3. For applying the orthogonal factorisation to the WLS state estimator, the NE can be 

rewritten as follows:  

𝐻𝑥
𝑇𝑄𝑄𝑇𝐻𝑥 ∆𝑥 =  𝐻𝑥

𝑇∆𝑧𝑞  →  𝑅
𝑇𝑅 ∆𝑥 =  𝐻𝑥

𝑇 ∆𝑧𝑞 ,  

Since, 𝑄𝑄𝑇 = 𝐼 

𝑈𝑇𝑈 ∆𝑥 =  𝑈𝑇𝑄𝑛
𝑇 ∆𝑧𝑞                                           (2.21) 

where the measurement residuals of (Δ𝑧) of the NE approach is replaced by the 

residuals of the QR factorisation (∆𝑧𝑞) method. 

4. Simplify (2.21) to be: U∆𝑥 = 𝑄𝑛
𝑇 Δ𝑧𝑞 = Δ𝑧 

5. Implement the back-substitution for obtaining the state vector Δx from UΔx = Δz 

In the above method, the factorisation of the gain matrix is not required since H 

matrix is already decomposed into two matrices [52]. Historically, the literature of the 

orthogonal formulation of the state estimator started in the 1980s when Simon-Costa 
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and Quintana [83] proposed a sequential technique to solve the WLS estimator. This 

method [83] is based on a row and columns elimination scheme for avoiding any square 

root operation and reducing the number of multiplications. The numerical stability of 

the orthogonal transformation has been improved in [84] which depends only on the 

rows instead of the columns to avoid squaring the Jacobian, i.e. the term (𝐻𝑇𝐻). 

Although the stability of the state estimation solution can be improved by the 

QR factroisation, [83] points out that the sparsity of the coefficient matrix of (2.21) may 

suffer in this method since 𝑄 matrix is less sparse and denser than the gain matrix. That 

is the main drawback of the QR method due to the high storage rate that may beneeded 

for 𝑄 and 𝑅 matrices. Moreover, splitting the Jacobian and saving both 𝑄 and 𝑅 

matrices affects the speed of the solution because of the additional operations. 

Moreover, the technique of processing the rows is not compatible with the decoupled 

version of the sate estimation solution [84]. To overcome these drawbacks, another 

generation of SE studies are started to focus on suggesting hybrid methods that can 

circumvent the problem of ill-conditioning without sacrificing sparsity.  

2.10.2 Equality—Constrained WLS State Estimation 

For supporting the availability of measurement sets, virtual measurements such 

as the zero-injections have been used with large weighting factors. It has been found 

that the inclusion of virtual measurements creates an ill-conditioned gain matrix. The 

zero-injection measurements can be treated as explicit constraints set to avoid affecting 

the sparsity of the gain matrix and the stability of the estimator.  This method is known 

as normal equations with constraints (NE/C) because it contains the real-time 

measurements set (z) in addition to the virtual measurements as a constraint set, 𝑐(𝑥) 

[85], [86]. The term c(x) represents the highly accurate zero-injection measurements 

that are separated from ℎ(𝑥) to avoid the fillings in the measurements Jacobian. The 

primary step is to minimise (2.5) of the NE approach using Lagrange multipliers while 

satisfying the equality constraints 𝑐(𝑥) = 0. The procedure of the NE/C method is as 

follows [86], [87]:  

1. Form the Lagrangian for the WLS estimator L= J(x) – λT c(x), subjected to c(x)=0. 

2. Prepare the decoupled version by a first-order optimality derivation: 

𝜕𝐿(𝑥)

𝜕𝑥
= 0     →   𝐻𝑇𝑊[𝑧 − ℎ(𝑥)] + 𝐶𝑇𝜆 
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𝜕𝐿(𝑥)

𝜕𝜆
= 0     →  𝑐(𝑥) = 0 

where C = 𝜕𝑐(𝑥)/𝜕𝑥 and 𝑊 = 𝑅−1 

3. Solve the following linearised equation iteratively (the new entries are bold-faced): 

[𝐻
𝑇𝑊𝐻 𝑪𝑻

𝑪 𝟎
] [
𝛥𝑥
−𝝀
] =  [

𝐻𝑇𝑊𝛥𝑧𝑘

−𝒄(𝒙𝒌)
]                              (2.22) 

4. Perform the triangular factorisation of (2.22) and obtain ∆𝑥. 

Manipulation of the virtual measurements enhances the numerical stability of 

the WLS estimator but, it still contains an element that represents the gain matrix which 

affects the performance of the NE/C method. On the other hand, there is no squaring for 

the term of the virtual injection measurements, i.e. the product of (𝐶𝑇𝐶) is not included 

in the formulation of the estimator [87]. The next two methods are based on the 

technique of using the equality constraints with the means of augmented matrices.  

2.10.3 Augmented Matrix Approach  

The augmented matrix method is also called Hachtel's matrix method [53], [88]. 

The fundamental process of the augmented approach of Hatchel’s is carried out by a 

submatrices structure for dealing with virtual measurements as equality constraints. This 

process can preserve the sparsity of the WLS state estimator and overcomes the problem 

of small or zero diagonal entries. However, it produces a coefficient matrix that is larger 

than the gain matrix [88]. The improvement is because of the replacement of the virtual 

highly weighted measurements with separated equality constraints [88]. Thus, it 

resembles the procedure of the NE/C approach but, with two sets of Lagrange 

multipliers (𝜆 and μ). Hence, four derivatives are included in the algorithm of the 

Hatchel’s augmented matrix. The main steps of the state estimation solution by 

Hatchel’s matrix are as follows [53]: 

1. Minimise the residual (𝑟) of the WLS problem by the following Lagrange 

multipliers: 

𝐿 = 𝐽(𝑥) − 𝜆𝑇𝑐(𝑥) − 𝜇𝑇[𝑟 − 𝑧 − ℎ(𝑥)] 

Subjected to   𝑐(𝑥) = 0 

𝑟 − 𝑧 − ℎ(𝑥) = 0 

2. Derive the first–order optimality conditions which yields four derivative equations 

for x, 𝜆, 𝑟 and μ. 

𝜕𝐿(𝑥)/𝜕𝑥 = 0     → 𝐶𝑇 𝜆 +  𝐻𝑇μ =  0   
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𝜕𝐿(𝑥)

𝜕𝜆
= 0     → 𝑐(𝑥)  =  0 

𝜕𝐿(𝑥)/𝜕𝑟 = 0     →  𝑊𝑟 −  μ =  0  

𝜕𝐿(𝑥)

𝜕𝜇
= 0     → 𝑟 −  𝑧 +  ℎ(𝑥)  =  0 

3. Construct the Hachtel's matrix (M) by linearising the equations: 

𝑀 = [
𝛼𝑊−1 𝐻 𝟎
𝐻𝑇 0 𝑪𝑻

𝟎 𝑪 𝟎

]                                      (2.23) 

where 𝛼 = 1/max (𝑊𝑖𝑖) is a scaling factor provides flexibility in the weights 

adjustment. 

4. Perform the triangular factorisation of M as 𝑀 = 𝑈𝑇𝑈 where U is the upper 

triangle. 

5. Using back-substitution, ∆𝑥 is obtained by solving following equation. 

UTU [
𝛥𝑟
𝛥𝑥
𝜆
] = [

𝛥𝑧
0
𝛥𝐶
]                                          (2.24) 

Comparing to the normal NE method, the Hatchel’s method needs less 

computational time but, more storage capacity and implements the Lagrangian 

derivations as well. However, the main drawback of the method is that the M matrix is 

larger than Gain matrix [89]. Also, Hatchel’s method leads to lower condition numbers 

than that of the NE approach [88]. On the other hand, compared to the NE//C method, 

the size of the Hatchel’s matrix, 𝑀 is larger than that of the NE/C coefficient matrix. 

Compared to the QR factorisation technique, Hachtel's matrix is sparser than 𝑄 matrix. 

However, for controlling the row pivoting, more logic operations are required, which 

leads to the requirement of larger memory.  

2.10.4 Blocked Formulation Method 

For the purpose of compromising the previous two methods, the block 

formulation technique [88], [90] was developed for treating the injection measurements 

in a way that avoids the extreme cases of the NE/C method and Hatchel's matrix 

approach. In the method of equality constraints, the (𝐻𝑇𝐻) is constructed for all the 

measurements whereas; there is no squaring process for 𝐻 in Hatchel's approach. The 

method of blocked formulation deals efficiently with the problem of filling-in that is 

associated with the use of injection measurements. In this method [88], the same 

augmented matrix of Hatchel’s is grouped in blocks. The elements of these groups 
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correspond to the system's nodes; consequently, the resulting blocked matrix has the 

same topology of the admittance matrix (𝑌) and the Jacobian of the load flow by 

Newton-Raphson method [90]. This process preserves the sparsity of the coefficient 

matrix, which is the main advantage of the the blocked formulation approach. On the 

other hand, in some situations  the pivot is singular, which may lead to a 'domino' effect 

if  several adjacent buses are involved in this situation, and thus, the blocked 

formulation may deteriorate. The main stages of this approach are [88], [90]: 

1. Dividing the measurement set into two groups: injection measurement set 𝐼 and set 

𝐹 that represents the remaining ordinary measurements (the active/reactive power 

flows and the voltage magnitudes).Then, the resulting coefficient matrix is given 

by:  

[

𝑅𝐹 0 
0 𝑅𝐼

𝐻𝐹 0
  𝐻𝐼 0

𝐻𝐹
𝑇 𝐻𝐼

𝑇  0  𝐶𝑇

0 0    𝐶   0

] [

𝜇𝐹
𝜇𝐼
∆𝑥
𝜌

] =  [

∆𝑧𝐹
∆𝑧𝐼
0

−𝑐 (𝑥𝑘)

]                       (2.25) 

where 𝜇𝐹  , 𝜇𝐼 and ρ are multipliers associated with power flow measurements, 

injection measurements, and the null injection measurements respectively. 

2. Simplifying (2.25) by eliminating the entries that are associated with the 𝐹 group. 

Then, a hybrid scheme between the Hatchel's augmented method and the NE/C 

approach is obtained as follows: 

[
𝑅𝐼 0 0

𝐻𝐹
𝑇 −𝐻𝐹

𝑇𝑊𝐹𝐻𝐹
𝑇 𝐶𝑇

0 𝐶 0

] [

𝜇𝐼
∆𝑥
𝜌
] =  [

∆𝑧𝐼
−𝐻𝐹

𝑇𝑊𝐹 ∆𝑧𝐹
−𝑐 (𝑥𝑘)

]                (2.26) 

3. Solving the above system for ∆𝑥. 

The blocked formulation approach can be considered as a hybrid approach that 

combines both the augmented Hatchel’s matrix and the NE/C by maintaining the 

sparsity of the coefficient matrix. However, this modification is not a straightforward 

procedure and complicates the implementation of the state estimator. 

2.11 Comparative Case Studies 

The following tests compare the performances of the conventional solution 

methods discussed in the previous section, and the construction of the Jacobian and the 

gain matrices are demonstrate in this section for illustrative and comparison purposes. 
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Table 2.2 provides a summary of the main characteristics of the state estimation 

solution methods.  

 

Table 2.2. The Jacobian and the Coefficient Matrices of the SE Solution Methods 

Methods Jacobian matrices Coefficient matrices 

NE Jacobian matrix is 

composited from the 

measurements. 

The gain matrix is built as follows: 

𝐺(𝑥) = 𝐻𝑇𝑊𝐻 

QR Jacobian matrix is: 

𝐻 = 𝑄 𝑅 

where Q is an orthogonal 

matrix, and R is an upper 

triangular matrix. 

The coefficient matrix is the (m×m) Q 

matrix. However, R matrix needs to be 

saved as well, yield increasing the 

required storage size. 

NE/C The virtual measurements are 

treated as equality constraints 

with a separate set 𝑐(𝑥). 

The coefficient matrix is: 

[𝐻
𝑇𝑊𝐻 𝐶𝑇

𝐶 0
] 

where 𝐶 = 𝜕𝑐(𝑥)/𝜕𝑥 

Hatchel’s 

matrix 

The virtual measurements are 

treated as equality constraints 

with a separate set 𝑐(𝑥). 

The coefficient matrix is the Hatchel’s 

matrix: 

[
𝛼𝑊−1 𝐻 0
𝐻𝑇 0 𝐶𝑇

0 𝐶 0

] 

where α = 1/max (Wii) is a scaling factor.    

Blocked 

formulation 

Measurement sets are divided 

into two groups: injection set 

(𝐼) and set (𝐹) that contains 

the remaining ordinary sets. 

The resulting Jacobian matrix 

contains: HI  and HF 

The coefficient matrix is: 

[
𝑅𝐼 0 0

𝐻𝐹
𝑇 −𝐻𝐹

𝑇𝑊𝐹𝐻𝐹
𝑇 𝐶𝑇

0 𝐶 0

] 

 

 

Two test systems are employed to evaluate the performance of the solution 

methods using three numerical tests which examine: (1) the numerical stability of the 

SE solution methods; (2) the computational complexity; (3) the storage size required for 

the state estimator; and (4) the response to power systems with high R/X ratios. The first 

test system is a small-scale grid with low and equal R/X ratios, which equals 0.25, for all 

the power lines of the system [91]. The 5-bus system shown in Figure 2.5 is supposed to 
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be well-conditioned with a relatively small condition number for its state estimator. The 

second system is the IEEE 30-bus system [91]. The 30-bus network has relatively low 

R/X ratios, but a high condition number (i.e., lower stability compared to the 5-bus 

system). The tests are implemented using MATLAB R2016a. 

4

5

21 3

Voltage Measurement   

Flow Measurements       
V

V

 

Figure 2.5. The network of the 5-bus test system with the assigned measurements 

2.11.1 Structure of the Jacobian Matrix 

The tests of the first case study are implemented for analysing the structure of 

the Jacobian matrix regarding the sparsity, diagonal dominance, and the effect of the 

R/X ratio. For demonstrating the construction of the measurement Jacobian matrix, the 

Jacobian of the IEEE 30-bus is shown in Figure 2.6 where the submatrices correspond 

to each type of the conventional measurements (See Appendix A). Unlike the gain 

matrix, the Jacobian is a rectangular matrix (93× 59) as the number of the state variables 

is 59 and the measurements used are 93 (52 power-flows, 40 power-injections, and one 

voltage measurements) 
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Figure 2.6. The Jacobian of the 30-bus system (lower) and the detailed Jacobian blocks  
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2.11.2 Structures of the Coefficient Matrices 

The first test examines the structure of the measurements Jacobian matrix of the 

WLS estimator and the coefficient matrices of the SE solution methods (including the 

gain matrix of the regular NE method). The coefficient matrices of the 5-bus system are 

built using six power flows measurements (one for each branch as shown in Figure 2.5), 

and unity weight factors are used for all the measurements. This case study is required 

for evaluating the coefficients matrices intrinsically without the effect of the weights 

and the injection power measurements. Therefore, matrices of NE/C and the blocked 

formulation are not involved in this test since they have the same structure of the 

conventional NE approach. The structure of the coefficient matrices of the 5-bus system 

and the sparse patterns are shown in Figure 2.7. 

Figure 2.7. Sparse pattern of the coefficient matrices of the 5-bus system state estimator 

In Figure 2.7, the blue dots refer to the nonzero elements in the matrices with the 

numbers and percentages that are shown along the horizontal axis. For numerical 

demonstration, a summary of the coefficient matrices of the 5-bus system is shown in 

Table 2.3. 

Table 2.3. Coefficient Matrices Entries of 5-Bus Test System 

 Features 

Gain 

Matrix  

Q 

Matrix  

Hatchel's 

Matrix 

Total entries 81  81 400 

Number and 

Percentages of nonzero 

entries 

53 

65.432% 

79 

97.53% 

63 

15.75% 
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Likewise, Figure 2.8 depicts the scatter patterns of three coefficient matrices for 

the IEEE 30-bus system.  

Figure 2.8. Sparse pattern of the coefficient matrices of the 30-bus state estimator 

Based on Figures 2.7, 2.8, and Table 2.3, it can be concluded that the 𝑄 matrix is 

denser than other coefficient matrices including the gain matrix that has the same size of 

𝑄 matrix. Hatchel's matrix has the lowest density (sparser), but it has a larger size and a 

larger number of nonzero entries than that of the gain matrix and 𝑄 matrix. 

Accordingly, the Hatchel's matrix has a size drawback.  

Regarding the dominance of the diagonal elements, Hatchel's matrix has a 

relatively dominant diagonal, especially for its first quarter. In contrast, 𝐺 and 𝑄 

matrices have nearly a scatter distribution.  

The storage size can be a problem when dealing with large-scale power system 

since the size of the coefficient matrices belongs to the 30-bus state estimation and their 

nonzero elements.  

2.11.3 Comparing the Condition Numbers 

In this test, four different cases relevant to the measurement type and system 

configuration have been considered. The condition numbers that are associated with the 

coefficient matrix of each solution method are calculated for a comparison purpose. The 

four cases that have been applied to the IEEE 30-bus system are as follows.  

1. Using 76 power flow measurements for all branches. 

2. Adding injection measurements to the case in 1, at buses 2 and 3. 
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3. Same with case 2, but with weights of 1000 to the power injection measurements. 

4. Same with case 2 with a different length of lines (line 1-2 becomes 100 times 

shorter).  

Table 2.4 provides the condition numbers of the coefficient matrices of three 

solutions methods [-] for the above four case studies. 

Table 2.4. The Corresponding Condition Numbers of the 30-bus system state estimator 

Cases NE Blocked Hatchel 

1. Six power flows 106.48 106.48 19.01 

2. Injection measurements (regular) : buses 1&3 304.7 119.2 31.2 

3. Null injection measurements 1.8*105 131 37 

4. Short power line 1.2*106 6.8*105 980 

 

It can be noticed that Hatchel's augmented method is the lowest sensitive 

approach, and thereby the most stable one. However, the real practice for numerical 

stability is the case of including injection measurements as the condition numbers of all 

methods tend to grow up. Nevertheless, the blocked factorisation method still has a 

good performance and a low, increasing rate for its condition number. In this test, the 

worst case happens when one of the grid branches is a relatively short line. The case of 

power lines of various lengths is common in distribution networks in addition to the 

situation of high R/X ratio.  

2.11.4 Impact of R/X Ratio 

The case of high R/X ratio can be observed mainly in the distribution systems, 

and hence, this test is applied to transmission grids that have a very low R/X ratio. Table 

2.5 illustrates the influence of increasing the feeder's resistance relative to their 

reactance. The original case for the 5-bus network corresponds to the case in which the 

reactances of branches equals four times of their resistances and then three additional 

ratios are tested. These four cases show that even an efficient algorithm like the 

Hatchel's method could be deteriorated in the situation of the high ratio of feeders’ 

resistance. That is because the diagonal elements of Hatchel's matrix would not be 

dominant in this case. In case 3 and further, the difference between the NE condition 

number and that of Hatchel's matrix is reduced and then it is reversed in the fourth case. 
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Table 2.5. The Corresponding Condition Numbers for each Ratio of R/X 

Cases Ratios NE Hatchel 

1 R/X = 0.25 106.48 19.007 

2 R/X = 1 281.24 52.5 

3 R/X = 5 1038 632.95 

4 R/X = 10 4248 4443 

 

 The methods of NE/C and blocked formulation are excluded from this test 

because it is implemented for only flat start cases with only power flows measurements, 

and thus the NE/C and blocked formulation results are the same as the NE’s. 

2.11.5 The Simulation Results: Discussion and 

Conclusions  

Based on the simulation results, it can be deduced that the performance of each 

solution method has its shortcomings in addition to the advantages. Therefore, the 

decision of selecting the best solution method is not an absolute choice for all the power 

systems. Rather, the decision is related to the power systems configuration and the 

measurement sets of the system.  

The spider-net diagram shown in Figure 2.9 illustrates the weaknesses and 

robustness of the four solution methods of state estimation. The five vertices of the chart 

indicate the main numerical characteristics of the solution methods which are the 

numerical stability, implementation simplicity, the required size of storage, the sparsity 

of the coefficient matrices, and their performance in the system with high R/X ratio. The 

percentages shown in Figure 2.9 are approximate values that are estimated based on the 

simulation tests of Section 2.12, and on the findings of the previous state estimation 

studies [89]. 
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Figure 2.9. Spider net chart for the characteristics of SE methods 

In Figure 2.9, the Hatchel’s method and the QR factorisation method have better 

performance than that of the remaining solution methods. Nevertheless, both Hatchel’s 

and factorisation methods have their weaknesses regarding storage size and the response 

to the situation of power systems with high R/X ratios. However, it can be noticed from 

the right-side vertex that all the methods have weak or moderate performances 

considering the cases of high R/X ratio. On the other hand, the conventional NE solution 

has a competitive response in all the aspects, except the numerical stability, which has a 

rating that is far away from the robustness. Thus, an alternative solution method needs 

to be proposed for the state estimation such that it combines the stability of the 

factorisation and Hatchel’s matrix methods with the simplicity and the sparsity of the 

conventional NE approach. 

2.12 Summary 

This chapter presents the mathematical background of the problems relevant to 

the state estimation solution methods. In addition to this, the assessment criteria of the 

accuracy and numerical stability of the state estimator are also presented. Moreover, this 
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chapter introduces the main challenges in implementing the state estimation such as the 

problems of ill-conditioning, meter placement and the high R/X ratios. Furthermore, this 

chapter provides simulation tests for the comparison purposes to demonstrate the 

requirements of a stable and accurate SE solution and the structure of the measurements 

Jacobian matrix as a prerequisite for the next chapters. The reviews and derivation 

presented in this chapter are the groundings of the next four chapters that propose 

technical and analytical methodologies to overcome the challenges and to enhance the 

state estimation.  
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Chapter 3 Enhancing the State 

Estimation using a 

Regularization Approach 

Although several methods [85], [86-88], [90] have been proposed in the past to 

deal with the ill-conditioning problem in high-voltage transmission systems, the state 

estimation stability of low-voltage distribution systems is still a challenge due to fewer 

measurements and high R/X ratios. This chapter highlights the main reasons of ill-

conditioning problem and focuses on the impact of the R/X ratio of the distribution 

systems. As the WLS state estimator is a comparatively simpler algorithm with a much 

lower storage size, this chapter proposes a regularised version of the WLS state 

estimator to solve the problem of ill-conditioning using an adjustable regularisation 

parameter. Simulation results on the U.K. 18-bus and radial 33-bus distribution systems 

show improved performances in terms of reducing the computational complexity, 

measurements redundancy and impact of high R/X ratios, and in improving the accuracy 

and numerical stability of the state estimation solution. 

3.1 Introduction 

The state estimation solution provides estimated states to the EMS and DMS 

that include voltage magnitudes and phase angles for all the buses in the system. This 

estimation depends on telemetered measurements from various locations in the power 

system [92], [33]. To achieve a satisfactory estimation, a sufficient number of 

measurements should be employed. Conventionally, the power system state estimator 

solves a set of measurements using weighted least-squares (WLS) with an iterative 

normal equations (NE) process. However, this approach is sensitive to erroneous 

measurements as a small noise within the input data of this iterative approach may 

create a significant deviation from the actual value [69]. Therefore, a stable power 

system state estimator may not be guaranteed without an enhancing process [77].  

The above situation occurs due to different reasons that are related to the 

measurement numbers, types, and the uneven weighting factors assigned to these 

measurements. The previous circumstances may create an ill-conditioned state estimator 

[69] where the SE solution may diverge and produce an inaccurate state, subsequently. 
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In the last three decades, many methods [3], [81, 93-96], [51] have been 

proposed to solve the problem of the ill-conditioned power system state estimator which 

aim to circumvent the ill-conditioning situation by solving the state estimator in 

different ways rather than the NE approach. However, the main solution methods can be 

classified broadly as follows: (1) orthogonal factorisation (QR) [83], [52], [84]; (2) 

normal equations with equality constraints (NE/C) [85], [86], [87]; (3) the augmented 

matrix approach [53], [88]; and (4) regularisation techniques using singular value 

decomposition (SVD) [21], [97], [95], [98]. 

The above solution methods were developed preliminarily for high-voltage 

transmission systems that have different characteristics than distribution grids. 

Distribution grids create considerable challenges and hinder the application of these 

approaches [99], [39] due to their limited measurements and high R/X ratios. Recently, 

distribution grids have become large-scaled, smart, and active systems. Therefore, a 

further investigation of the influence of these features on the state estimation solution is 

required [42]. Alternatively, advanced measuring devices such as phasor measurement 

units (PMUs) provide accurate measurements, support measurement availability, and 

facilitate a linear (non-iterative) state estimation. However, there have been extensive 

efforts to obtain an optimal placement of the relatively expensive and advanced PMUs 

[54], [100]. On the other hand, the linear state estimator sacrifices the state estimation 

accuracy in favour of obtaining a fast state estimator [42]. Therefore, a mathematical 

revision of the WLS state estimator can provide an efficient solution. Hence, this 

chapter proposes an improved algorithm to overcome the ill-conditioning problem of 

the state estimation. The remedy of the problem is achieved by regularising the 

coefficient matrix of the conventional state estimator using a regularisation process that 

is adaptable to the level of the ill-conditioning problem. Thus, a relatively simple and 

efficient solution method is proposed to enhance the stability and the accuracy of the 

state estimator without a need for installing more meters. 

The remainder of the chapter is organised as follows: Section 3.2 delivers a 

mathematical analysis of the WLS approach and addresses the problem of ill-

conditioning in state estimation. In Section 3.3, the proposed method for solving ill-

conditioned state estimators is introduced, along with the proposed method. The 

proposed algorithm is tested in Section 3.4 using two test systems, and the conclusions 

are presented in Section 3.5. 
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3.2 Problem Formulation 

The state estimator aims to use available sets of measurements to obtain a best 

possible estimation of the states of a power system. If the measurement set in a power 

system is sufficient to provide a unique solution to the state estimation problem, then 

the system is declared as an observable system [9]. Real-time measurement sets include 

the following types of measurements: (1) bus-bar voltages; (2) real/reactive injected 

powers of substations; (3) real/reactive power flows; and (4) line current magnitudes. 

Other unmeasurable quantities such as virtual measurements and pseudo-measurements, 

can be utilised for enhancing the adequacy of measurements for the state estimator [23]. 

A description of the state estimator procedure, the reasons behind the ill-conditioning 

and the available solution methods are presented in the following subsections. 

3.2.1 WLS State Estimator 

If m is the number of measurements and n is the number of state variables (the 

voltage magnitudes and the phase angles), the static state estimation [4] is formulated as 

a nonlinear set of measurement equations as follows: 

𝑧𝑖 = ℎ𝑖(𝑥) + 𝑒𝑖  ,    𝑖 = 1,… ,𝑚                                 (3.1) 

where ℎ(𝑥) is a (m × n) nonlinear function which reflects the relation between the 

measurement vector (z) and the state vector (x), and 𝑒𝑖 is a (m × 1) measurement error 

vector. The measurement errors are assumed to be independent and normally distributed 

with zero mean and variance matrix R. The number of the state variables n, is calculated 

as (2N - 1), where N is the buses number. The estimated states x is the value that 

minimizes the weighted least-squares of the following objective function: 

𝐽(𝑥) = [𝑧 – ℎ(𝑥)]𝑇𝑅−1[𝑧 – ℎ(𝑥)]                                    (3.2) 

where 𝑅−1 is the inverse error covariance matrix (the weighting matrix). The first-order 

optimality condition for J(x) leads to: 

𝜕𝐽(𝑥)/𝜕𝑥 = −𝐻𝑇𝑅−1[𝑧 – ℎ(𝑥)] = 0                               (3.3) 

where H is the measurement’s Jacobian matrix obtained as the partial derivatives of h(x) 

such that: 
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𝐻𝑖𝑗 =
𝜕ℎ𝑖

𝜕𝑥𝑗
, 𝑖 = 1, … ,𝑚;  𝑗 = 1,… , 𝑛                                (3.4) 

The Jacobian matrix is rectangular, and it is composite of several submatrices 

(see Appendix A) to form an (m × n) matrix [13]. The objective function is solved 

iteratively from the Gauss-Newton scheme. Using k as the iteration index and (∆𝑥𝑘 =

𝑥𝑘+1 − 𝑥𝑘) as the correction of two successive iterations, the normal equations (NE) 

can be produced as follows: 

𝐻𝑇𝑅−1𝐻∆𝑥𝑘 = 𝐻𝑇𝑅−1 [𝑧 – ℎ(𝑥𝑘)]                              (3.5) 

𝐺(𝑥𝑘)∆𝑥𝑘 = 𝐻𝑇𝑅−1 [𝑧 – ℎ(𝑥𝑘)]                                 (3.6) 

where 𝐺(𝑥) = 𝐻𝑇𝑅−1𝐻  is the gain matrix [4]. The NE technique is a conventional 

technique for solving the state estimator. The main advantage of the NE approach is that 

it can be readily solved to obtain ∆𝑥𝑘 using an ordinary triangular factorisation. The 

final solution is obtained when the change between successive states is less than a pre-

defined tolerance (τ) [27]. 

The observability of the power system is associated with the measurement 

redundancy. The global redundancy is the ratio of the number of the measurements to 

the number of the state variables (i.e. m/n). This ratio should be higher than unity for a 

system with redundant measurements. On the other hand, the local redundancy refers to 

the number of measurements associated with a specific bus. If the measurements are 

very limited, the global redundancy tends to be unity, which indicates that each 

measurement provides essential data. The case of no redundancy creates a square 

Jacobian matrix, which diminishes the effect of the weighting matrix, as the gain matrix 

becomes HTH. This situation results in an unstable state estimator and, in many cases, it 

gives an intrinsically ill-conditioned solution. However, the solution of (3.6) exists only 

if the gain matrix is invertible. In other words, the Jacobian, and thereby the gain 

matrix, should be full-ranked. The full rank of the gain matrix should be equal to the 

number of state variables (n) [27], [5]. In practice, this condition turns out to be 

insufficient due to the association of various perturbations with the NE approach [69], 

[38]. 
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3.2.2 The Construction of the Gain Matrix 

The ill-conditioning problem is related to the structure of the gain matrix itself. 

In this context, several approaches [89], [51] have been proposed to solve this problem 

by avoiding the gain matrix and/or its inversion. One of the traditional techniques for 

handling ill-conditioned NE is the orthogonal factorisation (QR) method [83], [52], 

[84]. In the QR method, the Jacobian matrix is factorised into a square-orthogonal 

matrix 𝑄 and an upper triangular matrix (R). The QR decomposition avoids the sensitive 

gain matrix and creates a relatively stable state estimator. Nevertheless, this approach 

may suffer from sparsity because the Q matrix is denser than the G matrix [83]. 

Therefore, the SVD approach has been employed to avoid the direct inversion of the 

gain matrix and/or to regularise the gain matrix. 

The regularisation of the coefficient matrix with the aid of SVD can be used in 

different applications for solving the ill-conditioning problem [21], [97]. The G matrix 

can be rewritten as a product of the orthogonal matrices U, V and an n × n diagonal 

matrix Λ containing singular values with non-negative entries as follows: 

𝐺 =  𝑈𝛬𝑉𝑇                                                    (3.7) 

𝐺 = 𝑈 [

𝜆1 0 …
0 𝜆2 …
⋮ ⋮ ⋱

0
0
⋮

0 0 … 𝜆𝑓

] 𝑉𝑇                                         (3.8)

where 𝜆𝑖  refers to the singular values (the diagonal entries of Λ) and f is the full-rank 

index. The inversion of the gain matrix can be processed using SVD as follows [97]: 

𝐺−1 = 𝑉𝛬−1𝑈                                                                            (3.9) 

where 𝛬−1 is a diagonal matrix that includes the reciprocal of the singular values 𝜆𝑖 as 

its diagonal entries. Accordingly, if there are zero singular values, the gain matrix will 

be rank deficient which creates a non-invertible matrix. This deficiency rate is equal to 

the number of zero singular values. 

It is clear from (3.9) that this approach increases the storage requirements of the 

decomposed coefficient matrix and thus has the same drawback as the QR method 

because the new coefficient matrix (𝑉𝛬−1𝑈) contains three matrices of the same size as 

the gain matrix. In addition to the tripled size, the ratio of nonzero elements also 
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increases in this approach. Moreover, SVD results in an approximate solution as the 

zero singular values are neglected to prevent singularity [21], [97].  

Likewise, the linear state estimator uses the pseudoinverse of the gain matrix to 

handle the problem of the invertible matrix. The linear state estimation also aims to 

reduce the effect of round-off errors by using non-iterative state estimator [28], [42]. 

However, using a direct estimator for processing nonlinear measurement sets can lead to 

an approximate solution. Moreover, the linear state estimation requires more 

measurements to implement the solution, which adds burden on the distribution system 

state estimation [30]. 

3.2.3 Measurements Limitation in Distribution Systems 

 A deficiency of measurements can occasionally be noticed in high-voltage 

transmission grids, but it is a predominant situation in distribution systems. Therefore, 

distribution systems rely on ampere measurements (current measurements) instead of 

power measurements. Ampere measurements provide only current magnitudes, which 

creates a lack of measurements that support the estimation of the phase angles [35], 

[39].  

The available solutions to overcome the deficiency of real-time measurements 

are based mainly on employing virtual measurements and pseudo-measurements. Zero-

power injection is an example of virtual measurements, while pseudo-measurements can 

be provided using historical data and load forecasting studies. Zero-injection 

measurements are commonly utilised in the transmission systems for substituting real-

time measurements. However, it is known that the inclusion of these measurements may 

lead to an ill-conditioning situation because of the high weights of these measurements 

[27]. In this context, a set of alternative solution methods suggests treating the virtual 

measurements in such a way as to reduce the detrimental effect. The alternative methods 

include the NE with equality constraints (NE/C) [87], the augmented Hatchel's matrix 

[101] and the blocked formulation method [88]. The target of these methods is to model 

the virtual measurement set separately as an explicit constraint set to avoid affecting the 

Jacobian matrix. The constraint set represents the highly weighted virtual injection 

measurements that are separated from ℎ(𝑥) in this category of solution methods. 

Accordingly, the new coefficient matrices become larger than the original gain matrix.  
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The problem of ill-conditioning due to virtual measurements is solved in [95] 

using the Tikhonov regularisation method. The Tikhonov method extends the gain 

matrix by adding a separate block for injection measurements and minimises the 

difference between the right-hand side and left-hand side of the normal equation with 

the aid of SVD. However, this approach uses a plotting method (L-curves) and Monte 

Carlo analysis to select the best regularisation factor, which affects its accuracy and 

complicates the solution [95].  

It is necessary to mention that the solution techniques of the above group have 

been developed to address the effects of virtual and pseudo-measurements. 

Consequently, methods of this group may not guarantee an efficient performance when 

dealing with different conditions (e.g. the case of the next subsection). 

3.2.4 High Ratio of R/X in Distribution Systems 

It is observed that the diagonal elements dominate the gain matrix of the 

transmission system state estimator and the R/X ratios of the distribution systems are 

much higher compared to those of the transmission system. This situation deteriorates 

the diagonal elements of the gain matrix, which are supposed to be dominant for a 

positive definite matrix. The effect of the R/X ratio on fast decoupled load flow studies 

of distribution grids has been reported in [79] due to the direct relation of the former 

with the coupling of (P-θ) and (Q-|U|). However, the Jacobian of the state estimator is 

built using measurement sets that are different from those used for load flow studies. 

Nevertheless, this feature makes the decoupled state estimation obsolete, although it is 

still widely employed in transmission systems [50]. 

3.3 The Proposed Method 

In the proposed method, the NE approach is modified to overcome the ill-

conditioning problem and to address the deterioration caused by the high R/X ratios. 

Thus, a regularisation process is proposed for recovering the influence of the R/X ratio 

on the diagonal dominance of the coefficient matrix (gain matrix). Accordingly, the 

main diagonal of the gain matrix is supported by adding a small positive value known as 

the epsilon factor to offset the degradation. This process produces a regularised WLS 

state estimator via the NE, and it consists of the following tasks: 
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3.3.1 Selection of the Epsilon Factor 

The status of the coefficient matrix is diagnosed by examining the rank of the 

gain matrix. This examination is implemented with the aid of SVD by checking whether 

the Λ matrix contains zero singular values. For circumventing the effect of roundoff 

errors, any singular value equal to or less than 2.22×10-16 is considered as zero to 

determine the rank deficiency. The value of 2.22×10-16 refers to the machine epsilon of 

a double precision number, according to the IEEE 745 standard [102], [103]. If 𝜆𝑚𝑎𝑥 

represents the maximum singular value obtained from the SVD analysis and eps 

represents the machine epsilon, the regularisation factor is given by:   

𝐸𝑝𝑠𝑖𝑙𝑜𝑛𝑓𝑎𝑐𝑡𝑜𝑟 =  𝜆𝑚𝑎𝑥 × 𝑒𝑝𝑠                                (3.10) 

The regularisation factor contains a fixed part (eps) and a variable term (𝜆𝑚𝑎𝑥). 

Hence, it is adaptable to the conditioning level and thus can be an effective regularising 

value. Nevertheless, it is still much less than unity in most cases due to the tiny value of 

eps. Consequently, there is no substantial effect on the accuracy of the state vector. On 

the other hand, the regularisation process is unified; i.e. the same value is added to all 

the diagonal entries. Hence, the proposed regularisation is a straightforward process. 

3.3.2 Threshold Condition Number 

The decision of whether the state estimator is well-conditioned or ill-conditioned 

is based on the value of the condition number [27], [76], which is a measure of the 

sensitivity of the gain/coefficient matrix and calculated as follows: 

𝜅(𝐺) =  𝜆𝑚𝑎𝑥/ 𝜆𝑚𝑖𝑛                                              (3.11) 

where  𝜆𝑚𝑎𝑥 and 𝜆𝑚𝑖𝑛are the maximum and minimum singular values respectively 

which are obtained from the SVD. The condition number is close to unity for a well-

conditioned matrix, infinity for a singular matrix, and very high for an ill-conditioned 

matrix [76].  

The process of adding the epsilon factor to the principal diagonal depends on the 

severity of the ill-conditioning and the level of numerical instability. The authors in 

[76], [102] suggested a condition number of 1012 for unstable systems and 1014 for ill-

conditioned systems. The number of 1012 is calculated in [50] according to an accuracy 

tolerance of 10-4 and a machine epsilon of 1×10-16. Thus, if the machine epsilon used in 
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this chapter is (2.22×10-16), the threshold condition number will be approximately 

0.5×1012 for an unstable system, which is half the value proposed in [103] (i.e. a more 

secure cut-off value). 

3.3.3 Algorithm of the Proposed Method 

The main steps of the proposed algorithm resemble the conventional WLS state 

estimator by the NE approach, except steps 5–10: 

Algorithm 1: Proposed regularisation method 

1. Initialise state vector xk for a flat start (|V|= 1 & θ =0), 

          and Set tolerance τ and the iteration counter k. 

2. while 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 > 𝜏 do:    

3.            Construct the Jacobian matrix, H 

4.            Compute the gain matrix 𝐺 = 𝐻𝑇𝑊𝐻 

5.            Calculate the condition number 𝜅(𝐺) 

6.            if 𝜅(𝐺) < 0.5×1012 go to step 11; else 

7.                Do SVD.  

8.                Determine λmax, and compute Epsilon factor. 

9.                Construct the regularised G matrix using the 

               Epsilon factor. 

10.          end if 

11.          Solve (5) for ∆𝑥𝑘 

12.          Update 𝑥𝑘+1 = 𝑥𝑘 + ∆𝑥𝑘 

13.          Set 𝑘 ←  𝑘 + 1 

14. end while 

 

Alternatively, if there is a concern about the explicit ill-conditioning situation, a 

condition number of 1014 can be chosen as a decision criterion. However, a condition 

number higher than 1014 usually refers to a rank-deficient matrix. Therefore, the 

decision can be made without checking the condition number of the gain matrix, as the 

rank status can be predicted by analysing the Jacobian matrix directly. Thus, the 

operator needs to choose whether to proceed with the conventional algorithm of the NE 

approach or to regularise it. Accordingly, the second scenario of the proposed method 

needs only the SVD for achieving the required regularisation procedure which becomes 

simpler and more explicit. Algorithm 2 shows the direct regularisation process in the 

case of extreme ill-conditioning.  
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Algorithm 2 

1: Initialize. State vector 𝑥𝑘 for flat start (|V|= 1 & θ = 0), tolerance τ and set the 

iteration counter k = 0. 

2: while   𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 > 𝜏  do     

         3: Construct the Jacobian matrix 𝐻𝑥 ; 

         4: Calculate the Rank of the Jacobian; 

         6: if Rank = n (full-rank) go to step 11; else 

                 7: do SVD;  

                 8: determine λmax, then compute Epsilon factor; 

                 9: construct the regularized gain matrix by adding 

                     the Epsilon factor.   

                    10: end if  

          11: Solve (5) for ∆𝑥𝑘; 

        12: Update 𝑥𝑘+1 = 𝑥𝑘 + ∆𝑥𝑘; 

        13: Set 𝑘 ←  𝑘 + 1. 

14: end while 

In the proposed algorithm, the computation of the eigenvalues and eigenvectors 

of the coefficient matrix are not required. Instead, only the Λ matrix is required to obtain 

the singular values. For evaluating the performance of the proposed method and 

exploring the effect of the regularisation parameter, the variances of the estimated states 

are calculated with and without the proposed algorithm. The state estimation variances 

refer to the difference between the estimated states and the true states. The individual 

SE variance is computed from the inversion of the gain matrix as shown in (3.12). 

However, the total SE variances of (3.13) are adopted, in this chapter, to assess the 

improvement of the state estimation accuracy instead of the individual variances. 

𝑆𝐸𝑣𝑎𝑟 = 𝑑𝑖𝑎𝑔(𝐺
−1)                                                (3.12) 

𝑆𝐸𝑇𝑜𝑡𝑣𝑎𝑟 = ∑ 𝑆𝐸𝑣𝑎𝑟
𝑛
𝑖=1                                              (3.13) 

3.4 Simulation Tests 

The U.K. 18-bus system and a 33-bus radial distribution system are used to 

evaluate the performance of the regularised solution method of state estimation. The 18-
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bus system is a low-voltage radial distribution system with two DGs, as shown in Figure 

3.1. Most of the power lines of the 18-bus grid have R/X ratios greater than one [104].  
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Figure 3.1. The U.K. 18-bus test system 

The radial 33-bus distribution system of Figure 3.2 has no distributed generators 

and thus has limited measurement sets [105]. The proposed method is simulated on 

MATLAB R2016a, and the results are compared with existing methods [83], [53], [21]. 
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Figure 3.2. The radial 33-bus test system 
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3.4.1 Structure and Computational Complexity 

The performance of the proposed method is assessed in this test by comparing it 

with the conventional approach regarding the required storage memory. The 

sparsity/density of the coefficient matrices is examined by computing the ratio of 

nonzero elements in these coefficient matrices. This examination enables us to specify 

which approach needs a larger storage size. The coefficient matrices considered in this 

work are the G matrix of the NE approach, the Q matrix of the orthogonal factorisation 

technique, and Hatchel's matrix of the augmented approach.  

The structure of the coefficient matrix for the proposed method is the same as 

that of the gain matrix, but with slightly larger diagonal elements. Thus, the aim of 

examining the sparsity of the regularised gain matrix can be achieved by observing the 

initial gain matrix of the NE approach.  

In this test, the coefficient matrices are constructed for both test systems 

according to the measurement sets of Table 3.1. The measurement sets are produced 

using the power flow with error variances of 10-6 for the virtual measurements and 10-3 

for the real-time measurements. 

Table 3.1. The measurements set of the test systems 

Measurements 

18-bus system 33-bus system 

Set 1 Set 2 Set 1 Set 2 

|V | 1 1 1 1 

𝑃𝑖𝑛𝑗 18 18 33 33 

𝑄𝑖𝑛𝑗 18 18 33 33 

𝑃𝑓𝑙𝑜𝑤 2 0 4 0 

𝑄𝑓𝑙𝑜𝑤 2 0 4 0 

No. of measurements (m) 41 37 79 67 

State variables (n) 35 35 65 65 

Global redundancy (m/n) 1.17 1.05 1.16 1.03 

  

Table 3.2 provides the number of the elements (nonzero and total entries) of four 

coefficient matrices for both test systems. It can be observed that the coefficient 

matrices of the conventional solution methods have more nonzero elements than the 
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gain matrix of the proposed regularised NE method. Further, Table 3.2 includes 

Hatchel’s matrix for the category of equality constraint methods as a reference for other 

solution methods. The NE/C, blocked formulation, and Tikhonov regularisation 

methods [95] follow the Hatchel augmented method [53] regarding using a separate 

block for the injection measurements. However, the sizes of the coefficient matrices are 

larger than that of the gain matrix for both systems. 

Table 3.2. The structure of the coefficient matrices of the test systems 

Coefficient matrices/Methods 

18-bus system 33-bus system 

Total 

entries 

Nonzero 

entries 

Total 

entries 

Nonzero 

entries 

Gain matrix (NE approach & the 

proposed method) 

1225 349 4225 597 

Q matrix (Orthogonal 

factorization) 

1225 1056 4225 3527 

Hatchel’s augmented matrix 5329 434 9604 1569 

Sum of (U+Λ+V) (SVD method) (3×1225) 

=3675 

2485 (4225×3) 

=12675 

8515 

 

Thus, it can be concluded that the NE approach is the least expensive approach 

regarding the complexity of implementation. Therefore, the proposed method aims to 

take advantage of the conventional NE approach by maintaining the size of the gain 

matrix and its sparsity rate. 

For illustrative purposes, Figure 3.3 demonstrates the sparsity pattern of the 

coefficient matrices of two SE solution methods for the 18-bus system. The blue dots in 

Figure 3.3 refer to the nonzero entries, while the white blanks indicate the zeros. The 

percentage of nonzero entries reflects the density of the coefficient matrix, which 

indicates the required storage size and the computational cost of the corresponding 

solution method.  

In Figure 3.3(a), the percentage of nonzero entries in the regular gain matrix, 

which is obtained by dividing the numbers given in Table 3.2, is only 28.49% [equals 

(349/1225)] whereas, Figure 3.3(b) refers to a dense Q matrix with a percentage of 

86.94%. Therefore, it can be stated that the QR approach needs more storage space than 

the NE approach. 
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Figure 3.3. Sparsity patterns of: (a) the gain matrix; (b) the Q matrix of orthogonal 

factorisation method 

3.4.2 Impact of R/X Ratio on the Diagonal Dominance 

The impact of the R/X ratio on the dominance of the diagonal elements is 

investigated here. A higher R/X ratio of the distribution feeders negatively affects the 

diagonal dominance of the gain matrix. Figure 3.4(a) represents the values of the 

diagonal elements for the initial case of the R/X ratio of the 18-bus system. Figure 

3.4(b) indicates the new values, obtained when using a resistance equal to six times the 

base value of R while keeping X at the same level (i.e. using the 6(R/X) ratio). The 

dimensions of the gain matrix are (35×35), as demonstrated by its X- and Y-axes. The 

height (Z-axes) represents the values of the gain matrix, including the diagonal entries. 

 

 

Figure 3.4. Entries of the gain matrix of the 18-bus system for (a) the base case of (R/X); 

(b) the case of 6(R/X) 

(a) (b) 

(a) 

 

(b) 
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 It can be observed from Figure 3.4 that increasing R/X ratio has a damping 

effect on the elements of the main diagonal. Thus, compensating this effect is one of the 

main goals of the proposed method. 

3.4.3 Reducing the Redundant Measurements 

The effect of measurement redundancy is investigated to achieve the goal of 

reducing the size of measurement sets by utilising the proposed solution method. The 

second measurement set (Set 2, shown in Table 3.1) has a low redundancy factor (~1) 

compared to the first measurement set. The low level of measurement availability in Set 

2 leads to an unstable solution for the test systems. In the second set, the active/reactive 

power flow measurements are removed from the measurement sets of the two test 

systems (due to the dependence on the ampere measurements). Hence, the SE of the test 

systems gains higher condition numbers. In this context, the performance of the 

proposed method is tested to determine the ability to reduce the minimum number of 

measurements by maintaining the conditioning level simultaneously.  

The deleterious effects of the limited measurements can be reduced either by 

installing more measuring devices or by using the alternative method that is proposed 

here to enhance the numerical stability. Table 3.3 provides a summary of the results 

obtained by applying the proposed method to two measurement sets. This table provides 

the condition numbers and measurement reduction number (MRN) corresponding to 

each measurement of Table 3.1. 

Table 3.3. Comparing the condition numbers and the MRN for two cases 

Systems/Methods 

Condition numbers for the 

measurement sets 

Set 1 Set 2 

18-Bus 

NE Method 2.867×107 1.668×109 

Proposed Method 4.019×105 3.012×107 

MRN --- 4 

33-Bus 

NE Method 6.832×1010 3.247×1014 

Proposed Method 2.160×107 7.214×1010 

MRN --- 8 

 

The MRN quantifies the amount of reduction by subtracting the number of 

measurements required for the new condition number from that of the original sets of 

Table 3.1. The shaded condition numbers refer to the reduction rate that can be obtained 
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by the proposed solution method. By inspecting Table 3.3, it can be observed that the 

shaded condition numbers are approximately equal for each test system. Accordingly, 

less redundant measurements can be used with the same conditioning level when the 

gain matrix is regularised. 

On the other hand, the accuracy of the regularised state estimation improved due 

to the reduction of the SE variances. Figure 3.5 shows the SE variance of the 18-bus 

system before and after the regularisation. Significant improvements can be noticed in 

the estimated states (18–35) in addition to some minor improvements in the first 17 

states. However, the total SE variances have dropped from 0.0092 to 0.0060. 

 

Figure 3.5. The SE variances of the 18-bus system 

 

3.4.4 An Extremely Ill-Conditioned State Estimation 

The problem of the intrinsically ill-conditioned state estimator is investigated in 

this section. The 33-bus test system has been used with very limited measurements, i.e. 

without any virtual measurements. It is observed that the measurement redundancy 

becomes very close to unity when only active/reactive power injection measurements 

are used without using any active/reactive power flow data. The global measurement 

redundancy of this measurement set is 67/65 =1.03. Regarding statistics, this SE is still 

an overdetermined problem, which is supposed to be solvable. However, in practice, the 

available set is insufficient to provide a reasonable SE solution as the gain matrix of this 

system is a rank-deficient and severely ill-conditioned matrix. The actual rank is 33, 
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while the full rank should be 65. Thus, there are 32 singular values considered as zero, 

since they are less than 2.22×10-16. Figure 3.6 illustrates the singular values for the gain 

matrix of the 33-bus test system.  

 

Figure 3.6. Singular values of the 33-bus system gain matrix 

Regarding the solution of the WLS state estimator, the lowest condition number 

that can be obtained directly from the gain matrix at the first iteration is 3.48×1019, 

which is the reciprocal of (RCOND = 2.87×10-20). For the iterative WLS state estimator, 

the reciprocal of the condition number of the 33-bus system decreases rapidly from 

2.87×10-20 to zero. Conversely, the condition number increases from 3.48×1019 to 

3.917×10172 and then to infinity. Then, the state estimator terminated without a state 

estimation solution. 

According to the proposed criteria, even the first condition number 3.48×1019 is 

higher than the ill-conditioning level, and the RCOND 2.87×10-20 can be considered as 

zero. Consequently, the system is declared as an ill-conditioned system that has no state 

estimation solution.    

At this level of ill-conditioning, adding the epsilon factor not only ameliorates 

the conditioning of the system but also makes the SE system solvable. Regarding the 

application of the proposed method, the second algorithm that uses the Jacobian rank is 

the preferred procedure in this case. In this situation, SVD fails to provide even an 

approximate solution, and Hatchel’s matrix provides a condition number of 2.798×1018, 

which is also a high condition number whereas, a condition number of 9.148×1011 is 
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obtained from the regularised NE approach. Table 3.4 compares the performance of the 

proposed method with the two other relevant methods. It can be observed that the 

regularisation technique provides a more accurate SE solution, unlike the traditional 

solution methods[83], [53], [21].  

Table 3.4. Comparison of the SE solution performance 

Solution methods Condition No. Total SE variances 

NE approach  3.91×10172 Inf. 

Hatchel’s matrix  2.79×1018 0.0942 

Proposed Method 9.14×1011 0.00428 

 

To examine closeness of the estimated voltages to their true values, Figure 3.7 

demonstrates the voltage profile of the 33-bus before and after applying the proposed 

algorithm. Employing the proposed solution method turns the state estimator of the 33-

bus to be solvable with relatively accurate estimated voltages. 

 

Figure 3.7. The estimated voltage profile of 33-bus system 

The above results indicate significant amelioration and enable the state estimator 

to provide a solution. Hence, the proposed method is powerful for power systems with a 

condition number higher than 1012. 
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3.5 Summary 

A regularisation method is proposed in this chapter as a simple and cost-

effective approach to solving the ill-conditioning problem. The regularisation technique 

is carried out by adding the adjustable epsilon factor to the principal diagonal of the 

gain matrix. However, the proposed algorithm responds in different ways to the ill-

conditioning problem based on the condition number of the gain matrix or the rank of 

the Jacobian matrix. The simulation tests are performed to examine various features of 

employing the proposed regularisation method for solving ill-conditioned state 

estimators. Simulation results verify that the proposed method reduces the redundant 

measurements to an efficient level, improves the SE stability even in an extreme ill-

conditioning situation, and enhances the accuracy of the state vector. Moreover, the 

proposed algorithm can be applied to the modern distribution grids as it performs well 

with the high R/X ratios. On the other hand, the alternative procedure of regularising the 

Jacobian matrix instead of the gain matrix is currently under investigation as there are 

issues with the unified epsilon factor. However, the improvement in normal operation 

cases is still limited and needs to be campaigned with a measurement-based solution as 

being more powerful. 
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Chapter 4 River Formation Dynamics 

(RFD) Approach for Optimal 

Placement of Phasor 

Measurement Units (PMUs) 

This chapter proposes a new metaheuristic algorithm for solving the problem of 

optimal PMU placement (OPP) to achieve a completely observable power system. A 

modified version of the river formation dynamics (RFD) is used for obtaining the 

optimal placement. The objectives are to implement an efficient and adaptable approach 

for determining the minimal number and the optimal locations of PMUs required for 

complete observability. The selected PMUs are used to fulfil a linear state estimation 

that has less computational burden than the conventional state estimator. Moreover, the 

methodology proposed in this chapter considers the presence of zero-injection buses 

(ZIBs) to reduce the number of the PMUs. However, the chapter focuses more on the 

significance of selecting the locations of the PMUs over the minimal numbers. 

Simulation tests on IEEE 14-bus, 57-bus, and 118-bus systems are implemented to 

evaluate the performance of the proposed method using linear state estimation, and the 

results are compared with the existing methods. 

4.1 Introduction 

Recent developments in electrical power systems have increased the necessity of 

secure and fully monitored power networks [1]. Thus, the conventional measurement 

system has been supported by phasor measurement units (PMUs) for the last two 

decades. The PMU has modernised power system monitoring by employing a global 

positioning system (GPS) that provides synchronised phasor measurements [25]. The 

PMU has facilitated the operation of power system state estimation, and thereby energy 

management systems (EMS), by providing accurate real-time measurements. 

PMUs can provide the voltage bus they are installed on, and the currents of all 

incident branches to that bus [5].  However, an observable system using only PMUs is 

not a feasible solution, as an advanced meter with its communication channels may not 

be affordable for each power system [106]. Hence, numerous studies [73], [54] have 

been devoted to the task of obtaining the minimum number and optimal locations of the 
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PMUs. This problem is known as the optimal PMU placement (OPP) problem [73]. A 

typical OPP problem involves the determination of the minimum number of PMUs and 

their optimal locations required to achieve a complete observability [47], [107], [108]. 

However, in practice, various functions for using PMUs should be achieved, which 

leads to a multi-objective placement problem. Hence, this challenge requires an efficient 

and intelligent technique for obtaining an optimal solution [108]. The conventional 

deterministic method of integer linear programming (ILP) [74] has been used for 

solving the OPP problem with a set of all possible combinations of PMU placement. 

This approach leads to a significant computational burden, and it is time consuming 

while analysing a large-scale system as its running time increases with the size of input 

data [6]. Moreover, this approach is more complicated while dealing with multi-

objective placement problems even when advanced versions of the ILP such as the 

binary ILP (BILP) and mixed-ILP (MILP) [70] are used. Therefore, most of the recent 

studies tend to utilise metaheuristic methods such as the PSO [109] and the binary PSO 

(BPSO) [110], [111] for solving the OPP problem efficiently. 

This chapter employs a new metaheuristic technique that is used for the first 

time [56] for solving the OPP problem. The river formation dynamics (RFD) is one of 

the nature-inspired algorithms [112] that is employed for solving multi-objective 

problems such as the travelling salesman problem [113]. Thus, a modified RFD is 

suggested for the first time in this chapter for minimising the number of PMUs while 

keeping the entire power system observable as a single island. The PMU-base 

measurement system arises from the proposed method facilitate using the linear state 

estimator of Section 2.7.2, which provides a direct and fast state estimation solution. 

The rest of this chapter is structured as follows. Section 4.2 illustrates the 

different methods of observability analysis for state estimation. Section 4.3 explains the 

algorithm of the river formation dynamics and how the water stream can form its path 

toward the sea. Section 4.4 shows how the RFD technique can be utilised in 

determining the optimal PMU placement for a complete observability. Then, simulation 

results of three case studies are provided in Section 4.5. Conclusions and suggestions 

for future works are presented in Section 5.6. 
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4.2 Analysis of Power System Observability 

Essentially, the problem of PMU placement addresses the complete 

observability of the power system. The observability analysis is usually performed in 

two different approaches, numerical and topological analysis. The complete numerical 

observability of a power system is achieved when the measurement Jacobian matrix of 

(4.1) has a full rank [71]. 

𝑧 = 𝐻𝑥 + 𝑒                                                     (4.1) 

where 𝑧 is the m-dimensional measurement with an e measurement noise vector, and 

𝐻(. ) is the (m × n) measurement Jacobian matrix, where n is the number of the state 

variables. The full rank of the Jacobian matrix is (𝑛 = 2𝑁 − 1), where N is the buses’ 

number. However, this analysis requires computational effort for building the Jacobian 

matrix and checking its rank.  

The topological analysis of observability is a graph-based process; thereby, it 

can be identified without a need for building a Jacobian matrix. If all the nodes/buses of 

a power system are contained in a graph G(N, B), where N is the graph nodes, and B is 

the graph branches, the power system will be topologically observable [71].  

In practice, the complete observability can be achieved using a minimal number 

of measurements when using electrical circuit laws to find the other quantities. That 

means the full tree of a power system can be observed topologically either directly or 

indirectly using information provided by the adjacent buses [25]. The directly 

observable buses are those connected to PMUs, i.e. they are measured directly by the 

PMUs. For simplicity, the zero-injection bus (ZIB) is considered as a directly 

observable bus. Whereas the indirectly observable buses can be deduced using electrical 

circuit laws as follows [71]: 

Rule 1: Any bus that is adjacent to a bus with a PMU is observable since Ohm's 

law can infer its voltage. This rule can be extended to the zero injection buses, where, 

any bus incident to a ZIB is observable if all other incident buses are observable. That 

can be determined using Ohm’s and Kirchhoff’s laws. Additionally, the ZIB itself is 

observable if all its incident buses are observable 

Rule 2: Any branch incident to two observed buses is observable (Ohm’s law).  
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Rule 3: Any branch current can be calculated using Kirchhoff’s Current Law 

(KCL) if all the adjacent branches are known. 

Therefore, electrical circuit laws can be beneficial for covering the lack of 

meters and for achieving a full observability using a minimal number of PMUs. 

 

4.3 Optimisation using River Formation Dynamics 

The RFD is a metaheuristic optimisation algorithm based on the swarm 

population approach. Although the RFD has been suggested for solving optimisation 

problems since 2008 [113], yet this research is the first application of the RFD in power 

systems studies [56]. The RFD algorithm imitates how water drops can form a river 

channel by reducing land altitudes while moving from water sources to the destination, 

that is, from mountains to the sea level [112]. The sea level is the global solution to the 

river formation process.  

The basic algorithm of RFD is based on the nature of water flow. The water 

stream erodes the riverbed along a steep path (reduces land altitudes by carrying soil), 

while it deposits sediment when reaching a flat path or a path with a very low gradient 

[112].  

Like other swarm intelligence techniques, the main algorithm of the RFD 

includes the initialisation stage, the best path searching stage and a stopping criterion 

[114]. A flat environment with same altitudes for all nodes (except the one that 

represents the sea) is assigned to the system’s nodes. Additionally, the number of the 

drops, to be unleashed on the source nodes is selected in addition to the number of 

iterations.  

In the path formation stage, the drops erode adjacent nodes for creating new 

downward slopes/gradient. The progressively decreasing gradients allow the erosion to 

be propagated along the channels. The new group of water drops enforces this solution 

seeking process. The probability of drops to select the next neighbour nodes is based on 

the following probability [112], [115]: 

𝑃(𝑥) = {

𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡(𝑖,𝑗)

∑ 𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡(𝑖,𝑙)𝑙∈𝑛(𝑙)
,    𝑖𝑓 𝑗 ∈ 𝑁𝐾(𝑖)

0,    𝑖𝑓 𝑗 ∉ 𝑁𝐾(𝑖)
                              (4.2) 
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where 𝑁𝐾 refers to the set of graph vertices/nodes and 𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡(𝑖, 𝑗) represents the 

decreasing gradient of the path (i-j) that is calculated as follows.   

𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡(𝑖, 𝑗) =
𝑎𝑙𝑡𝑖𝑡𝑢𝑑𝑒(𝑖)−𝑎𝑙𝑡𝑖𝑡𝑢𝑑𝑒(𝑗)

𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑖,𝑗)
                                 (4.3) 

The necessary process to maintain the path seeking operation toward the sea is 

the erosion process. If the erosion rate in (4.4) increases, the altitude will decrease 

[115].  

𝐸𝑟𝑜𝑠𝑖𝑜𝑛𝑖,𝑗 = 𝑎𝑙𝑡𝑖𝑡𝑢𝑑𝑒𝑖,𝑗
𝑘 − 𝑎𝑙𝑡𝑖𝑡𝑢𝑑𝑒𝑖,𝑗

𝑘+1 

𝐸𝑟𝑜𝑠𝑖𝑜𝑛𝑖,𝑗 = 
𝛼.𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡(𝑖,𝑗)

(𝑁−1).𝑁𝑑𝑟𝑜𝑝𝑠
                                               (4.4) 

where k is the iteration index, α is a parameter, and  𝑁𝑑𝑟𝑜𝑝𝑠 is the number of drops that 

are used for initiating the river formation process. After several iterations, the best path 

is chosen according to the accumulated altitudes of that path. On the one hand, the 

altitude represents the cost of the path. Thus, the low altitude/cost path has the best 

performance as it can reach the sea faster. On the other hand, the worse paths are 

produced due to the deposition on the riverbed that increases the altitude/cost. 

Therefore, the evaluation of the process depends on the accumulated erosion rate. Put 

simply, the main processes of the RFD are as follows: unleash drops, erode path or 

deposit sediment according to the gradient status, analyse paths, and select the one with 

the lowest cost [112]. 

Unlike other metaheuristic algorithms, the RFD can avoid sticking in local 

minima as the water stream successfully overtakes the obstacles by increasing the 

deposition rate, and then the erosion rate alternately, which forms a new channel 

towards the sea. Therefore, it has been applied to solve NP-hard problems; accordingly, 

it should be a promising method for OPP problems [112]. However, the current RFD 

algorithm needs modification to be adaptable to the OPP problem. That is due to the 

different nature of the TSP with that of the PMU placement problem. Regarding the 

TSP problem, the water drops need to traverse one city/node in each step. This process, 

if applied to a power system, will create a system with PMUs equalling the number of 

its nodes/buses. Therefore, the drops should traverse more than one (two or three) 

successive branches/lines in each step. The number of the branches to be visited once is 

identified according to the desired measurements redundancy, i.e. whether each bus 



 

81 

needs to be observed by one PMU or more. This process reduces the required number of 

PMUs dramatically for achieving a complete observability.  

Another modification is related to the erosion rate of (4.4). This rate is 

responsible for producing a new altitude at each iteration. Thus, it should reflect the 

constraints of the OPP problem such as the number of observable buses of each path.  

4.4 PMUs Placement using RFD Algorithm 

Based on the three rules of the aforementioned topological observability, the 

required number of PMUs can be reduced with the presence of ZIBs. Thus, a complete 

observability can be achieved using minimal PMUs.  

Regarding the observability analysis, the connectivity matrix that demonstrates 

the topology of the power system should be prepared first. In the following formula, 𝐶 

represents the connectivity matrix that is based on the admittance matrix as follows:   

 

𝑐𝑖,𝑗 = {
 1 ,                𝑖𝑓 𝑖 = 𝑗𝑜𝑟  𝑖 𝑎𝑛𝑑 𝑗 𝑎𝑟𝑒 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑
0 ,                                                      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒    

 

 

The observability objective function is formulated as follows: 

𝑚𝑖𝑛∑ 𝑥𝑖
𝑁
𝑖=1                                                      (4.5) 

𝑠. 𝑡.   𝐶. 𝑋 ≥ 1⃗ 

𝑋 = [𝑥1, 𝑥2, … , 𝑥𝑛]
𝑇 

𝑥𝑖 ∈ {0,1} 

where x is a decision vector whose entries are zeros and ones based on the presence of 

PMUs, and 1⃗  is an identity matrix that refers to the number of times a PMU observes 

each bus. However, it can be extended to be greater than ‘1’ for a higher redundancy 

rate or for obtaining more reliable placement configuration. The final solution of PMU 

placement problem is based on the number of ones that appear in the X vector. 

The above constraint 𝐶. 𝑋 ≥ 1⃗  indicates the required solution of each part/path of 

the system while the following fitness function combines the whole constraints. The 

optimal solution should satisfy the f(x), which has a natural number value. 
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𝑓(𝑥) = 𝑁 − 𝑁𝑜𝑏𝑠𝑣 = 0                                           (4.6) 

𝑁 = 𝑁𝑜𝑏𝑠𝑣                                                      (4.7)  

where  𝑁𝑜𝑏𝑠𝑣 refers to both directly and indirectly observed buses. The right-hand side of 

(4.7) can be extended as follows: 

𝑁𝑜𝑏𝑠𝑣 = (𝑁𝑃𝑀𝑈
𝑂𝑏𝑠𝑣 +𝑁𝑍𝐼𝐵

𝑂𝑏𝑠𝑣 +𝑁𝐼𝑛𝑑𝑖𝑟𝑒𝑐𝑡𝑙𝑦
𝑂𝑏𝑠𝑣 )                              (4.8) 

where 𝑁𝑃𝑀𝑈
𝑂𝑏𝑠𝑣 and 𝑁𝑍𝐼𝐵

𝑂𝑏𝑠𝑣 are the number of buses monitored directly by PMUs or ZIB 

data respectively. The third term of (4.8) represents other buses that are neither ZIBs nor 

PMU buses, but can be determined using the available data of the PMUs and ZIBs. 

Equations (4.6) and (4.8) grow reversely. This feature can be used to modify the erosion 

rate of (4.5) by making the parameter α equals to 𝑁𝑜𝑏𝑠𝑣 of the path.  

Based on the above derivation, the main steps of utilising the RFD  to the PMU 

placement problem are as follows: 

Step 1: Prepare the connectivity matrix, C. Assign water drops for all buses of the 

power system and initiate the movement for the first iteration randomly. Set the 

maximum iteration number and start the iteration counter. Assign the altitudes of the 

nodes, which are the same for the first movement. In each movement, the drops should 

traverse three adjacent branches successively due to the observability condition that at 

least one PMU should observe each bus. The selection of the next bus follows (4.3). 

Step 2: Evaluate the drops’ sub-tours (tours of only three branches and four 

nodes) regarding the number of the observed buses. The evaluation at this stage depends 

on (4.5) by examining 𝐶. 𝑋 ≥ 1⃗ . Identify the tour that has the maximum number of 

observable buses. The path of the best tour so far is reinforced by assigning more 

erosion rate at the next iteration.  

Step 3: Repeat steps 1 and 2 for exploring the whole system and update the 

erosion rate using (4.4). The accumulated sum of (4.8) will be increased to reach the 

number of buses. 

Step 4: Repeat step 3 and analyse the paths continuously by examining (4.6), 

which should be zero ultimately. Check the PMU numbers and the accumulated number 

of observable buses in the PMU configurations so far. The ultimate altitude should be 

zero as (4.3) and (4.6) state. According to this criterion, select the optimal placement 

configuration.   
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According to the above steps, the minimal PMU number can be predicted in 

advance based on the step size of the drops movement. The triple branch movement 

with four nodes creates a PMU configuration with (N/4) PMUs and (B/3) paths; i.e. the 

PMUs will be a quarter of the buses’ number. However, this seems to be an optimistic 

estimation as the structure of the power system may require a larger number of PMUs 

due to the different connectivity schemes. Nevertheless, the proposed method is 

adaptable to different redundancy levels and different constraints relevant to the 

observability analysis. Changing the size of the movement step would be sufficient to 

modify the constraints. 

Regarding the state estimation solution, the approach of Section 2.7.2 of the linear 

state estimation can be used with the PMUs-based measurement system that has 

resulted from the proposed method.  

4.5 Case Studies and Simulation Results 

The performance of the proposed solution method is evaluated on several IEEE 

tests systems [91]. The details of the test systems relevant to the OPP problem are 

provided in Table 4.1. Moreover, the schematic diagram of one of the test systems, i.e. 

the IEEE 14-bus system, is shown here in Figure 4.1. For all the simulations, the 

number of water drops is set to be equal to the bus number (N), the initial altitude is 100 

for all nodes of the test systems, and the maximum iteration is 20. The tests have been 

implemented using MATLAB R2016a. 

 

Table 4.1. The structure of the coefficient matrices for the test systems 

Systems No. of buses (N) No. of branches (B)  No. of ZIBs 

IEEE 14-Bus 14 20 1 

IEEE 57-Bus 57 80 15 

IEEE 118-Bus 118 177 10 
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Figure 4.1. The diagram of IEEE 14-bus test system 

4.5.1 Optimal PMU Placement without Considering 

ZIBs 

The first case study utilises the 14-bus system for illustrating the ability of the 

proposed method to reduce the required number of PMUs. In the system of Figure 4.1, 

there is one ZIB, which is bus number 7. Without using the information of bus 7, an 

additional PMU could be assigned to that bus instead. Figure 4.2 shows the proposed 

configurations for the PMUs placement without considering the ZIB.  
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Figure 4.2. The PMU configuration using the proposed method without considering ZIB 

The black-filled circles represent the buses with installed PMUs, and hence, they 

are observed directly by the installed PMUs, and the bold blue lines refer to the tree 

connections with the adjacent buses. The other branches are observed indirectly via 

applying electrical circuits’ laws (the thin black lines represent these branches). 

However, the whole nodes can be reached and thus, the entire system is observable (see 

Figure 4.2).  
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The bold lines construct the tree graph of the 14-bus system using four PMUs. 

Either the 14 buses are observed by one PMU or by more than one PMU (buses 5, 7, 

and 9 are observed twice while three PMUs monitor bus 4). Accordingly, the 

measurement redundancy of this placement configuration is 1+1+1+2=5. The redundant 

measurements can be beneficial for enhancing the stability of the state estimation 

process. However, it compromises the installation cost. The configuration of Figure 4.2 

demonstrates the necessity of considering the ZIBs for saving more PMUs and adjusting 

the redundancy level. 

4.5.2 Optimal PMU Placement Considering ZIBs 

In practice, efficient placement methods should utilise the presence of the ZIBs. 

Accordingly, Figure 4.3 displays an observable configuration for the 14-bus system 

using only three PMUs (in buses 2, 6, and 9). The placement of Figure 4.3 resembles 

that of Figure 4.2, but with fewer PMUs and a larger number of indirectly observable 

branches. Knowing that Bus 8 can be reached by bus 7, which is a ZIB (the double-

arrow line refers to that relation). However, as shown in Figure 4.3 and Figure 4.4, the 

buses of the system are included entirely; that is, they can be observed directly by at 

least one PMU (as the proposed algorithm states).   
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Figure 4.3. The proposed RFD-based placement considering the ZIB 

Figure 4.3 demonstrates how the fourth PMU of Figure 4.2 (at bus 7) is 

redundant regarding the complete topological observability. On the other hand, in 

Figure 4.4, all the buses (except buses 4 and 5) are observed by one PMU, which 

achieves the requirements of the proposed RFD algorithm. 
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Figure 4.4. Tree-Graph configuration of the proposed PMU placement 

The triple branch paths are shown in Figure 4.4, which are (paths 2-5-6-11, 2-5-

6-12, 2-5-6-13, 2-4-9-14, 2-4-9-10, and 2-4-9-7). The above paths contain 18 branches 

out of the 20 branches, while the other two branches connect buses 1 and 8. Based on 

Figure 4.4, the validity of the prior prediction of the required number of PMUs has been 

verified. The ratio of PMUs is around a quarter of the number of buses for both case 

studies (with and without ZIB). As is stated above, the minimum number of PMUs for 

the base case is (14/4 = 3.5). The minimum number will be three exactly if the ZIB is 

considered excluding the radial bus 8, ((14-1-1)/4 = 3).  

To explain how far the reduction rate of the PMU number is when applying the 

proposed placement technique, Figure 4.5 delivers an alternative placement scheme that 

is built on a graph-theoretic approach [116]. The configuration of Figure 4.5 contains 

five PMUs for a complete observable system with a ZIB. This number of PMUs is 

higher than any optimal placement method [73] including the proposed algorithm.  
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Figure 4.5. PMUs placement configuration using a graph-theoretic approach 

In Figure 4.5, it is evident that at least one PMU is redundant. Likewise, the 

depth-first search algorithm requires six PMUs for the placement scheme, which may 

lead to an unjustifiable cost when dealing with large-scale networks [117].  
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On the other hand, for presenting the importance of the PMUs’ locations over 

their numbers, Figure 4.6 shows an alternative PMU configuration that can be generated 

by ILP [118] and BPSO [119] methods . 
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Figure 4.6. BPSO-based PMUs placement considering the ZIB  

The configuration of Figure 4.6 reveals a defective PMU placement that splits 

the system into two separate observable islands as shown in Figure 4.7. Moreover, 

several branches in the test system need to be estimated using calculations, which create 

an unreliable monitoring system. Accordingly, the location of PMUs is as important as 

their optimal number as they compose the optimal PMU placement. 
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Figure 4.7. Tree-graph configuration of the BPSO-based placement method 

4.5.3 The performance of the RFD-Based Placement 

method in Large Scale Power Systems 

The performance of the proposed method is investigated on large-scale power 

system networks such as IEEE 30-Bus, IEEE 57-Bus, and IEEE 118-Bus systems, and 

the results are compared with the existing techniques [74]. Table 4.2 provides the 

optimal numbers and locations of PMU placement achieved by the proposed method 

considering the ZIBs. 
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Table 4.2. Numbers and locations of the PMUs considering ZIBs  

Systems PMUs PMUs per Nodes  PMUs locations 

IEEE 14-Bus 14 12 2, 6, 9 

IEEE 57-Bus 57 13 1, 4, 13, 20, 29, 32, 38, 46, 50, 54, 56 

IEEE 118-Bus 118 11 5, 12, 15, 17, 21, 27, 32, 37, 41, 43, 45, 

48, 49, 56, 66, 70, 80, 83, 87, 91, 92, 93, 

96, 105, 107, 109, 115, 118 

 

As seen in Table 4.2, the number of the required PMUs grows at a relatively low 

rate compared to the growth of the system size as the numbers of ZIBs cover the lack of 

more PMUs. However, the significant rate is that of the number of installed PMUs to 

the number of buses (PMUs per nodes), which is still less than a quarter in all of the 

above tests.  

 In Table 4.3, the simulation results are compared with few existing methods of 

the PMUs placement problem. As shown in Table 4.3, the proposed approach performs 

better than other methods in large-scale systems as the installed PMU numbers are 

lower than others. 

Table 4.3. Comparison of the PMUs’ numbers of different OPP methods  

Systems IEEE 14-Bus IEEE 57-Bus IEEE 118-Bus 

Graph-Theoretic [71] 5 19 38 

Branch & Bound [120] 3 16 32 

Genetic Algorithm [121] 3 12 29 

Integer Programming [25] 3 12 29 

BPSO [119] 3 13 29 

Proposed RFD-Based 3 11 28 
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4.6 Summary 

In this chapter, the RFD optimisation technique is applied to deal with the 

infrastructure of the power systems’ state estimation. Taking into account the properties 

of the electric circuit laws, the optimal PMU placement problem is to find the minimum 

number of PMUs (and their optimal locations) to observe the entire power system. In 

addition to the main optimisation goal (minimising the number of PMUs), it is also 

important to maximise the observability status. Hence, it is better to observe each bus 

by as many PMUs as possible so that the impact of a possible PMU failure is 

minimised.  

As all buses are to be observed, the paths of the RFD from each bus to a PMU 

need to be obtained. Thus, drops rain at all the buses, and each drop follows its own 

short path: each drop can only traverse up to three nodes, representing the maximum 

distance from a bus to a PMU. When all the drops have finished their respective paths, 

the quality of the solution is evaluated, and then the erosion takes place. Afterwards, it 

rains again at all the buses, repeating the process for a given number of iterations. 

 In order to assess the usefulness of the placement algorithm, the performance of 

the proposed approach is compared with the existing methods [73] for the same 

instances. The proposed RFD algorithm can be extended to other multi-objective 

placement problems considering contingency constraints and PMUs failure since there 

is a significant opportunity for improving the basic RFD. Furthermore, as the proposed 

method is a branch-based algorithm, it can be applied, with some modifications, to 

radial distribution grids, which is currently under investigation. However, the placement 

technique proposed in this chapter needs improvement in addressing the potential 

problem of linear dependency among the existing measurements and the new PMUs. 

The next chapter proposes an alternative placement method for PMUs considering the 

existing measurements.  
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Chapter 5 Incremental Placement of 

PMUs for enhancing Power 

System State Estimation 

This chapter points out the drawback of the optimal placement algorithm of 

PMUs that are based only on the configuration of the power system network. A critical 

review to the existing studies of PMUs placement algorithms is included, and it is 

shown that there is a lack of comprehensive placement techniques that consider: firstly, 

the existence of traditional power meters in the power system, and secondly, the 

interference with the performance of the state estimator. Furthermore, this chapter 

proposes a new algorithm for solving the problem of PMU placement for improving the 

numerical stability and the accuracy of the state estimator. The proposed method adopts 

an incremental strategy assigns minimal numbers of PMUs to power systems that are 

already monitored using conventional power meters. The proposed placement method is 

adaptable and efficient in determining the optimal locations of the required PMUs to 

improve the state estimation performance. Simulation tests using IEEE 14- and 30-bus 

systems are carried out to verify the performance of the proposed algorithm. 

5.1 Introduction 

The conventional measurement set is provided by the power (real/reactive) 

meters, the voltage meters, and the current magnitude meters. If the existing 

measurements are sufficient to estimate the state of each bus, the system is declared to 

be observable, and the state estimator is solvable [71]. The traditional state estimator 

receives the telemetry measurements via SCADA system. However, the conventional 

meters are not efficient regarding the robust power system monitoring, the contingency 

conditions, and the dynamic state estimation.  Furthermore, the recent developments 

such as the interconnected power networks, the active and smart distribution grids, and 

the initiation of the distribution management system (DMS) boost the necessity for fully 

monitored power networks [25]. Hence, the phasor measurement units (PMUs) are in 

demand by most of the power systems applications in the EMS and DMS [26].  

The PMU provides highly accurate and instantaneous measurements using the 

Global Positioning System (GPS) [26], [65]. However, as shown in Chapter 4, utilising 



 

91 

the advanced PMUs requires optimal placement strategies for determining the optimal 

numbers and locations of the PMUs, i.e., optimal PMU placement (OPP) methods 

[100], [55]. Nevertheless, obtaining an observable power system using only PMUs is 

not feasible realistically as the PMUs, and the satellite communication channels may not 

be affordable for large-scale power systems [19]. Most of the existing OPP studies, 

including the one presented in Chapter 4, lack explicit considerations of the accuracy of 

the state vector and the stability of the WLS estimator [54], [100]. Moreover, the 

existence of traditional power measurements in the power system has rarely been 

incorporated into the algorithms of the OPP approach. Rather, most OPP studies aim to 

redesign the configuration of the meters from scratches, which could be suitable for 

planning studies, but these are not for monitoring and operational activities. The other 

concern is the use of linear state estimators with the PMU-based measurement system, 

which incorporates an approximation process to reduce the computational burden. 

Moreover, as a non-iterative estimation procedure, there is a concern for instabilities in 

systems of high R/X feeders (e.g. the radial distribution systems) [75], [122]. 

Therefore, it is shown that an incremental placement of PMUs in the power 

system can significantly improve the performance of the state estimator and the quality 

of the SE solution [123]. Nevertheless,  the state estimation may deteriorate if 

measurements of the additional PMUs are linearly dependent (collinear) on other 

measurements; that is, if they are correlated with the existing measurements [22]. 

The linear dependency (high correlation) among the measurements may lead to a 

poor numerical accuracy of the state estimator, and thus an ill-conditioned state 

estimator can be created [13], [22]. In this case, small errors of the measurements result 

in a significant deviation from the true state variables [99]. Moreover, the perfect 

collinearity creates a non-unique solution and a rank-deficient Jacobian matrix [5]. 

Hence, the PMU placement method should consider this problem for efficiently  

enhancing the state estimation. Nevertheless, out of the numerous studies [54] of the 

PMUs placement, the few studies is devoted to incremental PMUs placement based on 

sequential elimination for the collinear measurements which require computational 

efforts in the case of large-scale systems [22, 37, 124, 125]. Moreover, most of the 

meter placement studies, and especially the PMUs placement methods [100], have 

issues in identifying the collinear measurements and isolating those measurements from 

the measurements responsible for bad data. Hence, the traditional technique is to insert 

the PMUs on the buses that are associated with the critical measurements. This 
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placement technique can improve the process of bad data detection. However, it may 

fail if the systems have no critical measurements or, in contrast, if the power network 

has a high rate of critical buses.  

This chapter proposes a method of incremental PMU placement to improve both 

the SE accuracy and bad data analysis by targeting the linear dependency among the 

measurements. The proposed placement strategy is based on examining the correlation 

levels of the entire measurements set and excluding the buses with collinear 

measurements from being a candidate to hosting the PMUs. For comparison purposes, 

the existing PMU placement techniques are considered in this chapter. The 

measurement set arises from the proposed method meet the approach of the  hybrid state 

estimator  of Section 2.7.1. 

The purpose of this chapter is to describe the nature of the meter placement 

problem, and it is shown that the proposed incremental placement algorithm fits with 

the nature of the existing measurement set in the power system. Sections 5.2, 5.3, and 

5.4 outline the contentions that arise from the existing studies of OPP and the respective 

responses to the drawbacks of the exclusive PMU-based state estimation. Furthermore, 

a critical comparison among the objectives of the most popular papers is presented to 

address the OPP problem. Sections 5.5 to 5.7 explore the problem of collinear 

measurements and its impact on the numerical stability of the state estimator. Based on 

the characteristics of the measurements, an incremental PMU placement is presented to 

select the locations and the number of the PMUs in such a way that avoids creating 

multicollinearities among the meters in the power system. The simulation tests on the 

proposed placement method using two test systems are introduced in Section 5.7 

followed by the summary of the chapter in Section 5.8. 

5.2 Conventional Power System State Estimation 

The conventional state estimation is solved by using a weighted least-squares 

(WLS) estimation problem. The estimated states x is the value that minimises the 

following objective function [4]: 

𝐽(𝑥) = [𝑧 – ℎ(𝑥)]𝑇𝑅−1 [𝑧 – ℎ(𝑥)]                                     (5.1) 

where z is a vector of m measurements, ℎ(𝑥) is a vector of measurements as a function 

of state x, and 𝑅−1 is a diagonal matrix whose nonzero entries are the measurement 
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weights. The aim is to obtain the value of the estimated state, x that minimises 𝐽(𝑥). 

This least-squares problem is usually solved iteratively as a sequence of linear least-

squares problems to obtain the following solution for the kth iteration:  

𝐻𝑇𝑅−1𝐻 ∆𝑥𝑘 = 𝐻𝑇 𝑅−1 [𝑧 – ℎ(𝑥𝑘)]                                  (5.2) 

   𝐺(𝑥𝑘)∆𝑥𝑘 = 𝐻𝑇 𝑅−1 [𝑧 – ℎ(𝑥𝑘)]                                    (5.3) 

where ∆𝑥𝑘 = 𝑥𝑘+1 − 𝑥𝑘, 𝐻𝑖𝑗 = 𝜕ℎ𝑖/𝜕𝑥𝑗 is the measurement Jacobian matrix of (m × n) 

dimensions, and 𝐺(𝑥) = 𝐻𝑇𝑅−1𝐻 is the gain matrix [4].  The gain matrix must be 

invertible, and the Jacobian matrix is fully ranked for obtaining the state estimation 

solution from (5.3). 

The state estimation performance can also be evaluated by computing the 

variances of the estimated states. The state estimation variances represent the difference 

between the estimated values and the true values, and it can be deduced from the 

covariance matrix as follows [47], [16], [46]: 

𝑆𝐸𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 = 𝑑𝑖𝑎𝑔(𝐺−1)                                         (5.5) 

Thus, highly-accurate meters such as the PMUs can reduce the variances and 

improve the state estimation solution. 

5.3 Objectives of the PMUs Placement 

In the context of the state estimation, the installation cost of the PMUs with the 

required satellite channels must be justified by employing the PMUs to achieve the 

observability and improve the quality of the state vector. Hence, it is supposed that the 

OPP problem is a multi-objective task and this is what the ‘optimal placement’ is 

expected to accomplish [29]. However, this section focuses on the objectives discussed 

in the well-known articles [74], and an intensive search is implemented to explore the 

objectives of the OPP problem appearing in popular placement studies. 

5.3.1 Power System Observability 

Achieving a complete observability for the power systems is one of the main 

objectives of any meter placement algorithm. However, observability is the only 

objective of most of the well-known papers [-]. There are two types of observability, the 
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numerical and the topological observability [108]. The numerical observability of a 

power system is achieved when the measurement Jacobian is a full-rank matrix. 

However, the most common method of examining the observability status is the 

topological approach which is a graph-based process. Hence, the configuration of the 

power system and the connectivity of the buses can indicate the locations of the required 

PMUs. In the context of the graph theory, if all the buses and the lines of a power 

system are included in a graph G(N,B) such that N is the graph nodes, and B is the graph 

branches, the power system is declared observable [106].  

The connectivity matrix is constructed as follows: 

𝑐𝑖,𝑗 = {
 1 ,                𝑖𝑓 𝑖 = 𝑗𝑜𝑟  𝑖 𝑎𝑛𝑑 𝑗 𝑎𝑟𝑒 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑
0 ,                                                      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒    

                  (5.6) 

The OPP algorithm that is followed in most of the OPP studies is as follows 

[55], [118]: 

𝑚𝑖𝑛∑𝑥𝑖

𝑁

𝑖=1

 

𝑠. 𝑡.   𝐶. 𝑋 ≥ E⃗⃗  

𝑋 = [𝑥1, 𝑥2, … , 𝑥𝑛]
𝑇 

𝑥𝑖 ∈ {0,1} 

where 𝑋 is a position vector whose elements are zero and one based on the presence of 

PMUs and E⃗⃗  refers to the number of times each bus is observed by a PMU. The vector E⃗⃗  

can be “1” or more for higher redundancy. The electric circuits’ laws and the zero-

injection buses (ZIBs), if available, can reduce the number of PMUs required for 

achieving the topological observability. The above formulation is named as the 

connectivity-based optimisation (CBO) algorithm in [-]. The above procedure aims to 

obtain a configuration for the PMUs such that it may connect the entire power network. 

Thus, these placement algorithms [-] cannot reflect the problem of the SE accuracy and 

numerical stability. Moreover, the COB approach discards the existing power meters in 

the power system.  
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5.3.2 Contingency Analysis and Measurements 

Redundancy 

Allocating PMUs for facilitating the contingency analysis is not explicitly 

related to the power system state estimation. However, the PMUs placement concerns 

the measurements redundancy, which is related to both quality of the SE and the 

contingency processing. The robust meter placement technique needs to consider the 

contingency conditions such as the outages of PMUs, single line, and multiple lines. As 

far as the existing OPP studies [-] are concerned, the solutions for the contingencies 

include increasing the numbers of PMUs and changing the locations in such a way that 

increases the local redundancy around a few strategic buses in the system [126], [70, 

108]. The local redundancy is accomplished by installing more than one meter for the 

same bus or branch to make that bus/branch observable by more than one PMU. Hence, 

the value of E⃗⃗  in the CBO approach is assigned as 2 or 3 instead of one for increasing 

the redundancy in favour of the contingency analysis. This process is not influential in 

small-size power systems, but it can substantially increase the required number of the 

PMUs in the large-scale systems. Thus, there is a triple relationship which combines the 

observability, contingency analysis, and the redundancy.  

5.3.3 Requirements for Security and Bad Data 

Processing 

The aims of facilitating the bad data detection (BDD) and avoiding security 

attacks are essential for improving the performance of the state estimator. Nevertheless, 

the pioneering methods [1]–[25] of PMUs placement rarely include the above-

mentioned aims as a part of the fitness function of the OPP methods [100]. However, a 

recently developed PMUs placement method [20] considers the BDD processing as a 

condition for the optimisation algorithm [40]. It is observed that these studies [-] come 

under the title of incremental PMUs placement algorithms, not the OPP problem. 

5.4 Case Studies and Comparisons 

An exhaustive survey of the well-known state estimation based PMUs 

placement methods [1]–[25] is done to show the comparison. A comparative study of 25 

of very popular PMUs placement methods is implemented to reveal the compass of the 

optimal placement research. It is observed that the OPP studies of Table 5.1 have 
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dramatically influenced the trends of the optimal placement methods of the PMUs as 

those articles have around 5000 citations collectively.  

Table 5.1. Main objectives of the OPP papers 

Article Observability  Contingency Processing SE Quality  

[106] ✓   

[64] ✓   

[121] ✓   

[127] ✓ ✓  

[128] ✓   

[122] ✓ ✓  

[60] ✓   

[10] ✓  ✓ 

[129] ✓ ✓  

[130] ✓   

[75] ✓  ✓ 

[131] ✓ ✓  

[132] ✓ ✓  

[118] ✓   

[133] ✓ ✓  

[134] ✓   

[126] ✓ ✓  

[65] ✓   

[135] ✓   

[136] ✓ ✓ ✓ 

[20] ✓   

[137] ✓ ✓  

[119] ✓ ✓  

[110] ✓   

[138] ✓   

 

Table 5.1 illustrates the major features of the articles related to this study. The 

main observation is that all the targeted papers in Table 5.1 are interested in the 

observability problem as the objective function of the PMU placement algorithms. 

Moreover, if the objective of contingency analysis is merged with the observability 

implementation as both are based on the connectivity status, 20 papers out of the 25 
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present the observability problem. The other placement objectives that are discussed in 

Sections 5.3.2 and 5.3.3 have a marginal appearance in the pioneer papers above. 

 On the other hand, the algorithm employed in the majority of the papers [10], 

[20], [60], [64], [65], [74], [105], [109], [117], [118], [121], [122], [126] – [138] is the 

connectivity-based placement approach (either the exact CBO method or a modified 

CBO method) as shown in Table 5.1. 

Finally, the PMU-based state estimator is likely used as the linear state estimator 

or a hybrid state estimator when considering the traditional meters. As far as the linear 

SE is a non-iterative process, it avoids the problem of a divergent solution or an 

undefined Jacobian matrix [33]. However, this solution sacrifices the SE accuracy 

because it is based on approximations to the conventional iterative WLS state estimator. 

5.4.1 The OPP: Discussion and Conclusions 

Based on the above comparisons, the strategies of the existing OPP studies lack 

realistic response to the functional requirements of the power system state estimation 

that are outlined in Chaper 1. Therefore, it is recommended that the PMU placement 

algorithms utilise existing power meters efficiently and concern the numerical 

interference among the measurements. Hence, in addition to the observability, the multi-

objective PMU placement methods should fulfil the following requirements and 

objectives [33], [54] : 

• Reducing the number of PMUs required achieving the system’s observability. 

• Increasing reliability at the contingency cases such as the cases of PMU failure, 

communication limitations, single and multiple line outages. 

• Enhancing the accuracy and stability of the state estimation solution and 

reducing bad data.  

• Considering the presence of conventional meters and avoiding the collinearities 

among the conventional and phasor measurements. 

• Considering the configuration of the distribution system networks and the 

existence of the DGs.  
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5.5 Problems of Ill-conditioning and 

Measurements Collinearity in State Estimation 

The solution of (5.3) and (5.4) exists only if the gain matrix is invertible [4]. In 

other words, the Jacobian and thus, the gain matrix should be matrices of full rank. 

However, this is a necessary, but not sufficient condition for an accurate state estimator. 

This insufficiency is because the state estimation is a measurement-based problem, and 

hence, its performance is affected by the characteristics of the available measurements. 

The number, type and locations of the measurement set may create a solvable, but ill-

conditioned WLS estimator [12]. A significant deviation in the state solution when a 

small error in the input data. 

Usually, the state estimation problem is an overdetermined problem, where the 

number of the measurements (m) is larger than the state variables (NS) [6], [15] which 

ensure a complete observability even during line outages, and because of utilising the 

available measurements for other power system activities. Nevertheless, strong 

collinearity among the measurements leads to an ill-conditioning problem, making the 

determinant of the gain matrix close to zero.  

The conditioning  of the NE is determining by computing the condition number 

of the gain matrix [8]: 

𝜅 =  𝜆𝑚𝑎𝑥/ 𝜆𝑚𝑖𝑛 

where λmax and λmin are the maximum and minimum singular values of the gain 

matrix, respectively. The degree of ill-conditioning depends on how small the minimum 

singular value is relative to the maximum singular value. This analysis is based on the 

singular value decomposition (SVD) which can result in both rectangular and square 

matrices. However, determining the small singular values has no relevance to 

determining the presence of a near dependency causing data matrix to be ill-

conditioned. However, determining whether a specific singular value is small relative to 

the maximum singular value is directly related to this problem. Therefore, the condition 

index of each state variables need to be computed as follows [9]: 

𝐶𝑜𝑛𝑑𝐼𝑛𝑑𝑥𝑖 =
λ𝑚𝑎𝑥

λ𝑖
                                               (5.7) 
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In (5.7), the ith condition index (𝐶𝑜𝑛𝑑𝐼𝑛𝑑𝑥𝑖) is the ratio of the maximum 

singular value to the ith singular value. Condition indices larger than 30 refer to near 

dependencies among the rows/columns of the measurements Jacobian, while strong to 

perfect dependencies are associated with condition indices higher than 100. In this 

chapter, (5.7) is applied to the measurement Jacobian matrix for identifying the problem 

early. Accordingly, an exact linear dependency among the rows/columns of the H 

matrix creates zero singular values and large condition indices. Nevertheless, 

identifying the state variables that contribute to multicollinearity is not a direct process 

since the largest condition index does not associate exclusively with the last state 

variables of the SE. Consequently, the variance should decompose into a sum of 

components, so that each one of these components is associated with only one singular 

value, λ𝑖. This process is known as the variance decomposition, and it has been utilised 

in financial studies [16]. This process can be adapted to state estimation operation via 

decomposing the Jacobian matrix into variances that have values between 0 and 1. 

Firstly, using the SVD, the covariance matrix of the SE decomposes into (UDVT) with 

(V ≡ vij). Then, the formula of the variance-decomposition proportion (VDP) is [9],[17]: 

𝑃𝑖𝑗 =
𝜔𝑖𝑗

𝜔𝑖
,      𝑖, 𝑗 = 1,2, … ,𝑁𝑠                                        (5.8) 

where,  𝜔𝑖𝑗 =
𝑣𝑘𝑗
2

λ𝑖
2⁄  and 𝜔𝑖 = ∑ 𝜔𝑖𝑗

𝑁𝑠
𝑖=1  

Equation (5.8) provides the VDPs of the state variables associated with the 

eigenvalue λ𝑖
2 (or singular value λ𝑖). Accordingly, the location of the dependent 

measurement can be identified by the high proportions (larger than 0.5) which 

correspond to the high condition indices (larger than 30). On the other hand, proportions 

lower than 0.5 indicate weak dependencies and thus, they represent the uncorrelated 

measurements. 

5.6 The Proposed Method 

The main objective of the proposed method is to improve the numerical stability 

of the state estimation via reducing both the variances of the estimated states and the 

multicollinearity among the measurements which increases the measurement 

redundancy simultaneously.  
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5.6.1 Algorithm of the Placement Method 

The main steps of the incremental PMU placement algorithm are described as 

follows: 

Step 1: Prepare the measurement set and the connectivity matrix as given in 

(5.6). The connectivity matrix demonstrates the topology of the power system,and 

hence, it is useful for determining the number of branches incident on each bus in the 

system. 

Step 2: Build the measurement Jacobian matrix, and determine the condition 

indices larger than 30.  

Step 3: Implement the variance decomposition using (5.8) and determine the 

VDPs lower than the tolerance proportion of 0.5 associated with the largest condition 

index. The VDPs lower than 0.5 refer to a weak or no dependency. Installing the 

required PMUs in these buses will not deteriorate the measurement system. 

Accordingly, the first list of candidates’ buses is built based on the small VDPs. 

Ranking of these candidates is based on how much they are small. 

Step 4: Run the state estimation and determine state estimation variances using 

(5.5), and compute the condition number of the gain matrix. The second list of 

candidates is built according to the buses that have high SE variances (low accuracy).  

Step 5: Pick the common buses appearing in the two lists of candidates. The 

best candidate is one that has a weak correlation (low VDP) and high SE variance (low 

accuracy). However, the first list could be enough for deciding if there are no other 

constraints for the PMU placement. The buses that have more branches than others are 

preferable when there is more than one list of candidates. Choosing the largest number 

of branches may be useful when installing a PMU with unlimited channels. Even when 

the PMU has limited channels, the above criterion increases the flexibility of 

implementing the optimal configuration.  

Figure 5.1 shows the flowchart of the proposed algorithm. The left-side path 

with black faces represents the mainstream of the algorithm while the right one (in blue) 

is an auxiliary process which is used in case there is no bus with low collinearity. 
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Figure 5.1. Flowchart of the proposed algorithm 

5.6.2 Illustrative Example 

An illustrative example of a 5-bus power system [8] is employed for 

demonstrating the proposed algorithm of incremental PMU placement. As shown in 

Figure 5.2, the 5-bus system already has one voltage measurement, three injection pairs 

of active/reactive power measurements, and five flow measurement (active and reactive 

power flows). Solid blue triangles indicate the injection measurements; a white diamond 

represents the flow measurements, and the solid circle with the letter (V) represents the 

voltage measurement of the slack bus. 

4

5

21 3

Voltage Measurement   
Injection Measurements

Flow Measurements       
V

V

 

Figure 5.2. Diagram of the 5-bus system 
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Table 5.2 is produced by computing the condition indexes and implementing the 

variance decomposition for the voltage state variables, as the proportions of only four 

state variables are considered for simplicity (the reference bus has been excluded). 

Table 5.2. Condition Indices and the VDPs of the 5-bus system 

Condition 

Index 

VDPs of voltages variables 

  Var2        Var3        Var4        Var5 

1.000  0.0026     0.0005     0.0010     0.0006 

2.664  0.0347     0.0098     0.0979     0.1116   

3.579  0.0400     0.6680     0.0191     0.1344   

37.473 0.7497     0.2380     0.6304     0.2614   

 

The largest condition index is 37.47 (shaded and bold-faced), and the VDPs with 

strong dependencies are shown in boldface. These buses should be excluded from the 

list of candidate buses. Note that at least two measurements should be involved in 

multicollinearity. Consequently, only two buses (buses 3 and 5) have a weak correlation 

and they can be adapted to additional PMUs. Accordingly, there are two choices for 

installing the PMU, in bus 3 and bus 5. Selection of any bus fits the proposed procedure. 

However, in large power systems, other constraints may impose upon the final 

selection. Likewise, investigating the response of the variances of angle states, (i.e. 

involving the entire state variables), facilitates the proposed PMU placement. 

Accordingly, the proposed algorithm discards the critical measurement analysis 

and the residual sensitivity matrix as the same output is expected while using the above 

algorithm. Additionally, it is adaptable to different constraints relating to the 

measurements redundancy and the limitation of the communication channels. In the 

above example of implementing the conventional bad-data analysis for this system, no 

critical measurements have been found, and thus, no indication can be obtained from 

this analysis. 
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5.7 Case Studies and Simulation Results 

The performance of the proposed solution method is evaluated using two IEEE 

test systems [18]. The state estimation solution, the SE variance, and the VDPs are 

implemented using a MATLAB R2016. 

5.7.1 IEEE 14-bus Test System 

The first case study is implemented in IEEE 14-bus [18]. As shown in Figure 

5.3, there is one voltage measurements (at bus 1), seven pairs of injection measurements 

and 10 pairs of line-flow measurements. The total number of measurements, m, is 35 

while the state variables, Ns, are 27. Therefore, the state estimation problem of this test 

is an overdetermined problem, and thereby some of these measurements could be 

dependent on other measurements in a particular manner. However, the measurement 

set is a mixture of conventional and phasor measurements and hence, the hybrid state 

estimator that follows the formulation of 2.7.1 is used in this simulation test.  

1

3

45

8

10

1412

116

13

9

2

7

V

 

Figure 5.3. The test system of IEEE 14-bus 

For simplicity, the variance decomposition proportions that are associated with 

the highest condition index are illustrated using Figure 5.4. As shown in Figure 5.4, the 

highest condition index of the state estimator for the 14-bus system is 96.8.  
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Figure 5.4.  VDPs associated with the high condition index 

It can be deduced that the buses with the weakest collinearity are 9, 14, and 10, 

in descending order. The response curve is approximately symmetrical where the values 

of the first 14 variables (voltage states) resemble that of buses 15–28 which are related 

to the angles state variables. Thus, the proportions of 23, 28, and 24 correspond to the 

states 9, 14, and 10 respectively. However, Figure 5.5 illustrates the VDPs correspond 

to the voltage states and the angle states as separate curves. In Figure 5.4, the symmetry 

and the consistency of the VDPs are evident. 

 

Figure 5.5. The splitted VDPs of the 14-bus system 

The different levels of the VDPs for the same variable can be used for ranking 

the candidate buses. Therefore, the bus that has the smallest proportion for both of its 

voltage state and angles state variables is chosen as the first candidate (which is bus 9 in 
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this test). However, in the case of limited PMUs, the priority of the PMUs’ locations 

can be judged by considering the SE variances. Figure 5.5 displays the cumulated SE 

variance for the voltages, angles, and the accumulated SE variances.  

Figure 5.6 shows that the largest SE variances are associated with buses 9, 14, 

and 10 in descending order. Hence, by picking the common buses between the list of 

buses with weak dependency and the buses that have high SE variances, bus 9 should be 

selected, at first, for installing the required PMU. Alternatively, buses 9 and 14 can be 

chosen if two PMUs are required. However, buses 9 and 10 would be chosen if they 

have a larger number of branches, but both combinations are the same. On the other 

hand, by checking the gain matrix of the SE based on the normal equation of (4), the 

condition number is improved from 2.96×106 to 1.155×106, which is less than a half of 

that before installation. 

 

Figure 5.6. State estimation variances of the 14-bus system 

 Based on the above procedure, the PMU placement can be achieved using only 

the first list of candidates, i.e., finding the variance proportion associated with the 

largest condition index is sufficient to select the best PMU locations.  

5.7.2 IEEE 30-bus Test System 

The performance of the proposed method is investigated on large-scale power 

system networks like the IEEE 30-Bus (more details in [18]). The numbers of 

measurements used are 93 (36 injection measurements, 56 flow measurements, and one 

voltage measurement).  
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Figure 5.7 displays how the VDPs correspond to the highest condition index 

which is 383. This condition index (323) indicates a perfect multicollinearity between 

two or more measurements of the 30-bus system.   

 

Figure 5.7. VDPs of the 30-bus test system 

Figure 5.7 shows that the buses of the weakest dependencies are 30, 26, and 29 

respectively. Additionally, it can be observed from Figure 5.8 that the SE error variance 

values indicate buses 30, 26, and 29 as the lowest accuracy buses in descending order. 

Simply, the common buses to be selected for installing two PMUs are buses 30, 26, and 

29. Nevertheless, bus 29 can be discarded when only two buses need to be added since 

the VDPs of bus 29 are not consistent. 

 

Figure 5.8. State estimation variances of the 3-bus system 
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 It can be noticed that the VDP of the angle state variable is higher than the 

tolerance proportion and hence, it will be ranked as a third candidate. The condition 

number of the state estimator is improved from 1.848×106 to 0.837×106 when adding 

three PMUs. 

Like the IEEE 14-bus system, it can be noticed that this candidate list excluded 

the zero-injection buses without any additional constraints to the basic algorithm. This 

function would be a significant feature of other PMU placement methods that concern 

how to exclude the zero injection from the search space of the placement algorithm 

[19].  

5.8 Summary 

An incremental PMU placement algorithm is proposed in this chapter to solve 

the problem of PMU placement for state estimation enhancement.  The condition 

indices and the corresponding VDPs are implemented simultaneously. Thus, the 

proposed technique has a direct process and can be implemented using a simple 

MATLAB code. However, the state estimation variance supports the placement 

decision in large-scale systems.  

Based on the numerical results, the PMU placement illuminates the significance 

of preparing the measurement set to an accurate and stable state estimator. The 

technique is proposed to solve the optimum placement of PMUs in the power systems. 

The effectiveness of the proposed method has been demonstrated using simulation tests, 

and the results show the consistency and the flexibility of the proposed algorithm. 

However, other measurement-based phenomena such as the high-leverage 

measurements need to be considered for achieving a comprehensive placement 

algorithm. Also, the measurement set that is produced by the traditional power meters 

must be involved in the meter placement for state estimation improvement. 
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Chapter 6 Enhancing the State 

Estimation: A Comprehensive 

Meter Placement Approach 

The performance of the power system state estimation is primarily influenced by 

the configuration of meters and the measurements redundancy. Therefore, the 

measurement set needs to be supported by incremental power meters and phasor 

measurement units (PMUs) for improving the quality of the SE solution. However, the 

potential inconsistency between the existing meters and the new meters should address 

the numerical issues such as multicollinearity and the existence of high-leverage points 

(influential measurements). To deal with these issues, an incremental meters’ placement 

algorithm of including PMUs, is proposed in this chapter. The proposed method utilises 

the high leverage points and aims to improve the accuracy along with the numerical 

stability of the state estimation. The Cuckoo search optimisation is used for selecting 

the optimal locations and the numbers of the incremental meters for the placement 

algorithm. The performance of the proposed algorithm is tested on the U.K. 18-bus, the 

IEEE 30-bus, and 118-bus systems and the simulation results show significant 

improvements in the quality of the SE solution. 

6.1 Introduction 

An accurate and stable power system state estimation is essential to the wide-

area monitoring systems and other power applications in the energy management 

system (EMS) [3] and the distribution management system (DMS) [136], [14]. 

Conventionally, the SE is formulated as a weighted least-squares (WLS) problem. The 

WLS state estimator of the power systems is a nonlinear regression that deduces the 

response (the state vector) from the observation set (measurement set) [57]. The 

accuracy of the state vector, which includes complex voltages of all the buses, is 

affected by the number, types, and locations of the meters that provide the configuration 

of the existing meters [54], [15]. The meters that are associated with the power system 

SE includes synchronised phasor measurement units (PMUs), and conventional real-

time meters such as voltage magnitude meters, active/reactive power flow meters, 

power injection meters, and ampere meters [29]. The WLS estimator is prone to 

numerical instability [69] and sensitive to bad data, i.e., erroneous measurements. 
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Therefore, utility companies started equipping the EMS with the advanced PMUs that 

can measure the complex voltages accurately, and transmit the data using GPS [25]. 

Nevertheless, installing such expensive devices with their communication channels 

should follow strategic rules for obtaining efficient configurations [100].  

In the context of the state estimation quality, the configuration of the PMUs and 

the conventional power meters should contribute to an accurate and stable state 

estimation [16], [57]. However, a clear majority of the PMU placement methods [54] 

address only the observability problem and aim to design virtual measurement systems 

that achieve observability using PMUs exclusively. Unfortunately, this choice is likely 

infeasible for two reasons: the large-scale power systems require numerous PMUs that 

may not be affordable; and, the real power systems are almost observable using the 

conventional power meters [16], [46], [139]. Therefore, the utility companies prefer 

incremental meter placement methods that respond efficiently to the state estimation 

requirements using minimal PMUs [16], [139]. Nevertheless, the state estimator may 

produce inaccurate state vectors or even become unsolvable if the incremental meters 

include measurements linearly dependent (collinear) on the existing measurements [36]. 

The collinear measurements yield multicollinearity problems among the measurements, 

which affect the solvability of the state estimator [40], [57]. The other measurement-

based problem is the presence of high influential measurements  [140] that attract the 

regression/estimation solution towards them much higher than the other regular 

observations. Among the various types of influential observations, the high-leverage 

points (HLPs) gained the attention of the researchers [16], [40] as the measurements of 

HLPs are associated with the process of bad data detection (BDD) of the state 

estimation solution [40], [10]. Nevertheless, there is still ambiguity in identifying and 

utilising the good leverage points that can enhance the quality of the state vector [10], 

[141]. The existing state estimation methods [16], [10] are to either discard the leverage 

points or treat the HLPs as critical measurements that should be avoided from the 

placement procedure. However, the analogy with critical measurements cannot reflect 

all the features of the influential measurements as the HLPs can be beneficial to the 

accuracy of the state variables.  

On the other hand, the problems of multicollinearity and the leverage points are 

addressed separately in [16], [139] and in Chapter 5 as well. Abood et al. [57]  

presented the meter placement method considering the multicollinearity problem for 

selecting the number and location of the incremental meters.   
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To the best of the author’s knowledge, only Majumdar and Pal [40] employed 

the HLPs for SE by considering the effect of the HLPs on  the BDD and the security 

attack. However, [40] doesn't consider the configuration of the meters in the context of 

the high leverage measurements and the mutual effect of the collinear measurements 

and the HLPs. 

In contrast, statistical studies [140, 142-144] have achieved crucial steps on 

identifying the HLPs and the sources of the multicollinearity problem. In this context, 

several authors [142-145] proved that the HLPs are the main source for 

multicollinearity and defined a group of observations, which is named as the leverage 

collinearity-influential observations. The collinearity-influential observations can 

change the multicollinearity pattern by creating or hiding collinear measurements in the 

measurements set [142-146].  

An incremental meters’ placement methodology that includes both PMUs and 

conventional power meters is proposed in this chapter to enhance the quality of the state 

vector based on the state-of-the-art diagnostic techniques [142-144, 146]. This chapter 

identifies the high-leverage measurements and presents a meter placement strategy that 

employs the HLPs for the following: (1) to improve the SE accuracy; (2) to facilitate the 

BDD, and (3) to decrease the multicollinearities. The metaheuristic cuckoo search 

optimisation [147] is used in the proposed algorithm to find the optimal locations of the 

incremental meters.  

The rest of the chapter is organised as follows: the mathematical formulation of 

the SE is given in Section 6.2, the proposed method is illustrated in Section 6.3, 

simulation tests and comparisons with the corresponding studies are provided in Section 

6.4 followed by the summary in Section 6.5.  

6.2 State Estimation Solution 

For the given measurement set ( 𝑧) of m measurements, the derivation of the 

state vector (x) of Ns variables [24, 148] is discussed in this section. The state estimator 

is formulated as a WLS problem such that the objective function is: 

𝐽(𝑥) = [𝑧 – ℎ(𝑥)]𝑇𝑅−1[𝑧 – ℎ(𝑥)]
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where, 𝑅−1 is a diagonal matrix which consists of the inverse of the measurement error 

variances along its principal diagonal. If the system is completely observable, the 

Gauss–Newton updates the objective function of (6.2) for the kth iterations as follows: 

∆𝑥𝑘 = (𝐻𝑇𝑅−1𝐻𝑥)
−1𝐻𝑇𝑅−1 [𝑧 – ℎ(𝑥𝑘)] 

where 𝐻𝑖𝑗 = 𝜕ℎ𝑖/𝜕𝑥𝑗 is the measurement Jacobian matrix with 𝑖 = 1,2, … ,𝑚 , 𝑗 =

1,2, … , 𝑛 and ∆𝑥𝑘 = 𝑥𝑘+1 − 𝑥𝑘. The final expression of the WLS estimator is as 

follows: 

𝐺(𝑥𝑘)∆𝑥𝑘 = 𝐻𝑇𝑅−1 [𝑧  – ℎ(𝑥𝑘)]



where 𝐺(𝑥𝑘) = 𝐻𝑥
𝑇𝑊𝐻𝑥 is the gain matrix [128, 148] which is a square and sparse 

positive definite matrix for completely observable systems. The solution of (6.3) exists 

only if the gain matrix is invertible [69] i.e., the measurement Jacobian and the gain 

matrix should be full-rank matrices [5]. However, the conditions discussed in the next 

section are required to achieve a solvable and stable state estimator.  

6.3 Performance of the State Estimation 

6.3.1 Quality of the SE Solution 

It is well known that the existence of the state estimation solution is not 

necessarily associated with a reliable estimation. The state estimator confronts 

challenges that affect its performance even though the system is fully monitored with 

adequate measurements. The WLS-based state estimator is vulnerable to be ill-

conditioned [69] and even unsolvable [69, 116] if the gain matrix is singular or close to 

the singularity. An ill-conditioned estimator leads to significant deviations in the final 

solution even with a small perturbation in the input data. This is mainly because the 

state estimator relies drastically on the accuracy and redundancy [57, 116] of the 

measurement set. 

The assessment of the state estimation stability is based on the value of the 

condition number. The condition number is a measure of the sensitivity of the system to 

erroneous measurements which should be as close as possible to unity. The condition 

number of the state estimator [149] can be defined as: 

𝜅(𝐺)  =  𝜆𝑚𝑎𝑥/ 𝜆𝑚𝑖𝑛
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where 𝜆𝑚𝑎𝑥 and 𝜆𝑚𝑖𝑛 are the maximum and minimum singular values of the gain matrix 

respectively. The numerical sensitivity/stability of the state estimator depends on the 

variation in magnitude of the maximum singular value to the minimum singular value.  

The problem of inaccurate state variables can be evaluated by calculating the 

variances of the estimated states. The state vector errors represent the variances between 

the estimated values and the true values which can be deduced from the gain matrix as 

follows [46, 57]:   

𝑆𝐸𝑣𝑎𝑟 = 𝑑𝑖𝑎𝑔(𝐺
−1)

It is clear from (6.5) that the estimated states are more accurate for smaller 

variances. However, for evaluating the accuracy of the entire state estimator, the total 

SE variances can be used as follows: 

𝑆𝐸𝑇𝑜𝑡𝑣𝑎𝑟 = ∑ 𝑆𝐸𝑣𝑎𝑟
𝑛
𝑖=1                             (6.6) 

 

6.3.2 Collinearity of the Measurement Set 

As there are many power applications which require more meters in the power 

systems, the SE becomes an over-determined problem, i.e., the number of the 

measurements (m) is larger than the state variables (Ns) [21, 139]. This numerical 

phenomenon can be beneficial for achieving the observability during failure of meters. 

Nevertheless, linear dependencies (collinearities) presumably arise among the 

measurements which yield a rank-deficient Jacobian matrix due to the presence of 

dependent rows/columns. Thus, a state estimator becomes unsolvable, in the case of 

perfect collinearity, or ill-conditioned if there are weak collinearities [57, 149].  

However, the correlation reflects the local redundancy of the measurements at 

specific buses. Likewise, the additional meters can readily reinforce the 

multicollinearity problem if there is any dependency among the available measurements 

set.  Therefore, decomposition is required to detect the source of the multicollinearity in 

the measurement sets before selecting the new meters [57, 149]. A replica of the 

financial inflation processing can be used to identify the multicollinearity sources in the 

measurement set which is known as variance decomposition. The variance 

decomposition starts with using the condition index for determining the smallest 
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singular value that is responsible for the large condition number as shown below [57, 

149]: 

𝜅𝑖 =
λ𝑚𝑎𝑥

λ𝑖


where ith condition index (𝜅𝑖) is the ratio of the maximum singular value to the ith 

singular value of the gain matrix. However, the variance decomposition is required as 

(6.7) cannot identify the source of multicollinearity (i.e. the meters have the highest 

collinearities). Therefore, the variances of (6.5) are decomposed into a sum of 

components so that each one of these components is associated with only one singular 

value and the resulting values are called the variance decomposition proportions 

(VDPs). The variance decomposition of the SE is applied to the measurement Jacobian 

matrix by decomposing it into variances whose proportions range from 0 to 1. The 

measurements with VDPs larger than 0.5 and a condition index higher than 30 are 

identified as collinear measurements [36, 149]. The proportions Pij are computed as 

follows: 

𝑃𝑖𝑗 =
𝜌𝑗𝑖

𝜌𝑗
,      𝑖, 𝑗 = 1,2, … ,𝑁𝑠

where 𝜌𝑖𝑗 =
𝑣𝑘𝑗
2

λ𝑖
2⁄   and 𝜌𝑖 = ∑ 𝜌𝑖𝑗 .

𝑁𝑠
𝑖=1  The entries 𝑣𝑘𝑗

2  are computed based on the 

singular value decomposition (SVD). However, the VDPs cannot diagnose the main 

source of the multicollinearity and the relationship with the high influential observations 

[40, 146]. 

6.3.3 Outliers and High Leverage Points 

The other numerical phenomenon that has an adverse effect on the measurement 

set is the presence of the outliers. Each regression process has one or more observation 

that influences the final solution more than other observations [149, 150]. The 

influential measurements may alter the results if they are excluded from the process 

(e.g. in the BDD analysis) [40]. The outliers are located away from the bulk of the data 

either in the observations’ space (i.e. X-outliers that are also known as the HLPs) or in 

the space of the response (i.e. Y-outliers that are called vertical outliers). Figure 6.1 

provides a scatter pattern for the main types of the observations. 
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Figure 6.1. Scatter pattern of typical regression observations 

The leverage measurements can be good or bad data, in that they can enhance or 

deteriorate the SE accuracy. The presence of good leverage points in the measurements 

set can be utilised by the meter placement methods. Nevertheless, the bad leverage 

points mislead the interpretation of the SE solution and disrupt the removal of the bad 

data. However, the detection of the leverage points in an overdetermined estimation 

with redundant measurements may not be a straightforward process due to the potential 

multiple HLPs. However, the traditional measures [67, 150] are based on the Hat matrix 

that is shown in (6.9): 

𝛵 = 𝐻(𝐻𝑇𝑅−1𝐻)−1𝐻𝑇𝑅−1

The diagonal entries of  𝛵 are ranged from '0' to ‘1’ according to the variances between 

the estimated states and the true states. However, statistically, the leverage points are 

defined to be relatively distant from most of the measurements, i.e., it is not necessary 

to reach the unity value. Hence, a suitable threshold is required to identify the leverage 

points. Regarding the cut-off values, Cook et al. [67] suggested 𝜏𝑖𝑖 ≥ 0.5 to be 

associated with HLPs and the twice-the-mean value (2m/Ns) is used by Celik et al. [16] 

as a cut-off value. However, Hadi’s identification method [146], considers the 

(𝑀𝑒𝑑𝑖𝑎𝑛(𝜏𝑖𝑖) + 𝑐𝑀𝐴𝐷(𝜏𝑖𝑖)) as the cut-off value, where MAD is the median absolute 

deviation and c is a chosen constant (2 or 3). Majumdar and Pal [40] used the robust 

Mahalanobis distance with the generalised studentiszed residuals (GSR) to identify the 

low-leverage and the high-leverage points. However, [151] shows that distance between 

leverage points can be greater than unity. Hence, the classical identification of leverage 

measurements, which are the critical measurements, may fail to detect multiple HLPs in 

large-scale systems [16, 67]. Therefore, many papers [146, 152, 153] propose 
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alternative criteria to detect and identify the outliers and the HLPs. Nonetheless, the 

criteria of [146, 152, 153] are based on the Hat matrix such as the following expression 

of Hadi’s method [152] for the HLPs as in: 

𝜔𝑖𝑖 =
𝜏𝑖𝑖

1−𝜏𝑖𝑖


The above formula and other similar approaches [10, 67] suffer from swamping 

and masking phenomena [146]. The swamping effect occurs when non-influential 

observations are identified as influential. On the other hand, the masking effect occurs 

when an influential point is not detected as influential. The observation being masked 

cannot be identified as an influential point unless the masking points are deleted from 

the measurement set. The improved generalised measure of the observations’ influences 

[142] is given below:  

𝜔𝑖𝑖
∗ =

{
 

 
𝜏𝑖𝑖

1 − 𝜏𝑖𝑖
, 𝑖 ∈ 𝐸

1

𝜏𝑖𝑖
,                 𝑖 ∈ 𝐷

 

where D is a deleted set of observations and E is the remaining subset (a sequential 

elimination process is embedded above). The cut-off value of the X-axis that identifies 

the HLPs is computed as in [152]: 

𝑐𝑢𝑡(𝜔𝑖𝑖
∗ ) > 𝑀𝑒𝑑𝑖𝑎𝑛(𝜔𝑖𝑖

∗ ) + 𝑐 𝑀𝐴𝐷(𝜔𝑖𝑖
∗ )

where c is a small integer number  and  

 

𝑀𝐴𝐷(𝜔𝑖𝑖
∗ ) =

𝑀𝑒𝑑𝑖𝑎𝑛{|𝜔𝑖𝑖
∗ −𝑀𝑒𝑑𝑖𝑎𝑛(𝜔𝑖𝑖

∗ )|}

0.6747
  

 

The boundaries of the Y-axis, which are associated with the residuals of the 

measurements, are based on the standardised least trimmed squares residuals (LTSR) 

with  ±√𝜒 1,0.975
2  as the cut-off values [143, 153]. The Venn diagram shown in Figure 

6.2 illustrates the classification of the observations that is based on the Diagnostic 

Robust Generalised Potential (DRGP) [153]: 
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Figure 6.2. Residual pattern of the regression observations 

6.3.4 Leverage Collinearity-Influential Measurements 

Based on the influence of the multicollinearity, the high-leverage collinearity-

influential observations are divided into collinearity-enhancing and collinearity-

reducing observations, and both have good and bad observations [144]. Thus, the 

identification procedure of the influential observations requires a diagnostic plot with 

double-sided cut-off values; one pair belongs to the DRGP while the other pair is 

associated with the residual of the collinearity-influential points. However, the 

identification procedure starts by normalising the condition index of (6.7) as shown 

below [143]: 

𝑙𝑖 = 𝑙𝑜𝑔
𝜅(𝑖)

𝜅
,        𝑖 = 1,2, . . , 𝑚

The high leverage collinearity-enhancing observation is that associated with a 

negative value for (6.12), while a positive value indicates that the ith observation is  

collinearity-reducing. That means the deletion of the collinearity-reducing set 

deteriorates the system’s performance by increasing the multicollinearities among the 

remaining set. However, the criterion of (6.12) performs well only in detecting a single 

collinearity-influential observation. Therefore, Bagheri and Midi [144, 153] rectified 

this drawback by proposing a detailed measure for the case of multiple collinearity-

influence observations, which is defined by 𝜇𝑖𝑖: 
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𝜇𝑖𝑖
𝐷 =

{
 
 

 
 𝑙𝑜𝑔

𝜅(𝐷)

𝜅(𝐷−𝑖)
, 𝑖 ∈ 𝐷 𝑎𝑛𝑑 ≠ {𝐷} ≠ 1

𝑙𝑜𝑔
𝜅(𝑖)

𝜅
, ≠ {𝐷} 𝑎𝑛𝑑 𝐷 = 𝑖, 𝑖 = 1,2, . . , 𝑛

𝑙𝑜𝑔
𝜅(𝐷+1)

𝜅(𝐷)
, 𝑖 ∈ 𝐸



where D refers to the suspected group of multiple-leverage points, and E is the 

remaining ‘good’ observations. Negative and positive values of µii represent 

collinearity-enhancing and collinearity-reducing observations, respectively. Thus, the 

cut-off values [153] of the high–leverage, collinearity-enhancing (LCE) observations  

and the high–leverage, collinearity-reducing (LCR) observations are 𝑐𝑢𝑡1 and 𝑐𝑢𝑡2, 

respectively: 

𝑐𝑢𝑡1(𝐿𝐶𝐸) = 𝑀𝑒𝑑𝑖𝑎𝑛(𝜃𝑖) − 𝑐𝑀𝑎𝑑(𝜇𝑖𝑖
𝐷)                           (6.14) 

𝑐𝑢𝑡2(𝐿𝐶𝑅) = 𝑀𝑒𝑑𝑖𝑎𝑛(𝜃𝑖) + 𝑐𝑀𝑎𝑑(𝜇𝑖𝑖
𝐷)                           (6.15) 

where c is chosen to be 2 in the current work. For illustrative purposes, the cut-off 

values of the double-side diagnostic plot are shown in Figure 6.3 as a Venn diagram. 

The updated classification includes nine categories which are the good–leverage, 

collinearity-enhancing observations (GLCE), good–leverage, collinearity-reducing 

observations (GLCR), bad–leverage, collinearity-enhancing observations (BLCE), and 

bad-leverage, collinearity-reducing observations (BLCR). 
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Figure 6.3. Residual pattern of the leverage collinearity-influential observations 

Referring to Figure 6.3, there are seven out of the nine types of observations 

which either have a bad influence on the regression or have no influence at all. 

Moreover, only the LHS observations of Figure 6.3 are associated with the goal of 

reducing the collinearities. This classification is discarded in most of the state 
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estimation studies, which indicates a serious research gap. Therefore, an efficient meter 

placement algorithm must be compatible with the numerical characteristics of the 

existing measurements set.  

6.4 The Proposed Algorithm of Meters Placement 

Celik et al. [16] implemented the placement of the conventional power meters 

using a heuristic technique that consumes time and requires computational efforts due to 

the numerous set of potential solutions. However, [16] doesn’t consider the placement 

problems of PMUs, BDD, and collinearity.  Further, [10, 119, 139] treated the PMUs 

and conventional power meters separately using sequential heuristic algorithms of meter 

allocation. Therefore, the metaheuristic Cuckoo search is adopted in the proposed 

algorithm to reduce the computational efforts by allocating the new meters using a 

unified placement procedure. The comprehensive placement technique is achieved by 

focusing on the significant observations shown in Figure 6.3. The objectives of the 

proposed meter placement algorithm are as follows: (1) to achieve the observability; (2) 

to improve the accuracy and the numerical stability of the SE solution; (3) to avoid 

producing new leverage points and collinear observations; (4) to facilitate the bad data 

detection, identification, and elimination; and (5) to utilise both the conventional power 

meters and the PMUs. A brief description of the Cuckoo search optimisation is given as 

below: 

6.4.1 Cuckoo Search Optimisation 

The Cuckoo Search Optimisation (CSO) [147] is a swarm population-based 

nature-inspired algorithm that emulates the parasitic breeding of the cuckoo birds which 

exploit nests of other birds in its environment to lay its eggs. The CSO algorithm is 

based on a three-stage procedure: 

• Cuckoos lay their eggs in the nests of a host bird, and the cuckoo eggs should 

resemble the eggs of the host bird to be undetectable.  

• The new eggs will be hatched into chicks by the host birds’ breeding (if the host 

birds could not detect and remove them).  

• The next generation contains the nest with the high-quality eggs.  
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The host bird may discover the number of eggs laid by the cuckoo with a simple 

probability function of (𝑃 = {0,1}), where '0' and '1' represent undetectable and 

detectable eggs respectively. The cuckoo search starts with a random-walk probability 

function, which is called Lévy flight, as follows: 

𝑥𝑖
𝑡+1 = 𝑥𝑖

𝑡 + 𝛼⨁𝐿𝑒𝑣𝑦(𝑠, 𝜆)                                     (6.16) 

where 𝛼 is an integer factor. The candidate nests, eggs, and the selection techniques are 

adopted for optimising the meter configuration using incremental meters. A discrete 

CSO version [154] is followed for the proposed meter placement algorithm as it 

performs more efficiently using fewer iterations and it avoids trapping in local minima. 

The algorithm of the discrete CSO has the following steps:  

 

Discrete CSO Algorithm: 

Initialize Generate initial population of n host nests  

              Set the objective function 𝑓(𝑥), 𝑥 = (𝑥1, . . . , 𝑥𝑑)
𝑇 

While (t< Max. Generation) or (stop criterion) do: 

     Searching with 𝑝𝑐 group (smart cuckoos) 

     Start random Lévy flight according to (15) 

     Evaluate the fitness 𝐹𝑖  

     Choose a nest among 𝑛 (say, j) randomly  

if (𝐹𝑖 > 𝐹𝑗 )then 

         replace j be the new solution 

end if 

     Abandon fraction 𝑝𝑎 of worse nests and build new ones; 

     Keep the best solutions (or nests with quality solutions); 

     Rank the solutions and find the best 

end while 

 

6.4.2 Proposed CSO-Based Meter Placement 

Algorithm 

As shown in Figure 6.3, only the GLCR and GLCE measurements have a good 

collinearity-influence on the SE solution. However, the GLCR are the only 

measurements that contribute to the reduction of the collinearities using good 

observations. Hence, the placement algorithm can be implemented efficiently by 

considering the GLCR observations as its placement priority. Therefore, high 
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influential-collinearity with bad-leverage points (BLCR) is involved in the proposed 

algorithm to facilitate the BDD processing. The core objective of the proposed 

placement strategy is to install the candidate PMUs and conventional meters into the 

buses of GLCR and BLCR measurements respectively to avoid the creation of more 

leverage points and collinear measurements. The objective function of the proposed 

CSO-based algorithm is: 

OF(𝑥) = (∑ 𝜇𝑖𝑖
𝑁
𝑖=1 |𝑐𝑜𝑛𝑑1) + (∑ 𝜇𝑖𝑖

𝑁
𝑖=1 |𝑐𝑜𝑛𝑑2)               (6.17) 

where 𝜇𝑖𝑖 is the collinearity-influential index of (13) such that 𝑐𝑜𝑛𝑑1 and 𝑐𝑜𝑛𝑑2 refer 

to the conditions of GLCR and BLCR measurements respectively. The first and second 

part of (6.17) indicates the locations of the PMUs and the conventional meters 

respectively. For selecting only one meter for each bus, the symbol + in the objective 

function, represents ‘OR’ operator. However, other constraints need to be considered for 

developing a fitness function that distinguishes between the both parts of (6.17) and 

responds efficiently to the system’s configuration. Hence, the first part of the objective 

function should avoid the adjacent buses and exclude the terminal buses from being 

candidates. For this purpose, the connectivity matrix Λ, which is deduced from the bus-

impedance matrix, is used to reflect the system’s configuration from the following 

fitness fucntion: 

FF(𝑥) = (𝑤1(∑ 𝜇𝑖𝑖
𝑁
𝑖=1 |𝑐𝑜𝑛𝑑1) ⋅ 𝛬) + (𝑤2(∑ 𝜇𝑖𝑖

𝑁
𝑖=1 |𝑐𝑜𝑛𝑑2))           (6.18) 

where 𝑤2 < 𝑤1 ≤ 1 are weight factors used to normalise the selection values. The 

fitness function given in (6.18) is used to guide the discrete CSO. Thus, the proposed 

placement algorithm includes the following steps: 

Step 1: Prepare the measurement set, the connectivity matrix, and the 

measurement Jacobian matrix. 

Step 2: Solve the SE problem of (6.3). 

Step 3: Compute the 𝜇𝑖𝑖values of (6.13) and identify the GLCR and the GLCE 

observations based on the cut-off values of (6.14) and (6.15). 

Step 4: Select the parameters of the CSO: the nest's number, number of eggs, 

and the number of maximum iterations (tmax). 
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Step 5: Start the discrete CSO algorithm using the fitness function of (6.18).  

Step 6: Update the best eggs and the best host nests. 

Step 7: Extract the position vector 𝑥𝑖
𝑡 that indicates the locations of the new 

meters by the host buses. 

The proposed algorithm discards the critical measurement analysis, the residual 

sensitivity matrix, and the individual SE variances from being constraints to the 

placement algorithm. However, even though the critical measurements and BDD are not 

included in the proposed algorithm explicitly, increasing local redundancy addresses 

these problems. Moreover, the new PMUs contribute drastically to the SE accuracy, and 

there is no need to remove them while applying BDD processing as they are highly 

accurate. The conventional meters are utilised to increase measurement redundancy and 

produce a flexible BDD analysis as they are more affordable than PMUs. 

The proposed placement algorithm includes four stages of reducing the number 

of incremental meters: the first reduction is by switching from a candidate list that 

requires meters be connected in such a way that covers all the grid of the power system 

[20, 100, 126, 135], the second stage is to reduce the candidate list to include only the 

buses of outlier measurements [16, 139], the third is limited to the high-leverage points, 

the fourth is associated with the buses of collinearity-reducing measurements, which are 

very limited in the power systems. The reduction rate can be significant in large-scale 

power systems.  Therefore, the upper bound to the number of the incremental 

measurements is not necessary for the proposed method. 

6.5 Case Studies and Simulation Results 

The performance of the proposed incremental meters’ placement algorithm is 

evaluated using three test systems: the U.K. 18-bus [104], the IEEE 30-bus [91], and the 

IEEE 118-bus [91] systems. The IEEE systems are transmission systems with a mesh-

shaped grid; whereas the 18-bus system is a radial distribution network. In particular, 

the IEEE test systems are chosen to facilitate the comparison with existing methods [40, 

139]. The U.K. 18-bus system is employed to demonstrate the influence of the 

distribution grid configuration in the context of the meters’ configuration for the state 

estimation. The measurements of the IEEE systems are based on [151] which provides 

robust state estimator, and the proposed placement method is tested and compared with 
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state variables of [151]. There are many outliers and several bad leverage points that can 

be found in the state estimator of the test systems. However, the measurements are 

obtained from the load flow studies by adding different Gaussian distributed noises to 

each measurement type for simulating the real-time measurements.  

The proposed CSO-based algorithm is executed on MATLAB R2016a for 

multiple iterations for determining the optimal meter configuration to meet the 

optimisation constraints. The number of eggs is assigned as twice the number of the 

buses of each system, and the maximum iteration is 500 for each case. Regarding the 

performance of the state estimation, an iterative hybrid state estimator that is based on a 

mixture of conventional and phasor measurements is used in the test (See 2.7.1)  

6.5.1 IEEE 30-bus System 

The topological diagram of the IEEE 30-bus system is shown in Figure 6.4 to 

illustrate the connectivity of the power network. The available measurements are 78 

including 15 pairs of power injection meters (active and reactive), 23 pairs of power 

flow meters (active and reactive), and one voltage measurement [151]. Despite the 

reasonable global redundancy of the system, which is 1.57, the local redundancy of 

buses 1, 3, 6, 12, 22, 26, and 30 are very low. However, the state estimation solution of 

the test system reveals a multicollinearity problem due to high local redundancies of 

few buses. The highest condition index in the Jacobian matrix is determined as 323, 

which refers to the presence of perfect multicollinearity among certain measurements in 

the system. The influence of the collinear measurements is identified using (6.8).  

The state estimator is executed along with the leverage points’ identification. 

The outliers, leverage points, and the buses of the lowest state estimation accuracy are 

provided in Table 6.1. The selection of the incremental meters can be justified by 

examining Table 6.1 such that the numbers of the GLCR and the BLCR measurements 

(the shaded boxes) imply the proposed meters’ configuration by avoiding the terminal 

buses from the PMU candidate list.  As the state estimation errors are used only for 

comparison purposes [16, 139], there is no need for a candidate list based on the state 

estimation variances 𝑆𝐸𝑣𝑎𝑟. 



 

123 

1
2

3

4

5

6

7

8

9

10

11

12

13

14

15 16 17
18

19

20

21

22

23

24

25

26

27

28

29
30

 

Figure 6.4. The topological diagram of IEEE 30-bus system 

The proposed placement method selects six meters for improving the SE 

performance by avoiding the adjacent PMUs and PMUs on terminal buses. The number 

of the incremental meters represents only 20% of the total buses’ number. The selected 

incremental meters are three PMUs at buses 3, 12, and 24, and three power injection 

meters at buses 9, 21, and 29. [119, 126, 135] refer that the minimum number of PMUs 

assigned for the 30-bus system by the existing optimal PMU placement methods is 

seven PMUs, which is clearly more than that of the proposed method of this chapter. 

Table 6.2 lists the SE errors, the number of the outliers, and the condition 

numbers of the test system before and after the placement of incremental meters by the 

proposed method. The proposed method eliminates the problem of critical 

measurements indirectly by targeting the critical pairs and increasing the local 

redundancies of the buses of HLPs. The measurements of flow 10–20, injection 10 and 

flow 10–20, flow 21–22 are no longer critical pairs after the addition of meters. 

Moreover, the condition number is dropped to 3.83×106 which is about half of what is 

calculated before the incremental meters. Table 6.2 and Figure 6.4 demonstrate the 

quality of the state vector before and after the proposed method. 
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Table 6.1. Numerical Characteristics of the test systems 

Test Systems 
Buses of high 

SE errors 

Buses of outlier 

measurements 

Buses of 

GLCR 
Buses of BLCR 

IEEE 30-Bus 

system 

26, 29, 30 2, 3, 9, 10, 11, 12, 13, 21, 

22, 24, 29 

3, 12, 24 9, 21, 29 

UK radial 18-

Bus system 

13, 14 1, 5, 7, 9, 12, 14, 16, 17 1, 7 14, 16 

IEEE 118-

Bus system 

10, 35, 36, 60, 

61, 64 

1, 3, 5, 9, 12, 17, 31, 32, 

34, 52, 54, 59, 61, 63, 64, 

66, 78, 79, 86, 89, 99, 

110,113, 114, 116, 117 

3, 12, 32, 54, 

76, 96, 110, 

114 

9, 25, 34, 35, 

52, 59, 64, 66, 

68, 86, 113     

(11 meters) 

 

Table 6.2. Comparison of the SE performances indexes 

Test systems 
Total SE errors Condition Number No. of Outliers 

Before After Before After Before After 

IEEE 30-Bus system 8.14×10-4 5.06×10-4 1.84×106 3.87×104 11 4 

UK 18-Bus system 9.73×10-4 6.26×10-4 2.86×107 2.02×104 8 4 

IEEE 118-Bus system 5.93×10-6 9.48×10-4 1.27×1017 1.27×109 26 7 

 

 

Figure 6.5. Improvement of the estimated voltage angles 
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6.5.2 U.K. Radial 18-Bus System 

As the 18-bus system shown in Figure 6.6 has a radial configuration, it requires 

eight or nine PMUs to achieve the observability if the existing PMU placement methods 

are used, since each PMU can monitor only two adjacent buses. Therefore, employing 

both the conventional meters and the PMUs in one placement configuration reduces the 

cost substantially without sacrificing the observability. 
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14 1211
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Figure 6.6. Diagram of U.K. 18-bus system 

The proposed CSO-based algorithm yields the buses of high-leverage 

measurements and that of high collinearities. Table 6.1 displays the characteristics of 

the 18-bus state estimator. Further, the proposed placement algorithm allocates two 

PMUs in buses 1 and 7 and two power meters in buses 14 and 16 due to the low 

accuracy and the instability of the state estimator of the 18-bus system as shown in 

Table 6.2. The improvements in the SE accuracy and the condition numbers after 

applying the meter placement method is shown in Table 6.2. 

 The proposed algorithm discards the terminal buses and thereby, bus 16 is 

required for monitoring of both the buses 17 and 18. Moreover, as the buses 1, 7, and 14 

are already connected to power sources, the installation cost is justified. Thus, four 

different meters (equals 22.2% of the buses’ number) improve the quality of the state 

estimator as shown in Table 6.2. Therefore, the proposed algorithm performs efficiently 

due to fewer numbers of meters’ strategic locations by avoiding the terminal bus.  



126 

 

6.5.3 IEEE 118-Bus System 

The 118-bus system is used to verify the performance of the proposed method in 

large-scale power systems that have many influential and critical measurements. The 

implementation of the proposed CSO-based meter placement algorithm results in 19 

meters (eight PMUs and 11 power meters), which is around 16% of the number of the 

buses. Table 6.1 provides the number and locations of the outliers’ measurements and 

the locations of the selected incremental meters. It is observed from the Table 6.1 that 

all the outliers are not required to be the candidates of the PMUs and other meters to 

enhance the performance of the state estimation. Moreover, Table 6.2 shows the 

numerical characteristics of the state estimator of the 118-bus system before and after 

adding the new meters with significant improvements (in shaded boxes). That means the 

performance of the proposed method is more effective in large-scale power systems. 

The number of incremental meters and PMUs required in the proposed 

algorithm is much lower than the numbers of PMUs that have been assigned by well-

known optimal placement methods [73], [74]. The proposed incremental meters 

improve the accuracy of the state estimation solution and increase the local 

redundancies that alleviate the problem of bad data. The numerical results prove that the 

proposed method is more efficient for the large-scale network as the number of the total 

incremental meters is 16% of the system’s buses and the ratio of the PMUs is only 

9.3%. Most of the well-known studies of the optimal PMU placement [73] refer to 29 

PMUs as the minimum number of the required PMUs such as in [119, 126]. However, 

recent papers that are referred to in [55] and [135] achieve 28 PMUs as the optimal 

PMU number.  

The proposed incremental meters improve the accuracy of the state estimation 

solution and increase the local redundancies that alleviate the problem of bad data.  

Table 6.2 shows the characteristics of the state estimation of the 118-bus system before 

and after adding the new meters.  

6.6 Summary 

In this chapter, an incremental meters’ placement algorithm is proposed to 

enhance the quality of the power system SE using minimal PMUs. The proposed 

algorithm utilises the discrete Cuckoo search optimisation and the multicollinearity-
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HLPs relationship to build an efficient placement strategy. Targeting the high-leverage 

collinearity-influential measurements is the main key to accomplish a meter 

configuration that solves the multicollinearity problem which also improves the quality 

of the state estimation solution. Furthermore, the proposed approach alleviates the 

undetectable bad data which may be useful for avoiding the security attack. The 

proposed methodology uses the latest criteria for detecting the outliers, identifying the 

high-leverage points within the outliers set, and identifying those HLPs that influence 

the collinearity by reducing or enhancing them. Thus, it reduced the computational 

efforts by creating a short list of candidate buses to host the incremental meters. 

The case studies depict that the WLS state estimator can be enhanced using a 

lower number of additional meters by employing the proposed method without 

replacing the existing set of measurements. It is observed that the number of PMUs and 

the total number of meters required in the proposed approach are much lower than that 

of the existing methods. Therefore, it can be concluded that a prior statistical analysis of 

the available measurement sets must be carried out before the decision of choosing the 

numbers and type of the new meters to be installed. The simulation results show that the 

proposed placement method performs well in the distribution systems also, unlike most 

of the existing methods that are applied to the transmission grids, and thus it can be 

recommended to be employed with the smart grids. 

.  
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Chapter 7 Conclusions and Future 

Directions 

Power system state estimation is a fundamental task in power engineering which 

involves the identification of internal states of the system. State estimation plays a 

critical role in every energy control centre. Therefore, the ability of state estimation to 

achieve a high level of numerical efficiency is of paramount importance in the electric 

utility industry, which is the main objective of the thesis. Hence, this chapter presents a 

summary of the findings, conclusions and the future scope of the present work. 

7.1 Overview of the Thesis 

The primary focus of this thesis is the numerical stability of the state estimator, 

the accuracy of the state variables including the bad data processing and the numerical 

problems of the measurement set. Further to Chapter 1 which introduced the objectives 

of the thesis, the contributions of the individual chapters are as below: 

Chapter 2 presented comprehensive reviews on the fundamental functions of the 

state estimation and the factors which affect the performance of the state estimator. 

Moreover, a comparative study of the alternative state estimation solution methods and 

the essential properties of these methods have been thoroughly discussed.  

In Chapter 3, the first solution method is proposed to overcome the problem of 

ill-conditioning in state estimation and to enhance the numerical stability of the 

conventional state estimator using a regularisation method. The proposed regularisation 

method focuses on the numerical behaviour of the WLS state estimator by discarding 

any additional meter and maintains the same measurements and straightforward 

algorithm of the conventional state estimator.  

A new optimal placement algorithm for the PMUs in the context of the power 

systems state estimation is presented in Chapter 4 by using a new modified RFD 

algorithm for the fitness function. The proposed optimal PMU placement method results 

in synchronised phasor measurements which enable the application of linear state 

estimation. The application of the PMU placement algorithm shows considerable 

enhancement over the existing methods in large-scale networks. However, the 

improvement in the small-scale power system is marginal.    
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Chapter 5 solves the meter placement problem for the state estimation by 

developing an incremental PMU placement algorithm that adopts a financial inflation 

analysis method for identifying the buses with the collinear measurements. Hence, the 

proposed method avoids installation of PMUs in these buses. The proposed method uses 

a hybrid state estimator that gets benefits from both conventional measurements and 

phasor measurements. 

Chapter 6 also uses an incremental meter placement method, but with an 

enhanced performance of the placement algorithm by: 

• Making it smarter and more efficient by employing a meta-heuristic technique 

cuckoo search optimization (CSO).  

• Using both conventional meters and PMUs at the same time using the same 

placement algorithm. 

• Dealing with several numerical problems such as multicollinearity, high-

leverage points and the BDD processing simultaneously.  

The simulation tests of the method given in Chapter 6 indicate a significant 

improvement over the existing studies as the incremental PMUs is much less than the 

existing methodologies. The enhancements in the state estimation performance with the 

proposed method are clear, and it also facilitates the BDD. 

Apart from the mainstream methodologies of the chapters, other supplementary 

techniques such as the SVD analysis, intelligent algorithms such as the PSO and BPSO, 

and statistical process such as the calculation of the VPDs are used in the thesis for 

comparison and illustrative purposes.  Thus, a broad range of metaheuristic techniques 

and mathematical procedures have been utilised in this thesis to explore the horizons of 

power systems application.  

Beyond the objectives and contributions of the individual chapters, the collective 

findings are summarised as below: 

1. The proposed methods can be classified as—an intrinsic regularisation 

approach, a PMU-based methodology, and hybrid analytical-technical methods 

that are based on meter-placement strategies with thorough statistical analysis to 

the characteristics of the measurements and the state estimator. However, the 
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researcher recommends the comprehensive approach as it considers the efforts 

of both the utilities and the power system operator. 

2. The numerical problems addressed are— ill-conditioning and solvability of the 

state estimator, multicollinearity of the measurements, bad high-leverage points 

and critical bad data.  

3. Three types of state estimator, the conventional iterative state estimator, the 

linear state estimator and the hybrid state estimator, are used. However, the 

researcher recommends using an enhanced version of the conventional state 

estimator over the linear state estimator. unless the PMUs and the satellite 

communication channels become affordable for large-scale systems. 

4. Although the conventional iterative WLS state estimation is known to be 

sensitive and likely unstable, it has a relatively simple solution algorithm, and it 

takes the measurement errors into consideration, unlike the existing linear state 

estimator. Although it manipulates the gain matrix which may affect the 

accuracy of the final solution, it has a straightforward procedure and needs less 

memory and less computational efforts. However, the regularisation method is 

only recommended to address an urgent data problem at the EMS when it is not 

possible to manipulate the measurement set abstemiously.  

On the other hand, if the coordination between the system’s operator and the 

utilities is available along with planning and developing projects, the 

comprehensive methodologies resembling that of Chapter 6 is recommended as 

they gather the efforts of the utilities, the operator, and the programmers and 

data analysists.  

5. Installation of more meters without numerical analysis is not recommended for 

the strategic state estimation operation since it is likely to create 

multicollinearity and bad leverage points, which, in turn, affect the estimation. 

Hence, the drawbacks of employing more meters may outweigh its advantages 

when it is not combined with statistical data analysis. The mono/exclusive 

PMU-based measuring system and consequently the linear state estimation 

should not be adopted unless the PMUs and their communication channels are 

affordable for large-scale systems. However, even if PMUs are largely 

employed, the existing algorithms of linear state estimation sacrifice the 

accuracy and discard the presence of conventional meters.  
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7.2 Potential Future Directions 

In the final section, there is a need to move beyond the findings of the current 

research towards future developments.  The future work can be extended by considering 

the following directions: 

1. Practical large-scale applications—testing the proposed methodologies using 

modern large-scale power systems with the aid of industrial simulation packages 

may result in more findings which can strengthen the techniques developed in 

this thesis. A power system with a reasonable number of radial feeders, DGs, 

and both SCADA and GPS systems can be used to verify the practicality of the 

proposed methodologies.  The potential benefits that may arise from the online 

application of the methodologies given in the thesis include: 

• Testing real-time linear state estimation for achieving observability with 

high accuracy of PMU-based state estimators.  

• Determining accurately the impact of the uncertainty of the phasor 

measurements and the effect of the DGs on it. 

2. The Jacobian matrix regularisation approach—as it is stated in the thesis, the 

measurement Jacobian is a rectangular matrix, and it is composed of submatrices 

that correspond to the different groups of the measurements. The primary tests 

implemented by the researcher resulted in inconsistent responses due to the 

variant response of the submatrices that hinder the use of a unified regularisation 

parameter. Hence, extended studies may provide the suitable procedure of 

assigning the regularisation parameters the Jacobian matrix or developing an 

alternative robust and unified regularisation technique. 

3. The quality of distribution system state estimation (DSSE) suffers from a lack of 

adequate meters and has not been fully implemented by many utilities though 

the investment in advanced metering infrastructure. Hence, the proposed 

algorithms that utilise the PMUs can be extended for distribution system state 

estimation (DSSE) using three-phase analysis to solve the problem of unbalance 

distribution feeders.  

4.  A novel approach for the transmission system state estimation can be developed 

based on the interconnection of the transmission system and distribution systems 

at PQ buses. The feeder heads (the PQ buses) allow using the DSSE results to 

provide additional measurements at the PQ buses of the transmission system. In 
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this context, a comparison can be implemented between the traditional state 

estimation and the proposed transmission system state estimation.  

5. The RFD algorithm for distribution grids: The optimal PMU placement method 

using the RFD optimisation is tested in this thesis using ring-shaped systems. 

Although the RFD is a promising technique and can be improved substantially. 

The application on radial distribution networks needs additional efforts for 

manipulating the fitness function of the algorithm by including the conventional 

measurements. Nevertheless, any scheme would require a higher rate of PMUs 

penetration for achieving complete observability in contingency cases, and there 

are more possibilities in the case for including the conventional measurements.
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Appendix A The Measurement Function 

and the Measurement 

Jacobian Matrix 

Consider the two-port -model of two buses power network whose positive-

sequence parameters (the series impedance 𝑅 + 𝑗𝑋 and the total line charging 

susceptance 2𝐵 ) are shown in Figure A.1.  

jBjB

jXR
1 2

 

Figure A.1 Equivalent circuit for a transmission line Sample 

For a power system with 𝑁 buses, the phase angle of the voltage of one bus must 

be chosen as a reference angle for the entire system. Therefore, the required equations 

for the phase angles are 𝑁 − 1 while those of the voltage magnitudes are 𝑁 equations. 

Thus, the Jacobian matrix has 2𝑁 − 1 columns and 𝑁 rows. Hence, the state vector will 

be as follows considering bus 1 as reference bus: 

𝑥𝑇 = [𝜃2, 𝜃3, . . . , 𝜃𝑛, 𝑉1, 𝑉2, . . . , 𝑉𝑛]                                 (A.1) 

The measurements of the same type are grouped together. Thus, the 

corresponding Jacobian 𝐻𝑖𝑗  has the symbolic block form that is shown below [-]: 

𝐻𝑖𝑗 = 

[
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The expression of (A.2) can be simplified as shown below using symbols to 

represent the submatrices correspond to each group of measurements: 

𝐻 = 

[
 
 
 
 
𝐻11 𝐻12
𝐻21
𝐻31
𝐻41
𝐻51

𝐻22
𝐻32
𝐻42
𝐻52]

 
 
 
 

                                                   (A.3) 

 If |𝑉𝑖  |, 𝑃𝑖 and 𝑄𝑖 , are measured for each bus, and the flows 𝑃𝑖𝑗, 𝑃𝑗𝑖, 𝑄𝑖𝑗 and 𝑄𝑗𝑖 

are measured at each line, the measurement set is full and 𝐻 has 3𝑁 + 4𝐿 rows, where L 

is the number of the network lines or branches whereas i and j represent the ith and jth 

buses respectively. The elements correspond to power injections, and power flows are 

illustrated in the Table A.1:    

Table A.1. Elements of the measurement Jacobian matrix 

Phase angles Voltage magnitudes 

𝜕|𝑉𝑖|

𝜕𝜃𝑖
 0 for all i and j 

𝜕|𝑉|

𝜕𝑉
 

𝜕|𝑉𝑖|

𝜕|𝑉𝑗|
= 0 (𝑖 ≠ 𝑗); 

𝜕|𝑉𝑖|

𝜕|𝑉𝑖|
= 1    

Power injections Power flows 

𝜕𝑃𝑖
𝜕𝜃𝑖

 ∑𝑉𝑗(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 + 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) + 𝑉𝑖

𝑁

𝑗=1

𝐺𝑖𝑖 
𝜕𝑃𝑖𝑗

𝜕𝑉𝑖
 𝑉𝑗(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 + 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) − 2𝐺𝑖𝑗𝑉𝑖 

𝜕𝑃𝑖
𝜕𝜃𝑗

 𝑉𝑗(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 + 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) 𝜕𝑃𝑖𝑗

𝜕𝑉𝑗
 𝑉𝑖(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 + 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) 

𝜕𝑄𝑖
𝜕𝜃𝑖

 ∑𝑉𝑗(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 − 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) − 𝑉𝑖

𝑁

𝑗=1

𝐵𝑖𝑖 
𝜕𝑄𝑖𝑗

𝜕𝑉𝑖
 𝑉𝑗(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 − 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) + 2𝑉𝑗𝐼(𝐵𝑖𝑗 − 𝑏𝑖𝑗) 

𝜕𝑄𝑖
𝜕𝜃𝑗

 𝑉𝑗(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 − 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) 
𝜕𝑄𝑖𝑗

𝜕𝑉𝑗
 𝑉𝑖(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 − 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) 

𝜕𝑃𝑖
𝜕𝜃𝑖

 ∑𝑉𝑗𝑉𝑗  (−𝐺𝑖𝑗 cos 𝜃𝑖𝑗 + 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) − 𝑉𝑖
2

𝑁

𝑗=1

𝐵𝑖𝑖 
𝜕𝑃𝑖𝑗

𝜕𝑉𝑖
 𝑉𝑗𝑉𝑗(−𝐺𝑖𝑗 cos 𝜃𝑖𝑗 + 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) 

𝜕𝑃𝑖
𝜕𝜃𝑗

 𝑉𝑗𝑉𝑗(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 − 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) 
𝜕𝑃𝑖𝑗

𝜕𝑉𝑗
 𝑉𝑗𝑉𝑗(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 − 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) 

𝜕𝑄𝑖
𝜕𝜃𝑖

 ∑𝑉𝑗𝑉𝑗(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 + 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) − 𝑉𝑖
2

𝑁

𝑗=1

𝐺𝑖𝑖 
𝜕𝑄𝑖𝑗

𝜕𝑉𝑖
 𝑉𝑗𝑉𝑗(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 + 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) 

𝜕𝑄𝑖
𝜕𝜃𝑗

 − 𝑉𝑗𝑉𝑗(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 + 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) 
𝜕𝑄𝑖𝑗

𝜕𝑉𝑗
 − 𝑉𝑗𝑉𝑗(𝐺𝑖𝑗 cos 𝜃𝑖𝑗 + 𝐵𝑖𝑗  sin 𝜃𝑖𝑗) 
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where 𝐺𝑖𝑗 and 𝐵𝑖𝑗 refer to the conductance and the series susceptance 

respectively, 𝑏𝑖𝑗 is the line-charging susceptance which equals to (𝐵𝑖𝑗/2).   
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Appendix B The Triangular Factorisation 

of Solving the Normal 

Equation of the SE solution 

B.1.1 Cholesky Decomposition  

To solve the NE of the conventional WLS state estimator, the gain matrix is 

decomposed into a product of two matrices: a lower triangular sparse matrix and its 

transpose. Thus, decomposed form the gain matrix is: 

𝐺 = 𝐿. 𝐿𝑇                                                   (B.1) 

Although Cholesky decomposition is a relatively simple triangular factorisation 

method, it might not exist if the system is not completely observable. In (B.1) the 

triangular factors of are not unique and their sparsity depends on the decomposition 

implementation which is, in turn, related to the ordering schemes of the entries that 

optimise the sparsity of  𝐿. 

B.1.2 The Forward/Backward Substitutions  

If the gain matrix is proposedly decomposed to its factors  𝐿 and 𝐿𝑇, the solution 

of the NE for ∆𝑥𝑘 will be: 

𝐿 𝐿𝑇∆𝑥𝑘 = 𝐴𝑘                                             (B.2) 

where 𝐴𝑘 represent the right hand side of (2.5).  

Then, the rest of the solution is obtained as follows:   

1. Forward substitution: Let 

 𝐿𝑇∆𝑥𝑘 = 𝑑                                                 (B.3) 

And obtain the elements of 𝑑 = 𝑑1, … , 𝑑𝑛 by the substitution in the 

transformed equation 𝐿 𝑑 = 𝐴𝑘. The rows will yield the solution for 𝑑1to 𝑑𝑛 

from 
𝐴1

𝐿11
  to  

𝐴𝑛

𝐿𝑛𝑛
 respectively. Hence,  𝑑 is produced by a sequential procedure. 
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2. Back substitution: After computing 𝑑, the (B.3) is used to back substitution and 

solving for the elements of  ∆𝑥𝑘 but with starting from the bottom row, where 

the last entry of the solution vector is calculated as follows: 

 ∆𝑥𝑘(𝑛) =
𝐴𝑛
𝐿𝑛𝑛

 

Note that the forward/backward substitution proceeds efficiently due to the 

sparse structure of 𝐿.  

 

 

 

 

 

 




