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ABSTRACT 

Real options analysis (ROA) enables the valuation of projects exposed to fluctuation 

from multiple uncertainties and with options embedded in acquisition contracts or 

delayed operating decisions.  It enables investors to gain competitive advantage by 

incorporating flexibility in their investment decision-making, such as delaying the 

project acquisition until further information has been acquired. Over the last four 

decades, a broad range of ROA approaches have been developed to compute the 

Enhanced Net Present Value (ENPV) of compound and simple options in projects. 

Current ROA approaches often require variations arising from the multiple 

uncertainties to be combined into a consolidated volatility, as a single output sigma. 

This allows only one Geometric Brownian Motion (GBM) to be used to model the 

project value. A defect, however, is that the analyst cannot assess the separate effects 

on ENPV of each of the several volatilities (output sigmas). In particular, these 

approaches cannot model various sequential compound option scenarios when these 

depend on individual risk factors, and are unable to show the impact of variations in 

each uncertainty on the ENPV. Also, these approaches lack transparency in displaying 

the computational mechanics of ENPV.  

This research addresses these limitations by developing the Multiple Volatility Real 

options (MVR) approach. Specifically, we develop four modules to compute ENPV 

for compound and simple options in investment contracts. 

Module 1 utilises the Monte Carlo simulation method to generate separate multiple 

volatilities (output sigmas) driven by each of the independent random risk variables.  

This module also shows how the relationship between ENPV and two volatilities can 

be visualised as a 3D Manta-ray surface. This differs from the usual one-dimensional 

line obtained from ROA approaches that use a single consolidated output sigma. 

Module 2 develops an innovative MVR decision-tree with branches formed with 

changing volatilities to calculate the project’s ENPV for compound and simple real 

options. The MVR decision-tree mechanism computes the project ENPV while 

simultaneously providing transparency and traceability in each of its branches, nodes 

and paths. The branches of the MVR decision-tree are constructed with multiple 

output sigmas (volatilities) and are broken into shorter sub-steps to allow a discrete 

approximation to valuations arising from Geometric Brownian Motions (GBMs). The 
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approximation method relies on the oscillatory behaviour of the ENPVs as the sub-

steps per input risk variable are increased. 

Another contribution of Module 2 is that it allows flexibility in the number of 

sequential options that can be included in a compound MVR decision-tree. The 

number of options can be changed simply by adding or removing the corresponding 

decision levels in the tree. Such conversions allow the investor to identify the highest 

ENPV arrangement of options by analysing various scenarios. 

Module 3 validates the mechanics of the MVR decision-tree with compound options 

by first converting it into a MVR decision-tree with a simple option, and then 

computing ENPV with a consolidated sigma. The ENPV from the MVR decision-tree 

is shown to be approximately the same as the ENPV derived from Black Scholes 

formula. This validation gives the user confidence that the calculations used to obtain 

ENPV in MVR decision tree are reliable and accurate. 

Module 4 develops a sensitivity analysis method to quantify the impact of each 

random risk variable on the project ENPV. This enables the user to identify the risk 

variables having higher impacts on the project’s ENPV, which is useful for robust 

decision making.  

As a proof of concept, the four modules of the MVR approach are applied to two 

resource sector projects with multiple volatilities (sigmas) and compound option 

embedded in their investment contracts. The first application is a prototype project. 

The second application is a real-life coal mining project. Both projects include an 

optional decision to continue or discontinue the joint arrangements and acquisitions 

based on computing ENPV for a compound option. 

The MVR decision-tree demonstrates its flexibility in calculating a project’s ENPV by 

transforming from simple to compound options and vice versa. Performing ENPV 

sensitivity analysis on these projects reveals how changes in sigmas related to market 

and project risk variables change the project’s ENPV. In summary, this research 

demonstrates how the MVR approach, grounded in options theory, effectively 

computes project ENPV to make robust sequential investment decisions under 

uncertainty.   
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CHAPTER 1  

OVERVIEW 

1.1 Introduction 

The global, highly dynamic business environment continually challenges businesses 

to create value from new investment opportunities, usually encapsulated in the form 

of discrete “projects”. Although investments can be defined as the act of incurring an 

immediate cost in the expectation of future rewards, the multiple uncertainties to 

which they are exposed can give returns that differ greatly from their expected values. 

By dynamically responding to these uncertainties via embedded flexibility in 

investment decision-making, upside risks can be exploited and the losses from 

downside risks mitigated. 

Resource sector businesses in particular are continually aiming to expand into new 

mineral and energy markets by taking strategic and operational decisions 

characterised by long time horizons and multiple uncertainties. Project viability needs 

to be assessed by valuation methods that account for the impacts of these multiple 

uncertainties on volatility in the project’s cash flows. The uncertainties can be market-

based, such as price of mineral ore, and/or project-specific, such as the grade of the 

mineral ore.  

Traditional investment analysis uses Net Present Value (NPV) to determine the 

viability of the project in the long term. Numerically, NPV represents the difference 

between the present value (PV) of expected future cash inflows and the PV of expected 

future cash outflows using the appropriate risk-adjusted market rate of return as the 

discount rate. The decision rule based on NPV is to accept a project when its NPV is 

positive and reject the project when its NPV is negative. A positive NPV investment 

would create value for the firm by increasing its expected net cash flow by enough to 
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compensate for the risk, as reflected in the discount rate, that actual cash flows will 

depart from their expected values. 

Real options analysis (ROA) enhances the NPV method by accounting for the value of 

embedded flexibility in strategic and operational decisions as uncertainties are 

resolved over time. A major problem with the binary NPV decision rule is that it 

cannot reflect the value of responding flexibly when new information about the 

uncertainties is revealed. NPV based investment decisions are made in the present 

based on projections from the available current information only. Instead, firms can 

gain a competitive advantage by embedding flexibility in the form of waiting and 

watching for information to be revealed before taking the strategic and operational 

decisions to create project value or protect against losses. Using NPV forces 

investment decision-makers into a now or never dilemma. Section 1.2 explains the 

background of discounted cash flow (NPV) and decision analysis methods. Section 1.4 

provides an overview of ROA. 

Apart from improving investment decisions, ROA is also superior to NPV when 

evaluating contracts for acquiring real assets that allow decisions to be taken in 

multiple stages. Such contracts effectively have a sequence of options embedded in 

them. Explicitly accounting for these enables the decision maker to take robust 

decisions depending on how various uncertain events unfold. The acquirer can gain 

flexibility in decision-making by delaying acceptance of the project until a satisfactory 

threshold project value is reached, or by allowing abandonment if value would be 

destroyed by proceeding. Section 1.3 explains the concept and evolution of option 

analysis in decision-making.  

Since options provide decision-makers with the right, but not the obligation, to invest 

in a project, an option premium should be added to the NPV. This means that the true 

value of the investment project, called the Enhanced Net Present Value (ENPV), is the 

sum of two components (Vollert, 2002, p. 30):  
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ENPV = ROV + NPV, 

where ROV (Real Options Value) is the value of the flexibility inherent in options 

embedded in the project decision-making frame.  

Typical options included in investment projects or asset acquisition contracts are 

affected by multiple uncertainties. These are called rainbow options (Copeland & 

Antikarov, 2003, p. 13) and are of two types. The first type is called a simple rainbow 

option (hereafter called a simple option), which is a one-time flexible decision, such as 

whether to invest in a project now, or delay the investment, or abandon the project 

altogether. By delaying the investment, the investor gets the opportunity to obtain up-

to-date information that can affect the project value. The second type of option is 

called a compound rainbow option (hereafter called a compound option). It arises when 

a later option is contingent on whether or not some earlier options have been 

exercised. 

Researchers and practitioners have developed several analytical and numerical ROA 

approaches to compute ENPV for simple or compound options. Examples of these are 

the Classic real options approach presented by Amram and Kulatilaka (1999), which 

uses the Black-Scholes formula (BSF), and the Market Asset Disclaimer (MAD) real 

options approach by Copeland and Antikarov (2003). However, the current ROA 

approaches suffer from several limitations when applied to real life projects. These 

limitations can be summarised as follows: 

 Variations arising from many uncertainties are combined into one volatility 

 Analytical methods provide only “black-box” solutions for option values 

 Compound option values calculated via decision-trees are not validated 

 The impact of individual uncertainties on project value cannot be evaluated 

This research is motivated by the desire to address the above limitations of existing 

ROA approaches. Specifically, the overall research objective is summarised as:  
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Developing a robust and transparent real options investment approach for 

sequential decision-making, which computes ENPV and ROV using individual 

volatility for multiple uncertainties for compound and simple options embedded 

in decision-trees, and conducts sensitivity analysis to achieve optimum project 

values. 

This overall objective is further broken down to four sub-objectives to address each of 

the abovementioned limitations in the existing ROA approaches. The motivations in 

Section 1.3 address these limitations and explain the significance of each research sub-

objective. In brief, this research aims to provide a practical, rigorous and transparent 

ROA approach that is applicable to resource sector decision-making on major 

investments, including farm-in/out and joint arrangements contracts. 

1.2 Background on discounted cash flow and decision analysis 

The other widely accepted method for analysing investment decisions apart from 

NPV analysis is known as Decision analysis. It was so-named in 1960s by Professor 

Ronald Howard from Stanford University. Decision analysis is an analytical 

framework comprising a collection of principles and methods to assist decision 

making under uncertainty. It is a structured quantitative approach for evaluating 

decisions characterised by complex alternatives with competing objectives and 

affected by multiple uncertainties. 

Decision analysis has its roots in decision theory, and emphasises focusing on the 

logical structure of uncertain scenarios and modelling and valuing contingent 

investment decisions. It solves complex decision problems by breaking them down 

into smaller parts. It first identifies a set of mutually exclusive and exhaustive 

alternatives from which a business can choose one alternative. The method also 

requires the decision-maker to identify the information relevant to each of those 
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alternatives, such as costs, revenues and subjective probabilities of occurrence for each 

random outcome.  

When integrated with systems analysis, decision analysis can deal with the dynamic 

interactions of complex problems using statistical decision theory. In order to model 

sequential investment decisions under uncertainties, decision analysis uses Decision-

tree analysis (DTA). However, DTA has the limitation of being internally focused and 

does not consider the impact of external market factors on the project, which are the 

focus of ROA approaches. Reilly and Clemen (2001) explain the mechanics of decision 

analysis, and DTA methodologies for decision-making under uncertainty, in a format 

that is accessible to practitioners. 

Decision analysis, like NPV, uses the decision rule that NPV has to be positive with a 

discount rate equal to the cost of capital for the firm. Both methods therefore fail to 

explicitly incorporate the value of opportunities arising from uncertainties in the 

presence of flexibility and reversibility in decision-making. Consequently, a decision-

maker could undervalue flexibility in investment opportunities (Copeland & 

Antikarov, 2003, p. 13). ROA provides an explicit valuation method that incorporates 

flexibility in decision making, so that the investor can exploit the opportunities and 

mitigate any losses. The various ROA approaches have been developed to overcome 

the limitations of these traditional investment analysis methods.  

1.3 Evolution of option analysis  

Options analysis can be divided into two types:  Financial options analysis and Real 

options analysis (Vollert, 2002). Financial options are the right to buy, sell or exchange 

claims on traded securities, such as stocks, bonds and currencies or futures contracts 

in the financial or commodities markets. More specifically, a financial option gives the 

investor the right to wait and transact in the future at some known price specified in 

the options contract rather than invest in securities now. 
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European academics and practitioners such as C.F.Gauss, G.T.Fechner, H.D.Macleod, 

F.Y.Edgeworth, JBresson, J.Regnault and H.Lefe’vre laid the foundations of option 

pricing theory and methodology in the 1800’s (Girlich, 2002). In particular, Charles 

Castelli, a London broker, published the book The theory of ‘’Options” in stocks and 

shares on option pricing and its relation with price volatility of the underlying asset 

(Castelli, 1877). Castelli’s book was an application of options and involved basic 

calculations.  

In 1900, the French mathematician, Louis Jean-Baptiste Alphonse Bachelier, published 

his PhD thesis titled Théorie de la speculation (The Theory of Speculation), making him the 

pioneer of stock option valuation (Bachelier, 1900). Bachelier mathematically derived 

the stochastic process of Brownian motion, as the absolute random walk of stock prices. 

Brownian motion represents any phenomena in which some quantity is constantly 

undergoing small, random fluctuations. The Scottish botanist, Robert Brown, had 

previously discovered that microscopic particles suspended in fluid behaved in an 

erratic random movement. Bachelier applied the derivations of the absolute random 

walk, now called Arithmetic Brownian motion (ABM), to model the dynamics of stock 

prices and compute option prices. M. Davis and Etheridge (2006) have translated and 

given commentary on Bachelier’s Théorie de la speculation. The theory and application 

of Brownian motion became the foundation of subsequent option pricing models of 

Paul Samuelson, Fisher Black and Myron Scholes, as discussed below (Tijms, 2010, p. 

184). Professor Irving Fisher of Yale University (Fisher, 1930) advocated the 

application of options analysis as a mechanism of risk management in business 

decision-making. 

Paul Samuelson, Nobel prize winner in economics, published Rational theory of warrant 

pricing in 1965 (Samuelson, 1965b, p. 15), in which he changed Bachelier’s assumption 

that the stock price follows ABM to instead assume that it follows Geometric Brownian 

Motion (GBM). In GBM, it is assumed that the natural logarithm of stock price changes 

(stock return values), follow Brownian motion (M. H. A. Davis, 2014, p. 10). The 

https://en.wikipedia.org/wiki/Stochastic_process
https://en.wikipedia.org/wiki/Brownian_motion
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advantage of GBM is that it overcame the limitation that negative stock prices could 

exist under ABM. Samuelson also introduced the binomial model approximation for 

GBM; developed partial differential equations for option pricing, which subsequently 

led to the Black-Scholes formula; formulated the concept of early exercise of options; 

named the terms European and American options; and founded the Efficient market 

hypothesis (Merton, 2010, p. 3). The advantage of option analysis based on stochastic 

processes has been that it provides reasonably realistic models of evolutionary 

processes governing the movement of the underlying stock prices while allowing for 

analytical solutions for options prices (Mikosch, 1998, p. 5).  

The mathematics of stochastic processes gained momentum in 1944 when the Japanese 

mathematician, Kiyosi Itô published the first paper, Stochastic Integral (Ito, 1944), 

developing the theory of stochastic integration and stochastic differential equations.  

His approach is now referred to as Itô calculus. In particular, the important Itô's lemma 

provided the derivative of a time-dependent function of a stochastic process, which 

was unsolvable with ordinary differential calculus.  

Itô calculus had an immense impact on the development of mathematics for random 

variables, and subsequently led to the derivation of the Nobel Prize winning Black-

Scholes formula for option pricing. The breakthrough publication by Fischer Black and 

Myron Scholes (Black & Scholes, 1973) of a financial option valuation method, The 

Pricing of Options and Corporate Liabilities, stimulated widespread application of options 

analysis in businesses. Robert Merton then published the paper that expanded the 

mathematical explanation of the options pricing model, and named the Black-Scholes 

options pricing model. In 1977, Merton and Scholes won the Nobel prize for the well-

known Black-Scholes partial differential equation with Black Scholes formula (BSF), being 

its closed form solution. 

Expertise in the advanced mathematics of stochastic calculus is required to solve the 

partial differential equations that arise in option analysis. Partly in response, J. C. Cox, 

https://en.wikipedia.org/wiki/It%C3%B4_calculus
https://en.wikipedia.org/wiki/It%C3%B4%27s_lemma
https://en.wikipedia.org/wiki/It%C3%B4_calculus
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Ross, and Rubinstein (1979) published their book “Option pricing: A simplified 

Approach” presenting a practical method to obtain option values. Their method 

involved converting continuous-time stochastic processes for stock price returns into 

discrete-time lattices or trees, which can then be solved numerically. This discrete-time 

method had significant impact in practice not only by opening options analysis to a 

wider audience but also by allowing solutions to be found in cases where closed form 

solutions of continuous-time methods are unavailable.     

1.4 Overview of real options analysis 

Professor Stewart Myers of MIT Sloan School of Management first drew the analogy 

between financial options and risky real investments by firms. He observed that the 

market value of a business consists of two parts: the present value of its expected cash 

flows and the value of its growth opportunities. Myers named these business growth 

opportunities involving real assets, such as investment projects, real options (Vollert, 

2002). Consequently, the computed value of these real options was termed the Real 

Options Value (ROV), and the mechanics adopted to quantify ROV is called the Real 

Options Analysis (ROA) approach. 

The fundamental idea underlying using ROA to value managerial flexibility is to treat 

such flexibility as equivalent to “embedded options” on real assets, which are then 

valued as ENPV in the same way that option value is determined for financial options 

traded in the financial markets. ROA approaches use data market-determined values 

where possible to promote objectivity rather than subjectivity in decision-making.  

To compute ENPV, many ROA approaches using analytical and/or numerical 

methods have been developed over the decades. The analytical methods treat 

uncertainties as random risk variables following continuous-time stochastic 

processes, whereas the numerical methods treat them as discrete-time random 

variables. In order to decide the most effective ROA approach, various other 
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characteristics of the project need to be determined, such as the number of sources of 

uncertainties being modelled as risk variables; the number of sequential decisions; and 

the range of value payoffs. 

Analogous to using BSF for valuing a financial option, calculating ENPV for a project 

via the ROA approach requires the analyst to specify five quantities: the volatility 

(sigma) of project value returns, the current value of asset, the exercise price, the 

exercise time and the risk-free rate. Amongst these five quantities, sigma is a crucial 

driver of the project’s ENPV. Exhibit 20.3 of Koller, Goedhart, and Wessels (2005, p. 

565) shows the drivers of flexibility value which impact ENPV. Typically, ENPV 

increases with greater uncertainty, higher present value of cash inflows, lower 

investment cost, longer option time period, and vice versa. 

Real options that can be embedded in investment contracts, such as decisions to defer, 

expand or abandon a project, can be simple or compound. Typically, to compute 

ENPV for a real option, the volatility of the project value returns is defined as a sigma 

(σ) due to one random risk variable. This single sigma can also be in the form of a 

consolidated sigma obtained from the variability of the distribution of the project 

value returns induced by simultaneous variations in the multiple random risk 

variables affecting the project (refer to Section 3.3.3 for details). The decision rule to 

exercise a real option depends upon whether the project’s ENPV is greater than its 

investment cost, which represents the “exercise price” of the real option.  

Using ENPV of compound options to inform sequential investment decisions in 

staged projects is more complex. In this case, the embedded options are exercised 

sequentially at the expiry of each option embedded in the project or contract. Also, the 

exercise price for each of these serial real options is a different amount of investment 

incurred at a different exercise time. Depending upon whether each real option is 

exercised or not, the investment is discontinued or progressed forward to the next 

stage. Therefore, the sequential options, which effectively become options on options, 
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are called Compound options. Furthermore, a simple option can exist within a 

compound option. Both compound and simple options can be rainbow options, so that 

their ENPV can be impacted by multiple random risk variables, such as prices, ore 

grades, marketable mineral yields and exchange rates.  

A fundamental difference between ROA and NPV methods is that NPV implicitly 

assumes that no decisions will be made in the future because all the expected cash 

flows are pre-committed in the present (Copeland, Weston, & Shastri, 2003, p. 310). 

This means that decision-makers prematurely foreclose future contingent decision-

making opportunities.  In contrast, when using ROA, decisions are made at the expiry 

date of each option (simple option) or set of options (compound option). The flexibility 

to delay investment decisions until random risk variables are resolved enables 

decision-makers using ROA to exploit any excess project value of ROV = (ENPV – 

NPV) and avoid any potential losses. Thus, the ROV for a compound or single option 

represents the value of flexibility, such as the ability to delay the investment decision 

while monitoring the flow of information up to the option expiry date. 

1.5 Research motivations 

This research seeks to provide a practical, rigorous and transparent ROA approach to 

investment critical to resource sector investment decisions, such as contracts relating 

to farm-in/out and joint arrangements, where there are multiple uncertainties. The 

research also aims to provide a method for examining the separate effect of each 

uncertainty on project value. The following sections explain the limitations in existing 

ROA approaches and outline the research objectives defined to address those 

limitations. The significance of each research sub-objective of the MVR approach is 

also discussed. 
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1.4.1 Volatilities of multiple uncertainties are combined 

Most ROA approaches using analytical and numerical methodologies simplify ENPV 

calculations by combining all the uncertainties of the project into one sigma. For 

example, the MAD approach calculates ENPV by combining all the random risk 

variables into a consolidated sigma (volatility) of the distribution of the project value 

returns (Copeland & Antikarov, 2003, p. 184). A major motivation for doing this is that 

BSF for pricing financial options on securities is generally based on using one market 

risk variable. BSF also assumes that the volatility (sigma) of the security is constant 

across time periods. The option value obtained from BSF has been used to validate the 

ENPV calculated by different ROA approaches. 

Consolidating risk variables does not, however, allow the decision-maker to 

determine the impact of individual uncertainties on ENPV. In the MVR approach, the 

input risk variables, whether market-related or project-specific, are assumed to be 

statistically independent of each other. Each of the multiple uncertainties is input into 

the project’s cash flow model as a separate random risk variable. This yields a separate 

volatility of value returns as an output sigma due to that uncertainty. 

 

Figure 1.1. Example of relationship between ENPV and one output sigma. 
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Based on the experiments discussed later in this research, the relationship between 

ENPV and one output sigma is plotted in the graph in Figure 1.1. This shows that, at 

low values of sigma a small increase in sigma has very little effect. However, as output 

sigma increases, the effect of small changes in output sigma becomes positive and, 

after a short interval, close to linear. 

Figure 1.1 looks very similar to a graph of option value against sigma for a financial 

call option on a stock with a current stock price that is close to the strike price. For 

example refer to Figure 6.1 published by Dixit and Pindyck (1994, p. 190). As the sigma 

increases, the probability that the option will be in the money at expiration also 

increases. Eventually, once sigma is large, further increases in sigma have a 

diminishing effect on value. The slope of the curve relating the option value with 

sigma starts to decline slightly. Although the right hand end of the curve in Figure 1.1 

looks like a straight line, it is actually slightly concave. The derivative of the option 

value (ENPV) with respect to sigma is called Vega (the “option Greek” usually denoted 

by the Greek ν) (Ronn, 2002, p. 75).  If Vega is highly positive or highly negative, ENPV 

(option value) is sensitive to small changes in volatility. However, if Vega is close to 

zero then changes in volatility have less impact on ENPV (Hull, 2012, p. 393). 

 

Figure 1.2. Example of relationship between ENPV and the multiple sigmas. 
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While the assumption of a constant variance for the distribution of returns on the 

underlying asset may be reasonable for financial securities, real investment projects 

are very complex and are exposed to many input risk variables that impact project 

value at different times. To repeat, throughout this research the multiple input risk 

variables are assumed to be statistically independent of each other and are processed 

through the project’s cash flow model to obtain multiple separate output sigmas.  

To capture the relationship between ENPV and multiple output sigmas, a multi-

dimensional graph is required. An important discovery in this research is that the 

ENPV of a real-life project vis-à-vis two output sigmas reveals a non-linear shape, as 

a Manta-ray surface. An example is shown in Figure 1.2. 

 

Figure 1.3. The 3D surface in Figure 1.2 rotated to resemble the curve in Figure 1.1. 

Rotating the 3D surface in Figure 1.2 so that it “looks like” a 2D graph results in a 

curve resembling Figure 1.1. This is shown in Figure 1.3, where the lowest curved 

outline of Figure 1.3 follows the curved line of Figure 1.1. This means that the 3D 

Manta-ray can collapse into a 1D Black-Scholes formula line when the two sigmas are 

equal.  

This example exposes the fact that other ROA approaches that combine the effect of 

multiple input risk variables into a consolidated output sigma for simplicity, blind the 
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decision-maker from observing the separate impacts on ENPV of each input risk 

variable. From Figure 1.3, it can be seen that the Manta-ray surface cannot be 

visualised when the output sigmas related to all the input risk variables are identical. 

This is also true when using a consolidated sigma for project value returns derived by 

simulating all the input risk variables together. 

The new Multiple volatility real options (MVR) approach is developed as four 

modules. The first module of the MVR approach generates several separate sigmas, 

one for each of the independent random input risk variables. This process involves 

specifying distributions for the input risk variables and simulating the CF-model 

using Monte Carlo simulation. In Module 2 of MVR approach, the multiple sigmas 

from various independent input risk variables are used to compute the up factors, 

down factors and risk neutral probabilities to build the MVR decision-tree. This is then 

used to obtain ENPV. Module 3 validates the model by calculating ENPV for the 

consolidated sigma case and comparing the result to the value obtained from BSF. 

Module 4 conducts a sensitivity analysis of ENPV with respect to uncertainty 

parameters. 

1.5.1 Research objective 1: Generating multiple sigmas  

The objective is to develop a method to generate multiple output sigmas by computing 

the distributions of the project value returns. For each input risk variable in the project, 

the MVR approach generates a separate output sigma encapsulating the volatility of 

project value returns due to the variations in the CF-model due to variations in that 

input risk variable. This allows the calculation of project ENPV to incorporate separate 

volatilities from multiple input risk variables. 
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1.5.2 Significance 1: MVR approach exposes the true relationship between 

ENPV and volatility as a Manta-ray surface 

The MVR approach developed in this research can be applied to the valuation of 

compound and simple options for staged investments under high risk of uncertain 

future cash flows. In the MVR approach, a separate output sigma relating to each 

input risk variable is obtained. It is discovered that when two output sigmas in a 

project are varied independently, the mapping of these output sigmas against the 

resulting ENPV's in three-dimensions (3D), reveals its true form to be a Manta-ray 

surface as in Fig 1.2. Clearly, these relationships are truly not one-dimensional. 

Instead, the Manta-ray surface has a distinct curvature that can be visually rotated at 

any angle in 3D to investigate and understand the output sigmas versus ENPV 

relationships. When more than two output sigmas are varied simultaneously, then a 

similar hyper-surface in higher dimensions is expected to be formed, but obviously 

cannot be visually displayed. In a special case, where all the output sigmas are the 

same, it is shown that the volatility versus ENPV relationship collapses into a one-

dimensional line, thereby forming the virtual backbone (diagonal centre line) of the 

Manta-ray hyper-surface. This is the traditional single sigma value used in BSF and 

other ROA approaches.  

1.4.2 Analytical methods lead to black-box solutions 

ENPV computations using analytical methods are difficult to apply to complex 

decision-making in real-life projects. Analytical methods include the standard 

financial option valuation method, BSF, and other partial differential equations 

(PDE’s) that have closed form solutions. The limitation of these approaches is that the 

decision problem usually needs to be greatly simplified in order to obtain a PDE that 

can be solved. Thus, project ENPV can be arrived at using BSF with restrictive 

assumptions and simplifications, but it is a Black-box solution in the sense that the effect 

of each restrictive assumption or simplification is unknown. PDE representations also 
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usually do not display how the project value moves through time. The impact of 

multiple input risk variables has to be consolidated into a single continuous-time 

stochastic process with constant variance increments. In particular, this precludes 

situations where there are various decision points with different random variables 

realised at different times. 

Some ROA approaches use PDE’s that can be solved numerically by using 

discretisation to simplify the decision problem. However, if one is going to use a 

discrete time approximation, it might be better to set the model up as discrete to begin 

with. Real-life projects can usually be better represented in discrete terms (Copeland 

& Antikarov, 2005, p. 38), as that allows the theoretical assumptions and restrictions 

applying to analytical techniques to be relaxed. The discrete methods are more flexible 

and practical in calculating ENPV, especially when analytical methods are unable to 

solve for ENPV (Haahtela, 2012, p. 174). Computing ENPV with numerical methods 

yields a close approximation to ENPV calculated with analytical methods, such as 

BSF, when both can be applied. 

Using numerical methods with risk-neutral probabilities is the most popular approach 

among practitioners, particularly for computing ENPV’s of compound options 

(Heeswijk, Joosten, Huisman, & Bos, 2013; Trigeorgis, 1996, p. 306). These numerical 

methods include binomial-trees, binomial-lattices and Monte Carlo simulations. 

ROA approaches using RO decision-trees have proven to be accurate, robust, and 

easily understood methods for computing values of both financial and real options 

(Warren J Hahn & Dyer, 2008). RO decision-trees are more flexible than other ROA 

approaches for handling different stochastic processes, option payoffs, sequential 

decisions and multiple risk variables (Trigeorgis, 1996, p. 306). RO decision-trees 

provide visual transparency by displaying the network of branches along with their 

various types of nodes, such as root, chance, decision, and terminal. This is valuable 

to decision-makers as the RO decision-tree is transparent and allows complex 
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sequential options in the form of compound options to be easily visualised and 

understood. Thus, RO decision-trees are used in most real applications (Copeland & 

Antikarov, 2003, p. 152; Trigeorgis, 1996). 

RO decision-trees are grown by using a sigma, which is the volatility of a stochastic 

process generally assumed to follow a Geometric Brownian Motion (GBM). However, 

RO decision-trees can be constructed using other stochastic processes, such as mean 

reverting and jump diffusion. On reaching the terminal nodes at the terminal level of 

the RO decision-tree, it is rolled back to its root to obtain ENPV. RO decision-trees are 

much more flexible and effective for practitioners using ROA approaches than for the 

valuation of financial options (J. C. Cox et al., 1979; Haahtela, 2012; Hauschild & 

Reimsbach, 2015).  

Copeland and Antikarov (2003, p. 342) highlighted the flexibility and effectiveness of 

RO decision-lattices or trees in computing ENPV throughout their book. They built 

RO decision-lattices or trees by assuming the underlying asset, namely project value, 

has constant volatility at all branches. However, Copeland and Antikarov (2003, p. 

342) point out that this constant volatility assumption needs to be relaxed by having 

volatility changes embedded in the RO decision-tree. That would allow the RO 

decision-tree to incorporate volatility changes. MVR approach does this by obtaining 

the different output sigmas to grow the MVR decision-tree with their up and down 

factors, and then rolling it back using their related risk-neutral probabilities to 

compute ENPV at the root. In order to incorporate these volatility changes, a non-

recombining RO decision-tree is recommended, which is shown in Exhibit 21.1 of 

Copeland and Antikarov (2003, p. 342). In a non-recombining RO decision-tree, each 

node is independent of every other node, whereas in a recombining RO decision-tree 

the nodes reach the same point due to an identical set of up and down factors. The 

methodology of building RO decision-trees with changing volatilities using multiple 

volatilities at different time periods is shown in Mun (2006, p. 248).  
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The MVR approach develops the MVR decision-tree by incorporating volatility 

changes for each of multiple project input risk variables relevant to each year. MVR 

approach adopts the recommendations of Copeland and Antikarov (2003, p. 342) and 

Mun (2006, p. 248), to build the MVR decision-trees in Module 2, with changing 

volatilities using multiple sigmas from Module 1. For a resource sector project, the 

multiple sigmas are the outputs from the Monte Carlo simulation of the CF-model for 

the input market risk variables, such as, ore price and exchange rate; and project-

specific risk variables, such as, ore grades and their yields.  

1.5.3 Objective 2: Developing MVR decision-tree 

The objective is to develop a MVR decision-tree that can calculate the ENPV for both 

compound and simple options based on multiple output sigmas. The compound MVR 

decision-tree can be converted into a simple MVR decision-tree and vice versa by 

adding or deleting various maximisation levels within the tree. 

The MVR approach computes ENPV for compound options after developing two new 

techniques in the MVR decision-tree. The first technique in the MVR decision-tree can 

have a simple (single) option or a series of compound options. This means that the 

MVR decision-tree can be for a simple option, called a simple MVR decision-tree, or 

converted for compound options by inserting multiple levels of maximisations as 

decision levels (options on options) in a compound MVR decision-tree. As a special 

case, the compound MVR decision-tree can collapse into a simple MVR decision-tree 

by removing the maximisation levels for compound options. This MVR decision-tree 

uses the concept of Geske (1979, pp. 72-73), where the mathematical theorem (equation 

4) proves that the Black-Scholes model of a simple option is a special case of the 

compound options when using an analytical method.  

The second technique introduced in the MVR approach is that it subdivides the option 

time periods in the decision-tree into virtual time periods, each representing a level of 

the MVR decision-tree. The first subdivision, corresponding the number of multiple 
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input risk variables, is into synthetic time steps. Each of these is then further divided 

into an integer number of sub-steps. The introduction of synthetic time steps allows the 

MVR approach to quantify the impact of each uncertainty affecting each option time 

step. Since the different input risk variables are assumed to be statistically 

independent of each other, the order in which they are realised does not matter. We 

therefore represent them as being realised in separate synthetic time steps between 

option time periods. The greater number of divisions of each synthetic time step into 

sub-steps is to allow a discrete binomial approximation towards the GBM induced by 

each input risk variable. This mimics the process used in the binomial tree by J. C. Cox 

et al. (1979) of breaking down the option time period into smaller time intervals. As in 

J. C. Cox et al. (1979), adding sub-steps explicitly demonstrates the discrete 

approximation to the GBM process in the MVR decision-tree.  

1.5.4 Significance 2a: MVR decision-tree computes ENPV by using explicit 

discrete approximations to GBM 

A significant contribution in the MVR approach is that, by breaking down the time 

period between the expiry of two options embedded in the project into synthetic time 

steps, the effects of separate input risk variables can be evaluated. Each synthetic time 

step is further broken down into sub-steps. The introduction of these sub-steps makes 

the discrete approximation to GBM more explicit when calculating ENPV of the 

project. As the number of sub-steps in the MVR decision-tree is increased, the 

corresponding ENPVs show oscillatory convergence behaviour. The average arising 

from just two and three sub-steps allows a close approximation to the ENPV from the 

continuous GBM’s to be obtained. More explicitly, we show that the average ENPV 

obtained from two and three sub-steps very closely approximates the ENPV obtained 

from using many more sub-steps. For scenarios where the ENPVs have not 

commenced oscillating yet, the ENPV from the highest sub-step is taken as the 

project’s ENPV.  



  

20 

 

1.5.5 Significance 2b: MVR decision-tree can expand or collapse to transform 

itself from a compound to a simple option decision-tree and vice versa 

The MVR decision-tree can be expanded or collapsed flexibly and easily to transform 

from a compound MVR decision-tree to simple MVR decision-tree and vice versa. It 

has been proved that, as the number of time steps in a binomial-tree using a single 

(consolidated) sigma increases and the time gap for each time step decreases to zero, 

the option price calculated from the binomial-tree converges in the limit to the option 

price obtained from BSF (Copeland & Antikarov, 2003, p. 205; Hull, 2012, p. 276; 

Munn, 2006, p. 146; Pachamanova & Fabozzi, 2010, p. 508). Therefore, the ENPV in the 

simple MVR decision-tree with consolidated sigma converges to the ENPV (option 

value) calculated using BSF as the number of sub-steps increases and the time gap 

between them decreases to zero. The advantage of MVR decision-tree is that it does 

not have to be reduced to a tree based on a consolidated sigma. It can retain branches 

with changing volatilities (multiple sigmas) in a compound option (decisions) 

scenario. Therefore, the MVR approach rests on the established theoretical 

foundations of option analysis while simultaneously providing flexibility for robust 

decision-making in practice.  

1.5.6 Non-validation of compound decision-tree results 

This research has not identified any ROA approach that calculates ENPV for a 

compound option from a RO decision-tree by using multiple output sigmas extracted 

from the CF-model by separately simulating multiple input risk variables.  

In order to validate the mechanism of MVR decision-tree, a single consolidated sigma 

is obtained by simulating all the input risk variables together using Module 1 of MVR 

approach. ENPV is then calculated by converting the compound MVR decision-tree 

into a simple MVR decision-tree by removing intermediate levels (options), which are 

located at the decision levels. ENPV is calculated using the simple MVR decision-tree 
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with a consolidated sigma. The ENPV results from the simple MVR decision-tree with 

consolidated sigma are consistent with the ENPV using other ROA approaches, such 

as BSF. This is similar to the concept of Geske (1979, pp. 72-73) mentioned in Section 

1.5.3, where the option value computed from MVR decision-tree was found to be 

consistent with BSF under special conditions. It is pointed out that BSF cannot be used 

to obtain ENPV for compound real options (Copeland & Antikarov, 2003, p. 106; 

Herath & Park, 2002, p. 6). 

1.5.7 Objective 3: Equivalent validation of ENPV 

The third objective was to validate the ENPV calculated by the simple MVR decision-

tree in Objective 2 against the results from other ENPV methods, such as BSF. The 

compound MVR decision-tree can be validated by first collapsing it into a simple MVR 

decision-tree to compute ENPV. Then the ENPV from the MVR decision-tree is 

compared with the ENPV from BSF with the same consolidated sigma. Without using 

a consolidated sigma, the ENPV from MVR decision-tree cannot be directly validated 

by comparing ENPV calculated with BSF.  

1.5.8 Significance 3: Validation of MVR approach 

MVR approach effectively enables decision-makers to obtain separate output sigmas 

related to each of the input risk variables as compared to the consolidated sigma used 

by other ROA approaches. This results in two advantages.  

First, the decision-maker can determine the individual impact of each project input 

risk variable on the project ENPV. MVR approach performs sensitivity analysis by 

independently changing the mean and standard deviation of the input risk variables. 

Sensitivity analysis lets decision-makers assess the quantitative impact of each input 

risk variable on the project ENPV. Decision-makers can then focus on gathering more 

information about those risks that have high impact on the project value.  
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Second, ENPV computed with the MVR decision-tree can be very useful for 

negotiating the terms and conditions for contracts or for investing in projects subject 

to numerous input risk variables. Specifically, the MVR decision-tree exposes the 

components and the processes most affecting ENPV, and hence informs negotiators 

about critical actions needed to obtain or protect value in commercial arrangements.  

1.5.9 Unquantified impact of uncertainties on project value 

This research has not identified any literature in which the project ENPV has been 

broken down to the level of determining the impact on ENPV from each input risk 

variable separately. Researchers and practitioners have generally focused on existing 

ROA approaches that use only one sigma, possibly a consolidated sigma, to compute 

the ENPV from the combined set of input risk variables. The impact on ENPV of 

changes in the standard deviation of each input risk variable, obtained via sensitivity 

analysis, enables decision-makers to isolate the most and least important uncertainties 

inherent in a project. Module 3 of the MVR approach conducts a sensitivity analysis 

of the effects on ENPV of changing the sigma for each input risk variable. 

1.5.10 Objective 4: Sensitivity analysis of ENPV with respect to uncertainty 

parameters 

This objective is to develop a sensitivity analysis method that is conducted using the 

MVR decision-tree from Modules 1 and 2 to obtain the impact on ENPV from each 

project input risk variable for simple and compound options. This enables decision-

makers to focus on the input risk variables with high impact on ENPV for project value 

maximisation.  

1.5.11 Significance 4: Use sensitivity analysis to enhance project value 

The contribution from this module is that it is a valuable aid to practical sequential 

decision-making. It allows the decision-maker to enhance the project value in many 
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ways. This procedure can be applied to real-life farm-in/out and joint arrangement 

acquisitions for resource sector projects during their project life cycle stages of 

exploration, development and extraction. Robust investment decisions can be taken 

by evaluating various scenarios with sensitivity analysis. 

1.6 Thesis structure 

The structure of the remainder of the thesis is as follows: 

Chapter 2: Literature review - This chapter briefly tracks the evolution of the use of 

option theory to value securities in financial markets. These option valuation methods 

commenced with direct application to simple cases. Later, complexities were added 

to determine ENPV for projects with embedded real options. Both financial options 

and real options valuation theories (ROA) are conducted in a risk-neutral world using 

formulas derived from assumptions that the project value follows a stochastic process, 

generally GBM. The fundamental reason for using risk neutral values is that the 

elimination of risk-free profitable arbitrage opportunities underlies the derivation of 

the options pricing formula. The chapter concludes with a summary of the limitations 

of other ROA approaches identified in the literature. 

Chapter 3: Multiple volatility real options approach (MVR approach) – This chapter 

starts by introducing so-called self-constructing methods. A section explaining 

sequential investment decision problems follows. The chapter then continues with an 

overview of the MVR approach. The four modules of this approach are explained in 

detail. A simple resource sector Prototype project is introduced in this chapter to 

develop the four modules of the MVR approach and illustrate their application to a 

real-life scenario. 

Chapter 4: Applying MVR approach to a real-life coal mining project - MVR 

approach developed in Chapter 3 is applied to Belvedere, a real life coal mining 

project. Belvedere has a contractual compound option embedded in the investment 
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contract with two sequential options. This project incorporates two market and two 

project-specific input risk variables. The chapter begins by introducing the two-stage 

acquisition of Belvedere. The decision problem of Belvedere project is described next. 

The following several sections apply the four modules of MVR approach to this project 

analysing, explaining and summarising the results.  

Chapter 5: Conclusion and general discussion - This chapter concludes by explaining 

how the research objectives and sub objectives have been achieved by developing each 

of the four modules of the MVR approach. This chapter also provides conclusions 

derived from the findings and validation of the MVR approach using real-life 

scenarios. It concludes with thoughts on extensions, limitations and future research 

directions. 
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CHAPTER 2  

LITERATURE REVIEW 

2.1 Introduction 

Investment decisions in real-life resource sector projects typically require a series of 

decisions that can respond to the multiple uncertainties, whose outcomes are revealed 

at different times over the long project life. Traditional NPV models are unable to 

identify the causes and effects of these multiple uncertainties and embed flexibilities 

into their sequential decision processes. ROA approaches overcome these limitations, 

and facilitate increasing the ENPV of the resource sector project, by embedding 

compound options in the investment contracts in the form of options on options. 

Generally, the multiple uncertainties are modelled as random risk variables, making 

them the cause of variations in project cash flows, thereby driving the project value to 

follow a certain stochastic process. With flexibility in investment decision-making, a 

firm can create value from the opportunities arising from the variations of 

uncertainties in the environment and gain competitive advantage. 

Myers (1977) recognised the potential of ROA to evaluate real-world investment 

opportunities under uncertainty. Myers used an analogy of financial options analysis, 

with the real asset treated as the underlying asset and the cost of the investment being 

the strike price. Thus, the term Real options analysis (ROA) originated as the application 

of financial option analysis to the options in contracts linked to acquiring real assets, 

such as resource sector projects. Typically, an acquisition contract can contain a call 

option, where the investor has the right but not the obligation to defer a decision for 

investing in a joint arrangement or complete acquisition of a real-life project. The ROA 

approaches developed over the following four decades can be classified based on two 

types of stochastic processes and methods: firstly, Analytical continuous-time processes, 

which use Analytical methods and secondly, Numerical discrete-time process which use 
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Numerical methods. Analytical methods assume that the uncertainties in the form of 

random risk variables follow continuous-time stochastic processes and numerical 

methods treat those processes as discrete-time stochastic processes. Both analytical and 

numerical methods can compute project ENPV by using Contingent claims analysis or 

Dynamic programming techniques.  

2.1.1 Contingent claims analysis 

An option is also called a contingent claim as its value depends upon how the uncertain 

future event unfolds (Trigeorgis, 1996). Contingent claims analysis is performed by 

defining the uncertain outcomes in various states of the world and relating the option 

value to the value of income in each of those states. The latter are in turn derived from 

the market values of financial assets, which have different payoffs in each of the 

possible states. 

The contingent claims analysis of investment projects replicates the project cash flows 

as a portfolio of securities that are assumed to be traded regularly in the financial 

markets. This is the replicating portfolio assumption, where the project value must 

equal the value of a portfolio of traded assets with the same cash flows if arbitrage 

profits are to be absent. In particular, since the risks of the replicating market portfolio 

and the project are assumed to be the same, the value of the two assets must be the 

same too. Therefore, the sigmas and drift terms of the distributions from the financial 

asset portfolio and the real asset are chosen to be the same, resulting in identical 

stochastic differential equations. Contingent claims analysis can then calculate the 

ENPV by using BSF. This allows the contingent claims analysis to quantify the 

additional value of decision-maker flexibility, i.e. ROV = (ENPV – NPV). In case there 

is no decision flexibility, then the contingent claims analysis results in NPV instead of 

ENPV with zero ROV (Trigeorgis, 1996, p. 155).  

Thus, contingent claims analysis is applicable only when financial assets and options 

result in a complete set of contingent claims to income all possible market states. In 
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particular, the theory of complete markets assumes that traded assets can be combined 

so as to yield any combination of payoffs across any possible set of states of nature. In 

practice, however, markets are not complete, and this limits the use of the contingent 

claims analysis in real-life project valuation. In particular, many real projects are 

exposed to incomplete markets for project-specific risks. In those cases, one cannot 

obtain a sigma of project value returns from the market prices of traded assets, so 

alternative methods are required. 

2.1.2 Dynamic programming  

When methods based on replicating portfolios of securities cannot be used due to 

incomplete markets, an alternative is to use dynamic programming (Dixit & Pindyck, 

1994, p. 120). While the exogenous discount rate used in a dynamic program can often 

be based on asset market returns, the resulting ROA still has subjective components.  

The objective of dynamic programming is to find the optimal value for an investment 

decision problem under uncertainty by maximising the project NPV while 

maintaining flexibility in decision-making. The mechanics underlying dynamic 

programming is to break down the decisions into components that can be solved step-

by-step, over the project life. Each time step considers the present decision and a series 

of future decisions. In order to track the optimal path of these decisions, a roll-back 

process starting from the terminal decision point to the starting point is conducted. 

In order to track the evolution of a project’s value using dynamic optimisation, the 

uncertainties to which the decision problem is exposed (risk variables) can be 

modelled as continuous-time or discrete-time stochastic processes. When using a 

discrete-time process, a state variable is defined to completely characterise the asset’s 

market condition. This is assumed to follow a Markov process, which is a discrete time 

analogue of continuous GBM. Then at each time step, the decision related to the asset’s 

operation (termed a control variable) in turn influences the alternative paths taken by 
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the state variable. The project value and ENPVs are therefore functions of the state 

and control variables.  

The ENPV is maximised using a Bellman equation, which assumes that only the 

present decision is to be optimised as the later decisions have already been optimised 

during the roll-back process and incorporated into the project value function. The 

latter is written as a function of the possible next-period values of the state variable. 

Hence, as different values for the control variable are contemplated they affect future 

value in an optimum way via their impact on the state and thus the value function. 

The objective of the decision problem thus is to determine the optimal control variable 

by maximising the value of the present plus the discounted sum of future values 

implied by future optimum decisions.  

 Due to the dynamic programming’s complexity, its practical applicability has 

remained limited (Borison, 2005; Triantis, 2005). A major problem is the complex 

probabilistic characterisation required for the firm’s decision-making environment 

not only in the current period but also at all points of time up to the option expiry 

period. Another is that complicated numerical methods are often required to 

characterise the endogenously determined project value function. 

2.2 ROA approaches applied to resource sector projects 

ROA approaches have been applied to resource sector projects that are exposed to 

multiple random risk variables, such as market risks of natural resource prices and 

exchange rates, as well as project-specific (technical and geological) risks, such as ore 

grades and yields. When compound or simple options are embedded in an 

investment, decisions are taken based on the ROV = (ENPV – NPV) computed for 

these options, which incorporate the impact of multiple random risk variables. 

Resource sector projects require significant expenditures at different times during 

their project life. Even within the different exploration, development, extraction and 
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production stages, multiple decision points with accompanying expenditures may be 

involved. With the significant commitment of expenditure at each stage of the project, 

the sequential investment decisions become effectively irreversible, although projects 

can always be abandoned if that proves to be the highest value alternative. Robust 

sequential investment decisions are required while responding to the information 

revealed regarding the multiple risk variables over the project life. For this purpose, 

various analytical and numerical techniques have been developed to compute the 

project ENPV.  

The analytical methods generally use PDE’s, but can solve only simple problems as 

discussed in Section 2.3. The limitations of analytical methods are discussed by 

Schulmerich (2010). Applying analytical methods to real-life decision problems can 

lead to PDE’s becoming very difficult or impossible to solve. In particular, complex 

resource sector projects are exposed to multiple risk variables and typically have 

compound options. These features make it impossible to solve for ENPV using PDE’s. 

Therefore, with the inability of analytical methods to compute ENPV, numerical 

methods are used in practice, as discussed in Section 2.4. Numerical methods also 

provide transparency in computations for complex decision problems.  

Trigeorgis (1995, p. 1) gives an overview of ROA approaches covering real options 

valuation, principles, literature and applications over the four decades up to the time 

he wrote. In particular, Table 1.1 of Trigeorgis (1995, p. 3) shows that, over this long 

period of time, various ROA approaches have been developed for resource sector 

projects that have an Option to Defer embedded in their contracts, for example 

Tourinho (1979), McDonald and Siegel (1986), and Paddock, Siegel, and Smith (1988). 

Extensive literature on ROA approaches in the resource sector is also discussed in 

Munn (2006), Copeland and Antikarov (2003), Dixit and Pindyck (1994), and 

Trigeorgis (1996). 
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A recent comprehensive literature review by Savolainen (2016, p. 49) details the 

application of ROA approaches in mining sector. One of the earliest papers was 

written by Brennan and Schwartz (1985) while evaluating Chilean copper mines. 

Savolainen (2016, p. 58) tabulates the literature on computing ENPV of mining projects 

by the ROA approaches used by researchers and their RO methodologies, such as 

PDE’s, Binomial-trees, Binomial-lattices, and Monte Carlo simulations. 

Similarly, Fernandes, Cunha, and Ferreira (2011, p. 4491) have reviewed the literature 

on ROA applications to the energy sector, with Siegel, Smith, and Paddock (1987) 

starting with the evaluation offshore oil projects. Also, Fernandes et al. (2011, p. 4496) 

compiled the ROA approaches developed for energy projects according to 

researchers, their RO methodologies and the resource sector field, such as oil, power 

and renewables.  

Over the decades, comprehensive literature aimed at practitioners has also developed 

to support robust decision-making under uncertainty, specifically in the resource 

sector. This includes the areas of decision frameworks, probability and statistics, 

quantifying uncertainty, decision models, simulations, decision-trees, risk analysis, 

value of information and judgements, such as Newendorp (1975), Schuyler (2001), 

Bazerman and Moore (2008), Benninga (2008), Bratvold and Begg (2010), and (Gilboa, 

2010).  

The literature on ROA is thus extensive. The discussions in the following sections 

focus on the RO concepts, methodologies and approaches needed to develop the MVR 

approach, particularly focussing on ROA as applied to resource sector projects. 
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2.3 Analytical continuous-time methods 

2.3.1 Black-Scholes formula (BSF) 

The breakthrough in valuing financial option came in 1973 with the Nobel-prize 

winning BSE by Black and Scholes (1973). BSF was the closed-form solution to BSE, a 

partial differential equation based on the assumptions that a portfolio with equivalent 

payoffs to the option should sell for the same price as the option, otherwise the 

markets would allow risk-free arbitrage profits. The concepts of arbitrage and law of 

one price is explained in Billingsley (2006) and Duffie (1996). 

BSF uses the mechanics of a replicating portfolio of securities, consisting of a long 

position in the underlying asset together with a short position in a risk-free bond. The 

fact that the cash flows on the replicating portfolio and option are equivalent over any 

infinitesimal increment of time implies that changes in the replicating portfolio’s value 

must match the changes in the option price. The evolution of the value of the risk-free 

replicating or tracking portfolio yields the stochastic partial differential equation 

(PDE) that BSF solves for the option value. Mathematical derivations of the BSF 

include Ryan (2007, p. 315) and Hull (2012, p. 309). 

Since the no arbitrage condition eliminates risk, the BSF depends on the risk-free rate. 

The no arbitrage condition also implies that the option valuation is independent of the 

risk preferences (risk attitudes) of investors. Therefore, the option value or expected 

present value of any future random project cash flows are obtained by discounting 

them at risk-free rate once the appropriate replicating portfolio has been determined. 

This leads to two important techniques of replicating portfolio and risk-neutral valuation 

discussed in Sections 2.3.2 and 2.3.3, respectively. 

Five input quantities are required to calculate the option price of a security, or 

equivalently ENPV for real options using BSF: the current price of the asset; the 
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volatility of the asset value returns; the exercise price; the maturity or exercise date; 

and the risk-free rate. 

Since the formulation of BSF, many other continuous-time option pricing methods 

have been developed. Margrabe (1978) developed an option valuation method where 

one asset is exchanged for another asset by taking the exercise price to be a stochastic 

variable. Geske (1979) developed an equation for valuing a compound option using 

deterministic exercise prices for sequential investment decisions. The summary 

formula of the Geske’s compound option model is given in Ritchken (1996, p. 358). 

Carr (1988) developed an equation for compound options with stochastic exercise 

prices. The BSF and other continuous-time option-pricing methods were designated 

analytical methods in Section 2.3.1. 

Approximate analytical solutions have been derived for more complex options, such 

as American options, using techniques such as quadratic approximation (Geske & 

Johnson, 1984). A compilation of analytical solution publications using these complex 

mathematical models are detailed in Brennan and Schwartz (1985). 

2.3.2 Replicating portfolio technique  

The idea that portfolios with identical cash flows should sell for the same price is 

fundamental to rational pricing in financial markets. As discussed in Section 2.2.1, 

option-pricing formulas require the existence of a replicating portfolio consisting of a 

traded underlying asset and risk-free bond. By analogy, a project can be valued if it is 

expected to generate a series of future cash flows that follow a continuous GBM 

stochastic process equivalent to the cash flows from a replicating portfolio. The latter 

can then be valued using BSF. Amram and Kulatilaka (1999), for example, argue that 

financial option pricing theory can directly be applied to investments in real-life 

projects. Brennan and Schwartz (1985), McDonald and Siegel (1986), Dixit and 

Pindyck (1994), and Trigeorgis (1996), for example, have applied these methods to 

real-life projects. Notably, Brennan and Schwartz (1985) and McDonald and Siegel 
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(1986) hedged the price risk in oil production projects using a replicating portfolio 

with oil futures contracts. Borison (2005, p. 19) also applies this approach to an oil and 

gas example to calculate ENPV using BSF with market data. 

The application of BSF to compute ENPV for real-life projects for decision-making 

became known as the Classic real options approach (Borison, 2005). To be more explicit, 

the Classic ROA uses a tracking or replicating portfolio and no-arbitrage assumptions 

to compute ENPV with the following steps (Borison, 2005, p. 18):  

1. Identify replicating or tracking portfolio for price and volatility of the 

underlying investment. 

2. Determining the size of the investment vis-a-vis the replicating portfolio. 

3. Use BSF as the financial option pricing methodology. 

Copeland, Koller, and Murrin (2000) explain that the replicating portfolio ROA 

technique used by Amram and Kulatilaka (1999), or the Classic ROA, requires that the 

project value returns can be replicated by a portfolio of marketed financial assets in 

efficient markets. Specifically, the growth in project value and volatility in project 

value returns matches the growth in portfolio and volatility of portfolio return values. 

The project risks can then effectively be hedged using the traded replicating or 

tracking portfolio. To eliminate arbitrage opportunities, the price of the replicating 

portfolio then must equal the ENPV for the project. 

In other words, the Classic ROA treats project investment risks as having equivalent 

financial instruments in the capital markets. The advantage of using market asset 

prices to calculate option value is that the project value and the investment strategy 

are based on independent assessments of risks and required returns rather than the 

subjective beliefs and preferences of project investors. 
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The replicating portfolio technique also implicitly assumes that the project value 

follows continuous GBM, since it uses BSF for calculating ENPV. Another maintained 

assumption of the Classic ROA is that capital markets are complete. 

In the case of static replicating portfolio, the cash flows of the portfolio and the project 

are always the same. For dynamic replication, the portfolio and the project have 

different cash flows, but have the same Greek letters or simply Greeks (which each 

measure a different dimension of the change in risk in an option position over time 

(Hull, 2012, p. 377)). Specifically, in dynamic replication, the replicating portfolio 

continually adjusts to track variations in the risk characteristics of the project. The 

partial derivatives at any point in the stochastic process for both the portfolio and the 

project must then also be equal. This means that any infinitesimal change to the 

parameter of the random risk variable must have the same effect on both the portfolio 

price and project value.  

Amram and Kulatilaka (1999) observe that the dynamic replication of real assets in 

real-life projects can result in tracking errors. If these tracking errors are significant, or 

cannot be quantified, the resulting calculated ENPV will be inaccurate. In practice, a 

replicating portfolio of traded assets that perfectly replicates the cash flows of a typical 

investment project is usually difficult or impossible to find. In the case where a 

replicating portfolio is unavailable, the no-arbitrage condition does not apply and BSF 

cannot be applied to calculate ENPV. Furthermore, the computation of ENPV based 

on discounting the future cash flows at the risk-free rate will not be accurate.  

A common limitation of the market risk based ROA approaches is that they cannot 

replicate or hedge project-specific risks. Private risks are not market related, and 

therefore excluded from the computations. Researchers suggest that firms need to 

mitigate the project-specific risks by having a range of diversified projects that are at 

various stages of their project life and exposed to uncorrelated risks, called 

unsystematic or idiosyncratic risks. If market risks can be eliminated using a replicating 

https://en.wikipedia.org/wiki/Infinitesimal
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portfolio, and project-specific risks are neutralised via diversification, then ENPV can 

be computed by discounting with the risk-free rate.  

Another potential issue is that, since the Classic real options approach uses BSF, it is 

unable to value compound options (options on options) (Barton & Lawryshyn, 2010). 

The BSF applies only to European options with fixed expiry period and exercise price. 

The decision rule in sequential decision-making is that when ROV = (ENPV – NPV) is 

positive for an option at expiry date, the decision-maker can continue investing, 

whereas when ROV is zero or negative, the investor discontinues with the investment. 

Hence, the expiry period could be endogenous to the revelation of random outcomes 

over time. 

Due to the complexity of real assets, Copeland and Antikarov (2005) recognise the 

difficulty in finding a highly correlated traded portfolio. To better align the present 

value of a project with a traded portfolio, Copeland and Antikarov (2005) recommend 

using an Entity Value (internal cash flow based) versus a traded Equity Value 

(external market based) before applying BSF to obtain ENPV. They argue that the cash 

flow based on entity value better represents the value of the underlying asset, which 

is the project.  

2.3.3 The Subjective real options approach 

Most of the assumptions underlying the Subjective real options approach are the same 

as those underlying the Classic ROA (Borison, 2005). In particular, the Subjective ROA 

uses the replicating portfolio and no-arbitrage assumptions for computing ENPV with 

BSF. The Subjective ROA also assumes that the underlying project assets are tradable 

in the markets and that the investors are able to respond by continually adjusting their 

investment portfolios. Also, the asset value is assumed to follow GBM. Whereas the 

Classic ROA uses a market based replicating portfolio, however, the Subjective ROA 

uses subjective input estimates. Borison (2005, p. 21) applies the Subjective ROA to the 
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same oil and gas example used with the Classic ROA, but with subjective data. In both 

cases, ENPV is calculated using BSF. 

The two step Subjective real options approach is as follows Borison (2005, p. 20): 

1. Subjective computation of value and volatility of the underlying investment. 

2. Use standard financial option pricing tools, such as BSF. 

The Subjective ROA assumes that a market-based replicating portfolio exists so the 

no-arbitrage assumption can be applied. In reality, however, the subjective inputs 

taken as proxies for traded market values may not in fact have suitable market 

analogs. 

An advantage of the Subjective real options approach is that it still utilises option 

analysis to value flexibility in investment decisions by a firm (Luehrman, 1998). 

Amram and Kulatilaka (1999) argue that as ROA approaches are option-based, 

decision-makers can understand how flexibility enhances project value. Luehrman 

(1998) emphasised the value of staged investment opportunities in resource sector 

projects and advocated that they should be valued with ROA approaches. The 

sequential investment decisions are embedded as compound options in the 

investment contracts, from which flexibility in decision-making can be exploited to 

increase the value of the firm. 

2.3.4 Risk neutral valuation technique 

The risk neutral valuation technique uses the concept of risk neutral probabilities. 

While the risk neutral valuation technique does not use a replicating portfolio, it 

retains the no-arbitrage condition and risk-neutrality assumption. Mostly, this method 

is used to compute ENPV after constructing RO decision-trees and lattices. The 

mathematics of risk neutral valuation of European call option is explained in Stoll and 

Whaley (1993, p. 213). The risk neutral valuation technique is more practical than the 
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replicating portfolio technique when replicating marketed securities are generally not 

available. 

2.4 Numerical discrete-time methods  

2.4.1 Numerical Approximations of partial differential equations 

As noted above, one of the limitations of continuous time methods is that analytical 

solutions of the resulting partial differential equations may often be unobtainable. 

Schulmerich (2010) divides numerical approximations of partial differential equation 

solutions into implicit and explicit finite difference schemes (Brennan & Schwartz, 

1977; Brennan & Schwartz, 1978) and numerical integration (Parkinson, 1977). Finite 

difference schemes numerically approximate solutions of PDEs by creating a 

relationship between every point in the solution area. Finite difference schemes create 

a mathematical relationship like a chain linking every point in the solution area. The 

first links in the chain are the boundary conditions with all other points in the domain 

are interconnected.  

2.4.2 Underlying stochastic process approximation technique 

Boyle (1977) suggested obtaining option value by using a discrete approximation to 

an underlying continuous stochastic process and Monte Carlo simulation techniques. 

J. C. Cox et al. (1979) applied this to determining option value by constructing 

binomial-trees or lattices (Trigeorgis, 1996, pp. 306-309). Warren Joseph Hahn (2005) 

emphasised that these binomial-trees or lattices had several advantages for valuing 

financial and real options. They were accurate, robust, and understandable for the 

decision-makers (Copeland & Antikarov, 2003; Trigeorgis, 1996). Schwartz and 

Trigeorgis (2004, p. 601) explain the simulation and numerical methods used in 

computing ENPV and ROV via these techniques. Another advantage of the techniques 

is that stochastic processes other than GBM, including mean-reverting, jump-diffusion 

and other processes can be incorporated. The original binomial-tree methods for 
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valuing financial options (e.g. J. C. Cox et al. (1979) and Haahtela (2012, p. 174)) have 

been extended to make them more flexible and usable for ROA practitioners. 

2.4.3 Decision-lattice method 

J. C. Cox et al. (1979) extended the standard binomial option method to compute an 

option value using a binomial lattice. The binomial-lattice has binary branches or 

paths with associated probabilities. Option value is computed recursively, by rolling-

back values from the terminal nodes to the root, by multiplying the values on the 

branches with the probabilities and discounting with the risk-free rate. The binomial-

lattice grows forward by assuming the asset value to have two states or outcomes, i.e. 

up or down, in each time period. For appropriately chosen probabilities, the ENPV 

obtained from discrete GBM based binomial-lattice approximates the ENPV obtained 

from the continuous-time based BSF as the number of time steps increases and the 

time between steps shrinks toward zero. The binomial-lattice thus converges weakly 

to a lognormal diffusion of the underlying asset value. Mathematical proofs that 

binomial option pricing converges to the BSF solution for option value can be found 

in Martin, Cox, and MacMinn (1988, p. 478) and Hull (2012, p. 276). Since it assumes 

that there are sufficient traded assets to allow construction of a replicating portfolio at 

each of its nodes, the binomial-lattice method implicitly assumes complete markets. 

When multiple up and down moves reach a subsequent node with same value, it 

becomes a recombining binomial-lattice. For example, an up move followed by a 

down one leads to the same value as a down move followed by an up one. Such 

recombining of outcomes significantly reduces the number of nodes in these tree and 

lattices. 

Copeland and Tufano (2004) developed binomial-lattices using replicating portfolios 

for project valuation. For real-life projects, these binomial-lattices are difficult to use 

and become more complex when computing ENPV of compound options.  
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2.4.4 Decision-tree method 

RO decision trees were developed from the original binomial tree methods for 

financial option valuation (J. C. Cox et al., 1979, p. 174) to apply the binomial lattice 

method to real options. The underlying risk variable in a RO decision-tree evolves in 

time over a number of steps, starting from the commencement of the project. The state 

variable, which moves at every node by an up or down factor, is a function of the 

volatility (sigma) obtained from the distribution of project value returns. An 

important theorem by Girsanov proves that the sigma of the project value returns is 

the same, for both the real world and the risk neutral world, in the limit as the step 

size ∆𝑡 tends to zero, (Hull, 2012, pp. 265-267). The Girsanov theorem is given in Briys, 

Bellalah, Mai, and de Varenne (1998, p. 39) and Mikosch (1998, p. 178) with a proof in 

Protter (2003). 

RO decision-trees are flexible for ROA application. Since RO decision-trees are built 

to value ENPV of real assets under risk-neutral conditions, the varying attitudes to 

risk of investors (risk appetite) become irrelevant in project valuations (Bjursten, 

Kottenauer, & Lundell, 1999). RO decision-trees can be used for simple real options 

with one risk variable, but when there are compound options exposed to multiple risk 

variables, advanced computer programs are required to handle the exponential 

expansion in the number of tree branches.  

RO decision-trees are transparent in their logic and can be connected to decision 

analysis for their use in ROA approaches (Brandao, Dyer, & Hahn, 2005, p. 175). This 

is particularly valuable for computing ENPV of sequential and parallel compound 

options for real life projects (Copeland & Antikarov, 2003; Trigeorgis, 1996). An 

important advantage of the RO decision-tree is that stochastic processes other than 

GBM, such as mean-reverting and jump-diffusion processes, also can be used. 

A limitation of RO decision-trees is that they can become enormous and complex, 

making them nearly impossible for visual display. However, using modern computer 
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systems, even large decision problems with literally millions of endpoints for the RO 

decision-tree can be solved (Brandao et al., 2005). The MVR approach in this research 

has used advanced computer programming to develop the MVR decision-tree, which 

is capable of growing a large number of branches and nodes.  

2.5 Numerical discrete-time real options approaches  

2.5.1 Revised classic real options approach  

The Revised classic real options approach recognises the existence of two types of risks 

affecting real investment projects: external market risks and internal private risks 

(Dixit & Pindyck, 1994). External market risks are due to competition, regulations and 

the political environment. Internal project-specific or private risks in the resources 

sector can include geological risks or risks associated with the technical capabilities of 

the firm.  

The Revised classic real options approach applies BSF to evaluate the effects of market 

risks on ENPV in the same way as the Classic real options approach or the Subjective 

real options approach (Borison, 2005). Dixit and Pindyck (1994) recommend the 

Classic real options approach for real-life projects that are affected by market risks. On 

the other hand, if the project is primarily driven by project-specific risks, then RO 

decision-tree with subjective probabilities represents the range of project values 

through time. Therefore, project-specific or private risks require subjective inputs and 

their evaluation may require dynamic programming and decision analysis. In both 

market and project-specific risks, the RO decision-tree calculates ENPV by rolling back 

from the terminal nodes to its root.  

The Revised classic real options approach involves the following steps (Borison, 2005, 

p. 25): 
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1. Determine if the investment is dominated by market/public or project/private 

risks. 

2. If market or public risks dominate, then the Classic real options approach using 

BSF is applied. 

3. If project-specific or private risks dominate, then decision analysis is used in 

the following steps: 

a. Grow forward a decision-tree representing the investment alternatives. 

b. Assign probabilities and values to the risks based on subjective 

judgment. 

4. Use the model to calculate NPV of payoffs at nodes by using the appropriate 

discount rate. 

5. Roll-back the decision-tree to determine the optimal strategy and its associated 

ENPV.  

The limitation of the Revised classic real options approach is that it assumes the risks 

to be dominated either by market risks or project-specific or private risk. In reality, 

resource projects are exposed to both market and project-specific risks, which can 

cause error in calculating ENPV under the assumption that they are completely one 

or the other type of risk. Further limitations of the Classic and Revised classic real 

option approaches have been discussed in Smith and Nau (1995), Borison (2005), and 

Mattar and Cheah (2006). 

Borison (2005, p. 25), in computing ENPV for an oil and gas development example, 

argues that the project-specific risks should be treated as the dominating risk under 

the Revised classic real option approach. The example in Borison (2005, p. 25) differs 

from a similar oil and gas development one in Amram and Kulatilaka (2000), where 

market risks were taken as dominant.  
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Amram and Kulatilaka (1999) support the Revised classic real options approach. They 

were among the earlier proponents of the Classic real options approach, whereby 

ROA can be applied when project value can be tracked with a traded asset. In case the 

project value cannot be tracked by market assets, for example because its driven by 

non-market risks, they advocate that decision analysis should be used. For the 

untracked component of project value, the ENPV calculation can be based on the 

certainty equivalent utility of the investors. When using decision analysis for the 

untracked component of project value, the rate of discount needs to be determined, 

reflecting the investor risks and preferences. On the other hand, when time and risk 

preferences are consistent with options analysis, ENPV represents the project value 

for diversified investors. Although, Amram and Kulatilaka (1999) have not advised, 

judgment would be required on how to separate the project value components that 

can be tracked by market assets and others that are untracked.  

Two major differences distinguish the Classic real options approach, the Subjective 

real options approach and the Revised classic real options approach. The first is the 

extent of capital market perfection, while the second is the source of the data. The 

Classic real options approach uses the no arbitrage principle based on the construction 

of a replicating portfolio. The Classic real options approach thus assumes that the 

project can be tracked well by a replicating portfolio of market assets. By contrast, the 

Subjective real options approach uses subjective input estimates. The Revised classic 

real options approach assumes that projects have market risks or project-specific risks. 

For projects with market equivalents, the Classic real options approach can be applied 

using market data, whereas for projects without market data, subjective judgment is 

used.  

2.5.2 Market asset disclaimer real options (MAD) approach 

For most real-life decision problems in the resource sector, project-specific risks are 

unable to be replicated by market assets. Hence, the Classical real options approach 
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and the Revised classic real options approach are impractical for computing ENPV. 

Copeland and Antikarov (2003) developed the MAD real options approach to 

compute ENPV without using the standard option pricing model, arguing that a 

traded replicating portfolio often does not exist. In the MAD approach, a practical self-

constructed MAD decision-lattice or tree is used instead of a replicating portfolio. 

MAD decision-lattices or trees are constructed with a consolidated sigma, generated 

by Monte Carlo simulation of the project value returns by combining the market and 

project-specific risks together.  

MAD approach uses the same logic for calculating ENPV whether or not the 

investment opportunity contains embedded flexible options. Subjective input data for 

ENPV calculations are used, as there are usually no suitable traded market assets. This 

leads to three fundamental assumptions, first the Market asset disclaimer (MAD); 

second the GBM assumption; and third the standard option pricing principle of no 

arbitrage (Copeland & Antikarov, 2005, p. 315).  

2.5.2.1 MAD assumption 

The MAD real option approach first makes the so-called Marketed Asset Disclaimer 

(MAD) assumption that the net present value of the project without options is the best 

unbiased estimator of the market value of the project (Copeland & Antikarov, 2003, 

pp. 94-95). Effectively, this assumes that the present value of the underlying risky asset 

without flexibility behaves as if it were a marketed security. The project value without 

options becomes the underlying asset in the replicating portfolio. Future changes in 

the project value will be the result of random and unpredictable shocks due to 

uncertainties, which are modelled as a random walk (Hull, 2012, p. 292). Dividends 

paid in each period need to be added back so that project value will be a random walk 

through time, irrespective of the pattern of cash flows (Copeland & Antikarov, 2003, 

p. 226). 



  

44 

 

Copeland and Antikarov (2003) agree that using the Classic real options approach can 

capture ENPV correctly in the case where a replicating portfolio of market securities 

can be identified. However, Copeland and Antikarov (2003, p. 94) emphasise that it is 

futile to search the markets for the elusive replicating portfolio of securities when 

many project-specific risks are involved. It is nearly impossible to find them for real-

life projects. When observable market information about project-specific risks are 

absent, the NPV of a project is treated as being highly correlated with the firm’s market 

value. Thus, the best estimate of the market value of the project is NPV, the present 

value of the project itself without flexibility (Barton & Lawryshyn, 2010). 

In the MAD real options approach, like other ROA approaches, the value of flexibility 

ROV is an add-on to a traditional NPV valuation. This means that the project value 

with flexibility is the project value without flexibility plus the value of the embedded 

options. It is written ENPV = NPV + ROV. This argument is explained by Copeland 

and Antikarov (2003, p. 219). 

The MAD assumption has been criticised for ignoring the possibility that a replicating 

portfolio may exist. Although MAD approach ensures that the law of one price is 

maintained internally between the asset and the option, it ignores market data and 

uses only subjective data. Hence, arbitrage opportunities or profits could arise. The 

MAD assumption is, however, conceptually comparable to the assumption adopted 

by Luehrman (1998) earlier in rationalising the direct application of the Classic real 

options approach with BSF to real options. While Luehrman’s approach has generally 

been treated as being too simplistic (Triantis & Borison, 2001), the MAD real options 

approach captures the underlying dynamics of market risks and project-specific risks 

in the form of a stochastic process for project value. 

2.5.2.2 GBM assumption 

MAD also assumes that period-by-period changes in the project value without options 

follow GBM. The justification for this assumption is based on the theory of efficient 
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markets and the notion that project value represents movements in asset value as if it 

were traded in the market. Specifically, Copeland and Antikarov (2003, pp. 222-227) 

justify the GBM assumption by using Samuelson’s proof that properly anticipated 

prices fluctuate randomly (Samuelson, 1965a). This implies that, irrespective of the 

cash flow patterns that are expected in the project, the variations in project value 

viewed as the current asset price should already have incorporated all the relevant 

information available up to that point in time, as in continuous GBM. 

2.5.2.3 Uncertainties, random risk variables and consolidated volatility 

A set of random risk variables affecting the project cash flows will impact the project 

value through time. The MAD real options approach combines all the random risk 

variables into a single stochastic process impacting 𝑉, the project value, while 

conducting the Monte Carlo simulation. The combined effect of the multiple random 

risk variables on project value results in a “consolidated sigma” describing the 

variability of project value. 

If many independent random risk variables affect the project value, the central limit 

theorem will imply that the distribution of the project value returns may be 

approximately normal at any point in time. If so, the distribution of the project value 

at any point in time would be lognormal. Thus, if 𝑉ℎ is the project value at the time ℎ, 

then the project value return is [𝑉ℎ+1/ 𝑉ℎ] over the time period between ℎ and ℎ + 1. 

Under normality, the logarithm of project value return = 𝑙𝑛 [𝑉ℎ+1/ 𝑉𝑗] would be 

normally distributed with mean 𝜈 and variance 𝜎2. This is defined in Equation 13.18 

of Hull (2012, p. 293). When the number of time steps tends towards infinity, or 

equivalently the duration of each time step tends towards zero, the stochastic model 

follows the random walk process, also known as the standard Wiener process shown 

by the following equation: 

𝑑 𝑙𝑛(𝑉) =  𝜈 𝑑𝑡 + 𝜎 𝑑𝑧, 
2.1 
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where z is a Standard Brownian motion. The mathematical explanations of the Wiener 

process equations are given in D. R. Cox (2001, p. 208). 

Therefore, the variation in the project value 𝑉, which is lognormally distributed at any 

time, can be modelled as a continuous GBM stochastic process in the form of:  

𝑑𝑉 =  𝜇 𝑉𝑑𝑡 +  𝜎 𝑉 𝑑𝑧, 2.2 

where: 

𝜐 = 𝜇 − 
𝜎2

2
 

2.3 

The above equations of GBM processes and their parameters are explained 

mathematically in various texts, including (Dixit, 2001, p. 7; Dixit & Pindyck, 1994, p. 

71; Hull, 2012, p. 287; Wilmott, 1998, p. 20). 

In practice, the sigma can be obtained from Monte Carlo simulation of the random 

walk of the project value returns 𝑙𝑛 [𝑉ℎ+1 / 𝑉ℎ] as discussed above (Samuelson, 1965b, 

p. 15) and Pachamanova and Fabozzi (2010, p. 454). The volatility of the project value 

returns caused by the collection of random risk variables is determined by Monte 

Carlo simulation of each of their stochastic processes. The consolidated annualised 

standard deviation of the project value returns, assumed to remain constant over time, 

is called the consolidated sigma. The consolidated sigma becomes the input into the 

MAD decision-lattice or tree in order to calculate ENPV. 

A discrete binomial GBM based RO decision-lattice or tree can be used as the 

approximation of the continuous GBM stochastic process (Brandao et al., 2005). The 

continuous GBM is broken down into time steps, making the stochastic process a 

random walk or discrete GBM. The consolidated sigma is used to obtain the up factors, 

down factors, and risk-neutral probabilities for the recombining MAD decision-lattice 

or tree (Brandao et al., 2005). Option decision criteria are applied to the decision nodes 

of the MAD decision-lattice or tree, and the ENPV or option value of the project, is 
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obtained by rolling back the MAD decision-lattice or tree using risk neutral 

probabilities and discounting at the risk-free rate (Barton & Lawryshyn, 2010).  

As discussed earlier, Copeland and Antikarov (2003) designate real options with 

multiple sources of uncertainty rainbow options and when integrated with compound 

option decisions they become compound rainbow or learning options. Investment 

contracts or projects in the resource sector typically are learning options. They are 

exposed to multiple input risk variables and allow for sequential decisions over their 

project life cycle of exploration, development, extraction and production stages.  

The MAD real options approach contains the following computational steps: 

1. Construct a cash flow model of the underlying investment project. Calculate 

the base case present value of the project without flexibility using the static 

NPV model using expected cash flows discounted at the appropriate risk-

adjusted cost of capital. 

2. Estimate or specify the distributions of the uncertain inputs into the MAD CF-

model. Conduct a Monte Carlo simulation to encapsulate the multiple 

uncertainties into a single uncertainty governing the evolution of project value 

returns. Calculate the consolidated volatility (σ) of the resulting distribution of 

project value returns.  

3. Use the volatility (σ) of the project value returns to construct an event tree or 

lattice based on the evolution of project value through time modelled as a 

random walk or discrete GBM. 

4. Identify and insert options as decision nodes in the event tree so that it becomes 

a decision-tree. The decision-tree payoffs from optimal decisions at a particular 

node are conditional on the state of nature at that node.  



  

48 

 

5. Since the MAD decision-lattice or tree is based on GBM, value the RO decision-

tree payoffs using binomial approximation up and down factors and 

accompanying risk neutral probabilities and a risk neutral discount rate to 

calculate ENPV and ROV as the MAD decision-lattice is rolled back from node 

to node. 

Copeland and Antikarov (2003) argue that the MAD real options approach makes real 

options applicable to a much broader range of investments than other ROA 

approaches based on a replicating portfolio argument. However, MAD real options 

approach has limited application to real-life resource sector projects. For example, 

Copeland and Antikarov (2003, p. 219) comment first that it is difficult, if not 

impossible, to construct a MAD decision-lattice or tree affected by more than two  

sources of uncertainties resolved at different points in time. Second, the volatility in 

building the MAD RO decision-tree branches may not remain constant. Copeland and 

Antikarov (2003, p. 219) acknowledge the latter to be a particularly strong assumption 

that needs to be relaxed. Effectively, this means that the up factor, down factor and 

risk neutral probabilities of the RO decision-tree should vary due to the changing 

volatilities.  

The MVR approach developed in this research has overcome both these MAD 

limitations. It obtains project ENPV by developing a compound MVR decision-tree 

using changing volatilities obtained from multiple output sigmas arising from Monte 

Carlo simulation of its CF-model.   

2.5.3 Revised MAD real options approach  

Brandao et al. (2005) developed a non-recombining RO decision-tree that can be 

evaluated by separating the input market risk and private risk variables. A Monte 

Carlo simulation was used to obtain a combined sigma for the input market risk 

variables. This combined sigma was used to construct the Revised MAD decision-tree 

to grow using up and down factors and rolled-back using the corresponding risk-
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neutral probabilities. The project-specific risk component was built by discretising the 

underlying distributions and then applying the subjective probabilities to the Revised 

MAD decision-tree branches obtained from the utility function of investor 

preferences. Revised MAD decision-tree was constructed with the off the shelf 

decision software DPL7.  

Although the Revised MAD real options approach uses a RO decision-tree, Smith 

(2005) showed that the ENPV obtained for the same variables and constants will be 

the same for a RO decision-lattice. Further, Brandao et al. (2005, p. 108) agree with 

Smith (2005) that the Monte Carlo simulation provides a robust method for modelling 

multiple uncertainties, including those that follow non-GBM stochastic processes such 

as mean reverting or jump diffusion processes.  

The steps of Revised MAD real options approach are as follows: 

1. Use expected cash flows to estimate present value for the root of the decision-

tree 

2. Model variable uncertainties 

3. Use a Monte Carlo simulation to obtain sigma for the market risk component 

using the distributions of the underlying market risk variables 

4. Use a utility function to obtain subjective probabilities for the project-specific 

risk component 

5. Construct the present value Revised MAD decision-tree  

A limitation of constructing the Revised MAD real options approach is that, as the 

number of risk variables and options, and therefore decision levels, increase, the RO 

decision-tree rapidly becomes a large messy bush (Lander and Pinches (1998, p. 553)). 

Generally, for a RO decision-tree with n periods, the number of nodes expands rapidly 

as [2n+1-1], making it visually incomprehensible. The RO decision-tree then becomes 
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difficult to understand and solve for ENPV (Lander and Pinches (1998, p. 553)). In 

comparison, a recombining RO binomial-lattice or tree is better as it has far fewer 

[(n+1)(n+2)/2] nodes (Brandao et al., 2005). Its disadvantage, overcome by the MVR 

approach developed in this research, is that it cannot incorporate changing volatilities 

within these lattices or trees.  

2.5.4 Integrated real option approach 

Nau and McCardle (1991) and Smith and Nau (1995) introduced the Integrated real 

option approach to determine the ENPV of a resource sector project by combining the 

market risk and project risk components. Using an example, Smith and McCardle 

(1998) valued the market risk component with option analysis and valued the project-

specific risk component with decision analysis.  

Smith and Nau (1995) argue that when markets are complete, investment decisions 

should be made using market data. Then all decision-makers, irrespective of their 

beliefs and preferences, should accept the decisions based on ENPV of the investment. 

When the markets are incomplete, the beliefs need to be quantified by probabilities 

and preferences as reflected in the risk appetites of the individual decision-makers. The 

Integrated real option approach is based on partially complete markets. Projects are 

exposed to private as well as market risks. Market risks can be hedged by creating a 

replicating portfolio of traded securities so that risk-neutral probabilities can be 

applied to the RO decision-lattice or tree. As the project-specific or private risks cannot 

be hedged in the market, subjective probabilities based on utility functions need to be 

used (Brandao & Dyer, 2005, p. 69). The Integrated real option approach does not 

assume that the project value follows GBM, as the financial markets are incomplete. 

The steps for the Integrated real option approach are as follows (Borison, 2005, p. 28): 

1. Identify the project risks and break them into the two categories of market risks and 

project-specific risks.  
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2. Build a RO decision-lattice or tree structure incorporating the investment 

alternatives. 

3. Calculate separately the effects of the market and project-specific risks:  

a. For market risk variables, compute the value through the replicating portfolio of 

market assets and assign risk-neutral probabilities.  

b. For private risk variables, assign subjective probabilities using the exponential 

utility function to calculate the certainty equivalent payoffs. 

4. The distribution of a private risk variable can be discretised into three or more 

branches while the distribution of a market risk variable is approximated as a 

binomial distribution. 

5.  The RO decision-lattice or tree rolls back with risk neutral probabilities from sigma 

for market risk and subjective probabilities for the discretised private risks. 

A criticism is that, since Smith and Nau (1995) and Smith and McCardle (1998) have 

integrated market-based option pricing with utility-based decision analysis, the 

authenticity of ROA is compromised. Although Dixit and Pindyck (1994) made the 

distinction between market and project-specific risks, they assumed the project to 

either have market risks or project-specific risks, but not both.  

The Integrated real option approach is different to the purely market based Classic 

real options approach, which treats private risk as a source of error. The Integrated 

real option approach is also different to the Revised classic real options approach, 

which treats risks to be either completely market risks or completely private risks. As 

a result, ENPV from the RO decision-lattice or tree is determined by the integration of 

the project values due to market risks and the subjective equilibrium value due to the 

private risks, as if traded in the market. 
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The main difficulty in applying the Integrated real option approach is that, for many 

real projects, there are no clear-cut rules to distinguish market from project-specific 

risks. For example, in a resource sector project, the risks about the monetary amount 

of recoverable resource can be due to geological factors, such as quantity, grade and 

yield, or the market prices of the resources in domestic currency, or both. As both 

market and project-specific risks significantly impact the project value, their 

distribution parameters (mean and sigma) should be specified to avoid errors in 

computing ENPV, thereby leading to incorrect decision-making.  

Using a RO decision-lattice or tree for a project with numerous risk variables is 

challenging. Also, establishing a replicating portfolio for each individual market risk 

in the RO decision lattice or tree is computationally very difficult, since there must be 

a separate chance node for each risk variable, in each time period. Smith and McCardle 

(1999) refer to the latter as a dream-tree that cannot be solved because of its large size. 

They only suggest ways of trimming the branches (Brandao & Dyer, 2005, p. 69) 

instead of creating it. The compound MVR decision-tree developed in this thesis can 

be termed as a “dream tree”, as it can compute ENPV for sequential investment 

decisions exposed to multiple input risk variables, using advanced computer 

programming. 

2.5.5 Hybrid real options approach 

The Hybrid real options approach developed by Neely and Neufville (2001), also 

distinguishes market and project-specific risks. For example, the grade of ore is a 

project-specific risk and price of ore is a market risk. The geological and technical risks 

are termed project-specific risks in the Hybrid real options approach and private risks 

in the Integrated real option approach. The Hybrid real options approach, like the 

Integrated real option approach deals with computing ENPV under partially complete 

market conditions. Both the Hybrid and Integrated real option approaches 

recommend the use of option analysis (the replicating portfolio method) to deal with 
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market-priced risks, and apply decision analysis for the project-specific risks. The 

difference between the Hybrid real options approach and the Integrated real option 

approach is the way decision analysis is used for project-specific or private risk in the 

RO decision-tree. 

In the Hybrid real option approach, project-specific risks (unsystematic risks) are 

eliminated by assuming the existence of a diversified portfolio of various projects. 

Market risks are valued by the Classic real options approach. 

While the integrated real options approach uses the utility function of investor’s risk 

preferences and beliefs to estimate the branches of private risks, the Hybrid ROA 

handles project-specific risk by computing the expected value of the RO decision-tree 

branches. Also, since the project-specific risks are eliminated in a diversified portfolio, 

the investor does not require additional compensation for bearing this risk, making 

the risk premium zero. Therefore, after mitigating the market risks with replicating 

portfolio and project-specific risks with project diversification, the Hybrid decision-

tree is rolled-back by discounting at the risk-free rate.  

An advantage of the Hybrid real options approach is that it combines decision analysis 

and the options analysis into a practical way of valuing projects. Another advantage 

of the Hybrid real options approach is that it allows the risk-free rate to be used for 

discounting the Hybrid decision-tree. 

In the Hybrid decision-tree, the chance node of the project-specific risk distribution is 

discretised into three or more branches. The chance node for price or public risk either 

has an up branch or down branch for each of the time steps. 

There are various views as to how the private risks can be separated from the market 

risks. In real-life projects, probabilities from the input project-specific risk variables 

can often be scientifically obtained, for example by conducting geo-statistical surveys 

and simulations by geo scientists (Ndiaye & Armstrong, 2013). In practice, for many 
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projects perfect hedging is not possible since outcomes depend on both geological and 

market-based variables. Cortazar, Schwartz, and Casassus (2001) evaluate a natural 

resource project by assuming private and public risks are independent. As such, the 

two types risks are consolidated into one underlying continuous-time stochastic 

process and the appropriate differential equations are derived to calculate the option 

value. When Kamrad and Ernst (2001) were evaluating mining ventures, they treated 

private risk to be the quantity of resource that will be mined and/or drilled and market 

risk as related to the market price of the mined commodity.  

2.5.5.1 Hybrid approach in resource sector project  

Borison (2005) observed that different ROV (ENPV – NPV) results are obtained when 

using various ROA approaches. In response to Borison (2005)’s conclusion, Guj and 

Chandra (2012a) and Guj and Chandra (2012b) analysed a copper mining project with 

multiple input risk variables as a Hybrid decision-tree where they could compare 

ENPV and ROV values using different ROA approaches. The Hybrid decision-tree 

was constructed with the copper price and AUS/USD exchange rate as input market 

variables, and copper grades and copper recoveries as project–specific risk variables.  

The market risks were valued using the up factors, down factors and risk neutral 

probabilities from the consolidated market sigma of the project value returns obtained 

by Monte Carlo simulation of two input market risk variables. The project-specific 

risks were valued using expected values of decision analysis. Specifically, the project 

risk variables were based on the definitions by Neely and Neufville (2001, p. 35) and 

Neufville (2001, p. 14). It was assumed that these project-specific risk variables are 

diversified as the entity has multiple projects at various stages of development. The 

expected value of the discretised Hybrid decision-tree branches are based on 

subjective probabilities determined by experts. In Guj and Chandra (2012a) and Guj 

and Chandra (2012b), the probability distributions for the input project-specific risks 

were discretised into three branches using subjective probabilities used to calculate 
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the expected values on rolling back the Hybrid decision-tree to compute ENPV at the 

root. The Hybrid decision-trees were constructed with the decision software, DPL8 in 

conjunction Monte Carlo simulations conducted with Excel. 

In Guj and Chandra (2012a) and Guj and Chandra (2012b), a comparison was made 

between the ENPV results obtained from Hybrid decision-tree vis-s-vis other ROA 

approaches. The goal was to evaluate whether the ENPV’s are consistent when using 

the same CF-model, input risk variables and constants to conduct the Monte Carlo 

simulation for obtaining market sigma and then building the Hybrid decision-tree. In 

Guj and Chandra (2012a) and Guj and Chandra (2012b), it was demonstrated that the 

ENPV obtained from the Hybrid decision-tree is consistent with the ENPV obtained 

from BSF and Hybrid decision-lattice, when the input risk variables, constants, and 

assumptions in the CF-model and sigma are identical. Copeland and Antikarov (2005) 

used a resource sector project to reach the same conclusion that ENPV results are 

consistent when the inputs, outputs, models and assumptions are kept the same across 

the various ROA approaches.  

Prime facie, there is consistency in ENPV results when using the Hybrid decision-tree 

with consolidated sigma for input market risk variables and expected value for 

project-specific risk variables with MAD decision-tree and BSF with consolidated 

sigma. The limitation of MAD decision-tree is that constant volatility is assumed based 

on the consolidated sigma obtained by combining both the market risks and project-

specific risks. Similarly, the Hybrid decision-tree assumes constant consolidated 

sigma for the input market risk variables. In Hybrid decision-tree and MAD decision-

tree, there is an implied assumption of a linear relationship between the consolidated 

sigma versus the project ENPV.  
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2.6 Summary  

This chapter reviewed the literature on the concepts and methodologies used in 

various ROA approaches. Although there has been great progress in existing ROA 

approaches, several limitations need to be addressed. The contributions of the MVR 

approach developed in this research, which overcome the existing ROA limitations, 

are summarised below: 

 To simplify calculations, ROA approaches have generally combined 

uncertainties into one sigma. The reason is that BSF uses one sigma from 

market input risk variables for determining the ENPV for a simple option. 

Further, even with one sigma, BSF is unable to calculate ENPV for compound 

options. To compute ENPV for a compound option, the project value sigma 

needs to vary. In the MVR decision-tree developed in this research, Figure 1.2 

explains the discovery of a non-linear 3D Manta-ray, which shows the surface 

of ENPV versus two varying sigmas. The Manta-ray surface is different to the 

usual one-dimensional line obtained from other ROA approaches, when a 

consolidated output sigma is used. By using a consolidated sigma, other RO 

decision-trees keep the Manta-ray surface hidden. 

 Existing analytical methods for calculating ENPV offer a black-box solution that 

is difficult to understand in real-life settings. A further limitation of analytical 

methods is that the decision problem needs to be simplified to obtain a solvable 

ENPV. RO decision-tree approaches provide transparent methods to visually 

display how the project value evolves stochastically through time as discrete 

GBM. However, the ROA approaches assume a constant volatility of the 

underlying asset when constructing the RO decision-tree. Copeland and 

Antikarov (2003, p. 342) argue that a constant volatility of the underlying asset 

is a strong assumption and the RO decision-tree should be constructed with the 

changing volatility. Geske (1979) shows that the option value of a compound 
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option should be modelled based on changing volatilities. In the MVR 

approach, a different GBM volatility (output sigma) for each independent 

random risk variable is determined separately and used to build the overall 

MVR decision-tree to compute the project ENPV.  

 Existing RO decision-tree methodologies for valuing compound options 

require a fixed number of options at all decision levels while in practice such 

options lead to a varying number of options across decision levels. The MVR 

decision-tree is capable of converting a compound option arrangement into a 

simple option arrangement and vice versa. This allows for two advantages. 

First, the mechanics of the MVR decision-tree are validated by converting from 

a compound to a simple option arrangement for ENPV, and comparing the 

result obtained for ENPV to the value implied by BSF. Second, the MVR 

decision-tree enables the decision-maker to analyse the impact of different 

compound and simple option arrangement scenarios on ENPV. The investors 

can negotiate for the best option arrangement and their terms and conditions.  

 This research has not identified any literature that analyses the impact on 

ENPV of varying the parameters of individual input risk variables in a RO 

decision-tree.  

 The sensitivity analysis of MVR approach enables the decision-maker to isolate 

those uncertainties that have higher or lower impact on ENPV. Decision-

makers can respond with strategies to mitigate risks and investigate the cause 

and effect separately for both market and project-specific risks. 

The next chapter presents the MVR approach to address the four limitations in the 

literature summarised above.  
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CHAPTER 3  

Multiple Volatility Real Options (MVR) Approach 

3.1 Introduction 

A real option approach captures the dynamic nature of investment and especially 

opportunities to make adjustments to an investment project after new information 

affecting project cash flows is revealed. To value these options, investors would like 

to use market data as the basis for their decisions and for computing project values 

using the Classic real options approach. For real-life projects, however, market 

information on the value implications of various risks can be difficult to obtain. As 

discussed in Chapter 2, this is particularly the case for major resource sector 

investments where many of the largest risks are project-specific (Mahnovski, 2006).  

Chapter 2 discussed various ROA approaches for valuing investment opportunities 

in resource sector projects that have simple or compound options embedded in them. 

These projects are substantial investments over a long period of time, with many 

opportunities (options) for obtaining new information pertaining to risk variables and 

for exercising managerial flexibility. 

Resource sector projects are typically exposed to two sources of uncertainties, namely 

market risks such as prices, exchange rates and interest rates; and project-specific risks 

such as grades and yields. Project-specific risks typically lack suitable traded market 

assets that could be used as a “replicating portfolio” that would allow the option to be 

valued using BSF. Hence, investments in resource sector projects have been valued 

using an option pricing framework in a dynamic but partially complete market 

environment. The ROA approaches rely upon finding a replicating portfolio of the 

project from the market or by assuming that the present value of the expected cash 
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flows of the project without flexibility is the market price, as if the project were traded 

– the MAD assumption. For project-specific risks, the valuation process relies on 

subjective assumptions and estimates about relevant probability distributions from 

geo-statistical models and experts.  

The proposed ROA approach builds on the self-constructing method, as generally 

market proxies are not available or difficult to quantify the project-specific 

uncertainties. One critical assumption that makes Multiple volatility real options 

(MVR) approach valid is that the embedded options are European options, so they 

can only be exercised at exogenous decision points, being the option expiry dates. As 

a result, the exact path of information revelation prior to an option expiry date is 

immaterial to the project’s ENPV. A second critical assumption is that the different 

risk variables (both market and project-specific uncertainties) affecting the investment 

project are statistically independent. As a result, the order that information pertaining 

to each variable is revealed does not matter. Therefore, the option time period can be 

broken down into synthetic time steps (intervals) during each of which the 

information pertaining to just one input risk variable is revealed. This also allows 

project value variability to change over time, enabling the MVR approach to value 

investment projects with embedded compound options. 

The MVR approach is presented as four MVR modules. The first module of the MVR 

approach develops the cash-flow model for the project and computes the volatility 

(sigma) separately for each of the individual risk variables. The second module 

develops the MVR decision-tree based on discrete GBM to compute project ENPV for 

compound and simple real options in the investment project. To validate the 

mechanics of the MVR approach, the third module converts the compound option into 

a simple option and then shows that the ENPV of MVR decision-tree is consistent to 

ENPV obtained from BSF. A fourth module then conducts sensitivity analyses by 

calculating the effects on ENPV of changing the parameters of each of the statistically 

independent input risk variables. The MVR approach is particularly valuable in a 
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context where investors can choose between different option arrangements exposed 

to different statistically independent input risk variable distributions. 

3.2 Sequential investment decision problem: Prototype Project 

A Prototype model of small resource sector project involving sequential decision-

making, called “Prototype,” is used repeatedly in this chapter. This Prototype 

demonstrates the ENPV computation for sequential investment decisions embedded 

as compound real options for a farm-in/out and/or joint arrangement contract. The 

acquiring entity has a first option of investing in 51% of the acquiree in the first year, 

and the remaining 49% equity in the second year, which is a deferral type of 

compound real option. The decision maker (investor) has the flexibility to decide at 

the end of first year and second year (the expiry dates for these options), whether or 

not to continue investing in the project at these dates. This flexibility allows the 

decision-maker to monitor the evolution of events and uncertainties as they are 

progressively resolved and to make investment decisions accordingly.  

3.3 MVR approach modules  

The overview of the MVR approach is shown in Figure 3.1. As already noted, the 

approach comprises four modules, with each module addressing one of the four 

research objectives. 

Module 1 develops a cash flow model referred to as the CF-model and then computes 

output sigmas based on the volatilities of each individual input risk variable (or a 

combination of these input risk variables) for any year in the project. Note that output 

sigmas are volatilities of the project value and, as per Copeland and Antikarov (2003, 

p. 215), differ from the volatilities of the input risk variables, such as price and grades. 

Details of this module are presented in Section 3.3.1.  
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Module 1: Generating multiple output sigmas

Module 2: Developing MVA decision-tree

Module 4: Conducting sensitivity analysis of ENPV

Investment sequential decision problem 

Robust and transparent sequential
 decision-making based on ENPV sensitivity analysis

Module 3: Validating the MVA decision-tree

 

Figure 3.1. The overview of the MVR approach. 

Module 2 uses MVR decision-trees that are grown based on the output sigmas in order 

to calculate the project’s ENPV. The time period between the expiry of two options is 

broken down into synthetic time steps related to each input risk variable. A synthetic 

time step between two input risk variables is further broken down into sub-steps. Each 

sub-step in turn is the time between two consecutive “levels” in the tree. These sub-

steps introduce more granularity to make the discrete GBM more explicit in the MVR 



  

62 

 

decision-tree and they improve the approximation to the BSF value. When the number 

of time steps in the binomial-tree approaches infinity, the time between sub-steps (∆𝑡) 

approaches zero. Therefore, the ENPV from the binomial-tree with infinite time steps 

reaches the ENPV from continuous GBM (Mun, 2006, p. 150). Further, research has 

shown that when time steps in the binomial tree are increased, ENPVs show an 

oscillatory converging movement (Diener & Diener, 2004). This oscillatory movement 

is also demonstrated in the option values in Exhibit 7.12 of Copeland and Antikarov 

(2003, p. 215). In other words, the deviations from the limiting ENPV obtained as the 

number of sub-steps increases to infinity and the size of each declines to zero, are of 

opposite signs. If the ENPVs obtained from the MVR decision trees with different sub-

steps per input risk variable show oscillatory movement, then Module 2 averages 

these ENPVs to estimates the project’s ENPV. Otherwise, if the ENPVs have not 

commenced oscillating as yet, then the ENPV from the highest sub-step is taken as the 

project’s ENPV. Details of the MVR decision-tree with one, two, and three sub-steps 

per variable are discussed in Sections 3.3.2.3.1, 3.3.2.3.2, and 3.3.2.3.3 respectively. 

Each MVR decision-tree grows from its root (certainty equivalent) using synthetic 

time steps and their sub-steps for each input risk variable following discrete GBM; 

performs maximisations at decision levels; rolls-back to its root and gives the ENPV 

of the project (refer to Section 3.3.2). MVR decision-trees are different to the existing 

RO decision-trees, which break down the option time periods for a single consolidated 

risk as the number of levels in the RO decision-tree. Therefore, existing RO decision-

trees are only able to track the project values in each option time interval. By contrast, 

the project values in a MVR decision-tree can be tracked not only by each option time 

interval but into synthetic time steps and sub-steps for each input risk variable. This 

means that the effect of the new information arrival on project value at every sub-step 

is traceable along the discrete GBM.  

A simple MVR decision-tree for a simple option is extendable to a compound MVR 

decision-tree by inserting intermediate maximisation levels to represent additional 
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decision levels. On the other hand, a compound MVR decision-tree can be collapsed 

into a simple MVR decision-tree by removing the intermediate decision levels.  

Module 3 validates the mechanics of the MVR decision-tree in Module 2. First, the 

compound MVR decision-tree in Module 2 is collapsed into a single MVR decision-

tree by removing the intermediate maximisation levels in the compound MVR 

decision-tree. Second, the project’s ENPV is then calculated using the simple MVR 

decision-tree based on a consolidated single sigma, which is then validated against 

the ENPV obtained using BSF. Direct validation of ENPV from the compound MVR 

decision-tree is not possible with ENPV (option value) from BSF. 

Module 4 conducts sensitivity analysis of ENPV with respect to the changes in the 

parameters of the input risk variables. This module uses the CF-model and the RO 

decision-tree to show the impact on ENPV from each input risk variable of the project. 

Thus, by using the MVR approach, the investor can compute ENPV and ROV with 

Modules 1 and 2, validate the results with Module 3 and conduct sensitivity analysis 

with Module 4 in order to have robust and transparent sequential decision-making for 

resource sector investments.  

3.3.1 Module 1: Generating Multiple Output Sigmas 

To calculate ENPV for compound options, a RO decision-tree with changing volatility 

is needed (Copeland & Antikarov, 2003, p. 342). To achieve the changing volatility in 

the compound RO decision-tree, Module 1 of the MVR approach generates multiple 

output sigmas. 
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CF-model
Monte Carlo
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Distribution of Input Risk 
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Distribution of Input Risk 
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Distribution of project value 
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Figure 3.2. Monte Carlo simulation process in the MAD real options approach to generate the 

consolidated sigma for the project. 

As discussed in Section 2.5.2.1, the MAD real options approach of Copeland and 

Antikarov (2003) presented a Monte Carlo simulation method to generate a project’s 

consolidated output sigma as shown in Figure 3.2. The MAD real options approach 

combines the uncertainties by simultaneously simulating all input risk variables to 

obtain the volatility of the project value returns as a consolidated output sigma. 

Further, in the MAD real options approach the consolidated volatility (output sigma) 

remains constant throughout the branches of the MAD decision-tree.  

Module 1 of the MVR approach extends the MAD real options approach to generate 

multiple output sigmas for the distribution of project value returns by conducting a 

Monte Carlo simulation in the CF-model for each of individual input risk variable 

according to its probability distribution parameters, as shown in Figure 3.3.  
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Figure 3.3. Monte Carlo simulation process in MVR approach to generate multiple output sigmas for 

the project. 

Figure 3.4 shows the flowchart of the algorithm used to calculate the multiple output 

sigmas, which involves three stages. Stage 1 defines the project input risk variables 

and the parameters determining their probability distributions (refer to Section 

3.3.1.1). This stage also creates the project’s CF-model. Stage 2 uses the CF-model to 

calculate the present value, 𝑉𝐵𝑎𝑠𝑒, of the project cash flows with all the input risk 

variables set to their mean values (refer to Section 3.3.1.2). Stage 3 uses the CF-model 

to simulate the impact of variations in each input risk variable on the project value 

returns (refer to Section 3.3.1.3). In this stage, multiple output sigmas are generated 

from the distributions of the project value return as each input risk is varied. 
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3.2 Set the risk variable (i) to a simulated value from its distribution for year (s) 

3.1 For each risk variable (i) and the year to be simulated (s)
set (n) to 1

3.4 Calculate VSimulated(n) from the cash flow

3.3 Set the remaining risk variables to their mean values for all years 

2.1 Set all the input risk variables to their mean values for each year

2.2 Calculate VBase using the cash flow model

3.5 Yi,s(n)=log[VSimulated(n)/VBase]

n>N

3.6 Calculate σi(s) = the sigma of Yi,s distribution
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1.1 Identifying the input risk variables and their simulated years in the project

1.2 Creating a cash flow model for the project

3.6 n=n+1

 

Figure 3.4. Flowchart of Module 1 in the MVR approach.  
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3.3.1.1 Stage 1 – CF-Model specification 

This stage identifies the project’s statistically independent random input risk 

variables, such as price and ore grade, that cause variability in the project cash flows 

and consequently project value. The years in which each input risk variable can cause 

volatility in the project’s value are also determined in this stage. An input risk variable 

might cause volatility across all the years of the project life based on one particular 

distribution, or it might have different volatility in each year based on different 

distributions. If an input risk variable causes similar variations across all the project’s 

years, then only one distribution needs to be defined for the variable. Otherwise 

different distributions are defined for different years. Detailed definitions and 

explanation of independent random variables and stochastic processes is given in 

Breiman (1969, p. 84) and Cinlar (1975, p. 6).  

Assume that the life of a project is 𝐿 years. For the time period 𝑠 = 1,… , 𝐿, suppose M 

independent random input risk variables denoted by M stochastic processes 

{𝑋𝑖(𝑠), 𝑖 = 1,… ,𝑀} affect the project’s value. We assume that {𝑋𝑖(𝑠), 𝑖 = 1,… ,𝑀′} are 

project-specific risk variables and {𝑋𝑖(𝑠), 𝑖 = 𝑀′ + 1,… ,𝑀} are market risk variables. 

For example, in a resource sector project, the market risk variables could be price or 

exchange rates, while the input project-specific risk variables could be grades or 

yields. For each input risk 𝑖 and year 𝑠, 𝜇𝑖(𝑠) is the mean (used to calculate the project 

base value) and 𝜏𝑖(𝑠) is the volatility, denoted as: 

𝜇𝑖(𝑠) = 𝐸 (𝑋𝑖(𝑠) ), 

𝜏𝑖(𝑠) = 𝑆𝑇𝐷 (𝑋𝑖(𝑠) ). 

3.1 

Typically, normal distributions are assumed, in which case each input risk variable 

𝑋𝑖(𝑠) is completely characterised by its mean and variance (or standard deviation). 

However, any appropriate distribution could be defined to represent variations in the 

input risk variables, depending up on the nature of the variable’s uncertainty. For 



  

68 

 

example, lognormal distributions might best represent the market risk variables in a 

resource sector project, such as price and exchange rate, since they are often modelled 

as following GBM in continuous time, refer to Dixit (2001, p. 6)). In discrete time, 

lognormal distributions are modelled as following an ARMA process with normally 

distributed errors. The project-specific variables, such as grades and yields, might be 

better represented by triangular distributions, since they are likely to have bounded 

support. In Chapter 4, triangular distributions are used to represent the project-

specific risk variables for the real life Belvedere project. 

Project quantities assumed to cause no volatility in project value are defined as project 

constants. These constants nevertheless do affect the project’s cash-flow. Each constant 

can either take the same value across all the years of the project or could take different 

values for each year of the project 𝑠 = 1, 2, … , 𝐿. Several constants that are typically 

involved in a resource sector project are defined below.  

For each year 𝑠 = 1, 2, … , 𝐿 

𝑜(𝑠) = Mining costs per Mt of mineral ore in real (base year) dollars; 

𝑏(𝑠) = Royalty rate applied to revenue in %; 

𝑑(𝑠) = Tax rate on profit in %; 

𝑃(𝑠) = Net capital expenditure (CAPEX) in real dollars; 

𝑄(𝑠) = Net increase or decrease in working capital in real dollars; 

𝑟𝑒(𝑠) = Expected real rate of return for the project in % per annum; 

𝑟𝑛(𝑠) = Expected nominal rate of return for the project in % per annum; 

𝑟𝑓(𝑠) = Risk free real rate in % per annum; 

For this research, the inflation rate is assumed to be zero. Therefore, a distinction 

between real and nominal cash flows and interest rates is not required. In practice, the 

major effect of non-zero inflation will be to reduce the real value of depreciation 

allowances, which remain fixed in nominal terms. 
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The CF-model is defined in the second step of Stage 1. After specifying the project 

constants and the mean values for the input risk variables, the present value of the 

project cash flow (V) is calculated. A flowchart of the CF-model is shown in Figure 3.5. 

This starts with calculating the project’s revenues for each year 𝑠 (𝑠 = 1,… , 𝐿) and then 

deducting operating expenses from the revenues.  

Expressing these calculations algebraically, project revenues R(s), in a year s, can be 

written as a function of the input risk variables:  

𝑅(𝑠) =  𝑓(𝑋1(𝑠),… , 𝑋𝑀(𝑠)) 
3.2 

The operating expenses include (1) mining royalty, (2) mining costs and (3) taxes net 

of depreciation allowances. For year 𝑠, mining royalty, Z(s) is defined as the product 

of royalty rate in % to the revenue in real dollars: 

𝑍(𝑠) = 𝑅(𝑠) ∙ 𝑏(𝑠) 
3.3 

The mining cost, A(s), for year 𝑠, is calculated as: 

𝐴(𝑠) = 𝑜(𝑠) ∙ 𝑔(𝑋1(𝑠),… , 𝑋𝑀′(𝑠)) 
3.4 

for some function g. The term 𝑔(𝑋1(𝑠),… , 𝑋𝑀′(𝑠)) gives the total quantity (Mt) of 

mineral ore as a function of the input project-specific risk variables; usually this 

function is a product function of the ∏𝑋𝑖(𝑠) . In Equation 3.4, 𝑋𝑖(𝑠) represents the 

effect of input risk variable 𝑖 during year 𝑠. 

Total operating costs for each year in the project are the sum of production cost and 

royalties: 

𝑂(𝑠) = 𝐴(𝑠) + 𝑍(𝑠) 
3.5 



  

70 

 

Taxable EBITDA (earnings gross of deductions for interest costs or depreciation 

allowances1), E(s), for each year of the project is obtained by deducting operating costs 

from revenues: 

𝐸(𝑠) = 𝑅(𝑠) − 𝑂(𝑠)      
3.6 

Next, tax is deducted from EBITDA to arrive at income after tax (excluding any tax 

benefits from interest costs or depreciation allowances), H(s):  

𝐻(𝑠) = 𝐸(𝑠) − 𝐸(𝑠)𝑑(𝑠) 

 

3.7 

 

where tax is the multiplication of tax rate 𝑑(𝑠) with taxable EBITDA, 𝐸(𝑠). For each 

year the CAPEX, P(s), is added to the net change in working capital Q(s), to obtain the 

cash flow G(s) due to investments:  

𝐺(𝑠) = 𝑃(𝑠) + 𝑄(𝑠) 3.8 

Next, the tax benefits from depreciation allowances are included. If allowed 

depreciation deductions in year 𝑠 are 𝐷(𝑠) the tax benefit, known as the depreciation 

tax shield is: 

𝑑(𝑠)𝐷(𝑠) 3.9 

Since depreciation allowances are calculated in nominal terms under current tax law, 

we now allow for a non-zero annual rate of inflation π. Assume that the tax laws allow 

straight-line depreciation and a life for each asset of 𝐵 years.2 A real capital 

expenditure 𝑃(𝑠 − 𝑙) incurred 𝑙 < 𝐵 years into the past would then give a real 

depreciation tax benefit in year 𝑠 equal to 𝑃(𝑠 − 𝑙)𝑒−𝜋𝑙/𝐵. Thus, the total real 

depreciation 𝐷(𝑠) allowed in year 𝑠 will given by 

                                                 
1 This is done so the model can be easily modified to allow for non-zero inflation rates. The real tax 

benefits from both interest deductions and depreciation allowances will vary with the inflation rate so 

they are accounted for separately. For simplicity, we assume the project is fully equity financed, but we 

still need to account for effects of inflation on the real value of depreciation allowances. 
2 In practice, the law may allow more complicated depreciation profiles, and also different asset life 

times, depending on the type of asset. 
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 𝐷(𝑠) = ∑
𝑃(𝑠−𝑙)𝑒−𝜋𝑙

𝐵

min (𝑠,𝐵)
𝑙=1   

3.10 

The total real cash flow in year 𝑠 is calculated as 

𝐶𝐹(𝑠) = 𝐻(𝑠) + 𝑑(𝑠)𝐷(𝑠) − G(𝑠). 3.11 

The present value of cash flow 𝑃𝑉[𝐶𝐹(𝑠)] for each year is then given in Equation 3.12  

𝑃𝑉[𝐶𝐹(𝑠)] = 𝐶𝐹(𝑠) ∙ 𝐹(𝑠), 

3.12 

where 𝐹(𝑠) in Equation 3.12 is the discount factor based on the real rate re (s): 

𝐹(𝑠) =
1

[1 + 𝑟𝑒(𝑠)]𝑠
 

 

3.13 

 

The last operation in the flowchart sums up all yearly present values of CF to obtain 

the project’s value for its lifetime, as shown in the equation: 

𝑉 =  ∑𝑃𝑉[𝐶𝐹(𝑠)]

𝐿

𝑠=1

 3.14 

When the input risk variables are set to the mean values of their distributions, the 

output of the flowchart shows the base value of the project, denoted as 𝑉𝐵𝑎𝑠𝑒. Similarly, 

when any input risk variable is set to a simulated value, the corresponding project 

value is denoted as 𝑉Simulated.  

3.3.1.2 Stage 2 – Calculation of the project base value 𝑉𝐵𝑎𝑠𝑒  

Copeland and Antikarov (2003, p. 94) argue that in resource sector projects with 

project-specific risk, contrary to the Classic real options approach, it is impossible to 

find an adequate portfolio of securities whose cash payoffs are perfectly correlated 

with the project cash payoffs. The MAD real options approach therefore uses the NPV 

of the resource sector project without flexibility, 𝑉𝐵𝑎𝑠𝑒, as the underlying risky asset, 

as if it were a marketed security (Copeland & Antikarov, 2003). This is the Market 

Asset Disclaimer (MAD) assumption (Barton & Lawryshyn, 2010). 
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𝑉𝐵𝑎𝑠𝑒 is calculated using the project’s CF-model, explained in the previous section, by 

fixing all the input risk variables in the cash-flow to the mean values of their assumed 

distributions. That is, 𝑉𝐵𝑎𝑠𝑒 is the project value given in Equation 3.15 by letting 

𝑋𝑖(𝑠)  =  𝜇𝑖(𝑠) in the CF-model: 

𝑉𝐵𝑎𝑠𝑒  =  ∑ 𝑃𝑉[𝐶𝐹𝐵𝑎𝑠𝑒(𝑠)],
𝐿
𝑠=1          

3.15      

where 𝑃𝑉[𝐶𝐹𝐵𝑎𝑠𝑒(s)] is the corresponding value in Equation 3.12.  

3.3.1.3 Stage 3 – Generation of output sigmas 

In this stage, output sigmas are generated to represent the variations in the project 

value returns due to variations in the input risk variables. If the project has M input 

risk variables, and if all are assumed to be random for each of the L years, then 𝑀  𝐿 

output sigmas 𝜎𝑖(𝑠) {i = 1, 2 …., M, s = 1, 2…., L} can be generated. Details of how these 

are generated is given below.  

Let 𝜎𝑖(𝑠) be the output sigma representing the volatility of the project value returns 

resulting from variations in ith input risk variable in the sth year. An appropriate 

distribution is assumed for the ith input risk variable 𝑋𝑖 (𝑠). These 𝜎𝑖(𝑠) are obtained 

by fixing the mean and the standard deviation of their respective 𝑋𝑖 (𝑠) for Monte 

Carlo simulation while the rest of 𝑋𝑖 (𝑠) are not simulated. For example, suppose an 

input risk variable 𝑋𝑖 is assumed to have lognormal distribution, so that ln (𝑋) is 

normally distributed with mean 𝜇 and variance 𝜏2:  

 𝑙𝑛 (𝑋𝑖)~ 𝑁 (𝜇, 𝜏
2). 3.16 

Then the mean and variance of 𝑋𝑖 are given by 

 𝑚 = 𝑒(𝜇+
𝜏2

2⁄ ) 3.17 

 𝜈2 = (𝑒𝜏
2
− 1) 𝑒(2𝜇+𝜏

2) 3.18 
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Calculate revenue for each year - R(s) 

Values of input risk variables and project constants
 for each year s (s=1,  , L) in the project

Calculate operating expenses for each year - O(s) 

Deduct tax from the profit before tax
H(s)=[E(s)-E(s)d(s)]

Calculate the present value of CF 
 i.e. PV[CF(s)]=PV[H(s)]+PV[d(s)D(s)]+PV[G(s)]

Sum up PV[CF(s)] for s=1,..,L 

Present value of the project (V)

Calculate depreciation tax-shield for each year - [d(s)D(s)] 

Calculate taxable income for each year 
 E(s) = R(s) - O(s) 

Calculate depreciation for each year - D(s) 

Calculate adjustments for each year  - G(s)

Calculate the present value of H(s),  [d(s)D(s)], and G(s)
 i.e. PV[H(s)], PV[d(s)D(s)], and PV[G(s)]

 

Figure 3.5. Steps of the CF-model for a project. 
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Once the parameters of the distribution of 𝑋𝑖 (𝑠) are calculated, a sample value of 

𝑋𝑖 (𝑠) is generated as an observation for the input risk variable, represented by 𝑋𝑖 (𝑠). 

This sample value is processed through the CF-model by setting all other variables 

including 𝑋𝑖 (𝑡) for t ≠ s, to their mean for every year. At the end, this gives a simulated 

project value, 𝑉𝑆𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑  (𝑛) = 𝑉𝑖,𝑠 (𝑛) (given in Equation 3.19). This procedure is 

repeated N times by drawing independent observations from the distribution 𝑋𝑖 (𝑠). 

Thus, at the end of this process 𝑉𝑖,𝑠 (𝑛), n =1,2,…, N, are obtained and the project value 

returns for each sample are given by:  

 𝑌𝑖,𝑠 (𝑛) = 𝑙𝑛 (
𝑉𝑖,𝑠 (𝑛)

𝑉𝐵𝑎𝑠𝑒
), 3.19 

where 𝑉𝐵𝑎𝑠𝑒 is given in Equation 3.15. Finally, the output standard deviation of the 

natural logarithm of project value returns 𝜎𝑖(𝑠) is calculated as the standard deviation 

of Y𝑖,𝑠 (n), n = 1,2…, N: 

 𝜎𝑖(𝑠) = 𝑆𝑇𝐷
𝑛=1,…,𝑁

(𝑌𝑖,𝑠 (𝑛))  3.20 

Equation (3.20) represents the volatility of project return for the ith input risk variable 

for sth project year, referred to as output sigma.  

Equations 3.19 and 3.20 historically originate from Loius Bachelier’s PhD thesis in 

1900, which assumed that stock prices, or the project value V, follow an Arithmetic 

Brownian Motion stochastic process below.  

𝑑𝑉 =  𝜇 𝑑𝑡 +  𝜎 𝑑𝑧, 

However, Bachelier’s ABM equation had a problem that it allowed for negative stock 

prices, which was not true in reality. In order to remedy this problem, Paul Samuelson 

modified Bachelier’s ABM assumption to Geometric Brownian Motion (GBM), as 

below (Samuelson, 1965b, p. 15): 

𝑑𝑉/𝑉 =  𝜇 𝑑𝑡 +  𝜎 𝑑𝑧, 3.21 

or 
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𝑑𝑉 =  𝜇 𝑉𝑑𝑡 +  𝜎 𝑉 𝑑𝑧, 3.22 

The logic of the above Equation 3.23, which is also Equation 13.6 in Hull (2012, p. 287), 

is explained as follows. As the uncertainty is constant over a short time gap ∆t, the 

volatility in the project value returns (𝜎) during ∆t is assumed to be the same 

irrespective of what the project value is. This means that the volatility of the change 

in project value during ∆t should be proportional to the project value, i.e. 𝜎 𝑉. 

Specifically, the logarithm of project value changes are assumed to follow the stochastic 

process of Brownian motion, as in Merton (2010, p. 3). Applying Ito’s Lemma 

(Equation 13.17 in Hull (2012)) to Equation 3.21, it is converted to an equation for the 

logarithm of project value changes as follows: 

𝑑 𝑙𝑛(𝑉) =  𝜈 𝑑𝑡 + 𝜎  𝑑𝑧 3.23 

where 

𝜐 = 𝜇 − 
𝜎2

2
 

3.24 

which means that 𝑑 𝑙𝑛(𝑉), the change in 𝑙𝑛 (𝑉) between time 0 and 𝑇, is normally 

distributed (Φ) with mean (𝜇 − 
𝜎2

2
)𝑇 and variance 𝜎2 T as follows: 

𝑙𝑛 (𝑉𝑇/𝑉0)  =   Φ [(𝜇 − 
𝜎2

2
) 𝑇, 𝜎2 𝑇] 

 
3.25 

Mathematically, the change in the logarithm of project values, Equation 14.2 of Hull 

(2012), can also be denoted as the logarithm of project value returns. The volatility 𝜎𝑖 of 

the logarithm of project value returns is obtained from the standard deviation (𝜎𝑖 √𝑇) 

of its distribution (Equation 13.18 in Hull (2012), and M. H. A. Davis (2014, p. 10)). 

Therefore, the annualised volatility of logarithm of project value returns or 

equivalently the project value returns is 𝜎𝑖(𝑠), as T =1. 
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In this research, volatility (output sigma) of Equation 3.19 of project value returns is 

distinguished from standard deviation of the raw project cash flows (Copeland & 

Antikarov, 2003, p. 246; Munn, 2006, p. 205). Further, as explained in (Copeland & 

Antikarov, 2003, p. 246; Munn, 2006, p. 205), the annualised volatility of 𝜎𝑖 is used to 

build the MVR decision-tree as discussed below. Thus, the volatilities (output sigmas) 

obtained from the project value returns related to multiple input risk variables are 

used in Section 3.3.2 for the up and down movements in a MVR decision-tree. This 

contrasts with the MAD approach, which combines the effect of all input market and 

project-specific risk variables to obtain a single consolidated volatility (output sigma) 

from a similar Monte Carlo simulation as the input for the MAD decision-tree 

(Copeland & Antikarov, 2003, p. 245). Thus, if the above procedure is repeated for 

each year and for each of the input risk variables, by fixing the rest of the L(M-1)+L-1 

variables to their means, then 𝜎𝑖(𝑠) is generated for 𝑖 =  1, 2, … ,𝑀 and 𝑠 =  1, 2, … , 𝐿. 

While it is assumed above that the distribution of 𝑋𝑖(s) for each year s, is the same, the 

method can be generalised by allowing these to differ. In the example of a resource 

sector project considered later in this chapter, 𝜎𝑖(𝑠) only for s = 1, 2…, L, i =1,…, M are 

generated. All of the possible combinations of output sigma generations are not 

considered as they are not relevant to the examples considered in this research. If all 

the input risk variables are assumed to be random in each simulation, instead of taking 

them random one at a time, the resulting output sigma is the consolidated single sigma 

that incorporates all the variability in the project. In Chapter 4, while evaluating ENPV 

for a resource sector project, 𝜎𝑖 is generated for the ith input risk variable by simulating 

from its distribution for all L years and fixing the other input risk variables for their 

means. Thus, in this case, the generated output sigmas are 𝜎1, 𝜎2, …, 𝜎𝑀. 

3.3.1.4 Explaining Module 1 using the Prototype project 

This section demonstrates how Module 1 of the MVR approach is applied to a 

Prototype project having a decision level at the end of each year of the project (two 
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option expiry periods). First, the project input risk variables and constants are defined. 

Next, using the CF-model and conducting Monte Carlo simulation, the project’s 

output sigmas with respect to the variations of each input risk variable for each year 

are obtained. 

In this two-year resource sector Prototype project, there are four input project-specific 

variables: Grade, Ore produced per year, Net saleable percentage and Yield. Also, 

there are two input market variables: Price and Exchange rate. To keep this example 

simple, except for the two input risk variables, Grade and Price, the other four 

variables in Table 3.1 are assumed to be fixed and therefore constants in the CF-model. 

In this case, M = 2, M’ = 1 and L = 2. The two stochastic input variables in the project 

are: 

𝑋1 (𝑠)   = Price in year s = 1, 2 

𝑋2 (𝑠)   = Grade in year s = 1, 2 

𝑋1 (𝑠) and 𝑋2 (𝑠) are assumed to have independent lognormal distributions with 

means and standard deviations as in Table 3.1. Table 3.2 gives the fixed values of the 

other four variables in the Prototype project, which are treated as project constants. 

Table 3.1. The distributions of the input risk variables in the Prototype project. 

Input risk variable 
Year 1 ; s = 1 Year 2 ; s = 2 

𝜇 𝜏 𝜇 𝜏 

Price; 𝑋1 (𝑠)  8493.571 2415.65 8493.571 2415.65 

Grade; 𝑋2 (𝑠)  0.05 0.01 0.05 0.01 

Table 3.2. Four input risk variables assumed to be constants in the Prototype project. 

Exchange rate – 𝐸𝑅 (𝑠) AUD/USD 1.0001  

Ore mined before processing per year (Mt) – 𝑂𝑃(𝑠) 6 

Net saleable percentage – 𝑁𝑆𝐴(𝑠) 76% 

Yield(𝑠) 0.921% 
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Variations in each of the two input risk variables are simulated separately for each 

project year. This means that Module 1 provides four output sigmas: two output 

sigmas each for the Price and Grade for the first year and the second year.  

The mean and standard deviations given in Table 3.1 are converted to parameters of 

a lognormal distribution using Equations 3.17 and 3.18. These are given in Table 3.3.  

Table 3.3. The converted lognormal distributions of input risk variables in the Prototype project. 

Input risk variable 
Year 1 Year 2 

𝑚 𝜈 𝑚 𝜈 

Price; 𝑋1 (𝑠)  9.008173058 0.278896918 9.008173058 0.278896918 

Grade; 𝑋2 (𝑠)  -3.01534263 0.1980422 -3.01534263 0.1980422 

Table 3.4 shows the constants defined for this project. The value of each constant is 

assumed to be the same across the two years of the project.  

Table 3.4. Constants in the Prototype project. 

Project constant Value (the same for s = 1, 2) 

𝑃(𝑠) $500 million 

𝐿 5 

B 5 

𝑜(s) $140  

𝑏(𝑠) 5% 

𝜋(s) 0% 

𝑟𝑓(𝑠) 5% 

𝑑(𝑠) 30% 

𝑟𝑒(𝑠) 0.133 

𝑟𝑛(𝑠) 0.133 

Q(s) $50 million 

Next, the project’s 𝑉𝐵𝑎𝑠𝑒 is calculated through using the cash flow of the project. To do 

this, the input risk variables are set to the mean values of their distributions and the 

project 𝑉𝐵𝑎𝑠𝑒 is obtained from the cash flow shown in Figure 3.5. The calculated sales 

revenue for each year of the project is shown in Table 3.5. These revenues are obtained 
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by converting Equation 3.2 to Equation 3.26, where 𝑂𝑃(𝑠), 𝑌𝑖𝑒𝑙𝑑(𝑠), 𝑁𝑆𝐴(𝑠), 𝐸𝑅(𝑠) are 

constant values during the project life: 

𝑅(𝑠) = 𝑋1(𝑠) ∙ 𝑋2(𝑠) ∙ 𝑂𝑃(𝑠) ∙ 𝑌𝑖𝑒𝑙𝑑(𝑠) ∙ 𝑁𝑆𝐴(𝑠) ∙ 𝐸𝑅(𝑠) 
3.26 

Table 3.5. Calculating revenue for each year in the Prototype project. 

Components of sale revenue s = 1 s = 2 

Price  𝑋1(𝑠) – USD/t 8493.6 8493.6 

Grade 𝑋2(𝑠) - % 0.05 0.05 

𝑂𝑃(𝑠) – Mt 6 6 

𝑌𝑖𝑒𝑙𝑑(𝑠) - % 0.921 0.921 

𝑁𝑆𝐴(𝑠) - % 76% 76% 

𝐸𝑅(𝑠) 1.0001 1.0001 

𝑅(𝑠) - $ million 1730.186 1864.349 

Next, operating costs for each year are calculated (using Equation 3.5) and deducted 

from revenue (refer to Equation 3.6) to give taxable income as in Table 3.6.  

Table 3.6. Calculating operation expenses, taxable income, and profit after tax in the Prototype project. 

Figures in brackets are in $ million. 

Components s = 1 s = 2 

Mining royalty - 𝑍(𝑠) 86.5079 93.2236 

Mining costs - 𝐴(𝑠)  865.2 891.156 

Operation costs - 𝑂(𝑠) 865.2 891.156 

Taxable income - 𝐸(𝑠) 578.4780 680.0925 

Tax = 𝐸(𝑠) ∙ 𝑑(𝑠) 951.7079 984.3796 

Depreciation - 𝐷(𝑠) 200 200 

Table 3.7 shows the results of calculating income after tax (using Equation 3.7), tax 

shield, adjustments, and net after-tax cash flow CF(s) in the project (using Equation 

3.11). Table 3.8 gives the results of calculating the present value of income after tax, 
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tax shield, adjustments, and net after-tax cash flow. The last row in this table shows 

that summing 𝑃𝑉[𝐶𝐹(𝑠)] for all years of the project gives 𝑉𝐵𝑎𝑠𝑒 = $146.62 million, 

which indicates the expected project NPV for the project. 

Table 3.7. Performing after-tax adjustments in the Prototype project. Figures in brackets are in $ 

million. 

Components s = 1 s = 2 

Income after tax - 𝐻(𝑠) 544.9346 615.9785 

Tax shield – [𝐷(𝑠) d(s)] 60 60 

G(s) 400 0 

CF(s) 604.9346 675.9785 

Table 3.8. Performing after-tax adjustments in the Prototype project. 

Components s = 1 s = 2 

𝐹(𝑠) 0.8826 0.779 

𝑃𝑉[𝐺(𝑠)] 913.88 0 

𝑃𝑉[𝐻(𝑠)] 480.96 479.85 

𝑃𝑉[𝐷(𝑠) d(s)] 52.95 46.74 

𝑃𝑉[𝐶𝐹(𝑠)] 533.91 526.59 

𝑉𝐵𝑎𝑠𝑒 (NPV) - $ million 146.62 = (533.91 + 526.59 – 913.88) 

Table 3.9. Output sigmas in the Prototype project.  

Output sigma Description Value 

𝜎1(1) Price - first year 0.57 

𝜎2(1) Grade - first year 0.36 

𝜎1(2) Price - second year 0.57 

𝜎2(2) Grade - second year 0.36 

Following the procedure of Stage 3, four output sigmas are computed to represent the 

variations of price and grade for each year in the project. The output sigmas for input 
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risk variables are the same across the two years. This is because the same volatility 

distributions are assumed for both years of each input risk variable.  

3.3.2 Module 2: Developing the compound MVR decision-tree 

A basic compound MVR decision-tree grows forward step-by-step by the number of 

independent random input risk variable in the project, defined as levels. The time gap 

between two levels is defined as a synthetic time step. Thus, the MVR decision-tree for 

Prototype is as shown in Figure 3.6. In this example, there are four levels, represented 

by Level 1, 2, 3 and 4, which have corresponding synthetic time step 1, 2, 3 and 4. In a 

compound MVR decision-tree, the levels at which the decision is to be taken when 

options expire, are called decision levels. The last level is the terminal decision level and 

nodes at this level contain the terminal payoffs. The intermediate decision levels 

(between the root and the last level) related to the option expiry time in the contract 

are called intermediate decision levels. Also in Figure 3.6 the intermediate decision level is 

at Level 2 and terminal decision level is at Level 4. Each node in the tree is denoted by 

a number 𝑛 and 𝑁𝑉(𝑛) denotes the value of node 𝑛. Nodes 𝑛 = 16 to 31 (terminal 

nodes) in Figure 3.6 reside on the terminal decision level and nodes 𝑛 = 4 to 7 reside 

on the intermediate decision level. 

In order to allow a more accurate approximation to option value as calculated by BSF, 

the synthetic time steps are further broken down into sub-steps. This also allows a 

more explicit depiction of the discrete GBM. If one level related to an input risk 

variable, such as Price for example, is broken into two or three sub-steps, then each 

sub-step has the same sigma with constant up and down factors. This means that 

volatility (sigma) for the up and down factors are constant within each sub-step of a 

synthetic time step, thereby explicitly following the discrete GBM as per J. C. Cox et 

al. (1979). Figure 3.7 and Figure 3.8 demonstrate how any synthetic time step in a MVR 

decision-tree is broken down into two and three sub-steps respectively. The synthetic 

time step shown in Figure 3.7 (a) is broken down into two sub-steps shown in Figure 
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3.7 (b). Breaking down a synthetic time step in this tree results in doubling the total 

number of levels and branches in the tree. Similarly, the synthetic time step in Figure 

3.8 (a) is broken down into three sub-steps, thereby tripling the number of tree levels 

and branches, as shown in Figure 3.8 (b).  

Level 1 Level 2 
(intermediate decision level)

Level 3 Level 4 
(terminal decision level)

Root

Synthetic 
time step 4

Synthetic 
time step 1

 

Figure 3.6. A four-level compound MVR decision-tree with two (intermediate and terminal) decision 

levels. 
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Sub step 1 Sub step 2

Synthetic 
time step 1

(a) (b)

Synthetic 
time step 1

 

Figure 3.7. Breaking down a synthetic time step in the MVR decision-tree for an input risk variable (a) 

Branches of a level in the MVR decision-tree with one sub-step. (b) The branches in part (a) are broken 

down into two sub-steps.  
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Sub step 1 Sub step 2

Synthetic 
time step 1

(a) (b)  

Figure 3.8. Breaking down a synthetic time step in the MVR decision-tree for an input risk variable (a) 

Branches of a level in the MVR decision-tree with one sub-step. (b) The branches in part (a) are broken 

down into three sub-steps. 

For the MVR decision-tree, the number of sub-steps for each level (input risk variable) 

is defined as 𝑧 (𝑧 = 1,2, … , 𝑍). The ENPV obtained from the MVR decision-tree having 

z sub-steps is defined as 𝐸𝑁𝑃𝑉𝑧, e.g.: 𝐸𝑁𝑃𝑉2 for 2 sub-steps and 𝐸𝑁𝑃𝑉3 for 3 sub-steps. 

The average ENPV of sub-steps z and z+1 is denoted 𝐸𝑁𝑃𝑉𝑧,𝑧+1. For example 𝐸𝑁𝑃𝑉2,3 

is the average ENPV of sub-steps 2 and 3. 
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When the ENPVs of the MVR decision-trees with different sub-steps show the 

oscillating movement, Module 2 calculates the project’s ENPV from averaging the 

ENPVs for two consecutive number of sub-steps, such as 2 and 3. This averaging 

allows a close approximation to the ENPV that would be obtained under the 

continuous time GBM, but without having to add too many levels and branches to the 

tree. In case, the ENPVs have not commenced oscillating as yet, then the ENPV from 

the highest sub-step is taken as the project’s ENPV. The process of calculating the 

project’s ENPV by Module 2 of the MVR approach is shown in the flowchart of Figure 

3.9. 

 

Calculate ENPVz, ENPVz+1, and ENPVz+2 from the MVR decision-tree with z, 
z+1, and z+2 sub steps per input risk variable, respectively

The project s ENPV =  the 
average of ENPVz+1 and 

ENPVz+2 

Do ENPVs have oscillatory 
movement?

The project s ENPV =  ENPVz+2 

YesNo

 

Figure 3.9. Calculating the project’s ENPV through Module 2 of the MVR approach. 
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3.3.2.1 ENPV calculation by the MVR decision-tree with z sub-steps per variable 

The process of calculating ENPV by the MVR decision-tree with any z sub-steps per 

variable is described in Figure 3.10. This flowchart takes the project output sigmas 

from Module 1, along with other project inputs, and calculates the project’s ENPV in 

two stages: (1) Growing forward the compound MVR decision-tree and (2) rolling 

back the compound MVR decision-tree to its root. The first stage is called a MVR 

forward-tree and grown branch level-by-level, starting from the root until finally 

reaching the terminal level. The second stage generates a MVR backward-tree by rolling 

back the MVR forward-tree from its terminal level towards the root. 

A number of adjustments and maximisations take place at each decision level (option 

expiry date) of the MVR backward-tree in order to maximise the project payoffs. The 

inputs to this flowchart are explained in Section 3.3.2.2. Further, Sections 3.3.2.3 to 

3.3.2.5 describe the above-mentioned stages of the flowchart. Section 3.3.2.8 shows 

how a compound MVR decision-tree can be converted into a simple MVR decision-

tree. 
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1.1 Grow the compound MVR forward-tree 
up to the terminal level 

The project output sigmas
 from Module 1

1.2 Perform adjustments and maximisations 
on the terminal nodes

2.2 Roll back to the previous intermediate 
decision level

2.1 Is there a previous intermediate 
decision level?

2.3 Perform intermediate adjustments and 
maximisations

No

Yes
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Figure 3.10. Flowchart of the project ENPV calculations for a compound MVR decision-tree with z 

sub-steps per variable. 
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3.3.2.2 Inputs to the flowchart of Module 2 

Inputs to the flowchart shown in Figure 3.10 are summarised and explained in three 

sections below. The Prototype project is used as an example to explain these sections. 

(1) Output sigmas for the project input risk variables: Module 1 provides 𝜎𝑖(𝑠), the 

output sigma that describes the volatilities of project value returns with respect to the 

volatilities of input risk variable i during year 𝑠 when the rest of the input risk 

variables are fixed to their mean values. If there are L years and M input risk variables, 

Module 1 provides LM output sigmas for the project.  

(2) Project constant quantities: Constant quantities associated with the project also 

are used to calculate a compound MVR decision-tree: 

a) Present value of the net after-tax operating cash-flow (𝑉0) represents the 

expected value from the stream of future expected cash flows of the project for 

the investor today. This is equivalent to 𝑉0 being the current spot market price 

of a security with cash identical to the expected cash flows from the project. 

When valuing an option on the cash flow for a particular draw of a random 

input variable, 𝑉0 is used as the root (starting point) of the binomial tree. 

Equation 3.27 shows the calculation of this value below:  

𝑉0  =  ∑𝑃𝑉[𝐶𝐹0 (𝑠)],

𝐿

𝑠=1

 

3.27 

where 𝑃𝑉[𝐶𝐹0 (𝑠)] for each year is calculated from Equation 3.28 

𝑃𝑉[𝐶𝐹0(𝑠)] = 𝑃𝑉[𝐻(𝑠)] + 𝑃𝑉[𝑑(𝑠)𝐷(𝑠)]. 
3.28 

𝑉0 is defined as the PV of the project’s net after tax operating cash-flows 

PV[NATOCF] which is the PV of the project’s cash-flow without performing 

adjustments.  
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b) Real Discount Rate (𝑟𝑐(𝑠)): this is a fixed rate (the risk adjusted cost of capital) 

used to discount the expected real cash flow to obtain 𝑉0.  

c) Total equity investment (𝑇𝐸): this equity amount is fixed for the whole project. 

d) Risk-free rate (𝑟𝑓(𝑠)): this is the real rate of interest on the short-term 

government bond (assumed to be fixed in this research). This rate can be 

different across the project’s years. 

Table 3.10 shows the constant values related to the calculations of the compound MVR 

decision-tree in Prototype 𝑉0 in this table is calculated using Equation 3.27.  

Table 3.10. Project constants quantities in the Prototype project.  

Quantity Value 

𝑉0 - $ million 533.9153 + 526.5873 = 1060.50  

𝑟𝑐 0.133 

𝑇𝐸- $ million 1100  

𝑟𝑓 (for both years) 0.0524 

(3) The number of sub-steps per variable (z): The MVR decision-tree consists of a 

sequence of synthetic time steps for each input risk variable. Conceptually, during 

each synthetic time step, the information about just one input risk variable is revealed, 

while the remaining input risk variables are set to their means, as constants. The 

synthetic time step is mathematically defined in Equation 3.29 below. The number of 

synthetic time steps equals the number of risky input variables. Each synthetic time 

step encompasses a time interval over which the project value is evolving according 

to a GBM process for the one input risk variable not equal to its mean. Each synthetic 

time step then is further broken down into multiple sub-steps in order to make the 

discrete GBM more explicit in the MVR decision-tree. Thus, J. C. Cox et al. (1979)’s 

method is used to grow the MVR decision-tree with sub-steps to explicitly follow 

discrete GBM with up and down factors as defined in equations 3.32 and 3.33 for the 
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project value. Parameter 𝑧 defines the number of sub-steps per variable or synthetic 

time step. 

After the effects of the first synthetic time step and its sub-steps for an input risk 

variable have been accounted for, a second synthetic time step and its sub-steps is 

introduced, where information about the second input risk variable is revealed. This 

process continues for the third input risk variable and so forth. Once a random input 

risk variable has evolved according to its GBM, it then becomes non-random and set 

equal to its mean value. The output sigma used in the GBM for the evolution of project 

value for all sub-steps within each synthetic time step remains constant. However, it 

generally will be a different constant from one synthetic time step to the next, as 

shown in Figure 7I.7 of Mun (2006, p. 248). 

In practice, information about the different input risk variables generally would not 

be revealed in this sequential way within an option time period. Information about 

first input risk variable could be followed by information for fifth input risk variable, 

then information for second input risk variable, then information for first input risk 

variable again and so forth. The assumptions that the input risk variables are 

independent and the real options are European options allows us to ignore the order 

in which information related to the input risk variables is revealed within an option 

time period. Because the real options are European options, the investment decisions 

can be made only at exogenously specified expiry dates, so that the real options cannot 

be exercised prior to their maturity dates (i.e. option period end). Furthermore, since 

all the input risk variables are statistically independent of each other, knowing the 

realised value of one input risk variable does not have impact on the distributions of 

any of the remaining random input risk variables. Therefore, reorganising the pattern 

of information revelation by the input risk variables in the MVR decision-tree into a 

particular order makes no difference to the project value, but has the advantage of 

making the modelling and calculations easier. 
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 (4) Decision levels’ parameters: Generally, there are multiple decision levels in a 

compound MVR decision-tree, corresponding to the different expiry times of different 

options. Levels before a given decision level are related to the option that expires at 

that decision level. Figure 3.11 shows an example of a four level compound MVR 

decision-tree (two options) with one sub-step per variable. The two consecutive levels 

are separated with one sub-step. Each level represents the status of the project’s value 

subsequent to the variation in just one input risk variable 𝑋𝑖(𝑠) (refer to Section 

3.3.1.1). Each synthetic time step in this tree is related to only one level as there is only 

one sub-step per variable. Therefore, when the MVR decision-tree grows from one 

level to the next level, the project has advanced by a sub-step and the project value 

has increased or decreased due to the variation in that input risk variable. 

In this example, Option 2 represents the simplest type of compound option. It cannot 

be exercised at decision level 4 unless Option 1 at decision level 2 has been exercised. 

Both the options are live at the same time till the Option 1 is exercised. Option 1 in this 

tree has two variables in period 1 (𝑋1(1) and 𝑋2(1)) and therefore is related to the first 

two levels. Option 2 in this tree has another two variables (𝑋1(2) and 𝑋2(2)) and 

therefore is related to the next two levels. There are two decision levels in this tree 

corresponding to the expiry time of the two options: Level 2 (𝑙 = 2, related to option 

k=1) and Level 4 (𝑙 = 4, related to option k=2). The index of each level is shown by l 

and the index of each option is indicated by k. 

𝑇𝑘 measures calendar time over the period between origination and maturation of 

option k. As the options are independent of each other, the dates of origination and 

maturation of different options need not coincide. 
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l = 1 
(Level 1 related to Option k=1)

l = 2
(Level 2 related to Option k=1
- intermediate decision level)

l = 3
(Level 3 related to Option k=2)

T1: Option k=1 duration T2: Option k=2 duration

l = 4
(Level 4 related to Option k=2

- terminal decision level)

Sub step 1

Synthetic 
time step 4

(Variable X2(2))

Synthetic 
time step 1

(Variable X1(1))

Sub step 1 Sub step 1 Sub step 1

 

Figure 3.11. The relationships between levels, decision levels, synthetic time steps and one sub-step per 

input risk variable with in the MVR decision-tree with two options at intermediate and terminal 

decision levels. 



  

93 

 

l = 1 
(Level 1 related to Option k=1)

l = 2
(Level 2 related to Option k=1)

l = 3
(Level 3 related to Option k=1)

T1: Option k=1 duration 

l = 4
(Level 4 related to Option k=1
- intermediate decision level)

Sub step 2Sub step 1

Synthetic 
time step 1

(Variable X1(1))

Synthetic 
time step 2

(Variable X2(1))

 

Figure 3.12. The relationships between levels, decision levels, synthetic time steps and two sub-steps 

per input risk variable with in the MVR decision-tree with two options at intermediate and terminal 

decision levels. 
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l = 1 
(Level 1 related to Option k=1)

l = 2
(Level 2 related to Option k=1)

l = 3
(Level 3 related to Option k=1)

T1: Option k=1 duration 

l = 4
(Level 4 related to Option k=1)

Sub step 1Sub step 1

Synthetic 
time step 1

(Variable X1(1))

Synthetic 
time step 2

(Variable X2(1))

 
Figure 3.13. The relationships between levels, decision levels, synthetic time steps and three sub-steps 

per input risk variable with in the MVR decision-tree with two options at intermediate and terminal 

decision levels. 



  

95 

 

Other examples of a compound option in a resource sector project could be that 

Option 1 is a decision whether to undertake a “Conceptual study” while Option 2 is 

another decision whether to embark on a “Feasibility study” based on what was learned 

from the Conceptual study.  

When the number of sub-steps per variable in the tree shown in Figure 3.11 increases 

to 𝑧 =  2, then the total number of levels in the tree becomes eight, with the first four 

levels related to the first option and the second four related to the second option. 

Figure 3.12 shows the first four levels of such a decision-tree that has two sub-steps 

per variable. The first two levels are related to synthetic time step 1 (Variable 𝑋1(1)) 

and the next two levels are related to synthetic time step 2 (variable 𝑋2(1)). Therefore, 

the variation of the first input risk variable is accounted for within the first two levels 

(sub-steps) and the variation of the second input risk variable is introduced within the 

next two levels and this process continues sequentially for the remaining input risk 

variables. Figure 3.12 also illustrates that each option in the project is related to four 

levels (sub-steps) in the tree. 

By increasing the number of sub-steps per variable to three, the total number of levels 

becomes 12. Figure 3.13 shows the first four levels of this tree. The first three levels are 

related to synthetic time step 1 (Variable 𝑋1(1)) whereas the next level (and two 

subsequent ones not shown) are related to synthetic time step 2 (Variable 𝑋2(1)). 

Each option k time period in the compound MVR decision-tree is broken down by 

equal synthetic time steps representing each of the input risk variables. Each synthetic 

time step is further broken down into z equal sub-steps. The time gap of each sub-step 

related to option k is denoted as ∆tk. It is calculated using Equation 3.29 where z is the 

number of sub-steps per input risk variable in the tree and 𝑀𝑘 is the number of input 

risk variables within the option period 𝑇𝑘. 

∆𝑡𝑘  =
𝑇𝑘

𝑧 .  𝑀𝑘
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3.29 

The Prototype project has a compound option with the expiry of the first and second 

options at the end of the project’s first and second year, respectively. Therefore, there 

are two decision levels in the MVR decision-tree of this project. The first decision level 

is at Level 2 as the intermediate decision level and the second one is at Level 4, which 

is the terminal decision level. For each decision level k in the tree corresponding to the 

Prototype project, the maximisation and adjustment operations are carried out based 

on the following parameters:  

a) Percentage of equity available in option k (𝑃𝐸𝑘): this is the percentage of the 

ownership of the project that could be taken up at the time of the option. 

b) Cumulative percentage of equity at exercise time for option k (𝐶𝑃𝐸𝑘): this is 

equity position that would eventuate if the current option is exercised. 

c) Option k equity cost (𝐷𝐸𝑘): this is the cost of the additional equity in the project 

at the time of the decision point. 

𝐷𝐸𝑘 = 𝑃𝐸𝑘 ∗  𝑇𝐸 

d) Option expiry times (𝑌𝑘): the times when the decision maker can choose 

whether or not to increase equity in the project. 

e) Option expenses (𝐸𝑘): this comprises research costs, option upfront fee and 

other expenditure associated with obtaining option 𝑘. 

f) Option investment (𝐼𝑘): this indicates the total cash outflow if option 𝑘 is 

exercised at expiry and is calculated as: 

𝐼𝑘 = 𝐷𝐸𝑘 + 𝐸𝑘 
3.30 

g) Present value of investment 𝑃𝑉[𝐼𝑘]: the discounted value of investment Ik 

incurred ∆𝑡𝑘 periods into the future using discount rate 𝑟𝑓 as given below: 

𝑃𝑉[𝐼𝑘] = 𝐼𝑘  .  𝑒
−𝑟𝑓 .  ∆𝑡𝑘  

3.31 
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Table 3.11 shows the assumed parameters of the two decision levels. 

Table 3.11. The parameters of the decision levels in the Prototype project.  

Option 1 – Intermediate decision level Option 2 – Terminal decision level 

Quantity Value Quantity Value 

𝑃𝐸1 51% 𝑃𝐸2 49% 

𝐶𝑃𝐸1 51% 𝐶𝑃𝐸2 100% 

𝑇1 1 𝑇2 1 

𝑌1 1 𝑌2 2 

𝐷𝐸1 0.51$1100= $561 million 𝐷𝐸2 0.49$600=$539 million 

𝐸1 $0 𝐸2 $0 

Table 3.12 shows ∆tk, the time gap of sub-steps when the synthetic time step in the 

MVR decision-tree of the Prototype project is broken down into different sub-steps, 

such as z = 1, 2, and 3. 

Table 3.12. The time gap of different sub-steps per variable in the MVR decision-tree of the Prototype 

project.  

 Option 1 – Intermediate decision 

level 

Option 2 – Terminal decision 

level 

Sub-steps per 

variable 
Quantity Value Quantity Value 

z = 1 ∆𝑡1 0.5 ∆𝑡2 0.5 

z = 2 ∆𝑡1 0.25 ∆𝑡2 0.25 

z = 3 ∆𝑡1 0.125 ∆𝑡2 0.125 

3.3.2.3 Stage 1: Growing the compound MVR decision-tree forward 

This stage grows the compound MVR decision-tree up to its terminal level by first 

constructing a MVR forward-tree. The MVR forward-tree, also known as the event 

tree, represents the evolution of the project’s value over time. Starting at the root (i.e. 

𝑉0), the MVR forward-tree is grown level-by-level before reaching the terminal level. 

Each node in the tree has an up-child and a down-child as shown in Figure 3.14. The 

nodes in level 𝑙 of the MVR forward-tree are multiplied by an up-factor 𝑈𝐹𝑙 and a 
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down-factor 𝐷𝐹𝑙 in order to obtain the up-child and down-child nodes in level 𝑙 + 1, 

respectively.  

Both the up-factor and down-factor associated with a level in the MVR forward-tree 

are calculated using an output sigma obtained from Module 1 and the time gap of sub-

step related to that level. When the MVR decision-tree has one sub-step per variable, 

the time gap of each sub-step is equal to the synthetic time step for an input risk 

variable. The order in which output sigmas are used to calculate the up-factor and 

down-factor of levels is the same as the order in which their respective input risk 

variables evolved, one by one, to generate the output sigmas in Module 1. 

NV(n)

NV(2n)=NV(n) × UF(l)

NV(2n+1)=NV(n) × DF(l)

UF(l)

DF(l)

Up-child

Down-child

Parent

 

Figure 3.14. The up-child and down-child of a parent node in the binominal decision-tree 

Equations 3.32 and 3.33 show how the up-factor and down-factor associated with level 

𝑙 of the tree are calculated. 
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𝑈𝐹𝑙 = 𝑒
𝜎𝑖(𝑠)√∆𝑡𝑘  

3.32 

𝐷𝐹𝑙 = 1/(𝑒𝜎𝑖(𝑠)√∆𝑡𝑘) 
3.33 

In the above equations, 𝜎𝑖(𝑠) is the output sigma calculated according to the variations 

of project input risk variable i for year 𝑠 and ∆𝑡𝑘 is the time gap of each sub-step during 

option k. The vanilla version of Equations 3.32 and 3.33 are defined and explained in 

Mun (2006, p. 148), Hull (2012, p. 267), Pachamanova and Fabozzi (2010, p. 511), 

Copeland and Antikarov (2003, p. 365) and Ronn (2002, p. 166). 

Table 3.13. The relation between 𝑙, 𝑖, 𝑠 and 𝑘 in the calculations of up-factor and down-factor in the 

Prototype project when there is one sub-step per input risk variable. 

Level index (l) Variable index (i) Year index (s) Option index (k) 

1 1 (Price) 1 1 

2 2 (Grade) 1 1 

3 1(Price) 2 2 

4 2 (Grade) 2 2 

Table 3.13 explains the relation between 𝑙, 𝑖, 𝑠 and 𝑘 in the Prototype project with two 

input risk variables (i=1, 2) and two decision levels (k=1, 2) and one sub-step per 

variable. Table 3.14 explains the relation between these parameters in the Prototype 

project where two sub-steps are defined per input risk variable. This relation can be 

extended for a higher number of sub-steps per input risk variable.  

Table 3.14. The relation between 𝑙, 𝑖, 𝑠 and 𝑘 in the calculations of up-factor and down-factor in the 

Prototype project when there is two sub-step per input risk variable. 

Level index (l) Variable index (i) Year index (s) Option index (k) 

1 1 (Price) 1 1 

2 1 (Price) 1 1 

3 2 (Grade) 1 1 

4 2 (Grade) 1 1 

5 1 (Price) 2 2 

6 1 (Price) 2 2 

7 2 (Grade) 2 2 

8 2 (Grade) 2 2 
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3.3.2.3.1 One sub-step per input risk variable 

Figure 3.15 shows the MVR forward-tree calculated for the Prototype project with one 

sub-step per input risk variable. The levels of the compound MVR decision-tree 

correspond to the first and second options: Level 2 is the intermediate decision level 

and represents the expiry time of the first option; and Level 4 is the terminal decision 

level and represents the expiry time of the second option. 

3.3.2.3.2 Two sub-steps per input risk variable 

Figure 3.16 shows the MVR forward-tree when there are two sub-steps per variable. 

Since each synthetic time step is broken down into two sub-steps, the time gap (∆𝑡𝑘) 

of levels (sub-steps) is half of the time gap of levels in Figure 3.15. Since the same 

(constant) output sigma (volatility) is used across the levels (sub-steps) of a synthetic 

time step for the up and down factors, the calculations of the project’s values in the 

MVR decision-tree follows discrete GBM as per J. C. Cox et al. (1979). For example, 

𝜎1(𝑠) is used to calculate the up and down factors for the first two levels in the tree, 

𝜎2(𝑠) is used to calculate those parameters for the second two levels in the tree. 

3.3.2.3.3 Three sub-steps per input risk variable 

Figure 3.16 shows the first four levels of the Prototype project’s MVR forward-tree 

when there are three sub-steps per variable. ∆𝑡𝑘 in this figure is one third of ∆𝑡𝑘 in 

Figure 3.15. In this tree the first output sigma is used to calculate the up and down 

factors for the first three levels in the tree and the second output sigma is used to 

calculate those parameters for the second three levels in the tree and so on. This allows 

the project value for each input risk variable to evolve according to a discreet GBM 

process for three sub-steps. 
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Level 1 Level 2 
(intermediate decision level – 

Option 1)

Level 3 Level 4 
(terminal decision level– 

Option 2)

Δt1= 0.5 year Δt1= 0.5 year Δt2= 0.5 year Δt2= 0.5 year

V0 

UF1

DF1

UF2

DF2

UF3

UF4

DF3

DF4

Price (Year 1) Grade (Year 1) Price (Year 2) Grade (Year 2)

Sub step 1 Sub step 1 Sub step 1 Sub step 1

T1= 1 year T2= 1 year

 

Figure 3.15. The node values of compound MVR forward-tree with one sub-step per input risk variable 

for Compound option in the Prototype project using multiple sigmas. Figures in brackets are in $ 

million. 
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Level 1 Level 2 Level 3 Level 4 
(intermediate decision level 

– Option 1)

T1= 1 year

Δt1= 0.25 Δt1= 0.25 Δt1= 0.25 Δt1= 0.25 

V0 

UF1

DF1

UF2

DF2

UF3

UF4

DF3

DF4

Price (Year 1)

Sub step 1 Sub step 2 Sub step 1 Sub step 2

 
Figure 3.16. The node vales of compound MVR forward-tree with two sub-steps per input risk variable 

for Compound option in the Prototype project using multiple sigmas. Figures in brackets are in $ 

million. 
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Level 1 Level 2 Level 3 Level 4 

T1= 1 year

Δt1= 0.16 Δt1= 0.16 Δt1= 0.16 Δt1= 0.16 

V0 

UF1

DF1

UF2

DF2

UF3

UF4

DF3

DF4

Price (Year 1)

Sub step 1 Sub step 2 Sub step 3 Sub step 1

 
Figure 3.17. The node values of compound MVR forward-tree with three sub-steps per input risk 

variable for Compound option in the Prototype project using multiple sigmas. Figures in brackets are 

in $ million. 
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3.3.2.4 Adjustment and maximisation operations in the MVR forward-tree 

Once the MVR forward-tree is grown to its terminal level, adjustment and 

maximisation operations are conducted on each terminal node in the final level (i.e. 

nodes 16 to 31 in Figure 3.15). The decision-maker would invest if and only if the 

terminal payoff of a node in the project’s current state is non-negative.  

Figure 3.18 shows these operations for the nodes of the terminal level in the MVR 

forward-tree. The value of each node 𝑛 in the MVR forward-tree, denoted as 𝐹𝑁𝑉(𝑛), 

is first adjusted to the current value of the node payoff.  

Perform maximisation with zero
i.e. FNP(n) = max (FNP(n), 0) 

Adjust FNV(n) in the MVR forward-tree to FNP(n)

Update node n in the MVR backward-tree with the result

PV[FNP(n)]=Discount (FNP(n))

 

Figure 3.18. The process of performing adjustments and maximisations on nodes of the terminal 

decision level. 

This adjustment involves two operations. 𝐹𝑁𝑉(𝑛) is first multiplied by 𝑃𝐸𝑘 (refer to 

Equation 3.34) to give the equity value of node 𝑛 in the MVR forward-tree (𝐹𝐸𝑉(𝑛)).  

𝐹𝐸𝑉(𝑛) = 𝐹𝑁𝑉(𝑛) ∗ 𝐶𝑃𝐸𝑘  
3.34 

The equity value of node 𝑛 is then deducted by 𝐹𝑉[𝐼𝑘] to obtain the contemporaneous 

payoff value of the node (𝐹𝑁𝑃𝑉(𝑛)), as shown in Equation 3.35. 
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𝐹𝑁𝑃(𝑛) = 𝐸𝑉(𝑛) − 𝐹𝑉[𝐼𝑘] 3.35 

The payoff value 𝐹𝑁𝑃(𝑛) is then compared with zero and the higher value is chosen. 

The result of the maximisation is then discounted using Equation 3.36 in order to 

obtain the present value of the payoff of node 𝑛 in the MVR forward-tree, denoted as 

𝑃𝑉[𝐹𝑁𝑃(𝑛)].  

𝑃𝑉[𝐹𝑁𝑃(𝑛)] = 𝑚𝑎𝑥 (0, 𝐹𝑁𝑃(𝑛)) ∗ 𝑒
−𝑟𝑓∆𝑡  3.36 

Table 3.15. The adjustment and maximisation operations at Level 4 of the compound MVR decision-

tree (one sub-step per variable) for the Prototype project. Figures are in $ million. 

𝑛
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m
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𝑁
𝑃
( 𝑛
),
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𝑃
𝑉
[𝐹
𝑁
𝑃
( 𝑛
)]

 

16 3950.972 3950.972 539 0 539 413.1107 3537.861 3537.861 3446.373 

17 2374.637 2374.637 539 0 539 413.1107 1961.527 1961.527 1910.802 

18 1764.487 1764.487 539 0 539 413.1107 1351.376 1351.376 1316.43 

19 1060.503 1060.503 539 0 539 413.1107 647.392 647.392 630.6506 

20 2374.637 2374.637 539 0 539 413.1107 1961.527 1961.527 1910.802 

21 1427.219 1427.219 539 0 539 413.1107 1014.108 1014.108 987.8838 

22 1060.503 1060.503 539 0 539 413.1107 647.392 647.392 630.6506 

23 637.3898 637.3898 539 0 539 413.1107 224.2791 224.2791 218.4793 

24 1764.487 1764.487 539 0 539 413.1107 1351.376 1351.376 1316.43 

25 1060.503 1060.503 539 0 539 413.1107 647.392 647.392 630.6506 

26 788.0121 788.0121 539 0 539 413.1107 374.9014 374.9014 365.2066 

27 473.6159 473.6159 539 0 539 413.1107 60.50518 60.50518 58.94053 

28 1060.503 1060.503 539 0 539 413.1107 647.392 647.392 630.6506 

29 637.3898 637.3898 539 0 539 413.1107 224.2791 224.2791 218.4793 

30 473.6159 473.6159 539 0 539 413.1107 60.50518 60.50518 58.94053 

31 284.6555 284.6555 539 0 539 413.1107 -128.455 0 0 

Table 3.15 shows the steps of these operations on the terminal nodes of the MVR 

decision-tree with one sub-step per variable for the Prototype project.  
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3.3.2.5 Stage 2: Rolling back to the root 

After the adjustment and maximisation operations are conducted on every terminal 

node in the MVR forward-tree, the tree is rolled back until it reaches the root. The root 

of the MVR backward-tree at the end of this process is treated as the project’s 𝐸𝑁𝑃𝑉𝑧 

(ENPV for z sub-steps per input risk variable). 

Rolling back from a level to its previous level in the MVR backward-tree (from 

children nodes to parent nodes) involves recalculating the parent nodes in the 

previous level based on the values of their children nodes in the current level. The 

value of node n, in the MVR backward-tree is denoted as 𝐵𝑁𝑉(𝑛) and is calculated 

using Equation 3.37. 

𝐵𝑁𝑉(𝑛) = 𝑝𝑙 × 𝐵𝑁𝑉(2𝑛) + (1 − 𝑝𝑙) ×  𝐵𝑁𝑉(2𝑛+1), 

3.37 

where 𝐵𝑁𝑃(2𝑛) and 𝐵𝑁𝑃(2𝑛+1) represent the node values of the up-child and down-

child of node 𝑛, respectively. In Equation 3.37, 𝑝𝑙  is obtained based on the risk neutral 

valuation technique. For level 𝑙, this figure is calculated based on the output sigma 

associated to level 𝑙 and 𝑈𝐹𝑙 and 𝐷𝐹𝑙 (refer to Equation 3.38).  

𝑝𝑙 =
𝑒𝑟𝑓∆𝑡𝑘 − 𝐷𝐹𝑙
𝑈𝐹𝑙 − 𝐷𝐹𝑙

 

3.38 

The vanilla version of Equation 3.38 is defined and explained in Mun (2006, p. 148), 

Hull (2012, p. 267), Pachamanova and Fabozzi (2010, p. 511), Copeland and Antikarov 

(2003, p. 365) and Ronn (2002, p. 166). 

Once parent nodes in the previous level are constructed based on their children in the 

current level, each two parents in the previous level will then roll back (using Equation 

3.37) to become a grandparent. This is repeated in the MVR backward-tree until 

reaching an intermediate decision level. At this point, a set of adjustment and 
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maximisation operations are carried out on the nodes in the intermediate decision 

level, the process of which is shown in Figure 3.18. 

Every node 𝑛 in the intermediate decision level of a MVR backward-tree has a 

corresponding node in the same level in the MVR forward-tree. For every node 𝑛 on 

the intermediate decision level of the MVR forward-tree, 𝐹𝑁𝑉(𝑛) is first multiplied by 

𝐶𝑃𝐸𝑘 (refer to Equation 3.34), which results in the equity value of the node. The equity 

value of the node is then reduced by 𝐹𝑉[𝐼𝑘] to obtain the payoff value of the node i.e. 

𝐹𝑁𝑃(𝑛), using Equation 3.35. 𝐹𝑁𝑃(𝑛) is then compared with zero and the higher value 

is kept. The result of the maximisation is then discounted using Equation 3.36 to obtain 

𝑃𝑉[𝐹𝑁𝑃(𝑛)].  

The same process is carried out on the value of node 𝑛 in the MVR backward-tree, i.e. 

𝐵𝑁𝑃𝑛, and the result of the maximisation is discounted to obtain the present value of 

payoff for the MVR backward-tree node, denoted as 𝑃𝑉[𝐵𝑁𝑃(𝑛)]. At this point, 

𝑃𝑉[𝐹𝑁𝑃(𝑛)] and 𝑃𝑉[𝐵𝑁𝑃(𝑛)] are compared to each other and the highest of the two is 

given to the node in the MVR backward-tree.  

Once the nodes in the intermediate decision level of the MVR backward-tree are 

updated, the MVR backward-tree rolls back from the current decision level to the 

previous decision level. Adjustment and maximisation operations are performed on 

the nodes in the previous option level. This process repeats until there is no previous 

decision level to roll back. The MVR backward-tree then rolls back to its root. Once 

the payoff figure of the root node is calculated in the MVR backward-tree, the 𝐸𝑁𝑃𝑉𝑧 

of the project is computed and shown as the output of the flowchart in Figure 3.10. 

3.3.2.5.1 One sub-step per input risk variable 

Figure 3.20 shows the MVR backward-tree with one sub-step per input risk variable 

for the Prototype project. When this MVR backward-tree rolls back and reaches Level 

2, it updates the node values (nodes 4 to 10) based on the results of intermediate 
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adjustment and maximisation operations shown in Figure 3.19. Numbers shown in 

red and green next to nodes 4 to 10 in Figure 3.20 indicate 𝑃𝑉[𝐹𝑁𝑃(𝑛)] and 𝑃𝑉[𝐵𝑁𝑃(𝑛)] 

for the nodes, respectively. Numbers in black are the result of the maximisation 

between 𝑃𝑉[𝐹𝑁𝑃(𝑛)] and 𝑃𝑉[𝐵𝑁𝑃(𝑛)]. Figure 3.20 also shows that once the MVR 

backward-tree rolls back to its root, the project’s 𝐸𝑁𝑃𝑉1 is calculated as $271.43 

million.  

Perform maximisation with zero
i.e. FNP(n) = max (FNP(n), 0) 

Adjust FNV(n) in the MVR forward-
tree to FNP(n)

PV[FNP(n)]=Discount (FNPn)

Perform maximisation with zero
i.e. BNP(n) = max (BNP(n), 0) 

Adjust BNV(n) in the MVR 
backward-tree to BNP(n)

Perform maximisation
i.e. BNV(n) = max (PV[FNP(n)], PV[BNP(n)]) 

PV[BNP(n)]=Discount (BNPn)

 

Figure 3.19. The process of performing adjustments and maximisations on nodes of the intermediate 

decision level in MVR decision-tree. 

Table 3.15 shows the steps of adjustment and maximisation operations on the nodes 

of the intermediate decision level in the Prototype project with one sub-step per 

variable. 

3.3.2.5.2 Two sub-steps per input risk variable 

Figure 3.21 shows the compound MVR backward-tree with two sub-steps per input 

risk variable for the Prototype project. Because each option level is related to four sub-

steps (levels), the intermediate adjustment and maximisation operations take place on 

nodes of level 4.  
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ENPV1 

P1

P2

P3

P4

1-P1

1-P2

1-P3

1-P4

Level 1 Level 2 
(intermediate decision level – 

Option 1)

Level 3 Level 4 
(terminal decision level– 

Option 2)

T1= 1 year

Δt1= 0.5 year Δt2= 0.5 year Δt2= 0.5 year

Price (Year 1) Grade (Year 1) Price (Year 2) Grade (Year 2)

Sub step 1 Sub step 1 Sub step 1 Sub step 1

 

Figure 3.20. The node values of compound MVR backward-tree with one sub-step per input risk variable 

for Compound option in the Prototype project using multiple sigmas. Figures in brackets are in $ 

million. 
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Table 3.16. The intermediate adjustments and maximisations at Level 2 of the MVR backward-tree with 

one sub-step per input risk variable for the Prototype project using multiple sigmas. Figures are in $ 

million. 
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m
ax
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𝑉
[𝐹
𝑁
𝑃
( 𝑛
)]
, 

𝑃
𝑉
[𝐵
𝑁
𝑃
( 𝑛
)]

) 

4 2046.953 1043.946 561 0 561 491.1359 552.8101 552.8101 538.5146 1051.14 1051.14 

5 1230.272 627.4388 561 0 561 491.1359 136.3029 136.3029 132.7782 255.57 255.57 

6 914.1603 466.2217 561 0 561 491.1359 -24.9142 0 0 0 0 

7 549.4342 280.2114 561 0 561 491.1359 -210.924 0 0 0 0 

The value of 𝑝𝑙 (refer to Equation 3.38) changes when synthetic time steps in a 

decision-tree are broken into additional sub-steps since the time gap (∆𝑡𝑘) of levels 

(sub-steps) declines (refer to Figure 3.20). 𝐸𝑁𝑃𝑉2 in this Figure 3.21 is calculated as 

$274.14 million, which is $2.71 million more than 𝐸𝑁𝑃𝑉1 = $271.43 million. 

3.3.2.5.3 Three sub-steps per input risk variable  

Figure 3.22 shows the MVR backward-tree when there are three sub-steps per input 

risk variable. The intermediate adjustment and maximisation operations take place on 

nodes of level 6. As demonstrated in this figure, the increased number of sub-steps 

creates three times more sub branches than the synthetic time step branches in the 

MVR decision-tree. This causes the time gap of each sub-step to become one third of 

a synthetic time step. Therefore, ∆𝑡𝑘 is equal to 0.166 year.  

Figure 3.22 also shows that 𝐸𝑁𝑃𝑉3 is equal to $272.33 million, a figure between 𝐸𝑁𝑃𝑉1 

= $271.43 million and 𝐸𝑁𝑃𝑉2 = $274.14 million. This illustrates the oscillatory 

convergence movementof ENPV, as the number of sub-steps per variable increase in 

the MVR decision-tree. 
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Level 1 Level 2 Level 3 Level 4 
(intermediate decision level 

– Option 1)

Δt1= 0.25 Δt1= 0.25 Δt1= 0.25 Δt1= 0.25 

ENPV2 

Price (Year 1)

Sub step 1 Sub step 2 Sub step 1 Sub step 2

1-P1

1-P2

1-P3

1-P4

P1

P2

P3

P4

T1= 1 year

 

Figure 3.21. The node values of compound MVR backward-tree with two sub-step per input risk 

variable for the Compound option in the Prototype project using multiple sigmas. Figures in brackets 

are in $ million. 
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Level 1 Level 2 Level 3 Level 4 

Δt1= 0.16 Δt1= 0.16 Δt1= 0.16 Δt1= 0.16 

ENPV3 

P1

P2

P3

P4

Price (Year 1)

Sub step 1 Sub step 2 Sub step 3 Sub step 1

1-P1

1-P2

1-P3

1-P4

T1= 1 year

 

Figure 3.22. The node values of compound MVR backward-tree with three sub-step per input risk 

variable for Compound option in the Prototype project using multiple sigmas. Figures in brackets are 

in $ million. 
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3.3.2.6 Estimating ENPV of project 

Theoretically, the ENPV converges toward its continues GBM value when the number 

of time steps in the tree tends to infinity, and the time gap between the synthetic time 

steps (𝑖. 𝑒. ∆𝑡) approaches zero (Munn, 2006, p. 150). As discussed earlier, this is 

because throughout the sub-steps the project value is assumed to have constant 

volatility. It is assumed to be affected by just one input risk variable, which results in 

constant ‘up’ and ‘down’ factors for all time steps from branch to branch.  

The option values computed by a binomial-tree show damped oscillatory convergence 

when the time steps (levels) are increased within the tree (Diener & Diener, 2004). This 

means that the gaps between the “true” long run value (as ∆𝑡 → 0) and successive 

values are of opposite sign but declining magnitude as shown in Exhibit 7.12 of 

Copeland and Antikarov (2003, p. 215). Therefore, the ENPV values from having 

different sub-steps are averaged in order to obtain a better approximation to the ENPV 

of the project without having to use too many sub-steps. 

Table 3.17. The ENPV of the prototype project for different numbers of sub-steps per input risk variable. 

ENPV figures are in $ million. 

Number of sub-steps (z) ENPV  

1 271.43 

2 274.14 

3 272.33 

4 274.07 

5 273.72 

6 273.55 

Table 3.17 shows the ENPVs from the MVR decision-tree of the Prototype project 

when each synthetic time step is broken into a different number of sub-steps, z. Since 

ENPV3 is between ENPV1 and ENPV2, the ENPVs have oscillatory convergence 

movement. Therefore, as shown in the flowchart of Figure 3.9, Module 2 calculates the 

Prototype project’s ENPV by averaging ENPV2 and ENPV3 which is 𝐸𝑁𝑃𝑉2,3= 

($274.14+$272.33)/2 = $273.24 million. 𝐸𝑁𝑃𝑉2,3 is a close approximation of 𝐸𝑁𝑃𝑉6= 
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$273.55 million. The difference amount between 𝐸𝑁𝑃𝑉6 and 𝐸𝑁𝑃𝑉2,3 is ($273.55-

$273.24) = $0.31 million, showing only a 0.11% difference between them. However, it 

is clearly much easier to use 2 or 3 sub-steps per stochastic input risk variable than 6.  

3.3.2.7 ROV of the project 

ROV of the project is calculated from the equation below. 

𝑅𝑂𝑉 = 𝐸𝑁𝑃𝑉 − 𝑁𝑃𝑉 
3.39 

NPV is equal to 𝑉𝐵𝑎𝑠𝑒 calculated from Section 3.3.1.2. With regard to the Prototype 

project, ROV of the first option is calculated by taking 51% of the total NPV from its 

related ENPV at year one. This ENPV is calculated by averaging the ENPVs of the 

MVR decision-trees that have z and z+1 sub-steps per variable. Each of these decision-

trees is developed up to the first decision level, and after performing the maximisation 

operations on the end nodes, the tree is rolled back to its root. Figure 3.23 shows the 

MVR backward-tree (with one sub-step per variable) when only the first option in the 

Prototype project is considered. This shows that ENPV1 of the first option is $139.45 

million.  

Figure 3.24 illustrates (a) the compound MVR forward-tree and (b) backward-tree 

related to the first option in the project where each synthetic time step in the tree is 

broken into two sub-steps. ENPV2 of Option 1 is $139.10 million. Figure 3.25 also 

reveals the compound MVR forward-tree and backward-tree related to Option 1 in 

the project where each synthetic time step in the MVR decision-tree is broken into 

three sub-steps. From the compound MVR backward-tree, ENPV3 of Option 1 is 

$137.24 million. Table 3.18 summarises the information related to the compound MVR 

decision-trees shown in Figure 3.23 to Figure 3.25.  

 



  

115 

 

Table 3.18. Summary of information related to the compound MVR decision-trees for Option 1 shown 

in Figure 3.23 to Figure 3.25. 

Figure number Sub-steps per variable Type of tree 

Figure 3.23  z=1 Backward-tree 

Figure 3.24 (a)  z=2 Forward-tree 

Figure 3.24 (b)  z=2 Backward-tree 

Figure 3.25 (a) z=3 Forward-tree 

Figure 3.25 (b) z=3 Backward-tree 

Table 3.19 shows ROV for both the options in the Prototype project. ENPV2,3 in this 

table is the average of ENPV2 and ENPV3 from the MVR decision-tree. The ENPV2,3 for 

Option 1 is calculated as $138.17 million, which is greater than the 51% of the total 

NPV, resulting in a positive ROV equal to $63.40 million. This means that the investor 

will continue investing in this project until the second option is reached in the second 

year. The ENPV2,3 for the second option is $273.23 million and the ROV for this option 

is $126.61 million. Therefore, the investor will take 100% ownership of the project. 

Table 3.19. ROV calculations for the both options in the Prototype project. The 𝐸𝑁𝑃𝑉2,3 is obtained 

based on averaging 𝐸𝑁𝑃𝑉2 and 𝐸𝑁𝑃𝑉3 from the compound MVR decision-tree. Figures are in $ million. 

Values Option 1 Compound option 

( Options 1 and 2 ) 

ENPV2 139.10 274.14 

ENPV3 137.24 272.33 

ENPV2,3 (Average) 138.17 273.23 

NPV 74.77 146.62 

ROV 63.40 126.61 
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Level 1 Level 2 

Δt1= 0.5 Δt1= 0.5 

ENPV1 

Sub step 1
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1-P2

P1

P2

Grade (Year 1)

T1= 1 year

 

Figure 3.23. The node values of compound MVR backward-tree with one sub-step per input risk variable 

for Option 1 in the Prototype project using multiple sigmas. Figures in brackets are in $ million. 
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(a) 
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(b) 

Figure 3.24. The node values of (a) compound MVR forward-tree and (b) compound MVR backward-

tree with two sub-steps per input risk variable for Option 1 in the Prototype project using multiple 

sigmas. Figures in brackets are in $ million. 
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(b) 

Figure 3.25. The node values of (a) compound MVR forward-tree and (b) compound MVR backward-

tree with three sub-steps per input risk variable for Option 1 in the Prototype project using multiple 

sigmas. Figures in brackets are in $ million. 
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3.3.2.8 Converting the compound MVR decision-tree into a simple MVR decision-tree 

This section explains how a compound MVR decision-tree with any sub-step per 

variable is converted into a simple MVR decision-tree. This logic has been used by 

Geske (1979, p. 72) to show that under certain conditions the ENPV from a compound 

option is the option value of the BSF. This conversion allows Module 3 of MVR 

approach to validate the mechanics of the MVR decision-tree through comparing its 

result with the result of the BSF.  

A simple MVR decision-tree is obtained when all the intermediate decision levels are 

removed from a compound MVR decision-tree. No adjustment and maximisation 

operations are conducted on the intermediate levels when the MVR backward-tree 

rolls-back to its root. This means that the adjustment and maximisation operations are 

carried out only on the terminal decision level of the MVR decision-tree.  

The project’s ENPV is obtained by averaging the ENPV of simple MVR decision-trees 

that have sub-steps z and z+1 per variable (refer to the flowchart of Figure 3.9). Figure 

3.26 shows the flowchart to compute 𝐸𝑁𝑃𝑉𝑧 from a simple MVR decision-tree. The set 

of output sigmas, obtained from Module 1, is used to calculate the parameters of the 

MVR decision-tree. Module 2 uses the same calculations described in Section 3.3.2.3 

to grow the simple MVR decision-tree up to its terminal level, which results in the 

MVR forward-tree.  

The same set of adjustment and maximisation operations for the terminal nodes of a 

compound MVR decision-tree (refer to Figure 3.18) are conducted on the terminal 

nodes of a simple MVR decision-tree. The difference is that the percentage of equity 

(𝑃𝐸) in the adjustment operations of a simple MVR decision-tree is considered to be 

100%. This results in the converted simple MVR decision-tree deducting the 100% 

(full) equity instead of 49% of the project equity from the terminal payoff nodes. This 

is the sum of various deductions taking place at multiple maximisation levels in the 

compound MVR decision-tree. 



  

122 

 

Grow a MVR forward-tree up to its last level 

Output sigmas from Module 1

Perform adjustments and maximisations on the 
terminal nodes

Roll back the MVR backward-tree till reaching the 
root

ENPV= the root of the MVR backward-tree

 

Figure 3.26. The calculation of 𝐸𝑁𝑃𝑉𝑧 using a simple MVR decision-tree with z sub-steps per variable. 

The MVR backward-tree then rolls back from the maximised terminal nodes towards 

the root of the compound MVR decision-tree. Since there is no intermediate decision 

level, the MVR backward-tree keeps rolling back until reaching its root. The root of 

the compound MVR decision-tree at the end of this process is treated as 𝐸𝑁𝑃𝑉𝑧. 

Figure 3.27 shows the simple MVR backward-tree with one sub-step per input risk 

variable for the Prototype project. The results of adjustment and maximisation 

operations on the nodes of the last level are shown in Table 3.20. 𝐷𝐸 in this table is 

$1100 million which is equal to 100% of the offer price for total equity ownership.  

Figure 3.28 shows the simple MVR forward-tree and MVR backward-tree related to 

the Prototype project where each synthetic time step in the tree is broken into two sub-

steps. 𝐸𝑁𝑃𝑉2 of the first option is $420.51 million. Figure 3.29 shows the simple MVR 
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forward-tree and MVR backward-tree for the prototype project where each synthetic 

time step is broken into three sub-steps. 𝐸𝑁𝑃𝑉3 is $419.95, slightly less than 𝐸𝑁𝑃𝑉2. This 

is because of the oscillatory convergence motion of ENPVs from having different sub-

steps per each variable in the tree. Table 3.24 summarises the information related to 

the MVR decision-trees shown in Figure 3.27 to Figure 3.29. 

Table 3.20. The terminal maximisation at Level 4 of the Prototype simple MVR decision-tree. Figures 

are in $ million. 

𝑛
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16 3950.972 3950.972 1100 0 1100 843.083 3107.889 3107.889 3027.52 

17 2374.637 2374.637 1100 0 1100 843.083 1531.554 1531.554 1491.949 

18 1764.487 1764.487 1100 0 1100 843.083 921.4038 921.4038 897.5766 

19 1060.503 1060.503 1100 0 1100 843.083 217.4197 217.4197 211.7972 

20 2374.637 2374.637 1100 0 1100 843.083 1531.554 1531.554 1491.949 

21 1427.219 1427.219 1100 0 1100 843.083 584.1361 584.1361 569.0305 

22 1060.503 1060.503 1100 0 1100 843.083 217.4197 217.4197 211.7972 

23 637.3898 637.3898 1100 0 1100 843.083 -205.693 0 0 

24 1764.487 1764.487 1100 0 1100 843.083 921.4038 921.4038 897.5766 

25 1060.503 1060.503 1100 0 1100 843.083 217.4197 217.4197 211.7972 

26 788.0121 788.0121 1100 0 1100 843.083 -55.0709 0 0 

27 473.6159 473.6159 1100 0 1100 843.083 -369.467 0 0 

28 1060.503 1060.503 1100 0 1100 843.083 217.4197 217.4197 211.7972 

29 637.3898 637.3898 1100 0 1100 843.083 -205.693 0 0 

30 473.6159 473.6159 1100 0 1100 843.083 -369.467 0 0 

31 284.6555 284.6555 1100 0 1100 843.083 -558.428 0 0 

Table 3.22 shows ENPVs for the simple option when synthetic time steps of the MVR 

decision-tree are broken into different number of sub-steps in the Prototype project. 

Since ENPV1 = $424.83 million < ENPV2 = $420.51 million < ENPV3 = $419.95 million, 

the ENPVs do not show oscillatory convergence movement as yet. Therefore, as 
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shown in the flowchart in Figure 3.9, the project ENPV for a simple option is taken as 

the ENPV from the highest sub-step per input risk variable in the MVR decision tree 

i.e. ENPV3 = $419.95 million. 

Table 3.21. Summary of information related to the simple MVR decision-trees shown in Figure 3.27 to 

Figure 3.29. 

Figure number Sub-steps per variable Type of tree 

Figure 3.27 (a) z=1 Forward-tree 

Figure 3.27 (b) z=1 Backward-tree 

Figure 3.28 (a)  z=2 Forward- tree 

Figure 3.28 (b)  z=2 Backward- tree 

Figure 3.29 (a) z=3 Forward-tree 

Figure 3.29 (b) z=3 Backward- tree 

Table 3.22. ENPV values when the levels of the simple MVR decision-tree for the Prototype project are 

broken into two and three sub-steps. ENPV2,3 is the average of ENPV2 and ENPV3. ENPV figures are in 

$ million. 

Number of sub-steps ENPV 

1 ENPV1 = 424.83 

2 ENPV2 = 420.51 

3 ENPV3 = 419.95 

It is observed that the estimated ENPV3 from the simple MVR decision-tree of $419.95 

million is higher than the estimated ENPV2,3 = $273.23 million as calculated from the 

compound MVR decision-tree. This is because once a 100% equity is paid in the second 

year of the simple MVR decision-tree (the terminal level), no other adjustment and 

maximisation operation is carried out on the nodes of the MVR backward-tree. 

However, in the compound MVR decision-tree, maximisations take place at first year 

for 51% equity and second year for the remaining equity of 49%. 
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(a) 
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Level 1 Level 2 Level 3
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Δt1= 0.25 Δt1= 0.25 
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Sub step 1 Sub step 1 Sub step 1

Price (Year 2)

Δt1= 0.25 Δt1= 0.25 

1-p1

1-p2

1-p3

1-p4

p1

p2

p3

p4

Level 4 (final decision level-Option 1)

(b) 

Figure 3.27. The node values of (a) simple MVR forward-tree and (b) simple MVR backward-tree with 

one sub-step per variable for a second year Option in the Prototype project using multiple sigmas. 

Figures in brackets are in $ million. 
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(a) 
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p3
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(b) 
Figure 3.28. The node values of (a) simple MVR forward-tree and (b) simple MVR backward-tree with 

two sub-step per input risk variable for a second year Option in the Prototype project using multiple 

sigmas. Figures in brackets are in $ million. 
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(b) 

Figure 3.29. The node values of (a) simple MVR forward-tree and (b) simple MVR backward-tree with 

three sub-steps per input risk variable for a second year Option in the Prototype project using multiple 

sigmas. Figures in brackets are in $ million. 
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A simple MVR decision-tree can be converted into a compound MVR decision-tree by 

introducing decision levels at intermediate levels. The last decision level in the 

converted compound MVR decision-tree deducts a part of the project total equity from 

the terminal endpoints and the rest of the equity is deducted at the intermediate 

decision levels. For example, in the prototype project, the final decision level deducts 

49% of the project equity from the terminal payoff nodes and the rest of the equity is 

deducted from the payoff nodes in the intermediate level. 

The simple MVR decision-tree shown in Figure 3.27 has one synthetic time step for 

each input risk variable in order to simplify the presentation of the calculations in the 

tree. As mentioned in Section 3.3.2.2, in order to show the GBM explicitly, each input 

risk variable is be related to multiple sub-steps with constant up and down factors. 

Therefore, the simple MVR decision-tree shown in Figure 3.27 has also been calculated 

by breaking each synthetic time step into two to six sub-steps. This results in having 

six simple MVR trees with each one having the related number of sub-steps for each 

input risk variable.  

3.3.3 Module 3: Validating the MVR decision-tree 

The mechanics of the MVR decision-tree is validated in this module. The research is 

unable to identify any other research in the literature with any equivalent compound 

MVR decision-tree with multiple sigmas in order to directly evaluate the validity of 

the compound MVR decision-tree. Therefore, the 𝐸𝑁𝑃𝑉𝑧,𝑧+1 from a simple MVR 

decision-tree using a consolidate sigma is validated by comparing it with the ENPV 

obtained from the BSF using the same consolidated sigma.  

The BSF computes ENPV for a simple option of a project with a single consolidated 

sigma. Two modifications are therefore made to the compound MVR decision-tree 

prior to comparing its results with the BSF. First, Module 1 of the MVR approach is 

modified to calculate a consolidated output sigma for the project. The variations of all 

input risk variables for all the project’s years are taken as random and simultaneously 
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simulated in Module 1, and the volatility of the project’s return values are calculated 

to obtain the consolidated sigma. This is equivalent to the technique used in the MAD 

approach to calculate the project’s consolidated sigma. The second modification is to 

convert the compound MVR decision-tree into a simple MVR decision-tree as per the 

procedure described in Section 3.3.2.8. Each input risk variable is considered to have 

the same consolidated sigma and the average ENP z, z+1 of the project is calculated based 

on breaking down the input risk variable levels into z and z+1 sub-steps. The 

adjustment and maximisation operations are carried out only on the terminal decision 

level of each simple MVR decision-tree. 

The variations of Price and Grade in the Prototype project are simultaneously 

simulated during the two years of the project and the consolidated output sigma is 

obtained as 0.43. This output sigma is used to calculate the up-factor and down-factor 

for all levels of the MVR forward-tree. Figure 3.30 shows the MVR backward-tree with 

one sub-step per variable. Calculations in the MVR backward-tree are based on the 

consolidated output sigma 0.43. This figure shows that 𝑝𝑙 is calculated as 0.467 across 

all levels (𝑙 = 1,… , 4) in the MVR backward-tree. Figure 3.30 reveals that ENPV1 

calculated as the root of the MVR backward-tree with one sub-step per variable is 

$407.14 million. Figure 3.31 shows in (a) simple MVR forward-tree and (b) simple 

MVR backward-tree that are based on the consolidated sigma where each synthetic 

time step in the tree is broken into two sub-steps resulting in ENPV2 to be $404.06 

million. Figure 3.32 shows in (a) simple MVR forward-tree and (b) simple MVR 

backward-tree for the consolidated sigma where each synthetic time step is broken 

into three sub-steps. ENPV3 is $401.74 million, slightly less than ENPV2. Table 3.24 

summarises the information related to the MVR decision-trees shown in Figure 3.30 

to Figure 3.32. 
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Table 3.23. Summary of information related to the MVR decision-trees with a consolidated sigma shown 

in Figure 3.30 to Figure 3.32. 

Figure number Sub-steps per variable Type of tree 

Figure 3.30 (a) z=1 Forward-tree 

Figure 3.30 (b) z=1 Backward-tree 

Figure 3.31 (a)  z=2 Forward-tree 

Figure 3.31 (b)  z=2 Backward-tree 

Figure 3.32 (a) z=3 Forward-tree 

Figure 3.32 (b) z=3 Backward-tree 

Table 3.24 shows the ENPVs obtained when the synthetic time steps in Figure 3.30 are 

broken down into two and three sub-steps. ENPV2 is obtained when there are two sub-

steps, and ENPV3 when there are three sub-steps. Since the ENPVs do not show an 

oscillatory convergence movement as yet, the project ENPV for consolidated sigma is 

taken as the ENPV from the highest sub-step per input risk variable i.e. ENPV3 = 

$401.74 million. 

The same consolidated sigma is input into the BSF to obtain the ENPV, which is 

compared with the averaged 𝐸𝑁𝑃𝑉2,3 from the MVR decision-tree. The five factors 

required to calculate the ENPV in BSF are: (1) spot price of security, (2) risk-free rate, 

(3) the option exercise price, (4) the option expiry time, and (5) the volatility of 

underlying asset's (financial security) returns (Black & Scholes, 1973). These five 

factors are provided to the BSF respectively as (1) 𝑉0, (2) risk free rate (𝑟𝑓), (3) present 

value of investment (𝑃𝑉[𝐼]), (4) option expiry period (𝑇), and (5) the consolidated 

output sigma from Module 1. The option value (ENPV) obtained from using BSF was 

$398.73 million, which is very close to the one obtained from the 𝐸𝑁𝑃𝑉3 of $401.74 

million with simple MVR decision-tree resulting in an difference rate of 0.7% 

[($(401.74-398.73)/401.74]%. This consistency in ENPV results with BSF shows the 

validity and accuracy of both the simple and compound MVR decision-trees 

mechanisms to calculate the project’s ENPV. 
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(b) 

Figure 3.30. The node values of (a) The simple MVR forward-tree and (b) simple MVR backward-tree 

with one sub-step per input risk variable for second year option in the Prototype project using 

consolidated sigma. Figures in brackets are in $ million. 
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(b) 

Figure 3.31. (a) The node values of (a) The simple MVR forward-tree and (b) simple MVR backward-

tree with two sub-steps per input risk variable for second year option in the Prototype project using 

consolidated sigma. Figures in brackets are in $ million. 
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Figure 3.32. (a) The node values of (a) The simple MVR forward-tree and (b) simple MVR backward-

tree with three sub-step per input risk variable for second year option in the Prototype project using 

consolidated sigma. Figures in brackets are in $ million. 
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Table 3.24. ENPVs when the synthetic time steps of the simple MVR decision-tree for the Prototype 

project with a consolidated sigma are broken into two and three sub-steps to obtain the project’s ENPV.  

Consolidated Sigma to calculate ENPV using: 0.43 

   Black Scholes formula (BSF)   $398.73 million 

𝐸𝑁𝑃𝑉1 - Simple MVR decision-tree  $407.14 million 

𝐸𝑁𝑃𝑉2 - Simple MVR decision-tree  $404.06 million 

𝐸𝑁𝑃𝑉3 - Simple MVR decision-tree  $401.74 million 

ENPV difference rate between the BSF and simple MVR decision-tree   0.7% 

3.3.4 Module 4: Conducting sensitivity analysis of ENPV 

Module 4 of MVR approach conducts sensitivity analysis by determining the impact 

on the project’s ENPV of separate changes in the underlying distribution of each input 

risk variable. Sensitivity analysis gives insight into the impact of each input risk 

variable on project ENPV. This allows the investors to focus on the input risk variables 

that have comparatively higher impact on the project’s ENPV. For example, a certain 

percentage increase in the standard deviation 𝜏 of one input risk variable’s 

distribution could cause a rapid rise in the ENPV, while the same percentage increase 

in the 𝜏 of another input risk variable’s distribution moves ENPV only slightly. In 

order to isolate the impact of change in each input risk variable, the distributions of 

variables are changed one at a time. 

Module 4 conducts three sensitivity analyses: 

A. ENPV percentage changes due to small percentage changes in the parameters 

governing the distribution of each input risk variable; 

B. ENPV absolute changes due to large changes in the parameters governing the 

distribution of each input risk variable; and 

C. The surface plot of ENPV against changes in the project’s Value ratio and the 𝜏 

of an input risk variable. 

The sections below explain the details of conducting each of these analyses.  
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A. ENPV absolute changes due to infinitesimal changes in the distribution of each 

input risk variable 

The distribution of each input risk variable has been defined by its mean 𝜇 and 

standard deviation 𝜏. The first sensitivity analysis reveals the impact of infinitesimal 

changes in 𝜇 and 𝜏 for each input risk variable on ENPV. Table 3.25 shows the results 

of this sensitivity analysis for the Prototype project. The ENPV’s in this table were 

calculated when each synthetic time step in the compound MVR decision-tree was 

broken down into two sub-steps. The derivative of the change in ENPV due to a 5% 

change in the 𝜏 of each risk variable was calculated while the 𝜏 value of the other input 

risk variables remained fixed.  

Table 3.25. Changes in the Prototype project’s ENPV due to instantaneous changes in the 𝜏 of input 

risk variables: (a) Price and (b) Grade. The calculations are based on the compound MVR decision-tree 

with two sub-steps per variable. 

 (a) 

Grade 

  𝜏 
ENPV  

(in $ million) 

ENPV change 

(in $ million) 

ENPV 

change (%) 

ENPV  

Elasticity 

Base 𝜏 -5% 0.0095 271.997 2.14592 0.78278% 0.16 

Base 𝜏 0.01 274.143       

Base 𝜏 +5% 0.0105 277.869 3.72598 1.34091% 0.27 

(b) 

Price 

  𝜏 
ENPV 

(in $ million) 

ENPV change 

(in $ million) 

ENPV 

change (%) 

ENPV 

Elasticity 

Base 𝜏 -5% 2294.868 263.896 10.2475 3.7380% 0.75 

Base 𝜏 2415.65 274.143       

Base 𝜏 +5% 2536.433 285.236 11.0930 3.88906% 0.78 
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The table shows that ENPV is more sensitive to the 𝜏 of Price than the 𝜏 of Grade. For 

example, a change of 5% to the tau of Price changes the project ENPV by around 3.8% 

whereas the same percentage change in the 𝜏 of Grade only changes the ENPV by 

around 1%. This indicates that the investor needs to more closely monitor the effect of 

the price risk variable than the grade risk variable.  

B. ENPV absolute changes due to large changes in the distribution of each input 

risk variables 

For each input risk variable, the change in the project’s ENPV due to large changes in 

the parameters of the variable’s distribution also is analysed and graphed. The 𝜏 and 

mean of the distributions are each separately increased by 0.001 until they are twice 

their base values. Each change produces a new distribution for the variable and a new 

project ENPV calculated by Module 2 of the MVR approach. In the examples below, 

each level in the MVR decision-tree is broken into two sub-steps. 

Figure 3.33 shows changes in the project’s ENPV versus changes in the distribution of 

variables for the Prototype project. The compound MVR decision-tree with two sub-

steps per variable was used to obtain the ENPV values in this figure. The x-axis in the 

graph represents the percentage added to the base 𝜏 or the base mean value. The y-

axis shows the resulting ENPV of the project.  

The graphs in Figure 3.33 indicate that a change in the mean of the input risk variables 

has stronger impact on ENPV than a change in the 𝜏 of input risk variables. The 

project’s ENPV increases linearly with increases in the means of input risk variables. 

The rate of increase in the project’s ENPV due to an increase in the mean of Price or 

Grade both is nearly the same. Graphs in Figure 3.33 also show that an increase in the 

𝜏 of Price raises the project’s ENPV more rapidly than increase in the 𝜏 of Grade.  
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(a)  

 

 
(b) 

 

 
(c) 
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(d) 

Figure 3.33. Changes in the Prototype ENPV due to large changes in the parameters of each input risk 

variable: (a) change in the 𝜏 of Grade, (b) change in the 𝜏 of Price, (c) change in the mean of Grade, and 

(d) change in the mean of Price. The calculations are based on the compound MVR decision-tree with 

two sub-steps per variable. ENPV figures are in $ million. 

C. The surface plot of ENPV against changes in the project’s Value ratio and the 

tau of an input risk variable 

This surface plot analysis investigates the impact on project ENPV of simultaneous 

changes in the mean and τ of each input risk variable. Since the present value of 

investment (i.e., 𝑃𝑉[𝐼]) in a project is fixed in this example, changes in the mean of a 

risk variable directly impacts the project’s Value ratio, defined as 𝑉0/𝑃𝑉[𝐼]. 

For each input risk variable, this analysis increases the mean and τ of the input risk 

variable’s distribution (from 5% to 100% of base values) at the same time and provides 

the surface plot of the project’s ENPV with respect to these changes. The x-axis of this 

plot indicates the τ of the input risk variable, the y-axis shows the project’s Value ratio 

(𝑉0/𝑃𝑉[𝐼]), and the z-axis represents the project’s ENPV. 

Part (a) of Figure 3.34 is the surface plot of ENPV against changes in the Value ratio 

and the τ of Price, while part (b) shows the effect of changes in the parameters of 

Grade. Increases in the τ of each input risk variable’s distribution and in the project’s 

value ratio independently increase the project’s ENPV. These graphs also indicate that 
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adding the same percentage value to the base parameters of Price distribution causes 

a sharper rise in the project ENPV than adding the same percentage to the base 

parameters of Grade distribution.  

 

(a) 

 

(b) 

Figure 3.34. Changes in the Prototype project’s ENPVs versus change in the project’s value ratio and 

the τ of each input risk variable; (a) Price and (b) Grade. The calculations are based on the compound 

MVR decision-tree with one sub-step per variable. CE in these figure represents V0 and E represents 

PV[I]. 
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3.4 Extensions 

This Chapter demonstrated the MVR approach using the Prototype resource sector 

project involving one mine. In practice decisions may involve multiple mines with 

different project lives. The MVR approach can be extended to such cases. The 

application of the MVR approach to a real life coal-mining project in Chapter 4 falls 

under this category. The modifications to incorporate the extension of the Prototype 

project in this chapter are covered in Chapter 4.  

3.5 Summary 

This chapter developed the MVR approach to analyse a resource sector project ENPV 

for an investment contract having compound options. The MVR approach is in four 

modules, with each module addressing one of the four research objectives. 

The first module generates multiple output sigmas to conduct separate Monte Carlo 

simulations for variations in both market and project-specific risk variables. The 

second module calculates the project’s ENPV using an innovative compound MVR 

decision-tree constructed with varying multiple sigmas, related to the market and 

project-specific variables. The stochastic process related to each variable is made 

explicit by breaking down the option time period into synthetic time steps, which are 

further split into sub-steps. Module 3 converts the compound MVR decision-tree into 

a simple MVR decision-tree in order to validate its mechanics by comparing the ENPV 

from the simple MVR decision-tree with the ENPV from BSF. Finally, Module 4 

conducts sensitivity analysis to understand the effects on ENPV of changes in the 

distributions of the input risk variables. 

This chapter used the simple Prototype project with one compound option exposed to 

two input risk variables to explain and apply the four modules of MVR approach to 

compute the ENPV. The next chapter shows the results of applying MVR approach to 

Belvedere, real-life coal mining project. 
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CHAPTER 4  

APPLYING THE MVR APPROACH TO A REAL LIFE COAL 

MINING PROJECT 

 

4.1 Introduction 

This chapter applies the MVR approach to a real life coal exploration and mining 

project, Belvedere coal mining project, hereafter called Belvedere. The project involves 

sequential investment decisions taken over a long time period with exposure to 

uncertain market, geological and technical risks. The sequential decisions take the 

form of compound options available to the investor as specified in the contractual 

conditions of farm-in/out and/or joint arrangements (earlier referred to joint ventures). 

The significant investment decisions are irreversible. 

In order to compute ENPV of the compound options, an analysis of flexibility in 

decision-making needs to be conducted for the option decision levels. The MVR 

approach then also examines the project’s exposure to various market and project-

specific risks. The following life cycle stages of the project have various embedded 

option decisions in the form of compound options:  

Stage 1: Exploration involves seismic and drilling activities to obtain geological 

knowledge of the presence of coal deposits. 

 Stage 2: Development involves activities to convert undeveloped coal reserves into a 

developed coalmine. This includes estimating the potential size of coal reserves.  

Stage 3: Extraction or production activities, proceeding over some period of years, 

require determining the cost of extracting and producing coal. 
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The first module of the MVR approach is used in Section 4.4 to generate multiple 

output sigmas for this project. The second module of the MVR approach is then used 

in Section 4.5 to calculate the project’s ENPV. Section 4.6 explains how the mechanics 

of the MVR decision-tree for this mining project is validated against the ENPV of using 

BSF. Section 4.7 conducts ENPV sensitivity analysis with respect to the parameters of 

the project’s input risk variables.  

4.2 Description of Belvedere coal mining project 

The data for the real life Belvedere Coal project called Belvedere was obtained from the 

presentations and calculations of Amaral-Baptista, Desterro, and Brandao (2010). The 

project descriptions, input risk variables, option terms and contract conditions along 

with other information are drawn from this paper. Some of the associated materials 

that are not covered in the cited paper have been provided by the co-author of the 

paper, Professor Luiz E. Brandao, through private communications. 

From Amaral-Baptista et al. (2010), the coal deposits are in Queensland, mostly in the 

Bowen Basin. At the time the contract was agreed to (2005), reserves were estimated 

to be in excess of 30 billion tons, with hard coking coal estimated to be 2.7 billion tons. 

The maximum production potential was estimated to be at a rate of 12 million tons 

per year (Mtpy). Belvedere’s production commenced with one operating mine after 

the 5th (2010) year of the project. The second mine started after the 10th (2015) year and 

the third and last mine is expected to start after the 14th (2019) year. The total mine life 

was estimated to be 34 years. 

Details of the acquisition of Belvedere by Vale are given in the 2005 agreement 

between Vale, Aquila and AMCI for a joint arrangement (joint venture). The terms 

required Vale to conduct a detailed exploration study of the geology, coal quality and 

mining potential of this project in exchange for two options for Belvedere’s 

acquisition. The first option gave Vale the right to acquire 51% ownership valued at 

the offer price for total equity ownership. This would result in the formation of a joint 
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venture (currently termed as joint arrangement). In the second option, Vale could 

acquire the remaining 49% valued at the offer price for total equity ownership, thereby 

making Vale a 100% owner of the project.  

As per Amaral-Baptista et al. (2010) the acquisition agreement was structured with the 

following main conditions: 

 Vale was to pay a call price of US$ 5 million, being US$ 2.5 million each to Aquila 

and to AMCI, in exchange for the right to conduct an exploration study, at its own 

expense. The exploration study, termed a Conceptual study, was to be conducted by 

Vale to assess the geological structure; potential size and quality of reserves; mining 

conditions and potential; logistics infrastructure; and other related costs for 

establishing a coking coal production facility. The expenditure on the exploration 

study was $17 million over an 18-month period.  

 

  At the end of the 18-month period, Vale would have an option (termed Option 1) 

to acquire 51% ownership valued at the offer price for total equity ownership in a 

joint-venture with Aquila and AMCI by paying US$ 90 million ie. US$ 45 million to 

each company. It could at that time instead choose to exit the project with no 

reimbursement for expenses incurred. With the completion of this exploration 

study, Vale exercised its Option 1 and formed a joint-venture (joint arrangement) 

with Aquila and AMCI. After the exercise of Option 1, further exploration activities 

were conducted to evaluate the resource potential, coal specifications and preferred 

mining methods. The indicated resources were 0.6 billion tons and inferred 

resources were 2.1 billon tons making the total estimated resources to be 2.7 billion 

tons. 

 

  After acquiring 51% of the firm valued at the offer price for total equity 

ownership, Vale would hold another option (Option 2) to increase its share to 
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100% ownership by acquiring the remaining 49% from Aquila and AMCI, valued 

at the offer price for total equity ownership. 

4.3 Sequential investment decision problem: Belvedere project 

This research has set up the real life decision problem with Vale having two equity 

investment alternatives in the Belvedere project. The first alternative is to invest in the 

Belvedere project now, which means that it has the opportunity to invest in full 100% 

equity of the project. The second alternative is to buy a two-stage compound option. 

The first option, which expires in the first year, is to invest in the project with an 

exercise price of 51% of $252.1 million = $128.57 million, or to walk away from the 

project. The results of a Conceptual study of the coal resources are available at the 

expiration of the first option. If Vale finds, at the expiration of the first option, that the 

project’s value is greater than the present value of the exercise price, it can exercise the 

second option to buy the rest of the project’s equity at a cost of $123.53 million = ($252.1 

– $128.57) million. Alternatively, Vale could again decide to walk away from the 

project. The results of the Pre-feasibility study to plan the implementation of the project 

are available at the expiration of the second option. 

The MVR approach is applied to show the results of adopting a simple versus a 

compound option in the exploration stage. The simple option scenario has one option 

at the expiry time of two years, while the compound option has two expiry times, one 

at the end of first year and other at the end of second year of the project.  

 It is observed that both of these options are embedded in the contract during the 

exploration stage of the project. This means that the decisions are based on results of 

coal mining explorations over the first two years, when the input geological and 

technical risk variables, such as Run-of-mine (ROM, the volume of earth moved 

during the mining process) and Yield are expected to become better known. 

Meanwhile, input market risks, such as coal prices and exchange rates, will also be 
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monitored and evaluated during the two-year period. This gives Vale flexibility in 

deciding whether to invest or discontinue investing in the project at two decision 

levels depending on the outcomes observed in the interim. 

Table 4.1 shows the parameters of the two decision levels defined in the second 

alternative. The intermediate decision level is at the end of the first year and has the 

present value of equity equal to 51% of the offer price for total equity ownership. The 

second option decision level is at the end of the second year with present value of 

investment equal to the rest of the offer price for total equity ownership.  

Table 4.1. The parameters of the decision levels in the compound MVR decision-tree (one sub-step per 

variable) in the Belvedere project.  

Option 1 – Intermediate decision level Option 2 – Final decision level 

Quantity Value Quantity Value 

𝑃𝐸1 51% 𝑃𝐸2 49% 

𝐶𝑃𝐸1 51% 𝐶𝑃𝐸2 100% 

𝑇1 1 𝑇2 1 

𝑌1 1 𝑌2 2 

𝐷𝐸1 
0.51$252.1=$128.57 

million 
𝐷𝐸2 

0.49$252.1=$123.53 

million 

∆𝑡1 0.5 ∆𝑡2 0.5 

𝐸1 $0 𝐸2 $0 

The four modules of the MVR approach are applied to Belvedere and the results are 

presented in the following sections. 

4.4 Module 1: Generating multiple output sigmas 

Module 1 was first used to generate multiple output sigmas. The next section describes 

the results of Stage 1 (creating the CF-model). Section 4.4.3 shows the results of 

calculating multiple output sigmas from simulating the variations of the project and 
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market input risk variables in the CF-model. These sigmas are input into the MVR 

decision-tree to determine the project’s ENPV. 

4.4.1 Stage 1 – CF-model specification 

This section first describes the characteristics of the input risk variables and constants 

of the project. It then defines the CF-model for the project. 

4.4.1.1 Identifying the input risk variables  

The sources of uncertainties identified and modelled in Belvedere project are two 

input project-specific risk variables (1) Run-of-mine (ROM) and (2) Yield, and two 

market risk variables: (3) AUD/USD exchange rate and (4) coal price. Following the 

notation given in Chapter 3, for the sth year, 𝑠 =  1,2, … , 𝐿 

𝑋1 (𝑠) = ROM in Mt 

𝑋2 (𝑠) = Yield (%) 

𝑋3 (𝑠) = Exchange rate AUD to USD 

𝑋4 (𝑠) = Coal price (USD) 

The life of the project is taken as L = 34 years. The parameters describing their 

distributions were based on interviews with industry experts. For this study, 

𝑋1 (𝑠) and 𝑋2 (𝑠) are assumed to follow symmetric triangular distributions. For a 

mean = 𝑚 and standard deviation = 𝜏, the probability density function then is: 

𝑓(𝑥) =

{
 
 

 
  
𝑥 + 𝑐 − 𝑚

𝑐2
, 𝑚 − 𝑐 ≤ 𝑥 ≤ 𝑚

𝑚 + 𝑐 − 𝑥

𝑐2
, 𝑚 < 𝑥 ≤ 𝑚 + 𝑐

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,                           

 

4.1 

where a simple integration exercise shows that c = √1.5 𝜏. Hence, 𝑚 and 𝜏 determine 

the distribution. 
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The above triangular distribution with mean m and standard deviation 𝜏 will be 

denoted as 𝑇𝑟𝑖 (𝑚, 𝜏, 𝑐), that is:  

𝑋 ~ 𝑇𝑟𝑖 (𝑚, 𝜏, 𝑐)  

and is illustrated in Figure 4.1.  

 

Figure 4.1. The density function of a symmetric triangular distribution. 

(1) Run of Mine (ROM) - ROM is the volume of earth moved during the mining 

process. The base values of ROM for each mine 𝑗 and year 𝑠 (denoted as ROM𝐵𝑎𝑠𝑒(𝑗, 𝑠)) 

are shown in Appendix A. Since there are three different mines in the project, for a 

year s, 𝑋1 (𝑠) is the total volume of the earth moved out of the three mines. As per the 

above notation, the distribution of 𝑋1 (𝑠) is assumed to be  

𝑋𝑖 (𝑠) ~ 𝑇𝑟𝑖 (𝑚1(𝑠), 𝜏1(𝑠), 𝑐1(𝑠)), 
4.2 

where  

𝑚1(𝑠) =  ∑𝑅𝑂𝑀𝐵𝑎𝑠𝑒(𝑗, 𝑠)

3

𝑗=1

, 

4.3 

the total base values for the three mines, and 𝑐1(𝑠) = (0.05) 𝑚1(𝑠), which is 5% of the 

total base value. 
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(2) Yield - Yield represents the saleable volume as a percentage of ROM (earth moved). 

In this case, the yield from each mine in each year is assumed to follow an independent 

symmetrical triangular distribution. If 𝑋2,𝑗 (𝑠) denotes the yield from mine j for the 

year s, then it is assumed that  

𝑋2,𝑗 (𝑠) = ~ 𝑇𝑟𝑖 (𝑚2,𝑗(𝑠), 𝜏2,𝑗(𝑠), 𝑐2,𝑗(𝑠)). 

4.4 

The means are taken as the average percentage yield for each of the mines. These 

numbers are given as 𝑚2,1(𝑠) = 84%, 𝑚2,2(𝑠) = 86%, and 𝑚2,3(𝑠) = 80%. These 

values are taken as the same for all years. Also, for each year 𝑐2,𝑗(𝑠) is taken as 5% of 

the corresponding mean for all the mines. 

(3) Exchange rate – The exchange rate 𝑋3 (𝑠) represents the price of an Australian 

dollar denominated in US dollars. The geometric Ornstein-Uhlenbeck process, which 

has also been used to forecast coal prices, was applied to forecast the exchange rate. 

For all years s of the project, 𝑋3 (𝑠) was assumed to be a normal distribution with mean 

𝐸(𝑋3 (𝑠)) = 0.7 and 𝑠𝑡𝑑 (𝑋3 (𝑠)) = 0.053.  

(4) Coal price - The yearly revenues in the CF-model were computed on expected spot 

coal prices, 𝑋4 (𝑠). In turn, following (Amaral-Baptista et al., 2010) and the oil price 

model in Dixit and Pindyck (1994, p. 74), for all project years 𝑠 in the project 𝑋4 (𝑠) 

was assumed to be a normal distribution with mean 𝐸(𝑋4 (𝑠)) = $55.59 and 

𝑠𝑡𝑑 (𝑋4 (𝑠)) = 5.29. 

4.4.1.2 Conversion of the parameters of the price and exchange rate variables  

The mean values and standard deviations of the normal distributions are converted 

to their parameter values by using the formula given in Equations 3.17 and 3.18, 

respectively. Table 4.2 (a) shows the means and standard deviations of the lognormal 

of these input risk variables and Table 4.2 (b) presents the converted parameters of the 

lognormal distributions.  
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Table 4.2. (a) the parameters of Price, and Exchange rate’s normal distributions in the Belvedere project 

(b) the parameters of the converted lognormal distributions for the risk variables shown in part (a). 

(a) 

Mean and Standard deviation of the normal distribution   𝜇 𝜏 

 Exchange rate; 𝑋3(𝑠)  5.383 0.7 

 Price; 𝑋4(𝑠)    5.29 55.59 

(b) 

The converted parameters of the normal distributions 𝑚 𝜈 

 Exchange rate     -0.02 0.076 

 Price        0.094 0.28 

 

4.4.1.3 Identifying project constants 

Several constants were also involved in the calculation of the project’s value. 

Net capital expenditures (CAPEX) in real dollars P(s) – These are capital 

expenditures by the mining entity for exploration, tunnel construction, coal handling 

and preparation plant (CHPP) and building related infrastructure. Different figures of 

CAPEX were attributed to different years of the project (refer to Appendix A). 

Discount factor F(s) – The risk-adjusted real cost of capital used for discounting the 

cash flows to obtain 𝑉𝑏𝑎𝑠𝑒 was given as 15%. The discount factor for all years in the 

CF-model was considered to be the same.  

CHPP unit cost 𝒈(𝒔) - This is CHPP costs per Mt of mineral ore in real dollars (refer 

to Appendix A).  

Mining unit cost 𝒐(𝒎, 𝒔) – This is mining costs per Mt of mineral ore in real dollars. 

This cost is different for each mine 𝑚 and year 𝑠 in the project (refer to Appendix A).  
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Transportation costs 𝒍 (𝒔) - For the operating mines in Belvedere project, this was 

taken as $5.15 / ton. 

Port costs 𝒌 (𝒔) - This was taken to be $3.28 / ton for all operating mines. 

Royalty rate 𝒃 (𝒔) - A royalty rate of 7% of the sales value of the coking coal produced 

was set for all years of the project.  

Marketing rate 𝒉(𝒔) – The costs of marketing the coking coal obtained from all the 

operating mines was set at 1.25% of revenues.  

Tax rate 𝑑(𝑠) - A tax rate of 30% was given for all the years in the project.  

Appendix A shows the details of CF-model specification for the Belvedere project. 

Appendix B details the yearly means of the input risk variables. 

4.4.1.4 Creating the CF-model  

The CF-model was developed for the Belvedere project following the steps in the 

flowchart shown in Figure 3.5. The details of each step are explained below. 

Calculate revenue for each year: The revenues were calculated using production 

quantity (i.e. ROM) probabilities of occurrence of each mine as shown in Table 4.3.  

Table 4.3.The probability of occurrence assumed for the production quantity of each mine 

Mine (j) 𝑞1.𝑗 

Mine 1 100% 

Mine 2 80% 

Mine 3 50% 

The expected ROM for mine 𝑗 and for year 𝑠 in the CF-model is denoted as 𝑋’1,𝑗(𝑠), 

which was obtained using: 

𝑋’1,𝑗(𝑠) = 𝑋1,𝑗(𝑠) ∗  𝑞1.𝑗 
4.5 
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The project’s revenue for year 𝑠 was calculated by multiplying the quantity of the 

saleable coking coal, denoted as S(s), by price and exchange rate: 

𝑆(𝑠) =  ∑(𝑋’1,𝑗(𝑠) ∙ 𝑋2,𝑗(𝑠))

3

𝑗=1

  

4.6 

Finally, equation 4.7 gives project revenue in year 𝑠: 

𝑅(𝑠) = 𝑆(𝑠)  ∙ 𝑋3(𝑠) ∙  𝑋4(𝑠) 
4.7 

Calculate taxable income for each year – The costs of the project for year 𝑠, O(s), were 

treated as constants given by: 

𝑂 (𝑠) =  𝑍 (𝑠) + 𝐴(𝑠) +  𝑇𝑟𝑎𝑛𝑠𝑝𝑜𝑟𝑡𝑎𝑡𝑖𝑜𝑛(𝑠) + 𝑃𝑜𝑟𝑡(𝑠) +  𝐶𝑜𝑟𝑝𝑜𝑟𝑎𝑡𝑒(𝑠) +
𝑀𝑎𝑟𝑘𝑒𝑡𝑖𝑛𝑔(𝑠), 

4.8 

where 𝑍 (𝑠) is obtained using Equations 3.3. The quantity mining cost for the 3 mines 

and the CHPP cost, 𝐴(𝑠), is calculated based on Equation 4.9:  

𝐴(𝑠) =  𝑆(𝑠) ∙ 𝑔(𝑠) + (∑𝑜 (𝑗, 𝑠) ∙  𝑋’1,𝑗(𝑠)

3

𝑗=1

) 

4.9 

𝑇𝑟𝑎𝑛𝑠𝑝𝑜𝑟𝑡𝑎𝑡𝑖𝑜𝑛(𝑠) and 𝑃𝑜𝑟𝑡(𝑠) are given by Equation 4.10 and 4.11, respectively. 

𝑇𝑟𝑎𝑛𝑠𝑝𝑜𝑟𝑡𝑎𝑡𝑖𝑜𝑛(𝑠) =  𝑆(𝑠) ∗  𝑙 (𝑠) 
4.10 

 
𝑃𝑜𝑟𝑡(𝑠) =  𝑆(𝑠) ∙ 𝑘 (𝑠) 

4.11 

Marketing costs are:  

𝑀𝑎𝑟𝑘𝑒𝑡𝑖𝑛𝑔(𝑠) =  𝑅(𝑠) ∗ ℎ (𝑠). 
4.12 
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𝐶𝑜𝑟𝑝𝑜𝑟𝑎𝑡𝑒(𝑠) in equation 4.8 represents the cost of project administration for year 𝑠 as 

a fixed value (refer to Appendix A). Next, taxable EBITDA for each year of the project 

is obtained by deducting expenses from revenues, as shown in Equation 3.6. 

Calculate the present value of the project –Tax is deducted from the taxable income 

for each year of the project to arrive at income after tax, as shown in Equation 3.7. Then 

depreciation for each year is calculated using Equation 3.10 where π (the annual rate 

of inflation) is zero and B (life of the asset as allowed under the tax law) is 34 years. 

Net-after-tax-cash-flow CF(s) is calculated next by using Equation 3.11. The present 

value of cash flow 𝑃𝑉[𝐶𝐹(𝑠)] for year 𝑠 is calculated by adding the present values of 

income after tax, tax shield and adjustments in Equation 3.12. 

Finally, the present values of yearly CF over the life of the project are summed to 

obtain the project’s value: 

𝑉 =  ∑𝑃𝑉[𝐶𝐹 (𝑠)]

34

𝑠=1

 

4.13 

4.4.2 Stage 2 – Calculation of the project base value 𝑽𝑩𝒂𝒔𝒆 

The base value 𝑉𝐵𝑎𝑠𝑒 of the project is calculated by setting the input risk variables in 

the CF-model to their mean values. The result was 𝑉𝐵𝑎𝑠𝑒= $108,281 million. Details of 

these calculations are shown in Appendix C.  

4.4.3 Stage 3 – Generation of output sigmas  

There are m=4 input risk variables and the project life is L=34 years. As per the theory 

developed in Chapter 3, 𝑀𝐿 = 136 output sigmas can be generated by simulating 

the input risk variable distributions to calculate the project returns by using the CF-

model. These 136 output sigmas can then be used to construct the MVR decision-tree. 

However, for Belvedere project, the ENPV calculation is simplified by calculating only 

one output sigma for each input risk variable.  
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Four output sigmas were calculated to represent the variations of the project value 

returns with respect to the variations of ROM, Yield, Exchange rate, and Price. Each 

output sigma was calculated by simulating the variations of one input risk variable at 

a time. For each input risk variable (for all the years of the project), 30,000 draws from 

its distribution were obtained, while the remaining input risk variables were fixed to 

their mean (base) values. Y𝑖  (𝑛) =  𝑙𝑜𝑔(𝑉𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑(𝑛))  was then calculated from the 

CF-model for each draw 𝑛 = 1, … ,30000. The output sigmas corresponding to 

variations of ROM, Yield, Exchange Rate, or Price, obtained from its resulting set of 

values using Equation 3.23, are denoted as 𝜎1, 𝜎2, 𝜎3 and 𝜎4 respectively and given in 

Table 4.4. The sigmas of the market variables, Exchange rate and Price, are noticeably 

higher than those of the project-specific risk variables, ROM and Yield. 

Table 4.4. Output sigmas generated by Module 1 for simulating the variation of the project variables 

across the project years. The same simulated figure for a variable has been used across the years. 

Output sigma of variables Values of output sigma 

𝜎1 0.114 

𝜎2 0.085 

𝜎3 0.624 

𝜎4 0.823 

Figure 4.2 depicts the histograms of the project’s return values Y𝑖 (𝑛), 𝑖 = 1,… ,4: 

  

(a) 
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(b) 

 

(c) 

 

(d) 

Figure 4.2. The distribution of the project value returns for simulating each of the risk variables: (a) 

ROM, (b) Yield, (c) Exchange Rate, and (d) Price. 
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From the above histograms it is clear that the log of project value returns can be 

assumed to be approximately normal. These figures are also shown in Appendix D.  

4.5 Module 2: Developing the compound MVR decision-tree  

This section calculates the Belvedere project’s ENPV when synthetic time steps in the 

decision-tree are broken into different number of sub-steps. Section 4.5.1 shows the 

calculations of a compound MVR decision-tree with one sub-step per variable to 

demonstrate simply the dynamics of this process. Sections 0 and 4.5.3 show levels of 

the MVR decision-trees that were developed to obtain ENPV2 and ENPV3.  

4.5.1 One sub-step per input risk variable 

For each year in the project, the MVR decision-tree with one sub-step per input risk 

variable had eight levels since the project has one two-year compound option contract 

with four input risk variables. The first four levels relate to the first option expiry 

period in the contract (𝑇1) and the second four levels relate to the second option expiry 

period (𝑇2). The same set of four output sigmas from Module 1 were used for both 𝑇1 

and 𝑇2. 

Table 4.5 lists the project constant quantities required to construct the compound 

MVR decision-tree. Appendix E shows the method of calculating 𝑉0 in this table.  

Table 4.5. Project constant quantities in the Belvedere project.  

Quantity Value 

𝑉0 $445.084 million 

F(s) 15% 

𝑇𝐸 $252.100 million 

𝑟𝑓(𝑠) 3.43% for all years 

Table 4.6 shows the parameters of the two decision levels in the compound MVR 

decision-tree. The values of ∆𝑡1 for breaking each synthetic time step into different 

numbers of sub-steps are shown in Table 4.7. 
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 Table 4.6. The parameters of the two decision levels in Belvedere project. 

Decision point 1 Decision point 2 

Quantity Value Quantity Value 

𝑃𝐸1 51% 𝑃𝐸2 49% 

𝐶𝑃𝐸1 51% 𝐶𝑃𝐸2 100% 

𝑇1 1 year 𝑇2 1 year 

𝑌1 1 𝑌2 2 

𝐷𝐸1 $128.570 million 𝐷𝐸2 $123.530 million 

∆𝑡1 0.25 ∆𝑡2 0.25 

𝐸1 $16.600 million 𝐸2 $0 

𝐼1 $145.170 million 𝐼2 $123.530 million 

Table 4.7. MVR decision-tree time gaps for different sub-steps per variable in the Belvedere project.  

 Option 1 – Intermediate decision 

level 

Option 2 – Terminal decision 

level 

Sub-steps per 

variable 
Quantity Value Quantity Value 

z = 1 ∆𝑡1 0.25 ∆𝑡2 0.25 

z = 2 ∆𝑡1 0.125 ∆𝑡2 0.125 

z = 3 ∆𝑡1 0.083 ∆𝑡2 0.083 

Using the parameter values in Table 4.6 and Equations 3.32 and 3.33, the up-factors 

and down-factors for different levels of the compound MVR decision-tree with one 

sub-step per input risk variable were calculated, as shown in Table 4.8.  

Table 4.8. Up-Factors and down-factors obtained for the eight levels of the MVR decision-tree (with one 

sub-step per input risk variable) of the Belvedere project. 

 Option 1 (year 1) Option 2 (year 2) 

Level No 1 2 3 4 5 6 7 8 

Level 

Description 
ROM  Yield  

Exchange 

Rate  
Price ROM  Yield  

Exchange 

Rate  
Price 

𝜎 0.114 0.085 0.624 0.823 0.114 0.085 0.624 0.823 

𝑈𝐹𝑙 1.059 1.043 1.366 1.509 1.059 1.043 1.366 1.509 

𝐷𝐹𝑙 0.945 0.958 0.732 0.663 0.945 0.958 0.732 0.663 
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The compound MVR forward-tree with one sub-step per variable was constructed up 

to its terminal level as per the method explained in Section 3.3.2.3. Figure 4.3 shows 

the node values of the MVR forward-tree and MVR backward-tree with one sub-step 

per variable. Appendix F shows the complete MVR forward-tree in sections. Sections 

0 and 4.5.3 contain the results of calculating the project’s ENPV2 and ENPV3 using the 

compound MVR decision-trees that have two (z=2) and three (z=3) sub-steps per 

variable, respectively. Table 4.9 summarises the information related to these trees. 

Table 4.9. Summary of MVR decision-trees shown in Figure 4.3 to Figure 4.6 of Belvedere project. 

Figure number Sub-steps per 

variable 

Type of MVR decision-tree 

Figure 4.3 z=1 Forward-tree 

Figure 4.4 z=1 Backward-tree 

Figure 4.5 (a)  z=2 Forward-tree 

Figure 4.5 (b)  z=2 Backward-tree 

Figure 4.6 (a) z=3 Forward-tree 

Figure 4.6 (b) z=3 Backward-tree 

Table 4.10 demonstrates the adjustment and maximisation operations for node 256 in 

the compound MVR forward-tree with one sub-step per variable. The initial node 

value in the compound MVR forward-tree is 𝐹𝑁𝑉(256) = $2308.83 million. The equity 

value of this node is the same (i.e. 𝐹𝐸𝑉(256) =$2585.35 million) because 𝐶𝑃𝐸2 is equal 

to 100%. 𝐷𝐸2 in this table is $123.529 million because it is equal to 49% of the project 

offer price for total equity ownership. The present value of investment at the expiry of 

the second option (𝑃𝑉[𝐼2]) is calculated as $123.52 million (49% of $252.1 million). Using 

Equation 3.35, 𝑃𝑉[𝐼2] is deducted from node’s equity value in order to calculate the 

node’s payoff value (i.e. 𝐹𝑁𝑃(256) =$2217.321 million). This figure is then compared 

to zero and the maximum is used to obtain the net payoff of node 256 in the forward- 

tree 𝑃𝑉[𝐹𝑁𝑃(256)] = $2198.382 million. 
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Level 1 Level 2 Level 3

T1= 1 year
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UF1
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(Year 1)

Sub step 1 Sub step 1 Sub step 1

 
Figure 4.3. The node values of the compound MVR forward-tree with one sub-step per input risk 

variable for Compound option in Belvedere project using multiple sigmas. Figures in brackets are in $ 

million. 
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Table 4.10. The process of maximisation for terminal node 256 of the compound MVR forward-tree with 

one sub-step per input risk variable for Compound option in the Belvedere project. Figures are in $ 

million.  
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256 2308.834 2308.834 123.529 0 123.529 91.512 2217.321 2217.321 2198.382 

The process of terminal adjustments and maximisations was repeated for every 

terminal node in the MVR forward-tree and thereafter the MVR backward-tree rolled 

back to Level 4, which is the intermediate decision level for option 1. Recall that the 

investor had an option of whether or not to continue investing in the project at the end 

of the first year. Table 4.11 shows the risk neutral probabilities (𝑝𝑙) used from Equation 

3.38 to be multiplied with their respective node values in the MVR backward-tree (one 

sub-step for each input risk variable). For all the levels of the MVR backward-tree, ∆𝑡𝑘 

was calculated equal to 0.25 because each option 𝑘 was associated with one year in the 

project and had four input risk variables in the MVR decision-tree (2 years / 8 levels 

of input risk variables).  

Table 4.11. Up-Factors and down-factors obtained for the eight levels (one sub-step per variable) of the 

MVR decision-tree of Belvedere project 

 Option 1 (year 1) Option 2 (year 2) 

Level No 1 2 3 4 5 6 7 8 

Level 

Description 
ROM  Yield  

Exchange 

Rate  
Price ROM  Yield  

Exchange 

Rate  
Price 

𝜎 0.114 0.085 0.624 0.823 0.114 0.085 0.624 0.823 

𝑝𝑙 0.561 0.591 0.436 0.409 0.561 0.591 0.436 0.409 

∆𝑡𝑘 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 
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Figure 4.4. The node values of the compound MVR backward-tree with one sub-step per input risk 

variable for Compound option in Belvedere project using multiple sigmas. Figures in brackets are in $ 

million. 
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The nodes in level 4 of the MVR backward-tree (i.e. nodes 16 to 31) were updated 

based on the results of performing the adjustments and maximisation operations on 

these nodes (refer to Figure 3.19). Table 4.12 shows the result of these operations for 

node 16 as an example. The results of performing the adjustments and maximisation 

operations on all of the nodes in the MVR backward-tree are shown in Appendix G. 

Table 4.12. The intermediate adjustments and maximisations for node 16 of the MVR backward-tree 

(one sub-step per variable) of Belvedere project. Figures in brackets are in $ million.  
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) 

16 1013.71 516.99 128.57 16.6 145.17 124.95 392.04 392.04 388.69 772.21 772.21 

Once the intermediate decision level of the MVR backward-tree was updated with the 

results of adjustments and maximisations, the MVR backward-tree is rolled back to its 

root. Figure 4.4 shows the node values of this tree (up to level three). The root of the 

MVR backward-tree was calculated as $223.46 million, which represented 𝐸𝑁𝑃𝑉1. 

Appendix H shows different sections of the MVR backward-tree in this figure.  

4.5.2 Two sub-steps per input risk variable 

The next compound MVR forward-tree constructed allowed two sub-steps for each 

synthetic time step. Figure 4.5 (a) shows the first four levels of this tree. 

The adjustment and maximisation operations were carried out on the nodes of levels 

8 and 16 in the backward-tree. The nodes on these levels were updated with the results 

of the adjustment and maximisation operations, and the MVR backward-tree rolled 

back to its root. Figure 4.5 (b) shows the node values of the MVR backward-tree (from 

the root up to level four). The root of the MVR backward-tree was calculated as $225.53 

million, which represented 𝐸𝑁𝑃𝑉2. 
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(b) 

Figure 4.5. The node values of (a) compound MVR forward-tree and (b) compound MVR backward-

tree with two sub-steps per input risk variable for Compound option in Belvedere project using multiple 

sigmas. Figures in brackets are in $ million. 
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(b) 

Figure 4.6. The node values of (a) compound MVR forward-tree and (b) compound MVR backward-

tree with three sub-steps per input risk variable for Compound option in Belvedere project using 

multiple sigmas. Figures in brackets are in $ million.  
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4.5.3 Three sub-steps per input risk variable 

Figure 4.6 (a) shows the first four levels of the MVR forward-tree and MVR backward-

tree with three sub-steps per input risk variable. The root value of the MVR backward-

tree gives ENPV3 = $226.47 million for the Belvedere project. 

4.5.4 Estimated ENPV 

 ENPV1, ENPV2 and ENPV3 of the compound MVR decision-trees in Figure 4.4, Figure 

4.5 and Figure 4.6 do not show oscillatory convergence movement (refer to Table 4.13). 

Therefore according to the flowchart in Figure 3.9, the Belvedere project’s ENPV for 

the compound option is taken as the ENPV from the highest sub-step per input risk 

variable in the MVR decision tree i.e. ENPV3 = $226.47 million. 

Table 4.13. ENPVs of compound MVR decision-tree with one, two and three sub-steps per input risk 

variable in the Belvedare project. ENPV figures are in $ million. 

Number of sub-steps ENPV 

1 ENPV1 = $223.46 

2 ENPV2 = 225.53 

3 ENPV3 = 226.47 

4.5.5 ROV of the project 

The ENPV that would be obtained from having only an option at year 1 was calculated 

by building the compound MVR decision-tree up to the first decision level. Figure 4.7 

to Figure 4.9 show the first four levels of the compound MVR decision-trees with one, 

two and three sub-steps per input risk variable respectively. The ENPV1 of the first 

option was calculated as $110.43 million, which is greater than the NPV of the first 

option $55.22 million (the 51% of the project’s total NPV). Therefore, the ROV1 for the 

first option was calculated as $55.20 million, as shown in Table 4.14. The ROV for the 

second option was obtained as $115.18 million, which indicates that the investor will 
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take 100% ownership of the project. The results of computations of ROV1 for both the 

options in the project are also given in Table 4.14. 

Table 4.14. ENPV and ROV of compound MVR decision-tree with one sub-step per input risk variable 

for the both Option 1 and Compound option in the Belvedere project. Figures are in $ million. 

Values 
Compound Option: 

Option 1 

Compound Option: 

Option 1 and 2 

ENPV1  110.43 223.46 

NPV 55.22 108.28 

ROV1  55.21 115.18 

The results of calculating ROV2 and ROV3 are showing in Table 4.15 and Table 4.16, 

respectively. As explained in the flowchart of Figure 3.9, before ENPV oscillations 

commence, the ENPV from highest sub-step is taken to be the Project’s ENPV. 

Therefore, the Belvedere project’s ROV is taken as ROV3 as $118.19 million.  

The incremental changes in ENPV and ROV obtained from one, two and there sub-

step are very small. For example, the difference between two sub-steps and three sub-

steps for compound option (options 1 and 2) is 0.41% = [($226.47 - $225.53)/$226.47] 

million.     

Table 4.15. ROV calculations based on two sub-steps per input risk variable for both the options in the 

Belvedere project. Figures are in $ million. 

Values 
Compound Option: 

Option 1 

Compound Option: 

Options 1 and 2 

ENPV2  110.40 225.53 

NPV 55.22 108.28 

ROV2 55.18 117.25 

Table 4.16. ROV calculations based on three sub-steps per input risk variable for both the options in the 

Belvedere project. Figures are in $ million. 

Values 
Compound Option: 

Option 1 

Compound Option: 

Options 1 and 2 

ENPV3 110.93 226.47 

NPV 55.22 108.28 

ROV3 55.71 118.19 
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(b) 

Figure 4.7. The node values of (a) compound MVR forward-tree and (b) compound MVR backward-

tree with one sub-step per input risk variable for Option 1 in Belvedere project using multiple sigmas. 

Figures in brackets are in $ million.  
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(b) 

Figure 4.8. The node values of (a) compound MVR forward-tree and (b) compound MVR backward-

tree with two sub-step per input risk variable for Option 1 in Belvedere project using multiple sigmas. 

Figures in brackets are in $ million.  
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(b) 
Figure 4.9. The node values of (a) compound MVR forward-tree and (b) compound MVR backward-

tree with three sub-steps per input risk variable for Option 1 in Belvedere project using multiple sigmas. 

Figures in brackets are in $ million.  
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4.5.6 Converting the compound MVR decision-tree into a simple MVR 

decision-tree 

The ENPV of the Belvedere project with a simple option after two years was computed 

next. The MVR decision-trees that have one, two and three sub-steps for each input 

risk variable were calculated to obtain ENPV1, ENPV2 an ENPV3, respectively. Figure 

4.110 to Figure 4.12 show respectively the first four levels of the trees that had one, 

two and three sub-steps per input risk variable. As discussed earlier, the estimated 

ENPV3 of a simple option in second year was obtained as $271.80 million, which is 

higher than the estimated ENPV3 of the compound option of $226.47 million. 

Correspondingly, the ROV of the simple option is taken as ROV3 = $163.52 million, 

which again is higher than the estimated ROV3 of compound option of $118.19. The 

results of the simple option are in Table 4.17. 

The higher ENPV and ROV for the simple option as compared to the compound 

option is logical because the decision in simple option to invest 100% in the project 

can been delayed at the end of year 2, without making any investment during this 

period. In comparison, the ENPV of the compound option, where the decision to 

invest 51% takes place earlier in year 1 and the remaining 49% investment in year 2, 

the flexibility value (ENPV) is reduced as 51% of investment is already been made by 

the end of year 1.  
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(b) 
Figure 4.10. The node values of (a) simple MVR forward-tree and (b) simple MVR backward-tree with 

one sub-step per input risk variable for a simple Option at second year end in Belvedere project using 

multiple sigmas. Figures in brackets are in $ million.  
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Figure 4.11. The node values of (a) simple MVR forward-tree and (b) simple MVR backward-tree with 

two sub-steps per input risk variable for a simple Option at second year end in Belvedere project using 

multiple sigmas. Figures in brackets are in $ million.  
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Figure 4.12. The node values of (a) simple MVR forward-tree and (b) simple MVR backward-tree with 

three sub-steps per input risk variable for a simple Option at second year end in Belvedere project using 

multiple sigmas. Figures in brackets are in $ million.  
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Table 4.17. ROV calculations based on the average ENPV for having only the second option in the 

Belvedere project. Figures are in $ million. 

Values 
Simple Option 

at the end of second year  

ENPV1 (two sub-steps per variable) 269.72 

ENPV2 (two sub-steps per variable) 271.04 

ENPV3 (three sub-steps per variable) 271.80 

NPV 108.28 

ROV3   163.52 

4.6 Module 3: Validating the MVR decision-tree 

As explained at the end of Section 3.3.3, all input risk variables can be simulated 

simultaneously in Module 1 of the MVR approach in order to calculate a consolidated 

output sigma 𝜎 for the project. For this purpose, the 30,000 values of each input risk 

variable (for all years of the project) were drawn from specified distributions. The 

values of 𝑉𝑖 (𝑠, 𝑛) (n=1, 2,…, 30000) were obtained from the CF-model. These simulated 

values were converted into the project’s return values, which resulted in obtaining 

their distribution, as shown in Figure 4.13. The red line in Figure 4.13 shows the 

normal density function fitted to the histogram of the project value returns. This 

indicates that the project value returns follow a normal distribution, even though the 

distributions of the input price and yield risk variables are taken to be triangular 

distributions. The standard deviation of the distribution of these project values so 

calculated is the consolidated output sigma of 0.22.  

The compound MVR decision-tree was converted into the simple MVR decision-tree 

by removing the intermediate decision levels from the compound MVR decision-tree. 

The adjustment and maximisation operations were carried out only on the terminal 
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level of the simple MVR decision-tree. Also the percentage of equity (𝑃𝐸1) for the only 

option (𝑘 = 1) in the MVR decision-tree was changed to 100%.  

 

Figure 4.13. The histogram of the project value returns calculated based on simulating all the input risk 

variables in the Belvedere project together. The red line illustrates the normal distribution fitted to the 

histogram of the return values. 

The consolidated output sigma (0.22) was used across all levels of the simple MVR 

decision-tree in order to calculate the project ENPV. Table 4.18 shows the parameters 

of the converted simple MVR decision-tree where each input risk variable is related 

to one sub-step in the tree. 

Table 4.18 Parameters of the simple MVR decision-tree (with one sub-step per each input risk variable) 

calculated for the Belvedere project. 

 Option 1 (year 2) 

Level No 1 2 3 4 5 6 7 8 

Level 

Description 
ROM Yield 

Exchange 

Rate 
Price ROM Yield 

Exchange 

Rate 
Price 

𝜎 0.22 0.22 0.22 0.22 0.22 0.22 0.22 0.22 

𝑈𝐹𝑙 1.116 1.116 1.116 1.116 1.116 1.116 1.116 1.116 

𝐷𝐹𝑙 0.895 0.895 0.895 0.895 0.895 0.895 0.895 0.895 

𝑝𝑙 0.511 0.511 0.511 0.511 0.511 0.511 0.511 0.511 

∆𝑡1 0.25 0.25 0.25 0.25 0.25 0.25 0.25 0.25 
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Once the simple MVR decision-tree with one sub-step per level was rolled back from 

the maximised decision points in the last level, 𝐸𝑁𝑃𝑉1 was calculated as $259.27 

million. Figure 4.14 show the first four levels of the MVR forward-tree and MVR 

backward-tree with one sub-step per variable that was calculated for this scenario. 

The project’s ENPV also were calculated when each synthetic time step in the simple 

MVR decision-tree was broken into two and three sub-steps and 𝐸𝑁𝑃𝑉2 $257.27 

million and 𝐸𝑁𝑃𝑉3= $259.28 million. Figure 4.15 and Figure 4.16 demonstrate the first 

four levels of the simple MVR forward-tree and MVR backward-tree that had two and 

three sub-steps per variable, respectively. 
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Figure 4.14. The node values of (a) simple MVR forward-tree and (b) simple MVR backward-tree with 

one sub-step per input risk variable for a simple Option at second year end in Belvedere project using 

consolidated sigma. Figures in brackets are in $ million.  



  

192 

 

 

Level 1 Level 2 Level 3

T1= 1 year

Δt1= 0.125 Δt1= 0.125 Δt1= 0.125

V0 

UF1

DF1

UF2

DF2

UF3

DF3

ROM (Year 1)

Sub step 1 Sub step 2 Sub step 1

UF4

DF4

Δt1= 0.125

Sub step 2

Level 4  
(a) 



  

193 

 

Level 1 Level 2 Level 3

T1= 1 year

Δt1= 0.125 Δt1= 0.125 Δt1= 0.125

ROM (Year 1)

Sub step 1 Sub step 2 Sub step 1

Δt1= 0.125

Sub step 2

Level 4

1-p1

1-p2

1-p3

p1

p2

p3

p4

1-p4

ENPV2 

 
(b) 

Figure 4.15. The node values of (a) simple MVR forward-tree and (b) simple MVR backward-tree with 

two sub-steps per input risk variable for a simple Option at second year end in Belvedere project using 

consolidate sigma. Figures in brackets are in $ million.  
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Figure 4.16. (a) The node values of (a) simple MVR forward-tree and (b) simple MVR backward-tree 

with three sub-steps per input risk variable for a simple Option at second year end in Belvedere project 

using consolidate sigma. Figures in brackets are in $ million.  
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The consolidated sigma was also used in the BSF in order to calculate the project 

ENPV. The result was then compared with the ENPV obtained from simple MVR 

decision-tree, as shown Table 4.19. The table demonstrates the validity of the 

calculations, adjustments and maximisations in the simple MVR decision-tree because 

the ENPV that resulted from this tree is equal to the ENPV from the BSF.  

Table 4.19. The comparison of the project’s ENPVs obtained from the Black Scholes formula and simple 

MVR decision-tree with consolidated sigma.  

Consolidated Sigma to calculate ENPV using: 0.22 

    Black Scholes formula (BSF)   $259.29 million 

Simple MVR decision-tree (ENPV1)  $259.27 million 

Simple MVR decision-tree (ENPV2)  $259.27 million 

Simple MVR decision-tree (ENPV3)  $259.28 million 

ENPV difference rate between the BSF and simple MVR decision-tree   0.0038% 

Figure 4.17 obtained from the project’s compound MVR decision-tree displays the 

behaviour of the project’s ENPV against the change in the output sigmas of ROM and 

Price. The ENPV calculated by the simple MVR decision-tree with a consolidated 

sigma collapses into the virtual backbone, being the diagonal line in the centre of the 

Manta-ray surface representing the volatility versus ENPV relationship. This diagonal 

line is the same output consolidated sigma versus ENPV curve, when BSF is used. 

This is not realistic assumption for real life projects. More generally, the figure shows 

how ENPV varies due to multiple volatilities changing differently. 



  

197 

 

 

 

Figure 4.17. The Belvedere the project’s Manta-ray obtained from the simple MVR decision-tree with 

one sub-step per input risk variable. 

4.7 Module 4: Conducting sensitivity analysis of ENPV 

The three ENPV sensitivity analyses of Module 4 were conducted using the MVR 

decision-tree with two sub-steps per each input risk variable. 

A - ENPV absolute changes due to infinitesimal changes in the distribution of each 

input risk variables 

As discussed in Section 3.3.4, the mean and range of the triangular distributions of 

ROM and Yield, and the mean and τ of the lognormal distributions for price and 

exchange rate, were changed by small percentages. The distribution of one variable at 

a time was changed by 5% while holding all other parameters in the distributions 

fixed. Table 4.20 shows the results of this sensitivity analysis for the four input risk 

variables involved in the project.  

A change in the τ of Price causes higher absolute change in the project’s ENPV as 

compared to ROM. For example, an increase of 5% to the τ of Price increases the 

project ENPV by $2.1109 million whereas the same percentage increase in the τ of 

ROM only increases the ENPV by $0.0145 million. This indicates that the investor 
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needs to closely monitor the effect of the price risk variable compared to the other 

input risk variables.  

Table 4.20. Instantaneous changes in a project’s ENPV due to instantaneous changes in the parameters 

of input risk variables: (a) ROM, (b) Yield, (c) Exchange rate, and (4) Price. The calculations are based 

on the compound MVR decision-tree with two sub-steps per variable. ENPV figures are in $ million. 

ROM 

  τ ENPV ENPV change 
ENPV 

change (%) 
ENPV 

Elasticity 

Base τ-5% 0.095 225.519 0.0145 0.0064% 0.00128 

Base τ 0.1 225.533       

Base τ+5% 0.105 225.574 0.0412 0.01828% 0.00366 

(a) 

Yield 

  τ ENPV ENPV change 
ENPV 

change (%) 
ENPV 

Elasticity 

Base τ-5% 0.0475 225.530 0.0030 0.0013% 0.00026 

Base τ 0.05 225.533       

Base τ+5% 0.0525 225.571 0.0381 0.01691% 0.003382 

(b) 

Exchange Rate 

  τ ENPV ENPV change 
ENPV 

change (%) 
ENPV 

Elasticity 

Base τ-5% 0.051139 225.118 0.4153 0.1842% 0.0368 

Base τ 0.05383 225.533       

Base τ+5% 0.056522 225.958 0.4253 0.1882% 0.0376 

 (c) 
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Price 

  τ ENPV ENPV change 
ENPV 

change (%) 
ENPV 

Elasticity 

Base τ-5% 5.03272 223.422 2.1109 0.9360% 0.187 

Base τ 5.2976 225.533       

Base τ+5% 5.56248 228.772 3.2389 1.41580% 0.283 

(d) 

B -ENPV absolute changes due to large changes in the distribution of each input 

risk variables  

Following the discussion in Section 3.3.4, the project ENPV was re-calculated 

following large changes in the distributions of the input variables. The ranges of the 

parameters governing the distributions of the input risk variables were separately 

increased by 0.001 until they obtained twice their base values. Each increase resulted 

in a new distribution for the variable. Module 2 of MVR approach was then used to 

re-calculate the project’s ENPV using two sub-steps per input risk variable. 

Figure 4.18 shows changes in the project’s ENPV versus changes in the parameters of 

the distributions of each input risk variable. The x-axis in each graph represents the 

percentage added to the base width or the base τ of the distribution. The y-axis shows 

the ENPV of the project.  
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(a) 
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(c) 
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(d) 

Figure 4.18. Changes in the project’s ENPV versus changes in the distribution of each input risk 

variable: (a) ROM, (b) Yield, (c) Exchange Rate and (d) Price. The calculations are based on the 

compound MVR decision-tree with two sub-steps per variable. ENPV figures are in $ million. 

Figure 4.19 compares the impact of large changes in the τ of input risk variables on 

the project’s ENPV. The graphs in this figure indicate that changes in the τ’s of market 

risk variables have a stronger influence on the growth rate of ENPV than changes in 

the distributions of project-specific risk variables. These graphs also show that an 

increase in the τ of price raises the project’s ENPV faster than increase in the τ of 

exchange rate for market risks and change in the ROM has less effect as compared to 

Yield for project risks.  
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Figure 4.19. The impact of changing the τ of risk variables on the Belvedere project’s ENPV which is 

in million dollars. The calculations are based on the compound MVR decision-tree with two sub-steps 

per variable. ENPV figures are in $ million. 

4.8 Significance of the MVR approach – A comparison 

In comparison to the ROA approach used in Amaral-Baptista et al. (2010), the MVR 

approach makes the following improvements:  

1. Integrated CF-model 

Amaral-Baptista et al. (2010) use three scenarios, one for each mine separately. 

Therefore, when any results have to be combined for the total project calculations, 

weighted averages have been used for allocations e.g.: Table 4.21 (Weighted average 

value of options available for Vale and Table 4.22 (Probabilistic NPV – weighted 

average)  

The advantage of MVR approach is that it has an integrated CF-model in Module 1, 

with embedded production probability weights for each of the three mines. It is better 

to treat the three mines as a weighted set of projects for the cash flow model than to 

weight the output results, including especially the option values since these are non-

linear functions of the inputs.  
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2. Production probabilities incorporated in the CF-model 

In Amaral-Baptista et al. (2010) three separate production scenarios are used and then 

the weighted average is taken based on “the most probable production scenario was 

assumed to be three mines; therefore a 50% probability of occurrence was assigned to this case. 

A 20% and 30% probability was assumed for the one and two mine scenario respectively”.  

In Amaral-Baptista et al. (2010) the weighted average of production scenarios are used 

to allocate option values and NPV as shown in their Table 4.21 as under: 

Table 4.21. Weighted average value of options available for Vale ($ million) – Adapted from (Amaral-

Baptista et al., 2010). 

Production scenarios Probability Option 1 Option 2 
Compound Option 

(Option 1 and 2) 

3-Mines Scenario 50% 56.4 72.9 129.3 

2-Mines Scenario 30% 28.2 44.2 72.3 

1-Mine Scenario 20% -16.6 0 -16.6 

Total Value of options 

(Weighted average) 
- 33.3 49.7 83.0 

In order to calculate the compound and simple option, however, the project value as 

a whole has to be considered. The compound option value is not the sum of the option 

values for each separate scenario, being each mine. Further, the sum of Option 1 and 

Option 2 values are not the compound option value. In contrast, the MVR approach 

firstly embeds the production probabilities for the scenarios of the three mines in the 

CF-model and then computes ENPV for Option 1 and Compound option (Option 1 

and 2) separately. ENPV for Option 2 is not computed, as it is already embedded in 

the ENPV of Compound option. 
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 3. NPV based on fixed input variable means  

In Amaral-Baptista et al. (2010) the NPV calculations are based on probabilistic 

simulations and then weighted average is taken as below:  

Table 4.22. Probabilistic NPV – weighted average – Adapted from (Amaral-Baptista et al., 2010). The 

NPV figures are in $ million. 

Scenario Probability Probabilistic NPV  

3 mines 50% 316.8 

2 mines 30% 257.3 

1 mine 20% 12 

Weighted average 
 

238.6 

The base NPV is a certainty equivalent value, and therefore should not be 

probabilistic. MVR approach calculates VBase as the project value based on the means 

of the input risk factors. 

4. Input market risk variables included in the MVR CF-model 

The Belvedere paper did not treat the Price and Exchange rate as input risk variables. 

MVR approach has two high impact input sigmas as price and exchange rate risk 

variables having greater output sigmas obtained from simulation in Module 1. These 

output sigmas are then input into Module 2 of the compound MVR decision-tree to 

obtain the ENPVs. 

5. Upfront fee and research cost to be taken as investment costs. 

The Upfront fee payment of $7.1 million and Conceptual Research cost of $9.5 million 

have been included in the total investment cost (exercise price) of Option 1 and have 

been deducted from the option value (ENPV) in Table 13 of Amaral-Baptista et al. 

(2010). As per MVR approach, these are costs that are incurred during the exercise 
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period, and therefore should be treated as investment costs for maximisation at the 

decision level in MVR decision-tree. 

6. Multiple sigmas 

 The consolidated project volatilities for each of the production scenarios for the three 

mines are shown in Table 4.23. 

Table 4.23. Project volatility – Adapted from (Amaral-Baptista et al., 2010). 

Production Scenario Conceptual study phase Pre-feasibility study phase 

3 Mines  85.70% 82.50% 

2 Mines 76.40% 74.20% 

1 Mine 86.10% 84.20% 

Once again, in Amaral-Baptista et al. (2010) the results of option values are added 

together using RO decision-trees based on three production scenarios. For the 

integrated CF-model, the MVR approach generates the multiple sigma from each 

individual risk variable to construct an integrated MVR decision-tree. 

Optimal strategic decision 

The average ENPV and the value of ROV obtained using MVR decision-tree for 

Belvedere project is summarised in Table 4.16. In comparison, the Option value and 

Total value of option obtained from Amaral-Baptista et al. (2010) for Belvedere project 

are summarised in Table 4.24 below. 
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Table 4.24. ROV calculations for the both options in the Belvedere project. Figures are in $ million – 

Adapted from Amaral-Baptista et al. (2010). 

Values Compound Option  

(Option 1) 

Compound option 

(Options 1 and 2) 

Option value  72.9 145.9 

Less: Various adjustments 39.6 62.9 

Total value of option 33.3 83.0 

As discussed in this research, MVR approach has developed a new approach in which 

the impacts on ENPV of different sigmas are isolated (Table 4.16). It can be seen from 

that the 𝜎3 (Exchange rate) = 0.624 and 𝜎4 (Price) = 0.823 contribute most in increasing 

the ENPV of the project. However, in Amaral-Baptista et al. (2010), both price and 

exchange rate were not treated as the input risk variables, thereby having no impact 

on the project ENPV and ROV. In reality, both price and exchange rate risk variables 

have significant impacts on ENPV and ROV.  

Table 4.25. Difference between the two approaches of MVR and Amaral-Baptista et al. (2010) related 

to both options in the Belvedere project. Figures are in $ million. 

Value differences Option 1 Compound Option  

ENPV - Option value  

 (% difference)  
110.93 - 72.9 = 38.03 (34.28%) 226.47 - 145.9 = 80.57 (35.57%) 

Less: NPV - Various 

adjustments 

(% differences) 

55.22 - 39.6 = 15.62 (28.29%) 108.28 - 62.9 = 45.38 (41.9%) 

ROV - Total value of option 

(% differences) 

 

55.71 - 33.3 = 22.41 (40.23%) 118.19 - 83.0 = 35.19 (29.77%) 

The ENPV and ROV of MVR approach cannot be directly compared with Option value 

and Total Value of the options obtained from (Table 14) of Amaral-Baptista et al. (2010). 

However, from the comparative analysis in Table 4.25 it is observed that the overall 

ENPV and ROV using MVR approach are higher for both simple and compound 

options in the range of 30% to 40%. 
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Although, both the ROA approaches show that Option 1 and Option 2 will be 

exercised due to positive ROV’s, the difference is that MVR approach provides more 

confidence to the decision maker with higher ENPVs.  

4.9 Summary 

This chapter applies the MVR approach to the decision problem of an investment in 

Belvedere, a real-life joint coal-mining project. This contract was embedded with a 

compound option with two sequential options for progressing to the two decision 

stages: firstly, a joint arrangement, and secondly full ownership of the project.  

The CF-model of the project was developed with four independent random input risk 

variables as two market and two project-specific risks, and their distributions, are 

identified. Module 1 generates multiple output sigmas to conduct separate Monte 

Carlo simulations for the variations of both market and project-specific risk variables. 

Module 2 calculates the project’s ENPV using an innovative compound MVR 

decision-tree constructed with varying multiple sigmas, related to the market and 

project-specific variables. The stochastic process related to each variable is made 

explicit by breaking down the option time period into synthetic time steps, which are 

further split into sub-steps. The mechanics of the MVR decision-tree were validated 

in Module 3 by first converting the compound MVR decision-tree into a simple MVR 

decision-tree and comparing its ENPV with the ENPV from BSF. Finally, Module 4 

conducted multiple sensitivity analyses to evaluate the impact of changes in the 

distribution of each input risk variable on the project’s ENPV. This gives the decision-

maker a robust and transparent understanding of the way variations of input risk 

variables affect ENPV. 
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CHAPTER 5  

CONCLUSIONS 

5.1 Introduction 

The overall research objective expressed in Chapter 1 is: 

Developing a robust and transparent real options investment approach for sequential decision-

making, which computes ENPV and ROV using individual volatility for multiple 

uncertainties for compound and simple options embedded in decision-trees, and conducts 

sensitivity analysis to achieve optimum project values.  

This research objective was achieved by developing the MVR approach in Chapter 3 

and then applying it to two resource sector projects: A Prototype project in Chapter 3; 

and a Belvedere coal mining project in Chapter 4. The overall objective was further 

broken down into four sub-objectives, which are addressed by the four modules of 

MVR approach. 

5.2 Research achievements and contributions 

5.2.1 Sub-objective 1: Generating multiple sigmas using Module 1 

The first module of the MVR approach (Section 3.3.1) developed a novel Monte Carlo 

simulation method which generates multiple output sigmas from the distribution of 

the project’s value returns with respect to simulated variations in its input risk 

variables. Chapter 3 develops the project’s CF-model and flowcharts its steps in three 

stages as shown in Figure 3.5. In stage 1, the CF-model is set-up using the 

specifications of the independent random input risk variables and constants. Stage 2 

computes the project’s base value by fixing all the input risk variables at the mean 

values of their distributions in the CF-model. In Stage 3, multiple output sigmas are 
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generated from the logarithm of project value returns by Monte Carlo simulation of 

the CF-model.  

It was discovered from the experimental results in this research that as the multiple 

sigmas are generated separately, the 3D surface of ENPV versus two different varying 

output sigmas looks like a Manta-ray. In the special case, when a consolidated output 

sigma for all the input risk variables is varied, there is a linear relationship with ENPV, 

represented as a line located on the backbone of this Manta-ray. This backbone line can 

visually be seen in a 2D graph of the consolidated output sigma versus ENPV. Also, 

this 2D graph is nearly the same as that of a graph obtained from varying the 

consolidated output sigma versus ENPV using BSF.  

This achievement adds to the research area as the existing methods use only one 

Geometric Brownian Motion (GBM) to model the project value, resulting in failure to 

expose the individual effect of multiple volatilities (output sigmas) on ENPV. 

Therefore, generating separate multiple output sigmas adds transparency in 

displaying the computational mechanics of ENPV. 

5.2.2 Sub-objective 2: Developing MVR decision-tree using Module 2 

The second module of the MVR approach developed the innovative MVR decision-

tree, to calculate the project’s ENPV. A new concept of a synthetic time step, which is 

the time gap between two input risk variables after breaking down the option time 

period, is introduced. Each synthetic time step in the MVR decision-tree is further 

broken down into multiple sub-steps to obtain the levels on which the tree is built. 

Having sub-steps in a MVR decision-tree with a constant sigma for a stochastic 

process (input risk variable) makes the discrete GBM explicit and aids in obtaining a 

more accurate ENPV. 

The MVR decision-tree is constructed with multiple synthetic time steps each related 

to one output sigma. The same output sigma is used for the calculations of the sub-
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steps within each synthetic time step. Thus, the MVR decision-tree transparently 

shows the ENPV computations involved with multiple sigmas, which are changing 

due to different input risk variables. By comparison, a typical RO decision-tree of 

other ROA approaches is built by slicing the option time period into smaller time gaps 

and using a single consolidated sigma. The impact of different input risk variables on 

ENPV then cannot be separately determined.  

As discussed in Section 3.3, the oscillatory movement of ENPVs by increasing sub 

steps per input risk variable converges to the ENPV from continuous GBM. For the 

Prototype project in Chapter 3, by increasing the number of sub-steps in each synthetic 

time step related to an input risk variable showed an oscillatory convergence 

movement of project ENPVs. The experiments with both the compound and simple 

MVR decision-trees showed that the average ENPV from the two consecutive sub-

steps (two and three sub-steps) was very close to ENPV obtained from six sub-steps. 

Therefore, the project’s compound and simple ENPVs were taken as the average of 

the ENPV’s from two and three sub-steps for compound and simple MVR decision-

trees, respectively. In Chapter 5, the oscillatory convergence movement of the 

Belvedere project’s ENPVs did not commence with three sub-steps. Also, the 

incremental increases in the ENPV from one sub-step to two sub-steps and then three 

sub-steps were very small. Therefore, the ENPV from the highest three sub-step was 

taken as the basis of estimating ENPV of the Belvedere project.      

The MVR decision-tree is able to calculate ENPV for both compound and simple 

options using multiple output sigmas obtained from Module 1. The compound MVR 

decision-tree incorporates option expiry dates as intermediate decision levels, where 

adjustment and maximisation operations are performed. By removing or adding these 

intermediate decision levels, a compound MVR decision-tree converts itself into a 

simple MVR decision-tree and vice versa. This conversion capability of MVR 

approach enables investors to negotiate for the best arrangement of compound or 
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simple options to be embedded in the investment contract, after evaluating the 

ENPV’s for a range of scenarios. 

Module 2 contributes b0y allowing a decision-tree to have changing volatilities. In 

turn, this allows the computation of the ENPV for projects with compound as well as 

simple real options. The MVR decision-tree mechanism provides transparency and 

traceability in each of its branches, nodes and paths to compute the project ENPV. 

The introduction of shorter sub-steps to the synthetic time steps for each input risk 

variable in the MVR decision-tree makes discrete GBM more explicit and allows for 

results closer to the implications of option analysis theory. In particular, this research 

showed how the oscillatory behaviour of ENPVs when sub-steps per input risk 

variable are increased allows one to obtain more accurate ENPV values without 

having to develop extremely large decision trees with many levels.  

Another contribution of the MVR decision-tree is that allows flexibility in increasing 

or decreasing the number of sequential options in a project with compound options. 

This is achieved by adding or removing decision levels in the tree. Such conversions 

allow the investor to identify the best arrangement of options in the contract by 

analysing various scenarios for their ENPV. 

5.2.3 Sub-objective 3: Equivalent validation of ENPV with Module 3 

The third module of MVR approach was developed to validate the MVR decision-tree 

by comparing the ENPV from a simple MVR decision-tree with the ENPV obtained 

from BSF. Module 1 of the MVR approach was used to calculate the consolidated 

output sigma for the project by simultaneously conducting Monte Carlo simulations 

for variations to all input risk variables. The mechanics of MVR decision-tree for both 

the Prototype and Belvedere projects were validated by computing ENPVs for both 

the simple MVR decision-tree and BSF to be nearly the same.  
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Module 3 contributes in validating the mechanics of the MVR decision-tree with 

compound option by first converting it into MVR decision-tree with a simple option, 

and then computing ENPV with a consolidated sigma. The ENPV from the MVR 

decision-tree is compared with the ENPV derived from Black-Scholes formula to be 

approximately the same. 

5.2.4 Sub-objective 4: Sensitivity analysis of ENPV with respect to 

uncertainty parameters using Module 4 

The fourth module of the MVR approach was developed to conduct sensitivity 

analyses to investigate the impact on ENPV individually from each input risk variable 

in the project. Three sensitivity analyses were presented in this module. The first 

sensitivity analysis investigated the sensitivity (elasticity) of ENPV due to small 

changes in the distribution of each input risk variable. The second analysis showed 

the impact of large changes in the distribution of each input risk variable on ENPV. 

The third sensitivity analysis generated a surface plot of ENPV’s against changes in 

the project’s Value ratio over a range of parameter values in the distribution of each 

of the input risk variables. 

Module 4 contributed to the research by developing a method to reveal the impact of 

variations in each uncertainty on the ENPV for robust decision making. No other 

method has been developed to quantify the impact of each random risk variable on 

the project ENPV.  

5.3 Applying MVR approach to resource sector projects  

As a proof of concept, the four modules of the MVR approach are applied to two 

resource sector projects with a sequential decision problem of having a compound 

option embedded in the joint arrangement and acquisition. The investor needs to 

decide at each option, whether to continue investing equity in the project or 

discontinue based on the computing ENPV for the compound option (option on 
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option). The first application of the MVR approach is a Prototype project in Chapter 3 

and the second application is Belvedere, a real-life coal-mining project in Chapter 4, 

both having multiple sigmas (volatilities) and compound option embedded in their 

investment contracts.  

The ENPV obtained from the MVR approach in both projects provides valuable 

information to decision-makers for investments in real-life resource sector projects. 

The results also showed the flexibility to calculate the ENPV for both simple and 

compound options exposed to multiple random risk variables. Therefore, the MVR 

approach, grounded in options theory, effectively computes project ENPV to make 

robust sequential investment decisions under uncertainty.  

5.4 Extended version of ENPV excluded 

Smit and Trigeorgis (2012) extended the two value components of ENPV into three 

value components by adding a third that they called Strategic value. This strategic 

value is determined by applying game theory to competition between a business 

entity and its peers. Smit and Trigeorgis (2012) state that investment decisions should 

be based on Strategic Net Present Value (SNPV) given by the sum of these three value 

components as follows: 

𝑆𝑁𝑃𝑉 =  𝑅𝑂𝑉 +  𝑁𝑃𝑉 +  𝑆𝑉 

Smit and Trigeorgis (2012) and Smit and Trigeorgis (2012) emphasise using SNPV, 

which includes the SV component to decide between investing in long term resource 

sector project now or delay investment for the market and project uncertainties to 

unfold. It is possible to extend the MVR approach by incorporating the SV from game 

theory based on the competitive interaction between the business and its competitors. 

However, investigating SV to compute SNPV, is beyond the scope of this research.  
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5.5 Limitations 

This research has not allowed the input risk variables to be correlated, which in real 

projects would often be the case. One potential way of handling that would be to 

introduce more fundamental shocks that are uncorrelated but present in more than 

one of the input risk variables. Also, in this research, the input parameters for the 

market, and project risks such as geological and technical risks, were assumed for the 

Prototype project. For the Belvedere project, they were obtained from Amaral-Baptista 

et al. (2010). It would be worthwhile to investigate how more objective methods can 

be developed to arrive at distributions for project specific and market values. Further, 

as the size of a MVR decision-tree can grow exponentially, advanced level of 

computation power will be required for handling these very large trees with millions 

of branches and nodes. 

5.6 Future directions 

To the best of the researcher’s knowledge, no existing approach has used an 

compound RO decision-tree with multiple sigmas in order to calculate a project’s 

ENPV. The promising results reported in this study will serve as an impetus for 

further research on compound RO decision-tree with multiple sigmas. A direct 

quantitative comparison of the performance of different compound RO decision-tree 

approaches will then be possible.  

Several aspects of this research could be further investigated, such as incorporating 

correlations between the distributions of input risk variables in Module 1. Also, 

techniques could be developed to provide the breakdown of ENPV contribution 

related to each input risk variable. Further, more objective methods could be 

developed to estimate the distributions of the input risk variables from real data, such 

as, geological surveys and econometric analysis of the evolution of the project-specific 

and market risk variables. 
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APPENDICES
Appendix A  ‐ Input constants to the cash flow model

Project Year 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017
s=1 s=2 s=3 s=4 s=5 s=6 s=7 s=8 s=9 s=10 s=11 s=12

ROM base
     Mine 1 0 0 0 0 250 375 2400 4300 4300 4300 4300 4300
     Mine 2 0 0 0 0 0 0 0 0 0 210 365 1425
     Mine 3 0 0 0 0 0 0 0 0 0 0 0 0

The real discount factor ‐ F(s)  15% 15% 15% 15% 15% 15% 15% 15% 15% 15% 15% 15%
The nominal discount factor ‐ U(s)  15% 15% 15% 15% 15% 15% 15% 15% 15% 15% 15% 15%
CHPP unit cost ‐ g(s) 0.000 0.000 0.000 0.000 21.421 16.014 4.715 3.820 3.787 3.897 3.864 3.917

Mining unit cost ‐ o(m,s)
     Mine 1 0.000 0.000 0.000 0.000 87.716 93.670 22.046 15.781 15.928 15.576 15.720 15.768
     Mine 2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 60.748 91.526 27.956
     Mine 3 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

The transportation costs ‐ l(s) $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15
The port costs ‐ w(s) $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28
Royalty rate ‐ b(s) 7% 7% 7% 7% 7% 7% 7% 7% 7% 7% 7% 7%
Marketing rate ‐ h(s) 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25%
Tax rate ‐ d(s) 30% 30% 30% 30% 30% 30% 30% 30% 30% 30% 30% 30%
Corporate (s ) 0 0 0 0 300 300 300 300 300 700 700 700
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Appendix A  ‐ Input constants to the cash flow model

Project Year 2018 2019 2020 2021 2022 2023 2024 2025 2026 2027 2028
s=13 s=14 s=15 s=16 s=17 s=18 s=19 s=20 s=21 s=22 s=23

ROM base
     Mine 1 4300 4300 4300 4300 4300 4300 4300 4300 4300 4300 4300
     Mine 2 3600 3750 4250 4250 4250 4250 4250 4250 4250 4250 4250
     Mine 3 0 200 350 365 4275 4275 4275 4275 4275 4275 4275

The real discount factor ‐ F(s)  15% 15% 15% 15% 15% 15% 15% 15% 15% 15% 15%
The nominal discount factor ‐ U(s)  15% 15% 15% 15% 15% 15% 15% 15% 15% 15% 15%
CHPP unit cost ‐ g(s) 3.851 3.871 3.978 4.063 3.771 3.790 3.788 3.756 3.719 3.796 3.663

Mining unit cost ‐ o(m,s)
     Mine 1 15.592 14.943 14.668 14.726 14.763 14.476 14.271 14.266 15.544 14.989 14.797
     Mine 2 19.596 18.726 15.460 18.645 15.698 16.067 15.422 16.000 14.806 14.341 15.271
     Mine 3 0.000 102.354 103.908 117.425 16.028 17.050 16.884 14.654 18.307 19.289 15.969

The rate of transportation costs ‐ l(s) $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15
The rate of port costs ‐ w(s) $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28
Royalty rate ‐ b(s) 7% 7% 7% 7% 7% 7% 7% 7% 7% 7% 7%
Marketing rate ‐ h(s) 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25%
Tax rate ‐ d(s) 30% 30% 30% 30% 30% 30% 30% 30% 30% 30% 30%
Corporate (s ) 700 700 1000 1000 1000 1000 1000 1000 1000 1000 1000
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Appendix A  ‐ Input constants to the cash flow model

Project Year 2029 2030 2031 2032 2033 2034 2035 2036 2037 2038 2039
s=24 s=25 s=26 s=27 s=28 s=29 s=30 s=31 s=32 s=33 s=34

ROM base
     Mine 1 4300 4300 4300 4300 4300 4300 4300 4300 4300 4300 4300
     Mine 2 4250 4250 4250 4250 4250 4250 4250 4250 4250 4250 4250
     Mine 3 4275 4275 4275 4275 4275 4275 4275 4275 4275 4275 4275

The real discount factor ‐ F(s)  15% 15% 15% 15% 15% 15% 15% 15% 15% 15% 15%
The nominal discount factor ‐ U(s)  15% 15% 15% 15% 15% 15% 15% 15% 15% 15% 15%
CHPP unit cost ‐ g(s) 3.635 3.854 3.930 3.926 3.881 3.853 3.802 3.808 3.784 3.802 3.738

Mining unit cost ‐ o(m,s)
     Mine 1 13.862 14.226 14.325 14.455 13.952 14.460 13.947 14.521 14.332 14.935 14.445
     Mine 2 15.793 14.569 15.136 14.439 14.351 14.275 14.478 15.688 13.721 17.031 17.684
     Mine 3 21.432 15.774 24.730 16.242 15.946 15.789 21.146 17.491 15.606 15.954 15.130

The rate of transportation costs ‐ l(s) $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15 $5.15
The rate of port costs ‐ w(s) $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28 $3.28
Royalty rate ‐ b(s) 7% 7% 7% 7% 7% 7% 7% 7% 7% 7% 7%
Marketing rate ‐ h(s) 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25% 1.25%
Tax rate ‐ d(s) 30% 30% 30% 30% 30% 30% 30% 30% 30% 30% 30%
Corporate (s ) 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000
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Appendix B ‐ Input risk variables in the cash flow model

Project Year Unit 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017
s=1 s=2 s=3 s=4 s=5 s=6 s=7 s=8 s=9 s=10 s=11 s=12

Input Uniqe Project Risk Variables
   ROM Total  000 tonne 0 0 0 0 250 375 2400 4300 4300 4510 4665 5725
     Mine 1  ‐ Base 000 tonne 0 0 0 0 250 375 2400 4300 4300 4300 4300 4300
     Mine 2 ‐ Base 000 tonne 0 0 0 0 0 0 0 0 0 210 365 1425
     Mine 3 ‐ Base 000 tonne 0 0 0 0 0 0 0 0 0 0 0 0

   ROMʹ Total 000 tonne 0 0 0 0 250 375 2400 4300 4300 4468 4592 5440
     Mine 1  ‐ ROM probabelity 100% 000 tonne 0 0 0 0 250 375 2400 4300 4300 4300 4300 4300
     Mine 2  ‐ ROM probabelity 80% 000 tonne 0 0 0 0 0 0 0 0 0 168 292 1140
     Mine 3  ‐ ROM probabelity 50% 000 tonne 0 0 0 0 0 0 0 0 0 0 0 0

   YIELD Total 
     Mine 1 % 0 0 0 0 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84
     Mine 2 % 0 0 0 0 0 0 0 0 0 0.86 0.86 0.86
     Mine 3 % 0 0 0 0 0 0 0 0 0 0 0 0

   The saleable coking coal ‐ S(s) 000 tonne 0 0 0 0 210 315 2016 3612 3612 3756.48 3863.12 4592.4
     Mine 1 000 tonne 0 0 0 0 210 315 2016 3612 3612 3612 3612 3612
     Mine 2 000 tonne 0 0 0 0 0 0 0 0 0 144.48 251.12 980.4
     Mine 3 000 tonne 0 0 0 0 0 0 0 0 0 0 0 0

Input Market Risk Variables
     PRICE  USD/Sale t 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278
     Exchange Rate AUD to USD 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7
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Appendix B ‐ Input risk variables in the cash flow model

Project Year Unit 2018 2019 2020 2021 2022 2023 2024 2025 2026 2027 2028
s=13 s=14 s=15 s=16 s=17 s=18 s=19 s=20 s=21 s=22 s=23

Input Uniqe Project Risk Variables 
   ROM Total  000 tonne 7900 8250 8900 8915 12825 12825 12825 12825 12825 12825 12825
     Mine 1  ‐ Base 000 tonne 4300 4300 4300 4300 4300 4300 4300 4300 4300 4300 4300
     Mine 2 ‐ Base 000 tonne 3600 3750 4250 4250 4250 4250 4250 4250 4250 4250 4250
     Mine 3 ‐ Base 000 tonne 0 200 350 365 4275 4275 4275 4275 4275 4275 4275

   ROMʹ Total 000 tonne 7180 7400 7875 7882.5 9837.5 9837.5 9837.5 9837.5 9837.5 9837.5 9837.5
     Mine 1  ‐ ROM probabelity 100% 000 tonne 4300 4300 4300 4300 4300 4300 4300 4300 4300 4300 4300
     Mine 2  ‐ ROM probabelity 80% 000 tonne 2880 3000 3400 3400 3400 3400 3400 3400 3400 3400 3400
     Mine 3  ‐ ROM probabelity 50% 000 tonne 0 100 175 182.5 2137.5 2137.5 2137.5 2137.5 2137.5 2137.5 2137.5

   YIELD Total 
     Mine 1 % 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84
     Mine 2 % 0.86 0.86 0.86 0.86 0.86 0.86 0.86 0.86 0.86 0.86 0.86
     Mine 3 % 0 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8

   The saleable coking coal ‐ S(s) 000 tonne 6088.8 6272 6676 6682 8246 8246 8246 8246 8246 8246 8246
     Mine 1 000 tonne 3612 3612 3612 3612 3612 3612 3612 3612 3612 3612 3612
     Mine 2 000 tonne 2476.8 2580 2924 2924 2924 2924 2924 2924 2924 2924 2924
     Mine 3 000 tonne 0 80 140 146 1710 1710 1710 1710 1710 1710 1710

Input Market Risk Variables
     PRICE  USD/Sale t 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278
     Exchange Rate AUD to USD 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7
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Appendix B ‐ Input risk variables in the cash flow model

Project Year Unit 2029 2030 2031 2032 2033 2034 2035 2036 2037 2038 2039
s=24 s=25 s=26 s=27 s=28 s=29 s=30 s=31 s=32 s=33 s=34

Input Uniqe Project Risk Variables
   ROM Total  000 tonne 12825 12825 12825 12825 12825 12825 12825 12825 12825 12825 12825
     Mine 1  ‐ Base 000 tonne 4300 4300 4300 4300 4300 4300 4300 4300 4300 4300 4300
     Mine 2 ‐ Base 000 tonne 4250 4250 4250 4250 4250 4250 4250 4250 4250 4250 4250
     Mine 3 ‐ Base 000 tonne 4275 4275 4275 4275 4275 4275 4275 4275 4275 4275 4275

   ROMʹ Total 000 tonne 9837.5 9837.5 9837.5 9837.5 9837.5 9837.5 9837.5 9837.5 9837.5 9837.5 9837.5
     Mine 1  ‐ ROM probabelity 100% 000 tonne 4300 4300 4300 4300 4300 4300 4300 4300 4300 4300 4300
     Mine 2  ‐ ROM probabelity 80% 000 tonne 3400 3400 3400 3400 3400 3400 3400 3400 3400 3400 3400
     Mine 3  ‐ ROM probabelity 50% 000 tonne 2137.5 2137.5 2137.5 2137.5 2137.5 2137.5 2137.5 2137.5 2137.5 2137.5 2137.5

   YIELD Total 
     Mine 1 % 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84 0.84
     Mine 2 % 0.86 0.86 0.86 0.86 0.86 0.86 0.86 0.86 0.86 0.86 0.86
     Mine 3 % 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8

   The saleable coking coal ‐ S(s) 000 tonne 8246 8246 8246 8246 8246 8246 8246 8246 8246 8246 8246
     Mine 1 000 tonne 3612 3612 3612 3612 3612 3612 3612 3612 3612 3612 3612
     Mine 2 000 tonne 2924 2924 2924 2924 2924 2924 2924 2924 2924 2924 2924
     Mine 3 000 tonne 1710 1710 1710 1710 1710 1710 1710 1710 1710 1710 1710

Input Market Risk Variables
     PRICE  USD/Sale t 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278 55.59278
     Exchange Rate AUD to USD 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.7

227



Appendix C ‐ Cash flow model

Project Year Unit 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017
s = 1 s = 2 s = 3 s = 4 s = 5 s = 6 s = 7 s = 8 s = 9 s = 10 s = 11 s = 12

Cash flow model
REVENUES ‐ R(s) $ʹ000 0.000 0.000 0.000 0.000 16677.834 25016.751 160107.206 286858.745 286858.745 298333.095 306802.258 364720.404

   Mining cost = o(m,s) ROMʹ(m,s) $000 0.000 0.000 0.000 0.000 21928.900 35126.210 52909.534 67857.039 68488.474 77182.238 94322.772 99672.459
     Mine 1 $000 0.000 0.000 0.000 0.000 21928.900 35126.210 52909.534 67857.039 68488.474 66976.501 67597.248 67802.705
     Mine 2 $000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 10205.737 26725.524 31869.754
     Mine 3 $000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

   CHPP cost $000 0.000 0.000 0.000 0.000 4498.443 5044.429 9506.150 13799.508 13677.887 14638.445 14928.674 17989.752
   Production costs  ‐ A(s) $000 0.000 0.000 0.000 0.000 26427.343 40170.639 62415.684 81656.546 82166.361 91820.683 109251.446 117662.210

   Royalty ‐ Z(s) $000 0.000 0.000 0.000 0.000 1119.232 1678.849 10744.631 19250.797 19250.797 20020.829 20589.186 24476.013
   Transportation (s) $000 0.000 0.000 0.000 0.000 1081.500 1622.250 10382.400 18601.800 18601.800 19345.872 19895.068 23650.860
   Port (s)  $000 0.000 0.000 0.000 0.000 688.800 1033.200 6612.480 11847.360 11847.360 12321.254 12671.034 15063.072
   Corporate (s) $000 0.000 0.000 0.000 0.000 300.000 300.000 300.000 300.000 300.000 700.000 700.000 700.000
   Marketing (s) $000 0.000 0.000 0.000 0.000 208.473 312.709 2001.340 3585.734 3585.734 3729.164 3835.028 4559.005

Operating costs ‐ O(s) $000 0.000 0.000 0.000 0.000 29825.349 45117.647 92456.535 135242.238 135752.052 147937.802 166941.762 186111.161

REVENUES ‐ R(s) $ʹ000 0.000 0.000 0.000 0.000 16677.834 25016.751 160107.206 286858.745 286858.745 298333.095 306802.258 364720.404
Operating costs ‐ O(s) $000 0.000 0.000 0.000 0.000 29825.349 45117.647 92456.535 135242.238 135752.052 147937.802 166941.762 186111.161
Taxable income ‐ E(s) $000 0.000 0.000 0.000 0.000 ‐13147.515 ‐20100.896 67650.671 151616.507 151106.693 150395.292 139860.496 178609.243

Taxes (30%) ‐ d(s) $000 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300
Income after tax ‐ H(s) $000 0.000 0.000 0.000 0.000 ‐9203.260 ‐14070.627 47355.470 106131.555 105774.685 105276.705 97902.347 125026.470

Depreciation ‐ D(s) $000 0.000 0.000 0.000 0.000 15397.191 25958.098 27320.228 36645.398 38010.738 42842.937 47404.077 52217.847
Depreciation tax shield ‐ [D(s)d(s)] $000 0.000 0.000 0.000 0.000 4619.157 7787.430 8196.069 10993.620 11403.222 12852.881 14221.223 15665.354
H(s)+D(s)d(s) $000 0.000 0.000 0.000 0.000 ‐4584.103 ‐6283.198 55551.538 117125.174 117177.906 118129.586 112123.570 140691.824
    Add Previous Years Working Capital $000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 8029.440 16865.934 16824.032 16973.623 16237.053
Less Working capital $000 0.000 0.000 0.000 0.000 0.000 0.000 8029.440 16865.934 16824.032 16973.623 16237.053 20306.153
Net inc. or dec. in working capital ‐ Q(s) $000 0.000 0.000 0.000 0.000 0.000 0.000 ‐8029.440 ‐8836.494 41.903 ‐149.591 736.570 ‐4069.100
Less Capex ‐ P(s) $000 10762.704 19563.470 12100.000 111545.740 105609.070 13621.300 93251.700 13653.400 48321.990 45611.400 58900.400 121070.600
Total adjustments ‐ G(s) $000 ‐10762.704 ‐19563.470 ‐12100.000 ‐111545.740 ‐105609.070 ‐13621.300 ‐101281.140 ‐22489.894 ‐48280.087 ‐45760.991 ‐58163.830 ‐125139.700

Net after‐tax cash flow CF(s)  $000 ‐10762.704 ‐19563.470 ‐12100.000 ‐111545.740 ‐110193.173 ‐19904.498 ‐45729.602 94635.281 68897.819 72368.595 53959.740 15552.125

Numerator of log returns ‐ VSimulated
re(s) 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150
F(s) ‐ The discount factor at rate r e(s) 1.000 0.870 0.756 0.658 0.572 0.497 0.432 0.376 0.327 0.284 0.247 0.215
PV of income after tax ‐ PV[H(s)] $000 0.000 0.000 0.000 0.000 ‐5261.994 ‐6995.589 20473.076 39898.783 34577.932 29926.210 24199.963 26873.592
rn(s) 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150
U(s) ‐ The discount factor at rate r n(s) 1.000 0.870 0.756 0.658 0.572 0.497 0.432 0.376 0.327 0.284 0.247 0.215
PV of dep. tax shiled ‐ PV[d(s)D(s)] $000 0.000 0.000 0.000 0.000 2641.018 3871.729 3543.387 4132.909 3727.733 3653.591 3515.269 3367.162
PV of total adjustments ‐ PV[G(s)] $000 ‐10762.704 ‐17011.713 ‐9149.338 ‐73343.135 ‐60382.329 ‐6772.193 ‐43786.632 ‐8454.784 ‐15782.846 ‐13008.130 ‐14377.209 ‐26897.930

PV of CF(s)  ‐ PV[FC(s)] $000 ‐10762.704 ‐17011.713 ‐9149.338 ‐73343.135 ‐63003.304 ‐9896.053 ‐19770.169 35576.907 22522.819 20571.671 13338.022 3342.824
Total PV[CF] s = 1 to s = 34 ‐ VSimulated $000 124523.419

Denominator of log returns ‐ VBase
re(s) 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150
F(s) ‐ The discount factor at rate r e (s) 0.870 0.756 0.658 0.572 0.497 0.432 0.376 0.327 0.284 0.247 0.215 0.187
PV of income after tax ‐ PVBase[H(s)] $000 0.000 0.000 0.000 0.000 ‐4575.647 ‐6083.120 17802.675 34694.594 30067.767 26022.791 21043.446 23368.341
rn(s) 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150
U(s) ‐ The discount factor at rate r n(s) 0.870 0.756 0.658 0.572 0.497 0.432 0.376 0.327 0.284 0.247 0.215 0.187
PV of income after tax ‐ PV[d(s)D(s)] $000 0.000 0.000 0.000 0.000 2296.538 3366.721 3081.206 3593.834 3241.507 3177.036 3056.756 2927.967
PV of total adjustments ‐ PV[G(s)] $000 ‐9358.873 ‐14792.794 ‐7955.946 ‐63776.639 ‐52506.373 ‐5888.864 ‐38075.332 ‐7351.986 ‐13724.214 ‐11311.417 ‐12501.921 ‐23389.505

PV of CF(s)  ‐ PV[FC(s)] $000 ‐9358.873 ‐14792.794 ‐7955.946 ‐63776.639 ‐54785.482 ‐8605.264 ‐17191.451 30936.441 19585.060 17888.410 11598.280 2906.803
Total PV[CF] s = 1 to s = 34 ‐ VBase $000 108281.234
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Appendix C ‐ Cash flow model

Project Year Unit 2019 2020 2021 2022 2023 2024 2025 2026 2027 2028
s = 14 s = 15 s = 16 s = 17 s = 18 s = 19 s = 20 s = 21 s = 22 s = 23

Cash flow model
REVENUES ‐ R(s) $ʹ000 498111.309 530196.285 530672.794 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948

   Mining cost = o(m,s) ROMʹ(m,s) $000 130669.104 133818.697 148141.800 151112.925 153319.013 149888.043 147066.967 156310.317 154439.165 149681.131
     Mine 1 $000 64256.149 63070.773 63319.744 63480.978 62245.546 61364.510 61344.726 66839.460 64451.110 63626.622
     Mine 2 $000 56177.548 52564.080 63392.018 53372.021 54628.318 52434.341 54399.440 50339.772 48758.274 51921.359
     Mine 3 $000 10235.407 18183.845 21430.039 34259.926 36445.150 36089.192 31322.801 39131.084 41229.781 34133.150

   CHPP cost $000 24280.534 26554.530 27146.377 31098.265 31251.644 31238.149 30974.267 30668.660 31301.997 30201.641
   Production costs  ‐ A(s) $000 154949.638 160373.227 175288.177 182211.191 184570.657 181126.192 178041.234 186978.976 185741.163 179882.772

   Royalty ‐ Z(s) 33427.740 35580.930 35612.908 43948.525 43948.525 43948.525 43948.525 43948.525 43948.525 43948.525
   Transportation (s) $000 32300.800 34381.400 34412.300 42466.900 42466.900 42466.900 42466.900 42466.900 42466.900 42466.900
   Port (s)  $000 20572.160 21897.280 21916.960 27046.880 27046.880 27046.880 27046.880 27046.880 27046.880 27046.880
   Corporate (s) $000 700.000 1000.000 1000.000 1000.000 1000.000 1000.000 1000.000 1000.000 1000.000 1000.000
   Marketing (s) $000 6226.391 6627.454 6633.410 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037

Operating costs ‐ O(s) $000 248176.730 259860.291 274863.756 304859.532 307218.999 303774.534 300689.576 309627.318 308389.504 302531.114

REVENUES ‐ R(s) $ʹ000 498111.309 530196.285 530672.794 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948
Operating costs ‐ O(s) $000 248176.730 259860.291 274863.756 304859.532 307218.999 303774.534 300689.576 309627.318 308389.504 302531.114
Taxable income ‐ E(s) $000 249934.579 270335.994 255809.039 350023.416 347663.949 351108.415 354193.373 345255.630 346493.444 352351.835

Taxes (30%) ‐ d(s) $000 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300
Income after tax ‐ H(s) $000 174954.205 189235.196 179066.327 245016.391 243364.765 245775.890 247935.361 241678.941 242545.411 246646.284

Depreciation ‐ D(s) $000 68438.990 63230.446 59195.909 70960.159 65966.429 66352.209 66166.360 65652.160 67979.940 67351.200
Depreciation tax shield ‐ [D(s)d(s)] $000 20531.697 18969.134 17758.773 21288.048 19789.929 19905.663 19849.908 19695.648 20393.982 20205.360
H(s)+D(s)d(s) $000 195485.902 208204.329 196825.100 266304.439 263154.693 265681.553 267785.269 261374.589 262939.393 266851.644
    Add Previous Years Working Capital $000 27668.562 28205.069 30396.416 29209.695 38849.734 38655.805 38938.911 39192.470 38457.861 38559.599
Less Working capital $000 28205.069 30396.416 29209.695 38849.734 38655.805 38938.911 39192.470 38457.861 38559.599 39041.110
Net inc. or dec. in working capital ‐ Q(s) $000 ‐536.507 ‐2191.347 1186.721 ‐9640.039 193.929 ‐283.107 ‐253.558 734.609 ‐101.738 ‐481.512
Less Capex ‐ P(s) $000 59460.300 65263.700 131263.800 43314.400 17511.200 46463.500 40469.400 82178.200 114783.200 32697.000
Total adjustments ‐ G(s) $000 ‐59996.807 ‐67455.047 ‐130077.079 ‐52954.439 ‐17317.271 ‐46746.607 ‐40722.958 ‐81443.591 ‐114884.938 ‐33178.512

Net after‐tax cash flow CF(s)  $000 135489.095 140749.283 66748.021 213350.000 245837.422 218934.946 227062.311 179930.998 148054.455 233673.133

Numerator of log returns ‐ VSimulated
re(s) 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150
F(s) ‐ The discount factor at rate re(s) 0.163 0.141 0.123 0.107 0.093 0.081 0.070 0.061 0.053 0.046
PV of income after tax ‐ PV[H(s)] $000 28434.949 26744.356 22006.264 26183.620 22614.887 19859.950 17421.258 14766.651 12886.602 11395.204
rn(s) 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150
U(s) ‐ The discount factor at rate rn(s) 0.163 0.141 0.123 0.107 0.093 0.081 0.070 0.061 0.053 0.046
PV of dep. tax shiled ‐ PV[d(s)D(s)] $000 3336.975 2680.882 2182.455 2274.942 1838.997 1608.479 1394.760 1203.410 1083.546 933.500
PV of total adjustments ‐ PV[G(s)] ‐9751.158 ‐9533.331 ‐15985.756 ‐5658.964 ‐1609.223 ‐3777.365 ‐2861.412 ‐4976.226 ‐6103.915 ‐1532.867

PV of CF(s)  ‐ PV[FC(s)] $000 22020.766 19891.907 8202.964 22799.599 22844.660 17691.064 15954.606 10993.834 7866.233 10795.836
Total PV[CF] s = 1 to s = 34 ‐ VSimulated $000

Denominator of log returns ‐ VBase
re(s) 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150
F(s) ‐ The discount factor at rate re (s) 0.141 0.123 0.107 0.093 0.081 0.070 0.061 0.053 0.046 0.040
PV of income after tax ‐ PVBase[H(s)] $000 24726.043 23255.962 19135.882 22768.365 19665.119 17269.522 15148.920 12840.566 11205.741 9908.873
rn(s) 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150
U(s) ‐ The discount factor at rate rn(s) 0.141 0.123 0.107 0.093 0.081 0.070 0.061 0.053 0.046 0.040
PV of income after tax ‐ PV[d(s)D(s)] $000 2901.717 2331.202 1897.787 1978.211 1599.128 1398.678 1212.835 1046.443 942.214 811.739
PV of total adjustments ‐ PV[G(s)] $000 ‐8479.268 ‐8289.853 ‐13900.657 ‐4920.838 ‐1399.324 ‐3284.665 ‐2488.184 ‐4327.153 ‐5307.752 ‐1332.928

PV of CF(s)  ‐ PV[FC(s)] $000 19148.492 17297.311 7133.012 19825.738 19864.922 15383.534 13873.571 9559.856 6840.203 9387.684
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Appendix C ‐ Cash flow model

Project Year Unit 2029 2030 2031 2032 2033 2034 2035 2036 2037 2038 2039
s = 24 s = 25 s = 26 s = 27 s = 28 s = 29 s = 30 s = 31 s = 32 s = 33 s = 34

Cash flow model
REVENUES ‐ R(s) $ʹ000 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948

   Mining cost = o(m,s) ROMʹ(m,s) $000 159111.347 144423.400 165918.095 145968.729 142871.751 144462.834 154398.784 153165.222 141638.266 156227.393 154580.876
     Mine 1 $000 59604.871 61171.340 61596.744 62157.736 59992.459 62178.475 59971.489 62441.023 61629.692 64220.794 62114.752
     Mine 2 $000 53695.973 49535.002 51461.590 49093.616 48794.019 48535.338 49226.746 53337.835 46651.225 57905.072 60125.785
     Mine 3 $000 45810.503 33717.059 52859.761 34717.377 34085.272 33749.022 45200.550 37386.365 33357.348 34101.527 32340.339

   CHPP cost $000 29970.142 31783.048 32408.178 32369.798 32000.370 31771.162 31352.004 31397.757 31199.519 31348.883 30820.710
   Production costs  ‐ A(s) $000 189081.489 176206.449 198326.273 178338.527 174872.121 176233.996 185750.788 184562.979 172837.785 187576.276 185401.586

   Royalty ‐ Z(s) $000 43948.525 43948.525 43948.525 43948.525 43948.525 43948.525 43948.525 43948.525 43948.525 43948.525 43948.525
   Transportation (s) $000 42466.900 42466.900 42466.900 42466.900 42466.900 42466.900 42466.900 42466.900 42466.900 42466.900 42466.900
   Port (s)  $000 27046.880 27046.880 27046.880 27046.880 27046.880 27046.880 27046.880 27046.880 27046.880 27046.880 27046.880
   Corporate (s) $000 1000.000 1000.000 1000.000 1000.000 1000.000 1000.000 1000.000 1000.000 1000.000 1000.000 1000.000
   Marketing (s) $000 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037

Operating costs ‐ O(s) $000 311729.830 298854.790 320974.615 300986.869 297520.463 298882.337 308399.130 307211.321 295486.126 310224.618 308049.928

REVENUES ‐ R(s) $ʹ000 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948 654882.948
Operating costs ‐ O(s) $000 311729.830 298854.790 320974.615 300986.869 297520.463 298882.337 308399.130 307211.321 295486.126 310224.618 308049.928
Taxable income ‐ E(s) $000 343153.118 356028.158 333908.334 353896.080 357362.486 356000.611 346483.818 347671.628 359396.822 344658.331 346833.021

Taxes (30%) ‐ d(s) 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300 0.300
Income after tax ‐ H(s) $000 240207.183 249219.711 233735.834 247727.256 250153.740 249200.428 242538.673 243370.139 251577.775 241260.831 242783.114

Depreciation ‐ D(s) $000 63340.470 61104.280 57457.360 49534.930 53707.800 55592.790 55070.910 54123.070 55306.290 47394.370 45388.530
Depreciation tax shield ‐ [D(s)d(s)] $000 19002.141 18331.284 17237.208 14860.479 16112.340 16677.837 16521.273 16236.921 16591.887 14218.311 13616.559
H(s)+D(s)d(s) $000 259209.324 267550.995 250973.042 262587.735 266266.080 265878.265 259059.946 259607.060 268169.662 255479.142 256399.673
    Add Previous Years Working Capital $000 39041.110 38285.051 39343.274 37525.206 39168.035 39452.945 39341.010 38558.808 38656.436 39620.150 38408.768
Less Working capital $000 38285.051 39343.274 37525.206 39168.035 39452.945 39341.010 38558.808 38656.436 39620.150 38408.768 38587.509
Net inc. or dec. in working capital ‐ Q(s) $000 756.059 ‐1058.222 1818.068 ‐1642.828 ‐284.910 111.935 782.202 ‐97.628 ‐963.715 1211.383 ‐178.742
Less Capex ‐ P(s) $000 37098.400 28794.500 52039.500 85043.100 36361.100 41244.700 30991.000 94010.400 35664.000 12638.600 28130.600
Total adjustments ‐ G(s) $000 ‐36342.341 ‐29852.722 ‐50221.432 ‐86685.928 ‐36646.010 ‐41132.765 ‐30208.798 ‐94108.028 ‐36627.715 ‐11427.217 ‐28309.342

Net after‐tax cash flow CF(s)  $000 222866.983 237698.272 200751.609 175901.806 229620.070 224745.500 228851.148 165499.032 231541.948 244051.925 228090.332

Numerator of log returns ‐ VSimulated
re(s) 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15
F(s) ‐ The discount factor at rate re(s) 0.040 0.035 0.030 0.026 0.023 0.020 0.017 0.015 0.013 0.011 0.010
PV of income after tax ‐ PV[H(s)] 9650.185 8706.312 7100.342 6543.799 5745.996 4977.477 4212.536 3675.632 3303.994 2755.218 2410.959
rn(s) 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150
U(s) ‐ The discount factor at rate rn(s) 0.040 0.035 0.030 0.026 0.023 0.020 0.017 0.015 0.013 0.011 0.010
PV of dep. tax shiled ‐ PV[d(s)D(s)] 763.400 640.390 523.626 392.545 370.098 333.120 286.950 245.227 217.903 162.374 135.219
PV of total adjustments ‐ PV[G(s)] ‐1460.033 ‐1042.883 ‐1525.608 ‐2289.838 ‐841.754 ‐821.577 ‐524.682 ‐1421.319 ‐481.035 ‐130.500 ‐281.126

PV of CF(s)  ‐ PV[FC(s)] 8953.553 8303.819 6098.360 4646.505 5274.340 4489.019 3974.804 2499.541 3040.861 2787.092 2265.052

Denominator of log returns ‐ VBase
re(s) 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150
F(s) ‐ The discount factor at rate re (s) 0.035 0.030 0.026 0.023 0.020 0.017 0.015 0.013 0.011 0.010 0.009
PV of income after tax ‐ PVBase[H(s)] 8391.466 7570.706 6174.211 5690.260 4996.518 4328.241 3663.075 3196.202 2873.038 2395.842 2096.486
rn(s) 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150
U(s) ‐ The discount factor at rate rn(s) 0.035 0.030 0.026 0.023 0.020 0.017 0.015 0.013 0.011 0.010 0.009
PV of income after tax ‐ PV[d(s)D(s)] 663.826 556.861 455.327 341.343 321.824 289.669 249.522 213.241 189.481 141.195 117.582
PV of total adjustments ‐ PV[G(s)] ‐1269.594 ‐906.855 ‐1326.616 ‐1991.163 ‐731.960 ‐714.415 ‐456.245 ‐1235.929 ‐418.291 ‐113.478 ‐244.457

PV of CF(s)  ‐ PV[FC(s)] $000 7785.698 7220.712 5302.921 4040.440 4586.383 3903.495 3456.351 2173.514 2644.227 2423.558 1969.610
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Appendix D ‐ Outputs of the cash flow model

 
VSimulated 124523.419
VBase 108281.234
Log (VSimulated/VBase) 0.140

Output sigmas
Risk variable output sigma
  ROM 0.114
  Yield 0.085
  Exchange rate 0.624
  Price 0.823
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Appendix E ‐ The calculations of the forward tree root V0

Project Year Unit 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017
s = 1 s = 2 s = 3 s = 4 s = 5 s = 6 s = 7 s = 8 s = 9 s = 10 s = 11 s = 12

Cash flow model
REVENUES ‐ R(s) $ʹ000 0 0 0 0 16677.83 25016.75 160107.2 286858.7 286858.7 298333.1 306802.3 364720.4

   Mining cost = o(m,s) ROMʹ(m,s) $000 0 0 0 0 21928.9 35126.21 52909.53 67857.04 68488.47 77182.24 94322.77 99672.46
     Mine 1 $000 0 0 0 0 21928.9 35126.21 52909.53 67857.04 68488.47 66976.5 67597.25 67802.7
     Mine 2 $000 0 0 0 0 0 0 0 0 0 10205.74 26725.52 31869.75
     Mine 3 $000 0 0 0 0 0 0 0 0 0 0 0 0

   CHPP cost $000 0 0 0 0 4498.443 5044.429 9506.15 13799.51 13677.89 14638.45 14928.67 17989.75
   Production costs  ‐ A(s) $000 0 0 0 0 26427.34 40170.64 62415.68 81656.55 82166.36 91820.68 109251.4 117662.2

   Royalty ‐ Z(s) 0 0 0 0 1119.232 1678.849 10744.63 19250.8 19250.8 20020.83 20589.19 24476.01
   Transportation (s) $000 0 0 0 0 1081.5 1622.25 10382.4 18601.8 18601.8 19345.87 19895.07 23650.86
   Port (s)  $000 0 0 0 0 688.8 1033.2 6612.48 11847.36 11847.36 12321.25 12671.03 15063.07
   Corporate (s) $000 0 0 0 0 300 300 300 300 300 700 700 700
   Marketing (s) $000 0 0 0 0 208.4729 312.7094 2001.34 3585.734 3585.734 3729.164 3835.028 4559.005

Operating costs ‐ O(s) $000 0 0 0 0 29825.35 45117.65 92456.53 135242.2 135752.1 147937.8 166941.8 186111.2

REVENUES ‐ R(s) $ʹ000 0 0 0 0 16677.83 25016.75 160107.2 286858.7 286858.7 298333.1 306802.3 364720.4
Operating costs ‐ O(s) $000 0 0 0 0 29825.35 45117.65 92456.53 135242.2 135752.1 147937.8 166941.8 186111.2
Taxable income ‐ E(s) $000 0 0 0 0 ‐13147.5 ‐20100.9 67650.67 151616.5 151106.7 150395.3 139860.5 178609.2

Taxes (30%) ‐ d(s) 30% 30% 30% 30% 30% 30% 30% 30% 30% 30% 30% 30%
Income after tax ‐ H(s) $000 0 0 0 0 ‐9203.26 ‐14070.6 47355.47 106131.6 105774.7 105276.7 97902.35 125026.5

Depreciation ‐ D(s) $000 0 0 0 0 15397.19 25958.1 27320.23 36645.4 38010.74 42842.94 47404.08 52217.85
Depreciation tax shield ‐ [D(s)d(s)] $000 0 0 0 0 4619.157 7787.43 8196.069 10993.62 11403.22 12852.88 14221.22 15665.35
H(s)+D(s)d(s) 0 0 0 0 ‐4584.1 ‐6283.2 55551.54 117125.2 117177.9 118129.6 112123.6 140691.8

Net after‐tax cash flow CF(s)  $000 0 0 0 0 ‐4584.1 ‐6283.2 55551.54 117125.2 117177.9 118129.6 112123.6 140691.8

The root of the forward tree ‐ V0
re(s) 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15
F(s) ‐ The discount factor at rate re(s) 0.869565 0.756144 0.657516 0.571753 0.497177 0.432328 0.375937 0.326902 0.284262 0.247185 0.214943 0.186907
PV of income after tax ‐ PV[H(s)] $000 0 0 0 0 ‐4575.65 ‐6083.12 17802.68 34694.59 30067.77 26022.79 21043.45 23368.34
rn(s) 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15
U(s) ‐ The discount factor at rate rn(s) 0.869565 0.756144 0.657516 0.571753 0.497177 0.432328 0.375937 0.326902 0.284262 0.247185 0.214943 0.186907
PV of income after tax ‐ PV[d(s)D(s)] 0 0 0 0 2296.538 3366.721 3081.206 3593.834 3241.507 3177.036 3056.756 2927.967

PV of CF0(s)  ‐ PV[FC0(s)] $000 0 0 0 0 ‐2279.11 ‐2716.4 20883.88 38288.43 33309.27 29199.83 24100.2 26296.31
Total PV[CF0(s)] s=1 to s=34 ‐  V0 $000 445084.1
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Appendix E ‐ The calculations of the forward tree root V0

Project Year Unit 2018 2019 2020 2021 2022 2023 2024 2025 2026 2027 2028
s=13 s=14 s=15 s=16 s=17 s=18 s=19 s=20 s=21 s=22 s=23

Cash flow model
REVENUES ‐ R(s) $ʹ000 483561.9 498111.3 530196.3 530672.8 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9

   Mining cost = o(m,s) ROMʹ(m,s) $000 123482.4 130669.1 133818.7 148141.8 151112.9 153319 149888 147067 156310.3 154439.2 149681.1
     Mine 1 $000 67046.14 64256.15 63070.77 63319.74 63480.98 62245.55 61364.51 61344.73 66839.46 64451.11 63626.62
     Mine 2 $000 56436.27 56177.55 52564.08 63392.02 53372.02 54628.32 52434.34 54399.44 50339.77 48758.27 51921.36
     Mine 3 $000 0 10235.41 18183.84 21430.04 34259.93 36445.15 36089.19 31322.8 39131.08 41229.78 34133.15

   CHPP cost $000 23445.3 24280.53 26554.53 27146.38 31098.27 31251.64 31238.15 30974.27 30668.66 31302 30201.64
   Production costs  ‐ A(s) $000 146927.7 154949.6 160373.2 175288.2 182211.2 184570.7 181126.2 178041.2 186979 185741.2 179882.8

   Royalty ‐ Z(s) 32451.34 33427.74 35580.93 35612.91 43948.52 43948.52 43948.52 43948.52 43948.52 43948.52 43948.52
   Transportation (s) $000 31357.32 32300.8 34381.4 34412.3 42466.9 42466.9 42466.9 42466.9 42466.9 42466.9 42466.9
   Port (s)  $000 19971.26 20572.16 21897.28 21916.96 27046.88 27046.88 27046.88 27046.88 27046.88 27046.88 27046.88
   Corporate (s) $000 700 700 1000 1000 1000 1000 1000 1000 1000 1000 1000
   Marketing (s) $000 6044.524 6226.391 6627.454 6633.41 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037

Operating costs ‐ O(s) $000 237452.2 248176.7 259860.3 274863.8 304859.5 307219 303774.5 300689.6 309627.3 308389.5 302531.1

REVENUES ‐ R(s) $ʹ000 483561.9 498111.3 530196.3 530672.8 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9
Operating costs ‐ O(s) $000 237452.2 248176.7 259860.3 274863.8 304859.5 307219 303774.5 300689.6 309627.3 308389.5 302531.1
Taxable income ‐ E(s) $000 246109.7 249934.6 270336 255809 350023.4 347663.9 351108.4 354193.4 345255.6 346493.4 352351.8

Taxes (30%) ‐ d(s) 30% 30% 30% 30% 30% 30% 30% 30% 30% 30% 30%
Income after tax ‐ H(s) $000 172276.8 174954.2 189235.2 179066.3 245016.4 243364.8 245775.9 247935.4 241678.9 242545.4 246646.3

Depreciation ‐ D(s) $000 62368.56 68438.99 63230.45 59195.91 70960.16 65966.43 66352.21 66166.36 65652.16 67979.94 67351.2
Depreciation tax shield ‐ [D(s)d(s)] $000 18710.57 20531.7 18969.13 17758.77 21288.05 19789.93 19905.66 19849.91 19695.65 20393.98 20205.36
H(s)+D(s)d(s) 190987.4 195485.9 208204.3 196825.1 266304.4 263154.7 265681.6 267785.3 261374.6 262939.4 266851.6

Net after‐tax cash flow CF(s)  $000 190987.4 195485.9 208204.3 196825.1 266304.4 263154.7 265681.6 267785.3 261374.6 262939.4 266851.6

The root of the forward tree ‐ V0
re(s) 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15
F(s) ‐ The discount factor at rate re(s) 0.162528 0.141329 0.122894 0.106865 0.092926 0.080805 0.070265 0.0611 0.053131 0.046201 0.040174
PV of income after tax ‐ PV[H(s)] $000 27999.8 24726.04 23255.96 19135.88 22768.37 19665.12 17269.52 15148.92 12840.57 11205.74 9908.873
rn(s) 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15
U(s) ‐ The discount factor at rate rn(s) 0.162528 0.141329 0.122894 0.106865 0.092926 0.080805 0.070265 0.0611 0.053131 0.046201 0.040174
PV of income after tax ‐ PV[d(s)D(s)] 3040.99 2901.717 2331.202 1897.787 1978.211 1599.128 1398.678 1212.835 1046.443 942.214 811.7387

PV of CF0(s)  ‐ PV[FC0(s)] $000 31040.79 27627.76 25587.16 21033.67 24746.58 21264.25 18668.2 16361.75 13887.01 12147.95 10720.61
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Appendix E ‐ The calculations of the forward tree root V0

Project Year Unit 2029 2030 2031 2032 2033 2034 2035 2036 2037 2038 2039
s=24 s=25 s=26 s=27 s=28 s=29 s=30 s=31 s=32 s=33 s=34

Cash flow model
REVENUES ‐ R(s) $ʹ000 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9

   Mining cost = o(m,s) ROMʹ(m,s) $000 159111.3 144423.4 165918.1 145968.7 142871.8 144462.8 154398.8 153165.2 141638.3 156227.4 154580.9
     Mine 1 $000 59604.87 61171.34 61596.74 62157.74 59992.46 62178.47 59971.49 62441.02 61629.69 64220.79 62114.75
     Mine 2 $000 53695.97 49535 51461.59 49093.62 48794.02 48535.34 49226.75 53337.84 46651.23 57905.07 60125.79
     Mine 3 $000 45810.5 33717.06 52859.76 34717.38 34085.27 33749.02 45200.55 37386.36 33357.35 34101.53 32340.34

   CHPP cost $000 29970.14 31783.05 32408.18 32369.8 32000.37 31771.16 31352 31397.76 31199.52 31348.88 30820.71
   Production costs  ‐ A(s) $000 189081.5 176206.4 198326.3 178338.5 174872.1 176234 185750.8 184563 172837.8 187576.3 185401.6

   Royalty ‐ Z(s) $000 43948.52 43948.52 43948.52 43948.52 43948.52 43948.52 43948.52 43948.52 43948.52 43948.52 43948.52
   Transportation (s) $000 42466.9 42466.9 42466.9 42466.9 42466.9 42466.9 42466.9 42466.9 42466.9 42466.9 42466.9
   Port (s)  $000 27046.88 27046.88 27046.88 27046.88 27046.88 27046.88 27046.88 27046.88 27046.88 27046.88 27046.88
   Corporate (s) $000 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000
   Marketing (s) $000 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037 8186.037

Operating costs ‐ O(s) $000 311729.8 298854.8 320974.6 300986.9 297520.5 298882.3 308399.1 307211.3 295486.1 310224.6 308049.9

REVENUES ‐ R(s) $ʹ000 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9 654882.9
Operating costs ‐ O(s) $000 311729.8 298854.8 320974.6 300986.9 297520.5 298882.3 308399.1 307211.3 295486.1 310224.6 308049.9
Taxable income ‐ E(s) $000 343153.1 356028.2 333908.3 353896.1 357362.5 356000.6 346483.8 347671.6 359396.8 344658.3 346833

Taxes (30%) ‐ d(s) 30% 30% 30% 30% 30% 30% 30% 30% 30% 30% 30%
Income after tax ‐ H(s) $000 240207.2 249219.7 233735.8 247727.3 250153.7 249200.4 242538.7 243370.1 251577.8 241260.8 242783.1

Depreciation ‐ D(s) $000 63340.47 61104.28 57457.36 49534.93 53707.8 55592.79 55070.91 54123.07 55306.29 47394.37 45388.53
Depreciation tax shield ‐ [D(s)d(s)] $000 19002.14 18331.28 17237.21 14860.48 16112.34 16677.84 16521.27 16236.92 16591.89 14218.31 13616.56
H(s)+D(s)d(s) $000 259209.3 267551 250973 262587.7 266266.1 265878.3 259059.9 259607.1 268169.7 255479.1 256399.7

Net after‐tax cash flow CF(s)  $000 259209.3 267551 250973 262587.7 266266.1 265878.3 259059.9 259607.1 268169.7 255479.1 256399.7

The root of the forward tree ‐ V0
re(s) 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15
F(s) ‐ The discount factor at rate re(s) 0.034934 0.030378 0.026415 0.02297 0.019974 0.017369 0.015103 0.013133 0.01142 0.009931 0.008635
PV of income after tax ‐ PV[H(s)] $000 8391.466 7570.706 6174.211 5690.26 4996.518 4328.241 3663.075 3196.202 2873.038 2395.842 2096.486
rn(s) 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15
U(s) ‐ The discount factor at rate rn(s) 0.034934 0.030378 0.026415 0.02297 0.019974 0.017369 0.015103 0.013133 0.01142 0.009931 0.008635
PV of income after tax ‐ PV[d(s)D(s)] 663.8262 556.8611 455.3267 341.3431 321.8245 289.6692 249.5217 213.241 189.4807 141.195 117.582

PV of CF0(s)  ‐ PV[FC0(s)] $000 9055.292 8127.567 6629.537 6031.603 5318.343 4617.91 3912.596 3409.443 3062.519 2537.037 2214.068
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Appendix F ‐ The MVR forward tree with one sub‐step per 
input risk variable

LEVEL (l) 1 2 3 4

Option (k) 1 1 1 1

Year (s) 1 1 1 1

Sub Step 1 1 1 1

Variable ROM  Yield  Exchange Rate  Price

0.113995 0.084794 0.624 0.823
UFi 1.058653 1.043309 1.366 1.509
DFi 0.944596 0.958489 0.732 0.663

Section A

4(491.60)

Section B

2(471.19)

Section C

5(451.63)

Section D

1(445.08)

Section E

6(438.63)

Section F

3(420.42)

Section G

7(402.97)

Section H
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4 5 6 7 8 LEVEL NO
0.823389 0.113995 0.084794 0.624058 0.823389 VOLATILTY SIGMA
1.509373 1.058653 1.043309 1.366194 1.509373 UP FACTOR
0.662527 0.944596 0.958489 0.73196 0.662527 DOWN FACTOR

256(2308.83)
128(1529.66)

257(1013.44)
64(1119.65)

258(1237.00)
129(819.54)

259(542.97)
32(1073.18)

260(2121.13)
130(1405.31)

261(931.05)
65(1028.63)

262(1136.43)
131(752.92)

263(498.83)
16(1013.72)

264(2060.09)
132(1364.86)

265(904.26)
66(999.03)

266(1103.72)
133(731.25)

267(484.47)
33(957.55)

268(1892.60)
134(1253.90)

269(830.74)
67(917.81)

270(1013.99)
135(671.80)

271(445.08)

8(671.62) Section A
272(1013.44)

136(671.43)
273(444.84)

68(491.46)
274(542.97)

137(359.73)
275(238.33)

34(471.06)
276(931.05)

138(616.85)
277(408.68)

69(451.51)
278(498.83)

139(330.49)
279(218.96)

17(444.96)
280(904.26)

140(599.10)
281(396.92)

70(438.51)
282(484.47)

141(320.97)
283(212.65)

35(420.31)
284(830.74)

142(550.39)
285(364.65)

71(402.86)
286(445.08)

143(294.88)
287(195.37)
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4 5 6 7 8 LEVEL NO
0.823389 0.113995 0.084794 0.624058 0.823389 VOLATILTY SIGMA
1.509373 1.058653 1.043309 1.366194 1.509373 UP FACTOR
0.662527 0.944596 0.958489 0.73196 0.662527 DOWN FACTOR

288(1237.00)
144(819.54)

289(542.97)
72(599.87)

290(662.74)
145(439.08)

291(290.90)
36(574.97)

292(1136.43)
146(752.92)

293(498.83)
73(551.10)

294(608.86)
147(403.39)

295(267.25)
18(543.12)

296(1103.72)
148(731.25)

297(484.47)
74(535.24)

298(591.34)
149(391.78)

299(259.56)
37(513.03)

300(1013.99)
150(671.80)

301(445.08)
75(491.73)

302(543.26)
151(359.93)

303(238.46)

9(359.83) Section B
304(542.97)

152(359.73)
305(238.33)

76(263.31)
306(290.90)

153(192.73)
307(127.69)

38(252.38)
308(498.83)

154(330.49)
309(218.96)

77(241.90)
310(267.25)

155(177.06)
311(117.31)

19(238.40)
312(484.47)

156(320.97)
313(212.65)

78(234.94)
314(259.56)

157(171.97)
315(113.93)

39(225.19)
316(445.08)

158(294.88)
317(195.37)

79(215.84)
318(238.46)

159(157.99)
319(104.67)
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4 5 6 7 8 LEVEL NO
0.823389 0.113995 0.084794 0.624058 0.823389 VOLATILTY SIGMA
1.509373 1.058653 1.043309 1.366194 1.509373 UP FACTOR
0.662527 0.944596 0.958489 0.73196 0.662527 DOWN FACTOR

320(2121.13)
160(1405.31)

321(931.05)
80(1028.63)

322(1136.43)
161(752.92)

323(498.83)
40(985.93)

324(1948.69)
162(1291.06)

325(855.36)
81(945.00)

326(1044.04)
163(691.70)

327(458.27)
20(931.30)

328(1892.60)
164(1253.90)

329(830.74)
82(917.81)

330(1013.99)
165(671.80)

331(445.08)
41(879.71)

332(1738.74)
166(1151.96)

333(763.21)
83(843.19)

334(931.56)
167(617.18)

335(408.90)

10(617.01) Section C
336(931.05)

168(616.85)
337(408.68)

84(451.51)
338(498.83)

169(330.49)
339(218.96)

42(432.77)
340(855.36)

170(566.70)
341(375.45)

85(414.80)
342(458.27)

171(303.62)
343(201.15)

21(408.79)
344(830.74)

172(550.39)
345(364.65)

86(402.86)
346(445.08)

173(294.88)
347(195.37)

43(386.14)
348(763.21)

174(505.64)
349(335.00)

87(370.11)
350(408.90)

175(270.91)
351(179.48)
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4 5 6 7 8 LEVEL NO
0.823389 0.113995 0.084794 0.624058 0.823389 VOLATILTY SIGMA
1.509373 1.058653 1.043309 1.366194 1.509373 UP FACTOR
0.662527 0.944596 0.958489 0.73196 0.662527 DOWN FACTOR

352(1136.43)
176(752.92)

353(498.83)
88(551.10)

354(608.86)
177(403.39)

355(267.25)
44(528.23)

356(1044.04)
178(691.70)

357(458.27)
89(506.30)

358(559.36)
179(370.59)

359(245.53)
22(498.96)

360(1013.99)
180(671.80)

361(445.08)
90(491.73)

362(543.26)
181(359.93)

363(238.46)
45(471.32)

364(931.56)
182(617.18)

365(408.90)
91(451.75)

366(499.10)
183(330.66)

367(219.07)

11(330.58) Section D
368(498.83)

184(330.49)
369(218.96)

92(241.90)
370(267.25)

185(177.06)
371(117.31)

46(231.86)
372(458.27)

186(303.62)
373(201.15)

93(222.24)
374(245.53)

187(162.67)
375(107.77)

23(219.02)
376(445.08)

188(294.88)
377(195.37)

94(215.84)
378(238.46)

189(157.99)
379(104.67)

47(206.88)
380(408.90)

190(270.91)
381(179.48)

95(198.29)
382(219.07)

191(145.14)
383(96.16)
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4 5 6 7 8 LEVEL NO
0.823389 0.113995 0.084794 0.624058 0.823389 VOLATILTY SIGMA
1.509373 1.058653 1.043309 1.366194 1.509373 UP FACTOR
0.662527 0.944596 0.958489 0.73196 0.662527 DOWN FACTOR

384(2060.09)
192(1364.86)

385(904.26)
96(999.03)

386(1103.72)
193(731.25)

387(484.47)
48(957.55)

388(1892.60)
194(1253.90)

389(830.74)
97(917.81)

390(1013.99)
195(671.80)

391(445.08)
24(904.50)

392(1838.14)
196(1217.82)

393(806.84)
98(891.39)

394(984.81)
197(652.46)

395(432.27)
49(854.39)

396(1688.70)
198(1118.81)

397(741.24)
99(818.92)

398(904.75)
199(599.42)

399(397.13)

12(599.26) Section E
400(904.26)

200(599.10)
401(396.92)

100(438.51)
402(484.47)

201(320.97)
403(212.65)

50(420.31)
404(830.74)

202(550.39)
405(364.65)

101(402.86)
406(445.08)

203(294.88)
407(195.37)

25(397.02)
408(806.84)

204(534.55)
409(354.15)

102(391.27)
410(432.27)

205(286.39)
411(189.74)

51(375.03)
412(741.24)

206(491.09)
413(325.36)

103(359.46)
414(397.13)

207(263.11)
415(174.32)
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4 5 6 7 8 LEVEL NO
0.823389 0.113995 0.084794 0.624058 0.823389 VOLATILTY SIGMA
1.509373 1.058653 1.043309 1.366194 1.509373 UP FACTOR
0.662527 0.944596 0.958489 0.73196 0.662527 DOWN FACTOR

416(1103.72)
208(731.25)

417(484.47)
104(535.24)

418(591.34)
209(391.78)

419(259.56)
52(513.03)

420(1013.99)
210(671.80)

421(445.08)
105(491.73)

422(543.26)
211(359.93)

423(238.46)
26(484.60)

424(984.81)
212(652.46)

425(432.27)
106(477.58)

426(527.63)
213(349.57)

427(231.60)
53(457.75)

428(904.75)
214(599.42)

429(397.13)
107(438.75)

430(484.73)
215(321.15)

431(212.77)

13(321.06) Section F
432(484.47)

216(320.97)
433(212.65)

108(234.94)
434(259.56)

217(171.97)
435(113.93)

54(225.19)
436(445.08)

218(294.88)
437(195.37)

109(215.84)
438(238.46)

219(157.99)
439(104.67)

27(212.71)
440(432.27)

220(286.39)
441(189.74)

110(209.63)
442(231.60)

221(153.44)
443(101.66)

55(200.93)
444(397.13)

222(263.11)
445(174.32)

111(192.59)
446(212.77)

223(140.97)
447(93.39)
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4 5 6 7 8 LEVEL NO
0.823389 0.113995 0.084794 0.624058 0.823389 VOLATILTY SIGMA
1.509373 1.058653 1.043309 1.366194 1.509373 UP FACTOR
0.662527 0.944596 0.958489 0.73196 0.662527 DOWN FACTOR

448(1892.60)
224(1253.90)

449(830.74)
112(917.81)

450(1013.99)
225(671.80)

451(445.08)
56(879.71)

452(1738.74)
226(1151.96)

453(763.21)
113(843.19)

454(931.56)
227(617.18)

455(408.90)
28(830.97)

456(1688.70)
228(1118.81)

457(741.24)
114(818.92)

458(904.75)
229(599.42)

459(397.13)
57(784.93)

460(1551.41)
230(1027.85)

461(680.98)
115(752.35)

462(831.19)
231(550.69)

463(364.85)

14(550.54) Section G
464(830.74)

232(550.39)
465(364.65)

116(402.86)
466(445.08)

233(294.88)
467(195.37)

58(386.14)
468(763.21)

234(505.64)
469(335.00)

117(370.11)
470(408.90)

235(270.91)
471(179.48)

29(364.75)
472(741.24)

236(491.09)
473(325.36)

118(359.46)
474(397.13)

237(263.11)
475(174.32)

59(344.54)
476(680.98)

238(451.17)
477(298.91)

119(330.24)
478(364.85)

239(241.72)
479(160.15)
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4 5 6 7 8 LEVEL NO
0.823389 0.113995 0.084794 0.624058 0.823389 VOLATILTY SIGMA
1.509373 1.058653 1.043309 1.366194 1.509373 UP FACTOR
0.662527 0.944596 0.958489 0.73196 0.662527 DOWN FACTOR

480(1013.99)
240(671.80)

481(445.08)
120(491.73)

482(543.26)
241(359.93)

483(238.46)
60(471.32)

484(931.56)
242(617.18)

485(408.90)
121(451.75)

486(499.10)
243(330.66)

487(219.07)
30(445.20)

488(904.75)
244(599.42)

489(397.13)
122(438.75)

490(484.73)
245(321.15)

491(212.77)
61(420.54)

492(831.19)
246(550.69)

493(364.85)
123(403.08)

494(445.33)
247(295.04)

495(195.47)

15(294.96) Section H
496(445.08)

248(294.88)
497(195.37)

124(215.84)
498(238.46)

249(157.99)
499(104.67)

62(206.88)
500(408.90)

250(270.91)
501(179.48)

125(198.29)
502(219.07)

251(145.14)
503(96.16)

31(195.42)
504(397.13)

252(263.11)
505(174.32)

126(192.59)
506(212.77)

253(140.97)
507(93.39)

63(184.59)
508(364.85)

254(241.72)
509(160.15)

127(176.93)
510(195.47)

255(129.51)
511(85.80)
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Appendix G ‐ The adjustments and maximisations in the MVR backward tree
Details of Adjustments and Maximisations in Level 4 of the MVR backward tree

n FNV(n) FEV(n) DE1 E1 I1 PV[I1] FNP(n) max(FNP(n),0) PV[FNP(n)] PV[BNP(n)] max(PV[FNP(n)],PV[BNP(n)])

16 1013.719 516.996 128.571 16.600 145.171 124.950 392.046 392.046 388.698 772.218 772.218
17 444.963 226.931 128.571 16.600 145.171 124.950 101.981 101.981 101.110 208.321 208.321
18 543.116 276.989 128.571 16.600 145.171 124.950 152.039 152.039 150.740 305.635 305.635
19 238.396 121.582 128.571 16.600 145.171 124.950 ‐3.368 0.000 0.000 3.518 3.518
20 931.305 474.965 128.571 16.600 145.171 124.950 350.015 350.015 347.026 690.508 690.508
21 408.789 208.482 128.571 16.600 145.171 124.950 83.532 83.532 82.819 172.455 172.455
22 498.962 254.470 128.571 16.600 145.171 124.950 129.520 129.520 128.414 261.858 261.858
23 219.015 111.698 128.571 16.600 145.171 124.950 ‐13.252 0.000 0.000 0.000 0.000
24 904.503 461.297 128.571 16.600 145.171 124.950 336.346 336.346 333.473 663.935 663.935
25 397.024 202.482 128.571 16.600 145.171 124.950 77.532 77.532 76.870 160.791 160.791
26 484.602 247.147 128.571 16.600 145.171 124.950 122.197 122.197 121.153 247.621 247.621
27 212.712 108.483 128.571 16.600 145.171 124.950 ‐16.467 0.000 0.000 0.000 0.000
28 830.968 423.794 128.571 16.600 145.171 124.950 298.844 298.844 296.291 591.029 591.029
29 364.747 186.021 128.571 16.600 145.171 124.950 61.071 61.071 60.549 128.789 128.789
30 445.205 227.054 128.571 16.600 145.171 124.950 102.104 102.104 101.232 208.560 208.560
31 195.419 99.664 128.571 16.600 145.171 124.950 ‐25.286 0.000 0.000 0.000 0.000
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Details of Adjustments and Maximisations in Level 8 of the MVR backward tree
with one sub‐step per input risk variable

n FNV(n) FEV(n) DE1 E1 I1 PV[I1] FNP(n) max(FNP(n),0) PV[FNP(n)]

256 2308.835 2308.835 123.529 0.000 123.529 91.513 2217.322 2217.322 2198.382
257 1013.444 1013.444 123.529 0.000 123.529 91.513 921.931 921.931 914.056
258 1236.995 1236.995 123.529 0.000 123.529 91.513 1145.483 1145.483 1135.698
259 542.969 542.969 123.529 0.000 123.529 91.513 451.456 451.456 447.600
260 2121.130 2121.130 123.529 0.000 123.529 91.513 2029.617 2029.617 2012.281
261 931.053 931.053 123.529 0.000 123.529 91.513 839.540 839.540 832.369
262 1136.430 1136.430 123.529 0.000 123.529 91.513 1044.917 1044.917 1035.991
263 498.826 498.826 123.529 0.000 123.529 91.513 407.314 407.314 403.834
264 2060.086 2060.086 123.529 0.000 123.529 91.513 1968.574 1968.574 1951.758
265 904.258 904.258 123.529 0.000 123.529 91.513 812.745 812.745 805.803
266 1103.724 1103.724 123.529 0.000 123.529 91.513 1012.212 1012.212 1003.566
267 484.471 484.471 123.529 0.000 123.529 91.513 392.958 392.958 389.601
268 1892.605 1892.605 123.529 0.000 123.529 91.513 1801.092 1801.092 1785.707
269 830.743 830.743 123.529 0.000 123.529 91.513 739.230 739.230 732.916
270 1013.993 1013.993 123.529 0.000 123.529 91.513 922.481 922.481 914.601
271 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
272 1013.444 1013.444 123.529 0.000 123.529 91.513 921.931 921.931 914.056
273 444.843 444.843 123.529 0.000 123.529 91.513 353.330 353.330 350.312
274 542.969 542.969 123.529 0.000 123.529 91.513 451.456 451.456 447.600
275 238.332 238.332 123.529 0.000 123.529 91.513 146.819 146.819 145.565
276 931.053 931.053 123.529 0.000 123.529 91.513 839.540 839.540 832.369
277 408.678 408.678 123.529 0.000 123.529 91.513 317.165 317.165 314.456
278 498.826 498.826 123.529 0.000 123.529 91.513 407.314 407.314 403.834
279 218.956 218.956 123.529 0.000 123.529 91.513 127.443 127.443 126.354
280 904.258 904.258 123.529 0.000 123.529 91.513 812.745 812.745 805.803
281 396.917 396.917 123.529 0.000 123.529 91.513 305.404 305.404 302.795
282 484.471 484.471 123.529 0.000 123.529 91.513 392.958 392.958 389.601
283 212.654 212.654 123.529 0.000 123.529 91.513 121.142 121.142 120.107
284 830.743 830.743 123.529 0.000 123.529 91.513 739.230 739.230 732.916
285 364.648 364.648 123.529 0.000 123.529 91.513 273.135 273.135 270.802
286 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
287 195.366 195.366 123.529 0.000 123.529 91.513 103.853 103.853 102.966
288 1236.995 1236.995 123.529 0.000 123.529 91.513 1145.483 1145.483 1135.698
289 542.969 542.969 123.529 0.000 123.529 91.513 451.456 451.456 447.600
290 662.740 662.740 123.529 0.000 123.529 91.513 571.227 571.227 566.348
291 290.904 290.904 123.529 0.000 123.529 91.513 199.392 199.392 197.688
292 1136.430 1136.430 123.529 0.000 123.529 91.513 1044.917 1044.917 1035.991
293 498.826 498.826 123.529 0.000 123.529 91.513 407.314 407.314 403.834
294 608.860 608.860 123.529 0.000 123.529 91.513 517.348 517.348 512.929
295 267.254 267.254 123.529 0.000 123.529 91.513 175.742 175.742 174.240
296 1103.724 1103.724 123.529 0.000 123.529 91.513 1012.212 1012.212 1003.566
297 484.471 484.471 123.529 0.000 123.529 91.513 392.958 392.958 389.601
298 591.338 591.338 123.529 0.000 123.529 91.513 499.825 499.825 495.556
299 259.563 259.563 123.529 0.000 123.529 91.513 168.050 168.050 166.615
300 1013.993 1013.993 123.529 0.000 123.529 91.513 922.481 922.481 914.601
301 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
302 543.263 543.263 123.529 0.000 123.529 91.513 451.751 451.751 447.892
303 238.461 238.461 123.529 0.000 123.529 91.513 146.948 146.948 145.693
304 542.969 542.969 123.529 0.000 123.529 91.513 451.456 451.456 447.600
305 238.332 238.332 123.529 0.000 123.529 91.513 146.819 146.819 145.565
306 290.904 290.904 123.529 0.000 123.529 91.513 199.392 199.392 197.688
307 127.690 127.690 123.529 0.000 123.529 91.513 36.177 36.177 35.868
308 498.826 498.826 123.529 0.000 123.529 91.513 407.314 407.314 403.834
309 218.956 218.956 123.529 0.000 123.529 91.513 127.443 127.443 126.354
310 267.254 267.254 123.529 0.000 123.529 91.513 175.742 175.742 174.240
311 117.309 117.309 123.529 0.000 123.529 91.513 25.796 25.796 25.576
312 484.471 484.471 123.529 0.000 123.529 91.513 392.958 392.958 389.601
313 212.654 212.654 123.529 0.000 123.529 91.513 121.142 121.142 120.107
314 259.563 259.563 123.529 0.000 123.529 91.513 168.050 168.050 166.615
315 113.933 113.933 123.529 0.000 123.529 91.513 22.420 22.420 22.229
316 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
317 195.366 195.366 123.529 0.000 123.529 91.513 103.853 103.853 102.966
318 238.461 238.461 123.529 0.000 123.529 91.513 146.948 146.948 145.693
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n FNV(n) FEV(n) DE1 E1 I1 PV[I1] FNP(n) max(FNP(n),0) PV[FNP(n)]

319 104.670 104.670 123.529 0.000 123.529 91.513 13.158 13.158 13.045
320 2121.130 2121.130 123.529 0.000 123.529 91.513 2029.617 2029.617 2012.281
321 931.053 931.053 123.529 0.000 123.529 91.513 839.540 839.540 832.369
322 1136.430 1136.430 123.529 0.000 123.529 91.513 1044.917 1044.917 1035.991
323 498.826 498.826 123.529 0.000 123.529 91.513 407.314 407.314 403.834
324 1948.685 1948.685 123.529 0.000 123.529 91.513 1857.173 1857.173 1841.309
325 855.359 855.359 123.529 0.000 123.529 91.513 763.847 763.847 757.322
326 1044.040 1044.040 123.529 0.000 123.529 91.513 952.527 952.527 944.391
327 458.273 458.273 123.529 0.000 123.529 91.513 366.760 366.760 363.627
328 1892.605 1892.605 123.529 0.000 123.529 91.513 1801.092 1801.092 1785.707
329 830.743 830.743 123.529 0.000 123.529 91.513 739.230 739.230 732.916
330 1013.993 1013.993 123.529 0.000 123.529 91.513 922.481 922.481 914.601
331 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
332 1738.739 1738.739 123.529 0.000 123.529 91.513 1647.226 1647.226 1633.156
333 763.205 763.205 123.529 0.000 123.529 91.513 671.692 671.692 665.955
334 931.557 931.557 123.529 0.000 123.529 91.513 840.045 840.045 832.869
335 408.899 408.899 123.529 0.000 123.529 91.513 317.387 317.387 314.676
336 931.053 931.053 123.529 0.000 123.529 91.513 839.540 839.540 832.369
337 408.678 408.678 123.529 0.000 123.529 91.513 317.165 317.165 314.456
338 498.826 498.826 123.529 0.000 123.529 91.513 407.314 407.314 403.834
339 218.956 218.956 123.529 0.000 123.529 91.513 127.443 127.443 126.354
340 855.359 855.359 123.529 0.000 123.529 91.513 763.847 763.847 757.322
341 375.453 375.453 123.529 0.000 123.529 91.513 283.940 283.940 281.515
342 458.273 458.273 123.529 0.000 123.529 91.513 366.760 366.760 363.627
343 201.155 201.155 123.529 0.000 123.529 91.513 109.642 109.642 108.706
344 830.743 830.743 123.529 0.000 123.529 91.513 739.230 739.230 732.916
345 364.648 364.648 123.529 0.000 123.529 91.513 273.135 273.135 270.802
346 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
347 195.366 195.366 123.529 0.000 123.529 91.513 103.853 103.853 102.966
348 763.205 763.205 123.529 0.000 123.529 91.513 671.692 671.692 665.955
349 335.003 335.003 123.529 0.000 123.529 91.513 243.490 243.490 241.410
350 408.899 408.899 123.529 0.000 123.529 91.513 317.387 317.387 314.676
351 179.483 179.483 123.529 0.000 123.529 91.513 87.970 87.970 87.219
352 1136.430 1136.430 123.529 0.000 123.529 91.513 1044.917 1044.917 1035.991
353 498.826 498.826 123.529 0.000 123.529 91.513 407.314 407.314 403.834
354 608.860 608.860 123.529 0.000 123.529 91.513 517.348 517.348 512.929
355 267.254 267.254 123.529 0.000 123.529 91.513 175.742 175.742 174.240
356 1044.040 1044.040 123.529 0.000 123.529 91.513 952.527 952.527 944.391
357 458.273 458.273 123.529 0.000 123.529 91.513 366.760 366.760 363.627
358 559.361 559.361 123.529 0.000 123.529 91.513 467.848 467.848 463.852
359 245.527 245.527 123.529 0.000 123.529 91.513 154.014 154.014 152.699
360 1013.993 1013.993 123.529 0.000 123.529 91.513 922.481 922.481 914.601
361 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
362 543.263 543.263 123.529 0.000 123.529 91.513 451.751 451.751 447.892
363 238.461 238.461 123.529 0.000 123.529 91.513 146.948 146.948 145.693
364 931.557 931.557 123.529 0.000 123.529 91.513 840.045 840.045 832.869
365 408.899 408.899 123.529 0.000 123.529 91.513 317.387 317.387 314.676
366 499.097 499.097 123.529 0.000 123.529 91.513 407.584 407.584 404.103
367 219.074 219.074 123.529 0.000 123.529 91.513 127.562 127.562 126.472
368 498.826 498.826 123.529 0.000 123.529 91.513 407.314 407.314 403.834
369 218.956 218.956 123.529 0.000 123.529 91.513 127.443 127.443 126.354
370 267.254 267.254 123.529 0.000 123.529 91.513 175.742 175.742 174.240
371 117.309 117.309 123.529 0.000 123.529 91.513 25.796 25.796 25.576
372 458.273 458.273 123.529 0.000 123.529 91.513 366.760 366.760 363.627
373 201.155 201.155 123.529 0.000 123.529 91.513 109.642 109.642 108.706
374 245.527 245.527 123.529 0.000 123.529 91.513 154.014 154.014 152.699
375 107.772 107.772 123.529 0.000 123.529 91.513 16.259 16.259 16.120
376 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
377 195.366 195.366 123.529 0.000 123.529 91.513 103.853 103.853 102.966
378 238.461 238.461 123.529 0.000 123.529 91.513 146.948 146.948 145.693
379 104.670 104.670 123.529 0.000 123.529 91.513 13.158 13.158 13.045
380 408.899 408.899 123.529 0.000 123.529 91.513 317.387 317.387 314.676
381 179.483 179.483 123.529 0.000 123.529 91.513 87.970 87.970 87.219
382 219.074 219.074 123.529 0.000 123.529 91.513 127.562 127.562 126.472
383 96.161 96.161 123.529 0.000 123.529 91.513 4.648 4.648 4.609
384 2060.086 2060.086 123.529 0.000 123.529 91.513 1968.574 1968.574 1951.758
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n FNV(n) FEV(n) DE1 E1 I1 PV[I1] FNP(n) max(FNP(n),0) PV[FNP(n)]

385 904.258 904.258 123.529 0.000 123.529 91.513 812.745 812.745 805.803
386 1103.724 1103.724 123.529 0.000 123.529 91.513 1012.212 1012.212 1003.566
387 484.471 484.471 123.529 0.000 123.529 91.513 392.958 392.958 389.601
388 1892.605 1892.605 123.529 0.000 123.529 91.513 1801.092 1801.092 1785.707
389 830.743 830.743 123.529 0.000 123.529 91.513 739.230 739.230 732.916
390 1013.993 1013.993 123.529 0.000 123.529 91.513 922.481 922.481 914.601
391 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
392 1838.138 1838.138 123.529 0.000 123.529 91.513 1746.625 1746.625 1731.706
393 806.835 806.835 123.529 0.000 123.529 91.513 715.323 715.323 709.212
394 984.812 984.812 123.529 0.000 123.529 91.513 893.299 893.299 885.669
395 432.275 432.275 123.529 0.000 123.529 91.513 340.762 340.762 337.852
396 1688.700 1688.700 123.529 0.000 123.529 91.513 1597.187 1597.187 1583.544
397 741.241 741.241 123.529 0.000 123.529 91.513 649.728 649.728 644.178
398 904.748 904.748 123.529 0.000 123.529 91.513 813.235 813.235 806.289
399 397.132 397.132 123.529 0.000 123.529 91.513 305.619 305.619 303.008
400 904.258 904.258 123.529 0.000 123.529 91.513 812.745 812.745 805.803
401 396.917 396.917 123.529 0.000 123.529 91.513 305.404 305.404 302.795
402 484.471 484.471 123.529 0.000 123.529 91.513 392.958 392.958 389.601
403 212.654 212.654 123.529 0.000 123.529 91.513 121.142 121.142 120.107
404 830.743 830.743 123.529 0.000 123.529 91.513 739.230 739.230 732.916
405 364.648 364.648 123.529 0.000 123.529 91.513 273.135 273.135 270.802
406 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
407 195.366 195.366 123.529 0.000 123.529 91.513 103.853 103.853 102.966
408 806.835 806.835 123.529 0.000 123.529 91.513 715.323 715.323 709.212
409 354.154 354.154 123.529 0.000 123.529 91.513 262.641 262.641 260.398
410 432.275 432.275 123.529 0.000 123.529 91.513 340.762 340.762 337.852
411 189.744 189.744 123.529 0.000 123.529 91.513 98.231 98.231 97.392
412 741.241 741.241 123.529 0.000 123.529 91.513 649.728 649.728 644.178
413 325.362 325.362 123.529 0.000 123.529 91.513 233.849 233.849 231.851
414 397.132 397.132 123.529 0.000 123.529 91.513 305.619 305.619 303.008
415 174.318 174.318 123.529 0.000 123.529 91.513 82.805 82.805 82.098
416 1103.724 1103.724 123.529 0.000 123.529 91.513 1012.212 1012.212 1003.566
417 484.471 484.471 123.529 0.000 123.529 91.513 392.958 392.958 389.601
418 591.338 591.338 123.529 0.000 123.529 91.513 499.825 499.825 495.556
419 259.563 259.563 123.529 0.000 123.529 91.513 168.050 168.050 166.615
420 1013.993 1013.993 123.529 0.000 123.529 91.513 922.481 922.481 914.601
421 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
422 543.263 543.263 123.529 0.000 123.529 91.513 451.751 451.751 447.892
423 238.461 238.461 123.529 0.000 123.529 91.513 146.948 146.948 145.693
424 984.812 984.812 123.529 0.000 123.529 91.513 893.299 893.299 885.669
425 432.275 432.275 123.529 0.000 123.529 91.513 340.762 340.762 337.852
426 527.629 527.629 123.529 0.000 123.529 91.513 436.116 436.116 432.391
427 231.598 231.598 123.529 0.000 123.529 91.513 140.086 140.086 138.889
428 904.748 904.748 123.529 0.000 123.529 91.513 813.235 813.235 806.289
429 397.132 397.132 123.529 0.000 123.529 91.513 305.619 305.619 303.008
430 484.733 484.733 123.529 0.000 123.529 91.513 393.221 393.221 389.862
431 212.770 212.770 123.529 0.000 123.529 91.513 121.257 121.257 120.221
432 484.471 484.471 123.529 0.000 123.529 91.513 392.958 392.958 389.601
433 212.654 212.654 123.529 0.000 123.529 91.513 121.142 121.142 120.107
434 259.563 259.563 123.529 0.000 123.529 91.513 168.050 168.050 166.615
435 113.933 113.933 123.529 0.000 123.529 91.513 22.420 22.420 22.229
436 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
437 195.366 195.366 123.529 0.000 123.529 91.513 103.853 103.853 102.966
438 238.461 238.461 123.529 0.000 123.529 91.513 146.948 146.948 145.693
439 104.670 104.670 123.529 0.000 123.529 91.513 13.158 13.158 13.045
440 432.275 432.275 123.529 0.000 123.529 91.513 340.762 340.762 337.852
441 189.744 189.744 123.529 0.000 123.529 91.513 98.231 98.231 97.392
442 231.598 231.598 123.529 0.000 123.529 91.513 140.086 140.086 138.889
443 101.658 101.658 123.529 0.000 123.529 91.513 10.145 10.145 10.059
444 397.132 397.132 123.529 0.000 123.529 91.513 305.619 305.619 303.008
445 174.318 174.318 123.529 0.000 123.529 91.513 82.805 82.805 82.098
446 212.770 212.770 123.529 0.000 123.529 91.513 121.257 121.257 120.221
447 93.394 93.394 123.529 0.000 123.529 91.513 1.881 1.881 1.865
448 1892.605 1892.605 123.529 0.000 123.529 91.513 1801.092 1801.092 1785.707
449 830.743 830.743 123.529 0.000 123.529 91.513 739.230 739.230 732.916
450 1013.993 1013.993 123.529 0.000 123.529 91.513 922.481 922.481 914.601
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n FNV(n) FEV(n) DE1 E1 I1 PV[I1] FNP(n) max(FNP(n),0) PV[FNP(n)]

451 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
452 1738.739 1738.739 123.529 0.000 123.529 91.513 1647.226 1647.226 1633.156
453 763.205 763.205 123.529 0.000 123.529 91.513 671.692 671.692 665.955
454 931.557 931.557 123.529 0.000 123.529 91.513 840.045 840.045 832.869
455 408.899 408.899 123.529 0.000 123.529 91.513 317.387 317.387 314.676
456 1688.700 1688.700 123.529 0.000 123.529 91.513 1597.187 1597.187 1583.544
457 741.241 741.241 123.529 0.000 123.529 91.513 649.728 649.728 644.178
458 904.748 904.748 123.529 0.000 123.529 91.513 813.235 813.235 806.289
459 397.132 397.132 123.529 0.000 123.529 91.513 305.619 305.619 303.008
460 1551.411 1551.411 123.529 0.000 123.529 91.513 1459.898 1459.898 1447.428
461 680.979 680.979 123.529 0.000 123.529 91.513 589.466 589.466 584.431
462 831.193 831.193 123.529 0.000 123.529 91.513 739.681 739.681 733.363
463 364.846 364.846 123.529 0.000 123.529 91.513 273.333 273.333 270.998
464 830.743 830.743 123.529 0.000 123.529 91.513 739.230 739.230 732.916
465 364.648 364.648 123.529 0.000 123.529 91.513 273.135 273.135 270.802
466 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
467 195.366 195.366 123.529 0.000 123.529 91.513 103.853 103.853 102.966
468 763.205 763.205 123.529 0.000 123.529 91.513 671.692 671.692 665.955
469 335.003 335.003 123.529 0.000 123.529 91.513 243.490 243.490 241.410
470 408.899 408.899 123.529 0.000 123.529 91.513 317.387 317.387 314.676
471 179.483 179.483 123.529 0.000 123.529 91.513 87.970 87.970 87.219
472 741.241 741.241 123.529 0.000 123.529 91.513 649.728 649.728 644.178
473 325.362 325.362 123.529 0.000 123.529 91.513 233.849 233.849 231.851
474 397.132 397.132 123.529 0.000 123.529 91.513 305.619 305.619 303.008
475 174.318 174.318 123.529 0.000 123.529 91.513 82.805 82.805 82.098
476 680.979 680.979 123.529 0.000 123.529 91.513 589.466 589.466 584.431
477 298.910 298.910 123.529 0.000 123.529 91.513 207.397 207.397 205.626
478 364.846 364.846 123.529 0.000 123.529 91.513 273.333 273.333 270.998
479 160.146 160.146 123.529 0.000 123.529 91.513 68.633 68.633 68.047
480 1013.993 1013.993 123.529 0.000 123.529 91.513 922.481 922.481 914.601
481 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
482 543.263 543.263 123.529 0.000 123.529 91.513 451.751 451.751 447.892
483 238.461 238.461 123.529 0.000 123.529 91.513 146.948 146.948 145.693
484 931.557 931.557 123.529 0.000 123.529 91.513 840.045 840.045 832.869
485 408.899 408.899 123.529 0.000 123.529 91.513 317.387 317.387 314.676
486 499.097 499.097 123.529 0.000 123.529 91.513 407.584 407.584 404.103
487 219.074 219.074 123.529 0.000 123.529 91.513 127.562 127.562 126.472
488 904.748 904.748 123.529 0.000 123.529 91.513 813.235 813.235 806.289
489 397.132 397.132 123.529 0.000 123.529 91.513 305.619 305.619 303.008
490 484.733 484.733 123.529 0.000 123.529 91.513 393.221 393.221 389.862
491 212.770 212.770 123.529 0.000 123.529 91.513 121.257 121.257 120.221
492 831.193 831.193 123.529 0.000 123.529 91.513 739.681 739.681 733.363
493 364.846 364.846 123.529 0.000 123.529 91.513 273.333 273.333 270.998
494 445.325 445.325 123.529 0.000 123.529 91.513 353.813 353.813 350.790
495 195.472 195.472 123.529 0.000 123.529 91.513 103.959 103.959 103.071
496 445.084 445.084 123.529 0.000 123.529 91.513 353.571 353.571 350.551
497 195.366 195.366 123.529 0.000 123.529 91.513 103.853 103.853 102.966
498 238.461 238.461 123.529 0.000 123.529 91.513 146.948 146.948 145.693
499 104.670 104.670 123.529 0.000 123.529 91.513 13.158 13.158 13.045
500 408.899 408.899 123.529 0.000 123.529 91.513 317.387 317.387 314.676
501 179.483 179.483 123.529 0.000 123.529 91.513 87.970 87.970 87.219
502 219.074 219.074 123.529 0.000 123.529 91.513 127.562 127.562 126.472
503 96.161 96.161 123.529 0.000 123.529 91.513 4.648 4.648 4.609
504 397.132 397.132 123.529 0.000 123.529 91.513 305.619 305.619 303.008
505 174.318 174.318 123.529 0.000 123.529 91.513 82.805 82.805 82.098
506 212.770 212.770 123.529 0.000 123.529 91.513 121.257 121.257 120.221
507 93.394 93.394 123.529 0.000 123.529 91.513 1.881 1.881 1.865
508 364.846 364.846 123.529 0.000 123.529 91.513 273.333 273.333 270.998
509 160.146 160.146 123.529 0.000 123.529 91.513 68.633 68.633 68.047
510 195.472 195.472 123.529 0.000 123.529 91.513 103.959 103.959 103.071
511 85.801 85.801 123.529 0.000 123.529 91.513 ‐5.712 0.000 0.000
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Appendix F ‐ The MVR with one sub‐step per input risk 
variable

LEVEL (l) 1 2 3 4
Option (k) 1 1 1 1
Year (s) 1 1 1 1

Sub Step 1 1 1 1
Variable ROM  Yield  Exchange Rate Price
Probability (pl) 0.561 0.591 0.436 0.409
Delta t 0.25 0.25 0.25 0.25

Section A

4(258.52)

Section B

2(242.33)

Section C

5(224.04)

Section D

1(223.46)

Section E

6(213.20)

Section F

3(199.32)

Section G

7(183.46)

Section H
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4 5 6 7 8 LEVEL NO
0.408679 0.561291 0.590976 0.436204 0.408679 Probability

0.25 0.25 0.25 0.25 0.25 Delta t

256(2198.38)
128(1426.64)

257(914.06)
64(1020.90)

258(1135.70)
129(722.59)

259(447.60)
32(975.58)

260(2012.28)
130(1303.35)

261(832.37)
65(930.65)

262(1035.99)
131(656.53)

263(403.83)
16(772.22)

264(1951.76)
132(1263.25)

265(805.80)
66(901.30)

266(1003.57)
133(635.04)

267(389.60)
33(860.95)

268(1785.71)
134(1153.23)

269(732.92)
67(820.78)

270(914.60)
135(576.10)

271(350.55)

8(435.03) Section A
272(914.06)

136(575.74)
273(350.31)

68(398.08)
274(447.60)

137(266.70)
275(145.56)

34(378.61)
276(832.37)

138(521.62)
277(314.46)

69(358.46)
278(403.83)

139(237.71)
279(126.35)

17(208.32)
280(805.80)

140(504.02)
281(302.80)

70(345.58)
282(389.60)

141(228.28)
283(120.11)

35(328.29)
284(732.92)

142(455.73)
285(270.80)

71(310.23)
286(350.55)

143(202.41)
287(102.97)
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4 5 6 7 8 LEVEL NO
0.408679 0.561291 0.590976 0.436204 0.408679 Probability

0.25 0.25 0.25 0.25 0.25 Delta t

288(1135.70)
144(722.59)

289(447.60)
72(505.56)

290(566.35)
145(345.38)

291(197.69)
36(481.63)

292(1035.99)
146(656.53)

293(403.83)
73(457.21)

294(512.93)
147(309.98)

295(174.24)
18(305.64)

296(1003.57)
148(635.04)

297(389.60)
74(441.48)

298(495.56)
149(298.47)

299(166.61)
37(420.22)

300(914.60)
150(576.10)

301(350.55)
75(398.34)

302(447.89)
151(266.90)

303(145.69)

9(125.90) Section B
304(447.60)

152(266.70)
305(145.56)

76(171.87)
306(197.69)

153(101.13)
307(35.87)

38(161.80)
308(403.83)

154(237.71)
309(126.35)

77(150.65)
310(174.24)

155(85.59)
311(25.58)

19(3.52)
312(389.60)

156(228.28)
313(120.11)

78(143.75)
314(166.61)

157(80.54)
315(22.23)

39(134.84)
316(350.55)

158(202.41)
317(102.97)

79(124.81)
318(145.69)

159(66.68)
319(13.05)

251



4 5 6 7 8 LEVEL NO
0.408679 0.561291 0.590976 0.436204 0.408679 Probability

0.25 0.25 0.25 0.25 0.25 Delta t

320(2012.28)
160(1303.35)

321(832.37)
80(930.65)

322(1035.99)
161(656.53)

323(403.83)
40(889.08)

324(1841.31)
162(1190.07)

325(757.32)
81(847.74)

326(944.39)
163(595.84)

327(363.63)
20(690.51)

328(1785.71)
164(1153.23)

329(732.92)
82(820.78)

330(914.60)
165(576.10)

331(350.55)
41(783.77)

332(1633.16)
166(1052.17)

333(665.95)
83(746.80)

334(832.87)
167(521.95)

335(314.68)

10(380.89) Section C
336(832.37)

168(521.62)
337(314.46)

84(358.46)
338(403.83)

169(237.71)
339(126.35)

42(340.64)
340(757.32)

170(471.90)
341(281.51)

85(322.07)
342(363.63)

171(211.07)
343(108.71)

21(172.46)
344(732.92)

172(455.73)
345(270.80)

86(310.23)
346(350.55)

173(202.41)
347(102.97)

43(294.42)
348(665.95)

174(411.37)
349(241.41)

87(277.76)
350(314.68)

175(178.64)
351(87.22)

252



4 5 6 7 8 LEVEL NO
0.408679 0.561291 0.590976 0.436204 0.408679 Probability

0.25 0.25 0.25 0.25 0.25 Delta t

352(1035.99)
176(656.53)

353(403.83)
88(457.21)

354(512.93)
177(309.98)

355(174.24)
44(435.29)

356(944.39)
178(595.84)

357(363.63)
89(412.79)

358(463.85)
179(277.47)

359(152.70)
22(261.86)

360(914.60)
180(576.10)

361(350.55)
90(398.34)

362(447.89)
181(266.90)

363(145.69)
45(378.87)

364(832.87)
182(521.95)

365(314.68)
91(358.71)

366(404.10)
183(237.88)

367(126.47)

11(106.10) Section D
368(403.83)

184(237.71)
369(126.35)

92(150.65)
370(174.24)

185(85.59)
371(25.58)

46(141.45)
372(363.63)

186(211.07)
373(108.71)

93(131.15)
374(152.70)

187(71.32)
375(16.12)

23(0.00)
376(350.55)

188(202.41)
377(102.97)

94(124.81)
378(145.69)

189(66.68)
379(13.05)

47(116.69)
380(314.68)

190(178.64)
381(87.22)

95(107.41)
382(126.47)

191(53.95)
383(4.61)

253



4 5 6 7 8 LEVEL NO
0.408679 0.561291 0.590976 0.436204 0.408679 Probability

0.25 0.25 0.25 0.25 0.25 Delta t

384(1951.76)
192(1263.25)

385(805.80)
96(901.30)

386(1003.57)
193(635.04)

387(389.60)
48(860.95)

388(1785.71)
194(1153.23)

389(732.92)
97(820.78)

390(914.60)
195(576.10)

391(350.55)
24(663.94)

392(1731.71)
196(1117.46)

393(709.21)
98(794.59)

394(885.67)
197(556.93)

395(337.85)
49(758.67)

396(1583.54)
198(1019.30)

397(644.18)
99(722.74)

398(806.29)
199(504.34)

399(303.01)

12(363.29) Section E
400(805.80)

200(504.02)
401(302.80)

100(345.58)
402(389.60)

201(228.28)
403(120.11)

50(328.29)
404(732.92)

202(455.73)
405(270.80)

101(310.23)
406(350.55)

203(202.41)
407(102.97)

25(160.79)
408(709.21)

204(440.03)
409(260.40)

102(298.74)
410(337.85)

205(193.99)
411(97.39)

51(283.40)
412(644.18)

206(396.94)
413(231.85)

103(267.20)
414(303.01)

207(170.91)
415(82.10)

254



4 5 6 7 8 LEVEL NO
0.408679 0.561291 0.590976 0.436204 0.408679 Probability

0.25 0.25 0.25 0.25 0.25 Delta t

416(1003.57)
208(635.04)

417(389.60)
104(441.48)

418(495.56)
209(298.47)

419(166.61)
52(420.22)

420(914.60)
210(576.10)

421(350.55)
105(398.34)

422(447.89)
211(266.90)

423(145.69)
26(247.62)

424(885.67)
212(556.93)

425(337.85)
106(384.31)

426(432.39)
213(256.63)

427(138.89)
53(365.42)

428(806.29)
214(504.34)

429(303.01)
107(345.82)

430(389.86)
215(228.45)

431(120.22)

13(100.33) Section F
432(389.60)

216(228.28)
433(120.11)

108(143.75)
434(166.61)

217(80.54)
435(22.23)

54(134.84)
436(350.55)

218(202.41)
437(102.97)

109(124.81)
438(145.69)

219(66.68)
439(13.05)

27(0.00)
440(337.85)

220(193.99)
441(97.39)

110(118.65)
442(138.89)

221(62.17)
443(10.06)

55(110.78)
444(303.01)

222(170.91)
445(82.10)

111(101.75)
446(120.22)

223(49.81)
447(1.86)

255



4 5 6 7 8 LEVEL NO
0.408679 0.561291 0.590976 0.436204 0.408679 Probability

0.25 0.25 0.25 0.25 0.25 Delta t

448(1785.71)
224(1153.23)

449(732.92)
112(820.78)

450(914.60)
225(576.10)

451(350.55)
56(783.77)

452(1633.16)
226(1052.17)

453(665.95)
113(746.80)

454(832.87)
227(521.95)

455(314.68)
28(591.03)

456(1583.54)
228(1019.30)

457(644.18)
114(722.74)

458(806.29)
229(504.34)

459(303.01)
57(689.80)

460(1447.43)
230(929.12)

461(584.43)
115(656.73)

462(733.36)
231(456.03)

463(271.00)

14(314.98) Section G
464(732.92)

232(455.73)
465(270.80)

116(310.23)
466(350.55)

233(202.41)
467(102.97)

58(294.42)
468(665.95)

234(411.37)
469(241.41)

117(277.76)
470(314.68)

235(178.64)
471(87.22)

29(128.79)
472(644.18)

236(396.94)
473(231.85)

118(267.20)
474(303.01)

237(170.91)
475(82.10)

59(253.17)
476(584.43)

238(357.36)
477(205.63)

119(238.23)
478(271.00)

239(149.70)
479(68.05)

256



4 5 6 7 8 LEVEL NO
0.408679 0.561291 0.590976 0.436204 0.408679 Probability

0.25 0.25 0.25 0.25 0.25 Delta t

480(914.60)
240(576.10)

481(350.55)
120(398.34)

482(447.89)
241(266.90)

483(145.69)
60(378.87)

484(832.87)
242(521.95)

485(314.68)
121(358.71)

486(404.10)
243(237.88)

487(126.47)
30(208.56)

488(806.29)
244(504.34)

489(303.01)
122(345.82)

490(389.86)
245(228.45)

491(120.22)
61(328.52)

492(733.36)
246(456.03)

493(271.00)
123(310.45)

494(350.79)
247(202.56)

495(103.07)

15(84.51) Section H
496(350.55)

248(202.41)
497(102.97)

124(124.81)
498(145.69)

249(66.68)
499(13.05)

62(116.69)
500(314.68)

250(178.64)
501(87.22)

125(107.41)
502(126.47)

251(53.95)
503(4.61)

31(0.00)
504(303.01)

252(170.91)
505(82.10)

126(101.75)
506(120.22)

253(49.81)
507(1.86)

63(95.34)
508(271.00)

254(149.70)
509(68.05)

127(88.09)
510(103.07)

255(41.76)
511(0.00)

257
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